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CONTROLLABILITY AND POLE ASSIGNMENT FOR DISCRETE
TIME LINEAR SYSTEMS DEFINED OVER ARBITRARY FIELDS*

S. K. MITTERt anp R. FOULKES}

1. Introduction. The theory of controllability and observability due to Kalman
is certainly one of the most important conceptual contributions to linear systems
theory. An account of the development of the ideas of controllability and obser-
vability as well as its implications on feedback control theory and realization
theory may be found in the recent book of Kalman, Falb and Arbib [1].

Ithas been known for some time that for a linear continuous, finite-dimensional
autonomous system with a scalar control variable, complete controllability is
equivalent to being able to assign arbitrary poles to the closed loop transfer matrix
by a suitable choice of state variable feedback gain matrix. This result was general-
ized to the vector control case by Wonham [2] and Simon and Mitter [3]. In [3]
constructive recursive algorithms to achieve pole assignment were also presented.
The objective of this note is to generalize this result to cover discrete-time, finite-
dimensional, autonomous linear systems defined over arbitrary fields. The result
can thus be applied to the feedback control of linear sequential machines [4]. By
duality arguments the problem of state determination is also solved.

2. Notation and system definition. Let

T = time set = Z = (ordered Abelian group of) integers;

U = input values = F™ = vector space of m-tuples over the field F;

X = state space = F";

Y = output space = F?;

Q = input space of functions t — u(t) ; that is, arbitrary sequences u( — 1), u(0),

u(1), -+ -, with u(t)e U.

We shall be concerned with the discrete-time, autonomous, linear dynamical

system X defined over a field F,

x(t + 1) = Ax(t) + Bu(t),

2.1
W) = Cx(t)
with te Z, x(t) e F", u(t)e F™, y(t) e F? and where
A:F"— F"
22 B:F™" - F",
C:F"— F?

are F-homomorphisms.
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2 S. K. MITTER AND R. FOULKES

We shall usually not make a distinction between (4, B) and (4, C) as a pair
of F-homomorphisms or as a pair of matrices representing these homomorphisms
with respect to a given basis.

With respect to the system (2.1) we make the assumption:

(i) the pair (A4, B) is completely reachable, that is, the rank of the n x nm
matrix

(2.3) H(A,B) = [B,AB, ---, A" 'B]
is n.

(i) the pair (A4, C) is completely observable, that is, the rank of the n x np
matrix

(2.4) K(4,C) = [CT,A"C", -, (AT 'C")
is n.

3. Statement of main theorem.! The principal result of this paper is the
following theorem.

THEOREM 3.1. For the linear autonomous system (2.1), (A, B) is a completely
reachable pair if and only if for every monic polynomial g of degree n, there exists an
m x n matrix K over F such that the characteristic polynomial of A + BK is
precisely g (up to a factor of T 1).

The proof of the result proceeds via several propositions and is presented in
the next section.

4. Proof of main theorem. The proof will be divided into three parts: necessity
for the case when B is a column vector, necessity for a general B and sufficiency.

PROPOSITION 4.1 (case m = 1). In (2.1) let B =b = n x 1 matrix. If (A, B) is
a completely reachable pair, then there exists a 1 x n matrix k such that the charac-
teristic polynomial of A + bk has an arbitrary preassigned form (of degree n).

The proof of this proposition essentially consists of transforming 4 to rational
canonical form and is identical to the proof given for the field of real numbers
(see, for example, [5, Theorems 7 and 9]).

We now consider the case where B is an n x m matrix.

PROPOSITION 4.2. If (A, B) is a completely reachable pair, then there exists a
matrix K and a vector b such that (A + BK, b) is a completely reachable pair and
b is in the column space of B.

Proof. The proof presented is essentially the same as independently given by
Heymann [6] and hence only an outline of the proof will be given.

Let b; be the jth column of B and let E; be the cyclic subspace of the coordinate
space E = F" generated by b;. Since (4, B) is a completely reachable pair
E=E; + - + E,. In general, the E, are not independent, that is, E; N E; # &
fori # j. However, it is easy to see that there are subspaces S; and a finite integer ¢,
0<l=msuchthat E=S; +---+S,and §; N S; = J for i # j, that is, E is

! 1t was pointed out by the reviewer that a similar result has been obtained by R. E. Kalman in

the unpublished notes: Lectures on Controllability and Observability, CIME Seminar, Italy, February
1969.
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a direct sum of the subspaces S;. A basis for E can now be obtained by combining
the bases for the subspaces.

By rearranging the columns of B (hence the coordinates of the control) it can
be assumed that the first ¢ columns of B are used. Hence the basis is

t
bl,"‘,Akl_lbl,"‘,bt,"‘,Akt_lbt and Zki=n.
i=1
Let R=1[b,,---,A" b, ---, b, ---, A% 1b,] be the matrix whose col-
umns are the above basis vectors. Clearly R is invertible.

Define an m x n matrix S = [s, ---s,], where each column is an m-tuple
defined as follows:

j
S, =& if rj= Y ki and j=1,---,t—1; s;=0 otherwise,
i=1

where ¢™ is the ith standard basis vector of F™

Finally, let P =SR™' Clearly PA% " 'b; =&y, j=1,---,t—1, and
PA'b; = 0 for all other powers of A.

Let A = A + BP. Then the controllability matrix of the pair (4,b,) is H
= [b;4b, --- A" 'b,] and it has rank n. Clearly b, is in the column space of B.
The necessity part of the theorem now follows from Proposition 4.1.

We now prove sufficiency.

PROPOSITION 4.3. Given an arbitrary monic polynomial g of degree n, if there
exists an m x n matrix K such that the characteristic polynomial of A + BK is
precisely g, then (A, B) is a completely reachable pair.

Proof. We first assume that the field F has a sufficient number of scalars
ag, -+, a, such that det(4 — a,I) # 0,i = 1,2, ---, n. From the above assump-
tion and by hypothesis there is a K such that (4 + BK)v; = a; and v; # 0.
Since a,I — A is invertible, we have

4.1) (] — A 'BKv, =v;, i=12,---,n.

Now for each g; there are scalars b(a;) such that
(4.2) (@l — A '= Y bfa)a’~!, i=12,,n.
j=1

Hence from (4.1) and (4.2), we obtain

n

(4.3) Y AT'Bbfa)Kv) =v;, i=1,2,--,n

j=1

Let H= [B,AB,---, A" 'Bland y = (y, - -- y,)" € F"™. Then
Hy =Y A’"'By,.

ji=1
If we set y; = bj(a;)Kv;, then (4.3) becomes
(4.4) Hy¥ = v;, i=1,2,---,n,
where y}¥ = (by(a)Kuv; -+ - b,(a)Kv))".
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Since the eigenvalues of 4 + BK are distinct, the eigenvectors v, ---, v,
are linearly independent and form a basis for F". Hence, by using (4.4), any v e F"
can be written as v = H(Zi ¢;y¥). Therefore the range of H is F" and hence (A4, B)
is a completely reachable pair.

Now if F does not contain enough distinct scalars, apply Proposition A.3 of
the Appendix to f = det(4 — xI) and g = det (4 + BK — xI). Then over some
extension field F' > F, g has n distinct roots none of which are roots of f. Now
from the proof of Proposition 4.3, H considered as a linear transformation of
(F'y"™ — (F)" has rank n. But H is a matrix over F <= F’; hence it has rank n
over F also.

For finite fields (containing at least 2 elements) the following stronger result
can be proved.

THEOREM 4.4. The following statements are equivalent :

(i) (A4, B) is a completely reachable pair;

(i) Given a monic polynomial g of degree n, there exists a matrix K such that
the characteristic polynomial of A + BK is precisely g;

(i) B # 0, and given an irreducible polynomial p of degree n, there exists a
matrix K such that the characteristic polynomial of A + BK is p.

Proof. The theorem will be proved by showing that the statements (i) and (iii)
are equivalent.

(1) = (iii) from Theorem 3.1.

We now prove the reverse implication. For n = 1, the result is obvious. For
n > 1, by Proposition A.1 we can construct an irreducible polynomial of degree n.

Let # denote the range of H(A4, B). Define the map

A:FYR > F/R
by
_J_Ciz(A-i_BK)xia i=1723”'ana

where F"/# is the quotient space, {x,, ---, x,} is a basis for F" and X denotes the
coset of x in the quotient space F"/# and K is an m x n matrix. This is a well-
defined map since £ is an A-invariant subspace of F”".

Let p(x) = Y"_, p:x' be the characteristic polynomial of 4 + BK. Then by
the Cayley—Hamilton theorem p(4 + BK) = 0. It is easily verified that A4 is an
endomorphism of F"/# — F"/4. Using an induction on k we can show

A*x = (A4 + BCl'x

and we may verify that p(4) = 0 (that is, the zero map on F"/%).

Let m be the minimal polynomial of 4. Then m divides p since p(4) = 0.
Since by hypothesis p is irreducible, either m = 1 or m = +p.

Since B # 0, degm < n = degp, so m = 1. But m(A4) = 0; this means that
the identity map on F"/Z is equal to the zero map and hence F"/Z = . There-
fore # = F" and (4, B) is a completely reachable pair.

5. Anexample. As an example, consider the following three-state circuit over
the field Z;.
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FiG. 1

By inspection of the diagram,
xi(n + 1) = 2uy(n),
X(n + 1) = x4(n) + 2x,(n) + uy(n) + uy(n),
x3(n + 1) = 2x,(n) + x,5(n) + x3(n) + uy(n).
Letting x™(n) = [x4(n) x,(n) x3(n)] and u(n) = [uy(n) uy(n)],

0 00 2 0
xn+1) =1 2 0|x(n) +|1 1|un)= Ax(n) + Bu(n).
2 11 0 1
By direct calculation,
200000
H=|1 11 2 2 1f,
012201
which has rank 3. Following the construction in Proposition 4.2,
200
R = [b1 Abl Azbl] = 1 1 2 .
020
200
000 000
Then R"!'=|0 0 2{;also, S = . Therefore P = SR™! = .
001 2 22
222
000 200
Again by direct calculation, A =0 1 2)and H=|1 1 2|, which is the
100 020

same as R in this case, so H has rank 3. Letting p; = (p;p1,P13), the characteristic
polynomial of A4 + byp; is —x3 + (2py; + P12 + Dx% + 2p13 + p1)x + (P12
+ p13)- To see that these coefficients may be chosen arbitrarily, it suffices to note
that the following determinant is nonzero:

210

1 0 2)=1+#0.

01 1
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6. Observability and state reconstruction. Since the pair (4, C) has been
assumed to be a completely observable pair, it follows from Theorem 3.1 that
for every monic polynomial g of degree n, there exists a p x n matrix — DT such
that the characteristic polynomial of AT — CTDT” is precisely g. Hence the charac-
teristic polynomial of 4 — DC can be made arbitrary.

Now consider an observer [7]:

6.1) R(t + 1) = XK(¢) + Dy(t) + Bu(t), t=0,1,2,---,

where X and D are n x n and n x p matrices respectively. Let D be chosen such

that AT — CTDT has arbitrary characteristic polynomial and let X = 4 — DC.
Then

Rt +1)— x(t + 1) = (A4 — DC)[R(t) — x(1)],
X(0) — x(0) = given.
From (6.2) it follows that
£(n) — x(n) = (4 — DC)'[X(0) — x(0)].
Since the characteristic polynomial of 4 — DC can be made arbitrary, the

matrix A — DC can in particular be made nilpotent and hence the observer
reconstructs the initial state in at most n steps.

(6.2)

Appendix. In this Appendix some results on finite fields which are used in the
proof of Proposition 4.3 are presented.

The following results are needed. The proof of the first two propositions are
consequences of well-known results on finite fields (see Lang [8, Chap. VII, § 5]).

ProPOSITION A.1 (see [9, p. 128]). If F is a finite field consisting of at least two
elements, then the polynomial ring P(F) contains irreducible polynomials of every
degree =2.

ProPOSITION A.2. For every irreducible polynomial over a finite field F, there
is an extension field F' such that the given polynomial has n distinct roots in F', where
n is the degree of the polynomial.

PRrOPOSITION A.3. Let F be a finite field and f a given polynomial of degree n
over F. Then there is a polynomial g of degree n over F and some extension field
F’' o F such that g has n distinct roots in F', none of which are roots of f.

Proof. First, consider the case when f'has at least one root in F. Then /' = f'f”,
where f” is a product of linear factors and f” has no roots in F. Also, degf” = 1,
so degf” < n.

By Proposition A.1, there is an irreducible polynomial g over F of degree n.
Then ged (f”, g) = 1sincedeg f” < degg. Clearly ged (f',g) = 1,s0ged (f,g) = 1.

By Proposition A.2, there is an extension field F' > F such that g has n distinct
roots in F'. But gcd (f,g) = 1 in F’ also, so no root of g is a root of fin F".

Next, consider the case when f has no roots in F. Now, etiher F has n distinct
scalars or not. If it has, let g = (a; — x)(a, — x)---(a, — x), where the a; are
distinct scalars in F. Then no root of g is a root of f, and F is the desired extension
field.

If F does not have n distinct scalars, consider the prime factorization of f:
f = pip2- - Py, Where each p; is an irreducible polynomial of degree at least 2,
say degp; = m;, and ) *_, m; = n. (Note that the p; may not be distinct.)
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Ifk > 1, then each m; < n. Pick a polynomial g over F irreducible of degree n.
Then ged (f, g) = 1. Again. let F' = F be an extension of F containing n distinct
roots of g. Since ged (f, g) = 1, no root of g is a root of f.

If k = 1, then f = p, and m; = n. Let F have p distinct scalars, and choose
g =(a; — x)---(a, — x), where the a;e F are distinct. Also choose g” over F
irreducible of degree n — p. Then gecd(f,g2") =1 and ged (f,g') = 1; hence,
ged (f,8'8") = 1.

Let F’ = F be an extension field in which g” has n — p distinct roots. There-

fore g = g'¢” has n distinct roots in F'. Also, since ged (f, g) = 1, no root of g is
a root of f.

Acknowledgment. The authors are indebted to the reviewer for constructive
comments and suggestions. In particular the statement and proof of Theorem 4.4
was obtained as a result of comments by the reviewer.

Note added in proof. It was recently pointed out to me by R. W. Brockett
that V. M. Popov proved the result on pole assignment earlier in his paper:
Hyperstability and optimality of automatic systems with several control functions,
Rev. Roumaine Sci. Techn.-Electrotechnct. Energ., 9 (1964), pp. 629-690.
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STABILITY OF A NONAUTONOMOUS DIFFERENTIAL
EQUATION OF FOURTH ORDER*

A. S. C. SINHA anp R. G. HOFT%

1. Introduction. In this paper, the object is to establish sufficient conditions
for stability of (1) in the cases p(t) = 0, and p(t) 2 0, respectively, which follows
from some fundamental results due to LaSalle [1]. Further, it is worth noting that,
in view of LaSalle’s results, it is not necessary to show that the Lyapunov function
is positive definite (and this would be a tedious computation) in order to conclude
global asymptotic stability

(1) X+ f)X + (%, $)X + Y(x) + 0(x) = p(t).

It is easily seen that the results in this analysis become Routh-Hurwitz con-
ditions when functions f, ¥, ¢ and 6 are constants in the case p(t) = 0. The
conditions obtained are generalizations of the work of Ezeilo [2] and Harrow [3]
for a class of fourth order systems. The Lyapunov function given here has been
constructed by forming linear combinations of line integrals. However, the con-
stants for the linear combinations are obtained by a trial method. The functions
_f, ¢,y and 0 are real-valued with continuous first partials. A smoothness property
is also assumed to ensure the existence of integrals appearing in the analysis.

2. Stability. Consider the differential equation (1) and the associated system
(Case 1. p(t) = 0):
X=y, y=1z, Z=w,

W= —f@w — ¢y, 2)z — Y(y) — 0(x),

@

where Y(0) = 6(0) = 0, so that the origin is a critical point.
It is assumed that there exist positive constants such that

€) bzf@zf"za>0,

) d(y,2) 2 ¢° >0,

(5) Yy zy° >0,

(6) (0°9)'2 Zz O(x)/x = 6° > 0,

™ Y sy =é, 0°=0(x)=00)=09,

* Received by the editors June 10, 1969.
t College of Engineering, University of Missouri, Columbia, Missouri 65201. This work was
supported in part by the National Science Foundation under Grant NSF GK805.
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NONAUTONOMOUS DIFFERENTIAL EQUATION OF FOURTH ORDER 9

where the superscript o designates the evaluation of the given function at the
origin. Let the following relations between the constants of (3) to (7) hold:

(8) ag’y°0° — 5abf° — 626 = f > 0,
B 6, 0°
) (wo)z(zawoe iz~ I:;//T - _5_:| >
(10) f f)ds — f(z) < 25090 for all z # 0.

The following V-functions are introduced:

o F(z) 1 z 2
(11) V(y,z,w) = Fe )|:W + F(z) + WTY:I + I:a - ‘ﬁ.‘(z—)jl )

where r f(s)ds = F(z);
0

12 Vo= js{qs(y,s) ¢°) ds + 2o fs{qb(s 0) — ¢°) ds,

0°6 °1 6 0
i = S04 L (x)]y_'_algoé[ )

(13) 25 (% (6(s)
— oY ds,
Tl { }
P e e’
V4(x,y,2)—2j; {_S_ 905[ } ds
¢°5 6% [F(2) o0 ,
R e R T
(14 s g Taw: :
{‘% G- %? S‘)] }22 +2 fo sf(s)ds — zF(2)

2{Y(y) ¥l o)
etz

2
}yz.
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Consider the following inequalities which are used to show that V' — oo as
|x| = o0. Now 0 < F(z)/z < b and therefore from (7) it follows that

Yy Yo vy,
(15) alx, y) = ) 905[——] 2 5 Y’z 0,
¢05_ 52 E_@ 0(0) 4 0,/,00)0 __ 0 __ 02
‘/jo (lpo)zli z :| a a(l//o)zgo[ ¢ '// 0 5(11)9 ('// ) 5]
(16)
= ———[adp*PY°0° — Sab®® — §25] = op >0
= l/,oZeo l/10200 N
From the mean value theorem,
Y’ < '//(y f Y(yt)dt < 64, 0°<0(x) f O(xt)dt < 5

and (3), (6) and (7) give
¢o 5 l//O 0,/,000 0 0\2 no
—a—_—://_o_'aeﬁ[ ] 2¢000[¢¢0 3a’0° — (¥°)*0°]

lagwo0° — sabt® — 626] = — b > 0.

2'//000 azl//"G"

2J: sf(s)ds — zF(z) = J: sf(s)ds — J: F(s)ds
9 F(s) B
S 2
= — J;{——f(s)}sds > _2512—'//0002 .
Therefore, using (15), (16), (17) and (18) in (14) gives

op B
a(wo)ZgoyZ + 2(12!//000

> 2f alx, s)sds + B[W %a(x y)z:l2 + Cz?,

y 2
Vi(x,y,2) = f a(x, s)sds + 22 + ;a(x, y)yz
0

where

B W)y

. _ 2
= —le//oeo ap a’(x,y) > 0.
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Now a(x, y) < Y°[6,/y° — 6°/5]; therefore, from (9), a?(x, y) < B2/[(Y°)*2ay°0°].
Consider the Lyapunov function

W, yzw=Vi+ Vo + Vo + V,

w P+ 5 TO l—i]wz
= F( F(2) v « 1o
s [ w0 v [0 17
T {x i eoa[T]y ' a9"5[_x_] Z}
B[] Lo

+ ﬂ[—'/;g %a(x y)z]2 + CZ2.

Thus ¥V — oo as |x| —» co. A little computation gives

Wik, y.z.m) = er [¢°5 9(0)]y

¢° )2 1, 20
+|— -]z +—W + 2wz + —yw
((1 l//o l//oy

(19) l//"yf f(s)ds + 20(x)y + H(x)z

2z 2 [ s+ [ st — g i
+2—f s{¢(s, 0) — ¢°}ds+2fsf(s)ds.
0
Evaluating the time derivative of (19) along the trajectories of (2) yields
. 1 ’
l%wMﬁW%mhhm—%LiM]

~L%%?—em] ~100) — 02

1
+52Ls%@st—$ﬂMna $(y, 0)lyz

1 bs [0(0) — ¢
g—jﬂa—ﬂw-{o—aww—ﬁ—Li%?%ﬂkz

—&ﬁ-wwrwuﬂy+§)

1
+ EZJ s (y,s)ds — ./7[ J 5(2 (y, zt) dt:l
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and with 6 = 0'(0) + 6,, 6, > 0,

¢, 2) — Py, 0) = z f %(y, 20 dr.

Then (20) is negative semidefinite if the following conditions hold:

@1 2b,(y.2) <0,
164)
(22) y L D, zdi 20,
(23) 00)>0, 00 =0 =00 —7, 7,20,

where y, = 4a%(B/ay°0° — ) for some y < B/ay°0°. Using (7), (8) and (23) gives

L1, bS] [00) - Ox)
[d’ -V _W] - [T]

1 0000 _ \1onor " 0'(0) — 0'(x)
= a‘/,,,e,,[w Yoo — Yooy’ (y) — abot’] — [——4a2 ]
B V1
2 a2 00

The conditions of Theorems 2 and 3 of LaSalle’s paper [1] are satisfied ;
therefore global asymptotic stability has been proved. Thus these results are
combined into the following theorem.

THEOREM 1. If there exist positive constants as defined in (3)—(7) of the system
(2) such that the following conditions hold:

(i) ¥(0) = 6(0) = 0, and f, ¢, , 0 have continuous first partials

(i) conditions (8)~(10) and (21)~(23) hold ;

(iii) V # 0 along every nontrivial solution;
then the system (2) is asymptotically stable.

3. Nonautonomous systems. In this section, the system (1) is analyzed to give
sufficient conditions for which every solution of (1) is bounded for all ¢ = 0. Here
it is assumed (Case 2) that p(t) is an integrable function.

THEOREM 2. If the conditions (i) and (ii) of Theorem 1, along with the following
conditions hold:

() f)za+y=a+3pt);

(i) 0, 2 (6/2¢)Ip(1)] 5

G [ 1p(o) s = ¢ < o
0
then every solution of (1) is bounded in the future [1].

Proof. To prove Theorem 2, consider the Lyapunov function (19) which was
shown to be such that V — oo as |x| — co. Evaluating the time derivative along
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the trajectories of (1) results in the addition of p(t) terms to (20).

Vix,y,z,w) —~[f(z —ajw? — { = éw'(y) —%—W}zz

z 2
— 0,)° = [0(0) - 0’(x)](y + Z)

1 N
+ EZJ; s (y,s)ds — —|: f e —(y, zt) dt]

(24) + Lo + 2p
a v

1
<- %[f(z) . E|p(t)|] W — [y - %Ip(t)l]zz

- [52 - w.,lp(t)l}y + %(1 + 5+ l)lp(t

1 ) )
+ -5 + 1Ip(®)
s
if the conditions (i), (ii) and (iii) hold.
Now integrating (24), we have

(t)y + p(t)z

V(x,y,z,w) £ V() + 1(1 + -+ 1) J |p(s)| ds
(25)

lIA

1/1 o
V -+ =4+ 1]lc < k.
(O)+2(a+z//°+ )c_k

Therefore, every solution of (1) is bounded in the future.

4. Example. A very simple case of differential equation (1) is when the
functions f and ¢ are constants. In this case the previous results become the
Routh-Hurwitz conditions. Consider

(26) X 4 a; X + aX + azX + agx = p(t).

Let p(t) = 0; then the conditions (8)—(10) result in only one nontrivial relation (27)
which is clearly a Routh-Hurwitz condition for the system.

27 a,a,aya, — a3a3 — a3a, = f > 0.

Let p(t) # 0 and define the constants a = a,/2, b = f* = a, and é = 2a,.
Then (26) has bounded solutions in the future if

(i) 3a,a,a3a, — ajai — 2a3a, = > 0,

(ii) a; = |py(0)l, as = |P(2)
and the conditions of Theorem 2 are satisfied.
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ERROR BOUNDS OF HIGH ORDER ACCURACY FOR THE STATE
REGULATOR PROBLEM VIA PIECEWISE POLYNOMIAL
APPROXIMATIONS*

W. E. BOSARGE, JR. anD O. G. JOHNSON
Abstract. Consider the linear quadratic cost control problem x = A(t)x + B(t)u, x(0) = x,,
1 T
with a cost functional J[u] = EJ [Kx, Q(t)x) + {u, R(t)up] dt. Let S be a suitable space of piecewise
0

cubic polynomials on a mesh of norm h on the interval [0, T]. Then it is shown that a so-called Ritz—

Trefftz method for minimizing J[ - ] over S leads to an approximation to J[ -] of order O(h”). Further,
a computable error bound can be exhibited. It is also shown that the computed pair (i, X) converges
to the optimal pair (u*, x*) with order O(h®). Similar statements are made for piecewise polynomial
approximation of arbitrary positive order.!

1. Introduction. In the past considerable effort has been devoted to the
use of direct methods in calculus of variations and control problems (see, for
example, [4], [12], [6]). Specifically, the effort was directed towards finding the
minimum of a functional J[u; x] (defined for some admissible controls and states)
over a suitable finite-dimensional subspace of basis functions {u,(t), x,(t); n = 0,
1,---, N}. In this paper we consider the application of a modified Ritz direct
method to the so-called state regulator control problem using finite-dimensional
piecewise polynomial bases. We show that, for the “‘well-behaved’’ linear quadratic
cost control problem, a numerically useful computational algorithm can be
obtained for computing very high order approximations to the optimal control,
the corresponding optimal state, and the associated cost functional. In particular,
for the “smooth” problem, we show that a so-called Ritz—Trefftz method employing
a-order splines delivers approximations to the optimal control and optimal state
with an error O(h"), where h represents the mesh size for the spline basis. The
corresponding approximate optimal cost estimates the true (optimal) cost to
within O(h%%). We also exhibit an O(h?**!) error bound using the Hermite space
H*(IT). In addition, we represent an explicit derivation of the numerical Ritz—
Trefftz algorithm. In a forthcoming paper we will discuss the practical utility of
the method including results on its numerical stability. We will also present some
comparisons of our method to the classical approach where numerical integration
of a nonlinear Ricatti differential equation is required. (Note O(h%) is a function
less than Kh* in norm for some K > 0, where K is independent of h.)

2. Problem description. In this section we present a detailed description
of the infinite-dimensional state regulator problem and recall a number of useful
analytic results which we shall require in the sequel.

Consider the linear time-varying system

X(t) = A(0)x(t) + B(t)u(t),

x(0) = x,
* Received by the editors October 9, 1969, and in revised form May 26, 1970.
+ International Business Machines Scientific Center, Houston, Texas 77025 and Department of
Mathematical Sciences, Rice University, Houston, Texas.
! A detailed numerical study of the algorithm resulting from this modified Ritz approach will
appear in a forthcoming paper.

2.1)

15
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and the cost functional J[ - ] defined by

1 T
22 Ju] =3 L [<x(0), Q(0)x(1)> + Cu(t), R()u(r)y] dt.

Assume that x( -) is an n-dimensional state vector, u( -) an r-dimensional control
vector, A(-)an n x nmatrix, B(-) an n X r matrix, Q(-) an n x n positive definite
matrix, and R(-) an r x r positive definite matrix. In addition, assume that
A, B, Q, R are (elementwise) piecewise C*[0, T],a = 0. We require that the terminal
time T be fixed, that 0 < r £ n, and that u(-) be unconstrained.

The problem we treat in this paper can be described in the following equivalent
ways.

DErINITION 2.1 (Problem 1). Given the linear system (2.1) and the cost
functional (2.2) subject to the assumptions stated above, find the optimal control,
i.e., the control which will drive the system (2.1) so as to minimize the cost func-
tional (2.2). Thus we seek a u* such that J[u*] = min, . J[u] with X* = A(t)x*(t)
+ B(t)u*(t) and x*(0) = x,. Here .27, is some set of admissible vector-valued func-
tions on [0, T7].

Since Problem 1 can be viewed as a standard calculus of variations minimi-
zation problem subject to nonholonomic constraints, we may introduce Lagrange
multipliers A( - ) (time-varying n-vector) and y(n-vector) and define the Lagrangian
L{u, x; 4,7] by

Llu, x, A,y] = J[u, x] + JJ (At), —X + A()x + B(t)uydt
(2.3) 0
+ <)),(X(O) - X0)>,

where J[u, x] is defined in (2.2) but is viewed as a function of two variables. Thus,

an alternative way of describing Problem 1 is given by the following definition.
DEFINITION 2.2 (Problem 1). Given the linear system (2.1) and the cost

functional (2.2) subject to the assumptions of Definition 2.1, find the u*, x*, 1* and

y* such that the Lagrangian is extremized ; that is,

(2.4) L[u*, x*; A* y*] = max min L{u, x; 4, 7],

Aol 5 ued
YeRy, xed 5

where R, is real Euclidean n-space, and o7, , <7, and &/, are innerrelated.

One of the essential properties of the multipliers A(-) and 7 is that, in the
process of extremizing L over u, x, 4 and y, the Lagrangian is maximized over the
multipliers A and y, and minimized with respect to u and x (see [10]). This fact is
often misunderstood (see [12], [9] or [5]) and sometimes permits erroneous con-
clusions to be drawn in the convergence analysis of direct methods which have
been applied to problems of the above type (see, for example, [12]).

We introduce still a third formulation of Problem 1 which is useful in the
sequel.

DeriNITION 2.3 (Problem 1”). Under the assumptions of Definition 2.2,
find the A* and y* such that

2.5 L{u*, x*; A*, y*] = max L[u, x; A, 7]
le.ﬂ,x

yeR,
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subject to
oL oL
(2.6) - [u,x;4,91 =0,  —lu,x;4,91=0,
ou O0x

where 0L/0u and 0L/0x are partial Fréchet derivatives of the scalar Langrangian.

The equivalence of the three formulations of Problem 1 follows from well-
known “principles” of the calculus of variations (see, for example, [4]).

By smoothness of Problem 1 we shall mean the following.

DErFINITION 2.4, We say Problem 1ePC*0, T] if and only if 4, B, Q, R
have (elementwise) piecewise continuous ath order derivatives. Equivalently we
say Problem 1 is ath order smooth if Problem 1€ PC*[0, T], a = 0.

Basically, the solution of the state regulator problem leads to an optimal
feedback system with the property that the state vector is ‘‘kept near zero” without
excessive expenditure of control energy. Due to the linear nature of the system
equations and the quadratic nature of the cost functional, the problem can be
“handled analytically” in the sense that the optimal control is an explicit linear
function of the state, i.e., is of the form

(2.7) u(t) = G(t)x(t), te(0,T],
with G(-) an r x n matrix-valued function defined by
(2.8) G(t) = —R™()BT()K(1)x(2),

where K(t) is the n x n symmetric matrix solution of the well-known Ricatti
equation. Therefore, a complete solution is obtained (in general) only after K(-)
has been numerically approximated. We pursue this point further in a later
section of the paper.

We now present a number of well-known results for Problem 1.

THEOREM 2.1. Let us assume that an optimal control u* for Problem 1 exists
for the state x,. Then, in order that u* be optimal, it is necessary that there exist
a vector function A*(-) (Lagrange multiplier) such that

(a) A*(-) corresponds to u*(-) and x*(-) with A*(-) and x*(-) solutions of the
equation pair

29 X*(t) = A(t)x*(t) + B(t)u*(t)
and
(2.10) A1) = — Qe)x*(r) — AT(1)A*(0),

subject to the boundary condition x*(0) = x, and the transversality condition A*(T)

(b) along the optimal trajectory x*(-) we must have
(2.11) R(t)u*(t) + BT(t)A*(t) = 0.

Proof. See Athans and Falb [2].

THEOREM 2.2 (Analytic solution of the state regulator problem 1). Given
the linear system (2.1) and the cost functional (2.2), where u(-) is not constrained,

T is specified and Q(-) and R(-) are positive definite matrices. Then an optimal
control exists, is unique and is defined by (2.7) and (2.8), where the n x n symmetric
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matrix K is the solution of the Ricatti equation
(2.12)  K(t) = —K(t)A(t) — AT(t)K(t) + K(t)B(t)R™ 1 (t)BT(t)K (1) — Q(1)

with K(T) = 0. The state x*(-) of the optimal system is then the solution of the
linear system

x(t) = [A() — B(t)R ™ (t)B"(t)K(1)]x(t),
x(0) = x,.

(2.13)

Proof. See [2].

The notation x*, u*, A* and J* will be used throughout the paper to denote
optimal quantities. We now state a well-known theorem which we shall require
in the sequel.

THEOREM 2.3. Given the linear system (2.1) and the cost functional J of (2.2),
let J* denote the minimum value of J ; then J* is given by

(2.14) JH[x(t); 1] = 2<x*(0), A*(0)), 0<t<T,

where 2¥(t) = K(t)x*(t) with K( -) the solution of (2.12).

Proof. See [2].

We now prove a theorem which tells us that the optimal quantities u*, x* and
A* for Problem 1 are in PC*0, T] provided Problem 1 e PC*~ 1[0, T].

THEOREM 2.4. Assume that Problem 1 is (o« — 1)st order smooth. Then the
optimal control u*(-), the optimal state x*(-) and the optimal costate A*(-) are
each in PC*[0, T1].

Proof. From (2.9), (2.10) and (2.11) we see that x*(-) and A*(-) satisfy the
2n-equation system

(1) An 1 -so] [xo
(2.15) ) = |-

A*(1) -0 ' =AW [A*O
subject to x*(0) = x, and A*(T) = 0. Here S(¢) is defined by
(2.16) S(t) = B()R™Y(t)B*(1).

Since A4, B,Q,Re PC*~'[0, T] and R is positive definite, it follows that R™!
e PC*" 1[0, T]. Thus, Se PC*[0, T]. From the theory of ordinary differential
equations we now conclude that x* and i* € PC*0, T]. From (2.11) we deduce
that u* e PC*[0, T also and thus the theorem is proved.

3. Finite-dimensional analogue of Problem 1. In this section we present a
special finite-dimensional analogue to Problem 1 using certain subspaces of piece-
wise polynomials. We first describe a number of useful piecewise polynomial spaces.

3.1. Spaces of piecewise polynomials. Let Sy, (o« = 1;m = 1, with o, m integers)
be an m-dimensional space of piecewise polynomials of fixed order o — 1. Then we
assume S}, is characterized by the following properties:

P1. There exists a linear operator L, : PC*[0, T] - S;,.

P2. For all fe PC*0, T], | L.f — fll, = O(m™.



THE STATE REGULATOR PROBLEM 19

P3. For all fe PCH0, T, |[(d/dt)(L,.f — f)|, = O(m™**1).

P4. (L, )™0) = fD0), (L, f)T) = fAT),i=0,1.

Ps. S% < o,.
It is well known that there exist spaces of piecewise polynomials possessing
properties P1-P5 provided, of course, .7, is piecewise smooth. As an example,
suppose we define 7 to be a mesh on [0, T] such that h = |I1], ie, I1:0 = ¢, < £,
< -+ <t,=Tand

(3.1) = max [t; — t;_4|.

i=1,,v
Now suppose fe PC*0, T] and let IT contain all points of discontinuity of f @
in [0, T]. Then the closure of the graph of fe C*[t;_,t], i =1,---, v. Thus,
f@=V is absolutely continuous and f® e L, Now, if m, is an integer in [o/2,
o + 1], then there exists, for example, a Hermite interpolate to f(which we denote

by LEf) of order 2m, — 1. Further, it is well known in this case that (see, for
example, [3])

(3.2) ILEf — [, = O(h**17?)
and

d
(3.3) E(Lﬁf—f) = o~ '1%).

We remark that the order of convergence is actually better (by 3) than we require.

Another extremely useful piecewise polynomial space possessing properties
P1-P4 is the space of splines of order o — 1 (see, for example, [1]). Spline subspaces
have been used frequently in recent years in the development of practical and effi-
cient numerical algorithms for attacking wide classes of problems. In fact, for
many practical problems, spline subspaces ““deliver” the best results for an equi-
valent amount of computation, compared with an alternative finite dimension
space of piecewise polynomials (see [8]). We shall therefore emphasize spline
subspaces S% for our numerical comparisons which we present in a forthcoming
paper.

3.2. Application to state regulator Problem 1. We now consider a special finite-
dimensional approximation to Problem 1 (Definition 2.1) over a typical Sj,.
The approximation is, in a sense, a Ritz method, but differs from the classical
Ritz procedure in a fundamental way.

We begin by stating a special finite-dimensional analogue for Definition 2.1.
Instead of requiring that the differential equation side condition (2.1) be satisfied
identically, we relax the constraint as indicated in the following definition (see
Trefftz [11]).

DEerINITION 3.1 (Problem 2). Given the linear system (2.1) and the cost
functional (2.2) subject to the standard assumptions of Definition 2.1, find the
optimal control # such that

(3.4) J[#] = min J[u]

uedl y

subject to the side conditions

(35a) —)2(0) = xO’
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(3.5b) JT (wit), (—% + A@DX + B)@)y dt = 0
0

for each basis function w;eS;,i=1,---,nj=1,---, m

The analogues of Problems 1’ and 1” are given in Definitions 3.2 and 3.3,
respectively.

DEFINITION 3.2 (Problem 2'). Under the same assumptions as in Definition
3.1, find the @, X, 4 and 7 such that the Lagrangian (2.3) is extremized when 4 is
restricted to S3, (4 € S5, will henceforth mean that each 4, € S7). Thus
(3.6) L[i,x; A,7] = max min L[u, x; 4, y].

AeS%h uesdy,
yeR, xed x

DEFINITION 3.3 (Problem 2”). Under the assumptions of Definition 3.1,
find the Z and 7 such that

(3.7 Lia, x;4,7] = max L{u,x;4,7]
A2€S%
yeRn
subject to the constraints
oL
(3'8) a‘[uaxaia’y] = 0:
oL
39 = . -0.
(39 g X34 0] =0

The equivalence of Problems 2 and 2’ follows immediately from the funda-
mental theorem of Lagrange multipliers. Further, the equivalence of Problems
2" and 2" is guaranteed by fundamental principles of the calculus of variations
(see [4]). The three formulations of the finite-dimensional problem will be required
in subsequent sections. In particular, the formulation of Problem 2’ will be required
to generate certain key inequalities, essential in the convergence analysis of the
numerical Ritz-Trefftz procedure. The third formulation (Problem 2”) is required
in the development of a useful computational algorithm for the numerical solution
of Problem 1.

3.3. Development of numerical algorithm. We consider now the development
of a feasible computational algorithm using the problem formulation 2”. We begin
by extremizing L[u, x;A,y] for A;€S% and yeR,, subject to the constraints
(3.8) and (3.9). Thus, since 4; € S%, we can express 4 as a linear combination of

basis functions w;, i = 1, ---, m. Consequently, we write
m
(3.10) M) =Y cwft), O0=t=T,
ji=1
where each ¢;, j =1, .-+, m, is an n-vector. Now, since x(T) is unconstrained,

we conclude from (3.8) that
A + ATOA) + Qox(1) =0,  0=t=T,
MT) =0, y = —A0).

Similarly, we deduce from condition (3.9) that

(3.12) BT()A(t) + R(t)u(t) = 0, 0T

(3.11)
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From (3.11) and (3.12) we observe that L can be written as a functional of the
Lagrange multiplier A( - ) only. Thus the problem is reduced to maximizing L over
A(-). We require, therefore, that

oL

~Z_0

04 ’

where 4 is defined in (3.10). Thus, we must first express L in terms of the ¢;’s. We
have

(3.13)

T T
Llu,x; 4, 7] =%f Cu, Ru di +%f (x, Qx> di
0 0

+ JT (A, =% + Ax + Bu) dt — {X0), x(0) — x¢»
0
(3.14) .
= J[u] — {A), x()D|F + f A+ ATA,x)dt
0

+ JT (BT, u) dt — {A0), x(0) — xo.
0

From conditions (3.11) and (3.12) we have
(3.15) Llu,x;A,7] = —Ju] + <A0), xq).

From (3.10) we obtain

(3.16) f u(t), R(Hu(t)y dt = Z Z [JT E@)w (0wt dt:lcj,
0

i=1j=1

where Eis an n x n symmetric matrix given by E(t) = B(t)R ™ *(¢)B(t). Similarly
T T
(3.17) Jo <x(t), QO)x(t)) dt = J [K4, Q7' 04 + 24, F©)A) + <A1), G()AY] dt
0
or

T m m T
f (x(n), QXY dt = Y Y. ci[ f Q™ OVt 1) dt]cj
0 i=1j=1 0

+2% % c?[ f " Fow (00 dt]cj
i 0

i=1j=1

DY T“ Gl (1w 1) d ]

where F(t) = A()Q~*(¢) and G(t) = A(t)Q~*(t)A’(¢). Finally, we have that

(3.18) C0), xo> = < Y cw(0), x0>.
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Maximizing E[cl, cee e = Lluley, -, ¢y X(Cpy vty C)s ACrs 05 Cods
ey, -, )] over ¢; (i = 1, ---, m), we obtain
at m T
—= =3 | [E® + G@)wlt)w(t) + Ft)wie)w1)
oc; ji=1Jo
(3.19) + FTow(t)wi(t) + Q™ '(e)wiow ()] dt c;
+ wi(0)x, =0

fori=1,---, m We define H;; by

T
(3200 H; = L [(E + Gww, + Fwpi, + FTyib; + Q~ opi,] dr.

It follows that solving (3.19) for ¢;,i =1,---, m, is equivalent to solving the
linear system
(3.21) Hy = b,

where the (m x n) x (m x n) symmetric matrix H is defined by

H,, Hy, H,p
(3.22) H=|H,, Hy -+ Hy, |, Hy;=H;
Hm1 Hmm

and y and b are given by

¢y w1(0)xo

¢y w,(0)xo
(3.23) y=1- b= .

Cm Wn(0)x0

We note that H possesses certain desirable numerical properties (such as
sparseness, definiteness, etc.), which insures that (3.21) is numerically “well-
conditioned”. We discuss these aspects of the numerical algorithm described by
(3.21) in greater detail in a forthcoming paper. If we now assume that j, the solution
of (3.21), is known exactly, then we write j = [¢], ---, ] and set

(3.24) At) =

3

cwit), a=u;, X=Xxj,
1

[l

where X and # are computed according to (3.11) and (3.12). In the remainder of the
paper we shall be concerned with how “well” J[ii] approximates J[u*], and,
likewise, how “well” the # and X approximate u* and x*, respectively.

4. Cost functional convergence for pair (i, x). In this section we state and
prove the key convergence theorems for the cost functional J[ -], interpreting
the results in a number of useful piecewise polynomial subspaces.
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4.1. An order error bound for Ritz-Trefftz method. From the equivalence of
Problem 2 with Problem 2” we can conclude that X(0) is indeed x,. Then it is
clear that the final term <y, X(0) — x> may be omitted and we write L[#, X; 1],
replacing L[, X; 4, 7).

THEOREM 4.1. Assume Problem 1€ PC*~'[0, T, and let i, X and A be pre-
scribed by the Ritz—Trefftz algorithm (defined in (3.21) to (3.24)) over an arbitrary
Sk . Suppose A; € S, where A, approximates A* to order h*, h = 1/m. Further, suppose
(ug, x,) is the pair generated by A, according to (3.11) and (3.12). Then

(4.1) leal = 0%, e, = Ok,

4.2) Jw*] z L{a, X; 2] = Ju*] + Lle,, &5 8],
12
where &, = u, — u*, e, = x, — x* and ¢, = A, — A*, with |||, = [J [‘]2] .

Proof. Since Problem 1ePC* '[0,T], we have A*ePC0,T]. Hence,
from the hypothesis there exists a A, € S% such that |1, — 2*||, = O(h*). Thus, from
(3.11) and (3.12) we obtain

(4.3) lug — u*ll, = [R™'BT(2, — 2*)ll, = O(h),
(4.4) I, = x*[I; = 1Q ™ [(A — 4*) + AT(A; — A9)]ll, < O(h*™ ")
which proves (4.1).

For the proof of (4.2) we recall formulations 1” and 2”, whence
(4.5) J[u*] = Llu*, x*; 2*,y*] = L[#, X; 4,71,

Since $% < o7, (in general, .7, will be a set of continuously differentiable functions
on [0, T)). And, from (3.7) we conclude that L[#, X; 4] = L{u,, x,; 4,]. But
Llug, x4; A] = L{u* + ¢€,, x* + €,; A* + €]
= L[u*, x*; 1*] + Lle,, €,; ¢,]

(4.6) n J ! Cu*(t), R(1)e (1)) dt + f x*(1), Q)eL(t)y dt
0 0

T
+ J CA¥(), —64(t) + A(t)et) + B(t)e,(2)) dt.
0
From (3.11), (3.12) and integration by parts we conclude that

f " R0, 1) + A@e0) + B dt
0

4.7 r T
= —j Cu*(1), R(te(t)) dt — f Cx*(t), Qr)ey(t)) dt

0 0
(note that ¢,(0) = 0 since A(0) = 1*(0), 4,(0) = A*'(0) by P4) which proves that
4.8) Ju*] = La, x; 2] = J[u*] + Lle,, &,; &,].
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We consider now an important corollary to the previous theorem.
COROLLARY 4.2. Suppose the conditions of Theorem 4.1 hold. Then

4.9) 0 < J[u*] — L[u,x; 1] £ O(h**~ V),
Proof. From (4.8) we observe that

4.10) 0 < J[u*] — Lu,x;A) £ — Lle,, &, ;).

But

1 T T
Llz,. ex36;] = 5[ jo Ceur RW)e,y di + fo Cexn Q0 dr]
(4.11)

T
+ f (&3, —&, + Alt)s, + B(t)e,y dt.
0

Again integrating by parts and applying the order bounds to ¢;, ¢, and ¢,, we
obtain

0 < Ju*] — L{a, x; 2] < O(h*@*~Y) + O(h**)
= O(W*=~"),

and the corollary is proved.

Two important piecewise polynomial subspaces which are useful computa-
tionally are S(IT) (the space of piecewise cubic splines on [0, T]) and H(IT) (the
piecewise cubic Hermite subspace on [0, 7). If, for example, Problem 1 € PC3[0,T],
then « = 4, and we have

0 < J[w*] — Lla,%;7] < O(h°),  h =TI,

with @, X, A generated over S(IT). Similarly, for #, X, 1 generated over H(IT), we can
show that

0 < Ju*] — L[a, %; 1] < O(h%),  h=|TI.

- 107 17
(Note that L[#, x; A] is just EJ {iui, Ru) dt + Ef (X, Qx> dt.)
0 0

5. Norm convergence of the pair (i, X). In this section we discuss the
convergence of the computed pair # and X to the optimal pair u* and x*. We
begin by proving a series of simple lemmas.

LEMMA 5.1. Assume Problem 1€ PC*~ [0, T] and let @, X and 1 be prescribed
by the Ritz—Trefftz procedure over the space S%. Then

T

(A¥, =X + A(t)x + B(t)n) dt
0

(5.1) . .
= 2J[u*] — fo (u*, R(t)ad dt—fo Cx*, Q(OR dt.



THE STATE REGULATOR PROBLEM 25
Proof. Integration of the left side of (5.1) by parts yields

IT (A*(t), —X + A(H)X + B(t)ay dt
0

T T
= — (A%, |0 + f (¥ AT()A*, X dt + f BT*, @) dt.
0 0
But, by transversality A*(T) = 0, and from (2.14) we conclude that 2J[u*] = {4*(0),
x(0)>. Since x(0) = x4, we have
20[w*] = —<2*, %0

The desired result now follows from the standard necessary conditions for Problem
1 (see (2.9) and (2.10)).
LEMMA 5.2. Assume the hypotheses of Lemma 5.1 hold. In addition suppose

that Ay is the S%, approximation to 1*, and suppose (ug, X,) is the pair generated by A
according to (3.11) and (3.12). Then

T
(5.2) J (¥, —% + A()X + B(t)a) dt = O(h*™?).
0
Proof. From the formulation of Problem 2, we deduce that

fT {w;, (=X + A(t)x + B(t)a),» dt = 0

0
foreach w;eS;,,i=1,---,nj=1,---, m But A(t) = }":1 ciw(t) for some set
cj of n-vectors, j = 1, - - -, m. Hence
T
(5.3) J {Agy —X + A(t)X + B(t)a)y dt = 0.
0
Hence

JT (¥, =% + A(DX + B(ta) dt
0

T T T
=J <é,1,>‘c>dt+J <8;_,A)_C>dt+j {&,, Buy dt
0

0 0
= leall2 Xl + leall214l20%02 lleal 1 Bl 2lall -

But we know that |¢,||, = O(h*) and thus ||,|, = O(h*~!). Since ||X||,.and ||,
are each bounded uniformly in h (Theorem 4.1), (5.2) is established and the proof
is complete.

LEMMA 5.3. Assume the hypotheses of Lemma 5.1 hold. Then

(5.4) | — u*|z = f: (i — u*,R(t)(@ — u*)y dt = O(h*™ ),

(55 IX — x*g = fo (% — x*, Q) (% — x*)> dt = O(h*™ ).
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Proof. We can easily verify the identity

luw* — al} + x* — %13

T T
= 2J[u*] — Z[J i, R(Hu*> dt + f (X, Q)x*> dt + 2J[a,>‘c]:|.
0 0
Because of the equivalence of Problems 2, 2 and 2" we recall that L[i, X; 4, 7]
= J[ii, X]. Hence

lu* — allg + x* — X3

< 4J[u*] — 2|: J‘T (@, R(tu*> dt + JT (X, O(0)x*> dt:| + O(hZ(a— 1)).
0 0

Now, applying the previous two lemmas, we obtain

0 < flu* — allg + x* — X3 < 4J[u*] — 4J[u*] + O(h*™ 1)
or
0= fu* —alg + [x* — X3 < O™ ")

from which (5.4) and (5.5) follow.
LeEMMA 5.4. Under the assumptions of Lemma 5.2 we assert that

JT (¥, =% 4+ A(DX + B()a) dt
0

(5.6) = lléall2X = x*l2 + lleall2 4l 21X = x*|5

+ lleall 2 Bll2lla — w*.

Proof. The lemma follows immediately from (5.3) and integration by parts.
THEOREM 5.5. Under the hypotheses of Lemma 5.2 we assert that

(5.7 l# — u*|lg = O(h*™ 1),
(5.8) X — x*||g = O(h*™1).
Proof. We observed in proving Lemma 5.3 that

0= fa—ug+IX—x*I3

é 4.][“*] — Z[JT <a,R(t)u*> dt + J~T <5C_’ Q(t)x*> dt:l + 0(h2(a—1))‘
0 0

Applying Lemmas 5.1, 5.2 and 5.4, we find that
7 — w*|2 + [IX — x*|3
< 2[léallo X = x*o + llelllAl201% — x*|l,
+ el 1Bl Nl — w*||,] + O(h?@~ 1Y),

Now, since R(-) and Q(-) are positive definite, we can find positive constants
Vi, V2,41, q, such that

(5.9) villa = u*|3 < o — u*|g < vlla — w3
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and
(5.10) 4l — x*)3 S IX — x*I3 < g2llX — x*|3.
Therefore, we obtain the inequality
I — u*lg + IX — x*|3

S O™ Nla — u*||g + O~ HIX — x*|g + O(h**™ D).
Set 6, = ||t — u*|g and 6, = | x — x*||o. Then (5.11) becomes

82 4+ O(h*™ 18, + 82 + O(*~ 18, < O(h*=~Y)

(5.11)

or, equivalently,
[0, — O(h*™ M) + [3, — O(h*~H]* < O(h*@™1).
Hence
0y = I — u*||g = O(h*™ 1),
0 = |IX — x*[g = O(h*™ 1)

and the theorem is established.
COROLLARY 5.6. || — u*|, = O(h*™ "), | X— x*||, = O(h*™1).
Proof. The proof is trivial and is therefore omitted.

6. Remarks on the numerical properties of the method. The above theorems
establish that the Ritz-Trefftz method has the unique theoretical property that it
converges to the optimal value of the cost functional at a rate equal to the square
of the order of the approximating subspaces. This advantage is not shared by any
other approximate method, direct or indirect. In fact, the standard Ritz direct
method is not known to converge for variational problems with nonholonomic
constraints.

The numerical implications are obvious. The authors have a working program
for the method and have compared it with the usual numerical approximation of
the Ricatti equation for numerous examples. The method is significantly faster,
except on trivial problems where the two approaches yield approximately the same
results. Since the resulting algebraic problem is definite, it can be solved by a
Cholesky decomposition without pivoting, hence the band structure is preserved
(providing a patch basis is used). Thus the numerical algorithm is extremely
stable and fast. Also, reasonable bounds on the condition number can be computed.

In [13] we discuss the numerical utility of the algorithm in considerable detail.

Additional convergence results for (i, x;) and J[ii; x;] were obtained and appear
in [14].
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BOUNDARY VALUE CONTROL OF THE
HIGHER-DIMENSIONAL WAVE EQUATION*

DAVID L. RUSSELLY}

1. Introduction. Many important control processes can be described approx-
imately by means of partial differential equations with control parameters appear-
ing in the boundary conditions. For example, a triangular airplane wing may be
equipped with ailerons on the trailing edge. An idealized model for such a plant
would involve the partial differential equations which describe the motion of a
plate with arbitrary control functions appearing in the boundary conditions
along one of the sides of the triangle. Many other examples could be given.

Linear hyperbolic problems in one space dimension have been studied rather
extensively ;see,e.g.,[1],[2],[3],[4],[5]. Here the theory is relatively uncomplicated.
One can study questions of controllability using the geometric techniques based
on characteristic curves or the more algebraic techniques based on the theory of
nonharmonic Fourier series. One obtains not only theorems asserting the existence
of controls transferring one state to another within a finite time period but also
constructive proofs of these theorems which can be adapted to yield numerical
techniques whereby the appropriate control functions can be calculated. The
papers of Grainger [4] and Cirina [5] are noteworthy in this respect. Cirina’s
paper shows that such methods can even be used for quasilinear systems.

The theory is not nearly as complete for problems involving two or more
space variables. The reasons why this should be so become apparent when one
compares Chaps. V and VI of the treatise [6] of Courant-Hilbert. Some results
have been obtained in this area by Fattorini [7] who considers, for the most part,
boundary value control problems wherein the controls can be described by
finitely many functions of the time t—physically the most realistic situation.

The purpose of the present paper is to study hyperbolic problems in several
space dimensions using certain uniqueness theorems due to Holmgren [8] and
John [9]. Using these results we can obtain very explicit estimates on the length
of time required to transfer a given state into an arbitrarily small neighborhood
of any other state using boundary value controls restricted to a subset of the
boundary of the region in question. More specifically, we are able to show for the
wave equations in 3 or fewer space variables that the system can be controlled
in any time T which exceeds twice the wave propagation time from the boundary
set where controls are applied to the rest of the physical medium. It should be
noted that such a result is in agreement with known results [1], [2] for the case
of a single space dimension.

2. The control problem. Let Q be a bounded, open connected domain in
R" whose boundary is an analytic surface I" of dimension n — 1. We indicate

* Received by the editors February 12, 1970.

+ Departments of Mathematics and Computer Sciences, University of Wisconsin, Madison,
Wisconsin 53706, and Research Consultant, Honeywell Inc., St. Paul, Minnesota 55113. This work
was supported in part by the National Science Foundation under Grant GP-11495.
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points in Q by

The boundary surface I" is parametrized by an (n — 1)-dimensional vector variable

s. Integrals over Q will be denoted by f (-) dx while integrals over I" will be written
Q

f (+) ds. If we wish to indicate a point in R" which lies on I" we will write x(s).
r

The surface T, being analytic, has everywhere a unique unit outward normal
vector which we will indicate by #(s).

We consider a second order linear hyperbolic partial differential equation
@.1) Lw) = plw, — Y (@x0wy); = 0.
i,j=1

The subscripts i, j indicate partial differentiation with respect to x%, x/, respectively.
The coeflicients p(x), a;(x) are real analytic in some open subset of R” which
includes Q U I'. Moreover, if A(x) is the n x n matrix with entries o;(x), A(x) is
symmetric and there are positive numbers p, and o, such that

p(x) Z po,  Xx€Q,
VA = v, xeQ, veR
Let I'; be a relatively open subset of I'. For T > 0, we denote by F the space
of all C* functions f:T" x [0, T] —» R' with the property that f vanishes outside

some compact subset of I'; x (0, T') (this set varies with f). We pose for (2.1)
the initial boundary value problem

w(x, 0) = w(x, 0) = 0, xeQ,
wix(s), DAX()n(s) = f(s, 1),  (x(s),)eT x [0, T].

The symbol w, denotes the row vector of spatial partial derivatives of w:

(2.2)

Wy = (WlaWZa Y wn)'

With these assumptions it is known that the initial boundary value problem
(2.1),(2.2) has a unique solution w/(x, t) which lies in the class C*((Q U I') x [0, T7).
The reader is referred to the papers of Friedrichs, Lax and Duff [10], [11], [12].

If f(s,t) =0 for t; £t <t,, then w/(-,t) can be considered as a vector-
valued function with range in L*(Q) which solves the evolution equation

(2.3) d*w/dt> + Bw =0, t, <t=t,,

where B is the unbounded operator on L%*(Q) which is the unique self-adjoint
extension of the operator Z?,j=1 (a;(x)w;); defined on twice continuously
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differentiable functions w(x) satisfying the boundary conditions
w(x(s)Ax(s)n(s) = 0,  x(s)eT.

Let H,; denote the space of pairs of real-valued functions w(x), w,(x) defined
on Q with w,(x) square integrable and w(x) having square integrable derivatives:

f (w,(x)2 + i wix)? + w(x)?| dx < 0.
Q i=1

Let Hg denote the space of equivalence classes of H; modulo the zero energy
states w(x) = 0, w(x) = const. The “energy”

Ew, w) = L (P()Wdx)* + w(x)A(x)w(x)) dx

is a constant on each such equivalence class. Hg, is a Hilbert space with the inner
product

W, w); (v, v) 0 = L (P(X)Wx)0(x) + W (X)A(X)v(x)) dx
and resulting norm

1w, W)l = /<, w) 5 (w, w)p = /Ew, w).

We shall not stress the distinction between H; and Hy where unnecessary, and
we shall say (w, w,) € Hg if the equivalence class of (w, w,) is a member of Hy.

For each f e F the corresponding solution w/(x, t) of (2.1), (2.2) is such that
w/(-, T), w/(-, T)) € Hg. In fact, if we put

RT = {(Wt('9 T)7 Wtf('9 T))leF},
then Ry is a subspace of Hy which we will call the reachable space. Following
others we make the following definition.
DErINITION. The control system {(2.1),(2.2), fe F} is approximately con-

trollable in time T > 0 if Ry is dense in Hy; relative to the topology induced by the
norm |- || g.

We shall conclude this section with a theorem which relates approximate
controllability to ‘“‘observability.” (Cf. parallel results for ordinary differential
equations [13].)

THEOREM 1. Let (0, 0,) € Hy be such that both ¥ and 9, lie in C*(Q U T') and
D satisfies the consistency conditions

Du(x(s)AX()M(x(s)) = 0, Dy (x(s) Alx(s)m(x(s)) = 0, x(s)el.
Let v(x, t) be the unique C® solution of L(v) = 0 which satisfies the boundary con-
ditions
24 v (x(s), DAX()n(x(s) =0,  (x(s), ) eI x [0, T]
and the terminal conditions

(2.5 v(x, T) = d(x), v(x, T) = d(x).
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Then (b, 0,) € (Ry)* in H if and only if v(x(s), t) = 0, (x(s), ) e '; x [0, T].
Proof. For feF we have

0= f (0, Lw') + w!L(v)) dx dt
Qx[0,T]

(2.6) ‘Ut(W£a1) - Wtf(vxal)

= f div | —vwla,) — w/(v.a,) | dx dt,
Qx[0,T] %t
pwlv, + wiAv,

where, for convenience, we have suppressed the arguments in the integrand and
the column vectors ayx) are the columns of the symmetric matrix A(x):

Alx) = (a1(x), a5(x), - -+, a,(x)).

Applying the divergence theorem to the second member of (2.6) we obtain
0= f (pw!lv, + wlAv,)dx — f (ow/v, + wiAv,) dx
(27) QXx{T} Qx{0}
—I (v (wLAn) + w!(v.An)) ds dt.
I'x[0,T]

Using (2.5), (2.2), respectively, in the first two members of (2.7) and (2.2), (2.4)
in the third member, we obtain

(2.8) f (px)W/ (x, T)D(x) + wi(x, T)A(X)D(x)) dx = f (v.f)dsdt.
Q 'y x[0,T]
From the definition of {-, - >5, we see that (2.8) becomes
29) w0005 = [ ) dsa.
'y X[0,T]

The right-hand side of (2.9) vanishes for all fe F if and only if v,(x(s), t) = 0,
(x(s), )e 'y x [0, T], and thus the proof is complete.

Theorem 1 is fundamental in the proofs of the controllability theorems of
the subsequent sections.

3. The time 7,,. In order to state and prove our theorems on approximate
controllability of (2.1), (2.2) we must employ the concept of a characteristic surface
for (2.1) in R"*!, This concept is treated in detail in [6], for example, but we give a
brief description to make our presentation somewhat self-contained.

Let S be a surface in R"*! given by

S = {(x, D®(x, 1) = 0},

where ®(x, t) is a smooth real-valued function of n + 1 variables. We define the
characteristic form

X((I)a X, t) = p(x)(q)t(x’ t))z - q)x(x, t)A(x)(D;(x, t)'

The surface S is: characteristic if X(®, x, t) = 0 for (x, t) € S; uniformly space-like
if there exists a 6 > 0 such that X(®, x, t) = ¢ for (x, t) € S; uniformly time-like if
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there exists a § > 0 such that X(®, x, t) < —6 for (x,t) e S. For what is usually
called the wave equation p(x) =1 and A(x) = I, the n x n identity matrix, a
surface is characteristic if and only if it everywhere makes an angle of 45° with
any intersecting surface t = const. It is this special case that we shall use in our
diagrams since it is less confusing than the general case.

Let (xq,20)e(Q UT) x [0, T]. We define the forward cone of influence of
(%o, to) to be the subset K *(xq, t,), the largest closed subset of (Q U I') x [¢,, T
which contains (x,, t,) and does not meet any uniformly space-like surface passing
through (x,, t). Similarly we define K™ (x,, t,), the backward cone of influence of
(xo» to), by replacing [to, T] with [0,2,]. It is easy to see that K*(x,, t,) and
K™ (xq, to) have characteristic boundary surfaces. When p(x) = 1, A(x) = I, we
have K*(x4,0) = {(x, ) e (Q UT) x [0, T]t? — ||x — x,[> = 0}. If G is a subset
of Q U T, we define forward and backward cones of influence of (G, t,) by

K*(G,ty) = xlgc K™ (xg, to), K™(G,ty) = xlgGK_(xo, to)-

Let t,, t; liein [0, T]and let G = Q U I'. We define
K(G, to, t;) = K*(G,t,) N K~ (G, t;).

Since the coefficients of the operator L do not depend upon ¢, K(G, t,, t,) is sym-
metric about the plane t = ¥(t, + t,).

The fact that A(x) is uniformly positive definite can be used to prove that
there is a least time T, > 0 such that K*(I';, 0) includes the set Q x {T,}. Then
K(T';,0,2T,) also includes Q x {T}. If T > 2T, there is an « > 0 such that
K('y,0, T)includes Q x {t} for |t — T/2| < a. If T < 2Ty, the set

JT/2) = Q x {T/2} — K(T',,0,T)

is a nonempty set. For p(x) =1, Q = unit disc in R? Figs. 1-4 illustrate the
geometry of the situations described above both when I'y = T" and when T, is
a small subarc of T".

Q x {T} t=T
AN 7
N AT .7 T
TSy N ==
K(I;O,T)‘\](Z)’/ K( :QT) 2
PN
- N
Z
e AN
Yt=0

FiG. . Ty is a subarc of T, T < 2T, Fic.22. I'y =TI, T<2T,
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K(T, 0,T)

A N L
4 \\
s
Somm =2
s N
/ h
4 0 \‘
Qy .
F1G. 3. Ty is a subarc of I, T > 2T, Fic.4 I'y =TI, T>2T,

4. Noncontrollability for 7" < 2T,. Since the reachable set Ry is a linear sub-
space of the Hilbert space Hy, Ry fails to be dense in Hy, just in case there is a
nonzero element of Hy which is orthogonal to all elements of Ry. In view of our
definition of Hy in terms of equivalence classes of states in H; modulo the zero
energy states, we see that R, is dense in Hy, if and only if the equations

(4.1) f (pO)W{ (x, T)ox) + wilx, T)A(X)D(x)) dx = 0,  f€F,
Q
where 9, 0, is a fixed element of H,, imply that §, = 0, ¥ = const.
When T < 2T, the subset J of Q given by
J = {xl(x, T/2) e J(T/2)}

is a nonempty open set. Let #i(x), 7;(x) be a state in H; such that (i) #(x), §,(x) has
nonzero energy norm, (ii) #(x), 7,(x) € C*(€) and vanish outside a compact subset
of the interior of J.

We now permit the state #(x), 7,(x) to evolve, via the partial differential
equation with

T T
v(x,i) = #(x), v,(x,j) = J(x).
We put
4.2) 0x) =vx, T),  (x) =u0v(x,T)
and note that (2.1), (2.4) imply conservation of energy so that
1@, 2l = 11D, DIl # 0.
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Now our requirement (ii) on @, §, guarantees that v(x, t) e C*(Q x [0, T]), as
does w/(x, t) for each feF. This enables us to apply Theorem 1 to show that
(4.1) holds if and only if v(x(s), t) = 0 for (x(s), ) e I'; x [0, T].

It is easily seen that the fact that K(I';,0,T) N J = J implies that the
interior of K(I'y,0, T) does not meet K*(J, T/2) U K~ (J,T/2), the cone of
influence of (J, T/2). Well-known results for hyperbolic partial differential equa-
tions [6] then show that v(x,t) =0, v(x,¢) =0 in K(I';,0, T). But I'; x [0, T]
< K(I';, 0, T) so we conclude that v,(x(s), t) = 0, (x(s), t) e I'; x [0, T]. Therefore
(4.1) must hold for the nonzero energy state 9, 9, and we have proved the following
theorem.

THEOREM 2. The system (2.1), (2.2) is not approximately controllable in time
Tif T <2T,.

This theorem may be compared with comparable results [1], [2] for hyper-
bolic systems in one space dimension.

S. The Holmgren—Fritz John uniqueness theorem. The uniqueness theorems
of Holmgren and Fritz John (8], [9], applied to the case we have in mind, reduce
to the following theorem.

THEOREM 3. Let u(x,t) be a twice continuously differentiable solution of
L(u) = 0 (cf. (2.1)) in K(T'y, tg, ty), [to, t1] < [0, T], with

(.1) u(x(s), DAx(S)n(x(s) = 0,  u(x(s), 1) = 0,

(x(s), ) ey x [tg, t,].
Then

(5.2) ux,t) =0 in K(I'y, ty, ty).

The proof of this theorem is detailed in the works cited. However, we need
to strengthen the theorem somewhat for our needs and this strengthening requires
that we have some details of the proof. For this reason we give a short proof of
Theorem 3. An important part of the proof is the lemma stated below, which we
do not prove. See [9] for details in certain cases.

LemMA. If (X, ©) lies in the interior of K(T'y, t,,t,), there is a uniformly time-
like family of surfaces S(A), 0 < A =< 1, with the following properties :

(1) S(A) is a compact subset of a relatively open analytic (n — 1)-dimensional
surface

(i1) S(A) varies analytically with respect to 1,0 < 1 £ 1,

(iii) S(A) = K(I'y, tg,t1), 0 <A =1, and S(0) is a subset of the interior of

Iy x [0, T];
@iv) If 0 < 4 =1, then S(0) U S(A) is the boundary of an open subset D(4)
< K(I'y, ty, t1) and (X, t) € D(1).

Assuming this lemma, we proceed.

Proof of Theorem 3. The uniformly time-like character of the surfaces S(1)
together with the analyticity of these surfaces enables one to employ the Cauchy—
Kowalewski theorem [6] to show that there are n-dimensional neighborhoods
N(4) of the surfaces S(4) such that if analytic Cauchy data for z are prescribed on
S(4), there will be a corresponding unique analytic solution z(x, t) of L(z) = 0 in
N(A). Since the equation L(z) = 0 is linear, N(4) depends only on S(1), not on the
particular Cauchy data. Moreover, N(4) varies continuously with 4, 0 = 1 < 1.
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Thus for sufficiently small A > 0, S(0) = N(1) and the analytic solution z(x, t) is
defined throughout the domain D(A) which is bounded by S(0) and S(A). We
consider the identity

0= f (uL(z) — zL(u))dx dt
D(3)

—uz.a; + zu.a,

(5.3) = div | —uz.a, + zuea, | dxdt
D(2) X,t
puz, — pzu,

= f (—uz,An + zu An + nopuz, — nepzu,) do,
S(0)uS(A)

where do denotes integration with respect to surface area on S(0) U S(A) and
( '1) is the unit outward normal to S(0) U S(1) in R"*", defined in the relative
Mo

interiors of S(0) and S(2). We observe that n, = 0 on S(0), and that (5.1) holds
on S(0) since S(0) = I'; x [0, T]. Thus (5.3) reduces to

(54) [ wtnopz, — zeAm + zrops, — u.m) do = 0.

S(a)

We choose analytic Cauchy data for z on S(4) as follows: we put z = 0 on
S(4) and we take the normal derivative of z across S(A) to be an arbitrary real-
valued analytic function o, i.e.,

(5.9 z(x(0), H(0)) = 0, (x(0), t(0)) € S(A),
(5.6) z,(x(0), t(o)n(0) + z(x(0), Ho)nolo) = alo), (x(0), o)) € S(4).
The equations (5.5), (5.6) together imply that

(5.7)  (zx(0), 1(0)), z{x(0), 1(0))) = «(0)(1'(6),n0(0)),  (x(0), #(a)) € S(4).
Substituting (5.7) and (5.5) in (5.4) we obtain

(58) [ wtotno? — wanydo = 0.
S(A)
Since S(4) is uniformly time-like, we have
(5.9) p(x(0))(no(0))* — 1'(6)A(X(0))n(0) = (o) £ =Py <O
for all values of the vector ¢ parametrizing S(A). The equation (5.8) becomes
f uafdo = 0.
S(a)

Since this equation holds for all real analytic functions «, we conclude

u(x(0), t(0))B(0) =0,  (x(0), (o)) € S(4),
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and, since (5.9) shows that f never vanishes, we have
u(x(0), o)) =0,  (x(0), t(o)) € S(A).

Repeating this argument on surfaces S(1), 0 < p < A, which sweep out the interior
of D(1), we conclude

ux,t) =0, (x, t) e D(4).

We now let I denote the largest subinterval of [0, 1] which includes 0 and
has the property that u = 0 on S(/) if 2 € I. We have seen above that I is nonempty.
Essentially the same technique can be used to show that I is open. But it is obvious

that I is closed, and we conclude, from the connectedness of [0, 1], that I = [0, 1].
Thus

ux,t) =0, (x,t)e D(1),
and, since (X, ) € D(1), we have
u(x, i) = 0.

Since (X, f) is an arbitrary point in the interior of K(I';, t,, t;) and since u is con-
tinuous in K(I'y, ¢4, t;), we see that (5.2) follows and the proof is complete.

6. Controllability for 7 > 2T, n < 3, Let the state (0, 9,) lie in the finite
energy space Hp, and suppose that for all f'e F we have

(6.1) L (pCe)w/ (x, T)D(x) + WLx)A(x)DY(x)) dx = 0.

If this implies #,(x) = 0, §(x) = const., then R} is dense in the Hilbert space Hy
and we have approximate controllability.

Let v(x, t) be the generalized solution in Q x [0, T'] of the partial differential
equation L(v) = 0 corresponding to homogeneous boundary conditions (2.4). If
v(x, t) were smooth, say ve C* (Q U I') x [0, T]), the proof of our controllability
result would not be difficult. Applying Theorem 1 we would get v(x(s),t) = 0
for (x(s), t)e 'y x [0, T']. Putting u(x, t) = v(x, t), we would have a solution of
L(u) = 0 satisfying the hypotheses (5.1) of Theorem 3 and we could conclude
v,=u=0in K(I'y,0, T). If T > 2T, the set K(I'{, 0, T) includes Q x [T/2 — ¢,
T/2 + ¢] for some ¢ > 0. If v, vanishes in Q x [T/2 — ¢, T/2 + &), then v,(x, T/2)
= 0 which would imply Zf j=1 (@ (x)vix, T/2)); = 0. Thus v(x, T/2) would be a
solution of the elliptic boundary value problem

(6.2) ‘2 (aij(x)vi(x,%))l =0, xeQ,
T
(6.3) vx(X(S),E A(x(s)n(s) =0,  x(s)eT.

It is clear that the only solutions of (6.2), (6.3) have the form v = const. Thus we
would have v(x, T/2) = 0, v(x, T/2) = 0 which would show that &((-, T/2),
v+, T/2)) = 0. Since solutions of L(v) = 0 with boundary conditions (2.4) conserve
energy, we could then conclude &(-, T), v,(-, T)) = &(, d,) = 0, so that 9, = 0,
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D = const. and the proof would be complete. In fact, under these conditions we
could obtain the result for T = 2T, also and there is nothing special about n < 3.
Unfortunately we are not at all justified in assuming such smoothness for
v(x, t). A rigorous proof requires that we allow (9, ?,) to be an arbitrary finite
energy state. All this gives us is that §,e L*(Q) and §,e L*(Q), i = 1,2,---,n
The generalized solution v(x, t) is no smoother. For this reason it becomes a
nontrivial task to justify the argument presented above. In the present paper we
will give such justification only for n < 3, T > 2T,. The result undoubtedly
remains true for larger values of n and for T = 2T, but rather involved arguments
seem to be required. Fortunately, n < 3 includes most cases of physical interest.

THEOREM 4. If (0,D,)€ Hy is such that (6.1) holds for all fe F then 9, = 0,
b = const. provided n = 3, T > 2T,. Thus the system (2.1), (2.2) is approximately
controllable in time T > 2T, when n < 3.

Proof. Let v(x, t) be the generalized solution of L(v) = 0 with homogeneous
boundary conditions (2.4) and satisfying the terminal conditions v(x, t) = #(x),
v(x, T) = d(x). Let (*, 5¥) be a sequence of states in H converging to (9, #,) in the
energy norm as k — oo. Moreover, (8%(x), ?¥(x)) e C*(Q U T') and satisfy the con-
sistency conditions

(6.4) DXx(sNAX()n(s) = 0, Dix(sNA(x(shn(s) = 0,  x(s)e T

One way in which this could be done is to expand (x), 9,(x) in terms of the eigen-
functions ¢ (x) of the operator B introduced in (2.3):

0

ﬁ(x) = Z aj(pj(x)a vt(x Z ﬁj(pj(x

=0
and take

k

= Y a0, o)=Y B
j=0

j=o

For k =0,1,2, --- let v*(x, t) be the C* solutions of L(v*) = 0 which satisfy the
terminal and boundary conditions

(x, T) = t(x), k(x, T) = tM(x),

(6.5) .
vx(x(s), DAX(s)n(s) = 0,  (x(s),)e T x [0, T7.

It is known [6, Chap. VI] that for each fixed t;, 0 < t; < T, the states (v*(-, t,),
(-, t;)) converge to (v(-, t;), v(-, t;)) in the space Hy; in fact, this is just a conse-
quence of the energy conservation.

Since

(6.6) Jlim [0, &) — (@ 09 =0
and (6.1) is assumed to hold, we have

lim [pwfﬁ" + wlAD¥]dx = 0.

k—
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Performing a computation similar to that in the proof of Theorem 1, we conclude
that for each fixed fe F,

(6.7) lim v¥fdsdt = 0.
k=o0 Jryx[0,1]
Let us now define functions D™ p, j = 1,2, - - -, for x e Q by

t

@ o0 = |

T

v(x, 1) dt, (DU Dy)(x, 1) = ft (D7) (x, 1) dt.
T

We define D™/v* similarly and verify without difficulty, since the v* satisfy the
evolution equation (2.3), that

@ e W= TP — Ty
—(D7*) + B(D™v¥) = ¥ T ¥ TEETR

dt
(D™)(T) = (D™W*)(T) =0,

(6.8)

forj > 2.
A result proved in [14, Theorem 1.19, p. 486] shows that the inhomogeneous
linear initial value problem
2

d*r

T + Br = g(1), HT)=r(T) =0,

where g:[0, T] — L%(Q) is continuously differentiable with respect to t, has a
unique solution r such that r,(t;) € L*(Q) and r(t,) lies in the domain A(B) = L*(Q)
of the unbounded self-adjoint operator B for 0 < t; < T. Moreover it is also
shown in the theorem cited that there are constants M, M, such that

(©9) |Brit.)l < Mo sup_llg@) + My sup &)l

uniformly for all ¢, € [0, T], where ||| denotes the usual norm in L*Q), and it

is also shown that Br(t) is continuous in ¢t with respect to the norm |- | .
Applying this theorem we see that, for j = 2, D7 Jv lies in A(B) and solves

d? ‘ ‘ (t— Ty ! (t— Ty ?

o D—J D-—-J B A

g2 P70+ B = 0 O oy

(D™9)(T) = (D™ Pv)(T) = 0.

Further, (6.9) together with (6.8), (6.10) shows that

(6.11) lim IB(D™/v)(+, ) — BD™W)(-, 1)l = 0

(6.10)

uniformly for 0 <t < T.

Now the operator B is uniformly elliptic and we can apply known results
from the theory of elliptic boundary value problems [15, Theorem 9.11, p. 132 and
Remarks, p. 148] to show that the fact that D~ 7v € A(B) together with (6.6) implies
that D~ Ju(-, t) lies in the space H,(Q) (for definition of H,,(Q), see [15])for0 <t < T,
(D7) (-, 1) 5.0 is continuous and uniformly bounded for 0 < t < T, and

(6.12) lim I(D™70)(-, 8) = (DT (-, D20 = O
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uniformly for 0 < ¢t < T, where |- ||, o is the norm in H,(€), the sum of the integrals
of the squares of the partial derivatives of order <2.

The theorem of Sobolev [15, Theorem 3.9, p. 32] states that if re H,(Q),
then r can be modified on a set of measure zero so that re CY(Q U I'), provided
lis an integer such that | < m — n/2. Form = 2, wehave 0 < 2 — n/2 whenn < 3,
so, for such n, re H,(Q) implies re C°%(Q U I'). Moreover, if ||-||, denotes the
usual “sup” norm in C°(Q U I'), we have

[rlls < aollrllz,0 + aglrll-

Applying these results with r = D™/, j > 2, the uniform boundedness and
continuity of ||(D~/v)(-, ) ,.qand (6.11), we conclude that (D™ v)(x, t)is continuous
for (x,H)e(Q U T) x [0, T] and

(6.13) ,!im (D™ (x, t) = (D" Iv)(x, 1)
uniformly for such (x, t).

Having now obtained the continuity of (D~ ?v)(x, t) we return to (6.7). In-
tegrating by parts three times, we conclude that for all f e F,

lim (D™ f,,, dsdt =0
k> Jr x[0,T]

which with (6.13) implies
(6.14) f (D™ %v)f,,dsdt =0, feF.
1 x[0,T]

Taking account of the fact that f and all its derivatives vanish outside a compact
subset of I'; x (0, T), (6.14) implies that (D~ 2v)(x(s), t) is a polynomial in ¢ of
degree at most 2 whose coefficients are continuous functions of x(s), for all (x(s), ¢)
eI'; x [0, T7]. Let 0 be a small positive number. We define the third order difference

Adr(x,t) = r(x, t + 38) — 3r(x, t + 28) + 3r(x, t + 8) — r(x, b)

for any function r defined on Q x [0, T]. The function A3r is defined on Q x [0,
T — 34] and possesses all smoothness properties of r(x, t). Applying this difference
operator to D~ %v and D~ %" we obtain functions

a(x, 1) = AXD™?0)(x, 1),
(6.15)

uk(x, t) = A3(D™ 2% (x, 1), k=0,1,2---.
From (6.8), (6.10) we see that
d*i o dPuk B
d7+Bﬁ—0, L(u)——dt—2+Bu—0,

the u* satisfy the homogeneous boundary conditions
(6.16) uy(x(s), DAC(Nn(s) = 0, (x(s),)e T x [0, T — 34],

while f(x, t) is continuous, (-, t) lies in A(B) (which means {i(x, t) satisfies the
boundary conditions i (x(s), t)A(x(s))n(s) = 0, (x(s),t)e " x [0, T — 3] in some

L(@) =
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sense which we need not specify) and, from the fact that D~ ?v is a polynomial of
degree at most 2 on I'; x [0, T], we have

(6.17) ax(s), ) =0,  (x(s),)ey x [0, T — 35].

Now we refer back to Theorem 3, or, more precisely, its proof. We let ¢, = 0,
t; = T — 36 and define the surfaces S(4) as we did there. We define z as we did
there and put u* in place of the function u of Theorem 3. Repeating the calculations
following (5.3), we see that

J (— 'z, An + zuiAn + nopu¥z, — nopzuy) de = 0.
S(0)uS(A)

On S(0) we have ny(s) = 0 and u*4n = 0. Defining « and B as in the proof of
Theorem 3 and recalling z = 0 on S(1), we have

f wkaf dop = J u*z An ds dt.
S(2)

s(0)
Now u* converges uniformly to fiin (Q U I') x [0, T — 36], so we have

fiaf do = J iz, Andsdt =0
S(0)

since @ obeys (6.17). As in Theorem 3 we conclude that i = 0 on S(4). A continua-

tion process similar to that described in Theorem 3 can be used to show that

## = 0 on every surface S(4), 0 < 4 < 1. Then, just as in Theorem 3, we conclude
that

S(4)

i(x,t) =0, (x,t)e K(I'y,0, T — 39).
Now if T > 2T,, we have

2 2

if ¢ and & are both chosen sufficiently small. (We need ¢ + 36 < T/2 — T,.) Thus
we have, for small ¢ and 9,

T
Q x [I——s,—-i-s] c K(I'4,0, T — 30)

(6.18) i(x,t) =0, xeQ, %—s§t§§+s.

Returning to the definition (6.15) we see that if (6.18) holds for all small &, then
it must be true that for T/2 — e <t < T/2 + ¢, (D™ ?v)(x, t) is a polynomial in ¢
of degree not greater than 2 with coefficients which are functions of x lying in
A(B) (since D™ %v € A(B)). Differentiating D~ ?v twice with respect to t in T/2 — ¢
<t < T/2 + ¢, we see that there is a function #(x) with & € A(B) such that

T
v(x,t) = #(x), xeQ, 5_8§t§ + e.

2
But if v(x, t) is a generalized solution of d*v/dt*> + Bv = 0 such that v e A(B) and
v(x, t) is constant with respect to t, then we must have

Bu(x, t) = Bi(x) = 0.
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But the only elements & € A(B) for which B = 0 are of the form & = const. There-
fore, for T/2 — ¢ St Z T/2 + ¢,

v(x, t) = ¥(x) = const,, v(x,t) =0.

Since the energy associated with the generalized solution v(x, t) is constant, we
conclude that v(x, t) = #(x) = const., v(x, T) = d,(x) = 0 and the proof of Theorem
4 is complete.

Acknowledgment. I should like to express my appreciation to Professor J. L.
Lions of the University of Paris whose suggestions in a 1966 letter provided the
germinal idea for the proofs presented in this paper.
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ON OPTIMAL CONTROLS FOR MEASURE DELAY-
DIFFERENTIAL EQUATIONS*

P. C. DASY anp R. R. SHARMAT

1. Introduction. In recent years it has been a matter of interest to study the
systems described by differential equations containing impulses which cause
discontinuous changes in the values of the state variables of the system. Such
systems include pulse frequency modulation systems and models for biological
neural nets. (See [10], [11] and the references given therein.) Schmaedeke [13]
has considered the control system described by the equations

dx' . mo g
(1.1) o =S RE  xt u) + j; g0
i:l,z,...’n’

in which the control inputs u/(t) may have discontinuities of the first kind giving
rise to impulse control input du’/dt. He developed the theory of the equations (1.1)
when the control functions w/(f) and the solutions x(¢) are functions of bounded
variation and the derivatives dx'/dt and du’/dt are taken in the sense of distribution
derivatives, to be denoted by Dx' and Du’ respectively, which can be identified with
Stieltjes measures. He then considered the existence of optimal control for the
system given by (1.1). But in this optimal control problem the coefficients g}
of the impulsive controllers may be expected in many cases to depend not only on ¢
but also on the state variables x'. Moreover, the system may have hereditary effect.
Due to these considerations an attempt has been made in this paper to generalize

the results in [13] by considering the control system described by delay-differential
equations

Dx(t) = fit,x}, x2, -, X" u',u?, -, u™)
(1.2) mo .
+ > g, xt, x), e xpout u?, - u™Dul(o), i=1,2,---,n,
j=1
where x! represents the restriction of the function x(s) on the interval p(f) < s
< q(t), p and g being real functions with the property p(t) < ¢(t) < t for each ¢;
for each fixed ¢, f* and g} are functionals defined on the space BV([p(), q(1)]);
and u/(t) are right continuous functions of bounded variation. If the g’ depend
only on t, and p(t) = q(t) = t so that x! = x(¢), then (1.2) coincides with (1.1).
Throughout this paper, the (Stieltjes) integrals are taken to be Lebesgue
(-Stieltjes) integrals. This requires in the proof of Theorem 1 a careful use of the
integration by parts formula which does not always hold for Lebesgue—Stieltjes
integrals. (In the corresponding theorem in [13] the integral used is actually
Riemann-Stieltjes, though it has not been stated explicitly there.)

* Received by the editors May 14, 1969, and in final revised form March 18, 1970.
+ Department of Mathematics, Indian Institute of Technology, Kanpur, India.
I Department of Mathematics, Regional Institute of Technology, Jamshedpur, India.
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2. Preliminaries. Let Q be a subset of n-dimensional Euclidean space E".
We denote by C2(Q) the class of infinitely partially differentiable complex func-
tions, defined on Q, which have compact support. C*(Q) is a normed linear space
with addition, scalar multiplication and norm defined by

Wy + ¥r)(x) = Yi(x) + ¢i(x),
() (x) = ap(x),
Y1l = sup y(x)l.
A continuous linear functional defined on C?(Q) is called a distribution on Q.

It follows from the Riesz representation theorem that any distribution F on Q
can be identified with a complex Borel measure u by the relation

@.1) Fy) = f ydu,  YeCPQ.

If a distribution F is given by (2.1) and g is a u-integrable function, then we define
the product gF by

2.2) F)() = L gUdpn,  YeCr©.

It is easy to see that gF is a distribution on Q. A distribution F on an interval I
is to be identified with the Lebesgue—Stieltjes measure dh(t) if for every closed finite
interval J contained in I, h(t) is of bounded variation on J and

2.3) Fy) = j (e) di(s)

for all y € CX(J). A distribution F on an interval [ is to be identified with a point
function f'if for every closed finite interval J contained in I, fis integrable on J and

2.4) F) = Lf(t)w(t) t

for all Y € CX(J). The derivative DF of a distribution F on I is a distribution
defined by

25) DF() = —F(y/), ‘= djdt.
For any vector x = (x!, x?, ---, x") € E", the norm will be defined by
(2.6) x| = Z |xi].
i=1

The norm of an n x m matrix G = (g}) will be defined by

M=
M=

@7 Gl =

13

g3l

1j=1
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The space BV(I) is defined for an interval I and consists of all scalar functions

fon I which are of bounded variation. If a is the left endpoint of I, then the norm
of fis

(2.8) Iflr =o(f D +[fla+),

where v(f, I) denotes the total variation of fon I. With this norm the space BV/(I)
is a Banach space. The space BV(I), is defined for an interval I and consists of all

vector functions f with values in E" whose individual components belong to
BV(I). The norm of fis

n

Iflle= 2 1f0 =Y {(fs D+ 1 f(a+)l}
i=1 i=1
=o(f, D) + | fla+).
With this norm BV(I), is a Banach space.
3. Existence and uniqueness of solutions. Let S be a domain (an open con-

nected set) in E". The set of all functions in BV(I), with values in S will be denoted
by BV(I, S). Let a, f and t, be numbers such that

—w=Sa<ty<f=o0.

In what follows, the interval [a, t,] will be understood to be (— oo, to] in case
o = —o0; similarly, if § = oo, the interval (¢, f] will mean [t,, c0). Let p and
q be two real functions defined on [t,, ] and satisfying

asplt)sq) st
for each t. We define the interval

I, = [p(9), q(1)].

Let x, denote the restriction of the function x(tr) on the interval I,. For each
te(ty, f], we define

(3.1 R, = {(t, x)Ix e BV ([0, t], S)}
and let R be defined by
3.2) R= U R,

tefto,pl

Let f(t, x,) be an n-vector functional and G(t, x,) an n x m matrix functional defined
on R. Let u(t) be a right continuous m-vector function of bounded variation
defined on [ty, f]. We assume that for each given x e BV([a, f1,5), f(t,x,) is
Lebesgue measurable and G(t, x,) is integrable with respect to the Lebesgue-
Stieltjes measure du(t) on [t,, ]

Consider now the delay-differential equation

(3.3) Dx = f(t, x,) + G(t, x,)Du, t> to,

where the operations of differentiation are to be understood in the sense of dis-
tribution derivatives with respect to the real variable t¢. Since the distribution
derivative Du of a function u of bounded variation can always be identified with
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a Lebesgue-Stieltjes measure, we shall call (3.3) a measure delay-differential
equation.

DEerFINITION 1. A function x(t) is called a solution of (3.3) on an interval I,
[o, to] € I < [a, f], with the initial function ¢ € BV ([a, to], S), if

(i) xe BV(L, S),

(i) x(t) = @(t) for tela, ty],

(iii) x(z) is continuous from the right on I N [t,, 81,

(iv) x(z) satisfies (3.3) on I N (¢q, B.

Consider the integral equation

(1) for te[a, to],

— t t
(34) x(0) = o(to) + J (s, x)ds + f G(s, x;) du(s) for t > t,.
to to
DEFINITION 2. A function x € BV/(I, S) is called a solution of (3.4) on the interval
L o, te] € 1 S [o, ], if it satisfies this<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>