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The second-order Doppler shift in the Mossbauer effect depends upon the mean-square velocities of the
emitting and absorbing atoms. On the basis of a theorem discussed by Born in connection with the lattice
dynamical theory of the Debye-Waller factor, a general expression has been obtained for the mean-square
velocity of an arbitrary atom in a crystal lattice, assuming harmonic forces. The result is valid for any tem-
perature and may be applied to lattices having free surfaces or impurities. Approximate expressions are
developed for the high- and low-temperature limits. The general results are applied to specific calculations
of the mean-square velocity for atoms at or near a free surface. Ordinarily, the mean-square velocity turns
out to be smaller for an atom at the surface than for one in the interior of the crystal. This is a consequence
of the surface atom being linked to fewer neighboring atoms than is the case for an interior atom. It is con-
cluded, however, that whether or not a crystal lattice possesses surface modes of vibration has little direct

bearing on the mean-square velocity of surface atoms.

I INTRODUCTION

S shown by Pound and Rebka! and by Josephson?

the Doppler effect in second order leads to a

temperature-dependent shift of the Mdssbauer reso-

nance line. By using an argument based on energy con-

servation, Josephson concluded that the energy E of a
gamma ray is shifted by an amount AE given by

AE=E((*)/20), M

where (1?) is the mean-square velocity of the emitting
atom. A corresponding shift occurs during absorption.
An experimentally determined frequency shift is, there-
fore, related to the difference of the mean-square ve-
locities of the absorbing and emitting atoms.

A lattice dynamical theory of the second-order
Doppler shift for impurity atoms in a solid has recently
been given by Maradudin, Flinn, and Ruby.® These
authors find that the mean-square velocity of an im-
purity atom is determined by the masses of the im-
purity atom and the host atoms and by the forces with
which the impurity atom is bound to the other atoms.
By making measurements on the temperature de-
pendence of the shift in the Mossbauer resonance fre-
quency, one can, in principle, obtain information about
the force constants which link the absorbing or emitting
atom to its various neighbors.

In the present paper we consider the effect of prox-
imity to a free surface on the second-order Doppler
shift. One may expect that the interatomic forces asso-
ciated with an atom near a surface will be different
from those associated with an atom well in the interior
and that this difference will be manifested in the second-
order Doppler shift. Furthermore, if surface modes of

1R. V. Pound and G. A. Rebka, Jr., Phys. Rev. Letters 4, 274
(1960).

2 B. D. Josephson, Phys. Rev. Letters 4, 341 (1960).

8 A. A. Maradudin, P. A. Flinn, and S. Ruby, Phys. Rev. 126,
9 (1962).

vibration exist in the crystal, one may expect that the
mean-square velocity of a surface atom is influenced by
the surface modes. Information about the latter may
then be available from observations of the second-order
Doppler shift.

II. GENERAL FORMULATION

In this section we derive a general expression for the
mean-square velocity of an atom in a crystal. We
assume that the interatomic forces are harmonic, but
we do not assume periodic boundary conditions. Let
u;, be the vector displacement of the xth atom in the
ith unit cell. Then the equations of motion in the
harmonic approximation can be written as

gl'(i_{_ Z :’D(l’(i7 l,K/j>gl'K'.i=0) i:jzx)yyzi (2)

Uk'y
where
(2a)

D(ki; Uk'f) is an element of the dynamical matrix of
the crystal and m, is the mass of the atom /. Since we
are interested in calculating velocities rather than dis-
placements, we differentiate Eq. (2) with respect to
time and obtain

d3£rz‘ .
——+2 O(ri; ' j)&=0, 3)
ar v

Elx = mlnllzulka

where the pair of indices / is replaced by the single
index 7. Setting _
£ri= B,ie™?, 4)

and substituting into Eq. (3), one gets

Z [@(T’L‘; rlj)_wgarr'aijjBr'jZO. (5)
7'

The amplitudes B,; which satisfy Eq. (5) are eigen-
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vectors of the dynamical matrix, the corresponding
eigenvalues being the squares of the normal mode fre-
quencies. Let us characterize the normal modes by an
index 6, and let us assume that a single mode is excited.
The time average of the square of a velocity com-
ponent for such a mode is given by

<[ﬂ'7'i(0>]2>nv= (1/%,-)([:1{6&;’(0)]2%\,
= (l/zmr) t B,:(6) :2 (6)

The mean kinetic energy T in the mode 6 is given by

To=% 3 m[tri(0) av
=15 |B.O)]% @

Under thermal equilibrium conditions the time average
of the kinetic energy specified by Eq. (7) is equal to the
ensemble average specified by

T o= }hws coth (fiwe/2kT). (8)

It is clear from Egs. (7) and (8) that the eigenvectors
B,;(0) are not normalized to unity. A set of orthonormal
eigenvectors C,;(6) is obtained by the definition

Cri (0> = (4T9)_}Br1(0) (9)

By summing Eq. (6) over all modes 6 and over the
Cartesian components ¢, one obtains the following ex-
pression for the complete mean square velocity of
atom 7:

(lﬁrl2>=;(lwi(0) [

The right-hand side of Eq. (10) contains a sum over
normal modes of a function of normal mode frequencies
times the square of a given element of the orthonormal
eigenvector for that mode. Such sums can be simplified
by means of a theorem utilized by Born* in his lattice
dymanical theory of the Debye-Waller factor. If f(w?)
is some function of the square of a normal mode fre-
quency, then the theorem states that

2o flw”)COCT(0)= f(D), (1)

where C7(9) is the transpose of the eigenvector C(6).
Transforming Eq. (10) by means of Eq. (11) and
utilizing Eq. (8), one obtains

= 1/2m) 5[ hm] (12
u, %)= 1/2m, D coth— |
<| I % 2RT ri,vi

where the subscript 7i,7¢ denotes a diagonal matrix
element of the matrix in square brackets.

¢ M. Born, Reporls on Progress in Physics (The Physical
Society, London, 1942), Vol. 9, p. 294.
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The result given by Eq. (12) for the mean-square
velocity of the rth atom is restricted to harmonic forces,
but is otherwise quite general. It applies over a broad
range of temperature to crystal lattices containing im-
purities, disorder, free surfaces, and other manifesta-
tions of deviations from a perfect periodic lattice.

Useful high- and low-temperature approximations are
obtained by appropriate power series expansions of the
quantity coth(#D}/2kT) in Eq. (12). At high tempera-
tures the result is

(la:[H)=2: (kT /m.)

+Z7, [h2ZD/12mrkT:|ri,ri+ MY (13)
while at low temperatures the result is
(1o, [*)=(1/2m.)
X2 (A2 exp(—hDYRT)+ -+ Jrii (14)

For the high-temperature case the correction term
proportional to 1/7 is particularly easy to calculate,
since the first power of the dynamical matrix is required,
and the elements of the latter can be read off directly
from the equations of motion. For example, one readily
verifies that Eq. (13) leads to the same high-tempera-
ture results as those obtained by Maradudin, Flinn, and
Ruby? using a different method.

III. SURFACE EFFECTS

In this section we present the results of calculations
on the mean-square velocities of atoms in monatomic
and diatomic linear chains with harmonic nearest-
neighbor interactions and free boundaries. The results
for these simple models will give a qualitative indication
of what may be expected for more complicated models.
In the high-temperature case the diatomic chain is
worked out for a general value of the mass ratio. In the
low-temperature case the monatomic chain and the
diatomic chain with mass ratio much different from
unity are worked out separately.

Let us consider a diatomic linear chain consisting of
N atoms of mass m, and N atoms of mass m,. For free
ends the equations of motion can be written in the form

matini 1+ (1—8;1)y (uzj—1—u2;-2)
—[(1=81—8;m)y+8ry"+8;xv" ]
X (25— mz;1)=0,
(15)
matin;— (1—8;n)y (taj 11— 1t25)
FL(A—=8—8;n)v+8;1v'+8;nv" ]
X (uzj—uzj_l)-—-O, ISJSZ\I

In Egs. (14) we have taken into account the fact that
the force constants v’ and v” binding end atoms to
neighboring interior atoms may be different from the
force constant v binding two neighboring interior atoms.
Other force constants near the ends may be different
from v, in general, but such differences are neglected.
The nonvanishing elements of the dynamical matrix
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corresponding to Egs. (15) are given by
D(25—1;25—-1)
=[2(1=6;)v+0;1y'+8;xn (v =) 1/ma,
D(27; 27)
=[2(1—8;n)y+0xy"+8:(v'—v)/me,
D(2j—1;2j)
=0(27;2j—1)
=—[(A—8u—0;m)v+8;1v'+8;ny" 1/ (muma)*,
D275 2j4+1)=— (1—=8;x)v/ (myms)*,
D(25—1;2j—2)=— (1—=8;1)v/ (mama)*.

(16)

A. High-Temperature Case

For the high-temperature case direct substitution of
Egs. (16) into Eq. (13) yields

(|, |2y= Pr(r)+Po(n) 4+, %)
where
Py(r)= (kT /mas), ma=my for r=2j—1
=my for r=2j, (17a)
HL2(1=8)y 85y +0in (v —
Pa(2j—1)= [2(1—=8j)v+8;v +6;n (v 7)]’ (A7)
12m kT
722 1—6] +6 ”—*—6]. [
Pa2)= L2 =8y +ony"+dn(y 7)]. 170
121%22kT

In the limit 7— <« one sees from Eqs. (17) that the
mean-square velocity of a given kind of atom is in-
dependent of its position in the lattice. At finite tem-
peratures, however, atoms sufficiently near the free
ends have different mean square velocities from interior
atoms.

Let us consider the simple case v'=+"”=7. Then the
values of P;(r) are still given by Eq. (17a), while those
of P(r) are

Py(1) =102/ 24m kT, (18a)
Py(25—1)=%w2/12mkT, 1<;<N, (18b)
Py(2))=Ww?/12mkT, 1<j<N, (18¢)
Py(2N) =122/ 24msk T, (18d)
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Fic. 1. The mean-
square-velocity cor-
rection Py(7) plotted

4 in arbitrary units as
a function of position
3l r for the diatomic
chain at high temper-
atures with m;=2%m,
21~ and N =10.
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where
wi*=2y/my, (18¢)
w22=2'y/mQ. (18f)

Thus, if the force constants near the free ends are the
same as in the interior, the mean-square velocity term
proportional to 1/7 is one-half as large for an end atom
as for interior atoms of the same mass. The series ex-
pansion in Eq. (13) converges very rapidly for #7">%w,
where wy, is the largest normal mode frequency. Hence,
we conclude that under the conditions of this para-
graph, the mean-square velocity itself is smaller for an
end atom than for an interior atom of the same mass.
Qualitatively, the mean-square velocity of an atom in-
creases as forces acting on that atom increase. An atom
at a boundary is acted upon by fewer forces than an
interior atom and consequently will have a smaller
mean-square velocity, unless the force constants near
the boundary are anomalously large. It appears to be
very difficult to choose the force constants so that, for
every mass occurring, the mean-square velocities of
atoms of the same mass are identical regardless of
proximity to a boundary. In Fig. 1 the correction
P5(r) is plotted as a function of » for the case my=23m.
and N=10.

As indicated by Egs. (18) the correction terms Pq(r)
are characterized by frequencies w; and ws which are the
acoustical and optical mode frequencies at the Brillouin
zone boundary. One may ask whether the corrections
for the end atoms, P2(1) and Ps(2N), can be related to
the known? surface mode frequency w, given by

w2=7[ (m1tms)/myms]. (19)

It is clear from inspection of Egs. (18) and (19) that
such a correlation does not exist in general. However,
for the limiting case m;<Kmq the correction terms for
the light atoms can be written in the form

Pz(l)uhzwsz/ﬂmlkT,

20
Py(25—1)~Nw:?/12mk T, (20)

1< j<N.

5 R. F. Wallis, Phys. Rev. 105, 540 (1957).
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A corresponding relationship for the heavy atoms does
not exist.

High-temperature expressions for the mean-square
velocities of atoms in a monatomic lattice follow from
Eqs. (17) through (20). For the case ¥'=+v" =1+, the end
atoms again have smaller mean-square velocities than
the interior atoms. The correction Ps(1) for an end
atom is one-half the corresponding correction for the
interior atoms. It is worthy of emphasis that the
monatomic linear chain with nearest-neighbor inter-
actions has no surface mode.® Although equations
similar to Egs. (20) can be written down formally, the
frequency w, so defined has no signficance as a surface
mode frequency. In Fig. 2 the correction P (7) is plotted
as a function of » for a monatomic linear chain with 20
atoms.

IN SECOND-ORDER
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B. Low-Temperature Case

We turn now to the low-temperature limit of absolute
zero. If Eq. (14) is used, the elements of the square root
of the dynamical matrix are required. Rather than
attempt to calculate these elements from those of the
dynamical matrix itself, we calculate the mean-square
velocities from the eigenvectors of the dynamical
matrix using Eq. (10) evaluated at T'=0°K. For the
linear diatomic lattice with free ends and y'=v"=4,
the eigenvectors are available from previous work,® but
the summations over normal modes are rather cumber-
some to work out for a general mass ratio. We, therefore,
restrict ourselves to the case m;<&m; for which approxi-
mate expressions can be obtained without great effort.
To lowest nonvanishing order in the ratio mi/ms, the
results are

(|1t | )t o/ 2m, (21a)

(| g1 | )haor/2m1, 1<j<N, (21b)

(Vi 2y 5 cot (r/a0)— sin(r/21V) . 1< <N, (21¢)
Mo sin[ (47—1)w/4N] sin[ (47— 3)w/4N ]

From Egs. (21) it follows that an end atom, whether
light or heavy, has a smaller mean-square velocity than
an interior atom of the same mass. In Fig. 3 the mean-
square velocity for the #th atom is plotted as a function
of » for my=my/4 and N=10.

The monatomic linear chain with y'=+"=+ and free
ends can also be treated similarly in the low-tempera-
ture limit. The result for the mean square velocity of
the rth atom in a chain of 2V atoms each with mass m
is given by

(|1 |2)= [T/ 16NmJ{ cot[ (4r—1)m/8N ]

—cot[ (4r—3)w/8N1+2 cot(x/8N)}, (22)
where
wr= (4y/m)"". (22a)
4 [
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The mean-square velocity is plotted as a function of 7
in Fig. 4 for a monatomic chain of 20 atoms.

It may be noted from Egs. (21) and (22) that the
difference between the mean-square velocities of end
atoms and interior atoms is manifested in the dominant
low-temperature term. At high temperatures, on the
other hand, such differences appear in the first-order
correction term but not in the dominant term.

1V. CONCLUSION

The general theory developed in this paper exhibits
the relation between the mean-square velocity of an
atom in a crystal lattice and the forces which bind that
atom to the other atoms. Atoms near a free surface are
subject to different forces from those acting on atoms
in the interior, and this leads to a corresponding differ-
ence in the mean square velocities. The second-order
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Doppler shift in the Mdssbauer effect is proportional to
the mean-square velocity of the emitting atom. Hence,
measurements of this shift provide, in principle, a means
of obtaining information about the forces acting on a
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surface atom compared to those acting on an interior
atom. However, technical difficulties associated with
preparing samples having the radioactive atoms
localized in the surface layers must be surmounted.
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Thermal Conductivity of a System of Interacting Electrons*
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Kubo’s formula for thermal conductivity is evaluated for the case of an interacting electron gas and
random, fixed, impurities. As in previous work, the theorems proved are exact to all orders in the electron-
electron interactions and to lowest order in the concentration of impurities. The heat flux is examined in
some detail and a Ward’s identity is derived for the associated vertex function. Although the heat flux con-
tains contributions from the interaction energy of pairs (or larger clusters) of correlated quasi-particles, it
is found that these contributions enter the thermal conductivity only to higher orders in the impurity
concentration. In a normal system where the many-body correlations are sufficiently weak, the Wiedemann-

Franz law remains valid.

I. INTRODUCTION

HE purpose of this paper is to demonstrate that
the quasi-particle picture of an interacting Fermi
fluid is rigorously applicable to thermal conductivity
problems. This picture, originally proposed by Landau,’
has turned out to be an exact consequence simply of the
general structure of many-body perturbation theory.
The detailed proof of this fact for various equilibrium
properties of the Fermi fluid may be found in a series of
papers by Luttinger?3; and a discussion of dc electrical
conductivity is contained in previous papers by the
present author.* In this paper we shall apply the
perturbation-theoretic analysis to the calculation of the
heat flux associated with a small temperature gradient.
In particular, we shall show that the Wiedemann-Franz
law remains valid in the presence of interactions be-
tween the electrons.

The model to be used here is precisely the same as in
the previous work.* That is, we consider a system of
interacting electrons in the presence of a small con-
centration of randomly scattered, fixed impurities. The
impurities provide the relaxation mechanism for the
system. Calculations are performed to all orders in the

* Supported in part by the Office of Naval Research.

T National Science Foundation Fellow. Permanent address:
Carnegie Institute of Technology, Pittsburgh, Pennsylvania.

1 L. D. Landau, Sov. Phys.—JETP 3, 920 (1956); 5, 101 (1957).

2 J. M. Luttinger and J. C. Ward, Phys. Rev. 118, 1417 (1960).

3J. M. Luttinger, Phys. Rev. 119, 1153 (1960); 121, 1251
(1961).

4 J.S. Langer, Phys. Rev. 120,714 (1960); 124, 1003°(1961); 127,
5 (1962). We shall refer to these papers as I, TI, and IIT,
respectively,

electron-electron and electron-impurity interactions,
and to lowest order in the concentration of impurities.

As a starting point for this calculation we shall use
Kubo’s formulas for the transport coefficients. Although
several steps in the derivation of these formulas are
rather subtle and difficult to justify rigorously, we shall
proceed on the assumption that the formulas are exact.
We define the transport coefficients as follows®:

. uw /1 1 1

]=——Lo<—V,u——VT>——L1-VT; (1.1)
e \u T T
un /1 1 1

u= '——L1<—VM’——VT>—L2——V T, (1.2)
e \u T T

where j is the electrical current density and u is the
energy flux. T is the temperature and u the chemical
potential. Then the transport coefficients, L, are given
by the Kubo formulas®:

1o B
LF&./O it /0 A\ T pod (0)-J (40N T;
(1.3)

S Ior a careful discussion of the definition of the transport
coefficients, see H. B. Callen, Thermodynamics (John Wiley &
Sons, Inc., New York, 1960).

8 A complete derivation of these formulas may be found in
Kubo’s lectures at the Summer Institute for Theoretical Physics,
University of Colorado, Boulder, 1958. These notes appear in
Lectures in Theoretical Physics (Interscience Publishers, Inc., New
York, 1959), Vol. I. The original papers are R. Kubo, J. Phys.
Soc. Japan 12, 570 (1957); R. Kubo, M. Yokota, and S. Nakajima,
ibid. 12, 1203 (1957). Also see M. T. Klinger, Zhur. Tekh. Fiz. 27,
2780 (1957).



