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ASYMPTOTIC STABILITY IN THE LARGE OF A CLASS OF
SINGLE-LOOP FEEDBACK SYSTEMS*

R. A. BAKER?} anp C. A. DESOER}

The purpose of this paper is to obtain some sufficient conditions for
asymptotic stability in the large of a large class of systems. The basic
idea is due to O’Shea [1]. We consider a system whose block diagram repre-
sentation is shown in Fig. 1. Our results extend those of O’Shea in several
directions:

(a) The linear time-invariant subsystem, denoted by @ in Fig. 1, is
allowed to belong to a much broader class. By describing G by a convolu-
tion operator we allow in the class not only systems described by differen-
tial equations but also systems discussed by difference differential equations
[2, p. 189], [3]. Also allowed are systems whose internal dynamics require
partial differential equations, say, because of diffusion process or wave
propagation.

(b) The conditions on the nonlinearity ¢ are less restrictive.

(e¢) The results are stated more sharply in terms of the disturbance 7.

The input-output relation of the linear time-invariant subsystem is

(1) oo(t) = _[ g(t — 7)e(r) dr, t= 0.

In the following, all the time functions are defined for ¢ = 0, and we
shall use the symbol * to denote the convolution of such functions. Thus
(1) is written as

g, = @ *e.

The input-output relation of the nonlinearity is
(2) c(t) = ¢lo(d)].
The specific assumptions which apply throughout are the following:

(N1) ¢: R — R,¢(0) = 0, where R denotes the set of all
real numbers.
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2 R. A. BAKER AND C. A. DESOER

(N2) For some finite ¥, |¢(o) | < |ko| forall o 5% 0.

(N3) 0= M =k forall ¢1,0: except 17 o3,

gy — 02

(N4) If ¢(o) = Ofor some o £ 0, then there is a ¢y > 0 such that
¢(c) = 0foralle € [—o1, a1].

(GL) 9 6 Lx(0, ).

The distributional derivative g of ¢ is of the form
(G2) 90 = 60 + 3 adt — 1),
where
(G3) G € L0, ©), 2 |ai| < .
(E1) 1 € Ls(0, @),
(E2) n is differentiable and 75 € L1(0, «).

Observe that (G2) and (G3) imply that ¢ is bounded on [0, « ) and that

g(t) — 0 as t — . The same holds for 5. Call
7 = sup | 9(t) |, gm = sup|g(?)|.
t20 20

Throughout the paper we add the subscript M to the name of a function
to denote the sup of the absolute value of that function; the subscript M
suggests the idea of “maximum.” In some manipulations to follow, it is

useful to consider the functions g, ¢, o, » and ¢ to be defined for all ¢,

all of

them being identical to zero for ¢ < 0. We use + to denote Fourier trans-

forms; e.g.,
o) = [ o™ au
We use || - || to denote L; norms; e.g.,
Il = [ o)1 @
The system shown in Fig. 1 obeys the equation
(3) o® =10 = [ ot~ OeloO)

or, in abbreviated notation,
a(t) = q(t) — (g*c)(i),

where we use (2).
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‘—T“‘_ G

[o

Fig. 1. Feedback system under consideration

We come now to the main result of the paper.

TrEOREM. Consider the system shown in Fig. 1. Suppose that assumptions
(N1) to (N4), (G1) to (G3), (E1) and (E2) hold. Let y be any real-valued
Sfunction which has a Fourier transform ¢ such that y(t) = 0 for t < 0,
y(t) £ 0fort = 0and ||y | < 1. Under these conditions, if for some a > 0,

(4) Re{ll + dwa + §(i)l[§(iw) + 1/k} Z 0 forall w € (—o, »),
then

(1) sup s»0|0(?) | < o,

(ii) a(t) > 0ast— oo,

(iii) as ||9]l + |91l — O, the corresponding o has the property that
supexo | o(t) | — 0.

Note 1. By (N3), the output ¢ has the same properties.

Note 2. If ¢ is identically zero, the conclusions are immediate conse-
quences of (E1) and (E2). From now on, ¢ is assumed not identically
%ero.

The proof of this theorem is somewhat involved. In order to simplify it
we quote a lemma (see [5]-{7]).

LemMa. Let x and y be in Ly( — o, © ). Let, for each t € R, (x(t),y(t)) € o,
where ¢ is a monotonically increasing relation (t.e., &, & € B implies
le(&1) — o(&)1(&1 — &) = 0); then for all + € R,

f_: z()y(t) dt = _[: z(8)y(t — =) dt.

If, in addition, ¢ is odd (i.e., (£, 1) € ¢ implies (—§&, —n) € @), then the
inequality above holds with absolute value signs on both integrands.

Proof of the theorem. I. The system shown in Fig. 1 is characterized by
(8). The given function 4 is continuous and bounded, ¢ is bounded and, by
(N3), ¢ satisfies a Lipschitz condition; then solving (3) by iteration we can
apply the standard arguments to show that the resulting sequence con-
verges uniformly on every bounded interval, and that (3) has a unique
solution which is continuous. For brevity, let L. be the class of all measur-
able functions which are bounded on every bounded interval. Thus o € L., ;
clearly, ¢ € Lycand e € Lee .

II. Let T be an arbitrary positive number. Let ¢, = ¢ + o %y,
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¢mn = ¢+ c*y, and, in general, given any function z, we define x,
=z 4+ x *xy. Then

foT <0m(t) —~ ""‘é”)c(t) dt
_ ‘/o.r (a(t) _ C(t)>c(t) dt f (J*(a’ — —))(t)c(t) dt,

where all integrals are finite since y € Ly, 0 € Lue, and ¢ € Ly, . Now let
the subscript 7' denote the truncation of a function to the interval [0, T']:
thus, f-(t) = f(¢) on [0, T'], and fr(¢) = 0 elsewhere. Considering the second
integral in (5), we define

(5) R = [ [w — ) ol Q}Tu) a,

(5)

and observe that by Fubini’s theorem,

(6) [ (o (o = 9)) et de = [ utorer .

Observe that, for each ¢, the real numbers cz(t) and o2(¢) — co(¢)/k are
monotonically related: indeed, denoting cz(¢;) by ¢; and or(t;) by o:, we
have

[(01 — 03) — —@1—2—02—)](61 — )
= (01— o) (ex — 02)[16 - Eil_:_ﬁal]k-x > 0,

where the inequality follows from (N3). Consequently, by Lemma 1,
R(7) £ R(0); and since y =< 0, (6) gives

(6a) [ v@r@ dr 2 —RO]y]).
Thus, the left-hand side integral of (5) is larger than or equal to (1

— Iy || )-R(0) = 0. In other words, for each 7' > 0, there is a finite b(7")
= (1 — ||y |l) > 0such that

7) [ [t - CLIEQ]C(D o N =

III. From the block diagram, ¢ = ¢, + 7; hence,
! cm(t)

[ | on(® + st o(t) dt

0

®) ! () !
= [ [om® + sty = = Loty [ antt) + il .
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In order to show by Fourier methods that the first mtegral of the right-
hand side of (8) is nonpositive, observe that if ¢ = —g *cr and
6o = —g * ¢, then, on [0, T'], ¢, = Toy Tom = Tom ,and ¢, = o . Similarly,
¢ may be replaced by ¢z . Now ¢ € L, hence ¢y € Ly N Ly . With g € Ly,
this implies o, € Ly ; hence, since g and y € Ly, 6. € Ly and com € Ly (see
[4]). Therefore the first integral in (8) is the product of two L,-functions.
Using Parseval’s theorem, and noting that odd functions of w contribute
nothing to the integral, we obtain

foT[(rim(tH 5. (t) —"—"‘(—t)] e(t) dt

o0
= ot [ Re{t o wio + gt [ i) + 1 entiin® i) do 5 0,
2m Lo k
where the inequality follows by (4). Thus (8) implies that, for all 7 > 0,
@ [ [outt) + e = 2D | oty e 5 [ bralt) + w010
0 0

This is the fundamental inequality.
IV. Using (7) in (9), we conclude that, for all T > 0,

(10) o [ o0 at = [ Tan(t) + ai0leCt) e

Let com = supe|ez(t) | . Since || 7. || = ([ 2]l + [yl [ 7], we conclude
that

T
(1) a [ 6(0e(®) dt S end( + lylD Inll + a4 1) = ernc M,
where M denotes the bracket of the right-hand side of the inequality. Call
#(z) = [ 9() do; then, with & > 0, (1) implies that for all T > 0,
0

(12) ®[o(T)] = @[o(0)] + cruMa™.

The slope condition (N3) on ¢ implies that ®(x) = [¢(z)]?/2k; hence for
all T > 0,

LN e(D) [ S Blo(0)] + crss Ma™
This inequality implies that ¢ € L ; recalling that ¢ is continuous this is
easily shown by contradiction. In fact,
(15) sup | c(t) | £ {(kMa™)* + 2k®lo(0)]} + kMo,
t20

Since ¢,(0) = 0 by (1), as || 9]l + || 7] — 0 both M and ®[c(0)] tend to
zero and so does supeso | ¢(t) |.
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V. Let us show that

[ (-0 =40ty a

is bounded. By (5a), this integral is R(0). If we let cm = supeso | ¢(t) |,
then (7), (9) and (11) give

o(r) [ ' (o(t) - 9@) () di < e M + aBlo(0)].

Observing that ¢ is monotonic and that ¢(0) = %(0), we obtain
®[o(0)] = 7(0)c(0) = || 4 llem < Memo™

Hence,

f ( (t) — C(t)) e(t) dt < 2eme M(1 — |y D7

Since the integrand is nonnegative by (N3) and since the right-hand side
is independent, of T', we have

ae [ (o<t> - c%) o) dt < 20 M1 — |[yI)

Note that as | 7 || + || 7 ]| — 0, the bound on the right-hand side of (16)
tends to zero, because both ¢y — 0 and M — 0.

VI. To complete the proof we must consider the two possible behaviors
of the nonlinear characteristic in the neighborhood of the origin.

Case 1. ¢(g) = 0 implies ¢ = 0. We know that ¢ = o, + % and that
n—0ast— . Since 6, = —¢g *c, where ¢ € Ip and ¢ € Lo, it follows
that 6. € L« ; hence o, is uniformly continuous on [0, «). If ¢, did not
tend to 0 as ¢ — oo, then o does not go to zero; using the uniform conti-
nuity of ¢, we can casily show that the area under the function

() (o0 = 42) gioay

would then be infinite [8]." This contradicts (16). Hence ¢ — 0 as t — .
This, together with ¢ € Ly, , implies that ¢ € L . Thus (i) and (ii) are
established, and (iii) follows by contradiction: if || 7 || + || % || — 0 and
sup:>o | o(t) | does not go to zero, then, because of the uniform continuity
of ¢, , the bound on the integral in (16) could not go to zero.

Case 2. ¢(¢) = Oforall ¢ € [—o1, 09) with o1 > 0, o2 > 0. Using the

1 Note that in the proof of [8, L.emma 1, p. 58] only the uniform continuity of f is
needed.
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monotonicity of ¢ and inequality (16), we obtain

[ <a(t - E%)) c(t) dit

alfo c—<t>dt+@/° (1) dt.

v

2ewM (1 — [y )7
(18)

v

Here the superscripts ¥ and ~ are used in their usual sense:
c¢*(t) = sup{c(t), 0}, ¢ (¢) = sup{—c(t), 0}

Hence ¢ € L;. But already we know ¢ € Lo, hence ¢ € L. Now
g, = —g * ¢, hence ¢, = §¢, where ¢, ¢ € L, . Consequently, ¢, € Ly . Now
by the Riemann-Lebesgue lemma, o,(t) — 0 as t — <, hence o(¢) — 0 as
t{— o, Now, as || 9] + || 5] — 0, (18) implies that || ¢ || — 0. But

oo | = gmllcll,

and consequently,sup ¢zo | oe(t) | — 0 and so does sup ¢z0]| o(t) |. Therefore
(1), (ii) and (iii) have been established.
CoroLLARY. If ¢, the characteristic of the nonlinearity, ts an odd function,
then the theorem still holds without the requirement that y(t) < 0 fort = 0.
Proof. By the lemma, since ¢ is odd, R(0) = | R(r) | for all r. The
previous assumption that y(¢) = 0 was used only in the derivation of (7)
from (6). Under the present conditions,

[” y(r)R(r) dr

< [ W IR@ 5 ROy )

hence, the previous equation (6a) still holds. The remainder of the proof
requires no modifications.
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NECESSARY CONDITIONS FOR CONTROL PROBLEMS WITH
VARIABLE TIME LAGS*

H. T. BANKSt

Introduction. In [5] Kharatishvili extended Pontryagin’s proof of the
maximum principle to obtain a pointwise maximum principle for a class
of nonlinear control problems involving system equations with constant
lags in the state variables. The class of admissible controls consisted of
piecewise continuous control functions. Friedman [3] also considered a
hereditary control problem to which he applied Pontryagin’s methods to
obtain necessary conditions. In a recent book [4] Oguztoreli showed that
the results of several recent papers on control problems with systems of
ordinary differential equations could be extended to obtain corresponding
results for systems involving delays.

Gamkrelidze [1] (see also Neustadt [2]) gave a very elegant proof of a
maximum prineiple in integral form which includes Pontryagin’s pointwise
maximum principle as a special case. In this paper we consider a general
nonlinear system with variable time dependent lags. A maximum principle
in integral form is obtained for a class of Lebesgue measurable control
functions. Transversality conditions are also given for variable initial
functions. The proofs are generalizations of Gamkrelidze’s methods in-
volving quasi-convex families of functions.

Throughout this paper, by a solution to a differential equation we shall
mean an absolutely continuous (A. C.) function which satisfies the equa-
tion almost everywhere with respect to Lebesgue measure. Unless it is
specifically stated otherwise, by a measurable function we shall mean a
Lebesgue measurable function. Vector matrix notation will be used. Follow-
ing common usage we shall not distinguish between a vector and its trans-
pose when it is clear which we mean. The notation | 4 | will denote the
Euclidean norm of 4 in whatever space A lies. For example, if 4 is a
matrix (a”), then | A |* = D_;D>_i(a”)™ If ¢ is a vector function depending
on the vector z, g. will denote the Jacobian matrix with elements dg°/dz’.
By a nontrivial vector function we shall mean one which is not identically
zero. Finally, the scalar ¢ will denote time and & will denote the derivative
of x with respect to &.

1. Preliminary results. Let F = F(a(-), t) be an n-vector functional
defined on Clayp, #] X [to, t], where ap < fo. By the notation F(z(-), t) we
* Received by the editors June 30, 1967, and in revised form October 27, 1967.
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mean that at each ¢, F depends on ¢ and on the values z(s), g < s = ¢,
where z € Clag, ti], ¢ an n-vector.

Suppose that F is measurable in ¢ and continuous in z on Clag, &] for
almost all fixed ¢ in [ty , #1]. Assume there exists an m € Li(&, &) such that
IF(x(')a t)l = m(t)”x“t for (IZJ, t) € C[Olo, tl] X [tl)) tl]: where ”x ”‘
= sup {|z(s) [:s € [ao, t]}.

TuaeoreMm 1. Let F satisfy the above assumptions and let ¢ € Clag, t.
Then

iE(t) = F(x( * )) t) on [tO) tl])

(1.1)
z(t) = ¢(t) on oo, t]

has a solution on [ty, t].

TuaeorEM 2. Let D(t) be an n-vector function, D € Ly(t, ). In addition
to the assumptions of Theorem 1, suppose there exists p € Li(to, t1) such that
I satisfies

[F(x(-),t) — F(y(+),0) | = p(®)]lz — yle
for each (x,t) and (y, t) in Clog, ti] X [to, t]. Then the solution to
i(t) = F(x(-),t) + D(t) on [, t],

(1.2)
a(t) = ¢(t) on oo, bl

exists and s unique.

The proofs of Theorems 1 and 2 are straightforward extensions of
standard proofs due to Carathéodory and will not be given here.

As an example to which Theorems 1 and 2 are applicable, consider the
system

&(t) = ft g(4, s)x(s) ds on [to, t],

z(8) = ¢(¢) on [as, tl,

where ¢ € Claw, to], ¢ € Li([to, t1] X [0, t]). It is easy to show that this
system satisfies the hypotheses of the theorems and hence the existence
of a unique solution on [fo, #] is guaranteed. This system is a simple ex-
ample of an integrodifferential equation. Such equations are important in
the study of physical systems involving hereditary processes, such as mag-
netic hysteresis and elastic torsion, and have been discussed in detail by
Volterra [9]. Another example where Theorems 1 and 2 are applicable and
which is of interest to us in this paper will be discussed next.
Throughout this paper, we shall assume that 6(¢) is a nonnegative real-
valued C" function defined on R' satisfying di < 6(t) < dz < 1 on R'.
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We define w(t) = t — 0(t). Then w is an A. C. strictly increasing function
withao(t) =1 —6(t) 21 —de>0anda(t) =1 —60¢) =1 — di.
Hence w is C* with a bounded derivative. Since w is strictly increasing, we
have that » = ' exists. In fact, it follows from the inverse mapping
theorem that r is C'. Furthermore, since r(w(tf)) = ¢, we have
(dr/ds)(dw/dt) = 1, which implies that #(s) > 0. Moreover, #(s) = 1/a(t)
=1/(1 —d) >0andi(s) £1/(1 — ds) < ».Hencer = « ' is a strictly
increasing A. C. function. It is, in fact, C' with a bounded derivative.
Also, w and 7 = & * are C" functions with derivatives bounded away from
zero.

Under the above assumptions, the next two corollaries follow from
applications and modifications of Theorem 1 and Theorem 2.

CoroLLARY 2.1. Let A and B be n X n measurable matrices and C be a
measurable n-vector satisfying |A(t)| = m(¢), |B(@)| £ m(t), |C(¢)]
=< m(t), where m € Ly(ty, t1). Let w(t) = t — 0(t), wo = w(to). Assume ¢ s
continuous on [wo, to]. Then

£(¢) = A(D)z(t) + B(t)a(w(t)) + C(4) on [t 4l,
z(t) = (1) on  [wo, &

has a unique solution on [to, t].
JOROLLARY 2.2. Let A and B be as in Corollary 2.1. Suppose ¢ (o be
continuous on [w(1), 1|. Let 1 = w”'. Then the advanced system

g(s) = A(8)y(s) + B(s)y(r(s)) on lto, ()],
y(s) = ¢(s) on  |w(?), 1]

has a solution on [ly, 1).

We next prove a lemma which will be needed in studying lagged equa-
tions.

Lemma 1. Suppose  is C* on [l, &] with o(t) = 6 > 0 for t € [t,t].
Let f be measurable on [w(ty), w(t1)]. Then f o w is measurable on [ty , t].

Proof. From the hypotheses on w, we have " exists as a 1-1 C* func-
tion on [w(t), w(t1)]. Also, f measurable on [w(f), w(#)] implies there exists
a sequence {g.} of continuous functions on [w(%), w(#1)] such that g,
converges to f a.e. on [w(f), w(#)]. Let E be the subset of [w(t), w(t)]
such that g.(s) — f(s) for s in E, where u(E) = w(ti) — w(&). Let
F =w(E). Then F C [t, ts] and u(F) = t; — ty, since the A. C. function
w ' takes sets of measure zero into sets of measure zero. Now let ¢ € F.
Then there exists s € E such that s = «(f). But s € E implies g,(s) — f(s).
Hence, g.(w(t)) — f(w(t)) fort € F or goow — fow a.e. on [fy, t]. But
gn © w is measurable. Therefore fo w is measurable on [ty, t].

Now let 6, ---, 6, be real-valued C' functions on R' satisfying the
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same hypotheses as 6 above. Define w;(t) = ¢t — 6;(¢) and r;(¢) = wj_l(t),
j=1,2, -+, ». Assume that

(1) = 6a(8) = -+ = 0,(2)

s0 that w;(t) £ w;_1(¢) and r;(¢) = r;_1(t). We also assume that there exist

no increasing function w and positive integers k; , k2, - - - , k, such that
wi(t) = woki(t)y j = 1) 2) MR
where o’ = wowo -+ 0w (k times)."
TuroreEM 3. Let A, B;,j = 1,2, --- , v, ben X n measurable matrices and

C be a measurable n-vector satisfying | A(s)| < m(s), | Bi(s)] = m(s),
| C(s)| < m(s), wherem € Li(ty,t). Letty <t < t, . Let wjand r; = w; " be
as defined above. Define x;(s) to be the characteristic function of [ty, w;i(t)]
(or [wi(t), to]). Let A(s, t) be a matriz solution to
A(sa t) = 07 s>t
At ) =1,
JA -
5= (5,8) + A(s, ) A(s) + 22 xi()A(ri(s), £)B;(r;())is(s) = 0
(1.3) 9s i=1
for s € [t, 1.

Then the vector solution x to
#s) = A(s)2(s) + X Bi(s)ala(s)) + C(3)

(14) Jor s € [to, tl,
z(s) = ¢(s) Jor s € [w,(t), tl,
where ¢ € Clw,(to), to], 78 given by

#(8) = Alto, Do) + [ Als, OC(s) ds

12 to
+ 2 [ AG(9), 0Bi(r(s)e()7(s) d
1= wjlto
fort > ty.
Proof. Let A(s, t) be a solution to (1.3). That such a solution exists
follows from an easy extension of Corollary 2.2. Multiplying the first equa-
1 The author is indebted to the referee for pointing out that without this last as-

sumption, the control problem with lags to be discussed below can be reduced to a
control problem involving ordinary differential equations.
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tion in (1.4) by A(s, t) and integrating over s from &, to ¢ gives

ft " AGs, 0@ (s) ds = f CAGs, A (s)a(s) ds + ft " AGs, 0)C(s) ds

+ 3 [ s, 0Bl ds

Since A(s, t) is A. C. in s, we can integrate by parts in the term on the left
side of the equation obtaining

ft‘ A(s, )i(s) ds = x(t) — Ao, t)x(ty) — tt z_f: (s, 1)x(s) ds.

t

Considerf A(s, t)Bj(s)x(wi(s)) ds. Letting 7 = w;(s) or s = r;(7) in this
to

integral gives

(¢

j:: A(s, ) Bi(s)x(w;(s)) ds = f:l

i(to

) A(ri(7), ) Bj(ri())x(7)is(r) dr
= ‘/lt: )A(rj(s)’ ¢)B;(r;(s))x(s)#;(s) ds

+ [ xR, DBri(s)als)is(s) ds.

Combining these results and the fact that z(s) = ¢(s) on [w,(to), t], we
obtain

2(0) = All, D80) + [ A(s, 0C(s) ds
[ {2060 + 465 040
+ 3 (A r(s), t)Bj(rj(s))h(S)} 2(s) ds

v to
+ 2 [ Alr(s), 0Bi(r(s)e(s)7s(s) ds.
= Jujt
The term in brackets vanishes almost everywhere on [t , {] since A(s, ¢) satis-
fies (1.3). Hence we have the desired results.

To conclude this section, we prove a lemma of du Bois-Raymond type.

LemuMA 2. Let [a, b] © R'. Let M(t) > 0 be an arbitrary but fived function
i Li(a, b). Define D(M), = {g:g is A. C. on [a, b, | ¢(t)| £ M(¢), and
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b
g(b) = 0}. Suppose f € Li(a, ). Thenf fogdt = 0 for each g € D(M),
tmplies f(t) = 0 a.e. on [a, b].
Proof. Suppose f € Li(a, b) and f fgdt £ 0 for g € D(M),. Define

F(t) = f f(s) ds. Then T is A. C. on [a, b] and f F(t)g(t) dt < 0 for
g € D(M 21, . Since both F' and ¢ are A. C., we may integrate by parts ob-
taining f F(8)§(¢) dt = 0 since g(b) = F(a) = 0. This last inequality

implies F(t) = 0 on (a, b). Suppose not. Then there exist & in (a, b) and
6 > 0 such that F(t) > 0 on (& — 8, to + 8). (The proof for F(&) < 0 is
similar.) We choose a particular g in D(M ) as follows:

g(t) =0 for t =t + 3,
g(t) <0 for t€ (to— 6,6+ 8) (with |g| = M),
g(t) =0 for ¢t =ty — .

b tot+d
Then for this g we have f Fgdi = f I'g dt < 0, whichis a contradiction.
to—d
Hence, F'(t) = 0 on (@, b). This implies f(s) = 0 a.e. on [a, ].

2. Formulation of problem and statement of necessary conditions.
Suppose tois fixed in R'. Let # = (2, -+, "), 7 = (yi, -+, 4" ),
i=12.--,9 7= (g,~ <, 0", and w = (W, -+, u'). Let
Y = (y1 , *++, §,); that is, ¥ is a »-vector, each component of which is an
(n — 1)-vector. Given a set S in R"™, the notation S X S will mean
S X8 X -+ X8 (v+ 1times). Let I be a bounded open interval in &'
containing [w,(t), t]. Put I’ = I N {t:¢ > t}. Let G be an open convex
region in R"™*. (Although the notation G usually means the closure of G, in
this paper this is not so unless specifically stated.) Suppose that 7 is a
given C' differentiable manifold in R*". We assume that T has dimension
<2n — land that 7 € @ X G X I'. Points in T will be written (o, &1, t).
Let Ry be a given subset of R’. Suppose that g = g"(& G, -, Tv Uy t)
=g"& Y,u,t),¢=0,1,---,n — 1, are defined on G X G" X Ry X I'
with range in R'. Further, let each ¢° be C* in &, ¥ and Borel measurable in
u, t. Let U be a mapping defined on I:

Uite I->U(t) Ry CR

Put @ = {uiu is measurable on I, u(t) € U(¢) for each ¢ € I}. Let
§ = (¢’, 7). We make the further assumption on the g"”s that:
For every compact X C G and u € ©, there exists an m € Ly(I') (7 de-
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pending on X, u) such that
[3(Z, ¥, u(t), t)] = m(1),
|52(2, ¥, w(t), )| = m(t),
|60,(%, 7, u(t), )| < m(t), =1,

for each (&, ¥Y) € X X X” and each t € I'.

Let & be the class of A. C. (n — 1)-vector functions on [w,(%), ] into
G. Thatis, & = { ¢:8 € AC ([w(t), to], G)}.

ProBLEM. Minimize

Tow = [ @0, 80), - #e0),ud, ) @

over X @ X R*™ X I' subject to
(a') j;(t) = g(x-(t); i(wl(t)% ) i(wv(t))’ u(t)) t) for t¢€ [to, tl,
(1) = ¢(1) for € [w(t), ol

(b) (Z(k), (), ) € T.

A solution (¥, u*, 7%, &™) to the above problem will be called an optimal
solution and the corresponding solution Z* of (a) will be called an optimal
trajectory. We now state necessary conditions for an optimal solution.

TrrorEM 4. Let (%, u*, £, t,*) be an optimal solution. In addition to the
previous assumptions, suppose that t* is a regular (Lebesgue) point for
) = §E @), F (w(t)), -+, F(wl(t)), w (1), t). Then there exists a
nontrivial A. C. n-vector function $(t) = ($°(¢), ¥(t)) = (L°(¢), ¥'(¢),
e "N(1)) defined on [, 4] satisfying:

(i) ¢°(t) = const. g 0,
PO + IFE M) + 2ia x:(t)tﬁ(m(t))yy,(n(t))T](t) =0 on

[to . t*], where x; is the characteristic function for [ty , w;j(t,*)].

i [ Ko7'

Z '/’(t) GE*(), 35 (wi()), -+ F* (w,(8)),u(t),t) diforallu € Q,

to
(iii) 205 'f(ru—z(t))yy, {(1o—i(8))7s-i(t) = 0 a. e. on [wy1-i(t), wu—i(to)]
forj =1,2, -+, v, where w(t) = t.
(iv) The (2n — 1)-dimensional vector (—9(to), P(1*), —d(t™) -5 (t™))
is orthogonal to the tangent plane to T at (*(t), *(4,*), &™).
(V) ¥(t) = (", ¥(¢)) s nonzero on [w(t,*), t.*]. ¥ can have zeros in
lto , wi(8™)]. If, however, we have
(a) 6 (t) > 0,4(¢) > -+ > 0(t) >0o0nto, t* ],
(b) g,,l(t) 18 nonsmgularfor t€ b, t ],] =1,2, v,
then ¥° 5% 0 and hence § is nonzero on [ty , t,"].
The proof of Theorem 4, which will follow from Theorem 5, will be given
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in §5. First, however, let us make a few remarks about the problem and
theorem discussed above.

Remark 1. The conditions that u(¢) € U(t) (see definition of Q) are
simply a way of putting constraints on the control functions. For example,
if U(t) = {u € R”:|ul| £ o(t)}, then U(t) is the ball of radius p(¢) in R’
(where p is some given function) and the constraints on u(t) are
p(t) — [u(t)] z 0.

Remark 2. T as defined above is a manifold consisting of possible initial
state values (&) and possible terminal state and time values (Z1,h).
Statement (iv) of Theorem 4 is just the well-known transversality con-
dition. As it will be seen in the following proofs, the assumption that &, be
a regular point of § is needed only to prove (iv).

Remark 3. Statement (ii) of Theorem 4 is the maximum principle in in-
tegral form. Under the additional assumptions that (a) U(t) = U, a fixed
subset of Ry , for each t € I, and (b) § = (¢°, ) is continuous in all of its
arguments, one can show that statement (ii) implies a Pontryagin type
maximum principle, i.e., a pointwise maximum principle (see [5]).

In §3 and §4 we shall formulate a general extremal problem similar to
that of Gamkrelidze and give necessary conditions (Theorem 5) for solu-
tions to be extremals.

3. Formulation of an extremal problem. In §3 and §4, z, v, y1, *++ , Y, 2
will denote n-vectors. The v-vector (y1, - -+ , y,) will be denoted by Y. Let
to be fixed in R and let I and I’ be the subsets of R' as defined in §2. Let
@ be an open convex region in R”. We shall denote by F a family of n-vector
functions f(x, ¥, ¢) = f(z, 1, -+, 4, ,t) defined on @ X " X I'. ¥or any
integer k we define P* = {a:a = (a1, -+, o), s = 0, 2 s = 1}.

DzriniTioN 3.1. The family F is quasi-convex if:

1. f(z, Y,t)isC'inz, Y for fixed ¢ € I'. f(x, Y, t) is measurable on I’ for
fixed z, Y.

2. For any f € F and any compact convex X contained in G, there is an
integrable function m (depending on X, f) such that |f(z, Y, t)l =< m(t),
I fo(z, Y, t)| £ m(), and |f1,j(x Y, t)| < m(t),j =1,---, v, for all
(¢, Y) € X X X’ and allt € I'.

3. I'or every compact convex X contained in G and finite collection
fi,fa, -+, fein F and € > 0, there exists for each & € P* an f, € F (de-
pending on X, the f;, €¢) such that g(z, Y, ¢; o) = Srafiz, Y, )
— folz, Y, t) satisfies:

(i) There exists an 7 € I;(I'), depending on X and the f;, such that
lg(@, Y, t; @)| < (t), |go(2, Y, t; @) < m(t), and | gy,(x, Y.t a)l
<m'(t)_7—12 .y, forall (z, Y) € X X X’, «a € P* and
tel.



PROBLEMS WITH VARIABLE TIME LAGS 17

T2
(if) f oz, Y, t; @) dt| < eforall (z, ¥Y) € X X X', a € P*, and
T
T1, T2 iIl I,. .
(iii) If {a‘} is a sequence in P’ such that o’ — & € P*, then {g(z, Y, t; o)}
converges in measure on I as a function of ¢ to g(z, Y, ¢; &) for all
(¢, V)€ X X X".
Define ® = {¢:¢ € AC ([w,(), o], G)}. Forf € F and ¢ € ® consider
the solution to

(3 1) x(t) =f(x(t)) x(wl(t))y ,x(w,,(t)),t) for ¢ > b,
z(t) = ¢(t) for t € [w,(), &)

Let 2(t),t = t = 71, be a solution to (3.1) corresponding to (f, ¢) € F X &.
Define ¢, = (2(ty), 2(1), 71). Then ¢, € R**. Define Q = the set of all
such ¢, for solutions of (3.1) for (f, ¢) € F X ®. Let N be a given C' mani-
fold in R*™™*! with boundary M = oN. For ¢ € M let N1(q) be the tangent
half-plane to N at ¢ and let M +(q) be the tangent plane to i1 at g.

Derintrion. A solution 2(%), & = ¢t < 7, to (3.1) corresponding to
(f, ) € F X ®is called an F, N, ® extremal if

(i) ¢ € M:

(ii) there exists a neighborhood V of ¢, such that

VNQNN c M.

TarorEM 5. Suppose I is quasi-convex. Let (1), ly St < b, bean F,N,®
extremal corresponding to (f, $) € F X . Suppose t, is a regular point for
f(t) = fla(t), x(wi(t)), - -, x(w,(t)), t). Then there exists a nontrivial
A. C. n-vector function ¥(t) defined on [ty , 1] satisfying the following:

(D) () + vORE) + i), (ri()i(t) = 0

on [ty , t1], where x; is the characteristic function for [ty , w;(#1)].

(i) [ W) Ha@at(), - o), O d

2 [ 00 Sa0), alen(t)), -, o)), 0 dfor all € .

(i) 2820 W(rvei ) o i (romi( ) )ui(t) = 0 a. €. on [w1—s(t0), @peri(l)]
forg=1,2 -+ v,

(iv) The (2n + 1)-dimensional vector (—y(to), ¥(t), —(t)-F(t)) s
orthogonal to M at q. = (x(k), z(t1), t).

4. Proof of Theorem 5. In this section we shall give the proof of Theorem
5. However, to simplify the notation, we shall consider the case with a single
lag (e, v = 1) w(t) =t — 6(¢) in most of the proof below. We shall drop
the subseripts on 6; , wi , y1 and call them 6, w, ¥, respectively. In Definition
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3.1, for example, we then replace f(z, Y, t) by f(z, v, t). It will be clear that
the same arguments given below will work with only slight modifications
for the case where » > 1, » finite. We shall return to the case of multiple
lags only when it becomes necessary (i.e., when the arguments for the case
v > 1 are substantially different from those for » = 1). Before beginning the
proof of Theorem 5, we first prove a lemma that will be needed.

Let m* be a nonnegative real-valued function defined on I with
m* € Ly(I).

Derinrrion 4.1. A family F is m™-quasiconvex if it satisfies the condi-
tions in Definition 3.1 with 3(ii) replaced by

T2
(i) |f g(x(t), z(w(t)), t; a) dtl < eforeverya € P* vy, 7 € I', and
71

any A. C. z(t), z:I — X, with | &(t)] < m™(¢) a.e.on I.

LemMa 4.1. F quasi-convex implies F m*-quasi-convex for every nonnegative
m* € Ly(I).

Note that the converse of Lemma 4.1 is not true.

Proof. Suppose F is quasi-convex. Let X be a given compact convex sub-
set of G; let {f}5= in F and € > 0 be given. Let m™ be any nonnegative

function, m™* € Ly(I). Then there exists 6, > 0 such that f m™ () dt
E

< e/<8 f m) for E c I, u(E) < &, where i is the Ly(I') function de-
I‘I

pending on X, {f:}," in statement 3(i) of Definition 3.1.

Since 0 is A. C. on I’, there exists 6, > 0 such that | 6(¢) — 6(s) |< &,
whenever t, s € I', |t — s| < 8,. Let sy, 81, -+ + , s, be a partition P* of I’
with s; < si41 such that | s;1 — s;| < & = min {8, &}. Let 2(¢) be any
A. C. mapping on I into X satisfying | #(¢)| = m*(¢) a.e. on I, Then for

t € [s;, Siy1] we have
t
§f m*(s)ds<e/(8f'm).

1

| z(t) — z(si)] =

f: 2(s) ds

Since z(w(t)) is A. C. in ¢ (z is A. C., w is A. C. strictly increasing), we
have for ¢ € [s;, si,

[a0) = ato()] = | [ & a(uls)) ds

bl

t
[ ats))ats) ds
and letting ¢ = w(s), we obtain

w(t) w(t) t—0(t)
f (o) do f m*(0) do = f m*() do

w(sg) w(s;) i—0(s3)

IIA

=83 ;) -0 (t)

= [s m*(c) do + m*(¢) do

—0(s;) t—0(s;)
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<e/<8j;lm)+e/<8fpm>=e/<4f’m>

since |t — s;| < & = min {&;, &} and | 6(¢) — 6(s:)| < 81

From the quasi-convexity of F we get the existence of an f, € F for each
o € P* such that g(z, y, t; @) = D2t adidx, y, t) — fa(z, y, t) satisfies
3(ii) of Definition 3.1 with ¢ replaced by ¢/2(p + 2). Let 1, 7 be any two
points of I'. Adding these two points to P* and reindexing where necessary,
we get a partition sy < sy < -+ = spy0 of I’ containing r; , 7» and such that
Sipp — i< dfori=0,1,---,p + 1.

Then we have

ffz g9(z(t), 2(w(2)), t; &) dt'

T1

(4.1)

IIA
S
e
=

f:i“ o (1), 2(o(t)), t; @) dt|.

i

i.
o

But

=

f:m g(z(t), z(w(2)), t; ) dt

i

2+l

(42) = Zo [

g ==

sit1
j; g(x(s:), o(w(s:)), t; @) dt]

[

-+

f:i“ {g(z(0), 2(0(1)), t; @) — gla(s:), 2(w(s:)), t; @)} dtl:"

By 3(ii) of Definition 3.1 we obtain
Si1
U g(x(s:), 2(w(s:), b @) dt‘ <¢/2(p +2)

foreach 2=10,1,---,p 4+ 1.
Also,
)
i =0

7=

[ 100, aa)), 6 @) = (a0, alos)), & @)} dt

i

+1 8341
<5 [ max oo @)l |50) — als)]
=0 Js; (zy) EXXX

+ max |g(x,y, t;a)| | 2(w(t)) — x(w(s:))|] dt

(zy) €XXX

<{e/(4 f; m)}g:: fa:m (m(0) + w0} dt = /2.
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Combining these two estimates with (4.1) and (4.2) one obtains

T +1
[ ooy, atw), 6 0) i < & /20 + D) + 2=

T1 =l

which proves the lemma.
To prove Theorem 5, let z(t), {t = t < #1, be the F, N, ® extremal of
the theorem corresponding to (f, ¢) € F X ®. That is,

a(t) = f(a(t), x(w(t)),t) for t¢E€ [t,hl,
z(t) = (&) for t € [wo, to).

Let X be a fixed compact convex subset of G chosen so that each z(¢),

< t £ #, is an interior point of X, i.e., z(¢) € X°. Denote by [F] the
closed convex hull of I and by F -7 the set of elements of the form f — f,
where f € [F]. Note that [F] — f = [F — f] is a convex set. Let
of = D taafi—1 represent an arbitrary element of [F] — f (i.e., a € P,
{fd in F). Let 7 be the Ly(I’) function of 3(i) in the definition of quasi-
convexity for X and fi, - -+, fi, J.

Let m € Iy(I') be such that

[z, 9, 0] S m(t), [z, 9, 0)] £ m(t),

|fale, y, )] £ m(t),  |fulz, y, )] = m(2),

[falz, y, )] £ m(1),  |fulz,y, 1) £ m(t),
i=1,2,--,k

(4.3)

forall (z,y) € X X Xandt € I'.

Since F is quasi-convex, it follows from the definition and Lemma 4.1
that given e, 0 < ¢ < 1, there cxists ge(, , t) defined on G X G X I’ such
that:

(44) (f + ef + g.) € F;

L9z, y, )] < m(),
(4.5) |ge(, y, )] < (1),

| gau(z, 9, )| < m(2)
forall (z,y) € X X Xandt € I';

(4.6) (2(1), 2(w(2)), t) dt| < €

for every solution z(¢) of

1) = Jla(1)2(w())t) + ef(2(t)2(w(t)),t) + ge(2(t)2(e(t)),)
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that is sufficiently near z(t) (so that 2(¢), 2(w(¢)) € X) and all [ry, ] < I’
on which 2(t), 2(w(?)) are defined. (We shall show later that such solutions
actually exist.)

Hereafter, we assume that for each 8f € ([F] — f) and eache, 0 < € < 1,
such a ge(z, y, t) has been chosen.

Let M be an arbitrary but fixed positive funection in Iy(wo, &). Define
D(M) to be the subset of A. C. n-vector functions 8¢ on [wo, )] into R”
satisfying | 8¢(¢)| < M(¢) a.e. on [wo, &). The topology in D(M) will be
taken as the one induced by the sup norm in AC ([wo, &), B"); that is,
| 86 || = sup {| 86(¢)|:t € [wo, t]}. Thus,

D(M) = {8¢ € AC ([wo, o], B"):|8(1)] = M(?) a.e.on |, b}

Note that D(M) is a convex subset of AC ([we, &), B").

Recall that ¢ € &, hence ¢(t), t € [wo, to], is in G. Therefore, for a given
8¢ € D(M) we have (¢ + edp) € @ for e sufficiently small. In fact, since
2(t), wo = ¢t = 4, is in X° we have ¢(t), wo £ ¢ £ &, in X°. Thus given
dp € D(M), $(t) + edp(t), wo = ¢t = by, is in X° for e sufficiently small.

We now “perturb” system (4.3). Let 8¢ € R, 8¢ € D(M), sf € ([F] — 1)
be arbitrary. Then consider, for 0 < ¢ < 1, the system

it ) = fa(t, &), 2(w(D), €), 1) + ef(2(t, €), 2(w(®), €), t)
4.7 + g2, €), 2(w(®), €), 1) for ¢ > t,

2(t, €) = H(t) + edop(t) for t € [wo, bl

Note that it follows easily from previous definitions that there exists
m™ € Ly(I) such that |3(¢, €)] < m™*(t) for solutions sufficiently close to
x(t).

LemMma 4.2, Let x(t) be the solution to

a(t) = fa(t), x(w(t)),t) for t€ [k, ],
z(t) = ¢(t) for t € [wo, t].

Let 8t € R' be given and let X be a compact convex set containing x(t),
wy =t = b, tn us interior. Suppose Y(x, y, t) and Z(x, y, t; €) are defined
for (z,y) € X X X,t € I',0 £ ¢ < 1, and satisfy (4.5) for some 7w € Ly(I').
Let Z satisfy (4.6) with g. and of replaced by Z and Y. Let A € D(M).
If for each ¢, 0 = € < € = 1, the solution z(i, €) to
z.(t; e) = f(z(t7 é), z(w(t), é), t) + GY(Z(t, é), z(“’(t); e)’ t)
+ Z(z(t; e): z(w(t), e)) t; é) fO’l‘ t > tU:

2(t, ) = z(t) + eA(t) for t€ [wo, tl,

exists on [to, 7] and is interior to X on [wo, 7¢, then there exists o > 0 such
that for each ¢, 0 < € < e2 < €, 2(t,€) exists on [to, i + e | 8t |], and is in X°.
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Proof. Since z(t), 6 = t = t;, is in X°, it follows from slight modifications
of Theorems 2.1 and 2.8 in [4] that given & € R', there exists ¢ > 0
such that z(#) may be extended to [to b+ e |6tl w1th (), h Sty
+ €| 8t |,in X°. Let ¢, = min {ey, €}, where e is as stated in the hypotheses
of the lemma. Then for each ¢, 0 < ¢ < &, we have 2(¢, €) exists on [{o, 7]
and is in X°,

Fort € [ty, 7] we have

(6,0) = 2() = AW) + [ {(x(s,0),2(6(s), 0, )
— f(x(s), w(w(s)), 8)} ds
e [ Flels ), 2(uls), ), ) ds

+f (s, ©), 2(ls), ), 55 ) ds.

Hence,

26 = 20 S ¢ | AW + [ m(s){l2(s,9) = x(s)]
(48) " ,
1 2a(s), ) = s} ds + ¢ [ mls) ds + €.

Let p(e) = sup {]2(s, €) — 2(8)|:wo = s = 7. Then (4.8) becomes

|20t ¢) — a()] < ] Al)| + ple) f om(s) ds -+ c-j;t 7i(s) ds + &

Sell Al 4 p()2M(8) + M (1) + ¢,
where ||A | = sup {|A(s) |:wo < s < to} and M(t) = 0 for ¢t < t, M(2)
t
Ef #(s) ds for t = &, with i = m + .
to ~
Since 2(t, ¢) = z(t) + eA(t) fort € [wo, t] and since M is nondecreasing,
this last estimate also holds for | 2(w(t), €) — z(w(t)) | whenevert € [ty, 7.
Using these estimates in (4.8) gives

l2(t, €) — a(t) | < € |A(t) | + eMI(t) + €
[ m(oate A Y+ a(20(s) + () + Y ds

IIA

el|A[{1 + 20(8)} + {20(t) + [2M(t)]/2}
+ {1 + 20 (t)} + p(e)[2M(1)T'/2.

Again, this estimate also holds for |z(w(t),e) — @(w(t))| whenever



PROBLEMS WITH VARIABLE TIME LAGS 23

¢t € [to, 7). Using these again in (4.8) yields
l2(t, &) — a(t) | < ellA | {1+ 20 (2) + [20(t)]"/2}
+ e{20(t) + [2M()*/2 + [2M()1'/3Y + €{1 4 251(¢) + [20(1)]°/2)
+ p(e)[20 (1)]'/31.

It follows that
(19) l2(te) — a(t)| £ e||A] O + 2O 4 &R )

+ p(€)[2M (1)]/k!
for all integers &k = 1,2, - - - . For cach fixed ¢, we let k — o in (4.9) which
gives for ¢ € [ty, 7,

(4.10) l2(t, ) = w(1)| = {«(1 + [A]) + )¢

whenever 7. < t; + e 6t |, where B = M(t, + « | 8t]).

Now define C = {z(t):wo S ¢t = & + & | 8t |} and let d = distance (C, 6X).
Then d > 0. Choose e2 = ¢ such that 0 < e < e implies {e(1 + ||A]])
+ €} < d/2. Note that e is uniform in A and 8¢ as long as A, 8¢ range
over bounded sets.

It follows that for 0 £ € < e, 2(¢, €) exists on [fy, & + e | 8 |] where it is
in X°. Suppose not. Then there exists ¢*, 0 < ¢* < e, such that 2(¢, ¢*)
exists on [ty 7es] with 2(7e, €°) € 0X and 7o £ & + €| 8t |. From (4.10)
we have |2(t, €*) — 2(t) | < d/2forty < t < 7. In particular, | 2(7er , €*)
— z(1e) | < d/2. But distance(z(7e), 0X) = d since 7e < 4 + € | 8|
<t + «|6t|. This implies distance(z(res, €*), X) = d/2 which is a
contradiction.

LEmMA 4.3. For e > 0 sufficiently small the solution z(t, €) to (4.7) exists
on [to, i + €bt] and has the form

(4.11) 2(t, €) = x(t) + edz(t) + ole),
where dz satisfies the linear variational (differential-difference) equation

84(t) = fa(@(), w(w(8)), )82(t) + fu(@(t),2(w(t)), )d2(w(1))
(4.12) + 8f(x(t), x(w(t)), 1) Jor ¢ € [to, t1 + edt],

0z(t) = d¢(t) for t € [wo, to].
Proof. Consider first the equation
9(t, €)= f(y(t,e), y(o(t), e),t) + edf(y(t,€), y(w(t),e), 1)
for ¢t > ¢,

y(t, €) = ¢(¢) + edop(t) for t € [wo, tal,
for 0 < ¢ = 1. From Theorem 2.15 in [4], there exists ¢, > 0 such that for
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each e, 0 < € < ¢, the solution y(t, €) exists and isin X° on [ty , 7]. Applying
Lemma 4.2 with ¥ = §f, Z = 0, and A = 8¢, we obtain that there exists
e > 0 such that for 0 £ € < e, (¢, €) exists on [ty, & + e | 6t |] and is in
X°. Put W(zx,y,t;v) = f(x,y,1) + v8f(x, y, t), where  and y are n-vectors,
and ¢ and v are scalars. Then if x(¢, &, ¢, v) is the solution to

x(t) = W(x(1), x(«(t)), t;v) for t > t,
X(t) = ¢(t) fOI' t E [wO’ tO];

we have y(t, ) = x(t, to, & + €dp, €) and x(t) = x(t, to, ¢, 0). Note that
W is C* in v and has the same smoothness w.r.t. (z, ¥, t) as the members
of F.

Consider next

y(d, €) — a(i)

X(t) to, ¢; + 66‘1&) 6) - X(t: tﬂa 437 0)
{X(t’ to)‘ﬁ + €6¢) 6) - X(/t7 t0)§£7 6)}
+ {X(t: tO) (,'l‘;, e) - X(t; t07 ¢;; 0)}

From extensions of well-known theorems (see [7, Chap. 9]) it follows that
x is Géteaux differentiable w.r.t. ¢ and dx|t, &y, ¢ + s8¢, v; 8¢] is continuous
in t, s, v, where dyx is the Gateaux derivative of x w.r.t. ¢ in the direction of
8¢. Furthermore, as a function of ¢, 2(¢) = dxli, to, ¢, v; 8] satisfies

é(t) = DWIx(t,to, &, v), x(w(), t0, b, v), t; v22]
(4.14) for t> 4,
2(t) = 0¢(t) for t € [wo, ],
where DW is the Fréchet differential of W w.r.t. z (considering W (x(¢),

z(w(t)), t; v) as a functional in = on Clwy, & + e |dt|]).
Hence, considering the first term in (4.13) we obtain

X(ty toy qg + €6¢: 6) - X(ty toy qu e)
= e{dX[t: to, qg, €5 6¢] + 0(1)} = ed)([t; b, QB’ €; 80| + 0(6)-

From the continuity of dy it follows that the term o(e) is uniform in ¢ on
[to, ti + €| 6t|]. That dx is homogeneous of degree one in 8¢ follows from
the definition of GAteaux derivative. In fact, examining (4.14) one sees
that dx[t, to, ¢, v; 6¢] is actually linear in 6¢é. Thus it follows that if 6¢ were
not fixed but allowed to range over [8¢1, -« -, d¢:] € D(M), the convex
hull of a finite collection of elements in D(M), then the term o(e) above
would be uniform in 6¢ in this set.
Now

edX[ta tﬂa qs) € 6¢] = EdX[t; to, ¢3, Oa 6¢] + e{dX[ty to ) ¢3, €; 6¢‘]
— dxlt, to, 6, 0; 6¢]},

(4.13)
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where the second term is again uniformly o(e) for ¢ in [ty, # + €| 6t|] and
5¢ € [6¢17 Tty 6¢l]'
Thus we obtain

(4.15) x(t, to, & + b, ) — x(t, to, &, €) = edxlt, o, &, 05 8] + o(e),
where as a function of ¢, sx(t) = dxlt, to, ¢, 0; 6¢] satisfies

si(t) = DWIn(t), 2(w(t)),t;0:6x] for t € [th, 1 + e]dt]],
dx(t) = d¢(t) for t € [wo, to.

Returning to (4.13) we next consider the term x(i, &, ¢, €) — x(t, %, $,0).
Again from extensions of well-known theorems (see [7]), we get that
ax(t, o, ¢, €) /0y exists (in fact, is continuous in ¢ande) and satisfies (as
a function of t) at e = 0,

55(t) = DWIe(t), w(w(t)), t; 0: 2] + %" ((t), 2(w(1)), £; 0)

(4.16)

(4.17) for t€ [to,ts+ e|dt|]
oz(t) = 0 for t € [wo, tol.

Thus we have

(418) x(t,t0,d,¢) — x(tto,$,0) = §—§ (1o, $,0) + ole),

where o(e) is uniform in ¢ on [to, & + e | 8t]].

In fact, if one considers the previous discussions with &f not fixed, but
ranging over the convex hull of a finite collection in [F] — f, ie.,
6f € [8fi, -+, 8fx), then one can show that the terms o(e) are uniform
w.r.t. §f in this set.

Combining (4.13), (4.15) and (4.18) we have

y(te) — a(t) = e{dx[t, to, $, 0; 6] + % (¢ to,qﬁ,O)} + o(e)

I

@2(0) + ole),
where 82(t) satisfies
82(t) = DWxz(t), 2(w(t)), t; 0 82] + a—g—f (x(t), z(w(t)), t;0)
for t€to, b+ e|dt]],
6z(t) = o6¢(t) for ¢ € [wo, tol-
It is easy to show that
DWlx(t), x(w(t)), t; 0]

= fao(a (), z(w(t)), t)n(t) + fu(z(t), x(w(t)), t)n(w(t))
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and
f’a%’ (@(®), a(a()), & 0) = af(z(t), x(a(t)), ©).

Thus we have that there exists ez > 0 such that for each ¢, 0 £ ¢ < e,

y(¢, €) exists on [ty, & + e | 8t ], isin X°, and has the form (4.11) where 82
satisfies (4.12) and o(e) is uniform in ¢ on [, & + e | 8¢]] and in 8¢, &f
as described above.

For 0 = ¢ £ 1, we consider next the equation

é(ty E) = f(z(t7 e) ,z(w(t),e),t) + eaf(z(t7 €)7Z(w(t)7e):t)
+ ge(2(t, €), 2(w(2), €), t) for &> &,
2(t, €) = ¢(t) + edp(?) for ¢ € [wo, to]*

Again, by Theorem 2.15 in [4], there exists & > 0 such that for each e,
0 = e < &, the solution (¢, €¢) exists and is in X°on [ty, 7. Applying
Lemma 4.2 with ¥ = §f, Z = ¢., and A = 6¢, we get that there exists
e3 > 0 such that for each e, 0 < € < €, 2(¢, €) exists on [to, & + e |t ]]
and is in X°. Wetake €3 £ 2. Next, for any ¢ € [to, & + e | 8¢|], consider,
for0 = e < ¢,

t
2t e) — y(te) = ft {7(2(s,€),2(w(s),€), 8) — F(y(s, ), y(w(s),e€), 8)} ds
0
t
e {005, 2(0(5), ), ) — (w5, ), y(a(s),0), 8)) ds
[]
t
t+ [ 0ats, ), 2lols), 0, 9) ds.
to
The last term above is o(e) uniformly in ¢ and in 8¢, df, 6t as long as 8t
is in some bounded set and 8f € [8f1, - - -, 8fw] (see the discussion following

this proof). Hence we have

1260 = 96,91 5 [ m(s) 2(5,6) = y(s,0)| + m(] 20(),0) = (), )} ds

2 m(s)]2(5,0) = 506, + m()] 2o(s),) — y(al), M} ds + 0(0)
Thus, for ¢ eo o, & + e | 8 [], we have
269 = 36Ol = 1+ 20 [ m){I2(s0) = u(s, )]
+ [ 2(a(s), ) — y(w(s), O} ds + ole).

(4.19)
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Recall that m(t) depends on fi, fa, -+, fe, f, where 8f = D aifi — f.
Hence if 8f € [8f1, ---, 6fw] for 8fi, -+, 8f» fixed, then m(¢) will be in-
dependent of the particular &f in this set. Also recall that 2(¢, €) = y(i, ¢)
on [wo, to]; Put p(e) = sup {|2(s,€) — y(s,€)|ibs = 8= i+ e8|} and

u(t) = j; m(s) ds fort > ty, u(t) = 0fort =< ty. Then (4.19) becomes
0

[2(t, €) — y(t, €) | = (1 + 2€)p()2u(t) + o(e)

fOI’t E [to, t1 + 63! 5t”.

Since u is nondecreasing and z = y on [wo, t], the above estimate also
holds for |z(w(t),e) — y(w(t),e)| whenever t € [to, t1 + € |8t []. Sub-
stitution of these estimates in (4.19) yields

2066 ~ 94,01 S (1420 [ 2m( (1 + 2)()2u5) + 0(0} ds

= (1 4 26)*(2)%(e) [w(t)P/2 + o(e).

Again this estimate holds for | 2(w(%), €) — y(w(t), €) | and the term o(e)
is uniform as described previously. Repeated application of these arguments
gives

[2(t, €) — y(t, €) | £ p(){2(1 + 2€)}[u@®)]*/E! + o(e)

fork = 1,2,--- ,and alltin [ty ,t + €| 8¢ |]. Since u(t) < u(ti + & | 8t]) < D,
where D is a constant, for 8 in a bounded set, it follows that 2(i,¢€)
— y(t, €) = o(e) fort € [to, & + e 8t|], where the o(e) is uniform in ¢,
o6, and of as described above.

Combining this with the previous results for y(¢, ¢) gives the desired
results and completes the proof of Lemma 4.3.

Remark. If 8t is allowed to vary over some bounded subset of R', then
the o(e) term is also uniform in é¢.

Suppose that 8fi, -+, 8 are fixed elements of [F] — f. Then there
exist f; € F,j = 1,2, ---, k, and vectors o' = (ay, -+, az) € P¥,
i=1,2 ---,m,such that 8fi = D> rqaifi — f. For 8 = (B, -+, Bm)
in P, let

off = DTaBidfi = D5 (Dt Boorii)fs — J.

By the quasi-convexity of F and Lemma 4.1 we have:
For every fixed ¢, 0 < ¢ < 1, and B € P™, there exists gz, v, t; B)
defined on @ X G X I', C' in 2, y, and measurable in ¢, such that:

1 j+ eff +g.€F.
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2. |gdz,y, t;8) | < m(t),

99 . _
'a‘; (x’ Y, b ﬂ) l < m(t)y

ag. ol

for every t € I’ and all (z, y) in X X X, where @ € Ly(I') and
depends on X, fi, -+, fx, J-

T2
f ge(2(t), 2(w(t)), t; B) dtl < & forevery solution z(t) of 2 = f
T1

!

+ edf + g sufficiently near x(t) and every interval [ry, 7] < I
on which z(%), 2(w(t)) are defined. )

4. If {8’} is a sequence in P™ such that 8’ — B € P™ as j — o, then
{ge(z, y, t; B')} converges in measure on I’ to gz, ¥, t; B) for every
fixed (z,y) € X X Xande 0 = e = 1.

For any given functions 8f;, -+ -, &, in [F] — f, we assume that in
choosing the g. (for every &f € [F] — f and e in [0, 1]) such that (4.4),
(4.5) and (4.6) hold, we choose the function g.(z, vy, ¢; B) as described
above whenever 8f is in [8fi, -+, 8fnl.

Now consider again the proofs of Lemmas 4.2 and 4.3 for (8, é¢, &f) in
E =B X [0¢1, -+, 8¢1) X [8f1, -+, 8fm), where B is a bounded subset
of R'. Studying Theorem 2.15 in [4] and Lemma 4.3, one sees that the
solution to (4.7) exists and is in X°on [ty, 7 for 0 = ¢ < &, where &
and 7. depend on E, but not on the individual members (8¢, d¢, &f) in E.
Furthermore, in the proof of Lemma 4.2, the function #(¢) depends on E
and not (8¢, é¢, 8§f) € E. Hence the proofs of Lemmas 4.2 and 4.3 can be
carried out uniformly in (8¢, 6¢, 8f) € E. From this it follows that the
term o(e) in (4.11) is uniform in ¢ and in (8¢, 8¢, 8f) on E, when F is as
described above.

For tin I, let A(s, t) be a matrix solution to

A(s,t) =0 for s>t
At 8) =1,

(4.20) % (s, 1) + A(s, t)fz(x(s), x(w(s)),s) =0 for s € [w(2), ],

O (80 + Als, Dfla(), aa(s)), 5)

4 A(r(s), )f (x(r(s)), x(s), 7(s))i(s) = 0 for s € [to,w(t)].

Note that it follows from Lemma 1 and the hypotheses on w and r = «~
that the coefficients in (4.20) are measurable. Existence of a solution to

1
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(4.20), which is an advanced differential-difference system, is guaranteed
by Corollary 2.2.

Applying Theorem 3, we get that the solution 8z(t) of (4.12) has the
form

2(0) = [ A(r(s), D, ((r(s)), a(s), 1(5))a(s)i(s) ds
(4.21) " ,
+ Al 036(0) + [ A, D0f(a(9), a(a(s)), 5) ds

for £ > t,. From (4.11), which holds on [t, & - €dt], we obtain
(4.22) 2t + edt, €) = x(t + €dt) + edz(ty + €dt) + o(e).
Now

t1+edt
oty + ebt) = a(t) + f F(a(), w((t)), 0) dt

x(t) + f(z(t), (w(t)), t)est + ole)
x(t) + fiedt + o(e)

since # is a regular point for f(2(t), z(w(t)), t). Note that the o(e) term
is independent of ¢, 8¢, of and is uniform in 6 in a bounded subset of R'.
From (4.12) it follows from standard theorems on dependence of solutions
on initial data and parameters that 6z is uniformly continuous in é¢ and
8f whenever (8¢, 8f) € [6¢1, - - -, 8¢1] X [8f1, +- -, 8fn]. Hence 62(# + €dt)
— 82(t) — 0 as € — 0 uniformly for (8¢, 8¢, &f) in B X [6¢1, -+, d¢i
X [8f1, + -+, 8fn], where B is a bounded subset of R'. Therefore,

662(t1 + eét) = 652(1‘;1) + €{6Z(t1 + e6t) - 5Z(t1)} = e&z(tl) + 0(6),

where the term o(e¢) is again uniform in (8¢, 8¢, 8f) as described above.
Hence, (4.22) becomes

(4.23) (b + edt,€) = x(h) + €e{d2(t) + dth} + o(e).

Since the right side of the first equation in (4.7) is in F and since
é + e8¢ € & for e sufficiently small, we have that ¢, = (2(&,¢€),2(t
+ edt, €), ty + €dt) is in Q. Furthermore,

@ = (k) + edp(to), 2(t1) + e{dz + 8t} + o(e), b + edt)
= (@(t), z(t), tr) + (36(h), b2 + 8tfy, 8t) + o(e);
thus we see that
(4.24) ¢ = ¢ + e(d2(t), 82(t) + dtfy, ot) + o(e),
where 82(f)) = d¢(t), 8z is given by (4.21), and fy = f(z(t), 2(w(h)), t).

If
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Now consider the convex set A = R' X D(M) X ([F] — ), ie.,
A = {(3t,09,8):8t € R', 8¢ € D(M), 8f € [F] — f}.

If {8¢1, - -+, 8¢} and {8fs, - - - , 8fw} are finite subsets of D(M) and [F] — f,
then we define a subset of 4 as follows:

A({oodi!, {of ™) = RB' X [8¢1, -+, 6d1) X [f1, -+, 6ful
= {(&t, ¢, 8f):6t € R', 66 € [81, - -+, 8¢,
5f€ [6f11 ) 6fm]}

Then A({8¢::", {8fi}1") is a convex subset of A which can be identified
with R' X P' X P™ Thus, in the future when referring to a topology on
A({8¢:}, {08fi}), we shall mean the topology induced by the Euclidean
topology in R™**™ under the abovementioned identification.

From previous remarks, we have that given (8t, d¢, 8f) in A, there exists
€0 > 0 such that the solution to (4.7) exists for 0 £ e¢ = ¢ and is such that
(4.24) holds. This gives us a mapping from A to R™"" depending on e
defined by

(4.25) he( 8t o, 6f) = (Qz - Qx)/e = L(Bt’ oo, 8f) + A(at; oo, of, €),

where L(8t, 8¢, 8f) = (620, 621 + otfy, 8t) and A— 0 as e — 0. Note that
L is linear and independent of e.

LEMMA 4.4. For every compact C < A({3¢:}1, {8f;}1™) there existsan g > 0
such that for each fixed ¢, 0 = ¢ < €, the mapping h. given in (4.25) s
defined and continuous on C.

Proof. Given C < A({é¢:}, {8f;}), C compact, there exists e, > 0 such
that for each fixed ¢, 0 = ¢ < ¢, the solution 2(%, €) of

i=f+ef+g. for t€It,t+ et]
2= ¢ + ed¢ for ¢ € [wo, to),

exists and is in X° for each (&, d¢, 8f) in C. (This follows from Lemmas
4.2 and 4.3 and the remarks following these lemmas.)

So let e be fixed, 0 < € < €. Let 21(¢, ) = 21(t) and 22(f,e) = 2o(t)
be solutions of (4.26) corresponding to (8t', 8¢, 8f*) and (8f, 8¢°, &f°) in C.
Then from (4.24) we have

G = G + e(8¢°(h), 02°(tr) + 81, 8t) + o(e)

for ¢ = 1, 2. Since | he(8t', 66", 8f") — he(dt, 8¢°, of") | = | qey — @ l/e
we may make the following observation: From the way in which the
solutions depend on 8t', 8¢, to show h. continuous on C it is sufficient to
show that solutions of (4.26) corresponding to (8¢, 5¢", 8f*) and (8¢, 6¢°, 6f°),
with &8¢ fixed, can be made arbitrarily close by taking (8, 6¢', éf') and

(4.26)
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(8t, 8¢°, 8f*) sufficiently close in C. That is, if
6¢1, = Zfli=1 7755¢i7 5¢§' = Z'€=l §%6¢1; n, g' E Pl;
o = 2 tanidfi, off = 2788 Y, B € P",

where 8f; = D& _samfa —F, 05 = (aj, -+, ap) EPYj=1,2 -, m,
then it is sufficient to show that for fixed e and fixed &,

Z(t, €5 6t; 6¢") 6f‘y) - Z(t, €; 6t: 64)(’ 6]“3)
uniformly on [ty , t; + €dt] as n — ¢, v — B, for (8t, 5¢", 87) and (8t 6¢°, &%)
in C.
To show this, let 2(t) = z(t,¢) and y(¢) = y(i, €) be solutions corresponol—
ing to (8¢, 6¢°, 8f°) and (8t, 8¢", 8f"), where (¢, 8) and (7, v) are in C,
some compact subset of P* X P™ Then z(t), wo < t < t + €bt, and y(1),

wp =t =t + edt,arein X°. Forty = 7 < 4 4+ €8t we have

(r) = y(r) = elag () — 547(t0)}
+ [ 1, 260, 0 = fw, 9, 0} @

e [ (0, 2((0), 0 = o ) (o) 0}

(4.27) .
+ [ 0.0, 20(0), 6 8) = 0,00, y(w(D), )]
= é{gl (§i— ﬂi)5¢i(t0)} + Li(r) + L(r) + Ii(r).
Now

| Ii(r)| =

[ 4w, ), 0 = Jw@), y(w0), 0} d

= f m(){] 2(t) — yW)] + [2(w(t)) — y(u()]} di,

where m is an L function depending on X, f, and fi, - - - , fx . Furthermore,
it is not hard to show that there exist constants K; and K, such that

| ()] = Kal 6= |
+ K [ @120 = 0] + | 2((0) = ye®)]) d
Next consider

l I3(7)| =

[ 1060, 26(0), 58) = 0w, 500, )} ).
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For fixed (z, y) in X X X and e in [0, 1], we have gz, y,¢; 89
— g, y, t; B) in measure as a function of ¢ on I’ if 8° — B in P™. From this
and the fact that each g, is dominated by an integrable function, we obtain

lim fE lge(z, y, t;8°) — gz, y, t; B)| dt = 0

for E* < I', E* of finite measure. Thus, for each fixed (z, y) € X X X
and 0 < e < land 7 € [ty, &y + €dt], we have

limf lge(x, y, 4 8) — gz, y, t; v)| dt = 0.

v=>8 Jto

In a proof similar to that of Lemma 4.1, one can show that this implies
lirr;ft [ ge(£(®), E(a()), ; B) — ge(&(8), E(w(®)), ;)| dt = O
Y 0

for any solution £(¢) of (4.7) which is sufficiently near z(t).
Hence, in particular, the above holds with £(t) replaced by z(t). Thus,

| Is(r)| = f: |ge(2(8), 2(w()), 1; 8) —g(2(t), 2(w(2)), t; v)| dt
+ f:lge(z(t),z(w(t)),t; v) = g(y(0), y(a(t)), t; v)| dt
t1+edt
= _/;0 | ge(2(2), 2(w(2)), t; B) — ge(2(8), 2(w(t)), t; ¥)| dt

+ j A 26 — y(0)] + | 2(u(®) — y(olt))]} db

where 7 depends on X and fi, -+, fx, f. Therefore,

1)l = B + [ A () — 9] + | 2(o(t) — y(e()]} dt,

where E(8, v) — 0 as v — B.
Combining these estimates on Iy, I, and I; yields from (4.27),

!
l2(r) — y(r)| = €0§l§i — ni | | 3:(to)|
+ [ w120 — vl + 1)y} &

YK — v+ K f;m(t){lz(t) — (1)
+ | 2(w(t)) — y(w(t))|} dt
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+ 86,7 + [ A1) ~ 40

+ | 2(w(®) — y(w(®)]} dt

for any 7 € [to, t1 + €dt].
This may be written

(aay) | TVOIEHE DA [ w0 - ol

+ 2(w(®) — ylo@)|} dt + K5 | ¢ — 71,
where H(B, v) — 0 as v — 8 and # is a nonnegative integrable func-
tion. Letting a(f) = ftr’ﬁ(s)ds for t > t, i(t) = 0 for ¢ < f, and p
= sup {|2(t) — y(t) I:Ltoe [wo, t1 + €bl]}, we have that (4.28) becomes

l2(r) —y(r)| £ HB, v) + Ks|¢ — n| + 2pi(7).

This estimate also holds for | z(w(7)) — y(w(7)) |.
Using these in (4.28) and repeating the procedure as in other proofs
in this paper, one finds

le(r) — y(r) | S {HB, v) + Ka | ¢ — 0|} + p{2a(r)} /(K + 1)!

for K = 1,2, .-+ . This estimate holds for any 7 € [ty, & + €d¢]. Since there
exists a constant B such that 24(7) = B on this interval, it follows that
|2(r) — y(r)| = 0 as v — B8, n — ¢, uniformly on [t, & + edt], which
completes the proof of Lemma 4.4.

Note that k. is not necessarily continuous in e since z(¢, €), the solution
of (4.7), is not.

It is easy to see that the mapping I, the linear part of h., which is
independent of ¢, is continuous on A({d¢.,’, {5f;}1™). Furthermore, for
fixed (8¢, 8¢, 8f), we had that A(8t, 6¢, 8f, €) — 0 as € — 0. From previous
remarks it follows that A( 8¢, 8¢, 8f, €) — 0 as e — 0 uniformly in (8¢, é¢, 8f)
on any given compact subset of A({¢:.’, {8f;}1"). Also, for fixed e suf-
ficiently small, A is continuous on such subsets.

Now let K = L(A). (K is the set of first order terms from the end-
points of perturbed solutions.) Since A is convex and L is linear, we get
that K is a convex subset of R™" which contains the origin (corre-
sponding to (8¢, 8¢, 8f) = (0, 0, 0) in A).

In reference to the manifold N with boundary M given in Theorem 5,
we shall denote by N, and M r, respectively, the sets Nr(¢.) and M r(¢.).
Then M, is the edge of Nr. Consider next the subset of R given by
Ny — ¢ = {p € R"":p = p* — q., where p* € N}, which is a half-
plane with its edge through the origin.



34 H. T. BANKS

2n+1
, namely,

Then we have under consideration two convex subsets of R
K and Ny — ¢, which both contain the origin.

Lemma 4.5. The sets K and N» — q. can be separated by a hyperplane
through the origin.

Proof. Since N is a C' manifold, there is a homeomorphism %* from a
neighborhood Uy, of ¢, in N7 onto a neighborhood of ¢, in N of the form
h*(y) = y + A%(y), where A*(y)/|y — ¢.| > 0 as y — ¢z in U,,. Now
suppose the lemma false. Then the carrier planes of K and N — ¢, are
in general position (i.e., the union of the carrier planes is not contained
in any hyperplane), and there is a point ¢’ which is a relative interior point
of both Ny — ¢, and K. Let U, be a neighborhood of ¢’ with compact
closure U, in the carrier of Ny — ¢, such that U, C (Ny — ¢z)°, the in-
terior of Ny — ¢, . Let m = dimension K, 0 < m = 2n + 1. Then there
exists a simplex K,, of dimension m such that ¢’ € K,,°and K,, C K°. Let
D1, , Pm, Pma be the vertices of K, ,i.e., K, = [p1, -+, Pmi]. Since
pi € K, there exist v; € A, vi = (8t;, 8¢s, 8fs), 2 = 1,2, -+, m+ 1,
such that L(vy:) = p:.Putting S,. = [v1, -+, Yms1] we have that S, is an
m-simplex, S,, © A({d¢:}:"", {8f)™""). S is compact and K,, = L (S,)
by the linearity of L. We assume the functions g. corresponding to
of € [8f1, -+, 8fm] are chosen in the manner indicated previously. Then
from Lemma 4.4 it follows that k., restricted to S, , is defined and con-
tinuous for fixed ¢ > 0, e sufficiently small. Furthermore, for e sufficiently
small, ¢, + Uy C Uy, . Hence, for fixed ¢ > 0 sufficiently small, we can
define a continuous mapping = on 8 = 8,, X U, into R by

w(s, g5 ¢) = hls) = LR (g + ) + g
= L(s) — ¢+ A(s,¢) — %A*(qm + eq)

for s€ Sn, g€ Uy ; or w(o; €) = L(s) + A(o, €), where ¢ = (s, q),
L(0) = L(s) — ¢, and A(o, €) = A(s, ¢) — A¥(gs + €q)/e.

From the properties of A and A¥, it follows that A(s, €) — 0 as € — 0 uni-
formly on S.

Since the carriers of K and N — ¢, are in general position and since
q € L(S,) N U, , the image of 8 = 8,, X Uy under L(c) = L(s) — ¢
contains a sphere B, about the origin in R**", That is, B, € L(S).

From the linearity of L we have that the kernel of L is a linear manifold
and hence it follows that there is a compact convex subset 8* S such that
L restricted to S* is a homeomorphism from 8* onto L(S*) and such that
L(8*) contains a sphere B, in R, We denote this restriction by L*.

We then consider (e, €) on 8™ and show that for each fixed e sufficiently
small, there exists ¢ € 8% < 8 such that (s, ¢) = 0.
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On 8% (s, €) = L¥(o) + A(o, €). Choose &, >0 such that e < ¢ implies
|A(e, €)| < p for o € 8. Define for p € L(S*) and € < ¢, ¢ fixed, the con-
tinuous mapping H., of L(S*) into R** by H.(p) = —n(L* " (p), ¢ + p.
Then

|H(p)| = |—n(L*(p), &) + LNL*(p))| = | —A&(L*(p), )| < o,

so that H. maps the convex compact L(S™) into B,, < L(8*). Then by a

well-known theorem (Schauder-Tychonoff), H, has a fixed point. That is,

there exists 5 € L(S*) such that H.(p) = p or —a(L*(p),¢) + P = P,

which gives (&, €) = 0, where ¢ = L*7(p) € S*. Hence, for ¢ > 0 suf-

ficiently small, there exist s € S, and ¢ € U, (depending on ¢) such that
7r( $, 45 é) =0

or
L(s) + A(s,¢) = ¢+ %A*(qx + eq)-

Hence, there exists ¢, € @ such that (see (4.25))

gz_'(Ix
€

Il

0+ A% g+ )
or
¢ = ¢ + g + A%(gz + eq)
= 1*(g + €q)-

Recall that ¢ € Uy © (Ny — ¢5)° so that ¢, + eq € N,°. Since h* is a ho-
meomorphism, there exists ¢, € Q N N°, ¢, arbitrarily close to ¢, , which
contradicts the fact that x is an F, N, ® extremal. Therefore, K and N,
— ¢, can be separated.

Thus, there exists a hyperplane I' of dimension 2»n through 0 such that K
is contained in one of the closed half-spaces defined by I' and N — ¢, is
contained in the other.

Let  be a nonzero normal vector to I' such that

(4.29) 7p =0= 9w

forpe Kandw € Ny — ¢ .

It is easily seen that My — ¢, C T. Forlet £ € My — ¢,.Since M» — ¢,
C Nr— ¢, we have n-£ = 0. But M7 — ¢. is a plane through the origin.
Hence, —( € My — ¢, and so %:(—£) = 0. Thus, 5-£ = 0 when
£ € My — ¢, and therefore, £ € Tor My — ¢, C T
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This gives n orthogonal to M — g, or 4 orthogonal to i at ¢ .
Letn = (bo, by, @) be the normal in R*™**, where b , b are n-vectors and
a; is a scalar. From the definitions of K and 9, it follows that

b0-6z0 + b1'(521 + 5tf1) + a15t é 0
for all p = (820, 621 + 8tfi, 8t) € K. This may be written (see 4.21)

bo-3¢(to) + br- {f " A (s), W (a(r(5)), 2(s), ()6 (s)i(s) ds
(4.30) + Al 1)o¢ () + f " A, Waf(a(s), a(w(s)), 5) dS}

+ 8t(byfi +a1) <0

for arbitrary (8¢, 8¢, 8f) € A = R' X D(M) X ([F] — f). Since 8, 8¢, &f
are arbitrary and independent of each other, (4.30) gives

{bo + biA(lo, t1) } -89 (%)

(4.31) to
+ [ 0 r6), ), ((r(s)), 0(5), 7())6(i (5) ds < 0

for arbitrary 6¢ € D(M);

(4.32) a + bi-fi = 0,
(433) [ b s, warCa(s), a(ule)), ) ds < 0

for arbitrary 8f € [F] — f.

At this point, we return to the case of v lags w;(t) = ¢ — 6;(t),
j=1,2, -, v. As was pointed out previously, all of the preceding argu-
ments can be carried out for multiple lags. Statement (4.32) remains the
same. The inequality (4.33) becomes

(4.34) fttl biA(s, t)of(x(s), x(w(s)), -+, 2(w(s)),s) ds £ 0

for arbitrary of € [F] — f. However, now A(s, t) satisfies the system (1.3)
(see Theorem 3) with

A(s) = ful@(s), 2(wr(s)), -+, w(wi(s)), 8) = fals)

and

BJ(S) = ij(x(s)’ df(wl(S)), ) :L'(w,,(S)), 8) = fuj(s)-
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Also, 82(t) satisfies (see Lemma 4.3) the equation
04(t) = J()8(t) + X fu(D02( (1))

+ of(@(t), x(wn(t)), - -+, @(w(t)), 1) for t€fto, &t + el dt]],
8z2(t) = 8¢(t) for ¢ € [w,(to), tol.
Hence, using Theorem 3, we see that statement (4.31) becomes (using the
appropriate representation for éz in place of (4.21))

{bo + b1A (b, t1)} -6 (t0)

(4.35) yoopte
+ 2 [ b, i, (1())a8(s)is(s) ds 5 0
=1 Jw;(tg)
for all 8¢ € D(M), where now D(M) = {8¢ € AC([w,(to), t], R"):
| 8p(t)| = M (1) a.e. on [w,(%o), to]}. Now define
(436) {1/(8) = b1A(8, t1), s € [to s tl].

Then (4.35) becomes
{00 + ¥(t)}-5¢(to)

+ i ./:,,t.o(t ) ‘p(rj(s))fvi("'f(s))5¢(8)f‘j(s) ds <0

j=1

(4.37)

for all 8¢ € D(M). This gives
12 to
@39 2 [ W) n)ss()s) ds < 0
=1 Jw;(ty
for all 8¢ € D(M) with s¢(tp) = 0. Taking 8¢ € D(M) with d¢(t) = 0
on [w,_1(t), to] and applying Lemma 2 of §1, this gives

(4.39) Y(r(8))fu (1(8))(8) = 0

almost everywhere on [w,(%), w,—1(%)].
Taking 8¢ € D(M ) with d¢(¢) = 0 on [w,—2(to), %] and applying Lemma 2
again (and using (4.38) and (4.39)), we obtain

Y(7o(8) o, (7(8))7(8) + $(ea(8))yuos(1sa(8) )ira(s) = 0

a.e. on [w,_1(t), w—2(to)].
Continuing this procedure gives statement (iii) of Theorem 5. It follows
that (4.37) reduces to

{bo + ¥(t)} - 66(ts) < 0
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for é¢ € D(M ), which implies
(4.40) bo + ¥(t) = 0.

Condition (ii) of Theorem 5 follows immediately from (4.34) by choosing
8f = f — f for any f € F. Since b, is constant, it follows from the equation
for A that ¢ satisfies (i) of Theorem 5. Furthermore, ¢(#;) # 0. For
Y(t) = 0 implies biA(t1, &) = by = 0, which gives a; = 0 and b, = 0 from
(4.32) and (4.40). This implies n = (bo, by, 1) = 0, which is a contra-
diction. Hence ¢ is nontrivial. (In fact, (t) 5 0 for ¢ in [wi(#), ] since
A(t, t1) is nonsingular on this interval. Even if wi(ti)) = t, we have
Y(#) # 0; hence by continuity of ¢, ¢(t) = 0 on [a, #] for some a < ¢, .
Hence, the condition (ii) of Theorem 5 is nontrivial.)

Finally, from (4.40) we have ¥(ty) = —bo. Also, A(t, &) = I gives
Y(t) = by. And from (4.32) we get a; = —by-fi = —y¢(t)-fi. Thus, we
have (—¢(t), ¥(t), —w(t)-f1) = (bo, by, @) = n is orthogonal to M at
¢, which is condition (iv) of Theorem 5. This completes the proof of the
theorem.

6. Control problems as extremal problems. In this section we show that
the control problem formulated in §2 can be considered as an extremal
problem as given in §3. Theorem 4 will then follow from Theorem 5.

Assume that we have the control problem as formulated in §2. Recall
that 7' is a C* manifold in @ X G X I', &, ¢, -+, §»,  are (n — 1)-di-
mensional vectors, and § = §(Z, Y, u,t) = §(Z, G, -+ , ¥, U, ), where u
is an v-vector.

Let & be the class of elements of the form (&, u, z, 1), where

(i) uen e,
(i) 1 € R, t, > o,
(iii) z:[to, ts] — G < R™ " is a solution to

Z(t) g(z(t)) E(wl(t))) R} Z(wv(t)); u(t)7 t) for t€ [tO) tl]’

(5.1)
2(t) = ¢(t) for t € [w,(to), to
satisfying (Z(t), 2(#), t1) € T.

The problem then becomes: Find (%, u*, &% 4*) € @ such that
JIe*, ¥, 7%, 6% £ JI$, u, 2, 4] for all ($, u, z, 1) € . That is, minimize J
over Q.

Let (6%, ™, ¥, &™) be a solution to this problem. Put
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where

0 = [ FEE, @), -, 2 ), 46, 5) ds
for ¢ 6 [to s tl*],

() = 0 e te
Define
G, ¥, u,t) = (g&x g$t§>>
where
r=(2,%) €R' X G = G,
vi= (0 3) € B X G, j=1,2,-,,

Y= (4, ,9)

Then the system (5.1) becomes the n-system

(52) @(t) = §(a(t), x(en(t)), - -+, w(w(t)),u(t),t) for t =i,
5.

x(t) = ¢(t) for t € [O.)y(to), to},
where ¢ = (0, ¢). Defining & = {¢:i¢ = (¢, &), € &, ¢
€4 C ([wt), to], R")}, we have ¢ € & implies¢ € A C ([w,(k), to], G). By
the above definition, we have § is an n-vector function defined on
GXGXRyXTI.

Define I = {f(=, YV, t):f(z, YV, t) = §(x, Y, u(t), t), u € Q}. It follows
from the Borel measurability of § in w, t that each f in F is measurable in
tonl.

Let R™"" be considered as the space of parameters (1', n, £, £ 7) where
7', &, 7 are scalars and 9, £ are (n — 1)-vectors. Then define N < R*™* to
be all (n°, 0, &, & ) with (n, £ 7) near (£*(t), &7 (4*), t.™) satisfying

(&) €T, 2" =0, &=
Define M to be the above set with the lasE inequality replaced by equality.
Then N is a C* manifold with boundary .

Under the above definitions and assumptions we have the following

lemma.

Lemma 5.1. 2* és an F, N, ® extremal.
Proof. We have

Qur = (m*(tO): x*(tl*)) tl*)
= (2™ (t), *(to), 2™ (), T" (™), ™).
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Clearly, .+ € M. Furthermore, there is a neighborhood V of g, such that
QNN NV c M, where Q is the set of all endpoints g, corresponding to
solutions of (5.2) foru € Q, ¢ € ®. Suppose not. Then in any neighborhood
of ¢.» there exists ¢.» € @ such that ¢, is in the interior of N. That is, there
exists (¢, w', 2’, t,'), where 2’ = (2, &), with (¢, u/, &, t,") € {, such that
2’ is a solution of (5.2) corresponding to u’ € Q, ¢’ € & with (z'(%),
2'(t,), &) in the interior of N. This implies that = (t,") < 2"*(4"), which
implies (¢*, u*, £*, #,*) is not minimizing over &, a contradiction.

Thus z* is an F, N, ® extremal.

To obtain Theorem 4 from Theorem 5, it remains only to show that
F defined above is quasi-convex. Taking fiz, t) = fiz, Y, 1)
= §(zx, ¥, uit), t), where u; € Qand z = (z, V) is in the compact convex
metric space Z = X X X’, and applying a lemma of Gamkrelidze (see [1,
Lemma 4.1]), it is not hard to show that F is quasi-convex.

Thus, we have Theorem 5 holds with z* the F, N, ® extremal on [l , "]
corresponding to (f*, ¢*) in F' X &, where

F=1= Y, t) =gz Y,u"0),0),
¢ =¢" = (0,8").

We show now that Theorem 4 follows from Theorem 5. Taking ¢(¢) from
Theorem 5 and calling it $(t) = (¥°(t), ¥'(t), - -+, ¥" (1)), we see that
¥’ = 0 since 95/92° = 8§/dy;" = 0. Hence ¢°(t) = const. It also follows
from (i) in Theorem 5 that ¢'(¢), - - - , " '(¢) satisfy the equationsin (i) of
Theorem 4. Statement (ii) of Theorem 4 follows immediately from (ii) of
Theorem 5. Furthermore, since 85/dy,’ = 0,7 = 1, -+, », (iii) of Theorem
4 follows from (iii) of Theorem 5. Under the above definitions, (iv) of
Theorem 5 becomes:

(5.3) (=P(t), $(*), —(H™)-31™)
is orthogonal to M at

o = (2"(b), 2" (™), 4*) = (0, (), 2" (™), 2" (%), "),
where § = (¥°, ¢).

From the definition of N and M, it is clear that whenever (qz , &7, 72) is
any tangent vector to T at (£*(L), &*(t), #*) in R™ ", then vector
(0, nr, 0,&r, 7o) will be tangent to M at (0, &*(t), 2°*(&™), *(t.™), t.*).
This taken with (5.3) gives that (—¢(t), ¥(t*), —@(t*) -§") is orthogonal
to any (9r, £r, To) tangent to T at (Z*(k), (&), #,*) which is (iv) of
Theorem 4.

To show that ¢° =< 0, we recall that ¥(1) = bA(t ™), where

n = (bo, b1, @) was the normal to the separating hyperplane T in the proof
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of Theorem 5. Since A(4*, 4*) = I, we get ¥° = ¢(&*) = b/, where
bl = (b1l, Tty b1n).
Reecall also that 4 was chosen so that

(5.4) 72w =0

for all w in Ny — ¢u+ . From the definition of N in our application, we see
that the curve (2*(t), 2"*(4*) — o, *(6.™), 1*),0 £ ¢ < «,isin N, and
starts at go«. Hence, (z*(f), "*(6™) — 1, &*(&¥), &¥) is in N, or
(0n, —1,0,-1,0) isin Ny — go». Using this and (5.4) gives b,'(—1) = 0
orb' =y’ <0.

To study the zeros of ¥(¢) on [to, &*], we recall that §(t) s 0 on
[wi(6™), t.*] and that ¢ satisfies an advanced differential-difference equa-
tion on [to, wi(,*)]. Now consider the example (where y = (3, ¥°)):

y(@) = y(t +1), t€[-1,0]
y(t) = (1 +1¢,0), t€][0,1].

This has solution (¢) = (1 + 2t + £/2,0) for —1 < ¢ £ 0, which has a
zeroin (—1,0) at t = —2 + /2. Hence, for linear systems, initial func-
tions that vanish nowhere do not necessarily give nowhere vanishing so-
lutions to advanced equations. Furthermore, if we consider the above
system with initial function x(¢) = (0, —1 — ¢) on [0, 1], we then get a
solution z(t) = (0, —1 4+ 2t 4+ £*/2) on [—1, 0]. Thus we can make the
following statement about “fundamental matrix’”’ solutions: There are
simple examples of linear advanced systems such that linearly independent
initial functions do not give linearly independent solutions. In particular,
A(s, 1) can be nonsingular on [wi(4,*), #,*] and yet be singular at points in
lto, wi(t1*)]. Thus it is possible that ¢ has zeros in [ty , wi(t*)] even though
¥ is nonzero on [wy(4*), t*]. (As was pointed out in §4, even if wi(t,*) = t*,
we have ¢ # 0 on [a, t,%] for some a < #*. This guarantees that the con-
dition (ii) of Theorem 4 is nontrivial.)

We complete the proof of statement (v) of Theorem 4 by proving the
lemma below. This will also complete the proof of Theorem 4.

LemMA 5.2. Suppose

(i) 6.(t) > 8a(t) > ++- > 6:() > 0on[to, "],

(ii) gg,.(i*(t), (1)), -+, T (w(t)), u*(t), t) is nonsingular for

t€ [to,tl*]:j =1,2,-,n
Then ¢° # 0 and hence ¥ is nonzero on [ty , t,7].

Proof. We give the proof for the case v = 2. The same type of arguments
will also prove the lemma for cases » > 2. (The arguments for » = 1 are
even simpler than those given below.) So assume » = 2. Denote by §;,(s)
the matrix functions g,;j(a'c*(s), T (w1(s)), T (wa(s)), u*(s), 8),j = 1, 2.
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Since (i) holds, we have

wa(t) < wn(t) < 8,
so that

ro(t) > () > t.

Since 7, and 7, are continuous, there exists a & > 0 such that 7y(7)
— ri(r) > 4. Hence, for any =, the interval [r, rs(wi(7))] = [ri(w(7)),
ro(w1(7))] has length > 6. From (iii) of Theorem 4 we have

(5.5) P(r2(8))Fas(ra(8))ia(s) = 0 ae.on  [w(t), wr(to)]
and
6) P(r1(8))Ga (11(8) )ia(s)
+ P(72(8)) G (r2(8) )ia(s) = 0 ae. on [wi(to), bol.
We have also that  satisfies
(57)  $(6) + 90Gt) =0 on [u(t*), u*],
ORRZO20)

+ F(r(8)a(ra(D))in(t) = 0 on  [wa(t™), ()],
(5.9) §(0) + $(B)F(t) + F(r(1))a(r(0))1a(t)

+ F(ra(£))Gaa(ra(8) )in(t) = 0 on [to, wa(t™)].

Recall that ¥(¢) = (¥°, (1)) # 0 on [wi(*), t,*]. To prove the lemma, we
suppose that ¢’ = 0 and show that this implies ¥(¢) has zeros in [w;( 6*), 6™,
which gives a contradiction.

Assume ¢ = 0. From (5.5) we then get ¢(72(8))gs,(72(8))a(s) = 0
almost everywhere on [ws(%y), wi(fo)]. Recall that #(s) > 0. Using this and
the nonsingularity of §;, gives ¥(72(s)) = 0 almost everywhere, hence
everywhere, on [wa(£), wi(o)]. This implies $(s) = 0 on [ty , ro( wi(%))].

Consider the two following cases.

Case 1. ri(t) = ra(wi(to)). Then ¢(s) = 0 on [ty, r1(to)] or Y(ri(s)) = 0
on [wi(t), to]. Using thisin (5.6) gives ¢(r2(s)) = 0 on [wi(t), to] or¢(s) = 0
an [ro( wi(to)), r2(fo)]. Hence, ¢(s) = 0 on [ty , 72(%)].

Case 2. ri(t) > 7o(wi(to)). Then ¢(s) = 0 on [to, rs(wi(ts))] implies
Y(ri(s)) = 0 on [wi(t), wirww(t)] C [wi(to), to). Using this in (5.6) gives
\2(72(8)) = 0 on [wl(to), u)l’l'zwl(to)] or I/_/(S) = 0 on [7‘2w1(to), r2w17‘2w1(t0)].
Thus, ¥(s) = 0on [t, raorrawi ()] . If 72(to) > rawrrewn(fo) = 71(fo), thenone
can use the arguments in Case 1to get ¥(s)= 0on [ty , 72(to)]. If rawirawi(to)
< 11(to), then repeating the above arguments one finds ¥(s) = 0 on [,

(5

(5.8)
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rownrawirawi(fo)]. Repeating this a finite number of times, one eventually has
¥(s) = 0 on aninterval containing [t , r1(#)] so that the arguments in Case
1 give ¥(s) = 0 on [t , ra(ty)].

Hence, in either case, we have ¥(s) = 0 on [ty , r:(to)].

If ry(t) = wi(t,*), we have a contradiction.

If wi(t™) > rte) > wi(t™), then we have #(s) = 0 on [w(t™), a]
C [wa(t¥), wr(,*)]. Using (5.8) gives Y(r1(8))Gg, (r1(2))7(t) = 0 a.e. on
[wa(t,¥), @] which implies ¥(s) = 0 on [rws(4*), m(a)]. If m(a) > wi(t*)
we get a contradiction. If r,(a) < wi(#”), we repeat the above argument and
get ¥(s) = 0 on [rrwe(t*), rri(a)]. After a finite number of such steps we
get ¢(s) vanishing at points in [wy(#*), *], which is a contradiction. (Note
that given a, 77y - - - m1(a) > wi(#*) after a finite number of times. Also, if
7"1(t) > 81 and a—b= €, then 7'1((1) - Tl(b) g 516 SO that [7'1’/'1 e lez(tl*),
rry - - - r1(@)] has positive length after a finite number of steps.)

If 75(to) < wa(t”), then §(s) = 0 on [t, 72(t)] implies (using (5.9))

(5.10)  P(r1(8))Fa,(r1(8))in(s) + ¥(ra(s))Faa(r2(s) )in(s) = O

a.e. on [ty , ma(%p)]. Since r1(ty) < (o), we have ¢(s) = 0 on [ri(%), r2(to)]
which implies ¢(ri(s)) = 0 on [t , wira()]. Using (5.10) this gives
Y(r(8)) = 0 on [ty, wirs(to)] which implies ¥(s) = 0 on [ra(to), rawir2(fo)].
Repeating this argument a finite number of times gives ¢(s) = 0 on a sub-
interval of [ws(4*), wi(#*)]. Then the arguments for the case ra(t) > ws( )
can be used to get ¢ vanishing at points in [w(#"), #*], which is again a
contradiction.

Thus, under assumptions (i) and (ii) of the lemma, ¥’ 0 and hence
¥(s) = (¥°, ¥(s)) is nonzero on [t , t*].

6. Systems with a lag in the control. Although lags in the controls were
not considered in the previous sections, we shall consider such problems
now. However, we shall assume that the control system is linear in the
controls. Then Theorem 5 will be applicable. To simplify notation, we
again restrict our considerations to a single lag w(t) = ¢ — 6(t) in the state
variable.

Let ¢(t) satisfy the conditions put on 6 in §1. Put N(¢) = t — ¢(¢)
and let I be a bounded open interval containing [eo, ), where oo
= min {w(t), M)}

Consider the system
(6.1) #(t) = g(&t), &(w(t)), 1) + A(t)u(t) + B()u(\1)), t> b,

fi(t) = é(t) on [wo,to],

where Z is an (n — 1)-vector, u is an v-vector and ¢ € &, with & as defined
in §2. We take the C' manifold T as defined in §2. For 1 < p < « and f
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any k-vector we define

11l = (3171

Then a vector function f(¢) will be said to be in L,(I) if

L1501 @ < =,
Let U(t) = R’ for each t € I. Define

0 = {u € L(I): u(t) € R, fI lu],? < 1}.

We assume § is C" in z, ¥ and measurable in ¢, and is dominated along with
its partials by an m € Ly(I). The (n — 1) X v matrices A and B are in
Ly(I), where 1/¢ + 1/p = 1.

Let

J = fl " (&), 8(w(t)), t) + A'(D)ult) + B ()u(r(t))} dt,

where ¢’ is a scalar function, A°, B® are 1 X v vectors, satisfying the same
hypotheses as §, A, B, respectively.

Then the problem is to minimize J over (&, u, &) in & X & X I’ subject
to equations (6.1) and (&(ty), &(4), &) € T. Suppose (¢*, u*, t,*) is a
solution with corresponding trajectory & .

Set

() = ft t {9°(5%(5),5%(w(s)),8) + A°(s)u*(s) + B'(s)u*(\(s))} ds for t >,

(@) =0 for &€ [w, t).
Let

2= @a, 1= o, A= (1) B=(3).
Define
F = {f(z, 9, t):f(z, 9, ) = §(=, 9,8) + A)u(t) + B(t)u(\ (1)), u € O}
and
® = {(¢",8): ¢ € & ¢ € AC([wo to]RY}.

The sets N and # are defined exactly as in §5. Then, as before, one can
showthat 2™ = (2"*, %) isan F, N, ® extremal. Furthermore, F is quasi-con-
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vex. (It is convex, hence one may take g. = 0 in statement 3 of Definition
3.1. Statements 1 and 2 are satisfied from the hypotheses on g, 4, B, and
u.) Thus, Theorem 5 is applicable and Theorem 5(ii) gives

t *

[T ¥0iAoe® + Bowow) a
(62) "
z [ 300w + Bouam)} a

for all € §. This can be written
t L]

[ s0iow o - wo a
+ [T S0BO L O0) — w2 0

Letting t = p(s) in the second integral above where p = X" we have

[ 01000 - vy a

Ae™) -
+ [ BB () — uls)}(s) ds = 0
A(tog)
for u € Q. We assume in the following discussion that N(&*) > & . Obvious

changes can be made to carry out the same arguments if M(&*) < 4.
Then the above may be written

./;: ) () B(p(8))p(8) {u*(t) — w(t)} dt
M)
+ j: FWAW) + $(p())B(p(8))p(t)} {au*(t) — ult)} dt

+ ftl‘ FOA@) {w* (1) — w(t)} dt 2 0
M)

for all uw € Q.

Next define
pOB ()W (p(t)) for tE€ k), ),
K(ty = {PDB W (p(0) + X (WP (1) for L€ lto, N1,
A'(F' (1) for ¢ € (Mu™), &",
0 for t€ 1 — [\Nk), ],

where ' denotes the transpose. Then K € L (I). (We assume that

f Il K ||l¢* = 0. If this integral is zero, it is clear that the maximum prin-
I
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ciple will give no information. Note that it is possible to put additional
hypotheses on the problem to insure that f | K|,* # 0. For example,
I
assuming that A(¢) has full rank would be sufficient.)
From the definition of K, we see that the maximum principle becomes
[ K@@ itz [ K@ -u @
I I
for all u € Q.
Now define (t) by
sgn K'()| K*(4)| "

1/p » ":=17""v-
{[1xw

Then @ € Ly(I) and [ @[, = 1, so that a € 0.
I

TurorEM 6. u*(t) = 4(t) ae. on I.
Proof. From the maximum principle we have

fIZK‘(t)a"(t) dt < fIZK"(t)u"*(t) dt

I

(6.3) a'(t)

= [T ROl W0l
< [AZ K@M w0 a

- j; KO ol (0)]]» dt

{ [ { [ "
<{[ i,

where we have used the Holder inequality for sums and for integrals.
An easy calculation shows that

f, I LOONE { fI Hl‘f(ml;’}1

so that equality holds throughout the above inequalities. In particular,
equality holds in the Hoélder inequality for sums. It follows that

W) | = 81K |

lq
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a.e. on I, Bub
f, 20 K@) ()] dt = { fI & (2) ||qq}“¢

implies 8 = { j; | K(¢t) I]q“}—w. Hence we get that |u**(f)| = |a’(s) |

a.e.onl, ¢ =1, -, v. It follows from the maximum principle and the
fact that K’(t)@’(t) = 0 on I that sgn u**(¢) = sgn @(¢) a.e. on I which
completes the proof.
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INSTABILITY OF PERIODICALLY TIME-VARYING LINEAR
CONTROL SYSTEMS*

THEODORE A. BICKART}

1. Introduction. Consider the control system of Fig. 1. As indicated, the
signals q and r are related by the differential equation
d

Zaiéiiz-.ibﬂ

SvdE T S7a
and the algebraic equation
g = k(t)[s(t) — rl.

It is assumed that n < d, @y, a1, -+, as and by, by, -+, b, are real
constants, az # 0, b, # 0, and s(¢) and k(t) are n-times differentiable
for t = t. Then, it is known [1] that for ¢ = # there exists a unique
d-times differentiable function r(f) which satisfies the system equations
above and the initial conditions d'r/dt" |imsy = pi, ¢ = 0,1, .-+, d — 1.
Further, it is seen that ¢(¢) is an n-times differentiable function. Thus,
the first set of conditions in the following useful theorem [2] are satisfied.

THEOREM. Let ag, 0z, -+, aa and by, by, --- , b, be real canstants such
that ag %= 0 and b, # 0. Let q(t) be an n-times differentiable complex-valued
function of t defined on [to, @ ). Let p(t) satisfy > i-o ai(d'p/dt’) = q for
t € [to, ). Then p(t) is (n + d)-times differentiable on [t,, o)
and v = Y1 b(d'p/dt*) satisfies

d do' r n dtq
Lo = Hbg
for t € [to, ). Suppose further that Y 1o a\' and Dt bi\* are relatively
prime polynomials in . Lel py, p1, ++* , paa be complex constants. Then
there exist unique complex constants &y, %1, -+, £4-1 such that, if d‘p/ dt’ et
=¢,i=0,1,--,d—1,then d'r/dt' |;mey = pi, i = 0,1, -+, d — 1.
Therefore, with the added assumption that Y 4.0 @\’ and D1 b\’ are
relatively prime, this theorem implies that the system of Fig. 1 is equiva-
lent to that of Fig. 2 in the sense: Let s(¢) and p;,7 =0,1, ---,d — 1,
be given; then the ¢;,7 = 0, 1, --- , d — 1, exist such that the response
of the system of Fig. 2 is identical to the response of the system of Fig. 1.

* Received by the editors May 29, 1967, and in revised form September 28, 1967.

t Department of Electrical Engineering, Syracuse University, Syracuse, New York
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k(L) q

d d.l_r n di
s(t) b _— = 3 bi Ji' r
1=0 at i=0 at

I'1g. 1. Time-varying control system with rational function filter

Further, the uniqueness of the constants ¢,,72 = 0,1, -+, d — 1, guaran-
tees that there is a unique p(t) such that

n

_ 'dip
r = ;bm'&zi—,

where p satisfies the differential equation
d T
> los + BB 22 = B0s()

withb; = 0,2 =n+1,n4+ 2, ---,d.

Next, assume that k(¢) is periodic of period 1" and that aq + k(¢)ba > 0.
Then, it is known that the set of fundamental solutions to the differential
equation for r and the set of fundamental solutions to the differential equa-
tion for p are of the Floquet form [1, pp. 60-62]. In each case, the character-
istic exponents are determined modulo 7 2x/7T. Thus, with the preceding
results, it is evident that the characteristic exponents associated with
both fundamental sets are equal modulo 7 27/T. It is also evident that,
if p (or 7) contains a nonzero term with the multiplicative factor ¢™*™?,
where A is a characteristic exponent, then » (or p) contains a nonzero
term with the same multiplicative factor.

Now, the system will be called stable if () — 0 as { — o« when s(¢) = 0
for t = t, t an arbitrary real constant, and when the p;, ¢ = 0,1, -+ -,
d — 1, are arbitrary complex constants. The system will be called un-
stable if it is not stable. The foregoing discussion justifies the statement:
The system is stable if p(¢) — 0 as t — o« when s(t) = 0 fort = &, &
an arbitrary real constant, and when the & ,¢ = 0,1, ---,d — 1, are
arbitrary complex constants, and the system is unstable if p(¢) + 0 as
t — o when s(t) = 0 fort = &, ty a real constant, and for some set of
complex constants & ,72 = 0,1, --- ,;d — 1.

Sandberg [2] has established a set of sufficiency conditions which guar-
antee that the system of Fig. 2 is stable when k(¢) is periodic. It is also
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/ d L / n i
s(t) 4 }_“.u.ig—gzq Zbi-d—%:r T
- i=0 T 4t i=0 7 at

Fia. 2. Time-varying control system

of some interest to establish sufficiency conditions which guarantee that the
system is unstable when k(t) is periodic; such a set of conditions are pre-
sented in §2.

2. Principal result. Consider the differential equation
d 7
(1) > las + Kb L2 = 0.
i=0 dtt

In all that follows it is assumed that:

(A1) the a; and b;,7 = 0,1, ---, d, are real constants with as 5 0;

(A2) tis a real variable;

(A83) k(t) is a real-valued, piecewise continuous, periodic function of
period 7', where T is a real, positive constant;

(A4) [aqg 4 E(t)ba] > Ofort € [0, T

Let ® C ®, where & denotes the real line, be the set of points at which
k(t) is discontinuous. Any complex-valued function which is (d — 1)-times
continuously differentiable on ® and satisfies (1) on ® — D is called a
solution of (1).

In that which follows it is convenient to use the following definitions. Let

(D1) v be a real variable,

(D2) Wy — 27I'/T,

(D3) ko be any constant such that [aq + keba] > 0,

(D4) k(1) = k(t) = ko,

(D5) K = sup |&(1)],

tel®R=D]

d
2 bi(je)’ L
(D6) H(w) = =2 with j = /=1,
2 lai + kobil(jw)*

=0

(D7) O(am) = | sup {sup | H(mwo + ») 'K

vlgr/TTmeim
1 A
+ —T‘/ Ik(t) |2 dt Z IH(mwo 4 ») |2}-,
0 me gl
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where 9 is a subset of the set of integers 9 and the supremum over the
empty set is interpreted as zero. The primary result reported in this paper
is the following theorem.

TaroREM. If there exists a ko such thal

(H1) 7% [as 4 Kebils' # 0 for Rels] = 0,

(H2) one or more zeros of Doy [a; + kobsls® have positive real part, and

(H3) there exists an 8 C g such that ©(8) < 1,
then at least one solution of (1) does not approach zero ast — .

It is of interest to note that in the corresponding stability theorem,
given by Sandberg, (H2) is replaced by:

(H2*) no zeros of D i la; + kobils’ have positive real part,
and the conclusion is replaced by:

then all solutions of (1) approach zero ast — .

The proof for the above instability theorem was derived, with only a
few changes, from that given by Sandberg for his stability theorem.

Proof. Consider ; ‘

3 fas + s + 301 T2 = 0
for § € [0, 1].

By (A4), (D3) and (D4), [as + keba + 8k(t)bs] > 0 for all (¢,8) € [0, T']
X [0, 1]. Thus, for any & € [0, 1] the solution space of (2) is spanned
by a set of solutions of the Floquet form. Further, it is known [3, p. 21]
that the characteristic exponents are continuous functions of § in [0, 1].

The proof will be by contradiction. Thus, suppose all solutions of (2)
for§ = 1 approach zerras ¢ — . Then, for § = 1 each of the characteristic
exponents must have negative real part. By (H2), one or more of the
characteristic exponents have positive real part for § = 0. Note that by
(H1) no characteristic exponents have zero real part for § = 0. Therefore,
a 8 € (0, 1) must exist such that (2) possesses a solution of the form
y(t)e™, where » is a real constant, y(t) is a complex-valued function of
period T, and y(¢) # 0 on [0, T']. Observe that, without loss of generality,
it may be assumed that | »| < «/T. The proof by contradiction will be
accomplished by showing that y(¢) = 0 on [0, T] for all & € (0, 1) and
| v| < /T, and, hence, that all solutions of (2) for § = 1 do not approach
Zero as { — o,

Because y(t)e™ is a solution of (2), it is (d — 1)-times continuously
differentiable on ®. Further, by (2) and (A4), it has a bounded, continuous
dth derivative on & — ©. This implies y(t) is continuous and piecewise
smooth. Hence, y(t) possesses a Fourier series which converges pointwise,
as well as in the mean. Thus, set

y(t) = 22 yne™,

mey
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where

1 (7 s
= Jmawg
Ym T ‘[ y(t)e dt.

vt

Then, since y(¢)e”" is a solution of (2) for s = &,

3) B(1) = X et
mey
and
di . 7 _j(mwgtv.
(4) ”cTtif" = ‘ze:g Ymlj(mary + »)]'e 0"

fors=1,2, ---,d. )

Note. The differentiation term-by-term is valid, since z(t) = y(t)e”" is
a solution of (2) and any solution of (2) is (d — 1)-times continuously
differentiable on ® and has a bounded, continuous dth derivative on
R — D.

Put
d X
Alw) = Z:o la: + ko bi](jw),
d
B(w) = go b'i(jw).y
d '3
u(®) = X fas + hoddl &7,
i=0 t
and
N
v(t) = ; b; T
By (2),
(5) u + &ok(t)v = 0.

Also, by (3) and (4),
w(t) = 2 A(mwo + »)yne’ ™"
meyY

and
D(t) = Z B(mwo + v)ymef(mwo-{-v)t .
meg
Let
1 (7 )
(6) tm = 55 | w(@eT™ At = A(mwo + v)Ym

Th
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and
I —i(mawg )t
(N Un = 7 v(0)e "™ dt = B(mwo + v)Ym .
o
Then, examination of (6) and (7) discloses

o = u B(mwo + v)
" ™ A(mawy + ») ’

which by (D6) becomes
U = Um H(mwy + v).

Consider the following identity:

1 (% e .
| ?folmndt_%;m

(8
= 2 |unH(mwo 4+ ) P4+ 20 |t Hlmwo + ) |*.
med melg—am]
Note that
E l’u,m H(mwo + V) 12 =< sup l L’[(m«wl) + V) |2 Z Ium 12
meM meIM meN
(9) L
< ot sup | Hemoo + ) PR3, [ o) [ ae
meM 0

since, by (5) and (D5),

1 r” .
% —7—,]0 lu(t) | dt

iIA

<8 -TfoT | E(t)o(e) | de

T
§3°2K2'%fo lo(2) [ d.

Let
k) = 2 kwe™",

meyY

km = 'T— f’ /C(t)e . tdt
= .

Then, using (5), it is easily shown that
Um = ""60 Z %m—l (%]

leg
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and
Vo [* < 86120 | ot P12 02 ]
(10) leg leg
1 T o T
< 2_ 2 2
satp [ @Pa[ o @
Thercfore,
Lt H(mao + ») [P £ 8 22 |H(mewo + ) |
(11) me [g—Nnt] m € [g—a]

,}2[0 16(0) P dt/o lo(t) [ de.
Now, by (8) with (9) and (11),

T

2 [ Wit S 6t sup | Hma + ») K

(12) T 0 meN
| I 1"
b s+ P [ RO P [0 a

me [g—N T 0 T 0
Taking the supremum of the right-hand side of (12) with respect to
| v| = 7/T yields, upon taking note of (D7),

[ a < s [ 1o .
o 0

Now, by (H3) and the fact that & < 1, 8&°©(8) < 1 and, hence,
T

f |o(t) [ dt = 0. Tt follows by (10) that u, = 0 forall m € . Since
0

A(w) # 0 for all real w by (H1), then, by (6), it is clear that y, = 0
for all m € 9. Since y(¢)e”* must have the properties of a solution of (2)
for 6 = &, y(t) = 0 on [0, T] for all 8 € (0, 1) and | »| < =/7. This
completes the proof of the theorem.

3. Auxiliary result. A result of somewhat greater practical value than
the theorem will be presented as a corollary to the theorem. In the corollary,
conditions predicting instability for a class of systems will be given. Now,
consider the following corollary.

CoroLLARY. Let o and B be real constants such that « < k(t) < B and let
Gw) = Dt biljw)'/ 20 ai(j)”. If

(H4) X% olai + L(a + B)bis’ = 0 for Re[s] = 0,

(H5) one or more zeros of D emy la: + 2(a + B)bils’ have positive real
part, and

(H6) inf | )+ a4+ B8) | > 1B — ),

then at least one solution of (1) does not approach zero ast — .
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Proof. Since assumption (A4) is now interpreted as valid for all k(¢)
such that @ < k(t) = 8, take ko = 3(a 4 B). Note that the condition on
ko in (D3) is satisfied. Now,

1 .
G(w)™ + (e + )’

H(w) =

therefore, (H6) implies
sup | H(w) | (B — @) < 1.
we®

Since

sup |H(w)| = sup {sup | H(mwo + ») |}

WweR lv|s=|T mey
and K £ 1(8 — a), it is clear that ©(9) < 1and (H3) is satisfied. Next,
(H4) and (H5) imply (H1) and (H2), respectively. Hence, by the theorem,
the corollary is proven valid.

In the corresponding corollary on stability, given by Sandberg, (H5)
is replaced by:

(H5*) no zeros of D 4= [a; + 3(a + B)bs)s* have positive real part,
and the coneclusion is replaced by:

then all solutions of (1) approach zero ast — .

It is of interest to note that it has been shown [2] that selecting
ko = 3(a 4+ B) is optimal (in a sense defined in [2]).

Lastly, it is obvious that (H6) implies the curve G(w)™" be bounded
away from the disk, centered at the point (—3%(a + 8), 0) in the complex
plane, of radius %(8 — «). In particular, (H6) implies G(w)™
+ 3(a 4+ B) # 0 for any w € ®, and, hence, (H6) implies (H4).

4. Concluding remarks. Consider the system of Fig. 1 under the as-
sumptions of §1. Then the corollary may be used to determine if the system
of Fig. 1 is unstable.

Let Z denote the number of zeros of Y w0 bis' with positive real part
and let G(s) = [ %0 bis']/[ D2 9—0 ass']. Note that G(jw) = G(w). Then,
the control system analyst interprets (H5) thus: The inverse Nyquist
diagram [4, pp. 340-342] of the filter with rational transfer function G(s)
must encircle the point (—3(a + B), 0), in the complex plane, (1 — Z)
or more times in the clockwise direction. Further, the inverse Nyquist
diagram coincides with G(w)™" whenever |G(w)™"| < o; therefore,
(H4), (H5) and (H6) are satisfied if the inverse Nyquist diagram is
bounded away from the disk and encireles the disk 1 — Z or more times
in the clockwise direction.

Now, let P be the number of zeros of Y o a;s' with positive real part.
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Then, another interpretation of (H5) is: The Nyquist diagram [4, pp.
324-333] of the filter with rational transfer function G(s) must encircle
the point (—2/(a + B), 0), in the complex plane, 1 — P or more times
in the clockwise direction. Without loss of generality it may be assumed
that 8 is positive. Now, for 8 > 0, it is easily shown that the statement:

for o > 0, the Nyquist diagram is bounded away from the disk, centered
at (—3(1/a 4+ 1/8), 0) in the complex plane, of radius 3(1/a — 1/8),

for a« = 0, the Nyquist diagram is bounded and contained in the half-
plane for which the real part is greater than— 1/8, and

for @ < 0, the Nyquist diagram is contained in the interior of the disk,
centered at (—2(1/a + 1/8), 0) in the complex plane, of radius

is equivalent to the statement:

the inverse Nyquist diagram is bounded away from the disk, centered
at (—3(a + 8), 0) in the complex plane, of radius (8 — «).

Thus, if (H6) is satisfied, it is clear that the Nyquist diagram encircles
the point (—2/(a + B), 0) zero times when a = 0. Hence, if (H5) is to
be validated when « =< 0, then P must be greater than or equal to one—
the open loop system must be unstable. Note that using Sandberg’s corol-
lary on stability, it may be shown, for « = 0, that the system is stable if
(H®) is satisfied and the open loop system is stable.

If the system is unstable, the number of characteristic exponents with
positive real part can be determined easily. Recall that the theorem proof
focused on showing that no nonzero solution of (2) has an imaginary
characteristic exponent for & € [0, 1]. Consequently, the number of char-
acteristic exponents with positive real part is the same for all § € [0, 1]
and, in particular, for § = 0 and § = 1. Now, the number of characteristic
exponents with positive real part for 8 = 0 is equal to the number of zeros
of D% olas + kebls’ with positive real part. The latter is easily determined.

Let N > —Z be the number of times the inverse Nyquist diagram
associated with G(s) encircles the point (—ko, 0) in the complex plane
in the clockwise direction. Then, D % la; + kobils’ has N~ 4+ Z zeros
with positive real part. Next, let N* > —P be the number of times the
Nyquist diagram associated with G(s) encircles the point (—1/ky, 0) in
the clockwise direction. Then, ELO [a; + kobsls’ has NT + P zeros with
positive real part.

Since the system equation (1) is the same as (2) with 6§ = 1, it ma
be concluded by the above comments that the system has N + Z
= N* 4+ P characteristic exponents with positive real part.
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The last observation to be made is: The hypotheses of the corollary
are independent of 7' and the proofs of the corollary and of its underlying
theorem are independent of the value of 7. This gives substance to the
speculation that the conclusions of the corollary are valid when k(¢) is
not periodic. This fact has been substantiated recently by Brockett and
Lee [5]; that part of their results which corresponds to the results of the
corollary is presented in Theorem 1 of their paper. It is interesting to note,
however, that the proof given by Brockett and Lee is significantly longer
than that presented in this paper, where the added assumption of perio-
dicity is imposed. Further comparison of the results developed in this
paper and those reported by Brockett and Lee are to be found in [6].

5. Acknowledgments. The author gratefully acknowledges the discus-
sions with I. W. Sandberg which led to the realization that the proof for
the instability results presented here could be built upon his work on
stability.
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ERRATA: ON THE PROBLEM OF APPROXIMATE SYNTHESIS OF
OPTIMAL CONTROLS*

T. F. BRIDGLAND, JR.

Theorems 2 and 3 of the paper are probably not true without an addi-
tional hypothesis such as:

™ For each (%, z0) € B,, A(-) is continuous on Pi(ty, Zo).

Continuity is to be understood here in the sense implied by the supremum
norm topology on the space of continuous functions from Ir into E".
With (*) as an additional hypothesis the proofs of these theorems may be
carried out as indicated in the paper. Incorporation of (*) in the statements
of Theorems 2 and 3 has no bearing on the material of §4 since the corollary
to Theorem 4 is an independent existence theorem whose proof clearly
involves no assumption of continuity for A(-).

The third sentence of the proof of Theorem 4 makes no sense and should
be changed to read:

“Moreover, if {(z, p) € dR(Y(z), ) be a point nearest g, (¥ (), =, p),
then || g,°(¢(z), 2, p) — ¢(x, p)|| < ¢ and from this inequality and (vii)
one obtains easily . ..”.

* This Journal, 5 (1967), pp. 326-344. Received by the editors October 9, 1967.
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THE SOLUTION OF SOME OPTIMAL CONTROL PROBLEMS*
V. F. DEM’YANOV}

Below we shall consider some (linear and nonlinear) problems in the
theory of optimal control. One can turn one’s attention to two aspects of
similar problems. First of all, it is of interest to establish necessary condi-
tions which must be satisfied by an optimal control. The classic results in
this direction were obtained by L. S. Pontryagin and his collaborators [1].

References [2]-[5] have been devoted to the derivation of necessary con-
ditions for an extremum in other problems. The second aspect which is
both of theoretical and, primarily, of practical interest is the question of
constructing algorithms for finding optimal controls (or at least controls
that satisfy the necessary condition for a minimum—so-called “stationary
controls”).

Many works have been devoted to the solution of this problem. A good
survey of some approaches is found in [6]. Some methods for solving time-
optimal problems have been developed in [7]-[10]. Some other problems
have been considered in [11]. An extensive bibliography on this problem is
found in [6].

Below we shall set forth a general approach to the solution of a series of
extremal problems. The methods we shall consider lead to stationary con-
trols (to local extremum points), and if the functional being considered has
no other local extrema, then these methods yield the possibility of solving
the problem completely.

In this article only fixed time, free endpoint problems are considered.
This approach makes it possible to solve such problems as well as others—
provided that the indicated methods are suitably modified.

1. Classes of admissible controls. Given is the interval [0, T], where
T > 0is fixed and T < . Let us describe the classes of admissible con-
trols U. The control, the 7-dimensional vector function u(t) = (u'(¢), -+ -,
w (1)), is square integrable on [0, T'] and satisfies one of the following con-
straints:

(1'1) !uz(t) | = ai(t)) 1= 1) TR t € [0’ T];

* Received by the editors April 19, 1967, and in revised form October 12, 1967.
This translation into English has been prepared by Lucien W. Neustadt. The transla-
tion was supported in part through a grant-in-aid by the National Science Founda-
tion.

1 Computing Center of Leningrad State University, Leningrad, USSR. Presently
visiting the Department of Electrical Engineering, University of Southern California
Los Angeles, California 90007.
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where the a;(t),7 = 1, --- , r, are nonnegative piecewise continuous func-
tions bounded on [0, T1;
(1.2) w*(ON(tu(t) < B(t), t €10, T],

where 8(1) = 0 is a piecewise continuous function, bounded on [0, T}, N (t)
is a symmetriec 7 X # matrix which is positive definite on [0, T'], with piece-
wise continuous elements that are bounded on [0, T, and * indicates the
transpose.

Special cases of (1.2) are (1.3)-(1.11):

(1.3) wONut) <1, telo,T],

where N is a real, symmetric, positive definite r X r matrix;

(1.4) St =1, 1€, T

i=1

1

(15) 1uz(t)‘ = 1’ ) PERE t € [07 T];
luz(t) ‘ € {ail, Aig y = * ;aipi}r t € [0; TL
pi=p < ™, 1=1,2,---,1,

(1.6)

where the a;; are given finite nonnegative numbers;

(1.7) /(;’l‘um(t)dtéci, t=1,---,7r, 0<¢ < o,
(1.8) ‘/(;T WON@u@) dt ¢, 0<c¢ < o,

where N (1) is a symmetric » X r matrix, positive definite on [0, 7', with
clements integrable on [0, 7';

T 7r .
(19) [ Swrwa=a,
0 7=1
T 7 .
(1.10) fo DIwOrast, 1<p<e,

(here | %(t) | is supposed to be summable on [0, T'] when raised to the pth
power);
the control function u(t) simultaneously satisfies the two constraints
W] =1, teloT], i=1,--,mn

(1.11) T
fu’(t)dtéci, 1=1-,1 0<¢ < o,
0

The classes of controls satisfying one of the constraints (1.1)-(1.11)
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will be denoted, respectively, by U;-Uy. We note that the classes
U;-Uyand Uz-Uy are convex, bounded and weakly closed. The classes Us
and Us are not convex, although they are bounded.

2. Systems of differential equations. On [0, T'], where 7" > 0 is fixed,
we shall consider one of the four following systems of ordinary differential
equations.

X
@ W= k) = 40X + X B0 + 1),
where A(t) is an n X n matrix, X(t), F(1) and the B;(t) are n-vectors,
1 =1, .-, r. The elements of the matrix 4 and the components of the
vectors F(t) and B;(t), 7 =1, .-, r, are assumed to be real piccewisc
continuous functions bounded on [0, T].
(23) X(@t) = f(X(1), u(V), 0),
(2.4) X(O) = XO)
where X(t) = (a'(t), ---, 2™(t)) is an n-vector, [/ = (f', ---, f") is an
n-vector-valued function and the control u(t) = (w'(¢), ---, u’'(1)) is an

r-vector-valued function (belonging to one of the above-described classes
of admissible controls). The function in the right-hand side of (2.3) is
assumed to be continuously differentiable with respect to z' and w’,
i=1,--+,m,7=1,---,r, in the region of admissible values of 2’ and v’
defined by the class of controls U, the system (2.3) and the initial condi-
tions (2.4), and to be continuous in ¢ on [0, T'.

(2.6) X(t) = Xo(t) for t€[—h,0], 0 <h < o0.

Here, X(t) = (x (t), -, z"(t)) 1s an n-vector-valued function, the
control u(t) = (u'(t), --- u”(t)) 1s an r-vector-valued function, subject
to belng chosen from the above described class of controls U/; f(X, Y, u, L)

= (f, --+,J") is a real n-vector-valued function contmuous in ', J ub ¢
and contmuously differentiable with respect to z*, 3, u* sy =1, n
I = 1,---,r in the region of admissible values for x", ', o, deﬁned by
the class of controls U, the system (2.5) and the given continuous initial
vector function Xo(t).

(2.7) X(t) = f(X(0), X(¢t — m(t)), u(t), t),
(2.8) X(t) = Xo(t) for t € [—h(0),0].

The function »(t) = t — hi(t) is real, strictly increasing and continu-
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ously differentiable on [0, T1,
0 < m(t) < o for ¢t €[0,T], min hi(f) > 0.
telo,T]

Then there exists an inverse function ¢ = r;(»), which is also a strictly
increasing, continuously differentiable real-valued function on [—£:(0),
T — m(T)); X(t) = (xl(t), ..., z™(t)) is an m-vector-valued function,
the control u(t) = (u', ---, u") is an r-vector-valued function subject to
being chosen from one of the control classes U described in §1, f(X Y u, t)
is a real n-vector-valued function continuous with respect to 2, y’, u¥, t and
contlnuously differentiable with respect to z°, ¥, z, Jj=12 , N,
k=1, ---,r, in the region of admissible values for zt y ub deﬁned by the
class U, the system (2.7) and the initial vector-valued function Xo(t),
which is given and continuous on [—h(0), 0]. The region of admissible
values for ¢ is the interval [0, T'.

It is clear that systems (2.1), (2.3) and (2.5) are special cases of system
(2.7). We shall denote by X (¢, u) the solution of systems (2.1), (2.3),
(2.5) and (2.7) for a given 4 € U. We shall suppose that the function f is
such that, for any » € U, there exists a unique solution of the systems (2.1),
(2.3), (2.5) and (2.7) for the initial conditions (2.2), (2.4), (2.6) and (2.8),
respectively, on the entire interval [0, T]. For system (2.1), the solution
X(t, u) is given by the Cauchy formula

X)) =YX, + lt g Y)Y (7)Bi(r)w' (7) dr

(2.9) ¢
+ [ YT () d,

where Y (¢) is the fundamental matrix of the homogeneous part of system
(2.1):

(2.10) Y(t) = A()Y (),
(2.11) Y(0) = E.
The solution X (¢, u) of the system (2.3) satisfies the integral equation

(2.12) X(t) = Xo + f F(X(2), ulr), 7) dr,

and the respective solutions X (¢, u) of the systems (2.5), (2.7) satisfy
the integral equations

(213) X)) = Xo + fo J(X (1), X(r — h), u(r), 7) dr,
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(214)  X(1) = Xo + f F(X(2), X(r — ha(r)), u(r), 7) dr,

where X, = X,(0).
The attainable set R(¢) of systems (2.1), (2.3), (2.5) and (2.7) at the
time ¢ € [0, T is defined as follows:

z € R(t) if thereexistsa u € U such that X(i,u) = z.

For the system (2.1), at any time £, the attainable set is convex, closed,
and bounded.

3. The functionals to be considered. For the solutions of systems (2.1),
(2.3), (2.5) and (2.7) we shall consider the following four functionals:

(3.1) J(u) = F(X(T, w)),

where the function F(X) is scalar-valued, real, and continuously differ-
entiable on the attainable set of the system at the time T';

T
(32) T = [ (X6 w), w0, 0 d,
where g(X, u, t) is a scalar-valued function that is continuous on [0, T]
and continuously differentiable with respect to 2 and w,i=1,---,mn,
j = 1,--+ 7 in the region of admissible values for z* a.nd u’s
(33) I = [ g(X(4u),u0, 0 de+ FOX(T, ),
0

where the functions g(X, u, t) and F(X) are as described above;
T
B4 T = [ g(X(hw), X(t = ha(), ), u(0), 0 &

where »(t) = t — he(¢) is a real function strictly increasing and continu-
ously differentiable on [0, 7], 0 < ho(t) < o fort € [0, T]. Let t = r(»)
be the inverse function of »(¢) (it is also strictly increasing and continu-
ously differentiable on [—he(0), 7' — ho(T)]), g(X, Y, u, t) is a real scalar-
valued function which 1s continuous in ¢ and continuously differentiable
with respect to 2, y/’, u 1, J = 1 -,m, k=1,---, r in the region of
admissible values of &y’ and u”.

For the systems (2. o) and (2.7), we shall assume that if hy(0) > hi(0),
then X(¢) is given and continuous on [—h2(0), —hi(0)] (on [—h(0), 0],
X(t) is given, respectively, by relations (2.6) and (2.8)).

Since

(35) FX(T,w) = F(X) + [ ' ("_”’W) X, u) dt,
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where X(t) is defined, respectively, by (2.1), (2.3), (2.5) or (2.7), then the
functionals (3.1), (3.2) and (3.3) are special cases of the functional (3.4).
It is required to find a control u € U, such that

(3.6) J(u) = min J(v).
velU

A control w € U which satisfies (3.6) will be called an optimal control.
Let U be a convex set of control functions. The functional J(u) will be
called convex if, for any u; , us € U and « € [0, 1], we have

(3.7) J(aur + (1 — @)us) £ af(w) + (1 — a)J(uz).

In particular, if in (3.4) the integrand is convex with respect to X, Y, u,
then, for the linear system (2.1), the functional J(u) is a convex functional.
This problem was considered in [12].

4. Necessary conditions for optimality. If the conditions that we im-
posed on the functional J and on the systems (2.1), (2.3), (2.5) and (2.7)
are satisfied, then

JW) = J(u+ (v — u))

(4.1) ; v .
_ J(w) +[o G () (0(r) = ulr)) dr + ol || — u |),

(4.2) J()

.
J(u) + f G oo (D) (0(r) — u(e)) dr, 0 =01,

where Gu(7) = (G (1), -+, G/ (7)) is related to the gradient of the func-
tional J(u), evaluated at the point v = w (this is an r-vector-valued func-
tion given on [0, T]), and ||-|| denotes the L* norm. Then we have the
following theorem (see [13]).

Tuworem 1. In order that the funclional J(u), given and bounded on U
and having a continuous gradient (in the sense of Fréchet) thereon, achieve its
mintmum (relative to the controls of the class U) al a conirol u it is necessary
(and, in the case when the functional J(u) is convex, also sufficient) that

(4.3) min fT G () (w(r) — u(r)) dr = 0.
velU JO

Let us apply this theorem to our problems. Evaluating G(7) and sub-
stituting into (4.3) (these calculations are carried out in [14], [15]), we
obtain from Theorem 1 that the following theorem holds for the functional
(3.4) and the system (2.7).

TaroreEM 2. In order that the control w ¢ U achieve o minimum for the
Sunctional (3.4), which satisfies the previously indicated conditions, it is neces-
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sary (and, in the case when the functional (3.4) is convez, also sufficient) that

o) min [ E[(%0) v - 20 () + o)) i = o,

vl ou’
where
Julr) = [(X(r,u), X(7 = lu(7), w), u(r), 7),
gu(r) = g(X (7, u), X(7 = hao(7), w), u(7r), 7),
(Y vty = (YN sty - o)
(4.5 "“’ (T) for w0, T — h(T)],

_<?_f;z(_f?)* V(1) — C(r) for 7<[0,7— h(T), T,

L )X
(4.6) ¥.(T) = 0,
oo f?_f_‘ LA
o _ o o of _ ooy
(')X— ,aj-n af ’ aY (')f" aj" )
LJI‘ dam Ay’ dy
(agu(t) a(u(rl(t>> - —_—
St Ty B Jor €10, T = Mn(T)],
@47 CQ) =
?%i)((t) Jor t € [T — h(T), T7,

of _ (' . " 9 _ (o9 . 9
ot \gu'’ Youi)’ axX dz'’ ? Gam

9 _ (% ... 9%
Y ayt’ Tayr)

If in (3.4), he(l) = h,, and the system of differential equations has the
form (2.5), then in forinula (4.4) we have

(4.8) ‘l‘}fdéf ) for =€ [0, T — hi,
..(‘.’%%)ﬂg Y, () — C(r) for 7€ [T — h,T],

(4.9) w.(T) =0,
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where
3g.(7) | dgu(r + h2) . , _
e + 57 for = ¢ [0, T — hil,
(410) C(7) =
_aga"%z for 7 € [T — he, T

Yor the class of controls U;-Ug we obtain, from (4.4), that the follow-
ing theorem holds.

THEOREM 3. In order that the control w € U achieve a minimum for the
Sunctional (3.4), which satisfies the previously indicated conditions (for the
classes of controls of the type of (1.1)-(1.6)), it is necessary that, for almost all
t € [0, T, the following relation be salisfied:

(411) min > <(6{;’;§.t)) W, (1) + 69“(t)> W (1) — ' (1)) =

v(¢)EU i=1 *

Tor the functional (3.2) and the system (2.3), we obtain Theorem 4
from Theorem 2.

TuroreM 4. In order thal the control w € U achieve for the functional
J(u), which satisfies the previously indicated conditions, the least possible
value relative to the controls of the class U, 1l is necessary that

(12) min [ S (%) ) 4+ 240 ] (50 — i) ar = 0,

veU Y0
where
ey _ (DY _ 9gu(r)
(413) Fu(r) = ( aX) w(r) - 200,
(4.14) v,(T) = 0,
o @i}
- a 1 6 n
(4.15) ﬂ=(§£ ,?fi) o _ |7
XN )t X e o
ozt ox™

Julr) = J(X (7, u), u(7), 1),
gu(T) = g(X(T7 u)) u(T)’ T)-

The function ¥,(7) in Theorem 4 to within a sign change coincides with
the function ¥(7) in [1, pp. 23-25].

For the functional (3.2), the system (2.3) and the classes of controls
(1.1)-(1.4), the necessary condition (4.12) is a linearization of the Pon-
tryagin maximum principle.

Yu. F. Kazarinov showed that, for the classes of controls U; , Us, U, , for
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the functional (3.2) and the system (2.3), the maximum principle has the
form:

min [ [f(X(r, u), v(r), DWu(r) + g(X(r, 0), (e, 7)) dr
(416) "€

= ,4 [fu*(T)‘I’u(T) + (]u(T)] dT)

where ¥(7) satisfies the system of differential equations (4.13) with initial
conditions (4.14). Here, we shall not concern ourselves with the proof of
condition (4.16).

We can also assume that, for the classes U7, Us, Uy and for the func-
tional (3.4) and the system (2.7), the necessary condition of the maximum
principle holds:

min f [F*(Xu(r), Yulr), 0(2), D)¥u(r) + g(Xu(r), Yulr), v(r), 1)) dr

veU

(4.17)

T

- f [F(Xu(r), Yalr), ulr), D00ulr) + g(Xulr), Yalr), ule), 7)] dr,

where ¥, (7) satisfies the system (4.5) with initial conditions (4.6).
A control w € U that satisfies (4.4) will be called a stationary control.
For the linear system (2.1) and the functional (3.2) we have that

6fu(7') _ * A% _ agu("')
oX = A(”'), ‘I’u(’f = —A (T)‘I’u(T) —G-X—_—’

¥.(T) = 0.

From this, after having carried out the corresponding manipulations,
we obtain that for the linear system (2.1) and the functional (3.2) the fol-
lowing theorem holds.

THEOREM 5. In order that the control uw € U achieve for the funclional
(3.2) the least possible value relative to the controls of the class U, it is neces-
sary (and, in the case when the function g(X, u) is conver with respect to X
and u, also suffictent) that

min | ' g{[wu)]*[Y“(T)Bi(f)l TR0Y )}

(4.18) wev
‘(I)i(T) — ui(T)) dr = 0,
where
(4.19) w(t) = ft Y*(r) "’%3(;) dr,
(4.20) Y(r) = A(r)Y (1),

(4.21) Y(0) = 0.
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6. Methods of successive approximations for finding stationary points.
First we shall consider methods for the classes of controls U;-U,,
Uz-Uy (these classes are convex, weakly closed and bounded).

Let w € U; by v|u] we shall denote any function v(¢) € U that satisfies
the condition

minf Z[((%(:)) T (r )+39u(r)] o (r) dr

-5 [(af;i)) v, (r) + 2 )] v (x) dr.

(5.1)

To find o[, it is necessary to minimize a linear functional.

To find the stationary controls, one can employ the algorithms set forth
in [12], [15]-[18]. Let us deseribe some of them for the case under considera-
tion in this section.

65.1. The conditional gradient method. For the first approximation we
shall choose any admissible wx € U. Suppose that u; € U has been found.
We shall find vlu] = v, € U. Let us form the linear combination

Uka = QUL + (1 - a)v/C} a € [0: 1]; Ura € U;
and let us find «; € [0, 1] such that

J(uk,,,k) = min J(uka).
a¢[0,1]

We set Ux1 = Upay. It 1s clear that J(uga) < J(ui). The sequences thus
constructed,

(5.2) U, U, -, U € U,
(5.3) Vi, V2, e, 0 € U,

are such that

(54) Jw) 2 J(we) =2 -+ =2 -+

Since the functional J(u) is bounded from below on U, the following
limit exists:
(5.5) lim J(w) = J* > —w, J(w) = J
k>0

The sequence of controls (5.2) (see [15], [17]) converges to a stationary
control in the sense of the following theorem.
THEOREM 6.

. . T 8f, (1) aguk(q_)
(5.6) }:{3 g?gl[o ;l:( ol ) o, (r) + ]

.(w“(f) — (7)) dr =0
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We note that for the case where the functional has the form
T
(57) T = [ o(xX(®) a,

then, for the linear system (2.1), there is no need to deal with the linear
combinations uz. , but rather it is sufficient to consider the functional
(5.7) only on the combination of solutions

Xu(t) = X(t, w) and X(t,0,) = Xi(2),
and to try to find «;, € [0, T'] such that

J(ulmk)

I

[o g(ar X3(t) + (1 — i) X(2)) dt

= min foT g(aXi(t) + (1 — ) Xu(2)) dt.

acl0,1]

That is, it is not necessary to repeatedly integrate the system of differential
equations (2.1).

If the functional J(u) is a terminal functional of the form of (3.1),
then, in the linear system (2.1), to find «y it suffices to consider the line
segment [X (T, ux), X (T, v;)] and to find o € [0, 1] such that

g(or X(T,wm) + (1 — ) X(T, vx))
= min] g(aX(T,w) + (1 — «)X(T, »)).

acl0,1

In these cases (when the system is linear and the functional has the form
of (3.1) or (5.7)), the application of the conditional gradient method is
especially effective.

5.2. Projective methods. Letu € U, where U isone of the classes Uy~Us ,
Ur~Uy . Let us form the linear combination of functions

ua(t) = u(t) - aG‘“(t)} « E [0; oo)y
where
Gu(t) = (Gu'(1), -+, G(1))
is the gradient of the functional J(u).
Let us find we(u) € U such that
T T
68) [ () = w0 di = min [ (0(0) — ual0))* .
0 veU YO

The control w.(u) is the projection of the function w, onto U. There
is no difficulty in finding w, for U~Uy, . In the case of Uy, this problem
can also be solved using more complicated techniques.
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For the first approximation, we choose any w; € U. Suppose that u
has been found. Let us form i, and find o, € [0, ) such that
(59) J(wkak) = min J(wka).

a¢c[0,°]

Now we set Ury1 = Wiay -

It is clear that J(ur1) = J(ux). We continue in an analogous manner.

Note. The finding of the oy that satisfies (5.9) may turn out to be la-
borious because wa, enters into the functional through the system of
differential equations. One can at each step find oy without solving the
system of differential equations. One can show that, for the sequence of
controls {u:} thus constructed, Theorem 6 also holds.

Other projective methods yield the following modification of this second
method (see [16], [17]).

By wrag we denote the control

wkaﬁ = Bulc + (1 - ﬁ)wka ] 6 6 [01 1]’ wkaﬂ E U-
Let us find Br(a) € [0, 1] such that

J(wk,,pk) = min J(’wkag).
Belo,1]

Now we can find %41 by using one of the following procedures.

Method 2a. Let us choose a fixed (for all k) o € (0, ), and let us
set Urt1 = Wiap, - AS @ — ©, Method 2a, generally speaking, turns into
the conditional gradient method, for wk. , roughly speaking, becomes one
of the controls vux] as @ — . This question was discussed in detail in
[16]. This method is similar to the conditional gradient method, except
that we have wi. instead of v[u].

Method 2b. Let us find o € [0, ) such that

J(Wkakﬁk) = min J(Wkag),
ag[0,0]

and let us set Uk41 = Weays, - Here, instead of “‘a linear convex combination”
of the control w; and the control w., we consider the entire projection
of the “ray” ure = W — @Gy, . One step of Method 2b is more efficient,
but more laborious than one step of Method 2a.

Method 2¢c. We find the coefficient «) from the condition

J (Wiey,) = min  J(Wea),
ac[0,0)
and set Upy1 = Wiays, - First of all, applying Method 2b, we find the best
control on the projection, and then we construct a convex combination of
ur, and Wi, , and then apply Method 2a.
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Method 2d. Let us find

J(wkakﬁk) = min J(wkaﬂ),
ag[0,%)
Belo,1]

and set Ug41 = Wkeys, - One step of this method is more efficient, but also
more laborious, than is a step in any of the previous methods.

Methods 2a, 2b, 2¢ and 2d lead to a stationary control in the sense of
Theorem 6.

We note that the projective method can also be applied to the classes of
controls Us and Us . For these classes (as well as for the classes Ui-U,)
one can also employ yet another method. Let us illustrate it with the class
Us as an example.

Suppose we have found w;, € Us ; ui is not a stationary control. Let us
find the set @, C [0, T], where the necessary condition (4.8) is violated
(the set @ is measurable), i.e.,

& = {tlt € [0; T, Xk(t) < 0}’

where
. *
x:(t) = min Gy, (¢) (v — w(t)).
veUsp
k k k

Let us construct the sequence of sets w1, ws, ---, where w° = 4,

k FooU ok . ko -k 1 k
w; = wipn U @iy for ¢ > 1, meas wiyp = meas @y = & meas w;;

meas [w'§+1 N &)’E+1] = 0; and, for every { € whiy, x:(t) < inf,e,;,i,1 xi(t)
fore =1,2, .-, i

Tt is clear that w D w,* D - -+, and that v < @ for all 7.

Then there exists an m; such that if ¢ > m;, then for the control

[—w(t), t€ wf
u(l) =1 ’ \
L uk(t)y t GE Wi,
it turns out that J(uw) < J ().
Let us set ux41 = wii, , where

It is clear that J(uxs) < J(ux). We continue in a similar manner.
The sequence of controls {u}, constructed in this fashion, also tends to a
stationary control in the sense of Theorem 6.
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certain parts of this article.
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MINIMIZATION OF FUNCTIONALS IN NCRMED SPACES*
V. F. DEM’YANOV{ anp A. M. RUBINOV}]

We examine in this paper a number of problems involving the minimiza-
tion of functionals on normed spaces. In particular, we consider the
minimization of a differentiable functional on a convex set, and the minimi-
zation of a directionally differentiable functional (for example, the minimi-
zation of the maximum deviation). For all the problems which will be con-
sidered, we shall give necessary conditions for an extremum and we shall
discuss various algorithms for finding points which satisfy the necessary
conditions. A number of applications will be indicated, mainly to optimal
control problems.

We do not consider the question of existence of a minimum, because for
most of the problems to be discussed this question can be resolved by
means of a theorem which states that a weakly lower semicontinuous
functional achieves a minimum on a weakly compact set.

1. A few useful results.
1.1. Sublinear functionals. A functional p defined on a normed space X
is called sublinear if it has the following properties:
(i) subadditivity: if x, y € X, then

p(z +y) = p(z) + p(y);
(1) positive homogeneity: if A > 0, x € X, then
p(A\x) = Np(z);

(iii) continuity: if x, — x, then p(z,) — p(x).

Since the functional p® is subadditive and positive homogeneous, we
easily obtain that p(0) = 0 and —p(—2) = p(z). A functional p is con-
tinuous (and, consequently, sublinear) if and only if it is bounded, i.e.,

sup |p (@) | =1]pl < .

el <1
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We observe that if p is sublinear, then it is also convex.

A linear functional % will be called a support to a sublinear funetional
p if for all z € X, h(z) = p(x). We shall denote by U, the set of all sup-
ports to p. Finally, for any € X, we introduce the set

U," = {h € Up| W(z) = p(2)}.

It follows from the Hahn-Banach theorem that for any z € X, the set
U,” (and therefore U,) is not empty. We observe that the sets U, and

U,” are convex, w*-closed and bounded. The following important relation
holds:

(1.1) p(xz) = max h(z) for z € X.
heUy

It follows from (1.1) that the functional p is completely defined by the
set of its supports. Now, let U be a convex, w*-closed and bounded set in
X* Forz € X, let

pu(z) = max f(z).
feu

It can be shown that the set of supports to the functional p. coincides with
U. Furthermore, the following important result holds.

TuaroreM 1.1. The map ¢:0(p) = U, takes, one-to-one, the set of all
sublinear functionals on X into the set of all convex, w*-closed and bounded
subsets of X*.

The inverse map is defined as follows: ¢ *(U) = p,. Furthermore,

(1) ¢(p1+ p2) = o(p1) + &(p2),  &(Ap) = Aé(p), N> 0,

(ii) if for all z € X, pi(x) = pao(x), then ¢(p1) D ¢(p2).

If Uy D U,, then for allz € X

(67 (UDI(®) 2 [o7 (Un))(2).

Remark. The study of sublinear functionals is not the aim of this paper.
We note, however, that Theorem 1.1 holds also in a much stronger form.
Consider the smallest linear spaces which contain the families of sets
and functionals defined in the above theorem. One can, in a natural way,
introduce a norm into these subspaces as well as a partial ordering. Ex-
tending the map ¢ to these spaces, it can be shown that it is an isometry
which preserves the partial ordering.

We now give an important consequence of Theorem 1.1.

CoroLrLARY 1.1. Let x € X be such that p(x) = SuPsca Pa(Z), where
pe (a0 € A) 7s a sublinear functional. Then the set U, coincides with the con-
vex, w*- closure of the sets Up,, a € A.

We now give an important example of a sublinear functional. Let
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X = C(E) be the space of continuous functions, defined on a closed and
bounded subset E of a finite-dimensional space; let p(z) = max;cr, (%),
where Ej is a closed subset of E.

Making use of Corollary 1.1, it is not difficult to show that U, consists
of all nonnegative measures u, defined on the s-algebra of measurable
subsets E, such that u(E,) = 1, u(E\E;) = 0.

We note that sublinear functionals were studied in detail in [1].

We shall call a functional ¢ superlinear if —g is sublinear.

Clearly, all the properties of superlinear functionals can be obtained
from the corresponding properties of sublinear functionals. As an example
of a superlinear functional on the space C[0, T'], we can take the functional

¢(z) = min z(¢) = —max (—z(t)).
telo,7] telo, ]
1.2. Directional differentiability. Let f be a functional defined on an

open set £ in the space X. By the derivative of f at the point z € £, evaluated
on the element v € X, we shall mean the quantity

(1.2) f,’(u) lim f(x + au) - f(x)

a0+

Clearly, when f.'(u) exists, so does f,'(\u) with X > 0, whereby f.'(\u)
= M. (u). We shall call the quantity

meEw =2 (i)

the derivative of f at « in the direction w. We shall say that a functional f
is directionally differentiable at a point z if the limit (1.2) exists for any
u € X. The directional differentiability of f at a point £ means that there
exists a functional f,’, defined on the space X, such that for any u € X
and o > 0 sufficiently small,

(1.3) f(z + ou) = f(z) + ofs (u) + 0s,u(e),
where

lim 0—”“(a) = 0.

a->0+ a

The functional f,” will be called the directional derivative of the functional
f at the point z, and (1.3) will be called the formula of finite increments.
Clearly, f. is a positively homogeneous functional.

We now introduce one more definition which will be important later
on. We shall say that a functional f is uniformly directionally differentiable
at a point z, if for any v € X and any ¢ > 0, there exist a 6, > 0 and an
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o > 0 such that for |v — u|| < 6, and 0 £ a £ au,

ox,v(a)

< e

is satisfied, where the functions o.,(a) are defined as in (1.3).

The following theorems hold (see [1]).

TrHEOREM 1.2. A convex functional f defined on a normed space X is
directionally differentiable at every point & € X. Furthermore, f,' is a positively
homogeneous, subadditive functional and the functions o,.(a) are nonnega-
tiwe for any x, u € X.

TuaroreMm 1.3. A sublinear functional is uniformly directionally differents-
able at any point x, its derivative p,’ is a sublinear functional, and, in addition,

(1.4) Up,y = Uy
It follows from (1.1) and (1.4) that for u € X,
pe (w) = max h(u).
hEUE
Thus, the computation of the directional derivative of a sublinear func-
tional is connected with the deseription of the sets U,". Consider an ex-
ample. Let X = C(E) (where F is a closed, bounded set in R"), p(z)

= max,cx2(t). Then U,  consists of nonnegative measures p such that
w(ll) = 1, u(F\E(x)) = 0, where

E(z) = {t € E|z(t) = maxa(7)}.
TCHE
Thus,
pe () = max f u(t) du.
neUﬁ E
[t is easy to show that
max f w(t) du = max u(t),
E

nevg tcE(x)

whence it follows that

(L.5) pe (w) = max u(t),
tcE(x)
a formula which will be important to us later.

As customary, we shall say that a functional f is differentiable (Gateau
differentiable) at a point z if £, is a linear functional. We shall then call
the derivative f. the gradient of f at x, and we shall denote it by F..
If f is differentiable at every point of a set @, then the gradient F' can be
considered as an operator from @ into X*.



MINIMIZATION OF FUNCTIONALS 77

It is also possible to define a directional derivative for an operator. Let
X and Y be normed spaces, let £ be an open set in X, and let A be an operator
mapping £ into Y. We shall say that A is directionally differentiable at a
point z € £ if there exists an operator 4, mapping X into Y, such that for
u € X and a > 0 sufficiently small,

Az + au) = Az + ad./ (u) + 0:.(c),
where
Oz,u(a)
23

—0 as a—0+4.

In computing the directional derivatives of functionals, it is often con-
venient to make use of the formula for the differentiation of a composite
function. Let X and Y be normed spaces, let A be an operator mapping
an open set £ C X into Y, and let ¢ be a functional defined on Y. Consider
the functional f defined for z € £ by

f(z) = g(Az).

Let = € £ Then, if A is directionally differentiable at the point z, and ¢
is uniformly directionally differentiable at the point Az, and, in addition,
the functional ¢4, is continuous, then f is directionally differentiable at X,
and for u € X,

(16) fo(u) = gaz(AJu).

We now give a few examples which will be important later on.

Let £ be an open set in the n-dimensional space R", and let E be a closed
and bounded set in the m-dimensional space R™. We are given a real-
valued function g(z, y) defined on ¢ X E = {(z,y) |z € & y € E}, which
is continuous in y and which, for any z € £ y € E, has a continuous, in y,
partial derivative

9 _ (% 9% .. 9
dx oz’ Oxy’ T dx,)
Consider the functional f defined on the set ¢ by the relation
f(z) = maxg(z, y).
YEE

We shall show that f is directionally differentiable at any point x € £ and
we shall find f,’. For this purpose we define an operator A from £ into
C(E) as follows: if 2o € £, then Azy = 2z € C(E), where 2(y) = g(%0, y).
It is easy to verify that A is differentiable at any point z, € £ and that for
any v = (U1, U2, -+, Us) € R",

AL @) =L @, @) = 2 X @, .
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Making use of (1.5) and (1.6), we obtain that f, exists at any point
xz € £ and that for any u € R",

7w = max >

YEE(z) i=1 023,-

(.’l?, y)uz’

where
E(x) ={y€ E|g(z,y) = rtgxg(x, t)}.

Reasoning in exactly the same manner, it is easy to show that the func-
tional fi(z) = minycgg(z, y) is directionally differentiable and that

. =9
(f)a(w) = min Z——?(w,y)ui,
YEE (z) i=1 0%;

where

Ey(z) ={y€ Elg(z,y) = ’féi,? g9(z, 2)}.

Generally, if A is a differentiable operator mapping some normed space X
into C(E), and for z € X,

f(z) = max Az(¢),  (fi(z) = min Az(¢)),
tcE tcE

then f (f1) is directionally differentiable at any point x and
F) = max (A/w)(®),  (W)dw) = min (4/()(0),

tcE
where
E(Az) = {t € E|Ax(t) = max Ax(7)},
W(Az) = {t € E| Az(t) = min Az(7)}.
T¢E

2. Necessary conditions for an extremum. In this section we shall give
some necessary conditions for an extremum, which can be expressed in
terms of cones of a special type. These conesare ‘“linear approximations”
to the sets in which we shall be interested in a neighborhood of points of
interest. Recently there have been several papers devoted to necessary
conditions (see, for example, [1], [2], [3]). In some of these papers the frame-
work for obtaining necessary conditions is more general than ours. Our
approach (see [4]), however, is considerably simpler, while at the same
time it can be applied to many problems of practical importance. On the
basis of such necessary conditions, it is possible to construct algorithms for
solving these problems. In the present paper we shall only give necessary
conditions for a minimum of a directionally differentiable funetional.
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Let X be a normed space and let © be a subset of X. As is usual, we shall
denote the closure of @ by 0. We shall say that an element u is an admissible
direction at the point x € &, with respect to the set @, if there exists a
number oy > 0, depending on z and u, such that fora € (0, ),z +ou € Q.
Clearly, the set of admissible directions is a cone, which we shall denote by
K.(Q). It is easy to show that K.(2) < C(Q — z) (where C(Q — z) is
the cone hull of the set @ — ). When Q is convex and z € @, then
K.(Q) = C(Q — z). Generally we shall require not the cone K.(2) but
its closure K,(). Because of this, we give one more important example.
Let € X and let @ = {2 € X|¢(z) = ¢(x)}, where ¢ is a functional
which is directionally differentiable at x. In this case,

{u € X|¢'(u) €0} DK(2) D {u€ X|os (u) <0J.
If some natural conditions on ¢, are satisfied, we can obtain that
K(Q) = {u€ X|é. (u) = 0}.

The cone K,(?) of admissible directions at z, with respect to the set Q,
linearly approximates the set & — z in a neighborhood of the origin (or,
equivalently, the cone x + K,(Q), with vertex at the point z, linearly
approximates the set @ in a neighborhood of z). An approximation by the
cone K,(2) happens to be adequate for a large class of sets, such as convex
sets, sets having a nonempty interior (when the point z is in the closure
of the interior), sets of the form ¢(z) = C, where ¢ is some functional of
the “maximum type”, ete.

However, for many sets @ of practical importance, an approximation by
the cone K,() is found to be inadequate. Thus, for example, consider the
case when @ = {z € X |¢(z) = ¢(x)}, where ¢ is a strictly convex func-
tional. In this case K,(2) = {0}. This leads to the need to define an object
which constitutes a more accurate approximation.

Let @ < X. The element 4 € X will be called an admissible, in the broad
sense, direction at the point z € @, with respect to the set Q, if for any
€ > 0 there is an element u., ||u. — u || < ¢, and a number a., 0 < a. = ¢,
such that z + awu. € 2. The cone of admissible, in the broad sense, direc-
tions will be denoted by M.(2). We observe that M,(Q) is a closed set
and that K,(Q) € M.(2). If @ is a convex set, + € Q, then M.,(Q)
=K(Q) =C @ —2).IfQ = {z€ X|¢(2) < ¢(x)} and ¢.’ is continuous,
where ¢ is a functional directionally differentiable at z, then M,.(Q)
=K. (Q) = {u € X|¢2'(u) £ 0}. Weshall be particularly interested in the
case where @ = {z € X | ¢(2) = ¢(z)}, where ¢ is a functional which is
uniformly directionally differentiable at z, and whose derivative ¢, is a
continuous functional. In that case,

MA(Q) C {u € X|¢)(u) = 0}.
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If ¢, is a sublinear (superlinear) functional and there exists a » € X such
that ¢.'(v) < 0 (¢2'(v) > 0), then

M(Q) = {u € X|¢, (u) = 0}.

We now proceed with the formulation of necessary conditions.

TuroreEM 2.1. Suppose that the functional f achieves its minimum on the
set Q at the point y. If 4t is direclionally differentiable at y, then
minuer, @ fy () = 0.

TuroreM 2.2. Suppose that the functional f achieves its minimum on the
set Q at the point y. If it is uniformly directionally differentiable at y and its
derivative f, 1s continuous, then Min,¢u, @) £,/ (w) = 0.

The following theorem shows when the above necessary conditions are
also sufficient.

TurorEM 2.3. Let f be a convex functional defined on X, let @ be a subset
of X, and suppose that there exists a point y € @ such that min,cg, o 1, (w)
= 0 (minye @ £, (w) = 0). Furthermore, suppose there exists a neighbor-
hood S(y) = {z||lz — y || < € of y, such that (y + K,(@)) N 2D S(y)
NQ((y 4+ My(2)) NQ D S(y) NQ). Then f achieves a local minimum on
Q at y. If the stronger condition y + K,(Q) D Q@ (y 4+ M,(Q) D Q) s satisfied,
then f achieves a global minimum on Q at y.

It is possible to examine certain important nonconvex problems by
means of Theorems 2.1-2.3. These theorems can also be used to some
extent in the study of certain optimal control problems, approximation
theory problems, as well as in the study of certain nonlinear equations (see,
for example, [5]). Of main interest, however, is the case when Q is convex.

Tuarorem 2.4. Suppose that a functional f, defined on o normed space X,
achieves its minimum on a convex set Q at a point y and that it is <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>