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The high-energy deuteron-deuteron elastic scattering cross section and vector polarization has been
calculated on the basis of the impulse approximation with the neglect of off-energy-shell effects in the
nucleon-nucleon scattering matrix and effects of multiple scattering. The results are in terms of the free
nucleon-nucleon scattering amplitudes and an appropriate Fourier transform of the deuteron wave function.
For simplicity the D-state component of the deuteron has been neglected throughout this calculation.
Numerical results are given for 312 and 620 MeV. At the two energies considered, the results for the cross
section are comparable to those for nucleon-deuteron scattering. The validity of the approximations used
and possible improvements of the calculation are discussed.

I. INTRODUCTION

HE elastic scattering and polarization of high-
energy deuterons by complex nuclei has been the
subject of several recent experimental and theoretical
investigations.!=5 Baldwin and co-workers' measured
the cross section and vector polarization for deuteron
scattering from lithium, beryllium, carbon, and alu-
minum at several energies with a maximum of 157
MeV. Button and Mermod? measured the cross section
and vector and tensor polarizations for deuteron
scattering from carbon and beryllium at 420 MeV.
The cross section and polarizations for deuteron scatter-
ing from spin-zero target nuclei have been calculated
by Strapp,® Sakamoto and his collaborators,® and
Kerman and Campbell.® All of these workers use the
impulse approximation® which has proven fairly
successful in the treatment of high energy nucleon-
nucleus scattering and polarization.” 1
The Sakamoto group and Kerman and Campbell
made direct use of the free nucleon-nucleon scattering
amplitudes by applying the usual Chew approxima-
tion® 7" of neglecting the internal motion of the nucleons
in the deuteron and target during the virtual nucleon-
nucleon scatterings. Their results for the cross section
and polarizations at small angles were, for the most
part, in qualitative agreement with the results of
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Button and Mermod. However, several of the tensor
polarizations calculated by Sakamoto et al. were in
rather violent disagreement with experiment even at
angles as small as 8° in the center-of-mass system. It
was pointed out that multiple-scattering corrections
might account for these discrepancies. The deuteron
tensor polarizations were found to depend sensitively
on the D-state component of the deuteron wave
function.* This had been previously noted in the case
of nucleon-deuteron scattering.®

In this paper, we will treat high-energy elastic
deuteron-deuteron scattering by means of the impulse
approximation.? Deuteron-deuteron scattering rep-
resents the simplest example of deuteron-nucleus scat-
tering. Because of the relatively diffuse deuteron
structure, multiple scattering corrections to the impulse
approximation should be less important than in the
scattering of deuterons by heavier nuclei. Furthermore,
the well-defined deuteron structure should permit one
to add multiple scattering corrections®*® and off-energy-
shell effects of the nucleon-nucleon scattering¥ much
more readily than in the cases where heavier nuclei are
involved. Thus, high-energy deuteron-deuteron scatter-
ing should provide the most definitive test of the
impulse approximation and its correction terms in
deuteron-nucleus reactions. Because of the presence
of two deuterons, we would expect deuteron-deuteron
scattering to be more sensitive to the deuteron structure
than say nucleon-deuteron scattering.!® We thus have
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the possibility of gaining important information on the
deuteron structure from this study.

To our knowledge, the only deuteron-deuteron
elastic-scattering experiments performed to data have
been at energies below 20-MeV.'®* We hope that the
present work will help to stimulate high-energy (300-
1000 MeV) experimental work in this area.

In Sec. 2, we derive the impulse approximation form
of the deuteron-deuteron elastic-scattering amplitude.
For simplicity, we neglect the deuteron D-state compo-
nent and the internal momenta in the nucleon-nucleon
scattering matrices. Expressions for the cross section
and polarization are given in Sec. 3. In Sec. 4, we present
and discuss some numerical results for the cross section
and vector polarization at 312 and 620 MeV. Finally,
in Sec. 5, we discuss the accuracy and possible improve-
ment of the present work.

The treatment in this paper is in contrast to a
previous calculation by Runge!” who used simple
two-nucleon central forces in a Born approximation
calculation. There have been several treatments of
low-energy elastic deuteron-deuteron scattering,'® where
the distortion of the deuteron is important and must be
taken into account. At the energies considered in this
paper, distortion effects should be negligible.

2. SCATTERING AMPLITUDE

In this section we use the standard procedure®®® for
treating rearrangement collisions of groups of identical
particles in which the proper symmetrization of the
wave function is ignored at first and then later included.
The treatment here is equivalent to the usual impulse
approximation treatment using the 7" matrix.”?

The Schrédinger equation for the four-body system is

(T+Vy=Ey, ¢
where
IT=T1+To+Ts+ Ty
V=Vt Vit Vit Vot Vost- Vi,
The subscripts 1 and 3 refer to the protons and 2 and 4

refer to the neutrons. The initial two-deuteron system
is taken to be 1,2 and 3,4. Making the usual transforma-
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tion to the center-of-mass coordinates

4R=r+ro+ 13414,
Tip=1I1—13,
r34=TY3— Iy,

2r,= (r1+r2)'— (1‘3-'(- 1'4),

we obtain

T=Tu+Tot Tot T,
hZ hf! h2 h2
= — VitV — Vg2 —V, 2

Ta )
m m 8m 2m

where m is the nucleon mass.

Since the deuteron D-state component will not be
considered in this paper, the properly normalized wave
function describing the initial two-deuteron state in
the center-of-mass system is

Vi= o (r1) en (ran)ei®s we| X,), @)

Here, ¢p represents the spatial part of the deuteron
wave function, normalized to unity, and

| X:)=|x:(1234))

the spin state of the two deuterons. The magnitude of
ki, which represents the relative wave number of the
two initial deuterons, is given by ki?= (2m/h?) (E—2Ep)
where E is now the energy in the center-of-mass system
and Ep the deuteron binding energy.

One expands ¢ in a complete orthonormal set of
product wave functions, ¢p?(1,2)¢p?(2,4), of the two
di-nucleon systems and substitutes this into Eq. (1).
One now makes use of the fact that

(T1o+ Vo) epi=E'ept,
(T34 V3s) op’= Elop/,

and multiplies Eq. (1) on the left by the complex
conjugate of ¢p(712) ¢p(734)| Xs). Upon integrating over
the coordinates and summing over the spins of 1,2 and
3,4, one obtains a differential equation in r, for the
deuteron expansion coefficient in the original series
expansion of ¢. Solving this by the Green’s function
technique* and utilizing the outgoing-wave boundary
condition, one gets

)

ikre
Yrgon— ¢i‘|’—_f(kf | ki) en (r12) o (r34) i Xi); )
Yo
where
kj=kto/ra, k= |ki|= k],
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and

Xs | f (ks | Ta) [ X5

~(x ). ©)

In addition, we have used the Born approximation in replacing ¥ by ¥: in the scattering amplitude, Eq. (5).

We now take the symmetries of the system into account. The wave function for the four-nucleon system must
be antisymmetric under the exchange of two neutrons or protons. Hence, the proper symmetrization operator
for ¢ is

m
{ R /drIZdr34dra e 2 op*(712) o * (730) [Vis+Viet Vst Vaalen (r12) p (1'34)6“‘1'"“}

2mh?

A=1+4P13Psy— P13— Py, (6)
where P;; interchanges the spin and space coordinates of particles ¢ and j. Thus,
ikra
A0 = (1+PryPodpit——f (k[ ko) o (r12) en (730) | X3), (M)
Yo

where now

@AﬂwaMﬁ<&

m
{ ok / dre= ™ Tapp*(r12) ¢p™ (73)
27h?

xi>. ®)

The impulse approximation as used here now consists of replacing the nucleon-nucleon scattering amplitudes
obtained in the Born approximation by the experimentally determined free nucleon-nucleon scattering amplitudes
and ignoring the contribution of the internal motions of the deuterons. The latter step is the usual Chew procedure®
of neglecting off-energy shell effects in the nucleon-nucleon scattering. Performing the exchange operations and
integrations in Eq. (8) leads to the following expressions :

Vs term=(X;| f1,57? (3k/| 3ki) {F (ki—k;) — F (kit-k;) Pos} | X). (9a)

P:;7 is the spin exchange operator for particles ¢ and j, and fi; is the free nucleon-nucleon scattering matrix for
nucleons ¢ and 7.

X[ Vg4 Vi Vos+Vaos J(1+P13Pos— P13— Pos) op (712) o (734) €7 'fzx}

2

=25(ak/2).

F(Ak)=2]/dr on*(r) en(r) exp(3iak-1)

Note that F(Ak) is two times the usual sticking factor.® Similarly,
Vs term=(X; | [F (ki—k) f1,2" (3k;| 3ko) +F (ki+ky) f1,07" (3ky | — 3k,) P1ooPas”] | X)

+ m (2 )3/d
— X
2wk " q< !

ﬁ?
+<ED_'_4 (ki—kf+2q)2)<p(%kf—% i+ @) o (—3ki—3k+q) *(q) w*(q—ki)Pu":l
m

2 '
|:<ED":1—(ki+kf+2‘I)2><P(%ki+%kf+ Q) ¢ (3ki— 3k 4 q) o* (@) 0¥ (q+ ki) Prs”
m

x,.>, (9b)

where .
e(q) =“(;)§ dr ey (r),
Vs term=(X;| [ f2,5"? (5ks| 3ko) F (ki—Kk/)+ fo,577 (3ks |3k F (ki+-k/) P1y7Pos” ]| X2
m 2
+2~—7L—2(27r)3/dq <Xf { (ED—4_(ki_kf+2(I)2> e (Gkit3k+ @) o Gki— 3k +q) ¢* (@) * (q+ k) Prs”
T m

X¢>, (9¢c)

Vs term=(X;| fo,4"" (3k;| 3ko)[F (ki— k) — F (ki +k;) P17 ]| X). (9d)

72
+ (ED——4 (—ki— kf+ZQ)2> ¢ Gk—3ki+q) o(—3ki—3k+q) ¢*(q) @*(Q*ki)Pu”}
m
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Neglecting those terms in (9b) and (9c) which do not contribute appreciably at high energies, we obtain

Xs | f (s [ ki) | Xi) = (Xg | {F (ki—Kp)[ f1,577 (3K | §ki)+ f1,47" 3k | 3ka) 4 fo,m bhs | 3ko)+ f1,577 (b | 3ki) ]
— F(kit+kp) [ f1577 Gks | ki) = f1,07" Gy | — 3k Pro”Poio+ fo 47 (3ks | 3Ke) Pro”— fo,577 (3kys | —3ko) P1sPas”]} | Xi). (10)

The first term in Eq. (10) is large in the forward scatter-
ing direction and very small in the backward direction.
The second term, which corresponds to the rearrange-
ment or exchange process, peaks in the backward
direction and is very small in the forward direction.
This second term is usually neglected in 7-matrix
formulations of the impulse approximation.”

3. CROSS SECTION AND POLARIZATION

For the case of unpolarized deuterons in the incident
beam and target material, one can write for the cross
section®

(11)

It

%§<Xilf*|><f><xf|flxi>,

where the sum over the spin states is restricted to those
that can be compounded from the spin-one states of
deuterons 1,2 and 3,4 and f' denotes the Hermitian
conjugate of f. We can reformulate the expression for
the cross section in terms of traces in the 16X16
dimensional spin space of the 4 nucleons by use of the
triplet spin projection operators. Thus,

do/dQ=1} tr (CT [1OT ), (12)

where
OT=@®1,,7®3,4" =1(3+01-02)1 (3+05-04).

Similarly, we can write the expectation value of any
observable in the 9X9 spin space of two spin-one
particles in terms of traces in 16X 16 space. Thus,

(O)y=te (BT o7 f19T0)/tr (07 fO7 1) (13)
Hence, the vector polarization of the deuteron is
0‘1+0’2 ﬂ'l+0'2
(0 —oforps )/
2 7 2 /
Xtr(@Tferf1), (14)

where 7 =k; X k;/|kiXk;| is a unit vector perpendicular
to the scattering plane and I, is the unpolarized cross
section. Use has also been made of the explicit spin
dependent form of the nucleon-nucleon scattering
matrix? in eliminating one of the triplet projection
operators. Equations (12) and (14) are of the same form
as that given by Castillejo and Singh” for the case of

22 The justification for neglecting symmetrization except in the
scattering amplitude in Egs. (11) through (14) follows from the
general theory of scattering involving identical particles. See for
example H. P. Stapp [Ph.D. thesis, University of California
Radiation Laboratory Report UCRL-3098, 1955 (unpublished)].

nucleon-deuteron scattering. The general spin-one
polarizations, (T)y, are obtained by setting O=T1x
in Eq. (13). The Ty as first given by Lakin® for a
system of spin one are

To=1,
Tu= ~%V3(Sz+137,),

Tyo=(3)%S,,

Ty =5V3(S,+1S,)%

T21= - %\/3_[(S:v—l-iSz/)Sz—i_Sz(Sx_{_iSy)])

Ta=(1/V2)(352—2),
Tr—u=(—1DMT;yt.

In our case S= (¢,+03)/2. It should be noted that what
we have called the vector polarization is in Lakin’s
terminology the expectation value of the y component
of the deuteron spin, i.e., «{T11)=3V3{[(01+0a2)/2] 7).
The y direction is chosen perpendicular to the first
plane of scattering.

Using the form of the free nucleon-nucleon scattering
matrix as given by Kerman, McManus, and Thaler®
and restricting ourselves to small-angle scattering, we
have calculated the cross section and vector polarization
in terms of the scattering coefficients 4, B, C, E, and F
given in reference 21. The explicit analytical forms
appear in the Appendix. As was mentioned earlier, we
have not calculated the tensor polarization because of
our neglect of the D-state component of the deuteron
which seemingly plays an important role there.

4. NUMERICAL RESULTS

Using the tables given in Kerman, McManus, and
Thaler,? which are based on the Gammel-Thaler phase
shifts,* we have plotted in Figs. 1 and 2 the cross section
and vector polarization for deuteron energies of 312 and
620 MeV in the lab system.

It is interesting to note that the vector polarization
and cross section are comparable to those obtained for
nucleon-deuteron scattering in the impulse approxima-
tion.? The diminishing effect of the higher power of the
striking factor on the deuteron-deuteron cross section,
at the angles considered in the graph, is compensated
for by the greater number of nucleon-nucleon scattering
amplitudes involved. We have limited the present
calculation to center of mass angles smaller than 30°
since multiple scattering and off-energy-shell effects
play an increasingly larger role at larger angles.

2 W, Lakin, Phys. Rev. 98, 139 (1959).
24 J. L. Gammel and R. M. Thaler, Phys. Rev. 107, 291, 1337
(1957).
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We have also made a preliminary investigation of the
effect of the point Coulomb interaction on the above
results. (See Appendix.) One finds that for the cross
section the effect of the Coulomb force is negligible at
c.m. angles greater than 8° for the case of 312 MeV and
6° in the 620-MeV case.

5. FINAL COMMENTS

We believe that the analysis of elastic deuteron-
deuteron scattering presented in this paper has the
same validity as comparable analyses of nucleon-
deuteron scattering.”%"* An examination of the role of
multiple scattering effects®® and off-energy shell
effects* in nucleon-deuteron scattering suggests that
multiple scattering should be the most important correc-
tion to our analysis. The D-state component of the
deuteron, as was mentioned earlier, probably plays an
important role in the calculation of the tensor polariza-
tions. We are at present adding deuteron D-state and
multiple (double) scattering corrections to our analysis.
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APPENDIX

The form of the two-body nucleon-nucleon scattering
matrices as given in reference 21 are

fi;=A~+Boi-fie; A+Clo:- i+, 7]
+ Eo;- §o;- g+ Fo;- po; P,

where [§,7,p] are vectors forming a right-handed co-
ordinate system:

K —k:
[k—ki|’

kszf ki'*f‘kf
kx|’ |ki+k; |

A, B, C, E, and F depend on the energy, momentum
transfer, and isotopic spin. In the present case, we
evaluate them for a nucleon-nucleon center-of-mass
energy of one fourth the deuteron-deuteron laboratory
energy and a momentum transfer of §|k:—k;|.

For the cross section (ignoring the Coulomb interac-
tion), one obtains

b=

Q: ﬁ:

To=45%(q/2) = {4| AP+ A7"|?
+(16/3) | Crr+Crn|?
+(16/9) | Br»+Bon|2
+(16/9) | E»4Evn 2
+(16/9) | Frr4Frr|2)45(q/2)

Neglecting the Coulomb interaction, the vector polari-
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zation is

o1+02 16
(Y = R Ay (OO
2 Y

32
o R (Brr-Br)*(Crr-C) ]

A crude estimate of the Coulomb effect on the cross
section and vector polarization can be obtained by in-
corporating the point-charge Coulomb scattering ampli-
tudes in the proton-proton scattering amplitudes. The
comments in Sec. 4 are based on this approach. This is
to be contrasted with the more realistic treatment of
the Coulomb interaction as given by Bethe.19:!!

320 -

I, ( mb/sterad )
@
o
T

[o] 5 10 15 2‘0 25 30
® (deg)

Fic. 1. The unpolarized differential cross section for elastic
deuteron-deuteron scattering as a function of the polar angle 6
in the center-of-mass system. The nucleon-nucleon amplitudes
in Eq. (10) were taken from the work of Kerman, McManus,
and Thaler (reference 21) while the factor F(q) was evaluated
using the Moravesik [M. J. Moravcsik, Nuclear Phys. 7, 113
(1958) ] analytic form of the Gartenhaus deuteron wave function.

4
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F16. 2. The vector polarization of the deuteron as defined in
Eq. (14) as a function of the polar angle  in the center-of-mass
system.

Note added in proof. We wish to thank Dr. O. Brander
for calling our attention to an error in the equation for
the cross-section as originally given in the Appendix.
Dr. Brander’s preprint referred to in the beginning of
the article has now appeared in print in Nuclear Phys.
36, 82 (1962).


file://-/-Evi

