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The influence of independent processes of relaxation of paramagnetic ions on nuclear magnetic relaxation 
in the presence of these ions is treated using the Kubo and Tomita method. The nuclei are assumed to relax 
as a result of their contact with the ions through isotropic spin-exchange coupling. The second-order terms 
in the perturbation expansion of the relaxation tensor yield contributions to the Bloch relaxation times of 
the nuclear spin system that agree with previous calculations by Solomon and Bloembergen. The fourth-
order terms yield contributions to the nuclear relaxation times which are in agreement with the phenomeno-
logical relation suggested by Bloembergen and Morgan for this case, provided that the applied static field 
is not too strong and that the ionic motion can be described by a single Bloch relaxation time. 

I. INTRODUCTION 

DIPOLAR and spin-exchange interactions provide 
the basic mechanism for proton relaxation in 

aqueous solutions of paramagnetic ions; the detailed 
features of the relaxation may, however, be influenced 
by independent electronic relaxation. A phenomeno­
logical discussion of the influence of independent 
electronic relaxation on proton relaxation times has 
recently been given in the literature.1,2 An effective 
correlation time, obtained from the sum of the re­
ciprocals of the correlation time of relative motion and 
ionic relaxation time, was inserted in the conventional 
expressions for the nuclear relaxation times. This 
assumption is supported by results obtained from 
quantum statistical methods in a previous study3 

(referred to as I) where the dipolar contribution to the 
Bloch relaxation times T\ and T<L was treated using the 
Kubo and Tomita method.4 This paper is an extension 
of I to justify the phenomenological theory as applied 
by Bloembergen and Morgan to proton relaxation 
arising from proton electron spin exchange interaction. 

This treatment is limited to isotropic spin exchange 
since it is not difficult to generalize the results to the 
more complicated anisotropic case using I. 

The electronic relaxation is assumed to be a small 
correction to T\ and T2 so that perturbation theory 
provides an expansion in which the low-order terms are 
a good approximation to the whole series. 

A brief outline of the present method and an explicit 
formulation of the problem, as well as a discussion of 
the choice of the Hamiltonian, are given in Sec. II . 
Expressions for T\ and T% which include the contri­
butions from independent electronic relaxation are 
obtained in Sec. III . A discussion of T\ and T2 for 
various limiting cases and a comparison with the 
phenomenological relations of Bloembergen and Morgan 
are given in Sec. IV. 

* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 
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II. FORMULATION OF THE PROBLEM 

Consider a system of spins in the presence of a strong 
magnetic field Hz and an arbitrarily small disturbance 
given by 

Hx(0 = Hi (K0) 

Hx(0 = 0 (J>0). (1) 

The induced magnetic moment M ind(/) will then be 
given by 

M**(0 = *(0Hi, (2) 

where $(i) is called the relaxation tensor. 
Assuming that the motion of the system can be 

described by single Bloch relaxation times, 

and 

<t>xx(i) = X0e-t/T2 cosco/, 

(3a) 

(3b) 

where X0 is the static susceptibility, co is the Larmor 
precessional frequency of the nuclear spins, and T\ and 
T2 are the longitudinal and transverse relaxation times, 
respectively.5 Expanding ^ in a power series in t makes 
it possible to calculate the relaxation time. Contri­
butions from <j>zz(t) and </>xx(t) which lead to exponential 
damping and to exponential damping modulated by 
coscot will be calculated for small values of (t/Ti) 
and (t/T^), respectively; the linear term in a time 
expansion is then a good approximation to the whole 
series. 

I t is convenient to start with the expansion of $(t) 
in powers of the interaction Hamiltonian 3C' between 
the individual spins obtained by Kubo and Tomita, 

**(0 = E»*XX(w)(0, (4) 

where X represents any one of the three Cartesian 

6 Actually, Mx (t) will also include a term proportional to 
My(Q)e~t(T* smut which we disregard since it does not lead to 
additional information on relaxation. 
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coordinates, and 

4>xx(n) (t) =P(iti)~n E « X> e™*' dh dtr- / dtn 

Jo Jo Jo 

X ] L 7 Z)S" • 'Hv expp(co7/i+coa/2-| \-oivtn)~] 

X{([Mx(co«); W'v(h)Xb(l2),- • - X ^ ( / n ) M x ( ^ ) ] ) } ; 
(5) 

where the notation of I has been used. The properties 
of 0\\ (n)(O a r e discussed in references 3 and 4. The 
problem is to calculate the portions of <j>zg(t) linear in t 
and of <j)xx(t) linear in t cosco£; the resulting expressions 
are then proportional to the reciprocals of T\ and T2, 
respectively. 

The Hamiltonian for the system of two different 
spins interacting with each other through spin exchange 
coupling may be written as 

5C=5Co+5C,
) (6) 

where 3C0 is the total energy of the individual particles 
apart from their magnetic interactions but including 
their Zeeman energies and 3C' is the sum of the proton-
electron spin-exchange interaction and the magnetic 
interaction of the electrons with their environment. 

The quantity 3C' is given by 

5C =5Cex ~T3£S ? (7) 

where, denoting the 7th nuclear and feth electronic spin 
operators by Iy and S&, respectively, the spin-exchange 
coupling is given by 

3Cex — Swifc Ajklj'&k, (8) 

and 3C/ is written as 

X / = E * V f c - S , , (9) 

where Yk is the effective magnetic local field operator 
for the electrons which may be caused by one or more 
of several factors, e.g., mutual dipole-dipole interaction 
between the paramagnetic ions, spin orbit coupling,3,6 

etc. Using the interaction representation with Iz and 
Sz diagonal, the time dependence of 3C; is given by 

3C'(t) = exp(#3C0/ft)3C7 e x p ( - ttfCo/ft), (10) 

and hence 
+2 

3e'(0= L 3 c ' 7 ( 0 ^ (li) 
7=—2 

where 

^f±1(t) = i Ey* AvW^Sk*, (12) 
5c,0« = Eifc LA jk(t)izjszk+ vk°(t)s,ki, 

and 
w±2==bO, a>_j.i= ± (£2—co), coo=0. (13) 

6 A. Abragam, Phys. Rev. 98, 1729 (1955). 

In this expression co and 12 are the Larmor precessional 
frequencies of the nuclei and electrons, respectively, 
in the static magnetic field Hz. 

III. CALCULATION OF 7\ AND T2 

The Zeeman energy of the particles may be assumed to 
be sufficiently small4 compared with their total energy 
so that it can be disregarded in the expression for the 
density operator when computing averages over the 
spin variables. Then 0x\(w)(O vanishes for odd n since 
the expectation value of any odd multiple of spin 
operators vanishes in this approximation. 

The time dependence of the autocorrelation functions 
is taken to be 

( ^ y / c ( ^y . (0 ) ) = ^ 2 e x p ( - [ / | / r ) , (14) 

where r is the correlation time for the proton-electron 
spin-exchange interaction. Also, 

<7*«(/)7*-»(0)>=<7*'(0)7lk-»(0)) e x p ( - | * |A) , (15) 

where a is the correlation time for the electronic local 
field. 

The results of I can be used to eliminate the ampli­
tudes of the local field Yk by the relations 

( F ^ 1 ( 0 ) F f c
T l ( 0 ) ) - ^ 2 ( l + ^ 2 ) ( c 7 r 1 ^ - 1 (16) 

and 
<Ffc°(0)7fc°(0)) = ft2C(«rr20-1- (2aT1^2 (17) 

where 7Y and T2
e are the longitudinal and transverse 

electronic relaxation times subject to the condition 
(zy,r2«)»*-

Also, the relation 

ZA,-k(t),Vk**(t)l~0 (18) 

is assumed valid. 
The relaxation times can now be calculated using 

Eqs. (3) and (5) together with (11) through (18). 
The zeroth order term gives the expression for the 
static susceptibility and does not include terms that 
describe a relaxation. The second-order terms agree 
with the expressions for the relaxation times obtained 
by Solomon and Bloembergen7 using a different method. 
The results are 

( l / r i ) ^ = cr ( l+r 2 0 2 )~ 1 (19) 
and 

( l / r 2 ) ( 2 ) = i * r [ l + ( 1 + T S ? ) - 1 ] , (20) 
where 

c= %S(S+1) {n/N)ir*A\ (21) 

and where n is the number of protons within the 
hydration sphere of the ion and N is the molar concen­
tration of the protons. Equations (19) and (20) are 
subject to the condition ( r i , r 2 )^>r . 

7 1 . Solomon and N. Bloembergen, J. Chem. Phys. 25, 261 
(1956). 
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Calculation of <j>x\{n)(t) to second order gives us no 
information about the influence of the ionic relaxation 
on T\ and T2j because 3C'S commutes with the nuclear 
spin operators. In order to estimate this contribution, 
the portions of <j>22

i4)(t) and 0a?a?(4)(O which contain 
terms involving 3C'S are computed using Eqs. (3), (5), 
and (11) through (18), as well as the assumption 
rW^Cl. For O r and 7v$><r, the results are 

and 
(l/3Ti)<4>= - ^ ( l + r W ) - 1 / ^ ) (22) 

(l/r2)(4)=„l,r2[(ri,)~l+(1 + r202 )- l / ( l 2 ) ] > ( 2 3 ) 

where 

/ ( « ) = -
(l-r202)(l+<72U2) 

1 + T202 

X 
L.27Y (l+cr202)2\7Y 27Y/J 

i \ i 
(24) 

The following formulas for the proton relaxation 
times with explicit correction factors for independent 
electron relaxation are obtained by combining Eqs. 
(19) through (24), 

i /r1=(i/r1)^+(i/r1)(4> 
= c r ( H - T 2 n a ) - 1 [ l - r / ( 0 ) ] (25) 

and 

i / r 2 = ( i / r 2 ) ^ + ( i / r 2 ) ^ 

= i c r { l - r / r 1 - + ( l + 72ff)-1Cl-r/( i2)]}. (26) 

IV. DISCUSSION 

I t is evident from Eqs. (22) through (24) that the 
fourth-order corrections to Ti and T2 vanish as 7Y and 
TV become very large. Also, the fourth-order corrections 
become very large if (7Y,7Y)<3Cr and if, in addition, 
the field is weak, these corrections are negative. This 
indicates that the calculation is reliable only if 
(7Y,7Y)>r . 

When the magnetic field Hz is weak, the conditions 
<T2ft2«l and r2£22«l hold; the expressions (25) and (26) 
for the relaxation times then become 

1 / 7 W T ( 1 - T / 7 Y ) 

and 
l / r 2 « CT[1 - \T ( 1 / 7 Y + 1 / 2 Y ) ] . 

If the electronic relaxation times are equal, 

j y = j y = T, 

(27) 

(28) 

(29) 

Equations (27) and (28) reduce to 

1 / Z W / I W r c , 
where 

l/r.= l /T+l/r . 

(30) 

(31) 

Equation (30) has the same form as the second-order 
expressions (19) and (20) for the weak-field limit, 
provided that r is replaced by rc, in agreement with 
the phenomenological theory of Bloembergen and 
Morgan.1 

Often experimental conditions are such that the 
applied field H2 is strong, i.e., r 2 0 2 ^ l , but not so 
strong as to violate the condition r2o>2<<Cl. For this 
case, Eqs. (25) and (26) for the relaxation times 
become 

1 c 

TTTQ2 
jl + r 

and. 

1 f T 
— ~CT 1 

T2 [ TV 

1 

+ 
r 2 0 2 

l+r( 

•1+(T2Q2 1 

27V l+a-202\r ; 

1 1 

27Y/J 
(32) 

1+(72Q2 

+ 
1 r 

27V l+<r2S22\ — - ) ' 
7V 27V/. 

(33) 

Assuming further that <r2£22<<Cl, the relaxation times 
are then given by 

l/ZWCrGVU + r/ZV)-1 (34) 
and 

i/r2«CT[i--r/r1^(T2ff)-1(i+T/r2
e)-1]- (35) 

If the ionic relaxation can be described by a single 
time constant T= 7 Y = TV, then 

and 
l / T W M 2 ) - 1 

l / r 2 «c [ r c+ ( r cQ 2 ) - 1 ] , 

(36) 

(37) 

with rc given by Eq. (31). 
Thus, the suggestion of Bloembergen and Morgan 

is shown to be valid for weak and moderately strong 
fields, provided that 2 V = TV. The phenomenological 
theory appears, therefore, to have a wide range of 
applicability for typical experiments on liquids. 
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