PHYSICAL REVIEW VOLUME

128,

NUMBER 6 DECEMBER 15, 1962

Lee Model with Two V Particles™{

P. K. Srivastaval
Lnrico Fermi Institute for Nuclear Studies, The University of Chicago, Chicago, Illinots
(Received June 22, 1962)

For a relativistic field theory including two particles V; with the same quantum numbers described by
Heisenberg fields y; (x), the values of the matrix elements (0|y:(x)|V;) are obtained by the use of the asymp-
totic conditions. For a Lee model including two V particles these matrix-elements are used to obtain expres-
sions for the renormalization constants. The consistency between the dispersion theoretic and Hamiltonian
methods for this model is verified by discussions of several particular situations.

I. INTRODUCTION

N this paper, we seek to present a nontrivial example
of a field theory, describing in its framework two
particles having the same quantum numbers, but
different masses. The major complication in such a
theory is in the definition of Heisenberg field operators
for the two particles. The reason being that the Heisen-
berg fields require an extension off the mass shell, and,
if we have more than one field having the same quantum
numbers differing only through their masses, then the
two fields naturally get mixed. We seek to remove this
arbitrariness by the requirement that the asymptotic
fields, defined by the Yang-Feldman equations,' de-
scribe independent particles. That is to say, that they
have the usual commutation rules required for non-
interacting independent fields. It is found that such
conditions can be postulated in general.

The model used for illustration is a simple general-
ization of the original Lee model. Just as in the original
Lee model,2 our model is essentially nonrelativistic, as
our fields have no antiparticles. The model describes a
very restricted set of interactions of three fermions
Vi, Vs, and N with one boson 6; (V= N-+6 and
Vo= N46). The fermions are assumed to be infinitely
heavy, while the boson obeys a relativistic energy-
momentum relation. The form of interaction allows us
to define two quantum numbers B and .S which are
conserved in the interaction. The quantum numbers of
the V particles are B=1, S=1; those of the V particle
are B=1, §=0, and those of the 8 particle are B=0,
S=1. It is clear that there are no other states with the
same quantum numbers as N or 6, and, hence, these
do not require any renormalization. The V' particles,
on the other hand, can dissociate in N@ pairs, and,
hence, the fields associated with them need normal-
ization. The vacuum state needs no renormalization.

In Sec. IT we shall formulate the conditions which we
shall have to impose to insure a proper description of
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the asymptotic fields. In Secs. III and IV the calcu-
lation of the renormalization constants and the N—#@
scattering amplitude will be carried out in the usual
Hamiltonian formalism (solution of Schrédinger equa-
tion). In Sec. V a connection between the dispersion
theoretic and the Hamiltonian methods will be made
clear by illustration of the use of asymptotic fields,
asymptotic conditions, defined in IT and by showing
that they are consistent with relations obtained in
Secs. IIT and IV. This will complete the foundation of
using this hybrid approach in this model, and will be
applied to ¥V —6 sector in a later communication.

II. ASYMPTOTIC FIELDS AND THEIR
COMMUTATION RELATIONS

Let us consider two fields ¢1(x) and ¢»(x) which
correspond to particles whose masses are u; and us, and
whose other quantum numbers are all identical. We
wish to discover sufficient conditions, such that the
asymptotic fields in the remote past and the distant
future describe independent particles; that is to say,

‘they obey free-field equations and commute with each

other. For simplicity we assume the two particles to
be spinless; hence, the fields obey

(O+w)¢1(x)= j1(x) (2.1)
and

(O+ a2 (w) = fa (). (2.2)
Here 71(x) and js(x) depend on ¢1(x), ¢2(x), and also
on all the other fields which may be relevant in a
particular problem under consideration. Indeed, these
equations may be taken as a definition of the current
operators 7;(x). We can integrate these equations
formally to give the Yang-Feldman equations, defining
the asymptotic fields in remote past, in terms of the
Heisenberg fields
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B1i" (%) =1 () — (2.3)

and

o1 () = ha (&) — / An(us, 5—3) j2(3)dy, (2.4)

where Ag(u, x—%) is the retarded Green’s function of
a Klein-Gordon equation with mass p. The asymptotic
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fields ¢:1'"(x) and ¢i*(x) satisfly free-field equations
with mass p; and us, respectively,

(O4+uDei*(x)=0, (O4wuDp"(x)=0. (2.5)

Equations (2.3) and (2.4) imply, in a certain sense, a
convergence of the operator ¢(x) to ¢'*(x) as the time
t— —oo. Indeed it is required to be a weak-operator
convergence defined by Lehmann, Symanzik, and
Zimmermann?:

lim (2] @)~ (651 |8 =0 (26)
for all pairs of states |¥) and |®), where
¢ (H)=i / B §i(%)0f* (). @7

Here f.(x) is a normalized solution of the Klein-Gordon
equation with mass u;. As both ¢;i*(x) and f;(x) satisfy
the Klein-Gordon equation with the same mass, [¢,i*] /¢
is actually time-independent.

In order that the in-fields describe noninteracting
particles, we not only want them to satisfy Eqs. (2.5)
but also proper commutation relations. These are

o1 (@)1 (') ]=4A (1, 2 —2),
L2 (%), (+) J=1A (s, —2'),

L1 (x),62™ () ]=0.

These lead to the following matrix elements for the
in-fields,

(0]¢1in(x) | p2)=0, (0]psi™(x)|p1)=0,
0| pain (@) | pr)y=eirnan/ (2mr)372,
(0] g2t () | po)=eirrun/ (2m)*2,

where |p;) and | ps) are eigenstates of the total Hamil-
tonian with masses u; and ue, respectively. All other
matrix elements are zero.

Let us now investigate what Egs. (2.9) imply in
terms of the Heisenberg field. From Lorentz invariance,
we have

(0] pi(w) | pi)=(0]$:(0) | psyeivin=s/ (2m)*".

Thus, the space time-dependence is explicitly factored
out. By relativistic invariance {0]¢;(0)| p;) is a function
of p=—pu?; hence, is a constant. We can thus easily
substitute for |p;) a state with wave function g;(x);
thus

and

(2.8)

(2.9)

(2.10)

(Olqsiff(t)]g]-)=iCijfgj(x)aofi(x)d3x, (2.11)
where the C;/’s are constant, equal to (0]|¢:(0)|p;).
Application of the asymptotic conditions (2.6) and

3H. Lehmann, K. Symanzik, and W. Zimmermann, Nuovo
cimento 1, 205 (1955).
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comparison with (2.9) thus yields
Cij=(0]¢:(0)| p;y="5:;. (2.12)
Using (2.10), (2.1), and (2.2), we obtain
(017:(0) | psy=0. (2.12)

These thus give the general conditions which the fields
describing two particles having identical quantum
numbers must obey.

III. DESCRIPTION OF THE MODEL

The model used here describes the interactions of
three fermions, Vi, Vs, and N with a boson 6. The
allowed interactions are V= N@ and V= N6. These
interactions, along with the restrictions that there are
no antiparticles in the model, allow only a very restricted
class of reactions, and thus make the model especially
simple. The model is described by a Hermitian Hamil-
tonian,

H = (my+8m1) Z 11+ (ma+-6me) Zaps"a
+BWitetHoc)+ 2k warlay

+{ (gt ¥nd+He}, (3.1)

where
A=k [u(w)/(20)" o, = (u+E)'2  (3.2)

Here y; and ¢» are renormalized field operators de-
scribing ¥, and V, in a certain asymptotic sense which
shall be made explicit later. ¢» is the field operator
for the N particle, and ay is the annihilation operator
for the # particle in the state of momentum k. m; and
mq are the renormalized masses of the particles V; and
Vs, respectively, and u is the mass of the 8 particle.
The mass of the N particle is taken as the zero for
energy. It is clear from the Hamiltonian that ¥V and N
particles are taken to be fixed in position; hence, their
energy is the same as their mass, whereas the 8 particle
obeys a relativistic energy-momentum relation. We
have quantized in a box of volume Q; later the limit
Q — oo will be taken in all integrals. The cutoff function
u(w) is so chosen that all the relevant integrals exist
and that there are no ghost V-particle states.

The equal-time commutation relations obeyed by
the field operators are

[awawt]=8k,0, {In'¥n}=1,
{‘plT"pl} = 1/Z1; {11,21'"[,2} = 1/Z2’

Wi} =1/2s.

All other anticommutators between fermion operators
vanish. It shall be noticed that the anticommutator of
the field operators y;" and ¥» does not vanish, as is
usual for field operators of particles having different
quantum numbers. In that case it follows?* from the

3.3)
and

4 As the anticommutator is a ¢-number, we have

{nf e} = (0] {¥r T2} 0)
=Z,L0[ T [s)(s |2l )0 ] s)s ¥4 T|0)],
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fact that the equal time anticommutators of the
Heisenberg fields are ¢-numbers in any proper Hamil-
tonian theory quantized by the canonical commutation
rules. In the present case, since V; and V, have the
same quantum numbers, we cannot put {¥:fy.}=0;
however, even here we shall assume that it isa c-number.

IV. PHYSICAL V-PARTICLE STATES

We define the physical V-particle states as the
eigenstates of the total Hamiltonian with eigenvalues

my and 7
(4.1)

(4.2)

H|V)=m|Vy),
H| Vg)Z’WLzl V2>

These equations are however not sufficient to deter-
mine all the renormalization constants in (3.1) and
(3.3). We thus require further restrictions which are
provided by the discussion in Sec. II. We require in
analogy with (2.11)

©Ol¢1| V=1, (0|¢z| V1)=0,
(O]1]Vo)=0, (0]ys|Va)=1. (4.4)

We had shown the consequences of such conditions for
a relativistic theory involving bosons; however, it is
also valid for the nonrelativistic model under con-
sideration.

Besides (4.3) and (4.4), there are the usual normal-
ization and orthogonality requirements on these eigen-
states,

(4.3)
and

(Vi V=1, (V:|Vy)=1, (4.5)
<V1| V) =0. (4.6)
Let us define, for convenience in writing,
[1)=y1710),  [2)=y-"]0),
and
IA70k>=akT¢NT l 0> (47)

It should be noted that we carefully avoid calling
states |1) and |2) V-particle states, as they do not
represent bare V-particle states. They are not even
orthogonal to each other.

We now expand the physical V-particle states in
terms of |1), |2), and | N8y).

|V =ay| DFas|2)4+2k f1(k) | NOy). (4.8)

Imposing the requirements (4.3), we can deduce the
following relations between a; and as,.

Ag=— — (Zg/Z;;)Oll, (4.9)

and
(r/Z)[1—(Z\Zs/ | Z5|?)]=1. (4.10)

Using the Hamiltonian (3.1), the commutation rules

where |s) is a complete set of states. If the fields ¢ and ¢ have
different quantum numbers, then for every member of the set
|s) the summand in the above expression vanishes. Hence,

{1t e} =0.
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(3.3) and Egs. (4.9) and (4.10), we have
u(w)

(2(.09)1/2

(g1 D+g2(2))

H|Vy)=Z1(mi+om1) | 1)+ B*| 2)+g1 2 | NO,)

u(w) f1(k)
T2 —(Z—wﬂ)”z

+2rwfi(k) | Nox)

=m1| V1)
=m1a1[ 1)-1%1 (ZQ/Zg)Ole 2)
+’}111 Zk f1 (k) ! ZV@k).

Comparing the coefficients of the states |1), |2), and

(4.11)

- | N8y), we obtain the equations

My 0my— (m1a1/21)
+§ Zk [#(w)/ (2e2)V?] f1(k)=0, (4.12)

B+ g2 3k [u(w)/ (202)'*] f1 (k)
“+maoy (ZQ/Z3) = 0,

(w—m1) f1(k)+gi[w(w)/ (202)'*]=0.

Substituting fi(k) from Eq. (4.14) in (4.12) and (4.13),
and taking the limit of infinite volume, we have

(4.13)
and
(4.14)

M+ omy— (mlal/Zl) = (g12/Z1)¢(m1) (4.15)
and
B¥+ (mya1/ 2,) (Z1Zs) Zs) = g1ged(my),  (4.16)
where
1 * k'u(w)de’
o= [ =
472/,  o'—w
u* (o) 1
=lim Y & — (417
t—w (20’2 W' —w

A similar procedure can be used for the | V) state;
namely, we begin by defining
[ Vo) =81 )+8:[2)+ 2k f2(K) [ Vo). (4.18)

Following the procedure of Eqgs. (4.9)-(4.17), we have

mot0ma—ms(Be/ Zo) = (g2/ Z2)p (m2),  (4.19)

Bt +my(8o/ Z) (Z1Z 5/ Z3) = g1gadp (), (4.20)

B/ Z)[1— (ZiZo/ | Z5|?)]=1, (4.21)
and

fo(k)=—g[u(w)/ QoM [1/(w—m2)]. (4.22)

A simple algebraic manipulation of Egs. (4.10),
(4.12), and (4.13), (4.14)-(4.16) yields the following
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results:
Z1=Kai, Zs=Kas,
(4.23a)
1/Z3= (I/K) (g1g2/alﬁ2)F(ml,’WI«2),
where
K= [1— (lez/ | Zs] 2)]
=1— (g:%gs*/c1B2) F* (m1,ms). (4.23b)
dmy=mi[ (1/K)—11+ (g2/Z)¢(m,), (4.23c)
dma=ma (1/K)— 114 (g22/ Zs)$ (m2), (4.23d)
and
B=g1go[ E(myma)— (my+ma)F (myyms)],  (4.23¢)
where
F( ) ! f T el (4.24)
mi,my) =—— - .
4n® J, (“’—’ml) (w—-'m2)
and
5 ) 1 /°° wku? (w)dw (825)
m1,Me)=—— e — .
dn? Jy (w—m1) (w0—ms)

The constants «; and B; can be easily determined by
the use of the normalization condition (4.5):

1=(V,| Vy)
= aPA/Z)= (ZaZ/ | Zs[) T+ 2| fr0) |2
ie.,
a1*= 1—g12F(m1,m1). (426)
Similarly,

ﬁ2*= 1—g22F (mz,’WLz). (427)

It is clear from the expression (4.24) that as 7, and m,
are less than u the constants a; and B, are real and so
are all the renormalization constants Z), Zs, Zs, B,
dmy, and dm,. We shall thus ignore the asterisks from
all our subsequent equations.

The orthogonality of |Vi) and |V is a direct
consequence of (4.14), (4.22), and (4.23a-€).

<V1| V2>=01132(—Z1/Z3<1[+<2|)(| 1>—Zz/Z3!2>)
+>x f1(k) f2(k)
= — KaBs/ Zs+ g1gaF (ma,me) =0.

We are now in a position to prove by direct calcu-
lation the equations corresponding to Eq. (12) of Sec.
II. Before we undertake this, we have to define the
operators at arbitrary time in terms of the operators
we have been working with until now (i.e., operators
at time ¢=0).® This is easily done by the transfor-
mation,

(4.28)

O () =eH!Qe—iH?, (4.29)

The current operators can now be defined by the
following equations:

[—i(d/dt)+m:(t)= f1(8),
[—i(d/db)+mae(t)= f2(p). (4.31)

5 The time label of all the operators is ignored when referring
to time £=0.

(4.30)
and
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Using the Hamiltonian (3.1) and commutation rules
(3.3), we obtain

fHi@O=[HP @) J+mu:(2)
Zy B
= —bm1 () — — (mat-omaa(t) — —a(t)
Z:; Zl
B g1 g2
— =)= —YnOAO)— —Yn(A(2), (4.32)
23 Zl Z3
and
A B
fo()=—bmas () — —(my+om )1 (t) — —¢1(2)
Z3 Zy
B g2 g
— ()= —Yn (DA @) — —yYn(O)AF). (4.33)
Zg Z2 Z3

Similarly we can define the §-current operator j(t),

7 @) =[Q2w®)"2/u(w) [L—i(d/dD)+wax(®).
Thus,

(4.34)

()= — (gnTrtgabn'n). (4.35)

Taking the matrix element of (4.32) between vacuum
and one-V-particle states, we get

B g 8182
O] f1| V)= —omy— —+—¢ (m)+—(m1),  (4.30)
Zg Zl Z3

Zs B
O] f| Vo=~ (m2+5m2)Z_ _ =

3 1
818 g5
+-1——2¢(mz)+i¢(mz). (4.37)
Zl Z3

The expressions on the right of these two equations
can each be easily shown to vanish by use of the
relations (4.23). Similarly, we verify directly that

0] 2| V)=0 and (0] f.| Vo)=0. (4.38)

The constants g, and gs appearing in the Hamiltonian
(3.1) can be easily seen to be the renormalized coupling
constant, as taking the matrix elements of (4.35), we get

(N[jIV)=—g and (N[j|Vo)=—g: (4.39)

V. THE N-0 SCATTERING STATES

Now we are interested in the scattering of the
f-particle by an NV particle, and calculate the scattering
amplitude. We shall see that the form of the scattering
amplitude is as required by unitarity and the mass
spectrum.

The scattering states can be got as the continuum
solution of the eigenvalue equation

(H—w—1ie)| NO,HY=0.

(5.1)
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The positive imaginary part for w is introduced in the
equation to insure the proper boundary condition at
time f=—c where we assume that only incoming
plane waves exist. We split the state as

. [NOH)= [ NOW+ | xT (). (5.2)
when «
(H—w—i€)|x*(w))=—Hr| Nby), (5.3)
where
Hy=H—H,. (5.4)

Here, Ho=) i wxax'ax, the Hamiltonian for a non-
interacting N6 system.

Let us expand the state |x*(w)) in terms of the
physical states | V1), | Vo) and the noninteraction | Nfy)
state.

[xt(w)=a1| V)+as| Vo)+2w (&) | NOw). (5.5)

Substituting (5.5) in Eq. (5.3), we get, using (4.3) and
(4.4) and the Hamiltonian,

ar(mi—w)| Vi)+az(me—w)| Vy)
+3w f(F) (0 —w—ie) | NOx)
TR )u k')
)
u(w)

=— o (g1] 1)+g2(2)).

+2k (g1] 1>+g2] 2)

(5.6)

Using the expansions of |V;) and | Vs) (4.8) and (4.18)
and comparing coefficients of [1), |2), and | N6y),

a122

ax (ml-— w)Ol]_— as (mz— 0))
3

J&u(w') #(w)
1 = g1, 5.7
tak QR (e G
BaZ1
—dl(mz“w)——+a2(m2—w)ﬁz
Z3
FRu(w") 1 (w)
2 = g2, 5.
BT e e G8)
and
arf1(K) (my— ')+ as f2(K) (ma—o')
+ () (& —w)=0. (5.9)

Substituting f1(#) and f2(k’) from (4.14) and (4.22)
in (5.9), we get

(o) (m1—w)
L (20D (0 —ma) (o — o ié)
(') (mo—w)

a .
’ (20’12 (' —my) (0’ —w—1i€)

fk)=a

(5.10)

SRIVASTAVA

Substituting f(&’) in (5.7) and (5.8), and taking the
limit of @ — o0, we have

a1 (m1—w)[ar+gi2F (my1, w+ie) J+as(ma—w)

X[ 2 g n i | ) s
— M, wti€) |=— , (5.
Kz, S8 Qe
and
YAVAS
al(ml——w)[— +g1g2F (m, w+ie)]+a2(m2—w)
KZ,
KBk 2 ey i J= — gy, (5.2
2T g2 Mo, W-~1€) |= (2w9)1/2g2. (
Using the relations (4.23) and defining
1 ® kee)de
F(wl,wg,w3)=—— y (513)

mJu (0—w1) (0—ws) (0—ws)
we can recast (5.11) and (5.12) in the following form:
a1(m1—w)[1—g2(m1—w)F (m1, m1, w+ie) ]
+a2(m1—w) (me—w)[— g1goF (ma, m1, w+ie) ]

_ u(w)_
(zwml/zgl’

(5.14)

and

a1 (mi—w) (ma—w) [ — g1g2F (m1, Mo, w+-ie) ]
Faz(me—w)[1— g2 (ma—w)F (ma, ma, wtie) ]

(w)
__ (:ommgz. (5.15)

We can easily solve these simultaneous equations for a;
and as:

a1=N1(0)/A(w) and as=N:(w)/A(w), (5.16)
where
u(w)
Ni(w)= *glzzwml/z(mz*w)
X[1—go?(mo—w)F (ma, ms, w+ie)
+ g2 (mi—w)F (ma, m1, w+ie) ]
1 (w)
T G
X[:l—ggg(m2—m1)F(m2,m2,m1)], (5.17)
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and similarly,

M@=~ (i)
2(w)=—4g2 my—w
g (20)12
X[1—g2(my—ms)F (m1,mi,ms)],  (5.18)
A(w)= (m1—w) (me—w)D(w), (5.19)
where
D(w)={(1—g?(m1—w)F (my, m1, wo-+1ie)
X[1—g22(ma—w)F (ma, my, w-+tie€)]
— g12g2* (M1 — w) (M2 —w) F2(m1, ma, w+i€)}.  (5.20)

We shall later find it useful to rearrange the expression
for D(w).

Coefficient of g:2g2? in D(w)
= ('Wh—‘w) (M2'—w)EF (ml, m, w+i€)F(WL2, me, w—l—ie)
-——Fz(ml, ma, w-{—ie)], (521)

which reduces, after small algebraic manipulation, to

(m1—w) (Wm—w),: (mr‘mz)F (m2,m2,m1)

WITH TWO V PARTICLES
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Thus,
D(w)= { 1—g2(mi—w)F (m1, m1, wt1ie€)

—g ("”2"“’)F(’m2, Mo, w-l—ie)
+8:%g2 (m1—w) (me—w)

l: 1 do'k'u?(w")
>< —
472 ,/,: (' —m1)* (0 —ms) (0" —w—1€)

X (m1—ma)F (mo,ma,m1)

. 1 do'k'u?(w')
' 47r2/,: (& = 12— ) (& — 0— i)
X (mo—my)F (mlyml,'WM)J } (5.23)
The scattering amplitude can now be calculated in
terms of the state | N6,*):
T (k)=(N6|Hr| N6,*).

Using explicit form of Hy and the commutation rules,
we have

(5.24)

T{w)=

Let us denote this expression by

T0)=— (|05
Tayn

1 * Eu? (w')dw' u (0))
] Ryt = Gy | B el N0
+ (ma—m1)F (m1,my,ms) u(w) <5

1 o k'u?(w")do' - (26Q)V2 (g101+g202). (5.25)
X~ / ] (5.22) o

4n? ), (o' —me)?(w'—m1) (0 —w—1i€) Thus the S-wave amplitude is
ku?(w){g:® (ma—w)[1— (ma—m1)go2F (mo,mayma) 1+ g (m1—w)[1— (m1—ms) g12F (m1,ma,ms) 1} (5.26)
4 (m1—w) (ma—w) D (w) o
have
ku? (w)
T () =[ku2(w) /47 M (). (5.27) ImA(w)=— {8 (m1—w)[1— (ma—m)

Analytic Properties of M(w)

It is clear from (5.26) that M (w), as a function of the
complex energy variable w, has poles at m; and ms with
residues —g;> and — g% respectively, since

D(my) =[1—ga (mo—m1)F (mo,ma,my) ],
and

D(ms)=[1—g(m1—m2)F (mymi,ms)]. (5.28)

Besides these poles, the function M (w) has a cut from
¢ to o in the complex w plane, coming from the func-
tions F (mi,m;w). To calculate the jump across the cut,
we use the explicit expression for F (m4,m;,0). Then we

T
X g'F (mayma,mi) 1+-go (me—w)

X[1— (my—w)g:2F (m1,m1,m2) ]} (5.29)

= —[kw*(w)/4m N (), (5.30)

where NV (w) is the numerator function in the expression,

M (w)=N (0)/A(w). (5.31)
Thus we have

ImM (w)=[ku?(w)/4n ]| M (v) |2 (5.32)

M (w) thus has poles and cuts as required by mass
spectrum and unitarity. There are no other poles as
long as D(w) has no zeros, which is certainly true if
g:® and g;? are sufficiently small.
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VI. AN ILLUSTRATION OF THE USE OF THE
HEISENBERG FIELDS 1, AND 4,

We observed in Sec. III that ¢, and ¢, describe in an
asymptotic sense the particles V; and Vs, respectively.
We shall now show that it is possible to use these
operators, in the reduction formulas of the standard
formalism,® as the field operator for V; and V' particles,
respectively. This is instructive in view of the fact
that ¥t and ¢, do not anticommute, and hence the
states |1) and |2) do not represent bare V; and V,
states. We shall first define in- and out-fields, and then
later illustrate the assertion that ¥;(f) and ¥2(¢) can
indeed be used as field operators for V; and Vs, by
showing that their use does not contradict the Hamil-
tonian formalism used till now.

In complete analogy with the discussion in Sec. II,
we can define the asymptotic fields, ¥1'»(f) and ¥»'*(2),
which shall anticommute with each other:

i () = (1) — / Selms, =) i), (6.1)

and

Poin ()= (i) — / Snlmsy =) fo)dl,  (6.2)

where Sg(m, t—¢') is the retarded Green’s function of
the equation :

(—i(d/d))+mp ()= J (). (6.3)

The asymptotic condition can be written down as

lim (W[g:() [ @)= (4 [¢:" (D] ). (6.4)

We need not use the wave functions f(x) as fields y(z)
have no space dependences. The operators ;' i2(0) and
¥s' 17(0) can now be used as the creation operators for
the V particles in the remote past, as they obey

{0 (0) 91 ™ (0)} = {¥a" (0) ¥ (0)} =1,
and
{¥1" 2(0),¢2™(0)} =0. (6.5)
In the same way it is possible to define ¢, °*¢(0) and
Yot °94(0), which can be used as creation operators in
the distant future.
We can now check the consistency of this section
with Hamiltonian formalism by direct calculation.

Of¢1] Vo= {0]ygw," 2[0)=(0|{¢1,¢1" }[0). (6.6)

The extra term introduced by the anticommutator

§H. Lehmann, K. Symanzik, and W. Zimmermann, Nuovo
cimento 6, 319 (1957).
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vanishes. We now use the asymptotic condition (6.4):

Oy V)= lim (O] (rg! (0} [ 0)e (©.7)

® d
- / 0] (b (0} 00— Do

:"'/ O {1, 1T ()} [0)0(—1)eim1tds
HO[{¥141"}0).  (6.8)

We introduce the complete set of in-states and use the
time translation property,

J@) =T f(0)e, (6.9)
and then integrate over time when
1 O] st)st| £170)
Ol Vy=—+ E— L2 (6.10)

/i1 S—m1

Using the fact that the current operators do not have
any matrix elements between vacuum and single-
particle states, we have

1 1 ® 2(60) L1 w)Kl* w)
<0l¢1lV1>=—+f/ - ( ( , (6.11)
Zi wJy 4w w—my
where
Ki(w)={0] 1| N0 2w)?/u(w)],  (6.12)
and
Li(w0)={0|¢1| N0, (202)2/u(w)].  (6.13)

Following a procedure similar to (6.6)-(6.11) we can
get the following:

1 1 ® Lg(w)Kg*(w) kuz(co)
2| Voy=—+ dw, 14
<0I¢1 > Zz T,/u (w—’”’L2) A (6 )
1 1 *Li(w)K*(w) ku?(w)
1 V2 =T w, 15
and
1 1 Lo(w)Ki*(w) ku?(w)
0| Vi)=—4~ w, .
Olgal V=~ / e (610
where
Ky(w)=(0] f2| N0 ) (202)?/u(w)]  (6.17)
and
Lo (w)={0|2| N0 (202)2/u(w)].  (6.18)

We are thus required to calculate the functions K;(w)
and L;(w), and again we follow the dispersion-theoretic
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tGChnique;
(2w0)12
Ky(w)={0[ f1| NO+)-
Ulw
- (2w)12
= Em O|Lfoe O e
(2uQ)12
={0|[ fr,a"]| V)
M(w)
0 1 AN o+ 4t N
Zs< lfls ><S I]l ) (619)
S—w—1e

Making use of the expression (4.32) for fi, the commu-
tation relations, and the current matrix elements, we
obtain

ki =—( 242
1 3

1 = Ky(w!)e e sing(o)
—f dw’  (6.20)
Ty W' —w—1ie
as
" 6 jiea= b (o) =0 sinae). (620
——F(0| 7| N0, )= w)=e%® gind(w). (6.
ey 4r

The equation for K;(w) is the standard form of integral
equation discussed by Omnes” and its solution can be
written down directly. If we define

P o a(wl)
p(w)=——/ dw’, (6.22)
T Jy o' —w
the solution may be written in the form,
81 82
Ki(w)= —( —t— >+ep(w)+i6(w)
1 3
1= g1 g2 \e*“" sind(w’)
X‘/ (— == )———dw’. (6.23)
TS Zy  Zs o' —w—1ie

Using the results (BS) and (B7) from the Appendix,
we get

g1 42 1 1
Kiw)=—( —>= ) I— — —
0
Cy Z—w—1i€
(B4 >Q<°°>=_gf?_<i@,
Zy Z3/ Qw) Q(w)

7 R. Omnes, Nuovo cimento 8, 316 (1958).

dz:l (6.24)

(6.25)
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Co

F1c. 1. Contours in the
w plane.

[
S

where we have used Eq. (C9) in the last step. Ci is a
contour in w plane defined in Fig. 1. A reduction formula
similar to (6.19) can also be obtained for the function

Ll(w) : .
Ol ¥t 71| V) (2u)®

u(w)

. (6.26)

Li(w)=2s

S—w—1e

As only | V;) and the
g1 e sing(w')Li(w')dw’
Li(w)=——4—

mi—w TSy

N6,y states contribute, we get

(6.27)

o' —w—1e

Again we can utilize the results from Appendix B5 and
B7 and write down a solution of this integral equation :

1 0
w)=— plw)+i8(w) —p(w’)
Lae)= =~ W/“ ¢
Xsind (@) ——— ———  (6.28)
W =MW —wW—1€
__ §1Q(m) . (6.29)
(m1—w)Q(w)
Similarly,
20 (m2) 220 (m2)
Ky(w)=— d Ly(w)=— ——-+——— (6.30)
0w (m—@)0(@)

Substituting (6.25), (6.29), and (6.30) in (6.11), (6.14),
and (6.15), we obtain

1 202 (my) [ ku?(w)
Ol va= 45 C [T
VA T u A
1 1
X —dw, (6.31)
[Q(@)[? (0—m2)*
1 22 2( 9 wk 2 w)
<0|¢2IV2>=*'+g Q2 (m )/ 12 (
2 T A
1 1
X — dw, (6.32)

|Q(@)[* (0—m1)*
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and

<0|¢1|V2>=<0[¢2|V1>

1 1~ kut(w)
=—-+ 1820 (m1)Q (m2)— / *
Z;} ™

s 4r
1 dw
X X
[Q(w)|? (w—m1) (w—ms)

These integrals have been evaluated in the Appendix C,
with the results expected :

O[¢1] V=1, (0[¢2| V1)=0,
O]¢1]| Vo)=0, (0]¢s|Vo)=1. (6.34)

These are identical with the conditions which we
imposed on the eigenstates in Sec. IV. Thus, we see
that the use of the asymptotic condition in the form
(6.4) is perfectly consistent with the Hamiltonian
formalism, at least for the matrix elements calculated
above.

(6.33)

and
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APPENDIX A

It has been proved in the text that the N—8 scatter-
ing amplitude can be put into the following form:

g1t (ma—w) D (m1) g2 (my1—w) D (ms)

M(w)= A-1
( (m1—w) (ma—w) D (w) (D
We can now define a function Q(w) such that
M (w)=[(wo—w)/ (m1—w) (m2—w) [1/Q(w)], (A-2)

where wo is the zero of the numerator in M (w). As
M (w) has poles at m; and ms with residues —g;2 and
— g%, respectively, we have

g0 (my) = (wo—my)/ (ma—my),
and (A-3)

2220 (mg) = (wo—ma)/ (m1—ms).
Also, it is evident that
Q(w)=D(w)/[g:2D (1m:)+g:2D (ms) ].

The function Q(w) has a cut from y-—c. The jump
across this cut can be evaluated from the unitarity
relation,

ImM (w) =[k*(@)/4x ][ M () |* for w>p,

(A-4)

(A-5)
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whence it follows that

ImQ (w) = [ku? (w)/47r][(w—~w0)/(w—m1) (w—my)]

for w>u. (A-6)

Although we have obtained the explicit form for Q(w)
in terms of D(w), it is sometimes more convenient to
use the form,

Qw)=0()
1 Fu(o’) (' —wo) dw’

(A-7)

dn2 ], (@' —m) (o —ms) (0 —w—ie)

which follows from (A-6) and the fact that Q(e«) is
finite. This gives an important relation:

Q(wo) —Q (o) =F (m1,ms). (A-8)
Now
D(o)= (1—gF (m1,m1)) (1— g2*F (me,ms))
—g1°g2F (my,ms).  (A-9)
Using (4.25), we get
D(w)=aBs— (1—K)aBy=Kasfs.  (A-10)

Another form can be obtained using the forms of
D(my) and D(ms,):

1— gF (my,mq) = D (mg) — g12F (m1,ms)

and
1——g22F(mQ,m2)=D(m1)——g22F(m1,m2). (A-ll)
Substituting in (A-9), we get
D(0)=D(m1)D(ms)
— (82D (m1)+g2*D (ms) JF (mi,ms).  (A-12)

Using (A-12), (A-8), and (A-9), we get
Q(w0)=D(m1) D (ms)/[g:*D (m1)+ga2D (m2) ]. (A-13)

APPENDIX B

Here we calculate certain integrals which are required
for explicitly writing down the solution of the Omnes’
type equations encountered in Sec. VI.

As defined in the text,

1 = §(w)dw’
ptis=- [ 2w
T o —w—ie
Since
) (o)
(@) 5ind (w) = , (B-2
= ) )
we have
8(w) = — (1/24)[InQ(w) —InQ(w*) ], (B-3)

where use has been made of the fact that §(w) is real
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and Q*(w)=0Q(w*). It follows that

1 1
o i) =— — [ 2, (B-4)
2wt J ¢, 2—w—1€
B 1 InQ(z)dz 1 InQ(2)dz
B 2—1; Z—w—1€ 5;; Co :w—ie
= —InQ(w)+1nQ ().
Thus,
ORI =0()/0(e), (8-5)
and
¢ sind (w) = —[ImQ(w)/Q(x)].  (B-6)

APPENDIX C

Here we evaluate some integrals encountered in

Sec. V1.

1 P ut(0)de 1
=2

™
Making use of (A-6), we have
1 dz

C-1)
p dr |Q)]? (@' —ma)? (
1 ImQ(w')do’ (w'—m2)
. (C-2)
[0 (' —ms) (o' —w0)
(z—my) ()

Ilz_ - —_—
271 J ¢, Q(3) (3—ma) (z—wo)

_ I: (ml"—ﬂ’I«z) 1
(m1—wo) Q(m1)

(wo—ﬂ’L2> 1

(wo—m1) Q(wo)
Making use of (A-3), we get
1 N 1
D g0 g00m)0(w)

1
+[ Q(wo)

- Q(lw) ] v

—6£5} (C-4)
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Using (A-8), we find
1 1 1 I— 1 1 F(ml,m?):l
1= T T .
g0 (m) Qo)L gQ(m)  Q()
A minor manipulation gives the result,
Ii=—[1/g2Q*(my) [1— (1/Z1) ].
Similarly,
1 = ku?(0)do'
]2-':—/
u 4

(C-5)

(C-6)

1 1
|Q()]? (@' —ma)?

™

I,= (C-7)

il 7]
’ g22Q%(m2) VA ’
and
1 /w Fur(o)de' 1 1
S Q)2 (@ =) (o —m2)
1 az
271 J ¢, Q(Z)(Z—wo)
1 dz [ 1 dz
i Q@) (a—wo) 2mil o, (G—w0)0()
Using (A-8), we have

M 4

; '——l: 1 1 jl_ F(my,ms)
" Low)  0=)d 0)o(=)
and, from (A-13),
I3=[F (m1,ms)/Q(m1)Q (ms) J[1/KesB5].  (C-8)

Another result which is useful, is proved using (4.25):

8t & 4
(242 )= ok gapmamn)
Zy Zs KayB,

= s [1—(M2—m1)g22F(’m2,m2;m1)]
KalﬁZ
=g1Q(m1)
O(w)

(C-9)

()



