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Perhaps this could be observed in a case where our
model might have some applicability, such as, e.g.,
quadrupole relaxation of a nucleus in a liquid.

6. DISCUSSION

In the foregoing, we have shown how some simple
quantum mechanical problemsinvolving random Hamil-
tonians can be solved without reference to perturbation
theory.. As is apparent from the example of the two-spin
system, the limitation of simplicity is very severe:
Reasonable equations can be expected only if the unitary
transformation, generated by the Hamiltonian, depends
on a small number of independent parameters.

A possible application of our method for more com-
plicated systems is its use in combination with pertur-
bation theory. We have not belabored this point here,
because the system analyzed in the following paper
illustrates it sufficiently.

We have confined the discussion to Markoffian sys-
tems, but a generalization to include non-Markoffian
stochastic variables could be obtained in analogy with
the classical theory of non-Markoffian processes.’* Such
a generalization would be more realistic than our
present models. From this point of view it would also be
desirable to extend our method to include a coupling of

10 R, Bourret, Can. J. Phys. 38, 665 (1960).
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the small system to a large but random system, such as
the phonons.* This would presumably allow one to in-
clude the temperature as a parameter in the stochastic
equations. We hope to return to this point in a later
publication. In conclusion we want to point out that the
classical counterpart of our Fokker-Planck equation can
be obtained readily. For the model treated in Sec. 2,
e.g., we consider to this end the equations of motion of
the expectation values (S(/)). From Eq. (4) and from
the fact that in our representation {(S,(0))=(S,(0))=0,

one obtains
(S;5(0)= Ao (1)(S-(0)).

As Ajois independent of ¢, this motion can be described
by the distribution function p(8¥,t)= S P (8,04, )de. p
satisfies a Fokker-Planck equation obtained from Eq.
(24) by dropping the terms in 4/d¢.

This classical equation describes fully the time de-
pendence of observables in a free-precession experiment,
but should not be used to calculate dynamical effects
connected with other interactions.
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The relaxation of a system of two inequivalent spins (S=%, I=3) with two noncommuting time-
dependent interactions, i.e., a randomly modulated dipole interaction, and a fluctuating local field acting on
one of the spins (S), is discussed. The influence of the fluctuating field is treated exactly in terms of a Fokker-
Planck equation, which is described in the previous paper. The dipole interaction is then treated with
perturbation theory. This gives, in all detail, the time-dependent transitions between the levels established
in a constant external field. It is shown that rate equations are insufficient to describe the transitions, and
that in weak fields a resonance phenomenon can occur. This resonance is studied in some detail with Green’s

function methods.

1. INTRODUCTION

N the following, we discuss the relaxation of a system
of two inequivalent spins, S=1/2 and I=1/2, with
randomly modulated dipole interaction, in which one
of the spins, S, also takes part in an independent
relaxation process. In a recent paper,! the Overhauser
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17. Korringa, D. O. Seevers, and H. C. Torrey, Phys. Rev.
127, 1143 (1962).

effect in such a system was analyzed from a phenomeno-
logical point of view. Such a treatment assumes the
validity of rate equations, which describe the time
dependence of the population of the states, established
in a constant magnetic field, due to spontaneous
transitions. It also presupposes a knowledge of the
rates in these equations. These are not easy to come by,
with the exception of one special combination which
describes the rate of transitions of the spin [ regardless
of the transition of spin 5.2 An attempt to evaluate the

(12 N.) Bloembergen and L. O. Morgan, J. Chem. Phys. 34, 842
961).
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correlated transitions of the spins with use of the
formalism of Kubo and Tomita® has met with only a
partial success.* This is mainly due to the fact that this
application is based on a perturbation expansion. In
the presence of two noncommuting interactions, as in
the present system, this leads to an expansion of one
of the perturbations in terms of the other, unless one
succeeds in summing the series.

We will employ a different approach. We take the
simpler of the two interactions and treat this in an
exact manner in terms of a Fokker-Planck equation.’
This leads to a new Hamiltonian in which randomly
varying spin operators appear. This Hamiltonian is
obtained in Sec. 2. In Sec. 3, we use a perturbation
expansion with this Hamiltonian and calculate the
time-dependent transitions. In Sec. 4, this result is
approximately interpreted in terms of relaxation rates,
with the help of phenomenological rate equations. A
resonance phenomenon is uncovered which, in Sec. 5,
is treated with a self-consistency method. The resulting
expressions are discussed in Sec. 6.

2. THE INTERMEDIATE REPRESENTATION
We consider the Hamiltonian
JC=3Co+3C1+3Cs,
Ho=vHS.+v~HI,
3e1=7v.V ()-8,
Jo=vynl-®()-S.

1

Here, V(¢) is a random field which, in our model, causes
the relaxation of the spin S. The tensor @(¢) is the
dipole interaction, which has a random time dependence
with characteristic time 7.,. We will use the conventional
raising and lowering operators:

Se=%(S.=15,),
I:tz%(lx:‘:i]y)y
The corresponding components of V(£) and ®(¢) are

SOZSzy

Vi=V,FiV,, Vo=V, 3)
&, .= —3r 3 sin®} exp (F21(),
&, 0= = — 37 sin cos? exp (Fi{), 4)

Bgp=—P =7r"3(1—3 cos®¥),

where 7(£), ¢(¢), and {(¢) are the polar coordinates of
the distance between the spins.

We now transform to the interaction representation,
which eliminates 3Co. This gives

30i=5C i3y
=7V (@) -S*(O)+vaynl’(t)- @-8°(1), )

3 R. Kubo and K. Tomita, J. Phys. Soc. Japan 9, 888 (1954).

4J. S. Dohnanyi, Phys. Rev. 125, 1824 (1962).

8 A. Yoshimori and J. Korringa, preceding paper [Phys. Rev.
128, 1054 (1962)7].
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where
S () =S exp (k)

IO(t)=1} exp(tkwt), 6)

E=+,—,0, Q=v.H, w=vyy.

Next we transform to the ‘“‘intermediate” represen-
tation, in order to eliminate JC:¢(f). Let #(f) be this
transformation. It satisfies the equation

—ihdu/di=u3C, (1). @)

% is the unit operator with respect to the spin I. This
transforms the operators S°(¢) to

S' (1) =uS(D)u, ®)
and leaves I°(¢) invariant. The Hamiltonian becomes
3¢ =30 =y ynI°(t)- ®(1)-S (). 9)

The time dependence of S’(¢), as given by Eq. (8),
has been discussed in the preceding paper. It was there
shown that, when % () of Eq. (7) is written in parameter

form as 0 8()
w(i)= <—5*(¢) o (t))’ 1o
with
a=cosif exp[3i(e+¥)], 11)
B=1sin3f exp[3i(o—¢)],
the variables 8(¢), ¢(¥), and ¥ (¢) satisfy
(6—i sind @) exp (i) =7,V () exp(—iQ), (12)

Y+cost o=7.Vo(t).

The solution of the stochastic equations (12) was then
obtained in terms of a quantity P(8,¢,¥,00,00¥0,t)
= P(x,%0,t) which is the probability that the variables
change from the values x at t=0 to the values x at
time ¢. P is normalized by

fP (2,%0,0) sinf dPx=1, (13)
it obeys the initial condition
sinfy P (x,%0,0) = 6% (x— o), (14)
and satisfies the Fokker-Planck equation
dP/dt=5(P), (15)
where
F=(1/47) (K*K+KK*)+ (1/270)8%/9¢*  (16)
with

K=¢%[9/30—1(sinf)(3/9 p— cosfd/dY)]. (17)
71 and 7¢ are given by

1/ mi=ory XV (140Q%?) 7,

(18)
1/7'0=¢T0’Ye2<Vz2>¢,



1062 7.

where o1 and o are the correlation times of V, (and
V,) and V,, respectively. The familiar relaxation times
Ty and T of the spin S due to the perturbation V(¢)
are given by

1/T1= 1/T1,

1/To=1(1/70+1/71).

The transformation (8) can be expressed more con-
veniently in the form

(19)

S/ O)=>1 A;()Sk exp(ij), 7, k=-+,—,0. (20)
Using Eq. (10), this gives
Ais=%(14cosf) exp[+i[¥+ )],
Azz=3(1—cosf) exp[£i(¥— )],
A po=TF%isinf exp (1Y), (21)
Aor="F1sinf exp (i),
A oo= cosh.
The A ;i are eigenfunctions of &, satisfying
FAp=—ND4
Ik oky (22)
)\(0)'—‘ 1/T1, )\(i)= 1/T2
Substituting Eq. (20) and Eq. (6) in Eq. (9) and putting
wjkzjw—l—kQ, (23)
the Hamiltonian becomes
3 =voyn > B (t) exp i) Apn()I,S,.  (24)

3. PERTURBATION EXPANSION WITH 3¢’

Tinally, we transform to the Heisenberg represen-
tation. If U(¢) is this transformation, the states ¥(¢)
in the interaction representation and W¥(0) in the
Heisenberg representation are related by

W (0)=U(Ou()¥ (). (25)
U (1) satisfies

—hdU /dt= U3, (26)

The Eqs. (24)-(26) will now be used to obtain the
changes with time in the population of the four states
of the spin pair. We denote these states ¥,= (¥y,- - - ¥y)
=W, ., ¥, V_, ¥ ) respectively, where the first
index refers to the eigenvalue of .S,, the second to I..
Taking #(0)=U (0)=1, the probability that, at time ¢,
the system has made a transition from the state ¥, to
W, is given by

D)= (] G OV 0)oul),

where (( )) signifies the average over the ensemble of
all spin pairs which are in the same state at t=0. It is
therefore an average over the two types of random
motion in the system, with the restriction that #(0)=1,
i.e. that A]k(()) = Bjk.

A perturbation expansion of Eq. (26) gives:

27)
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Uy=U(0)+ (i/h)U(O)/ 3¢’ (¢)dt

t ¢
+(i/ﬁ)2U(())/ dr’ GC’(t’)f dt3C (to)+---.  (28)
0 0
Inserting this in Eq. (27) gives
Dyv:Dyve+Dpvd+Dluvd; (29)
Dyye={lup™ (D1,
t 2
D=1 [ St [ sertrir] ),
° (30)

Dlwdz —h_2<<2 Re Z)\')\/ Uy (t)%,t)\_l (lf)

t t’
X / dr / dto 50\ (t')JC'w(lO)>>-
0 0

The first term in Eq. (29) is due to the motion of .S in
absence of the dipole interaction. It is described,
without approximation, by the Fokker-Planck (F-P)
Eq. (15). The second term comes from the square of
the first-order term in Eq. (28), while D¢ is the cross
term between # and the second-order term of U. The
latter contributes only to the transitions 1+<> 3 and
24,
D? will be evaluated for a time satisfying

e, D)K. (31)

Here o is the correlation time of the field V(¢); the
inequality £2>¢ ensures the applicability of the F-P
equation. The second inequality is needed in view of
the approximation (28). We assume that the inequali-
ties (31) can be satisfied simultaneously. The conditions
on the time ¢ relative to the times 7,, 7%, and 7' will
be discussed presently.

Equation (30) gives

D, (H)=2k2Re Y <<u,,y(t)uvr1 O]

X/tdt’/ﬂ dty JC’;\,L(t’)JC’,,u*(tO)>>. (32)

The integrand contains factors of the form
(B (1 )®Pim* (10)) exp[i(wjrt’ —wimlo) ],

averaged over the relative positions of the spins. Of
these, only the terms with j=/, k=m need to be
retained. The others, in so far as they are not zero on
account of Eq. (41), contain, in the periodic part, ¢
and ¢, multiplied with different frequencies. This gives,
as will become clear in the following, contributions to
D which are periodic in time and which are negligible
compared to contributions from the other terms.
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We can, therefore, write
(P () Prm* (o)) = fir exp[— (¢' —to)/7cJ8j10km. (33)
The constants fj; follow from Eq. (4):

24
Jex= “S—<7"6>,

6
fro= fop= g(f“’% (34)

4
Jex= foo= 3(7"6>-

With use of Egs. - (10) and (21), the products
#n()un"1(f) can be expressed in terms of the Ajs.
Note that % is the unit operator with respect to the
spin I. These expressions are linear, but some contain
1 as an additive constant. As a result, D,,? can be
expressed entirely in terms of the 4 ;. We find

Dt () =31y 2yn? Re< / t ar / ' dty X,”(t,t’,to)>, (35)
o Jo
Xio=3% 2 (M ;+N;) (eri+ ¢-i),
X13=22(M;—N;) ¢0j,
(36)
Xu=2(M;—Nj)e_j,
Xos=2(M;—N;) psjy
Mi=3[4;0@)Aj0*(to)+A4;- () A;-* () ],
Ni=3[A0- A7) A;-*(to)
+A40 () A4;-() A 50*(t) ]
+3400(O[Aj0(t") A 0* ()
—A;-()A;*@)], 37)
o= frj exp—wi; (' — 1),
wr=1/T.—iwk;. (38)

For D',,? one finds an expression similar to Eq. (35),
with X1y'=X1,/=X,’=0. The explicit form of X3’ is
easily obtained, but D’'¢ will not be needed in the
following.

A typical contribution to D is proportional to

Zwaranl)= <Aa(t) / L f o A () A1)
Xexp[—w (' — lo)]>. (39)

The relations between the A’s at different times are
expressed by the probability P, which satisfies Eq. (15).
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Therefore, writing p(x)=sinf, we have
Z(H)= / / / @xedix’ dPx
t t’
X / dt’ / dty p(a0) P (260,0,10) A uy (a0)
0 0
Xp @) P (&, w0, ' —to) Ao ()
Xo@)P(x, ', t—1t') A o(x) exp—w({ —ty). (40)

In order to carry out the time integration, we
introduce the Laplace transform of P(x,xo,t), defined by

P (x,x0,0) = / e~ P (x,x0,t)dL. (41)
0

From Eq. (15), we have
fw e (dP/dt)di=—P(0)+vP (v)=F[P(v)]. (42)

Using the initial condition (14) we obtain the trans-
formed F-P equation

p(xg)P(x,xo,T)) = (7)—— 3-)—153 (x——xg), (43)

where  differentiates with respect to the variables «.
The inverse of Eq. (42) is

1 et+io0
P(w,w0,t) =—— / €?tP (x,20,0)dv, €>0. (44)

e

— 100

Introducing this in Eq. (40) and integrating over f
and ¢, we obtain

Z(t)= (21ri)*3// [dvodv’d'uL(—vo, —v', —u, f)
JJ

X [ / / Aoda’ daeA oy (x0) A o (") A o ()

X[ (wo—Fe)~6 (o) JL (0" — )76 («" — o) ]
X[@=g)"8@x—a)], (45)
where
e—vot__ e—M

L(vo' v,0)=
(w—1vp+2") (v—12)

e—(v’+w)t_ et

+ .
(w—vo+2") (w—ov+2")

(46)

The integration over x in Eq. (45) can now be carried
out, because the operation F is Hermitian and A,.(x)
is an eigenfunction of §:

FA o(2) = —Nod o(x). (47)



1064 J.

The result is obtained by replacing the last factor in
Eq. (45) by (v4+A.)~%, and by replacing A.(x) by
Ao(x"). In order to carry out the «’ integration, the
product A (¥")A4.(x") must be decomposed in eigen-
functions of &. Let

A (x/)A a(x,):z @ﬂ(x/>a (48)
S'Gﬁ(x') = "-)\5@,9(90/).

For each term in Eq. (48) the «’ integration can be
done. Finally, with

A ag(20) g (20) =2 @y (x0),

FoQy (20) = — Ny @y (w0), (49)
we can also do the «, integration. This gives
Z()=(2m) %> 5,y @7(0)///dvodv’dv

XL(=vg, =", =1, £) (0o+Ay) (¥ +Ng) !
X @+ra)™ (50)
The complex integration then gives, when N7\, :
ZO) = Zﬂ,‘Y Qy (O)L (}‘7))‘5y>\¢¥7t)' (5 1)

The value for Ao=M\, can be obtained as the limit
Ae—>N,. The result arising from the various terms M;
and N; in Egs. (35)-(37) is as follows:

Z[M  ]=%L(0\2,0,0)FL(A\1,\2,0,8),

Z[M]=%L0,11,0,0),

Z[N )= —2LA1 o\ ,0) =75 L (0N 2\ 1,8)
+EL3 A 00), (52)

Z[No]=3L1,0\,0),

where
}\1=1/T1, )\2:1/T2, >\3=3/T1 (53)

The contributions to D,,? in Eq. (35) are obtained by
multiplying Eq. (52) with the proper factors o; as
shown in Eq. (36). This means that the expressions
(52) are to be multiplied with a factor fx;, as indicated
by Eq. (38) and as given by Eq. (34), and that the
corresponding value of w is substituted in L from Eq.
(38). When N\,=M\,, the first term in L is proportional
to ¢. All other terms are either constant or exponential
in ¢ Finally, we must take the real part of these
expressions.

4. EVALUATION OF THE TRANSITION RATES

Because of the appearance of two types of transitions
in the system, viz., the ‘S” transitions characterized
by the rates A and the transitions due to the dipolar
interactions, the interpretation of Eq. (52) in terms of
relaxation rates requires a little care. Customarily, one
defines transition rates from the values of the time
derivative of quantities such as D,, in a time range
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where they vary linearly with ¢ In the present system,
however, there are several ¢ ranges where D,, is approxi-
mately linear in time, with different rates. This property
is easily understood from the fact that the rates A cause
a rapid equalization of the states 1 and 3, and of 2 and 4,
on which the slower transitions are superimposed. If,
e.g., 1/7>>\, the first linear range will occur for
7:LI<K1/N, a second for 1/AKiK1/N, where N is a
quantity of the order of the dipolar rates.

In view of this circumstance, we will present the
results of the previous section in two different ways.
We will also exclude from our considerations the case
that 7. is very long, i.e., 7.>>1/), as in a solid. This case
is not excluded in our method, but requires the calcu-
lation of several terms which were omitted by using
Eq. (33). Also, the leading terms for that case are
easily obtained by stationary state perturbation
theory.!:

In the first presentation, we consider the following
linear combinations of the quantities D,,%:

a(2) = D13+ D1s+Day+Dos,
b(#) =D12— D1st+Day— Dy,
C(t) =Dy, —"Dzs.

a(¢t) gives the transitions of the spin I regardless of the
transitions of .S; 5(¢) and ¢(¢) describe the correlation
in the transitions of the two spins. A fourth quantity,
giving the transitions of S irrespective of the transitions
of I will not be considered, because this is dominated
by the rate \;—obtained from the term D¢in Eq. (29)—
in the interesting applications of our theory.
From Eq. (36) and Eq. (34), one has

2X 1+ X4t Xog=2 (M++M—) (<P+++ e1-)

(54)

+4M 0P+0,
2X 13— X 1= Xos=2(N1+N_) (141t ¢4-)
+4Nopso, (55)
Xu—Xop=[(N4—N_)— (My—M_)]
X (@4+— @1-).
With use of Eq. (51), one obtains
a(t)=0Q Re[2L,, (0,\:0,0)+31L; _(0,12,0,¢)
+L0(0,0,0,0) ],
b(t)=0 Re[— 2L+ (Ahohiyd) — 3o - Ao Ar,0)
+Lio(A,0A0)],  (56)
c(#)=0Q Re[Liy (M\1,M2,0,8) — 2L (A1,)2,0,0)
F3Ls 4 (O No\iy) — 1/18 L4 (O ho\,l)
F3L 1 Na o ,8) — 5Ly — (A3 A A 1,0) ],
where
Q=157 Fyn*(r™5). (57)

In L;x, the frequency w;x is to be used.
The result (56) for a(f) is particularly simple.

6 A. Abragam and G. Proctor, Compt. rend. 246, 2253 (1958).




THEORY OF RELAXATION

According to Eq. (46) and Eq. (38), one has
Li(ON0,0) = ———
A1/ ro—dwp
ALexp[— ()\+1/Tc—iw]‘k)t]— 1
l .

(58)
N1/ 7o dw;n)?

This gives a # dependence for <<, while for {>>r,:

a(t)leI: A S
otp 14 @Fw)p
1
] )
314 (Q—c)%ps
1/p1=1/7.4+1/T1, 1/ps=1/7, 1/T.. (60)

Equation (59) is an obvious generalization to the case
T15#Ts of a result reported by Bloembergen and
Morgan,? showing that for the motion of the spin [/
regardless of correlations with the motion of S, a rate
a(t)/t can be defined unambiguously. The result for
b(t) and c(?) is less simple, because all the L functions
therein have exponential time dependence involving
exp(—Mit), exp(—Ast), and—in b(¢)—also £ exp(—Nif).
When 7,<L1/\ this gives a different “rate” for 7. &Kt
<1/X\ as for 1/A&KI<K1/N, and when 7, and 1/\ are
of the same order of magnitude, the treatment of the
exponential terms becomes quite ambiguous.

The resulting rates for the case 7.<&K1/\ in the time
range 7,&Ki<K1/N are obtained from Eq. (56) by
equating the exponentials involving 1/7. to zero and
by expanding the other exponentials. Putting, for
simplicity, Q+w=Q, we find

b Qfl: p3 P4 ]
)= I ’
14w 3 14Q%2
(61)
=0 [10 ps 5 s :|
c(l)=0t — - ,
9 1+0%;52 9 14-0Q%¢
where
1/P3: 1/7'0_ 2T1;
= Ty—2/T
1/p4 1/76_}_ 1/ 2 / 1 (62)

1/p5:1/Tc+1/T2“—1/T1,
1/p5=1/7'c+1/T2—‘4/T1.

The relations (59) and (61) reduce to Solomon’s” result -

in the limit that A\ — 0.

For a discussion of the behavior in the time range
1/AK<<1/N and, in particular, for the case that 1/7,
and \ are of the same order of magnitude, we turn now
to our second presentation.

When the evolution of the system can be described
in terms of transition rates, one can introduce these

71. Solomon, Phys. Rev. 99, 559 (1955).
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rates phenomenologically by means of rate equations
for the population of the four states, as was, e.g., done
in reference 1. Let #,(¢) be the population of the state
W¥,. Assuming the validity of rate equations, we have

dn,/dt=3", W . (n,—n,), (63)

where the matrix W is real and positive and, in the
high-temperature approximation, symmetric, W,, can
be taken zero. Also, I is invariant when the direction
of the magnetic field is reversed. Consequently, the
elements of W can be expressed as follows:

Wis=Wau=9p,
Wis=Wy=gq, (64)
I/V23=7’, W14:S.

# is dominated by the relaxation of .S; writing p= po+ 2/,
we therefore have

po>(,q7,9). (65)

For comparing the solution of Eq. (63) with the results
of our quantum mechanical calculation, we define

Dpvz [nl' (t):lﬂk(o)=5uk> (66)

and introduce quantities @(¢), b(¢), and &(¢) in terms of
D as in Eq. (54). For times satisfying (p’,q,7,s,)i<<1
one has

a(t)= (2q+r+s)t,

b(t)= (2q—r—s)te2rot, 67)
E)=3%(s—7r)ps (1 —e220%),
Comparing with Eq. (56), we clearly must take
2po=N=1/T. (68)

Then, if 7,&T, the time range 7,&K<< 71 yields values
of g, 7, and s which can immediately be read from Egs.
(59) and (61). However, owing to the manner in which
the terms in w occur, an additional limitation is imposed
on the value of 7';. Both 7 and s contain, besides terms
in 2, an additive term

QLey/ (1+w?p1?) — ps/ (1+w?ps?) ]. (69)

From Egs. (60) and (62), one sees that this term is
negative if wr.<1. The requirement that r (and s) are
positive gives the condition

e <3Ti(14aPr2) (140272, (10)

The coefficient of T can take very small values, e.g.,
when S is an electronic spin and I is a nuclear spin,
and when the magnetic field is such that wr.>1, it is
of the order of magnitude 10~%. Thus, the rate equations
(63) can, for sufficiently strong fields, lose their
physical meaning, even though the condition 7.&K7T
is satisfied.

Considering next, still for the case 7,7, the time
range T1<KK1/N, for which Eq. (56) is also valid,
one must compare Eq. (67) directly with Eq. (56).
The first term of the functions L in a(¢), 5(¢), and ¢(¢)
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have indeed the time dependence of @(f), b(), and
¢(t), respectively. An exception is the term
L (A3 A9,\1,0), containing exp(—Ast) which does not
appear in Eq. (67). The second term in the functions
L, for this case, is small compared to the first term,
because it is quadratic in the denominators containing
1/7.. Disregarding the term in \; one obtains, in this
time range, values for ¢, r, and s similar to those
obtained from Egs. (59)-(62) with the difference that
3, p1, and ps are to be replaced by ps’, pi/ and ps’, given

by
Upsd=1/7.—1/T1,
1//’4/: 1/7c+1/T2"' I/Tj,
1/ps'=1/7.+1/T,

and that, by lack of correspondence, the term in pg of
¢(t) is omitted. As before, the danger exists, that » and
s are negative.

Finally, when 7, and 7'y are of the same order of
magnitude, rates could possibly only be defined for
T1<<i<<1/N, by using the above method of identifi-
cation. Again, the term in exp(—2Msf) of ¢(f) is not
reproduced by Eq. (67) and, more seriously, the
inequality corresponding to Eq. (70) is in general not
satisfied even for weaker fields, giving negative values
for » and s. A still more serious defect seems to occur
in weak fields, when wr<<1, in the case that 7.~T.
With the abbreviation 2¢=1/7,—1/7; we have for
the term L, in b(¢?)

(71)

/ xp[ (jw—28)(]—1
! +C pL (w—28)(] ] )
26— i (2E—iw)?

For wi<k1 and £ very small we have L~ exp(—Ai),
which does not represent relaxation. We take therefore
w>>1, but leave out w in the exponential in order to
retain only the nonperiodic behavior of L. Then, if ¢
is of the same order of magnitude as w, and £>0, the
first term of L dominates; its real part has a maximum
value for 2{=w, and this would give a relaxation rate
~1/w (cf. Eq. (67)). For £<0, | £| =~w, the second term
dominates, giving
ReL=[exp(—1/7.)](48—?) (4£84w?) 2,

which does not conform to Eq. (67). This result indi-

cates that the term (72) has a singular behavior in
weak fields. We will refer to this phenomenon as a

.L+0 ()\ 1 ,O,A],t) = 6*)‘“[

Gm, 'mu’v’ Sy (tlyt) = 5M’V'5MV< @W* (t/) Gm (t»
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“resonance” in the relaxation. The true nature of this
term near the resonance condition 7.~ 7" is, of course,
not adequately represented by Eq. (72), because this
equation is based on a first-order perturbation theory.

5. THE RESONANCE

In order to study the resonance, found in the previous
section, we will evaluate the transition probabilities
more carefully. Quite generally, they are given by Eq.
(27). The double average in that equation means an
average over the liquid motion and an average over all
the possible paths of the motion of .S, with the proba-
bility P(x,x0,t). The matrix #(¢) is given by Eq. (10)
in terms of the Euler angles x. The matrix U (¢) satisfies
Eq. (26). Using the initial condition U,,(0)=4,,, this
equation can be written as an integral equation

Ul)y= H—(i/h)[ dt U (v). (73)

3¢’ is given by Eq. (24).

As in Sec. 3, the products of matrix elements of #(¢)
appearing in Eq. (27) can be expressed linearly in terms
of the 4. D,, can then be expressed linearly in terms
of quantities G (1,¢), which we define quite generally as
follows:

Gm”mu’v' N7 (t/,t) = <<@m’* (t’)UV’u’*(['/) Qm (t) Uﬂu(t)>>~ (74)

Qm and @, are any eigenfunctions of §. We will refer
to G(¢,t) as the “Green’s functions” for the present
problem; this terminology will be justified presently.
The expression for D,, contains only the equal-times
Green’s functions with @, =1, i.e., m'=0, and Q,=1
or @n=Ao;, i.e., m=0, (00), or (0=). We have, e.g.,

D= %[GO’Om,12+G°'0012,12+G0’°32,32—‘GO'0032,32
+G°’0_32,12+G°’0+12,32]‘

The reason for introducing the more general functions
(74) is, that they have to be included in order to get a
closed set of coupled integral equations from which
D,, could be calculated. These integral equations can
be obtained as follows: In G, we substitute for U the
right-hand side of Eq. (73). Of the three types of terms
that one gets, one is linear in U3C’. In this, we sub-
stitute once more from Eq. (73). This gives

(75)

— 1%, / dh / ldt2<<@m’*<t’)@m @) (U*(t2) 30" (£2) 3¢™* (12) ) w))

by / i / (G () O () (U ()5 ()3 (1))

+A2 / dt / ALl Qe * (1) Qo () (U (£1) 30"* (£0) ) w (U (£2) 3¢ (£2) )oi)).  (76)
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Inserting 3¢’ from Eq. (24), we now make the approxi-
mation that the pair of factors ® appearing in the last
three terms of G is averaged separately over the liquid
motion, using Eq. (33), which holds for >, or the
corresponding expression valid for // <#. In the re-
maining expression, we consider all the time orders in
which the various factors, @m*, Gm, 41, A;1*, appear,
splitting, if necessary, the integration domain. For
every time order we can express the average over the
spin motion as an integration over &', x, x; and x,, with
use of the probability P as was done in Eq. (40). Due
to the presence of a factor U*(fs) or U (ls) in the second
and third term, respectively [which should now be
written as U (fy,x5) ] and of two factors, U*(#1,%1) and
U(ts,x2) in the fourth term, the integration over x
(or, for the fourth term, x; and x») can not be carried
out. Also, with some of the orders of the four times,
e.g., t2<t<ti, one meets expressions of the form

/dx P((Xl1, X, tl—-t)@(x)P(x, X2, t"‘tz),

with x not appearing in any other factor. This inte-
gration cannot be carried out either. As a reasonable
approximation we will replace this integral by

@ (wg)e M P (24, K2, 11— 12),

where X is the eigenvalue for @Q.

With this approximation one can now carry out the
integrations over the variables x not appearing in the
factor(s) U, using, as in Eq. (48), (49), a decomposition
of products of @’s in eigenfunctions of &. The quantities
remaining to be averaged have again the form of G
functions, but with different indices. In particular, the
second and third terms in (76), which contain only one
factor U, give rise to G,,1,(0,t2) as one sees from the
fact that U,,(0)=3,,.

Thus, one finally obtains a set of coupled integral
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equations for the functions G. They have approximate
validity, and are infinite in number, corresponding to
the fact that & has an infinite number of eigenfunctions.
The nomenclature “Green’s function” for G(¢')t) is
based on the property that dG/dt’ has a discontinuity
at '=¢. This is easily verified from Eq. (76) in the
approximation that we put U(¢) — U(0) in the right-
hand side.

We have no intentions of finding a general solution
of these integral equations. Indeed, the perturbation
treatment of the preceding section gave excellent
results except for the few terms which are plagued by
the resonance phenomenon. We will now show that
these “‘dangerous” terms can completely be separated
from the “normal’” terms, and can be obtained from a
finite and small set of integral equations.

From the perturbation treatment in Sec. 3, one sees
that the dangerous terms arise only from the following
combinations of factors 4 :

Ao Aoo(t)Aoo(t2) and Aoy ()Aex (1) Aoo(te),

where {>4,>¢,. Beginning with the Green’s functions
involved directly in D,,, we retain in Eq. (76) only
those terms which are linked by these combinations,
assuming that these terms are dominant. We will first
consider Dy, given by Eq. (75), and begin with Gy, 5.
Taking #'>¢ we find, with the procedure outlined above,

t t1
GO0 19 (t/,l):/ dll/ dts[ goo (L1,ta,t) G005 15 (41, Ls)
0 0

Fg0(t1,L0,8) GO 025 95 (h1,82) +c.c.,
g]o(h,tz,ﬁ) = % J’Ol eXP[—wjo (tl"‘ tz) _>\1(f“h)],

fjol = i%fﬂ eZ'YNij(),

a7

where f;; is defined in Eq. (34). For the new function
G99, 95(t1,t9), 11> b2, We obtain in a similar way

t t1
G°'°°22,22(t',t)=%e"“‘——/ dh/ dtg[g_o(h,ig,t)+gon(t1,l2,¢)jG°'002z,22(0,152)
0 0

t W E1
—l~/ dll/ Aol g0 (L1,ta,)) GO 15 10 (L1,09) Fgoo (£1,09,) GOW0gp 99 (21,80) ]H-c.cC. (78)
0 0

Finally, the function G*%44 42(0,£5), which is new because
Eq. (78) is valid only for #/>1, is obtained from Eq.
(76) with t'=0

t t1
Go’oozg,gz(o,t) = 6_)‘1’5“/ dtl/ dtz[gq)(h,ﬁg,lf)
0 0

Fgoo(£1,t2,8) JG*P20 52(0,82).  (79)

This closes the set of equations for this contribution to
Ds;. As the right-hand sides of Eqs. (77) and (78) are
independent of ', the equal time Green’s functions obey,

in the present approximation of the relations
GO0 15 (1 1) = G015 15 (8,1),

GO0y oo (F 1) = GO 55 (40),

(t'=1)
(¢'=1). (80)

Equation (79) can now be solved, using a Laplace
transformation. Defining

G(02)= / G010, (81)



1068 J.

and

gio(®)=7%fi0' (0+N1) 7 (v+wj0) 7, (82)

one has
G905 59 (0,7)) = [1 +gwo (v) +g._0 (7)) :]_1 (v—f—)\l)—l- (83)

Defining the Laplace transform of the equal time
Green’s function by

G(v)= / e G (L,t)dt. (84)
0
We obtain from Eq. (77)
GOy 15(0) =2g00G""P12,12(v)
F[g-0(2)+g-0*(2) JG*®22,02(v), (85)

G¥%15,15(0) =3} f—o' (0 +1/7)[ (v+A0) (04+1/70) +3 (foo = foo ) T (04N (0+1/70) +2 (oo’ + fod) T,
G*®g3 9 (v) =[ (04+\1) (v+1/70) =3 foo 1 /o) GO0y, 15(v).

The poles are

vy =— (E+FM)E[E—F (o'~ for) T}
o= — (EFN)E[E—F(fo+ )] (89)

where £=%(1/7,— A1), with which G(¢,£) can be obtained
as indicated above. This gives

G"12,15(4,0) = (f=0'/ foo)
X{(14&/7") exp[— (\a+E—1)1]
+(1—&/4") exp[— (1/7e—E4n)1]
= (4&/1") exp[— (\t-E—1")1]

—(1=&/7") exp[— (1/7e—E+4")t}, (90)
where
7' =[8-3(f='— fod) ]2,
7" =[8—3(/~d+ f0) ] 91)

and a similar expression for G®®gg 99(2,2).

With this result, we now return to the full integral
equation for G"®ys,15(4,t), as obtained from Eq. (75).
In its right-hand side, we substitute for G*%ys,12 the
result (90), and the corresponding expression for
GO%y, 35, while for the other Green’s functions which
appear in it, viz., G™™ 9 ¢2(41,t2), We substitute:

G™™ g, g2 (b1,02) = 8p28pr0 €L — N (i~ o) —Amtz].  (92)

This is the “free” Green’s Function, obtained from the
definition (74) by replacing U(f) with U(0). We can
expect results with this substitution to be valid for
times satisfying Mi<1, where A’ is a normal part of a
rate due to the dipole interaction. An evaluation of the
integrals then shows that, if A>>\’ (which we have
assumed throughout this section) the resulting ex-
pression for G is obtained from the result of our per-
turbation calculation by replacing only the dangerous
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and from Egs. (78) and (83)
G"%33,22(v) =2 ReG"2,2(0,0) — (v4+A1) !
+2g00(2)G*Ps3,00 (v) +[g—0(v) +go*(v) ]
XG55 15().

The Egs. (83), (85), and (86) are readily solved. To
find G(4,t), we take the Laplace inversion, as in Eq.
(44), which is equal to the sum of the residues of
G (v) exput for the poles in the half-plane Rev <0. The
poles can be obtained by solving a cubic equation. For
simplicity, and because it is the most interesting case,
we will only consider weak fields, for which w=0. G(v)
is then given by

(86)

(87)
(88)

term, which is

Rer ,e—)\ul: 1—€Xp ()\l—w—O)t:I
3/—0 -
(w_o—21)?

w_()*)\l

[see Eq. (72)] by the whole right-hand side of Eq.
(90). This shows that our procedure, to select in first
instance only terms connected by dangerous com-
binations, is consistent, because a normal part of G is
not affected by this treatment of the dangerous terms
and remains small compared with them when £=0.

Turning now to the other Green’s functions which
according to Eq. (71), contribute directly to Dsi, and
looking for dangerous connections only, one finds that
GO0 39(¢,8) and GOy, 45(¢',t), with #/>¢, form a closed
set. However, the corresponding integral equations
lack the inhomogeneous term which we previously
found in Eq. (78). As a consequence, these Green’s
functions remain small. Another contribution to D
comes from G®%*33 19, which is linked by the dangerous
combination Aoy ()4 (t1)A0o(t2) to G*%5 15 and
G995 99. A close inspection shows, that

G0'0+32,12= 2G0'0012,12 (93)
as far as dangerous terms are concerned. Finally,
G 12,12 is connected through Ao (£)4oy (t1)A400(f) with
G934 35 and G°%yy 42, but remains small because the
latter remain small.

In an entirely similar manner we find, for Green’s
functions contributing to the transitions D;s, D14 and
Dy;, sets of coupled equations for G°% o (7)1),

G*Py (), G*°1,11(0,8);5 for G034 34(¢,0),
GO0y 44 (18), G944 44(0,), and for G™% 43(7,1),

G*045 55 (8,8), G55 33(0,). We find that, except for
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normal parts, all the relevant functions are proportional
to G%%g,12:

G°'°°21,21= Go'msq,u: GO‘°°43,43= Go'oom,m,

(94)
while
GO 4y,01= — GO0 14 38= — G"0 93 43=2G" 0 5. (95)

Finally, inserting these results in the transition function
b(t), defined by Eq. (54) [e(t) and c¢(f) being normal
throughout ], we have

b()=Q Re[ —2Li+ Aihe A1) = 5L~ (A, X2 1,0) ]

+6G%®5,15(41), (96)

which is obtained from the perturbation expansion, Eq.
(56), for b(t) by replacing the term Q ReLio(M,0,M\1,8)
with 6G from Eq. (90). ‘

Equation (96) is valid for all w, but the Eq. (90) for
G is valid only for w=0. It reduces to Eq. (56), when
£&>f 4, ie., when the resonance condition is not
satisfied. One sees this by expanding Eq. (90) with
respect to (f-o'= foo')/€; the second and fourth terms
of Eq. (90) are negligible in this case. The resonance
appears as follows: When £=3%(f_o'+ foo'), the third
and fourth terms in Eq. (90) become infinite, but their
sum remains finite. When £=2(f_o'— foo'), the first
and second terms show a similar behavior. When £ is
close to one of these values, one has for the contribution
of the two singular terms, in good approximation,
writing f'=3%(f_o'=£ foo'):

GO%5 15(tt)
~2{cosh[¢(£2— U] 4-[£/ (88— f/)VV?]
Xsinh[¢(g2— )12} exp[ — (A\1+-£)¢]
~2LLHe(f)Y] exp{ — A+ (f)2 8.

This equation is valid for all times with A\'/<<1. Because
of the fact that (f) = (A:\)£>N, this range of validity
includes times with ¢(f")¥>>1. For these times, the rate

o7
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of change of (97) is therefore (f’)}, which is much
larger than N’. For ¢(f")#<1, (97) is proportional to #.

6. CONCLUSIONS

The system analyzed in this paper has as a charac-
teristic feature that there are two noncommuting and
statistically independent random perturbations. This
severely limits the usefulness of a straightforward
perturbation expansion. We have employed a new
technique, based in part on a description of
Schrodinger’s equation for a random Hamiltonian in
terms of a Fokker-Planck equation. This enabled us to
give a complete evaluation of the time-dependence of
the diagonal elements of the density matrix. Two results
which are perhaps of more general interest are (1) that
this time dependence cannot be described in terms of
rate equations and (2) that under certain conditions—
which we termed resonance—the interference between
the two perturbations leads to a considerable enhance-
ment of the rates of change of these matrix elements.
The nonexistence of rate equations spells trouble for a
semiclassical analysis of magnetic resonance and related
phenomena. Indeed, it seems of interest to see what
becomes of the F-P equation and its applications to the
present systems in the presence of an oscillating field.
We hope to report on this problem at a future occasion.
The explicit treatment in the case of resonance neces-
sitated another nonperturbative device, which we
found in a formulation of the equations for the density
matrix by means of integral equations, and by treating
selected terms in these equations in an exact manner.
The resonance condition is simply that the motional
correlation time is approximately equal to the elec-
tronics relaxation time. While this could perhaps be
produced in a suitably chosen system by a variation of
the temperature, it will not be easy to observe this
effect in a free precession experiment (in weak fields),
to which our calculations apply. We think, however,
that this effect could be detected by studying the
Overhauser effect.



