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We calculate the reduction of the energy gap at zero temperature for a bulk superconductor in the presence 
of a static external magnetic field, to the second order in the field strength. Simple formulas are obtained for 
the long (JO?>£o) and short (X<<C£o) wavelength limits, where £0 is the coherence length. 

We use the general gauge-invariant formulation of the Bardeen-Cooper-Schrieffer (BCS)-Bogoliubov 
theory developed by one of the authors, but the result is also shown to agree with that of the BCS variational 
procedure applied in the presence of the field. The gauge invariance is maintained by virtue of the collective 
excitations as in the Meissner effect. The mathematical proof of gauge invariance is carried out in a com­
pletely general manner using Ward identities. 

1. INTRODUCTION 

WE shall be concerned in this paper with the 
theoretical derivation of the magnetic field 

dependence of the energy gap in a superconductor at 
absolute zero temperature. 

Recently, Douglass1 has performed experiments on 
superconducting films which show a characteristic 
dependence of the energy gap on the magnetic field. 
He has been able to account for the results by means 
of the Ginzburg-Landau2 equations which, according 
to Gor'kov,3 follow from the Bardeen-Cooper-Schrieffer 
(BCS) theory4 and describe just such an effect. How­
ever, the validity of Gor'kov's derivation is restricted 
to the London limit which occurs near the critical 
temperature. The calculation at zero temperature, 
which belongs to the Pippard case, has been done by 
Gupta and Mathur5 using the theory of Wentzel.6 

Our calculation will also be performed at zero temper­
ature, but in the framework of the gauge-invariant 
theory developed by one of the authors.7 Our result 
will show that, to the second order in the field strength, 

b{tf) eV(So<z)2|A(q)| ? £ O = ^ F A < K < 1 ) 

where <£ is the gap, VF is the Fermi velocity, £o is the 
coherence length, and A(q) is the Fourier component of 
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the vector potential present in the medium.8 The same 
result is obtained by a simple variational procedure 
similar to the original BCS work. But the central 
problem in this kind of derivation is the proof of gauge 
invariance. The result of Gupta and Mathur, though 
gauge invariant, gives <5(</>2)~ — e2vF

2\ A(q)|2 . 
In Sees. 2 and 3 we shall present the general mathe­

matical formulation and the actual derivation of the 
results for both small-g («^o_1) and large-g (S^So-4) 
regions. 

The proof of gauge invariance of our procedure is 
carried out on a completely general basis in Sec. 4, by 
means of the Ward identities, whereas the equivalence 
of our result with the BCS variational procedure in 
the present problem is demonstrated in Sec. 5. 

2. GENERAL FORMULATION 

In a previous paper7 the BCS-Bogoliubov theory was 
formulated on a general basis using the language and 
techniques of field theory. According to this, the 
problem reduces to finding the self-energy of a quasi-
particle in the generalized Hartree-Fock approximation. 
We will briefly recapitulate the main points. 

With the two-component notation combining the 
up-spin and down-spin electron wave functions, 

¥(*) = ( ) or ¥ (# ) = ( if J , (2.1) 

the Hartree-Fock self-consistent equation for the self-
energy S takes the form 

X(x,y)=-rzG(x,y)TzV(x,y). (2.2) 

Here x and y in general refer to space-time coordinates; 
G(x,y) is the Green's function for the quasi-particle 
satisfying 

Zi(d/dt)-Ho-2]G(x,y)==i5*(x-y), 

Ho= T 3 [ ( ^ 2 / 2 W ) - M ] = T8€P, 
(2.3) 

8 Throughout the paper, natural units h = c~l are taken. 
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p=VN, N=tnpF/2«*, (7=<F>av), 

and —V(x,y) is the interaction potential which is where K(q) is the kernel for the induced current 
usually assumed to be effective only for states near the ' r \—irr \A f \ (o 7̂  
Fermi surface, p^pF; \x is the chemical potential, being JiW~K wM* W- (2.7) 
equal to pF

2/2m for practical purposes. Equation (2.2) Usually the kernel K is calculated with the solution of 
has a solution which contains a term n 0 , where the free superconductive state, and is given by 
<t>{p)~const is the energy gap parameter. We get 

-K(q)= (e2/m)n+0(q2)^ ( l /A)+0(<f), 
C d l W , , 3 / 2 2 ^ '^ 

0 = 0/ F^-O^^psinh"1-; n^pZ/Sir2. 
This will lead to the Meissner effect, but we do not 
yet have the field dependence of the energy gap. 

In order to obtain the field dependence of the gap, 
where co is the Debye cutoff frequency. For small p « l , it is necessary to set up the self-energy equation in the 
0 becomes presence of the field. Thus, we will modify Eqs. (2.2), 

0~2c*r1/». (2.5) (2.3) as 

Now let us assume that a magnetic field represented ^ (#,y)=—730- (%,y)TzV(x,y), (2.9) 

by a vector potential A(x) is present in the medium. ri(d/dt) — HQ{A) — 2{A)~\GiA)(xy) = i84(x—y) 
A(x) is the sum of the external Aex and the induced ' , , 
field, and should be zero in the case of infinite medium Ho^ = Ml(p-erdA)2/2m_\~^ >} (2.9 ) 
with uniform external field. The relation between the = nep— (e/m)p- A+(e2/2m)TZA2~dfiTZ. 

P & J ^he n e w solution can then be determined by expanding 
Ai{^ = [\.—K{q)/q2~]-lAiQX{ii}, (2.6) everything in powers of A. Let us define 

2M(x,y) = 2(x-y) + 
/ 

•82M(x,yy 

. 6Ai(z) J 
Ai(z)dz+i 

f- 52Z^)(x,y) • 

Mi(z)bAj(z'). 
Ai(z)Aj(z')dzdz'+' 

(2.10) 

tdZ^ix^/dAiiz^A^-eAiixj; z), [ ^ ^ y S i M i J i ^ ^ a ^ i j ; «,*'). 

From Eq. (2.9') we get accordingly 

G™(x,y) = G(x-y) + / A{(z)dz+i 
J L 8Ai(z) JA=O 

• 82G^(x,y) • 

.8Ai{z)bAj{zf). 
Ai(z)Aj(zf)dzdz\ 

pG<4> (*,y)/«il.-(2)]^-o=«GTiG, 

Ti(x,y; z) = i5G-1/8Ai=e(yi+Ai)= - ( e f / w ) [ ( d / ^ - d / ^ ) 5 ^ » - - y ) ] 5 8 ( ^ - z ) + ^ ( a ; , y ; 0), 

5 

(2.100 

L 8A,iz?) X 

r / dG dG dTi \-\ 
= ie[ — r , G + G r , — + G — G 

L \8Aj dAj dAj / - L - o 
^GTjGTiG+GTiGTjG-iGTijG), 

(2.11) 

<?Tij{x,y\ z,zf) = eZdTi(x,y', z)/dAj(z
f)']A=o= - (^Mbijd^x-y^ix-z^iz-z^+e^ijixj; z,zf). 

Here the obvious shorthand writing such as 

GTiG= f fG{xJx
,)Yi{x\y,)z)G{y,,y)d4xtd'y' 

has been used. Substituting Eqs. (2.10) and (2.11) into Eq. (2.9), we obtain the relations 

2 ( * o 0 = -T3Gfey) r 3 Ffey) , (2.12a) 

Ai(x,y;z) = i f f r,G(x,xf)Ti(xfy ;z)G(yf,y)rsV(x,y)d4xfd4yf, (2.12b) 

Av(x,y; z,z')=-TSLiJ(xy;z,zf)T3V(xj)=-Tz(GTjGTiG+GTi^^ (2.12c) 
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These will determine 2, A*, A -̂- • • successively. In 
general, they are operators containing 1, r3, n , T2 in 
the two-component notation. We are, however, inter­
ested in that part of A*,- which is proportional to n , 
since this gives the correction to the energy gap term 
in 2 which is also proportional to n . 

In the following we will assume that 2=TI<£, I \ = Y ; , 
and with this calculate A -̂ using Eq. (2.12c). The 
reason is that other terms are either renormalization 
terms (r3 in 2) or are important only for unphysical 
longitudinal potentials (T2 in I\), so that they will not 
cause any physically significant changes in our results. 
For the discussion of gauge invariance of the results, 
of course, we have to examine those terms which are 
neglected. We will do this in a later section. 

3. CALCULATIONS 

The compensation equation (2.9) written in momen­
tum space depends on the initial and final momenta of 
the quasi-particle. For practical purposes, however, 
we restrict ourselves to the diagonal elements {p — p'). 
We get 

Hence 

2U)(p)= f r 3G^(Uo)r 3F(p-l , p*-h)dH. 

Here 

G^(Mo) = i /po-H W ) ( l ) ] 

1 1 elk 1 

(3.1) 

Uo-# ( l ) Zo-ff(l) t» h-H(l) 

1 elk 1 elk 1 

k~H(\) m Zo-fl(l) t» /o~#(l) 

1 e21A |2 

k-H(l) 
-T3T 

2m k-H(l) 

1 1 
-2(2)-

lo~H(l) /o—J5T(1)J 

#(l) = #o+2=er 3 +r i0 . 

The zeroth order term 2(0) (p) is given by 

m 

+0(A*), 

2<»(0 = 
(2TT)< /

T«-
h-HQ) 

e(\)VdH 

rzVip-l) 

1 r eQ)VdH 1 r 
T3 / 1 Tl / 

2(2TT)3 J E(l) 2(2x)3 7 

4> 
vm, (3.2) 

where the effective potential is restricted to near the 
Fermi surface. The first term on the right-hand side 
makes little contribution, and the second yields the 
energy gap equation 

TI r<j>V TI r 
/ dH=- / 

2(2TT)37 -E(l) 2 J _ a 

<t>VN(\)de(\) 

[62(1)+<2>2]1/2 
= Tl<£. 

S«»(/>) = Tl*. (3.3) 

The first-order term 2(1) is the vertex correction 
which has been investigated in I (cf. reference 7) and 
does not concern us now. The second-order contribution 
2(2) contains three terms, 

2^ -2 i^+2 2
( 2 ) +2 3

( 2 ) . 

Here 2i(2) is the contribution from the diagrams of 
Figs. 1(a) and 1(b), while 22

(2) and 23
(2) correspond to 

Figs. 1(c) and 1(d), respectively. We will consider one 
particular momentum q at a time. We have 

—ir V el-A(-q) 
2i(2) (P) = — | r r 

(2TT)4 

X-

Zo-ff(l) 
el-A(q) 

m 

1 

k~H(l+q) m h-H(l) 
-% r V elk(q) 

-TtdH 

r3-(2TT)47 Zo-ff(l) 

el-A(-q) 1 
m 

X-

Zo-F( l -q) 

rzdH^Ml+M2. 
m /o-H(l) 

M2 is obtained from M\ by substitution q-
M\ may be written after integrating out U as 

(3.4) 

M i = -

with 
2(2TT) 2ir)3 J « 

-l-A(-q)l-A(q)7Z^/, (3.5) 

1 

2£(l)[E(l)+£(l+q)]2 

2£(l)+£(l+q) 

(3.6) 
2£3(l)£(l+q)[JE(l)+E(l+q)]2 

^ = [2e(l) + e(l+q)>3-30Ti, 
B = [ e ( l ) T 3 - T l 0 ] [ « ( l + q ) T 8 - T l ^ ] [ e ( l ) T 8 - T l 0 ] , 

= {e2(l)e(l+q)+^|>a)-«(l+q)]}Ta 
+^ ( l ) -26 ( l )6 ( l+q ) -^> i . 

For q=0, we have X=0 . 
To calculate the London limit §<{C|;o_1> we may 

conveniently expand «(l+q) in powers of q, retaining 
for the integrand X terms of order (f. Making use of 
the reality condition A (—q) = A*(q), we get for the 
TI part of Mi 

( t f l ) r , = -
— ( • 

-T|l-A(q)|W 
*«( ! ) S2 

2(2x)3y m2 L 4E6(l)m2 

<£ (q-l)2<£2 3^€2(l)/q-l\2-

)\mJ J 8£6(1) »»2 -E2 4 £7(l)v 

( l / 90 ) (T i /^ ) ( e 2 / W
2 ) 

Xpg2lA(q)|2(^//w2^). (3.7) 
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We have restricted the integration to the range -co 
<e(l)<o), and neglected terms of the order ($/co)2. 
Obviously M1 is symmetric under q —> — q, hence 
(Af2)ri=(Afi)ri, and 

CSiw(?)]rx = « * r i = - - - ( —)pg2i A(q) |2 . (3.8) 
45 6 W / 

(a) (b) 
tn2<t>2 

The next term (S2
( 2 ))TI is readily shown to vanish 

independently of the magnitude of q. In fact, for the 
more general situation p ^ p ' ( q ^ q ' ) , we have 

22<2)(p',P) 

- i r 
= / T 3 -

(2x)4 J h 

(c) 

2 ' 

(d) 

1 
- T 3 -

o - # ( I + A ) 2m 

1 
XA(q)-A(-q') 

lo-H(Y) 
r3V(p-l)dH 

FIG. 1. Compensation equation diagrams to second order 
in the external electromagnetic field A,,. 

self-consistency to this order. Its contribution to the 
n part can be calculated from the BCS energy gap 
Eq. (3.2) as 

- A ( q ) - A ( - q ' ) 
(2x)4 2m 

[ / o 2 + e ( l ) € ( l + A ) - ^ ] T 3 - < C e ( l + A ) + € ( l ) ] r 1 

X 

where 

Hence 

[22 (»(p' ,p)]n = 

p o 2 - £ 2 ( I + A ) ] p o 2 - £ 2 ( D ] 

CS2
(2)(p)]n=riSJ—-7(P/=n8«[ f 

- [ NVde 1 = 
J 2E3 J 

2E 

n( l -p)50 . (3.10) 

A = q - q ' = p ' - p . 

i e2 <j> 
-T! A ( q ) - A ( - q ' ) 

(2ir)4 2w2w 

A 2 + 2 ( F - £ / ) 

XVCp—fydH Combining Eqs. (3.8) and (3.10), the compensation 
equation becomes 

S 0 = ( l - p ) 5 0 

- (1/450) {*/m*)rf1 A(q) | * ( M W ) , (3.11) 
or 

50= - (1/450) ( e 2 /wV1 A(q) 12(VA»V2) . 

X 
J [7o2-J 

V(p-l)dH 
p o 2 - £ 2 ( l ) ] 2 

= - ( e V 8 ^ ) ( p / 0 ) ( p ' - p ) 2 A ( q ) - A ( - q ' ) T 1 ; (3.9) 

Introducing the coherence length ^—VF/IT^ and sum­
ming over all different Fourier components A(q), we 
obtain 

<S(02) = - (* 2 /45)eV L,(?oq)21 A(q) |2, (3.12) 

which vanishes for p = p ' . where q and — q are to be counted independently. 
The third term 23

(2) is the radiative correction to We now briefly comment on the r% (kinetic energy) 
S(2) itself which must be added in order to obtain part of 2 (2). From Eqs. (3.4)-(3.6), we have 

CSl®(P)]r 
1 r e2 

(2TT)3 7 m? 
A ( - q ) I - A ( q ) [ X ] r 3 f # / ; 

[X]T 8=r 3{2E 2( l ) [ JB(l)6(H-q)- JE(l+q)e( l ) ] 

+ 2 0 l 6 ( l ) - 6 ( I + q ) j 2 £ ( l ) + £ ( l + q ) ] } / 2 ^ ( l ) J B ( l + q ) [ £ ( I ) + £ ( l + q ) J . 

Figures 1 (c) and 1 (d) give, respectively, 

- * 2e2 |A(q)|2r3 

(3.13) 

[S3 (2)(p)]r3=r35e(p) = r38 / —NVde 
2E 'h 

CS 2
( 2 ) (P) ]„= 

(2TT)4 2m 

p o 2 + « 2 ( I ) - 0 2 ] F ( i > - O ^ 

= T3 / NVde 5e=T8P5e. (3.15) 
J 2E? J 

x / 
p o 2 - £ 2 ( I ) ] 2 

:(eVm)|A(q)|2pr3, (3.14) 

Combining Eqs. (3.13)—(3.15), we obtain 

e2 

r3S€(p) = r3p5£(p)+r3- |A(q) |V+Si®(p) , 
m 
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or 

( l -p)56(p) = - | A ( q ) | 2 p + C 2 J i ® ( p ) V r 8 . (3.16) 
m 

As is seen from Eq. (3.13), 2i(2)(p) is independent of p 
near the Fermi surface, and so is 5e(p). This constant 
shift in e is equivalent to a shift in the chemical po­
tential. Since the particle number n has to be kept 
fixed, and this depends essentially on the chemical 
potential, we have to subtract away Se=5/x as the 
renormalization of the chemical potential. 

I t must be noted that the "Compton diagrams," 
which are second order in A, do not contribute to the 
compensation Eq. (3.1), and hence to the energy gap 
<£(A). This is so because the self-energy 2 in the 
compensation equation is the proper self-energy in the 
terminology of quantum electrodynamics, whereas the 
Compton diagrams belong to the improper self-energy. 
The Compton diagrams are relevant if we are interested 
in the solution of the quasi-particle Schrodinger 
equation HU)^f = E^f. These diagrams then contribute 
to the second-order term 8E(2\ and will affect the p 
dependence of E, but not the gap itself. We also em­
phasize that the Compton diagrams are needed in the 
discussion of the over-all gauge invariance of the theory 
as will be shown in Sec. 4. 

In Sec. 2 we observed that the field A is related to 
the external field Aex via Eq. (2.6) which depends on 
the polarization kernel K. For later purposes we will 
calculate here K(q) to the second order in q. Following 
I, K is given by 

£«(«)=-(««V»)*«+*tf< 2 >(<7), 

*V»>(?) = — - Tr&<(p-$q, P+hq)G(j>+hq) (3.17) 
(2*)« J 

XTj(p+hq, p-hq)G(p-hq)ld*p. 

Tj may be replaced by jj for transversal waves, so that 

Ki^(q) = 
—ie* r 

/ T r 

—ie2 r p 
iir 1 — 

" Pi Pi 
-G(p+h)~~G(p-

„ m m 

ipj <f>2 d3p 

iq^P 

(2x)4 m2 2£5(P) 
(3.18) 

Making use of the relation 

(Pipjp kpm)a,v = (^4)av (^ik^jm+ < M fcm+ 5;m5 fcj)/15, 

we have 

* V 2 ) (q) = ( l /45)^Y[^ , i +2^-^- ]pF 4 /mV 2 , 
or 

Ki3{q) = - (™*/m)fi„+ (e2/4S)N(v//<t>2)lq%j+ 2 M i ] . 

As was demonstrated in I, the effect of the collective 
excitations on r in Eq. (3.17) is to make the above 
form vanish for a longitudinal potential. Thus, the 

correct gauge-invariant result is 

Kij(q) = ~ (ne2/m) (5iy— qiqj/q2) 
+ ( e V 4 5 ) A T ( , / / ^ ) [ ^ . . _ q.q J 

= - (nf/mWv-qM/tftl- fr2/30) ( ^ ) 2 ] . (3.19) 

I t is appropriate to discuss briefly the type of energy 
gap behavior expected for large q. For this purpose, 
we have to evaluate the integral (3.5) without expan­
sion in q. The n part of Si(2) reads 

[2i(2>(p)]„ 

•X / " - l - A ( - q ) l . A ( q ) P p Q T 1 ( W , 

(X)Tl = 

2 (2TT)3 ±q J m2 

3071 (3.20) 

2 £ ( l ) [ £ ( l ) + E ( l + q ) ] * 

0 r 1 C ^ ( l ) - 2 6 ( l ) 6 ( l + q ) - ^ ] [ 2 £ ( l ) + £ ( l + q ) ] 

2EZ(l)E(l+q)£E(D+E(l+q)y 

Although this expression is quite complicated, the 
integral can be expressed, upon summation over dbq 
(and change of variable 1— q —> 1 for the case — q), 
in the simpler form 

C S I ( » ( P ) ] T I = 

X-

1 1 
- T l -

4 (2TT)8 30 J m 
- l -A( -q ) l -A(q )7<« 

£ ( I ) + £ ( l + q ) 
1 -

a(l)6(l+q)+02 ' 

£ ( l ) £ ( l + q ) J 
(3.21) 

Before discussing this integral, we will next consider 
the polarization kernel K(q) for large q. Without 
expanding Eq. (3.18) in q, we have (for the transverse 
part) 

*V»(«)=-
( 2 T T ) 3 W 2 ; W E ( l ) + £ ( l + q ) 

X 1 -
E(l)6(l+q)+02 

E(l)E(l+q) 
\d?l, (3.22) 

which depends essentially on the same integral that 
appeared in Eq. (3.21). This is not an accident, as will 
be shown in a more general way in Sec. 5, where we 
discuss the equivalence of our method to the variational 
procedure. 

Equation (3.22) has been evaluated by Bardeen, 
Cooper, and Schrieffer.4 Their result is 

Kii{q) = Ki^{q)+Ki^{qy Sij+KiFiq) 
m 

•-[pij-qiqj/q
2~] 

37r2 ne24> 160 

7T2qVF 

\n(irq£o) 
4 qmvF 

+ [ * « ( ? ) ] • - * («*o»D (3.23) 
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Making use of Eq. (3.23), the quantity [S i^Cp) ]^ 
can be easily evaluated. We find 

[ 2 i ( 2 > W , = - r r 
l/p\3ir2 ne2 

XL 
4\N/ 4 qmvf 

320 160 

2qVF ir'qVF-

This, together with Eqs. (3.8) and (3.10), yields finally 

r 320 1 6 0 1 
X 1 ln(7r^o)+ . (3. 

L T2QVF 7T2QVF-1 

24) 

T2 1 
50=— —e2vFY, -i 

8 Q q\ 

160 

7T2qVF 

{21n(7r^o)- l} A(q)|2 . 

(3.25) 

4. PROOF OF GAUGE INVARIANCE 

The proof of gauge invariance of our theory is 
completely general as well as simple. Our procedure 
will be to show that (a) there exist Ward identities9 as 
rigorous manifestations of the gauge invariance, and 
(b) our Hartree-Fock approximation satisfies these 
identities. 

The (generalized) Ward identities are relations 
between successive terms of the expansion of the 
Green's function G(A) in the field A as was carried out 
in Sec. 2. We start from the gauge invariance condition 

, ' (4.1) 

By expanding both sides in X after putting ^4M=0, and 
using the results of Sec. 2,10 we first obtain 

ie[\Tz,GT\ = 
bG 

-dtx\{z)dh 
bA^z) 

= -ie GdfXTtlG\(z)dAz. (4.2) 

In the written-out form, 

T3\(x)G(x,y) — G(xJy)rs\(y)^~ / G(x,x') 

X (* ' , / ; z)G(y,
Jy)\(z)dAxfd4y,d'z. (4.2') 

dz^ 

This is the equivalent of the Ward-Takahashi identity 
for the vertex function rM. Multiplying (4.2) by G~l 

9 J. C. Ward, Phys. Rev. 78, 182 (1950); Proc. Phys. Soc. 
(London) A64, 54 (1951). Y. Takahashi, Nuovo cimento 6, 370 
(1957). 

10 The formulation in this section will be written in four-vector 
notation; ^ = 1, 2, 3, 4. I U s evident that Eqs. (2.10)-(2.12) of 
Sec. 2 can be easily recast in the four-verctor form. 

from the left and from the right, we obtain also 

dTu 

[G-V 3 A> 
dZu 

-\(z)d*z. (4.3) 

This shows that the current is divergenceless when 
taken between real one-particle states for which we 
tiaveG-^0. 

The above relation has already been utilized in the 
previous paper I for the proof of gauge invariance of 
the Meissner effect. For the present problem we need 
an analogous relation for the two-photon vertex rM„. 
This can be done by considering bG/bA^ instead of G 
in Eqs. (4.2) and (4.3): 

te\ Xr3 
8G 

"SA^z) J J SAJz' CO 

r SG • 

.dA^z). 
d,X0')dV, 

or 

Now 

/ ' 

[Xr3>Gr^G]=- - / djL^'dh'. (4.4) 

= / {Gd,'Y£Yfi+GT fid jTrG+Gd,'Y »/}})>.'dz' 

= - [ > 3 , G ] r „ G - G r „ [ > 8 , G ] + i fctiS. Y^GX'dh' 

= -[\ThGTljS~]+G[\ThYli~\G+i / " c d / I V G X W , 

where Eq. (4.2) is utilized. Comparing this with the 
left-hand side of Eq. (4.4), we get 

[Xr8 , rM]= - i / d / r M „ X W , (4.5) 

which is the desired relation for rM„. The second-order 
scattering amplitude of the quasi-particle by A(q) is 
G~1Lp.vG"1AvAvt> Replacing, say, A J by a longitudinal 
potential d/A' results in a zero matrix element on the 
mass shell in view of Eq. (4.4), as is physically required. 
This is achieved by the cancellation of the three terms 
making up ZM„. 

Our next task is to show the consistency of the 
Hartree-Fock solution with gauge invariance. We 
expect the self-energy equation (2.9) to satisfy the 
gauge condition. In other words, a solution G(A) (or 
2(A>) of Eq. (2.9) must satisfy Eq. (4.1), and conse­
quently solutions rM, Yfxv of Eq. (2.12) must satisfy the 
corresponding Ward identities (4.3) and (4.5). This 
can easily be seen to be the case by taking the latter 
identities as an ansatz for dMFM, d/rM„. In fact, assume 
Eqs. (4.2), (4.3) and put this into the right-hand side 
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of the integral equation for d^T^: 

We get 
(4.6) 

/ 
(T8GdMrMGr8)FXrf4»= ~ ( T 3 [ T 3 \ , G ] T 3 ) F 

= — [r3A, (V3GV3F)] = [r3X,2]. 

But this is exactly the relation (4.3) assumed for the 
right-hand side of Eq. (4.6). Although we took an 
integral of Eq. (4.6) with X(z), it is equivalent to the 
unintegrated form since X(z) is arbitrary. Namely, by 
taking \(z') = d(z'—z), we find that 

(dTjdzJ(x,y;z) 
= i[_G-l(x,y)T^(y-z)--Tzd*(x~-z)G-l(x,y)li 

is a solution of Eq. (4.6). 
Similarly, we assume Eq. (4.5) for d/rM„, which is 

equivalent to Eq. (4.4), and substitute it into the 
equation for d/T^: 

d/AMV= — (r36/LM^r3)F. (4.7) 

The verification of consistency is equally straight­
forward. 

In this way we have shown that the self-energy 
equation, in particular its expanded form (2.12), has 
Ward identities as solutions. So we can be sure that 
there are gauge-invariant solutions for TM and FM„. To 
the extent that the integral equations for TM and FM„ 
are assumed to have unique solutions, gauge invariance 
is then guaranteed. 

The fact that the superconductive solution does 
actually lead to gauge-invariant results was shown in 
the previous paper I explicitly for the vertex TM. I t was 
found that there exist collective excitations of the 
sound-wave type which are strongly coupled to the 
longitudinal part of the vertex, and thereby forces the 
Ward identity (or current conservation) to be satisfied. 
Essentially the same argument will go through for rM„. 

According to the earlier work, I, Y^p'^p) has the 
form (assuming no Coulomb effect which eliminates 
the low-lying collective modes) 

r ^ ( ^ ^ ) = C ( ^ + ^ ) y 2 W ] + [ 2 i r 2 a % , / ( g 0
2 - « 2 q 2 ) ] , 

r o ( ^ ^ ) = r 3 + [ 2 i r 2 ^ 0 / ( g o 2 - a 2 q 2 ) ] , 

where the second term is coupled to the collective 
states with the dispersion law </o2 —a2q2. Substituting 
this into Eq. (4.5) we find that there must be in d/rM„ 
a term proportional to n and coupled to the collective 
states. Since the collective states must contribute to 
each of the vertices in rM„, we may assume that 
TVP(P, p;q, —q) contains a term — 4ri#M/zJ>/(<?o2—a2q2)2 

where /zM= (a2g^,g4), so that this will match the contri­
bution from the collective term in I \ when inserted in 
the Ward identity (4.5). Actually, the r2 term in TM 

should contain also contributions from the noncollective 

part which does not become singular as go, q —» 0. This 
implies that I V will, in general, have terms a n i M ^ / 
(q0

2~a2q2) and nh,Jtv. In fact, we have found that I\y 
has a term oc n S ^ 2 which would produce the field 
dependence of the energy gap. Such a term will be 
combined with the longitudinal term into ri(5^g2—qiq3) 
to satisfy gauge invariance, although we have not 
verified this by explicit calculation. 

5. RELATION TO THE SIMPLE VARIATIONAL METHOD 

The results obtained in Sec. 3 about the magnetic 
field dependence of the energy gap can also be derived, 
in fact in a simpler way, from the variational method 
originally used in the BCS paper. What we have to do 
is to minimize the total energy of the system in a 
magnetic field with respect to the energy gap param­
eter.11 The energy change due to the magnetic field is 

EA--
K(q) 

\Ai°Hq)\ (5.1) 
2 « l-K(q)/q2 

to the second order in Aex. Here K(q) is the kernel in 
the London-Pippard relation 

ji(q) = +K(q)Ai(q). (5.2) 

The total field A is related to the external field Aex by 

Ai{q)^Ar{q)/[\-K{q)/q2-]. (5.3) 

The kernel K has the form 

K(q) = - (l/A)/(g2), l/A=ne2/m. (5.4) 

The form factor f(q) describes the nonlocal nature of 
the relation between j and A with a characteristic 
coherence length ^O=VF/TT(I>. In other words, 

/ ( ? ) = l - C f e ? ) 2 + O ( ( ^ 0 ) 4 ) . (5.5) 

The dependence of EA on the gap parameter <f> enters 
then through the coherence length £0 only. There will 
be no field dependence of the energy gap in the London 
limit. 

The total energy E=Eo+EA of the system is then 
minimized with respect to <j>. Let $0 be the solution 
which minimizes Eo so that <£=<£o+&£. Then 

ld2E0(<t>o) dEA(cf>o) 
£ = £ O ( 0 O ) + E A ( 0 O ) + W + § ^ (5-6) 

2 d(j>o2 dcfro 

since E0 has a minimum at </>0. The new minimum now 
is displaced by 

dEA /d2E0 
50= / . (5.7) 

With the Hartree wave function of BCS, d2E§/d<j>£ is 

11 This has been carrried out by J. Bardeen (private communi­
cation). 
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easily calculated to be 

d2E0 i ep
2 <j>2 _ 

d E A 

—=IL 
d<j>Q Q 

2N(l-p)~2N; 

1 -|«2CA-,(Sfo)*| 

i-ir/?
2J to 

§E92CA-'(^o)2|A(q)|2; 

A-(q)|5 
(5.8) 

N=mpP/2T2, \-1=e2n/m=e2pF
3/3ir2m, C=x2/30. 

Here the value of C is taken from Eq. (3.19). This yields 

= -E 9 (^ /45)e^ / (g? 0 ) 2 | A(q) |2 (5.9) 

which agrees with Eq. (3.12). 
That this agreement is not accidental can be seen 

from the following observation. In Sec. 3 we have seen 
that the quantity 5$ is the n-proportional term in 
2i2)(P)/p> where 

*"<*>—£rJr<*-l)T3S(l)T3d% 

S(D = i £ LG(l)Vll(-q)G(l+q)T,(q)G(l) 
(5.10) 

+G(l)r^q)G(l-q)T,(-q)G(l)-}A,(-q)Ar(q). 

Now take 

1 1 

2 (2x)3 

1 
Tr Ti2<2>(p)<^ 

IE, 

2x)3 J wp 

r d*p 

J 2 E ~ 
•N8<1>, ( 5 . 1 1 ) 

where the constancy of 5<j> near the Fermi surface is 
taken into account. On the other hand, the same 
quantity is equal to 

f f Trfri V(p-l)T2S(l)TS~\d3pdH 
2 (2x)7 J J L 2EP J 

= --—- f Tr[r^(/)]^. (5.12) 
2 (2TT)4 7 

In view of the definition of S(l) and 

G(l)TiG{l) = i{d/d4>)GQ), 

this in turn is 

=-TTZ^\T [ ^[XfiQ+q)T,G(imi\ 
4 (2TTY A d<j>J J ( 2 T T ) 4 «• I d<j> 

f d 1 

= +-E 
4 < 

Xi4„(-8M,(?), 

<ftf> 
K,v{q)\A,{-q)Av{q)-

\ \ d 1 H 
- E \-K(q) \\A{q)\*=---EA 
4 s I d<t> J 2 J0 (5.13) 

according to the definition of the kernel K. Note that 
the last line follows from Eqs. (5.1) and (5.3). Thus 
combining Eqs. (5.8), (5.11), and (5.13) we get 

5 0 = -
1 dEA 

2N J0O 

in agreement with Eq. (5.7). 

dEA /d2E0 

d<f>Q I d(j)o2 

CONCLUDING REMARKS 

Our results on the magnetic field dependence 50 of 
the energy gap, to the second order in the field, are 
given by Eqs. (3.12) and (3.25). They are in disagree­
ment with the results obtained by Gupta and Mathur. 
A characteristic point of our formula is that 50 depends 
only on the field strength H for small q. According to 
Gupta and Mathur, on the other hand, 50 depends on 
the potential A. For large q, both results agree qualita­
tively, apart from different numerical coefficients. 

Since these calculations have been done for an 
infinite medium, there remains the question about how 
to apply them to practical cases where thin films or 
colloidal particles have been used. It would seem 
appropriate to treat this more interesting problem in 
a separate paper. 
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