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We consider the molecular orbital problem, i.e., the quantum-
mechanical problem of a particle (electron) bound to a configura­
tion of N potentials, when the potentials may overlap. We show 
why, when the individual potentials are spherically symmetric, 
it is advantageous to write the wave function S? in the many-
center (LCAO) form, ^f=^(ri)-\ ^^(TN), where rt refers 
to a coordinate system associated with the iih potential. The main 
point of this paper is to show that it is not only advantageous to 
use this form, but that it is also practical to directly determine 
the "atomic orbitals" ^(1)- • -^N\ To show this we define the 
rp^iii) in a natural way and then use the Schrodinger equation 
to get a set of coupled integral equations for these functions and 
to get an analogous set for <£(i)(X), their Fourier transforms. We 
expand the <f>W (X) in partial waves and make it plausible that the 
resultant sets of equations can be truncated and that frequently 
only a small number of partial waves need be retained, so that 
the equations are practical to solve. 

To show the spirit of the method we discuss, as a simple applica­
tion, the ground state of cyclic systems, i.e., of potentials arranged 
at the vertices of regular polygons. The truncation of the equations 
then gives an approximate equation for the "S-wave part" of the 
orbitals and an expression which enables us to estimate the higher 
order partial waves from this S-wave part. We present methods 
for approximately solving the 5-wave equation, which equation 

has the advantage of strongly resembling the corresponding one 
for a single potential, except for a "structure factor" which de­
pends on the configuration. These methods include a variational 
method which does not involve multicenter integrals, a means 
of reducing the problem to that of solving the Schrodinger equa­
tion for an effective potential, and a method involving screened 
nuclear charge. For Coulomb potentials and for iV=2,3,4 {N—2 
corresponding to the hydrogen molecule ion) we calculate the 
5-wave part of the orbitals using the latter method; in these 
calculations arbitrary N is not essentially more difficult than 

As a further application we use the second of the equations 
mentioned above to calculate, for N=2, the P-wave or "polariza­
tion" terms in the orbitals. We get good agreement for the form 
of this part of the wave function with the best variational calcu­
lation of this kind, that of Dickinson. 

Finally, we point out that these two applications are the first 
steps in an iterative procedure which seems to be promising more 
generally. Namely, starting from an approximation to an orbital 
which involves, say, one or more dominant partial waves, it would 
now appear that one can both calculate the other partial-wave 
components and correct the initial approximation, and so by 
iteration arrive at the correct form of the orbital. 

I. INTRODUCTION 

IN a previous paper1 we have considered the quantum-
mechanical problem of a single particle (electron) 

bound to more than one attractive potential, with the 
important restriction that the potentials have finite 
range, and are arranged in such a configuration that 
they do not overlap. A problem which is at least equally 
as important, e.g., in the theory of molecules, is the 
more general one in which the potentials overlap, as 
they necessarily do if they are of infinite range, and 
possibly do if they are of finite range. It is this problem 
of overlapping potentials that we discuss in the present 
paper. 

In this kind of multicenter problem the first question 
that faces one is that of choice of a coordinate system. 
Should one express the wave function in terms of a 
single coordinate system, with origin chosen as con­
veniently as possible? Or should one set up more than 
one coordinate system and try to write the wave func­
tion as a sum of functions each referring to one of the 
different systems? For nonoverlapping potentials, we 
saw that the latter procedure was advantageous.1 One 
could easily set up the formal solution if one used a set 
of coordinate systems, one for each potential. And, of 
course, this multicenter representation is what one 
tries in the LCAO (linear combination of atomic 

* Operated with support from the U. S. Army, Navy, and 
Air Force. 

*L. Eyges, Phys. Rev. I l l , 683 (1958). 

orbitals) method of dealing with many-centered 
potentials. 

These facts aside there is, it seems to us, a more 
important reason for preferring, or at least for inves­
tigating thoroughly, a multicenter representation. It is 
the question of obtaining the best convergence of the 
solution, or more specifically the best convergence of the 
partial-wave expansions one ordinarily uses. We can 
illustrate this point simply by considering a particle 
bound to two identical potentials, say a distance d 
apart. We consider the convergence properties of the 
solution expressed in a two-center representation, one 
coordinate system centered at each potential, and in a 
one-center representation with, say, a coordinate 
system midway between the potentials. Now, for d —> 0 
there is no difference in the convergence properties of 
the one and two-center representations, since they 
coincide. For d very large, however, the ground-state 
wave function of the system will be a linear combination 
in the two-center representation of an 5 state in the 
first coordinates plus an S state in the second co­
ordinates. If, however, we imagine this wave function 
expanded in terms of spherical harmonics of the one-
center representation, it is clear that the convergence 
of the expansion would be very poor; many terms would 
be needed to represent what are simple S states in 
two-center coordinates. For intermediate distances it is 
plausible that the convergence will remain better in a 
multicenter representation. 

We can see somewhat more generally why we would 
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expect better convergence with a multicenter represen­
tation of the wave function. To do this we imagine N 
spherically symmetric potentials whose centers are at 
di • • • div with respect to some general coordinate system. 
We suppose that there is, in addition, a spherical 
coordinate system, whose orientation we leave arbitrary 
for the moment, at the center of each potential. Let P 
be a vector in the general system to a point in space and 
let r* be the vector in the Zth coordinate system to the 
same point in space. Then for the potentials i and n 
we have r ; + d ; = r n + d n or 

r»=r„+d»», (1) 
where 

— din=di— dn. (2) 

The wave function ^ is a function of P and satisfies the 
integral equation 

* ( P ) = - / " ^ ( F > ( F ) ^ ( P , F ) d F , (3) 

where F(P ' ) is the potential at F , p2=2m\E\/¥ for a 
bound state, E is an energy eigenvalue, and v(P) 
= (2fn/W)V(P). Here g*(P,P') is a Green's function 
which has the form 

g,(P,F) = e x p ( - / 3 | P - F | ) / 4 7 r | P - P ' | . (4) 

I t satisfies the differential equation 

( V 2 - ^ ) g , = - S ( P - F ) , (5) 

where 6(P) is a three-dimensional delta function. This 
last equation can be used with the integral equation (3) 
to prove that that equation is equivalent to the Schrod-
inger differential equation 

(V 2 -£ 2 )*(P) = z>(P)*(P). (6) 

Finally, v(P) for the multicentered potential we discuss 
is of the form 

v(?) = v1(r1)+--vN(rN). (7) 

Now we return to the discussion of the convergence 
properties of the solution for this multicentered poten­
t ia l Let us suppose for a moment that we knew the 
wave function ^ (P), not necessarily in an analytic form; 
for example, we might be given the wave function in 
the form of a table, one entry for each point of space. 
We can imgaine that we then used this tabular wave 
function to evaluate the integral in Eq. (3) and so 
get an analytic expression for SI>. Now the Green's 
function is a function only of the difference between P 
and P ' and in using it we can express it in any coordinate 
system we wish. For example, we can equally well use 
any of the N representations, for i= 1, • • -N 

g,=exp(-/31 n- r/1 )/4*r( | 1 < - r /1) . (8) 

With this in mind, we put the expression (7) for the 
potential energy into Eq. (3). We get, in a somewhat 

mixed, but, we trust, clear notation 

¥ ( P ) = - / * ( P 0 ! > i ( r 1
, ) + - • • ^ ( ^ , ) ] ^ ( P , P , ) ^ P / . (9) 

Now let us consider the ith integral in the last 
expression, i.e., the integral over Vi(r/). In this integral 
we can express the Green's function in r», r / coordinates 
and the integration then gives rise to a function 

* « > ( ! * ) = - | ^ ( F ) ^ W ) ^ ( r , , r / ) J r / , (10) 

and Eq. (9) becomes 

^ ( P ) = ^ ( 1 > ( n ) + . . ^ w M . (11) 

We consider the integral over dt/ in Eq. (10) as an 
integral over the solid angle 0 / times an integral over 
the magnitude of r/, i.e., dx( —> r^dr/dti/. Now in 
evaluating the integral over the solid angle dti/ we 
must imagine ^ ( P ' ) expressed in spherical harmonics 
of Q/ and can imagine g& (as a function of r / ) also 
expressed in spherical harmonics of 0 / . We then have 
under the integral sign a series of products of two 
spherical harmonics of U/ and the convergence of the 
expansion for ^l){xi) as a function of 0 / will be better, 
the better the convergence of this double series. We 
have a product of two and not three spherical harmonics 
to integrate over because in the ith coordinate system 
(and only in the ith system) Vi(ri) has a trivial expansion 
in spherical harmonics. The point we are trying to 
make is that in this way of evaluating the wave function 
we take maximum advantage of the fact that Vityi) 
is spherically symmetric. By contrast, imagine that we 
had simply used Eq. (3) to evaluate the wave functions 
as a function of P, in some coordinate system which 
has no special relation to the ith potential. Then in 
doing the integration we must imagine ^ ( P ' ) expanded 
in spherical harmonics of Op>, similarly for g$ as a 
function of P ' and must imagine that Vi(fi) is also 
expressed in a series of spherical harmonics of ftp/. Thus, 
we have to integrate three spherical harmonics and this 
will lead, in general, to an expansion of ^ ( P ) in spherical 
harmonics of Op which converges poorly, especially if 
the potential Vi is far from the origin. 

To state in a nutshell the advantage of dealing with 
the representation (11): I t is the way of expressing the 
wave function that takes full advantage of the fact 
that the individual potentials are spherically symmetric. 
Conversely, if the individual potentials are not spher­
ically symmetric (or almost so), there is no point to 
using a representation like (11). 

II. THE GENERAL MULTICENTER EQUATIONS 

For the reasons given above we wish to use a multi-
center representation for the wave function, of the form 
of Eq. (11). How can we determine the ^ ( i ) ( r 0 ? The 
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answer is given by Eqs. (10) and (11). We simply We multiply Eq. (14) by exp(—&-r;)/(27r)3/2 and 
consider these equations as a set of integral equations integrate over r». Also, we observe that the sum over 
which must be solved. More explicitly, let us write out the \j/{n) in this equation can be written 
Eq. (10) for i= 1 • • • N and put in on the right-hand side 
of each of these equations the expression (11) for JL , ,, ., * J^ f , w x 
* ( F ) . We get Z ^ ( 0 = - — £ U<»>(<0«p(«r-r.')<*r, 

Xj/a)(tl)=- f [ ^ d ) ( r / ) + . . .^>( r A r ' ) ] which is, using Eqs. (1) and (2), 

Xvi(ri)gp(rhr1
,)dri,

7 \ N , 
: • (12) E /0(w)((r)exp[i€r-(r/-d in)]J(F. 

(2TT)3/2 »-I 7 

Thus Eq. (14) becomes 
X^(n/)g<3(rjv,r;/)dri/. 

This is a set of Â  equations for the Â  unknown functions ^co^) — / / / exp(—&,-r-\ 
^(D.. .^av)# These equations define a wave function of (2TTY J J J 
the same form that one uses in the usual LCAO method, 
namely, the form of Eq. (11). But in the usual applica- N 

tions of the LCAO method one is essentially limited to X{ S <£(n)(<0 exppcr- (r /-d f»)]} 
variational techniques. With the integral equations n~~ ( ,. ( ,. - , , , ^ ^ 
above, however, one need not limit oneself to variational ^v*\ri )iP\ ^i *) ^ i <*• \ ) 
techniques, although these will undoubtedly be impor- N o w w e p u t t h e foUowing integral representation for 
tant, but can also use all the other methods which have ~ m t o t^ e right-hand side of (17) 
been developed to deal with integral equations. 

If now we expand each of the ^^(u) in spherical 1 r exp[fiJ' (rt— r/ ) ] 
harmonics ^ ( r ^ r / ) = ~ ~ ~ " / ^ "" ^ ' -

f W = E W « W F , w W , (13) (27r) J x + / 3 

,w The integral over dti on the right-hand side then leads 
then the set of N equations becomes an infinite set of }° a de . l t a function which enables us to do the 3/ 
coupled integral equations for the radial parts of the integration and get 
yp^\ namely, the ^zm

(i). But, and it is a large but, the ^wry^ 
fact that these partial-wave expansions converge well 
means that we can to good approximation truncate the _ 1 C C ^ . 
set or equations, retaining only the first few partial = ~ (? )*(\24-82)l / ^ i * " ^ e x p ^ " " ^ ° " d i n ^ 
waves. Moreover, if there is any symmetry in the -
problem as, e.g., in the configuration of potentials, this X^(r/)expp(<r-3i) • r/]dr/Ar, (18) 
can be used to simplify the equations and, as we shall or 
show, they do become practical for computation. Similar \ r N 
remarks apply to the momentum-space counterparts of 0(i)(Ot)= — / { ]T 0(w)(o-)exp(—wr-d*n)] 
(12), and since these will turn out to be as useful, and (27r)3(A2+/32) J n=i 
more so, than the coordinate space equations, we derive Xw(l)(o— X)dv, (19) 
them now. w h e r e 

To do this we reconsider the ith of Eqs. (12) w^(a-X)= (v^r') exp[i(<r-3t).r']dr'. (20) 

r N ^ 

^ ( 0 ( r . ) = _ J [ £^ (n ) ( r n / ) ]^ . ( f / ) ^ ( r . ) r / ) j r / t (14) T h ^ t h ^ ^ ^ general equations. They become 

much less formidable looking when one applies them 
We define the Fourier transform «<*>(*) of ^(i)(r*) by t 0 particular cases for which there is often some sym­

metry which may be used to simplify them. For exam-
1 r . pie, the potentials may be identical, or they may be 

* % T o " ^ / % exPv"~^•*»)»*»-, (15) arranged in a symmetric configuration. We return to 

with the inverse transform 
these points after the next section. 

III. PARTIAL-WAVE EXPANSIONS 

^(*)(ri) = /0 ( i )(^) exp(iX'ti)dX. (16) As w e mentioned earlier, an important advantage of 
(27r)3/2 J the multicenter representation we have adopted is 
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that we expect the expansions of the wave functions w^fa—X) 
<j>(i)(X) in partial waves to converge well. Now we M z 

carry out such partial-wave expansions; the integral = (4TT) E E W i ( 0 ( ^ ) F ^ * ( ^ ) ^ « ( Q \ ) i (22) 
equations (19) then become infinite coupled sets of *=o m=-z 
equations which relate the various partial-wave ampli- where 
tudes one to another. w 

Consider then Eqs. (19) and (20). Since v,(r) is wi™(<r,\) = 4>ir [ Vi(r)ji(<rr)jiQsr)r*dr. (23) 
spherically symmetric we can easily do the integral J0 

over the solid angle of r in Eq. (20) using the plane 
wave expansion, Now we expand <£(i) (X) in partial waves2 

exp(fKT) = 4 i r£ : E ilMKr)Ylm(&)Yim*(Qr). (21) 0CO(*) = E *zmw(X)F,m(«x). (24) 

We get for w(i)(o— X) Putting Eqs. (22) and (24) into (19), we get 

E ^ ^ Q O ^ W - /"[£ E^1m1
(w)WFZimi(&)exp(~^.d,n)] 

i.« (2TT)3(X2+/52) 7 n-i ilWl 

X [ 4 T T E w^Ha,\)Ylm*(Q9)Ylm(QK)2(h9 
l,m 

or equating coefficients of the FZm(£2\) 

0i«wOO = / " [ £ E 0 ^ m / w H ^ ) F ? i m X ^ ) e x p ( - ^ . d , > z ^ ( ( 7 , X ) F Z m * ( ^ ) ] J c F . (25) 
2 T T 2 ( X 2 + ^ 2 ) 7 n=l ZlWl 

Now we expand exp(-ivdin) by Eq. (21) thereby explicitly introducing the interparticle distance din 

exp (—ur • d»-n) = (4?r) E (—0 '2iz2 (<^n) FZ2m2* (Q,) FZ2m2 (Qdin), 
Z2W2 

and we get 

2 

7r(X 2 +/3 2 ) 7 w=l limi tem2 
*i«w(X)=—rr—T f E S E[^1»,wWFll™l(^)(-^'ifeWn) 

,/ w—1 Zi« 

XF Z 2 m 2 *R)F Z 2 m 2 (^ n )^ z ^( (7)Fz w *(^) ] (7 2 J ( r^ . (26) 

Now we can do the integration over the three spherical harmonics, using3 

/ YimYiimiYhm2dQ=AQml1m1hm2)1 (27) 

where 
r ( 2 / + l ) ( 2 Z 1 + l ) ( 2 / 2 + l ) n 1 / 2 / / h h\fl h h\ 

A (Im hmi hm2) = )( ). (28) 
L 4 T J \ 0 0 0/\m mi mj 

Here ( * 2 ) is a 3— / coefficient and we need to use (29) 
\m mi mi) 

Thus finally the ith of the N integral equations becomes 

2 r°° N 
<l>im

(i)(\) = / [ E E T,A{l-mhmih-m2){i)^ 
7r(X2-|-/32) JO n=l l\m\ tem2 

X (-)«*««+'»«>,«> (orM<t>iimi
M(v)Jh(<rdi«)Yhmi(®<iin)3<72<I<T- (30) 

2 For brevity, henceforth we use 2j , m to mean 2^0°° 2mte,_rz. 
3 A. R. Edmonds, Angular Momentum in Quantum Mechanics (Princeton University Press, Princeton, New Jersey, 1957), p. 63. 
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IV. CYCLIC SYSTEMS 

A. The Specialized Equations 

The integral equations derived above are not very 
transparent, written as they are for the most general 
case of an arbitrary number of possibly unlike potentials 
arranged in an arbitrary configuration. In this section 
we apply them to some concrete cases and discuss their 
solution to get a better idea of their practically. 

We begin with the problem of the ground state of a 
cyclic system, i.e., of a particle bound to identical 
potentials in a symmetric polygonal configuration, e.g., 
equilateral triangle, square, pentagon, etc., and as a de­
generate case of a plane polygon, a particle bound to two 
potentials a distanced apart. The momentum-space wave 
function <£(i) (Ot) is defined as the Fourier transform of a 
wave function ^ ( i )(r*) where r* is itself defined with re­
spect to the coordinate system associated with the ith 
potential. Now for every potential, we choose the orien­
tation of the associated coordinate system in an 
identical way (a point to which we shall return) and 
consider the ground state, or states with the symmetry 
of the ground state. Then the basic equations (19) 
simplify considerably. First we observe that when all the 
potentials are identical, the superscript on w(i)(o— X) 
is superfluous and we can simply call it w(v—X). 
Similarly, if all the potentials are identical and all the 
coordinate systems are chosen symmetrically and we are 
looking for the ground state of the system, then all the 
\p(i)(ri) will have the same functional form, i.e., ^ (1) 

will be the same function of ri as ^ (2 ) is of r2, etc. In 
short, the superscripts on these functions will be super­
fluous and we can simply call them all \p. As a con­
sequence, a similar remark applies to the functions 
</>(i)(X), which we shall call <t>&). Then <t>(a) factors out 
of the summation over n in Eq. (19). Also, this equation 
was written for the ith potential, but since all the 
potentials are identical it does not make any difference 
how we number them, and it is convenient to take i=l. 
Factoring <£(<r) out of the sum, the N integral Eqs. (19) 
become redundant and reduce to a single one for 
determining the single unknown function <£(X), 

* ( * )=• 
1 

( 2 T T ) 3 ( \ 2 + £ 2 ) 
[ E exp(—wr-din)] 

X0(o>(<r-a,)Ar. (31) 

This equation is like the momentum space equation 
for a particle bound to a single potential, except for 

the presence of the "structure factor" 5(or, di2- • -dijy) 
in the integrand 

N 

S(o, di2- • -din)= Z exp(—icr-dm). (32) 

This is the main reason for the fact that the momentum 
space equations are more useful than the coordinate 
ones, i.e., they enable us (at least for cyclical systems) 
to break the problem up into two par ts : the structure 
factor which depends only on the configuration of 
potentials, and the function w(v—X) which depends 
only on the individual potential shape. 

I t is convenient to expand the structure factor in 
spherical harmonics of &a. We have, using Eq. (21), 

S(«r, d12- • .di*r) = 1+4TT L £ (-i)lji(*dln) 
7i=2 I, m 

XYtm(Q.)Ytm*(QdJ. (33) 

For brevity, we define new quantities Sim((r, 'd'), where 
'd' is shorthand for dw • -dm, by the equations 

S(f/,&u---&w) = l+'£Sim(.<r,'d')Ylm(Q.), (34) 
l,m 

Si«(<r,'<*') = 4irX; (-i)lji(<Tdln)Ylm*(SldJ. (35) 

In Appendix I we calculate, as an illustrative example^ 
some of the elements of the structure factor for a square 
configuration of potentials. 

Using Eq. (34) for the expansion of the structure 
factor in spherical harmonics, we can now write a set 
of coupled equations for the partial-wave amplitudes-
</>zm(X). These equations will, of course, be special cases. 
of the previous ones, but since the present case is 
expecially simple, it is convenient to write the equations. 
anew so that the elements of the structure factor appear 
explicitly. Thus, we put the expansion (34) for the 
structure factor into Eq. (31) along with the expansions 
for #(0t) and w(v—X), 

«(X)= E ^m(X)FZm(Ox), (36) 

and 

!>(<r-*) = 4ir £ wi((ry\)Ylm*(tl9)Ylm(QK). (37) 

Equating coefficients of Yim(Q\) on both sides of the 
resulting equation, we get 

0Zm(X)= -
1 

2TT2(A2+/32) 
WI(<J,\)\J>1 iW+E Z(-

hm2 Ziroi 

These then are the desired equations for the symmetric 
states of the symmetric configurations described above. 

B. The Truncated S-Wave Equations 

As we have remarked previously, we expect that 
for the ground state, Eq. (38) can be truncated, i.e., 

•)™A Q-m hmx I*mt)4>hm(p)Shmi(<r, '4')]<r*dar. (38) 

that all but the first few 4>im are negligible. In fact, we 
not only expect this to be approximately correct in. 
general, but know that it must be exact in the two* 
limits in which the potentials coalesce (d\n —» 0) and 
when they become widely separated (din—» oo)? in 
both of which cases the ground-state wave function 
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contains only S waves, / = 0 . Thus there certainly is a 
range of the d\n for which it is a good first approximation 
to take, as a starting point, Eq. (38) with only 0Oo(X) 
assumed different from zero. A natural program then 
is to try to solve for <£oo(X), and then to use this solution 
to estimate the neglected higher order partial waves. 
This is the program we discuss; in this subsection we 
concentrate on solving for <£0o. 

We make the approximation therefore, of taking 
£=0 in Eq. (38) and retaining only /2= :0 in the sum on 
the right-hand side. This implies that only the term 
/ i = 0 survives the sum on h and the integral equation 
becomes the relatively simple one 

$oo(X) = — 
2TT2(X2+/32). /0 

Wo(<r,\)<l>Qo((r) 

X[l+Soo(<r, 'd')y*d*. (39) 

The factor 1+6*00(0", 'd') characterizes the particular 
polygon we deal with. Simple calculations, analogous 
to the one in the Appendix, give for l+5oo the following 
expressions for the configurations specified; here d is 
the polygon side. 

l+jo(crd), linear; 

1 + 2 j0 (ad), equilateral triangle ; 

l+2jQ(ad) + jota(2dy^, square; 

l+2jo(crd) + 2jo[_2(rd cos(x/5)], pentagon. 

Equation (39) differs from the corresponding 1=0 
momentum space equation for a single potential only 
through the fact that 1+S0o(o", fd') appears in the 
integrand. In fact, when d becomes infinite, 500(0", 'd') 
goes to zero, and we have just the integral equation for 
the ground S state in a single potential. When d goes 
to zero, 1+500(0", rdf) becomes equal to N, and we have 
the problem of a particle bound in an S state to a 
potential which is N times as strong as the single one. 
Thus in a qualitative way, we see that some average 
value of [l+50o(o-, fd')~] is the effective strength of the 
potential, or if we are dealing with Coulomb potentials, 
is the "effective nuclear charge." 

We now discuss possible methods for the solution of 
the integral Eq. (39). First we rewrite it with an eye 
toward symmetrizing the kernel 

0oo(X)[l+5Oo(X,^)]1 / 2=" 
1 

Wo(<r,X)[l+500(o-, W')]1/2[1+500(X, '^)]1/2</>oo(o-)[l+500(<7, 'd ' JT 'VAr. 

1 r°° 
0eff(X)= / Weff((T,\)<t>efi((T)(T2do: (42) 

M ^ 2TT2(X2+/32) A 

2TT2(X2+/32) JO 

Now we define "effective" quantities 0eff and weu: 

*eff(X) = *oo(X)[l+5oo(X, W 2 , (40) 
With the equation in this symmetrical form we can now 

weff(o-,X) = wo(o-,X)[l+5oo(X, 'd')"]112 apply any of the usual methods for integral equations 
Xr i+5 0 0 (a - 'd')~\112. (41) °^ ^ s t v P e - For example, for the ground state, we have 

the following variational principle. If we knew <£eff(X) 
We then have we could evaluate the energy from 

• = - ( / . (/»eff2(X)X2JX+ / / </>eff(o")0eff(XKff(o-,X)(72X^^X)/ / 0eff
2(X)X2dX. 

2W0 Jo I' h 

If <£eff(X) is unknown, this expression is a variational 
one, and it can be used then with an approximate 
<̂ >eff(X) to give an energy fi2 with an error of higher 
"order" than appears in <£eff itself. Formally, at least, 
this variational principle has the advantage over the 
usual multicenter formulation of the variational 
principle that only one double integral is involved, and 
not the usual multiplicity of multicenter integrals. 

One need not be limited to a variational principle, 
however. For since Eq. (42) is essentially the momentum 
space equation for an effective "potential" weit((r,\) 
we can transform it back to coordinate space, and 
exhibit the effective potential in its usual form as an 
ordinary potential in space. This is an attractive 
possibility, so we shall discuss it in detail, along with 
some minor difficulties associated with it. 

We first ask how we can reconstruct the potential 

v(r) from a knowledge of w0(cr,X), defined by Eq. (23), 
viz., 

w0(o-,X) = 47T / jQ(ar)v(r) jo(\r)r2dr. 

The answer is that we can invert this using the basic 
theorem on Fourier-Bessel transforms,4 and get 

1 r00 

v (r)jo (\r) = / Wo (<r,\)jo (crr)a2da. 
2T2JO 

In particular, if we set X = 0, we get simply 

v(r)--
1 r00 

= / Wo((T, 
2T2J0 

0)jo((rr)a2da. (43) 

4 If / (£ )= VMMjFg(s)j0(ks)s*ds then g(s) = (2M^J}Tf(k) 
Xjo(ks)k2dk. 
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Applying these last results to wea we get the effective 
space potential that we seek, and which we call vGu(r): 

Vett(r) 
V2 r° 

2TT2JO 
w,{afi)j,{ar)[\+j,{ad)Jl2a2da. (44) 

I t should be noticed, and this is one of the difficulties 
mentioned above, that this last formula does not hold 
in the limit d —> GO . The reason is that in it we have set 
X=0, and the value of [ l+io(Xd)]1 / 2 for X - » 0, d -> oo 
depends on the order in which we take these limits, it 
being v2 for the order written above, and unity for the 
order, d—* °o, X —>0. However, the result (44) can be 
applied for d different from infinity. Consider for 
example the screened Coulomb potential 

v(r)=-2e~ar/r, 

for which we have 

whence 
Wo((r,0) = ~87r/((T2+a2), 

4V2 r00 a2 

Veit(r)= / — j,{ar)[l+j,{ad)JI2a2da. (45) 
7T JO a2-\~a2 

Because of the square root in the integrand, this integral 
is not easy to solve as it stands. However, since jo(ad) 
is less than one everywhere except at the origin, and 
since the other factor in the integrand \jj2/(cP+o?)'] 
Xio(or) goes to zero fairly rapidly at the origin, it 
seems permissible to expand the square root and 
integrate term by term 

4v2 r™ a2 

Vetf(r)= / jo(crr) 
TV Jo o-2+ce2 

x i -
j o M ) jo2(<rd) •W 

Doing the integrations for the three terms written 
above, we get the approximation 

vGii(r)« - (2/r)[e~«r+ ( l / 4 o r f ) ( e - ^ ^ - e ~ ^ r ~ d \ ) 
-~(l/32d2a2)(e-^r+2^+e-^-2^-2e-ar)+' • • ] • (46) 

I t should be noted that we cannot let a go to zero in 
this last expression, since it then diverges. The reason 
is that f or a —> 0 it is not legitimate to expand the square 
root in the integrand of (44). Thus for the Coulomb 
potential the effective potential is defined directly by 
Eq. (45). 

Now we consider a final method for the solution of 
Eq. (39), and one which we shall work out in some 
detail. As we have observed previously, we could solve 
Eq. (39) if the factor 1+500(0-, 'd'), which plays the role 
of an "effective nuclear charge" were in fact a constant 
and not a function of a. This suggests that if we were to 
define an average value of this quantity, and if further 

it were a good approximation to replace l+Soo(af, df) 
in the integrand by this average value, which we shall 
call Z ' and which we shall shortly define more precisely, 
then we would easily have an approximate solution of 
Eq. (39). For this equation would then become the 
approximate one 

Z ' r™ 
0oo (X)= / wo(a-,X)0oo(o-)(72^cr? (47) 

27T2(X2+^)Jo 

and this is just like the equation for the S state of a 
particle moving in a spherical well of shape character­
ized by w0(o",X). In particular, it is soluble if WQ(<T,\) 
corresponds to a Coulomb potential, and this is the 
case we treat. 

We discuss in detail the case N—2, the hydrogen 
molecule ion; the results for higher N can then be 
written down immediately by analogy. We use atomic 
units in which ft2 = 2 \ E \ and v(r)~ — (2/V). Now for the 
Coulomb potential we know the exact solution for the 
lowest state of the integral equation (47). The eigen­
value is 

0 = Z ' or | £ | = (Z'2/2), (48) 

and the eigenfunction is 

</>oo(X) = l/(X2+Z / 2)2 . (49) 

Using these results, we shall now derive an approximate 
solution of Eq. (39); in fact, we shall derive this solution 
in two different ways to throw as much light as we can 
on the nature of the approximation. 

For the first derivation we begin by defining Z ' as 
the average value of l+j0(ad), the average being 
calculated with respect to the true wave function 
0oo, i.e., we write 

£ ' = / [ l + i o M ) ] 0 o o ( a - ) ^ / f 0oo(<r)Ar. (50) 

Now this definition is a circular one, in that we do not 
know the true wave functions <j>oo(<r). However, we can 
make the definition fruitful if we consistently use the 
assumption that the solution of Eq. (39) is approximated 
by the solution of Eq. (47), which involves the (as yet 
unknown) effective charge Z'. For we then simply put 
the expression (49) into the right-hand side of Eq. (50) 
as an approximation to <£0o and we get a transcendental 
equation for Z r . Thus Eq. (50) becomes 

da 
Z'= j [ 1 + i o M ) ] 

'0 (<r2+Z'2)2/ 

da 

(a2+Z'2)2 

4Z /3 r da 
_ _ ! D + j t W ) ] _ _ ( 5 I ) 

and this is an equation which defines Z ' and hence, from 
Eq. (48), the energy. 
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Before we give numerical results based on this 
equation, we shall derive it in another way, as follows. 
We observe that if we knew the wave function $00 (X) 
which is the solution of Eq. (39) we could conveniently 
calculate the energy by putting A in it equal to some 
particular value, a convenient value being A=0. This 
would then give (again for N=2) 

-f 
Jo 

[ 1 + i o M > 0 M ) 0 o o (a)a2da/27r2(f>oo (0). 

Using the definition (20) for w0 we get for the Coulomb 
potential 

Wo (cr,0) = — ST/a2, 

whence we have 

P2=+~ / [ l+ioM)]0ooW^/^>oo(O). (52) 

If now we again use the assumption that the solution 

of Eq. (39) is approximated by that of Eq. (47), 
namely that #00 (<0 is l/(o-2+/32)2 and that P = Z', we 
see that this equation becomes exactly the same as 
Eq. (51). 

The integral in Eq. (51) is elementary and upon 
doing it the equation becomes one for Z', and hence 
the energy, as a function of d. We get 

Z/=l+l(/Z,d)l2-e~z'd(2+Z,d)J (S3) 

Note that Eq. (53) gives the correct value of Zf in 
the two limits d —> 0 and d —> co. 

Practically, it is easy to calculate energies from Eq. 
(53). We rewrite it in terms of the parameter £ = Z d 
to get 

f 

~i+(i/r)[2-^(2+f)]' 

from which for a given f, d can be found. Analogous 
equations for the triangular and square configurations 
are 

d=-
l+(2/r)[2-«r-f(2+f)] 

, triangle; 

1 + (2 / r ) [2 -* - f ( 2 + f ) ] + ( l / f v 2 ) [ 2 - e x p ( - f ^ ) (2+fv5)J 
, square. 

For the diatomic case, we can compare our results with 
the exact ones derived by Bates, Ledsham, and Stewart5 

for the hydrogen molecule ion. This is done in Fig. 3. 
In comparing our result with the exact one, it is 
important to remember that our results are approximate 
for two different reasons. The first is the approximation 
that has been made in truncating the general equations 
(38) to arrive at the S-wave-only equation (39); 
second is the approximation we made in finding the 
solution of this equation. We know the first approxima­
tion gets better as d becomes either very small or very 
large; hence, we expect that the error exhibited in 

FIG. 1. Coordinate 
systems for two iden­
tical potentials. 

6 D. R. Bates, K. Ledsham, and A. L. Stewart, Phil. Trans. 
Roy. Soc. A246, 215 (1953). 

Fig. 3 is for d less than 1/2, say, or greater than 3 or 4, 
mainly due to the approximate solution of Eq. (39). 

C. The "Polarization" Amplitude 

Now we turn to the second part of the program 
discussed above, namely, the estimation of the P-wave 
or "polarization" contribution to the orbitals. We shall 
work this out for N=2, the hydrogen molecule ion, in 
which case the results can be compared with previous 
ones, but the same procedure would hold for N>2. 

We begin then by writing out Eq. (38) for N = 2, 
including both the 1=0 and 1=1 partial waves (now 
assuming that still higher ones are negligible). We take 
the two potentials to be a distance d apart. For the 
ground state, the wave function is cylindrically sym­
metric, so that it is convenient, with reference to Fig. 1, 
to put the first potential at the origin and the second 
at z=d on the z axis. At each of the potentials we have 
a separate coordinate system and Eq. (38) implies 
that we have chosen the coordinates ri and r2 in a 
symmetric way. This will be so if we define the co­
ordinates as in Fig. 1, where both 0i and 02 are chosen 
to be interior angles. Then, we set m = 0 in Eq. (38) and 
write them out for 1 = 0 and for 1=1. To reduce the 
number of subscripts, we introduce a slightly different 
notation for this case. We call #00 (A) and <£io(A), the 
only two assumed nonzero amplitudes, <£o(A) and^i(A). 
Referring to the summation on the right-hand side of 
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Eq. (38), if m=0 and mz is always zero, then it follows zero and it is convenient to define A(lOliOl^)) = A(lhh). 
from the properties of AihrUmil&m) that mi must be Equations (38) written out for / = 0 and / = 1 then are 

*>(X)=-

* i ( X ) = -

f w0(a,\)l<j>0(<r)+M<T) Z A(«i0)5,l0(a, 'd')+4>iW E 4 (0/il)5i,o((r, ' d ' ) > ^ , (54) 
, 2+/8 2) J o ii h 27r2(X2+/82) 

• / W i M [ * i W - r ^ ( « r ) E ^ (« i0 )5 i l 0 (a , '<*')+*i(<0 E 4 ( l h l ) S h a ] ^ d a . 
2 T T 2 ( X 2 + ^ 2 ) J O «I ' : 

(55) 

Now the coefficients A(hhh) are zero unless the 
"triangular equality" is satisfied, i.e., unless, consider­
ing Ii,l2 and h as angular momenta, their magnitudes 
are such that two of them could be coupled by the 
vector-coupling model to give the third. Using this 
property of the ^4's and others which derive from the 
definitions of the 3-j coefficients as given in reference 3, 
the two equations become 

the right-hand side to get an estimate of fa 

iy/S 
i00< 

2TT 2 (X 2 +/3 2 ) . /O 

Wi(<j,\)fa(o)ji(<jd)<rH<T. (58) 

o(A) = -
27r 2 (X 2+£ 2 ) 

w o (o - ,X){0o(c r ) [ l+^oM)] 
o 

+Ut>1(ar)j1(<rd)}aidcr, (56) 

Wi(a,\){fa(<r)[l + jo(ad)~] 
* i ( X ) = N , 

27r2(X2+/?2)7o 

- iV30o {o)ji (ad) - 2 fa (<r)j2 (<rd)}a2d(r. (57) 

Now we can use these equations in the way suggested 
above. That is, in the last of these equations, we assume 
that fa is small compared with fa, and keep only fa in 

We note that this equation confirms the fact that fa 
vanishes for d going both to zero and to infinity. We 
also note that having estimated fa, we can go back and 
use it in Eq. (56) to improve our original calculation 
of <£o. 

Now we discuss the integral in Eq. (58). For the 
Coulomb potential v(r) = —2/r we have 

/.00 

w\ (<7,X) = •— 8ir J j \ (crr)ji (\r)rdr. 

The last integral is a standard one in the theory of 
Bessel functions, and gives 

Wl(<r,X) = - (47r/crX)(31[((7
2+X2)/2(rX], (59) 

where Qi is a Legendre polynomial of the second kind, 

v EQUILATERAL TRIANGLE 
(Eq.(58b)) 

J I L 

FIG. 2. Illustrating one possible choice of individual coordinate 
systems for a square configuration of potentials. At each of the 
corners of the square there is a separate coordinate system, each 
oriented with respect to its corner in an identical way. The 
parentheses at corners 2, 3, and 4 give the coordinates of that 
corner in the Xi, yh z\ system. 

d(atomic units) 

FIG. 3. Approximate ground-state binding energy E using 
.S-wave orbitals only, for an electron bound to two Coulomb 
potentials (hydrogen molecule ion), and the exact results from 
reference 5. Distances d and energies E (right-hand ordinate) in 
atomic units. Also, approximate energies (left-hand ordinate) for 
electron bound to a triangular and to a square configuration of 
Coulomb potentials, again with 5-wave orbitals. 
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FIG. 4. The P-wave momentum space orbital i<pi(a) as cal­
culated from Eq. (58) and from the "best" -S-wave orbital function 
0o( ') = 2 ' V ( ^ / a + ^ ) 2 with Z ' = 1.220. This function is normalized 
to unity at <r = 0. The curve labeled "Dickinson" is the corre­
sponding function as calculated by Dickinson, i.e., it is the factor 
of ^ cos0 in the expression for the "best" momentum space orbital, 
which is OS-wave part also normalized to unity at the origin) 

Z'4 64 
— \-ib-
(Z/2+(72)2 v3Z; 

Z ' \ 5 / 2 

"\Z") 

aZ"Q 

(Z / /2+4X2)2 - cos0, 

with 6 = 0.145, Z'= 1.247, Z " = 2.8 

(60) 

which is, for x> 1 

Qi(x)=(x/2)]nl(x+l)/(x--l)-]-l. 

For x> 1 we have the expansion 

Qi(*)= ( l A 2 ) ( l / 3 + l / 5 x 2 + l / 7 x 4 + • • •). (61) 

For 0o (o-) the solution of the S-wave equations, we 
take as an approximation a function of the form we 
have discussed, viz., 

(M<x) = Z / 4 / V + ^ / 2 ) 2 . (62) 

This corresponds to a hydrogenlike S-wave orbital 
with effective nuclear charge Z'. 

We have not succeeded in evaluating (58) with (62) 
and the general expression (59): The logarithm in the 
integrand causes difficulty. However, one can get a 
series expansion by combining (61) and (59), and the 
integrals that arise can be done, although the results 
are clumsy. Unfortunately, the resulting series does not 
converge well in general, so that it is not satisfactory 
for accurate computation. However, keeping as a 
rough approximation only the first term in (61) does 
give an expression with the correct qualitative behavior 
and order of magnitude and one which is, therefore, 
useful for general insight. With this approximation we 
have 

jl(ad)crzdcr 

whence 

*i(X) 

TTVJ(X2+/32) 

iSX 

o (o-2+A2)2(cr2+Z'2)2 

(Z/2~X2) 2\> 

\#(A2+/32)(Z / 2- \2)3L 

2 
-x4 . 

<d2 

Z'dl 

2 d 

(Z'2-A2) 2 Z \ i 

J2 

From this we see that #i(X) vanishes exponentially with 
d for large d, and linearly for small d. Note that this 
function is well behaved at \ = Z', despite the superficial 
appearance of a singularity there. 

For accuracy then, we have calculated the integral in 
(58) numerically. To compare with previous work, we 
have done this for d=2.0, the equilibrium internuclear 
distance for the hydrogen molecule ion. For this case 
there are variational calculations by Dickinson6 with 
an LCAO function of the type we are considering. To 
clarify this comparison, we choose not the Z' we have 
found in the previous subsection, but the one that is 
variationally best; this is Z '=1.22. The results are 
given in Fig. 4. We see that the Dickinson polarization 
term, as calculated variationally, and the present one 
as calculated from the techniques of this paper, are in 
substantial agreement. Thus, the energy we would get 
if we were now to use the present function in a varia­
tional calculation would be very close to Dickinson's, 
which in turn is very close to the correct value as found 
by an exact solution of the problem. In this connection, 
one should note that the energy is not very sensitive to 
the shape of the Dickinson polarization function and that 
for slightly different values of the parameters in it, one 
gets almost as good an energy value but with a function 
which agrees even more closely with the one we have 
calculated. 

V. DISCUSSION 

In this section we discuss the salient features of the 
method we have described. 

The main point of this paper has been to try to find 
a way of treating the multicenter problem that main­
tains the advantage of the usual LCAO method, in 
that it represents the wave function in a natural and 
rapidly convergent form [namely, the form of Eq. (11)] 
but which is not limited, as is the usual LCAO method, 
to determining the wave functions solely by variational 
techniques. Correspondingly, we consider that our 
main results are the sets of integral equations (19), 
which do define wave functions of the required form. 
We have presented the approximate solution (49) for 
the special case of the ground state in polygonal 
configurations simply to show that at least in one case 
the integral equations are tractable, but we do not 
consider this to be the last word on the subject. There 
are other techniques for solution available in addition 
to the simple one that we have presented, and tech­
niques7 which are also applicable to more complicated 
cases; for example, to the coupled Eqs. (54) and (55). 
These remain to be explored. 

6 B. N. Dickinson, J. Chem. Phys. 1, 317 (1933). 
7 See, for example, Z. Kopal, Numerical Analysis (John Wiley 

& Sons, New York, 1955); P. Morse and H. Feshbach, Methods 
of Theoretical Physics (McGraw-Hill Book Company, Inc., New 
York, 1956); L. V. Kantorovich and V. I. Krylov, Approximate 
Methods of Higher Analysis (Interscience Publishers, Inc., New 
York, 1958). 

file:///-ib-
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In this connection we would like to emphasize the 
possibilities of iteration, in which one starts from an 
approximate wave function and then corrects it system­
atically. We have, of course, done this to a limited 
degree in calculating the polarization terms for the 
hydrogen molecule ion from the approximate 5-wave 
orbitals. But given a little luck with convergence there 
seems to be no reason that one could not, using com­
puters, carry this to much better accuracy. Thus having 
calculated the polarization amplitude as we have done, 
one could go back and see its effect on the 5-wave 
orbitals, using Eq. (56), then recalculate the polariza­
tion amplitudes with the corrected 5-wave functions, 
and so, hopefully, arrive at a quite accurate wave 
function and energy. Similar remarks would, of course, 
apply to more complicated problems. 

I t is perhaps worth mentioning that it is, in a way, 
accidental that the equations we finally find most useful 
are those in momentum space instead of coordinate 
space. I t just so happens that the momentum equations 
are simpler to deal with once one has chosen to represent 
the wave function in the form of Eq. (11). But the use 
of momentum space is secondary to the main point of 
the paper, which rather is to take the form (11) seriously 
and at the same time to try to throw off the yoke of 
the variational principle. In this connection, it is also 
worth mentioning that, although some of our equations 
are superficially similar to those derived by McWeeny,8 

who has used momentum space for treating the H^ 
molecule, the present method and McWeeny's are 
quite different. The crucial difference is, of course, that 
we deal with the "decomposed" integral equations for 
the individual orbitals, which must then be combined 
according to Eq. (11) to give the total wave function. On 
the other hand, the integral equation that McWeeny 
directly uses is the quite different one for the total 
momentum space wave function. 

APPENDIX I 

Calculation of Structure Factor for 
a Square Configuration 

As an illustration, we derive some of the elements of 
the structure factor for a square configuration of 
potentials. With reference to the discussion in Sec. I, 

8 R. McWeeny, Proc. Phys. Soc. London A62, 519 (1949). 

we take the first potential at the origin of a general 
coordinate system. Moreover, we take the coordinate 
system ri as shown in Fig. 2, with the y± axis along the 
diagonal and the z axis out of the plane of the paper, 
and with a similar coordinate system at each of the 
other three corners of the square. The elements Sim of 
the structure factor are defined by 

4 

Now the coordinates of the point 2 in the ri system are 
( - d / v 2 , d/y/2, 0), of point 3 are (0,dv2,0) and of point 
4 are (J/V2,i/V2,0); the distances that enter into the 
arguments of the Bessel functions are di2=d, di3 = dV2, 
du=d. With these results, and the expressions for the 
spherical harmonics in terms of vector components, e.g. 

Foo= 1/(4^)1/2, F 1 0 =i(3A) 1 / 2 (*A) , 

7 1 ± 1 =d=K3/2^ ) 1 / 2 [ (x± iy )A] , 

we can evaluate the structure factor immediately. For 
example, we have 

4 

«S'00= H io(o"^ln)Foo(fidi„) 
n=2 

= [2yo(<rd)+y»M>0)]/(4T)1'*> 

5u=-*{ii(<rd)CF1i(fl(Ill)+F11(a(iJ] 

+i1(<nM)F11«W}, 
where 

Fn(Odls) + Fii(OdlJ 

1 / 3 \ 1 / 2 | d/V2+id/^ d/^+id/^) / 3 V1'2 

2\2TT/ I d d \ \ \ J 

and 
F 1 1 (^ 1 3 )=( i /2) (3 /27r)^ . 

This leads to 

5 n = (3 /4 i r ) 1 / s ( i i ( o - ( i )+ i i ( ^^ ) / ^ ) . 

Some other elements are: S i t _ i=Si i ; Sio=S2 ±1=52 ±2 
= 0; 520=i(5/7r)1/2[2i2M)+i2MV2)]. 


