
1060 A . Y O S H I M O R I A N D J . K O R R I N G A 

Perhaps this could be observed in a case where our 
model might have some applicability, such as, e.g., 
quadrupole relaxation of a nucleus in a liquid. 

6. DISCUSSION 

In the foregoing, we have shown how some simple 
quantum mechanical problems involving random Hamil-
tonians can be solved without reference to perturbation 
theory. As is apparent from the example of the two-spin 
system, the limitation of simplicity is very severe: 
Reasonable equations can be expected only if the unitary 
transformation, generated by the Hamiltonian, depends 
on a small number of independent parameters. 

A possible application of our method for more com­
plicated systems is its use in combination with pertur­
bation theory. We have not belabored this point here, 
because the system analyzed in the following paper 
illustrates it sufficiently. 

We have confined the discussion to Markoffian sys­
tems, but a generalization to include non-Markofrian 
stochastic variables could be obtained in analogy with 
the classical theory of non-Markoffian processes.10 Such 
a generalization would be more realistic than our 
present models. From this point of view it would also be 
desirable to extend our method to include a coupling of 

10 R. Bourret, Can. J. Phys. 38, 665 (1960). 

1. INTRODUCTION 

IN the following, we discuss the relaxation of a system 
of two inequivalent spins, S= 1/2 and / = 1/2, with 

randomly modulated dipole interaction, in which one 
of the spins, S, also takes part in an independent 
relaxation process. In a recent paper,1 the Overhauser 
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XJ. Korringa, D. O. Seevers, and H. C. Torrey, Phys. Rev. 
127, 1143 (1962). 

the small system to a large but random system, such as 
the phonons.11 This would presumably allow one to in­
clude the temperature as a parameter in the stochastic 
equations. We hope to return to this point in a later 
publication. In conclusion we want to point out that the 
classical counterpart of our Fokker-Planck equation can 
be obtained readily. For the model treated in Sec. 2, 
e.g., we consider to this end the equations of motion of 
the expectation values (S(0). From Eq. (4) and from 
the fact that in our representation (Sx(0)) = (Sy(0)) = 0, 
one obtains 

As AJO is independent of <p, this motion can be described 
by the distribution function p(d,\l/,t) = J*P(6,<p,\(',t)d<p. p 
satisfies a Fokker-Planck equation obtained from Eq. 
(24) by dropping the terms in d/d<p. 

This classical equation describes fully the time de­
pendence of observables in a free-precession experiment, 
but should not be used to calculate dynamical effects 
connected with other interactions. 
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11 T. Kotera and M. Toda, J. Phys. Soc. Japan 14, 1475 (1959). 

effect in such a system was analyzed from a phenomeno-
logical point of view. Such a treatment assumes the 
validity of rate equations, which describe the time 
dependence of the population of the states, established 
in a constant magnetic field, due to spontaneous 
transitions. I t also presupposes a knowledge of the 
rates in these equations. These are not easy to come by, 
with the exception of one special combination which 
describes the rate of transitions of the spin / regardless 
of the transition of spin S.2 An attempt to evaluate the 

2 N. Bloembergen and L. 0 . Morgan, J. Chem. Phys. 34, 842 
(1961). 
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The relaxation of a system of two inequivalent spins (5 = J, / = J) with two noncommuting time-
dependent interactions, i.e., a randomly modulated dipole interaction, and a fluctuating local field acting on 
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perturbation theory. This gives, in all detail, the time-dependent transitions between the levels established 
in a constant external field. It is shown that rate equations are insufficient to describe the transitions, and 
that in weak fields a resonance phenomenon can occur. This resonance is studied in some detail with Green's 
function methods. 
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correlated transitions of the spins with use of the 
formalism of Kubo and Tomita3 has met with only a 
partial success.4 This is mainly due to the fact that this 
application is based on a perturbation expansion. In 
the presence of two noncommuting interactions, as in 
the present system, this leads to an expansion of one 
of the perturbations in terms of the other, unless one 
succeeds in summing the series. 

We will employ a different approach. We take the 
simpler of the two interactions and treat this in an 
exact manner in terms of a Fokker-Planck equation.5 

This leads to a new Hamiltonian in which randomly 
varying spin operators appear. This Hamiltonian is 
obtained in Sec. 2. In Sec. 3, we use a perturbation 
expansion with this Hamiltonian and calculate the 
time-dependent transitions. In Sec. 4, this result is 
approximately interpreted in terms of relaxation rates, 
with the help of phenomenological rate equations. A 
resonance phenomenon is uncovered which, in Sec. 5, 
is treated with a self-consistency method. The resulting 
expressions are discussed in Sec. 6. 

2. THE INTERMEDIATE REPRESENTATION 

We consider the Hamiltonian 

oC = : OCO"T~*JCI "T* $^2? 

3Co=y tfS.+yirni., 

3C2=yeyNl-^(t)-S. 

where 

(1) 

Here, V(7) is a random field which, in our model, causes 
the relaxation of the spin S. The tensor 4>(/) is the 
dipole interaction, which has a random time dependence 
with characteristic time rc. We will use the conventional 
raising and lowering operators: 

(2) 

The corresponding components of V(i) and Q>(t) are 

7 ± = 7 , = R T y , Vo=Vz, (3) 

$ ± ± = -3r~s sin2# exp(=F2#), 

<£±o=$o± = — 3r~3 sin# cos# exp (=F if), (4) 

$oo= — $±^=r~d(l — 3 cos2#), 

where r(t), #(/), and f (t) are the polar coordinates of 
the distance between the spins. 

We now transform to the interaction representation, 
which eliminates 3Co. This gives 

= 7.V(/) • S°(0+7.7*I°(0 • * • S° (*), (5) 

3 R. Kubo and K. Tomita, J. Phys. Soc. Japan 9, 888 (1954). 
4 J. S. Dohnanyi, Phys. Rev. 125, 1824 (1962). 
5 A. Yoshimori and J. Korringa, preceding paper [Phys. Rev. 

128, 1054 (1962)]. 

Ik° (t) = Ik exp (that), 

* = + , — , 0 , tt = yeH, o)=yNH. 

(6) 

Next we transform to the "intermediate" represen­
tation, in order to eliminate #Ci*(/). Let u(t) be this 
transformation. I t satisfies the equation 

-iMu/dt=uSC1
i(t). (7) 

u is the unit operator with respect to the spin / . This 
transforms the operators S°(/) to 

S/(0 = «S°(0«"1, (8) 

and leaves I°(t) invariant. The Hamiltonian becomes 

5C, = 5C2
, = 7 ^ I ° W - ^ ( 0 - S , « . (9) 

The time dependence of S'(/), as given by Eq. (8), 
has been discussed in the preceding paper. I t was there 
shown that, when u(t) of Eq. (7) is written in parameter 
form as 

«(0 = (' ), (10) 
\-/3*(0 a* (ft J 

with 

a=co^6 exp[^(<?+^)] , 

p = i sinjfl exp[ i i (p—^)] , 

the variables 6{t), <p(t), and \p(t) satisfy 

(d—isind <p) exp(iip) = yeV+(t) exp(—-i!2/), 

4^+cosd <p=yeV0(t). 
(12) 

The solution of the stochastic equations (12) was then 
obtained in terms of a quantity P(d,(p,\p,6o,(po^o,t) 
^P(xyxo,t) which is the probability that the variables 
change from the values xo at 2=0 to the values x a t 
time t. P is normalized by 

/ 
P(x,Xo,t) sin# dsx= 1, (13) 

it obeys the initial condition 

smdoP(x,xofi) = dz(x— Xo), (14) 

and satisfies the Fokker-Planck equation 

SP/dt=$(P), (15) 

where 

£ = ( l / 4 n ) (K*K+KK*)+ ( l / 2 r o ) ^ 2 / # 2 (16) 
with 

K = e~i+[d/dd-i(smd)-l(d/d<p-cos6d/d\l/)J (17) 

n and TO are given by 

l/ro = a0ye
2(Vz% 

(18) 
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where <J\ and cr0 are the correlation times of Vx (and 
Vy) and Vz, respectively. The familiar relaxation times 
Ti and T2 of the spin 5 due to the perturbation V(/) 
are given by 

/ i , ^ 1 9 

l / r 2 = i ( V r o + l / r i ) . 

The transformation (8) can be expressed more con­
veniently in the form 

S/(t) = T,kASk(t)Skexp(ifiU), j,k=+, - , 0 . (20) 

Using Eq. (10), this gives 

-4±±=i( l+cosd) exp[±i(lH-*>)], 

, 4 ^ = ! ( l - c o s 0 ) exp[±f ( ^ - <?)], 

^ ± o = = F | i sin(9 exp(zb^), (21) 

Ao±=::fismd exp(dbi^), 

yloo=cos0. 

The A jk are eigenfunctions of SF, satisfying 

x ^ = i / r i , \ < ± > = i / r 2 . 

Substituting Eq. (20) and Eq. (6) in Eq. (9) and putting 

cojk = jo)-\-k£l, (23) 

the Hamiltonian becomes 

5C/==Te7iv E &3h(t) exp(io)jkt)Akn(t)I3Sn. (24) 

3. PERTURBATION EXPANSION WITH 3C' 

Finally, we transform to the Heisenberg represen­
tation. If U(t) is this transformation, the states ty(t) 
in the interaction representation and ^ (0 ) in the 
Heisenberg representation are related by 

U(t) satisfies 
-MdU/dt=U3Q,'. 

(25) 

(26) 

The Eqs. (24)-(26) will now be used to obtain the 
changes with time in the population of the four states 
of the spin pair. We denote these states >FM= ( ^ I , • • -^4) 
= (^r

++,^r
+_,^r_+,^r ), respectively, where the first 

index refers to the eigenvalue of Se, the second to Iz. 
Taking u(0)= £7(0) = 1, the probability that, at time t, 
the system has made a transition from the state ^M to 
^Sfv is given by 

^ W = «l(«-K0^-1(0),,l2») (27) 

where {{ )) signifies the average over the ensemble of 
all spin pairs which are in the same state at t=0. I t is 
therefore an average over the two types of random 
motion in the system, with the restriction that u(0) = 1, 
i.e. that Ajk(0) = djk. 

A perturbation expansion of Eq, (26) gives: 

U(t)=U(0)+(i/h)U(0) W(t')dtf 

+ (i/hyu(o) di'wf(tf) 
Jo 

</«fC'(*o)+" 

Inserting this in Eq. (27) gives 

•Ls}XV J-^!JLV \-LSfXV l-LS flV j 

(28) 

(29) 

D.^fr^/l Zx«rt_1(0 sc'^ndA yy 

£ > V = -h-i/(2 Re Ex,x' uv»{t)u^(t) 

(30) 

X I dt'\ dto3C\v(t')3C\>v(h) 
» 

The first term in Eq. (29) is due to the motion of S in 
absence of the dipole interaction. I t is described, 
without approximation, by the Fokker-Planck (F-P) 
Eq. (15). The second term comes from the square of 
the first-order term in Eq. (28), while D'd is the cross 
term between u and the second-order term of U. The 
latter contributes only to the transitions 1 <-» 3 and 
2<-*4. 

Dd will be evaluated for a time satisfying 

£»<r, Z>*(*)«1. (31) 

Here a is the correlation time of the field V(/); the 
inequality £2><r ensures the applicability of the F-P 
equation. The second inequality is needed in view of 
the approximation (28). We assume that the inequali­
ties (31) can be satisfied simultaneously. The conditions 
on the time t relative to the times rc, Th and T2 will 
be discussed presently. 

Equation (30) gives 

D»/(t) = 2h-*ReEvU(uv (t)uvX-l(t) 

X dt' (SoUeVtWft „». (32) 

The integrand contains factors of the form 

($i/c(/
/)^>^m*(/o))expp(coi//--coZw/o)]) 

averaged over the relative positions of the spins. Of 
these, only the terms with j = l, k~m need to be 
retained. The others, in so far as they are not zero on 
account of Eq. (41), contain, in the periodic part, t' 
and to multiplied with different frequencies. This gives, 
as will become clear in the following, contributions to 
D which are periodic in time and which are negligible 
compared to contributions from the other terms. 

file:///-LSfXV
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Z(/)= / / \&x<$x'd?x 

We can, therefore, write Therefore, writing p(#)~sin#, we have 

<*y*(0*im* ('<>)> -» fjk exp[ - (t'-toj/r^djid^. (33) 

The constants fjk follow from Eq. (4): 

2 4 ft „tr 

f±± = Y^~6) ' X / dtr / * 0 P (*o)P(xo,0,t0)A ao (x0) 

f±Q=fo±=-(r 6), (34) 
5 Xp(x)P(x, x', t-t')Aa(x) exp-w(tf-to). (40) 

, _ / • _ _ / _6\ In order to carry out the time integration, we 
J^r joo v̂ /• introduce the Laplace transform of P(x,x0,t), defined by 

With use of Eqs. (10) and (21), the products P(x,x0,v) = (* e-"P(x&,t)dt. (41) 
Mvv(t)uv\~~l(t) can be expressed in terms of the Ajk. J0 

Note that u is the unit operator with respect to the 
spin / . These expressions are linear, but some contain From Eq. (15), we have 
1 as an additive constant. As a result, D^/ can be 
expressed entirely in terms of the A*. We find f° e-vt{dp/m)dt= _P(0)+vP{v) = ff[-p(l))]. ( 4 2 ) 

Z V ( 0 = § £ 2 7 e W R e < ^ dt'J^ dtoX^t/M), (35) U g i n g t h e i n i t i a l c o n d i t i o n ( 1 4 ) w e o b t a i n t h e t r a n s . 

formed F-P equation 

Xu-ilXMs+NjHw+V-i), P(xo)P(x,x0,v)=(v-ff)-^(x-xo), (43) 

•X-13—HMj—J- j)<poj, where SF differentiates with respect to the variables x. 
Xu-ZWi-N,)^, The inverse of Eq. (42) is 

X»="£(.M~Ni)<P+j, P(x,x0,i)= f e"P(x&,v)dv, e>0. (44) 

N-=±rA (t)A- (t')A- *(l) Introducing this in Eq. (40) and integrating over t0 

and t', we obtain 
+A<H.(t)Aj-(t')Ajo*(to)l 

+Uoo(t)ZAjo(OAj0*(to) Z(t)=(2Ti)~* / / / dv<4v'dvL(-v0, - V , -v, t) 

-^_(*'M;-*( 'o)] , (37) 

<Pkj=fkj exp - wkj (f-to), X / / / dxodx'dxA «° (Xo)A a' ^ A a ^ 

wkj=l/rc-ia>kj. (38) X C f r o - l F o ) - 1 * ^ ) ! ^ - ^ ) - ^ ^ - ^ ) ] 

For D'w* one finds an expression similar to Eq. (35), yrfw—^W/ifr— rMI (4.^ 
with X12' = X14' = X23' = 0. The explicit form of X13' is w h e r e

 A U J l )J' { J 

easily obtained, but D'd will not be needed in the e-vQt__e-vt 
following. L (vo,v',v,t) = -

A typical contribution to Dd is proportional to (W—VQ+V')(V—VO) 
t t' e—(v'+w)t—e— vt 

Zaa.ao(t) = (Aa(t)f^ dt'f^ dtoAAWM +
(W_V0+V')(w_v+V,)-

 ( 4 6 ) 

Xexp[—w(tf — to)2 V (39) The integration over x in Eq. (45) can now be carried 
' out, because the operation ^ is Hermitian and Aa(%) 

is an eigenfunction of #: 
The relations between the ^4's at different times are 
expressed by the probability P} which satisfies Eq. (15). &Aa(x) = — \aAa(%). (47) 
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The result is obtained by replacing the last factor in 
Eq. (45) by (^+Xa)~1, and by replacing Aa(x) by 
Aa(x'). In order to carry out the %' integration, the 
product Aal(x

f)Aa(x
f) must be decomposed in eigen-

functions of 5\ Let 

(48) 

For each term in Eq. (48) the xf integration can be 
done. Finally, with 

^ao(x0)a^(^o)=Z &y(ffo), 
<5:oGJy(xo) = —\yay(xo), (49) 

we can also do the XQ integration. This gives 

/ / / dvodv'dv Z(0=(2ir»VZ/J .7Ct 7 (0) 

XL(-v0j -v', -v, t)(vo+\y)-
1(vf+\p)-1 

X(v+\a)-K (50) 

The complex integration then gives, when Xa^Xy: 

£ ( 0 = E * . T ®v(0)L(Xy,Xp,Xa,t). (51) 

The value for Xa=Xy can be obtained as the limit 
Xa -* X7. The result arising from the various terms Mj 
and Nj in Eqs. (35)-(37) is as follows: 

z[iif±]=iz(o,x2jo,0:F£(Xi,X2Jo,0, 

Z[ilfo] = K(0,Xi,0,0, 
Z[iV±] = - \L (Xi,X2,Xi,0 ±.-hL (0,X2,Xi,0 

=fciZ(X8|X2,Xi,0, (52) 
Z[iVo] = K(Xi,0,Xi,0, 

where 
X ! = i / r ! , x 2 = i / r 2 , \%=i/Tx. (53) 

The contributions to Z)M/ in Eq. (35) are obtained by 
multiplying Eq. (52) with the proper factors <pkj as 
shown in Eq. (36). This means that the expressions 
(52) are to be multiplied with a factor fkj, as indicated 
by Eq. (38) and as given by Eq. (34), and that the 
corresponding value of w is substituted in L from Eq. 
(38). When Xa = X7, the first term in L is proportional 
to t. All other terms are either constant or exponential 
in t. Finally, we must take the real part of these 
expressions. 

4. EVALUATION OF THE TRANSITION RATES 

Because of the appearance of two types of transitions 
in the system, viz., the "S" transitions characterized 
by the rates X and the transitions due to the dipolar 
interactions, the interpretation of Eq. (52) in terms of 
relaxation rates requires a little care. Customarily, one 
defines transition rates from the values of the time 
derivative of quantities such as D^ in a time range 

where they vary linearly with t. In the present system, 
however, there are several t ranges where D^ is approxi­
mately linear in time, with different rates. This property 
is easily understood from the fact that the rates X cause 
a rapid equalization of the states 1 and 3, and of 2 and 4, 
on which the slower transitions are superimposed. If, 
e.g., l/rc^>X, the first linear range will occur for 
TC<3C/<<C1/X, a second for 1 / X ^ ^ l / X ' , where X' is a 
quantity of the order of the dipolar rates. 

In view of this circumstance, we will present the 
results of the previous section in two different ways. 
We will also exclude from our considerations the case 
that TC is very long, i.e., r c ^ l / X , as in a solid. This case 
is not excluded in our method, but requires the calcu­
lation of several terms which were omitted by using 
Eq. (33). Also, the leading terms for that case are 
easily obtained by stationary state perturbation 
theory.1,6 

In the first presentation, we consider the following 
linear combinations of the quantities DpV

d: 

a(t) = D12+Du+D21+D2Z, 

b(t) = D12-Du+D2i-D2h 

c(t) = Du-D2Z. 

(54) 

a(t) gives the transitions of the spin / regardless of the 
transitions of S; b(t) and c(t) describe the correlation 
in the transitions of the two spins. A fourth quantity, 
giving the transitions of S irrespective of the transitions 
of / will not be considered, because this is dominated 
by the rate Xi—obtained from the term De in Eq. (29)— 
in the interesting applications of our theory. 

From Eq. (36) and Eq. (34), one has 

2 X 1 2 + X 1 4 + X 2 3 = 2 (M++M_) (<p+++ <p+J) 

+4M0<p+o, 

2X12-Xu~X2^2(N++N-)(<p+++<p+J) 

+4iVW+o, (55) 

Xu-X2Z^[(N+-NS)-(M+-M-)~~] 

X(<P++—<P+-)> 

With use of Eq. (51), one obtains 

a(t) = Q Re[2Z++(0,X20,0+|X+~(0,X2,0,0 
+Z+ 0(0,Xi,0,0], 

b(t) = Q R e [ - 2L++ (XhX2,Xht) - \L+-(XhX2,Xht) 

+Z+o(Xi,0,X!,01 (56) 

c(0 = eRe[Z++(Xi,X2,0>0-*^+-(Xi,X2 |0,0 
+ iZ + + (0 ,X 2 ,X i ,0 - 1/18Z+.(0,X2,X1,0 

+|Z++(X3,X2,Xi,/) — -|Z+_(X3,X2,Xi,01 
where 

e=AftJr.*y*2<^8>. (57) 

In Ljkj the frequency cojk is to be used. 
The result (56) for a(t) is particularly simple. 

3 A. Abragam and G. Proctor, Compt. rend. 246, 2253 (1958). 
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According to Eq. (46) and Eq. (38), one has 

t 
L3k (0,X,0,0 = 

exp[— (X+l/rc—io) jk)f\—l 

(X+1/rc-icoy*)2 

This gives a t2 dependence for t<KrC7 while for £>>rc: 

(58) 

a(t) = Ql 
Pi 

+2-
A+CCW l+(0+0>)V 

+-
1 P2 

3 1 + (S2-co)V-

i / p i = i / T 8 + i / r i , i /p 2 =i / r c i / r 2 . 

(59) 

(60) 

Equation (59) is an obvious generalization to the case 
Ti9^T2 of a result reported by Bloembergen and 
Morgan,2 showing that for the motion of the spin / 
regardless of correlations with the motion of S, a rate 
a(t)/t can be defined unambiguously. The result for 
b(t) and c(t) is less simple, because all the L functions 
therein have exponential time dependence involving 
exp(—XiO, exp(—X30> a nd—in b{t)—also texp(—\it). 
When r c « l / X this gives a different " ra te" for r c « £ 
« 1 / X as for 1/X«/«1/X' , and when rc and 1/X are 
of the same order of magnitude, the treatment of the 
exponential terms becomes quite ambiguous. 

The resulting rates for the case rc<^Cl/X in the time 
range r c « / « l / X are obtained from Eq. (56) by 
equating the exponentials involving l / r c to zero and 
by expanding the other exponentials. Putting, for 
simplicity, 12=bco~12, we find 

b(t) = Qt 
Pi Pi 

c (0 = 0<| 

L l + « w 3 1+flV-

"10 pi 5 pe 
(61) 

where 
9 1+flV 9 1+OWJ 

1/P3=1/T<;— 2Th 

i / P 4=i / r c +i / r 2 -2 / r 1 , 
i /P5=i/TC+i/r2- i /r1 ; 

l /p6=l/rc+l/r2-4/T1 . 

(62) 

The relations (59) and (61) reduce to Solomon's7 result 
in the limit that X —» 0. 

For a discussion of the behavior in the time range 
l/X<*0$Cl/X' and, in particular, for the case that l / r c 

and X are of the same order of magnitude, we turn now 
to our second presentation. 

When the evolution of the system can be described 
in terms of transition rates, one can introduce these 

7 1 . Solomon, Phys. Rev. 99, 559 (1955). 

rates phenomenologically by means of rate equations 
for the population of the four states, as was, e.g., done 
in reference 1. Let n^t) be the population of the state 
\PM. Assuming the validity of rate equations, we have 

dnjdt^^v Wpritiv—nn), (63) 

where the matrix W is real and positive and, in the 
high-temperature approximation, symmetric, W'MM can 
be taken zero. Also, W is invariant when the direction 
of the magnetic field is reversed. Consequently, the 
elements of W can be expressed as follows: 

Wu=W24 = p, 

W12=Wu=q, 
W2z = r, 1̂ 14 = .?. 

(64) 

p is dominated by the relaxation of S; writing p = po+p', 
we therefore have 

Po»(p',qyr,s). (65) 

For comparing the solution of Eq. (63) with the results 
of our quantum mechanical calculation, we define 

A " = \-nv (OlnfcCO)-̂ *, (66) 

and introduce quantities d(t), b(t), and c(t) in terms of 
D as in Eq. (54). For times satisfying (p'',q,r,s,)t<Zil 
one has 

a(t)=(2q+r+s)t, 

h(t)^{2q-r-s)te~2^ (67) 

e(/) = i ( j - f ) # 0 - 1 ( i - ^ ~ 2 l , 0 0 . 

Comparing with Eq. (56), we clearly must take 

2p0=\1=l/T1. (68) 

Then, if rc<KTh the time range Tc<£.t<KTi yields values 
of q9 r, and s which can immediately be read from Eqs. 
(59) and (61). However, owing to the manner in which 
the terms in co occur, an additional limitation is imposed 
on the value of Ti. Both r and s contain, besides terms 
in 0, an additive term 

e[P l / ( l+co2p1
2)-p3 / ( l+co2p32)] . (69) 

From Eqs. (60) and (62), one sees that this term is 
negative if cor c<l. The requirement that r (and s) are 
positive gives the condition 

r c <i r 1 ( l+co 2 r c
2 ) ( l+0 2 r c

2 ) - 1 . (70) 

The coefficient of Ti can take very small values, e.g., 
when S is an electronic spin and / is a nuclear spin, 
and when the magnetic field is such that cor c>l, it is 
of the order of magnitude 10~6. Thus, the rate equations 
(63) can, for sufficiently strong fields, lose their 
physical meaning, even though the condition rc<KTi 
is satisfied. 

Considering next, still for the case rc<£Th the time 
range :Ti«/<<Cl/X', for which Eq. (56) is also valid, 
one must compare Eq. (67) directly with Eq. (56). 
The first term of the functions L in a(t), b(t), and c{t) 
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have indeed the time dependence of a(t), b(t), and 
c(t), respectively. An exception is the term 
L+,±(X3,X2,Xi,0, containing exp(—X3O which does not 
appear in Eq. (67). The second term in the functions 
L, for this case, is small compared to the first term, 
because it is quadratic in the denominators containing 
l / r c . Disregarding the term in X3 one obtains, in this 
time range, values for q, r, and s similar to those 
obtained from Eqs. (59)-(62) with the difference that 
p3, p4, and p5 are to be replaced by p>/, p4' and p5', given 
by 

l/pz'=l/rc-l/Th 

l/p/=l/rc+l/T2-l/Th (71) 

l / p B ^ l / r c + l / r a , 

and that, by lack of correspondence, the term in p6 of 
c(t) is omitted. As before, the danger exists, that r and 
s are negative. 

Finally, when rc and 2 \ are of the same order of 
magnitude, rates could possibly only be defined for 
r i « / « l / X ' , by using the above method of identifi­
cation. Again, the term in exp(—X3/) of c(t) is not 
reproduced by Eq. (67) and, more seriously, the 
inequality corresponding to Eq. (70) is in general not 
satisfied even for weaker fields, giving negative values 
for r and s. A still more serious defect seems to occur 
in weak fields, when corc<3Cl, in the case that TC~T\. 
With the abbreviation 2£= l / r c — 1/Ti we have for 
the term Z+ 0 in b{t) 

L+0(\ifl,\ht) = e-™ 
t exp [ ( t t o -2 f ) / ] - l -

L2^-ico (2£-ito)2 
. (72) 

For w / « l and £ very small we have L~t2 exp(—Xi/), 
which does not represent relaxation. We take therefore 
coCM, but leave out co in the exponential in order to 
retain only the nonperiodic behavior of L. Then, if £ 
is of the same order of magnitude as o>, and £>0 , the 
first term of L dominates; its real part has a maximum 
value for 2£ = co, and this would give a relaxation rate 
~l/o> (cf. Eq. (67)). For £<0, |£ | «cu, the second term 
dominates, giving 

ReL= [exp(- / / r c ) ] (4£ 2 -a> 2 ) (4£2+w
2)~2, 

which does not conform to Eq. (67). This result indi­
cates that the term (72) has a singular behavior in 
weak fields. We will refer to this phenomenon as a 

"resonance" in the relaxation. The true nature of this 
term near the resonance condition TC~T\ is, of course, 
not adequately represented by Eq. (72), because this 
equation is based on a first-order perturbation theory. 

5. THE RESONANCE 

In order to study the resonance, found in the previous 
section, we will evaluate the transition probabilities 
more carefully. Quite generally, they are given by Eq. 
(27). The double average in that equation means an 
average over the liquid motion and an average over all 
the possible paths of the motion of 5, with the proba­
bility P(x,xo,t). The matrix u{t) is given by Eq. (10) 
in terms of the Euler angles x. The matrix U(t) satisfies 
Eq. (26). Using the initial condition Utlv{0) = b}lvj this 
equation can be written as an integral equation 

U(t) = l+ (i/h) / At U(*')3C'(0. (73) 

5Cr is given by Eq. (24). 
As in Sec. 3, the products of matrix elements oiu(t) 

appearing in Eq. (27) can be expressed linearly in terms 
of the Ajk. D^y can then be expressed linearly in terms 
of quantities G(t,t), which we define quite generally as 
follows: 

Gw,•v,^M,a^0 = <<a«'*(O^'M'*(Oa«(0^M(0>>. (74) 

dm and dm> are any eigenfunctions of 3r. We will refer 
to G(t',t) as the "Green's functions" for the present 
problem; this terminology will be justified presently. 

The expression for D^ contains only the equal-times 
Green's functions with Cfcm>=l, i.e., w / = 0, and dm=l 
or dm = Aoj, i.e., m = 0, (00), or (0d=). We have, e.g., 

A l = i [ G 0 ' 0
1 2 i l 2 + G0-00

12(12 + G0'032)32-C°'0032)32 

+ G0'0-32,12 + G°'0+12I32]. (75) 

The reason for introducing the more general functions 
(74) is, that they have to be included in order to get a 
closed set of coupled integral equations from which 
D^v could be calculated. These integral equations can 
be obtained as follows: In G, we substitute for U the 
right-hand side of Eq. (73). Of the three types of terms 
that one gets, one is linear in U3Qf. In this, we sub­
stitute once more from Eq. (73). This gives 

h-%, dtj dh{{am,*(t')am(t)(y*{h)K'{h)x,'*{h))v.li.)) 
Jo Jo 

ft r>t\ 

Hr^^A dh dh{{am.*{t')am(t)(U{ti)M'{k)K'(h))vl)) 

+»-*/ dh dh({am,*{t')am{t)(y*{h)K'*{h))v,AU{h)K'{h))vli)). (76) 
'o Jo 



T H E O R Y OF R E L A X A T I O N OF T W O - S P I N S Y S T E M 1067 

Inserting 3C' from Eq. (24), we now make the approxi­
mation that the pair of factors 3> appearing in the last 
three terms of G is averaged separately over the liquid 
motion, using Eq. (33), which holds for tf>to, or the 
corresponding expression valid for tf <h. In the re­
maining expression, we consider all the time orders in 
which the various factors, &m>*, ®my Ajky AjIc>*, appear, 
splitting, if necessary, the integration domain. For 
every time order we can express the average over the 
spin motion as an integration over x', x, Xi and X2, with 
use of the probability P as was done in Eq. (40). Due 
to the presence of a factor U*fa) or Ufa) in the second 
and third term, respectively [which should now be 
written as Ufa,xz)~\ and of two factors, U*fa,xi) and 
Ufa,x2) in the fourth term, the integration over x% 
(or, for the fourth term, x± and x2) can not be carried 
out. Also, with some of the orders of the four times, 
e.g., t2<t<h, one meets expressions of the form 

/ dx P(xh x, ti—t)&(x)P(x, #2, t~h), 

with x not appearing in any other factor. This inte­
gration cannot be carried out either. As a reasonable 
approximation we will replace this integral by 

a(x2)e-^t-t2)P(xh x2, h-h), 

where X is the eigenvalue for d. 
With this approximation one can now carry out the 

integrations over the variables x not appearing in the 
factor (s) U, using, as in Eq. (48), (49), a decomposition 
of products of <2's in eigenfunctions of 5\ The quantities 
remaining to be averaged have again the form of G 
functions, but with different indices. In particular, the 
second and third terms in (76), which contain only one 
factor U, give rise to GVP)\v(0,t2) as one sees from the 
fact that UVfl(0) = 5llv. 

Thus, one finally obtains a set of coupled integral 

Finally, the function G0'0022,22(0,/2), which is new because 
Eq. (78) is valid only for t'>t, is obtained from Eq. 
(76) wi th / ' = 0 

ft ft\ 

Gn'0022,22((M) = e - x " - / dh dl£g-0(h,h,t) 
Jo Jo 

+goofa,hj)~]G°>m
 22 ,22 (0,k). (79) 

This closes the set of equations for this contribution to 
Da. As the right-hand sides of Eqs. (77) and (78) are 
independent of t', the equal time Green's functions obey, 

equations for the functions G. They have approximate 
validity, and are infinite in number, corresponding to 
the fact that ^ has an infinite number of eigenfunctions. 
The nomenclature "Green's function" for G(t\t) is 
based on the property that dG/dt' has a discontinuity 
at t'=L This is easily verified from Eq. (76) in the 
approximation that we put Ufa —> U(0) in the right-
hand side. 

We have no intentions of finding a general solution 
of these integral equations. Indeed, the perturbation 
treatment of the preceding section gave excellent 
results except for the few terms which are plagued by 
the resonance phenomenon. We will now show that 
these "dangerous" terms can completely be separated 
from the "normal" terms, and can be obtained from a 
finite and small set of integral equations. 

From the perturbation treatment in Sec. 3, one sees 
that the dangerous terms arise only from the following 
combinations of factors A : 

A 00 fa A 00 fa) A 00 fa) and A 0± fa A 0T fa) A 00 fa), 

where t>h>t2. Beginning with the Green's functions 
involved directly in D^ we retain in Eq. (76) only 
those terms which are linked by these combinations, 
assuming that these terms are dominant. We will first 
consider D2i, given by Eq. (75), and begin with G0'00i2)i2. 
Taking t'> t we find, with the procedure outlined above, 

ft r>t\ 

G»-Vu(<V)= / dh dUlgwikMM^n.uihh) 
JO J {) 

+ ^-0(/l,/2)/)G
0'0022,22(/l^2)] + CC, 

(77) 
g3ofa,h,t) = ifjof exp[—zevo(*i-*2)--Ai(*—/1)], 

where fjk is defined in Eq. (34). For the new function 
G!0'0022122(/i^2), h>t2, we obtain in a similar way 

in the present approximation of the relations 

G^n,nfa,t) = G^12>nfat), fa>t) 

G°'0022,22(^,0 = G!0'0022f22(M), ( ' ' > ' ) . (80) 

Equation (79) can now be solved, using a Laplace 
transformation. Defining 

/-.00 

G(0,v)= / e-*'G(P,t)dt, (81) 

ft ft\ 

G°'m22^{t',t)^e-^- / dh dt^ihhfi+gmihM^&^^h) 
Jo Jo 

t ft\ 

dh \ dt2Zg^(hA,t)G0'0\2,li(h,t2)+gw(h,t2,t)GOM22,22(.h,ti)l+c.c. (78) 
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and 
ftoW^i/io'fr+XO-KH-Wio)-1, (82) 

one has 

^0'0022,22(0,.) = [ 1 + ^ 0 0 W + ^ 0 W ] - 1 ( ^ + Xl)-1. (83) 

Defining the Laplace transform of the equal time 
Green's function by 

G(„)= f e~^G(t,t)dL (84) 
Jo 

We obtain from Eq. (77) 

G0-0012t12W = 2gooG°'00l2,12W 

+ k-0W+^0*W]^ '°°22,22W, (85) 

The poles are 

*± '= - ( f+X,)±[?-f (/-o'-/oo')]J, 

% " = - (?+X1)±[ |2- |( /_o'+/oo')] i , (89) 

where ^ K V ^ - X i ) , with which G(t,t) can be obtained 
as indicated above. This gives 

G^i2,n(t,t) = i(f-o'/fo0') 

X{( l+?A ' ) exp[ - (X 1 +?-„ ' )0 

+ ( 1 - W ) expC-d / r . - f+nOO 

- ( l+?A")expC-(X 1 +?-V / )^ ] 

- ( 1 - W ) exp[ - (l/r.-f+i»")<), (90) 
where 

U ' = D 2 - § ( / - O ' - / O O O : P , 

>?"=K2-f(/-o'+/oo')]1/2, (91) 

and a similar expression for G0,0022,22(M)-
With this result, we now return to the full integral 

equation for G°*00i2,i2(M)> a s obtained from Eq. (75). 
In its right-hand side, we substitute for G°*00i2,i2 the 
result (90), and the corresponding expression for 
G°'0022J22, while for the other Green's functions which 
appear in it, viz., Gw*TOV2.r/2 î,fe), we substitute: 

Gw'wV2,r2(^i^2) = 5 r25r2exp[-Xm(^~^)-Xm^2]. (92) 

This is the "free" Green's Function, obtained from the 
definition (74) by replacing U(t) with U(0). We can 
expect results with this substitution to be valid for 
times satisfying X^«l, where X' is a normal part of a 
rate due to the dipole interaction. An evaluation of the 
integrals then shows that, if Xî >X' (which we have 
assumed throughout this section) the resulting ex­
pression for G is obtained from the result of our per­
turbation calculation by replacing only the dangerous 

and from Eqs. (78) and (83) 

G»'M22,22W = 2 ReG°'0022(22(0,zO- ( Z J + A I ) - 1 

+2goo(v)G^22,22(v)+^0(v)+g^(vn 

XG»>™12A2(v). (86) 

The Eqs. (83), (85), and (86) are readily solved. To 
find G (/,/), we take the Laplace inversion, as in Eq. 
(44), which is equal to the sum of the residues of 
G(v) expvt for the poles in the half-plane Re^<0. The 
poles can be obtained by solving a cubic equation. For 
simplicity, and because it is the most interesting case, 
we will only consider weak fields, for which co^O. G(v) 
is then given by 

term, which is 

LzeL-o—Xi (w„o—Xi)2 J 

[see Eq. (72)] by the whole right-hand side of Eq. 
(90). This shows that our procedure, to select in first 
instance only terms connected by dangerous com­
binations, is consistent, because a normal part of G is 
not affected by this treatment of the dangerous terms 
and remains small compared with them when £^0 . 

Turning now to the other Green's functions which 
according to Eq. (71), contribute directly to D2h and 
looking for dangerous connections only, one finds that 
G°-0032I32(//,0 and G°'0042)42(/V), with f>t, form a closed 
set. However, the corresponding integral equations 
lack the inhomogeneous term which we previously 
found in Eq. (78). As a consequence, these Green's 
functions remain small. Another contribution to D2X 

comes from GM+32,i2, which is linked by the dangerous 
combination Ao+(t)Ao-(ti)Aoo(t2) to G0*00i2>i2 and 
G:o'0022)22. A close inspection shows, that 

G0-°+32(i2=2G0.%2,12 (93) 

as far as dangerous terms are concerned. Finally, 
G°'°~i2,i2 is connected through ^40-(/Mo+(^iMoo(0 with 
G°'0032,32 and G0'0042,42, but remains small because the 
latter remain small. 

In an entirely similar manner we find, for Green's 
functions contributing to the transitions Di2, Du and 
Z>23, sets of coupled equations for G°'002i,2i(t\t), 

G>'wii,u(t,t), G°'0Vii(0,0; for G°'<V34(/',0, 

G^\,M{tft), G°>°V44(0,0, and for G ^ M S (/',/), 

G°'0033,33(^0, G°'0033,33(0,0. W e n n d t h a t > except for 

G ° ' V i 2 « = * / - o ' ( t > + l / r c ) ^ (87) 

G0'0022,22W = [(^+Xi)(^+l/r c)-f /oo ,](! / -o ,)-1G°'0 0
1 2 ,1 2W. (88) 
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normal parts, all the relevant functions are proportional 
toG°'00

12 ,i2: 

G0'00
21,2i=G0'00

34,34-G0'0043,43=G°'00i2,12, (94) 

while 

C?^41.21= -~G°'°-14,34= -<7 , ' ° -2M8=2CP'Vi2 . ( 9 5 ) 

Finally, inserting these results in the transition function 
b(t), defined by Eq. (54) [a{t) and c(t) being normal 
throughout], we have 

b{t) = Q Re[-2£++(Xi,X2>Xi>0-*Z+-(Xi,X«,Xi^)] 

+6GQ><x>12,i2(t,t), (96) 

which is obtained from the perturbation expansion, Eq. 
(56), for b(t) by replacing the term Q ReL+o(Xi,0,Xi,2) 
with 6G from Eq. (90). 

Equation (96) is valid for all co, but the Eq. (90) for 
G is valid only for co«0. It reduces to Eq. (56), when 
£2»/_o', i.e., when the resonance condition is not 
satisfied. One sees this by expanding Eq. (90) with 
respect to (/Vi/ooO/S2; the second and fourth terms 
of Eq. (90) are negligible in this case. The resonance 
appears as follows: When £2=f(/-(/+/oo0> the third 
and fourth terms in Eq. (90) become infinite, but their 
sum remains finite. When £2=f(/-o'— /oo')> the first 
and second terms show a similar behavior. When £2 is 
close to one of these values, one has for the contribution 
of the two singular terms, in good approximation, 
writing /'=i(/-o'db/oo'): 

- 2 { c o s h D ( ? - / / ) 1 / 2 ] + K / ( ? - / , ) 1 / 2 ] 

XsinhftC?-/')1 '2]} exp[ - (Xi+00 

-2[1-H(/ ' )1 / 2] expl-CXx+tf)1 '2}}. (97) 

This equation is valid for all times with X'fc<Cl. Because 
of the fact that (/')*« (XiX')1^', this range of validity 
includes times with /( / ' )*»!. For these times, the rate 

of change of (97) is therefore (/')% which is much 
larger than X'. For /(/ ' )k<l, (97) is proportional to t2. 

6. CONCLUSIONS 

The system analyzed in this paper has as a charac­
teristic feature that there are two noncommuting and 
statistically independent random perturbations. This 
severely limits the usefulness of a straightforward 
perturbation expansion. We have employed a new 
technique, based in part on a description of 
Schrodinger's equation for a random Hamiltonian in 
terms of a Fokker-Planck equation. This enabled us to 
give a complete evaluation of the time-dependence of 
the diagonal elements of the density matrix. Two results 
which are perhaps of more general interest are (1) that 
this time dependence cannot be described in terms of 
rate equations and (2) that under certain conditions— 
which we termed resonance—the interference between 
the two perturbations leads to a considerable enhance­
ment of the rates of change of these matrix elements. 
The nonexistence of rate equations spells trouble for a 
semiclassical analysis of magnetic resonance and related 
phenomena. Indeed, it seems of interest to see what 
becomes of the F-P equation and its applications to the 
present systems in the presence of an oscillating field. 
We hope to report on this problem at a future occasion. 
The explicit treatment in the case of resonance neces­
sitated another nonperturbative device, which we 
found in a formulation of the equations for the density 
matrix by means of integral equations, and by treating 
selected terms in these equations in an exact manner. 
The resonance condition is simply that the motional 
correlation time is approximately equal to the elec­
tronics relaxation time. While this could perhaps be 
produced in a suitably chosen system by a variation of 
the temperature, it will not be easy to observe this 
effect in a free precession experiment (in weak fields), 
to which our calculations apply. We think, however, 
that this effect could be detected by studying the 
Overhauser effect. 


