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NECESSARY CONDITIONS FOR OPTIMAL STRATEGIES IN A CLASS
OF DIFFERENTIAL GAMES AND CONTROL PROBLEMS*

LEONARD D. BERKOVITZf

1. Iatroduction. In [2] we studied a class of differential games having
pure strategy solutions. We obtained necessary conditions that must be
fulfilled along trajectories resulting from the use of optimal pure strategies
and we gave a sufficiency theorem. The necessary conditions were obtained
by reducing the problem to two variational problems and then applying
the first order necessary conditions for these problems. In the present paper
we shall study a slightly wider class of differential games. We shall obtain
the necessary conditions of [2] and the properties of the value function W
without recourse to the first order necessary conditions for the variational
problems. In fact, our arguments will also give the first order necessary
conditions for variational problems, or control problems, that have a syn-
thesis of a certain type. Our present methods make use of the assumed
existence of optimal strategies, or feedback control laws, instead of the
existence of a single optimal trajectory. The developments of 4 of this
paper stem from Isaac’s "tenet of transition" idea [6]; in the case of control
problems this is Bellman’s dynamic programming idea [1].
We conclude this introductory section by listing certain definitions and

conventions that we shall use throughout the paper. Vector matrix nota-
tion will generally be used. Vectors and matrices will be denoted by single
letters. Superscripts will be used to denote the components of a vector;
subscripts will be used to distinguish vectors. Vectors will be written as
matrices consisting of either one row or one column. We shall not use a
transpose symbol to distinguish between the two usages, as it will be clear
from the context how the vector is to be considered. Thus, the scalar
product of two n-dimensional vectors X and G, say, will be written as XG.
All scalars that occur will be real and all vectors will have real components.
A vector will be called positive if each of its components is positive. Nega-
rive, nonpositive and nonnegative vectors are defined similarly.

Let

x(t, x, y, z) (xl(t, x, y, z), X"(t, x, y, z))

be a vector-valued function defined and differentiable on a region of
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(t, x, y, z)-space. If z is an s-dimensional vector, we can form a matrix of
partial derivatives in which the (i, j)th element is

i- 1,--.,m, j-- 1,...,s.
0z

The symbol will denote this matrix. Note that when m 1, s 1, this
reduces to the usual notation for a partial derivative. The symbols
and will have similar meanings.
The term region will mean, as usual, an open connected set. The closure

of region will be denoted by and will be called a closed region. A
real-valued function h(t, x) will be said to be of class C(k) in x on if it
is continuous in (t, x) in and all of its derivatives with respect to x up to
and including those of order/ exist on nd are continuous in (t, x) on .
A real-vMued function h(t, x) will be said to be of class C(k) in x on if
it is C() in x on and h and the derivatives of h with respect to x up to and
including those of order k hve continuous extensions to . A vector-vlued
function will be said to be of class C() in x on if each of its components
is C() in x on . A region will be said to have a piecewise smooth boundary
if its boundary consists of a finite number of manifolds with boundary.
A finite collection of subregions 1, of a region will be said to
constitute a decomposition of whenever the following conditions hold"

(i) each i, i 1, ..., a, is connected and has a piecewise-smooth
boundary;

(ii) i . 0ifi j;
A real-valued function defined on will be said to be piecewise C(

in x on if there is a decomposition of such that on each the function
agrees with a function that is C(k in x on. A vector-valued function will
be said to be piecewise C in x on if each component is piecewise C
in x on .
The letter will denote time, and the operator (d/dt) will be denoted by

a prime.

2. Formulation of the game. In this section we shall formulate the class
of games to which our analysis is applicable. The class of control problems
to which the results of this paper are applicable is obtained by suppressing
the role of the maximizing player. Analytically this means suppressing y in
what follows. We shall leave this to the reader and we shall treat the game
situation, as it is the more complicated.

Let x be an n-dimensional vector, let y be an -dimensional vector, and
let z be an s-dimensional vector. We shall be concerned with a bounded
region @ of (t, x)-space and a bounded region of (t, x, y, z)-space. We
assume that @ is contained in the projection of into (t, x)-space. We
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shall be concerned with a real-valued function f(t, x, y, z) and a vector-
valued function

G(t, x, y, z) (Gl(t, x, y, z), ..., G(t, x, y, z)),

with range contained in Euclidean n-space. We assume that f and G are of
class C() on (R).
We shall also be concerned with a function gt(t, x) that maps points

(t, x) of @ into subsets of E8, and a function (t, x) that maps points of
(R) into subsets of -space. We assume that gt and have the property that
(t, x, t(t, x), (t, x)) belongs to for all (t, x) in .
Let, i 1, a, be a collection of n-dimensional manifolds of class

C(1), each of which lies in (R) and is given parametrically by the equations

(2.1) T(a), x X(a),

where (, an) ranges over a cube in E. We select a connected
submanifold of each .’ and form

= U.
i=1

We shall call the terminal surface of the game.
Let @ be a subregion of (R) such that is contained in @. Let g be a real-

valued function of class C() on @. The function g is therefore defined on
and is of class C(1) on each . We shall call g the terminal payoff function.
We now define strategies. Let 9 be a region with closure contained in

@, and such that the terminal surface forms a part of the boundary of.
Further, assume that separates @. The region will be the region of
(t, x)-space in which the play of the game takes place. Let denote the
class of functions Y that are piecewise C() in x on , have their range in
s-dimensional Euclidean space, and satisfy the condition Y(t, x) 5(t, x)
for all (t, x) . Let denote the class of functions Z that are piecewise
C() in x on , have range in E, and satisfy Z(t, z) (t, x)for all
(t, x) . We assume that ) and are nonvoid.
Let Y ) and Z E and consider the differential equation

(2.2) dXdt G(t,x, Y(t,x),Z(t,x) ),

subject to the initial condition

(2.3) x(r) .
If (r, ) is a point of discontinuity of Y or Z, or both Y and Z, there may

be more than one solution of (2.2) that satisfies (2.3). Furthermore, a
solution that is unique in a neighborhood of r may bifurcate at some point
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of the trajectory at which Y or Z or both are discontinuous. If (r, ) is a
point such that both Y and Z are continuous in a neighborhood of (r, ),
then, since G, Y and Z are C(1) functions of x, it follows that there is a
unique solution of (2.2) satisfying (2.3) in a neighborhood of r.

We shall say that Y ) and z is a playable pair if for every (r, )
in 9, every solution of (2.2) satisfying (2.3) stays in and reaches in
finite time. For each playable pair we can define a possibly multivalued
function in R as follows

P(r,(,Y,Z) g(ts,xs) -- fts
f(t,x(t), Y(t,x(t)),Z(t, x(t))) dt,

where x(t) is a solution of (2.2) and (2.3) and ts, xs) is the point at which
the solution x(t) intersects . We shall call solutions of (2.2) paths. The
function P is called the payoff function.
We assume that there exist a nonvoid subclass 0 c and a nonvoid

subclass 0 c such that if Y 0 and Z 0, then Y, Z) is a playable
pair. Let 1, 1 be the maximal pair of subclasses with this property.
We call the functions in )1 and 1 the pure strategies for the players.
The game can now be defined. Let (r, ) be given. Player I is to choose a

pure strategy Y in ) so as to maximize P(r, , Y, Z) Player II is to choose
a pure strategy Z in 1 so as to minimize P(r, (, Y, Z).
Let (Y*, Z*) be a playable pair such that the payoff P(t, x, Y*, Z*) is

single-valued on . In other words, if there is more than one path starting
at a point (t, x), then all the values P( t, x, Y*, Z*) are equal. Denote this
common value as W(t, x). Suppose further that, for all Y in and Z in 1,
the inequalities

(2.5) P(t, x, Y, Z*) W(t, x) =< P(t, x, Y*, Z)

hold for all (t, x) in . We emphasize that this must hold for all values
P(t, x, Y, Z*) and all values P(t, x, Y*, Z). In this event, we say that
Y*, Z*) is a saddle point relative to the classes and 3. The strategies
Y* and Z* are said to be optimal. The function W(t, x) is called the value
of the game.
The notation )(t) or (*)(t, r, ) will be used for paths resulting from

(Y*, Z*) and starting at (r, ); such paths will be called optimal paths.
The subscript is used to distinguish the different paths that may start at
(, ).

In this paper we shall assume that the game has saddle point Y*, Z*).
We shll impose further restrictions on (Y*, Z*) and shall deduce various
properties of the solution for this class of games. In order to state the con-
ditions we introduce the notion of a regular decomposition of . This is the
same definition used in [2]; reference to Fig. 1 will prove helpful in under-
standing what is meant.
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Fro. 1

We define a regular decomposition of a region to be a decomposition
in which the constituent subregions cn be designated

Jh, 3h, , 31, Oh-, ,, ,.,
in such a way (see Fig. 1) that the following conditions are satisfied"

(i) The regions, defined for each i 1, a by the formula

constitute
(ii) For each i 1, a, always lies on the same side of , and

(iii) For echi 1, ..., a, 0, 0whenever
jj.

(iv) Foreachi= 1,.-. ,aandj 1, ...,j- 1, theset

is a connected and oriented manifold of dimension n and class C(1). We
suppose that n can be described by equations

(2.6) t= Tn(z), x

where z (a, ranges over a cube in Euclidean n-space.
(v) Each manifold divides into two disjoint regions such that
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each region lies entirely on one side of j. Furthermore, i n ik 0
fori 1, ,a, andj,/ 1, ...,j- 1.

(vi) For each subset il, ik of the integers 1, a, the set ,,...,k,
defined by the formula

is either the null set or a connected, nonsingular oriented differentiable
manifold.
We remark here that, as in the definition of , we assume that all of

!F. can be coordinatized by parameters in a single i.. This is made for
the purpose of simplifying the exposition.
We now introduce additional notation that will be used in the sequel.

In order to simplify the exposition, we shall sometimes denote the terminal
manifolds as ). Also, we define 0 to be the union of all manifolds,..., such that i belongs to the set i, i. We define. U,
(2.7) . U ,_,

U ,_ U,
wherei= 1,...,a, andj= 1,...,j.
We now formulate the restriction on (Y*, Z*). Since Y* and Z* are

piecewise C(1) in x there is associated with this pair of functions a decom-
position of , say U , such that in the closure of each , Y* and
Z* (1)are C in x. The saddle restriction is the following"

(i) The decomposition associated with (Y*, Z*) is a regular decomposi-
tion.

(ii) If (r, ) is a point of 9., i 1, a, j 1, ,j, then there is
a unique optimal path

(2.8) O*(t, r, ) O)(t, r, ) ing{ for r < < t,-,

where t,j is the time at which the path reaches . Moreover, the path is
never tangent to a manifold , k j, ..., ji, or to a manifold
il,"" ,i

Remarks. If (, ) is a point of a manifold ii,...,i then (v, ) can be-
long to regions . corresponding to several values of i. Condition (ii) of
(2.8) holds for each of these values of i.
In general, at points t at which the trajectory intersects a manifold

)k, k j, ji-1, the derivative 6" will be discontinuous, since the
manifolds are manifolds of discontinuity of at least one of the func-
tions Y* or Z*. Condition (ii) is to be understood in the sense that neither
1, *’(t + 0, , ) nor 1, 6"(t 0, , ) is a tangent vector to.
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3. Properties of *(t, r, ). Consider a subregion 9. Let (r, ) be a point
of 9- for some 1 -<_ j _-< j. Then there is precisely one optimal path in
starting at (r, ) and terminating at i --- i that results from (Y*, Z*).
We drop the subscript i and denote this path by *(t, r, ). We shall study
the dependence of * on .
For eachj 1, ,j Y* andZ* Care in x on j and each

and each l,...,ik is C(1). It therefore follows that for each j 1, j
there exist functions Y*. and Z*. and a region e containing . in its
interior such that Y*. Z*. C(1)and are in x on 9.e and such that for (t, x)
in .

Y*( t, x) Y*. Z*.(t,x), z*(t,x) (t,x).

Let us fix j and consider the following differential equation on

dx G(t,x, Yi*.(t,x) Z*.(3.1)
dt

(t,x)), x(r) ,
where (r, ) is in 9.. Since G is C(1) in (x, y, z), it follows from the prop-
erties of Y*.(t, x) and Z*.(t, x) and from standard theorems in the theory
of ordinary differential equations that there is a function q(t, r, ) defined
for a(r, ) < < b( r, ) such that q. is the unique solution of (3.1). More-
over, for (r, ) in j and a(r, ) < < b(v, ) the functions .(t, r, ),
.(t, r, ), (t, r, ) and i(t, r, ) exist and are continuous. (See, for
example, [4, Theorem 12, p. 165]).
On . the right-hand side of (3.1) agrees with the right-hand side of

(3.2) dx G(t,x, Y*(t,x) Z*(t,x)) x(-) .
dt

Therefore, from our assumption that there is an optimal path from each
point in . and from the uniqueness theorem for differential equations it
follows that for each (r, ) in . there exists a ti i(v, ) > 0 such that
the solutions .(t, r, ) of (3.1) are defined and are unique on an interval
(ti,_ ti, t, -- ti), where tj is the value of at which the graph of
intersects !F, and t,._ is the value of at which the graph of . intersects
}i,’-i

For (r, ) in . the function *(t, r, ) is defined for r -<_ <_- re(r, ),.where ti is the time at which the trajectory intersects . Moreover,
satisfies the differential equation (3.2). Since the right-hand sides of
(3.1) and (3.2) agree on , it follows from the uniqueness of solutions
of (3.1) that for r _-< <- t-, we have *(t, r, ) .(t, z, ).
For t,._l _<_ _-< r, we can define *(t, r, ) .(t, r, ). Thus, for (r, )
in . and t,j_ <= <= ti,, we look upon ch*(t, r, ) as the restriction of
(t, r, ) to this proper subdomain of definition. One should keep this
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point of view in mind in some of the subsequent developments. Note that

* is the optimal path through every point on its graph.
The following lemma is a consequence of the statements in the last

three paragraphs.
LEMMA 1. For each (T, ) in there are a t,_ t,_(T, ) and a t,
t,(T, ) suchthatfort,_ <= <= t,, the function *(t, -, ) isdefined and

satisfies (3.2). Moreover, for (T, ) in and t,_x <= <= t the functions

* t, T, * t, ’, *’ t, T, and *’ t, ’, exist and are continuous.
Remart. If (r, ) belongs to either ,._ or 1., or if t,._ or t,

then the values of the above functions can either be thought of as limits
computed from the interior, or as values of the appropriate derivatives
of .(t, v, ).

Let (, ) be a point of i, where 1 =< j <- ji. Then the optimal path
O*(t, r, ) will intersect one of the manifolds . at a point with coordinates
(t., x.), where

x. x(r, ) *(t(, ), , ).

From (2.6) we have that the value of the parameter corresponding to
this point of 1 must satisfy

(3.3) tiC(v, ) T(a), x(r, ) x(a),

and so must satisfy

(3.4) *(Tj(z), r, ) x(a) 0.

LEMMA 2. Equation (3.4) defines ( as a C(1) function of (r, ) for (-, )
in. The coordinates (ti x:j) are C(1) functions of (v, ).
We first note that since Ti. and are C(1) functions of , it follows that

the second statement is a consequence of (3.3) and the first statement. We
now prove the first statement.
Equation (3.4) is equivalent to

(3.5) .(T(z), , ) x(z) 0.

Therefore, to prove the first statement we need only show that the Jacobian
matrix of (3.5) with respect to is nonsingular. The conclusion will then
follow from the implicit function theorem. The Jacobian matrix of (3.5) is

M ’(t r, ) OTi 0

*’(t 0 , ) 0T
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The matrix

(1 *’(t--0, r,))N OTij
Oo-

has rank n + 1 by virtue of the assumption that the optimal path is not
tangent to the manifold !g.. Since we can transform N into the matrix

(10 *’(t 0, r, ))M

by means of elementary row transformations, it follows that the Jacobian
matrix M has rank n, and the lemma is proved.
Remark. The use of in the proof shows that we can consider t and x

to be C() functions of (, ) on , where if (, ) is a point of ._ or, then we assign to t(r, ) and x(r, ) the limits of t nd x as we
pproach (, ) from the interior.

Let (, ) again be point of , where we now suppose that j j
We consider the optimal path *(t, , ) in the region ,+. Denote the
coordinates of the point at which the path intersects ,+ by (t,+(r, ),
x,+(r, )). Henceforth, we shall not always indicate the dependence of
t,+ and x,+ on (v, ). Consider *(t, , ) on the interval t

t,+. On this interwl we have

(3.6) *(t, , ) *(t, t, x,).

As in the case of the region , there exists a region ,+. containing
Z+ areY+ and that.+ in its interior, and there exist functions * * C(1)

in x on ,+, such that * Y* * *Y+ and Z ,+.Z+ on For (a,
in ,+., let +(t, a, ) be the solution of

dx G(t,x, Y+(t,x),Z+(t, x)), x(a)
dt

The functions+ and+ possess partial derivatives with respect to a and
that are con.tinuous with respect to (t, a, ) on the domain of definition

of . By the arguments used in Lemma 1, we huve that for t t,+,

*(t, t, x) +(t, t, x).

Hence, by (3.6),

(3.7) *(t, , ) +(t, t, x), t t,+.

From the differentiability properties of +, from (3.7) nd from Lemma
2, it follows that for (r, ) in and t t,+, the functions *,
*, *’ and * exist and are continuous functions of (t, , ). At t
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and ti.’+l the values of these functions are taken as limits from the
interior of i,+1 We also note that we can consider these functions to be
defined and continuous for (r, ) in . by assigning appropriate limits as
function values if (r, ) belongs to ,j-1 or j. Furthermore,

Otj Oxi4,* t, T, i+. + i+t, 0
where i+, and i+1. are evaluated at (t, a, ) (t, t, xi) and Ot/O
and Ozi/O are evaluated at (r, ). In particular, at t we have

From standard theorems in the theory of ordinary differential equations’
we have

/+l.(t, ti, zi) -G(P + 0),

+,,(t, t, z) I,

where we have set

(3.9) Pi+0 (t z Y* *,+l(t, x) t,Z,+( z))

and I is the identity matrix. Substituting these quantities back into (3.8),
we get the relation

Oti Ox(3.10) *(t+0,,) -a(P+0)+ 0"
We shM1 now compute 6*(t 0, T, ). If we substitute z z(r, )

into (3.5) we obtain an identity in (r, (). If we differentiate this identity
with respec to and use (3.3), we get

Ot Ox’(t, , + o o.

Since for (,, ) in - and t.._l __< -<_ t,. we have *(t, ,, ) k(t, , ),
we can rewrite the last equation as follows"

If we set

(3.11) Pi 0 (t., x., Y(t., x.) Z.*-,(t, x.)),



DIFFERENTIAL GAMES AND CONTROL PROBLEMS 11

and use the fact that * satisfies (3.1) in 9i, we finally obtain

Otj Oxj(3.12) *(t. 0, r, ) -G(P O) -- -t- 0---"
Comparing the last relation with (3.10) we obtain

*(t
(.1)

We cn use the bove procedures to establish the properties of * in
ech of the regions , j l j, nd to determine the one-sided limits
of * t the points (t, z) (t(, ), z(, )) of intersection with the
mnifolds. In the course of this procedure we establish the results of
Lemm 2 at ech of the mnifolds . In particular, it follows that the
mtrix M with j replaced by k hs rnk n. We summarize the results of
this procedure in the following lemm.
L 3. Let (, ) belong to 1 j j and let (t x)
(t(, ), x(, ) denote the point at which * intersects the manifold, j k j. Then for each j j, the functions *(t, , ),

*( t, , ), *( t, , ), *’( t, , ), *’( t, , ) exist and are continuous
for (, ) in and t._ t. where at t,_ and t the values
assigned to the functions are their limits from the interior. Moreover, if at
points (, ) belonging to ._ or we assign to these functions the limits
as (, ) , ) from the interior of then the resulting functions are
well defined and continuous for (, ) . At t the one-sided limits
oy * are given by (3 10
For each k j, j + 1, ..., j, the functions t(, ) and x(, ) as

well as the paraneter values z corresponding to these points of the manifold
are C() functions of (, ) in The matrices

s *’(t o ) oT 0 j, ,J,
Oz Oz

are nonsingular. Also

(3.14)

4. The value function. Let (r, ) be a point of, 1 j j. Then

(4.1) W(r,) g + ]dt + ]dt,

where 9 is evaluated at (t x), the endpoint of the optimal path, and

(4.2) f f(t, *(t, , ), Y*(t, *(t, , )), Z*(t, *(t, v. )).
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From these formulas and from Lemma 3 it follows that W and W exist
and are continuous on Ri. It also follows that if (r, ) -- (r0, 0), where
(r0, 0) belongs to 9Yi,i-1 or i, then

limW(r,) and limW(r,)

both exist and the functions that we get by assigning the values of these
limits at such points (r0, 0) are continuous on.
Our next objective is to establish a partial differential equation that W

satisfies on R.. This equation was first obtained heuristically by Isaacs
[5]. A more readily available version of his work is to be found in his book
[6].
Let (r, ) be a point of . and let Z be any strategy in 1. Then it is

not hard to see that there exists a closed region N(r, ) with the following
properties"

(i) N(, ) ,;
(ii) (r, ) N(r, );
(iii) there is a - > 0 such that r =< =< r + is contained in the projec-

tion of N(r, () on the t-axis;
(iv) the function

fZ*(t, x) if (t, x) ( N(r, ),Z(t,x) Z(t,x) if (t,x) N(r,)

is in .
Let k(t) denote a path resulting from (Y*, ) and starting at (r, ).

Let r -t- ti be the last time at which this path leaves N(r, ). Then from
the definition of it follows that for >= r -k- 6, k(t) 4’*(t, r + 6, x(r -t- )).
From the hypothesis that (Y*, Z*) is a saddle point and from the above

remarks we have that

W(r, ) P(r, , Y*, g*) <_ P(r, , Y*, 2)

g(tf,x,) q- q- f(t,(t), Y*(t,(t)),2(t,(t))) dt

r+a

f f(t,C,,(t), Y*(t,f,,(t)),2(t,(t))) dt q-

Hence

W(r + , /(r + i) ).

r+
(4.a) -W(r+,(-+)) + W(r,) <= f f(,,Y*(,),(,))d.

We noe that if Z Z*, then Z* and ghe equaligy holds in (4.g).
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We shall now let N(r, ) --, (r, ) by letting diameter N(r, ) -- 0;
this clearly implies that 3 -- 0. Since W, and W are continuous on 9ij
and (r, () is an interior point of ,}tii, we can apply the mean value theorem
to the left-hand side of (4.3) and rewrite it as follows:

-W(r, )3 W(z, )(( + 3) ) + o(1)3 + o(1)(b(r + 3) ).

Since

( + ) ( + ) ()

(h’(v) d-o(1))3

(G(r, , Y*(r, ), 2(, )) -t- o(1))3,

and since 2(r, ) Z(r, ), we can further rewrite the left-hand side of
(4.3) in the form

-(W,(r, ) -[- W(r, ()G(r, , Y*(r, ), Z(r, )))3 + 0(3).

The right-hand side of (4.3) can be written in the form

(f(-, , Y*(r, ), Z(r, )) -t- o(1))3.

If, after making these transformations, we divide (4.3) by 3 > 0 and
then let N(r, () -- (r, (), we obtain

(4.4) -W,(r, ) <- f(r, , Y*(r, ), z) -t- W(r, )G(r, , Y*(r, ), z),

where we have put z Z(r, ). Since Z is an arbitrary element of 1, we
have the result that (4.4) holds for all z such that z Z(r, ) for some Z
in 1. Since we have equality holding in (4.3) for Z Z*, we have

(4.5) -W,(r, ) f(r, , y*, z*) + W(r, )a(’, , y*, z*),
where we have put z* Z*(r, ).

If we now consider strategies Y in 1 against Z* and carry out arguments
similar to the above, we arrive at the following inequality instead of
(4.4).

(4.6) -W,(r, ) >= f(r, , y, Z*(r, )) -t- W(r, )G(r, , y, Z*(r, )),

for all y such that y Y(r, ) for some Y in .
Combining (4.4), (4.5), and (4.6), we get

f(r, , z*, y) + W(r, )G(r, , z*, y)

(4.7) <- f( r, , z*, y*) + W( r, )G( r, , y*, z*

-We(T, ) --<_ f(r, , Z, y*) -t- W(, )G(r, , z, y*).
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As is well known, this implies the relation

(4.8)

max min (f + WG) min max (f + WG)
Y y

f(r, , y*, z*) q- WG(’r, , y*, z*)

where
-w(, ),

y E[y y Y(r, ( ), Y

z E[ziz Z(-:, ), Z 31].

Relation (4.8) and its extensions constitute one of the principal results of
this section.
An equivalent way of stating (4.8) is the following. At each point (r, )

of !}i" consider the game r(r, ) with payoff

f(r, , y, z) -t- W(, )G(r, , y, z),

where the set of strategies for Player I consists of all vectors y such that
y Y(r, ) for some Y )1 and the set of strategies for Player II consists
of all vectors z such that z Z(r, ) for some Z . Then F(v, ) has a
pure strategy solution (y*, z*) Y*(r, ), Z*(r, ) ). Moreover, the
value of the game is equal to -W(r, ).

Equations (4.7) and (4.8) were derived under the assumption that
(r, ) is an interior point of a region i. It therefore follows by continuity
that if (r, ) is a point of a manifold i, then (4.7) and (4.8) hold with
y* z * Y*. "r Z*. "r and with

W,(r, ) W,-(r, ) lira W,(t, x),

W(r, ) W-(r, ) lim W(t, x),

where the limit is taken as (t, x) -- (r, ) from .. Ifj < j, it also follows
that (4.7) and (4.8) hold with (y* z*) Y* Z*,’+i ) .’+i( , ) and
with W, W,+ and W W+, where W,+ and W+ are limits from ..+.
We shall now show that if i. is a manifold of discontinuity of precisely

one of the functions Y*, Z*, then Wt and Wx are continuous at points of
)i that is, Wt+ Wt- and W+ Wx- at such points. For definiteness,
suppose Y is a manifold of discontinuity of Z* but not of Y*. The argu-
ment will be the same as that used to prove a corresponding result in [3]. At
this point we remind the reader of the saddle point restriction (2.8), with
particular emphasis on the nontangency requirement. Thus our assertion
that Wt+ Wt- and Wx+ Wx- at points of !F. is not contradicted by
examples in which Wx and W are discontinuous at points of - and in
which the vector field is tangent at one side to f..

Let (r, ) be a point of )i.. Let t(s), and x x(s) define
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curve C lying in j where -1 s =< 1 andx(0) ,t(0) r. We
consider w(s) W(t(s), x(s) ). Since i is of class C(1) and Wt+, W+

and W+ are continuous on i,+1, it follows that there exists a C(1) function
V defined in a neighborhood N of (r, ) such that for (t, x) in/}i,’+1 f’l N
we have V(t, x) W(t, x). Hence we have

w(s) W(t(s), x(s)) V(t(s), x(s)).

Therefore w’(0) exists and

w’(O) Vt(r, )t’(0) -t- V(r, )x’(0)
w+(, )t’(o) + w+(, )x’(O).

By similar arguments we get

’( t’O) W-(, ) (0) + W-(, )x’(O)
Hence

(w2- wv)t’(o) + (w+- w-)z’(o) o.
Since C is an arbitrary curve and Ji. is an n-dimensional manifold, it
follows that either

(4.9) Wt+ Wt- and W+ W-,

or (Wt+ Wt-, W,+ W,-) is a nonzero vector orthogonal to .
at (r, ). We shall now show that the latter is not possible, and so (4.9)
must hold, which is the desired result.

Let Z*. and * as in 3. We note that if we defineZ..+I be extensions of Z*
a strategy Z+ by the condition that Z+ Z*i..+_ in a neighborhood of (r, ()
and Z* elsewhere, then Z+ is in 1. Moreover,

z+ =_ Z+(-, ) * z*+Z.+(r, ) =-
Also, a strategy Z- defined by redefining Z* to be Zi*’ in a neighborhood of
(r, ) is in 1 and

z- =- Z-(r, ) Z(r, ) =--z*-.
We also point out that since 93. is not a manifold of discontinuity of Y*,
we have

y Y*(r, ) Y(r, ) Y,+( r, ).

From the observations of the preceding paragraph and from the remarks
concerning the validity of (4.7) and (4.8) at manifolds of discontinuity, we
get

-W;= f+ + W+G+ <= f(, , y*, z-) + W(, )G(r, , y*, z-)

f- + W.+G-,
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where the f and G: are evaluated at (r, , y*, z:). Similarly,

-W- f- + W-G- <- f(-, , y*, z+) - W(r, )G(r, , y*, z+)

f+ + W-G+.
Therefore,

W+- W- f- - W-G--f+- Wx+G+ <= -(W+- W-)G+

and

W+ W,- => (W+ W-)G-.

Hence we get

(4.10) (W+- W-) - (W+- Wx-)G+ <- O,

(4.11) (W+- Wt-) + (W+- Wx-)G- >= O.

If we assume that (Wt+ W-, W+ Wz-) is different from zero and is
orthogonal to j, then the inequality must hold in both (4.10) and (4.11).
For, if equality held in (4.10), say, we would have that (1, G-)

1, *’(tij O, -, ) is tangent to i, contrary to assumption. On the
other hand, if the inequality holds in both (4.10) and (4.11) we would have
the two one-sided tangent vectors pointing into opposite half-spces of the
tangent planes to. at (, ), which is impossible. Hence (4.9) must hold.
We summarize the principal results of this section in the following

theorem.
THEOREM 1. The value function W is continuous on . On each ij the

functions W and W exist, are continuous, and have continuous extensions
to j. If is a manifold of discontinuity of only one of the functions Y*
or Z*, then W and W are continuous at points of ). The function W
satisfies (4.7) and (4.8) at all points of [J , provided we interpret W
W Y* and Z* as the appropriate limits at points of , at points of mani-

folds 1..... and manifolds of discontinuity of both Y* and Z*. At a manifold
j of discontinuity of only one of the functions Y* or Z*, say Z* for
definiteness, (4.7) and (4.8) hold for Z*(t, x) Z(t, x) and Z*(t, x)

Z,+(t, x).
The form of (4.5) can be recast as follows. Define

(4.12) H(t, x, y, z, ) f(t, x, y, z) + hG(t, x, y, z).

Then (4.4) can be written in the form

(4.13) H(t, x, Y*(t, x), Z*(t, x), W(t, x)) + Wt(t, x) O.

Thus we have the following corollary to Theorem 1.
COROLLARY. W satisfies the Hamilton-Jacobi equation (4.13) on , where
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we give the usual interpretations to Y*, Z*, Wx and Wt at manifolds of dis-
continuity.

5. The adjoint variables or Lagrange multipliers. In this section we shall
introduce the adjoint variables or Lagrange multipliers, and study their
relationship to Wt and W.

Consider the function W on i’. It follows from (4.1) and Lemma 3
that W is given by the following formula"

W(r,

(5.1) + = [f(P 0) f(P + 0)]
0

+ +
where , ], nd L re evaluated s in (4.2), P + 0 is given by (3.9)
with j replaced by
P P 0, nd

?* Y*(t, *(t, , )),

2* g*(t, *(t, , )),

Og Ot Og
t. Ox

We shll simplify (5.1) presently.
Consider the following system of n linear equations in the n unknown

components of h

(5.2)

where g, OT/Oz, nd Ox/Oz are evaluated t the prmeter vlue of
z corresponding to t(r, ), x(r, ), i.e., the endpoint of the optimal
pth from (, ). If we substitute *’(t 0, r, ) for G(P) in (5.2) nd
use the properties of f nd Lemm 3, we see that (5.2) defines k uniqudy
s continuous function of (r, ) on.

In terms of the function H introduced in (4.12) we cn write (5.2)
follows:

(5.3) g q- H OTij X Ox O,

where H is evaluated at (t’i, x. y* ti, ), z*(t.,), Xh ). If we multiply
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(5.3) on the right by 0z/0 and use (3.14) of Lemma 3, we obtain

(5.4) g- -t- H 0--- }’
0

0.

On the interval td-(r, ) t(r, ) consider the differential
equation

(5.) d _( + . + 2F)
dt

subiect to the initial conditions

},( ti },

where the bar indicates that the arguments of the functions f, G are evalu-
ated as in (4.2), where P* and * are as in (5.1), and where X. is given
by (5.2) or (5.4). Since (5.5) is a linear system in X it follows that (5.5) has
a unique solution satisfying the initial conditions on the interval
[t,-l, ti.]. Furthermore, since X. and t. are continuous functions of
(r, ) for (r, ) in ., it follows from standard theorems that we may write
the solution as

x x(t, t,.,, x.,) (t, , ),

where ),(t, r, ) is continuous function of (t, r, ) for (r, ) in nd
t,_ t.

Set +

_
X(t,_ + 0, r, ) nd consider the following linear system in

the unknown X_

L a a J

[f(Pi,-I 0) f(Pi,--I -[- 0)]
Off

h- G(P,- + O) aT,-

whereOT,_/Oz and 0x,._l/0z are evaluated at the point (ti,_ x,j_)
at which *(t, r, ) intersects J,._ From the relation

4,*’(t,,,- + 0, -, ) G(P..,_I + 0),

from Lemma 3, and the continuity in (, ) of h(ti,_x O, , ), it follows
that (5.6) defines h.-_ uniquely as a continuous function of (, ) for (, )
in .. It therefore follows that (5.5) subject to the initial conditions
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has a unique solution on the interval t,._ __< _-< t,._. Moreover, for in
this interwl and (r, ) in, the solution k(t, r, ) is continuous function
of (t, r, ).
From the definition of H it is clear that an alternate wy of writing (5.6)

is the following:

where

Y*:( tk xk Z*-(t x ),k:II ti xk ),

for j, ,j 1. Here, Y*+ Y*i,+, Y*- Y*i,, nd similarly for
Z*. For j, we define H, s above, except that we delete the
signs. If we multiply (5.7) through on the right by / and use (3.14)
of Lemma 3, we get

OXi,1i- + Oti OXiH(H,-) Ot,,-

_
H( ’’- + ’’-H,ii-1 hii-1

We cn proceed bckwards in time in this fashion across ech of the
manifolds ,_, , and obtain the following result.
LEMMA 4. There exists a function (t, r, ) defined for (v, ) in and all

ti,_ < < t k j,j + 1,... ,j such that the following hold:
(i) For (r, ) in and t,__ < < t X is a continuous function of

(t,,).
(ii) As t + O and t O, j, ,j l, and as t O,

the function tends to unique limits- (t, o, , ), + (t, + o, , )
(t , ).

Moreover -and + satisfy

Oz, H(Hi)-- X+
O

(.s) g(;) x-
0

for j, j 1, ad Xi aies SA).
(iii) On ech interval [,-1, ], lc j, j, X’(, r, ) ezi and

aifie .), where a he edpois X and i derivive are en limi
from he inerior.
We noe one more simple, bu imporgang, relagion. Leg 4"(, r, (),

where > r. Then for , 4"(, , ) *(, , ). Ig gherefore follows
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that for -> ,
(5.9) (t, , ) x(t, , ).
Let us now return to (5.1). Let k be the function in Lemma 4. Then, since

h satisfies (5.5) we may rewrite the terms involving the integrals in (5.1) as
follows

(5.10)

From the relation

ch*’(t, r, ) G(t, ch*(t, -, ), Y*(t, ch*(t, -, ) ), Z*(t, 4,* (t, -, ) ))

nd from Lemma 3 it follows that for t,_ < < t, k j, j + 1, j,

,(t, , ) *’(t, r, ) ( + GY, + 2*)*.
It further follows from Lemma 3 that for t._ < < t, k j, j,

(t, , ) (t, , ).

Hence (5.10) is equal to

+ d(*)
kJ ik

(5.11) *(t, , ) + x(, , ) *(, , )
ji--1

+ [x+ *(t + 0, , ) x-*(t 0, , )].

From Lemm 3 we hve that the one-sided limits of * t t, k j,
j + 1, j, re given by (3.10) nd (3.12) with j replaced by k. Also,
from standard theorems in the theory of ordinary differential equations we
hve *(r, r, ) I. if we mke these substitutions into the right-hand
side of (5.11) nd then use (5.8) nd (5.4), we get

(5.12) w(, ) (, , ).

Let > r, t,, nd let x *(t, r, ). Then by (5.12) nd (5.9),

(5.13) w(t, ) (t, t, ) (t, , ).

Since W is continuous t manifolds of discontinuity of only one of the
functions Y* nd Z*, it follows that for fixed (r, ), is continuous t
vlues t corresponding to mnifolds of discontinuity of only one of the
functions Y* or Z*.

Let (t,x) be point on the optimal pth from (r, ); thusx *(t, r, ).
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It then follows from (4.8) and (5.13) that

(5.15)

max min [f + ),G] max min H(t, x, y, z, )
y y

min max H(t, x, y, z, )
y

U(t,x,y* * k)-- -Wt(t,x),

where x )(t, -, ), ), k(t, r, .) and

y E[y ly Y(t, x), Y )11,

y E[zlz Z(t,x),Z

At points tik, (5.15) holds for the one-sided limits.
We summarize the principal results of this section in the following

theorem.
THEOREM 2. Let *(t, -, ) be the optimal path from a point (r,

Then there exists a function X(t, -, ) defined for r <- <= tji(r, ) and
tk, k j, j + 1, j 1, such that the following hold.

(i) X is continuous on its domain of definition, and at the points t
possesses a right-hand limit + and a left-hand limit -.

(ii) The functions and * satisfy the following system of differential
equations"

dx Hx (t, x, Y*(t, x), Z*(t, x), ),
dt

where

dh OH
dt Ox

(t, x, Y*(t, x), Z*(t, x),

H + Hv Y** + H, Z**,

and at t t j, j + 1, ji 1, the equations hold for the one-sided
limits.

(iii) If) ,j <= tc <__ j: 1, is a manifold of discontinuity of onlyoneof
the functions Y*, Z*, then is continuous at tk i.e., + -. Otherwise,
(5.8) holds.

(iv) A ti the transversality relation (5.4) holds.
(v) If x *(t, -, ), -, then

W(t, x) ),(t, ’, ).

(vi) For all r <= -< t and # t j, ,ji 1,

max min U(t, )*(t), y, z, X(t)) min max U(t, )*(t), y, z, X(/))
y y

H(t, h*(t), y*(t), z*(t), ,(t) ),
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where y*( t) Y*( t, *( t) ), Z*( t) Z*( t, *( t) ), and y and z are as in
(5.16). If tk k j, ji 1, the above holds for the one-sided limits.
Remark. By the corollary to Theorem 1, W satisfies the Hamilton-Jacobi

equation (4.12). The equations (5.17) are readily seen to be the character-
istic equations of (4.12).

Let us now assume that t(t, x) and (t, ) are defined by systems of in-
equalities. More precisely, let R(t, x, z) be a C() function with domain in
(t, x, z)-space and rnge in E". A vector z is in 2(t, x) if and only if
R(t, x, z) => 0. Similarly, we suppose that (t, x) is defined by K(t, x, y) _>- 0,
where K is a C() function with range in )0-dimensional Euclidean space. We
suppose that R and K satisty the following constraint condition.

Constraint condition. If p :> s (recall, s is the dimension of z), then at each
point (t, x, z), at most s components of R can vanish. The matrix OR/Oz
formed from those components R of R that vanish at (t, x, z) has maximum
rank at t, x, z). A similar statement holds for K.

For constraints of the form just described we have the following corol-
lary to Theorem 2.
COnOLLAaV 1. Let ( t, x) be given by a system of inequalities R( t, x, z) >- 0

and let ( t, x) be given by a system of inequalities K( t, , y) >= O, where R and
K satisfy the constraint condition. Then there exist functions (t, -, ) and
( t, -, ) defined for - <= <= t and t such that the following holds. At all
points (t, *(t), y*(t), z*(t), )(t) ), where y*(t) Y*(t, *(t), z*(t))

Z*(t, 4*(t) ),

(5.18) H.- K 0, H + R 0,

(5.19) K= 0, j 1,...,p, R 0, i 1,...,p,

(5.20) 0, 0.

Proof. Conclusion (vi) of Theorem 2 implies that for <= __< t
H(t, *(t), y, z*(t), k(t) <__ H(t, *(t), y*(t), z*(t), k(t)

(,.)
_<_ H(t, *(t), y*(t), z, a(t)

for all y and z as in (5.16), with the appropriate interpretation at tk.
Letusfixt0 ,to t ,1 j, ,j and let zo satisfy R( to 4*(t0), z0) >= 0.

Let / be the vector consisting of those components R of R such that
R( to, *(t0), z0) 0. Thus,

(5.2) (t, x, z) o
has a solution to, 4*(to), z0). From the constraint condition and the implicit
function theorem it follows that there are a neighborhood N of (t0, *(to))
and a C() function Z0(t, x) defined on this neighborhood such that
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R(t, x, Z0(t, x) 0 on this neighborhood. Moreover, since for these compo-
nents of R not in/ we have R(to, *(t0), z0) > 0, it follows by continuity
that we my restrict the neighborhood N so that R(t, x, Z0(t, x)) _-> 0 on
this neighborhood. It is not hrd to see that N my be further restricted so
that the strategy Z defined by

 Zo(t, (t, N,Z( t, x) \Z*( t, x), t, x) N,
is in
To summarize, we hve shown that for ny z such that R(t0, *(t0), z)

=> 0, there is strategy Z in 1 such that z Z(t0, 4*(t0)). Since to is
arbitrary, to tk, this holds for ll tk. Therefore, it follows that for all
r -<_ =< ti nd t, the second inequality in (5.21) holds for all z such
R( t, *( t) z) >= 0. In other words, z (t) minimizesH(t,*(t),y*(t),z,(t))
subject to R(t, *(t), z) => 0.

It is not hrd to see that if our constraint condition holds, then the Kuh-
Tucker constraint quMifiction holds [7]. Therefore, t each ti we cn
apply the Kuhn-Tucker necessary conditions [7] and obtain the existence of
t(t, r, ) satisfying (5.18)-(5.20). Arguments similar to the ones iust pre-
sented give the existence of a (t, r, ) stisfying (5.18)-(5.20).

If we make one more mild ssumption, we can sharpen Corollary 1 nd
eliminate the functions Zx* nd Yx* from (5.17).
COROLLARY 2. Let (r, ) be a point of. Suppose that on each interval

ti._ <= <= t, lc j,..., j, the components R of R such that
R(t, *(t, -, ), z*(t) 0 do not change, and suppose that a similar state-
ment holds for K. Then and are continuous functions of (t, -, ) for (-, )
in and t._ tk and have one-sided limits at the endpoints ti._ and
t At the endpoints t (5.18)-(5.20) hold for the one-sided limits.

The second equation in (5.17) can be replaced by the equation

(5.23) d _Hx tR ,K
dt

Proof. Let us fix our ttention on n interwl t,_ < < t. From (5.19)
it follows that if R > 0, then 0. Hence these components of u are con-
tinuous for t,k_l < < t and hve one-sided limits. Wemy therefore write
(5.18) in the form H -- R 0. It now follows from the constraint con-
dition that we can select an appropriate nonsingulr submtrix of R,

--1which we denote by M, nd write M h, where h is column vector
mde up of the appropriate entries from H. Since the entries of M- and
h are continuous functions of (t, r, ) for ti,_ < < t and (r, ) in and
hve one-sided limits, it follows that the same is true for t. Hence the stte-
ment that t is continuous nd has one-sided limits is proved. A similar rgu-
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merit holds for . The statement that (5.18)-(5.20) hold for the one-sided
limits now follows.
To establish (5.23) we first note that from (5.18) we have

(5.24) HYx* KyY*, HZ* tRZ*.
Since [(t, *(t), z*(t)) 0 and since [(t, x, Z*(t, x)) >= O, it follows that
ech component of /t hs rela.tive minimum at (t, *(t)). Hence

Z* A AZ*/x -t- R 0, nd so tR -- tR 0. Since those components of t
not in re zero on t,_ -<_ -<_ t, we hve

Z*R+R 0.

Similarly, we obtain

,K + ,KY* O.

Combining these lst two equations with (5.24) nd then substituting the
result into 5.17 ), we get (5.23).
Remark. It is clear from the proof that the ssumption that on n interval

(t,_, t) the components R of R such that R 0 do not change, cn be
replaced by the assumption that there re finite number of changes in the
components of R.
We conclude by clling ttention to one further necessary condition,

nmely Theorem 6 of [2]. We refer the reder to [2] for the theorem, nd
leave its proof in the present context for the reder. We lso refer the reder
to [2] for a sufficiency theorem.
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APPLICATIONS OF FUNCTIONAL ANALYSIS TO THE THEORY
OF OPTIMAL PROCESSES*

F. M. KIRILLOVA
1. Introduction. In the years of development of optimal control theory,

powerful general methods were created, based on the now widely known
"maximum principle" and "optimality principle." The maximum principle
is the most convenient method for solving problems of optimal programmed
control; a detailed exposition is found in the fundamental work of L. S.
Pontryagin, V. G. Boltyanskii, R. V. Gamkrelidze, E. F. Mishchenko [1].
The methods of dynamic programming are given for a large class of prob-
lems of control, together with computational schemes for solving functional
equations, by R. Bellman and his colleagues [2]. Parallel to the develop-
ment in these and other directions (see [3], [4]) starting in 1956, attempts
have been made to introduce methods of functional analysis into the study
of optimal control problems.
At first it seemed that the methods of functional analysis applied only

to a very restricted class of problems. But in spite of this, the number of
studies using the ideas of functional analysis has increased. This is ap-
parently explained by the fact that, in the solution of optimal control
problems, with the help of the maximum principle, or by reduction to the
Euler equations, there remains an indeterminate last step: as is known,
these methods do not show how to select the initial condition for solving the
adjoint system. The methods of dynamic programming and the approach
that leads to the Hamilton-Jacobi equations do not have this deficiency.
However, the solution of functional equations, to which both paths lead,
is not an easy problem, and the advantages of the equation u u(x) over
u u(x(t0), t) are open to dispute if the control system is subject to the
influence of perturbing forces or is nonstationary.
The functional approach to problems of optimal programmed control,

which is described below, reduces variational problems to operations with
functions of a finite number of variables. These are, as a rule, convex or
concave functions, and determination of their extrema completes the
solution of the optimal control problem. Game situations arise in many
cases (statistical problems, pursuit problems, etc.), and the problem of
determining the control functions reduces to the solution of a game whose
players have finite-dimensional vectors as their strategies.
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This translation into English has been prepared by Lisa Rosenbltt and supported

through a grant-in-aid from the National Science Foundation.
f Scientific Research Deprtment of Power and Automation, S. M. Kirov Url
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The method using the ideas of functional analysis turned out to be very
h’uitful for a complete study of a wide class of problems in the theory of
optimal processes (deterministic, statistical, adaptive), whether time-
optimal, or optimal in the sense of terminal error or other criteria, as well
as for two-point problems, both with variable endpoints and free endpoints.
One of the typical features of the method is that it yields necessary and
sufficient conditions for the existence of solutions. This fact makes it
possible to study qualitative aspects of optimal processes: questions of
controllability, existence and uniqueness of optimal controls, continuous
dependence of solutions on initial data or parameters, mutual dependence
of solutions of problems with various types of restrictions, etc.
Below we give a survey of certain works where the methods of functional

analysis are used in solving problems in the theory of optimal processes.
We describe methods for reducing variational (infinite-dimensional) prob-
lems to operations with functions of a finite number of variables, and we
give computational algorithms; in addition we give conditions for control-
lability and existence of solutions for certain optimal problems.

It is not the author’s intention to give a complete exposition of the prob-
lem of applications of functional analysis to the theory of optimal processes.
In particular, she does not touch on the work of A. Ya. Dubovitskii and
A. A. Milyutin, where the application of functional analysis to optimal
control problems is treated differently. The main concern is with results
obtained by the author and her colleagues in the Scientific Research De-
partment of Power and Automation of the Ural Polytechnic Institute. In
passing, results are also given from the work of other authors relating to
the compatibility of the approach to the study of optimal processes.
We discuss basically optimal processes for objects described by ordinary

linear differential equations, although the methods of solution may be
extended to integrodifferential equations, partial differential equations,
and certain nonlinear systems. We note that, from the point of view of
concrete computations, generalizations to nonlinear equations are usually
not as efficient as in the linear case. But since computation of optimal
processes in nonlinear systems is often based on successive linearizations
or piecewise-linear approximations, and leads to solution of the correspond-
ing problems for linear systems, a complete study of linear systems from
the functional analysis viewpoint is of interest, also, as a first step in anal-
ogous problems for nonlinear systems.

After describing in 2 the control systems on which the study is based,
we discuss the following questions in 3-10:

1. The aspects of functional analysis applicable to the theory of optimal
processes (3).

2. Problems of controllability of linear systems (4).
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3. Examples of the reduction of control problems to functional problems.
Basic relations in optimal systems (5).

4. Certain statistical problems of optimal control (6).
5. Continuous dependence of solutions of optimal control problems on

initial data and parameters (7).
6. Problems of numerical solution (7).
7. Application of functional analysis to certain problems of pursuit

(9).
8. Possible generalizations (10).

2. Basic control systems. Consider the vector equations"

(1)

and

(2)

dx -A(t)x + C(t)u + f(t)

dx A(t)x(t) + B(t)x(t- h) + C(t)u(t), h > 0’
dt

where x (x, x), x X, X is an n-dimensional space, A (t), B(t),

x(u, T, to) x(T) F(T, to)x(to) + jl F(T,r) [C(r)u(r) + f(r)] dr,

where to is the initial moment and the matrix F(t, r) satisfies the conditions

OF(t,
Ot

A(t)F(t, r),

E is the identity matrix.
Letting

T

F(to to) E,

F(T, r)C(r)u(r) dr Su,

T

F( T, to)x(to) c

F( T, r)f(r) dr c,

we arrive at an operator form of the solution to 1 ), which we shall also use
later"

(3) x(T) x Su + c, c c_ + c2.

C(t) are matrices of dimension n X n, n X n, n X r, respectively,
f(t) (fl(t), f(t) ), fi(t) are external perturbations, u is an r-di-
mensional control function, h is a constant delay.
The solution of (1) at time T for a given function u u(r) can be

written
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We consider next (2). Suppose we are given the function O(r), and
x(r) --- O(r), to- h -< r < to. We can show that

(4) x Slu + c,
where $1 is a linear operator, c is a constant vector. If (2) is sttionry
system, then

SI u F( T, r)Cu(r) dr,

OF(t, r) AF(t, r) -- BF(t h, r), F(t, ) - 0 for r >t,
Ot

lim F(t, r) 0, lira F(t, r) E,
t-t-O rt--O

ft tc F(T, r -- h)B(r) dr - F(T, to)x(to).
oh

Let W be a finite-dimensional normed linear space. We give a few well-
known definitions.
DEFiNiTiON 1. The function , ,(w) is said to be convex in the convex

region 5, h W, if for all w, w A and a 5 [0, 1] we have the inequality. aw -- 1 a)w.) <= a(w) -- 1 a)’(w.).

DEFiNiTiON 2. The function f(w), w A, is quasi-convex in w if for
each ti the set (w) {w: (w) -<_ ti} is convex.
DEFINITION 3. The hyperplane H {w W f(w) 0} is said to sup-

port the set M at the point w0 M if M lies on one side of H and w0 H.
DEFINITION 4. Let X be a normed linear space. Let X* denote the space

adjoint to X. If X** X, then we say that the space X is reflexive.

3. The aspects of functional analysis applicable to the theory of optimal
processes. For the exposition of control problems we state some theorems
from functional analysis [5]-[8] which are basic to the solution of optimal
control problems.

3.1 Theorem on the separability of closed convex sets.
THEOREM 1. Let M and M. be disjoint closed convex subsets of the reflexi,e

Banach space X, and let one of them be bounded. Then the sets MI and M2
can be separated by a hyperplane.
Thus the theorem asserts the existence of a linear functional f, f X*,

and a number a, such that

f(h) a for h M and f(h) > a for h M2.
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This theorem was used in 1956 by R. Bellman, I. Glicksberg and O. Gross
in a two-point problem of time-optimal control. The same approach was
used in 1963 by H. A. Antosiewicz [10] on a problem with variable right
endpoint. R. Gabasov and the author showed the possibility of using a
theorem on separability of closed convex sets for other control problems
[11], [12], and they discovered a clear connection between control problems
and the theory of linear inequalities [13]. We will indicate still more prob-
lems to which this theorem can be applied.

Let p(z) be quasi-convex functions of z.
PROBLEM (a). Minimization of a quasi-convex function of the final state

of system (1). Given the duration of the process, r T to, determine a
function u(t) such that

pl(x)lt=to <= O, p(x(u, T, to)) min p(x(u, T, to)) o,
uU

where U lu" p.(u) _<_ 01.
PROBLEM (b). Transfer of an object from given set Pl()lt=to 0 in

minimum time r T to to the set p(x)It=ro <= O, with u U.
PROBLEM (C). Time-optimal control for systems with delayed rgu-

ment. Suppose we are given (2) and we know that x(r) O(r) for
to h <_- r < to, x(t0) x0, where O(r) is given a piecewise continuous
function, nd x0 is a known vector. We wish to determine a control u(t),
u =< 1, where the condition

x(t) =-0, t>= T,

is guaranteed in the minimal possible time T.
In these problems, the theorem on separability of closed convex sets is

used to derive suificient conditions for existence of solutions. Thus, for
example, Problem (a) is handled as follows. Let t} be a positive number.
Let r(w) {w" p(w) =< }, and define the set of admissibility

/(x) Ix" x Su + c, u U, (z)l=o <= Of.
The sets P(w), A(w) are convex. If F(w), A(w) are closed, then for < 0
the conditions are such that the above theorem is applicable. The analytic
form of the condition of separability also leads to sufficient conditions (see
5) for existence of an admissible control, in which the functional being
minimized takes on a given finite value.
A complete investigation of Problem (c) has been done by S. . Chura-

kova.
3.2. Existence theorem for a supporting plane to a convex surface.
THEOREM 2. Let " "(w) be a bounded function, convex in the region

A, A W. Then at each point (w, v(w)) we can construct a supporting plane.



30 F. M. KIRILLOVA

As an example of the application of this theorem, we consider the follow-
ing problem for (1).
Given the numbers to, T, T > to, 51, A2, and points al, a. in X, find a

control u(t), u U, which minimizes the functional 4(x, u), convex ou the
set of elements (x, u), where the inequalities

fix(to) all] A1, I[x(T) aII =< A
must be satisfied.

In this case the set

(z) lz" z (x, y), u + c, u U, y (x, u)

need not be convex, but the surface (x) minx=s+,e (x, u) is convex.
An analogous situation occurs in control problems with certain restrictions
on the function u(t). The ltter problems re dealt with in [14].

3.3. The L-problem abstract normed lear space. Given a normed
lineur space X of functions h(v), t r t, functions h(r)from X,
i 1, n, nd numbers c, L, L > 0, find linear functional f over X
such that

f(h) c, f L.

Conditions for solvability of this problem were obtained by M. G. Kreiu
[7]. N. N. Krasovskii [15] ws the first to use the L-problem for solving
problem of time-optimal control with fixed end conditions The class of
controls ws determined by the condition u L, where the norm
for u(t) is given by one of the standard relations"

(5) u essmx]u(7), t t,

() u ess x u ()
i=1

(7) u max u(r)[" dr p 1.

We let the symbol [Q] denote the jth row of the mutrix Q. The coordinate
form of (3) leads to the equalities

which can be greaged as ghe values z(T) c of a littear funegional gener-
ated by ghe funegion (r), o N r N T, wigh bounded norm, N L, on
ghe elements IF(T, r)(r)]. This is also a gypical formulation of ghe

L-problem.
Vsing ghis approach, ghe aughors of [16]-[18] sudied limig passages from
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the solution of time-optimal problems under restrictions (6), (7) as p --[C*]i -- 0, i > 2, to the solutions of the analogous problems subject to the
restrictions (5).

Subsequently the scope of problems which could be solved with the
help of the L-problem was extended. The basic approach was construction
of special spaces in which the norms corresponded to the type of restrictions
given. Thus discrete systems with cyclic restrictions on the controlling
functions were investigated in [19]. One such problem can be stated as
follows.
Given an integer r, r > 0, determine N from the condition Nr -<_ K

<= (N + 1)r, where K is the duration of the process. Let x(n + 1)
Ax(n) -t- Bu(n), x(O) Xo, where n is discrete time, and A, B are

constant matrices. For controls from the class
(s-t-l)

E
OsN i=sr

we wish to determine the minimal K such that x(K) O.
The investigation of I. A. Litovchenko [20], who considers, from a func-

tional analysis viewpoint, optimal processes with stepwise restrictions on
controlling influences, is closely related to the cited work of R. Gabasov.
The latter problems allow an interesting physical interpretation.
The idea of the solution of time-optimal problems with the help of the

L-problem is generalized to more complicated problems in [21]. Many other
problems can be reduced to the L-problem if certain transformations are
made of relation (3). R. Gabasov and the author applied such reductions to
problems with bounded phase coordinates, to systems connected by con-

trols, and to systems with inertial regulators. The same approach was used
in [22] in minimizing mean square error of a systern.

3.4. Problem of imbeddability of convex bodies. This type is represented
by the following problem" Given a normed linear space X of functions h(r),
tl -< r N t2, functions hi(r) fromX, i 1,..-, n, and numbers L, A,
L > 0, A > 0, find a linear functional f over X and an element c in n-di-
mensional space such that

f(hi) ci, c A, IIfl L.

The present situation arises, for example, when a point x moving along
the trajectory of (1) is to be transferred from a given convex region to the
boundary of another, also convex, region containing the first [12].

3.5. Reduction of a variational problem to a game. We consider one
such problem.

Let x(s) Su c(s), where sis a parameter, s 0, u U, Uis a
normed linear space, u =< L, L is a positive constant, S is a linear trans-
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formation from U to W, x(s), c(s) for fixed s are elements of the finite-
dimensional space W.

Consider the problem of minimizing the function f(x(.)), x(.)
{x(s), s 01. Letting x(. c(. y, we restrict consideration to the

case where f(c(. y) is quasi-convex in y. If

minf(c(.) w) =f(c(.) e) d
wW

and max {(g,e) L S*g[[} A(e) _>= 0, thcnthepointy edoesnot
IIll=i

belong [12] to the interior of the region A(y) {y.y --Su, u <- LI.
Therefore the minimum 0 for f(c(. y) is attained on the boundary of
the region A(y).

Let {gO, y01 be a saddle point [23] of the following game"

minmax/f(c(.) y) -+- (g,y) L
y

(s)
maxminlf(c(.) y) -+- (g,y) L]]S*gl]} a.

y

Then (gO, yO) L S*g max (g, yo) L S*g [I} O. Therefore

f(c( yO) <= f(c( y)

If min_-_su, < f(c( y) f(c( ), clearly yO to.

Thus the problem of minimizing the quasi-convex function
y f(c(. y), y -- Su O, u <= L, reduces to the game (8). A more
detailed description of control problems which reduce to games will be
given in 6.

4. Problem of controllability of linear systems. An important problem
in the theory of optimal processes and its applications is the problem of
finding a control u(x0, Xx, t) which guarantees passage of a system from
the initial state x0 to a given state xl. From the functional analysis point
of view this two-point problem for systems (1), (2
problem of finding some linear fuctional (operator). The latter approach

makes it possible to obtain effective conditions which guarantee existence
of a control u(x0, x, t).
We give some definitions (cf. [24]). Let Z be the space of states of

dynamic system, U the set of control functions, z z(z0, u, t) the state of
the system at time associated with the initial condition z0, z0 Z,
ZO Z Itt and the control u, u U. Let X denote a subspace of Z, nd
x x(z0, u, t) denote the projection of the state z on X. Let 0 be the zero
element in Z.
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DEFINITION 5. The state z0 is called controlled in the class U (controlled
state) if there exist a control u uz0, u U, and a immber T,
to _-< T < +, such thatz(z0, u, T) .
DEFINITION 6. The state z0 is called controlled in the class U with respect

to a given set X (with respect to a controlled state) if there exist a control
u uz u U, and a number T, to -<_ T < -t- , such that x(zo, u, T) Ox
(0r is the projection of 0 on X).
DEFINITION 7. If each state Zo, zo Z, of a dynamic system is con-

trolled, then we say that the system is completely controlled. By a rela-
tively controlled system we mean a dynamic system each state z0 of which is
relatively controlled.

Consider (1) where f(t) O, x(to) Xo. Assume that in Definitions 6
and 7 the subspace X is n-dimensional. Clearly the concept of "relatively
controlled state" is equivalent to the known [24] term "controlled state."
The properties of completely controlled systems can be obtained from the
following considerations.

Let L be a positive constant. For (1) we find i rain x(T) II, u -<- L.
From the definition of norm and the minimax theorem [23] we have:

o min llx(T)[[ min max
(g’Su-t- c)

max min
(g, Su + c)

Thus

(9) 0 max I(, ) L S* II1, (T, to)xo.
I111=<1

The assertion follows.
LEM 1. In order for system (1) o be completely controlled, i i necessary

and sucient that S*g 0 for arbitrary g X*, g O.
Necessity. Suppose system (1) is completely controlled, but there exists

a vector g0, g0 0, such that S*gl 0. Consider the set (x0)
{x0" (g0, c) > 0}. If x0’ (x0), then

mx (, ( T, to)xo’) L S*ll (o, ( T, to)xo’), L > O.

Thus 0 > 0 for all L > 0, which contradicts the hypothesis.
Suciency. Consider (9). For each Xo the function 0 is continuous in L

and, for sufficiently large L, negative. Therefore for some L L(xo) the
quantity 0 is equal to zero.
The assertion is proved.
Thus system (1) is completely controlled only if S*g O, g X*,

Below we let U lu’llu]l =< L,L < -t- }.
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g # 0. In the case of stationary systems,

dx Ax + Cu, x (xl,"" x),
dt

this condition turns into the requirement of linear independence of the
vectors C, AC,..., An-IC, where C is the vector obtained by R. V.
Gamkrelidze [25]. If C is a matrix, then, as was shown by J. P. Lasalle [26],
we must require that

(lO) rank C, AC, An-IC} n.

Effective conditions for controllability of nonstationary systems can be
obtained from Lemma 1.
Now consider the equation with delay (2). The space of states for (2) is

the set of vector-valued functions

(11) {x(r), t- h <__ <: t}.

The initial state z0 of system (2) is determined by the conditions

() z0 {0(), x0() (), to- =< < to, x(t0) 0}.

The space of vectors x is a subspace of Z. The state z z(z0, u, t) of system
(2) in the space Z at time is determined by the segment of the trajectory
(11) from the space X.
Below we assume that motions of system (2) take place (t _>- to) in the

space of continuous functions; A, B, C are constant matrices, U is the set
of piecewise continuous functions, and to 0.

5 the state (12) of system (2) is controlled ifAccording to Definitions .-7,
there exists a control u, u U, such that x(t) =- O, T h <= <= T for
T<+.
The state (12) of system (2) is controlled with respect to X if there exists

a control u, u U, such that x(T) 0 for T < q- m.
It follows from (4), (9) that system (2) is controlled with respect to X

if and only if S*g] # 0 for g X*, g # 0 (analogue of Lemma 1).
Effective necessary and sufcient conditions for relative controllability

are available i’or this situation and can be stated as the following theorem.
THEOIM 3. In order for system (2) to be relatively controlled, it is necessary

that the ran of the matrix

(13) P g,", P=, P-
pk+ k pk+l k 1 2-, 1where pl C, .- APt, 2 BP

n 1, be equal to n.
THEOREM 4. In order for system (2) to be relatively controlled, it is neces-
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sary and sucient that the rank of the matrix

(14) {Q11, Q1, Q,..., Q},
whereQ C,Q8+I BQ_I-- AQt 1 k,k 0 1 n- 1
Q O for 0 and > It, be equal to n.
In the case of differential equations without delay, sequences (13) and

(14) coincide, and the conditions of Theorems 3, 4 reduce to condition

The results relating to controllability described above often make it
possible to study completely the problem of controllability of system (2).
Consider, for example, the equation

dx(15)
dt

Bx(t--h) + Cu(t).

The following assertion is true.
THEOREM 5. In order for system (15) to be completely controlled it is neces-

sary and sucient that it be relatively controlled.
System (2) is complerely controlled if the matrix C is nonsingular. The

problem is solved analogously for the equation

(n--i)x(’) + (aix(-i)(t) + oix (t- h)) cu(t),

which is always completely controlled.

5. Examples of reduction of control problems to ftmctional problems.
Basic relations ia optimal systems. Problems of functional analysis arise
in constructing admissible controls satisfying some boundary conditions
(without the requirement of optimality with respect to a definite criterion).
We consider several of them, with the goal of obtaining necessary and
sufficient conditions for existence of solutions. We shall first show that
investigation of existence and uniqueness reduces to the study of finite-
dimensional extremal problems dual to those of [27].

The problem of minimizing the norm of the final state of trajectories of 1 ).
Suppose we are given points al, a2, al X, a2 X. For given to, T > to,
A1 > 0, we wish to find a control u(t), u -<- 1, such that

l[ x(to) al ll <- A1, x(u, T,to) a211-- minilx(u,T, t0)--all A.
We choose a number A and find conditions for existence of an admissible

coutrol for which

(16)
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This is a functional analysis problem. Conditions for its solvability can be
obtained by using the theorem on separability of convex closed sets (see
3). We give them in the form of a theorem.
THEOtEM 6. Ire order for problem (16) to have a solution, it is necessary

and sucient that the following inequality be satisfied:
max h(g,A) max l(g,F(T, to)a+c--a)

c F(T, r)f(r) dr.

The finding of optimal controls appears as the following step in the ap-
proach which uses methods of functional analysis.

In the present case we proceed as follows. The function A(g, A) is strictly
monotone (decreasing) in zX ;therefore,

(18) A max {(g,F(T, to)al -- c- a) A1
I111-<_1

Thus to determine zX2 we must solve the problem (18). If g0 is a vector
furnishing the solution (18), then, as follows from (17), the optimal con-
trol u satisfies the condition

(19) (S’g, u0) min (S’g, u).
[lull=<l

Thus Theorem 6 contains necessary and sufficient conditions for existence
of a solution to control problem (16), the maximum principle (19) and
relation (18), making it possible to find the vector gO (initial condition
for the equation coniugate to (1) for u 0 equal to {--F*(r)g}). The
analogous conclusion can be drawn in the following problems.
Problem of minimizing the mean square error of system (1). Suppose we

want to minimize

i=l =1

subject to (16), where a, ti are given.
As above, we begin by considering the problem

(20) J(u) <- , ]Ix(to) a <= A x(T) a21] <-- 52,

where conditions for solvability can be obtained by using the approach of
the first theorems of 3.
THEOREM 7. In order for problem (20) to have a solution, it is necessary
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and sucient that

mx (g, F( T, to)m - c a) f A 11F*(T, to)g

Allgll + rain [(S*g,u) -fJ(u)]} <=0.
Ilull-<_

For the problem of optimal control we have the following result:

J(u) max {(g,F(T, t0)al+c2- a2) All F*( T, to)g
IIll=<i

Allgll + min [(S*g,u) +J(u)]},
tull_-<i

where the function u is determined from the condition

(21) min [(S*g, u) + J(u)] (S*g, u) + J(u).

It is clear that we can pass from (17) and (20) to problems of time-
optimal control subject to conditions (16) and (20), respectively. Here the
optimal time of the process is the smallest number satisfying the inequality
in the conditions for solvability.
We go on to a discussion of problems related to the L-problem. The latter

has been used for a long time in the study of time-optimal control, in the
following formulation"
Given points x(t0), x 0, transfer the traiectory (1) from the point

x(t0) to x 0 in the least possible time, subject to u -< 1.
Suppose the norm of u(t) is given by (5). First consider the problem of

transferring from the point x(t0) to the point zl 0. Its analytic form is

(22) x(to) F-I(’)f(T) dr F-(’)C(r)u(T) dr.

As is known [7], problem (22) has a solution if and only if

(2a) (T) min (, T) min l(g,[C*(r)(F-(r))*]i)ldr >- 1.
(g,)=--I (g,)=--i j----I

Suppose system (1) is completely controlled. For homogeneous systems
the function A(T) is continuous and strictly increasing [15] in T, and there-
fore the least T T is found from the condition

T max(T: A(g, T) 1}.

In other cases (inhomogeneous system, x 0) the solution T T gives
the smallest root of the equation A(T) 1. The optimal control satisfies

J(u) is computed from (3).
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the condition
T

(24) (C*(.)(F-(.))*, u(.)) . -1,

where gO is the solution of problem (23) for T T.
Now consider the following problem. Given numbers T, A, z, > A,

find an equation for u, u 1, such that

(25) x(to) <-- A, x(T)1I z.

The solution is carried out according to the scheme of 3.4.
THEOREM 8. In order for problem (25) to have a solution, it is necessary

and su2cient that the following inequality be satisfied:
(26) min {z g b F*( T, to)g S*g (g, c2)} _-< 0.

Problem (25) is related to the following problem of optimal processes.
Problem of maximizing the norm of the final state of the trajectories of (1).

Suppose we are given the numbers A and x(t0) <- A. We wish to choose
the control u, u <- 1, such that

x(u, T, to) max x(u, T, to)

From (26) we have

a0 max [(g, c2)
Iloll-

From the solution gO of this problem we determine the optimal control,
since

(27) (S’g, u0) max (S’g, u).

We emphasize once more that Theorems 6, 7, 8, and (23) contain the
maximum principle (see (19), (21), (24), (27)), existence theorems for
admissible controls satisfying certain boundary conditions, existence
theorems for optimal controls, and conditions (18), (23), etc., for de-
termining the quantity gO. These theorems also make it possible to find
conditions under which the solutions of optimal control problems are
continuous in the initial data and the parameters.
Remark 1. Up to now we have been concerned with controls constrained

by conditions (5), (6), (7). Nonsymmetric restrictions on controls u(r) of
the form

d(’__< u() <= d.(), dj0) d.(2) const

can be investigated by introducing a nonsymmetric norm.
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Remark 2. The results obtained allow a natural passage to a discrete
model. However, in connection with the fact that the corresponding func-
tions A(T) (in time-optimal problems) change their values by jumps, inan
investigation of existence problems uniqueness of controls gives rise to
peculiarities, which were noted and studied by R. Gabasov [28].

6. Some statistical problems of optimal control. Now we discuss a sto-
chastic model of a controlled process, considering the effect of random
factors of various kinds with known probabilistic characteristics.

Suppose the random vector 2 of phase coordinates at a fixed moment of
time T has the form

(28) (u, T, to) Su --4- , 5;, X.

Here S is a linear operator, is a random vectorthe value of some operator
S given on the space of initial conditions, external perturbations and
characteristics of ’another process y. For example, if satisfies (1), then

F(T, to)x(to) + F(T, r)f(7) dr.

Let f(z) be a positive function of z, and Mf(2) be the mathematical
expectation of f(2).
DnNTON 8. We say that the vector e, e X, is the average [29]

value (verage) of the random vector , and the number d is the measure of
dispersion (dispersion) if the following relation is satisfied:

Mf( e) rain Mf( z) d.

We restrict consideration to the case where f(2) 2 . Let (s),
s 6 X, be the distribution function of
Problem A. Find a control u, u 1, achieving a minimum for the

functional

f d().

On the bsis of the results of 3.5, in the general cse we hve

(29) min M
I111

I111

e o]e o eeeeeoo o e
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norm of the finite state (28) reduces to the solution of the game (29).
It can be shown that for the minimal value of the functional we have the
estimate

d _<_ o _<_ d + /(e),

where e is the average of the vector
d is dispersion. Here for completely controlled systems (gO, z0) > 0,
(gO, e) > 0. Thus, if the object is one-dimensional (more precisely, if we
are minimizing the mathematical expectation of the absolute value of one
coordinate), then the optimal control is completely determined by the
average e.
In certain cases Problem A is considerably simplified. Suppose, for

example,

f(2) (j (2,2)d(s))l;
then

(ti) f -t- A(e), e

Thus in the latter case the optimal control is completely characterized
by the vector

(S*g,u) min S’g, u),
Ilull=<l

(g, Me) --II S*g max
IIII=<l

We now describe another problem encountered in applications, whose
mathematical formulation leads to equations different from (28).
Suppose the action of control on an object may be discontinued at time

h with probability pl, at time t2 with probability p2, etc. We are given
time T, a point x Xl, and wish to minimize the mathematical
expectation MII 2 xl
One of the possible ways to solve this problem is the following. In (1),

assume the matrix C(t) equals a(t)E(t), where E(t) is a matrix and a(t)
is a random process of the following special form: in the intervals (tk,
the function a(t) can take on only two values 0 or 1 with probabilities
which are related in an obvious fashion to the quantities p. For such
stochastic model we can use the results of 3.5 (see [29]).
Now suppose that in the phase space X we are given the point Xl and

a neighborhood of it: x xl -<- e. A cross-section of the random process
2 at a fixed moment gives a collection of random vectors 2(T) for which
the quantity x(u) Probability {11 x x -< e} P{ x x
is defined.
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Problem B. Find a control u, u --< 1, such that

x(u) m x(u).
llullX

In the example of minimizing the mathematical expectation of the norm
of the final state given above, we illustrated the way to reduce an infinite-
dimensional variational problem to a game with two players whose strat-
egies are finite-dimensional vectors. This method can also be applied
(with certain restrictions) to Problem B. Here it turns out to be possible
to obtain estimates for the maximally admissible probability without
computing controls; the optimal control in the given statistical problem
coincides with the optimal control in the deterministic problem:

z(T) Su + o, min Su -t- x Su + x

where x is an element of the saddle point of a certain finite-dimensional
game. Problem B is clearly related to the determination of the minimal
radius (for fixed ), where

whose solution we will not deal with.

7. Continuous dependence of solutions of optimal control problems on
initial data and parameters. The discussion of these problems is based on
the work of N. N. Krasovskii [16], [30] and the author [31]. Interesting
properties of optimal controls, as functions of initial states x0 and the param-
eter t, arise in problems subject to the restrictions (5).

First we treat the problem of time-optimal control. The specific nature
of the problem, whose solution--controls u--is a set of discontinuous func-
tions, leads us to the following.
DEFINITION 9. The optimal solution T(xo, t), u(xo, , t) is said to be

continuous in the initial data x0 and the parameter t at the point (x0,
if for each > 0 there exists a a > 0 such that the inequalities

Meas (Ei lui(x:, t, t) u(Xo, t, t) >= ) < e, > O,

are satisfied, since only Xo xo - It
Continuous dependence of the solutions T(x0, ), u(z0, #, t) on the

initial data and the parameter was first proved for linear homogeneous
systems [31]. The proof was based on the property of monotonieity [15] in T
of the function h(T) (see (23)). The function A may lose this property if
transfer occurs not to the origin but into some fixed point x a of the
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space X. However in this case also we may obtain effective conditions
guaranteeing continuous dependence of solutions on the initial data and
the parameter. If the system is stationary, then one of these conditions
(necessary and sufficient) is that the origin belong to the region
Y v’v Aa + Cu, Ilull <- 1}.
Assume that the control system has the form

dx(30)
dt

A(t, t)x q- C(t)u -ff f(t, t), u <= 1,

where t is a parameter,
Suppose the minimal possible passage time of the trajectory (30) from

the point (x0, ) to the point (0, t) is T(x0, t).
THEOnE 9. The optimal solution T(xo, ), u(xo, t, t) for system (30)

is continuous in the initial data Xo and the parameter t if and only if for each
positive number , we can construct a neighborhood A(x) of the point (0, ),
for points of which there exists a control u, u __<_.. 1, transferring points
x into the point x 0 in time <- ,.

In [17] the author established, for an optimal high-speed problem, exist-
ence of an optimal Lyapunov function (optimal time 7’(x0, t) which has
continuous partial derivatives of any order in x0 and the parameter
This fact made it possible to prove [31] that the function T T(x0, t),
subject to the restrictions (5), has continuous partial derivatives of ay
order in the coordinates x0, x0 0, and the parameter at any point
which is not a control switching point.

Continuous dependence of solutions on initial data and a parameter
was studied, and the appropriate sufficient conditions were also established
for nonlinear systems [31].
We note that the regular properties of solutions of problems of time-

optimal control, with respect to initial data in the entire space X of states
of the system and the parameter , are inherent in problems with "smooth"
restrictions, for example, of type (6).

Consequently for such problems of optimal high-speed the heuristic
prieiple of R. Bellman cn be considered strictly justified.

In. considering optimal control problems with criteria other than high
speed, in many cases (minimization concerning the final state, convex
control function), due to the fact that the functionals allow an explicit
representation (see, for example, (18)), properties of functionals, such as
continuous dependence and differentiability in initial data and parameters,
are easily proved. In more complicated problems, conditions guaranteeing
continuous dependence of solutions of optimal control problems on initial
data and parameters can be obtained on the basis of necessary and suffi-
cient conditions for existence of solutions, examples of which are given in 5.
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8. Problem of numerical solution. As was shown in 5, the methods of
functional analysis applied to optimal control problems lead to additional
conditions (compared to Euler equations or the maximum principle), which,
as a rule, facilitate the problem of determining the initial condition for the
adjoint system. Essentially this is the gradient method with large steps [32].

Thus, suppose we minimize the quantity x(T)11 (x(T), x(T))112

on the traiectories of (1), where C(t) b(t), b(t) is the vector for the
control u(t) satisfying the condition In(t) =< 1. We first show that the
problem of finding the gradient reduces to integration of the original
system for some specially chosen control.

It follows from (9) that

(31) mid x(T)ll A max (g,c) I(g,F(T,r)b(r)) d
lul_-<l (,) =<

We note once again that the vector gO solving problem (31) is related
as follows to the initial condition 0 of the equation 0 -F*( T)g con-
jugate to the homogeneous one for (1).
We let X(g) denote the expression under the max in (31). Let g be

some vector, g 1, and let u be the control for which

( F( T, ,)bud(r)) dr mid (g, F( T, r)b(r) dr.
I’1<=

We determine the point x Su + c. It can be shown that

grad --X(g) ]=01 x )k(,(]l),(]l, (,(]1) (gl, x1).

Thus the problem of determining the gradient at each step reduces to
finding x and consequently to integrating (1) for u u. This operation
takes considerable time in solving problem (31), and therefore gradient
methods with small step have little application here. Since it is possible to
obtain information on the position of the maximum for k(g) in the direc-
tion of the gradient, we can use the method of steepest ascent. We shall
discuss the latter for problem (31).

Suppose the vector g satisfies the condition (g, c) > 0. We find u, x
as described above"

S*g u mid (S*g1, u), z Su + c.

If is a given number characterizing the accuracy of computing o,
then for xl (gl, x1) 1 > we proceed as follows"
Assume that the process is at the kth step. Let g g-(a-) and

find u, x such that (S*g, u) minl _<__ (S*g, u), x Su -4- c. We
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introduce the element gk(a) (1 a)g’ + ax and construct the func-
tion t(a) X(g(a))/]] g(a) [[. Let ’ x/]] x and minlul_<_l (S*1,u)

(S*, u), 2 Sz -t- c. Compute

, (0) (),
da

so that then we approximate (a) by another function. We have

,(0) (, ), /k(1) (k, )/ll II,

x (x, g) d
da

(g, x)x (x z)g),
(x, x,)/’

Assume that 5(a) is the approximating function. We compute a from
the condition 5(a) max0_<_<l 5(a). If z+l (gk+X, x+l) ei+1 _<_ e,
then the process stops. We note that these operations are sufficient for
computing second derivatives for t(a) at the points a 1, a 0.
The rate of convergence of the proposed algorithm essentially depends

on the method of introducing the parameter a, and on the coordinate
system (X, a).

Successive approximation methods for other problems are described in
[14], [33].
As was shown in 5, 6, with the approach described the variational (in-

finite-dimensionM) problem reduces to operations with convex (concave),
convex-concave functions of a finite number of variables. Here one also
sees the clear connection of the theory of optimal processes with nonlinear
convex programming [34], [35]. Problems (18), (23) nd others from 5, 6
involve convex programming, and numerical algorithms of the latter can
be used to construct optimal controls.

9. Application of functional analysis to problems of pursuit. We consider
only problems of programmed pursuit and discuss the possibility of con-
structing strategies of pursuing point [36]-[38].

Suppose that two points, x nd y, are moving in n-dimensionM phase
space, y being pursued by x. The controls u, v, represented by points, are
subject to the conditions

The equations of motion have the form

2 A(t)x -4- C(t)u + fl(t), x(to) x0,
(32)

1 E( t)y -4- D( t)v -4- f2(t), y(t0) y0,

where A(t), C(t), D(t), E(t) are known matrices and f(t), f(t) are
given functions.



THEORY OF OPTIMAL PROCESSES

Problem A. Find controls u u(to, t), v v(to, t) such that

max min T(u, v) T(u, v) T,
ll,,ll__</

where T(u, v) is the time required for the point x with control u to reach
an e-neighborhood of the point y, using the control v.

Problem B. Given the instants of time to, T, choose u ul(t0, t),
1( t) such thatV V t0,

max minIIx(u, T, to) y(v, T, to)II I]x( ul, T, to) y(v, T, to)II.

Equations (32) are linear, and therefore, under the condition that motion
is considered from the instant to, we have the representation

z Su + Qv + c

for the vector z x y at the moment T. Here S S(T, to),
Q Q(T, to) are linear operators and c c(T, to) is a vector (cf. (3)).

It follows from Theorem 4 that the point x reaches an e-neighborhood
of the point y, using the control v, only when

(33) X(v, T, to) max/(g, c + Qv) ell g llS*gll} <= o.

The least T T(v) satisfying (33) is equal to the minimal time of
pursuit of the point y with control v" T(v) min <l T(u, v). Therefore
for T we have

T max T(v) T(v).

The control v, substituted into (33), determines u" (S*g, u)
minl.u,_<_ (S*g, u), where gO is the solution of problem (33) with

v v, T T.
We introduce the functions

A(T, to) max ),(v, T, to)

max {(g,c) llgll llS*

+(T, to) ((T’ to) or (T, to) > 0,
0 for A(T, to) -<_ 0.

Let k k(v, T, to), v m, be continuous from the right in T.
The smallest of the numbers 0 stisfying the condition A+(0, to)
minrt0A+(T, t0) is denoted by T, nd the vector g solving (34)

for T T is denoted by g.
DEFINITION 10. The functions nO(to, s), vo(to, s), to < s < T
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strutted using the relations

(S’g, uo) min (S’g, u), (Q,gO, vo) max (Q’g, v),

are called O-optimal controls.
It is easier to find 0-optimal controls in the sense defined than to de-

termine the functions u(to, t), v(to, t). Therefore it is of interest to find
the relationship between the numbers T, T and the controls u tVV.
From the definition of the numbers T, T it follows that T _>- T.

Let A(T, t0) 0.
THEOREM 10. If (v, T, to) > O, to <= T < T then

T T u(to, s) u(to, s), v(to, s) v(to, s), to s - T

If T O is the smallest number for which )(v, T, to) <= O, O T, and
there does not exist v, v <= m, with the properties X( v, T, to) > O, to <-_ V <= O,
then T O,u1(to,s) u(to,s), v (to,s) v(to,s), to <= s <= O
The strategy u u(s0, s) for the point x guarantees transfer into an

e-neighborhood of the point y for any choice of control v in the time
T to.

If the situation is such that the point x knows the position of the point
y at time and the equation of motion (32), and according to these data a

strategy is to be constructed which guarantees reaching an e-neighborhood
of y in the least possible time, then on the basis of the above we conclude
that for A(T, to) 0, and the conditions of Theorem 10, optimal pursuit
can be achieved with 0-optimal controls.
Note that if the conditions of Theorem 10 are not satisfied, then it makes

sense to release the point y from the 0-optimal control, since then
T(v) < T(v).
We proceed to Problem B. For given v(s), to 5- s =< T, the minimal

distance a(v, T, to) which the point x can approach at time s T is

and

Ilvll _<_m Ilgll <1

Thus the 0-optimal controls constructed according to the relations (33),
(34) ccineidc witch the cntrols u(to, t), v(to, t) for Problem B.
We let u(t, s) denote the optimal control for Problem B with initial time

t, computed at time s.

If the point x knows the technical capabilities of y (the system of equa-
tions of motion) and the position of y at each moment s, then the strategy
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u u(t, t) guarantees optimal pursuit in the sense of minimal motion
away from y.

Other optimal pursuit problems are the subject of a special exposition.

10. On possible generalizations. It was already mentioned in the intro-
duction that the methods of investigation described are applicable to a
wide range of problems. Above, in the presentation of the basic ideas, we
chose the simplest systems. Now we describe several possible ways to
generalize the results obtained.

(i) In studying optimal processes for ordinary differential equations we
first introduced (3). But this relation is a general property of linear systems
(partial differential, integrodifferential, integral and other equations), and
one can usually arrive at it with the help of Green’s functions or other
analogous means. Therefore the methods of functional analysis described
are lso applicable here.

(ii) Also for simplicity of presentation, the class of functions was de-
fined by the condition u <= 1. This restriction cn be removed, choosing
as restriction on the controls any bounded convex closed set in the space
of vector-functions u(t). (Such problems were stuted in 3.)

(iii) Restrictions on the controls can also be weakened in another direc-
tion. Namely, instead of (1), consider the equation

dx A(t)x -+- ep(u, t), u U,

where (u, t) is a vector-function continuous in u, t, and U is a bounded
closed set.

It is possible to extend the given results to (35) because the set of
admissibili.ty for it is convex and closed. The latter fact was proved in
work by H. Halkin [39], L. W. Neustadt [40].

(iv) The reasoning by which the results described for linear systems
are extended to nonlinear systems,

(36)
dx
dt

f(x, u, t),

is presented in work by N. N. Krasovskii [30] and the author [31].
Unfortunately, generalizations in this direction are less effective, since

one of the advantages of the methods of functional analysis (related to the
determination of gO) disappears in this case, although it is possible to
investigate qualitative problems in the theory of optimal processes for
(36), [30], [31].

(5) Generalizations involving passage to the infinite-dimensional case
subject to (6) (or (7), p > 1), as is known, are not difficult, since the
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theorems of functional analysis presented in 3 remain valid in this case
[5]-[7]. But the effectiveness of the solutions is decreased, since the infinite-
dimensional (variational) problem again reduces to the finite-dimensional.
However, in certain cases the methods of functional analysis from the
above point of view may also be of interest in the infinite-dimensional
case [41].

It is ntuml that the considerations presented above relate to deter-
ministic and stochastic systems s well as to systems with adaptation.
In the ltter cse the necessary computations increase extraordinurily.
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AN EXTENSION OF AN INFORMATION-THEORETIC DERIVATION
OF CERTAIN LIMIT RELATIONS FOR A MARKOV CHAIN*

S. KULLBACKf

In [1] a limit relation for the transition probabilities of a stationary
Markov chain with a countable number of states was derived by the use
of certain properties of information measures. In this paper we shall use
essentially the same techniques to derive a limit relation for a Markov
chain with a countable number of states but with constant transition prob-
abilities only. We shall assume that the reader is familiar with [1] and shall
therefore omit certain details.

Consider a Markov chain with constant transition probabilities

pll p12 ""1p21 p22

(1) P

where

(2) pi" 1,

with the absolute distributions
(re+l) tt(m)p(3)

i= 1,2, ...,

j 1,2,

and with the m-step transition probabilities

()hk
h h

(5) p.r 1,
k

:’ ti
(m) 1,

j -1,2,

We now prove the following theorem.
THEOREM. For a Martcov chain with a countable number of states and

constant transition probabilities, lim (p[)/t()) 1.
Consider the discrimination information between the systems of prob-

abilities (see [1])

(6) p,(m) (m) (m) u(m) (m) (m) ,...},
* Received by the editors August 10, 1966.
Department of Statistics, George Washington University, Washington, D. C.
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(7)

given by

U(+) {<+) s(+) },p(m+l) {pn+l)pn+l) },

Thus letting m - in (13) we get

(15)

From (3) and

(16) -g 1, m 1,2,...

Ci C. C for all i,j,h.

(8) I(_i p,. log
#j(m)

p (re+l) u(m+l) (m+) P7+1)

() ( p og
gi(m+)

Using the convexity property and (2), (3) and (4) (see [1]) it may be
shown that

p () U() p(+) U(re+l)(10) [( ( ),

wih equality if and only if p) g(). The convexity also implies that
(m) u(m)(11) I( 0

for all m, with equality if nd only if p) g(). Thus

I(P()’, U()) => I(p() U()) => => I(p() U())
(12)

I(P(+);U(+)) O.

Let us assume that I(P() U()) . If in (12)

I(P() U()) I(P(+) U(+)),
then V)/(v) 1, I(P() U()) 0, N m.
On the other hand, if the sequence in (12) is strictly monotonic, and

there is no equality, then the fact that [(P(); U()) tends to finite limit
s m , and hence [(P(); U()) I(P(+) U(+)) 0 as m, n ,
implies that (see [1]

(m)
(13) pi 0 as m, n i,j, h, 1,2

h(m) j(m+n)

For h j in (13) the Cuuchy mutual convergence criterion implies that
there is a Ci such that

(m)

(14) lira p C.
m i(m)
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it follows that

(17) sp > 1, inf p---L- < 1, m 1,2,
j(m)

Since

lim
p7) C for j 1,2,...,

m-oo #a"(m)

(17) implies that Ci _-> 1, Ci -<_ 1, that is, C 1, and the theorem is
proved.
Note that if v(m) m for all j nd m then the result here becomes that

in [1].
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CONSTRUCTION OF SUBOPTIMAL CONTROL SEQUENCES*
R. J. LEAKE AND RUEY-WEN LIU

Summary. As an alternative to a direct solution of the Hamilton-Jacobi equation,
results are presented for the determination and improvement of suboptimal controls
and for obtaining bounds on the optimal value of the performance index. Treatment
is restricted to the class of problems included in the well-known work of Kalman [1].

1. Introduction. It is well established that direct attempts to solve the
Hamilton-Jacobi equation in order to obtain optimal feedback controls are
hopeless in all but a few special cases. Bellman foresaw these difficulties in
his early work on dynamic programming [2], and in addition to his main
constructive method of solution, laid strong emphasis on the use of succes-
sive approximations for the study of optimal processes. A similar idea for
obtaining suboptimal controls based on the relationship between Hamil-
tonian functions and performance index derivatives has been exploited by
Rekasius [3] and Hausslcr [4]. Their work has shown promise for the special
case of "stationary" problems, with a separable scalar control. The same
line of reasoning will be applied here to a broader class of problems.

Consider a dynamical system represented by

(1) 2 f(x, k, t), x(to) Xo,

where the n-vector x is the plant state, f is a continuously differentiable
n-vector function, and k(x, t) is an r-vector function defined on R X R.
The solution of (1) will be denoted as (t) & (t; x0, to).

Let G be a closed subset of R X R to which all motions of (1) are
restricted, and let the target set S be a closed subset of G. For our purposes,
the function lc will be called an admissible feedbaclc control law if:

(a) it is continuously differeutiable with values lc(x, t) belonging to
locally compact set U R for all t;

(b) it has the property that when substituted into (1), any motion
beginning in G S reaches S, or approaches S, in a uniform
asymptotic manner without leaving G.

The class of functions satisfying the above properties will be denoted
as 3.
The terminal time h h(x0, to) will be defined as the first instant fter

to when the motion (4)(t), t) becomes a member of S; or, in the asymptotic
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The system performance is evaluated by the functional

J(xo, to k) )[k(tl ;Xo, to), tl]
() f- LICk(a; Xo, to), k((a; Xo to), a), a] da,

where L und are continuously differentiuble functions. We define

V(xo,t0) inf J(xo,to;k).
kK

Let H be defined s

(3) H(x, p, t, u) {f(x, u, t), p) + L(x, u, t),

where p is an n-vector, u is an r-vector nd (, denotes the inner product.
Assume that H has unique bsolute minimum for each x, p, and with
respect to the values u U, and let the ussocited location of the minimum
be denoted as c(x, p, t). Assuming that c is continuously differentiable
function of x, p and t, we define the Hamiltonian as

(4) H(x, p, t) H(x, p, t, c(x, p, t) min H(x, p, t, u)
uU

and the Hamilton-Jacobi equation as

(5) v + H(x, , t) O,

where V(x, t) is scalar function defined on R X R, Vt OV/Ot and
V grd V. Kalman [1] hs shown that if V(x, t) is twice continuously
differentiable in all arguments, if it satisfies (5) in G and the boundary
condition V(x, t) N(x, t) on S, and in ddition if the function k(x, t)

c(x, V(x, t), t) is admissible, then V(x, t) V(x, t).
The solution of (1) is easily seen to have the property that

(6) (.; (t; xo, t0), t) (.; xo, to) (.);

nd furthermore, if (Xo, to) G S, we have for the terminal time

(7) t((t; xo, to), t) t(x0, t0), to 5 5 t(xo, to).

It follows from (2), (6) and (7) that

J((t; xo, to), t; ]) x[(t ;xo, to), t]

(s) 1
for to =< =< tl. Consequently, the Eulerian derivative of J along motions
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of (1) is given by

dJ(9) - (4)(t; x0, to), t;/c) --L[(t; x0, to),/(4)(t; x0, to), t), t]

or, denoting 4)(t; Xo, to) by x, we huve in more csul notation

(lO) d(, t; ) -L(x, , t).

Whenever there is no chance of confusion we will use the latter representa-
tion of the result, it being understood that (9) is implied.

2. Transformations of the successive approximation. Given any optimal
feedback control problem described above, define X) as the set of all con-
tinuously differentiable functions V" R" X R R such that V(x, t)

)(x, t) on S. Let 0 be the subset of 2 such that if /(x, t)
c(x, V(x, t), t) then/ 0, i.e., k is admissible. Note that by our as-

sumptions, if it exists, V 0.
Next we define the basic transformations used to generate suboptimal

control sequences.
(a) T "X)--- is defined for any V 2 by T(V) k, where/(x, t)

c(x, V,t).
(b) T 3 -- is defined by T(lc) V, where V(x, t) J (x, t; lc).

Clearly J(x, t; lc) k(x, t) on S, and since ), L, and k are con-
tinuously differentiable, so is V.

(c) T" X)--+ X) is the composite mapping defined for V X) by T(V)
T(T(V)) J(x, t; k) with k(x, t) c(x, V, t).

3. Development of the basic inequalities.
LEMMA 1. Suppose V o and W 5. Then, if

(11) H(x,V,,t) .+ Vt <- H(x,W,t) + Wt, (z,t) G- S,

it follows that

(2) w(x, t) <= v(, t), (, t) G.

Proof. Since V 0 the control ](x, t) c(x, V, t) causes the motion
of (1) to enter S from any initiul phase in G. Tking derivatives long
this motion we hve

?- W (f(x, k, t), V.} (f(x, , t), W} + V, Wt
[H(x, V, t) - Vt U(x, W, t) Wt]

+ [H(x, W, t) H(x, W,, t,
=< 0,

since the term in the first bracket is nonpositive by ssumption, wheres
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the term in the second bracket is nonpositive by the definition of H in
(4). It follows that along the motion of the indicated system I?(x, t)
=< W(x, t). Noting that both Eulerian derivatives are taken along the same
motion and therefore with a common termination point on S, a simple
integratioI yields (12).

THEOREM 1. Let V o and W 2. Then for (x, t) G,

H(x, Vx, t) Vt <= 0 implies V(x, t) <= V(x, t),
(13)

H(x, W, t) + Wt >= 0 implies W(x, t) <= V(x, t).

Proof. The conclusion follows from Lemma 1 together with the fact
that V 0 and H(x, Vx, t) - Vt 0. Note that all of the above results
also hold for strict inequalities. Theorem 1 provides a basic means of
determining upper and lower bounds on V(x, t).
The next result gives an alternate method of evaluating the performance

index for a given admissible control law.
LEMMA 2. Let W and k o. Then

(14) W T(/c) if and only if .H(x, W, t, tc) - Wt 0 in G S.

Proof. Assume first that H(x, W, t, to) + Wt 0. Taking the deriva-
tive of W(x, k) along motions of (1) with the control/c we have

W H(x, W, t, t) - Wt L(x, 1, t) --L(x, lc, t);

but from (10), --L(x, to, t). Noting that the restrictions on f, k and
L imply J is continuously differentiable in G and integrating along the
motion of (1) yield W(x, t) J(x, t; t), i.e., W T(/). Conversely,
W T(/c) implies I?V -L which leads to H(x, W, t, to) Wt O.
Let us now turn to the composite mapping T T:T.
THEOaE 2. Let V o and W . Then

W T(V) if and only if H(x, W, t, c(x, V, t) + W 0
(15)

inG S.

The proof follows directly from Lemma 2 and the smoothness assump-
tion on c(x, V(x, t), t) lc(x, t) T(V) (x, t).
Notice that Lemma 2 and Theorem 2 both give methods of determining
W such that H(x, Wx, t, k) + W 0 and thus H(x, W, t)- W _<_ 0.

If it turns out that W 0, the function takes on a usefulness which is
now indicated.
THEOREI 3. Let W o and W* T(W). Then

(16) H(x, W,t) + Wt <= 0 inG S
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implies that

(17) V(x, t) <= W*(x, t) <= W(x, t).

Proof. Tking derivatives of W and W* along the same motion of (1)
with k(x, t) c(x, W, t) we have

HW (f(x,k,t) W) + Wt-- (X, W,t) - Wt- L(x,k,t) <= --L(x, lc, t),

whereas from (10), ?V* 3(x, t;/c) -L(x, t, t). The desired result
follows by integration.

It is esy to see thnt V is u fixed point of the mapping T, but the con-
verse is not obvious.
TEonnM 4. If V exists, then V is a fixed point of T, i.e., V T( V).

Conversely, if V is a fixed point, then V( x, t) V( x, t) on G.
Proof. If V exists, then V X). Let V* T(V). From Theorem 3 we

hve V(x, t) <= V*(x, t) <__ V(x, t), so V* V. Conversely, assume
V T(V); then by Theorem 2, H(x, V, t, k) - Vt 0, where k(x, t)

c(x,V,t), i.e., H(x, Vx,t)+Vt 0 or V is solution of the
Hamilton-Jcobi equation. With the assumption that V is member of 0,
the domain of T, we hve V V.
Note that if V exists, it is unique.
COnOLLhnY 1. If V exists, there is one and only one fixed point of 7’ in 5.
4. Iterations and convergence conditions. The question now arises as to

whether the process outlined in Theorem 3 cn be continued. Given ny
V 0 we estublish the successive pproximation procedure through T,
i.e., V"+1 T(V), by mking the following assumption.
ASSUMPTION. T( Vn) )o for n 1, 2, 3,
THEOREM 5. If Y o and Vn+ T(V), n 1, 2, 3, ..., then

V(x, t) Y+(x, t) Vn(x, t) = V(x, t), (x, t) G.

Proof. Let/+(x, t) c(x, V, t) T(V"), and note that we have
defined Vn(x, t) J(x, t; ) T(k’). By Theorem 2 we have for each n

H(x, V, t, ) + V, 0;

thus H(x, V, t) + Vt <= O, nd the conclusion follows inductively from
Theorem 3.
Theorem 5 indicates that the estimate of V(x, t) can only be improved

by the successive approximations. We may state stronger results if further
restrictions re imposed.
THEOREM 6. If the iteration procedure terminates in a finite number of

steps, that is, if T(V) V for some finite n, then V exists and V(x, t)
Vn(x, t) On G.
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Proof. Since V is a fixed point in X), the result follows directly from
Theorem 4.

If the iteration does not end in a finite number of steps, Lemma 3 fol-
lows from Theorem 5.
LEMMA 3. For every sequence Vn}, there exists a function V* such that

V(x, t) V*(x, t) pointwise on G. If G is bounded, the convergence is

uniform.
In order that V* V, it is required that V* 0. If in addition T is

continuous at V*, the condition V* V is assured. In order to make the
statement more precise, let us assume G is bounded and define a distance
function on as

d(V1, V2) sup {IV(x,t) V(x, t) I} forV1, V .
(x,t)o

THEOREM 7. Let T be continuous in o c . If V} is such that T( V)
V+1 and V (x, t) V*(x, t) as in the above mentioned construction, and

if V* ,then V* V.
Proof. With the defined metric, Lemma 3 implies that V -- V* and

T( V) --+ V*. Since T is continuous, T(V*) V*, so that by Theorem 4,
V* V.
Above, we give conditions under which the iteration will converge to the

optimal V(x, t). Perhaps more important from a practical standpoint is
that the successive approximations are monotone decreasing under more
general conditions and a gauge can be obtained by finding lower bounds
on V(x, t) by the use of Theorem 1.

5. Quasilinearization and the canonical equations. It is interesting to
note that, by Theorem 2, evaluating the successive approximation V+1

T( V) amounts to solving a sequence of linear partial differential equa-
tions of the first order, since

n-iH x, -z ’+, t, c( x, V t) d- V 0

implies

/v + + L(x, c(x, Vn, t) t)(18) \- ,f(x, c(x, V t), t)) d- -t

It is well known [1], [5] that the Hamilton-Jacobi equation H(x, V, t)
d- V 0 specifies a two point boundary value problem in the canonical
equations a H, i5 -H. Because of their general nonlinearity,
numerical integration of the canonical equations presents a formidable
problem. Bellman and Kalaba [6] have employed quasilinearization to
reduce problems of this type to problems of solving sequences of linear two-
point boundary value problems.
As one might expect, the characteristic equations associated with (18)
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provide a similar formal mechanism of solution. They may be written
with (t) eke(t) as

Cn+l(t) H(n+l, pn+l, t, c(4)n, pn, t)),
(19)

--/}n+l(t) Hx("+l, p+l, t, c(", p, t)),

or, more explicitly,

+(t) f(+, c(4), p, t), t),

_ih+(t) fx(bn+l, c(dpn, pn, t), t)p’+ + L(’+, c(, pn, t), t)
(20)

-+- Cx(4,’, p’, t)[L()+I, c(, p, t), t)

+ fu(+, c(, p, t), t)p],

where fx, c, f are Jacobian matrices and L, L are gradient vectors.
It is seen that the second equation is linear in p+. The equations may be
integrated iteratively by choosing an appropriate admissible control u(t)
in place of c((t), p(t), t). This amounts to an "approximation in policy
space" [2]. Boundary conditions are obtained from the general transversality
condition

(21) [dk q- U dt q- (p, dx}] t‘ O
where the differentials are consistent with the side constraints. We do not
wish to go further into these matters, but mention them to show connec-
tions with other work in the field.

6. Applications.
Example 1. A norm inariant system may be given by

2. A(x)x + k, where A +Ar 0.

LetS= {(x,t) lllxil--o},G-- {(x,t) lllxII e},u-- {l I[ 1},
0, and L 1, where 0 is any (small) positive number. Since without

control all solutions are on the constant norm surface x x0 I[, it is
reasonable to assume that V(x, t) g(ll x II), where dg(a)/da > O.
It is easy to show that c(x, p, t) -P/}I P II; consequently, k(x, t)

c(x, V,, t) -x/ x II. It is then straightforward to show that Va(x, t)
Y(x,t) Ilxll -0- Therefore, by Theorem 6, V(x, t) [Ixl[ O,

and the optimal control law is lc(x, t) -x/I x II.
Example 2. In the first-order linear system

with L x q-/c=, G U R, S (x, t) x 0} the well-known solu-
tion is V(x, t) x, k(x, t) -x. If we assume V"(x, t) Kx, then
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(18) becomes

-KxV+ -t- x --t- Kx 0;

so V’+(x, t) (1 q- K)x/(2K), and it is seen that the related sequence
converges to V(x, t).
Example 3. A simple, but explicitly insolvable minimum time problem is

defined by letting L 1, G {(x, t) III x --> 0}, S {(x, t) Ill x 0},
and U {/ell I/c =< 1} for the system

2i -xl+ki,

2 -2xq- k.

The small parameter 0 should be held to positive wlue in order for the
theory to apply, but it seems worthwhile to proceed formally with 0 0
in the interest of simpler expressions. Application of Theorem i shows that

log (1 -t- 21 x ]])1/ __< VO(x, t) <__ log (1

Beginning the iteration of Theorem 5 with V(x, t) log (1 + x II) we
obtain/c(x, t) -x/l[ x I. Evaluation of V T(V) by means of (18)
shows that

V2(x,t) log (1 + 2]]x]] + xl2)1/2,

--(x1(1 -- xl?(x, t)
[{I + {{ + x,]’"

From the ltter control lw, V(z, t) may be ewluted numerioMly s the
time it tkes to reaoh the origin.
ettin w(x, t) ( + ll) ", we hve

w(, t) V(z, t) v(z, t) (z, t) v’(x, t).

The i isoohrones for these quantities re shown in Fig. i. As mentioned
bove, the set of points where V(, t) i ws determined by numericl
integration. ctully, the set of points stisfying g(z, t) i in the first
quadrant cn be speoified prmetriellybyz (i/) log [e + i + e],
z [el + e 1 + z]/(2), where is prmeter rng-
ing over the rel line. comparison shows that the pproximtion
V;(x, t) i is ceurte to within few tenths of percent.
Ezample 4. Here we consider class of first-order problems desoribed
by (> + l,withL(, k, t) () + , G {(, t) 0],
U R, (, t) {z 0}. We ssume that a(z) is positive definite.
In this instance it is possible to crry out the complete pproximtion

process in the polioy spce 0 by using the transformation T* TT
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X2

2 3
X1

FG. 1. Isochrones corresponding to for the successive approximations of Example 3

rather than I’ 7’.7.’1 as has been discussed in the text. We have c(x, Vx, t)
1/2 Vx, and (18) becomes

V n+l(’) -vn) + (v ) + o.
Furgher, if V" 0, we have by Theorem 1

(3) vg (v) + o, z o.
Substit,uting lc"+ Vz into (22) yields

,+, ,*(c,,) (#) + ,
2 lc+g

or

#++.q=5 ("+g) +(,+})
Now if lcn is admissible,/c + g < 0 for x > 0 and lcn+l is continuously dif-
ferentiable for x > 0. Furthermore, the origin is asymptotically stable for

g(x) -- /cn+l, since from (23)

" gV.-+ lc+iVx gV, 1/2(V) <= -a --}(V),
and thus V is a Liapunov function for the system. Therefore, lc"+ is
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admissible. It is easy to show that

/1 + - v/ + , or n - __
/; + Z 0.
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CONTROLLABILITY AND OBSERVABILITY IN
LINEAR SYSTEMS*

TIME-VARIABLE

L. M. SILVERMANf AND H. E. MEADOWS:

Introduction. It is well known [1], [2], [3] that the controllability and
observability properties of a time-variable linear system may be fully
determined from the system solution. However, the solution to such a
system is generally not available in. closed form. In. this paper, we examine
the extent to which the various types of controllability and observability
may be characterized in terms of the known system coefficient matrices.
Of prime importance in this development are the system controllability
and observability matrices to be defined below. It will be shown that these
matrices, which do not require knowledge of the system solution for their
construction, provide significant structurM information including neces-
sary and sufficient condition for total [3] (differential [2]) controllability
and observability. This condition is established by relating the controlla-
bility and observability matrices to a new test for linear independence of
vector functions. This test is a generalization of the familiar Wronskian
determinant test for scalar functions. A new degree of controllability and
observability is introduced here, and its relation to previous definitions is
discussed. It is shown that the state of a system possessing these properties
can be controlled and observed "instantaneously."

lreliminaxies. The class of systems to be considered in this paper are
those describable by a finite set of first order differential equations of
the form

(la) 2(t) A(t)x(t) -t- B(t)u(t),

(lb) y(t) C(t)x(t),
* Received by the editors August 31, 1966.
This research was partially supported by the National Science Foundation under

Grant NSF GP-2789, and by the Office of Naval Research under Contract NONR
4259(04).

f Department of Electrical Engineering, University of Clifornia, Berkeley,
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Lower cse symbols will be used to denote vector functions, while upper case
symbols will be reserved for all other matrices. The operations of transposition and
inversion on a matrix A will be denoted A’ nd A-1 respectively nd the notations
dA(t)/dt fi(t) A()(t) and dlA(t)/dt A(k)(t) will be used for differentia-
tion.
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where x(t), an n-vector, is the state of the system of time t; u(t), an r-vector,
is the input; and y(t), an m-vector, is the output. The matrices A (t), B(t)
and C(t) are of order compatible with the vectors x(t), u(t) and y(t). To
avoid unnecessary complication, it will be assumed that A(t), B(t) and
C(t), together with their first n 2, n 1, and n 1 derivatives re-
spectively, are continuous functions.
As is well known [4], the output of such a system is given by

y(t) C(t)X(t) X-(to) x(to) -- X-(r)B(r)u(r)

where x(to) is the state of the system at some arbitrary time to, and X(t)
is a fundamental matrix [4] for the homogeneous part of (la), that is,

(3) 2(t) A(t)X(t)

and X(t) is nonsingular for all t.
A brief summary of the important types of controllability and observa-

bility for time-variable linear systems will now be given, together with
the necessary and sufficient conditions for each in terms of X(t). Various
equivalent definitions and criteria, as well as discussion of the role they
play in optimal control and filtering theory, may be found in [1], [2] and [3].

DEFINITION 1. (a) System (1) is completely controllable on an interval
(t0, t) if, for any initial state x0 at to, und any desired final state x at t,
there exists an input u(t) defined on (to, t) such that x(t) x.

(b) System (1) is totally controllable [3] (differentially controllable [2])
on an interval (t0, tl) if it is completely controllable on every subinterval
of (to, tl).

DEFINITION 2. (a) System (1) is completely observable on an interval
(t0, h) if any initial state x0 at to can be determined from knowledge of the
system output y(t) and input u(t) over (to,

(b) System (1) is totally observable [3] (differentially observable [2]) on
an interval (to, tl) if it is completely observable on every subinterval
of (to, t).

If we let O(t) X-(t)B(t) and (t) C(t)X(t), then the well-
known [2], [3] criteria for the above types of controllability and obserw-
bility are given in the following theorems.
THEOnnM 1. (a) System (1) is completely controllable on the interval

(to, tl) if and only if the rows of O(t) are linearly independent on (to, tl).
(b) System (1) is totally controllable on the interval (to,

the rows of 0 are linearly independent on every subinterval of (to, tl).
THOnnM 2. (a) System (1) is completely observable on the interval (to, t

if and only if the columns of are linearly independent on (to, tl).

All intervals considered are open.
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(b) System (1) is totally observable on the interval (to, t) if and only if
the columns of(t) are linearly independent on every subinterval of (to, t ).

The controllability and observability matrices. The necessary nd suffi-
cient conditions for controllability nd observbility summarized in the
previous section depend explicitly on X(t), which for time-wrible differ-
entil equations is rrely wilble sve in numerically tbulted form.
In order to circumvent the problem of solving time-wrible differential
equations, we propose to determine the extent to which the controllability
nd obserwbility properties cn be characterized in terms of the mtrices
A(t), B(t) nd C(t). To this end, we define the controllability mtrix of
system (1)

(4) Qc(t) [Po(t) P(t) P-(t)],

where

(,5) P+(t) -A(t)P(t) + P(t), Po(t) B(t).

The observability matrix is defined similarly:

(6) Qo(t) [So(t)iS(t)!... S_(t)],

where

(7) S+(t) A’(t)S(t) -- (t), So(t) C’(t).

To indicate the role played by the controllability matrix as a test for
controllability it is first noted that

d(8) dt-- [X-(t)B(t)] x-l(t)P(t),

as can be shown by simple induction argument [5]. Thus,

(9) [O(t) iO()(t)! O(-)(t)] X-(t)Q(t).
For a single-input system, the matrix on the left-hand side of (9) is recog-
nized to be the Wronskian mtrix [6] of the rows of O(t). Since X(t) is
nonsingular for all t, the rank of Qc(t) is equul to that of the Wronskian
matrix for all t. For single-input systems, therefore, it is clear that the
controllability mtrix yields as much information about the degree of con-
trollability of the system as does the Wronskin matrix of the rows of O(t).
Observe, however, that the former mtrix my be constructed without
knowledge of the system solution.
I order to utilize (9) fully, it is necessary to consider generalization

of the usual Wronskin matrix. In the following section, Wronskian
matrix for vector functions will be defined, and its utility us test for linear
independence of such functions will be established.
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The vector Wronskian matrix. Consider the set of r-dimensional row
vector functions fl(t), f2 (t), fn (t), the elements of which, together
with their first n 1 derivatives, are continuous functions. The Wronskian
matrix of such a set of functions is defined as

W(fi(t), f2(t), ",fn(t)) [F(t) F(1)(t) F(-l)(t)],
where

iv(t) Ira(t) 1
When the context is clear, W(t) will denote the Wronskian matrix. Several
basic properties of this vector Wronskian matrix will now be developed.
The first is a direct generalization of the familiar test for linear independence
of scalar functions.
LEMMA 1. If W(t) has ran]c n for some (to, tl), then the vector functions

f f f are linearly independent on (to, t
Proof. Suppose the functions are dependent on (t0, t); then there exists

a constant nonzero n-vector X such that for all (to, tl), XrF(t) 0. By
differentiating this relationship n 1 times, it is clear that k’W(t) 0
for all (to, t), which contradicts W(t) having rank n for some

(to, t).
Less obvious is the following test for linear dependence of vector

functions.
LEMM 2. If the Wronslcian matrix of the vector functions f(t), f (t),

f has ran q < n for all (to, tl), and if the Wronslcian matrix of any q
of the functions also has ran/c q on the intewal, then the n functions are linearly
dependent on (to, t) and may be expressed as a linear combination of the q
independent functions.
Although the statement of this lemma is quite similar to a well-known

result for scalar functions [6], it is not possible to generalize the usual proof,
which relies on the relation the Wronskian of scalar functions bears to the
solutions of differential equations. The following proof is believed to be
novel even when speciMized to the scalar case.

Proof of Lemma 2. Without loss of generality it may be assumed that the
Wronskian matrix of f(t), f(t), f(t) has rank q for all (t0, t).
Partition W(t) as

w(t)
W.(t)

where W(t) is the submatrix formed from the first q rows of W(t). Further
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partition W1(t) as

W(t) --[Wn(t) W12(t)],

where W11(t) is the submatrix formed from the first rq columns of Wl(t),
that is,

Wn(t) W(f(t), f.(t), ..., fq(t) ).

Also let W(t) be partitioned conformably with Wa (t) as

W.(t) [W,(t) iW(t)].

Since W(t) and Wn(t) both have rank q for all (to, tl),

(10) W2(t) K(t)Wl(t)

on the interval,, where

K(t) W(t)W’ (t)(w(t) Wi,(t )-
All that need be shown to prove the lemma is that K(t) is a constant matrix,
since it follows trivially from (10) that

f+(t) Vf(t)
fq+(t) |

K(t)

To establish that K(t) is constant, it is first noted that (10) implies

(11) Wa(t) I(t)Wn(t) -k- K(t)Wn(t).

It is clear, however, that W:.(t) and Wn(t) are corresponding submatrices
of W(t) and Wa(t), respectively, so that (10) implies

W(t) K(t)Wl(t).

Thus, K(t)Wl(t) 0 for all (t0, ta). Since Wn(t) has q rows and rank
q everywhere on the interval, it must be true that /(t) 0 for all

(t0, t). This completes the proof.
Based on Lemmas 1 and 2, we may now establish a result which will be

of prime importance in characterizing total controllability and ob-
servability.
LnM 3. A neeessary and susfieient condition for the vector functions

f f f to be linearly independent on every subinterval of
(to, t) is that their Wronslian matrix not have ranl less than n on any sub-
interval of (to, tl) (i.e., W(t) has ranl n on a set of points everywhere dense

(to, t
Proof. See the Appendix.
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Criteria for controllability and observability. Consider now the Wronskian
matrix of the rows of (t),

W(O(t), 02(t),--., O,(t)) [O(t) O)(t)i O("-(t)],
which from (9) can be written as

(12) W(t) X-(t)Q(t).
As noted previously, the rank of W(t) is at all times equal to that of Qc(t).
Immediate application of Lemma 1, therefore, gives the following sufficient
condition for complete controllability.
TIEOREM 3. System (1) is completely controllable on (to, tl) if Qc(t) has

rank n for some (to, tl).
This result was also proved directly in [7] and independently by

Stubberud [8] and Chang [9].
In general, the condition of Theorem 3 is not necessary for complete

controllability, just as the vanishing of the Wronskian determinant does
not imply the linear dependence of a set of scalar functions. A simple ex-
ample of a system which demonstrates this fact was given in [7]. As should
be clear from Lemrna 3, however, a necessary and sufficient condition for
total controllability can be given in terms of the matrix Qc(t). This eondi-
lion, which constitutes the major result of this paper, is given below.
THEOREM 4. System (1) is totally controllable on the interval (to, t) if

and only if Qc(t) does not have rank less than n on any subinterval of (to, tl).
By duality [1], the following criteria for observability also hold.
THEOIEM 5. System (1) is completely observable on the interval (to, t) if

Qo(t) has ran n for some (to, t).
THEOtEt 6. System (1) is totally observable on the interval (to, t) if and

only if Qo (t) does not have ranlc less than n on any subinterval of (to, tl).
In the special case where the coefficient matrices of system (1) are

analytic functions of time, the distinction between complete and total con-
trollability disappears, since if a set of analytic functions are linearly inde-
pendent on any subinterval of a given interval they are linearly independent
on every subinterval of the interval. It also follows from the elementary
properties of analytic functions that an analytic matrix has constant rank
save possibly at a finite number of points over any finite interval. Thus,
directly from Theorem 4, we have the following corollary.
COtOLLARC 1. An analytic system of the form (1) is completely controllable

on the interval (to, tl) if and only if Qc (t) has rank n on the interval.
Similarly, Theorem 5 implies the next corollary.

For convenience, if an analytic matrix has rank q at all but a finite number of
points on an interval, it will be said that the matrix "has rank q" on the interval.

A similar result for this case was also established by Stubberud [8] and Chang
[9].



70 L. M. SILVERMAN AND H. :E. MEADOWS

COROLLARY 2. An analytic system of the form (1) is completely observable
on the interval (to, tl) if and only if Qo( t) has rank n on the interval.
While complete and total controllability and observability play an im-

portant role in optimal control and filtering theory, it has recently been
noted [10], [11] that somewhat stronger properties are necessary for certain
problems involving system transformations of coordinates. These proper-
ties, termed uniform controllability and uniform observability, are defined
below.

DEFINITION 3. System (1) is said to be unifornly controllable on the
interval (t0, tl) if the matrix Qc(t) has rank n for M1 (t0, tl).

DEFINITION 4. System (1) is said to be uniformly observable on the in-
terval (t0, h) if the matrix Q0(t) has rank n for all (to, t).

It is clear (even for analytic systems) that uniform controllability is a
stronger property than total controllability. An interesting interpretation
of uniform controllability can be made which shows how this criterion
relates to the more familiar types of controllability arising in optimal con-
trol problems.

If a system is totally controllable, then by definition the state of the
system may be transferred to any desired value in an arbitrarily short
interval of time by application of some input. It will now be shown that if a
system is uniformly controllable, it is possible to perform the state transi-
tion "instantaneously." Furthermore, an explicit input in terms of the
controllability matrix will be given which effects the state transition.
Suppose the state of system (1) is zero at time to and u (t) (t to)ao,

where (t to) is the unit impulse "function" applied at to, and a0 is an

r-ector of arbitrary constants. Then, by using the well-known properties
of the impulse function [12],

x(t) X(t)X-(to)B(to)ao, t to.

Thus it may be said that the state at time to has changed instantaneously
from zero to

(13) x( to) B to)ao Po( to)ao

By generalizing the argument of Zadeh and Desoer [10, p. 496] to time-
variable systems and utilizing (8) it can be seen that if u(t) ()(t to)c
is applied to system (1) the state will "jump" to the value

(14) x(to) P(to)a,

where P(t) is defined by the recursion formula (5).
Suppose now that x: is the in.itial state of the system at to, and xe is the
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desired final state. It is clear that, if the input is of the form
n--1

k----0

then
n--1

(lO)
k=O

If the nr-vector a is defined s

then (16) can be rewritten as

(17) (xd x) Qc(to)a.

Equation (17) represents n equations in nr unknowns, and if Qc(to) has
rank n, a solution (nonunique, in general, if r > 1) for a exists. If we let
G(to) be the matrix formed from the first n independent columns of Qc(to)
and a be the vector formed from the corresponding elements of c, then a
solution which minimizes the order of the impulse functions required is ob-
rained by setting all the elements of a equal to zero save those in a, which
are given by

(18) a- G-l(to)(Xa xi).

A dual interpretation for uniform observability may also be made. Let
u(t) 0 for convenience, and differentiate the output of system (1) n 1
times. It is clear that

(19)

y(t)
Y(1) (t) Qo’(t)x(t).Y(t) a

[Y(n-i)(t)
If Qo(to) has rank n, then (19) can be solved uniquely for x(to), with the
solution given explicitly as

(20)

where

z(to) [Q0’(t0)]*Y(t0),

[Q0’(t0)]* [Qo(to)Qo’(to)]-lQo(to).

That is, if system (1) is uniformly observable, the state of the system at
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any time may be determined instantaneously from observations of the
output and its derivatives.

It should be noted that one application of uniform observability is to
the problem, discussed by Weiss [2], of obtaining a minimal set of differential
equations directly relating the output to the system input. It is easily shown
that uniform rather than differential observability is the required necessary
condition for the existence of such a set of equations. As shown in [10],
furthermore, it is not necessary to compute the system solution in order to
obtain the equations. They may be constructed directly from Qo(t).

Appendix. Proof of Lemma 3. Sufficiency follows immediately from
Lemma 1.

Let I be any subinterval of (t0, tl) on which W(t) has rank less than n
for all t. To establish necessity it will be shown by induction on n that there
exists a subinterval of I over which the given functions are linearly de-
pendent. This procedure is a generalization of that for the scalar case given
by Hurewicz [6].
For n 1, the argument is trivial. Assume then for some/ > 1 that the

statement is valid for n k 1, and suppose that W(f(t),f(t), ,fk(t))
has rank less than k for all I. Then, either W(f(t), f2(t), fk_t(t)
has rank k 1 for some I, or it has rank less than k 1 for all I.
If the former is true, then by continuity there must exist some subinterval
J c I on which W(fl(t), f (t), fk-l(t) has rank lc 1 everywhere.
In this case, Lemma 2 implies that fl(t), ft. (t), fk (t) are dependent
on J. If W(f (t), f2 (t), fk-1 (t)) has rank less than/ 1 for all I,
then by the induction assumption fl(t), f2 (t), fk-i (t) are linearly
dependent on some subinterval of I. This completes the proof.

REFERENCES

[1] R. E. KALMAN, Mathematical description of linear dynamical systems, this Journal,
1 (1963), pp. 152-192.

[2] L. WEiss, The concepts of differential controllability and differential observability,
J. Math. Anal. Appl., 10 (1965), pp. 442-449.

[3] E. KREINDLER AND 1. E. SARACHIK, On the concepts of controllability and observa-
bility of linear systems, IEEE Trans. Automatic Control, AC-9 (1964),
pp. 129-136.

[4] E. A. CODDINGTON AND N. LEVINSON, Theory of Ordinary Differential Equations,
McGraw-Hill, New York, 1955.

[5] L. M. SILVERMAN, Representation and realization of time-variable linear systems,
Tech. Rept. 94, Department of Electrical Engineering, Columbia Uni-
versity, New York, 1966.

[6] W. HUREWICZ, Lectures on Ordinary Differential Equations, M.I.T. Press, Cam-
bridge, 1958.

[7] L.M. SILVERMAN AND H. E. MEADOWS, Controllability and time-variable unilateral
networks, IEEE Trans. Circuit Theory, CT-12 (1965), pp. 308-313.



TIME-VARIABLE LINEAR SYSTEMS 73

[8] A. R. STU:B:BERUD, A controllability criterion for a class of linear systems, IEEE
Trans. Applications and Industry, 68 (1964), pp. 411-413.

[9] A. CHANG, An algebraic characterization of controllability, IEEE Trans. Auto-
matic Control, AC-10 (1965), pp. 112-113.

[10] L. M. SILVERMAN AND H. E. MEADOWS, Degrees of controllability in time-variable
linear systems, Proceedings of the National Electronics Conference, 21
(1965), pp. 689-693.

[11] L. M. SILVERMAN, Transformation of time-variable systems to canonical (phase-
variable) form, IEEE Trans. Automatic Control, AC-11 (1966), pp. 300-303.

[12] L. A. ZAD:EH AND C. A. DESOER, Linear System Theory, McGraw-Hill, New York,
1963.



J. SIAM CONTROL
O1. 5, NO. 1, 1967
Printed in U.S.A.

ORTHOGONAL PROJECTION AND DISCRETE OPTIMAL LINEAR
SMOOTHING*

JAMES S. MEDITCH
Abstract. The smoothing filter and smoothing error covariance matrix equations

are developed for discrete linear systems using the method of orthogonal projection.
Two equivalent formulations are presented and found to agree with those of previous
authors who had used other methods. The present results in conjunction with the
earlier work o1 Kalman on prediction and filtering give a complete treatment of the
discrete linear estimation problem from the viewpoint of orthogonal projection.

1. I.troduction. In 1960 Kalman [1] utilized the method of orthogonal
projection [2], [3] to develop the fundamental equations of optimal linear
filtering and prediction for discrete linear systems. The following year, he
and Bucy [4] applied the same principle to derive the analogous equations
for continuous linear systems. Subsequently, other authors have approached
the estimation problem, i.e., prediction, filtering, and smoothing, from a
number of viewpoints. Among the methods used are least squares [5],
maximum likelihood [6], [7], linear regression [8], dynamic programming [9],
stochastic approximation [10], and the Bayesian approach [11].
Almost exclusively, attention has been devoted to the prediction and

filtering problems, whereas the smoothing problem has received compara-
tively little study. Noteworthy exceptions are the efforts of Bryson and
Frazier [12] utilizing the calculus ol variations, and Rauch, Tung, and
Striebel [7] utilizing maximum likelihood.

In his paper [1], Kalman formulated the entire estimation problem in
terms of orthogonal proiection, but considered only the prediction and
filtering aspects. In this paper, we develop the fundamental equations of
optimal linear smoothing for discrete linear systems using orthogonal pro-
jection. Our development along with Kalman’s [1] then provides a unified
treatment of the estimation problem from the viewpoint of orthogonal pro-
jection. We remark that these results can readily be extended to include
estimation for continuous linear systems by utilizing appropriate limiting
processes [13].

2. Optimal linear estimatioa and orthogonal projection. Since our work
is based on I;alm.an’s [1] original formulation of the estimation problem in
terms of orthogonal projection, we begin with a review of his work. We
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consider the system

x(, + l) (] + ,/)x(k) + u(),

z(]c q- 1) H(k q- 1)x(/c q- 1) q-v(]c q- 1),

where x is an n-vector, the state; z is an m-vector, the output (measure-
ment); is a real n X n matrix, the state transition matrix; H is a real
m X n matrix; and ]c O, 1, is the discrete time index. In addition, u
and v are independent, zero mean, Gaussian white sequences for which

E[u(j)u’(k)] Q(k,)t}.l,

E[v(j)v’(k)] R(k)k,

where E denotes the expected value, the prime denotes the matrix trans-
pose, and t. is the Kronecker delta. Here, Q is a real n X n positive semi-
definite matrix and R is a real m X m positive definite matrix. The initial
state x(0) is assumed to be a zero mean Gaussian random n-vector
which is independent of u and v for all k, and for which

E[x(O)x’(O)] P(O),

where P(0) is a real n X n positive semidefinite matrix.
An estimate of x(]c) based on measurements up to and including the one

at time j will be denoted by 2(k[j). If k j, the notation 2(lc) A_ 2(kilo)
will be used. The three basic problems in estimation are: (1) prediction,
]c > j; (2) filtering, ]c j; and (3) smoothing, lc < j.
The estimation error is defined by the relation

2(]clj x(]c)

An estimate of the form

2(lclj)

_
A(i)z(i),

i-1

where the A (i) are real n X m matrices, which minimizes the mean square
estimation error

E[2’(lc[j)2(lc[j)] E x (]clj)

will be called an optimal estimate of x(]c).
Now let Y(j) denote the vector space which is generated by considering

the set of all linear combinations of the form

B (i)z(i),
i---1

where the B(i) are arbitrary real n X m matrices.
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The orthogonal projection of x(k) on Y(j), denoted by (klj), has the
following three properties [1], [15]:
(i) (klj) Y(j);
(ii) x(k) 2(]c[j) is orthogonal to Y(j);
(iii) if x(k) is orthogonal to Y(j) and Y(j), then
The next two theorems then follow immediately.
THEOREM 1 (Kalman). The optimal estimate of x(k) is the orthogonal

projection of x(lc) on Y(j).
THEOREM 2 (Kalman). If 2( k is given, then

(3) 2(/c -- 11/ (lc d- 1,/c)2(]c), ]c 0, 1, ....
Theorem 2 gives the solution of the prediction problem. It is then easy

to show that the prediction error covariance matrix M(k q- 1) is given by
the expression

(4) M(k d- 1) (lc d- 1, k)P(k)’(k -t- 1, k) -t-- Q(k), k O, 1,...,

where

M( - 1) E[2( d- 11/c)2’( --P(k) E[2(t)2’(lc)],
where the latter is the filtering error covariance matrix.
We now let 2(/tiN = H(k)c(klj and (klj z(]c) 2(klj). We note

that

(5)

(6) z(/ -- 1) H(/c d- 1)(/c d- 1, lc)2(k).

Letting Z(/ -t- 1) denote the vector space which is generated by con-
sidering the set of all n-vectors of the form

K(k d- 1)(/c + llk),

where K(k - 1) is any arbitrary real n X m matrix, we can easily show [1], [14]
that Y(/c) and Z(k -- 1) are mutually orthogonal vector spaces, i.e., all
vectors in Y(/) are orthogonal to 11 vectors in Z(k - 1). In addition,
using o.p. [x, Y] to denote the orthogonal proiection of x on Y, it can be

Two random vectors a and b are orthogonal if their inner product (a,
E(b’a) vanishes. A vector is orthogonal to vector space if it is orthogonal to

every vector in the space. Since we have only zero mean Gaussian random vectors
here, we have the result that orthogonl zero mean Gaussian random vectors are
uncorrelted, and, therefore, independent [1].
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shown [1], [141 that

Y(/c + 1) Y(/c) + Z(tc + 1),

o.p. [x(k + 1), Y(k + 1)] o.p. Ix(It + 1), Y(/c)]

+ o.p. [x(/c -t- 1), Z(/c + 1)].
This leads to the following theorem.
THEOREM 3 (Kalman). The optimal filtered estimate of x( t 1) is given

by the relation

(7)

(s)
+ K(/ + 1)[z(k + 1) H(I + 1)( + 1,/)2()].

The optimal filter gain K(] + 1) is obtained from the relations [14]"

K(] + 1) M(k + 1)H’(k + 1)[U(k + 1)M(k + 1)U’(/c + 1)
(9)

+ R(I --t-- 1)]-1,
(10) M(k + 1) (lc + 1, lc)P(k)’(tc + 1, k) + Q(k),

P(/ + 1) [I K(l + 1)H(]c + 1)]/(/c + 1)[I K(k + 1)

(11) .H(k + 1)]’ + K(] + 1)R(/ + 1)K’(] + 1)

[I K(]c + 1)H(k + 1)]M(/ + 1)

for ]c 0, 1, where ]-1 denotes the matrix inverse, I is the n X n
identity matrix, and M and P are as defined above. The initial values in (8)
and (10) are 2(0) 0 and P(0), respectively.

3. Single and double stage smoothing. We are now in a position to solve
the smoothing problem. Our development is by induction. Hence, we begin
by first obtaining (]clk + 1) and (l]c + 2), which we term the single
and double stage smoothed estimates, respectively.

Single stage. From Theorem 1 and the nature of the vector spces
Y(/ + 1), Y(k), and Z(/ + 1 ), we have immediately that

(lcllc + 1) o.p. [x(]), Y(]c + 1)]

(12) o.p. Ix(k), Y(/c)] + o.p. [x(tc),Z(lc + 1)]

,(,) + K( + .)e( + I),
where K(k + 1) is to be determined.

Since K(k + 1)(k + 1 I/c) o.p. [x(k), Z(k + 1)], it follows from the
second property of orthogonal projection that x(k) K(/ + 1 )(/ + 1 [k)
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is orthogonal to Z(k -t- 1). Furthermore, since (l + 1 k) Z(k -t- 1) and
orthogonal zero mean Gaussian random vectors are uncorrelated, we have
that

(13) E[x(k)’(k -t- llk) K(/c -t- 1)(k -t- lllc)"(/c -t- 11/)] 0.

Substituting x(]c) (k) -t- (1) into (13), and noting that a(k) Y(k),
$(/c -t- 1 l/c) Z(]c -t- 1), and that Y(]c) and Z(k -t- 1) are mutually or-
thogonal, we obtain

(14) E[2(k)’(k + ll/c) K(lc + 1)(k + llk)’(k + llk)] 0.

From the definitions of (/c q- 1 I/c) and (/c -t- 1 I/c), and (1), (2), and
(3), we have

2(/ -I- llk)= x(k zr- 1) 2(lc -t-

(15) O(lc -t- 1,/c)x(k) q- u(/c)

(/c -t- 1,/c)2(k) --u(k),
nd

(lc -1- lilt z(l -t- 1) H(k + 1)2(/c -t-

H(lc q- 1)x(k q- 1) q-v(k -4- 1) H(lc

tt(tc q- 1)2(/c q- llk) q- v(lc q- 1).

Since u and v are indepen.dent zero mean Gaussian white sequences, it
be shown after some manipulation that

E[2(/c)v’(k + 1)] 0

and

E[2(lc + l llc)v’(lc + 1)1 0

for all lc. It then follows that

E[2(l)’(lc q- l[/c)] E[2(/)2’(lc -t- lllc)]lt’(lc q- 1)(16)

and

E[( lc -t- 1 lc ’ k -I- i I/c)]
(17)

H(/c -- 1)M(/c -- 1)H’(k -t- 1)-t- R(/ -t- 1),

where all of the terms have been defined previously.
Utilizing (15), we ha,ve that

E[()’( + 1)1 E[()’()]’( + 1, ) + E[.()u’()]
(18)

P(k)’(/ q- 1, k),
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where we have made use of the readily verified fact that E[2(k)u’(/)] 0
for all/c. Hence, (16) becomes

(19) E[2()’( --l I/c)] P(/)’( q- 1,/)H’( -t- 1).

Substituting (17) and (19) in (14), we obtain

P(l)’(k + 1, l)H’(k q- 1)

K(I q- 1)[H(/ q- 1)M(/ q- 1)H’(I -+- 1) q- R(k q- 1)] O.

Solving for K(lc q- 1), we have

K k + 1) P I )(P’ lc -t-- 1, k [I’ l -t-- 1)
(20)

[H(/c + 1)M(/ q- 1)H’( q- 1) + R(/ + 1)1-1.
But from (9), we note that

H’(lc + 1)[H(k q- 1)M( -- 1)H’(I -- 1) + R(I -- 1)1-1
(21)

M-I(lc -t- 1)K( + 1)

under the assumption that M-I(/ -- 1 exists. We remark that the existence
O M-I(] + 1) is assured if Q(lc) is positive definite.

Substituting (21.) into (20) and the result into (12), we obtain

(22)
() -- P(lc)q)’(lc -- 1,)M-1( q-- 1)K( -- 1)(1 -- 11).

But, from (7), the optimal filter equation, we see that

K(lc + 1)( + 111) 2(] + 1) 2(1 + llk).

Hence, (22) becomes

(23)

where

(24)

+ + + +

J(lc) P(I)’(-- 1, l)M-l(tc + 1).

The n X n mtrix J(k) is termed the smoothing filter gin mtrix.
We remark that if Q(I) nd M(/c + 1) 0, i.e., M-I(/ -- 1) is singular,

then 2(k + 11 (/ + 1, k)2(]) x(/ + 1), and there is no need for
smoothing since a zero covrince estimate of x(/) cn be obtained by pre-
multiplying 2(l -t- 11/) by (], ] -- 1). Hence, we shall assume
M(k -- 1) 0 in the sequel. Similarly, if P(/c) 0, we note that J(/) 0

+
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It follows from (23) and (24) that

(25)

where

(26) J(/ - 1) P(]c - 1)’(/ -t- 2, ] + 1)/-(/ -t- 2).

Double stage. Again, from Theorem 1 and the nature of the vector spaces
Y(] - 2), Y(/ -t- 1), and Z(/ -t- 2), it follows that

2(kl/c -t- 2) o.p. [x(/), Y(]c -[- 2)]

o.p. [x(]), Y(/ - 1)] + o.p. [x(/), Z(k -t- 2)].

But from the single stage smoothing solution,

o.p. [x(]), Y(] + 1)] 2(]) + J(k)[2(] + 1) 2(k +
Also,

o.p. [x(), z( + 2)] K(]c + 2)( + 21 + ..).

Hence,

2(ki] -t- 2) 2(k) - J(/c)[2(/c -[- 1) 2(k -t- llk)]
(27)

where K(] - 2) is to be determined.
As in the single stage case above, x(k) K( -[- 2)$( 21/ - I) is

orthogonal to Z(] -{- 2), and since$(h - 21 - l) Z(k - 2), it immedi-
ately follows that

Substituting x(k) 2(k)-t-2(k) into this expression and noting that
2(k) Y() Y( / ), (] / 21k / 1) z( / 2) and that Y(k -t- 1)
and Z(/ + 2) are mutually orthogonal, we can write

K(] + 1)(/ + 21/c - 1)(/ + 21] -t- 1)] 0.

Utilizing the same procedure as that which led to (17), we obtain

(29)
U(k + 2)M(] + 2)H’(/ + 2) + R(/ - 2),

which gives us the second term in (28).
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We now evaluate the first term. First, from the fact that

(lc -F 21/c -t- 1) H(k -t- 2)2(k + 2[k + 1) + v(] + 2),

it follows that

(30) E[2(k)’(]c -t-- 21] -t- 1)] E[2(k)2’(k + 2[1 + 1)]H’(/c + 2)

since v(/ + 2) is an independent zero mean Gaussian white sequence and
it is easily shown that E[2(k)v’(tc + 2)] 0 for all ]c.

Utilizing the definitions of 2(/ + 21]c + 1) and 2(/ + 1), and (8), we
obtain

2(/ + 21/ + 1) (k + 2,/ + 1)2(k + 1) -t-u(/c + 1)(31)

and

2(/c + 1) [I K(k + 1)H(/ + 1)]2(/ + ll/c)
(32)

K(lc @ 1)v(/ @ 1).

Substituting (32) into (31), we hve

(33) (k + 2, k + 1)[I K(k + 1)U(k + 1)](lc + 1)
--(lc + 2, k + 1)K(lc + 1)v(k + 1) + u( + 1).

Since v(k + 1) and u(k + 1) are independent zero mean Gaussian white
sequences, it can be shown by direct evaluation that

E[2(lc)v’(k + 1)] 0

and

E[2(lc)u’(k + 1)] 0

for all k. Therefore,

E[2(/c)2’(/ + 21k + 1)]

(34) E[2(/)2’(]c + 1[/c)][I K(/ + 1)U(/c -t- 1)]’’(k + 2,/c + 1)

P(k)’(k + 1, k)[I K(lc + 1)H(/ + 1)]’’(] + 2, ]c -t- 1).

Substituting (34) into (30) and the result along with (29) into (28), and
solving for K(/c + 2) gives us

K(l + 2)

(35) P(]c)’(] + 1, k)[I K(k + 1)H(/ + 1)]’’(/c + 2,/ + 1)

H’(k -t-- 2)[H(/ + 2)M(/ -t- 2)H’(] + 2) + R(/ + 2)]-1.
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From (24) nd (21), the ltter with/c 1 replaced by/c + 2, we have

P(lc)’(lc + 1, lc) J(k)M(lc + 1)

and

H’(lc + 2)[H(lc + 2)M(l + 2)H’(lc + 2) + R(lc + 2)]-M-Z(lc + 2)K(k + 2),

respectively. Hence,

K( + 2) J(k)M(lc + 1)[I- K(lc + 1)H( + 1)]’
’(k + 2, l + 1)M-(/c + 2)K( + 2).

But, from 11 ),

M(lc + 1)[I- K(lc + 1)II(lc + 1)]’= P(lc + 1),

atd it follows that

K(lc + 2) J(/c)P(lc + 1)(P’(/c + 2, lc + 1)M-(/c + 2)K(lc + 2),

which, in view of (26), is simply

(36) K(lc + 2) J(lc)J(lc + 1)K(/c + 2).

Substituting (36) into (27) nd utilizing the fct thut

K(k + 2)(k + 2lc + 1) 2(k + 2) 2(lc + 2k + 1),

we obtain

2( + 2) 2(lc) + J(lc)[2(k + 1) 2(k + l/c)]

+ J(k)g( + 1)[2(/c + 2) 2(lc + 2lc + 1)]

2() J(k)2(lc + l/c) + J(k){2(lc + 1)

+ J(k + 1)[2(/c + 2) 2(lc + 2/c + 1)]}.

But from (25), the term in braces is simply 2(k + 1 k + 2), nd it follows
immediately that

(37) 2(lc + 2) 2(lc) + J(/c)[2(k + 11[c + 2) 2( + lk)].

4. General case. We now proceed by induction. For N + 3, where
N is an integer, we write

(38) 2(kiN-l) =2(k)+J()[2(k+llN--1)--2(k+l])],

and we seek the expression for
From Theorem 1, the properties of orthogonl projection, nd (38), we
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see that

2(k N) o.p. [x(]), Y(N)]

o.p. Ix(It), Y(N 1)] -t- o.p. Ix(It), Z(N)]
(39)

2(k) + g(k)[2(lc + l IN 1) 2(/ + 1[/)]

+ K(N)(N]N 1),

where K(N) remains to be determined.
As in the single and double stage cases, x(k) K(N)(NIN l) is

orthogonal to Z(N) and it follows that

(40) E[x(Ic)’(N N -1) K(N)(N N -1)’(N N -1)] O.

As above, since x(lc) 2(It) + 2(]c), 2(k) Y(]c) Y(N 1),
(NIN l) Z(N), and Y(N 1) and Z(N) are mutually orthogonal,
we have

E[2(I)’(NIN )] 0,

and (40) becomes

(41) E[2(k)’(N N -1) K(N)(N N -1)’(N N -1)] O.

Utilizing identically the same procedure as the one which led to (36), we
obtain

(42) K(N) J(lc)J(]c -[- 1) J(N 1)K(N).

Substituting (42) into (39) and rearranging terms gives us

2(k N) 2(/c) J(lc)2(k + 1]/) + J(k)[2(lc --t- l IN 1)
(’)

-t- J(/ + 1)g(/ - 2) J(N 1)K(N)(NIN 1)].

The term in brackets can be simplified by noting that

2(/ fi- l IN) o.p. [x(tc q-- 1), Y(N)]

(44) o.p. Ix(It fi- 1), Y(N 1)] q- o.p. [x(/c -[- 1), Z(N)]

2(]c q-- 1 IN 1) q- I(N)2(NIN 1),

where /(N) does not necessarily equal K(N) since I(N)(N]N 1)
o.p. Ix(It q- 1), Z(N)] while K(N)(NIN 1) o.p. [x(k), Z(N)].
Now since x(]c q-- 1) .(N)(NIN 1) is orthogonal to Z(N), we

utilize the same argument as that which gave us (41) to obtain

E[2(/ fi- 1)’(N IN 1) I(N)(NIN 1)’(N IN 1)] 0,
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from which it cn be shown that

(45) (N) J(]c -t-- 1)J(/c -t- 2) J(N 1)K(N)
by the same procedure as that used to obtain (36) and subsequently (42).

Substituting (45) into (44), we see that

2(/ -t- 1 IN) 2(/ + 1 IN 1)

+ J(lc + 1)J(/ + 2) J(N 1)K(N)(N[N 1),

which is precisely the term in brackets in (43). Hence,

(46) 2(kiN (l) -t- J(k)[2(/ -t- l IN) 2(/ +
where we recall that

(47) J(l) P(lc)’(k + 1, ])M-I(] -F 1).

Equations (46) and (47) specify the optimal linear smoothing filter, and
they are in agreement with those obtained by Rauch, Tung, and Striebel
[7] who used maximum likelihood.
We note that (46) is a system of n first-order linear, "backward" recur-

sive equations which requires the solution of the prediction and filtering
problems, viz., (]c + 11]) and .(]), respectively, as input. The compu-
tation is initiated at ] N 1 using (N N) (N), (N 1), and
2(N N 1), i.e.,

2(N- 1 IN) 2(N- 1) + J(N- 1)[2(N) -re(N IN- 1)].

We note also that the smoothing filter gain matrix J depends on P(]), the
filtering error covariance matrix, and M(k 1), the prediction error co-
variance matrix. Hence, the smoothing procedure in (46) and (47) re-
quires storage of 2(k), 2(/c -t- 1 k), P(k) and M(/ -t- 1) for k 0, 1,
N. A block diagram for the smoothing filter is given in Fig. 1.
We now develop a second smoothing procedure which differs slightly from

the one presented above. We observe from the second line in (39) that

(48) 2(/ N) 2(k N 1) -t- K(N)(N N 1).

(k)

Deloy r
FIG. 1. Block diagran of smoothing solution given by (46)
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But from (42),

g(Y) J(k)J(k + 1) J(N 1)K(N),
and from(7) for/ N- 1,

K(N)(N N 1) (N) (N N 1).

Hence, (48) becomes

( N) (lc N 1) +
or

(49)

where

(50)

and

(51)

II J(i) [2(N) 2(NIN 1)],

(}IN) (}]N 1) + K(N 1,/6)[2(N) 2(NIN 1)],

K(N 1, t) II J(i)

J(i) P(i)’(i + 1, i)M-(i + 1).

The distinction to be made between these two formulations is obvious,
viz., (46) is a recursive relation between 2(loiN) and 2(/ -t- 1 IN), whereas
(49) relates 2(/c N) and 2(/ N 1). A block diagram for this alternative
procedure is given in Fig. 2.
The results of (49)-(51) agree with those of Rauch [16] who used a dif-

ferent approach.

5. Smoothing error covariance. We develop now the expressions for the
smoothing error covariance matrices for the above two smoothing formula-
tions.
From the definition of estimation error and (46), it follows that

2(/) J(])[2(/ -t- 1 IN) 2(/c + 1]k)],

(N)

(NN-I)
FG. 2. Block diagram q( smoothing solution given by (49)
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which we choose to write in the form

(52) (lN) q- J(/c)4(/c + 1 IN) (]) + J(lc)4(lc q- 11] ).

Now we let

P(lc N) E[2(k N)2’(k N)],

F() E[()’()],

P(lc + l{N) E[2(k + 1 ]N)2’(/c + 1 iN)I,

( + {) E[( + 1 )’( + 1)],

where P(lc) is as defined erlier. Noting that 2(lc]N) is orthogonl to
Y(N), while J(k)2(k + IN) Y(N), and that 2(k) is orthogonl to
Y(lc), while J(k)2(lc + 1 l) Y(k), we see that

P(lc]N) + J(k)P(lc + I]N)J’(lc) P(lc) + J(k)P(lc + l l)J’(k),
or equivalently that

(53) P(k N) P(k) + J()[P(l + 1]/) P(I + lN)]J’(k).
But

2(lc + IN) + 2(lc + 1 ]N) x(k + 1),

nd since 2( + l JN) nd 2(k + IN) re orthogonl, it follows that

P( + IN) + P( + 1 N) Px( + 1),

or that

(5)

where

Similarly,

(55)

where

Ps(] + 1 IN) P(]c + 1) P(/c + 1 IN),

P,,(/ + 1) & E[x(lc q- 1)x’(/c-t- 1)],

P(lc + 1 IN) E[(]c + 1 N)2’(/c + 1 IN)].

P(/c q- 11/c) P,,(/c -t- 1) P(/c q- l I/c)

P,(k, q- 1) M(lc q- 1),

( + 1) E[( + )’( + 1)] a M( + ).
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Substituting (54) and (55) into (53),we obtain

(56) P(kIN P(lc) + J(lc)[P(k, + I IN M(/ + 1)]J’(/c),

which is the desired result. We observe that (56) is an n X n first-order
matrix difference equation for which the indexing is tc N 1,
N 2, 0, i.e., computation of the smoothing error covariance matrix
proceeds backward in time. The information needed from the prediction
and filtering solution in order to compute P(k, IN) obviously consists of the
prediction and filtering error covariance matrices for/ N 1, 0.
Equation (56) gives the smoothing error covariance matrix for the

smoothing formulation given by (46) and (47). We now apply the above
procedure to obtain the smoothing error covariance matrix equation for the
second formulation. First, from the definition of estimation error and (49),
we obtain

Yc(k N + K(N 1, lc)2,(N)
(57)

(/ IN 1) + K(N 1, Ic)fc(NIN 1).

Noting again that 2(lc IN) is orthogonal to Y(N), K(N 1, )(N)
Y(N), 2(loin 1) is orthogonal to Y(N 1) and

K(N 1, lc)c(N N 1), 6 Y(N 1),
we obtain

(58)
P(lc N) P(k, N 1) + K(N I., lc)[P.(N N 1)

.P.(N)]K’(N 1, 1,).

For l N 1, (55) becomes

(59) P(N N 1) Pxx(N) M(N).

From 2(N) + 2(N) x(N), we obtain

(60) P(N) Pxx(N) P(N).

Substituting (59) and (60) into (58), we have now that

P( N)
(6)

P(I[N- 1)+ K(N- 1, k)[P(N) -M(N)]K’(N- 1, lc).

Finslly, one more simplification is possible in (61). Namely, we see from
(11) forlc N- lthat

P(N) M(N) -K(N)H(N)M(N),
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and we can write (61) as

(62)
P(klN- 1) -K(N- 1, I)K(N)H(N)M(N)K’(N- 1, ).

This completes our development of the smoothing error covariance
matrix equations for the two smoothing formulations. We remark that (56)
and (62) agree with those obtained by Rauch, Tung, and Striebel [7] and by
Rauch [16], respectively.

6. Summary of results. We summarize our results in two theorems.
THEOREM 4. The optimal smoothed estimate of x( t) for N measurements,

z(1), z(N), k < N, is given by the first-order system of linear difference
equations

(46)

where

(47) J(k) P(])’(] + 1, ]c)M-(] -1- 1)

for k N 1, O. The corresponding smoothing error covariance matrix
is given by the first-order system of matrix linear difference equations

(56) P(k N P(k) - J(k)[P(k z 1 IN) i(t + 1)]J(/)

fork=N- 1, ,0.
THEOREM 5. The optimal smoothed estimate of x( ]c) for N measurements

given the optimal smoothed estimate of x( t) for (N 1 measurevnents, t N,
is given by the first-order system of linear difference equations

(]clN (klN 1) -t- K(N 1, k)[(N) (NIN 1)],(49)

where

(50) K(N 1, ) II J(i)

and

(51) J(i) P(i)’(i - 1, i)M-(i + 1)

for N ]c 1, ]c - 2, .... The corresponding smoothing error covariance
matrix is given by the first-order system of matrix linear difference equations

P(k N) P(] N 1)
(62)

K(N 1, k)K(N)H(N)M(N)K’(N 1, )

forN k + 1, k-l-2....
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7. Conclusion. We hsve. presented here derivation of the equations of
discrete optimal linear smoothing for discrete linear systems using the
method of orthogonl projection. The results re not new, but when
combined with Klmn’s results [1] on prediction nd filtering give a unified
treatment of the estimation problem in terms of orthogonl proiection as
remarked in 1.

FinMly, we remark that third formulation of the smoothing filter snd
smoothing error cowrince equations, due originally to Rauch [16], can
lso be obtained using the present approach.
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AN ABSTRACT VARIATIONAL THEORY WITH APPLICATIONS TO
A BROAD CLASS OF OPTIMIZATION PROBLEMS. II.

APPLICATIONS*

LUCIEN W. NEUSTADTf
Abstract. In this article the general necessary conditions for variational problems

obtained in Part I are specialized to a number of particular problems. These prob-
lems include all of the important optimal control problems, both with and without
restricted phase coordinates, problems arising from quasiconvex families of functious,
and discrete optimal control problems of various types. The necessary conditions
obtained include, as special cases, the Pontryagin maximum principle and its various
extensions and generalizations, as well as the associated transversality conditions.

1. Introduction. In this article we shall specialize the general necessary
conditions obtained in [1] to a number of particular variational problems
which include some general optimal control problems.

In 2 we define a locally convex linear topological function space $ and
subspaces and S0 of S. Then we define certain sets in 8 (and 80) which
represent the solutions of certain families of differential equations that
arise in the theory of optimal control. Further, we construct first-order,
convex approximations to these sets (for definitions of the terminology,
see [1]). In 3 we construct a first-order, convex approximation to a set of
functions in which represents the solutions of a collection of differential
equations whose "right-hand sides" form a quasiconvex family of functions.
Section 4 is devoted to finding a first-order, convex approximation to a
set in a finite-dimensional space which arises from a class of difference
equations. Some functionals which are differentiable in the sense of [1,
(4.3) or (4.6)] are presented in 5, and their differentials are obtained.
In 6-9 we consider a number of variational problems (which include

most of the important optimal control problems) which are special cases
of the canonical optimization problem defined in [1, 4], and, on the basis of
[1, Theorems 4.1 and 4.2] and the results of 2-5, obtain necessary con-
ditions which solutions of these problems must satisfy. For the conventional
optimal control problem, these conditions are equivalent to the Pontryagin
maximum principle and the associated transversality conditions (see [2,
Chap. I]), which, as is known, imply all of the first-order necessary
conditions in the classical calculus of variations (see [2, Chap. V]).
A central theme in this work is the concept of quasiconvexity first in-

troduced by Gamkrelidze in [3].
* Received by the editors June 1, 1966.
f Department of Electrical Engineering, University of Southern California, Los

Angeles, California 90007. This work was supported by the United States Air Force
Office of Scientific Research under Grant AF-AFOSR-1029-66.
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2. Some particular first-order, convex approximations. In this section
we shall construct first-order convex apI)roximations to certain sets, which
arc important in appli<;ations, in a particular locally convex, linear topo-
logical space. For the definition of first-order, convex approximations, see
[J, 2].
Let I [t, t] be fixed compact interval, nd let denote the linear

spree of continuous functions from I into R (Euclidean n-spce), where n
is a fixed positive integer, normed by means of the relation

x x(t) I,
tI

where [[ denotes the Euclidean length of the vector R. (This nota-
tion will be used throughout in the sequel.) The components of vector

R will be denoted by ’, j 1, n.
Let & denote the set of all functions x from I to R for which there

exists a sequence of functions x, i 1, 2, such that (1) x for
each i, (2) X+l(t) >-- xi(t) for all I, j 1, n, i 1, 2, and

l!

(3) limt x(t) x(t) for every I. Let
x" &}. It is evident that $ is linear vector spce, that , and that
every piecewise-continuous function from I to R, ll of whose discon-
tinuities re of the first kind, belongs to . Let us define
by taking s a bse ll sets of the form {y" ly(s) x(s) < , i 1,..., },
where {s, s} is n rbitrary finite subset of I, x is an rbitrary ele-
ment of , and is n rbitrry positive number. It is easily seen that
is locally convex, linear topological spce under this topology. Further
(see [4, p. 421, Theorem 9]), the conjugate spce 8" of $ consists of ll
functionls of the form l(x) = ax(s:), where the a re arbitrary
rel numbers, st, s are arbitrary points in I, and is n rbitrary
positive integer.

Let 8o {x’x , x(t) 0}, so that 0 is closed subspce of 8. We
shall consider 80 to be linear topological spce by letting the topology
on 0 be the one induced by the topology on
Let f(x, u) be given function from G X U into R, where G is non-

empty open set in R and U is an arbitrary fixed set in R containing more
than one point. Let us suppose that f is continuous in both x and u,
and is of class C with respect to x G. Let ft denote the set of all
measurable, essentially bounded functions from I to U, and let Q0’ denote
the set of 11 bsolutely continuous functions x e whose rnge is con-
tined in G which, for some function u t, stisfy the equation

(2.2) 2(t) f(x(t), u(t)

for lmost ll I. Finally, let z be fixed element of Q0’, and let
Q0 Q0’ z. Thus, 0 Q0 and Q0 . Since z Q0’, there is function
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u* t such that

(2.3) i(t) f(z(t), u*(t)) for almost all I.

Let I denote the set of points (t, t) for which u*(t) is regular, i.e.,
I1 if and only if t < < t and the relation

(2.4) lim
meas [u$-1(0) N J]

1
meas J-+0 mes J

holds for every neighborhood 0 of u*(t). In (2.4), J is an arbitrary sub-
interval of I such that J. It is well known that meas (I) meas (I).

Let e0 denote the finite-dimensional subspace of e consisting of all
absolutely continuous functions x e that satisfy the linear equation

(2.5) 2(t) =f(z(t), u*(t))x(t) for almost all I,
where f denotes the matrix whose elements are the partial derivatives
Of/Ox. For every s I1, v U, and R, let ys,v(t) and y(t) be the
functions in e0 that satisfy the initial conditions

(2.6) y,,v(s) f(z(s),v) -f(z(s),u*(s)), y(tl) .
Finally, for every (s, v, ) I1 X U X R, let x,, 8 be defined as
follows:

Iy(t) for tl -<_ .< s,
(2.7) Xs,v,( t)

[y.(t) -t-y(t) for s __< <= t,
and let

K1 xs,,’s 11,v U, R, >= 0
i=l

for i 1, ; arbitrary}
It is clear that K1 is a convex cone in $ with vertex at 0. It follows from the
results in [2, Chap. II, and in particular 13 and 14, pp. 86-99] that K1
is a first-order, convex approximation to Q0, where the underlying space
5 is $. Indeed, K1 is closely related to the cone of attainability described in
[2, Chap. II]. It also follows that the convex cone

Ko x,,o" S 11, v U, >= 0
i1(2.8)

for i 1, ..., ; arbitrary

is a first-order, convex approximation to Qo f’l 80, where the underlying
space 5 is $o.
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If the function f(x, u) is of class C with respect to both x and u, and
if u*(t) C (interior of U) for each t( I, we can obtain another first-
order, convex approximation to Q0 (and to Q0 91 $0). Namely, for every
u Lr(I) (i.e., for every measurable, essentially bounded function u
from I to Rr), let y, denote the absolutely continuous function in e that
satisfies the relations

dye(t) fx(z(t), u*(t) )yu(t) - fu(z(t), u*(t) )u(t)(2.9) dt
for almost all I, y(tl) 0,

where f, denotes the matrix whose elements are the partial derivatives
Of/Ouj. Let K0’ {y:u Lr(I)}, KI’ {y + y:u L(I), R}.
It is easily seen that K0’ and K’ are convex cones in a $ with vertex at 0,
and it follows from standard arguments, which are similar to those used
to develop the dependence of solutions of differential equations on param-
eters, that K’ and K0’ are first-order, convex approximations to Q0 and
Q0 1 $0, respectively, where the underlying spaces are e and e 80, re-
spectively. (Similar arguments are used to prove Theorem 3.1 in the sequel.

Let us consider a subset fh of and a corresponding subset Q,’ of Q.
Namely, let fh be the set of all functions in a that are pieeewise-eonstant,
with their points of discontinuity all belonging to a preassigned, finite sub-
set I0 {s*, s,*} of (h, h). Let Q’ be defined in terms of fh in the
same way that Q0’ was defined in terms of 2, let z Q,’ so that (2.3) holds
with some u* E a,, and let , QI’ z. We shall again assume that
u*(t) (interior of U) for every E I, and that f exists and is continuous
in G )< U. Then if

Ko" {y,:u L,.=(I), u pieeewise-eonstant with

(2.10) points of discontinuity in I0},

K1’ y nt- y:Y Ko’, Rn}

(where y and y are again defined as solutions of (2.9) and (2.5) (with
(2.6)), respectively), it is easily seen that KI" and K0" are first-order,
convex approximations to Q and (Q l s0), respectively, where the un-
derlying spaces are e and e l g0, respectively.
As a similar example, consider the case where fh is the set of all func-

tions in ft which are piecewise-constant, and whose points of discontinuity
belong to (h, t) and are not more than t in number, where t is a pre-
assigned positive integer. Define Q.’ in terms of fh in the same way that
Qo’ was defined in terms of ft, let z Q’ so that (2.3) holds with some
u* fh, and let Q Q’ z. We shall again suppose that u*(t)

(interior of U) for every I, and that f is of class C with respect to
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x and u. Let I* Is1 s be the set of points in (h, t2) at which u
is discontinuous, . Let y* for i l,-.., Z denote the bsolucly
continuous function in a that stisfics (2.5) together with the initial con-
dition y*(s*) f(z(s ), u*(s f(z(s ), u*(s ),) nd lety
y(, i 1, Z, denote the functions in $ defined by the relations

for 1 N < 8i,,y+(1)
Y () for s ,

f0. for < < s*y((t)
y (t) for s* < t.

Then, if

?i Yi
sgn’i"

U Lr(I)and piecewise-constant
i=l

(2.1.1) with points of discontinuity in I*, (v., ", v) R}
K" {y + y y o ,

where y is given by (2.9) and y by (2.5) and (2.6), it is not difficult to
show that Kt and K0"" are first-order, convex approximations to Q and
(Q. 1 $0), respectively, where the underlying spaces are and 0, respectively.
Note 2.1. If in the two examples described in the preceding two para-

graphs, the words "piecewise-constant" are replaced by "piecewise-con-
tinuous with discontinuities of the first kind", all of the conclusions are easily
seen to remain in force.
Note 2.2. In the two preceding examples, as well as in the development of

Ko’ and Kt’, the requirement that u*(t) (interior of U) can be replaced
by the weaker requirement that U, in a neighborhood of u*(t), can, for
each I, be approximated in a certain sense (which we shall not here
describe in detail) by a convex set. Then, if K0’, KI’, etc., are suitably re-

defined, they will be first-order, convex approximations to Q0, Q0 f’l $0, etc.
Note 2.3. The last two examples can be generalized as follows. Let

p, p, where <__ , and, be preassigned continuously differ-
entiable functions from R to R1. Let fa be the set of all functions u 2
with the property that there exist points s, s, (which in general de-
pend on u) which (a) include all of the points of discontinuity of u, (b) all
belong to (t, t), (c) satisfy the equations p.(s,.-., s,) 0 for
j 1,..., l, and (d) satisfy the inequalities (s, s) -<_ 0 for
j 1,... /c. We can correspondingly define the set Q’. Then, for an
element z Q’, we can, in a mnner similar to that used to define Kt"and
K0", obtain first-order, convex approximations to (Q’-z) and
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(Qa’ z) [ 80. Here it is again necessary to assume thatf exists and is con-
tinuous, and that u*(t) (interior of U) for every I, or that U, near
u*(t), is as indicated in Note 2.2. The remark in Note 2.1 is also pertinent
for this example.

3. Quasiconvexity and first-order, convex approximations. In this section
we shall construct a first-order, convex approximation in the space e to a
set of functions (in e) which constitute the solutions of a collection of
differential equations whose "right-hand sides" generate a quasiconvex
family of functions. The concept of quasiconvexity, which was introduced
in [3], appears to be particularly suitable for studying a wide class of
variational problems.
We shall begin with some definitions.
Let I again be a fixed compact interval It1, t2], and let G be an open set in

R. We shall denote by LI(I) the set of all real-valued functions defined on I
and integrable over I, and by L(I) the set of all real-valued, measurable,
essentially bounded functions defined on I.

Let denote the linear vector space of all functions g(x, t) from G X I
into R which are of class C with respect to x G,measurable with respect
to I, and are such that g(z, t)! L(I) for every fixed x G.
For every subset X of G, we shall define a corresponding topology on g,

which we shall refer to as the X-topology. Namely, the X-topology of g is
the topology obtained by taking as base all sets of the form

g’g g, [g(x, t) go (x, t)] Oi(t) dt < e,

i ,...,, j 1, ...,},
where [x, zt} is a finite subset of X, {0, 0el is a finite subset of
L(I), > 0, and g0 g.

The X-topology on g is a natural analog of the weak topology on LI(I).
DEFiNITiON 3.1. If X is a subset of G, we shall say that a set D g is

dominated over X if there exists a function (t) L(I) such that
g(x, t)l + gx(z, t)[ 5 (t) for an (x, t) x x and g D.
Throughout the sequel, for every positive integer , we shall denote by P

the following subset ofR:P { (, ,): 0 fori 1, ..., ,
DEFINITION 3.2. A set r of functions g(x, t) from G X I into R will be

said to be quasiconvex if P g and if, for every finite subset {g0, g}
of r and every compact subset X of G, there exists a set D g dominated
over X such that, for every neighborhood N of 0 in the X-topology of g,
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there exists a map , (which may depend on X, the g, and N) from pm+l to
(F D), continuous in the X-topology, such that [(0,’",

=0/igi] (N ’l D) tor every (0, ,) pm+.
Definition 3.2 differs slightly from the definition of quasiconvexity given

in [3, Definition 2.2]. It is not difficult to verify that a set quasiconvex in the
sense of [3] is also quasiconvex in the sense of our Definition 3.2. Definition
3.2 is based on a suggestion of H. Hermes. Gamkrelidze also suggested
definition somewhat at variance with his original one, which is very similar
to, but not quite the same, as the one given here.
Now let F be a given quasiconvex set of functions in J. Let Q.r denote

the set of all absolutely continuous functions x (where is as defined in
2), whose range is contained in G, and which, for some function g F,
satisfy the equation

2(t) g(x(t), t) for almost all I.

Let z be a fixed element of Q*’, so that

(3.1) i(t) g*(z(t), t) for almost all I, where g* F,

and let Q* Q*’ z. Thus, 0 Q* c c.
We shall construct a first-order, convex approximation to Q*. Many of the

arguments below are patterned after the proof of Theorem 2.1 in [3, 3].
Let IF] denote the convex hull of F, i.e.,

[P] ( g(x, t)’(, ..., t) P, g I’ for each i,
i=l

v an arbitrary positive integer}.
For each R and h IF], le t tix, denote the following function in

x,(t) (t) + d2--1(T)[h(z(T), T) g*(z(’), )] dT
(3.2)

for each I,

where (t) is the absolutely continuous n X n matrix-valued function de-
fined on I that satisfies the relations

(t) g*(z(t), t)((t) for almost all I,

(h) the identity matrix,

where g is the n X n Jacobian matrix derived from g. Let

(3.4) K* {x,: R", h [F]}.
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THEOREM 3.1. Let F be a quasiconvex subset of , and let Q* be defined
as above. Then if z Q*’, the set K* defined as above (see (3.1)-(3.4)) is a
first-order, convex approximation to Q* Q*’ z in the space

Proof. Note that x0.. 0 a, so that 0 K*. It follows t once from
(3.2) that, for every (, ) P (where , is n rbitrry positive
integer),

(3.5) ,x,7 x., K*,
i=l

so that K* is convex.
Let/tiXl. tix.l} be an arbitrary finite subset of K*, which will

remain fixed for the remainder of the argument. Now h. IF] for
j 1, ,; therefore, there are functions g(x, t) F, i 1, m,
and vectors (fl, ) P", j 1, ,, such that

h(x, t)
i=l

Forevery/ (, ,) P let us denote =x,(t) by tix(t;),
and -= [h(x, t) g*(x, t)] by g(x, t; ). It now follows at once that,
if 0 -< e _<_ 1 nd (2, t) P’, then

*g x, t) + eg(x, t; ) (1 e)g (x, t) - (e)g(x, t)
(3.6)

and (1 , e-, .-., etch) P+,
where t -- for i 1, m. Further, it is an immediate conse-
quence of (3.2), (3.3) and (3.5), that, for every fl (., ) P,

_d_ x( t;
dt

(3.7) for ulmost all I,

x(t ) .
i=l

Let X0 and X be compact subsets of G such that z(t) (interior of X)
for every I, and X (interior of X0). Such sets exist because G is open
and lz(t)"t I} is a compact subset of G. Let v0 be the distance from X to
the complement of X0 v0 > 0.
We now prove the following lemma.
LEMMA 3.1..Let D be dominated over Xo and let m*(t) L1(I) (in.

other respects, D and m are arbitrary). Then, for every v > O, there is a

neighborhood N, (in the X topology of , and possibly depending on v, D
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*)and m of 0 in such that

rg(y( ),t) < v for - I,dt all

for every g (N, l D1), and for all absolutely continuous functions y(t) from
I into X1 that satisfy the inequality (t)l <-_ m*(t) for almost all I.

Proof. Since D1 is dominated over Xo, there is a function (t) LI(I)
such that g(x, t)l + g(x, t)l <= (t) for all (x, t) Xo I and g nl.

Let 0 rain vo, v(2 + 4 Jl (t) dr)-1}, where v > 0 is preassigned, nd

let So, s, sk be points in I such that So t, sk t., s. < s.+l for
j 0, 1, lc 1, and such that

(3.8) [m*(t) + N(t)] dt < 0 for j 1, ...,
Since X is compact, there is a finite subset x, x} of X1 such that,
for every x X1, there is a point x, 1 __< i =< l, with Ix x[ < 0.
By definition of 0 and vo, this means that the entire line segment joining
and x is contained in Xo. Let

N,-- g" g 9, g(x t) dt < 2-(3..)
for i 1, -.., andj

Now let r I, and let y(t) a satisfy the hypotheses in the statement
of the lemma. For echj 0, 1, ] there is an integer i-, 1 <= i -<_ l,
such that

(3.10) Y(S’) X. < ,
and it follows from (3.8) that, whenever [s-_, s],

(3.11) y(t) y(s)l < O,

and the entire line segment joining y(t) with y(s.) is contained in X0. Let
.!

.? be such that 0 _-< j’ _-< ] 1 and [s, s,+]. It now follows from
(3.8)-(3.11) that if g N, D then

g(y(t), t) dt g(y(t), t) dt + g(y(t), t) dt
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This completes the proof of Lemma 3.1.
Since g*, gl, g all belong to I’, it follows from (3.6), Definition 3.2

and Lemma 3.1 that there exist a function mo(t) LI(I) and functions
g(x, t; fl, e) 6 F, defined for every (Oh, ) P and [0, 1],
such that if

(3.12)

then

ig(x, t; , ) g(x, t; , ) [g*(x, t) + eg(x, t; )],

[e(x, t; , )1 + e(x, t; , )[ + e(x, t; , )1
(3.13)

gx(x,t;,e) <= too(t) for all (x,t) 6 X0 I

(3.14) g(y(t),t;,e)dt < for all r I

and for every absolutely continuous function y(t) from I into X that
satisfies the inequality [(t) <-- m0 (t) for almost all I, nd

(3.15) g(x, t; ’, ) ,_ g(x, t; , e) in the X0 topology of ,
(relations (3.13)-(3.15) hold for all ( E P" and 6 [0, 1] ).
Now consider the differential equations (see (3.12))

2(t) g(x(t), t; , e)
(3.16)

g*(x(t), t) + g(x(t), t; [) + g(x(t), t; , ),

where P" and 0 -<_ e -<_ 1. Let the solution of (3.16) with initial value
x(tl) z(h) + =, where (,.-., ,), be denoted by
x(t; t, e). We shall show that there is a number e > 0 such that x(t; , e)
is defined on all of I nd takes on values in G for every/ . P" and [0, e]
and that

max
(3.1.7) tr

x(t; , ) z(t)
6 i==l

uniformly with respect to
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mx x(t; ’, ) x(t; , ) 1*0
(3.18) t ,

for every / P and e [0, e].

But this will imply tht [x(t;, e) z(t)] (Q*’ z) Q* for every P’
nd e [0, e] (see (3.16) nd recall that g(x, t; , ) F), ad it will then
follow from (3.17) nd (3.18) that K* is first-order, convex pproximtion
to Q* in the spce a.

Let us begin by showing that there is number e > 0 such that x(t; , e)
is defined on 11 of I nd hs rnge contained in G for every P nd
e [0, e], nd that, in ddition,

mx x(t; , ) z(t) , 0
(3.19) te

uniformly with respect to P.

Because z(tl) (interior of X1), there is number , 0 ,< <: 1, such
that I :=1/i1 < 70/2 nd [z(h) + =] (interior of X)

(interior of G) for every N P" nd e [0, ]. Hence, for ll P",
x(t; N, e) is defined nd belongs to X for in neighborhood of t whenever
0 . Thus, for every e [0, ], there is number I such that, for
every P" nd [t, ], x(t; , e) is defined nd belongs to X nd
Ix(t; , e) z(t)] < 0/2. For ech e [0, ], let t be the 1.u.b. of all such
numbers , nd let us denote [t, t] by I (if t t, I consists of the single
point t).

Hence, for ll P" nd e [0, ], x(t; , e) X for ll I, nd it
follows from (3.16) nd (3.13) tht 2(t;, e) too(t) for lmost ll I.
Now let the functions y(t; , e) be defined s follows" y(t; , e) x(t; , e)
for I, y(t; , e) x(t , e) for t t. It is clear that y(t; , e)
is un bsolutely continuous function from I into X nd that $(t; , e)

mo(t) for almost ll I. Hence (see (3.14)), for ll I, P", nd
e [0, ], we hve

g(x(s; , ), s; , ) ds <(3.0) .
If e [0, ], it follows from (3.16) nd (3.1) nd the definition of x(t; , e)

that

z(; , ) z() + (z(; , ), ; )
i=1
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+ g(x(s; , ), s; t, ) ds

for all I and P. Since (3.13) holds for both e 0 nd e 1, we
hve (see (3.12)) that

g*(x, t)l too(t), lg(x, t; )[ 2n0(t)
(3.22)

for all (x,t) X0 XI and P.

It now follows from (3.20)-(3.22) that, if [0, ], then, for l.1 P and
tI,

x(t; , ) z(t) s + mo() d
i=l

+ [sup *(, )I1 z(; , ) () d +
XO

N e[ii= +2fmo(s) ds + 1
+ mo(s) lx(s; N, e) z(s)[ ds.

=[ + 2fmo(s) ds+ land #e.ItnowLet follows from

Gronwall’s inequality that

(3.23) x(t;fl, e)-z(t) <e forall (t,) IXP" and e [0, i].

Let us denote the compact subset {z(t)"t I} of G by Zt. Let v denote
the distance from Z to the complement of X. Since Zt (interior of X),
n > 0. Let v rain {, 0/2}, e m/(2). We shall now show that if
0 e e, then t t, or I I. Indeed, suppose the contrary. Now,
x(t fl, e) z(t)[ < w/2 for every P" when 0 < e (see(3.23)).

Further, there is number t’ (t, t] such that too(t) dt /4.
t

But this means (see (3.13)) that the solutions x(t; , ) of (3.16), for every
P, cn be extended beyond t to t’ in such wy that, for every
[t, t’], x(t; , ) X nd x(t; , e) z(t) < 0/2, contradicting

the definition of t.
Thus, we hve shown that, if 0 e e, then I I; i.e., x(t; , ), for

every P, is defined on 11 of I nd tkes on vlues ia X, nd
x(t; , ) z(t) < 0/2 for 11 I. Also, (3.20) nd (3.23) re stisfied

for 11 (t, ) I X P whenever e [0, e], which immediately implies that
(3.19) holds.
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Let us now proceed to verify (3.17). We shall henceforth suppose that
0<e <__ el.Thus, for all (t, [) I X pv, x(t;[,e) z(t)l < vo/2, so
that

z(t; fl, e) x(t; fl’, e)l x(t; fl, e) z(t)] + x(t; ’, e) z(t)
(3.24)

< 0 forll (t, fl, fl’) I P P’,

nd the entire line segment joining x(t; , e) with z(t) lies in X0 G. Since
g(x, t; , e) F, nd the elements of F are of class C with respect to x in
G, it now follows that

g*(x(t; , ), t) g*(z(t), t) (t; , e)[x(t; , e) z(t)]

forll (t, fl) I P’,
where (t; , e) is n n X n mutrix-vlued function which differs from
g*(z(t), t) only in that the prtil derivatives ure evaluated t some point
on the line segment oining z(t) and x(t; fl, ) rather than at z(t). Conse-
quently (see (3.21) nd (3.1) ),

+ *(z(),

for all (, ) I X P, where

+

+1 (z(; , ), ; , ) a.

Le us show

(3.26) k(t; , e) -.0+
0 uniformly with respect to (t, ) I X PV.

Now, by virtue of (3.20) and (3.23), we have that

h(t; 3, e) <-_ f I)g(x(s; 3, e), s; 3) ag(z(s), s; 3) ds
(3.27)

for every (t, ) I X P. Further, for ech fixed s I, the functions
g(, s; fl) for fl P nd g*(x, s) re uniformly equicontinuous with respect
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to x X1. It now follows from (3.19) and (3.22) that there exist measur-
able, real-valued functions i’(s; ) defined on I for each e such that (1) the
integrands in the right-hand side of (3.27) are dominated by (s; e) for
every s, , and e, (2) (s; e) - 0 as -- 0 for each s I, and (3) (s; e)

4m0(s) for each s and e. Applying the Lebesgue dominated convergence
theorem, we conclude that (3.26) holds. Let (e) max(t.)eip k(t;/, e)[,

(3.28) (e) ,-0+
)0.

If we set

(3.29) q(t; , e) x(t; f, ) z(t) x(t; ),

it follows frown (3.25) and (3.7) that, for all (t, ) I X P,

q(t; , e) g*(z(s), s)q(s; , ) ds z7 X(t; , e).

Hence (see (3.22)),

[q(t;/, e) _<- mo(s) q(s; , e) ds -4-

and, by virtue of Gronwall’s inequality, we conclude tha

(3.30) q(t; , ) <= ,() exp (f mo(s) ds) for all (t, ) I )< P.
Recalling that x(t; ) =ix.(t), (3.17) now follows from (3.28)-
(3.30).
W( now turn to the verification of (3.18). It is a consequence of (3.16) that

x(t; [’, ) x(t; , ) (’
i=1

+ [g(x(s; s; g(x(s; s;

for all (, , ’) I P P. Since is fixed in the remainder of the proof,
we shall, for ease of IOtation, drop it as an argument for the functions z
and . Then, clearly, for all (, , ’) I N P N P’,

i=l

so that
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W g(x(s; ), S; ) g(X(S; fl), S; fl)Igs.

It follows from (3.24) that, for all (s, , ’) I X P X P, the entire line
segment joining x(s; ) with x(s; lies in X0. Consequently (see (3.13)),

g(x(s; fl’), s;

(3.32)
xXo

5 0(s)i x(s; ’) x(s; )l.

Further, it follows from (3.15) and Lemma 3.1 that

[g(x(s; ), s; g(x(s; ), s; )] gs, 0
(3.33)

uniformly with respect to I.

Using relations (3.31)-(3.33), and applying the Gronwall inequulity in the
same way as before, we arrive at the desired relation (3.18). This completes
the proof of Theorem 3.1.
Note 3.1. An important class of quasiconvex functions may be defined

follows. Let f(x, u, t) be u function from G X U X I into R (recall thu G
is an open set in R), where U is an urbitrary fixed set in R. Let us suppose
that f is of class C with respect to x G and measurable with respect to
(u, t) U X I (in the sense that the preimage of every Borel set is a Borel
set) for each fixed x G. Let U, for each I, be a fixed subset of U, and
let * denote the set of all measurable, essentially bounded functions u(t)
from I into R such that u(t) U for almost M1 I. Finally, suppose
thut for every compact subset X of G and each *, there exists a func-
tion,(t) e L(I) such that If(x, (),)] + If(x,(t), t) (t) for ll
(t, x) I X X. For each u *, denote the function f(x, u(t), t) from
G X I to R by g"(x, t). It was proved in [3, 4] that the set {g’u *} F*
is quasiconvex. (Recall that if a class of functions is quasiconvex in the
sense of [3] then it is also quasiconvex in the sense of our Definition 3.2.)
Indeed, it is this class that motiwted the definition of quasiconvexity.

4. A first-order, convex approximation a finite-dimensional space.
In this section we shall construct a first-order convex approximation to
set in
class of difference equations.

Thus, let us consider the space R, where n and k are preassigned positive
integers, under the conventional Euclidean norm topology. We shall, for
convenience, represent the elements x R as k-tuples of vectors in
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R,i.e., x (1,..., k),where R for i 1,..., k. Let R0k

{x (1, )’ R for i 1, ], 0}.
Let G be an open subset of R, let I0 denote the set of integers

1, ,/c 1 }, let 0 denote the set of all functions g(, i) from G X I0 into
R which are of class C with respect to G, and let F be a fixed convex
subset of 0 (i.e., if gl E F and g2 E F, then (ag -t- g2) E F whenever
(,) p).
Now let ’ denote the set of all x (, ) R such that G

for each i, and such that, for some g I’,

+ g(,i) for each i 1,-..,k- 1.

Let z Q, so that z (i’, i’) with G for each i and

(4.1) ’+ g*(’,i) for i 1,...,/ 1, where g* I’.

Also, let ( (’ --z, and let K denote the set of all /-tuples
1, ) Rnk such that, for some g E F,

i--1

(4.2) @,1 - @,+[g(3., j) --g*(3., j)] for i 2,-.., /,

where the @., for 1 =< j _<_ i -< k, are the n n matrices defined by the
recurrence relations

.i =@,3.+10g*(3.’J) for 1 =<j =< i- 1 < k- 1,
(4.3) 0

,, the identity for i 1, ..., lc.

Then it can be shown (the arguments are similar to, but much simpler
than, those used to prove Theorem 3.1) that K is a first-order, convex
approximation to Q in R’, and that/ l R0" is a first-order convex approxi-
mation to () [ R0") in R0:.

Note 4.1. A convex subset of 0, which is important in applications,
may be defined as follows. Let f(, u, i) be a function from G U Io
into R, where G and I0 are defined as before, and U is an arbitrary fixed
subset of R. Let us suppose that f is of class C with respect to G,
and let U1, ..-, U_I be fixed subsets of U such that f(, U, i)

{f(, v, i)’v U} is a convex subset of R for every G and i I0.
Let denote the set of all functions u(i) from I0 into U such that u(i) U
for every i I0. For each function u (t, let g(, i) denote the function
from G X I0 into R defined by the relation

g(, i) f( , u(i), i).

Then. it is easily seen that the set g"u } is a convex subset of 0
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5. Some particular functionals and their differentials. In this section
we shall describe some functionals , defined on regions in certain locally
convex, linear topological spaces, which possess differentials in the sense
that (5.1) (or (5.8)) holds, with a linear (or c a convex) continuous
functional defined on the underlying space.
We first note that, if the underlying space 5 is R, and if is a functional

defined on a subset ( of R such that q possesses a differential (in the
ordinary sense, so that is, in particular, linear and continuous) at a
point z (interior of G), then it is easily seen that

(5.1) (z -bey) (z)
0 )l(x) for all x 5.

As a second example, consider the case where the underlying space 5
is $, $0, or e (as defined in 2). Let 7.1, 7.k be fixed distinct points in
I [h, t.], let Go be a nonempty open set in Rnk, and let x(l, k)
be a function from Go into R (each . denotes an n-vector) of class C1.
If Wo lx:x 5, (x(7.), x(7.k)) Gol, then it is clear that W0 is a

nonempty open set in 5 (whether 5 is e, , or 0). Now define the function
o from W0 into R as follows:

(5.2) (x) x(x(), ..., x() ).

It is clear that is continuous on W0 and that, if z W0, then (5.1) is
satisfied, where

(5.3) l(x) Ox(z(7.),..., z(7.)) x(7.i), 5".
S=l

(The preceding statement holds whether 5 is , $, or $0.)
In the third example we shall consider, the underlying space 5 is e X R,

where e is defined as in 2 and lc is a fixed positive integer. Let G be a
nonempty open set in Rn I, and let 0((, (, , ) be a
function from ( into R Of class C (each (i denotes an n-vector and each
os a real number). If we set

W1 {x (x, 7.i, "’", 7.l)’x e,
(5.4)

(X(l), X(’k), 7"1, Tk) d},
where

(5.5) = r if rI, = h if r<h, .= t if re> t,

i= 1,...,It,

then W1 is easily seen to be an open set in 5. Now define the function from
W1 into R as follows"
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(5.6) (x) (x, ,..., ) 0(x(e),..., x(e), ,..., ),

where the are defined by (5.5).

It is easy to show that is continuous on W1, and that, if z
(z, rl ..., vk Wl,where h < r < t2 andz(t) is differentiable

at r for each i 1, k, then (5.1) holds (with z, y, and x replaced
by z, y, and x, respectively), where

(5.7) 00(Z(TI*),""", Z(Tk ), TI "’’, Tk [x(*) + .(*)]

We point out that the functional defined in the preceding example does
not in general possess a Frchet differential.

For our last example, we shall consider a functional which does not
generally possess a linear continuous differential in the sense that (5.1)
holds. Instead we shall show that for each z in the domain of 9 there is a
convex, continuous functional c, defined on the entire underlying space 3,
such that

5.8 f_(_z____2y)_--__!_z.,c(x) for everye-0+
y-->x

In this example, the underlying space 3 is e. Let G be a nonempty open
set in R and let 0(z, t) be a continuous function from G X I into R such
that O(x, t) is defined and continuous on G I. Let eo (x’x e,
x(t) 6 G for all 6 I}. Evidently, eo is a nonempty open set in e. Let
[ be a fixed subset of I. Then define the functional from eo into R as
follows"

(.9) (z) sup 0(z(t), t).
tei

It is easily verified that is continuous on
Let z e. We shall show that (5.8) holds with

(5.10) c(x) sup [O(z(t), t).x(t)],
tle

where

(5.11) [ {t’t I, ](z(t), t) (z)l fl (closure of l).
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For ease of notation, and without loss of generality, we shall suppose that

(5.12) q(z) sup(z(t), t) O.

It is obvious that I is closed and not empty, and that c is a convex, con-
tinuous (but generally nonlinear) functional defined on . Further, if
(z(t), t) 0 for all I, there is at least one x , x O, such that
c(x) < 0 (namely, let x(t) --(z(t), t)).
Let us verify (5.8). Let x be fixed but arbitrary. Then the follow-

ing equation holds whenever y , e > 0, and 11 Y x 11 are sufficiently
small"

q(z + ey) sup(z(t) + ey(t), t)
tei

(5.13) sup [(z(t), t) + e(z(t) -+- eO.t y(t), t).y(t)]
t[

sup [(z(t), t) + e(z(t), t).x(t) -t- e’(t; y, e)l,

where

-(t; y, ) (7(z(t), t).[y(t) x(t)]-- [(z(t) -t-- O,t y(t), t) (z(t), t)].y(t),

and O.t is a number (which depends on y as well as e and t) such that
0 -<_ O.t =< 1. It follows from our hypotheses on the function that

(5.14) sup i’(t; y, e) -.0+ O.
I y’-x

Further see 5.10)-( 5.13 ),
q(z -- ey) ->_ sup [(z(t), t) + e(z(t), t).x(t) -t- e’(t; y, e)]

tI

=> e sup [(z(t), t).x(t) -t" ’(t; y, e)]

>= e[c(x) sup
tl

from which it follows, by virtue of (5.14), that

(5.15) lim inf q(z + ey) >_ c(x).e-0+

For each5 0,]etN {t ’t I, i1 } . Let 0be
arbitrary but fixed. Then there s a 5 0 such that

5.16) (z(t), t).z(t) <__ c(x) whenever t N



ABSTR,ACT VARIATIONAL THEORY 109

(see (5.10)). Let us show that if e > 0 is sufficiently small then

sup [O(z(t), t) -t- eOx(Z(t), t). x(t)]
t

(5.17)
N sup [0(z(t), t) -t- e0(z(t), t).x(t)].
tN

If i N,, then (5.17) is immediately seen to hold. Thus, let us suppose
that [ (complement of NI) is not empty, and let supt,2 O(Z(t)), t).
Let (closure of i) be such that O(z(), ) 6 clearly, (closure
of i). It then follows from the definitions of N and i that I, so
that (see (5.11) and (5.12)) 6 < 0. Consequently, since I (closure of
N),

sup O(z(t),t) >= sup(j(z(t),t) 0 > supO(z(t),t) ,.
tN61 tIe t

Itence, if > 0 is sufficiently small,

sup [t)(z(t), t) -t- e(/x(z(t), t).x(t)]

<= sup [0(z(t), t) + O(Z(t), t)’x(t)],
tN61

which immediately implies (5.17). Consequently, if e > 0 and Y z
are sufficiently small (where y e), it follows from (5.13), (5.17), (5.16)
and (5.12) that

(z -t- ey) __< e[c(x) -t- -t- sup ’(t; y, e)

which, together with (5.14), imply that

(5.1S) liln sup
,(z -t- y) c(x) -I- 7.

->0+

Since v > 0 is arbitrary, (5.8) now follows directly froin (5.15), (5.18) and
(..).

6. Applications to optimal control problems. In this section we shall
consider some optimal control problems which fall under the category of
the canonical optimization problem described in [1, 4]. Under suitable
hypotheses, we shall show that the solutions of this problem are smoothly
regular, md, appealing to Theorems 4..2 and 4.5 in [1], and making use of
t|e results of 2, 4 and 5 of the present :rticle, we shall obtain particular
necessary conditions for the solutions of our optimal control problems.

Let the sets I, G, U, , and Q0’, the function f, and the linear opological
spaces e, 8, and 80 be defined as in 2 and satisfy the hypotheses described
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therein. Then consider the following conventional optimal control problem.
Problem 6.1. Let 5 $0, and let 0, 1, "", be functionals on 5

of the form of (5.2) where/ 1, rl t2, and the corresponding real-
valued functions x have a common open domain Go c G and are of class
C1. Then find an element x W f Q0’ (where W c s0 is the common
domain of the i) such that i(x) 0 for i 1, m and such that
o(X) is minimized.

It is clear that Problem 6.1 falls under the category of the canonical
optimization problem described in [1, 4] (with 0 and Q’ Qo’ [’l So).

Let z be a solution of this problem, so that z satisfies (2.3) for some
u* . Let

ox, (z(t))(6.1) xi i 0,1,...,m,

and let us suppose that the vectors x0’, xl’, x’ are linearly independ-
ent.

It is now easy to verify on the basis of the results of 5 that z is a smoothly
regular solution of our canonical optimization problem (in the sense of
[1, Definition 4.4]). Inasmuch as K0, given by (2.8), is a first-order, con-
vex approximation to (Q0 z) 1 s0 in s0 (this was shown in 2), we can
appeal to Theorem 4.2 in [1] and conclude that there exist real numbers
a, i 0, 1, m, not all zero, such that

(6.2) al(x) <= 0 for all x K0, a0 -<_ 0,
i--0

where (see (5.3) and (6.1)) l(x) xi"x(t) for i 0, 1, m.
Since x,,0 K0 whenever (s, v) I1 X U (see (2.8)), (6.2) implies

that =0 ax-x,.0(t) =< 0 for all (s, v) I1 U. Further, it follows
from (2.5)-(2.7) that, if tl -<_ s < t., then

x.,.o(t) (te)ap-(s)[f(z(s), v) f(z(s), u*(s))],
where (t) is any nonsingular, absolutely continuous n n matrix func-
tion which satisfies the equation

(6.4) ) (t) f(z(t), u*(t))(t) for almost all I.

Consequently, if we set (t) =o ax((t.)(-(t) for I, and con-
sider both and the x to be row vectors, we can conclude that g, is an
absolutely continuous function and that, (recall that meas 11 meas I)

(6.5) (t)f(z(t), u*(t))= max /(t)f(z(t), )
v U

for almost a,ll I,

(6.6) (t) --(t)f(z(t), u*(t)) for almost all I,
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(6.7) (t.) 7’=o a,xi’, oo <= O.

Since the ai do not all vanish and the x’, i 0, m, are linearly in-
dependent by hypothesis, it follows from (6.7) that (t) 0.

Relations (6.5) and (6.6) are immediately recognizable as the Pontryagin
maximum principle [2], and (6.7) (with (6.1)) is the associated trans-
versality condition. (In [2], it was assumed that the functions x() for
i > 0 as well as f((, u) are independent of , and that x0() . With
these additional hypotheses, (6.6) and (6.7) imply that k(t) - a0 <- 0,
as was stated in [2].)
Thus we have shown that if z $0 is a solution of Problem 6.1 satisfying

(2.3) for some u* tl, such that the vectors x’, i 0, 1, m, defined
by (6.1) are linearly independent, then there exists an absolutely con-
tinuous, nonzero, (row) n-vector valued function (t) defined on I such
that (6.5)-(6.7) hold for some constants a0, at,
Note 6.1. Problem 6.1 is a conventional fixed-time optimal control prob-

lem with fixed left-hand endpoint. Admittedly, the left-hand initial condi-
tion has the particular form x(h) 0 (recall that we are seeking solutions
in 30), but this restriction is only apparent inasmuch as a problem where
the initial condition is of the form x(h) }0, with fixed (0, can be trans-
formed into a zero initial condition problem by a simple change of variables.
In order to consider problems with a variable left-hand endpoint, Problem
6.1 must be modified by replacing 80 by g, and by considering that the
funetionals have the form of (5.2), where/ 2, r t, and r t,
and the corresponding functions x are of class C and have domain G X G.
Then, reasoning almost exactly as in Problem 6.1, but with K0 replaced by
K, one obtains necessary conditions for solutions of this problem which
are as follows: (6.5) and (6.6) remain unchanged; (6.7) is essentially the
same and supplemented by an analogous transversality condition at the
left-hand endpoint.

Note 6.2. Problem 6.1 may be further generalized as follows: Again
replace .So by . In addition to the funetionals , i 0, 1, m, fune-
tionals _i, i 1, , are given. Further, the p, i , 0, m,
are of the form of (5.2), but with/ not necessarily equal to 1 and with the
r, i 1, k, arbitrary, fixed points in I. However, we still assume that
the corresponding functions x have a common domain Go G and are
of class C. Then the problem consists in finding an element z W Q0’
(where W 3 is the common domain of the ) such that (x) 0
fori 1, ...,m,p_i(x) <- 0fori 1, ,, andsuehthato0(x) is
minimized. If z is a solution of this problem such that the Jaeobian of the

x at (z(r), ..., z(r)) satisfies a certain regularity condition, it is pos-
sible to apply Theorem 4.2 of [1] and obtain necessary conditions analogous
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to (6.5)-(6.7). If we return to the space S0 and if/c 1 and rl t2, these
necessary conditions coincide with those obtained for Problem 6.1, except
that (6.7) must be replaced by the conditions

(t) ax’, a_, 0 for i 0, 1,-..,u,
(6.s)

a_= 0 if i> nd x_(z(t)) <0,
nd (6.1) holds for every i -, m.

In 7 we shll consider general optimization problem from the view-
point of qusiconvexity which will include, s special cses, Problem 6.1
together with the generalizations described in Notes 6.1 nd 6.2, s well
s optiml control problems with "free" initial and terminal times.
Note 6.3. If, in the statement of Prob]em 6.1, the roles of 0 nd one o

the with j 0 re interchanged, then the form of the necessary condi-
tions for solutions of this problem is essentially unchanged. (However,
the condition a0 0 must be replaced by a 0.) This invarince was
pointed out in [1, Note 4.4].
Note 6.. If, in Problem 6.1, m 0 (i.e., if the constraints (x) 0

for i 1, are omitted), we obtain what in [1] ws referred to s
simple optimization problem, nd which is commonly known as problem
with a "free right-hand endpoint." Appealing to Theorem 4.5 of [1], we can
esily derive necessary conditions stisfied by solutions of this problem.
These differ from those stisfied by solutions of Problem 6.1 only in that
(6.7) must be replaced by the conditions (t) a0J, a0 0.

Let us now return to the originfl Problem 6.1, nd let us mke the ddi-
tionl hypothesis that f(x, u) is o[ class C with respect to (.:, u) G l.
We shall lso suppose 3 is $0 rther thn $0

Let z be solution of this problem, so that (2.3) holds for some u .
We shll gin suppose that the vectors x, i 0, m, defined by (6.1)
re linerly independent, nd, in ddition, that u*(t) (interior of U) for
ll I. (The lst hypothesis will be utomticlly stisfied if U is open.)
It ws pointed out in 2 that, under our hypotheses, K0 {y"y solu-
tion of (2.9) with u L(I) is first-order, convex pproximtion to
(Q0 z) 0. Once gn ppelhg to Theorem 4.2 of [1], we c con-
elude that there exist rel numbers a, i 0, 1, m, not 1l zero, such
that

(6.9) a.l(y) 0 for ll y K0’, a0 0,
i0

where l(y) x .y(t) for i 0, m. It follows from (2.9) that
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where is any nonsingular absolutely continuous n X n matrix function
which satisfies (6.4). Thus, (6.9) can be rewritten in the form

(1)--1o x, .’(t) (s)f,(z(), u*())u() s o

or ll u L,(1),

or, if we set (s) =o a,i’q)(t)(P-(s) for all s I (nd consider
nd the ’ to be row vectors),

(6.10) () f(z(), *())() d N 0 for all L(I).

Bu (6.10) is possible only if ()f(z(), *()) 0 whenever I, i.e.,

(6.11) ()f(z(), *()) 0 for almos all I.

Finally, (6.6), (6.7), and ghe fac gha 0 follow as before.
Thus, if z is a solugion of Problem 6.1 such gha all of ghe above indieaged

hypotheses are satisfied, here exists a nonero, absolutely continuous,
(row) -veeor valued %negion () defined on I such ghag (6.6), (6.7)
and (6.11) are sagisfied for some eonsangs 0, .

Ig is easily seen ghag (6.5) implies (6.11) if f and * sagisfy ghe sgronger
hypotheses described above. The only reason we have presented a separate
derivation of he weaker necessary condition is o illustrate he generality
of our mehod of obtaining necessary conditions.
We shall now consider gwo problems which arise in he optimal control

of sampled-daga control systems.
Le ghe segs I, G, U, Qt’, Q’, I0, a, and a,atd ghe function f be defined

as in 2 and sagisfy ghe hypogheses (including ghe assumption gha f is of
class wih respee go boh z and ) described gherein.

Problem 6.2. Leg g0 e and le 0, t, be funeionals
of ghe form of (5.2), wih lc 1 and r , where he corresponding

real-valued %negions x have a common open domain G0 G, and are of
class C. Then find an elemeng z W Q’ (where W g0 is he common
domainofghee) suehha(z) 0fori 1, ..-,m, andsueh
0(z) is minimized.

Problem 6.a. This problem differs from Problem 6.2 only in ghag e and
Q are replaced by g0 and Q(, respeegively.

Ig is evideng gha Problems 6.2 and 6.a fall under he category of he
canonical optimization problem described in [1, ].

I.e z be a. solution of l?roblem 6.2 (or of Problem 6.g), so gh.a

is sagisfied wih some * (or ). We shall suppose gha *() (in-
gerior of U) for all I (his requiremen can be weakened as indicated in
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Note 2.3), and that the vectors x’, i 0, 1, m, given by (6.1), re
linearly independent. It is then esily seen that z is a smoothly regular
solution (in the sense of [1, Definition 4.4]) of our canonical optimization
problem. Further, it was pointed out in 2 that the sets K0" and K0"
defined by (2.10) and (2.11), respectively, are first-order, convex approxi-
mations to (Q’ z) $0 nd (Q’ z) VI $0, respectively, in the spces

80 nd 80, respectively. If we now ppel to Theorem 4.2 in [1], we
conclude that there re numbers a0, "", a, not all zero, such that
=o ax(.y(t) <= 0 for 11 y K0" in the cse of Problem 6.2, nd 11
y K0" in the cse of Problem 6.3. Using the definitions of Ko" nd K0"
given in 2, we cn now derive necessary conditions in much the sme wy
that (6.11), (6.6) nd (6.7) were obtained. Since the clcultions re
straightforward nd the necessary conditions cn be found in [5], we shll
omit the remainder of the rgument.
The comments in Notes 6.1-6.4 re lso pertinent for Problems 6.2

nd 6.3.
Note 6.5. In the terminology of control theory, Problem 6.2 dels with

smpled-dt controls with prescribed "switching times," nd Problem
6.3 dels with controls with free switching times. These problems my be
generalized if we reformulate Problem 6.3 by replacing Q’ by Q (s de-
fined in Note 2.4). Using the first-order, convex pproximtion indicated
in Note 2.4, it is possible to obtain necessary conditions for solutions of
this new problem. This new formulation mkes it possible to consider
sampled-dt control systems in which some of the switching times re
prescribed nd some are free as in pulse-width modulated systems), and/or
in which some of the switching times re not prescribed but are constrained
(e.g., the time between two consecutive switchings my be fixed).
Note 6.6. If we tke into ccount the remarks in Note 2.2, nd modify

the statements of Problems 6.2 nd 6.3 ccordingly, we cn derive necessary
conditions for the corresponding optimal control problems. Such problems
were first discussed by Chang [6].
The lst problem in this section is so-called discrete optimal control

problem.
Let r, /c nd n be preassigned positive integers with /c > 1. We shll

consider R, whose elements we shll represent s k-tuples of vectors in
Rn. Let R0, Io, G nd 0 be defined s in 4, nd let U be subset of Rr.
Let f(, u, i) be function from G X U I0 into R", nd let
U, i 1, lc 1, be subsets of U. We shll suppose that f nd the U
satisfy the hypotheses indicated in Note 4.1. Then let nd be defined
as in Note 4.1, nd let )’ nd/ be defined in terms of s indicated in 4.
Let x0(), x() be rel-wlued functions, defined for G, which

re of class C, let W {x (, ..., ): R for i 1, ..., k,
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1 O, 1 G}, so that,, since G is open in R, W is an open set in R0
and let e.,, i 0, ..., m, be the continuous functions from W into
defined by the relations

(6.12) (,, ,) (), i 0, 1, ,m.

If z (’, ) W, then (5.1) is satisfied with 5 Ron, and
li (i O, ..., k), where

(6.13) l(x) l(, ..., ) Ox() .a,, i 0,1,...,m

(see the remarks at the beginning of 5).
We can now state our discrete optimal control problem.
Problem 6.4. Let 5 Ron and let o, , be functionals on 5

of the form of (6.12), where the have a common open domain Go G
nd are of class C. Then find n element x W fl ) (where W R0"
is the common domain of the .) such that .(x) 0 for i 1, m
and such that 0(x) is minimized.

It is evident that Problem 6.4 falls under the category of the canonical
optimization problem described in [1, 4] (with g 0 and Q’ (’ f’l R0).

Let z (, ) be a solution of this problem, so that (4.1) holds
with g* g* ,i.e.,

(6.14) f+ f(’, u (i), i) for i 1, /c 1, ’_ 0,

where u*(i) U for each i I0. Let

(6.15) X , i =0,1,...,m,

and let us suppose that the vectors x0, x are linearly independent.
It is now easy to verify, on the basis of preceding remarks, that z is a

smoothly regular solution of our canonical optimization problem (in the
sense of [1, Definition 4.4]). It was pointed out in 4 that the set

K0 {x (}, ,)’} R" for i 1, ,/c, 0,
i--1

(6.16) (i ’ .+1[f(’3., u(j), j) f(i, u*(j), j)]
3"=1

for i 2,...,k, u }
is a first-order, convex approximation to (’ z) f Ro’ in R0, where

$Of(fi,u (g), j) for 1 <j < i 1 < k l,,. ,.+
(6.17) O

the identity for i 1,... ].
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We can now appeal to Theorem 4.2 in [1] and conclude that there exist
real numbers ai, i 0, 1, ---, m, not all zero, such that (see (6.13)
and (6.15))

(6.18) aX "1 =< 0 whenever (l,"’,(k) K0, a0N0.
i-0

For any s I0 and v U, let Uv,. f be defined as follows" u,(s) v,
Uv,(j) u*(j) for j s,j Io. Let 2 (1 ,’", k) be the element in
K0 defined by the recurrence relation in (6.16) with u Uv,.. Th(n it
follows from (6.18) with ( thai;

(6.19) aiX/",s+l[f(’s, v, 8) f(s, t*(8), 8)1 0.

Note that (6.19) holds for all s I0 and all v 6 U,. Let 6 ($1, )
R0 be defined as follows (considering both the . and x( to be row-

vectors in R)"

aXcq)," for j 2,
i=0

It follows from (6.17), (6.19) and (6.20) that

(6.21) b.+ f(’i, u (3), J) max ’+ f(’., v, j),
vuj

Since the a do not all vanish and the ;( are linearly independent, 0.
Relations (6.21) and (6.22) may be looked upon as a discrete maximum

principle (note the analogy with (6.5) and (6.6)); (6.23) (with (6.15)) is
transversality condition.
Thus we have shown that if z (fl, 1) R0"k is a solution of

Problem 6.4 satisfying (6.14) with u ft such that the vectors
i 0, 1, ..., m, defined by (6.15) are linearly independent, then there
exists a nonzero vector (1, ,) R0" such that (6.21.)-(6.23)
hold for some constants a0, a. This result was first proved, under
slightly stronger hypotheses than those made here, by Halkin [20].
Note 6.7. Problem 6.4 is a discrete optimal control problem with fixed

left-hand endpoint. Problems with a variable left-hand endpoint (which
were considered in [20]) can also be considered by slightly changing the
problem statement and reasoning almost exactly as above (there are

(6.23) ax, ao _-< 0.
i=0

(6.22) . .+ Of(fi, u*(j),j)
O

j 2,... , ],
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few minor complications). The necessary conditions satisfied by solutions
of this problem differ from those for Problem 6.4 only in that there is an
additional transversality condition. (See Note 6.1.) We can also make re-
marks for Problem 6.4 which are analogous to Notes 6.2-6.4..

7. Applications to optimization problems which arise from quasiconvex
families. In this section we shall consider u general vriatioul problem
which includes, as special cases, Problem 6.1 together with the generaliza-
tions indicated in Notes 6.1 and 6.2, as well as problems with "free" initial
and erminal times.

Let G again be nonempty open set in R, and let I [t, t] be fixed
compact interval. Let be defined as in 3 and s in 2, let F be a given
quasiconvex fmily of functions in , and let Q*’ be correspondingly defined
s indicated in 3. Then consider the following problem.
Problem 7.1. Let 5 X R, let D be a convex subset of I R, and

let _,, _, 0, , be functionls on 5 of the form of (5.6),
where the corresponding rel-vlued functions 0 re of class C nd hve
common domain . We suppose that is n open set in R X I whose
intersection with G X D is not empty. Then find n element x

(x, r, ,r) W (Q*’ XD) (whereWSisdefinedby(5.4)
nd (5.5)) such that (x) 0 for i 1, ..., m, _i(x) 0 for
i 1, , and such that 0(x) is minimized.

Note 7.1. A more natural problem than Problem 7.1 is the following.
Instead of requiring that x (x, , r) W (Q*’ X D)--so that
x(t) must be defined on all of I and must satisfy the equation 2(t)

g(x(t), t) i’or almost all I (and someg F)requireofiy that x(t)
be defined, be absolutely continuous, and take on its wlues in G for

It’, r"], where minr, maxr, that 2(t) g(x(t), t)
for lmost ll [r’, "] (nd some g F), that (r, ) D and
that (x(r), .,x(r),r, ,) .Letz (z,r ,r bea
solution of the modified problem, so that

(7.1) i(t) g*(z(t), t)
for lmost all t [r*’, r*"] and some g* F (where r rain v r

max ). Since G is open, the solution of (7.1) cn be defined, nd will take
on its values in G, forr e r +ewheree>0ifr* > t and
e 0 if r*’ h, and similarly for e: Further, z is now a solution of a
problem which differs from Problem 7.1 only in that I is replaced by
I’ [*’ *"e, r + e], and D by (D I’). But the necessary conditions
which will be derived for solutions of Problem 7.1 arc unchanged if, in the
problem statement, I and D arc replaced by I’ and D I’, respectively.
Consequently solutions of the "more natural problem" satisfy the same
necessary conditions derived below as the solutions of Problem 7.1.
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Note 7.2. It is easily seen that Problem 6.1, as well as the generaliza-
tions indicated in Notes 6.1 und 6.2, re special cses of Problem 7.1 (see
Note 3.1). Further, the necessary conditions for solutions of Problem 7.1
which we shll derive will imply the conditions derived in 6 for Problem
6.1. This brings up the ntuml question" Why ws Problem 6.1 considered
separately? There are two resons. The first is historical" the derivation
presented in 6, together with the associated arguments in 2, re in
essence the same as those originally presented by Pontryagin et al. [2],
[7]. The second reason is that some of the "variations" used in 2 nd 6
for Problem 6.1 re required in the treatment of Problem 6.3 (s well as
the extensions described in Notes 6.5 and 6.6), which is not particular
case of Problem 7.1.
For the sake of definiteness, and for ese of notation, we shll confine

ourselves to the case of Problem 7.1 wherein 3 and D (r, r, r)"
t r < < r t}. This case includes the most important features of the
general problem, and the arguments used for this special case curt obviously
be extended to the general case.

It is clear that Problem 7.1 fulls under the ctegory of the cunonicul
optimization Problem of [1, 4] (with Q’ Q*’ X D).

Let z (z, rl r: r be a solution of Problem 7.1, so that t r
< < t, and (3.1) holds. Let us suppose that, for ech i 1, 2, 3,
z(t) is differentiuble at r and i(ri g*(z(r ), r ). Also suppose
that t < r < r < t. We shall use the notations 9z and gz with the
same meaning as in [1, 4]. Let

* z(*) :,() oo(z(*), z( ),

* z() )(7.) o(+) oO(z(*), z( ),

i= -,...,m, j 1,2,3.

Our final ssumption is that the relations

a(0(,0", ,0 , 0,

a- 0 for i , a- 0 for igz,

imply that a 0 for ll i -, m. It now follows from (5.7) nd
(5.1) that z is smoothly regular solution of our cnonicl optimization
problem (in the sense of [1, Definition 4.4]).

In 3 it ws shown that K* defined by (3.2)-(3.4) is first-order, con-
vex pproximation to (Q*’ z) in (see Theorem 3.1). Consequently, if
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(7.4) K K* >< (D- (rl*,r. ,r3 )),

then K is a first-order, convex approximation to [(Q*’ X D) z] (see [1,
Notes 2.2 and 2.3]). It now follows from Theorem 4.2 in [1] that there exist
real numbers a, i -, m, such that

al(X, rl,r,r) 0 for all (X,r,r,r) K,
(7.)

for i_gz, a_i =0 for i .,

Since (x},o., O, O, O) K for all } R, it follows from (7.5) and (7.6),
by virtue of (3.2), that

(7.7) _,aiOi(J).(ri*)} <= 0 for all R,
i=-- i=1

which is possible only if (considering the 0(i) to be row vectors)

(7.s) 0,Y(*) o.
i:-

Also, (6Xo.o, 0, 0, O) K for all g F, so that, by the same token,

, ()[(z() ) *((), )1 d 0
(7.9) =-, = ,

for M1 g F.

In (7.7)-(7.9), denotes the (bsolutely continuous) solution of (3.3).
Let (t) _, a0()(r*)-(t), j 1, 2, 3, so that the (t) re
bsolutely continuous, row-vector functions that stisfy the relations

(7.10) (t) -(t)g*(z(t), t) for almost all I,

(7.1) (*) (),

(7.12) (t) 0 forall I.
j=l

(Relation (7.12) is consequence of (7.8).) Hence, (7.9) cn be rewritten
in the form

where (see (5.7) and (7.2))

l,,(x, - -,, ,-.) {0().x(*) + ,[0,.(*) + 0,’+)]I,
(7.6) =1
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(7.1.3) f’ s(r)[g(z(r), r) g*(z(r), r)] dr <= 0 for all g - F,
j=l ’t

or (making use of (7.12) in (7.13)),

(7.14)

"
(r)g(z(r), r)dr <=

’where

(r)g*(z(r),r) dr for all g F,

--kl(t) for tl <=
(t) ,

[k2(t) for

so that (see (7.5) and (7.10)-(7.12))

(7.16)

(7.1.7)

(7.18)

(7.19)

(t) is absolutely continuous in [6, ra and in [r t2],

(t) -k(t)gx*(z(t), t) for almost all I,

*( 0,’, (*) 0",

a_ N 0 for i 9z, a_ 0 for i

,+) ,-) ,,,.
It is clear that (7.16)--(7.18) completely define the function (once

the a are determined).
Now (dix0.., 0, 0, r) K whenever [r] is sufliciently small. Hence

(see (7.5), (7.6), (7.1.9), (3.1), and (3.2)),

,+ ,--) * *(7.20)

It follows in the same manner that

(7.21) (Tl*)gg(z(rl*), 7"1 2 liOi(iv)

Relations (7.18)-(7.22), together with our hypotheses on the 0), imply
that (t) 0 on I, although may vanish on. one of the two interwfls
Its, *), [*, td.

$ * *In summary, if z (z, rx r2 ra is a solution of Problem 7.1 satisfy-
in, the hypotheses indicated above, and (3.1) holds, then there exists a
nontrivial (i.e., not vanishing identically) (row) n-vector valued function
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(t) defined on I such that (7.14) and (7.16)-(7.22) hold for some real
numbers a_,, a,. Relation (7.14) is muximum condition, (7.18)-
(7.22) with (7.2) represent transversality conditions. These results were
first obtained by Gamkrclidze [3]. .Note 7.3. It is possible to remove the hypotheses that r > t nnd.
r t in the nlysis of Problem 7.1. However, one must then employ
theorem which is slightly sharper thn Theorem 4.2 in [1]. The necessary
conditions obtained under the weaker hypotheses coincide with those
obtained for Problem 7.1 except that the equality in (7.21) ((7.22))
must be replaced by if r ti (Te t). In this case, however, it
may turn out thut (t) 0 on I, so that the principal necessary condition
(7.14) is trivially satisfied. If one makes an assumption related to, but
stronger than, the one mde with relation to (7.3) in the case of Problem
7.1, one cun also conclude that (t) 0 on I in this cse.
Note 7.4. A special case of Problem 7.1 is one in which the "times"

r, i 1, 2, 3, re all fixed, i.e., among the functionls with i > 0,
there are functionuls of the form (x, r, ..., r) r * (where

I is fixed) forj 1, 2, and 3. It is then more convenient to reformulate
Problem 7.1 by considering that the underlying space 5 is (rther than
X R), and that the functionals are of the form of (5.2), with r r

so that the differentials l are given by (5.3). It is then possible to derive
necessary conditions witltout having to assume that z(t) is differentiable at

r* for i 1, 2, or 3. These conditions, which can be obtained by
arguments virtually unchanged from those presented above, ure essentially
identical with those derived for solutions of the general Problem 7.1,
except that (7.20)-(7.22) must be omitted. Also, every solution z of the
general Problem 7.1 is fortiori solution of "fixed-time" problem, so
that, even if z is not differentiable at r and r (but the other hy-
potheses are satisfied), the above necessary conditions--with the excep-
tion of (7.20)-(7.22)--hold. If z(t) is diffcrentible at one or two of the.points 7 then the corresponding relation of (7.20)-(7.22) is satisfied.
Note 7.5. The form of the necessary conditions (7.14) and (7.16)-(7.22)

will basically be unchanged if the roles of some of the in the problem
statement are interchanged (see [1, Note 4.4]).
Note 7.6. Without going into detail, we remurk that comments similar to

those made in Note 6.4 cau also be made here.
Let us now suppose that the qusiconvex class F in Problem 7.1 is the

class F* described in Note 3.1. Let us suppose in addition that the cor-
responding function f(x, u, t) is continuous in all of its nrguments, nd thnt
U U for every t. Let z* (z, v r be solution of this problem
satisfying the hypotheses indicated previously. Thus z satisfies (3.1), where

*( * *(7.23) g x, t) f(x, u (t), t), u e
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(2" is defined as in Note 3.1). Let I1 denote the set of (h, t) for which,.
u is regular (see (2.4)) and u*(t) U. Then meas I meas I. As before,
we can show that there exist real numbers a, i -, m, such that
(7.4)-(7.6) hold. Let us now imbed 5 a )< R in $ X R, where $ is
defined as in 2. It is easily verified that functionals of the form (5.7) are
defined, linear, and continuous in Rk. It then follows from (7.5) that

(7.24) al(x, ’, v, r) <= 0 forall (x,r,r,r) coneK,

where cone K denotes the closure in 8 X R of (cone K) {/x’x K,
__>0}.
For every s I and v U, define the function x,(t) $ as follows"

0 for t <__ t< s,

(7.25) x,.(t) (t)-(s)[f(z(s), v, s) f(z(s), u*(s), s)]

for s < t-< t,

where (t) is the absolutely continuous n X n matrix function that satisfies
(3.3) (withg given by (7.23)). Obviously, 2.(t) f(z(t), u*(t), t) x,,(t)
for almost all I. Let us show that (x.,, 0, 0, 0) cone K whenever
(s, v) I1 X U. Indeed, it is evident that ifs I, v U, i > 0 and

x,v,t) for s-= N < s,
(7.26) g(z, t)

1u*(t) t) for t_<t<s--- and s < -< t,X

then g(x, t) F* whenever i is sufficiently large. But if g r*, then
(ix0.,, 0, 0, 0)
in $ as i --. oo. Consequently, (x., 0, 0, 0) E cone K whenever s I and

* it follows from (7.25) thatv U. Ifr* < s < ,,
x,( 0,

(7.27)

for j 2or3;

ifra < s < r. ,then

x,(rs.*) 0 for j land3,
(7.28)

x.(’*) c(- )c-(s)[f(z(s), v, s) f(z(s), u*(s), s)].
() -As before, let .(t) =_,aO (ra’*) (t) for j 1, 2, 3, and let

(t) be given by (7.15). It then follows from (7.24), (7.6), (7.12) (which
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follow as before), (7.27) and (7.28) that

g/(t)f(z(t), u*(t), t) max b(t)f(z(t), v, t)
(7.29)

for almost all [rl* r2*]

(recall that meas I1 meas I).
It is easily seen that (7.16)-(7.22) follow as before (where g is given by

(7.23) ).
In summary, if z (z, r r2 r3 is a solution of Problem 7.1 where

F F* (as defined in Note 3.1), and all the hypotheses indicated above
are satisfied, and if z satisfies (3.1) and (7.23), then there exists a non-
trivial (row) n-vector valued function b(t) defined on I such that (7.16)-
(7.23) and (7.29) hold for some real numbers a_,, ..., am. This result
was first proved in [3], and was also obtained independently by Pshenichniy
[21] for the special case where f(x, u, t) has the form A(t)x -t-- G(t, u).
The proofs in [21] are very much in. the spirit of those used in the present
work. Note that (7.29) is the conventional maximum principle.

Note 7.7. In the preceding special case of Problem 7.1, the same results
can be derived even if the assumption that U U for all is considerably
weakened. Weaker hypotheses of this kind were discussed by Guinn [8],
who was the first to obtain a "maximum principle" under such mild assump-
tions.

Note 7.8. The remarks of Notes 7.3-7.6 are here applicable also.
Note 7.9. It is possible to define a problem which generalizes Problem

6.4 in the same manner that Problem 7.1 generalizes Problem 6.1. Using the
first-order, convex approximation described in 4, it is an easy matter to
obtain necessary conditions for solutions of this generalized "discrete"
optimization problem.

8. Applications to optimization problems with restricted phase co-
ordinates and to minimax problems. In this section we shall discuss two
problems whose solutions are generally totally regular, but not smoothly
regular (in the sense of [4, Definitions 4.3 and 4.4]).
The first of these problems which we shall consider is commonly referred

to as an optimization problem with restricted phase coordinates.
Let G, I, g and e be defined as before, let P be a given quasiconvex family

of functions in a, and let Q*’ be correspondingly defined as in 3.
Problem 8.1. Let

of the form of (5.2), where the corresponding real-valued functions x are
of class C and have a common open domain Go G )< G,/c 2, r tl,
and r2 t2. Let
continuous function from G I into R such that is defined and con-
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tinuous on G X I, and [ is a fixed subset of I. Then find an element
x IV fl Q*’ (where W 5 is the common domain of -,--1, m) such
thai;gi(x) 0fori 1,..-,m, andg_i(x) _-< 0fori 1,... ,/+ 1,
and such that 0(x) is minimized.

If we set Q’ Q*’, Problem 8.1 is a particular ease of the canonical
optimization problem described in [1, 4].

Let z be a solution thereof, so that (3.1) is satisfied.
If _,_l(z) < 0, then z is a local solution of the canonical optimization ob-

tained from Problem 8.1 by deleting -,-1, and this latter problem is a
special ease of Problem 7.1 (see Note 7.4). Consequently, we shall suppose
that 9_,_(z) 0. Let Ie be defined by (5.11.) and (5.9). We shall also sup-
pose that 0(z(t), t) # 0 for all Ie.
Let

Oi(z(h) z(t2)) ,, O(z(tl) z(t.))

~"’ t,) (z(t),,O(Z(tl),
If t I for i 1 and 2, we shall assume that the relations

"’ 2 --g + x"a_._g aX( -" O,
8.2

a_

(where is defined as in [1, }4]) imply that a 0 for all
i -- 2,... m. If h I, t I, we shall suppose that (8.2) to-
gether with the relation a_,_ 0 imply that a 0 for all i, and the obvious
analog of this assumption is made if t I, h $ I. Finally, if h $ I and
t I, we shall suppose that (8.2), together with a_,_ a_,_ 0, imply
that a 0 for all i.

It is now straightforward to verify, on the basis of the results of }5, that
z is a totally regular local solution of our canonical optimization problem in
the sense of [1, Definition 4.3]. Since K* (see (3.2)-(3.4)) is a first-order,
convex approximation to Q* z in e (see Theorem 3.1), we can conclude,
on the basis of Theorem 4.2 in [1], that there exist real numbers
a._,_, a0, a, not all zero, such that

al(x) + a_,_c(x) 0 for all x K*,
(8.3)

a_ 0 for i 0, a_ 0 for i g,
where c(x) is given by (5.10) and (see (5.3) and (8.1))

(8.4) 1.(x) x"x(h) + x".x(t,) for i -u, .-., m.
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Since 6x,,, K* for all Rn, it follows from (8.3), (8.4) and (5.10), by
virtue of (3.2) and (3.3), that

[x’ + x ’(=)]

=< sup [--a_,-1.0x(z(t), t)(t)]
tEIe

for all R

(in (8.5), and henceforth, xi, xi and x are to be considered row-vectors).
I follows from (8.5) md the compactness of the set {(lx(z(t), t)+(t)’t
that

(S.6) E ai[Xi’ q- X/"(t2)] eo {--o-__ll.(z(t), t)(t)’t < I},

where eo N denotes he convex hull of N.
Further, zo.o K* whenever P, so ha, if we se

ff(8.7) (r) aX (t) (r), r < I,

(8.8) ,(r, t) O,(z(t), t)(t)-(r), t< I, r < I,

we obtain by virtue of 8.3 ), (8.4), (5.10), (3.2) and (3.3)

(s.) + -,- sup 1(, )D(z(), ) *(z(), )] 0
tEIe

for all gF,

(8.10) de(r) ,
dr

-/(r)g. (z(r), r) for MmostM1

O/(r, t) --,(r, t)gx*(Z(r), r)(s.) o
for almost, all

(8.12) ,( t) x",
<0 for i => O,

r I and every

for

(8.13) (t, t) lx(z(t), t) for all

and, by virtue of (8.6) and (3.3),

(8.14) (t,) x + ,
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where

; co --a-,-O(z(t), t)d2(t)’t I},
(8.15) ,_,_ <_ O,

=--#-I

Thus, we have shown that if z is a solution of Problem 8.1 satisfying the
hypotheses indicated above, and if (3.1) holds, then there exist absolutely
continuous, (row) n-vector valued functions (of r I) (r) and l(r, t), the
latter being defined for each I, such that (8.9)-(8.15) are satisfied for
some real constants a ,i -g 1, m, where Ie is given by (5.11)
and (5.9). Relation (8.9) is the maximum condition; (8.12)-(8.15), with
(8.1), play the role of transversality conditions. These necessary conditions
were first obtained by Gamkrelidze [9].

If the quasiconvex class F in Problem 8.1 is the class F* described in
Note 3.1, where the corresponding function f(x, u, t) is continuous in all of
its arguments, and Ut U for each I, then (8.9) may be rewritten in a
different form. Namely, suppose that (7.23) holds; and denote by 11 the
set of points (tl, t2) for which u* is regular (see (2.4)) and u*(t) U.
Let s . 11 and v U be arbitrary, and let functions g(x, t) be defined by
(7.26), so that g F* whenever i is sufficiently large. Let

(8.16) h(r) f(z(r), v, T) f(z(r), U*(r),

Also, let tl* minte and t2* maxt r. t. Setting g g in (8.9), we
obtain (for i sufficiently large)

(8.17) (r)h(r) dr =< 0 if t2* < s < t2,

(8.1S) (r)h(r) dr -+- a-,- sup l(r, t)h(r) dr -<- 0
--(1/i) .Ie --(1/0

if tl < s _<_

(8.19)
()h() de + ._-,

--(1/i)
sup+ bl(r, t)h(r) dr <- 0

as--O/i)
t>s--(1/i)

if * *<s<=t,

where sup+ sup if sup ->- 0 and sup+ 0 if sup O. Since s is a regular
point for u*, and hence also for Ch,

()h() d (s)h(s)(8.20) i
-(/o
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Further, it is not difficult to verify that

(8.21) i sup bl(-, t)h(r) dr i_, sup bl(s, t)h(s) if tl < s < t*
tEle --(1/i) tEIe

i sup+ b(r, t)h(r) dr i---z- sup
+ (s, t)h(s)

(8.22)
if * *(s<-_t.

It now follows from (8.17)-(8.22) that

(s)h(s) +
__

sup (s, t)h(s) _<_ 0
tIe

if t s <- t*,

(8.23) b(s)h(s) + 0/--#--1 sup+ k(s, t)h(s) <= 0 if t* < s _-< t2*,
tIe

b(s)h(s) 0 if t2* < s < t.

Now the appropriate one of (8.23) must hold whenever s 11 (i.e., for
almost all s I), whatever v U. Thus (see (8.16)), since meas I=measI,

mx l( s)f(z(s), , s)

(8.24) -t- a-,-1 sup /(s, t)[f(z(s), v, s) f(z(s), u*(s),
tEIe

(s)f(z(s), u*(s), s) for almost all s

nx I()f(z(s), , s)
vU

-t- a_,_ sup+ (s, t) [f(z(s), v, s) f(z(s), u*(s), s)]}
tIe

(s)f(z(s),u*(s), s) for almost all s [tl*, t.*],
max

(8.26)
(s)f(z(s), u*(s), s)

(8.27) ot__t_l <_- O, t* rain t,
tIe

for almos all

t* max t.
tIe

s [t2*, t],

Relations (8.24)-(8.27) are the maximum condition for the special case
of Problem 8.1 under consideration. Relation (8.26) is evidently of the
same form as (7.29), but for s t*, the quantity being maximized contains
an extra term, which, it is important to note, generally depends (through
b(s, t)see (8.11) and (8.13)) on values of z(t) for > s. Conditions
(8.24)-(8.27) were also first pointed out by Gamkrelidze [9].



128 LUCIEN W. NEUSTADT

Let us now return to the more general form of Problem 8.1 and derive an
alternate set of necessary conditions satisfied by solutions thereof. Thus, let
z be a solution of Problem 8.1 satisfying the conditions indicated earlier, so
that z is a totally regular local solution of the corresponding canonical
optimization problem. Let us appeal to Theorem 4.1 in [1], taking into
account [1, Lemma 4.4] and the fact that K* defined by (3.1)-(3.4) is a
first-order, convex approximation to Q*’ z in e. Consequently, there exist
numbers a-r, a0, am, not all zero, and a functional 1_,_1 e*,
such that

aili(x) +l_,_(x) 0 for all x K*,

(8.28) a_ 0 for i 0, a_= 0 for i

where the l, for i -, m, are given by (8.4) and (8.1), and (see
(5.10))

(8.29) l__(y) 0 whenever sup [(z(t),t).y(t)] < 0 nd y
tl

Also, i.t is esy to show, by virtue of our ssumptions regarding (8.2),
Z’ {0} (Z’ is defined in [1, Theorem 4.1]); consequently,

+ 0.
i=--

We shall prove that (8.29) implies that there exists a scalr-wlucd, non-
increasing function h(t), defined on I and continuous from the right in
t, t), such that

k(t) 0, k is constant on every subinterval of I
(8.31)

which does not meet I,

(8.a2) 1-,-(g) [O(z(), )’y()] dX() for all

To show he existence of such a function X, we firs prove he following
lemma, which is a generalization of he well-known arkas-Minkowski
lemma.
Lu 8.1. Le L be conio linear mappi from real Beach pace
onto real Baach pace le Z be a convez cone i wih verez 0

uch ha Z ha onempy inerior and Z , ad le ZI L-(Z).
Then Z is convez cone in wih verez 0 and onempg ierior, and
Z Frher l’ * and l’( g 0 for all Zl he here

functional l" * ch ha l" ) 0 for all w Z and l’( g) " Lg)
for all (* denoe he conjugate pce of).
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Proof. Since L is linear, continuous, and onto (Be, the hypotheses on Z
immediately imply that Z, is a convex cone in (gl with_ vertex at 0 and a non-
empty interior, and that Z1 ,. Let l’ 65,* be such that l’(y) N 0 for all
y Z,. If l’ 0, we choose l" 0. Thus, let us suppose that l’ 0. Hence
there is an element E Z, such that 1’(9) < 0.

Let us show that if y landLy 0, then l’(y) 0. Supposethe
contrary, so that there is an element y, E , such that l’(y) 1 and
Ly, 0. Let y 9 2/’(9)yl. It is evident that y E Z, and l’(y)

1’(9) > 0, contradicting the definition of l’.
If w 6t= and w Ly, let l" (w) l’(y). By the preceding paragraph,

l" is well defined. It is clear that l" is defined on all of and is linear. By
definition, l’(y) l" (Ly) for all y ,. If w Z, then w Ly for some
y Z1, so that l"(w) l’(y) N 0. Thus it only remains to prove that l"
is continuous. It suffices to show that {w’w , l" (w) < 0} H is open

l’(see [4 p. 417 Lemm 7]) NowL-H y y , (y) < 0} is open since
l’ is continuous, nd it follows t once from the interior mpping theorem
[4, p. 55, Theorem 1] that L(L-1H) H is open. This completes the proof
of the lemm.

Let be the space of all continuous, real-valued functions defined on I.
Under the sup norm, is a Banaeh space. Let

Z {w’w , maxtr w(t) < 0} U {01.

Clearly, Z is a convex cone in 63: with vertex at 0 and a nonempty interior,
and Z 63. For every y e, let Ly be the restriction on I of the function
0:(z(t), t).y(t). Clearly, L is a linear, con.tinuous map from e into (%, and,
since O(z(t), t) 0 for all I by hypothesis, L is onto .

Appealing to Lemma 8.1, and making use of (8.29), we conclude that
there is a functional ’ 63* such that

(s.aa) -l_._(y) l" (Ly) for all y e,

(8.34) l"(w) N 0 whenever max w(t) < 0 and w 53.
tIe

It is well known [4, p. 265, Theorem 3] that there is a regular, eountably
additive, scalar-valued measure ,0 defined on the Borel subsets of Ie such.

w) .[_ w(t) d,0 for all w . Let us define the regular,that l"( count-

ably additive measure, on the Borel subsets of I by means of the relation
,(E) ,0(E [e). It follows that if w is any continuous, real-valued rune-

defined on I, and w is the restriction of w on I, then l" (We) ] W d,tioIl

and (S.33) and (8.34) take the form
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(8.35) 1-,-l(y) -J+/- [x(z(t), t).y(t)] d for every y e,

(8.36) fw(t) d <= 0 whenever max w(t) < O,
tEI

and w is continuous on I.

Let),(t) ((t, t2]) for (t t),h(t) O,h(t) (I). It is evideut
that h is continuous from the right in (t, t) and constant on every sub-
interval of I which does not meet I. Since the total writiou of , is
bounded [4, p. 128, Lemm 7], the function is of bounded variation on I.
Further, if w is any continuous real-valued function defined on I, then it is
not difficult to show (e.g, by upproximating w by step functions nd using
the Lebesgue dominated convergence theorem) that

(8.37) w(t) du w(t) dk(t),

where the right-hand integral in (8.37) is in the sense of Riemann-Stieltjes.
Thus, we have verified (8.31) (8.32) follows from (8.35) and (8.37). It
only remains to verify that k is nonincresing. But this is an esy conse-
quence of (8.36) nd the definition of k.

Since x.,. K* for all R, it follows from (8.28), (8.4), nd (8.32),
by virtue of (3.2) and (3.3), that

[x’ + x ()] + O(z(),)()dX() N 0 for all ( R,

which is possible only if

t(8.38) a[x,’ + x(’(t)] + O(z(t), t)(t)dh(t) O.
i--D

Further, x0, K* whenever g F, so that if we define the functions (r)
and (r, t) as before, by (8.7) nd (8.8), we obtain (by virtue of (8.28),
(s.4), (s.3), (3.) and (3.3))

()[e(z(), ) e*(z(), )] d

(s.a) + (, )[(z(), ) *((), )] x() 0

for all r,

as well as relagions (8.10)-(8.1a). Ingerehanging ghe order of inegragion in
he double ingegral in (8.a9), and segging
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(8.40)

(8.41)

we obtain

(8.42) ’
t

O(r) _(r, t) dh(t) for r 1,

if(r) if(r) q- O(r) for r I,

()a(z(), )& _<_ ()*(z(), ) g

Further (see (8.7), (3.3), (8.38), (8.8) and (8.12))

(t) -: x, (t) E x,
(8.43) =-, =-

for allg P.

(8.46) () () + k(;)(z(;), r) for I.

It is not difficult to verify, on the basis of (8.40) and (8.41), that (r) is
continuous on I. We have just sh.own that either (see (8.1) and (8.81))

,[.,(tl) o, gx(Z(t), t) for every a __< h(t),

(8.45) b(t2) a g 0 for every

Leg

or

(8.44) --if(6) q- [a’ h(6)]’ 0 for every a’ __<

Let us show that k(t) 0 on a subset of I of positive measure (in the
contrary case, (8.42) is trivially satisfied). First consider the case where
ai 0 for i -t, m, so that (see (8.7) and (8.41)) if(r) 0 and
if(z) -= 0(z) on I. It then follows from (8.30), on the basis of (8.32), that
X(t) 6 0onI. Also (see (8.38), (8.8) and (8.40)), 0(6) O(t2) 0. Since
X is nonincreasing on/and ,(z(t), t) 0 for Ie, it is now easy to show,
on the basis of (8.40) and (8.31), that if(r) 0(r) 0 on a subset of I of
positive measure.
Now suppose that ai 0 for some i. It then follows from our hypotheses

regarding (8.2), by virtue of (8.43), that either if(t1) 0 or if(t2) 0.
First consider the case where 6 $ Ie, t2 $ I. Since I, is closed, 0(t) is con-
tinuous for tl =< _<_ 6 q- and t e -<_ -< t. and some e > 0 (see (8.31),
(8.8), and (8.40)), so that if(t) is continuous in both of these intervals.
Hence } is different from zero in a neighborhood (in I) either of 6 or of t.
If 6 I, and t I,, it follows from (8.43) and our hypotheses regarding
(8.2) that either

a >-0.

a_-<_ 0 for i 0, a_- 0 for i
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or
(t2) a"(z(t2), t2) for every a -> 0.

Since 0 <- k(t) =< k(h) for all I and both (t) and (z(t), t) are con-
tinuous functions of I, we conclude that }(t) (t) k(t)O(z(t), t)

0 for in some neighborhood (in I) either of h or of t2. In case h Ie and
t2( Ie, or h I and t I, we can arrive at the same conclusion by
arguments virtually unchanged from those presented above.

In summary, we have shown that if z is a solution of Problem 8.1 satisfy-
ing the hypotheses indicated above, and if (3.1) holds, then there exist rune-
tions (r), (r), (r, t) and X(r), each defined for all r I, such that

(a) , and , are (row) n-vector valued,
(b) b is an absolutely continuous function satisfying (8.10),
(e) I(T, t) is an absolutely continuous function of r for each E I, and

satisfies (8.11) and (8.13),
(d) X(r) is a scalar-valued, noninereasing function, continuous from the

right in tl, t), and satisfying (8.31), where Io is given by (5.11) and
(.9),

(e) is given by (8.40) and (8.41), stisfies (8.43)where the a re
constants which cn ll vanish only if X(h) 0and is different
from zero on a subset of I of positive mesure,

(f) relation (8.42) is stisfied.
Relation (8.42) is a mximum condition; (8.13) nd (8.43) (with (8.1))
play the role of trnsversality conditions.

If the function 0(x, t) is of class C with respect to x nd t, we cm some-
what simplify the form of the necessary conditions. Namely, let us integrate
by parts in (8.40), thereby obtaining, by virtue of (8.31), (8.8), (8.41) and
(8.46), the relation

0$(, t)() ()- x(t)
ot

dt.

Consequently, (r) is absolutely continuous in I, and (see (8.8), (8.10),
(3.3), and (3.1))

d(p(t) -(t)g*(z(t), t) -- X(t)px*(Z(t), t)(8.47) dt

where

(s.4s) x, t) + .7(x, t).

Also, it follows from (8.46), (8.43), (8.1) and (8.31) that

for almost all I,
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(8.4{})
+ E

for i 0, a_ 0 for

Further, relation (8.42) can be rewritten in the form (see (8.46))

[(t) X(t)Ox(z(t), t)]g(z(t), t) dt

=< [}(t) X(t)Ox(z(t), t)]g*(z(t), t) dt for allg P.

Thus, if z is a solution of Problem 8.1 satisfying the hypotheses previously
indicated, if (3.1) holds, and if 0(x, t) is of class C with respect to x and t,
then there exist an absolutely continuous, (row) n-vector valued function
(t) defined on I, and a scalar-valued function X(t) nonincreasing in I, con-
tinuous from the right in (h, &) and satisfying (8.31) (where I is given by
5.11 and 5.9 ), such that relations 8.47)-(8.50) hold--where the a. are

constants which can all vanish only ilk(&) 0. Also, (t) X(t)Ox(z(t), t)
for in a subset of I of positive measure. Here, (8.50) is the maximum con-
dition; (8.49) (with (8.1)) are the transversality conditions.

If the class r in Problem 8.1 is the class F* described in Note 3.1, where
the corresponding function f(x, u, t) is continuous in all of its arguments and
Ut U for all I, then relation (8.42) (or (8.50), if applicable) can be
replaced by a "pointwise" rather than an "integral" maximum condition.
Namely, if (7.23) holds, we can show (in the same way that (8.24) was
derived from (8.9)) that (8.42) and (8.50) imply the relations

(8.51) (t)f(z(t), u*(t),t) maxk(t)f(z(t), v, t) for almostall I,
vU

[(t) X(t)Ox(z(t), t)]f(z(t), u*(t), t)

max [(t) -X(t)O(z(t),t)]f(z(t), v,t) for almost all I,

respectively.
Observe that Theorems 4.1 and 4.2 of [1] have given rise to what appear

to be two distinct sets of necessary conditions satisfied by solutions of
Problem 8.1.
The last set of necessary conditions (8.52), 8.31 ), 8.47)-(8.49) were

obtained by Warga [10] under hypotheses which differ from those made by us
in the following essential respects. In our notation, Warga assumed that

{f(x, v, t)’v U} is a convex subset of R for each

(x,t) GI,
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and that for eachi, eitherx 0orx 0, andx0 0. Ontheother
hand, Warga’s assumptions s relicd to (8.2) were somewhat weaker thn
ours. In nll other essential respects, Wnrg’s hypotheses coincided with
those mdc by us in order to obtain (8.52). For certain cases (essentially
when his set M is not empty), the necessary conditions he obtained are
stronger than ours. However, it appears to us that we can also obtain the
stronger necessary conditions by introducing a different topology on .
Gnmkrdidze, [11] nnd [2, Chap. VII, obtained necessary conditions for the

sme problem s the one considered by Wrg nd without imposing the
convexity requirement (8.53). However, Gmkrelidze made a number of
lternte, relatively strong hypotheses. Under these dditionl hypotheses,
our necessary conditions imply the bsic result of Gamkrelidze [2, Theorem
25, p. 311]. In this regard, it is pertinent to point out that, on a subinterval
of I which does not meet I, (r) s given by (8.41) is bsolutely con-
tinuous nd satisfies the equation

(8.54) d(r) -(r)g*(z(r) r) for lm.ost all r.
(lv

Equation (8.54) is easily obtained if one takes into account (8.31).
The sme problem was lso investigated by Duboviskii nd Mflyutin

[18] who dopted a viewpoint very similar to the one used here. Indeed, in
[18] the "restriction on the phase coordinates" ws also formulated in terms
of an inequality constraint on function spce by meus of the functional
defined by (5.9). Relation (5.S) for this functional, where c is given by
(5.10), ws derived in [18] nnd was then utilized to obuiu necessary con-
ditions. The principal difference between our approach and that of [18] is
in the way in which the equality constraints and the differential equation
constraints re tken into account. No theorems corresponding to Theorems
4.1-4.6 of [1] were formulated in [18]. Consequently, Dubovitskii and
Milyutin were obliged to make some ingenuous, but rather cumbersome
constructions (so as to be able to use a fundmeal resul in [21) o derive
heir necessary conditions, which, of course, coincide with ours, i.e., with
(8.52), (S.al) ogeher with the fact that X is noninereasing and (8.47)-
(8.49), with (7.23) (in actuality, in [181, (8.51), (8.40), (8.41), (8.10),
(8.8) and (8.43) were given instead of (8.47)-(8.49) and (8.52)).
Some preliminary results for Problem 8.1 along the lines given here were

stated (without proof) in [19].
Note 8.1. For the sake of simplicity, we have confined ourselves in this

section to a problem with fixed initial and terminal times; problems with
free boundary times (as well as with constraints involving intermediate
Limes) can be similarly Lreaged by considering the space e X R and fune-
tionals of he form of (5.6) rather than e and (5.2), respectively.
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Note 8.2. If Problem 8.1 is modified so as to include an additional, finite
number of constraints of the form _,_(x) =< 0, j 2, , where _,_
has the form of (5.9) for each j => 1 (and the corresponding functions
satisfy suitable hypotheses), necessary conditions analogous to those ob-
tained for Problem 8.1 can be derived. Problems of this type were considered
by Warga [12] under hypotheses similar to those made in [10] (as well as by
Gamkrelidze in [2, Chap. VII under relatively severe hypotheses). The
necessary conditions obtained by Warga and Gamkrelidze again essentially
follow from the general theorems of [1].
Note 8.3. We can here also make remarks analogous to those made in

Note 6.4.
Now consider the following problem, which is commonly referred to as a

minimax problem. Let G, I, 9, and C be defined as before, let F be a quasi-
convex family in 9, and let Q*’ be correspondingly defined as in 3.
Problem 8.2. Let 3 C, and let _, _,, be functionals

on 3 of the form of (5.2), where the corresponding real-valued functions
: are of class C and have a common open domain Go G X G, l 2,
r t and r t. Let 0 be a functional on 3 of the form of (5.9), where
(x, t) is a real-valued continuous function defined on G }( I such that is
defined and continuous in G I, and i is a fixed subset of I. Then find an
element x W CI Q*’ (where W 3 is the common domain of the ) such
that (x) 0 for i 1, m and _(x) _<_ 0 for i 1, t, and
such that 0(x) is minimized.

If we se Q’ Q*, Problem 8.2 falls under the category of the canonical
optimization problem described in [1]. Let z be a solution of this problem, so
that (3.1) holds. For ease of notation, and without loss of generality, we
shall suppose that 0(z) 0. Let I be defined by (5.11) and (5.9). We
shall then suppose that x(z(t), t) 0 for all I, and that the same as-
sumptions concerning relations (8.2) and (8.1) that were made for Problem
8.1 also hold here (except that the index i here does not assume the value 0).
Consequently, z is a totally regular local solution of the canonical optimiza-
tion problem in the sense of [1].

If we now appeal to Theorems 4.1 and 4.2 of [1], we obtain necessary
conditions identical with those obtained for solutions of Problem 8.1, except
that now a0 0. This, of course, is not unexpectedsee [1, Note 4.4)].

Previous results for a special case of this problem were obtained by Warga
[10], who reduced his problem to one with restrictions on the phase co-
ordinates. This problem was also investigated in [18] and in [21].
The comments of Notes 8.1-8.3 pertain to Problem 8.2 also.

9. Applications to miscellaneous problems. Let us mention briefly some
other problems to which the theorems of [1, 4] may be applied.
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Let G and I be defined as in 2, let zX be a fixed positive number, let I’ be
a given class of functions g(x,, x, t) from G )< G X I into R’, and le
denote the space of continuous functions x(t) from [h A, tu] into R’, with
x supt_a <=t__<,. xft)l. Let *’ denote the set of all absolutely continuous

functions x whose range is contained in G, and which satisfy the relation

2(t) g(z(t),x(t-- A),t) for almost all I

and some function g r. If the class r is quasiconvex, we can construct
a first-order, convex approximation to (*’ z (for any fixed element z *’)
analogous to the set K* defined in 3, and obtain on the basis of [1,Theorems
4.1 and 4.2] necessary conditions to problems analogous to Problems 7.1, 8.1,
and 8.2. These conditions generalize those obtained by Kharatishvili and
described in [2, 27].
We may also consider the following variant of Problem 8.1. Let us suppose

that, in the statement of Problem 8.1, the class r which determines Q*’ is
I’* as described in. Note 3.1. Let p(x, u, t) be a real-valued function defined
on G U I, and let Q**’ denote the set of all x Q*’ such that, for some
u a*, the relations 2(t) f(x(t), u(t), t) and p(x(t), u(t), t) <- 0 hold
for almost all I. Deleting the functional -,-1 (given by (5.9)), let us

consider the problem of finding an element x W fl Q**’ (where W is the
common domain of _, ,... , defined as in Problem 8.1) such that
(x) 0 for i 1, m, and _i(x) <= 0 for i 1, , and such
that 0(x) is minimized. (We may also modify this problem as indicated in
Notes 8.1-8.3.) Such problems have been investigated by, among others,
Hestenes [13], Guinn [8], and Gamkrelidze [2, 35].

If the function p is independent of u, this problem reverts to Problem 8.1;
if p is independent of x the problem becomes a special ease of Problem 7.1.
Under suitable hypotheses (essentially the same as those indicated in

[8]) on p, f, and U, we can obtain, on the basis of [1, Theorem 4.2], neees-
sary eon.ditions satisfied by solutions of this problem. These conditions are

essentially the same as those given in [8] and [13].
By the same token, we can obtain necessary conditions for the analogous

variant of Problem 8.2. Such minimax problems, for particular functions p
and f (p was independent of z and t, and f was linear in z and u) were con-

sidered, for example, in [14, II]. A more general problem of this type was in-
vestigated in [18].

Finally, we mention a class of optimization problems in which the "phase
variable" x may have discontinuities, and the "control" u may include
"delta functions". Certain ones of these problems may be reduced to the
more conventional type of problem described in 6 by means of a suitable
change of independent variable (his was done by Rishel [151 and Warga
[16]), or they may be treated directly by considering funetionals which are de-
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fined in terms of the total variation of a vector-valued function [17]. For
the last-named formulation, the theorems of [1, 4] can again be brought to
bear.

REFERENCES

[1] L.W. NEUSTADT, An abstract variational theory with applications to a broad class
of optimization problems. I. General theory, this Journal, 4 (1966), pp. 505-
527.

[2] L. S. I)ONTRYAGIN, V. G. IOLTYANSKII, R. V. GAMKRELIDZE AND E. F. MISH-
CHENKO, The Mathematical Theory of Optimal Processes, Interscience,
New York, 1962.

[3] R. V. GAMKRELIDZE, On some extremal problems in the theory of differential equa-
tions with applications to the theory of optimal control, this Journal, 3 (1965),
pp. 106-128.

[4] N. DUNFORD AND J. W. SCHWARTZ, Linear Operators, Part I: General Theory,
Interscience, New York, 1958.

[5] B. W. JORDAN AND E. I)OLAK, Optimal control of aperiodic discrete-time systems,
this JournM, 2 (1964), pp. 332-346.

[6] S. S. L. CHANG, General theory of optimal processes, Ibid., 4 (1966), pp. 46-55.
[7] V. G. BOLTYANSKII, R. V. GAMKRELIDZE AND L. S. PONTRYAGIN, The theory of

optimal processes. I. The maximum principle, Izv. Akad. Nauk SSStl
Set. Mat., 24 (1960), pp. 3-42. (English transl, in Amer. Math. Soc. Transl.
(2), 18 (1961), pp. 341-382.)

[8] W. GUINN, Weakened hypotheses for the variational problem considered by Hestenes,
this JournM, 3 (1965), pp. 418-423.

[9] e. V. (]AMKIELII)ZE, private communication.
[1.(}] J. Wm/t, Minimizing variational curves restricted to a preassigned set, Trans.

Amer. Math. Soc., 112 (1964), pp. 432-455.
[111 R. . (]AMKICEL[I)ZE, Optimal control processes with restricted phase coordinates,

Izv. Akad. Nauk SSSR Scr. Mat., 24 (1960), pp. 315-356.
[121 J. WAmA, Unilaleral variational problems wilh several inequalities, Michigm

Math. J., 12 (1965), pp. 449-480.
[13] M. R. }IESTENES, On variational theory and optimal control theory, this Journal,

3 (1965), pp. 23-48.
[14] L. W. NEUSTADT, Minimum effort control systems, Ibid., 1 (1962), pp. 16-31.
[15] R.W. R]SHEL, An extended Pontryagin principle for control systems whose control

laws contain measures, Ibid., 3 (1965), pp. 191-205.
[16] J. WARG-A, Variational problems with unbounded controls, Ibid., 3 (1965), pp.

424-438.
[17] L. W. NEUSTADT, A general theory of ninimum-fuel space trajectories, Ibid.,

3 (1965), pp. 317-356.
[181 A. YA. DUBOITSKII AND A. A. MILYUTIN, Extremum problems in the presence

of constraints, Zh. Vychisl. Mat. Mat. Fiz., 5 (1965), pp. 395-453.
[19] L. W. NEUSTADT, Optimal control problems as extremal problems in a Banach

space, Proceedings of Polytechnic Institute of Brooklyn Symposium on
System Theory, 1965, pp. 215-224.

[20] I-I. ]_]ALKIN, A maximum principle of the Pontryagin type for systems described
by nonlinear difference equations, this Journal, 4 (1966), pp. 90-111.

[21] B. N. PSItENICHN1Y, .Linear oplimal control problems, Ibid., 4 (1966), pp. 577---593.



J. SIAM
Vol. 5, No. 1, 1967
Printed in U.S.A.

MATHEMATICAL THEORY OF OPTIMAL CONTROL
SEMILINEAR HYPERBOLIC SYSTEMS IN TWO

INDEPENDENT VARIABLES*

FOR

WAYNE SCHMAEDEKE
1. Introduction. Problems involving optimization of systems of partial

differential equations have received only a moderate amount of attention
up to the present. These studies have as their ultimate goals several aspects
of the theory of optimal control. References [1] and [2] consider the unique-
heSS aspect, [3] and [4] treat necessary conditions, and [5], [6] and [7]
mainly consider existence conditions. Reference [7] has the most in common
with the present work; in fact, the linear equation along with the boundary
conditions treated in [7] is a special case of the almost linear or semilinear
equation considered herein.

In this work we shall be concerned with precisely stating conditions which
are sufficient for the existence of optimal solutions to mixed initial-boundary
value problems for control processes described by semilinear hyperbolic
partial differential equations in two independent variables. The cost func-
tional is assumed to be a convex integral and the system of equations is
assumed to be in diagonal form. In addition to being given initial conditions
on the solution, we assume that boundary relations are given on two arcs

A1 and h2 issuing from the endpoints of the "initial interval."
It is important to notice a complicated situation concerning the associa-

tion between the boundary relations for a given original system and the
corresponding diagonal system. It is well known that boundary relations
cannot be arbitrarily imposed along hi and h2 for the diagonal system. This
brings up the question of whether or not a given set of origiual boundary
relations will result in admissible boundary relations after the transforma-
tion from the original equations to the diagonal equations has been made.
Only partial answers to this question cau be found in the literature; for
example, the treatment in [8]-[10] should be mentioned. For obvious
reasons, we formulate our control problem in the diagonal form, which we
shall hereafter refer to as the canonical form.

2. Statement o the problem. Let D be an open connected region in the
upper half of the (x, t)-plane (i.e., >__ 0) bounded by the segment
Xl <- x -< x: of the x-axis, two smooth arcs h and h issuing from the end-
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points of the given segment into the upper half-plane, and the line T.
Consider the semilinear canonical hyperbolic system of dimension n,

(2.1) ut + r(x, t)ux C(x, t, u) -4- G(x, t)w(t),

where
(a) F is an n )< n diagonal matrix having diagonal elements 3’1 (x, t),

/, (x, t) which admit continuous first partial derivatives with respect to x
and in/) (the bar here indicates the closure of D in the usual topology of
the plane)

(b) C has continuous first and second partial derivatives with respec to
x, t, ux, u. in/) X R;

(c) G(x, t) has continuous first partial derivatives with respect to x and
in /);
(d) w(t) is an m-vector whose components are bounded measurable func-

tions of on [0, T] and is such that its values lie in a prescribed convex com-
pact nonempty set R".
We shall assume that each of the n functions ,.(x, t) is not zero in

and we define the characteristic curves of (2.1) to be the solutions of the
ordinary differential equations

dx t) i 1, n,(2.2)
dt

,(x,

lying in/). We denote by t the number of characteristic curves issuing from
the left endpoint (xl, 0) of the initial segment into D. It is thereby assumed
that no characteristic curve is tangent to either
diagonal elements ,(x, t), 3’,(x, t) correspond to those curves entering
D from (x, 0) and then observe that the remMning n t diagonal ele-
ments define characteristic curves which enter D from the right endpoint
(x, 0) of the initial segment.
The mixed initial-boundary value problem for (2.1) is posed as follows"

The solution u(x, t) of (2.1) is required to satisfy the initial condition

(2.3) u(x, O) (x), x < x < x.

The boundary conditions consist of t relations among u, u along the
boundary curve A1 which may be solved to yield the following equations"

u(x, t) (u+(x, t), u(x, t), x, t),

(2.4)

u,(x, t) g,(u,+(x, t), u(x, t), x, t),

wl)ich are required to hold when (x, t) lies on A1. Similar conditions are
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given on A2. The function g.i here is assumed to have continuous partials
with respect to all arguments.
The precise sense in which a function u(x, t) is regarded to be a solution

of (2.1) will be discussed in the next section. Sufficient conditions will be
given which provide for the existence of "a solution" (in the given sense)
corresponding to each choice of a function w(t), subject to the restrictions
listed in (d) above. Such a function w(t) satisfying (d) will be called an
admissible control function and the corresponding solution u(x, t) to (2.1)
satisfying the mixed initial-boundary conditions (2.3), (2.4) will be called
its response.

Let there be given the integral cost functional I(w) defined by
T

(2.5) I(w) fo [g0(t, U(Zo, t) + ho(t, w(t) )] dt,

where go(t, u) and ho(t, w) are continuous for all in the interwl [0, T]
and for all u in R" and all w in f. We shall assume that z0 is a given con-
stant and that g0(t, u) and h0(t, w) are convex functions (for eeh fixed, t)
of u and w, respectively, which further satisfy

(2.6) go(t, u) >= O, n(t, w) >__ a lwl
for some constants a > 0, p > 1.
The optimal control problem consists of selecting at admissible w*(t)

in. such a way that it has a response u*(x, t) with the property that the
in.tegral cost functional I(w*), defined by (2.5) and (2.6), is minimized as
compared with all other admissible controls w(t) and their corresponding
responses u(x, t), i.e.,

(2.7) I(w*) <= I(w)

for all admissible w.

3. A useful concept of solution. One method of proving the existence of a
solution to the mixed-initial boundary value problem (2.1), (2.3), (2.4) is
to convert it to a corresponding system of integral equations whose solution
can be shown to exist by employing the method of successive approxima-
tions. However, in taking this approach, it becomes apparent that the
function u(x, t) which satisfies the system of integral equations does not
have a continuous partial derivative with respect to t. Therefore, one is
led to the problem of defining a concept of solution which is useful in the
optimal control probleln at, hand.

Let us begin with a discussiot of the Cauehy problem (2.1), (2.3) in
neighborhood of the initial segment [z, z]. For convenience, let us write
(2.1) as
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(3.1) Ouk + w + C O, 1 1 n,
Ot

where -C,(x, t, u) {G(x, t)w(t)}k and w is as defined in (2.1).
The initial values are

(3.2) u(x,O) (x) on xl < x < x2,

where (x) is a prescribed absolutely continuous function. We then trans-
form the Cauchy problem to a system of integral equations by integrating
(3.1) along the corresponding characteristic curves

dx(3.3)
dt

.(x,t), 1 1, ..., n.

It will facilitate our notation if we denote the solutions of the ordinary
differential equations (3.2) passing through the point (, ) of the (x, t)-
plane by

(3.4) x Xk(t; , -), k 1,..., n.

By integrating each equation represented in (3.1) along the arc of the
corresponding characteristic through (, ) which connects that point with
the initial segment, using as a parameter along the curve, and tking into
ccount the fact that

Ou dxdu 0ulo
dt Ot Ox dt

we are thus able to derive

u(, ) (x(0; , ))
(3.5)

((X(z; , r), , u(X(a; , r), )) dz.

The method of successive approximations, applied to (3.5) for the purpose
of establishing the existence of a solution u(, r), is treated in many sources,
for example, in [9], [10], and [11]. We wish to apply this method herein for
the purpose of establishing the differentiability properties of the functions
u(x, t) which satisfy (3.5). To this end, we define a sequence u[ of succes-
sive approximations to the solution of (3.5) by means of the ormulas

(3.6) u (, r) (),
rq-1u (, ) (x(o; , ))
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We shall denote the absolute value of a vector v by Iv max (I vl I,-’"
vn I), and then define the norm of a vector with respect to a set S in the

(x, t)-plane by

[[v(x,t) 1.u.b. lv(x,t) for (x,t) in S.

Now let K denote an upper bound on the absolute values of the functions
and , in some neighborhood of the segment [xt, x] in the plane. Let K

also denote an upper bound on the absolute values of the first partial
derivatives of and - with respect to x, on the absolute values of the
first partial derivatives of the , with respect to t, and on the absolute w].ues

of, as well as the absolute values of the derivatives of with respect to
x where these derivatives exist. Finally, let K also denote an upper bound
on the absolute values of the first partial derivatives of C with respect to
ut, u. These assumptions will all hold in a hexagonal region R about
the initial segment defined by the lines 4- Kt x x =t= Kt -x + x

4- a for a sufficiently small.
It is well known that the sequence u[ converges in this region and that

a continuous solution u of (3.1) exists (cf. Garabedian [11]). The situation
we face here however is different from the one in [11] in two respects,
namely, the initial functions (x) are merely absolutely continuous (A.C.),
and the functions are merely measurable in t. We shall thus only be able
to show that the continuous functions u(x, t) which exist and satisfy
(3.1), (3.2) are A.C. in x and separately and have partial derivatives with
respect to x and which exist almost everywhere (a.e.) but are not neces-
sarily continuous.

r-lTo begin our investigation, let us show that the functions u ($, r) are
A.C. in ( and r separately. We shall need a simple lemma concerning com-
posite functions of A.C. functions (cf. [12]).
:LEMMA 1. Let f be real-valued and A.C. on an interval In, ] and let g(x)

be degned on [a, b], be A.C. therein, and have values in [o, fl]. Define the com-
posite function h by

h(x) f((x)), x in [a, b].

Then if g is monotone or f is Lipschitzian, h is also A.C. on [a, b].
We next recall that the functions ,k(x, t) have continuous first partials

with respect to x and t, and thus the solutions Xk(t; , r) of (3.3) have con-
tinuous first partials with respect to and r (this is a well-known result in
ordinary differential equations). In particular, we ()bserve that Xk(0; (, r)
is A.C. in ( for ea(:h fixed r md A.C. in. r for each fixed . More-
over, Xk(0; , r) is monotone in each variable and r separately since
X(0; (, r) is merely the x-coordinate of the intersection of the/cth char-
acteristic curve through ((, r) with the initial segment. By applying Lemma
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I to the composite function Ck(Xk(0; , r)) we obtain the result that is
A.C. in for each fixed r and A.C. in r for each fixed .
The term represented by the integral in (3.7) is easily shown to be A.C.

in and r separately since (x, t, u) has continuous first partials (as well
as second partials) with respect to x and ul, un and is, in particular,
Lipschitz with regard to these arguments. Therefore, the functions
rUlu (, r) are A.C. in and r separately, and it is a trivial matter to show

that the limit function u(, r) is A.C. in ( and r separately.
The next step in our analysis will be concerned with the sequences of

r--I 1partial derivatives Ouk /0 and Ouk ,/Or. We observe that these partials
exist and it is only a matter of showing they converge to Ou./O and Ouk/Or,
respectively. Actually, the convergence is only a.e. and can easily be estab-
lished by virtue of the following lemma.
LEMMA 2. Suppose that the functions u(x, t) are A.C. in x on (0, 1) for

each fixed and that the functions Our/Ox are uniformly bounded by a fixed
integrable function o(x). Let he limits

lim [(x,t) u(x, t) a.e.,

O (x, t) v(x, t) a.e.lira -0%-

exist for each fixed t. Then u(x, t) is A.C. on (0, 1) and Ou/Ox v(x, t) a.e.

Proof. Since ur(x, t) are A.C. in x, we may write

"(x,t) u’(O,t) + u(, t)d for 0 -< x N 1.

Letting r-> o we obtain for lmost ll x that

(x, ) (0, t) -t- lim (, ) d.

Now, because u(x, t) v (x, t) a.e. and because u <= a (x) which is
integrable, then by Lebesgue’s dominated convergence theorem, lira u(, t)
is integrable and

u(x, t) u(O, t) z7 v(, t) d.

It follows that u(x, t) is A.C. in x for each fixed and moreover, being dif-
ferentiable for almost all x in [0, 1], we have

Ux(X, t) v(, t) a.e.

To show that u(, ,) has , first partial derivative with respect to , we
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form the first prtials of uk by differentiating (3.7) and taking account
of the fact that k -Ck {Gw}k Thus

ou+(,) 0 (x(0; , )) oxa az (0; , )
ocox oc Ou/ ox(3.s) d

+ l" a{ axw()} &"

In (3.8) we have reverted to the original notation involving C and G rather
than C. We shM1 therefore restate our boundedness and Lipschitz assump-
tions, which are based upon the hypotheses in }2. Let K be n upper bound
inR of the absolute values of {G(x, t)w(t)}e OX/O$, Ce OC/Ou,., Ou//Ox,
and @, as well as a Lipschitz constant for OC/Ou, and OC/Ox in all their
arguments. Now consider the difference

u au x , x , do o k Ox

=g,(X,, )L d
d

(3.9)

,=, L (X, , u) . (X, ,
O’u- aX d.ax

By using the definition of the norm of a vector in. R we mLy obtain from
(3.9) the inequality

(a.0)
+ anK

a# a#
r+lMoreover, by referring to (3.7) nd forming the difference u u:, we

obtain the inequality

r+l r r--1lu -u15 [c(x , )-c(x , )Ida,

or, in terms of the norm,



SEMILINEAR HYPERBOLIC SYSTEMS 145

From (3.6) and (3.7) we obtain the bound

flu1- ult =< 2K+2ag.
We can therefore prove by induction that

(3.12) ur ur-I =< 2(aK)-( 1 + a)K.

Now choose small enough to make K < and nK < -. Then define
H aK + ang,N 2(1 + a)K, andr+l 0u+/0 our/O.
Hence, (3.10) becomes

u(3.13) r+l < r + H u r--1

Furthermore, (3.12) reduces to

(3.14) u u

We can choose a number L so that

L max (46, 8HN),

and then assert tha

(3.15) ({-)rL for r > 2.

The proof is by induction. When r 3 we have from (3.13) and (3.14)

+ H 4N

4 8.HN L
2 + -- 2

nd thus the ssertion is true for r 3. Suppose then that (3.15) is true
when r q > 2. This yields the following clcultion"

1
6q+ 6q+H 4N

This establishes the ssertion which in turn implies that the terms of the
series =, (Ou/O Ou-a/O) re bounded by the terms of convergent
geometric series. Since the rth prtil sum of the bounded series is
Ou/O Ou/O, we my conclude that Ou/O converges on ech line

c in so fr s this line is contained in R. The application of Lemm
2 next yields the result that Ou/O converges o Ou/O .e. on each line

c contained in R.
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The same type of argument as the preceding may be used to establish
that Ou/Or exists a.e. on each vertical line x c contained in R.
We shall summarize the preceding investigation in the following way.

A unique solution u(x, t) to the initial value problem (2.1), (2.3) exists
in the region R, where by solution we mean a function u(x, t) which is
A.C. in x and separately in R, which has partial derivatives with respect
to x and which exist a.e. in R, and which together with ut and ux satisfies
(2.1) a.c. in R.

Let us now turn to the mixed initial-boundary value problem (2.1),
(2.3), (2.4). We follow the treatment given by Lax in [10]. The existence
and uniqueness for a solution may be established in exactly the same way;
therefore we shall merely indicate the technique and refer the reader, who
desires to see the proofs of some of the assertions made in our discussion,
to [10].

Consider the region D described in 2. It is possible to determine the
boundary values u(x, t) for (x, t) P on Ax and 1 t - 1, n by
the formula

u(x, t) (1",o) + c(x(; x, t), , u(X(; x, t), )) g

{G(x(; x, t), )w()1 g,

where Pk (Xk(lk ;x, t), tk) is the intersection of the/th characteristic
curve through (x, t) (which is on A1) with either A2 or the initial segment.
The notationl means 1 if P is on the initial segment; otherwise, it is the
value uk(Pk) of Uk on A. which we may assume is known (for it may be
determined by this method in a finite number of steps). A similar formula
holds for (x, t) on A.

After the boundary values for u,+l, Un have been obtained on A,
the values of u, u, are obtained from (2.4) as

Ul(X, t) gl(U-t4(X, t), ’an(X, t), X, t), etc.

By supposing then that all of the boundary values of u are available, we
may represent the solution t an interior point (x, t) of D as

(3.17)
uk(x, t) (Pk) + ft c(x(; x, t), , u(X(; x, t), )) d

a(x(; x, t), )w() }, d,

where, as before, is either 0k (if Pk is on the initial segment) or the
value of u on the boundary curve A (if/ =< t) or A. (if/c > ).
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4. Existence of an optimal control. In this section we prove that a solution
to the optimizati()n pr()blem posed in 2 exists under somewha,t restrictive
hypotheses. We consider the region I) defined at the beginning of 2, and we
denote by A the set of all functions w(t) which are admissible control func-
tions such that their responses exist everywhere in/) and satisfy the mixed
initial-boundary value problem (2.1), (2.3), (2.4). Our assumptions are
as follows"

(a) A is not empty (in fact, A contains infinitely many elements);
(b) there exists a real bound B < + such that u(x, t) <- B for all

responses to controls in A (the norm being taken with respect to/));
(e) there exist two real constants 0 > 0 > 0 such that 3,(x, t) >=

everywhere in/) for i 1, 2, and also 0 __> vi(x, t) everywhere in
/) forj u q- 1,..., n.
Under these conditions we have

infI(w) fit > ,
where the infimum is taken over all controls in k. We may then select
sequence of controls w(t) for which I(w) decreases monotonically
Since each w(t) is bounded and measurable on [0, T], and thus belongs to
a closed ball in the Hilbert space L[0, T], we may select a subsequenee

0"(still to be labeled wr) such that w(t) -- (t) weakly in L[0, T]. It is
simple matter to show that w*(t) is in k (el. [13] where it is shown that
w*(t) may have to be altered on a set of measure ero) and we shall not
give the proof here.
We next consider the response u(x, ) to the control w(t), which, by

virtue of (3.17), we may write as

t) "(P) + f G(x(; , t), , u(X(; , t), ))Ukr(X
at

(4.1)
P- [ {G(Xk(cGx, t),a)wr(o-)l(],(r, ] 1, ...,n.

Recall here that P (X(t ;x, t), t) is the intersection of the kth char-
acteristic curve through (x, t) with the boundary of D. We will show that
the family u[(x, t) of real-valued functions defined in/) is equicontinuous.
We begin by showing that the functions u[(x, t) are equieontinuous on
the boundaries &, &., and the initial segment. Equieontinuity on the
initial segment follows from the fact that each ur(x, t) is equal to
when 0, and the fact that the function (x) is continuous for
z __< x _-< x. Let us next divide each of the ares & and A: into a finite
number of subares in the following way. Denote the point where the straight
line of slope 0 (see hypothesis (e)) through the point (x, 0) intercepts



14,R WAYNE SCHMA.EDEKE

A2 by Y similarly, denote the point on A1 where the straight line through
the point (x=, 0) of slope 0,. intercepts it by Z1. Then construct lines
through the points Y1 a,nd Z of slopes 0 and. 0 respectively and denote
the I)oits where these li,tes i_tercept A1 ad A by Z and Y respectively.
Continue this procedure until points Z, Y are obtained whose t-coordi-
nares re greter than or equal to T.
Now observe that every point on As between (x, 0) and Y1 hs the

property that the/cth characteristic curve (for 1 _<_ ]c -< ) through it will.
intersect the initiM segment. Likewise, every point on & between (xl, 0)
and Z1 has the property that the kth characteristic curve through it (for
+ 1 k -<_ n) will intersect the initial segment. Hence, if we restrict

our attention to points on A1 below Z1 we can show that the u[(x, t) re
equicontinuous for + 1 =< k =< n. To see this, let P be n rbitmry
point below Z and let Q be nother point below Z1 (both P and Q re
assumedt o be on A of course) and form the difference

u[(P) u[(Q) O(P) O:(Q,)

fo4- [C(X(z; P) , u’X(,(; P) )) C(X(z; Q), , u’(X(z, Q), ))] dz

C(X(a; Q), , u(X(z; Q), )) dz

+fo’ {G(X(; P), z)w((r) G(X(z; Q), z)w(r)} do-

{G(X(a; Q), z)w’(z) } dz,

where we have used P (x, t), Q (z, r), nd P and Q are the points
where the kth characteristics through P and Q respectively intersect the
initial segment. Because C(x, t, u), G(x, t) nre Lipschitz in x (here
j 1, m), the preceding difference reduces to

+ Jo WmK IX(; P) X(a; Q) i&

+ 2KI. -tl
for appropriately defined K (i.e., sufficiently lrge to serve as the Lipsehitz
constants and the various upper bounds). Here we hve used W as a bound
on the components of w and we notice that W is finite and independent of
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r since w belongs to ft which is compact. Finally, we my use the fact
that Xk(, P) is Lipschitz in P to obtain

u[(P) u[(Q) <-<- (P) (Q) -4- tK]P Q

q- tWmg2 P Q -t- 2g ]r t]
It is clear that given any > 0 we may choose a neighborhood N of P
so that all points Q on & which are also in N yield the result that r

is sufficiently close to t, Qk is sufficiently close to P, and Q is sufficiently
close to P, so that

u[(P) u[(Q) <=
independent of r. Thus the values of u[(x, t) for t -t- 1 -< / -< n on this
lower segment of At are equicontinuous. A similar analysis applies to the
lower segment of A. between (x, 0) and Y1.
The next step in our proof is to show that the functions uk(x, t) for

1 -<_ /c -<_ t are equicontinuous on the part of At between (xt, 0) and
From (2.4) we may write for 1 =< /c =< t

ukr(P) gk(u+(P), u,(P), P),

and since g has continuous partials with respect to each of its arguments,
we see that equicontinuity of the functions u-r for t -[- 1 =< j < n implies
equicontinuity of the functions u[ for 1 <__ <_- t. Thus the whole ector
valued family u(P) is equicontinuous on the part of At between (x, 0)
and Zt and on A. between (x2,0) and
The task of showing the equicontinuity of u(P) on & between Z and

Z is easily accomplished once we observe that the kth characteristic through
a point P between Z1 nd Z. (on A and with t + 1 -_< / _-< n) will inter-
sect the boundary of D either on the initial segment or on the part of A
between (x:, 0) and YI. This fact coupled with (4.1) shows that
is an element of an equicontinuous family, and thus, mutatis mutandis,
the preceding proof establishing cquicontinuity on A between (x, 0)
and Zt applies.
We may proceed in this manner to show that u is an cquicontinuous

family on the initial segment and on A and A up to and including the
points of intersection with the line T. Finally, we establish the equi-
continuity at interior points of D and along the boundary T in exactly
the same way since the boundary values (P) corresponding to an in-
terior point P are equicontinuous.
Returning now to the sequence wr(t) which converges wekly to w*(t)

in L[0, T], we may apply Asco]i’s theorem to the corresponding sequence
u(x, t) of responses in D to obtain a uniformly convergent subsequence
(still to be labeled ur(x, t)) and an associated limit function which we
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shll denote by u*(x, t). We now show that u*(x, t) is the response to the
control w*(t) on [0, T]. From (4.1) we hve

u (x, t) lim [(P,)

U(4.2) + lim (X(o-;

+ lim /G(X(o’; x, ), )w()} do-,

which, by weak convergence of w(r) and by Lebesgue’s dominated con-
vergence theorem, we may write as

*(z, ) lim [(P)

U*(4.3) + C(X(z; x, t), z, (X(z; x, t), z)) dz

+ [G(X(z; x, t), z)w*(z)} dz.

In order to compute the limit of the boundary functions [(P), we pro-
ceed in. a mnner much like that of the previous investigation of equi-
continuity. If P belongs to A between (x, 0) nd Z, then for ny k such
that u + 1 <= k -< n, the/cth characteristic curve through P will intersect
the initial segment at a point we will cll p1. Hence the boundary wlue
t P cn be written

U[(P) ,,0(P,) + C(X(z; P), , (X(z; P), )) dz

+ {G(X(z; P), a)w(a)} dz.

Thus, the limiting value in this instance is easily seen to be

lim [(P) (Pk1) q- C](Xk(q; P), , u*(Xk(; P), )) dz
r--->o

(4.4)
+

By uniqueness of the solution to our partial differential, equation, the.right-hund side in (4.4) is the boundary value of the function u at the
point P. Now, if 1 -< /c =< , we merely use (2.4) to compute

lira e(P) lira g(U,+l(P), u (P), P)
(4.5)

_g( *u.+(P),..., u (P), P).
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But the right-hand side of (4.5) is the required value of the function uk

at the boundary point P. Hence, for 1 <= / <- n, the limiting value of the
function Ckr(P) is the appropriate boundary value of the function uk.

By assuming that P is on A2 between (x2,0) and Y1, we obtain the same
result. Then we compute the limit of el(P) for P on A1 between Z1 and Z
and observe that the kth characteristic curve through P for t + 1 -<_/ <- n
will intersect the boundary of D either along A between (x2, 0) and Y1
or along the initial segment. In either case, the representation of the
boundary value el(P), using (4.1), converges to the value uk (P) of
the function uk Also, exactly as before, when 1 -<_ / -<_ #, equations (2.4).yield the value of uk at the point P. Hence, we may conclude that at
every boundary point on either A or A., the sequence el(P) converges
to the appropriate wlue required of the function *u This fact can now be
used in (4.3) to assert that u*(x, t) is the response to the control w*(t)
everywhere in D.

Our final task is to compute the cost of w*(t). From (2.5) we may repre-
sent the cost of each w(t) as

T

(4.6) I(w) f0 [g0(t, u(x0, t)) - ho(t, w(t))] dr.

It is a property of convex functions that if w’(t) converges weakly to
w*(t) then

T T

(4.7) lira inf f ho( t, wr dr >= f ho(t, v)* dt
0 0

(cf. [14] where the details of the proof re given). Hence, tking the limit
in (4.6) (and noting the pointwise convergence of u(x0, t) to u*(x0, t) ),
we obtain

T T

lira I(w) lira f go(t, u(Xo, t)) dt + lira inf ] ho(t, w(t)) dt
0

T T

j go(t, u*(xo t)) dt + " ho(t, w*(t)) dt I(w*).

Thus, we conclude that I(w*) and that w*(t) is an optimal control.
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ON THE EXISTENCE OF SOLUTIONS TO
A DIFFERENTIAL GAME*

P. P. VARAIYA
Abstract. In this paper we consider the problem of the existence of a "min-sup"

strategy to a pursuit-evasion game. The dynamics of the players have been modeled
by a general dynamical system rather than by a differential system. This has helped
to achieve mathematical simplicity as well as clarification of the problems involved
in a competitive situation. We have discussed the relation between the two models
and the relevance of our results to time-optimal control problems.

1. Introduction. In this paper we study the problem of the existence of
solution to pursuit-evasion gme. The ru|es of the gme cn be framed

as follows:
There re two players, one clled the pursuer nd the other called the

evader. The states of these players ut any time t, 0 _-< , are represented
by n-dimensional vectors p(t) and e(t), respectively. The game starts t
time 0. The dynamics of the two players re given by certain axioms.
These axioms are weaker version of those given in [1] but more restric-
tive than those given in [2]. The basic notion used in the formulation of
these xioms is that of the attainability function P(po, to, t) (or E(e0,
to, t)) which represents the set of states that cn be reched at time
by the pursuer (or evader) starting in state p0 (or e0) a time to. A motion
for the pursuer (or evadcr) is therefore u mapping u(. (or v(. )) of un
interval of [0, into R such that

or

u(t) P(u(t0), to, to,

,,(t) E(v(to), to, t), t__> to).

The evader is informed of the dynamics of the pursuer and the initial state of
the pursuer (as well as his own dynamics, of course). This is the extent
of the evader’s knowledge. A strategy for the ewder therefore, consists in
selecting, a priori, a motion which stisfies his constraints. The pursuer,
on the other hnd, together with being supplied with the dynamics of
both players, is also told at each instant of time the motion of the evader
up to that time. Based on this knowledge, the pursuer selects a course of
action which tkes him within a specified region (called the endzone) of
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the evader in the shortest possible time. The evader, of course, tries to
escape from this predicament as long as possible. The game ends as soon
as the pursuer has achieved his goal. For each strategy (= motion) v
of the evader and each strategy g of the pursuer, let r(g, v) be the time
(possibly -t- when the game ends. Let

T(g) sup [r(g, v) Iv is a strategy of the evader}

and le

T* inf IT(g) g is a strategy of the pursuer},

T* inf sup r(g, v).

We say that the game has a solution if there is a pursuit strategy g* such
that T* T(g*).
The main result of this paper (see 5) consists in showing that if T* <

then there exists a solution.
In 6 we consider the appropriateness of our model and discuss the rela-

tion of our results with the known [5], [6], [7] existence results on time opti-
mal control. Section 2 deals with the postulates of the dynamics of the two
players. In 3 and 4 we investigate the properties of the motion space
and the strategy space, respectively.

2. Dynamics of the players. Instead of giving the dynamics of the two
players by means of differential equations, we adopt the axioms of Roxin
[1], [2]. The basic notion of these postulates is the attainability function
P(p0, to, t) for the pursuer (or E(e0, to, t) for the evader), which represents
the set attainable by the pursuer (or evader) at time t, while starting
in state p0 (or e0) at time to. There are two reasons for using this model.
First of all, the mathematics is greatly simplified. More important is the
belief that this simplified development enables us to distinguish the special
problems arising in differential games, as opposed to optimal control.
The attainability functions have to satisfy the following axioms. (We

only give the axioms for the pursuer since those for the evader can be
obtained by replacing P by E and p by e.)

A1. P(po, to, tl) is defined for all p0 in R and for all to and h with
0 -<_ to -< h < . For each value of the argument, P(po, to, t) is a non-
empty compact subset of R.

A2. For all po, to, P(po, to, to) [po}.
A3. For all po, to, h, t with to -< h _-< t

P(po, to, t) [.J P(p, h, t).
P(0,0,)
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A4. For fixed po, to, P(po, to, tl) is continuous in tl, i.e., for each po, to,
tl and e > 0, there is a ti > 0 such that

P(po, to, t) P(po, to, t) + S

P(po, to, t’)
_

P(po, to, h) + S
when

and t’ >= to.

A5. P(po, to, t) is upper semicontinuous in the triple (po, to, tl),
i.e., for each po to, t and e > 0 there is a ti > 0 such that

P(po’, to, t’)
_

P(po, to, t) -- Swhenever

It1’ t! -<- i, to’ toi <- ti, [po’ pol =< ti and to’-<_ tl’.
3. Motions of the players. In this section we define the motions of the

two players subject to the dynamical constraints of the previous section.
The most important result (Theorem 3.1) is that the set of motions of
each player over a fixed time interval [0, T], T < , is a compact
under a suitable topology. We assume throughout that each player starts
from a fixed initial state.

DEFINITION 3.1.. A motion of the pursuer (or evader) is a mapping u(. (or v(. )) of
a subinterval I oi" [0, into R such that

(1) 0 I andu(0) p0(orv(0) e0),wherep0 (ore0) is the fixed
initial state of the pursuer (or evader), and

(2) for to, t in I with to =< tl we have

u(t) P(u(to), to, t) (or v(h) E(v(to), to, t)).

We will say that the motion is defined on I.
b. Let u(v) nd u(v) be motions defined on I nd I, respectively.

We say that u(v) is a prolongation of u(v) if
1) I 11, nd
(2) u(t) u(t) (or v(t) v(t)) for in I.

c. An entire motion is a motion defined on the entire interval [0, of
interest.

d. A pursuer (or evader) motion defined on [0, T], T < , will be

Throughout S, represents the closed sphere in R of rdius nd center 0. Also,
ifA, B re subsets of R% then A +B {a-t- bla A,b B}.

Throughout for x R, xl represents the Euclidean norm of x.
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denoted by ur (or v,). The set of all such motion.s will be denoted by U.
(or Vr). An entire pursuer(or evader) motion, will be denoted by gJ (or ),
whereas the space of all such motions will be called (or 17).
Renark. In the main, we will be only interested in motions on a finite

interval, i.e., in the spaces Ur and Vr.
For a proof of the following fact the reader is referred to Lemm 6.1 of

[2].
LEMMA 3.1. A motion defined on an interval I is necessarily a continuous

mapping of I into R.
DEFINITION 3.2. For T < let Cr denote the Banach space (see

[3, pp. 261-281]) of all continuous mappings of the interval [0, T] into R",
where for Cr the norm of is given by sup0__<t_r

Because of Lemma 3.1, Ur and Vr can be considered to be subsets of
Cr. We consider Ur and Vr as subspaces of
The next result follows directly from the axioms of 2.
LEMMA 3.2. Ur and Vr are bounded subsets of
LEMMA 3.3. Ur and Vr are closed subsets of Cr.
Proof. It is enough to prove the assertion for Ur since the proof for

Vr is identical. Thus, let /ur,}:= be a sequence in Ur which converges
to an element in Cr, i.e.,

(3.1) lim sup ur.(t) (t)! 0.
O<---t<:T

We have to show that Ur. First of all, since ur,(0) p0 for each
n, (0) p0, so that by Definition 3.1a it remains to show that for all
to, t with 0 to -<_ t -<- T,

(t) P((t0), to, t),

or, since P((t0), to, t) is closed, we have to show that for each e > 0,

(3.2) (t) P((to), to, t) + S.

Let e > 0. Because of A5 and (3.1), for sufficiently large n, sy n > n,

ur,(t) P(ur.,(to), to, t) P(.(to), to, t)

But again for large n, say n > n:,

Therefore, for n > n + n., (3.2) is satisfied.
LEMMA 3.4. Ur and Vr are equicontinuous subsets of Cr.
Proof. Again we prove the assertion for Ur only. We have to show that

for ech > 0 and for each [0, T], there is 8 > 0, depending on e,
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such that

(3.2) u.(t) ur(t’) <=
for all ur in Ur and all t’ in [0, T] with t’ t] . Suppose the assertion
is flse. Then there re > 0, [0, T], und sequences (ur,}= Ur,
Its}= [0, T] such that

1It t, -, ,(t) u,(t)[ .
n

Taking subsequences, if necessary, we can ssume that there arc x R,
y R such that

(3.3) u,(t) x, u,,(t) y s n ,
so that

(3.4) ix- yl .
Again, tking subsequences if necessary, we may assume that either (i)
t tforallnor(ii) t tforal.ln.

Case t for all n.
By Axiom A5 of 2, using (3.3) we see that for large n,

P(ur,(t,,), t, t) P(y, t, t) +
But t implies that ur.(t) P(ur.(t), t, t) so that, for lrge n

nd hence Ix y[ e/2 which contradicts (3.4). Interchanging t and
in the above argument yields a contradiction of (3.4) for Cse (ii) also.
Hence, the assertion must be true.
The combination of Lemmas 3.2, 3.3 and 3.4 and the Ascoli-Arzel

theorem [3, p. 266] yields the following theorem.
THEOREM 3.1. Ur and Vr are compact subsets of Cr.
Remark. For an alternative proof of Theorem 3.1 see [2, Theorem 6.2].

4. Pursuit strategies and feasible pursuit strategies.
DE’ro 4.1.
a. A pursuit strategy is a mpping gr" Vr Ur such that, if vr and

vr are in Vr and

vr(v) vr’(-) for 0 - <__ t,

then

grv,(’) grv,’() for 0 _<_ - <= t.
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We say that gr is defined on [0, T].
b. Let Gr denote the set of all strategies defined on [0, T].
DEFINITION 4.2.
a. Let F(Vr, Ur) be the space of all mappings , from Vr into Ur.

We give F(Vr, Ur) the topology of pointwise convergence (see [4, p.
217]). Thus anet {7-1 F(Vr, U,) converges to an element , of F(Vr, U)
if and only if v,(vr) converges to v(vr) in Ur for each vr in Vr.

b. We can consider Gr as a subset of F(Vr, Ur) and give Gr the rela-
tive topology.
DEFINITION 4.3. Let 0 be a fixed closed subset of [0, X R. 0 is

called the endzone.
DEFINITION 4.4.
a. A pursuit strategy gT Gr is said to be feasible if for each vr in Vr

(, gv(,) -v(,)) 0

for somer, 0-<- r =< T.
b. We will denote a feasible pursuit strategy defined on [0, T] by fr,

and the set of all feasible strategies defined on a fixed interval [0, T] by
Ft. We consider Fr as a subspace of F(Vr, Ur).
Thus a feasible pursuit strategy fr is a strategy which guarantees the

pursuer that the game will end in time at most T, independent of the
strategy used by the evader.
LEyIA_ 4.1. Fr is a closed subset of F( Vr U).
Proof. Let lfr.,} be a net in Fr which converges to au of F(Vr, Ur).

We must show that Ft.
By the definition of convergence in F(Vr, Ur) we have that for each

vr in Va.
(4.1) fr.(vr) --+ 7(vr) in Ur.
First of all, let vr and vr’ be in Vr such that vr(r) vr’(r) for 0 =< r <- t.
Since fr, is a pursuit strategy for each a, we must have fr,vr(r) fr.vr(r)
for0 <= r_-< tsothat (4.1) implies thatnvr(r) nvr’(r) for0 =<- r-<_ t.
Therefore n is certainly a pursuit strategy.
Now let vr be a fixed element of-Vr. For each a there is a r, 0 _-< =< T,

such that (see Definition 4.4a)

(r. f,,,vr(’r.) vr(r.) O.

Taking subnets if necessary, we can assume that r, converges to r
* T*some r with 0 < _< T. We next show that

fT,Vr(T.) VT(T.) Vr(T*) Vr(T*),

* for
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v(*) (*) f,v() ()1
* )a -f- Vvr(’.) fr,.v(’)!(4.3) =< vr(r Vvr(r.

+ (*) v(.)l.
Now, vr, vvr, fr,,vr are continuous functions on [0, T]; furthermore, con-
vergence in Ur means uniform convergence over [0, T] so that from (4.1)
we see that each of the three terms in (4.3) converges to zero. Hence (4.2)
is true. Therefore,

(4.4) (., f,.v,(.) (.)) (*, ,(*) v,(*))
in[0, ) XR.
But each term in the left-hand side of (4.4) belongs to 0 and 0 is a

closed subset so that the right:hand term also belongs to O. This proves
that v is feasible pursuit strategy (see Definition 4.4a), i.e., v Fr, so
that Fr is closed.
THEOnE 4.1. Fr is a compact subset of F( Vr U).
Proof. The topology on F(Vr, Ur) is the product topology on the

product space of Vr copies of the space Ur. But by Theorem 3.1, Ur is
compact. By the Tychonoff product theorem [4, p. 143], F(Vr, Ur) is
compact. By Lemma 4.1, Fr is a closed subset of Fr(Vr, Ur) so that Fr is
compact.

ft. Existence of solutions. Suppose that there is T, 0 < T < , such
that Fr is nonempty, i.e,, suppose that there exists a feasible pursuit
strategy.
DEFINITION 5.1. For each vr in V, and each fr in Fr let v(fr, vr) be the

smallest number such that (, frvr( r) v(r) O.
Remarlc. Since 0 is closed subset of [0, X R and frvr(r) v(r)

is a continuous function on [0, T], r(fr, vr) is well-defined.
DEFINITION 5.2.
a. For each fr in Fr let

V(f,) sup (f,, v).
VTVT

b. Let

T*= inf T(fr).
fTEFT

c. We say that the game has a well solution if there is an fr* in Fr such
that

VT denotes the cardinality of the set VT.
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T(fr*) T*.
We will cll fr* well solution of the gme.
LEMMA 5.1. For fixed vr, r(fr, vr) is a lower semicontinuous function [4,

pp. 101-102] on FT i.e., for each a the set {fT V(fT, VT) <--__ a} is a closed
subset of

Proof. Let a be fixed. Let lfr,,} Fr be a net such that
(i) r(fr,,, vT) = a for each a, and
(ii) fT, converges to an element fT of Ft.

We have to show that r(f,, VT) <= a, i.e., we must show that there is a r,
0 N r -<_ a, such that

(T, frv’() Vr() O.

Because of (i), for each a there is a r with 0 -<_ -<_ a such that

Taking subnets, if necessary, we can assume that r -+ r and 0 < =< a.
But then the same argument as in Lemma 4.1 shows that (5.1) is satisfied
with r w

LEMMA 5.2. T(fr) is a lower semicontinuous function on FT.
Proof. Let a be a fixed real number and let {fT.,}

___
FT be a set such that

(i) T(fr,) <-_ a for each a, and
(ii) fr, converges to an element fr of Ft.

We must show that T(fT) =< a. Let vr be an arbitrary element of VT. Be-
cause of (i) above,

r(f’,,,VT) <= a for each a.

But then by Lemma 5.1, r(fT, vr) =< a, so that

T(fT) sup r(fT, st) --<_ a.
VTEVT

THEOREM 5.1. If there exists a feasible pursuit strategy, then there exists a
well solution to the game.

Proof. By the hypothesis there is T, 0 =< T , such that FT is non-
empty. By Theorem 4.1, FT is a nonempty compact set. By Lemm 5.2,
.’(fT) is a lower semicontinuous function on FT and hence it has a minimum
at some point fr* of Fr. Clearly, fr* is a well solution to the game.

6. Discussion of the model and relation with time-optimal control
problems. Suppose that the dynamics of the players are given by differen-
tial equations instead of via the axioms of 2. For example, let the pursuer
dynamics be given by

(S) ifi(t) f(p(t), z(t), t), p(O) po,
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where z(t) 2; R is the control vector. Suppose that 2; is bounded,
and f satisfies enough conditions to insure uniqueness and boundedness
of the solution for each measurable control function z(t) with range in 2;.

We can define the attainability function P(p0, to, t) for this differential
system (S) to be the set of all states p which can be reached at time t,
starting in p0 at time to, by using an admissible control. Then. under
mild conditions on f, P(po, to, t) is bounded for each value of its argu-
ment and the attainability function satisfies Axioms A2-A5. However,
in general P(po, to, t) is not a closed subset of R (see [8]). Let us as-
surae that conditions are imposed on f (see [5]-[8]) such that P(po, to, t)
is closed. Now the system (S) has a well-defined notion of trajectory which
is any solution of (S) arising from a measurable control. The attainability
function P, on the other hand, gives rise to the concept of motion as in 3.
A little reflection shows that every trajectory is a motion. However, the
converse is not true in general. The precise relations between the set of
trajectories of (S) and the set of "derived motions" will be investigated in
another paper. This relationship is very similar to the one between the
"original curves" and the "relaxed curves" discussed by J. Warga [9]. In
[5]-[8], varying sets of sufficient conditions are imposed onf (see (S)) which
insure that (a) the attainable set is closed, and (b) every motion is a
trajectory. If any of these sets of conditions are satisfied by (S), Theorem
5.1 tells us that if there exists a feasible solution to the time optiraul
problem, there exists an optimal solution.

7. Summary and conclusion. In this paper we have considered the prob-
lem of the existence of a "min-sup strategy" to a pursuit-evasion game. The
dynamics of the players have been modeled by a general dynamical system
(as developed by Zubov, Roxin, nd others) instead of a differential
system, the purpose being to clarify the problems arising in the competitive
situation of a gme as distinct from an. optimal control problem. Usually in
game theory, interest centers round the existence of a more symmetric
solution, i.e., on both "minimax" nd "mx-min" strategies. The existence
of such solutions seems to the author to be extremely unlikely in differ-
ential game, except under very restrictive conditions. In any case, it is
hoped that the results of this pper will evoke interest mong both game
theoreticians and people working in the theory of optimal control.
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OPTIMAL CONTROL IN A LINEAR SYSTEM UNDER CONFLICT*

V. B. GINDES?
Abstract. The article considers the problem of optimal control in a linear system

by two players who have conflicting goals. The state of the system is optimized at a
given instant of time under constraints on the state coordinates at discrete instants
of time. The present problem was formulated by R. Gabasov and F. M. Kirillova.

1. Statement of the problem. The plant to be controlled is described by
the linear differential equation

=Ax-Bu-Cv
with the initial conditions x(to) Xo, where x x(t) is the .n-dimensional
state-coordinate vector of the plant; u u(t) and v v(t) are the r-
and p-dimensional control vectors of the first and second player, respec-
tively; the coefficient matrices A, B, C are continuous functions of time.
Clearly the state of the plant at the instant is completely determined
by each player’s choice of the control functions u(r) and v(r), to <= r <-_ t,
from corresponding sets U and V of admissible controls. Below we shall
suppose that U and V are classes of pieccwise-continuous vector-valued
functions satisfying, respectively, the conditions

(2) Ilull -<- 1 and Ilvll -<- 1,

where the symbol w denotes the norm of the element w in the space Lp.
The players choose the controls u and v over the whole control process

interval to <= -<_ T which is known a priori; moreover, Player II chooses
his control first, while Player I makes his choice knowing what his op-
ponent has chosen. This situation corresponds to the programmed control
of a plant in the interval [to, T] in which Player I when choosing his own
program, the function u(t), to <= <- T, knows the program, v(t), to <= <= T,
of Player II.

Furthermore, the players are at cross purposes" Player I strives to bring
the plant at a specified instant 0, to < 0 <= T, nearer (in the sense of the
norm in the state space X of system (1)) to a given point co of the state
space, while Player II, on the contrary, strives to increase this distance as
much as possible. Moreover, in the process of being controlled the normal
operating conditions of the plat should be stisfied, by which we mean

* Origi,ally published in Izv. Vyssh. Uchebn. Zaved. Matematika, No. 3, 52 (1966),
pp. 39-44. Submil,ted on January 19, 1965, for publication.

This translation into English has bee prepared by N. II. Choksy, and was sup-
ported in part by a grant-in-aid from the National Science Foundation.

] S. M. Kirov Ural Polytechnic Institute, Sverdlovsk 2, USSR.
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the following: at assigned control instants tk, k 1, 2, ..., N, to < tl
< t2 < < tN <_- T, the state of the plant in the state space should
not leave specified neighborhoods of fixed points ck, lc 1, 2, N.
We introduce the notations:

(3) z(tk) x(tk) c, z(O) x(o) co, p llz(0) II.
The quantity to be optimized is the distance of the plant state vector

from the point c0 this distance is a functional p whose value is determined
by the control functions p p(u, v). By what was stated before, the prob-
lem consists of finding the control functions u and v (the optimal controls)
of both pla.ycrs and the quantity p0 (the optimal distance) such that

(4) po p(uo, v0) rain p(u, v) max rain p(u, v)
uEU vEV uEU

under the conditions

(5)

The stated problem can be related to a pursuit problem. References
[1]-[5] have investigated pursuit problems in which the pursuit time is
optimized. A pursuit problem with a fixed time has been considered in
[6], [7]. The methods proposed in [6] are utilized to solve the formulated
problem with bounded state coordinates.

2. Solution of the problem. By the Cauchy formula the solution of (1)
has the form

ftt(6) x(t) F(t, to)xo -- ft F(t, r)B(r)u(r) dr + F(t, r)C(r)v(r) dr,

where dF(t, to)/dr AF(t, to), F(t0, to) E, the identity. We introduce
the notations

F t to xo b

ft F(t, "r’)B(’r)u(r) dr S u,
"]to

F(b r)C(r)v(r) dr --P v;

the analogous quantities at the instant 0 are denoted by bo, So u, -Po v.
The elements b, Su, Pv, i 1, N, 0, belong to the space X,

while S. ad P. cn be interpreted as linear operators mapping the e|e-

ments u and ; of functional spaces into elements of the finite-dimensional
state spce X. The functions u u(t) and v v(t) are defined on the
interval [to, T], while the elements of the dual spaces are defined on the
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same time interval by the formulas

F(t, t).B(t),(t) o,

Pk \lOTF tk t)C(t),

%(t) o,

Po(t) f, F(O’ t)C(t),

t<t<= T;

to<t<t
t<t<__T;

to -< <= O,
Ot<=T;

to<=t<=O,
0 <t<= T.

In (6) let t, lc 1, 2,..., N, and also let 0. In terms of
the notation we have introduced we have

x(t) b + Su Pv,

x(O) be + Sou- Pov.

Substituting these expressions into (3) we arrive at a system of operator
equations

Sku Pv z(t) ck b, l 1, 2,..., N,
(7)

SoU- Pov z(O) Co- bo.

We next introduce the vector space W of dimension m n(N + 1).
In the space W, (7) can be represented by the single operator equation

(8) Su- Pv _, Rkz(t) Roz(O) d,

where

$1 P1

s= ’=
So Po

(/- 1)null matrices

0

Ro=!, d=
c Dr
Co bo
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Thus, the problem stated in 1 is reduced to that of finding, from among
the solutions of (8) which satisfy the constraint relations (2) md (5),
that solution {u, v, z(t), z(0)} for which the quantity p0 z(0)ll
satisfies condition (4).

Let us assume that Player II has chosen the control v V. We consider
the problem of finding the quantity min<v p(u, v). Let the number e0 0
be given.
FUNDAMENTAL ASSERTION. For fixed v and under the conditions

(9) u l[ N 1, z(t)[ e, z( o)l N

(8) has a soluti if and only if the inequality

is ,satisfied for every vector g W*.
Pro4. Necessity. If a, 2(t.), (0), k 1, 2, N, satisfy (8) and con-

ditions (9), then, for any g W*,

g Su--Pv-- R(t)--Ro(O) =g(d),
k=l

s* (p,) * *(Ro , o)) (dR , (t)) ( ),
kl

where the asterisk denotes formation of the adjoint operator. Since

*

-(Ro g, (o)) Ro g II’II (0)II Ro*g 0,

condition (10) is satisfied. This proves its necessity.
Suciency. Let inequality (10) be satisfied for any g W*. Consider

the closed convex set L W of elements of the form

Su Pv nz(t) Roz(O),

where u, z(h), z(t), z(t), z(O) take on all possible values satisfying
conditions (9). Let us assume that the problem (8)-(9) has no solution.
This means that the point d does not belong to the set L. In this ease, by
the separation theorem for closed convex sets there exist a linear func-
tional 0 W* and a number a such that 0(1) < a for all L and 0(d) > a,
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i.e., maxe (1) < (d). Hence,

max (1 Su Pv _, Rk z(tk) Ro (O) < O(d),
,(),(0) kl

k=l

which eonradiegs inequality (10). The assergion is proved.
Le 1Ro*g e 0. Then from (10) i follows

k=l

for all g W*, or

Hence,

rain p(u, v) min eo
uU

N

gll+:#(P) Z;II*’e g II
k----1

Irlt,X

E W*,

p max min p(u, v)
vEV uEU

N

g(d) II s*g + g(P,) R**g 11
k=l

IIISX max

Using permutability of the "maximum" operation we obtain

max max

N

g(d) S*g + g(P) R*g

Since max,e r g(Pv) P*g If, w h, finally
N

(12)
p max

From (10) we see that when 11Ro*g o, the numerator in (11) is
nonpositive and, therefore, the maximum ill (11) is reached when
Ro*g 0. From (11) we have
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Let gO W* be some vector for which the maximum in (12) is reached,
i.e.,

N

g(d II S*g II + p.gO il II R*g II e
k=l

Ro* II
Then, the optimal controls will satisfy the maximum principle

(13)

Thus, the solution of the optimization problem stated in 1 has been
reduced to the finite-dimensional problem (12). For smooth norms the
problem (12) can be solved by the usual methods of analysis. If

to_tT
i 1,2,...,r,

to<t<_T
i= 1,2,..-,p,

then from (13) follows

ui (t) sign [S*g],(t), i 1,2,..., r,

vi(t) sign [P g ].(t), i 1, 2, p.

Remar 1. The relations (13) establish the connection between the
method described here and Pontryagin’s maximum principle. The vector
g corresponds to the vector 0, the initial conditions for the adjoint system
[1]. Expression (12) is a supplementary relation involving this vector.
Remark 2. The method described can also be applied, without change,

in the case when not all the components of the state vector are bounded at
the control instants, and also when optimization is effected in some linear
subspace of the state space X.. For example, for a mechanical system,
only the spatial position of the plant need be optimized, while the com-
ponents of the vector x corresponding to the velocities may not be taken
into account. Conversely, possibly only the velocities need be bounded at
the control instants. Similar special cases may arise because of incomplete
observability of the plant at various instants of time. Here the vectors
zl, z., zN, zo will have the dimensions of the corresponding subspaces
of the state space, and the dimension of space W will be changed; but from
the mathematical point of view no complications arise here since when
proving the fundamental assertion we used only the linearity of the opera-
tors S, P, R, Ro, while the nature of the spaces on whose elements they
act is immaterial.
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Remark 3. In order for the problem stated in 1 to have a solution it is
necessary to satisfy the condition

hr

kl

for all g W* for which Ro*g 0. Indeed, if Ro*g’ 0 for some
g’ W* and if S* P*g’ * g’
obviously, for g’ condition (10) is not stisfied for ny choice of e0 and
v V. This is an indication of the inconsistency of conditions (2)-(5),
i.e., of the fact that it is impossible to drive the system through the control
neighborhoods by means of admissible controls. In this case the optimi-
zation problem is meaningless.
Remark 4. The problem considered cn be interpreted as an approxima-

tion to the problem of optimal control with bounded state coordinates. The
difference consists in the finiteness of the number of control instants. When
the control points are sufficiently "densely" distributed, then, by tking the
continuity of the state trajectories into account, we cn speak of pproxi-
mting the continuous bounds by bounds at isolated time instants. How-
ever, it should be noted that an increase in the number of control points
implies an increase in the dimension of space W, which might be a practical
restriction on the applicability of the method described to the solution of
actual optimal control problems.
The author is indebted to R. Gbsov, F. M. Kirillov and Yu. I. Alimov

for their ttention to the present work.
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A SYSTEM THEORY CRITERION FOR POSITIVE REAL MATRICES*

B. D. O. ANDERSON

1. Introduction. The concept of a positive real function is now an old one
of network theory, and more recently the concept has been usefully em-
ployed in other system theoretic investigations, such as in the development
of the Popov criterion for the stability of a feedback system containing a
single memoryless nonlinearity [1]. In view of this and other connections
between network and control theory, it seems possible that the concept of a
positive real matrix could be employed fruitfully in control systems investi-
gations; to assist in such investigations this paper discusses positive real
matrices from a system theory viewpoint.
An n X n matrix Z(. of functions of a complex variable is called posi-

tive real if [2]
(i) Z(s) has elements which are analytic for Re s > 0;
(ii) Z*(s) Z(s*) for Re s > 0;
(iii) Z’ (s*) - Z(s) is nonnegative definite for Re s > 0.

Here the superscript asterisk denotes complex conjugation; the prime de-
n()tes matrix transposition.

This paper is concerned with developing a criterion for a matrix of
rational functions to be positive real. The criterion is a systems theoretic
one, in the sense that it is formulated in terms of the parameters of a con-
trol system realization of the matrix. Such a result has been developed else-
where for the scalar ease and applied to the development of the Popov
criterion [1]. A generalization of the criterion for a scalar function to be
positive real has been stated for a subclass of positive real matrices, namely,
those which are zero at s , [3]. In this reference, no proof was given; an
outline proof was suggested, but the filling in of the details presented more
difficulties than suspected, and a correct proof has not been available
hitherto. Similar ideas are discussed in a paper of Popov [4].

After a review of some concepts associated with system reMizations and
some mathematical preliminaries in 2, we present in 3 the statement and
proof of the positive real criterion. Initially, we consider matrices whose
elements have no poles on the imaginary axis and which are zero at s ;
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then matrices with poles only on the imaginary axis; and, finally, general
positive real matrices (i.e., those which are not necessarily zero
and which have imaginary axis poles permitted). This result appears
Theorem 3, and includes all preceding results as special cases.
Of course Theorem 3 alone could be proved, but the motivation for its

proof would then be obscure. As it stands, it is a natural outgrowth of the
earlier, more motivated, theorems.

Notation in the paper is straightforward: capital letters will be used for
matrices, small letters for vectors. Other symbols will be explained as re-
quired.

2. Mathematical and system theoretic preliminaries. In this section we
review some of the concepts associated with linear time-invariant dynan-
ical systems; these concepts will appear in the discussion of positive real
matrices. We shll also state some mathematical results to be used in the
sequel.
We assume that M(s) is an m X n matrix of rational functions, with

M( 0. Then a triple IF,, G H} is termed a realization of M(see [5], [6])
if

(1) M(s) H’(sI- F)-IG.
This is because M(s) is the transfer function matrix relating an input

vector u to an output vector y in the following state-space representation
of M:

2 2 F + Gu,

2b y H’x.
Here x is a p-vector, the state; u is an n-vector, the input; y is an m-vector,
the output;Fisp Xp, Gisp Xn, andHisp m.
For a given M(s), there exist infinitely many sets {F, G, H} constituting

a realization [5]. Clearly there must be a minimal dimension which F may
have; any realization incorporating F of minimal dimension is termed
minimal realization.
LEMMA ]. [7]. Let {F1, G1, HI} and F2 G2 H21 be two minimal realiza-

tions of M s ). Then there exists a nonsingular T such that

(3a) F2 TFT-1,
(3b) G2 TG,

(3c) H (T’)-IH1.
Conversely, if FI G H} is minimal and T is nonsingular, F
as given by (3a), (3b) and (3c) is minimal.
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The dimension of a minimal realization is the dimension of a minimal F
matrix and is termed the degree of M(s); it is, naturally, a positive integer
number uniquely determined by M(s), written i[M(s)] or i[M]. Actually,
numerous definitions of degree have appeared over the last fifteen years
[8], [9], [10], but recently these have been reconciled with one another [11].
We shall have occasion to use several properties as set out below.
LEMMA 2 [8], [11]. If the elements of MI(. and M2(. have no poles in

common,

(4) i[M1 -t- M2] ti[M].

LEMMA 3 [8], [11].

[MM] ti[M] + ti[M.].

LEMMA 4. If M(. is n >( r, M2(. is r X n, r <- n, the elements of M
and M2 have no common poles, rank M(so) r at any pole so of an element
of M. and rank M2( o) r at any pole o of an element of M then

(6) [MM] /tiM1]-t- i[M.].

Proof. We use the Smith-McMillan decomposition. [8], [11] for M1 and
M. We have M AIFB and M. AFB2, where A1, B2 are n X n

polynomial matrices with constant determinant; B, A are r r poly-
nomial matrices with constant determinant; Pl has its first r rows given by
diag [e/, er/r] and its last n r rows zero; I’. has its first r col-
umns given by diag [X/tl, Xr/] and its last n r columns zero. The
ei, etc., are polynomials. Denote by Pt the first r rows of r and by P the
first r columns of r. Then at poles of the elements of 1, is a non-
singular matrix, and vice versa.

This implies (see [8, 5.26 and 5.4]) that [’IBA2] [’] + [’].
The matrix rBAr is simply IBA. with rows and columns of zeros
added, and thus [8, 5.451, 6[F1BAlr.] 6[lB1Aef’z]. Finally, by [8, 5.16],
we see that 6[M1M2] 6[I’B1A.F], and 6[M1] [1], 6[M2] 6[f’2], from
which the result immediately follows.
The next lemma, though purely algebraic in character, is of great use in

studying the stability of linear systems, being originally due to Lyapunov.
For a discussion and proof of the first part of the result, see [12], and for
the second part, see [1].
LEMMA 5. Let F be a p }( p matrix with eigenvalues all possessing negative

real parts. Then to each p X q matrix L (q arbitrary) there corresponds a

unique symmetric nonnegative definite solution P to the equation

(7) PF + F’P -LL’.
Moreover if IF, L’] is completely observable [5], or equivalently, if
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L’ exp (Ft)x 0 for all implies x O, P is nonsingular, being given by

P fo exp(F’t)LL’ exp (Ft) dt.

CoroLlary. The only matrices which commute with

[0
are of the form

0 T.

where T1, T, commute with F.
Proof of Corollary. Suppose that

Then

(10)

(Ob)

(10c)

(lOd)

FT1 "1

F’T 2F

FS + SF’ O,

RF + F’R O.

Clearly S 0 and R 0 satisfy (10c) and (10d). Lemin 5 guarantees
these solutions re unique.
To conclude this section we state lemm on spectral factoriztion, due

to Youl [13]. Let Z(s) be positive real. Let Y(s) Z(s) + Z’(-s); Y(s)
is termed paraherndtian, i.e., Y(s) Y’(-s). If s jo, Y(jo) is non-
negative definite hermitin s consequence of the positive rel character
of Z(s). Then [13, Theorem 2] yields a fctoriztion of Y(s) s follows.
LEMM 6. Let the n X n matrix Z(s) be positive real, and suppose that

Z( s) + Z’(-s) has ranl r almost everywhere. Then there exists an r X n
matrix W s such that

(11) Y(s) Z(s) + Z’(-s) W’(-s)W(s),

and
(i) W has elements which are analytic for Re s > 0, and for Re s >= 0 if

Z(s) has elements which are analytic for Re s _>- 0;
(ii) rnkW rforRes > O;
(iii) W is unique save for multiplication on the left by an arbitrary or-

thogonal matrix.
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3. Principal results. We shall assume until further notice that Z(s) is
positive real, with Z( 0, and that it possesses no imaginary axis
poles, i.e., all poles lie in the half-plane Re s < 0. If {F, G, H} is a minimal
realization for Z, then F will have eigenvalues with negative real parts.
LEMMA 7. Let {F, G, H} be a minimal realization for Z(s). With Z and W

related as in Lemma 6, suppose W has a minimal realization A, K, L}. Then
the matrices A and F are similar.

Proof. Because IF, G, H} is a realization for Z(s), direct calculation
shows that

is a realization for Z’ s) q- Z(s). Because Z(s) nd Z’ s) cn have
no poles in common (those of Z(s) being in Re s < 0 nd those of Z’(- s)
in Re s > 0), by Lemma 1,

[g(s) + z’(-s)] e[z(s)].

Hence {F1, G1, H1} is minimal.
By direct clcul.tion

(13) W’(-s)W(s) K’(-sI- A’)-ILL’(sI A)-IK
(135) H2’(sI F2)-G,
where

By Lemma 4 and (i) and (ii) in Lemma 6, ti[W’ s) W(s)] 2ti[W],
and thus {F, G., H} is minimal.

Define P to be the unique positive definite symmetric solution of

PA q- A’P -LL’.
The existence of P follows by Lemma 5, (i) in Lemma 6 and the minimality
of {A, K, L}. We may now apply Lemma 1, taking

to obtain the following alternative minimal realization of W’(-s)W(s)

Since (12) and (15) are minimal realizations of the same matrix, vi.,
Y(s), and since F has strictly negative eigenvalues, as also has A, from (i)
in Lemma 6, the result of the lemma follows by (3a) in Lemma 1.
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COROLLARY A. Let Z s have a minimal realization F, G, H} and let Z and
W be related as in Lemma 6. Then there exist matrices K, L such that W has
a minimal realization IF, K, L}.
COROLLARY B. With the notation of Corollary A, two minimal realizations

of Y(s) Z(s) + Z’(-s) W’(-s)W(s) are given by

and

where P is uniquely defined (see Lemma 5) by

(17) PF + F’P -LL’,
and K, L are now as defined in Corollary A.
The proofs of these two corollaries follow from Lemma 1.
The next lemma is concerned with making a further identification be-

tween minimal realizations of Z and W.
LEMMA 8. Let Z( s have a minimal realization IF, G, H} and let Z and W

be related as in Lemma 6. Then there exists a matrix L such that {F, G, LI
is a minimal realization for W.

Proof. By Corollary A of the previous lemma, W has a minimal realization
IF, K, L} for some K and L. By Corollary B and Lemma 1 there exists a
nonsingular matrix T which must commute with

such that

By Lemma 5, there exists T1 commuting with F such that

TIG K.

Moreover, since T is nonsingular, so is T1.. Then by Lemma 1 again, since
IF, K, L} is a minimal realization for W, so is TI-FT, T-K, (T)’L}

{, , .}.
We can now state the following theorem.
TIIEOICEM 1. Let Z(.) be a matrix of rational functions such that Z 0

and Z has poles only in Re s < O. Let F, G, H} be a minimal realization of Z.
Then Z(.) is positive real if and only if there exist a symmetric positive deft-
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nite matrix P and a matrix L such that

(17) PF + F’P -LL’
and

(18) PG H.

Proof of suciency. Of the three conditions listed in 1 which Z must
satisfy, the only one which needs to be verified is the third, viz., Z’(s*)
+ Z(s) is nonnegative definite for Re s > 0. We have

Z’(s*) + Z(s) G’(s*I F’)-IH + H’(sI F)-IG

G’{ (s*I- F’)-IP -at- P(sI F)-I}G

G’(s*I- F’)-{P(sI- F) + (s*I- F’)P}(sI- F)-IG

G’(s*I- g’)-{Ps-F s*P- PF- F’P} (sI- F)-G

G’(s*I F’)-P(sI F)-iG(s -F s*)

+ G’ (s*I F’)-LL’ (sI F)-G.

Since the right-hand side is of the form {2Res}{A’(s*)PA(s)}
-F B’ (s*)B (s), it is clearly nonnegative definite in the right half-plane.
Proof of necessity. Let W(s) be as in Lemma 6, and let IF, G, L} be a

minimal realization of W, where we are using Lemma 8 and dropping the
hat notation. The matrix L is used to define through (17) the matrix P
which we know from Lemma 5 to be unique and symmetric positive defi-
nite. By Corollary B to Lemma 7,

are two minimal realizations of Y(s). By Lemma 1, there exists nonsingular
T commuting with

[o

TEGH] [i] and (T-)

By Lemma 5, there exists T1 commuting with F such that T1G G and
T-)’H PG. Now, since T commutes with F,

[G, FG, ...] [TG, FTIG, [T1G, TFG, ...] TI[G, FG, ...].

such that
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The matrix [G, FG,... ]has rank p, where p is the dimension of F, since
{F, G, H} is a minimal realization of Z(s) and all minimal realizations are
completely controllable [5]. Hence T1 I, and thus PG H.

In preparation for dealing with matrices which may possess imaginary
axis poles, we consider now positive real matrices whose only poles are on
the imaginary axis.
THEOREM 2. Let a positive real Z(s) have all pure imaginary poles, with

Z O, and let IF, G, H} be a minimal realization for Z. Then there exists
a symmetric positive definite P such that

(19) PF - F’P O,

(20) PG H.

Proof. First note that if P satisfies he above equations, then P*
(T’)-PT- satisfies the corresponding equations for the minimal reali-

zation TFT-1, TG, (T-1)’H}. Consequently if we exhibit a symmetric posi-
tive definite P for any one minimal realization of Z, it follows that a symmetric
positive definite P exists for all minimal realizations. Our procedure will in
fact be to choose a minimal realization {F, G, H} for which P has a par-
ticularly obvious form.
The form of Z(s) has been established (see, for example, [2]) as

Ai(2) z(s) 8

82 + 0ii

where the oi are all different and the matrices A and Bi satisfy certain re-
2)-1quirements. By realizingseparately each term A is -t- B s + ooi with

minimal {Fi, Gi, Hi} and selecting a P such that (19) and (20) are satis-
fied, one can obtain a minimal {F, G, H} and a P satisfying (19) and (20)
with F 4-F (where @ denotes direct sum), G’ [GI’ G2’,...
H’ [HI’, H’, ...] and P @P. Consequently we shall consider the
realization of the simpler

(22) Z(s) As+B
8 + 0)02.

In [2, Chap. 6] it is pointed out that if 2/ is the degree of Z in (22), there
exist k complex vectors x such that

(23) xi*’ 0 < < 1, real,xi 1, xi x 12i

and

Direct sum techniques then allow us to restrict consideration to obtaining
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minimal realization for the degree 2

(25) Z() xx + x x
j0 s +

It is easy now to verify that if

X-["X*
(26) yx

X X*
Y=j .V/-

we have

1 [ s(27) Z(s) [y, y]
s2 + o02 wo LY .J

and then

(28) IF, G, H, PI 0
oo 0 L.Y _1 ’L.Y-_1’

defines a minimal realization for (25), with (19) and (20) being satisfied.
All preliminaries are now in hand to give the final theorem, which applies

to general positive real matrices. Since any positive real matrix can be
written as the sum ofDs and Z(s), where D is nonnegative definite and Z(s)
is also positive real, but with Z oo finite, we shall lose no generality in re-
stricting the theorem statement to such Z(s) (see [2, Chap. 5]).
By way of notation, we shall say that {F, G, H, Z )} is a minimal reali-

zation of Z(s) if IF, G, H} is a minimal realization of Z(s) Z( ).
THEOREM 3. Let Z(. be a matrix of rational transfer functions such that

Z() is finite and Z has poles which lie in Re s < 0 or are simple on
Re s 0. Let {F, G, H, Z( )1 be a minimal realization of Z. Then Z(. is
positive real if and only if there exist a symmetric positive definite P and ma-
trices Wo and L such that

(29) PF - F’P -LL’,
(30)

(3.)

PG H LWo,

Wo’Wo Z( + Z’( ).

Proof of suciency. It only remains to verify the positive real behavior of
Z’(s*) - Z(s) in the right half-plane. We have

z’(s*) + z(s)

Z’( q- Z q- G’(s*I F’)--tI q- H’(sI F)-"G
Wo’Wo + G’i(s*I F’)-P + P(sI F)-’IG

-[- G’ (s*I F’)-LWo --[- Wo’L’ (s.[ F)--G
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(32)

Wo’Wo -4-

+
Wo’Wo -4-

+
+

[Wo’ + G’
-i- G’

G’ s*I
G’ s*[
G’ s*[

G’ s*I

F’)-[P(s + s*) PF F’P](sI F)-1G
F’)-ILWo + Wo’L’ (sI F)-G
F’)-LWo -4- Wo’L’ sI F)-2G
F’)-LL (sI F)-IG

G’(s*I- F’)-IP(sI- F)-G(s + s*)
(s*I F’)-L][Wo + L’(sI F)-IG]
(s*I- F’)-IP(sI- F)-G(s q- s*)

which, is plainly nonnegative definite for Re s > 0.
This completes the proof of sufficiency.
Proof of necessity. Initially, suppose Z(s) has strict left half-plane poles.

We shall consider the general case later, with the aid of Theorem 2. Let
W(s) be the matrix defined in Lemma 6. Then the arguments used to estab-
lish Lemmas 7 and 8 carry through in essentially the same fashion to estab-
lish that there exist matrices L and W0 W( such that W has a minimal
realization {F, G, L, W0}, with two minimal realizations for Z(s) + Z’(- s)

W’ s)W(s) being given by

(33) {F1,G1,H1,W0’W0} ,W0’W

(34)
{Fa Ga, Ha, W0’ W0}

G + Wo’

Here P is the unique symmetric positive definite solution of (29).
The arguments of Theorem 1 can now be followed directly to conclude

that (30) holds. Equation (31) follows by setting s in Z(s) + Z’(-s)
w’(-s)w(s).
Now let us relax the restriction on the poles of Z (s). Then Z(s) may be

decomposed as

(35) z(s) z(s) + z(s),

where Z1 has purely imaginary axis poles, Z. has poles only in Re s < 0,
and Z1 and Z2 are both positive real [2, 5.2].
Now select for Z1 a minimal {F1, G1, Hi} and P_, using Theorem 2, such

that

(19’) PF + F’P O,
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(20’)
and for Z2 select IF2, G2,
that

(29’)
(3o’)
(31’)
Then it is easily verified that (29), (30) and (31

P Pa P2,

(36) G’ [Ga’, G2’],

H’ [Ha’, H2’],

L’ [0, Lz’].

PaG1 HI;

H2} and P2, using the material iust proved, such

P2F2 -- F’P L2L2’,
P2G2 He- LWo,

Wo’Wo Z,( + Z’( ).

are satisfied by taking

Moreover, with {Fa, G, Ha} and {F2, G2, H2} minimal realizations for
Z(s) and Z2(s) Z2(m), {F, G, H} is a minimal realization for Z(s)

Z( ). This is because, by Lemma 2, the degree of Z is the sum of the
degrees of Za and Z, the latter having no common poles, while the dimen-
sion of F is the sum of the dimensions of Fx and F2. One should at this stage
verify that (29), (30) and (31) are valid under a state space coordinate
transformation, as they have merely been established for a particular class
of F (i.e., those of the form Fa @ F). This is easy to do, however, along the
lines given in Theorem 2 for a more particular ease.

4. Conclusions. The significance of the theorems in their own right is self-
evident. They provide a conceptual link between basic concepts of control
theory and network theory. Their proofs have a number of interesting
features, such as the necessity to use the particular W(s) in the faetoriza-
tion of Z(s) -4- Z’(- s), the heavy reliance on the concept of degree in the
network [8] and control theory [11] senses, and the canonical {F, G, H}
representation (believed new) of a "lossless" Z. Hopefully the results
themselves as well as their proofs will help forge another link in the
growing chain [3], [14] between control and network theory.

There are several, immediate applications of the theory. The stability of
control systems containing multiple nonlinearities is discussed in [15], a
new passive network synthesis of positive real functions and matrices in
[16], and the properties of multivariable control systems with. linear feed-
back laws in [17].
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CONTROLLABILITY OF DISCRETE, LINEAR, RANDOM
DYNAMICAL SYSTEMS*

MICHAEL M. CONNORS
1. Introduction. This paper is concerned with a detailed study of the

concept of controllability in discrete, linear, random dynamical systems.
Despite increasing interest in stochastic control problems, little interest has
been shown in the fundamental question of stochastic controllability. The
very first question which arises in a rigorous theory of stochastic control is"
"Can an initial state of a given random dynamical process be transferred
(in a stochastic sense) to any desired state in a finite length of time by
some control action?" In analogy with the theory of deterministic con-
trollability (cf. [11]), if the answer is in the affirmative, we shall say that the
initial state is stochastically controllable.

This paper will formulate a precise definition of stochastic controllability
and will give a detailed analysis of the problem for a general class of linear,
random dynamical systems.

In addition to mathematical characterizations of stochastic controlla-
bility, the analysis will yield a number of qualitative results relating to
linear random dynamical processes. The application of the concept of
stochastic controllability to particular stochastic optimal control problems is
discussed, and the extension of the idea of stochastic controllabiity to linear
adaptive systems is analyzed.

2. Problem statement and preliminaries. We shall use the standard
notation and terminology. Lower case letters a, b, c and u, v, z will
denote column vectors with (real) components a, b, etc. Superscripts on
vectors are used to distinguish them from other vectors of the same genre.
The letters h, i, j, k, s, denote integers. The greek letters e, T, a, p
denote scalars. The capital letters A, B, F, G and P, Q, S, T de-
note matrices with components a., b., etc. The columns of these matrices
are a, , etc., and the rows area, , etc. The capital letters U, V, Z
denote collections of vectors, linear spaces, etc. The capital letters
I, J, M, N are reserved for constants. Time is always denoted by the
integers h, i, j, lc, s, t; constant values of time are ordered in the obvious
manner: time i < time j if i < j. The transpose of a matrix is denoted by a
prime. The Euclidean inner product is the only inner product used and is
denoted by (x, y} or by x.y. The norm corresponding to the Euclidean inner

Received by the editors August 8, 1966, and in revised form November 11, 1966.
Program in Operations Research, Stanford University, Stanford, California.

Now at IBM Scientific Center, Los Angeles, California.
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product is always written x (x, X)1]2. If A isasymmetric,nonnegative
definite matrix, we write (x, Ax} Ix A to denote the generalized
Euclidean norm and (x, Ay) (x, y)A. The eigenvalues of a matrix A are
denoted by X[A] unless the meaning is apparent from the context in which
cse we write Xi. The identity matrix is I. Certain algebraic quantities such
as algebras, fields, Lie algebras, etc., are denoted by script capitals
(, , 2:, Occsionally, certain special spaces or collections
will also be denoted by script capitals. Mathematical expectation is de-
noted by 8.
We shall consider the particular system which can be described by the

stochastic vector difference equation

(1) x(i d- 1) A(i, o)x(i) - B(i, co)u(i, x(i)), x(O) x,
where x(i) is the n-vector which specifies the state of the process at time i;
u(i, x(i) is the m-vector which represents the control action taken at time
i; co is the ith component of the sequence {co}=0 which is a sequence of
independent random variables with distribution functions F, i 0, 1,
A(i, ) is an n X n (random) matrix which may vary over time and which
depends on the random variable (that is, A(i, ) ((at(i, )));
B(i, ) is an n )< m (random) matrix defined in the same manner as
A(i, co); x(0) x is the initial condition on the dynamical process;
i 0, 1, is the index whose value specifies the time period under con-
sideration.

It will be convenient to denote the state of the process 1 at the terminal
time/c by x(/c) or, equivalently, as (/c; x, O, uo,)) (read: "the trajectory
of the process evaluated at the terminal sampling period/c given the initial
condition x at smpling period 0 and given that the process has evolved
under influence of the control law u0,)"). The control law, uo,), is the
sequence of m-vectors u(i, x(i) ), i 0, 1, ,/c 1, where each u(i, x(i)
is defined above. The function (/c; x, 0, u0,) is the solution of system 1 ).
In other words, the function (k; x, 0, u0,)) has the following properties:

(i) it satisfies the initial condition (0; x, O, uo,)) x;
(ii) it satisfies (1) for all i 0, 1, k;
(iii) it is a random function depending on the random variables

c, i 0, 1, ,/c 1, and has the sme distribution as any other rndom
function which satisfies (1).

If u0.) is the sequence of zero m-vectors, we say that the motion is free
and denote it by (k; x, 0, 0). The notation x(/c) will usually be used to
denote the state of the process at time k; the (equivalent) notation
(k; x, 0, u0,) will be used when it is desirsble to indicate the dependence
of the state of the process at sampling period k upon the initial conditions
and the control law.
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It is easy to obtain an explicit formula for x(lc) 4(/c; x, 0, u[0,)). This
can be given as

x(]c) (/c; x, 0, u[0,))
(2)

(tc, O)x + (lc, i)B(i 1, oi-1)u(i 1, x(i 1) ),
i=1

where

(]c, i) A(/c 1, Ok_l)A(]c 2, w1-2) A(i, o),

(i, i) I.

The particular problem in the theory of control to be studied is that of
stochastic controllability of system (1). We shall need the following
definition.
DEFINITION 1. An initial state x is s-controllable in norm square (abbrevi-

ated s-c.n.s.) with respect to a specified terminal state, x, in the time
interval [0, k] if and only if there exists a control law

u[0,,) =/u(i, x(i)), i o, ..., }

such that

(3) [ll z ,(; x, 0, u0,))[I] <- (I] x ll’ + x [’),
where the norm is the Euclidean norm and 8 is the expected value operator
taken with respect to the joint probability distribution function of the inde-
pendent random variables o, i 0, 1, ]c 1.
DEFINITION 2. The process (1) is completely e-controllable in norm square

with respect to a specified terminal state, x, in the time interval [0, k] if
and only if inequality (3) holds for every initial state x En.

Remarlc. It is of interest to note that Definitions 1 and 2 can be given in
terms of a generalized Euclidean norm instead of the standard Euclidean
norm. That is, inequality (3) may be written as

where D, F and G are symmetric nonnegative definite matrices and

xll ) x’Dx and similarly for F and G. If it were desired to give various
weights to different components of the difference between xs and x(/c) at
the terminal sampling period, we would define D accordingly. Similarly
weighting matrices F and G could be constructed to give various weights to
components of the initial state x or the terminal state x. Note also that
D, F and G may be defined independently of each other. These cases may
be treated in exactly the same manner as the case D F G I which is
discussed here. It is important to note that the use of the Euclidean norm
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(in either its generalized or standard form) is necessary for the development
of the theory in the present paper.
Remark. A similar problem, involving stochastic differential equations

with additive random noise, has been treated by Krasovskii [13]. In [13], the
terminal criterion is a probabilistic rather than norm square criterion as
treated here. It is of interest to note that the results in [13] are obtained by
solving a norm square terminal criterion problem and then reducing the
result to a probabilistic terminal criterion via the Chebyshev inequality.
A loose verbalization of the preceding definitions is that an initial state

(or the process (1) is e-c.n.s, if and only if there exists a control law which.
driv.es the "stochastic distance" between xs and the state of the system at
time lc to some e quantity.

3. Mathematical characterization of controllability. In this section,
dynamic programming will be used to yield necessary and sufficient con-
ditions for the process (1) to be stochastically controllable. In order to de-
velop the characterization in greatest generality, it will be necessary to use
the concept of the generalized inverse of a matrix introduced by Penrose
[15], [16]. We shall need a third definition.
DEFINITION 3. The generalized inverse R of an arbitrary real rectangular

matrix R is a matrix satisfying the relations:
(i) RR*R R,
(ii) R*RR* R,
(iii) (R’R)’
(iv) (RR*)’ RR*.
Hence, R R- when R is invertible. Note also that R** R and that

(R’)* (R*)’. Relations (i)-(iv) imply that R always exists and is
unique. It will be useful to note that"

(1) if D is diagonal, the elements of D* are

d 0
if d.O,

otherwise;

(2) if S is symmetric, there is an orghogonal transformation r such
S FDP’; then S P’DP.
The proofs of statements (1) and (2) may be found in Kalman [12].
Returning to the problem of controllability, it is apparent that the con-

dition of Definition 1 will be satisfied if and only if there exists a control
law u0,) such that

inf g[[ x (/c; x, 0, u0,))] e( x + x ).
[0,)

It is now possible to employ the dynamic programming technique and the
concept of the pseudoinverse of matrix to calculate a control luw u0,)
which minimizes [] x (1; x, 0, u0,)) ]]].
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In order to avoid details, the following work will be based on the special
case xs O. It will be apparent that similar results may be obtained in the
general case; moreover, the same techniques are used in the proofs for the
more general case. Focusing attention on the special case xs 0 is justified
by noting that any problem can be reduced to this case by a translation of
coordinates such that, in the new coordinate system, x] is the origin.

Using the notation A A(i, oi) and B B(i, oo) the result can be
stated as the following lemma.
LEMMA 1. Let x O. Then the control law * *(ulo, ) {u i, x(i)), i O,

/c 1} which minimizes [ll (k; x, O, ul0,k)) 2] is given by

u*(i, x(i)) -[Bi’Q(]c i 1)Bdti[B(Q(k i 1)Adx(i),

where

Q(]c i) [A(Q(]c i 1)Ad

[A(Q(]c i 1)Bd [ Q(] i 1)Bd*i[B’q(]c i 1)Ai]

Q(0) I,

and where the symbol denotes the expected value operator taken with respect
to the probability distribution of the random variable oo i O, 1, tc 1.

Moreover, the value of the performance index, when there are ] i stages
left in the process and the present state is x( i), is

x( )ll

Proof. Since the random variables 0. are independent, knowledge of
x(j 1), x(j 2), conveys no additional information about the
future evolution of (1). This implies that knowledge of the present state
vector together with knowledge of the distribution function of 0 constitutes
a complete state description at sampling period j (i.e., the system is
Markovian). Hence, the Principle of 0ptimMity may be applied. Thus, we
define
f_(x) minimum value of [ll x(]c)II] over the ]c i remaining sam-

pling periods of the process, starting in state x t sampling
period i, subject to (1) and using n optimal policy for the
remaining sampling periods, where now denotes the ex-
pected value operator taken with respect to the joint
probability distribution function of the random variables
o.,j i, i + 1, ,k- 1,

minut,)a[I]x(c)ll ]
mi,(,)g[fk__t(A(i, ooi)x + B(i, oo)u(i, x))].

It is assumed by induction that f__(x) x’Q(]c i 1)x, where
Q(k i) is defined in the statement of the lemma. It should be noted that
the first step in the induction is trivial and is identical to the general step
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and hence will not be given. Then, using a technique suggested by Kalman
[9], let

S(i) 8[A/q(lc i 1)A],

BT(i) 8i[ iQ(lc i- 1)A]

U(i) 8[B/Q(tc i 1)B],

and write

fk-(x) min 8i(fk__l(Ax + Bu(i, x))]

min [1] dx + B;u(i, x)ll o(__)]
(4)

,x)

+ 2(T(i)x, (I U*(i)U(i))u(i, x)},

where use has been mde of relation (i) in Definition 3. The term in
the fourth line of (4) is zero since, if it were equal to a 0 for, sy, x u
then substituting

u(i, x) ak(I U*(i)U(i))u
shows thnt, for any

<

which is absurd since f_(x) 0 by definition. This contradiction estab-
lishes that (T(i)x, (I U*(i)U(i) )u(i, x)) O.

Thus, the minimum of f_(x) is attained when the term

equals zero. Letting

shows that

* Uu (i, x) (i)T(i)x

T(i)x + U(i)u*(i, x)]l vt() I(I U(i)U*(i))T(i)x

ll(I Ut(i)U(i))T(i)x

O,

where use has been made firstly of the fact that U(i) is symmetric and,
hence, so is Ut(i) and secondly, of relation (iv) of Definition 3.
Thus the minimum of f_(x) is assumed for u*(i, x) which verifies the
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first statement of the lemma. Also

f-() S(i)--T’ (1) U(i) T(i)

which completes the proof.
We state the general result for completeness. The proof is accomplished

using the technique of the proof of Lemma 1.
:LEMMA 2 The control law u*Io,) {u*(i,x(i)),i 0,1, , 1] which

minimizes [[[ x (; x, 0, u0,))]l:] is given by

u*(i) [BQ( i 1)B] {S,[ Q(/c i 1)A]x(i)

[B(]F( i 1)x},
where and Q(k i) are defined in Lemma 1 and

P(/c i) a[A( [A(Q( i 1)B]

Q( i )],]P( i )
P(o) .

Moreover, the value of the performance index, when there are i stages
left in the process and the present state is x( i), is

_xi) i)[ 2x)P ix (-)Q(--)

( ) ( )

+p’( i 1)],I Q( i )]P( i ).

(0) .
Using the control law given in Lemmu , the system (I) can be written

+ ) A- BiB’Q(- - )B]i(Q(- i .)A]lx(i)

(i)x(i),

where (i) is the expression in curly brackets. This leads to a corollary.
Conon i.

Q( i) i’(i)Q( )()] fo i o, , ,
where

(i) A- i’Q(- i- )’Q(- i- )A,].

Proof. By direct substitution.
ConoLn 2. Q( i) is positive semidefinite o i O, , .
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Proof. Direct consequence of the preceding corollary using the fact that
R’R is positive semidefinite for any real square matrix R.

These remarks lead to an explicit characterization of stochastic con-
trollability for systems of the form (1).
THEOREM 1. (i) The initial state x is e-controllable in norm square with

respect to the terminal state x 0 in the sampling period [0,/c] if and only if
x’(Q(lc) d)x <= O.

(ii) System (1) is completely e-controllable with respect to the terminal state
xs 0 in the sampling interval [0, /c] if and only if Q(lc) eI is negative
sernidefinite.

.Proof. (i) From Lemma 1,

x’(Q(lc) d)x <= 0

if and only if

x’Q(k)x rain 3[ll x(])ll] =< x ex’x,
[0,k)

where the last equality follows from the fact that we are using the Euclidean
ilorm.

(ii) The proof in (i) holds for all x if and only if Q(/c) eI is negative
scmidefinite.
Theorem 1 indicates that a complete answer to the question of whether

or not (1) is stochastically controllable in the sampling interval [0, k] may
be obtained through an analysis of the matrix Q(]c). For this reason, Q(k)
will be called the controllability matrix.
COROLLAnY 3. Let the stochastic sequence o} be statistically stationary (we

may then omit reference to the time index i). Let the random scalar coeigicients
a-(0), j 0, 1, m 1, be independent of the sampling period (time in-
variant). Assume Cov[a(o), a(o)] ii.vara(o), where is the
Kronecker delta. Then the ruth order scalar random difference equation

x(i + m) + a,_(o)x(i - m 1) -t- -t- ao(w)x(i) u(i)

is completely e-controllable in norm square in the sense that, for any set of initial
conditions x(O Xo x(m 1) x,_ there are a control law
u(i, x(i), x(i - m) ), i O, tc 1, and a number lc for which

 [11 + + <=  (11 x011 + +
if and only if

max (var ao(o), 1 -t- wr a(o);j 1,-.., m 1)

6

+ vat
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Proof. The given equation is equivalent to

yl(i + 1)

Ly.(i + 1)

0 1 0

0 0 1

0 0 0

0() 1() ?.()

0

0 [yl (i)

Lug(i)

qm--1 (60)

+ i u(i),

and, using Lemma 1, the controllability matrix is, for arbitrary ],

1 q- var a()

0 0

0 0 1 + var

Q(/c) [1 A- var a,,-()]

-vat -0()

0

and the corollary follows from Theorem 1 (ii).
It is well known (cf. Kalman, Ho and Narendra [11]) that the equivalent

deterministic system is completely controllable. The corollary illustrates
that, in the stochastic case, the question of controllability cannot be re-
solved solely by an analysis of the algebraic aspects of the problem; on the
contrary, the probabilistic aspects may be the dominant considerations.
In the case x 0, the control law given in Lemma 1 is essentially one

for which the resulting dynamic process is a "moment reducing" process;
that is, a control law which, drives the second moment of the state vector at
sampling period k to a minimum. It is of interest to ask for a characteriza-
tion of processes of the form (1) for which the second moment of the
state vector at time k can be driven to zero.
THEOIEM 2. A necessary and sujcient condition for 8[]] x(k) 2] 0 for all

initial conditions x(O) is that there exists a sequence of constant m X n
matrices Ki, i O, lc 1, such that

k--I

I [A + BK]
i=O
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is the zero random matrix, where the matrix ,multiplication is carried out by pre-
multiplying

II [A-}- B.K] by [A.+ -}- B.+K+].
i=0

Proof. 3{11 x(/c)ll} 0 if nd only if x(k) is the zero rndom vector.
Iterating (1) shows that

x( d_,x( t 1) + B_u( l 1, x( 1)).

Recall that the control law which minimizes []] x(lc)ll ] is a linear feedback
control law, i.e., u(i, x(i) Kx(i), i 0, 1, lc 1. Hence, we may
restrict our attention to such control laws. Then

x( lc [A__ + B_K_l]X( ]C 1).

But x(]c 1) is a random variable depending on x(]c 2) through the
same type of relation so that, by completing the recursion, the condition
follows.
Note that, in the above proof, explicit use hs been made of the fact that

each state after the first is a stochastic variable and so lso re the control
vectors u(i, x(i)), i 0, 1, ,/ 1, since they depend on the current
state of the system. The preceding development hs simply written out
these facts explicitly.
Note that, in order for the condition of the theorem to be satisfied, the

matrix product

II [A + BK]
i=O

must contain singular mtrices s subproducts. Note further that the
theorem requires that this matrix product be identically zero in the rndom
vribles 0.
The preceding theorem, even though its criterion involves the solution of
complicated nonlinear lgebraic equation, provides some interesting in-

sight into the dynumical nature of the stochastic process under consider-
tion. The intuitive content of the theorem is that, under certain circum-
stances, the stochastic elements of the process cn be mde to "cancel out"
each other by use of the "moment reducing trnsformutions" that hve
been considered thus far. It will be of interest to consider n example of
Theorem 2.
Example 1.

+ u(i), z(o) z,
.x(i + ., o x(i)
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where {}2=0 is a sequence of independent random variables with dis-
tribution functions Fi, i 0, 1, 2. We ask if the second moment of the
state vector can be reduced to zero in two sampling periods. Letting
K [kt(i), k2(i)], Theorem 2 requires that we determine whether or not
there exists a solution to

_[ o
[1 "-t- I(1)]COt

+ Il [(

f [1 - kl(0)]w001

[1 -- kt(0)]k2(1

](0)o 1"/[1 -t- ]c(1)] -/c(0)k.(1)}0
Let lc(0) k1(1) -1, k(0) k2(1) 0, and the equation is solved.
Thus, it is possible to reduce the second moment of the state vector to
zero. In fact, i.t is easy to show that the required controls and controllability
matrices are

u(1) --x(1),

()
0 []

u(o) -(o),

and, since Q(2) 0, [11 x()ll] 0.
It is of interest to note that a similar system which has fewer random

elements, namely the system

[o + u(i)
Lx(i + ., Lx(i)

does not have the property that the second moment of the state vector
can be reduced to zero in any finite number of sampling periods. This ex-
ample shows that the property characterized in the preceding theorem de-
pends on both the algebraic and probabilistic structure of the problem.

4. Applications and implications of stochastic controllability. In this
section, the application of the concept oZ stochastic controllability to par-
ticulr stochastic optima] control problems is examined. In addition, the
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abstract implications which the concept of e-controllability in norm square
holds for stochastic systems of the form (1) will be discussed.
The obvious application of controllability to stochastic optimal control is

demonstrated in the following problem.
TIME OPTIMAL CONTROL PROBLEM. Given system (1) and a "stopping rule,"

811[ x(/c)112] =< p (p const.) which implicitly defines the terminal sampling
period lc, find a control law u0.k.) such that 8[ll (k*; x, 0, u0.k.))II 2] >= p

and 1* is the minimal lc for which the stopping rule is satisfied.
From the definition of e-controllability in norm square in 3, it is apparent

that a necessary nd sufficient condition for the existence of the control
law u0..) is that the system (1) be e-controllable in norm square in some
smpling intervM [0, k] fore P/I! x 2. If the system is e-c.n.s., then it is a
simple matter to determine the minimal k k* for which the process is
e-c.n.s. Moreover, given lc*, the time optimal control sequence, uo,.), is
determined according to the theory given in Lemma 1. This proves the
following theorem.
THEOREM 3. A necessary and sucient condition for the existence of an

optimal control law Uo,.) for the time optimal control problem is that system
(1) be e-c.n.s, with respect to x 0 in some sampling interval [0, k]. More-
over, given lc*, the time optimal control law is given in Lemma 1.

It is important to note that the stochastic time optimal control problem
considered here is a simplified version of the usual formulation. The usual
formulation imposes certain constraints on admissible control vectors
u(i, x(i)), i 0, 1, k* 1. The point of the present discussion is to
emphasize the relation between the qualitative concept of stochastic con-
trollability and the quantitative concept of stochastic optimal control.
A more interesting relationship between stochastic controllability and

stochastic optimal control is found in the following problem.
INFINITE HORIZON REGULATOR PROBLEM. Given system (1) (in which

the sequence {0d of random variables is now assumed to be statistically
stationary) and an objective function J 0 8[x’(i)Sx(i)], where S is a

symmetric, positive definite matrix, find a control law u0,) which mini-
mizes J.
Kalman [9] has shown that a necessary and sutticient condition for the

existence of an optimal solution to the regulator problem is that there ex-
ists a control sequence u0.) such that J 0 8[x’(i)Sx(i)] converges.
Kalman’s result leads to the next theorem.
TEOnEM 4. A necessary condition for the existence of an optimal solution

to the infinite horizon regulator problem is that, for any > O, system (1) be
e-c.n.s, with respect to x 0 for some sampling interval [0, k], k < .

Proof.
lim g[x’(i)Sx(i)]
k-->oo i-0
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exists only if

lim 8[x’(i)Sx(i)] lim 811 x(i) 1 O.

We suppose that S => I (where S _>- I if S I is positive semidefinite); then
g[x’(i)Sx(i)] >= 8[x’(i)x(i)] for all x(i), and so

implies

lim 8[[ x(i)I11 lim 8It x(i)It 21 -> 0

limB[ x(i) l121 O,

which shows that system (1) is necessarily e-c.n.s, if a solution to the infi-
nite horizon regulator problem exists for the case S I.

Since S > O, it is always possible to find a > 0 such that aS I, so the
same argument shows that

lira 8[I x(i) 2] 0

for general S > 0.
This theorem is particularly useful from a practical point of view. Kalman

[9] gives a number of necessary and sufficient conditions for the existence of
a solution to the regulator problem, but these all depend upon finding a
fixed point of a reeursive matrix equation; if the dimension of the state
vector x is large, this may become an impracticable computation. For this
reason Theorem 4 is interesting since stochastic controllability may be estab-
lished with much greater ease than a fixed point of a matrix reeursion. These
remarks will take on much greater significance in the next section when the
focus of attention turns to a special class of systems for which the controlla-
bility question can be answered in terms of the underlying random process
without recourse to the controllability matrix.
The remainder of this section will be concerned with the abstract implica-

tions that the concept of stochastic controllability holds for system (1).
The first result shows how the idea of stochastic controllability induces a

direct sum decomposition of initial state space, X En, into completely
controllable and completely uncontrollable subspaees.
THEOREM 5. Let x, i 1, n, be a complete orthonormal set of eigen-

vectors of the matrix Q( k) d. Let S E be the subspace spanned by the
given orthonormal eigenvectors which correspond to nonpositive eigenvalues of
Q( tc) d. Let S" E be the subspace spanned by the given orthonormal
eigenvectors corresponding to positive eigenvalues of Q( k d. Then

(i) X S @ S"
(ii) all initial states x S are e-c.n.s, with respect to x 0 in the sampling

interval [0, k];



196 M.M. CONNOS

(iii) no intial state x S" is e-c.n.s, with respect to x 0 in the sampling
interval [0,/].

Proof. (i) Follows from the definition of S and S’.
(ii) Let xi, i 1, s, be the orthonormal eigenvectors of Q(k) d

which are a basis for S and let x, i s + 1, n, be the orthonorml
eigenvectors of Q() d which re basis for S. Note that the existence
of the orthogonM eigenvectors x, i 1, n, is guaranteed by the fact
that Q() d is rel symmetric mtrix. Let F be the mtrix whose ith
column is x, i 1, n. Then F digonMizes Q(k) d"

where A ((iX)), i is the Kronecker delta and X is the ith eigenvalue
of Q(k) d. Note that, from the ordering of the x, i 1, n, in the
matrix r, the first s X are nonpositive and the last (n s)X are positive.
Now consider z =1 iz , where c, i 1, s, are real constants.
We have

()’ ( )d)z  ’rAr’z r r’
=1 =1

i=1

N 0,

since X N 0, i 1, s. Hence,

(z Q(lc) d)z < O,

and, by Theorem 1, statement (ii) holds.
(iii) Same argument as in (ii) with the obvious modifications.
It is important to notice that the set C(0, ; e) of states which are e-con-

trollable with respect to the origin in the sampling interval [0, k] is not a
linear subspace (as it is in the deterministic case) but that C(O, ; e) D S.
This is because there are states which are e-c.n.s. (i.e., states in C(0, ; e)
which have components both in S and S (i.e., which are not in S or S).
Another way of saying this is that x’(Q(k) eI)x is nonpositive for all
initiM states, x, in C(O, lc; e) but such x may be direct sums of vectors in S
and S.
The last result in this section will depend on the assumptions that
(i) A (i, e) is a deterministic quantity, that is, A (i, ) A (i),

i=O, 1,...,k-1;
(ii) detA(i) 0, i 0, 1, ..., - 1.

Assumption (ii) implies that det (k, i) 0, i 0, 1, lc 1, and
hence that system 1 is reversible.
LEMMA 3 (Cf. [11] for deterministic version). Under assumptions (i) and
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(ii),

(0; C(k, h; e), /, 0) C(0, h;e) for h >--

Proof. x is in C(0, h; e) if (/; x 0 0) is in C(k h; ) for h >

5. A special class of stochastic systems. It was noted in 3 that a com-
plete answer to whether or not system (1) is stochastically controllable
with respect to xs 0 in the sampling interval [0, It] can be obtained if the
controllability matrix Q(lc) is known. Unfortunately, if the dimension, n, of
1 is large and lc is large, the calculation of Q(/c) is time-consuming. In this

section we will characterize a subclass of system 1 for which the question
of stochastic controllability can be resolved entirely in terms of the alge-
braic and probabilistic properties of A(i, i) and B(i, o). This will lead to
simple necessary conditions and sufficient conditions for controllability.
The main assumptions necessary for the development of the following

theory are"

(i) the sequence [} i0 is a sequence of independent, identically dis-
tributed random variables, and thus we may omit explicit reference to the
time period i;

(ii) A (i, o) and B(i, ) are time-invariant random matrices, and thus
A(i, o) A(o) and B(i, o)

(iii) the random variable has positive probability at only a finite num-
ber of points , j 1, M, and has mass function Pr [ J] p.,
j= 1, ...,M;

(iv) the matrices A (w) and B() have elements in an algebraically closed
field 7;

(v) m n so that B(w) is an n X n random matrix.
Under assumption (ii), the matrix T(i), i 0, 1, introduced in

Corollary 1 has M realizations corresponding to the M realizations of the
stationary random variable 0. Denote these realizations by ,I’j, j 1,

M; similarly denote the realizations of A() and B(0) by A, Bj,
j= 1,...,M.

It should be noted that assumption (v) is merely a formality; it is
necessary for technical reasons which will be noted later. It is acceptable
to allow the last n m columns of B() to be the zero n-vectors; this
effectively reduces B(0) to dimension n X m, m <= n. Note, however,
that if B(0) is an n X m, m < n, matrix, it is essential that it be extended
to an n X n matrix in the manner mentioned, i.e., let the last n rn columns
be zero vectors. Any other extension of B(co) to an n X n matrix having
n m zero columns does not guarantee that the dynamical properties of the
system remain the same as when B(o) was an n X m, rn < n, matrix.
Analogous remarks apply if rn > n.

We will need the following definition.
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DEFINITION 4. Let denote an algebraically closed field. Then the n X n
matrices S, j 1, M, with elements in have Property P if and only
if the characteristic roots Xi, i 1, n, of every matrix polynomial
f(S1, S) with coefficients in are all of the form Xi f(X
where X? is the ith characteristic root of S, j 1, M, for some order-
ingi 1,..- ,n.
The presence of property P is useful since it allows one to compute the

eigenvalues of a (matrix) polynomial by evaluating the corresponding
(scalar) polynomial with each matrix argument replaced by a correspond-
ing eigenvalue. This property will be used heavily in the sequel.
We shall also need the following lemma.
LEMMA 4. Let Sj, j 1, ..., M, have Property P and let f(S1, ..., SM)

be a symmetric matrix polynomial with coecients in the field ft. Then the
eigenvalues Xi, i 1, n, of the pseudoinverse f( S1, SM) of every
such matrix polynomial have the form

M --1f(X, X if f(X, XM) O,X*
1,0 otherwise,

where Xf is the ith eigenvalue of S, j 1, M, for the same ordering
i 1, n, of the eigenvalues of each S as that required for Property P.

Proof. The hypothesis that f(S, ..., S) is symmetric implies the
existence of an orthogonal matrix r such that

f(S1, SM) FrO1n,
where

where 8ii is the Kronecker delta and 0, i 1, n, are the eigenvalues
of f(S, ..., S). Then, by the discussion of the pseudoinverse in 3,

f(S, sM) * r’o*r,
where O* is diagonal and has the eigenvalues of f(S, ..., S) on the
diagonal. We have, from 3,

0’
if 0 O,

otherwise.

But the eigenvalues 0, i 1, n, off(S, S) are, by Property P,
M0=f( ,...,X ),

where X is the ith eigenvalue of Si, j 1, M.
It is of interest to note that the preceding lemma does not require that

the symmetric matrix polynomial f(S1, ..., S) have an inverse. This
will be of significant interest to us in our attempt to maintain the fore-
going level of generality.
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Using the preceding material, it is possible to develop an efficient method
for calculating the eigenvalues of the matrix Q(k) described in 3. The
result is the following lemma.
IEMMA 5. Suppose the set of matrices consisting of the realizations of the

system matrices and their transposes, A J, A J’, B and B’, j 1, M, has
Property P. Then

},[Q(k)] (},[Q(1)]).

Proof. Let )" and , i 1, ..., n, denote the eigenvalues of A and
A’, j 1, M. Let and , j 1, M, denote the eigenwlues
of B and B’, j 1, M. We assume that the ordering of the eigen-
vlues is fixed and corresponds to the ordering for which A, A’, B and
B’, j 1, M, have Property P. Also, we denote the ith eigenvalue of
a matrix R by k[R]. Separate notation for the eigenvalues of A
and B and B’ is used to emphasize that very special ordering i 1, n
of the eigenwlues is being used. In this ordering, it may not be true that
[A] [A’] or that X[B] [B’].
The proof is by induction. The first step in the induction is esy nd is

identical to the general cse; hence, we give only the inductive proof for
general k. If X[Q( 1)] 0, the result holds trivially. Suppose X[Q(1 )] # 0
and that the result holds for k 1 and try to extend the induction"

,[Q()] ,{[A’Q(k- 1)A]

-[A’Q(- 1)B][B’Q(- 1)B]*a[B’Q(- 1)A]/

Noting (i) Q(k 1) is a (symmetric) matrix polynomial in A
B and B’, j 1, M, and therefore under the assumptions made,
Q( 1) has Property P, (ii) Lemma 4, (iii) the induction hypothesis,
and (iv) the fact that, since the eigenvlues of A, A’, B and B’,
j 1, M, are elements of the field if, they commute with ech other,
we may write

k,[Q(k)] (k,[Q(1)])- [ pX,k,

(X[Q(1)])-X[Q(1)]

(X[Q(1)]).
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Lemma 5 leads to the next theorem.
THEOREM 6. Let assumptions (i)-(v) of this section hold. Let the realiza-

tions A, A B, B’, j 1 M, of the random matrices A(o) A’(o)
B(w) have Property P. Then a necessary and sufficient condition for system
(1) to be completely e-controllable in norm square with respect to the terminal
state x 0 in the sampling interval [0,/] is that

(5) marx Xil[xI//(oJ)xI/(0)]} (!1/It,

where () is the matrix introduced in Corollary 1.

Proof. We recall from Theorem 1 that system (1) is completely e-c.n.s.
if and only if x’Q()x <= ex’x for all initial states x. This condition is
equivalent to

0
Xx(6) max >- .

xOx

We now show that (6) holds if and only if condition (5) holds. We know
(see [1, p. 110]) that

x’Q x
mx mx X[Q(/) ].

xOx
_

<_

Under the hypotheses of the theorem, Lemma 5 shows that

X[Q(k)] (N[Q(1)])= (){[’()I,()]}).
Thus, (6) holds if and only if condition (5) holds.

It should be noted that assumption (v) came into play in Theorem 6
in an essential manner. That is, B(0) must be n n X n matrix in order for
it to have well defined eigenvalues; hence assumption (v) is necessary.
At this point, the presence of Property P hs already allowed us to

obtain some useful results. However, the presence of Property P is ob-
viously difficult to verify and so we seek alternative (equivalent) forms of
Property P.
Now let Ct be the algebra of polynomials in the matrices A ’, A", B, B’’,

j 1, M. The elements of a then form representation of the algebr
Ct. Hence, it is known (see [18, Chap. X]) that all elements of a my, by a

similarity transformation, be simultaneously reduced to the form

The following two paragraphs provide the necessary background for the remain-
ing theorems in this section; the discussion is abstracted from [14]. A good general
introduction to the ideas in this section my be found in [18, Chap. X].
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(7)

where the set a(k) of square matrices Bkk,/ 1, 2, s, is an irreducible
representation of a. These irreducible components a() of a are uniquely
determined to within a similarity transformation and thus their orders are
completely determined. The fact that a() is an irreducible representation
of a means essentially that a() is a simple algebra, i.e., one with no proper
invariant subalgebra. We shall assume without loss of generality that all
elements of a are in the form (7).

Let 6t denote the minimum invariant subalgebra of Ct containing all
the elements

SiS SS’, i,j 1,2, M,

where S A,A’,BorBip,i 1, -..,M. IfC,i 1, 2, ...,s, is
a basis of (, the general element of (R may be written in the form

fftx xiC
i=l

where the x are indeterminate elements of 7. The characteristic polynomial
det (x ),) of is called the characteristic polynomial of (.

Using Theorem 6, we can now develop results which characterize sto-
chastic controllability in terms of the algebraic and probabilistic properties
of A (0) and B(0). We shall use the following hypothesis.
HYPOTHESIS 1. We shall say that Hypothesis 1 holds if and only if one

of the following (equivalent) hypotheses holds.
(i) Exactly n of the irreducible components C() of a are of order 1.
(ii) The characteristic polynomial of (R is divisible by ).
(iii) The quotient ring Ct/9 where 9 is the radical of Ct (i.e., maximum

nilpotent invariant subalgebra of () is commutative.
(iv) The field ff has characteristic 0 and the Lie algebra defined by the

matrices A, A’, B, B’’, j 1, M, is solvable.
(v) There exists a nonsingular matrix T such that T-ST simul-

taneously triangularizes S A, A’, B orB, i 1, M.
The equivalence of hypotheses (i)-(v) is proved in McCoy [14].
Remarlc. Comparing McCoy [14] and Hoffman and Taussky [7], we

find that Hypothesis 1 implies that A and B are normal matrices (i.e.,



202 M.M. CONNORS

P is normal if and only if P’P PP’). Then (el. Gantmacher [6, p. 272])
each A’ can be represented as a polynomial in A and similarly for Bi’.
Hence, it is evident that it is sufficient to restrict Hypothesis 1 to the set
i A ,B,i-- 1, ...,M.
We let a () denote the rows of A() (B(o)) and a () denote the

columns of A() (B()), nd then we can state the next theorem.
THEOREM 7. ff Hypothesis 1 and assumptions )-( v) of this section hold

and if the columns , i 1, n, of B() are pairwise orthogonal random
vectors, then a sucient condition for systen (1) to be completely e-controllable
in norm square with respect to the terminal state x 0 in the sampling interval
[o, ] is

(8) max 8[i’] --E 8[i’t]8[t’]

where 5 {t" 815t.5 t] # 0}.
Proof. McCoy [14] proves that Property P holds if and only if Hypothesis

1 holds. Then, by Theorem 6, a sufficient condition for system (1) to be
e-c.n.s, is

llkmax Xd[v’()()]} 5

By a theorem of Frobenius (see [4, p. 75]),

max {8[>’()T()]} max
lin lin

We now evaluate g[’(w)(w)]. From Lemma 1,

[’()()] q(1)

g[A’()A()]- {g[A’()B()]g[B’()B()]*g[B’()A()]},
where

8[B’(o)A(o)],. 8[’.a],

8[A’()B(o)], 8[a’.],
so that

{8[A’()B()]8[B’()B()]8[B ()A()]}

8[A’()B(w)]t 8[B’()B(w)],8[B’()A(w)]
=I =I

E 8[J. ’18[’.1, 8[’.’1
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and so

[,’(),I,()] [J.q [J’]s[’q

from which the result follows.
Remark. It is apparent that the assumption that the columns of B()

re pairwise orthogonal is not restrictive; and analogous result holds for
the generM case.

If we rewrite the left-hand side of condition (8) as

and interpret the quantity

as a "correlation coefficient" between A() and B(), condition (8)
has the interpretation that if the "correlation coefficient" is too smM1,
B() does not "synchroniae" with A(w) and the control is ineffective.
TnEOnEM 8. "Under the same hypotheses as in Theorem 7, a necessary con-

dition or system (1) to be completely e-c.n.s, with respect o the terminal
s,a,e m* 0 in ,he sampling in,erval [0, ] is ,hat

rain ( g[.] 8["

[J.q-[J’]["q[),:
where is defined in Theorem 7.

Proof. By a theorem of Frobenius (see [4, p. 75]),

rain X {8[’()()]
lin

min a[’()()l a[’()()]i
liNn

If system (1) is completely e-c.n.s., condition (5) of Theorem 6 holds and

2 max xd[’()()]}
lin

a min X{8[’()()]}
lin

> min
l<_i<_n

(I a[’()()]-
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The evaluation of g[,I/(0),I,(o)]i, given in the proof of Theorem 7 yields
the condition (9).
Theorems 7 and 8 give, respectively, sufficient and necessary conditions

for complete e-controllability in norm square. These conditions are stated
in terms of the linear algebraic and probabilistic properties of the system
1 and so, from a computational point of view, are much easier to examine

than is the controllability matrix.

6. Controllability in adaptive systems. In this section, the problem of
controllability in discrete adaptive dynamical decision processes is con-
sidered. The difference between this class of problems and those previously
considered will be in the form of the information pattern. In the stochastic
control processes considered in previous sections, a complete description of
the state of the process was composed of:

(1) a point, x(i), in state space;
(2) an information pattern, 9, which was composed of knowledge of

the distribution function(s) of the underlying random variable(s).
The description of the state in the adaptive system is composed of (1) but
the information pattern in (2) is modified. More particularly, the adaptive
aspect of the problem is introduced through the assumption that we do not
completely know the distribution function F(o) of the independent,
identically distributed random variables oi, i 0, 1, .... That is, we
know the functional form of F(0) but we do not know some of its param-
eters. Bayesian analysis will be used to provide a solution to this problem.
Within this general framework, the problem will be the same as in pre-

vious sections: given a time-invariant system of the form (1), where {o} is
a sequence of independent, identically distributed random variables with
distribution function F(o) having unknown parameters, determine a

necessary and sufficient condition for e-c.n.s. It will be seen that the
adaptive control process possesses a more dynamic nature (in a certain
sense) than the stochastic problem previously considered. This will be due
to the fact that the distribution of the random variable o is not completely
known and the a priori estimate of it must be modified as more information
is gained about the process. This is done as the process progresses in time.

Contrast this with the stochastic control problem in which complete
information on the stochastic variable is available at time 0. In this case,
the stochastic controllability of the system at time tc can be characterized
by the controllability matrix Q(/c) since all of the moments used in con-
structing Q(k) are known (since the distribution of 0 is known). Thus, in
the stochastic control process, the question of controllability (or lack of it)
can be resolved at time 0 from the knowledge of the distribution of o and
the dynamics of the system.
On the other hand, the information pattern of the adaptive process
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evolves along with the process. We now indicate how the information
pattern, , in the adaptive process evolves along with the process. We
suppose that we possess, at sampling period i, an a priori distribution func-
tion G(i, a) of the vector of parameters a of the distribution function
F(o) of the random variable o. This, in turn, gives aI a priori distribution
function F(o G(i, a) of the random variable o at time i. We also suppose
that we possess a procedure for modifying this a priori estimate on the
basis of the actual state resulting from the decision u(i), namely x(i -4- 1),
and the information we already possess, namely x(i), u(i) and G(i, a).
Thus, as a result of a decision u(i),

x(i) -+ x(i q- 1),

G(i, oe) ---> G(i q- 1, a x(i q- 1), x(i), u(i), G(i, o)).

This notation indicates that the new a priori estimates depend on the new
state, the previous state and the decision made. The form of this transfor-
mation will be dictated, as will be shown by example, by Bayes’ rule.
The system is then in state x(i d- 1) and possesses a new information
pattern G(i d- 1, a). This leads to a new a priori distribution function for, namely, F(co G(i - 1, a) ). The fact that only F( G(i, a) is avail-
able at sampling period i means that the controllability of the process
cannot be determined completely at time 0. For this reason, we introduce
the concept of adaptive controllability at time i0.
DEFINITION 5 (cf. Definition 1). An initial state x is e-controllable in

norm square in the adaptive sense with respect to the terminal state x 0
in the sampling interval [i0, i d-/] if and only if there exists a control law
Uio,o+k {u(i, x(i)), i i0, i0 d- 1, ..., i0 d- /c 1} such that

 [11  (i0 + x, _-<

where the expectation is taken with respect to the joint distribution of the
independent, identically distributed random variables wi, i i0, i0
-4-/ 1, conditioned on the information pattern, , available at sampling
period i0.
With this background, there is no difficulty in writing down the functional

equation which describes the evolution of the process. Let
fi0+k-l(x) minimum value of 8[11 x(i0 d- k) ] over the i0 -4- ]c 1 re-

maining sampling periods of the process, starting in
state x with information pattern G(i, a) at sampling
period i, i0 <= i <- i0 d- k, subject to (1) and using an
optimal policy for the remaining sampling periods,

and we obtain the same functional equation as in 2, where the expectation
is now with respect to the a priori distribution of , namely F( G(i, a) ).
The same techniques used in previous sections are valid, and Lemma 2
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holds for the adaptive cse where the expectations in Lemm 2 are now
tken with respect to the prior distribution of t sampling period i.
Since the special case of system (1) under consideration is time-invarint,
Lemma 2 also holds when the terminal smpling period is i0 -t- nd the
initial smpling period is i0.
An example will clarify the preceding remarks and will show how Bayes’

rule is used to update F(IG(i, a)).
Example 2. Consider the system

Ix(i 1)1 I 1 [x(i)l Iil-t- u(i), x(O) x,
x(i + ]] Lx(i)

where is random vriable which can tke on two vlues, +1/2 nd --1/2,
nd

0J 2 2"

Thus, knowledge of p completely specifies the distribution of 0. If we
possessed this knowledge, we would hve the stochastic control problem
discussed previously. In the present (adptive) case, we assume that we
do not know p but do have an a priori distribution function G(0, p) of
p t time 0.
We first compute the return function and control policy in terms of the

moments of . In view of Definition 5, the expectation is to be conditioned
on our knowledge of the random process 0. If we knew the distribution of

(i.e., if we knew p), the expectations would be with respect to the distribu-
tion of and we would hve the case studied in previous sections. On the
other hand, when we do not know the distribution of w, the expectation is
conditioned on the information pttern, e(i), of the process which is
vailable t the sampling period, i, t which the expectation is evaluated.
This yields, in general, for n arbitrary number of stages (this is valid
since we hve assumed that the sequence of rndom vriables is identically
distributed)

u(i) -[[1(i)] 0Ix(i),

Q(i + 1) Q(i)
wr [ (i)] 0

Thus we see that, in order to discuss the stochastic controllability of
this system, we only need knowledge of [0 (i)] and vr [ g(i)]
[ [ i,(i)] (i)1.
We now ask the question" "Given the information pattern of the system
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at some time i0, can e-c.n.s, be achieved after k transitions, i.e., at time
i0 + k?" Note that this is a proper question to ask since the question of
controllability of the system is not dependent upon the state of the system;
it is only a property of the dynamic and stochastic properties of the system.
Now, using the a priori distribution of p, G(0, p), we show how to answer

this question. First we note that, if we have no other information on the
history of the stochastic process at time 0, the information pattern is
comprised solely of the prior distribution G(0, p) at time 0. Hence, at 0,
if we wish to find

where u(0) o or o [o (0)], we find

To evaluate this expectation, we must findf( G(O, p) this is obtained as

f(olG(O, p)) f f(.,lp(G)) dG(O, p),

and hence

If, at sampling period O, we observe that w 1/2, the posterior (Bayes)
estimate of the probability for p will be

dH(p l, 0, G) p dG(O, p)

fo pdG(O,P)

and, after observing o 1/2, the posterior distribution will be

dH(pl O, 1, G)
(1 p) dG(O, p)

f0 (1 p) gG(O, p)

In summary, if the a priori choice of a distribution for p is G(0, p) and if,
at timei0 m + n, we have observed o 1/2 m times andw -1/2n
times, the posterior (Bayes) estimate of the distribution of p is

dH(plm, n,G) pro(1 p)’ dG(O, p)

p’(1 p)’ dG(O, p)
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Note that dH(plm, n, G) summarizes the information pattern at time
i0 m + n since it incorporates all relevant information which has been
gthered nbout the process in m + n snmpling periods together with the
information vilable prior to time 0 (since ll prior information is pre-
sumably summarized in G(O, p) ).

Hence, at time io m + n, if we wish to find

[u() (i0)].
we find

[u() , n, G] [u()I H(p I,, n, G)].

To ewlute this expectation, we must find f(coim n, G); this is found s

f(olm, n,G) f f(lp(..n.G)) dH(plm, n,G),

nd hence

[u(o) m n, G] f u(a) f f(o p(m, n, G) dH(p m n, G).

To complete the example, assume that dG(O, p) g(p) is Beta density
function

a--1 p)b--1() p (
B(a, b)

where B(a, b) is the Bet function,

dH(plm, n G) h(plm, n dG) p,+a--(1 p)+--
B(m+ a,n+ b)

that is, h(p m, n, g) is Beta density function. The parameters a nd b
play the roles of the a priori numbers of positive and negative realizations
of o that are observed. If the sum a + b is small, not much weight is given
to the initial estimate; if it is large, many periods are required before the
estimation of p can be significantly changed.
Then we have (cf. Raiffa and Schlaifer [17, p. 237])

f(co m, n, g
1

(m + n + a+ b)(m-t-- a- 1)!(n + b

15[o m, n, g]

4(m + a)(n + b)
var [lm, n, g]

[(m + a) + (n + b)]"
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Now it is possible to illustrate the concept of adaptive controllability.
Suppose we are at time i0 and wish to determine the controllability of the
system at time i0 + 4 using the information pattern available at i0. Since
we have assumed stationarity, we have that the return function evaluated
four stages in the future is given by

Q(4) [([ m’ n’ g])(var [ m’ n’ g]) 0 1.0 ([o m, n, g])(vr [ Ira, n,g])

We ssume wlue for e nd ssume that i0 m + n where we hve ob-
served -t-1/2 m times nd -1/2 n times since the start of the process
so that we have i0 m -- n observations in the information pttern. Then

V (ma)(n-b)
4[(m + a) - (n +b)]2-- e 0

Q(4) e[ |,(m + a)(n - b)
0

4[(m + a) + (n - b)]2-
e

and the e-controllable subspaces are determined as in the stochastic con-
trol process. It is also apparent that all of the analysis employed in the
discussion of the stochastic control process can be used in the analysis of
the present daptive control process.

7. Acknowledgment. Most of the ideas of this paper are taken directly
from the writer’s dissertation [5]. Many thanks are due to Professor R. E.
Kalman for hving originally suggested the problem.
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CONSTRUCTION OF THE REGION OF CONTROLLABILITY FOR
SYSTEMS WITH BOUNDED-IMPULSE CONTROLS*

A. M. FORMAL’SKII
Abstract. For a system described by linear differential equations the problem is

solved of constructing a region in the state space, from each point of which the origin
can be reached by means of a bounded-impulse control.

Consider the system described by a linear vector differential equation
with constant, real coefficients,

(1) dx_ Ax + Bu.
dt

Herex ]lxall is an n X 1 matrix, g ai" is an n X n matrix,
B b. is an n X 1 matrix, u is a scalar time function.
As admissible controls we shall take measurable functions u(r) satisfying

the inequality
T

(2) J0 u( )l =< c,

where C const., while T is the time such that u(,) --- 0 when r > T. We
denote the set of admissible controls by

In every real physical system, u(t) is a generalized force. From a physical
point of view inequality (2) implies the boundedness of the impulse of the
control.

Let the roots of the characteristic equation

(3) det A )E 0

(E is the identity matrix) be Xk ek + i of multiplicity pl:, where
the Xk have positive real parts for k 1, ..., rl, zero real parts for
k r + 1, r2, and negative real parts for ]c r2 + 1, r3. In
addition to the roots indicated, to every complex root there corresponds
complex conjugate root, so that L1 Fkp n, where ’ 1 if X, is a real
root and i% 2 if Xk is a complex root.
The general solution of system (1) has the form

(4) x(t) N(t)Xo + fo Y(t)N-l()Bu(*) tiT,

* Originally published in Vestnik Moskovskogo Universiteta, No. 5 (1966), pp.
75-84. Submitted on May 18, 1965. This translation into English has been prepared by
N. H. Choksy.

Translated and printed for this Journal under a grant-in-aid from the National
Science Foundation.

Department of Applied Mechanics, Moscow State University, Moscow.
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where N(t) is the fundamental matrix of the solutions of the homogeneous
systern (N(0) E), while x0 is the initial state vector.
We pose the problem of determining in the state space X the set Q of

initial states x0 from which the system can be brought to the origin by means
of an admissible control.

If the relation x(T) 0 holds for some value of T, then after multiplying
(4) on the left by N-I(T) at T we obtain

f0 N-1(5) x0 ()Bu() g.

The well-known equality N(t)N-(r) N r) holds for a system wi.th
constant coefficients. Setting 0 in this equality we obtain N(0)N-I(r)
N(-r) but N(0) E and, consequently, N-(r) N(-r). Replacing

N-l(r) by N(-r) in (5) we obtain

T

(6) -Xo ] N(-r)Bu(r) dr.
J0

The stated problem can be reformulated thus" to determine the region Q of
vectors x0 for which (6) is ensured by means of an admissible control.
We introduce the notation

(7)
T

v( T) Jl N( -r)Bu(r) dr.

In the state space X we consider a set QT of points, the endpoints of the
vectors v(T) which may be obtained at the instant T under all possible ad-
missible controls u(r) defined on the interval [0, T]. The set Qr has the fol-
lowing properties"

(i) the set Qr is convex;
(ii) if v Qrl and T2 > T1, then v Qr.
(iii) the set Qr is symmetric with respect to the origin.
We prove Property (i). Let vl(T) Qr and v2(T) Qr under the con-

trols ul(r) and u2(r), respectively. Consider the equation
+ (1 )u(r), where 0 <= -< 1. The function u*(r) is measurable and
satisfies inequality (2); consequently, the control u*(r) is admissible. From
(7) we have v*(T) five(T) -t- 1 fl)v(T). An appropriate choice of the
magnitude of can be made for every point of the segment connecting the
points vl(T) and v(T). Property (i) is proved. The convexity of the set
QT can also be proved by the use of the theory of moments [1]. We now prove
Property (ii). Let v(T) Qr, under an admissible control u(r), and let

Translator’s note" In modern terminology this matrix is often called the transition
matrix, and this latter term is used throughout the rest of the article.
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T > T1 We define a control u*(r) in the following way"

,(
r) for " < T1

r)
for T < --<_ T.

.It is obvious that the control u*(r) is admissible and that v(T1)
v*(T=) ({ Qr. Property (iii) follows from the fact that if in (7) we re-

place the control u(r) by the control -u(r), also admissible, then instead
of v(T) we get -v(T).
From the definition of set Q and from Property (iii) it follows that sys-

tem (1) can be brought to the origin in time T from only those points
which belong to Qr. The set Q, which was to be determined, is by virtue of
Property (ii) the set of points in state space which includes Qr as T - m.
Let us show that the set Q is convex. Let v, Q and v= Q; this means that
there exist [/’1 and 7’2 such that vl i Qrl and v2 Qr2 To be specific, let
7’2 > T1 then from Property (ii) it follows that v Qr2, and in such case,
by virtue of Property (i), all the points of the segment connecting vl and
v belong to the set Q., and hence, also to the set Q.
We take a unit vector and we draw the hyperplanes of support of the

set Qr, orthogonal to the vector (Fig. 1). By virtue of Property (i)
there will be two such planes; in view of Property (iii), they will be sym-
metric with respect to the origin. Let us determine the distance d,(r)
from the origin to these planes. We multiply (7) on the left by the row-
matrix v"

T

,,( T) ] N(--)Bu(-) d-.

FG.
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We then obtain an expression (rigorously proved in [2]) which is geo-
metrically obvious"

T

max (vv(T)) max Jo" vN(-r)Bu(r) dr.

T

Let us show that the control which satisfies the equality u(r) dr C
T

ensures the maximum of the integral nN( r)Bu(r) dr. Indeed, let

us assume that the maximizing function u(r) satisfies the inequality
T T

u(,)ld, < C,b then by choosing a > 1 such that au(r)[dr C,
T T

Bu(r) dr > O.
Thus, to determine d(T) and the corresponding function u(r) we must

solve the following problem: maximize the functional
T

(9) I(u) ,N(-r)Bu(r) dr

under the condition

(o) ]o I(,)1 c.

We solve this problem in the following way.
The function nN( r)B is continuous in the interval [0, T] conse-

quently, it attains its maximum in this interval. Let the maximum be
reached for r 71

(11) M() max IN(-)B[ IN(-)B I.
E [0,T]

For any function u(r) satisfying (10), we have

(12)

T

I(u) ]o" N(-r)Bu(r) dr
T

<= fo nN(-)Bll u()l d, <= CMr(n).

Consider the sequence of step functions

[nN(sgn

(13) u(r) "t--l

[when r rl- n’r-+
when r ( rl-, 71 --
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where A is a sufficiently small quantity. Each of the functions u(r) satisfies
(10), and the sequence (13) defines the delta-function C sgn [N(-rj.)B]
8(r rl) which is nonzero at the point r rl. Using the theorem on the

mean, from (9) we obtain
T

I(u,) I vN(-r)Bum(r) dr
ao
l+A/m CmN(-r)B[ dr
l_nl -where [1 -<- n/m. Hence, taking (11) into account, we obtain

(1.4) lim I(u.) CMr(q).

Thus, from (8), (12) and (14), follows

(15) d,(T) max I(u) CMr(r),
u(r)gt

and, moreover, the maximum of the functional I(u) is chieved when
u(r) C sgn [,1N(-r,)B] 8(r r). (The fact that the control which
drives system (1) to the origin in minimum time is a delta-function was
shown in [3].)
As is well known (for example, see [4]), every element of the matrix

N r) has the form

i,j 1, ..., n,

where ax and x re constants. If X is a rel root, w 0 and t3 O.
The expression for nN(-r)B has the form

(16)

where

r3 Pk

nN(-r)B e-’%
k=l

) (;)max cosoar + m sin
=1 =1

Ohkl jhk

/c 1, "--,ra,
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Let us consider the system of linear algebraic equations

via. 0, 1,...,pk- 1 for k rl q- 1,...,r.,
(17)

O, 1, pk for / r - 1, r.

This system contains k=r,.+l G(P 1) q- =r2+1 ’P equations. To
(17) let us adjoin the normalizing condition

(18) n, + + n 1.

Any solution 7 of (17), (18) when substituted into (16) annihilates all the
terms containing e-+, e-", where .+ 0, r < 0, and
terms not containing exponentials but containing r-z, where p -> 1.
Thus, the function[ nN( -r)B remains bounded as r- oo consequently,
the function M(n) maXre{0. InN(-r)Bltends to a finite limit as
T -- oo. We denote limr+ M(n) by M(n) and CM(n) by G0. It is
obvious that M(-n) M(n) and d_,0 d,0. In the ease n # n, the
quantity M,(n) - o as T - oo. Let n be a vector such that d,0 # 0;
then from what has been said above it follows that the set O is contained
between the planes

(19)

(20)

For certain vectors n

n x d,o

--nx d,0.

for example, for those which the expression
vN(--r)B contains only exponential terms with negative powers, the

T’function Mr(n) is independent of T for values of T larger than some
consequently, M(n) Mr,(n). For such n, as T increases, the set Qr
reaches the planes (19) and (20) when T T’ and does not "extend"
any further in the direction of 7 for a subsequent increase in T. Thus, for
such n there exist on the planes (19) and (20) points belonging to the set
Q, and the points of set Q satisfy the inequality

(21) [nxl -<_ d,o.

For those n for which the function Mr(n) increases steadily as T increases,
the set Qr reaches the planes (19) and (20) only when T - oo, and the
coordinates of the points of set Q satisfy the inequality

(22) l,x < d,o.

The quantity d,0 can be equal to zero only for those vectors n which
satisfy the system of n algebraic equations
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Let p be the rank of system (23); then the fundamental system of solutions
of (23) consists of n p vectors. Let us enumerate each of these vectors
and denote them by 7(I), r(n-p). Then, obviously, the set lies in the
planes

(24) x O, o" 1, ..., n p,

i.e., the dimension of the set Q equals p.

Let the vectors

(25) B, AB,

be linearly independent. In this case, as is well known, p n. Indeed, the
row-matrix nN(-r) is a solution of the adjoint system of equations

dz

with the initial conditions z(0) 7. It was shown in [5] that if z() is a
nontrivial solution of the adioint system, then, under condition (25), z(r)B
vanishes a finite number of times in any interval [0, ]. From this it follows
that system (23) cannot have a nonzero vector v as a solution, and hence,
p n. For p n the equations in (17) are independent since system (17)
is a part of system (23).
The set of points in the space X which satisfy conditions (21), (22),

(24) is denoted by Q’. Then Q is contained in the set Q’. Let us now show
that every point of set Q’ belongs to Q. From the definition of the set Q’
it follows that for any plane passing through an arbitrary point x belonging
to Q’, we can find a T such that the set Qr, and hence also Q, contains the
points of this plane. The set Q is convex and, therefore, if the point x
did not belong to Q, then through it we could pass a plane lying entirely
outside Q, which is impossible. Thus, Q coincides with Q’.
The equations and the inequalities obtained allow us to ascertain the

structure of the set Q. The set Q is a cylindrical set; the dimension of the
base of this cylinder equals the dimension of the fundamental system of
solutions of (17). In case condition (25) is satisfied, this dimension equals
n =r1+1 k(p 1) r.+l p. The part of the boundaxy of
set Q satisfying conditions (21) belongs to Q; the other part, satisfying
(22), does not belong to the set Q. The results obtained allow us to con-
struct the set Q in any specific case.

Let us consider two particular cases, assuming that condition (25) is
satisfied.

1. All the roots of (3) have negative real parts. In this case the system
of equations (17) coincides with system (23) which contains n equations
and which, by virtue of (25), has only the trivial solution. Consequently,
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for all 7 0, the quantity G(T) - as T - o, and hence, the region of
controllability occupies the whole state space.

2. All the roots of (3) with the exception of Xl have negative real parts.
The root Xl is either a zero root of multiplicity pl or a real positive root of
multiplicity pl 1. In this case system (17) consists of n 1 linearly-
independent equations. Equations (17) and (18) have only two solutions,
differing from each other in sign, 70 and -7. From (11), (15) and (16)
we have

--eldno C lim max 7 O/11(3 C E 7i O/Xll I"
Too rE [0,T] i=l i=1

The region Q is the set of state space points bounded by two planes
orthogonal to the vector n and lying at a distance G0 from the origin (these
planes belong to Q).
Example 1. Consider the second order system of equations

(26) 21 x2 22 -x, q- 2ex. q- u,

where 0 < < 1. The matrices A and B are

A= B=
-1 2e 1

System (26) has the two complex-conjugate roots e 4- i%/1 e with posi-
tive real part. The transition matrix has the form

N()
( )

1

1

cos %/1 er q-
%/,1 sin %/J-- er)

System (26) has no roots with nonpositive real parts and, therefore, equa-
tions of type (17) do not exist for it. It is easy to verify that condition (25)
is satisfied for the system being considered. Consequently, Q is a two-
dimensional set of points whose coordinates satisfy inequality (21) for all
unit vectors 7.
The function vN( r)B has the form

( 71 + 7 sin%/l--r).7N(-r)B e 7. cos %/1- er
%/1-
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The maximum of the function vN(--r)B in 0 N r _-< m is reached either
at r 0 or at the smallest r for which the derivative of the function
vN(-r)B vanishes. Introducing the notations vl cos , v2 sin , after
simple computations we obtain (we drop the upper index in the vector v)

ICe-’1%/1 -t- e sin 24 when
d,

C lsin 41 when

where

e-’%/1 -t- e sin 2 _>- sin [,

e-er1%//1 -- e sin 2 =< sin l,

1 (cos -t- 2e sin )%/1tan-1%/1 ecos -1- (2- 1) sin

when
cos -- 2e sin > 0,

eeos-t- (2e- 1) sin

71 1%/1 Ld tan- (cos + 2e sin )@[-
;d + (2d-- 1) sin

when
cos 4 + 2e sin 4 < 0

eeos4 + 2e- 1) sin4
1

when eeos4 + (2e- 1)sin4 0.

By constructing sufficiently many straight lines of the one-parameter
family

Zl cos 4 + x sin

we can obtain the boundary L of set Q with sufficient accuracy by using
inequality (21). Fig. 2 shows the results of such a construction for

= @/2, c 1.
Example 2. Consider the third order system of equations

(27) 2 a2x2 + a%xa -- bu,

23 a3x2 + aaaxa zc- b3u.

Equations (27) describe, for example, the lateral motion of an aircraft
(xl is the path, xa is the sideslip angle). If the Mreraft is controlled by re-
active jets, then u is a quantity proportional to the thrust. The condition
for the boundedness of the fuel consumption in such jets is expressed by
inequality (2).
The characteristic equation of the homogeneous system of equations, ob-

tained from (27) when u --- 0, has only one zero root. Let two other roots
be real such that Xl > 0, k2 0, )k3 < 0.
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/,o

-/.o-
Fro. 2

The transition matrix is

N()

where

1

0

0

Ox(l’2)gXr -Jl- 0(lX2,2) -1
t- Oxa(l’2)Xar

OXl
(2 ,2)ex 1,r + },a

(2,2) vhar

x(a’2)eXr gxa(3,2)ekar

(1,2) X aaa

(1,2) aae

OXl(1,3)eXlr -}- O(lX2,3) C(lXa ’3)eXar
OX,(2,3)gXr -{- OXa(2’a)gXar
cx,(a’a)eXlr -- ogxa(a ,3)vXar

(1,3)
Ogx

(:h- aaa)(:ha- aaa)

o<(,,a) (hi- aaa)(Xa- aaa)
x aa2Mha

0g(I,2) :ha- aaa
x -Xa(X Xa)’

<,,> (,- a)(x- a)
oxa

aa2 :ha(:hl :ha)

(2,2) :hl- aaa ,2) (a ,2) a33
OgXa

:hi :ha’

(2,2) :h3- aaa (a,3) :ha- aaa
ax, M :ha’

(2 ,a) (2
OgX Ogx3

(,,- aa)(X- a)
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In the case being considered pl p. p3 1 and, therefore, the second
lower index in the coefficients of the transition matrix has been dropped.
The expression for N( r)B has the form

(1) (2) (3) (1)N( )B e-x(x + x + ,x +
(2S)

where

(2) (3)

i 1, 2,3 when k 1, 3,

i=1 when k 2.

In this example, (17) and (18) have the forms

(29) (1)
a

(30) W"+n+n3 1.

Equations (29) and (30) are satisfied by all possible unit vectors no or-
thogonal to the vector g ()

-x, x, x ). It follows from (28) that the
maximum M(v) of the function vN(-r)B in 0 r is reached
either at r 0 or at r , and then we obtain

C] () () (z) ()

when
()

(3) o=CM() C )

when () () <)

Thus, the set Q is a cylinder whose axis is direoted along the veotor g, while
the distanoes up to the generatriees are determined by (31).
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A PROBLEM OF OPTIMAL JOINT CONTROL*

V. B. GINDES
Abstract. A problem of optimal joint control of a linear system is solved for the

case when the players have nonantagonistic interests, using the methods of the
calculus of variations and of functional analysis.

1. Statement of the problem. We consider the problem of a nonantago-
nistic, noncooperative, joint control of a linear plant by two players. Each
player strives to optimize his own performance criterion. We shall assume
that the players cannot enter into an agreement. Each player’s choice (of
his control function) must be determined over the whole preassigned
process interval; moreover, Player I chooses first, knowing only the goal
and the capabilities of Player II, while the latter selects his control next,
knowing what his opponent has already chosen.
The control system is described by the linear differential equation

(1) Az + bu + cv, x(O) :Co,

where x x(t) is the n-dimensional state vector of the plant; u u(t)
and v v(t) are the scalar control fuctions of the first and second player,
respectively; the coeificient matrices A, b, c are continuous functions of
time, of dimension n X n, n X 1, n X 1, respectively. The process is
considered in the time interval [0, T], where T > 0 is the given process
time.
The goal of the first player is to minimize the distance (norm) of the

terminal state of the system from an assigned point r in state space, i.e.,
to minimize the functional

J(u, v) x( T) r 11,
where Y I1 denotes an arbitrary norm of the element y in the n-dimensional
st:te space X of the control system.
The goal of the second player is to minimize the functional [1]

T

0 V2J(u, v) x(T)ll + ) (-) dr.

Here x(7’) is the Euclidean norm (1[ Y II (’.n__ y:)/) of theerror

Originally published in Izvestiya Vysshchikh Uchebnykh Zvedenii, Radiofiziku,
8 (1966), pp. 1010-1015. Submitted on Jnuary 18, 1965. This translation into English
has been prepared by N. H. Choksy.

Translated and printed for this Journul uder grnt-in-aid from the National
Science Foundation.
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T

vector of the terminal state of the system, f v2(r) dr is the cost of the

second player’s control [2], and the given number k is a weighting factor
(X > 0).
We take it that each player selects his control from his own class of

admissible controls. Let U and V be the admissible control classes of the
first and second player, respectively. We shall assume that U c W is
the class of piecewise-continuous functions u(t), 0 =< =< T, satisfying the
condition

u II--< M, M const. > 0,

while the class V is the whole space L2(0, T). For any choice u U by
the first player, Player II selects the control v, L(0, T) for which

(2) J.(u, v,,) min J(u, v).
vEL

Therefore, Player I must choose a control u such that

(3) Jl(u, vo) min J(u, v).
uEU

The control u is optimal for the first player. The optimal control for the
second player, v vo, is determined from (2) with u u, i.e.,

y0 V).J2(u, minJ2(u,
The problem is to seek the optimal controls for both players.

2. Solution of the problem. The solution of (1) at the terminal instant
T is determined by the Cauchy formula

T

x(T) F(T, 0)x0 + ]o F(T, r)b(r)u(r) dr

()
T

+ Jo F(T, r)c(r)v(r) dr,

where/(t, to) AF(t, to), F(t0, to) E, E is the identity mtrix. We in-
troduce the notation"

f F(T, 0)x0, l(r) F(T, r)b(r), h(r) F(T,
(5) T T

Su Jo l(r)u(r) dr, Pv- Jo h(r)v(’) dr, mu f ’t- Su.

Let us assume thnt a control u U has been chosen and let us consider the
problem of finding the control v which satisfies (2) [2].
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Taking (4) and (5) into account, we have
T

(6) J2(u,v) mu + Pv I1 + k jo" v2(T) dT.

Let the symbol (a, b) denote the scalar product of the elements a and b.
Ifa, b X,then(a,b)= ,=abndllall= (a,a);ifa, b L(O,T),

T

then (a, b) Jo a(r)b(r) d. In these notations

J(u, v) (mu -t- Pv, mu + Pv) + k(v, v)

(mu, mu) -t- 2(m, Pv) + (Pv, Pv) --k(v, v).

For each v L2(0, T) we construct the fanily of functions v, v + v,
where t is a numerical parameter. Then

J(u, v,) (m, ran) + (Pv, Pv) + X(v, v,) + 2(m, Pv)

(7) + 2[(m, Pv) + (Pv, Pv) --]- X(v, v)]

+ [(/v, Pv) + X(v, v)].

Since the functional J2"(v,) J(u, v,) takes its minimal value JU(v)
when t 0, for all v Le(0, T),

(8) dJ(vud+ ,v)
=o

O.

Therefore, if we substitute (7) into (8), we obtain

(9) (m pv) + (Pv Pv) + ),(v v) O.

We know that if a

_
X, then (a, Pv) (P’a, v), where P* is the opera-

tor adjoint to P. The element P*a belongs to the spce L(0, T) and is
determined by the equality [P*a](r) = aih(T). Thus, from (9)
we have

(10) (P*(m + Pvu) --t- ),v,, v) =--- O.

Since (10) is valid forv P*(mu + Pv) + Xv, and since (a, a) 0
implies a O, we obtain an integral equation for the unknown function v

(ll) P*(m, + Pv) + Xv, O.

Let z Pvu. From (11) we have

1 P*(m + z)() v -
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and, there{ore,

1 pp, (mu -t- z) 1 lr(3) z - - h()’() g,(n + z),

where the prime denotes the transpose. The numerical matrix H
T

f, h(r)h’() dr is nonnegative definite; therefore, when X > 0, the

matrix H -t- )E is nonsingular, and from (13) follows

z (H -- E)-IHm.Considering that [P*a](-) h’(-)a =1 aihi(r), we finally obtain
from (12) that

(14) w(r) -h’(r)(H + XE)-m -h’(-)Bm,
where we have denoted B (H + kE)-1.
The choice of control u by the first player leads the second player to

select the control v defined by (14). The functional J1 now takes the vlue

(15) Jl(u, v) x( T, u, v,) r II1 f zr- Su + Pv r I1
If for v we substitute its value from (14) and carry out the necessary
simplifications, in place of (15) we obtain

(16) Jl(u, v) XBf r + ),BSu [[1 d -+- Qu [[1,
where we have introduced the notations: d kBf r, Qu kBSu. The
element d is a known element of the state space X, while the linear operator
Q maps the element u W into the element Qu X.
The problem of minimizing the functional (16) under the constraint
u -< M has been studied in many papers, for example, in [3]. Let R

denote the space of elements x from the state space X with the norm
x I]1 and let R* be its dual. Then [4]

(17) x [[1 max (g, x},
R*;IIII =<1

where the symbol (a, b} denotes a linear functional on the elements a R*
b 6 R. Tking (17) into account, from (3) and (16) we obtain

(18) Jl(u,v) minJl(u,v,) rain max (g,d-t- Qu}.
uEv uEV

The function (g, u) (g, d + Qu} is linear in both its argum.ents, and
the sets u <= M and g =< 1 are compact, which llows us to apply the
minimax theorem [5]:

(19) min max (g, u) max min (g, u).
uv I1o11._<_.1 1111__<1 uEv
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Since minllll=< (g, d + Qu} (g, d} + minll,ll_<_ (g, Qu}, and
minll,l=< (g, Qu) minllll_<_. (Q*g,u} -II Q*g M, (1.8) and (19)
lead to the expression

(20) J(u, v) mx [(g, d) Q*g
11

oe e e]ee g e

[Q*g](v) Xg’BZ(r) X g[BZ(r)],

nd belongs to the space W* which is the dul of the conrol space W of the
firs player. In prticular, if W L(0, T), p > 1, rhea Q*g Lq(O, T),
q > 1, where 1/p 1/q 1. Here

i1

If p , then in hc limit

0T

0

Le g d R* be the vector which solves problem (20), i.e., is such

(gO, d)_ Q*gM mx [(g,d)- [Q*gM].

Then the optimal control u stisfies the relation

(Q,eO, u0) i, (Q,O, u) -II Q,eO lIM.
M

Thus, the optimal control u is an extremal element for the functional
Q.gO. If u L(0, T), then

(21) u(r) --Z a(t) dt [a(r) q-1 sgn a(r),

where we have denoted a(r) [Q*g](r). When

we have

(22) u( ,) -M sgn .(.).

If the functional [(g, d) Q*g lIM] is negative for all g, g
then g0 O, J(u, v) O. In this case the optimal control is not unique.
If everywhere we replace M by m, where the number m, 0 < m < M,



OPTIMAL JOINT CONTROL 227

satisfies the equation max fig ,1=1 [(g, d} Q*g m] 0, then the procedure
we have described yields the optimal control with the smallest norm m.
Taking (21) or (22) into account, from (14) we obtain an explicit

expression for the optimal control v of the second player:

v(r) -h’(r)Bf-- h’(r)BM
o

I(t) [q dt]
-1/"

l((R)) [a(O)[q-1 sga dO

ifl < p < o,or
T

v(r) --h’ (r)Bf -t- h’ (r)BM f l(O) sgn a(O) dO

if p--> o.

Thus, the problem stated in 1 has been reduced to the variational
problem of finding the n-dimensional vector gO which minimizes the rune-
tional [(g, d} Q*g JIM]. This problem is equivalent to that of finding
the extremum of a function of n variables gl, g2, g methods for
solving this latter problem have been described, for example, in [6].

In conclusion, we emphasize once again that the assumption that the
players may not enter into an agreement is significant in the problem we
have considered. In general, an a priori agreement can lead to a coordinated
choice of strategies (control functions) so as to yield better results for both
players. It is also interesting to note that if the order of priority in select-
ing the controls is changed, i.e., Player I chooses his control knowing the
choice of Player II, the results for Player I may turn out to be worse than
in the situation described in this article. This fact, which seems paradoxical
at first glance, is a consequence of the nonantagonistic interests of the
players.
The author thanks R. Gabasov and Yu. I. Alimov for their discussions on

the present work.
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CONVERSE THEOREMS FOR STOCHASTIC
LIAPUNOV FUNCTIONS*

H. KUSHNER
Summary. If a continuous strong Markov process has certain stochastic stability

properties, it is proved that a stochastic Liapunov function (see Kushner [1], [2], [3])
exists. This is a stochastic counterpart to a converse theorem of Massera [4] for the
deterministic case, where the "process" is the solution to an ordinary differential
equation.

1. Nomenclature md some assumptions. Let x8 be a homogeneous strotg
Markov process and Q a bounded open set, containing the origin, in the
state space of the process. Define f s rain (t, s), and the sopped
process at xn,, where r inf {t" xt Q}. If x Q for all < , then
set r . r is a Markov time of both processes x and a, [5]; i.e., the even
{ =< t} is in the a-algebra determined by conditions on x, s _-< t, or, s <= . If r , let x be continuous for < w.p.1; if r < , let, x be
continuous for _-< r w.p.1. The process :t is a continuous strong 5arkov
process [5, Theorem 10-2]. Note that x, oQ w.p.1, relative to {r < }.
Write P{A} and Ef for the probability of the event A and expectation of
the random variable f, conditioned on the initial value Xo x, respectively.
A function f(x) is in the domain of the weak infinitesimal operator

(f(x) (Xe)) of 2t if, for x Q,

[E.f(2t) f(x)]/t --> b(x),

Eb( 2t) -- b( x)

as - 0, for any x Q, where the limits exist pointwise. We also suppose
that if P is open ndP Q andf(x) (), then f(x) (e) (where
f(x) is now restricted to P), nd on P,
serious restriction. Denote the wek infinitesimal operator of x8 by

Define I(, s, R) as the indicator of the (, s) set where 2.() R and

* Received by the editors September 8, 1966, and in revised form November 11,
1966.

Division of Applied Mathematics, Center for Dynamical Systems, Brown Uni-
versity, Providence, Rhode Island 02912. This research was supported in part by the
National Aeronautics and Space Administration under Grant NGR 40-002-015, and
in part by the Air Force Oifice of Scientific Research, Office of Aerospace Research,
United States Air Force, under Grant AF-AFOSR-693-66.

Prior to this only one converse theorem was available, that of Khasminskii [7],
for strong diffusion processes whose differential generators re uniformly elliptic out-
side all neighborhoods of the origin, and which degenerate in a prescribed way ut the
origin. This is u special case of our Theorem 2.

228
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x0 x. Write

I(, s, R) ds.

tx(o, R) is the total time that 2 spends in the measurable set R. Write
for any norm of x.

2. Stochastic stability. The following theorem (long with several other
homogeneous and nonhomogeneous case theorems) is proved in [1], [2].
THEOREM 1. Let xt be a strong Marlcov process which is continuous up to

-. Let Q be a bounded open set and make the following assumptions:
(A1) V(x)
(A2) V(0) 0; V(x) positive definite and continuous in Q.

V(OQ) q; V(x) < q, x Q.
(A3) QV(X) --k(X) <= 0 in Q, where k(x) is continuous.
(h4) ptup>_0 x >= > ol -- o a - O for i Q.

Then"
(C1) P.{xt -- OQ as -- -} Px{xt Q, some < <- V(x)/q.
(C2) xt x’x Q,k(x) 0} M, as -- , with a probability at

least 1 V x /q.
(C3) Let N be an ( > O) neighborhood of M. Then Tx(Q N)

Et(w, Q-N) < and supe T(Q-N) < for all
> 0 (in fact, Tx(, Q N) 5 V(x)/, where

t infe_ k(x) > 0).
(c) P/up>t0 xt } - o a Ix - o fo" a > o.

If tc( x is positive definite in a neighborhood of the origin, then
(C5) P/lim sup xt > OI 0 as Ix -- O.
The theorem is proved using a combination of Dynkin’s formula [5,

Corollary, p. 133] and the super-martingale convergence theorems (applied
tO V(:t) ).
Note that if x is the (deterministic) solution to an ordinary differential

equation with a nonrandom initial condition, then V(x) is aa ordinary
Liapunov function. The results (C1) and (C2) are rather useful in the
analysis of the asymptotic properties of the random paths of a strong
Markov process. If the problem were deterministic, then V(x)/q in (C1),
(C2) would be replaced by zero. In the stochastic case, the statements
hold with the given probabilities. (C2) and (C3) hve applications in sto-
chastic control theory, where it may be desired that (controlled) proc-
ess x reach some target set at some finite (Markov) time. (See Kushner
[2], [6].) (C4) is part of one of the standard definitions of "stability w.p.l"
(see [1], [7]).

In the deterministic case, (C1) reduces to Liapunov stability of the origin,

(C4) implies that the origin is an absorbing state of the process [5].
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(C2) reduces to Liapunov asymptotic "stability of the set M", and (C3) re-
duces to equiasymptotic "stability of the set M". (C3) is an indispensable
condition which is implied by the existence of a Liapunov function, but is
not usually involved in the various definitions of stability (analogous to
equiasymptotic stability in the deterministic case).

3. Converse theorems. Three converse theorems are proved. Let M be
the origin. Theorem 2 proves the existence of a Liapunov function in some
neighborhood of the origin. Under an additional condition, this neighbor-
hood differs from Q by an arbitrarily small volume (Theorem 3). If xt --+ 0
w.p.1 for all initial conditions and another condition holds, then a Liapunov
function may be defined on the entire state space (Theorem 4). The proof
of Theorem 2 is a stochastic analog of the deterministic proof of Massera
[4].
We require the following condition (continuity in probability with respect

to the initial condition):
(AS) Px,y{[ 2t 9t >= > 0} --+ 0 as x y -- 0 for any > 0, where

xt and yt correspond to initial conditions x and y, respectively,
in Q.

THEOREM 2. Assume the conditions of 1, and also (C3), (C4), (A4), (AS),
and that M is the origin. Then there exist a function V(x) and an open set
P c Q containing the origin, such that (A1) to (A3) hold for P replacing Q,
and some p > 0 replacing q. k( x is continuous and positive definite in P and
(0) O.

Proof. We will actually prove the equivalent, that there is a continuous,
bounded and nondecreasing function c(s) satisfying c(s) > 0 for s > 0 and
c(0) 0 so that, for some B < ,

W(x) c(lx.l) <= B

for all x Q; furthermore W(x) is continuous and is positive definite in
neighborhood of the origin, W(x) (fi_e) and XeW(x)

First we show that if there is such a c(s), then W( x) has the stated properties.
Let x Q. Then, by [5, Theorem 3.11] which allows us to write EW(xtn,)

as Ex c(] x, I) ds, we obtain
fir

tfir

w(x) ]  (Ix l)
,o

which, by (A4), equals -c(I x [)E(t f3 r) + o(t). Now, E(t f-I ’)/t -- 1
as --> 0 by Px{r > 0} 1, (A4), and the monotone convergence theorem.
That Ec(]2t I) - c(]x ]) as -- 0 is easily verified from (A4). Thus
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(C4) and the method of construction of c(s) may be used to prove that
W(x) - 0 as ]xl -- 0. (See below for construction; we have

E. I c(l xs I) ds <= Px{sup>t>__0 xt => e} max c(s) + _i:._<_: Tic, which

by choosing e small and then Ix small can be made arbitrarily small.)

Noe that Ex c(I zs I) d -- 0 as - and that r depends on . Let z

Qandt>0begiven. Thereareane>0andt< so thatlx-y[ <e

implies E c( y I) ds <= . Using this and, by (Ah), Ex., c( I I)

c(l I)lds --> 0 as x y -- 0, the continuity of W(x) can be proved.
Now, a suitable c(s) will be constructed using (C3). LetN be a sequence

of spherical neighborhoods of the origin with radii r, r -- 0 as i -- , and
suppose that No D Q. (Zero is the only accumulation point of {r}.) By
(C3),

supT,(Q- NIQ) T <
xQ

for each i. Also T is nondecreasing as i - . Define a bounded sequence
c - 0 so that cT B < . There is obviously bounded, nonde-
creasing, continuous, positive definite function c(s) satisfying c(0) 0 and
c(r) c. Now, by the method of construction of c(s) and the definition
of the integral, it is easily verified that

W(x) E c(I x t) ds <= B.

Note that if M (in (C3)) is more than the origin, other forms of con-
struction of c(s) can be used.
LEMMA 1. Assume the conditions of Theorem 2. Then r implies that

xt 0 w.p.1 (relative to r ).
Proof. The process xt spends a finite average time in Q N for all e > 0.

The lemma follows from this, together with the continuity condition (A4)
and (C4) (which implies that the trajectory stays inN once it gets suffi-
ciently close to the origin, with a high probability).
LEMMA 2. Assume the conditions of Theorem 2. Then

Pxlxt-> OQ as t--> r} p{x, OQ} f(x)

and Qf(x) O.
Proof. The proof is immediate by direct computation, using the evalu-

ation

EPtnlx. OQ} Plxr OQ},

y is the process corresponding to the initial condition y.
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and noting that, by Lemma 1, either r (in whichcase Xt -- 0 w.p.1) or
r < (in which case x, OQ w.p.1).
Theorem 3 is an extension of a result of Khasminskii [7] and requires only

probabilistic (as opposed to probabilistic and partial differential equations)
arguments. We require here that the probability that xt reach OQ (before the
origin) is a continuous function of the initial condition in Q, and that this
probability approaches 1 as x - OQ. This supposition is intended as a
slightly more general version of the suppositions of Khasminskii.

Remarlc. The condition P{ xt -- oQ as -- r} --> 1 s x ---> OQ is satisfied
for diffusion processes with differential generators that are elliptic in Q N
for all neighborhoods, No, of the origin. We also require that, for initial
values in Q, there is a nonzero probability of reaching the origin before OQ.
The ltter condition is trivial, since, if it does not hold in some neighbor-
hood of the origin, there cannot be asymptotic stability.
THEOREM 3. Assume the conditions of Theorem 2 and that f(x)
Pxl x, OQ} is uniformly continuous in Q and tends to 1 as x -- OQ, and

f(x) < 1 in Q. Then there are a function V(x) and set P which satisfy the con-
clusions of Theorem 2, and P differs from Q by an arbitrarily small volume.

Proof. f(x) satisfies the conditions on V(x) (of Theorem 2) in Q, with
p 1, except that Af(x) 0. Now, it is clear that, for each K > 0, the
continuous function V(x) given by

V(x) -f(x) - W(x)/K,
-c(I x I)/K

satisfies the statement in Theorem 2 in a set P: Q, with p 1. The P
increase as K increases, and Q P tends to the null set as K --> .

For the global analog of Theorem 2, we need a modification of (C3). Let
M equal the origin, again.

(C3’) Define S Ix’Ix] < r} and S s the complement of Sr. Let
sup Tx(S Sr2) < c for each > r > r > 0, and let
T(Src) 4 for all finite x, for any 0 < r < . Tx(Sr) -

THEOREM 4. Let xt - 0 w.p.1 as --> for all initial values and let xt be
continuous in [0, ). Assume the conditions of 1, and (C3’), (C4), (A4)
and A5 There is a positive definite function c( s with c( O 0 and c( s
bounded away flom zero outside of any neighborhood of O, so that

W(x) =- fo c(I x.l) <

for xl < . Also W(x) )(), W(x) -c( x I), W(x) is positive
definite, W(O) 0 and W(x) -- as Ix - . W(x) is bounded in any
bounded set.
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Remark. A stability theorem states that the existence of such a pair W(x),
c(l x [) implies (C3’) (see Kushner [1], [2]).

Proof. We will construct the function c(s) and show W(x) as
x -- . The rest of the proof is like that of Theorem 2.
Let r -- 0 as in the proof of Theorem 2. Then define

T ------ sup T(S Sri+ 1) < c, i > O,

T0() T(S0) < , r0 > 0.

Define a bounded decreasing sequence c so that cT < and define
co sup c < . Then there is a bounded continuous, nondecreasing func-
tion c(s) with c(O) O, c(ri) c and c(s) Co for s >= r0. Also, by con-

struction W( x) Ex .]. c(I x I) ds < for all finite x. The last sentence

of (C3’) implies W(x) - as lxl-- .
Remark. If Tx(Src) -- m < as x -- along some path, then our W(x)

may not tend to infinity. If W(x) is uniformly bounded T(Sr) =< B < ),
then a new radially symmetric c(s) may be defined so that W(x) - . If
Tx(Src) tends to infinity along some paths, and is bounded on others, a non-
radially symmetric c(x) has to be used. It is desirable that W(x) --since such a Liapunov function implies that xt ---> 0 w.p.1 for all initial con-
ditions x. The problem with T(S) bounded along some unbounded path
does not appear to be solved for even the deterministic case.
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LIAIUNOV’S DIRECT METHOD AND THE NUMBER
OF ZEROS WITH POSITIVE REAL IARTS OF A
IOLYNOMIAL WITH CONSTANT COMPLEX

COEFFICIENTS*

SIEGFRIED H. LEHNIGK

1. Introduction. To prove by means of Liapunov functions Hermite’s
stability criterion and Hermite’s theorem on the number of zeros with
positive real parts of a complex polynomial (i.e., a polynomial with rea,1

or nonreal coefficients), we need four theorems of Liapunov’s direct method.
THEOREM 1. The equilibrium of the equation 2 Ax is asymptotically stable

if and only if for an arbitrarily given, positive definite Hermitian matrix
C there exists a positive definite Hermitian solution matrix B of t rB + BA

Co
THEOREM 2. If the equilibrium of the equation 2 Ax with A aU U is

the unit matrix, a is a scalar) is asymptotically stable and if R is a singular
matrix such that R( exp At)xo O for every Xo O, then there exists exactly one
positive definite Hermitian solution matrix B of
THEOREM 3. The equilibrium of the equation 2 f( x) is asymptotically

stable if there exists a function v(x) which is positive definite in Ix <= X and
whose total derivative 9( x) for the given equation is negative semidefinite in

xl -<= X and of such a nature that 9(x(t, Xo, to)) 0 for every nontrivial
solution x(t, Xo to) of 2 f(x) with xo < X.

I)roofs of Theorems 1, 2, and 3 for the case that all quantities occurring
are real may be found in [2, Th. III 2.2, p. 47; Gen. of Th. III 2.2, p. 51; for
the condition A aU, see pp. 48-51; Gen. of Th. III 1.2, p. 30]. These
theorems remain valid in the complex case, provided that the independent
Triable, t, is real and that the functions v(x) and (x) have the needed
reality properties. These condiions are certainly satisfied for linear equa-
tions 2 Ax with real. In going from the real to the complex case one has,
of course, to replace the transpose of a vector or a matrix by the conjugate
complex transpose. (The transpose is denoted by the superscript T and the
conjugate complex by an overbar.)
THEOREM 4. If the equilibrium of the equation 2 Ax with A aU is com-

pletely unstable and if R is a singular matrix such that R(exp At)Xo 0 for
every Xo O, then there exists exactly one negative definite Hermitiansolution
matrix B of rB + BA rR.

Proof. (a) If the equilibrium of 2 Ax is completely unstable, then all

* Received by the editors August 6, 1966, nd in revised form November 21, 1966.
United States Army Missile Commnd, Physical Sciences Lbortory, Research

a,nd Development Directorate, Redstone Arsenal, Albm 35809.
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eigenvalues of the n X n matrix A have positive real parts [2, Th. II 3,
p. 20]. This implies that, if s, v 1, n, are the not necessarily distinct
eigenvalues of the complex matrix A, II,.,=l;,_< (s, q- s,) o, so that
unique Hermitian solution matrix B of fit rB q- BA -[rR exists and
B 0 since/rR 0 [2, complex version of Th. III 2.1, p. 44].

(b) The matrix B is negative definite. For, if B were not negative definite,
the function -2rBx for 2 Az would not be positive definite. But,
according to Theorem 2,-B must be positive definite since the equilib-
rium of 2 -Ax is asymptotically stable and since R(exp (-At))xo 0
for every x0 0 as a consequence of the assumption that R(exp At)xo 0
for every x0 0.

2. Two theorems of Heite. By purely algebraic means, Hermite [1]
solved the problem of determining the number of zeros with positive real
parts of a complex polynomial without having to compute them numeri-
cally. In this paper we will give proofs of Hermite’s theorems using Liapunov
functions.
With the complex polynomial

avs
0

in which, for convenience, we set a0 1, we associate the real symmetric
n X n matrix

the Hermite matrix of f(s), with

and

(a,) --0 if 5>n,

a 0, 1,

We need the following principal minors

,n-- 1, a < <=n.

p= 1,...,n,

of the matrix V, the Hermite determinants of f(s). Since V is real, each
g is real.
THEOREM 5 (Hermite Criterion [1], [2, Th. IV 2.1, p. 80]). The complex

polynomial f s n=o asn-E, ao 1, is Hurwitzian (i.e., f s has no zeros
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with nonnegative real parts) if and only if the numbers W1, 7 are
positive.
THEOREM 6 ([1], [2, Th. IV 6.2, p. 118]). Let the numbers V p, p 1, n,

for the complex polynomial f( s) =o a,sn-, ao 1, be different from O.
Then f( s) has r X) 1, 1, 7 n) zeros with positive real parts and n r
zeros with negative real parts. ( 1, 71, 7 ,) is the number of variations
in sign contained in the sequence {1, 71, 7 1.)
Having Theorem 6, one can also deal with the case that not all numbers

V forf(s) are different from 0 (see [2, pp. 126-151]).
In [3], Parks gives a proof of Theorem 5 by using a Liapunov function. In

this paper (4) we will prove also Theorem 6 by means of Liapunov func-
tions. With such Liapunov type proofs available, it is possible to treat every
aspect of the stability theory of linear motions by means of the tools provided by
Liapunov’s direct method.

3. The Jacobi matrix o f(s) and its Jordan normal form. With the
complex polynomial

f()s as ao 1, n > 1
--0

we associate its n X n Jacobi matrix S, the rows of which are

1st row" --iq,, 1, 0,..., 0

th row"

it--2

nth row" o,..., o, -p, -p --iql

The quantities p and q, in the elements of S are real and they are defined
by the continued fraction expansion of the rational function g(s)If(s) with

(1) g(s) 1/2

This expansion is formally given by

g(s)
f(s) s A- pl A- iql

ifn 1, andby
g(s)
f(s) p

s + pl iql +
s

p3

s -4- iqa -4-

s A- iq,-i -4- P’
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if n _>- 2. (For details concerning this expansion, the reader is referred to
Wall [4, Chap. 9, 40; Chap. 10, 45].)

Instead of the matrix S let us consider for a moment that matrix S* which
we obtain from S by reflecting the elements of S in the secondary diagonal.
It follows from the definition of the p and q and from the general recurrence
relations for the th numerator and the th denominator of a continued
fraction that det (sU S*) is the nth denominator of the continued frac-
tion expansion of g(s) If(s), i.e.,

det (sU S*) f( s).

Since S and S* are related to each other by a unimodular transformation, we
also have

det(sV- S) f(s).

This important relation makes it now possible to make statements about the
zeros of f(s) by making statements about the stability properties of the
equilibrium of the equation

2 Sx.

The matrix S has the essential property of being nonderogatory. If
are the distinct eigenvalues of S of multiplicities r, 1, k _-< n,
=1 r n, then to each S there corresponds only one linearly inde-
pendent eigenvector. This follows from the fact that, for every u, the co-
factor of the last element of the first column of S,,U S is different from 0;
it is a lower triangular determinant the diagonal elements of which are 1.

Let M be a matrix which transforms S into its Jordan normal form J,

(3) MSM J diag

(The superscript I denotes the inverse.) The J are r X r, matrices of the
form

(4) Jx= S,,U+Ex, = 1,...,k,

and the rows of Ex are

throw: 0,-.. 0, 1, 0,... 011, 1,-.. r, 1,

rth row"

Since S is nonderogatory, the matrix M is, in terms of its column vectors,
of the form

m2
(k) m(k)M m m

Here m is the linearly independent eigenvector for the eigenvalue S, and
the-m are the Jordan vectors for S, p 2, , u 1, k. Let
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us assume that the numbers p (v 1, n) are different from 0. Then it
follows that in each eigenvector

T

where

3’1 1/2(a + 1)c),

1/2(a+ + )+),

where

a.= rlq- q- rx_l if 1,-..,/c,

c=0 if -- 1,

the last component is different from 0,

(5) m.+ 0.

For, if the lst component of m were equal to 0, then the lst component
equation of (SU S)m 0 would imply that the next to the last compo-
nent of m were equal to 0 since p 0 by assumption. Working bck
through the remaining n 1 component equations, we would come out
with the trivial solution vector of (SU S)y 0 instead of with the non-
vnishing eigenvector m.
The quantities p nd q occurring in S re determined by the coefficients

a of f(s). The expressions for the q in terms of the a re not needed here s
we shll see lter. However, we need the expressions for the p in terms of
the a. We will show that, if 7 0, 1, n,

(6) p - , p - v 2,...,n, o 1,

where the g are the Hermite determinants of f(s). According to their
definition (2), the 7 re determined by the coefficients a of the poly-
nom.ial f(s).
To verify (6), let us return to the continued fraction expansion of

g(s)/f(s) with g(s) given by (1), and let us set

r(s) f(s) g(s), re(s) g(s).

From r(s) nd r(s) we obtain the sequence of identities

(7) r(s) (c,s + lc)r+(s) r+(s), 1,..., n, r+(s) 0

(Euclid’s chain of r(s) and r(s) in which all r,,(s) are polynomials,

r( 8 E . 1,...,n + 1,
0
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The r(s)are obtained, of course, under the assumption that the leading
coefficients 70 of the r(s) are different from 0.
The coefficients cx in (7) are determined by

(8) c- = 1, .,n,
70

and between the numbers cx and the numbers p, in (2) we have the relations

1(9) 1
pl, p,,, 2, ,n.

el C--I C

With the coefficients 791 and 72 of the polynomials rl(s) and r2(s) we form
the following (2p 1) X (2p 1) determinants"

(10) Pp

702 72 722 72

7oi 711 721 7I
0 702 712 722

p 1, ,n, % 0if > n-- + 1, 1,2.

We immediately see that

P1 702

if we observe (8) and (9),and that 701 1 since a0 1. Furthermore, one
can show that

(11) Pp 70.+1 l 7, p 2, n,

(see [4, Chap. 9, 41, Proof of Th. 41.1, pp. 165-166]). With (8) and (9),
from (11) we obtain

II o Vo 1,
,---1

and thus

P,-2 Pr(1_2) Pl P1, P’ 2
, 2,... ,n, P0 1.

To obtain (6) from these relations, it is convenient to use the Bilharz
determinants B of f(s) which can be defined as follows"

(13) B, 2Qp, p 1, n,
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where Qp is the following (20 1) X (20 1) determinant-

(14) Qp det

in which

p 1,...,n, / , 0if > n,

ff
%, (d -l- a,)/2, " i (d, a,,)/2,
, 0 if,> n,

(;’ if p is odd,
o " ifoiseven,

where, x being real, [x] is the largest integer -<_ x.
In terms of the coefficients a ,, + z,, of f(s), a0 1, the coefficients

’1 of rl(s) f(s) g(s) are

"y ’, u O, 2, 4,.’.,
f/, u 1, 3, 5,

and the coefficients ’,2 of r2(s) g(s) are

’2 ’u+l Y 0, 2, 4,

,+I5’o. 1 3, 5,

With these relations, from (10) we obtain

(15) Po det

with
p l,...,n,

if p is odd,Xo if p is even
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If we multiply now in the determinants (15) rows and columns by factors i
and -1 such that all elements of the new determinants are real and such
that the first nonvanishing element in each row is positive, we see that

Pp 1)P(P-1)/2Q p=l n,

with Qp given by (14), and that, if we observe (13),

P 1) (-1)22-PB, p 1, n.

From (12) it follows then that

Bv-. By
p B, p 2, ,n, B0 1.

Since
OC.

4. Proofs of Theorems 5 d 6 by means of Liapov fctions. As
Liapunov function for the equation

2 Sx

let us use the Hermitian form

v(x)

with

B diag ,-..,

under the assumption that g, 0, p 1, n. Forming the total deriva-
tive of v(x) for 2 Sx, we obtain the matrix equation

+ C.

According to the particular structure of S and B and according to the first
of the relations (6) it turns out that

(173 c
All numbers q in the elements of S drop out in forming C. This is the reason
that they need not be known in detail.
Using the matrices M and J introduced in 3, we may replace (16) by

the equation

(18) 2B* + B*J -C*,
in which

B* Ui
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are Hermitian matrices. Since C is of the special form (17), the matrix C*
has in its main diagonal in particular the nonvanishing elements

* 12(19)

where

a rl-l-"’-br_l if g 1,-..,/,

a=O if g=l.

These elements are different from 0 since V 0 and because of the
inequalities (5) which in turn are a consequence of the assumption that
each V p, p 1, n, is different from 0.

It is now possible to see that the assumption 7p 0, p 1, n,
implies that the matrix S has no eigenvalues with vanishing real parts, i.e.,
that the polynomial f(s) has no zeros with vanishing real parts if V 0.
Suppose that 7 # 0, p i, n, and that S has at least one eigenvalue
with vanishing real part. Without loss of generality we may assume that
S ifh, f real, is one of them. Then, if we observe (3) and (4), (18) shows
us that

in contradiction to (19) for i.

Proof of Theorem 5. Necessity. Suppose that f(s) n=o as
" is Hurwitzian. Then the numbersa , + ,’, a0 "o 1,

p, 1, n, in the elements of the matrix S are different from 0. This
follows from the facts that the p are the partial numerators of the continued
fraction expansion of g(s)/f(s) with g(s) 1/2(f(s) + (-1)"-](-s)),
](s) 0 cs-, a0 a0 1, and that, if the zeros of f(s) have negat ive
real parts, the zeros of g(s) have vanishing real parts so that the polynomials
g(s) and f(s) are relatively prime (see [4, Chap. 10, 45, 46, 47]). This
implies that the Hermite determinants 7 , p 1, n, of f(s) are differ-
ent from 0. In particular, we have 2p (0, 1) 2,’ > 0 since ,1’
is the negative sum of the real parts of the zeros of f(s). This proves the
necessity of the condition of Theorem 5 for n 1.

If n 2, the matrix -C given by (17) is strictly negative semidefinite
and the matrix S in 2 Sx is not a scalar multiple of the unit matrix.
Furthermore, if x(t, x0, to) is a solution of 2 Sx with x0 # 0, we have

,T( t, XO, to)Cx( t, XO, to) 712 Xn(t, Xo, t0)l # 0.

For, if this function were identically equal to 0, we would have

x(t, x0, to) =- 0. This would imply either x(t, x0, to) 0 or p 0 for at
least one v _>- 2. But we have x0 # 0 and p # 0, 1, n.
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.Now, let

R diag 0, ..., 0, V1 [[.
Then C /rR. Hence, using the general form of the solutions of Sx,
x( t, Xo to) (exp S( to) )Xo, we have

R(expSt)x0 0 for every x0 0.

Consequently, by Theorem 2, the matrix

B diag g n--1 F n--2 F 1.

is positive definite, i.e., the numbers V , p 1, n, are positive.
Suciency. Suppose that the Hermite determinants o, p 1, n,

of f(s) are positive. Then, if n 1, -rCz and rBz reduce to negative
and positive scalars, respectively. Henee, by Theorem 1, the equilibrium of

Sz is asymptotically stable, i.e., the zero of f(s) is negative. If n 2,
-rCz is a strictly negative semidefinite form which does not vanish
identically along every nontrivial solution of Sx and the matrix B is
positive definite. Consequently, by Theorem 3, the equilibrium of Sz
is asymptotically stable, i.e., f(s) is Hurwitzian.

Proof of Theorem 6. Let the Hermite determinants o, p 1, n, of
f(s) be different from 0 and let (1, , ) r > 0. Then the
sequence V V 2/V n/ n--l} contains r negative elements and
n r positive elements.

(a) Suppose that S has 0 N r’ < r eigenvalues with positive real parts,
i.e., suppose that S has n r’ > n r eigenvalues with negative real parts.
(Remember that there are no eigenvalues with vanishing real parts.) With-
out loss of generality we may assume that S, S are the distinct eigen-
values of S with negative real parts with multiplieities ,... ,v,
+ + n r. To these eigenvalues there corresponds the follow-

ing submatrix J’ of the Jordan normal form J of S,

(20) J’ diag J ,’", J .
Let

nr CB’ b, l,.,= and c, ]-’
be the corresponding submatriees of B* and C*, respectively. We consider
the matrix relation

(21) ,]’rB’ + B’J’ -C’,
with J’ given by (20). The matrix -C’ is strictly negative semidefinite (or

r-C’ is a negative scalar if n 1, see (19)) since -C and -C*
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have this property. Furthermore, if x’(t, x0’, to) with x0’ 0 is a solution of
the equation 2 J x, the equilibrium of which is asymptotically stable, we
have

:’ t, xo’, to) C’x’ t, xo’, to) # o
as a consequence of the particular structure of C’ and J’ see (19) and 21 ).
Consequently, since

II (s + s) o

(s, s,-, are the not necessarily distinct eigenvalues of J), a unique
r’ J’Hermitian solution B’ of (21) exists. If n > 1, is not proportional to

the unit matrix. Hence, by Theorem 2, B’ is positive definite. This implies
that he sequence {F1, /F, 7/V-} contains at least
n r > n r positive elements, a contradiction to the fact that it contains

Conly n r positive elements. If n r I, i.e., if r n, reduces to a
Cnegative scalar, i.e. is negative definite. Hence, bv Theorem 1 the

scalar B’ is positive, i.e., the sequence 7 , 7/g, 7/-}
contains at least one positive element, a contradiction to the fact that it
contains no positive elements. Hence, r cannot be less than r. We have
rr.

(b) If r n, our result shows that r r n, which proves Theorem 6
for r n. Suppose now that 0 r < n and that S has r’ > r eigenwlues
with positive real parts. We proceed then as in part (a) of this proof, using
the same notations as there, however now with S, S being the eigen-

r’values with positive real parts and + The equilibrium of
2’ J%’ is then completely unstable. By Theorem 4, the uniquely de-
determined matrix B in (21) is negative definite, i.e., the sequence
g, /, 7/7-} contains r’ > r negativeelementsincontradic-

tion to the fact that it contains only r negative elements. Consequently,
F r.

REFERENCES

[1] CtI. ]ERMITE, Sur le nombre des racines d’une quation algbrique comprises entre
des limites donnes, J. Reine Angew. Math., 52 (1856), pp. 39-51.

[2] S. H. LEHNmK, Stability Theorems for Linear Motions with an Introduction to
Liapunov’s Direct Method, Prentice-Hall, Englewood Cliffs, New Jersey,
1966.

[3] P. C. PKs, Comment on ’The frequency domain solution of regulator problems,’
IEEE Trans. Automatic Control, AC-11 (1966), p. 344.

[4] H. S. WALL, Analytical Theory of Continued Fractions, Van Nostrand, New York,
1948.



J. SIAM CONTROr
Vol. 5, No. 2, 1967
Printed in U.S.A.

SURVEILLANCE PROBLEMS" TWO-DIMENSIONAL WITH
CONTINUOUS SURVEILLANCE*

G. R. ANTELMAN, C. B. RUSSELL AND I. R. SAVAGEJ-
Abstract. This paper is concerned with optimal strategies for controlling a two-

component Poisson production process under continuous surveillance. Either or both
components may be repaired at any time at some cost. A form of long run average in-
come is used as the criterion for comparing strategies. The class of stationary Mar-
kovian strategies which do not permit hesitation and which allow production on only
a finite number of states is shown to be a complete class of strategies under a certain
assumption of monotonicity on the income function.

Properties of optimal strategies are derived and the results applied to a numerical
example.

1. Introduction. :In this paper we will be concerned with a two-component
production process which can be described at any specific time by a pair z

(x, y) of n.onnegative integers or by the type of repair which is in progress.
Inspections are costless at any time, so we spek of continuous surveillance.
Repair costs, rates of income from production, nd the stochastic nature
of the process will be described below. Our aim is to obtain a strategy which
will maximize a form of the long run average income.
We first examine the class of all possible strategies for the control of the

production process. General theorems are proved which eliminate strategies
involving hesitation and those containing an infinite number of feasible
production states (3). Then we are able to apply a theorem of Derman [1]
which yields the class of admissible strategies. Finally, we determine
qualitative properties of the optimal strategy (4-7) and apply the results
to a numerical example (8).
The model discussed here is analogous to the continuous surveillance

model used by Savage [3]. We replace his one-dimensional process by one
of two dimensions. Higher dimensions cause no new difficulties. Part of the
work here on elimination of strategies places the work of Savage [3] on a
sounder theoretical basis (see Theorem 3.5). Theorems 3.5 and4.2 show that
Derman’s [1] linear programming analysis would be applicable in looking
for the optimal policy.
A glossary of the symbols used is provided at the end of the paper.

2. Model for continuous surveillance. Three types of repair will be
considered in the sequel"

Ro repairing both components,

* ]eceived by the editors August 1, 1966, and in revised form November 15, 1966.
Department of Statistics, Florida State University, Tallahassee, Florida. This

work was suppor!-ed by the Office of Naval Research under Contract Nonr 988(13).
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Rx repairing the x-component,

R repairing the y-component.

The repair Ro(Rx)[Ry] requires a positive number m0(mx)[my] of units of
time at a cost of Ko(Kx)[K] per unit of time. After entering a repair state
r0, r or r from (x, y), the process must remain in the repair state for the
specified time. When this time has elapsed, the process will enter state
(0, 0) if R0 has been performed, (0, y) if Rx, and (x, 0) if R.
Let z(t) represent the state of the production process at time t. We shall

assume that at time 0 the process has just entered the repair state r0. The
process will remain in r0 for the required m0 time units before moving to the
production state (0, 0). Thus z(mo) (0, 0). While in the production
state z, the income per unit of time will be denoted by i(z).
During production the process will be a Markov chain with probability

p of moving from (x, y) to (x -+- 1, y) and probability q of moving from
(x,y) to (x,y-4- 1},wherep >= 0, q >= 0andp -+- q 1. The times be-
tween transitions will be independently exponentially distributed with
unit parameter. Thus, the probability of waiting more than T units of
time for a transition is given by e-.

Let S denote a strategy, that is, a rule specifying precisely when to
begin repairs of each kind given the entire history of the process. Before
describing how to choose S, we first describe the quantity which we wish
to maximize. As increases z(t) will, with probability 1, move through a

sequence of states, the first two elements in that sequence being r0 and
(0, 0). Let z0, zl, zn, denote that sequence. Let Tn be the time
spent in zn and Cn be the income obtained while in z. Notice that ET
and ECn depend on S. Define

N

(2.1) [(N S) r
_,ET

Although ETn 0 is possible, we are saved the embarrassment of division
by 0 since it is assumed that ETo T0 mo > O. Then define

(2.2) I(S) lira inf I(N S)

and

(2.3) I* sup I(S).

A rule S* is said to be optimal if I(S*) I*. We prove the existence of
optimal rules and find some of their properties. Other possible definitions
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of optimal could have been considered; for example, if I(TI S) was the ex-
pected income per unit of time up to T with rule S, one might seek a rule
which would yield sup s(lim infr I(T S)). It is conjectured that this
objective is equivalent to the one described above but we have found our
first definition tractable. Other definitions using discounting could be
considered.

3. Admissible strategies. The theorems in this section will be general
results which help to characterize the class of admissible strategies. Assump-
tions restricting the function i(z) will be held to a minimum.
THEOREM 3.1. /f i(z) is replaced by i’ (z), where i(z) >- i’ (z) for each z, or

Ko, Kx, Ky are replaced by Ko’, Kx’, Ku, where Ko < Ko’, Kx < K’
K., <= K,f then for every N and S the value of I N S) will not be increased.

Proof. The indicated changes only affect the value of the numerator of
I(N S), and the expectations in the numerator will not be increased since
the new random variables are stochastically smaller than the original ones.
At this point the class of conceivable strategies is large. In particular we

acknowledge the existence of strategies which allow repairs to begin after
a stay of positive duration in a production state. A strategy will be said to
involve hesitation if it allows this to occur with positive probability. The
following theorem permits us to exclude such strategies from consideration.
THEOREM 3.2. If S is a strategy which involves hesitation, then there exists

a strategy S’ not involving hesitation such that

I(N S I(N S’)

for all N. If an optimal strategy exists, then there exists an optimal strategy
not involving hesitation.

Proof. It suffices to prove the first statement in the theorem. Let H de-
note the collection of histories of the process up to the entering of the nth
state which allow hesitation with positive probability during the nh state
under strategy S, nd let /-I be the collection of those n-stage histories
which do not permit hesitation at the nth state. As before, T and C nrc
random vnriables denoting the time nd income in the nth state. Let n be
the index of the state where hesitation can first occur with positive proba-
bility. (Notice that if ni does not exist then hesitation will not occur, for if
we let p,. be the probubility that hesitation occurs first t the nth visited
stnte, we hnve Pr (hesitation) =p =0 0.) Then we can
write

(3.1) ET E(T H,) Pr (Hn nt- E(T I-tn Pr (I-in)nl

ECnl E(Cnl Hn) Pr (Hnl) -J[- E(Cnl 1t7[) Pr (fin1).
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We shall modify S so that hesitation will not occur at nl and so that none
of the values of ET and ECn will be changed. If Hnl. has occurred, n.o
modification of S is necessary. Now consider the case when H,I occurs.
Under strategy S let Po, P, P be the probabilities, given H,, of begin-
ning repairs of types R0, R, R respectively, before a transition occurs,
and let P be the probability given H, of a transition before repairs begin.
Now modify S in the following manner" when the nlth state is entered

and hesitation is allowed (H,) under S, immediately begin the various re-
pairs with probabilities P0, P, P, or with probability P allow production
until a transition occurs. With this new strategy, S’, the location of the
process at the beginning of the (n + 1)st stage will have the same distri-
bution as it had under the original strategy S. The expected time and in-
come in the nth state will be shown to be the same for both. strategies.
For the strategy S’, given/r-/n the expected time in nl is clearly P. For

the strategy S let G(t) be the probability that repairs will have begun by
time t, given H,, and that a transition has not occurred first. Since hesita-
tion can occur, we have G(0) 1 and limt- G(t) > 0. Then., by d.efinL
tion of P, we have

Jo

and with strategy S we compute

te-tG(t) Jo" G(t)(e-t- re-t) dt

(3.4) + fo re-t(1 G( t) dt

-d- 1 fo te-tG( t) dt

G( t)e-t dt fo e-t(1 G(t)) dl P.

Since i(z) is constant in any given state, the expected income from a
given state is a constant multiple of the expected time in that state. Hence
the expected incomes for the two strategies also agree. Thus at the end of
the nth stage we have I(n S) I(n S’).
As mentioned previously, the distribution of the (n + 1)st state has
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not been changed. The two changes which have been made are (a) the
elimination of hesitation at the nlth stage, and (b) the elimination of
(nl q- 1)-stage histories which involve hesitation. We will therefore keep a
synthetic history as follows: upon entering the (n, q- 1)st state under S’,
create by randomization the time which would have been spent in the
n,th if the strategy S had been used given (a) the true history of the
process up to the entering of the n,th state and (b) which state was en-
tered at the (nl q- 1)st stage.

Thus, on entering the (n, q- 1)st state, the distribution of histories when
using strategy S’ is the same as when using strategy S, and we may proceed
under strategy S until n, the second index where hesitation, can occur, is
reached. At this stage we modify S in the same way as before.
The proof is not by induction; all of the modifications could be made at

one time. We proceeded in this way in an effort to clarify the way that
the synthetic histories insure that I(NI S’) behaves like I(NI S). These
histories are part of this proof, but will not be required in practice, for
Theorem 3.5 eliminates randomization in optimal strategies.

a.3.

I* >= -min (Ko Kx Kv).

Proof. The strategy which keeps the production process in the least
costly repair state at all times will yield (exactly) the lower bound for I*
given above.
We will now make assumptions on the form of i(z).
Assumption M. Let mK max (moKo, m,K, mK) and M
rain (m0, m,, m, 1). We will assume that i(z) is monotone nonincreasing

in each coordinate until i(z) < -mK/M, and once i(z) < -mK/M it
never again reaches this level as x or y increases.
Assumption M implies

(3.5) Co= {z" i(z) >= -}
is a finite set.
Assumption M*. i(z) satisfies the assumption M and is strictly decreas-

ing in each coordinate until i(z) < -mK/M.
THEOnEM 3.4. If i(z) satisfies Assumption M, then for each strategy S

there exists a strategy S’ with the following properties:
() I(S’) >= I(S)and
(b) with S’ production occurs in only a finite number of states.

If an optimal strategy exists, then there is an optimal strategy satisfying (b).
Proof. Again only the first statement requires proof. We can assume

without loss of generality that i(0, 0) <= 0 nd that strategy S does not
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involve hesitation. First we shall describe a new strategy S’ and then show
that it has the desired properties.

(1) Let S’ be the same as S until a point in (20, the complement of Co,
is entered.

(2) Then conduct (with no real time) a random experiment simulating
the path of. the production process under S until a repair is made or until
it is ascertained that no repair will ever be made.

(3) If no repair is ever to be made as a result of the experiment, place
the process in r0 and keep it there forever.

(4) If a repair is to be made, immediately make the repair prescribed
by the experiment and repeat that repair as many times as there were
states visited by the random experiment until under this one-one cor-
respondence the experiment dictates that the repair would have been
completed.

(5) When (4) has been completed, the process is on the same coordinate
axis under each strategy. Under S’, however, the position of the process is
to the left of or below (possibly, the same as) the positioa under S. We now
begin production using the strategy dictated by the position of the process
under S, the past history of the process given by the true history up until
(?0 was entered, and the synthetic history given by the random experiment
until completion of repair. Continue as in step (1).

Condition (b) is satisfied by S’ since Assumption M implies Co con-
tains only a finite number of points.
With strategy S’, whenever production occurs, the rate of income will be

at least as high as with strategy S. This follows from (5) above.
Let us now consider I(NI S) and I(N[ S’) in detail. We may write

B1 q- B2(N S)
A1 -- A.’

where, in the first N stages,
B1 is the expected income from production while in Co minus the ex-

pected costs of repairs;
B2 is the expected income from production while in Co
A1 is the expected amount of production time while in Co plus the ex-

pected time of repairs; and
A2 is the expected amount of time in d0.

In a similar manner for S’ let

(3.7) [(N IS’) BI’ nt-- B2’
A’ + A"

where the primed quantities are analogous to the unprimed quantities but
correspond to the position of the process under S and not under S’. Then
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the following relationships hold:
(a) A A’ > 0,
(b) B-< B(<_- 0,
(e) B _<_ B’ <= 0,
(d) A2’ m*A. >- O, where

rain (m0, m, my) __< m* __< max (mo, mz, my),

m B. =< Be -< 0.(e) *

Relations (a) through (d) are clear upon a moment’s reflection, while
relation (e) can be verified through the following argument"

, , Ae As’ < -max (Ko K, Iy).A’ <= Be’m B. <__ m mK - -inK.
M

We now proceed to show that I(N[ S’) >= I(N[ S). To do so we must
consider two cases.

Case 1. m* => 1. Here relation (d) implies As’ >= As >- O, which yields

B -I- Be =< B’ at- B’ S’I(N S) At -Jr- A. At’ W A [(N

as desired.
Case 2. m* < 1. Since

it suffices to show that

,
Bt -t- m B2 < Bt’ + B.
A ..]t_ m’A2 A’ -+- Az’

,
Bt + B. < Bt + m B.
At + A. A1 + m*A"

To demonstrate the inequality above, we first notice that the relation-
ship

B2 < B__
As A1

is true. Multiplying both sides by the nonnegative quantity 1 m*)AAs,
adding ABt + m AB., and rearranging terms yield

AB + m AsB. -Jr- AB. + m AsBt -<_: AB + m*AsB. + m AB + A.Bt
which, when rewritten as

,
(A + m Ae)(B1 -t- Be) _-< (A + A)(B1 -- m B2),

is easily recognizable as the desired result.
THEOREM 3.5. If i(z) satisfies Assumption M, then there exists an optimal
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stationary nonrandomized strategy for continuous surveillance not using
]esitation and with production on at most a finite number of states.

Proof. Theorem 3.2 asserts that hesitation need not be considered nd
Theorem 3.4 insures that only finite number of production states are
required. The resulting model with time in state interpreted as a cost is
that of Derman [1]. His Theorem 3 is equivalent to the above property. (In
the statement of Derman’s Theorem 3, "assumption A" is superfluous
[].)
COROLLARY 3.6. When using an optimal strategy of the lcind described in

Theorem 3.5, the lattice of pairs of nonnegative integers is partitioned into sets
C, Ro Rx R, and these sets have the following properties:

(i) when the process enters C, it is allowed to continue in production until
another state is reached;

(ii) when the production process reaches a point in Ro(R) [R], the repair
of both components (the x-component) [the y-component] begins immediately.
An optimal strategy is equivalent to such a partition. Furthermore C is

finite, and the sequence of states visited by the production process using such an
optimal strategy is a Markov chain.
The symbol r0 will be used in the two following ways.
1. It will represent the state where both coordinates are being repaired.
2. It will represent point z (x, y) whose entry is the signal for

repairs of both coordinates to begin.
The symbol R0 will represent the set of pairs of nonnegative integers such

that repair R0 begins whenever the set is entered (Corollary 3.6). The con-
text should make the specific usage clear. Similar usages will pply to rx,
r, Rx and R.

In the following, whenever we refer to an optimM strategy, we shall mean
n optimal strategy of the kind described in Theorem 3.5 and Corollary 3.6.
Other kinds of strategies need no further consideration except as technica.1
devices in proofs.

4. Details of admissible strategies.
THEOREM 4.1. If i(z) satisfies Assumption M and i(O, 0) < rain (K0,
K K), then C is empty, I* rain (Ko K K), and the optimal
strategy consists of keeping the production process in the least costly repair
state.

Notice that (0, 0) is an element of C unless C is empty. For if (0, 0) is
not an element of C, no other production states can be reached. However,
(0, 0) could be a transient state of the resulting Markov chain. This
Markov chain might have several ergodic classes, lthough if (0, 0) s a
recurrent state there is but one ergodic class.
THEOREM 4.2. If i(z) satisfies Assumption M, an optimal strategy

exists vith (0, O) a recurrent state.
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Proof. If C is empty, then (0, 0) is recurrent although no time is spent
there. Therefore, assume that C is not empty and (0, 0) is transient. With
probability 1 we eventually reach a point on one of the coordinate axes in
R0 U R U Ry. At that point we must make repairs. The resulting repairs
will, when completed, find us either at (0, 0) or at the same position we
were in when the repairs began. If we are at the same position, we must
begin repairs again. Thus the value of the income will be the same as for a
strategy always calling for repair. This is true for both coordinate axes.
Hence (0, 0) can be made a recurrent event in an optimal strategy.
With the above facts in mind we see that the sequence of states of the

production process will be a stationary Markov chain with a finite number
of states and one ergodic class. This will be referred to as the embedded
chain of the process. It is then clear that for any rule under consideration
we can write

(4.1) I(S) i(z)p__fis(z)
t(-z)p( z)

where the following hold.
1 The summation is over the states which can possibly occur when S is

used.
(2) p(z) is the steady state probability, for the embedded chain under

S, of being in state z, which can be either a production state or a repair state.
When there is no possible ambiguity, the S will be suppressed.

(3) i(z) has the previous meaning when z is a production state. Other-
wise it is the cost of repair. For instance, if z is the repair state r0, then
i(z) -moKo. When z is a state from which repairs begin, i(z) O.

(4) t(z) is the expected time in a particular state. For a state in C it is 1,
for a state which leads to repairs it is 0, and for the various repair states it
is m0, m, or mv
The above representation of I(S) is contained in Derman [1, Theorem

3]. The evaluation of I(S) is equivalent to finding the steady state prob-
abilities of the embedded chain. Another computational method is based
on the concept of cycles. A cycle consists of the (random) sequence of
visited states starting from (0, 0) until this state is about to be visited
again. Notice that (0, 0) can be entered only from a repair state. Thus all
cycles are of positive length. Also (0, 0) appears precisely once in each
cycle. If we define ns(z) as the expected number of visits under S to the
state z in each cycle, it is easily seen that ns(0, 0) 1 and that in general
ns(z) ps(z)/ps(O, 0). Thus, an equivalent expression for I(S) as given
in (4.1) is

i(z)ns(z)(4.2) I(S) t(z)n(-z)
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Now we must find the expected number of visits per cycle instead of the
steady state probabilities of the embedded chain.

5. Properties of optimal strategies under the specialized model, K
K . At this point we are ready t’o begin the detailed discussion of

properties of the optimal strategies. To do this we will make specialized as-
sumptions regarding the function i(z) as well as the other cost parameters of
the model. The first special case to be considered was originally examined by
Taneja [4]. Assume K and K are infinitely large, or, in other words, the
only kind of repair to be considered is R0 in which both coordinates are re-
paired simultaneously. Under this specialized model we can write for each
z (x,y) C,
(5.1) ns(z) N(z)pq,
where Ns(z) is the number of random walk paths from (0, 0) to (x, y)
passing through points of C. Also, for each z (x, y) C, we say that C

ytis full with respect tozifz (x y’) Cwheneverx < xand < y
If C is full with respect to z we can write

N(z) (X-x Y)"
Again we will suppress the subscript S in Ns(z) and ns(z) when there is no
possibility of ambiguity. We then say that C is full provided that C is full
with respect to each of its elements.
By our Assumption M for i(z), the sets C {z" i(z) >__ r} are full for

all >- -mK/M. If we consider the partitions of the lattice of pairs of
nonnegative integers induced by these sets, we see that under the special-
ized model there is a natural correspondence between (continuation) sets
C and strategies S. The following theorem informs us that the optimal
strgtegy S is precisely that determined by the set CI..
THEOREM 5.1. If C is the continuation set of an optimal strategy and i(z)

satisfies Assumption M, then C is full and

C {z: i(z) I*}.
Proof. Since S is optimal,

(5.3) I* I(S) N(z)Pqi(z) -moKo,
N(z)pXq - mo

or

(5.4) N(z)pXq[i(z) I*] mo(Ko - I*) O.

Now we shall show that C must be full and that furthermore I* plays the
role of . In particular, if there is an element z in C such that i(z) < I*,
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then eliminate such an element from C to obtain a new strategy. Then (5.4)
will be replaced by an inequality with a > sign in it, which would imply
that in (5.3) the would be replaced by <, which would contradict the
assumption that C was optimal. Likewise if there is a z not in C such that
i(z) > I*, by adding such a z to C to obtain a new strategy we would ob-
tain a > in (5.4) and < in (5.3).
THEOREM 5.2. Let i(z) satisfy Assumption M. If 1 > s > 3 and

I(SI) > I(S2),thenI(S2) >= I(S3).Dually, ifl > 2> 3andI(S2)
< I(S3), then I(SI) <-_ I(S).
The proof of this theorem requires the following lemma which is easily

verified.
LEMMA 5.3. If D a > O, a’ > 0, and b >=. b’, then (J- ab)/(D a)

>= J/D implies that J/D >= (J + a’b’) / (D -- a’).
Proof of Theorem 5.2. The inequality 1 > 2 > implies C C2
C3 since C z" i(z) >= }. Let S, $2, $3 be the strategies corre-

sponding to C, C, C, respectively, and let Ic(S), I(S), I(S3),
T(S), T(S.), Tc(S) be the total expected income during a cycle and the
expected duration of a cycle under the designated strategies. Since C
C, we have T(S) <= T(S). Similarly T(S.) <- T(S). For i 1,

2, 3, T(S) > 0 since, by assumption, repairs take time. Let T(S2)
D, T(S) D a and T(S) D -t- a’, where a >- 0, a’ ->_ 0. De-

note I(S) J, Ic(S) J ab, Ic(Sa) J -t- a’b’. We note that a

> 0 by virtue of I($1) > I(S). (This is just abbreviated notation for
I(S) > I(S) which is our assumption.) Hence we have two cases to
consider, namely, a’ 0 and a’ > 0. The first case, a’ 0, gives us im-
mediately I(S) I(S). In the second case, a’ > 0, we note that I(S1)
> I(S.) can be written as

(5.5) I(St) J- ab > J
D- a D I(S).

Thus, Lemma 5.3 informs us that

J > J -- a’b’(5.6) I(S) D --t-- a’ I(S),

provided that b >= b’. This last fact is easily seen as soon as we note that
b and b’ are the income "rates" in the sets C C nd C C re-

spectively. Result (5.6), then, is the desired conclusion of the theorem.

6. lroperties of optimal strategies under the general model. We now
return to the general discussion where either or both components can be
repaired. With strategy S (3 and 4) use the following definitions:

(a) Let P(z, S) be the steady state probability that in a cycle the state
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z will be visited. Those states z such that Pc(z, S) > 0 will be called posi-
tive states.

(b) Let It(z, S) and To(z, S) be the expected income and expected time
in a cycle until the positive state z is entered for the first time or until the
cycle is over. Denote by Ic(Slz) and Tc(SIz) the expected income and
expected time remaining in a cycle after first entering the positive state z.
Then, for any positive state z,

It(S) It(z, S) + Pc(z, S)I( S z)

and

T(S) Tc(z, Z) + Pc(z, S)T(S z).

If S is optimal, then

T(S)

or

It(S) I*T( S) 0

or

I To(z, S) + Pc(z, S)[I(SIz) I*T(SIz)] O.(6.) L(z, ) *

The quantity Ic(S z) I*T(S z), which will be denoted by Fs(z), is de-
fined for each positive state z of each strategy S. It will be used extensively
below. Notice that the origin will be a positive state for all optimal strate-
gies. Thus, for an optimal S, one has Fs(0, 0) 0. If z is a positive state
for an optimal strategy S, then for an arbitrary strategy S’, we have
F(z) >= Fs,(z). Furthermore, any S such that Fs(z) maxs, Fs,(z) for each
positive z under S is optimal. Henceforth the following convention will be
used in selecting an optimal S.

(a) If an optimal strategy could be obtained with either z C or
z R0 [J Rz [J R, then by convention z R0 [J R [J R.

(b) If an optimal strategy could be obtained with either z R [J R or
z R0, then by convention z R0.

(c) If an optimal strategy could be obtained with either z R or z R,
then by convention z Rx.
THEOREM 6.]. If S is optimal and i(z) satisfies Assumption M, then

for positive states z C [J Ro R [J R ,Fs(z) is nonincreasing in each co-
ordinate. If S is optimal and i(z) satisfies Assunption M*, then for posi-
tive states z C, Fs(z) is strictly decreasing in each coordinate.

Proof. The proof will be by contradiction. Assume z (x, y) and z’
(x’, yt), with x <= x’ and y -< y, are positive states satisfying F(z)

< Fs(z’).
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Consider a new strategy, S’, defined in the following way.
In each cycle S’ is the same as S until the positive state z is entered. Then,

until a repair is made, when z(t) z use the actions dictated by S when
z(t) z" -t- z’ z. If the first repair performed is of both components, the
cycle is complete, and the definition of S is finished. If the first repair is
made on the x-component, then after the first repair, when z(t) z’

(x", y") use the action dictated by S when z(t) (x", y") + (0,
y’ y). Then continue in this manner until the y-component is repaired.
After the y-component is repaired, S’ is again the same as S. If the y-
component is repaired first, the procedure is homologous.

For any strategy S’, the left-hand side of (6.1) can never be positive.
Presently we will show that Fs,(z) >= Fs(z’), but then, since S is optimal,
we have, from (6.1),

0 I(z, S) I*Tc(z, S) -- P(z, S)Fs(z)

Z< It(z, S’) I’To(z, S’) + Pc(z, )Fs(

<- It(z, S’) I*Tc(z, S’) + Pc(z, S’)Fs,(z).

The first inequality is strict since Pc(z, S) Pc(z, S’) > 0 and Fs(z’)
> Fs(z), giving a contradiction.
We now complete the proof by showing that Fs,(z) >- Fs(Z’). For each

sample path originating at z’ consider a (congruent) path originating at z
such that at any time until a repair begins, the difference between these two
paths is precisely z z. We continue on the path from z until S has caused
both components to be repaired. If the x-component is repaired first, then
the two paths under consideration will differ by y y in the second co-
ordinate until the y-component is repaired. If the y-component is repaired
first, the pair of paths is homologous, differing by x’ x in the first co-
ordinate.

This pairing of paths has the following two interesting properties.
1. At each instant of time until both components are repaired, the

income on the path from z does not exceed that on the path from z. If i(z)
is strictly decreasing, the income from the z path will be strictly greater
than that from the z path until both components are repaired.

2. If A’ is a measurable set of paths originating at z’, then P(A’) P(A)
where A is the corresponding set originating at z.

These properties clearly imply Fs,(Z) >- Fs(z’), and, if Assumption M*
is satisfied, F,(z) > Fs(z’), thus completing the proof.
THEOREM 6.2. If i(z) < I* and the function i(z) satisfies Assumption

M, then z ( C for an optimal strategy.
Proof. If z is in C then write Fs(z) in the form

Fs(z) F(z) -t- F,(z),
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where F(z) is the expected income less I* per unit of time after entering
z and until the first repair is completed, and Fp(z) is the expected income
less I* per unit of time after leaving z and completing the first repair until
the end of the cycle. Note that F;(z) is negative since by assumption i(z)
< 1", i(z’) < I* until repairs begin, and rain (K0 Kx K) =< I* from
Theorem 3.3.

Consider a strategy S’ where S’ is the same as S until z is reached, and
at that time repairs are begun according to the following randomization
procedure" under S find the probabilities of repairing both, the first and the
second, components when repairs are begun after leaving z; use these to
generate the decision under S’ as to which repairs to begin upon entering z.
The proof will be completed by showing Fs(z) < Fs,(z). Define F’s,(z)

and Fs, (z) analogously with F(z) and Fs (z). Then F, (z) > F(z)
since the expected contributions to F, (z) and F(z) are the sme for
repairs nd the contribution to F, (z) for production is 0 but the contribu-
tion to F(z) from production is negative.

Finally we must show that F,(z) Fs" (z). There re no contributions
to these terms when both components re repaired, nd this hppens with
the same probability under S nd S’. The x-component (y-component) is
repai.red th the sme probability under both S nd S’. When the x-
component (y-component) is repaired under S’, the y(x) coordinate will
never exceed wht it would hve been under S. So Theorem 6.1 implies

ff ffs’(z) Fs (z).
Thus F(z) F,(z) so S is not optimal.
THOnEM 6.3. When S is an optimal strategy and i(z) satisfies Assumption

M, then"

If z x, y) Ro and z x yl R then y < y. (The set
where both components are repaired, Ro, is above the set where the first com-

ponent is repaired, R .)
(ii) Ifz (x, y) Ro and z (x y:) R then x x. (Ro is to the

right of R
(iii) If z (x y) Rx and z: (x y) R then either y y or

x x. (No element of R is to the left and above any element of R.)
(iv)( z (x,y) Rx,then for any positive integer n, z (x

+ n, Yl) C. (No element of C is directly to the right of any element q(Rx.)
(v) Ifz: (x,y:) R then for any positive integer n, z (x,y- n) C. (No element of C is directly above any element of R, .)
(v]) If z (x, y) Ro and m and n are nonnegative integers, then z*
(x + m, y + n) C. (No element of C is above and to the right of any

element of Ro .)
(vii) Ifz x, y Ro R R then either x + 1, y or x, y + 1)

is an element of Ro R R.



SURVEILLANCE PROBLEMS 259

Proof. Each conclusion of the theorem is intuitively appealing. It should
be noted, however, that this theorem does not imply that C is full. Proofs
will be given for (i), (iii) and (iv). The proof of (ii) is analogous to that of
(i), the proofs of (v) and (vi) to that of (iv), and (vii) is clear from con-
clusions (iv), (v) and (vi).
To prove (i) assume the contrary, that is, z (x, y) R0, zl (xl, y)
Rxandy >= y. ThenFs(z) -mo(Ko I*) andFs(z) -mx(Kx
I*) + Fs(O, yl). Since yl ->- y, from Theorem 6.1 we have

(6.2) F(z) <= -mx(K + I*) + Fs(O, y).

(Although (0, y) might not be a positive state for S, the meaning of
Fs(0, y) will be clear and the application of Theorem 6.1 can be justified.)
Also, Fs(z) <= Fz(zi) since, at zi, we could repair both components. But

(6.3) Fs(z) >= -mx(Kx + I*) + Fs(O, y),

since it is not advantageous to repair only the x-component at z. Combining
(6.2) and (6.3) one obtains Fs(z) >= Fs(Zl). Hence Fs(z) Fs(zl) and, by
convention, Zl R0.
To prove (iii), assume the contrary, that is, Zl (Xl, y,) R, z
(x, y) R.,, yl ->= y and x ->_ x,. The following then hold"

F(zl) -m(
(.4)

--<__ --m(

Kx + I*) + Fs(O, yl)

Kx + I*) + F(O, y2),

F(z) -n(
(6.5)

=<
Ky + I*) + Fs(x2, O)

Ky + I*) + Fs(xl, 0),

(6.6) F,s(Zl) >= -my(K, + I*) + F(xl, 0),

(6.7) F(z.) >- -m(K + I*) + Fs(O, y).

Inequalities (6.4) and (6.5) are from Theorem 6.1, and (6.6) and (6.7)
result from considering nonoptimal strategies. Then Fs(z2) Fs(Zl), which
would contradict the convention that z2 should be in Rz if there is a choice
between R and
To prove (iv), again assume the contrary, that is,

and z (Xl q- n, yl) C. From Theorem 6.1, Fs(Zl) >- Fs(z). At z, the x-
component could be repaired so that Fs(z) >= Fs(Zl). Hence Fs(zl) Fs(z),
which contradicts the convention that would have placed z in Rx.
THnOREM 6.4. If Z is a positive state in C, then z can be reached from

(0, O) without repairs.
Proof. Let z (x, y), and consider the path determined by the sequence

of states (x, y 1), (x, y 2), (x, 0). Continue (downward) along
this path as long as possible while remaining in positive production states.
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Let zl (xl, yl) be the last state in this sequence that we visit. Then
proceed to the left from Zl along the path (xl 1, y), (x 2, yl),
(0, y) as far as we are able while remaining in positive production states.
Let z2 (x2, y) be the last such state along this path. Proceed downward
from z2, determining za (x3, ya) and continue as above. This procedure
will either lead us to the origin, as desired, or to a positive production state
z0 (x0, y0) for which (x0- 1, y0) and (x0, y0- 1) are not positive
production states. But then there is no way of reaching z0, so the latter
alternative is impossible.

7. Results depending on symmetry assumptions. We consider now some
special results dependent on the following symmetry assumptions.

Symmetry Assumptions"
M*(A) i(x, y) i(y, x) and i(x, y) satisfies Assumption

(B) i(0, 0) 0;
K* *(C) K K - ,m m- m

(D) p q 1/2, i.e., the production process has an equal chance of chang-
itg in either coordinate.
THEOREM 7.1. Under the symmetry assumptions one has, for an optimal

strategy S, Fs(x, y) F.s(y, x); if (x, y) is in Ro, then (y, x) is in R0; if
(x,y) Randx y, then(y,x) R.

Proof. The opportunities at (x, y) are the same as those at (y, x).
COROLLARY 7.2. Under the symmetry assumptions, an optimal strategy S

]as no points of C either directly above or directly to the right of a point x, x)
(:_ Ro U Rx. There is exactly one point of Ro [J R on the 45 line {(x, x)}.
THEOREM 7.3. If i(x, y) i(x + y) and the symmetry assumptions hold,

then for a fixed value of x - y and optimal S, one has that Fs(x, y) is a non-
decreasing function of Ix

Proof. Let z and z’ be two points on the same 135 line. Let the smaller
of the two coordinates of z be smaller than the smaller of the two co-
ordinates of z’. This implies that the absolute difference of the coordinates
of z is larger than the absolute difference of the coordinates of z’. Assume
the contrary, that is, F(z) < Fs(z’).
Now, as in the proof of Theorem 6.1, consider analogous paths originat-

ing t z and z’. Follow these paths until either the one from z’ reaches
Ro [J Rx [J R or they have the same value for their smaller coordinate. Up
to that time the income for each path has been the same. If the path from
z’ has entered R0 [J R [J R, the income remaining for that path will not
be greater than the income from the path starting at z, since the path from
z will be t least as close to a coordinate axis as the z-path, and a repair
could be made on the z-path. If the smaller coordinates of the two paths re
now equal, then the larger coordinates will lso be equal, since at each
instant of time the two paths must be on the same 135 line. Then the in-
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come remaining will be the same by Theorem 7.1. The optimal procedure
has been followed from z’ but not necessarily from z. However, the income
from the z-path has been at least as large as the income from the z’-path.
This then yields the conclusion.

8. Example. The following will illustrate the methods of computation
discussed in 4. The example is of particular interest in that the assumptions
of Theorem 6.3 and 7 are satisfied but the optimal C is not full.

Let. p q 1/2, i(x,y) -(x + y), mo 5, ms m 3, Ko Kx
Kv 5. Notice, i(z) is both concave and convex. It will be shown that

the C associated with the optimal strategy is not full by evaluating the
expected income per unit time for each of a complete class of strategies.
As before, let S denote a strategy and I(S) the expected income per unit
time for the strategy S. Let S* be an optimal strategy and C* its continua-
tion set. First, we give several results concerning inadmissible strategies
for this problem.
LEMMA 8.1. For all z (x, y) C*, x + y =< 3.

Proof. From Theorem 6.2, i(z) >= I* for all z C*. It is easily shown
(see, for example, $2 below) that I* > -4.
LEMMA 8.2. C* i8 not empty and the x-axis (y-axis) boundary point of C*

is an element of R (Ru).
Proof. See $1 and $2 below.
Strategies will be specified by such configurations us

ry
c r
c rx
c c c rx.

The letters are placed at the nonnegative integer lattice points and c means
continue, r means repair both components, rx means repair the x-component,
and r means repair the y-component. For this example,

C {(0, 0), (0, 1), (1, 0), (0, 2), (2, 0)1,

Ry l(0, 3)},

R {(3, 0), (1, 1)},

R0 {(, ), (, 1)}.
Notice that the present strategy cannot be optimal by (i) of Theorem 6.3.
In particular, a better strategy would be obtained by placing (1, 2) in R
and (2, 1) in Rx.

Before listing the S’s and associated I(S)’s for a complete class of S’s,
we will introduce some notation and give two examples of the calculation
of ().
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Example 1. Consider the strategy

ry u t u
c u u
c r r t

c c c rx

where unreachable (nonpositive) points with max (x, y) N 3 have been
labelled "u". Let N [n.k] represent the matrix of expected number of
visits per cycle to the point (j,/c). It will be convenient to label the lowest
row "0" and the leftmost column "0". Then for the present example it is
easy to show that

1 0 0 0
1 2 1 0 0

N= 4 1 0
4 2 1

If (j, ]c) is reachable, let d.l (t.k) be the contribution to the expected income
(time) for the cycle whenever (j, lc) is reached. Let dk (t.) 0 if (j, ]c) is
unreachable. Then D [d.] and T [t.] are given by

15 0 0 0 3 0 0 0

D= 2 25 0 0 T= 1 5 0 0
1 25 25 0 1 5 5 0
0 1 2 15 1 1 1 3

The expected income per unit of time I is then given by

N.D 196I
N.T 56

-3.5,

where N.D ==- ,j, nizdjk
Example 2.1 Consider the strategy

U ’y U U

ry c rx u
c c

c c rx

The D and T mtrices for this policy are given by

In this example and in the remainder of 8 we have not followed the convention
of 6. That convention was made to avoid randomized strategies in practice. For
numerical purposes randomization gives a simplifying symmetry. Thus for this
example when the point (2, 2) is reached we have performed the computation as if we
repaired the x-coordinate with probability .5 and repaired the y-coordinate with
probability .5.
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o ID 15 3 15 T 3 1 3
1 2 3 15J’ 1 1 1 3;"0 1 15 0 1 1 3 0

The N matrix requires some computation. It is most easily determined by
calculating the stationary probabilities for the corresponding two-dimen-
sional random walk. Number the positive points in the following manner"

9
4 7 10
2 5 8 11.
1 3 6

For this example the transition probability matrix P [pi] (i, j 1,
11), where pij is the probability of a transition from the point num-

bered i to that numbered j, can be taken as

1 2 3 4 5 6 7 8 9 10

1[! 1/2 1/2 0 0 0 0 0 0 0
2 o o 1/2 1/2 o o o o o
3 0 0 0 1/2 1/2 0 0 0 0

411 0 0 0 0 0 0 0 0 0

5[o o o o o o - 1/2 o o
P 611 0 0 0 0 0 0 0 0 0

i07 0 0 0 0 0 0 0 -ioo8 0 0 0 0 0 0 0 0
9 0 1 0 0 0 0 0 0 0

1000 0 0 1/2 0 1/2 0 0 0 0
11 1 0 0 0 0 0 0 0 0

11

0
0
0
0

If A (al, a2,.’., an) denotes the stationary probabilities, A can be
determined from AP A and ni=1 a 1. Because of the large number of
O’s in P and the symmetry (a2 a3, a4 a6, a7 as, a an), the
determination of A is not difScult. For this example,

A (6,4,4,3,4,3,2,2,1,2,1).

Then, since ni alia1,

and

[30 1 0 011 2 2 0

3.423
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Twenty-three strategies for the example, long with the corresponding N
mgtrices nd I’s, re given below. They re grouped ccording to N(S),
the number of elements in the C ssocited with S. Results of 3, 4, 6 nd
7 and the beginning of this section cn be used to show that these 23
strategies form complete class.

j N(Sj) Sj Nj I(S)

1 0 rx [1] 5.000

c r [24 10j2c c rx 2

1 0 0 --3.5564 3 ru 1
2 2 0c rx
2 2 1C C rx

[1 1 !1 -3.3855 4 ru r
1

2 2c c r
4 2C C rx

(i 4 r ry 1
1 1 0 --3.400

c c rx 2 1
c c r 2 1

7 5 rv 1 0 0 0 --3.500
c r 1 2 1 0 0
c r r 8 4 4 1 0
c c c r 8 4 2 1

, 5 r 1 0 0 0 --3.957
c ry 1 2 1 0 0
c rx r 2 4 4 1 0
c c c r 2 4 2 1

!) 6 ru 1 0 0 0 --3.400

c c r 8 4 3
c c c r 4 2

10 6 ru [-1 0 0 0"-] --3.429
c ry 1 ||23 0 0
c c rx 2 |4 4 3 0
c c c r 2 4 2 1
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j N(Sj) Sj N I(S)

11 6 r 0 1 0 0 --3.357
r c r 1 2 2 2 0

(Optimal) c c c r 4 4 2 1
c c r 8 4 2 0

12 6 r 0 1 0 0 --3.360
r c r 1 2 2 2 0

10c c c r 6 4 2
c c r. 4 2

13 6 r 0 1 0 O --3.423
r c r 1 3 2 2 0/
c c c rx 6 4 4 2 1
c c rx 6 4 3 0

I14 7 r 1 0 0 0 0 --3.533
c r

1
2 1 0 0 0

c o o ic r r r 8 8 2 1
c c c c rx 16 8 4 2

15 7 r 1 0 0 0 O --3.641
c r 1

2 0 0c r
c r. r r 8 2 1 0
c c c c r 8 4 2 1

16 S r r 2 3 0 0 --3.364
c c r 1 4 6 6 0
c c c r 16 8 8 6
c c c rx 16 8 4

17 8 r r [-2 3 0 0-] --3.368
c c r 1 | 0|46 6
c c c r 10 8 8 6 3
c c c rx 10 8 4 2

l 8 r. 1 1 0 0 --3.471
c c r 1 |2 2 2 0
c c c r 2 2 2 2
c c c r 2 2 2

19 8 r 1 0 0 0 0 --3.438
c r

1
2 1 0 0

c r 1-- 6 0 0
c c r r 8 6 1 0
c c c c r 16 8 4 2
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j N(S) S N [(S)

20 8 r 1 0 0 0 0 --3.488
o o oOc r 1

6 0 0c ry

c c c c rx 8 4 2

21 10 ry 1 0 0 0 0 --3.400
c r

1
2 4 0 0 O_

c c r
16

4 6 6 0
c c c r 8 8 6 4
c c c c r 16 8 4 2

22 10 r 1 0 0 0 0 --3.414
c r 1 i 4 0 0 00c c r 6 6 0
c c c r 8886410c c c c rx 8 4 2

23 10 r 1 0 0 0 0 --3.543

2430000c r 1
4 4 0c c rx -c c c c r 4 4 2

The optimal strategy is number 11, for which I* -3.357 and C* is not
full. Several strategies are almost as good as the optimal strategy.

Glossary of symbols.

Co" {z" i(z) >- --mK/M}.
Cn net income from nth visited state.
F(z)" [c(S z) I*Tc(
i(x, y)or i(z)" income per unit of time while in the production state z

(x, y) or the cost of repair for the repair state z.

I(NIS)"

L( z, )

ratio of total expected income to total expected time from
the first N visited states when using strategy S.

limit inferior of I(NI S).
supremum of I(S).
for the strategy S, the expected income until the first visit

to the positive state z or until the cycle is over.
for the strategy S, the expected income remaining in a

cycle after first visiting the positive state z.
expected income during cycle with the strategy S.
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Ko(Kx)[Ky]:

n0(n,) [n]
mK:
M:
n(z):

p:

Pc(z, S)

q:

0(x) [r]:

Ro(x)[R]:

S*:
n
T(z, ):

Tc(S)
z (x, y):

z(t):
Zn

cost per unit of time while repairing both (x-)[y-] com-
ponents.

time required to repair both (x-)[y-] components.
mximum moKo m(x mKy).
minimum (m0, mx, m, 1).
for the strategy S, the expected number of visits per cycle

to the state z.
probability of transition from (x, y) to (x + 1, y) when

control is not used.
for the strategy S, the steady state probability of the em-
bedded Mrkov chain being at z.

for the strategy S, the probability that the state z will be
visited during cycle.

probability of transition from (x, y) to (x, y + 1) when
control is not used.

the repair state for both (x-) [y-] components. The sme
notation will represent z-points from which the corre-
sponding repairs begin.

the repair of both (x-)[y-] components; lso the set of z-
points from which Ro(Rx)[RJ is begun.

a strategy.
n optimal strategy.
time spent in nth visited state.
for the strategy S, the expected time until the positive

state z is visited or until the end of the cycle.
for the strategy S, the expected time remaining in cycle

fter first reching the positive state z.
expected length of cycle with the strategy S.

possible production state when x md.y re nonncgtive
integers or one of the repair states.

state of the process t time t.
the nth visited state.
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ON THE CONVERGENCE OF SOME FEASIBLE DIRECTION
ALGORITHMS FOR NONLINEAR PROGRAMMING*

DONALD M. TOPKIS AND ARTHUR F. VEINOTT, JR.

1. Introduction. Recently Goldstein [10], [11] hs considered the problem
of determining conditions on the selection of directions in feasible direction
lgorithms for unconstrained mximization problems which assure the
gradient vnishes in the limit. This pper extends his work (when specialized
to Eucli.den spces) in vrious wys, notably by considering constrained
maximization problems and by allowing a wider choice in the selection of
the step size.
We first give conditions on the directions nd step sizes which assure

convergence to stationary point in feasible direction algorithms for
ma,imizing a real vlued continuous function on a closed set. Then we
,,pply this result to establish convergence of a certain class of algorithms.
I the unconstrained case the class includes Cauchy’s [2] method of steepest
ascents and the Newton-Raphson method, both with "optimal" (nd cer-
tibia other) step sizes. In the constrained case the class includes, among
others, the method of Frank and Wolfe [7], Zoutendijk’s procedure P2
[25], a simple variant of Zoutendijk’s procedure P1 [25] which eliminates
the need for his "nti-zigzagging" procedures, and some new second order
methods which require quadratic programs to be solved at ech stage. It is
retsoable to conjecture that our second order methods for the constrained
case will exhibit the same kind of computational superiority over first order
methods such as those of Frank and Wolfe, Rosen [18], [19], and Zoutendijk,
that the Newton-Raphson method for the unconstrained case exhibits
over the method of steepest ascents. We are indebted to Robert Wilson for
pointing out to us several years ago the importance of second order methods
in nonlinear programming. The reader will notice that we hve borrowed
liberally from the terminology in Zoutendijk’s important book [25].

2. Conditions assuring convergence to a stationary point. Let F(.) be
real valued continuous function defined on a subset S ofE, N-dimensional

Euclidean space. We seek x S, called optimal, that maximizes F(.
over S.
We say d En is a feasible direction at x S if for some > 0 we have

x -& sd S for ll s, 0 < s =< . If in addition F(x) - s < F(x -& sd)
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for all s, 0 s =< , we say d is usable for F(. at x. If there is no usable
direction for F(. at x S, we say x is stationary. We remark that in
many situations a stationary point will be optimal. For example, this is
so if S is convex and F(. is concave on S.

Let x0 S be given and let So {x’x S, F(x) _>-.F(x0)}. In the sequel
we impose the following assumptions.

I. S is closed, F(. is continuous on S, and So is compact.
II. For every sequence {xl, x2, in So there is a bounded direction

function d(.) which assigns to {x0, xl, x,‘} a feasible direction d(x0,
xl, x) d,‘ at x,‘, n 0, 1, .... Moreover, there is a specified in-
finite set P of nonnegative integers such that any subsequence (x,‘,, rink)
of {(x,‘, d,‘):n P} converging to (4, ), say, has the property that

(a) for some > O, x,, - sd,‘ Sfor/c 1, 2, and alls, 0 < s -< ,
aIld

(b) if So and c is feasible but not usable at a, then a? is stationary.
III. There is a real valued lower semicontinuous step size function f(.,

defined on So X S for which f(x, x - Xd) is continuous in X for fixed x So
andd EN,and

(a) f(x,y) -_< F(y) andf(x,x) F(x) for allx S0,y S, and
(b) if d is a usable direction for F(. at x So, then d is also usable for

f(x, at x.
The algorithm. Under the hypotheses I-III we define xl, x2, recur-

sively by the rule

(1) x,+l=X,‘+s,‘d,,, n= 0,1, ...,
where d d(x0, xl, .--, x,‘) and s,‘ >_- 0 is chosen so x,‘ q- s,‘ d,‘ S.
We require also that F(x,,+) F(x,,) for n P; and f(x,,, x,, - s,‘ d,)
>-f(x,‘, x,, - sd,‘) for all s -> 0 with x,‘ na sd,‘ S for n P.
As a simple illustration of the step size selection, if f(x, y) F(y) for

x, y S with F(. continuous on S, then III holds. Also for n P, s s is
then chosen to maximize F(x,‘ + sd,,) subject to s _>- 0 and x
4- sd, So. This selection of s is referred to as the optimal step size.
THEOREM 1. If I-III hold, then the bounded sequence Ix,,} defined in (1)

has the property that
(i) F(xo) <- F(x) <= F(x) <- <= lim_,F(x,‘) < and
(ii) the limit of any convergent subsequence of x,, n P} is stationary.

If F is continuously differentiable on an open set containing S and d is feasible
at x S, then d is usable for F (.) at x S if and only if F(x)d > O.

Condition II(b) is a slightly weaker and reformulated version of a condition due
to Goldstein [10], [11].
We remark that the limit points of {x "n ( P} need not be stationary. How-

ever, all limit points of {x} have the same function value.
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Proof. From III for n P,

F(x,) f(x, x,) <= f(x, x,+l) <= F(x,+I),

so (i) holds.
Let (x dk) be a convergent subsequenee of (x, d)" n P} with

limit (’2, 3). Since S is closed and there is a ti > 0 such that II(a) holds,
’2 -t- sc S for 0 < s =< ti so c is a feasible direction at
From II(a) and III(a) -we have, for 0 < s =<

f(, ’2) F(’2) => lira F(x,k+ >= limf(x,k, x,+)

=> lim inf f(x,, x + sd,l >-f(’2, "2 + sd).

Thus from III(b), 3 is not a usable direction for F(. at 2. Consequently,
by II(b), ’2 is stationary, which completes the proof.
The condition II(a) states that the directions d} are uniformly feasible

st the points Xnk}. The condition is always satisfied if S EN (as in
unconstrained maximization problems) and so is then unnecessary. How-
ever, II(a) cannot be dispensed with entirely if S EN as the following
example shows.
Example in which II(a) fails to hold. Consider the problem of maximizing

F(y, z) z over S {(y, z)’l Y --< 1, z --< 1, z + (1 y2)1/2 0}.
The set S is the shaded area in Fig. 1. Let x_ 1In) (n 1 /, 1In),
d x+-xl-l(x+-x),where (Y,z) y+z, and let s be
chosen optimally. Thenlimx (1, 0) 2andlimd (0, 1) - 3.
Also, 3 is usable at ’2, so 2 is not stationary. In this example all hypotheses of
Theorem 1 are satisfied except for II(a).
The condition II(b) cannot be weakened to require only that d be

usable for each lc as we shall show in 3. Moreover, under mild additional
hypotheses, II(b) must hold if the subsequences in II are to converge to
stationary points from all starting points in S0. To see this suppose all
hypotheses of Theorem 1 are satisfied except for II(b), 3 (in II) not usable
at 2 implies d(, , ’2) not usable t ’2 s 0 whenever d is not usable
and 3 is not usable at 2. Then starting at , the algorithm never leaves 2 and
so locates a stationary point only if ’2 is stationary.

In order to discuss applications of Theorem I it is convenient to introduce
some notation. Let C(X) be the set of real valued functions that are k
times continuously differentiable on the open set X E. Let C(X)
be the m-fold Cartesian product of C(X). If F -(C(X), let F(x)

(Fi(x)) denote the gradient of F at x and let JF(x) (Fi(x))

This will be the case if, for example, d(xo x x,) d(x,) and d(.) is con-
(,inuous on S because then c lim d(x,) d(2).
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-I

-I

FIG.

denote the Hessian matrix of second partial derivatives of F at x. In the
sequel VF(x) is a row vector and all other vectors are column vectors.
If G (Gi) CI(X)", let G(x) denote the matrix whose rows are
va(x), ..., v(x).

3. Selection of the direction function. In this section we give some
practical examples of. direction functions satisfying II. We give results for
the unconstrained case (Theorem 2) and for the constrained case (Theorem
3).
THEOREM 2. If I and III hold, S Ev, F CI(s), P is an infinite set of

nonnegative integers, {H’n P} is a bounded sequence of N X N matrices
with every limit print of the sequence being negative definite, and d
-HF(x,)r for n P, then each limit point 2 of the bounded sequence

Ix’n P} satisfies F(2) O. Also, limee F(x,) O.
Proof. Since I(x,, H)’n P} is bounded, there is a subsequence

{(xk, HI)} such that limk_ (xk, Hk) (2, /). Now F CI(S) so
lim dk --/rVF(2)r c. Also c is a feasible direction at 2 and
II(a) evidently holds. In addition, if is not usable at 2, then 0 _-> VF()c

--VF(2)/?VF(2) r, which implies that VF(2) 0 because/ is nega-
tive definite. The theorem now follows from Theorem 1.
Examples and remarks. 1. Cauchy’s [2] method of steepest ascents. If

in Theorem 2 we let P {0, 1, ...} andH --I forn P, then
d VF(x.) r for n P and we have Cauchy’s method.

In the special case of Cauchy’s method where s is chosen optimally, our proof
reduces to one given by Ivanov [14].
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2. A modified Newton-Raphson method. Suppose F C2(S) and XJ2F(x)
is negative definite for x S. If in Theorem 2 we let P 10, 1,... and
H. V2F(x) -I for n P, then d --V2F( --1 Tx) VF(x) forn P,
and we have the Newton-Raphson method except for the manner of
choosing the step sizes.

3. An example with usable directions that fails to converge to a stationary
point. Consider the problem of choosing (y, x) E that maximizes
F(y, z) --I1 (Y, z) over S E where (Y, z) y2 -t- z2. Let 0(r)
be the circle centered at the origin and having radius r _>- 0. Let x be on
the circle 0((n -[- 2)/(n + 1)),n 0, 1, ,wherex,ischosenforn > 0
so the line drawn from x_ through x is tangent to the circle
O((n + 2)/(n + 1))atx. Then d x+- x ]1-1 (x+- x)is a

usable direction at x, n 0, 1, and the step size is optimal. Then
the point 2 lim x lies on 0(1) so 2 is not stationary or optimal. The
difficulty is that each limit point c of Ida} satisfies 7F(2) 0 which
illustrates the need for the hypothesis II(b) in Theorem 1 (all other hy-
potheses of the theorem are satisfied). This example shows, contrary to
the claim of Householder [13, p. 134], that it does not suffice simply to pick
any usable direction at each stage together with the optimal step size.

Since VF(x,)d > 0, n 0, 1, in this example, it is easy to see
that there exist negative definite symmetric matrices H0, H, H, such
that d, -H,VF(x,) ’, n 0, 1, .... We may assume without loss of
generality that {H,,} is bounded (if not, normalize the {d} and
and adjust [s} appropriately). However, it cannot occur that any limit
point of {H} is negative definite for we would then be assured by Theorem
2 that UF() 0 which we have already seen does not occur. Thus the
hypothesis in Theorem 2 that the limit points of H} are negative definite
cannot be replaced by the weaker hypothesis that at most finitely many of
the 1H} are not negative definite. In this connection see the remark on
computational simplifications below.

4. Acceleration devices. According to Theorem 2, the directions d. are
specified only for n P. Thus for n P, other choices of d which hopefully
accelerate convergence are possible. For example, the steepest ascent partan
method of Shah, Buehler and Kempthorne [21] is one possibility. Other
possibilities are discussed in Spang [22, p. 350].

5. Computational simplifications. In order to simplify the Newton-Raph-
son method it is often desirable (as Robert Wilson has suggested to us) to
compute the inverse of the Hessian matrix 2F(x,) only occasionally.
ThenH TF2(x)- for the largest k -< n for which the inverse is avail-
able. Under the remaining hypotheses of Example 2, Theorem 2 evidently
still applies. Another simplification is to compute Ill.} recursively in
such a way as to "estimate" the desired inverse without ever computing
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any second derivatives. A procedure for doing this is given in Fletcher and
Powell [6]. However, in their method it remains an open question whether
{.H} is bounded and has negative definite limit points. They establish
convergence only for concave quadratic F(.).

In order to formulate algorithms for solving constrained maximization
problems we impose the following assumption.

IV. Let X, Y EN be open and G (Gi) CI(Y)". Assume
S S’ S" where S’ S" are closed convex sets and S" {x G(x) > O,
x Y} has an interior point a with a S. For each i, 1 -<_ i -<__ m, and
x So assume G’:(x) 0 implies VGi(x) O. Also suppose S X and
g C(X).
We remark that if Y is convex and G(.) is quasi-concave on Y, then

S" will be convex. If in addition G(. is concave on Y and for some a Y,
Gi(a) > 0 for 1 <- i _-< m, then S" has an interior point and Gi(x) 0
implies VGi(x) O for all i and x Y.
There is considerable freedom in the representation of a nonlinear

program in the form IV. One attractive procedure is to partition the in-
equality constraints into two groups, linear and nonlinear. Then S’ and
S" are respectively the sets of solutions to the linear and nonlinear inequality
constraints. With this choice S’ is a convex polyhedral set. We allow the
possibility that m 0 which means that Y S" E.
TItEOREM 3. Suppose I, III, and IV hold, P is an infinite set of nonnegative

integers, {H, n P} is a bounded sequence of N X N matrices wih every
limi poin of $he sequence being negative semidefinite, B Ev is a compact
convex neighborhood of the origin, and

g,(x, y) min {TF(x)(y z) nt- 1/2(y x)’H,(y z),

[G(x) -t- VG(x)(y- x)]}

for x So, y E. Let y, maximize g,(x, y) over (B x,) let
0, be the largest number not exceeding one such that x,

z, S", and let d, z, x, for n P. Then each limit point of the bounded
sequence x, "n P} is stationary.

Proof. Since {(x, H, y, 0., z, d)" n P} is bounded, there is
subsequence {(x, H, y, 0, z, d.)} converging to
with 2 So, 9 S’, 2 S. Now x., z. S and S is a closed convex
set, so II(a) holds with i 1 and d is feasible at .

If c is not usable at , then VF()3 __< 0. Also since/ is negative semi-
definite, cr/c __< 0. Thus upon letting g(x, y) lim g(x, y), we see that
g(, 2) =< 0. Hence, by Lemma 4 below, g(a?, )) __< 0; so by Lemma 5 below,

g(x, y) is the smallest component of the indicated (m -t- 1)-row vector. For
m O, g(x, y) is the first component in brackets.
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2 is sttionry. Therefore, II(b) holds and the theorem follows from
Theorem 1.
LEMMA 4. If g(2, ) <- O, then g (2, ) O.
Proof. The proof is by contrposition. Suppose g(2, ) > O. Thus

G(2) 0 implies that

for some e > 0 for ll (x, y) in some neighborhood of (, ). Hence for smll
enough , 0 < 1, nd lrge enough K,

G(x + s(y x) O, 0 < s , K,

nd so

x + s(y x) S", 0 < s =< , > K.

It follows that 0 v, so, by the concavity of g(2, ),

g(,2) g(, (1 0) + 0) (1 0)g(,) + 0g(,) > 0,

which completes the proof.
LEMMA 5. If g(, ) O, then is stationary.

Proof. The proof is by contrposition. Suppose is not stationary. Then
there is y S such that F()(y 2) > 0. There is no loss in generality
in ssuming y is n interior point of S’. For if not we my replace y by
y + e(a y) for some smll enough positive > 0 nd be ssured that the
desired inequality still holds, and that the new point is in S nd in the
interior of S". Nowif G(2) 0, then G(2)(y ) > O. For if not, since
G() 0 by IV, there is z S close enough to y such that
G(2)(z 2) < 0. But this meanstht2 + e(z ) S" forsmll
enough positive e, which contradicts the assumed convexity of S". Thus for
each i, either

G() > 0 or G() 0 nd G()(y- ) > O.

Hence, for smll enough positive e, g(2, y’) > 0 where y’ 2 + e(y 2).
It follows that

g(, 9) lim g(Xn, y) mx g(, y) > 0,

which completes the proof.
Examples and remarks. 1. Reduction to Theorem 2. Observe that if in

For m 0, this assertion is easily proved as follows. We have so g(2, ) 0
and 3 is not usable. Also

max g(2, y) lim g(x, y,) g(2, ) 0,

so 2 is sttionry.
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Theorem 3 we require that m 0, S’ EN, H be symmetric, the sequence
H-I: n P} be bounded with negative definite limit points, and B be

large enough to contain the bounded sequence [-H,-l7F(x,)r:n P},
then Theorem 3 reduces to Theorem 2 in the symmetric case. (Note H-1

in Theorem 3 becomes H in Theorem 2.)
2. Method of Frank and Wolfe [7] and Zoutendijlc’s procedure P2 [25]. If S’

is a convex polyhedron, B (S’ S’) (this implies S’ [’1 (B + x) S’ for
x -(S’), P {0, 1, }, andH0 H 0, the method of Theorem
3 becomes procedure P2 of Zoutendijk [25, p. 74]. If an addition m 0,
this procedure is the method of Frank and Wolfe [7].

3. A variant of Zoutendijlc’s procedure P1 [25]. If S’, B are convex poly-
hedrons, P {0, 1, }, and H0 H 0, the method of Theorem 3
becomes a variant of procedure P1 of Zoutendijk [25, p. 73]. His method
may be described geometrically as follows. We may express S’ as the inter-
section of finitely many closed hMf-spaees. The point x lies on the boundary
of some (possibly none) of these half-spaces. Let S be the intersection of
those particular half-spaces. Let 0(x, y) be the minimum of the numbers
VF(x,)(y x) and {VGi(x)(y x): G(x) 0}. What Zoutendijk
does is to choose y y to maximize O(x, y) over S f’l (B + x), i.e., he
replaces g by . and S’ by S. Zoutendijk was not able to prove that the
limit points of {x} are stationary under this procedure, Instead he compli-
cates the stated method by introducing a rather unpleasant antizigzagging
procedure which assures convergence. Our proposal (as given in Theorem 3)
does not require any antizigzagging procedure.
The condition II(a)sheds some light on why Zoutendijk’s method without

the antizigzagging precaution fails. Suppose a? S is on the boundary of S,
the sequence {x} is in the interior of S, and x - . Also suppose B is the
unit sphere, so d, F(x,) r VF(Xn)]-I for all n. Then if 2 is not station-
ary and VF(2) r is not a feasible direction at 2, it is eviden that II(a)
cannot hold. It can be shown that the antizigzagging procedure assures that
the directions {d} are chosen such that II does hold.

4. Solving the direction finding problem. The direction finding problem of
maximizing g,(x,, over S’ (B + Xn) takes the form of a linear or
quadratic program, or a sequence of quadratic programs when B is a convex
polyhedron and S’ is a convex polyhedral set.

If H 0, the problem is equivalent to the linear program of choosing
y, v that

(2) maximize v

Indeed Zoutendiik [25, p. 72] states that examples in which the limi points are
not stationary can be constructed. Recently Wolfe [24] has published such an example.
Hadley [12, pp. 303-305] has given a fallacious convergence proof of Zoutendiik’s
procedure P1 for the case m 0.
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subject to

v <- VF(x,)(y x,),

(3) v <- G(x,) + G(x,,)(y x,), 1 <= i <= m,

If B is "large", say B :::) (S’ S’), the last restriction in (3) simplifies to
y S’. If instead B is "small", then an efficient computing procedure is to
solve the (often trivial) problem of finding y that

(4) maximizes F(x) (y x) .v

subject to

(5) y (B -+- x).
If y, v satisfy (3), the direction finding problem is solved. If not, the dual
simplex method can be used effectively to solve (2), (3) starting with the
solution to (4), (5). With this approach only the constraints in (3) that
are"nearly active" at x will enter into the computations. Hence our method
should require about the same computational effort as Zoutendijk’s pro-
cedure P1. As a simple example, suppose B {(w.)" -v =< w. _-< v,
1 __< j __< N}, where v is a small positive constant. Then one solution to (4),
(5) isy x -t- r, wherer (ri),r +/- according as +/-F(x,) > O,
and r 0 if F(x,) 0. Other possible choices of B are discussed in
Zoutendijk [25, p. 70].

If m 0 and H is negative semidefinite, the direction finding problem
is a concave quadratic program. If, instead, m 0 andH is negative semi-
definite, the direction finding problem may be solved by solving a sequence
of quadratic programs of the following form. Choose y that

(6) maximizes w F(xn)(y xn) -- 1/2(y x,)rH,,(y x,)

subject to

(7)
v <__ G(x,) - G(x,)(y- x,),

yS’(B+x,).
Let w(v) denote the maximal value of w given v (>= 0). If for some v (_>-0)
there is no y such that (v, y) satisfies (7), let w(v) . Evidently w(-
is nonincreasing on [0, and w(0) => 0. Therefore, (v) w(v) v is
strictly decreasing in v and w(w(0) =< w(0) so

(w(o)) =< o =< (o).

Thus, there is a unique number v [0, w(0) satisfying (v+ _-< 0 -< (v).
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The interval bisection method may be used to find this number. Alterna-
tively, a parametric quadratic programming method could be employed, for
example, the long form of Wolfe’s simplex method for quadratic programs
applied to the dual of (6)-(7). Once it is found, the corresponding solution
y to the quadratic program solves the direction finding problem.

5. Some second order methods. Suppose F C C’(X), V2F(x) is negative
semidefinite, andH V2F(x) for n P. Then the algorithm of Theorem
3 is a second order method. It would appear to be especially attractive for
m 0. Since the modified Newton-Raphson method has been found superior
to steepest ascents for unconstrained maximization problems, one may con-
jecture that our proposed second order methods will be superior to the first
order methods discussed in Examples 2 and 3 above.
We remark that if VG( is negative semidefinite on Y for each i, then

we may replace G(x) + G(x)(y x)by G(x) - G(x)(y x)
1/2.(y x)r2G(x)(y x) for each i i the definition of g,,(x, y) in

Theorem 3. No other changes are required in the statements or proofs of
Theorem 3 or Lemmas 4 and 5. Although the quadratic approximation
would probably speed up convergence of the algorithm, the direction finding
problem then has quadratic constraints and hence is itself difficult to solve.
One possibility is to solve the dual (in the sense of Stoer [23]) of this prob-
lem. The dual problem takes the form of minimizing a continuously differ-
entiable convex function on the nonnegative orhant, provided ’F(. is
negative definite on X and B, S’ are polyhedral. Thus, algorithms like those
discussed in Examples 2 and 3 above could be used to solve the dual of the
direction finding problem.

6. Obvious analogues of the acceleration devices and computational
simplifications discussed following Theorem 2 may be used here as well.

7. Other methods. There are a mmber of other methods which can be
shown to satisfy the conditions of Theorem 1. One such class is the co-
ordinate ascent methods. In these methods one only uses the coordinate
directions. One possibility is to use each coordinate direction cyclically
every N steps (D’Esopo [5], Ivanov [14] and Schecter [20]). Other possi-
bilities are discussed in Spang [22, p. 345]. A second method is one devised
by Zuhovickii, Polyak and Primak [26] for maximizing the minimum of
finitely many continuously differentiable concave functions. A third
method is Zoutendiik’s procedure P1 [25]. (We remark that the second
method seems to be equivalent to a special case of the third method.)

4. Selection of the step size function. In this section we give some
practical examples of step size functions satisfying III. We have already
discussed one example which led to the "optimal" step size.

1. Qadratic approximation. Suppose I holds, S is convex, and
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F C2(EN). Let H(. be function that ssigns to ech x S negative
definite matrix H(x). Assume H(. is continuous on S. Let h(x, y) be
the largest number for which the determinant F(y) kH(x) vnishes,
x S0, y S. The characteristic vlue -k(x, y) has the property that

(8) dr[UF(y) --OH(x)]d 0 for h(x,y) 0 nd d E

by theorem in Gantmacher [8, p. 319]. Thus if 0 h(x, y) for ll x S0,
y S, nd 0 > 0, we may define the step size function s

0(9) f(x, y) F(z) + F(x)(y- x) - (y- x)rH(x)(y- x).

It follows from (8) upon comparing (9) with the second order Tylor ex-
pansion of F(y) bout F(x) that III() holds. Moreover, III(b) lso holds
and f( -, is continuous on S0 S, so III holds. Also f(x, x + sd) is con-
cve nd quadratic in s nd so is esy to mximize.
As specific illustration of this technique, suppose S Ey nd

H(x) -I. Then -0 is ny negative number less than the smallest char-
acteristic value of UF(y) for ech y S. For example, by result of
Barankin [1], 0 my be ny positive number s large as ]Fi(y)[ for
i 1,...,Nandlly S. Also

1 F(x)d
8n

0 dnT d
n O, 1,

If, in ddition, d F(Xn)T, then s 1/0 (of. Crockett nd Chernoff
[3]).

2. Other methods. There are number of other ways of choosing step sizes
that can be reduced to the principle of maximizing n ppropritely chosen
step size function stisfying III. Among these are the methods of Curry
[4] nd Goldstein [10], [11]. These particular methods led to step size
functions that re lower semicontinuous but not continuous.

3. Approximately optimal step size. Let "n P} be sequence of non-
negative numbers such that lira nn 0. Now suppose we modify the se-
lection of the step size s in the algorithm (1) for n P s follows" choose s
so F(x+) F(x) nd f(x Xn + S tin) f(x x + sd) for ll
s 0 with x sd S. Then Theorem 1 nd its proof remain valid s is.
One wy of choosing s to chieve the bove objective when f(., is con-
tinuous ndI holds is so that s s’ < 6, where 6 0 nd s’ mximizes
f(x x + sd) over s O, x + sd S.
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THE MINIMIZATION OF A SMOOTH CONVEX FUNCTIONAL
ON A CONVEX SET*

V. F. DEM’YANOV AND 2x. M. RUBINOV
Abstract. A method is given for the minimization of a convex functional on a

convex set in Banach space. The paper proves the convergence of the method and
presents its applications to problems of optimal linear programming and of convex
programming.

1. The minimization of a convex functional on a convex set.
1.1. Statement of the problem. We consider a Banach space X in which

we are given a convex functional f having a gradient F. Let F have the
derivative F. (The definition of a gradient of a functional and of the deriva-
tive of an operator are given in [1].) Let f be a closed, bounded, convex set,
a X. We are required to find y such that

f(y) minf(x).

1.2. Certain additional information. Let x, 2 ]. We consider a functional
f on the interval [2, x], i.e., we consider a function g(a) defined for a [0, 1]
in the following way"

(1.1) g(a) -f(‘2 nu c(x ‘2)).

From the properties of functional f we easily obtain that the function g(c)
is twice continuously differentiable on [0, 1] and, moreover,

’(g ) (x ‘2, F(‘2 nu c(x
(1.2)

g"(a) (x ‘2, F’(‘2 + a(x ‘2))(x ‘2)).
(We denote the value of a functional h X* at an element x X by (x, h).)

Since f is convex, the function (x ‘2, F (‘2 -t- a(x ‘2) g’ (a) does
not decrease, while the function x 2, F’ ‘2 + a( x "2) x ‘2)

g" (a) is not negative.
By a known formula in analysis,

g() (0) + ’(0) + o();
() (o) + ’(0), 0 [o, ];

g() g(0) + g’(0) + -, (0), 0 [o, ].

* Originally published in Vestnik Leningradskogo Universiteta, Seriya Mate-
matiki, Mekhaniki Astronomii, 19 (1964), pp. 5-17. Submitted on April 5, 1963. This
translation into English has been prepared by N. It. Choksy.

Translated and printed for this JournM under a grant-in-aid from the National
Science Foundation.

Leningrad University.
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If we replace the values of the function g(a) and of its derivatives by
formulas (1.1) and (1.2), we have

(1.3) f(4-4- a(x "2)) f(4) -4- a(x 4, F4) + o(a),

f(4 -4- a(x 2)) f(4) -4- a(x 4, F(4 -4- O(x 4)) ),
(1.4)

[o, ],

f(4 + (x x)) f(4) A- (x ,
(1.5) A- - (x 2, F’(4 A- 0(x 2))(x -2)),

0 [0,
Formulas (1.3), (1A) and (1.5) are called, respectively, the finite in-

crement formula, the Lagrange formula and the Taylor formula.

1.3. llecessary and sufficient covditions for a minimum. Let x .
We denote by any element at which the functional Fx attains a minimum
on . The following theorem is valid.
THEOREM 1. In order for a convex, differentiable functional f to attain a

minimum on at the point y, it is necessary and sucient that the point be a
solution of the equation

(.) ( x, Fx) O.

Proof. Necessity. From the finite increment formula (1.3), for any x gt

and when 4 y, it follows that

(1.7) f(y -4- a(x y) f(y) a(x y, Fy) -4- o(a).

Since the minimum is attained at the point y, the left-hand side of (1..7)
is nonnegative when a ( [0, 1]. For small a the sign of the right-hand side
determined by the first term, whence (x y, Fy) >= O. But when x y
we have (x y, Fy) O, and hence it follows that minxe (x y, Fy)
(-y, Fy) =0.
Suiciency. We assume that the assertion of the theorem is false. Let

the point y satisfy (1.6), but let there exist an element z t such that
f(z) <f(y).Fromformula (1.9) whena 1, x z, 2 y, wehave

f(z) f(y) (z y, F(y A- O(z y))), 0 [0, 1],

whence we conclude that, since the function (z y, F(y -4- a(z y)))
does not decrease,

0 > f(z) --f(y) (z y, Fy).

If we combine this inequality, (z y, Fy) < O, with the inequality
( z, Fy) <= O, which is valid by definition of element , we have
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( y, Fy) < O. This contradicts the fact that y is a root of (1.6). The
theorem is proved.

Remark. If the functionM f is nonconvex, condition (1.6) is necessary
but now not sufficient.

1.4. Method of successive approximations. It follows from Theorem 1
thut to minimize the functionalf on t2 it suffices to know how to solve (1.6).
We cite here the method of successive approximations for the solution of
this equation. The method is as follows.

1. As the first approximation we take an arbitrary point xl .
2. Suppose that the element x has already been constructed. We find

2n and set up the function g(a), defined for a [0, 1], by means of (1.1),

g,(a) is a convex function nd reches n minimum on [0, 1] nt some point
which we shall denote by an.

Let us now set X+l + an(X 2). In. this wy we can construct
the sequences

Xl X2 n
(.s)

Here, as follows from the definition of Xn+, we have

(1.9) f(Xn+l) f(x), n 1, 2, ....
The foliowing theorem is vlid.
THEOREM 2. Let f be bounded from below on and let it have there a

ferentiable gradient F such that F is bounded on . Then

lim ( x Fx) O.

Proof. Since f is bounded from below and since the sequence f(x,)
is nonincreasing, the limit

lim f(xn) Q > -exists.
Then, mking use of the fact thatf(Xn+) mince 0. f(2 + a(x ))

nd of the Tylor formula, we hve that for a [0, 1],

f(x.+) f( + (x ))

f(z + (1 a)(n x))

f(x) + (1 )( x ,fx)

F’+ (1 )( x (x + o( x))( x))

O<=O<=l--a.
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Let SUpxe F’x M. Then

F(’n Xn (Xn + O(’,n Xn))(’n Xn)

F’(x + O(n Xn) n Xn

MD2,
Zwhere D SUpz., z is the diameter of the set .

Thus, for a [0, 1],

f(Xn+l) f( Xn) + 1 ) (n Xn Fxn) + 1 a)MD
f(Xn) + (1 )[(n Xn ,Fxn) + ( 1 a)MD].

We note further that by the definition of the element a? we have

(n- Xn, Fxn) 0, n 1,2, ....
We now suppose that the theorem is false. Then we can find a sequence of
Xn and a p > 0, such that

(’nk Xnk Fxn) -- --p < O, ]C 1, 2,

In this case, when a [0, 1],

f(x,+l) <= Y(Xn) + (1 a)[--p + 1/2(1 a)MD2].
Passing to the limit as k -* , we have

Q _-< Q + (1 a)[-p + 1/2(1 a)MD2],
or, considering that (1 a) > 0,

--p + 1/2(1 a)MD >= O,
which is impossible when 0 <- 1 a <= 2p/MD. The theorem is proved.
COROLLARY 1. If is compact and F is a differentiable operator with a

derivative bounded on , then the limit points of sequences (1.8) satisfy (1.6).
If, here, f is a strictly convex functional, the sequences (1.8) converge.
COnOLAnV 2. If is weakly compact and F is a completely continuous

and differentiable operator with a derivative bounded on , then the limit
points (in the wealc topology) of sequences (1.8) satisfy (1.6). Strict convexity
of f ensures the wealc converges of sequences (1.8).
THEOnEM 3. Let the convex functional f satisfy the hypotheses of Theorem

2 and let it attain a minimum on at the point y. Then f(Xn)
mine f(x).
Proof. According to the Taylor formula (1.5), for any x t we have

f(x) f(Xn) (X Xn Fxn) nt- (x Xn Ft(xn -At- O(x Xn) )(X Xn) ).
FTaking into account that (x x (x, + O(x Xn) (X X,)) >= 0

we obtain
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f(y) f(x) min (f(x) f(x))

_-> min x xn Fxn (’2,, Xn Fxn

whence

(1.10) 0 <-_ f(x,) f(y) <= (Xn "2n, Fx,).

It now follows from Theorem 2 that f(xn) ---> f(y); moreover, inequality
(1.10) gives a convenient, a posteriori estimate of the convergence. The
theorem is proved. We note that inequality (1.10) has been obtained by
V. V. Khomenyuk from other considerations.

1.5. Modified method of successive approximations. When we apply
the method presented in 1.4 for the minimization of a convex functional
on a closed, bounded, convex set, we run into the known difficulties con-
nected with the fact that to find the direction of descent accurately at
each step, i.e., to find the element
accurately (when minimizing the functions gn(a) f(2n A- a(xn ’2n) ),
we may be required to carry out an infinite-step iteration process. We shall
construct the successive approximations in the following manner.

Let minc (x x,,, Fxn) -a,,. In a finite number of steps we can
determine the element 2 satisfying only the condition (2n X,,, Fxn)

[--an,--an/2].
We now set

f(Xn) bn, min f(n A-- (x n)) Cn.

In a finite number of steps we can determine an an [0, 1] such that

As Xn+ we take Xn+l
LEMMA 1. Let all the hypotheses of Theorem 2 be fulfilled. Then

lim(2n- xn Fxn O.

Proof. We assume that the lemm is false. Then we can find sub-
sequence of n and a p > 0 such that

(: x, Fx) <= -p < O.

As in Theorem 2 it is easy to show that for any a [0, 1],

f( A- a(x, )) <= f(Xn) "4- (1 a)[--p-t- 1/2(1 a)MD2].
We can find a p > 0 such that when a is sufficiently close to unity,

it turns out that (1 a)[-p A- 1/2(1 a)MD] <= -pl < O.
Let us further set bn f(Xn) Q A- end, where en - 0, and hence,

en < p/2 for k sufficiently large. For these n,
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Plf(k -4- a(x )) _< Q + e pl Q < Q;

hence also
Pl

ck minf(2 +(x2)) Q- .aE [0,1]

Thus, we have obtained

Pl

f(x+) < b + c, < Q_ +2 2 2

Passing to the limit we have Q < Q (p/4), which is impossible since
p > 0. The following assertioa is true.
ASSERTION. Theorem 2 is valid for the modified process, i.e.,

lira ( x Fx) O.

Proof. We assume the contrary and for some subsequence of x we
let

lim(- x Fx p < O.

Then, for sufficiently large ]c we have

(x x, Fx) rain (x x, Fx) < < O.
xE 2

Hence, if we take into account the rule for selecting the element ,
we have

( x,, Fx) < < O,
4

which contradicts Lemma 1.
Remark. We can select 2 from the condition ( x,,Fx,)
[-a, -a/s], 1 s < . Analogously we can also select a’. Every-

thing we have proved in 1.5 can be extended to this case.

2. The minimization of a convex fctional on a lear set.
2.1. Statement of the problem. Let be a closed, bounded, convex,

balanced set in X. Let S L() be the linear hull of .
We are required to minimize a convex, differentiable functional f on S.
2.2. ecessary d sufficient conditions for a.
THEOREM 4. In order for f to attain a minimum on S at the point y, it is

necessary and sucient that

(2.1) (z, Fy) 0

for any z S.
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Proof. Necessity. From the finite increment formula we have

f(y- az) f(y) a(z, Fy) - o(a).

If the minimum is reached at the point y, the left-hand side is nonnega-
rive. The sign of the right-hand side depends on the first term when a is
small. However, since a is of arbitrary sign, (z, Fy) O.

Sujciency. Let us assume that the theorem is false and that there
exists a z S such that f(z) f(y). Then, as was shown in the sufficiency
proof of Theorem 1, (z y, Fy) O. Since (z y) S, the latter in-
equality contradicts (2.1).
THEOREM 5. In order for f to attain a minimum on S at the point y, it is

necessary and sucient that this point be a root of the equation

(2.2) (4, Fx) O,

where, as before, 4 denotes the element of at which minea z, Fx) is achieved.

Proof. Necessity. This follows from Theorem 4.
Sufficiency. Since the fact that the set is balanced implies that together

with the element x it also contains the element -x, from (, Fy) 0
we have that

(x, Fy) >= O, (-x, Fy) >= O,

which is possible only if (x, Fy) 0. Since S L(2), for any z S we
have (z, Fy) 0. Sufficiency now follows from Theorem 4.

2.3. Method of successive approximations.
1. As the first approximation we take an arbitrary element xl S.
2. Suppose that the element x has already been chosen. We find 4

and consider the element x, Xn a4n. We find the point
a (--, + at which f(Xna) attains a minimum. We now set

Xn-l Xn - an4n.

Thus, we have produced the sequences

(2.3) xl X2 Xn

(2.4) 41,42, ,4,

(2.5) f(x), f(x), ..., f(x),
Here, by construction,

f(x) f(x2) "".

The method presented here is essentially a modification of the method
of steepest descent proposed by L. V. Kantorovich [2]. In what follows
we shall assume that
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(2.6) inff(z) Q > -, supllxnl] =< R <
zES

The latter assumption is satisfied if, for example, f satisfies the following
condition" for zn E S, sup z implies sup [f(Zn
THEOnEM 6. Let the functional f have a differentiable gradient F and,

further, let F be bounded on the sphere C,+, of radius R + D, where R is
determinedfromformula (2.6) andn SUpEu X l. Then lira n Fx O.

Proof. Using the Taylor formula, for ny a we have

(x. + ))f(x) + (, Fx) + (Xn, F’
where0 0 a.

In what follows we shll assume that a E [0, 1] although a (- , ).
Let

(.7) s.p F’x M.
xECR+D

Since x 0 E C,+. und , the inequality

(2.s) f(x+) f(x) + (, Fx) + MD

is valid for E (0, 1).
Because , together with any element z, also contains -z, it follows that

(,Fx) 0.
Let us assume that the theorem is false, and let

and a p > 0 be found such that

(n Fxn) -- < O.

Note urther that, by assumption, lira f(x) Q > . Passing to the
limit in (2.8) we hve

Q Q ap + aMD or -p + aMD O,

which is impossible when 0 < a < 2p/MD.
COnOLAnY. If the sequences (2.3) and (2.4) hae limit points, the limit

points of sequence (2.3) are a solution of (2.2).
RemarIc. As in 1.5 it is possible to propose u modified method of suc-

cessive approximutions.

3. Ceain applications.
3.1. Solution of automatic control problems. Consider the linear system

of n ordinary differential equations

(3.) (t) A(t)x(t) + B(t)u(t) +
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with the initial conditions

(3.2) x(0) x0.

Here A (t) is an n X n matrix with real elements piecewise-continuous in
[0, T]; Bi(t), i 1, r, and G(t) are n-dimensional vectors with real
components bounded on [0, T]; the r-dimensional control vector u(t)

(ul(t), -.., ur(t)) is tO be chosen from a certain bounded, convex,
weakly-compact class U. For example, as U we can take one of the fol-
lowing classes" u U if ui(t), i 1, ..., r, are bounded measurable
functions given on [0, T] and satisfying there one of the inequalities (3.3)-
(3.).

(3.3) lu’(t) <- 1, i 1, ...,r, [0, T];

(3.4) u*(t)N(t)u(t)dt <- 1,

where the asterisk denotes the transpose;

*((3.5) u t)N(t)u(t) (t),

where N(t) is n r X r matrix with rel elements continuous on [0, T]
and is positive definite for every [0, T], and fl(t) is a real, nonnegative
function piecewise-continuous on [0, T];

(3.6) u(t)dt <- , > O, i 1,..., r.

Let us choose any u U; the corresponding solution of system (3.1) with
initial conditions (3.2), by the Cauchy formula, is

(3.7) x(t, u) Y(t)xo + Y(t) y-l(r) B(r)u(r) + G(r) dr,

where Y(t) is the transition matrix of system (3.1), (t) A(t)Y(t),
Y(0) E, E is the n X n identity matrix. At each instant [0, T],
(3.7) defines a set Rt(U) in n-dimensionM Euclidean space" z Rt(U)
if there exists u U such that x(t, u) z. We call this set the region of
attainability for the system (3.1) at the instant t. From the properties of
linear systems of differential equations, this set is convex for any t. Let
the functional

T

(3.8) J(u) Jo f(x(t, u), u(t), t)dt

be given, where f(x, u, t) is a twice continuously differentiable function
convex in x in the region of attainability of system (3.1) and convex in
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u in the domain of u, continuous in on [0, T]. We are required to find
U such that

(3.9) J() min J(u).
uU

We see from Theorem 1 that the necessary and sufficient conditions for
minimum have the following form in this case.
THEOREM 1’. In order that the control (t U yield the minimum of func-

tional (3.8), it is necessary and su.icient that

(3.10) rain fo
r

ueU

where

(u(t) t(t) *F(t, (t)dt O,

F(t, t) w*(t, t)[Y-(t)B(t)] -- g(t,

(t, ) Y*(,)c() ,
C() o(:-)’ ox,(, )/’

x =x Xn

/(t, ) Oy(t, )
i 1 r.

Our(t)

From (3.10) it is easy to obtain the maximum principle of L. S. Pontryagin
[3] when the control class U satisfies inequality (3.3) or (3.5). The optimal
control can be found by the method of successive pproximations pre-
sented in 1.4. In this case the controls n for minimizing the ailiry
linear functional re found at once in explicit form (for control classes U
stisfying inequalities (3.3)-(3.6)). The method of successive approxima-
tions for the case of quadratic functionuls hs been discussed in [4]. We
can find a necessary condition for a minimum, analogous to (3.10), for
the case of nonlinear systems as well, and we can also propose a method of
successive approximations similar to the one set forth in this pper; how-
ever, its convergence to global minimum is not guaranteed in general
because local minim may exist.

3.2. The solution of certain problems of approximation theory. Let X
be a normed space in which we select a system of linearly independent
elements

Zl Z2 Zn

Let be the set of all polynomials of the form P % az, where the
coefficients a satisfy the following linear constraints:
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OikOk <= hi, i 1,’", m.

Further, let u X. We are required to find P0 such that f(u P0)
minpeuf(u P), where f is smooth, convex functional given on X.

It is clear that to solve the stated problem it suffices to minimize (1.6)
over this set.
We write this equation out explicitly for the cse when

a P z N 1, 1,...,n

Then, as is easily shown, for any

k=l

5oreover,

((sgn (z, Fx) a)z, Fx).

As result, (1.6) can be rewritten

((sgn(z,Fx) a)z,F) O.

We now consider the problem of best approximation uder the tssump-
tion that there are absolutely no constraints imposed on the coecients
a. Again we denote

Leg S L(a). In he preseng ease our problem reduces o he minimiza-
tion of ghe funegionalf(z) f( z) ot ghe seg S or, which is he same,
o ghe solueion of (2.2).

8.8. n integer programming problem. We are given a convex, wiee-
eonginuously-differeniable real funegion f(z) on a seg H in ghe n-dimen-
sional Euclidean space X. We are also given a finite poin se L in H.

Problem A. Find

(.11) f(y) minf(z).

The search for points L sat,isfying (g.ll) is a problem it integer
programming.
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To solve this problem we consider its connection to the noninteger (the
so-called continuous) problem. We form the closed, bounded, convex set

EcH’x ifx i=l aix =l a 1, a ->- O, x L, i 1,.. s.

Problem B. Find a point y such that

f(y) minf(x).
x

For Problem B the necessary and sufficient conditions for a minimum take
the form of the following theorem.
THEOnE 1". In order that the minimum of the function f(x) on the set

be realized at a point y , it is necessary and sufficient that

(3.12) min (x y)*F(y) O,
x t

where F(y) (0f/Oxl, ..., 0f/0Xn) I= is the gradient of function f at
point y.
To find the points of minimum we can apply the method of successive

approximations presented in 1.4 and 1.5.
Let a point y be known, for which f(y) mineu f(x). To solve

Problem A we use one of the following three methods.
1. Let there exist an algorithm for finding the integer points

Xll Xlpl X21 X2P2
(3.13)

for which

(Xll y)*F(y)
(3.14)

(Xl- y)*F(y) (xl-

Then, by Theorem

(3.15) (xi- y)*F(y) O.

It may hppen that p 1 for some or for all i. Let

Rm- {Xll Xlpl X21, Xml,

t,, min f(z),
Rm

y)*F(y) < ....

Xmpm}

,, (x y) *F(y), j 1, p,

Then, forz Lbutz $ R,

(3.16) (z y)*F(y)

It is clear that as m increases, i grows but 0 perhaps only decreases.
Let i > 0 (this is true when m > 1). Then
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f(x) f(y -f- (x y))

(3.17) f(y)

4- (x y) *F(y) "4- (x y) *F’( y -t- X(x y))(x y),

X [0, 1], 2F’(x) is the matrix of second partial derivatives of the function
f, computed at the point x. For convex functions f(x) the last term on
the right-hand side of (3.17) is nonnegative, but then_ for x L, x R,
because of (3.1.6) it follows from (3.17) that

(3.18) f(x) > f(y) -- ,.If it turns out that 0 =< f(y) -4- , then 0, minxeLf(x). If f(x) is
uch that the matrix F’(x) is strictly positive definite on t, i.e.,

(3 19) z*F’(x)z > rll z x e, r>o,
then for x L, x . Rn from (3.16) we have

,. < Ilx yll. IF(y)

and for such x the inequality

f(x) >

follows from (3.17). Then, if

0. <= f(y) JF ,, "+"

then 0, mince L f(x).

11F(y)

I1F(y) I1’

(xp- y) < ...,

Xmpm}

points

(3.21) xn, ,x,x,

such that

(x y) (x y)’
(3.22)

< (x2 y)

then we proceed as follows.
Let

Q. {Zll xlpi

0,,, min f(z),

9/,, (x,- y)2,

2. Iff(x) is such that (3.19) is satisfied, and if we can obtain the integer
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It is clear that m> 0, m 1,2,..-, and that for x L,x $ Q"
(x y)2 > .

Since by Theorem 1" the second term on the right-hand side of (3.17)
is nonnegative, for such x we have from (3.17) that

(3.23) f(x) > f(y) -t- re,,,
and if here 0, <- f(y) - r,,, then 0 minx x. f(x).

3. If (3.19) is satisfied for f(x) and if we can construct the sequences
(3.13) and (3.21), then we can form the union P, R [J Q. Then,
for x L, x P, we shall have

(3.24) f(x) > f(y) + , + r..
If ,, min,e era8 f(x) --<_ f(y) -t- t}, + r4,, then 0, min,e f(x).

It is not particularly digicult to construct the sequences (3.13) and (3.21)
for a number of important practical problems. For example, consider the
"traveling salesman problem". Given: s + 2 points in an n-dimensional
space,

(3.25) Zo z z z, z,+

Let us choose any set from these vectors,

Xl X2 Xs

(3.26) x {z, ,z}, i--- 1, ,s,

z. {x, x}, j 1, s.

(there will be s! such sets). We order these points,

ZO ---> Xl "--> 22 - Xs -- Zs+l

This is a certain "path" in the n-nimensional space, whose length is

We are required to choose a set x, x such that the function (3.27)
would take its least possible value.
The function J(x, ..., x) is not smooth and, therefore, in its place

we consider a new function, which now is twice continuously differentiable
and convex,

(3.28)
x.) v/(x z0) +

+ /(x+ ) + + /(z/ x) + ,
i=l

where e > 0. For any > 0 we can find n e > 0 such that J(x, x)
J(x, x) <- for any set x, x.
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At each step of the minimization by the method of successive approxima-
tions of (3.28) we must seek the minimum of the linear form

x , x {Zl, ,z}, i= 1, ,s,
i=1

z. Ix1, "",xs}, j 1, ...,s,

and this is the allocation problem treated, for example, in [5].
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TIME OPTIMAL CONTROL OF A LINEAR DIFFUSION
PROCESS*

R. M. GOLDWYNf, K. P. SRIRAM; AND M. GRAHAM
Abstract. The applicability of the Laplace transformation for the determination

of the time optimal control of a linear diffusion process with amplitude constraints on
the control is presented. The method--which can be interpreted as requiring a con-
trol whose transform in combination with the initial condition places zeroes at the
poles of the open loop transfer function--is used to derive the optimal control func-
tion on the assumption that it is bang-bang, i.e., it is always at its limiting values. It
is shown that the transfer of the system from a given initial state to a desired final
state can be accomplished in finite time. A physical interpretation of the numerical
results obtained is given., based on a transmission line analogue, and the actual time
response for suboptimal controls is used to confirm theoretical estimates.

1. Introduction. In the past, much work has been done on the theory of
the optimal control of lumped parameter systems, the motion of which may
be described by means of ordinary differential equations. Many of the theo-
retical as well as the numerical results here are generally well known and
one may refer to [9], for example, or the recent survey paper [12]. Equiva-
lent results, particularly with specific examples, in the case of distributed
parameter systems, the motion of which may be described by means of par-
tial differential or integral equations, are not generally available. Some rele-
vant papers on the control of distributed parameter systems are mentioned
in [12]; for example, [10] gives a general view of the control problem, [8]
gives a formulation of optimal processes in Banach spaces, and [5] spe-
cificall obtains numerical results by solving an integral equation. In this
paper, the time optimal control of a one-dimensional heat diffusion process
with amplitude constraints on the control is obtained making use of a trans-
form technique. (As is known, there are certain advantages in using a
transform such as the Laplace transform on linear distributed parameter
systems. Representation of the Green’s function is often easier in the trans-
f()rm domain than in the time domain and the transformed system re-
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sponse is obtained as the solution of an ordinary differential equation with
suitable boundary conditions.)
The most striking feature about the class of problems involving the

transfer of a system from a given initial state to a desired stable final state,
for convenience the origin, is that, both the control and the state of the
system are identically zero outside a finite time range. This fact, as will be
shown later, dictates that the Laplace transform of both the control and the
response be free of singularities in the finite complex s-plane. This require-
merit leads to the condition that the combination of the control and the
initial condition must be such that they produce in the frequency domain
zeroes at the poles of the open loop transfer function. The physical inter-
pretation of this is interesting; the system has resonances at the poles of the
open loop transfer function and the control is chosen so as to lead to a can-
cellation of these poles. In other words, the control forces the characteristic
modes of the system to go to zero in finite time.
For the specific problem under consideration, two types of controls are

considered-firstly, when the control is a temperature source, and secondly,
when it is a heat flux source. On the assumption that the control is bang-
bang, i.e., it is always at its limiting values, application of the condition
that the poles be cancelled leads to an infinite set of equations for the switch-
ing times. A finite approximation to this infinite set is made and numerical
results are obtained giving the control explicitly as a function of time. A
physical interpretation of the results in terms of a transmission line ana-
logue is presented. Because of the manner in which the control function is
obtained, it is possible to make estimates of how close the actual response
is to the desired response, and numerical solution for the response corre-
sponding to different control functions confirms these estimates.

2. Finite time control and the Laplace transformation. The major results
of this paper, in which the Laplace transformation is used on finite time
control problems, are derived from the theorem given below.
THEOREM 1. If f(t) is a bounded, piecewise continuous function of on

0 <= <-_ T with a denumerable set of discontinuities and is identically zero

fort > ’, then the Laplace transform (s) of f(t),
T

dt,
o

is free of singularities in the entire finite complex s-plane. (Such a function
is called an "entire" or "regular" function.)

It is easy to prove this theorem and, in fact, it follows from a more
general result [6], according to which any function expressible as a finite
integral whose integrand is a regular (analytic) function of s and continuous
in the variable of integration is a regular function. It may be shown that the
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result is also valid for piecewise continuous functions with a denumerable
set of discontinuities. All that is necessary is to divide the range of integra-
tion into pieces, over each of which the integrand is a continuous function
of the variable of integration. By the theorem in [6], each of the integrals
thus obtained is an entire function, hence their sum is also entire. Necessary
and sufScient conditions for f(s) ensuring that f(t) is identically zero out-
side some finite time interval are given by Pfeiffer [11] and are quoted
without proof in the Appendix.
The concept of entire functions may be directly applied to control prob-

lems such as those involving the transfer of a system from a given initial
state to a desired final state (for convenience the origin) in finite time. The
Laplace transform of the state of the system in such a finite time control
problem must be entire since the state is identically zero after some finite
time. Since the transform of the state is determined, by the initial condi-
tions, the control, and the differential equation governing the motion of the
system, certain necessary conditions may be obtained which the .control
must satisfy, ensuring that the transform of the state is entire. In addition,
since the control itself acts over a finite time, the transform of the control
must also be entire.

3. Diffusion equation with temperature control. Consider the problem
of one-dimensional heat diffusion in a uniform, homogeneous, isotropic
body. The thickness of the body is normalized to unity and the end x 0
of the body is insulated. At the end x 1, the body is being heated (con-
trolled) by a temperature source f(t), where f(t) is subject to the constraint
If(t) =< 1. At time 0, the body is at a uniform temperature of - 1.
The problem is to bring the body to a uniform temperature of zero in_

minimum time.
Denoting by 0(x, t) the normalized temperature at the point x at time

t, the differential equation governing the system may be written as

(2) (’ t) 00(x, t).
Ox Ot

In. (2), time has been normalized to give a diffusivity of unity. The initial
and boundary conditions may be represented mathematically as

() 0(x, 0) ,
(4) (0, t) 0,

(5) 0(1, t) f(t).
Taking the Laplace transform of (2) subject to (3) gives

() o(x, s) (x, s) ,
cx
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where

(7) O(x, s) fo O(x, t)e-St dt.

The solution of (6) subject to (4) and (5) is

cosh / A- s](s) 1} cosh /x(s) (x, s)
s cosh %/

where

(9) ](s) fo f(t)e-t dt.

It is possible to specify certain conditions which the control must satisfy if
the temperature is to be identically zero after a finite time. From the entire
function concept, )(x, s) must be free of singularities in the finite complex
s-plane. The denominator of (8) has an infinite set of zeroes at
s s -(n 1/2)2r. To have an entire function, the numerator must
therefore be zero for these values of s. Hence the condition

(10) 8](s) 1 0

must be satisfied.

4. lature of optimum control function. Since the time optimal control
for a linear finite state system is bang-bang, i.e., the control is always at its
extreme values, the optimal control with f(t)l <-- 1 is assumed to be of the
form

(11) f( t) -u( t) -t- 2u(t T1) 2u(t T2) -f- -4- (-- 1)nu(t Tn),

where u(t) is the unit step function,

0, < 0,
(12) u(t)

1, > O,

and T1, T2, ..-, T, are the times t which the control changes from --1 to

A-1 and vice versa. Obviously, the first switch would be negative with the
initial condition as given. In the problem under consideration, there are an

infinite number of singularities, so that, in (11), n would be infinite.
The Laplace transform of (11) then gives

(13) ](s) _1 [1 2e-8rl -f- 2e-"r A- ...].
8

Substitution of (10) in (13) gives an infinite number of equations for an

infinite number of unknowns"
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(14)

It is required that0 T1 T2 Tn The s are all real and
negative so that the left-hand side of any of equations (14) consists of an
alternating series of increasing amplitude. The only way the series could
have a finite sum is for successive terms to cancel each other.

Letting T/ T -t-/T, any two successive terms of the nth equation
may be written as

(15) e-snrk e-8(rk+rk) e-8rk[1
so that convergence to a finite limit requires --SnATk --> 0 for large k and
all n. Now, for large n, s - n2; hence it is necessary that AT - 1//2+,
e -> 0 for large ]c, which implies that the series = ATz converges to a
finite limit.

It is easy to show that with the control of the form taken, ti(x, s) satisfies
the conditions given in the Appendix for being time limited when 0 x 1

5. Numerical solution of the equations. The exact system of equations
(14) involves an infinity of switches, and direct numerical solution is im-
possible. However, finite approximations of the equation, involving trunca-
tion of the control after a finite number of switches can be solved, and then
by increasing the number o.f switches, the solution to the exact system is
approached. The finite approximation taking n switches is

2 2e-r 2e-r (--1)%-r’ 0,

(16) 2 2e-’r + 2e-r + (--1)ne-’ O,

2 2e- + 2e-’r: -]- (--1)e-’v" 0.

The control function for (16) is

f(t) --u(t) + 2u(t- TI) 2u(t- T.) + (-1)u(t- T),

and with n switches of this kind, (16) is the condition that the n poles
closest to the origin are removed. Of course, it is possible to remove any n
arbitrary poles, but the ones nearest the origin correspond to the most
slowly decaying modes and it is desirable to remove these first. After n
switches of this kind have been carried out, it cn be asserted that whatever
the remaining temperature might be, it would be decaying more rapidly
than e-(’+/):t. Examination of (8) also reveals the fact that the residues
at the poles go as
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(--1)cos(n- 1/2)x
(n 1/2)

so that the magnitude of the remaining temperature would also be very
small. Thus, even with a finite number of switches, it is possible to get arbi-
trarily close to the desired final state.

Numerical solutions of (16) for values of n between 1 and 18 are given in
Table 1. The equations were solved using a double precision generalized
Newton-Raphson method with scaling to take care of overflow problems on
an IBM 7040 computer. The solutions obtained at each stage were used to
get estimated starting values for the next stage.

It is interesting to note that the final switching times T appear to be
converging. (The final switching time, T, for a particular n is the last
value appearing for that n in Table 1.) This may be seen by multiplying the
successive increments AT T T_I by n2, in which case the product
n A7 decreases monotonically from 0.259771192 for n 2 to 0.207321302
for n 18. On this basis, a rough estimate of the final switching time as
n - may be made"

1
T(R) < Tls 0.207321302 9=

(17) < Ts -t- O. 207321302
X

0.433525636.

It should be noted that the 1In variation is in accordance with what was
indicated in the previous section.
When the initial temperature on the bar is not nu i but 00, then a set of

equations similar to (14) is obtained.

(18)

-F O0- 2e-’ nu 2e-r O,

nu O0 2-’2r -F 2e-r: O,

1

0 can be assumed to be positive without loss of generality. Once again,
truncation of the switching function leads to the finite set of equations

(19) 1 -t- 00-t- 2 (-1)e-r -Jr- (-1)’e-";r 0, j 1, 2,-.-, n.
i1
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TABLE 2

Switching times for temperature control, Oo 0.1

T T

038628
065258 1.090246
.068498 .106125

.0691521 .109359

.0693361.110287

.0694001.110617

.069427 /.110753

.115701
125345
.128113
.129111
.129529

T4

129796
136240
138556
.139534

T5

.138644
143258
.145198

.144699

.148169

T7

.149100

Solutions of (19) for n up to 7 are given in Table 2. Proceeding as before, an
estimate may be made of the final switching time as

T < 0.149099511 --(.215619296)
(o)

< 0.179901981.

Comparison of Tables 1 and 2 reveals the interesting fact that the spac-
ing between the latter switches tends to become invariant irrespective of
the initial temperature distribution. The initial temperature distribution
affects only the first few switches ppreciubly, and conversely, the tern-
perature distribution is affected most by the earlier switches.

6. Terminal time and time transmission line analogue. The diffusion
equation considered above is a special case of the general transmission line
equation

(21) 02e LC 02e
Ox -i -- (LG + RC) -; + RGe,

where R, L, C and G are the resistance, inductance, capacitance and con-
ductance per unit length. Motivated by this transmission line analogue, it is
reasonable to talk about the velocity of propagation of a temperature wave
for the diffusion equation

ox--- 0-7"
If one examines (22) for a solution of the form

(23) 0 Ae(k+ t)

with w real, then such solution represents a wave travelling in the negative
x direction with a velocity w/Re {k} and a decay factor of Im {/I. From
(22) with (23),

(24) --l iw
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so that

(25) velocity of propagation Re k /--"

The time taken, therefore, for a temperature wave of frequency w to go from
one end of the bar to the other is %/1/(2) and the time for a round trip is
%//. Hence given an arbitrary input function, the time for the entire
slab to feel the complete effect of the control would be bounded by /-/8,
where is the smallest frequency component of the control.

For 00 1, the first switch occurs at about 0.3188 seconds, corresponding
to the fundamental frequency of 7r/0.3188. A fair estimate of the final Switch
is then %/(2 X 0.3188)/r 0.45 seconds. Similarly, for 00 0.1, the final
switch would occur at %/(2 )< 0.0694)/r 0.21 seconds. The estimates
made in the previous section, viz., 0.433535636 and 0.179901981, are within
these limits.

7. Diffusion equation with heat flux control. Consider next the same
problem of one-dimensional heat diffusion with a different type .of control:
at the end x 1 of the slab, instead of a temperature source, a heat source
is applied. In terms of the transmission line analogue, this would correspond
to driving the line with a current source rather than a voltage source.
The equations to be solved are now

(26) t) O (x, t)
Ox Ox

(27) O(x, O) 1,

O0
(28)

Ox
(0, t) O,

(29) 0x (1, t) f(t).

Solving (26) through (29) for the transform of the temperature gives

(30)

(, )

_
+ ]() coshV x

s %/ sinh /-
//- sinh -v/- -4- s](s) cosh X/ x

At first glance, (30) appears to be of the same form as (8) and, in fact, the
denominator of (30) has an infinite set of zeroes at sn -n2r2. But there
is one important difference in that the denominator here has a double zero
at the origin. Hence the conditions to be satisfied are
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(31) 8nf(Sn) 0

and

(32) _d_d [%/ sinh %/ + sy(s) cosh %/ x] 18=0 0,ds

to ensure that there is no double pole at s 0. Assuming, as before, an
optimum control with a finite number of switches of the form

(33) f(t) -u(t) -{- 2u(t- T1) -{- (-1)nu(t- T,),

the transform of the control is

(34) ](s) _1 [1 2e-8rl + 2e-’2 + (--1)e-Srn].
8

Substitution of (34) in (32) gives

(35) 1 27’1 + 2T2 - (--1)nT 0,

while substitution of (34) in (31) gives

1 2e-11 - 2e-’r2 - (-1)e-s" 0,
(3)

1 2e--lr + 2e--’ (--1)he--r 0.

The physical interpretation of (35) is very interesting; it means that at
whatever stuge the truncation is curried out, the totul heat input to the
system must be -1. Physically, this could have been anticipated since
the net heat contained in the bar initially is + and at the end of the
desired transition it is to be zero.

Numerical solutions of (35) nd (36) are given in Tble 3.

8. Time response with temperature control and flux control. The temper-
ture in the slab as function of x nd for u given temperature control
may be obtained by taking the inverse Lplace transform of (8). Figure 1
gives the spatial distribution of temperature at different times correspond-
ing to two switches. Figure 2 gives the time variation of temperature for a

particular value of x, and here the effect of increasing the number of switches

TABLE 3

Switching times for flux control, 00 1.0

1,000000

1.070229
1.073595
1.074076

1.140458
1.164023
1.167427

1.180858
1.193317 1.199931
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Fro. 1. Temperature control--spatial distribution of temperature. First switch at
0.31469278, second and final switch at 0.34586477.
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is clear. The final decay after the switching is stopped is exponential in
every case, and by increasing the number of switches more of the modes
nearer to the origin are cncelled. For instance, for n 1, the time constant
of the decay after the final switch is close to 4/(92), while for n 2, it is
4/(252), and so on for n switches. This was nticipated in 5.In this wy it is
possible to get arbitrarily close to the origin with a finite number of switches.

Figures 3 and 4 give similar plots of temperature when the heat flux at
the end of the bar is being controlled. The sharp discontinuities of tempera-

,X "0 ’- 1.0 X =0

t-o.o t:o.4o

L- 1.0 1.0

+1.0

x=o ""lX 1.0

=0.60

-I .0

4-1.0

xI.O x, =I.O
"---2 --o

t=o.8o

0+
1.0

X=I.O

IX -
[

+1.0 + 1.0

o

I  i:,o
x:o

t =.7 t-- .
.o q oo

FIG. 3. Flux control--spatial distribution of temperature. First switch at 1.0735946,
second switch at 1.1640234, third and final switch at 1.1808575.
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0.5

0.2

0.1
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0.02

0.01

0.005

0.002

X 0.1

2 SWITCHES

SWITCHES

1.00 1.04 1.08 1.12 1.16 1.20 1,24

TIME

FIG. 4. Flux control--time response at x 0.1 and x 0.25

ture at the instants of switching are absent, but the effect of increasing the
number oi’ switches on the final decay is still evident.

Conclusion. The applicability of the Laplace transformation to deter-
mine the time optimal control of a linear diffusion process has been demon-
strafed. Work on the general transmission line equation and examination
of the optimal control of hyperbolic systems is being undertaken. Another
promising prospect is the application of transform techniques to system
parameter identification when the representation of the Green’s function--
as is often the case--is easier in the transiorm domain than in the time
domain. A time integral may be transformed by Parseval’s theorem into
an integral over all frequencies.

Appendix.
THEOREM [11]. A necessary and sucient condition that f( t), an arbitrary,

bounded continuous function of on 0 <= <= T, be identically zero for > T
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is that the Laplace transformation ](s) off(t),

satisfy the following conditions:
(i) ]( s) has no singularities in the finite complex s-plane;
(ii) there is a positive M such that

]( s) < Me Ilr, where Re{s};

(iii) ]( s)l -- 0 as s -- along any path in Re {s} => zofor any o >
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ON THE PROBLEM OF DEDUCING STATES AND STATE-
RELATIONS FROM INPUT-OUTPUT RELATIONS FOR

LINEAR TIME-VARYING SYSTEMS*

A. V. BALAKRISHNAN
1. Introduction. This paper deals with the state-space theory of con-

tinuous systems as developed by Zadeh [1] and the author [2]-[4]. One of
the central problems in this theory is that of determining states from the
iput-output relations. (For the definition of system and state and related
concepts used herein, see [1 ].) It is not known at present whether it is always
possible to do this. In this paper we introduce a sufficient condition on the
input-output relations and show how from this property it is possible to
deduce state-spaces and associated relations for a class of time-varying
systems.
We call the property "weak null connectedness" or "weak null controlla-

bility." When specialized to a linear dynamic system, this is recognized as
related to the well-known condition [1], [5] for complete controllability or
complete algebraic connectcdness. By a dynamic system we mean here
that the input u(t) and the output y(t) satisfy equations of the form:

(t) A(t)x(t) z7 B(t)u(t),

y(t) C(t) x(t) -- _. &(t)u()(t);

and conversely, any pair of functions u(t), y(t) that satisfy these equations
are admissible input-output pairs, it being assumed that the first order
ordinary differential equation has a unique solution for each initial value.
As is known (see [1], for example), these may then be taken as state-input
and state-input-output relations. Our condition for weak null connected-
hess is given withou any reference to states and is based only on the input-
output relation. The state-spaces that we deduce cannot be and are not
restricted to be finite-dimensional. This is true also of the reduced state-
spaces; they may not be even normable, although we show that there is a
natural topology for them which makes them locally convex. Conditions
are given for the reduced state-spaces to be finite-dimensional. The Zadeh
result [1], [2] that a linear time-invariant system with a finite-dimensional
state-space is dynamic (or can be represented as a dynamic system) is
shown to be incorrect in the time-varying case. It is shown to be true for

* Received by the editors May 16, 1966, and in revised form March 6, 1967.
Department of Engineering, University of California, Los Angeles, California

90024. This research was supported in part by the Air Force Office of Scientific Re-
search, United States Air Force, under Grant 700-67.

309



31.0 A. . BALAKRISHNAN

It weakly null connected system whose reduced state-spaces are all of the
same finite dimension.
For recent related results for time-varying syst,ems (with finite-dimen-

sional st,at,e-spaces) wit,h pol;ential applications to lumped-paramet,er
circuit, theory, see [8] and [9], with additional references given in the latter.
We begin with a definition of weak null conneetedness in terms of

for a linear dynamic system and discuss the relationship to complete con-
trollability. It turns out that the two are equivalent in the time-invariant
ease, but neither necessarily implies the other in the t,ime-varying case.

2. Definition of weak null connectedness. Let us first consider a linear
"dynamic" system, where the input u(t) (ssumed to be one-dimensional
for simplicity of notation., the extension to the general finite-dimensionM
cse being obvious) nd the output y(t) (also assumed one-dimensi.onl)
a,re related by the equations:

(1.) dX(t) A(t)X(t) q- B(t)u(t)
dt

(2) y(t) C(t)X(t) q- d,o(t)u()(t),

where X(t) is an n X 1 matrix function, A (t) is an n n matrix function,
B(t) is n X 1, C(t) is 1 X n, nd d(t) are scalar, all functions measurable
nd essentially bounded on finite intervals. For such a system, the state-
space at any instant of time can be tken to be (isomorphic to) an n-
dimensional vector space, denoted E. In fct, since the ssumptions on
A (t) and B (t) imply that (1) has a unique solution for each initiM value
(as a Cauchy problem), we may take (1) as the state-input relation and
(2) as the state-input-output relation. With reference to (1), we may
state our definition for weak null connectedness or weak null controlla-
bility (abbreviated WNC) as follows.

DEFINITION. The system defined through (1) and (2) is said to be
wealcly null connected or weakly null controllable if, given ny state X t any
time t, it is possible to find an earlier instant of time to, to < t, nd n
input starting at time to, such that (1) has a solution satisfying

X(to) O, X(t) X.

To see why this definition is new nd different, let us recall the usual
definition of complete controllability or complete connectedness [1], [5] (ab-
breviated CC): Given any state X at time h and any other state X=,
it is possible to find an input which will transfer the state X t time
to the state X= at some > h that is, we can find a solution of (1) satis-
fying

X(h) XI a,nd X(t) X. for some > h.
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THEOREM 2.1. Suppose the system (1) is time-invariant, i.e.,

(3) dA(t)/dt O, dB(t)/dt O.

Then weal null controllability is equivalent to complete controllability.
Proof. Since (3) holds, let

(4) A(t) A, B(t) B.

The proof is immediate since we hve then thut

exp At Q(t)A

and

(exp A(t- s))Bu(s) ds o Qk(t- s)u(s) ds AB,

so that weak null connectedness readily mplies that AB be linearly
independent for 0, ..-, n 1. The latter being the well-known
condition for complete controllability, the proof is clearly complete.
However, Theorem 2.1 is false in general in the time-varying case, as

the following simple counterexample shows. Thus, let (1) have the special
orm

dX AX(t) + B(t)u(t),
dt

where

: for .< some fixed to,
(5) B(t)

for > to,

and {AB} are linearly independent,/ 0, n 1. Then for any ,
fixed and less than to, we have

(exp A( ))B()() d exp A.( )B() d,

and by taking larger than to, we see that any state can be reached, so
that we have CC. On the other hand, no nonzero state can be reached at
any time t, < to, starting with the zero state at any earlier time, or
we do not have WNC. By reversing the iuequality in (5) it, is clear that
we can obtain a system t,ht is WNC, but not CC.

However, a sufficient condition, essentially a sort of analyticity condition
on. A(t) and B(t) that has played a key role in. optimal control theory
and was invoked by Pontryagin, Boltyanskii, Gamkrelidze and Mishchenko
[6], may be given implying CC and WNC simultaneously. (This in [6] is
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called the "general position condition.") Thus, let P denote the following
condition.
The vectors B(t) are linearly independent for every t:

B(t) --A(t)B_l(t) + dB_(t)/dt, tc 1, ..., n- 1,
()

So(t) B(),

it being assumed, of course, that the necessary differentiability conditions
are satisfied.

It may also be noted that if a system (1) is WNC, then for any t, any
state at time can be reached from the zero state starting at the fixed
time L, for some fixed positive L; this is simply a consequence of the
finite dimensionality of the state-space. We can also gie a set of neces-
sary and sufficient conditions for a dynamic system (with the state-input
relation (1)) to be WNC. For this let Q(s) be the column vectors of the
matrix Y(s) which is a t!undamental matrix solution of the equation

dY(s____). -A*(s) Y(s).
ds

Then we can state the following theorem.
THEOREM 2.2. A necessary and sufficient condition for the system (1) to be

WNC is that

(7) a B(s)*Q.(s) O, s < for some (any) t,

implies that all a are zero.

Proof. Suppose the system is WNC. Then it is not possible to find
nonzero vector Y, such that

(8) Y* (t)*-(s)B(s)u(s) ds 0

or every u(. ), or equivalently that

(9) B(s)*(s)b(t)- Y O, s t,

and since (t) is nonsbgular, this implies the condition (7). Conversely,
if (7) holds, we obtain equivalently (8) and hence (9), which would then
yield WNC.

Remarlc. It may be noted that no differentiability condition has been
used in (7), but the fundamental matrix solution is required. We can, of
course, state a corresponding (one-sided) version of P in place of (7) with
appropriate differentiability conditions. Also, we obtain CC by reversing
the inequality in (7).
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3. Definition of WNC based on input-output relation. Weak null con-
trollability (as well as complete controllability) has been defined in terms
of the state-input relation for a linear dynamic system. Such a definition
can be clearly extended to any system with a state-space description even
including those whose state-spaces are not finite-dimensional, but it re-
quires the notion of state. We shall now give a definition of WNC which is
based only on the input-output relation, and without reference to states.
In particular, therefore, such a definition can be applied to systems which
are described only in terms of the input-output relation. We shall show that
for systems satisfying the new definition of WNC, it is possible to deduce
states and associated state-spce description from the input-output rela-
tion, and further that the states then will have the WNC property also.
Our definition of weak null connectedness is essentially that the output

is uniquely specified for > to by specifying u previous input history prior
to to. There is, ia other words, previous input history, which may be
unknown but which, if given, will determine the output corresponding to
the input for all the future. More specifically, we define a system given in
terms of input-output relations to be linear and weakly null controllable
if the output y(t), corresponding to the input u(t) for > to, cn be
expressed in the form-

(10)
y(t) W(t, S)Uo(S) ds -- W(t, s)u(s) ds,

O<L<= ,
for some u0(. ), where W(t, s) is a fixed function of the two variables s,
t, <: s, - . The interpretation of the integral as well as the pre-
cise definition of L + depends on the kind of restrictions placed on
the function W(-, ). If we allow W(t, s) to be a generalized function,
then the input functions have to be infinitely differentiable, and the output
functions to be generalized functions also. On the other hand, the class
of input functions can be extended to integrable functions if we restrict
W(s, t) to be, say, Lebesgue measurable and essentially bounded on finite
intervals. We shall assume this in what follows. In particular then, the
integral is defined almost everywhere in for finite L for inputs integrable
on finite intervals, and the limiting case of L will be interpreted to
mean that the integral converges almost uniformly in each interval of the
form. [to, to + A], 0 < A <= o.

If a linear dynamic system is WNC, then it is clearly also WNC in the
new definition. For, from (1), we have that

x(t) (t)(s)-x(to) - f (t)(s)-B(s)u(s) ds,
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where (t) is the fundamental matrix solution of

q(t) A(t)q(t);

and if the system is WNC, we must have

x(to) q(to)q(s)-lB(s)uo(s) ds
o--L

for some (finite) L > 0 and appropriate u0(. ). Hence, from. (2),

y(t) W(t, S)Uo(S) ds + W(t, s)u(s) ds,
L

where

W(t, s) C(t)q(t)q(s)-IB(s) + dk(t)(t s),

and ti( denotes the/cth derivative of the delta function. The first term
is measurable and essentially bounded on finite intervals, while the second
term requires that the generality of Schwartz distributions be allowed.
By restricting ourselves to the former class we forego the inclusion of the
derivatives of the input functions.
We shall now consider the problem of determining states and state-rela-

tions for a system whose input-output relation satisfies the WNC criterion
(10). An obvious implication of (10) is, of course, that the output is de-
termined if we can specify the input history, and hence the latter should
qualify as states. The states are no longer finite-dimensional, and the pre-
cise definitions and, more important, the precise relations are given in the
following theorem.
Tinoln 3.1. Let the input-output relation be specified by (10), where we

assume that W( t, s) is Lebesgue measurable and essentially bounded on finite
intervals. Then it is possible to deduce state-spaces for the system, such that
the reduced states are WNC. The reduced state-spaces can be talen as locally
convex spaces, with the state-input relation being given by

x(t) T(t; s)B(s)u(s) ds + T(t; to)x(to),

where T (t; s) is a family of linear continuous transformations, such that

T(t; T)T(T; S) T(t; s), s<r<t,

B(s) is a reduced state for each s, and the output-state relation is
y (t) C(t) [x (t)] a.e., where C(t) is a linear functional on the reduced
state-space at time t.

Proof. Because of our assumptions on the weight function W(t, s), the
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class of inputs for which the outpu is defined s mesurble function
includes the linear class of functions of bounded writion (or set functions
countbly dditive on bounded Borel sets) with compact support in
(- oo, -F oo ). We shll denote this class by . For the input fl in the
output is given by

(11) y(t) W(t, s) d(s),

defined lmost everywhere in t, - < + . Since we will be deling
for the most pr with bsolutely continuous (set) functions nd with (set)
functions with purely tomic prts, we shll henceforth write (11) more
simply s

(12) y(t) W(t, s)u(s) ds,

llowing for del functions in u(. s necessary. To obtain stte-spce
representation we begin by rewriting (10) s

y(t) W(t, s)u(s) ds + W(t, s)u(s) ds

f2 fto+(13) W(to + , to + s)u(to + s) ds + (t, s)u(s) ds,
to

to < t0-t-A.

Let us denote by 2 the subclass of functions in (g whose support is con-
fined to (-, 0]. We note that the "past input" with reference to (13),
u(to + s), < s <- O, is an element of ?2. Let us now introduce a family
of linear transformations L(t), - < < +, defined on 2, mapping
Z into 2, the space of Lebesgue measurable functions on (0, which are
essentially bounded on finite intervals, by means of

L(t)u v, v(A) W(t + A,t + s)u(s) ds, A >= O.

Then, of course, L(t) is linear. We shall show that 2; cn serve as state-
space for inputs confined to (. For this purpose let us denote by S(t) the
shift semigroup on 2, mapping 2 into 2;, defined by

{(s+t) for - <. -t,
S(t) u v, y(s)

for --t < 8 < 0.

We note that 2; can be considered as a subspace of the space of continuous
linear functionals on the Banach space of continuous functions C(-0, 0].
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If we topologize 2; by the corresponding weak-star topology, S(t) is a
continuous linear transformation for each t. If we denote by 8 the delta
function supported at the origin, for any u(. in 2 the integral

ftt S(t s)Su(s) ds

is well defined as a Petti’s integral and, in fact, corresponds to the function

u(t+s) for -t+t0 < s <0,

0 for - <s < -t-t-to.
For given u(. in 2, and each a, < a < -[- , the function u(a -t- s),- < s < 0, is an element of 2. If we denote it by x(a), we have the
representation:

P

(14) x(t) S(t- to)x(to) -t- S(t- s)u(s) ds, to.

Next, let

v(t) L(t)x(t).

Then it is readily verified that the element v(t) in corresponds to the
function

f W(t + A,s)u(s) ds a.e., A > O.

To relate (14) to the output let us define linear functional on nonempty
linear subspace of by

h

fo(g) lira (l/A) ] g(s) ds,
A-->0

whenever this limit exists and is finite. Then because of our assumptions
on the function W(t, s), we note that for any x 2, L(t)x belongs to the
domain of definition of f0(" ), omitting a set of Lebesgue measure zero
(which is independent of x). Omitting this set of measure zero, we can
define a family of linear (not necessarily continuous) functionals on 2; by

c(t) (x) fo(L(t)x), x

Moreover, we have then that for x(t) defined by (14), the output is given
by

(1,5) y(t) c(t) (x(t))

We note that (14) and (15) describe the system in terms of state-inpu
and output-state relations.
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We proceed next to enlarge the state-spaces and accommodate all inputs
for which the output is defined as measurable functions essentially bounded
on finite intervals. We can do this by first reducing the state-spaces and
then introducing a new topology--the "output-induced" topology--and
completing the space in that topology. For each t, let

 0(t) Ix lL(t) x 0].

The "reduced states at time t" are the elements of the subspace comple-
mentary to the subspace 20(t). Let us denote the complementary space by

This space is, of course, (algebraically) isomorphic to the factor space
modulo 20(t). We topologize 2;.(t) by inducing the minimal topology
which makes L(t) continuous, considering topologized by the denumer-
able seminorms

Pn(f) ess sup If(t)
Otn

for each positive integer n. Since is then a locally convex space, so is
.(t) for each t. Let us denote the linear mapping defined on mapping
2 onto (t). Suppose x is an element of 20(s). Then it is readily verified
that

P(t)S(t- s)x 0 for >- s.

Hence we can define a two-parameter family of linear transformations
T(t; s), - < s <= < -t-, mapping 2(s) into 2.(t), defined by

T(t; s)x P(t) S(t- s)y,

where y is any element in 2 such that

P(s) y x.

It will be convenient to write this as

T(t; s) P(t) S(t- s) P(s)-.
It is readily verified that T(t; s) is a linear continuous transformation.
Also we have the "transition" property"

(16) T(t; s) T(t; -) T(T; s), s -<- T <= t.

Next let

B(t) P(t) .
Then from (14) we can write
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P(t) x(t) P(t) S(t to) P(to)-1P(to) x(to)

+ P(t) S(t s) P(s)"1B(s) u(s) ds,

so that in terms of reduced states we have the relation

(17) 2(t) T(t; to)x(to) -I- T(t; s)B(s)u(s) ds,

where the indicates that the states are reduced at the indicated times.
Also, we obviously have in place of (15),

(18)
y(t) C(t)[P(t)-1 2(t)] a.e.

c(t)[(t)] .e.

It is not difficult to see that relations (17) and (18) can be extended to the
completions of the spaces R(t). We shall denote the completed spaces by
ER(t). Thus (17) and (18) are the state-input and output-state relations
in terms of reduced states.
Next we shall show that the weak connectedness property holds for the

completed reduced states. Thus, let the reduced state x(t) be given, and
let us assume first that it is in R(t). Let u(. be in 2, such that

P(t) u x(t).

Then wc know that u(s) vanishes for s -to for some positive to. It is
now readily verified that

and hence we have

U
--t

S(t- s)u(s- t) ds,

(19) 2(t) T(t; s)B(s)v(s) ds,
t--to

where

v(s) u(s t), t--to<s<t,

and (19) verifies the required property. If 2(t) is in the completed space
E(t), then it is clear from the definition thtt we cn. find a sequence
v,, (.), such t;ht

2(t) limftttn T(t; s)B(s)v.(s) ds.

This completes the proof of the theorem.
Let us next consider the spaces 2(t). Since these need be only deter-
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mined within an isomorphism, we can take

(20) 2;(t) L(t) :2,

with the topology as a subspace of . The completion 2(t) is simply
the closure of the subspace on the right of (20). We now define 2: as the
closed linear subspace in oC generated by the subspaces 2:(t), - <
<: + o, and, in particular, we can then discuss the continuity of

T(t; s)x, x Y,(s),

as a function of t. Thus

T(t -t- A; s)x T(t; s)x (T(t -[- A; t) I) T(t; s)x

(T(t + A; t) I)x(t), x(t) Y,(t).

Now for any x in 2(t),

T(t + A; t) x x L(t + A) S(A) u L(t)u,

with x L(t)u and the element on the right given by

f. (W(t + , +, + s) W(t + , + s))u(s) ds,

0<a .
Since, in prticular, we muy tke u(.) t b a dela function, i follows
that T(t; s)x i.s continuous in t, => s, if ad or.fly if, for ech a:)np()sitive
s a(i each L,

ess sup W(t + A + z, + s) W(t -t- z, -t- s)
OaL

goes to zero with A. To see that this is a sufficient condition we have also
to make use of the fact that W(, s) is bounded on finite intervals.
Next let us consider the consequences of finite dimensionality of the

reduced state-spaces. First of all we shall consider a simple case to show
that the situation s not the same as in the time-invariant case. Thus, let
F(. denote a finitely additive se fucion defined on the field of finite
unions of half-open intervals, such that

g(t; s) F([s, t)

is measurable in s, and bounded (from above) on finite intervals. We
note that such a function need not be countably additive. Let

W(t, s) exp g(t, s), :> s,
()

w(t, t) .
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Then we hve

(22)

Hence for ny u in

(23)

where

w(t, ) w(t, -) w(-, ),

L(t) u a(t, u) L(t)

a(t, u) W(t, s)u(s) ds,

and L(t)6 is the function

W(t + o., t), 0 < o- < .
It follows that 2:.(t) is of dimension at most one for each t. But it cn
be of dimension zero for some t. For example, we have only to choose
9( ", ") so that

g(t,s) -- for s_-< to <
but finite otherwise. Specifically, let

(24) W(t, s) exp (- 1/1 x ldx).

Then a(t, u) is zero for every u for > 0, nd hence 2.(t) is of dimension
zero for positive t. One consequence of this is that a system cn have
finite-dimensional state-spaces and yet need not be dynamic. To see this,
let us pursue the same example with W(t, s) given by (24). Suppose the
system were dynamic so that the input and output re reluted by equations
of the form"

2(t) A(t) x(t) -F B(t) u(t),

y(t) C(t) x(t).

Let (t) be the fundamental mtrix solution of the homogeneous equation.
Then it would follow that we must hve

W(t, s) C(t) (P(t) ((s)- B(s), s < t.

Taking the input u(t) to be zero for > O, we hve

f_() w(, )()

C(t),(t),(s)-lx(O) O, > O.

But x(O) can be chosen, arbitrarily here, nd for ech such choice there
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must be WNC, corresponding to an input u(t) in =< 0. Hence

c(t) (t) (o)-1 (o) o, t>O.

Hence C(t) must be zero for positive almost everywhere. But this contra-
dicts the fact that

o w(t, s) c(t) (R)(t) (s)- B(s), O<s<t.

We can now state some necessary and sufficient conditions for the re-
duced state-spaces to be finite-dimensional.
THEOREM 3.2. A necessary and sulficient condition for the system given by

the input-output relation (11) to have a reduced state-space of finite dimension
at any given time is that the following relation hold:

(25) W(t + A, s) b(s; t) W(t + A, s)

for every A, s nonnegative and fixed, s nonnegative.
Proof. Suppose condition (25) is satisfied; then, for any u in 2, it follows

readily that

L(t) u c L(t)

where . represents the delta function"

.(s) (s + s.), s =< 0,

and hence 2;(t) is of finite dimension. Conversely, suppose 2(t) is finite-
dimensional. Then let us consider the linear space generated by the ele-
ments of the form

where

L(t) , 0 <__ r,

(s) (s + ), o >= 8.

Since this space has finite dimension, let {L(t)6,.} be a basis. Then (25)
follows, since L(t)6 corresponds to the function

W(t + A, t- ’), O<A< .
Also it readily follows that {L(t)6,.} provides a basis for 2(t) as well.
This completes the proof of the theorem.

Let us note next that in a linear WNC system (whether WNC is de-
fined in terms of states or by (10)), if the reduced state-space 2n(t)0
is finite-dimensionM for some to, then so is 2n(t) for every => to. Indeed,
the dimension of 2:(t) is a monotone decreasing function of t. This can be
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seen readily as follows. Let x(t) be any element of 2(t). Then, by WNC,

x(t) - T(t; s)B(s)u(s) ds

T(t; to)x(to) + ftt T(t; to)T(to, s)B(s)u(s) ds, t> to,

so that x(t) is in the range of T(t; to), or the range of T(t; to) is precisely
ER(t), and the range of a linear transformation cannot have a dimension
larger than that of its domain space. But, of course, the dimension may
be actually less as we have already shown by example. However, we have
the following theorem.
THEOnEM 3.3. Suppose a linear system is WNC (whether in terms of

states or in terms of input-output as in (10)) and suppose the dimension of
the reduced state-space at every instant is exactly the same and finite. Then
the system may be represented as a dynamic system.

Proof. We shall use the notation already developed. Because 2R(t) is
given to be finite-dimensional, and it is a linear topological space in the
output induced topology, the completion of 2.(t) is still 2:.(t) and is
isomorphic and homeomorphic to a unitary space of the given dimension,
say n. Let /(t) denote the 1-1 linear mapping onto the unitary space
En of dimension n. Let

((t, s) P(t) T(t; s) P(s)-, s <= t.

Then since the range of T(t; s) is precisely 2(t), the linear transformation
(t, s) is nonsingular. Hence let us define:

(26)

Then we have

(27)

If we now define"

((8, t) q).(t, 8)-1 for s - t.

(t,s) -’a(t,r)(r,s) forany r, -- <r<

(t) (t, a) for some fixed a,

we obtain

(28) (I)(t, 8) ft(t) lp(S) -1.
Next from (17) we can write the corresponding state-input relation for
elements in E,

(29) x(t) (t, to)x(to) + (t, s)P(s)B(s)u(s) ds.
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Again, (18) defines a linear functional on 2a(t) omitting the exceptional
t-set of measure zero. But since 2(t) is now finite-dimensional, we must
have

(30) (t) (P(t)- z) [C(t), x], z E,

where [.,.] denotes the inner product i.n E, and C(t) is afunction defined
almost everywhere, with range in E, with the property that

[C(t),x] 0 a.e. for t0

implies x is zero. Also (30) is essentially bounded on bounded intervals.
Thus the output-state relation becomes

(31) y(t) [C(t), x(t)]

where x(t) is defined by (29). We claim now that u(t), y(t) may be
pressed in terms of the dynamic equations"

(32) i(t) (t)- P(t) B(t) u(t),

(33) y(t) [C(t), (t) z(t)].

For this we hve only to use (28) nd the fct that the system is WNC in
terms of the states. Also, clearly ny solution of (32) and (33) cn be ex-
pressed in the form (29) and (31). The system is thus representable
dynamic system.
CononY. Under the conditions of Theorem 3.3, the input-output relation

may be expressed as

() (t) (t), D(s)u(s) ds

where (t), D(s) are functions (Lesbesgue measurable and essentially
bounded on finite intervals) with values in E, and the range of the linear

transformation

(35) J_ D(t + s)u(s) ds,

mapping into En, i8 all of E for each t. Conversely, any system whose
input-output relation may be expressed by (34) is a linear dynamic system,
provided (35) holds.

Proof. Under the conditions of the theorem we have, from WNC and

w(t, ,) [O(t), ,/,(t) ,(,)-- P(,)/(s)],
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from which (34) follows with

D(s) (s)- P(s) B(s), C(t) h(t)* C(t).

Again, for ech u(. in 2;, L(t)u now corresponds to the functioa

E ]C(t W A), D(t-- s)u(s) ds A >= O,

and the range of L(t) is isomorphic to 2:.(t) which has dimension n for
ee,ch t, by assumption, and hence (35) follows. Conversely, if (34) and
(35) hold, we can write

(36) i(t) D(t) u(t),

(37) y(t) [((t), z(t)],

and the system will of course hve the WNC property in ddition. In fact,
(36) hs the solution

z(t) z(to) + D()u(s),

and, by (35), we can write

z(to) D(to + s)u(s) ds D(s)u(s- to) ds,

or (36) and (37) are equivalent to (34).
Remarlc. The condition that the reduced state-spaces have the same

dimension may be replaced by the condition that the reduced state-spaces
are finite-dimensional and the transformation T(t, s) is continuous in

->_ s for each s. For, by a result given by Aczel [9], this would imply that
T(t; s) is nonsingular for ->_ s and hence (28) may be deduced.
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ON THE PROBLEM OF APPROXIMATE SYNTHESIS OF
OPTIMAL CONTROLS*

T. F. BRIDGLAND, JR.
1. Let E denote n-dimensional Euclidean spce nd let/t; d} denote

the space of nonvoid compact subsets of E metrized by the Hausdorff
distance, d. Let f: E X E X Em-- En, : E X E --+ ltm; d}, G: E )< E
-+ IfF; d} be continuous functions and let "tt(to, Xo) denote the set of func-
tions u: E --+ E having bounded, Lebesgue measurable components and
satisfying

(1) u(t) (t, x,,(t; to, Xo)),

where x(.; to, x0) is a solution of

(2) 2 f(t, x, u(t)), x(to) Xo.

Under the assumption that there exists a (control) function u t(t0, x0)
for which x(t to, Xo) G(t), the time-optimal control problem for (2)
is that of determining a control function which yields

rain {tl Xu(t ;to, x0) G(t); u (t0, x0)}.

As is well kown, Filippov [1] has shown under mild conditions, the princi-
pal one of which is the convexity of the contingent

(3) R(t, x) {f(t, x, ) (t, x)},

that a solution, to the time-optimal control problem exists.
In a recent paper [2], Hermes has examined the problem of approxima-

tion of the solution of the time-optimal control problem for (2). Hermes’
technique consists of replacing a consideration of this problem by the con-
sideration of a sequence of time-optimal control problems obtained by
approximating the contingent (3) by contingents R(t, x) R(t, x)
having the properties: (i) the Hausdorff distance between R(t, x) and
R(t, x) tends to zero as e -+ 0; (ii) R’(t, x) possesses a smooth boundary
with positive Gaussian curvature. Hermes shows [2, Theorem 5] that the
family of solutions of the approximating problems contains a subsequence
converging uniformly to a solution of the time-optimal control problem
for (2). Hermes h.as suggested that the smoothess of lhe fuctions ivol.ved
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in his approximating problems should make these problems accessible to
treatment by means of the Carath6odory technique utilized by Kalman
[3] to prove existcn.ee of optimal feedback controls. However, aside froth a
brief example, Hermes does not pursue this line of thought.

In the attempt to implement Hermes’ suggestion one is confronted with
some technical difficulties, inhering to the time-optimal control problem,
the resolution of which can be accomplished apparently only by the dis-
tasteful expedient of adoption of a plethora of unnatural hypotheses.
Rather than follow this course, in this paper we pursue Hermes’ suggestion
in the context of the minimum miss distance problem [4], a problem which
is more fundamental than the time-optimal control problem and the formu-
lation of which is such as to permit a natural fulfillment of the working
hypotheses of the Carath6odory method. We shall thus be able to focus our
attention on the principal aspects of Hermes’ method without being more
than minimally distracted by peripheral considerations.
The purpose of this paper is two-fold. First, we wish to give an exposition

of Hermes’ method which will display at once the essential features of the
method and its applicability in contexts broader than that to which Hermes
confined his attention. Second, we wish to examine the extent to which
Hermes’ method is applicable to the problem of establishing existence
of optimal feedback controls and to indicate questions relating to this
application upon which further research is needed.
To accomplish these purposes, the following format has been adopted

for this paper. In 2 we paraphrase Hermes’ approximation theorem [2,
Theorem 4] in a form which is free of reference to any optimal control
problem and give a proof, alternative but parallel to Hermes’ proof, which
displays the features of the approximation which make it attractive for use
in connection with the Carath6odory technique. Our proof also permits
us to dispense with Hermes’ concept of equivalent optimal control problems.
In 3 we formulate the minimum miss distance problem precisely and
summarize the results of [4] which are pertinent to the present study. The
principal result of 3 is Theorem 3, which is the counterpart of [2, Theorem
5]. In 4 we examine the question of existence, and other properties, of
solutions of a Hamilton-Jaeobi equation involving the type of Hamiltonian
function obtained as a natural consequence of our version of Hermes’
approximation theorem. Finally, in 5 we discuss the applicability of the
results of the preceding sections to the problem of existence of (approxi-
mate) syntheses of minimum miss distance controls.

2. Before paraphrasing Hermes’ approximation theorem [2, Theorem 4]
it will be useful to summarize here some properties of nonvoid, compact,
convex subsets of E. Let us denote by I’’; dl the space of all such subsets,
metrized by the Hausdorff distance, d. If A r’; d/, the support function,
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m, of A is defined on E by

we prefer to work with the dual, h, of m defined on E by

h(p) rain {p z z A}.

It is this latter function that we shall refer to as "support function" through-
out the remainder of this paper. Of course, a theorem concerning either
of these functions has associated with it a dual theorem concerning the
other function by virtue of the relation h(p) -m(-p). Thus, for
example, since m is positively homogeneous and subadditive, h is posi-
tively homogeneous and superadditive.
LEMMA 1. (i) If Q: E ---+ {r; d} is continuous, then, with the support

function of Q(y) denoted by h(y, ), the function h(., is continuous on
E E.

(ii) If A F; d} is strictly convex, then the gradient, hp of h exists and
satisfies h(p) p h(p) and h(p) OA, the boundary of A; moreover,
( A and z h(p) imply p > p h(p), whence h(ap) h(p)
fora> O.

(iii) If Q satisfies the hypothesis of (i) and, in addition, Q (y) is strictly
convex for every y, then the function hp(., is continuous on E X E.

Proof. (i) That h(., p) is continuous for each fixed p E is a direct
consequence of a result of Bonnesen and Fenchel [5, p. 35]; an obvious
modification of a proof of Eggleston [6, Theorem 24] suffices to establish
the existence, for each y0 E", p0 E, of a neighborhood N(y0, p0)
of y0 for which the family Ih(y, ") Y N(y0, p0)} is equicontinuous at
p0. With these results, an estimate from the triangle inequality substanti-
tes the assertion.

(ii) This is an esy consequence of the remarks of Eggleston [6, pp.
56-57].

(iii) This assertion follows from (i), (ii) by means of an pplication of
an implicit function theorem to the equution

h(y, p) po o- O.

We paraphrase Hermes’ approximation theorem in the following way.
THEOnEM 1. Let R: E ---+ Fn; d} be continuous and let )* be a compact

subset of E’; then for each > 0 there exists a continuous function R on
)* into lF; d} satisfying:

(i) R(y) R(y) and d(R(y), R(y) < on )*, where d(.,.) denotes
Hausdorff distance;

(ii) the support function, g(y, ), of R(y) has the properties that (a)
g(., is of class C on 9" X E and (b) on f)* X En, g (y, p) OR(y)



SYNTHESIS OF OPTIMAL CONTROLS 329

and satisfies both p gp y, p) g y, p) and, for a > O,

g(y, ap) gp(y, p).

Our proof is modeled on that of Hermes, the essentiM differences arising
by virtue of our reliance on the fact [7, p. 62] that sets in F; d} are
terized by their support functions.

Proof. For fixed e > 0 let ti (e) be chosen (and fixed) in such a way
that, for y, yl E and Y y <

d(R(y),R(yl) <
Letting denote the compact 2 neighborhood of )*, we apply to 9 the
simpliciM approximation utilized by Hermes [2, pp. 417-418]. Using Her-
mes’ notation, we denote by the union of members of the family,/,m},
of geometric simplices having all vertices in 9; evidently * ). By con-
struction, each member of this amily has diameter less than ti; moreover,
each point y ) has a unique representation of the form

m-t-1

E
i----1

where each a(. is uniformly Lipschitz continuous on ), 0 _-< a(y) =< 1
and a(y) 1, the points y being the ertices of the simplex to which
y belongs.

Still following Hermes’ proof, we associate with each vertex y
set Q(y, ), which, by virtue of [5, p. 36], may be chosen in such a way that
Q(y, e) is compact, strictly convex, possesses an analytic boundary with
positive Gaussian curvature, contains an e/4 neighborhood of R(y) and
whose Hausdorff distance from this neighborhood is less thn e/4. Denoting
by h(y, the support function of Q(y, ) (here we digress from Hermes’
notation) it then follows from Lemma 1 nd [2, Theorem 2] that h(y,
is of class C md that

h(y, p) p o h,(y, p).

At this poit we depart from IIermes’ line of argument md extend the
detinition of Q(., e) to all of by defining, for each y

mq-1

(4) Q(y, e) a,(y).Q(y,
i=1

Certainly Q(y, e) is convex for y . We may now conclude, exactly
does Hermes h)r his extended function Q(-, e), thnt on ,

d(R(y),Q(y, e) <= 3e/4,

and Q(y, e) contains the e/8 neighborhood of R(y). For two points y0, yl
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lying in the same simplex from (4) we obtain

q(y, e) Q(yO, e) + [a(y) a(y)]q(y, e),
i=1

and from this equation the continuity of Q(-, e) on :o follows readily from
the continuity of the functions a(. ).

If the definition of h( ., p) be extended to ) by
m-t-1

(5) h(y, p) a(y).h(y p),

then it is an immediate consequence of the definitions involved that h (y,
is the support function of Q(y, e) for each y ). A point Q(y, ) has
the representation

(y),
i-l

:nd with this it follows from (5) that p o- h(y, p) if and only if p a
h(y, p), i 1, rn + 1. Hence Q(y, e) is strictly convex for each

y ) and now Lemma l(ii), l(iii) permit the conclusion that h(y,
exists and satisfies

h(y, p) p o h,(y, p),

and that h( is continuous. From (5) we obtain further

(6) h,(y, p) a(y).h,(y, p),
i=l

which establishes the continuity of h(-, as well as the fact that h(y,
is of class C. Similarly, from (6) there may be obtained by differentiation
a result from which one infers without difficulty the continuity of h;(. ).
Applying to h(-, the smoothing technique adopted by Hermes [2,

p. 420] we define

h(y, "p; /c) f S’(y v)h(v, p)(7)

where S( is a mollifier [2, loc. cit.] and h( is extended to E X E
by defining h(., p) to be the zero function on the complement of .
Then for every positive integer/, h(., .; lc) is of class C and satisfies

h(y, p; to) p o h,(y, p; t)

and

h,(y, ap; k) h,(y, p; to), a > O.
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Moreover, h (., .; lc) md its derivatives wit,h respect t,o p t,end ui.formly
on 3 X g with increasing/c to h( and its derivatives with respect to
p, where 8 is an arbitrary compact subset of E.

It is easy to see that h(y, .; lc) is positively homogeneous and super-
additive; hence (see [7, Theorem 5.6]) the set R(y; e), defined by

(8) R(y; e) {z E’ z p >= h(y, p; lc) for all p E {0}1,

is compact, convex and has h(y, .; k) as its support function so that
R(.; e) is continuous. Now h(y, p0;/) OR(y; e), po E’, for by
differentiating (7) one may then obtain the result

h,(y, po /) p h(y, p; lc) >= O, p En- {0},

from the corresponding result for the sets Q(y, e). There is no difficulty in
showing that one can choose lc sufficiently large that R(y) R(y; e) and

d(R(y),R(y; e) < e;

for such a choice of k we define

R(y) R(y; ), g(y, p) h(y, p; lc),

and the proof is complete.
Remarlc 1. Note that in the proof of this theorem, once 9Z has been defined

for a given e, say g, the same 9Z may be used for all positive e < . Also, as
a consequence of part (i) of the theorem and the result of Bonnesen and
Fenchel cited in the proof of Lemma 1, g(., tends uniformly on )* X ;
to the support function of R(y) as O.
Remark 2. There follows from Theorem 1 the fact that R(y) can always

be approximated by a decreasing sequence

R(y) R(y) R(y)

on *. This is accomplished, for example, by taking e 2-, n 0, 1,
2, and choosing R so that R(y) contains the closed 2-(’+) neigh-
borhood of R(y) and is contained in the 2 neighborhood of R(y).

3. Now let us formulate the minimum miss distance problem and sum-
marize the results of [4] concerning this problem. Denoting by Ir the com-
pact interval {tl0 =< =< T}, for the functions f, , G introduced in 1 we
shall consider their restrictions to the respective domains IT ) E E’,
Ir X E and Ir N E". We continue to assume the continuity of the func-
tions so restricted and we require further:

(i) the value of is constant on Ir X E and for each u N(t0, x0), (2)
has a unique solution;

(ii) the set R(t, x) defined in (3) is convex for each (t, x) Ir En;
(iii) there exists C > 0 such that for all (t, x) Ir X E" and each
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R(t, x),

[or =< C( x 4- 1).

For a point x E and a nonvoid compact set A c En, the distance
a(x, A) between x and A is defined by

(9) a(x, A) min {ll x a Ilia A}.

Condition (iii) ensures the eontinuability to Ir of the solutions of (2) and
so miss distance, (t, x, u), may be defined for (2) by

(10) 3(t, x, u) rain {a(X(T; t, X) a(r)) r 7’1;

the first time of closest approach, t*(t, x, u), is defined by

(11) t*(t, x, u) min {r It, T] a(x,(T; t, x), G(T) 6(t, x, u)}.

As pointed out in [4], under conditions (i), (it), 8 and t* are defined respec-
tively by (10), (11) for all (t,x) Ir X .E and all u N(t, x). For a point
(, ) Ir X the se of admissible eonro[s, U(, ), is defined by

U(t, x) {u x) It < t*(t, x, u) < T};

then the set of admissible initial data, Bo is defined as

where denotes the null set. We may now state our final working hypothe-
sis, which is simply:

(iv) B .
The intuitive meaning of (iv) is that there exists at least one point (to, x0)
from which a "closer approach" to the target is possible along some tra-
jectory of (2).
As defined in [4], the minimum miss distance problem is that of deter-

mining for each (t, x) B a control u U(t, x) which yields

(12) min {i(t, x, u) u U(t, z)}.

Part of the content of [4, Theorem 4] is the assertion that conditions (i)-(iv)
imply the existence of such a control. A formulation, implicit in [4], of the
minimum miss distance problem which is equivalent to (12) will better
suit our present purpose. In order to give this formulation, we must first
define the kernel, K(t, x), of the set of admissible controls:

K(t, x) {u U(t, x) (t*(t, x, u), x(t*(t, x, u) t, x) B}.

The assertion of [4, Theorem 3] is that condition (iv) implies that
K(t, x) for every (t, x) B. Then, as indicated in the proof of [4,
Theorem 4], (12) is equivalent to
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(13) min [(t, x, u) u K(t, x)};

this is the formulation of the minimum miss distance problem with which
we shall work in the sequel.
With B. are associated sets B defined by

B {(t,x) B](t,x,u) <, forsome u U(t,x)}, 0 <
B0 0<B.

In [4], the following properties of B,, 0 < _-< , were shown to obtain
under conditions i)- (iv)

(a) B0 is the (possibly empty) set of points (to, x0) from which some tra-
jectory of (2) "hits" the target;

(b) B U0<,B, and, for 0 < , <= , B, is relatively open in Iv
(c) for , > 0, B is bounded.

In fact, for , > 0 and B, , we have

B {(t, x) Ir X En[I] x <[(/-t- )2 -t- 1] exp 2CT(14)

where

By means of an estimate from condition (iii) there is thus obtained the
following lemma.
LEMMA 2. If B. then for each (to, Xo) B. and all u (to, Xo),

1 + x(t; to,xo)[ [( + ) + 1] exp 4CT, to T.

Consequently, if * I X E" be defined by

*= {(t,x) E[
(15)

x [(( + ) + 1) exp (4C + 1)T 111/2},

we see that eery integral curve of (2) passing through point (t0, x0) B
remains in * to the right of t0. We suppose henceforth that a > 0 has
been chosen, and fixed, for which B ; the existence of such is not
in doubt in view of property (b) above.

If, as is readily justified, E be replaced in Theorem 1 by E X E, if the

* of that theorem be that defined in (15) und if the function R be that
defined in (3), then in view of condition (ii) of this section the conclusion
of Theorem I obtains. Thus for each e > 0 we hve n approximnt R(t, x)
to R(t, x) on * with support function g(t, x, ).

Let us define a set by

(6) *- (* n B’),
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where B’ is the complement of B(R) in. I, X E and the superior bar denotes
closure; evidently B, c 63 so that 6, is bounded and has a nonvoid interior.
If z" Ir -.- E is continuous and (t0, z(t0)) (R) for some to, then since B
is relatively closed in Ir X E" it is easy to see that there is a smallest X > to
such that z(X) * fl B; we denote this X by X(z). For a point
(to, x0) (, the set P,(to, Xo) of e-admissible functions is defined to be the
collection of all continuous functions z" Ir-. E satisfying:
(F) z is absolutely continuous and z(to) Xo
(F2) (t, z(t)) for all [to, X(z));
(Fa) (t) R(t, z(t)) for almost all [to, T].
Since R(t, x) R(t, x) on , it follows that P(to, xo)

for (to, x0) B, the truth of this assertion is immediately clear upon
choosing u K(t0, x0) and invoking Lemma 2. Moreover, Hermes’ argu-
ment [2, p. 422]--in which there are some misprintsshows that if
(to, Xo) B, and 1 then (Fa) implies (F). Throughout the remainder

of this paper we shall assume -< 1.
The proof of the next theorem is essentially that sketched by Filippov

for his generalization [1, pp. 81-82] of [1, Theorem 1] nd will therefore be
omitted.
THnOnE 2. If conditions (i)-(iv) are satisfied, then for each (to, Xo) B

there exists z P(to Xo) which yields

(18) rain Ia(z((z) ), G((z) z P(to x0)}.

If we denote by V(to, Xo), V(to, Xo) the values of the expressions in (13)
and (18) respectively, we may state the following counterpart of [2,
Theorem 5]. Taking into account Remark 2, the proof of the latter theorem
is pplicable with only minor modifications and will be omitted.
THEOREM 3. Let conditions (i)-(iv) be satisfied and for (to, Xo) B and

e, 2-’, n O, 1, 2, let/z’(. to, x0)} denote a sequence of those func-
tions z P,(to, Xo) whose existence is guaranteed by Theorem 2; then this
sequence contains a subsequence which converges uniformly on [to, T] to a limit

function z*(.; to, Xo) having the following properties:
(i) z*(.; to, Xo) is absolutely continuous and there exists u K(to, Xo)

for which

/*(t; to, Xo) f(t, z*(t; to, Xo), u(t)

almost everywhere on [to, T];
(ii) V(t0, Xo) lim,- V to Xo a z* t* to Xo u to, Xo

G(t*(to Xo u) ).
Rema@ 3. As is the case with [2, Theorem 5], the only properties of

R(t, x) used in establishing Theorems 2 and 3 are, in ddition to convexity,
those listed in Theorem 1(i) and in Remark 2. Hence both theorems re-
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main valid for much more general approximants; for example, if one sets
r 2, then the r-eonvex hull S(t, z) of R (t, x) (see [8]) is a suitable
approximant for use in connection with Theorems 2 and 3. The value of
S(t, x) as approximant arises from the simplicity of its strueturewan
intersection of r-balls---and the fact that the continuity of S,n( ", ), as
well as that of its support function, can be demonstrated directly without
recourse to the simplieial approximation of the domain space used in
Theorem 1.

Remark, 4. Theorem 3 and its counterpart [2, Theorem 5] are almost en-
tirely of theoretical interest since the approximations they yield satisfy
only

i(t; to, Xo) R(t, z(t; to, Zo) ),
whereas, from a practical viewpoint, what is needed is an approximation z
which satisfies

i’(t; to, Xo) R(t, z’(t; to, Xo) ).
The attainment of an approximation satisfying the latter condition is de-
pendent upon the existence of a satisfactory solution to the problem of
approximate synthesis as will be shown in 5.

4. In order to examine the question of approximate synthesis we must
restrict our problem still further by requiring a certain amount of smooth-
ness for the set OB B’ and the function a(., G(. )). We assume:

(v) there exists : E" --+ Ir which is positive valued and of class C and
which satisfies

OB(R) B’ 91Z {(t, x) Ir X E’ b(x)}.

With this assumption it follows readily that the set 63 defined in (16) may
be represented by

{(t, x) )*it <= (z)}.

91Z is an n-manifold of class C and the vector (1, -k,(x)) ’ is an exterior
normal to 63 at the point ((x), x) 63 fl 9r;. For a(., G(. )) we assume:

(vi) the function 0" Ir X E -- E defined by

oo(t, x) a(x, a(t)
is of class C on a neighborhood of
The first question we shall investigate in this section is that of the exist-

ence and uniqueness of solutions of the Hamilton-Jacobi equation

(20a) Vt + g(t, x, V) 0

under the boundary condition

(20b) V(a, () (, ), (,
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where gE(t, x, is the support function of the approximant RE(t, x) of
Theorem 1. Let us denote by X the projection of * on E and by , the
maximum of Cx(x) on the compact set X. We may state the following
theorem.
THEOREM 4. If in addition to conditions (i)-(vi), it be assumed that
(vii) there exists , 0 < , < 1, such that

for all E aR((x), x) and all x X, then for each positive <= 12-I there
exists, on a neighborhood E of (B f] , a unique solution, WE, for (20) of
class C.

Proof. We need show only that (vii) implies that the initiM dat
((), ) are noncharacteristic, for if this is the case the theorem is a
corollary of [9, Theorem 9.1, p. 137]. To this end, let us define

,E(x) sup gE((x), x, p)Illp E {0}};

since 3,E(x) also may be expressed as

,(x) sup (i(x), z, P/I] P ll)ll P E 10}},

it is clear that the supremum is a maximum, and then easy estimates show
that z(. is continuous on X. Moreover, if (x) OR((x), x) be a point
nearest E(x), then ’(x) (x) < e on z and from this inequality
and (vii) one obtains easily

(21) i]x(X) IITE(x) < 1, x E X,

provided e =< ,0-. By virtue of (21) and the continuity of the functions
involved, we may define a positive number, ’, by

(22)
+ g’(p(e), e, o(w(), e)) (1 ,’() w(e) 11 )-

It is a consequence of (21), (22) and Banach’s fixed-point theorem that
the equation

(23) X gE((), , hfx() q_ 0x(ff(), )) 0t((), )

has a unique solution X X() in the interval [_gE, gel for each E X.
We may now define a function pE on X by

(2) ’() x’()() + x((), ).
For the system of equations

(25) o ((), , )() ,(() )() + x(() )
+ g((), , o) o

If 0, no upper bound on is required other than that assumed previously.
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with unknown functions p, v, the Jacobian determinant has the value

(26)

det

z,, /((), , ))det

1 g,’((), , p)o.(),

where I, is the n X n unit matrix. If the value of p’(), as determined by
(23), (24), be substituted for p in (26), it then follows from (21) and the
Cauchy-Schwarz inequality that the Jacobian determinant of (25) does
not vanish for E X. Hence, the solution of (25) given by (24) and

/() ,((), ) X’()
is unique and of class C on X. Thus the initial data o(b(), ) are nonehar-
aeteristie and the proof is complete.
For purposes of completeness, we outline the essentials of the proof of

[9, Theorem 9.1, p. 137] for the special ease treated by Theorem 4. The
nontriviM parts of the characteristic differential equations for (20a) are

e,,’(t, x, p),
(27a) ) --g,’(t, x, p);

we denote by (x(-, ), p(., ))’ the solution of (27a) satisfying

(27b) x((.), () ,
((), ) 0().

The functions x -, ), p(., are of class C on a neighborhood of CI JlZ,
so we may consider a transformation

on. this neighborhood. The Jaeobian determinant at ((), ) of I’ is
given by the first expression in (26) with p replaced by p’(), so we may
assert the existence of a transformation

inverse to r on a neighborhood Y of (B [ . On this neighborhood the
solution W of (20) is given by

(30) W’(t, x) x(/(’(t, x) ),{’(t, x) ),

as may be verified.
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COROLLARY (Crthodory). If conditions (i)-(vii) are satisfied, then
for each positive <-_ ,0-,

W(t, x) V(t, x), (t, x) B.
Proof. On denote by 2 (. to, x0) the solution of

(31) 2 g (t, x, W (, x)) X(to) Xo.

It is easy to see boththat B ff and that (.; to, Xo) P(to, Xo),
or in the latter the comments preceding Theorem 2 pply. In the former,
if (to, Xo) B and we choose u to be minimum miss control, then there
exists (to, t*(to, Xo, u)) such that (t,x(t;to,xo)) ff;but
clearly this point is also in B. Defining [ by

(32) (to, Xo) k((.; t0, x0)),

one deduces from (20) the relation

(3) w(to xo) ((to xo),((to 0); t0, x0)).

If z be ny other function in P(to, Xo), then W( ., z(.)) is bsolutely
continuous nd, by virtue of (20),

w(t,z(t)) w:(t,z(t)) (t) (t,(t) w:(t,(t)))
dt

almost everywhere on [to, k(z) ), since (t, z(t) on this interval.
Hence from this result nd (F), there follows

w(t, z(t)) > o
dt

lmost everywhere on [to, h(z)). Integrating this inequality nd pplying
(20b) we obtain finally

((z),z(X(z) w(to xo),

which establishes the corrollry.

5. From the corollary to Theorem 4 one would like to conclude that (31
furnishes family of stisfactory pproximtions to n optimal trajectory
of problem (13). That such conclusion is not necessarily vlid is clear
upon noting that none of our conditions ppers to prevent the diameter of

ff from teding to zero with e. Thus point (t0, Xo) my lie in B
but not lie i B ff for some e e, in which case one must be content
with Theorem 3. We re thus presented with one of the mjor impediments
to the ppliction of Hermes’ method to he synthesis problem; i.e., luck
of sufficiently general conditions ensuring common domain of existence,
for ll e -, for the solutions of (20). Conditions ensuring common
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domain, of existence are known (see [10]-[13]) for the case in which the mani-
fold OZ of condition (v) is a hyperplane {(t, x) . I,r X Elt o}, but
these conditions involve a knowledge of bounds on the partial derivatives
of g which are not readily determined for the approximants constructed
in the proof of Theorem 1.
Under the assumption that there is a common domain of existence for the

functions W, the existence of approximations of the type discussed in
Remark 4 may be demonstrated. The precise assertion in this connection
is contained in Proposition 1 below; in order to prove this proposition we
require the following lemma.
LE.t 3. Let Q: Ir X E {r; d} be continuous and for q E let

y(t, x, q) denote the unique point in Q(t, x) nearest q; then the function
y(.,., .) is continuous on Ir X E X E.

Proof. Let (t, x, q) be the limit, as i -- , of sequence {(t, x, q)}.
Since the function a(., .) of (9) is continuous on. E X {P’; d} (cf. [14,
Lemma 1]) and

a(q, Q(t, x) q Y( t, x, q)
it follows that if is a limit point, necessarily in Q(t, x), of {y(t, x, q)},
then

q a(q, Q(t, x) ).

But then is a point nearest q, and since this is unique, continuity
of y(.,., follows.

Before stating Proposition 1 it will be convenient to condense some of
our previous notation.. On the set ff of Theorem 4 we define a function
k by

(34) k*(t, x) g,(t, x, W,(t, x));

on this same set the function is defined to be the function whose value
t (t, x) is the unique point in (the boundary of) R (t, x) nearest/c (t, x).
For the sequence {enl with e 2-n, n 0, 1, 2, ..., we denote by
2n( to, XO) the solution of

(3) (t, x), x(to) xo.

We note the fact that local existence of solutions of the differential equation

(36) / X’(t, y), y(to) Xo,

is assured by the continuity of : which in turn follows from Lemma 3
and the continuity of R and/c.

The uniqueness of y(t, x, q) derives from Motzkin’s theorem (see [7, Theorem
7.81).
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PROPOSITION 1..In addition to conditions (i)-(vii) assume that there
exists :,0 < -<_ ,0-1 for which c for all e < , and let (to,x0)
denote

lira inf (t0, Xo)

for (to, Xo) B then there exists a sequence {(. to, Xo)} offunctions
having the following properties"

(i) {(.; to, Xo)} converges uniformly on [to, (to, xo)] to a function
z (.; to, xo) possessing properties (i), (ii) of Theorem 3, where t*(to, xo,u)
=< (to, xo);

(ii) for each value of n,

(t; to, Xo) OR(t, ’(t; to, x0))

for [to, (t0, Xo)].
Proof. From the sequence/2(. to, x0)} defined bove we eliminate those

initial terms for which 2 > ; from wht remains we retain only those
terms for which n is suflicietly lrge that 2"(.; to, x0) is continuble, s
solution of (35), to the interval [to, (t0, x0)]. That this con.tinutio, is
possible for lrge n is consequence of Theorem 4. The uniform bounded-
hess nd equicontinuity on [to, (t0, x0)] of the resulting sequence my be
established in exactly the sme wy s in the proof of [2, Theorem 5].
Hence there is subsequence, which we gin denote by /2n(’; to, XO)},
which converges uniformly on [to, (t0, x0)] to function z*(.; to, Xo)
hving properties (i), (ii) of Theorem 3. For the right-hand members
of the differential equations (35), of which the (.; to, Xo) re solutions,
we have s consequence of Theorem 1,

(37) x) x) <
on ( ff. From (37) und the estima,te

where ’(.; to, Xo) is solution of (36), there follows not only the continu-
bility to [to, (t0, x0)] of 11 solutions of (36) for ech n but Mso ssertion
(i) of the proposition. The final inequality of ssertion (i) is consequence
of the easily demonstrated fct that

V(to Xo) (z*((to xo);to, o), ((to, Xo))),
so that t*(to, Xo, u) <-_ (to, Xo). Assertion (ii) of the proposition is of course
a consequence of the definition of .

The demonstration is like that for Theorem 3(ii).
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Ren’ta’rlc 5. For obtaining approximate syntheses it is desirable that
/) c Y. By virtue of Proposition 1, the verification of this inclusion has an
interesting ramification. As a uniform limit of continuous functions (Dini’s
theorem and Theorem 3(ii)), V(., is continuous on /} so that its
set of zeros is relatively closed in Ir X R. But the set of zeros of V (.,
is precisely the set of points in Ir X R starting from a point of which a
solution of (2) can "hit" the target G.
The key element in the proof of Proposition 1, as well as in the proofs of

the results of 3 and 4, is the boundednessuniform with respect to
e--of g(., -, ). This boundedness leads directly to the uniform con-
vergence on [to, l(t0, x0)] of a suitably selected sequence {a?’(. to, x0)} of
solutions of (35). However, it is clear that in order to have an approximate
synthesis theorem it is essential that this convergence also be uniform with
respect to (to, x0) B. For the establishment of this latter uniformity
the boundedness of the family {g’(., -, [0 < e -< 1} does not appear to
be sufficient; if, in addition, this family possesses a suitable equieontinuity
property, then a synthesis theorem ean be obtained. This assertion is
made precise in the following proposition.

PROPOSITION 2. In addition to the hypotheses of Proposition 1 assume
that [ and that there ezists L > 0 such that

]e( tl Xl) e(t2, X2) L{i tl t. - xl x2 11}

for all e, 0 < e , and all (t;,xi) /, i 1, 2, whereto is defined
by (34); then there exists a sequence {/n} offunctions which converges on B
to a uniform limit function g having the following properties"

(i) L is a uniform Lipschitz constant for g on B and g(t, x) OR(t, x)
for all t, x) B.

(ii) the solution a(-; to, Xo) of the differential equation

(38) 5c g(t, x), x(to) Xo,

satisfies ii of Theorem 3;
(iii) the uniform convergence on [to, (to Xo)] to aS(.; to, xo) of the solutions

of (35), with the tc taken to be those whose existence is asserted above, is also
uniform with respect to (to, xo B.

Proof. As in the proof of Proposition 1 we confine our attention to those
indices n which satisfy 2 < . By virtue of the Lipschitz condition, the
family {k( 2-" < } is equicontinuous on/ (as well as uniformly
bounded there) so that there exists a subsequence, denoted by the same
indices, which possesses the asserted convergence property. That L is a
uniform Lipschitz constant for the limit function g on B is the consequence
of an obvious estimate.
By virtue of Theorem 4 and the continuity of 2"(.;., ), it follows that
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for each (to, x0) / there exists a neighborhood of (to, Xo) and a posi-
tive integer N depending on (to, Xo), such that for all (h, xl) n and all.
n > N, 2n(.; tl, Xl) is eontinuable to [to, (t0, Xo)]. Now/) may be cov-
ered by a finite number of these n neighborhoods and so we may assert the
existence of a positive integer it, such that for all (to, Xo) /), and all
n > N, 2n(., to, x0) is eontinuable to [to, (to, Xo)]. In view of this asser-
tion and the uniqueness of solutions of (38), it follows that for each
(to, Xo) /), the sequence {’(.; to, Xo) In > 2} converges uniformly on
[to, (to, Xo)] to "2(.; to, Xo) (el. [9, Remark 2, p. 4]). The proof of (ii)
may now be carried out as indicated for Theorem 3.
From (35) and (3.8) there is obtained the estimate

(39)

n(t; to, Xo) (t; to, o)

"(, (; o, Xo)) g(, (; to, Xo)) d

II (, (; to, xo)) ’(, (,; to, xo)) d,

to =< =< (to, Xo).

By the uniform convergence established previously, for each > 0 there
exists a positive integer Y depending only on such that for all n > Y,

on B. In coniunetion with (39), this bound yields
(t; to, Xo) (t; to, Xo)

=< fiT -t- "(, (; to, Xo)) (, (; to, Xo)) !I d,

n> Y, to=<t=<(to,Xo);
together with the Lipschitz condition satisfied by /d this last estimate
yields, upon application of a well-known integral inequality, the result

to,Xo) --2(t; to,xo) -< fiTexp LT, n > Y, to <= <= (to,xo).

This result establishes (iii) and there remains only the assertion that g (t, x)
OR(t, x), but this is an easy consequence of (37) and the contrary as-

sumption.
From (34), together with the properties of W and g, one finds that

is of class C on ff so that if the conditions of Proposition 1 are satisfied,
as well as/ ff, then l satisfies
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for all (t, x) /, i 1, 2. By easy estimates one can convince oneself
that there exists L > 0 such that L(e) =< L for 0 . e =< --thereby satis-
fying the stronger Lipschitz condition of Proposition 2--provided the Lip-
schitz constants of h (see the proof of Theorem 1) and Wx do not depend
on e when 0 <: e =< . The attempt to study the circumstances under
which the latter conditions are satisfied leads once again to the type of
difficulty discussed at the beginning of this section. On the one hand, there
seem to be no results available concerning bounds on the partial derivatives
of solutions of the Hamilton-Jacobi equation whereas, on the other hand,
the complexity of the Bonnesen-Fenchel type approximants derived in
Theorem 1 and [2, Theorem 4] is sufficiently severe as to prevent derivation
of explicit estimates for the Lipschitz constant of h.

In the light of the preceding discussion, as well as that at the beginning
of this section, it appears that Theorem 4 and its corollary are about as
far as one can proceed in general with the Bonnesen-Fenchel type of
approximants. An alternative, which may allow one to push Hermes’
approximation scheme beyond Theorem 4 and its corollary, is a family
of approximants based on that discussed briefly in Remark 3. We shall
define this family and summarize those of its properties which have been
derived in [6, Theorem 34] and [8].
For r. 2 and n a sufficiently large positive integer we define Zn(t, X)
R (t, x) to be the closed r neighborhood of Sr (t, x). Then Z(t, x)

is strictly convex and smooth, where by "smooth" we mean that each
point of OZ, (t, x) lies on a unique tangent hyperplane to Z(t, x). h[ore-

over, if n. > nl then Z(t, x) Z. (t, x) and

lira d(Z(t, x),R(t, x) O.

Finally, the continuity of Z,(., on Ir X E is implied by that of R(., ).
These properties of Z, imply the following properties for g", where

g’(t, x, is the support function of Z,(t, x)" g"(., ., is continuous
on Ir X E" X E" and g(.,., is defined and continuous on the same
set. Moreover, g"(.,., possesses on Ir X E" X E" the properties de-
scribed in (b) of Theorem l(ii). Finally, for (t, x) Ir X E, the rune-
tion g,’(t, x, is a homeomorphism of the boundary of the unit ball in
E onto OZ, (t, x).

It is easy to see that Theorems 2 and 3 still hold with approximants
R replaced by approximats Z, (el. Remark 3), bu our present state of
knowledge of the Z, does not allow a proof of the counterparts of Theorem
4 and its corollary. Inasmuch as Theorem 4 can still be proved (see [9,
Exercise 9.3, p. 139]) when the C" requirement ot the fmctions , ,

By the definition of Z, the inclusio is proper.
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g, W is reduced to the requirement that these functions be of class C
with uniformly Lipschitzian partial derivatives, it is clear that entirely
satisfactory counterparts of Theorem 4 and its corollary would ensue if
g,(t, x, possessed a Lipschitz constant which was uniform in n. One
could always obtain adequate smoothness with respect to t, x by the molli-
fier technique. The possession by g" of such a Lipschitz constant would
at the same time dispose of, to some extent, another major problem,
namely that of the satisfaction of the Lipschitz hypothesis of Proposition 2.
Whether g, has the Lipschitz property discussed in this paragraph is
still coniectural and certainly worthy of further investigation.
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OPTIMAL SYSTEMS WITH MULTIPLE COST FUNCTIONALS*

DONG HAK CHYUNG

1. Introduction. There are many optimal processes where an optimal
control with respect to a given cost functional Cl(u) is not unique. In this
case it is rather natural to introduce a second cost functional C2(u) and
then to choose a control which minimizes the second cost functional among
the controls which minimize the first cost functional. If an optimal control
chosen in this way is still not unique, then of course one can introduce a
third cost functional, and so on. Then, in addition to obtaining a better
optimal control, the computation of the optimal control becomes easier,
for the optimal control obtained in this way is necessarily unique.
Many optimal control systems can be considered as optimal control

problems with multiple cost functionals. Consider a time-optimal control
system where a time-optimal control is not unique. Then one may wish to
choose a control which requires minimum fuel among the time-optimal
controls. A bounded phase coordinate optimal control problem can be ap-
proximated as an optimal control problem with multiple cost functionals
and side constraints by introducing a penalty function and letting it be the
second cost function (see [2]). It is obvious that certain differential games,
too, can be considered as optimal systems with multiple cost functionals.
Also the problem of steering an initial function to a given final function in
n optimal control system described by a functional differential equation
can be handled by the method proposed in this paper (see remarks in [1]).
As tar as the existence and necessary conditions are concerned similar

results can be obtained for nonlinear systems. However, for the sake of
simplicity, only linear optimal control system with two ordered cost
unctionals and fixed final time is studied in this paper. The results can be
readily extended to systems with many cost functionals und also to systems
with side constraints.

2. Problem. Consider the linear system

(L) (t) A(t)x(t) -t- B(t)u(t), x(to) -Xo,

together with

l(t)
(t)

fl(x(t), t) + hl(u(t), t),

f(x(t), t) -t- he(u(t), t),

x(to) O,

x( to) O,
* Received by the editors December 28, 1966, and in revised form March 15, 1967.
Department of Electrical Engineering, University of South Carolina, Columbia,

South Carolina 29208.
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where x(t) ./n iS the state vector, xl(t) R1, x2(t) C R, u(t) R is the
control, A (t) is an n X n continuous matrix, B(t) is an n X m continuous
matrix, f(x, t).C, f2(x, t)C, hi(u, t)C and h2(u, t)C are real non-
negative convex functions in x R and u R respectively for each t.

Let t(t0, tl) be the set of all measurable functions u(t) on [to, tl] such
that u(t) t for all t. Here R is a compact convex control constraint
set. Let C(u) and C2(u) be two cost functionals given by

tl

C(u) {f(x(t),t) + hl(u(t),t)} dt xl(tl),

tl

C,(u) {f2(x(t),t) + h(u(t),t)} dt x2(t).

Also let G R be a given convex closed target set. Denote the response of
the system (L) corresponding to a control u(t)2(t0, t) by x(h). Then
the problem is to find an optimal control u*(t) with response x*(t) from
2(t0, tl) so that for a given fixed tl to,

(i) *(t),
(ii) C(u*) <= C(u) for all u(t) 8(to t,) such that x(t,) G,
(iii) C(u*) <-_ C2(u) for all u(t) 8(to t,) such that x(tl) G and C(u)

C,(u*).

3. Sets of attainability. Let 2 (x, x) Rn+l, 2 (X, X1, X2) Rn+2, and de-
fine new systems CL) and (L) by
(L) 2(t) A(t)x(t) + B(t)u(t), x(to) xo,

2(t) f(x(t), t) + h(u(t), t), x(to) O,
and

2(t) A(t)x(t) -{-B(t)u(t), x(to) Xo,

2(t) ](x(t), t) -{-- hl(u(t), t), x(to) O,

22(t) f(x(t), t) - h2(u(t), t), x2(to) O.

Let 2(t) (x(t), x(t) and 2(t) (x(t), x’(t), x(t) be the re-
sponses of () and (L) corresponding to a control u(t)2(to, t) respec-
tively.
DnFrro 1. The sets of attainability K R",/ /n+, and/ R"+

are the sets of endpoints x.(t,), 2(tl) and 2,(t,) of the responses of the
systems (L), () and (L) respectively or all controls u(t) 2(to, tx), i.e.,

K {x.(t) x,,(to) Xo, u(t) 2(to, t)},. I(to) ,(to) o, u(t) u(to t)},
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where 20 (x0, O) and 20 (x0, O, 0).
DEFINITION 2. The saturation set K of the set K is the set of all points

(y, yl) in Rnl such that there exists a point 2 (x, x1) in/ with
ylx < and x y.

DEFINITION 3. The saturation set/ of the set/ is the set of all points
(y, yl, y2) in Rn+2 such that there exists a point 2 (x, x1, x2) in/

withx y,x1_-< yl, andx2_-< y2.
Since f(x, t), f(x, t), hi(u, t) and h(u, t) are all nonnegative, x(t)

> 0 and x, (t) => 0 for all u(t). Therefore/ is in the half-space x => 0 of
R+ and/ is the subspace x => 0, x 0 of Rn+. Then from the definitions
of saturation sets it is apparent that/ / and/ /. Furthermore,

x1

Ks \

Fro. 1

2
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/8 and/, are in the same subspaces x _-> 0 of R+1 and x _-> O, x ->_ 0 of
R+2 respectively. Obviously and , are the orthogonal projections of

and , on the (z, x)-spaee R+, and K is the orthogonal projection of
R, R,, and on the z-space R.

It is known that K is a compact convex set in R, R is a closed convex
set in R+ and , is a closed convex set in R+ (see [3], [4]). Also, from
the properties of the system (L) it is easy to show that is bounded.
Let z sup x and z sup x for all (z, x, x) , and define the set by

X X X

The , and is compact in R+, for xK if (x, x, x)
and K is compact.

Define the arget set in R+ by

that is, O G X R X R. Clearly is closed and convex in Rn+2, for G is
closed and convex in R". Then the optimal control problem is to find an
optimal point 2* (x*, x*, x2.) in/ such that x* rain x for all
(x, x1, x") / and x2. rain x for all (x, xl*, x.) / . The control
which steers the corresponding response to the optimal point 2* is an opti-
mal control.

4. Existence.
THEOREM l.. Suppose there exists a control u(t) (: f(t0, h) which steers the

response x(t) to G at h. Then lhere exists an optimal control.
Proof. By the assumption K fl G . Then/8 2t 1 - for

ff / [. On the other hand,/ l 2r 1 is compact, for/, and
are closed and 21 is compact. Therefore there exists a point ) (y, yi, y.)
in/, 1 2t 1 with y rain x for all a (x, x1, x) in/, l 2r 1 .
Let P be the hyperplane defined by x y in R. Then/, 2t l ( l P
is again a nonempty compact set and so there exists a point 2" (x*,
l$ 25 25

Xx in/,ll 21 Psuchthatx minx for all2 (x,x1,
in/,[ [ P. Note that x1. yl. Since G X R X R, it is ob-
vious that x* min x and x"* rain x for all 2. (x, x, xn+) in/,
with x x*. Therefore, from the definition of the saturation set, 2" must
be a point of/ and so 2"/ . Furthermore, since it is an extremal
point, x must be a boundary point of both/ and/,, that is, 2" 0/
[’1 0/8. It is easy to show, from the definition of the point 2", x1. rain x
for all (x, x, x) in ./. f3 and x* rain x for all (x, X1$, x) in/ fl,
for 1 1, f’l I. Itencc * is a optimal p()int and there exists an Ol:)tilnal
control.
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5. Necessary and sufficient conditions (maximum principle).
DEFINITION 4. A control u(t)(to, h) with response x(t) is called

maximal if there exists a nontrivial response p(t) (p(t), pl, p.) R,.2 of
the equation

p =< 0, constant,

p =< 0, constant,

)(t) -p(t)A(t) pl Of (x(t) t) p2 Of (x(t) t)

such that

plh(u(t), t) - p’h2(u(t), t) + p(t)B(t)u(t)

max lplh(u, t) + ph(u, t) - p(t)B(t)u}

almost cverywherc on [to, hi.
THEOREM 2. A control u(t) (to, h) steers the corresponding response

2,(t) to the common boundary 0[ 0[ at h if and only if u(t) is a
maximal control.
We omit the proof, for a proof can be found in [3]. It was also shown in

the proof that/(h) is an exterior normal vector to/ at (h)0/, i.e.,
i(h) is normal to the supporting hyperplane r of/ at 2(h) directing into
the half-space defined by which does not contain/. Such a supporting
hyperplne r Mways exists because/ is convex and 2(h) 0/.
THnORE 3. If there exists a control in ]( to h) which steers the response of

the system (L) to G at h, then there exists a nontrivial solution x*(t),
* p*q (t), (t) of

2(t) A(t)x(t) + B (t)u*(t, q, p),

(t) -q(t)A(t) p Of (x(t) t)

(t) -p(t)A(t) p Of (x(t) t) p Of (x(t) t),-0
with X( to) Xo and either

(a) x(h) G, p < O, p < O, q(h) p(h) O, or
(b) x(t)

_
OG, p <= O, pe <= O, q(ti) p(h) interior normal to G at x(h).

Here u* t, q, p) is defined by the maximum principle

plh(u*, t) na q(t)B(t)u* max {ph(u, t) zr-. q(t)B(t)u},

pl](u*, t) - ph(u*, t) - p(t)B(t)u* max {ph(u, t) - ph’(u, t)
uE- p(t)B(t)u}.
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If pl 0 and p O, then u*(t) u*(t, q*, p*) with response x*(t),
q (t), p*(t) is an optimal control.

Proof. By Theorem 1 there exists an optimal point 2* in/, and 2" 0/
f’l 0/8. Therefore, by Theorem 2 there exists a solution/*(t), and the
control u*(t)2(t0, tl), which steers the response to 2* at tl, satisfies
the second maximum condition. Furthermore/*(tl) is an exterior normal
vector to the convex set/8 at 2" 0/8 and so p* _<- 0, p2. __< 0. The first
maximum condition together with the existence of q*(t) follows from the
fact that u*(t) minimizes the first cost functional Cl(U) (see [4] for a proof).

Conversely, if control u*(t) satisfies the first maximum condition with
the given endpoint conditions, then u*(t) minimizes the first cost functional
C(u) xl(t) (again see [4] for a proof). Now, in addition to this, if u*(t)
satisfies the second maximum condition, then the corresponding response
2*(t) is on 0/ f’l 0/ and/*(tl) is an exterior normal vector to/, at 2"(tl ).
If the endpoint conditions either (a) or (b) are satisfied, then from Fig. 1
it is apparent that 2*(tl) (x*(tl), x*(tl), x2*(tl)) is a point with x2*(t)

rain x for all 2 (x, x1, x:) in / such that x G, x x*(t). But
then since x*(t) C(u*) is minimum for all 2 in/ , 2*(t) is an
optimal point and so u*(t) is an optimal control.

Remark. If either p or p is zero, then an optimal control must be given
by u*(t) u*(t, q*, p*). However this is no longer sufficient to be an
optimal control.

6. Remarks. The above results can easily be extended to the case when
the first cost functional Cl(u) is given by

C(u) g(x(h)) -Jr {f(x(t), t) zc h(u(t), t)} dr,

where g(x) C is a convex function in xRn. Furthermore, if G R (the
free endpoint problem), then Theorem 4 is valid as it is except that the
endpoint conditions should be replaced by the following simpler conditions"

q(tl) p(h) -grad g(x(h)), pl < O, p < 0

Also similar results can be obtained when ft R. In this case it should
be assumed that hi(u, t) >= a[ul, h(u, t) a u k forsomea > 0,
lc > 1 for all u R to avoid impulse type controls.
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NECESSARY OPTIMALITY CONDITIONS FOR
DISTRIBUTED-PARAMETER SYSTEMS*

A. I. EGOROV
The mathematical theory of optimal control processes, created by L. S.

Pontryagin and his coworkers, allows us to find an optimal control in the
case when the process is described by ordinary differential or difference-
differential equations [1 ]. The maximum principle is the basic mathematicM
tool in this theory and at first it appeared as a necessary condition for op-
timMity. Later it was shown [2] that this condition also is sufficient for a
rather wide group of problems.
In a number of important, practical eases the control law of the systems

cannot be given by ordinary differential or difference-differential equations
but can be described by partial differential equations (for example, see
[3]-[6]). Control systems of such type are called distributed-parameter
systems.

In. this article we shall consider certain optimal control problems in
processes which can be described by the classical boundary value problems
for hyperbolic and parabolic equations. In general, the ranges of the inde-
pendent variables are not fixed.
The article consists of two parts. In Part I the necessary optimal condi-

tions are obtained in the ease when the process is described by hyperbolic
equations with Goursat boundary conditions. The method presented in this
part can be applied also in the ease when the Goursat conditions are re-
placed by conditions of other types. In Part II the control problem is
considered in the ease when. the process can be described by boundary value
problems for second-order parabolic equations. A different method for
solving certain such problems has been presented by Yu. V. Egorov in [7].

I. OPTIMAL PROCESSES IN SYSTEMS WHOSE BEHAVIOR IS DESCRIBED
BY HYPERBOLIC EQUATIONS

1.1. Statement of the problem. Optimality conditions. We consider a
system in which control is effected by a law given by the differential equa-
tions

Zixy L(X, y, Zl Zn Zlx Znx Zly Zny V),
(1.1)

i= 1,--. ,n.

* Originally published in Mat. Sb., 69(111) (1966), pp. 371-421. Submitted for
publication November 25, 1964. This translation into English has been prepared by
N. H. Choksy.

Translated and printed for this Journal under a grant-in-aid from the National
Science Foundation.

Institute of Automation, Act(temy of Sciences of the Khirgiz SSI, Frunze.
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We assume that the functions f(x, y, z, u, w, v) are defined, are continu-
ously differentiable in x and y for 0 _-< x -< X, 0 =< y _-< Y, and are twice-
continuously differentiable in all the remaining arguments in some ()pen

region A of the variables z, u, v, w. The parameter v can take values in
some open or closed region V of an r-dimensional Euclidean space.
The Goursat boundary conditions

(1.2) z(0, y) 41(y), z(x, O) 4,2(x), i 1,..., n,

(y) andare imposed on the functions z given by (1.1); the functions
?(x), 0 -<_ x N X, 0 <_- y <= Y, are continuous, piecewise-continuously-
differentiabl and satisfy the conjugacy relations 4(0) ?(0).
As controls we shall take piecewise-continuous functions v v(x, y),

0 -<_ x =< X, 0 =< y =< Y, taking values in the region V. We assume that
the lines of discontinuity of these functions are piecewise-smooth. We do
not exclude the possibility here that the form of the dependency of certain
specified components of the vector-valued function v(x, y) on the argu-
ments x and y may be given in advance. ])’or example, the individual com-
ponents may be functions of only one variable (x or y), may depend only
on x =t= y, etc.

If the control v(x, y) is continuous, to it corresponds a unique solution
z(x, y) {z(x, y), z,(x, y)} of the Goursat problem (1.1)-(1.2);
moreover, the functions z(x, y) have the continuous derivatives z, z
and z.
However, if v(x, y) has lines of discontinuity I, then in order to deter-

mine uniquely the corresponding solution of problem (1.1)-(1.2), smooth-
ness conditions for the functions z(x, y) on r should be given in advance
(for example, see [8]). It turns out here that, in general, the solution has
piecewise-continuous derivatives z, z and z. Therefore, in what
follows we shall consider, just as we did in [9], that with every control
there is associated a class of functions in which the problem (1.1)-(1.2)
has a unique solution for the control selected.
From the set of controls we pick out the class of admissible controls

consisting of those functions v(x, y) for which the corresponding solutions
of the Goursat problem (1.1)-(1.2) lie in a region where the functions fi
satisfy the conditions indicated above.
We shall say that an admissible control v(x, y) transfers the system

from the state (1.2) to the state (1.3) if the corresponding solution of
problem (1.1)-(1.2) satisfies the conditions

(1.3) F,(X, Y, z(X, Y)) O, a-- 1,... ,j,

(1.3)
oI(X, y, z(X, y) O, 1, ,
(x, Y,z(x, g)) 0, , 1,.--, l,
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(1.32) Jo .(X, Y, z(x, Y), zx(x, Y) dx a O, 1,

Y

(1.34) Jo T(X,y,z(X,y),zy(X,y)) dy b O, e 1,

where j /c m _-< n, a and b are some constants. The functions
F, , q satisfy exactly the same conditions as the functions f do
and, moreover, 1(X, 0, (X)) k(0, Y, (Y)) 0. In general,
the quantities X and Y are not fixed in advance and may vary from one
admissible control to another.
We pose the problem" from among the admissible controls transferring

the system from the state (1.2) to the state (1.3), find that control for
which the functional

(1.4) S Az(X, Y),

where the A ure reul constants, tkes the smullest possible vlue.
The control and the corresponding solution of problem (1.1)-(1.2),

which together constitute the solution of the problem we hve posed, will
be clled, respectively, the control optimal relatioe to S nd the optimal
solution.
For example, let v(x, y), 0 <= x <= X, 0 <= y <= Y, transfer the system

from the state (1.2) to the state (1.3), nd let z(x, y) be the corresponding
solution of problem (1.1)-(1.2). In general, it is impossible to assert that
nother control, different from v, transferring the system from the state
(1.2) to the state (1.3), exists in the class of dmissible controls. If there
are no such controls or if there is a finite number of them, the stated opti-
mal problem becomes a nonvaritionl one. It is necessary to seek out
the controls which transfer the system rom the one state to the other.
Therefore, we shll ssume priori that the class of admissible controls is
sufficiently complete.
The results set forth below re obtained on the ssumption that the

completeness of the class of admissible controls is defined by the following
basic properties.

Let v(x, y) und v(x, y) be some dmissible controls defined in the regions
D,O <=x <=X,O <= y-< Y,ndD,O =< x <__ X,0__< y =< Y,ndtrns-
letting the system from the state (1.2) to the state (1.3). Then, for an
arbitrarily small positive number e we cn find control v(x, y) defined in
the region D, 0 _-< x -< X, 0 y -<_ Y, und such thut"

(i) it transfers the system from the state (1.2) to the sute (1.3) and,
moreover, (1.3) is satisfied whe X X, Y Y

(ii) it is defined in the region D X D by the formul
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when (x, y) G,
when x, y) D X DGo

where G is an arbitrary given region (whose area equals e) lying strictly
within D;

(iii) the inequalities X- X ]__< Le and lY- Y I=< Le are satisfied,
where the constant L is independent of e.

This completeness condition is not investigated in this paper. It is
possible that it is a corollary of other simpler conditions which are capable
of being verified directly. In classical variational problems it is replaced by
the property which in essence is that every admissible surface (curve) is
contained in a family of surfaces (curves) of the same kind, depending on
one or several parameters (for example, see [10, p. 277]).
We can reduce to the problem being considered analogous optimal con-

trol problems in which is chosen, as the optimality criterion, a functional of
one of the following types:

X Y Y

f f fo(x, z, z., d. f fo(X, z(X, z (X, d.,
Jo J0 J0

x

fo fo(x, Y, z(x, Y), zx(x, Y) dx, fo( X, Y, z( X, Y) ),

where f0 is a function of ,,he same type as thef in (1.1). To do this it suffices
to introduce an auxiliary function zo(x, y), us was done in [9]. Such un
operation makes no change whatsoever in conditions (1.3).
The introduction of the supplementary conditions (1.3) into the optimal

problem allows us to study a sufficiently wide group of problems which are
of theoretical and practical interest. For example, if in these conditions
only the functions F, oe 1, j <__ n, are nonzero, this signifies that
the point z(X, Y) determined by the solution of problem (1.1)-(1.2) must
lie in a certain manifold in the space of the variables zl, z,, which
in particular, may degenerate to a point. In this latter case conditions (1.3)
can be written as

(1.3’) zi(X, Y) z 0, i 1,.-.,n,

where a, z are given numbers. If only the relation (1.32) occurs in
the conditions (1.3), then. the functions z(x, Y) and z(X, y) should, belong
to a certain mnifold. In prticula,r, these conditions m.y signify that

(1.3") z:(X, y) ’(y), z,:(x, Y) .(x), i 1,...,n,

where il(y) and ,,: (x) are given functions. Thus, in this case we are re-
quired to truD.sfer the system from one state to another in optimal fashion,
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where, moreover, each of these states is given by 2n functions which deter-
mine the "initial" and "terminal" values of the functions zi(x, y).
The time-optimal problem also can be considered as a special case of the

problem we have formulated. Indeed, in a number of physical problems
the solution of which reduces to the investigation of (1.1) with supple-
mentary conditions (1.2), one of the independent variables is time (we
denote it by y) while the other, x, is a space variable indicating position
within the plant. Therefore, in such problems the quantity X can be taken
as a given constant. If as the optimality criterion we take the functional
Sr Y and we adopt the supplementary conditions in the form (1.3"),
we obtain the time-optimal problem in which the terminal state of the
system is given by the functions 1(y) and -2(x) defined on the lines x X
and y Y. If, however, the supplementary conditions are given in the form

X

fo (x, z(x, Y), z(x, Y) dx i 1,ai n

we obtain another time-optimal problem in which the terminal state of the
system is given in an integral form. In order to reduce such problems to
the problem with an optimality criterion of form (1.4), we introduce a
new variable Zo(X, y) by setting

(1.5) z0xy 0, Zo(x,O) O, zo(O,y) =y, O<=x<=X,O<=y<= Y.

Then the functional Sr can be written, as Sr zo(X, Y), but the supple-
mentary conditions remain unaltered.

In order to formulate the necessary conditions for the optimality (.)f the
control in the stated optimization problem, we take an arbitrary admissible
control v(x, y), 0 -<_ x <- X, 0 -_< y _-< Y, and we denote by z(x, y), the cor-
responding solution of the system (1.1) with conditions (1.2). With these
functions we associate the auxiliary functions u(x, y), i 1, n, C(y),

1, k, and Bu(x), , 1, ..., l, and also the constants p, a 1,
,j, qa,i 1,...,m, andr,e 1,.-.,v(jq-/cq-lq-m -t- v =< n,

see conditions (1.3)), which we determine from the relations (here and in
the following the symbols d/dx and d/dy denote the total derivatives with
respect to x and y, respectively)-

OH
’ixy

(1.6)

(1.7)

OH

=i kOz

O<=x <=X, 0 <=y<= Y,

d (0 when y Y,d- ,,,T/j
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u(x, y) + oH

(1.8)
F,=, r, L dy k/J when X,

(1.9)
u(X, Y) A

when x X,y Y,
F.(X, Y, z(X, Y)

+ q, ,(X, Y, z(X, Y), z,(X, Y)
(1.0)

dy
,= Jo dX

dX

dF.(X, Y, z(X, Y)
= = dY

d(x, Y, z(x, Y) z(x, Y))+q dx
= Jo dY

(.1)

+ r(x, Y,z(X, Y), z(X, Y))

= dY

where we hve introduced the notation

(1.12)
H(x, , U, v) _, uf(x, , z, z z v),

U (Zl Zn Zlx Z.x Zly Zny "ttl

In the general case the functions z=, z.yv, vx and vy occur in the right-
hand sides of (1.6). However, because of the abovementioned conditions
imposed on the functionsf nd on the admissible controls, these derivatives
should not exist. Therefore, in wht follows we shall ssume that the func-
tions f- are representable in the following form

f. a..(x, y, z)zz + b.(x, y,

+ c,(x, y, z)z,, + d(x, y, z, v),
kl
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where the functions a..e, b--, c- and d are continuously differentiable in x
and y and twice continuously differentiable in all the remaining arguments.
If it happens that a], bij, c: depend only on v, then we should require of
the admissible controls that they have piecewise-continuous derivatives
v and v. When these conditions are fulfilled we can consider that to every
collection of numbers p, q and r and also to the functions B(x) and
C(y) of the system of relations (1.6)-(1.9), we can associate a unique
vector u(x, y) defined in the region 0 N x N X, 0 N y N Y.

Indeed, let the numbers p,, q, r and the functions B(x), C(y) be
given. Then we can find the quantities u(X, Y) uniquely from conditions
(1.9). Consequently, for the determination of ui(x, Y) and u(X, y) we
obtain a system of ordinary differential equations (1.8) and (1.9) with the
initial conditions

u,(x, Y) ],= u(X, Y), u(X, Y) I= u(X, Y).

By virtue of the conditions satisfied by the functions fi, the functions
u(x, Y) and u(X, y) are uniquely determined. Thus, for the determination
of the functions u(x, y), we obtain the system of equations (1.6) with the
Goursat boundary conditions

u(z, y) ]= u(X, y), ui(x, y) ]=r u(x, Y).

In accordance with the conditions indicated above such a problem has a
unique solution. The purpose of the supplementary conditions (1.10) and
(1.11), and the assignment of the constants p, q, r and of the functions
B(x), C(y), will be indicated in the analysis of the optimality conditions
formulated below as Theorem 1.
we shall take the functional

X Y

(1.13) J[v] Jo Jo H(x, y, U(x, y), v) dy dx,

defined on the admissible controls.
We shall say that an admissible control v(x, y), 0 x X, 0 y Y,

transferring the system from the state (1.2) to the state (1.3), satisfies a
maximum condition relative to the function u(x, y) if for any other admis-
sible control v(x, y), 0 x X, 0 y Y,, the inequality

(1.14) AJ[v] ff. [H(x, y, U(x, y), v) H(x, y, U(x, y), v)] dy dx 0

is satisfied, where the vector U(x, y) (z, z,,, z,, u) corresponds to the
con.tr()l, v(x, y), i.e., i l;his vector the funcl;io z(x, y) is determbcd as the
solution of problem (1.1)-(1.2) correspotdbg to this cottrol. Let G denote
the intersection of the regions D, 0 x X, 0 y Y, and D, 0 N x
X,0 y Y.
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The following theorem gives the necessary optimality conditions.
THEOREM 1. In order that an admissible control v(x, y), 0 <= x -<_. X,

0 <- y Y, transferring the system from the state (1.2) to the state (1.3), and
the corresponding solution z(x, y) of problem (1.1)-(1.2) be optimal relative
to functional (1.4), it is necessary that there exist functions u(x, y), B(x) and
C(y), and also constants p q r such that"

(i) the collection of functions z(x, y), u(x, y), B(x), C(y), v(x, y) and
the constants p q r satisfy (1.1) and (1.6) and also the conditions (1.2)
and (1.7)-(1.11);

(ii) the control v(x, y) satisfies the maximum condition relative to the func-
tion u(x, y).

Before we proceed to prove this theorem we analyze it and obtain some
corollaries for various special cases which are of specific practical interest.

1.2. Discussion of Theorem 1 and some of its corollaries. Let us show
that Theorem 1 yields a "complete" system of conditions for picking out
the controls among which there may be optimal ones.

Indeed, the maximum condition (1.4) can be interpreted as an equation
from which v is determined as a function (possibly, nonunique) of the
vector U: v v(U). Substituting it into (1.1) and (1.6) we get a system
of 2n second order equations in the 2n functions z and u. Its general solu-
tion depends on 4n arbitrary functions. To eliminate 2n of these functions
we use the boundary conditions (1.2). To eliminate the remaining 2n arbi-
trary functions we use conditions (1.7)-(1.9). Conditions (1.7) and (1.8)
are ordinary differential equations in the variables u:(x, Y) nd u(X, y).
The general solution of these equations depends on 2n arbitrary constants
and on the parameters p,, q, r, X, Y, and also on the undetermined func-
tions B(x) and C(y). The arbitrary constants are eliminated with the id
of conditions (1.9). Thus, the functions u(x, Y) and u(X, y) remain
dependent on the parameters p, q, r, X, Y and on the undetermined
functions B(x) nd C(y). The 2n rbitrary functions remaining as
result of soling (1.1) and (1.6) with boundary conditions (1.2) are
eliminated with the aid of the conditions

u(x, y) l=x u(X, y), u(x, Y) I=r u(x, Y).

As a result of such elimination there now remain the undetermined param-
eters p, q, r, X, Y and functions B(x) and C(y). To eliminate these
we have the relations (1.3), (1.10) and (1.11) which in number equal the
number of undetermined quantities. As a result we obtain a "complete"
system of relations for the elimination of all undetermined quantities.
Having computed the vector U (z, z, z, u) in this manner and having
substituted it in the function v(U) found from (1.14), we obtain all
the controls which satisfy the conditions of the theorem. If it turns out that
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there is a finite number of such controls, and if from the physics of the
problem an optimal control should exist, then it can be found by testing
in sequence the controls picked out by the theorem. From these discussions
it follows that, although Theorem 1 does not give suifieient optimality condi-
tions, it can be utilized in the solution of practical problems.
When defining the set of controls we remarked that the form of the

dependence of individual components of the vector v(x, y) on the arguments
x and y may be given in advance. For example, certain components of
vector v may depend on only one variable (z or y).

If this requirement is removed, i.e., if as admissible controls we take all
piecewise-continuous functions v(x, y) with values in the control region V,
then inequality (1.14) is equivalent to the conditions

(1.14’) H(x, y, U(x, y), v(x, y)) ((--)) sup H(x, y, U(z, y), v),

where the symbol denotes equality vlid for ll x nd y of the region
G except for points (x, y) lying on a finite number of lines with zero area.
We can verify the validity of this assertion by contradiction.

Indeed, let us first ssume that condition (1.14) does not follow from
condition (1.14). Then we cn find control O(x, y) defined in the region, 0 <= x _<_ X, 0 -< y -< , such that, first, the inequality

ff [H(x, y, U(x, y), (x, y) H(x, y, U(x, y), dy <=V(X Y) dx 0

is valid, where D D X , and, second, there is point (2, ) in D t
which

(1.15) H(2, t, U(2, ]), (, /) > H(2, t, U(2, ), v(2, t) ).

Since the function v(x, y) is piecewise-continuous by definition, the func-
tions u(x, y) nd z(x, y) corresponding to this control are continuous, but
z nd z muy possess discontinuities of the first kind. Therefore, we can
find region D belonging to D. and hving an are e such that it contains
the point (2, ) and such that the inequality

H(x, y, U(x, y), v(x, y) . H(x, y, U(x, y), (x, y)

is stisfied for ll (x, y) D. We construct u auxiliary control v(x, y),
defined in the region D, 0 =< x =< X, 0 _-< y _-< Y, which, in general, cn
include D within itself. Of this control we require that"

(i) it transfer the system from the state (1.2) to the state (1.3);
(ii) it be defined in the region D X D by the formula

if (x,y)D,
Vl(X, y)

v(x, y) if (x,y)Da XD\\D;
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(iii) it be defined arbitrarily at the points (x, y) not belonging to the
region D while remaining admissible and satisfying condition (i).
Then, by virtue of inequality (1.15),

[H(x, y, U(x, y), vl(x, y) H(x, y, U(x, y), v(x, y) )] dy dx > O,

but this contradicts condition (1.14).
Analogously we can show that condition (1.14) follows from (1.14’).
Theorem 1 gives the necessary conditions for the optimality of a control

relative to functional (1.4) under sufficiently general constraints (1.3)
imposed on the "terminal" state of the system. From it we now derive
analogous conditions for certain special cases.

Let us select the functional

(1.16) S Jo Jo fo(x, y,z,z,zy, v)dy dx

as the optimality criterion., where f0 is a function of the same type as the
f in (1.1). The terminal state conditions of the system are given by rela-
tions (1.3’).

In order to apply Theorem 1 we introduce an auxiliary function by means
of the equation

(1..17) Zoxy fo(x, y, z, z, )

with the supplementary conditions

(1.18) z0(0, y) zo(x, O) O.

Then functional (1.16) cn be written s So zo(X, Y). It is defined on
the functions z0, z, -.., z given by (1.1) nd (1.17) with the supple-
mentry conditions (1.2) nd (1.18). In the cse being considered, H by
definition hs the form

H(x, y, U, ) u&(x, y, z, Zx z ),
i=O

nd relations (1.6)-(1.11 yield

uo O, u Oz d -0 <= x <-_ X, 0 <= y <= Y, i 1,...,n,

Uo(x,Y) O, u(x,Y) + __OH 0 when y Y,
Oziy
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Uoy(X,y) 0, ,,(x, v) + --o. o

uo(X, Y) 1, u(X, Y) + p O,

Jo" (X, y, z(X, y), zx(X, y), zy(X, y), v)

when x X,

i 1,...,n,

+ .= p.A(x, v, z(X, ), z.(X, ), z,(X, ), )1 dv o,

fo (x, Y, z(x, Y), Zx(X, Y), zy(x, Y), v)

+ ,=1 p,f,(x, Y, z(x, Y), zx(x, Y), zy(X, y), v)1 dx O.

Hence we get that u0(x, y) -1, p -us(X, Y). Thus, the uxiliry
parameters re eliminated. We obtain the following theorem.
TIEOIE 2. In order that an admissible control v(x, y), 0 <= x <= X,

0 <= y -<_- Y, transferring the system from the state (1.2) to the state (1.3’),
and the corresponding solution z(x, y) of problem (1.1)-(1.2) be optimal
relative to functional (1.16), it is necessary that there exist a function u(x, y)
such that"

(i) the functions z(x, y), u(x, y) and v(x, y) form the solution of the equa-
tions

Zixy
OH
Ozi

uix,
Ozi dx \Ozi/ lg \/ 0 < x < X, 0 < y < Y,

with boundary conditions

where

zi(O, y) z,,(x, o) ,(x),

u(x, Y) + OH
0 "when y Y,

Ozi

OH
u, (X, y +

Ozi
0 when x X,

i= 1,...,n,

(1.21) H u:f(x, y, z, z, zv, v) fo(x, y, z, z, zv, v);
il

(ii) the conditions
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(1.22)

ui(X, Y)f(X, y, z(X, y), zx(X, y), z.j(X, y), v(X, y))
i=1

fo(X, y, z(X, y), zx(X, y), zy(X, y), v(X, y)) 1 dy O,

fo
x [=1 u.i(X, Y)fi(x, Y, z(x, Y), Zx(X, Y), z.(x, Y), v(x, Y)

fo(x, Y, z(x, Y), zx(x, I7), z,(x, Y), v(x, V))l dx 0

be satisfied at the point (X, Y);
(iii) the control v(x, y) satisfies a maximum condition relative to the function

u(x,y).
If in the case under study the terminal state of the system is given by the

conditions
x

(1.3") fo z(x, Y) dx C, i 1, ..., n, C const.,

in which X is fixed, then the functions ui(x, y) will be determined by (1.19),
but instead of (1.20) we will obtain, the conditions

(1.23)

z(O, y) 4)(y), z (x, o)

OHu(x, Y) -t- q when y Y,
OZiz

OH
0u X, y) + Ozi---- when x X,

u (x, Y) o.

i= 1,...,n,

Condition (1.11) takes the form

(1.24) I]o"x qOz(x’OY
"- fo(x, Y, z(x, Y), z(x, Y), z(x, Y), v(x, Y))I dx O.

We thus obtain the following theorem.
THEOREM 3. In order that an admissible control v(x, y), 0 <-_ x <-_ X,

0 <= y <-_ Y, transferring the system from the state (1.2) to the state (1.3"’),
and the corresponding solution z(x, y) of problem (1.1)-(1.2) be optimal
relative to functional (1.16) for fixed X, it is necessary that there exist func-
tions u(x, y) and constants q such that"
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(i) the .functions z (x, y), u (x, y), ; (x, y) and the vector q form the solution
of (1.19) with supplementary conditions (1.2) and (1.23);

(ii) the control v(x, y) satisfies a maximum condition relative to the function
u(x,y);

(iii) condition (1.24) is satisfied at the point (X, Y).
Example. Let the controlled process be described by the equation

(a) zxt v-- 2zx zt-- 2z, 0 <= x <= X, 0 <-_ <= T,
where X is a fixed number. As the admissible controls we shall take the
piecewise-continuous functions v(t) for which the inequality ]vl .-<_ 1 is
satisfied. We are required to find a control which would transfer the system
from the state

(b)

to the state

(c) j0’
in the shortest time.

z(O, t) z(x, o) o

z(x,T) dx a const.

In this problemfo 1 and, consequently, H u(v 2z zt 2z) 1,
while the equation for determining the function u(x, t) takes the form

ut 2u ut + 2u O.

The supplementary conditions (1.23) yield

ux(x, T) u(x, T) -q,

u,(X, t) 2u(X, t) o,

u(x, T) O.

Hece we get

u(x, t) qe2(’-r)(1 e-X).

From the maximum condition we find that

v (t) sgn fo
x
u x t) dx sgn q.

We consider the two cases possible.
Case 1. q > 0. Then v(t) 1 and, consequently, z(x, t) 1/2(1 e-2t)

(1 e-X). From conditions (c) and (1.24) we get

(d)
--XT --1/21n[1 2a(X+e

q Xe2r(1-X-e-x)-.
1)-1],
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Thus, the problem can have a solution if

(e) 0 < 2a(X q- e-x 1) -1 < 1.

Case 2. q < 0. Thenv(t) -1 andz(x, t) -(1 e-2t) (1 e-X)/2,
while from conditions (c) and (1.24) we get

T -1/21n[1 q-2a(XZr-e-x- 1)

q Xe2"(X -of- e--X 1)--1o

The problem can have a solution if

(g) 0 < lq-2a(Xq-e-x- 1)-1 < 1.

Thus, Theorem 3 determines the desired control in the form v(t) 1 or
v(t) -1 depending on whether condition (e) or (g) is fulfilled. The time
T corresponding to this control is determined by formula (d) or (f). How-
ever, h’om the arguments presented it does not, follow that the controls
obtained are optimal, because Theorem 3 gives only the necessary opti-
mality conditions and the existence of n optimal control has not been
proved.

Finally, let us consider the problem of minimizing functional (1.16)
under the condition that the "terminal" state of the system is given in the
form

(1.a’"’) z(x, Y) zl(x), z(X, y) z,:(y), i 1, ,n,

where the z(x) are given functions, piecewise-continuously differentiable
and satisfying the conditions

(1.25) zl(0) l(y), z.2(0) (X), z,l(x) z,(Y).
Then, fr()m conditions (1.7)-(1.11) we get

OHu,(x,Y) B.i(x) when y Y,

(1..26) u(X, y) q OH C.(y) when x X,

u(X, Y) O,

(X, z(X, y), &(X, y), z,(X, y), v(X, y)) q- C(y)&x(X, y) dy O,
i=l

(x, Y, z(x, Y), z(x, Y), z,(,, Y), v(x, Y)) q- B(x)z,.,(x, F) dx O.

The last two equations can be simplified and take the form
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i=1 (Y)u(O, Y) fo
x

Ii=1 OH(x, Y, U(X,ozY), v(x, Y)) z(x, Y)

H(x, Y, U(x, Y), v(x, Y))J dx O,

oH(X, u(x, v(X,(X)u(X, o)
i=1 i= Ozi

-1
H(X, y, U(X, y), v(X,y) )J dy O.

We thus obtain the following theorem.
THEOREM 4. In order that an admissible control v(x, y), 0 <= x <__ X,

0 <-_ y <= Y, transferring the system from the state (1.2) to the state (1.3"’),
and the corresponding solution z(x, y) of problem (1.1)-(1.2) be optional
relative to functional (1.16), it is necessary that there exist functions ui(x, y),
B (x) and Ci(y) such that:

(i) the functions z (x, y), u (x, y), B(x), C(y), v (x, y) form the solution of
(1.19) with supplementary conditions (1.2) and (1.26);

(ii) condition (1.27) is satisfied at the point X, Y);
(iii) the function v(x, y) satisfies a maximum condition relative to u(x, y).
Although this theorem (as also Theorems 2 and 3) gives a complete

system of relations for seeking the optimal control, its practical applica-
tion calls for the solving of problems more difficult than those encountered
when applying Theorems 2 and 3. Even in the simplest cases there appear
complicated equations which do not always have solutions.
We can convince ourselves of this by considering the example presented

above in which the terminal state of the system is given by the equation

(h) z(x,T) =f(x),

where f(x) is a known piecewise-continuously-differentiable function,
while the admissible controls are piecewise-continuous functions v(x, t) with
a finite number of lines of discontinuity, satisfying the condition iv =< 1.
Then, conditions (1.26) take the form

u=(x, T) u(x, T) B(x),

u(x, t) u(X, t) o,

Consequently,
u(X, T) O.

2(t--T) fm
x

u(x, t) e B()e- d.,

v(x, t) sgn C(x),
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where
X

C(x) B(()e- d,

z(z, ) 1/2 (1 e-) e(-sgn C() d.

From condition (h) we obtain he equation for determining (z),

(-x)(i) (1 e-’) e sgn C() d f(x).

To find the optimal time T we apply the first equation in (1.27) or (wh
is the same) condition (1.11). We then get

)(k) T

Thus, the problem is reduced to seeking the unction C(), satisfying (i),
x

for which J, ]C(x) ]dx > X. If such a function exists, then T is deter-

mined by (k).
We make the following remark to conclude this section.
In the formulation of the optimality conditions in the form of Theorem 1

we hve introduced the auxiliary constants p,, q, r, and the functions
B(x) and C(y) (see relations (1.7)-(1.11)). However, under certain
dditionl constraints we can eliminate these quantities and formulate a
muximum principle in which only one auxiliary vector-valued function
occurs.

Indeed, let v(x, y), 0 x X, 0 y Y, be some udmissible control
transferring the system from the state (1.2) to the state (1.3), and let the
functions z(x, y), u(x, y), B(x), C(y), nd the constants p,, p and r orm
the solution of the combination of problems (1.1)-(1.2) and (1.6)-(1.11)
for v v(x, y). We introduce the matrices

A

B(x, Y)
k /

1,...,1, fl 1,...,It, i 1,...,n,
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which are defined on the function z(x, y) {zl(x, y), Zn(X, y)}. Let
us assume that the rank of the matrix A at the point x X, y Y equals
j + v + m, and that the ranks of the matrices B(x, Y) and C(X, y) equal
and It, respectively. To be specific we shall consider that the determinants

formed by the elements in the upper rows of these matrices are nonzero.
Then, p, qs and r are uniquely determined by the first j + + m rela-

tions in (1.9). Analogously, B(x) and C(y) are determined from (1.7)
and (1.8). As a result, all the quantities p, qs, r, B and Cs are eliminated
from conditions (1.7)-(1.11); moreover, the number of relations in these
conditions is lessened by precisely the number of these quantities.

1.3. Estimate of the increment of functional J. In the proof of Theorem
1 which is to follow we shall require an estimate of the increment of the
functional (1.13) which was used to formulate the maximum condition. In
order to obtain the necessary inequalities we consider the functional

o i=l

+ q (x, Y, z(x, Y), z(x, Y)) dx a

+ r (X, y, z(X, y), z(X, y)) dy b

x

+ f z(x, Y))
o

where S is the functional given by (1.4), the functions F, , nd re
tken from conditions (1.3), nd H is defined by (1.12).

Let us tke n rbitmry dmissible control v(x, y), 0 x X, 0 y
Y, which transfers the system from the state (1.2) to the state (1.3).

We denote the solution of the corresponding Gourst problem (1.1)-(1.2)
by z(x, y, v). Then, I[v(x, y)] S no matter wht the functions u(x, y),
B(x), C(y) nd the constants p, q, r re. If with every dmissible con-
trol v(x, y) transferring the system from the state (1.2) to the state (1.3),
we associate solution of problem (1.1)-(1.2) for v v(x, y), then t these
controls the functional I will ttin its own minimal wlue simultaneously
with S independently of the choice of the quantities u, B, C, p, q nd r.
In wht ollows we shll choose these quantities such that conditions (1.6)-
(1.11 re fulfilled.
Further, let v.(x, y), 0 x X 0 y Y, be control different
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from v, which also transfers the system from the state (1.2) to the state
(1.3), and let conditions (1.3) be fulfilled at the point (X1, Y1). We denote
the intersection of the regions Dr, 0 -<_ x <= X, 0 <= y <- Y, and D,
0 =< x =< X, 0_<_ y =< Y, byG, 0-<_ x =< a, 0-<_ y-<_b. Both the controls v
and vl, as well as the corresponding functions z(x, y, v), u(x, y, v) and
z(x, y, Vl), u(x, y, v), are defined in region G. If v(x, y) is an optimal con-
trol, then according to what has been said above the inequality

(1.28) / I[v] [v] _>_ o
is valid. Let us transform each term in this inequality by taking for definite-
nessa X__< X,b Y1 =< Y.

Since the functions z(x, y, v) and z(x, y, vl) have piecewise-continuous
derivatives zx and z.y, by the finite-increment formula,

(1.29)

where

1.30

AS A[z(X Y vl) z(X, Y, v)]

A{zx(X, Y,v)AX - zi(X, Y,v)AY - A,,zi(a,b)} --.1.,
i=l

AX X- X, AY YI- Y,
A, zi(a, b) z(a, b, v) zi(a, b, v),

Y,

+ J= [z,(X, Y, v) z,y(a, , v)]Ay}.
Here Xl Xq and yl , Yr are the collections of all the points of discon-
tinuity of the functions z(x, Y, ) and z(X, y, v) in the region X -< x

=< X, Y1 =< y =< Y, and Ax x x_, Aye. y y_l.

Analogously we find

p,[F,(XI, Y, z(X, Y, v)) F,(X, Y, z(X, Y, v))l

[dF,(X, Y, z(X, Y, v)),AX -t-dF,(X, Y, z(X, Y, v)) AY(1.31) p,
,= dX dY

VOF.(X, Y, z(X, Y, v))

where
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(1.32)

r. .= p. {= IdF.(X, Y, z(X,dx Y, v))

.f-, [dF.(X, Y,z(X, Y, v))+ =lz-" dY

dF,(2. b, z(2, b, v)’ AxdX

dF.(X, gl z(X, v) )’]
Y

-t-- i= [OF,(X, Y,oziZ(X, Y v)) OF,(a,ozb, ) A, &(a, b)}
It should be noted that different magnitudes of p, may correspond to the
different controls v and v. However, when constructing the increment of
functional I we need not consider terms containing the increment Ap, since
the coeificients of p,(v) and of p,(v) are zero according to conditions
(1.3). By the very same reasoning we need not pay any attention to the
terms containing A, Aq and Ar.

Let I0 denote the double integral in functional I. Then, taking into ac-
count that the z form the solution of (1.1) and that G D X D, we have

where

AH H(x, y, U(x, y, v), v) H(x, y, U(x, y, v), v),

AU U(x, y, Vl) U(x, y, v).

From the definitions of the functions Az and 5u, it ollows that they
satisfy the equations

(1.34)

where

OH OH(x, y, U(x, y, vl), vl) OH(x, y, U(x, y, v), v)
OU OUi OUi

Furthermore, the equalities

Az.(0, y) Az(x, O) 0

are valid according to conditions (1.2).
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Since Green’s formula

ffo fob
9([qPxv Pq,v] dy dx t[ pq),=o],=o lpq]=o dx [ vl=o dy

is vMid for my continuous functions p md q hving piecewise-continuous
derivatives p, pv, pv, q, qv nd qxv, we shM1 hve

Au AZx dy dx
i1

(.35)

where

?a 1/2 , Avu,(a, b) A,,z (a, b
i=l

(1.36)

OttAzi --fobI(a,iy + A,ix) AZil dy}.
On the other hand, with. due regard to (1.34) we have

dz.
i=l i=l

From (1.8) nd (1.37) i followsh

1 ffo OH(z, , U(z, , v), v) U dg dz
1

AnMogously we find

uAz, dy dx u(X, Y, v)A&(a, b)
i=l

OH

(1.39) u, +
.=

z, a, y) dy

+ Az +Az+Az dyd

ffo ffoAuzv dy dx
OH

=
u dy dx,

where
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(1.40)

Tking (1.38) and (1.39) into account we get,

fo{ (..z. / .z z.x) ’t x

i=l

OH-- (u@ + )=xAz(a’y) dy

=
1 U dy

Az(a, y) dy1

Az(x, b) dx

Applying Taylor’s formula to the functions H and OH/Owi and restricting
ourselves in the expansions to second order terms in Awi, we have

sso{ uz /z +z .}
4 ( .) z<,xu,(X, Y)k&(a, b) ui + =(1.41)

where

OH--fo (u@-P.).:xA"z(a’y’dy}
ffo AH dy dx na m n,

A,,H H(x, y, U(x, y, v), v) H(x, y, U(x, y, v), v),

l ffa [OH(x,75
i=l

y, U(x, y, v), OH(x, y, U(x, y, v),
OU

4 EOH(x, Y, U(x, y, v)--I-OAU, v,)(1.42) q-
0 gi 0 U.

OH(x, y, U(x, y, v) + OAU, v) AU] AU dy dx,OUOU
0-<0,=< 1.
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With due regard to the notation of (1.13), from (1.33) and (1.41) we get

AI0 --AJ + u(X, Y)A,zi(a, b)

1.43
Jo

A, z(x, b) dx

Z( OH) Az(a,y) dy}--a----.u + =
Let us now transform those terms in inequality (1..28) which correspond

to conditions (1.3a).
The functions z(x, y, v) and z(x, y, v) satisfy conditions (1.3a). There-

fore,

q (x, Y, z(x, Y, v), z(x, Y, v) dx a

(x, Y, z(x, Y, v), z.(x, Y, v) dx a

(1.44)

+ a(X, Y, w(X, Y, v))kX + -JoXLd(x’ Y,w(,, Y,v)) AY
dY

+ : (0+(x, Y,0,(x’ Y, ))

where, as above, i is assumed gha X N X, Y b N Y, w denotes
he veegor wigh components z and , and

=i i=i OWi OWi

Aw(x, b) dx

Analogously we find
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r L(Xi, y, z(X, y, v), z.(X, y, v) dy b

,,(X, y, z(X, y, v), z(X, y, v) dy b

(1.46) = r {= OT,(X, Y,ozW(X, Y, v) ) Az(a, b)

+ (x, Y, (x, Y, v)) Y

d(X, y, (X, y, v)) X + o(X, y, w(X, y, v))+ dX = Oz

where is ghe veegor wRh eomponengs z and ,
))]

dy
dX

(1.47)

’j d(, y,w(2,dX y’ v))dy] Axe}
fo[O(a’y’w(a’y’v))

9 r
=i =i Ow

O(a, y, )]

Aw(a, y) dy.

Finally, let us transform those terms in inequality (1.28) which cor-
respond to conditions (1.32).
We have

(1.48)
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where

Vlo = I fo C(y) dl(X’ Y’ z(X’ y’ v)

(1.49) fo C(y) d1( y’dXz(’2 y, vi) dy Axk

fo IOg’I(X,Y,z(X,y,v))w C(y)

Analogously we get

[ fo:l B.(x)g,:(x, Y ,z(x, Y v) dy

( 1.50

abl(x, y, 2)
Ozi

A, z(a, y) dy.

fo B’(x)(x’ Y’ z(x, Y, v) ) dy

B.(x) d/(x, Y, z(x, Y, v)) AY dx= dY

Og,(x, Y, z(x, Y, v))+ B(x)

where

EW’ B(x) dg’(x’ Y’ z(x, Y, v))
= = dY

dg"( x’ x’ / v l y dx,
(1.5)

, B() (x’ Y’ z(x, Y, ))

0(x’ Y’ )] z(x, ) dx.
Oz

If now we reckon that the unctions u(x, y), B(x) nd C(y) together
with the constants p, q nd r transform the system of equations (1.6)-
(1.11) into n identity, then from relations (1.28), (1.29), 1.43), (1.44),
(1.46), (1.48) nd (.50) we obtain.

J[v] ff [(z, , Ux, , ), )
(1.)

H(x, , U(x, , ), v)] @ dx ,
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where n =1 vi. This inequality permits us to obtain an estimate of
the increment of functional J in terms of the increments of the quantities
X, Y, and v. Here, the right-hand side of inequality (1.52) should be evalu-
ated beforehand.
As has already been noted above, the functions Az and Aui form the

solution of (1.34) and, moreover, the Azi(x, y) satisfy the trivial boundary
conditions: Azi(0, y) Azi(x, O) O. In [9] it has been shown that for
functions thus defined the inequalities

lazy( x, Y) <- Q ff Av( x, y) dy dx,

1.53
Azx(x, y) --< Q1 Av(x, y) dy dx -4- RI

ff(7 0Azy(x, y) <= Q2 Av(x, y) dy dx - R2

Av(a, y) dy,

/v(x, b) dx,

0 =< x =< a, 0 =< y =< b, i 1,...,n’

where Q and R are positive constants and /v =lAv(x, y) (r is
the dimension of the control region), are valid.
The functions u(x, y, v), defined in region G, satisfy the linear equations

(1.6). The functions u(x, Y, v) and u(X, y, v) satisfy the ordinary linear
differential equations (1.7) and (1.8) on the boundary of this region. Their
initial values at the point (X, Y) are determined from (1.9)"

(.54) u(x, Y, v) I,=: a(v), u(x, , v) I-, a(v),

where the ;(v) denote the right-hand sides of relations (1.9). If we let
{u(x, X, Y, v)} denote the transition matrix (normal when x X) of the
system (1.7), then the solution of the Cauchy problem (1.7), (1.54) can
be represented in the form

(, Y, v) (z, X, Y, v)s(v)

=1 OZi

fx ( 0(, Y, w(, Y, v( 1.55 Ks(x, 8, Y, v)

O8

Ki
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where w is the vector with components z and z, and K is the Cauchy
function corresponding to the transition matrix lu(x, X, Y, v)}. Analo-
gously we find the solution of the problem (1.8), (1.54)

u(X, y, v) u(X, y, Y, v)8(v)
i=l

+

_
r, [K,(X, y, n, v)O,(X, n, w(X, n, v))r

(1.56) K(X, y, v v) OT(X, v, w(X, v, v)

+

Oz
where w is the vector wih components z and z, and K is the Cauchy
function corresponding to the transition matrix {u(X, y, Y, v)} of system
(.8).

Consequently, (1.6) with the supplementary conditions (1.7)-(1.9)
can now be reduced to the integral equations

u(x, y, ) u(X, y, v) + u(x, Y, v) u(X, Y, v)
(1.57)

dx + dy + dy dx,

where u(x, Y, v) and u(X, y, v) are determined by relations (1.55) and
(1.56). Analogously we obtain integral equations for the determination of
the functions u corresponding to the control Vl nd to the former param-
eters p,, q, r, B and C

u(x, y, v) u(X y, v) + u(x, Y v) u(X Y v)
(1.58)

+ dx + dy + dy dx.

Since the functions F,, and are continuously differentiable in x nd
y and also twice continuously differentiable in all the remaining arguments,
by pplying the Lipschitz condition nd inequalities (1.53) we obtain

OF.(X, Y,z(X, Y, v)) OF.(X, Y,z(X, Y, v))

MAX +NAY+P ff Av(x,y) dydx,
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(1.59)

0(X1, Y1, w(X1, Y1, v)) O(X, Y, w(X, Y, v)
Ow Ow

<= M. AX J-- N. AY -}- P. kv(x, y)dy dx - S, fo Av(x, y) dy,

Og,(X, Y, w(Xl, Y v) Og(X, Y, w(X, Y, v)
Ow

<-_ M AX -- N AY -- P Av(x, y) dy dx -- S Av(x, b) dx,

where M, N, P and Si are positive constants, /X IX1 X I, AY
Y1 Y !. Taking these inequalities into account we find that the in-

equalities

i(Vl) i()) M4 AX - N4 AY + P4 ff( Av(x, y) dy dx

,b

,,(x, b) dx

are valid for the quantities g(v occurring in conditions (1.54).
Since the Cauchy functions are bounded in the regions D, 0 <- x <= X,

0-<y_-< Y, andD,0-<_x=<X,0-_<y-<_ Y,from(1.55) and (1.56) we
have

u.(x, Y, )1) Ui(X, Y, ))! M. AX + N AY + P JJo Av(x, y)dy dx- S fo Av(a,y) dy+S fo Av(x,b) dx,

u(X, y, v) u(X, y, v) M AX + .N AY + P ffa Av(x, y) dy dx

+ S Jo Av(a,y)dy + SsJo Av(x,b)dx

for all points (x, y) of the region G, 0 x a, 0 y b. Analogous iu-
equalities are satisfied by the functions Au(x, b) and Au(a, y). If now
we apply the method used in [9] to obtain inequality (1.54), we hve

A u(x, y) M AX + N AY + P ffa Av(x, y) dy dx

(..o)

0 J0
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The estimates of the increments of functional J as well as the solutions
of (1.1) and (1.6) which we have obtained will permit us to complete the
proof of Theorem 1.

1.4. Proof of Theorem 1. Thus, let v(x, y) be an optimal control which
transfers the system from the state (1.2) to the state (1.3), and let z(x, y, v)
and u(x, y, v) be the corresponding functions determined by relations
(1.1)-(1.2) and (1.6)-(1.11). Then, inequality (1.52) is valid for any other
admissible control vl(x, y) which also transfers the system from the state
(1.2) to the state (1.3).
Let us suppose that Theorem 1 is false. Then we can find an admissible

control vl(x, y) such that the inequalities

AJ[v] ffo [H(x, y, U(x, y, v), vl) H(x, y, U(x, y, v), v)] dy dx > O,

1.61 Xj[v] ffo [U(x, y, U(x, y, v), v)

H(x, y, U(x, y, v), v)] dy dx >= v
are satisfied simultaneously (see (1.52) ). From inequalities 1.61 it follows
that there exists el such that for some region G, G c G, whose area is
e, e < , the inequality

(1.62) H(x,y, U(x,y,v),vt) H(x,y, U(x,y,v),v) >= 5 > O, (x, y)G,

is satisfied, where ti is some positive number depending on el

Let us take an auxiliary control v(x, y) defined in the region D, 0 _-< x
__< X, 0 -< y =< Y, and satisfying the following conditions"

(i) it transfers the system from the state (1.2) to the state (1.3) and,
moreover, condition (1.3) is satisfied at the point (X, Y);

(ii) it is defined in the region D X D by the formula

{; if (x,y)G,,
v,

if (x,y)D XDN,,G,
where G is the region in which inequality (1.62) is satisfied;

(iii) the function v(x, y) is assumed to be arbitrary outside the region
D X D, except that it should be admissible and should satisfy condition
(i).
Because of the condition that the class of admissible controls is complete,

the function v,(x, y) must be chosen so as to satisfy the inequality

(_.63) Ix- xo < L, Y Y < L,

where the COllSallf L is independent of e.
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Since the area of region G equals e, from (1.53) we get

Az(x, y) < Qe ff_ Av(x, y) dy,

/z(x, Y) Qe fro Av(x’ y) dy dx,

Az <= Q2e ffo Ave(x, y) dy dx,

where Av v v. It follows from the definition of admissible controls
that there exists a constant B such that Av(x, y) B for (x, y) D D,
and, consequently, for all points (x, y) of region D X D we have

Az(x,y) Te, Az(x,y) Te, Az(x, Y) Te,
(1.64)

T const. > 0.

Analogously, from inequalities (1.60) and (1.63) we obtain

(1.65) AvU(x,y) N Tie, Avu:x N T,e, A,ulN Te.
Using the inequalities obtained, from relation (1.30) we have

Applying inequalities (1.59), (1.63) and (1.65) we obtain an estimate for
the quantity v: given in (1.32),

[n l

We now estimate the quantity na defined by (1.36). From inequalities
(1.64) and (1.65) it follows that

Au(a, b) Az(a, b) < o(e) where
(e)

0 as e 0.
2

Furthermore, since the right-hand sides of (1.7) and (1.9) satisfy Lipschitz
conditions in the variables z, z and z, and since the functions B(x),
C(y) and the constants q and r are chosen to be one and the same for
the functions u(x, y, v) and u(x, y, vl), according to inequalities (1.64)
we have

OH

OH
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where the constants S. are independent of e. Consequently, there exists a
number T such that 31 _<- T3e2.

Analogously, from inequality (1.40) and inequalities (1.60) and (1.64)
we get

-< T&
To obtain an estimate of the quantity n5 in (1.42) we should consider

that the functions OHIOU satisfy Lipschitz conditions in the last argument
and that the O2H/OUOUi are bounded. Then we get

Analogously, we find that the estimates

I1 =< T, i 6, 13,

where the constants T must be taken independent of e, are valid for the
quantities ns, ...,

Thus, the quantity occurring in inequality (1.52) satisfies the inequality

(1.68) -< Te, T const.

By the definition of control v and by virtue of inequalities (1.62) and
(1.68), we shall have

ffo [H(x, y, U(x, y), v) H(x, y, U(x, y), v)] dy dx n

[H(x, y, U(x, y), v) H(x, y, U(x, y), v)] dy dx

The number e can be chosen so small that the right-hand side of the last
inequality becomes negative, but this contradicts inequality (1.52).
Theorem 1 is proved.

II. OPTIMAL PROCESSES IN SYSTEMS WHOSE BEHAVIOI IS DESCRIBED
:BY PARABOLIC EQUATIONS

2.1. Statement of the problem. Optimality conditions. Let E be the
Euclidean space of the vectors x (x, x) and let G be a region in
this space bounded by a class A surface (see [11, p. 10]). Let X(x) denote
the direction cosines of the outer normals to boundary r.

Further, in the region G -t- p we define the elliptic operator
L (L, ..., L.,,),

0 y(2.1) Ly _, a
,,= ,= "Ox:i Ox



382 a. ,. Eouov
where the functions ak(x) are of class in Ule region G + F. We let
M (M1, M,) denote the operator defined by the formul

Ox

By direct verification we can convince ourselves of the wlidity of the
formula

By the same method which is applied for one elliptic equation, we can
transform this formul to

where

Piy

qiz E axn dz,
,=

+ d. z.

In (2.3) the directions l are chosen arbitrarily except that cos(n, 1,i) > 0
(n is the outer normal to r) and their direction cosines are of class C() on
r. The directions X are chosen independently of l.,.
Now let the coefficients in the operator L depend also on the variable

t, 0 =< _-< T. We shall study controlled processes described by the system
of parabolic equations

( OY LY)(2.4) Lt y f t, x, y u) Lit y 0-
where 0 =< =< T, x G, the function f (f., f,) is continuous in
nd twice continuously differentiuble in ull the remuining urguments. The
prmeter u tukes vlues in some bounded (open or closed) region U of
p-dimensional Euclidean space.

Let us ssume further that the function y(t, x) (y, y,), defined
by the system of equti()s (2.4), also stisfies the condition

(2.5) y(0, x) a(x),

where a(x) is a continuous vector-valued function. The boundary conditions
are chosen in one of the following forms"
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(2.61) y(t, x) 4)i(t, x), x F, 0 _<= <- T,

or

(2.6.) P(t, x)y 4)i(t, x, y, v), x F, 0 <= T,

where the operators P are defined by (2.3) in which the functions at (t, x)
and bib(t, x) are continuously differentiable, while the functions satisfy
the same conditions that the functions f do. The parameter v takes Yalucs
in some bounded (open or closed) region V of a q-dimensional Euclidean
spa,ce.

In wha,t follows we shall speak about the first or the second boundary
value problem depending on whether the boundary conditions have been
chosen in form (2.6) or (2.6).
The function u(t, x) will be called an admissible control in the firs

boundary value problem if all its components are piecewise-continuous and
it takes its values in the control region U. The surfaces of discontinuity of
admissible controls are assumed to be smooth and each of them either is
orthogonal to the t-axis or is such that in the neighborhood of any point of
it we can introduce a nonsingular coordinate transformation, r t,

:(t, x), i 1, n, such that the surface of discontinuity becomes a
piece of the plane (n 0. Just as in Part I, we do not exclude the possibility
here that the form of the dependency of the individual components of the
vector u(t, x) on x and is given in advance. In particular, they may depend
only on or only on x.

If the discontinuities of some admissible control satisfy the first of the
stated conditions, then the first boundary value problem (2.4)-(2.6) cor-
responding to this control splits up into several problems of the same kind
but in regions which abut each other along the suri’aces of discontinuity
of the control. In this case the boundary value problem has a unique con-
tinuous solution (for example, see [2]) which, moreover, is not subject to
any supplementary smoothness conditions on the surfaces of discontinuity
of the control.

However, if these surfaces are not planes orthogonal to the t-axis, then
by a solution of the first boundary value problem we shall mean a vector-
valued function y(t, x) which satisfies the system of equations (2.4), the
conditions (2.5) and (2.6t), and also certait smoothness conditions on the
surfaces of discontinuity of the c()trol. Apparetly this problem has not
been studied in its getmral form; however, special ctses of it have been
considered in a number of papers (for example, see [13], [14], [15]), where
various existence and uniqueness theorems have been obtained. Therefore,
in what follows we shall assume that the given functions in (2.4) and in
conditions (2.5) and (2.6) possess not only the properties listed above but



384 A. . GOROV

also satisfy the further condition that a unique solution of the first boundary
value problem corresponds to every admissible control.

In the second boundary value problem as an admissible control we shall
take a function (t, x) {u(t, x), v(t, x)}, where u(t, x) satisfies the same
conditions as does the admissible control in the first boundary value prob-
lem, while v(t, x) is a piecewise-continuous function with values in region
V. The discontinuities of function v(t, x) should satist’y the same conditions
that the discontinuities of function u(t, x) do. In what follows, furthermore,
we shall assume that to every admissible control e(t, x) there corresponds a
unique solution of the second boundary value problem.
On the set of admissible controls we define the functionals

"[fo /o SoS a,(x)y(T,x) dx - fl(t,x)y(t,x) dx dt
i=1

(2.7)
-t- "(t, x)P(t, x)y da It

S. ._. a(x)y( T, x) dx -- fl(t, x)y(t, x) dx dt

(2.%.) - (t, x)y(t, x) dz dt

where a, fl and are given continuous functions, and the functions
y(t, x) in functional S form the solution of the first boundary value prob-
lem, while in functional S, of the second boundary value problem. The
quantity T is not fixed and can change with the transition from one con-
trol to another.
We shall say that an dmissible control u( t, x) (oo( t, x) ), 0 <= <= T, in

the first (second) boundary vlue problem transfers the system from the
state (2.5) to the state (2.8) if the corresponding solution of this problem,
stisfying condition (2.5) ut 0, at the instant T stisfies the condi
tions

(2.8) ,(T,x,y(T,x)) O, f(T,x,y(T,x),y(T,x))dx c,

a= 1,...,j, = 1,...,],

where y(T, x) {y(T, x), ..., y,n(T, x)}, c are given constants, and
j-t-k<__m.

Let u(t, x), 0 <= <- T, x G, be some admissible control in the first
boundary value problem (2.4)-(2.6), transferring the system from the
state (2.5) to the state (2.8). Just as in the case of hyperbolic equations,
here too we should require that the class of dmissible controls be complete
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in order that, first, the optimal problem not be trivial and, second, it be
solvable by the method presented above.

In what follows we shall assume that the completeness of the class of
admissible controls is defined by the following fundamental properties,
formulated here for the first boundary value problem.

Let u(t, x) and ul(t, x) be two admissible controls in the first boundary
value problem (2.4)-(2.6), defined in the regions C, 0 _-< -<_ T, x G, and
C1,0 <_- <- T1, x G, and transferring the system from the state (2.5)
to the state (2.8). Then, for an arbitrarily small positive number e we can
find a control u(t, x) defined in the region Co, 0 <= <_- T, x G, such
that"

(i) it transfers the system from the state (2.5) to the state (2.8) and,
moreover, condition (2.8) is fulfilled when T

(ii) it is defined in the region C X C by the formula

(: when (t,x)G,
u(t, x)

when (t, x)C X C G
where G is an arbitrary given region (whose area equals ) lying strictly
inside C;

(iii) the inequality T T, -<- L is stisfied, where the constant L is
independent of .
The condition for the completeness of the class of admissible controls in

the second boundary value problem (2.4)-(2.6) is defined unnlogously.
We pose the problem" from among the dmissible controls in the first

(second) boundary vlue problem which transfer the system from the state
(2.5) to the state (2.8), to find the control such that the corresponding
solution of this problem would realize the minimum of functional S (S).
The admissible control and the corresponding solution of the optimal

problem being considered will be called the control and the solution optimal
relative to S (S).

Optimal control problems in processes described by different boundary
value problems for parabolic equations are of theoretical and practical
interest. A number of papers [7], [16], [17] hae treated certain problems
in the case when the control is realized by initial or boundary conditions.
As the optimality criterion, either time optimality is chosen or the functional

1 T

I j, [u(T,x) Uo(x)ldx + p(t)dt, whereu0(x)is given function

in L(0, 1), p(t) is the control, nd is nonnegtive constant.
In this rticle we shll consider the problem when the control in the

process cn be effected simultaneously by controls which occur in the system
equations nd in the boundary conditions. Here, t first, we consider the
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problem where as the optimality criteria we select the functionals $1 and
$2. The general cases will be treated at the end of Part II. The time-opti-
mal problem also will be treated there.

In order to formulate the optimality conditions we introduce the auxiliary
functions H and h by setting

H(t, x, w, u) z&(t, x, y, Yx u),
i=1

where

h(t, x, p, v) z.ichi(t, x, y, v),

p (z_, ,z,,l,yl, ,y,),

( Oyl
w z_, "’’,Zm,y,’’’,Ym,oxl,’’’,OX,/

TO determine the functions z zi(t, x) we take some admissible control
u(t, x) (o(t, x) {u(t, x), v(t, x)}) in the first (second) boundary value
problem (2.4)-(2.6). To it we correspond the solution y y(t, x) of this
problem. We introduce the functions z. z.x(t, x) by means of the differ-
ential, equations

z -OH(t’ x. v. u) + d .[OH(t’ x.

Y --dx’ 0 <-_ T, x (-_ G,

with initial conditions

zi( T, x) -a(x) _, a,(x)
a=l

(2.10)
d

where M,z Oz/Ot + Mz, the functions a(x), (t, x) re taken from
the functionals S and S, the functions , nd T are tuken from condi-
tions (2.8), while the constants b nd the functions a,(x) are as yet un-
defined. The choice of the boundary conditions for (2.9) depends upon
whether we are considering the first or the second boundary vlue problem
(2.4)-(2.6).

If it is the first boundary vlue problem that we re considering, the
boundary conditions re chosen in the form

(2.11) z(t, x) (t, x), x F, i 1, m,

where the (t, x) arc the functions occurring in the definition of functionnl

(2.9)
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$1. If the second boundary value problem (2.4)-(2.6) is being considered,
the boundary conditions for (2.9) should be chosen as

Oh(t, x, p, v) + OH(t, x, w, u)
(2.112) Qz

Oy k=l Oyik
Xk(x) .(t, x),

x r,i 1,...,m,

where the Q are the operators introduced by formulas (2.3), X(x) are
the direction cosines of the outer normals to the surface F, (t, x) are the
functions occurring in the definition of functional S.
Both the boundary value problems by means of which we have introduced

the functions z(t, x) are linear and satisfy the same conditions as do the
corresponding (first or second) boundary value problem (2.4)-(2.6).
Furthermore, it is natural to require that the consistency condition be
fulfilled at T.

Therefore, we can take it that for given functions a,(x) and given con-
stants bo, each admissible control uniquely determines a solution of the
corresponding auxiliary boundary value problem.
Using (2.2) we can show tha for any twice piecewise-continuously

differentiable functions y(t, x) and z(t, x), i 1, ..., m, the Green-
Ostrogradskii formula

](y Q z zP y) dz dt + yz "t=O dx
i=l

which relates the operators occurring in the formulation of the original nd
of the auxiliary boundary wlue problems, is wlid.

Let u(t, x) ((t, x) {u(t, x), v(t, x)}) be some admissible control in the
first (second) boundary wlue problem, transferring the system from the
state (2.5) to the state (2.8), nd let y(t, x) und z(t, x) be the correspond-
ing solutions of the first (second) boundary wlue problems (2.4)-(2.6)
and (2:9)-(2.11). We introduce the functionls

(.la) [1 (, z, (, z), ) dz ,

defined on he pieeewise-eonginuous funet,ions (, z) and (, z) wigh.

values in regions U a,nd g, respectively.
We shall say ha the admissible control (, z), ransferring he system

from ghe sgae (2.5) go he sage (2.8), sagisfies a maximum eondigion
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relative to the function z(t, x) if for any other control o(u ), also trans-
ferring the system from the state (2.5) to the state (2.8), the inequalities

(2.15) /][u] ] [H(t, x, w (t, x), U

H(t, x, w(t, x), u(t, x) )] dx dt <- O,

(2.15) J[u] [h (t, x, (t, z), ,’)

h(t, x, p(t, x), v(t, x) )] dz dt <= 0

re satisfied, where D, 0 =< =< r, x G -- F, denotes the region in which
both the controls 0 and 0 are defined.

Analogously we can define the maximum condition for the admissible
control u(t, x) in the first boundary value problem (2.4)-(2.6). In this case,
only the condition (2.151) has to be satisfied.

If we do not impose any restrictions on the form of the dependency of the
controls on the arguments x and t, then inequalities (2.151) and (2.152) re
equiwlent to the following conditions"

H(t,x,w(t,x),u(t,x)) ((=))supH(t,x,w(t,x),u), xG,O <= <= T,
uU

h(t, x, p(t, x), v(t, x) (=) sup h(t, x, p(t, x), xF, 0 <-_ <= T,

where the symbol means equality valid everywhere in the region C’
0 =< =< T, x G, excepting perhaps points lying on a finite number of
n-dimensional surfaces whose (n + 1)-dimensional volume equals zero. The
symbol is defined analogously except that we take n 1 and F instead
of n and G, respectively.
The proof of this assertion is the same as that for the corresponding asser-

tion in. Part I.
The necessary conditions for the optimality of the controls in the bound-

ary value problems being considered are given by the following theorems.
THEOREM 5. In order that an admissible control u( t, x) in the first boundary

value problem (2.4)-(2.6), transferring the system from the state (2.5) to the
state (2.8), and the correspond,ng solution y( t, x ), be optimal relative to func-
tional $1, it is necessary that there exist functions z(t, x) and a(x) and
constants ba such that:

(i) the functions y(t, x), z(t, x), u(t, x), a(x), and the constants ba form a

solution of (2.4) and of (2.9) with the supplementary conditions (2.5), 2.6
and (2.10), (2.11);

(ii) the control u(t, x) satisfies the maximum condition relative to the func-
tions z t, x)

(iii) the condition
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i=1 OT -t- ( T, x)y( T, x)

d d1(.) + a.()

+ (, z)P(, z)(, z) o

o6. I order ha diible control (, ) {(, z), v(, z)}
i he econd bodarg vale problem (2.4)-(2.6), rnferrig he gemfrom
hee (2.5) o he ae (2.8), nd
problem be opial relative o fncional
fcio (, z) d a(z) nd coet b ch ha:

(i) hefcio (, ), z(, z), (, z), a(z),
olio 4 (2.5), (2.6) ad (2.10), (2.11);

(ii) he control (, z) aifie
fcio (, )

(iii) he codiio

[ (x)Oy(T,x)
= OT + (T’ x)y( T, x)

d(.1) + a.(x) + dx

il

is satisfied at the terminal instant T.
Each of these theorems yields "complete" system of relations by means

of which we can pick out, in general, the isolated controls and their cor-
responding functions y(t, ), which my be optimul. We convince ourselves
of this by the sme rguments used in Prt I. If in the problem under study
it turns out that there re only
optimal control exists from the physical sense of the problem, then this
control cn be found by successively comparing M1 the controls picked out.
We require certain uxiliary relations in order to prove Theorems 5 and

6, which we proceed to derive below.

2.2. Formulas for the increments of functionals J and J. We first con-
sider the first boundary value problem (2.4)-(2.6). On the set of admissible
controls we define the functional
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(2.18) +
_

a,(x),( T, x, y( T, x) dx

in which the functional S plays the role of the optimality criterion, the
functions , and are tken from relations (2.8), and the functions
y(t, x), z(t, x), a(x) and the constants b are considered given.

Let u(t, x), 0 T, x G, be some dmissible control transferring
the system from the state (2.5) to the state (2.8), and let y(t, x) be the
corresponding solution of the first boundary wlue problem (2.4)-(2.6).
Then I[u(t, x)] S for rbitmry functions z(t, x), a,(x) and constants
b. Hence, if to every dmissible control u(t, x) which transfers the system
from the state (2.5) to the state (2.8) we associate a solution of the first
boundary value problem (2.4)-(2.6) when u u(t, x), then at these
controls the functional I will achieve its own extreml value simultaneously
with S independently of the choice of the functions z(t, x), a(x) and the
constants b.
We take an admissible control u(t, x), 0 T x G, different

from u, which also transfers the system from the state (2.5) to the state
(2.8) at the instnt T. LetD, 0 r rain {T, T},x G,
denote the intersection of the regions C, 0 T, x G, and C, 0

T, x G. Both of the controls u(t, x) und u(t, x), and also their
corresponding functions y(t, x, u), z(t, x, u) nd y(t, x, u), z(t, x, u),
which form the solutions of (2.4) nd (2.9) with supplementary conditions
(2.5), (2.6) and (2.10), (2.111), re defined in region D. Hence it follows
that the functions Ay y(t, x, u) y(t, x, u) nd Az z(t, x, Ul)

z(t, x, u) satisfy the equations

(2.19) Lt Ay

and the supplementary conditions

(2.20) Aye(0, x) 0, x G,

(2.21) Aye(t, x) Az(t, x) O, x

where

OH OH(t, x, w(t, x, ul), ul) OH(t, x, w(t, x, u), u)
Owi Owi

If the control u(t, x) is optimal relative to functional S,, then
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cordanee with what we have said above the following inequality will be
valid.

(.) [u] [u] [u] __> 0.

We transform the increments of the functionals occurring in this in-
equality, taking, for definiteness, that r T =< T1, i.e., D C. The
auxiliary functions a,(x) and the constants be are taken to be arbitrary
but fixed.
We denote the first integral in functional (2.18) by K[u]. Then. we

hve

L

where Aw w(t, x, u) w(t, x, u). During the computation the incre-
ment AK of the integral over the region CIC is omitted since its inte-
grand is identically zero.
The functions Ay and Az satisfy (2.19) as well as conditions (2.20)

and (2.21). Therefore, applying the Green-Ostrogradskii formula we get

fc, D Az Lt Ay dx dt

On. the other hand

+=
Ay +

k=
A Oyk AyI dx dt

E Azi Lt Ay dx dt A OH Az dx dr.
i=l 7=1

From the last two equations it follows that

E AZi Lit Ay dx dt
i=1

(.)
o.

2 =,
Aw dx dt + = Aye(T, x)Az(T, x) d

where N (n + 2)m is the dimension of vector w (z,
Yl Ym, Yll Y,,).

Analogously, from (2.4) we obtain

(2.25) Azi Lit y dx dt
OH

--1 i= -i Az dx dt.

Zm

Since the functions Ay satisfy (2.19) and the supplementary conditions
(2.20), (2.21), and since the z,,. form the solutions of the first, boundary
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value problem (2.9)-(2.11), we have

E Zi Lit Ay dx dt
i=1(.2)

=
Ay dx dt,

where

ky(t, x, u) y(t, x, ul) y(t, x, u),

"{:oA z(T, x)A.y(T, x, u) dx (t, x)A,,y(t, x, u) dx dt

&(t,x)PAy(t, x,u) dz dr.

From relations (2.23)-(2.26) we get

f.[ o.o.) 1il

Applying aylor’s formula o he functions H and OH/Ow and restricting
ourselves o seeond order erms in he expansions of hese funegions, we geg

kK,[u]
(2.27) f
where

1 f OH(t, x, w(t, xu), u)_ OH(t, x, w(t, x, u), u)
Vl - =,_ Jc Owi

+ og(, z, (, z, ) + o,)
k= OWi OW

dx dr,]OwOw

1 Ay(T, X)Auz(T, x) dx, 0 < O < 1.

If we compute the increment of functional & by the formula of finite
icrements, we hve

& (x) + (T, z)y.,(T, x, u) dx
OT
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(2.29)

where

Ay(t, x, u) y(t, x, u) y(t, x, u),

V3 ai(x) Oy(T,x,
= = OT

(2.30) + [(T’ x)y(T, x, u) (, x)y(, x, u)]T) dx

+ fr [7(T, x)P( T, x)y(T, x, u)

(, x)P(, x)y(i, x, u)]T de}.
Here the br over the argument signifies that we hve chosen : certain

wlue of it from the interval [T, T.], while t t(x) is the surface of dis-
continuity of control u in the region 0 T, x G.
Analogously (recalling that the symbols d/dT and d/dx denote the

total derivatives with respect to T and x, respectively) we find that

[ a.(z)[.( T, x, ( T, x, )) (T, x, ( T, x, )) z

+ o(i, , (, z, )) (, z, ) z n

(.al)
%(T,z,(T,z,),(T,z,))] dz= dT
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"I+ O(T,x,y(T,x,u),y(T,x,u))
Oy

where

d.( x, y( x, u)) At dx,
dT

v= a.(x) O.(T, x, y(T, x, u)) O.(T, x, i) A= y(T, x, u) dx,
.= = Oy Oy

fo d(T, x, y( T, x, u) y( T, x, u) )
6 b= = dT

d( x, y( x, u,),y.(, x, At dx,
dT

=t i=4 Oyi

0%(T, x, ,

O,(T, x, , ) k yi( T, x, u) ] dx.
/

Since the functions z(t, x), a,(x) and the constants b satisfy condi-
tions (2.10), (2.11) and (2.16), it follows from inequMity (2.22) by
virtue of (2.27), (2.29) and (2.31) that

(2.32) kJ f [H(t, x, w(t, x, u), u,) H(t, x, w(l, x, u),u)] dx dt v,

where

q,i.
-1

Formula (2.32) gives an estimate of the increment of functional J
for a transition from control u to control u.
We now consider he problem of minimizing functional & in he second
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boundary value problem (2.4)-.(2.6). To obtain the formula for the incre-
ment of functional J2 defined by (2.14) we consider the auxiliary func-
tional

12[] k=[z Ly-- H(t,z,w(t,x,u), u) dx dt

+ zPy-- h(t,x,p(t,x),v) ddt
i=1

(2.33)

where the operators P,x are defined in (2.3), while the functional S plays
the role of the optimality criterion in the optimal problem being considered.

Just as in the ease of the first boundary value problem (2.4)-(2.6),
we can show that if the control (t, x) {u(t, x), v(t, x)}, transferring
the system from the state (2.5) to the state (2.8), is optimal relative to
funetionM S, then for any other control w, also transferring the system
from the state (2.5) to the state (2.8), the inequality

(2.34) AI[w(t, x)] I2[11 I2[] e 0

is valid, where y(t, x) is the solution of the second boundary value problem
(2.4)-(2.6) corresponding to the control (t, x), and z(t, x) is the solution
of the second boundary value problem (2.9)-(2.11) corresponding to the
same control. The functions a,(x) and the constants b are considered as
given.

Let the optimal control e(t, x) be defined in the region C, 0 N N T,
x G + r, and the control (t, x) {Ul (t, x), v (t, x) in the region C,
0 T,x G+ r. LetD, 0 r min{T,T},x G+ r,
denote the intersections of regions C and C. Both of the controls w(t, x)
and (t, x), and also their corresponding functions y(t, x, ), z(t, x, )
and y(t, x, ), z(t, x, ), forming the solutions of (2.4) and (2.9) with
supplementary conditions (2.5), (2.6) and (2.10), (2.11), are defined
in the region D. Hence it follows that the functions Ay y(t, x, 1)

y(t, x, ), Az z(t, x, ) z(t, x, ) satisfy (2.19) and also condi-
tion (2.20) and the conditions

P, Ay A O Q Az A--Oh + A OH(t,x, w, U) X(x),
(2.35) Oz Oy = Oy

x r, 0 r, i 1,... ,m.
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We transform the increments of all the functionals occurring in inequality
(2.34), taking, for definiteness, that T ___< T1.
We denote the sum of the first two integrals in functional (2.33) by

K[oa] and we have

Ag2[0] fo [i=1 (ziLity + ziLitY + ziLitY) "dx dt

(2.36)
f dz dt.
oo i=1

Since the functions Ay, and kz satisfy (2.19) with supplementary condi-
tions (2.20) and (2.35), by applying the Green-Ostrogradskii formula we
get

Azi Lit Ay dx dt + Az, P, Ay dz dt
i1

ATAy + A--Ay,i. dxdt
= = Oy

On ghe oher hand,

 Es. z"s. ]Azi Lit Ay dx dt + Az P, Ay dz dt
i=1

= Ozi

From these formulas it follows that

Azi Lit Ay dx dt + Az P, Ay dz dt

[ fc
2m Tfr Oh1 A

OH
Aw dx dt A Ap dz dt(2.37)

2

+ (, z)(, z) &

By analogous means we obtain the equations

(2.38)
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z Lt Ay dx dt + zi P Ay dz dt

(2.39)

)_, OH
Ay -t-"

_
OH

= =
Ay dx dt

]
where

A z(T, x)Ay(T, x) dx fl(t, x)Ay,(t, x) dx dt

From formulas (2.36)-(2.39) we get

= + A Aw AH dx dt

Ap Ah ddt+ A=
A

where is defined by (2.28). We pply Tylor’s formul to the functions
H, h, OH/Ow nd Oh/Ow nd restrict ourseNes in the expansions to second
order terms. Then we shll hve

where

(2.41)

AK.[0] A Jc [H(t, x, w(t, x), u) H(t, x, w(t, x), u(t, x))] dx dt

[h(t, x, p(t, x), vi) h(t, x, p(t, x), v(t, x))] dz dt ns n

, ,m [w, w], p, p [p, p].
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The increment of functional S in (2.33) will have the form

where

710

-t- fo (t, x)hy(t, x, ) dx dt

/fo ,(t,x)Ay,(t,x, ) dz d wo,

_, a(x) Oy( T, x, o) Oy(k x,-- = 0T 0 l Atk

+ (T, x)y(T, x, ) (, x)y(, x, Wl)]AT) dx

The remaining terms in functional (2.33) have the same form as the
corresponding terms in functional (2.18). Therefore, their increments are
determined by (2.31) in which the functions y(t, x) and z(t, x) must
now be taken as the solutions of the second boundary value problems
(2.4)-(2.6) and (2.9)-(2.11). Thus, from relations (2.34), (2.40), (2.31)
and (2.42) we get

(2.44)
fc [H(t, x, w(t, x), u) H(t, x, w(t, x), u)] dx dt

]o" [h(t, x, p(t, x), vt) h(t, x, p(t, x), v)] dz dt >= 7,

where

If we utilize the notations in (2.13) and (2.14), the latter inequality
can be written as

(2.45) AJl[u] AJ.[v] -> 7.

Thus, we obtain similar forms for the estimates of the increments of
functionals J1 and J in the first and second boundary value problems
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(2.4)-(2.6). By applying the same methods as used in Part I, we investi-
gate below only the second boundary value problem (2.4)-(2.6). The
first boundary value problem can be treated analogously.

2.3. Proof of Theorem 6. Let the control (t, x) In(t, x), v(t, x)},
0 =< =< T, x G + F, transferring the system from the state (2.5) to the
state (2.8), be optimal relative to functional $2 in the second boundary
value problem (2.4)-(2.6). Let y(t, x, o) denote the corresponding solution
of this problem. We suppose that the theorem is false. Then for any system
of functions zl(t, x), ..., z,(t, x), al(x), ..., at(x) and constants
bl, bk satisfying (2.9) with supplementary conditions (2.10), (2.11.)
and (2.17), the control o(t, x) does not satisfy the maximum condition
relative to the functions z(t, x). This implies that for every such system
of functions and constants we can find an admissible control wl(t, x),
0 -<_ _-< T1, x G F, transferring the system from the state (2.5) to
the state (2.8), which satisfies one of the inequalities

(2.461) AJl[u] fof [H(t, x, w(t, x), ul) H(t, x, w(t, x), u)] dx dt > O,

(2.462) AJ2[v] fof [h(t, x, p(t, x), v) h(t, x, p(t, x), v)] dz dt > O,

where r rain {T, T}.
Let us take any one such system, of functions z(t, x),..., z,,(t, x),

a(x),..., a(x) and constants bl, bk. To be specific, we assume
that for this system the controls (t, x) and o1 (t, x) mentioned above sat-
isfy inequality (2.46.) but do not satisfy inequality (2.461). Let y(t, x, o1)
denote the solution of the second boundary value problem (2.4)-(2.6).
Further, let z(t, x, o1) denote the solution of the second boundary value
problem (2.9)-(2.11), corresponding to the control 1, the functions
al(x), a(x), and the constants b, b.

It follows from inequality (2.462) that in the region a, 0 =< _-< r, x F,
there exists a point (a,/3) at which

h(a, fl, p(a, ), vl(a, ) h(a, , p(a, fl), v(o, fl) > O.

The functions h(t, x, p(t, x), v(t, x) and h(t, x, p(t, x), v(t, x) are piece-
wise-continuous in the region being considered. Therefore, for an arbi-
trarily small el, 1 0, we can. find a number ti and a closed region z
(whose area is 1) containing the point (a, fl) such that

(2.47) h(t, x, p(t, x), vl(t, x) h(t, x, p(t, x), v(t, x) >= > 0

for all points (t, x) a,. It is obvious that this inequality is satisfied for
any e in the segment 0 -< e =< el
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We take a certain e, 0 < e _-< ej, and we construct the auxiliary control
o(t, x) {u(t, x), v(t, x)}, 0 <- -<_ T, x r, such that it satisfies
the following conditions"

(i) it is defined in the region C1,0 -< _-< 0 rain {T, T}, x G-t- r,
by the formula

u(t, x) u(t, x),

fv when (t,x) ,
v(t,x) =,v(t,x) when (t,x) ,

where ,0 =< t_-< 0, x I’;
(ii) for > 0 the control o is defined arbitrarily except that it should

be admissible and should transfer the system from the state (2.5) to the
state (2.8)

(iii) the inequality IT T < Le is fulfilled, where the number L
is independent of e.

Such a control exists by virtue of the condition that the class of admissi-
ble controls be complete. Then, applying inequality (2.47) we have

zX&[u] O,
(2.48)

AJ[v] [h(t, x, p(t, x), v) h(t, x, p(t, x), v] d(r dt >- e > O.

On the other hand, we can show that the right-hand side of inequality
(2.44) is a small quantity of order o(e) (o(e)/e -- 0 as e -- 0).
Indeed, the functions Ay yg(t, x, o) y(t, x, o) and Az z(t, x, o)
z(t, x, o) form the solution of the system of equations (2.19) with

supplementary conditions (2.20) and (2.35) where o should be substituted
for o. In [19] it was shown that the functions Ay satisfy the inequalities

fof Ag <= M(t, r. x, ) Av. d z dr, Av, v
sl

where g is the vector with components yl, y., yn, y, and
M is a scalar function of the type of a Green’s function of boundary value
problems for parabolic equations. Since by construction Av. is nonzero
only in the region z and since this region is bounded,

x),

where the v converge uniformly to zero with respect to and x as e 0.
The functions z(t, x) satisfy (2.9) with supplementary conditions (2.10)

and (2.11). Consequently, these functions satisfy the following system
of integro-differential equations [12, pp. 90-96]"
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q-- Kn(t, r, x, )A(r, , w) d. dr

A- Kl(t, r, x, )(r, ) da dr, x G, 0 <-_ <- T,

ok(t, X, o) -a(t, X, w) -[- fo K(t, T, x, )z( T, )

K(t, r, X, )A(r, , w) d dr

xF,O<__t<= T,

where the matrices K+ are of the same type as the Green’s matrix of the
boundary value problem being considered, z(T, x) is the initial value of
the desired vector function and is determined by (2.10), while the vectors
A (A1, ,A,) anda (al,...,am) are given by

A. OH_k OH
-o.-- = + ’(’ )’

Oh OH
a.i -4- k:

X. "(t, x), i 1,... m.

The functions z(t, x, <) and +(t, X, ’) satisfy analogous equations
where the initial conditions should be taken at T,. For definiteness
we shall take T T+ and, consequently, 0 T. We denote the correspond-
ing matrices by K.k.

Since the functions OH/Oyi, OH/Oy+k and Oh/Oy satisfy a Lipschitz
condition, with due regard to (2.49) we get

Aa: <__ R_,[Az + (t, x), x F,O =< =< T,

where R is a constant and the v(t, x) converge uniformly to zero with
respect to and x as --+ 0.
By introducing the function 6(t, x, o) defined by the second equation

in (2.50) into the right-hand side of the same equation and by repeating
this operation several times, we obtain
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Tfl

n--1

(t, X, w) --a(1, X, w) + Ki(t, v, X, )a(r, t, w) dz dr

(2.52) + K’(t, T, X, )z( T, ) d + K(t, r, X, )A (, , w) d dr

+ K(, , , )(, , ) ,
where

g(, , x, ) g_(, , , )

+ g_(, , , )K"(, , , ) ,

K K, K K,

(, , x, n) (, , x, n)

+ g,(, , , n) g(, , , ) ,, i , , ....
il

An analogous equation is obtained for ghe funegion 4(, X, ). In ghese

equations he number is chosen so large ha he corresponding kernels
K are bounded. his ean be done by virtue of ghe well-known esgimages

of Green’s magrix and of igs derivatives [12, p. 92]. Therefore, gaking (2.49)
and (2.51) ingo aeeoun we obgain ghe inequaligy

il

+ a(, x + (,
il

where ghe funegions , and R have weak singularigies, () converges
uniformly o ero wih respee o as 0, and

il

We introduce the notation:
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w(t) w_() Q,I Q,-l(t, r, ) dt,

Wo(t) W(t), Q,,o

R R,,-(t, r, ) dt,

R,n Rl t, r, dt A- P

f’ (r- t)-(t)
k 1

(r) dr.

Integrating inequality (2.53) k times we get

(2.56)
W(t) <= P W,(-) d- + Q,,(t, r, .) [5z(r, )1 d d"

i1

We choose the number k so large that the functions Q and Rn are bounded
for0 =< =< T =< T, G+ F, andweset

Q(t) Az max Q.(O, r, ) d
i=1 tOT

+ z[ max R(, r,
i=1 tNONT

Then, from inequaligy (2.56) we geg W(O) N W(O)dO + ().

Applying Bellman’s lemma [21, p. a5] we find ghag W(O) N Pt() for
N 0 N T and, eonsequengly, W() N P(), where P is a seeified

posigi e eonsgang. herefore, from (2.gg)-(2.56) we obgain

W(t) M,(t, ,) IAz, df
(.57)

where M and N1 are functions of the same type as Q, and R, and n(t)
converges uniformly to zero with respect to as -- 0.

If we set up (2.52) for the function (t, X, o/) and also take conditions
(2.51), (2.57) and notation (2.54) into account, we obtain.
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(2.57)

i--1 i=4

+ M(t, T, X, ) Az(T, .)[ d
i=l

+ M t,

N2(t, r, X, Az(r, ) d dt + (t, X),

where P is a constant, M and N. are functions of the same type as K.
and Kn.
The functions z(T, x, o) and z(T, x, o) are determined from conditions

(2.10) and, consequently, according to condition (2.49),

i=1

where v2 converges uniformly to zero with respect to x as - 0.
Setting (2.50) up for the function z(t, x, o) and taking (2.571) and

(2.572) into account, we get

M(t, r, x, ) &z,(r, )1 d drlAzy(t, x) -<_
i1 i=1

+ N(t, -, x, ) IXz d o- d- + ,.
i=l

Hence by the very sme method used to obtain inequality (2.57) we find
that

Az(t,x)] v:(t,x), 0 =< t-<_ T,.x G+ F.

.The functions Az. OhzffOx satisfy analogous conditions.
Just as in Part I it can be proved that the quantity n occurring in the

right-hand side of inequality (2.44) is of a higher order of smallness than
e, i.e.,

=o(), o()
0 as -,o.

This relation (together with inequalities (2.46)) contradicts the fact
that the control (t, x) satisfies inequality (2.44).

9..4. Problems with other optimality criteria. Theorems 5 and 6 give us
the necessary optimality conditions for problems where we are required to
minimize linear functionals $1 or $2. ttowever, the method we have pro-
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posed, together with the results of Part I, allow us to consider more general
cases when nonlinear functionals or time-optimMity serve as the optimality
criterion. To simplify the subsequent formulations we shall treat the case
when the system of equations (2.4) has the form

OY--A 1 02Yi f(t, x, y, y, u),
(2.58) Ot Ox

0 <= <= T, 0 <= x <= X, i 1,...,m,

where the/c are constants and the fi satisfy the same conditions as before.
We take the initial conditions in the form

(2.59) y(O, x) a(x),

where the ai(x) are continuous functions. We take the boundary conditions
in one of the following forms

(2.601) yi(t, O) (t), y(t, X) l(t), i 1,..., m,

or

(2.60) Oy(t, O) o(t Y, vO), Oy(t, X) (t, y, vl), i 1, ..., m,
Ox Ox

where the i(t) are continuous functions of the variable t, while the
,.(t, y, v) are continuous in and twice differentiable in y and v.
As dmissible controls we take the functions u(t, x) and (t, x)
{u(t, x), v(t), v(t)} with the same properties as in the problem con-

sidered above, while as the optimality criterion we have
T X

in which the quantity T can depend on the controls. The terminal state
of the system is given by the relations

(T,x,y(T,x)) O, a 1, ...,j,
x

fo (T,x,y(T,x)) dx 1, ...,l,c,

where j - / <= n, and satisfy the same conditions as the functions
corresponding to them in. the problems analyzed above.

In order to apply the method we have presented for solving the optimal
problem, we introduce the auxiliary variable y0 by setting

(2.62) OY fo(t, x, y, y, u), yo(t, O) yo(O, x) O.
OtOx
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Then, to every admissible control in the first (second) boundary value
problem (2.58)-(2.60), which transfers the system from the state (2.59)
to the state (2.61), there corresponds a unique function yo(t, x) defined
by (2.62), while the functional S takes the form S yo(T, X) and is
defined on the solutions y0, ym.
We should make use of the results of Part I to solve the optimal control

problem thus obtained, since one of the equations of the system being
studied (namely (2.62)) is hyperbolic and the variable y0 does not enter
into (2.58). For definiteness we shall consider only the second boundary
value problem (2.58)-(2.60 ).
The corresponding adjoint boundary value problem will be

"2z O, OZo t, X) OZo T, x) O, Zo T, X) 1,
OtOx Ot Ox

2.63 Oz
Ot

20z(2.64) a
Ox

(2.65) z(T, x)

(2.66)

where

--Oyi

,la(x) =
X

l d ’ d,_, a.(x) -d + ’= = dT

fo(’l’, x, y(T, x), y(T, x), u(’l’, x))J dx O,

H zifi(t, x, y, y, u),

h E.20--Ozz t, y, v),
i=1

h li z,(t, y, v),
i1

H H Ix=o,z z(t, O), zi z(t, 1),

Hence we find that Zo(t, x) -1 and, consequently,

H zf(t, , , , ) fo.

Thus, we halve obtained the following theorem..
TEOmM 7. Let the admissible control co(t, x) lu(t, x), v(t), v(t)},
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0 _-< =< T, x [0, X], transfer the system from the state (2.59) to the state
(2.61), and let y(t, x) be the corresponding solution of the second boundary
value problem (2.58)-(2.60). In order that y(t, x) and co(t, x) be optimal
relative to functional S, it is necessary that there exist functions z(t, x), a(x)
and constants bj bl such that:

(i) the functions y(t, x), z(t, x), w(t, x), a(x), and the constants bl b
form the solution of (2.58) and (2.63) with supplementary conditions (2.59),
(2.60.), (2.64)-(2.66);

(it) the control o(t, x) satisfies a maximum condition relative to the func-
tion z (t, x).
In order to obtain the optimality conditions in the time-optimal problem

we must take f0 --- 1 in Theorem 7.
Analogously we can find the optimality conditions for problems where

one of the following expressions,

fo(T, x, y(T, x)), fo fo(t, X, y(t, X)) dx, ]o" fo(T, x, y(T, x)) ,ix,

is chosen as the functional to be minimized.
The same procedure is applicable for the solution of problems with an

arbitrary finite number of independent variables x, x for which
the optimality criterion appears as a multidimensional integral. In this
case we must use the method for investigating control processes in systems
whose behavior is described by a multidimensional Goursat problem [19].
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ON THE CLOSURE AND CONVEXITY OF ATTAINABLE SETS
IN FINITE AND INFINITE DIMENSIONS*

H. HERMES

Introduction. Much of the mathematical theory of optimal control deals
with a system of differential equations

(1) 2(t) f(t, x(t), u(t) x(O) x,
where the function u: [0, T] -- E (E denoting Euclidean n-dimensional
space), termed the control, may be chosen from a control set ft c 2[0, T].
(If we say that a vector-valued function is in 2p[O, T], we shall mean that
each of its components is in this space.) If we assume conditions on f, such
that for a choice u 2 a unique solution x(., u) of (1) exists, the set of
derivatives of solutions, i.e., the set

(2) If(’, x(., u), u(.)), u },

may usually be considered in some Lebesgue space. The attainable set ((t),
for some [0, T], is defined as the set of points attainable at time by
solutions of (1) for all possible choices of control u , i.e.,

(3) a(t) {0 + f z() d-z 1.
J0

The existence theorems which depend on the compactness of a(t) may
then be viewed as ollows: Under what conditions on ff will its image in E

under the linear operator L defined by Lz J, z(-)d’, be compact? We

shall show, or instance, that the Filippov existence theorem [1] can be
interpreted as stating that, with his assumptions, ff is a weak * compact
subset of [0, t], hence its image under the weak * continuous map L is
compact.
While the most natural situation to obtain a(t) compact would be to

seek a topological space in which ff is compact and L continuous, the fact
that, in general, ff will be a subset ot an infinite-dimensional space while L
has finite-dimensional range suggests the possibility that, even if ff is not
compact in its chosen space, the range of ff under L may be compact. In
particular, this situation is illustrated by the theorem of Lyapunov on the
range of a vector measure. Specifically, let ff be that subset of 2[0, T],

* Received by the editors October 26, 1966.
f Department of Mathematics, University of Colorado, Boulder, Colorado 80302.
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such that z implies z,:(t) is either zero or ote for all [0, T], i 1,
2, ..., n. Since g is not convex, it certainly is not weak* compact nor is it
compact in the norm topology of 2[0, T], yet the Lyapunov theorem yields
the fact that its image under L is compact and convex in E". This has been
used to obtain existence theorems for linear systems (see [2], [3]).

There have been many recent generalizations of Lyapunov’s theorem
(e.g., [4]); it is natural to ask whether it could be applied to a nonlinear
system in such a way to yield g not weak * compact in [0, T] but still so
that its image under L is compact (and convex). This question will be
pursued.

It should be noted that the use of the Lyaponov theorem in [2], [3] de-
pended on the fact that the control set a was defined, as a subset of 2[0, T],
by giving the values which an element u E a could assume at each [0, T].
One might also consider a given merely as a subset of 2[0, T]. We shall
show, using a construction of Xlee [5], that is is possible for to be a closed,
bounded, convex, subset of [0, T], such that th.e attainable set a(t) for
a linear system

(4) (t) A(t)x(t) + B(t) u(t), z(O) z,
with the components of A, B in [0, T], is not closed.
We shall also discuss possible infinite-dimensional analogues of the

Lyapunov theorem.

1. Statement of results. The control set f will be assumed to be given in
either of the two following ways"

(i) For each [0, T] let U(t) be any subset of E and 2 {u 2[0, T]:
u(t) U(t)}. We assume the sets U(t) are contained in some fixed bounded
sphere S in E for [0, T].

(ii) a is a bounded subset of r vector-valued functions with components
in ge[0, T]. (Again we assume the values of elements of f are contained in
S.)
There will be a need to consider with its norm topology, its weak

topology, and its weak * topology (or 21 topology of 2). For writing ease
both notations for the weak * topology will be used.
The assumptions onf in (1) will be the following:
1. f is continuous on [0, T] X E X S and once continuously differentiable

in the x argument, unless explicitly stated elsewise.
2. There exists a constant c > 0 such that x.f(t, x, u) <- c[1 A- Ix 2]

for all t, x, u in the domain of definition of f. (This prevents finite escape
time.)
With these assumptions, for each u f, (1) has a unique solution defined
on [0, T] which will be denoted x(-, u).
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In addition to the sets g and a(t) defined in the Introduction, we define,
for the case having the representation (i), the sets

F(t) If(t, a, o-)" a a(t), U(t)},

(g(t) {x nt- fo z(r) dr’z measurable,

z(r) F(r)for 0 -< r -<_ t}.
Remark. 1. The set F(t) is related to the "local direction cone" {f(t, x, r)

z U(t)} and will always contain this set since it is the union of such sets
taken over all x in the attainable set (t(t). It easily follows that we will
always have a(t) c (g(t) one of the things we shall be interested in is when
are these sets equal.

Remark, 2. From the assumptions onf and 2 it follows that is a bounded
subset of 2[0, T].
We shall next summarize results. In doing so several theorems from other

references will be stated; at times the statements of these may be some-
what different from the form in which they originally appeared. In these
cases, the verification of the equivalence will be included in 2, where proofs
of the results are given.

I [4, Theorem 1]. 6t(t) is convex for each [0, T].
II [4, Theorem 4]. If F(r) is closed for each r [0, t] (our assumpti()ns

imply it is bounded), then 63(t) is convex and compact for each [0, T].
III [1, Theorem 1 and Lemma]. Suppose ft has the representation (i) with

U(t) a nonempty compact subset of E for each [0, T] which is con-
tinuous in the I-Iausdorff topology as a function of t. Suppose further that
for each t, x, If(t, x, a): r U(t)} is convex. Then F(t) is closed for each

[0, T].
IV (Restatement of [1, Theorem 1]). Assume the hypotheses of III. Then
is a weak* compact subset of [0, T].
Remarlc. From this it immediately follows that a(t) is eompac’t. Indeed

the raN)ping L" 2 -- E defined by Lz fo z(r)dr is weak* continuous,

and hence the image of is compact.
V. Assume the hypotheses of III and that for each r [0, T] and a, a’
a(),

(7) {f(r, a, a):.r (- U(r)] If(r, a’, r)" a U(r)}.

Then a(t) (g(t) for each [0, T].
VI (Combining II, I.II and V). If the hypotheses of V are satisfied, a(t)

is compact and convex for each [0, T].
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Remarlc. Compactness of a(t) is essential in existence theorems, and the
convexity of a(t) plays a role in ruling out "conjugate points" [6], thus
simplifying sufiSciency conditions.
The next few results pertain to the case where 2 has the representation

(ii).
Let X* be the dual of a Banach space X; then every closed and bounded

(in norm) convex set in X* is closed in the X** (or weak) topology of X*.
Also, a subset of X* is compact in the X topology of X* if and only if it is
bounded in the norm topology and closed in the X topology (see [7, pp.
422-424]).

In [5, p. 881] Klee shows that every nonreflexive separable Banach space
contains two disioint, closed, bounded, convex sets which cannot be sepa-
rated. As remarked in [5], the separability is not essential since every non-
reflexive space has a nonreflexive closed separable subspace within which
one could apply the result. Using Klee’s result one easily obtains the follow-
ing.

VII. If X* is a nonreflexive Banach space which is the dual of a Banach
space X, it contains a closed, bounded, convex subset 21 which is not closed
in the X topology of X*.
For any y (yl, ..., y) with components in 21, let L(y) denote the

linear operator from 2 to E defined by
T

(8) L(y)u y(r)u(r) dr

where we assume u is scalr valued. It will be useful, in 2, to use the func-
tional notation y(u) for L(y)u; this will sometimes be done.

VIII. There exists a y 2[0, T], such that the image of the closed,
bounded, convex set h 2 under the continuous linear map L(y) is not
closed in E.

Equivalently, it readily follows from this that there exists a linear control
system of the form (4) with control set , closed, bounded, convex
subset of [0, T], for which a(T) is not compact, i.e., there need not be
existence of an optimal control for a time-optimal problem.
The preceding deals with finite-dimensional systems; results concerning

convexity of the attainable set a(t) are derived from I, which is an im-
mediate consequence of the Lypunov theorem on the rnge of nontomic
measures. Since the proofs of this theorem proceed by induction on the
dimension, one may wonder whether it has n analogue for measures with
values in a Bnach spce. Specifically, consider the special cse of the
Lypunov theorem which states: If f is an n vectorvalued function with
components in 2[0, T] (the measure being Lebesgue measure) while 2
denotes the z-algebra of Lebesgue measurable subsets of [0, T] with x the
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characteristic tunction of E 2:, then f(T)XdT" E 2 s closed and

convex. The infinite-dimensional nlogue would consider the cse where f
tkes vlues in n infinite-dimensional Bnch spce. We shull consider
the special cse when the Bnch spce is the sequence spce l, where
x l implies x (r, "") with x sup lr l-

IX. There exists a map f: [0, T] l with componentsf 2[0, T] such

that f(r)x(r)dr" E N is not convex.

Remark 1. One can easily replace l with the separable Hilbert space l
in IX. This result is fairly well known (for previous examples and discus-
sions, see [8], [9]).
Remark 2. One could consider, instead of this infinite-dimensional ana-

logue of the Lyapunov theorem, the infinite-dimensional version of I.
Specifically, let C map [0, T] into the set of subsets of l. Under what addi-

tional eondigions on (or he values C() is c(r)dr" c has components

1[0, T], c() ()} convex? Suppose ghere exisgs a subsequenee {}in

of he sequence of positive ingegers wigh ghe propergy ghag c() () for
0 N N T implies gha ghe possible values of ghe eomponengs c(), c+(),
-., ci+_(), j 1, 2, .-., depend only on each ogher. hen for each j,

one can apply I o he se of values ci, ci+_, may assume, and
hereby obgain eonvexigy. As an example, if () is ghe seg of %ergiees of
he cube" in l, specifically g C() implies for each i, g is eigher 0 or 1,

then c(r)dr" c has components in 2[0, T], c(r) C(r) is convex.

2. Verification of stated results.
III. F(t) is closed. For a as given in III, Filippov’s theorem [1] shows

a(t) is compact, U(t) is given compact and f is continuous, therefore F(t)
is compact.

IV. is weak * closed. Let

z(.) f(., z(., u), u(.)) 5

and z converge to z in the weak * topology. We will show z $.

Since is bounded in norm it is easily shown that z converges to z in the
weak* topology if and only if

for each [0, TI (see [7, Exercise 27, p. a42]). Leing z()
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forx + z(-)dr, [0, T], the hypotheses imply x(-, u) converges to

x miformly. But the the Filippov rgument [1, proof of Theorem 1] implies
x is n dmissible trajectory, i.e., there exists n dmissible control u such
that z(t) 2(t) f(t, x(t), u(t)) for lmost 11 [0, T], showing z .

t

V (Proof). We lredy know a(t) (t); now let x + j, z(-)dr be

any element in ((t), i.e., for ech s [0, t], z(s) F(s). We must show

x -t-" z(s) ds is an admissible trajectory for r [0, t].

By the representation of and property (7) of the hypotheses of V,
F(s) If(s, a, o-)" o- U(s)} for any a a(s). Pick any admissible con-
trol u and let x(-, u) be its corresponding trajectory. Then for
each s [0, t], z(s) If(s, x(s, u), z). U(s)}. Hence by the Filippov
]emma [1], there exists an admissible control u such that z(s)

f(s, x(s, u), u(s)) almost everywhere. Using u in the place of u we
may proceed inductively to generate a sequence of trajectories {x(., u)}
and corresponding sequence of controls lug+l}, such that z(s)

f(s, x(s, u), u+(s)) almost everywhere in [0, t]. From the sequence
{x(., u’)} choose uniformly convergent subsequence (the original se-
quence is esily seen to be n equicontinuous family) and for notational
ease ssume it is the original sequence. Define z(s) f(s, x(s, u), u(s)).
Then

zn(s) Z(S) If(s, X(8, un), un(8)) f(8, X(8, un--1), un(8))l
_-< K sup{I x(s, u) x(s, Un-i) I, 0 8 -- t}

for a|most all [0, ]. Bu z(r, ’) z -t- z’()d is an admissible

graieetory and hence, from the preceding esgimae, z(r, ) converges

uniformly to z -t- z()d. Therefore, z nt- z()d is ghe uniform limig

of admissible rajeeories, and by Filippov’s heorem [1] it is an admissible
rajeetory, which completes the argument.

VII. In [5] Klee shows ghag every nonrefleetive separable Banaeh space
contains two disjoing, closed, bounded, convex sets which eanno be sepa-
raged. The separabiligy of the space is inconsequential since, as eommened
in [5], every nonreflexive Banaeh space X* has a separable nonreflexive
closed subspaee. Let E* denote his subspaee; consider A, B closed, bounded
and convex in E* and such tha hey cannot be separated. Then as subsets
of X* they are also closed, bounded, convex and cannot be separated by a
hyperplane since E* X* implies X** E**, i.e., any continuous linear
functional on X* is a continuous linear functional on E*.
Now suppose either A or B is closed in. the X topology of X*. Then by
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[7, Corollary 3, p. 424], it is compact in the X topology of X*. This implies
we have two closed, disjoint, convex sets ia a locally convex linear topologi-
cal space (X* with its X topology), one of which is compact. By [7, Corol-
lary 11, p. 418], there exists a nonzero continuous linear functional f which
separates them. But if f is continuous in the weak* topology, it is continuous
in the norm topology of X*, i.e., f X**. This implies f separates A and B
in X*, a contradiction. Thus neither A nor B can be closed in theX topology
of X*.
VIII (Proof). It suffices to consider y, as in (8), to be scalar-valued, i.e.,

L(y). E. We will consider only real linear spaces.
Let X be Banuch space and K* u bounded, X closed, convex subset

of X* (i.e., an X compact subset of X*.) Then K* has continuous (in the
X topology of X*) nonzero, tangent functionals. In fact, it is known that
these exist t each point of dense subset of its boundary (see [7, Exercise
13, p. 459]). Explicitly, let D* be the (nonempty) subset of the boundary

* D*of K* at which continuous tangent functionals exist, i.e., for ech
there exist nonzero g ff X and rel constant % such thut g(K*) %,
g(x*) ca. Such a g determines a support hyperplne h, to K* at x
where ha {x*ff X" g(x*) %}, and corresponding closed half-space,
H {x*ff X*" g(x*) c,}, which contains K*. Let G be the family of
continuous tangent functionls so determined by elements of D*.
LEMMA. K* i8 uniquely determined as the intersection of the half-spaces

H, i.e., K* ,e,H.
Proof. If x*ff K* then x*ff H, for every g, hence K* c fl,e vH,.,
To obtain the reverse inclusion, suppose x ff fl,eoH, but x* K*.

Since K* is closed and convex, there exists continuous linear futctional
x ff X which sepurtes x und Suppose x(x*) c, x(x*) < c, for
x ff Let c, sup{x(x*)" x* K*}. Since K* is compact in the X topol-

* K*ogy of X*, c < c, and there exists an x ff such that x(x c. But
then x* ff D* and x ff F, andsincex(xx*) c > c, wehavea contradiction
to x* fle oH0

Remarlc. The existence of even a single support plane for bounded,
closed, convex subset of Bnach spce is still n open question (see [10,
p. 98]).
We now continue the proof of VIII. Let fl be the bounded, closed (in

2) convex set which is not weak* closed, as shown to exist in VII. Let
denote the weak* closure of then is not empty. App]yin.g the
preceding lemm t,o fib, we see it is uniquely determitmd by il,s support
planes; since # (2 there must be support plane P to fi which is tot
support plane of Q1. Let y ff 2 be the continuous, linear, (tangent) func-
tional which determines P, i.e., y(x*) c for x* (; ), und y(x*) c for
some x ff 5. Since P is not a support pla,te i’or , y(x*) < c for all x
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21 but since xl is in the weak* closure of fh, there exists a net z*}
c 2 with y(z*) converging to c. This shows c is in the closure of L(y)2I
but not in L(y)21.

Remarlc. Using the theorem of Lyapunov on the range of a vector meas-
ure, one can show there do exist closed, noncompact, subsets of 2, e.g.,
/u 2[0, T]" u(t) 1}, which have the property that their image under
any map of the form L(y) is compact (see, for example, [4, Theorem 3]
or [11, Theorem 1]).
IX. For simplicity we consider the interval [-r, r] rather than [0, T]

and define the map f: [-r, r] -- l with components f, i 0, 1,... as
follows"

f2j(t) sin jt, j 0, 1,

fj+l(t) cosjt, j O, 1,.-..

Again, letting 2; denote the z-lgebra ol Lebesgue measurable subsets of

[-r, r], we shall show that S /(r)x(r)dr" E is not convex.

For E 2:, we may consider x [-r, r]. Then since is the dual
of 1, there is a natural imbedding of 1 into the dual of , denoted
*. We shall identify the components f of f with their image under this
imbedding, i.e., consider {f} as a subset of *. Then, from classical Fourier

theory, span {ft.} is total or, in other words, if u(r)f(r)dr 0 for all

andu [-v, r], thenu 0. Now the empty set 2:and [-r, r]

therefore 0 and f dr are in S. If S were convex we would need

$1 1/2 f dr f(r)1/2 dr in S. But since the span of the compo-

nents fi is total, there can be no element in 2 of the form x, for E

with f(r)x(r)dr f(r)1/2 dr, since the function u with u(t) 1/2 is

the unique clement of such that f u dr s.

3. Examples. (a) Any linear system of the form (4) with ] as given in (i)
and U(t) convex and compact for each [0, T] can be transformed into
an equivalent system which satisfies the hypotheses of V.

Indeed, let X(t), X(O) I, be a fundamental solution of the homogene-
ous system and make the change of variable y(t) X-(t)z(t). Then
satisfies (4) if and only if y satisfies (t) X-(t)B(t)u(t), y(O) x.
This transformed system obviously satisfies the hypotheses of V. Therefore,
as is well known, the associated set a(t) is compact and convex.
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(b) Consider

21 1 -- sin xu, xl(O) r,

23 1 -sin x.u, x.(O) -, 0 <-_ u(t) <= 2.

Since 21 _-> 0, 2 _>- 0, x a(t) implies Xl => 7, x2 => 7, therefore (f(x, u)"
u U} is independent of x a(t). (It is the segment of the line yl -- y 2
with yl _-> 0, y => 0.) The hypotheses of VI are satisfied and the attainable
set will be compact and convex.

REFERENCES

[1] A. F. FLPeOV, On certain questions in the theory of optimal control, this Journal,
1 (1962), pp. 76-84.

[2] J. P. LASALLE, The time optimal control problem, Theory of Nonlinear Oscilla-
tions, vol. V, Princeton University Press, Princeton, 1960, pp. 1-24.

[3] L. W. NEUSTADT, The existence of optimal controls in the absence of convexity con-
ditions, J. Math. Anal. Appl., 7 (1963), pp. 110-117.

[4] R. J. AVMANN, Integrals of set valued functions, Ibid., 12 (1965), pp. 1-12.
[5] V. L. KLE, J., Convex sets in linear spaces II, Duke Math. J., 18 (1951), pp. 875-

883.
[6] H. HEnMES, Attainable sets and generalized geodesic spheres, J. Differential Equu-

tions, 3 (1967), pp. 256-270.
[7] N. DUNFORD AND J. T. SCHWARTZ, Linear Operators I, Interscience, New York,

1958.
[8] P. L. FAL], Infinite dimensional control problems I: on the closure of the set of at-

tainable states for linear systems, J. Math. Anal. Appl., 9 (1964), pp. 12-22.
[9] Yr. V. EGOOV, Necessary conditions for the optimality of control in Banach

spaces, Mut. Sb. (N.S.), 64 (106) (1964), pp. 79-101.
[10] V. L. KLEE, JR., Extremal structure of convex sets II, Math. Z., 69 (1958), pp. 90-

104.
[11] H. HERMES, A nole on the range of a vector measure; application to the theory of

optimal control, J. Math. Anal. Appl., 8 (1964), pp. 78-83.



SIAM J.
Vol. 5, No. 3, 1967
Printed in U.S.A.

SOME EXISTENCE THEOREMS FOR LINEAR
OPTIMAL CONTROL PROBLEMS*

MARC Q, JACOBS’f

1. Introduction. In this paper some existence theorems for linear optimal
control problems with nonlinear cost functionals are presented. The aim of
this paper is to take advantage of the strong assumptions concerning the
linearity of the control system in order to prove some existence theorems

or1
for a class of cost functionals of the form J, /c(t, x, u) dt, where lc is lower

scmicontinuous and satisfies various convexity assumptions. An applica-
tion of our results is given in 5. A comparison of our results with known
results in the field is given in 3.

2. Preliminaries: Upper and lower semicontinuity in the space of closed
subsets of R. Let C(R) denote the collection of closed subsets of R. Then
C(R) is a coinplete lattice when ordered by set inclusion. As such, upper
(lower) semicontinuous functions from an arbitrary topological space into
C(R) can be defined [19, pp. 73-74]. On the other hand, there is the con-
cept of upper (lower) semicontinuity with respect to inclusionin this con-
text this is something of a misnomer--which is commonly used by control
theorists, e.g., [9, p. 76]. The former notion of upper semicontinuity com-
pletely subsumes the latter, and is, in fact, precisely the property required
of mappings into C(R) in control theory investigations. For the sake of
completeness, the principal results concerning such mappings are sum-
marized below.

Let V be a subset of Ra X R, and let A be a subset of R". Then we define

VIAl x R a A a, x V

Let d be any metric on R which is equivalent to the usual Euclidean metric.
Denote the set {(x,y) R Rld(x,y) < e} by Je, where e > 0.
When the metric d is understood, then the family {Jel e > 0} will simply
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be denoted by J e > 0}. If d is one of the bounded metrics on R equiva-
lent to the usuM Euclidean metric on R, then the ttausdorff metric [1,
p. 1.11 ft.], [10, p. 166 ft.] dl on C(R)I} is defined by

d,(A, B) inf {e > 0 Je[A] D B and &[BI Al,

where A, B C(R){}.
A mapping from a metric space S into C(R) is upper (resp., lower)

semicontinuous with respect to inclusion at po S (abbreviated: usci at
p0 S (resp., ]sci at p0 S) if and only if for every > 0 there is a neigh-
borhood U(po) of p0 such that p U(po) implies J[3(p0)] D 5(p) (resp.,
J[(p)] D 3(p0)). We say that 3 is upper (resp., lower) semicontinuous
at po S (abbreviated: use at p0 S (resp., lse at p0 S)) if and only if
lim sup-,0 5(p) _-< 3(p0) (resp., lim inf0 3(p) ->_ 3(p0)). The supre-
mums and infimums are taken in C(R) ordered by set inclusion. The defini-
tions of upper and lower semicontinuity with respect to inclusion have
been formulated in much greater generality by Berge [4, p. 109 ft.]. Similarly
the definitions of upper and lower semicontinuity may be defined as long
as the range of the function is in a complete lattice and the domain of the
function is a topological space, e.g., see McShane and Botts [19, pp. 73-74].
We list below some of the consequences of these definitions which are useful
in optimal control theory in general and in this paper in particular. The
proofs are omitted. These md other results can be found in much greater
generality in the author’s dissertation.
THEOREM 1.1. Let be a mapping, : S -- C(R)/}, where S is a

metric space. Then is continuous with respect to the Hausdorff metric d on
C(Rq),{} /f and only if 5 is usci and lsci on S.
THEOREM 1..2. Let be a mapping, : S -- C(Rq), where S is a locally

compact metric space. Then the following are equivalent:
(i) is usc at po S;
(ii) if {pn}, {X} are sequences in S and R respectively such that x (p,),

n 1, 2, 3, and such that p -- po, x -- Xo as n -- , then Xo (po).
THEOREM 1.3. Let be a mapping, : S -- C(R), where S is a metric

space. If is usci at po S, then is use at po S.
THEOREM 1.4. Let be a mapping, : S -- C(Rq), where S is a metric space.

Let ( S) [J.s 5(p) be bounded. Then is usci at po S and only if is
usc at po S.
No use will be made of lsc or lsei, but in case there is interest, the follow-

ing theorem is mentioned.
THEOREM 1.5. Subject to the typotheses of Tleorem 1.4, we have that if
is lsc at po S, then is lsci at po S.
The following example sh( ws that even when 5(p) is compact for each

p ff S we cannot infer that 3 being tsc at po implies 5 is usci at po Let the
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mpping 5: [0, 1] -- C(R) be defined by

{(0,0)} if t=0,
3(t) =SQ(n) if t= l/n, n 1, 2,3,...,

{(n- 1, n- 1)} if l/n < < 1/(n- 1), n 2, 3, 4,...,

where SQ(n) is the boundary of the unit square with vertices (n 1,
n 1), (n, n 1), (n 1, n), (n, n), n 1, 2, 3, The function
5 is usc on [0, 1], but 3 is not usci at 0.

3. Formulation of the linear optimal control problem. It is assumed that
the control system t any time can be described by system of real ordi-
nary differential equations of the following type,

(3.1) 2(t) A(t)x(t) -- B(t)u(t),

where for each [0, T] (T > 0 is fixed) x(t) is an n X 1 real matrix;
A(t) is an n X n rel mtrix; B(t) is an n X m real mtrix; u(t) is an
m X 1 real matrix. No notational device will be used to distinguish row
and column vectors; the context makes it clear which is meant. The matrices
A and B in (3.1) are continuous on [0, T]. If x0 is in Rn, and if u is Le-
besgue integrable function, u: [0, t] -- R, t [0, T], then there is a unique
absolutely continuous function (response) x(., u): [0, h] -+ R" stisfying
(3.1) a.e. on [0, t], and the initial condition

(3.2) x(0, u) x0

(see [8, p. 74 ft.]). In fact the method of variation of parameters [8, p. 74 ft.]
gives that

(3.3) x(t, u) X(T) Xo -t- X-(s)B(s)u(s) ds

for 0 =< =< tl, where the n )< n matrix function X is defined by one matrix
differential equation

f(t) A(t)X(t), >= O, Z(O) I,

and I. is the n X n identity mtrix.
Let t denote a usci mapping, t: [0, T] R ---+ C(R’), such that 2(t, x)

is nonempty, compact and convex for each (t, x) in [0, T] X R. Denote
by $0t(t), 0 _-< _-< T, the collection ulu: [0, t] -- R, u measurable on

[0, t], u(s) 2(s, x(s, u)), Ws [0, t]l; this set my be empty. Let F be
a nonempty closed subset of [0, T]. Define a set U(t, F) by the relation

(3.4) V(2, F) Uter $0t(2) X {t}.

Let a target function F: F -- C(R) be given such that F(t) is nonempty
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for each F. The function F is required to be usc on F. The reader is
reminded that this is a strictly weaker requirement than asking that F
be usci on F. Define the set (, F) to be the subset of U(, F) defined
by the condition that

(u, tl) (2, F) if and only if
(3.5)

(u, t) 0t(2) X It1} and x(t, u) F(t).

An element (u, tl) in (2, F), with u defined on [0, t] and t F, is said
to be an admissible control function, or an admissible steering function,
or simply an admissible control.
We shall now consider a scalar function k, defined on [0, T] X R X R",

for which we assume that

/c: [0, T] X R X R --+ R is a lower semicontinuous (lsc)

function of (t, x, u) satisfying k(t, x, u) <= (t)g( x ),
(3.6)

where is summable on [0, T], and g( x O( x

Using the mapping ]c we shall now define the function K: U(, F) -+ R
by taking

(3.7) K(u, tl) It(s, x(s, u), u(s)) ds

when (u, tl) is in U(t, F). The existence of the integral in (3.7) can be
established by using a theorem in [18, p. 123]. The mapping K is termed
the cost functional (the criterion of optimality or the objective). The
optimal control problem studied in this paper is

(3.8) K(u, h) minimum on (ft, I’).

The results of Lee and Markus [15] can be applied to (3.8) if the function
/c is of the form

k(t, x, u) a(t, x) + b(t, z),
i=1

and a, b are continuous, i 1, 2, m, is a fixed compact convex
subset of R", F [0, T], F(t) is compact for each in [0, T], the mapping
F is continuous with respect to the Hausdorff metric, and (t, F) is
nonempty. Lee and Markus permit some nonlinearity in the control system
(3.1), but if the control system is linear as in (3.1), then Lee and Markus’
result fMls as a corollary to our more general Theorem 4.1 or 4.3. In [14]
the time-optimal control problem. (/c 1, t the unit cube in R) was
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studied in great detail. Existence theorems for the time-optimM linear
control problem are simple consequences of our results. BMkrishnan [2]
studied the problem ()f minimizing x(T, u) Xl on (g, u closed and
bounded convex subset of L2m[0, T], x a fixed point in R. The existence
theorems of Roxin [24] and Filippov [9] cover (3.8), if for each fixed
(t, x) ff [0, T] X R, H(t, x, ) is a compact convex subset of R+*, where

H(t, x, u) (A(t)x + B(t)u, k(t, x, u)), u f,

and ft is a fixed compact subset of R. It is also assumed that k is con-
tinuous in (x, u) for each fixed t, lc is summable with respect to for each
fixed (x, u), k is Lipschitzian in x, and k satisfies (3.6). These results and
ours speak to an overlapping class of problems, but neither contains the
other as a special case. Roxin and Filippov allow for some nonlinearity in
the control system, whereas we do not. Neustadt [21] removes all assump-
tions of convexity from both the control system (3.1) and the restraint
set ft, but his existence theorem covers (3.8) only if the mapping lc in
(3.6) has the form

c(t, x, u) ,(t)x’ + ,(u, t),

and a [0, T] -- R, 40: [0, T] X R -- R are continuous, i 1, 2, m.
Neither our results nor Neustadt’s necessarily include the other. Chang
[7] assumes the matrices A and B in (3.1) are constant, and that the cost
functional in (3.7) has the form

K(u) qi x( t, u)xi( t, u) + r.i u(t)ui(t) dr,
i,j--=l i,j--1

where (q.) is a non.negative definite n X n matrix of real constants, (r-)
is an m )< rn positive definite matrix of real constants. The restraint set
is the "unit cube" in R’*, and the domain of each control is [0, ]. With
these hypotheses Chang has used the Banach-Saks theorem [23, p. 80]
to prove there exists an admissible control (i.e., a measurable function
with range in the unit cube of R which transfers an initial point x in
R to the origin as --+ for which the function K achieves its minimum.
Cesari’s analysis [4], [5] concerns differential systems and integrand func-
tions k which in general are nonlinear. One of Cesari’s theorems [5, Theorem
I, p. 478], when applied to the situation considered here, yields a statement
which is partially overlapping with ours in the sense that Cesari assumes
the map k only to be continuous in (t, x, u) and convex in u, while in our
statement (Theorem 4.1 below) k is lsc in (t, x, u), Lipschitzian in x, and
convex in u. This result of Cesari’s, however, requiring the continuity of
f, cmn()t be pplied to the example which we give in 5, whereas our The()-
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rems 4.2 and 4.3 (below) can both be applied to this example. It should
also be pointed out that if u enters in the control system in a nonlinear

ufashionsay, (21, 2) ((u, u), (u, ), where and are third
degree polynomials in u, uthen Cesari [4, p. 13] shows by means of a
counterexample that our results can no longer be expected to be true,
even if lc is continuous.

4. Existence theorems for the linear optimal control problem within the
class (2, 1). If {u} is a sequence in L2"[a, b] which converges weakly
to u in L2m[a, b], then we shall write

u---u (wk) as p-- ,
and if a sequence {u} in L2"[a, b] converges to u in L2"[a, b] with respect
to the inner product norm (strongly), then we shall write

uu (st) as p.

We now enumerate the collection of hypotheses that will bc used in this
section"

(H,)

(H)

(H)

(H)

(3.6) is satisfied;

the matrix-valued functions A nd B ppearing in (3.1)
are continuous on [0, T];

F is a nonempty closed subset of [0, T];

the mapping gt" [0, T] X R-+ C(R’) is usci, and (t, x)
is compact, convex n.d noncmpty for each (t, x) [0, T]

R, and moreover, the set Z defined by Z
[J(t,x)eo,r (t, x) is bounded;

the mapping F" F-- C(R’) s use, nd F(t) is noncmpty
for each F;

the function k in (3.6) is convex in u, i.e., for each fixed
(t, x) [0, T] R we have that

( u+vl< l(t,x,u)-tc t, x, - k( t, x, v), u, v

the function k in (3.6) is conve in (x, u), i.e., for each
fixed : [0, T] we have that

x + y u -[-v < 1 lk(t,y,v) x,y Rn, "tt, Y
2 2 / =-(t,x,u) +
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lc satisfies a Lipschitz condition in the variable x, i.e.,
there is a constant A > 0 such that for each fixed (t, u)
in [0, T] X [U(t,,)crx, 2(t, x)] we have that

k(t, x, u) k(t, y, u) <- A x x, y

(Hs) So (t) is nonempty for r;
(gt, r) is nonempty.

In connection with (Hs), it should be pointed out that if the mapping t
is independent of x, then (Hs) follows from the assumption that 2 is usci
on [0, T]. Hypothesis (Hs) is employed to insure that the system of differ-
ential equations (3.1) and the restraint set (t, x) are compatible.
DEFINITION 4.1. 7(, F) is weakly compact in itself if and only if for

any sequence (%, tp) in 7(, F) there is a (u0, t0) in (2, P), such
that some subsequence {%j, tv} of (%, tp)} has the property that

pj--u0 (wk), tpj--t0 as j---+ ,
where . in L2n[o, to] is given by . %jl[O, to] if to -< t. (%. [0, to]
denotes the restriction of up to [0, to]), and if to > t the function
is given by

(%j(t) if 0 =< =< t,.,
p.(t)

[u0(t) if tp. < _-< to.

We now have the lemma.
LnMMa 4.1. If (H.), (H), (H4), (H) and (Ha) are satisfied, then (a, r)

is either empty or weakly compact in itself.
Proof. Let 1(%, tp)} be a sequence of elements in (, F). It may be

assumed that tp - to F (monotonely) as p -- . There are two cases"

Case 1.0_-< to_-< t =< T,p 1, 2, 3,-...
Case 2.0 <-_ t <-_ to <= T, p 1, 2, 3,....

We deal with Case 1 first. It follows from (H4) that the functions p are
uniformly bounded with respect to the norm of L2m[0, to]. Consequently,
there is a subsequence of (%, tp) (still denoted by (%, t) such that

’ -- u0 (wk) as p -- [17, p. 117]. Thus the subsequences
[,, p _-> N}, N 1, 2, 3,... each converge weakly to Uo. By the

Banach-Saks theorem [23, p. 80] and a theorem relating strong convergence
to convergence almost everywhere [13, p. 87], we obtain that for each
N 1, 2, 3,... there is a sequence /zp} of convex linear combinations
of the, such that zp(t) -- uo(t) s p -+ for almost every [0, to].
Let E denote the set {t [0, to] limp-. pN(t) # uo(t)}, N 1, 2, 3, ....
Then each EN has measure zero, and thus E Ov----. EN also has measure
zero. From (3.3) and the fact that p -- u0 (wk) as p - it follows that
x(t,%)--x(t, uo) asp- ,0 =< t_-< to. Ift [0, t0]E, andife > 0is
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given, then it follows from (I-I4) that there is a postive integer N(e, t)
such that

p _>- N(e, t) implies J[a(t, x(t, Uo))] (t, x(t, up));

any norm on R can be used to define the sets J, e > 0. Now N(,t) up
for p => N(e, t), and therefore we have that pv(,t)(t) (t,
for p

_
N(e, t). The set J[a(t, x(t, Uo))] is convex. Thus it follows that

z(,t)(t) J[(t, x(t, u0))] for p => N(e, to). Consequently uo(t) is
point of the closure of J[gt(t, x(t, Uo) )]; and since a(t, x(t, uo) is compact
and e > 0 is arbitrary, we have thereby shown uo(t) a(t, x(t, uo)) for
the given in [0, to]E. By suitably redefining u0 on the exceptional set E
of measure zero the function u0 has the property that u0(t) (t, x(t, u0) ),
0 _-< =< to. We also have from the definition of (, r) that x(t,

F(t), p 1, 2, 3, -... A straightforward calculation reveals that

limx(t,uv) lim[x(t,up) x( tv up) + X( to Up)

lira x(to, u) x(to, Uo).

Theorem 1.3 applies to give x(to, uo) F(to), thereby proving (Uo, to)
(t, F). In the event that Case 2 obtains, each control is extended to

the entire interval [0, to] in the following way:

Iu(t) if 0 _<- =<
[u*(t) if t_-< =< to,

where u* is any function in $ot() which is nonempty by (H). A sub-
sequence ot [} (still denoted by {} converges weakly to a uo L:"[0, to].
By slight modifications of the proof for Cse 1, it cn be shown that-- u0 (wk), t -+ to as p -- und that (u0, t0) (2, F).
THEOnE 4.1. If (H), (H:), (Ha), (H), (H), (H), (H), (Hs) and

(H) are satisfied, then K has an absolute minimum on (, F), i.e., there
is a (Uo, to) in (, F) such that

K(uo, to) inf K(([t, F)).

Proof. We first observe that

( {x x x(t, u), (u, t) I(, F), 0-< t-< t}

is bounded subset of R. This follows immediately from (3.3), if one
notices that X, X- nd B re ll continuous on [0, T], and that the set
Z U(t,)e0.r. (t, x) is bounded. Consequently since / is lsc on
[0, T] X R X R, it follows that the set of real numbers k([0, T] X
X Z) is bounded from below. Therefore, by (Hg), K(/)(, F) is non-
empty set of real numbers bounded from below. Whence, if , denotes
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the infimum of K((, F) ), then + > - > . There is "minimiz-
ing sequence" of controls

(4.1) {(u, t)} (, F), K(u t) s p .
Clearly this "minimizing sequence" admits a subsequence (still called
{(u, t)}) such that t some t0 in F monotonely as p . There re
two cases"

Case1.0 to t T, p 1,2,3,....
Case2.0 t to T, p 1,2,3,....
Case 1 is considered first. In view of Lemma 4.1, there is a further sub-

sequence of (u, t) (still denoted by (u, t) such thut

(4.2) uuo (wk), tto as p , (uo,to) (, I’);

whence by the Bnach-Sks theorem [23, p. 80] there is further subse-
quence of (u, t)} (without changing the nottion) such that

uu0(st), tto as p.(.)

Thus (see [13, p. 87]) there is subsequence of (z, t,)}, sy (z. t)},
such that

(4.4) u0 (.e.) on [0, t0] s j .
From (3.3) and the fact that u Uo (wk) as p , we have that

(4.5) x(t, u) z(t, uo) as p-) , 0 5 5 t0.

It thereby follows that
P

(4.6) lira --1 x(t, u) lira x(t, u) x(t, Uo), 0 to.

Since lc is convex in u by (H), we have that (see (4.3))
p

(4.7) (, x(s, u), ()) L (, x(, u), u())
p i=

for 0 s to, j 1, 2, 3, .... Also the following equulities re vlid:

(4.8) lira K(u, t) lira K(u, t %

tpj

lira K(u t,) lira k(s, x(s, u), u(s) ds
0

(4.8b) lira l(s, x(s, u), u(s) ds

lim k(, z(, ), (s)) ds.

elagion (4.8a) is evideng, whereas (4.8b) is an easy consequence of (H).
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The next step in the proof is to show that

k(s,x(s, uj) ui(s)) ds-- as j--+ .
P:i =

By (4.8a) and (4.8b), we obtMn that

30

Thus in order to prove (4.9) it will suffice to proe that

(.) m o (,x(,u) ()) (,z(,) .()) o.

From (H) we obtMn the inequMity

(4.12)

We have that

[/(s, x(s, u), u(s) lc(s, x(s, u), u(s) )] ds

1 A
P

lim x(s, uj) lim x(s, u) x(s, Uo), 0 <-_ s <- to,

and it follows from the Lebesgue dominated convergence theorem (or
even the bounded convergence theorem) that

lim f0 x(, ,) (, o) d, o

to

lim [Ix(s, u,) x(s, Uo) I1 ds O.

Thus given e > 0 there is a positive integer p0, which can be taken to
be one of the integers in the collection pa < p. < pa p.
such that

(4.1a) iv;, i implies A II z(, ,) (,) II < /o

This p0 is fixed (it depends only on the given e > 0). Now since z(, ;),
z(, ), i, j 1, 2, a, are uniformly bounded on [0, 0], it follows
tha here is a X > 0, such tha

(4.14) 0 =< A x(s, u,) x(s, u)[I ds .<-_ ,
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for all p., j 1, 2, 3, .-.. There is an integer p > pO such that

(4.15) P >= P > po0 implies /p < e/2.

Denote the sum on the right-hand side of (4.12) by S-. Then given p. p,
it follows that

A x(s, u) x(s, u)II ds
p =

Consequently by (4.13), (4.14) and (4.15), one obtains that

(4.16) P P > p0 implies 0 S < e/2+--i [e/2] < e.
P1 i=pO+l

Therefore, S 0 as j , and (4.11) is true in view of inequMity (4.12).
This establishes the v]idity of (4.9).

Returning to inequMity (4.7), we recall that Z is bounded, z(t) Z
for 0 t0 T, and the responses x(., u), p 1, 2, 3, are uni-
formly bounded on [0, t0]. It follows then from the lower semicontinuity
of that there is a real number 6 such that

(4.17) k(s, x(s, u), z(s) >- (, 0 <-_ s <= to, j 1, 2, 3,

From (I-I1), (4.4) and (4.5), we find that

(4.18) lira inf lc(s, x(s, u), a(s) >= to(s, x(s, Uo), Uo(S)

a.e. on [0, to]. Utilizing (4.7), we find that

lim inf /c(, z(, ;), o’;()) d

<- lim inf 1- k(, x(, u;), u())d.

By virtue of (4.17), (4.18), Fatou’s lemma [18, p. 167] can be pplied to
the left-hand side of (4.18) to obtain the relation

(4.20) lim inf /c(, z(, ,;), o-,;()) d /c(, x(, 0), ,()) d.

In view of the definition of K, relagions (4.9), (4.19) and (4.20), we infer
tha

(4.21) K(uo to) <= ,.
But as a consequence of the definition of , nd the fact that (Uo, to) is
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in (t, r), we also have that

(4.21’) K(Uo, to) >= V.

Combining (4.21) and (4.21’) we deduce that K(uo, to) ,, thus com-
pleting the proof for Case 1.
In order to treat Case 2, we extend each control in the "minimizing

subsequence" to the entire interval [0, to] by choosing an element u* of
S0* (2), and defining

fu(t) if 0 _-< t_-<
(t) \u*(t) if t < < to,

for p 1, 2, 3, .... Case 2 can then be disposed of by retracing the steps
used in the prod of Case 1 but utilizing the "modified minimizing subse-
quence" in lieu of the one used in that proof.
A good many of the details in the proofs of Theorems 4.2 and 4.3 (below)

are quite similar to those given in the proof of Theorem 4.1. For this reason
we shall use an abbreviated exposition in the proofs of the next two theo-
reins.

THEOREM 4.2. If (HI), (I-I2), (H3), (I-I4), (I-Is), (I-I6’), (I-Is) and
are satisfied, then the functional K has an absolute minimum on (, F).

Proof. Denote by , the infimum of the set K((t, F)). There is
sequence

(4.22) (up, t) (], F), p 1, 2, 3,..-

such that

(4.23a) t - to

_
F (monotonely) as p --+ ,

(4.235) up--Uo (wk) as p , (u0, to) (, F),

(4.23c) K(u, t) --’ > as p--+ .
There are two cases"

Case 1.0 <= to <= t -< T, p 1, 2, 3,....
Case 2.0 <= t <= to <= T, p 1,2,3,....
Consider Case 1. By the Banach-Saks theorem [23, p. 80] there is

subsequence of {(up, t)}, which we still denote by {(up, t)}, such that

1 to

Then (see [13, p. 87]) there is a subsequence of [(aT, t)}, say (-, t.)},
such that

(4.25) . "--+ UO (a.e.) Oil [0, to], t -- to as j --+ .
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It follows from (4.23b) and (3.3) that

(4.26) x(t, u) --+ x(t, uo) as p -+ o,

From (4.26), (4.23b) and (4.23c) we obtain that

(4.27a)

(4.27b)

O<=t<=to.

j--,o pj
(s, x(s, u), u(s) ds %

The convexity condition (He) on l: gives that

fo ( 1 1 )x(, u,) u,()k S,
pji= ’pj

(.s)
lc(s, x(s, u), u(s)) ds.

Then in a manner entirely similar to that presented in the proof of Theorem
4.1 one may establish that

This completes the proof for Case 1.
The details of the proof for Case 2 will be omitted.
The force of Theorem 4.2 is that the Lipschitz condition (hypothesis

(H) of Theorem 4.1) on k may be dispensed with if we require that k
be a convex function in both the variables x and u. The question which
now arises is- Can the Lipschitz condition in the variable x and the con-
vexity condition in the variable x both be omitted? Insofar as the uthor
has been able to discover, the answer is qualified yes, but a the expense
of imposing other very restrictive hypotheses on the function such as
those given i. the following heorem.
Tn:OnEM 4.3. Let (H), (H), (H), (H), (H) and (tt) be satisfied

and let be of the form
k(t, x, u) a(t, x) + b(t, x)u(t) + ci(t, x)u*(t)uS(t),

=l

where the mappings a, b., c," [0, T] X R R, i, j 1, 2,... m, are
required to satisfy the following two conditions:

(i) a, b c i,j 1, 2, m, are each lsc inthevariables (t, x) [0, T]
X R and continuous in the variable x C R, and, moreover, a(t, x),

Cesari’s result [5, Theorem 1] provides another alternative if we ssume is
continuous in (t, x, u) and convex in u.
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bi(t, x) I, c:j(t, x) <= #(t)g( x ), i, j 1, 2,..., m, where and
g are as in (H1)

(ii) for each (t, x, u) [0, T] X R X R"we have that i.j= cij(t, x)uiu
>- O, and ci cj i,j 1, 2, m.
Then the functional K has an absolute minimum on (, F).

Proof. In accordance with Lemma 4.1 there is a "minimizing sequence"
(u, t) in (t, r) such that

(4.29a) u -- Uo (wk), t -- to (monotonely) as p --(Uo, to) (a, F),
(4.29b)

where-y denotes the infimum of the set K((2, 1) ).
We consider the two cases"

Case l. O <= to <- t <-_ T, p 1,2,3,....
Case 2.0 <= t -<- to <-_ T, p 1,2,3,....
First assume that Case 1 holds. Then from (4.29a) and (3.3) it follows

that

(4.30) x(t, u) -- x(t, Uo) as p -+ , [0, to].

By Theorem 4.3(i), (4.30) and the Lebesgue dominated convergence
theorem (its applicability is easily justified), it is determined that

(4.al) lim (, z(, u) d a(, z(, o) d.

Also by (4.30) and Theorem 4.3 (i), we deduce that

(4.32) lira b(t, x(t, u) b,(t, x(t, Uo)

for i 1, 2, 3, m, and 0 =< _-< to. The following inequality is easily
seen to be valid"

: [,(s, x(s, u) )u’(s) (s, x(s, uo) )uo’(s)] ds

(4.33) _-<
o

[,(s, x(s, u,)) ,(s, x(s, uo))]u’(s) ds
i=1

,(s, z(s, uo))[u’(s) u0’(s)] ds
i=l

for p 1, 2, 3, .... Using (4.33) and (4.32) it can be shown that

lim b(, x(, ,)) () d
(4.34) to . b(s,x(s, uo))Uo(s)ds.
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It will now be established that

lim inf c(, z(, ))()()
p-> 0

(4.35)
c(, (, o))ug()uo() .

g,=l

Define r o, p 1, 2, , hen r 0 (wk) as p , and
r + o- o (wk) as p . Then from Theorem 4.(ii), we have

he inequaligy

(4.36) 2 ci(s, z(s, u)

+ c(, x(,
i,j=l

I is a simple maer o prove

lira 2 ci(, z(, ))r ()oi()
i,j=l

Since r 0 (wk) as p , i follows from (.7)
0

(.a8) lim ci(, z(, ,))r,()oi() d 0.

rom (4.8) one may deduce

0

(.a9) + lim ci(, z(, ,))o()o() d- i,=l

By (4.a6) and (4.a9), we have

p i,j=l

(4.40)
0
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It can be shown that

(.41) lim /c(, x(, ), ()) d lim K(, t).

Therefore by (.al), (.a), (A0) and (.41), we obtain

liminfK(,) K(,o)

wih (, ) (, r). Thus ghe preof for Case 1 is complete.
We omi he deails for Case 2.
Ig should be pointed ou ha he optimal control problems we have

considered in his section are of such a general nature gha Pontryagin’s
maximal principle [22] does no apply o give necessary eondigions for
minimum. Ig is, however, ingeresging o noe ha, for example, in ghe

fixed ime, fixed endpoin special ease of Theorem 4.2 ( eonsan
eompae convex seg) wigh ghe funegion of he form 4(, z) + 4(, ) (4
differeniable in z) hen Mangasarian [20, Corollary 2, p. 149] has shown
ha Ponryagin’s maximal principle is boh a necessary and
condition for an optimal controller.
In ghe ease when lc is eonginuous and of ghe form (, z, ) f(, z)

+ h(, ) wih f convex in z, and h convex in for each and f(, z) 0,
h(t, u) au for some a > 0, p > 0, Lee and Markus [16, Chap. 3]
have established an optimal controller. In this case they also give neces-
sary and sufficient conditions for an optimal control.

5. Application. Let (R", ]. ]]) be the usual Euclidean space of n-dimen-
sions, where forx (x,x (x)..,x)
For e > 0, define J, to be the set

{(x, v)Ix, v I1 - <
The collection {J, e > 0} is the uniformity on R" induced by the
norm [[. [[. We define

(5.1) X(A, B) inf x y .llix A, y B},

where A and B are subsets of R.
Let [a, b] R be a compact interval. Suppose F is a mapping, F:[a, b]
C(R). If F(t) is nonempty when a N N b, then we define a map-

ping k :[a, b] X R R by the equation

(5.2) x) x((x}, F(t)),

where X is defined by (5.1).
We have the following theorem.
THEOREM 5.1. U F i8 usci on [a, b], then ’[a, b] X R R is lsc on In, b]

X R.
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Proof. It is well know
is continuous [11, p. 100.]
o;rt [a, b] (uniformly with
for i0 in [a, b] and > 0,

that for fixed, i [a, b] the function
It will ow be demonstrated tha
respect to x R). Since F is usci on [a, b], then
there is a ,to 0, such that

(5.3) [a, b], It- to <: ,to imply F(t) J/,[F(to)].

Thus if is in [a, b], and It to ,to, then there is a Yt, in F(t) such
that (t, x) - /2 > x yt, II, and by (5.3) there is a bto in F(to) such
that yt, bto]l /2. By the definition of l(to, x), we have

k(to, x) -< x bo -< x yt, + Ilyt. bto
Thus if is in [a, b], and It to < ti,to, then

l(to, x) < to(t, x) + e/2 -I- e/2 k(t, x) -{- e,

whence k(., x) is lsc at to, und the above ti,,to > 0 depends only on e und
to. Finally, it must be established that lc :[a, b] X R -/ R is lsc. Thus, given
to ff [a, b] and > 0, pick 3,,to > 0 such that

(5.4) if[a, b], It- to < ti,,to imply lc(t,x) > k(to,x) /2
for x in R. Let xo be an element of R", then because k(to, is continuous
at Xo, there is a ti*to,o,, > 0 such that

(5.5) x xoll < ti*to,o,, implies [k(to, Xo) lc(to, x) < /2

Define rain ((,,to, ti*to,o,,); then x Xo < ti and It to < 3,
in [a, b], imply

(.6) c(t, x) > (to, x) ,/2,
(5.65) It(to, x) > ]c(to, Xo) /2.
Combining (5.6a) nd (5.6b), we obtain that lc is ]sc at (to, Xo) [a, b]
Ro
Tnnonn 5.2. If F is lsc on [a, b], then k is usc on [a, b] X R.
The proof is similar to that given for Theorem 5.1.
It is interesting to note that "partial" converses of Theorems 5.1 and 5.2

are also true, s is shown by the following.
THEOREM 5.3. If k(., x): [a, b] R is lsc (uniformly with respect to x in

R), then F is usci on [a, b].
Proof. Suppose to is in [a, b], and e > 0 is given. Then there is a ,o > 0

such that

[a, b],[t- tol <: (,to imply lc(t, x) > k(to, x) e

for x R". Thus if is an element of [a, b] and to "4 t.to, and x is i
F(t),thenl(t,x) inf/ IIx- ylI[y F(t)} 0. Whence0 =< k(to,x)
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< e. Consequently, there is a y F(t0) such that x y < (by the
definition of k (t0, x) ). Therefore, x J,[F(to)] and we have thereby proved

[a, b], It to < 3.t0 imply F(t) c J[F(to)].

This completes the proof.
We also obtain the following theorems.
THEOREM 5.4. If ]C(-, X): [a, b] R is usc on [a, b] (uniformly with respect

tO X Rn), then F is lsci.
The proof is similar to that given for Theorem 5.3.
THEOREM 5.5. If F(t) i8 convex for each in [a, b], then lc is a convex func-

tion in the variable x in R’.
Proof. See [3, p. 5].
We are now able to generalize a problem stated by Pontryagin, Boltyan-

skii, Gamkrelidze and Mischenko [22, p. 197 ff.] concerning the application
of the mathematical theory of optimal control to a problem in the approxi-
mation of functions. In this connection consider the linear optimal control
problem with the "moving target set" F: [0, T] -+ C(R’) with the prop-
erties: F is usci on [0, T], F(t) is compact, convex, and nonempty for each
in [0, T]. Then by (H4) of 4,

63 {x x x(t, u), (u, h) U(ft, r), 0 _-< =< h}

is a bounded subset of R. It may be demonstrated that the mapping k
defined in (5.2), k: [0, T] X co 63 -- R (where co 63 denotes the convex hull
of the set 63) satisfies (H1). Instead of using F to define (ft, r) as was
done in (3.5), we use F*: [0, T]-- C(R) ::t -- F* (t) R to define
(ft, F) in (3.5). If (Ha) is satisfied, then clearly (ft, F) is nonempty.
If h: [0, T] X R X R’ -- R is a mapping satisfying (H1) and (H6’), then
lc q- h is a mapping of the same type satisfying (H) and (H). We there-
fore define K: U(ft, r) -+ R by

(5.7)
tl

K(u, h) k(s, x(s,u)) -t-" h(s, x(s, u), u(s)) ds

for (u, h) U(, r). Theorem 4.2 may then be applied to give that K has
an absolute minimum on /7(ft, r). It appears that h(t, x, u) u or
h 0 would be reasonable choices for cost functionals. Both Theorems
4.2 and 4.3 may be applied to these cases. The case h -= 0 is especially
interesting because in this c-se the possibility of ctually synthesizing an
optimal controller is quite promising. The reader will no doubt perceive
several other variations of this cost functional to which our results may be
applied. The problem mentioned above 1122, p. 197 if.l, which Pontryagin
and his associates considered, was the special ease when F(t) {y(t)}

singleton point set, where, for example, y" [0, T] --> R is required to be
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continuous and the cost functional is

T

f0 Ix(t) y(t)] dt.

This functional is to be minimized on the class of all functions x: [0, T] -- Rwhich have continuous derivatives up to and including those of order n,
and the nth derivative x

(n) stisfies a Lipschitz condition with constant a.

Acknowledgment. The author wishes to express his appreciation to Pro-
fessors G. M. Ewing and W. T. Reid for their encouragement and guidance.
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RELAXED CONTROLS AND VARIATIONAL PROBLEMS*

E. J. McSHANE
Introduction. In the study of the problems of minimizing or maximizing

a functionM of a curve on some assigned class of curves, the symbolism of
control theory has shown itself to be valuable both in the theory and in the
applications. One great advantage of the formulation is that it greatly
facilitates the investigation of minimizing curves in which the controls are
at some times set at the boundary of the region to which they are confined.
All the classical single-integral problems of the calculus of variations can
be easily rephrased as optimal control problems, with at worst a mild re-
striction on the side-equations in Lagrange and Bolza problems [1], [2].
However, most of the theory of optimal control, though not all (el. [5], [21]),
has been developed under the hypothesis that the controls are bounded.
Certainly this is enough for a great number of useful applications. Never-
theless, even for applications it would be better to dispense with this re-
striction; and when simple and familiar problems of the classical calculus
of variations are reformulated as optimal control problems, it often fails
to hold.
When for each point in state-space the attainable time-derivatives of the

state form a bounded closed convex set, an optimal path exists, as has been
kn.own for a long time [17], [8]. When the convexity requirement fails we
can replace the attainable set by its convex hull, producing the "relaxed
control" problem. But it is far from easy to find the necessary conditions
satisfied by optimal paths in this case, especially if controls are unbounded.
(Warga did this for bounded controls [19], [20].)
Another device became available in 1937, when Young devised objects

called "generalized curves"; these include ordinary curves, and also other
objects which may be regarded as a correctly-defined substitute for the un-
realizable idea of a curve whose derivative is changing incessantly and with
infinite rapidity from one to another of a given set of values. These have
proved to be of great utility in proving theorems on he existence of solu-
tions of problems with possibly nonlinear side differential equations. Young
showed in [22]-[24] the existence of solutions of problems in which the
curves are generalized and there are no side conditions. This has been ex-
tended to problems with side conditions, both in traditional form [11.] and
in optimal-control form [6].

However, in order to characterize the solution and to find properties that

* Received by ghe editors June 27, 1966, and in revised form December 22, 1966.
J l)epargmeng of Mathematics,-Univcrsily of Virginia, Charlot,esville, Virginia.

This research was carried out while the author was Principal Invesbigator under
Army Research Ottiee Grant ARO-D-31-124-G662.
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would enable us to construct, it, we t.ced to fild conditions sati.s.fied by all
minimizing curves. Furthermore, these cotditions should be established
without aty analogue of the hypothesis that the min_imizing curve is
"normal", s in earlier tretmets of the calculus of variations. For if our
theorems _need theft hypothesis,s, and we find thtt the mit..imum exists and
that there is just one "normal" curve satisfying the necessary conditions,
we have not removed the possibility that quite a different curve is minimiz-
ing but is not normal and so does not satisfy the necessary conditions. Such
necessary conditions, including the classical Euler-Lagrange, Weierstrass
and Legendre conditions, were established for minimizing generalized curves
in 1940 [12] but only with a restriction that can be expressed as "the con-
trols used are interior to the set of usable controls". For problems in op-
timal-control form, they have been established by Warga [19], [20] who
does not make the restriction of interiority. His theorem also applies to
problems in which the permitted trajectories are restricted to lie in some
subset B of space, and the minimizing trajectory meets the boundary of B;
such problems do not come under the present Theorem 4.7 in Part II of this
paper.

Since we have not solved the originally stated problem of finding an
(ordinary) curve that minimizes the given functional, but instead have
solved the somewhat similar problem of finding a minimizing generalized
curve, it behooves us to show that we have, at least in some sense and
under auspicious circumstances, solved the original problem. This we did
in 1940 [13], and do again in Part III, by showing that under not too re-
strietive hypotheses on the data of the problem, the minimum is furnished
by a generalized curve that happens to be ordinary. Warga establishes a
different connection between the problems; knowledge of the minimizing
generalized curve permits the construction of nearby ordinary curves for
which the functional is arbitrarily close to its minimum.
At the time of preparing the manuscript of this paper the publications

on optimal controls had been confined to the case of bounded controls; our
results are not restricted in this way. But before the manuscript was sub-
mitred, two papers appeared which treated the unbounded case, one by
Warga [21] and one by Cesari [3]; I had overlooked these, and owe thanks
to the referee for pointing them out. As a result, part of 13 hts been
heavily revised. However, there is a danger that the unavoidable complica-
tions of the unbounded controls may obscure what I consider the more
important aspect of the theorems, namely, that without highly sophisticated
mathematics existence theorems are proved that are not restricted to linear
or convex controls and cost-functions. We presuppose familiarity with the
Lebesgue integral for functions of a single variable on a finite interval, but
avoid multiple integrals, Lebesgue-Stieltjes integrals and all but very ele-
mentary general topology. For the sake of readers who wish to avoid the
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extra complications of the unbounded-control case, we have enclosed many
statements in heavy brackets. These are needed if the control set is per-
mitred to be unbounded; if it is bounded., the proofs can be shortened by
omitting all bracketed statements.

I. EXISTENCE THEOREM

1. Statement of the problem. The standard problem of optimal control
can be expressed in a variety of ways. Temporarily ignoring questions of
integrability, etc., we can formulate it thus. We are given a set U, the
"control set," a subset B of n-dimensional space R, and a set of functions
fl(x, t, u), if(x, t, u) defined for all x in B, all real and all u in U.
A function u(t)" to <-_ -< t is a "control function"; a "state function" or
"trajectory" x(t) (x(t), x’(t)), to <= <= t_, corresponds to u(t) if
x(t) is in B for all and

(1.1) x(t) x(to) + f(x(r), r, u(r)) dr.

We are also given an "end set" E in Rn+ and a function e(xo, to, x,
on E (here to, t are real numbers and x0, x are n-tuples). The problem is to
find a control function no(t), to <= <= t, and a state function xo(t) corre-
sponding to no(t) having (xo(to), to, xo(t), t) inE and giving to e its least
value on all such pairs (u(t), x(t)).

If u, u are points of U, and during a short time interval [t,
the controls are set on u for time w/, on u for time wti, w ,...
w >= 0, w. 1, then the integral of f’(x (t), t, u (t)) from to + 8 is
nearly

(1.2)

_
wfi(x(t), t, u) dr.

We idealize this concept of rapidly-varying controls by introducing the
concept of "relaxed controls". We replace the weighted average

wfi(x(t), t, ui) by any mean-value process fig[. t], depending in gen-
eral on t; and as in (1.2) we use this mean value as the integrand, instead
of fi(x(r), r, u(r) ). Thus the integral in (1.1) will be replaced by

1.a [f(:(-), -, ), -] d-.

The simplest kind of weighted average of a function is that in which all the
weight is given to a single point (), so that N;[4(), ] 4(()) for
every 4 With this special kind of mean, (1.a) reduces to the integral in
1.1 ). So (1.g) is a generalization of 1.1 ), not just an analogue.
We now begin to stae our notational conventions and the precise re-

quirements of the problem. Statements enclosed by may be omitted if
one is willing to assume that is bounded and closed.
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U is a bounded [or unbounded] closed set in r-dimen-
sional space Rr; its points will be denoted by u (u1,

,u),r with or withou affixes.

B is a set in. R; its points will be denoted by x (x,
z"), with or without affixes.

E is
are in B and and h are real numbers.

f(1..4) f, ff are continuous functions (x, t, u), x in B, real,
u in U.

e is defined and continuous on E.

Given any topological space S, we denote by C0[S] the set of
all real-valued functions defined and continuous on S and
vanishing outside a compact subset of S. Thus C0[U] is
the set of all continuous functions on U when U is bounded
[but if U is unbounded, C0[U] is the set of continuous
functions (u) such that the set {u: (u) 0} is in some
sphere].

The usual requirement that B be closed is omitted; it is replaced by
very slightly weaker hypothesis in the main theorem, namely, Theorem 2.7.
To any one familiar with probability theory it is enough to say that the

mean-value operator 9re is an expected-value operator, that is, an integra-
tion with respect to a .probability measure. However, a more elementary
theory is sufficient for our needs. To begin with, we suppose that 91; assigns
a number 9r;[] to each in C0[U], and that this has the properties

(1.5)

whenever and are in Co[ U] and a and a: are real numbers. We suppose
also that

(1.6) rC[] >__ 0 if is in C0[U] und >->- 0.

We shall often use the technically incorrect symbol OZ[(u)] to denote [].
[For unbounded U we extend this to a larger class of . We first construct

a sequence p, p., of continuous functions on U such that

0 <= p(u) 1, uin U, q 1,2,3, --., i 1, ...,n,

(1.7) pq(u) 1 if iu’l <- q,

pq(u) 0 if [u’[ => q-t- 1

for any of the numbers i 1, ...,n.

These are all in Co[ U]. So if is any function continuous on U, both g,pq and



4-42 E.z. McSANE

[,, [pq arc in C0[U], lc 1, 2, 3, As lc increases, ,[I ,.’lpq] is nonde-
creasing. If his has n finite limi we sy that, has n -men vMue. In
th{ csc the limit of [pq] exists, since the sequences [(] [ -[- b)pq] und
V[([ [ )pq] rc nondecreasing; md we define

(1.8) [] lim
q

It is easy to verify that this limit does not depend on the choice of the pq
If we wished to assume only that U is topological, we would here assume

the existence of sequence p p of functions in C0[U] stisfying
the first of equations (1.7) and having limq pq(U) 1 for all u in U.

It is quite easy to prove that if nd hve -men vlues, and a
and a are reul numbers, then aO + a has an -men lue, nd (1.5)
holds; also, (1.6) is obviously true for all hving -mean vlues.]
We now add one requirement, without which could hardly be cMled

a mean-value operator, nnmely

(.) [1 .
Nex we generalize he idea of eonrol function.

A relazed control function is a function which assigns
o each in an interval It0, h] a mean-value process [. t]

(1.10) such tha if 4(t, ), t0 N N h, in U, is bounded and
continuous, the function [4(t, ), t], t0 N N h, is
Lebesgue measurable.

Before saing he nex definition, we announce he intention of misusing
he integral sign. If f(t) is defined for almos all in an interval Is, b], say
for all in M, where [a, b] M has measure 0, and if f has an integral
over M, we shall understand

f(t) t y(t) t,

in spite of he fae ha he inegrand in he lef member is meaningless on
a set of measure 0.
A function z(t) (z(t), ..., z(t)), to N N h, is said go be a tra-

jectory corresponding o a relaxed control [. t], t0 N N h, if he points
(z(t), t)), t0 N N h, are in B, and each f(z(), , ) has an -mean value
for almos all in It0, t], and the equations

(1.11) z(t) z(t0) + [f(z(r), r, ), rl dr
0

are satisfied. Sinee we shall always wish o consider relaxed eonrols and



RELAXED CONTROLS AND YARIATIONAL PROBLEMS 443

corresponding trajectories together, we give the name "generalized curve"
to triples C: (91Z, x(. ), [to, h]), where [to, tl] is an interval of real numbers,
(OZ[-, t]: (to =< <_- h)) is a relaxed control function, and x(t), to =< =< h,
is a trajectory corresponding to the relaxed control function.

A generalized curve ()1"C, x(. ), [to, h]) is called admissible
(1.12) if (x(to), to, x(h), tl) is a point of E. The class of all ad-

missible generalized curves will be denoted by 7.

When discussing a generalized curve C: (fire, x(-), [to, h]) the correspond-
ing point (x(to), to, x(h), h) in R+ is mentioned so ofte that it deserves
symbol. We shall cll it the ends of C, nd denote it by v(C):

(1.13) ,(C) (x(to), to, x(h), h).

We define

(1.14) emin infimumof e((C)) for all C in .
This exists, finite or -, if is not empty; but it need not be true that
e((C)) em for any C in .
Now the optimal relaxed-control problem is the problem of finding a

member C0 (0, x0(. ), [t0,0, h.0]) of the class of admissible generalized
curves which gives to e((C)) the value emin.

2. Statement of the existence theorem. By definition of em, there surely
exists a sequence C, C, of admissible generalized curves, where

(2.) c (, (.), [t0,, t,,]),

such tha the ends (C) satisfy

(2.2) lim e((C)) emin.

Every such sequence is called a minimizing sequence, regardless of con-
vergence.
We shall assume that the following holds:

There exists a minimizing sequence C, C, ..., whose
(2.3) trajectories all lie in a bounded closed subset of B.

In many applications this is easily seen to be the case. For example, the
conditions of the problem may guarantee that B is closed, that all curves
in have the same initial point (1 ttut for every minimizing seq,uence the
trajectories have bounded length, ln such cases reference to a general.
theorem, yielding (2.3) as conclusion would be rather silly, ttowever, it is
perhaps worth stating the f()llowing theorem.
TEOE 2.4. Let B be closed; let ff contain a generalized curve C, and let
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E1 be the subset of E on which e(xo to, xl tl) =< e(y(C) ). Assume that there
is an interval [a, b] that contains to and t whenever (Xo to, xl t) is in El,
and that each i in the set I1, n} is of one of the following two types.

Type 1. The numbers xo, x are bounded for all (xo, to, xl tl) in El,
and there exists a summable nonnegative function g(t), a <= <= b, such that

f’(x, t, u) >= -g’(t)[1 -k (x’)2]1/

for all x in B, all in [a, b] and all u in U.
Type 2. Either Xo* or xl is bounded for all (x0, to, xl tl) in E and there

exists a number N such that

(2.4b) If(x, t, u) l__< N If(x, t, u) q-g’(t)[1 q- (X;/)2]1/2 *’} 1}

for all x in B, all in [a, b] and all u in U, the sum being taken over all j of
Type 1 and the g being the functions in (2.4a).
Then (2.3) is satisfied.
Given any minimizing sequence C1, C., Ca, any C with e(r/(C))

> e(v(C)) can be replaced by C1, and we thus obtain a sequence with
e((Co)) <= e(v(C)) for all k. Let C be any member of ff with e(v(C))
<= e(n(C.)). If i is of Type 1, by (1.11) we have

dx’/dt >- -g’(t)[1 + x’(t)].
So if we define

y,(t) log {x’(t) --I- [1 -t- x’(t)ll/},

we find dy/dt >-_ -g(t), and for ull in [a, b],

yi(t) y(to) >= g’(t) dr,

y(tl) y(t) >= g’(t) dt.

ttence y(t) is bounded, and so therefore is x(t). From this and (1.I1), the
values of the integral

for all C with e(v(C)) e(v(C)) are bounded., say =<K.
t*From this last and (2.4a) we see that for any subinterval t, of [to, t]

we have, for i of Type 2,
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t

x(t") x’({) <= [If’(x(’),,u) I,r]dr

(.5) <= N, {[/(x(), , u), ]

+ g(r)[1 + X(T)2]l]2 + 1} dr

N[K+ (b-- a)].

Since by hypothesis either x(to) or x(ta) is bounded, x(t) is bounded on
It0, h], nd the proof is complete.

[As very simple ppliction, consider the problem in which U R,
B R,to xo Xo x O,t= 1, f(x,t,u) u,f(x,t, u)

which is merely the problem of find-[1 + (u)]/, e(z0, to x t) x,
ing the shortest pth joining (0, 0) nd (1, 0). The hypotheses of Theorem
2.4 re stisfied, fe being of Type 1 (with ge 0) nd f being of Type
2 (with N 1). However, the hypothesis

x (x, t, u) g(t)[1 + (x’)]"
with g summble, which has been used in theorems invoNing bounded U,
is not stisfied in this simple instnce.]
We shll occasionally use the solecism "E is independent of t0" to mean

that the indicator function of E is independent of t0 that is, if (x0, t0, x,
t) is in E, so is (x0, t0", x, h) for ll numbers t0". The corresponding ex-
pression is lso used with reference to the other coordinates x0, xo",
x, x t of points of E. We use similar expression for B.

[For the cse of unbounded U we shll need device for comparing the
rtes of growth of functions s the distance of u from the origin tends to .
If (x, t, u) nd G(x, t, u) re defined for ll (x, t) in set A nd ll u in
U, we sy that is of slower growth thn G (or G of ster growth thn )
uniformly on A, provided that G 0 and for ech positive e there is
bounded subset U of U such that

(2.6) (x, t, u) eG(x, t, u)

whenever (x, t) is in A nd u is in U U .]
We cn now state our existence theorem; the hypotheses in heavy

brackets re unnecessary, nd in fct re utomticlly stisfied, whenever
U is bounded.
THEOREM 2.7. With the notation and assumptions listed in (1.4), assume

that there exists a minimizing sequence C C where C x(. ),
[t0., ta.]), whose trajectories all lie in a bounded closed subset A of B. [Assume
further that there exists a continuous function G(x, t, u), (x, t) in A, u in U,
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such that
(i) for almost all in [t0,1, t.l,] the -mean value OZ[G(x(t), t, u), t] exists,

and the integrals

f’ z[(x(), , u), ] g,
0,1

k 1,2,3,-.-,

exist and are bounded;
(ii) G is of faster growth than 1 uniformly on A;
(iii) for each number j in the set 11, n}, either a) f is of slower

growth than G uniformly on A, or else (b) if 0, and f, f and B are
independent of x, and E is independent of x, and e is a monotonic nonde-
creasing function of x for fixed values of the other variables.]

Then the class of admissible generalized curves contains a member Co
(gEo, Xo(’), [to.o, tt,o]) such that e(v(Co)) e(xo(to.o), to.o, xo(tl.o), h.o)

is equal to the infimum emi, of the values of e( v( C) for all curves C in .
3. Proof of the theorem. [There is clearly no loss of generality in assum-

ing, as we shall, that

(3.1) G(x, t, u) >= 1, (x, t) in A, u in U.]

By hypothesis, there is an interval [a, b] that contains all the intervals
[t0., t.], lc 1, 2, 3, .... To simplify notation we define )[. t] to be
0 if a __-%_ t0, or if t, b; then our integrals can be taken over any
subinterval of [a, b], but we must keep in mind that is not relaxed
control unction except for in [t0., t,:]. Correspondingly, we understand
x (t) to mean x(t0,) if a <: t0, and to mean x(t:) it" t. <: -<- b.
For the ske of brevity, in the remainder of this proof the letter will

always denote point of the interval [a, b].
Since the ends of the trajectory of C lie in. the bounded set A, it is possi-

ble to select a convergent subsequence. We shall suppose that C, C,
is already such a subsequence, and define

(3.2) t limt.,, x.i limx i= 1, n.(t.,), a O, 1,

The averaging operator ;0 for the minimizing curve will be defined by
operating under the integral sign; we first integrate N; over intervals [a, t],
then we pass to the limit (which behaves the way we would like the integral
of OZo to behave), then we define Nl;0 by differentiating the integral. In the
process, we shall frequently use the following notation. Given any continu-
ous function (x, t, u), we define for each positive integer

(3.3) I(t) O[(x0(r), r, u), r] dr, a =< -<_ b,
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provided that the integral exists. Also, we define

(3.4) (t) lim bLkJ(t),
k->

a<t<b

provided that the limit exists.
[If is either G or any of the f for which (b) of Theorem 2.7 (iii) is

satisfied, the corresponding EkJ are nondecreasing and all have a common
bound. So by Helly’s theorem we can select a subsequence that converges
at each point in [a, b]. We suppose that C1, C2, is already such a sub-
sequence. Then (3.4) can be applied, and

(3.5) O(t) lim GEkl(t), if(t) limfilCJ(t), a =< -<- b,

for all i such that f satisfies (b).
If we combine (3.5), (3.3), (3.2) and 1.11 we see that

if(t) lim x(t) x

zolim x

for all i such that f satisfies (b).1
If is in Co[A X U], I6 has a finite upper bound, which we call B.

Then

(3.7)

So all the tl satisfy the same Lipschitz condition, and by Ascoli’s theorem
we can select a subsequence of C1, C2, for which the are uniformly
convergent on [a, b]. Moreover, for the limit we obtain from (3.7),

(3.s) [(t") (t’) B,[t" t’ I.
There exists a countable subset of Co[A X U] such that every function
in Co[A X U] can be uniformly approximated by functions in . By the

diagonal process we can select a subsequence of C1, C, such that for
every in the corresponding sequence of is uniformly convergent. We
suppose C, C, to be already such a subsequence; then (3.4) defines
for every in q), and moreover the convergence is uniform, and (3.8) holds.
[For unbounded U we also need the following estimate.

(3.9)

If b is of slower growth th,’m G unif()rm]y on A, for etmh
positive e there is t i il), such theft

I(x, t, u) (x, t, u) < a(x, t, u)

for all (x, t, u) in A U.
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Define 60 on A U by setting

6(x, t, u) where

6o(X, t, u) (e/2)G(x, t, u) where
!
(-(e/2)G(x, t, u) where

Then 60 is continuous and is 0 except on bounded set. This implies
that there is $ in such that

I(--o) --’1 < /2 on A X V.
Hence

(x, t, u) <= (e/2)G(x, t, u),

/(x, t, u) > (e/2)G(x, t, u),

k(x, t, u) <= -(e/2)G(x, t, u).

i-i Iol + I- o-l
.< (e/2)G(x, t, u) d-

< G(x, t, u),

nd (3.9) is estblished.]
For the case of bounded U, the next proof is to be red with the simpli-

ficatio that G(x, t, u) is to be replaced by 1.

Let be continuous on A X U [and of slower growth than
(3.10) G uniformly on A]. Then the functions * converge

uniformly on [a, b].

The numbers 2(b a) 2G(b) hvc by hypothesis finite upper
bound; le K be such bound.

Let e be positive. Since is dense in Co[A X U] [and (3.9) is valid], there
is in such that

[(X, t, U) (X, t, U) < e-iG(x, t, u)

for ull (x, t) in A nd u in U. Since converges uniformly to on [a, b],
there is a k, such that if k > k,

I"(t) -(t)l < e/K, a b.

Thenifh, > k,nda b,

u), r] dr + 2eK-(b a)< 2 K--[G(x(), ,
e,

which implies the uniform convergence of the .
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(3.11) If is continuous on A X U [and is of slower growth than
G uniformly on A], is absolutely continuous.

For bounded U we have already established in (3.8) the stronger con-
clusion that is Lipschitzian. [Let e be positive and as in (3.9) but with
e[1 + 2O(b)]-1 in place of e in (3.9). Denote by B a positive upper bound
for ] I. Define e/(2Bo). Let [al, bl), [ah, bh) be disjoint subin.-
tervals of [a, b] with total length less than . Define . Then for
k 1, 2, 3, we have, by (3.9) and (3.7),
h

h

{] *(b) *(a) + ]vt*(b) (a)

B, [b a] + e(1 + 20(b))- ,[G(x(r), r, u), r]dr.

Letting k yields
h

proving the absolute continuity of
For each i [such thatf stisfies hypothesis () of Theorem 2.7 (iii)], we

cn pply (3.11) nd (3.10) the functions](t), a b, re defined nd
absolutely continuous, nd thef converge uniformly to them. With the
x0’ of (3.2) we now define

(3.12) y(t) Xo* + (t), i 1, n.

[These need not be the x0 of the minimizing generalized curve; lster we shll
modify them if necessary.] As in (3.6) we see that now

(3.13) y(t) 1]mx(t), i= l, ,n, a b,

by (3.10) the convergcce is uniform [iff sstisfies () of Theorem 2.7 (iii)].
This, with (3.2), implies thst (y(t), t), a b, is the limit of the se-
quence (x(t), t) of points of A, nd that (y(a), t0, y(b), h) is the limit
of the sequence (x(a), to., x(b), t.) of points of E. Since A nd E sre
closed, these limits belong to A nd E respectively. Since e is continuous,

(3.14) e(y(a), to, y(b), t,) lira e(x(to,), to,, x(t,,.), t,)

Each of the functions O, x0 and 3 (6 in. ) is of bounded variation, hence
has a derivative on all of [a, b] except a set of measure O. Since q is counta-
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ble, the union of these sets has measure 0. On the rest of [a, b], which we
call M, all the functiois G, x0 and ;, in , have finite derivatives. We now
extend this.

If is continuous on A U [and is of slower growth(3.15) than G uniformly on A] and t. is in M, then ’(t) exists.

(For bounded U the following proot can be simplified by replacing G by 1
and G(t) and ((t) by t.)

Let be positive. Let be in and satisfy the inequality in (3.9) define
3’ . Suppose a < t2 < b; the modifications for t2 a or t. b are
obvious. Then

I,l I #lZ[a(x,0(r), r, u), r] dr

(t) a(t,.) I.
Letting/c - yields

l.(t) .(t,) <- O.(t) O(t,) I.
If It t,.! is small enough and not equal to 0,

[(t) ?b(t,.)]/(t t2) ?b’(t.) <

whence
[O(t) O(t,)]/(t- t,.) O’(t2) < 1,

[(t) (t)]/(t- h) -’(t,.) < e(I ’(t,.) + 2).

So the values of [(t) (t2)]/(t t2) for small positive it t differ
from each other by an arbitrarily small amount, nd the derivative ’(t)
exists.

If is continuous [and of bounded support] on A X U
(3.16) and t is in M, nd (y(h), h, u) 0 for all u in U, then

’(t) __> 0.

Since is in Co[A X U], it is uniformly continuous, so to each e > 0
corresponds > 0, such that if (x, t) is inA and it t] < i and
lx Y(t) < 3, i 1, n, then

(3.17) (x, t, u) > (y(h), t, u) e _>_ --e

f()r all u in U. We now wish to show that

there is a I)ositive "r less than a and there is a positive

(3.18) integer leo such that if It t21 < ")’ and lc > k0, then
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[We distinguish two cases. Suppose that f satisfies (a) of Theorem 2.7
(iii) .] By (3.11), yi (.) is continuous, so that

there is a positive , such that
(3.19)

(t)-(t)]</2 i t-t]<.
By (3.13) and the sentence following it, there is a k0 such that if

lye(t) x(t) < /2, a b.

These two inequMities establish (3.18). [Suppose next that f stisfies (b)
of Theorem 2.7 (iii). Since y’(t) exists, y is continuous at t, nd (3.19)

tftholds. Choose t, such that t < t’ < t < t" < t + . By (3.13)
there is a o such that if 1 > 10, then

(3.20) y(t’) x(t’) < 8/2 nd y(t") x(t") < /2.
Since x is nondecreasing by (1.11) and (b) of Theorem 2.7 (iii), by (3.19)
and (3.20) we have

y’(t) < x x’(t) .’(t") < y(t) +
t"for all in (t’, and all k > 0. So (3.18) holds with y replaced by the

smaller of t" t and t t’.]
Now by (3.17) and (3.18), if t < < h + y,

Il(t kI(t) ]t
"t

Letting ]-- yields

,[(x,,:(), , u), ] d

(--) dr

-(t -t,).

(t) (t) -(t- t).

Dividing by t and letting -- t yields

’(t) >

Since e is arbitrary, the proof is complete.
We can now define the mean-value operator 0 for the minimizing gener-

alized curve Co by means of the following lemma.
LMA 3.21. For each in C0[U] and each t in M, the derivative ’(h)

has one and the same value for all in Co[A X U] such that (y t,), t, u)
(u), u in U. This common value is denoted by o[, t].
If and k are in Cola X U] and

,i(y(t), t2, u) (u), i 1,2, uin U,
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then 1 k2 and 5 1 both stisfy the hypotheses of (3.16), so both
1 2 nd . 1 hve nonnegtive deriwtives t t that is, ’(t)

,’(h), which proves the sserti(m in Lem.m 3.21.
From Lem.m 3.21 we immediately deduce that if is in Co[A X U],

then for 11 t in M,

(3.22) 0[(y(t), t, u), t] ’(t).
[Furthermore,

let be continuous on A X U. Then () if is of slower
growth thn G uniformly on A, then (y(t), t, u) has

(3.23) n 0[" t]-men vlue, nd (3.22) holds for M1 t in M,
nd (b) if 0, nd (b) exists nd is finite, then (y(t),
t, u) hs n 0[" t]-men vlue for almost ll in M, nd

0[(y(t), t, u), t] dt (b).

For ech positive integer q let p be s in (1.7). Define . p,
.By (2.6),if e > 0wehve

-G < q < G
for all large q. It follows that e + Cq and e Cq are non.decreasing.
Hence

(3.2) -’(t) ’(t) ’(t).
From + , we deduce + , whence

’(t) ’(t) + (t).

By (3.24), the lst term tends to 0 s q , so by (3.22),

’(t) lira ’(t)
q

(3.25)
lira 0[(y(t), t, u)(u), t].
q

The sme rgument pplied to ]] shows that 0[ p, t] hs finite
limit s q . Hence hs n 0-men vlue, which by definition is the
lst expression in (3.25) so (3.22) is stisfied nd () ia (3.23) is proved.
For (b) in (3.23) we observe that for ll q nd ,

(b) (b),

whence

(3.2a) (b) (b).
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By (3.22),

(3.27) fa 9Zo[(y(t), t, u)pq(u), t] dt <= (b)

for all q. By the monotone convergence theorem,

lim 9Z0[(y(t), t, U)pq(U), t] .
for almost all t. For such t, by definition this limit is 9Eo[(y(t), t, u), t].
Again by the monotone convergence theorem, with (3.26) and (3.27),

(b) => lim 9E0[(y(t), t, u)p(u), t] dt

E0[(y(t), t, u), t] dt,

establishing (b) in (3.23).]
9Eo is still undefined on [a, b] M; to complete the definition we choose

some t in M f3 (to, tl) and define 9Eo[. t] YEo[. t] whenever is in
[a, b] M. In the special case 1, we compute

(0 if a _-< _-< t,,

(t) =t-- to, if to, <: t_-< t,,

tl, to, if h, <: =< b.

Hence

and so

I0 if a < < to

(t) =t.t-- to if to < =< tl,

tl- to if t <t-< b,

o[1, t]=IO if a<-_t<to or t<t<__b,

[1 if a<t<b, tinM.

By our completion of :0, the last holds for all in [to, tl].
Now 9E0 has properties (1.5) and (1.6), by Lemma 3.21, and property

(1.9) if to _-< _-< h. Also, if ((t, u)" to =< _-< tl, u in U) is bounded and
continuous, 0[(t, u), t] is measurable by Lemma 3.21 and (3.22), since
derivatives are measurable functions. So rto is a relaxed control function.
on [to, t].
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We now define

(3.28) Xo(t) Xoq ,IIZ,o[f(y(),’,u),ld", a _<= <-_ b;

the integral exists by (3.22) and (3.11) [nd (3.23)]. Also [for each j
such that f" satisfies () of Theorem 2.7 (iii) ], by (3.11) and (3.22), with
(3.3), (3.2)and (3.13),

xo(t) xo + ](t) ](to)

lim xi(t0,) + u),r] d[f (x,(,), ,, ,
k 0,k

3.29 lira x (t)

y(t), a 5 5 b.

[Iff stisfies (b) of Theorem 2.7 (ii), B ud theft(x, t, u), i 1,
n, are ll independent of x, and substituting x0(r) for y(r) in (3.28) hs
no effect.] So for i 1, n, the function x stisfies

(a.a0) xo() zo + o[f’(xo(), , ), ] d, .
We saw in the sentences preceding (3.14) that (y(t), t), a b, is

in A (hence in B) and (y(a), to, y(b), t) is in E. But by (3.29), yi(a)
Xoi(a) Xoi(to) for all j, and yi(b) Xoi(b) xoi(t) for allj [for which

(a) of ’heorem 2.7 (iii) holds. For the other j, E atd e are independent of
xi], so (xo(to), to, Xo(h), h) is in E, and by (3.14),

e(xo(to), to, xo(t), t) e(y(a), to, y(b), tl)

emin.

Likewise, if to t (yi(t), t) is in B, and yi(t) Xoi(t) for all j [for
which (a) of Theorem 2.7 (iii) holds. For the others, B is independent of
xi], so (xo(t), t) is in B. Therefore C0 (0, x0(. ), It0, t]) is an admissible
generalized curve; and e((Co) em, and the theorem is established.

II. NECESSARY CONDITIONS FOR AN OPTIMUM

4. Statement of the theorem. Although no differentiability was required
of the f in establishing the existence of an optimizing generalized curve in
Part I, such conditions are at least highly desirable in establishing necessary
conditions. As before, statements in heavy brackets may be omitted if one
is willing to assume that U is bounded and closed.
We retain the notation of Part I, and throughout 4-8 make the follow-

ing two assumptions.
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(4.1)
Co (o, Xo(. ), [to,o, tl,o]) is a member of the class : of
admissible generalized curves such that

e(xo(to,o), to,o, xo(tl,o), t,o) emin.

(4.2)

There is a positive number A such that whenever u is in U
and (x, t) is in R+1 and there exists a t’ in [to,0, h,0] for
which It t’ <= A and x xo(t’) <= A, the point x
is in B, and the derivatives fi, fi i, j 1, n, are
defined and continuous at (x, t, u). [Also, there exists
nonnegative continuous function G(t, u), to,o <= <= h,o, u
in U, such that )lZ0[G(t, u), t] is finite for almost all and is
summable over [t0,0, t,0], and for i, j 1, n and (x,
t, u) satisfying the first part of the assumption, the in-
equalities

f(x, t, u) <= G(t’, u), ft’(x, t, u) <= G(t’, u)

are satisfied.]
The "variations" used in the discussion involve change of mean-value

operators and shifting of the endpoint v(C0) (x0(t0,0), t,o, Xo(h,o),
t,0). We consider the latter first. A vector (1, we, , ) (in which 0
and each have n components) can reasonably be said to be directed
"into" E at v(C0) if there is a curve (Xo(z), To(z), Xl(Z), Tl(z) ), 0 <= z <- ,
beginning at v(C0), lying in E and having tangent vector (0, 0, , 1) at
z 0. However, we need the ability to compute with several such vectors
simultaneously, so we ask more. We shall use the symbol E to denote
collection of (2n + 2)-componented vectors with the following property.

If (0,,, ,0,,, ,, ,,), a 1, s, is any finite set of
vectors belonging to E’, there are 2n q- 2 functions X0 (z),
To(z), X_(z), T(z), i 1, n, z (zl z,), de-
fined and continuously differentiable on a neighborhood
of z 0 with the properties"
(a) if all z are = 0, (Xo(z), To(z), X(z), T(z)) is in E;
(b) (Xo(0), To(0), XI(0), T(0)) (xo(to,o), to,o, Xo(h,o),

tl,o)
(c) at z 0 the following equations are satisfied:

oX/Oz . oT./Oz ..
a 0,1, i--- 1, ...,n, o- 1, ...,s.

Since the aboe symbol for points in E’ is cumbersome, we shall use tI as
an abbreviation for (0, r0, , r-); if these last have a subscript (as in
(4.3)), we attach the same subscript to H. Without loss of generality we
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cn dd the hypothesis"

E is a convex cone; if H and ure in E’ und nd a(4.4) re 0, then a’H’ q- aH" is in E’.
A point uo of U is in the support of 91Zo[., t] for a given t in [to.o, t.o] if,

whenever is continuous nd nonnegative, nd (Uo) > 0, we must hve
91Zo[(u), t] > 0 if it exists. For example, in the simple cse in which there
is point Uo of U such that lo[(u), 6] (Uo), we see that this point Uo
is the only one in the support of o[’, 6].
The letter >, will be used to designate a point (, h, h) of R.

We now define two functions important in the theory. For each (x, t, u) in
the domain of the function f nd ech h in R we define

(4.5) F(x, t, u, X) hf’(x, t, u),

(4.6) M(x, t, ) inf F(x, t, u, ).
uU

The latter m.y be - or finite.
All the results of 4-8 are contained in the following theorem.
THnORn 4.7 Let Co (o Xo(. ), [to,o, 6,o]) satisfy conditions (4.1) and

(4.2), and let E’ satisfy (4.3) and (4.4). Then there exist functions o(t),,, (t), to,o <- <= 6.o, with which the following statements hold"
o is either constantly 0 or constantly 1;

(ii) the (t) do not all vanish at any point of [to,o, 6.o];
(iii) the X(t) satisfy the equations

x(t) x(to,o) Zo[G(xo(), , u, x()), 1 &,
0,0

i 1,...,n, to,o < =< 6,o;

(iv) there i a (finite) constant c such lhat the equation

M(xo(t), t, x(t)) c + o[’(Xo(),
0,0

holds for all in [to,o, 6,o] [except those in a set of measure O; for all t, the left
member is at least equal to the right member];

(v) for almost all in [to,o, 6,o] the equation

F(xo(t), t, Uo, ,(t)) M(xo(t), t, h(t)

holds for all uo in the support of )lZo[. t];
(vi) if we denote the right member of the equation in (iv) above by t(t),
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then for all vectors o to, 1, 1) in E’ the inequality

{[(o)(Oe/Oxo) + X(to.o)]o -t-[(o)(Oe/Ox)

+ [(o)(Oe/Oto) p(to.o)]ro -t- [(o)(Oe/Oh) + (h,o)]r >= 0

is satisfied, the partial derivatives being evaluated at (xo(to,o), to,o, Xo(h,o), h,o).

5. Variations. We first establish a part of the conclusion under the
additional hypothesis:

For all points (xo, to, x, tl) of E it is true that to t0,o(5.1) and ti ti,o.

Thus all admissible generalized curves will have the same initial and final
values of that Co has, so we can simplify notation slightly by changing
t0,o to to and h,o to t. From (4.3) we see that if (5.1) holds,

(5.2) ro rl 0 for all (o,r0,l,rl) in E’.
If 9E, J, are relaxed control functions, and cl, cs are non-

negative numbers, then for each set zl, z, of nonnegative numbers
such that cz + + csz =< 1, the function

(5.3) NZ (1 czl cz)i)Zo -t- clzi)lZ_ -t- + czOZ

is readily seen to be also a relaxed control function.
Now by a "variation" we shall mean a triple

, (c, , H)

in which c is a nonnegative number, Nl; is a relaxed control with bounded
closed support, and H is a vector belonging to Et. Suppose now that v,

v, are variations,

(5.4) v (c, o., H),

By (4.3),

(5.5)

there exist functions Xo(Z), To(z), X.(z), T(z) defined
and continuously differentiable for all Zl, z near 0,
having (Xo(Z), To(z), X(z), T(z)) in E for all small
nonnegative z, zs (so that, by (5.1), To and T are
constants), and satisfying at z 0 the equation

oT./Oz O,oX/Oz ; ,
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These may not be unique; but if several such X0, etc., exist, we choose one
such set for each set (v, v) and retain it throughout this proof.
We shall now attempt to solve the differentiM equations

(5.6) x’(t,z) Xo’(Z) + OZ[f’(x(r,z), r, u), r] dt

for fixed z near (0, 0), i; being defined by (5.3) for all z. (It will not
necessarily be relaxed control unless the z are small nd nonnegtive;
but it is meaningful for all z and all continuous that have an 0-mean
value.) For this we have to consider the funeti.on

(5.7) 91Z[f x, t, u t]

for in [to, hi, x near x0(t), z in R. As function of z for fixed x, this is
linear by (5.3), nd for M1 z,

(5.8) z OZ[f(x’ t, u), t] c{-N;0[/(x, t, u), t] + NZ[f(x, t, u, t]}.

With the A of (4.2), let N be the set of all points (x, t) such that for some
t’ in [to, h] it is true that

(t t’) <= A/2, Ix xo(t’) <- A/2, i 1, ,n.

If 4 is in Co[N X U] and its derivatives 4, i 1, ..., n, are also in
Co[N X U], and (x, t) is in N, and x (h) (x -t- h, x, x), then for
[hi small but not 0 we have

(5.8a) h-l[(x(h), t, u) 4(x(0), t, u)] x(aS, t, u),

where a is between x(0) and x(h). The right member vanishes identically
outside a bounded closed subset of U, and on that bounded closed set it
converges to 4,1 (x, t, u) uniformly as h -- 0, so

lim (h-l{,[4(x(h), t, u), t] lZ,[4(x(0), t, u), t]/)
(5.9)

z[(x(O), t, u), t].

That is, Ni;[(x, t, u), t] has
is given by the right member of (5.9). A like result holds for the other x,
SO

(5.1.0) 0r] ._:[(x, t, u), t] [4:;(x, t, u), t], j 1, ..., n.

For bounded U this implies a,t once

0
(5.11) Ox 91;[f x, t, u), t] Jl [fi( x, t, u) t]

for (x, t) in N.
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[For unbounded U we need to investigate further. Equation (5.11) holds
with l; in place of JIZ,, 1, s, because NZ has bounded closed sup-
port, and we can replace f by a function in Co[N X U] that has continu-
ous partial derivatives with respect to the x
neighborhood of N X (suppor of NZ). We shall show that (5.11) holds
also with IIZ0 in place of ;z then by (5.3), (5.11) will hold for [rc,.
Let (x, t) be a point of N such that G(t, u) has an 9Z0-mean value. For

each positive integer q we choose a function pq as in (1.7). Then if e > 0,
for all large q we have

(5.12) i)0[G(t, u)(1 pq(u)), t]

Define

pq-ff, (1 pq)-ff.

With the notation of the first part of this proof, (5.8a) holds, and so does

its analogue for . From the latter, together with (5.12) and the estimate

(, t, u)

<= 2G(t, u) (1 pq(u)),

we deduce

h-l)o[k(x(h), t, u), t] Ji0[(x(0), t, u), t]}
(5.13)

o[(x(0), t, u)][

For all small positive Ih [, by (5.9) we have

h-[Jo[(x(h), t, u), t] .0[(x(0), t, u), t]}

0[(x(0), t, u), t]! < /2.

Since ff - , this and (5.13) combine to yield

h-{o[f(x(h), t, u), t] 0[f(x, t, u),

So (5.11) holds for j 1. By like proof, i holds for j 2, n also.]
Now, by a known theorem [14, p. 356] equations (5.6) have a unique

solution x(t, z), to <=. t c 1, n, for all z near 0, and this solu-
tion satisfies

(5.14) x(t, O) Xo(t), to <= <= t.

Also, x(t, z) has a partial derivative with respect to each z to find the
differential equations satisfied by these derivatives we need only differenti-
ate both members of (5.6). It is convenient to introduce a notation for
these partial derivatives. Given a variation v (c, ,, g), we define
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(t v), i 1, n, to =< _-< h, as the (unique) solution of the equations

By formal differengiagion of (5.6), ghe pargial derivagive Oz/O sagisfies

his equation wigh v v, a z 0. Since he solution is unique,

Oz’(t, z)/Oz (tlv) at z (0, ..., 0),
(5.16)

i 1, .--,n, a 1, ...,s.

The differential equation (5.15) is important enough in this proof
justify simplification and further study. We define

(5.17) F(t) o[fi(xo(t), t, u), t].

Then (5.15) is an instance (with proper choice of functions g) of the equa-
tion

For eachj in the set 1, n, let, be a solution of the homogene-
ous equations

(5.19) ’(t) ’(to) + Fi’(r)(v)
j=l

we my choose these so that the matrix ((t): i, j 1, n) is non-
singular for t0, nd then it will remain nonsingular for all in [t0,
Let (t) be its inverse matrix, so that for all in [t0, tl],

(5.20) i()i() ()()
if i lc,

Then the (unique) solution of (5.18) is given by

(.1) () () (.)(0) + (
,=1

The proof is trivial; for if (t) is defined by (5.21), it has vlue (t0) when.
0, by (5.20), and its derivative is almost everywhere equal to
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(d’/dt) ,I,’(to)(to) -- I,(r)g(-) d -t- (t)(t)g(t)
,kl

[r(t)(t)] (to)(to) + (r)g(r) d + g(t)
,k,hl

r(t)(t) + g(t),
k,hl

so that it stisfies (5.18).
In prticulr, the solution (t]v) of (5.15) is

(1 v)

(.) +

.[(z.(),, ), ]) }.
6. fundamental lemma. In he following definition we use he noagion

(.1) v (e, , ), H (., o, , 0).

DgINITION 6.2. or each variation v, le Y(v) (Y(v), Y’(v)) be
ghe vector wih components

Y"(v) [(oe/oz.). + (oe/oz)q,

where ghe pargial derivagives of e are evaluaged a ghe ends n(Co) of ,
and (( v) is ghe solution of (.15). he se K is defined go be ghe se of
all Y(v), for all variations v.
L 6.. K i covez cone ih verez (0, 0); ha i, if Y(v)

ed Y v are
that

(6.4) Y(v) aY(v) -I- a.Y(v.).

Let v (c, , H), (r 1, 2. Define ,) [ao-t- a2c2]-i(aCl,Cl
+ ac) unless ac. ac 0, i which ca,se deflate )t Define lso

C acl a2c2, ][ altI aI[, v (c, -, iI).

Then is a relaxed control, und by (4.4), H is in E’. The solutions i(t v)
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of (5.15) ure given, ccording to (5.22), by

(tlv) ,?(t) % (to)o,
.,k----1

0[f(x0(v), v, u), ])

where 1, 2. If we multiply by a trod sum over 1, 2 in the right
member we obtain the sme expression as (6.5) with the subscript a de-
leted, which by (5.22), is (t v). Hence (t v) a(t v) + a:’(t v),
from which we readily deduce (6.4).
The next lemm is the mainspring of the present proof.
LEMMA 6.6. The point (--1, 0, 0) isnot interior to K.
Suppose ths flse. There then exists a positive number such that all

points of R+ with distance at most from (- 1, 0,... 0) belong to
K. In particular, the n + 1 points

(-, -,0, .-.,0), (-1,0, -,0, ...,0), ...,
(6.7)

(-1, 0, .-., 0, -), (-1, , , ..-, )

re dl in K. By definit(m of K there exist variations v, , v+ such
that the corresponding vectors Y(Vl), Y(v,+) are the vectors (6.7)
i the same order. For ll renl z we define by (5.3), with s n + 1;
and we denote by Xo(Z), To(z), X(z), T(z) the functions of (5.5), and
by x (t, z) the solutions of (5.6).

Consider now the system of equations

e(Xo(z), to, X(z), t) + y emi 0,
(6.8)

x(t z) X(z) O, i 1, n.

These huve the initial solution

(6.9) z z+ y O,

by (4.3) (b), (5.14) and (4.1). At this initial solution the partial deriwtivcs
of the left members of the n + 1 equations (6.8) with respect to z are the
numbers y0(), "", Y(v), by (5.16) and (5.5). These are the elements
of a nonsingular matrix, being the numbers (6.7). So by the implicit fimc-
tions theorem, equations (6.8) hve solutions

((.o) z Z(y), , n + ,
for all rel numbers for ll y near 0; these are differentiable, nd reduce to
0aty =0.
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The equations

e(Xo(Z(y)),/0, Xl(Z(y)), tl) -- y 3mia O,

x (h, Z(y)) X’(Z(y)) O, i 1, n,

are identically satisfied near y 0. Differentiating and setting y 0 yields
n+l

Y(v)Z’(O) + 1 O,

Y’(v)Z (0) O, i 1, n.

But since the Y(v), Y(v) are the vectors (6.7), we see by inspection
that these have solution

z/(o) 1/(n + 1);

nd since the matrix of coefficients is nonsingular, this is the only solution.
Hence for small positive y, the numbers Z(y) are 11 positive, and are
arbitrarily near 0 since Z(0) 0. Bu then for positive y near 0 the z
defined by (6.10) provide us, via (5.3), with an , that is relaxed control.
By (5.6), C, ( ,x(. z), [0, ]) is generalized curve. Since (5.6) and
(6.8) hold, we have

(o, z) Xo’(z), (h, z) xi’(z),
so v(C,) (,(to, z), to, x(h, z), h) is in E, and C, is in the class of ad-
missible curves; so by definition of emi we mushve e x to, z ), O, x(h, z ), 0

emi= But since y > 0 this contradicts the firs of equations (6.8), and
the proof is complete.
ConoLanv 6.11. There exis numbers o 0 or 1, X1 n 0 all O,

such ,ha oxY() 0 for all vectors Y(v) in K.
If K has no interior points, it lies in hyperplane 0cY 0. If

c0 0 we define c, i O, n; if c0 # 0 we define c/co,
i 0, n; in either case the conclusion holds. If K has interior points,
no point (-e, 0, ..., 0), 0, is interior to K, since K is cone and
(- 1, 0, 0) would be interior to K, contrary to Lemma 6.6. This im-

c vplies (el. [4, pp 19--20]) that there is hyperplane
_

0 such that
yc 0if YisinKandcY Oil Y (-e, 0,0, ...,0).Thelast

implies c0 0. If c0 0, we define x c, i 0, n; if c0 0, we
define x c/co, i O, n; in either ease, the conclusion is vMid.

7. Proof of theorem under supplementary hypothesis. The inequality in
Corollary 6.11 can be put into more convenient form with the help of the
functions

i= 1, ,n, o < < h.(7.1) x() x,>, (h)?(),
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By (5.20), these stisfy

(7.2) hi(t,) x, i 1, ...,n.

We lso define

(7.3) ),o(t) o xo, to _-< =< t.

Le v be a variation (c, , It). If we replace the Y(v) in Corollary 6.11
by their definitions in Defirfition 6.2, and in. the result replace (tv) by
its value as given, by (5.22), (1 the. make the substitutios (7.1.), (7.2),
(7.3) ad (4.5), we obtain

{[(o)(Oe/OXoi) + i(to)]o + [(o)(Oe/Ox’) i(t)]i’}
i=1

(7.4) + c {[f(z0(r), r, , X(r), r] o[F(zo(r), r,,X(r)), r]l dr

0.

As a firsg result, by choosing go be any relaxed control wigh eompae
support, cgobe0, and tt ((0,0, 1,0) gobe any memberofE’ (el.
(.2)), we obgain conclusion (vi) of heorem 4.7 provided, ghag hypoghesis
(5.1) is sagisfied.

Suppose here is a ag which X0, X, X. all are 0. he eoeeiens of
xi in (7.1) are ghe elements of ghe produeg of ghe nonsingular magriees

(h) and (), so ghey form a nonsingular magrix. Hence ghe only solugion

of (7.1) ag is x x 0. Wigh (7.g), ghis implies ghag x0,

x are all 0, which is false. So conclusions (i) and (ii) of Theorem 4.7 hold.
From (7.1) and (5.20),

(7.5) X(t)’(t) xa(t), h 1,...,n, t0 t.
i=l

The functions re absolutely continuous, since they satisfy (5.19).
Hence the elements of the inverse mtrix are ulso bsolutely continuous,
and by (7.1) so re the . By differentiating (7.5) we obtain for ulmost
all t,

(dh/dt)’(t) + (t)(d(t)/dt)} O.
i=l

For the last fctor we substitute its wlue from (5.19), then multiply by
(t) and sum on h; the result is

d/dt + (t)F(t) 0.
i=1

Therefore, the X gatisfy Theorem 4.7 (iii).
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Now let, ul, u., u3, be countable set of points dense in U. For each
postitive integer m and each in [to, tl] we define

(t) mi F(xo(t), t, u, (t) ).
j=l," ,m

Ech of the m functions of named in the righ member is continuous, so
p is also continuous. If we let A denote the set of those points in [t0, tl]
for which

(7.6) ,(t) F(xo(t), t, u, ),(t) ),

we see that every point of [to, tl] is in at least one of the sets A, and the
A are closed. We define

Dx Ax,D2 A2 A, ,D A. [AxU UA,_].

These are disjoint and measurable; their union is [to, t], and

(7.7) (7.6) holds on D.

We now define a function U, by

U,(t) u for in D, k 1, ...,m.

This is bounded and measurable. If we define 9E,[4), t] for all continuous
by

(7.8) m[, t] (Um(t));

this is a relaxed control with bounded support. Now we apply (7.4) to the
variation (1, 9E, 0) and obtain

(7.9) I[F(x0(r), r, u, X(r)), ] Eo[F(x0(r), u, X(v)), vii dr >= 0.

But each in [to, tl] is in some D, and for this/ we have by (7.8), (7.9),
nd (7.7),

9.[F(xo(t), h(t), u), t] F(xo(t), t, u h(t)

,,.(t).

Hence (7.9) yields

(7.10) g(r) dr i)o[F(xo(r), r, u, X(t)), r] dr.

As m increases, g(t) is nondecreasing for each t, and by (4.6),

(7.11) lim t(t) M(xo(t), t, ),(t)).
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By the monotone convergence theorem, (7.10) implies

(7.12) M(zo(r), r, X(r)) dr ->- N;o[F(zo(r), r, , X(r) ), r] dr.

But for all (,
x(t)), so

9o[F(xo(t), t, u, (t) ),t] _-> M(xo(t), t, k(t) ).

Hence (7.12) can hold only if

(7.13) 9o[F(xo(t), t, u,

for almost all in [to, t].
Let be a point at which (7.13) holds, and let U. be the subset of U

on which the function

(7.14) F(xo(t), t, u, ),(t) M(x(t), t, (t) ), u in U,

vanishes. This function is continuous
U Umi,. Since the 90-mean of the function (7.14) is 0, no point of
U U. can be in the support of 0. So (7.14) vanishes on the support
of 0, and we have established Theorem 4.7(v).

8. Removal of the supplementary hypothesis. Now we turn to the proof
of the theorem without the added hypothesis (5.1). The device used is to
construct a new problem in which (5.1) holds, but the values of the function
e to be minimized are the same as in the original problem. The sets and
functions entering in the new problem will be denoted by affixing an
asterisk (superscript or subscript) to the corresponding symbol for the
original problem, with two exceptions that will be indicated.
The set U* consists of those points

(8.1) u, u, u,

with u in U and w equal to 1/2 or to . As indicated in (8.1), we use u and
w as alternate names for (u, u,r) and u,r+l respectively. The set
B* will consist of all points

(8.2) X$ (X$1, X$n-l) (X: t)

of Rn+i such that x (x, x,) is in B and (that is, x,+1) isreal.
The symbol t,, with or without other affixes, will denote a real number.
The set E, in R+ will consist of all points (X,o, t,o, x,, t,1) with (x,,

x,) in E and

(8.3) t,o to,o, t.1 tl,(.

The set E,’ will consist of all vectors (P,o, 0, ,, 0) with (,, ,)
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(o, to, 1, r) in E’. This evidently stisfies (4.4). To show that it satisfies
(4.3), let (,o,, 0, ,1,, 0), z 1, s, belong to E,’. Then the vectors
(o.,, to.,, 1,, r,) are in E’; with the corresponding functions Xo., To,,
X., TI. of (4.3), we define

X,..(z) (X..(z), T,.(z)), a 1, 2,

T,o,,(z) T,,(z) O.

Thus the functions (X,0,, T,o,, X,I,, T,I,) satisfy the requirements
(4.3) for the new problem.
For each point of E, we define

e,(x,o t,o x, t,) e(x,o x,)
(8.)

e(xo to, x t.).

The analogues of f, ff will be denoted by g, g+ (the asterisk
notation would be typographically inconvenient); they are defined by

(8.5)
g(x,, g(x,. t,t,,u,w)

wf(x, t, u), i 1, n 1,

in the last of which we understand that

(8.6) fn+i(x, , U) 1.

(These are independent of t, .)
The definitions of relaxed control, trajectory, generalized curve and ad-

missible generalized curve are unchanged except in notation. The class of
admissible generalized curves will be called if*; a generalized curve C*

(OK*, x,(. ), It,’, t,"]) is in if* if and only it (x,(t,’), t,’,,, x,(t,’), t,")
is in E, (which requires in particular t, t,o t0.0 and t, t, to.o),
and the equations

OK*(s.7) x,(t,) x,(t,o) + [g’(x,(o-), o-, u,),
,0

are satisfied. Since, by (8.5) and (8.6), the last of these is

(8.8) x,’+(t,) t(t,) t(t,o) -- *[w,z] dz,
,0

nd the lower and upper bounds of w on U, are 1/2 and - respectively, we
see that t(t,) is Lipschitzitm, with,

(8.9)

Given now a generalized curve C* (OK*, x,(. ), [t,0, t,l]) We define a
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corresponding generalized curve

(8.10) C J(C*)
for the original problem. Define

(8.11) to-- t(t,o), t--- t(t$1)*

by (8.9), the function t(t, has an inverse function (t,(t) to <= <= tl)
t(t,(t)) t, to <= <=(8.12)

We now define

(8.13)
and

(8.14)

u(t) x.(t.(t)), to <- <- t,, i , ..., n,

9qZ[O(u), t] t,’(t)i)*[wdp(u), t,(t)]

wherever the right member has a meaning; on the set of measure 0 on which
t, (t) fails to exist we replace it by, say, Dt,’(t).
The operator defined by (8.14) clearly has the linearity and posi-

tivity requirements of 1; and if (t, u) is continuous and of bounded
support on R X U, w4)(t, u) is continuous and of bounded support on
R X U*, so 9V(,[(u, t), t] is a measurable function of t. Also, by (8.8) and
(8.12),

[1, t] t,t(t) *[w, t,(t)]
t," (t)t’(t,(t))

=1

for almost all t, so is relaxed control.
By (8.13), (8.12), (8.7), (8.5), (8.17), (8.14), and (8.13), for

i= 1,...,n,

y’(t) =. (dy’/dr) dr

(8.15)

itx, (t,(t))t,’(t) at

t,o

t,o

x,"() d

*[wf’(x(), t(), u), ] d

lZ*[wf’(x(t,(r) ), r, u), t,(r)] (tit,/dr) dr

9Z[f’(y(r), r, u), r] dr,
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so C (91Z, y (.), [to, tl]) is a generMied curve. Since C* is in if* (x,(t,o)
t,o x,(t,1), t,) is in E,, so (x,(t,o), x,(t,1) (y(to), to, y(h), h) is in
E; therefore C is in if, and by (8.4),

(8.16) e*(x,(t,o), t,o x,(t,), t,) e(y(to), to, y(h),

Now with the N’Co and Xo(. of the minimizing generalized curve Co we
define a generalized curve Co*"

x,o(t,) xo’(t,), x+o(t,) t,,
(8.17)

o,o < . < h,o i= 1, n;

(8.s) o*[,(u,), t,] 0[{(u, 1/2) + (u, )}/2, t,].

Then Co* is easily seen to be a member of if*, and its image, by (8.10), is

J(C0*) Co.
In particular, by (8.4),

e,(x,o(t,o), t,o X,o(t,), t,)

e(xo(to,o), to.o, Xo(h,o), h,o)

emin

so C* minimizes e. on *. With Co* the analogue of (4.2) is verified directly,
being merely a notational change of (4.2). Also, hypothesis (5.1) holds for
the new problem, so all the conclusions reached in the earlier part of this
proof are valid for Co*.
We denote by Xo*(t.), X*+(t.) the multipliers of conclusions (i),

(ii), (iii) of Theorem 4.7, and we define

X(t) h*(t), i 0,1,---,n, t0.0-<_ =<_ h.o.

Then Theorem 4.7 (i) holds, and the analogues of the equations in Theorem
4.7(iii) for X*, X* imply by (8.18) the equations as ritten in (iii).

If we define M*(x,, t., k*) by the analogue of (4.6), by I heorem 4.7 (v)
we find that for almost all in [to.o, h.o],

(8.19) X,*(t)wf"(xo(t), t, u) M*(x,o(t), t, X*(t))

must hold for all (u, w) in the support of 91Zo*[., t]. Since the equation
91Zo[1, t] 1 implies that the support of .lZo[., t] is not empty, there is
point Uo in the support. But then, by (8.18), both (Uo, 1/2) and (uo, 3/2)
are in the support of lZ0*[., t], so (8.19) holds for both of these. This is im-
possible unless the coefficient of w is 0; so

(8.20) * X*M (X,o(t) t, (t)) 0 for almosall in [to.o, h.o].
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By definition, the right member of (8.19) is the infimum of the vlues of
the left member for all u in U, and f+ 1. Since w > 0 on U*, (8.19)
nd (8.20) yield for almost ll t,

(8.21) (t)f(xo(t), t, u) --),+(t),

equulity holding if u is in the support of o So for almost all in [to,o, t,o],
by (4.6),
(8.22) M(xo(t) t, ),(t) *-+(t).

Therefore, in the last of the equations in Theorem 4.7 (iii) for the new prob-
lem (i.e., the equation for hn*+) we my replace ),+1 by --M in the left
number for almost all t, obtaining the equation in Theorem 4.7 (iv) or
such t. If U is compact, the left member of this equation is continuous, so it
holds .for all in [t0,0, h,0]. [Otherwise, by (7.11) nd the sentence before it,
the left member of the equation is upper semicontinuous, so for all the left
member is at least equal to the limit of M(xo(t’), t’, p(t’)) as t’ > over
the set on which the equation holds, and this limit is the same as the value
of the right member t t.] Hence Theorem 4.7(iv) is established.
The functions , h, stisfy the homogeneous differential equations

Theorem 4.7 (iii), so if h0, (t), (t) were all 0 t any point, they
would be identically 0. Then at any point at which equality holds in (8.21),
}o* ),n+(t) would 11 be 0. This is known to be flse, so (ii) holds
Since (i) is merely the transcription of the known inequality for the mini-
mizing generalized curve Co*, the proof is complete.

III. FURTHER STUDY OF MINIMIZING GENERALIZED CURVES

9. Another necessary condition. In the preceding chapters we found
conditions under which an optimal relaxed-control problem has solution,
and conditions stisfied by such solutions. It is clearly desirable to find
conditions under which solutions exist that possess better analytical proper-
ties, and the most obvious such property is that of being an ordinary curve,
instead of generalized curve. We shll prove a theorem that under suit-
able hypotheses guarantees somewhat better conclusion, nmely, that
for ech generalized curve satisfying the conclusions of Theorem 4.7 (in
prticular for each minimizing curve), the ordinary curve which is the
trajectory of the generalized curve is also admissible and gives the same
value to the expression to be minimized.

In preparation for proving this theorem we introduce a name for set
already discussed, nd we prove another necessary condition.

For ech set of numbers ,1, h,., ech x in B and ech
rel number t, S(x, t, ) is defined to be the set of 11 u in
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(9.1) U at which F(x, t, u, ) (cf. (4.5)) attains its minimum
value M(x, t, k). [When U is not compact, this set, may be
empty.]

We shall use an abbreviation for a lengthy expression that occurs several
times in the following sections.

For all x in B, real, (k0, ),n) in R+1, u and u0 in U,(9.2)
we define

D(u; x, t, uo

Ft(x, t, Uo, ),) F(x, t, Uo, )f(x, t, u).

We shall say that

a mean-value operator
(x, t, ),) if the support of is contained in S(x, t, ), and
for all u0 in S(x, t,(9.3)

i)[D(u; x, t, u0, ),)] 0

is satisfied.

We can now show that every generalized curve satisfying conclusions
(i)-(v) of Theorem 4.7 will also satisfy the following condition, which is
weak analogue of the Dresden corner condition [25], [12].
THEOREM 9.4. Let Co (o, Xo(. ), [to,o, tl,o]) be a generalized curve satis-

fying conclusions (i)- (v) of Theorem 4.7 with multipliers 1(t), ) (t).
Then for almost all in [to.o, tl,o] the mean-value operator o[’, t] satisfies
condition D at (Xo (t), t, (t) ).
There is a subset A of [to,o, tl,o], consisting of almost all in the interval,

such that if is in A, the equations in Theorem 4.7 (iv), (v) hold and the
integrals in (iii), (iv) have derivatives equal to their integrands. Let to
belong to A, and let Uo be in S(xo(to),to,h(to)). The function
F(xo(t), t, Uo, k(t) t(t) is continuous on the t-interval, and by definition
of t and M (see Theorem 4.7 (vi) and (4.6)) is nonnegative almost every-
where, hence everywhere. At to it vanishes by Theorem 4.7 (v), and since
to is in A it is differentiable, so its derivative must be 0. By (1.11), Theorem
4.7 (iii) and (vi), this implies that the equation in (9.3) holds at
(xo(to), to, k(to)), and establishes the theorem.

10. Conditions ensuring the existence of an. ordinary optimal control.
We can now state and prove the theorem discussed at the beginning of 9.
TEoE 10.1. Let the generalized curve Co ()T0, x0(. ), [t0,o, tl,o]) satisfy
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conclusions (i)-(v) of Theorem 4.7 with multipliers hi(t), h,(t). Assume
that for almost all in It0.0, tl,o], to each mean-value operator satisfying
condition Dw (cf. (9.3)) at (xo(t), t, h(t) there is a point ul(t) in U such
that

(10.1a) [fi(xo(t), t, u), t] fi(xo(t), t, ul(t)), i 1, n.

Then there is a measurable function u.(t), to,o <= t,.o such that

(10.1b) o[fi(xo(t), t, u), t] f(xo(t), t, u2(t)), i 1,..., n,

for almost all t, and x Xo(t) is a trajectory corresponding to the control u2( ),
and the value of e corresponding to this trajectory is the same as that corre-
sponding to Co.
The statement about e is a trivial consequence of the other conclusions,

since the value of e corresponding to Co is e(to,o, Xo(to,o), h.o, xo(tl,o)), and
this is unchanged if we replace Co by the ordinary curve x Xo(. ).
In order to prove this we use a generalization [15] of a theorem of Filippov

[5]. This generalization has the following corollary.
COROLLAnY 10.2. Let Q be a closed subset of a finite-dimensional space, Aa

afinite-dimensional space, andA a Lebesgue-measurable set. Let It: Q --> Aa be
continuous and y: A -- Aa measurable. If for each in A there is a v in Q
such that y(t) k(v,), then there is a measurable function v.(t), in At,
with values in Q such that y k v in A

Let A be R+, and let Q be the set of points (x, t, u) with x in B, real
and u in U; this is closed. Let A, be the set of points in [t0,0, t.0] for which
(10.1a) is satisfied; then A is almost all of the interwl. We define the
function k: Q -+ Aa by setting

k(x, t, u) fi(x, t, u), i 1, n,

(10.3) k(x, t, u) x-, i n + 1,..., 2n,

k+(x, t, u) t.

Then/c is continuous on Q. For all in A we define

y (t) t, u),

By 1, this is measurable. Now for all in A, the equations

y(t) t(xo(t), t, ua(t) ), i 1, 2n + 1,

are satisfied; the first n are a transcription of (10.1a), and the last n -t- 1 re
trivial. So, by Corollary 10.2, there is a measurable function w." A1 -- Q
such that

(10.5) y(t) ]c(v(t)), i 1,..., 2n + 1.
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If we denote the point v2(t) ()f Q by the alter.native symbol (x2(t), t2(t),
u(t)), by (10.3), (10.4) and (10.5) we find for i 1, n,

i’6[f(xo(t), t, u), t] f(x2(t), t.(t), u2(t) ),

o[Xo(t), t] z2 (t),

o[t, t] t(t).

By the last n + 1 of these equations, re(t) is identically t, and x2 is identi-
cally x0 so the first n equations take the form (10.1b).

It remains only to define u:(t) to be an arbitrary point of U for in
It0,0, ti,0],A to obtain a function u2(.) with all the desired properties.
COROLAaY. If the u(t) of Theorem 10.1 also satisfies

.o[F.(xo(t), t, u, X), t] F(xo(t), t, u(t), ), i 1,..., n,

the X also serve as the multipliers with which the ordinary optimal control u(.
satisfies the conclusions of Theorem 4.7.
We need only augment (1.0.3) by including theF among the components

of k.

11. Generalization of the Dresden corner condition. The Dresden "cor-
ner condition", for problems of the calculus of variations, is a condition
satisfied by the right and left derivatives of a minimizing curve of class D’.
Much of the role played by derivatives in classical calculus of variations is
taken over by controls in control theory, so we define a relaxed-control
analogue for right and left derivatives.

Let C: (i), x(. ), [to, tl]) be a generalized curve, and t’ a number such
that to t’ < tl. Then

an operator ;’ on C0[U] is a right limit of 9E[., t] at t’
exists u sequence of numbersprovided that there
t’(11.1) t > t > t > .-.--+ such that for every function

in C0[U],

(ll.la) lim ( ’)- YlZ[(), -] dr

Left limits are analogously defined, with 6 < < < "’"-- ’.
If U is bounded, right limits and lefg limits are mean-value operators,

sinee we may choose --- 1. [If U is unbounded this may be false; we ob-
tain only 0 _-< N;’[1]-_< 1.]
COROLLZ 11.2. For almost all t’ in [to, h], [-, t’] is the unique right

limit and the unique left limit of 9[., t].
Let 4)1,0., Ca, be a countable dense subset of Co[U]. For each lc the
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function

1 1.3 JE[(u), r] dr, to <- <= h,

is Lipschitzian, so except on a set N of measure 0 its derivative exists and
is equal to the integrand. Discarding the union of the N leaves a subset A
of (t0, t,) with measure tl to on which (11.3) has derivative equal to its
integrand for all k. If ’ is a right limit of N;[., t] at a point t’ of A, by
(11.1a) we have

[(u), t’] :’[@(u)], k 1, 2, 3,..-

Since the are dense in Co[U], 9[-, t’] and 9’[. are identical.
LEMA 11.4. Let Co (o, Xo(.), [to,o, h,o]) satisfy hypotheses (i)-(v) of

Theorem 4.7 with multipliers o, h(t). If ’ is a right or left limit of
o[-, t] at t’, the support of ’ is contained in S(xo(t’), t’, h(t’) ), and

(11.4a) F(xo(t’), t’, Uo, X(t’) t(t’)
for all Uo in the support of 91Z.

[If N;’ has empty support, that is, if )rC[] 0 for 11 4, the conclusion is
trivial. So we assume that the support is not empty.] To be specific, suppose
that NZ’ is a right limit. Let A be defined as in the proof of Theorem 9.4,
and let t, ta, be as in (11.1). Let u0 be in the support of NZ, and let V
be any [bounded] neighborhood of u0 in U. There exists a function: U -- R,
nonnegative [and of compact supportl on U, vanishing outside V, and posi-
tire at u0. Then ’[] > 0, so for all large h, by (11.1),

f o[, ] d > o.

Therefore there is point t’ of the set A between nd t t which Eo[6, t’]
> 0, nd so must be positive t point u/of the support of o[’, t’].
But then u’ is in V (since (u’) > 0), nd

F(xo(t’), t,’, uh’, X(t’)) (t,’) 0

by Theorem 4.7 (v), (vi). We can choose a subsequence (we keep the same
notation) of the u/that converges to a limit u. Then

F(xo(t’), t’, u, X(t’) t(t’) O.

Since u is in the closure of V, we can next choose a sequence of neighbor-
hoods of u0 contracting to u0. Then u tends to uo, and (11.4a) is satisfied.
By Theorem 4.7 (iv), u0 is in S(xo(t’), t’, X(t’)).
L 11.5. Let C: (Z, x(. ), [to, h]) be a generalized curve, t’ a number

such that to <= t’ < h, and JlZ’ a right limit of rc[., t] at t’ (with t ta as in
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(11.1)). Let ((x, t, u) x in B, real, u in U) be continuous. [Assume that

(11.5)

there is a set Ao consisting of all (x, t) with x in a neigh-
borhood of x(t’) in B and in a neighborhood of t’ in
[to, t], and a continuous function G: U --+ R such that 1
and are of slower growth than G uniformly on A0, and
the following numbers are bounded:

- rt(11.5c) ’[(x(t’), t, u)] lim (t )[(x(r), r, u), r] dr.

[If U is bounded this is trivial; for then @(x(r), , u) tends to @(x(t’), t’, u)
uniformly on U as t’, so the right member of (11.5c) is unaltered if we
replace by t’ in the integrand, and in this form (11.5) is merely (11.1).

If U is unbounded, without loss of generality we ussumc @ 0. For euch
positive integer q, with the pq of (1.7) we define

(, t, u) (u)(x, t, u),

und we let C be n upper bound for the bsolute values of the quantities
(11.5b). If e > 0, for ll large q the inequality

.(x, t, u) a(t, u)

holds for ll (x, t) in A0 nd ull u in U, by (2.6). Thus the expression

t’)-( [(z(), , ), ]

converges o he corresponding expression wih in place of 4, uniformly
in h. As h , i ends o ’[4(z(’), ’, )], by ghe previous proof. Since
we ean interchange ghe order of he limig processes,

lim ’[(z(’), , )] lim (- ’)- [(z(), , ), ]

By definigion, ghe lefg member of ghis equagion is ’[(z(), ’, )]; ghis

eompleges ghe proof.l
he nex heorem is a generalization of the Dresden corner condition.
To 11.6 Le 0: (0, z0(.), [0,0, h,0]) aifg concluion (i)-(v)

of Theore .7 wih mliplier X(), X(). Le ’ be a mber ch
o,o N ’ < ,o. [Aeh here i positive wmber and cube W in R
ch ha if ’ < < rain (h,,, ’ + ), he uppor of g0[’, ] i contained

Then

(11.5b) (t- t’)- )v[G(u), ] dr, t’ < -<_ t.]
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in W.] Then for every right limit OZ’ of iff;0[., t] at t’ and every Uo in S(xo(t’),
t’, X t’ it is true that

(11.6a) i)’[D(u; xo(t’), t’, Uo X(t’) )] _-< 0.

An analogous statement holds for left limits )’ of 0[’, t] at t, the left
member of (11.5a) being then _>- 0.
By Theorem 4.7 (iii), if Xl(t), X, (t) all vanish at any t, they are

identically 0, and the conclusion is trivial. We therefore suppose that they
are not all 0 at any t.

Let A be as in the proof of Theorem 9.4. For each ia A we then have,
for all u0 in U,

d
0[D(u; xo(t), t, Uo k(t) ), t] [(t) F(xo(t), t, Uo, X(t) )].

The function in square brackets is absolutely continuous, since t, x0 and X
are indefinite integrals and F is Lipschitzian on the set of values in
question. It is never positive, by Theorem 4.7 (iv), and by (11.4a) it

t’vanishes at t’ if u0 is in S(xo(t’) t, ()) So if < th _<- tl,0,

(11.7) 91Zo[D(u; xo(r), r, no, X(r)), r] dr <- O.

For r in the closed interval [t’, t’ -- ] and u in U [if U is bounded, or
in U W in the unbounded case], D(u; Xo(r), T, Uo, X(r)) is uniformly
continuous. Hence

It th
lim (t, t’) -* 91"o[D(u; xo(t’), t’, no, X(t’)), r] dr

(11.8) th-t’

t’)- f,lira (th )0[D(u; x0(r), r, u0, (r)), r]
th-..t

By (11.7), the right member of (11.8) is nonpositive. But by proper choice
of the t, the left member of (11.8) is the left member of (11.6a), establish-
ing the conclusion.

[Remarl. The hypothesis concerning the cube W can be replaced by the
weaker hypothesis that the fi, etc., are majorized by function G of faster
growth as in the hypotheses of Theorem 4.7, and that the indefinite integral
of 0[G, t] has a finite derivative at . However, the added generality does
not seem to justify the added effort, which all resides in generalizing (11.8) .]

12. Right and left derivatives. We now establish a theorem in which
both hypotheses and conclusions are stronger than in Theorem 10.1.
THEOREM 12.1. Let Co (9Eo, Xo(. ),[to,o, h.o]) satisfy conditions (i)-(v) of

Theorem 4.7 with multipliers Xl(t),..- (t) not all identically O. [Assume
that there is a cube W in R and a positive such that is in [to,o, tl.o] and
I[ x xo(t) II <-- and X(t) <- , the set S(x, t, X) is contained in
W.] Assume that to each t’ in [to,o, h,o] there corresponds a point u(t) of
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S(xo(t’), r, (t’) with the following properties: a mean value with support
contained in S(Xo (t’), {, (t’) satisfies
(12.1a) ’[D(u; xo(t’), t, Uo, h(t’) )] __< 0

for all Uo in S Xo t’ t’, h t’ if and only if
(12.1b) ’[(u)]
for all functions in Co[U]. Then for each t’ such that to,o -< t’ < tl.o, the
functions Xo and have right derivatives at t, and these satisfy

Xoi’(t’+) fi(xo(t’), t’, ur(t’)),
(12.1c) ,’(t’+) --F(xo(t’) t, ur(t’) k(t’))

t (t’+ Ft(xo(t’), t, u(t’), k(t’) ).

The function u(t), to.o <-_ <= tl,o, is measurable, and is an admissible con-
trol. The functions Xo(.) are a trajectory corresponding to this control, and the
conclusions of Theorem 4.7 are satisfied with this trajectory and the same multi-
pliers .

Consider first t’ such that to,0 =< t’ < tl,o. Let t2, t3, be a decreasing
sequence of points of the interval with limit t’ let) 4)., be a countable
dense subset of C0[U]. By the diagonal process we can select a subsequence
t, 1, , of t., t, such that for each lc,

lim (t t’ )-1 )014)(u),r] dr

exists. The limit then exists with replaced by any in Co[U], and it is
clear that the limit is nonnegtive linear functional of 4). We call it
Then by (11.1), r is a right limit of o[’, t]. By Lemma 11.4, its support
is contained in S(xo(t’), t’, k(t’)); by Theorem 11.6, inequality (12.1)
holds. Also, with - 1 [on W],

’[1] lim (t t’)-I Ylo[1, z] dr 1.

Hence by hypothesis, (12.1b) must hold. Now by the same argument as
used in proving (11.8),

f’(xo(t’), t’, u(t’) ’[f’(xo(t’), t’, u)]
t

lira (t {)-1 o[f(xo(t’), t, u), ] dr

lim (t {)-1 NZo[f (z(r), r, ), rl dr

lim (t t’)-(zo(t)
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Since this holds for an arbitrary sequence t, t, decreasing to limit t’,
the right deriwtive of x0 at t’ exists and stisfies the first equation in
(12.1c)). The other parts of (12.1c) re similarly established.
By Theorem 9.4, for Mmost all in [t0.0, t.0] the mean-value operator

0[’, t] stisfies condition D, and therefore satisfies (12.1). Its support
is contained in S(xo(t), t, (t)) by Theorem 4.7 (v), so by hypothesis, for
lmost all we have

(12.2) 0[(u), t] (u(t))

for all in C0[U]. The limit process by which this is extended to other con-
tinuous is a triviality; (12.2) holds for all continuous 4. In particular, if
j is one of the numbers 1, r we can take (u) tan- u. The left mere-
ber of (12.2) is measurable by (1.10); by (12.2), tan- u’(t) is measurable.
Itence u(. is a measurable function, and since its values are in U it is an
admissible control. The other conclusions follow from this and (12.1c).
COnOLLhnY 12.3. If the hypotheses of Theorem 12.1 hold under the changes

that the symbol u is everywhere replaced by u, and the inequality sign in
(12.1a) is reversed and t’ is assumed to satisfy t0,0 < t’ <= t.o then x, t* and

have left derivatives at t’, satisfying the (amended) equations (12.1c).
The proof is the same apart from obvious changes.

13. Examples and remarks. We now consider an example, essentially the
same as that in [3, p. 484], which will serve both to show how Theorem 10.1
applies when enough convexity properties are present, and to show how the
apparently more general case in which the domain of the control variable u
varies with x and can be incorporated in the preceding theory.
We shall assume that for each x in R and each in R the set U(z, t) is

a closed subset of r-space R, and furthermore that the set M of all (x, t, u)
with x in Rn, in R and u in U(x, t) is a closed subset of R++r. As be-
fore, E is a closed set in R:+, and f(x, t, u), if(x, t, u) are defined
and continuous for x in R, in R and u in R. An (ordinary) curve
u u(t), x x(t), to <= <= t, is admissible if u(t) is in U(z(t), t) for al-
most all t, and (1.1) holds, and the ends (x(t0), to, x(tl), t)) are in E. In
the class of admissible curves we seek one which minimizes

(13.1) e(x(to), to, x(t), t) q- (x(r), r, u(r)) dr.

To this optimal-control problem there corresponds an optimal relaxed-
control problem as in 1. We first assume that it is possible to find a mini-
mizing sequence whose trajectories all lie in a bounded closed subset A of
(x, t)-space. We also assume that there is a continuous function O(z),
0 _-< z < m, such that (z)/z-- as z-+ m and

(..3.) f(x, t, u) >- ( u[
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for all (x, t, u) with (x, t) in A and u in U(x, t). Without loss of generality
we may assume _-> 0. Otherwise, let c be the minimum of ; if we replace
by c, f0 by f0 c and e by e + c(tl to), the quantity (13.1) is

unaffected. Also without loss of generality we may assume that (13.2)
holds for all x, t, and u. Otherwise, we replace f(x, t, u) by
( ul + f(x, t, u) ( u 1. This does not decrease (13.1) on any
curve, and leaves it unchanged for all admissible curves with trajectories
in A. We now add the following assumption.

(13.3) fl, fn are all of slower growth than uniformly on A.

From the closedness of M it follows that there is a continuous (even an

infinitely differentiable) function h(x, t, u), x in R, in R1, u in Rr, such
that

(13.4) 0 <= h(x,t,u) <= 1 i’orall x,t,u,

and

(13.5) h(x,t,u) 0 if and only if u is in U(x,t).

We now transform this problem into one of the type previously consid-
ered, but in which there are n + 2 space variables (which we call yl
yn+2) nd r + 1 control variables (which we call v, vr+). Since we
often wish to return to the lower-dimensional spaces, we use the symbol
x(y) to denote the projection (y, y) of y, and u(v) to denote
(v1,..., v). V(y, t) will denote the set of all points v with u(v) ia

U(x(y), t). Admissible curves will be those that satisfy the differential
equations

(13.6)

where we define

( fy t) y(to) + ’(y(), , v())

(x(y),t,u(y)),g(y,t,v) f
(13.7) g+(y, t, v) f(x(y), t, u(y)) -t- [vr+l],

g+2(y, t, v) h(x(y), t, u(v) ),

and the end conditions

(13.8)
(x(y(to)), to, x(y(tl)), t) in E,

y+(to) y+(to) O, yn+(t) <= O.

We seek to minimize

(13.9) e(x(y(to) ), to, x(y(t) ), t) - y+(t)

in the class of admissible curves, assuming that class to be nonempty.

i- 1, ,n,
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If we change this to a relaxed-control problem we find that all the hy-
potheses of Theorem 2.7 are satisfied; as replacement for G(u) we can use
4([u(v) + [vr+l]2, and then hypothesis (b) of Theorem 2.7 (iii) holds
forj n - 1 and (a) holds for the other values ofj. Therefore, by Theorem
2.7, a minimizing generalized curve (0, y0, [t0.0, tl,0]) exists. Since
gn+2 h -> 0, (13.8) implies

o[h(x(y(t) ), t, u(v) ), t] 0

for almost all t; for such t, we must have h(x(y(t)), t, u(v)) 0 for all
v in the support of 0, which implies that (v, vr) is in U(x(y(t) ), t)
for all such v. Moreover, for almost all the support of 0 must lie in the
hyperplane vr+ 0. Otherwise, we would define ’ to be the mean-value
operator

’[(v), t] ;0[(v, vr, 0), t].

This would decrease y’+(t) and the quantity in (13.9) without changing
anything else, which is impossible since (;0, y0, [t0.0, t.0]) minimizes
(13.9). We have therefore found a solution of the relaxed-control problem
corresponding to the problem stated at the beginning of this section.

This, incidentally, includes as a special case the Bolza problem of mini-
mizing (13.1) (or, rather, its relaxed-control analogue) in class of arcs
satisfying a collection of differential equations and inequalities

(13.10) (x, t, 2) O, (x, t, 2) -< O,

if the and arc continuous. For if f(x, t, u) u, i 1, n, and
(13.2) holds, so does (13.3); and if we denote by U(x, t) the set of x with
which (13.10) holds, the set M (second paragraph) is closed, so ll our hy-
potheses are satisfied.

It remains to find conditions under which the minimizing generalized
curve is an ordinary curve. We define

(13.11.) },0 Xi X.+.I 0, X,.+. 1.

Then F(y, t, v, ) h(x(y), t, u(v) ), and the set S(y, t, ),) on which this
ttains its minimum is V(y, t). With these multipliers conclusions (i)-(v)
of Theorem 4.7 are easily seen to be satisfied. (Note that F nd Ft vanish
on the support of 0, since F has its least value 0 at such points.) An
lmost brutal way of restricting the possibilities for )T0 is to add the follow-
ing hypothesis.

For ll (x, t), the set in R+1 consisting of all points
(13.12) (z, z) such that z _>-_ f(x, t, u), z f(x, t, u),

i 1, n, for soIne u in U(x, t) is a convex set.
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This is equivalent to the following.

For all (y, t), the set Q(y, t) in R+1 consisting of all
(13.13) points (z1, ..-, z+) such that z g(y, t, v),

i 1, n - 1, for some v in V(x, t) is convex.

Let be a mean-value operator satisfying condition (Dw) (cf. (9.3))
with multipliers (13.11) at a point (y, t). Then the support of [., t] is
contained in V(y(t), t), and the point with coordinates

(9[gl(y(t), t, v), t], 9[g’+(y(t), t, v), t])

is the centroid of points in the convex set Q(y(t), t). It therefore is itself
in Q(y(t), t), and by definition there is a v in V(y(t), t) such that the
equations

[g(y(t), t, v), t] g(y(t), t, v), i 1,... n -- 1,

are stisfied. This holds also for i n + 2, since in this case both members
of the equation are 0. This shows that the hypotheses of Theorem 10.1 are
satisfied, so there is a minimizing ordinary control yielding the sme tra-
jectory y0(t), or (reverting to the original notation) x(t).

Convexity properties were decisive in the preceding example. We con-
sider another example lacking such properties. We take n 2, r 1,
U [-1, 1], and for simplicity we write u instead of u. We assume that
f depends on u only andf on x and u only, both being continuously differ-
entiable for all u in [-1, 1] and all x1. The problem is to find u(t) and x(t)
satisfying (1.1) and the end conditions

to x(to) x(to) o,
(13.14)

t >= O, x(t) O, x(t) 1,

for which t is minimum. We assume that there is at least one curve satis-
fying these conditions. On any minimizing sequence the values of t are
bounded, sy < T; since f(u) has a finite upper bound M and x vanishes
at0 and t we hve x(t) =< MT/2, which in turn implies that If(x, u)
and x(t) are bounded. So (2.3) holds, and by Theorem 2.7 there is
minimizing generalized curve (0, x0(" ), [0, tl]).

It is not necessarily true that an optimal ordinary control exists. For
example, Filippov has shown [5] that if

(13.15) f(x, t, u) (u), f2(x, t, u) b(u) + (x),

where (u) u, (u) u and (x1) -(xl), no such. control exists.
However, we shall now show that the optimal relaxed control is ordinary
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provided that the following condition is satisfied:
For all (x, t) and for all distinct points u0, ul of [--1, 1],

(13.16a) fl (x, t, u0) 0,

(13.16b) fl(x, t, Uo)fi(x, t, ul) fl(x, t, ul)f(x, t, Uo) O,

the values of u for which fl(u) is maximum are all < 0
(13.16c)

or else are all >0, and likewise for the minima offl(u).
(This is satisfied in the special case (13.15) if (’ is nonvanishing and is
strictly monotonic.)
To prove this, let X0, l(t), X2(t) be multipliers with which conclusions

(i)-(vi) of Theorem 4.7 are satisfied. Then

(13.17) dXl/dt --X20[fl(X, t, u), t], dX2/dt O.

The constant X2 cannot be 0. If it were, Xl would also be constant by (13.17).
This constant ),1 could not be 0, for then the minimum value (t) of F
would be 0, and by Theorem 4.7 (vi), X0 would be 0, contradicting (ii). Nor
can 1 be a nonzero constant, for then by (13.16c) the set S(x, t, X) at
which F Xlfl(u) assumes its minimum is all >0, or else is all <0,
so that 21 is always >0 or always < 0, which is incompatible with (13.14).
The function D of (9.2) simplifies to

D(u; x, t, Uo, ),) -),2fl(x, t, uo)fl(x, t, u) + X2f(x, t, u)fl(x, t, Uo),

SO by Theorem 9.4 we know that for almost all t, the equation

(13o18) --X2fl(X0(t)t, U0)21(t) Xl(t)fl(xo(t), t, Uo) 0

holds for all u0 in S(xo(t), t, k). Since k2 # 0, and (13.16a) holds, ,l(t) # 0.
So if u0, ul are both in S(Xo(t), t, k), (13.18) and its analogue with ul in
place of u0 have a nontrivial solution. But by (13.16b) this is impossi-
ble if u0 ul. Hence for almost all the set S(xo(t), t, k) contains only one
point, which we call u(t). The support of N0 is contained in S(xo(t), t,
hence is u(t) alone, and for all continuous (u) we have

(13.19) 0[0(u), t] dp(u(t)).

So the optimal relaxed control is in fact an ordinary control. (Alternatively,
we can refer to Theorem 10.1, since (13.19) implies (10.1a).)
As an example of a conditioned problem in. classical calculus of variations

we consider the problem of minimizing

(13.20) {[(?)) 112 + y} dt

in the class of absolutely continuous curves y y(t), -1 N _-< 1, satis-
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fying the end conditions y(-1) y(1) 0 and the isoperimetric condi-
tion

(la.21) () d b (> 0).

In eonrol noagion, we define

fl(xl, x2, x t, U) U,

f2(xi, x2, x t, U) U2,

f’ (x, x, x, t, u) (u 1 ) -t- x,
to- --1, t 1,

Xo (0, O, 0), Xi O, X b,

e(to, Xo, t, Xi) XI3.

It is easy to see that all curves satisfying (13.21) (i.e., x0 0, x b)
lie in bounded set, sy x =< K, [xl __< K, [xl =< K. Conditions (4.1)
und (4.2) re satisfied if we tke G(u) u K. If we make the triviel
change of replcingf byf + K and e by e 2K, the hypotheses of Theorem
2.7 re stisfied, so gn optimal generglized curve Co (0, x0(. ), [- 1, + 1])
exists; it stisfies the conclusions of Theorem 4.7 with multipliers 0, l(t),
),(t), h(t). By Theorem 4.7 (iv), t(t) is constant, und by (iii),

(13.22) 1 -, 0, .( 0.

By (vi),

[0 (+1)] => o

for ll 13, so the (constant))3 is equal to )0. If 0 0, by (13.22),
,1 re constants, nd F lu -[- 2u2; for this to ttin minimum ny-
where we must hve 2 > 0, and then S(x, t, ) consists lwys of one single
point, independent of x and t. Thus x is liner, nd since it wnishes at -1
nd 1 it is lways 0; this is incompatible with (13.21). So 0 0, and
we hve 0 3 1.
Now

Hence

):F (c t)u + u -+-I(u 1 -t- x}.

OF/Ou (c t) -t 2hu -t- 4(u 1)u,

0:F/Ou 2h -t- 12u: 4.
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If X. _>- 2, this last is nonnegative; S(x, t, X) always consists of one point,
and the hypotheses of Theorems 10.1 or 12.1 are trivially satisfied; there
is an optimal control which is ordinary and continuous. If X. < 2, there will
be one single value of + c, namely 0, for which F has its minimum at two
distinct values, ul (>0) and -ul, of u. For > c, S(x, t, X) contains only
one point, which is a value of u greater than u for c d > t, S(x, t, X)
contains only one point u, and this is <-Ul. So the isoperimetric problem
has a solution which is an ordinary curve made of two C’ arcs meeting at a

corner. By choice of c and X., we fit the end conditions.
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OPTIMAL STATIONARY CONTROL OF A LINEAR SYSTEM WITH
STATE-DEPENDENT NOISE*

W. M. WONHAM

1. Introduction. Consider the linear control system described by the
formal, vector stochastic differential equation

(1.1)

In (1.1), u is the control and )1 )2 are independent Gaussian white noise
disturbances. The elements of the matrix G are assumed to be linear in x;
and so the term G(x)w2 represents a disturbance of which the intensity is
roughly proportional to the deviation of x from the origin x 0. Equiva-
lently, the disturbance can be regarded as a wideband random perturbation
of the system matrix A.
Now consider the problem of choosing a feedback control u if(x) such

that, in the steady state, the expected quadratic cost

(1.2) {x’Mx + u’Nu}
is a minimum. If G(x) 0, the solution of this problem is well known [1],
[2]. Under mild restrictions the optimal control always exists and is a linear
function of x which is independent of the intensity of the additive dis-
turbance C1. In the present article it is shown that an optimal control
exists for the more general system (1.1), provided the state-dependent
noise G(x)2 is sufficiently small. The optimal control is again linear, but is
now rather critically dependent on the coefficients of G. Examples are pro-
vided to show that instability may result if this dependence is ignored.
The problem is stated precisely in 2; the proof of existence is given in

3 and 4; and some examples studied in 5 and 6. We conclude with some
remarks on the interpretation of (1.1) and discuss alternative optimization
problems which are closely related.

2. Statement of the problem. To make (1.1) precise we assume that x is
an n-vector with stochastic differential

(2.1) dx Axdt Budt + Cdwl + G(x) dw..

* Received by the editors June 15, 1966, and in revised form November 7, 1966.
[ Division of Applied Mthemtics, Cener for Dynumicl Systems, Brown Uni-

versity, Providence, Rhode Island 02912. This research was supporte.:l in part by the
National Aeronuutics and Space Administration under Grnt NGR 40-002-015, in
part by the Office of Aerospace Research, United States Air Force, under Grnt AF-
AFOSR-693-66, and in part by he Nationul Science Foundation under Grnt GK-967.

This paper will lso appear in Proceedings of the First All-Union Symposium on

Statistical Problems in Technical Cybernetics (in Russian), Moscow, 1967.
A precise interpretation of (1.1.) is given in 2.
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Here and below, all vectors and matrices have real-valued elements; A, B
and C are constant matrices of dimensions n X n, n X m and n X dl re-
spectively; G(z) is an n d2 matrix given by

(2.2) G(x)

where the n X d2 matrices G are constants. It is assumed that (A, B) is
controllable, and that CC’ is positive definite" that is, dl _-> n and C is of
rank n. The latter assumption obviates fussy discussion about possible
degeneracy of the ergodic measure introduced below. Finally, w and
are independent Wiener processes of dimension d, d respectively.

In the following, E denotes Euclidean n-space; a prime (’), the transpose
of a vector or matrix; and I" I, the Euclidean norm" for a matrix F,

llF l’l l 11.
In (2.1) let u (x), where is defined on E and satisfies a uniform

Lipschitz condition

(2.3) 14(x) 4(Y) -<- /c Ix Yl, x, y E.

With this choice of u, (2.1) becomes a stochastic differential equation of
ItS’s type [3]"

(2.4) dx(t) Ax(t) dt B4)[x(t)] dt --1- C dw_() -t- G[x(t)] dw(t).

If x(0) is a random variable independent of the w, w2 increments, then
(2.4), defined for => 0, determines a diffusion process

X lx(t)’t >= 01.
Diffusion processes are discussed extensively in [4]; a brief summary can
be found in [5].

Of interest here is the ease when X is positive recurrent (for the defini-
tion of this term, see [5]). Under this condition it is known that there exists
a unique ergodie probability measure defined on the Borel sets of E: that
is, if the distribution of x(0) is , then so is that of x(t) for all > 0.
Let be the class of admissible control functions 4, with the properties:

(i) 4 satisfies (2.3) for some constant
(ii) X is ergodie;
(iii) the corresponding ergodie measure is such that

(2.5)

Now define

(2.6) L(x, u) x’Mx -t- u’Nu,
where M, N are constant symmetric positive definite matrices of dimensions
n X n, m X m respectively.
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Our problem is the following: find a control 40 which is optimal in
the sense that

80{L(x, 40)} min [8o{L(x, )} : ].

3. Existence of an admissible control. In this section it will be shown
that is nonempty provided the matrices Gk of (2.2) are sufficiently small.
This result will follow from the stability theorem stated below.

Let V V(x) be of class C(2) on E and let denote the elliptic operator

2V(x) =-- 1/2 tr {C’V(x)C -t- G(x)’V:(x)G(x)}
(3.1)

+ (Ax Bu)’V(x)"
In (3.1), tr denotes trace, V the vector [OV/Ox] and V the matrix
[OV/OxOx]. The operator , obtained by setting u (x) in (3.1), is
the differential generator of Xo (see [4]).
The following theorem is un immedinte consequence of (2.6) nd

Theorem 4.1 of [6].
TIEOnE 3.1. Let (x) satisfy (2.3). If there exist a function V(x)

of class C() on E, and a positive number ) such that

(3.2) V(x) --and

(3.3) 2oV(x) <-_ ) L[x, (x)], x E,

then
To pply the theorem, set

(3.4) )(x) Kx,

(3.4b) V(x) x’Px,
where K, Pure constnnt m X n, n X n (respectively) mtrices, to be de-
termined so that

(3.5) V(x) h L[x, (x)], z E.

Let F(P) be the symmetric n X n mtrix with elements

(3.6) [F(P)]k tr (Gk’I-’G).

Then a brief calculation shows that (3.4) determines a solution of (3.5) if
and only if

(3.7) ) tr (C’PC)
and

(3.s) r(P) --t- (A BK)’F -t- P(A BK) + M -t-- K’NK O.
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By our assumption of controllability, K can be chosen so that all eigenvalues
of the matrix A BK have negative real parts. With K so chosen, the
following lemma shows that (3.8) has a unique positive definite solution P
provided klGk 12 is sufficiently small. This together with Theorem 3.1
implies that .
LEMMA 3.1. If Q > 0 and A is stable, the equation

(3.9) r(P) q- A’P + PA + Q 0

has a unique solution P > 0 provided

(3.10) d. (= G ) fo tA tAe e dt

Here and below P > 0 (>=0) means P is positive definite (semi-
definite); P1 > P2 means P1 P > 0, etc.

Proof. Equation (3.9) is equivalent to the equation

(3.11) P R + T(P),

where

R fo ea’Qet’dt

(3.12) T(P) eta’F( l:" )etadt.

We observe that P(P) is a linear function of P and I’(P) >= 0 if P => 0;
it follows that T(P) has the same properties. Define

P R, P+ R + T(P), , 1,2,....

The sequence P is monotone nondecreasing; it is bounded if, for some
0 (0,1) and allP >= 0,

(3.13) T(P) <=
if (3.13) holds, it follows by a result on positive operators (e.g., [7, Theorem
1, p. 189]) that the matrix

P lira P,

exists; nd P >= R > 0. If (3.10) holds, T is actually a contraction; thus
(3.13) holds, and P is unique. The proof is complete.

This fac is esily proved by inspection of the cnonicl form for (A, B) obtained
in [14].
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Define

inf f et(A--BK)’8tfA-BK) d
K

Thus, for some K, (3.8) has a (unique) solution P > 0 provided

(3.14)
k=l

4. Existence of an optimal control. It will be shown that an optimal con-
trol 0 exists whenever (3.14) holds, and that 0 is linear. We use dynamic
programming nd the well-known method of approximation in policy
spce [8]. This pproach ws suggested by the work of Howard, who studied
similar problem for Murkov chains [9]. The result depends on the following

optimality theorem.
THEOREM 4.1. Suppose there exist o , a function v(x) of class C()

on E, and a positive number ), with the following properties:

(.1)

(4.2) 2oov(x) + 5[x, O(x) ), x E;

(4.3) 2v(x + L( x, u) >= ) for every m-vector u, x E.

Then o is optimal. Furthermore,

(4.4) 0(L(x, )I.
Combining (4.2) and (4.3) we obtain the appropriate version of Bell-

man’s equation:

(4.5) min 3v(x)

To prove Theorem 4.1 we need the following lemma.
LEMMA 4.1. Let X be a diffusion process determined by (2.4), with dif-

ferential generator 2 and ergodic measure . If v( x) is a function of class C(’)

such that

then

s,l[ (x) + Ix II v(x) + Ix l=l v(x)11 < ,

(v(x)l o.
A proof is given in Appendix 1.
To prove Theorem 4.1 observe that if then, by (4.2) and (4.3),

) 3ov( x -ff L[x, (x ], x E.
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Taking expectations with respect to on both sides, and applying Lemma
4.1, we obtain

X <-_ lL(x, )}.
Again by Lemma 4.1, (4.2) implies

h 80{L(x, 60) },

and the result follows.
To compute an optimal control we seek a solution of Bellman’s equation,

in the form

xPx.(.) v(x)

Substitution shows that (4.5) holds if and only if P satisfies (3.8), with

(4.7) K N-1B’P.
The control determined by (4.5) is

(.s) ,(x) Kx.

We show next that (3.8) and (4.7) can be solved for a unique positive
definite matrix P. For u 1, 2, -.., let P be a solution of (3.8) with
K K, and define

NBP.(4.9) K+I -1

By Lemma 3.1, we can choose K1 so that P exists. It will be shown that
if K2 is defined by (4.9), then P2 exists and 0 < P2 =< P1. Write v,(x)

x P,x, 4, Kx and , (). It can be verified directly tha.t (4.9)
is equivalent to the condition

(4.10) +lv(x) -}- L[x, +(x)] -<_ ,v(x) + L(x, u), x E,

for all m-vectors u. That is, +1 is determined by the minimizing operation
(4.5) applied to v. Setting 1 and u 1(x) in (4.10), and using (3.8),
we see that

-Q =-- y(P) + (A BK)’P + P(A BK2) -t- M + K’NK2
(.)

<-0.

Write A2 A BK. Since P > 0 satisfies (4.11), it follows (by a stand-
ard Liapunov theorem) that A is stable. Hence,

f,(4.12) P et’4 [M + gNK --t- F(P1) + Q]et: dt.
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Now P is to be determined by (3.8) with K K, or

(4.13) P f0 etA2’[M + K2’NK + F(P.)]e’A dt.

As in the proof of Lemm 3.1, we solve (4.13) by successive pproximations.
Setting P() 0, we hve

P() fo etA’(M + K’NK)etA dt

=<P1;

and similarly P() __< P, 2, 3, .... Since the P() are nondecreasing
and bounded,

(4.14) P. lim

exists and satisfies (4.13). Thus P <= P, and M > 0 implies P. > 0.
It is not asserted that the solution of (4.13) is unique; however, we may

now proceed by induction and define

P lira P() 1,2, ....
In this way we obtain a sequence {P} with 0 < P+ =< P. Then

P lira P,
(4.15)

K N-B’P
exist and satisfy (3.8) and (4.7).

(x) Kx,

x Px,(4.16) v(x)

tr (C’PC).
Theorem 4.1 will be applied to show that if0 is optimal. By construction,
0 stisfies (4.2) nd (4.3). Furthermore, if then (2.5) nd (4.16)
imply the truth of (4.1). The existence of 0 is now established.
We observe that 0 is unique in the cluss of lineur controls; for if is

nother optimal linear control and ,, / ure the corresponding quantities
determined as before, then by (4.4), , , nd by (4.16),

(4.17) tr (C’PC) tr (C’PC).

Since/, P are independent of. C, (4.17) holds for all C, and from this it
easily follows thnt P P. Uniqueness of is a consequence of (4.7).

Define
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5. Example 1. The following artificial example is of interest because it
illustrates the qualitative dependence of the control law on the intensity of
the state-dependent noise. Let

dx=axdt-budt-t--cdwl+glxldw2, i= 1,.-.,n,

L(x, u) IX[ lUl’.
II1 (5.1) the matrix G(x) g lxlI is not linear in x (el. (2.2)); nevertheless,
because of the rotational symmetry, the methods used above apply equally
well here, and (3.8), (,4.7) become

g2(trP)I zc (aI bK)’P -t- P(aI bK) -t- I -t- K’K O,

K bP.

This gives P pI, K bpI, and X np, where

p (2b2)-l{2a -ng -t-[(2a -t-ng) -t- b]l
nb-g, g .

For large g, (x) nb-gx, and the optimal control depends rather critically
on noise intensity.
Now suppose that for some k, u (x) lcx in (5.1). Solution of (3.5)

and application of (4.7) yield

nc( 1 + It:) [2(blc a) ng:]-:
provided

(5.3) b/c a > ng/2.
If this inequality fails (i.e., control is not sufficiently vigorous), then in-
stability results, in the sense that either X+ -t- or X+ is not defined" that
is, X is no longer ergodic. Using the methods of [5] one can show that
X is ergodie (i.e., exists) if and only if blc a > (n 2)g/2.

6. Example 2. State-dependent noise and instability. The example of
this section illustrates the fact that an admissible linear control need not
exist if the intensity of state-dependent noise is sufficiently large. Let

(6.1) A ( ), B= (01) G(x) +2/( x_ x)X2 Xl

where v > 0 is a constant; thus P(P) v(tr P)I.
We first show that, for the present example, (3.8) and (4.7) have a posi-

tive solution P if and only if < 1. Let K (k, 12); then A BK is
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stable if and only if/cl > 0,/2 > 0. If (3.8) has a solution P > 0, then A
BK is stable; thus

(6.2)

where

and

P R q- T(P),

R fo et(A--BK)’ M ’t-" K’NK)et(x-BI) dt

(6.3) T(P) ,(tr P) fo et(-l:)’et(A-:) dt.

Denote the integral in (6.3) by S. Computation yields

inf(trS’lcl> 0,1c> 0) 1,

and the infimum is not attainable. Then

P >= T(P) >=
(, tr P)(tr S)

> 7"(tr P)S, , 2, 3, ...,
and necessarily , < 1.

--1On the other hand, if , < 1 there exist ]Cl > O, 2 > 0 such that tr S < ,
and then

P T(’)(R)> 0
.-0

exists and satisfies (3.8). Thus the construction used in 4 succeeds if and
only if , < 1.
Next we show that no admissible linear control exists if 7 > 1. For this

we need the following instability theorem, the proof of which is given in
Appendix 2. Let X be a diffusion process determined by (2.4), with dif-
ferential generator 2:; let .L(x) >= 0, and H61der continuous, x E; and let
V(x), V(x) be a pair of real-valued functions with the properties:

(i) for some r < , V, V. are defined and of class C(2) for Ix > r;
(ii) there is a sequence {x,} with ]x --* such that V(x) -- +(iii) V(x) > 0, ]xl > r;

(iv) l max {V(x)" x o}
0;

p* rain {V(x): x o}
(v) V(x) >= 0, ogV.(z) _-< L(x), Ixl > r.
THEOREM 6.1. (Instability). Suppose X is positive recurrent, with ergodic

probability measure . If there exist functions V V2 with properties (i)-(v),
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then

IL()I +.
To apply the theorem in the present case, let L(x) Ix and suppose, > 1. We choose V2(x) 0 x 12 for suitable 0, 0 < 0 < 1; clearly this is

possible. More critical is the choice of V1 :let

V(x) [Q(x)]q,
where Q(x) Q(x, x2) is a positive definite quadratic form, and 0 < q < 1.
To find suitable Q and q, observe that

2V(x) - 1/2" xl tr V + 1/2 tr (C’VC) + x’(A BK)’V.
Suppose first that A BK is stable. We choose Q so that

x’(A BK)’Q(x) --I x ]2.
Write Q(1, 0) -t- Q(0, 1) tr Q. Computation yields inf {tr Q:k > O,
k2 > O} 1, and

,Vl(X) q ix 12Q(x) q-1 [ Qx(x)] J(q- 1)
Q(x)

-t-trQ- 1

+ o(I x i-), ix I- .
Q being a positive quadratic form, we find

sup
Q(x)l < 4 tr Q,
Q(x)

so that 2V(x) >= 0 for xl sufficiently large if

(tr Q)/2(q- 1) + 1/ 1 > 0.

Setting q (3 + -)/4, we have satisfied all the conditions of Theorem
6.1.

Finally, suppose A BK is not stable. Then integration of the stoch,stic

differentia], equation

dx (A BK)xdt -t-" C dwl + G(x) dw2

yields

8/[ x(t)l2} >= tr e(-z:)CC’e"(-’)’ d -- , --
and the control (x) Kx cannot be admissible for any value of ,.
To conclude this section we remark that the boundary case

parently presents difficulty to application of Theorem 6.1, and will not be
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discussed at; present. Our purpose has been t,o show tha linearly sate-
dependent noise of sufficient intensity may make sabilization by linear
control impossible, regardless of the choice of control parameters, even if
the pair (A, B) is controllable in. the usual sense. Although this result is
not surprising, the situation deserves more deailed study than will be given
here.

7. An alternative interpretation of (1.1). It is worth emphasizing that
the choice of It5’s equation (2.1) as a precise version of (1.1) is somewhat
arbitrary. We shall discuss briefly n alternative ersion of (1.1) which
may be more approprite in engineering applications. Equation (1.1) is a
purely formal equation since the "derivatives" d, do not exist. In writing
(1.1), we usually have in mind a physical system perturbed by noise with a
power spectral density which is essentially constant within the frequency
passband of the system. However, total, noise power is presumably finite,
and th.is fact is overlooked in adopting the precise model (2.1). Thus the
question arises whether the diffusion process determined by (2.1) ade-
quately reflects the properties of the physical random process of which (1.1)
is a rough description. This question hs been discussed in precise fshion.
by Stratonovich [10], [11], and by Wong and Zakai [12]. It turns out that
the proper It6 equation to associate with (1.1) will depend on what
definition is adopted of the formal stochastic integral

(7.1) J Jo G[x(t)](v(t).

Let {t} be a partition of the interval. [a, b]. On the basis of results of [10]-
[12] it is natural to adopt for (7.1) the definition

J 1.i.m. G[x(t)-t-2x(t+)l[w(t+) w(t)]

as max, (t+l t,) -- 0. Let us now suppose that x(t) has the Ira stochastic
differential

dx(t) f(x) dt nu G(x) dw,

where G(x) Igor(z)]. Then it can be shown [10] that

(7.2) J ax[x(t)].a[x(t)l dt + G[x(t)] dw(t),

where the second integral in (7.2) is an It5 stochastic integral, and Gx. G
s the vector with ith component

This result means that an lternative natural interpretation of (1.1)
is that the process x(t) has the It6 stochastic differential
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(7.3) dx lAx Bu q- 1/2Gx(x).G(x)]dt q- C dw. q- G(x) dw2.
Equation (7.3) differs from (2.1) by the presence of an. additional drift
term contributed by the coefficient of the state-dependent noise.

Suppose that G(x) has the form (2.2). Then (7.3) can be written

dx xdt Bu dt q- C dwl q- G(x) dw,

where is modified system matrix with elements

k,l

and g is the (i,/c)th element of G. After this modification the discussion
of 2-5 remains unchanged.

In light of this discussion consider again Example 1. Here G(x) g x I,
nd

hus d I + (/)I, n.d the previous results hold with this replee-
men. With he new model,

O(x) (n + 1)b-gx, g

that is, the optimal control gain is somewhat higher than previously.
Suppose next that u 4(x) lcx. Then (cf. 5) X, < if and only if

b/ a > (n q- 1)g2/2.

Comparing this result with (5.3) we see that the choice of mathematical
model may be critical in an assessment of the stability properties of the
physical system of interest.

8. Alternative problems. A variety of linear regulator problems with
linearly state-dependent noise can be discussed by methods similar to the
foregoing. If the index of performance is expectation of a quadratic func-
tional, and if no a priori bound is placed on magnitude of the control vector,
then in general the optimal control (when it exists) is linear in x and de-
pends on noise intensity.
To mention one interesting variant, let

(8.1) dx Ax dt Bu dt + G( x) dw,

and consider the problem of minimizing

{f0 t}(8.2) G [x(t)’Mx(t) q- u(t)’Nu(t)] d

If u (x) and (0) 0, then (8.1) admits the null solution x(t) =- 0
(see, e.g., [13]). The functional (8.2) is finite provided x 0 is globally
asymptotically stable in an ppropriate sense. By slight extension of the
methods of [13], one can show that X is stable if nd only if a continuous
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function V(x) exists such that"
(i) v(x) >0, x0, v(o) =0;
(ii) V(x) -- -4- as Ix[ --(iii) V(x) <= -] x 12 x O.
Call admissible if X is stable. Just as in 3, we find that 4,(x) Kx

is admissible if (3.8) has a positive solution P, and this is so whenever
G(x) is restricted by the inequality (3.14). Under these conditions the
optimal linear control is determined exactly as before.

Appendix 1. Proof of Lemma 4.1. Let 3 denote expectation on the
paths of X when x(0) x E. Let > 0 be fixed and write

w(x)

We show first that w exists a.e. [u] and

(A1.1) 8{ w} 8,,{ v}.

If v is a simple function, (AI.1) is obvious. If v >= 0 and v are simple
functions with 0 <_- v " v, then

Wn(X)

is measurable and w ]" w. By monotone convergence,

g,{w} g,,{lim w,} lim

lim g{v,} 8,{ v}.

The general result follows by applying the argument to the positive and
negative parts of v.
Now let v be of class C(2) and of compact support. By the ItS-Dynkin

formula [4],

a. a ev[x(s)]d a,,{s{v[x(t)] v(x)}l

Since v[x(s)] is bounded and almost surely continuous (in s) there
follows, by dominated convergence,

{8,{v(x)} , 8.lim
kt$0

lira 8,

0.

In general, suppose v(x) satisfies the integrability condition of the hypothe-
sis. Then for any > 0, there exists a smooth function O(x) of compact
support such that
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that is, g,{v(x)} < e.

Appendix 9.. Proof of Theorem 6.1. It is assumed that X is a diffusion
process determined by the stochastic differential equation (2.4); in par-
ticular, X satisfies the hypotheses made in [5] and [6]. For brevity we use
freely the methods and notation of [6].
LEMMA. Let D c E be a normal domain with boundary Y and let ’r be

the first time the path x(. hits F. A necessary and sucient condition that

8 L[x(t)] d < , x E- D,
is that the equation

-L(z), x E D,

have a smooth positive solution u( x in E D.
Proof. The sufficiency was proved as Lemma 3.3 of [6]. To prove ne-

cessity let D n 1, 2, be a sequence of domains as in [6, Lemma
3.3], and put

u(x) 8 L[x(t)] d x D-- D,

where r min t:x(t) F F, x(O) D D}. Since
n , with probability 1, there follows

u,(x)ru(x) Sx L[x(t)] d x E

Since the u(x) stisfy 2u(x) --L(x), x D , u(x) O,
x F U I’n, it follows (see [6, Proof of Lemm 3.1]) that u(x) 0 hus the
required property.
Combining this result with that of [6, Lemm 3.2], we huve that

3,{L(x)} ( if nd only if there exists smooth positive solution of

 u(x) -L(x), xl > r,

for some r . The proof of Theorem 6.1 is completed by showing that no
positive solution of (A2.1) exists, nd follows lmost verbutim the proof
of [5, Theorem 4].

Acknowledgment. I am indebted to Dr. J. G. Heller for useful discussion
of this problem.
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AN ITERATIVE PROCEDURE FOR SOLVING THE TIME-OPTIMAL
REGULATOR PROBLEM*

TOSHIO FUJISAWA AND YUTAKA YASUDA

1. Introduction. This paper is concerned with the computationM aspects
of the time-optimal regulator problem for linear dynamical systems with
amplitude constraints. The nature of this problem has been theoretically
made clear by LaSalle [1] and Pontryagin [2]. Several iterative procedures
for computing the optimal control have been developed [3]-[8]. In this
paper, a new solution method, which is iterative and suitable for digital
computers, is supplied with proof of convergence. The procedure does not
depend on any subsidiary conditions, for instance, normality or regularity.
The only restriction is that the system under consideration is controllable
in a sense defined later. Moreover, exponential coItvergence of the main
routine is assured under a fairly general condition.
Throughout this paper it is assumed that the motion of a linear dynamical

system is described by the vector differential equation

(1.1) 2(t) A(t)x(t) + B(t)u(t),

where x is the n-dimensional (column) state vector, u is the r-dimensional
(column) control vector, A (t) is u continuous n X n matrix, and B(t) is a
continuous n X r matrix. It is also assumed that every component of the
control vector function u(t) is a Lebesgue-measurable function of time
and the constraints to which the control vector is subject are of the form

(1.2) lug(t) =< 1 for almost every t, i 1,2, -.-,r,

where u(t) is the ith component of the control vector function u(t). The
set of ll r-dimensional measurable vector functions which satisfy the
constraints is denoted by U.
Denoting the fundamental n X n matrix of (1.1) by X(t), and the

product X-l(t)B(t) by Y(t), the solution of (1.1) with initial condition
x (0) x0 is given by

(1.3) x(t, u) X(t) Xo + Y(-)u(-) dr

The time-optimal regulator problem to be considered in this paper may

* Received by the editors August 12, 1966, and in revised form April 17, 1967.
Faculty of Engineering Science, Osaka University, Toyonaka, Osaka, Japan.

This work was supported in part by the Japan Ministry of Education under Grant-
in-Aid for Institutional Research 91325.

Reportedly Barr [9] obtained a similar iterative procedure independently of the
present authors.
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be stated as follows" Given an initial state x0, find the shortest possible
time t* for which x(t*, u*) 0 (null vector) for some u* U. Since the
fundamental matrix X(t) is nonsingular, the optimal time t* is the shortest
possible time for which the following equality holds for some u U:

(1.4) x0 f0 Y(r)u(r)dr.

For every fixed >- 0, a subset S(t) of the n-dimensional Euclidean space
E is defined as follows:

(1.5) S(t)= x x= Y(r)u(r)dr for some u

The fundamental properties of S(t) are summarized as follows [1].
THwoE 1. The sets S(t) satisfy the following properties:
(P.1) S(t) is a compact (bounded, closed) convex set in E,,
(P.2) S S t’ whenever > t’

(e.3) max, ca(t) (7, s) (7, f0 Y(r) s [Y(r),] dr)

].
(P.4) S(t) (J0_t,<tS(t’), the closure of the set union of sets S(t’) for

O<__t<t.
A system is called controllable with respect to the initial state x0 if there

is at least one control satisfying the constraints (1.2) which brings the
system from the initial state x0 to the origin in some finite time. In the
subsequent two sections the controllability with respect to the given initial
state will be assumed. The following existence theorem has been given by
LaSalle [1].
THwon 2. The optimal control exists if the system is controllable, and

then the optimal control is of the form
(1.6) u*(t) s- [Yr(t)n*], 0 =< =< t*, n* .0.

Geometrically speaking, the vector 7" in (1.6) is the outward normal
vector of a supporting hyperplane of S(t*) passing through --x0, which is a
boundary point of S(t*).

2. An iterative procedure for finding an optimal control. According to the
discussion in the preceding section, the time-optimal regulator problem

For n, s E., (, s) and n denote the inner product and the norm in E., re-
spectively, and [ denotes the special norm

_
[ !- Superscript T stands for

transpose and the equality sgn s for sgn s*, i 1, 2, ..., n, where sgn s
1 if s 0, -1 if s < 0, and sg--H s is an arbitrary value in [-1, 1] if s 0.
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can be reduced to the following (for notational simplicity, let a denote
-x0 hereafter):

Problem. Given a 0 in E,, find t* such that a S(t*), a S(t) for
any 0 <= < t*, and 7" such that

(2.1) (/*,a-- s) >= 0 for any s S(t*),
under the controllability assumption, a U0tS(t).

Starting with to 0 and v0 0, one cycle of the iterative procedure
consists of two steps as follows (see Fig. 1).

Procedure. At the kth cycle, time tk is given such that t =< t*,
and 0 -< t’ < tk implies a S(t’).

Step 1. Find the point v S(t) such that

(2.2) l[a--vll =< Ila-- sll for any s S(t).

If a v II o, let t t*, a v_ * and the iteration terminates.
If otherwise, go to Step 2.

Step 2. Find the smallest time t+ ( > t) such that the following equality
holds:

(2.3) (a- v a) [t+ Y()(a v)l dr.

One migh find the determination of the point v rather difficult. This is
the problem of minimizing the quadratic form (a s, a s) on the com-
pact convex set S(t) defined by (1.5). The existence and the uniqueness
of the minimum is evident. An iterative procedure for finding the point v
is now available (see [11]-[14]). The procedure generates a sequence
{vk.} in S(t) such that v. --. vk as n -- oo, and the control sequence {u}
corresponding to {vk.} as has been described in [11]-[14] (see 4).

FIG. 1. One cycle of the iteration in two dimensions
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By (2.2),

(2.4) (a v, v) max (a v, s).

This means that the vector a v, if it does not wnish, is the normal
vector of the supporting hyperplane of S(t) passing through the point
v. Assuming a v 0, one obtains, by (2.4) and (P.3) of Theorem 1,

(2.5) (a- v, a) > (a v, v) Y’(r)(a- v)l dr.

Since the system has been assumed to be controllable, there is a finite time
T > 0 such that a S(T). Therefore,

T

(2.6) (a-- v,a) <= max (a-- v,s) ] [Yr()(a v)id.
,0

Based on the relations (2.5) and (2.6), orm can eusily conclude that
finite time t+ (>t) is uniquely determined. Whermver 0 <- t’ < t+,
a

_
S(t’) becuuse of the minimality of t+, nd herce t+l =< t*.

The case of a v 0 and a v_ 0 is now considered. In this
case, the value t has been determined to be the minimum of t for which
the following equality holds"

(2.7) (a- v-, a) Y(r)(a v-t)l dr max (a-v-,s).
sEZ(t)

Therefore, it is easy to see that t* and a v__
Now the convergence of the procedure is demonstrated.
Proof of convergence. It suffices to prove t -- $* and v --+ a, provided that

the iteration does not terminate in a finite number of cycles. Let e be a
unit vector defined by

(a-v) k= 0,1,2,...,

and let m+ be a point of S(t+l) for which

(2.9) (e, m+) max (e, s).
ss($+)

Then from (2.3) and (2.4),

(2.10) (e, m+) (e, a)
and

(2.11) (e, v) max (e, s).
sES(t)

Using (2.10), (2.11) and the property (P.3), we obtain
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(2.12)

a va -<- (t+ t) max Y’(r)e !.
0<’<_t*

The maximum value on the right-hand side of (2.13) does exist, and the
value is an absolute constant independent of k. Since the sequence {t} is
monotone increasing and bounded according to the controllability assump-
tion, the difference t+ t converges to zero as k , and hence,
a v also converges to zero as k . This implies the convergence

of t to t*.
It is shown below that any point of accumulatioa of the sequence {e}

can be used as v* of inequality (2.1). Therefore, if there exists one and only
one v for which (2.1) holds, then e converges to the value
Let {e,} be a converging subsequence of {e} such that

(2.14) lira e, e*.

It suffices to show that

(2.15) (e*, a) >= (e*, s) for any s S(t*).
The negation of the statement (2.15) implies that there can be found
point s S(t*) for which

(2.16) (e*,s --a) e>0.

There exists a positive number N such that n >= N implies ekn e*
-<- e/(3{I] s- a -e/3}). Then there exists a point s’ S(tr’),
N’_>_ N, such that s < e/3, according to the property (P.4).
Therefore,

(2.17) (ek,,s’- a) (e*,s- a)

s’-a)+(e* s’+ e*,
Applying Schwarz’s inequality, (2.17) reduces to

which contradicts the relation (eN, s a) -<_ 0.
So far the iterative procedure has been considered under the assumption

of controllability. If the system is uncontrollable with respect to the given
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initial state, that is, a @ U,_>_0 S(t), the iterative procedure may fail at
Step 2 by the fact that no finite value of tk+l can give the equality (2.3).
Then one can recognize that the system is uncontrollable with respect to
the given initial state (see Fig. 2). The iterative procedure, however, may
continue indefinitely without failures even in the uncontrollable case. In
this case it can be shown that the sequence {tk} monotonically increases
without bound and the sequence of points {vk} converges to a uniquely
determined point a* in the convex set [J,>=0 S(t) for which il a a* Ii
=< ii a s holds for any s [3o S(t). Thus it seems to the authors that
the iterative procedure itself has no ability to identify whether the system
is controllable with respect to the given initial state.
The iterative procedures of [3]-[6] have been maiD/y concerned with the

generation of the sequence of vectors k approximating the normal vector
to be found. The sequence of vectors {k}, in this paper, is given by the

sequence {a v} as has been shown above. The method due to Eaton [4]
and Pshenichniy [5] differs in Step 1 from the procedure described in this
section. Using Eaton-Pshenichniy procedure, the modified vector +1 is
any vector such that a hyperplane with normal vector /k+l can strictly
separate the point a and the set S(tk). The algorithm for this modification
of normal vectors may be simpler compared with the procedure described
in this paper, which necessitates the application of quadratic programming
procedure to give a uniquely determined w+l. However, the underlying
assumptions made in this paper are less restrictive" the system under
consideration does not need to be normal or regular. Philosophically, the pro-
cedure in this paper is similar to the geometrical, procedure given by Burr
and Gilbert [10] for the minimum fuel problem.

3. Exponential convergence. It is theoretically interesting and also
practically important to know the rate of the convergence of {t} to t* or
of {} to 7*. Fadden and Gilbert [8] showed that an appropriate choice of

F(. 2. Uncontrollable case ( () denotes
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certain parameters leads to the exponential convergence of {7} to 7 m
Eaton-Pshenichniy procedures [4], [5]. In this section, it is demonstrated
under a fairly general condition that the convergence of {t} to t* is ex-
ponential using the procedure described in this paper.
Without loss of generality one can assume that the vector 7" is a unit

vector, i.e.,

(3.1) I] 7" 1.

Therefore, applying Schwarz’s inequality it follows that

(3.2) (v*, a v) a v ].
The following inequality is almost sdf-evident:

(v*,a) (y*,v) (,*,a) max (,*,s)
(3.3)

max (,*, s)- max (*, s).

From the property (P.3) of Theorem 1, (3.2) and (3.3),

(3.4) a v ll yr(r)n, dr.

Now a sufficient condition is introduced to assure exponentiM conver-
gence:

(3.5) Y(t*),* o.
Due to the assumption (3.5) and the relation (3.4) one can conclude there
exists a positive number e > 0 such that t* t < e implies

(3.6)

Combining this with (2.13), we obtain

(3.7) t+
t*-t 2 max Yr(r)e"

Denoting the right-hand side of the above inequality by 0 it is clear
that 0 < 0 < 1. From this it follows that

t* tk+l_. 1- <-- 1- O,(3.8) t* t t* t

i.e., t* tk+l _-< (1 0)(t* tk). This conclusion assures that the sequence
{t} converges exponentially to t* in a neighborhood of t*.
The sufficient condition (3.5) is fairly general, and one can expect to
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have exponential convergence of {t} to t* almost always when applying
the iterative procedure proposed in this paper.
Dem’yanov [7] used an approach quite different from others [3]-[6].

Using his approach, one always has to keep a pair of time instants (t, t),
where t t* t and the error size t t is cut in half after each
iteration. Therefore, the convergence of {t}=,,... to the optimal time t*
is exponential. Difficulties may arise in trying to obtain an initial guess
about time t.

4. llumerical computation and an illustrative example. Theoretically,
an infinite number of iterations are necessary for determining the point
v in Step 1 of the procedure in 2 by the application of the quadratic pro-
gramming method [11]-[14]. Thus, there must be available a theoretical
and practical rule for deciding when one has to terminate the iteration and,
furthermore, there must exist a theoretical assurance of the convergence
of the modified procedure with this rule. The rule adopted here is identical
with the one given by Barr and Gilbert [10] for the minimum fuel problem.
For the purpose of verifying the validity of this rule for the procedure of
this paper, it is required to look into some details of the quadratic program-
ming method [11]-[14].
The method can be started with an arbitrary point Vo S(t) with

associated control u At the nth cycle, the point v,, S(t) is known
with associated control u. The one-cycle of the iteration consists of the
following two steps.

Step Q-1. Find a point w S(t) with associated control z such that

(4.1) (a-- v,,w) max (a-- v,s).

If (a v, w v,) 0, then let v, v, and the iteration terminates.
If otherwise, go to the following step.

Step Q-2. Find 0, 0 -<_ 0 =< 1, such that

Then le Vkn.tl (1 0)v + 0w and u,+ (1
and go back to Step Q-1.
From (4.1) nd (4.2), the following relutions my be esily derived

[]-[4].

(4.3) ]lv,-- vll Ila-- vll- Ila--v
(4.4) (a v, w v) -+ 0

Under the assumption of a v - 0, and for a positive number less
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than unity which is fixed in advance, there exists a positive iateger N such
that n >= N implies

Since a a v. for any n, it follows that for n >- N,

(4.6) (a vk, wk v) =<: # a vk 11.
Any point of the sequence {v=} ==,:...., which satisfies (4.6), can serve as
a good approximation to the point v. This is the rule meatioaed above.
Using (4.6), we obtain

(a v., a) max (a--v,s)
s(t)

(a vk, a) (a v1:., w)

(a v., a v.) (a v, w )

>= I[a-- vk,l]2- l[a-- vkll (1 )ila-- vll
which assures the application of Step 2 of the maia iteration to be possible.
Then, it is not difficult to reconstruct the proof of the coavergeace of the
modified procedure with the use of the approximations v instead of the
exact solutions v, provided that a

_
S(tk) for any k 1, 2, -... The

property of exponential convergence of the main iteration also remains
valid. The outline of the reconstructio is as follows. Inequality (3.4) holds
with vk replaced by v, and due to (4.6), one can derive for the substitutio
of (2.12),

(4.8) (1 t)ll a v, <= Y’(r

where e (a v,)/I a v. ]]. Using these relations, the proof of 2
and 3 can easily be reconstructed.

If a S(t) at the/th cycle of the main iteration, then t* t and
a v. In this situatio, there are two possible cases to be considered.
The first is the case where the minor iteration terminates with vk satisfying
(4.6). Then, Step 2 of the main iteration is applied, and this results in the
answer t+ t, which tells t* t. The second is the case where the
minor iteration continues indefinitely because no v satisfying (4.6) can
be found, and then v --, v a as n -- o. Regardless of which cse ac-
tually occurs, the optimal time t* t is obtained and the control asso-
ciated with vk, may be considered us u practicM answer. This completes
the proof of the vlidity of the adopted rule.
There is another important property which is of value for numerical

computation. The property is that the exact determination of t+ is not
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necessary. One may choose any value tk+l such that tk < t+l

_
t+ and

(4.9) Yr(r)(a v,.)] dr >= (a v,., aa -I- (1 a)v,)
for k 1, 2,

where a is a fixed number lying between # and unity (Is < a -<_ 1) and
v. is a good approximation to v. The nature of exponential convergence is
not violated. The proof of this, which is not described here, is not so diffi-
cult. The facts mentioned above can be successfully utilized to cut down
the machine time considerably.
As an illustrative example the system characterized by

(4.10) 8= (00 01) xA-(ll)u
is considered. Matrix (AB, B) is nonsingular and hence system (4.10) is

Also Y(-)=e-’B= (1 and yr()controllable in the ordinary sense.

/ A- /e-, and thus the system is normal. Moreover, for this system
analytical determination of S(t) and the solution of maximizing (/, s) on
S(t) may be easily derived.
The computational results are shown in Tables 1, 2 and Fig. 3. In (i) of

Table 1 and Fig. 3 are shown results of iterations for a controllable case
with respect to the initial state -a, where after four iterations the error
11 a v. I! was less than the preassigned 10-3. For this example, the result
of iteration of the procedure for minimizing a s on S(t) is shown in
Table 2 and Fig. 3. In (ii) and (iii) of Table 1 are shown the results for
uncontrollable cases. The iteration terminated in .five or three cycles, satis-
fying t+l tk <= 0.0001 in the case (ii) or >_- 20 in the case (iii), respec-
tively.

FI(. 3. Results of iteration, a (1.2, 0.55). (The marl X denotes v, and the mark
0 denotes v,, E S(1.84).)
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TABLE 1
Results of iteration

(i) a (1.2,--0.55)

Number of
Cycles Time

0.00000
1.83744
3.40427
4.01138
4.10831

State (vkl, vk2)

0.00000
0.83556
1.14715
1.19481
1.19978

O. 00000
0.05272

-0.38623
-0.52897
--0.54911

1.32004
0.70433
0.17208
0.02166
0.00091

(ii) a (1.2, --1.0)

0.00000
2.81684
5.07610
7.10733
9.11136
9.11136

0.00000
0.92211
1.16097
1.19463
1.20120
1.20120

0.00000
-0.28427
-0.72384
-0.89679
-0.92753
--0.92753

1.56205
0.76778
0.27891
0.10335
0.07248
0.07248

(iii) a (1.2, 1.5)

0 0.00000 0.00000 0.00000 1.92094
1 1.99501 1.33977 0.75854 0.75453
2 6.78357 1.20980 0.96438 0.53571
3 tk 20

See Table 2.
$ 7" (22,-89) and hence u*(T) -1 for0 r To and1 for r > to, where
1.398.

TABLE 2

Results of iteration for minimizing a s on S(1.83744)

Number of
Cycles

State vkn (vn,
kn

1.83744
0.78415
0.50957
0.75471
0.83980
0.83711
0.83556

?)2

0.84078
0.35881
0.03443
0.18329
0.05527
0.05365
0.05272

1.52990
0.99944
0.90457
0.85790
0.70434
0.70433
0.70433

(a vk,,, wk, v,)

4.68117
0.33568
0.44555
0.13177
0.00015
0.00004
O.OO0O1
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A NOTE ON THE FIXED-POINT METHOD OF J. E. RUBIO*

ELMER G. GILBERT
In recent pper J. E. Rubio [1] outlines computational procedure for

minimizing the Euclidean norm of the terminal state of linear time-
vrying system. The purpose of this note is to point out n error in the
proof of the key theorem (Theorem 3) nd to show by means of simple
example that under very resonble conditions (stronger thn the hypotheses
of the pper) the proposed computational procedure will not converge.
Wherever possible the subsequent notation is identical to the notation

used in [1].
Consider first the error in the proof of Theorem 3. For the conclusion of

part (i) to be valid it is necessary to show that there exists fixed p > 0
such that for ny > 0 there exists an () such that

for all a a < p and p, q > N(). The arguments of part (i) have not
accomplished this since ! < rain ((), (:)) and and are
dependent on the choice of .
The following example shows that it is impossible to prove convergence

of {L0c} under the hypotheses of the p@er. Take n 2, r 1 and

E 0,

Then a simple cMculation shows that

(1) x(t, u*) z0 4c, x(t, u*) x0 4c, c ,
which is a parametric representation of a circle with radius 4 and center
x0. To satisfy the assumption that x(t., u*)[[ > 0 and to simplify the
following developments, choose x0 p > 4 and x0 0. If points c
are denoted by c cos 0, c2 sin 0, 0 (-v, ], it is easy to show that
Loc corresponds to the function

(2) F(O) -ta [4(p 4 cos 0)- sin 0], 0 (-, ],

where it is understood that ta (.) is into (-r, ). Thus the sequence
{L0c} corresponds to the solution of the difference equation

* Received by the editors February 9, 1967, and in revised form April 28, 1967.
Information and Control Engineering, University of Michigan, Ann Arbor,

Michigan. This work was sponsored by the United States Air Force under Grant AF-
AFOSR-814-66.
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(a) o+, F(o), Oo (-,,

with cl cos 00 and c2 sin 00.
The solution of (3) exhibits two qualitatively different behaviors. For

p >= 8and00 (-%r] or 4 < p < 8 and 00 0, 0 0, whiehisthe
desired result since (1) shows that x(te, u,*) x(t], u*) for c 1,
c 0. For 4 < p < 8, 00 (-r, r], 00 0, 0 tends to one of the following
two sequences" {(-1)} or {-(-1)}, where 0 (0, /2) is the
(unique) solution of 0 -F(O) on (0, r/2). Thus the fixed-point method
fails for 4 < p < 8 unless 00 0. The above results are deduced from (3)
by using the following easily confirmed facts"

(i) 0 (-xr r) k > 1;
(ii) F(-O) -F(O);
(iii) (dF/dO)lo=, 4( )-
(iv) dF/dO is a strictly increasing function on [0, });
(v) o < (-,/2) < 1.
The fixed-point method is very similar to the method described by

Gi.lber [2]. From the assumption min.e z(tz, u)l 0 it follows that
for all c O, x(t,, u,*) O. This plus the homogeneity of S(u) in c im-
plies that the operator Q, which takes c into z(t, u,*), generates for
c 0 a sequence {Qc} whose elements equal the corresponding elements
of {L0c} multiplied by appropriate positive scalars. But the elements
Qc are those produced by [2, (3.3)] if z0 c and 1, m k 0.
In most applications (3.4) of [2] requires 0 < a, < i for some m. In these
eases the procedure of [2] will converge more rapidly in the sense tha
il x(t, uo)11 < x(t,, um)I!. Thus, even i*’ cottditions can be found
under which the fixed-point method wHl converge, it will be less efficient
than the procedure of [2]. Moreover, the procedure of [2] is applicable to a
much wider class of problems.
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THE EXISTENCE OF PIECEWISE CONTINUOUS
FUEL OPTIMAL CONTROLS*

W. C. GRIMMELL
Introduction. From an engineering point of view knowing that there

exists a measurable function which is a solution of an optimal control
problem is almost as unsatisfactory as having no knowledge concerning the
question of existence. The engineer should be interested in the existence of
continuous or at least piecewise continuous optimal controls. Unfortunately,
most proofs of the existence of optimal controls are proofs of the existence
of measurable optimal controls. An exception is a proof by Halkin [1] of the
existence of "bang-bang" piecewise continuous time optimal controls for
the class of linear systems in which the elements of the coefficient matrices
are piecewise analytic functions. Using Halkin’s approach, the present
paper demonstrates the existence of piecewise continuous finitely valued
fuel optimal controls for fixed time fuel optimal problems involving the
above systems.

Problem description. We consider a system described by a matrix differ-
ential equation of the form

(1) 2(t) A(t)x(t) z7 B(t)u(t),

where x(t) is an n-dimensional state vector, u(t) is an m-dimensional con-
trol vector, and A and B are matrices of piecewise analytic functions
defined on the interval [0, T].
A function f on [0, T] is piecewise analytic if there are a finite set

{to, tl, tk} with 0 to , tl < t2 < < tk T, a finite collection of
functions fl(t), f(t), f(t), and a > 0 such that

(i) f(t) f(t) for all (t_l, t) and each i 1, 2, k;
(ii) f(t) is defined and analytic on (t_ , t -f- ) for each

i= 1,2,.-.,k.
Admissible controls for the system are measurable functions from [0, T]

to R whose values lie in t2 {a R: al =< 1, i 1, 2, m}. Ad-
missible controls whose instantaneous values lie in r {a R:
a; {-1, 0, 1}, i 1, 2, m} will be called zero-extreme controls.
A fixed time fuel optimal control problem calls for the finding of a con-

trol u which transfers the system from a given initial state x(0) to a

* Received by the editors March 29, 1967.
’[ Underwater Systems Analysis Department, Bell Telephone Laboratories,

Whippany, New Jersey 07981.
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given final state x(T) and minimizes the cost functional

over the set of admissible controls causing the specified transfer.
We will show that for the fixed time fuel optimal problem any state

transfer which can be accomplished with an admissible control can be ac-
complished optimally with a zero-extreme piecewise continuous control.

Preliminaries. The proof in the next section is accomplished by viewing
the minimum fuel problem with its nonlinear cost functional ia terms of
appropriate linear problems. The following !emma proved in [1] is then ap-
plicable.
LEMMA. Let M be the set of all real-valued measurable functions y on [0, T]

with 0 y( t) 1. Let M’ be the subset of piecewise continuous functions in M
with y(t) . Let be an r-dimensional piecewise analytic vector
function on [0, T]. Define

K (t)y(t) dr: y

K’ (t)y(t) dt: y M

Then K Kr.
Theoretical discussion. For any state transfer, the existence of an ad-

missible control which causes the transfer implies the existence of a fuel
optimal (measurable) control for the transfer [3]. Let this optimal control
be deplored by v. Let el(t) denote the ith column of -l(t, O)B(t), where

(t, 0) is the state transition matrix of (1),3 and let
T

fo 4)(t)v(t) dt.

In [2] it was shown that a control which is optimal with respect to the cost func-
tional specified above is also optimal with respect to any cost functional in a general
class of functionals. The results of the present paper are therefore applicable to a
much wider class of problems than that described above.

From [3] the existence of an optimal control follows immediately. An additional
result may be obtained. Let F be the function from R to R+1 which is defined as
follows: ifa F(f), thenai ,i 1,2,-.. ,n, and a+ -_ [f [. The
existence of a zero extreme (measurable) control which is optimal follows from [3,
p. 115] once it is noted that the sets {c R+:a F(), } and {c R+:
a F(), f F} have the same closed convex hull.

The value of x(t) is given by

( )x(t) (t, O) x(O) -- -(s, O)B(s)u(s) ds
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Note that is an n-dimensional piecewise analytic vector function.
A measurable scalar-wlued function, defined on [0, T], whose instan-

taneous values lie in [-1, 1] will be called an admissible component.
THEOREM. There exists, for each i, i 1, 2, m, a piecewise continu-

ous admissible component w such that
T T

and for every [0, T], w(t) l-1, 0, 1}.
Proof. Let G /t [0, T]" v(t) > 0}, H {t [0, T]" vi(t) < 0} and

N {t [0, T]" v(t) 0}. Note G [J H [J N [0, T]. Let

v(t) for t G,riP(t) \o for (H [,J N),

v(t) for tH,
\o for (G (J N).

Also let

f0 " ’’
r

4’(t)v,(t) dt f" and 4)(t)v(t) dt

Note that v(t) v(t) + v(t) and hence, f= f + f. Furthermore,

Let O(t) be an (n--1)-dimensional vector with 0(t) (t),
j 1, 2, n, and 0+l(t) 1. Then for any admissible component u,

fo O(t)ui(t) dt . 4 t) ui(t) dt aia
where a as an n-dimensional vector and a is scalar. That is,

T .7’

4()() d and a (t) d.

Now 0 is an (n -t- 1)-dimensional pieeewise analygie veeor function and
hence, by ghe lemma, here exisgs a pieeewise eonginuous eomponen w,
whose values are 0 and 1, and a pieeewise eonUnuous component w,
whose values are 0 and -1, such ghat

T T

Jo’ Oi(t)w(t) dt fo O(t)vi(t) dt

and
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(t)w’(t) dt O(t)v’(t) dt.

From the above we see that these equalities are equivalent to the equalities
r
4’(t)w,’(t) dt ’, w,"(t) dt v,"(t) dt,

4’(t)w’(t) dt r’, w"(t) dt v"(t) dt.

Let w(t) w(t) -I- w"(t). Note that w is a piecewise continuous
component whose values are 0, 1 and 1. Also,

h(t)w(t) dt ’" -i- r’ r
and

T T T

But since v is optimal,

fo iw(t) dt >= fo iv’(t) dt"

Hence,

This completes the proof of the theorem.
The control w whose components are the wi of the theorem will cause the

same transfer as the control v. Also J(w) J(v). Hence, w is a piecewise
continuous zero-extreme control which is optimal.

Conclusion. In summary, this paper demonstrates that for the fuel
optimal problem any state transfer which can be accomplished with an
arbitrary admissible control can be accomplished optimallly with a piece-
wise continuous zero-extreme control. In terms of engineering design this
corresponds to a three-position contactor control with a finite number of
switchings.
The results of the paper are quite general, applying even to cases in which

the possibility (ff singular fuel optimal controls exists (see [4, pp. 437, 481-
496]). For a system having a form which excludes the possibility of singular
controls, application of the maximum principle leads directly to the con-
clusion that all fuel optimal controls are zero-extreme piecewise continuous
functions. However, in cases in which singular controls exist, the maximum
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principle does not guarantee that, for any achievable state transfer, at
least one fuel optimal control is a zero-extreme piecewise continuous func-
tion. Thus, in demonstrating this, the present paper eliminates a portion of
the ambiguity resulting from the direct application of the maximum
principle.
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OPTIMAL DISCOUNTED STOCHASTIC CONTROL FOR DIFFUSION
PROCESSES*

It. J. KUSHNERI
Summary. We consider the problem of controlling the random process defined by

(1) with the so-called "discounted" cost criterion (3). Conditions are given under
which an optimal Lipschitz continuous control exists. There is an associated partial
differential equation whose "solution" is the "optimal cost". However, the problem
is not well posed since the domain on which the solution is to be defined (R) is un-
bounded, and no boundary conditions are given. However, one can define a sequence
of well-posed Dirichlet problems, in a sequence of sets S R’(S S_1), so that the
limit of the sequence (which is the optimal cost) yields the optimal control.

Under weaker conditions than required for the above results, a condition is given
which is sufficient to assure the optimality of a given "cost" and control. The cri-
terion provides a relatively simple test by which a formally obtained control and cost
may be rigorously checked for optimality. Finally, the solution to the discounted
problem for a linear-quadratic problem is obtained in a straightforward manner.

The surveys [12], [13], [14] contain some background material on the control of
diffusion processes and numerous references.

1. Introduction and assumptions. Let

(1) dx f(x, u) dt -}- a(x) dz

be an (It5) stochastic differential equation with differential generator"

., Ox()
1

ai i W

and with the z(t) independent Weiner processes nd f and a satisfy-
ing uniform Lipschitz conditions in x and u (for f only). Define
S, {x’ix < n}, where ix x x. Controls u u(x) with values in
the compact convex set U and satisfying a local Lipschitz condition in x are
called admissible. Note that the escape time for the xt process correspond-
ing to any admissible control is infinite with probability one (w. p. 1).

* Received by the editors March 1, 1967, and in revised form May 1, 1967.
Division of Applied Mathematics, Center for Dynamical Systems, Brown Uni-

versity, Providence, Rhode Island 02912. This research was supported in part by the
Air Force Office of Scientific Research, Office of Aerospace Research, United States
Air Force, under AFOSR Grant AF-AFOSR-693-66, in part by the National Science
Foundation, Engineering Branch, under Grant GK-967, and in part by the National
Aeronautics and Space Administration under Grant NGR-40-002-015.

Escape time is the time of escapeof xt to ;i.e., let r inf{t" xt ->- n}, with
,, if sup xt [ n. Then ,, is nondecreasing w.p. 1 and the escape time is
lim r, (defined w.p.1). Essentially, the Lipschitz conditions together with the

KeC.Tboundedness of U imply that E maxt =< TXt X -<- for some real positive K and C,
and this implies that the escape time is infinite.
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Often xt, ut and u are written for x(t), u(x(t) and u(x), respectively. The
cost associated with each u is the "discounted" cost function

(3) C(x) E’ fo e-t]c(xt’ ut) dt, > O, k >= O.

E is the expectation for the process corresponding to control u and start-
ing in state xo. ]c(x, u) is supposed bounded in any compact x set, for
any admissible u, and is locally Lipschitz in x and u. Furthermore, we sup-
pose that there is some admissible u for which CU(x) for all x.

In 3, we require that L be elliptic; i.e., in ech compact x set there is a
constant > 0 so that

(4) a] l
for each vector . Ts is dropped in 4.

Admissibility is defined as it is because the (It6) process corresponding
to discontinuous u(x) has not ye been defined. To assure admissibility of
our derived controls, some rather strong conditions seem to be required,
in prticular, (5) and (6)

(5) f(x, u) is linear in u;

for some c > 0 nd all controls , and uniformly in x nd u.
There are examples where the presumed "optimum" u is discontinuous

when (5) and (6) are violated; e.g., the scalar problem f x + u,
lc x + u ]. There is very likely a way of modeling and treating the
stochastic control problem when the control is discontinuous, but, here, in
order to stay within the domain where (1) is defined, we are obliged
require (5) and (6). Note that the dependence on x, of both f and k, is
virtually unrestricted.

2. Outline. In 3 we construct sequence of equations whose unique
solutions tend (uniformly in compact sets) to inf C (x) if(x), where the
infimum is over all admissible controls. The optimum control is admissible
and minimizes (within U)

[g’f(x, u) + (x, u)].

In 4 we establish criteria of the stochastic Liapuaov function type, which
may be used as a sufficient condition for the optimality of some given

It is convenient to use this assumption in lieu of other more specific ones, such as
bounded k or conditions on f, a assuring a limited "rate of growth" of the solution
pths, or conditions assuring the existence of u u implying the ergodicity properties
sufficient to guarantee Ek(xt, ut) K .
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(possible unbounded) control and cost function. Section 5 gives a simple
linear example which, although elementary, is also apparently new. The
results of 4 can easily be extended to right continuous strong h/arkov
processes with infinite escape time.

Blackwell [1], [2] considered the discounted cost problem for Markov
chains. The results of this paper are based on a combination of the methods
of Fleming [3], [4] and Kushner [5], [6], [7]. The continuous time discounted
cost problem in an unbounded region does not appear to have been pre-
viously discussed. See also the remark following Theorem 1.

3. The solution to the discounted cost problem. The following lemma of
Fleming [4] is required.
LEMMA 1. Let F(x, u) be a real-valued function of the vectors x and u. Let
F(x, u) be continuous and

F,,(x + y, u) F(x, u)] =< M Iy I, M <.. F(x, u) >- 71 [, 7 > 0 and any control vector

where F is the gradient of F with respect to u. Let (x be the unique u(x with
values in the compact convex set U which minimizes F(x, u). Then (x) is
uniformly Lipschitz and

](x -{-y) (x)[ -< MT-[ y I.
See [4] for the proof.
LEMMA 2. Suppose the assumptions on f a k, U and fl of 1. Let u be

admissible with corresponding process xt. Define T, inf {t: Ix >-- n} and
S {x: Ix] __< n}, n < . Then, ifx xo S, we have
< , and the unique solution W of (7) is (8)"

(W) + W’f + O,

(7) W(OS) q(x), H61der continuous,

h(W) ------ .. a,W, W;

(8) W(x) C,,"(x) =-- E, e-’k(x, u) dt + , e q(,).

W(x) has H61der continuous second derivatives and T,, -- w.p. I as n -- .Proof. a, f, and k ure uniformly bounded and satisfy a uniform
HOlder condition in S. Alter these functions outside S so tha they are
uniformly bounded and satisfy the same uniform ttSlder condition every-
where. (This does not effect the path behavior before T., w.p. 1.) Then
E"T, <-_ M, follows from Dynkin [9, Theorem 13.1], letting V 0 and
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g 1. Equation (8) and the existence and uniqueness statement also
follow from Dynkin [9, Theorems 13.16, 0.3]. T. -- o w.p. 1, since there
is no finite escape time w.p. 1.
Lemma 3 is essentially a combination of two results of Fleming [3], [4]

which will be needed.
LEMMX 3. Suppose the conditions of 1 on f, a, k, U and . There is a

unique solution to

A(V) + min [Vf + k] O,
(9) ev

v(o&) o.
V(x) has HSlder continuous second derivatives.
The minimizing u(x) is admissible and satisfies

T
V(x) C,,"(x) =-- E," e-a’k(x, u,) dt.

.’0

For any other admissible control w, C,,’(x) >-_ C,,"(x).
Proof. For ai, f and k HSlder continuous and bounded functions Of

their arguments in S, it follows from Fleming [3, Theorem 3] that (9)
has a unique solution with ttSlder continuous second derivatives. Then
each Vx (component of V,) has a bounded continuous derivative in S.
and, by the hypothesis on f and k, the conditions of Lemma 1 are satisfied
with F(x, u) Vx’(x)f(x, u) + k(x, u). By Lemma 1, the minimizing
function, u(x), satisfies u Lipschitz condition in S. Hence, the x, process
corresponding to u is defined up to at leust T, E"T,, < oo (by Lemma 2),
and V satisfies

(v) + y’(x)f(, u) + (, u) o.
Now, Lemm 2 gives the representation (10).
To prove the last statement, let w be admissible. Then V,’(x)f(x, w)

+ k(x, w) is bounded and HSlder continuous in S and, by the definition
of u, we have

V’()f(x, u) + (x, u) <- V’(x)f(x, w) + (, w)
in S. Then,

(v) + v’(z)f(x, ) -(, ) >= -(, w)

and, by Lemma 2,

C,,"(x) V(x) E e-atk(xt w) dt

<-_ E e-’k(x,, w,) dt C,,(x).
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Denote the solution to (9) by V(x). V,(x) is defined in Sn only. We now
construct a sequence V(x), n - , and show that lim V(x) if(x),
where _C(x) satisfies

A(_C) -t- rain [C_x’(x)f(x, u) + lc(x, u)] 0.
uEU

The minimizing u is an admissible optimum control for (1), (3). Essen-
tially _C(x) is the smallest solution to A(V) + [Vxtf -- tel O.
THEOIEM 1 (Existence o n admissible optimal control). Suppose the

conditions of 1 on f a U, and k. The sequence V,(x) V(x) (x), where V(x) has HSlder continuous second derivatives in any compact
set. There is an admissible control, u, which minimizes (over
w(x) U) Vx’(X)f(x, w) -I- k(x, w) and is optimal for the problem (1.), (3),
and also

h(v) + v’(x)f(x, u) + (x, u) o.

Proof. Let .’(w) inf {t’[xt >= n}, where xt corresponds to control
w; we use also T T(u). In S, V.,+(x) > V,,(x), since otherwise,
using Un+X (until T(u+) yields, for some x Sn,

Tn un)

Vn(x) C’(x) E:" e-t]c(xt, ut) dt

’Tn+ Unnt’l

" ETM ]f,(Xt "ttn+l.t)e-t dt

>= Eu+ e-tk(xt u,+.t) dt C,"’+(x),
,Io

which contradicts Lemma 3. Also if(x) < by the hypothesis (see 1)
that C(x) < for some admissible w. Since Cn’(x) C(x), we have
c(x) v(z) V(x) <__ C(x) < .

Fix n, let m => n - 1. The interior estimates of Cordes [8, p. 303]
for the solution of the elliptic equation A(W) - Wxtf + k 0 apply to
our problem in S and yield, for some a, 0 < a < 1, and K < ,

(0)
max V,,(z) -- max V(x) -I- sup
xEn XEn x,y En

V(x + y) V(y)

__< K/max ]k(x, u(x)[-t- max

By (10), the families {V} and {Vx} are equicontinuous. Thus V --, V
uniformly on S. There is a subsequence, indexed by m, so that V --, V
V is the gradient of V with respect to x. V,ii is the second partial deriva-

tive of V with respect to x, x
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uniformly on S (Ascoli’s theorem). V is also HSlder continuous with
HSlder exponent a and has partial derivatives almost everywhere (Le-
besgue measure) in S. Furthermore, Vmj -- V. almost everywhere
on Sn since (for the subsequence) Vmx -- V uniformly there. At this time,
define Vx arbitrarily on the null set.

Define G(V x, w) V (x)f(x, w) A- t(x, w) and define u(x) u
as the function w, with values in U, minimizing G(V, x, w). u is HSlder
continuous in S and, hence, so is Gl(x) G(V, x, u).
The following calculations are all in S. Let m index the abovementioned

subsequence. Since Um minimizes G(Vx, x, w),

h(v) + a(v, , u) _< h(v) + a(v, , u) o
and

(v) (v v) + a(v, z, u) _>_ o.
But V,zj-- V. almost everywhere and V--. V uniformly. Thus,
almost everywhere

(v) + a(v, x, u) __> 0.

Also, by the definition of u, and use of A(V) A- G(V, x, u) 0,

A(V) + G(V, x, u) -< A(V V.) + [V V.,]’f(x, u.) ---> 0

almost everywhere. Thus,

(11) A(V) A- Vx’(x)f(x, u) - k(x, u) 0

almost everywhere in S. Since the last two terms of (11) are HSlder
continuous in S, a version of V can be chosen so that V is also
I-I61der continuous in S=. Thus, V has ttSlder continuous second deriva-
tives in S and, by Lemma 1 (where F(x, u) V,’ (x)f(x, u) -4- k (x, u) ), u
is uniformly Lipschitz in each S=, hence it is admissible.
Note that k 0 and V,(OS,) 0 imply that V,(x) >= O. Finally,

the evaluation

V(x) E,V(xr,,)e-at" + E, e k(xt, u,) dt

lim V(x) <=
implies that V(x) C_ and that u is optimal. (Note that the calculation
implies that E,UV(xr,)e-r’ 0.)

Remarks and extensions. The sets S could be any increasing collection
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with smooth boundaries. Also, some smooth boundary conditions V(OSn)
qn(x) could be imposed, provided q,,(x) does not grow too fast with n.

In particular, uniformly bounded qn would yield the result of Theorem 1.
It is not difficult to show that u is also optimal with respect to a class of
nonanticipative controls (see Fleming [4] and Kushner [7] for the type of
argument which is involved). The strong conditions (5), (6) are used only
to insure that there is a well-defined process corresponding to each com-
puted control. If one supposes that there is a suitable process and version of
(8) corresponding to the differential generator (2) with less smooth coeffi-
cients (say, locally bounded and measurable), then a more general partial
differential equation argument may be carried through. The problem with
lack of smooth coefficients is strictly one of the probabilistic interpreta-
tion of the results.

Finally, the type of argument used in Theorem 1 may be applied to a
general class of control problems, say, where the cost is

E" lc(xt ut) dt, ]c ->- O,

where r is the first time of arrival at a suitable set. The method, requiring
the taking of a limit of a sequence of suitably truncated problems, is exactly
that of Theorem 1.

4. Sufficient conditions for the optimality of a given control. If the
ellipticity conditon (4) is not satisfied, or if U is not bounded, the foregoing
construction is not valid. Nevertheless, some sufficiency conditions for
optimality can be given; if a function V(x) and control u(x) are given, we
give a sufficient condition for the optimality of u, with respect to a given
class of controls, and for the verification of V(x) Ca(x). Define u u(x)
to be admissible if u(x) U, where U is an arbitrary constraint set, u(x)
is locally Lipschitz, and the escape time of the xt process corresponding to
u is infinite w.p. 1. (When U was bounded, the latter condition was guaran-
teed by the conditions on f,i and a or ..)
LEMMA 4. Let w be admissible in the sense of 4, and let f and (r satisfy a

local Lipschitz condition in their argument, and let ] be continuous in its
arguments. Let V(x) have continuous second derivatives, and let r be any
nonanticipative finite-valued random time. If

(12) L’V(x) >-_ flV(x) k,(x, w), k, >= O, O,

then

Recall that, by hypothesis, the admissibility of w implies that the escape time is
infinite.
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(13) V(x) <- ExV(x)e- + Ex e-’](x, w,) ds.

If (12) is an equality, then so is (13).
Proof. Let T inf {t:lx >= n}. Alter the process for -> f/’ by de-

fining f, a and w outside of Sn SO that they are uniformly Lipschitz and
bounded. Alter V outside of Sn so that it is bounded and has bounded and
continuous first and second derivatives. Now apply Itb’s lemma (see [11,
Theorem 2.5]) to g(x, t) e-tV(x) and the altered process and altered
V. (The paths of the altered process are those of xt w.p. 1, for < T .)
Then, for any finite-valued nonanticipative random time r satisfying
r < T, Itb’s lemma and (12) yield w.p. 1 (in the most common ersion
of Itb’s lemm, r (below) is a running time variable, not a random vari-
able, but for r nonanticipative and finite, the following equation is actually
a specil case of the general version of ItS’s lemma given by Skorokhod
[11])

V(x)e-= V(z) + fo e-V’(x) dz,

/o /onu e-L’V(xt) dt- e-tV(x.) dt

or for r finite, nonanticipative, and r < /’n (since, for r < T, the paths
of the altered process are those of the unaltered process w.p. 1, we may use
E. as the expectation operator),

(14) V(x) <- EV(x)e- nu E e-k(xt ut) dr.

Equality in (12) gives equality in (14). Since n is arbitrary and T. -- oo

w.p. 1, the 1emma is proved.
Remark. In general, if x is a right continuous strong Markov process

with no finite escape time (for control w), then the weak infinitesimal
operator replaces L and Dynkin’s formula [9, p. 133] is used in lieu of
Itb’s lemma.
By a similar argument one proves the following lemma (proof omitted),
LEMMA 5. Suppose the conditions of Lemma 4 except that

L’V(x) <= V(x)
replaces (12). Then

EV(x)e- <- V(x)

for any finite-valued nonanticipative random time r.

Theorems 2 and 3 give conditions under which a solution, obtained via a
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formal application of dynamic programming, actually yields an optimal
control.
THEOREM 2 (Optimality theorem). Let the conditions on f, (rj, and tc

hold and suppose that w and u are admissible in the sense of 4. Let the non-
negative function V(x) have continuous second derivatives with

(15a)

(15b)

and suppose that

()

LuV(x) V(x) t(x, u),

L’V(x) >= flV(x) ]c(x, w),

E -lim V(x) A x) O,

where r, is any sequence of finite-valued nonanticipative random times (corre-
sponding to control w) tending to w.p. 1. Then,

C’(x) E’ fo e-t(xt, ut) dt C(x).

The control u is optimal with respect to all admissible w satisfying (15b) and
(16).
Remar 1. Equation (15b) is implied by

(L L)V(z) V’(x)[f(, w) f(x, u)l

(x, u) k(x, w).

Remar 2. A sufficient condition for (16) is given in Theorem 3.
Remar 3. Suppose that dynamic programming were formally applied;

then the functional equation

V(17) aV V + rain[ f + k] 0

is obtained. Equation (17) may not hve solution, or my not have a
unique solution, or the solution may not give an admissible control. Theo-
reins 2 and 3 give a sufficient condition for a given solution of (17) to yield
an optimal control.

Proof. Snce the escape time for u nd w is infinite w.p. 1 nd 1 0,
then both C(x) nd C(x) re defined (finite or not). By Lemma 4, the
nonnegativity of nd V, and (16), we have

V(x) lim EV(x;)e- + E [ e-tk(xt, ut) dt C(x),
(is)

0

V(x) lira EV(x) + E e-t(xt, ut) dt C(x).
0

p is a sequence of finite-wlued nonanticiptive random times tending to



OPTIMAL CONTROL FOR DIFFUSION PROCESSES 529

infinity w.p. 1. Equation (18) implies CW(x) >= V(x) >= CU(x), and the
theorem is proved.
The criteria for (16) given by Theorem 3 are expected to be rather easy

to use. Let P(. be the probability measure and the generic variable of
the sample space.
THEOREM 3. Suppose the conditions on f and V of Theorem 2. Let w

be admissible. Let F(h) be a nonnegative, twice continuously differentiable
function of the real variable . If F(k)/ monotonically as and

LF(V(x)) F(V(x) ),

then A x O.
Proof. Let F(m)/m g nS m . Lemm 5 is valid for G(x)
F V(x)) replacing V(x) and yields

E(19) G(x) G(x,)e-for any sequence of finite-valued nonnticipative r . Then, writing
V V(x) nd using (19),

V,e-" dP G(x,)e-" dP
G(x)

:,) g(m) :v.) g(m)"

Since, in

the second term on the right tends to zero as n , nd the first term is
bounded uniformly by G(x)/g(m), for rbitrary m, the lemmu is proved.

Remark. As in [6] (where different problems arc considered) the function
F() X log (A + ) for large A is expected to be useful, in applications
of the type of criterion given in Theorem 3.

5. A simple linear example. We very briefly discuss a simple liner-
quadratic cost problem. The problem with filtering may be treated an-
alogously to the finite time filtering and control example in [7, Chap. 4].
TEonE 4. Let the values of u(x) be unconstrained and

C(z) E, ’(x Mx + u, Qua) dt,

dx (Ax Bu) dt + dz,

where M, Q, A, B, and are cstant, M and Q are symmetric and Q is
nsingular. Let the real parts of the eigenvalues of A flI/2 be negative.
Then there is an optimal admissible control

(20) u(x) -Q v(x)/2 Q-B’Px
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where

()

where

(2)

V(x) C_(x) x’Px + r,

and P is the unique (positive definite and symmetric) solution to

(23) (A I/2)’P + P’(A 1/2) P’(BQ-1B’)P -- M O.

u(x) is optimal with respect to at least all admissible w for which

(24) Ext’Pxte
Proof. First, we formally use dynamic programming, then assume a

quadratic solution, then we prove the optimality of the obtained control.
Thus write, by dynamic programming (V(x) is the candidate for (x)),

0 aV.(x) V(x)
()

+ rain [(Ax + Bu)’V(x) + x’Mx + u’Qu].

By supposing (P is assumed to be symmetric and positive definite) that

V(x) x’Px -f- r,

the unconstrained minimizing u(x) is easily computed to be

(26) u(x) --Q-1B’V(x)/2 -Q-iB’Px

Substituting (26) into (25) yields that (25) has a solution of the desired
quadratic type only if (23) has a symmetric positive definite solution, r is
given by (22).

If (A I/2) is asymptotically stable, a result of Wonham [10, pp.
11-12] yields that (23) has a unique solution of the desired type.
Now, the u(x) of (20) is admissible and, by construction, for any w,

LUV(x) -k(x, u) "4- V(x),

L=V(x) >= -k(x, w) A- V(x).

Therefore, u is optimal with respect to any w for which (16) holds. Since
(24) is a special case of (16), the theorem is proved.
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ON AN EXISTENCE THEOREM FOR OPTIMAL CONTROL*

TOGO NISHIURA
Introduction. In the first part of his paper [1], McShane proves an exist-

ence theorem for optimal control (see 3 below for the statement of the
theorem). The proof in [1] used very elementary facts about Lebesgue
integration and, for this reason, is very accessible to many readers. The
present paper concerns another proof of the same theorem. The main tools
used are the most elementary properties of Banach lattices and L,[a, b]
spaces. The proof is effected by considering very simple bilinear functionals
on appropriate spaces. Section 1 deals with definitions and notations. In
2, we discuss a general problem which includes McShane’s theorem as a
special case. We prove the existence theorem in 3.

1. Some definitions and notations. Throughout this paper R will be
Euclidean n-space and I will be the closed interval [a, b]. Also, A will denote
a compact subset of R"+1 and U a locally compact subset of Rm. Clearly,
closed subsets of R are locally compact but not conversely. For example,
any open set in R is also locally compact.
Suppose X is a topological space. Then C (X) will denote the collection

of all continuous functions on X. Let C* (X) { C (X) i is bounded}
and Co (X) { C (X) has compact support}.
By a measure 9)l we mean a linear functional Y: Co(U) R such that:
(A) Co(U) and >__ 0 imply () >- 0;
(B) sup{Ig)()! 10 Co(U), 14l <= 1} < .

It is clear that a measure can be extended to a positive linear functional
on the collection of all continuous functions @ on U for which
sup{g)}() I Co(U), <_-Ib I} < in such a manner that theinonotone
convergence theorem holds. That is, @k 0 implies F (bk) --+ 0. Thus, it is
obvious that 9Y (@) is defined for every C* (U).
A one-parameter family of measures g)[.; t], I, is called a measurable

control if, for each @ Co (I >< U), l)[@ (t, );t] is Lebesgue measurable on
I. It is clear that the extended real-valued ftmction g2[(t, ); t], where

C (I >< U) and @ ->_ 0, is Lebesgue measurable. Thus, if bl and b are
two nonnegative continuous functions on I X U, then g2[ (1 ) (t, t]
is Lebesgue measurable provided Y[b(t, );t] is finite almost everywhere
on I, i 1, 2, and equals 92[t[@, (t, ); t] [(t, ); t].

* Received by the editors April 11, 1967, and in revised form July 21, 1967.
Department of Mathematics, Wayne State University, Detroit, Michigan 48202.
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A Banach lattice B (A X U), is said to satisfy condition Co if
(a) C*(A U) c= B(A U) C(A X U), and
(b) Co(A X U)is dense in B(A X U).

(See [2, p. 235] for the definition of a Bunuch lattice.) The properties of
Banach lattices we will use most frequently are:

(i) b B(A X U) implies]l B(A X U),
(ii) , C B(A X U)and [ =< [. limply 1 -- )2
If C* (A X V), then [ _-<_ [[1, where 1 is the constant function

on A X U and is the usual supll (x, u) (x, u) . A X U}. Hence
we have, by condition (a), .-<- 1 for every 4 C* (A X U).
By using an equivalent norm if necessary, we may assume
for every C* (A N U). With the aid of condition (b), we can prove. B (A X U) and 4i 0 imply 0. That is, the monotone
vergence theorem holds.

Finally, throughout this paper we shall assume p and q are such that
1 =< p_<_ 2 =<_ q N oo andl/p+ 1/q 1.

2. Measurable controls and bilinear functionals. In this section we
discuss closure properties of sequences of measurable controls. The dis-
cussion leads to a general theorem which yields MeShane’s existence
theorem as a corollary.

2.1. Construction of limit bilinear functionals. We assume the following
hypotheses to hold in this subsection"

(i) B, is a normed vector space and C is a dense subspace.
(ii) ][o is a norm on C such that 1[ >= [I fore C and C, [lo is

separable.
(iii) T, / 1, 2, .-., is a sequence of bilinear funetionals such that

T (, g) is defined whenever (a) B and g Lq[a, b] or (b) C and
L,[a, b]. furthermore, e) =< M llq

in ca.se (b), T (, g) __< M ][ g [I,. The constant M is independent
of k.
PROPOSiTiON 1. Let 0 be a countable dense subset of C, Itc and D be the

space spanned by q. Then there is a subsequence Tki, j 1, 2, of Tk,
] 1, 2, such that Ti(, g) converges for each - D and g Lp[a, b]
to T (4, g) so that T is a bilinear functional on D Lp[a, b] with T (, g)
M[l[[]]g[land[T(,g)[ __< MIIOI[ llg[[qfor (,g) D xn[a,b].

Proof. For each and k 1, 2, T (, is a linear functional on
L[a, b], 1 _-< p _-< 2, such that[ T (, g) M lie g lip. Hence, T (4),
has a weakly convergent subsequence. Since is countable, by the Cantor
diagonalization process, there is a subsequence T, j 1, 2, such that
Tk(, g) converges, say to T (, g), for every (, g) (P X Lp[a, b]. It is
now a straightforward argument to define T (, g) for (, g) D X L[a, b]
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so that Tkj(, g) --* T (, g). The remainder of the proposition is easily
proved since L[a, b] Lq[a, b].

If D is a dense subspace of C, c, then D is also a dense subspace of
C, since II IIc ->- II. Consequently, D is a dense subspace of B, II.
Hence, if T is a bilinear functional defined on D X L[a, b] so that T (, g)
_<_M[l[lIIglIandlT(,g) =< M[[[I IIgllqfor (,g) D XL[a,b],
then T has a unique bilinear extension to B X Lq[a, b] so that T (, g)
__< i II g [(q and a unique bilinear extension to C L[a, b] so that
IT(C, g)[ _-< i I1 II g [[,. Also, these extensions will agree on
C X Lq[a, b] since II [l >= fore C.
PROeOSITON 2. Let D be a dense subspace of C, IIc. Let T be a bilinear

functional such that T(, g) =< M II g [Iq for (, g) B X Lq[a, b]
and T (, g) -< M [[41[c g ll for (, g) C X n[a, b]. Finally, let
Tk ,j 1, 2, be a subsequence of T,/ 1, 2, such that T(, g)
---. T (4, g) for (, g) D X L[a, b]. Then Tj (, g) T (4, g) for B.

Proof. Let B, ; D and g Lq[a, b]. Then

[T(O,g) T.(O,g) - ]T(O ,g)! + ]T(,g) Tk(,g)

+ its, ( , e)!
<_ 2M I1 11 g llq + T (5, g) T(, g) l.

Next, let C, 5 D and g L[a, b]. Then

We conclude this subsection with the following theorem.
THEOREM 1. There is a bilinear functional T such that:

(i) some subsequence T, j 1, 2, converges pointwise to T;
(ii) T (, g) <= M g Ilq for (, g) B X Lq[a, b];
(iii) T(, g) <= M ]] g [l, for (, g) C X i[a, b];
(iv) T (, is absolutely continuous with respect to Lebesgue measure for

every B. That is, for each B and O, there is a 0 such that

0 <= g -<- land gdt < implylT(,g)] < .
Proof. We need only prove (iv). For q < , (ii) implies (iv). For q

consider B, 5 C and g L[a, b]. Then

!T(,g)! --<-[T(- 5, g)! + [T(5, g)

Thus, (iv) follows.

2.2. Construction of a limit curve. The hypotheses for this subsection ure"

(i) B (A X V), is a Banach lattice satisfying condition Co.
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(ii) ft. A X U -- R, i 0, 1, n, are continuous funetions and a is an
integer,- 1 -< a -< n, such that

%) 0 _-< i =< a impliesf B(A X U);
(b) a < i =< nimpliesf >= 0.

(iii) For each positive integer /% xk" I --. A is a continuous mapping
and k is a measurable control such that

x’(t) x,oi(a) k[f (xk(r),.); r] dr, I, i O, 1,... n.

(iv) ([I (x(), .) [; ])d = M ]] forech B(A X U)

and ]c l, 2, ....
(v) There is H L[a, b] such that )[l t] H () for Mmost every in

I, 1,2, ..-.
Since A is compact, there is subsequence of x(a), i, 2, which

converges. Also, for ech i > , x s uniformly bounded sequence of
nondecresing functions on I. Hence, by Helly’s theorem, there is subse-
quence x which converges on I to nondecresing function, sy x0.

Let us now turn to those i . For each B (A U) nd g L[a, b],

we have a bilinear fun.eionM T (4, g) () [4(z (), ] d. Also,

for each 4 C0 (A N U) and L[a, hi, we have a bilinear funegionM T
given by he same inegrM. I is easy o see ha T (4, g) N M
in ghe firsg ease, and T(, )1 N 1 U I , i ghe second ease.
Hence, wigh ghe aid of Theorem 1, we have ghe nexg heorem.
o 2. There are icreain eqee of positive ineer lci,

j 1, 2, ..., bilinear flional T, and mapin zo I A ch gha"

(i) zi zo poinie;
(ii.) T T poinie
(iii) zo i ondeereain for each i > ;
(iv) xo is absolutely continuous for each i N ;
(v) T(, g) Mo g llqfor (4, g) B (A X U) Lq[a, b];
(vi) T(, g) Mo g for (, g) Co(A X U) X L[a, b];
(vii) T (, is absolutely continuous with respect to Lebesgue measure for

each B(A X U).
Mo above can be chosen to be M + H q

2.3. Limit cues and limit bilinear functionals. The following hypotheses
are to hold for this subsection"

(i) B (A X V), . is Ba.nach lattice satisfying condition C0.
(ii) x I A, 1, 2, isa sequence of continuous mappings con-

verging pointwise to x0 I A which need not be continuous.
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(iii) k,/ 1, 2, is a sequence of measurable controls such that:

(a) ([! 4(x(t), .) I; t])" d -<_ M fore B(A X U),

and
(b) there is H Lq[a, b] such that [1; t] =< H(t) almost everywhere

on I.
P

(iv) If T (, g) Jo. g (t) )[4 (x (t), t] dr, then T (, g) -- T (, g)

as k-- for (6, g) B(A X U) X Lq[a, b] and for (, g) Co(A X U)
X L,[a, b].
PRO’OSITION 3. Co(A X U) implies F[(xo(t), .); t] is Lebesgue

measurable. C (A X U) and >= 0 imply )[6 (Xo (t), ); t] is Lebesgue
measurable.

Proof. For 6 Co (A X U) we have

)[ (x0 (t), t] lira [4 (x. (t), t]

since 4 (xj (t), ---> 4 (Xo (t), uniformly on U for each
C(A X U), 4" > O, 4 Co(A X U) and . T 4. Then

t. Suppose

[(x0 (t), ); t] im[ (Xo (t), ); t].

DEFINITION 1. For Co(A X U), let

(4, g) g(t)[4(xo(t),. ); t] tit.

])ROPOSITION 4. b C0(A X U) and g Lp[a, b] imply Tk(, g)
(, g .-- O as t ---- .Proof. Let e > 0 be given. Then there is an > 0 such that t (E) <

implies J. gH dt < . Next, Co (A X U) implies there is a > 0 such

that ]x x < t} implies (x’, (", II < . Since x -- x0
pointwise, by Egorov’s theorem, there are a set E such that t (E) < n and
an integer K such that xk (t) xo (t) < t uniformly on I \ E for all
k > K. Then for lc > K, we have
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Proposition 4 shows the limit T (, g) lim, ’ (4), g) exists for each
(O, g) Co(A X U) X L,[a, b] and T(,g) T(,g). Hence, we may
extend T(, g) to each (, g) B(A U) X L[a, b] and T(,g)

T(, g). Furthermore, if, B(A X U) and(x0(t), u) (xo(t), u)
for all (t, u) I U, then T (, g) T (, g).
PoPoswoN 5. 0 and g 0 imply T(, g) 0.
Proof. This is obvious since T (, g) 0 for 0 and g 0.
PnoPosIION 6. Suppose C (A U) and O. Let j and

g L[a, b], g O. Then

lim (i, ) N li g()[((),.); ] d

g 11 li [(x(t),.); t] dt.

Proof. g(t) ,[(x,(t), .); t] N g(t),[O(x(t), .); tl for every I
and everyj. Also, (, g) N (+, g). Hence,

lim (, g) lim T(, g) lim lim T,(, g)

PROPOSITION 7. Let be a point of continuity 4 Xo, e > 0 and Co (A
U). Then there exists > 0 such that g L[a, b] and {t]g(t) 0}
[ , + ] imvtu (, ) ([[ (xo(), ][ + ) oH .
Proof. Since Co (A X U), is uniformly continuous. Hence, there is
> 0 such that x’ z < imNiesl(x’, u) (x", u) < e for all

u U. Since is a point of continuity of x0, there is an > 0 such that
t l < f implies xo(t) x0()
[- ,+].Then
I(, g)l lim (, g)l

N tim (11 (x0(Z),.)ll= +,) It(t) [1; t] dt

2.4. Construction of a measurable control. The hypotheses of this sub-
section are"
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(i) B (A X U), is a Banch lattice satisfying condition Co.
(ii) Xo I -- A is not necessarily continuous.
(iii) H Lq[a, b], H >= 0 nd H rel-valued.
(iv) P is a bilinear functional such that"

[(,g)] M g]q for (,g) B(A X U) X Lq[a,b],

(,g)[ M[[g[ for (, g) Co(A X U) X L[a, b],

T(, g) 0 for 0, g 0.

(v) There is a set E of measure zero such that $E, > 0
and , Co(A X U) imply there is an f > 0 so that [(6 , g)

<II <0<), <x0<), I1 + ) gH II1 whenever g L[a, ] nd

DnFNTO 2. Let I and h > 0 and define gt. () to be h- for
+ h and 0 for all other . Let [, t] lim0+ (, gt.),

where C0 (A X U). Since T (, is absolutely continuous with respect
to Lebesgue measure (see proof of Theorem 1), the limit exists for almost
all I. Finally, let E’ {t lim0+ g, H [1 > H <t). Clearly, g (E’)

0.
PnOrOSTO 8. Let E U E’ and , Co(A X U) for which
(Xo (t), (Xo (t), ). Then we have [6, t] exists if and only if [, t]

exists, and the limits are equal when they exist. Furthermore, [, t]
(x0 (t), I]H (t).

Proof. By hypothesis (v) of this subsection, for each e > 0 there is an

> o such that ]’(, e,) (, e,,) 5 z,[I for 0 < h < f.
Hence the first part of the proposition follows. The second prt follows from
(v) again by choosing 0.
DEFINITION 3. Each V Co(U) can be considered member of

C0(A X U). Let o[; t] [; t].
PROPOSITION 9. There is a set Z of measure zero such that Z implies
[; t] exists for all Co(A X U) and [0; t] 0[(x0(t), );t].

Proof. Let D be countable dense subset of Co(U), ]-]]. There is u
set Z of measure zero such that $ Z implies 0[; t] exists for all D.
Let Z E U E’ Z’. Now consider Z, Co(A X U) and let {v}
be a sequence in D such that (xo(t), v ][ 0. Clearly, [,} is a
Cuchy sequence in Co(U). By Proposition 8, we have

By hypothesis (v), we have

o[ t] (xo (t),

=< lim ’ (, gt,) =< lim T (4), gt,)
h0+ h-0A-

-<_ Do[/a" ;t]-+-[I Va’- b(xo(t), .)fisH(t).
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Hence, :1[; t] exists. The existence of )0[ (x0(t), );t] and the equality
)[; t] )0[ (x0 (t), ); t] follow from Proposition 8.
]ROPOSTION 10. Let Z. Then,
(u) )0[" ;t] is a positive linear functional on Co(U), and
(b) Co(U) and ll <= 1 imply i)o[v; t][ <_- H(t).
Proof. Part () is obvious since T(, gt,h) 0 if v _>_ 0 and differentiation

is linear operator. By Propositions 8 nd 9, we hve (b).
For Z, let )0[" ;t] be an arbitrary measure. The next proposition will

complete the proof that )0 is measurable control.
PROPOSITION 11. Suppose b Co(I X U). Then l)%o[b(t, );t] is Lebesgue

measurable.
Proof. Suppose Co(I X U) nd let e > 0. There exists 5 > 0 such

that ]t t’l < implies I(t, u) (t’, u) <: e for ll u V. Let a

to < tl < < tk b such that ti- ti-ll -< t}, i--- 1,-.., k. Then
wehvefort_ =< =< tandu U,(t,u) e -<_ b(t,u) __< (t,u)
-t- e. Let xi be the characteristic function of the interval [ti_, ti], i 1, 2,

l. Then for ech i, x (t))%o[ (t, ); t] is mesurble nd

x(t){0[(t, .); t] e H(t)} =< :(t))0[(t, .); t]

_-< x(t)l0[(ti, "); t] - ell(t)}

lmost everywhere on I. Hence, for ech e > 0, there is mesurble func-
tion F such that F (t) -eH (t) =< 0[ (t, t] =< F (t) + eH (t) lmost
everywhere on I. The proposition follows.
We conclude this subsection with the following theorem.
THEOE 3. There exists a measurable control o such that"
(i) F0[1; t] <- H (t) almost everywhere on I,

(ii) T(, g) () 9)o[4(xo(), .);]dfor B(A X g),and

(iii) C(A X U), >= 0, ^ j, g L[a, b] and g >= 0, then

lim T(. ,g) g(t) g)o[ (zo(), .); ] d.

Proof. Part (i) follows easily from Proposition 10 (b).
We will ext prove part (ii). If 4 Co(A N U), then clearly T(, )

g() rto[(zo(), .); ] d for L[, bl. Suppose C(A X U),

>_- 0and4,. Co(A X U),O =< j-<= and4,j T - Then the extended
rel-vlued function 9o[(xo(t), ); t] is equal to lim.- )o[,/,.(xo(t),. ); t].
Also, o[(xo(t), .); t] =.<-_ )Jo[+(xo(t), .); t], I. Hence, for g

L[a, b], g >= O, b B (A X U), .->_: 0, we hve

’(,, g) lim[P(, g)
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lim ] g(t)o[(xo(t),.); t] dt,

g(t)Jto[b(xo(t),. ); t] dt.

Hence, !gto[g(Xo (t), t] is finite almost everywhere. Thus, we
infer !gto[ (Xo (t), ); t] is defined almost everywhere for B (A X U) and

o[ (Xo (t), t] !ffto[+ (Xo (t), t] !Fto[- (Xo (t), t]

lmost everywhere on I. Clearly, the condition p >__ 0 nd g => 0 cn now
be eliminated and (ii) holds.
The proof of prt (iii) is wrint of that of (ii).

2.5. Statement of the main theorem.
Tmom 4. Suppose the following hypotheses hold"

(i) B (A X U), I1" is a Banach lattice satisfying condition Co.
(ii) f" A X U-.> R, i O, 1, n, are continuousfunctions and a is an

integer, -1 .<__ <= n, such that"
() 0 <= i <= a impliesf B(A X U),
(b) < i -< n implies f >= O.

(iii) For each positive integer k, x I -- A is a continuous mapping and
2f is a measurable control such that

x’(t) X,o (a) [f (x(r), .); r] dr,

t I, i-O,...,n

(iv) ([I 4(z(), .)!; ])" d)
/"

-<_ M 114, for each4 B(A U)

nd lc 1,2, ....
(v) There i an H Lq[a, b] ch h g)[1; ] __< H () .for almo every
I, lc 1,2, ....

Then there are a mapping xo I --+ A (not necessarily continuous), a measurable
control o, and an increasing sequence of integers lc, j 1, 2, ..., such that"

(vi) x -- Xo pointwize,
(vii) 2o[1; t] <-. H (t) almost everywhere on I,
(viii) 0 <= i <= a implies

Xo (t) Xo (a) o[f (Xo(’), ); -]

and a < i <= n implies

fxo(t) xo(a) >= jo oil (xo(),-); ] d.
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Proof. Parts (vi) and (vii) are immediate from the above discussion.
We prove (viii). Let xt be the characteristic function of the interval [a, t].
ForO <- i<- a, wehave

xo’(t) x0’(a) T(J, x,) P(/,

xe(r)!ffto[J(Xo(r), ); r] dr

Leg < i N . Suppose 0 N i and i f, wherei (A N U). Then
by (vi) above and Theorem g, we have

,’() () lim (’() ())

m [] (x(), ); ] d

mm [((), .); ]
"k
lim (4i, x) [ (z,(r),.); r] dr.

he heorem is proved.

8. ProI f the existence theorem. We recall he following nogagions and
definigions from [1] for ghe reader’s convenience"
B is any subse of R; U is a closed subseg of R; [10, l]; N is a

closed subseg of R N B N R N B and (, zo, z) d_enoges a poing
of N.
e’N R is a continuous function. or each i 1, 2, ,

f:R M B N U R is a continuous function.
A pair (, ) is called a relazeg cogrol if [.; ] is a one parameter

family of measures, R, such ha is a measurable control on every
in.eal I eongaining J and, for all , [1; ] xJ(), where x is ghe char-
acteristic feion of he interval .
A riple (, z (.), ) is called a eeralized crve if z’ B is a

continuous mapping, (, J) is a relaxed control and z () z ()

+ [/(r, (r), ); ] dr, , i 1, 2, . A generalized curve

is called dmiible if n() q0, z (t0), z ()) . denoges he
family of a,ll admissible curves and ei inf {e((C)) IC .
A subseg V of R is said o be indepeden of z if (, -, , +,
-., ) V implies (, ..., i-, , i+, ..., ) V for all R.
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Suppose A is a compact subset of R B R+ and G C (A U)
and G >-- 0. Let C (A X U). We say is of slower growth than G uni-
formly on A if, for each e :> 0, there is bounded subset U of U such that

(t, x, u) =< eG (t, x, u) whenever (t, x) A and u U\U.
We now state the theorem.
TEOnE (McShane). For each positive integer k, C (j x (.), J)

is an admissible generalized curve. We suppose that the following hold"
1. lim_, e (v (C)) emin.

2. (t, x(t) J} A, tc 1, 2, ..., where A is a compact subset
ofnB.

3. There is G C (A X U), G .>_- O, such that"

-[’!F[G(t,x(t), .);t]dt <_ M < , 1,2, ...;

(b) 1 is of slower growth than G uniformly on A;
(c) there is an integer a, 0 <= a <= n, such that"

(i) 1 <= i <= a implies f is of slower growth than G uniformly on A,
and a < i <= n implies f >- O,

(ii) if, j 1, 2, n, are independent of x, < i <- n,
(iii) B is independent of x and E is independent of x a < i <- n,
(iv) e is a nondecreasing function of x o < i <- n.

Then the family of admissible generalized curves contains a member Co
()o, Xo (’), Jo) such that e ( (Co)) emin.

Proof. Let G G 1. Then 1 and f’, 1 =< i =< c, are of slower growth
than G uniformly on A. Letg(A X U) / C(A X U) IIi =< G
for some }, >= 0}, nd inf/}, I >= 0, ]1 <-- G}. Then it is easy to
see that 9(A U), [[. is Bunach lattice such that C*(A X U)

9(A X U). Let B(A X U)be the norm closure of C*(A X U).Then
B (A X U), is u Banch lattice such that C* (A X U) B (A X U).
A simple clculation shows that 1 being of slower growth thn G uniformly
on A yields Co(A X U) dense in B(A X U), [[. II. Hence, B(A X U),

is Banach lattice sutisfying condition Co. Also, (i) of 3 (c) bove
impliesf B(A X U) forl _<_j-< a.

Since A is compact, there is an interval I [a, b] such that. I :::) J,
Ic 1, 2, ..., and hence is a measurable control on I such
that [1; t] x(t) __< 1, I.
Next letf(t,x,u) lonR XB X UandX= (X,X, ...,X)

I - A be given by

X(t) X,(a) -t- f*
where X(a t0. and X (a) x (t0.), i 1, 2, ..., n. Clearly, X
restricted to J is x for i 1, 2, n and X(t) for J.
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")l; t] dt <- !fft,[[[ I[(G(X(t),

_<_ [M -]- b a][[ ]1

) -I- 1); t] dt

for B (A X U). Hence, by choosing p 1, we have the hypothesis of
the main theorem verified.

Consequently, we have an increasing sequence of integers {k.}, a measur-
able control o and a mapping Xo’I -- A such that"

(i) Xk. --. Xo pointwise,
(ii) o[1; t] =< 1 on I,
(iii) 0 =< i <- a implies

Xo;(t) Xo (a) )o[j (Xo (r), ); r] dr,

and c < i -< n implies

Xo’(t) Xo(a) ->- oil (Xo(), .); 1 d.

Let to,o lim_o X. (a) lim._, to.k. nd tl,o limj_, X. (b) lim._,/1.j
and let Jo [to,o, tl,o]. It is simple matter to see that o[1; t] xJo (t)
for I since

to.o for a-< =< to,o,

Xo(t) for to,o =< =< t,.o,

t.o for t.o_<- =< b.

Let

Xo’(t) Xoi(to,o) -t- to[fi(Xo(r), .); r] dr, Jo,
0,0

wherexo (to.o) Xo (a), i 1, 2, n. From (ii) nd (iii) of hypothesis
3 (c) we hve

o() zo’(o,o) + o[ (, o(), ); ] d,
0,0

i 1,2,--.,n,

and Xo:Jo -- B is a continuous mapping. Since E is independent of x,
a < i _<- n, we have Co ([I)o, Xo(. ), Jo) is an admissible generalized
curve.

Finally, by (iv) of hypothesis 3 (c),
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emin e (r/(Co) e (to,o, Xo (to,o), tl,o, Xo (tl,o))

=< e (to,o, Xo (to,o), -.., Xo (to,o), t,o, Xo (t,o), ..-, Xo (tl,O))

limj_.o e ((to,j, Xj (to,), tl,,, X (tl,.), .-., XL. (tx,,)))

The theorem is now proved.
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A FINITE SET OF n X n STOCHASTIC MATRICES GENERATING
ALL n-DIMENSIONAL PROBABILITY VECTORS WHOSE
COORDINATES HAVE FINITE BINARY EXPANSION*

A. PAZt
Abstract. For any integer n, it is proved that there exists a finite set of stochastic

matrices such that any n-dimensional probabilistic vector, the entries of which have
finite binary expansion, can be realized as a row in a finite product of those matrices.
The matrices are given explicitly and an algorithm is provided for finding the realiza-
tion of a given vector.

1. Introduction. Rabin [1] mentions a pair of stochastic matrices that
were suggested by E. F. Moore:

It can be verified that if

PIP, P =Vm
[..t rPl’ 0 or 1,

then p .kk-1 1, where p is written in binary expansion. Thus any
2-dimensional rational probability vector can be realized as the first row
in a product of the above matrices in a proper sequence---except for (0, 1),
which is the second row of P1.
The above matrices considered as the transition matrices of a 2-state

probabilistic automaton were used by Rabh [1] and by Paz [2] for proving
various properties of probabilistic automata.
The scope of this paper is to generalize the above example to the n-dimen-

sional case, i.e., to prove the existence of a finite set of n-dimensional
stochastic matrices, such that any n-dimensional rational probability vector
(the entries of which have finite binary expansion) can be realized as a row
in a finite product of those matrices.

It is hoped that this generalisation, besides its pure mathematical
interest, will find uses in the theory of n-dimensional probabilistic automata
and related topics (e.g., nonhomogeneous finite Markov chains, finite-state
communication channels, etc.).

* Received by the editors November 16, 1966, and in revised form February 17,
1967.
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We shall prove first some preliminary lemmas. In what follows we con-
sider the set of all probability vectors whose eompotents have a finite
binary expansion. (This set will be denoted by V(n).)

Let x be some vector in V(n)

X (Xl, Xn), Xi .XilXi2 Ximi Xij 0 or 1.

The length of x, denoted by l(x), is defined as

(1) l(x) max {m" x > 0}.

It is assumed throughout that the lengths of the expansions of all compo-
nents of x are equal to l(x). This is not a restriction, as one can always add
zeros to the expansions if necessary.

2. Matrices A(). Let V(n) be the probabilistic vector (1, ..., ,)
such that .1 q with q l(). Let be an integer, >= 1. The
matrix A () is the n X n matrix defined as"

1 2 3

i-1/2 .+1/2
(2) A(t) llail]

The following properties of these matrices are easily proved:
(i) The matrix A () is uniquely defined by .
(ii) The matrix A (B) is stochastic if and only if 1 >- 1/2 (for is a sto-

chastic vector).
(iii) Let a (al, ..., a) be a probabilistic vector

p l(a),andletB ;thena.A(fl) (,...,)
probabilistic vector and + a, i 2, 3, ..., n. For

3. Properties ofexpansions. Let a (O/1, (Tn) be a probabilistic vector
V(n), n >= 2; . , p ().

Write down the expansions of a, i >= 2, in the form of a list (called the
expansion of a)"

031
()

O/nl (Tnp.
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Define the integer z(n) as:

[log2 (n- 1) if log2 (n- 1) is an integer,
(4) z(n) ([log (n 1)] + 1 otherwise,

i.e., z(n) [log (n 1)]+, the least integer -> log. (n 1). Assume now
that 7’,__. a < 1 (i.e., al > 0). In this case, if for some j we have that

"=a -->- 2, then there is a k < j for which "=. 0, as the carry
of the binary sum of the jth columa must be absorbed by some zero col-
umns (a < 1).
LEMMA 1. Let a be a vector, and z(n) the number as defined in (4). Then

z(n) consecutive columns of zeros in the expansion of a absorb any possible
carry arising from the subsequent columns.

Proof. Consider the n 1 real numbers c, 2 -<_ i n:

X X

c2 .000... 0 c2.c:.+l’" -< .000 0111 2

ca .000 0 c3.kca.+ .000 0111 <-_ 2-*,

The x columns of zeros can absorb all the carrying from the subsequent
columns if

(n- 1).2 _-< .11 ,
i.e., if 2 >- n 1 or x => log (n 1). Therefore taking x z(n) is suffi-
cient. (The argument is unchanged if the x columns of zeros are not the
first x columns.)

4. The sets 6(n) and a(n). The set 6t(n) is defined as"

(5) (n) {[ V(n), >= 1/2, () o, 1, 2, z(n) + },

where/1 is the first coordinate of/, 1(/3) is the length of/3 (see (1)) and z(n)
is as in (4).
The set a(n) is defined as"

(6) a(n) {A(t) f 6t(n)},

where A(/3) is as in (2) and A(fl) is stochastic for/3 _>_ 1/2 (see property
(ii) of the matrices A()). Note that the set 6t(n) (hence also a(n)) is
finite, as the number of n-dimensional rational vectors of length <= z(n) -k- 1
does not exceed 2"(()+).
The set (B(n) is defined as"
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(R)(n--- { (1/2, ,, , "’", +,),

(1/2 + ,, ..., +) e (n)}.
(7)

The set an)= is defined

(n) {A() I (n)}.
LEMMA 2. (B(n) C (B(n + 1), therefore( ((n + 1).
Proof. Letf (1/2, fl,... ,ft.+l) ---; then tl 1/2, .=+ fl, 1

(by definition, (1/2 + fl, fa, ..., /.+,) (n)) and l(/) =< z(n) + 1
<= z(n + 1) 27 1. This implies that fl ((n + 1).
LMMA 3. Let A () be some matrix in a(n). There is a matrix A (.) in

a(n) (therefore A (.y) is in a(n + 1)) such that

A (.)

where is a vector of the form"

Proof. Let/ (f ,..., f.) E ((n); then 1 => 1/2, so that 1/2 + /
for some ,. >= 0. Set /= (1/2, ,., f, ,/,). Clearly /E 5(n), so that
A (.) a(n). Consider now the matrix A (,). All entries in the first column
of A (,), except the first, are ,1 1/2 1/2 1/2 0. It is easily verified
that all other entries of A (,) are as in the lemma (see the definition of
A(,) given in (2)).

COZOLLAnV. Let A(i), A(*) be matrices in a(n), and A(,),
A (.t) be the corresponding matrices in a(n + 1); then

A(,)A(.) A(’)= i
On/l

A (f’)

where (a, a,+) is some probabilistic vector.

5. Examples. Let a be the 3-dimensional vector

a (.0010100011, .1001101011, .0011110010);

then l(a) 10, and the expansion of a is

.1001101011

.0011110010.
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For the above vector, n 3 with z(3) [logs 2] 1. The maximal
carry for this vector can be absorbed in a single column of zeros.
The following examples illustrate the definitions and lemmas of the 4.
Example 1. For n 2, z(n) [log 1] 0:
53(2) {(1/2, 1/2), (1, 0)};
a(2) contains only two matrices, suggested by E. F. Moore (see Intro-

duction).
Example 2. For n 3, z(n) [logs 2] 1:
53(3) contains 6 vectors, namely,

1 (1,0,0) with l(fl1) 0,

f (1/2,1/2,0), / (1/2,0,1/2) with l(fl) =l() 1,

with l() l(B) l() 2 z(3) + 1.

The matrices in a(3) are:

A()

A()

1/2 1/2 0, A(3) 1 A(3) 1/2 1/2

1/2o

The sets 53(2) and a(2) are

{(1/2, o, 1/2), (1/2, 1/2, 0)},

a(2) {A (), A (/)}.
It is seen that the matrices A (f) and A (3) are of the form specified in
Lemma 3, and those in (B(2) are submatrices of the above.

6. Main theorem. We are now ready to prove the following theorem.
TIr:OnEM. Let n be an integer, a (, ..., an) any vector in V(n), and

a(n A t} the finite set of matrices defined in (6). There exist
such that a is some row of A tlAt... At.,. If al ak O,
then a is the (k A- 1)st row, and if a 0 then a is the first row in the above
product.

Proof. For n 1 the theorem is trivially true, as in this case the single
vector in V(1) is 1 and the single matrix in a(1) is 1. Assuming now that
the theorem holds for n 1, we shall show it to hold for n. Let
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(.1, "", an) be any vector in V(n). If 1 0 then the vector
(.,..., ) is a vector in V(n 1), and by induction there exist
tl, ..., tm such that the vector (2, "", ) is some row in a matrix of
the form A tlAt. A ,, A a(n 1).

Using the corollary of Lemma 3, we have that (0, a2, -.-, a) is some row
in a product matrix A’,_A’.... A,, a(n). If a 0, then a is the first
row in the product of the A t, and therefore the second row in the product
of the A,. If a2 a O, then a is the kth row in the product of
the A’s, and therefore the (k -k 1)st row in the product of the A"s. It re-
mains to be shown that the theorem holds for a with a > 0, and this will
be proved by induction on l(a).

Case 1. l(a) 0 or l(a) 1. In this cse, a, > 0 implies that a 1/2
or a, 1. Thus a 6(n) and a is the first row of some matrix in ((n).

Case 2. l(a) m for some m 2. Two subcases must be considered.
Case 2.1.0 ( al < 1/2. Then, =. a > 1/2.
Write down the expansion of a"

021 O/2m

O/1

Olnl Ol.nm

and define the integer j as follows" if

(9) am2 >- 1/2-, then j m,
i-2

and j satisfies the following inequalities otherwise"

k= i=2 k=j+l

By assumption, a > 1/2, and therefore j is well-defined integer.
Moreover, j z(n) + 1 (equMity is possible); this follows from the fact
that ==a2- 1/2 and from Lemm 1. Let be the maximal
integer satisfying

2- - <
k=j+l i=2 i=2

If there is no integer sutisfy%g the ubove inequality, then 1. Consider
the sum

-1

k=l i=2 i=lTl

It follows from the definition of that the sum (11) is 1/2. To prove this,
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observe that the sum in (10) is not smaller than 1/2 (1/2) (the jth
column in the expansion of 0/has nonzero entries by the definition of j); if
the sum in (11) is >1/2, then it is >=1/2 + (1/2) (for the same reason),
and this would imply that the two sums combined are -> 1, contrary to the
assumption that the sum of the two sums (which equals the sum i=2 0/4)

0/2is smaller than 1. We define now the vectors 0/ and as follows"

0/ 0/1 0/2 0/n

with

0/i 0/ik2- if 2<=i<=l,

(12) 0/ 2 if < i <-_ n,
k=j+l

and

i-----2

0/2 (0/12""" 0/n

with

0/ 0/k if 2 =< i-< l,
k--.1

(13) 0/ 0/k if <i =< n,
k=l

0/1 0/i
i2

It is easily verified that

o 0/ +0/ for i 2, a, ...,n.

Consider he vector 20/ . By definition, we have ghat V() and
l() m 1. By induegion, B can be realized as ghe firsg row in a produeg
of matrices:

A, a(n).

By the definition of 0/2, we have that a V(n), 1(0/) -<- z(n) + 1 (as
> 1/2 (for the sum (11)remarked before, j in (9) is -<_ z (n) + 1) and al

which equals -’=2 a, is _<_ 1/2). Thus, 0/ (B(n).
It follows immediately that 0/is the first row in the product mutrix

A (0/2) a(n),
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as (using property (iii) of the matrices A()) the ith entry in the first
row of the above product equals

1/2(2a,) -t-a} a,, i 2, 3, .-.,n,

as required.
Case 2.2. 1/2 -<_ -_< 1. Hence, 0 _-< ’=

_
1/2.

Consider the vector fl (fl, ..., ,) with

2a, i 2, 3, n,

i=2

By assumption l(a) > 1 so al < 1, i.e.,/1 > 0. It follows from the defini-
tion of fl that l(/) m 1 and, by induction, can be realized as the
first row in a product of matrices"

At A A,, A, a(n).

Let/be defined as, (’i, ..., ’,) withn 1, , 0, i 2, 3, ..., n;
then , E ((n), and a is the first row in the product matrix

As, A... A,.A(.),), A(,),) ((n).

(This follows immediately from property (iii) of the matrices A(B).) The
proof is thus complete.

7. Algorithm. The proof of our main theorem is constructive and, in fact,
provides an algorithm for generating any n-dimensional vector in V(n)
from the matrices in (t(n). The algorithm, bsed on a kind of "push-down"
technique, closely resembles the well-known Euclidean algorithm for con-
verting ordinary into binary fractions. It will be illustrated by the follow-
ing examples.

Let be the 6-dimensional vector

The expansion of a is"

.001111

.000111

.000111

.000111

.000111.

The integer j, defined in (9), is j 4, and l, defined in (10), is 5. The
vectors al and a, defined in (12) and (13), are, therefore,
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13a (,, O, O, O, r) with a (6),

Proceeding analogously with 2a (which is in V(n)) instead of a, we have

with

1 1 1 1=(1/2, , -, , , O)

t (, , g,-, , ).

Repeating for 23 "r V(n) we have

(1/2. o. . . . )

Then 2, V(n), which yields

= (. .
= (,,

f*= (, ,
and 2 ,/ V(n) hence,

,= (..

,= (1/2. o.
,= (1/4..

i, i, o, o),, -i, o, o)

o, o, o, o).

2,= (1/2, 1/2, o,o, o, o)=
Finally,

with 3 (6),

with (B(6),

with 6(6),

with 6(6),

is in (6). We thus have that a is the first row in the following product
of matrices"

A (p).A (n) A (*).A ().A (3’) A (a),
and by the properties of these matrices we have that

(14)
i 2, 3, .-., n.

There is close resemblance between (14) and the usuul binary expansion
of ordinary fractions. In the light of the above example it would be natural
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to extend the discussion to vectors having infinite expansions, but this is
not attempted here. As a final remark, note that although any vector in
V(n) can be generated as some row in a product of matrices from a(n) the
generation is not unique. For example, for the 3-dimensional case (see 5)
we have that the first row in A (t) .A (1) equals its counterpart in the
.natrix A (4). On the other hand, it seems that the number of matrices in
a(n) is minimal in the sense that set of matrices containing fewer mat-
rices would not suffice for generating all vectors in V(n).

REFERENCES

[1] M. O. IABIN, Probabilistic automata, Information and Control, 6 (1963), pp. 230-
245. (Also in Sequential Machines: Selected Papers, E. F. Moore, ed.,
Addison-Wesley, Reading, Massachusetts, 1964, pp. 98-114.)

[2] A. PAz, Some aspects of probabilistic automata, Ibid., 9 (1966), pp. 26-60.



SIAM J. CONTROt,
Vol. 5, No. 4, 1967
Printed in U.S.A.

ON FUNCTION SPACE PURSUIT-EVASION GAMES*
WILLIAM A. PORTER

Summary. Functional analysis is used to analyze a minimax problem for a class of
functionals on a Hilbert space. The abstract solution is then interpreted, through
examples, in the context of pursuit-evasion games. The examples given are chosen to
emphasize the breadth of the analysis. Some computational aspects of the minimax
problem are considered.

1. Introduction. Problems in optimal control can frequently be formu-
lated in terms of the minimization or maximization of a functional on a
Banach space. Moreover, "two-sided" optimization problems, such as
pursuit-evasion games, can often be identified with saddle points of Banach
space functionals. For instance, suppose that u and v denote the inputs to
a pursuit system and an evasion system, respectively. Let f denote a func-
tional on the tuplet (u, v) such that the pursuer attempts to minimize f
while the evader attempts to maximize f. A tuplet (u0, v0) such that

f(u, vo) >= f(uo vo) >- f(uo )

for all u and v is optimal from both the pursuit and the evasion points of
view.
The present paper has two main objectives. First, the analysis of pur-

suit-evasion games. This class of problems is an abstraction of the problem
considered by Ho, Bryson and Barron in [1]. Secondly, attention is focused
on the use of function space methods and the generality of results obtained
by such an approach. Thus Hilbert spaces provide the setting, and the
method of analysis follows closely the approach of Rail in [2].

2. Basic notions. To proceed with reasonable efficiency it is necessary to
assume a working knowledge of Hilbert spaces (see [3], [4] or [6]). This
section, of necessity, is limited to introducing the minimal notation that
is used throughout the article.

Consider two real Hilbert spaces H and H, with inner products (, } and
(, } respectively. Let H H H. denote the usual Cartesian product of
H and H,

H { (, ): H, H.}.

H is also a Hilbert space when equipped with the inner product

* Received by the editors September 14, 1966, and in revised form February 20,
1967.
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Suppose now that f: H--+R is a real-valued functional on H which is twice
Frchet differentible (see [4], [5] or [9]). The firs derivative, f’(9), of f
t 0 (O, 0=) is linear functional on H and thus has the form

(f’(e), ) (k’(o), ), + {f’(e),
where the prtial deriwtives fx’(O) and f.’(O) re formed using the rules for
differentiation in a product space. With the meaning of this expression we
write f’(O) (f’(O), f,.’(O) ). The element 0 H is called critical point of’
f if f’(0) 0. If 00 is a point of local maximum or local minimum for f
(that is, f(O) _-< gO0) or f(O) >- f(Oo) in some ball about 00), then O0 is
necessarily critical point of f. Ia this paper, however, our interest lies
primarily with the saddle points of f.
Consider the functionals f:H ---> R and f.: H - R defined by the ex-

pressions

(1) fx(u) f(u, v), u H1,

(2) f=(v) f(u, v), v < H.
Thinking of v as a parameter, u is to minimize fl. Conversely, thinking of
u as a parameter, v is to maximize f,.. A solution tuplet (u0, v0) is also of
necessity a critical point of f and, in this case, has the property

f uo v0) min max f u, v) max min f u, v)

and for transparent reasons is referred to as a minimax point of fi
3. A specific class of problems. Let T: H1 Ha and S: H= -+ Ha denote

bounded linear transformations nd Ha a fixed element. Let f be the
rel-valued functional on H defined by

(3) f(u, ) 1/2{!1 80 Tu / I1" / u ll’}, (u, ) e H.

Our immediate objective is to locate the minimax points of f. An important
step in this direction is given by the following lemma.
LEMMA 1. For f defined in (3),

f’(u, v) u- T*- T’So q- T*Tu,
f=’(u, v) -v + S* S*Tu q- S*Sv.

Proof. The proof is straightforward and will ordy be sketched here. First,
expand f in terms of inner products, for instance,

I! Sv -k Tu (u, T*Tu} q- (v, SS*v} q- (, } q- 2 (v, S*}

-2 (So, Tu} 2 (T*, u).
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The right-hand side of this expression is easily differentiated term by term.
For example, from the limit

lim { ( u-l- u’TT*(u-t-,, u ,, ( u, T*Tu .
-lim

(2 (T*Tu, u} -t" (u, T*Tu}
=lim{2(T’Tu, u )}

we see that

(u, T*Tu) 2 T*Tu.
Ou

Repeating this process term by term nd collecting results leds directly to
the ussertion of the lemm.
The critical points off must of necessity satisfy the conditions f’ 0 nd

f 0. Using the lemm, we rrive immediately t the conditions

u T* + T*Sv T*Tu,

v S* + S*S S*Tu.

Notice that the first equation requires u to be in the range of T* while the
second equation places v in the rnge of S*. That is, for some X, fl H,

u T’X, v S*fl.
Mking these changes of wribles results in

T*X T*( + SS*fl TT*)

S*fl S*( + SS* TT*

which will hold whenever

X + SS*fl- TT*X,

from which it follows iediatdy that X fl nd, moreover,

(5) [I + TT*- SS*]X .
Thus, whenever the indicated inverse exists, the critical points (u0, v0) of f
re of the form

(6) uo T*[I + TT* SS*]-$,
(7) o S*[I + TT* SS*]-.
These results re summarized in the following corollary to Lemm 1.
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ConoLIAmr. If (uo, Vo) is a critical point for f of (3), then Uo T*) and
Vo S’h, where X is some solution of (5). Where the indicated inverse exists,
uo and vo are determined uniquely by (6) and (7) respectively.
Remark 1. In [1] a functional of the form

was considered where a, b > 0 are parameters. Other possible variations on
(3) include

(9) 1/2{}} Sv Tu + + u- u0 II /,

where u0 H1, v0 H2 are fixed elements, and K" H2 - H1 is linear. Each
of these and/or combinations of these variations reduce to f(u, v) by an
elementary change of variables. In (8) it suffices to set u’ au, v’ bu,
S’ (1/b), and T’ (1/a)T. In (9) set u’

’ - Tuo- Svo. In (10) an appropriate change of variables is u u

+ Kv, S’ S + TK, while H is equipped with the (equivalent)inner-
product (x, y) (x, (I-}- K*K)y)for x, y H. The solutions for these
cases are also obtained by direct substitution in (6) nd (7). Hence no
generality is lost in concentrating attention on the functional of (3).
Example 1. In [1] the following pursuit-evasion problem is considered.

The pursuit and evasion systems satisfy the multivariate differential equa-
tions

2(t) F(t)x(t) + G(t)u(t), x(to) x;
(11)

2(t) F.(t)x+(t) -+-Ggt)v(t), x+(to) x,
respectively. The functional

J(u, v) 1/2{ll x( T) x( T) -t- u ]] v II}
is to be maximized (minimized) by the evader (pursuer). In short, the
problem is to find, if they exist, control pairs (u0, v) which are saddle
points of J.
To bring this problem within the framework of the section, the trans-

formations

Tu +( T, s)G(s)u(s) ds, u H1,

Sv +,( T, s)G(s)v(s) ds, vE H,

For this example the notation of [1] is adopted. For simplicity (and at no loss in
generality) the weighting matrices Rv, Rt and A’A, used in [1], have been taken as
identity matrices. Thus the Hilbert spaces H and H are appropriate finite copies of
.L(t0, T) equipped with the usual inner product while Ha is E=.
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are defined, where + and + denote transition matrices. Consequently,

x( T) x( T) Sv Tu -C ,
where

e(T, to)x: (T, to)x,
and it then follows by inspection that we are dealing with a concrete version
of the main problem.
For the function spaces involved, T* and S* are identified by the equa-

tions (see [3, 3.3, Example 5])

(T*k)(t) G*(t)+*(T, t)h,

(S*)(t) Ge*(t)*(T, t)O,

Consequently, I + TT* SS* may be identified as the matrix

I + +(T, s)G,(s)G*(s)+*(T, s) ds

which is the matrix K( T, to) of [1]. Similarly, the optimal controls, namely,

uo(t) G:*(t)+*(T, t)[I + TT* SS*]-I, [to, T],
(12)

vo(t) G*(t)*(T, t)[[ + TT* SS*]--, [to, T],

agree with those computed in [1].
Remark 2. From the construction of the first example it is apparent that a

multitude of variations might be easily considered. When the matrices R
and Re of [1] are present, the Hilbert spaces change slightly with correspond-
ing changes in the computations of T* and S* (see [3, 4.4, Examples 1
and 2]). Similarly, classes of sample data and composite systems fall within
the domain of the analysis. The interested reader is referred to [3, 2.5] for
further discussion of such applications.
Example 2. For contrast, the minimax problem of this section will now

be interpreted in the concrete setting of distributive systems. Since any
comprehensive treatment would involve quite lengthy discussions, it is
necessary to ration ourselves here to a sketch of the situation. The reader
is referred to [11], [12] and [3, Appendix 9] for more complete discussions
which include several physical examples.

Consider two distributive systems, defined on the spatial domain (0, b),
the time domain (to, t+), and satisfying the diffusion equations

(13)
xt(t, a) [k(t, a)x.(t, a)]. -+- u(t, a), (t, a) (to, t+) (0, b),

y,(t, a) [l(t, a)y.(t, a)]. -- v(t, a), (t, a) (to, t+) X(0, b).



560 WILLIAM A. PORTER

Here subscripts denote partial derivatives, u and v denote system inputs, x
and y denote system responses, while k and are diffusion functions of the
two systems. These equations are supplemented with auxiliary (i.e., initial
and boundary) conditions sufficient to make the problem well defined. The
minimax functional of (3) takes the form

f(u, v) f {[y(t, a) x(t, a)] -I- z(t, a) v(t, a)} da dt.

In many important applications the auxiliary conditions are such that
the system equations can be identified ( la Sturm-Liouville) with an
infinite family of ordinary differential equations. To illustrate, let k and be
constant. Then for the auxiliary conditions x(t, 0) x(t, b) y(t, 0)

y(t, b) 0 and x(to, a) x(a), y(to, a) y(a), equation set (13)
may be identified with the equation set

2_(t) AT(t) q- Bu_(t), x_(to) x_, (to, t),

_(t) Fy_(t) q-Gv_(t), y_(to) y_O, (to, tf).

Here, _x, y_, u_ and y are time-varying elements in 12 while A and F are the
infinite diagonal matrices

If u and v are free of spatially concentrated forces, then B and G are identity
operators on l. The jth component of _x is related to the function x by the
formula

[_x(t)]j x(t, a) sin da, e [to, tz], j 1, 2, -.-.

The tuplets _x, _y0 and y are defined similarly.
Now it can be shown that the concept of state transition matrix (also the

matrix exponent) generalizes naturally to infirfte dimensions (see [13]
in addition to the references cited above). Indeed, all equations in Example
1 remain valid in infinite dimensions. Moreover, the solution (_u0, _),
given by the extended version of (12), can be used to define directly the
corresponding optimal scalar-valued controls u0(t, a), v0(t, a) for (t, a)

These equations result from the natural Fourier expansions defined by (13). De"
tails are included in the references cited.

The Hilbert spaces H1, H. consist here of all measurable and square integrable
functions on the rectangle (to, tf) X (0, b).
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(to, ts) X (0, b). To continue, the matrices v(ts, t) and e(t], t) are
infinite and diagonal"

v(t,t)= diag I... exp{--
e(tf, t)= diagI.-, exp{-

(ts-- t) t [to, tf],

(ts- t) t [to, t],

as is the matrix I + TT* SS*, which has the typical jth diagonal ele-
ment

1 + 1- exp {--2/ctta’(t,- to)}_ 1- exp {--2//zj(ts- to)}
2kin 21.

where /zi (flr/b), j 1, 2,...
obvious inverse. The tuplet (1,

where

This latter infinite matrix has an

n 12 is determined by

, exp{ 1/z,(t, to)} (x), exp{ k/z,(t, to)}

(v)(x)4 x (a) sin da, i 1, 2, ---,

and (x) is defined in the same manner. Putting all the parts together the
optimal pursuit control is given by

SS*uo( t, [ + TT* e si
i=1

The optimal evasion control differs only in that k becomes 1.
Example 3. It is not surprising to find a relationship between the mini-

max problem of this section and certain problems in electronic counter-
measure. In the following this relationship is partially exposed. Because the
earlier analysis is basically open loop in character and because we wish to
avoid the added complexities of introducing Hilberg spaces of random
processes, this example should be viewed as a minimal connection between
he two problem areas.

For the present discussion all Hilbert spaces are finite Cartesian products
of L(- , ), denoted simply by L2 hereafter, equipped with the usual
norm. Leg ( Ha be thought of as a signal which is to be tracked by the
output of a linear system. A second linear system is attempting to disrupt
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(i.e., countermeasure) the tracking process. The tracking system is modeled
by the linear operator T:H1 Ha while the countersystem has the mode] S:
H: H. To avoid solutions which call for infinite energy on behalf of both
systems a concrete form of the functional (3) is selected for design pur-
poses.

Let F denote the Fourier transform on L. defined by

V’-(Fx) (o) lim eix(t) dr,

A theorem of Plancherel (see [14, p. 51]) establishes that F is a one-to-ole,
onto, norm preserving mapping (i.e., a congruence) on L. The definition of
F generalizes to finite products of L and maintains these properties. For
convenience, the convention Fx will be used. Suppose that the system
T is stationary. Then a multidimensional version of a theorem of Bochner
(see [15, Chap. IV]) states that T has a multiplicative representation in the
sense that there exists a matrix, , of uniformly bounded measureable func-
tions such that y(t) (Tx)(t) )() ()(0) for all x H1. For
convolutions a. nona.nticipatory T will have a which is analytic in the
upper half of the complex plane.

Consider now the linear term in the expansion of f(u u, v itv)
f(u, v), namely,

((I + T*T)u T*(Sv + ), u) -F ((S*S I)v S*(Tu ), v).

Using Fourier transforms, this is equivalent to the expression

((I + 2") *( + ), u) + ((* I)9 *( ),
Suppose that we require all signals, except possibly , to have zero values
for _-< 0. Then the first inner product is zero for all such u whenever the
function (I *) *( ) is analytic in the upper half-plane.
Using conventional separation methods (see [16, 16.3] or [10, Chap. 2]) for
this Wiener-Hopf-like expression, the optimal choice of u is seen to be

(,,,) -’(){-(- )*()[*()() + ()1},..,.,
o (- , ),

and, similarly, the optimal choice for v is given by

() -(){-(__ )*()[()() ()]},..,.

In these expressions the subscript u.h.p, denotes the upper half-plane part
and the factorizations, k(- 0)() I + *(0)(o) nd ( )

*(o)(o) I, are assumed, where () and () are analytic in
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the upper half-plane. The reader is referred to [10, Chap. 2] for discussion
of these problems.

Since this solution involves simultaneous nonlinear equations, another
(not necessarily simpler) form of the result will be given. To do so, let the
tuplets

(, ), (, ), (, )
and the matrices

[I + "*(o)"(o) ’*(o)(o) 1(0) K(-)R:()
_q,(),() *()q()- I

()
0 *()

be defined. Then the linear term may be written (3r , 8) with the
obvious meaning. By the same reasoning as above, the optima] choice of x
is given by

() -(){-(-)0()()}..,., (- , ).

Here the problem of simultaneous equations is avoided at the expense of
increased difficulty in computing the corresponding inverse matrices.
Example 4. The pursuit-evasion problem considered in Example 1 is just

one of several that might be formulated within the context of that setting.
As a finM example, consider the case where the pursuer and evader are in
instantaneous competition along their respective trajectories, the "game
functional" being

I(, ) { . + II ll,
Here Hx and H2 are as before but H is now a third finite Cartesian product
of L2(t0, T).
The transformations T and S are defined by

(Tu) (t) ,(t, s)G,(s)u(s) ds, [to, T],

(Sv)(t) ,(t, s)G,(s)v(s) ds, [to, T],

while becomes the time-varying tuplet

(t) .(t, to)x? -,(t, to)x,, [to, T].

The adjoints of T and S differ also from the first example, being of the form
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T

(T*),) (t) G*(t)* (s, t)), (s) ds,

T

(S*)(t) Ge*(t)6pe*(s, t)(s) ds,

[to, T],

Using these expressions the operator I -+- TT* SS* is evidently well
defined as is the function nd the critical point (u0, v0).

It is evident from these expressions that the relationship -- ), is, in this
case, an integral equation rather thau a matrix equation. This relationship
can also be expressed in differential equation orm. To do so we make use of
the variables u T* and v S*},, and then we write [I + TT*

in the form

where

X- Sv Tu-t- .
Using the definition of and. the transformations T and S it follows from
inspection that

(t) x(t) x(t),

2(t) F(t)x(t) -t-G(t)u(t), x(to) x,
2e(t) F(t)x(t) -t- G(t)v(t), x(to) x.

Now using the defining equation for T*, we have

u(t) (T*h)(t) G*(t),*(s, t)h(s) ds

G*(t) *(to, t) *(s, t0)k(s) ds *(s, t)k(s) d

which is recognized s the integral form of the equation set

(t) -F*(t)p(t) k(t),

Similar results hold for S’X, and altogether he resulting equations are

() f()() + o()ao*()(),
(1)

() z() z() f.*()().

[to, T].
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This homogeneous equation set together with the initial conditions x,
x, and the relationships

(15)

T

p(to) p*(s, to)[Xe(S) xp(s)] ds,

q(to) e*(s, to)[X(s) x,(s)] ds
,0

complete the description of the problem.
Remark 4. Solving explicitly for p(to) in Example 4 is the same sort of

two-point boundary value problem that frequently occurs in minimum
energy control problems. Once the transition matrix for (14) is computed
the interrelationships between p(t0), q(t0), x(t0) may be determined from
(15). It lso seems reasonable to anticipate a closed loop minimax con-
troller. Assuming a matrix W such that (p, q) W(x,, xe), one arrives at
the Ricatti matrix equation

I;V A + AW- WA- WAW
with appropriate initial conditions. Here A ij, i, j 1, 2, are the partitions
of the matrix in (14) into square quarters. Similarly, since

p(t) Wll(t)x,(t) + Wl.(t)x(t),

q(t) W(t)x,(t) + W(t)x(t),

and since u G* p and v Ge*q, the feedback controller is in hand.
In closing, reference is made once more to the analogy between Examples

1 and 2. It is not surprising to find that distributive system nalogy exists
for Example 4. While these matters are not dealt with here (see [17]),
it suffices to say that (14) remains valid when appropriately interpreted.
This equation and the Rictti equation also have a partial differential form.

4. A sufficient condition for minimax points. Suppose that the functional
f:H ---+ R introduced in 2 has a second (Fr6che) derivative f". Then f"
is a linear operator on H which may be represented in the matrix form

[5"(0) f"(0),, 1’[f" (0)]
f",(o) fee(o)

where the component second partial derivatives, f’(t), i, j 1, 2, are
linear operators which map according to the table

f,’(O)" H,--+ H i,j 1, 2.

This representation is written with the meaning of the equation

[f" (0)]b (f1"(0), + f,".(O), f="(O)/ + f’,.(O)=), (, b,.) H.
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For the specific unctional of 3, these second partials are easily located,
indeed

f;’l(u, v) I + TT*,
f;’=(u, v) S’T,
f(u, v) T’S,
f;(u, v) SS* I.

Consider now the Taylor series expansion of f about the point 0:

f(O + 0) f(O) + (f’(O), 0) + (iO, [f"(O)]tiO) + o(11 o
Suppose that Oo (Uo, vo) is a critical point (i.e., f’(Oo) O) and that
tie (u, tiv). Then

f(uo + u, vo) f(uo, vo) + (u, f",(uo, vo)u),

f(uo, vo + v) f(uo, vo) + (v, ]’(Uo, vo)v),

and the conditions

f;’(uo vo) > o,
f’.(Uo, vo) <= 0

re evidently sufficient to guarantee that (u0, vo) is a minimax point. These
conditions result in the following lemma.
LEMMA 2. If the operators I + TT* and I SS* are positive definite, then

the critical point (uo, vo) is a minimax point for the functional of (3).

5. Computing the saddle point. Consider once more (4) and (5) which
are repeated below in slightly modified form:

(16) X TT*X++ SS*,

(17) SS* + TT*),,

(18) ), (SS* TT*)
All three equations are of the form

(19) x Kx-y,
where K is self-adjoint operator. (In the first (second) equation (respec-
tively, )) is treated as a parameter.) Thus attention focuses on the inverti-
bility, of an operator I K on a Hilbert space H.

For the operator K, let/(K) denote the numerical range of K, which is,
by definition, the set

(g) {(x, Kx): x [I }.
The notations K => 0, K > 0, K

_
0 and K < 0 denote the property that (x, Kx)

s >-_ 0, > 0, <= 0 and < 0, respectively, for all x E H.
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Suppose that e is an arbitrary scalar. The distance from e to the set (K)
is defined by

d d[; (K)I in//l- I: .(K)}.
If this distance is strictly greater than zero, then (see Appendix 1) the
operator d K is invertible and has a bounded inverse satisfying

d"

In prticulr, the cse e 1 provides sufficient condition for invertibility
of the operators in the present discussion.
Because of the prticulr forms of K, the numerical rnges in ech of the

three cses is subset of the rel line.

(x, Kx) (x, TT%) T ,
which implies thatS( TT*) is a subset of , 0]. Similarly, one easily
shows that (SS*) [0, ), while the identity

(x, SS* TT*) x) S*x - T*x ]], x H,

implies that, in general, (SS* TT) may contain both positive and
negative points. In the first case, it follows eagly that d[1; N( TT*)] 1
and, consequently, that I + TT* is invertible with (I + TT*)- 1.
In the second two cases, the respective numerical ranges may, in general,
contain (or have as a lit point) the scalar e 1. Many different condi-
tions can be imposed to remove this possibility. For instance, if S* < 1
or if I SS* is nonnegative definite for some < 1, then in both cases
e 1 is separated from the respective numerical ranges. Consideration of
the example SS* sI, TT* tI for suitable scalars s and shows, how-
ever, that in general I SS* may be invertible while I SS* TT* is
not, and conversely.
Assume now that i K is invertible. Many iterative techniques are

available wch may be used in the computation of the solution to (18) (see
[7], [8] and [9]). In Appendix 1 a rather direct method is suggested. In this
method (18) is converted to an equivalent form which involves a contrac-
tion operator. The resulting equation can then be solved by direct iteration,
the iterates converging at a rate independent of the initial estimate (see [4,
p. 27]).

Suppose now that { i 1, 2, is a sequence which converges to
the solution of the equation f(O0) 0. If the critical point 0 is a relative
maximum, then each element of the sequence {f(O): i 1, 2,...} is a
lower bound for f(O0). Similarly, for 0 a local mima f(0), i 1, 2,
is an upper bound for f(00). If, however, the number f(00) is unknown prior



to the determination of 00, then the differences f(0) f(00), i 1, 2
cannot be determined and are of little practical use in. terminating an itera-
rive sequence.

Rail in [2] has pointed out that minimax points are distinct in that it is
possible to generate both upper and lower bounds for the value of f at the
critical point. To illustrate in the present setting, rewrite (16) and (17) in
the forms

(20)

(21)

x() ( + TT*)-( + SS*),

()) (I- SS*)-(- TT*)),

respectively. Assume that an estimate / is given and that X(t) is the
corresponding solution to (20). Similarly for n estimate ), ()) denotes
the corresponding solution to (21). By an buse of notation, we shll write
f(X, ) rather than f( T’X, S*g).
LEMMA 3. /f

(SS*)I/(I -- TT*)-(SS*)11 -<- kI for some k < 1,

(TT*)II(I- SS*)-(TT*)11 <- nI for some n > -1,

then

f()(fl), ) - f(ho, rio) f(),, (),) ).

Proof. For h and/ independent, direct expansion of (3) yields

(22) {(, SS*(SS* I)) + (, TT*(TT* + I)) + (, )

2 (SS*fl, TT*h} 2 (TT*h, ) + 2 (SS*fl, )}.

For fl , this simplifies to

f(h, ) [(, (TT* SS*)(I + TT* SS*)h) + (, )

+ 2 ((SS* TT*)h,

and when (I - TT* SS*)h $, the right-hand side becomes

When I + TT* SS* is invertible, this becomes

f(ho, flo) ((I + TT* SS*)-, ).

Returning now to (22) nd letting (I + TT*)h SS*fl + , we hve
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f(,(), t) 1/2{(, SS*(SS* /)fl} + (TT*X, SS* -[- } - (, }

2 (SS*, TT*k) 2 (TT*k, ) + 2 (SS*fl,

+ 2 (*,

and hence, fin]ly,

f(x(), ) ((, + ), [ + TT*]-(Z* + )) (,

Following a similar computation for the case fl SS* TT*h
results in the expression

f(h, (k)) {(fl, TT*h} + (, TT*h}},

nd when I SS* is invertible,

f(h, (h)) {(( TT*h), [I SS*]-( TT*)} + (,

To complete the proof it remains only to compare the above three quanti-
ties. In Lemmu 1 of Appendix 2 nd its corollary it is shown that

f(x0, 0) f(x(), )

((), [(I + TT*- SS*)-- (1 + TT*)-]()},

((), [( + TT* ZZ*)-1- ([- *)-](x)),
where w is the function (x) (I + TT* SS*)x. Moreover,
Lemma 2 of Appendix 2 n.d its corollary show that the hypothesis of the
present lemm is sufficient to assure that

(I + TT*- SS*)-- (I + TT*)- O,
while

( + TT* SZ*)--- ( Z*)- 5 0.

Remark 5. If fl fig + , where fl0 (I + TT*- SS*)-, then

(fl) + (I + TT* SS*)- (I + TT* SS*)-I.
Using the results of Appendix 2, we then hve thut

f(X, (X) f(Xo, o) (,
whereQ 0andR 0.
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Remark 6. It is interesting to note that the condition S < 1 is
sufficient to guarantee that the hypothesis of the above lemma is satisfied.
Indeed, note that (I + TT*)-1 < I and hence that (recall S S* ]])
<x, (SS*)II(I + TT*)-I(SS*)x) <(SS*)12x, (I + TT*)-I(SS*)’Ix>

<-- -< II
In the second case, S < 1 implies I SS* > 0 and the hypothesis
follows trivially. By the same token, the condition S < 1 also guaran-
tees the invertibility of I + TT* SS*, and the sufficiency condition of
Lemma 2 in 4.

6. In closing. In 3, 4 and 5 attention is centered on the minimax
points of a particular functional. The principal results re embodied in
Lemma 1 and its corollary, Lemma 2 nd Lemma 3. The four examples of
3 illustrate the corollary of Lemma 1 ia a selection of concrete settings.
Sections 4 and 5 deal with sufficiency conditions nd some computational
aspects of the minimax problem.
Remark 1 indicates some generalizations which extend the scope of the

results. It is interesting that the results re also useful in some types of con-
strained minimax problems. To illustrate, consider two types of constraints
on the control u H1, namely,

Here A is a linear operator with values in a Hilbert space wherein " is a
fixed element. The first (linear) constraint might typically arise in specify-
ing terminal conditions on the admissible controls. The second constraint
is obviously a maximum pursuer energy limitation.
To determine the constrained critical points for the functional of (3), the

well-known Lagrange multiplier technique (see [4, 47]) is employed with
the resulting functionals:

in the two cases respectively. Here , and a are appropriate Lagrange
multipliers, while p is an artificial variable introduced to cope with the in-
equality in the second constraint.
The first functional may be rewritten as

1/2{ Sv Tu + + u A* II v 2} + 1/2{ (a, ) [I A* ll}.
The first part is of a form considered in Remark 1 and the second part is
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independent of u and v. Simi|arly, the second functional can be regrouped
into a term considered in Remark 1 plus a term independent of u and v.
Consequently, the results of 3 may be used directly. Naturally the situa-
tion is complicated by the appearance of parameters in the solution equa-
tions which must be determined from the added constraints.

Appendix 1.

THEOREM. Let K be everywhere defined on H and suppose that the scalar 1 is
at a positive distance d from fi[(K). Then

(AI.1) x

has a unique solution for every H; the operator K I is invertible and
(K I)- [[ <= d. Moreover, for 0 < a < 24/[I K I [[ and arbitrary
x H,

(K I)- lim [(1 -)I q- (K )]xo,

where K is the operator mapping x into Kx
Proof. The first purr of the theorem is a classic (see [18, p. 147] or [19,

p. 1]) and will not be proved here. The second part is not quite so usual and
the proof of Zarantonello [19] is included here for completeness. First note
that, for a > 0,

is equivalent to x Kx- , and hence it suffices to show that aK
q- (1 a)I is a contraction. Consider the expansion

[K + (1 )Ilx [[2
Using the definition of d we obtain

II [aK q- (1 a)Ilx

from which it appears that if a < 2d/[[ K I l] , then

which completes the proof.
If a is chosen to minimize the right-hand side of (A1.1), the result is the

obvious corollary.
COROLLARY 1. For

IIg--

Appendix 2.
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LEMMA 1. Whenever the indicated inverses exist, the identity

(, [(I 4- TT* SS*)- (I + TT*)-]),
where o -5 (I -5 TT* SS*), holds for all and .

Proof. Consider first the identity

(( SS*fl + ) (I -t- TT*)-( SS*fl --5

I, (I -+- TT*)-o) (, (I -{-- TT*)) 2 (3, +
which may be verified by expansion of the right-hand side. Using this
expansion the left-hand side of the identity of the lemmu becomes

(, ([ -+- TT* SS*)--) -+- (, SS*fl) (o, (I -+- TT*)-o)
+ (, (I + TT*)fl) 2 (, } +

which reduces to

(, (I + TT* SS*)-) -5 (, (I -5 TT* SS*)) 2 (, )

(o, (I + VT*)-o).
The lemm now follows directly from the identity

(, (I -5 TT* SS*)-) + (, (I -5 TT* SS*)3) 2 (, )

(I + TT*- SS*)- (I-5 TT*- SS*)-
(I -5 TT* SS*)-o

(% (I+ TT*-
ConoLnn. Whenever the indicated inverses exist,

<, (I + TT* SS*)-) <, TT*X>
<(TT*k ), (I- SS*)-(TT*X- )>

<o, [(I + TT* SS*)-a (I SS*)-]w>,
where o + (I + TT* SS*)h.

Proof. The corollary follows directly from the lemma as a result of the
changes of vribles" SS* -TT*, TT* --+ SS*, -+ .
LEMM 2. If I + TT* SS* and I SS* are invertible, then

(I + TT* SS*)-I
_

TT*)-
(A2.1) (I + TT*)--(SS*)[[- (SS*)/([-k- TT*)-(SS*)--i]-(SS*)(I + TT*)-,
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(I + TT* SS*)- (I SS* -(A2.2) (I SS*)-I(TT*)I/[I + (TT*)/(I SS*)-(TT*)I/]-1

(TT*)I/(I SS,)-1.

Proof. These equalities may be established by clearing fractions. To
illustrate, set M I TT* and N SS* in which case (A2.1) becomes

(M- N)-1- M- M-NI/[I N1/M-N/2]-NI/M-M-N(I_ M-1N)-IM-1.
Since (M N)- [M(I M-N)]-1 i M-N)-M-1, multiplica-
tion by M on the right produces

(I M-IN)-1 I M-1N(I M-N)-I.
Clearing fractions then completes the proof.
COIOLLARY. /f (SS*)I/2(I + TT*)-I(ss*)/ <= xI for sone x < 1, then

(A2.3) (I + TT* SS*)-1- (I + TT*)-1 >=- O.

If (TT*)/(I SS*)-I(TT*)1 >= xI for some x > -1, then

(A2.4) (I- TT*- SS*)-- (I- SS*)- <= O.

Proof. If A is any linear operator and if K >= 0, then A*KA >= O. Thus, in
proving (A2.3), it suffices to consider [I (SS*)I/(I - TT*)-( SS*)I]-1.
The hypothesis of the corollary guarantees that I (SS*)I/(I - TT*)-I
(SS*)12 is positive definite and has a positive definite inverse. The proof

of (A2.4) is analogous.
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ON THE CONTROLLABILITY OF DELAY-DIFFERENTIAL SYSTEMS*

LEONARD WEISS?
1. Introduction. The importance of dealing effectively with the inevitable

delays of signal transmission within a control system is attested to by the
volume of literature devoted to this problem over the years [1]. The early
textbooks on control generally treated the problem of time lags by ad hoc
and approximation methods, some of which involved modeling a system
with pure delay by a higher order system without pure delay (see Repin
[2] for a detailed discussion of this technique).
For a wide class of systems, however, it is natural and important that the

model show the delay explicitly (see [3], [4]), which motivates the considera-
tion of dely-differentil equations as models and the study of their prop-
erties from a system-theoretic point of view.
One of the fundamental system-theoretic properties of a control system

is that of "controllability", which can be viewed as pertaining to the ques-
tion of whether a given (optimal) control problem i.s well posed or not, and
which therefore impinges on questions of existence of solutions to such
problems. Exactly how one should define the concept of controllability
depends on the nature of the problem one is considering. Even in the case
of control systems with finite-dimensional state spaces, there is more
than one natural wy of defining controllability [5]. In the case of infinite-
dimensional spces and with possibly infinite-dimensional target sets, the
controllability concept of interest certainly depends on the precise nture
of the target set.

In this paper we define and discuss a type of controllability which is
likely to play n important role in a broad class of optimal control problems
for systeIns described by delay-differential equations. One of our obiec-
tives is to illustrate that some techniques which have been found to be
eminently useful in obtaining results for ordinary differential equations
can lso be profitably used when dealing with delay equations. In prticu-
lr, the pproach we tke to the solution of the problem discussed in the
sequel is analogous to that for ordinary differential equations given by
Mrkus and Lee [6] as modified by Kalmn [7]. The results subsume the
controllability results given by Chyung and Lee [8] in their pper on opti-
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mal control of delay-differential systems with target sets in Euclidean
space.

9.. Definition of controllability and some preliminary remarks. Consider
the system

(1) 2(t) f(t, x(t), x(t h), u(t)), > to,

where x(t) R, u(t) R nd u is measurable and bounded on every
finite time interval, h is a positive constant (the delay), f C .in M1 its
rguments and f(t, O, O, ) =- O. Let (g be the Banach space of real n-vec-
tor-valued continuous functions defined on the interval [to h, to] with the
uniform norm, i.e., if ff;, we have maxt[to-h,tollq (t) I. Then
solution of (1) exists and is unique for > to if one specifies an initial func-
tion ff (R) (see [9]).

Remartc. The assumption of a single constant delay is for convenience
only. All the results in this paper can be easily generalized to the ease of
multiple delays, and these delays can also be time-varying as long as they
are appropriately bounded so that their values do not overlap.

Let 34 be an abstract normed linear space of functions defined on the
interval [to h, to]. Then we give the following definitions.
DEFINITION 1. A system (1) is controllable to a function (.) e wit

respect to the space of initial functions (g if, for any given 63, there
exist a time h, to < h < o, and an admissible control segment Uo.a+,
such that x(t; to, , u) (t h -t- to h), [h, h -t- h], where
x(t; to, 4, u) is the solution of (1), starting at time to, with initial function
and control u.
DFNITION 2. If the system (1) is controllable to all functions in 5e,

it is controllable to the space
D’NrrON 3. If (.) 0 in Definition 1, then the system is control-

lable to the origin.
DnFNITION 4. If h is constant with in any of the above definitions,

the corresponding type of controllability is uniform.
In the sequel, we shall give sufficient conditions for (1) to be controllable

to the origin as well as to a function with respect to the space (g. We shall als
give sufficient conditions under which the linear system

(2) 2(t) A (t)x(t) + B(t)x(t h) + C(t)’u(t),

where x (t) Rn, u (t) R, nd A (.), B (.), C (.) re continuous mtrix
functions, is controllable to the origin nd to function with respect to
The forementioned conditions for (2) will be shown to be necessary if

Such functions will be referred to as "dmissible".
A segment g, denotes a function g defined over the intervM [a, b].
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certain assumption about the space of trajectories of the homogeneous
equation

(3) 2(t) A(t)x(t) -- B(t)x(t- h)

is true.
It should be strongly emphasized that controllability to the origin for a

delay-differential system does not imply, in general, controllability to a
function or a space of functions. However, the techniques which are used
in this paper to study controllability to the origin are completely applica-
ble to the study of controllability to a function or function space. This fact
is illustrated in 6, where some results along this line are given.

3. The linear problem. Consider (2) with ( the space of initial functions.
The solution of (2) for time > to, and corresponding to initial function

6t, has the form (see [10])"

(4) x(t) =--- x(t; to, , u) M(t, to, ) -- K(s, t)C(s)u(s) ds,

where M (t, to, 4)) is the solution of the homogeneous equation (3) cor-
responding to initial time to and initial function 4), i.e.,

(5) M(t, t0,) (t) for [to- h, t0].

The kernel K(s, t) is defined for >= to and to <= s =< and is an n X n
matrix solution of the equations"

OK(s,t) -K(s, t)A(s) K(s + h, t)B(s-- h),

to<=S<__t-h,

(6b) OK(s, t) -K(s, t)A(s), t-h =< s =< t,
Os

with K (t, t) I (the identity matrix).
Equation (6b) shows the obvious fact that over one delay interval, the

delay equation behaves similarly to an ordinary differential equation with
K (s, t) playing the role of a fundamental, matrix solution of the homogene-
ous equation (see [11]).
LEMMA 1. Let (2) be given with any gt. A sucient condition for ex-

istence of an admissible control which results in the solution having a zero-
crossing in finite time is that there exists tl > to such that

(7) rank K(, I)C()C’()K’(, h) d ,
vhere indicates transpose.
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tl

Proof. Let ( (to, t) K (s, t)C (s)C’ (s)K’ (s, t) ds. In (4), substi-

tute

u(s) -C’ (s)K’ (s, t)a(to, t)-M (t to, ).
Then x (tl) 0.
DEFNITrON 5. The force-free attainable set at time of u system (2) is

the set of all points in R that can be reached at time by the trajectories
of (3) resulting from 11 initial functions contained in 63.
DFITO 6. A system (2) whose force-free attainable set t any time

is all of R is pointwise complete.
Since we have been unable to give an example to the contrary, we present

for the reader’s amusement the following conjecture.
CONZECTUrt. All constant coefficient systems of the form (2) are point-

wise complete.
Remarlc. The conjecture is true if we consider the trajectories only on the

interval to h -_< _-< to q- h, since the elernents of span all of R" at any
time [to h, to] and the system (3) behves as an ordinary differential
equation on the interval [to, to q- hi.
LEMM 2. If a system (2) is pointwise complete, then (7) is necessary as

well as sucient for existence of a control which results in a zero-crossing in
finite time of the solution of (2) for any 63.

Proof. Given any 63, suppose there exist t > to nd a control uo.t
such that x (t) 0, but (7) does not hold. The ltter implies that there
exists a nonzero vector x R" such that x’K (s, tl)C (s) O, to <= s <- t
Then, from (4), x’M (t, to, ) O. By hypothesis, however, 4) cn be
chosen so that M(tl, to, ) x. Then x x 0 which contradicts the
assumption that Xl 0.
TIEORE 1. A pointwise complete systen (2) is controllable to the origin

with respect to (B if and only if
(i) there exists t > to such that (7) holds;
(it) given 63, then with t as in (7) and for some admissible

such that x (t to, , uto.a O, the equation

(8) C (t)u (t) B (t)x (t h; to, , utt0
has an admissible solution u (.) on the inter)al (ti t + h).

Proof. By Lemma 1 we have that for any 4) there exists Utto.a such
that x(t to, 0, utt0,tx) 0. If (8) holds, then over the interval (t, tl + h),
(2) becomes

(9) 2 (t) A (t)x (t), x (tx) 0.

It follows by the uniqueness theorem for ordinary differential equations
that x (t) 0 for all [t, t -4- h].
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Conversely, if (2) is controllable to the origin with respect to 6t, then
for any 6 (B, there exist tl > to and an admissible control ut,0,tl+h such
that x(t; to, , utt0.,l+h) 0 for all 6 [h, t + h] which implies (8). Since
x(h; to, , U,o,,) 0 and the system is pointwise complete, (7) must
hold by Lemma 2.

Remark. Ifthe control ut0.+ transfers an initiaI function 6 6t of the
system (2) to the origin (the zero function on the interval It1, t + h]),
then if u (t) 0 for all > h + h, the system will remain at the origin.

4. On the solution of (8). Consider the following facts-
I. An admissible solution of (8) will exist on an interval (h, t -t- h) if

and only if -B(t)x(t h; to, , Uto,tl) is in the range of C(t) almost
everywhere on (t, tl -t- h). Standard techniques can then be employed to
construct a solution (see [12]).

II. If "controllable" is replaced by "uniformly controllable" in Theorem
1, then the right side of (8) must be in the range of C (t) for all 6t on
(h, t -+- h), where tl is fixed.

III. No solution of (8) can be unique since one can add to it any ector-
valued function of time which is in the null-space of C (.) almost every-
where on (h., t -t- h).
To obtain sharper results than the preceding, it is necessary to do some

deep analysis of the attainable set for (2), as indicated by the results below.
Consider (8) over an interva.1 (tl, tl + h) and let P be the set of initial

tunctions in 6t which are controllable to the origin using admissible controls
defined over [to, t hi. (P 6t for uniform controllability.).For each

P, let K {u, ), h ()} the set of admissible controls taking
to the origin (the zero function defined over the fixed time interval
[h, h + h]). Invoking the axiom of choice, define

Q {k; :P (J K}

(i.e., k Q implies k () u for some }, A ()). Now, let

z (t) to, P},

where x (t; to, , ()) denotes the vlue at time of the trajectory of (2)
generated by initial function and control k (). We then have the follow-
ing lemma.
LEMMA 3. If for each b Q and each (h h, h) the set S(t) covers

all directions in Euclidean n-space, then a necessary and sufficient condition
for (8) to have a solution regardless of uto.t almost everywhere on
(h t h) is that there exists a p X n matrix D (t) with bounded measurable
elements such that B (t) C (t)D (t) almost everywhere on (h, t + h).

Proof. Fix (h, t -t- h). The problem reduces to solving the algebraic
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equation

Cu Bx,

where x is an n-vector which can take on values corresponding (except for a
magnitude constraint) to any collection of n basis vectors. Then --Bx

range C if and only if the columns of B are linear combinations of those of
C, i.e., there exists D such that B CD. Continuity of B (t) and C (t)
assure that this process can be repeated for each (tl, tl -J- h) with the
matrix D (t) having bounded measurable elements on that interval.

Remark. Under the above conditions, the solution for u (.) has the form

(10) u(t) aiei(t) + D(t)x(t h; to,, u,o,al), t < < t + h,

where e(t) null-space of C (t) and. a const. The preceding facts
together with Theorem 1 immediately imply that the following theorem
holds.
TEOREM 2. A pointwise complete system (2), which satisfies the hypothesis

of Lemma 3 is uniformly controllable to the origin with respect to 5 if and
only if

(i) there exists tt > to such that (7) holds;
(ii) there exists an n X p matrix, D (t), with bounded measurable elements

such that, with t defined as above, B(t) C (t)D(t) almost everywhere on
(t, t + h).
Since engineers have an aversion (and rightfully so!) to measurable

solutions of control problems, we give the conditions under which one can
find an absolutely continuous solution to (8) over the interval (tl, t -t- h).
The result emerges as an application of the next lemma which is due to
Doleal [13].
IEMMA 4 (Doleal). Let G(t) be an n X p matrix defined on an interval

[a, b] and continuous, at least. Suppose there exists an integer r <- p such
that rank G (t) r for all [a, b]. Then there exists a p )< p matrix H (t),
defined and nonsingular on [a, b] and whose degree of smoothness matches
that of G (t), such that

G(t)H (t) IF (t):01, t [a,b],

where F (t) is n X r, rank F (t) r for all [a, b].
TEOnEM 3. If (8) has an admissible solution and if rank C (t) r const.

for all It1, t -- hi, then that solution can be chosen to be absolutely con-
tinuous.

Proof. By Lemma 4, there exist real n-vector-valued continuous functions
c (t), Cr (t) which span the range C (t) at each [t, tl -+- h]. Then,

This important lemma has a variety of applications to problems in system theory
[16], [17].
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if (8) has a solution almost everywhere on (h, h + h), we can write

(11) B(t)x(t h; to, , u[,0.hl) a(t)C(t) a.e. on (h, h -t- h).
i=1

But since the left side of (11) is absolutely continuous, the a’s can be
chosen to be absolutely continuous. It then follows that an absolutely con-
tinuous solution of (8) exists.

B. The nonlinear problem. The problem will be solved in two steps. First,
conditions are given under which one can control a system (1) to an arbi-
trarily small neighborhood of the origin in finite time, and then we give
conditions under which the origin can be reached in finite time from a point
in its neighborhood.
DEFINITION 6. A system (1) is quasi-controllable to the origin with respect

to 63 if for any 63 and any > O, there exist tl > to and an admissible
control uo,a+ such that

x(. max Ix(t; to, , u) < e.

Consider the system (1) with f(t, 0, 0, 0) 0, fE C in R ?( R
X R XR’,u(t) E R,and E 63.
Define the following functions-

o(. is a continuous, reM-vMued nondecreasing function such that
co(s) > s, s > 0;
t(" and (-) are continuous, real-valued functions of s defined for
s >_- 0, and positive and nondecreasing for s 0;
B (.) is a continuous, real-valued function of s defined for s >= 0, and
positive for s 0.

TI-IEOREM 4. Given are the system (1) and the above defined quantilies. Sup-
pose there exist a real-valued function V (t, x), defined and continuous for

>=. to h, x R, and a real p-vector-valued function U (x) which is C in
R such that

(i) t(i x l) <= V(t, x) -< ’(I x i), >->_ to- h,

(ii) OV(t, x) -I- OV(t, x) f(t, o(t) p(t h) U(o(t)))
Ot x=o( dx ,x=(t)

<_-
for all >= to and all continuous, real n-vector-valued function segments
P[t--h,t] such that

(iii) V(, ()) < (V(t, (t))), t- h _-< __< t.
Then the system (1) is quasi-controllable ith respect to 63.
Remark. Theorem 4 is an easy generalization of a theorem originally due

to Krasovskii [14] on uniform asymptotic stability of delay-differential
equations. The proof follows precisely the novel but lengthy proof given by
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Driver [9] of the original theorem and will therefore not be reproduced
here. Let it suffice to say that if the conditions of the theorem are met,
then for any initial-function (, there exists an admissible control
which has the effect of driving the system to an e-neighborhood of the
origin (in function space) in finite time.
Now, consider the following definitions.
DEFINITION 7. A system (1) is locally controllable to the origin with

respect to if it is controllable to the origin with respect to a neighborhood
N (0) of the origin in .
DEFINITION 8. The first variation of (1) about the zero-solution is the

system (2) where

of (t, o, o, o)A (t) -B(t) Of (t, O, O, O) x(t) x(t h)

Of (t, 0, 0, 0)c(t) u
THEORE 5. A system (1) is locally controllable to the origin with respect

to 6t if its first variation about the zero-solution satisfies the conditions:
(i) there exists t ) to such that (7) holds;
(ii) with tl defined as above, there exists an n X p matrix D (t with bounded,

measurable elements such that B(t) C(t)D(t) almost everywhere on

(t t -- h ).
Proor. We introduce prmeter into the control u nd define

C’(t)K’(t,t) for to =< =< t,

(12) u(t) u(t, ) solution of C(t)u(t) -B(t)x(t h;

to,Ot,u) for t < < t-t- h.

Note 1. u(t, O) u(t) 0 fort [to, t].
Note 2. If O, then x (t; to, 0(, u) 0 on [to h,/1].
Let

(13) J(t) Ox(t; to, 0(, u)
0 =0

Since 0, the solution of (1) is written as

(; o, o(R), ) -= (; ) I(, (), z(),()) a,
to <__t<_ t--h.

An admissible solution, exists by hypothesis (ii) of the theorem.
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From Notes I and 2 it follows that

OxJ(t) - =o

fto [Ofx (r, 0, 0, 0)--t-----OxOf (r, 0, 0, 0)0a + Of (, 0, 0, 0)Ou]
A()J() + B()J( h) + C() (, O) d.

Differentiating gives

0u(t) A(t)J(t) + B(t)J(t h) + C(t) (t, 0),

But from (12),

Therefore,

Ou C0-- (t, O) (t)g’(t,

ou (t, o)e(t) - --B(t)J(t- h),

583

dT

to <= <= t-l-h.

to<-tt,

t < <: t + h.

3 (t) A (t)J (t) + B (t)J (t h)

(14) (C___(t)BC’ (t)K’ (t, tl) for to -<- -< tl
--t-

(t)J(t- h) for t < < t + h.

The solution of (14) over the interwl [to, t] is then

(15) J(t) K(s, t)C(s)C’(s)K’(s, tl) d8, to <= -<- h.

By hypothesis, (15) implies that det J (t) - 0. Moreover, on the inter-
val (t, h q- h), (14)is

(16) (t) A (t)J (t),
so that J (t) is a fundamental matrix solution for (16). It follows that
det J(t) 0fort [t,h + hi.

Since J (t) is defined by (13), the above facts suggest that one muy use
an implicit function theorem to solve

x(t; to, , ) O, t <- <- t + h,
for as a function of . More precisely, consider the following theorem
from Dieudonnti [15].
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THEOREM 6. Let 6tl, (2, (3 be Banach spaces and g a continuously dif-
ferentiable map of an open subset S of 1 X into (. Let (xo, yo) S,
where g (Xo, yo) 0 and let the Frchet derivative of g with respect to y be a
linear homeomorphism of 2 onto (. Then there exists an open neighborhood
No of Xo in svch that for every open connected neighborhood N of Xo con-
tained in No, there exists a unique continuous map II:N -- ( such that
II (xo Yo (x, H (x S and g (x, II (x 0 for all x N. Furthermore,
II is continuously differentiable in N.

Application. Let (R)1 the space 6 of all real, n-vector-valued continuous
tunctions on [to h, to], (2 Rn, (B the space of all reul, n-vector-vMued
continuous functions on [tl, t + h], g a solution segment of (1), i.e.,
g(-, -) x.,.(t0,., .). Let S 6t X F, where F R is an open neigh-
borhood of the origin in R" nd represents the permissible range of .
(Thus (0, Or) is an interior point of S.) The Frchet derivative of g with
respect to is a map which takes R into . The fact that the Jacobian
matrix J (t) is a homeomorphism of R onto R for each Its, tl -t- h]
implies that the Frtichet derivative of g is a homeomorphism from R onto
(. Now, since xa,t+(to 0(, Or) 0, by Theorem 6 there exist a
neighborhood N (0) of 0 nd a unique continuous map II :N (0) -- Rsuch that N (0) implies (, II ()) S and xi,t+ (to, , H ()) 0;
that is, if N (0), then

x(t; to, ,t,, ) o,
has an admissible solution II ().

This completes the proof of Theorem 5.
Theorems 4 and 5 provide suificient conditions for controllability to the

origb with respect to the space for the system (1).

6. Controllability to a function. To repeat our earlier ssertion" controlla-
bility to the origin does not necessarily imply controllability to a function
or to a function space. To illustrate this, and to show how the techniques
presented thus far can be adapted to study controllability to a function, we
present some results for controllability of (2) (and local controllability of
(1)) to a function in the space 5C of real n-vector-valued C-functions
fined on the intervM [to h, to].
THEOREM 7. Consider a pointwise complete system (2) and let 2t(.
d(.)/dt A (t)(.). Let a 3C. Then (2) is controllable to 3 wilh

respect to 6t if and only if
(]) there exists tl > to such that (7) holds;
(ii) with tl defined as above, for any (, and for some admissible

Uo,t such that x(t ;to, , Uito,t) a(to h), there exists an admissible
solution to
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(17) C(t)u(t) (ta)(t- tl + to- h) B(t)x(t- h; to,,

on the interval (tl tl + h).
Proof. The proof is essentially the same as for Theorem 1.
Now consider the following definitions.
DEFINITION 9. A system (1) is locally controllable to a function a with

respect to ( if, given any initial time to and a trajectory x (. 1o, 4)., u.),. (, u. admissible, such that, for some time t > to, x (t; to,
a(t t + t0 h) for all { [tj., tl + hi, then there is a neighborhood

N (.) of the initial function 4). such that for each N (.) there exists
an admissible control u* defined on [to, tl + h] such that x(t; to, , u*)

a(t t + to h) for all [/1, l -- h].
DEFINITION 10. The first variation of (1) about the trajectory

x (.; to, ., u.) is given by (2), where

(18) A(t) -Of (t, x(t; to ., u.), x(t h; to ., u.), u.(t)),

(19) B(t) Of x(t, (t; to, ., u.), x(t h; to, ., u.), u.(t)),

(20) C(t) Of (t,x(t; to , u.) x(t h; to 0. u.), u.(t)

We then have the following theorem.
THEOUE 8. A system (1) is locally controllable to a function a 3C with

respect to 6 if its first variation about the trajectory x (.; to, ., u.) as defined
in Definition 9 satisfies the conditions:

(i) equation (7) holds for t as defined in Definition 9;
(iN) with tl as above, (2ta) (t t + to h) rnngc C (t) almost every-

where on (t t zr h
(iii) there exists an n X p matrix D (t) with measurable bounded elements

such that B (t) C (t)D (t) almost everywhere on (t t - h).
Proof. The proof is essentially the same as that for Theorem 5, but it is

outlined here for illustrative purposes.
Let x (t; to, ., u.) ----- x(t) and perform the substitution in (1)"

(21 x (t) y (t) -t- x (t).
Then (1) cn be written s

(22) $ (t) 2 (t) + f (t, x (t), x (t h), u (t)).
Solving for y assuming the zero initial function (corresponding to initial
function . for x) we obtain

(23) y(t) --x(t) - .(to) + f(r, x(r), x(r h), u(r)) dr.
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Now introduce a parameter into u (t) and let

(t) +C (t)K (t, tl) for t0 =< t,
(24) u (t) u (t, ) (t) -[- solution to C (t)u (t) B (t)

y(t- h;to,O, uto,tl) for tl < < tx-l-h,

where K represents the kernel matrix in the solution of (3) with A (.),
B(. given by (18) and (19), and C(t) given by (20). Let the correspond-
ing solution of (22) be y (t; t0,0, () and define

J(t) Oy(t; t O, )]-0
Since u(t) us(t) and y(t; to, O, O) O, we have, upon differentiating

(23),

J(t) A(r)J(r) + B(r)J(r a) + C(r) -u(r) dr,
0

where A (.),B(. ), C(. reas in (18), (19), (20), respectively.
The remuining steps re now exactly s in the proof of Theorem 5, i.e.,

it follows from (7), (17) nd (24) that det J (t) 0 for ll [t, t + h].
Hence we cn apply Theorem 6 to show existence of solution to

(25) y(t;t0,,) 0 for all t (tl,tl+h)

of the form II() for in some small neighborhood of the origin in
y-space. (And the range of the control is contained in a neighborhood of
the range of us.) But since, by definition,

y(t; to, , ) x(t; to, *, ) x(t; to, ,, us)

x(t;to,rh*,) a(t- t+to-- h), t (t,t-t--h),

where * ,, the solution of (25) implies that the equation

x(t;t0,4)*,) a(t t nt-to- h), (6 ,t nu h),

has a solution l-I* (*) for all 6" in a small neighborhood of , and with
the range of the control contained in a neighborhood of the range of u,.
To obtain sufficient conditions for controllability of (1) to a with

respect to (, we need merely complement Theorem 8 with a theorem which
yields quasi-controllability of (1) to a . Such a theorem is easily ob-
tained by rewriting Theorem 4 so that it pertains to (22).
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to increase the clarity of exposition of this paper,

An admissible solution exists by hypotheses (ii) and (iii) of the theorem.
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ON THE ULTIMATE BOUNDEDNESS OF MOMENTS ASSOCIATED
WITH SOLUTIONS OF STOCHASTIC DIFFERENTIAL EQUATIONS*

MOSHE ZAKAI]

1. Introduction. Let x, be the solution to the stochastic differential
equation

(1) dx, m(t,x,) dt + G(t,x,) dw,, Xo a,

where x nd re(t, x) re vectors in the Euclid en r-spce E, G is n r X q
mtrix nd w, is the standard q-dimensional Brownin motion. The follow-
ing ssumptions re mde on m nd G"

() re(t, x) and G(t, x) re continuous in [0, o X E,
(b) m(t, z) m(t, y) + G(t, x) G(t, y) <= c lx Y

where for vectors, ml ( 21]2
’m and for mtrices,

The conditional expectation EaV(x) will be said to be ultimately bounded
(see [1, p. 129]) if for all a in E,

(2) ]im lEaV(xt) <= lc < ,
/c being independent of a. A Liapunov-type condition for the ultimate
boundedness of certain functions V(x) will be derived in the next section.

Stability properties of x, in the sense of some convergence of x to the
null state have been discussed in the literature (i.e., [2], [3], [4]); however,
the class of processes having such stability properties is, for many applica-
tions, too restricted. In [5] Wonham suggested considering the property
that x, admits a stationary probability measure as a weak stability property
and derived Liapunov-type conditions for stability in the wek sense. We
may also consider ultimate boundedness as a form of weak stability (with
respect to V(x)). For example, we may define x, to be nth order weakly
stable if x, is ultimately bounded for V(x) Ix .

Recently Wonham [6] derived Liapunov-type sufficient conditions for
the ultimate boundedness of certain functions of x, under the assumption
that the x process admits an invariant probability measure. Such an as-
sumption has been avoided in 2 (at the expense of a stronger require-
ment from the Liapunov function). Consequently, the results are appli-
cable to a wider class of processes including nonsttionry processes and

* Received by the editors December 12, 1966, and in revised form March 11, 1967.
] Faculty of Electrical Engineering, Technion-Israel Institute of Technology,

Haifa, Israel.
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processes for which the matrix GG’ is singular, and the proofs are based oa
standard results on stochastic differential equations.
Two examples will be considered in 3.
2. A criterioa for ultimate bouadedaess. Let deote the differeatil

operator ssociated with (1)

(3) (t, x) 0 0
,= + g,y( t, x)

where g is the i, jth entry of GG’, where the prime denotes the transpose.
We will consider functions V(x) with the following properties:

(A) V(x) is real-valued, nonnegative and twice contuously differen-
tiable in E.

(B) Let f(a, t) stand for any of the functions EV(x), E,gV(x) , or
Ea (OV(x)/Ox) G(t, x) . Then f(a, t) is, for each a, bounded

in any bounded intervM.
It follows directly from [7] that if (1) satisfies conditions (a) and (b),

then Ex , p > O, is bounded ia any bounded intervM. Therefore,
condition (B) is satisfied when V, 9V and (OV/Ox)G] are dominated
by polynoMs.
TEonE 1. U x satisfies (1) with () and (b) and ff V(x) satisfies (A)

and B then

(4) v(x) v(x), > o, o,
for all > 0 implies

(5) E V(x) V(a)e- + (1 e-).

If, in additi, m and G are independent of and for some e > O, h > O,

(6) Ei gV(x) + c <
(c may depend a) for all 0 h, then (5) implies (4). (The last in-
equality can be replaced by the more general condition that EagV(x) is
continuous in at 0.)

Proof. By assumption (A), we may apply ItS’s formulu [8]; therefore,

V(xt) V(a) [Jo V(x,) + ’o Ox
G(xt) dwt.

By assumption (B), the expectation of the stochastic integral is zero and

(7) E V(xt) V(a) + ] E 9V(x,) ds.
0



590 MOSHE ZAKAI

It follows from (7) that EaV(xt) is absolutely continuous in (with respect
to Lebesgue measure). Therefore, for almost all s, s ->- 0,

(8) dEa Y(xs) Eads

(9) <= ]1- 2Ea V(xs).

For all those s for which (9) holds, we have
k2sd .Ea V xs ]1 e12so

ds
k2 k2tSince e EaV(X) is also absolutdy continuous, ,V(x) is (everywhere)

the indefinite integrM of its Mmost-everywhere derivative. Integrating the
last inequMity we get

e E, V(x) V(a) 1),

from which (5) follows. Conversely, if (5) is true, then for > 0,

E V(xt) V(x) < k-(10)

since

li- E V(x) V(x) _<__ ] lc. V(.

(11) E V(x) V(x) 1 fo- E 9V(x,) ds.

Then if EgV(x,) is continuous in s at s 0, (4) follows from (10) and
(11). In particular, since V(xs) is a.s. continuous, (6) implies the con-
tinuity of EgV(xs) (see [9, Corollary 2, p. 164]).

3. Applications.
Example 1. Consider the stochastic differential equation

(12) dxt Axt dt + f(xt) dt -t- G(xt) dwt,

where A is a constant r r matrix and f(x) a vector-valued function. It
is assumed that condition (b) is satisfied.
TIEOREM 2. If all the characteristic values of A have negative real parts,

f(x) o(I x I) asx and Gj(x) o(I x I) asx---> , then Ea x ’
is ultimately bounded for every positive p.
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Proof. Since E1/lx is nondecreasing in p, it suffices to prove the
theorem for even integers. Consider the matrix equation for B"

(13) A’B - BA -C,

where C is an arbitrary positive definite matrix. From the assumption on
the characteristic values of A it follows that (13) has a positive definite
solution B (see [1, p. 26]). Let km and k be the smallest and largest eigen-
values of B, respectively. Setting V(x) x Bx, we have , x <= V(x)
=< k Ix 2. For this choice of V(x), we have

cJV(x x’A’Bx -t- x’BAx + 2x’Bf(x) + trace {BG(x)G’(x)}
-x’Cx -t- 2x’Bf(x) + trace IBG(x)G’(x)}
-1/2x’Cx + [2x’Bf(x) + trace IBG(x)G’(x)} x Cx].

Since C is positive definite and f(x) and G(x) are
there exists an R > 0 such that the term in brackets will be negative for
all xl >= R. Therefore, there exists a constant cl > 0 such that for all
x in E,

V(x) <= 1/2 x’ Cx + c
(14)

_-< -1/2
where kc is the smallest eigenvalue of C. Since the last inequality satisfies
Theorem 1, Ealxt 12 < EaV(xt) is ultimately bounded. For p 2n,

3V(x) nV-l(x)CjV(x) + n(n 1)Y-2(x) trace -. G(x)G’(x)

and by (14),

x riVe(x)nV(x) + -vn(x)

o) } v_()+(- )-()tr(V (x)V’() +kOx
Since V(x) is of the order of x ]:" and the other terms in the square
bracket are of lower order, there exist constants c, ca 0 such that for
ax inE,

V(x) -cV’(x) + c.

The ultimate boundedness of Eax follows from Theorem 1 and
E. x (EV(x).
Example 2. A generalization of Example 1 in [5] will be considered here;

in particular, G will not be required to be strictly positive definite. Let
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(15) dx Fx dt be(a) dt + f(x) dt - G(x) dw,,

o’--" CX

where F is a constant r X r matrix, b and c are constant r-vectors, is
scalar-valued and f is vector-valued.
THEOREM 3. Let the system (15) satisfy (b) and the following conditions"
(i All the eigenvalues of F have negative real parts.
(ii) a(a) > 0 for all 0, (a) is continuously differentiable and

(() d/d(r is bounded in , oo ).
(iii) If(x)
(iv) There exist two nonnegative constants and such that -[- > O,

Re (a - io)c’(ioI F)-lb > 0

for all real o, and if c’b O, then ac’Fb -[- flc’F2b O.
Then Ea x, is ultimately bounded for every positive p.

Proof. For p 2, set

V() x’ Bx + f () d.
ao

Then grad V(x) 2Bx + (crx)c and

Ox Ox#
2B + fl()(c’x) cc’,

which is bounded. Therefore,

V(x) <- o(I x ) -[- (grd V(x))’(Fx bch(o’)).

By the results of Yacubovich-Kalman-Meyer [10, Lemm 4 and Theo-
rem 1], there exist positive definite matrices B and Q such that

9V(x) <- o([ x ) x’Ox.
Since Q is positive definite and !() =< h[z l, >- 0, there exists > 0
such that #V(x) <= x’Qx. Therefore, there exist k and k2 such that Theorem
1 applies for V(x), and since V(x) >= c x 12, E xt [ is ultimately bounded.
For any integer n > 1, we have

grad V’(x) nV-(x) grad V(x),

Therefore,

nV’-(x)(2B + fl(c’x)cc’)

+ n(n- 1)V"-2(x)(grad V(x))(grad V(x))’.

9V(x) <= o(I x )
and EV’(x), E. xt [" are ultimately bounded.
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LAGRANGIAN SADDLE POINTS AND OPTIMAL CONTROL*

D. O. NORRIS’f

1. Introduction. In [1] Hurwicz has treated the relationship between a
Lagrangian saddle point and the maximum of a constrained function. The
theorem [1, Theorem V.3.1], which gives conditions under which the exist-
ence of a maximum implies the existence of a saddle point, requires condi-
Uons (viz., positive cones have nonempty interior) which are often too
stringent for application. In [2] a weakening of these conditions was ob-
tained (see [2, Theorem 1]); however, these results are still not applicable
for some control problems.
For example, consider the following well-known problem (see [5, pp.

475-480]). Suppose the performance of a system is described by the differ-
ential equation

(1) x Ax + Bu,

where A is n X n, B is n X r, and the components of these mtrices are
bounded measurable functions. The control u is required to belong to the
set U {u’u (u,...,u,), u(t)! <= 1, u(t) L=,j 1, ...,r}.
Given an initial vector x0 ff R" and a terminal time T, the problem is to
choose u U such that u transfers x0 to the origin 0 ff R" in [0, T] and
such that

f. et

is minimized. In view of the form of J it seems desirable to consider the
problem in L" [0, T], the set of all r-tuples of functions (as an abuse of
language we identify a function and its equivalence class) in L [0, T], where

(3) [1 U [1
--,_1

u’(t) dt.j1,2.

L: [0, T] is a B-space with this norm. Let H: Lf [0, T] -- R such that

(4) H(u) -(s)B(s)u(s) dx q- xo,

where is the principal matrix solution of x Ax. H (u) 0 if and only if
L [0, T]--* L( [0, T] beu transfers x0 to 0 in [0, T]. In addition, let G:

Received by the editors March 24, 1967, and in revised form July 21, 1967.
f Air Force Institute of Technology, Wright-Patterson Air Force Base, Dayton,

Ohio 45433.
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such that

(5) a(u)
i_u

The optimal control problem can now be recast as a typical programmitg
problem. Namely, minimize J subject to the constraints u U, H (u) 0,
and G(u) <= O. Unfortunately, the positive cone in L2 [0, T] (i.e., u >= 0
if and only if u(t) >= 0 a.e. on [0, T], j 1, r) has an empty interior,
so Theorem V.3.1 of [1] does not apply. Furthermore, it is not clear that the
generalizations obtained in [2] apply either.
The main result of this paper is the proof of a theorem which demol-

strates that a necessary condition for the existence of a constrained mitd-
mum is the existence of a saddle point under conditions which are applicable
to the problem stated above. In fact, condition (N"’) in [2, Theorem I] will
be omitted.

9.. The main theorem. In this section the necessary condition for
constrained minimum will be presented. Chapter 5 of [3] should be con-
sulted for a detailed account of order properties used here and in the next
section. In this paper the value of a linear functional y’ ut a point y will be
denoted by y y or y (y).
THEOREM 1. X denotes a real vector space and K is convex in X. Y denotes

a normed linear space which is an ordered vector space. J:X----> R
G:X ---> Y are convex on K.

(R,") For each positive, nonnull, continuous linear functional y* Y*,
the topological dual of Y, there is an x K such that y*G (x < O.

If J (Xo) <- J(x) on K subject to the constraint G(x) <- 0, then there are a
real number o > 0 and yo* Y* with yo* >= 0 such that the Lagrangian
(x, y*; o) oJ(x) + y*G(x) has a saddle point at (xo yo* vo) for every
x -( K,y* >= O.

2.1. Discussion. If C is the positive cone in Y, C is closed, Y is complete,
and Y C C, then every positive linear functional on. Y is continuous
(see [3, Theorem 5.5]), so in this case it suiices to look at positive linear
functionals. If Y is an order complete vector lattice of minimal type ad K
contains a weak order unit x (see [3, pp. 241-242]) such that G(x) O,
G(x) O, then every nonnull positive linear functional y’ on Y has the
property that y’ (x) < 0. Since an order complete vector lattice Y has the
property that Y C C, a sufficient condition for (R") to hold is that Y
be an ordered topological vector space which is an order complete vector
lattice of minimal type such that K contains a weak order unit x with
G(x) _<= O, G(x) O.
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The condition that Y be a normed space cannot be weakened since the
proof of the theorem requires W R X Y to be a normed space. The
condition that the range of J be in R is not essential. However, the range
of J must be a normed space in which the following property holds" If

=< J (x0) then inf,>_
Finally, the theorem is stated as a minimization theorem with convex J

and G, since this is the type of problem presented in 1. The problem treated
in [1] and [2] is a maximization problem for concave functions. It should be
noted that the saddle point inequalities are reversed for a minimization
problem, i.e.,

(6) (x, Yo*; o) > (Xo, Yo*; Vo) > (Xo, Vo)

for allx K,y* O.

2.2. Proof of the theorem. Let W R X Y, where if w (a, y) W
then [[w]] [al + ]]y[. For each x K define A(x) {(a, y)"
a J (x), y G (x)} and let A Ue A (x). A is convex because J and G
are convex functions on the convex set K. (J (xo), 0) A since xo K and
0 G(xo).
A can be supported at (J (x0), 0) by nonzero continuous linear func-

tional. It is sucient [4, Theorem 11, p. 452] to show that, for some point
w A,

(7) w (J(xo),O) inf ]w w].

If < J (x0) then w (, 0) will satisfy (7). Let Wo* be the supporting
functional. Then Wo*(W) wo*(J(xo), 0) for every w A. Now Wo*

(v0, yo*) for some real number vo and y0* Y*.
It is now necessary to show that wo* is positive, v0 0 and the saddle

point inequalities are satisfied. The verification of these facts is essentially
the same as they appear in [1] and [2] but will be included here for com-
pleteness. If w (a, y) A, then

(s) m* (w) ,0- + yo*y => ,oJ (xo o* (J (xo o).

(a, 0) A for every a J(xo), so from (8) it follows that v0a v0J (x0)
and, consequently, vo 0. (J (xo), y) A for every y 0 so again from
(8) it follows that *yo y 0 for every y 0 and, consequently, yo*. 0.
Now we show v0 0. For, suppose not, then since wo* 0 it follows that
y0* >= 0, Y0* 0, and from (8) with v0 0 we conclude that yo*y 0 for
every y G (x), x K. In particular, it holds for every G (x) and we have
yo G(X) O. But G(x) O, yo* 0 so yo*G(x) 0 for every x K such
that G (x) 0. This contradicts the hypothesis of the theorem. The saddle
point inequalities are now easily verified. If w (J (Xo), G(xo)), then from
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(8), yo*G (Xo) >= 0, and since yo*G(xo) <= O, we conclude yo*G(xo) O. Fur-
thermore, y*G(xo) <= 0 for every y* >_- 0, so oJ (Xo) + yo*G(xo) >- lo J(xo)
+ y*G(xo). Again from (8), since (J(x), G(x)) A for every x K,
?oJ (x) + yo*G(x) >= oJ(xo) + yo*G(xo), and the proof is now complete.

It should be noted that the sufficient conditions given in [1, Theorem
V.1] for the existence of a minimum in terms of a saddle point still apply
with the obvious modifications needed to change a maximization problem
into a minimization problem. The necessary and sufficient conditions given
in Theorem 1 above and in [1, Theorem V.1] will now be applied to the
control problem specified in 1.

3. Application. Let X Y L([0, T]. The positive cone C in Y is
C tu: u. >- 0 a.e. on [0, T],j 1, r}. Let K {u X:H(u) 0},
where H is defined in (4). K is convex. L( [0, T] is an ordered topological
vector space which is an order complete vector lattice of minimal type. So to
apply the theorem it is necessary to show that for each nonnull, positive
* y*y there is a u K such that y*G(u) < O, G(u) <= O. It will suffice

to show that there is u K such that G(u) < 0 (i.e., ech component
u (t) 1 < 0 .e. on [0, T]). In this cuse, G(u) will be the negative of
weak order unit nd consequently, every nonnull positive y* Y* will be
negative on G (u). Let T* denote the minimum time for which transfer cn
be effected using "bang-bang" control (i.e., G (u) 0). If T* > T then
the problem has no solution. If T* T then J (u) rT for every u K
and the optimum is found. If T6 < T, then "bng-bng" control u with
amplitude strictly less thn one can be used to transfer x0 to 0 in [0, T],
where T* T’ T. This is consequence of the fct that H is continuous.
For this control, G (u) < 0. Thus, we hve established that the conditions
of the theorem re stisfied. These re also adequate for the sciency.

It will now be shown that necessary and sufficient conditions for u0 to
minimize J on K such that G(u) 0 re that there exist y0* represented in

RL [0, T] by (*, *), 0 > 0, nd such that

(9) .* ->_ 0, j-- 1,..-,r,

(10) ),.*[u 1] 0, j 1, -..,r,

(VoUo-t- [h*Uo], h) 0

for all h L [0, T], such that H(h) Xo 0,

(u, v) f0
r
u(t)v(t) dt,

and [hu] (klUl, ,krUr).



The Lagrangian 6(u, y*; ro) is Fr6chet differentiable in u. In fact,

(u + h,y*;v0) (u,Y*; 0)
()

2 (rou + [hu], h} -4- 7o h -4- ([hh], h},

where y* is represented by (ha, --., hr). Suppose Uo minimizes J ot K
such that G (u) N 0; then by Theorem 1 there are /o > 0 and yo* ->- 0 such
that the saddle point inequalities hold for all u K and y* >= 0. Now yo*
>_- 0 if and only if hi* >- 0 a.e. on [0, T], j 1, r. Thus, (9) holds.

Yo a (u0) >= y*G (uo) forFrom the second inequality in (6) it follows that *

all y* > 0. Hence, *Yo G(uo) O. Thus, E= Xj$(t) [Uo(t) 1] dt 0

and it follows that h*(t) [u0i(t) 1] 0 me. on [0, T], j 1, -.-, r,
since h* >__ 0 and uo 1 _-< 0. Thus, (10) holds. From the first inequality
in (6) we have that 4)(uo + h, yo*; vo) 4 (Uo, yo*; 70) >- 0 for every h

such that (Uo -[- h) K. Now (Uo + h) K if and only if Y (s)h (s) ds

(Y, h} 0, where Y (s) O-a (s)B (s). Let Z h: (Y, h) 0}. Then
on Z, (12) holds and, consequently, (voUo + [h*Uo], h} 0 on Z, for if not,
then there is an ha Z such that (voUo -t- [h*Uo], h} M 0. From (6)
and (12),
2<oUo + [*uo], h> + .o h + <IX* (h)], h>

If M > 0, use a < 0 and note that 2M + ayo ha -t- a ([h’hal, h} < 0
for all a < 0, which is impossible since M > 0. If M < 0, use a > 0. Thus,
(11 is verified.
Conversely, if (9), (10) and (11) hold, then b has a saddle poiut t

(to Yo 70) since the nonlinear terms in h in (12) are nonnegative and,
consequently, u0 minimizes J on K such that G (u) =< 0.
From (9), (10) and (11) we can deduce the necessary and sufficient con-

ditions for optimality. Let y, y denote the rows of Y and suppose
they are linearly independent as elements in L [0, T]. If we now thia.k of
y, y as being representations for continuous linear functionals de-
fined on L. [0, T], we can define

Z, {y n. [0, T]" (y, y) 0}.

Z f’la Z and since (voUo - [h*Uo], z) 0 for all z Z, we conclude that
voUo -{- [h*Uo] is a linear combination of yl, y, sy, yoUo - [h*Uo]

v Y. If },*(t) 0, then

Uo(t) 1 _, .y(t)
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and we must hve Uo(t) 1. If Uo.(t) 1, then

h*(t) 7, y,(t) :V 70,
i=1

where n0 must be chosen so that * (t) is nonnegative. Actually, the
value of no depends upon T. The closer T gets to the time T* for the time
optimal control problem, the smaller no must be. Thus, the necessary and
sufficient conditions for optimality imply that

uo (t)
sgn Z 7y(t) if 7 Yo’(t) > 1,

m yi(t) otherwise.

This is the familiar saturation control for the problem specified (see [5]).
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EXTREMAL STATES AND EXTREMAL CONTROLS*
G. P. AKILOV, L. V. KANTOROVICH D G. SH. RUBINSHTEINJ"

Abstract. The rticle introduces the notion of n extremal state of system which
consists of vector spce, a topology in the spce, a set of cones nd s state set. The
state is s point in this state set such that ech ray from this point in directioa con-
tained withi a certain cone contains no points of the state set near the original point.
Sufficient conditions for the existence of extremal states nd extremlity criteria are
given. Possible pplictions of this notion are described, in particular, in linear nd
convex programming, in continuous transport problems, in the theory of ecoaomic
models of supply, etc.

Questions on the finding nd on the investigation of the solutions of ex-
treml problems" optimal solutions, optimal trajectories, optimal coatrols,
etc., occupy ever greter spce in mthemticsnd its pplictions. Ia this
connection in many cases we are not interested so much in the statement
and solution of an actual extremal problem as we are in the general nature
of the possible solutions of a certain class of extremal problems and in their
properties (for instance, extremals in the calculus of variations). Often, the
formulation of an actual problem as an extremum problem is to some degree
artificial and conditional, whereas classes of extremal solutions arise com-
pletely naturally and the solutions in these classes are of a simple and mean-
ingful nature.
In this article, we introduce the notion of an extremal state, which is de-

fined as the "most preferred" (locally or globally) position of a point in a
given set of "admissible" states in a linear topological space. The usual
extremum is a special case when the "preference" is determined by the
value of a certain functional.
The article gives existence conditions, criteria and characteristics of ex-

tremal states, which generalize the known statements relative to extremals
and stationary points. Also, certain conjectures are made concerning the
set o,f extremal states, which generalize the principle of feasible displace-
ments. Along with the notion of an extremal state we introduce the notion
of an extremal control.

Certain of the numerous practical realizations possible and their applica-
tions are given: to the theory of optimal mathematical-economic models of
production and consumption in linear, convex and continuous program-

* Originally published in Vestnik Leningradskogo Universiteta, no. 7 (1967), pp.
30-37. Submitted in January, 1967. This translation into English has been prepared by
N. H. Choksy.

Translated and printed for this Journal under a grant-in-aid by the National
Science Foundation.

Leningrad University, Leningrad, USSR.
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ruing schemes. The possibility of analogous treatment of problems on rela-
tive extrema in classical analysis and of certain questions in the calculus of
variations should also be noted.

In what follows it is possible to find a number of other generalizations
and applications of this same pla,n.

1. We consider a real. vector space Z and a Hausdorff topology r on it,.
invariant relative to translation and such that there exists a fundamental
system of neighborhoods of zero, consisting of balanced absorbing sets.

Let ft0 c Z. By fig we denote a family {Mz}, z fto, of cones (with
vertex at the origin) in the space Z. We shall speak of an element
as a desirable direction at the point z.

If the nonempty set f c 20, then the quadruple [Z, r, fig, a] is called the
optimizable system.
We shall call an element, z0 ft an extremal state of the system [Z, r,

if there exists a neighborhood V of the point z0 such that the intersection
V (Zo + Mzo) reduces to z0.

Various propositions may be proved concerning the existence of extremal
states, for instance, the following theorem.
THEOREM 1. Let the optimizable system [Z, r, fig, ] satisfy the conditions"
(i) ft is compact in the topology r;
(ii) there exists a convex closed cone K Z such that

K 1 (-K) {0} and [JM,. K.

Then, the given system has at least one extremal state.
Proof. In ft we introduce the relation <__ by setting zl _-< z2 (zl, z2 ])

if z z K. It is clear that this relation is an ordering. We can convince
ourselves that it is inductive.

Let E be a completely ordered subset of set ft. For every z E, the set
F, {u ft’z =< u} is not empty (z F,) and, since F, ft 1 (z -t- K),
it is closed and, consequently, also compact. The family {Fz}, z E, is
centered" if z_, z, Zn E, then by taking z -< z =< -<_ z we have
[kn-----1 F, =/’, # . Hence we conclude that [3z e F, # ’. Having chosen
an element u f’l,e F,, we shall have z <= u for any z E.
By Zorn’s lemma a maximal element z0 exists in a. This means that the

intersection a f3 (z0 + K) consists of a unique element z0. Since M K,
Zo is an extremal state.
Remark 1.1. In Theorem 1, condition (ii) can be replaced by the require-

ment" (ii’) there exists a linear continuous (in the topology r) functional
f on Z, strictly positive on every cone M,, i.e., such that f(u) > 0 holds
for anyz ft andu M, (u 0).
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Indeed, it suffices to note that the point Zo where f(zo) sup f[Ct] will be
an extremal state.

2. We shall take the topology r to be locally convex for the optimizable
system [Z, r, E, 2] considered in this section.
THEORE 2. Let Zo be an extremal state of the system [Z, -, 9E, 9] such that

the cone M is convex and does not reduce to the null element, and let there
exist a convex neighborhood V of the point Zo for which the intersection 9 f V
is convex. Suppose, further, one of the following conditions is satisfied:

a the sets V and zo A- Mo) f V are compact;
(b) the set ( V has a nonempty interior;
c the cone M has a nonempty interior.

Then we can find a nontrivial linear functional f on Z, continuous in the
topology -, such that f has a local maximum on at the point zo. Here, for
any direction desirable at the point zo, we have f(1) >-_ O.

Proof. The proof is obtained in an obvious manner by the use of well-known
theorems on the separability of convex sets.

Remar]c 2.1. In the case when condition (c) is realized, we can assert that
f(1) > 0 for any interior element of cone M In particular, if the set
M0\{0 is open, then f(1) > 0 for any nonzero element M
Remar] 2.2. If the sets V f3 and M are polyhedral, i.e., if each of them

is the intersection of a finite number of closed subspaces and of a closed
affine manifold, then in this case the functional f can be chosen so tha
f(1) > 0 for any/ M (l 0).

If under these assumptions the extremal state z0 2 is an interior point
of a face, whose defect we shall take for definiteness to be unity, and if the
cones M do not depend on z, then, clearly, any other point z of the indi-
cated face will also be an extremal state. In such case the theorem will be
true for every such point with one and the same functional f. This means
that a point z lying in a sufficiently small neighborhood of the point z0 is an
extremal state if and only if f(z z0) 0. The stated relation can be
considered as the equation for the variation of the extremal state.

If the closed space Z is finite-dimensional and if 9 is a closed convex body
with a smooth boundary close to the point z0, then, although what we have
said above in reference to the polyhedral sets no longer holds in the strict
sense, nevertheless, in this case also, small variations in the hyperplane
u Z :f(u) f(z0) lead to points whose differences from certain extremal
states are of a "high order of smallness." Here we shall not make the mean-
ing of this statement more precise, but shall remark only that it can be
made even in the case when the cones M do depend on z, this dependence
being continuous in a specific sense.
Remark 2.3. If the point z0 9 is such that there exists a linear continuous
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functional f on Z which has a local maximum on ft at the point z0 and if
f(1) > 0 for any Mzo (1 0), then z0 is an extremal state.

It follows from what we have said that the conditions of Remark 2.1 or
of Remark 2.2 are not only necessary but also sufficient for z0 to be an
extremal state.

3. In the case when Z is a finite-dimensional space the necessary tests for
the extremal state may be somewhat sharpened.

Let z be a point of the set ft c Z and let Z. We say that the direc-
tion is free of the points of the set a if there exist a neighborhood U of
the element and a number e > 0 such that from the relations u U,
0 < =< e it follows that z + tu . The set ACa(z) of all nonfree direc-
tions is, as is easily verified, a closed cone which is called the asymptotic
cone of the set ft at the point z.
The extremal state z0 ft of the system [Z, r, lZ, 2] is called strong if

the intersection ACa(zo) l Mzo {0}.
It is easy to see that an extremal state is strong if there exists a cone

M’ c Z such that every nonzero element Mz0 is an interior point of
cone M’, and for M’ the requirement for determining an extremal state is
fulfilled if in it we replace Mzo by M’. In particular, z0 is automatically a
strong extremal state if the cone Mzo\{0 is open.
THEOREM 3. Let Z be a finite-dimensional space and r a normed topology.

If Zo is a strong extremal state of the system [Z, r, 9E, ] such that the cone
ACa(zo) and the cone M, are convex, and, moreover, if M does not reduce
to the null element, then there exists a nontrivial linear functional f on Z such
that f(1) >= 0 for any Mo and for every number e > 0 we can select a
neighborhood V of the point Zo such that

(1) f(z) <f(z0) -t- ellzll, z V

Proof. Since the cones A Ca(z0) and M, have only one common element,
there exists a hyperplane H differing from the sets indicated. Clearly, H is
the set of zeros of a certain linear functional f which must be chosen so that
f(z) >- 0 (z M,o) and f(z) <= 0 (z - ACa(zo) ).

Taking z0 0 for simplicity, let us assume that there does not exist a
neighborhood V for which (1) is satisfied. This means that we can find a
sequence {z} of elements from ft which converges to zero and, moreover,
f(z) >= e z n 1, 2, .... By setting l z/I z, 11 we havef(l) ->- e.

We can consider that the sequence {/.} converges to some element Z.
Then we have ACa(zo), but meanwhile f(1) -> e.

It is clear that the definitions stated have a meaning for any vector space Z with
an arbitrary topology, satisfying the assumptions of 2.
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Remarl 3.1. Only an insignificant change is necessary in the proof of the
theorem if Z is a reflexive separable normed space and r is the weak topology
in Z. Here additional assumptions of the type of conditions (a)-(c) of
Theorem 2 must be made with respect to the cones ACa(zo) and M

Remarlc 3.2. In cases analogous to those specified in Remarks 2.1 and 2.2,
we can supplement the results of the theorem by the assertion that f(l) > 0
for any M (1 0).
Remark 3.3. By assuming as before that Z is finite-dimensional, we con-

sider a poilt z0 ft such that the cone M0 is closed and there exists a linear
functional f for which f(1) > 0 if M (1 0) and which satisfies (1).
As is not difficult to show, z0 is a strong extremal state in this case.

4. Not infrequently, wheat the optimizable sysem [Z, r, 9r, ft] is being
considered, the set a or even the set 0 is given as the image of some set X
under a certain mapping F: F[X]. In problems where such a situatiott
is encountered the elements of set ft are called the ordinary st,tes of the
system, while the elemetlts of the set X are called controls. An element
x X is called an extremal control if F(x) is al extremal state.

It is evidelt that since different controls may lead to one and the same
state, every extremal state is determined, ii gestural, by many extremal
controls. 0 the basis of the nature of extremal states presented above we
can make a number of conjectures on extremal controls.

5. Let us illustrate the concepts set forOh by an example of a linear
economic model.
The factors to be taken into account in the model (various kinds of raw

materials, goods, finished products, industrial capacities, manufactured and
natural resources as well as different collections of products and services
which ensure the satisfaction of the specific needs of the public, of their
associations, or of society on the whole) are called the ingredients. Here,
thanks to the temporal and territorial aspects, one and the same factor can
give rise to a whole series of differett ingredients. The technoeconomic level
of development of the system achieved is described i the model by listing
the allowable production methods. Each of them is characterized by a vector
whose components indicace the total productivity (or expenditure, itt case
the component has a negative sign) of the corresponding ingredients when
a given method is used with unit intensity. The economic plan (the control)
is determined by the selection of a vector with nonnegative components
indicating the intensity of application of the different production methods.
Because of the hypothesis of linearity, the results achieved here are charac-
terized by a linear combinatioIx of vectors corresponding to the individual
production methods, with coefficients equal to the intensities.

Suppose that n different ingredients participate in the model and that
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the allowable production methods are described by the vectors a
(al,-.., an), i 1, 2, ..., m. Then, the controls a,re to be chosen

from the set

(2) X {x (xl x2 x,)’x >= O, i 1, 2, m},

while the results achieved (the states) are characterized by the elements
of the set

a(x) xa:x
i=1

As the cone of desirable directions at each point a 2 we can take one ald
the same cone,

(3) M ll (l, 1,,... ,ln)’l ->- 0, j J,l > 0},

where J {1, 2, n}, while J’ is some nonempty subset of this set.
THEOREM 4. The state a is extremal if and only if there exists a vector

(4) y (Y Y2 ,’’’, Yn)

satisfying the conditions"
(i) y. > 0, j J, y-> 0, j J’
(ii) (a’, y) -<_ 0, i 1, 2,... m;
(iii) (a, y) 0.
If here the state a corresponds to the control x (x x2, x,) X,

condition iii) can be rewritten in the language of control as
(iii’) (a’, y) 0 if x > O.

6. We go on to the analysis of convex economic models. In the case con-
sidered here, as also in 5, n hgredients participate in the model and the
controls are to be chosen from set (2). However, the states achieved are
now characterized by the elements of the set

{a(x) (A(x),A(x), ,f(x))’x
where the f. are fixed concave functions defined on the set X. As the cones
of desirable directions here also we take one and the snme cone (3).
TEOnEM 5. Let the point a be such that, for any nonzero vector (4)

with components y >= O, j J, mine, y. 0, there holds the inequality

(a, y) < sup (a, y).

In order that a be an extremal state it is necessary and sucient that there
exist a vector (4) satisfying the conditions"

(i) y. > 0, j J,y. > 0, j J’
(ii) (a, y) mxe (a, y).
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xJ) < x,If here the state ( corresponds to the control x xl x
and if, further, the functions f are continuously differentiable, then condition
(ii) can be replaced by the following"

of(X(ii’)
Ox YJ <-- O, i 1, 2, m

moreover, equality is attained in these inequalities only for those indices i for
which x > O.

7. Let us now study the simplest continuous model of production and
transport. Consider the metric bicompactum K with metric r(x, y). Let
p., j 1, 2, m, denote expenditures of various kinds associated with
the manufacture of a single product at the point x K, and let p(x, y),
j m A- 1, m + 2, n, denote the expenditures of corresponding kinds
associated with the transport of the single product from point x to point y.
We shall assume that the functions introduced satisfy the relations"

(5) p(y) -p(x) <= cjr(x,y), 0 <- p(x, y) <- cjr(x, y), x, y K,
where the c-, j 1, 2, n, are fixed positive numbers.
The production and transport plan (the control) is determined by the

selection of a nonnegative countably additive function 6 given on the sys-
tem B of all Borel sets of bicompactum K, and by the selection of a non-
negative function , countably additive in each argument, given on B )< B.
The results (states) achieved here are characterized by the countably
additive function a and by the vector a (al, a2, am) such that

a(e) dp(e) -+-,(K, e) --(e,K), e < B,

a
(fKfK pj(x, y)(de, de’), j= m + 1, m -4-2,..., n.

As above, we denote the set of all states by 2. As the cone of desirable
directions at each point (a, a}2 we take one md the same cone
M {(, /}}, where the fl are nonnegative countably additive func-
tions, and the (lx, l, ..., i) are nonzero vectors with nonnegative
components.
THEOREM 6. The controls determined by the functions and are extremal

if and only if there exist a function u defined on K and a vector
v (v, v, v,,) with positive components such that

(i) 0 _<- u(x) <= =p(x)v, x K,
(ii) u(y) u(x) <= -’=.+ p(x, y)v, x, y K,
(iii) u(x) 7=* P(x)v if (e) > 0 for any neighborhood e of

point x,
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(iv) u(y) u(x) j=,,+lpj(x, y)v if (e, e’) > 0 for any
neighborhoods e and e of the points x and y, respectively.

8. Questions relating to extremal states are encountered also in economic
models of consumption.
In such cases the space Z is interpreted as the space of commodities, so

that an element z Z is to be understood as the collectio of commodities
offered to the consumer. The set 2 is interpreted as the budget set, namely,
the totality of those commodity collections each of which the consumer is
in a position to acquire. Finally, the family characterizes the consumer’s
tastes in the sense that if the collection z differs sufficiently little from collec-
tion z0, and here z z0 Mz0, then the consumer prefers to acquire the
collection z instead of z0 (if, of course, it is allowed by his budgetary means).

It is natural to consider that the actual purchase by the consumer is that
commodity collection z0 t which is the extremal state of the system
[Z, r, 91, t] (here, r is any topology in Z), and conversely, every extremal
state z0 can be realized (if the consumer is shown the collection z0, he will
buy it).
Under the assumptions made the hypothesis of Theorem 1 can be ex-

plained as the known stability of the consumer’s tastes" the direction of his
interests do not depend too strongly on the commodity collection offered.

In the case when the hypothesis of Theorem 2 or of Theorem 3 is fulfilled
(this fact is typically true for problems with real meaning), the functional
f which occurs in these theorems plays the role of the consumption cost.

9. In conclusion we illustrate the total concept of 1-3 by a example
of the classical problem of a conditional extremum.

Let the m -t- 1 continuously differeatiable functions , gl, ..., g be
given in an open set 20 of the Euclidean space R". Let us denote

{z 20:g(z) 0,/c 1, 2, m}. It is required to find the point
z0 t at which the function has a (local) mximum.

Let us take a point z t0 and set

M {u R"(grad (z), u) > 0}, Mz M [J {0},

={M}, za0.

We assume that z0 t is the point giving the solution of the stated extremal
problem. It is clear that z0 will be an extremal state of the system [R
and, by virtue of wht was said in 4, will even be strong. If grad g(z0) # 0,
k 1, m, then the symptotic cone of the set at the point z0 will
be the intersection f=H of the hyperplnes

H {u 6 R’(grd g(zo), u) 0}.

Therefore, if grad (z0) # 0, then by Theorem 3, all of whose conditions are
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obviously fulfilled, we can find a functional f having the properties indi-
cated in the theorem. From Remark 3.2 it is clear that f X grad (zo),
where X > 0. Since for u ACa(zo), we should have f(u) <= 0 and, conse-
quently, since f(u) 0 in view of the linearity of the set ACa(zo), we can
say that the relations (grad gk(z0), u) 0, /c 1, m, imply the
equality (grad (z0), u) 0 which, as is well known, is possible only if
grad (z0) is a linear combination of the grad gk(zo), k 1, 2, m, i.e.,
if there exist numbers Xl, X2, Xm such that

(6) grad 4(z0) X grad gk(zo).
k=l

The latter equality holds even if grad 4(z0) 0 (when Xl X2
X 0). If we introduce the function F kl Xg, then by

writing (6) as grad F(Zo) O, we obtain the well-known necessary condi-
tion for a local relative extremum.

For example, see V. I. Smirnov, Boundary value problems, integral equations and
partial differential equations, A Course of Higher Mathematics, vol. IV, Addison-
Wesley, Reading, Massachusetts, 1964.
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CLASSICAL SOLUTIONS OF DIFFERENTIAL EQUATIONS WITH
MULTIVALUED RIGHT-HAND SIDE*

A. F. FILIPPOV
Abstract. Several existence theorems are proved for absolutely continuous solu-

tions and for continuously differentiable solutions of the equation dx(t)/dt
E F(t, x(t)), where F(, x) is a set continuously dependent on t, x.

1. A relation of the form

(1) dx
d--t F(t, x)

is called a differential equation with multivalued right-hand side, where
x x(t) is an unknown n-dimensional vector-valued function, while F(t, x)
is a given multivalued function or, more precisely, a function which associ-
ates with every point (t, x) from a certain region of an (n - 1 )-dimensional
space a set F(t, x) of an n-dimensional space. The following, in particular,
lead to relations of form 1 differential equations of the formf(t, x, 2) 0
(2 dx/dt); differential inequalitiesf(t, x, 2) _-> 0 (or 12 f(t, x)l <- e)
[1]; contingent equations [2]; automatic control systems described by equa-
tions of the form

(2) 2 f(t, x, u), u Q,
where x x(t) nd u u(t) are the unknown functions and for each
the value of the function u(t) should belong to a given set Q (see [3]-[5]).
In this article we shall employ the following definitions for the solution

of (1): (i) a classical solution is the vector-valued function x(t) having a
continuous derivative and satisfying (1) everywhere; (ii) a solution is the
absolutely-continuous vector-valued function x(t) satisfying (1) almost
everywhere.
We shall prove theorems for the existence of solutions and of classical

solutions without assumptions on the convexity and boundedness of the set
F(t,x) and on the possibility of picking out a continuous single-valued
branch of the multivalued function F(t, x). We shall study questions on
the approximation of any solution by classical solutions and on the disposi-
tion of classical solutions in a funnel formed by solutions issuing from one
point.

* Originally published in Vestnik Moskovskogo Universiteta, no. 3 (1967), pp. 16-
26. Submitted on January 14, 1966. This translation into English has been prepared
by N. tI. Choksy.

Translated and printed for this Journal under a grant-in-aid by the National
Science Foundation.

f Chair of Differential Equations, Moscow University, Moscow, USSR.
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2. In what follows, sets will be denoted by capital letters, numbers
and points in the n-dimensional space, by lower-case letters;

(xl + - xn2)l/; 0 is the origin; dx/dt; is the Lebesgue meas-
ure on the real line; a.e. stands for almost everywhere. Further, p is the dis-
tance between points or sets; a(F, G) is the Hausdorff deviation between
sets F and G, i.e.,

c(F, G) max {sup p(x, G), sup p(y, F)};

cony F is the convex closure of the set F, i.e., the smallest convex closed set
containing F.
In the following we shall usually assume that the function F(t, x) satisfies

the following conditions"
(a) F(t, x) is a nonempty closed set;
(b) the function F(t, x) is continuous in t, x, i.e.,

(3) a(F(t’, x’) F(t, x)) -- 0 as -- t, x - x;

(c) there exists a summable function k(t) such that for any t, x, x’,
(4) a(F(t, x’), F(t, x)) <= tc(t)l x’

3. It is well known [2], [4] that if conditions (a) and (b) are fulfilled and
if the set F(t, x) is convex for any t, x, then a solution of (1) with initial
condition x(to) Xo exists, while if only conditions (a) and (b) are ful-
filled, then quasitrajectories exist [6]. In the following we do not assume
convexity for the set F(t, x).
LEMMt 1. For any point x and any sets F and G,

(5) p(x, F) p(z, G)I <= a(F, a).

LEMMA 2. If the function F(p) is continuous, then the function
p(p) p(x, F(p) also is continuous.

This follows from Lemma 1 nd from the definition of continuity for the
function F(p).
LEMMh 3. Let M be a closed set, let Q(t) be a nonempty bounded closed set

in n-dimensional space for M, and let the function Q( t) be continuous (or
upper semicontinuous with respect to inclusion [5]). Then a single-valued
measurable function u(t) exists such that u(t)

_
Q(t) for every M.

This is particular cse, when f(t) 0 and y(t) - O, of the lemma in
[5].
LEMMA 4. Let F(t) satisfy conditions (a) and (b) and let the vector-valued

function w(t) be measurable. Then a measurable vector-alued function u(t)
exists such that for almost all t, u(t) is a point in the set F(t) nearest to w( t),
or one of the nearest if there are more than one of them.
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Since w(t) is measurable on the set M, M N -- M1 -t- M2 -t-
tN 0, all the M are closed sets, and on each M the function w(t) is
continuous over this set. For M let Q(t) be the set of points of F(t)
nearest to the point w(t). It is easy to see that the set Q(t) is closed and
bounded and that on M the unction Q(t) is upper semicontinuous with
respect to inclusion. By virtue of Lemma 3, on each M we can construct a
single-valued measurable function u(t) such that u(t) Q(t). The function
u(t) is measurable also on M.
THnORnM 1. Let F(t, x) satisfy conditions (a)-(c) in the region I,

Ix y(t)l -<- b, where I is a segment of the t-axis, the function y(t) is abso-
lutely continuous. Let to I, let the function p(t) be summable, and let

(6) y(to) Xo <= " b, p($(t), F(t, y(t))) <= p(t)

Then a solution x( t) of the problem

(7) 2 F(t,x), x( to) xo

exists such that

(8) Ix(t) y(t)[ -<_ (t),

(9) (t) e() + f
12(t) 9(t)l <= t(t)(t) + p(t)

re(t) fem(t)--m(s)p(s) ds t(r) dr

(for I such that ( <= b

Proof. We construct the sequence of x(t), i 1, 2,...

(10) xo(t) ==- y(t), x+(t) Xo + v(s) ds, i O, 1, 2,

where v(t) is a measurable vector-valued function such that, for almost
all t,

(11) v(t) F(t,x(t)), Ivy(t) 2(t) p(2(t), F(t, x(t))).
The function v(t) exists by irtue of Lemm 4. It is summable since
2 v_l F(t, x_(t) ), and by virtue of (4) the right-hand side of (11)
does not exceed k(t) x_ x (or p(t) when i 1). Therefore,

2+ v, I+(t) (t)] _-< /(t), Ix(t) --x_(t)
(12)

i 1,2, .-..

It follows rom (10), (11) and (6) that

(13)
12(t) --2o(t) <= p(t)

x(t) xo(t) <= +



From (12) and (13) by induction we obtain

+(t) (t)
(4) {< k(t) [m(t)]’-

(i-- 1)! -4-

(15) x+(t) x(t)

Ira(t) m(s)]-(i )

[m(t)]

p(s) ds

[re(t) re(s)]
-! p(s) ds

(in order to obtain (15) from (14) we need to compare the derivative of the
right-hand side of (15) with (14) and to consider that both sides of (15)
equal zero when to).
Adding together inequalities (15) for i 0, 1, ,j 1, and usingthe

inequality 1 -t- z/l! A- A- z/j! <= e, z >= O, and (9), we obtain

(16) x(t) y(t)] (t).

Hence, all the x(t) have been determined for 1 such that (t) <= b.
By virtue of (14) and (15) the sequences of xi(t) and 2(t) - v_l(t)

converge to the functions x(t) and v(t). Passing to the limit as i -- in
(10) and (11) and taking (3) into account, we get that x(t) is absolutely
continuous and serves as the solution of problem (7).
COIOLLAV. If F(t, x) satisfies conditions (a)-(c) in the region I,

Ix xo <= b, then the solution x(t) of problem (7) exists on the segment I
or on a part of it.

Proof. The hypothesis of Theorem I will be fulfilled if we take y(t) x0
the function p(t) p(O, F(t, xo)) is continuous by Lemma 2.
THEOnE 2. Let xo(t) be a solution of problem (7); in the region

R:to <= <-_ to A- a, Ix xo(t)] =< e0, the function F(t, x) satisfies conditions
(a), (b), (c) with k(t) k const. Then for any > 0 the solution x(t)
of problem (7) exists, having a bounded derivative 2(t) and satisfying the in-
equality x( t) xo( t) < on the segment I: to <= <= to "4- a.

Proof. We take any e, 0 < e < e0. By virtue of Lemma 2,
maxap(O,F(t,x)) r < . We can find a number b => ke, b r, such
that the integral of 2(t)[ over the set B of those points of segment I, where
2(t)] > b, does not exceed e/2ea. Let

v(t) =2o(t) for I--B,(17) for B,
Then

(s) In(t) z0(t) <- 2’
(19) p(t) <= r <= b for B;

y(t) Xo + v(s)ds.

p(/(t) F(t, (t) ) ) p(t) a.e.,

p(t) <= ee for I- B;
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the estimate when I B is obtained with the aid of the relation
$(t) 20(t) F(t, x0(t) ), of inequality (4) and of the first formula in (18).
A solution of problem (7) stisfying inequality (8) exists by Theorem 1.

By virtue of the choice of the set B nd of formulas (9) nd (19), we hve

2e

(t) < er ds + e- ds
2e

e
2e"

Now, with the help of (8) and (18) we obtain x(t) x0(t)[ < e. From
(19) and the second inequality in (8) we have almost everywhere

-] <eb for t I--B,- <ke+b2b for tB.

Taking (17) ito account we obtain (t) < 2b for almost all I.

4. Along with the equtioa F(t, x) let us consider the equation
K(t, x), where K(t, x) cony F(t, x). Since F(t, x) K(t, x) lways,

every solution (or classical solution) of the equation F(t, x) will be a
solution (classical solution) of the equation K(t, x). It is cleur th
the converse is not true. In [6] it was proven that under conditions (), (b)
and the boundedness of set F(t, x), the limit of ny convergent sequence of
solutions of the equation F(t, x) is a solution of the equation K(t, x)
and that every solutio of the equ,tio K(t, x) is the limit of a sequence
of approximate solutions of the equatio F(t, x).

Let us show that if condition (c) also is fulfilled the pproximate solutions
can be replaced by solutions.
TEOnE 3. Let a function Xo( t) be given and in the region R (see Theorem

2) let the function F(t, x) satisfy conditions (u)-(c), and let the set F(t, x) be
bounded for all (t, x) R. If Xo(t) is a solution of the equation K(t, x),
where K(t, x) cony F(t, x), then there exists a sequence of solutions of
equation F(t, x) which converges uniformly to xo(t) on the segment
I:to town.

Proof. By virtue of [2, Theorem 1] there exists n m such that ]v m
for all v F(t, x) for ull (t, x) R. According to [6] there exists a sequence
of absolutely continuous functions y(t) for which y(t) x0(t) uniformly
O X S

() , (gn(t), F(t, y(t))) (t) 0 a.e.

Since IP(t) I v I, v F(t, x), we have ]p(t)] 2m. By virtue
of Theorem 1, for all sufficiently large n there exists a solution x(t) of (1)



for which

x(to) xo(to), x(t) --y.(t)[ _-< (t);

(t) is determined from (9) with lye(to) x0(t0)[, p(t) p(t);
hence (t) -+ 0, x(t) -- x0(t) uniformly on I.
A similar theorem was proven in [7] for systems of form (2).

5. Thus, solution of problem (7) exists if F(t, x) satisfies conditions
(a)-(c) of 2. A classical solution may or may not exist, as in the following
example.
For every t, 0 < It -<_ 1, nd for ll x (x, x.), let the set F(t, x)

be n rc of an ellipse in the (v, v)-plune,

v cos 4), v2 sin 4), - =< -< - A- 2r- It I,
while for 0 the set F(t, x) is the segment vl =< 1, v2 0. Then, the
function F(t, x) is independent of x and satisfies conditions (a)-(c) of 2.
Consequently, for any x0 (x0, x0) the equation 2 F(t, x) has a solu-
tion which satisfies the initial condition x(- 1) x0.

However, for any t > 0 not even one classical solution of this equation
exists in the interval [-t, t] because there does not exist a vector-valued
function v(t) for which v(t) F(t, x) for all [-t, t].
We state sufficient conditions for the existence of a classical solution of

problem (7), which are different from those stated in [1].
LEMMA 5. Let v be a point and let F and G be nonempty closed convex sets,

f and g are the points of F and G closest to the point v, p(v, F) d,
a(F, G) h. Then p(f, g) <= %/h q- 4hd.

Proof. Ifv F, thenf v, d 0, p(f,g) p(v, G) <- h. Ifv ( F,
then the convex set F lies to one side of the plane P drown through the
point f perpendicular to the segment fv. Hence, the set G lies to the same
side of the plane Q obtained by shifting P through distance h from f to v.
Furthermore, since a(F, G) h, in the set G we cn find u point
gl S(f, h) S(v, d q- h). Here S(a, r) is the closed sphere with center
a and radius r. Consequently, g S(v, d q- h) lso. Hence, g is contained
in the segment intercepted on S(v, d q- h) by the plane Q. Since the rdius
of the segment equals d q- h, the height is 2h nd the point f is located in
the middle of the segment’s height, the distance from f to the furthest
points of the segment is %/h q- 4hd.
LEMMA 6. Let F(t, x) be a nonempty closed convex set, continuously de-

pendent on t, x (see (3)) Vo is some fixed point; f(t, x) is the point of the set
F(t, x) closest to point Vo. Then the function f(t, x) is continuous.
The assertion ensues from Lemma 5.
THEOREM 4. If F(t, x) satisfies the hypothesis of Lemma 6 in the neighbor-
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hood of the point (to, x0), then a classical solution of the problem

(20) 2 F(t, x), x(to) Xo, 2(to) Vo,

exists for any vo F to xo
For example, such a solution is the solution of the Cauchy problem

2 f(t, x), X(to) Xo, where the function f(t, x) is the same one as in
Lemma 6.
THEOnEM 5. Let the function F(t, x) satisfy condition (a) in a neighborhood

U of the point (to, Xo) and let a constant k exist such that for any two points
(t,x) U, (t’,x’) U,

(21) a(F(t’,x’),F(t,x)) <=tcit’-t[+lclx’--x !.
Then a classical solution of problem (20) exists for any Vo F( to xo).
Proof. We take an a > 0 such that a/ 1 and such that the cone

1,01 + ato <-_ <= to- a, Ix-- Xol -<- re(t-- to), where m
1-ak

is contained in U. For every j 1, 2,.-. we construct the Euler polygons
on the interval J[to, to -- a]. Let

h h 2-a, t to z7 ih, i <= 2; x(to) xo.
We construct x(t) successively on the intervals [to, t], [t, t], thus"

x(t) xj(t) + (t t)vi, ti <= <= t+l i 0,1,2,...,
where v-0 v0, while when i ->_ 1, v. is a point of theset F(t, xj(t) closest
to the point v.,_l (or any one of the closest ones if there are several). By

2 1,induction we can prove that, when t <= <= ti+l i O, l,

(22) x.(t) x(t,i)l <- m(t t) <-_ mh, x(t) Xo <- m(t to),

v,+l vj -<_- k(h + mh),
(23)

v,+ =< Iv0 + (i-l- 1)h/(m + 1) _<_ m.

Hence, the graphs of the functions x.(t) are contained in the cone we have
constructed. Let v(t) be a function equal to v. when t, i 0, 1,
2j, and linear in the intervals [t_, t]. By virtue of (23), the functions
v.(t), j 1, 2, are uniformly bounded and equicontinuous on J. From
them let us select a uniformly convergent subsequence v.,,(t) -- v(t). Since,
for [t, t+],

(t) ,. .(t), .(t) ,.(t) =< I,,,+ v =< (h + nh)

(2(t) is a right derivative, 2(ti+l), a left), when j jn, n -- ,
2(t) ---> v(t), x(t) x(t) =--- Xo -- v(s) ds;
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the convergence is uniform on J. Hence, the function 2(t) v(t) is con-
tinuous, x(to) Xo 2(to) So.

If when j jn, n --+ oo, const., we pass to the limit in the relation

2j(t) vj(t,) v F(t, x(t)), i- i(j,t), t -<- <= t+l,

and use inequalities (21), (22), we obtain 2(t) F(t, x(t)).
We shall say that the set F(t, x), depending on t, x, is uniformly locally

connected if there exists a function v()), 0 < ) < , such that v(k) -- 0
as k -- 0 and that for any t, x, any two points of the set F(t, x), the dis-
tance between which is less than , can be joined by a connected set con-
rained within the set F(T, x) and having a diameter less than v(k). We
note that in this case the set F(t, x) is connected.
THEOnEM 6. Let xo(t) be a solution of problem (7), the function F(t, x)

in the region R (see Theorem 2) satisfy conditions (a), (b), (c) with k(t)
--=- k const., and the set F(t, x) be uniformly locally connected. Then for
any 0 and Vo F(to Xo) there exists a classical solution of problem (20)
on the segment I[to, to q- a] satisfying the inequality Ix(t) xo(t) < .

Proof. We take any e, 0 <: e <: e0, and with the aid of Theorem 2 we
construct a solution x(t) of problem (7) such that

(24) x (t) xo(t) < 12(t) < 2b me., 2b >= Iv01.

We take d > 7(8b), where the function is the same one as above, and we
also take k, e, t such that

0 < k, < _, 2) 8b < d,

(26) 0 < e < 2(1+ 3ae’) <

2k ___< v(2k) < 2-d,
i 2, 3, 4,

1 q-- 6ea’
0 < t < (/ -t- 1)d"

We construct th sequence of solutions x(t) of problem (20) such that

lx(t) xo(t) < (1 2-’e),
(27)

12(t) < 2b -4- 4d 2a-’d a.e.,

and such that the discontinuity in the function 2(t) is less than hi, i.e.,

(28) lim sup 2 (t’) lim inf 2 (t’) < X, to N -<_ to -- a.
’-,’t

Let us assume that the solution x(t) with these properties has been con-
structed and let us construct the solution x+(t). We take > 0 such
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that for any tl, t, It1 tl < ii, z zl < (2b + 4d)tii we have

(29) a(F(h, z), F(t., z) ) <
(30) 12(t) 2(t:) < X + e

Then when t t < 5, by virtue of (27) nd (29) we hve

(31) a(F(t, x(h) ), F(t, x(t)

Since 2(t) is measurable and 2(t) F(t, x(t)) lmost everywhere on
I, we can find a closed set MI such that t0 M, (I-- M) ,
the length of euch interval of which I M is composed is less tha ,
the function 2(t) is continuous on the set M over this set, and 2(t) F(t,
x(t) everywhere oa M.
We construct the function v(t). Let v(to) Vo, v(t) 2(t) for 5 M,

v(t) is linear on the interwls [, ], which are such that 2, M, (,
I M, [v() v() < . Then v(t) is continuous o the set oa

which it is yet to be defined nd which is composed of the segment I minus
finite number of iuterwls. Le (, 7) be uny one of them. As v( --0)

we tke the poiut of the se F F(, x()) closest to the point v()
2() F(, x()). Since < , by virtue of (30) and (31),

(32) < + 0) <
Making use of the uniform local connectedness, we join the points v()
and v( 0) F by the connected set C F with diameter
+ 2e) (see (32)). By virtue of (25), (26),

(33) 2e < + < , d. < v(2k) < 2- d.

Let us construct the points we C, j 1, 2, s, such that

o), W +l <
We set v(t) w when t_ < t, j 1, 2,.-. s, where t
+ j( )/s. We define v(t) analogously on all such intervals (, ).
If there is an iterval (*, 7") I M in which * t0 + a, then we
set v(t) v(*) on [*, *]. Now v(t) has been defined on I and has only
finite number of discontinuities, the jumps at the points of discontinuity
being less than

Let us estimate v(t) 2(t). On M, v 2 on those intervals (fl,
where v(t) is linear, Iv(t) v()[ < e < 2- d. On the remaining bter-
vals (, ), v(t) v(fl)[ < 2-’d by virtue of (33). If t0, the
fl M;if t0,i 2, thenv() v0 2().Since0 <7- < ,
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by virtue of (30) when (, 7),

(34) v() 2(/) F(, x()), 2() 2(t) < k + a.e.

The last inequality is true also when i 1 by virtue of (24) and (25).
From the relations written down it follows that

Iv(t) 2(t) < 2-’d-t-)-t- e for I- M,
(35)

v(t) 2(t) for M.

Let p*(t) p(v(t), F(t, x(t))). On the set M, p*(t) 0. On the inter-
vals where the function v(t) is linear, Iv(t) v() < and, by virtue
of (34),

(36) p(v(t), F(, x()))

O the remaining intervals (, /) we hve v(t) C F(, x(fl)).
Hence (36) is valid when I M und, by virtue of (31) nd (5),

p*(t) < 2e for I- M, t(I-- M) < ,
(37)

p*(t) 0 for M.

Let us construct the bsolutely continuous function y(t) for which

(38) y(to) Xo x,(to), (t) v(t) a.e.

Since t(I M) < t, from (35), (25) and (26) we hve

2--i(39) y(t) x(t) < 2 dt < + 1"

From inequalities (37), (5), (4) nd (39) it follows that p(t) =-- p()(t),
F(t, y(t))) < 3e. By Theorem 1 the solution x+(t) of problem (7) exists,
for which on I,

(40) x+(t) --f/(t)] .< 3eae, 12+(t) --(t)] <: 3eiea a.e.

Since as t-+ to we have (t) - v0 and y(t) -- Xo, p(t) -+ 0 and, by vir-
tue of (9), 2+(t0) v0 exists. From (39), (40), (26) and (35), (38), (25),
it follows that

(41) x+(t) x(t) .( 3eiae + e ( 2--e,
(42) 12+(t) 2(t) ,< 2-’d -- k-- e-t- 3ee < 2-’d a.e.

Since the discontinuities of the function v are less than e, by virtue
of (40) and (26) the discontinuities of the functions-- 6ee’a < )+.

Thus, if the solution x(t) possesses properties (27) and (28), then x+(t)
also possesses them (in view of the estimates obtained). According to (24),
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the solution xl(t) possesses these properties and, therefore, all the solutions
x(t) possess these properties and satisfy inequalities (41) and (42).
By virtue of (41) and (42) the sequence of x(t) converges uniformly on

I, while that of 24(t), almost everywhere on I. Passing to the limit in the
relations

x(t) Xo-t- 2(s) ds, 2(t) F(t, x(t)) a.e.,

with the help of (4) we obtain

(4a) x() x, -t- lim 2() d, 2() lim 2() F(, z()) a.e.

From (42), (4a) and (g0), for almost all 1, , I 1 < , we have

() () < -, () e() < -a + x + .
tIenee, 2() is uniformly continuous on ghe set I N, N 0. ttenee
from(Zig) i follows also ha 2(t) exists and is continuous for all I.

Let us show hat 2(0) v0. When 0 < 0 < * we have

12(to) --2(t) < e*, 12(t) 2(t)] < 2-d a.e.

Hence from (38), (40) it follows that

(44) 12(to) v(t) < * - 2-d - 3ee n.e.

Passing to the limit as t-- to and noting that v(t)--+ vo, we get that
[2(t0) Vol is not larger than the right-hand side of (44), which can be
made as smull as desired. Hence, 2(to) Vo.

6. For given equation 2 F(t, x), the set H of points of the (t, x)-
space lying on the solutions of problem (7), is clled a funnel t the point
(to, x0). Let us show that under certain conditions the classical solutions
fill set everywhere dense in H.
THEOnnM 7. (i) Let F(t, x) satisfy the hypothesis of Theorem 6 in a region

D containing every solution x(t) of problem (7) together with a certain neigh-
borhood Ix x(t) < e* of it on the interval I [to, t]. Then, for any vo

F(to, Xo) and t* I, the set M(t*) of points x(t*) lying on the classical
solutions of problem (20) is everywhere dense in the section H(t*) of the fun-
nel at the point (to, Xo) by the plane t*.

(ii) Further, let the set F(t, x) be bounded, K(t, x) cony F(t, x), and
let the segment to <= <= t of the funnel H: at the point (to, Xo) for the equa-
tion 2 K(t, x), be contained inside D. Then the set M(t*) is everywhere
dense also in the section H(t*) of the funnel H by the plane t*.

Proof. (i) Let x* H(t*). By the definition of a funnel, there exists
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solution xo(t) of problem (7) such that xo(t*) x*. For any e > 0, by
Theorem 6 we can find the classical solution x(t) of problem (20), for
which Ix(t) x0(t) < e when to -< =_6 t*. Assertion (ii) follows from
(i) because by virtue of Theorem 3 the set H(t*) is everywhere dense in
HK(t*).

Let us show that, in general, the set M(t*) does not fill up the whole
section H(t*) of the funnel. For linear systems, considered in [3, Chap. 3],
the section of the funnel is convex and the time-optimal control always is on
the boundary of the funnel section. By virtue of [3, 17, Theorem 9], all
the optimal controls except for a finite number of them are discontinuous.
Hence, the solutions with discontinuous derivatives corresponding to the
optimal controls (and only these by virtue of the uniqueness theorem [3,
18] hit all the points (except a finite number) on the boundary of the fun-
nel section. Let us show that the classical solutions fill the whole interior
of the funnel.
THEOREM 8. Let A (t) and B(t) be matrices, U(t) be a closed convex set,

A, B, U depend continuously on t. Then the classical solutions of the system

(45) - A(t)x + B(t)u for u U(t), x(to) Xo,

fill the whole interior of the funnel.
Proof. Any point x* lying inside H(t*) can be surrounded by points

z H(t*), i 1,... m, such that x* will be inside a polyhedron with
ertices at z. By Theorem 7 we can find the classical solutions x(t),
u(.t) (with continuous (t)) of problem (45), or which x(t*) --zl
are so smll that x* lies inside a polyhedron with vertices at x(t). Then

x* cx(t*) + - c,x,(t*), c >= O, cl - - c, 1.

Obviously, x(t) cx(t), u(t) cu(t) is the classical solution
of problem (45), hitting on the point x* when t*.
For nonlinear systems the classical solutions may not fall at certain

interior points of the funnel section. Indeed, let not even one classical
solution hit on a certain segment of the boundary of section H(t) of the
funnel. As increases, the section H(t) is deformed continuously. This
boundary segment can jut into the interior, for example, such that the
boundary turns into a circle and one of the radii. Then at the points of the
radius, which are interior points of the funnel section, no classical solutions
hit.
THEOnE 9. In system (2) let x (x, x’), let f and Of/Ox be con-

tinuous and, for any t, x, let the function f map the set Q onto a closed, strictly

For system (2) the name funnel is given to the set of points (t, x) which lie on
trajectories with the initial condition x(to) xo, corresponding to all possible ad-
missible controls.
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convex set R(t, x) (see [5]). Then the classical solutions fill the whole funnel.
Proof. We take any point (tl, xl) of the funnel and consider the problem:

find the solution x(t) of system (2), satisfying conditions x(to) Xo,
x(h) xl, such that the integral of 12(t) over the interval to -<_ =< tl
has the least possible value. This integral is a lower semicontinuous func-
tional of x(t); hence, a solution exists [8]. Since 12(t)I If(t, x, u)Is,
the solution satisfies the maximum principle [3, 8]. In the notation of [3],
f= (f,..., fn), If12 (fl)+ + (ff) =f, and for each the
control u(t) should be such that the scalar product

(46) 0f(t, x, u) + + f(t, x, u)

has the largest possible value for u U Q. When u ranges over U, f
ranges over R(t, x), while (f0, f, ..., if) ranges over a piece P of the
paraboloid

fo (fl) +
_

(f,.n)., (fl, ,if) R(t, x),

in the space of f0, f, ft. The maximum of the scalar product (46) is
attained at the point f* of the piece P, whose projection onto the vector

(0,"" Cn) tukes its extreme position (in the direction of this
vector). Since 0 -< 0 by virtue of Theorem 6 of [3], the vector is directed
toward the side of decrease of f0, i.e., toward the side of strict convexity of
the piece P. The.u, the point f* will depend continuously on even if it is
found oil the boundary of the piece P. Since (t) 0 and it depends c(m-

tinously on (see [3]), f* and 2 (f, ..., if) will depend continuously
on t.
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REMARKS ON SOME RECENT EXTENSIONS OF FILIPIOV’S
IMPLICIT FUNCTIONS LEMMA*

MARC Q. JACOBS
1. Introduction. The purpose of this note is to point out how implicit

functions theorems obtained in [12] and [10] can be extended to infinite-
dimensional situations. Implicit functions theorems are a fundamental
part of proving what have come to be called "closure theorems" [5]. The
implicit functions theorems which we state (Theorems 2.2 and 2.3) pro-
vide immediate extensions of Falb’s closure theorem [8] which are suited
for application to distributed parameter control systems. Theorem 2.1 is
an extension of a result of Scorza Dragoni’s [6], relating properties C,
and C* (see 2 for the terminology). G. Goodman [9] has called attention
to Scorza Dragoni’s result. Castaing [4] has recently given an extension of
Scorza Dragoni’s theorem in which the local compactness of the space X
in Theorem 2.1 plays a fundamental role. We choose to utilize uniform
continuity (or local uniform continuity) in our approach, and we obtain
stronger results. Theorems 2.2 and 2.3 are extensions of results obtained
by Castaing [3], [4] and 1V[cShane and Warfield [11], respectively.

2. Results. Throughout this note denotes a positive Radon measure
[2, p. 41 ft.] defined on a compact Hausdorff space T, and (X, pl), (Y,
denote metric spaces. We assume without loss of generality that the metric
p. is bounded. A mappingf:T X ---. Y is given. We say that the mapping
f has property C* if and only if for every e > 0 there is an open set E c T
such that (E) < e and such that f (T\E) X X is continuous. The
mapping f is said to have property C, if and only if the mappings f(t, )"X- Y, T, are continuous, and the mappings f(., x)’T Y, x X,
are measurable.
LEMMA 2.1. Let the mapping f have property C, and let X be separable.

Then the mapping o’T X [0, -- R defined by

(t, i) sup [p(f(t, Xl), f(t, x) p(x, x:) <= }, >- O,

has the following properties:
o is measurable for each >= O,

(ii) o(t, p(x, x)) >= p2(f(t, x), f(t, x2)) for T, xl, x X.
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Proof. For each 8 > 0 define j to be the set

{(x, x) x x l(x, x.) <- }.

Since X is separable, X X X is separable, and consequently, J is
separable for every 8 > 0. Let A {(a,, n)} denote a dense se-
quence in Je, 8 > 0. Define a mapping n" T X (0, -- R by the relation

v(t, 8) sup p(f(t, a),f(t, fine)),
otn,fln E A

tT, >0.

Then, since f has property C,, and since p. is continuous, it follows that the
mappings T --+ p2(f(t, a,), f(t, n) are measurable, n 1, 2, 3,
8 > 0. Consequently, v(’, 8) is measurable, 8 > 0. Evidently, v(t, 8)
<_- co(t, 8) for each T and 8 > 0. Suppose v(t, 8) < co(t, 8). Then
there exist xl* * *x2 X such that m(x*, x -<_ 8 and

p(f(t, x ), f(t, x )) > v(t, 8) >= p(f(t, Oln), f(t, fl,)),
(2.1)

(a,, n) A.
There is, however, a sequence/(ae, f*e)} As such that lim as x.and lim/* x Therefore,

lim p(f(t, ), f(t, fl*) p.(f(t, x f(t, x. )) <= n(t, ),

whichis contraryto (2.1). We conclude that 7( ", 8) 0(., 8) for 8 > 0’
thereby showing that co(., 8) is measurable for 8 > 0. Obviously the func-
tion co(., 0) 0 is measurable.

Conclusion (ii) is an immediate consequence of the definition of o.

IEMMA 2.2. Let the hypotheses of Lemma 2.1 remain in effect, and let
f(t, ):X----> Y be uniformly continuous on X for each T. Then the
mappings co(t, ):[0, -- R, T, are continuous at O.

Proof. The conclusion follows directly from the uniform continuity of
the mappings f(t, ), T.
THEOREM 2.1 (Scorza Dragoni [6]). Let the space X be separable, let the

mapping f have property C, and let the mappingsf t, ), T, be uniformly
continuous on X. Then f has property C*.

Proof. Let Q {q} be a sequence which is dense in X. Given 1 > e > 0
and a positive integer i, there is an open set E T such that t(E)
< (e/2)/2 and such that the mapping f(., q):T\E -- Y is continuous.
We note that #(U.=E) <- ’= (Eo) < e/2, that the set E defined

Eto be the set U= is open, and that f( q) is continuous on T\E
for each positive integer i. Let the mapping o: T X [0, R be defined
as in Lemma 2.1. Then by Lemma 2.1 the mappings 0(., 8), _-> 0, are
measurable, and by Lemma 2.2 we have that co(., 2/j) ---> 0 as j --Consequently, by Egorov’s theorem [2, p. 187] there is an open set E* T
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such that g(E,*) < e/2 and such that (., 2/j) -- 0 uniformly on T\E,* as
j - . If E, is defined to be the set E, (J E,*, then E, is open
and #(E,) < e. We shall prove that f i(T\E,) X X is continuous. Let
(t’, x’) 6 (T\E,) X X, and h > 0 be given. Since f(t’,. is continuous
at x’, it follows that there is an r0 > 0 such that pl(x, x’) < ro implies

(2.2) p2(f(t’, x’), f(t’, x) < hi3.
Choose a positive integer j0 such that 2/jo r0, and choose a positive
integer J0 >_- j0 such that j >- J0 implies that 0 <- co(t, 2/j) hi3, for each

T\E,. There is a q0 Q such that p(xp, qo) < 1/Jo. The functions
co(t, ), T, are nondecreasing. Hence we have that whenever p(x, xp)
< 1/Jo, then p(x, qo) <- pl(x, x’) - p(x’, qo) < 2/Jo, and consequently,

(2.3) hi3 > (t, 2/Jo) >= o(t,p(x,q.o)) >- p2(f(t,x),f(t,qo)), T\E.
Since f(., q0) is continuous on T\E, it follows that there is a neighbor-
hood V(t’) of t’ such that (T\E) V(t’) implies

(2.4) p2(f(t, qo),f(t’, qo) < hi3.
If we combine (2.2), (2.3) and (2.4), thenwehave that V(t’), T\E,
and p(x, x’) , 1/J0 imply

p.(f(t, x), f(t’, x’) <= p(f(t’, x’), f(t’, q,o + P(f(t’, qo), f(t, qo- p(f(t, qo),f(t; x)) < hi3 - hi3 - hi3 h.

We shall say that a mapping h:X ---> Y is locally uniformly continuous
if and only if for each x X there is a neighborhood of x (i.e., a set which
contains an open set containing x) on which h is uniformly continuous. Of
course, if h is continuous and X is locally compact, then h is locally uni-
formly continuous.
COnOLARY 2.1. If f has property C if the mappings f t, ), T, are

locally uniformly continuous, and if X is separable, then f has property C*.
COnOLLhRY 2.2. If X is compact, and if f has property C, then f has

property C*.
COROLLARY 2.3. If X is separable and locally compact, and if f has prop-

erty C, then f has property C*.
Corollaries 2.1 and 2.2 follow immediately from Theorem 2.1, and

Corollary 2.3 follows from Corollary 2.1.
At this point it will be convenient to introduce some terminology con-

cerning set-valued (or multivalued) mappings. We are referring to map-
pings F of a set S into the power set of another set A, i.e., into
2 {M M A}. If A is a topological space, C(A) denotes the collection
of nonempty closed subsets of A, and K(A) denotes the collection of non-
empty compact subsets of A. If F is a mapping, F: S - 2, and M A,
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then F [’l M will denote the mapping s S -- F(s) M, F-1M will de-
note the set {s S F(s) f’l M # Z;}, and )(F) will denote the
set{s S F(s) }.
A mapping F: T -- 2z is measurable if and only if F-IM is measurable

for every closed set M c X.
In the remainder of this note y is a measurable mapping, y" T -- Y, such

that y(t) f(t,X) for every T, and r:T 2\{Z} denotes the
mapping defined by

r(t) {z x If(t, x) y(t) }, tT.
We observe that, if f has property C,, then r(t) C(X) for every T.
LEMMA 2.3. If f has property C* on T X K, if K is a subset of X, then

there is a set N T such that it(N) O, and there is a sequence T, n
1, 2, 3, of compact subsets of T such that =1 T T\N and such

that f[ T,. X K is continuous, n 1, 2, 3, ....
Proof. We can select open sets E c T such that #(E,,) < 1In and such

thatf (T\E) X K is continuous, n 1, 2, 3, The sets N _-1E
Tn T\En, n 1, 2, 3, fulfill the conditions of the lemma.
LEMMA 2.4. Iff has property C, if the mappings f t, ), T, are locally

uniformly continuous, and if X is a Souslin space [1, p. 124], then ]? is
measurable.

Proof. Since X is separable [1, Prop. 4, p. 125], Corollary 2.1 applies to
give that f has property C*. By Lemma 2.3 there is a sequence T of com-
pact subsets of T, and a set of measure zero, N T, such that (3=1 T

T\N and such that f[T, X X is continuous, n 1, 2, 3,.... Thus
r lT is measurable, n 1, 2, 3,... [3, p. 410], and consequently if M
is a closed subset of X, then

r-M IN n r-M] U U

is measurable.
THEOREM 2.2. If f has property C,, if the mappings f(t, ), T, are

locally uniformly continuous, and if X is a Polish space [1, p. 121], then there
is a measurable function x T ---> X such that x( t) F t) for each T.

Proof. This is an immediate consequence of Lemma 2.4 and Theorem 3
(see []).
LEMMA 2.5. If K K(X), and iff has property C, then F K is measur-

able.
Proof. The mapping f: T )< K -- Y has property C* by Corollary 2.2.

By Lemma 2.3 there is a sequence T of compact subsets of T, and a set
N T of measure zero, such that U:=I T, TN and such thatfl T K
is continuous, n 1, 2, 3, .... If M is a closed subset of X, then
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(r N K)-IM {t N r(t) N K N M

o[ U /t Tlr(t) NKNM}
n-----1

and the sets/t Tn r(t) N K N M }, n 1, 2, 3, are closed.
Consequently, (F N K)-IM is measurable.
IEMMA 2.6. If K K(X), and if f has property C, then (F K) is

measurable. Moreover, if )( F N K) , then there is a measurable function
xK" )(F N K) -- K such that xK (t) F (t) for every F K).

Proof. )(F K) is measurable by Lemma 2.5. If (F N K) ;, then
the existence of the measurable function x can be deduced from Theorem 2
(see [3]).
LEMMA 2.7. /f Q U:=Kn,, Kn K(X), n 1, 2, 3,..-,

then )( F N Q) is measurable. Moreover, if )( F N Q) i, then there is a
measurable function x") F Q) -- Q such that x (t) ]? (t) N Q for every
t )(r N Q).

Proof. Since (1 l Q) U= (F gn), it ollows from Lemma 2.6
that )(F A Q) is measurable. If 5)(F N Q) , then without loss of
generality we may assume )(1 N K) ;, n 1, 2, 3, and again
by Lemma 2.6 there is a sequence of measurable functions x’(F l K.)-- K, such that, for each n, xn(t) r(t) N Kn for each )(F N K).
The sets )(F Kn)\U n-i= )(F Ki), n 1, 2, 3, form a measurable
partition of )(r M Q). We define a mapping x’)(F N Q) -- Q by the
rule that x(t) Xn(t) if (F N K)\ UJ )(F N K). The mapping
x is measurable and has the desired properties.
We shall say that a function x’T X is quasi-measurable if and only

if x-(K) is measurable for every K K(X). x is measurable implies x is
quasi-mesurable [2, p. 191]. If X is the union of a countable number of
compact sets, then the two concepts are equivalent.

If the continuum hypothesis is invoked, then the following theorem is
obtained.
THEOREM 2.3 (McShne-Warfield [11]). Let X be separable, and let f have

property C,. Then there is a quasi-measurable function x" T -- X such that
x F for every T.

Proof. Let c denote the cardinality of the continuum. By the continuum
hypothesis the first uncountable ordinal gt is preceded by c ordinals. The
cardinality of C(X) is c [11, p. 46]. Consequently, there is an ordinal number
t’ __< 2 such that K(X) {K, a an ordinal number, a ’l. For each
a 2’ we define Q, U<__,K. Then Q, is the union of countably many
compact sets. For each a It’ define sets T, by

T- (r-Q.)\(r- U Q).
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By Lemm 2.7 the sets T < r re mesumble. The collection
{T < ’} forms mesumble prtition of T. By Lemm 2.7 there re
mesurable mappings x: T -- Q such that x(t) 6 F(t) for every 6 T.
A mapping x:T X is defined by the condition that x(t) x(t), if

T. The proof that x is quasi-measurable follows precisely s in [11].
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FUNCTIONS OF RELAXED CONTROLS*
J. WARGAf

1. Introduction. The mthematical control theory deals primarily with
functionals defined in terms of ordinary differential or difference equations.
It is our purpose here, nd in a paper to follow, to extend certain methods
nd results of the control theory to a more general setting. In prticulr,
we wish to generalize certain results of [1] ad [2]. In this endeavor, and
especially in rguments pertaining to problems of existence, we extend
certain1 concepts first introduced by L. C. Young in his study of "generalized
curves" [3], [4].

Let t be a class of mappings from a set T to a set R, and let x be
mapping from 6t into some topological space H. In typical problems of the
mathematical control theory, T is a closed interval of the real xis, R
and H are Euclidean sets, and x(p) is the endpoint of a curve defined by a
system of ordinary differenil equations involving the control function p.
Our present investigations are, however, motivated by more general prob-
lems that my ivolve mappings x defined, for example, by partial dif-
ferential equations or by nondditive set functions.

In studying variational problems involving ordinary differential equa-
tions, L. C. Young [3] has introduced the very fruitful concept of a
"generaliTed" curve. This concept basically involves replacing a time
dependent vector in Euclidean n-spce E by a time dependent "verging"
operator acting on continuous functions. Thus a derivative of a function
from n interval [to, t] to E is viewed by Young as linear functional

that maps, for each T [to, t], a continuous function c on E into the

number c(.(r)) dr. We have later [1] followed an analogous approach

in studying eergain aspects (proper representations) of standard" con-
trol problems, and in sudying minimax problems [5].

In the present paper we somewha modify this approach. Wih T and
R assumed to be megrie and compact, and an appropriate positive measure
defined on T, we consider a measurable funegion o from T to R as a fixed
linear functional (independent of ) whose domain is the space (g of func-
tions 4 on T R, continuous on R for every T, measurable on T for
every r R, and with sup (, r) integrable on T. Viewed as an element

of the dul spce 6* of 6, p maps into the number Jr (t’ p(t)). This

* Received by the editors My 22, 1967, and in final revised form August 28, 1967.
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modified definition is partly motivated by the fact that T need no longer
be one-dimensional (or finite-dimensional), and partly by the desire to
simplify the use of our results in certain applications.

If we define 6 to be the class of all measurable mappings from T to R,
we can imbed it in a larger set S of "measurable relaxed controls". We
define S as the class of regular Borel probability measures on R, and
S as the set of measurable functions from T to S. Again, we identify an
element z of 3 with the bounded linear functional in 63* that maps $ into

J .] (t, r)(dr; t). (Here (R’; t) designates the (t)-measure of a sllb-

set R of R.) In this sense, is a subset of 63", and we prove that g is the
closure of 6t in the weak star topology of 63", and that it is sequentially
compact.

In many problems we wish to restrict the mappings p to the set 6l
of measurable functions from T to R with the property that p(t) R*(t)
on T. Here R is an appropriately defined "measurable" mapping from T to
the class of nonempty subsets of R. We then define g to be the subset of g

with elements such that the measure (t) is supported on /(t) (the
closure of R(t)) for all T. We prove that g is the closure of (R and
that it is sequentially compact in the weak star topology of 63*. Thus,
whenever the function x, defined on (R, can be continuously extended to
S*, we are assured of the existence of "relaxed" solutions in typical op-
timization problems, and we can approximate these relaxed solutions with
ordinary controls (in (R). As an illustration, we consider in 3 and 5
the "standard" problem defined by ordinary differential equations.
The next task is the derivation of necessary conditions for minimum.

We shall discuss that subject, for both relaxed and ordinary controls, in
a paper to follow.

2. Existence and approximation theorems. We shall henceforth assume
that T and R are compact metric spaces, that B0 is a compact topological
space, and B is a closed set in a topological space H. We shall assume, fur-
ther, that a nonnegative, finite, regular, complete, and nonatomic measure
is defined on T. We represent by p, atd sometimes by p(. ), a mapping
from T to R, and by p(t) the image of a point under the mapping. A
similar distinction is consistently made between a function (mapping) and
the image of a particular point under the mapping. The symbol r, r.
designates the distance of points r and r2 in R, and similarly It’, will
designate the distance in T. A mapping o is "measurable" if, for every
e > 0, there exists a closed set F in T, whose measure ]F is at least
]TI e, and such that the restriction of p to F is continuous.
The usual definition of continuity and the above definition of measura-

bility can be easily seen to be equivalent to the following statement" p is
continuous at (on a set T), respectively measurable on T, if the func-
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tion , defined by b(t) c(p(t)) on T, is continuous at (on T), respec-
tively mesumble on T, for every choice of continuous function c from
R to E (the real line).

Let R be a mapping from T to the class of nonempty subsets of R,
let be the spce of measurable functions p from T to R, and let E. be
the Euclidean n-space. We are given function x: 6l B0 -- E and a
function x:61 B0 H. We wish to investigate the original problem of
determining the minimum of x(p, b), subject to the restrictions that
p(t) R(t) a.e. in T and x(p, b) B. Alternately, we wish to consider
"approximate minimizing solutions" to this problem. An "approximate
solution" a is sequence {p-, b.} .= such that the p. re measurable func-
tions from T to R, b Bo p(t) R(t) me. in T, x(p b), respectively
x(p, b), converges, as j --, , to a number ,0, respectively point ,,
and , B. An "approximate minimizing solution" is n pproximate
solution that minimizes 0.
Let now S be the class of regular probability measures defined on the

Borel subsets of R. We shall refer to a function p from T to R as an "original
control", and to a function from T to S as u "relaxed control". A relaxed
control is "continuous", respectively "measurable", on set T if

continuous, respectively mesurble, o Tis function

for every choice of a continuous function c:R El. Here (R’; t) represents
the (t)-measure of a Borel set R’. We can easily verify that if is a measura-
ble control and R’ is a Borel subset of R, then r(R’; is measurable. We
shall denote by g the set of measurable relaxed controls.

If a relaxed control o has the property that 0(t) is a measure consisting
of a single mass point p(t) a.e. in T, then we refer to it, somewhat loosely
but without any fear of confusion, as an original control p. In this sense we
consider 6t to be a subset of g. We shall also treat original, respectively
relaxed, controls as identical if they differ only on a set of measure 0 in T.

DEFINITION 2.1. We shall say that a function y’g B0 -- H is a Young
representation of x if y coincides with x on 61 X B0. We similarly define
y0:g X B0 -- E1 as a Young representation of x.

Let now (g be a Banach space of real-valued functions on T R de-
fined as follows: (g if 4(., r) is measurable on T for every r R,
4(t, is continuous on R for every T, and there exists an inte-
grable scalar function u on T such that [(t, r) =< u,(t) on T X R.
We define the norm in (g by

[1 f sup (t,

We may clearly do so since supre 14(t, r) is measurable for every (g,
as can be easily verified.
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It is known [6, Theorem 11, p. 149 and Theorem 22, p. 117] that the
above definition is equivalent to the statement that 63 Lrl(C), where
C is the Banach space of continuous real-valued functions c on R with the
norm [c supre c(r) and Lrl(C) is the Banach space of measurable

f from T to C with the normfunctions

Let 63* be the dual spce of 63, and let (1, } represent the value of 63"
evaluated at 63. We can define as a subset of 63* by setting

(r, fr f (t, r)(dr; t).

This definition is permissible since it is known that .fo (t, r)r(dr; t) is

measurable and integrable for every z $ and 63.
Let LT be the set of essentially bounded scalar measurable functions on

T. We can define Lr $ as a subset of
C LT >( $,

((f, r)f(t)z(dr; t).

DEFINITION 2.2. For the topology in
63" (hence also in (R, 8, Lr , and Lr ($) in terms of the wek star
topology in 63". Specifically, we shall say that a sequence l, l, in
63* converges to if

lim._ (l., ) (1, ) for all 63.

We nex consider a mapping R from T into the collection of subsets of
R satisfying the following assumption.
ASSUMPTION 2.3. For every e > 0 here exists a closed subset T of T,

of measure at least IT e, with the following properties"
(i) for every T and every r /() (the closure of R()) there

exists a measurable original control o, continuous at when restricted to T,
and such that ]o(), r] < e and o(t) R(t) on T;

(ii) the mapping R, when restricted to T, is continuous with respec
to the Hausdorff distance of sets, that is, for every in T and every h > 0,
there exists (h, ) such that R(t) U(R(), h) and R()

U(R(t), h) if T and lt 1 < . Here U(R’, h) is the open h-neigh-
borhood of a set R’ in R.

Let ( {p 6]p(t) R(t) on T}, g { g l(/(t); t) 1
on T}, and 63" {1 63" I/1, $1) (1, $2) provided $1(t, r) $(t, r)
for M1 T and all r /(t)}. We can now state our basic pproximation
and existence theorems that we shall prove in 4.
THEOREM 2.4. Let the mapping R satisfy condition (i) of Assumption
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2.3. Then and qt* are the closures of, respectively, 5 and Lr X 5.
In particular, $ and qt* are the closures of, respectively, ( and Lr X .
THEOREM 2.5. Let the mapping R satisfy (ii) of Assumption 2.3. Then

the set $ is sequentially compact.
Let y0 and y be Young representations of, respectively, x and x, and

assume that y0 and y are continuous on $ B0 (with respect to the product
topology on X B0). Let . be the image of X B0 in E1 X H under the
mapping (x, x), and let be similarly the image of $ X B0 under the
mapping (y, y). Then is the closure of . in E1 H if the mapping Ra

also satisfies (i) of Assumption 2.3.
We indicate in 4.1 a procedure for approximating $ with a sequence

1, , in (R.
As a corollary of Theorems 2.4 and 2.5, we derive the following theorem.
THEOREM 2.6. Let the assumptions be the same as in Theorem 2.5, and

let X and Y be the images in H of, respectively, 5 X Bo under x and of$ X Bo
under y. Then either Y B is empty, or there exist $ and Bo
that yield the minimum of yO(, b) subject to the condition that y(z, b) B.
If the construction described in 4.1 is used to approximate ( with the sequence
{} .= in 5, then the sequence {, } is a minimizing approximate solu-
tion of the original problen.
We next state an analogue of a lemma of Filippov [7, p. 78]. (See also

[12] for an extension of this lemma by McShane and Warfield. It has been
pointed out by the referee that Theorem 2.7 below can be deduced from
results of C. Castaing [13].)
THEOREM: 2.7. Let Assumption 2.3 be satisfied, let , ) (B

X X 5 and let be a (not necessarily measurable) mapping from T to
S such that a(/(t); t) 1 on T and the function b, defined by b(t)

J (t, r)(dr; t), is measurable on T. Then there exists some (measur-

able) such that (t) f 4)(t, r)(dr; t) on T.

3. Control problems defined by ordinary differential equations. As an
illustration of the way the results of the preceding section can be applied,
we consider the ollowing much discussed problem [7], [8], [1]" let T be
the closed interwl [to, t] of the real axis, A a closed subset of E, B0 a
compact subset of A, g (g, g’)’E T R --> E, G(v, t)

{g(v, t, r) lr Ra(t)} (v E, T), F%(v, t) the convex closure of
a(v, t), and gl (= (g))/- We shall say that an absolutely con-
tinuous function ’T -- E is an "original curve" if d(t)/dt $(t)

g((t), t, p(t) a.e. in T for some p (R, (t) A on T, and (t0) B0.
We shall say that is a "relaxed curve" if (t) F((t), t) a.e. in T,
(t) A on T, and (t0) . B0. Then the following theorem holds.



FUNCTIONS OF RELAXED CONTROLS 633

THEOREM 3.1. Let the mapping R satisfy Assumption 2.3, let g(v, ., (B

for i 1,... n and for every v En, and assume that there exists an
integrable scalar function b on T such that

(3.1) [g(v, t, r) g(v t, r)[

_
b(t)]v

for v E,, v’ E T and r R. Then the set of relaxed curves is
compact in the topology of uniform convergence and every relaxed curve can be
uniformly approximated by curves j, j 1, 2,..., such that (t)

g((t), t, p(t)) a.e. in T, where pC (R, j 1, 2, ..., (i.e., pj(t) Ra(t)
on T and p is measurable).

Furthermore, every relaxed curve corresponds to a relaxed control a

( t) j g(( t), t, r)( dr; t) a.e.such that in T.

This theorem generalizes in some respects the results of Filippov [7],
Roxin [8], and Warga [1].

4. Proofs of the approximation and existence theorems.
DEFINITION 4.1. We shall say that P is a dense sequence of partitions of

T (see [9, pp. 171-174]) if Pr {Pr1, Pr, }; Pr’ {TI’, T’, V,},
i 1, 2,..- ;thesets T,j 1,.-.,fi, are, for eachi 1, 2,...,

(J-i T T; every element of Pr+1 is con-measurable and disjoint and
rained in some element of Pr for i 1, 2, and to every measurable
subset E of T and every e > 0 there corresponds a positive integer i() and
a subset J(E, ) of {1, 2, J()l such that E E01 -t- E0 E < e,
where E0 U(n.,) T().

It is well known [9, Theorem C, p. 173] that there exists a dense sequence
of partitions of T as a consequeace of T being metric and compact, and the
measure on T having the properties listed at the beginning of 2.
We shall require the following two known results.
LEMMA 4.2. Let ( Lr (R) C be the set of scalar functions on T X R

such that ( t, r) :’=f(t)c(r), where k is some positive integer, f Lr1,
and c Cn i 1, k. Then ( is a dense subset of .

Proof. [10, 6.4, p. 94].
LEMMA 4.3. Let 5*. Then there exists a measurable mapping from T

to the class of regular signed Borel measures on R such that

and

(1, ) fr f (t, r)(dr; t) for all 5

I I(R; .) L:.
Proof. [11, Expos no. 4, p. 3].
We shall also apply the following lemma.
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IEMMA 4.4. Let > O, T have the properties described in (i) of Assumption
2.3, F be a measurable subset of T, R1, R2, R,} be a partition of R
into disjoint nonempty Borel subsets, and C 8, and assume that the support of
a(t) is contained in [(t) (the closure of R(t)) for all in E. Let

j z(Rk t), k 1, m. Then there exists a partition of F into dis-

joint measurable sets FI F2, ..., F, and a measurable original control such
that, for t 1, 2, m, F a, P( t) R%( t) on T, and p( t) is within
a distance 2 of R a.e. in F.

Proof. Let k represent integers trom 1 to m, nd let G
/t F z(R t) 0}. For every nonempty subset A of 11, 2, ml,

let G lk (F G) 1 G. Since z(R ;t) a(R; t) 1 in
T, it follows that F [J G (the union over all nonempty subsets A of
1, 2, ,m/). For every set A, we can partition G into disjoint measure-

ble subsets G,/ A, of measure f z(R t). If/ ( A, we define G to
A

be the empty set. We now let F [J G, und verify that FI a,
l 1,...,m.
Let/ now be fixed. Since, by construction, a(R t) - 0 for F, for

every in F there exists a point r in/a() R and, by (i) of Assumption
2.3, there exists a measurable original control p, continuous t when re-
stricted to F, and such that P(), r <= and p(t) R(t) on T. Be-
cause p is continuous at when restricted to F, there exists (relutive to F)
neighborhood N() of such that [p(t), r 2 for in N() hence

p (t) is within 2 of R for N(). Since F is covered by open (relative
to F) neighborhoods N(), it must be covered a.e. by denumemble sub-
amily, say N(), N(), .... We now let p(t) p(t) for N(.)

[Ji=l N(5), 1, m,j 1, 2, and p(t) pl(t) everywhere
else on T. Since p for ull k nd j, it follows that p(t) R(t) on T.
We lso observe that p is mesurble nd p(t) is within distance 2 from
R a.e. in F,/ 1, 2, m.

4.1. Proof of Theorem 2.4. Let ff 6*, and let a corresponding mp-
ping be defined as in Lemma 4.3. Then (t) hs its support in/a(t) for
every ff T and we can represent (t) as the difference of two bouuded non-
negative measures; specifically,

(t) h(t)z(t) h(t)a.(t) ou T,

wherea $, h Lr, nd hi( t) >- O on T, i 1,2.
We first consider those elements in (* for which h(t) - h(t) 1

on T. Then,
+ h + h .



FUNCTIONS OF RELAXED CONTROLS 635

Let the sets Tj, j 1, ji, i 1, 2 define a dense sequence of
partitions of T as in Definition 4.1. Since R is metric and compact, for every
positive integer i we can partition R into disjoint Borel subsets
R, ]c 1, ,/ci, of diameters not exceeding 1/i. In every one of these
sets R we my rbitmrily select point r. Let T/ be defined s in As-
sumption 2.3, and let T* T T/ j 1, 2, j i 1, 2, ....
For every positive integer i and for every j 1, 2, j, we may define
sets 7., lc 1,... k, and controls ps that have the properties
described in the statement of Lemma 4.3, with +, l/i, T*, T.,, R, nd
p replacing , , F, F, R, nd p, respectively. Let now mesumble
original control p be defined for i 1, 2, by the relations

p(t) p:(t) on T* j= 1,... ,j,

p(t) on T- Tin.
We observe that p(t) R(t) on T, pi(t), r[ 3/i a.e. in

+T j and T (R;t), 1,2,... k.Let.,j 1,..-, ,
’*now, fori 1,2,...,j 1,.-.,j, 1.--,k,m 1,2,

t) o,

.(1 + (--1)) if T},I 0.

Then 0: + 0.: 1, and we can partition each set T}, into two meas-
urable subsets T}: such that : o}:lT, I, m 1, 2. We now de-
Ibm functions h and h for m 1, 2, i 1, 2 by

on ., j 1,2,... ,j, k= 1,2,... ,k,

h(t) on T-- T/,

elsewhere,

h,(t) h?(t) + h?(t).

Let now e > O, c CR([c] supreR [c(r)1), and let E be a measurable
subset of T. We may choose an integer i0 sufficiently large so that, for every
i >_- i0, there exists a subset J of 1, 2, Jd and a measurable set E in

r/, $iT such thatE U.e, E- E[ + E, E < e/(8]c[) and
rc(r) c(r’)l < /(Sl T I) if It, 3/i. Finally, let 0(a) represent here

a quantity whose absolute value does not exceed a. Then, for i i0,

c(r)(dr; t) (- 1 (t) c(r)(dr; t)
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(--1 h’(t) c(r )(R ;t) + 0(44)
m=l

= fr h,(t)c(m(t)) + 0(3e/4)
i*i

f h,(t)c(p,(t)) + 0().

Thus,

lim,_., fT fE(t)hi(t)c(pi(t) c(r)f(t)v(dr; t)

for every c CR and every measurable characteristic functionf on T, pro-
vided hi(t) + h2(t) 1 on T. It follows that

lim_, fr f(t)hi(t)c(m(t)) fr f. c(r)f(t)v(dr; t)

for every c CR and f Lr1. Since every v of Lemma 4.3 is such that
(t) h(t)(h(t)z(t) h(t)z(t)) on T, where h Lr, h’(t) >= O,
m 1, 2, and h(t) + h(t) 1 on T, it follows that

lhn,_., fr f(t)f,(t)c(m(t) f. c(r)f(t)(dr; t),

where fi(t) h(t)hdt) on T. Now, by Lemma 4.2, every (B can be
approximated in 6 by finite sums of terms of the form c(r)f(t)(c C,
f Lr), and we conclude that

limfr fi(t)O(t, m(t) ) fr (t, r)(dr; t)

for every 6 and every 6*. Thus 6t** is the closure of Lr X (R.
We observe that, by construction, f(t) =hdt) 1 a.e. in T if

It follows that 8* is the closure of .
This completes the proof of the theorem.
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4.2. Proof of Theorem 2.5. We first observe that $ is sequentially
compact. Indeed, for every (,

hence the *-norm of z is 1, nd every sequence in hs subsequenc
converng to some point in *.
Le , * be limi of sequence z, z, in 8. Then (, } 0 for

every nonnegtive in , nd (, 4} E[ if 4(t, r) 1 on E X R nd
(t, r) 0 on (T E) X R for every mesurble E
regular Borel mesure for every t, it follows th (t) S .e. in T nd,
therefore, is equivalent to n elemen of
We shall next show that if sequence z, z, converges to z, nd if

z((t); t) 1 .e. in T, j 1, 2, then ((t); t) 1 .e. in T.
Indeed, let > 0 and let T,, of measure at least T] , be a closed sub-
set of T such that R is continuous when restricted to T. Let e > 0,

T, S(, ) {t T]] t, < }, U(R’, h) be the open h-neighbor-
hood of a set R’ R, U/ U((), e/2), / be the closure of U/,
U U((), e), and let (e) be such that (t) Un and
() U((t), e/2) for all in S(, ). Let in C be such that (r) 0
on /, 0 (r) 1 on R, and (r) 1 on R U. Then,

0=1 feg(r)i(dr;) = feg(r)(dr;)
[ (- U; );
s,(,)

henee,(R U ;) 0 a.e. inS,(, (e)) or(gt ;) I a.e. in S(, (e)).
We observe ha, for all in S(, (e)), U U((), ae/2). I follows
ha T ean be eovered by open (relative o ) neighborhoods in each of
wNeh () is a.e. supported by U((), a/2). Since e is arbitrary, ()
is eompaeg for all , and he measure () is relar, we conclude
(() ) i a.e. in T,. Since n is arbigrary, ig follows ghag(() ) 1
a.e. in T. hus g is sequeniMly compact.

Ig follows from he above conclusion and from he continuity of (,
on he sequentially eompae space g N B ha ghe se is closed. By
heorem 2A, is eongained in he elosure of 2. Since 2 is obviously a sub-
se of , we conclude ha is he closure of 2. his eomplees he proof
of ghe gheorem... Proof f herem .7. See is measurable on T, and in view of
emma 4.2 and of Assumption 2.g, for every posigive integer i here exisgs a
eompaeg subseg F of T, of measure ag leasg

are eoninuous, henee uniformly continuous, when restricted
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can be approximated on Fi X R to within 1/(3i) by a uniformly continuous
function.

Let i 1, and let ti t(i) be such that ](t)- ,(t’)l <- 1/i,
14(t, r) (t’,r)l <= 1/ionR, andRa(t) U(R(t’),l/i) for It, t’[ -<_

F, t’ F. We can cover F by a finite number of measurable sets
Fi1, F, F of diameters less than ti. Let, for j 1,

D= F/- U D, Di= T-F,
ml

and let, for j 0, 1, ,/, ti D/, xj’ be the characteristic function of

D/, (t) ’=o /(t)(t’), and (t) 4,(t, r)(dr; ) on T. Then

and are measurable, (U(/(t), 1/i); t) 1 on Fi, and

<= 2/i for t D/, j 1,...,

hence on F. Thus the converge in measure to , as i , and there
exists a sequence Jt of positive integers such that k -- k a.e. for i J,
i -- . By Theorem 2.5, there exists a subsequence J. of J such that the

sequence 1}. converges to some e 8. We let k(t) j2 4(t, r)(dr; t)

on T.

]?’or every measurable set E in T,

lim i(t) lim (t,r)i(dr;t) (t,r)(dr;t) (t).
iJ2 iJ2

Since a.e. for i J, and ’(t)l N supe 4)(t, r)], it follows that

limez f. f. (t); hence f.  (,)for every measurable

b(t) b(t) j: (t, r)rr(dr; t) a.e.E in T. We conclude that in T.

We shall next verify that (/%(t) t) 1 a.e. in T. Indeed, let e > 0, and
let R(t) U(R(t), e). We observe thatr(/(t); t) (/(t); t.) 1
on D/for all i ->- 1/e and all correspondingj. Since ]F >= T[ 1/i, and
since the mapping R satisfies (ii) of Assumption 2.3 if R does, it follows
from the argument of 4.2 that (/%(t); t) I a.e. in T for every e > 0.
Since/(t) is compact (as a closed subset of a compact set), it follows that
a(/(t) t) i a.e. in T.
We may now choose a mapping r that coincides with wherever
(/(t) t) 1 and h(t) (t) and that equals elsewhere. This map-
ping satisfies the statement of the theorem.
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5. Original and relaxed curves. We shall now apply Theorems 2.4, 2.5,
and 2.7 to prove Theorem 3.1.

Let Sa, b B0, and let (.; , b) be an absolutely continuous
curve such that

(5.1) d(t)/dt (t) g((t), t, r)z(dr; t) a.e. in T,

(5.2) (t0) b.

Condition (3.1) and the assumption that g(v,., ,
v 5 E, i 1, n, imply that

(5.3) <-_ g(bo, t, r)l + /(t)lv bo -< gsup(bo, t) -{- (t)l v bo

=< 0(t)(1 +[vl) on E. X T XR,

where b0 is fixed in B0 and , gu,(b0, and 0 are integrable on T. It fol-
lows then, by well-known existence theorems, that such solution exists
and $ is bounded by an integrable 1 for all Sa and b B0; further-
more, if b -- b as i -- , (t; , b) converges to (t; b, ), uniformly on
TX$.
We shall now prove that, for a fixed b B0, (.; ., b) converges uni-

formly to (.; , b) if . -- in $%. Assume that . -- in Sa, let b be fixed,
(.; z, b), (.; ., b), and - .,j 1, 2, .... Then. for

r Tandj 1,2,...,

n(r) dt g((t),t,r)(dr; t) dt g((t),t, r)(dr; t)

dt g((t),t,r)((dr;t)- (dr;t))

+ dt (g((t),t,r) g((t) n(t),t,r))(dr;t).

Let now

Then

h(T) g((t), t, r) (z(dr; t) z(dr; t))

(5.4) I’(r) =< h() -5 (t) v(t)[dt.

We now observe that the function 7, defined by 7(t, r) g((t), t, r)
on T X R, belongs to ( X X (B. It follows that h(r) --+ 0 on T s
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l

j - , while, by (5.3), 0 =< hi(r) =< 2 k0(t) 1 -}- }(t)l) dt < . Let

now

and w(r) (t) dt.

Then, by (5.4),

e-()(o() ()v()) =< e-()()h(r) on T

and

e-W()vj(r) <-_ e-W()k(t)h(t) dt <- k(t)h(t) dt.

It follows now from the Lebesgue dominated convergence theorem that

f,,1 (t)h(t) dt --, 0 asj --+ hence vj(r) --+ 0 and, by (5.4), }-(r) --+ }(r)

for every z in T. Since the }y are equicontinuous, it follows that } } uni-
formly on T.
We now consider an arbitrary relaxed curve , and recall that, by defi-

nition, }(t) F(q(t), t) a.e. in T. Now, every point in F(r(t), t) can be

represented as j g((t), t, r)(dr; t), where a(/(t); t) 1 and, by

Theorem 2.7, we may assume that 8. Thus, (.; , (t0)) and every

curve v is such that il(t) J: g(rt(t), t, r)?r(dr; t) a.e. in T for somerelaxed

a $. Furthermore, given sequence , , of relaxed curves, cor-
responding to some relaxed controls ax, , in $ and some initial points
b (to), b (t0), in B0, there exist, by Theorem 2.5, a relaxed
control a 8, a point b B0, and a sequence J {j, j, of positive
integers such that a -- and b -- b as i -- , i J. Let now (.; a, b)
be defined on T by system (5.1), (5.2). Then, for every T,

I(t; o-, b) /(t)l I(t; ,,-, b) (t; ,,, b,)l

=< i(t; , b) (t; r,, b)l -I- I(t, ,r,, b) (t; ,r,, b,)l.
We have proven that (t; , b) -- (t; , b), and we have observed previ-
ously that I(t; , b) (t; , b)i -- 0 as i -- (because of the con-
tinuity in b, uniformly on $). It follows that (t) -- (t; , b) as i -- oo,
i J, for every T, hence (as previously observed) uniformly on T.
Since (t) A, T, i 1, 2, ..-, (t0) B0, i 1, 2, ..., and A
and B0 are closed, it follows that (t) A, T and (t0) B0. Thus is
a relaxed curve, and this proves that the set is compact in the topology of
the uniform convergence.
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We next consider a relaxed curve and the corresponding relaxed control
a $ and initial point b (t0) B0. By Theorem 2.4, the relaxed con-
trol a can be approximated by original controls pl, p, in 6t. We let. (.; p., b), j 1, 2, ..., and observe that, since (., b) is continuous
on Sa, - -- (.; , b) uniformly. This completes the proof of the
theorem.

Acknowledgment. The author wishes to express his appreciation to
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RESTRICTED MINIMA OF FUNCTIONS OF CONTROLS*

J. WARGA"
1. Introduction. In a previous paper [1] we have discussed the existence

of controls p that minimize a function x subject to the restrictions that,
for every value of its argument in a metric space, p(t) is contained in some
preassigned set R(t) and that x(p) B1, where x is a given mapping and
B1 is a closed subset of a topological space H. We have shown that, in a
large class of problems, such minimizing controls exist in a larger space of
"relaxed controls" and that these relaxed controls can be approximated by
original controls.

In this paper we shall assume that H is the Euclidean n-space E. We
wish to investigate certain necessary conditions for minimum that might be
considered a generalization of the Weierstrass E-condition and of the
transversality conditions of the calculus of variations. In this sense our
results represent an extension of certain methods and theorems of the mathe-
matical control theory, and specifically of [2] and [3], to a more general
setting. The necessary conditions that we obtain are n’o longer restricted,
however, to minima over the space 8 of relaxed controls but apply as well to
minima over the space fit of original controls (if such minima exist). Thus
our present results also generalize Pontryagin’s Maximum Principle. Fur-
thermore, the space 6t is no longer restricted, as in [1], to measurable map-
pings from one metric compact set to another.

Previous attempts to apply the methods of the mathematical control
theory to problems involving functions defined otherwise than by a system
of differential or difference equations were mostly limited to special, and
linear, problems. Recent results of Neustadt [4], [5] are, however, quite
general. They are based on a separation theorem for convex sets that repre-
sent certain linearizations of constraints. Our approach is, however, differ-
ent from Neustadt’s; in particular, our basic results are stated directly in
the form of inequalities involving the value of the minimizing control at an
arbitrary point rather than in the form of functional inequalities.
Let T and R be arbitrary sets, B a convex set, t a class of controls, that

Xis, mappings from T to R, x (x1, a given function from fit )< B
to En, and B1 a given set in E. We wish to characterize a control 6t

and a point B that yield a minimum of xa(p, b) subject to the condition
x(p, b) BI. The necessary conditions for minimum that we derive are

* Received by the editors May 22, 1967, and in final revised form August 28, 1967.
f Department of Mathematics, Northeastern University, Boston, Massachusetts

02115. This research was supported by the National Aeronautics and Space Admin-
istration under Grant NGI 22-011-020.

642



RESTRICTED MINIMA 643

expressed in terms of certain variational derivatives Dx(, ; t*, p*), re-
spectively Dx(, ; t*, r), defined in 2. These derivatives represent,
roughly speaking, the rate of change of x when its argument is replaced
by the function p* (respectively the constant function r) over a "small" set
in the "neighborhood" of t*.
As an illustration, we consider, in 3 and 5, the "standard" problem of

the mathematical control theory of ordinary differential equations and
prove a slight generalization of the usual necessary conditions.

2. Necessary conditions for minimum. Let T and R be arbitrary sets, B
a convex set, 6t an arbitrary class of mappings from T to R, and B1 a set in
En. The vector function x (x1, xn) is a given mapping from (R X B
to E. If p" T R, we denote by p(t) the image under the mpping p of
point in T. If the mpping p depends on some prmeters a, b, c, we desig-
nate by p(a, b, c), or by p(.; a, b, c), the mpping, nd by p(t; a, b, c) the
image of under the mpping. Similarly, x denotes mpping nd x(p) the
image of p under the mpping x. We lso write, when it ppers more ap-
propriate, p(t) to represent mpping.

If p nd p re two mppings from T to R, nd A is a subset of T, we
designate by [p, A; p] the mpping p defined by the relations

p(t) [p(t) on T--A.

Similarly, if pl, p2,-.’, pk, are mappings from T to R, and
A1, A2,..., Ak are disjoint subsets of T, we designate by
[p, A(i 1, ,/c) ] the mapping p defined by the relations

p(t) fp(t) on A, i- 1,...,k,
]. (t) elsewhere on T.

Let T* be a subset of T, and let be a collection of subsets M(t, a) of
T, t T*, a >- 0. Let (R, p* 6t, B, t* T, a > 0, and let

’ [*, M(t*, ) ].
If p ( for sufficiently small a, and if

lira
1 (x(p’, ) x(, ) )

-t-00

exists, we shall say that "x has an )E-derivative at (, ) with respect to
(t*, p*)" and we shall designate this limit by Dx(, ; t*, p*). If (R*(t*)
is a subset of ( for each t* T* and Dx(, ; t*, p*) is the same for all
* t* t*p (R*( such that p*( r, we shall writeD.a.x(, ; t*, r) or
Dx(, ; t*, r) (if and the mapping t* -- (*(t*) are fixed).

Let now (R, B, and bB. We shall write Dx(, ; b) for
i.m-,+o (1/O)(x(, (1 t) + Ob) x(, )).
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DEFINITION 2.1. Let t, B, T* T, let9 be, for/c 1, 2,...,n,
a collection of subsets N(t,

k 1, .-., n}. Let* be a mapping from T* to the class of subsets
of . We shall say that T*, *, ) defines local variations for x in X B at
(, ) if the following conditions hold:

(i) For t*, t*, t* T*, , , 1, 2,..., n, and a, 0,
N(t*, ) N(t*, ) if a ; N(t*, 0) is the empty set;
N(t*, a) and N(t*, ) are disjoint if and N(t*, a)
and N(t*, ) are disjoint if t* t* and both a and are suffi-
ciently small.

(ii) Let an array with elements , i, j 1, n, be represented by. For every choice of with elements T* and of p with
elements p *(t), let the set (t) in E. contain all
arrays with 0 which are such that the sets N_.+(t, ),
i, j 1,... n, are disjoint, and let p p , p, )

[Pi, Nnl-n+i(i, wi) (i, j 1, n) ] for 2(t). Finally,
let b have elements b B, 0 have elements 0 0,
5 {0=0’ 0, =0 1}, 0 1 ,:=0, and

o b o %=Ob.
Then"
(a) ’ ;
(b) for ed , p and b, the function (, 0) (,

(=,
to E is continuous in some neighborhood of (0, 0), and
has a differential at (0=, 0) (relative to X 5);

(c) for every t* T* p* *(t*), and 1, 2,. n,
Dx(, ; t*, p*) Dx(, ; t*, r) exists, is independent of, and has the same value for all p* *(t*) such that
*(t*p

We can now state our general necessary conditions for nimum which
we shall prove in 4.
THEOREM 2.2. Let (, ) yield the minimum of x(p, b) in X B subject to

the condition x(p, b) B. Let (T*, *, ) define local variations for x in
X B at (, ), and let, for all t* T*, R*(t*) {p*(t*)] p* *(t*)}.

Let, furthermore, B* be a convex set in E * a point in B*, and "B*Ba ctinuous mapping such that (*) x(, ), (B*) B and has a

differential at * (relative to B*) d( 1" * *b ’ * b* *(where ’(*) is a linear operator from E to E). Then, either

(2.) ’(*),* ’(*)b*,
bl*Bl*

or there exists a nvanishing vector k in E ch tt
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(2.2) h.Dx(,; t*,r) >= 0 for all t* T* and r R*(t*);
(2.3)

(2.4)

h.Dx(, ; b) >= 0 for all b B;

(% ) [’(*)-bl man (1 X).[@’(l*)bl*]
bl*EBl*

for se
where (1, O, O) E.
Remark. Relation (2.2) generalizes the Weierstrass E-condition, relation

(2.3) generalizes the transversality conditions at the initial point and de-
scribes the dependence on parameters, and relation (2.4) generalizes the
transversality conditions at the endpoint.
Theorem 2.2 is of particular interest in the case [1] when -- R(t) c R

is a given mapping from T to the class of nonempty subsets of R, and (R

is the class of measurable relaxed controls a such that the probability meas-
ure a(t) is supported on the closure of R(t) for all T. We may then
assert [1, Theorem 2.6] that in a large class of problems there exist a re-
laxed control and a point that yield the restricted minimum assumed in
Theorem 2.2; and we may verify a priori the other assumptions of Theorem
2.2. We are then able to state that a minimizing control and point b exist
and either satisfy condition (2.1) or conditions (2.2), (2.3), and (2.4).
Since these relations often admit only a finite number of solutions, we can
determine a minimizing and b; in this sense, [1, Theorem 2.6] and Theorem
2.2 often provide constructive conditions for minimum.

3. Functions of controls defined by ordinary differential equations. We
shall now illustrate the use of Theorem 2.2 in certain standard problems of
the control theory, postponing the proof of the results presented in this
section to 5. Let T be the closed interval [to, tl] of the real axis, R a separa-
ble metric space, Rq

a mapping from T to the class of nonempty subsets of
R, Bo c E B c E and g E X T R E In this section, and in 5,
the words measure and measurable will be used in the sense of Lebesgue and
A will represent the measure of A T.
Let 6’ be a class of mappings p: T -- R such that -- g(v, t, p(t)) is

measurable on T for every v E and p 6ff and
[p, A(i 1, k);p] 6’

if/ is a positive integer, each A is a denumerable union of intervals, and
p 6t’, p (R’, i 1, ]c. We shall henceforth refer to elements of (R’
as "measurable" mappings (as distinguished from measurable mappings).
We set(R-- /p (R’lp(t) R%(t) onT}.
For p (R and b0 B0, we consider an absolutely continuous function

y y(.; p, b0) on T such tha
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(3.1) dy(t)

dt
$(t) g(y(t), t, p(t) .e. in T

nd

(3.2) y(t0) b0.

We wish to investigate certain properties of point 0 B0 and mpping
( that minimize y(t p, b0) on ( B0 subject to the restriction that

y(t ;p, b0) B.
We shll sy that sequence IMp’} ’= of closed subsets of T is "regular

t " if M -- 0 sj -- , M., nd diameter (M) < c M. for some
positive c nd 11 j 1, 2, We shll sy that "mesurble" mpping
p "T -- R is "dmissible t " if p*(t) R(t) on T nd

lim (1/I M; I) (v, , o*( ) d e(v, , o ()

for all v N, and all sequences {M.} thag are regular a ’.
We set

(*() p* p is dmissible t [},
R*() {*()lp* a*()}.

We shll lso write /*(), ., etc. to represent closures of the sets
R*(), M, etc.
ASSUMPTION 3.1. For every v E, r R, nd T, the function

g(v, t, is continuous on R, g(v,., r) is mesurble on T, nd g(., t, r) is
continuous nd hs continuous first order deriwtives on E. Furthermore,
for every v in E there exists n integrble function on T such that
g(v, t, r)] -<= (t) on T : R. Finally, for every bounded subset D of E

there exists n integmble function on T such that ]g(v, t, r)[ .(t)
2) 1/2onD T R. Here ]gl (--(g’) gvis themtrix

and g .= Og/Ov ].
Remark. Assumption 3.1 implies that we my choose s the class of all

the measurable functions from T to R.
THEOREM 3.2. Let (, 0) minimize y(t; p, bo) among all points bo inBand all

"measurable" mappings p such that p(t) R(t) on T and y(t p, bo) B and
let Assumption 3.1 be satisfied. Let y(.; , o), (t), and let, for
k 0, 1, B* be a convex set in E, and (, )"E, E, be
a continuously differentiable mapping such that (B*) B and
(*) for some * B * Let A be, for O, 1, the matrix

/Ob evaluated at b and let A be the ith row o this matrix. Then
either

(3.3) A.* rain A. b*,
bl*Bl*
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or there exists an absolutely continuous function z’T E such that

(3.4) (t) g((t), t, (t)) a.e. in T,

(3.5) i(t) --gT((t), t, (t))z(t) a.e. in T

(where gT is the transpose of the matrix g,),

(3.6) Iz(t) # 0 on T,

(3.7) z(t).g((t), t, (t)) minz(t).g((t), t, r) a.e. in T,
rE/*(t)

(3.8) z(t0). Ao0* min z(to). Aobo*,
bo*EBo*

and

(3.9) (’1 z(tl)).A6l* min (/il z(tl)).Ab*
bl*EBI*

for some , >- O. Here (1, O, ..., O) E,.
In particular, if R(t) R on T and (R’ contains the constant mapping-- r for all r in a dense denumerable subset R of R, then/*(t) can be

replaced by R in statement (3.7).
By combining [1, Theorem 3.1] and Theorem 3.2, we can prove the

existence of a minimizing relaxed control and a point 0 and can state
some of their characteristic properties.
ASSUMPTION 3.3.

(i) R is compact;
(ii) B0 is compact and B is closed;
(iii) there exists an integrable function h on T such that g(v, t, r)

_-__(t) onE TR;
(iv) let Ip’T -- Rip(t) R(t) on T and p is measurablel.
Then for every e there exists a closed subset T of T, of measure at least
T e, with the property that (a) for every T and every r R()

there exists a mapping p (, continuous at when restricted to T,
and s.uch that the distance from p() to r is at most e; and (b) for every
T and every h > 0 there exists a positive (h, ) such that/(t)

and R() are in the h-neighborhood of each other if T and ] -<_ 8.
Now let S be the class of regular Borel probability measures on R. It is

well known [9, p. 426] that a metric can be defined on S such that S is
separable and the convergence in S is the wek convergence of measures"

is, a sequence s, s, converges to s in S if J:c(r)s(dr)that

.f. c(r)s(dr) asj - o for every continuous c’R -- E. Let $ be the set

of mappings from T to S such that (/($); t) 1 on T and
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--+ Jo c(r)z(dr; t) is measurable on T for every continuous c’R El.

Here z(R’; t) is the a(t)-measure of a subset R’ c R.
We refer to an absolutely continuous function ’T -- E as a "relaxed

curve" if (t0) B0 and (t) belongs, a.e. in T, to the convex closure of
the set lg((t), t, r) lr R(t)}. This definition is equivalent, in view of
our assumptions and of [1, Theorem 3.1], to the statement that (. ;, b0)
satisfies the relations

(t) f g((t), t, r)a(dr; t) a.e. in T,

(to) bo,

for some $ and b0 Bo. (This definition is also consistent with the one
in [1, 3] for A E.)
THEOREM 3.4. Let Bo, B, T, R, R, and g satisfy Assumptions 3.1 and

3.3 and assume that ( tl ’, bo’) B for some ’ $ and bo’ Bo Then
there exist a relaxed control and a point o Bo that minimize (t , bo)
on $ X Bo subject to the condition that ( t , bo) B and the correspond-
ing minimizing relaxed curve (.; , /0) can be uniformly approximated
on T by a sequence , , of absolutely continuous curves such that
(t) g((t), t, p(t) a.e. in T,j 1, 2, themappings p]aremeasura-

ble, and p( R on T.

f(v, t, s) J g(v, t, r)s(dr) on E X T X S,Let let S*(t)
/s SIs(/*(t)) 1/ for t T, let (t; , 0), adlet E,,

B* , and A be defined as in the statement of Theorem 3.2. Then
either condition (3.3) or conditions (3.4) through (3.9) of Theorem 3.2
are satisfied, with , g, , R*, and r replaced by, respectively, , f, , S*,
and s.

Furthermore, condition (3.7) of Theorem 3.2 implies that, a.e. in T,

(3.10) z(t).g((t), t, ) min z(t).g((t), t, r)

for every in the support of (t), if R(t) R on T.

4. I)roo of Theorem 2.2. The proof of Theorem 2.2 is essentially con-
rained in the lemma that follows and that resembles, in many respects,
Lemma 3.1 of [3, p. 132]. The convex set W is patterned after a construc-
tion of McShane [6, pp. 17-18]. Brouwer’s fixed-point theorem appears to
have been first applied in a similar context by H. Halkin [7, p. 75].
LM 4.1. Let (, ) minimize x(p, b) in X B subject to the conditions

x(p, b) O, 2, n. Let T*, 5*, ) define local variations for x in
5 X B at (, ). Then there exists a nonvanishing vector in E such that

>= O,
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(4.1) h.Dx(, ; t*, r) >- 0 for all t* T* and r R*(t*),
and

(4.2) .Dx(,;b) 0 for all b B.

Proof. We shall use the notation that we have introduced in 2. Let
V-- IDx(, ; t*, r) t* T*, r R*(t*)}, V 1nx(, ; b) lb B},
and let W be the convex cone in E. generated by V U V; that is,
W=lav+ - a_-> 0, i-1.. n} Assume now, bya v, lv ViJ V, .,
way of contradiction, that there exists no vector with the stated prop-
erties. Then we can easily deduce from elementary properties of convex
sets that there exists u point w (w, 0, ..., 0) in the interior of W,
linearly independent vectors (points) w W, nd positive numbers c,
i 1, ..., n, such that

(4.3) w< 0 and w CWi.

By the definition of W, there exist points T*, controls p (1t*(t),
points b B and numbers a _>- O, i, j 1, n, such that

" b’) i 1 n,(4.4) w a.Dx(, ; t’, p ,...
b) either represents Dx(, ; , p)where, for each i, j, Dx(, ; t’, p

(and is independent of b), or represents Dx(, ; b) (and is independent
of and p). The matrix (w), i, 1, .., n, is nonsingular since the vec-
tors w are linearly independent.

Let now a be sufficiently small so that the sets N(t, a) and
N(t, ) are disjoint if (k, ) # (/C2, t]2), a a and B , let
< 1, andlet

A ={8E,]O<< /( a) i= 1 n}
For every 8 E A, let w(8) a] nd (8) 0 (respectively, (8) 0
nd () a) if Dx(p, ; , p, b) represents Dx(, ; , p) (re-
spectWely, Dx(p, b; b)). We observe that the sets N+_(t, ())
re disloit nd %=() i for E i.
We now consider, for each E A, the "perturbed" mpping p’(), , ()) [/ N_+(F, ’’()) (i, j 1, ..., n);] ia a

and the "perturbed" point b() () b in B. By condition (b) of
Deflation 2.1, the function () ((), =() x(p(), b()
from A to E is continuous some neighborhood A (relative to A) of
the origin 0 of E and has a differential at 0 (relative to A). Furthermore,
by (4.4), the right-hand derivative
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k, 1,...,n.

Thus the Jacobian matrix (0) (0(0)/0tV’);.=l is nonsingular.
Let a() ((0))-1(() (0) (0)), nd let c (c, ..., c),

where the c, i 1, ..., n, are as in (4.3). We shall now show that the
equation

(4.5) c a()

hus solution () for ull sufficiently smll positive . Indeed, since (.
has a differential at 0 (relative to A), there exists a positive 0 such that
]a() < zCi,/Cm und A’ if 0 < < 30, i 1, "", n, where
Cmi. minci, c muxc, nd max. Let 0 < 3 30,

3/c,andAs { scl =< c,* ,i 1, 2, ., n}.
Then we can esily verify that As is homeomorphic to closed ball in
E, and c a() is continuous mppiug of hs

t
into itself. Thus, by

Brouwer’s fixed-point theorem, there exists () satisfying equation
(4,5). It follows then from relations (4.3) and (4.5) that

s  (O)c cw w (w,0, ...,0);

hence,

(ti(,)) 0, 2, ..., n.

Since p’((,)) and b’(i()) B for all 3 =< 0 and As : A,
and since ti(,) As" and ((/) x(p’(() ), b’(i() ), we conclude
that, contrary to assumption, (, ) does not minimize x(p, b) subject to
the restriction that x(p, b) O, 2, n. This completes the proof of
the lemma.

Proof of Theorem 2.2. Let c (b, b*) for b B and b* B**, let
5 (, *), and let C B X BI*. Then (, 5) minimizes x(p, b) on
(R X C subject to the restrictions x(p, b) 4)(b*) O, 1, 2, ..., n.

Let the function y (y, y, y) oa (R X C be defined by

yO(p, c) yO(p, b, b*) xl(p, b),

y(p, c) y( * b)o, 5,51 x(p, 1, ...,n.
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Then we verify that (T*, (R*, 9) defines local variations for y in X C
at (, ). It follows then, by Lemma 4.1, that there exists a nonvanishing
vector g

in E such that 0 0 and

(4.6) .Dy(, ; t*, r) k.Dx(, ; t*, r) 0

for all t* T* and r R*(t*), and

g.Dy(, ; c) gDz(, ; b) + ( %).(Dz(, ; b)
(4.7)

V’(*)(b* *)) 0

for 11 b B and b* B*, where (1, 0, ..., 0) E. We observe
that Dx(, ; ) 0; hence, setting b in (4.7), it follows that

(x ,%).’(*) (b* *) 0 or l b* B*.
Since is nonvnishing, either k is nonvnishing or (o, _0, 0, 0),
> 0, nd

’(*)* rain ’(*)b*.
bl*Bl*

5. uacfion.s of controls deed by ordary differential equations.
Proofs. We shll use the notation of 3, nd we shll mke, t first, the
sme ssumptions s in Theorem 3.2.
For ny integrble function f from T to some Euclidean spce, let T’ (f)

be the set of 11 the points t* in T such that If(t*) is finite nd

lira
1 fM f(t) dt= f(t*)

for 11 sequences {M} of closed subsets of T that re regular t t*. It
is well kown [8, Theorem (6.3), p. 118] that the set T’(f) hs mesure

T.
Now let D be

let o ,o be defined s in Assumption 3.1, let D be dense denumerble
subset of D nd R dense denumerble subse of ,er R(t), nd let
g(v,., (. be the function g(v, t, (t) ). Then

T* [T’(g(,., r)) T’(g(,., (. )))] T’(0) It0, t)
vD,rR

hs measure ITS. We Mso verify that T’(g(v,., r)) T* nd
T’(g(v,., (.))) D T* for 11 v D nd r R. Indeed, let t* T*,
v D, r R, nd let v, v, be sequence in D converging to v.
Then, by Assumption 3.1,

lira sup
1 g(v, t, r) dt g(v t*, r)
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limsup

1 f [g(v,t,r) g(v,,t,r) dt

_< limsup[v-- v,[ 1 fM 0(t) dt 0(t*)l v- v,[, i 1,2,"’,

for every sequence {M/that is regular at t*. Since g(., t*, r) is continuous
on D, we conclude that T’(g(v,., r)) T*. We similarly show that
T’(g(v,., (.))) T* for all v D.
We next define sets Nk(t, a) and the corresponding collection 9L Let

m n, and let

?k--l

and

Nk(t) (t - Nk) T, T, t 1, m, i 1,2,....

We then define Nk(t, a) for a >__ 0 as Nk(t) (t, - k(t, a)], where
fk(t, a) is nonnegative and such that INk(t, a) min (a, Nk(t)
We observe that diameter (Nk(t, a)) <= 2 INk(t, a)[ for all and
and INk(t, a) for sufficiently small a and < tl.
We shall henceforth use the above definitions of T* and , as well as

the definitions of (* and R* of 3. We shall also use the notation of Defi-
nition 2.1. Let tJ T* and pJ *(t), i, j 1, ..., n, and let

[] [] i5
p p’(t, p [p N._+(t’, o)(i,j 1, ..., n);] for

t(t). Finally, let B Bo*, 0", and for p (R and b B,
let the absolutely continuous function y y(. p, b)’T -- E be the solu-
tion of the system

(t) g(y(t), t, p(t) .e. in T,

y(to) ho(b).

It follows from Assumption 3.1 and from well-known theorems that there
exists a neighborhood/ of in B such that the function y, as just defined,
exists, is unique, has its range contained in D and depends continuously
on b, uniformly in p, for all b / and all "measurable" p such that the
set T p(t) (t) has a sufficiently small mesure.
LEMM 5.1. Let p’ p’(t, p ). For all T, b , T*, and
p (*(t), i,j 1, n, the function (o, b) ---> y(t; p, b) is continuous
in some neighborhood l? of (0, ) in (t) X ; and, for all i, j 1, n,
the limit defining the right-hand derivative of y(t; p’, b) with respect to
at 0 exists and is uniform in F, and this derivative is a continuous function of
(o, b) in F. Similarly,
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lim
1

0-.+o
(y(t; p ,bl + O(b bx) ) y(t; p, bx) )

defining the right-hand derivative Oy(t; p’, bl + O(b. b))/O0 Io=o exists,
this limit is uniform in r X r, and it is continuous in r X F.

Finally, let x(p, b) y(h p, b). Then

Dx(, ); t*, *) Dx(, ; t*, o*(t*)) Z(t*)(g(y(t*), t*, p*(t*))

g(y(t*), t*, (t*))), t* p*k 1, 2, n, T*, (R*(t*),
and

0o()Dx(,g; b) Z(to):: Ob (b- ),

where the matrix function Z is the solution o the system 2(t)
=-Z(t)g((t), t, (t)) a.e. in T, Z(h) I (the unit matrix).
Proof. Let [] and p[] be fixed. For fixed and in {1, 2, ..., n}, let

t* i, p* p, and M(a) Nn-,+(t*, a) for a => 0.
We observe that, for every sequence a, as, converging to +0, the

sequence {/]ra} {k]r(aa)}a%_ is regular at t*, Ja M 0 for all a,
and [M(a) a for sufficiently small a. It follows that, for all v D,

lim -1 fMa+O O
g(v, t, o(t)) dt g(v,t*,o(t*)

ifp ,p p ,orp(t) rR=onT.
We next consider y(t; o’, b) as a function of (wr, b). The measure of the

set {t TIp’(t=, P, o’(t, o )} converges to 0 uniformly in
a(t) when [e &[ ,,i= w*’ I O. Furthermore, g(v,., r)
and [g(v,., r) are bounded by some integrable function x on D N R.
We conclude, using standard arguments, that y(t; o’, b) is a uniformly con-
tinuous function of (=, b, t) and y(t; p’, b) D in r T, where r is
some neighborhood of (0, ) in (t) B.
Now we fix b and sufficiently small wi( (i, j) (L )) as well as g, y, ,

) and (t a) (t; (a), b) forand p, and set (a) ’(tn, y
a 0 and T. Then, for sueiently small a, (t; a) (t; O)

for t T M(a), (t; a) p*(t) and (t; O) (t) for t M(a),
(t; a) (t; O) fort t*, and, fort > t*,

A(t;a) 1 ((t;a) 9(t;O))

(o(?(o; ),o, (o; .)) o(f(o; o),o, (o; o))) ;
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hence,

(t;) / g((e;o),e,(e;o))(e;) de

+ - f (((o;),o,*(o)) ((o;0),o,(o))) do
(5.1) a M(a)

+ f (g($(o; ,),o, (o; o ))

g((o; o),o, (o; o)))(o; )

where (0; a) is, for ech 0 nd a, intermediate between (0; a) nd
(0; 0). Since (.; a) converges uniformly to (. 0) s a 0,
g(v, t, r) Co(t) onD T X R, p (), nd T T’(o),
we ca ssert that

lim
1 f (g((d(O;a),O,p*(O)) g((O;O),0,(O))) dO

---I-00t (a)

lim -1 [
a-*+O J M (a)

(((t*;o),o,*(o)) a((t*; o), o, (o))) do

g(gI(t*,O),t*,p*(t*)) g(gl(t*;O),t*,(t*)),
and that this limit is uniform in F X T. Furthermore,

v((o; ), o, (o; o)) ((o; o), o, (o; o))l
converges to 0 with a, for each fixed 0 in T, uniformly in F, because g(., t, r)
is continuous, hence uniformly continuous, in some compact set containing
D, for every and r. Moreover, the uniform convergence, hence also the
boundedness, of the second term on the right of (5.1) implies that A(- is
bounded. Since gv(v, t, r) <= o(t) on D X T X R, it follows then that
the last term on the right of (5.1) converges to 0 with a, uniformly in
FXT.

Let 7(t) lim.+0 A(t, a) for T. We eaa now conclude that /exists,
is unique, that this limit is uniform in 1 X T, and that

rt(t) g(/7(O; 0), O, (0; O))r(O) dO
(5.2)

-4-- g(gt(t*, 0), t*, p*(t*)) g(gt(t*, 0), t*, (t*)).
Now we must investigate the dependence of on (u, b). Let (Ol[], bl)

and (.n, b2) be both in I’ and be such that ol 02 0, and let y(.),
p(. ), /(-) and y2(. ), p2(. ), (. represent the corresponding determina-
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tions of (. ;0), (. ;0), and 7(’). Let also M
and A(t) 171(t) 7(t) [. Then (5.2) elds

Jr g,(y(O), O, p(O) g,(y(O), O, p(O) ) I" (0) dO

-t- g(y(t*), t*, p*(*)) g(y(t*), t*, p*(t*))

-i-" g(y(t*), t*, (t*)) g(y(t*), t*, (t*))
We can directly verify from (5.2) that 7 is uniformly bounded on P X T.
We can show, therefore, as in a previous argument, that the third integral
in the last relation converges uniformly (on P) to 0 with
+ b b 1. The first integral converges uniformly to 0 because MI 0
uniformly, and the nonintegrated terms converge to 0 uniformly with
Yl(t*) y2(t*) I. It follows that A(. -- 0 uniformly on P as

+ Ibx bl 0.
We can solve equation (5.2), specifically when . 0[], b , and

*(t*r p ), and find that, for k n] n q- ,
Dx(, ; t*, p n(t) Z(t*)(g(2(t*), t*, r) g(j(t*), t*, (t*))).

*(Thus Dx is the same for all k and all p* fit*(t*) such that p t*) r.
Similar arguments prove our assertions concerning y(t; p’, b q- 0(b bx)

as a function of 0, and yield the representation of Dx(, ; b).
This completes the proof of the lemma.

5.1. Completioa of the proof of Theorem 3.2. We shall now show that
(T*, fit*, 9Z) defines local variations for x in fit B at (, ). It is clear
that, by construction, the collection 9Z satisfies condition (i) of Definition
2.1. Since the sets N(t, a) are unions of intervals and p" fit, i, j

1, ..., n, the mapping p belongs to fit.
0 0It follows from Lemma 5.1 that the function (0[], -- (,satisfies condition (b) of Definition 2.1. Indeed, we have shown there that

the right-hand partial derivatives of with respect to each " at " 0
and with respect to each 0" at 0" 0 exist, are continuous, and the limits
defining them are uniform for and 0 sufficiently close to 0=. Finally,
statement (e) of Definition 2.1 follows directly from Lemma 5.1.
Thus (T*, fit*, 9Z) satisfies the conditions of Definition 2.1, and

Dx(, ; t*, r) and Dx(, ; b) have the representations described in Lemma
5.1. All the statements of Theorem 3.2, except statement (3.7), now fol-
low directly from Theorem 2.2 after we set z(t) Zr(t)k on T. Fur-



656 j. WROX

thermore, statement (2.2) implies (3.7), with /*(t) replaced by R*(t).
Since, however, g(v, t, is continuous on R for all v and t, we conclude
that statement (3.7) is satisfied.

Finally, consider the special case when R(t) R on T and (R’ contains
all the constant mappings into R. In that case, for each r R
and t* T*, the set (R*(t*) contains the constant mapping from T to r,
nd/*(t*) / R.

This completes the proof of Theorem 3.2.

5.2. Proof of Theorem 3.4. The first part of the theorem, concerning the
existence of $0 and as well as of the approximating sequences, follows
directly from [1, Theorem 3.1]. Next we observe that, for S(t)

{s S] s((t)) 1} on T, S, S, f, and $ satisfy the assumptions
made in Theorem 3.2 about R, R, g and (R, respectively. Furthermore,
since f(v, t, ) g(v, t, ) on E X T for every measure s concentrated
at the single point , it follows that the set of in $ that are admissible
(with respect to f nd S) at t* contains (R*(t*). Finally, there exists a
dense denumerble subset of S containing [s, [r E R}. We may now
apply Theorem 3.2, with S, S, f, and Sa replacing R, R, g, and (R, respec-
tively, and derive directly the second part of Theorem 3.4.
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