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The production of unpolarized bremsstrahlung by polarized electrons in the Coulomb field of a nucleus is 
considered. An approximate analytical expression for the differential cross section summed over final electron 
spins is presented. This differential cross section is integrated numerically over angles of the emitted electron 
to determine the asymmetry in the photon angular distribution. Results of the numerical integration are 
given for incident electron velocities in the range 0Ac<v<0.9c. 

I. INTRODUCTION 

T T is well known that transversely polarized electrons 
•^ elastically scattered by the nuclear Coulomb field 
exhibit an azimuthal asymmetry about the direction of 
motion of the incident electron beam.1,2 The existence 
of a similar asymmetry in the distribution of brems­
strahlung is therefore not surprising. Qualitatively, one 
expects the photon asymmetry to be an effect of the 
same order of magnitude as the electron scattering 
asymmetry; this is shown to be the case. 

A calculation of the lowest order term in a series in 
the Coulomb parameter aZ of the photon asymmetry 
is presented. Since to lowest order the asymmetry is 
proportional to aZ, the bremsstrahlung cross section 
must be computed to one higher order than the Bethe-
Heitler formula.3 However, since we limit ourselves to 
consideration of the asymmetry, only terms in the aZ 
correction to the Bethe-Heitler cross section which 
contain the incident electron spin need be considered. 
These spin-dependent terms may be extracted rather 
easily from the S matrix. 

To evaluate the cross-section differential in photon 
and electron angles and photon energy one must 
evaluate certain integrals which diverge if the external 
field is a Coulomb field. This difficulty is avoided by 
employing the device introduced by Dalitz4 of replacing 
the Coulomb field by a "screened" field and allowing 
the screening to vanish after the cross section has been 
calculated. 

The differential cross section, which is given in 
analytical form, is integrated numerically to determine 
the spin-dependent part of the photon angular distri­
bution. The ratio of the spin-dependent part of the 
cross section to the Bethe-Heitler angular distribution 
gives the photon asymmetry. 

The following general trends of the photon asym­
metry are found: The asymmetry increases from zero 
at the soft photon limit of the spectrum to a maximum 
at the high-frequency limit; it is a maximum for 
incident electron velocities near 0.6c; and it increases 
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in magnitude from zero at 0° to a maximum near 130°, 
decreasing to zero at 180°. 

II. CALCULATION OF THE DIFFERENTIAL 
CROSS SECTION 

The differential cross section d6a for production of 
bremsstrahlung is given by5 

1 Wt 

d*a= ffip^k £ Wba, (1) 

where pi= (piiiWi), i = l , 2, represent the momentum 
four-vectors for the incident and final electron, respec­
tively, and where k=(k;ioo) represents the photon 
momentum four-vector. Wba is the transition rate from 
the state \a)= |pi,&) to the \b)= |p2,C2; k,c), 0 and (2 
being the spin vectors of the incident and final electron 
in the electron's rest system, and e being the photon's 
polarization vector. The transition rate after summation 
over photon polarization and final electron spin is a 
linear function of the incident electron's spin, 

X) Wba=W+W'^i. 
C2,£ 

(2) 

The contribution of w to the differential cross section 
gives to lowest order the Bethe-Heitler formula. We, 
therefore, only need consider the lowest order term in 
w-Ci-

Writing the S matrix as S=I+iM and introducing 
# = ( M + M * ) / 2 , A=(M-M*)/2, one easily verifies 
that the spin-dependent part of the transition proba­
bility is given by 

w-Ci=2 E (b\A\a)(a\H\b). (3) 
C2,£ 

The matrix element of the anti-Hermitian term A can 
be written as a sum over a complete set of intermediate 
states \n), 

(b\A\a)=frZ(b\M*\n)(n\M\a) (4) 

in virtue of the unitarity of S. Denoting by A/, H/, 
Mjl the contributions to the corresponding matrices 
from Feynman diagrams with i vertices, j of which 

6 J. M. Jauch and F. Rohrlich, The Theory of Photons and 
Electrons (Addison-Wesley Publishing Company, Inc., Cam­
bridge, Massachusetts, 1955), p. 390. 
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represent external field interactions, one finds by In writing Eqs. (7) and (9) we have assumed the 
comparing powers of e and Z on both sides of Eq. (4) external field to be a "screened" Coulomb field. The 
. . , ol . ^ ,„ . Fourier transform of the external potential is given by 
(b\Ai>\a)=0, (5a) 

(b\A2*\a)=ii L (srtMtlofodMm* a ^ „ 2 . i 8 ( s 0 ) ^ % . ( 1 1 ) 

P,< |s|2+A2 

+^^kV^ ; k V 'M l 2 ' ^ F r o m Eqs* ( 7 ) a n d ( 9 ) o n e o b t a i n s f o r t h e sP i n" p'^ >e
 w / , i / H w . i n i / e n dependent part of the differential cross section 

X<p,C;kV|M1
1|6)*. (5b) F F 

a4Z3 p2 1 
The lowest order contribution to the transition proba- dba=2 —kdkdQ d&h T (12) 
bility is therefore given by Eq. (3) with A replaced by (2TT)3 p\ * q2 

A£ and H replaced by Hi2, Substituting the relevant with 

reductioiementS i n t ° E<1' ( 5 b ) ° n e findS' a f t C r a S i m P l C T = l TrLO^m-ipOyMm-ipJl+cc, (13) 

/i i A *i \ ' ' a ^^ (^ i~^2—w)_ where o- is a four-vector related to the electron's spin 
<b\A2

3la) = u2OaUu (6) ., <_ y i ^ x ' ' ' (2co)1/2 three-vector & by 
with 

0,= 

( PrCi *Pr<i\ 
f Mpi-P) Nfi(m-ip)yi cr= (<!+-———~-Pl, 1. 
/ #/>[ \ m(Wi+m) m / 

J \ 2p1 (q2
2+X2)(qio

2+X2) 
The trace and polarization sum in Eq. (13) is carried 

h{p2-p)y,{m-~ip)M,\ out to give 

2p2(qi
2+\2)(q2o

2+\2) /' r=r1+r2+c.c., 
where with 

q i = P i - p - k , q 2 = p - p 2 - k , q i o = P i - p , q2o=p-p2, /* ̂  Hpi-p) 4 

E*>.•, (14a) 
J 2px\ i = l a n d / Y * - L ^ j - ^ / v . M , N J 2/^i (gio2+X2)g2

: 

7M(—^(«+j)2)+w)74 y±(-i{p-k)+in)y 
"~ (/>2+&)2+^2 (/>-&)2+m2 ' fd'pdi^p,)^ 

(Q\ 12= / ,Lwi- (14b; 
7M(-^(ft+^)+w)T4 7 4 ( - i (^ i~/2)+w)7M J 2^2 (^2o2+X2)gi2 *-i 

AfM= 1 . 
(p+k)2+tn2 (pi-k)2+m2 The functions vt and w{ are listed in the Appendix. We 

m, , . T , r • , TT .... , . r, ,~N have dropped the factor X2 in the denominator of Eq. 
1 he matrix element or the Hermitian term m Eq. (3) / i0v „ . ,, 9 , 9^ rT- / ^ \ • 

, ^ v J (12) as well as in the q? and q2
l terms of Eqs. (14), since 

no divergences arise from these terms. The integrals in 
i2Tr{^irf,2amZb{Wi—W2-oi) _ Eqs. (14) are carried out with the aid of the formulas 

(a\H2
2\b)= (uiL^Ui), (9) for the basic integrals presented in the Appendix. After 

(2co) (q +X ) a great deal of algebraic manipulation, the resulting 
where q = P l - p 2 - k and expression for T may be reduced to 

yi(-i(k+p2)+m)yfi T=2Trm(v1^1yA + vB+^iC+^2D)i (15) 
^ = 7 4 ^ 7 4 = — ^ ^ ^ 7 - where 

/zi=(kXpi)-<r, M2=(kXp2)-o', 

| 7 » ( - i ( f t - * ) + * ) 7 ^ ( 1 0 ) T=(P 2XP l)-k, , = (p2XP lW, 
(£i—&)2+w2 and where 

1 rW1+W2 2 /ft+fo pi+p2\ 1 
4 = - q.R+— +W2 b , (16a) 

ml DXD2 D2\ /5i/?2 pip* I J 

/w 2 pi-p2-(I^i+&) TF2\ /m2 prp2~(^i+^)W ; '2\ / 8w2 2W2k\pi+p2 

B=[—+ ) q . R _ ( _ + ) q - T + ( l + + )—~Q 
\D2

2 DlD2 I \DX
2 DXD2 I \ DXD2 D2 I pxp2 

+ ( )[2W1Q- 2 + | q - R V ( k - U + p r R + p 2 . T ) / ( 2 D 2 ) - ( k - V + s - R + M ) / ( 2 D 1 ) , (16b; 
\D2 Z ) i / \ f3i(32 / 
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2(W2k+m2) fm2 pi-p2-(W1+k)W2\ D1-D2-2W2k / l 1 
C= ( —+ q- R+ —Q+ 

> 2
2 D1D2 I plDl 

8W2Q/(31+I32\ ( 16mW2k q2\pi+p2^ 

/ l l\/2(W2k-\-m2) \ 2 
(_ - ._ ) (_ e+k-R)+— 
\D2 Di/\ pi I DXD2 

+ ( ) + ( l • J e + ( ( p i + 8 ) . R - l - U ) / ( 2 Z ? 2 ) - ( k . U - p 2 - V ) / ( 2 D 1 ) , (16c) 
£>i \ P& I \ DiD2 Dj p!p2 

(m2 p i - p 2 - ( ^ i + A ) I ^ 2 \ . 2(W2
2+p1p2) / 1 1 \ 8m2(W1+W2)k/p1+p2\ 2 

D== __(__+ q . T + W \Q P 
W D1D2 J p2 \D2 Dj DXD2 \ p!p2 ) DXD2 

4{Wi+W2) / /3 i+f t \ 2W2k 
Q[ ) e + ( P i - U - p r R + p 2 - T ) / ( 2 C 2 ) - ( p 2 . V + p 1 . R + l - T ) / ( 2 Z ? 1 ) . (16d) 

D2 \ PiP2 I p2Dx 

In Eqs. (16) the following symbols are used: 

R= 
1 1 

U = -

[ P i X s ] 2 

1 

[P iXk] 2 

1 

Q-

[paXk] : 

L!+L2 

[P2XI]2" 

£ML2+Lz)+k(L6'-L6)-lL*'], 

£-fa(L2+L*')+k(L6'-L6)+$Ld, 

cross section, when integrated over photon angles and 
a small range of photon energies, must be proportional 
to the elastic scattering cross section. One finds that 
in the limit k —> 0 

T —> 167rti*£r-
mp\ sin# 

£ 3 

1 1 

21 2P2 

with 

/ P i — P 2 \ f w 2 ml 2pvp2] 
XlnfJ \ _ + _ + 1 (17) 

\ 2p! )\Di2 D2
2 BJ)2\ 

where 6 is the electron scattering angle and n is the unit 
normal to the plane of scattering. Integrating over 
photon energies and angles, one finds 

Li=h*-
4w2*V 

L 2 =ln -
WiW2+pip2~m' — <m2 

rfV->-Fn-Ci-
4azZzmp2 sin0 

Z 3 =ln -
4m2k2 

Lj = \Dr 

W1W2—pip2—m2 

4m2k2 

|P1+P2| 2 |P1~P 2 | 

IP1-P2I 
Xln dUP2, (18) 

where 
2pi 

Lt—ln-

£5=In-
W1+p1 

Z / = l n -

Wi-pi 

fpi+s 

\p 

£5'=In 
Wz+pi 

7T2J W D2
2 D1D2) 

kdkdtik ( » ) 

L 6 =ln ) , L e ' = ln ( ) 
\pi-s/ \l-pj 

W2-p2 

(I+P2 

P2 

where 

is the well known factor of proportionality. The 
coefficient of F is found to be the lowest order term in 
the spin-dependent part of the elastic scattering cross 
section.6 

A second check involving every term in B, C, and D 
is obtained at the high-frequency limit of the spectrum. 
If one takes only the leading terms in a series in p2 in 
Eq. (13) and performs the resulting traces and integrals 
one obtains formulas for B, C, and D which agree with 
the corresponding limiting values in Eqs. (16). Since 
the asymmetry is maximum in this limit, we quote the 
result: 

D1=-2pvk=2W1k-2vvk, 

D2=-2prk=2W2k-2prk, 

Ds=2q2(WiW2+pip2-m
2)-D1D2, 

q=pi—p2—k, l=pi— k, s = p 2 + k . 

A formula of such complexity requires some specific 
verification. We shall outline two checks which have 6 w < R> Johnson, T. A. Weber, and C. J. Mullin, Phys. Rev. 
been made. In the soft photon limit the bremsstrahlung 121,933(1961). 

B 
1 

**-* p2l 

'4m2 4m 2 1' 

. P W mk k2. 
(20a) 
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-p2-l~2p2'k 
pinfik? [ 

im2k{k—m) 2mzk2(k—m) pitnz rm(m+k) 2m2k(3k+my 
\ 1 1 L5+ 

/4 I6 2Z4 L 

mkpi 
X PrR+ 

l* 

"m(k—m) 2m2k(2k+m)-]mkp 

3 l 
I2 ]—1., 

1 r4m2 4w 2 

III. PHOTON ASYMMETRY 

The differential cross section obtained in Sec. I I is 
now integrated over angles of the outgoing electron to 
give a photon cross section 

(20b) 

(20c) 

The resulting asymmetry is given by 

P(kft) = (P*(k,Qk,li)/(P<nm (kflk) 
= -n>iiaZI(k,6)/J(k,0). (24) 

ro2a2Z3 p2 dk In the limiting case p2 —> 0 both the Bethe-Heitler 
l3a(k,tik£i)= — n-^i - -dQkI(k,6), (21) cross section and the spin-dependent correction vanish 

pi k 

where 6 is the photon production angle, n = ( k X p i ) / 
| k X p i | is the unit normal to the photon production 
plane, and 

2TT 

k2mz CdQ, 
- [n - (p 2 Xpi)£ 

+ n - (kXpi )C+n- (kXp2)Z)]. (22) 

The Bethe-Heitler cross section, when integrated over 
angles of the outgoing electron, may be expressed 
similarly7: 

riaZ2 p2 dk 
(PO-BH (k,Qk) = dilj {kfi). (23) 

IT pi k 

FIG. 1. The asymmetry ratio 100 / / / for 01 = 0.4. The asym­
metry 

P(k,0) = d*a(k,Qk£i)/d3<rBn(k)ak)=-n> ^azI(k,d)/J{k,6), 
where n is the unit normal to the production plane and £1 is the 
incident electron spin. &i = 10~4m, &2 = 0.25&max, &3 = 0.50&max, 
&4 = 0.75&raax, kmax^Wi — m. 

7 H. W. Koch and J. W. Motz, Revs. Modern Phys. 31, 924 
(1959). 

but their ratio remains finite. In an exact calculation 
neither of these cross sections would vanish since a 
Coulomb normalization factor would replace the factor 
p2/pi, in Eqs. (21) and (23). The limiting value of 
Eq. (24) is, therefore, meaningful; it is given as the 

30° 90° 150 

e 
FIG. 2. Bremsstrahlung asymmetry for 01=0.6. 

20 r 

FIG. 3. Bremsstrahlung asymmetry for 01=0.7. 
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ratio of h{kfi) to Jo(k,6), where 

~mk(k—m) 2mdk2(k—m)~\ pirn5 

Io(kft) = 2sw0 
2/4 -U+ 

'm(m+k) 2m2k(?>k-\-m)~\mkp 

I2 

6k-\-m)~\mkpi 
_ _ P l . R 

/4 J 4 

[ m(k—m) 2m2k(2k-\-m)~\mkpi 
+ — - k - R [ . (25a) 

I2 /4 J 4 

Jo(kfi) = 
m(m—k) 4m(k*—m2k—m3) 4m3k(k2—4m2—5mk) 16m*k? 

I2 I" 
(25b) 

Since a factor of sin20 occurs implicitly in Eq. (25b) &3=0.50&max, &4=0.75£max, and kmax=Wi—m. To 
the corresponding asymmetry will diverge at 0=0° obtain the asymmetry from these graphs one must 
and 0=180°. For finite values of p2 the asymmetry multiply the given ratio by aZ. 
vanishes at 0=0° and (9=180°. 

30° 90° 150° 

e 
FIG. 4. Bremsstrahlung asymmetry for /3i = 0.8. 

30° 90" 150° 

FIG. 5. Bremsstrahlung asymmetry for 0i = O.9. 
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APPENDIX 
The functions Vi and Wi of Eqs. (14) are given by 

4m 
vi=- l~m2T+p2'k(K+U1)l (Al) 

D2
2 

v2= 
4m 

D1D2 

4m 

{#r jM 1 +£2-HE 2 - JF2«r+2^ (A2) 

n = {p2 -pT+pi- kli2- W2uT+2W1uIl2-4W1W2K- 2WJ[ (W1+W2)»2- 2Wm+a>vl 
D2D 

+aoL(W1+W2)A2-2W2A1+a>Al}y (A3) 
4m 

n=-—[^i^r+^1^(n2-n1)+^1^(n2-n1)+^2^(n1+K)--^]^2K-~^.^2K--m2K 
+2c^W2U1- 2W2 (Wi+ W2) K], (A4) 

4m 
wi=--—{-/>-/>2rH-/>2-AKK'-nO^ 

™^oC(W7i+PF2)A2
,+coA,-2TF2A1

,]}J (A5) 
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4m 

w2=—{~p'piT,+p'k(n1
,-n2

,)-p2-kul
f+{p2^p-p'pl+p2'p~p22)(^/+^-fii) 

DxD 
~ ( £ - £ - £ 2 - £ ) ( M I + * ) + 2 ^ (A6) 

\m 
W3 = {— pV ptV'~ p2' kill'— (p' k— p2' k) ( M 1 + ^ ) + (p2' p — p22+pl' P~ pl' p2) (Ml" M2) D1D2 

W4==—[w2r'-£i-m2'-<r-&(A'+A2')]? 

with 

n i = (piXqio) • cr, H 2 = (p2Xqio) • cr, K = (kXqio)• <*, 

Ai= (piXqio)-k, A2= (p2Xqio)*k, T= (qXqio)-tr, 

A=(p2Xpi)-qio, D=-2p-k = 2Wk-2V-k. 

The primed quantities in Eqs. (A5) to (A8) are obtained 
from the corresponding unprimed expressions by 
replacing q10 by g20. 

The integrals occuring in Eq. (14a) may be expressed 
in terms of the following basic integrals: 

- 2W2[_ (WVh W2)fX2- 2TF2Ml+co^}, (A7) 

(A8) 

CU-
TT P l 

4 [ p i X k ] 2 •[fiiLs—kLi}, 

An=-

B0 = -

2p2D2 

IT k 

4 [p 2 Xk] 2 

7T S 

CQ = — 
4 [p 2 Xk] 2 

(sH-kG)—+kLb-sLQ 
P2D2 

( k G - s # ) — - — k U + s L , 
p2D2 

' d^pq^p-pi) 

2p1(q10
2+\2)q22 

dspqw8(p-pi) 

2pl(ql0
2+X2)D 

d*pqio8(p-pi) 

2piq2
2D 

dzp<\v${p-pi) 

with 

2piq2
2D{qx,

2+\2) 

r S 

^CPiXs]2 

r Pi 

= plAv+sBv, (A9) 

= ViAR+kCR, (A10) 

VIAQ+SBQ+ILCQ, (All ) 

= P l , 4 + s £ + k C , 

7T| 
A = -

41 ] • 
irr NB MB ~| 

4L pxA p2D2A J 

Li+ L2 I 
L pxA p2D2A J 

c=-

' NA MA 

Lx+ L2 
piA p2D2A 

NB MB 

p2D2L 

Nc Mc 

Pi 

Av = -

4 [ p i X s ] 2 

7T k 

4 [ p i X k ? 

where 

(A12) H=2Wik, G=Pi 2 +s 2 , 

iVA=4pi . [8H~kG], NB=-4Vl
2Dh Nc=*Vi*f> 

MA = HsH-kG)'{kqt>sD1), 

MB^4HVv (sH-kG)+Sp1
2(k2q2-S'kD1), 

Mc=4pr k (G2- 4piV) - 4 P l • s (GH~ 4Pl
2s • k) 

+ 8 p 1 V ( s # - k G ) , 

A=DsDi, DA=2q2(WiW2-pip2~m2)-D1D2. 

The integrals in Eq. (14b) are determined from the 
above integrals by an appropriate interchange of 
vectors. 


