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Some general properties of the lattice vibrational spectra of antiferroelectric materials with the perovskite 
structure are illustrated with the use of a simple model. It is shown that electrostatic interactions can con­
tribute significantly to the observed difference between the Curie temperature and the transition tempera­
ture. The temperature dependence of transverse and longitudinal branches is exhibited. 

I. INTRODUCTION 

THE relationship between the transition to a ferro­
electric state and the lattice vibrational spectrum 

of crystals having the perovskite structure has been 
discussed by Cochran1 and others2,3. It has been sug­
gested that this transition is the result of an instability 
of a certain infrared active vibrational mode. At the 
transition temperature the frequency of this mode goes 
to zero and the ions then seek new positions of equi­
librium. On the low-temperature side of the transition, 
the ionic displacements from the cubic state are similar 
to the displacements associated with the mode which 
becomes unstable. The crystal is polar4 in the low-tem­
perature phase. In the nonpolar or cubic state, the 
temperature dependence of this infrared active fre­
quency is held responsible for the Curie-Weiss behavior 
of the static dielectric constant. Recently, Barker and 
Tinkham5 have observed a low-lying transverse optical 
frequency by measurements of the reflectivity of 
strontium titanate at liquid air and room temperatures. 
The frequency at these two temperatures agrees quite 
well with the proposed temperature dependence 

u~{T-Tc)
112. (l.D 

The dispersion of the dielectric constant was also shown 
to be a resonant type and not a relaxation type. This 
work strongly substantiates the suggested intimate rela­
tion between the Curie-Weiss behavior of the dielectric 
constant and the temperature dependence of this soft 
infrared active frequency. Similar measurements per­
formed on the other well-known perovskite ferro-
electrics, e.g., BaTi03, PbTi03, and KNb03 would be 
instructive. 

Cochran1 has suggested that a transition to an anti­
ferroelectric state can also be considered the result of an 
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5 A. S. Barker, Jr., and M. Tinkham, Phys. Rev. 125, 1527 
(1962). 

instability of a lattice vibrational mode. The ionic dis­
placements associated with this mode would yield a 
nonpolar structure. Several antiferroelectric materials 
having the perovskite structure are known,6 e.g., 
PbZr03,

7 PbHf03,8 and NaNb03.
9-10 Above the anti­

ferroelectric transition temperature, these materials are 
paraelectric and exhibit a dielectric constant which 
obeys a Curie-Weiss law. Their Curie constants are on 
the order of the Curie constants of the ferroelectric 
perovskites previously mentioned. Their Curie tem­
peratures (obtained from the high-temperature dielec­
tric behavior) are lower than the temperatures at which 
they become antiferroelectric. This behavior suggests 
that these antiferroelectric materials also have associ­
ated with them, an infrared active frequency whose 
temperature dependence is given by Eq. (1.1). It ap­
pears that before the temperature is lowered to a value 
for which this long-wavelength mode would become 
unstable, another mode with wavelength on the order 
of the lattice parameter becomes unstable, hence result­
ing in an antiferroelectric transition. 

Since the energies of various dipolar configurations 
arrived at by small structural perturbations from the 
cubic state are very close, the dispersion introduced into 
the transverse optical branch by the long-range electro­
static interactions is small. With neglect of any dis­
persion due to the short-range forces, a low frequency 
at k=0 would imply the existence of low frequencies 
over the entire branch. It is therefore reasonable that 
the "antiferroelectric mode" belongs to the same branch 
as does the infrared active soft mode. It is of interest 
to determine whether the observed difference between 
the Curie temperature and the transition temperature 
can be accounted for by the dispersion introduced into 
the transverse branch by the electrostatic interactions. 
Using a simple model as a basis for investigation, it will 
be shown that electrostatic interactions can indeed con­
tribute significantly to the difference between the two 

6 Two excellent review articles concerning ferroelectricity and 
antiferroelectricity and containing extensive references up through 
1956 are W. Kanzig, in Solid State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press Inc., New York, 1957), Vol. 4, p. 1. 
P. W. Forsbergh, Jr., in Handbuch der Physik, edited by S. Fliigge 
(Springer-Verlag, Berlin, 1956), Vol. 17. 

7 G. Shirane, E. Sawaguchi, and Y. Takagi, J. Phys. Soc. Japan 
6, 208 (1951); S. Roberts, J. Am. Ceram. Soc. 33, 63 (1950). 

8 G. Shirane and R. Pepinsky, Phys. Rev. 91, 812 (1953). 
9 L. E. Cross, Phil. Mag. [8] 1, 76 (1956). 
10 G. Shirane, R. Newnham, and R. Pepinsky, Phys. Rev. 96, 

581 (1954). 
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aforementioned temperatures. The problem of 'deter­
mining the relative stability of states for actual materials 
must therefore include an analysis of the relative sta­
bility of various dipolar configurations. There have been 
attempts11-13 to determine the most stable dipolar con­
figuration of BaTi03 from electrostatic considerations. 
The results are, however, inconclusive for several 
reasons. The relative stability of only a few configura­
tions has been tested. Subsequent x-ray and neutron 
diffraction studies14 on BaTiOs have suggested a con­
figuration different from those tested. It has been shown 
recently by Kurosawa15 that the effective charges for 
the ions of a few ferroelectric perovskites are reduced to 
one-fourth or one-fifth of the purely ionic values. It is 
questionable whether the effects of this charge reduction 
can be treated within the framework of an ionic-type 
model. The short-range forces should be known in some 
detail before predictions for the actual crystal can be 
made. Since ferroelectric and antiferroelectric configura­
tions are so close in energy, a slight wave-vector de­
pendence of the short-range forces could drastically 
modify the results based on only a consideration of the 
long-range forces. 

In view of this complexity, we will restrict the in­
vestigation to the properties of simple model with the 
intent of providing some insight concerning the dielec­
tric properties and lattice vibrational spectra of the 
antiferroelectric perovskites. 

II. MODEL 

The model that will be investigated in this paper has 
been treated elsewhere in connection with the micro­
wave loss in SrTiO.3.16 All oxygen ions are coupled by a 
spring of constant K to their nearest-neighbor cations 
(Fig. 1). These are the cations which are at the center 
of the oxygen octahedra. The ionic charges of cation 
and anion are taken to be equal in magnitude and 
opposite in sign. Charge neutrality is obtained for the 
system by distributing the charge of the cation at the 
cell corner (twice the charge of the cation in the center 
of the oxygen octahedron) uniformily over the unit cell. 
The only other role of these A cations (formula unit 
ABO^) is to constrain the oxygen movement to be per­
pendicular to the unit cell face on which the oxygen 
atom lies. It is apparent that with neglect of electro­
static interactions this model is composed of three 
uncoupled sets of O-B chains. The directions of the 

11 M. H. Cohen, Phys. Rev. 84, 369 (1951). 
12 Y. Takagi, Proceedings of the International Conference on 

Theoretical Physics, Kyoto and Tokyo, September, 1953 (Science 
Council of Japan, Tokyo, 1954), p. 824. 

13 W. Kinase, Progr. Theoret. Phys. Japan 13, 529 (1955). 
14 H. T. Evans, Massachusetts Institute of Technology Labora­

tory Insulation Research Technical Report, No. 58, 1953 
(unpublished); B. C. Frazer, H. Danner, and R. Pepinsky, Phys. 
Rev. 100, 745 (1955); G. Shirane, R. Pepinsky, and B. C. Frazer, 
ibid. 97, 1175 (1955); G. Shirane, H. Danner, and R. Pepinsky, 
ibid. 105, 856 (1957). 

15 T. Kurosawa, J. Phys. Soc. Japan 16, 1298 (1961). 
16 B. D. Silverman, Phys, Rev. 125, 1921 (1962). 

FIG. 1. Unit cell of 
chain model. 
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chains are [100], [010], and [001]. A longitudinal mode 
of vibration with propagation vector along the [100] 
direction will involve only displacements of the atoms 
belonging to the chains which lie along this direction. 
A transverse mode with the same propagation vector 
will involve ionic displacements along the chains lying 
in either the [010] or [001] direction. For simplicity the 
masses of cation and anion are chosen equal. This can 
be generalized simply and would result in the treatment 
of a diatomic linear chain instead of a monatomic chain. 
The electronic polarizabilities of cation and anion are 
chosen equal. This is necessary to stabilize the simple 
system that has been described. 

The frequency spectrum of this model will be in­
vestigated as a function of temperature for the [100] 
direction of propagation. The model will be shown to be 
essentially a model of an antiferroelectric, i.e., an in­
stability will develop due to the vanishing of the fre­
quency at the edge of the zone. Since the frequency 
spectrum of the transverse optical branch is flat in the 
absence of electrostatic forces, the effect of these forces 
on the dispersion of this branch can be seen directly. 
The dispersion of this branch is a measure of the differ­
ence between the Curie temperature and the tempera­
ture of the antiferroelectric transition. 

First, we investigate the vibrational spectrum with 
neglect of the electrostatic forces. The effect of intro­
ducing the long-range forces will then be discussed in 
connection with the temperature dependence of the 
spectrum. The four inequivalent atoms of the unit cell 
are labeled in Fig. 1. The equation of motion for the 
/cth ion with neglect of the electronic polarizability is 
written in the notation of Kellerman17 (see Appendix). 

mo)' 'tfc.+Ep " V ' V - E P "] uKV=o. (2.1) 

The first term is the inertial term. The second term 
arises from the x component of the force on the /cth ion 
due to the displacements of all other ions in the lattice. 
The third term arises from the x component of the force 
on the /cth ion due to its displacement from equilibrium 
while the other atoms are held fixed. For propagation 
along the x or [100] direction the equations of motion 

17 E. W. Kellerman, Phil. Trans. Roy. Soc. 238, 513 (1940). 
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FIG. 2. Spectrum with 
neglect of the electrostatic 
forces. 
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(2.2) 

(2.3) 

(2.4) 

(2.5) 

Equations (2.2) and (2.3) determine the vibrational 
spectrum of the longitudinal modes. Considering only 
the short-range spring constant coupling described, 
we write 

-4 I T r 4 4-1* r 4 I T 
= 0; =2Kcos27rM; 0<k<l/4d. (2.6) 

Lx xJ Lx xJ 

The longitudinal frequencies are, therefore, 

Wl*(jfe) = (2K/m)EL±cos2irkdJ 

This is just the spectrum for a linear monatomic chain. 
This result should be obvious from the model without 
resorting to the preceding analysis. The formal analysis 
is given however to facilitate the presentation of the 
more complete calculation, i.e., with electrostatic inter­
actions included. 

Equations (2.4) and (2.5) determine the vibrational 
spectrum of the transverse modes. The coupling 
parameters are 

•4 4" 

•y yJ 
-0; 

r4 2" 

•y y-
= 2K, (2.8) 

and the transverse optical frequencies are 

G>7fi=4K/m. (2.9) 

The frequencies of the transverse branch exhibit no 
dispersion and are all equal to the k = 0 longitudinal 
optical frequency [Eq. (2.7)]. The frequency spectrum 
is shown in Fig. 2. The frequencies of the transverse 
acoustic branch are all identically equal to zero. This 
is indicative of the instability of the model against a 
shearing force. This unnatural feature of the model does 
not concern us since we are interested in the internal 
strains18 and not homogeneous deformations of the 
model. The transverse optical branch is flat since a 
change in wavelength for this branch specifies only a 
change in phase of the motion of one chain with respect 
to another, and there is no coupling between the chains. 
When the electrostatic interactions are taken into ac­
count, this branch will exhibit dispersion since the 
long-range forces on the ions are different for different 
phasings of the chains. 

III. TEMPERATURE-DEPENDENT SPECTRUM 

The transverse optical frequency will now be obtained 
with the inclusion of the electrostatic forces. The cation 
equation of motion for a transverse mode with propaga­
tion vector in the [100] direction and ionic displace­
ments along the [010] direction is [using Eq. (A26)] 

mu2U4y+2KU2y- 2KU±y-
g{k) 

X 

with 

r4 2-

Ly yJ 
U2y+ 

4 4 

•y y -

-f r4 2-f 
U,y-\ U,y 

J Ly yJk=s0 

- C 
•y y-

4 4,1° 
J7* =°> (3.1) 

-y yJk-o 

- K ( P 7 +P 7 )]• <"> 
L q2\Ly yJM Ly yJM/J 

«<«=K([4 T - r 7 )1 (3-3) 
L q2\Ly yJ Ly yJ/J 

(2.7) 
18 M. Born and K. Huang, Dynamical Theory of Crystal Lattices 

(Oxford University Press, New York, 1954), Chap. I I I . 
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The g functions represent the modification of the equa­
tions of motion due to the presence of ions which are 
electronically polarizable. For the transverse optical 
branch of the chain model we have (since anions and 
and cations are equivalent except for the sign of their 
ionic charge) 

UiV=-Uiy, (3.4) 
and therefore 

0>T2(k)--
m\ 

4i£+ 
4:-]° r 4 

+ 
fc^o Ly 

If we define 

•y y-

r-4 4-1 c 

Ly y. 

|~4 2-|° 

Ly y J M 

K :ni (3.5) 

«(*) = 

then 

r 4 i-\c r 4 2-ic 

+ 

y yJjc^Q Ly yJk-o 
r4 4rf r4 21 

Ly yJ Ly y. 

^u Wj,2(^) = — 4K 
mL g(k) 

«(*)]• 

, (3.6) 

(3.7) 

The [ 30, are obtained by performing dipolar sums 
over the lattice. These sums have been performed for 
the chain model by using the well-known Ewald-theta 
transformation (see reference 17). Both sums, i.e., the 
sums over real and reciprocal space, are rapidly con­
vergent for k^O. To avoid the added complication of 
specifying boundary conditions for lattice waves with 
wavelength approaching the sample, we consider only 
modes with wavelength small compared with the sample 
size. A transverse optical mode of this type with wave­
length large compared with the lattice parameter has a 
zero depolarization factor associated with it. A corre­
sponding longitudinal mode of this type has the usual 
—AwP depolarization factor associated with it. In this 
work we have collectively labeled all such modes as 
having zero wave vector. 

The second term in the brackets of Eq. (3.7) arises 
from the electrostatic forces. This term is negative and 
is the "driving" force for a transition to the ferroelectric 
or antiferroelectric state. The Curie-Weiss behavior of 
the dielectric constant is assured if the k=0 transverse 
optical frequency has the following temperature 
dependence: 

a>2*(o)~(r-rc). (3.8) 

T is the absolute temperature and Tc a constant to be 
identified with the Curie temperature. To obtain the 
temperature dependence appearing in Eq. (3.8) we will 
assume a slight linear temperature dependence of the 
spring constant K of the following form. 

4£= -[g/g(o)>(o)[i+c(r-rc)J (3.9) 

The constant c which is introduced here will be deter­
mined empirically. The & = 0 transverse optical fre­
quency can then be written 

a ^ ( 0 ) = - (l/m)\j/g(Q)MO)c(T-Tc). (3.10) 

The origin of the slight temperature dependence of the 
spring constant can be considered to result from the 
effects of fourth-order anharmonic interactions on the 
spring constant of the linear theory.19,20 The effect of 
such temperature-dependent spring constant on the fre­
quency spectrum, however, is the same as any wave-
vector independent term linear in temperature appear­
ing in Eq. (3.7) regardless of its origin. 

Substituting Eq. (3.9) into (3.7), we obtain the tem­
perature-dependent frequency for each mode of the 
transverse branch 

0 , ^ ( 4 ) = -
1 g 

with 

A r * = - i • 

a(0)ctT-(Tc+ATk)-], (3.11) 

(3.12) 

mg(0) 

I g(k)a(0) J 

Each mode has associated with it an instability tem­
perature Tc+ATk, the temperature at which the &th 
mode becomes unstable in the harmonic approximation. 
The preceding analysis no longer holds after the first 
mode becomes unstable since the ions move to new 
equilibrium positions. An analysis of the vibrational 
spectrum is then obtained by considering small dis­
placements about the new equilibrium positions. The 
first mode to become unstable is the mode with the 
the largest positive A TV If no positive ATk exists for 
any mode of wave vector k, the crystal will make a 
transition to the ferroelectric state at a temperature 
equal to Tc. For the model under consideration, it will 
be shown that the mode at the edge of the zone has the 
largest ATk associated with it. The system will make 
a transition to an antiferroelectric state at a tempera­
ture Tc+Tk~i/id. 

The spectrum can be plotted as a function of tem­
perature if the electronic polarizability a per unit 
volume, and the temperature coefficient c are known. 
These can be determined from a knowledge of the opti­
cal index of refraction in the paraelectric state and the 
Curie constant of the material under consideration. We 
will plot the spectrum to within a scale factor by using 
the observed properties of PbZr03 . The Curie tempera­
ture Tc is obtained from the high temperature dielectric 
measurements on PbZr03 .7 The a(k) [Eq. (3.6)] are 
dependent only on the effective charge and volume of 
the unit cell through a factor which cancels in the 
expression for ATk. To calculate the g(k) [Eq. (3.3)2 
it is necessary to specify the electronic polarizability 
per unit volume (a/8d?). To calculate ATk it is necessary 

19 A. F. Devonshire, Phil. Mag. 40, 1040 (1949). 
20 J. C. Slater, Phys. Rev. 78, 748 (1950). 
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FIG. 3. Temperature-dependent spectrum. 

to specify c, the temperature coefficient of the spring 
constant. These two quantities, (a/Sd3) and c will be 
determined, respectively, from the observed optical 
index of refraction and Curie constant7 of PbZr03. 

The dielectric constant of the chain model can be 
written 

6=1 + 
7ra 

*g(0) «?g(0) 

«(0)(«)!1 

(4 T 
\-y yJoJ 

1 
(3.13) 

(T-Tc) 

The square of the optical index of refraction is just the 
first two terms of Eq. (3.13): 

€o0=l+™/^(0). 

Using Eqs. (3.3) and (3.14), we obtain 

a 1 (e*-!) 

where 
ffi i rCH^e*- ! ) ( *«+*) ] 

r T-
Ly yj0 

(ne)2 ir 

d? 2 

r4 4- ic (we)2 x 

d3 6* 

(3.14) 

(3.15) 

(3.16) 

(Note: the same q appears in references 13 and 20.) 
The ratio a/d3 can be obtained by specifying e .̂ To 

this author's knowledge the optical index of refraction 
of PbZr03 has only been reported for room temperature, 
where the material has been found to be ortho-
rhombic.21-22 The largest optical index of refraction along 
one of the principal directions has been chosen: 

(€co)1/2=32.2 or €00=4.84. (3.17) 

The qualitative features to be discussed are essentially 
insensitive to a more accurate choice of e .̂ 

2 1 F. Tona, G. Shirane, and R. Pepinsky, Phys. Rev. 97, 1584 
(1955). 

22 E. Sawaguchi, H. Maniwa, and S. Hoshino, Phys. Rev. 83, 
1078 (1951). 

Using €oo=4.84 and Eq. (3.15), we find 

a/<P=0.178; g(0) = 0.144. (3.18) 

The temperature coefficient c can be determined from 
the value of the Curie constant C. 

C=1.59X105°K. 

From Eqs. (3.13) and (3.16), we can write 

d3g(0) 

and find 
C<Pg(0)L x(<z+§) 

c=2.68X10-6Oi:-1 

} 

(3.19) 

(3.20) 

(3.21) 

The Curie constant can be written, using Eq. (3.20), 

C=7ra/cd*g(0)+l/c(q+i). (3.22) 

The first term on the right is the contribution to the 
Curie constant from the electronic polarization. The 
second term is the contribution to the Curie constant 
from the lattice polarization. Looked at from this point 
of view, the lattice polarization contributes less than 
10% to the value of the Curie constant. This indicates 
how important highly polarizable ions are, in contribut­
ing to the large dielectric constant of the perovskites in 
their paraelectric state. The temperature dependence of 
this electronic contribution arises from the temperature 
dependence of the local field at the sites of the electronic 
dipoles. The temperature dependence of the local field 
arises, in turn, from the temperature dependence of the 
lattice polarization and can be traced back to the tem­
perature dependent spring constant. 

The frequencies of the transverse optical branch 
[Eq. (3.11)] can now be plotted as a function of tem­
perature to within a scale factor by using the values 
determined for a/d3 and c [Eqs. (3.18) and (3.21)]. 
The temperature-dependent branch is shown in Fig. 3. 
Each frequency varies as the square root of the tem­
perature minus an instability temperature. It is seen 
that the frequency of the mode at the edge of the zone 
goes to zero 80° above the temperature at which the 
uniform mode would become unstable. The transition 
temperature of PbZr03 is some 40° above its Curie 
temperature.7 The difference in energies between ferro­
electric and antiferroelectric dipolar configurations for 
the model yield a temperature difference between the 
states that is well within an order of magnitude of the 
observed value.23 Figure 3 shows the entire branch to be 
temperature dependent. The temperature dependence 
at the edge of the zone reflects the development of the 
antiferroelectric instability. The temperature depend­
ence at k — 0 reflects the Curie-Weiss behavior of the 
dielectric constant. 

23 I t should be mentioned that a mode at the edge of the zone 
with propagation vector k along one of the face diagonals of the 
unit cell is lower in energy than the mode at the edge of the zone 
that we have investigated. This mode which has associated with 
it displacements similar to the "checkerboard'' configuration of 
Kinase becomes unstable 100° above the Curie temperature. 
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FIG. 4. Ionic displace­
ments for ferroelectric 
and antiferroelectric 
modes. 
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Figure 4(b) shows the displacements of the atoms for 
the unstable mode. Segments of three horizontal chains 
are shown. This type of antiferroelectric configuration 
is similar to the "stripes" type of Kinase.13 There is no 
net polarization since there is a polarization reversal in 
planes perpendicular to the propagation vector k. In 
Fig. 4(a) the displacements of the atoms for the ^ = 0 
mode are shown. The origin of the instability can be 
understood essentially as follows. The central positive 
ion in diagram 4(a) experiences no net Coulomb force 
due to the neighboring positive ions shown (or from the 
entire positive ion lattice). The central positive ion in 
diagram 4(b) experiences a net force in the direction 
of its displacement due to the Coulomb repulsion of its 
positive neighbors. The instability at the edge of the 
zone can therefore be thought of as arising from the 
tendency of a plane of equivalent ions to buckle due to 
the mutual repulsion of like charges (if the charges are 
constrained so as not to have motion in the plane). 
This explanation is somewhat oversimplified since the 
£ = 0 mode is less stable if one considers only the inter­
action of the positive ion with the negative ions. For 
our model, however, this interaction is not sufficient to 
make the electrostatic energy of the ferroelectric state 
less than that of the antiferroelectric state. 

The frequencies of the longitudinal acoustical and 
optical branches are 

l r 

with 

2K(l±cos2Tkd)+—a'{k)\ (3.23) 

"4 4nc 

q*\L.x x. 
+ 

I $ 

"4 4 - c 

•4 4-

\-y yJk=o 

r4 1T 
Lx xJk=*os 

4 2 - c 

+ •y yJk~o 

4 1 

•x xj 

4 4 i c 

•X X. ) ! • 

(3.24) 

(3.25) 

a'(k) = + x xJk-o i-x x. 

4 1-

"4 

Lx 

4 -

XJ 

c 
zfc 

"4 

Lx 

1-

XJ 

c 
(3.26) 

The temperature-dependent longitudinal spectrum can 
be obtained by substitution of Eq. (3.9) into Eq. (3.23). 
In Fig. 3 the longitudinal optical and acoustical branches 
are shown. The frequencies have been plotted at two 
temperatures—the temperature of the antiferroelectric 
transition and 1000° above this. I t is seen that over this 
large temperature interval the longitudinal branches are 
fairly temperature insensitive; the k=0 optical fre­
quency varying by roughly 2 % of its value. The trans­
verse k=0 optical frequency, on the other hand, is 
strongly temperature dependent varying by roughly 
300% of its low-temperature value. For the longitudinal 
motion, the depolarization contribution to the local 
field at the ionic sites acts as a long-range restoring 
force on the ions. No close cancellation of the harmonic 
driving and restoring forces occurs. The Lyddane-
Sacks-Teller24 relationship, 

COL2(0)/W(0) ==€<,/€« (3.27) 

relates the two optical frequencies at k=0 to the high-
and low-frequency dielectric constants. 
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APPENDIX 

In this section, the equations of motion will be de­
veloped. The notation and procedure are similar to 
Kellerman's.17 The differences, however, between Keller-
man's equations of motion and the ones we will derive, 
arise since we treat a nondiagonally cubic structure in 
which the ions are polarizable. 

The equilibrium position toK
l of the K, Zth ion is 

ro*z=aH-r<k, (Al) 

where &l=hai-\-ha2+h&z defines the space lattice with 
basis vectors r0K. The vectors ah a2, a3 define the unit 
cell. The distance between the K, Zth ion and the K', Z'th 
ion is 

= a * - ' ' + ' o * - V . (A2) 

Considering small independent displacements uK
l of 

each particle from its equilibrium position, the vector 
between the'displaced particles is 

KK' O K K ' (A3) 

Assuming only central forces, the total potential energy 
of the lattice is 

*-*EE*«'(|r„."'|). 
K,K' 1,1' 

(A4) 

24 R. H. Lyddane, R. G. Sachs, and E. Teller, Phys. Rev. 59, 
673 (1941). 
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The energy is developed in powers of the displacements. We will now obtain the equations of motion for the 
We consider the harmonic term chain model with inclusion of the electronic polariza-

__ x , x v bility a of the ions. The y component of the field at a 
$ 2 - " 2 L L L (0« ' )xyUKZ uK'V p o j n t r d u e t 0 t^e single electronic dipole pK>y

1' at tK>1' is 
K,Kf 1,1' X,y 

+ | Z E H{<t>KK'{l~V))xyUKX
lUKy\ (A5) 

K,Kf l,V x,y 

where df 

1 

\tK>l'-t 

{^PKK' )xy 

.dxdy 
.(r) 

r=*roKK>l 

(A6) ^ ^ e ^ e ^ a t t^ ie s* t e r** ^ u e t 0 a ^ t^ ie dipoles ls 

e2 /i\ 

The equation for the x component of the motion of 
the /c, lih ion is 

E #.V 
K ' ,l'j^K,l dy2\r/X~ri><\>' 

(A15) 

(A16) 

The electronic moment at a site is proportional to the 
local field at that site. 

pK'J'^aEK'f^aEf**"**'1'. (A17) 

tnKUK%
1— L (<t>KK>(l~l'))xyUK>y

v 

K' ,l' ,y 

+ E (*«' ( l- , , ))»v««»'=0. (A7) 
«•',l',y 

The field at toK
l due to the surrounding electronic dipoles 

Let us obtain the equations of motion for one Fourier c a n then be written 
component of the motion with frequency co, wavelength r d2 / IN 
X, and wave vector k. The displacements of the ions 01E E c*Tik°TQK'l'\ 
are then *'.*'?*«,z 

u ^ = xjKe-ia,te2irik.toKi. 11| = i/x? (A8) 
.dy2\i 

(Ai8) 

and one finds 

-x y-

where we have defined 

The local field at the K, /th site arises from the electronic 
dipoles and displaced ions. 

mK<x?UKX+ E 
*' ,V\ «•',y 

K K 

.x y. 

Lx yJ 
= E(*^l)^W(k'r" 

UKy = 0, (A9) 

(AlO) 

£ '==Ee2™k-r°** 

= aE E e^ik.toK'i 
K',lf9*K,l 

[-d2 / l 

,dy2\r/ J r^roxV z 

+ X qK>uK>y1' 
K',l'7*K,l 

•d2 n 

.dy2\r r=>rox'Kl l 

The forces on each ion are split up into a long-range 
contribution (Coulomb interaction) and a short-range 
repulsive part : 

(Al l ) 

2—i Qn'Mny 

•d2 (V 

.dy2\rJ J 
(A19) 

~K 

Lx 

K'-

y j 

= 
~K 

L# 

*'-

yj 

c 

+ 
"K 

Lx 

K'~ 

yj 

Using (A8), (A12), and (A13), the force on the K, /th 
ion due to the dipolar field may be written 

P l— g— itot^irik-TOKl 

The Coulomb part is given by x E 

.% y. 

Lx y. 

= M * ' E 

= £«2 lim 
r-»0 

.dxdy 
- / ( r - a O 

.y y. 
^ - E 

X e 2 7 r i k . ( a ^ r K K O j ^ / c ' , ( A 1 2 ) 

.y y. 

1 

27K 

.y y_ ) ) • 
(A20) 

d2 

E / ( r - a ' ) 
i dxdy 

The equations of motion are 

with 

* / ( ' ) -

/ ( r ) = l / i r | = l / r . 

The short-range repulsive part 

Sec. I l l for the chain model [Eqs. (2.6) and (2.8)]. 

'K K'~\R . 
is 

x yj 

, (A13) 

(A14) 

given in 

fnKco2UKy+J2 
K Si K 

u^-Z 
K K'1 

K' Ly y j n' Ly yJ 

f / FK ^ " i c 

+ (5 i\ K> -y y j 
UK'y~Z 

Kr 

-K K'~ 

-y y j 

c 

fo=0 

U.y 

uK 

( l - « E = 0 . (A21) 
\ «' gr„gyL-v -vJ / J 
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We have, however, neglected the force on the electronic 
dipole at the K, Ith site due to the interaction of this 
dipole with the fixed point-charge array. This will be 
taken into account now. 

The y component of the force at a point /c', V due to 
a dipole at /c, / is 

<?*' PKV1 \— ( - ) • (A22) 
Ldf\r/Jr-rQK'<1'1 

The force on the dipole due to the surrounding point 
charges is 

• E q*'P*vl\ 
K1 , l ' i & K , l .dy2\r. 

or using (A 17) 

-OLE £ q^e2*1*'1**1 

Kf,l'^K,l '0: .dy 

(A23) 

r-ro/S*. (A24) 

Using Eq. (A20), we see that the equation of motion 
[Eq. (A21)] has the following term added to i t : 

1 

«' q< 

X 

FK /c'~ 

2Ly y» 

\ K' 

~K 

-y 

C 

fc=0 

y j 
UK'y-Z 

K K'1 c 

U 
K' Ly y j 

1 r* ic'i 
1-otE — 

*' 9 KqK
f ~y yj 1)1- (A25) 

The equation of motion can finally be written 

FK nf-\R
 FK K'-]R 

K' Ly yA K' Ly yJfo-
uK 

-y yJ*=o 

I \ *' <7K
2Ly yJk~o/ ' qK'Ly y-iM/ 

1 r^ ,HC\ 

i-«E 

X(E 
•y :yJ 

^ y-

U.n 

' Ly y. 
UKy\^0. (A26) 

The origin of the terms in Eq. (A26) are as follows. 
The first term is the inertial term. The second term 
arises from the short-range force on the /cth ion due to 
the displacements from equilibrium of all other ions. 
The third term arises from the short-range force on the 
/cth ion due to its displacement alone. The first term in 
the curly bracket arises from the Coulomb force on the 
/cth ion due to the displacements of all other ions from 
equilibrium. The second term in this bracket arises from 
the Coulomb force on the /cth ion due to its own dis­
placement. Splitting up the forces in this fashion insures 
that we correctly calculate these forces at the displaced 
position of the /cth ion. The effect of the introduction 
of polarizable ions appears as a quotient multiplying the 
curly bracket. The denominator arises from the con­
tribution the surrounding electronic dipoles make to the 
local field at the /cth site. The numerator arises from 
the force the /cth electronic dipole experiences from the 
surrounding point charge array. This last contribution 
is not present in a diagonally cubic crystal. 


