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A quantum-mechanical derivation is given of the conductivity tensor of a free electron gas in the presence 
of a dc magnetic field and of an arbitrary electromagnetic disturbance. The results obtained are applied to 
study some simple problems on the dispersion and attenuation of sound waves in metals in the presence of a 
magnetic field. In particular, it is shown that both the velocity and attenuation of longitudinal acoustic 
waves travelling parallel to the magnetic field exhibit oscillations as a function of the magnetic field under 
suitable conditions. 

I. INTRODUCTION 

A GREAT deal of attention has been paid recently 
to the study of the response of an electron gas 

to an electromagnetic disturbance that varies both in 
space and in time. This interest has been motivated by 
experimental work on the absorption of electromagnetic 
radiation and of sound waves by metals.1 The response 
of an electron gas to an electromagnetic field that 
varies in space and time as exp(io)t—iq-r), where co is 
the angular frequency and q the wave vector, can be 
conveniently expressed in terms of the longitudinal and 
transverse dielectric constants as done, for example, by 
Lindhard.2 An equivalent formulation consists in ex­
pressing the results in terms of the electrical conduc­
tivity tensor <r(q,co) appropriate to the wave vector q 
and the frequency co. An example of a special case of 
particular interest is the discussion of Reuter and Sond-
heimer3 in connection with the study of the anomalous 
skin effect in metals. Pippard4 obtained the same re­
sults as Lindhard in his work on ultrasonic attenuation 
in metals by using a kinetic method. General formula­
tions for the calculation of the conductivity have been 
given by Lax5 and by Kubo.6 

The present paper is concerned with the electrical 
conductivity tensor o"(q,co) of an electron gas in the 
presence of a uniform magnetic field of induction B0. 
This problem has been discussed recently in the situa­
tion in which q = 0 by several authors.7,8 In the situation 
in which q^O the conductivity tensor has been ob­
tained9-13 by solving the Boltzmann transport equation 
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under conditions applicable to several cases of interest. 
Quantum-mechanical discussions of this problem have 
been given by Mattis and Dresselhaus,14 by Zyryanov,15 

and by Zyryanov and Kalashnikov.16 

The purpose of this paper is to discuss the response 
of an electron gas in a magnetic field Bo to the most 
general electromagnetic disturbance. The procedure 
used is that of the self-consistent-field method as de­
scribed, for example, by Ehrenreich and Cohen.17 In 
Sec. I I we show how the calculation is carried out and we 
exhibit explicitly the matrix elements that are of in­
terest. Some of their mathematical properties, including 
those that insure the gauge invariance of the theory, 
are given in the Appendix. Two geometries of particular 
interest are discussed, namely, those in which q is 
either perpendicular to or parallel to B0. Finally, we 
show that in the semiclassical limit we obtain the same 
results as Cohen et al.12 

In Sec. I l l , after making some general remarks about 
the attenuation and velocity of sound in metals in the 
presence of a magnetic field, we discuss the application 
of the results of the present work to longitudinal acoustic 
waves propagating in the direction of B0. We find that 
both the velocity and absorption coefficient of acoustic 
waves exhibit an oscillatory variation as a function of 
the magnetic field. These oscillations have a period 
proportional to B^r1 and have the same physical origin 
as the oscillations in the magnetic susceptibility of 
metals (de-Haas-van-Alphen effect). The effects de­
scribed above are observable in rather pure metallic 
samples and at sufficiently low temperatures. A more 
precise description of the conditions for observability 
will be given at the appropriate place. 

We now state explicitly the assumptions and approxi­
mations made in this work. A metal is assumed to con­
sist of a free electron gas in the presence of a uniform 
background of positive ions such that the system is 
electrically neutral. No "real metal" effects, such as 
those arising from the actual energy-band structure and 
from a finite collision time r for the electrons, are con­
sidered (here we assume r = o o ) . The conductivity 
tensor is obtained by solving the equation of motion of 
the density matrix to first order in the electromagnetic 

14 D. C. Mattis and G. Dresselhaus, Phys. Rev. I l l , 403 (1958). 
15 P. S. Zyryanov, Soviet Phys.—JETP 13, 751 and 953 (1961). 
16 P. S. Zyryanov and V. P. Kalashnikov, Soviet Phys.—JETP 

14, 799 (1962). 
17 H. Ehrenreich and M. H. Cohen, Phys. Rev. 115, 786 (1959). 
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field intensities, and we assume that the response to a 
source field that varies as exp(io)t—iq-r) varies in 
exactly the same fashion (this approximation is often 
called the random phase approximation). 

The following is a list of some of the symbols used 
in this work and their meaning: 

w=mass of the electron. 
p = canonical momentum of a particle. 

o)o— | e\Bo/mc= cyclotron frequency of an electron in a 
magnetic field of induction B0. 

o)p= (47riVe2/Qm)1/2== plasma frequency of the electrons. 
fip= (4arNz#/£lM)ll2=plasma frequency of the positive 

ions of the metal. 
M=mass of the atom in the metal. 

z — number of conduction electrons per atom. 
N = number of electrons in the sample under study. 
0=volume of the sample. 
fo=(^2/2w)(3x2iVr/0)2/3=Fermi energy at 0°K of the 

electron gas in the absence of the magnetic field. 
Eo= Fermi energy of the electron gas in the field B0. 

II. DERIVATION OF THE CONDUCTIVITY TENSOR 

A. General Theory 

Let us consider an electron gas consisting of N elec­
trons confined within a cubic box of side LQ and volume 
0=Lo 3 in the presence of a magnetic field of induction 
Bo, and of an electromagnetic disturbance that varies as 
exploit—tq- r). We define (j>(r,t) and A(r,tf) as the scalar 
and vector potentials for the self-consistent field pro­
duced by the disturbance and A0= (0,Bo%,0) as the 
vector potential of the dc magnetic field B0. We have 
taken a Cartesian coordinate system with the z axis 
parallel to B0. Without loss of generality the x axis can 
be chosen so that the wave vector q lies in the y-z plane. 

The Hamiltonian for a single electron in the presence 
of the self-consistent electromagnetic field and of Bo is 

H= ( l / 2 w ) [ p - (e/c) A o - (e/c)kj+e<$>. (1) 

To first order in A 
H=H»+Hh (2) 

where 
H^(l/2m)lV-(e/c)XoJ, (3) 

and 
#1== - (e/2c) ( v - A + A - v ) + * (4) 

The operators Ho and 
v=( l /w)[p—(e/c)A 0 ] 

are the Hamiltonian and velocity operators for an elec­
tron in the field B0. The stationary states of H0 are 
characterized by the wave functions18 

| v)= | nkykz) = Lo~l exp(ikyy+ikzz) 

Xun(x+hky/mcco), (5) 

and by the eigenvalues 
18 L. D. Landau, Z. Physik 64, 629 (1930). The representation 

defined by the wave functions (5) shall henceforth be called the 
Landau representation. 

E,=Enht = fua0(n+%)+h2k9
2/2m. (6) 

The allowed values of the wave numbers ky and kz are 
obtained by imposing periodic boundary conditions on 
\v) with period LQ. The quantum number n can take 
any non-negative integral value and un(x) is a normal­
ized wave function for a simple harmonic oscillator19 

corresponding to a particle of mass m and characteristic 
frequency co0. 

The electron current density induced by the self-
consistent field is obtained by taking the trace of the 
product of the current density operator and the single-
particle density matrix.20 The density matrix / is calcu­
lated to first order in the fields <£ and A as follows. The 
operator / must satisfy the equation of motion 

ihdf/dt=[H,fl (7) 
In the absence of the perturbation, Hi, f reduces to its 
equilibrium value 

fo(H0) = { e x p [ ( # 0 - Eo) /kT]+1}-1, 

which is diagonal in the Landau representation defined 
by the functions (5) and, therefore, satisfies the con­
dition 

fo(H0)\v)=fo(Ev)\v). 

We now set / = / o + / i , where f\ is a small change in / 
from its equilibrium value /o caused by the self-con­
sistent field. Furthermore, we assume that f\ varies in 
time as exp(ico/) so that the equation of motion reads 

-Sco/i=[ffo,/i]+CJ3ri,/o]. (8) 

In Eq. (8) terms of higher order than the first in <f> and 
A have been neglected. By taking off-diagonal matrix 
elements of Eq. (8) in the Landau representation we find 

< " l / i k > = [ / o ( £ , < ) - / o ( £ , ) ] 

XCE„<-.E,-M~1<H#i|>' '>- (9) 
The induced current density at position x and time t is 

j<i>(x,0 = Tr{/jop<i>} 

= H,(v\-e(y-— A V x - r ) / + H . c . L \ (10) 
\ 12 \ mc / I / 

where H.c. designates the Hermitian conjugate of the 
preceding operator, and yop

(1) is defined implicitly by 
the second equality in Eq. (10). The induced charge 
density p(1)(x,0 is obtained from a similar relation. The 
Fourier components J ( 1 )( (1JW) and p(1)(q,co) of the in­
duced current and charge densities are given by the 
relations21 

19 See, for example, L. I. SchifT, Quantum Mechanics (McGraw 
Hill Book Company, Inc., New York, 1955), 2nd ed., pp. 64-65. 

20 See, C. Kittel, Elementary Statistical Physics (John Wiley & 
Sons, Inc., New York, 1958), pp. 107-113. 

21 In this discussion, since we assumed r = oo, K and K* are each 
other's complex conjugates. However, if we wish to include re­
laxation effects in our treatment we can do so by adding a phe-
nomenological term ihfi/r to the left-hand side of Eq. (7). All 
equations are formally the same as those presented here except 
that o) must be replaced by co—i/r. In this case we must substitute 
K' for K* in Eq. (12) where K'(q,a>) = K*(q,a>*). 
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j<»(q,a>)=(«„y4«) 
XC-A(q ) W)-I-A(q,W)+K^>(q,a>)], (11) 

and 

p(»(q,co)= (WpV47rc2)[-K*-A(q,co)+^(q,co)]. (12) 

In these equations A(q,co) and <Kq,co) are the Fourier 
components of the electromagnetic potentials and the 
symbols I, K, and L stand for (the tensor I is expressed 
in dyadic notation) 

I(q,co)= (m/N) Z \Jt(E,)-ME,)](E,-E,-hu)-1 

X<x'|V(q)|,><*/|V(q)|.)*, (13) 

K(q,co)= (mc/N) Z lfo(E,')-fo(Ep)-](E^-Ev-Ji^-1 

vv' 

X<v'|V(q)|i»><v'|exp(*qT)|v>*, (14) 
and 

Z(q,co) = (mcVN) £ C/o( iv) - /oCE,) ] 
v v f 

X{Ev>-Ev-hu)-~l\(vf\zxv(i<i-T)\v)\\ (15) 

The operator V(q) which appears in Eqs. (13) and (14) 
is defined by 

V(q) = | e x p ( i q - r ) v + | v e x p ( i q - r ) . (16) 

The matrix elements of exp(iq-r) and of V(q) are 
given by the following equations 

{rikjkj | exp(iq- r) | nkykz) 

= 8(ky', ky+qy)5(kz', k2+qz)fn'n(qy), (17) 

{n,kJk/\Vx(q)\nkykz)==i(ho)0/2m)i8(kyy ky+qy) 

X8(kz',kz+qz)Xn,n^(qy), (18) 

(n'kykz'\Vy(q)\nkykz) = 5(ky\ ky+qy)8(kz', kz+qz) 

X [ ( % / 2 f » ) / n ' n y + ( W 2 » ) * ^ B
( + ) y ] , (W) 

and 

{n'ky'kz
/\Vz(q)\nkykz) = d(ky\ ky+qy) 

X8(kz', k,+q.)(h/m)(k,+iq,)fn>n(qy). (20) 

The symbol 8 (k',k) is zero unless k' = k in which case it 
is equal to unity, fn'n(q) is the two-center integral of 
harmonic oscillator wave functions defined by 

/»00 

fnfn(q)= / dx Un'(x+hq/mo)o)un(x), (21) 

and 

X» '» ( ± ) te )= (n+l)1,2U,n+i(q)^n^U>n^(q). (22) 

A few useful mathematical properties of these matrix 
elements are displayed in the Appendix. 

Equations (11) and (12) are not ostensibly gauge in­
variant. If j(1)(q,w) and p(1)(q,co) are to be independent 
of the choice of gauge (A,$), then the conditions 

c o K - c q - c I - q = 0 (23) 
and 

coL-cK*<q=0 (24) 

must be satisfied. These relations can be easily verified 
using the results given in the Appendix. 

I t is convenient to consider separately the two inde­
pendent geometrical arrangements in which q is either 
parallel to or perpendicular to Bo. The general case in 
which q makes an arbitrary angle with B0 can be 
analyzed in a similar fashion, however, the expressions 
one obtains are more complicated than those found in 
these simple geometries. 

B. Propagation in a Transverse Magnetic 
Field at 0°K (q perpendicular to B0) 

In this situation we find that the components of the 
induced current density can be conveniently expressed 
in the form 

— 0'xx-tt'x\Gxy-E'y) \ ^ ) 

and 
J y v yx^xX v yy^y 

A (l) = r r F Jz —vzzl^,z. 

(26) 

(27) 

The components of the conductivity tensor defined by 
Eqs. (25)—(27) can be shown to be 

2wo>o 1 /df 

1 £ ' 
4ciricoL ft AT nh 

imooJcc 2 

E' /-

'ykza\ dq 1 a2— (co/co0)
2J 

4:irho)oq2 Ar nkyksa a2— (co/a>o)2 

0*1,= — <Tyx= (io)o/2a)q)(d/dq)(q2(Tyy), 

a n d 

4^rio)\ 

2fi 1 

-(co/«o)2J 

(28) 

(29) 

(30) 

(31) 

In Eqs. (28)-(31) the summations extend over all 
values of the quantum numbers for which Enka<E§ 
<En+a,ic2* This restriction is indicated by a prime fol­
lowing the summation sign. One can also show that it 
is possible to keep only the restriction Enk,<Eo pro­
vided the sum over a is performed from —n to infinity. 
The induced charge density can be found from Eqs. 
(25)-(27) by using the equation of continuity. 

I t is interesting to notice that in the limit in which 
Eo/hcco is very large compared to unity the components 
of the conductivity tensor [Eqs. (28)—(31)] reduce to 
those obtained by Cohen el alP in the semiclassical 
limit. This result is accomplished by replacing the sum 
over n in Eqs. (28)-(31) by an integration and making 
the substitution w = ^osin20, where n0 is the largest 
integer that does not exceed (Eo/ftoo0) — J. The sum­
mation over n can, therefore be replaced by an integra­
tion over 6 from 0 to 7r/2. I t is easy to convince oneself 
that the largest contributions to the components of the 
conductivity tensor arise from large values of n (when, 



2490 J . J . Q U I N N A N D S . R O D R I G U E Z 

as in this case, noS>l). W e can t h u s replace fr^.a,n b y 
i ts a sympto t i c behavior for large22 n 

fn+a^JJi{^n+2a+2)^^Ja{w^me), (32) 

where Ja is the Bessel function of order a, £ = %2/2raco0, 
and w=qvo/o)o, v0 being t he veloci ty of an electron on 
the surface of t he Fe rmi sphere. W e find, after per­
forming t he sums over ky and kzy t he following approxi­
m a t e expressions: 

3cop
2 

£ 
sa(w) 

4:7ricc «=-«> l+a(coo/co) 

3 c o p
2 / c o \ 2 r oo ga{w) "I 

qvj L «=-oo l+a(coo/co)J 4 7 T ^ C 0 \ ^ | 

3co.»2 oo . ' « 

and 
4TT^O OF=S-00 l+a(coo/co) 

3cop
2 oo r a ( w ) 

47nco «=-oo l+a(coo/co) 

(33) 

(34) 

(35) 

(36) 

T h e functions sa(w), ga(w), and ra(w) are those defined 
b y Cohen et al.i2 He re we reproduce their defining ex­
pressions for the sake of convenience: 

TT/2 

s«(w) = / dd sin36>{J7(w sinfl)}2, 

ga(w)= 1 ^ s in0{/«(w sinfl)}2 

and 
o 

TT/2 

f a ( w ) = / dd sin0 cos 2 0{/ a (w sin6>)}2. 

(37) 

(38) 

(39) 

C. Propagation in a Longitudinal Magnetic 
Field (q parallel to B0) 

In this case the induced current density is again given 
by relations such as those of Eqs. (25)-(27). However, 
from symmetry considerations (which can also be 
verified directly) it follows that 

Vxx^Vyy, (40) 

<rxy=—(rjx- (41) 
and 

These conditions allow us to write the components of 
the induced current density in the form 

3 ; a) ±ijy(X)= (axxTiaxy)(Ex±iEy), 

and 

J 7.(D = ZES. 

(42) 

(43) 

22 A. Erdelyi, W. Magnus, F. Oberhettinger, and F. G. Tricomi, 
Higher Transcendental Functions (McGraw-Hill Book Company, 
Inc., New York, 1953), Vol. 2, p. 199. 

I n these equat ions crxxT-i(jxu and azz are given by 

&xx I vCf xy 

2 r- &co0 _ ( n+1 CO 

l E r 

N nkykz{e{kz+q)-e(kz)+h(oi()
:jFco) 

+ 
and 

cop2 / co \ 2 m 

«** = r(-) - E ' 
4:irio)\q/ N nkyh, 

e(kz+q) — e(kz) — h(GO0
:Fai)\ J 

1 

, (44) 

Here 

• e{kz+q) — e(k2) — fi(A 

e(kz+q) — e(kz)+hoo. 

s(kg) = h2k*/2m. 

(45) 

(46) 

T h e sums in E q s . (44) and (45) are extended over all 
sets of q u a n t u m number s nkykz for which Enjc2<Eo. 

T h e expressions in E q s . (44) and (45) can be evalu­
a ted in a ra the r simple way. As an example we give t he 
result of the calculation of <rze. T h e real and imaginary 
pa r t s of crzs are obta ined mak ing use of 

(z±iWyi = <S>{l/z)^iirb(z). (47) 

Here 0+ is an infinitesimal positive quantity, (P(l/z) 
indicates that in any integration on z of the right-hand 
side of Eq. (47) it is understood that one must take the 
principal value of the integral at the singularity z=0, 
and 8(z) is the Dirac delta function of argument z. 

The imaginary part of <rzz turns out to be 

3cOp2COCOo n0 

lm(0 = E 
87T(73Z>03 w = 0 

In 
Kn— (mo)/hq)+\q 

+ l n 

Kn—{mo)/fiq) — lq 

Kn+(mo)/hq)+^q 

Kn-\-{moi/hq) — \q 

while the real part is 

Re(azz)= (3cop
2co0co/86/W)A. 

In these equations 

Kn= (2fn/h2yi2[Eo- (w+i)*o>0]*, 

(48) 

(49) 

(50) 

and A is the number of integers in the interval (A+,A_), 
where 

E0 1 mo)2 / fiq2 \ 2 

(51) 
0/ 

- i ± -
^co0 2 2ho)oq2\ 2mco> 

T h e limiting behavior of Im(o-^) for long wavelengths 
is of par t icular interest . I n this case we can rewrite 
E q . (48) in the form 
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l m ( 0 

3co»2cocoo w» 

= ' 7 E [Kn ) +[Kn+—) . (52) 

In the present section we have given a rather formal 
derivation of the conductivity tensor <r(q,co) for an 
electron gas in two geometrical arrangements of special 
interest. In the next section we discuss some applica­
tions of this work. 

III. ULTRASONIC ATTENUATION AND DISPERSION 

A. General Considerations 

In this section we discuss a few applications of the 
expressions for the conductivity tensor to the propaga­
tion of acoustic waves in metals. The motion of the 
ions of a metal acts as the driving disturbance re­
sponsible for the establishment of the self-consistent 
electromagnetic field which couples the electronic and 
ionic motions. An acoustic wave traveling in a metal 
can induce both real and virtual excitations of the 
electron gas because it is accompanied by an electro­
magnetic field. In real transitions the electron gas gains 
energy irreversibly at the expense of the energy of the 
sound wave. This energy loss is the source of the at­
tenuation of the sound wave. The virtual transitions 
give rise to dielectric screening of the motion of the 
ions and change the characteristic frequencies of the 
normal modes of vibration of the lattice from their 
values when the electrons are held fixed. In particular, 
the frequency of a longitudinal acoustic wave can be 
simply evaluated within the framework of the plasma 
model considered in this paper. In the absence of a 
magnetic field, one obtains the well-known result 
co= (zm/3M)ll2v0q of Bohm and Staver.23 

The coefficient of attenuation y of the energy of a 
sound wave is defined as the ratio of Q, the power ab­
sorbed per unit volume, to the incident power per unit 
area normal to the direction of propagation. The 
quantity Q is given by the formula 

Q = i R e ( j ^ * . E ) . (53) 

The electric field E and the electronic current density 
j a ) = <r-E must be obtained self-consist entry by solving 
Maxwell's equations together with the expressions giv­
ing the total current density as the sum of contributions 
from the electrons and from the positive ions. The ionic 
current density is simply (iV/&)|e|u, where u is the 
velocity field of the sound wave. The general expression 
for the attenuation coefficient turns out to be 

y=(Qp
2/4irs)Re(u-Y- (54) 

where s is the velocity of sound and $ = u / | u | is a 
unit vector in the direction of polarization of the wave. 
The 3X3 tensor P is the inverse of the tensor P - 1 

whose components are 

The tensor r is defined by 

ic2q2/ co2 \ 

47ToA C2Q2/ 

ic\qv 

47TC0 

(55) 

(56) 

» D. Bohm and T. Staver, Phys. Rev. 84, 836 (1952). 

The suffixes n, v designate projections on the axes 
(xyz) of the Cartesian coordinate system that has been 
adopted. 

In the previous section we discussed separately the 
two independent geometries, q parallel to B0 and q 
perpendicular to B0. In each of these cases one can have 
either longitudinal or transverse waves (i.e., u parallel 
or perpendicular to q). In the case of transverse waves 
in a transverse magnetic field one must distinguish the 
two possible situations in which u may be either parallel 
to or perpendicular to B0. For each particular situation 
expressions for the ultrasonic attenuation can be found 
easily from Eq. (54) and the appropriate values of the 
components of the conductivity tensor. The study of 
propagation of sound waves at an arbitrary angle to B0 

can be analyzed in terms of the two simple geometries 
considered here. In the semiclassical limit we have al­
ready shown that the conductivity tensor reduces to 
the results of the treatment based on the Boltzmann 
transport equation. The attenuation coefficient has 
been studied, in this limit and for all geometries of 
interest, by Cohen et al.12 and the use of Eqs. (33)-
(36) together with the introduction of a phenomeno-
logical relaxation time r would merely reproduce the 
results of reference 12. For this reason we need not dis­
cuss further the classical aspects of the problem. Thus, 
we shall only concern ourselves here with some simple 
quantum effects which are independent of a phenomeno-
logical relaxation time r. A more thorough study of 
quantum effects in ultrasonic attenuation is given in the 
following paper.24 

The velocity of sound as a function of an applied 
magnetic field can also be obtained from the knowledge 
of the components <7>(q,co) of the conductivity tensor. 
If 5 /I,(q,«) are the components of the electrical con­
ductivity tensor for the positive ions, then the total 
current density is 

Jn^Hv^fxp+S^E,. (57) 

There is another relation connecting J and E which is 
a consequence of Maxwell's equations, namely, 

J^UvT^E,, (58) 

where r is defined by Eq. (56). The angular frequency 
co of a longitudinal sound wave of wave vector q is a 
solution of the determinantal equation 

lkMv(q^)+^(q^)-rM,(q,co)||=o. (59) 
24 J- J- Quinn and S. Rodriguez, following paper [Phys. Rev. 

128, 2494 (1962)]. y 
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In general, only one solution co=co(q) of (59) corre­
sponds to the propagation of an acoustic wave. Further­
more w = co(q) is complex. The real part coi of the fre­
quency w gives the phase velocity of sound s = ooi/q 
while the imaginary part C02 is related to the attenuation 
coefficient y = 2ai2/s. In the absence of a magnetic field 
(59) yields the result of Bohm and Staver23 for the 
sound velocity and the result of Pippard4 for the co­
efficient of ultrasonic attenuation. 

B. Propagation of Longitudinal Acoustic Waves 
in a Longitudinal Magnetic Field 

The simplest quantum effects in the dispersion and 
attenuation of sound waves in metals in a dc magnetic 
field occur when we have a longitudinal wave propagat­
ing in the direction of the field Bo. In the semiclassical 
theory both the velocity and attenuation coefficient in 
this situation are independent of B0. This does not turn 
out to be the case in the quantum theory as stated in 
the introduction. The oscillatory behavior in s and 7 
predicted here is therefore a purely quantum-mechanical 
effect. 

Applying Eqs. (59) and (56) to this particular case 
and using Szz=tip

2/4:7riu, we find 

co2 = Up2 (1 — 4:Tiazz/u>) (60) 

Using the expressions (49) and (52) for the real and 
imaginary parts of azz one can find the velocity of sound 
and the coefficient of ultrasonic attenuation. The ve­
locity of sound is given by the implicit equation 

s2=~(-) -
3\oop/ coo 

X { E l{Kn-ms/h)~l+{Kn+ms/fi)-^}-\ (61) 

Landau states that can be excited above the Fermi 
level by phonons of energy hco. The dependence of A on 
B0 can be easily visualized by considering the restric­
tions imposed upon the possible absorption of a phonon 
by the laws of conservation of energy and momentum 
and by the Pauli principle. In particular, these restric­
tions imply that the electrons that contribute to the 
attenuation have a component of velocity in the direc­
tion of B0 equal to the velocity of sound. 

For weak magnetic fields when co0<Cco we have 
A^co/coo and obtain the well-known result4 7 = 7ra;/2^o 
for the coefficient of absorption of sound in the absence 
of a magnetic field. At higher magnetic fields when 
co<co0, at most one Landau level contributes to the 
energy dissipation because under these conditions 
A_—Af=co/wo<l. In Fig. 1 we give a schematic plot 
of the ratio of the attenuation 7 to the attenuation 70 
in the absence of a magnetic field as a function of 
(Eo/ho>o) — §. Two ranges of values of (Eo/fkco) — ^ are 
shown. In the region to the left we have taken (Eo/faao) 
- 8 X 1 0 4 and co/co0=10~4. The attenuation exhibits 
spikes of width co/co0 and height co0/co (the width in 
Fig. 1 is grossly exaggerated), that occur at integral 
values of (E0 /^OJ0) — J to a high degree of approximation. 
In the region to the right we show the case in which 
JE 0 /^COO~1.6X10 8 and co/co0=0.2. Here the spikes have 
a width of 0.2 and a height of 5. The average value of 
7 over a cycle (i.e., over an interval of unity in the 
variable Eo/foaio) is equal to 70. These giant oscillations 
which have been observed by Korolyuk and Prushchak26 

were predicted originally by Gurevich et alP using a 
method which is rather different from the one used in 
this paper. However, the procedure used in the present 
work has the advantage that it can be used to obtain 
the temperature dependence of the amplitude of the 
giant oscillations; in fact, a straight forward (but 
lengthy) calculation gives 

Inspection of the result (61) reveals the oscillatory 
character of s as a function of B0. More details of this 
work have been given elsewhere.25. The coefficient of 
ultrasonic attenuation is given approximately by 

7 = (7TC00/2flo)A. (62) 

The quantity A, which has been defined as the number 
of integers in the interval between A+ and A_ [see Eq. 
(51)], is proportional to the number of electrons in 

r/r0 

- I I -

FIG. 1. Schematic 
plot of ultrasonic at­
tenuation as a func­
tion of Eo/hcco. The 
marks on the hori­
zontal axis occur at 
integral values of 
(Eo/hcxio) —\ (seetext 
for additional de­
scription). 

(7/7o)- l=(47r*r/feo) E (-l)nsin(7T^/co0) 

cos(27rafo/Acoo) 
X . (63) 

smh(2nir2kT/tiu0) 

In real metals the situation can become more compli­
cated because of the influence of the collision mecha­
nism and of the actual band structure of the solid. In 
particular, if the Fermi surface of the metal has sections 
in several energy bands, oscillations in 7 can occur hav­
ing widely different periods. The broadening of the 
Landau levels due to their finite lifetime can wash out 
the oscillations in the region where co~co0. However, at 
high magnetic fields when co«co0 the large fluctuations 

5 J. J. Quinn and S. Rodriguez, Phys. Rev. Letters 9,145 (1962). 

26 A. P. Korolyuk and T. A. Prushchak, Soviet Phys.—JETP 
14, 1201 (1962). 

27 V. L. Gurevich, V. G. Skobov, and Yu. A. Firsov, Soviet 
Phys.—JETP 13, 552 (1961). 
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in 7/70 should become observable in highly pure ma­
terials and low temperatures. 

Most of the discussion in this paper has been centered 
on the calculation of transport coefficients for a de­
generate electron gas at 0°K. At a temperature which 
is finite but much smaller than the Fermi degeneracy 
temperature our results hold to a good degree of ap­
proximation. The effects discussed here are probably 
observable if £JT<<C&COO<<CEO and in pure samples so that 
the collision broadening of the Landau levels is negli­
gible as compared with their splitting #co0. 
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APPENDIX 

The purpose of this appendix is to give a few mathe­
matical properties of the matrix elements fn

fn(q)- This 
quantity is defined by Eq. (21) and can also be ex­
pressed in the form 

fn' n(q) = in~n' J dx exp (iqx)un' (x)un(x). (Al) 
J —00 

Using the expressions for un{x) given in reference (19) 
it is easy to prove that 

/»<»(?) = in!/»'!)*£*<»'-») exp(-i£)Ln<»'-»)(£). (A2) 

The formula (A2) holds only when nf>n. Ln
ia)(£) *s 

an associated Laguerre polynomial22 and £=^2/2wco0. 
An expression similar to (A2) can be found when n1 < n 
using (A2) together with 

/»'»(-?) = /»»'($)= (-l)"'-n/»'»fe). (A3) 

Using the property of completeness of the functions 
un{x) and calculating diagonal matrix elements of the 
commutator 

[[px2, exp(igx)], exp(—iqx)~]=- — 2h2q2, (A4) 

Z/»'n2(<?) = l, (A5) 

and 

E (n'-*)/n*„*fa)=f. (A6) 
n/==0 

Taking derivatives with respect to q of (A5) and (A6) 
and using 

dfn>n/dq= (* /2w W o )^ f t H, (A7) 

we find other sum rules that turn out to be useful, 
together with (A5) and (A6) in establishing the gauge 
invariance of the theory. Another property of fn>n 

which is also necessary for this purpose is obtained by 
taking off diagonal matrix elements of the commutator 

[#o,exp(;q-r)] = &q.V(q). (A8) 
We find 

( * ' - « - Qf»>n(q) = W»'»< + ) (q). (A9) 
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