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it is plausible that some other types of excitation will 
then be located at fairly small fractions of mo. Thus, one 
could anticipate that the known spin-0 bosons, for 
example, are secondary dynamical manifestations of 
strongly coupled primary fermion fields and vector 
gauge fields. This line of thought emphasizes that the 
question "Which particles are fundamental ?" is in-

THE theory of Saxon and Schiff,1 originally 
developed for high-energy scalar potential scat­

tering, has been applied to the scattering of electro­
magnetic waves by dielectric bodies.2 Schiff3 has also 
considered scattering of vector waves using an earlier 
version of the theory, valid for either small or large 
angles only. In this note, we derive the scattering 
amplitude of electromagnetic waves for a general weak 
scatterer with complex dielectric constant and per­
meability, and demonstrate that the results can be 
made to reduce to the large- and small-angle expressions 
of Schiff3 in the respective limits. 

Maxwell's equations, setting c = l and assuming a 
harmonic time dependence of the fields, 

~exp(—•ikt), 
become 

V X E - i ^ H , VXH=(cr-«e)E. (1) 

No free charges are assumed to be present; a is the 
conductivity, and e, /x are dielectric constant and 
permeability, respectively (we shall use Gaussian units, 
eo=Mo=l). Taking the divergence of the second 
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correctly formulated. One should ask "What are the 
fundamental fields?" 
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equation, we get 
V-e 'E-0, (2) 

where we have introduced the complex dielectric 
constant, 

€'=€(l+i„), 
with 

v — a/ke. 

Elimination of H from (1) gives the wave equation 

V2E+i£2E= v V • E - ^ V / x X (V X E), (3) 

with the squared propagation constant 

K2=kW- (4) 

Equation (2) can again be obtained by taking the 
divergence of the wave equation. 

Following reference (1), a Green's function 

F(t/)~F(rf,r)= - (47rp)-V^r-r'> (5) 

will be considered, where 

P = | r - r ' | ; 

the phase is assumed to have the limits 

limP-15(r,r')=C(r), 
(6) 

limvi> = £n+0(r - 1) ; r = nr. 

This Green's function satisfies the differential 
equation 

V*F+ (V^)2F-5(r-rO+iFp2V • (p-*vS). (7) 

P H Y S I C A L R E V I E W V O L U M E 1 2 8 , N U M B E R 5 D E C E M B E R 1 , 1 9 6 2 

Scattering of Electromagnetic Waves in Saxon-Schiff Theory 

H. "QBERALL*! 
Conductron Corporation, Ann Arbor, Michigan 

(Received July 9, 1962) 

We calculate the diffraction of electromagnetic waves by weak scatterers with complex dielectric constant 
and permeability using the Saxon-Schiff theory of potential scattering. Boundary conditions, polarizations, 
and the optical theorem are discussed to some extent. Our results for the scattering amplitude contain certain 
special cases obtained previously by other authors. In an Appendix, we compare the results for the scattering 
by a homogeneous dielectric sphere with those of the exact Mie theory. I t is seen that the Saxon-Schiff 
theory gives a good qualitative agreement insofar as it reproduces the diffraction maxima and minima, in 
vast superiority to the Born approximation. In the asymptotic limit kR —*• <», the radar cross section is 
shown to agree with the exact result for a not too large index of refraction. 
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In order to apply Green's theorem to F and to the 
components of E, we have to specify boundary condi­
tions for E as r —»<*>. Anticipating later results, these 
must be assumed differently from the usual case, 
namely, 

limE(r)=-Eo6^ko-H-«o(r)]_|-(i/r)^ibrA(k0,k). (8) 

The second term is the usual spherical wave scattered 
in the direction 

n=k/k, 

but the first term is a plane wave incident along the 
direction 

n0=k0 /& 
with additional phase 

50(r)= — k 0 - r + lim [5(r , —n</) —fer']. (9) 

In the following, we shall, with reference 1, always 
consider the special choice for the phase 

sb 
with 

,r') = I K{xf+f>s)ds= f K(T-ps)ds, (10) 
Jo Jo 

corresponding to propagation along straight line paths 
with WKB phase. This is motivated by reasons of 
mathematical simplicity .fit leads to a phase shift 

Jo 
80(r)= / [K(r-n0s)-k2ds, (11) 

which modifies the incoming plane wave in the bound­
ary condition, Eq. (8). This plane wave is not a solution 
of the wave equation, even in the limit r —><*>; it 
satisfies in this limit 

(V2+&2)E0^(k0.r+So) 

= E 0 ^ k o - r + ^ [ - 2 k o - V 5 0 - (V50)
2+iV%1. (12) 

[The scattered wave in Eq. (8), of course, is a solution 
of the wave equation to order r~1.~] Furthermore, the 
divergence equation (2), applied asymptotically to the 
boundary conditions of Eq. (8) and using n 0 -E 0 =0 , 
gives 

r Vo0 eikr 

l i m v - E = f i E0^ (k°- r+5o) + — n - A 
r-*co L k r 

= 0. (13) 

In the asymptotic limit, however, the phase shift 80(T) 
vanishes everywhere except in a cone of opening angle 
= (R/r) around the forward direction n0, where R is 
the dimension of the scatterer. That means 8o(r) 
appears only if exact forward scattering, n= r /V=n 0 , is 
considered. In all other directions, our asymptotic 
solution is of the usual form and does satisfy the wave 
equation, and Eq. (13) also shows that the scattering 

amplitude A is polarized transversely to the propagation 
direction n everywhere except in the exact forward 
direction. 

The differential scattering cross section is defined by 

d(T ^ (•S'scatt) 
—=limr 2 , 
dti ^ <5 incid) 

(14) 

where the energy flow (S) is given by the real part of 
the complex Poynting vector, f Re(EXH*), and ( ) 
means time average. Considering the radial energy 
flow for .Sscatt, we obtain 

da/dtt= | A t r | W , A t r = A - n A . n . (15) 

From a practical viewpoint, the total cross section can 
be taken as 

rT r2r da 
<r/= Hm / sinddd d<p—, (16) 

^+% Jo dn 
if determined by measuring the scattering into all 
directions. A transmission experiment would, however, 
yield a different total cross section at^fida/dtydtt 
(no limit rj —» 0), due to an additional forward compo­
nent which, by interference with the forward part of 
the differential scattering, produces the geometrical 
shadow in the short-wavelength limit. The usual 
optical theorem, 

a-,= (4ir/*) Im(E0-A(k0 ,k0)/£o2), (17) 

does not hold any more in the present case: On the 
one hand, we have modified the boundary conditions 
in the forward direction; on the other hand, absorption 
is introduced by the conductivity a. From Poynting's 
theorem,4 we get instead 

4TT Eo-A(ko,k0) Q 
<r«=—Im 

- limr2 

r—>oo 
/ nQ-n(e-21mS°-l) 

+e~2 V Re50' 
,0n0- <fi2, (18) 

where Q is the power absorbed inside the scatterer—in 
the case of e' complex, /x real, it is 

• * / " 

El'dr. (19) 

Green's theorem, applied to F and the components 
of E, and taking account of (3), (7), (6), and the 
boundary condition (8), leads to an integral equation 

4 J. A. Stratton, Electromagnetic Theory (McGraw-Hill Book 
Company, Inc., New York, 1941), p . 458. 
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for E(r): 

E(r)=E0e
itk»-r+s°<r>]+ fdr' E(r')F(t,t')l\:v'S(r,t')J 

'•[ 
V'^(r,r')l 

-K\t')-iPW 

+ / dr ' [ l -e ' ( ' ' ) ]E(r ' )-V ,v'F(r ,r ' ) 

+2£E„ [dTtK(r)-ky^+s+w 

+ / d T ' !L l—i[ v ' F ( r , r ' ) ]X[v , XE(r ' ) ] 

+# 

M(r') 

<[dr'e'(r' 

+iEo / <Jr[2$:(r)-*>"+<r>V* / e'«-r'[V*'<I'>-i;]&' 

+ /'jrCe'(r)-l>i[k''-r+5»(r)1Eo-VVei[5+(r)-k-r] 

)[M(r')-l]E(r')F(r )r') ) (20) 

where partial integrations have been used in the last 
three integrals. If the limit r —»<*> is taken, all the 
integrals become 0{r~l), which suggests the use of the 
modified boundary condition (8). Following the Besides the condition of applicability mentioned 

- fdr~ [ v ^ [ 5 + ( r ) - k - r 3 ] X [ V X E o ^ t k o - r + 5 o ( r ) 3 ] 

J MOO 

-£ 2E 0 fdr e ' W I X O - i y ^ ' ^ W + W r ) ] J. (23) 

above, one must also assume that e'(r), /x(r) vary 
slowly over one wavelength (for the assumption of 
straight-line propagation), and that kIC$>l, as seen 
from the conditions of validity of reference 1; in detail, 
these are 

i»(kR)~l if &RS1, m 

l»{2kR if {kR>l, 

where <T= (ne')l,2—l or e'(/x— 1). 

An exact solution would satisfy n-A=0, from Eq. 
(13) (except in the forward direction). After the 
iteration leading to the approximation (23), there is no 
reason for this still to hold. Deviations from trans-
versality of A cannot, however, be taken seriously, but 
are just an indication of the shortcomings of the theory. 
It will be shown in the following that both large-angle 
and small-angle limits of Eq. (23) lead to transverse 
scattering amplitudes. 

r l I. LARGE-ANGLE APPROXIMATION 
- W rfre'WtXO-l^W+W-^EW . (21) A u . £ . . . . . 

J J As shown in reference 1, this consists m an expansion 
in powers of kr1 and qr1, where qz=k(l — n-n0). It 

where q = k 0 - k , the z axis is parallel to - n , r' = (xyzf), l e a d s t o the exceedingly simple result 
A(k0,k)^nX (nXEo)/e+nX (n0XE0)/m, (25) 

techniques of reference 1, we find in this limit 

A(k0,k) = —{ fdr e^^-^ZK^-kJEir) 

+2&Eo fdr ei^'I+5+^lK(r)-k'] 

+i fdr eib^[_K{T)-ky* f ^ k ' r , E s c ( r / ) ^ / 

+ f driest)-lliE^'VVe^^-^ 

f M(r)-1 
- dr [v^ [ 8 + ( r )~k- r ]]X[vXE(r)] 

J A*(r) 

and 
E s c ( r ) = E ( r ) - E 0 ^ - , 

5+(r) = f ZK(r+ns)-k~lds. 
Jo 

(22) 
/ . = • 

J m 

fdrie'-iy* 

r M—l 
/ dr ei{ 

J M 

(q.r+50+5+) 

(26) 

(q.r+50+5+) 
The first term in an iteration treatment of Eq. (20) 4^ 

is expected to give a good approximation of the scat­
tering amplitude provided that the magnitudes of e, manifestly transversely polarized, and in agreement 
/z, and e'/z do not differ too much from unity. This with a formula, written in a different way, of the second 
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reference 3 (to the extent5 that /JT1 can be s e t = l in 
Im), The differential cross section becomes, with 
JEO^ EO/EO, 

^ / ^ = [ l " - ( n - £ o ) 2 ] | / e | 2 + 2 n - n o R e / e * / m 

+ [ (n -no ) 2 +(n -^o ) 2 ] | / w | 2 . (27) 

Conditions of applicability are1 

1 » [ M sin2((9/2)]-1 if ^ f < l , 

l » m a x of {2kR or f sin-2(0/2) if &-#r> 1, 
(28) 

where cos#=n-n0 . For /x=l , Eqs. (25) and (26) also 
agree with the results of Brown.2 

II. SMALL-ANGLE APPROXIMATION 

This requires essentially1 

d«(kR)~U2, (29) 

and Eq. (23) may be simplified in the following manner: 
The second term may be shown to be the leading term, 
and upon replacement of exp(iqgz) by unity, gives the 
small-angle result 

ik r0 0 r00 

A(k 0 ,k )S— EoJ dx dye1 

2ir J ~«, J -a, 
(qxX+qyy) 

X 1-exp i [2T(r)-*]<fe 
i— «/ —oo 

(30) 

which agrees with Schiff V result if one still remembers 
that e', ix are close to unity, so that K—k~(k/2) (effjL— 1); 
but again, Eq. (30) may be more accurate if the 
approximation is valid beyond sufficiency limits. The 
polarization of the small-angle scattering amplitude is 
seen to be transverse. 

The remaining terms of Eq. (23) are negligible in 
comparison with (30): the third term by the arguments 
of reference 1, where also the conditions for this to 
happen are stated (they can be taken over for the 
vector case if one replaces U—>£k2). All other terms 
taken together can be shown to be of order t2kR 
relative to (30), and according to Eq. (24), this is 
negligible. 

In conclusion, we state that the Saxon-Schiff theory 
has been applied to the scattering of electromagnetic 
waves from a weak scatterer of complex dielectric 
constant and permeability in the case kR5>l (R being 
the dimension of the scatterer); the results of the 
large- and small-angle limits can be transformed into 
expressions obtained earlier, but may be more useful 
in the form obtained by us if the theory should be 
valid beyond the sufficiency limits. The large- and 

5 In the case that the Saxon-Schiff approximation is valid 
beyond the limits sufficient for applicability, stated throughout 
this paper f_as is often true for the Born approximation (see 
reference 2) j , Im is considered to be more accurate than the 
corresponding formula of reference 3. 

The Born approximation result is obtained by setting 80^8+^O 
in (25) and (26). 

small-angle scattering amplitudes are transversely 
polarized, as demanded by the wave equation. 

Finally, we wish to comment on the two-dimensional 
case, i.e., ef and /x depend only on two coordinates 
(taken as y, z), and so do the fields. The boundary 
condition (8) then gets replaced by 

limE(r)-Eoe^ko.r+6o(r)]+r-i/2earA(ko jk ) ( 8 /) 

(we set %=0 always, and the vectors k0,k are assumed 
parallel to the # = 0 plane), and the appropriate modified 
Green's function, instead of (5), has to be taken as 

^ ( r , r ' )= - l i i7o ( 1 ) C5(r ! r ' ) ] ; (50 

(Hankel function of zero order), in which we also adopt 
the S from Eq. (10). Using the same procedure as 
before, we obtain completely analogous results: The 
new A (k0,k) is again given by the previous equations 
(21), (23), (25), and (30), except that fdx is absent, 
and a factor 

e**'4(2V*)1/2 (31) 

has to be added. The "cross section," by replacing 
r2d£l—>rd<p in Eq. (14), has the dimension of length; 
then da/d<p is again given by the expression of Eq. (15). 
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for suggesting this problem and for discussion and 
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his reading of the manuscript. 

APPENDIX 

We wish to compare numerically the results of the 
Saxon-Schiff theory for scattering by a homogeneous 
sphere with those of the exact Mie theory,6-7 in order 
to get an idea of the applicability of the method. We 
chose to check the large-angle expression (25), so as to 
include the radar cross section. Designating now the 
radius of the sphere by R, and calling kR=p, we have 
for the differential scattering cross section (reference 7, 
p. 127) 

da/R2dQ^ (l/p2)[ii(0) sinV+*2(0) cosV] (Al) 

for polarized incident waves, <p being the azimuth 
between the (n0,E0) plane and the (n0,n) plane. The 
functions ii, i2 have been tabulated.8 Unpolarized 
radiation gives 

&r/RMB= pi(6O+*2(0)]/2P
2. (A2) 

From (27), the Saxon-Schiff expressions for ih i2 are 

6 J. A. Stratton, reference 4, p . 563. 
7 H. C. van de Hulst, Light Scattering by Small Particles (John 

Wiley & Sons, Inc., New York, 1957). 
8 E.g., A. N. Lowan, National Bureau of Standards, Applied 

Mathematics Series 4 (U. S. Government Printing Office, Wash­
ington, D. C , 1948); graphs and a complete list of tabulations 
are given in reference 7, pp. 152, 167. 
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FIG. 1. Angular distribution of diffracted radiation from a 
homogeneous dielectric sphere in Mie theory, Saxon-Schifi-
Brown, and Born approximation; p —6, n—1.33. 

found to be 

* 2=p 2 | ( e ' - l ) c o s ^ + [ ( M ~ l ) / i u ] | 2 | / | 2
? 

k2 
with 

/ = • 

AwR f J r ^i(q-r+8o+5+) 

(A3a) 

(A3b) 

(A3c) 

integrated over the sphere. The Born approximation 
gives now the result (j\= spherical Bessel function) 

111 Bom2= [ P 2 / 4 s in 2 (P ) ] i^ (2 P sinftf). (A4) 

In the Saxon-Schiff theory, we obtain for the phases, 
e.g., 

5 + ( r ) = ( » - l ) p 
/ r 2 / r \ \ 1 / 2 1 

where n= (eV)1/2« This leads to 

Iss= / xdx / s in#W / d>' 

4 T 7o Jo Jo 

Xexp{2*p# sinjtf c o s 0 ' + i p ( » - 1 ) [ ( 1 - ^ 2 sin2/3+)1/2 

+ ( l - a 2 sin2^)1 /2+^(cos/5+-cos/3„)]}, (A5) 
with 

cos/^—dbsinJfl cos^'-Hcos^ sinfl' cos</. 

This could be integrated numerically, but we chose 
instead to evaluate it using a further approximation 

suggested by Brown.2 This consists of two steps. First, 
in / , a partial integration is made with respect to the 
variable d($-t) where Q^q/q, t—t/r, and the integral 
term is neglected, which does not lead to larger errors 
than already contained in the Saxon-Schiff method. 
Then the azimuthal integration can be done immedi­
ately, and the resulting integral 

ik2 rR 

/SSB = / rdr expi[qr+do(qr)+5+(qr)2, (A6) 
2qR J-R 

which in its explicit form reads 

-P i r1 

xdx exp{2ip£nx sin§0 

+ (n~l)(l-x2 cos 2^) 1 / 2]}, (A7) 

2sin£0 2i . /_i 

could also be evaluated numerically, but is obtained 
(second step) as an asymptotic expansion in p~x, again 
by partial integration: 

| / |ssB2=(p2 /4sin2 j0) ji2(2np sin 

fn—\ \ 2 l+cos2(2^p sin|0)' 
+(—cotter 

\ n (2np sinj#): iflV 
(A8) 

In obtaining this result, we have, for simplicity, also 
assumed that n is real. 

In Figs. 1 and 2, we present the values of the un-
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FIG. 2. Angular distribution of diffracted radiation from a 
homogeneous dielectric sphere in Mie theory, Saxon-Schiff-
Brown, and Born approximation; p = 6, w = 2. 
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Limits of oscillations 
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FIG. 3. Radar cross section of a homogeneous dielectric sphere 
(asymptotically for p —> oo) vs index of refraction w, in Mie 
theory, Saxon-Scruff, Saxon-Schiff-Brown, and Born approxi­
mation. 

polarized differential cross section (A2) from the exact 
theory,8 and from the Saxon-Schiff-Brown (A8) and 
the Born approximation (A4) for homogeneous spheres 
with /x=l , real e, for p — 6 and n=1.33 and 2. The 
conditions of applicability, p^>l and n close to unity, 
are only partly satisfied, and furthermore, the condition 
that e', fx vary slowly over one wavelength is clearly 
violated for a body with sharp boundaries. Nevertheless, 
it can be seen that there is good qualitative agreement 
between the approximate and the exact angular distri­

bution, as the number and position of the diffraction 
maxima and minima are reproduced fairly well. Some 
large deviations occur for the larger of the two values 
of n considered, and the backward scattering is never 
given accurately. However, the improvement over the 
Born approximation is striking, the oscillations of the 
latter showing no connection with reality. 

Lastly, we evaluated the radar cross section (6= 180°) 
in the asymptotic limit p—•»<». In the Born approxi­
mation, we find (always for / J = 1, n real) 

(o-/7r2P)Born - • J ( » 2 - l ) 2 ( l+cos4p); (A9) 

the Saxon-Schiff result can in this case be obtained 
exactly from (A5) 

/ a \ (w 2 - l ) 2 

W R V S S •/as 16»2 \ 

1 

(2n-iy 

2 
• COS (4: np)\ (A10) 

which thus permits an estimate of the further errors 
introduced by using Brown's approximation 

(<T/TR2)$SB -> O 2 - l ) 2 /8^ 2 ] [ l+cos(4^p)] . (All ) 

The exact result is simply given by the Fresnel coeffi­
cient, since p—>oo may be interpreted as a large 
sphere to which geometrical optics is applicable7: 

(a/irRz)Mie-+ t(n-l)/(n+l)J. (A12) 

Figure 3 shows a comparison between these results. 
They all agree more or less for n close to unity, and 
the Saxon-Schiff, Brown, and Born approximations 
give curves which deviate successively more and more 
from the exact expression. We have also indicated the 
limits of the oscillation given by the cosine terms in 
(A9) through (Al l ) . 


