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Both positive- and negative-temperature nuclear spin distributions are used to study the nuclear spin-
lattice relaxation in zero external field at liquid helium temperatures in aluminum with controlled impurity 
content. The relaxation shows considerable deviation from previous theoretical predictions, which were 
based on the assumption of a single nuclear spin temperature. Most of the deviation is removed by intro­
ducing strong impurity effects at zero field, which result in cross relaxation within the nuclear spin system. 
In addition, the magnetic-field dependence of the relaxation is measured, and the results are compared to 
theoretical predictions. 

I. INTRODUCTION 

T N metals at low temperatures, nuclear spins come 
-^ into thermal equilibrium with their surroundings by-
means of energy exchanges (collisions) with the con­
duction electrons; this process, called "nuclear spin-
lattice relaxation," results from the hyperfme inter­
action between the magnetic moments of the conduction 
electrons and those of the nuclei.1 In an external mag­
netic field, nuclear spin-lattice relaxation is often 
described as the growth or decay of the bulk nuclear 
magnetization, M, towards its thermal equilibrium 
value, Mo, given by Curie's law: 

Mo=CHo/T, (1) 

where C is the nuclear Curie constant, Ho is the external 
field, and T is the lattice temperature. The process of 
growth or decay is usually exponential with a time 
constant Ti, the nuclear spin-lattice relaxation time. 
The magnetization is a convenient variable to use since 
it can be measured directly by the amplitude of a 
nuclear resonance signal. 

As an alternative description, the nuclear spins are 
regarded as a system that is characterized by a spin 
temperature, T8? That is, if pn and pm are the popula­
tions of the nth and mth nuclear spin levels with energies 
En and Em, then 

pn/pm= exp[(£m—EU)/KTS'}. (2) 

Such a distribution leads to a Curie-like law for the 
magnetization. 

M=CHo/Ts. (3) 

Spin-lattice relaxation is regarded as a change in spin 
temperature as the nuclei come into thermal equilibrium 
with their surroundings. In strong external fields the 
two treatments are equivalent and are characterized by 
the same Ti. 

The magnetic-field dependence of 21 in metals at low 
external fields was investigated by Redfield3 and by 
Hebel and Slichter4 in conjunction with studies of T\ in 

1 See, for example, D. F. Holcomb and R. E. Norberg, Phys. 
Rev. 98, 1074 (1955). For aluminum, see J. J. Spokas and C. P. 
Slichter, ibid. 113, 1462 (1959). 

2 H. G. B. Casimir and F. K. du Pre\ Physica 5, 507 (1938). 
3 A. G. Redfield, IBM J. Research Develop, 1, 19 (1957). 
4 L. C. Hebel and C. P. Slichter, Phys. Rev. 113, 1504 (1959). 

normal and superconducting aluminum. Anderson and 
Redfield5 also have reported extensive measurements of 
Ti vs external field in lithium, sodium, and copper 
and have noted some deviations from theoretical 
predictions. 

This paper is primarily concerned with measurements 
and interpretation of relaxation in aluminum at zero 
external magnetic field in the presence of impurities. 
The dynamics of an isolated nuclear spin system at 
zero field has been discussed in detail by Abragam and 
Proctor6 and by Hebel and Slichter.4 Curie's law shows 
that, independent of TSJ there is no bulk nuclear mag­
netization at zero field (provided there is no nuclear 
ferromagnetism). Thus, zero-field relaxation cannot be 
described by changes in bulk magnetization. Of course, 
there is order in the nuclear spin system even at zero 
external field; that is, there exists preferential alignment 
of spins in the local field of neighboring spins. An exact 
calculation of zero-field relaxation would require a 
solution of the problem of many nuclear spins coupled 
together by their dipolar fields; as yet no such solution 
has been obtained. Consequently, since the bulk mag­
netization approach is useless and since an exact theory 
of Ti at zero field does not exist, the assumption has 
been made previously that the nuclear spin system at 
zero field is characterized by a spin temperature even 
while the system is relaxing. With the aid of the spin-
temperature assumption the calculation of Ti at zero 
field can be carried through completely.3,4 

The experiments on aluminum which are presented 
use both positive- and negative-temperature initial-spin 
distributions to test the above assumption. The results 
show considerable deviation from previous theoretical 
predictions based on the assumption of a single nuclear 
spin temperature, especially for samples of controlled 
impurity content. Most of the discrepancy between 
theory and experiment can be removed by introducing 
strong impurity effects which result in cross relaxation 
within the nuclear spin system at zero field. In Sec. II 
the method of measurement and the experimental 
details are given. In Sec. I l l the relevant interactions 
are presented and calculations of zero-field relaxation 

6 A. G. Anderson and A. G. Redfield, Phys. Rev. 116, 583 
(1959). 

6 A. Abragam and W. G. Proctor, Phys. Rev. 109, 1441 (1958). 
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FIG. 1. Schematic plot of external magnetic field, H0, vs time, t. 

are made. The data are presented in Sec. IV, and finally, 
conclusions follow in Sec. V. 

II. MEASUREMENT AND EXPERIMENTAL DETAILS 

Zero-field relaxation was studied by disturbing the 
nuclear spin system with an external field and observing 
the recovery to thermal equilibrium; a schematic plot 
of the external field versus time is shown in Fig. 1. The 
following cycle will be referred to as the cycle of meas­
urement : the external field was held well above the value 
for nuclear resonance for a long enough time for the 
nuclear spins to achieve thermal equilibrium at liquid 
helium temperatures; the field was then quickly turned 
to zero, and the nuclear spins were allowed to relax for 
a time t; then the field was quickly turned on again, and 
the nuclear resonance signal was measured on the run 
as the magnetic field passed through the resonance 
value. 

The field switching must be fast compared to the 
relaxation times to be measured but slow enough to be 
reversible, which usually means slow compared to T2, 
the nuclear spin-spin relaxation time. Hebel and 
Slichter4 discuss the requirement in more detail; it is 
easily satisfied in aluminum at liquid helium tempera­
tures where 5T2=40 ^tsec and the relaxation times to be 
studied are 0.05 to 0.5 sec. In the absence of spin-lattice 
relaxation, reversible field cycling allows full recovery 
at the time of measurement of the nuclear magnetization 
present before the cycle, even though the magnetization 
was zero during the time t at zero field. Since the ampli­
tude of the nuclear resonance signal is directly propor­
tional to the nuclear magnetization, study of the nuclear 
resonance signal versus the time t determines the 
relaxation that took place at zero field. Relaxation in 
low magnetic fields could be studied by switching the 
external field down to some residual value rather than 
to zero field. 

In addition, adiabatic fast passage was used at the 
beginning of the cycle to obtain inverted spin popula­
tions to allow study of zero-field relaxation of systems 
with negative-temperature spin distributions. Except 

for the initial use of adiabatic fast passage, the cycle of 
measurement is that used by Hebel and Slichter,4 and 
Anderson and Redfield,5 and is similar to that used by 
Sachs and Turner,7 Ramsey and Pound,8 and Abragam 
and Proctor.6 

The nuclear resonance signal was observed with a 
cross-coil spectrometer. The oscillator and receiver coils 
were crossed at room temperature with the sample 
inside them by rotating the receiver coil and were then 
locked snugly in place. At liquid helium temperatures 
there was some coupling between coils which was 
cancelled to any desired degree in the first rf stage, 
which was a cascode type. The signal was fed onto the 
lower grid, and a reference signal from the oscillator 
was fed through a cathode follower onto the upper grid; 
by varying the phase and amplitude of the reference 
signal a very quiet and stable balance could be obtained. 
Unbalanced signal was used after amplification to 
provide rf phase-sensitive detection, so that either the 
dispersion or absorption signal could be used. An 
excellent signal-to-noise ratio was obtained even in the 
presence of pump vibration because of the stable, 
adjustable balance. 

The external field was provided by two solenoids 
placed in the liquid nitrogen Dewar. One solenoid was 
end corrected to give a uniform field of about 500 G at 
the center and was used to observe the nuclear resonance 
signal. The second solenoid was designed to give a field 
of up to 1500 G and was used only during the time that 
the spins were initially coming into thermal equilibrium. 
Both solenoids were critically damped and could be 
cut off in a few milliseconds to begin the cycle of 
measurement; the end-corrected solenoid could be 
turned on equally fast to observe the resonant signal at 
the end of the cycle. The resonant signal was displayed 
on an oscilloscope and photographed using a polariod 
camera; each cycle was repeated several times and the 
photographs were superimposed on the film to improve 
the signal-to-noise ratio. 

The samples were powdered aluminum sieved through 
a 400-mesh sieve and were immersed in liquid helium to 
avoid sample heating effects due to rf and pulsed fields. 
To demonstrate impurity effects, samples of controlled 
zinc impurity were made by the following method: A 
known amount of pure zinc was melted with the zone-
refined aluminum, and when cooled, drawn into 55-mil 
wire; the wire was fed into a metallizing gun which had 
been carefully cleaned; the metallized spray was 
collected in pure water and the particles dried and 
sieved. Analysis showed that samples so produced re­
mained very pure throughout the process, and in excess 
of 50% passed through the 400-mesh sieve. In one 
sample the nuclear relaxation was measured before and 
after annealing, but no difference was observed. The 
remaining samples were not annealed (except at room 
temperature) because of the problem of sintering. The 

7 E. Turner, thesis, Harvard University, 1949 (unpublished). 
8 N. F. Ramsey and R. V. Pound, Phys. Rev. 81, 278 (1951). 
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atomic percent of zinc impurity was determined by 
using quantitative spectrographic analysis to compare 
some of each sample against samples of known impurity 
content. 

III. IMPURITIES AND ZERO-FIELD RELAXATION 

A detailed analysis of the cycle of measurement has 
been given in reference 4 based on the assumption that 
the nuclear spin system is characterized by a single 
spin temperature throughout the cycle. The cycle was 
treated as an adiabatic demagnetization to a low nuclear 
spin temperature followed by relaxation of the spin 
temperature toward the lattice temperature and, finally, 
completed by an adiabatic remagnetization. The mag­
netization measured afterwards was shown to relax 
exponentially with time. That is, 

Jf ' (*)= (Mo-Mioo) expt-t/ri(Q)l+Mloc, (4) 

where M'(t) is the magnetization measured using 
nuclear resonance and STi(0) is the value of Ti at zero 
external field at the lattice temperature. M\oc is a small 
magnetization obtained in a field of order of the local 
field at the nuclear site due to neighboring nuclei; it 
reflects the order (preferential alignment) present even 
at zero field. The calculation can also be carried through 
for a negative spin temperature at the start of the cycle; 
one finds the same result as Eq. (4) except Mo is 
replaced by —Mo. Thus, a semilog plot of (M'—Mioc) 
vs t should give a straight line whose slope is the same 
for both positive and negative initial spin temperatures. 

The external magnetic-field dependence of Ti fur­
nishes another test of the spin-temperature assumption 
for nuclear relaxation. In the theory of the field de­
pendence of 7"i the hyperfine interaction is used in a 
perturbation calculation to transfer energy between the 
nuclear spin system and the lattice via the conduction 
electrons. The hyperfine Hamiltonian for "S" electrons 
may be written as 

3e'=—yejrM E MMRi-r,), (5) 
3 i,i 

where yn and h are the gyromagnetic ratio and spin 
operator for the ith. nucleus at R*, ye and Sj are the 
gyromagnetic ratio and spin operator for the 7th elec­
tron at tj, and 5(R»—ry) is a Dirac delta function. In a 
strong external field the zero-order nuclear spin Hamil­
tonian is taken as the Zeeman interaction with the 
external field; the conduction electrons are characterized 
by Bloch functions and a Fermi distribution at the 
lattice temperature. One-electron calculations9,10 then 
give 

1 / 1 6 \ /mkFyeyn\2 

— = ( — )( F 2 | ^ ( 0 ) | ^ r , (6) 
Tx \9TTJ\ h / 

9 J. Korringa, Physica 16, 601 (1950). 
10 A. W. Overhauser, Phys. Rev. 89, 689 (1953). 

where ^(0) is the wave function evaluated at a nuclear 
site of a conduction electron of mass m and Fermi 
wave vector &F, V is the normalizing volume, and K is 
the Boltzmann constant. The inverse temperature 
dependence of T\ is very characteristic of the conduction 
electron relaxation process. 

For an arbitrary external magnetic field Hebel and 
Slichter4 and Redfield3 used the Zeeman interaction 
plus the nuclear dipole-dipole interaction as the zero-
order nuclear spin Hamiltonian. That is, if the external 
field is denoted by H, 

,TC = 3Cz+3Ci>, (7) 
where 

3Cz=-7»*ff E / i z , (8) 
and 

. t 732r T 3 ( I rR ;y ) ( I rR*) l / x 
3CD=i £ I r ly . (9) 

U Ri» L Rtf J 

With the aid of the spin temperature assumption a 
perturbation calculation3-5 yields 

r1D(H) = n (# 2 +M/(# 2 +2M, (io) 
where T\ is given by Eq. (6); using " t r " for trace,11 

hD* = H* Tr5Cz>2/Tr5C^2= (5/3)<A#»>av. (11) 

In Eq. (11) (A#2)a v is the Van Vleck second moment12 

of the nuclear resonance absorption line in a powder, so 
that hi? is of the order of the mean square local field at 
a nucleus due to the dipolar field of its neighbors. At 
zero field, 

*n>(0) = K i . (12) 

Thus, TiD(0) should also be inversely proportional to 
temperature. 

In a preliminary communication13 it was pointed out 
that the above treatement for aluminum could not be 
correct in the presence of impurities. Aluminum has an 
electric quadrupole moment which can interact with 
electric field gradients when impurities break up the 
cubic symmetry of the aluminum lattice. Such electric 
field gradients are screened by the conduction electrons; 
but Friedel,14 and Kohn and Vosko15 have pointed out 
that the sharpness of the cutoff of electron momenta at 
the Fermi momentum results in a strong, long-range, 
electric field gradient which changes sign periodically as 
a function of distance from the impurity. The asymp­
totic electric field gradient, eq(r), is of the form 

eq(r) = A cos(2kFr+<p)/r\ (13) 

where the amplitude A and the phase <p are determined 

11 Equation (11) corrects a factor of 2 error which appears in 
similar equations in references 3 and 5. 

12 J. H. Van Vleck, Phys. Rev. 74,1168 (1948). For experimental 
values in aluminum, see part 2 of reference 1. 

13 L. C. Hebel, Bull. Am. Phys. Soc. 5, 176 (1960). 
14 J. Friedel, Phil. Mag. 43, 153 (1952); Suppl. Nuovo cimento 

2, 287 (1958); A. Blandin and J. Friedel, J. phys. radium, 21, 689 
(1960). 

15 W. Kohn and S. H. Vosko, Phys. Rev. 119, 912 (1960). 
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by the particular impurity. Such a gradient gives 
rise to an additional term in the zero-order nuclear 
Hamiltonian: 

5 C Q - E [ 3 / ^ - / ( 7 + 1 ) ] , (14) 
i,k 41(21-1) 

where eQ is the quadrupole moment of the ith. solute 
nucleus at a distance R^ from the &th impurity. 

With the aid of the spin-temperature assumption, 
spin-lattice relaxation can be calculated using 3CQ, 
Eq. (14), in place of 3CD, Eq. (9), in the zero-order 
nuclear spin Hamiltonian. Expressions result which are 
similar to those of Eqs. (10), (11), and (12). Labeling 
the relaxation time TIQ to distinguish it from Tw, 

r1Q(H)=Ti(H*+h<?)/(H*+3k<?); . (iSa) 

7J
1Q(0) = K 1 , (15b) 

where T\ is from Eq. (6) and 

hQ
2=IP Tr5CQ

2/Tr5Cz2. (16) 

Thus, the form of the field dependence of TIQ(H) 
is similar to that of TID(3), Eq. (10). However, 
T * I Q ( 0 ) / T * I = | , whereas Tu>(0)/Ti=§; also hQ

2 could 
be much larger than fe>2= (5/3)(A#2)av. 

Kohn and Vosko15 have calculated the coefficients A 
and <p of Eq. (13) for several impurities in copper. 
Rowland16 has checked the theory by adding impurities 
to pure copper and measuring the loss of intensity of the 
copper nuclear resonance due to quadrupolar broaden­
ing. From a study of the intensity versus concentration 
of impurity, he determines n0, the number of copper 
nuclei per impurity for which the nuclear quadrupole 
interaction with the impurity is greater than the quad­
rupolar line breadth. Rowland finds that his experi­
mental values of no in copper are large and are in good 
agreement with the theoretical values of Kohn and 
Vosko. 

No calculations are available for aluminum. However, 
both Rowland17 and Weinberg18 have measured no for 
zinc impurity in aluminum; Rowland found tio=98. 
Such a large number of nuclei per impurity with a 
quadrupolar interaction greater than their rms dipolar 
interaction means that quadrupolar effects must be 
considered in nuclear zero field relaxation for all 
ordinary impurity concentrations. 

As a result it is convenient to divide the nuclei into 
two groups to calculate zero-field spin relaxation. Those 
spins near an impurity have quadrupolar splittings 
greater than the rms dipolar energy; such spins will be 
referred to as the "Q" spins, and their zero-order 
Hamiltonian is taken to be 3CQ. In a dilute alloy there 
are also spins sufficiently far from an impurity to have 
an rms dipolar energy greater than their quadrupolar 

16 T. J. Rowland, Phys. Rev. 119, 900 (1960). 
17 T. J. Rowland, Acta. Met. 3, 74 (1955). 
18 D. L. Weinberg, J. Phys. Chem. Solids 15, 249 (1960). 

splittings; such spins will be referred to as "D" spins, 
and their zero-order spin Hamiltonian is taken to be 
3Cz>. The spins at the boundary, which are intermediate 
between "Q" and "Z>," a r e ignored in first approxima­
tion. For both types of spins, 3C' is regarded as the 
perturbation which transfers energy to the lattice via 
the conduction electrons. Since the field gradient near 
the impurity is only a function of distance for equivalent 
direction in a lattice, the Q system is actually made up of 
subsystems corresponding to the various shells of 
neighbors near the impurity. For face-centered cubic 
aluminum the twelve nearest neighbors would form the 
susbsystem with the largest quadrupole splitting, and 
the splittings for the various shells should scale like 
cos (2kFr+<p)/r*. Within each subsystem, the dipolar 
interaction can easily cause mutual spin flips since all 
spins have the same quadrupole splitting. Thus, 3CD 
must be regarded as an important perturbation which 
establishes internal equilibrium within each subsystem. 

Consequently, in the spin-temperature approximation 
the D spins are assumed to be characterized by a spin 
temperature TSD. Also, each shell of the Q system is 
assumed to be characterized by a spin temperature, 
TsQi, because of internal spin flips induced by dipolar 
coupling. In addition, due to dipolar coupling there will 
be a diffusion of spin energy (thermal mixing) between 
shells and between Q and D spins as the spins approach 
thermal equilibrium. Thus, there must exist a cross-
relaxation process internal to the nuclear spin system in 
addition to the T\ process. A detailed calculation of the 
cross-relaxation process is not possible without knowl­
edge of the exact quadrupole splittings of the spins in 
each shell. For typical impurity concentrations a rough 
estimate using ordinary spin-diffusion theory indicates 
that the time for diffusion from the Q to the D system 
should be between several hundred and a thousand 
times T"2, the spin-spin relaxation time. This would be 
10 to 30 msec and much shorter than Tw, which is 
inversely proportional to temperature and about 400 
msec at 1.5°K at zero field in pure samples. 

Spin-flip process induced by dipolar coupling will also 
cause diffusion of spin energy from shell to shell within 
the Q system. Even though spins in different shells may 
be near neighbors, the difference in quadrupolar split­
tings may be much larger than the dipolar splitting; 
thus spin diffusion from shell to shell should proceed by 
multiple spin-flip mechanisms of the types invoked by 
Bloembergen, Shapiro, Pershan, and Artman19to account 
for the spin calorimetry experiments of Abragam and 
Proctor.6 The time constants for diffusion from shell to 
shell will be assumed to be less than or equal to the 
above-mentioned time for diffusion between Q and D 
systems and certainly less than TIQ or TID. Such 
assumptions are justified by the data a fortiori and lead 
to the following simple picture of zero-field relaxation: 
The shells of the Q system relax with essentially a single 

19 N. Bloembergen, S. Shapiro, P. S. Pershan, and J. O. Artman, 
Phys. Rev. 114, 445 (1959). 
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spin temperature, TSQ] after the initial adiabatic 
demagnetization to separate, cold spin temperatures, 
TSQ and TSD relax toward common spin temperature 
at zero field with a cross-relaxation time, Tny which is 
independent of the lattice temperature and which is 
much shorter than T\Q or 7\z>; then the two systems 
relax together toward the lattice temperature. Since 
most of the resonance signal results from D spins 
because of the quadrupolar broadening of the Q spin 
levels, the zero-field relaxation should display a cross-
relaxation "component" whose magnitude relative to 
the Ti "component" should be a strong function of 
impurity concentration. The situation is similar to the 
low-field spin relaxation in alkali halides analyzed by 
Schumacher20 using the method of reference 4. In 
Appendix I, his equations are applied to the Q and D 
systems to show that when Ti2<3C îz>(0) and TIQ(O), the 
spins indeed have a "two-mode" relaxation, a 212 mode 
and a mixed Ti mode; the system which dominates the 
T\ is that with the greater spin specific heat. 

Using the above assumptions, the fraction of Tn mode 
can be calculated. The field switching-relaxation cycle 
will be analyzed by extending the method of reference 4 
to treat both the Q and D systems. In the cycle both 
spin systems are first adiabatically demagnetized start-
ing from thermal equilibrium with magnetization, Mo, 
in a field, Ho, at the lattice temperature, T. For an 
adiabatic process, thermodynamics shows that for each 
system 

dQ=0=tHdTs+ T8(dM/dT8)HdH, (17) 

where f H is the spin specific heat at constant field and 
M is the magnetization. M is obtained from the Curie­
like law, Eq. (3); f# can be obtained from the spin 
energy, E, by differentiating with respect to Ts at 
constant field. The spin energies for each system are 
obtained by evaluating 

E= {Tr[5C exp(-5C//cr ( S ) ] /Tr[exp(~5CAr 5 ) ]} . 

One finds 
ED= -CD(H*+hD*)/TD, (18a) 

EQ=-CQ(H*+hQ*)/TD, (18b) 

where H is the external field, CD and CQ are Curie 
constants, and HQ and ho are effective local fields. 

CD = TrDWz
2/tiH* T r^ l , (19a) 

CQ=TrQ3Czz/KH* T r Q l , (19b) 

fe2=#2 TrDKD*/TTD3Cz^(5/3)(AH%v, (19c) 

hQ^IP T r Q 3 V / T r ^ 2 , (19d) 

where Tr.z> and TTQ denote traces over the Q and D spins, 
respectively. 

Using the above equations to obtain the spin specific 
heats and using Eq. (3) for M, Eq. (17) may be inte­
grated from the initial field, Ho, to 0. One finds that the 

20 R. T. Schumacher, Phys. Rev. 112, 837 (1958). 

spin systems demagnetize to separate spin temperatures, 
TQO and TDo, given by 

1 l r / # o \ 2 f l/Ho\ 

TQo TL \hQJ J T\hQJ 

Tm TL \hDJ J~T\hD/ 

To calculate the fraction of ^12 mode, T\ is set infinite. 
The spins interact at zero field and come to a common 
spin temperature, Tsi, in a time T*i2. Equating energies 
before and after thermal mixing, using Eq. (18), 

CQh(?/TQQ+CDhD*/Tm= (CQh<?+CDhD*)/Tsi. (21) 

Remagnetization to the original field is again described 
by Eq. (17), this time integrating from 0 to H0 with the 
help of Eqs. (3), (18), and (19). The spins remagnetize 
to spin temperatures TQ and TV given by 

1 1 fhQ\ 
—^ 1 — \ (22a) 
TQ T$I\ Hot 

1 1 fhD\ 
—p± ( — ) . (22b) 
TjJ Tsi\ Hot 

Substitution of Eqs. (20) and (21) into (22) shows that 

T/TQ'= (CQhQ*+CDhDhQ)/(CQhQ*+CDhD*), (23a) 

T/TD'= (CQhQhD+CDhD")/(CQhQ"+CDhD"). (23b) 

Now the J-—I spin transition is not quadrupolar 
broadened in first order, so that approximately \ of the 
Q magnetization contributes to the resonance signal for 
a spin of f; thus, the fractional signal remaining after a 
cycle for pure cross relaxation is given by 

/ = (IMQ'+MD')/MO= (ICQHO/TQ'+CDHO/TD')/ 

(lCQH0/T+CDHo/T). (24) 

The ratio of nuclear Curie constants is equal to the 
ratio of numbers of spins per unit volume, NQ and ND, 
in the two groups. Let us define a2, the ratio of mean 
square effective local fields: 

a2=hQ
2/hD

2. (25) 

Finally, writing NQ^UOC where C is the impurity con­
centration and no is the number of Q spins per impurity, 
Eqs. (22), (23), and (24) may be combined using 
NQ/ND^noC/(l~~noC) to give 

[ 1 + (a- l )»oc ] [ l+ (fa- l)»oc] 
f=— - . (26) 

C l + ( a 2 - l ) n o c ] [ l - f « o c ] 

Equation (26) will be used to fit the data of Sec. IV for 
zinc in aluminum. 
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FIG. 2. Magnetization, M'—Mioc, vs tT for aluminum with 
0.23 at. % of zinc showing relaxation for both normal (positive 
temperature) and inverted (negative temperature) initial spin 
distributions. 

IV. ANALYSIS OF DATA 

Figure 2 is a semilog plot of (M'—MiO0) vs tT for 
aluminum powder with 0.23 at. % of zinc; plotting 
against tT gives a universal plot for all temperatures. 
Zero-field relaxation is shown for both positive- and 
negative-temperature initial distribution. The sign of 
the negative-temperature curve was changed to make 
the plot. The two curves are very similar except for a 
scale factor and may be superimposed within experi­
mental error. Thus, the relaxation seems to be the 
same for both types of distributions, in agreement with 
the predictions of spin temperature theories. There are 
at least two relaxation times present: The longer time is 
inversely proportional to temperature and is 0.36 sec at 
1.5°K; the snorter time is independent of temperature 
in the liquid helium range. Thus, the shorter time fits 
the cross-relaxation time and the longer, temperature-
dependent time is T\\ in this case Ti(0)/Ti is nearly J, 
indicating that the Q spins dominate the spin lattice 
relaxation for such an impurity concentration as the Q 
and D spins relax together. 

Figure 3 is the plot of ( M ' - i l f ioc) vs t at 2.2°K for 
aluminum powder of ordinary impurity content (1.5 
parts per thousand mostly of gallium). Again the curves 
show a fast, temperature-independent relaxation time 
and a slow time which is inversely proportional to 

temperature. In this case insufficient rf field was used 
during adiabatic fast passage to turn over all of the 
nuclear magnetization. This is equivalent to inverting 
all of the spins to obtain a negative temperature and 
then heating them a little before demagnetizing. Under 
such circumstances the relaxation for the negative-
temperature initial distribution should show the same 
type of relaxation as that for the positive-temperature 
distribution: The short and long relaxation times should 
be the same, but the relative amplitudes of the cross 
relaxation and Ti modes should differ in two cases. 
Figure 3 shows this to be the case. 

Figure 4 is a plot of (Mf—M\oc) vs tT for several 
concentrations of zinc in aluminum for positive-
temperature relaxation in each case. All three curves 
start at {M'-MXoc) = 10.0 for tT=0. The short and long 
times remain about the same as the concentration of 
zinc is increased, but the ratio and amplitude of the two 
relaxation modes change with zinc concentration. 
Effects can be noticed down to impurity concentrations 
of about one part in 10~4. The curves have the form 
given in Appendix I ; Ti(0)/^1=1/3 indicating that the 
Q spins dominate the spin-lattice relaxation in all three 
cases. 

After separating out the cross-relaxation part of the 
zero-field relaxation for each concentration of zinc 
impurity, the results shown in Table I were obtained. 
To fit the results using Eq. (26) for / , the fraction of 
cross-relaxation mode, versus impurity concentration, 
one needs n0, the number of Q spins per impurity, and 
a2, the ratio of HQ2 to fe>2, per Eqs. (25) and (26). As 
shown in Table I under calculated value, a good fit for 
f vs c can be obtained using Rowland's17 value of 
w0=98 if we choose a = 3.75, giving a2^0=1400. Un-

2 0 0 3 0 0 
T I M E " t " IN MILLISEC 

5 0 0 

FIG. 3. Magnetization, M'—Mi0c, vs time, t} for aluminum of 
ordinary impurity content showing relaxation for both normal 
(positive temperature) and inverted (negative temperature) 
initial spin distributions, 



I M P U R I T I E S A N D N U C L E A R S P I N R E L A X A T I O N I N A l 27 

TABLE I. Values of / , the fractional signal remaining after a 
cycle for pure cross relaxation, vs C, the concentration of impurity. 
The calculated values are obtained from Eq. (26) as discussed in 
Sec. IV in the paragraphs concerning Fig. 4. 

C in at. ' / (experimental) / (calculated) 

0.031 
0.075 
0.23 

0.80±0.04 
0.65=L0.03 
0.45±0.03 

0.79 
0.65 
0.49 

fortunately, a full evaluation of a and no can only be 
obtained with detailed knowledge of the quadrupolar 
splittings of aluminum nuclei near an impurity. How­
ever, an estimate has been made in Appendix I I of a2no 
obtaining a2^0~3500. This agrees favorably with the 
result given above. The experimental value is somewhat 
low and may indicate that the innermost shell of the 
aluminum atoms near an impurity may not be fully 
participating in the cross-relaxation process which is 
seen. Another indication that the cross-relaxation time 
for this shell is longer appears in Fig. 4. The curve for 
the largest impurity concentration shows a 7i(0) smaller 
that that of the other two concentrations; at increased 
concentration, such an additional relaxation mode 
could compete with Ti giving rise to the difference in 
the curves. At the highest concentration used, the 
impurity atoms are still spaced sufficiently far apart on 
the average that effects from overlap of quadrupole spin 
groups should be negligible. 

Finally, Fig. 5 is a plot of ^\T vs field for two con­
centrations of zinc impurity; the values5 for a pure 
sample are close to those for the lowest impurity con­
centration. Equations (10) and (11), the result of the 
theory with dipolar coupling only,11 show that 

T1D(H)T= *1T(H*+ ( 5 / 3 ) < A # V ) / 
(fl»+(10/3)<Afl*>av). (27) 

10.0 

0.2 0.4 0.6 0.8 1.0 
t T IN SEC DEGREES 

L4 

FIG. 4. Magnetization, M'—Mioc, vs tT for aluminum of several 
concentrations of zinc impurity. All curves are for normal (positive 
temperature) relaxation and start at (M'~Jkfioc) = 10.0 at tT—Q. 
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FIG. 5. ^{T vs magnetic field for aluminum with two concentra­
tions of zinc impurity; the point labeled with a triangle is common 
to both concentrations of impurity. The curve is based on Eq. (27). 

The curve in Fig. 5 is a plot of Eq. (27) using <T1T= 1.80 
sec°K and using <A#2)av=9.8 (G).21 The experimental 
data only qualitatively agree with the curve. First, the 
theory predicts T'i(0)/7'i= 1/2, which is not found even 
in pure samples. Anderson and Redfield5 showed that 
r i ( 0 ) / Y i = 1/2.2, 1/2.28, 1/2.58, and 1/2.72 for pure 
lithium, sodium, copper, and aluminum, respectively. 
Quadrupolar effects from impurities should have been 
negligible in their samples. They attributed the dis­
crepancy to the effect of correlated relaxation of neigh­
boring nuclear spins by conduction electrons, which 
reduces Ti(0) relative to Ti. To obtain such a correlated 
relaxation the theory must be extended beyond the one-
electron approximation. Preliminary calculation by 
Wolff21 shows that electron correlation effects are too 
small by a factor of 2 to explain the discrepancy in 
5Ti(0)/5Ti for lithium and sodium, and they give much 
too small a correction for copper and aluminum as 
calculated with the random phase approximation. In 
addition, the "knee" of the curve in Fig. 5 is in the 
wrong place even in a pure sample. Thus, the spin-
temperature approximation results in an error of a 
factor of 2 in the value of external field at which high-
field (Zeeman) relaxation passes over to low-field 
(dipolar) relaxation. The shift in the knee of the curve 
in Fig. 5 for the sample of higher impurity concentration 
results from the need to use HQ2 [with Eq. (15)] instead 
of HD2 [with Eq. (27)]. In fact, one needs hQ2>hn2 or 
a 2 > l ; as previously noted, a2 was estimated as 3.75. A 
detail calculation of the field dependence for such a case 
would be difficult since Tn itself would be expected to 
depend on field. 

V. CONCLUSIONS 

The spin temperature of approximation works well in 
describing zero-field nuclear spin relaxation in metals 
provided strong impurity effects are taken into account. 
The relaxation curves are the same for both positive-
and negative-temperature initial distribution, a situa­
tion predicted by a theory based on spin temperature 
but difficult to obtain otherwise. The data do not permit 

21 P. Wolff (private communication). 
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resolution of more than two relaxation times. The cross-
relaxation process between the Q spins and the D spins 
is adequately described by a model which allows each 
shell of quadrupole spins near an impurity to relax 
together with a single spin temperature. To do better 
and to properly consider the role of the "boundary" 
spins would require detailed knowledge of the quadru­
pole spin splittings, but the data hardly justify con­
sidering a more detailed cross relaxation. However, the 
spin-temperature approximation fails to predict the 
proper field dependence of Ti, indicating that the 
approximation may be poor in the transition region 
when the external field is of the order of the local field. 
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APPENDIX I 

The time dependence of TSQ and TSD at zero field 
can be obtained in the spin-temperature approximation 
from equations developed by Schumacher20 using the 
method of reference 4. He analyzed the relaxation of two 
coupled spin systems which relax to the lattice. The 
method will be outlined below as applied to the relaxa­
tion of spin temperatures of the Q and D systems at 
zero field. The method calculates the rate of change of 
spin energy, which is considered both as a function of 
spin temperature and as a function of the spin level 
populations. Using En

D and pn to label the spin energy 
and population of the nth. level of the D system, and 
using Er

Q and qr to label the spin energy and population 
of the rth level of the Q system, one may write 

d _ d . dED dTSD 
—ED ——E(TSD) — 
dt dt OTSD dt 

dED d( 1 \ 
2 

dTsD dt\TsD' 
d dpn 

dt n n dt 

(Al) 

(A2) 

also, 

d _ d _ dEQ dTSQ 
— E Q — — E ( T S Q ) — 
dt dt dTSQ dt 

— — TSQ' 

dEQ d( 1 \ 
* _ \ (A3) 

so dt\TsQ/ dTt 

d dqr 

dt r r dt 
(A4) 

ED and EQ have already been evaluated in Eq. (18) in 
Sec. I I I . Noting that dED/dT8D and dEQ/dTSQ are the 
spin specific heats at constant field, $HD and £HQ, one 
obtains 

d( 1 \ 1 dpn 
-( ) = ZEnD— (AS) 
dt\TSD/ TSD

2£HD n dt 
and 

df 1 \ 1 dqr 
J U £ E r G — . (A6) 
ATSOJ - -dt\ • SQ' TsQ^HQ r dt 

For weak perturbations one can write rate equations 
for the population changes in terms of transition 
probabilities. There are two types of terms: The first 
involves Wnm

D (or Wrs
Q), the probability per unit time 

for a transition of the D system from state n to state m 
(or the Q system state r to state s), which is induced by 
the spin-lattice interaction, 3C', Eq. (5); the second 
type involves Wnr,ms, the probability per unit time for a 
transition of the D system from state n to state m with 
a transition of the Q system from state r to state s, 
which is induced by the cross-relaxation mechanism. 
In these terms 

dpn/dt = £ m {pmWmn ~~ pnWnm) 

m 
and 

~Jr ftzr nTtms ) (A7) 

dqr 

dt 
= H(qsWsr—qrWrs) 

+ E •(Pmq8Wm8tnr—pnqrWnr,m8). (A8) 
s,n,m 

To guarantee equilibrium the principle of detail balance 
requires: 

pm** mn 

pnWnm 

qsWsr 

qrWrs 

= exp\ (En
D~Em

D)( VI, (A9) 
L \kTsD kT/J 

=exp\ (Et*-Ba*)( — ) \ (A10) 
L \kTsQ kT/J 

and 

pmqsWn 

pnqrWnr,r> 
--exp\(En

D-Em
D)( Yl. (All) 

Equation (All) can also be written in terms of Er
Q and 

ES
Q since En

D—Em
D= — (Er

Q—EsQ) to conserve energy. 
Substitution of Eqs. (A9), (A10), and (All) into 

Eqs. (A7) and (A8) gives the rate of change of popula­
tions, to be substituted into Eqs. (A5) and (A6) to 
obtain the desired rate of change of spin temperatures. 
Now since both the D and Q spin splittings are small 
compared to TSD, TSQ and T, the exponentials in 
Eqs. (A9), (A10), and (All) can be expanded and only 
the first-order terms kept. After some algebra one 

file:///kTsD
file:///kTsQ
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finally obtains 

df 1 

dt\ TSD 

and 

\TSD' ^ID\TSD TJ t?Hn\TsT> TSQ/ 
(A12) 

/ 1 \ 1 / 1 1\ A / 1 1 \ 
( ) = — ( ) + ( •) . (A13) 
\TSQ/ TIQ\TSQ TJ £HQ\TSD TSQJ 

The expressions for the spin-lattice relaxation time, 7i, 
for each system and for the cross-relaxation coupling 
term, A, are given in reference 20. The concern here is 
only with the time dependence of the solution, since 
lack of detailed knowledge of the levels of the Q system 
precludes effective use of the formal expression for A. 
By setting T ' I D = 7 ' I Q = O O and subtracting (A13) from 
(A12), one notes that the cross-relaxation time, T^, can 
be identified: 

1 / 1 1 \ 
—=A[ + ). (A14) 
7*12 \$HD %HQJ 

As anticipated in Sec. I l l , the Eqs. (A12) and (A13) 
can be easily solved with the aid of (A14) in the limit 
that Ti2<^Tw or T\Q. If, in addition, £HQ2>£HD, SO that 
the Q system dominates the relaxation, one obtains a 
simple solution: 

1 1 / 1 1 \ 

+ ( - — - ) 

\TSD(0) W O ) / 

TSQ T \TSQ(0) TJ 

TSD 

and 

e x p ( - / / r i 2 ) 

exp(-t/r1Q). (A15) 

In this limit, TSD relaxes to TSQ and then the two 
systems relax together toward the lattice temperature. 
If 7i2<5C7iz) or 7*1 Q with no restriction on the ratio of 
f HQ to f//D, the solution is more complicated, but it still 
contains only two modes: the fast ^12 mode (as TSD 
and TSQ approach on another) and a "mixed" 7*i mode, 
the mixture depending on the ratio of $HQ to f HD. Thus, 
the spin-temperature approximation provides the basis 
for the two-mode decay analysis used in Sees. I l l 
and IV. 

APPENDIX II 

Although the exact splittings of the spins in the Q 
system are not known, an estimate can be made of a2no, 
where no is the number of Q spins per impurity and a2 is 
the ratio of mean square effective local fields for the Q 
and D spins. That is, from Eqs. (25), (11), and (16), 

V TTQ3QQ
2TrDWz2 

a'no — tiQ- --n<r 
hD

2 TrD3CD2TrQ3Cz
2 

(A16) 

Using TMj=Ny*V\Z(I+i)/3](2I+l)", one has 

/ND\ TrQ3CQ
2 (2I+1)»° 

aznQ = nol . (A17) 
\NQJ(2I+1)NQ TTD^D2 

Now 3CQ, Eq. (14), depends upon eq(Rik), the electric 
field gradient of the ith. solute nuclei at a distance Rih 
from the k\h impurity. I t is given by Eq. (13). 

eq(Rik)=A cos(2kFRik+ <p)/Rik\ (A18) 

no is the number of spins near an impurity for which 
the mean-square quadrupolar energy per spin is greater 
than the mean-square dipolar energy per spin. If we 
label each spin at the boundary of a Q region by b, then 
the mean-square quadrupolar energy of such a spin is 
given by 

<EQ 6
2)a v=Tr65CQ &V(2/+l), (A19) 

where 3CQ=X^3CQ*. The mean-square dipolar energy 
per spin is given by 

<£z>&
2)av= TXDKD2/ND (21+1)*» (A20) 

Equating (EQb
2)&v and (Eob2)^ to determine the 

boundary, one finds 

ND(2T+1)N» (2 /+1) 
(A21) 

TTDWD2 T r 6 & V 

Substituting from Eq. (A21) into Eq. (A17), one has 

/ no \ TrQJCQ
2 (2 /+1) / n0 \ 5 ^ 

c?no4 — ) = ( — ) . (A22) 
\NoJ(2I+l)NQTYb3C0b

2 \NQJ <T~ % q2(Rbk) 

But no/NQ is just the number of impurity atoms. Since 
the gradients are the same about each like impurity, the 
sum over k can be done in Eq. (A22) canceling no/NQ. 
Dropping the label k on Rbk, one has 

E ffW £ co$2(2kFRi+<p)/R* 
iCb idb 

a
2 n 0 = = • : . (A23) 

q2(Rb) cos2(2kFRb+<p)/Rb* 

Now Rb is directly related to no itself. Since there are 
18 atoms in the first two shells in a face-centered-cubic 
lattice, no=lSRb

z/r0
z where r0 is the cube edge distance. 

Therefore, 

/n0y i 
a2n09*[ — J -

\ 1 8 / 

£ cos2(2M^+^)(*V^)6 

C6 

cos2(2kFRb+<p) 
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The amplitude, A, of eq(Rik) has dropped out in terms 
of no2. This is the virtue of considering the quantity 
a2no. To go further and obtain an approximate value, 
cos2(2kFRt+ <p) is taken to be J. Further, the sum over i 
converges rapidly and there is little error in summing 
over all shells when w0=98, the value found by Row-

INTRODUCTION 

TH E effects of high hydrostatic pressure on the 
properties of a number of semiconductors can 

be understood using a model based on changes in 
the band structure of the materials.1 For germanium 
and silicon, the pressure variation of the intrinsic 
resistivity,2 the carrier mobilities,3 the magnetoresist-
ance coefficients,4 the fundamental absorption edge,5 

and the dielectric constant6 can be explained by the 
shift of the appropriate band edges with pressure. Since 
some of the most important properties of semiconduc­
tors are due to the presence of foreign atoms in the host 
lattice, the effect of pressure on the ionization energy of 
the electrons or holes on certain of these impurity 

* Supported by the Office of Naval Research. The article is 
based on a thesis presented to Harvard University by M. G. 
Holland in partial fulfillment of the requirements for the Ph.D. 
degree, May, 1958. 

f Present address: Research Division, Raytheon Company, 
Waltham, Massachusetts. 

1 W. Paul, J. Phys. Chem. Solids, 8, 196 (1959) (and references 
quoted therein). 

2 W. Paul and H. Brooks, Phys. Rev. 94, 1128 (1954); W. Paul 
and G. L. Pearson, ibid. 98, 1755 (1955). 

3 A. C. Smith, Bull. Am. Phys. Soc. 3, 14 (1958); A. C. Smith, 
Technical Report H. P. 2, Gordon McKay Laboratory, Harvard 
University, 1958 (unpublished). 

4 G. B. Benedek, W. Paul, and H. Brooks, Phys. Rev. 100, 1129 
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5 W. Paul and D. M. Warschauer, J. Phys. Chem. Solids 5, 
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land17 for zinc in aluminum. Since 2»(ro/#»)^=115 for 
a face-centered cubic lattice, therefore, 

a2^o^(98/18)2X 115^3500. 

This value of a2no is compared in Part IV with the value 
deduced from experiment. 

centers has been measured, with the hope that the 
present model can be used to explain the results. 

The best understood impurity atoms in germanium 
and silicon are the so-called "hydrogenic" impurities, 
the group I I I and group V elements of the periodic 
table. The simple theory7 predicts that the impurity 
ionization energy will be given by 

E=(e*rneii)/(2ahfn0K*), (1) 

where men is the electron effective mass, mo the electron 
mass, K the dielectric constant, e the electronic charge, 
at, the radius of the first Bohr orbit in hydrogen, and 
e2/2a^= 13.62 eV=the ionization energy of hydrogen. 
The quantum-mechanical treatment of Kohn and 
Luttinger8 also gives Eq. (1) for n-type silicon. For 
^>-type silicon the approximations leading to Eq. (1) do 
not hold. Experimentally, the ionization energy can 
be related to the number of current carriers in the 
crystal. In general, the relation between the carrier 
density n and the impurity ionization energy E can be 
quite complex, but at low enough temperature we can 
write9 

n=Aexp(-E/kT), (2) 
7 H. Brooks, Advances in Electronics and Electron Physics, 

edited by L. Marton (Academic Press Inc., New York, 1955), 
Vol. 7, p . 102. 

8 See W. Kohn, Solid State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press Inc., New York, 1957), Vol. 5, p. 280. 

9 See reference 7, p. 124. 
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Effect of Pressure on the Energy Levels of Impurities in Semiconductors. 
I. Arsenic, Indium, and Aluminum in Silicon* 
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The changes in resistivity of silicon samples containing group III and group V impurities have been 
measured at hydrostatic pressures up to 6000 kg cm-2 at 50 °K. The changes are explained by a dependence 
on pressure of the ionization energy of the majority impurity center. The results indicate that the arsenic 
energy level moves toward the conduction-band edge at a rate of approximately 5X10 - 8 eV kg -1 cm2. The 
energy levels for indium and aluminum move away from the valence-band edge at rates of about 5X10 - 8 

eV kg - 1 cm2 and 1X10 - 8 eV kg - 1 cm2, respectively. Corrections for the changes in mobility with pressure 
have been applied for the w-type sample. The motion of the arsenic energy level is explained by a change in 
dielectric constant and effective mass with pressure, and indicates a change in the average effective mass 
of less than 1% in 5000 kg cm-2. The very small changes in ionization energy, while expected, are to be con­
trasted with the much larger changes found for the deep-lying levels produced by elements such as gold. 


