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A method, suggested by Wattenberg, to measure the lifetime of the =0 hyperon, is analyzed theoretically
in this paper. The suggested method consists of measuring the distribution of angles between the Dalitz
pairs emitted in the process Z° — A%4-e*--¢~, in which the =0 was previously produced in a nucleus. The
distribution function contains a part that depends both on the charge Z of the nucleus and on the lifetime of
0, This part comes from the interference between the Z-dependent part of the matrix element with the
Z-independent part. This interference owes its existence to two facts: that the target nucleon is in a bound
state, and that the = has a finite mass width. The effects of nuclear structure can be eliminated from the
problem. A family of curves for the distribution functions corresponding to various values of the lifetime
is obtained through the use of Born approximation for the Coulomb wave functions of the Dalitz pair.
If the lifetime is in the neighborhood of 5)X107% sec, then measurements with an accuracy of 109, would

determine the lifetime to within a factor of 10.

1. INTRODUCTION

HE purpose of this paper is to formulate a theory

for, and estimate the sensitivity of, a method
suggested sometime ago by Wattenberg! to measure
the lifetime of the =° hyperon.

The Z° hyperon can be produced in reactions such
as K-+N — 2%4-x, where N stands for a nucleon,
usually bound in a nucleus. Once created, the X=°
may interact with other nucleons in the nucleus,
producing reaction products other than itself, or it
may decay, either within the nucleus or outside. Its
principal mode of decay is 2 — A%4-v. The secondary
mode 20 — A%-¢t4-¢~ occurs in free space with a rela-
tive probability of 1/184 if the Z—A parity is even, and
1/165 is odd.? The total energy of the Dalitz pair is
approximately equal to the £—A mass difference,
which is 70 MeV.

If, in an actual experiment, one observes the total
rate of vy rays and Dalitz pairs originating from the
decay of a Z° one would obtain the rate of production
of the 29 but not the lifetime. The decay products in
this case merely register the fact that a 2° once was.
To obtain the lifetime of a particle, one customarily
measures either the distance traveled by the particle
during its existence, or the width of the distribution of
total invariant mass of the decay products. Both these
methods are impracticable in the case of the 29, as
witnessed by the fact that present experimental knowl-
edge of the lifetime of the 2° lies between wide limits.?
Theoretical estimates,* essentially based on dimensional
arguments, place it at about 5)X 1072 sec. Hence, it is
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desirable to find new methods to measure the X°
lifetime.®

The method suggested by Wattenberg consists of
measuring appropriate quantities, if any, associated
with the Dalitz pair emitted in the decay mode
20— A%+et+e, as a function of the atomic number Z
of the nucleus in which the decaying 29 was orginally
produced. The motivation behind this proposal is as
follows. The lifetime of the =° determines the average
distance from the nucleus at which Dalitz pairs origi-
nate. This distance, in turn, determines the Coulomb
wave function of the pair. Therefore, appropriate ob-
servations on the Z dependence of certain distributions
of the Dalitz pair may enable one to deduce the lifetime
of the 20 If the theoretical estimate for the lifetime,
namely, 5X 1072 sec, turns out to be correct, then the
20 will decay within the Bohr radius of the atom in
which it was produced. These ideas made it promising
to investigate this method in more detail.

In the present investigation, the differential rate of
the decay 20— A%4-et-+-¢ is calculated with the use of
Born approximation for the Coulomb wave functions
of the Dalitz pair. The lifetime of the =° enters the
problem through the fact that the inverse lifetime is the
half-width of the mass distribution of an unstable
particle. The matrix element for the decay contains a
term independent of Z, and a term proportional to
Z/137. The interference between these two yields a
contribution to the differential decay rate which is
proportional to Z/137, and is a function of the lifetime
of the 29,

If 7 denotes the mean lifetime of the 2° and I'=1/7
the width of the mass distribution of the Z° then the
dimensionless parameter that enters into the final
formulas turns out to be® A=MT/v2, where M is the
mass of the 2% and + is the invariant mass of the Dalitz
pair. This quantity is a sensitive function of the angle

% One of the new methods, distinct from the one discussed here,
has been described by J. Dreitlein and H. Primakoff, Phys. Rev.
125, 1671 (1962).

8 Throughout this paper we used units in which z=c¢=1.
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Fic. 1. Feynman diagram for the reaction discussed in
this paper. For explanation of symbols see Sec. 2A.

between the Dalitz pair. Formulas suitable for direct
experimental comparison are contained in Sec. 4. If the
lifetime of the Z° lies between 107! and 1072 sec, then
the sensitivity of this method is such that, for a slow
20 an accuracy of 109, in the measurements would
yield the lifetime to within a factor of 10.7

2. FORMULATION OF THE PROBLEM
A. S-Matrix Element

For definiteness, we consider a 2° hyperon produced
in the reaction K+ N — 2%4-=. It subsequently decays
through the mode 2° — A%4-¢t+-¢~. The entire sequence
of events makes up the scattering process

K+N — 74320 — 74+ A+et+e, (1)

with such choice of final kinematics that the inter-
mediate state given above is the only important one.
Experimentally, this means that one collects only such
events that the invariant mass of A°4-¢t--¢~ lies in the
neighborhood of the 2° mass M.

The S-matrix element for the scattering process (1)
is represented by the Feynman diagram in Fig. 1, where
we use a prime to distinguish a momentum variable to
be integrated over. A double line in the diagram denotes
a nucleon bound in a nucleus. There are, of course,
many other diagrams that will contribute to (1); but
they are neglected for the reason stated previously.

If the initial and final stationary wave functions of
the nucleus are, respectively, denoted by ¥(gy, - - -, g4)
and ¥;(q1, - -+, ga—1), then the effective wave function
of the single nucleon is

¥ (g,t)= _m“”/dql' crdga Vi (qh, 0 ,qa)
X, (q:qu e ;gA—l)) (2)

where g; denotes all the coordinates, including spin and
isotropic spin, of a nucleon in the nucleus, and /dg
stands for an integration and sum over these coordi-

7 Readers not concerned with theory may, at this point, make
a transition to Sec. 4.
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nates. We shall write

Y (g f) =€ / Box'en o)V, (3)

where Ey is a constant, f(py’) is the Fourier transform
of the wave function, and & is the nonrelativistic spinor
of the nucleon. Thus, & is independent of py’. The
wave functions for the Dalitz pair are Coulomb wave
functions about the aforementioned nucleus, taken,
for this particular purpose, to be a fixed point charge of
charge Ze. These Coulomb wave functions are labeled,
respectively, by the quantum numbers p,, p—, which are
the asymptotic momenta of the pair. The stationary
energies of these Coulomb wave functions are

Ep=[|p.[*+m*]", 4)

where m is the mass of the electron.

For all wave functions, we employ the convention of
continuum normalization. The wave function for a spinor
particle shall be so normalized that there are E/m parti-
cles per units volume, where E is the absolute magnitude
of the energy and m is the mass of the particle. If p is the
momentum of the spinor particle, then the volume
element of phase space is (2a)~3(m/E)d*p. The spinor
for a particle shall be denoted by the symbol represent-
ing the particle itself. Thus, A shall be the spinor of the
A® hyperon, At its Hermitian conjugate, and A=Aly,.

The wave function for a boson shall be so normal-
ized that there are (2E)~! particles per unit volume.
The volume element of phase space in this case is
(2m)3(2E)"d3p.

To define the symbols V, J,, and £, in Fig. 1 pre-
cisely, let {A+4+B— C+D} stand for the S-matrix
element of the reaction enclosed within the brackets.
Then

{K+N = 742% uctens= (2m)*04(ps— ) (SVN),  (3)
(20— A= (2m) 45 (p;— po) (BT 2)e,, (6)
{y — e"+e"}coutom tieta= (2m)*6(E;— E;) L€, (7

where p; and p; denote, respectively, the total four-
momentum of the final and initial state, £, and £, the
final and initial energies, and e, denotes the polarization
of the photon. The quantities V, J,, and £, are func-
tions of all the momenta in the corresponding reaction.
The function J, is specified in Appendix IV. It may be
considered to be proportional to I''/2, We note that the
interaction (7) does not conserve momentum; but it con-
serves energy by virtue of the fixed-source assumption.

It is shown in Appendix I that the propagator for
the 29 whose four-momentum is denoted by p’, may
be taken to be®

SP)=———77,
v p =i ®)
M= M—il/2,

8 y:p=vipr+vapatvspstyaps, where v, are Hermitian Dirac
matrices, and p, is pure imaginary.
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where M is the center of the Z° mass distribution and
[' is the width of that distribution. As shown in Ap-
pendix I, T' is also the total rate of decay of Z°. Hence,
it is related to the 7 by

I'=1/r. )

Both M and I' are experimental constants, of which M
may be assumed known.

The S-matrix element for the reaction (1) is
S=12m)%(E;—E,)T, (10)

where 7 is a function of p4, p_, pa, px, P, given by

Ly
T= | &py' flon')e—o K7, yN), (1
[#2v 1) T e ) an
and
p'=prtpy'— b,
pn'=(pn',Evn), (12)

E'=px+pn'—pr—pn

The rate of the transition (1), denoted by ®, may be
obtained from 7 through the formula

®R=(2m)8(E,—E;) 3 |T|?

spin

(13)

where Y qpin denotes a sum over the spin states of the
particles in |T'|2

Let
a'=[—(p)"]". (14)
Then the following identity holds:
1 1rp -yt py—ia
—:—[f’ - a9
yop'—im 22 M—a M+

The first term represents the propagation of the 2% as a
particle, and the second term, as an antiparticle. When
this is substituted into (11), the second term can be
neglected, because in the kinematic region of interest,
i.e., in the neighborhood of «'=M, it is at most of the
order of I'/M as compared to the first term. The first
term may be rewritten in a convenient form by noting
that (y-p'+ix’)/2ix" is the projection operator into
positive energy states for a spinor particle of mass «’.
Thus we take
1 i
o 2 ud,

(16)
yop —iM M—a w

where the sum extends over the two spinors # of positive
energy. When (16) is substituted into (11), we have in
the integrand of (11) the factor 3, (AJ,u)(@VN). This
factor is clearly invariant under a linear transformation
of the #’s. By choosing the appropriate transformation,
we can write

2uAT )@V N)=(RJ,Z)(EVN), )
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where the spinor 2 is a linear combination of the #’s,
so defined that if 2’ is the spinor with spin opposite
to that of 2, then

(Z'VN)=0. (18)

In fact, 2 is the spinor of the 2¢ with the correct polari-
zation as determined by the production process. With
(16) and (17), (11) becomes

£,(A12)(EVN)
(k)2 — M+iT/2)

T=—i / By’ (o) (19)
If the nucleon were free, so that f(p.’) is a § function,
then | 7'|? would be of the form

|

Tl
(x—M)24-12/4

where x depends on the momenta of the initial or final
particles. As I' — 0, this would become

| 7] 2= 8(x—M)(2x/T) | T"| .

The factor 1/T' cancels one that is contained in |7”|?2,
through |(AJ,2)|2 We would then have a complete
separation between production and decay; but we would
also lose the dependence on T'. On the other hand, if T
has been kept finite, it would appear in the combination
T'/M, which is too small to be significant, and which
has been neglected in the derivation of (19).

In order that (19) depends on T significantly, it is
necessary that the nucleon be bound. This is physically
reasonable, since a bound nucleon provides a fixed point
in space against which a detector, if available, can judge
how far the 2° has traveled during its lifetime. A de-
tector is available. It is contained in the interaction £,.

B. Separation of X° Production from =" Decay

In the integral (19) it is convenient to change the
variable of integration to A, which is the momentum
transferred to the external Coulomb field. We put

A=(4)0),
I= ""A,
PN’ 25 20)
p =P_Aa
F=k—A,
where
pnv=(p~,En),
py=p;+p_+pr+p-—px, (1)
P=p+t+p—tpa, )
k=pitp_.
We further define
= (— p2)1/2
x=(—pH"2, 22)

v=—k=(EHE )= pitp-|*
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It is clear that y2>2m. The independent momenta of
the problem are px, pr, Pa, P+, P—

The decay of 2° into Dalitz pairs can occur in free
space, in the absence of a Coulomb field. Therefore,
£, must contain a term proportional to §(A). Tt is
easily established that

Su=e(Cvue4)0%(A)+ L),
where e is the charge of the electron, e, are free particle
spinors, and £,/ is a function of A and p,. Thus,
(19) becomes
- if (pw)e(@vuer)LAT,Z) (EVN) Jamo

v (x— M+il'/2)

. / g SN 28 AT EV)
—1 .
[(E—A)—in](x'—M+il'/2)
In the second term above, the factor (AJ,Z)(EVN) de-
pends on A through invariant scalar products involving
p'. It is reasonable to assume that it is not sensitive to
A if A/M<1. Since A is the momentum transferred to

the Coulomb field, we anticipate this condition to be
fulfilled. Hence we shall put

AT2)(EVN)=[AJZ)(EVN)]s0.

(23)

(25)

Thus, in these spinor products, the Z° is considered to
have the fixed momentum p and mass M, where p is
defined in (21).

With this, we can write

T=if(py)(AXZ)(EVN), (26)
where
e(e-vuer)
X=J u{ VRTINS
v (x— M+iT/2)
3 /'dm f (PN“. A)L, ‘ o
fow)[ (k—A)—in](x'— M +iT/2)

The “nuclear structure factor” [ f(py—A)/ f(pw~)] is not
well known. Therefore, the proposed experiment must
be so designed as to avoid the necessity to determine it.

Our knowledge of nuclear structure indicates that
for very light nuclei, f(px) is approximately a Gaussian
in |pwx|2, with a width of the order of 150 MeV/c. For
heavier nuclei f(py) has the approximate shape of a
Fermi-Dirac distributon function corresponding to a
Fermi momentum of 150 MeV/c. In any case, we may
put

flon—A4)/f(pw) =1, (28)

if the range of A important for the integral in (28) is
such that A<150 MeV/c. For heavier nuclei, this con-
dition may be replaced by a weaker one, say, A<150
MeV/c. It will turn out that these conditions are
satisfied for a reasonable range of the 2 lifetime; this

HUANG

is a highly desirable feature, for then X becomes inde-
pendent of nuclear structure.

We now discuss the disentanglement of the spin of
2 from the spin of the nucleon. Let N’ denote a nucleon
spinor orthogonal to N, Then

2 TP=]flpw) P AX21) BV N) |2

o L@ EVN), (29)

where 2, is identical with the 2 defined by (18), and
2, is the 2 defined by (18) with N replaced by N’. In
general, 2; and 2, are not orthogonal to each other. To
assume otherwise would be to assume that the X0
produced from unpolarized nucleons are unpolarized—
which is untrue.

Let
= flpw) | Y| (Z1VN) |24 [(ZVN') |2}, (30)

which is the probability for producing a Z° from an
unpolarized nucleon, and is a function of pg, p., and
p. Then

ngi"l T]2=0{5(1+s)| AXZy)|?
+i(1-5) | (AXZ2) ]2,
o= [EWVN) 2= ] (ZVN) |2
|G VN) 24| B.VN) |2

31)

where

(32)

This quantity is not what is conventionally called the
‘““degree of polarization,” because Z; and 2, are not
orthogonal to each other. However, it is shown in
Appendix II that there exist two mutually orthogonal
20 spinors, denoted by 2t and 2y, such that

2 |TP=0{(1+s)] BXZ4)[?

N spin

+(1-9)| GXZ)[Y, (33)
where s is now the degree of polarization, and is given
in Appendix IT in terms of s" and (£,5). It is also shown
there that a 4X4 matrix p may be introduced for con-
ciseness, so that we can rewrite (33), after summing
over the spin of the A? in the form

ZTP=0 T |(AXpZ) "

spin spin

(34)

The spinor 2 may now be taken to be a member of an
arbitrary set of mutually orthogonal spinors for the =°.
The matrix p should be regarded as an experimental
quantity. For example, if experimentally we find that
the 2% is unpolarized, then p=1/V2. If one expresses (34)
as a spin trace in the usual manner, one would see that
p appears only in the form p? which is the density
matrix for the Z° polarization.

We now complete the separation of =9 production
from Z° decay by separating the kinematics of these two
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processes. From (27) and (28) we have

| (AXpZ)[?
B 2
S
x—M~4il'/2
|B|2 B*C
————2rd —— el @9
(x—M)2+T2/4 x—M—il'/2
where
B= (¢/*) (e-vuer) (A p2), (36)
C=(AJ,p2) | d*A d 37)
B / [(k— Ay —in](x' — M+il'/2)

The kinematic region of interest lies in the neighborhood
of x=M. Tt is seen that |C|? does not vary rapidly
with », because it depends on x only through the
combination

¥ —M=(x>—A242p- A)1V2—M, (38)
which involves the integration variable A. At x=M it is
of order (I'/M)? smaller than the first term in (35).
Hence, we shall neglect it. On the other hand, the inter-
ference term is expected to be significant, as we shall see:

Neglecting |C|2, we rewrite (35) in the form

| B|2—2 Re[ (x— M +4T'/2)B*C]

) [P
| (AXp2)] (e MyLT74

39)

Let the probability for the decay of the Z° into Dalitz
pairs in free space be

Do= (62/ 74) Z l (K] npz) (é—7u6+) | 2

spin

(40)

which is not only a function of ps, py, p—, but also de-
pends on py and p, through p. We can now write

AXpD) |t 4
Enl(A »2)| (v— M)24-T2/4 (4D
where
D=Dy(1+F), (42)
2
P Re{[amm (e ) T+ (RT3
’)/2§D() spin

e [a—M+ir/2
& . (43
X/ A(k—A)Z—ian'—M+n~/z:|} #3)

Again, F is not a rapidly varying function of x. Its x
dependence, like that of |C|?, gives rise to small correc-
tions to the shape of the = mass distribution, in which
we are not interested. Hence we set x=M in F, and

LIFETIME OF 20
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obtain, after explicitly writing out (k— A)?,

T
F—— ¥ Im{[(xf,.pm<e_we+>1*(zfvpz>
Y43y spin

X / & i } (44)
(A2—2k- A—~2—in)[y(A)+iT/2]
where

y(A)=(M2+2p- A—AD)2— M
~(1/M)(p- A—3A%).  (45)

The last approximation is based on the neglect of
(A/M)? and (pA/M) as compared to unity.

It is consistent to let T'— 0 in the denominator of
(41), but keep T finite in F. The reason is that in the
denominator, T stands in comparison with M, whereas
in F such is not the case. As mentioned earlier, it will
turn out that T appears in F in the combination MT/v?,
which can be of the order of unity. Accordingly, we
reduce (41) to

> | (AXpZ) [*=b(x— M) (2r/T)D,

spin

(46)

where the factor 1/T" will cancel one contained in ©

through J,. Substituting this into (34), we obtain
> |T|*=®(x—M)(27/T)D.

spin

(47)

The factor §(x—M) separates the kinematics of pro-
duction from that of decay, for, as far as kinematics s
concerned, the mass of 2% now has the definite value M.

The kinematics of the problem may be summarized
as follows. The independent momenta are px, pr, Pa,
P+, P—. A beam of K mesons, of fixed momentum px,
interacts with a bound nucleon of variable momentum
p~’. It produces a = meson of fixed momentum p,, and
a 29 of variable momentum p’ but of definite mass M.
The 29 decays into a A° of momentum p, and a Dalitz
pair of momenta p., all of which are fixed. In the ab-
sence of a Coulomb field, p’ would have the definite
value p, and py’ the definite value py, as required by
momentum conservation at every step. With the Cou-
lomb field, neither p’ nor px” has a definite value. In fact,
p'=p—A, py'—py—A, where A, the momentum ab-
sorbed by the Coulomb field, does not have a definite
value. We are interested in the interference between the
non-Coulombic part of the matrix element and the Cou-
lombic part of the matrix element. While the initial state
and final state must be, respectively, identical for these
two parts of the matrix element, the nucleon and =°
momentum in one part must be different from those in
other part, (i.e., As20). This is possible only because
the nucleon is bound.

We can now substitute (47) into (13) and obtain a
cross section for the reaction (1) after appropriate inte-
grations over final states. This calculation is contained
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F16. 2. Feynman diagrams whose sum is the Born approximation
for the matrix element £,, defined by (7). A cross denotes an
interaction with the nuclear Coulomb field.

in Appendix ITI, which also contains formulas suitable
for use in an experiment to measure the function F of
(43). These formulas will be taken up in Sec. 4. We
proceed to our immediate task, the actual calculation
of F.

3. BORN APPROXIMATION

The object of this section is to outline the calculation
of the function F of (43). We consider the case
Z/137«1. Hence, the Coulomb wave functions for the
Dalitz pair can be treated in Born approximation. This
approximation is equivalent to the statement that

2m)*S(E;—E) L,

=sum of Feynman diagrams of Fig. 2. (48)

In Fig. 2, a cross on the electron or positron line denotes
an interaction with an unscreened Coulomb field whose
four-potential is given by

HUANG

As no confusion can arise, we denote the Fourier
transform of 4 ,(x) by 4,(A). Thus,

. Ze InZe
v A(A)=1iv, /d“x gmimA = (*)6 (Ap)iyse.  (50)
. 4| x| A?

The four-vector A, with fourth component 74, is the
momentum transferred to the Coulomb field.
Using (50) with (48), we obtain

Su=e(ev,e4)0%(A)+L,/,

51
8,/ =(Ze/137T)(e_Lyes), 1
where
7 1
Ly=— r’Y4 : Y
202l - (p— A)—i(m—ie)
+ : G
Vi va | (52
v: (A—py) —i(m—ie)
Since L, appears only in (é_L,e,), and since

(y-pytim)e =0, (52) may be effectively reduced to
the following:

I 1 I_ (EA3e- Ay vu(Ei—3e-A) ] (53)
= —_ , 5
YAt AP —2p  A—ie AP—2p,-A—ie

where e=1ysy.

Substituting (51) and (53) into (44), and using (40),
we obtain

4,(%)=(0,0,0,i$(x)), (49) F=(z/137)(G+G"), (54)
d(x)=Ze/4r|x|, e2/4r=1/131. where
G=(IE.1_—EI), (55)
G 3 zspin {[(K]M’E) (é—7u6+):]* (K-]VPE) (é—[Q- ey, v Q+:]e+)} (36)
= — , 3
. S onin| (R,02) @y, )2
in which
2y*MT g (1,4)
(1.,0.)= _( ) Im / PA : . . (57)
e A2 (A?—2p- A—iMT) (A2—2k- A —2—in) (A2—2p. - A—ie)
The approximation (45) bas been used. (d) The energies of e* are unequal, say,
To proceed further, the following assumptions are  |B—E_|
introduced: ;<_!_J§__T__< 1 (61)
(a) The =0 and A° are nonrelativistic. Hence ) B
As a consequence we can write
E+E_~AM="70MeV. (58)
v?=2EE_(1—cosf). (62)

(b) The Dalitz pair is extremely relativistic. Hence

Ipe|=~E;. (59)

(c) The angle 6 between the Dalitz pairs is neither too
large nor too small, say,

10°<0<120°. (60)

It is shown in Appendix V [Eq. (V25)] that the
average momentum transferred to the Coulomb field
is of the order of

A=MT/AM=17T, (63)

Values of A corresponding to various values of I' are
given in Table I. It is seen that the neglect of nuclear
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TasLE I. A list of some parameters in the problem corre-
sponding to various values of the 2° lifetime .

(520) W A /(A
sec (MeV MeV/c r=Mr/(AM)?
(a) 0.8X10-18 0.82X10-3 0.014 11073
(b) 0.8X10-10 0.82X 10~ 0.14 1%10-2

() 0.8X10-2 0.82X 101 1.4 %107
(d) 0.8%X10~2 0.82 14 1

structure, as expressed by (28), is a good approxi-
mation.
It is also shown in Appendix V [Eq. (V28)] that

G E,+E_
G E,—E_
where
{=MT/(AM)2. (65)

Table I also lists the values of ¢ corresponding to various
values of I'. Near the theoretical estimate 7=5X10"%0
sec, the neglect of G’ introduces an error of a few percent,
as estimated in Appendix V.C. Therefore, we shall take

F=(Z/137)G. (66)

In the calculation of G, the approximation is made
that the momentum transferred to the Coulomb field,
A, is mainly orthogonal to the momenta of the Dalitz
pair. [See Appendix V.A and V.B.] The result can be
written in the following form:

m(E_-—Ey)

G=—"20\KP),

(67)
[p—+py]

where @ is given in (V11). Its value lies between 0 and

1, and its arguments are
\=MT/y%,
K=(ps4p-)/7,
P=p/v,

where p is the Z° momentum. Thus I' enters only in the
combination A, which is a sensitive function of the angle
between the Dalitz pair. The limiting values of ® are
as follows:

(68)

(a) @ . 0,

A0
69
(C) q’)‘——) 1: ( )

(@ @ 20K),

where ®o(A\,K) is a function to be displayed later. The
cases (a) and (b) confirm one’s intuitive feeling that the
effect described here should vanish, either when the Z°
is moving too fast, or when the lifetime is too long.
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Thinking classically, one might expect the effect to
vanish also in cases (c) and (d), for in these limiting
cases the 20 always decays at the same point in space.
But our results contradict this expectation. The reason
is that the effect discussed here is not classical but
quantum mechanical. Specific quantum effects enter the
problem in two essential ways: in the existence of a

mass width for the 2° and in the interference of
probability amplitudes.

4. RESULTS

In the proposed experiment to measure the life-
time of the Z° hyperon, one is to produce the 2° in
various nuclei by the reaction K+N — w42, or its
equivalent, and observe the decay 20— A%4-e~4-¢*
for different atomic numbers Z. The dominant decay
mode Z%— A%+ must also be observed in order to
eliminate the production cross section, which depends
on Z. Experimentally it is easy to distinguish be-
tween these two modes of decay. For the dominant
mode, the 4 ray is observed by allowing it to
materialize in the target material. Most of the pairs
from the materialization have an opening angle less
than 1°. On the other hand, an appreciable number of
the Dalitz pairs will have an opening angle greater
than 10°.

The following quantities are to be measured:
dopair=differential cross section for the over-all process
K+N — 742> 74+A%-et+e-, with given Z° mo-
mentum p, given solid angles of the pair @, and given
energy difference of the pair v=%4(E;—FE_); ophoton
=differential cross section for the over-all process
K+N — 74+2°— 74A%4, with given 2% momentum
p. Experimentally, of course, a given value of the Z°
momentum is chosen by choosing the momentum of the
A°. The kinematics should be so chosen that the assump-
tions (58)—(61) are satisfied.

The theory developed in this paper shows that, for
light nuclei, [Eqgs. (IT1125), (66), and (67)]

dopair Z 2y
= G[ 1— (———)————-—————@:}dﬂ.;dﬂhdv, (70)
O photon 137 [ p++p_!

where the only Z dependence is contained in the factor
7Z/137. The goal of the experiment is to obtain the func-
tion ®, from which one can obtain the lifetime of Z° by
comparing it with theoretical curves.

The quantity € depends on the E—A parity and on
the 29 polarization, and hence must be determined
experimentally before one can obtain ®. If the 20 is
unpolarized, then a calculation based on certain assump-
tions concerning the decay interaction of the Z° gives

[Eq. (IV8)]
eE B r EZ2+E?

_ |,
¢ 32m (AM YL ELE_(1—coso) ] 7
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where the —(+) sign is to be taken with even (odd)
S—A vparity, AM=E,+E_=70 MeV (Z—A mass
difference), and 6 is the angle between the Dalitz pair.

The quantity ®, given in (V11), is a function of A,
K, and P, defined in (68). Of these, only A\ contains the
20 lifetime. & is independent of the Z—A parity, the
29 polarization, and the structure of the nucleus from
which the Z° is produced. Some of its general properties
are listed in (69).

Because ® depends on so many variables, it would
be helpful to discuss a simple special case. Let us assume
that the momentum p of the 29 is so small that P<<\, or

PLMT/(ELE_)V2 sin(6/2). (72)

As a numerical illustration, let 7=5X10"2° sec and
E,—E_=20 MeV. Then the above requires that

p<[1.5/sin(6/2)] MeV. (73)

Under such circumstances, ® may be replaced by its
limiting form for p=0. The experiment is hereby greatly
simplified, because the experimenter need not ascertain
the precise value of the £° momentum. The function
& can now be replaced by

h @U(XIK)E (I)()‘yKJO) = (2/7[') (Bl+ﬁ2""ﬁ3); (74)
where
Br=tan'[1+4(1/K)(\/2)¥], (75)
Bo=tan [ 1/ (K)],

WEK)=14+2K[ 1+K2)V24-17], (76)

(2n)22
s=tan™| —— |, 77

o= tam [(x/z)uurx] )

where tan—lx denotes the angle between —w/2 and
~+m/2 whose tangent is x. Some general properties of
&, are as follows:

2 < 20 < 1)
(78)

1
‘b(\ - 9
A0

q’o—) 1

A->c0

The second of these properties is different from that of
&, as given in (69), because the limit p=0 has already
been taken.

We introduce the following parameters:

¢=MT/(AM)?,
r=v/AM = (E;—E_)/2(E+—E_),
x=(1—72) sin2(6/2).
The constant { is the object of the experiment, and  and
x are variables under the control of the experimenter.

Some of the values of ¢ corresponding to various values
of the 20 lifetime are listed in Table I. Its physical

(79)

KERSON HUANG

X} -
N
09 e~ @
\ N N5
[o13] e
\ \ z~ 06 \]\\_,/
m \ \i\f\ J
08 NN ®) T-0,gy 100 =]
(o). 0.8x 108 X107 9sec
sec
asbed e
x —\'["n © -
Ar
o 04
03
02
ol
0

.. O 02 03 04 05 X 06 Or 08 09 10O
,r

F16. 3. The function ®¢(¢,x) which appears in (85). The curves
are labeled with the values of 7 corresponding to the values of {
listed in Table I.

meaning is that {(AM) is the average momentum
transfer between the Dalitz pair and the nuclear
Coulomb field. In terms of these parameters, we have

A=¢/%
k=[(1—x)/x]".

Let ®(\,K) be expressed in terms of ¢ and x. As no
confusion can arise, we denote the resulting function

by ‘I>0<§‘ 7X) :

(80)

Bo(6,) = (2/m) Bu--Ba—By), (81)
B1= tan‘1[1+(%>llz] , (82)
= tan_l[wzl(x) ]

0= i[ it 2(3;——")”20 o | 69

(84)

‘ x—[2(1—x) ] I
Bz=tan™1

@V L(1—x)2+ c/2)v2])

Rewriting (70) in terms of ¢, x, and 7, and integrating
over the solid angle ©; and the azimuthal angle of
Q_, we obtain

dopar € [1477 1—72
)
Ophoton (47|' )2 X 2

X[l—(57—)(1—_12)—1/—2%({“)}1(0050)4% (85)

where we have used (71). A family of curves for the
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TasLE II. The function H (¢,6)/ (1 —cos§)2.
K Even Z-A parity 0Odd =-A parity
0 X103 X102 X101 % X103 X102 X101 i
10° 448 458 462 464 450 460 465 467
20° 111 112 115 116 113 114 117 118
30° 45.3 49.3 50.5 51.7 47.2 51.5 52.7 54.0
40° 23.3 271.3 28.2 29.2 25.0 294 30.5 31.5
50° 14.0 16.8 18.0 18.8 15.5 18.8 20.3 212
60° 9.33 113 12.5 13.1 10.9 13.1 14.8 15.6
70° 6.74 8.06 9.20 9.78 8.25 9.87 114 12.2
80° 5.15 6.09 7.06 7.61 6.69 7.88 9.27 10.11
90° 4.11 4.82 5.61 6.14 5.69 6.62 7.82 8.70
100° 3.40 3.95 4.62 5.11 5.04 5.97 6.84 7.74
110° 2.89 3.34 391 4.36 4.62 5.26 6.19 7.07
120° 2.52 291 3.40 3.82 4.36 4.92 5.77 6.63
130° 2.26 2.60 3.04 3.42 4.23 4.73 5.53 6.38
140° 2.07 2.38 2.77 3.13 4.20 4.67 5.44 6.29
150° 1.94 2.22 2.59 2.93 4.27 4.72 5.48 6.36
160° 1.85 2.12 247 2.79 444 4.89 5.68 6.61
170° 1.80 2.06 2.40 2.72 4.79 5.29 6.17 7.19

function ®¢({,x) is plotted in Fig. 3, for the values of ¢
listed in Table 1.

If one integrates over the energy spectrum of the
Dalitz pair by integrating (85) over all values of 7 be-
tween 41, the Z-dependent term vanishes because it is
an odd function of ». This is a consequence of the
approximatons used in the derivation of (85). It means
that for light nuclei, the completely integrated spectrum
has a negligible Z dependence as compared to, say, the
half-integrated spectrum. The present calculation says
nothing about heavy nuclei.

We shall integrate over the portion of the energy
spectrum in which E;> E_. In doing so, we ignore the
restriction (61), which has a negligible effect on (85).
The resulting distribution function shall be denoted by

N 1 dopuir
= f . (86)
d(COSH) E>E_ Ophoton d(COS@)
From (85) one easily obtains
aN e 4
| keenGll]
d(cosf) 3(4m)2lL1—cosh
ZN\ H(9)
(). o
137/ (1—cosh)?
where
o) 1 2(5,)
H(,6)=3r / dx[z— (—— — 1>x:|————,
0 1—cosf (1—x)?
(88)

with the 4 (—) sign taken for even (odd) Z—A parity.
If instead of (86) one wishes to consider the case
EL<E_, then the corresponding distribution function
is obtained from (87) by formally replacing Z by —Z.
Tables for H(¢,0)/(1—cosf)? are given in Table II.
One can deduce from more general formula for ®,
given in (V11), that for large 2° momentum the function

® is very sensitive to thelifetime of the Z° near A=0.
However, the magnitude of ® becomes quite small in
that region, and the experiment may, in fact, turn out
to be more difficult.

The theoretical formulas given above are not exact.
The error amounts to about 59%,.

We conclude that, in general, the sensitivity of the
proposed experiment is such that measurements of 109,
accuracy would yield the 2 lifetime to within a factor
of 10. The ease with which the experimenter can achieve
the desired degree of accuracy, of course, depends on
what he does.

Note added in proof. The results of some numerical
computations carried out by Dr. J. Eisenberg (unpub-
lished) show that, for heavy nuclei (Z>20) and for
large opening angles (6>20°), the sensitivity of the
proposed experiment becomes much smaller than that
estimated here on the basis of the Born approximation.
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APPENDIX I. THE PROPAGATOR OF
AN UNSTABLE PARTICLE

Consider an unstable spinor particle whose state is
denoted by |4). It can decay into a state | f), which is
different from |7), through the interaction represented
by the interaction Lagrangian density J(x). For what
we shall discuss, it is necessary that J(x) be considered
a small perturbation, for otherwise the production of
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the particle cannot be separated from its decay. The
decay process is described by the following quantities:

D

{z’—>f}=<f| / &2 7 (2)

= (2m)%8 (p,—pa) ([T (0)]2), (T1)

(Transition probability/sec-cm?)
= Q2n)*8* (ps—p) [(SITO)[5)]?,  (12)
V7=22;2m)' " (ps—p) [{fITO)[5)[*,  (13)

where 1, an invariant, is defined to be the mean lifetime
in the rest frame.

If J(x) were zero, the propagator of the particle
would be

1
S(p)=—— (14)

P"Y“iM()’

where M, is a real number. Since J(x) is not zero, its
propagator is .S’(p), which is obtained by summing all
Feynman graphs in which the initial and final states
are |4).° Let W(p) be the proper self-energy part for
the particle. Then

LS () I'=LS(p) ]! =W (p). (15)

As we shall see, the fact that |7) can make a real transi-
tion to a state | f)#|4), with energy-momentum con-
servation, implies that W(p) has a nonvanishing
imaginary part.

The proper self-energy part W(p) is a relativistic
invariant. Therefore, its most general form is

W(p)=AP*)+(p-y—iMo)B(p*). (16)
Substituting this and (I4) into (I5), we obtain
Lot LS"(p) I =[1=B(p*)(p-y—Mo)— A(p?).
Le
L(p*)=1—B(p?), a
A(p)=A(p*)/L(p?).
Then .
S(p)=— (18)

Lp)[p-y—iMo—A' ()]

If S’(p) is inserted intoa graph in which the particle
propagates between its production and its decay, the
factor L(p?) merely introduces a coupling constant
renormalization, in which the original production and
decay vertices are both multiplied by [L(p?) ]2
Therefore, L(p% can be left as understood. Similarly,
A’(p?) may be replaced by 4(p?) if the Formicr trans-
form of J(x) is understood to have absorbed a factor
[L(p%) ]2 Thus we take

S'(p)=—

. . (19)
py—iMo—A(pY)
9 F. E. Low, Phys. Rev. 88, 53 (1952).
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We now calculate 4 (p2). From (16) we have
A(=MD= G W) i)

Treating J(x) as a perturbation, we calculate W(p) by
taking only the lowest order self-energy graph:

(110)

(” W(ﬁ) | i>:: %(“i)Z/.d4(x~y) e (e—y)
X (i T () () 1]4),

where 7" denotes the time-ordered product. Consider
first the matrix element (7| J(y)J(x)|7). By inserting a
complete set of intermediate states |7), of momentum
pn, we have

AT ()]8) =S (617 () m)n] T ) 6)
=3 -6 G 7(0) | )],

(I1)

(112)
where the last step follows from translational invariance:
AJ (x)/ dxy=1[ P, J(x)], (113)

where P, is the momentum operator. Substitution of
(T12) into (I11) yields

W iy=1 (0 / dis e £,(2) |G TO) w7, (114)

where
fa(z)=emimrmz {f 2p>0,

115
if Z()<0, ( )

= et (r—pn) -z

and

/ 'd4z fn(2)em7"=2i(2m)% (p—pa)

P
X[F +imd (E— E):I (116)

where ¢£ and {E, are, respectively, the fourth com-
ponents of p and p,, and P denotes the principal part.
Substitution of (I116) into (I14) yields

A(=MP) =G| W(p)|i)=—iM+35T, (I17)
where
M,= (27r)3 Zn 63(p_pn)
XLP/(E—En)]| G T0)[n)[2  (118)
T'=(2m)" 300 84(p— pa) [ ([T (0) [m) ]2 (119)

Both M and I are real numbers, and are to be regarded
as small quantities of second order in J(x). By compari-
son with (I3) it is seen that

I'=1/r. (120)
In general, we write

A(pH)=—iM1(p*)+3T(p?), (121)
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where M{(—M2)=My, T(—M2)=T. Thus
1
pry—i[M(p?)—iT(p*)/2]
__prbp i
p+LM(p)—iT(p?)/2

where M (p2)=M—M1(p?). S'(p) has a pole at p= pq,

where

S'(p)=—

P>+ M (po*)—5iT(po?) J*=0. (123)

We assume that either this is the only pole, or other
poles are sufficiently far away to be ignored. Then it is
straightforward to show that to second order in the
decay interaction J(x), po is given by

po+M2=iMT, (124)

the error being of fourth order in J(x). The constant
M, formally given by

M=M0"—M1,

is an experimental constant, the renormalized mass of
the particle. Therefore, in the neighborhood of the pole
p=po, we can take the propagator to be

1
S (p)y=—-———- 125
®) poy—i(M—il'/2) (129

APPENDIX II. POLARIZATION OF THE X¢
In the notation of (31), let

=3(1+5) [ AXZ) [43(1—-5) [(AXZy) [2,  (II1)

where, for the present purpose, s, is any given number
between 0 and 1. It is required to find a set of mutually
orthogonal spinors 2+ and 2, which are linear combina-
tions of Z; and s, such that

=3(1+9) |AXZ1)[*+5(1—3) | AXZ) [?,

where s is a number between 0 and 1.

The quantity 9 is independent of the relative phase
between Z; and Z,. Hence, we can choose the phase
such that (£,2,) is real. This number, being smaller
than unity, can be represented by

(S12) =sin(5/2).

(I12)

(113)

In fact 6 is the smallest angle through which, if =, were
rotated, the resulting spinor would be orthogonal to
Z1. The axis of the rotation is unique. Let =4 be rotated
through an angle 8 about this axis. Let the resulting
spinor be =1, and the spinor orthogonal to =+, 2. Then

21=2¢ cos(6/2)+2, sin(6/2),
o= —24 sin[(§—8)/2]+Z cos[(6—8)/2].
We substitute these into (II1) and determine 6 by re-

(114)
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F1c. 4. Graphical construction to
obtain the angle 6 of (II5).

quiring that (I1I1) reduces to (IT2). The result is
(1—5") sind
ing= .
2[sin?(5/2)+s" cos?(5/2) JV*

(115)

Clearly 6 always exists, and may be obtained from the
geometrical construction shown in Fig. 4. The number
s in (II2) is then given by

s=[(14s")/2] cosb—[(1—s")/2] cos(§—8).
Let a 4X4 matrix p be defined by
Erpze)=[(1+s)/2]",
(Zup2y)=[(1—5)/2]"",
(Z1pZ1) = (Z1pZ1)=0.

(116)

(I17)

Then (I12) is equivalent to
9=[(AXpZ1) |2+ | (AXpZy)| .2 (I18)

This is invariant under a linear transformation of i
and 2. Therefore,

=2 |(AXpz) %, (119)

where the sum extends over any set of two mutually
orthogonal spinors for the Z°. By comparison with (112),
we see that @ depends only on p? which is the density
matrix for the 2° polarization. This fact becomes mani-
fest if one writes (I19) in the form of a spin trace in
the usual manner.

APPENDIX III. CROSS SECTIONS

We shall derive the cross section for the reaction (1).
Substitution of (47) into (13) yields the rate for the
reaction (1):

®=(21)86(E;— E;)6(x— M)®(1/T)D.  (II11)

The following notation will be used: For a particle of
momentum ps and mass .4,
pa= I P4 I ’
Ea=(pa>+ma2)2

The only exception to the last definition is Ey, which
is a given fixed number. In this notation

Eiz EK+E1r+EN)
Ef: EA‘I’E++ E—;
w=[(Ex+Es+E_)?— |patpit+p_| 2]

(IT12)

(I113)
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By virtue of the factor 6(£;— ;) in (IV1), we can
also write

w=[ (Ex+Ex+Ex)— | pabpitp. |27 (1T14)

To obtain a cross section for the reaction (1), we multi-

ply (IIT1) by the factor
mam?

QrY22E EAF T

Pp@padipidip.,  (1115)

and integrate over any region of phase space as we see
fit. Here, I is the incident flux of K mesons.
First we shall integrate over p,. We write

Bpr=dQy prEdE,. (1116)

For the integration over E,, we note that if f(FE,) is a
function of E.,, then

/a?E,r S(x—M)f(ES)
OE, M
[y ——sw, am)
dx x=M A5
where, in the last expression,

Es=[|pa+pstp-|2+M2]72,

(I118)
E.=Es—Ex—Ey.

Now we integrate over Q,. This integration affects only
@® and the 20 polarization contained in 9. It is clear
that the only effect of this integration on D is to replace
the density matrix p? by its average value {p2):

()= / 9. O / /m, 0.

As long as this is understood, we need not introduce a
new notation. Thus

/ Py (R=[<£)E,p,r(27r)4 / A9y @J

1
X[(Zw)‘*a(Ez—Ef)—ss], (I1110)
P .

(I119)

where p, has the fixed value consistent with (III8), and
where Ey replaces E; because x=M. The first factor is
proportional to the differential cross section for the
production of a Z° of momentum p:

p=M :
————]/ aQ, ®.  (II111)
21 Es(27)?

We now choose p instead of ps to be an independent
momentum. Thus, in all subsequent formulas it shall

do prod = d3p[

HUANG

be understood that
PA=P— PP,

_ (11112)
Ly=(p*+M2)12,
The differential cross section for the reaction (1) is
A0 pain= o yroadp i
Opair™ A0 prod P 3P~ o
’ e AR
X6(Fy— Fiy—Ep—E_)—. (L1113)
I'\
Let us write
d3p+dap_. = dQ+dQ#(P+E+) ([LE_)dwdv, (11114)
where
=E,+E,
o ++ (I1115)
V= E(E_;.-‘E_)‘
Integrating (II113) over w, we obtain
da’pair:d"_m-m{(g/F) ﬁ)(lQ.{.dQ_.dD, (TII16)
where
mam® P+P-
f= / deo 8(w+Ex—Esy——,  (II117)
(27")2 LA
and where p, have the values consistent with
Byt E_= (pr4- M) -
—[lp—ps—p-[*+ms?]2  (III18)

We shall assume that both 2° and A° are nonrelativistic,
and that e+ are extremely relativistic. Then

dopair=doproa(m/2m)(ELE_/T)DdQdQ_dv, (11119)
in which
E+E_=AM=70 MeV. (1I1120)

It is noted that (II119) depends on Z both through
D and doprea. To eliminate the latter, we consider the
dominant decay mode Z°— A%}y, which may be ob-

served as part of the process
K4N — 742" — 74-A%4. (I1121)

The differential cross section for this shall be denoted by
dophoton. In analogy with (II113) we have

da‘photon = do'proddsq

X (wma/qEr)6(Exs— Ex—q)(8,/T), (IT122)
where q is the momentum of the photon,
Ex=Clp—al=+m],
and ~ ‘
8= 2 [(AJwZ)eul?, (11123)
spin,pol

where p is understood to correspond to the average
polarization of the Z° and the sum above includes a
sum over the two independent polarizations of the
photon. We keep p fixed and let the integration in
(I1122) extend over all q. The result shall be denoted
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by ophoton. For nonrelativistic Z° and A9, it is given by
Ophoton = dapmd(41r2AM) 80/I‘ (11124)
Dividing (I1I119) by this quantity, we obtain

dapnir

sz_l.E_ Do '
<—)(1+F)d&2+dﬂ_dv, (1T125)
16m*AM\ &

Tphoton

where 9y is given by (40) and F by (43). The Z de-
pendence is now solely contained in F, which is the
quantity to be measured experimentally. In Appendix
IV, Do/ & is calculated under certain assumptions.

APPENDIX IV. DECAY OF X° IN FREE SPACE

The S-matrix element {2°— A%~} is given by (6),
which defines the decay interaction J,. Under the as-
sumptions of Lorentz invariance and gauge invariance,
one can immediately write down the most general form
of J,. It would contain two unknown form factors, one
of which does not contribute to the rate of the decay
mode Z°— A%+, If we assume that this form factor
can be neglected, and that the other form factor is a
constant, then we are effectively assuming that

Ju=—1igk,o,,  for even Z—A parity,
. . (Iv1)
= —1igysko,, for odd Z—A parity,

where ,,= (v,Yu—v4v+)/2i. Consider an unpolarized

20. Then &, defined by (I1123), becomes a relativistic
invariant:

gZ(M2_m AZ)Z

8o=% 2. R

spin,pol

| (AT W2)eu|*= (Iv2)

2MmA

The decay rate for the dominant mode in the rest frame
of the =0 is

g2 (M2__ mAZ)S

S — (1v3)
A M (M2--m,?)

This determines the effective coupling constant g in
terms of T'y, which, as we know, differs from the total
decay rate by less than 19.

Consider now the decay mode 20— A’4et+4¢~ in
free space for an unpolarized 2% We have

(20 > Ao o) = (2m) 04— po) e/

X AT 2)(Eryuer).  (1V4)

The quantity ©,, defined by (40), also reduces to a
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relativistic invariant:

e _
Do=—— 2 | (AT ,2)(8-y,es) |?
2,‘/4 spin

geM my kep 2m?
)
2mimy M M? %

k-p)2 Amp? 4( . )2
4 1’)(1+—~>+—P—q—}, (1VS)
,Y2M2 ,y2 ,y?M2

where k=pi+p_, ¢=3(p+—p-), and y2=—k2 The
~+(—) sign is associated with even (odd) £—A parity.

Let us neglect the T—A mass difference AM as
compared to M, assume that the Z° is nonrelativistic,
and that the e+ are extremely relativistic. Further
assume that the angle between the Dalitz pair is suffi-
ciently large so that m2/y2<1. Then

8o=2g2(AM)?,
ger2(E2+E2)
FREEY )
y2

(IV6)

Do=
m?

where the —(+4) sign corresponds to even (odd) T—A
parity. In the same approximation we may take
v2=2E,E_(1—cosf), avi)

in which 6 is the angle between the Dalitz pair.
Therefore,

D @ [ BB
& 2m*(AM)LE,E_(1—cosd)

‘Fl]. (IV8)

APPENDIX V. DETAILS OF CALCULATIONS
A. The Function G

We shall calculate the function G defined by (55).
From (55) and (57), we have

29*MT
G= —( ) Im / ;A
7"2

Ww(A)

X —, (V1)
A2(A2—2p- A—iMT)(A2—2k- A—~2—ip)
where
E_ E
W(A)= - *
A2—2p.- A—ie A?—2pi-A—ie
(E_'— E+)AZ‘+‘ 2E+E_(V._"‘ V+) A
= (V2)

T AN — 2k A)+4(py- A) (p_- A)—ic

in which v are the respective velocities of ¢+, We may
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rewrite the above in the form

W(A)=
@) A2—2k- A

—17€

The second term will be neglected. It is small because
the important contributions to (V1) comes from the
region in which A-py~A-p_=0. Accordingly, we take

E_—FE,

W(A) =~ .
@) —2k- A—ie

(V4)
The error incurred by doing this is probably a few per-
cent in the final formula (87).

Using the well-known identity

1
—2/ dtt/ ds : , (V5)
o Jo [AQ=D+Bts+Ct(1—s)P
we obtain from (V1) and (V4)

AN\ /E_—E; 1 1 *
G=—(~—>< >Im/ dtt/ ds/ dA/dSZ
w2 ¥ 0 0 0

X )
(A2—2V- A—N—ie)

(Vo)

where dQ is an element of solid angle of the vector A, and

KERSON

HUANG

(V4 APEL—

| @~ r)-arp)

(V- A2E_—A(V_—vy)- A } V3)

A2 (A2—2k- A)F4ELE_ (v A) (v A)—ie

with A, P, K defined by (63). The integration over Q
leads to

AN(E- —Iaﬁ)
G=— m[ dtt/ ds41r/ A

X — (V8)
(A2—N—2VA—ie)?2(A2— N+2VA—ie)
where V= V|. The integration over A leads to
IE—E) 4 VRN
G=——""— Re/ dt t/ ds ———.  (V9)
% 0 0 J\TZ(I/Z_{_AT):V‘Z

One easily recognizes that the integrand above is a
perfect differential in s. Thus the s integration is ele-
mentary. For the / integration, the integrand has a
number of branch points; but one can verify that the
path of integration remains on a single Riemann sheet.
Then the ¢ integration too is elementary. The final
result is

m(E_—Ey)
V=(1—1)P+K, " GZT—I—’T‘I’O\,K,P), (V10)
N=ts+ixd—0), VD here P
P\ K P)= (2/7) (¢1+d2— ), (V11)
N2K)+(N/2)125,
¢1=tan~ { , (V12)
(K-P/K)4(\/2)175,
5 1{ (1=2P-K)G:—[142(L/N)—=2(K2/N) (G2+ G5 ]G } V13)
=ta.
? N(1—2P-K) G- A[1+2(P/N)?1G+ K[ (1-+ K224 K G ](G2+ Go2)
(1=2P-K)Gi—A[142(P/N)E]Go— (N)2K (G 24 G2)F,
b3= tan—l{ } , (V14)
(1—2P-K)GoA-A[1-+2(P/N)Z]Gs+ (202K (G 2+ G?)
P2 2=q1/2 ])211/2
s].=([1+(~)} I (V15)
A A
Pz 2-91/2 P2 1/2
[T
A A
1 P2 2 2P K 2-91/2 P2 212
ot (T Do
V2 A2K?2 AK NK?
1 K P P2 N\? ZP'K 2~1/2 P2 1/271/2
[l E
V2 KP N2K? AK NZK?



METHOD TO MEASURLE

B. The Average Momentum Transfer

We shall give a rough estimate of the average
momentum transferred by the Dalitz pair to the Cou-
lomb field. This is ¥ times the value of A that is most
important for the integral (V8).

The integrand in (V8) has four second-order poles,
located, respectively, at

(VAN)E—V, (VAHNPHY,  (V19)

and their negatives. Of these, only (V24N)V2—V is
important, because it occurs near the origin A=0. This
may be seen as follows. From (V7) we have

V2p N = (1—1)2P4-12K?

+1(1— )P K+is+in1—18).  (V20)
By assumptions (58)—(61), we have

P pl

K ool

P (V21)

A MT

——— ],

K* |pytp-|?

where the last statement holds only for I'<1 MeV
(7>1072 sec). Accordingly, we put

V2=~ 2K?2,

iNf1—t
Vi4+N= ﬁK2[1+—~<—):|.
K2\ ¢

The quantity (1—¢)/#2 may be treated as a quantity of
the order of unity, because in the ¢ integration the
neighborhood of {=0 is suppressed by the factor ¢ in
(V8). Thus, the most important pole in (V8) is located at

iN(1—1)

2Kt

(V22)

(V23)

This gives rise to a maximum in the integrand of (V8),
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located at A=0, with a width of the order of

s=NK. (V24)

Hence the average momentum transferred to the
Coulomb field is of the order of ¥6=MT/|p.+p_|.
This, except for very wide angles between the Dalitz
pair, is of the order of

A=MT/(E++E-), (V25)

which is a small quantity for part of the range of T'
listed in Table I.

C. The Function G’

The function G’ is defined by (56). An order-of-
magnitude estimate of G’ may be made by replacing
«-Q. in (56) by Q.= |Q..|, respectively. This is justified
because both e+ are extremely relativistic. What one
usually calls the “large” and “small” components of
the spinors are, in this case, comparable in magnitude.
Hence the nonvanishing matrix elements of the matrices
«, which connect the “large” component to the “small”
component, are of the order of unity. Thus,

G’ S5(0+40-). (V26)
From (57), it can be seen that
1QL]/I.SA. (V27)

In the approximation (V4), I, and I_ are the same.

Hence _
A

Gl
— 5 =
|E—E|

G

E+ - E_
E,+E_

’ ¢ (V28)

Under the assumption (61) this is less than unity for
the range of ¢ covered by Table I. Near the theoretical
estimate of 7=5X10"2 sec, the neglect of G’ as com-
pared to G is estimated to produce an error of less than
59, for the worse choice of energies, i.e., |E.—FE._]
=1(E,+E_). The corresponding error for the inte-
grated distribution (87) should be less than 29,.



