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crossed channel we see that the terms, g(t), are energy the Regge term. The conclusion of the foregoing work 
independent. For all values of t such that the first is that in the high-energy limit the crossed bubble 
Regge pole is at a value of I greater than zero, therefore, diagrams of Fig. 2 will always be dominated by a 
the term from g(t) in Eq. (10) will be dominated by Regge pole from the ladder graphs of Fig. 1. 
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The spherical model of a lattice gas has recently been treated by W. Pressman and J. B. Keller, utilizing 
the relationship between the grand partition function of the spherical lattice gas and the partition function 
of the spherical model of a ferromagnet. A phase transition in three dimensions was found for the lattice 
gas, but no description of the transition region was possible. Here we give some features of the canonical 
partition function for the same model. The equation of state is obtained for all densities and temperatures, 
and predicts that the pressure remains constant in the transition region. The particle correlations and 
fluctuations are calculated, and their behavior in this region is shown to be consistent with a phase transition. 
A physical interpretation of the normal modes of the spherical model indicates that the model contains the 
general aspects of clustering of particles. The origin of an anomalous behavior of the model, mentioned by 
Pressman and Keller, consisting of the pressure becoming negative for all temperatures at sufficiently large 
specific volumes, is described and a method for eliminating it is introduced. 

I. INTRODUCTION 

A RECENT paper by Pressman and Keller de­
scribes the behavior of this simplified model of 

an imperfect gas. The description is made by using the 
well-known relation between the partition function for 
the Ising model of a ferromagnet and the grand parti­
tion function of the lattice gas.2 These relations hold 
as well for the spherical model (abbreviated SM hence­
forth) of both lattice gas and ferromagnet. The SM of 
a ferromagnet, introduced by Berlin and Kac,3 leads 
to a partition function which has been evaluated by 
them for one, two, and three dimensions. I t then be­
comes a straightforward matter to apply their results 
to the grand partition function for the SM of a lattice 
gas, and this was done in reference 1. Since the SM of 
a ferromagnet exhibits spontaneous magnetization in 
three dimensions below a critical temperature, a phase 
transition is found for the SM of a lattice gas in three 
dimensions. However, the transition region itself is not 
described by this method, so that one does not know 
how the pressure behaves in this region. Also this formal 
identification does not give any indication of the physi­
cal nature of the correspondence between lattice gas 
and the SM of a lattice gas. 

* Present address: The Rockefeller Institute, New York 21, 
New York. 

1 W. Pressman and J. B. Keller, Phys. Rev. 120, 22 (1960). 
2 C. N. Yang and T. D. Lee, Phys. Rev. 87, 410 (1952). 
3 T. H. Berlin and M. Kac, Phys. Rev. 86, 821 (1952). 

The spherical model of a lattice gas was treated by 
one of us (HAG) some time ago as part of a doctoral 
dissertation.4 Here, the canonical partition function was 
used, in order to be able to describe the behavior of the 
system right through the transition region and in order 
to have available a better understanding of the mecha­
nism responsible for the transition. The present work is 
devoted to pointing out some features that were ob­
tained in the description via the canonical ensemble 
which are not revealed by the work of Pressman and 
Keller. In particular, the canonical ensemble predicts 
that the pressure remains constant inside the transition 
region, and that the fluctuations and correlations have 
the proper over-all behavior to be expected in this 
region. In addition, one can see clearly the origin of 
the anomalous effect of the pressure going negative at 
sufficiently large specific volume for all temperatures 
and how a simple modification of the model allows re­
moving this nonphysical behavior, without affecting 
the qualitative aspects of the phase transition. 

In Sec. II , the canonical partition function for the 
SM is introduced. Some connections between the lattice 
gas and the SM of the lattice gas are discussed. Section 
I I I contains the evaluation of the partition function for 
all densities by the method of steepest descents. Since 
the formal development parallels that already re-

4 H. A. Gersch, Ph.D. thesis, The Johns Hopkins University, 
1953 (unpublished). 
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ported3-5 only an abbreviated version is given. Section 
IV is devoted to the behavior of the fluctuations and 
correlations in the transition region. In Sec. V we 
indicate the origin of the nonphysical negative pressure 
at large specific volumes for all temperatures, and indi­
cate a method for eliminating it. 

Nl 
-=AT

Nexp(NZpe) 
/ • • • / • 

dx\ •• • • d%K 

Xexp £ ajk(ocj—xk)
2 , 

L 16 i.k J 
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II. CANONICAL ENSEMBLE FOR SPHERICAL 
LATTICE GAS 

The lattice gas is a cell model of an imperfect gas in 
which the volume V containing N particles is subdivided 
into K cells, each of fixed volume T, T= V/K. The vol­
ume r has to be chosen sufficiently small to reproduce 
the essential features of the interparticle potential 
energy. For gas condensation these properties are 
supposed to be a short range attraction outside of a 
repulsive core. The simplest choice consistent with these 
characteristics is to take r small enough so that con­
figurations having more than one particle per cell con­
tribute negligibly to the partition function. This 
amounts to assuming the interaction between particles 
in the same cell to be infinite. The short-range attrac­
tion may then be represented by taking U(Rkm) the 
interaction between particles in cells k and m equal to 
— e if km are nearest neighbors, and zero otherwise. In 
this way one gets the configurational partition function 
(c.p.f.) for the lattice gas to be 

ZN 

N 
-= rN X) exp[ — £ ajktijnk ) (1) 

where ($=l/kT, the sum is over all sets of integers 
{%}, fij zero or one, subject to the restriction XL'=iJC% 
= N, and a^ is given by 

djk= 1, if j , k are nearest neighbors; 

ajk=0, otherwise. 
(2) 

I t is a convenience to introduce new variables xj 
defined by 

Xj—2fij—l ( 3 ) 

In terms of these variables, the c.p.f. for the lattice 
gas can then be written in the form 

— = T N exp(Nzl3e) ]T exp E ajk{%3—%k)2 

16 i,k 
(4) 

where 2s is the number of nearest neighbors. 
The spherical model of the lattice gas is obtained by 

treating the discrete variables Xj a s if they were con­
tinuous, and replacing the sum over the coordinates Xj 
by an integration throughout the volume 0 of the K—l 
dimensional figure described by — 1 < xj < + 1 and 
Y^j^Xj—ZN—K. Thus, the c.p.f. for this model is 

5 T. H. Berlin. 
189 (1953). 

L. Witten, and H. A. Gersch, Phys. Rev. 92, 

where A is a normalization constant. 
Finally, the region of integration over 12 is replaced 

by the intersection of the hyperplane ^2J=,IKXJ= 2N—K 
with the K dimensional sphere ^j=,iKXj2 = K. This now 
gives the partition function for the spherical model as 

Nl 
--ArNexp(NZ(3e) dx\ - - - dxK 

2xj=2N-K ,-2xj2=K 

r fc "1 
Xexp X) ajk(xj-Xk)2 I 

L 16 ;,* J 
(6) 

In details, the system described by this c.p.f. cannot 
agree with that for the lattice gas, since the statistical 
variables, the Xj, are now allowed to be continuous, 
whereas for the lattice gas they are discrete variables. 
However, in general aspects, some important features 
of the model seem to be quite similar to those attribu­
table to the real gas. Such a feature is the interpretation 
of the normal modes which enter in when the quadratic 
form J2j,kCt>jkXjXk is diagonalized. As shown in reference 
3, the diagonalization of the quadratic form in the 
exponential of Eq. (6) is affected by the transformation 
to normal coordinates {yy} defined by 

%j=Hktjkyk (7) 

The quadratic form in the exponential now becomes 

— E aijixi-Xj)2=£ vfyf. (8) 
1 6 i,3 7 

The characteristic vectors tjk and characteristic values 
Vj2 have been determined by Berlin and Kac in refer­
ence 3. In three dimensions their results are equivalent 
in the limit K —> <x> to the simple forms 

' r 2f 

L KJ 

2TT 

and 

2TT I 
+s in—O' l&i+ j^+ i s&s) (9) 

Vj' 

€p 27T71 2wJ2 27T/3"] 4 K* K* 
cos-

K*J 
(10) 

where for simplicity, we let j and k on the left sides of 
these last two equations stand for the triples (ji,J2,jz) 
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and (khk2,kz). The SM c.p.f. now reads 

ZN 
--AT* esp(3Npe) / • • • dyv 

0' 

-dyK 

III. STEEPEST DESCENT EVALUATION 
OF PARTITION FUNCTION 

The restriction on the region of integration of the 
variables {yj} expressed by Eq. (12) may be relaxed by 
means of the delta function, using the representation 

K 2R rso+ico 

X e x p [ - | 8 E ^ V ] . (11) « [ * - ( £ ?/)*] = — / dS 
J=1 2m J so-**. 

where the volume 0 ' is defined by J^j^y^K, 
&yK=(2N-K)or Xexp[5 ( i ? 2 - l ' y / ) ] . (14) 

£ yf=4N(l-N/K) = R2. (12) 

Concerning the physical content of the model, we can 
note the following expression for the total potential 
energy (U), 

{U)=-Me+Y,v?(y*). (13) 

For given N,K, and temperature T there will be a 
certain distribution of mean square amplitudes (y/) 
among the normal modes. Large values of (y/) for a 
particular mode imply a large expectation for the corre­
sponding configuration of the Xj. We will briefly con­
sider the correspondence between lattice gas configura­
tions and those which correspond to the various normal 
modes. 

For the three-dimensional lattice gas, every face of a 
cubic cell which separates two opposite values for Xj 
contributes one unit to the nodal surface area (taking 
the lattice spacing as unity). A configuration having 
total nodal surface area equal to L has energy \eL 
above the minimum value —3Ne. For the SM the 
energy is given by U= — SNe+Yljv32yj2' For the modes 
with small j , the energy for a fixed amplitude yy is 
small, and the nodal surface area is small. Thus, there 
are large groups of cells for which each cell of the group 
has the same sign for the variable Xj. These variables 
are continuous; we do not have Xj—dtl only. If we 
identify Xj>0 with xj= 1 and xj <0 with Xj=l, then for 
these configurations there are large groups of cells con­
taining particles and large groups of empty cells. As 
j increases, the energy for a fixed y? increases, and the 
nodal surface area increases, so that the regions for 
which the Xj are all of the same sign become smaller. 
Clearly, long wavelength modes correspond to lattice 
gas configurations having only a small number of bound­
aries separating cells containing one particle and cells 
containing none; that is, long wavelength modes corre­
spond to large clusters, 

The expectation values for the mean square ampli­
tudes are determined as by-products in the solution of 
the cp.f. given by Eq. (11), to which we now turn. 

Because R is positive, we may write 

ZN B 
/ dSeSR%{ 

So-{-i<x> K—l 

dSe**{ILbr*(S+prf)-*]}, (15) 
N\ 2wiJ so-ioo 

where B = ATN exp3Ar0e. 
For the limit N,K—> <*>, K/N — v/r the limiting 

form of the integrand in Eq. (15) is required. The 
product may be written 

I I ( S + / V ) " * = e x p [ - \ E 1 l n ( S + / V ) ] . (16) 

Let 
1 K-i 

G 3 ( 5 ) = l i m - £ \n(S+Pvf). (17) 

Then, as shown in reference 3, 

G3(vS)= (2ir)~z / / / do)ida)2da>z m[S+/^2(coi,co2,co3)] 

(18) 

= / f,(v) \n(S+0v*)dv. 
Jo 

Here 

V2 (0)1,0)2,0)3) = •£€ ( 3 — COSCOl — COSCU2— COSCO3) 

and fz(v) is the density of normal modes for three 
dimensions, given by 

/»(") 
- / . 

dS* 

I gradp I 
(19) 

where dS% is the element of area on the surface 
v (0)1,0)2,0)3) = constant, and 

I grad?13= [(dy/do)i)2+ (dv/da>2)
2+ {dv/d^J. 

Let s denote the algebraically smallest value of (3v2. 
If the s plane is cut from s= — <*> to s——s along the 
real axis, then the integrand in Eq. (18) is analytic in 
the cut plane. To correctly describe the behavior of the 
integral in Eq. (15) in the neighborhood of s= — s, we 
must separate out from the sum in Eq. (17) the terms 
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for which (3v2 is equal to s. As shown in reference 5 there 
are two such terms, because the algebraically smallest 
eigenvalue is doubly degenerate. This gives, 

G,(S) = - l n ( H - s ) + / / ,(„) ]n(s+pv>)dv. (20) 
K Jo 

Therefore, we must evaluate the integral 

ZN B rSo+iQC dS 
— = — T * ' - * e x p [ A ^ ( , ) ] , (21) 
Nl 2wi Jso-i* (s+s) 

where 
K 

gt(S) = 4(l-N/K)s / Mv))n(s+W)dv. (22) 
2NJo 

The method of steepest descents gives the result 

ZN Bir^-i explNgs(ss)~] 

Nl (ss+sKirKid^/ds^sJ 
(23) 

if a saddle point ss can be found such that s8 is real, 
positive, to the right of the singularities of the inte­
grand, and with 

(dgz/ds~lss=0 [ d V d s 2 ] S 3 > 0 . (24) 

The constant A in B = ATN exp3Nfie shall be deter­
mined by normalizing to the lattice gas when e = 0 and 
N=K/2, for which case ZNim=rNK\/[_{K/2) ! ] 2 . For 
the model, we have a,jk=0 for all j , k, so that VJ=0 for 
all j . Then one finds 

1 
gs0) = 4(1 -TP)s Ins, 

2rp 

(ag»/dj)..=4(l-Tp)- (2rP5s)-
1 = 0, 

(a2g3/a52)s,= (2rp5S
2)-1>o. 

The solution of the saddle point equation is 

^ = [ 8 r p ( l - r p ) ] - 1 . 

I t is found, that for N, K, —> » , K/N= V/T, 

1 v 
— \nA=— ln(2/7re). 
N 2r 

(25) 

(26) 

(27) 

This yields for the limiting free energy per particle the 
result 

v 2 
- / ^ 3 = l n r ( 2 W / ^ 2 ) 3 / 2 + — ln -+g 3 ( ^ )+3^€ . (28) 

2r e 

We now investigate the existence of a solution to the 
saddle point equation 

8 T P ( 1 - T P ) = / (^+ / Jv a ) - 1 / 8 ( i ' ) a i ' s / (^ , r ) , (29) 
J Q 

FIG. 1. Path of steep­
est descent in the transi­
tion region. CUT 

$*-Plane 

-S 

where *>max
2 = 3e/2. This equation determines the dis­

tribution of mean square amplitudes among the normal 
modes. I t is clear from Eqs. (11) and (15) that 

<3 - />=[2 ( , s +^ / ) ] - i , (30) 

so that the saddle point equation may be written 

/•"max 

8 r p ( l - r p ) = 2 / dv f3(v)(f(v)). (31) 

The integral I(s8,T) is a monotone decreasing function 
of ss which is finite for ss~—s=0. In fact,3 

1 r"max fi(v) 4 
/ ( C D — / — - ^ = — ( 0 . 5 0 5 4 6 ) . (32) 

o v Pe 

The integral is finite because fz(v)~v2 as v—>0. The 
corresponding integrals for one and two dimensions 
would diverge, because, in general, if z is the number of 
dimensions, fzW^v*'1 as v goes to zero. 

The consequence is that the three-dimensional gas 
exhibits a transition for temperatures below the critical 
temperature given by 

^rc/€=[2(0.50546)]-x. m 
The density at which the transition occurs are the two 
solutions of the equation 

8rp(l - rp) = (4/jffe) (0.50546) (34) 

The critical density is p c = l / 2 r , and the two solutions 
po, PL for the transition densities are given by PG+PL 
= 2pc. These relations are characteristics of the lattice 
gas. 

Supposing that PG<PL, we must now find ZN for 
PG<P<PL, i.e., inside the transition region. The inte­
grand in Eq. (21) has a branch point at s=—s—0. A 
path of steepest descents can still be found in the 
neighborhood of the branch point. To find this path, the 
behavior of gz(s) near the pole is required. The following 
expansion for g3(s) in the neighborhood of s=0 can be 
obtained. (Details are given in reference 4.) 

g3(s) = gz(0)+ys+8s$+O(s*), 

7 = = 4 ( l - r p ) - ( 2 r p ) - 1 7 ( 0 , r ) , 5 = - ( 6 7 r ) - W / ^ ) f . (35) 

The integrand in Eq. (21) falls off rapidly from its 
value at 5 = 0 for the real part of s negative, since Y > 0 . 
On a path as shown qualitatively in Fig, 1, the imagi­
nary part of g$(s) is zero, and the path does not cross 
the branch cut. The contributions to the integral com­
ing from the partial paths on opposite sides of the cut 
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cancel in the limit N, K —•» <*>, and only the residue at 
the pole contributes to the integral. We get 

ZN/N\=B**K-* exp[tfg8(0)] (36) 

if PG<P<PL, T<TC. 
The limiting free energy per particle is then given by 

- ^ 3 = l n r ( 2 7 r m / ^ 2 ) l + — m(2A)+g3(0)+3/3e. (37) 
IT 

The behavior for T<TC as the density is increased 
toward P = PG consists in the saddle point ss decreasing 
to zero. Equation (30) shows that this implies that the 
mean square amplitudes for the modes with small j 
increase rapidly as the density pG is approached. The 
configurations of the %j which correspond to these 
modes have very long wavelength, and have an in­
creasing expectation value as the density PG is ap­
proached. According to the previous discussion, these 
configurations correspond to large clusters. The model 
then predicts the rapid formation of such large clusters 
as the transition density is approached. 

The pressure may be obtained from Eqs. (28) and 
(37) using the relation p= — (dr///dv)T. In the normal 
region, specified by 0<p<pG and p z , < p < l / r for 
T<TC, or for all densities if T>TCJ from Eq. (28) we 
have 

P 1 2 
— = — l n - + 4 r ^ A 2 - ^ ( ^ ) / 2 r , (38) 
kT 2r e 

with the saddle point ss determined from Eq. (29). 
From inspection of the saddle point equation, it is easy 
to show that (dp/dv)T<0, so that we always have 
stability in this region. In the transition region, defined 
by PG<P<PL, T<TC, from Eq. (37) we have 

1 1 /* I'max 

P/kT= — ln(2/e) / dp fz(y) ln(v2/kT). (39) 
2r 2rJo 

Since there is no dependence of the pressure on volume, 
we see that the canonical ensemble predicts that the 
pressure is constant in the transition region. The iso­
therms for the three dimensional SM are then com­
pletely similar to those shown by Pressman and Keller 
in their Fig. 9. However, as noted by these authors, the 
pressure given by Eq. (39) will become negative at 
sufficiently low temperatures. This nonphysical be­
havior comes in from the term in Eq. (39) logarithmic 
in the temperature. As the temperature decreases, the 
pressure at any density decreases, but the decrease 
predicted is too rapid. The appearance of the loga­
rithmic term seems to be a direct result of having re­
placed the sum over discrete variables n3- by an integral 
over continuous variables %, i.e., it appears to be an 
unavoidable characteristic of a pure continuum model. 

At the transition volumes VL and VG, the saddle 
point 5 S = 0 , and it follows from Eqs. (38) and (39) 

that the pressure is continuous at the transitions. 
The first derivative of the pressure with respect to 
volume is also continuous at the transition points; 
however, there is a discontinuity in the second deriva­
tive. These statements are proved in the Appendix. 

IV. FLUCTUATIONS AND CORRELATIONS 

The equation of state is not itself a critical indicator 
of the validity of a statistical model, so we turn to a 
more detailed description of the physical system. Such a 
description is proved by the correlation function be­
tween two cells j and k, (ftjUk). This plays the role of 
the molecular pair distribution function n2(riyr2) 
= N(N—L)P2(rhr2). P2(ri,r2) is the probability for a 
specified particle to be in the volume element dn sur­
rounding ri, and another specified particle to be in the 
volume element dr2 surrounding r2. From their defini­
tions, it follows that 

(«i»jb)= / / dTikdr2j n2(rik,t2j), (40) 

where the position vector tu for one particle is inte­
grated over cell k, that for the other particle over cell j . 

In terms of the normal coordinates y3; the correlation 
function is given by 

< % ^ ) = ( r p ) 2 + i E tjihi{yi2), (41) 

where again we use a single index like j to stand for the 
triple (jiJ2Jz). Making use of Eq. (8) for the com­
ponents tji of the characteristic vectors and Eq. (30) 
for the mean square amplitudes {yf) this becomes 

(njnk)=(rp)2+cos 

+ 

•2x r-(k-j)V \ 
LK J\4K(s+s)/ 

1 HK-i) cosl(2w/K)(k~j)(m-l)^ 

If the function H3/c is defined as 

1 
Hjk= lim — 

*(*-D cost(2w/K)(k-j)(ni-l)~] 

x E • 

Then, in the normal region, 

lim (n/nk)^ (rp)2+Hjk, 
K,N-*oo 

while in the transition region, 

(42) 

(43) 

(44) 
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r27r 
lim {ujftki^y lim cos —(k—j) + (rp)2+ffy*, (45) 

where 7 is given by Eq. (35). 
A more detailed distribution function is the condi­

tional average, {n3)n]i. This is the average number of 
particles in the yth cell when the number in the &th cell 
is fixed, and is given by 4-5 

1 nk—rp K~I 
(nj)nk=rp-\ E tjihi(yi2). (46) 

4 Tp(l — rp) i=i 

In the normal region, 

1 fik—rp 
lim (n3)nk=Tp= -Hjk, 

K,N-*«> 4 r p ( l — rp) 
(47) 

while in the transition region 

nk—Tp 
lim (%>ttfc=rpH 

K,N-+CO 4rp(l— rp) 

f r2?r 

X i 7 lim cos —(k—j) 
I K-»oo \_K 

+H: jk (48) 

Both {fijfik) and (tij)nk were also computed in refer­
ence 5 for the model treated in that work with results 
completely equivalent to those given here. As was 
found previously, the important difference in the be­
havior of both these averages in the normal and transi­
tion regions is due to the existence of the term y in 
the transition region. This term has the effect of ex­
tending the influence of a particle in one cell out to 
very great distances. For example, if there is one particle 
in the &th cell, then the average number in all sur­
rounding cells out to distances of the order of the linear 
dimensions of the containing vessel is increased, due to 
the presence of the term y. Conversely, if there are no 
particles in the &th cell, the average number in all sur­
rounding cells is decreased due to the term y. 

There is another aspect of the long range correlation 
which concerns the fluctuations in the number of par­
ticles in a region which contains many cells of volume r. 
The average number of particles in a volume Lr is 
given by 

(NL)=(Jln^Lrp. (49) 

The average value for the square of the number of 
particles is 

(50) 

The square of the relative fluctuations in NL is then 

{{NL-{NL)f) (NL*)-(NLY 

(NLY (NLY 

rpL— (rpL)2+Y, L {npik) 

(rpLY 
-• (51) 

If particles in adjacent cells did not interact, we would 
have 

E E (njnk) = L(L-l){n*)= ( r p ) 2 L ( L - l ) (52) 

and 
[ ( ^ L 2 ) - W ] / < A ^ ) 2 = (\-rp)/Lrp. (53) 

The average number NL is then a well-determined 
macroscopic quantity. 

In the transition region, the square of the relative 
fluctuation in NL is given by 

(NL*)-(NLy 1-rp 1 

(NLY Lrp (LrpY 

X E E | 7 Hm cos| 
r2x 
- ( 
K 

:(k-j) ~]+HJ . (54) 

Hjk goes to zero as the distance between the Mh and 
jth. cells becomes large. By taking the volume Lr suffi­
ciently large, the second term on the right will become 
of order one, and the fluctuations in NL about its 
average (NL) of order (NL) will no longer be negligible. 
In this case, (NL) ceases to be a well determined macro­
scopic quantity, as one expects for a system when 
(dP/dv)r approaches zero. 

V. NEGATIVE PRESSURE 

In Sec. I l l , we mentioned the nonphysical behavior 
characterized by the pressure becoming negative for 
sufficiently low temperatures. As Pressman and Keller 
have noted, there is another distinct type of negative 
pressure occurring in the model, namely, for all tem­
peratures at sufficiently large volumes. Whereas, the 
low-temperature failure of the model seems difficult to 
remove, this second behavior appears to be more easily 
rectifiable. 

I t has its origin in the fact that the region of integra­
tion for the SM, which according to Eq. (6) is the com­
mon volume defined by the two constraints, E # i 
= 2N—k and E # / — K goes to zero for N—>0 or 
N~^K. This is in contrast to the c.p.f. for the lattice 
gas, which goes to the value one for these limiting cases. 
This apparently small difference in the relative be­
haviors has a crucial effect at low densities. To demon­
strate this, consider the case when e=0, so there is no 
interaction between particles in different cells. Then 
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0 .1 A .6 .8 1.0 

f/*-SM,no correction 

ifr-LG. 

FIG. 2. Behavior of the quantity K'1 \R(ZN/TNNI)—ln2 when 
€ = 0 as a function of r/v for the lattice gas (LG), the spherical 
model (SM, no correction) and the spherical model (SM) with the 
modified constraint given by Eq. (59). 

for the lattice gas we have the c.p.f. 

ZN Kl 

Nl Nl(K-N)l 
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Figure 2 shows the quantity (1/K) ln(ZAr/r iYiV!)-ln2 
plotted for both models. For the SM this quantity 
approaches minus infinity as N approaches zero or N 
approaches K. This has the effect on exp(—\j//kT) 
= (ZN/TNN !)1/Arshown in Fig. 3. For the SM this 

FIG. 3. Behavior of (ZN/rNNl)llN when € = 0 as a function of 
r/v for the lattice gas and the spherical model with and without 
modification of the constraint. 

FIG. 4. Behavior of rP/kT when e=0 as a function of v/r for the 
lattice gas and the spherical model. 

quantity reaches a maximum for rp~0.2 and then de­
creases for smaller values of the density. This implies 
that the pressure becomes zero at this density and 
negative for smaller values of the density. Figure 4 
shows the pressure from the two models. 

To eliminate this behavior in a simple fashion, one 
needs to ensure for the SM a nonzero region of integra­
tion as N approaches zero or K. This may be done in a 
rather heuristic fashion by modifying the constraint 
Y^oCj—2N~K so that it reads 

E Xj=2N-K+a(l-2N/K). (57) 

The form of the added term is chosen to preserve the 
model symmetry about the value N/K= 1/2. For the 
parameter a positive, it ensures a nonvanishing integra­
tion region for A^=0 or N~K. The parameter a may 
be chosen so that (1/K) ]n(ZN/rNN?) -> 0 for the SM 
as it does for the lattice gas. I t is a simple exercise to 
show that this yields for a the value 

a = Z ( l - V 5 / 2 ) . (58) 

So that our constraint of total number of particles 
now reads 

K \ 3 
E xj=—(2N-K) 
j-i 2 

(59) 

In Figs. 2, 3, and 4 the improvement affected by this 
modification is shown. We now have the pressure always 
positive in this "ideal gas" region. Moreover, this 
modification does not affect the qualitative behavior of 
the model when interactions are present, so that our 
previous results are not materially affected. 

VI. CONCLUSIONS 

The spherical model of a lattice gas leads to a phase 
transition in three dimensions characterized by con­
stant condensation pressure. 
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The interpretation of the normal modes shows that 
the model contains the general aspect of the clustering 
of particles. The distribution of mean square ampli­
tudes among the various modes depends on density and 
temperature in a way similar to what one expects for 
the distribution of clusters of various sizes in an im­
perfect gas. 

The very large fluctuations and the long range corre­
lation are characteristics to be expected for the con­
densation process, and are consistent with the fact 
that the pressure is constant. 

APPENDIX. BEHAVIOR OF THE PRESSURE 
AT TRANSITION VOLUMES 

This Appendix shows that dp/dv is continuous and 
d2p/dv2 is discontinuous at the transition volumes vt 
and I)Q. Since p is constant in the transition region, we 
have only to show that dp/dv approaches zero while 
d2p/dv2 goes to a nonzero value as the specific volume v 
tends to VL or VG from outside the transition region. 

We start with Eq. (38) for the pressure in the normal 
region 
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where ss is determined from the saddle point, Eq. (29), 
which we write in the equivalent form 
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Then successive differentiation of p with respect to v 
yields the equations 
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The volume derivatives of s, follow from Eq. (A2), 
dropping the subscript s, 
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The function G^(s) is related to g3(s) through Eq. (22), 
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In the neighborhood of the branch point, s—0, we may 
use for gz(s) the expansion given by Eq. (35) to obtain 
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Putting these into Eqs. (A5) and (A6), we get the results 
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(All) 

measures the discontinuity in the second derivative of 
pressure with respect to volume at the transition vol­
umes VL and VQ. 


