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Charged particle penetration is amenable to elementary analysis if the continuous-slowing-down, small-
angle, and diffusion-in-angle approximations are made. Such calculations are carried out in this paper,
partly for their own interest and partly to demonstrate procedures of use in more realistic calculations.
The present calculations can be considered an extension of Yang’s work to problems including energy loss.
One section of the paper goes beyond the approximation of diffusion in angle to derive results for a scattering

function with a large-angle tail.

I. INTRODUCTION

HE theory of the interplay of deflection and slow-
ing down of fast charged particles, and its effect
on penetration, has never been well mastered. Such
effects are dominant for electron penetration and im-
portant for the straggling aspect of heavy particle
penetration. Most of the work on multiple scattering
and penetration of electrons has been directed instead
to the investigation of deflection, straggling, and slowing
down, considered as separate effects. Studies have been
made of energy loss spectra,! penetration without energy
loss,? energy loss straggling,® angular distributions inte-
grated over all space, and thin foil angular distribu-
tions.*% Only a few papers from the extensive literature
are mentioned here; a more complete summary of work
on these problems is given by Birkhoff.$

In this paper we calculate electron penetration taking
into account both energy loss and deflections. Three
approximations are used in the main series of calcula-
tions: (1) continuous slowing down (i.e., neglect of
straggling effects); (2) small-angle approximations; (3)
diffusion in angle. The results are also applicable to the
study of the penetration of protons and other charged
particles.

The material in this paper relates to other calculations
as follows: In an earlier paper by one of us” (to be
referred to as I), electron spatial distributions were
calculated using spatial moments and a knowledge of
the trend of the distribution when the penetration nearly
equals the range. The derivation of the deep penetration
trend given in that paper is suggestive of some of the

11.. V. Spencer and U. Fano, Phys. Rev. 93, 1172 (1954);
R. McGinnies, National Bureau of Standards Circular No. 597
(U. S. Government Printing Office, Washington, D. C., 1959).

2 G. Moliere, Z. Physik 156, 318 (1959); M. C. Wang and E.
Guth, Phys. Rev. 84, 1092 (1951); E. Breitenberger, Proc. Roy.
Soc. (London) A250, 514 (1959).

3L. Landauy, J. Phys. U. S. S. R. §, 201 (1944); O. Blunck and
S. Leisegang, Z. Physik 128, 500 (1950).

* G. Moliere, Z. Naturforsch. 3a, 78 (1948); H. S. Synder and
W. T. Scott, Phys. Rev. 76, 220 (1949). See also the more recent
work of B. P. Nigam, M. K. Sundaresan and Ta-You Wu, Phys.
Rev. 115, 491 (1959).

5S. Goudsmit and J. L. Saunderson, Phys. Rev. 57, 24 (1940).

§R. D. Birkhoff, in Handbuch der Physik, edited by S. Fliigge
(Springer-Verlag, Berlin, 1958), Vol. 34, p. 53.

TL. V. Spencer, Phys. Rev. 98, 1597 (1955). See also H. W.
Lewis, Phys. Rev. 78, 526 (1950).

calculations of this paper, which are more complete.
(See also the paper on neutron penetration by Wick.)®

Yang made calculations some years ago of the path
length distribution of electrons passing through thin
foils.? The procedures of the present paper represent an
extension of that work to large-energy-loss problems.
Yang’s results follow from a limiting case of the results
given here, and his series expressions can be summed or
rewritten as integrals by these methods.

Recently, we have been programming electron pene-
tration calculations of several types using FORTRAN;
and we have been able to calculate the spatial moments
of the flux of slowed-down electrons, taking into account
the energy straggling as well as the deflections. In these
numerical calculations, straggling must dominate the
large-penetration tail. The calculations reported in this
paper are intended as support for this numerical work,
partly through more complete domination of the non-
straggling problem, and partly as a first step towards a
deep penetration theory which includes the straggling.

The remarkable feature about the present calculations
is the fact that elementary methods suffice to obtain
spectra and angular distributions in the form of quadra-
tures. We take advantage of this simplicity to exhibit
and interrelate several methods which might be applied
in further, more realistic, studies in which the three
main approximations of this paper are not made.

II. THE TRANSPORT EQUATION

We start by writing down the appropriate transport
equation! for a plane source in an infinite medium, using
the notation of I:

[8I(¢,0,x)/0t]+ cosb[AI(¢,0,x)/0x]

- / 4 SUOVIL0 ) —I(t0.2)]
S (2m)18(2)5(t— 1)8(cosh—1). (1)

If T is the kinetic energy of the electrons, (d7'/dr) the
average energy loss per unit decrease in the path length

8 G. C. Wick, Phys. Rev. 75, 738 (1949).

9 C. N. Yang, Phys. Rev. 84, 599 (1951).

1 For a general reference on penetration theory, see U. Fano,
L. V. Spencer, and M. J. Berger, in Handbuch der Physik, edited
by S. Fliigge (Springer-Verlag, Berlin, 1959), Vol. 38, p. 660.

2230



DEEP PENETRATION OF ELECTRONS AND CHARGED PARTICLES 2231

remaining to be traveled, and if

- / " ar AT/ dry 2)

is this residual path length, then ¢=(7/7,), 7o being the
residual path length of source electrons of energy 7.
Further, if z is the actual separation distance of the
electrons from a plane on which all were generated, then
x=(z/r0). The scattering function S(¢,0) is given by

S(t,8)=rNa(r,0), 3)

where O is the angle between directions before and after
scattering, IV is the number of atoms per gram of ma-
terial, and o is the scattering cross section per atom.
I(t,0,x) is defined as I(r,0,2)dr/di, where I(r,0,2)dr
Xdcosfdp is the number of electrons per second with
residual ranges between » and r4-dr striking a small
detector, per unit cross-sectional area of the detector,
while traveling in directions contained in a small cone
of solid angle dcosfd e, which is inclined at an obliquity
angle 6 to the normal to the source plane. Note that
¢t varies between 0 and 1, and that x varies between
—1 and +41.

The source term in Eq. (1) expresses the generation
of electrons of residual range =1, at the plane x=0,
and at an initial obliquity cosf=1.

As in I, we expand in spherical harmonics of the
electron direction of travel. However, instead of inte-
grating to obtain spatial moments, we make a Laplace
transformation in the space variable x. Thus, if

1t
@;(t,p)=/ aQ Pz(cose)/ dx

and

S;(t)=/ dQ [1—Py(c0os®)]S(,0), (3)

Eq. (1) yields a linked system of differential equations
for the transform coefficients ®,(¢,p), namely,

—(0%/0) = 3pMi@r+-Si(OPi=0(t—1),  (6)

where
A@r=[ P11~ 281+ Pr1+5(Pr— $ra)/(43) ] (7)

Of greatest interest is the behavior of Eq. (6) for
large, real, positive values of p. We see from Eq. (4)
that values of x near (1—¢) make the main contribution
to ®; when p is large. Since the electrons which reach
the largest x values are those which have traveled most
directly away from the source plane, we expect their
obliquity distribution to be peaked around 6#=0. The
coefficients ®(4,p) should then decrease comparatively
slowly with increasing /, so that large 7 values are re-
quired in the representation of these angular distribu-
tions. Under such circumstances, / (or rather I4+3%) can

be considered a continuous variable, which we designate

g, and
2

1oy ’
Al@l(%?) = <'é_;+_ ;)é(t:o‘zp) = Aaq’(t;‘f;ﬁ)~ (8)

o g oo

This is the small-angle approximation, and is equivalent
to replacing cosf by 1—362

As was discussed in I, the scattering coefficients S;(¢)
can be quite accurately written in the form

Si) =adi/t(i+e), )

where « and d; are nearly energy independent and can
be treated as constants. At low source energies, values
for @ become large, so that a simpler form may be
used, namely,

Sit)=di/t. (10)

Under most circumstances, the dominant part of the
scattering is due to the Coulomb field of the nucleus;
and a screened Rutherford cross section can be used to
exhibit the main penetration phenomena. The constants
d; are then calculated by recursion from the system
given by Eq. (10) of I. Goudsmit and Saunderson® have
given an approximate solution of high accuracy to this
recursion system. (See the Appendix for an alternative
derivation. Lewis” and Bethe!! also give derivations.)
Using this result, the d; can be approximated by

10+1) (Z+1) 1 1

1=

I b
2 4B glylt1e

(11

vy=1.781: -+ ¢=2.718- - - ) and B is the stopping number
which depends logarithmically on the energy. The
screening parameter 7 is usually a very small number.
The logarithmic factors in Eq. (11) may be written in
the form

{In[n(y+1DelY/B}+(1/B) In[(v+1)/(vi41)],

in which the first term is much larger than the second
except for large 7, and is only weakly energy dependent.
Note that there is a partial cancellation of logarithmic
energy variations of numerator and denominator in the
first term. If the second term is omitted entirely, the
resulting approximation is the one we are referring to
as diffusion in angle. In addition, we assume the first
term to be completely energy independent. In small-
angle approximation, Eq. (11) takes the form

(o) =054, (11)
S1=[(Z+1)/8B]In[1/n(y+1)e]. (12)

If this expression and Egs. (8) and (6) are combined,
we arrive at the partial differential equation whose
solution will occupy most of the remainder of this

11 H. A. Bethe, Phys. Rev. 89, 1256 (1953).
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paper, namely,

—[0%(t,0,p)/ 011 5p2:2(1,0,p)

+S()o2®@(t,0,p)=06(t—1). (13)

where

S@)=aS/i({t+a). (14)

III. FORMAL SOLUTION OF THE
DIFFUSION EQUATION

Equation (13) has the form of a two-dimensional
Schrodinger oscillator equation with time-variable
elastic constant. It is not immediately apparent that
the equation is separable, but such is the case. The
reason is that in each small ¢ interval the angular
changes are due to a diffusion process which produces a
characteristic Gaussian broadening. Combination of
effects due to different small ¢ intervals is accomplished
by convolution, which transforms Gaussians into
Gaussians. We are, therefore, led to the Ansatz

B(t,0,p)=a(t,p) exp[—b(t,p)a*], (15)

with the initial condition (¢,p) — 0 as ¢— 1, but with
a(t,p) and b(t,p) otherwise undetermined. Inserting
Eq. (15) into Eq. (13) we obtain the two equations

— (da/di)+2pba=5(1—1), (16)

and

(db/dt)—2pb>+S(f)=0. (17)
These equations, together with the initial condition for
b, reduce the solution of Eq. (13) to quadrature. The
numerical solution of Egs. (16) and (17) is elementary,
and some computational results will be presented in a
later section. The major remaining difficulty lies in the
inversion of the transformation.

Though the results most useful to us can be derived
from Egs. (16) and (17) by expansion procedures, we
first continue the exact analysis to obtain a few expres-
sions having formal interest. Three cases occur, namely
S ~aS1/t(+a), S(t) =115y, and S(£)=S;. If the first,
and more general, expression for S(¢) is inserted in
Eq. (17), and if the usual transformation from a Riccati
equation to a second-order linear differential equation
is made, ie., b(t,p)=—S@)y/y’, the equation for y
turns out to be

14y 4 (2t+a)y' — 2apSyy=0. (18)

This is a form of Legendre’s equation, and has, as a
general solution, a combination of the functions P,()\),
Q.(\), where \=(142¢/a) and (v+3)= QapS:+31)12.

The initial conditions are satisfied if we take
v{t,0) =[P, (N)Q(No) ~ Q,(N) P, (M) ],

where No= (14-2/a) and % is an arbitrary constant. The

(19)

AND J. COYNE

variables a(¢,p) and b(¢,p) are given by
b(typ) = —'S(t)y([ﬂb)/y,(typ);
S@) y'(1,9)

TS Yp)

regardless of the analytic expression for y. Inserting
these equations into Eq. (15) and writing A= (1—¢)—ux,
and

20)
a(t,p) (

1 0
I(t,0,20)=—— /dp eAi’/ ado Jo(a0)®(t,0,p), (21)
2m Jo

we may evaluate the ¢ integral to obtain I(¢,0,x) as a
Laplace integral, namely,

1(;,6,x)=i; _/ ap eAp<‘53%y%>,;)>

¢ dl 22
XeXP(@;; Hy(f,?)>’ (22)

where y(2,p) is given by (19).

The simpler form S(¢) =715, corresponds in Eq. (18)
to the limit as @ — . The resulting Bessel equation
has for its solution

y(tp)=k{L[(8pS1)V*IK [ (8pS1) V2]
—Ko[[(8pS1)* ][ (8pS1) %]}
Finally, if S(¢)=.S1, we obtain
y(t,p)=k{exp[ (2pS1) "% — (2pS1)"*]
—exp[—@pSOVu+(2pSHVE]}  (24)
= —2k sinh[ (2pS1)V2(1—12)].

(23)

In this last case, Eq. (22) takes the simple form

I(4,0,0) = (2mi)~ / dp e47(p/251)""*

Xesch[(1—24)(2pS1)"*] exp{—162(2p/S1)"*
X coth[(1—£)(2pS)V2]}.  (25)

Equation (25) is closely analogous to the series given
by Yang in his Eq. (8). By integrating over 8 (case I)
or by setting =0 (case II), and then expanding the
integrand into a geometric series of exponentials, his
functions Br and Brr can be obtained. If his Eq. (7) is
treated in a manner similar to our Eq. (13), an expres-
sion like (25) for his function ¥ is obtainable.

IV. SOLUTIONS BY EXPANSION

Evaluation of the integral, Eq. (22), by means of
Eqgs. (19), (23), or (24), would require expansions of the
integrand. It is more instructive to obtain the expan-
sions directly from Eqs. (16) and (17). First, we dis-
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.75
Fic. 1. Numerical calculations of
b(¢,p) for 1-MeV electrons in alumi-
num. The curves have been divided
by the values expected for the asymp-
totic trend, so that unity on the
vertical axis corresponds to complete
asymptoticity. The close approach to
unity, even for relatively small values
of p, indicates that the asymptotic
form describes the actual trend fairly
well over a rather wide range of pene-
trations when ¢ is well below unity.

ba/2P

S(1) 50|

.25

tinguish between three regions of ¢, namely, t=1, =0,
and the region intermediate between these two.

In the first region, corresponding to small energy loss
we can expand both 4(¢) and S(f) in rising powers of
(1—1£). The solution to Eq. (17) is easily obtained as a
power series:

b=S()(1—)=3S' D (1-1)*
DS (D)= 3pS* D IA—= D)+ -

From this we see that near t=1, b is independent of p;
but it is clear that this region becomes progressively
narrower as p increases in size and the third term in the
series becomes correspondingly more important.

If ¢ is fixed, while p is made to increase, there will be
a region of p such that high-order terms are important
in the series, Eq. (26). We then need another expression
valid for large p, corresponding to penetrations, x, nearly
as large as the path length, (1—¢). This is obtained by
expansion of Eq. (17) in inverse powers of 1/;

bz(S_(Q)‘“_{_ S'() . 1 "45” SS’2‘| 1
2

8S(0)p  64vaLsuz oz lpore
Since S’(¢) is negative, b is always a little less than
[S(8)/2p]v2 at large p.

If we now consider the ¢~ 0 region (i.e., the low-energy
case), we see from Eq. (27) that for fixed and very large
p, a decrease in ¢ eventually results in the increasing
importance of the higher terms of Eq. (27). Referring
back to Eq. (14), we note that as t— 0, S — Sy, so
that thelast term in Eq. (17) becomes dominant over
the middle term in this limit. The parameter 4 is then
seen to have the variation

b= Sy In(te/t)+b(t0),

where o is an upper bound to this region.
The three regions are indicated in Fig. 1, which shows

(26)

4o (27)

(28)

the results of numerical integrations of Eq. (17). The
quantity graphed is [2p/5(£)]"2b(¢,p). Dashed lines are
used to indicate roughly the boundaries between ¢
regions. We see that for ¢ near unity and near zero the
dependent variable tends to vanish, while at intermedi-
ate values it tends to unity. For increasing p, regions I
and III shrink, while in region II the curve everywhere
approaches unity.

To obtain the trend of the flux in space and angle,
we must evaluate the integrals

1
Iy(tx)= (ZWi)‘lfdp etr exp(—-—/ dl'2pb>,
t

(total flux) (29)
and

I(t,6,%)=— G— %)(Zm‘)—l / dp e

1 g2
Xex <—f at'2 b—-——). (30)
P ¢ ? 4b

Our primary interest is in the trend when A=(1—¢)—=x
is small, i.e., when the electrons almost achieve the
limiting depth of penetration for a given £. In this case
it is possible to use expressions for & which are valid at
large p only, e.g., expressions derived from Eq. (27).

To obtain a suitable large-p expression for the ex-
ponent, we first write

b=[(S/2p)"*+S'/8pS](1-1T), @31

where T is unity at £=1, and drops rapidly to near zero
for lower energies. Inserting this into (17) and cancelling
all terms except those of lowest order in ™!, we obtain
the equation
ar
— —+2T—T?=0,
2pS)v2 dt
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Tasre I. This table gives the ratio of the exact values of
a(t,p) to the values of Gapprox, Where dapprox is given by Eq. (35),
and the values of the constants used are listed at the bottom of
the table. The distributions corresponding to dapprox can be ob-
tained from Eq. (36). These distributions will be valid for large
x, but not for small or negative x. To obtain more accurate dis-
tributions, it would be necessary to obtain a better fit for a(¢,p)
for small and even negative p, or to invert a(¢,p) by some other
means.

0.98 0.75 0.50 0.25 0.02
0 0.99991  0.76133  0.79476 0.89375  1.29208
4 0.99993  0.91829 0.98979  1.00210  1.02251
8 0.99994  0.96352 0.99837  1.00093  1.00825
12 0.99996  0.98225 0.99966 1.00044 1.00382
16 0.99998  0.99114  0.99993  1.00022  1.00190
20 0.99999  0.99566 0.99999  1.00011  1.00095
24 0.99999  0.99801  1.00000 1.00005  1.00044
28 1.00000  0.99922  1.00000 1.00002  1.00018
32 1.00000  0.99979  1.00000 1.00001  1.00005
36 1.00000 1.00000 1.00000  1.00000  1.00000
40 1.00000 1.00000 1.00000 1.00000  1.00000

VIA(t) 0.035609 0.48198 1.0734 1.8729  3.3131
c(t) 2.7084 22114 245838 29777  5.6491
K@) 782.74 1.1682  0.38958 0.27315  0.35996

which has as a solution

7=2 / <1-|—exp{2 /l Ca [2pS(t’)]1/2}>.

Inserting this expression for T into (31), we obtain
1 S(1)
/2pb(t’)dt’:sA(t)(2p)”2+%ln—g(—)—wln2, (32)
!
t

where A()=J3' [S')]V%d¢'. If these are inserted into
Egs. (29) and (30), and if we use the approximation
bi=[2p/S#)]V2—S"/(4S%), we may evaluate the in-
version integrals to obtain

hlta)= (27) ”2[:5"5(%_]1/414 0ae exp|: - A;fj) il, (33)
I(t,0,x)~ (—g :3%) (25) 1/2[55—(%:'1/43A“3/2
B 62 5(h)
Xep| ot 50 b

where B=A(£)+6%/{4[.S(5)]?}.

To get better results, it is probably desirable to
utilize numerical solutions, but a complete numerical
inversion of the transformation requires a large compu-
tational effort. However, the results given by Egs. (33)
and (34) can be substantially improved in the following
simple way. We note that the factor 2 comes from the
approximate evaluation of an integral. Also, we observe
that higher terms in the expansion, Eq. (27), have the
effect of translating the value of p, i.e., replacing it by,

L. V. SPENCER AND J. COYNE

say p+K(). We, therefore, determine values of two
parameters ¢(f) and K(£) so that the numerical solutions
of Egs. (16) and (17) are well represented by the
expression

a(t,p)=c(l) exp{— ()2 A(O[p+K(H)]"}. (35)
Inversion of Eq. (35) then gives
o(t) A(b) i A%2)
To(ta)~ i —A:/: exp( —K(@)A— A } (36)

Figure 1 and Table I give the results of sample nu-
merical calculations of b(¢,p) and a(t,p) for a 1-MeV
source in Al. These were obtained by direct integration
of Eqs. (16) and (17), using a=2.965 and S;=2.093.

V. SOLUTION BY AN EIGENFUNCTION EXPANSION

The analysis just completed depends for its success on
the special properties of Eq. (13); and it cannot easily
be applied to more realistic treatments of electron
penetration which involve equations analogous to Eq.
(13). Examples are: (a) equations with more realistic
scattering functions; (b) the difference equations, Eq.
(6); (c) perhaps even the integral equations which apply
to discrete rather than continuous energy losses. An
eigenfunction approach similar to that of Wick® seems
to have greater flexibility. We, therefore, consider ex-
pansions of Eq. (13) in well-chosen eigenfunctions.

The same reasoning that suggested the Gaussian
Ansatz used previously suggests an expansion in eigen-
functions of the Gaussian type. The width of the dis-
tribution in ¢ is not known e priori. Therefore, we con-
sider an expansion in eigenfunctions of the equation

- %PAU\I’ (t)a:{)) 'f— R(t;P)UZ‘I’(l,U,P) = >\\I”(1707p)' (37)

This equation is constructed from the second and
third terms on the left side of Eq. (13) by replacing
the unknown function ®(,0,p) with ¥, and the known
function S(¢) with an arbitrary function R(¢,p) which is
not as yet specified, but which determines the width
of the distribution. The resulting equation has the same
form as the Schrodinger equation for a two-dimensional
oscillator and we consider only solutions which have
cylindrical symmetry. The equation can be solved to
give a complete set of eigenfunctions ¥4(t,0,p) which
depend on the arbitrary function R. If we define s? by

the equation
s?=a2(2R/p)'?, (38)

the (normalized) eigenfunctions are the Laguerre poly-
nomials in s?,

Vi(t,o,p)=(8R/p)"* exp(—s*/2)Li(s?);  (39)
the eigenvalues are
Me(t,p)=(2k+1)(2Rp)'> %=0,1,2,---. (40)

To utilize the eigenfunctions to solve Eq. (13), we shall
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need the matrix elements for o2 and /94, which are

» 12
/ odo V0%V, = <—p~>
0 2R

X[(20+1)8p,m—18n mp1— (n+1)0n,ma], (41)
* v, 14d
/ odo ¥——=——(InR)[18n,mr1— (n+1)8,,m-1-
Jo at  4dt
Using the representation
(I)(/)O',P>= Z Qpn(t)P)\Il"(t;U}P):
=0 (42)

we expand each term in Eq. (13) into these eigen-
functions. Equation (13) then takes the form

i v, {——*-{"<Pn(2n+1)[1+§9:|<ip>1/2

n=0

1/ 2 \"2 dR7/ p \?
N ki
4\Rp/ dt J\2R

roate{ a2 YL

=5(1—1). (43)

The function R is still at our disposal and should
clearly be chosen to minimize the linkage terms in
Eq. (43). If we choose R to be a solution of the equation

R—S()—1(2/Rp)"*(dR/d1)=0, (44)

then the terms of Eq. (43) may be grouped as follows:

d¢o
wo[—%wo[w ()](Riiﬂ)”“’} 5(1—1)
¢1 dR
+ { — —V¥+ Z ‘I’n[’—"—"{’ on(2n+1)
2R dt n=1

dR
X (145/R)(Rp/2) M2+ san+1(n+1)— EZ”EO'
(45)

The noteworthy thing about Eq. (45) is the nonappear-
ance of ¢ in the last curly bracket term on the left.
If, therefore, ¢, satisfies the equation

d S(¢
\IIO(tsdrp){ _—5;"'{' ¢0[1+¥:](RP/2)1/2 }

—5(1—1)=0, (46)

the solution to Eq. (45) is obtained by setting ¢n=

ELECTRONS
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n>0. The solution exists, however, only if ¥o(,0,p)
does not depend on ¢ in the limit £ — 1; and this requires
that R— 0 as ¢{— 1, thus completing the specification
of R. Equations (44) and (46) reduce to Egs. (17)
and (16), if we make the substitutions R=2%p and
po=a(p/8R)"*.

It is instructive to see what we would have ob-
tained by making a different choice of R which would
correspond to the expansion of Yang as well as that
used in (I), namely, the choice R=S(¢). In this case
the ¥,(t,0,p) are well behaved at /=1. We multiply
the delta function on the right side of Eq. (43) by
1= (= 1)"¥,[2p/SE)]V4, and then equate the
coefficients of the ¥,(¢,0,p) to zero

don
—7+ ea(2n+1)(2pS)V2
t

1d
+ [(n+ 1) Cny1— N (Pn—l:"_ - h']S(lf)
4 dt

= (=1D"2p/S)H*6(1—1). (47)
If S(¢) is, in fact, constant, the linkage terms in Eq. (47)
all vanish and integration of the resulting equations
yields a series analogous to Yang’s. If S() is not con-
stant, the linkage terms must be considered. Equation
(47) may be written in integral form

Pn= ("‘ 1)"[2P/S]1/4

Xexp{ - (2%-{—1)]' ar [2;»5(;')]1/2}
1 10

+ / av {wn_l—(n+1m+l}[~—1ns<t'>}
¢ 4 9t

Xexp[ ——(2n—i—1)/ ar’ [21)5(!”)]“2}. (48)

For large p, the integrand on the right drops very
rapidly as (#—¢) increases, because of the exponential
factor. A rough estimate of the integral may be made
by assigning the more slowly varying factors their
value at t'=1

onm (—=1)"[2p/S() ]

XeXP{ —(2n+1) /t ar [2;;5(;')]1/2]
[ no (1)

P
M1 1 W’J

EZPS @I 9

1 = lnS() (49)
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From (49) it is clear that when the linkage terms
dominate, one may have for large p the relations
@ (p)20n_y and therefore ¢,«p~™2p,. But the
linkage terms in no case upset the dominance of the
@0 term as given by the first term of (48), in the large-p
limit.
VI. EXTENSION TO MORE REALISTIC
SCATTERING FUNCTIONS

Finally, we present calculations for a more realistic
scattering law, namely, the small-angle approximation
to Egs. (9) and (11),

S(t,0)=S(®)s(o)

=~S()o*(1—elng), o not extremely large. (50)
The function s(¢) tends toward a very large constant as
¢ — . We could specify S(¢) and s(o) more completely,
but it is not necessary to do so. The parameter e is small,
and in the limit e— 0 the case under discussion ap-
proaches the diffusion-in-angle approximation alrcady
treated.

In this calculation we take advantage of the fact that
the flux angular distributions are nearly Gaussian de-
tpite the changes which result from (50). In line with
she approach of Sec. V, we construct an eigenfunction
equation involving arbitrary but unspecified functions
in place of the scattering function. Thus, the equation
for @ is

- (a@/[)l) - %PA::‘I’("W;P)
+S(l)s(a')q)(t,0',P) = 5(1 - t)a

and the eigenfunctions to be considered are solutions of

(51)

—3pAY (1,0,p)+R(L,p)r(0) ¥ (L,0,p)

=N(1,p)¥ (Lo,p)-
We leave R and 7 both unspecified, except that 7(o)
will be so chosen that an infinite set of discrete eigen-
functions will exist. The matrix elements of s(c), 7(c),

and /0t will be designated Sum, 7nm, and gum; and the
following relations are easily derived:

qan\n—‘)\m) = - (dR/dt)rnm+ (dkm/dl) amn,,
gnn=0.

(52)

(53)

Writing &= -0 ¢. ¥, as previously [Eq. (42)], we
obtain an expansion analogous to Eq. (43)

© don
E \I,n{ ——d_+ San[)\n"}‘s(t)snn "_ann]
n=0 ¢

+ i’ (pmlis(t)snm“anm

me=0

()l o

SPENCER AND 7]J.

COYNE

where the m=n term is not included in the 3.,/ .

Equation (54) may be rearranged and written similarly
to Eq. (45)

‘I/(){ - (d(po/dt)'{"‘ (p()[}\(]“{"S(t)SQ()_Rr()Oj} - 5(1—1)

Yom

il
No—An/ di

el d@n
+ { ‘I/n[: "—";t_"‘{_ ®On [>\n+*s(l)5nm— anm:l
1 ¢

n=

+ { Wy i @m[s(l)S()vrz"R"Om”}"(

m=1

+ fl ‘Fm(S(t)snm"' R"nm+

m=1

Vam dR)
Ao—Am di

7no dR
+ Wo(S@Sno—RMO"{’ —)]}=0. (55)
An—No di

To obtain a complete solution as before it is necessary
to remove ¢ entirely from the third curly brackets,
since ¢y acts as a source from which the other coefficients
arc generated. Removal of ¢, could be accomplished
providing R(z,p) and (o) are such that for all #,

S(t)éno—R(t,ﬁ)f’no""' [7’no/()\n—)\0):]dR/(ﬁ= 0. (56)
It may be possible to do this, though it would not be
easy. Instead, we choose 7(¢) =¢? and thus ensure that

rom=0 for m>1. At the same time the s;,, are ~¢ and
decreasing for m>1:

son= (p/2R)V{[1+Fe(—14C+In(2R/$)2) 6.0
+[—=1—3e(—=24-C+In(2R/p)2) [6,n1
=3[ (=1)"(2m—1)/m(m—1)16,:},

i22, C=0.5772---. (57)

To obtain an approximate solution to Eq. (55), we

first eliminate the #=1 term in the last curly brackets

by requiring that
SO s10—R{t,p)rio+[r10/(M—No) JdR/dt=0. (38)

We next set the coefficients of ¥,, #>1, in the last

curly brackets equal to zero. The resulting linked system

of differential equations has source terms of order

[eS(®)¢o], so that the solutions, i.e., the ¢,, #>1, are

also small of order e. The middle curly bracket term is,

therefore, of order €2 If this term is neglected, and if

we require that R—0 as £— 1, we obtain a second
equation, namely,

(8R/p)*{ — (do/dt)

+ (po[ko'{'S(lf)Soo“-Ri’go]} =06(1—¢). (59)

For large p and small ¢, approximate solutions to these
equations are
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RzS(t)sm/rm=S(t){1+—’=e[ln(25/p)‘/2~—2+C:]},
S(t)>”4
S@)

Xexp{ - /t ar [A‘H’S (t)<300__")::‘°>]}

z<§@>m exp‘ - /z v 2pS()

@)

where y=1.78- - -, e=2.718- - -, This result neglects the
contribution from the nonasymptotic region ¢= 1, which,
as shown in the arguments leading to (33), glves mainly
an additional numerical factor =~2.

A more adequate solution of (58) and (59) would not
only give this factor accurately, but would also give
details of the distributions in the nonasymptotic region.
Equations (58) and (59) can be solved numerically, of
course. Further, solutions can, in principle, be put back
into (55) to serve as a basis for an iterative solution
correct to higher order in powers of e. Note that the
assumption that the angular distribution is basically
Gaussian in shape, makes it difficult to get information
about fine features of the angular distribution by this
procedure.

The calculation just outlined is essentially a varia-
tional calculation using a Gaussian trial function and
varying the width of the distributon. This may be
demonstrated in the large-p limit as follows: Choose
r(e)=s(c), at least out to large values of o. Then
Tnm= Snm, R=S8(t), and 1=3 ,¢® d,(¢,p)¥,, where

eo¥o(1,0,p)= (

(60)

dn(t,p)=/ odo ¥,(t,0,p). (61)

Using these expressions in Eq. (54), and equating
coefficients of ¥, to zero, we obtain equations

Tnm \GS
m=0 An—An/ dt

=d(1,)8(1—1). (62)

The ratios #um/(A\n—A\n») are not exactly as obtained
using Egs. (40) and (41), but they will be nearly inde-
pendent of p. Similarly, N\, will not be precisely
(2n+1)(25p)"2, but the p dependence will not be much
changed. In the limit of large p, therefore, the ¢, terms
may be dropped because they are multiplied by factors
which decrease in proportion to p~12? relative to An.
The resulting equations give

‘Pn‘:d’n(lip) eXP[—/ ar kn(f’,P)]’ (63)

and it is clear that the =0 term is dominant. An
approximate evaluation of N\ is easily made, using a

Gaussian trial function in a Rilz variational calculation,
and varying the width of the Gaussian. The result is

No= [21;5(;)]1/2{ 1+1e h{ e<2:>m] } (64)

If this value for A is inserted in Eq. (63) and if values
for dy and Wo(t,0,p) are obtained from the variational
function, the result agrees with Eq. (60), except for the
factor of 2 already mentioned.

VII. FINAL COMMENTS

Extension of eigenfunction calculations to accurate
scattering cross sections is straightforward, but appears
to be relatively unimportant because of the continuous-
slowing-down assumption. In actuality, the neglected
energy-loss range fluctuations dominate over deflection
effects at the large penetrations. Accurate calculations
at all penetrations by numerical solution of Egs. (16)
and (17) or by extensive use of expansions like Egs. (18)
and (19) are possible and would yield interesting spectral
and angular information. This information would have
more qualitative than quantitative significance.

Application of these results to heavy particle penetra-
tion is possible; but range straggling due to statistical
fluctuations in the succession of (finite) energy losses
tends to determine the deep penetration trend rather
than the deflection straggling.

APPENDIX

An approximate form for the d; scattering coefficients
can be obtained by noting first that the screened
Rutherford cross section leads to Eq. (7) di=DC,,
D=%(Z4-1)/B, where B is the stopping number and

149 1
Co=0, Cl—ln(—— ——
7 1+n
Cra= Q2+ (1429)C,
—(A4+I)Cra— 4+ (149
Dropping the terms proportional to the screening con-
stant 5 out of the recursion equation we obtain the
simple form
[Cu1—Co]—(+1D[Cr—Cra]=—(2141), (66)

and similarly Ci=~In(1/en). It can be seen by sub-
stitution that

(65)

CWV=(l41) (67)

is a solution of the homogeneous difference Eq. (66),
and that

Cr =101+ 1)2

0-1'1,

~l(l+1) In(yi41),  (68)

where y=1.781-- -, is a particular solution of the in-
homogeneous difference equation. Taking

Cr=AC,O+C,®, (69)

and determining 4 to give the correct value of C;, we
obtain the expression for C; given in Eq. (11).



