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The Hamiltonian formulation of general relativity is employed to study the interaction of photons and
gravitons in the first approximation. The redundant variables are eliminated by an appropriate choice of
gauge and coordinate conditions. S-matrix elements are calculated for initial states in which one photon is
present and final states in which a photon and a graviton are present. Self-energy effects appear in first order
but contribute nothing. Energy and momentum can be strictly conserved only if the initial and final photons
and the gravitons all propagate in the same direction. For this case the S-matrix elements vanish in conse-
quence of the null character of the Maxwell field, and the transition probability is also zero. Energy need
not be exactly conserved if the process occurs at a rate which is sufficiently high. Under these conditions,
corresponding to energies>>1028 eV, a photon might decay into another photon and a graviton. The graviton
has very low energy. This cannot explain the red shift as a ‘“tired light” phenomenon. The creation of
gravitons by Coulomb scattering of photons and by scattering in a magnetostatic field is shown to occur and

the cross sections are calculated.

INTRODUCTION

N recent years a number of authors'— have discussed
the Hamiltonian formulation of general relativity.
Quantization of the exact theory may lead to some
important consequences. This is a difficult program.
While it is being carried out, we attempt to extract new
physics out of an approximate treatment using existing
mathematical procedures. Here the interaction of
gravitons and photons is studied in the first approxi-
mation. This was motivated in part by the fact that
light reaches us from the most distant galaxies after
a time ~10'7 sec. During this long interval it interacts
with the other vacuum fields, including the gravitational
field. Even a very weak interaction might lead to
observable effects over such an incredibly long time.

Hamiltonian Formulation of Gravitation
and Electromagnetism

We start with the Hamiltonian formulation of
Einstein’s 1916 theory, in the canonical form?® with the
Hamiltonian given by

H= / [(—g%) 7250 14groe"0C, Jd%. (1)

Repeated Greek indices are summed over 0, 1, 2, 3;
repeated Latin indices are summed over 1, 2, 3, except
for the index & which usually indicates a sum over
propagation modes. In (1), g is the metric tensor.
Hp and H, have both gravitational and nongravitational
parts. e is the inverse of the spatial metric g,..

We assume weak fields and write

Zur="0p+ M. (2)

* Supported in part by the National Science Foundation and
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Here §,, is the Lorentz metric and /,, is a first-order
quantity. #'# will designate the momenta canonically
conjugate to gu. The 7% vanish in consequence of the
constraints. Coordinates may be chosen such that®

)

This leaves us then with the six gravitational field
variables g,, and the momenta #'7s. A Fourier de-
composition is now carried out, assuming the fields are
in a box of volume V.

grs= V"5 exp (thma™)+6,,

w're= V1,75 exp (—ikna™).

Euo= Opo-

(4)
)

In (4) and (5) a summation over all propagation modes
k is implied. We omit such summation signs, since it is
usually evident when a mode sum is required.

The three-vector k. defines a space direction for an
allowed mode of propagation. Let Uy, and Ui be two
unit vectors orthogonal to each other and to &, We
write fg11, Briz, Bres, for the components of %, required
by the two degrees of freedom for each k. Note that
the numerical subscripts refer to a reference triad
associated with the given k.

The Hamiltonian for the gravitational field alone
may be written in the weak-field approximation, in
appropriate units, as

He=mr_i" 2w/ RPhiaoh_raa/4
+ k2hk21h—k21/4_ kzhkllh—k22/47_ k2hk22h—kll/4
+ (M —m2) (ry M =) /2. (6)

In obtaining (6) we employed those constraints which
require vanishing of field variables and momenta
with coordinate subscripts in the direction of #n
(longitudinal). .

The symmetry of the metric tensor requires

()

5 See, for example, C. Mgller, The Theory of Relativily (Oxford
University Press, New York, 1952), p. 296.
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The additional constraint relations,
hkllz _'hlc22, (8)

must be taken into account. If we work with (6),
retaining /%1 and ks as separate variables, the
constraint relations (8) also appear as consequences of
the equations of motion. The real degrees of freedom
are associated with A and (gii—Fhree). We may
employ these as dynamical variables by carrying out
the transformations

m2= 2712, 9)
qr=hr11—Pios, (10)
2pp=m /M —m'2 (11)

The substitutions (9), (10), and (11) are essential to
guarantee the correct time dependence for the new
variables. The new Hamiltonian for the gravitational
field alone is

HG = 7rk127r—k12/2+ k2hlc12h——lc12/2

+ 2pip— 1+ k2qu—-k/8, (12)

with

12— k1 2

T “=T—k h/om:h_lc*m, pk=p_k*, qr= lI~k .

The procedure which led to (12) is not entirely
rigorous. This must not obscure the fact that this
Hamiltonian correctly describes a system of gravi-
tational plane waves, with the dynamical variables
hiig, (hrii—hege), associated with the two degrees of
freedom for each allowed %. This is identical with the
description which results from starting with Einstein’s
field equations to develop the theory of plane gravi-
tational waves in the weak field approximation. Indeed,
we might have started with the requirements® imposed
by R.,=0, then (12) would follow.

For the Maxwell field the Lagrangian density is

L= ——-g"”’gﬂ“(A,,,,,——Aﬂ,,) (Aa,B_AB.a) (_g)1/2
—— (=g P,

where g is the determinant of the metric tensor, 4, is
the four-potential, and F,, is the Maxwell field tensor.
The momenta of the electromagnetic field are given
by 1*=0£/dA,,0, with

(13)

0= —4gHgFy, (—g) P=—4(—g) A (14)
The component 4° vanishes identically.
The Maxwell-field Hamiltonian density is then
Se=nAa,otg*g" Foalss(— )" (15)
To reduce (15) further, we can proceed as follows:
/ndAo,dd%c: /[(ndAo),d-nd‘dAo]di"x. (16)

The first term on the right of (16) vanishes because it

6 J. Weber, General Relativity and Gravitational Waves (Inter-
science Pubhshers, Inc., New York, 1961), p. 92.

2415

may be written as a surface integral. The second term
on the right is omitted because of the Maxwell equations
=0. Expression (16) then becomes

/n‘Ao,ld“’x:O. an
The components Fo; may be written
gmmm gngmrgO"Fm
Fo=— -— . (18)
4" (=) g"

Employing (14), (17), and (18) reduces (15) to the
form

s ()|

glr"]lnr
8 (g

+ (3g)1/2erselmFlTFms]

+elsg30Flm7]m; (19)
where (%) is the determinant of the spatial metric
gi;- Equation (19) is in the canonical form given by
Dirac.* The variable 4o, no longer appears in the
Hamiltonian. F,j=A4;:,— A ;. Foo=—40.

We now employ (2) and (3) to write (19) in the
approximate form,

SCMz/[nlﬂl/8+Fszlm]d3x

+ / [ hsst-hsa-t ) (FunFun/ 2—1'n1/16)

+hlm'f]l'/)m/8— Zhdmesz;Bml]d%. (20)

The second integral of (20) represents the first-order
interaction between the Maxwell field and the gravi-
tational field. We now assume that the background
geometry is a flat space with a Lorentz metric. The
I then represent a field which is treated by standard
procedures.

The free-field equations for A; are obtained from
(20) as

4(4j,5—As i) =1, (21)
ni=44,. (22)
We select the Coulomb gauge,’
A PR 0 5 (23)
the A4; then satisfy
DA i 0. (24)

The procedure we have followed has resulted in
elimination of the redundant variables in gravitation
and electromagnetism. Its principal advantage is
simplicity. This is obtained at the expense of obscuring
the gauge invariance.

A Fourier decomposition of the Mazxwell field is

"W. Heitler, The Quantum Theory of Radiation (Oxford Uni-
versity Press, New York, 1954), 3rd ed., Appendix 2.
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carried out by writing

ny= V"V, exp(—iknx™)

= V120 UsrrtniaUssr) exp(—ikna™), (25)
As=V124 5 exp (thnx™)

=VV2(a1,Ur1stareUnss) exp(thna™), (26)

Fio=VU%U[ A loy— Aiks ) exp (thmax™). (27)

Here the object Ay is the /th component of the Fourier
component 4.
The gauge condition (23) is satisfied in consequence of

Upiiki=0, Upeiki=0.

Making use of (8), (12), and (25)-(27) enables us to
write for the total Hamiltonian

H=nm_%/ 24 F*hisoh—r12/ 24 2p1p—1+k2qug—i/8
+'flkm—k1/8+77k217—k2/8+ 2k? (dmd—m‘f'dm(l»kz)

+/ (h”?’],-ﬂs/g - 2]leleFdj6Md>d3x. (28)

Equation (28) is a Hamiltonian which gives, in first
order, the correct equations of motion for the required
dynamical variables, for the chosen coordinate system
and gauge condition. It is seen to be that of sets of
gravitational and electromagnetic field oscillators,
together with coupling terms. For convenience we have
not Fourier-analyzed the interaction part.

The a; and %12 become operators when the theory is
quantized. In the Schrédinger picture, in a represen-
tation in which energy is diagonal, these have matrix
elements such as (@x)m» Which vanish unless m=n+1
or m=n—1. We define new operators by the relations®

hrae= (2k)™2(b_*+bx), (29)
T_r12=1(k/2)"* (b_i*—bx), (30)
gr= (2/k)V*(d-r*+dx). (31)
p—x=1(k/8)"2(d_i*—du), (32)
ar= (8k)V2(for*+ fr), (33)
-1 =1(2k)"*(fors*— frr), (34)
are= (8&)2(for*+ fra), 35)
12 =5(2R) 2 (for*— fra). (36)

These operators have matrix elements
bn.n—-lzo, bn—-l,n*=O, bn—-l,nznuz, bn,n—l*znlﬂ- b*
is therefore a graviton creation operator, and & is an
annihilation operator for the ki» type of graviton.
Similarly d* creates gravitons of the second independent
state of polarization, d annihilates them. f* and f are

8 We have omitted absolute value signs on % here and in what
follows. Whenever % appears without a lower case subscript, it is
either a label or the absolute value of the three-vector %: is

implied. & with an upper case subscript labels a particular particle.
An asterisk denotes the adjoint operator.
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photon creation and annihilation operators, respec-
tively. Making use of the commutation rules [/x12,mi'%]
=16y and dropping the zero-point energy enables us
to write the Hamiltonian as

H=Fk(bi*br+di*dr+ fra* frrt fue® fre)
—f-/[(hnn’ns/g) hnd 2/111‘1“7,11Fdj6m'i]d3x. (37)

As we remarked earlier, all of the operators appearing
in (37) are Schrodinger operators. The interaction
picture (representation) operators are obtained in the
usual way by writing, for example,

brir=>bre~*, bip*=>by e,

(38)

Operators of the interaction picture will be employed in
what follows and the subscript IR omitted.

The first order S-matrix elements may now be
written for a process in which there is initially one
photon present and no gravitons, to a final state in
which one photon and one graviton are present as

Mpeo,a= —i/«)[ (B1fr1is+B2fr2n)

X (y1brotvedic) | (Bamini/8)
—2h:;F1;F 1nid™ | (a1 fraa*+asfrea™) | 0)dix. (39)

In (39), 4 labels the initial photon, fi15 is an annihila-
tion operator for photons propagating in the % direction
and polarized in the Uy, direction. B is a label for the
final state. Similarly bxe and dic are annihilation
operators for the two kinds of gravitons. C is a label for
the final-state graviton. ai, as, B1, B2, ¥1, ¥2 are constants
needed to describe mixed states of polarization. Equa-
tion (39) is in fact gauge invariant since ¢ is the electric
field and Fy; is the magnetic field.

To evaluate (39) we note that for each direction
defined by % there are four field variables corresponding
to two states of polarization for the gravitational field
and the electromagnetic field. %;; transforms like a
tensor under Lorentz transformations. Consider a
Lorentz frame with coordinates a° 9, 9% 9% % is
measured in a direction parallel to a given propagation
three-vector k. 4* and y? are measured in the two space
directions orthogonal to each other and to k. /1 is the
11 component of 7 in the y frame. To obtain %;; in the
observer’s frame with observer’s coordinates x°, !, x2,
2%, we recall that

Ayit yit Y2 0yy”
hyij= hklr‘"_ T g T
dxt dx? dxt dx?
aykl ayk2 ay,ﬁ aykl ]
+/z,;12[-—_ - -—.], (40)
dxt dx?  Oxt Jx?

not summed over k.
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Making use of (8) as an operator identity gives

1 1 2 Juy,2 F1e. 1. Feynman dia-
=ﬁ[ay ¥ 0y _ayk 9y il gram for virtual photon

kij 2L oxi oxi  oxi oxi graviton process.

ayk1 Gykz 3)’102 Byk‘
+hkm[3—'— T+a i 9 ] 1)
x* dx?  Ox* Ox’ loying (42), (29), and (31) in (41) gi
not summed over k. Employing (42), (29), and (31) in (41) gives
We may express /i in terms of the unit vectors Uz xij= (k) 2L (d—x*+dr) (Ur1iUr1— UraiUgs;)

and Uy, which were defined earlier, 4 (b_i* 1) (UpriUroj+UroiUrry) ], (43)
Uiii=9yi1/0x%,  Upgoi=09y42/9x". (42) The S matrix elements (39) then assume the form

Mpe,a= -iV-3/2/<0| Brfris+Befrar) (Vibretvedic) | { QR ) VL (A *+di) (Up1sUk1j— Uk 2iUrr2)

+ (b *+bx) (U 1iU w2+ UpraiUno 1) {— RE" /1) (fpri— frr) Unrrnit (forrre® = frar) Urrrai ]
XL(f—wrra* = frrr)Unrrrigt (foprrra®= frrra) Urrraj 1+ (L6R" R Y V2L (foprra*+ firrn) (B0 1= k" Ukena)
+ (forrra™t frrre) (B Usrrag— ki Unra) JL(forrr ¥+ frrenn) (B Urrrvi— k" Ul 11)

A (foprrrg®F forrg) (R Uprrrgi—k" Uprrra) ]} explint (k' + k2 +E7) ]| (o Fria® o feea®) |0)d4,  (44)
summed over &, k", and k’"’. Here k, is the propagation four-vector. Carrying out some of these operations leads to
Mpe,a= —i(2m)* V=165, (k,+k. + k") (B1fi1n+Befrap) [v10r0, 1 (Ur1iUwr2jtUnr2iUwns)

Fvadre—w (Ur1Uwj— Uk2iUwoi) JQRE Y2 {— (R J16) 2 (fopri*— frr) Urri
+ (fowrra®— o) Up oo JL(forrra* = fror) Unerajb (fowrra® = firrr2) Unrrras]
+A6R"E" ) VAL (foprrs* Hforr) (B Uporay— B iU 1) F (foprr s o) (R U oj— ki’ Upo o) ]
XEfeprrra®™ - frrr) (B Uprrrii— k""" Uporid) + (foprrra®™+ farren) (R Uprrrgi— k" Urorrar) 1}
X (e fria*+asfrea™). (45)
We return for a moment to expression (44) and note that it involves some products of the form
Ol fisldecdi™* firr frrr*| fra*|0). (46)

In one possible sequence fi- annihilates fx* fip annihilates fra* di-* creates a graviton and dy¢ annihilates
it. Initially we have a photon and in the final state the same photon. The Feynman (self-energy) diagram is given
by Fig. 1. Let us evaluate (45) for this kind of process by writing first

Mo, a=—1Q2m)* V3254 (k) k. +R ) B1fr18+Bofren {[drc,—1v1(Ur1:Ur it UsoiUr1;)
Fyadre,—w (Ur1iUr1— Uk’ink’2j)] (2k/)"1/2}[Uk"liU~k"1jk//+ UrroU_prioik”’
FE"RS Uprrij—ki" Uprr) (R U=k U_pr1) F B2k Uprroj— k" Urrrar)

X (k{'U_pra—ki""U_irr2:) N1 fraa*+aafroa®) /4. (47)
Carrying out these operations gives

M pe,a=—1(2m)*V=3%54(kc)[B1fr1i+Ba Sz (V1 (U rctiU—kc2itU—_rc2.U—kc1s)
Fr2(U-rcr:U-rerj— U-roiU—ic2) ] 2ke) 2 H{E" (Un iU i ijt-Usrr2iU—prrs))
AR =k R (UraU gt UsrrgU —ron)
B (UprrgiUprrojb UproiUpo ) 1} (ea fraa™F-aofraa®).  (48)

(48) vanishes in consequence of
Uk”llU—k"ll+ Uk”ZlU—k"2l= O,
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except perhaps at k¢=0 where (48) is not defined. However, the square of (48) will in any case vanish when
integrated over momentum space because of the part of the phase space volume element k2dkcV, if the volume is
allowed to become infinite. For a finite volume, at small k¢ the appropriate phase volume element is Ldk¢, where
L is the length of the box; but k¢ cannot be zero in this case so the phase volume integral of the square of (48)
is zero.

We turn to the other kinds of terms in (45). Consider the one polarization first, for the group of terms:

Bifrip(16R" R ) 2(f_pra*+ frrrd) (B Unr 15— ki" Unro ) (ferrrra®+ frrd) (B Uprroii— k" Urrri)es fraa™
=aiB1 (168" )2 (k" Unrrj— k" Ui rt) (ki Urrrs— ki Uner) [ frrs (fter™ fr 4 forr foior ™) fraa™ .
Sers(forr forrr ™ fopr ™ frrr) fr1a® =08k18,—kr Okrrr k14018, —kr k14, 1077+
Employing this and carrying out the sum over 2" and k'’ then gives for these terms
(B1/B)[ (kakp)*(k_piU_xpi—k_p;U_t11) (karUsari—kaUran)
+ (kska) 2 (kaiUrari—ka jUrar) (k—piU—ipri—k—p:U_rpu)].  (49)
A similar contribution results for the other polarization. We then evaluate the terms:
(—aB/H) (R'E")VPU iU fias[frer s = fron L forrr ™= frrrn ] frra®
= (uB/4) (kpk )" [Ur14:U_r1;+U_ip1:Ura15].  (50)

A similar contribution results from the other polarization. Also there will be some terms resulting from annihilation
of a photon of one polarization and creation of a photon of the other polarization. Assembling these results gives
us for the .S matrix elements

Mpe,a=—1Q2m) V254 (kay—kpu— ko) 2ke)™ 2 2v1U_re1iU—_ro2j v U—rc1sU—re1j— U—ro2iU—kc25 )
X[ (a1B1/4)x 117+ (aaB1/4) x21+ (1Be/4)x 12+ (2B2/4)x22 ],

Now

with
XI‘SZ = (kAkB)1/2E ( UkI‘AiU—kﬂBj_l'- U—kSZBiUkI‘A ])]+ (kAkB)~1/2[ (k—BlU—kﬂBj_ k—BjU—kﬂBl) (kA lUkI'Ai_" kAiUkFA l)

+ (kA lUkI'Aj—' kAjUkI‘AZ) (k~BlU—kSlBi_ k—BiU—kﬂBl)]' (51)
The indices T', Q run over 1 and 2 only.

In order to calculate the transition probability we must square (51) and integrate over momentum space. The
occurrence of the delta function means, among other things, that the three (three-space) momentum vectors
ki, kpi, and kes all lie in a plane, and sum to zero. It is useful to evaluate (51) for this condition, shown in Fig.2.
U is normal to the plane of the figure, U, lies in the plane. In this case,

k_BjkAiU_kcgiU_kczjz "—Sil’lgo sm(6+ (,D). (52)
Evaluating (51) for both polarizations by use of (52) leads to

Mo, a=—1Q2m) V3254 (k ay— kpu—koy) (kak 5/8kc)2{asBrve[ cosd—1—sin (6+ ¢) sing ]

“+aByys[1—cosg cos (04 ¢) J+v1(aiBstasBi)[cosp—cos(0+¢) I},  (53)
with kai=kpit+kcs.
Following the procedure of Lippmann and Schwinger?® we square (51), set one of the delta functions equal to the
quantity (2m)™*V{, and integrate over momentum space to obtain

W= (271‘)”2/54 (kay—Epu— ko) [ P11FDP1atPos 2d*kpdkc. (54)

Equation (54) is the transition probability for a photon to decay into a photon and a graviton. ®11, ®12, and Py, are
parts of (51) contributed by the two possible polarizations of the initial photon. Evaluating (54) gives kai=kpi+kc:
and making use of (53) then leads to

W= (27‘!’)"’2/50(}6A“‘“k3*kc) (kAkB/Skc){aLBn/g[cosB*1—sin(0—l— gp) SiII(p:I

FasByy:[1—cose cos(0+ ¢) J+vi(aBataBicosp—cos 0+ ) 1} ?dke,  (55)
9 B. A. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950).
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with
kP=ki?+kp*—2kAks cosb, (56)
k32= kA2+kc2—2kAko Cos . (57)
Let
k=ki—kp—ke. (58)
Combining (56), (57), and (58) gives
k=ka—kp— (ba2+kist—2kakp cosh)'?,
A B (A+B ABCOS) (59)

k= kA—kc— (kA2+kcz—2kAkc COS(p)I/Z.

Noting that d®k¢=2rkc*dkc singde enables us to write
(55) in the form

W= (2#)—1/50 (k) (kAkBkc/S)

X {a1BryaL cosd—1—sin(6+ ¢) sing ]
“+asByys[[1—cose cos(6+¢) |
+v1(e1BatasBi) [ cosp—cos(6+ ¢) ]}?

okc

X <——‘> dk sinpde. (60)
6k ¢ =constant

Employing (59) to evaluate (0kc¢/0k), =constant giVes
Okc/0k= (kot+k—ka)/[ka(1—cosp)—Fk]. (61)

In order to evaluate the integral (60) it is helpful to
consider several cases.

(a) Neither kg nor k¢ approach zero. Integrating
with respect to & gives

W= (27r)“i/A (kc—Fka)[8ka(1—cosp) | kakpke

X{v20u81[ cosf—1—sin (8+ ¢) sing |
FasByya[ 1—cose cos (04 ¢) J+v1(aiBatasfy)

X[cosp—cos(6+¢)]}? sinpde.  (62)

From Fig. 2 we have sing= (kp/kc) sinf. (62) must
be evaluated at £=0. From (59) and (58) this requires
¢=0, 6=0, corresponding to strict conservation of
both momentum and energy. The integral is seen to
vanish. The vanishing of the S-matrix elements for
forward scattering is readily understood if we study
the structure of the interaction for this case. It is made
up of terms such as

hll(EllE]”—HZIHZ”),

where E and H are the electric and magnetic field
operators, respectively. For a null field £2—H?=0. On
the other hand, if the scattered photon does not
propagate in the same direction as the incident one,
E,""#H," and the cancellation need not occur.

PHOTONS AND GRAVITONS
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\
Vkez 4.

IUJ«AE
e .

Ra

F16. 2. Momenta and reference triads. Uga1, Urpi,
Utct are normal to the figure.

(b) k¢—0, kp#0, ¢ need not vanish. Under
circumstances for which (62) is valid a vanishing result
would still be obtained as k¢c— 0. However, (62) is

valid only for long times ¢ such that
kt>. (63)

The origin of the delta function in (60) is known from
time-dependent perturbation theory to be

2 sin2(kt/2)
lim ————— §(k). (64)
t—>0 ,n.th
For
ki (65)

the delta function can be replaced by #/2r. For this
case we may approximately evaluate (60) as

W= (katt/320) / k / Dra(ai—asB Tk

okc )
X (-—) sinpdodk.  (66)
ak ¢ =constant
From (59), for small k¢,
k=~k¢(cosp—1), 67)
the integral (66) is evaluated as
W = th 4%k y2(ufr—asBs) 2/ 24n? =~ 171, (68)

We now insert dimensional factors and, from the
inequality (65), (68) becomes

Ea>> (3 /HG). (69)

(69) is the condition to be met for decay of a photon
into another photon and a low-energy graviton. It
requires energies >>10% electron volts.

(c) kg—0, k%0, ¢ — 0, 0 need not be zero. The
integral (60) tends to

W = (tk2k 2/ 6472) / (1—cosb)

X (yaasB2— 20181+ v10182+v10581)? sined o.

In this order of approximation W — 0 in consequence
of the condition ¢ — 0. We may therefore conclude that
processes for which a photon decays into another

(70)
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photon and a graviton are excluded in this approxi-
mation, except possibly at extreme energies, i.e., >>10%
eV, corresponding to (69). In these cases the photon
may conceivably decay into a very low energy graviton
and a photon of almost the same energy as the incident
photon. This cannot explain the red shift on the “tired
light” hypothesis, since it does not occur-at low and
intermediate energy.

Scattering by the Longitudinal Fields of
Charges and Currents

A longitudinal electromagnetic field would be
expected to produce gravitons when photons are
incident upon it.

We may write for an electric field

(1)

7Ir=7)rT+777L-

WEBER AND G. HINDS

In (71), n.r is the transverse part of the canonical
momentum and 7,z is the longitudinal part.

The reduction of (16) to (17) would not follow since
(—g)y i ;=Jo, the charge density. (20) and (21)
would be modified and (22) would be replaced by

ni=4(A;—4o,5).
We may now write for the Fourier decomposition

NLr= V"1, exp (thmx™)

=V=12, .Uy exp (kmx™). (72)

Ukrr 1s a unit vector in the direction of nz.. These
expressions are summed over (k).

The longitudinal field gives a contribution to the .S
matrix for initial states in which one photon is present
and no gravitons to final states in which no photons
and one graviton are present.

Mo a= V~3/2/(() |vibretvedie| (2F) VL (At *+di) (Ui 1iUsij— UaiU ko) 2 (b *+ b ) UrriUras ]

XL (& /322 (UprrifirntUsoaifira) Ukpiert (& /32)V2 (U ot Urrrgi frrr) Unriner ]

Evaluating (73) gives

with

Fgp= [2"/1U—k01iU—kC2j+'Y2 (U-reriU_rer;— U-IcCZiU-kC2j)]

Xexp[int (k) + k)" +krp) ]| asfraa*tasfraa*|0)dix.  (73)
Mg, a= (21r)4V"3/254(kAu+kLn"‘ ka)"lchFE (011,012,’Y1,’Y2,UkA 1,Uka Z,U—-kCI,U—kCZ), (74)
X[alUkAuUij‘f‘a:zUsziUij+a1UkA1jUkLi+0£zUk2AjUkLi](kA/kc)W/& (75)

A sum over &y, is implied by (74). Replacing this sum by an integral and noting that k1, has a vanishing timelike

component gives

Mc,a= 21FV‘1/2/54(kAp+ kru—rke )it F g@kr=2wV-""28g(ka—kc)F mnis| rrimkci—ras.

(76)

The transition probability is then obtained by integrating the square of (76) over momentum space, remembering
that one of the delta functions is replaced by #/2r. In terms of the spherical coordinate k¢-space angles 8’ and ¢,

we have
W= (2r)~* / kc?6o(ka—kc) (F it kpiekci-rai SIn'dkedd'dy’. 77
After inserting dimensional factors, we may write this in the form!
W=n2Gc3k A2 (M1 av (78)
with (nx12).y given by
<7IIcL2>av=:11; / (m22F 89 kLimhciopa: SINO'dO'd . (79)
The differential cross section is
dSContomb=64Gc™4V Ek 4* (i 12FE?) k Licripas SING'dB'd o', (80)
with V the normalization volume for photons. The scattering cross section is therefore
Scoutomb =12°GC R 4%k )av V. (81)

10 Tn these units, 7¢=F"©/47.
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We note the absence of Planck’s constant in (80) and (81). This is to be expected, since we have the interaction
of two Boson fields, which has a classical limit. The classical calculation has been carried out and agrees with

(80) and (81).

The case of graviton production by scattering of photons in a magnetostatic field can be carried through in

a similar way. Now we have

44S=AM3+AT8-

Here A4y, represents the prescribed part of 4, with vanishing time derivative. For the Fourier decomposition,

Ay, is given by

Ars=V"12a,3,U 1316 exp (tkmxm)

Corresponding to (76), we now obtain

Mo, a=2aV"12%(ka—kc)Fa(kakc) ™ anu| katimrcionai,

where

(76A)

Fu=[—=71(U_rcriU-rc2i+U—rc1;U—rc2:) —v2(U—rcriU—ro1j— U—_ke2iU—ro2i JLRaiU kari— kaesUkaer]

Corresponding to (78),

W =2"'Gc a1 )av,

with {ara?).v given by

1
(@ryD)av= ?4; / @ea®F 3?| eatimnci—na: SiN@'d0'd o’

The differential cross section is

dSMagnetic field=G (277)_26—4V(dkM2F2) EMi=kCi—kAd Sill@'de/dgol.

The scattering cross section is
S=171GcV{ap)ay- (81A)

ez and agp® contain V! so these results are in-
dependent of V. A closer study of F? indicates that the
total scattering cross section for a large volume con-
taining a uniform field tends to

S~8rGUIc,

where U is the energy and / is the linear dimension of
the scatterer.

For laboratory experiments the cross section appears
too small. Thus, for a volume 108 cc containing 10'® ergs
of electrical energy, we have

S — 1073 cm?,

On the other hand, for a galaxy containing a magnetic
field ~10—% G, with I~10% cm,

S — 10%8 cm?.

X[oa(kaiUrari—kaiUran)toz(kaiUrazi—kaiUrkaz)].
(78A)

(794)

(80A)

A fraction 10%/10%=10"1 of the incident photons
would be converted to gravitons.

CONCLUSIONS

We have studied the interaction of gravitons and
photons in the first approximation. Some simplification
results from use of a coordinate system and a gauge
condition in which all of the redundant variables have
been eliminated. In first order self-energy effects
appear but these contribute nothing. In this order the
decay of a photon into a low-energy graviton and a
photon might occur at photon wavelengths

AL (Gh/c3),

corresponding to energies >>10?® eV. This does not
constitute a possible “tired light” mechanism.

Electrostatic and magnetostatic fields may annihilate
a photon with production of a graviton.



