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It is shown that starting from the usual canonical formalism for the electromagnetic interaction of a 
charged vector meson with arbitrary magnetic moment one is led to a set of rules for Feynman diagrams, 
which appears to contain terms that are both infinite and noncovariant. These difficulties, however, can be 
circumvented by introducing a ^-limiting process which depends on a dimensionless positive parameter 
£ —> 0. Furthermore, by using the mathematical artifice of a negative metric the theory becomes renor-
malizable (for £>0). 

1. INTRODUCTION 

TH E problem of a charged vector meson interacting 
with the electromagnetic field and other fermion 

fields has been discussed rather extensively in the past.1,2 

However, in the literature, there does not seem to exist 
any systematic study of the general case in which the 
charged vector meson could have an arbitrary magnetic 
moment. Furthermore, the question of the renor-
malizability of a theory of charged vector meson has not 
been studied in detail. The recent speculations in weak 
interactions3 and the possibility that, perhaps, a vector 
meson W± could be produced by high-energy neutrinos4 

through its electromagnetic and weak interactions give 
new interest to these problems. 

In this paper, an attempt is made to study these 
problems. We begin with a discussion of the derivation 
of Feynman rules for the general case of the interactions 
between the electromagnetic field and charged vector 
mesons with arbitrary magnetic moment. I t turns out 
that by starting from the conventional canonical for­
malism1 and using the Dyson-Wick procedure,5 one 
obtains a set of rules for the Feynman graphs which 
contains terms that appear to be both infinite and non­
covariant. I t is then shown that this formal difficulty 
can be resolved by introducing a limiting process (called 
^-limiting process) which depends on a positive parame­
ter £ —> 0. The resulting rules for Feynman graphs in the 
^-limiting process become completely covariant. How­
ever, the theory continues to be divergent in a non-
renormalizable way. To remedy this, the artifice of a 
negative metric is introduced which makes the parame­
ter £ take on the role of a regulator. The final theory for 

1 See, for example, G. Wentzel, Quantum Theory of Fields 
(Interscience Publishers, Inc., New York, 1949). In this paper we 
start with the formulation of vector meson field given in WentzeFs 
book. 

2 Feynman rules for charged vector mesons have been given by 
R. P. Feynman, Phys. Rev. 76, 769 (1949) using his method of 
space-time approach of field theory. More detailed discussions on 
Feynman rules for charged vector mesons in the /? formalism were 
given by C. N. Yang and G. Feldman, Phys. Rev. 79, 972 (1950). 
See also T. Kinoshita and Y. Nambu, Progr. Theoret. Phys. 5,473, 
749 (1950); P. T. Matthews, Phys. Rev. 76, 1657 (1949). 

3 T . D. Lee and C. N. Yang, Phys. Rev. 119, 1410 (1960). 
4 T. D. Lee and C. N. Yang, Phys. Rev. Letters 4, 307 (1960). 

See also B. Pontecorvo and R. M. Ryndin, Dubna Report D-577 
(unpublished). 

«F. J. Dyson, Phys. Rev. 75, 486 (1949); G. C. Wick, ibid. 80, 
268 (1950). 

£ > 0 is both covariant and renormalizable. I t is further 
shown that while the introduction of a negative metric 
destroys unitarity, the S matrix remains unitary as long 
as the total energy of the system is less than £~~* times 
the mass of the meson. 

The derivations of Feynman rules are sometimes 
rather complicated, because of the presence of time 
derivatives of field variables in the interaction La-
grangian. These detailed derivations are all given in the 
Appendices. As an illustration, the derivation of Feyn­
man rules for the simple and well-known case of a 
charged vector meson field interacting with Fermion 
fields is included in Appendix A. 

Strictly speaking, because of divergences there does 
not exist a " t rue" charged vector meson theory. Any 
theory of the charged vector meson is in this sense a 
separate proposal not derivable from a " t rue" theory. 
What gives the confidence that the renormalization 
procedure of the photon-electron interaction enjoys is, 
besides the impressive and accurate experimental veri­
fications, the belief that any covariant proposal would 
lead essentially to the results of the usual renormaliza­
tion procedure. For the charged vector meson, it is our 
present belief that, with the ^-limiting process and the 
indefinite metric, one has a covariant theory that in 
some measure gives that part of the properties of the 
charged vector meson which is independent of specific 
details at very small distances. 

2. CANONICAL FORMALISM 

2.1 Lagrangian 

We discuss a charged vector meson field <p» in 
interaction with the electromagnetic field A^. The 
charged vector mesons is assumed to possess an arbi­
trary magnetic moment, and is called W±. The La­
grangian density of the system is6 (h = c= 1) 

£-- - ^ X r 1 ) - ' 
2 \ dxv J \ axv / 

2^fxv &nv 

-mlip(j^(pli--ieKFllv<pl^ipVy (1) 
6Throughout this paper we use the following notations: All 

boldface letters such as k, r, A, <p, etc., denote three-vectors. The 
fourth component iko of the four-momentum &M is pure imaginary. 
All Greek subscripts fx, v, • • • vary from 1 to 4 and all Roman 
subscripts i, j , • • • vary from 1 to 3. Repeated indices are to be 
summed over. 
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Graph 

Internal photon line 

Internal meson line 5> £= -i{p2+m2-u)" l(6 +m"2p p ; 
H p v pv |t ^ 

4-vertex 

Additional vert ices 

fk 

.X 
r-

« 
P \ rf 

A 
a/1 

etc. 

,v 

VH 

' 
/ v 

K* 

P 

U 

-6j3 (-KP+p' + Kp')al 

= -ie2[25 6 -5 § n -5 8_ ] 
Jlf ffp ffjl PC Off ( V 

- ( e« /m) 2 6 4 ( 0 )6^ 

where V^ = { 6 ^ - 6 ^ 6 ^ 

- ( e« / m ) 4 6 4 (0 ) [6^8- f 6 ^ 6 ^ 

+higher order in (ex/m) 2 } 

FIG. 1. Feynman diagram in momentum representation for 
Lagrangian (1). Each closed internal loop consisting of meson and 
photon lines gives rise to one integration (27r)~4

t/V * -~]dkod3k. A 
diagram includes specific assignments of momenta and polarization 
to all external lines, but not internal lines. The weight of each 
different diagram is $-1 where s is the symmetry number defined as 
follows: Label each internal line with a different integer: 1, 2, 
•••N. There are N\ different ways of labeling. Some of these 
labelings may lead to labeled diagrams with identical topological 
structure, s is simply the number of such different labelings that 
lead to the same labeled diagram. 

where *=Hermitian conjugate times (— l ) n , n=number 
of " 4 " subscripts, 

F^v= (d/dx^Ap— (d/dxv)Ally 

Glxv=dfl<pi,— df,<p,x, 

G^* = d M *^ r *-d ,*^* , (2) 

d^d/dXp—ieAp, 

dfl*=d/dxll+ieAll, 

and K is a constant. The magnetic moment ffll and the 
quadrupole moment Q of W+ is given by 

and 
m=(l+K)(e/2m)S 

H Q== I (3z2—r2)pdsr= — (eK/m2), 

(3) 

(4) 

where S is the spin of W and p is the static charge 
density for the state 5«= + l. 

The equation of motion for W± is 

dfJ.GIJiV—m2(pv-\-ieK(pfiFfXV=0. 

2.2 Feynman Diagram 

(5) 

In Appendix B we carry out in detail the canonical 
formalism starting from the Lagrangian above: The 
fields6 <p, <p*, A, and A A will be treated as independent 
canonical "coordinates." <p± and <p4* will be treated as 
dependent coordinates with the aid of (5). One then 
obtains a Hamiltonian for the system. By a unitary 
transformation one goes over into the interaction repre­

sentation. Feynman diagrams will then be obtained 
through the Dyson-Wick5 procedure. 

The result of these considerations is as follows. A 
Feynman diagram in the present case is very much like 
that for the electron-photon interaction, except that 
there are now three kinds of vertices. The values of 
these vertices and the propagators, in momentum repre­
sentation, are listed in Fig. 1 (proved in Appendix C). 

For the purpose of easy memory we remark that the 
three-vertex and four-vertex functions are the matrix 
elements of 

- i [£ (e=0) -£ (e ) ] 

^etcF^v^Vn+yl (Ayip^-A^*) 

< -
\dxv 

X | —<Pn <pv)—Herm. conj. 
\dxv dxu / J 

-iie2(Av<pll-Aflcpv)(Av<p^-Afi<pv^)y (6) 

where all operators are regarded as free fields. However, 
this very simple rule does not give the whole story, as 
the presence of the additional vertices in Fig. 1 explicitly 
shows. 

The additional vertices are all divergent and are ex­
plicitly noncovariant. For a given process, to the lowest 
order in e the Feynman diagram does not contain 
closed loops, nor does it contain any of the additional 
vertices. For a higher order diagram, because of the 
divergent nature of the integral, the integration dk0 

gives, in addition to the usual pole contributions, 
contributions due to the closing of the integration con­
tour at oo in the complex k0 plane. As is discussed in 
Appendix E, the divergent and noncovariant vertices of 
Fig. 1 are the results of such extra integration contribu­
tions at infinity. Moreover, they are present only if 
KF^O. [This is because in the usual canonical formalism 
the components of <p, <p* are treated as coordinates, but 
<p4 and <p4* are regarded as functions of <p, <p* and their 
conjugate momenta. Therefore, the interaction term 
— ieKFpV<Pn*<pv in the Lagrangian (1) appears to contain 
more than one time derivative of the field variables 
which gives rise to these additional vertices. In this 
paper, Lagrangians which contain terms with more than 
two time derivatives of the field variables are not 
considered.] 

3. ^-LIMITING FORMALISM 

The origin of these complications, therefore, lies in 
the fact that <p4 is not treated on equal footing as the 
components of <p. To circumvent this difficulty we add 
a term to the Lagrangian proportional to a dimension-
less parameter J and then take the limit £ —> 0. 
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3.1 Lagrangian Ho^iz'^+f^^^+^^^^n+iVX^)' (VX?>*) 

Instead of (1) we thus have a Lagrangian density + i ( * - V ^ + * * - V ^ * - ^ V ^ - ^ * V ^ * ) , (8) 

with an additional term: where 7rM and w^* are, respectively, the conjugate mo­
menta of (pp and <pM*. The commutation relations at 

^=^^d^^Kd^y)fL^\fLA equal time are given by 

2 \ dx, A dxv J CxM(r,0,̂ (r/,0]= - V ( r - r ' ) , 

— iG^G^—mtvfvp—ieKF^Vp*?,,. (7) [T M *(r ,0 ,^*( rV)]=—^M^ 8 ( r—O, 

The equation of motion for JF± becomes a n d a11 other commutators between <pM, <?/, irM, T T / are 
zero. The free field corresponds to a system of uncoupled 

dfifJLV—M2(pv+%dv(dy.(py)+ieK(pilFilv==Q. mesons which can be described by the annihilation 

The Lagrangian density (7) can now be treated by the 
canonical formalism in a straightforward way. We state 0k', b*' for + and — transverse (spin 1) mesons, t= 1, 2 
the result as follows. a*1, b^1 for + and — longitudinal (spin 1) mesons, 

#k8, bks for + and — scalar (spin 0) mesons, 
3.2 Free Meson Field 

and their Hermitian conjugates, the creation operators, 
By using (7) and setting e = 0 one obtains the follow- a^7 6k

5t, #kzt, etc. In terms of these operators one has 
ing free Hamiltonian H0: the following representation: 

<p=X) (2l2co)~*[ak' exp(ik• r—iut)+6_k't exp(ik• r+ioot)"]ek
l 

+ 2 (20o>)-*[#k* exp (ik • r—icot)+6__k
zt exp (ik • r+ico^)] (uk/tn) 

k 

- E ( 2 ^ ) ~ * [ > k 5 exp(ik- r + ^ ) + 6 _ k
8 t exp(ik- x-ivt)~](k/m), 

k 

(pi=Yl(20co)~^ak
z exp(ik- t—icot) — £„k

zt exp(ik- r+iw/)] ( i | k | /w) 
k 

+ E ( 2 ^ ) ~ * [ > k 5 e x p ( i k - r + i ^ ) ~ ^ - k s t e x p ( i k - r - i ^ ) ] ( V m ) , (10) 
k 

« — S i(20co)~*[ak't exp(—ik« r+iw/) —&-k* exp(—zk- r—zW)]coek' 
k,f 

+Ei(20co)~*[ak
z t exp(—ik-r+iut) — &_k* exp( — ikr—io)t)~](fnk), 

k 

7r 4 =l ] (20^)~^[ak s t exp(— ik-r— i^)+£_k
s exp(—ik-r+i^)]> 

and <£>„*, 7rM* are related to the Hermitian conjugates term in the Lagrangian introduces scalar mesons with a 
<pj, x M t of <pm -Ki, b y negative energy 

9*=9^ w=«t, -^-(k2+r%2)^, 
^ 4 *= _ ^4t? 7r4*= — TT^. which approaches — <*> as £ —> 0. 

In these formulas, < «k« and * = | k | - k form a right- 3 3 H a m i l t o n i a n i n i n t e r a c t i o n Representation 
handed orthonormal set of unit vectors, 

The indefiniteness of the Hamiltonian makes it very 
co- (k2+m2)*>0, v= ( k 2 + r % 2 ) ^ > 0 , (12) d o u b t f u i that after the introduction of the coupling e 

i 0 . ,i r ,. i T . r , u when different meson states are coupled, the theory can 
and Q is the normalization volume. In terms of these .„ . . . „ . , \ ' i .i • i_ 

.u.i ,• -, 4. TJ u still make physical sense. We try to remedy this by 
annihilation and creation operators H 0 becomes . , . ^ J . , . • o ^ T- i •. r 

introducing a negative metric in bee. 4. ±<or clarity ot 
# o = Z « ( 0 k ' W + s ) + Z ) c o ( a k

z W + i ) presentation, we ignore this difficulty for the time being 
k,* k and proceed with the canonical formalism. All the four 

v-» / .+ . • i \ i . -.i r /-.ox components of <pM are now regarded as canonical 
- E v ( a k ' t a k . + i )+8ame terms with a - 6. (13) c o o r 5 i n a t e s . I n t h e i n t e r a c t i o n representation, thespace-

time dependences of the operators ^ and 4̂M are the 
These formulas show that the additional ^-dependent same as that of the free ones. In terms of these operators 
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the interaction Hamiltonian becomes6 

L \dxv / \dxv IA 

HN^ /̂̂ +^V[M^ (14) 

where 

and 
\dXp / \dxv I 

gw*= ( <Pv* )-( <P»* 
\dXn / \dxv 

(15) 

3.4 Feynman Diagram 

Using the Dyson-Wick5 procedure one obtains the 
Feynman diagrams for the Lagrangian (7). The values 
of the propagators and vertices are listed in Fig. 2 
(proved in Appendix D). 

3.5 Divergenceless Current Density 

The Lagrangian (7) is7 gauge invariant. Therefore the 
current density is divergenceless. An explicit proof of 
this fact can be obtained from an examination of the 
vertices and propagators of Fig. 2, in the same spirit as 
the corresponding proof8 for the electromagnetic field-
electron interaction. In the present case, the proof is 
slightly more complicated because of the momentum 
dependence of the vertices V which generates terms 
canceled by the vertices U. 

4. NEGATIVE METRIC 

In the £ formalism, the propagator S in Fig. 2 con­
sists of two parts: a spin-one part — i(p2-\-m2—ie)~l 

X (8nv+in~2pnpv) and a spin-zero part i(p2+£~l?n2+ie)~l 

X(nr2puipv). At first sight, it might appear that the 
presence of the spin-zero part acts like a regulator; 
therefore, we might have a renormalizable theory for 

Internal photon liti 

S-V+m2-!.)-1!* 

e t^iJP+P'*, .- * ..(-"P'+P+fP-SP1),. 

U " -ie"t2Vap-(l-fi)VP 

FIG. 2. Feynman diagram in momentum representation for the 
Lagrangian (7) (see also caption of Fig. 1). 

7 Dr. T. T. Wu first pointed out the advantage of using a gauge-
invariant £ formalism. 

8 R. P. Feynman, Phys. Rev. 76, 769 (1949). 

§5^0. That this is not the case can easily be seen by 
noticing the different signs ztie in these two parts of the 
propagator. More explicitly, S can be written as 

$^S-~2iri(m~2plipv)8(p2+tlni2), (16) 
where 

S= -i{p2+m2-ie)-l{bllv^rwr2p}ipv) 
+i(p2+t1m2-ie)-l(m-2p(ipv). (17) 

The second term on the right-hand side of (16) makes 
the theory discussed in the above section divergent in 
an unrenormalizable way. In the ^-limiting formalism, 
in order to give a meaningful discussion of the limit 
£ —> 0, finite physical results must be first obtained be­
fore taking the limit. To achieve this we introduce a 
negative metric in the Hilbert space. 

4.1 ^-Limiting Formalism with Negative Metric 

We start with the identical Lagrangian given by (7), 
except that p^* and G^* are replaced by 

fW*?, 
(18) 

respectively. Following the notation of Pauli,9 we use rj 
to represent the metric of the Hilbert space. It becomes 
clear that in order to change the sign of (ie) in the spin-
zero part of the propagator S the metric rj in the 
interaction representation is chosen to be 

U= ( - ! ) " • (19) 

where Ns is the total number of scalar mesons. 
For clarity, we discuss first the free-field case (e = 0) 

and then the general case in the interaction repre­
sentation. 

4.2 Free Meson Fields 

Identical with (8) and (9) except for the replacement 
(18), the free Hamiltonian Ho for the present case is 

#o=«• ̂ *+rv47r4*+wv^/+ (v x <p) • (v x *>*) 
+ i ( t t - V ^ 4 + « * ' Vcp^—TTiV' <p~ 7T4*V- <p*), (20) 

and the commutation relations are 

[7TM(r,0,*>,(r',0]= - * M 3 (*-*"'), 
[ 7 r / ( r , 0 ^ / ( r , , / ) ] = - ^ ^ ( r - r / ) . 

(21) 

All other equal-time commutators between <pM, <^*, 7rM, 
T^* are zero. We list the explicit representation of these 

9 W. Pauli, Revs. Modern Phys. 15, 175 (1945). 
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operators in terms of the annihilation operators #kr, &kr #krt and 6k
r t (where r=t, /, s represent, respectively, the 

and their Hermitian conjugates, the creation operators, uncoupled transverse, longitudinal, and scalar mesons): 

P=2(2&*0~'[#k* exp(ik-r—icoO+&-k't exp(ik-r+ico/)]ek* 

+X)(212co)~i[akz exp(ik- r— h)t)+b^ exp(ik- YJriwt)~](uk/ni) 
k 

+ Z ( 2 ^ ) ~ * [ > k s exp(ik- t-ivt)+b-^ exp(ik- r + i ^ ) ] ( k / w ) , 
k 

<?4=]L (212co)~"*[#k * exp (ik • r—ico2) — 6_kz f exp (ik • r+hat) ] (i | k | /w) 
k 

+£(2S2*/T*[>ks exp(ik- r - ^ / ) - 6 _ k
s t exp(ik- t+ivt)~](iv/m), (22) 

^ = X)^(2^co)~*[ak
ft exp(—ik-r+zco/) —6_k' exp(—ikr— io^coe* 1 

k,t 

+ S i(20co)~^[ak
zt exp(—ik- r+ico/) — &_k

z exp(—ik- r~io}t)~]mk, 

x4=XX2£2v)~^w[akst exp(—ik- r+^ / )+5_k s exp(—ik- r—ivt)~\. 

(fn* and 7i>* are related to the Hermitian conjugates metric is, of course, a rather drastic measure. However, 
<pj, TTJ, of <pp, 7rM b y we regard this only as an artifice to make possible a 

meaningful discussion of the limit £ —»0+. A conse-
(23) quence of the positive definite H0 is that the vacu­

um expectation value of the time ordered product 

<p*=7j 1 ^ r j , 7C* = ?7 W ? / , 

where 
i? = e x p [ £ k *7r(ak

sW+&k«t6k*)], (24) 

and a?, v, ek*, k are given by (12). 
Upon substituting (22) and (23) to (20), the Hamil-

tonian Ho becomes 

HQ=Z «(ak«W+i)+E "(VW+J) 
k,t k 

^ [ ^ ( ^ ^ ( 0 ) ] is given by 

(27r)~4 / 5 txpiippX^dpodPp, 

where 5 is given by (17). 

(26) 

4.3 Hamiltonian in Interaction Representation 

+ 2 K#k s t #k 5 +i)+same terms with a—> b. (25) 
k 

In the interaction representation, the field operators 
<Pn, (fix* have the same space-time dependence as the 
free case. The metric rj remains to be given by (24). In a 

I t is important to notice that the scalar mesons now similar manner to (14) the interaction Hamiltonian 
have positive energy. The introduction of a negative Hint is given by 

+ i e / c F M , < ^ < M - ^ ^ (27) 

where 

and 
gnp= (d(pv/dXp)— (dpn/dx,) 

gw*= (d<p„*/dXp)— (d<pp*/dxy). 

From the rules for Feynman diagram it is clear that 
the theory satisfies relativistic invariance. 

(28) 

The interaction Hamiltonian is not a Hermitian matrix 
but one that satisfies 

Hh = 7] 1HinJrj = Hii (29) 

4.5 Unitarity 

Because of (29), the S matrix is not unitary but 
satisfies 

S ^ - i S ^ - S - - 1 . (30) 

If we restrict ourselves to a system of particles with a 
total energy 

E<£~*ni (31) 
In the interaction representation the S matrix for ' 

such a theory can be analyzed into sums of Feynman then by using (25) it is seen that there can be no scalar 
diagrams in exactly the same way as an ordinary theory meson in either the initial state or the final state. Thus, 
with positive metric. The values of the propagators and for the initial and final states rj = + 1 and the S matrix 
vertices are listed in Fig. 3. is truly unitary provided (31) holds. Consequently, if 

4.4 Feynman Diagram 
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FIG. 3. Feynman diagram in momentum space for Lagrangian (7) 
with a negative metric (see also the caption of Fig. 1). 

the limit £ —» 0 exists, the limiting S matrix does become 
completely unitary. 

4.6 Renormalization 

For £>0 , the propagator of W varies asymptotically 
like p~2 at large momentum. The presence of the in­
dependent term in the propagator acts like a regulator. 
Therefore, the divergencies that occur in the higher 
order Feynman diagrams can be eliminated by a re-
normalization process which is quite similar to that in 
the case of a charged scalar meson (except for the 
differences in the spin dependences). 

APPENDICES 

In the following appendices we give the detailed 
derivation of the rules^jfor Feynman graphs for the 
charged vector mesons following closely the Dyson-
Wick procedure.5 These derivations are at times rather 
complicated. For clarity we begin with the well-known 
and almost trivial case of charged vector mesons 
interacting with the lepton fields. 

APPENDIX A. CHARGED VECTOR MESON 
AND FERMION CURRENTS 

We discuss first the derivation of Feynman graph for 
the simple case of charged vector mesons interacting 
with electrons and neutrinos. 

Al . Lagrangian and Hamiltonian 

The Lagrangian density for this case is given by 

=L = CLTT "T~ w-'free leptons + £ i , (Al) 

£w= -hG^G.x-m^*^ (A2) 

£ i = / i £ , * + ^ * * * (A3) 

in which * has the same meaning as that given in (2), 

G,x = (d^/dx,)- (d^/dxx), (A4) 

J^ig-^ehiy^l+y^py (A5) 

where 

and 

and ^ 0 , &>, $x are, respectively, the field operators for 
e~, v, and W+. The dynamic equation for <£ is given by 

(dG.x/dx^-m^K+Jx^O. (A6) 

By using <£ one obtains the following Hamiltonian: 

H = Hw~\-H{ree lepton+#l> (A7) 

where 

+ ( V X ^ ) - ( V X $ ) + r f $ * ^ , (A8) 

H,= -Jfif-J^+tnr*Jj4*. (A9) 

The 3-vectors iz and n* are, respectively, the conjugate 
momenta of <I> and <I>* 

and 
Tk—iGik 

TTk* = iG±k (k=l, 2 , 3 ) . (A10) 

Because of the absence of d$±/dt and d$±*/dt in <£, the 
3>4 and $4* in (A9) are not independent variables but are 
given by 

<!>4=w~2[iV-ar*+/4], 
and 

$4* = w - 2 [ t V - * + / 4 * ] . (All). 

A2. Interaction Representation and 
Feynman Graphs 

In the interaction representation it is convenient to 
introduce the following notations10: 

<P4=imr2V'•«*, 
and 

gnx^ (dipx/dXft)— (dpp/dxx). (A12) 

Therefore, the <px and gMx satisfy the free-meson 
equation 

d 
gn\—m2<p\=0. 

dXp 

In terms of <px the interaction Hamiltonian is given by 

# i n t = # i = —Ji*<P**—JiL*<Pii—in~*jiji*' (A13) 
Using the notation of Wick,5 the propagator of W± is 
given by 

<p; (x) ^x*' (0) s <r[>M (a) vx* (0)]> ™. (A14) 

Theorem 1. 

V* 0*0 <?x*' (0) - 3 V (xj+ifn-^d^ix), (A15) 
where 

£>M (X) = [5Mx~ m~2 Wdx^dxx^Apix), (A16) 

10 Throughout all the appendices we use capital letters to denote 
operators in the Heisenberg representation and small letters such 
as <px, guv, a\, fpvj jut etc., to denote operators in the interaction 
representation. 
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AF( j»)=-i(8ir4)-1 

X I d*k [> 2 + ( m - i e ) 2 ] - 1 exp( ihx x) , (A17) 

k2=kxkx, d4k=dsk(-idk,)y and S4(x) = S3(r)S(0. 

Proof. To avoid possible mathematical ambiguity we 
shall put the whole system in a finite three-dimensional 
volume 0. (The limit Q —><*> will be carried out only at 
the end.) The field operators <pM are then expanded into 
the following Fourier series: 

v(x) = H Jl (212co)-2[#k< exp(7k-r—ioot)+b-.k
tJf exp(ik-r+ico£)]ek* 

k f=l,2 

+X(212w)~*[#k* exp(ik-r—iwO+^-k^ exp(ik-r-Hco/)](co£/W) 

and 
<Pi(x) = Y,(2a)ti)-%[_aiSi

l exp(ik-r—i<jot) — b-k
li exp( ik- r+ iw/) ] ( t |k | /m) , (A18) 

and 

continuous in time at / = 0 . However, 6AF(x)/dt ap­
proaches —idB(r) at / = 0 + and +i53(r) at t=0—. Thus 
d2[_^AF(x)"]/dt2 contains a S4(x) singularity which is to 
be canceled by the last term on the right-hand side of 
(A15). Following Dyson's method5 and by using (A13) 
and (A15) the S matrix can be evaluated. I t can be 
shown quite easily that in the calculation of S matrix, 
after converting the appropriate T products into S 

: <£v*(0)<pM(x) if / < 0 . (A19) products, the effects of the contact term —m~2j^j^ in 

where ek\ ek2, and ^ = | k | - 1 k form a right-handed 
orthogonal set of three unit vectors, co= (k2+w2)*>0 
and ak

r, #kr are the annihilation operators for the trans­
verse (r=t= 1,2) and the longitudinal (r=l) mesons. 
For definiteness, let us define 

rC^(»)^*(o)]=^(*)^*(o) if feo, 

Therefore, the vacuum expectation value of the T 
product (A 14) is given by (keeping 0 finite) 

( r [^(^)^ ,*(0)] f i ) v a c=S k (2col2)- 1exp(ik-r- icoO 

X[$ilv-qflqvnr2~] if ^ 0 , 
and 

= H k (2col2)_1 exp (ik • r+iwt) 

X[3»v-q»*qv*nr21 if / < 0 , 

where q^—io), qj=kj (j= 1, 2, 3), and gM* is the complex 
conjugate of q^. Upon converting the summand on the 
right-hand side of the above equation into a Feynman-
type integral, we find 

< r [ ^ ( x ) < ^ * ( 0 ) ] n ) v a c 

= - i i ; ( 2 7 r O ) - 1 f dh 
r h^—wr^ykv 

— m 2h\^^v 
Lkaka+(m—ie)2 

Xexp(ikpXp), (A20) 

where k^=ik^ In (A20) we neglect functions that are 
zero if t^O and remain finite at / = 0 . Taking the limit 
ft—>oo, we obtain (A15). 

I t is important to notice that 

(i) An expression identical with (A20) would be ob­
tained if instead of (A19) we define T[m<ppL(x)(pv*(0)li 
= <?M(x)<?,*(()) for*>0and Tl<pp(x)<p,*(0)l = <p,*(0)<pp(x) 
f o r ^ O . 

(ii) Because of the usual quantization procedures the 
limit limo-wo^C^/iM <P»* (0)]n)vac is not covariant. 

(hi) The presence of the term 8A(x) in (A15) can also 
be easily seen by considering the special case /x=X=4. 
From (A14) and (All) it follows that <p4'(x)<P4*'(0) is 

(A13) exactly cancel that of the term im"2b^b^{x) in 
the propagator (A15). Therefore, one obtains the 
following theorem: 

Theorem 2. The entire 5 matrix can be generated by 
considering an equivalent problem in which /7 i n t is re­
placed by11 

ffint' — J M * / * - ^ * * / (A21) 

and the propagator (A15) is replaced by 

*/* (*) ¥>x'*' (0) = l8^-m~-2(d2/dx,dxx)2hAF(x). (A22) 

Theorem 2 leads to the well-known results first stated 
by Feynman.2 The resulting Feynman graphs contain 
only one kind of vertices which connects two lepton 
lines and one meson line. In such a graph each internal 
meson line contributes only the covariant factor 

- i f o x + w ^ x X ^ + w 2 ) - 1 , 

where &M is the momentum carried by such a line. 

11 The precise meaning of Theorem 2 is as follows: Regard the S 
matrix as given by 

w=o n\ J »-=i 

In converting these T products to S products, one uses Theorems 1 
and 2 of Wick's paper5 together with the identity 

where [>/(#)]•[>,/*(:>>)]• is given by (A22). The resulting 5 
matrix (expressed as a sum of S products of <p/ and <?/*) is 
identical with the original S matrix which is obtained by using Hint 
given by (A13) and <pp(x)(pv*'(y) given by (A15). 

Exactly the same meaning applies to Theorem 3, and the two 
lemmas. 
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APPENDIX B. ELECTRODYNAMICS OF 
CHARGED VECTOR MESONS 

B l . Lagrangian and Hamiltonian 

We start with the Lagrangian10 given by (1), 

T . D . L E E A N D C. N . Y A N G 

representation10: 

and 
(A26) 

£ = -l{dAjdxv){dAil/dxv)-^G^Glxv These field operators pM, aM therefore, satisfy the free-
— m2(£ *<£ —ieKF <£ *<£ meson and the free-photon equations, 

and regard $4, $4* as dependent variables. 
Let «, «*, P, Po be, respectively, the conjugate mo­

menta of <1>, 4>*, A, and Ao(=—iAi). We have 

and 

where 
(d2ay/dx\dx\) = 0, 

TTk * = iG:4fc, 

and 
P o = - ^ o M (A23) 

where &=1, 2, 3. The Hamiltonian density H is given 
by6 

H^(V2-P^)+^{dAjdxl){dA,/dxl)+hGj^Gjk 

+ i ( w V $ 4 + « * ' V $ 4 * ) + e ( « * ^ * ~ f l ^ M 4 

(A27) 

^MV= (d<pv/dx,)—(d<pjdxv). (A28) 

In terms of (p^, a^ the interaction Hamiltonian is 
given by 

+e 2 [ ( aX ^ * ) . ( a x ^ ) - (ajgtj*) (akgik)tn~2~] 

+ieKfjk<Pj*Vk+ieKf4j($i*<pj--<pj*$4) 
+|e2/c2(<l>4*^- ^>*$4)

2+w2y*y, (A29) 
where 

f(xv= (ddy/dXn)— (dajdxv), (A30) 

and 
y = $4—<Pi—iin 2eajg4j, 

y* = <f>4*—<P4*+int~2eajgij. (A31) 

+ « ( # 4 * - # 4 * * * ) ' A + « c ( P - f e V i l 4 ) ( ^ * * - * 4 * * ) I n t h e a b o v e ? ^ a n d ^ a r e r e g a r d e d a s f u n c t i o n s Qf 

+iefcFyjfc$y*$fc+^V(*4*0-$4^*)2. (A24) ^ a/i? a n d their derivatives. The explicit forms of the 
functions <£4 and <$4* can be directly obtained by using 

In the Hamiltonian both $ 4 and $4* are regarded as (A 25)? (A26), and the following substitutions: 
functions of <I>, A, A 4, «, P, etc. By using (5) and (A23) 
we obtain 

D$4= [1 - (eic/m)2&*• ^ ] y Y - (e/c/w)2«I>• OAT*, 

Z > £ 4 * = [ 1 - (a t /w) 2** • * ] # * - - (eK/tn)2&*'<l>*N9 

where 

tnr2D = [l- (en/nt)2®*• «I>]2- (at/w)4(0*• <!>*) (<I> • <I>), 

A T = i v - j : : { c + e A - « * - ^ ^ - ( P - i V ^ 4 ) , 

and 
A r * = ^ v « - ^ A - 7 : + ^ ^ * - (P - iV i4 4 ) . (A25) 

and 
*j=tgv, irr = tg4j> 

[P j-iiddi/dxj)^ ifAj. 

B3. Feynman Graphs 

(A32) 

To obtain the appropriate rules for Feynman graphs 
we adopt the procedures and the notations used in 
Wick's paper.5 The contraction of any two operators 
A (x) and B (y) is defined to be the vacuum expectation 
of their T product in the interaction representation: 

A'(x)B'(y)^(TZA(x)B(y)2% (A33) 

B2. Interaction Representation 

In a similar manner to (A 15), many of the contractions 
between the operators <pM, gM„, etc. cannot be expressed 
in terms of covariant functions. By using (A28), (A30), 

In a similar manner to (A12) it is convenient to and (A32) we obtain the following noncovariant 
introduce the following notations in the interaction contractions: 

<pfx'(x)<pv*'(y)^&fir(x—y)+inr284»84V8*(x—y), 

d2 

g*»'(x)g«fi*'(y)z 

dxudxa 

62 S2 

-CS)P8 5 V + — — £>/*/* 
dXydxp dxvdxa 

dXpdxp 
-&vct^i[J>4fid4a<$vP~{~?>±pf>4$iia — $4n$40$vct — ^iv^Aa^n^J^ \X — y) 
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and 

fw(%)fafi'(y) = \ " Ovp~ 

d2 d2 d2 

-5 M a HM/3 • 
OXfxOXa uXpOXfl uXpUXa 

d2 ~| 
+-8va V$DF{x—y) 

dXudxpJ 

where ^^(x—y) is given by (A16), AF by (A17), and 

DF(x)= ~ ^ ( 8 7 r V /d"kik2)~ l exp(^xxx). (A3S) 

The other relevant contractions can all be expressed in 
covariant forms; for example, 

a; (x)av' (y) = ^8fiVDF(x-y)J 

g*v'(x)<P\*'(y)=(d/dx»)£>p\(%--y) (A36) 
— (d/ds„)2DMx(ff—y), 

etc. 
I t is important to notice that if /c^O the expansion of 

Hint (A29) into a power series of e actually contains an 
infinite number of terms. In principle, the rules for 
Feynman graphs can be obtained by a straight-forward 
application of the standard algebraic method5 of con­
verting the T products in the 5 matrix into the appro­
priate S products. In practice, because of the complexity 
of Hint and the presence of numerous noncovariant 
terms in the propagators, it is quite complicated to carry 
out the details. This will be done in Appendix C. I t is 
found that, similar to the simple example of the inter­
action between vector mesons and lepton currents dis­
cussed in Appendix A, much of these two above men­
tioned complexities cancel themselves. We obtain, as a 
result, the following theorem (proved in Appendix C). 

Theorem 3. The above S matrix can be generated by 
considering an equivalent problem in which Hint is 
replaced by11 

Hint= —ieati
,\_glxv'*<pv'—gliV'(pv

,*~} 

+#al/aw'[dtlv<p\*<p\ — *>/**>/] 

+ W ^ V V ' + S # , (A37) 
where 

8H= (i/2)54(0) l n { [ l - ( a 0 » ) V * < P / J 
- (eK/mYiv/v/Hvk'*?*'*)}. (A38) 

The contraction of the prime fields <?/, gM/, etc., are 
identical with that of <£>M, gM„, etc., except that all the 
noncovariant terms are now absent. More explicitly, 
(A34) is replaced by 

*>/' 0*0 *>/*' 60 = 2>*p(x-y), 

d2 

g^,'(x)g<x^'{y)=-
d2 

Jpp- -£>„ 
dx^dXa dxvdxp 

d2 d2 

H 3>M/H £>„«, (A39) 
dxvdXa dXpdxp 

etc., and (A36) remains the same as before; i.e., 

a J' (x)av'' 60 == iduVDF(x—y), (A40) 
etc. 

Theorem 3 states that except for the term dH in 
(A3 7) the effects of the noncovariant terms in the 
original propagators (A34) completely cancel those that 
are generated by the difference between Hint and — JCmt-
If K = 0 , dH = 0; therefore, by using Theorem 3, the rules 
of deriving Feynman diagrams becomes almost trivial. 
However, if K$^0, (dH) gives rise to additional vertices 
which are both divergent and noncovariant. 

These results are summarized in Fig. 1. 

APPENDIX C. PROOF OF THEOREM 3 

CI. A Simple System of Harmonic Oscillators 

Let us consider a problem of N harmonic oscillators 
whose coordinates are Qi, Q2 * • •, Qn and frequencies 
«i=-co2= • • • = 1. The Lagrangian for this system is 
given by 

L = LQ+Lh (A41) 
where 

IdQdQ 

2 dt dt 
-hQQ, 

ldQ dQ ldQ dQ 
U= A—+- —B+\B~+C, 

2 dt dt 2 dt dt 

Q = 

GO 
ft 

IQN\ 

(A42) 

Q is the transpose of Q, A is a symmetric (NXN) 
matrix and B, C are, respectively, matrices of dimension 
(iVXl) and (1X1). All three matrices A, B, C are 
functions of Q (but do not explicitly depend on dQ/dt). 
The conjugate momenta P and the Hamiltonian H are 
given by 

P=(l+A)(dQ/dt)+B 
and 

H^P(l+A)^P+±QQ-lP{l+A)^B 

-±B(l+A)-ip-C+iB(l+A)-'B, (A43) 

where 1 is the (NXN) unit matrix. 
In the following we discuss the perturbation series in 

which A, By C are treated as small but arbitrary func­
tions of Q. I t is convenient to use the interaction 
representation, regarding 

H^H-\PP-\QQ (A44) 
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< T [ « { t ) S ( t ' ) ] ^ e - t ^ » ( t - ^ - l « t - f ) 

* T7A
 q* 

+ -fTGWF-

FIG. 4. Propagator 
and vertices for the sim­
ple system discussed in 
Appendix C2. The dot 
over q{t) denotes a time 
derivative. 

where n and m vary from 1 to N and 

s(0 = e x p ( - i O for / ^ 0 
— exp(U) for ^ 0 . (A50) 

As in the previous case of vector mesons, (A49) states 
that the contraction between time derivatives of qn and 
qm differs from the time derivatives of the corresponding 
contraction. We now state the following lemma: 

Lemma 1. The S matrix of this problem can be 
generated by considering an equivalent interaction 
Hamiltonian11 

\/d 
fli'—-T 

as the interaction Hamiltonian. For clarity, we intro­
duce in the interaction representation10 

- * s ( / ) -
C+8H, (A51) 

-C-

Therefore, 
dq/dt^P. 

where 5H=^i8(0) t race[ln(l+^4)] and A, B, C are the 
same functions as before (but replacing q by q'). The 
contractions between q' and dq'/dt are given by 

(A45) 

The explicit time dependences of q and dq/dt are given 
by 

ff»=(l/^)(an(r«+ant««) 
and 

dqn/dt= - (i/V2) (antrtt-aje"), (A46) 

where an and a J are, respectively, the annihilation and 
creation operators for the nth harmonic oscillator 
(n— 1, 2, • • -N). In terms of q and dq/dt the interaction 
Hamiltonian Hi becomes 

1 do dq 1 dq 
Hx= A (1+.4)- 1 (\+A)~lB 

2 dt dt 2 dt 

dq 
-ig(HM)-1 C+±B(l+A)-iB. (A47) 

dt 

We observe that the vacuum expectation values of 
the various T products in the interaction representation 
are given by 

(r[gn(0gm(0)])va*=^n ws(0, 

and 

fdqn T m=v ds 

dt 

~dqn
r -]Tdqm' 

[M- dt 
(0) "§5„ 

d2s 
n • 
dt2 

(A52) 

I t is important to notice that the term —i8nmd(t) in 
(A49) is omitted in (A52) and that Hi is essentially the 
same function as —L\ except for the extra term 
§«(0) t r a c e [ l n ( l + ^ ) ] . 

C2. Proof of Lemma 1 

To prove the lemma we consider the usual power 
series expansion of the S matrix in the interaction 
representation 

71=0 

where 

^ n~ 

(-*)" 
TZILH^dtil. (A53) 

and 
(T[(dqn/dt) (0?m(0)])vac= \hnmds/dt, 

(A48) 
In converting the above S matrix from T products into 
S products, let us concentrate on the developments due 
to the conversion of T]^dqn(t) / df\fcdqm{f) / dt]t'\'. 

/ rdqn dqm ~\\ 
IT — (o—(o) ) =**„ 
\ Ldt dt J / v a o 

dqn dqm 
, — W — ( 0 ) 
Ldt dt 

dqn dqm 
: — ( 0 — ( 0 ) : 

dt dt 

d2s 
= ~¥nm tinm*(t), ( A 4 9 ) 

dt2 <i dqn dqm ~ ] \ 
— ( * ) — ( 0 ) > . 
dt dt A' vac 
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We use the graphical method that only the contrac­
tion between dqjdt and dqm/dt is represented, but 
all other contractions such as \jqn(t)~]'\iqm(fy~]' and 
L^n(i)/df\t'Zqm(0)']' are suppressed (i.e., not repre­
sented explicitly in the graphs). In Fig. 4 the propagator 
[dqn(f)/dt\t'[dqm(t)/df\t'' is represented by two terms: 
a straight line which stands for — %5nmd2s/dt2 and a 
"spring" for the second term — i8nm8(t) in (A49). There 
are three kinds of vertices which correspond, respec­
tively, to the terms -\(dq/dt)J.(\-\-A)"1 (dq/dt), 
- (dq/dt) (l+A)~lB, and l-C+^l+A^Bj The 
present problem then reduces simply to one of summing 
over all diagrams which contain different numbers of 
springs but otherwise are of similar topological struc­
tures. These sums are illustrated in Fig. 5. 

To understand the sum I in Fig. 5, let us define 

1 da dq 
I 1 = ^ (1 + ^ ) - ! - , 

2 dt dt 

which contributes a term (—i)flidt in Si. In 6*2 there 
is a corresponding term — if\idt that arises from the 
following contraction: 

C(-*)V2!] / dtdt'\ — -A{\+A)-^{i)\ 
Idq 

j 

2 dt 

X 
2L dt J 

A(l+A)~l 
dq 

dt 

in which one substitutes only the — ib(t—t') part of 
(A49) for [dq(t)/dQt'[_dq(t)/df]t>'- There are altogether 
four such terms due to the four different ways of 
selecting (dqi/dt)(dq3-/dt) out of the product [dqn(t)/df\t 

Xldqm(t)/dt]ldqnf(t)/dt]t^dqmf(t)/dQt^ Thus we find 

1 dq/ A \2 dq 

2dt\l+A/ di 

Similarly, it is easy to prove that there is a corre­
sponding term (—i)flndt in Snj where 

ldq\ 
-tn.— 

2dt 

' A ~\ndq 

.1+^J di 

The total sum of all these diagrams is given by 

oo 1 dq dq 
I=EI,= A-, 

=̂1 2 dt dt 
(A54) 

which contributes a term (—i)fldt to the entire S 
matrix. Identical arguments hold for cases in which I 
appears only as a part of a bigger diagram. The result of 
eliminating — ih (t) term in the propagators in I-type dia­
grams is simply to replace —\(dq/dt)A (1+A)~] (dq/dt) 
in the interaction Hamiltonian by — J (dq/dt) A (dq/dt). 

. - h + i« + i , + 

= 1 1 , + n 2 + n s + 

- in, : + m2 + m5 + 

« - <* • < £ > . • <Q • 

FIG. 5. Sums of certain diagrams discussed in Appendix C2. 

To understand the sum I I in Fig. 5, let us consider the 
term (—i)J*IIidt in Si, where 

dq 
I I i = — (1+A)^B. 

dt 

By using almost identical arguments as that used in the 
sum I, it is easy to show that there is also a corre­
sponding term (—i)fllndt in Sn, where 

IIn=-(dq/dt)(l+A)-ilA/(l+A)l»-iB. (A55) 

Thus, summing over n we obtain 

n=£n.= — B . 
w=i dt 

(A56) 

In the sum III, the term IIIi is given by 

111!= -C+±B(l+A)-iB, (A57) 

which contributes a term (—i)flllidt to Si. In 6*2, let 
us consider 

(~i)2 f{ Y<% 

(l+A)-lB \dtdt', 

and again substitute only the —ib(t — tr) term for the 
contraction. The result gives a term (—tjfllhdt in S2, 
where 

III2= - J5 ( l+A)~ 2 B. (A58) 

Similarly, the diagram IIIn contributes to Sn a term 
(—i)fIIIndt, where 

IIIn=-^S(l+A)~nAn-2B (»^2). (A59) 

Summing over n, we obtain 

m= E ni„= - c . (A60) 

file:///dtdt'
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To understand IV, let us consider in Si the contribu­
tion of 

in which only £—i8nm8(t)2 is used for the contraction. 
This results a term (—i)J*IVidt in Si, where 

IVi= +iid(0) trace[il/(l+i4)]. (A61) 

Similarly, it can be shown that the diagram IVn in 
Fig. 5 contributes a term (—i)fIYndt to Sn where 

IVn= +4t8(0)«r1 t race[^/( l+-4)]n . (A62) 

The factor n~l is due to the cyclic symmetry of the 
diagram IV». Summing over n9 one obtains 

IV= E IV„=i*8(0) trace[ln(l+^)]. (A63) 

It is easy to see that identical sums can be performed 
for any part of an arbitrary diagram in which — idnm8(t) 
occurs in the contraction [_dqn{t)/df\t'[dqm(t)/df]^. The 
result of such sum is Lemma 1. We recall that, since A 
is a function of q, IV is not a constant. 

Both Theorems 2 and 3 are direct consequences of 
this lemma. The last term ^'5(0) trace[ln(l+^4)] in the 
lemma is the cause of the existence of (dH) in Theorem 
3. This is connected with the fact that the dependence of 
<Pi on iV-7r* makes the extra-magnetic moment term 
ieicFpV(pp*<pv to behave like — % (dq/dt)A (dq/dt) in the 
lemma. The detailed steps leading from Lemma 1 to 
Theorem 3 are still somewhat involved and are given in 
the subsequent sections. 

C3. Generalization of Lemma 1 

The case of vector mesons discussed in Theorem 3 
differs from the problem of harmonic oscillators treated 
in Lemma 1 in several essential aspects. Comparison 
between (A26) and (A45) suggests that <p4 and <p4* of 
the vector mesons fields behave like dq/dt of the har­
monic oscillators. Yet, two main differences exist: 

(i) The noncovariant term im~2d4^4V^(oc) in <p^(x) 
X <pv*' (0) [given by (A34)] does not exactly correspond 
to the term —idnm8(t) in \jiqn(t)/dQt[dqm(t)/dt]o which 
is given by (A49). 

(ii) In Lemma 1, (H\—bH) is the same function as 
—L\ if one replaces dq/dt in (—Li) by dq'/dt and q by 
qr. The analogy between <p4, <P4* and dq/dt might suggest 
that in the case of vector mesons one could first regard 
— <£int as a function of <p^ <p»* through the relations 
$4=$4(£V,£vV * *) and<l>4*=<l)4*(̂ M>̂ M*)* • *) and then 
replace in — £int all <£>, <pM* by <p/ and ^ / . The resulting 
function would, however, be completely different from 
(Hint'—dH) given by (A37). Rather, Theorem 3 states 
that (Hint'—dH) is the.same function as — <£int only if 
in (— <£int) the variables $M and 3>M* are replaced directly 

by <Pf/ and <£>/*. (The same is true also for Theorem 2 
for which the term corresponds to 521=0.) 

Because of the above differences between <p4 and 
dq/dt, Lemma 1 has to be generalized. 

Consider a problem in which the interaction Hamil-
tonian is given by 

#int= ~hU {\+A)-hp-h${\+A)~iB 
-±B(l+A)-^-C+±B{\+A)-lB, (A64) 

where \p consists of N local Hermitian operators: 

*= Kf} L (A65) 
WN(X)} 

A(x) is a symmetric (NXN) matrix, B is a matrix of 
dimension (A"X 1) and C is (1X1). The matrix elements 
of A, B, C are local operators. Let M(x—y) be the 
contraction between \p(x) and $(y), 

f(x)ft(y) = M(x-y). (A66) 

The following lemma can then be established.11 

Lemma 2. The S matrix of the above problem can also 
be generated by considering an alternative problem in 
which (i) the Hint in (A64) is replaced by 

#mt'= -WAV-WB-W-C+m, (A67) 
where 

8H=%i8*(0) trace[ln(l+^)], (A68) 

and (ii) the contraction (A66) is replaced by 

V* i*W' GO = M(x-y)+i5*(x-y). (A69) 
All other contractions such as that between \f/ and A, B, 
C remain unchanged, except for the formal replacement 
of yp b y ypf. 

Proof, The proof of Lemma 1 can be used directly to 
prove Lemma 2 by simply changing dq/dt into ^. 

It is useful to observe that the functions Hint(\f/) and 
Hintty) are connected by a simple transformation 
similar to the usual Legendre transformation relating 
Lagrangian to Hamiltonian. Define 

GW)^-HiJW)+bH 
= ±$'Af'+BiP'+C (A70) 

and 
dG 

*a^a'+ ( a= l ,2 , ..-AT). (A71) 

In (A70) and (A71) \p and $' are considered to be c-
number vectors. The function Hint (\p) is, then, given by 

iv / dG \2 

J W * ) — J E —7) - W ) . (A72) 
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C4. Proof of Theorem 3 

In a similar manner to (A70), let us define 

It is straightforward (though somewhat tedious) to 
show that the function H\nt (A29) is related to G by 

(A73) Hm 

where Hlnt is given by (A37). Let us formally regard in 
(A73) fa', <pl, <p/*, g4j', gi/* as 11 independent c-
number variables and all others such as p, <p'*, gif, 
gi/*, etc. as constants. In terms of these 11 variables the 
function G becomes 

G(Uf><pl,<pl*,gif>gi/*) 
= [ - 02a • a) <p( * <pA'+ (ieaj)gi/ <pA

f * 
- ( i«*/W V / + (ieK<pj*)fif<pA'- (letup j)fa'<pl*2 
+ [ ( ^ 4 a - $>*)<£>/+ (#a/fr* <p)<pl* 

- (ieaA<ps*)gi/+ (iea4<pj)g4j*2+C, (A74) 

where C is a constant given by 

C=ieaiZgij*<pj—ga<Pj*~]-eW<p' <P* 
-ffrXd-iiXrt-iefi&i*^ (A75) 

In both (A74) and (A75) the values of the "constants" 
v', *>'*> gi/> gi/*> *', &l, Ui a r^ set to be *>, ?*, gih gt7*, 
a, <z4, and /# , respectively. 

Similar to (A71), we define 

tpt=<pl-{dG/dtpl*)(l/m*), 

<pA*=<pl*-(dG/d<pl)(l/m*), 

i / a G \ / dG dG \ 

d<pl*J 

/ dG \/ dG \ 1/ dG \ / dG \ 

\dgi/J\dgA/*J 2\dfa'J\dfa'J 
where the 11 primed field variables are regarded as 
functions of the unprimed variables by using (A76). 

In order to use Lemma 2, we define 11 Hermitian 
variables ^i, • • -^n by 

^ / = ( l / V 2 ) [ g « ' - g 4 / * ] , 

^6+/=-; ( lA2)[g4/+g4/*] , 

and 

and 

gn=g*/-(&G/dgi/*), 

gii^gi/*-(dG/dgi/), 

f*i=f*/-(dG/dft/). (A76) 

(A78) 

where J —1, 2, 3. Regarding G as a function of ^ / , we 
find that equalities identical with (A78) hold between 
$h " "^n [which are defined by (A71)] and fa, g4j, 
gij*, <p4 and (p4* [which are defined by (A76)]. There­
fore, (A77) implies the validity of (A72). Furthermore, 
we notice that comparison between (A39) and (A34) 
shows that (A69) is satisfied. 

Theorem 3, thus, becomes a special case of Lemma 2 
provided one can show that the 8H given by (A68) is, 
indeed, equal to (A38). 

By using (A70) and (A74), the symmetric matrix A 
is found to be 

A = 

0 0 0 
0 0 

0 

0 
0 
0 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 
0 

0 
0 
0 
0 
0 
0 
0 

0 
0 
0 
0 
0 
0 
0 
0 

0 
0 
0 
0 
0 
0 
0 
0 
0 

Ri 
R2 
Rz 
0 
0 
0 

(eai/ni) 
(ea^/m) 
(eaz/m) 

(e2a - a/m2) 

h 
h 
h 

— (eai/m) 
— (eai/m) 
— {eaz/m) 

0 
0 
0 
0 

(e2a • a/m2)^ 

(A79) 

where 

and 
i?i=(«c/ffi)(l/v2)(^*+^), 

Ij-iieic/fnXl/Witf-n) (y=l , 2, 3). 

Utilizing the identity, 

t racepn(l+i4)]=ln(det | l+i l | ) , 

APPENDIX D. DERIVATIONS OF FEYNMAN 
RULES IN ^-LIMITING FORMALISM 

In the ̂ -limiting formalism the interaction Lagrangian 
contains only a single time derivative of the electromag­
netic field. Therefore, the results given in Figs. 2 and 3 
can be directly obtained by using Lemma 1 and setting 
the matrix 4̂ = 0. 

APPENDIX E. REMARKS ON THE ORIGIN OF 
54(0) TERM IN FIGURE 1 

one finds that (A38) is true. Theorem 3 is, therefore, It is clear by comparing Figs. 1 and 2 (or Figs. 1 and 
proved. 3) that for a given process, to the lowest order in et the 
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(o) (b) (0 

FIG. 6. Feynman diagrams for self-energy of mesons 
(discussed in Appendix E). 

Feynman diagram does not contain any closed loops and 
therefore has the same value in the ^-limiting process 
when £ —•» 0 as in the usual canonical formalism. 

For higher order Feynman diagrams, the additional 
vertices of Fig. 1 carrying factors 54(0) which are infinite 
must be included. They are explicitly noncovariant 
under Lorentz transformations. The origin of these 
noncovariant terms is the nonidentical treatment of the 
space and time components of the meson field in the 
usual canonical formalism, as we now illustrate in the 
following example. 

Consider the self-energy of a meson to the order e2. 
There are three Feynman diagrams that contribute, as 
illustrated in Fig. 6 where the cross in (b) stands for the 
additional vertices of Fig. 1. The most divergent terms 
come from (a) and (b). They are, respectively, per unit 
volume, 

iK2e2 f k25ap—kakp 
Aa=-—<Pfi*<pal ^ —-dskdk0, (A80) 

and 
(2TT) 4 W 2 - (p+k)2+m2 

i/cW(0) 
~<P '<?• (A81) 

wr 

We can make the same calculation using the ^-limiting 
formalism. Only diagrams (a) and (c) contribute, and 

the most divergent term comes from (a): This most 
divergent term can be written as 

where 

la~Aa -<pp*<pa / Ad*kdk0, (A82) 
(2TT)% 2 J 

A = -
k28ap—kakp k2Jrm2 

(p+k)2+m2 k2+^-1m2 
(A83) 

which is covariant. 
Let us now evaluate the integral in (A82) by first 

integrating over ko, then making £ —> 0. Now, 

and 
A^ — k2/£0

2 as &o— >0° for a=./S = 4 

A~l as &o—*°° for a = 3=l, 2,3. 

Thus, as J -> 0 

Adk0~» I dk0 for 0:=^= 1, 2, 3 

^ 0 otherwise. 

It is clear that if we evaluate the integral in (A82) by 
first integrating over ko, then taking £—* 0, then 
integrating over k, we obtain 

(A82)=(A80)+(A81). 

This example illustrates the fact that the ^-limiting 
formalism is an explicitly covariant method which is 
more convenient than the canonical formalism. 


