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BOUNDARY CONTROL OF TEMPERATURE
DISTRIBUTIONS IN A PARALLELEPIPEDON*

H. O. FATTORINIf

Abstract. Let u0 be the temperature distribution of a homogeneous parallelepipedon at time
O. We study the problem of regulating the boundary temperature of the parallelepipedon in such

a way that the temperature distribution at time T coincides with a function fixed in advance.
The problem is shown to have a solution under some restrictions on the final temperature distribution.

1. Introduction. We consider the n-dimensional heat flow equation

(1.1)
c3t

Au c
2= cx’

0 =< x =< X (1 =< j =< n), 0 __< =< T, > 0. This equation governs the evolution
of the temperature distribution of a homogenous "body" occupying the n-
dimensional parallelepipedon P defined by the inequalities 0 =< x =< X (1 =< j

=< n), where X, X2,’", X, are fixed positive numbers. We assume that the
temperature u(x, t) u(x, x2, t) satisfies the boundary conditions

(1.2) u(x, t)= f(x, t) (x B boundary of P, 0 =< =< T),

where f is interpreted as a control or steering function by means of which we try
to influence the evolution of the temperature distribution u(x, t) in the whole body
in a sense to be defined below.

The controllability problem for the system (1.1), (1.2) can be formulated as
follows. Given an initial condition

(1.3) u(x, O) Uo(X)

and a final condition

(1.4) u(x, T) ur(x),

can we find a control f such that the solution u(x, t) of (1.1), (1.2), (1.3) also satis-
fies (1.4)?

To consider this problem we shall need the standard existence theorem for
(1.1), (1.2), (1.3), namely, the following.

THEOREM 1.1. Assume that Uo is continuous in P, that f is continuous in
B x [0, T] and that

(1.5) Uo(X) f(x, 0), x B.

Then there exists a unique solution u of (1.1), (1.2), (1.3). Moreover, u is continuous
inP [0, T].
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For a statement and discussion of more general results than Theorem 1.1
see A. Milgram’s appendix to [1]; note that P x [0, T] satisfies the "cone con-
dition" there. A proof for the case n 1 can be found in [11] in a way easily
generalizable to the case n > 1. Note, finally, that "solution" is understood in the
classical sense; u has continuous derivatives up to the order of the ones appearing
in (1.1)--in fact, of all orders--in the interior of P [0, T]. Continuity of u in
all of P x [0, T] guarantees that condition (1.4) can be given meaning.

It is possible to deduce from the results in [3] .certain density results for the
set of all UT such that the controllability problem has a solution, keeping u0
fixed, and also interchanging the roles of u0 and UT. We improve here these results
by giving precise sufficient conditions on Uo, UT in order that the controllability
problem should have a solution (Theorem 4.1 and Corollary 4.3). In particular,
these conditions show that the null controllability problem (UT 0) always has a
solution. As can be expected from the smoothing properties of the heat equation,
the conditions on UT for solution of the controllability problem are rather severe.

The same type of problem for parabolic equations in one space variable was
treated in [4] by reduction to a moment problem. It was pointed out to the author
by D. L. Russell that the present problem can be reduced to a family of moment
problems that must be "uniformly" solved in a certain sense. This calls for uni-
form estimates on the norms of certain biorthogonal sequences, a task that has
been carried out in [5] for different classes of sequences (we note that the estimates
in [5] are applied there to the solution of the controllability problem in a sphere
in n-dimensional space). It should be pointed out that, although the present
results are of a much more elementary nature than those of [5], they are not con-
tained in them; on the other hand, we have not made any effort to minimize over-
lap between the present paper and [5] in order to keep it reasonably self-contained.

A solution of the controllability problem for an arbitrary bounded domain
in n-dimensional space has very recently been announced by Russell (private
communication). However, the characterization of the final states UT is less
precise than the one given. Besides, the case considered here has two more inter-
esting features of its own. First, it turns out that we do not lose much, in a quali-
tative sense, if we apply control in only one of the 2 faces of B, instead of doing
it on all of B. Second, one can deduce sufficient conditions on UT for solution of
the controllability problem that do not depend on its Fourier coefficients and
are, besides, very simple to check. These two observations should be compared
with the results in [5] for a similar situation.

The moment problems mentioned earlier are obtained in 2. These prob-
lems are solved in 4, after all the necessary estimates on the norms ofbiorthogonal
sequences are carried out in 3. Section 4 ends with a proof that the results are,
in a suitable sense, best possible.

2. Reduction to moment problems. Let A be the operator in L2(P) defined by

(2.1) Au Au

with domain D(A) consisting of all functions u L2(p) such that Au (understood
in the sense of distributions) belongs to L2(P) and

(2.2) u(x) O, x e B.
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It is well known (see [3]) that A is self-adjoint and has pure point spectrum;its
eigenvalues are 2}, where

2 2(2.3) 2, x(c12e2 + c2e22 + + c,e.).

(Here e (el, e2, "’", e.) is an arbitrary vector of positive integers and c rt/X,
1 =< j =< n.) The (normalized) eigenfunction corresponding to 2, is

(2.4) qg, 2n/2(X1X2 Xn)-1/2 sin c11xl sin c.e.x,.

Assume Uo, f satisfy the assumptions in Theorem 1.1 and let u(x, t) be the solution
of (1.1), (1.2), (1.3) provided there. Given a and T > 0, define

w,(x, t) e’"-r)qg,(x), 0 <= <= T.

Then

Ot
xAw"

in P x [0, T]; moreover, w, vanishes in B x [0, T]. It follows from the divergence
theorem that

O=
l Ot

xAu dx dt
[0,T]

(2.5) fp tl(x, T)qg(x) dx e- ’T fp tlO(x)qg(x) dx

fo+ e-r-) dt f(x, (x) d,

where / and d indicate, respectively, the outer normal derivative and the
element o area in B. We assume rom now on thatf vanishes in all but one of the
2 (n 1)-dimensional aces that make up the boundary of P (the effect of this
as regards the controllability problem will be examined in 4). Obviously, we
may assume that the part o B where f does not vanish is

Bo (x B; x, 0).
In Bo we have

(2.6)
O--qg(x) 2"/2nx,(X1 X,_ 1)l/2x 3]2 sin clxl sin c,_ 1.- ix,-

B,2("- 1)/2(X Xn -1)- 1/2 sin c 101x sin c,_1,- ix,-

-Bo.qa(y),

where we have set /3 (0 1, ..., 0, ), y (x, ,x, 1), B 21/21T,X -3/2

Clearly, {r/(y)} is a complete orthonormal system in Bo; moreover,

Ir/a(Y)l-< (2 2("-1)/2(X1 Xn- 1) 1/2 yeBo.
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Assume that the controllability problem of 1 has a solution f, continuous
in Bo x [0, T] for some initial state

(2.7) Uo(X) gq(x)

and some final state

(2.8) uT(x) vjpi,(x).

Let, for each fl,

(2.9) gt(t) | g(y, t)rl(y) dy

where g(y, t) f(y, T- t). Then we deduce from (2.5) that g must be a solution
of the moment problem

(2.10) e- ’g(t) dt -(e-r# v)/B,,, ,, 1,2, ....
0

These moment problems will be solved in the following way:let be fixed and
denote by {0}, e 1, 2..., a sequence biorthogonal to exp (-2j) in (0, T),
that is, such that

ff O,(t) e-" dt

(here 6 is the Kronecker delta, ’ (e, ..., e,_ a, ’,)). Then, at least formally,

(2.11) ga(t)
n

is a solution of (2.10). As for g, it will be given by the expression

(2.2) g(y, t) ga(t),a(y)

provided that (2.11) and (2.12) are shown to be convergent in suitable topologies.
This will be justified in 4 by means of precise estimates for a particular bi-
orthogonal sequence.

3. Biorthogonal sequences. Let A {2n} be a sequence of real numbers such
that 0 < Ro < R1 < "-’,

The distance d(n) in L2(0, ) from e-a" to E("), the subspace generated by
{e- k # n}, has been computed by Kaczmarz and Steinhaus [6, Chap. III, 6].
We have

1
(3.1) (n)

(2.) /: =o + . n 0

Here ’ means that the term corresponding to k n should be omitted from
the infinite product.
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If r. is the unique element of E") that lies closest to e -z"t, then it is plain
that the sequence

(3.2) qt,(t) d(n)- 2(e- -’ rn(t)), n O, 1,...,

is biorthogonal to the sequence e-.t in L2(0, cx3). Moreover, it is the biorthogonal
sequence with smallest possible norm. For, if {,} is another such sequence, then, q, belongs to E+/- (E is the subspace of L2(0, cx3) generated by all the exponen-
tials {e-k"’}). Accordingly, , ft. + qg, (qg, E+/-) and, as ft, E,

(3.3)

(here and afterwards, [l" indicates the norm in L2(0, 0(3)). The norm of q, can
be easily computed from (3.2);

I1,11 lid(n).

We shall apply these observations to the sequence (or, rather, family of sequences)

(3.4) 2o tr, ’n con2 -F #, n 1,2,-...

Here a, o9 are fixed positive numbers (a < 09) and # is a parameter varying in
the interval [0, oo). We deduce that, for each # >_ 0 there exists a sequence
{qG,,o,,,(t); n >= 1} in L2(0, oe), biorthogonal to {e-’"’/)’; n >= 1} such that

(3.5) e-"q.,o,,,,,(t) dt O, n >_ 1, >= O.

According to (3.1) and (3.2),

(3.6)

Let E(o), a, #) be the subspace of LZ(0, oo) generated by the exponentials
{e-"t" n >= 0} where the 2, are given by (3.4), and let Er(cO, a, #) be the subspace
of L2(0, T) generated by their restrictions to (0, T). It follows from a result of
L. Schwartz [10] that the restriction operator Qr(o9, a,
has a bounded inverse for each/ _> 0, A slight modification of his argument (see
a more general result in [5]) yields the following lemma,

LEMMA 3.1. For each T > O,

(3.7) sup IIQr(o, a, #)- 11 Ko,,(T) < c.
t>__o

Proof. Assume the conclusion of Lemma 3.1 is false for some T > 0. Then
there exists a sequence {p,,} of exponential polynomials

Pro(t) Z amn e-(tn2+ #(m))t _. bm e-’t

q,.(t) + b,. e -’
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such that

(3.8) IlPmll
while

(3.9) [IPmllt0,r) "--} 0 as m

(here I1" Ilto,r indicates the norm in L2(0, T)). If q.,,o,.,, is the sequence in (3.6),
clearly a,. (p,., 0.,o,.,.) ((’, ") is the scalar product in L2(0, oe)). Hence,

(3.10) I%.1 <- C e"+ 21(m)/)’/z, m, n >= 1.

(Here and in subsequent estimates C indicates a positive constant--not neces-
sarily the same for different inequalities--independent of the parameters subject
to variation, in this case n and/.) Let p > 0 and z be a complex number such
that Re z >_ p. Then it is easy to see that (3.10) implies

(3.11) Iqm(Z)[ <= C e -’sez, Re z >__ p, rn >__ 1.

Accordingly, we can apply Montel’s theorem on normal families of holomorphic
functions to deduce that, if necessary, passing to a subsequence, {q,.} converges
uniformly on compacts of Re z >= p to a holomorphic function q" in view of
(3.11) and of the Lebesgue dominated convergence theorem, q,. --. q in LZ(p, o(3).
From this and from boundedness of Pm we deduce boundedness of b,.e -’ in
L2(p, oe)" then, if necessary, passing again to a subsequence, we deduce that

(3.12) Pm q + b e-"’ in L2(p, ).

If we combine (3.12) (say, for p T/2) with (3.9) we see that Pm converges in
L2(0, ) to a function that must vanish almost everywhere in (0, T)" since
q + b e-’ is holomorphic, it must be identically zero, which is impossible in
view of (3.8). This ends the proof of Lemma 3.1.

Now define

(3.13) .,,,,.,r(t) e- ’{[Qr(# + a)- 1]*q.,,,,,,. +), (t)

for n >= 1, # >= 0. A few simple manipulations show that the sequence O.,,o,.,.,r is
biorthogonal to {e-’"2+")" n => 1} in L2(0, T) for any/ __> 0 and that

(3.14) O.,o,,,.,r(t) dt O, n >= 1, la >_ O.

Integrating by parts the biorthogonality relations and taking (3.14) into account
we deduce without difficulty that the sequence

O.,,,,.,r(t) (con2 q-- /) tn,o,r,u,r(s ds, n >= 1,

is as well biorthogonal to {e -’"2+")’’ n >= in Lz(O, T). It follows from (3.13)
and from Schwarz’s inequality that the LI(0, T)-norm of .,o,.,u,r(t) does not
exceed

(2r)-l/ZK,o,.(T)llO.,o,.,u+. I.
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Then,

(3.15) I,,o,,,u,T(t)l =< K,o,,(T)R,,,o,,,u, 0 <= <= T, n >__ 1,

where we have set

(3.16) R,,,,,,,u (con2 -t- //)(20")-

4. Solution of the moment problems. We go back to (2.10) and to its formal
solution by means of the series (2.12). The results in 3 will be applied to the
following values of the various parameters involved. The index n in 3 will be
replaced by ,; as for o,

(.0 KCn
2 2 2

# + +
Given T > 0, the functions qt.,,o,.,.,r of 3 will be written I]/at, T (thus omitting
explicit reference to 0"). K,o,.(T) will be written K(T), R.,,.,. will be written R,
etc. In this notation, inequality (3.16) becomes

(4.1) 10,T(t)l _< K(T)R(T), 0 <= <= T, n >= 1, //>= O,

where, in view of (3.6),

(4.2) R __< Cll 2 exp n(2(X,/X)2 +... + 2(X,/X,_ 1)20{n 2_1"+" n2) 1/2.

Set c= (e-a’r//= v,)/Bx,. Given a function f in, say, L(P) and some T >= 0
define

Pr(f) (Bx)-’ e-a’rR,la,l/.,

where the {a} are the Fourier coefficients off with respect to the {o.}, that is,

Clearly, Pr(f) < oO if T > 0 for any./’.
Assume

(4.3) po(ur) < c.

Then it is clear that the series (2.11) converges absolutely and uniformly in
0 =< =< T" as for the series (2.12), defining g in terms of the ga, it is also uniformly
and absolutely convergent--this time in Bo x [0, T)--and

(4.4) Ig(y, t)l =< QK(T)[pT(uo)+ Po(UT)].

We note that, as all the vanish for 0 and T (an immediate consequence
of (3.14)), the same is true of each ga and thus of g; accordingly, if the initial state

Uo vanishes in B the compatibility condition (1.5) of Theorem 1.1 holds. We have
thus proved the following theorem.

THEOREM 4.1. The controllability problem of has a solution f continuous in

B x [0, T] (and with support in Bo x [0, T])for any initial state Uo, continuous in P
and zero in B and for any final state uT that satisfies (4.3).
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It should be pointed out that condition (4.3) is far from necessary for solv-
ability of the control problem, even when n 1. In fact, let T be an arbitrary
positive number. The solution of

that satisfies

as well as

0t 0X2’ 0 =< X < rC 0 < < T,

u(x,0) 0, 0__< x__< rt,

u(O, t) 0, u(rc, t) rrt(T- t), 0 <= <= T,

u(x, t) 2 y n3
T + (e -"2’ 1) + 2t sin nx + xt(T- t).

But it is plain that, if Ur(X) u(x, T), then

po(ur) c.

On the other hand, condition (4.3) is the best possible of its type:for details on
this, see Remark 2 (especially Lemma 4.5) in the following section.

Condition (4.3) is a consequence of the easier looking inequality

(4.5) la, =< M exp {-(7t + e,)(2(Xn/Xx)22 -+- -+- 2(S,/S,_1)2n_12 + n2)1/2}
for some M, e > 0. An intrinsic characterization of the functions whose Fourier
coefficients {a,} satisfy an inequality of the form (4.5) is a consequence of the
following result. In its statement and proof, ), (Y 1,’", 7,) is an n-vector of
integers, y 1, 0, 1, ..., 1 =< j _< n.

LEMMA 4.2. Let f f(xl, X2,’’" Xn) be 2X-periodic in X, 1 <_ j <_ n.
Then its Fourier series

(4.6) f a exp i(cxyxxx + + c,7,x,)

satisfies

(4.7) lal =< M exp [-(1 + g)(xx 2 2 z 2cxx + + ,c,y,)

tcx, ..., to. > 0, for some M, e > 0 if and only iff can be analytically extended to
the "ellipsoidal strip" F__, E(xx, "’", x,) defined by the inequalities

(4.8) - < Re z < oz,

(4.9) [Im z312/c3 _< 1.
j=l

The proof is hardly different from the case ofonly one variable (see, for instance,
[7]) and thus will only be sketched. The direct part of the proof is immediate for
we only have to replace (xx, ..., x,) in (4.6) by a complex vector (z l,-.., z,).
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The coefficients of the resulting series can be bounded by

M exp (1 + e) 2 2xc + cylIm zl
j=l j=l

where, by Schwarz’s inequality,

cjyjllm zjl <= IIm ZjI2/N,j XjCj)j
j=l j=l j=l

The converse part is proved as follows. Observe first that, if f is periodic and
analytic in a region defined by (4.8), (4.9) then it will be so in a slightly larger
region, say, the one defined by (4.8) and

(4.10) [Im ZjI2/N,j (1 +/3)2, 3 > 0.
j=l

The th Fourier coefficient of f is given by the formula

v- fy(x) exp (-- i(c y x + + c,7,x,)) dx

the integration being carried out in the cube -Xj <= xj <= Xj, 1 j n, with V
the volume of the cube. Taking advantage of the periodicity properties of f, the
domain of integration can be deformed into the cube defined by the inequalities

-Xj <_ Re z <= Xj
and the equalities

Im zj p(1 + ,),jcj)j ]j,

where

p jCj ])j
j=l

We can then estimate (4.11) by
2 2 1/2]M exp(-cVlr/1 c,,nq,,) M exp [-(1 + e)(tcc2x + + tc,,c,,7,,)

which ends the proof of Lemma 4.2.
We can now reformulate (a weaker version of) Theorem 4.1 as follows.
THEOREM 4.3. The controllability problem has a solution f satisfying the con-

ditions of Theorem 4.1 for any initial state Uo continuous in P that vanishes in B
and for any final state ur which is odd, 2X-periodic in xj, 1 <= j <= n, and can be
analytically extended to

E(2x,Z/rc, 2X,/rc, X,/rc).
It is usually the case in applications ofcontrol theory that the control function

--in our problem, the boundary temperature f---cannot be arbitrarily large" for
instance, f may have to obey the constraint

(4.11) If(y,t)l <= O, yeBo, 0 <__ T,
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for some 0 > 0. Clearly, the null reachability problem (Uo 0) will have a solution
f satisfying (4.11) if

(4.12) po(Ur) <= O/QK(T).

Unfortunately, one needs to compute K(T) explicitly in order to verify (4.12).
This kind of information cannot be obtained from Lemma 3.1, whose proof is
nonconstructive and sheds no light on the size of K(T), nor on the nature of its
dependence on T. Clearly, K(T) exceeds 1 and does not increase as T grows: a
slightly more refined analysis shows that K(T) is strictly decreasing and con-
tinuous in T > 0. From our point of view, a more interesting result is found in the
following lemma.

LEMMA 4.4. Let p > O. Then there exists a constant M > 0 such that

(4.13) + 1/2e -2aT -< K(T) <= 1 + M e-2rT T > p

Proof. Let p(t) e -’ Er(co, a, #). Then

K(T) >__ Ilpll(o,oo)/llpll(o,r) (1 e- 2r)- x/2 >__ 1 + 1/2 e-
(here []. (o,r) indicates the LZ-norm in (0, T) and []. 11(o,oo)indicates the L2-norm
in (0, )).

We prove now the right-hand side of (4.13). It was shown in 3 that there
exists a sequence {,,,,u" n 0} of functions in L2(0, ) biorthogonal to

(4.14) {e-at, e-(,+u)t, n 1}
and satisfying

(4.15.1) II.,,,.ll(o,) C e"(n2+2u/)’/2, n 1.

The norm of o,,,, was not explicitly calculated in 3" however, it can be easily
obtained from formula (3.1). We have

II0,,’,ullt,) (2a)/2 = k2 + +)k2 + .-
(4.15.2) (2a)/2k (1 + ( + a)/(k2))

=, (1 + ( a)/(k2))- ] sin [(a )/] C, a O.

If we now set

ff,,,o,,,,,p [Q,(/)-’]*,,o,,,,u, n >= 1, / >__ 0,

then {,,,o,,,u," n >= 0} is a sequence biorthogonal to (4.14) in L2(0, p). By virtue

of Lemma 3.1 it satisfies an estimate of the same form as (4.15). Now let

p(t) ao e-’ + a. e -t’"2+u)’

be an arbitrary exponential polynomial in Er(o9, a, #). Since

a, (p,
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we have

laol CIIpllto,r, la.I CIIpllto,r e ("2+2u/0’)’/2, n>_l.

Accordingly,

Ip(t)l CllPll(o,r + Y’. exp [:(nz + 2/.t/o9) a/z- (o)n2 +/.t- a)t]
n=l

C’llpllto,)e-"’, >- T >= p.

Squaring and integrating,

Ilpll 2 < C" 2
<r, Ilpll e(O,T)

Then,

Ilpll(o,) (1 + C" e-2r)l/2llpllto,r)
<- (1 + 1/2C" e-2r)llPll(o,r),

which ends the proof of Lemma 4.4.
Since (4.13) implies that K(T) as T , we see from (4.12) and the

comments preceding it that the null reachability problem has a solution f subject
to the constraint (4.11)for sufficiently large T if

po(UT) < O/Q.

The null controllability problem (ur 0) with the constraint (4.11) has a solution
for sufficiently large T for any Uo that satisfies the conditions in Theorem 4.1.
This is an immediate consequence of (4.4) and of the easily verifiable fact that
Pr(Uo) "- 0 as T m.

Remark 1. The restriction that Uo should vanish in B in Theorem 4.1 and
subsequent results can be eliminated as follows (we owe this observation to D. L.
Russell). Let Uo be merely continuous, in P, and let f be continuous in B x [0, T],
zero in (say) B x IT/2, T] and such that

Uo(X) f(x, 0), x e B.

Denote by a the solution of (1.1) with

O(x, O) Uo(X), x e P,

a(x, t) f(x, t), x e , O<_t<_T.

It is not difficult to see (due to the fact that satisfies, the homogeneous equation
(1.1) for >= T/2) that iT(,, T) satisfies the conditions for a final state in Theorem
4.1. Accordingly, if UT also satisfies these conditions we can find, making use of
Theorem 4.1, a solution of (1.1) with

u(x,O) O, xeP,

u(x, T) ur(x) u(x, T), x.P.

It is easy to see that

u(x, t) + a(x, t)
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is a solution of the controllability problem with Uo as initial state and UT as final
state.

Remark 2. It can be easily seen that the constants in inequality (4.5)---and
therefore those in Theorem 4.3--are best possible in the following sense.

LEMMA 4.5. Assume the controllability problem has a solution f vanishing out-
side of Bo for uo 0 and any uT whose Fourier coefficients satisfy

(4.16) Ivl =< M exp {-C(el., 2, ,)}

for some constant M, where the C(al, (z2, (Zn) are positive numbers. Then

C(al,a2,’", a,) + Cloga,
(4.17) >= (2(X/Xl)a + + 2(X,/X,_l)2a._12 + a.2),/2 C2.

Proof. Denote by E the space of all multiple sequences {v,} that satisfy (4.16)
endowed with the norm

[[{v}[[ sup Iv,[ exp C(a1, a2,..., z,).

Plainly E is a Banach space. If f is the solution of the controllability problem
provided by the assumptions in Lemma 4.5 for a given UT, then g(x, t) .f(x, T t)
must satisfy (2.9), (2.10) where the v, are the Fourier coefficients of UT.

Denote by F the subspace of L2(Bo x (0, T)) consisting of all functions
g(x, t) such that (2.9), (2.10) hold with

#= v=0 for all

Plainly F is closed. Next consider the map

P’E L2(Bo X (0, T))/F

defined by

+
g a solution of(2.9), (2.10).(g + F indicates the equivalence class of g in the quotient
space L(Bo x (0, T))/F). It is evident that P is well-defined in all of E. A moment’s
reflection shows that P is closed; then, as an application of the closed graph
theorem we see that P is bounded. This implies the existence of a constant C > 0
such that, if {G} e E, there exists a solution g L2(Bo x (0, T)) of (2.9), (2.10) such
that

Ilgll,.-oO.r, _-< CIl{v=}ll
(here and afterwards C indicates a constant that may not be the same for different
inequalities). Let 7 (71,7z, "", 7,) be another n-tuple of positive integers. Define

v) { BcT,0otherwise.if1 7x,

Plainly, for each fixed 7, {v)} belongs to E and

[[{v)}[[ Bcy. exp C(71, yr., "’", 7,).
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Let gt) be the solution of (2.9), (2.10) corresponding to {v)} and let g) be the
functions obtained from gt)through (2.9). Obviously,

Now, it is not difficult to see that, if fl (aa, t2, n-1) ()1, 12, 7n-1)
and if we set 7 (fl, ,), then the sequence {g)}r. is biorthogonal to {e-z-’},, in
L2(0, Y). If QT is the restriction operator of 3 (we omit parameters for the sake
of simplicity) then {Qrg)} r, will provide a sequence biorthogonal to {e- z’’,,. in
L2(0, 0(3) and

On the other hand, it follows from the considerations at the beginning of 3
about biorthogonal sequences with smallest possible norm and from (3.6) that we
must necessarily have

IIg%)ll<o,oo) Cexprc(2(X,/X)2o2 + + 9,,X./X,_ )2,_ +
from which (4.17) follows.

Remark 3. The results in the present paper can be generalized to bounded,
cylindrical domains of the form D x [a, b], D a bounded domain in (n- 1)-
dimensional space, the control being applied in, say, D x {a}. One loses, however,
the useful characterization of final states afforded by Theorem 4.3.

In a qualitative sense, application of control to all of the boundary of P (that
is, to all of the faces that make it up) does not change the controllability results.
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OBSERVABILITY AND RELATED PROBLEMS FOR PARTIAL
DIFFERENTIAL EQUATIONS OF PARABOLIC TYPE*

YOSHIYUKI SAKAWAf

Abstract. Questions regarding observability on the basis of the observed measurement data
from a finite number of sensors are discussed for the distributed-parameter systems described by linear
partial differential equations of parabolic type. Necessary and sufficient conditions for observability
are presented. We obtain a sufficient condition for continuous dependence of a state of the system
upon the observation, Location of sensors for ensuring observability and continuity are discussed
for several examples.

1. Introduction. Determining a state of a distributed-parameter.system from
observed measurement data is of fundamental importance when we stabilize and
optimize the system by the feedback control [1]. It may appear that an infinite
number of sensors along the spatial domain would be needed in order to measure
spatially distributed physical quantities such as temperature distributions,
neutron flux, and so on. However, such a realization of measurement system is
impractical. Thus, the following questions will arise"

(i) Is it possible to determine a unique initial condition of a distributed-
parameter system on the basis of the observed measurement data from a finite
number of sensors? (observability problem).

(ii) Where should the measurement sensors be located and what is the
minimum number of sensors in order to ensure observability?

(iii) Does the state at the time T which we want to determine depend
continuously upon the observed measurement data over the time interval
0 =<

_
T? (continuity problem).

Questions (i) and (iii) correspond to the question of whether the state deter-
mination problem is well-posed in the sense of Hadamard. Goodson and Klein [63
and Yu and Seinfeld [12] respectively discussed the observability problem on
several examples, Concerning the continuity problem, Mizel and Seidman [9]
considered a heat equation in an n-dimensional ball and discussed the continuity
of a mapping from the observation along the whole boundary of the ball to the
state to be determined. Dolecki [43 considered a single point-sensor for a one-
dimensional heat equation and discussed the continuity of the mapping from the
observation to the state.

In this paper, we consider a heat equation in high-dimensional space with
boundary conditions of general type and discuss both the observability problem
by a finite number of sensors and the continuity of a mapping from the observation
to the state to be determined. The results are then applied to several systems.

2. Preliminary results. Let D be a bounded domain of an r-dimensional
Euclidean space, and let S, the boundary of D, consist of a finite number of (r 1)-

* Received by the editors May 21, 1973, and in revised form October 4, 1973.
f Department of Control Engineering, Faculty of Engineering Science, Osaka University,

Toyonaka, Osaka, Japan.
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dimensional hypersurfaces of class C3.! The spatial coordinate vector will be
denoted by x (xl,x2,"’, x,) D. Consider a linear parabolic partial differ-
ential equation

(1)
au(t, x)

Au(t, x) q(x)u(t, x),

where is the time and A denotes the Laplacian given by

2 2
A

(0x)2 + (Ox,)-----.
It is assumed that q(x) is H61der-continuous on the compact domain D (/5 D U S,
the upper bar denotes the closure).

The boundary condition is given by

&(t, )
(2) a()u(t, ) + (1 a())

c3v
o,

where e S, v is the exterior normal to the surface S at a point e S, and () is a
function of class C2 on S satisfying

0 () _< 1.

The initial condition is given by

(3) lim u(t, x) Uo(X) in L2(D),
t-O0

where Uo(X) LE(D), and LE(D denotes the Hilbert space of all square integrable
real-valued functions u(x) with the inner product

(u, u2) fo u(x)u2(x) dx.

It is shown by Ito [7] that there exists a fundamental solution U(t,x,y)
(0 < t; x, y D) which is of class C1 in t, of class C2 in x and y in and that a
unique solution to the initial-boundary value problem described by (1), (2) and
(3) exists and is given by

(4) u(t, x) U(t, x, y)uo(y) dy, 0 < < oo, x e D.

Furthermore, Ito [7] proved that there exists a sequence {2i, bij’j 1, ...,
m, 1, 2,...} of eigenvalues and eigenfunctions satisfying the following con-
ditions"

(i) C < ,,1 < 22 < <: 2i < "’’, lim .i-
i--+m

where C min q(x).
xetJ

In general, C" denotes the set of all functions having n continuous derivatives.
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(ii) {qii(x); j-- 1,..., mi, i-- 1,2,...} is a complete orthonormal system
in L2(D), where the positive integers

(iii) Each qSii(x) satisfies the following equations"

(6) fo U(t, x, y)dp,i(y) dy e-

(7) Ab,j(x) q(x)p,j(x)

and the boundary condition (2).
(iv) The fundamental solution is expressed as

mi

(8) U(t, x, y) e- z,, qb,j(x)dpij(y),
i=1 j=l

where the series in the right side converges uniformly on [fi, c) D x D for
arbitrary 6 > 0.

(v) For arbitrary h Lz(D) given by

mi

i=lj=l

we have

(9) (U,h)(x) e-Z" hijdpo(x),
i--1 j-1

where

(10) (U,h)(x) JD U(t, x, y)h(y) dy,

and the series converges uniformly on [6, ) D for arbitrary 6 > 0.
Equations (1) and (2) can be written together as a differential equation in

L2(D)"

(11)
du(t)

Au(t),
dt

where the domain (A) of the operator A is given by

!(A)={u’AuL2(D),x()u()+(1- x())- O, S},
and

Au Au q(x)u, ifue(A).

The positive integers m are called the multiplicity of the eigenvalues 2. If
sup {m} m < o, we shall say that A has multiplicity m; if sup {m} o, A is
said to have infinite multiplicity. In the following, observability of the system
described by (1) and (2) (or (11)) will be considered for the case where A has finite
multiplicity.
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3. Observability. Let us consider N sensors, whose outputs will be denoted
by Yk(t), k 1,..., N. We consider two types of measurement such that the
outputs of sensors are respectively given by

(12) Yk(t) wk(x)u(t, x) dx, k 1, N,

and

(13) Yk(t) u(t, xk), k 1, N,

where Wk(X are known functions of L2(D and represent spatial weighting functions
of sensors, and xk represent positions of sensors. The former type of measure-
ment will be called a type measurement, the outputs of which are spatial averages
of a physical quantity over some effective sensing region. The latter will be called
a type 2 measurement, which consists of ideal point-sensors.

In the case of the type 2 measurement, the eigenvalues and eigenfunctions
are required to satisfy the following assumptions.

1
Assumption 1. 2 )2 <i= (2i

Assumption 2. The normalized eigenfunctions are uniformly bounded, i.e.,

Ibij(x)l -< M for all i, j.

By the theory of asymptotic distribution of eigenvalues (see [2, VI, 4]), it follows
that

lq2/r
lim const.

for an arbitrary r-dimensional spatial domain. Hence, it is clear that Assumption 1
holds if r < 3.

DEFINITION OF OBSERVABILITY [3]. The system described by (1) and (2) (or
(11)) is said to be observable if an initial state Uo(X) can be uniquely determined
from the observation (t) (yl(t),"’, yc(t)), 0 < < o. In particular, the
system is said to be observable in time T if an initial state can be uniquely deter-
mined from the observation Y(t) over the time interval 0 < < T.

Let L2(0, T) denote the space of functions square integrable over [0, T],
and let L2(0, T) denote N products of L2(0, T). Since the solution u(t) Utuo of
(11) (where the operator Ut from L2(D) into L2(D) is defined by (10)) is of class C
in time t, it follows that

Y(t) L2(0, T),

for both types of measurement. If Uo(X) Lz(D) is given, the observation Y(t)
L’(0, T) is uniquely determined. Hence a linear mapping P(T) from Lz(D

into L(0, T)is defined by

(14) Y P(T)uo, Uo L2(D), Y L(0, T).
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It is easily seen that the system is observable in time T if and only if

(15) P(T)uo 0 implies Uo 0.

From (4) and (9) it follows that

(16) u(t,x) e-a" Uij(ij(X),
i=1 j=l

where uij (Uo, ij). Therefore,

(17) Yk(t) Z e- a,t Z blijWj’
i=1 j=l

where wij are defined by

(18) wijk (Wk’ b) for the type measurement,

k ckij(xk) for the type 2 measurement.(19) wij

k=l,...,N,

Since Yk(t) given by (17) are analytic in e(0, o), if yk(t) =_ 0 over an arbitrary
interval 0 < _<_ T, then it follows that yk(t) 0 for all > 0. Consequently, if
the system is observable, then the system is also observable in any time T > 0. In
other words, the system is observable in any time T > 0 if and only if it is ob-
servable.

THEOREM 1. Suppose that A has finite multiplicity m and that Assumptions 1
and 2 are satisfiedfor the type 2 measurement. Let us define N x mi matrices W by

(20)

k defined by (18) or (19). The system described by (1) and (2) is ob-where wij are
servable in any finite time if and only if N => m max {mi} and

(21) rank W m for all 1,2,....

Proof. To prove sufficiency, assume that

(22) Yk(t) e-’t Z UijWJ " O, > O, k 1,..., N.
i=1 j=l

For any complex number 2 with Re 2 < 2, we see from (22) that

e ’ ) dt UijWij
i= j=l

If

(22’) i=1
mi

dt=
i= 2i Re 2

blijwkij
j=l
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then by the theorem (see [13, Thm. 2.2.4, p. 64]) we see that

(23)

0= e-’’-’tdt uiwi
i= j=l

1 1 uOw k= 1,...,N.

For the type 1 measurement, it is easy to see that (22’) holds. In fact, since
Uo(X) and Wk(X) belong to L2(D), by use of the Schwarz inequality,

i= 2i-Re2 j=l =21-Re2i= j=

1 ( ml /}1/2( mlU (wikj)2<21 -Re2 i= = i= =
For the type 2 measurement, by Assumptions and 2, we obtain

mi1 _, Uijij(xk)

(’1 Re 2)- 2 + Z (2i 21)-2 %/M /,/ < oo.
i=2 i=1 j=l

Thus, (22’) holds in both cases.
By analytic continuation we see that (23) holds for all 2 such that 2 2i,
1, 2, .... Let C be a circle in the complex plane of radius with 2 as center,

where ei is such that

0 < e < min (2 2i_ 1,2i+1

Because of the relationship (22’), using the Cauchy’s formula, we have

(24)

mi

=0,

k= 1,...,N, i= 1,2,...

If N > mi and rank W/= mi, 1, 2, ..., then (24) implies uil Uim, 0,
1, 2, "... Since

mi

i=11=1

we have Uo(X) 0. This means that the system is observable.
To prove necessity, suppose that rank W < rn for some i. Then there exists

a nonzero rncvector ui (ul,’", u,,,) satisfying (24). This implies that the
equation P(T)uo 0 has a nonzero solution. Thus the system is not observable.

It is obvious that (21) implies N >= rn. Q.E.D.
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Goodson and Krein [6] obtained a similar result for the heat equation on a
two-dimensional rectangle domain. Theorem 1 is an extension of the Goodson
and Krein result to the general case.

COROLLARY 1. Suppose that A hasfinite multiplicity m, and that the observation
is given by (12) (type 1 measurement). Let a sequence {ai} of numbers be such that

(25) a/2 < o, ai4:O, i= 1,2,....
i=1

If N >__ m and the functions Wk(X are given by

(26) Wk(X) aiik(x), k 1,..., N,
i=1

where dpik(x) 0 if k > mi, then the system described by (1) and (2) is observable
in any finite time T.

Proof. From the orthogonality of the eigenfunctions we see that

w (w, 4) a6,
where 6jk is the Dirac f-function. Therefore it follows that

(27)

from which rank W mi, 1, 2,.... Q.E.D.
For the type 2 measurement, if we choose the location of sensors xk

k satisfy (21), then observability is ensured.k 1,..., N, so that wij )ij(xk)
When the multiplicity is one, we obtain the following.

COROLLARY 2. Suppose that the multiplicity of A is 1 and that Assumptions 1
and 2 are satisfied. The system described by (1) and (2) is observable by the ob-
servation

(28) y(t) u(t, xX), > 0,

from a single sensor at x if and only if
(29) dp(x) v 0 for all 1,2,....

Remark 1. We have considered the system without any inputs. Now we
consider the system described by

Ou(t, x)
Au(t, x) q(x)u(t, x) + f(t, x), x D,

Ot
(30)

()u(t, ) + (1 ()) O-----= g(t, ), S,

where both distributed input f(t, x) and boundary input g(t, ) are assumed to be
known. Let us write the solution of (30) with an initial condition Uo(X) as u(t, x;
f, g, Uo). Since it is known [7] that

(31) u(t, x; f, g, Uo) u(t, x; f, g, O) + u(t, x; O, O, Uo),
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we see that the same relation holds for the observation, i.e.,

(32) Y(t; f, g, Uo) Y(t; f, g, 0) + Y(t; 0, 0, Uo).

Therefore, Y(t 0, 0, Uo) can be obtained from the observed data Y(t; f, g, Uo)
subtracted by the calculated data Y(t; f, g, 0). Thus the problem has been re-
duced to what we have considered.

Since Corollary gives a general result for the type measurement, we con-
sider the observability problem in the case of type 2 measurement on several
examples.

Example 1. We consider a one-dimensional heat equation:

(33) c3t OX2

cu(t, x) c32u(t, x)
0 < x < 1

u(t, O) u(t, 1) O.

It is well known [2] that in this case the multiplicity is and

(34) 2, (r/g)2, tn(X sin nzcx, n 1,2,....

It is clear that Assumptions and 2 are satisfied. If x (0 < x < 1) is an arbitrary
irrational number, then b,(x) 4: 0, n 1,2,.... Thus from Corollary 2 the
system described by (33) is observable by the observation y(t) u(t, x). For the
other type of boundary conditions, the same result is obtained.

Example 2. We next consider a heat equation on a rectangle domain"

(35) c3t c3x2 cx22
0 < x < 1, 0 < X2 <-’a

u(t,) o, es.

The eigenvalues and eigenfunctions for this problem are given by [2]

(36)
inm n2(n2 -F a2m2), n, m 1,2,

Ok,re(x) sin (nrrx) sin (mrcax2), n, m 1,2,

for which Assumptions and 2 are satisfied. Assume that a2 is an irrational
number. Then, since the relation n + aZm n2 + a2m2 implies nl n and
rnl rn, the multiplicity is clearly 1. Thus from Corollary 2 the system described
by (35) is observable by the observation y(t) u(t, xX), where x (x], x) O is
an arbitrary point such that both x] (0 < x] < 1) and ax (0 < ax < 1) are
irrational.

Remark 2. Since the Lebesgue measure of a set of all irrational numbers on
the interval (0, 1) is 1, a randomly chosen point corresponds to an irrational
number with probability 1. Thus almost all points on the domains of Examples
and 2 are irrational.
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Example 3. We consider a heat equation in the polar coordinate form defined
on a unit circle"

G3/.,/ G2U CgU

3t 3r2 + r r r2 02’

(37) 0=<r< 1, 0< 0<2r,

-0.
’--1

The eigenvalues for this problem are given by [2]

(38) 2,.,=/3,2.,, n=0,1,..., m= 1,2,...,

where/3,., are the real roots of the derivative of the Bessel function J,(. of nth
order, i.e.,

(39) J,(//..,) 0.

The eigenfunctions are given by [2]

o.,(r, O) Jo(flo.,r)/TJ(flo.,),

(40)
b,ml (r, 0) J,(,.,r)(cos nO)/c,m,

k,’z(r, 0) J,(fl.’r)(sin nO)It,.,,

n,m 1,2,...,

where C,m are constants for normalization. From the Bessel’s integral (see [11,
p. 19]), we see that IJ,(x)l =< 1. Therefore, Assumptions 1 and 2 are satisfied. It is
clear that the multiplicity in this case is 2. Therefore at least two sensors are
necessary. Assume that two sensors are located on the boundary (r 1), the
angular positions of which are 01 and 02 respectively.

Applying Theorem 1 to this problem, since

IWnml JZn(flnm)(sin n(02

we see that the system described by (37) is observable by the observations

Yk(t) u(t, 1, Ok), k 1,2,

from the two sensors if and only if

(41) sin n(O2 01) :/: 0, n 1,2,

The conditions of (41) are satisfied if and only if (02 01)/re is irrational.

4. Continuity problem. In this section we consider the following problem"
When the system described by (1) and (2) is observable, does the state u(T, x),
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x D, at the time T depend continuously on the observation Y(t), 0 __< __< T?
When the system is observable, it is clear from (15) that the inverse mapping
P(T)- of P(T) exists. Therefore

(42) Uo P(T)- Y.

Using the operator Ut defined by (10), we see that

(43) u(T) UTUO UTP(T)- Y,

where Y L(0, T), u(T) L2(D).
Now the problem is to investigate the continuity of a mapping UTP(T)-

from L(0, T) to L.(D), which is equivalent to the existence of a constant /such
that

(44) Ilu(T)ll _-< ?IY[ILtO,T),
where II" denotes the norm of L2(D and IIL0,T denotes that of L(0, T).

Since {bij(x)) is an ortho-normal system in L2(D), it follows from (16) that

U2 )1/2(45) [[u(T, )ll < e-Z’T(u + + ,,
i=1

Suppose that the system is observable by either tyle measurement or type 2
measurement. Then from Theorem l, rank W/= mi, i= l, 2,.... Therefore,
defining an mi-vector ui col (ui, Uim,), we see that

(46) Wiui # 0, if ui #. O.

Thus, we can define a finite number B by

k 2(47) Bi (Wiui, Wiui) .,=1 ("-- wi.uij)

kwhere wij are given by (18) or (19). If ui 0, we set Bi O.
To estimate Bi, we define an m x mi symmetric matrix by

(48) V W’iW,

where W’ denotes the transpose of W, and we denote the minimum eigenvalue
of V by/t. Then we see that

(ui, ui)
(49) Bi <

(Hi, Viui)--

Let A {2} denote a sequence of numbers, -a < 2 < 2 < "", a being
a constant, and let E(A, T) denote a closed subspace of L2(0, T) spanned by the
functions

(50) Pi(t) e -’t 0 < < T < o i= 2

Then it is shown [5] that there exists a biorthogonal sequence of functions
q(t) E(A, T) L2(0 T), j 1, 2,..., such that

(51) (Pi, qj)L2(O,T) bij"
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Letting

(52) a Uil Wi -Jl- + UimiWimi

we have from (17)

(53) Yk(t) a e-x’te E(A, T).
i=1

By the Schwarz inequality and (51), it follows that

(54) (Yk, qi)L2(O,T) ai IlYkllL(O,T)lqillL(O,T).

Therefore, we obtain

(55) r(t) 0,) Ily(t) 2 (a)2

Using (47) and (49), we see that

(56)

From (45) and (56), we obtain

(57) u(r,. )11
i=1

Thus, if the infinite series in the right side of (57) converges, then the mapping
UrP(T)- is bounded.

For studying the convergence of the series, an estimation of the norm of
q is needed. For that purpose, we can make use of the following theorem which
was obtained by Fattorini and Russell [5].
Tno 2 (Fattorini and Russell). Let a.Nnction F be convex and strictly

increasing on [0, ), with

(58) F(0) 0, V- < ’
and let G be the inverse of F, i.e., G(F(2)) 2, 0 _< 2 < oe. Assume that .for some
constant C > O,

(59) G(212) =< CG()l)G(22), 0 <_ ., 22 < ct).

Finally, let a sequence of numbers A {2.} be such that

(60) G(21 -t- o’) _> D,

(61) G(2,+1 + a)- G(2,+ a) >=p, 2,+ a>0, n= 1,2,---,

for some nonnegative constant and positive constant p. Then there exist con-
stants B and K such that

(62) IIq.I L2(0,r) B exp {KG(2, + r)},

where {q,} is the biorthogonal sequence for {Phi (p,(t) e-k"’).

n= 1,2,
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Remark 3. It .is clear that the function F(2) defined by

(63) F(2) 2, e > 1,

satisfies the conditions of Theorem 2.
From (57) and Theorem 2, we obtain the following theorem.
THEOREM 3. Suppose that the system is observable and that the sequence of

eigenvalues {2,} satisfies the conditions (60) and (61)./f

(64) y= ,exp [-2,T + KG(2, + a)] < ,
then the mapping UTP(T)- from L(O, T) to Lz(D is bounded.

In the case of type measurement, where the functions wk(x), k 1, ..., N,
are given by (26) and {ai} satisfies (25), the matrices V are given by

Therefore,

V aImi mi"

(65) x/. la.I,

Thus, we obtain a general result for the type measurement.
COIOLLArt 3. Suppose that the system is observable and that the sequence of

eigenvalues {2,} satisfies the conditions (60) and (61). Let us choose a sequence
{a,} so that it satisfies

(66) exp [- 2,r + ga(2, + r)] < o

and (25), and let us construct the functions wk, k 1,..., N, by (26). Then, the
mapping from the type measurement data Y(t), 0 <= T, to the state u(T, x),
x D, is continuous and bounded.

In what follows, we study condition (64) for the type 2 measurement on

Example 1.
Example 1. Let F(2) 2Z for this example. Then G(2) x//-. Letting r 0,

p r, we see that the sequence of eigenvalues {(nr02} satisfies (60) and (61).
Thus we can apply Theorem 3 to this example. It is easily seen that for the type
2 measurement,

x/,--14,(x)l- Isin (nx)l > 0

by the observability condition.
If e is a real number, we may write I111 for the distance between e and the

nearest integer. It is easily seen that

(67) Isin (nxl)l >_ 2llnx 111.

A real number e for which there exists a constant c such that

(68) [[nell > c/n for all integers n > 0
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is called the number of constant type [8]. Let L be a positive integer which is not
a square, and let

(69) a + b,
where a and b are rational numbers. It is shown 18] that the real number e given
by (69) is of constant type.

Now let the irrational number x (0 < x < 1) be of constant type. Then,
using (67) and (68), we obtain

(70)
/#/-, exp [- 2,T + KG(2, + a)] =< 2 nx’ exp - 2,T +

<nexp -T w/-.- +
From (70) it is easily seen that (64) holds in this case.

Dolecki [4] proved for this particular example that for almost all points x
(0 < x < 1) (64) holds,

Remark 4. Numbers of constant type are generated as roots of quadratic
equations.

Remark 5. For Examples 2 and 3, since

n
lim const.

(see [2, VI, 4]), it is not certain that the eigenvalues satisfy the conditions of
Theorem 2.

5. Concluding remarks. The observability problem on the basis of the two
types of measurement data and the continuity problem of a mapping from the
measurement data to the state have been discussed for distributed-parameter
systems described by partial differential equations of parabolic type. It has been
shown that the multiplicity of the operator, which depends on the shape ofdomain,
boundary conditions, etc., is of importance. When the multiplicity is finite, at
least the same number of sensors is necessary for observability.

To calculate the state u(T, x), we have to eliminate Uo(X) from the integral
equations

(71)

u(T,x) fo U(T, x, Y)uo(Y) dy,

Yk(t) fo Lk(t X)Uo(X) dx k 1, N,

where yk(t) are the observations, and Lk(t, x) are known functions given by

Lk(t, x) fo U(t, y, x)w(y) dy

for the type measurement, and

L(t, x) U(t, x, x)
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for the type 2 measurement. If the observability condition is satisfied and the
mapping is continuous, then the problem of solving (71) is well-posed. In that
case we can solve (71) approximately by applying various numerical methods
(e.g., by discretization or by a variational method). Establishing an efficient
algorithm for solving (71) is left for future study.
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GENERALIZED CURVES AND EXTREMAL POINTS*

J. E. RUBIOf

Abstract. A nonparametric variational problem is considered in the setting of the theory of
generalized curves. Iostad of minimizing a functional dependent on a curve joining two given points,
a functional defined on a set of Radon measures is considered; the set of measures is determined by
the boundary conditions. It is shown that this functional attains its minimum at an extremal point
of the set of measures. Further, an approximation scheme is developed so that the solution of the
variational problem can be effected by solving a sequence of finite-dimensional programming prob-
lems; it is possible then to construct a sequence of curves such that the functional takes along this
sequence values approaching its minimum over the set of measures. It is shown that this minimum
is attained at an (extremal) measure which is a generalized curve, that is, the weak* limit of a sequence
of curves. This generalized curve is characterized in terms of the minimizing elements of the sequence
of discrete programming problems, and conditions on the original problem are obtained so that the
generalized curve is actually an ordinary curve.

1. Introduction. This paper presents a method of study of simple non-
parametric variational problems based upon the theory ofextremal points ofcertain
sets of Radon measures. The problems are considered in the setting provided by
the theory of generalized curves of L. C. Young [1]-[4].

For extensions of this theory to optimal control problems, we refer to [3],
[5]-l-8], [12]. The importance of these developments is due chiefly to the solution
of existence problems achieved by the introduction of curve-like elements, known
as generalized curves, and control-like elements, relaxed or generalized controls.

Much work has been done on the characterization of the minimizing elements
by means of necessary conditions [6]-[13]. After the achievements of the existence
theory, one cannot help being somewhat disappointed by these necessary con-
ditions. The development of Euler-type necessary conditions [9]-[11] for the
variational problems, or Pontryagin-type conditions [6], [8], [11]-[13] for the
optimal control problems, have not been entirely successful as means of character-
ization of the minimizing elements, since these conditions, just like their classical
counterparts, are not constructive. Even worse, the optimal control problem in
the generalized setting is singular [14], [15], so that no information is gained on
important features of the optimal control by means of a Pontryagin-type ap-
proach. Second order conditions, derived to gain further information on these
features, do not seem to be very helpful [14], [15].

The objective of the present paper is to present a constructive characterization
of the minimizing generalized curve for a nonparametric variational problem.
We shall make use of some abstract concepts associated with the theory of ex-
tremal points; functional-analytical methods, used to advantage to solve the
existence problem, also provide means to construct the minimizing elements. The

* Received by the editors July 18, 1972, and in revised form September 18, 1973.

" Department of Applied Mathematical Studies, School of Mathematics, University of Leeds,
Leeds LS2 9JT, England.
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end result of our work is a rigorous scheme for discretizing the variational prob-
lem; the minimizing generalized curve can be characterized by means of the
minimizing elements in a series of discrete mathematical programming problems.

2. Basic considerations. Let x, 2 be vectors in Euclidean n-space R" with
components xi, 5c i, i= 1,..., n; is a real variable. Consider the continuous
function j):f R, with f [to, tl] A B, to < tl, A (xzlxl <= a, i= 1,
.., n} for some positive constants ai, and B {:1)?1 _-< fl}, a closed ball in R".
Let Xo, xy be points in A and .consider the class - of absolutely continuous
functions x(t), to <-_ <= ty, such that x(t) A, t [to, t], 2(t) B a.e. on [to, t],
X(to) Xo, x(ti) xy. We assume that fl]ty to] _>- ]xy Xol, since the class
is nonempty if and only if this condition is satisfied. Define a functional J :- R,

(2.1) J(x( )) fo(t, x(t), (t)) at

for x(- -. We consider the problem of minimizing J over . Following L. C.
Young [3], we recognize the fact that, for fixed x(. ), the integral in (2.1) defines a
linear, bounded, positive functional mapping cg(f), the space of continuous real-
valued functions defined on f with the topology of uniform convergence, into the
real numbers. There is therefore, by the Riesz representation theorem, a Radon
(regular Borel) measure on f such that

f(t, x(t), Yc(t)) dt f

for all f e rg(f). This is a positive measure such that, since

then

(2.2)

’ f(t, x(t), (t)) at __< (t to) max[f(t, x, 2)1,

<= =_ At.t to

Let b :[to, tl] A - R be any continuously differentiable function. Then,
along any curve in ,

d4(t, x(t)) )?(t) grad d(t, x(t)) + (t, x(t))

a.e. on [to, tz], so that

(2.3) )?(t) grad d(t, x(t)) + (t, x(t)) dt d(t, x) d(to, xo)
0

Further, if an absolutely continuous curve with elements (t, x, :)e f satisfies
this relationship for all continuously differentiable functions 4, then it joins
(to, Xo) to (t, xl), that is, it belongs to the class . Indeed, assume that the curve
does satisfy (2.3) for all continuously differentiable 4, but that it does not go
through (to, xo). Define a function 4 equal to one at (to, Xo) and to zero outside
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a neighborhood of (to, Xo) chosen so that the points (t, x(t)), [t0, ts], and the
point (ts, xy) are not in this neighborhood. Then the left side of (2.3) is zero, while
the right side equals 1, a contradiction. We show in a similar way that the curve
goes through (ty, xy).

The basic idea of the theory of generalized curves consists in replacing the
original problem as stated above by another problem in which we seek to minimize
.[aJ d/ over the set of all positive Radon measures on f satisfying (2.2) and

(2.4) fn [ grad ck(t,x) + t (t,x)J d Ack

for all continuously differentiable b :[to, t] x A --. R. There are advantages in
taking this step; the existence of a minimizing measure is automatically ensured,
and a constructive framework can be erected so that it is possible to find a sequence
of functions so that the corresponding values of the functional (2.1) approach its
infimum on the class o.

We derive some properties of the set of all positive Radon measures on f
satisfying (2.2) and (2.4). This set is nonempty since the measures corresponding
to the functions in are in it. The zero measure is not in this set, since it does not
satisfy (2.4) because o - ts, and then Ab ck(tr,x:r ck(to,Xo) is not zero for
all b. We topologize the linear space of all Radon measures on f by the weak*
topology.

PROPOSiTiON 1. The set of all positive measures on satisfying (2.2) and (2.4)
has nonzero extremal points.

Proof. Let M be the set of positive measures satisfying (2.4), S the closed ball
of measures satisfying (2.2), Q M f’l S. Of course, S is compact in the weak*
topology. Let /k, k 1, 2,..., be in M, and let the sequence {/k} converge in
the weak* topology to a measure/t. Then/ is in M; since the set of positive Radon
measures on f is metrizable, we conclude that M is therefore closed; Q M f’l S
is compact. Since M and S are convex, Q is convex and has, by the Krein-Milman
theorem, nonzero extremal points.

Consider now the functional I:Q -- R, defined by

(2.5) I(/) fn j; d/, / 6 Q.

This functional is the restriction to Q of a continuous linear functional/t fn fo d/
defined for all Radon measures on f. Therefore I attains its minimum over Q
at one or some of the extremal points of this set. Putting b(t, x) t, e [to, ty],
x e A, it follows that all/ e M satisfy fn d/ At. We have shown the following.

T-IEOREM 1. The functional I :Q -- R defined by (2.5) attains its minimum over
Q, at one or some of the extremal points of this set. These extremal points satisfy
(together with all measures in M),

(2.6) fn d/ At.

In the following sections of this paper, we construct a sequence of curves at
which the functional J in (2.1) attains values arbitrarily close to the minimum of
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I over Q. We shall also characterize those extremal pointsof Q at which I attains
its minimum as generalized curves, that is, weak* limits of curves.

3. Approximation. Let P be the set of positive Radon measures on satis-
fying (2.4) and (2.6). Consider a sequence {bk, k 1, 2, ...} of continuously differ-
entiable functions mapping [to, s] A R. Define the sets of Radon measures

(3.1) P {’ > o, fadl At, fn lSc grad k + l dl AC/)k,

..,v,v= 1,2,k 1,2,
Then

Further, let/tv e Pv be a measure such that

fn J) d/t=< f J d/t, /t P.

We can show, by arguments similar to those used in 2, that # exists and is an
extremal point of P. Then

I(/t,) < I(/t2) < < I(/tv) < < I*

where I* is the minimum of I over P. The sequence of real numbers {I(/t)} is
nondecreasing and bounded above; it converges to a value __< I*. We show that,
for a special choice of the sequence {bk}, I*.

THOlteM 2. Let the sequence {q} consist of all monomials in and the n com-
ponents of the vector x, in any order. Then 7I I*.

Proof. LetP lim P lim sup P lim infP CI P. Then P P and

lim I(/t) min 1(/,).
v

We show that, if the sequence {(])k} is that of all monomials in and the com-
ponents of x, then P

_
P; that is, if

(3.2) fn[2gradc/)k+O--21d/t=AC])k, k= 1,2,...,

then

(3.3) 2 grad

for all continuously differentiable functions 4 mapping [to, ts] x A R. We
write 4 for the sup norm in the space of these functions.

If a positive measure/t satisfying (2.6) satisfies (3.2), then it satisfies (3.3) for
all polynomials in and the components of x, by linearity. First let 4) be (n + 1)-
times continuously differentiable. Then the derivative 4),...,- exists and is con-
tinuous. Let (, s) be an interior point of Ito, ty] x A. Then

(t, x) ,...Az, y) a ay + (, ).
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Since qStx,...xn is continuous, given e > 0 a polynomial p in and the components
of x exist such that b,x,...x. p __< e. Define a function by

for all (t, x) e [to, @ x A. Then,

qS- N esup dzdy

with el depending only on the set [to, @ x A. Since

(t x) ,,...x,(r, y)dr dy
t _, _

with a similar expression holding for O(t, x)/t,

and

t t

with 0{2 and Oi, 1, 2,..., n, depending only on the set [to, ty] x A. Also, since, is a polynomial, it satisfies (3.3); then,

fa[)? grad (b ) + 4ct c3] d/ + lamb- APlAt

for some 3 depending on f and for all e. Thus .In [97 grad q5 + c3c/)/c3t] d# A;
if/t satisfies (3.2) it satisfies (3.3) for all (n + 1)-times continuously differentiable
functions b. Moreover, this implies that it satisfies (3.3) for all continuously
differentiable 4; indeed, given such a 4, one can choose q, (n + 1)-times continu-
ously differentiable, so that 2 grad b + cdp/c3t and 2 grad + 3/c3t are uniformly
close (Treves [16, Cor. 1, pp. 157-158]). The rest of the proof is as above.

It follows that, if the functions bk are the monomials in and the components
of x, then P P and then ] I*.

For sufficiently high v, the measure/iv provides a good approximation to the
minimum of the functional I over P. It happens that these measures/iv, v 1,
2,..., can be characterized quite simply;/ is an extremal point of the set P,
composed of those positive measures which satisfy (2.6) and (3.2) for k 1, 2,
.., v. A theorem of P. C. Rosenbloom [17, Thm. 38, p. 193] shows that these
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extremal points are linear positive combinations of (at most) v + atomic
measures on f. Therefore,

v+l

(3.4) fo d#, otifo(ti, xi, ,),
i=1

0q At, t e [to t.] x e A & e B. The constantsfor some constants g 0,, t, x, i, 1, 2, ..., , + 1, satisfy the "boundary" conditions"

(3.5) 2 grad (ti, xi) + ti, xi) A, k= 1, 2, v.
i=1

Of course, is not just any extremal point of P but rather one at which the
minimum of (3.4) is attained under the constraints (3.5), e 0, ei At. The
usefulness of Rosenbloom’s theorem consists essentially in the restriction of the
class of measures over which we seek the minimum of I, from the whole of P to
its extremal points. Because of the simple structure of these points, the problem
of characterizing and determining the minimizing measure g has become one
of nonlinear programming; one seeks the set of quadruples {(e, t, x, 2), 1,
2,... v+ 1} = At, satisfying the v
constraints (3.5), so that the expression in the right side of (3.4) is a minimum.
Because I achieves its minimum over P at one, or some, extremal points, such a
set exists, and is not in general unique. For each v there are in general several
measures , and then sets {(, t,x, &)}, at which I attains its minimum.

Let {(, t,x,2)} be one such set. Some of the numbers may be zero,
since the corresponding extremal point may be the linear combination of less than
v + atomic measures. We shall discard those values of the index i, relabel the
rest of the quadruples (, t,x, ), and assume that there are left a total of
N(v) v + different quadruples for which > 0. Thus the minimizing measure

gives the functional I the value
N

(3.6)
i=1

we write N for N(v). The quadruples (, t, x, ) satisfy"

N

(3.7) i>0, i=At, ti e [to, ty], xi e A, i B, i= 1, 2, N
i=1

e &grad4(t,x)+ t,x =A4, k= 1,2,.-. v.
i=

As we shall see in 5, it is possible to choose from the sequence {} a sub-
sequence which converges to a measure, or functional, consisting of a generalized
curve; such a sequence provides a characterization of the generalized curve
essentially by means of the set of quadruples {(e, t,x,2)} for a suciently
large value of the index v. However, as we shall show in 4, it is possible to con-
struct a curve which assigns to the original functional J a value arbitrarily close
to (3.6) for any minimizing measure , regardless of whether it is, or is not, in
the converging subsequence.
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4. The boundary conditions. We shall derive in this section some properties
of those sets of quadruples ((i, ti,xi, :), 1, ..., N} satisfying the boundary
conditions (3.7). It .should be clear that these sets depend on the index v; we wish
to study their behavior as this index varies, especially as it tends to infinity. For
simplicity, we write z (t,x), (1,.), [to, t] x A, / {1} B. The
boundary conditions (3.7) are rewritten as

N N

(4.1) g>0, 0i=At, iigradk(Zi)=Atkk, k= 1,...,v,
i=1 i=1

i= 1,2,-..,N,

where b(z) _= qS(t,x), Ab b(t, x) b(to,Xo) b(zy) b(zo). We search now
for properties of the triples {(oh, zi,), i= 1,..., N} satisfying (4.1), z,
/. Note that these triples satisfy

N

(4.2) 0: grad tk(zi) Ark
i=1

for all polynomials q5 which are linear combinations of the first v monomials in
the components of z (that is, in and the components of x). We shall construct
some special polynomials, so as to derive from (4.2) some properties of the triples
satisfying (4.1). We proceed with this construction in several steps.

(i) We choose an ordering for the first v monomials in the components of
z, separating them first into classes, the first class being that of first-degree mono-
mials, the second that of second-degree ones, etc. In each class, we follow a cyclic
ordering based on the indices of the components of z; note that the time is the
first component of this (n + 1)-tuple, x the second, x 2 the third,.-., x" the
(n + 1)st.

(ii) The compact set is contained in a ball .with center at the origin of
radius, say a/2. Let 1 be a closed ball with center at the origin of radius a. Then
the points of , and in particular the points zo, z, zi, 1, 2,..., N, are at a
distance of at least a/2 from the boundary of . In the development to follow,
we shall construct neighborhoods of points of with radii tending to zero as
v o; these neighborhoods are contained in for sufficiently high v.

(iii) Consider the odd function r(2), 2 [- 2a, 2a], whose graph is shown in
Fig. 1. We assume e(1 + r/) < 2a. Consider the problem of approximating this
function over the interval [-2a, 2a] by an odd polynomial p of degree M, say,
in .. By Jackson’s theorem, a polynomial p exists such that

K1(4.3)
Izl_-<max2a [p(’) r(R)[ __<

e2r/2M
with K1 depending only on a. Put for R [- 2a, 2a],

p() p(O) dO,
-2a

r 1(2) r(O) dO
2a

then there is a constant Kz, depending only on a, such that

K2(4.4)
I12,max IP1(2) r1(2)] _-< eZqZm,

the even polynomial P is of degree M + 1.
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e(1 + r/) -e

r(2)

e \ /e(1 +q),2a 2

FIG. 1. Graph of the function r(2), 2 e [- 2a, 2a], used in the construction ofsome polynomials

(iv) By means of linear combinations of the first v monomials, we wish to
construct a polynomial of the type p l(Iz zl), with z . The degree M + of
the corresponding polynomial p1(2), 2 [- 2a, 2a], is determined by the index v;
let R R(v) be such that the monomials zj2’, j 1, 2, ..., n + 1, are included
in the first v monomials (but such that not all the monomials zj)-R are included),"
then M + 2R(v). We define a nondecreasing step function v M(v), by
M(v) + 2R(v). Of course, M(v) as v . We write M for M(v).

(v) In the definition of the function r, put e cM-1/4, with c any positive
constant, r/= M-1/8. Then e(1 + r/) 0 as v , and for sufficiently high v,
say v > Vo(C), this quantity is less than 2a, a requirement we put in the definition
of the function r. Note that Vo(Cl) > Vo(C2) for cl > c2 > 0. Define

,_(z) p(lz- _zl),

_z , z ; then Iz _zl =< 3a/2, and (4.4) applies"

K2 KZM-1/4(4.5) maXz [0c’(z)- r l(Iz _z[)l =< e2r/2M c2

Let

o {z:lz-_zl-< e,z},
D2 {z:e =< Iz- _zl =< e(1 + rl),z6 },

D=DIUD2

Then D c for v > Vo(C). Since M- 1/4
_

0 as v - o, for suciently high v the
function c.; has a value near for z D, and a value near zero for ’\D.

Further, a simple computation gives

[grad c,_(z)[ p(lz- _z[);

c,_ is rotation-invariant. Therefore, for v > Vo(C),

K K(4.6) maXz lgrad C,z(Z)[_ r(lz- _zl)l _-<
e2rl2M- - M 1/4
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Thus, Igrad c,_(z)l is near zero for z D and z s\D, and near 1/r/e (1/c)M3/8

for z at a distance e(1 + 1/2r/) from _z.
We prove now some properties of the triples {(i, zi, )} by choosing specific

values of c and _z, and then examining the implications of (4.2) for q5 qc,_.
PROPOSITION 2. Let {(i, zi, .), 1, 2,..., N} be a solution of (4.1). There

is an integer and a vector in the set {z, i= 1,2,..., N}, to be relabeled zl,
such that

[z

Prooj’. Put _z Zo and c in the definition of qc,_z. Since zs -= zo zs is not
in the set D corresponding to 1,o for sufficiently high v, say v > f l. Put
05 l,zo in (4.2). If v > max (1, Vo(1)), the right side of (4.2) satisfies, by (4.5),

(4.7)

Assume there is no 92 such that for all v > 92 there is at least one vector z,
_<_ < N, in D. Then it is possible to find an increasing sequence {vs, s 1,

2,... such that there are no vectors z in D for those values of the index v. For
those values of v, since i e/, the left side of (4.2) satisfies, by (4.6),

N N

ai, grad 01,zo(Zi) <- 2 (Xi]i ]grad ,l,zo(Zi)]
(4.8) i= i=

=< K I(At)/M-
with/ (1 +/)/2. For any v > max (, Vo(1)), the two inequalities (4.7) and
(4.8) together with (4.2) imply

2K2M- / >= K (At)jM- /4

this is clearly false. We conclude that there is 2 such that for all v > 2 there is
at least one vector z in D. We choose, for each v > 92, one such vector, and relabel
their associated triples (e ,z,2); the triples previously labeled in this manner
will occupy the places of the ones just relabeled.

The vector zl satisfies

Iz Zol =< e(1 + r/)= M-1/4(1 + M-1/8) __< 2M-1/4

for v > max (1, Vo(1), 2, v’); v’ is an index such that M-1/8 < 1.
This is the first of our structural results on the triples {(e, z, 2i)}. It can be

said the support of/t exhibits by means .of this result a remarkable curve-like
behavior; continuous curves starting at zo certainly have points arbitrarily near
it. Other results of this kind will permit the construction of an actual curve giving
the functional I a value as close as desired to I(/tv). We give next one of these
results; the (rather lengthy) proof can be found in Appendix A.

PROPOSITION 3. Let {((xi,zi, 2i) 1, 2,..., N} be a solution of (4.1). There
is an integer so that it is possible, jot any v > , to order these triples such that

Izj+l zj < 4M- / v>, j=I,2,...,N- 1,

where the subindices used are those of the new ordering, and z is the vector selected
in Proposition 2.
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We use this new ordering from now on. We prove a final structural result.
PROPOSITION 4. Let {(0i, zi, i), 1, 2, ..., N} be a solution of (4.1). Then"

(i) There is a constant K3 and an index v such that

[aiil < K3M- 1/4. 1)0v> i=1,2,. ,N,

srs Then there exists a con-also, N(v) --+ as v -0 . (ii) Let Pi z1 + Ej=
stant K4 and integer v such that

Ii zil < K4M-1/4 vov>~ i=l,2,...,N.

Proof (i) Assume first that zk -= z, k l, k, 1, ..., N, for all v. Assume
also that the assertion in (i) is false, that is, that there is an index j and an in-
creasing sequence v such that M1/41:1-0 o along this sequencer Fix v at a
value v in this sequence. Put c 7 in the definition of qc,_z, a constant to be
specified below, and

_z z + 7M- 1/4(1 + 1/2M-
where M M(vr) and e is a unit vector in the direction of j:ij for v v r. (Of
course, we can assume j:ij -: 0 at v.) Then, Igrad qc,_z(Zs)l is, for v sufficiently
large, near 2/e2r/2 (2/72)M3/4; further, grad kc,z_(Zj) is in the same direction as
_z zj, and then in the same direction as e, that is, as ojj. We have, then,

IOj,j grad Oc,_z(Zs) Issl Igrad ,c,_z(Zs)l

=< IAqc,_l + Ioi.il Igrad c,_(zi)l.
ij

Since no z equals zs, - j, no z, - j, is in the set D corresponding to k,_ for
sufficiently small 7. Fix 7 at such a value; remember v is fixed at a value v. The
second term in the right side of the inequality above is not higher than
(K1/72)(At)fiM-1/4, while IAq,_I is at most near 2 (it can be near 0, or near 1).
The left side, however, is near (2/72)1/,.1M3/4, which approaches infinity if v is
sufficiently large. A contradiction arises, and we conclude that the assertion in (i)
is true under the assumption that all z’s are different, for all v.

Consider now a solution ((_, _zi,-i), 1, 2, ..., N} of (4.1) for which this
assumption is not necessarily true, that is, for which all vectors _z are not neces-
sarily different for some values of the index v. Consider the equations in {(i,
i= 1,2, ..., N)"

N

0 grad bk(_z + egi)= AqSk, k 1,2,..., v,
i=1

where we choose the vectors g, 1, 2, ..., N, so that for any e > 0 satisfying
0 < e < e0 for some eo > 0 the vectors _zi + eg are different; the vectors g may
of course depend on the index v. The equation above has as a solution for e 0
the tuples {(_,_z)}; by the implicit function theorem, it has a solution
{((e), _(e))} for sufficiently small e. By the argument used in the first part of the
proof, since _z + egk va _z +/;gl for all v,

10i():/i(;) __< K3M- 1/4 v > v
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for all sufficiently small e, and thus for e 0 by continuity. Then I_iil K3M- 1/.4,
v> v,i= 1,2,..., N.

We show now that N(v) as v . Assume that N(v) =< No < for
all v. Then, for v > v, since

N

Y A ze- Zo,
i=1

IZf ZO NoK3M- 1/4

a contradiction since zy zo
(ii) By (i) of the proposition, 1.91 Zll [0111 K3M-1/4, v > v. Assume

there is an index j 4:1 such that M1/41 zjl as v . Then,

M1/4I(; zj) (j-1 zj_ 1)] M1/4I@j j-1) (zj zj_ 1)l

<= M1/4Ij ij-ll + M1/4lzj zj_ 11 <- K3 d- 4,

for v > max (v, 9), so that M1/41
_

zj_ 11--* oe as v oe. This, in turn, im-
plies M1/4[.Pj_ 2 zj_21 oe as v oe, etc; eventually, M1/4[.91 zll would be
shown to tend to infinity as v --, oe, a contradiction.

We remark, finally, that .gN is close to zs; indeed, .gN z + (zs- Zo), so
that- Zy z Zo.

We revert to our original notation, write Yi x + =1 e2j, so that
i (tl + =1 e, Y), and put v,, max (9, , v, .v), K max (4, K3, K4). We
have shown the following,

THEOREM 3. The quadruples satisfying (3.7) can be ordered in a set
{(ei, ti,xi,), i= 1,2, ..., N} such that a constant K and an integer Vm exist
such that the jbllowing quantities, all functions of the index v, are no higher than
KM- 1/4 for v > Vm"

Ix1 Xol, Ixi xi-11, 2, 3, N(v), It1 tol, It t_11,

2, 3,..., N(v),

]iJCi]’ Oi’ ]Yi- Xi], q- 2 j --ti’ i= 1,2,..., N(v).
j=l

5. Approximation and convergence. A complete picture of the effects of the
constraints (3.7) on the measures #v of 3 was developed ia the previous section.
We show now that it is possible to construct a sequence of curves Xv(t), [to, ty],
such that, for all J’

f(t, x, ) dltv f(t, x(t), Yc(t)) dt + ,
where I,l 0 as v . In particular, this is true for f fo, the integrand in
the functional J in (2.1). Since in this case the left side of(5.1) is I(/v), which tends
to I* as v , the curve Xv(t), [to, ty] gives the functional J a value close to
I* for sufficiently high v.
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Let the set {(0i, ti,xi,6i), 1, ..., N(v)} be as in Theorem 3; we omit a
subscript v from the elements of these quadruples for simplicity. Define a curve
Xv(t), [to, t:] as follows. Construct first a polygon in R", by joining with straight

E (Zjjlines the points x Y Y2 - - YN, remember that Yi X "["
j=

Further, assign the value to to the point x l, to + e to y, o +
+e2toy2 t=to+ i ejtoyi,.., t=tytoyN At last, define the time

j=l

variation along each segment linearly so that 6v(t) 61 on (to, to + cxl), 62 on
(to -1- Z 1,to + X + X2) 2 on (to q- Zi-laj o q- i oj) 2N on

j=l j=l

(t ,, t).
Consider first a function fcg(f) which is the restriction to

function defined on an open ball enclosing f. Then, for (t, x, ), (t, _x,

]f(t,x,6)- f(_t,S,6)l =< (6)[It- _tl + Ix _xl] =< 0[l_t- t[ + [_x- x[]

for some function (6), 6 e B; 0 is the maximum of this continuous function over
B. Then f is (uniformly in 6) Lipschitz in x and t. By the mean value theorem,

tf N

f(t, x(t), (t)) at y ,f(t,, x_,,
i=1

where _xi is in the segment joining Yi and yi_ 1, 2,..., N, _xl is in the segment
joining y and x,_t is in (to + -j= j,to + j_ j),i= 2, N, and_t, is in
(to, to + 1). By Theorem 3,

and

[x-i- xi[ < [x-i- YI + lY- xl 2KM-1/4. V > Vm i= 2 N

[ti o + oj
j=l

t0 "-[- Z (J
j=l

Therefore,

ti <- 2KM- 1/4

’> Vm, i--- 1,2,

sup If(t, x, 6) g(t, x, 6)1 -< 1Iv.

N

f(t, xv(t), 6(t)) dt iJ’(ti, x,, 6,)
i=1

N

=< 0ilf(ti, _xi, 6i) f(ti, xi,
i=1

N

0 ti{[t_, til-[-]X_ Xi] }
i=1

<= 2(At)OKM-1/ v > Vm

from which (5.1) follows, since fay(t, x, 2) dlv 2iN__1 oif(ti, xi,

Even if f is not necessarily as above, we can show that (5.1) still holds by
using the fact that the set of functions in (f) which are restrictions to
functions on an open ball enclosing f is dense in (f) in the topology of uniform
convergence. Let f e (f) and g the restriction of a -function such that
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Then,

oij’(t, xi, Yci) j’(t, x(t), Yc(t)) dt
i=1

i=1

f(t, x(t), .(t))l dt + g(t, x(t), c(t)) dt og(ti, Xi, i)
i=1

<= (2/v + 201KM-1/4)At, > v

where 01 is the Lipschitz parameter associated with g. Our contention, that (5.1)
is valid for all j’ cg(f), is proved.

As mentioned above, any curve xv(t), e [to, tl] gives the functional J a value
close to its minimum I*, for sufficiently high v; in a sense, any of these curves is
a solution to our original problem. It is possible, however, to gain further insight
into it by considering the convergence properties of the sequence {tv} in the
weak* topology. As we remarked in 3, there may be many measures, all neces-
sarily extremal points of the set P, at which the minimum of I over P is attained;
we have chosen arbitrarily one such measure, labeled it/t, and formed in this
manner the sequence {/}. It should be recognized, therefore, that the measures

Pro and/to + , for instance, may be quite different, in the sense that in general the
two integrals

ftafdl-t,,o fta J’ dto +

may be quite different, even if vo is very large, for some functionsj cg(f) it is
only when j’= j that these integrals are known to be quite close for sufficiently
large values of vo.

It is possible, however, by Alaoglu’s theorem, to choose a convergent (in
the weak* topology) subsequence from the sequence {p}; we shall call this sub-
sequence also {pv}, and its limit Po. Then, for every f (f2),

lim fa J" dP,, fa J’ do

In particular, iff= fo, I(po) I*, the minimum of I over P;/o, necessarily
an extremal point of P, has been characterized as being the weak* limit of a sub-
sequence of the measures p. We can characterize it even further; let {x(t),
t [to, tl]} be the sequence of curves corresponding to the subsequence {p}.
Then

lim j’(t, xv(t), 5c(t)) dt jdlto,

for all j’ (f2). Therefore, to is the weak* limit of a sequence of curves, and is
then a generalized curve. We summarize as follows.
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THEOREM 4. The minimum oj’ the jhnctional I over the set oj measures P occurs
at a generalized curve, that is, a measure which is the weak* limit of a sequence
of curves.

A different proof to the fact that the minimum of I over P occurs at a measure
which is the weak* limit of curves is iven by L. C. Young in [3, Appendix 2].

In the next section, we seek to characterize the generalized curve Po in terms
of the sets of quadruples {(,t,xi,), i= 1,2,...,N, v= 1,2,...} corre-
sponding to the curves {xJt), [to, t]} associated with the subsequence
Some further properties of the curves constructed in this section are given in
Appendix B.

6. The generalized curve. It is shown in [3] that a generalized curve is charac-
terized by two elements, an absolutely continuous function x(t), [to, @, and
a family of probability measures t defined on B for almost every in [to, t] such
that (t)= f da, a.e. on [to, @;further, at is completely determined by the
values f f da, for functions f(:), B in (B), independent of x and t. We seek
to characterize both x(t), , t [to,@ in terms of the set of quadruples
{(0h, ti, xi, ci), 1, 2, ..., N(v), v 1, 2, ...} associated with the subsequence
{p) tending weakly* to the generalized curve.

Consider the sequence of functions {x(t), [to, t]} associated with this
subsequence {p} this family is equibounded since x(t) A, [to, t], v 1, 2,....
It is also equicontinuous take

Na

t , o + Oa(XNa+l 0 < O, < 1,
i=1

Nb

tb E Oi "3t- ObOUb +1, 0 < 0b < 1,
i=1

with N, >= Nb. Then the corresponding values for x(-) satisfy

N,

IxJt) xJtb)l + 0o+ IN.+ ObNt + IN +1
Nb

< E (i + OaZNa+l ObZNb +1 flit. tl,
Nt,

from which our contention follows. Then, by Ascoli’s theorem, there is a sub-
sequence, to be denoted by {xJr), t [to, ty]} as well, which converges in the
topology of uniform convergence to an absolutely continuous function x(t),
z [to, t]. We denote the subsequence of associated measures by {#}.

We shall take a further subsequence of this subsequence, denoted in the
same manner. It is shown in [3] that it is possible to extract this subsequence
so that

f(2,(r)) d f

for some measure s, on B, uniformly in e [to, tf] and all Je rd(B). Let T be any
subinterval of [to, tf] of the form It, + A] or It A, t], A > 0, for fixed t. Then

A
f((z)) dz -.o f
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with s,,a (1/A)(s,+a- s,) if T It, + A] and s,,a (1/A)(s,- st-a) if
T I-t- A, t]; this convergence is uniform in t. Note that, by putting f=_ 1,
we conclude that J’B ds,.a 1; the measure st,a is a probability measure on B.
Finally, it is shown in [3] that

f j’ds,, ff d,
for a probability measure a, on B, the convergence being independent of whether
the intervals taken are of the form It, + ] or It , t], and also independent
of the particular value of the variable t.

As mentioned at the beginning of this section, these two objects, the ab-
solutely continuous function x(t), te Ito, ty], and the probability measure a,
completely characterize the generalized curve.

Consider this last subsequence, and define a probability measure a[a on B,
for all values of not of the form to + 5= J’ for 1, 2,..., N(v), by

(6.1) f(2) daT,a f(&(r)) dz
Ziwt,a Oii

where T is a subinterval of [to, ty] either of the form It, + A] or It A, t]; for
each we make a fixed, appropriate choice as to the form of T. We examine the
situation in detail when T is of the form It, + A]; a similar analysis can be made
in the other case. The set ,a {it, i, + 1,..., i, + N,(A)} is a set of integers
dependent on t, A, v, so that is in (to + Zi aj, to + Zi; aj), and + A is in
(t0 + +,’’-’ a, o + Z; +u’a, aj). Then, 0 < for i= t, i= i, + Nt(A), 0 1
otherwise. Of course, the quadruples (a, t,x, ) are those corresponding to
(t), z It0, re].

We show that the measure a[a is a good approximation to a, for large v
and small A. Indeed, for all as in (6.1),

(6.2)

for all j’ Cg(B), provided that v is higher than an integer M(A) so as to make the
first expression less than /2, and A < fi(e), so as to make the second less than
/2. Thus, given e > 0, one can choose A, and then v, so that (6.2) is satisfied. Of
course, M(A) and fi(e) do depend on the particular j’Cg(B). The measure
converges in the weak* topology to a as A 0, v oo.

Define

Oj(Z

with as in (6.1). Then,

(6.3) , fli(t)c :(t),
iWt
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so that the derivative of the function xv(t), [to, I] is a convex average of the
values 2i associated with a given point on this curve.

Still considering the same subsequence for which (6.3) is valid, we derive a
condition as to whether the generalized curve is locally an ordinary curve, that
is, whether the measure at is atomic with support :(t). From (6.3), it follows that
this condition is satisfied if and only if Soy(t) :(t) indeed, if at is atomic the left
side of (6.3) must be close to )?(t); if 2(t) )?(t), then the left side of (6.3) is close
to .(t), for high v, and t is atomic with support 2(t). Further, the measure a[A
must be, for small A and high v, nearly atomic, and the values 2i, it dg,/, should
be close; that is, a is atomic if and only if 12 / 21 0, e dV,/, as v -- . The
generalized curve is an ordinary curve if these conditions are satisfied a.e. on
[to, @.

Let J be twice continuously differentiable with respect to in the interior
of B for all (t,x)s [to, t] A. It is possible under this assumption to put the
condition on the atomicity of , in terms of some requirements on J itself and
the vectors , 1, 2, .-., N, for high v; we obtain in this manner a version of
a well-known theorem [18] on the existence of an ordinary curve minimizing the
functional (2.1) over the class , plus some further insight into the structure of
generalized curves.

Let {(0q, t,x,), i- 1, 2,..., N(v)} be the set of quadruples minimizing
(3.6) under the constraints (3.7). We assume throughout that the vectors :,

1, 2, ..., N(v), are interior to B. If , t, x, 1, 2, ..-, N(v), are kept fixed,
the vectors minimize the function

N

o,fo(t,, x,, _)
i=1

over the vectors _2 in the interior of B satisfying the appropriate constraints in
(3.7). Since these constraints are linear, there exist multipliers 2k, k 1, 2, ..., v,
such that the vectors 2 minimize

(6.4) 2 ifo(ti Xi, -i) + /k ai -i grad 4k(ti, Xi) + (ti, Xi) A4k
i=1 k=l i=1

so that, for 1, 2, ..., N(v), and a ai, t, x xi, the vector 2i satisfies

(6.5) (t,x,c) + P(t,x) O,

with P(t,x) a vector with polynomial entries. Let (i, 2, ) be a solution of (6.5).
We consider whether is a continuous function of (i, 2). If the matrix cZfo/c2z is
definite at (i, 2, )}), then (6.4) has a unique continuous solution for (t, x) in a neigh-
borhood of (, 2); remember that e > 0. Since, however, the vectors 2i, 1, 2,
.., N, provide a minimum to (6.4) for fixed (t, x), this Hessian matrix cannot be

negative definite at any triple (t, xi, ). We conclude that the solutions of (6.4)
with (t, x) in a neighborhood of (t, x) are unique and continuous in (t, x) if the
Hessian matrix is positive definite at (t, xi, )?), provided of course that the vectors

2 are interior to B.
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If the Hessian matrix is positive definite at (t, x(t)) for all 97 in the interior of
B, it is positive definite for all elements (ti, xi, :?i), e A/,A, for v > Vo, say. Since

Ix+ xil, Its+ til tend to zero as v --. oe, by continuity 197+ il 0 as
V OC, and at is atomic. Further, those points at which at is atomic are never
isolated. We have shown, in particular, the following.

THEOREM 5. The generalized curve providing a minimum of the finctional I
over the set P is an ordinary curve if: (i) the vectors ci, i= 1, 2,..., N(v), are
interior to B j’or all v higher than some V (ii) the finction jo(t, x(t), 2), B, is
strongly convex in the interior oj’ B j’or all [-to, tf].

7. Conclusion. A new treatment for variational problems has been presented
in this paper. Insight into the problems can be achieved by considering the
(simpler) programming problems of 3, just as was done in deriving Theorem 5
and the material preceding it.

No attempt has as yet been made to develop the potential of the method as
a computational technique; considerable effort would be needed to achieve
suitable, fast algorithms because of the large dimensionality of the programming
problems.

Further applications and extensions of this discretizing scheme will be pub-
lished elsewhere.

Appendix A. Proof of Proposition 3.
(i) Put z z and c 2 in the definition of ffc,_ then the radius of D is

2M- 1/,, and zo D by Proposition 2. Let Izf zol -= 0, and let v] be an index
such that 6M-1/4(1 + M-1/8) < I. Then, for v > v], if zo D1 then zy D, since
the diameter of D is 4M-1/4(1 + M-1/8). The right side of (4.2) with
satisfies, by (4.5),

IA@z,z, nt- 11 =< 2-M-1/4

for v > v0(2). Assume there is no v2 such that for all v > vZ there is at least one
vector z, 2, 3,..., N, in D. Then it is possible to find an increasing sequence
{vs, s 1, 2, ...} such that there are no vectors z e D for those vs. For these values
of v, the left side of (4.2) satisfies

N

i:i grad O2.,(zi) <_- 1/4K(At)M-1/4,
i=1

which, together with the previous inequality, implies

1/2K2M-1/ >= 1/4KI(At)/M-1/4
for any v > max (v, Vo(2)), which is false. There is therefore a v such that for
all v > v21 there is at least one vector zi, i= 2, 3..-, N, in D. We choose, for
each v > v2x, one such vector, and relabel the associated triples (ct 2, z2, z); the
triples previously labeled in this manner will occupy the places of the ones just
relabeled. The vector z2 satisfies

Iz2 z1 2M- 1/4(1 + M- 1/8) __< 4M- 1/4

for v > v max(v, v0(2), v2, v’)" v" is an index for which M- 1/8 < 1.
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(ii) We now put j 2. Let _z .z2, c 2. We must consider several cases"

(a) Let Zo D1, z, D2 The vector zI D for v > v. By exactly the same
argument as in (i) we show that at least one vector zi, 3, 4, ..., N, must be
in D for sufficiently high v. We choose one such vector, relabel its triple with
subindex 3, etc; there is v2 such that [z3 z2[ <= 4M-,/4 for v > v2.

(b) Let zo D, zl D. Put in (4.2) 4) ff2,.2 + ,.--o, and call _D,, _D2, _D the
sets associated with q,,zo. For v > v, zy _D. Also, z2 _D, since zo D, and the
radius of _D is one-half of the radius of D. The right side of (4.2) satisfies

{Aqz,_z + Aqx,,.o + II 22M ,/4 + 2K2M-,/4

for v > max(vo(2), Vo(1))= Vo(2). Assume z, C D2 (the case for which z, e D2

will be treated below), and, temporarily, that no zi, i= 1,2,..., N, is in _Dz
for any v. Assume that no index v exists such that for all v > v2 there is at least
one vector z, 3, 4, ..., N, in D. Using the same argument as in (i), the left
side of (4.2) satisfies along an increasing sequence {vS},

N

a, grad (02,2 + q,.zo)(Zi)
i=1

=< (1/4K, + K,)(At)IM- ,/4

which implies

(A.1) 1/2K2M- ,/4 >= 1/2 1/4K,(At)/M- ,/4

for all v > max (vl, Vo(2)), which is false. We proceed as in (a), and find 23 such
that Iz3 z2l =< 4M-’/4, v > v3.

If there are some z’s in _D, 1, 2,..., N, for some values of v, we replace
O,.zo by O,/4.zo and then no z’s are in the new _D2. The argument is as before,
with (A.1) replaced by

(A.2) 1/2K2M- ,/4 >= 6 1/4K,(At)/M- ,/4.

As above, we find z3 such that Iz3 z2J 4M- ,/4, v > v4.
(c) Suppose Zo D2, z, D2. We can, by taking c 1, z z2, construct a

new neighborhood b of z2 such that zo /5 for v > v’ .(v’ is an index for which
M-’/8 < 1). This implies that zy b for v > max (v, v’); the diameter of b is
2M- ,/4(1 + M-’/8) < 4M-’/4 for v > v’, and if Zo D2, IZo z2l <= 4M-’/4,
v > v’, from which it follows that all points in/3 satisfy Iz Zol < 6M-,/4 for
v > v’ However, [zI zol > 6M-’/4 for v > v, from which our assertion
follows.

If z, b2, this case is like (b), with ,,_ and I//1/2,zo instead of I//2,z2 and
ff,.zo. The inequality (A.1) is replaced by

1/2K2M- ,/4 >= -8 1/4K,(At)M- ,/4

and (A.2) by the inequality corresponding to ff,,_ and ,/8,:o, that is,

1/2K2M- ,/4 >= 2- 1/4K I(At)JM-,/4.
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If, finally, Zl b2, we use 1112,:2,01/4,zo, etc; we obtain two new inequalities.
In any case, we can choose z3 so that Iz3 z21 __< 4M-1/4, v > v 5, with v5 higher
than or equal to the indices associated with each of the four inequalities.

(d) Let zo D l,zl Oz. Construct /5 as in (c). Then z / for v > v’. If
zo /31, zs /3, for v > v. The proof proceeds now as in (a). We find z3 such that
[Z3 ZZ[ 4M-1/4, v > 6"

(e) There are two more cases, corresponding to (b) and (c) but with z e D2,
and four more cases, in which zy takes the place ofzo. We treat these cases similarly,
and obtain Iz3 zzl _< 4M-1/4 for indices vv,"’, v12 respectively. Of course,
the vectors labeled z3 in each of these 12 cases may all be different. Choose for
each v the vector z3 which corresponds to the particular case prevailing at this
value of the index; and put .v max(v2,..., v12). Then we have [z3 -z21
_< 4M-1/4, v > 2-

(iii) The rest of the proof proceeds in the same manner. None of the basic
inequalities in (ii) depend on the subindex, or on the fact that only two vectors,
z and z2 have been relabeled previously. If we were considering the situation in
which the vectors zl, ..., zj have been relabeled already, the change from (a) to
(d), for instance, would be made in the same manner if several vectors from the
set {zl, ..., z_ 1} were in D2 Then we conclude that the triples can be ordered
so that Izj+ zjl =< 4M- 1/4, v > v, j 2, 3, ..., N. Finally put max (vl, v)
the proposition follows.

Appendix B. Some properties of the curves constructed in 5. It should be
noted that some of the curves xv(" may take values outside the set A; this may
be the case, for instance, if some ofthe corresponding vectors x are on the boundary
of A. Of course, as v , the curves xv(. will either take values in A, or, if not,
the distance from {x’x xv(t), [to, ty]} to A will tend to zero. If this latter
situation is considered unacceptable, the curves x(. may be replaced by the
curves ff(. ), defined by

4KM-1/4
(t) 1- -; x(t),

[to. ty], v > Vm, where a* is the smallest side of the polygon A. Then the graph
of (.) is in [to. ty] A; note that by Theorem 3, no point of x(.) for v > v
can be at a distance higher than 2KM-1/4 from some x, and all the xi’s are in A.
The proof of the equality (5.1) for the sequence {v(. )} follows with minor changes
the one given above for {x(. )}.

Thecurves in the sequence {x(- )} are not, in general, in -, because x(to) xl,

xv(ty) YN; of course, as v , x Xo and yN xs. The definition of the
curves x(. can be modified, by prescribing xv(to) Xo, x(ty) xy, while leaving
the rest unchanged; that is, we join Xo Y ""- Yu xy, assign to to
Xo, to + 1 to Yl, etc. The proof of (5.1) for the new sequence follows with minor
changes the one given above. Theorem 4 can then be modified to state that the
functional I attains its minimum over P at a generalized curve which is the weak*.--
limit of a sequence of curves in .
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STABILITY AND THE INFINITE-TIME QUADRATIC COST PROBLEM
FOR LINEAR HEREDITARY DIFFERENTIAL SYSTEMS*

M. C. DELFOUR," C. McCALLA:I: AND S. K. MITTER

Abstract. This paper studies the infinite-time quadratic cost control problem for a general class of
linear autonomous hereditary differential systems. It uses an approach which clarifies the system-
theoretic relationship between stabilizability, stability and existence of a solution of an associated
operator equation of Riccati type. For this purpose the stability problem is studied and an operator
equation of the Lyapunov type is derived. In both cases we obtain equations which characterize the
kernels of the Lyapunov and the Riccati equations.

1. Introduction. In a previous paper (cf. Delfour-Mitter [8]) we have studied
the quadratic cost optimal control problem over a finite time interval for a general
class of linear hereditary differential systems. In particular we have characterized
the optimal controller as a linear feedback controller acting on the "state" of the
system. The feedback operator is determined by the solution of an operational
differential equation of Riccati type. The main objective of the present paper is to
study the infinite-time quadratic cost problem for a general class of linear autono-
mous hereditary differential systems. In undertaking this study we insist on an
approach which clarifies the system-theoretic relationship between controllability,
stabilizability, stability and existence of a solution of an associated operator
equation of Riccati type.

For systems described by ordinary differential equations the infinite-time
quadratic cost problem is well-studied (cf. R. W. Brockett [1], R. E. Kalman [13],
J. C. Willems [223, W. M. Wonham [233). This problem has been studied for
certain classes of infinite-dimensional systems. J. L. Lions [15] has studied this
problem for abstract evolution equations of parabolic type and given a complete
solution to the problem. Lukes and Russell [163 have studied this problem for
abstract evolution equations of the type

dx(t)
Ax(t)+ Bu(t),

dt
(1.1)

x(O) xo (A),

where A is an unbounded spectral operator (cf. Dunford and Schwartz [11]) and
B is also an unbounded operator satisfying certain conditions. Lukes and Russell
also allow unbounded operators in the cost function. Using an approach originally
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due to R. E. Kalman [13] they obtain an operational differential equation of
Riccati type to characterize the time-varying feedback gain in th finite time case.
They also show that under an appropriate stabilizability hypot,esis the solution
to the infinite-time quadratic cost problem can be obtained in feedback form,
where the "feedback gain" is characterized by the solution of an operator equation
of quadratic type. The same problem has also been studied by R. Datko [4].
Unfortunately, R. Datko [4] does not characterize the solution as a feedback
controller acting on the "state" of the system.

It is felt that the contributions of the present paper are the following"
(i) We present a complete detailed solution to the infinite-time quadratic

cost problem for a general class of linear hereditary differential systems. Other
than the parabolic case solved by J. L. Lions [15], this appears to be the only other
case (so far) where the problem can be solved in a way which is satisfactory from
the system-theoretic point of view (that is, no ad hoc mathematical assumptions
need to be made).

(ii) The approach we use here is different from that of Lukes and Russell
16] as well as R. Datko [3], [4] and constitutes a synthesis ofthe work of J. L. Lions
[15] and Delfour and Mitter [6], [7], [8].

(iii) The detailed results we obtain exploit the structure of hereditary differ-
ential systems in an essential way.

(iv) It gives rigorous derivations of earlier incomplete results of Ross and
Fltigge-Lotz 19] for a more specialized problem.

The results on the equations for the kernel of the solution of the Lyapunov
equation have been announced in 1972 (cf. Delfour [5]).

2. Notation, terminology and preliminary definitions. Let be the field of all
real numbers and let a > 0 be given.

Let X and Y be real Hilbert spaces with norms I" Ix, I" IY and inner products
(’, ")x and (., )y respectively.

Let 52(-a, 0;X) be the vector space of all m-measurable (m denoting the
complete Lebesgue measure on ) maps [-a, 0] X which are square integrable
and let L2( a, 0; X) denote the natural Hilbert space associated with 52( a, 0; X)
with norm 112, Consider the space 502( a, 0; X) endowed with the seminorm

(2.1) IIf I- [If(0)l / Ilf ]/2.

The quotient space of 52(-a, 0; X) by the linear subspace of all f such that
f t2 0 is denoted by M2(- a, 0; X). M2(- a, 0; X) endowed with the norm

(2.1) and inner product

(2.2) (f, g)t2 (f(0), g(0))x + (f(O), g(0))x dO

is a Hilbert space isometrically isomorphic to X x L2(-a, 0;X) endowed with
the norm

(2.3) ]lhll Ihl + IhX(0)ld0
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and inner product

(2.4) (h, k) (h k)x + (h (0), k (O))x dO.

The isomorphism is denoted by c, where c(h) (h(0), h). For simplicity we shall
often identify h and the pair (h, hi). For the motivation in introducing M2, see
Delfour and Mitter [6].

For all 6 [0, ), we denote by W’2(0, t; X) the vector space of all absolutely
continuous maps [0, t]- X with a distributional derivative Dx in L2(0, t; X).
W’2(0, t; X) endowed with the norm

(2.5) Ilxllw’, (Ix(s)l / IDx(s)I)ds

is a Hilbert space.
We denote by L2oc(0, oe X) the Frchet space of measurable maps [0, oe) X

which are square integrable on every compact subset of [0, ). Wlocl’2(0, oe ;X)
denotes the Fr6chet space of all absolutely continuous maps [0, c)---, X with
derivatives in L2oc(0, o ;X), and Coc(0, o;X) denotes the Fr6chet space of all
continuous maps [0, ) --, X.

Let (X, Y) denote the real Banach space of all continuous linear maps
A "X--, Y endowed with the natural norm Ilmll. The adjoint of A in &(X, Y)
will be denoted by A* (Y, X). When X Y, we write 54’(X) instead of5e(X, X).
A 5(X) will be said to be self-adjoint if A A*. A self-adjoint A will be said to
be positive and written A => 0 if (Ax, x) >= 0 for all x X and positive definite
and written A > 0 if (Ax, x) > 0, x :/: 0. The identity in (X) is denoted by Ix.

For an operator A 5(M2) we can exploit the isomorphism between M2

and X L2 to decompose A into a matrix of operators
A Al

(2.6)
AlO A

where A &(X), A &O(L2(_ a, 0; X), X), A lO (X, L2(- a, 0; X)) and
A 11 5(L2( a, 0;X)) are defined in the obvious way.

Let A "(A) --, X be a closed linear operator with dense domain (A) in X.
The operator A is said to be bounded from below (resp. above) by R if for all
x !(A), (Ax, x) >= llxll z (resp. (Ax, x) <= llxl12).

3. Summary of previous results. Let N => be an integer, let a > 0 and
-a 0n < < 01 < 0o 0 be real numbers, let X R" be the Euclidean real
Hilbert space of finite dimension n and let U be an arbitrary real Hilbert space.

Consider the autonomous hereditary differential system

dx N X(t-_Oi), l-I-OiO0t-d[(t) Aoox(t + Ai
i= khl(t + Oi), t+ Oi <

fo {x(t+O), t+O>_ O) dO(L) + -aAl(O) hl(t -I- 0), + 0 < 0

+ By(t), a.e. in [0, ),

x(0)= h, h=(h,h1) inM2(-a, 0;X),
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where Aoo, Ai (i 1, 2,--., N) are elements of (X), Aoi e L(-a, 0; 2’(X)),
v e Loc(0, oe U) and B e 5 (U, X).

It was shown in Delfour and Mitter [83, [10 that the system (L) can be
equivalently described by an evolution equation in M2(-a,O; X). For this
purpose we define the state at time as an element

(3.1)

in terms of h (h, h l) and the solution x(. h, v) of system (L)"
x(t + O;h,v),

(3.2) )?(t;h,v) x(t;h,v), 2(t;h,v)l(O)
h(t + O)

We define

(t;h,v) (Y(t;h,v),2(t;h,v)l)eM2(-a,O;X)

t+0__>0}.otherwise

(3.3) V {(h(0), h)lh e W’2(-a, 0; X)}

and Xo" V --, X, " V --, L2( a, 0; X) and " V --, M2( a, 0; X) as follows"

(3.4) /oh Aooh(O) + Aih(O) + Ao(O)h(O dO,
i=1

dh
(3.5) (h)(O) -(0),
and

(3.6) [h] Xoh, [h]’ Xlb.

Let v(t) 0 in [0, oe) in (L). We then have (cf. Delfour and Mitter [8], [10])
the following.

THEOREM 3.1. The map t-- 2(t; h, 0) given by (3.1) generates a one-parameter
semigroup {(t)} in _q(m2) satisfying the following properties"

(i) for all h in m2, -* t(t)h" [0, oo) m2 is continuous;
(ii) q)(0)- It;

(iii) for >= a, (t) is compact (i.e., maps bounded sets into relatively compact
sets);

(iv) for all h in V the map t-- (t)h" [0, ) - V is continuous;
(v) the operator . defined by (3.4)-(3.6) is the infinitesimal generator of the

semigroup (t).
Now define the operator/ e ’(U, M2(- a, 0; X)) as

(3.7) Bu (Bu, 0).

Consider the controlled evolution equation

d2
-(t) AYe(t)+ Bu(t),

(L)
(0) h.

We then have the following theorem.
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THEOREM 3.2.
(i) For all h in V and v in Lloc(0, oo U),. system () has a unique solution in

(3.8) Wo(0, V, M2) {z e LZo(0, ; V)IDz e Lo(O, ;M2)}
which coincides with the state ( h, v) constructed from h and x( h, v).

(ii) The map(h, v)- A(h, u) 9(- ;h, v)" V x L2o(0, U) Wo(0, oo V, M2)
is linear and continuous when V is endowed with the Wa’2-topology it can be lifted
to a unique continuous linear map "M2 x Lo(O, o U) -, Clo(0, ;M2).

Consider the control system (L) and fix the final time T e(0, ) and the
initial time in [0, T). With a pair (h, v) we associate the cost function

(3.9) Jr(v, h) [(x(s h, v), Qx(s h, v)) + (v(s), gv(s))] ds,

where Q e (X) self-adjoint, Q __> 0, N e (U) self-adjoint, (u, Nu) >= clul 2, c > O.
Consider the optimal control problem of minimizing (3.9) in the interval

It, T]. For each h, it can be shown that there exists a unique u in LZ(t, T; U) which
minimizes (3.9) over all v in LZ(t, T; U). We can then show that there exists a
unique operator Fir(t) (m2) which is self-adjoint and positive such that

(3.10) (h, 1-Ir(t)h)t min {Jr(v, h)lv LZ(t, T; U)}.

Moreover the optimal control is given by

(3.11) u(s) N -1,1-I T(S)(S h),

where 9(. ;h) is the solution of

dy(s) [- BN-B*Iqr(s)]y(s) a.e. in It,
ds

(3.12)
y(t) h.

The operator Fir(s can be shown to satisfy an operator differential equation
of Riccati type which (when interpreted appropriately) has a unique solution in
[0, T] (cf. Delfour and Mitter [8]).

In the sequel we shall abbreviate M2(--a, 0;X) by ME.

4. Formulation of the infinite-time problem. We now associate with the
control system (L) (or equivalently ) the quadratic cost Joo which is equal to the
quadratic cost (3.9) where T and 0. Our objective is to study the problem"

(4.1) Minimize Jo(v, h) over all v e Lo(0, U).

Our main result may be summarized as follows" Under certain stabiliz-
ability hypotheses for each h e M2( a, 0; X), there exists a unique u e Llo(0, oe, U)
which minimizes J(v,h) over all v e L12o(0, oe; U). Moreover, the minimizing
control u can be expressed in "feedback form" in terms of an operator H for which
an operator Riccati equation can be obtained. Under further hypotheses on Q,
the resulting closed-loop control is also stable.

The theory is thus as complete as the theory for the corresponding ordinary
differential equation case.
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5. Solution of the infinite-time problem. The solution to the infinite-time
problem proceeds in three parts"

(i) We first have to make sure that the problem is well-posed in the sense
that there exists a constant c > 0 and for each h a control vh such that the corre-
sponding cost Joo(Vh, h) is bounded by cllhll 2_, This naturally leads to a study of the
stability and stabilizability of linear hereditary systems.

(ii) We then study the behavior of J(v, h) and the feedback operator Fir(t
as T oo. We show in particular that Fir(t converges to an operator Fi.

(iii) Finally we characterize Fi and study the stability of the resulting closed-
loop system.

5.1. Stability. In this section we shall denote by x(s;h) the solution x(s; h, O)
of(L).

DEFINITION 5.1. Th uncontrolled system (L) is said to be L-stbl if

(5.1) lim (x(s; h), x(s h))x ds <

By virtue of the choice of Me as the space of initial conditions it is easy to
show that (5.1) is equivalent to

(5.2) lim (2(s; h), )?(s; h))t2 ds < oo Vh e M2.
t--*

DEFINITION 5.2. An operator R e 5(Me) is said to be positive definite on X if

(5.3) (h, Rh)x > 0 V h =/= O,

where R e 5(X) is defined by

Rh [R(h, 0)] Vh e X.

Using the techniques of R. Datko [2] we can state the following equivalent
conditions for L2-stability.

THEOREM 5.3. Let R >= 0 in 2,F(Me) and Q > 0 in q(X) be given. The following
statements are equivalent"

(i) (L) is L2-stable.
(ii) For all h in Me,

(5.4) lim [(R7(s h),
t’-

(iii) There exists a self-adjoint operator B >= 0 in 5(M2) such that

(5.5) (A-h, Bk) + (h, BA-k) + (h, lk) 0 V h, V k e V,

where

(5.6) (]h) (h, 0).

(iv) There exists a self-adjoint operator B >__ 0 such that

(A-h,Bk) + (h,B,k) + (h,Rk) + (h, Ok) O V h,V ke V,
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where

Oh (Qh, 0).

(v) There exist > 0 and 1C/I >= such that

(5.8) [12(t;h)llM2 =< r exp(-6)t)llhllt2 V >= 0.

(5.9)

(vi) There exist co > 0 and M > such that

Ix(t; h)lx <= M exp(-cot)llhllt2 V > O.

(vii) There exists t < 0 such that the spectrum a() of .Z. lies entirely in
{2 e CI Re 2 __< e}, where C is thefield of all complex numbers, a() {2 e CI det A(2)

0} and det A(2) is the determinant of the matrix

A(2) 2I A exp (20i) Ao 1(0) exp (20) dO.
i=1

Proof. The equivalence of conditions (i) through (vi) can be easily proved by
using the results and techniques of R. Datko [2] and the remark following
Definition 5.1. As for condition (vii) it is a straightforward application ofthe results
of J. K. Hale 12] with the space M2( a, 0; X) in place ofthe space C(- a, 0; X). [3

Remark. (i) Equation (5.5) can be rewritten as an equation in (V, V*)
(V*, the topological dual of V)"

(5.11) /*B + B + 0.

This is the generalization of Lyapunov’s equation in the finite-dimensional case.
This condition is much sharper than R. Datko’s condition (see [2])

(5.12) 2(BA-x, x) -Ixl 2 V x e V,

but obviously equivalent.
(ii) Notice also that a straightforward application of R. Datko’s results

(see [3]) would have yielded the Lyapunov equation

(5.13) *B + B + I 0,

where I is the identity in C(M2), or equivalently

(5.14) A*B + BA + Q 0

for some positive self-adjoint Q in ’(M2) which is bounded below by some positive
nonzero constant. Conditions (iii) and (iv) are different and make use of the special
structure of hereditary systems (cf. remark following Definition 5.1). It is this
subtle difference that will enable us to solve the infinite-time quadratic cost problem.

In Proposition 5.4 and Theorem 5.5 we further characterize the solutions of
equations (5.5) and (5.7).

PROPOSITION 5.4. Let the hypotheses of Theorem 5.3 be true. If equation (5.5)
resp. (5.7)) has a positive self-adjoiht solution B in (M2), it is unique and for all
h and k in M2,

(Bh, k)ra2 (x(s; h), x(s k))x ds
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(5.16) (resp.(Bh, k) (JR + ](s;h),(s;k))ds)

and B is positive definite on X.
Proof. We prove the proposition only for equation (5.5).
(i) Let B and B be two solutions of (5.5) and let D B B. Then for

all h and k in K
(A-h, Dk)t_ + (Dh, Xk)t_ O.

Thus for all _>_ 0 and h and k in V,

(5.17) (:(t h),D(t; k))t (h,Dk)t.

Since the system is L2-stable, the left-hand side of (5.17) is 0.
(ii) Similarly from equation (5.5) we obtain for all >= 0, h and k in V,

(A(t; h), B(t k)) + (B(t; h), (t; k)) + (x(t; h), x(t k)) O.

This yields

(h, Bk) (x(s; h), x(s k)) ds + ((t; h), B(t k))

and since the system is L-stable, (t;h) 0 and we obtain (5.15) as goes to
infinity.

(iii) Finally for all h 4:0 in X,

(Bh, h)x Ix(s; (h, 0))1 ds > 0

since the map s x(s;(h, 0)) is continuous and x(0" (h, 0)) h. [3
For linear hereditary differential systems we can exploit the particular

structure of the system to further characterize the solution of Lyapunov’s equation
(5.5).

THEOREM 5.5. Let B >= 0 in &t’(M2) be the solution of (5.5) in condition (iii) of
Theorem 5.3. It is completely characterized by its matrix of operators

[BOO B:] BL’(X), B’L’(L2(-a, 0;X), X),
(5.18)

I_B1 o B’ B’e’(X,L2(-a,O;X)), B’e’(L2(-a,O;X)).

BOO is characterized by the equation

BAoo + AoB + B(0)+ B(0)* + I 0,
(5.19)

BOO (BOO)* >= 0.

B is characterized in the following way"

(5.20) (Blh)(a) nlo()hO,
where the map

(5.21) a-- B’(a)’[-a, 0i So(X)
is piecewise absolutely continuous with jumps at a Oi of height A.*, B, 1,
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N 1. Moreover the map (5.21) is itself characterized by the differential equation

dBO N-1

da
(a) Bl()A + Al(a)*B + A’*’B((a- Oi)

i=1

(5.22) + Bl(z, 0), a.e. in [-a, 0],

B 10( a) AB,
where 6( Oi) is the -function at Oi.

B is obtained from B lO

(5.23) Bh B()*h() d.

B is characterized in the following way"

(5.24) (B"h’)() B’(a,fl)h()d,

where the map

(5.25) (,fl)Bll(o,fl)’[-a,0J I-a,0] -- (X)
is piecewise absolutely continuous in each variable with jumps of height A.*,Ba(fl)*
at Oi, 1,..., N- (resp. BI(z)A./at fl Oj, j 1,..., N 1). More-
over B l(z, fl) is the solution of

I C3 -IB11 I()*B B!+ (a, fl) Ao o(fl), + o(a)Ao,(fl

N-1

(5.26) +
i=1

with boundary conditions

N-1

+ B’()Aj5(fl 0)
j=l

(5.27) B’l(-a, fl) ABl(fl)*, Bll(0,--a)- BI(a)AN,

and symmetry property B :(, fl) B :(fl, e)*.
The solution of the above differential system is

BI(a a)A,
Bll(’ fl)--

(ABI(fl- a)*,

1 A SlO(fl O -- 0i)*,
+

i=1 0

-a __< fl - + Og, Og < ,
otherwise

(5.28) NI BlO((- + Oj)Aj,
+

j--1 ( 0

-a < - + 0,0 <

otherwise (cont.)
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Proof. See Appendix A.

5.2. Stabilizability. In the control theory of linear ordinary differential
equations there is an important result which says that if the system is completely
controllable then it is stabilizable, i.e., there exists a constant feedback matrix K
such that the resulting closed-loop system matrix can be made to have its eigen-
values strictly in the left half-plane. For hereditary systems we first need a definition
of stabilizability.

DEFINITION 5.6. The controlled system (L) (or ()) is said to be stabilizable
if there exists some operator G in 5(V, U) of the form

(5.29) Gh Gooh(O + Gih(T,i) + Go x(O)h(O dO
i=1

(for some integer M >= 1, some real numbers -a zM < < Zl < r0 "--0,
some Go0, Gi (i 1, ..., M) in ’(X, U) and Go "I-a, 0]---, 5(X, U) strongly
measurable and bounded) such that the resulting closed-loop system

)(t) [ +/G](t), a.e. in [0,
(5.30)

97(0) h, h in V,

is L2-stable.
It is extremely important to notice that for operators of the form (5.29) the map

h :?a(. h)"M2 Clot(0 (z) M2)
is continuous, where for each h in V, )?a(. ;h) denotes the solution of (5.30). This
is not true of all operators in q(V, U). This definition opens the way to the investi-
gation of stabilizability by feedback of a delayed signal (cf. . M. Popov [18]).

Using the spectral properties of (cf. J. K. Hale [12]) an analogue of the
ordinary differential equation result cited above could be obtained for a linear
hereditary differential system. For a study of this question see Y. S. Osipov [17]
and H. F. Vandevenne [20], [21].

The importance of the concept of stabilizability and a theorem relating
controllability and stabilizability is that it provides us with a verifiable condition
for asserting that there exists a constant c > 0 and for each h at least one control
v such that Joo(v, h) <= cllhll =. Thus the infinite-time problem is well-posed.

5.3. Asymptotic behavior of 1-It(t) as T oe. We know that for the quadratic
cost problem over [0, T] the optimal control u*(s) is given by

u*(s) N- B*rIr(s)(s h), s e [0, r],

and the optimal cost by

JOT(U*, h) (h, Ilr(O)h)M.
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We now show the following.
THEOREM 5.7. Assume that () is stabilizable. Then"

(i) For all h in Mz, limt<T-.oo HT(t)h Hh, __> 0.
(ii) For all h in ME,

(5.31) (Hh, h)M2 ([( + FI/H]2(s), )(s)) ds,

where R BN- 1B,,

(5.32) /h (Rh, 0),

and is the solution of
dy
dt

(t) (- _H)y(t), a.e. in [0,

y(O) h,

with initial datum h.
(iii) For all h in Me,

(5.34) (nh, h)M2 Jo(- N- 1/*FI, h).

Proof. (i) Consider the optimal control problem on the interval Is, T]. By
virtue of the stabilizability hypothesis there exists a feedback operator G of the
type described in Definition 5.6 such that the operator +/G is L2-stable.
Let q)G be the semigroup generated by this operator. For all T > s _>_ 0,

(Hr(s)h, h)M2 inf {Jr(v, h)lv e g2(s, T, g)}

__< [(0G(t s)h, P(t s)h) + (NG(.t- s)h, GP(t s)h)] at

=< [(O@(t)h, @(t)h) + (NG@(t)h, G@(t)h)] dt

where z is the solution of

(0 (50 + BG)2(0, a.. in [0, ),

(0) h,

and is the state constructed from h and z. But

IG(t)l 2 dt N IIGooll Iz(t)l 2 dt

+ I[Gil Ih(O)l 2 dO + Iz(t)l z at
i=1

+ Go a/2 Ih(O)[ 2 dO + Iz(t)l 2 dt

(5.33)
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where z is the solution of (5.30). Finally since (5.30) is L2-stable there exists a
constant c > 0 (independent of h, T and s) such that.

(Hr(s)h,h)M2 < cllhll= V h,V T>= s >= 0.

It is now easy to show the following"
(a) 1-IT2(S) _>-- 1-IT,(s), T2 => T1 => s, where __> denotes the natural partial

ordering of positive operators, and
(b) there exists c > 0 such that IIl-Ir(s)lleM) _-< c for all T >= s.
Then by a well-known theorem on positive operators (cf. Kantorovich and

Akilov [14, p. 189]), for all h in M2, I-IT(s)h converges to II(s)h, for some positive
self-adjoint operator I-I(s)in (m2).

Now for 0 < T1 sl T2 Sz, Sl >-_ s2 >= O,

(h, rI,(s)h) (h, ITr(sa)h)
and hence FIr,(sl) 1-Ir(S2). In particular, for all sl < s2 and h in M2,

and

FI(sl)h-- lim FIT,(sl)h-- lim HT,+_,(s2)h H(s2)h
T, To

lim Hr(s)h Hh V s >- O.

(ii) We now consider the control problem in the interval [0, oe). Let denote
the solution of (5.30) corresponding to the stabilizing feedback control law G,
let 2 be the solution of (5.33) in [0, ) and let 2T be the solution of

ds
(s)= (d- n.(s)):(s),

,(o) h.

a.e. in [0, T],

We first show that for all > 0,

(5.36) lim 2T(t ---} 2(t)
t, T

Fix > 0 and consider T, T > l. Let

uniformly in [0, 1].

yT(t) xT(t)- x(t) in [0,

Then

where

dt
--(t) Aw(t + /[H(t)- HT(t)YCT(t)],

r(O) 0,

a.e. in [0,

J y(s + O), s + O_> O,
:(s)(O)

0 otherwise.
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As a result there exists C(tl) > 0 such that for all 0 __<

IT(t)[ < c(tl) In(s)- rI(s)(s)l ds

=< c(t,) {l(rI rIT(S))(s)l + InT(S)fT(S)I3 aS

and we can find c’(tl) > 0 such that

1l)Trl]co,,,;u2)-<_ c’(tl) I(FI liT(S))Y(s)l ds.

But ff LI(0, tl M2). Then fT(S) FIT(s)ff(s) and f(s) lift(s) belong to
LI(0, ;m2). BothfT andfare bounded by the Ll-function cl(s)] and for almost
all t,

fT(t) FIT(t)(t) f(t)= rib(t) as T

By the Lebesgue dominated convergence theorem, fT f in L1(0, MZ).
This shows that )7T 0 and proves (5.36). This also shows that YT(t) is uniformly
bounded in [0, 1] by a constant independent of T.

We know that for all T > 0 (cf. Delfour and Mitter [8])

(5.37) (rr(0)h, h) ([ + n(sn(s](s,(ss.

The left-hand side of (5.37) converges to (h, h) as T goes to infinity. We now
show that the right-hand side of (5.37) converges to

For this purpose we define

([ + Hr(t)Hr(t)]r(t), r(t)), 0 T,
gr(t)=

0 otherwise,

From previous considerations it is now clear that

gr(t) -- g(t) pointwise in [0, ) as T

By Fatou’s lemma,

g(t) dt lim gr(t) dt lim (Hr(O)h, h) (Hh, h),
T T

and for all T > 0,

dt J( X- *, (HT(O)h, h).h)

Off) Finally (5.34) has been established at the end of (ii).
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5.4. Solution to the infinite-time problem.
THZOREM 5.8. Assume that () is stabilizable. Then for each h in Me, there

exists a control function u* in Loc(0, c U) such that

(5.38) Joo(u*, h) inf {Joo(v, h)lv e Lloc(0, c U)} (h, Flh).

Moreover,

(5.39)

where Yc is the solution of

U*(t) N-1/*l-I:(s),

ds
(S) ( l-I)2(s), a.e. in [0, o),

2(0) h.

Proof. The control function u* defined by (5.38) is clearly an element of
Lo(0, oe U). Consider any v e Lo(0, oe U). Then for all r > 0,

(h, 1-I r(0)h) min
eL2(O, T; U)

J(v, h) <= [(Qx(s v), x(s v)) + (Nv(s), v(s))] ds,

where x(. v) is the solution of (L) corresponding to h and v. Therefore,

(h, I-Ih) =< [(Qx(s v), x(s v)) + (Nv(s), V(s))] ds,

and the result follows from Theorem 5.7 (iii). U

5.5. Characterization of I-I and stability of the closed-loop system.
THEOREM 5.9. Let Q > O. Then"
(i) () is stabilizable if and only if there exists a positive self-adjoint operator

FI in (Ma) which is a solution to the operator equation of Ricatti type

(5.40) (A-h, nk) + (h, HA-k) (h, rInk) + (h, Ok) 0 V h, k in V.

(ii) If a positive self-adjoint solution of (5.40) exists, it is unique and equal to
the 1-I of Theorem 5.7. The operator -.YI is LZ-stable, the operator
G* -N- 1/*1-I defines a stable feedback law and I-I is positive definite on X.

Proof. (i) Assume that system () is stabilizable. Then equation (5.31) of
Theorem 5.7(ii) is true for all h in M2. Since Q > 0 and 1-I/l-I _>_ 0 we can use
Theorem 5.3(i) and (ii) to conclude that the operator -/II is LZ-stable. Since
Q, I-I and Q + I-I/I-I are positive and self-adjoint, equation (5.31) implies that for
all h and k in m2,

(nh, k) ([0 + ds,

where ffh (resp.)k) is the solution of equation (5.33) with initial datum h (resp. k).
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Let t(s) be the strongly continuous semigroup generated by/ /H, that is,
Yc(s) (s)h. For all h and k in V,

(n(X-/n)h, k)= ((0 + rl/n)(s)(X-/n)h, (s)k)ds,

(h, (-n (( + (sh,(s(- s,

-(( + nn)h, k),

since - H is L2-stable and 2(s) 0 as s . Finally,

n + X*n nn + .
Conversely assume that there exists a solution H to the operator Riccati

equation (5.40) which is self-adjoint and positive. Equation (5.40) can be rewritten as

By Theorem 5.3(iv), this means that the system defined by the operator A RH
is L-stable. It is now a simple matter to check that the stabilizing feedback law
is G* N- B*H.

(ii) If a positive self-adjoint solution of (5.40) exists, we have shown that
system (E) is stabilizable, that H is a solution of (5.40), that the operator H
is L2-stable and that G* is a stable feedback law. By Proposition 5.4 we can also say
that H is positive definite on X. It remains to prove uniqueness. Assume that
there exist two solutions H 0 and H2 0 to the Riccati equation (5.40).
Let P H H2. Then necessarily

or

Hence

((, Yl.)h, Pk) + (h, P(, Fl 1)k) O.

d
ds(2(s)h, P,(s)k) (( -/l-12)2(s)h, P,(s)k)

+ (2(s)h, P(A RH,),(s)k) O,

where 2 (resp. ) is the semigroup generated by/-/Fle (resp. -/Fll).
Then

(h, Pk) (e(s)h, Pd(s)k) 0 as s - ,since e and are Le-stable. Finally P 0 and equation (5.40) has a unique
solution which is necessarily equal to the H of Theorem 5.7.
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Remark. Note that the hypothesis Q > 0 implies that the pair (A", Q1/2) is
observable since the map h-- Q1/2o(. )ho is injective (cf. Delfour and Mitter
[8, Def. 3.11 and Prop. 3.13]).

6. Detailed characterization of H. One can exploit the structure of the space
M and the fact that FI is a matrix of operators to give a detailed characterization
of H. This is done in the following theorem.

THEOREM 6.1. Let H >__ 0 in Ca(M2) be the solution of (5.40). Then

(6.1) (h, Flk) ((t)h, [0 + nrI]q,(t)k) dt.

It is completely characterized by its matrix of operators

(6.2) [FI FI:l, Hc’(X)’ 1-Ilq;’(L2(-a’O;X)’X)’
FIlo FI1 1-IloeC’(X,L2(-a,O;X)), FIll (L2(-a,O;X)).

Hoo is characterized by the equation

HooAoo + AoHoo + HLO(0) + Hlo(0)* + Q HooRHoo 0,
(6.3)

1-Io Hoo > 0.

H o is characterized in thefollowing way"

(6.4) (H loh)() l-I lO()h,
where the map

(6.5) a no(a)" [- a, 0] &a(X)

is piecewise absolutely continuous with jumps at a O of height A*IIoo,
i= 1,..., N- 1. Moreover the map (6.5) is characterized by the differential
equation

N-1dHlo (a)= n,o(a)[Aoo Rnoo] + Y A’nooa(a- o,)+ Aol(a)*Hoo
/=1

(6.6) + I-I 11(Z, 0), a.e. in [-- a, 0],

1-Ilo(--a) A]Hoo,

where 5( 0) is the deltafunction at 0.
Hol is obtained from H o"

(6.7) FIolhi FI lO(a)*h l(x) da.

1-I1 is characterized in thefallowing way"

(6.8)

where the map

(1-I lh1)() l-I l(X, fl)h l(fl) dfl,

(6.9)
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is piecewise absolutely continuous in each variable with jumps of height A.*, Hlo(fl)*
at 0i, i= 1,..., N (resp. YIlo(t)Aj at fl Oj, j 1,..., N 1). More-
over 1-I11(, fl) is the solution of

(6.10)

with boundary conditions

(6.11)

I-I,,(o,) Ao,(OO*I-Ilo()* + n,o()Ao,()

N-1 N-1

+ AH,o(fl)*6(a Oi)+ H,o()Aj6(fl-Oj)
i=1 j=l

n,o()Rn,o(fl)*

n,,(-a, fl) AH,o(fl)*, 1-I 1( a) 1-I o(a)Au,

and symmetry property

I-Ii1(o, fl) H,l(fl,
The solution of the above differential system is

(6.12)

Proof. See Appendix B.

Appendix A.

otherwise

-a <= fl + 0,0 < fl
otherwise

> fl ad
otherwise

0>- fl--a}d0
otherwise

H,o(a fl + O)RYI,o(O)* dO, >= fl

Proof of Theorem 5.5. The reader can find the definitions of o, (I)1 and
in Delfour and Mitter [7], [8 and [10]. We first rewrite equation (5.15) in terms
of"

(A.1) (h, rIk) ()(t)h, [Q + rIHfl)(t)k)dt.
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We shall also use the identity

(A.2) [(t)h] (t)h + (t)h.
We first study BOO and the kernels Bl(a) and B 11(Z, ) of the operators B1

and B1. Since we know where the discontinuities can occur we derive differential
equations for Bl(a) and B(a, fl). Finally we solve the equation for B 11(a, fl)
and give an explicit expression of B11(a, fl) in terms of B1(. ).

(i) Let h (h, 0) and k (k, 0) in (A.1). Then

(A.3) BOO O(t)*O(t) dt.

Let h (0, h), k (k, 0) in (A.1). Then

(A.4) (h Bk) (O(t)h O(t)k) dt.

But (cf. Delfour and Mitter [7] and [8])

(A.5) (t)h I)(t, a)hl(a) dx,

(A.6) fo(h 1, Blk) (h(a), O(t, a)*O(t)k)dt da,

and

(A.7) Bl(a) I)l(t, a)*cI)(t) dt.

We now substitute for l(t, ) the expression (cfi Delfour and Mitter [7] and [8])

(A.8)
il 0 otherwise

o(t- + O)Ao(O)dO.

Identity (A.7) can now be rewritten in the form
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Finally we change the order of integration of the last term in (A.9) to obtain

(A. 10)

N

i=1

(t + Oi)*(t) dt, Oi <=
--Oi

0 Oi>X

+ dO Ao(O)* dt (t + O)*(t).
--t9

By inspection it is readily seen that B1(00 has jumps at Oi, 1, ..., N 1,
of respective heights A{B. Moreover

(A.11) Bl(-a) AB.
Let h (0, h 1) and k (0, k 1) in (A.1). Then

(A.12) (h’,Bl’k ’) (O’(t)h’, 01(t)k’)dt.

In view of (A.5),

(A. 13) (h’, B"k’) ’(t, a)hl(a) da, d’(t, fl)kl(fl) dfl dt

and

(A.14) B11(, [) ’(t, a)*’(t, fl) dt.

We again use (A.8) to express B(, fl) in terms of o.
B(,) +

= 0 otherwise xt-.-,
Aol(O)*dP(t o + 0)* dO1,

otherwise
q)(t fl + )Ao()d] dt

i=lj=l

t>a-Oi>O,t> fl-Oi>O} dt
otherwise

(A.15)

foo {.*,o(t-a+oi)*, t>_-o>o}f+ dt (t- + )Ao,()d
otherwise axe- a.a- t

+ dt
axl tl

j=l

|
dO Ao(O)*dP(t a + O)*dP(t + Oi)Ai, >= Oi >- O t

otherwise

+ dt
axl

dO d Aol(O)*(t ot + O)*dP(t + )Ao()
ax{ a,/ t}

(cont.)
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i=

dt A.*, (t + Oi)*.(t + Oi)Ai, Oi >= Oi >=0

dt A.*, dP(t + Oi)*dP(t fl + Oi)Ai, fl 0 > Oi >= O

otherwise

dt d.A(t- + Oi)*dP(t- + )Aol(), - 0=>0
+ 0i ax{ a,# t}

= 0 otherwise

dt dO Ao(O)**(t + O)**(t + Oj)Aj, fl Oj > 0
ax{ t}

otherwise

+ dt
ax{-a,a-tl

dO d Aol(O)*(t + O)*(t + )Ao(
ax{ a,0 t}

+ dt
ax{-a,O-t-a+Oi)

i=1

d A.*, *(t)*dP(t + O + )Ao,(.), -Oi>=Ol
otherwise J

Ij=l

dO Aol(O)*(t + fl Oj- o + O)*(t)Aj, fl- Oj >= 0

otherwise

+ dO dt d Ao(O)*(t- + 0)*(t-/3 + )Ao,(
ax{ a,/ t}

=(R)+(R)+(R)+(R).

Given , term has jumps at//= Oi,j 1, ..., N 1, of height

N

(A.16)
i=1

dt A.*, (t + Oi)*(t)Ai, >. Oi}Oi

o<Oi

Given/, term 0) has jumps at 0, 1, ..., N 1, of height

N

(A.17)
j=l

dt A.*,(t)*(t + Oj)Aj, >- Oj

0 Oj

<Oj
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Given fl, term @ has jumps at e Oi, 1, ..., N 1, of height

(A. 18) d dt A.*, (b(t)*(D(t + )Ao 1().

Given , term @ has jumps at fl 0, j 1,..., N 1, of height

(A.19) dO dt Ao(O)*(t- + O)*(t)A.

Given e, term @ has no jumps. Given , term @ has no jumps. Term @ has
no jumps. Finally, given e the mapBB(e, B) has jumps at B O,j 1,
N 1, of height B(e)A and given B the mape B(e, B) has jumps at e 0,

1,..., N 1, of height AB()*. Moreover,

(-a,

and

(A.20) B11(-a, fl) AcBl(fl)*.

We now express B11(0, ) in terms ofB o(. ). To do this we consider separately
each of the four terms in (A.15).

dt A.*, O(t + Oi)*(D(t fl + Oj)Aj, fl 0 + Oi <= 0
-o, >-_ Oi

0--’_ 10 o<Oi
Ojj=l

dt Aap(t o + fl 0 + O’)*eP(t)Aj’, otherwise-CZz>--Oi+fl O + O, <= O|l,
fl <

>= O}
dt A.*, (t)*(1)(t fl + Oi + 0), -fl + 0i+ 0 < 0.. >= Oj

+- S’ =1 0 otherwise
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d +o,-

= dt
i=1

dt A.*, O(t)*O(t + o 0 1- )aol(),, -- Oi <

o + 0

li,, o >:

< Oi

dtO(t)*O(t+ - Oi-fl+ )Ao1(), -a <-fl-+ 0i,>= OiA’ -+o,-
i= L0-a otherwise

dt O(t)*O(t + Oi fl+ )Aol(), -a =< fl- + 0i,>- O,

-a> -+ Oi,>= Oi

otherwise

-A’
i=l

d dtO(t)*(t- fl + - Oi + )Aol(), -a <= [3 + 0i, >= Oi
-=+Oi-,

otherwise

+ d ’ -a+-o,
dt YP(t ot + fl- + Oi)*O(t), > fl + Oi. > Oi

Ao()"
i=

otherwise

Notice that we can drop => 0 in the last term since

fl> and O "" Oi:: O

By symmetry

dOAo(O)* dtO(t- +fl- 0+ O)*O(t)A, -a <=- fl+ O,fl>__ O
-fl+0j-0= otherwise

+ dO Ao(O)* +o-o
j=l

dt O(t)*O(/- [3+ - O)Aj, 0>= or- fl + Oi
otherwise

Finally,

(R) d0
dt Ao(O)*(t + O)*O(t fl + )Ao(),

dt Ao(O)*O(t- + O)*dO(t- fl + _)Ao(.),

dO dt Ao(O)*dO(t- + fl- + O)*O(t)Ao(.), - fl + >= -a
d -+-o

otherwise
(cont.)
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+ dO dO
-a+o-

dtAol(O)*tl)(t)*tl)(t- fl+a- O+ )Ao(), fl- + 0>__ -a

otherwise

(ii) We now derive equations (5.19), (5.22) and (5.26). Our starting point is
the Lyapunov equation

(A.21) O= (Xh, Bk) + (Bh,k) + (Y-h,k) V h, k in V

or

Aooh(O + Aih(Oi) + Ao,(a)h(a) da, Bk(O) + B’(O)k(O) dO
i=1

+ (), B()k(O) + B (, O)k(O) dO d

(A.22)

+ Bh(O) + B’()h(a) do, Aook(O) + A,k(Oi)
i=l

Let

+ Ao,(O)k(O) dO

+ BX(O)h(O) + B"(O, a)h(a)d,-(O) dO + (h(O), k(O))= O.

f
h.(O) h

0,

l+n --<0<0,

otherwise,

where n is chosen in such a way that n > aO- 1. Then

h,(0) h and h, 0 in L2( -a, 0;X).

Let k be chosen in W1’2(-a, 0;X) in such a way that

supp k (0i, 0i_ 1) I.J (01,0].
Let h h, and k ki in (A.22)"

0 Aooh + Aol(O)h,,(O)dO,Bk(O) + + Bl(O)k(O)dO

+ (), B l(a)ki(O) q-- - B l(a, O)ki(O) dO da

(A.23)

+ Bh + B l(a)hn(a) da, Aook(O) + + Aol(O)k(O) dO

+ + B(O)h 4c- B 11(0, a)h,(a) da, (0) dO + (h, k(0)).
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Since - l-Iol(), - 1-I 1(, 0) and 0- Fl (, 0) are absolutely continuous
in (0, 0_ 1) and (0, 0) we can now integrate by parts.

Equation (A.23) now reduces to

0 Aooh + Aol(O)h,,(O)dO, Bki(O) + + Bl(O)ki(O)dO

+ ,(0),B’(0)ki(0) + + Bl1(0, O)k,(O) dO

(A.24)

h,,(x), B l(x)ki(O) + + B 11(, O)k(O) dO

Bh + Bl()h,,() d, Aooki(O + + Aol(O)ki(O dO

+ lO(0)hO + B 11(0, a)h,(a) da, k,(O) ;oi} (O)h

f dF111 (0, a)h,,(a) da ki(O)+ dO
dO + (h, ki(0)).

Notice that

IAol(O)h,,(O)l dO <= IAo,(0)l 2 dO Ih,,(0)l 2 dO

and

lim Ih,,IL2t-a,o;x)= 0

imply that

IAo l(O)h.(O)l 0dO

Similarly given any f in L2( a, 0;X),

as n--, .
0

(h,,(O), f(O)) dO

and

lim (h.(O), f(O)) dO 0 asn .
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As a result equation (A.24) yields

0 Aooh, Bki(O + + Bl(O)ki(O) dO

+ h, Bl(0)k(0) + + B11(0, O)k(O) dO

(A.2)

+ Bh, Aook(O + + Aol(O)k(O dO

+((Oh, (0 + ,,, (Oh, (0
To obtain equation (5.19) we use

k l+m
k(O) kin(O)=

0

dO + (h, k(0)).

ma =<0=<0/,otherwise

where m is chosen in such a way that m > aO-[ 1. When we take the limit of equa-
tion (A.25) as m goes to infinity we obtain

([BOOAoo + B (0)* + A$oB + B1(0)+ I]h,k) 0

for all h and k in X.
To obtain equation (5.22) in the open interval (0i, 0i_ 1) we choose k such that

supp k = (Oi, 0i_ 1)"

Then equation (A.25) yields

0- Bl(O)*Aoo --I- Bl1(0, 0)* d- Aol(O)*B- dO
(0) h, k,(O) dO.

By density of the set of absolutely continuous maps with support in (0, 0_ 1) in
L2(0, 0_ ;X) and the properties

(A.26) B 1(0) B 1(0)*, Bl1((2, 0)* B 11(0, (2),

the above equation yields for all h in X

dO
(0)+ Bl(O)Aoo + Aol(O)*B + Bl1(0,0) h- 0,

almost everywhere in (Oi, Oi- 1).
To obtain (5.26) in the region

{((X,0) G[--a,0 X [--a,O]l(x(Oi, Oi_i),O(Oj, Oj_i)}

we choose

k= kj,

supp h (Oi, 0i_ 1)’

supp kj (Oj, Oj_ )



LINEAR HEREDITARY DIFFERENTIAL SYSTEMS 73

and substitute in (A.22) which reduces to the following expression"

(A.27)

The two terms with a derivative can be integrated by parts"

00, B ll(, O)kj(O) dO d

fj-hi(or) LB11(, O)kj(O) dO

and

B’ I(O, oOhi(a do, -(O) dO

Bl1(0, )hi( do, kj(O)

Finally equation (A.27) takes the form

Bll
(0, ) h,(), U0)

By using relations (A.26) and the density argument we obtain

B 11

(, 0) +
0

do

dO.

4- Aol(O)*BI(oO

(B 11

(0 (’ O)- AOl(Ot)*BI(O)* nt- BI(ot)Ao(O)

for almost all (, 0) in (Oi, 0i_ 1) X (Oj, Oj_ 1)"
(iii) We now solve equation (5.26) with boundary conditions (5.27). We let

r/- e fl and consider two cases. First let a _>_ r/>_ 0; then

-a__</3 __<0r/-a__<__<0.

If we change the variable/3 to r/= e fl, equation (5.26) becomes
d
B 11(o, o y/) AOl(OO*B1( r/)* q- B I(oOAo,( r/)

N-1 N-1

+ Y AiBI ,I*,( Oil + BIA/I ,
i=1 j=l
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This last equation can be integrated from r/- a to "
B11((, 7]) B11(7 a, a)

+ Aol()*B’( r/)* d +

+
= 0 otherwise

+ 0 otherwisej=l

Finally for a fl,

B(,) B(e a)A +
= 0

+
= 0 otherwise

f {Ao()*B(fl-+)*, -fl-a}d+
0 otherwise

+ o( + o)o(o) o,

B(e,) B(e- - a)A

j=l

i=1

+
0 otherwise

+
0 otherwise

Bl()Ao,( rl) d

o<
otherwiseJ

0 </,-a =< -/ + 0
otherwise

otherwise

Notice that in the above expression for B l(a, fi) all terms but the first are sym-
metrical. Hence for =< fl we shall obtain the same expression with the exception
of the first term which will be equal to

AB (fl X a)*.

But

and

lim BI(a fl a)A BI(-a)A ABA

lim AvBl(fl- a)* ABl(-a)* ABA
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imply that this first term is continuous at (, ), -a __< < 0_ . This makes it
possible to write the first term as follows"

B(e a)Au, >= ,
ABi( a)*, e < .

This yields identity (5.28).

Appendix B.
Proof of Theorem 6.1. The reader can find the definitions of o, O1 and t in

Delfour and Mitter [7], [83, [10].
We first study Hoo and the kernels Hlo(e) and Fill(e, fl) of the operators

1-11o and H ll. Since we know where the discontinuities can occur we derive
differential equations for FI O(e) and H ll(e, fl). Finally we solve the equation for
H l(e, fl) and give an explicit expression for H (e, fl) in terms of H o(’). We shall
use the following results (cf. Delfour and Mitter [73, [8], [10]):

(B.1) [{(t)h] dp(t)h + Ol(t)h 1,

(B.2)

(B.3)

O(t+ e)h, + e__>0}[I-It(t)h] 1-I(t)h + 1-Il(e)10 otherwise
de

ff ,(ol(t + e)h’, +eO+Hl(t)hl + IIxte)hl(t + e) otherwiseJ
de.

(i) Let h (h, 0) and k (k, 0) in (6.1). Then

(Hooh, k) (Q(t)h, O(t)k)

+(R[1-Iood(t)h+;min,..,l-Iol(e)(t+e)hde1
FlooO(t)k + 1-Iol(fl)O(t + fl)k dfl dt.

min(t,a)

Notice that

and

min(a,t)

de de dt

o o o o tit,

fo dt f d f de= f_ d f_ de
mn(a t) mn(a t)



76 M. C. DELFOUR, C. McCALLA AND S. K. MITTER

Hence

Hoo o(t)*[Q + HooRHoo]O(t) dt

(B.4)

+ dfl dt (t + fl)*l-Iol(fl)*R[Ioo(t)

+ da dt O(t)*HooRHol(a)t(t + )

+ d d
+ fl)*HOl(fl)*RHol(a)(t +

dt(t + fl)*HOl(fl)*RHol()(t + ),

Let h (0, hi), k (k, 0) in (6.1). Then

1-IOl hi t(t)*Ql(t)h dt

-- f) [((t)*l-Io -[- fmin(t,a) O0(t -[- 0)* 1-I01(0)* dO1
[ f (I)l(t -F OOhl’e 1-Ioo(I)l(t)h q- 1-[l(O(hl(t -t- ) otherwise

(B.5)
(t)*Ql(t)hl dt

+ (t)*Ho +
min(t,a)

(I)(t + 0)’1-1o1(0)* dOJ
R 1-Ioo(I)l(t)h d- l-I01(O0(I)l(t + a)h da dt

min(t ,a)

-[-" fmin(t,a) (I)(t + O)*YIol(O)* doJ
R f-min(t,a) [-Iol()hl(t -q- o0 da dt.
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In view of (B.3) and (B.4) and the fact that

(D(t -+- oOh (I)l(t + , )h()d,

rIol( dt o(t)*[2 + nooRnooqO’(t, g)

+ dO dtO(t + O)*Hol(O)*RFlooOl(t, )

(B.6)

+ de dtO(t)*l-lSoRFlo()l(t + , )

dO+ dz
dt O(t + O)*l-Iol(O)*Rnol(a)x(t + , ), <= 0

dt O(t + O)*I-Iol(O)*RI-Iol(oO(l(t -F o, ), o > 0

+ d O( )*1-I8o + O0( (X -- 0)*l-Iol(0)* dOlRl-lol(oO,
where the last term is obtained from the last term in (B.5) after changes in the order
of integration and changes of variable"

f f--min(a,t) fO f f fdt d d dt d d with

d d
mln(a a)

d d
min(a, a)

dO d d dO,

since 0__< __< a + =< a.
We can now use the identity (cf. Delfour and Mitter [7],/8])

(B.7)

N {Oo(t_ + Oi)Ai,
’(t,O=, o t>----Oi>=O}otherwise

(t- -4- O)[Aol(O RI-Iol(O)] dO

to eliminate 0I)1 of the expression (B.6) for rI01(). The term tI)l(t, ) will always
be integrated with respect to and the only discontinuities that can occur are at

Oi where O l(t, ) has a jump of height O(t)Ai, 1,..., N 1. This will
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produce a jump in I-Io 1( of height

odt

I)(t)*[Q + HooRl-Ioo](t)Ai

+ dO dt(t + O)*l-lo(O)*RIIoo(t)A
0

+ de dt (t)*I-loRI-lo(e)(t + o)Ai
(B.8)

"’f-aO daf_ dO .clfdtO(t+O)*l-l’(O)*RIIi()(p(t+)A’’
|| dt *(t + O)*Hol(O)*RIIo,()(P(t + a)A,,

HooA
at the points 0, 1, ..., N 1. Moreover as --, -a,

(I)O(t)AN, > 0
lim (I)l(t, )--. 0 otherwise,

and if we let

(B.9) Ho(-a lim Ho(

we obtain in a similar way

(B.10) HOl(-a 1-IooAs.

Let h (0, h) and k (0, k) in (6.1). Then

(H 11 hi k 1) (QX(t)h (t)k) dt

fO [ f: J(l(t+’hl’ t+O
at-O0

+ dt R Hoo(t)h + 1-lOl(00h( otherwisetd0
II(t)k + II() (k(t + B) otherwise

The right-hand side of (B.11) can be rewritten in the following form"

) ([Q + HooRHooJOl(t)h 1, (I)(t)k 1) dt

foeff ,f(I)l(t nt-,h 1, t-- ( O+ dt do RHol(o)J.hl( + oO otherwise J’ 1-Il(t)kl

+ dt d Rl-loo,(t)h IIo(B)
,(t + B), + B >_- O
k l(t + fl) otherwise J (cont.)
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+ dt d .dfl RFlot)lh(t + ) otherwise

rIo + B)

(B.12)

otherwise

dt([Q + IlooRl-Ioo]Ol(t)h , Ox(t)k’)

f
min(a,t)

+ dt d(RHo(e)h(t + e), HooOl(t)k)

f: _t min(a,t)

+ dt dfl(YIoo(t)h, 1-Io(fl)k(t + fl))

fO f-min(a’t’ f
0

+ dt de dfl(RHo,(e)h’(t -F e), I-[ol(fl)(Dl(t + fl)k 1)
mm(a t)

+ dt de dfl(R[Iol(e)Ol(t + e)hl, I]ol(fl)kX(t + fl))
min(a,t) a

fO_I-min(a’t)_I -min(a’t)

+ dt de dfl(Rl-Iol(e)hl(t + e),l-Iol(fl)kl(t + fl)).

We number (!), ,..., (R) the last five terms in the right-hand side of (B.12).
Since

dt de de dt de d d de

with the change of variable to + e,

(B.13)

Similarly,

(B.14)

(!) de de(Rl-Io,(e)hl(O, 1-IooOl( e)kl).

dO dfl(RIIooOl(O fl)h’, rlo,(fl)kl(O)).

Also,

fo -mita"’ fdt de dfl dt
min(a,t)

de dfl de dt dfl
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and the change of variable to + e yields

(B.15)

() de d - dfl(RFlo,(e)h’(O, Flo,(fl)O’( e + fl)k’)

d de dfl(RrIo,(e)h’(O, Flo,(fl)O’(- e + fl)k’).

Similarly,

(B.16) @= dO dfl
-0

de(RFIo,(e)’(O fl + e)h’, Flo ,(fl)k’(O)).

Finally,

fOX
min(a,t)

dt de dfl de d dfl

with the change of the variable to + e and

@ de d dfl(RFlo,(e)h’(), rIo,(fl)k’( e + fl)).

We change the variable fl to 0 e + fl,

() de d dO(RHo,(e)h’(),Hol(e- + O)k’(O)),

and change the order of integration. But

f_’ f_de d dO d de dO

de, =<0

and by changing once more the variable e to e we finally obtain

(B.17) foo o de(R1-lol(e + )h(),HOl(e + O)kl(O)), <-- 0

da(Rrlo,(a / )h’(), I-lo,(e / O)kl(O)), > 0

By analogy with equations (B.3) and (B.4) and with the help of equations (B.13)
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to (B. 17), identity (B. 12) yields

rI11(, 0)

Ol(t, )*Q + nooRnooO’(t, o) dt

/ d dt (t / o, )*lqo(O)*Rl-Ioo(t, O)

(B.18)

+ dfl dt (I)’(t, )*HooRHo,(fl)(P’(t + fl, O)

+fOOdaf_ dfl lfadt(I)l(t-F’)*l-IOl()*R[IOl(fl)l(t-k-fl’O)’O<=fl
If dt (I) l(t + 0, )*rIOl(O):/riol()(I)l(t + , 0), > /

fo+ da Ho,(a)*RHoo01( a, 0) + dfl ’(0 fl, )*HooRHol(fl)

+ d dfl I-Iol()*Rl-Iol(fl)(I)l( O q- fl, 0)

fo fo+ dfl da(b(O- fl + , )*Hol(a)*RHol(fl
13-0

0

d I-Iol( -I- )*Rl-lol( + 0), 0

da Flo(a + )*RI-Iol( -+- 0), < 0

In the light of identity (B.7), l(t, ) has discontinuities of height (t)Ai at 0i,
i= 1,...,N- 1, and

(B.19) lim (I)l(t, ) (I)(t)AN.--Fix 0 and consider the map - 1-I 11( 0). Since everywhere (I)l(t, ) is integrated
with respect to t, discontinuities can only occur at Oi, i= 1,..., N- 1.
At Oi, H l1(, O) has a jump of height

1-I11(, 0

;o A(P(t)*[Q + HooRHoo-]d)l(t, O) dt

+ d dt A.*,(t + z)*Flo (z)*RFloo(t, O)

(cont.)
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o o dt A’O(t + )*FIo()*RHo(fl)O(t + fl, 0), e __< fl
+f_ d=f_ dfl

dt A’O(t + a)*Hot(a)*RHo(fl)Ol(t + fl, 0), a > fl

+ dfl d AO(O- fl +

By symmetry for each the map 0 (, 0) has jump discontinuities of height
o()A at 0 0, j 1, ..., N 1. As for the boundary conditions we fix 0
and evaluate

lim n(, 0) n(-a, 0)

using (B. 19). This yields

(.a n(-a, 0 }no(0

and by symmetry

(B.221 H, ,(, a) H,,(- a, )* Ho

(ii) Now that we know where the jumps are we can derive equations (6.3),
(6.6) and (6.10). Our starting point is the Riccati equation

(B.23) 0 (A, nk) + (nk, A))- (nh, nk) + (Oh, k),

or in expanded form

ooh(0 + 2 h(03 + o(h(, noo(0t + no(0(00
i=1

o dh
o()k(0) + H,,( O)k(O) dO da+ (),

+ ooh(0) + o()h() d, oo(0) + (0) + o(0)(0) dO
i=1

(B.24)

Let

(B.25)

+ I-I, o(0)h(0) + I-I, ,(0, )h(a) de, 0(0) dO

FIooh(0 + Hol(e)h(e de, R Hook(0 + Ho(O)k(O) dO

+ (Qh(O), k(0)).

(!) a

h0 +n <=0<0
h,(O) n

otherwise
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where n is chosen in such a way that n > aO- 1. Then

h,(0) --, h and h, --, 0 in L2( -a, 0;X).

Let ki be chosen in W1’1(-a, 0;X) in such a way that

supp k c (Oi, 0i_ 1) I,.J (01,0].

Let h h, and k ki in (B.24):

Aooh + Ao l(O)h,,(O) dO, Hook(0 + + 17o l(O)k(O) dO

+ Ch-L- (a), Flo l(a)k,(O) + + H, l(a, O)k(O) dO da

+ Hooh + Ho l(Z)h.() d, Aooki(O + + Ao l(O)ki(O) dO

(B.26)

{;-’ ;}( ; ho+ + FI lo(O)h + F111(0, )h,,(a) da, --d(O) dO 1-Ioo

+ (Qh, k(0)) 0.

Since Ho(), H(, 0) and 0 H(, 0) are absolutely continuous in
(0, 0_ ) and (0, 0) we can now integrate by parts.

Equation (B.26) now reduces to

Aooh + Ao (O)h,(O) dO, Hooki(O + + Ho (O)ki(O) dO

+ h, no(0(0 + + n ,(0, 0(0 0

h,(). H o()k(O + + H(.O}k(O)dO

+ Hooh + Ho ()h,() d, Aooki(O + + Ao (O)ki(O) dO

(B.27)

+ o(O)h + (0, )h() d,

[dH(O)h+ (0 )h,() ki(O) dO Hooh(cont.
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+ Hol()h.() d, R Hooki(0 + + Hol(0)ki(0) dO
01

+(Qh, k,(O))= O.

Notice that

IAo,(0)h.(0)l dO
_

IAo 1(0)12 dO Ih.(0)l 2 dO

and

lim Ih.lL(-.,o;x) 0

imply that

f lAo l(O)h.(O)[ dO 0

Similarly given an f in L2(- a, 0; X),

f] (h,(O), f(O)) dO

and

as n- .

lim (h,(0), f(O)) dO 0

As a result equation (B.27) yields

asn.

(B.28)

-+-
o,_,

-k- l-I o l(O)ki(O) dO)

dO

To obtain equation (6.3) we use

ko
k,(o) k,,,(O)=

0

l+m 0=<0
m

otherwise
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where m is chosen in such a way that m > aO- 1. When we take the limit of equa-
tion (B.28) as m goes to infinity we obtain

(B.29) ([HooAoo + Hlo(0)* + AoFloo + Hlo(0)- HooRHoo + Q]h, k) 0

for all h and k in X.
To obtain equation (6.6) in the open interval (0, 0_ 1) we choose k such that

supp ki (0, Oi- 1).

The equation (B.28) yields

0- 1-Iol(0)*Aoo -- 1-Ii1(0, 0)* -- Aol(0)*l-Ioo

dO
(O) Hol(O)*RHoo h, k;(O) dO.

By density of the set of absolutely continuous maps with support in (0, 0_ 1) in
L:(0i, Oi-1; X) and the properties

(B.30) 1-I1o(0 1-Iol(0)* 1-Ix l((X 0)* 1-Ill(0 g),

the above equation yields for h in X,

all-I 1(0)+ o(0)[Ao RFloo] + aol(0)*l-Ioo + 1-Ii1(0 0)]h 0
dO o

a.e. in (Oi, Oi- 1).
To obtain (6.10) in the region

{(0, O) . [-- a, 0] x [-- a, 0110 e (Oi, 0i_ 1), 0 e (Oj, Oj_ 1)},
we choose

h hi, supp h c (Oi, 0i_ 1),

k= kj, suppkjc(0j,0j_l)

and substitute in (B.24) which reduces to the following expression:

(B.31)
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The two terms with a derivative can be integrated by parts"

), F111(, O)k.i(O) dO d

h(l, -d
and

1-111(0, )hi(oO da, 0 dO

0

Finally equation (B.31) takes the form

dO.

crIll(o, 0) + Aol(O)*FIol(zd dO YII(O)*AI()-
63g

On11d (0 ) nOl(0)*RHo()hi(), ki(O)

By using relations (B.30) and the density argument we obtain

11(0 ) + (0 )= 0(0)01() 01(0)*10()* 10(0)10()*

for almost all (e, 0) in (Oi, 0i_ 1) X (Oj, Oj_ 1)"
(iii) We now solve equation (6.10) with boundary conditions (6.11). We let

r/= e fl and consider two cases. First let a => r/>_ 0; then

-a_<_/=< 0r/-a<__<__0.

If we change the variable fl to r/= fl, equation (6.10) becomes

--Fill(a, a- r/)= Aol(a)*Illo(a- q)* + 1-Ilo(a)Aol(a- r/)- 1-Ilo(OORI-Ilo(-

N-1 N-1

+ A?n,o( rt)*( 0,) + 2 H xo(a)A5(a r/- 0).
i=l j=l

This last cquation can bc integrated from a to "
n a(e, e q) n a(q a, a) + Ao()*Ho( q)* d

+ Ho()[Ao,(- U)- Rn,o(- q)*] d

= 0 otherwise

= 0 otherwise
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Finally for > fl,

1 {1-Ilo(Z- fl + Oj)Aj, Oj< fl
II,,(a, fl) 1-I,o(a fl a)Au +

r=l 0 otherwise

’{A’ii,o(fl-+ 0,)*, -a__<fl-+
+
i= 0 otherwise

+ Ao,()*ii,o( a + fl)* d
--fl--a

+ no(- + o)[o(O)- Rno(O)*]O

and

Ill,(z, fl) I1 lO(( fl a)AN

++
j=l 0

-Jr- 1{ A’l-l O fl 0 -1- O *

i=1 0

+
0

f n O(- B + O)Rn o(0)* aO,

lO()n lO(B + )*

-a=<e-fl+ Or,Or<
otherwise

--a fl -1- Oi, 0 <
otherwise

>=- fl-a}dotherwise

O>__fl--a}otherwise
dO

Notice that in the above expression for B 11((, fl) all terms but the first are sym-
metrical. Hence for =< fl we shall obtain the same expression with the exception
of the first term which will be equal to

Ail-ilo(fl a)*.

But

lim 1-Ilo( fl a)AN 1-Ilo(-a)AN ANI-IooAN*

and

lim A}Illo(fl a)* A}l-Ilo(-a)* ANIlooAN*

imply that this first term is continuous at (z, ), -a =< e < 0N-1" This makes it
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possible to write the first term as follows"

II10(e- /- a)Au,

A}I-I10(/ a)*,

This yields identity (6.12).
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INFINITE-DIMENSIONAL FILTERING*

RUTH F. CURTAINf

Abstract. This paper presents a generalization of the standard Kalman-Bucy linear filtering prob-
lem to infinite dimensions. The infinite-dimensional linear stochastic dynamical system is represented
as a stochastic evolution equation

du(t, o9) (t)u(t, o9) at + (t) dw(t,

where (t) is an unbounded operator, ’(t) is a bounded operator, w(t, o9) is a Hilbert space-valued
Wiener process and u(t, o9) is then a Hilbert space-valued stochastic process. The observation process
is represented by

dz(t, o9) q(t)u(t, o9) dt + (t) dr(t, o9),

where oK(t) and (t) are bounded operators and v(t) is a finite-dimensional Wiener process. Using a
combination of evolution equation techniques and abstract probability theory, the existence of an
optimal filter for u(t, o9) based on the observation z(t, o9), 0 <= <= t, is established. As in the finite-
dimensional theory, the filter may be obtained recursively by solving an infinite-dimensional Riccati
equation. Similar results have been obtained by A. Bensoussan, Filtrage optimal des systems Lineares,
1971, where (t) are specifically partial differential operators satisfying slightly stronger conditions.
However, he also presents a theory for the case where v(t) may be infinite-dimensional.

Introduction. Here we give a generalization of the standard Kalman-Bucy
linear filtering theory to infinite dimensions. The types of systems covered are
very general, as the semigroup or abstract evolution equation approach allows
us to consider a wide class of unbounded operators. As the theory draws heavily
on results on abstract evolution equations, infinite-dimensional probability
theory, stochastic differential equations in a Hilbert space and the infinite-
dimensional Riccati equation, we give a summary of these in before proving
the main results in 2. As there has been much recent work published on infinite-
dimensional filtering, there is a brief discussion of these in 3.

1. Preliminaries. Let (fl, 5, p) be our basic probability space which is
assumed complete. Let T 0, T] be a real, finite interval and , 3U real Hilbert
spaces. Then an -valued random variable is a function u(. ): - g which is
measurable with respect to the #-measure. If u(. is also integrable, then we define
the expectation E{u(.)} =fnu(o)d/. An *f-valued stochastic process is a
function u(’., ): T g which is measurable in the pair (t, o), using Lebesgue
measure on T. We also recall the definition of an g-valued Wiener process from
[63 or [7]:

(1.1) w(t) is a Wiener process on g if it is an -valued stochastic process
with the following properties:

(i) E{w(t) w(s)} =0 Vs, te T;
(ii) w(t) is continuous in on T with probability one (w.p.1):
(iii) E{(w(t)- w(s))o (w(t)- w(s))} (t- s)// ’v’s < t6 T;
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where 2,(g) and is a positive, nuclear operator with eigenvalues {/],i} and
orthonormal eigenvectors {el} and is called the covariance operator of w(. ).

(u v o() is defined ’v’u, v by u v(h) u(v, h)Vh ).
(iv) E{llw(t)- w(s)ll 2} < oc Vs, T and (w(t2)- w(tl), ei), (w(t4)- w(t3),

ei) are independent real random variables for tl < 2
<_ t3 < t4 and all eigen-

vectors ei of #2.
Then it is shown that w(t) has the unique representation

(1.2) w(t) , fli(t, co) ei (t, co)-almost everywhere,
i=0

where fli(t, co) are mutually orthogonal real Wiener processes and {e} is the
orthonormal basis of 4 generated by the eigenvectors of YK. We remark that this
definition may be generalized by replacing assumption (iii) by

(iii)’ E{(w(t) w(s))o (w(t) w(s))} C(’c) dz,

where #/(.)eLo(T:2’()) and is nuclear, positive for almost all and
J" r tr K(z) dr < oe. However, for stochastic dynamical system models, there is no
loss of generality in using (iii) (see [5] for a discussion of this point).

(1.3) Generalize the operation between 2 different Hilbert spaces as follows:

u v(x) u(v, x5
for fixed u e, v e 3C and ’x

Then u v eS(3C,). We also need some properties of the -valued It6
stochastic integral,

fr (t) dw(t o3),

where (t)eS(ocg,,) and J’T II(t)l[ 2 dt < o. (For a complete study of
frY(t)dw(t), where (t) is a stochastic process with values in 5(’(,,X), see
[6]).

(1.4) Properties of the ltO integral .’r 3(t) dw(t) for (t) nonrandom (see [5],
[6]).

(i) E{llf. r(t)dw(t)ll 2} <= tr yKj’r II(t)ll 2 dt’,
(ii) f (t) dw(t) ,L o ](t) e dfl,(t),

where {fli(t)}, {ei} are as in (1.2);
(iii) if w(t) and v(t) are independent Wiener processes on , , respectively,

then

E (t) dw(t) Yz(t) dr(t) 0

for nonrandom 1(" )e Lz(T: 5(, 1)) and 2(" )e Lz(T: :(/’’ ’1))’ respec-
tively, and (t t, t2), (st, s2) are any intervals contained in T:

(iv) E{I (t)dw(t)o ? 2(t) dw(t)} in(sl,s2) (t)(t)at
for (. )6 L2(T: (, ,)) and 2(" ) L2(T: (, "2))"
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(1.5) The It8 differential. If zo slY, a( ) LI(T: slY), ( ) L2(T: (, *f))
and w(t) is an -valued Wiener process, then

z(t) Zo + a(s) ds + N(s) dw(s)

is a well-defined 3(f-valued stochastic process with E{ Iz(t)ll 2} < , and we
write it in differential notation"

dz(t) a(t) dt + N(t) dw(t),

z(O) Zo.

(1.6) Linear evolution equations. Consider the linear evolution equation on 3f

fi(t) (t)u(t) + f(t),
(1.7)

u(0) Uo,

where uo e Yf, f(t)’T /g, and (t) is a closed linear operator on Yg which
generates an evolution operator ’(t, s) on with the properties"

(1.8) (i) ql(t, s)’T T (, t) and is strongly continuous in s and
forO <__ s < <= T;

(ii) oil(t, s)= ql(t, r)#(r, s)if 0 = s =< r __< =< T,
’(t, t) "(iii) ql(t,s) is strongly continuously differentiable in for > s and
c(t, s)/ct (t)(t, s), where s#(t)q/(t, s) <-_ el sl for 0 __< s
<t<=T;

(iv) ’(t, s) exp (-(t s)(t)) + /(t, s) for 0 =< s < =< T, where
’(t)/(t, s) <_ c2/It sl for 0 __< s < __< T and 0 < 1.

Then iff(t) is H/51der continuous in on T, (1.6) has the unique solution

u(t) ll(t, O)uo + ll(t, s)f(s) d.

Iff(t) is merely Bochner integrable on T, then this is still well-defined and may be
called a weak or mild solution, i.e., u(t) is continuous on (s, T] and

r
(u(t), g’(t)- *(t)g(t))+ (u(s), g(s)) 0,dt

where g(t)e (/*(t)), and g(t), g’(t) and z*(t)g(t) are continuous in (s, T] and
g(T) 0 (see [10]). For technical conditions for (t)to generate such an evolution
operator see [10] and [11]. They include a large class of operators zl(t) which
generate analytic semigroups for each and also (t) + 1(t), where 11(t) is any
bounded operator which is uniformly bounded in norm in on T.

(1.9) The stochastic analogue (see [2], [7]). Consider the linear stochastic
evolution equation on

du(t, 09) ’(t)u(t, 09) dt + (t) dw(t, w),
(1.10)

u(0) u0,

where (t) generates an evolution operator (t,s) satisfying properties (1.8),
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Uo of, w(t, co) is a W-valued Wiener process and N(t)e 5%g(, of) and is uni-
formly bounded in norm in on T. Then (1.10) has the unique weak or mild
solution

u(t, co) (t, O)uo + #(t, s)N(s)dw(s, w)

which is an of-valued stochastic process with E{]]u(t)]l 2} < oo uniformly on T.
(This is actually a special case of a more general existence theorem for (1.10) in
[2] where (t) is an 5%gf, of)-valued stochastic process and strong solutions are
also considered).

(1.10) The infinite-dimensional Riccati equation (see [8]). Consider the follow-
ing inner product versions of the infinite-dimensional Riccati equation:

(1.11)\L dt + g(t)(t) + ’*(t)(t) + ((t) (t)(t)- l(t)*(t)@(t) y, O,

(T) ff for arbitrary x, y e tr ((t)),

where (8(t), 3(t), (t), (t)-1 e Lo(T;(of)); if, (8(0 are self-adjoint, positive
semidefinite (t), N(t)- are self-adjoint and positive definite, and ’(t) generates
the evolution operator (t,s) with properties (1.8). Then (1.11) has the unique
solution (t)e 5a(of) which is strongly continuous in on T.

(1.12) Remarks on the time invariant (t)=- case. When ’(t)_--
similar results to those in (1.6), (1.9) and (1.10) hold under the much weaker con-
dition that should be the infinitesimal generator of a semigroup -(t). How-
ever, -(t s) does not have all the properties of @’(t, s) in (1.8) and so the proofs
are technically a little tricky, and often one needs to impose other conditions on
the other coefficients. For example, in (1.7) Uo must be in @(’), and in (1.11)
(_,O(t), (t), (t), (t)- must be strongly continuously differentiable in on T. We
note that if ’ generates a contraction semigroup or, more generally, an analytic
semigroup, then -(t s) does satisfy properties (1.8).

2. The filtering problem. Let , W be real Hilbert spaces and (fL #) an
underlying probability space. Consider the following infinite-dimensional linear
system:

(2.1)
du(t, co) ’(t)u(t, co) dt + (t) dw(t, co),

u(0) u0, eT= [0, T],

(2.2)
dz(t, co) (t)u(t, co) dt + (t) dr(t, co),

z(O) o, eT= [O,T),

where ’(t) is a linear closed operator on of which generates an evolution operator
(t, s) with properties (1.8), (. e Loo(T; oL’(of)), ( Loo(Y; (of W)), ( ),
(.)- Lo(T; (W)), Uo is an of-valued random variable independent of
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w(t) and v(t) and has zero expectation and covariance operator o. w(t) and v(t)
are independent Wiener processes on and #,f with covariance operators K
and , respectively. We assume that the observation space, 3f, is finite-dimen-
sional. Then from the results (1.9), (2.1) has the unique mild solution

u(t) dll(t, O)uo + ll(t, s)(s) dw(s)

and from (1.5), we see that z(t) is a well-defined stochastic process with differential
given by (2.2).

The filtering problem we propose is to find the best estimate of the state
u(t) based on observations z(s), 0 <= s <= t, which has the form

fi(t) 2K(t, s) dz(s),

where W(t,.)e Lz(T" ,q(2U, 3/t)) for almost all and which minimizes E{(h,
u(t) (t))} Vh e .

THEOREM 2.1 fi(t) oCK(t, s)dz(s) is a solution of the filtering problem if and
only if E{0(t) oz(a)- z(r)} 0 for all a,r. such that O <= r. <= a <= T, where
o(t) u(t) c(t).

Proof. Let h be fixed and define the Hilbert space X(h)" X(h) (u, h), where
u is an W-valued random variable with E{ u]] 2} < }. The inner product is
[(u, g), (v, h)] E{(u, h) (v, h)}.

(We note that E{u v 0 iff [(u, h), (v, h)l 0 Vh e )ff). We also define,
for fixed t, the subspace

(Yt, h), where y(t) (t, s) dz(s) and
Xt(h)

N(t, e L2(T; o(, )) for almost all

Now (fi(t),h)e X,(h), and we wish to minimize 0(t)= u(t)- fi(t) in the X(h)-
norm for all h. By the orthogonal projection lemma, this is equivalent to requiring
(O(t), h) l X,(h) in X(h) for all h ocg, i.e., E{(h, a(t)) (h, y(t))} 0 V(h, y(t))
Xt(h) Vh 2,, i.e., iff (h, E{O(t) y(t)}h) 0 by definition of o. So we need only

establish that E{0(t)o y(t)} 0 iff E{O(t)o z(a) z(z)} 0 for 0 _<_ z <__ a __< T
(where we use the generalized definition (1.3) of o). Suppose first that E{7(t)o z(a)

z(r)} 0. Consider y(t) ’o (t, s)dz(s), where (t, s) is a step function in s.
Then (with the obvious incremental notation)

E{O(t) (since is nonrandom)

0 (by assumption).
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For general (t, s), we can approximate by a sequence {,(t, s)} of step functions
such that f II(t, s) 3,(t, s) 2 ds --. 0 as n --, or. Then

[(t, s) .(t, s)] dz(s)

<= 2E ((t, s) ,(t, s))qY(s)u(s) ds + 2E ( 1,) dv

(by (2.2))

<= 2

_
1, 2 ds sup {llU(s) 2}. E{ u(s) 2} ds

seT

But

+ 2 tr sup if(s)[12} I1 . 2 ds
seT

__< const. 113 ’-n 2 ds

0 as n o.

(by Schwarz’ inequality and property (1.4(i)))

(since (. ), (. are uniformly bounded
in norm and (1.9))

g{(t) y(t)}ll E{ II(t) y(t)

E{ (t)ll. Ily(t)l (by definition of o)

_-< (E{ O(t) 2}E{ y(t) 2})1/2 (by Schwarz’ inequality).

I(t,s) 12ds E{ (t)ll2}ds g{llz()- z()12}ds

(by the usual inequality arguments)
< 0(3.

So y(t) ’o (t, s)ds is such that (y(t), h) e X,(h). Now

(h, E{(t) y(t)}h) (h, E{a(t) z(a) z(r)}E{a(t)o z(a) z(r)}*h)

E{(t) z(a) z(z)}*h 12
0 for some h.

So E{(t)o y(t)} O.

Then

So by approximating y(t) by y,(t) fo ],(t, s)dz(s), we see that E{O(t)o y(t)} 0
for all y(. such that (y(t)+ h) X,(h). Clearly the argument is independent of h.

Suppose, conversely, that E{O(t)o z(a) z(r)} - 0 for some a, r. Then define

E{tT(t) z(a) z(’c)} for "c < s < a,
(t, s)

0 otherwise.
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We now need the following technical results.
LEMMA 2.1. Let A(t, s) E{u(t) u(s)}, where u(t) is the mild solution of (2.1).

Then (a)

(2.3) A(t, s) q/’(t, 0)o*(s, 0) + ’(t, r)(r)C#*(r)ql*(s, r) dr"

(b) A(t, s) is strongly continuously differentiable in .(or > s with c3A(t, s)/c3t
/(t)A(t, s)"

(c) under the extra assumptions
(i) J(s) e (/’(s)) Vs T,

(ii) J’r I(t)’(s)eilds < ct3

un!formly in on Tfor all eigenvectors ei of t/, then A(t, t) is differentiable in in

the.following inner product sense"

[_ c3t
’(t)A(t, t) + A(t, t)sC*(t) + (t)Yl/M*(t) y, 0 Vx, y

Proof. (a) This follows by substituting u(t) ’(t, 0)Uo + j’ ’(t, s)M(s)dw(s)
and applying the result (1.4(iv)).

(b) This follows using property (1.8(iii)) of the evolution operator (t, s).
To justify differentiation under the integral sign, we note that

<= cl/It sl, and all other operators are uniformly bounded in norm on T. Since
’(t) is closed, we can put it outside the integral.

(c) Again one can formally verify the result by using the differentiation
property (1.8(iii)) of ’(t, s). The problem is to justify differentiation under the
integral sign, which is delicate. Essentially, we need to show that

((t)#(t, s)(s)tUM*(s)ql*(t, s)y, x)

is bounded by an integrable function of s uniformly in t.

Using the decomposition (1.8(iv)), we see that

5z(t)//(t, s)(s) e i’(t)l(t, s)M(s) e + exp (-(t s)(t))l(t)(s) ei.

Therefore,

const.
[SZC’(t)/’(t, S)(S) e < + const. [[(t)(s) eil where 0 <

It sl
So under assumptions (i) and (ii), e’(t)q/(t, s)M(s)ei is bounded in norm by an
integrable function of s uniformly in t. Also Y’ span of its eigenvectors,
and all other operators are uniformly bounded in norm. So we can differentiate
under the integral sign. The inner product is necessary when we consider the
analogous term

(,(t, s)(s)*(s)*(t, s)*(t)y,

LEMMA 2.2. Let ,;U(t,. ) Lz(T (j((, 0(()) and z(. be as in (2.1) and u(. be
the mild solution of (2.1)" then

E ,.;((t, s)dz(s) u(a) ,(t, s)( (s)A(s, a) ds.
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E 3U(t, s)(s)ll(s, 0)uo ds + 3if(t, s)a-(s) dr(s)

+ ;:U(t, s)(s) ll(s, )() dw(z) ds (a, O)uo + (a, s)(s) dw(s)

(by definition of u(. and z(. ))

(t, s)(s)(s, O)dso*(a, O)

+ f(t, s)CF(s)E (s, z)(z) dw(z) (a, s)(s) dw(s) ds

(since Uo, v(. and w(. are mutually independent)

(t, s)(s)(s, 0)o*(o, 0) ds

+ f(t, s)(s) (s, z)(z)*(z)*(a, z) dz ds

3U(t, syF(s)A(s, a) ds

Consider the operator-valued integral equation

(2.4)

(by definition of A(.,. ).) Q.E.D.

This is also a key element in A. Bensoussan’s development of the filtering theory,
and the following existence and uniqueness theorem is essentially his.

THEOR,M 2.2. If A(.,. is given by (2.3) and ( ), ,( ), satisfy the assump-
tions in our problem statement, then (2.4) has a unique solution 3U(t,. )e Loo([0, t];
(:ff fig))for each fixed T.

Proof. (see [1] for details). Let be fixed and define the operators C1, (2 by

Then

(1 "(z)A(, t),

(2f(a) (a)t/-(a)*f(a) + (a)A(a, s)*(s)f(s) ds.

(--1 :fig -- Loo([0, t];

2 :L2([0, T] 3() L2([0 t]; fit/),

(by 1.4(iv))

fi (t, s)(s)A(s, a)*(a) ds + 3((t, a).(a)/,*(a) A(t, a)g*(a).
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and

((2f, f}} ((a)Uff*(a)f(a),f(a)} da

+ (a)A(o-, s)}C*(s)f(a) ds, f(a da

> 0 ’q’f(.) L2([O, t]., 3U)

from the form of A(.,. in (2.3) and since (a)Y/’-(a)* is invertible. Hence
exists. Define (t,a)= ((.91(3)*, and let k(a)= if(t,a)*h for some h e.
Then (.92k(a) h or

(2.5) (a)(a)*k(a) + (a)A(a, s)*(s)k(s) ds c,6(a)A(a, t)h

and k(. e L2([0, t]" 3{’). But k(a) glr(t, a)*h, and we see that if(t,. e Loo([0, t]"
&(sf, 3g)). sf(t,. satisfies the integral equation (2.4); we see this by substituting
k(a) if(t, a)*h in (2.5) and taking adjoints. So if(t, a) ((- (1)* is a solution
of (2.4). The uniqueness is similarly proved using the linearity of (2.4).

Remarks. Here we need for the first time the conditions o(. )-le Loo(T:
oa(if)) and /-1 exists. As / is the covariance operator of the Wiener process
v(. ), it is nuclear, and its invertibility means that if must be finite-dimensional.

THEOREM 2.3. There is a solution fi(t) o if(t, s)dz(s) to the filtering problem
ff the integral equation (2.4) has a solution.

Proof. Suppose first that there is a solution (t)= fo if(t, s) dz(s) to the
filtering problem. Let be fixed and define, for 0 _< a < t,

y(a) Cg(s)u(s) ds z(a) z(O) -(s) dr(s).

Now

d
daE{O(t) y(a)} E{ti(t) cg(a)u(a)} (since a < t)

(2.6) =E{u(t) u(a)}c*(a)-E{flif(t,s)dz(s)o u(a)}cg*(a)
A(t, a)q’*(a) if(t, s)Cg(s)A(s, a)c*(a) ds

(by Lemmas 2.1 and 2.2).



98 RUTH F. CURTAIN

But

E{ff(t) y(a)} E t(t)o (s) dr(s) (applying Theorem (2.1))

E oU(t, s)(s) dr(s) (s) dr(s)

(expanding u(. and fi(. ), since v(. is independent of Uo and
w(-) and using property (1.4(iii)).

Therefore

::C(t, s)(syU(s)* ds (by (1.4(iv))).

(2.7)
d
daE{O(t) y(a)} 2U(t, a)(s)ff(s)*.

Equating (2.6) and (2.7) gives us the integral equation (2.4). Suppose now that
3C(t, s) is the unique solution of (2.4). It remains to prove that

t(t) :U(t, s) dz(s)

satisfies Theorem 2.1, i.e., E{a(t) z(a) z(z)} 0 for all 0 __< z =< a T. From the
linearity, we may let 0. Now

(from the definition of y())

A(t, a)rg*(a) ,Z(t, s)(s)A(s, )*() ds d

.(t, s)(s)(s)* ds (from (2.6)and (1.4(iv))

f/
0 (since (t, ) is a solution o (2.4)).

COROLLARY. Under the assumptions of our problem, there exists a unique
solution to the filtering problem (t) fo (t, s) dz(s), where ,X(t, s) is the unique
solution of (2.4).

The following theorem gives necessary conditions for an optimal filter under
rather technical assumptions on ;g(t, s). It should be regarded as a preliminary
to the later theorem on sufficient conditions for an optimal filter.

THEOREM 2.4. /f the solution 2U(t,. of (2.4) satisfies the additional regularity
properties
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(i) (t, s) is strongly differentiable in on Tfor > s and

Ui-(t, s)(s)A(s, )*()x <= fl(s, ),

where fl(. a) L2(T) and is independent of t,
(ii) ff(t)(t, s)(s)A(s, a)*(a)x is integrable in on Tfor all x 2," then

(2.8) ff(t)(t, s) 5:U(t, t)(t)(t, s) --t-(t, s) x 0

for all x e ((t)(t, s)).
Proof. We differentiate (2.4) (in the strong sense) for > a.

d
td
-:[A(t’ a)cF*(a) (t, a)(a)U(a)*]x

/(t)A(t, a)*(a)x -(t
(by Lemma (2.1(a)) and assumption (i) on of)

’(t)[fl 3U(t, s)(s)A(s, a)*(a)ds+ ::U(t, a)(a)*(a)]x
(by (2.4))

lt(t)J(t, a)o,(a)t/,(a)*x bT(t, )()*()x

+ (t):U(t, s)(s)A(s, a)g*(a) ds x

(since ’(t) is a closed operator and by assumption (ii)).

But

d-7 :U(t, s)(s)A(s, a)*(a) dsx

--(t, s),(s)A(s, a)cF*(a) ds x + #f(t, t)(t)A(t, a),*(a)x

(by assumption (i))

--(t, s)(s)A(s, a)cg*(a) ds x

+ :K(t, t)(t) 2((t, s)C(s)A(s, a)c*(a) ds x

+ :ff(t, a)W(a)U*(a)xl (by (2.4)).
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Therefore

(t)g/f(t, s) -ff[-(t, s) g/f (t, t)(t)gU(t, s) (s)A(s, a)*(a) ds x

+ (t)(t, a) ---(t, a) :(t, t)(t),(t, ) o(a)/*()x 0

Vxe Yf

Letting

we have that

Therefore

A(t, o) /(t)gU(t, a) --(t, a) SU(t, t)(t)f(t, a),

fl A(t, s)C(s)A(s, cr)Cf*(a) dsx + A(t, a)(a)l/*(a)x 0

f(A(t, s)Cg(s)A(s, a)cg*(a)x, y) ds + (A(t, a)(a)q/’.*(a)x, y) 0

Thus

Vx, y e If

fi (c(s)A(s, a)*(a)x, A*(t, s)y) ds + ((a)q/’*(a)x, A*(t, a)y) 0

if y e (A*(t, s)), i.e., ((2x, A*(t, a)y) 0, where (2 is as defined in the proof of
Theorem 2.2. But (-2 is strictly positive, and hence A*(t, a) 0 on its domain.

LEMMA 2.3. Under the assumption of our problem, the following inner product
version ofthe infinite-dimensional Riccati equation has a unique solution (t) e ’()
which is strongly continuous in on T:

(2.9) L dt
/(t)(t)- 69(t)/*(t)- (t)t1*(t)

+ (t) (t)(* (t) (t)) lg(t)(t x, y 0,

(0) o for arbitrary x, y e fl (s*(t)).
teT

Proof. Let t’= T-t and ’](t’)= ’(T-t’)" l(t’)= (T-t’)" l(t’)
M(T- t), etc. Then (2.9) may be rewritten

S, (t)1 (t’) 1(t’)s’l (t’) 1(t’)(t’)

4- 1(t’)c(t’)((t’)t/(t’)) 1(1 (t’)l(t’)]X, y) 0,

(T) o,
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which is now the form of (1.11). Then all bounded operators are Loo on T and
satisfy the adjointness and positivity conditions of result (1.10). Moreover,
’l(t’) z’*(T- t’) is a closed, linear operator which generates an evolution
operator with properties (1.8) (see [10] for details), so we appeal to the result of
(1.1o).

THEOREM 2.5. If (t) is the unique solution of (2.9), let

2U(t) (t)*(t)((t)f’*(t))-1

and (t, s) the evolution operator generated by /(t) 3ff(t)(t). Then

c,(t) (t, s)(s) az(s)

is the solution to the filtering problem and is the weak solution of the stochastic
evolution equation

(2.10)
dft(t) ((t) off(t)(t))tt(t) dt + :ff(t)cg(t)u(t) dt + :’(t)(t) dr(t),

(o) o.

Proof. (a) :/f(t, s) (t, s)3ff(s) (t, s)(s)Cd*(s)((s)U*(s)) satisfies
assumptions (i) and (ii) of Theorem 2.4, since (t, s) satisfies properties.(1.8). In
particular, by property (1.8(iii)), 3if(t, s) satisfies the necessary condition (2.8) of
Theorem 2.4, i.e., 3((t, s) satisfies the differentiated version of the integral equation
(2.4), and so we have

(t, s)3ff(s)Cg(s)A(s, o)(d*(o) ds A(t,

+ (t, a)(a)((a)*(,))-’ (o),

where c5 is some operator-valued function of a, independent of t. We Show that
cS(a) 0 and so (t, s)3ff(s) 3V(t, s) satisfies (2.4). It is sufficient to let
and to show that

(a)(a)*(a) A(a, a)- f(, s)3ff(s)(s)A(s, a) ds

(2.11) (a) A(a, a) f o(o, s)’(s)*(s)((sW*(s))- (sA(s, a) ds.

But this is just an integrated version of the Riccati equation (2.9), as we
now verify. Let tiff(a) denote the left side. In order to differentiate A(a, a) we
must differentiate (X(a)x, y) and assume extra assumptions (i) and (ii) of
Lemma 2.1 (c).
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Then

d

da
--(A/(a)x, y) ([s’(a)A(a, a) + A(a, a)sg*(a) + (a)*(a)]x, y)

-([{a)W*{a){{a)f*(a))-A{a,a)
+ (so(o) :(a)(o))(a,

(ff(s)*(s))- lCF(s)A(s, ) ds

+ (a,s)(s)*(s)((s)*(s))- l(s)A(s, a)’*(a)ds x,

([()() + v(o)s*()- ()()()

substituting for Y(a) and also V(0)= o. So g(a) satisfies (2.9) and by the
uniqueness of the solution, (a) -= W(a). Since (2.11) is well-defined without the
assumptions needed to differentiate A(a, a), we have verified (2.11) as required.

(b) (2.10) satisfies all the conditions of the theorem as stated in (1.9), and so
0(t) is a weak solution of (2.10).

3. General remarks and conclusions. Using an abstract evolution approach,
we have proved the existence and uniqueness of an optimal filter for a very general
class of stochastic linear infinite-dimensional dynamical systems. Furthermore,
we have shown that it may be obtained recursively from an infinite-dimensional
Riccati equation as in the finite-dimensional case. Our results may be generalized
in the following ways:

1. An easy generalization of our filtering problem is to consider systems like
du(t) s(t)u(t) dt + f(t) dt + 9(t) dw(t) on IT T2] T, where f
All arguments go through for the filter

ft(t) ff(t, s) dz(s) + E{u(t)} E ;g(t, s)dz(s)

where ##(t, s) is the same as in the homogeneous (f 0) case.
2. Perturbation result. Our conclusions include systems of the form du(t)

xuc(t)u(t) + s/(t)u(t) dt + N(t) dw(t), where s/(t) is as before, but s/l(t) satisfies
(i) l(t)is a closed linear operator on fig with !(5/1(t)) (5/(t))"
(ii) sc/(t) (TJ + s/(t))- =< c/(ll -) for 7 q spectrum of s/(t);

(iii) xff(t)sff(t)- is H61der continuous"
since then s’(t) + s’(t) generates an evolution operator 4l(t,s) with properties
(1.8) (see [11]). For example, this includes sffl(. )e Loo(T" ()).
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3. We have assumed that sg(t) is time-dependent and generates an evolution
operator ql(t,s) with properties (1.8), which include the time-invariant version
of the filtering problem:

du(t) du(t) dt + dw(t),

u(O) Uo:

dz(t) Gu(t) dt + dr(t),

z(0) 0:

where s’ is the infinitesimal generator of a strongly continuous semigroup and
’, , - and -- are bounded operators. (2.9) has a unique solution @(t) under
these assumptions (see [-8]) and generates a semigroup (t,s) (see 13]). So
fi(t) =y (t,s)(s)G(s)((s)*(s))- dz(s)is well-defined, but Y(t,s) has
weaker properties than before, and our proofs would need modification.

Finally, as there has been much recent work published on the infinite-dimen-
sional filtering problem, we discuss their relationship with this paper. Much of
the work has been of a formal nature or otherwise applied to a very specific type
of system, for example, 9] and [12]. (For a full discussion of these, see [3].) The
major contribution in this field is by A. Bensoussan in his recent book [1], and
where our assumptions overlap, the results are of course identical, although his
approach is quite different. The results of this paper are applicable to a very wide
class of operators ’(t) in an infinite-dimensional setting and could, for example,
be applied to differential delay systems and parabolic equations of first and
higher orders in (with suitable extensions, see [4]). Whereas A. Bensoussan’s
results are specifically for a wide, but less general class, parabolic partial differ-
ential equations of first and second orders in t. However, A. Bensoussan’s general
theory gives a wider concept of estimation, which gives a filtering theory even
for the case when d( is infinite-dimensional. He also proves that the filter is the
best global filter in an appropriate sense, so the two theories are complementary.

REFERENCES

[1] A. BENSOUSSAN, Filtrage Optimal des Systkmes Lineaires, Dunod, Paris, 1971 (1967).
[2] R. F. CURTAIN, Stochastic differential equations in a Hilbert space, Ph.D. dissertation, Brown

University, Providence, R.I., 1969.
I3] In.finite Dimensional Filtering." A Survey Introduction, Report no. 7301, Lund Inst. Techn.,

Sweden, 1973.
[4] Stochastic parabolic equations of higher order in t, J. Math. Anal. Appl., to appear.
[51 On the It6 stochastic integral in a Hilbert space, Report no. l, Control Theory Centre,

University of Warwick, Coventry, England, 1972.
[6] R. F. CURTAIN AND P. L. FALB, It6’s lemma in infinite dimensions, J. Math. Anal. Appl., 31 (1970),

pp. 434-448.
[7] Stochastic differential equations in Hilbert space, J. Differential Equations, l0 (1971),

pp. 412-430.
[83 R. F. CURTAIN AND A. J. PRITCHARD, The infinite dimensional Riccati equation, Report no. l,

Control Theory Centre, University of Warwick, Coventry, England, 1972.
[91 P. L. FALB, In.finite Dimensional Filtering, Information and Control, (1967), pp. 102-137.
[10] T. KATO, Abstract evolution equation of parabolic type in Banach and Hilbert spaces, Nagoya

Math. J., 19 (1961), pp. 93-125.



104 RUTH F. CURTAIN

[11] T. KATO AND H. TANABE, On the abstract evolution equation, Osaka J. Math., 14 (1962), pp.107-133.
[12] H. J. KUSHNER, Filtering for Linear Distributed Parameter Systems, this Journal, 8 (1970), pp.

346-359.
[13] R. S. PHILLIPS, Perturbation theory for semigroups of linear operators, Trans. Amer. Math. Soc.,

74 (1954), pp. 199-221.



SIAM J. CONTROl

Vol. 13, No. 1, January 1975

A NOTE ON GENERALIZED PURSUIT-EVASION GAMES*

ROBERT J. ELLIOTT AND AVNER FRIEDMANt

Abstract. Two player zero sum differential games are an extension of optimal control problems.
When the cost or payoff is the integral of some function h up to the first time the trajectory enters a
"terminal set" the differential game is one of survival. If h 1, the payoff is just the time elapsed up
to the "capture time" and the game is one of pursuit and evasion. If h => O, the game is called a general-
ized pursuit-evasion game, and in previous papers it has been shown that when the Isaacs condition
is satisfied the upper and lower "extended" values of such a differential game are equal--that is, the
game "has extended value" In the present note this result is proved under the weaker condition that

maxy min h(t, x, y, z) >= O.

1. Introduction. The present note is a sequel to the papers [2] and [4] on
generalized pursuit-evasion games" the notation and terminology of [4] will be
followed. A generalized pursuit-evasion game consists of a dynamical system

(1.1)
dx
dt

f(t’x’Y’Z)’ xR, o <= <= To

an initial condition

(1.2) X(to) Xo

a terminal set F [To, oe) x R and a payoff

(1.3) P(y, z) h(t, x, y, z) dt,

where is the first time the trajectory (t, x(t)) enters F and

(1.4) h(t, x, y, z) >= O.

It is proved in [2] and [4] that such a game has an extended value" in this
note we prove the existence of extended value when (1.4) is replaced by the weaker
condition

(1.5) max min h(t, x, y, z) >= O.
yY zZ

This result was recently proved by Kalton [5] by an entirely different method:
the proof given here is much simpler. It is based on an extension of Lemma 2.2
of [4] to the case where (1.5) holds. Once this is done, the results of [4] can be
applied immediately to establish the existence of an extended value.
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2. The main theorem. As in 4], we shall assume:

(A 1) f(t, x, y, z) is continuous on [to, To] R" Y Z,

x f(t, x, y, z) k(t)(1 4-

To

k(t) <dt

(A2) For any R > 0, if Ixl g and I1 < R, then

If(t, x, y, z) f(t, , y, z)l kR(t)lx

T
kR(t) < .dt

(A3) h(t, x, y, z) is continuous on [to, To] R" Y Z.
(A,0 The Isaacs condition holds:

min max f(t, x, y, z). p + h(t, x, y, z) max min f(t,
zZ yY yY zZ

for any p R", x e R and to, To].
(As) For any e [to, To], x R" the set

(f(t, y, Y, Z), h(t, x, Y, Z)) ((f(t, x, y, z), h(t, x, y,

is convex.
THEOREM. If (A1)-(As) and (1.5) hold, then the differential game has extended

value.
We initially suppose that for all [to, To] and x

(2.1) max min h(t, x, y, z) >= ho >
yY zZ

the case where maxyy minzz h(t, x, y, z) >= 0 can then be treated as in [2], [4]
and [5] by considering the approximating cases obtained by replacing h by

h 4- 1In forn- 1,2,3....

For any pair of control functions y(s), z(s), the dynamical equations determine
a trajectory x(s)e Rm. The new variable Xm+ is introduced and

Xm+ l(t) h(s, x(s), y(s), z(s)) ds.

x’(t) (x(t),Xm+(t)) denotes this augmented trajectory. For any such
trajectory x’ and any E > 0 write t(x’) for the first time that Xm+ l(t) _--> E. The
following payoff is then introduced:

Q(x’) inf {p(t, x(t)) to <= <__ t(x’)},

where p(t, x) is the distance from (t, x) to F.
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Let n be any positive integer and write 6 (To- to)/2"" t to +j6
(1 __< j =< 2"), A To to, r/= 6ho. For E > 0, write

1 ifr<=E,

xE(r)= +A(r-E)/rl2 ifE<r=<E+r/,

+ A/rl ifE+r/<r.

For any trajectory x’(t) Rm+ define a payoff

ME,,(x’) ME,,(y, z) ME,,(x’(tl), x’(t2,))

min {(p(ts, x(t)) + q))E(x,,+
0_<j__<2

Note that ME,+ l(X’) _--< ME,.(x’) so

V+(ME,.+I) =< I/+(ME,.) and I/-(ME,+I) --< V-(ME,).
Consequently, lim V + (ME,) and lim V-(ME,) exist.

Because of the weight factor ZE, ME, selects approximately the smallest
distance on the whole trajectory to F, where the x,+l coordinate is less than E.
However, QE only looks for the smallest distance until Z+ l(t) _-> E, and in the
present game h may be negative and x,.+ (t) may decrease. Therefore, for any
trajectory x’,

ME,,(x’) <= QE(x’) + (ho + B)/n,

where B is the uniform bound on If(t, x, y, z)l.
With the usual notation for upper and lower values, it is therefore the case

that

(2.2) lim V + (ME,.) _--< V +

and

(2.3) lim V-(ME,,)<_ V-(QE).

LEMMA.

lim V + (ME,.) V + (QE).

Proof. We suppose that

(2.4) L lim V +

and derive a contradiction" in view of (2.2) the proof of the lemma is then com-
plete. From (2.4), it follows that there is c > 0 such that

L =< V+(QE)- c.

Choose NO such that for n >= No,

V + (ME,,) <= L + c/4.



108 ROBERT J. ELLIOTT AND AVNER FRIEDMAN

Using the notation of [3], for c/4 there is a 6o such that if 6 < 60,

V(Me,uo) <-- V + (Me,uo) + c/4.

There is, therefore, a lower strategy (with =< 60) A’ for the player z such that
for any upper strategy F for y"

Me,uo(A’, F) __< V(Me,uo)+ c/4.

With this lower strategy A’ and any upper strategy F6, consider the payoff
Qe(A’, F6). If x’(t) is the trajectory generated by A’, F6, write, as above, te(x’) for
the first time that Xm/ (t) >= E. Because of (2.1), strategy F6 can be modified from
te(x’) onwards to a strategy F which ensures that Xm+ (t) >= E for >= te(x’).

Then

but also

Therefore,

SO

Qe(A’, F) Qe(A, F)

Qe(A’, F)=< Me,uo(A’, F)

<= V(Me,No) + c/4

<= v + (me,No) + c/2
_< L + 3c/4 <= V + (Qe) c/4.

sup Qe(A*, Fa) <= V + (Qe) c/4,
F,

V + (Qe) inf sup Qe(A, F)
A6 F

<= V + Qe) c/4
which is a contradiction. This completes the proof of the lemma.

Proof of theorem. By ],

V + (Me,,) V- (Me,,).
Combining this with (2.3) and the lemma we get

v + (O) _<- V-
Hence

v +((2) V-

This value V(Qe) is a nonincreasing function of E and V(Qe) 0 for sufficiently
large E. We may suppose p(to, Xo) > 0 so by (2.1), V(Qe) > 0 for sufficiently
small E.

Thus

E* inf {E’V(Qe) 0}



GENERALIZED PURSUIT-EVASION GAMES 109

is positive and we prove as in [4] that

Ve+ E*, V- E*.

The proof that Ve+ =< E* is exactly as in [4]" we now prove V- >= E*.
For any e > 0 there is an E > E* e for which V(QE) > 0. By [3, 2.5], there

is a generalized saddle point (A**, F**) for this game, so that

(2.5) oQdA, r’*) >__ v(2) > 0

for all strategies A. Suppose F**= {F*}. 6 1/n. For small enough 6 the
components F** of F** can be modified into ’* so that for > tE the new y
control is such that for all z,

h(t, x(t), y(t), z(t)) > O.

Then if x’(t) is an outcome of (A, **), where ’*. {’*}, Xm+ l(t) is monotone
increasing in for > te(x’). The inequality (2.5) implies

This implies

As e is arbitrary,

Therefore

o *) > V(0) > 0.Q(A, *
to[a, P**] >__ E > E* .

V- >__E*.

V+e V; =e*.

Remark. With the definition of extended value as in [2] an extended value
also exists.
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THE LINEAR QUADRATIC COST PROBLEM WITH LINEAR STATE
CONSTRAINTS AND THE NONSYMMETRIC RICCATI EQUATION*

D. D. THOMPSON? AND R. A. VOLZ

Abstract. Application of Neustadt’s necessary conditions for the optimal control of a linear
system with quadratic cost under a closed, hyperplane-bounded half-space state constraint is con-
sidered here, Significantly it is proved that the jump-discontinuities generally required in these con-
ditions are not possible except at the initial and final times. This permits simplification of these con-
ditions to a form similar to that obtained for the unconstrained problem of the same type. A non-
symmetric matrix Riccati equation is obtained to solve the resulting split-boundary conditions
reducing them to a set-valued fixed-point condition on the boundary times. An iterative compu-
tational scheme is proposed to solve this fixed-point problem and is applied to two examples.

Additionally the existence of the solution to a nonsymmetric Riccati equation of the type ob-
tained here is treated in detail and bounds on this solution are obtained for a large number of general
cases.

1. Introduction. Almost since the inception of Pontryagin’s necessary con-
ditions for the solution of optimal control problems involving control and
terminal constraints, similar conditions have been available for the state
inequality constrained problem as well [1, [2, [33. However, the conditions
for the state constrained problem are not as well known as those pertaining
only to control constrained problems, due primarily to the fact that their applica-
tion is generally exceedingly difficult. Instead, approximate techniques have
become popular for the solution of these problems.

Most popular among the approximate techniques have been the penalty
function procedures. While there are a number of different schemes employing
this method (see Kelley [4], Lasdon [5] and Russell [6]) all have the basic feature
of replacing the state constraints by an additional term in the cost function which
becomes very large either for constraint violation or as the constraint is
approached. In addition, other approximate methods such as the cutting plane
algorithms (see Kapur and Van Slyke [7]) have been suggested.

For certain special cases (when the state dimension is the same as the "order
of the constraint") Speyer [8] has shown that the state constrained optimization
problem can be separated into two unconstrained problems. This method, how-
ever, is only applicable for a single boundary interval and requires explicit
solutions to certain implicit relations.

In this paper we return to consideration of the use of necessary conditions.
Based upon a more convenient form of the necessary conditions developed by
Neustadt [9] and sufficient conditions of Gilbert and Funk [10, the solution to
the nonsingular, linear problem with quadratic cost and linear, recoverable (first
order) state constraint is expressed, as in the solution to the unconstrained prob-
lem, in terms of the solution to a Riccati equation. In this case, however, the
Riccati equation is nonsymmetric. With the aid of this Riccati equation, a novel

* Received by the editors January 18, 1972, and in revised form April 23, 1973.
5" Research and Development Department, Atlantic Richfield Co., Dallas, Texas 75221.
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fixed-point problem is introduced and shown to be equivalent to the constrained
quadratic problem.

The paper is essentially in two parts. In the first the linear quadratic cost
problem with linear recoverable state constraint is .considered, the Riccati form
for the problem developed, and the fixed-point theorem proved. This latter form
suggests several possibilities for new computational algorithms. An example of a
rather simple iterative procedure is proposed and successfully applied to two
examples, one of which illustrates multiple boundary intervals.

The lack of symmetry in the Riccati system poses new problems, however.
None of the usual theorems on the existence of solution to the system apply.
Indeed, examples can be found for finite escape. The second portion of the paper
deals with this problem and presents several examples and theorems on the
existence of solutions to the nonsymmetric system.

2. Problem definition. The problem to be considered is a linear quadratic
cost problem with linear constraints (QCP) and may be stated as follows:

PROBLEM (QCP). Find a measurable, essentially bounded control function
u(t) R" and an absolutely continuous state function x(t) R" defined on the
fixed interval i It0, tl] which minimize the cost functional

(1) J(x, u)= x’(tl)Qx(t) + -subject to the constraints

u’(t)W(t)u(t) + x’(t)R(t)x(t)] dt

(2) (t) A(t)x(t) + B(t)u(t) + w(t) a.e. on i,

(3) X(to) x,
(4) x(t) "free",

(5) s’(t)x(t) (t) for all i,

where A(.) and B(.) are C-matrix functions on of dimensions n n and
n m respectively; w(.):]- R" and is C; W(.):i R"2 and R(.):i R"2 are
n n, C 1, symmetric matrix functions on i, W(.) positive definite and R(.)
positive semidefinite; Q is a constant n n positive semidefinite matrix;
s(.):/ R" and (.):i R and are C2.

Equation (5) is the constraint of most interest and will be referred to as the
state constraint. It constrains the state to a closed, smoothly moving half-space
of R" at each i. This half-space is bounded by a moving hyperplane having an
outer normal s(t) and a displacement from the origin of a distance tT(t)/(s’(t)s(t)) 1/2
(assuming that s(t) 4: 0). With the omission of this state constraint the QCP is
seen to be the classical problem considered by Kalman [11] and others.

DEFiNiTiON 1. Any state-control function pair (x, u) satisfying all the con-
ditions of QCP except, possibly, for minimizing the functional J(.,. is an ad-
missible arc. If J(.,. is also minimized, (x, u) is an optimal arc.

DEFINITION 2. The time i is a boundary time if s’(t)x(t) O.
DEFINITION 3. The time ] is an interior time if s’(t)x(t) < O.
DEFINITION 4. The boundary time (to, tl] is an entry time if each interval

of the form (z, t) I contains an interior time.
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DEFINITION 5. The boundary time e [to, tl) is an exit time if every interval
of the form (t, r) c I contains an interior time.

DEFINITION 6. The interval [to, tb] c i is a boundary interval if it consists
entirely of boundary times and if to is either an entry time or to, and tb is either
an exit time or l.

DEFINITION 7. The QCP is recoverable if B’(t)s(t) 4:0 for all i.
The recoverability condition is equivalent for the QCP to Denham and

Bryson’s "first order constraint" condition [12]. Essentially it insures that the
state can always be controlled in the s(t) direction.

3. Necessary and sufficient conditions. Necessary and sufficient conditions
for this problem can be found by application of a minor extension of the theorems
of Neustadt [9] and Gilbert and Funk [10]. The results are summarized in the
following. The proof is straightforward and omitted. It can be found in detail
in [13].

THEOREM 1. If (X, U) is an optimal arc of the QCP, then there exist measurable
functions 2(-):i R and rl(. ):i R" such that (i) 2(t) is nonincreasing for all

i and constant if s’(t)x(t) < a(t); (ii) 2(0 is right continuous for all I (iii) q(.
is absolutely continuous on i; and the conditions

(6)

(7)

(8)

and either

(9a)

and

or"

(9b)

and

2(t) O,

il(t) -A’(t)[rl(t)- 2(t)s(t)] + 2(t)(t) + #R(t)x(t)

rl(tx) --#QX(tl) + }(tl)s(t)

a.e. on ,

u(t) W-’(t)B’(t)[rl(t 2(t)s(t)] a.e. on l

B’(t)[rl(t) 2(t)s(t)] 0 a.e. on t,

)(to) :/: O,

rl(t 2(t)s(t) 0 a.e. on l,

are satisfied. Furthermore, any admissible arc (x, u) of the QCP which satisfies
conditions (1)-(3) and equations (6)-(9a) for some rl(. and 2(. is optimal.

The major difficulty arising from the application of these conditions is that,
in general, 2(0 may have unknown jump discontinuities at the unknown entry
and exit times. However, as an important consequence of the form of the QCP
and the continuity assumptions, it will be shown here that 2(. must be con-
tinuous on (to, tl).
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DEFINITION 8. An optimal arc (x, u) which does satisfy Theorem with (9a)
being valid is said to be a nonsingular arc.

For convenience we introduce two additional definitions.
DEFINITION 9. (t) B(t)W- l(t)B’(t).
DEFINITION 10.

’(t)X(t) (r(t) + s’(t)[A(t)x(t) + B(t)rl(t + w(t)]
(t)

s’ t)B(t)s(t)
From the condition on s(t), a(t), A(t), B(t), W(t), w(t) and x(t), it is evident that
2b(t) is continuous. In the following three lemmas, 2 is presumed to satisfy the
conditions of Theorem 1.

LEMMA 1. For a nonsingular optimal arc of the recoverable QCP andfor almost
all i,

d
d(S’(t)x(t) a(t))= s’(t)B(t)s(t)(2(t) 2(t)).

Proof. Direct computation verifies the result. Q.E.D.
LEMMA 2. If I (to, t) is a boundary time for a nonsingular, optimal arc

of the recoverable QCP, then 2() 2b().
Proof. Let be a boundary time in I. Suppose that 2() < 2b(t). Then, since

2(. is nonincreasing there exists an interval (t, ) ! such that 2(0 < 2b(t) for all
(, ). Thus, by Lemma 1,

d
[s’(t)x(t) a(t)] > 0 a.e. on (, ).

But is a boundary time so

s’(t)x(t)- a(t) > 0 for all te (, ),

which is a violation of the constraint. Hence, 2(0 ->_ 2b().
Next suppose that 2() > 2b(). Then there exists an interval (, )e I on which

2(0 > 2b(t). Again by Lemma 1,

d
--[s’(t)x(t) a(t)] < 0 a.e. on (, ).
dt

Since is a boundary time this implies constraint violation on (, ) which is a
contradiction. Hence, 2() 2b() as required.

Before proving the continuity of 2(. ), observe that 2b(" is C and that by
direct (but tedious) computation,

)tb(t y’(t)x(t) + z’(t)rl(t + fl(t),

where

(10)

y’(t)
s’(t)B(t)s(t) {g’(t)+ 2i’(t)A(t) + s’(t)[A(t) + AZ(t) + (t)R(t)]}

s’(t)B(t)s(t)

2

s’(t)[2B(t)(t) + B(t)s(t)] [’(t) + s’(t)A(t),
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(11)

(12)

z’(t) {2’(t)(t) + s’(t)A(t)(t) (t)A’(t) + (t)]}
s’(t)(t)s(t)

2

s’(t)[2(t)g(t) + (t)s(t)]s’(t)(t),
s’(t)B(t)s(t)

fl(t) s’(t)(t)s(t) {2g’(t)w(t) it(t) + s’(t)[A(t)w(t)+ (t)]}

s’(t)(t)s(t) s’(t)[2B(t)(t)+(t)s(t)][s’(t)w(t)-e(t). Q.E.D

LNNa 3. For a nonsingular, optimal arc of the recoverable QCP, define for
all l,

(13) 2*(t)

lim 2(z) if t= to,

)(t) if (to, tl),

lim A(z) fit-- l,

where 2(.) satisfies the conditions of Theorem 1. Then 2*(-) is absolutely con-
tinuous on and satisfies the differential equation

)b(t) if is a boundary time,
(14) ,*(t)

0 otherwise,

for almost all e i.
Proof.
Part A. The ordinary continuity of 2(. on I will be proved.
Case 1. Let e ! be an interior time. Then there is an open interval containing

on which 2(t) is constant. Hence 2(. is, trivially, continuous at .
Case 2. Let e I be a boundary time. Suppose that 2(. is discontinuous at. Then, since 2(. is nonincreasing and right-continuous, Lemma 2 implies that

there is an e > 0 such that

lim 2(z)- e > lim 2(z)= 2()= 2b().

But since 2b(" is continuous, there is an interval (, t) 1 on which

,(t) ,() =< I(t)- ()1 < .
Thus, since A(. is nonincreasing,

2(t)- (2(t)- e) 2(t) [)i. 2(z)-e] < A(t)- 2(i)<e

for all e (, ). Hence, 2(t) > 2(t) on (, ) and so Lemma implies that

d
[s’(t)x(t) a(t)] < 0 a.e. on (, ).
dt

But since is a boundary time, this implies state violation on (, ) which is a
contradiction. Hence, we conclude, as required, that 2(. is continuous on I.
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Part B. The absolute continuity of 2*(. on will be proved. Define

A {to} U {, U { i.’()x(.) <

X i\A.

Since 2(. is C1, and thus, a.c., there exists for each e > 0 a 6@) > 0 such that for all
finite collections of pairwise disjoint subintervals of i, {[a, bi]}= , satisfying

N

E ]bi- all <
i=1

we have the bound
N

Y’. I2,(b3-
i=1

Define the following subintervals [41, fii] C [ai, bi]"
If [ai, bi] A, then

i inf{z [ai,bi]’z},
/, sup

Clearly and exist since there must be at least one point of [a, b] in .. Now
since intervals (a, ai) and (b,/) are in A, Theorem 1 requires that 2(. be constant
on these intervals, so continuity of 2*(. implies that 2*(ai)= 2*(ai) and 2*(bi)

2"(). Furthermore, since the constraint function s’(t)x(t) tr(t) is continuous,
ai e A or ai to. If 1 e A, then Lemma 2 requires that 2*(a) 2b(ti). If, however,

to, then there are boundary times arbitrarily close to and so, again, by
continuity of 2"(.) and 2b(.) and Lemma 2, 2*(ai)= 2b(Cii). Similarly, 2*(bi)

2b(bi).
If [a, b] c A, then define a, b. Since 2(. must be constant on A

we have, trivially,

I,,!.*(b3- 2"(a31 I,tb(fi3- 2,(a31 O.

Hence, for all intervals,

and

N N

i=1 i=1

N N

12*(b,)- 2*(a,)l Ih,(fi,)- +(a,)l < e
i=1 i=1

which verifies that 2*(. is a.c. on i.
Part C. Finally, we verify the differential equation given for 2*(. ). If e I

is an interior time, then by continuity of the constraint function, there is an open
interval of interior times containing t. Thus, trivially, since 2(. must be constant
for interior times, then ),(t) 0.
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Next suppose tb I is a boundary time for which 2(. is differentiable. (Since
2(. is a.c., tb is almost any boundary time.) Define

By Lemma 2, (tb) 0. First suppose .(tb) > 0. Then there is a 6(tb) > 0, where

+ _-< +
< 1/2.(t) if 0 < z < gi(t),

+

which implies that

which implies that

.(tb + z) > 1/2.(t) > 0 for all (0, 6(tb)).

Similarly, if .(t) < O, there is a 6(t) > O, where

J.(t) =< 2(t + z)_ .(tb) < --1/2,(t) if 0 < r < 6(t),

(tb-- Z) <1/2J.(tb)Z <0 if0 <’r < b(tb).

By Lemma 2, in either case for each such a boundary time t, either the interval
(t, t + 6(t)) or (t 6(t), t) contains no boundary times and can, thus, supply
a unique rational number. Hence, the set of all boundary times t for which
*(t) #- .(t) has measure zero. This verifies the differential equation for 2"(.
and, so, completes the proof. Q.E.D

Note that Lemma 3 does not rule out jumps in 2(. at the end times to and
t. In fact, discontinuities at these points can occur if the trajectory leaves the
boundary at o or enters it at This is a result of the fact that at the endpoints
the boundary may be hit in such a manner that the constraint would be violated
were the system to be operated outside of i.

Proof of the absolute continuity of 2*(. and its description by a differential
equation now permit a considerable simplification of the optimality conditions
of Theorem 1. In the next theorem the function 2(. is eliminated by absorbtion
into a new costate vector (p(.)). The only vestige of 2(. yet appearing in these
new optimality conditions will be a parameter (a) which serves to permit a jump
in 2(. at (a possibility not ruled out by Lemma 3).

THEOREM 2. An admissible arc (x, u) of the recoverable QCP is a nonsingular,
optimal arc if and only if there exist a constant R and functions v(. ):i - R
and p(. ):l - R, where p(. is absolutely continuous on i, which satisfy the con-
ditions

(15) v(t)
if s’(t)x(t) a(t),

0 otherwise,

(16) {00 otherwise,ifs’(tl)X(tl)<a(tl)’
[(t) A’(t)p(t) + R(t)x(t)

(17)
v(t)s(t)[y’(t)x(t) + z’(t)p(t) + fl(t)] a.e. on I,
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(18)

(19)

and

(20)

p(tl) 0lS(tl) Qx(tx)

v(t)[y’(t)x(t) + z’(t)p(t) + fl(t)] <= 0 for all I

u(t) W-’(t)B’(t)p(t) a.e. on I,

where y(. ), z(. and fl(. are defined by equations (10)-(12).
Proof. Suppose that (x, u) is a nonsingular, optimal arc for the recoverable

QCP. Then the conditions of Theorem apply. Define 2* by equation (13) and
define

(21) p(t) rl(t) 2*(t)s(t) for all i.

Since it can be shown by direct computation that z’(t)s(t) 0, Lemma 3 implies
that

(22) J.*(t) v(t)[y’(t)x(t) + z’(t)p(t)+ fl(t)],

where v(t) is defined as in (15).
By setting (2(t) 2*(t)) and using equations (21) and (22) in Theorem

1, equations (14) to (20) can be verified by direct substitution.
Conversely, suppose that (x, u) is an admissible arc of the recoverable QCP

for which there exist parameters 0, p(- and v(. ), with p(. absolutely continuous,
which satisfy equations (15)-(20). Define (. to be an absolutely continuous
scalar-value function on i satisfying

(t) v(t)[y’(t)x(t) + z’(t)p(t) + fl(t)] a.e. on i,

with ,(t) a. Then set

.(t) if [to, tl),
(23) 2(0---

,(tl) 4- if t= t,,

and

tl(t) p(t) + .(t)s(t) for all 6 i.

Direct computation will now verify that the sufficient conditions of Theorem
are satisfied by 2(. and r/(. and hence that (x, u) is an optimal arc. Q.E.D.

4. Riccati equation and fixed-point theorem. The linearity of the state-costate
system and the absence of 2(. in the optimality conditions of Theorem 2 suggests
that, as in the unconstrained QCP, a matrix Riccati equation might be applicable.
Indeed, for any particular choice of v(. a Riccati equation can be obtained by
straightforward application of the principles used in the unconstrained case.
Based on equations (2), (17), (18) and (20), however, the solution to the resultant
Riccati equation may not exist. An example of this is given in [13]. It is, therefore,
convenient to modify equations (2) and (17) slightly before forming the Riccati
equation. Since for an optimal arc equation (15)implies that v(t)[s’(t)x(t) a(t)] 0
for all t i, then the terms v(t)z(t)[s’(t)x(t) a(t)] and v(t)y(t)[s’(t)x(t) a(t)] may
be added to the right-hand sides of equations (2) and (17), respectively. Re-
arranging the terms yields
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(24)

and

(25)

where

(26)

and

(27)

2(0 ,(t)x(t) + B(t)p(t) + w(t)- v(t)a(t)z(t)

[(t) ,(t)x(t)- 2’(t)p(t)- v(t)[fl(t)s(t) + a(t)y(t)],

2(0 A(t) + v(t)z(t)s’(t)

(t) R(t) + v(t)[y(t)s’(t)- s(t)y’(t)].

One can now use the standard procedure exactly as in the unconstrained case
to express p(t) in terms of x(t). The result has the form

(28) p(t) -K(t)x(t) + os*(t) + r(t).

Direct substitution of (28) into equations (24) and (25) and the use of the boundary
conditions of (18) yields differential equations and boundary conditions for the
Riccati matrix K(t) and the vectors s*(t), r(t).

(29)

(30)

(31)

(32)

(33)

(34)

[(t) K(t)B(t)K(t)- K(t)(t)- ’(t)K(t)- /(t),
*(t) [K(t)B(t)- i’(t)]s*(t),
?(t) [K(t)B(t)- i’(t)]r(t) + K(t)[w(t)- v(t)a(t)z(t)]

v(t)[(t)s(t) + a(t)y(t)].

K(t,) Q,

s*(t) s(t,),

r(t) O.

For the unconstrained problem (s(t)=_ 0, a(t)= 0) the above formulation
gives the optimal control in feedback form via equation (20). In the constrained
case, however, two problems arise. First, does a solution to (29) exist? Since the
matrix/(t) in (27) has a skew-symmetric component, the matrix K(t) will not be
symmetric as in the unconstrained case and none of the usual existence proofs
apply. Unfortunately, this existence question has not been completely answered.
However, for a number of important cases existence is proved in 7. The second
difficulty is that the Riccati matrix K(t) depends upon the unknown function
v(. and the resultant solution must also satisfy equations (5) and (15).

By examining this from a different point of view, one is led to a type of fixed-
point theorem which can form the basis for an iterative computational algorithm
to generate (an approximation to) the optimal control. Let V be a measurable
subset of i and define

f if e V,
5) u(t)

0 if re v.
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Now, given a set V c i, one can compute a trajectory (dependent on V) by using
the control given in (20) and the solution to the Riccati and related equations
(29)-(34) in (28). Defining

(36) F(V) {r e i’s’(r)x(r) > a(r)},
the sort of fixed-point result expected is that if the set V yields a nonsingular
optimal arc (x, u), then F(V) V. Indeed, such a result is obtained.

LEMMA 4. Let v(t) be defined as in (35). For the recoverable QCP let x(. and
p(.) satisfy equations (2), (17) and (20). Then the state constraint and (15) are

satisfied for all i if and only if the state constraint holds at to and and

(36a) V F(V),

where F(-) is as in (36).
Proof. Assume for some measurable V c i that v(t) is defined by (35) and

that (15) and the state constraint are satisfied. The state constraint implies that

F(V) {t e l :s’(t)x(t) a(t)}
and so, trivially, (15) implies that (36a) is satisfied.

Proving the converse, now, assume that the constraint is satisfied at to and
and that (36a) holds. Suppose there exists a e i such that s’()x() > a().

Since the constraint holds at to and t, e (to, t). Define

, inf { e ! "[, r]c F(V)}
and

:b sup { c i :[, ] = F(V)}.
(Clearly % and exist since F(V).) Then s’(o)x(,) a(,) follows from con-
tinuity if to < a and by the assumption that the constraint is satisfied at to if
a to. Similarly s’()x()= a(z). Now since [%, ] = F(V), (35) and (36a)
imply that

v(t)= for alltc[%,rb].

Thus, after tedious but routine calculation using equations (2), (10), (11), (12),
(17) and (20), we have

dt (s’(t)x(t) tr(t)) (s’(t)B(t)s(t)) 0 for all c Era, Zb].

Since for the recoverable QCP, s’(t)B(t)s(t) is strictly positive, we thus conclude
that

d
-[s’(t)x(t)
dt

is either identically zero or of strictly constant sign on Ira, Zb]. In fact, since
s’(z)x(z) a(z) > 0 and s’(za)x(za) a(za) 0 we conclude that

d
d[S’(t)x(t)- a(t)] > 0 for all te Ira, Zb)-
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But this implies that

s%)x(’cO ,r(’cb) >= s’()x() () > 0,

which contradicts the previous conclusion that S’(Zb)X(Zb)- a(zb)= 0. Hence,
constraint violation cannot occur as assumed. From this we conclude that

F(V) {t i’s’(t)x(t) a(t)}
and so, that (15) holds, and the proof is complete. Q.E.D

The solution is thus seen to depend on determination of the set V and the
parameter a. The necessary and sufficient conditions can be rewritten in a form
more amenable for the determination of 0 by separating x(t) and p(t) each into two
parts. When combined with Lemma 4, an interesting fixed-point theorem results.

THEOREM 3. The pair (x, u) is an admissible, nonsingular, optimal arc for the
recoverable QCP if
(37)

(38)

(39)

where

(40)

x(t)-- xl(t) + 0X2(t),

u(t) W- ’(t)B’(t)p(t),

v r(v) r*(v) f) v,

p(t) pl(t) + 0p2(t),

and the mappings F(. ), F*(. ): l --+ i are defined by

(41) F(V) {r e l’s’(r)x(r.) > a(r)}
and

(42) F*(V) {to} U {t,} U {r e (to, tl):y’(r)x(r) + z’(r)p(r) + fi(r) =< 0}.
The vector functions xi( and pi(. are defined to be absolutely continuous and to
satisfy

(43)

and

(44)

2i(t) A(t)xi(t) + B(t)pi(t) + (2 i)w(t),

if(t) A’(t)pi(t) + R(t)xi(t)

v(t)s(t)[y’(t)xi(t) + z’(t)pi(t) + (2 -Off(t)],

with v(t) given by

(45)

i= 1,2,

and the terminal conditions by

i= 1,2,

if re V,

otherwise,

(46)

(47)

(48)

xl(to) x,
Pl(to) K(to)X + r(to),

X2(to) 0
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and

(49) pZ(t0) s*(to),
where K(to), r(to) and s*(to) are determined from the unique solution to the Riccati
system defined by equations (29)-(34).

If s’(tl)Xl(tl) > tT(tl), it is sufficient for optimality that

(o) o,
otherwise, sufficiency is guaranteed for either

(51) e =0 or o=,
where

(52) 8 (tl)- s’(tl)xl(tl)
s’(t)x(t)

/f Eo’(tl)- St(tl)Xl(tl)][st(tl)X2(tl)] O,

otherwise.

Proof. Suppose that the pair (x, u) satisfies conditions (37)-(52). If s’(tl)xl(tl)
> (tl), then equations (50) and (52) provide the required nonzero which
by superposition forces X(tl) to the boundary. If, however, s’(tl)Xl(tl)<=
both 0 and satisfy the state constraint at l. Note also from (52) that

_<_ 0, so in all cases _<_ 0 with a 0 unless X(tl) is on the boundary as required.
Thus, in either event, the constraint is satisfied at (and presumably at to

by x). Lemma 4 and the condition V F(V) from (39) thus imply that the con_-
straint is satisfied for all i and that v(t), in fact, satisfies (15). Furthermore,
defined by equations (50)-(52) satisfies (16). The costate equation (17) holds by
superposition from (40) and (44). From equations (37), (40), (46)-(49), super-
position implies. (as required) that

Xto) x

and

p(to) -K(to)X 4- r(to) 4- s*(to).

Thus the Riccati system assures that (18) is satisfied. The condition V F*(V) f’l V
from (39) implies that (19) holds. Finally, equations (38) and (20) are identical.
Thus, the arc (x, u) has been shown to be admissible and to satisfy the conditions
of Theorem 2. Hence, (x, u) is a nonsingular, optimal arc. Q.E.D

The only difficulty in showing the necessity of the conditions of Theorem 3
lies in verifying the existence of the solution to the Riccati system of equations
(29)-(34). This question is still not entirely resolved, though Theorem 10 gives
several alternative conditions sufficient for the existence of a unique solution to
the Riccati system. Thus we state the following theorem.

THEOREM 3A. Let (x, u) be an admissible nonsingular optimal arc for the re-
coverable QCP and for the measurable function v(t) satisfying the conditions of
Theorem 3 and let the Riccati system of equations (29)-(34) have a unique solution
(for example, see Theorem 10). Then the conditions of Theorem 3 are necessary.
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Proof. Since (x, u) is an admissible, nonsingular, optimal arc then Theorem
2 requires that equations (15)-(20) hold for some scalar constant , scalar function
v(- and absolutely continuous vector p(. ). We shall show that, in fact, the same
a, v(.) and p(.) which satisfy equations (15)-(20) also satisfy the conditions of
Theorem 3. For the v(t) which satisfies (15), define the set V by (45). Then, since
(x, u) is admissible, Lemma 4 implies that F(V)= V, where F(V) is defined by
(41). Also, with V defined as above, equation (19) implies that V F*(V) f) V,
where F*(V) is defined by (43). Equation (38) follows from equations (20) and
(16), respectively. It thus remains to verify that equations (37) and (40)-(50) hold
for x(. ), a, v(. and p(. ). By superposition the unique x(. and p(. which satisfy
equations (37), (40), (43), (44) and (46)-(49) must satisfy the state equation

(t) A(t)x(t) + B(t)u(t) + w(t),

with

u(t) W-l(t)B’(t)p(t)

and the costate equation (17), with the boundary conditions

X(to) x

P(to) -K(to)X + s*(to) + r(to).

Thus, by the uniqueness of solutions for linear systems, we need only verify that
the final condition of (18) implies (.) and that of Theorem 2 satisfies equations
(50)-(52) to complete the proof. Since there is a unique solution K(. on [to, tl]
to the Riccati system of equations (29) and (32), equation (18) implies that p(to)
is defined as in (*). Verifying we note that if S’(tl)Xl(tl) > tr(ta), then by super-
position, (16) and the state constraint req.uire that (5) be satisfied with as defined
by (52). On the other hand, if s’(tl)xl(t) <= tr(tl), then (16) and the state constraint
require (by superposition) that either 0 or (which might be zero).

Q.E.D.
Observe that the sufficient (and often necessary) conditions of Theorem 3

encompass both admissibility and optimality. Actually, these conditions can be
viewed as consisting only of equations (39) and (50) by regarding the remaining
equations of Theorem 3 as mere definitions. Aside from the ambiguity in the
definition for in (51), the mappings F(V) and F*(V) are uniquely defined and
can be computed readily for any closed set V c i. Thus, adopting either choice in
(51) to define , the QCP can be viewed as a set-valued, fixed-point problem as
defined by (39). If a set V can be found satisfying (39) and also the inequality (50),
the QCP is solved. If not, the other definition for must be used and the fixed-
point problem solved again.

As is probably apparent, the parameter serves to prevent boundary violation
at l. The possibility that two different definitions for might have to be
tried to solve the QCP is not at all unreasonable when one compares the QCP
with the much simpler, terminal-constrained QCP problem in which the state
constraint is only imposed at tl. The conditions of Theorem 3, with the ex-
ception of (39), apply to the terminal-constrained QCP if V . In that case one
solves first the unconstrained problem ( 0) and if this arc does not violate
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the constraint the problem is solved. If, however, the constraint is violated,- 0 is computed by superposition to force the trajectory to the boundary
at tl, and the trajectory is recomputed to solve the problem. Thus, it is reason-
able that imposition of the constraint throughout the trajectory still results in a
certain ambiguity for the parameter .

5. Computational algorithm. As an illustration of the validity of Theorem 3,
a set-valued, fixed-point, iterative algorithm is developed and applied to two
examples. The proposed algorithm is certainly not the last word on the solution
of this problem, but it is hoped that it may stimulate further research into the
application of Theorem 3.

Theorem 3 suggests that for an iterative computational procedure one could
guess a set Vo c i and compute F(V0) and F*(Vo). If Vo corresponds to a solution,
then F(Vo) F*(Vo) f) Vo Vo. If not, Vo must be modified in some way to more
nearly satisfy this condition. An intuitively appealing notion is that in some sense
the points in Vo\(F(Vo) fq F*(Vo) may represent "extra" points that do not belong
in Vo, while points in (F(Vo) iq F*(Vo))\ Vo represent points which perhaps should
be in Vo Algorithms can then be developed by selectively adding or deleting points
from Vo with the objective of satisfying (39). We present one such algorithm. To
formalize this idea define the mappings D(. ):i i as follows:

(53)

(54)

()

(56)

(57)

(58)

Do(V) V f3 F(V) f v*(v);

O(V) V f F(V) fq f’*(v) ;’
D(V) V f f’(V) f V*(V);

D3(V V I’ ’(V) *(V);
D4(V) 9 F(V) f) F*(V);

Ds(V) 9 fq F(V) f’] ’*(V).

The set Do(V) forms the core which is to be kept in forming a new V. In addition,
subsets of each of the D(V), 1, ..., 5, will be added to this. For illustration,
suppose the sets V, F(V) and F*(V) are as shown in Fig. 1. Then the sets Di(V)
are as illustrated.

It is evident that the sets D(V) need not be connected. Thus let

(59) Di(V) 13 DI(V), i=0,...,5,
j=l

where the sets Di(V) are pairwise disjoint nontouching subintervals of i. Let
constants 7 be given (i 1,..., 5) with 7 [0, 1) for 1,..., 3 and 7(0, 1]
for 4, 5. The subsets of the D(V) to be used will be found by taking a fractional
length y of each of the Di(V). For a reasonable procedure, the geometry of the
situation must be considered. Thus,

The notation "17" will be used here to denote the complement of the set V with respect to the
interval i.
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v,

r*(v)

Do(Vi)

D,(V)

Dz(V)

Dz(Vi)

D,,( V)

Ds(Vi)

"(Vi) Vi+

EMPTY

i 0.5 for 1,..., 5

FIG. 1. Generation of ’(Vi) from Vi, F(V/) and F*(V/)

I. Suppose that Di(V) is not adjacent (either on the left or the right) to an
interval of Do(V). Then define /)[(V) to be a centered subinterval of
D[(V) having a fractional length 7i of that of D(V).

II. Suppose that D(V) is adjacent on the right (left) but not on the left
(right) to an interval of Do(V). Then define/)(V) to be a subinterval of
Di(V) terminating (originating) at the extreme right (left) of the interval
Di(V) and having fractional length 7i of that of D(V).

III. Suppose that Di(V) is adjacent both on the left and the right to intervals
of Do(V). Then define/)(V) to consist of two subintervals of D[(V) each
having fractional length 7/2 of that of D[(V). One of the subintervals
originates at the extreme left and the other terminates at the extreme
right of the interval D(V).

Now define

(60) ’(V)--- Oo(V L.J bl(V LJ b2(V LJ b3(v L.J b4(v L,J bs(v).

It can be shown that for D,(V) :/: , if the b,(V) are proper subsets of O,(V) for
1,..., 3, and nonempty subsets for 4, 5, and if/)(V) if D,(V)

for 1, ..., 5, then the fixed-point condition of Theorem 3 is satisfied if and
only if V ’(V). Since the above conditions are met by/5, as defined by I-III
provided 7, (0, 1) for 1, ..., 5, we shall consider a computational algorithm
based on iterates of the form

V/+

Fig. illustrates the generation of the new iterate V+ for 7, 1/2, 1, ..., 5.
In developing the computational algorithm, it will be convenient to treat the

fractional constants 7, as step sizes, much as one might do with an ordinary
gradient procedure. Further, one can think of the sets bl(V,), ...,/53(v,) as re-
taining part of the old V and/54(V) and /55(V) as introducing new points into
V/+ 1. Thus, set

Ti, 1, 3,
(61) 7,--

(1-7),, i=4,5,
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where the i e (0, 1). 7 e [0, 1] may thus be treated as a step size parameter. For
0, V+ V. Many measures of the satisfaction of the desired conditions

could be used. Here we use

(62) e(V)= sup Is’()x()-o()l.
rVF(V)

The algorithm may now be stated.

1. Choose an initial Vo (the empty set is a convenient choice), the constants
i, 1, ..., 5, and a stopping parameter e. Set 0.

2. Solve the Riccati equation and obtain K(. ), s*(. and r(. ).
3. Obtain a and solve the state and costate equation.
4. Determine e(V). If e(V) <= e, stop. If not, determine 7 [0, 1] to minimize

e(V) (one dimensional search).
5. Set Vi+ F(V), and go to 2.

In practice, is held at 1 for the first few iterations until the vicinity of the
solution is reached. This eliminates a few solutions of the Riccati equation. Also,
in the one dimensional search, three trial values of 7 are used to fit a quadratic
function. The predicted minimum is compared with the other trial values and the
best one chosen. No attempt at a further refinement of 7 is made.

6. Application of the algorithm. Two examples will be presented to illustrate
the behavior of the algorithm. The computational results to be given were ob-
tained from an IBM 360/67 digital computer using single precision arithmetic. It
should also be remarked that the coding was done exclusively in the FORTRAN IV
G Level compiler language. The state-costate and Riccati differential equations
were approximately solved using a fourth order Runge-Kutta integration scheme
with uniform step size.

Example 1. Consider the second order QCP with scalar control and fixed
initial and free final state defined on the interval i [0, 1] by

J(x, u) (x2(1))2 + (x(t))2 + (u(t))2 dt,

x2(t 0.05 for all [0, 1].

e was chosen to be 0.01 and i 0.5, 1, ..., 5. All integration was performed
using a step size of 0.01. The procedure converged to within the prescribed limits
after 7 iterations. A further improvement is not possible without reducing the
integration step size. Fig. 2 illustrates the progress of the algorithm. Xz(t 0.05
is shown for each iteration. The optimal cost for the constrained problem was
0.4864.
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0.05

0.04

0.03

0.02

0.01

0

-0.01

-0.02

-0.03

-0.04

-0.05

(a 0 for 1,..., 7)

0 0.25 0.50 0.75 1.0

FIG. 2. Iterative improvement in the state constraint for Example

Example 2. To illustrate the use of the algorithm for multiple boundary in-
tervals, a problem artificially constructed to have two boundary intervals
([-2, 1] and [1, 2]) is considered.

0 0 0 0

0 0 1 0
2= x+

0
u; x(-3)=

0 0 0

0 0 0

103.0

5869.2 1
2488.8 /
-701.64

72.0 I

The parameters in the cost function of (1) are

R=0, Q=I

and

Be-l,

and an integration interval [- 3, 3] was used with an integration step size of 0.015.
Fig. 3 shows the progression of x4(t) 103.0 for the first few iterations of the
algorithm. The optimal cost found was 2471.7. It can be seen that the algorithm
successfully found the two boundary intervals.

7. Existence and uniqueness of the Riccati solution. Existence, uniqueness
and stability of solutions to the classical, symmetric Riccati equation have been
considered in great detail by Kalman [11], Potter [14], Kleinman [15] and others.
In addition, various modifications to the classical problem have been investigated.
Kleinman and Falb [16] have extended the existence proofs for the classical
problem to a Hilbert space setting. Wonham [17] has considered the addition of
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FIG. 3. lterative improvements in the state constraint for Example 2

a term of the form H(t, K(t)) to the expression for / of the standard Riccati
equation. However, in both cases, symmetry (self-adjointedness in Hilbert space)
has been maintained. In view of the results obtained in the above, however, we
shall be interested here in relaxing the symmetry requirements.

While it is only required that skew symmetries be allowed in the driving
function /(t) of (27), we shall consider a somewhat more general problem. In
particular, let us define the nonsymmetric Riccati system (NRS) as

(64) /(t) (t)(t)(t)- ’(t)(t)- (t)(t)- .(t) a.e. on i,

with the terminal condition

(65) K(tl) Q.

The following assumptions are made for the n x n dimensional matrix parameters
of the NRS:

(NRS-1) /(t) is integrable and positive semidefinite on [to, tl];
(NRS-2) /(t) is integrable on [to, tl];
(NRS-3) R(t) is integrable and positive semidefinite on [to, tl];
(NRS-4) Q is a positive semidefinite constant.

(Note that contrary to common practice the term "positive semidefinite" as used
here does not imply symmetry.)

For convenience we shall consider what appears to be a special case of the
NRS. Let the n x n matrix T(t) be required to satisfy

(66) J’(t) T(t)E(t)T(t) F(t) a.e. on i

and

(67) T(tl) Q,
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where

(68)

(69)

(70)

and

(7)

E(t) O(t t)(t)@’(t t),

F(t) O’(t, l)n(t)O(t, 1),

(t, z) A-(t)O(t, ) for almost all i and for all z i

(, ) (identity matrix) for all t, i.

Notice that E(-) and F(-) possess the same properties required of/(. and
R(. by conditions (NRS-1) and (NRS-3), respectively.

LEMMA 5. /f/(t) is a solution for the NRS on some interval (to, tl] c 1, then

(72) T(t) ’(t, t,)g(t)(t, t,)

satisfies (67) and is a solution to the system of (66) on (to, t]. Conversely, if T(t)
satisfies equations (66) and (67) on an interval (to, t], then

(73) K(t) O’(tl, t)T(t)O(t,, t)

is a solution for the NRS on (to, tl].
Proof. Direct computation verifies the results. Q.E.D.
Thus, equations (66)-(71) simply represent another form for the HRS. We

shall refer to both forms as the HRS. The appropriate system will be made clear
by whether T(. or K(. is mentioned.

For the symmetric Riccati equation the positive semidefiniteness of the
solution is well known. (See Kleinman [15].) However, this result is generally
obtained by making use of the symmetry. We offer here a proof of positive semi-
definiteness which applies to the HRS.

THEOREM 4. If g(t)(T(t)) is a solution for the NRS on an interval (t., tl] c i,
then 2(t)(T(t)) is positive semidefinite for all (to, ta]. If, in addition, is positive
definite, then K(t)(T(t)) is positive definite for all e(to, t].

Proof. Assume that T(t) is a solution for the NRS on (to, tl] i. Define
the transition matrix T("," by

with

d
dt
--ew(t, ) --E(t)T(t)er(t, )

aOT(Z, Z) (identity matrix) for all z (ta, tl].

On any closed subinterval [a, t] c (to, t], the continuous matrix function T(t)
is bounded and by (NRS-1) and (68), E(t) is integrable. Thus, the product
(-E(t)T(t)) is integrable on [o, tl]. Hence, both r(t, Z) and

o-(t, ) (, t)



LINEAR QUADRATIC COST PROBLEM 129

exist on [a, tl] and hence, on (t,, tl]. By direct computation,

d
dr[(I)r(r, t)T(r)Or(z, t)] -(I)r(z, t)[T’(r)E’(r)T(r) + F(r)](I)er(r, t).

Hence, upon integration from to tl, we obtain

T(t) O’Er(t l, t)OOEr(t t)

+ r(r, t)[T’(r)E’(r)T(r) + F(r)]er(r, t) dr for all e (t, tl].

With the above representation for T(t), the conclusions of the theorem follow,
trivially, from the definiteness conditions on (, E(t) and F(t). (Observe that
symmetry is of no consequence for these parameters.) Positive (semi) definiteness
of r(t) implies positive (semi) definiteness of/(t) by (73). Thus, the conclusions
apply to both T(t) and/(t). Q.E.D.

As a prelude to the existence and uniqueness theorem we now verify that the
NRS satisfies a local Lipschitz condition.

LEMMA 6. For any n x n matrices T1 and T satisfying T1 T <= #, then,

[l[rlE(t)rl F(t)] [TzE(t)T2 f(t)]ll 4# IE(t)[I liT1 Z2l.

Proof. Let Tll, T211 _-< #. Then

TIE(t)T1- T2E(t)T2

(T1 + T2)E(t)(T1- T2)+ (T1- T2)E(t)T1- TIE(t)(T1- T2)I

=< liE(t) [3[ TI] + T2 ][ T1 T2[ =< 4kt]]E(t) ]]T1 T2[. Q.E.D.

We begin the discussion of existence by presenting the well-known result
for the case where E(t), F(t) and ( are symmetric for all [to, tl]. (See Kalman
[11].) The bound obtained for this case will serve as an interesting comparison
with results to be presented for the more general problem.

THEOREM 5. If E(t), F(t) and Q are symmetric for all e [to, t], then there is a
unique solution T(t) to the NRS defined on [to, tl]. Furthermore, this solution is
symmetric and satisfies the bound

tl

(74) T(t)ll II011 + F()II dr for all e [to, tl]

Proof. The local Lipschitz property of Lemma 6 guarantees existence and
uniqueness on some interval (a, tl]. (See [18].) Define to inf{a [to, tl]:
solution to NRS exists on (a, tl]}. Clearly T’(t) is a solution to the NRS wherever
T(t) is by the symmetry of the parameters E(t), F(t) and O.. Thus, by the unique-
ness of the solution, T(t) is symmetric. From Theorem 10.5.5 of Dieudonn6 [18],
if we can show that T(t) is bounded on (t,, tl] and if to < t,, then there exists a
time b[to,ta) such that the solution exists on (tb, tl]. This would contradict
the definition of t,. Hence, it suffices to obtain the above bound to verify that
t, to and complete the proof.
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Since T(t) is both symmetric and positive semidefinite (by Theorem 4) on
(ta, tl], then T(t)ll supllxll _-1 x’T(t)x. For any x R" the solution must satisfy

x’r(t)x x’Qx + x’r(z)E(z)r(z)x + x’f(z)x dz <__ x’Qx + x’F(z)x dz

for all (ta, tl] since T(t) is symmetric by the above argument and E(t) is positive
semidefinite by condition (NRS-1). Hence,

T(t)l[ (]] + F(v)ll dz for all (t, tl]

since T(t), F(t) and ) are positive semidefinite and symmetric. Q.E.D.
The interesting point to note concerning Theorem 5 is that the bound ob-

tained for the T(t)ll is independent of the parameter E(t). In a sense the non-
linear term T(t)E(t)T(t) of (66) actually contributes a stabilizing influence on the
solution in the symmetric case as a consequence of the positive semidefiniteness
assumptions (NRS-1, 3 and 4). That this is not the case for the more general
NRS will be illustrated by the following example.

Example 3. Let the parameters for the second order NRS be given by

and
F(t) 0

where # is some fixed scalar. For this simple example the skew symmetry is only
introduced through the terminal parameter (. (A similar example can be gener-
ated by interchanging the values of ( and F(t).) Let us see what this skew symmetry
does to the solution (if it exists). Define the components of T(t) as

T(t) [T11(t) T12(t)l.
[_T2 l(t) T2 2(t)_]

Then from (66) we have

J’ ,(t) #2 Tx2(t)T2,(t),

J’2(t) #2Tx2(t)T22(t),
J’2(t) #2T22(t)T21(t)

and

J(t) r(t).

The terminal conditions are given by (67) as
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Hence, we see that

and, thus, that

which imply that

T:(t) 0

rll(t) 2(t t).

This solution, thus, indicates that a bound cannot be obtained for the [[T(t)[[
which is independent of E(t), (i.e., of #) in general, when skew symmetries are
injected into the system.

Example 3 raises serious doubts as to the ability to prove the existence of
the solution for the NRS by any procedure similar to that of Theorem 5. Clearly,
the nonlinear term T(t)E(t)T(t) of (66) can contribute to the growth of the solution
in the nonsymmetric case. Thus, the question of the existence of a solution for
the general NRS is considerably subtler than for the symmetric case.

Up to this point we have framed the NRS in a way which allows for skew
symmetries in all of the parameters. However, we should note from the outset
that it is impossible to obtain a general existence result for this problem. In par-
ticular, if skew symmetries are permitted in the parameter E(t)((t)), then finite
escape can occur as is evidenced by the next example.

Example 4. For the second order NRS define the parameters

and

Define

T(t) [-I Ta 1(t)

L
Then from equations (66) and (67) we have

j’l,l(t)-- Tla(t)[T21(t T12(t)]

5612(t) Tla(t)T22(t)- T2(t),

J21(t)----- Tl(t T22(t)T11(t),

J’22(t)-- T22(t)[T21(t)- T12(t)],

Tll(tl) T22(tl) 0
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and

r12(t) r21(t) 1.

Clearly, T() T22(t O. Consider only the component T2(t). It satisfies

j’12(t) TlZ2(t).
Thus,

T12(t
(t- t / 1)

and finite escape occurs at t 1.
Example 4 does not clearly incriminate the skew symmetric E(t) as being

solely responsible for escape since a skew symmetric (2 was also employed for
convenience. However, the example does demonstrate that, in general, existence
cannot be guaranteed for the NRS. In addition, when coupled with the existence
theorems to be presented for the case when E(t) is symmetric, Example 4 will
verify that the symmetry requirement on E(t) cannot be dropped. It should be
emphasized, of course, that for the QCP, the corresponding E(t) is symmetric
since B(t) is symmetric, and so we suffer ,no loss of generality for our intended
application of the Riccati equation. (See (29).)

From the proof to Theorem 5 we see that an essential element in our existence
proofs must be the establishment of a bound on T(t) on any interval (t,, tl]
c (to, t] on which it is defined. We state next a continuity lemma which will
help in this.

LV,MMA 7. Let M(t) be an n x n differentiable matrix defined on the interval
(t, t] satisfying M(t)= M and

d
(75) M(t)X[[ M(t)Xl[ >= -][M(t)Xl] N(t)X a.e. on (,, t]

for all X e E", where N(t) is n x n integrable matrix for e (,, tl]. Then

(76) [M(t)[ M + IN(r) dr for all e (a, tl]"

Proof. First suppose that M(t)X has no roots on some interval ,tl]
(t,, tx]. Then both sides of(75) may be divided by M(t)X in this interval. Then,

integrating from to tx we obtain

[[M(t)X <-I]MIX][ +I( N(r)X dr.

On the other hand, if on the interval [, tl] c (ta, tl] the function M(t)X] has at

least one root, define

t* inf{te [, t’[lM(t)X[[ 0}.
Then, by continuity M(t)X 0. If t* :/= 1, M(t)X 4:0 for all e (, t*). Thus,

M(I)X N(r)X
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If , then M()X 0. Combining the above results, we have, in any event,

M(t)XII <= M1X + g(r)Xll dr for all e (ta, tl].

Since this holds for all X e E", we have

M(t) <= MII-t- IIg()lld for’allte(ta, tl]. Q.E.D

THEOREM 6. For the second order NRS with E(t) symmetric for all [to, tl],
a unique solution T(t) exists for all [to, tl]. This solution satisfies the bound

(77)

and

IIZ(O I10 + r()l d + tOall + rd)ll d IIE()II d

tl

(78) Tdt)ll =< 0. + Ilr()ll dr for all e [to,

where the subscript "s" denotes "symmetric part" and the subscript "a" denotes
"skew symmetric part".

Proof. Define

(t) Tx (t)E(t)T (t) + T2(t)E(t)T2(t Fs(t a.e. on

T,(t,)

5f|b2(t T(t)E(t)T2(t + T2(t)E(t)T(t Fa(t) a.e. on

r2(t1)=

where Tl(t and Tz(t are n n matrixes. We first verify that the above system satis-
fies a local Lipschitz condition in a way similar to Lemma 6. Let us consider the
pair ITs, T2] R"2 R"2, and define

[Zx, Z2 max ([I T II, T2 II),

where TII is the usual "sup norm". (Clearly the above norm is a valid norm in
R"2 R".) Let ITS, T], IT], T23 e R"2 R" with

ITS, Y31l, II[Y, Y3ll .
Then

(TE(t)T + TE(t)T)- (TE(t)T + TE(t)T)I

(*) + (T + T)E(t)(T- T) + (T- T)E(t)T- TE(t)(T- T)
4fl[lE(t)]l( T- T + T- TI)

8 E(t) [(r- T),(T- r)]ll.
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Next consider

II(TE(t)T + TE(t)T) (TE(t)T + TE(t)T)I
(T-T)E(t)T+TIE(t)(T2-T2)
+ (T"- T)E(t)TI + TE(t)(TI- T)

_-< 2#1E(t)]]( W T]] + IlTz- T]])__< 4/ E(t) [(T TI),(T- T)]

Taking the max of (*) and (**) we obtain the desired local Lipschitz property
in R"2 R"2"

((TE(t)T + TzE(t)Tz- F(t)) [(TE(t)T + T2E(t)T Fo(t))

<= 81 E(t) I[(r- T), (r- T)]
Thus, a unique solution [Tl(t), T2(t)] exists on some interval (lo, tl] c [to, tl] to
the system ,9. (See Dieudonn6 [183 .) Define

inf {lo [to, tl]’Tl(t), T2(t) exist on (lo, tll}.
Observe that [T’(t), T’(t) also is a solution to .9 on (ta, tl]. Also note that

T(t) T(t)+ T2(t)

is a solution to the NRS on (ta, t]. Hence, by the uniqueness of solutions for the
NRS and 5f we have

T(t) Tl(t)

and

T(t) T2(t),

where the subscripts "s" and "a" are as defined above. Thus, as before, it suffices
to obtain bounds on Tl(t) and T2(t) for e(to, tl] corresponding to the above
bounds on T(t) and To(t), respectively, to complete the proof.

For anyXeE, compute (note that ’" T2x W2(t)T2(t)x x’ ’(t)2(t)(x)
d

T2(t)x T2(t)x]] x’r’2(t)2(t)x

x’G(t)x- x’T’2(t)Fo(t)x a.e. on (o, tll,

where

G(t)-- T’2(t)[T(t)E(t)T2(t) + T2(t)E(t)Tl(t)l.

It is claimed that for the second order case G(t) is positive semidefinite. To see
this note that since T(t)= Ts(t), Theorem 4 implies that T(t) is positive semi-
definite and symmetric, and write the most general 2nd order positive semi-
definite, symmetric matrix for T(t) as

T
l ’ h + , [ + ,
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for any scalars 0, fl and 7. Similarly, we write the most general form for E(t) (which
is symmetric and positive semidefinite by assumption)

E(t)=
(22+p2) p(2+ o9)1L,o( + o) (,o :z + )

for any scalars 2, p and . The most general skew symmetric matrix T2(t can be
represented as

for any scalar . After tedious but routine computation we find that

ff2q

where

q (tip + 7o9)2 + (op + flo9)2 + (0), + pfl)2 + (f12 + pT)2.

Hence, G(t) is positive semidefinite (and symmetric) for each e (t,, tl]. Thus,

d
x’ ’(t)Fa(t)x > Tz(t)x Fa(t)x a.e. on (i, tl]T2(t)xll T2(t)x > T2

Then, by Lemma 7,

r2(t)l[ =< [Qa[ 4- [Fa(z dr for all te(ta, tl].

Now, since T(t) is positive semidefinite and symmetric,

Tx(t)ll sup X’Tl(t)x

and

X’l(t)x x’T’l(t)E(t)Tl(t)x x’T’2(t)E(t)T2(t)x- x’Fs(t)x

>= -[ IT2(t)ll211E(t)ll + IIFs(t)ll] Ilxll 2

since E(t) is positive semidefinite. Thus, integrating and taking the sup for IIx
we have

IIZ(t)ll _-< 10sll 4- Z2(z) 2 g(v)l / Fs(z) dr.

Substituting the bound on Z2(011 we have

Tl(t) _-< I1{% 4- F,(r)l dr + {%1 + F()I d E(z) dr

t0,11 + IIF(0 d + II0a + I&() d liE(011 d,

which completes the proof. Q.E.D.
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Unfortunately, the above argument does not generalize even to the third
order case. To see this we have only to let (for some e [to, tl])

Z(t)

E(t)

0 0 1- 0 0 0

000 000 O0

0 1 0 0

0 0 0 4

0 0 T,,(t)= 4 0

0 0 0 -1

Then

0

G(t)-- T’(t)[T(t)E(t)T(t) + T(t)E(t)T(t)]
12 0 8

0 10 0

3 0 -2

which is clearly not positive semidefinite. It should be emphasized, however, that
this example does not imply that existence of the solution for higher order systems
fails, in general, but simply that the above proof breaks down for n >__ 3.

The next theorem and three corollaries verify the existence of the solution
T(t) under various assumptions on the differential properties of E(t).

THEOREM 7. Let E(t) p(t)’E(t), where p(t) >_ 0 is an in.tegrable scalar function
and E(t) is symmetric, positive semidefinite and C with E(t) positive semidefinite
for all e[to,tl]. Then there exists a unique solution T(t) to the NRS for all
6 [to, 1]. Furthermore, this solution satisfies the bound

(79)
T(t)ll <

2

ft
t,

p(z)] E(tl) d for all e [to,

Proof. The local Lipschitz property of Lemma 6 esta’blishes the existence
of a unique solution T(t) on some interval (a, tl]c:_ [to, tl]. Define

ta inf {, e [to, tl]’T(t exists on (, tl] }

Then, as before, it suffices to obtain the above bound on T(t) for e(to, tl] to
complete the proof.

Since E(t) is positive semidefinite and symmetric on [to, l, there is a sym-
metric, positive semidefinite matrix E1/z(t such that

E(t) E1/z(t)E1/z(t for all e [to,
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For any x R", compute

d d
2][[E1/z(t)T(t)x -t l/2(t)T(t)x - -[ l/2(t)T(t)x

x’T’(t)(t)J’(t)x + 1/2x’T’(t)(t)T(t)x
p(t)x’ T’(t)E(t) T(t)E(t) T(t)x

’T’(t)(t)T(t)xx’T’(t)E(t)F(t)x + x
for almost all (t,, l.

But since E(t) is symmetric and E(t) is positive semidefinite by assumption and
T(t) is positive semidefinite from Theorem 4, we obtain the inequality

d
1/2(t) T(t)xI] 1/2(t) T(t)x >= x’ T’(t)(t)F(t)x

>= -]lE1/2(t)T(t)xll ]]E1/2(t)F(t)xll a.e. on (t,, tl].

Then, by Lemma 7 we have

[[E1/z(t)r(t)[ <= IlE1/2(tl)[[ 11(11 + E1/2()11 [IF(z)l[ dz for all e (t,, t].

(Note that the above integral exists since F(. is integrable and E1/2(. is bounded
since E(. is C1.) Furthermore, since ec(t) is positive semidefinite and symmetric
its norm is given,by

]E(t)l] sup x’E(t)x.

But for any x e R",

Hence,

However,

x’E(t)x>__ 0 for all e [t0, tl].

E(t)l =< [E(tl)[[ for all e [to, t].

Thus,

II/x/2(t (t)1/2.

(,) l[ffl/2(t)T(t) <= i(tl) 1/2 Ill -t- F(r)[I dz for all e(t, tl.

In a similar fashion we obtain

(**) IIE1/2(or’(t)ll < IE(tl 1/2 I1(1 / f(ll dr for all te(t,,t.

These bounds would suffice to guarantee existence if it were not for the possibility
that E(t) (and, thus, also Rl/2(t)) might be singular. To circumvent this difficulty
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we compute for any x e R",
d

x’T(t)xll T(t)xll T’(t)J(t)x

p(t)x’T’(t)T(t)E(t)T(t)x- x’T’(t)F(t)x

>= -[[T(t)x[] [p(t)[{Ex/z(t)T’(t)[[ ]]E1/2(t)T(t)[[ +
Again, by Lemma 7,

]r(t)][ <= llll + lIFU)ll dz + p(z)]lEa/z(z)T’(z)][ ][E/z(z)T(z)][

Applying the bounds (*) and (**) we have

r(t)l] ]ll + [F(z)ll dz

+ p(z)ll(tl)ll ]lll + ]lf()ll dz dz

I011 + F()II dz p(z) ]E(tl) dz for all (t, tl].

Thus, the desired bound has been established and the proof is complete. Q.E.D.
As an obvious but important consequence of Theorem 7 we present the

following conclusion.
COROLLARY 1. If E(t) is symmetric and piecewise constant with only a finite

number of discontinuities, then on [t0, ta] a unique solution exists to the NRS.
Proof. For each of the intervals (zi, zi+ a) on which E(t) is constant, choose

p(t) and E(t) =_ E(t). Then if the solution exists at i+a, Theorem 7 asserts
that it exists on [z, + 2]. But the solution exists at (T(tl) Q). Thus, existence
can be extended by induction over any finite number of adjacent intervals of
constant E working down from T Since only a finite number of such steps are
required to reach o, existence is guaranteed for the entire interval [to, t]. Q.E.D.

The curious thing about Corollary 1 is that no restrictions were necessary
concerning the total variation of E(t) (other than that it be finite) to guarantee
existence. One might think that this result would be sufficient to obtain general
existence for the case where E(t) is C by making a piecewise constant approxi-
mation to E(t). However, the situation is deceptive. For any piecewise constant
E(t) and any e > 0, there is a 6(e) > 0 such that the corresponding solution T(t)
will be modified by no more than some e provided E(t) is modified by no more
than di() on [to, ta]. (See Coddington and Levinson [19].) However, by taking
more steps and obtaining a closer approximation to the desired E(t), the number
6(e) may decrease so that no matter how close E(t) is to E(t) it is not within 6(e).
This problem stems, of course, from the fact that we are choosing as the nominal
trajectory the approximating trajectory rather than the desired trajectory. But
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this is required since the "e, 6" approximation only holds if the nominal trajectory
exists on [to, a]. Hence, such an argument leads nowhere.

Let us next consider a somewhat less obvious consequence of Theorem 7.
COROLLARY 2. If E(t) can be represented as

(80) (t) p(t)(t),
where p(t) _>_ 0 is an integrable scalar function and (t) is symmetric, positive definite
and C 1, then the conditions of Theorem 7 are satisfied with

(81)

and

(82)

where

(83)

p(t) p(t)exp [#(t t)]

E(t) exp [-p(t t)]/(t),

sup Ix’k(t)xl
e[to,tl]

-i-nf- x’(t)x
e[toJl

Proof. First, note that p(t)E(t)= p(t)(t). Thus, it suffices to show that
p(t) and/(t) satisfy the condition of Theorem 7. Since Ix’:(t)xl is continuous in
both x and (/(.) is C), then the sup Ix’(t)x] exists on the compact set of R" R"
given by [Ix 1 and [to, t]. Similarly, the inf [/(t)xl taken over this same
set is realized for some x. Furthermore, since/](t) is positive definite then

x’(t)x > 0 if Ilxl 1 and e [to, tl].

Hence the inf [I/(t)x[I taken on the above compact set cannot be zero. Thus, we
conclude that 0 -< # < is well-defined. It suffices to show that E(t) is positive
semidefinite where E(t) is as above.

For any x e R" and e [to, tl] compute

x’,(t)x x’[#/2(t) + /(t)]x exp [-p(t t)] >= 0

by the definition of p. Thus, the representation

E(t) p(t)e(t)

is valid and E(t) is positive semidefinite, symmetric and C with (t) also positive
semidefinite. Hence, Theorem 7 applies to this case. Q.E.D.

As a final existence result which depends upon conditions on the differential
properties of E(. we present the following theorem.

THEOREM 8. Let E(t) be symmetric, Ca, and of constant rank r < n for all
[to, tl]. Let P(t) be a C a, nonsingular matrix function on [to, ta] which is a Dolezal

transformation for the matrix E(t). In other words,

for all [to, tl]
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where Er(t is an r x r, full rank matrix for all e [to, 1]. Define
d

D(t) P’(t)-[P’- l(t)]

and partition D(t) as

D(t)--[)ll(t)

where D11(t is an r x r matrix. If the (n- r)x r matrix D21(t --0 for all
[to, x then the NRS has a unique solution for all
Proof. From Corollary 4 of Weiss and Falb [20], since E(t) is symmetric

and C, then a matrix P(t) exists as defined above. (Note that it is well known that
a P(t) exists for each [to, t] which transforms E(t) as above but we need to turn
to Dolezal’s theorem to verify that, in fact, the matrix function P(t) can be chosen
to have the same smoothness properties as E(t), in this case C 1, so that it can be
differentiated.)

Consider the system (,):

where

(*) F*(t) P-(t)F(t)P’-(t)
and where D(t) and E(t) are as above. Establish the terminal condition

r*(tl) p-l(t)Op’-l(t) O*.
Note that F*(t) and Q* are positive semidefinite since F(t) and Q are for the NRS.
If we can show that a unique solution T*(t) exists to this system, then

r(t) P(t)r*(t)P’(t)
is a solution to the NRS. (Furthermore, by the local Lipschitz property of Lemma
6, the solution to the NRS is unique if it exists.) Thus, it suffices to consider the
system ). Partition T*(t), Q* and F*(t) in the same way as D(t). Then

Tl(t r,(t)E(t)r,(t) + T,(t)Dl,(t + D,,(t)TTx(t

+ r2(t)D2,(t + D,(t)T(t)- Fx(t),

rl(tl) QI,

2(t) Tl(t)E(t)T2(t + T,(t)D,2(t) + T2(t)D22(t)

+ D’11(t)T1(t)+ Dl(t)T2(t)- F2(t),

T2(t,) QT2,

T(t) T,(t)E(t)r,(t) + T,(t)D11(t + r2(t)D2(t

+ D’x2(t)T,(t)+ D2(t)T,(t)- Fl(t),

Wl(tl) QI
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and

T2(t T(t)e(t)T2(t + T1(t)D12(t) + T2(t)D22(t)

+ D’x2(t)T2(t)+ D’22(t)T2(t)- F2(t),

W2(t,) Q2.

Note that with the assumption that

D2(t 0,

however, we have

T,(t) r,(t)E(t)rl(t) + rTl(t)D,(t) + D’I,(t)TT FTx,
T,(t,) QI.

This is precisely of the standard form for an r-dimensional NRS (see (64)) and so,
by Lemma 5 and Corollary 2, a unique solution T’l(t exists on [to, l]. In
addition, since Dz(t 0, note that the T’2 and T systems are simply linear
in themselves (dependent on T]’ though) and so their unique solution exists.
Finally, the system for T2 is linear in itself (but dependent on TTz(t and T(t))
and so a unique solution Tz(t exists. Thus, under the assumption that Dz1(t _= 0,
we have proved that a unique solution T*(t) exists for (,) and, thus, that a unique
solution T(t) exists for the NRS. Q.E.D.

It should be remarked that the condition that E(t) be of constant rank is
relatively mild when applied to the QCP. From equations (29), (64) and (68) anO
Definition 9, we identify for the QCP

E(t) O(tl, t)B(t)W- l(t)B’(t)’(t,, t).

Since W-l(t) is positive definite and symmetric and the transition matrix (t, r)
is always nonsingular, we see that E(t) is of constant rank if and only if B(t)B’(t)
is of constant rank. Furthermore, this constant rank requirement could always
be relaxed to piecewise constancy. Thus, nearly all problems of interest would
satisfy this condition. However, the condition that Dz(t _= 0 is not easily traced
back to corresponding conditions on the parameters of the QCP and seriously
weakens Theorem 8.

We depart, now, from cases which place restrictions on the differential
properties of E(. and, instead, consider the case where the skew symmetric parts
of both E(t) and F(t) are zero. In this case the only channel through which skew
symmetries can enter the solution is through the terminal condition T(t)= Q.

THEOREM 9. If both E(t) and F(t) are symmetric, then there is a unique solution
T(t) to the NRS. If, in addition, F(t) O for all e [t0, tl], then the solution satisfies
the bound

(84) T(t) <= [Q + Q E(r) dr for all e [to, 1].

Proof. Proving the last part first, suppose that E(t) is symmetric and
F(t) 0 for all [to, ta]. As before, let (to, tl] be the interval of existence of the
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unique solution T(t) for the NRS. Then we need only verify that the above bound
holds on (to, tl] to comPlete the proof for the case that F(t) O.

As for Theorem 4, define ET(t, r) by

d
dtOET(t, r) --E(t)T(t)OeT(t r),

T(r, r) (the identity matrix) for all t,

As argued previously, T(t, r) and r(t, r) T(r, t) exist for all t, r (ta, tl].
Since F(t) =_ 0 we compute

d
d[T(t)ET(t, tl) 0 for all (t,,

Thus,

and so

(,)

Also we have

Thus

T(t)Or(t, tl) Q on (t,, t13

T(t) O{(t, tl).

ET(t, tl) E(t)T(t)Ow(t tl) E(t)Q.

f(**) (I)T(t 1) (the identity matrix) + E(r) drQ.

Let (t,, t) be arbitrary. If we replace, throughout, the matrix function E(t) by
the constant matrix

(t )
E(r) dr,

then by (**) the transition matrix eT(, Z) remains unchanged. Thus, by (*) the
solution T(t) evaluated at is also unchanged. Applying Theorem 7, we thus
have the bound

V
T() =< O /1 + 0

=< + Q

" E(r) dr ]

But this bound holds for any e (t, tl], and so existence and the required bound
have been established for the case F(t) =_ O.

Next, consider the case where both E(t) and F(t) are symmetric for all
e [to, tl]. Define the absolutely continuous matrix Tl(t by the system

J’l(t) Tl(t)E(t)Tl(t F(t) a.e. on [to, tl]
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with

Tl(tl)--21-(0 -+- )’).
By Theorem 5, a unique symmetric solution T(t) exists for the above system on
[to, tlJ. Define the transition matrix (I)r,(t, tl) by

r(t, ) E(t)T(t)r,(t )

and

(I)T,(Z Z) (the identity matrix).

Also define the positive semidefinite, symmetric and integrable matrix function

E*(t) OET,(tl, t)E(t)O’r,(t, t).

Then as just proved, the system

j2(t) T2(t)E*(t)T2(t),

with

T2(tl) 1/2(_. )’),
has a unique solution on [to, t]. But, by direct calculation (recall that T:(t) is
symmetric),

T(t) Tl(t + ’gT,(ti, t)T2(t)Er(tx, t)

is a solution to the NRS and must be the unique solution (by the local Lipschitz
property of Lemma 5). Hence, there is a unique solution to the NRS if both E(t)
and F(t) are symmetric. Q.E.D.

Unfortunately, each of the various existence proofs presented in this section
suffers some type of limitation. Hence, it has not yet been possible to conclusively
demonstrate that finite escape cannot occur for the general NRS under the con-
dition that E(t) be symmetric. Curiously, though, there does not appear to be a
central difficulty common to each of the proofs given. For example, the possibility
of a nonsymmetric driving function F(t) presents no problem in the proof of
Theorem 7, but the time-varying behavior of E(t) must be restricted there. On the
other hand, the time variations of E(t) present no difficulty, but the presence of a
nonsymmetric driving function F(t) cannot be accommodated in the proof of
Theorem 9. For this reason, the authors feel that at the very least, existence can
be proved for more general cases than given here and very possibly for the general
NRS with E(t) symmetric. However, based upon the cases for wtiich existence
has thus far been established, we summarize in the next theorem the corresponding
conditions on the parameters of the recoverable QCP for which the solution to
the system of equations (29) and (32) can be guaranteed to exist.

THEOREM 10. A unique solution K(t) exists on [to, t] to the Riccati system of
equations (29) and (32) for the recoverable QCP if one or more of the following
conditions is met:

(i) The dimension of the state n 1.
(ii) The dimension of the state n 2.
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(iii) The vector function y(. given by (10) can be written as

y(t) p(t)s(t) for all (to, tl]

for some scalar function p(. ).
(iv) B(t) is nonsingular for all [-to, l].
(v) The matrix function

B(t)- A(t)B(t)- B(t)A’(t)

is positive semidefinite for all
Proof. Condition (i) is trivial since there are no skew symmetries if n 1.

Hence, Theorem 5 applies.
Condition (ii) follows directly from Theorem 6.
Condition (ii) implies that

.(t) R(t) for all [to, tl].

Thus, since R(t) and Q are symmetric, Theorem 5 applies.
Condition (iv) follows from Corollary 2.
Condition (v)implies that (see (68) and (70))

(t) (t,, t)((t) A(t)(t) (t)A’(t))’(t,, t)

is positive semidefinite and so Theorem 7 applies. Q.E.D.

8. Conclusion. We have considered a special class of state constrained
optimal control problems, the Iinear state quadratic cost problem with a linear
state constraint. By use of the results of Neustadt and Gilbert and Funk, a number
of important properties of the solution to this problem are obtained including the
important conclusion that the costate jumps normally associated with a state
constrained problem can occur only at the initial and final times for the QCP.
Using a nonsymmetric Riccati equation a simple set-valued fixed-point problem
has been obtained, the solution of which defines an admissible optimal arc for
the QCP. This representation suggests a simple computational scheme which is
applied to two examples for their direct solution. The fixed-point representation
obtained for this class of problems thus eliminates the need to resort to approxi-
mate methods such as penalty functions for a solution.

The results obtained for the QCP are dependent upon the existence of a
solution to a n’onsymmetric Riccati system. A completely satisfactory general
solution to this problem has, unfortunately, not yet been found. What has been
done is to develop existence theorems for a number of special cases. In addition to
providing existence for a number of important cases, these, together with the
examples given, illustrate the difficulties to be encountered with the more general
cases.

In summary, a new viewpoint has been given to the linear quadratic cost,
linear state constrained optimal control problem, and the significance of the non-
symmetric Riccati shown. It is hoped that this will stimulate further work in these
areas.
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NONCONVEX OPTIMIZATION PROBLEMS
DEPENDING ON A PARAMETER*

3. BARANGER" AND R. TEMAM$

Abstract. This paper deals with infinite-dimensional nonconvex optimization problems (or non-

convex control problems), which usually admit no solutions. The problem is perturbed by adding to

the cost functional certain expressions depending on a parameter. The main result is that for "almost"
all values of the parameter the optimization problem possesses at least one solution. After deriving the
general result with the use of convex analysis and the properties of normed spaces, we present an

example of a control problem for a system governed by a partial differential equation with boundary
conditions of the Dirichlet type.

Introduction. The difficulties of nonconvex optimization are well known;
very often a nonconvex continuous bounded function does not attain its minimum;
or it can happen that this minimum point exists, but that minimizing sequences
do not necessarily converge to this minimum. This makes the study of nonconvex
optimization problems very difficult when compactness tools are not available.

Nevertheless some interesting results have been obtained for families of non-
convex optimization problems depending on a parameter: in a simplified form,
they assert that in some cases, for almost all values of a parameter (i.e., for a dense
set of values of the parameter), the optimization problem does possess a solution.
The first result of this type concerning farthest points seems to be that of Edelstein
[8]: let X be a uniformly convex Banach space, and S a (not necessarily convex)
closed bounded set in X then the points of S which are the farthest from some point
y are solutions of the maximization problem (11" norm in X)

(A) sup IlY x
xS

Edelstein proved in [8] that a solution of (A) exists for all the y’s of a dense subset
of X. This result has been extended in several ways (briefly described below) by
Asplund [1], [3], Baringer [5], [6], Bidaut [7], Edelstein [8], and Zizler [18].

Our goal here is to establish a similar result for a family of optimization
problems of the type:

(B) sup {co( x y f(x)}.

The hypotheses on X, f (a function from X into [ U + }) and co (a function
from E+ into [/) are precisely given in the text. The main result is given in
Theorem 1" an application and further remarks are given in 2.
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1. The main result.
1.1. Definitions and notations. We recall here a few definitions and notations.
(a) A Banach space X is called a strongly differentiable space (SDS space) if

the following property holds (see Asplund [2], [3]):
any convex continuous function f from X into U {+oe} is
Fr6chet differentiable in a dense Go subset of its domain of con-
tinuity, dom f, where domf {x e Xlf(x) < oo }.

(b) A strictly convex or rotund normed space (R space) is characterized by
the property that IIx / yll 2 and Ilxll Ilyll 1 imply x y.

A locally uniformly rotund normed space (LUR space) is a space
satisfying the following condition (see Lovaglia [12]):

If IIx. + xll -+ 2 as n --+ oo, and IIx, Ilxll 1 then IIx, xll --* O.

(c) If q9 is a function from R+ [0, oo) into + [0, oo], one can define its
conjugate function qg* by setting

qo*(t) sup {t. s qg(s)} for all >_ 0.
s_>_0

Let F denote the class of convex and lower semicontinuous (1.s.c.) functions
from R+ into R+ such that qg(0) 0. Then if q9 belongs to F, q* belongs to F too
and qg** qg. Put

Fv {q9 F, q(t) > 0 for > 0},

FL {q e F, lim q)(t)/t 0}.
t--+0

According to a result of Asplund [3], q9 belongs to FL if and only if qg* belongs to
1-’tr"

1.2. Statement of the result. Let X be a reflexive Banach space satisfying the
following property"

(H) If a sequence x, converges weakly to x and Ilx, converges to ]]xll, then
x.- xll 0,

Some examples of (H)-spaces are briefly given in 2.
We consider a 1.s.c. functionffrom X into U { + oe }, which is not identically

equal to + oe and a scalar function co from / into R which is convex, continuous,
and strictly increasing. We are interested in the family of riaaximization problems"

(1.1) sup {co( x YlI) f(x)}.
xeX

The supremum in (1.1) is denotedfo(y), and we assume that

(1.2) f,o(Y) < + oe for each y e X,

and

(1.3) every maximizing sequence of problem (1.1) is bounded.

This is true as usual, if, for each fixed y"

-og(llx yll) / f(x) + o as Ilxll--’ , xedomf.
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Property (1.3) guarantees the existence of weakly convergent maximizing
sequences. In the nonconvex case, by lack of a weak semicontinuity property of
the functional, the limit of a weakly maximizing sequence is not necessarily a
solution of the maximization problem. For this reason the usual arguments in the
calculus of variations (the direct method in particular) do not allow us to show
the existence of solutions of a problem like (I.1).

Using completely different methods, we will prove the following result (our
main result).

THEOREI 1. Under the preceding assumptions, in particular the condition (H) on
X, (1.2) and (1.3), there exists a dense Go subset ofX such thatfor each y in this set,
problem (1.1) possesses a solution

(1.4) There exists 2 e X such thatj(y) 6o([[2 y][) f(ff).
This theorem is proved in 1.3. It implies the following.
COROLLARY 1. Let X be a reflexive Banach space satisfying the (H)-property

and let S be a closed bounded subset of X. We denote by J an u.s.c, functionfrom S
into boundedfrom above, and by co a convex continuous strictly increasingfunction
from + into . Then there exists a dense Go subset ofX, say G, such that for each
y G, there exists an S with

J() + ( - yll)= sup {J(x)+ (llx y
xS

Proof We set f(x) -J(x), x S, and f(x) + oe, otherwise, and we apply
Theorem 1 (1.2) and (1.3) are clearly satisfied (see preceding footnote 1).

1.3. Proof of Theorem 1.
(i) With (1.2) and since domf - , the functionfo’Y f,o(Y) is defined from

X into ; this function is convex 1.s.c. as an upper bound of such functions.
According to a result of Rockafellar [15] and since X is barrelled, the function fo
is continuous on X. This implies that f,o is everywhere subdifferentiable. 2

On the other hand, by a result of Trojanski [17], any reflexive Banach space
is an SD space; since fo is continuous, there exists a G0 dense subset of X, say G.
on which fo is.Fr6chet differentiable. We will prtave that (1.4) holds for each y in
this G, at least.

Asplund gives in [2], [3] a characterization of Fr6chet differentiability of
convex functions" a convex function g’X---, is Fr6chet differentiable at the
point with differential r/e X’ if and only if there exists a function (p in FL such that

g(Y)-g(O- (r/, y () __< q(lY- (1) for allyeX.

Thus in particular, for each ( e G,fo is Fr6chet differentiable at ( with differ-
ential q, and there exist r/e X’ and q e F. such that

(1.6) 0 <= fo(Y)- fo(()- (rl, Y ) <= P( Y ’ll) for all y e X.

Since the function y --, co( y x[[) is convex and continuous, it is subdiffer-
entiable everywhere and in particular at the point (. Let be some element of this

For results related to convex analysis, the reader is referred to Moreau [13], Rockafellar [15]"
see also Laurent [10] and Ekeland and Temam [9].
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subdifferential

(1.7) 0 =<
follows from (1.6) and (1.7) that, for each x e X,

co(llx (ll) + (t rI, y ) -f(x)- fo(()

<= fo,(Y)- f,o()- (rl, Y ) <- o( y

and hence

co(llx 1) f,() + (t r/, y > qg(I y 11) _-< f(x) for all x, y e X.

Taking the supremum with respect to y of the left-hand side, we obtain

(1.8) o9(I x 1[) fo,() + o*(llt rt .) -<_ f(x) for all x X,

where * Fv (see 1.1), and (1.9) is thus established.
(ii) Let

For each n, let t, e c30,.(). Relation (1.8) gives

(1.9) q*(I t, till,) <_-f(x,) + fo,() co(llx, 11) 0.

Since *( It, 11) >_- 0 we infer from (1.9) that 99( t, 11,) 0 as n c, and
since 99* Fv, this implies

(1.10)

Besides that, (1.3) implies that x, is a bounded sequence and X being a reflexive
space, one can extract from x, a subsequence (still denoted x,) such that

(1.11) x,2 inXweakly asn--,o.

We will finally prove the following two properties"

(1.12) x, 11 --" 0 as n

(1.13)

To establish (1.12) we write, using (1.7),

(1.14) co( - 11) _-> o(llx. )+ (t.,xn

According to (1.10), (1.11), (6, x, 2) - 0, as n - oo. Passing to the limit and
taking into account the monotonicity of 09, we find

co( 2- ( >= lim co( Ix, (11)

>= co(lim 09( x. I)

>= co(lim Ilx,

=>o( x- 1).
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Therefore,

and, because of the (H)-property,

IlXn ll 0 as n -o .
It remains to show that is a solution of (1.1) for y . But

fo,(0 lim {o9(llx, I) f(Xn)}

=< oo(ll 11)- lim_f(x,)

< o9( I ’l) f(2)

and finally,

(because of (1.14))

(by the 1.s.c. off),

f,o(0 o(ll 11)- f(X).

The proof of Theorem is completed.

2. Complements and applications.
2.1. Miscellaneous remarks.
(i) Theorem 1 and Corollary 1 extend some results of Edelstein [8] (where

J 0 and X is uniformly convex), Asplund 1] (where J 0 and X is a LUR
reflexive Banach space), Baranger [5], [6] (J as in Corollary 1, X is a uniformly
convex Banach space and co(llx y I) x YlI), Bidaut [7] (J and X as before,
o9(Ix YII)-- Ix yll, 1 <- s < ),andZizler [18] (J -= 0,o9(llx yll)- x y
x reflexive Fr6chet differentiable and satisfying the (H)-condition).

The relations between the different hypotheses on J are clear. Concerning the
hypotheses on the space, we recall that a uniformly convex space is reflexive and
LUR; it is also easy to see that a reflexive LUR Banach space satisfies the (H)-
property" Indeed, let x, -o x be a weakly convergent sequence in a reflexive LUR
Banach space, and let us assume that IIx. Ilxl If x 0, x, converges strongly
to 0; if x 4= 0, set x’. x./llx.ll, x’ x/llxll. Then IIx’.ll IIx’ll 1. There existsf
in X* such thatf(x) If] 1, and

f(x’,,) + f(x’) <= [Ix; + x’ll -<_ 2.

XThus Ilx, + xl-+ 2, and the LUR property implies Ilx,- I--+0" finally
IlXn--X 0.

Conversely a reflexive Banach space satisfying the (H)-condition could even
be nonrotund (take 2 .equipped with the norm xl Ixxl / Ix21).

(ii) Some of the previous results can be extended to more general families of
nonconvex problems of type

(2.1) sup g(x, y),

where X is some set, and y a parameter belonging to an SD Banach space.
We assume that the supremum in (2.1) is finite for each y, and that the function

g,’y --, g(x, y)
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is convex and 1.s.c. for each x. Denoting byf(y) the supremum in (2.1), we see that
the function y f(y) is convex continuous and thus Fr6chet differentiable on a
dense G subset of Y. Let belong to this set, r/= f’(); if x, is a maximizing
sequence of problem (2.1) with y , and t, c3g,,(), then

(2.2) t,r/ asn.

2.2. An application to optimal control. We now describe briefly an application
of this type of result to nonconvex optimal control problems; a more detailed
description of the following example, and many other examples are given in
Baranger [6]; see also Bidaut [7].

Let f be an open bounded set in E". For each given function u L2(f), with

(2.3) 0 < e _-< u(x) <= a.e.,

there exists a unique function y y(u) in HI() (space of functions in L2() with
derivatives in L2()) such that

(2.4)
i=l x/ Ux/ f ( L2()’ given),

(2.5) y 0 on

We are interested in the following control problem" for a given Yo in HI(), find
a measurable function u satisfying (2.3) which minimizes

(2.6) y(u)- Ya u(taI.

This problem has no solution in general; see for instance Lions [11, Murat
[14].

Let co be as in Theorem 1. For each e > 0 and v L2 (), we consider the follow-
ing perturbation of problem (2.6):

(2.7) minimize (lly(u)- Ya ,)- eco( lu- vl ))).
Theorem 1 asserts that for all e > 0 and for all the v’s of a dense G6 subset of

L2(), the minimum in problem (2.7) is attained by a function satisfying (2.3).

Acknowledgments. The authors wish to thank R. T. Rockafellar for a
simplification of the proof he suggested to us.
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HILBERT NETWORKS. II" SOME QUALITATIVE PROPERTIES*

VACLAV DOLEZAL AND ARMEN ZEMANIAN’

Abstract. The concept of a Hilbert network, introduced in another paper, extends network theory
to finite or infinite networks whose elements are described by operators on a Hilbert space. The present
work investigates a variety of qualitative properties possessed by such networks. In particular, some
operators associated with the entire network, such as the driving-point impedances as well as the
admittance operator which relates the branch-voltage vector to the branch-current vector, are shown
to be--under suitable conditions---either positive, monotonic, or convex. Also, generalized versions
of Jeans’ least power theorem and the Shannon-Hagelbarger theorem are proved. Finally, a bound
on the power dissipation is determined.

1. Introduction. The present paper develops certain qualitative properties of
the Hilbert networks introduced in [1]. Actually, some analogous results can also
be established for the alternative approach to infinite networks of operators
developed in the series of papers [2]-[5]. The ideas and even the manipulations
needed for these results are quite similar in both approaches. However, the formal-
isms and notations are very different. Therefore, to avoid repetition, we shall
present our development only in the formalism of [1].

As our first result, we give necessary and sufficient conditions for the power
dissipated in the network to be positive or incrementally positive. This amounts
to conditions for the positivity or monotonicity of the admittance operator of the
network. Next, we will show that, under certain conditions, the admittance operator
of a linear network is a convex nonincreasing function of the impedance operator
of the network.

As a further result, we will discuss a generalization of Jeans’ least power
theorem [6, p. 322]. Using this and a theorem on the existence of a driving-point
impedance, we will show that the driving point impedance of a linear network
satisfying a certain positivity condition is a concave nondecreasing function of the
impedance operator. This result generalizes the classical Shannon-Hagelbarger
theorem [7], [8] valid for finite resistive networks. Finally, a bound is established
on the power dissipation in the network.

2. Results. In this sequel, we will consistently use the terminology and
notation introduced in [1].

Let 09 be a fixed function from the complex plane into the real line having the
property that o() o() for every ; furthermore, let be a fixed Hilbert space
and let M be a (not necessarily linear) operator from into itself. We will write

(a) M (vf) if q)((Mx, x)) >= 0 for all x ,
(b) M 9J,() if o((Mx Mx2,x X2) 0 for all xx ,X2, .
For example, we can put tp() Re , or o() Re + fl]Im ], , fl real,

etc.

Received by the editors June 14, 1973, and in revised form October 9, 1973.
t Department of Applied Mathematics and Statistics, State University of New York at Stony

Brook, Stony Brook, N.Y. 11790. This research was supported by the National Science Foundation
under Grant PO 33568-XOO.

153



154 VACLAV DOLEZAL AND ARMEN ZEMANIAN

THEOREM 1. Let t? (2, G) be a regular (not necessarily linear) Hilbert net-
work, and let A be the admittance operator of t? then

(i) A 3(HC2). 3(Na).Wo(HC),
(ii) A e gJlo(HC2)cc. 2 e gJlo(Sa). W gJlo(HC), where W- 2*22 :Hco - Ho.
Proof Choose arbitrarily e e Hc and let Ae. By definition of a solution

of corresponding to e, we have Na and ,i e e N] hence (i, i e)c 0,
and consequently

(1) (Ae, e)c= (2i, i)c=.
Now, if ,g e ,(Ne), then (1) shows that A ,(HC2).

Conversely, let A 3 ,(Hc) and arbitrarily choose e Ne. Putting e i e H,
we have 2i e 0e N}, and (1) holds. Hence, 2 e ,(H).

Moreover, since by 1, Lemma 2.2], Ne .HC and .1 is one-to-one, then for
each e Ne there exists a unique x e H with x and vice versa. Thus we have

(2) (i,i)c (x,X)c2 (*x,X)co (Wx,x)co.
This relation completes the proof of (i).

Next, choose e H% j 1, 2, and let i Ae; then

(Aex Ae2,e -e2)c (i -i2,e- e2)c,_
(3)

(ix, el): (i2, el)2 (il, e2)c2 + (i2, e2)c2.
However, since (c,ij) (c, ej)2 for every c e Nn, and ije Na, we obtain the
relations

(i,el)c (i,,ix)c (i2,ex)c2 (i2,2il)c
(i e2)c (i, 2i2)c (i2, e=)2 (i2,

Introducing this into (3), we readily get

(4) (Ae Ae, e e2)c2 "(2i 2i,, i ia)c.
If 2 9J/..(Na) (4) implies that A Jl, ). Conversely, if A 9J/,(HC), then

putting e Zi for chosen i Na, j 1,2, we conclude from (4) as before that

Finally, due to the one-to-one correspondence between Na and Hc mentioned
above, for any chosen i Na, j 1, 2, there exists a unique x e Hc such that

Xxs. Hence

(Wx1 Wx2,x X25co
which concludes the proof.

COROLLARY 1. IrA is the admittance operator ofa regular network, then
ti*) 2 e (Hc) (HC),
(ii*) 2 (H) A (HC).
(The proof follows immediately from Theorem and the fact that Na HC.)
Obviously, Theorem gives necessary and sufficient conditions for the power

and incremental power dissipated in the network to be nonnegative. The following
theorem gives bounds for the incremental power in a particular case of network.
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THEOREM2.Let (2,G)beaHilbertnetwork,andlet W *2 "HC -HC.
Assume that there exist constants 7, 2 > 0 such that

>Tx --x 2(i) Re (Wxa Wx2,xl X25co 2 co’

(ii) IlWxx Wx2llco =<211xa x2 Ico
for all x, x2 Hc. Then is regular and its admittance operator A satisfies the
inequality

(5) ’2-2 X*(X1 X2)[ co=2< Re (Ax Ax2, x X25ca =]"-< ilX,(x x2 [2co
for all x 1, x 2 HC.

Proof Regularity of7 follows from [2, Thm. 2.4]. Also, the proof of Theorem
2.4 shows that (i), (ii) imply that

2(6) Re

(7)

for all 3’1, Y2 - Na, where P * is the orthogonal projection from HC onto Na.
However, since Py y for each y Na, (6) and (7) yield

(8) Re
2

Choose now xseH% j 1, 2, and put y Ax (P)-Px (see [1, Thm. 1.1].)
Then, by (8) and the fact Axs Na,

Re (Px Px2,Ax Ax2)c2
Re (x xz,P(Ax Ax2)Sc

Re (Ax Ax2 x x25e2 > y-2]Ipx Pxzll 2
2

v2-2ll22*(x c2 c2"

(See [1, Lemma 2.2].) This proves the first part of (5).
Furthermore, from (6) we infer by Schwarz’s inequality that

(9) lly, Y2IIc _-< IIP2yl P2y211c
for all y, Y2 e Na. Also by (6) and (9),

Re (2y "Y2, Yl Y25c2
(10) <= I(P2yl P2y2, Yl Y2)c2I

< -1 P2yl P2y2l 2< PYl PZY2 C2 Yl Y2 C2 C2

for all Yl, Y2 e Na. Using the above substitution y Axj, we obtain from (10),

Re (Axx Ax2 x1 X2)c < -liipx Px2{[2 -1

hence the proof.
Remark 1. From (10) we see that we have proved somewhat more than (5),

i.e.,

[(Axx Ax2,x X25c2 7-11g*(X1 X2)[c"
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Let )if be a Hilbert space, and let M e [, f] be a self adjoint operator; M
will be called positive if (Mx, x) is real and nonnegative for each x e . In this
case we will write M => 0. If M1 M2 0, we will write M1 >= M2 or M2 =<

Next, let 17 (2, G) be a Hilbert network; if 47 is regular, we will denote its
admittance operator by A(2,).

THEOREM 3. Let G be a fixed oriented graph and let 2j [Hc2, Hc2], j 1, 2, be
self-adjoint. For each 2el0, 1], let :l?x (22 + (1-
2*2j2"H H,j 1,2.
Assume that
(i) WlW2 W2Wl,

(ii) there exists a > 0 such that Wj- 7I >= 0 jbr j 1,2, where I is he
identity operator on H.

Then each network Y is regular, and

(11) A()2 + (1 2)22) _-< 2A(2)+ (1 2)A(22).
Moreover, if 21 <= 22, then

(12) A(2) >= A(22).
Proof From /1, Thm. 2.2] and (ii), it follows immediately that for every

2 [0, 1], 47 is regular. Moreover, [1, Lemma 1.1] and (ii) show that operators
W- 1, W 1, (2W1 + (1 2)W2)- exist, are in [H, HeI, and clearly are positive
and self-adjoint. Also note the fact that due to (i), any two operators from the
collection {W1, W2, W-1, W-1, JW -k-(1-/)W2, (2W -+- (1 /)W2) -1}
commute. Since Q*Q > 0 for any operator Q and W W2 are self-adjoint, we have
(W W2)2 >= 0 and (W W2)2 is self-adjoint; hence, by commutativity,

(13) W2 + W2- 2WIW2 >= 0.

Moreover, since the product of two commuting positive self-adjoint operators is
again positive and self-adjoint (see [9, p. 149]), (! 3) and the fact that W 1W- __> 0
yield

(14) W- 1W -- W- 1W2 21 >__ 0.

However, 2(1 2) __> 0 for any 2 [0, J; hence (14) implies that

-22(1 2)1 + 2(1 /],)W- 1W2 --/],(1 /],)WiW-1
()

--I + /[W -[- (1 /)W2]W-1 --[- (1 /)/W -[- (1 2)Wz]W >__ O.

Thus, since (/IW1 + (1 2)W2)- => 0, we get from (15),

(16) -(W --(1- )W2) -1 -[-/],W-1- (1- ,)W-1 0.

On the other hand, using the definition of Wj, (16) can be written as

(17) -[*(221 + (1 2)22)J] -1 + ()’21)-1 + (1 2)(’22) -1 >__ 0.

However, by [1, Thm. 2.2], the admittance operator A(2) of any regular network
t> (2, G) is given by A(2)= )(’2)-IX*; also, Q _>_ 0 implies that T*QT

0 for any operator T. Hence, we infer from (17) that

-A(221 -+- (1 2)22) --[- 2A(21) h- (1 2)A(2z) >__ 0,
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which proves (11).
Next, assume that 2 =< 2; then 2*222- 2"22 W2- W1 >= O.

Hence, by commutativity and positivity of W- 1, W-I, W-I(W2 W1)W
W-1- W-1 >0. Thus, by the same argument as before, 2w?12*

2W-12"= A(Z1)- A(Z2) >__ O, which proves (12).
Remark 2. The assumption 21 _-< 22 in Theorem 3 may clearly be replaced by

the weaker condition W1 _-< W2.
Let us now prepare the way for stating the least power theorem.
Let t? (, G) be a Hilbert network and fi be its structural operator; if

e e Hc2, define

(18) F {x "x e Ha, Re (e,X)c2 0}.
It is clear that Fe is a real linear subspace of Nn, i.e., ox + fly e Fe whenever x,
y e Fe and 0, fl are real; also note that {e}- f’l Nn c Fe.

Then we have the following theorem.
THEOREM 4. Let t? (2, G) be a linear Hilbert network (i.e., 2 is linear but not

necessarily bounded) such that
(i) Re (2x, Y)c Re (x, 2y)c for all x, y Hc,

(ii) Re (Zx, x)c > Ofor all x Hc, x =/= O.
Let e Hc2 be such that Fe =/= {0}, and assume that Hc is a (not necessarily unique)
solution oral? corresponding to e. Let @ "i + Fe - R be defined by

(19) (x) Re((2x,X)c- (2i, i)c).

Then (x) > 0 jbr every x + F, x =/= i.

Proofi We have e Na and (c,e)c (c,i)c for all c e He; thus, for any
i’ Fe, Re (i’, e)c 0 Re (i’, 2i)c. Hence, by (i),

(20) Re (,i, i’)c 0, Re (,i’, i)c O.

i’ ,i’Now, let xei+Fe x 4:i then x i+ t, eFe 4=0, and we have by (20)
and (ii),

(x) Re(((i + i’),i + i’)c (,i,i)c2)
Re(,,i, i)c + Re(i’, i)c2 + Re(i, i’)c + Re(i’, i’)c: Re(2i, i)c

Re(2i’, i’)c > 0,

hence the proof.
Observe that assumptions (i), (ii) of Theorem 4 are satisfied if 2 is a self-

adjoint strictly positive operator, i.e., (2x, x) is real and positive for all x e Hc,
x0.

For our next purpose it will be convenient tO state Theorem 4 in a slightly
weaker form. To this end, let us introduce the following concepts.

Let s {hi} be a (finite or infinite) increasing sequence of positive integers.
A c-vector x [Xk] will be said to have the s-pattern if xk 0 for all k s; similarly,
a c-vector y [Yk] has the s-copattern if Yk 0 for all k s.

If N is a linear subspace of Hc, then N will signify the linear subspace of all
c-vectors in N which have the s-copattern.
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COROLLARY 2. Let t? (2, G) be a linear Hilbert network, and let 2 be self-
adjoint and strictly positive. Furthermore, let e H have an s-pattern, let NCe :/= {0},
and assume that Hc is a solution ofA? corresponding to e. Then thejinction

(21) (x) (2x,x)-
is positive on + N] except for x i.

For the proof it is sufficient to realize that N] c F.
Let us now discuss the existence of the driving-point impedance. To this end,

let us introduce the following terminology.
Let G be an oriented graph with the set of branches {ha}; a branch b will be

called regular if the matrix X [] contains at least one column i, [:},] such
i*that 4= 0. Using the terminology of the graph theory, it is clear that a branch b

is regular exactly if it is contained in at least one loop of G.
THORZM 5. Let (2, G) be a linear Hilbert network such that 2 [H, Hc]

and

(22) I(Wx,x)o[ >= 7llXllc2o
for some > 0 c:nd all x eHc, where W= *.,:HC H. Furthermore,
assume that the branch b of G is regular. Then there exists an operator R [H, HI
with the following property’jbr any j H there exists a unique [i] e H, with

i j, such that is the solution oJ’[? corresponding to e [Rj, O, 0,...]re H.
Proof First of all, from [1, Thm. 2.2] it follows that 4 is regular and its

admittance operator A is given by A Y*, where Y W- a. Let x, x, be
the rows of the matrix X (thus, each x is a c0-vector); due to our assumption on
regularity of the branch b, it follows that x 0.

Next, choose fe H, put e If, 0, 0,...]re H, and denote by i= [i] the
solution of corresponding to e. Using 1-1, Lemma 2.2], it follows that

[i,] x" .Y.[x,Y2,..-].

Consequently, ia x. Y.(f).
Now define the operator B "H --+ H by

Y.(2f).

(23) By x. Y..(v).

We can easily verify that B is bounded. Indeed, from (22) it follows by 1, Lemma 1.1]
that W- Ye [H, H] and VII _-< - x. Also, (22) implies readily that

(24) J(ru U)col > llWII-211ull 2
CO

for each u Hc. Now, put r/= [1, 0, 0, ...] lC; then ffa X. q *r/, and
consequently, by [1, Lemma 2.1], Ifflll xxll _-< 1-’* r/l[ 1. Hence

and the boundedness of B is proved.
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On the other hand, we have according to (24),

I<Bv,v)I --I(v,xr Y(Xf))[---[<Xv, Y(2v))o
(25)

CO

where ; 7 w II- II > 0 since 0.
Now invoking 1, Lemma 1.1 and (5), we obtain that B possesses a bounded

inverse. Thus, letting B-, then for any j sH we can construct
e j, 0, 0,...s H% and the corresponding solution i of will have
the property that i Bj j, hence the proof.

In agreement with the terminology of classical network theory, the operator
mentioned in Theorem 5 will be called the driving-poin impedance of the hranch

h. (Obviously the fact that we considered h instead of branch h is no loss of
generality.)

Let us now discuss a generalization of the Shannon-Hagdbarger theorem 7],
8]. To this purpose, let us introduce the following notation.

Let be the set of all sdf-adjoint operators in H% H] having the property
that for each 2 I 0 for some > 0.

Clearly, is a convex subset of Hc, H].
Furthermore, let G be an oriented graph with the set of branches {h} having

cardinality c o, and assume that the branch h is regular. Finally, we will
denote by () the driving-point impedance of h (provided it exists) whenever
the network (, G) is under consideration. Then we have the following.

THeOreM 6. Let G be an oriented graph with branch heing regular, and let
(2) have he meaning defined ahove. Then,for each 2 the neork (2, G)
is regular, the driving point impedance () exists, is a positive operator and is a
concave nondecreasing function o , i.e.,

() (2 + ( )2) (2) + ( ))
for all 0, 1 and any pair 2,2 , and (2) (2) whenever 2 2,
Z,Zs.

Proof Recalling the definition of we see that, for any and x H,
W,co ’2,o 2= > Ill=llxll hence by [1
Thm. 2.2], the network (2, G) is regular. Also, this inequality shows that assump-
tions of Theorem 5 are met, and consequently, R(2) exists and is in [H, HI.

Next, let s } and, as above, let N be the space of all vectors x [x] e Na
with xx 0. Arbitrarily choose 21,22 e , 2 e [0, ], j e H, and denote ex R(22a
+ (1 2)22)j, 0, 0, 0, ] e Hc and em [R(2m)j, O, O, O, ] e H for m 1, 2.
Let ix= [i] e H: be the solution of x (221 + (1 2)22, G) corresponding
to ex and i= i]eH the solution of (2m, G) corresponding to era,
m 1, 2. Thus, we have by the definition of the driving-point impedance, i i{

i j. Moreover,

(27)
(ia, ea): (j,R(2,I + (1 2)22)j), (ia,(22, + (1

2(i’,21ia}c + (1 ,)(i’,22i’)c.
Also,

(28) (im, e,,),. (j, R(2m)j) (im, 2,,ira)c2, m 1,2.
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Relation (28) shows that R(2) is a positive operator for every ,g e a. On the other
hand, x e N]S, i.e., ize + N]S; hence, by Corollary 2 (its assumptions are
clearly met), (ix, 2ia)c >= (il,2i)c. By the same argument, iae 2 + N, and
consequently, (i, 22i) (i2, 22i2)c2 Thus, using these inequalities and (27),
(28), we obtain

(j,R(221 + (1 2)22)j)

which proves (26).
Finally, assume that 21 N 22,21,22 e N Choosingj e H and using the same

notation as above, we have (28). Since e + N, it follows that (i2,21i2)
(i Z ), and consequently, (i2,22i2) (i 2 )c2. Hence, by (28),

(j,R(22)J)1 (j,R(2)j)a which concludes the proof.
As our final result, we establish a bound on the power dissipated in a regular

linear Hilbert network (2, G) when it is driven by an emf vector e e H. As we shall
see, such a bound is (2-e, e) when 2 is invertible. Furthermore, a result of this
nature can be obtained under a weaker condition than the invertibility of

As before, let s {n} be a finite or infinite increasing sequence of positive
integers. H and H will denote those subspaces of Hc consisting of all c2-vectors
[x]eH having the s-pattern and the s-copattern, respectively. Thus, H
H @ Hc. Also, 2 and 2 will denote the restrictions of 2 e [HC;H] to H

and H respectively.
THORZM 7. Let (, G) be a regular linear Hilbert neork, and let be

positive. Let e Hc have an s-pattern, and assume that H reduces . Also, assume
that is invertible on H. If Hc is a solution of corresponding to e, then

(29) 0 (i, 2i)c (2; ’e, e)c.
Proof Since 2 is positive, so, too, are 2, and 2c,. Moreover, g, possesses

a positive square root 2/2. Also, since 2/22/ 2, and 2, is invertible on
H*, 2 /2 exists as a positive mapping of H onto H*.

Now, i, + i,, where i e H* and i Hc.
Thus,

(i, e)c (i,, e)c (2 /22/2i,, e)c (2/2is, 2 1/2e)c2.
By Schwarz’s inequality,

C2 e2

Since H reduces 2, we have that

(i,i)c (i,i)c + (i,cic)c.
Since both terms on the right-hand side are nonnegative,

(i, 2i)c (i, 2i)c.
Therefore, (30) yields

(31) I(i,e)cl2

Finally, (i, e)c (i, 2i)c >= 0 because is a solution corresponding to e. There-
fore, (31) yields (29).
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It is worth pointing out that the right-hand side of (29), which is a bound on
the power dissipation (i, 2i)c2 in , is independent of the topology and the element
values in that part of corresponding to the s-copattern. Also, a special case of
Theorem 7 arises when every branch containing an emf source ea e H also contains
a positive invertible resitor rae [H, HI in series with ea. In this case, (29) can be
reduced to

(i, 2i) <= (r-f e2, ej) l,

where the summation is over those branches for which ea - O.
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MARKOVIAN REPRESENTATION OF STOCHASTIC PROCESSES
BY CANONICAL VARIABLES*

HIROTUGU AKAIKE’

Abstract. The structure of the information interface between the future and the past of a discrete-
time stochastic process is analyzed by using the concepts of canonical correlation analysis. Two extreme
Markovian representations are obtained with states defined by the sets of canonical variables which
represent the past information projected on the future and the future information projected on the past,
respectively. The result completely clarifies the probabilistic structure of the Faurre algorithm of
realization of stochastic systems. By an extension of the basic result the Ho-Kalman algorithm of
realization of general systems is also given a stochastic interpretation.

1. Introduction. Given a sequence of covariance matrices {RI, O, 1, ...}
ofa zero mean d-dimensional stationary stochastic process {y, n 1,0, 1,..-},
where R Ey, + y’, and’ denotes the transpose, the problem to be considered here
is to find a Markovian representation of y, which is given by

(1.1)
x,,+ Fx,, + w,,,

y, Hx,
where the dimensions of x, w, FandHare e 1,e 1,e eandd e, respectively,
and w, is an e-dimensional zero mean white noise, i.e., EW,+lW’, 0 for :# 0 and
Q for 0 and Ew.x’._z 0 for 0, 1, 2,..., where 0 denotes a zero matrix.
It is assumed that the process is Gaussian but the results have a natural interpreta-
tion in the sense of mean squares without this assumption. Ho and Kalman [1]
gave an algorithm which realizes the minimal factorization Rz HFG
(l 0, 1,2,...) which is with the minimum possible value of e. The original
algorithm was developed generally for the realization of a linear constant system
specified by F, G, and H which provides the given sequence of matrices, now
Rl(l 0, 1, 2, ...), as the sequence of its impulse response matrices. Assuming the
minimal factorization ofR realized by the Ho-Kalman algorithm, Faurre [2], [3
proceeded further to give an algorithm for the factorization G PH’ with P e x e-
positive definite and Q P FPF’ nonnegative definite. In the paper by Ho and
Kalman the minimal factorization was attained by reducing the dimension of a
nonminimal factorization by a procedure which was considered to be difficult to
motivate [1]. Faurre’s result is based on the analysis of some quadratic functional
of the process, but apparently the motivation for the use of this functional is not
explicitly given.

In the present paper it is shown that if the covariance function Rl of a discrete-
time stationary stochastic process y, admits a finite-dimensional factorization
R HFIG, it has two specific Markovian representations. The state x, of one of
these representations is defined as a set of mutually orthogonal random variables
which contains the full information of the past of the process to be expressed by
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the present and future, and the state of the other representation contains the full
information of the future of the process to be expressed by the present and past.
This is proved by using the concept of canonical variables which is well developed
in the field of multivariate statistical analysis.

When two sets of random variables are given, the set of canonical variables
of one of the two sets is defined as the set of mutually orthogonal, or uncorrelated,
random variables which form a basis of the space of linear combinations of the
random variables ofthe original set and are ordered successively to give the highest
possible correlation coefficients with one of the variables in the space of linear
combinations of the random variables of the other set. Between the two sets of
canonical variables, only the pair of canonical variables of one and the same order
are correlated and the correlation coefficient is called the canonical correlation
coefficient. If one of these two sets of random variables is composed of the present
and past values of a stochastic process y, and another of the present and future,
the corresponding two sets of canonical variables with positive canonical correla-
tions will form a minimal information interface between the past and the future
of the process. It is shown that this idea can be made rigorous and these two sets
can be used as the state variables x. of two extreme Markovian representations of
the process y..

These representations completely clarify the probabilistic background and
the underlying motivation of both the Ho-Kalman and the Faurre algorithm as
applied to the realization of stochastic systems. Also, with the aid of the canonical
correlation coefficients, it provides a rational basis for the decision offitting a lower
dimensional approximation. The basic idea can further be extended to realize a
minimum dimensional stochastic system which explains the covariance between
two stationarily correlated stationary processes. This extension enables a proba-
bilistic interpretation of the Ho-Kalman algorithm as applied to the general non-
stochastic system realization problems. By specifying the state x, of the Markovian
representation of y, to be physically realizable, or obtainable from y,, y,_ 1, "’",

this extension and the original procedure provide Kailath’s two innovation process-
type representations of y,. Also, the ideas can be extended to cover the non-
stationary case.

The purpose of the present paper is the conceptual clarification of the subject
of realization of stochastic and nonstochastic systems by using the Markovian
representation based on the notation of information interface between the future
and the past of the stochastic processes under consideration. No attention has been
given to the algorithmic aspect of the problem, for which there are important
contributions by Rissanen [4], [5].

2. Canonical variables as an information interface. Consider two vectors of
zero mean Gaussian random variables u--(Ul,U2, ..., Ul)’ and v (Vl,V2, ..., v,,)’,
where denotes transpose. If they share any statistical information in common
this must be reflected in that their simultaneous distribution must be different from
the distribution for which u and v are independent. From the definition of the
characteristic function it is clear that the simultaneous distribution of u and v is
determined by the distribution of every possible linear combination of ui’s and v’s.
Thus the analysis of the dependence between u and v is the analysis of the depend-
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ence between the two spaces of random variables which.are defined as the sets of
all possible linear combinations of the ui’s and the vj’s, respectively. These spaces
will be denoted by R(u)and R(v).

The theory of canonical correlations and variables, introduced by Hotelling
[6] and now a fundamental concept in multivariate statistical analysis [7], says
that these spaces R(u) and R(v) have orthonormal bases a (al, 2, "’", a)’ and
) ()1, 2 )s) such that

Efft Ej O, 1,2, ..., r, j 1,2, s,

Eftfij 6ij i, j 1,2, r,

Efj 6:i, i, j 1,2,..., s,

Efiij r, i= 1, 2, r, j= 1, 2, s,

where c3 (i j) 0(i % j), ri 0(i - j), 1 >= r, >= 0, and E denotes expecta-
tion. It is assumed that ru are arranged in descending order of magnitude so that
r, >__ ri+ 1,+ 1. r and s are equal to the ranks of the covariance matrices of u and v,
respectively, and accordingly r _< and s __< m. The variables and i are the
canonical variables and ru is the canonical correlation coefficient of the pair of
canonical variables and (i 1, 2, ..., min (r, s)). If only the first k components
of and have nonzero canonical correlation coefficients, the information shared
by u and v, or the cause of the dependence between u and v, is completely contained
within the components ofthe vectors U (ill, 2,"" ,fig)’ and V (1, f2,"", k)’.
U and V or the spaces R(U) and R(V), respectively spanned by the components
of U and V, may be considered to be the information interfaces of R(u) and R(v).

It is clear from the structure of U and V that R(U) and R(V) are respectively
the projections of R(v) on R(u) and of R(u) on R(v). Since only the random variables
with finite second order moments are considered, the projections can be under-
stood either in the sense of conditional expectation or simply in the sense of mean
square [8]. As to the positively correlated pairs ofcanonical variables, the canonical
correlation analysis of any two sets of random variables which respectively span
the spaces R(U) and R(V) will give an essentially identical result to that of the
original u and v. The above observations of the structure of R(U) and R(V) are most
useful in extending the concepts of canonical variables and correlation coefficients
to the analysis of dependence of stochastic processes. It should be mentioned here
that with a proper definition of the amount of information the same idea of canoni-
cal correlation analysis has been used by Gelfand and Yaglom [9] for the calcu-
lation of the amount of information about a random function contained in another
random function.

3. Information interface and the Markovian representation. Denote by past
the history Yo, Y- 1, Y-2, and byfuture Yo, Yl, 3;2, Consider the space R(y)
which is the closure with respect to the mean square norm of the space spanned by
finite linear combinations of the components of y, (n 0, + 1, + 2,...). Denote
by R(past) and R(future) the subspaces of R(y) spanned by the components of the
elements of past and future, respectively. The projection of R(past) on R(future)
will be denoted by R(pastifuture) and that of R(future) on R(past) by R(future[past).
These projections are respectively spanned by yolfuture, y_ lfuture and by
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yolpast, y llpast,..., where Ymlfuture and y,,lpast represent the projections of Ym
on R(future) and R(past) and are specified by the relations

(3.1) Eymy E(ymlfuture)y’l, 0, 1,2, ...,
and

(3.2) EYmY’_ E(y,lpast)y’_ l, 0, 1,2,

When the covariance function R --Eyn+ly’ can be factored into the form
R HUG (1 0, 1,2, ...) with F of finite dimension, there exist a finite integer
r and constants a l,a2,..., at, which can be determined from the minimal
polynomial of F, [1], such that for all j _>_ 0,

(3.3) Rr+j aiR+j-i.
i=1

This relation implies the equations

(3.4) Ey Y--m aiy__,,,+i 0,
i=1

and

(3.5) E Y+"
i=

aiYr+m- ) y’_ =0,

With the aid of (3.1) and (3.2), (3.4) and (3.5) show that

y__,, ]future aiy__m+ ]future,
i=1

and

1,m 0,1,2,.-.,

1, m =0,1,2,....

m= 0,1,2,...,

where equalities denote the equivalence with respect to the mean square norm.
This result shows that the spaces R(pastlfuture) and R(futurelpast) are finite-
dimensional and are spanned by the components of the vectors (ylfuture, y’_ 1]
future, ..., y’_ + [future)’ and (yblpast, y’lpast, ..., y’,_ lpast)’, respectively.

By identifying u and v of 2 with the above two vectors, the observation made
at the end of the section shows that the canonical correlation analysis applied to
these two sets of random variables provides U (fi, fiz,"", k)’ and V (1,
2, "’", k)’, of which components form orthonormal bases of the spaces R(past[
future) and R(futurelpast), respectively. These two spaces form the information
interface between R(future) and R(past). Either U or V can be used to define a
minimal Markovian representation of y,. To see this, a study of the dynamics of
the system is necessary. This forms a point of departure from the classical static
multivariate analysis to the dynamic time series analysis.

The dynamics of the system under observation is reflected in the effect of
translation of time on U or V. To analyze this, we adopt the convention to denote
by S, the vector or the set ofvectors obtained by replacing y by y+, in the definition

Yr+mlPast aiy+m-ilpast, rn O, 1,2,...,
i=1
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of S, which is a vector or a set of vectors composed of elements of R(y), especially
So S. Since y, is stationary, U, and V, (n 0, _+ 1, + 2,...) are stationary and
are stationarily correlated. Since U, is a basis of R(past,lfuture,) and U,+I is a
vector composed of elements of R(future,), there is a unique representation

(3.6) U,+I FU,, + W,,,

where F is a k x k matrix of regression coefficients of U,+ on U, and W, is a
k-dimensional random vector which is independent of or uncorrelated with U..
Since W, is an element of R(future,) and is independent of U, which spans R(past,
future,), it is independent of the elements of R(past,). Since R(past,) is contained
in R(past, + m) (m 0, 1, 2,...), W, +,, is independent of R(past,) and, since W, +m
is a vector composed of elements of R(future,), it is independent of U,. From this
it can be seen that W, is a k-dimensional white noise. Since y, y,lfuture,, y, is an
element of R(past.Jfuture,) and thus there is a d x k matrix H such that

(3.7) y, HU,.

By identifying x, U,, w, W,, e k and Q I FF’, (3.6) and (3.7) give the
desired Markovian representation (1.1)of y,.

If we consider the projection of (3.6) on the space R(past,+ ), we get

(3.8) AV.+ FAV, + w,,

where A is a k k diagonal matrix of positive canonical correlation coefficients
between U. and V. and w. is the projection of FU. + W. on the space spanned by
the components of the innovation y.+ y.+ llpast.. Since y. is an element of
R(past.), (3.7) is transformed into

(3.9) y, HA V,.

By identifying x, A V,, e k and Q A2 FA2F’, we get a second Markovian
representation of y.. Since in any Markovian representation of y, its state x, must
contain the full information to be transmitted from past, into future,, it is clear
that the dimension of x, cannot be less than that of U, and V,. Thus the above two
representations are minimal in the sense that k is the smallest possible value of e
or the dimension of x, of (1.1).

In the next section it is shown that the above two representations give the
maximum and the minimum of the covariance matrix P of the state x, of the
Markovian representation of y, with the transition matrix F and the observation
matrix H. By Faurre’s notation [2], [3] P* I and P. A2.

It should be mentioned here that if the diagonal elements of A are all different
and the process is ergodic, so that the sample covariances converge to the true
covariances with probability one as the length of available observation is indefi-
nitely increased, and is full rank, in the sense that the covariance matrix of its
arbitrary finite portion is always of full rank, the realization procedure of the
Markovian representation described in this section can be applied to a properly
chosen positive definite consistent estimate of covariance function to provide
consistent estimates of the related quantities. If A has some equal elements on its
diagonal, there remains an obvious indeterminacy. A well developed numerical
procedure for the canonical correlation analysis is already available [10]. The
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problem of statistical identification of Markovian representation will be discussed
elsewhere.

4. Extreme properties of the representations. Faurre [3] has shown that when
a minimal factorization of R is given in the form R HUG (l 0, 1, 2,...), G
can be factored into G PH’ with P positive definite and Q P FPF’ non-
negative definite. He has shown that the set of such P’s has a maximum P* and a
minimum P., in the sense that P* P and P P. are nonnegative definite for
all P in this set. Now it can be shown that when there is a Markovian representation
of y, with the transition matrix F and the observation matrix H and with the state
x, which is a vector composed of elements of R(past,), then Ex,x’,, P.. If x, is a
vector of elements of R(future,), then Ex,,x’,, P*. The two Markovian representa-
tions obtained in the preceding section form a pair of these two extreme representa-
tions. Before going into the discussion of these properties it should be noticed
that ifR HFIG (l 0, 1, 2, ..) is a minimal factorization ofR in the sense that
F has the minimal possible dimension, then the system defined by {F, G, H} is
completely observable and completely controllable [1]. From the observability of
the pair (F, H), rank [H’ F’H’ F 1H,] k, where r is as defined in 3. Thus,
given F and H, G in the minimal factorization R --HUG (l 0, 1, 2,...) is
uniquely determined by the relation

(4.1)

a’[g’ f’g’.., f’r- 1g"] [R’o R’x RI R;_ 1].

Assume that y. has a minimal Markovian representation

Xn+ fXn -F w

y,, Hx,,.

The state covariance matrix Ex,x’, is denoted by P. For an arbitrary representation
(4.1) it holds that

(4.2) Ex,,y,,_ FIpH’, 0, 1,2,

As was noticed above, G PH’ is uniquely determined when F and H are given.
With the aid of this result (4.2) shows that the projection of x, on R(past,) is identical
for every representation (4.1). By following the derivation of (3.7) and (3.9) from
(3.6) and (3.7), it can be shown that this projection defines the state of a Markovian
representation of y, with F and H of (4.1). Since the variance matrix reduces by
the operation of projection, this projection has the minimum covariance matrix
P, within the set of the states of the Markovian representations of y, with F and
H of (4.1). Especially when x, is a vector composed of elements of R(past,), it
holds that Ex,,x, P,.

If P is the covariance matrix of the state of a minimal Markovian representa-
tion of y, with the transition matrix F and the observation matrix H, then P- is
the covariance matrix of the state of another Markovian representation of y,
which runs in the reversed direction of time and with the transition matrix F’ and
the observation matrix G’(= HP). This representation is called the dual repre-
sentation of the original Markovian representation. To prove the existence of the
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dual representation, consider x, of (4.1) and define z, by

z, P- ix,_ F’P-

where P Ex,,x’,,. Since (4.1) is a minimal representation, P is nonsingular and
p-Ix,, is well-defined. From (4.1) we have

Ez,,x’,, p- 1Ex,_ F’P-+ 1Xn + EXnXn +

=0, =0,1,2,....

From this relation it can be seen that the desired dual representation is given by

P- 1Xn- F’P- 1X "3
I- Zn,

(4.3)
y, HPP- ix,,.

It should be remembered that G’ (= HP) is a constant matrix determined by F
and H. The state of this representation is P- ix, and its covariance matrix is P- 1.

From the reasoning which was applied to show the minimality of Ex,x’, when
x, is a vector composed of elements of R(past,), it can be seen that P- ix, has the
minimum covariance matrix within the set of the states of the dual representations
defined with F’ and G’ (= HP) of (4.3), when x, is composed of elements of
R(future,). For this case, since the covariance matrix of the state of the dual repre-
sentation is equal to the inverse of the original state covariance matrix, it obviously
holds that Ex,,x’,, P*, the maximum within the set of the state covariance
matrices of Markovian representations of y, with F and H of (4.1).

To show the identity of the present definitions of P* and P, to those of
Faurre, it is only necessary to show the identity of both of the definitions of P*.
Faurre [3] starts with a minimal factorization Rl HFIG obtained by the Ho-
Kalman algorithm. The k x k matrix P* was defined by

(4.4) x’P*x inf Z U’lRl-mUm’
C(x) /=0 m=0

where Ul is a d-dimensional vector and the infimum is taken over the set C(x) of
u (u, u’, ...)’ which is defined by

(4.5) C(x)= U Z F’lH’ttl x
/=0

From the observability of the pair (F, H), rank [H’ F’H’ F’"- H’] k and C(x)
is nonvoid for arbitrary x. Assume that y, has a k-dimensional Markovian repre-
sentation (4.1) with x, composed of elements of R(future,). From (4.1), Exny’n+
--pF’IH’, where P Ex,,x’,,. By replacing F’IH of (4.5) by P-Ex,y’,+ and
putting z

_
0 Y’,+ lUl, one can rewrite (4.4) in the form

(4.6) x’P*x inf Ez2,
D(x)

where z is a one-dimensional random variable and the infimum is taken over the
set D(x) which is defined by

(4.7) D(x) {zlz e R(future.) and P- Ex,,z’ x}.
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(4.6) and (4.7) show that a z which has x as its vector of regression coefficients on
x, and with a minimum mean square value is to be found in the space of R(future,).
Since x, is assumed to be in R(future.), the desired solution is simply given by x’x,
and from (4.6), P* P. This result shows the identity of Faurre’s definition of P*
to the definition of the present paper. It was shown by Faurre that P* as defined
by (4.4) gives the maximum of P which appears in the factorization of G PH’
with nonnegative definite Q P FPF’.

The results obtained above completely clarify the statistical or probabilistic
structure of Faurre’s results. It is now clear that for any Markovian representation
(4.1) ofy,, the difference P P, is the covariance of the portion of x, which cannot
be "explained" by past, and vanishes when premultiplied by H. Thus only V, or
its nonsingular transformation can give a minimal Markovian representation, the
state of which is physically realizable in the sense that it can be defined as a vector
composed of elements of R(past,). This point is important when the Markovian
representation is used for the realization of a predictor. The physically realizable
Markovian representation can be obtained by first applying the Ho-Kalman
algorithm to realize a minimal factorization RI HFlG (l 0, 1, 2,.-.) and then
applying the Faurre algorithm to realize the factorization G P,H’ with the
corresponding variance matrix Q, of the white noise determined by Q, P,

FP,F’. For an arbitrary real number c, Pc cZP* q- (1 c2)p, realizes the
factorization G PcH’. Pc is the covariance matrix of xc, c(x*, x,,) + x,,,
where x,* and x,, are the states of the extreme Markovian representations with, ,t p,Ex, x,, and Ex,,x,. P,, respectively. Although Pc realizes the factoriza-
tion G PcH’, it is not clear whether xc, is a state of a Markovian representation
when c is not equal to either 0 or 1.

5. Analysis of the Ho--Kalman algorithm. In the middle of 3, it was
noticed that the canonical correlation analysis of the two sets of random variables
u (ylfuture, Y’- 11future, Y’-r+llfuture)’ and u (y[past, y’lpast, Y’r- 11
past)’ will give U and V as the sets of normalized canonical variables with positive
canonical correlation coefficients. From this there must be dr x dr matrices T, and
Tv such that the first k components of T.u and Tvv are respectively U and Vand the
rest are uncorrelated with any other components of Tuu and Tv. When the ranks
of Euu’ and Evv’ are r and s, respectively, only the first r and s components of T,u
and Tv are with unit variance and others are identically kept equal to zero.

We have

(5.1) r.Fuv’T; o

where 0 stands for a zero matrix of appropriate dimension. Since U spans the space
R(pastlfuture), y (j 0, 1, ..., r 1) has a (not necessarily unique) representation

r-1

y Aly_lfuture + r,
/=0

where rj is an element of R(future) and Erp’ 0 for any element p of R(pastlfuture).
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Analogously, Y-i (i 0, 1, ..., r 1) has a representation
r-1

Y-i= BikYk[past + r_
k=0

where r_ is an element of R(past) and Er_ it’ 0 for any element of R(future[past).
Ajl and Bik are d x d matrices. From the definition of rj we have Ery’_i

Er(y_i[future)’= O. Also

E AlY-,Ifuture r’ E Ajl(y_l[future)lpast r’ 0-i -i

l=0 l=o

From these relations we get
r-1 r-1

Eyy’_ , , AlE(y-lfuture)(Yklpast)’Bk.
l=O k=O

This result shows that there are rd rd matrices A and B, composed of the blocks
Ajl and Bik, such that

Y0 Yo

Yl Yx
AEuv’B’ E

Yr- Y-r+
(5.2)

Ro R1 Rr-1
R1 R2 Rr

Rr- Rr R2r_2

This is a generalized Hankel matrix which forms the starting point of the Ho-
Kalman algorithm [1]. By the Ho-Kalman algorithm, the factorization of R is
accomplished by first finding two nonsingular rd rd matrices L and R which
realize the transformation

ol,
where Sr denotes the generalized Hankel matrix defined by (5.2) and Ik is a k k
identity matrix. Since EUV’ (= A) is a positive diagonal matrix, the difference
between (5.1) and (5.3) is only a nonsingular k-dimensional linear transformation.
While it was stated by Ho and Kalman [1] that the procedure to get through (5.3)
a minimal factorization of Rl in the form HFIG was difficult to motivate, the
present realization of the Markovian representation based on the concept of
information interface between future, and past, gives an illumination into the
basic structure underlying the formula (5.3).

Though the difference between (5.1) and (5.3) is apparently only a linear
transformation, the difference becomes significant when the problem of approxi-
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mation of the system by a lower dimensional model is considered. In this case, to
determine the best fitting model with dimension e which is less than k, a criterion
of fit must be defined explicitly. When the realization of the Markovian representa-
tion through U, or I/, is considered, any reasonable measure of the amount of
information contained in each component of U, or V, will be dependent on the
value of its canonical correlation coefficient, the higher the value the more the
amount of information. Thus the best e-dimensional approximation will be
obtained by keeping only the first e components of U, or V,, which correspond to
the largest e canonical correlation coefficients, as the state of the e-dimensional
model. The definition of the best fit will be made explicit by using the Kullback-
Leibler mean amount of information for discrimination of two probability
distributions [11], [12]. The same idea will be able to treat the case where the
process has no finite-dimensional Markovian representation, which will always
be the case when a real stochastic process is considered. The Kullback-Leibler
definition of the amount of information has a natural connection with the log-
likelihood-ratio statistic used for the discrimination of two distributions based on
a finite number of observations and there is a closely related statistic used for
statistical model identification [13]. This suggests that a reasonable statistical
identification procedure may be developed along the line of the present approach
for the case where only a finite length record of observations is available instead
of the theoretical values of the covariance function.

6. Some extensions. Consider the case where there are two zero mean
stationary stochastic processes y, and z, which are stationarily correlated with
covariance function R Ey,+z’,, which is factorable into the form R HFIG.
For this case define past as the past history of z,, i.e., Zo, z_ 1, "’", and future as
the future history of y,, i.e., Y0, Y l, By proceeding entirely analogously as in
the case of 3 where z, y., one arrives at the representation

(6.1)
U.+ 1= FU,, + W,,,

Yn HU,, + N.,
where U. and F are defined analogously as in 3, W. is independent of U., U._ 1,

and is a white noise, W. and N. are both independent of z., z._ 1,"" and N. is
independent of U.. This representation gives a factorization of Rt in the form
R Ey,,+lZ’,, HUG with G EU,,z’,,. Every Rt which admits a factorization in
the form HUG with a stability matrix F can be considered as the covariance function
Ey.+ iz’. of two stationary time series y. and z., where z. is a white noise of appro-
priate dimension with a covariance matrix equal to the identity matrix, and y. is
given by the relation

(6.2)
Y.+I FY. + Gz.,

y.= HY. + n.,

where n. is an arbitrary stationary process ofthe same dimension as y., independent
of the process z. and with a finite covariance matrix. For this case even without
the explicit specification of the covariance matrices of y., the desired factorization
can be carried out through (5.3). This result gives a probabilistic explanation of the
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structure of the Ho-Kalman algorithm as applied to the general, not necessarily
stochastic, system realization problems.

(6.1) also shows that by assuming z, y,_,, with some fixed positive m, we
can get various representations of y, which might be called Markovian representa-
tions of y, with additive noise terms. By projecting U, on R(past,), one gets a
representation of the form (6.1) with U, replaced by its projection. The representa-
tion thus obtained with z, y,_ corresponds to Kailath’s innovation representa-
tion (IR1) and the original representation obtained with z, y, corresponds to
the innovation representation (IR2), of y,, discussed by Gevers [14]. Since the
state variable of the representation corresponding to the choice z, y,_ can be
obtained as a projection of the state variable obtained by putting z, y,, it is clear
that the former has a smaller variance matrix than the latter. By increasing the
value of m further the variance matrix of the corresponding state variable becomes
smaller, suggesting the decrease of information contained within the state variable.

It should also be mentioned here that if only the finiteness of the dimension
of U, or V, is assumed, the basic results of 3 are not dependent on the assumption
of stationarity. Thus under the finite dimensionality assumption the present
approach can also give Markovian representations of nonstationary processes.
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BOUNDARY VALUE CONTROL OF THE WAVE EQUATION IN A
SPHERICAL REGION*

KEITH D. GRAHAMf AND DAVID L. RUSSELL{

Abstract. In this paper we study controllability problems for the wave equation

O2W O2W
Or2 j= (xJ)2’

0, X

where f is a spherical region in R". The control forcef enters in the boundary condition

Ow
---f,cv

assumed to hold for _>_ 0, x F Of. Our main result is that all "finite energy" initial states can be
steered to the zero state in time , using a controlf L (r’(R) [0, ]), provided z > 2.

Beginning with standard existence results for solutions of the wave equation, we show the control
problem to be equivalent to a collection of trigonometric moment problems. These are solved using
the theory of nonharmonic Fourier series together with certain results concerning the separation of
eigenvalues of the Helmholtz operator in L2(f) with the Neumann boundary condition. Essential use
is also made of the theory ofinterpolation spaces and a priori estimates for solutions of elliptic boundary
value problems.

1. Introduction and summary of results. In this paper we shall be concerned
with the wave equation

I2W
(1 1)

102W
AW X t > 0

63t2 i= (Oxi)2

where f2 is the interior of the sphere in R". With I]" lie denoting the Euclidean norm,

(1.2) f2-- {x e R"I IlXlle < 1}
and c9f2 F is the set

(1.3) F {x R"I IlXlle 1}.
In most physical processes, control is applied at the boundary of the spatial

region in which the process evolves. As the equation (1.1) is the archetype for wave
processes, which are of importance in the study of structural vibration, counter-
current heat exchangers, tubular catalytic reactions, etc., the control of solutions
of this equation by means of boundary forcing functions is of considerable interest.

If a force f(x, t) is applied to the above system, and iff(x, t) is defined for
x F c3f and for >= 0, the effect of such a force is described mathematically
by the requirement

(1.4)
c3w
--v (x, t) f(x, t), x e F, > 0
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where v is the unit outward normal vector to F at the point x F. In the present
paper the admissible control functions f are those which satisfy

(1.5) fe LZ(F (R) [0, T])

for some T > 0.
Our restriction of Z to the very particular set (1.2) is motivated by our wish

to obtain controllability results of the strongest sort. Weaker controllability
results for more general domains f are already available. In [21], [22] the set of
controllable states is shown to be dense in Hl(f) (R) L2() without any particular
geometric properties being imposed on f. In [24], again with general geometry
for fL the set of controllable states is shown to include H2()() HI(F). Very
strong results are known for the case x e R (see, e.g., [93, [19], [20], [23]). In the
present paper, as we indicate in much greater detail below, we show that the set
of controllable states for the system (1.1), (1.4) includes H(f)(R) L2() in the
special case where f is the domain described by (1.2).

Let the Sobolev spaces Hr(f), H(F (R) [0, T]) of real orders r, s be defined as
in [143, [15. We pose for (1.1) the initial conditions

(1.6) w(x, O) Wo(X), -:(x, O) =- Vo(X), x e f,

where the initial displacement wo and initial velocity Vo satisfy

(1.7) w0 e H(O), vo e H(f) =- Lz(f).

In the remainder of this work the term "control problem" refers to the following.
CONTROL PROBLEM. Let T > 0 be prescribed. Given an initial state (wo, Vo)

as specified in (1.7), find a control f satisfying (1.5) so that the solution w(x, t) of
(1.1), (1.4), (1.6) also satisfies

w
(1.8) w(x, T) -(x, T) O.

Remark. Since the wave equation is time reversible, if the above control
problem is solvable for all initial conditions (1.6), (1.7)uT remaining fixed--then
we can also solve a more general control problem wherein

(1.9) w(x, T) =- Wl(X)e H(), -ff[(x, T) =_ v(x)e H(f),

by letting g(x, t) e L2(F (R) {_0, T]) be a control such that the solution v(x, t) of (1.1)
satisfying these terminal conditions and

(x,t) g(x, t), xef 0 _< _< T,

satisfies

#(x, o) (x, o) o.



176 KEITH D. GRAHAM. AND DAVID L. RUSSELL

The general control problem (1.1), (1.6), (1.9) is then solved by adding the above
solutions w, v, whose sum satisfies

8(w + #)
(x, t) f(x, t) + g(x, t)e L2(1 @ [_0 T-I).

The main result proved in this paper is summarized in the following theorem.
TUEOREN 1.1. If T > 2, the control problem is solvable forf6 LZ(F @ [0, T]);

indeed, there is a constant K > 0 such that

, + lVolo)L2(V[O,T])

If T < 2, the control problem is not solvable in general.
However, even if T > 2, it is not possible to guarantee that the solution w(x, t)

will have the property that ][w(., t)[]n, and ]](w/t)(., t)]]HO are finite for all
[0, T]. This is a consequence ofthe rather weak regularity properties ofsolutions

of (1.1), (1.4), (1.5) when the only restriction onfis (1.5). The best result proved in
[15 is to the effect that for > 0,

dt

and

(., t) dt <
H / ()

under these assumptions. This is reinforced by a further result of the present paper,
which demonstrates by a constructive procedure that if wo vo 0, in (1.7),
there is a controlfe How @ [0, T])such that the terminal state w(x, T), (8w/St)(x, T)
does not lie in HX(O)@ H(O). Because of the time reversibility of our system,
this is a direct consequence of the following theorem.

THEOREM 1.2. There exist initial states Wo Vo which can be steered to the terminal
state w(x, T) (8w/8t)(x, T) 0 with a control fe LZ(F @ [0, T]), T > 2, and for
which

(Wo, Vo) HX(n) H(O).

In addition to the implications noted before its statement, Theorem 1.2 also
shows that, strong as it is (compared with the results in [19], [21], [24] for more
general domains ), Theorem 1.1 is not a "best possible" result. What we have
obtained in Theorem 1.1 are sufficient, not necessary, conditions for controllability.
In the way of necessary conditions, not too much is available. A starting point is
provided by the following theorem.

THEOREM 1.3. In the case n 2, T > 2, a necessary condition for solution of
the control problem with a controlfunctionfe LZ(F @ [0, T]) is that the initial state

Wo, Vo satisfy

W0 H2/3(), v0 H-1/3().

2. Solutions of w, Aw 0. In this section we will describe some basic
existence, uniqueness and regularity theorems relevant to the partial differential
equation and boundary conditions introduced in 1. This material is not new but
is required for effective presentation of our controllability results. The theorems



BOUNDARY VALUE CONTROL 177

stated here are proved in [14], to which reference we have also referred the reader
for definitions and basic properties of the Sobolev spaces Hr, where r is a non-
negative real number. References [31 and [13] are likewise helpful here.

The trace theorem [14] shows that if w H2(), then c3w/cv is defined on F
as an element of the interpolation space Hx/Z(F) and

cw
_< K wII/2

H1/2(F

for some positive constant K. It follows that

is a closed subspace of H()and hence a Hilbert space in its own right with the
inner product induced from H(). It can be shown that V is dense in H (fl).

The dual, V’ of Vwith respect to H(), is defined as follows. We let w e H()
and define a continuous linear functional on H(fl) by

(2.1) w(U) (u, w)ntn), u e H().
Then

For u V H2() we have

and we obtain

showing that w is also a continuous linear functional on V. Since V is a Hilbert
space, there is a unique v(w) V such that

(2.) ew(U) tu, (w)), u v.
We define

(2,3) Iwllv, II(w)l v,

and define V’ itself to be the completion of H(O) with respect to this norm.
For the purpose of this paper it is important that we be able to identify the

space V’ as L2(). We do this as follows. For each w Hl(),

I(u, (w))l
w v’ (w) v sup

uv Ilu v
uO

But, comparing (2.1) and (2.2),

(u, vw)) u,
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Then integrating by parts and using the fact that u e V,

U-- i=IL --X W(X) dX"

Hence,

(2.4) [[Wllv, sup
ueV tg V

:/: O

IIf (U(X) ET=l 2U/X2i )W(X)

Using the Schwarz inequality,

wll v, sup
2U/OX)2 dx] a/2EI. (U(X) Ei=I

Klullvllwll,.tn)__< sup KIIw

for some fixed positive number K. On the other hand it is known [14, Chap. 2,
6] that the equation

u(x)-
2u

i=1 aX?
has a unique solution fie Vwith

for some fixed positive/. Equation (2.4) with u fi gives

L2() V&2,1w(x) dx Ilwll < IIt;ll Ilwllv,

<= KIIw ,.={)llwllv,
so that

Ilwll,.2<m < KIIwllv,.

Thus we see that for w e HI(), the L2(f]) and V’ norms of w are equivalent. Since
V’ is the completion of Hl(f) with respect to the V’ norm it is then also the comple-
tion of Hl(f) with respect to the L2() norm, which is, of course, L2(). Thus,
topologically, V’ and L2() are the same space and the norms are equivalent, i.e.,

1
(2.5)

K IIWllv Ilwll()- gllwllv,.

In [13] and [14] we find the proof of the following theorem.
THEOREM 2.1. Let T1 > 0 and suppose that q)o V, (pl H(f), h e L2([0, W];

H(f)). Then there is a unique function q)(x, t) such that

(2.6) (i) o(., t) is continuous from [0, Tx] into V and qo(., O) qOo
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(2.7) (ii) (cq)/&)(., t)is continuousfrom [0, T1] into Hl(f) and (cq)/&)( ., O) q)

(iii) O2(.D/Ct2 and ZT=lO2(.D/(cxi)2 lie in L2(O, T1;V’) and satisfy, in
L2(0, T1; V’),

O2(D O2(D
63t2 (3Xi)2

h L2(0, T Hl(f)) (___ L2([0, T1]; V’)).
i=1

Remark. Property (i) implies, in particular, that q(., t) V, [0, T1], and thus
that o satisfies

cq
(x, t) 0 x e F.(2.9) c3--

Using this result, one can define, in a rather weak sense, solutions of (1.1),
(1.4) for functions f satisfying (1.5). This is done in [13, pp. 319 ff.] using Green’s
formula. For our case, the result becomes the following.

THEOREM 2.2. Let wo vo satisfy (1.7) and letfsatisfy (1.5) with Treplaced by
Then there exists a unique function w L2( @ [0, T1] such that for all solutions
q of(2.8), as described in Theorem 2.1, for which

(2.10) (p(x, rl) --. (X, T,) 0,

we have

w dx dt( (cf. (2.8))
(R)[0,T ---- ’=l(OXi)2 (R)[0,TI]

(2.11) fn [Vo(x)q)(x, O) wo(x)tt (x, O)l dx

+ fr f(x, t)q)(x, t)ds
[0,rxl

w(x, t)h(x, t) dx dt)

Using Green’s formula one sees that smooth solutions of (1.1) satisfy (2.11).
Here we use (2.11) as the defining property for certain weak solutions of (1.1).

Remarks. Since the wave equation is invariant under time reversal, the re-
placement ofthe initial conditions stated in Theorem 2.1 by the terminal conditions
(2.10) causes no problem.

Our identification of V’ with L2() combines with (iii) of Theorem 2.1 to
show that the left-hand side of (2.11) is defined for w e L2( @ [0, T1]).

Weak as it is, Theorem 2.2 is all that we need to pose the controllability
problem in an exact manner and to characterize its solutions.

All we know about the solution w(x, t) of (1.1), (1.4), as interpreted in Theorem
2.2, is that w e L2( @ [0, T1]). Thus w(., r), (c3w/c3t)(., T) are not very well defined
for a fixed T, as required in our statement of the control problem. We therefore
replace the condition (1.8) by the following. We let T1 > T and extend f(cf. (1.4),
(1.5)) from [0, T] to [0, T1] by setting

(2.12) f(x, t) =_ O, x 6 F, e (T, T].
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We let w(x, t) be the solution obtained from Theorem 2.2. Then (1.8) is replaced by

(2.13) w(x, t) =- O, (x, t) fl (R) IT, T.
It is clear that (1.8) and (2.13) are equivalent in the case of classical solutions of
(1.1), (1.4).

3. The operator A. Consider the Laplacian operator

i=1 (Sxi)2

defined in the domain V introduced in 2. So defined, A is an unbounded, self-
adjoint operator in L2(D) with domain V. It is known [3] that its spectrum
consists entirely of eigenvalues, -2, which, together with an associated eigen-
function U, satisfy

8U
(3.1) AU+2U=0 inD, =0 onF=SD.

The real numbers 2 are known to be nonnegative. They may be identified in
our case, where fl is the unit ball in R, by the introduction of "’hyperspherical
coordinates" r,0,4,([6,p. 233]), where r is the radial coordinate, 0 {010 N 0 ,
j 1, 2, ..., p n 2} are n 2 coordinates of "’longitude" and 0 N 4 N 2
is the coordinate of "latitude". When n 2, no 0 coordinates are required. In
terms of these coordinates,

+ r Lo,,

where Lo, is a second order self-adjoint partial differential operator involving only
the angular variables [6. The boundary condition d U/Ov 0 now becomes

(3.3)
U
r (,0,4)0.

Writing U in separated form,

(3.4) U(r, O, 4) R(r) Y(O, 4),

and substituting (3.4) and (3.2) in (3.1) we find that, for some constant C,

Co, (o, ) c Y(o, 4).

This equation has nontrivial solutions for

C C k(k + p), k O, 1,2,...,

where
p=n-2.

It is known [6, p. 237] that there are exactly

(k + p- )t
h h(k, p)= (ek + p)

plkl
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linearly independent solutions for each value of k, which we denote by Ykm(O, 4)),
m 1, 2,..., h(k, p). These are the spherical harmonics of degree k. Since L0,o is
self-adjoint, we may assume these solutions orthonormal in L2(1-’). For k 0,
there is exactly one spherical harmonic

VF(1 +p/2)q 1/2

to(0 L J L 27t"’2 J
with F here denoting Euler’s gamma function.

With Y(O, ) Yk,=(O, ), we find that (3.4) solves (3.1), (3.3) if and only if
R(r) =_ Rk(r is a solution of

d2Rk P+ l dRk I k(k + P)1(3.5)
dr2 - Rk= O

/" dr r2

dnk((3.6) rr 1) Rk(1) O, Rk(O +) bounded.

It is shown in [3], for example, that the numbers 2 which satisfy (3.1), (3.3) for
nonzero U are precisely the numbers 2ke for which (3.5), (3.6) has a nontrivial
solution. Such solutions are Jk + p/z(ooker), the Bessel functions (first kind) of order
k + p/2, with 2ke identified by

2’ke (Dke,

where Ooo 0 and, for k >__ 0, O)ke (E 1, 2, 3,’" ") is the Eth positive root of the
equation

0 (- P/2)Jk+ p/z(o9) + ogJ’k+

Thus for k 0, assumes values 0, 1, 2, 3, ..., and for k > 0, the values 1, 2, 3,
The complete set of real normalized eigenfunction solutions of (3.5), (3.6) is

Roo=_x//p+2=x//, k=0, e=0,

Re(r)=
[Jp/2 0e)]

r p/ (Ooer), k O, 1,2,

(3.7)

Rke(r) =’2__[O)ke k(k 4 -]-Jk+p/2(O)ke)]2 r-p/2Jk+p/2((ker)

k 1,2,..., #= 1,2,...

When we say that these solutions are normalized, we mean

ff Rke(r)Rkj(r)rn- (ej"dr

It can be shown [7] that at r 1 these functions have the lower bound

(3.8) "ke’)l >l’,ke ,1)1 > p 1 ,2, e-- 1,2,

and that the --klOtP) have the asymptotic property

(3.9) IR)(1)I2

for some positive number (2.
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A complete orthonormal system in L2() consisting of eigenfunctions of the
Laplacian A with domain V is obtained by substituting the Yk,m for Y and the Rk,e
for R in (3."4). We obtain

[r(n/ml(3.10) UOIO(X) VO,O(, O, ) L 2z./2

(3.11) Uole(X Uo:(r, O, b) Ro(r)Yo(O, 05),

(3.12)

k=0, m=l, e=0,

k=0, m=l,

Uk,,e(X) Ukme(r, O, ok) Rke(r) Yk,,,(0,

k= 1,2,3,..., m= 1,2,...,h(k,p),

e 1,2,3,...

e= 1,2,3,...

An arbitrary function w e L2() has an expansion, convergent in the LZ(fl) norm,
of the form

(3.13)

where

h(k,p)

W(X) w(r, 0, (]))--- 2 wolgUolg -+- 2 Z WkmgUkmg’
g=O k=l m=l

Wo1 fta w(r, 0, qb)Uole(r, 0, b)r"-1 dr ds,

(3.14)
k=0, m= 1,

f w(r, O, qb)Ukme(r, O, t)r dr ds,Wkme

k= 1,2,3,..., m= 1,2,...,h(k,p),

Moreover, we have Parseval’s identity,

=0,1,2,...

h(k,p)

EWo,,+ Z Z Z =
g=O k= g=

We note, in closing this section, a point which will be useful in the sequel.
It is known (see, e.g., [7]) that for all k 1, Y 1,

(3.15) oi > k(k + p).

This provides a lower bound for the mu. Actually, such an inequality is needed
already in this section g Re(r) is to represent a (finite) real number.

4. An equivalent moment problem. Let w(x, t) be a solution of (1.1), (1.4),
(1.6), as defined in 2, the initial data having expansions in L2()"

h(k,p)

(4.) Wo() Z Wo,VOl + 2 2 w,,
g=0 k=1 m=l =1

h(k,p)

(4.2) o() Z OlVO + 2 Z ,,.
g=O k=l m=l g=l

Let T > T(cf. end of 2)and let g g(t)e C[0, ] have support in IT, T].
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We define a function gkme C( @ [0, zx3)) by

(4.3) gkme(X, t) g(t)Ukme(X).

It is clear that the set of all such functions is complete in L2( () IT, T1]).
Let q(x, t) be the solution of

tt2
Arp gkme(X, t),

xeF, teiO, T:],

with zero terminal data,

e(x, rl) (x, r) 0.

The form of qg(x, t) is (t)Ukme(X), where fl(t) is the solution of

2fl" + ogkefl g(t), /(T) ’(T1) 0.

It may be verified directly that

q(x, t) --= sin (coke(a t))gme(a da Ukme(X),

c3t
COS (OJke(O" t))gkme(a) da Okme(X),

or, using trigonometric identities and recalling that the support of gkme lies in
[T, T1]"

(4.4) q(x, t)

(4.5)

COS 09ket + (Z2 sin COketl Ukmg(X)
(Dke

c3q9
(x t) (a2 cos sin OOket)Ukme(X

c3t COke O)ke(Z

crl sin (oJketT)gkme(tzr) da,

T
02 COS (Ogkea)gkme(a) da.

(Here, and elsewhere in this paper, for %0 0, the conventions cos (%00 1,
(1/%o) sin (O9oot) _= t, will be understood.) From this it is clear that qg(x, t) satisfies
the hypotheses of Theorem 2.2, in fact, 99 C(f (R) [0, T1]).
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The solution w(x, t) must then satisfy (2.11) for each q)(x, t) of the type con-
structed above. This yields, upon substitution of (4.4) and (4.5) into (2.11),

w(x, t)gkm(X, t) dx dt
(R)[T,T1]

(4.6) fl 0 Ukme(X)l)o(X (X2 Ukmg(X)Wo(X) dx-- (X, t) (X COS (Okgt) d- sin (O)kfl) Ukme(X ds dt.
F (R) [0, T] O)kg

But the orthonormality of the Ukm together with the expansions (4.1), (4.2) gives

Vkm, 0, 1, 2, 3, m 1, 2, h(k, p),dx k

(4.7)

Ukme(X)Wo(X dx Wkme,
=j’0,1,2,’’’, k =0,

1,2,3, k>0.

Then (4.6) becomes, for these values of km&

01( fr(R)[0,T] f(x’t) COS(COket)gkme(X)dsdt-F Ukme)
/  2(fr(R)[0,T] f(x,t)--O)kelsin(coket)Uk,e(x)dsdt Wkme)
fn W(X, t)gkme(X t) dx dt.

(R)[T,TI]

From this it is clear that

w(x, t)gkme(X, t) dx dt O,
(R)[T,T]

for all functions gkme(X, t) as described in (4.3), and hence that (2.13) is satisfied, i.e.,

w(x, t) O, (x, t)e f (R) IT,
if and only if the function f(x, t) solves the moment problem consisting of the
equations

(4.8) 1 f(x, t) cos (O.)kdt)Ukme(X) ds dt Vkm
(R)[O,T]

(4.9) fr f(x, t)l sin (O)kt)Ukme(X) ds dt Wkme
(R)[O,T]

for those values of k, m, ? listed under (4.7).
If we expand f(x, t) in terms of the hyperspherical harmonics:

h(k,p)

(4.10) f(x,t) Z ’ fkm(t)Ykm(O’) tel0, T], x (1,0,b)er,
k= 0
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and use the orthonormality of the Ykm in L2(1-’) then (4.8), (4.9) reduces to an
infinite collection of moment problems for functions fk,, L2[0, T]:

(4.1 1) fk,n(t) COS (09kgt) dt l)kmg

Rk(1)’

(4.12) fk,(t) 1- sin (coet) dt
O)kmv

Ok Rk(1)’
#--0,1,2,..., fork-0, m- h(0, p),

(= 1,2,3,..., fork 1,2,3,..., m= 1,2,...,h(k,p).

We have, then, a doubly indexed set of moment problems; one moment problem
for each pair of values (k, m).

Equations (4.11), (4.12) can be put in the equivalent form:

(4.13) fk,(t) exp (iOkt) dt
Vkmg -- iOOkgWkmg

RkY( 1

(4.14)
Rke( 1

k =0,1,2,..., m= 1,2,-..,h(k,p), = 1,2,....

For k 0, the value 0 yields the additional equations

V010(4.15) fob(t) dt
Roo(1)’

7’
WO10(4.16) fol(t) dt
Roo(1)"

5. Solution of abstract moment problems. An abstract moment problem may
be posed as follows. Let H be a separable Hilbert space and let {pk[k 1, 2, 3,
be a sequence of elements of H. Let { Ck[k 1, 2, 3, ...} be a sequence of scalars

(5.1)
k=l

With (., ")n denoting the scalar product in H, the moment problem consists in
finding an element r H such that

(5.2) (r, Pk)H Ck, k 1,2, 3,

THEORFM 5.1. The moment problem (5.2) has a solution r H with

(5.3) Ko ICkl2-< rll2=< K IGI
k=l k=l

for positive constants Ko, K determined by the sequence {Pk} (and thus independent
of {G}) if o,ly if

(5.4) Mo
k=l k=l k=l
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for every positive integer N and collection 0t, 02, ", 0 ofscalars, where Mo and
M are positive numbers independent ofN and the collection 01,02, ,

Remark. This is by no means a new theorem. See, e.g., [2]. It is included here
so that our presentation will be reasonably self-contained.

Proofi Let S S((p)) be the closed subspace of H spanned by (p). The
mapping

T.S - 2

defined on the dense subspace of S consisting of finite linear combinations

2kN=l 0kpk by

T(k_,Zkpk =,a,,a2,...,zN,0,0,.-.)2,

is seen, from the first inequality in (5.4), to be bounded. Hence T may be extended
to all of S and, as a mapping from S to , satisfies

(5.5) TII =< M/2.
The mapping .2 __, S defined by

N

’((Z1, 02, (ZN, O, O, "’’) Okpk
k-1

is likewise bounded, as we see from the second inequality in (5.4), and may be
extended to a bounded linear transformation from 2 to S with

I[[[ M/2.(5.6)

Since

and

T(0, 02, 0, 0, 0, "") (01, z, 0v, 0,0, "")

T Okpk
, Okpk

k=l k=l

for arbitrary positive N and scalars 01, 2," ", aN, we conclude that

T I on 2,

TT I onS.

Let adjoint operators T*" fiE _. S, *’S -- 2 be defined by

(r, T*o)u (Tr, o),

(*r, o) (r, O)H,
where r and 0 are arbitrary elements ofS and [2, respectively. It is a general theorem
of functional analysis [5] that

(5.7) IIT*II IITIt,

(5.8) *11 11.
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For k 1,2,..., let

qk T* ek,

where ek (0, ..., 0, 1, 0, 0,...) :2, the "1" appearing in the kth position.
Combining (5.5) and (5.7) we have

Let

r Ceqe T*(C1, C2, C3, "").

Since (Cl, C., C3,"-) e :2 by (5.3), r is well-defined. Then

(r, Pk)n C:(q:, pk)n

C:(T* e:, e) C:(e:,e):2 C.
:=1 :=1

Moreover,

(5.9) Ilrll: < IIT*IIII(C C: C3 ")11 < Mo ICel:
:--I

so we may take K1 Mo. Since

(C1, C2, C3, ...)

(5.10) ICl 11*l1211rll Mllrll =

and we may take Ko M. This proves the "if" part of the theorem. The "only
if" part is proved by interchanging the roles of {Pk} and {qk}, {C} and
respectively, assuming (5.9) and (5.10) and arriving at (5.3).

Remark. The elements q constitute a biorthogonal set in S for the elements
Pk in the sense that

(qe, p)=fk:, k= 1,2,3,..., := 1,2,3,....

The requirement (5.3)establishes {pk} as a Riesz basis for S. The sequence {q:} is
then the adjoint Riesz basis for S relative to {p}.

6. Solution of the moment problems (4.13)-(4.16). In this section we fix k, rn
and consider the moment problem

(6.1) fm(t) exp

(6.2) fm(t) exp (--io):t)dt d,,:,
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where the definitions of Ckm and dkm are clear from (4.13), (4.14). For k 0,
m 1 we have two additional equations"

(6.3) fob(t) dt coo,

(6.4) fol(t)t dt dol o.
o

Whether or not such a moment problem is solvable depends decisively on the
value of T and the properties of the nonnegative numbers COk which, we recall
from 3, are the th positive roots of

p/Z)Jk + p/2(co) + coJ,+ p/2(co) 0.

A major section of [7], which is a more detailed treatment of the problem
considered in this paper, is devoted to examination of the sequences {COk}. We
refer the reader to that work for proof of the following lemma.

LEMMA 6.1. For fixed p >= O, and k 1, 2, 3,...,

(6.5) COk,e+ Oh,e > t, ( 1,2, 3,...

and for k 0, 1,2, 3,...

lim ((_Dk,e+ O)k’) "(6.6) ,-

When k O, (6.5) holds for f O, 1, 2,....

Lemma 6.1 implies that for k O, 1,2, 3,..., the sequence {co} has an
asymptotic gap , as expressed by (6.6), and density

f 1
(6.7) D lim =-.

goo (_Dk

Also, for k >= 0, the gap Ok, + C0k is uniformly bounded below by r, as expressed
in (6.5).

Moment problems (6.1), (6.2) with C0k satisfying properties of the type
expressed in Lemma 6.1 have been studied over a long period by many eminent
mathematicians. (See [1, p. 75], [2], [4], [10], [11], [12], [16], [17], [18], [25].)
These results are applied to a simpler version of the present problem in [19].

LEMMA 6.2. lfT < 2, the moment problem (6.1), (6.2) (or (6.1), (6.2), (6.3), (6.4)
ifk O, rn 1) has no solution in general.

This is a special case of a result proved by Levinson [16, p. 3] who shows
that the functions exp (iCokCt), exp (-- iCOkCt), # 1, 2, 3, "., are linearly dependent
(indeed, each function exp (lOOker) or exp (-- iCOk lies in the closed span of the other
exponentials) in L2[0, Y] if T < 2zD, D expressed as in (6.7). Since D 1/r in
our case, Lemma 6.2 follows from this result.

In [8], the same results are proved for the positive roots of

p/2 + tT)J p/2(O)) .ql_ coJ, p/2((D) 0,

0 --< a < 0. This condition defines the eigenvalues for the elastic boundary condition

0u
+au =0.Ov
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LEMMA 6.3. Let k >__ 1, 1 <__ m <= h(k, p), and suppose the sequences
1, 2, 3,... }, {dkmlVe 1, 2, 3,... are square summable. Then, given T > 2, the

moment problem (6.1), (6.2) has a solutionfkm L2[0, T] with

(6.8) go ([Ckm12 + Idkm[ 2) < [[fkm][ 2L2[o,T] =< / ([Ckm[2 + [dkmg[2),
’= d=

where o and g are constants determined by the uniform lower bound rc on the gap
OOk, + COk and the positive number T 2. (Hence o,1 are independent ofk, m,
and the particular sequences {c.,}, {d.,,} .)

Proof A result of Ingham [10] shows that when (6.5) holds and

n (OJk,

there are positive numbers Mo and Ma, determined by the lower bound zt for
COk,+- C0k and the positive number T-2, such that for any scalars
(X_N, O_N+ t-l, 01, N- N

g= -N = -N = -N

The lemma is then a direct consequence of Theorem 5.1 with H L2[0, T] and
S the subspace of L2[0, T] spanned by the functions exp ( it), [ 1, 2, 3,

LEMMA 6.4. Let k O, m 1 and suppose that the sequences {Co[[ 0, l, 2, },
{do][ 0, 1, 2, } are square summable. Then, given T > 2, the moment problem
(6.1), (6.2), (6.3), (6.4) has a solutionfox e L2[0, T] with

(6.9) o
g=0 g=0

where o, are positive numbers determined by the asymptotic gap (as expressed
in (6.6)), and the positive number T- 2. (Hence o, are independent of the
particular sequences {Co,}, {dox,}.)

The proof of this lemma is given in [19], with more detail being supplied in [7].
As a consequence of these lemmas, we are able to prove the following theorem

concerning solutions of the moment problem (4.8), (4.9).
THEOREM 6.5. If T > 2 and

=0 k=l m=l g=l

(6.11)
=0 k

then the moment problem (4.8), (4.9) has a solutionf(x, t) L2(F @ [0, T]) and

(6.12) Ilfll 2 < K(v2 -F 112L2(F(R)[0,T]) ),

where K is a positive constant independent of the coefficients Vkme, Wkmg.
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Proof For k 0, 1, 2, ..-, m 1, 2, ..., h(k, p),let the functionsfkm e L2[0, T]
be the solutions of the moment problems (6.1), (6.2) (and (6.3), (6.4) if k 0) which
we have seen to exist for T > 2. For each km we have, from (6.8), (4.13), (4.14),

(6.13) to,ra- (Ivl= -I-[keWkme[2)
[Rke(1)l 2

For k 0, m 1 the sum runs from 0 to o and R is replaced by R 1. Defining
f(x, t) by (4.10) and noting the definition (3.10), (3.11), (3.12) of the Ume, we see
immediately that the orthonormality of the hyperspherical harmonics Y,,(0, q)
implies thatf(x, t) is, at least formally, a solution ofthe moment problem (4.8), (4.9).
The orthonormality of the (0, 4) also shows that for any fixed positive integers
k,k2,

Lz[O,TI
k=kl L2(F[0,T]) k=k(6.14)

k2 h(k,v) 12R1 (IVmlE+lwmlz)
k= kl m= [Rkg(1)l 2

Since it is clear from (3.7) and (3.15) that

Rke(1) >

we see that there is a positive number K such that, for all k, ve,

1
2K

iRke(1)lz
-< K.

Thus the left-hand side of (6.14) is bounded by

k2 h(k,p)

k=kl =
askl,k2- ,

as we see from (6.10), (6.11). Thus the series (4.10) converges in L2(F @ [0, T]) and,
in view of our previous remarks, represents a bona fide solution of the moment
problem (4.8), (4.9). Letting kl 0, k2 az we obtain (6.12).

7. The controllable states: Proof of Theorem 1.1. Combining Theorem 6.5
with the results of 4, we see that the set of initial states Wo(X), Vo(X) which can be
steered to the state 0, 0 with a controlf L2[0, T], T > 2, includes those states
with expansions (4.1), (4.2) whose coefficients satisfy (6.10), (6.11). To characterize
these states more meaningfully, we will show that the requirements (6.10), (6.11)
are equivalent to certain differentiability requirements. In the process we shall
obtain the proof of Theorem 1.1.

The condition (6.10) simply indicates that Vo has norm v2 < in L2() and
hence lies in that space. No further analysis is required here. Thus we confine
ourselves to the problem of determining which functions Wo satisfy (6.11).
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The lower bound (3.15) together with the well-known properties of the zeros

09o of Jo(r) combine with (6.11) to imply
h(k,p)

=0 k ’=

so that Wo also lies in LE(f).
LEMMA 7.1. Ifwo H(fl), then the inequality (6.11) is satisfied.
Proof. If woEH(fl), then WoELE(fl) and has an expansion (3.13). The

orthonormality of the Ukm, in L2() implies that (cf. (3.14)). if. w(x)AUe(x) dx’(7.1) Wkme Wo(X)Ukme(X) dx
2ke

the latter identity following from (3.1) and the definition ofthe 2ke. Since Wo H (f),
the trace theorem [14] shows that the restriction of Wo to F 0f lies in H1/2(F)
c L2(F). Since the eigenfunctions Ukmt have derivatives of all orders we may
compute (with V denoting the gradient of the indicated function with respect to x)

Wo(X)A URine(X) + VWo(X V Ukme(X)] dx

(7.2)
fn div [Wo(X)VUkme(X)] dx

Wo(X)(VUkme(X v(x)) ds

Wo(x)C3L/me(x)) ds=O,
where v(x) denotes the unit exterior (with respect to f) normal vector to F at a
point x F, ds is surface (volume) measure on F and c3/Ov is the exterior normal
derivative. The last equality follows from (3.1). Combining (7.1) and (7.2) we have

(7.3) Wkme k VWo(X)" Vwo(x) dx.

Let L2(f) denote the space of n-dimensional vector functions

yX(x)

Yl(x)y(x) yi . L2(),
y (x)

With the inner product

(y, Z)L(f) (yi, Zi)L2(f),
i=1

L2(f) is easily seen to be a Hilbert space.

i= 1,2,..., n.
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We now show that the functions

1
V U,,,,e(x)

O)k

with the exception of k 0, m 1, e 0, form an orthonormal (but not com-
plete) set in L,2(f)) for

From (3.1) the integral over F is zero and

AUkme(x =-- ,,’],keUkme(X),

The orthonormality of the Ukm in L2(") then gives

={1 ifk ,m rh, d ,
0 otherwise.

Now the "Fourier coefficients" ofVw0(x with respect to the functions VUkme(x
in L,2(f) must, by virtue of Bessel’s inequality, be square summable. Those coeffi-
cients are

akme VWo(X) __l VUkme(X) _--1 fn Vwo(x) VUk.e(x)
O’)k L()

(from (7.3))

OOkWkm

Thus the square summability of the akm implies the finiteness of the sum (6.11)
and the proof of Lemma 7.1 is complete.

The proof of Theorem 1.1 is also complete at this stage since we have shown
that if the initial state Wo, Vo satisfies (1.7), then the inequalities (6.10) and (6.11)
are satisfied. Theorem 6.5 then shows that the moment problem (4.8), (4.9) is
solvable forf6 LE(F () [0, T]), T > 2, and, as we have seen in 4, this is equivalent
to controllability.
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8. Proof of Theorems 1.2 and 1.3. Before proving these theorems we present
a lemma indicating that Theorem 1.1 is, indeed, all that can be obtained, in general,
from the use of inequalities of the form (6.10), (6.11).

LEMMA 8.1. Ifthe inequalities (6.10), (6.11) are satisfied, then Wo, Vo, as given by
(4.1), (4.2), satisfy (1.7).

Proof. As we have already noted in 7, (6.10) is equivalent to

V0 L2() H(f).
2Now (6.11) clearly implies, since oge

h(k,p)

E Ix//2oe + l Wole[ 2 + E E E Ix + Wk,,,el2< ,
f=O d=

which implies that w0, as given by (4.1), lies in the domain of the positive operator

(8.1) (-A + i)1/2

in L2(). To study this domain we first consider the operator

(8.2) -A + I.

In [14, Chap. 2, 6] we find a theorem which, in our case, specializes to the
following statement: the operator (8.2) defines an isomorphism of V, as described
in 2, onto L2()-- H(). That is, given 6 e V, there is exactly one b e L2()
such that

(8.3) & (-A + I)

and, given b L2(), there is exactly one 6 V such that (8.3) holds. Moreover,
there are constants Lo, L1 such that

In [14], where the theory of interpolation spaces is developed, the domain of
the operator (8.1) is identified as the space

IV, L2(’))]1/2 c [H2(), L2()]1/2

Indeed, [F, L2()]1/2 is there shown to be the domain of A 1/2, where A is any
positive self-adjoint operator on L2() whose domain coincides with V and
whose range is L2().

Thus we have seen that (6.11) implies Wo lies in the domain of (8.1) which in
turn is contained in HI(). Hence Wo HI() and the proof of Lemma 8.1 is
complete.

The point of Theorem 1.2 is that the inequalities (6.10), (6.11) are more
restrictive than the inequality

oo h(k,p)

(ICo,l 2 / Ido,l 2) / (ICk,,,l 2 / Idkl2) <
d=O k=l m=l d=l
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(cf. (4.13), (4.14), (4.15), (4.16), (6.1), (6.2), (6.3), (6.4)) which is required for solv-
ability of the moment problem (4.8), (4.9) forf Lz(F () [0, T]), T > 2. Consider,
for example, the initial state given by

(8.4) Wo(X) O,
h(k,p)

(8.5) Vo(X) E Z
k=l m=l

where

1/2

Ok(P)
h(k,p)k +

k 1,2,3,....

The expansion coefficients Wkm for Wo are all zero and those of Vo are given by

Vole- O, d O, 1,2,...,

Vk,,,l --0kRk(1), k 1,2,..., m= 1,2,...,h(k,p),

Vkme =0,kl(1), k 1,2,..., m-- 1,2,...,h(k,p), d=2,3,..-.

For the moment problem (6.1), (6.2) we then have (cf. (4.13), (4.14))

Cole dole 0, d 0, 1,2,...,

l)km
Ckml dkml RkX(1)- k, k 1,2, 3,..., m 1,..., h(k, p),

k 1,2,3,..., m= 1,...,h(k,p),
Ckme dkme O, A d=2,3,....

Thus, for the controlf(x, t) to lie in L2(1 ( [0, T]), T > 2, we see from Lemma 6.4
and reasoning similar to that used in Theorem 6.5 that it is sufficient to have

h(k,p) 1
2 Z Z k(P)2-- 2

k

< ’k=l m=l =1

which is true for any e > 0. But then the coefficients in the expansion (8.5), i.e., the
numbers --Ok(P)Rk(1), have, using the asymptotic relationship (3.9), the form

--k(p)Rkl(l) 0
h(k, p)k/+

Hence, for some constant M > O,
h(k,p) 1

2 (Ok(P)Rkl(1))2 >- M o
k= k=

k2/g+ 2e

if we take

e<_ 1/6.

Thus, for such a choice of e, (8.4), (8.5) represents a state Wo, Vo for which Vo L2(f)
but which is controllable in the sense that the moment problem (4.8), (4.9) has a
solution f e L2(F (R) [0, T]). This then provides the proof of Theorem 1.2.
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We pass, finally, to the proof of Theorem 1.3. Since

Re(1)
-k(k + p

and since coe > co for > 1, we have

(8.6) Rk(1) < Rkl(1), k 0, 1,2,...

Now it is known [26, p. 521], that for the case p 0 (i.e., n 2),

O,)ke k + yk /3 -+- O(k-1/3)
so that

(8.7)
(k + 7k /3 + O(k-1/3))2 k2 + O(k’*/3)

’’ "x’l’kt2 (k + 7k/3 + O(k-/3))2 k2 27k4/3 + O(k)"

Combining (8.6), (8.7) and (3.15) we have

[Rk(1)[ 2 =< Mk2/3 M(ke)2/3

for all k, , where M is a fixed positive number. This means

1 1

[Rke(1)2 k2/a.

Noting that the condition for controllability is the square summability of the
coefficients appearing on the right-hand sides of (4.13)4.16), we see that for the
controlfto lie in Lz(F @ [0, T]), T > 2, p 0 (i.e., n 2) we must have

(8.8) (kd)-2/3[Okmg[2 < ,
kgm

(8.9) (kg)4/3[Wkmg[ 2 < .
kgm

Using the theory of the spaces H() as defined for all real r in 14] and the relation-
ships between those spaces and the Laplacian operator A, also developed there,
(8.8) and (8.9) are seen to imply

V0 H-1/3(), Wo H2/3(),

and the proof of Theorem 1.3 is complete.
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PLANE MOTION OF A PARTICLE
SUBJECT TO CURVATURE CONSTRAINTS*

E. J. COCKAYNE AND G. W. C. HALL"

Abstract. A particle P moves in the plane with constant speed and subject to an upper bound
on the curvature of its path. This paper studies the classes of trajectories by which P can reach a given
point in a given direction and obtains, for all t, the set R(t) of all possible positions for P at time t,
thus extending the results of several recent authors.

1. Introduction. An object P moves in the plane with constant speed v. If P
is allowed to move freely, then its region of. accessibility at time t, i.e., the set of
possible positions for P at time t, is the closed disc D(t) with center the initial
position and radius yr. Suppose now that P cannot turn too sharply, i.e., there is
an upper bound on the curvature of its path. Clearly this constraint will restrict
P at time to some proper subset of D(t). This paper will be concerned with two
main questions. First, given a point Q in the plane, at what times and by what
kinds of trajectories may Q be reached by P? Second, we shall determine the region
of accessibility of P for all t.

We now give a more precise formulation of the problems. Let Z(s) be a
differentiable curve in the plane of arbitrary length a > 0 parametrized by arc
length, and let the tangent to Z(s) at arc length s make angle b(s) with the positive
y-axis. (We assume th(s) is positive if the rotation from the positive y-axis to a ray
along the tangent is anticlockwise.) Then Z(s) is an admissible curve if

(i) b(0) 0, Z(0) (0, 0),
(ii) q(s) is continuous on [0,

(iii) IP(s2) b(s)l =< (lip)Is2 sl for all s, s2 [0, a], p > 0.
Condition (iii) imposes the curvature restriction on P. We note that admissible

curves need not have curvature at every point. For example, a smooth union of a
line segment and a circular arc of radius greater than or equal to p is admissible
but does not have curvature at the point of tangency. Admissible curves do, how-
ever, possess curvature bounded by lip almost everywhere. The Lipschitz con-
dition is used initially because certain closure properties of the class of curves
will be needed. It will be seen later that for accessibility purposes, smaller and more
practical families of curves are equivalent.

We shall need the following definitions and notations. A’(z, a, l) will denote
the set of admissible curves of fixed length which terminate at z in the direction
a, i.e., the set of admissible curves for which b is defined on [0, l], Z(l) z and
b(l) a. If any of the arguments is replaced by a *, then it is assumed that this
argument is arbitrary. For example, a(z, a, *) is the set of admissible curves of
arbitrary length which terminate at z in direction

To illustrate this notation we note that at any point of any curve in &’(z, a, l),
we may adjoin a circle of radius r _>_ p and thus construct a curve belonging to
L,a(z, a, + 2rtr).
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A critical admissible curve consists of unions of line segments and circular
arcs of radius p. The following example and Fig. will illustrate further notation.

(a) A CLCL curve (c) A CC curve

(b) An admissible LCC curve

FIG. 1. Examples of the C-L notation. All circular arcs have radius p

A curve of type CLCL is a differentiable curve which is the union of two circular
arcs of radius p and two line segments in the order (starting from its initial point)
arc, segment, arc, segment. Such a curve may not be admissible as it need not
satisfy (i) above. We emphasize that one or more arcs or segments may have
zero length. For example, a CC curve may be thought of as a CCC curve with one
circular arc having zero length.

R(t) is the set of terminal points of all admissible curves of length vt, i.e., of
all curves in (,, ,, vt). In the subsequent sections we establish a few properties
of the classes and determine the region R(t) for all t. Our methods enable us to
program the CALCOMP computer plotter at the University of Victoria to draw
the region for any t. Selections from the computer output are given in the
Appendix.

L. E. Dubins [3], [4] has obtained many interesting results concerning the
classes &a(z, , ,). In particular, he established the existence of a shortest curve in
this class for all pairs z, and showed that each shortest curve is either a CLC or
a CCC curve. Further he has shown the existence of pairs z, for which (z, , ,)
is not arcwise connected. In this paper we have used notations, techniques and
results from Dubins’ papers.

Z. A. Melzak [8] has determined the regions of accessibility for <= np/v
when trajectories are assumed to have piecewise continuous curvature bounded
by lip. His techniques will be useful in subsequent sections. H. G. Robertson [9]
has shown that if P moves on a smooth curve whose curvature is bounded by
l/p, then P is able to reach points inside his initial optimal turning circles if and
only if > np/v. This result extends an earlier result of A. W. Goodman [5].
Finally, E. J. Cockayne [2] and R. Isaacs [6] have solved pursuit problems in
which both pursuer and evader travel with constant speed under curvature con-
straints.
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2. Properties of the classes. The principal purpose of this section is to
establish Theorem which states that any point in R(t) can be reached by a
critical curve of length vt having finitely many line segments and circular arcs.
This theorem is of fundamental importance in our determination of the regions
R(t) in 3. The proof of this simple property is surprisingly long and further re-
search might well establish the theorem (and its generalization to other situations)
more elegantly. In order to prove Theorem 1, several results of Dubins are used;
also we have to obtain new properties of the classes. All such auxiliary results
are termed "Propositions". Several new propositions are interesting in their own
right as they extend Dubins’ work. Some of the results proved for curves of
length rcp/2 might well hold for longer curves. Since rcp/2 is sufficient for our
purposes, i.e., the proof of Theorem 1, we have not investigated these possibilities.

We first introduce some notation used by Dubins in [33 and state some of his
results which we shall need in our analysis.

PROPOSITION (Dubins 3, Prop. 13). ,a(z, , *) has a curve of’minimum length
for all z, o.

We note that the Lipschitz condition, which we used to define the curvature
constraint, was used to prove this theorem. Following Dubins, we shall refer to
the minimum length curves as p-geodesics.

Let Z(s) be an admissible curve. At each point of Z there are two circles of
radius p which are tangential to Z and on which opposite orientations are induced
by the direction of Z. Let Us, V be, respectively, the counterclockwise and clock-
wise oriented circles of radius p, tangent to the curve Z at the point Z(s) (see Fig. 2).

FIG 2. The circles U,, V

PROPOSITION 2 (Dubins). Let Z be an admissible curve of length 7rp/2. For all
a [0, xp/2] the circle V, is either disjoint from or tangential to the circle Uo.
Furthermore V, is tangential to Uo if and only if Z(s) on [0, a] is a CC critical ad-
missible curve with the first critical arc coinciding with an arc of Uo.

This is Proposition 6 of [3]. There is a similar result for circles U, and Vo
which we leave unstated but also refer to as Proposition 2.
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PROPOSITION 3 (Dubins). Let Z be an admissible curve of length <_ 7p/2 with
angle function d?(s). Then (i) for each s [0, zp/2], (Z(s), (s), *) has p-geodesic
of type CLC. (ii) If re(s) is the length of the p-geodesic of (Z(s), qb(s), *), then
re(s) is a continuous function of s.

Part (i) of this result is contained in Propositions 9, 11 and 12 of [3]. (Actually
Dubins states his result for length <__p/8 but his proofs are valid for length
<= tp/2.) Part (ii) is simply deduced from the proof of Proposition 11 in [3]. We
omit the details.

We now establish some new properties of the classes.
PROPOSITION 4. Let Z(s) be an admissible curve of length cp/2 and angle

jixnction dp(s). For each s in [0, zp/2],
(i) ifZ on [0, s] is not of type CC, 5f(Z(s)), gp(s), *) contains precisely two CCC

critical admissible curves with each circular arc having length strictly between
zero and

(ii) if Z on [0, s] is of type CC, ’(Z(s), dp(s), *) contains precisely one CCC
curve with each circular arc less than a semicircle, namely Z restricted to [0, s].

Proof. (i) Suppose Z restricted to [0, s] is not of type CC (this implies s > 0).
Any CCC curve in (Z(s), (s), *) has its first and third circular arcs either on
Vo and V respectively or on Uo and Us respectively. The existence of a unique
CCC curve of the former type with the lengths of each circular arc strictly between
zero and tp will be established. The other proof is similar.

First, if X(s) is the center of the circle V, then

IX(s)- x(0)l Ix(s)- z(s)l + IZ(s)- z(0)l + IZ(0)- x(0)l 2p + s.

But s <_ pz/2, hence IX(s) X(0)] =< (/2 + 2)p < 4p. Moreover, it follows from
Proposition 4 of [3] (we emphasize a difference between notations in this reference
and our present work) that IX(s) X(0)I > 0. Therefore Vo, V are positioned so
that there exist precisely two critical circles tangential to both. Let be the circle,
with center K, tangential to Vo, V at 1 and J respectively and lying to the left as
one looks from X(0) towards X(s) (i.e., X(O), K, X(s) is a clockwise ordering of
vertices on the triangle). Then C2, the anticlockwise arc of W from I to J, has
length strictly between zero and tp.

Suppose that the half-line starting at X(0) in the direction X(O)X(s) meets

Vo at L and the half-line starting at X(s) in the direction of X(s)X(O) meets V at
M. We refer to Fig. 3. It will be shown that I is strictly between Z(0) and L on the
clockwise arc of Vo from Z(0) to L and that J is strictly between M and Z(s) on
the clockwise arc of V from M to Z(s). Let Y(0), Y(s) be the centers of Uo, Us
respectively. We deduce from Proposition 2 that the distances IY(s) X(0)I and
Y(0)- X(s)l are greater than 2p. From these inequalities and the equalities
IX(0)- Y(0)I--IX(s)- Y(s)l- 2p we deduce that K, which is an intersection
point of circles of radius 2p with centers X(0) and X(s), lies "above" the line
Y(0)X(0) and "below" the line Y(s)X(s). More precisely, KX(O)Y(O) and K Y(s)X(s)
are clockwise orders on the triangles they define. Therefore I, the intersection
point of the segment KX(O) with Vo, lies strictly between Z(0) and L on the clock-
wise arc of Vo from Z(0) to L as required and the similar result for J also follows.

Let C1, Ca respectively be the clockwise arcs of Vo from Z(0) to I and of V
from J to Z(s). The preceding paragraph has shown that the lengths of C1 and Ca
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Y(s)

z(s)

Uo

Y(O) z(o) (o)

V

FIG. 3

are strictly positive. We now show that the length of C1 is less than np. A similar
argument shows the same bound for C3.

Let Z(s)= (x(s), y(s)). The y-coordinate r/(s) of X(s) is then equal to y(s)
p sin b(s). For each in [0, s], ]b(t)] _< t/p and s <= p/2. Therefore

and

y(s) cos ok(t) dt >__ cos (t/p) dt p sin sip

rl(s) >- p sin (s/p) p sin b(s) => O.

Thus the clockwise arc of V0 from Z(0) to L is no more than a semicircle and
hence the length of C1 is less than rp.

The union of C1, C2, C3 is the desired CCC curve which we denote by (ZV)s.
Any other CCC curve in (Z(s), b(s), *) with its first and third circular arcs on
Vo, V respectively necessarily has at least one circular arc which is more than a
semicircle.

A similar proof establishes the existence of a unique CCC curve (ZU)s in.
(Z(s), b(s), *) with first and third circular arcs on Uo, Us respectively. The
strictly positive length property of the circular arcs enables us to assert that
(ZU)s, (ZV) are distinct. This completes the proof of the first part of the
proposition.

(ii) If Z restricted to [0, s) is a CC curve (we re-emphasize this includes C
curves), then as in part (i), we can construct (ZU) and (ZV)s which are CCC
curves of &a(Z(s), q(s), *) with all circular arcs less than a semicircle. However,
each has zero length circular arcs and each is precisely the original curve Z re-
stricted to [0, s]. Details are left to the reader.



202 E. J. COCKAYNE AND G. W. C. HALL

Let Z be an admissible curve of length rtp/2 and let I(ZU)l, I(ZV)A be the
lengths of the two CCC curves of (Z(s), q(s), ,) whose existence was established
by Proposition 4. Then I(ZU)l, I(ZV),l are continuous functions of s on [0, rtp/2],
and we have the following corollary.

COROLLARY 1. M(s) max {l(ZU)l, I(ZV)sl} is a continuous function of s on
[0, 7p/2] and M(O) O.

Let Z1,Z2 be admissible curves of length ztp/2 with angle functions b(s),
b2(s). If

I[hl(s)- 2(s)l[ sup Itkl(s)- h2(s)l
se[O,np/21

is made sufficiently small, then for any s [0, np/2] the curves (Z U)s and (Z2 U)s
and hence their lengths can be made arbitrarily close. A similar result is also true
for the lengths I(Z V)sl and I(Z2 V)I.

COROLLARY 2. Let Z ,Z2 be admissible curves of length rcp/2 with angle
functions dp(s), (2(S). For any s [0, rcp/2] and any e > O, there exists 6 such that
IIx(s) 2(s)ll implies IMl(s) M2(s)] < e.

We now compare the lengths of the two CCC curves (ZV), (ZU) of Prop-
osition 4 which we shall call complementary CCC curves.

PROPOSITION 5. Suppose that a CCC curve of length less than or equal to ztp
has circular arcs of lengths pa, pb, pc (in order from the initial point), and suppose
that the complementary curve exists. Then a necessary and sufficient condition for
the curve to be longer (shorter) than its complementary curve is

(1) a-b+c<0 (>0).

Proof. Without losing generality, we assume the curve is (ZV). Let the lengths
of the arcs of (ZU) be pp, pq, pr and let the center of the second arc of (ZU)s be
Q. (See Fig. 4.) Summing the angles of quadrilateral X(O)X(s)Y(s)(0) we obtain

a+c+p+r+(Tz-q)+(rt- b)=2n,

Y(s)
Z(s)

Y,O)

FIG. 4
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Therefore

(a+c)-b= q-(p+r).

I(ZV)l- I(ZU)l-- (a + b + c)- (p + q + r)}
2p{a + c- q).

Hence (ZV)s is longer (shorter) than its complementary curve (ZU)s if and only
if a + c > q(a + c < q), i.e., if and only if

(2) cos(a+ c)<cosq (cos(a+ c)> cosq).

Consider new Cartesian axes along the tangent and normal to (ZV) at the
point of tangency of the first and second arcs (see Fig. 4). Referred to these axes
we have the following coordinates"

(3)
Y(O)’(p( 2 cos a), -2p sin a),

Y(s)’(p(2 cos b 1 2 cos (b c)), 0(2 sin b 2 sin (b c))).

From the isosceles triangle Y(O)QY(s), sin(q/2)= Y(0)- Y(s)l/4p. Therefore
from (3),

cos q 2 sin2 (q/2)

(4) cos a + cos b + cos c + cos(a- b + c)

-cos(a-b)-cos(b-c)-l.

Combining (2) and (4) we see that (ZV) is longer than (ZU) ii" and only if

{cosc+cos(a-b+c)}- {cos (a + c) + cos (b c)}
+cosa+cosb-cos(a-b)- 1 >0.

A little elementary trigonometry reduces the left-hand side to

4 sin ) sin ()sin () sin a-b+c)2

Hence (ZV) is longer (shorter) if and only if a b + c < 0 (> 0) as required.
COROLLARY 3. If a CCC curve with circular arcs of length pa, pb, pc is longer

than its complementary curve, then a < b and c < b.
PROPOSITION 6. There exists fl > 0 such that if Z is a critical admissible curve

of length pfl which consists of critical circular arcs, then for each s [0, pfl],
M(s) max {l(ZU)l, I(ZV)l} >= s, with equality implying that Z restricted to
[0, s] is of type CCC.

Proof. There exists r/> 0 such that for any admissible curve of length
and all s [0, pq], M(s) <_ rip. Let /3 min {r/, n/2}. Then Proposition 5 is ap-
plicable to curves of length pfl. Let Z have length pfl and let Z restricted to [0, s]
be the union of n circular arcs C, ..., C,, where C joins Z(si_ ) and Z(s) and
0 So < S < < s,_ < s, s. Suppose M(s) < s; then there is a smallest
integer k so that M(Sk) >= Sk and M(Sk+ 1) < Sk+ . Clearly 3 __< k =< n 1. Without
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losing generality we assume that Ck+ is an arc of U+, i.e., (ZU) is obtained
by deleting Ck+l from (ZU)+. Figure 5 shows the curves (ZU), (.ZV),,,

Z(s ,)

Z(s)

z(o)

FIG. 5

(ZU)sk/l and (ZV)sk+I ;the curve Z itself is not shown. All labeled points are
points of tangency of critical circles and, for example, we shall use the notations
AB, CEF to denote lengths of the arcs AB, CEF.

Suppose M(s,) I(ZU)I. Then

M(sk + 1) " I(ZV)su+ 11 I(ZV)l / z(s)z(s + x)

M(sk)+ (s+l s)

>= s + (s + s)

Sk+l

which is a contradiction. On the other hand, if M(s,) [(ZV)I > I(zu)l, then
by Corollary 3,

(5) DZ(s) < DC.

But the curves CDZ(sk)Z(s + ) and CEFZ(s + 1) are complementary CCC curves
and (5) and Corollary 3 imply that

CEFZ(sk + 1) >= CDZ(Sk)Z(Sk + 1)"
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Augmenting each of these by the arc Z(0)C, we obtain

I(ZV)sk+ll >= I(ZV)l / z(s)z(s+ 1)"

Therefore

M(Sk+ 1) I(ZV)sk+ 11 M(Sk) + (Sk+ Sk)- Sk + (Sk+ Sk) Sk+ 1’

once again a contradiction. Therefore M(s) >= s.
Suppose M(s)= s and that Z restricted to [0, s] is not of type CCC, i.e.,

n >_ 4. Then M(s4) s4 (otherwise M(s4) > s4 and analysis similar to the above
successively establishes M(sk) > sk, k 5, ..., n, a contradiction). Suppose that
the lengths of C1, C2, C3, C4 are P//I,/9//2,/9//3,/9//4, respectively; then//2 //3

or//3 //2 (or both). Suppose, without losing generality, that the former is true.
By Corollary 3, Z restricted to [0, s3] is shorter than its complementary curve Z’,
and the union of Z’ and C4 which is either (ZU)s4 or (ZV)4 is longer than s4,
a contradiction. Hence Z restricted to [0, s] is of type CCC.

COROLLAR, 4. There exists > 0 such that if Z is a critical curve of length
po, then for all s in [0, p0], M(s) >= s with strict inequality if Z restricted to [0, s]
is not of type CCC.

Proof. There is nothing further to prove if Z restricted to [0, s] has no line
segment.

Let Z be a critical admissible curve of length cO, where e is defined by
e + 4sin-1 (e/4)=/3, and suppose that Z restricted to [0, s] contains a line
segment. We construct a new curve Z* in 2’(Z(s), b(s), *) by replacing each line
segment by a CCC curve tangent to the segment at its extremities. Z* is a critical
admissible curve consisting entirely of circular arcs of radius p and has the same
pair of CCC curves as Z restricted to [0, s]. The increase in length caused by the
replacement of a line segment of length 2 by a CCC curve is 4p sin-1(2/4p) 2.
Hence, if the line segments of Z have lengths 2, ..., 2N, the length s* of Z* is

where

s 2i + 4p sin-’

N

and 2i < s.

Therefore

s* < s 2i + 4p sin-1 ..i
4p

< s + 4p sin- (s/4p)

_<_ + 4psin-l(a/4)= ft.
Hence we can apply the proposition to Z*, and M(s) >= s* > s as required.

We note, without proof, that the constant fl is at least 2/x/ radians.
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PROPOSITION 7. Let Z be an admissible curve in (z, O, a). For any e, > 0 there
exists a critical admissible curve W which consists entirely of critical circular arcs
and satisfies

(i) W &a(., 0, a),
(ii) for all s [0, a], W(s) Z(s)l < e.

Proof. We construct, for each positive integer n, a function q,(s) on [0, a]
from b(s), the angle function of Z, as follows. Consider the graph of q(s) restricted
to [ka/n, (k + 1)a/n], where 0 <- k =< n 1. We use the notation of Fig. 6. By the

4,(s)

( (..k.+
n

C

FIG. 6

ka (k + 1)a

Lipschitz condition, the slope of the chord AB is less than or equal to lip and
hence the lines through A with slope lip and through B with slope 1/p intersect
at C, whose first coordinate is in the interval [ka/n, (k + 1)a/n]. The graph of
,(s) restricted to [ka/n, (k + 1)a/n] consists of the two segments AC, CB. The
graph of q,(s) on [0, a] is the union of such segments for k 0,..-, n 1. For
each n, ,(0), ,(a)= b(a)= 0 and qt,(s) is the angle function of a critical
consisting of circular arcs. Moreover, by making n sufficiently large, Ilff,(s)
can be made arbitrarily small. Therefore for sufficiently large n, W, satisfies the
requirements of the proposition.

Using this approximation result, we may now generalize Proposition 6 to
all admissible curves of length less than or equal to pfl (fl is the constant of
Proposition 6). It is interesting to emphasize the connection with Dubin’s work.
He proves that the shortest curves in (z, a, *) (i.e., the p-geodesics of Proposition
1) are critical curves of type CLC or CCC. The following proposition shows that
many classes (z, a, .) have local maxima (w.r.t. length) which are critical curves
of type CCC.

PROPOSITION 8. Let Z be an admissible curve of length pfl. For each s [0, pfl],
M(s) >= s.

Proof. Let s [0, pfl] and suppose contrary to the result for some > 0,

(6) M(s) s .
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Let b(s) be the angle function of Z. From the proof of Proposition 7 it follows
that for all e2 > 0, there is a critical curve W of length s, consisting of circular
arcs whose angle function (s) satisfies II(s) b(s)ll < 2. Suppose

L(s) max {l(WV)l, I(WU)l},
By Corollary 2 to Proposition 4, we may choose e2 sufficiently small so that

(7) IL(s)- M(s)l =< e/2.
But by Proposition 6, L(s) >= s. Therefore from (6),

L(s) M(s) >= s (s 1)

which contradicts (7). Therefore M(s) >= s as required.
In [3], Dubins gives an example of a class &a(z, 0, *) which is not arcwise

connected. Using Proposition 8, we now exhibit an uncountable family of these
classes, each member of which is not arcwise connected.

PROPOSITION 9. There exists > 0 such that for all admissible curves Z with
angle function tk(s), length p and all s <_ p, c,e(Z(s), tk(s), *) is not arcwise con-
nected.

Proof. Let r/> 0 be a real number which is small compared with , the con-
stant of Proposition 6, and let be such that for all admissible curves Z of length
p and s <_ p, M(s) <_ p(

Now suppose that for some s __< pt and e satisfying 0 < e __< pr/, (Z(s),
tk(s), *) contains a curve W of length M(s) + e. Since this length is less than or
equal to p, we can apply Proposition 8 to the curve W and deduce that its length
M(s) + e is les; than or equal to the length L of its longer CCC curve. But L is
precisely M(s) since W L,e(Z(s), qb(s), ,), i.e., we have shown M(s) + e <_ M(s).

Therefore (Z(s), b(s), *), which certainly contains curves of length M(s)
and of length > M(s), contains no curve of length M(s)+ e for 0 <
Hence (Z(s), b(s), ,) is not arcwise connected.

We are now able to prove the principal result of this section; that any point
of R(t) is attainable by a critical curve of finitely many arcs and segments.

THEOREM 1. Let Z be an admissible curve with angle function dp(s) and length a.
Then &a(Z(a), b(a), a) contains a critical curve which is the union offinitely many
line segments and circular arcs.

Proof. Assume initially that a <= pfl. For each s in [0, a], Proposition 3
asserts that there is a shortest curve (ZG) which satisfies the Lipschitz condition,
joins Z(s) and Z(a) and is tangential to Z at these points. (ZG) is a CLC curve. If
its length is a(s), then by definitions and Proposition 8,

a(a) M(O) O,
(8)

a(O)=< a, M(a)=> a.

If a(0)= a, (ZG)o is the required curve, and if M(a) a, the longer of (ZU),,,
(ZV), is the required curve, so we assume that the inequalities of (8) are strict.
Consider the continuous function g(s)= a(s)+ M(s). By (8), g(0)< a and
g(a) > a and for some s* in (0, a), g(s*) a. Then the union of (ZG), with the
longer of (ZU),, (ZV), is the required curve.
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For a > pfl, we split up [0, a] into subintervals of length less than or equal
to pfl and apply the above separately to Z restricted to each subinterval. The
required curve is then the union of all the critical curves so constructed, and the
proof is complete.

Since any point of R(t) is accessible by a critical curve of length vt, we may
change the Lipschitz condition (iii) in the definition of admissible curve to

(iii) q’(s) is piecewise continuous on [0, a] and Ith’(s)] _-< 1/p, without altering
any of the regions of accessibility; i.e., the regions as defined in this paper are
precisely the same as those defined by Melzak [8].

3. Determination of the regions R(t). The steps which will determine the
regions are as follows. We shall prove R(t) is closed (Theorem 2). It is obviously
bounded. Then, in 3.1 we shall characterize the boundary of R(t) with Theorems
3 and 4.

The former asserts that any point of the boundary is attainable by a CC or
CL critical curve of length vt. Theorem 3 follows immediately from Theorem
(already proved), and the fact that any point of R(t) attainable by a critical curve
not of type CC or CL is either on the interior of R(t) or is also attainable by a
critical curve of type CC or CL (Propositions 10 and 11).

Theorem 4 shows that some CC and CL curves cannot terminate on the
boundary of R(t).

Each region is now determined ( 3.2), as there is a unique way of drawing
the closed boundary which is contained in the set of endpoints of those CC and
CL critical curves not eliminated by Theorem 4 and such that the boundary
changes continuously with t.

THEOREM 2. R(t) is closed in E2 for all t.

Proof. Let be the set of angle functions of admissible curves of length yr.

Then t is uniformly bounded and equicontinuous in C[0, vt] (the space of all
continuous functions on [0, vt] with uniform norm). Hence by Arzela’s theorem
[7, p. 54], (I)t is compact in C[0, vt]. But tI) is also closed [7, p. 29, Ex. (1)] and
therefore is a compactum [7, p. 57]. The function from tI)t to E2 mapping the angle
function of an admissible curve into its endpoint is continuous. Therefore R(t),
the image (I)t under this function, is a compactum and hence closed [7, p. 59].

3.1. Which curves have endpoints in the boundary of R(t)? In this section we
establish that most critical curves of (*, *, vt) terminate in interior points of R(t),
using variations of a perturbation technique introduced by Melzak [8]. We
denote the interior of R(t) by [R(t)]. A critical curve is n-critical if it is the union
of n circular arcs or straight segments each of which has nonzero length.

PROPOSITION 10. Let ,(z, 0, vt) contain an n-critical curve Z, where n >= 2 and
the last two critical arcs C, C2 of Z form a curve of type LC. Either Z e [R(t)]
or (z, 0, vt) contains an n-critical curve whose last two critical arcs form a curve
of type CL.

Proof. Let C be a straight segment of length and C2 be a critical circular
arc of length p, where + p vt. We embed Z in a two-parameter family of
curves in 5’(.,., vt). Z,,w for w 4:0 is obtained from Z by replacing Ca, C2 with
the union of a circular arc of radius 1/w and length + u and a circular arc of
radius p and length po- u (see Fig. 7). Z.,o is obtained from Z by replacing
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Z.,w(Vt)

W
w

x

FG. 7

C1, C2 with the union of a straight segment of length + u and a critical circular
arc of length p u.

We define Z {Zu,w :[ul < e, [w] < e}, where e is a positive constant which
is small compared with min {l/p, p}. Then Z Zo,o and Z

_
o(.,., vt). Let

Zu,w(Vt (x(u, w), y(u, w)) refer to axes along the normal and tangent to Z at
the initial point W of C1, where

x(u, w) f
y(u, w) f

--+ +p
W

p(1-cos(e-u/p)) if w=0;

(+p) sin(w(l+u))+psin(e
l+ u+ psin(e- u/p) if w=0.

U
cos(w(l + u))- p cos

P
w(l + u)) ifw4:O,

It is clear that x(u, w), y(u, w) have continuous partial derivatives on the set
{(u, w)’iul < elw[ < e, w v 0. We omit the proof that the partials are also con-
tinuous for w 0 and only calculate the Jacobian at u w 0. (X,)o,o will mean
t?x/Ou evaluated at u w 0. It is left to the reader to verify that

(X.)o,o sin ,
(Y,,)o,o cos ,

--12 pl sin(Xw)o,o

(Yw)o,o pl(1 cos

Hence the Jacobian J at u w 0 equals 2/2 sinE (/2). If e 4= 2k7, J > 0,
and by the inverse function theorem [1, p. 144] the endpoints of some subfamily
of Z fill a neighborhood of Z(vt). Hence z e [R(t)]. If e 2krc, let Z’ consist of
the portion of Z from 0 to W followed by a circular arc of length 2k7, followed

w(l+ u)] ifw- O,
P



210 E. J. COCKAYNE AND G. W. C. HALL

by a straight segment of length I. Z’ is an n-critical curve whose last two critical
arcs form a curve of type CL as required.

PROPOSITION 11. Let ,a(z, O, vt) contain an n-critical curve Z, where n >- 3 and
the last three critical arcs C C2, Ca of Z form a curve of one of the types (i) CCC,
(ii) LCC, (iii) CCL, (iv) LCL. Then either z [R(t)] or (z, O, vt) contains an
(n 1)-critical curve.

Proof. We use a perturbation technique similar to that which established
Proposition 10. Suppose that C1, C2, Ca are circular arcs of radii a,b,c, re-
spectively, and have lengths ag, bfl, c7 where , , 7 > 0 and such that their cur-
vatures alternate in sign (as in a CCC curve). Let Y be the curve consisting of the
union of C1, C2, Ca. We embed Z in a two-parameter family of admissible curves
in c(,, ,, vt) as follows. We form Zu,w by replacing Y by the union of three circular
arcs of radii a, b, c and having lengths ag 4- u, bfl + w, c7 (u + w), respectively.
z {Z.,w’lul < , Iwl < ), where e is a positive real number satisfying
e < min {a, bfl, c7}. Then Z Zo,0 and Z

_
5(*, *, vt).

Let Z,.w(Vt (x(u, w), y(u, w)) refer to coordinate axes along the normal
and tangent at the initial point of C 1. We omit the page ofelementary trigonometry
which shows that J, the Jacobian of (x(u, w), y(u, w)) evaluated at u w 0, is
given by

(9) j=4(a+b)(b+c). (fl-.Y..)sinsin’ab
sn

2 "(i) In this case a b c p. We may assume fl, 7 are strictly between 0
and 27. For if, say, fl ff + 2kn for k a positive integer and 0 <__ fl’ < 2n, a new
critical admissible curve in (z, O, vt) may be constructed by replacing C1, C2 by
the union of critical circular arcs of length p( + 2kzr), pfl’ respectively. If fl’ 0,
the new curve is (n 1)-critical and there is nothing to prove.

From equation (9), for this case,

(fl- ’)sin sin 7sin
2 "Since 0 < fl, < 2, sin (fl/2)sin (7/2) - 0. Hence J 4:0 unless fl 7. Therefore

for fl - 7, by the inverse function theorem, z e [R(t)].
If fl 7, there is a tangent from Z(vt) to the arc C2 meeting C2 at T (see

Fig. 8). Let be the reflection of the portion of Z from T to Z(vt) in the tangent.

z(vt)

T

B

FIG. 8. The reflection process
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Then Y united with the portion of Z from B to T is a CCC curve with the last
two circular arcs having unequal lengths strictly between 0 and 2rip. Applying
the above we deduce z [R(t)]. We shall refer to this technique as the reflection
process.

(ii) Let C1 be a straight segment of length and C2, C3 be critical circular
arcs of length pfl, p, respectively. If fl or equals 2kn, then (z, 0, vt) contains
an (n- 1)-critical curve. If/3 + 2kTt, then the reflection process used in (i)
may be applied to show z [R(t)]. Thus we assume sin (fl/2) sin ((fl y)/2) sin y/2
:/: 0. We perturb C1, C2, Ca as above, i.e., perturb the length of C by u, C2 by
w and Ca by -(u / w). In this case J may be calculated from (9) with b c p
and allowing a to approach infinity. (The proof of this statement is left to the
reader as is the verification that proceeding to the limit does not interfere with
continuity of partial derivatives. This will also be the case in parts (iii) and (iv)
of the proof of this proposition.)

j= lim4(a+p)2Psin(fl-)sin fl
a--* ap 2

sin

8 sin (fl 7) sin 2fl--sin 7
2

=/= 0.

Hence z e [R(t)] by the inverse function theorem.
(iii) Let C1, C= be critical circular arcs of length p, p, respectively, and

let Ca be a straight segment of length . If fl 2krt, a{z, 0, t) has an (n- 1)-
critical curve, so we may assume sin (/2) # 0. We perturb as in the other cases
and calculate J from (9) with a b p and allowing c to approach infinity while
keeping c2 1. In fact, J (41/p) sin (/2) g= 0 and z e [R(t)] as required.

(iv) Let C1, Ca be line segments of length 11, Ia and C be a critical circular
arc of length p. If fl 2krt, then a(z, 0, t) contains an (n 1)-critical curve, so
we may assume sin (/2) =/= 0. We use a similar perturbation as in the other cases
and calculate J from (9) with b p and allowing a, c to approach infinity while

c7 stays constant at 3. In this case, J (213/p)sin2 (fl/2) : 0 and z [R(t)] as
required. This completes the proof of Proposition 11.

The following theorem now follows immediately from Theorem and
Propositions 10 and 11. We note that it generalizes a result of Melzak [8, Thm. 1].

THEOREM 3. If Z is a boundary point of R(t), then &a(z, *, vt) contains a critical
admissible curve of type CC or CL.

It is possible to strengthen Theorem 3, since not all curves with length vt
of type CC and CL have endpoints in the boundary of R(t). We define the fol-
lowing two classes of curves.

(t) consists of the CC admissible curves in ’(*, *, vt) having endpoint z
and circular arcs C1, C2 of length pa and pfl satisfying:

(i) __< z/2,
(ii) fl __< 2re,
(iii) z and the center of C1 are not on the same side of the y-axis.
(t) consists of the CL admissible curves in &a(,, ,, vt) having endpoint z

and circular arc C of length pa satisfying:
(i) z _< 2rt,

(ii) z and the center of C1 are not on opposite sides of the y-axis.
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THEOREM 4. If Z is a boundary point of R(t), then q(z, *, vt) contains either a
curve in (t) or a curve in 3(t).

Proof. Any CC curve which does not satisfy (i) or (iii) in the definition of
’(t) has its endpoint z in [R(t)] by the reflection process described in part (i) of
the proof of Proposition 11. If fl > 27, say, fl 2k7 + fl’ where 0 <
then (z,.,vt) contains another CC curve having circular arcs of length
p’ p( + 2k70 and pfl’. But since ’ > 7/2, z [R(t)].

Let a CL admissible curve Z with endpoint z and circular arc C1 with length
p have > 27 (say ’+ 2k70, where 0 < ’ < 2. Then 5((z,*,vt) also
contains a CCL curve where the circular arcs have lengths p2kT and p’. By
Proposition 11, z 6 [R(t)].

One tangent from z to C1 is the straight segment of Z itself. If z and the
center of C1 are on opposite sides of the y-axis, there is a second tangent z from
z to C1 with point of contact T. Let Y be the reflection in z of the portion of Z
from T to z. The portion of Z from 0 to T united with Y is a CCL admissible
curve in (z, *, vt) and from what we have already proved, the second circular
arc is not a multiple of 2g. Hence from Proposition 11, z [R(t)].

The required result now follows from Theorem 3.

3.2. The regions. Let $1 (S2) denote the circle of radius p tangent to the
y-axis at 0 from the right (left). The locus E(t) of endpoints of admissible CL
curves of length vt may be obtained as follows. Imagine a thin inextensible string
of length vt with one end fixed at 0 and the other end Q at the point (0, vt). Wrap
the string around $1 ($2) keeping it taut until Q is on $1 ($2). Let El(t) (EE(t)) be
the path traced by Q. Then E(t)is the union of El(t) and Ez(t). El(t) has parametric
equations

x(O) p(1 cos 0) + (vt pO)sin 0
(o)

y(O) p sin 0 + (vt pO) cos 0,

where 0 <_ 0 <= vt/p. The locus B(t) of endpoints of curves in ’(t) is an easily
identified subset of E(t). Figure 9 shows E(t) for vt 3zp/2 and in this case
B(t) E(t).

For all t, the locus A(t) of endpoints of curves in (t) is contained in the
set of points on two congruent cardioids whose positions depend on t, but whose
dimensions are independent of t. Let R1, R2 be the endpoints of the admissible
circular arcs of length vt on S, $2, respectively. Roll the circle S ($2) without
slipping around the circle S2 (S1). R (R2) traces a cardioid E(t) (Z2(t)) whose
vertex is R2 (R 1) and whose axis is along the diameter of $2 (S 1) through R2 (R 1)"
E l(t) has parametric equations

(11)
x(O) p{2 cos 0 cos (20 vt/p)},

y(O) p{2 sin 0 sin (20 vt/p)}.

A(t) is an easily identified subset of l(t) [,.J E2(t).
An example is given in Fig. 10 in which we draw E(2zp/3v). A(t) is the union

of the dotted portion of Z,l(27p/3v and the similar portion of Z,z(2rcp/3v).
(Alternatively, by symmetry, A(t) is this dotted portion together with its re-
flection in the y-axis.)
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FG. 9. E(3rp/2v)

Y
Part of A(t)

FIG. 10. Zl(2rcp/3v
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The regions R(t) are now uniquely determined by the following two facts"
(i) R(t) is closed and bounded, with the boundary contained in A(t) U B(t)

and (ii) as increases, R(t) varies "continuously".
Using equations (10) and (11), the computer plotter was programmed to

draw the regions for a selection of values of t. The results are shown in the Ap-
pendix. We have been compelled by the size of paper to reduce the scale as
increases. $1 has been drawn in some of the diagrams for comparison. We note
that the results for <__ np/v are precisely those obtained by Melzak [8]. It is a
simple matter to show that np/v is the first time at which R(t) intersects
$1 U S thus verifying Robertson’s results [9].

3.2.1. Connectivity of the regions. For 0 < < (p/v)(3rc/2 + 1), R(t) is
simply connected. When (p/v)(3rc/2 + 1), B(t) touches itself on the y-axis and
R(t) becomes doubly connected (see Appendix, Fig. A.5). By continuity, this
situation remains until 2reply and during the interval [(p/v)(3rc/2 + 1), 2rp/v]
the internal boundary is formed by endpoints of both CC and CL admissible
curves (for example, Fig. A.6). For times slightly greater than 2np/v, R(t) is doubly
connected but the internal boundary is completely comprised of endpoints of CC
curves (e.g., Fig. A.8). The internal "hole" is shrinking as increases and finally
disappears at t* when the cardioids El(t*) and E2(t*) touch the y-axis. Figure 11
shows E(t) at a time slightly less than t*. The dotted portion and its reflection in
the y-axis form the inner boundary. The curve drawn in heavily is a typical CC
curve whose endpoint is on the inner boundary. For times greater than t*, R(t) is

Part of
S2 Internal Boundary

FIG. 11. Internal boundary of R(t) for slightly less than t*
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simply connected and, of course, approaches a circle of radius vt with center 0 as
gets large. We finally calculate t*.

Using (11), E l(t) and E2(t) touch the y-axis, where

(12) x(O) p{2 cos O cos (20 ) t O

and

(13) d-(x(O)) p 2 sin 0 + 2 sin 20 0

are simultaneously true. From (13),

sin( v2)( Vp}COS 0.

We are searching for a t* satisfying 2n < vt*/p and by Theorem 4, 0 =< n/2 and
vt*/p =< 2n + n/2. Moreover, 0 n/2, vt*/p 2n + n/2 does not satisfy (12), so
we may assume sin (0/2 vt/p) 4:0 and hence deduce cos (30/2 vt/p)= O.
Therefore vt/p 30 (2n + 1)n.and the constraints on 0, t* force the choice of
n= -1, i.e.,vt/p=30+nor

(14) vt/p= 2n + 2, where2=30-n.

Substituting (14) into (12) we obtain

or

2cos0- 1-cos(20-2)=0

Therefore 3 cos 0
23/27. Thus t* is given by vt*/p 2n + cos

2cos0- 1-cos(n-0)=0.

and from (14), cos2= -cos30= 3cos0-4cos
23/27.

3 o
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Appendix. Diagrams of R(t) drawn by computer plotter.

FIG. A.1. Region R(t) for vt/p 7rt/8

FIG. A.2. Region R(t) for vt/p t
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FIG. A.3. Region R(t) for vt/p lzt/8

FIG. A.4. Region R(t) for vt/p 13z/8
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FIG. A.5. Region R(t) for vt/p 3rt/2 +

FIG. A.6. Region R(t) for vt/p 15zt/8
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FIG. A.7. Region R(t) for vt/p 2rt

FIG. A.8. Region R(t) for vt/p 17zt/8
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FIG. A.9. Region R(t)for vt/p 9rt/4
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H2-FUNCTIONS AND INFINITE-DIMENSIONAL
REALIZATION THEORY*

J. S. BARASt AND R. W. BROCKETT

Abstract. In this paper the realization question for infinite-dimensional linear systems is exam-
ined for both bounded and unbounded operators. In addition to obtaining realizability criteria covering
the basic cases, we discuss the relationship between canonical realizations of the same system. What one
finds is that the set of transfer functions which are realizable by triples (A, b, c) with ,4 bounded is
related in a close way to the space of complex functions analytic and square integrable on the disk
Is < 1, and that the set of transfer functions which are realizable by triples (,4, b, c) with A unbounded
but generating a strongly continuous semigroup is related in a close way to functions analytic and
square integrable on a half-plane. This relation makes possible a deeper study between the transfer
function and the models which realize it. Some examples illustrate the results and their applications.

1. Preliminaries and notation. In this paper we study realization theory for a
class of infinite-dimensional linear systems. On one hand our motivation comes
from a desire to understand engineering problems involving transmission lines,
elastic deformations, moving fluids, and related matters, where the assumption of
finite-dimensionality is too restrictive; on the other hand, we want to see the finite-
dimensional results themselves as part of a larger picture.

For the sake of definiteness we work in the most basic Hilbert space,

12(7/+) {{a}, 1, 2, 3,.-., such that {ai} is a square summable sequence}.
This makes possible a fairly direct comparison with many well-known results
concerning the finite-dimensional case. The problem is to express a given real
function Tdefined on [0, ) as T(t) c[eatb], or to express its Laplace transform
(s) as c[(Is A)- b] in some appropriately defined region of the complex plane.

We consider several distinct, but related cases. The first centers around the
existence of realizations (A, b, c) with A a bounded operator on/2(7/+), b an element
of/2(7/+) and c a bounded linear functional on 12(7/+). We call such triples bounded
realizations. We call a triple (A, b, c) a regular realization if A is the infinitesimal
generator of a strongly continuous semigroup of bounded operators {eAt} on
/2( +), b is an element of/2(7/+) and c is a bounded linear functional on/2(7/+). In
both cases above the output can also be expressed, as is well known, as the inner
product of x(t) with some element of 12(7/+) which is uniquely determined by the
functional c, and which we denote also by c; i.e., we shall write y(t)= c[x(t)]

(c, x(t)).
We also consider cases where A is the infinitesimal generator of a strongly

continuous semigroup of bounded operators on/2(7/+), b is restricted to belong to
the domain of A (written o(A)) but c is a linear functional defined on o(A) and
such that Ic(x)l <= k(llZxll / Ilxll) for all x e o(A)and some constant k. Such
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realizations will be called balanced realizations. They have important properties
not shared by regular realizations.

The triple (A, b, c) is called a realization for the weighting pattern T(t) if and
only if T(t)- c[eAtb]. The system theoretic interpretation of this equation in
terms of "external" and "internal" descriptions of time-invariant linear systems
with scalar input, scalar output is considered to be well known. The fact that we are
using/2(7//) as our state space is not very restrictive, since any separable Hilbert
space is isometrically isomorphic to/2(Z /).

In order to describe what realizations realize what weighting patterns, we
need to introduce some notation. The open disk of radius p is denoted by p

{s] Is[ < p}. We write for [D . The boundary of , the unit circle, is denoted by
T. By HZ(D) we mean the set of complex-valued functions which are holomorphic
in D and have a Taylor series about zero with square summable coefficients.
The space H2(Do) is defined by saying that O(s) belongs to H2(Do) if and only if
O(s/p) belongs to Hz(). By L2(-[]-) we mean the set of complex-valued functions
which are defined and square integrable, in the Lebesgue sense, on the unit circle.
By Hz(-[F) we mean the subspace of L2(]]-) of functions with vanishing negative
Fourier coefficients. HZ([D) and H2(]]-) are related by the fact that for any function
in HZ(D) the radial limits from within the disk lim, O(re) 4(0) exist for
almost all 0 and give an element 4 of H2(). This correspondence is, moreover,
one-to-one and onto so that HZ(D) and H2() are closely related indeed. In fact,
the Fourier coefficients of 4 are the Taylor coefficients of . In addition, H2() is
a Hilbert space with the inner product

Z
n--O

where 0(s) ’,=o ,s" and 0(s) =o fl,s". This makes H2(), Hz(-[F) and
12(7/+) isomorphic as Hilbert spaces with the isomorphisms defined by

 ao, E E a, e’"
i=0 n=O

We denote by I-I; the half-plane Re s > p. We understand by the
space of functions which are analytic in 1-I and square integrable along vertical
lines in I-I2 such that

sup [O(x + iy)l 2 dy <_ M < .
x>p

The relationship between HE(D) and H2(I-I +) is this" t(. e H2(I-I +) if and only
if defined by

q,(s)
s-

belongs to, HZ(D). (See Hoffman [7, p. 130].)
We would like to recall some of the facts from Fourier transform theory that

involve H2(1--I +) and especially the Paley-Wiener theorem. We denote by the
imaginary axis in the complex plane. It is well known that the Fourier transform

g(t) e-’g(t) dt a(im)

is a unitary map between L(-oe, oe) and L(g, do/2r). Consider L(O, oe) as the
subspace of L(- oe, oe) of functions which vanish on (- , 0), and L(- oe, O) as
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the subspace of L2(--ct), o0) of functions which vanish on (0, o). Then obviously
L2(-oO, 0) L2(0, oo)+/- in L2(-oe, oe). Moreover, if we let H2() -L2(0, oo)
and/_)2() L(- oe, 0), we see that H2(fl)+/- =/2(). H2(fl) consists exactly of the
boundary values of the elements of H2(1-I /) (which exist for almost all co). More
over, if w denotes the Laplace transform

g(t) & e-Stg(t) dt G(s) for g e L2(0, oo),
o

f(t) 0 e-Stf(t) dt F(s) for f L2(- oe, 0),

the Paley-Wiener theorem says that H2(1--I +) -QL2(0, 0(3). If we let l-I- denote
the half-plane Re s < 0, then also H2(1-I -) ’L2(-oo,0). Moreover, 2(D)
consists exactly of the boundary values of the elements of H2(U -). The relation
between H2(1-] +) and H2(I-[ -) is simple. A function f(s)belongs to H2(1-[ +) if and

only iff(-7) belongs to H2(1-I-). Then obviously we see that/2(U) H2(D).
As we were preparing the original version of this paper we received from Paul

Fuhrmann a manuscript [13] which analyzes the bounded case and obtains a
number of the results described here with certain small changes due to the fact
that he works with discrete time systems. Helton [14] also investigates some
questions of this type but emphasizes a different class of ideas. A result similar to
our Theorem 4 appears in Balakrishnan [23].

2. Realizability criteria, bounded ease. In this section we characterize the class
of weighting patterns which admit bounded realizations.

Let T:[0, oe) ---, E be a continuous function of time. When can it be written as

T(t) (c, eA’b),
where b, c e/a(Z +) and A"/2(Z +) -/2(Z +) is bounded ? As is well known such a
representation is possible for T with A, b, c] all finite-dimensional if and only if
T is of the exponential order and its transform

(s) e-T(t) dt, Re s > ao,
o

is rational. In the present case A is bounded; {eat} defines a uniformly continuous
semigroup of operators (see [1, p. 626]), and since b and c belong to 12(Z +) we have

(c, emb)<__ I[b[[. clI.M.e I11111, ten,
where ]lel[ __< Me I111 I,I, and the norms are l(7/+) and induced l(Z +) respectively.
Thus the class we are looking for includes only functions of exponential order.
Moreover, since A is bounded, (c, emb) is an entire function.

The following two theorems characterize in the time and frequency domain the
set of realizable input-output maps.

THEOREM 1. T: [0, o) - R has a bounded realization ifand only if Tis an entire
function of exponential order.

This is a standard engineering term; in the mathematical literature this is called "exponential
type".
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Proof The necessity follows from the above. For the sufficiency, since T is
entire it has a power series expansion

T(t) Z
n=O

valid in the finite complex plane. Let ao be the exponential order of T(. ). Then
lirfi,_,o (n !lc, I) x/" ao (see [20, p. 95]). So for k > ao we have

n ![c,,[/k" <= (ao/k)"

and consequently the sequence {n!lc.I/k"}W=o /2(7/+). Now take

A=k

0

0 1 0

0 1

b {1,0,0,...},
c {Co, cx/k,... n!c,/k",...}

and this completes the proof.
Now using Laplace transforms in the complex domain we pass from the

equation T(t)= (c, ea’b)to the equation (s)= e, (Is A)-ab)for Re s > IIAII.
Since A is bounded using an elementary analytic continuation argument we see
that (s)is analytic for Is[ > IIAII and also that ’(o) 0. Hence (s) (c, b)s-
+ (C, Ab)s -2 -k- (c, A2b)s-3 -+- for [sl > ]Zl.

THEOREM 2. Thefunction T’[0, ) ---} a has a bounded realization if and only
if the Laplace transform T(. of T(. is analytic at infinity and vanishes there.

Proof The necessity follows clearly from the above. For the sufficiency since
T(s) is analytic at infinity and vanishes there, it has a power series expansion

-’(S) Z ais-ti+l) for Is[ > c
i=o

for some finite c. Then for k > c we have that the sequence (]a,l/k’} 2( +). So

0

1 0
A=k

0 1 0

0

b

c {ao, al/k, a2/k2, },

again take
0

and this completes the proof.
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Remark 2.1. It is clear from the above that the singularities of ,(. must be
contained in a compact set of the complex plane. Hence if the singularities include
branch points, in order for T(. to have a bounded realization it must be possible to
consider the branch cuts in the finite plane (since any (. which has a bounded
realization is analytic at infinity). For example, a transfer function with a single
branch point does not have a bounded realization. On the other hand, there are
many cases of complex-valued functions with branch points for which the branch
cuts can be taken either in the finite plane or through infinity (e.g., 1Ix2 + is
typical).

Suppose we have a physical system (and perhaps a model based on the under-
lying physical theories) with a transfer function which has this property, i.e., we
can consider the branch cuts either in the finite plane or through infinity. We
consider the question of whether or not this particular transfer function has a
bounded realization. Now in most physical problems the position of the branch
cuts is implied by physical or asymptotic conditions (see the first few pages of
Noble’s book [25] on the Wiener-Hopf technique for an example). Therefore if
these conditions exclude the possibility of considering the branch cuts in the finite
plane, then one concludes immediately that there is no bounded realization for
this transfer function.

Remark 2.2. It is apparent from the above that if T(. has any bounded
realization, it can be realized by a multiple of the unilateral shift in/2(7//) or by a
multiple of the bilateral shift ifi/2(Z). To see the latter take

"0

1 0

0 1

b= {..-, O, 1, O, O, .},
c {..., O, O, Co, c/k,..., n! c/k}

(with {ci} and k as in Theorem 1). This is not surprising in view of the fact that the
shift can be considered as a "universal model" for bounded operators in Hilbert
space (cf. 93).

We would like to discuss in more detail the relation (s) (c, (Is A)- lb)
for Re s > ;, where 7 is large enough, and draw some conclusions from it. Since
A here is a bounded operator the point at infinity is in the resolvent set of A,
denoted p(A). We denote by po(A) the connected component of p(A) containing
the point at infinity, by a(A) the spectrum of A and by ao(A) the complement in C
(the complex plane) of po(A). The function (c, (Is A)-lb) is obviously analytic
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for Isl > IIAII and thus for Re s > IIAII, is of exponential order, say
<- Me’; then (s) is analytic for Re s > ao (and also for [sl > ao) (see [20, p. 95.]).
Since T(t)= (c, ea’b) we see that ao =< Ilzll, So from the equation (s)

(c, (Is A)- lb valid for Re s > IlZll we deduce by analytic continuation that
T(. is analytic for all s po(A).

If we let a()= {s CI(.) is not analytic at s} we deduce that for any
bounded realization (A, b, c) of T(. we must have

a(T)
_

ao(A).

This relation will be referred in the sequel as the spectral inclusion property. For
example, the function T(t) et/2 can obviously be realized by the unilateral shift
as above. Then for A being the unilateral shift we have a(A) D U q]- (i.e., the
closed disk). But (. has just a pole at s 1/2. Consider now

t2
T(t)=

.=o (2" 1)".

Then we know that (s) ff=o s- 2n has q]- as its natural boundary. Obviously
we can realize T using the construction of Theorems 1 or 2 with any k > 1.

Remark 2.3. The realization constructed in Theorems 1 and 2 uses the operator
k U, where U is the unilateral shift on/2(2r +). The spectrum of kU is the closed disk
of radius k, and hence its resolvent set is connected. The value of k we used is big
enough so that the singularities of (. are included in the disk of radius k. In
other words, we used an operator with spectrum big enough to include all the
singularities of (. ). It is therefore of interest to know how small k can be taken
for a given realizable weighting pattern T(. ). It follows from a theorem in Widder
[20, p. 95], that if ao is the exponential order (or "type" in Widder’s terminology)
of the entire function T(. ), then (. will be analytic for [sl > ao and will vanish at
infinity, and conversely. Hence k in Theorems 1 and 2 must satisfy k >= ao.

The connectedness of the resolvent set of the infinitesimal generator A has
important implications as far as the relationship to frequency response methods
for system identification is concerned. The values of for s purely imaginary are
often empirically determined by letting u(t) sin oot and looking at the periodic
solution which results. If the periodic component of the response is
M(o9) sin (oot + b(og)), then

7(ira) M(m) eiee{).

However, if the domain of analyticity of is such that the entire imaginary axis
does not belong to a single component, then there is no way that experimental
data taken in different components can be pieced together and we must regard the
system as consisting of several unrelated parts.

Remark 2.4. There are two typical sets of examples of systems with uniformly
continuous state-transition operators, i.e., examples for which the operator A is
bounded. The first comes from systems governed by parabolic and certain hyper-
bolic partial differential equations with constant coefficients, where the spatial
domain is infinite or semi-infinite, after semidiscretization with uniform spatial
mesh (see Birkhoff and Varga [24] and Brockett and Willems [17]).
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The second comes from systems governed by certain particular classes of
partial differential equations. The ideas involved are best illustrated by the follow-
ing example. Consider the system

c c
x(t, z) + x(t z)= b(z)u(t)ct z Uz

y(t) x(t, 1),

where x(t,.)6L2(O, 1) is absolutely continuous and x(t, 0)= 0; x(.,z) and
(c3/Oz)x(., z) are differentiable; b(- L2(0, 1). The domain of -c3/c3z is @0(- O/Oz)
--{hL2(0, 1) such that h is absolutely continuous and h(0)= 0}. If we let
(t, z) (c3/c3z + I)x(t, z), we obtain the system

--(t, z) -z z + I (t, z) + b(z)u(t),

4- I (t, z)Jz= 1"

We can study the first system via this second one and in the latter the operator
(c3/c3z)(O/c3z + 1)-1 is a bounded operator on L2(0, 1) (indeed is given by (t, z)

(t, z) o e-t-)(t, ) d).
Other examples can be found in problems of infinite queues and in systems

governed by certain classes of integro-differential equations (compare with
previous example).

3. Realizability criteria, general case. In this section we investigate the
realizability problem when A is the infinitesimal generator of a Co semigroup of
bounded operators on a Hilbert space g. By the Hille-Yosida theorem [18] a
necessary and sufficient condition that a closed linear operator A with domain
o(A) dense be the infinitesimal generator of a Co semigroup, is that there exist
positive real numbers M and fl such that for every real 2 > fl, 2 is in the resolvent
set of A and

M
11(12- A)-"[[ =< (2-/3)",

n 1,2,....

If these conditions hold for all 2 > fl, then (Is A)- exists for all complex s with
Re s >/3 and is given by (ls A)-ix e-’ea’x dt for all x

M/(Re s -/3)" for Re s >/3, and I]ea’]l <= Me’.
In case of a regular realization, b and e is a bounded linear functional on

g. Then the observation procedure (i.e., y(t) c[x(t)]) is somehow restricted since
we cannot have point evaluations, or point evaluations of derivatives as c(.).
Moreover, since b is just an element of we can regard in general the equation

d
(1) d--[ x(t) Ax(t) + bu(t)

only in the weak sense (i.e., x(. satisfies the integral equation given by the variation
of constants formula, but not the differential equation). On the other hand, in a
regular realization the properties of b and c are symmetric, a fact which has some
implications for the desired duality in systems theory.
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In case of a balanced realization, b e o(A) and c is a linear functional defined
on o(A)and such that [c(x)[ __< k([[Ax[[ + I[xl[) for all x o(A)and some constant
k. Here we can regard equation (1) in the strong sense. Moreover, we can allow
point evaluations, or point evaluations of derivatives as c(. ); (for example, with A
being t32/cz2 on L2[0, ) and c(. being [c3/Oz(. )Jo, or with A being c/c3z on L2[0, (:x3)
and c being evaluated at 0). However, in this case c and b do not have symmetric
properties.

Remark 3.1. If c is a closed linear functional on gg with (c)
_
o(A), then c

satisfies the conditions stated above in the case of a balanced realization. To see
this we have that o(A) with the norm ]]x]l []Ax]l + Ilx]] becomes a Banach
space since A is closed. Then the restriction of c to o(A) is a closed linear operator,
defined everywhere, and hence by the closed graph theorem is bounded. Hence
there exists a k such that

Ic(x)[ =< kllxllx k([iAx[[ + Ilxll) for all x e o(A).

The following theorem proves that in our setting (more specifically when the
state space is a Hilbert space) the class of weighting patterns which admit balanced
realizations is identical with the class of weighting patterns which admit regular
realizations.

THEOREM 3. A weighting pattern T( has a balanced realization ifand only if it
has a regular one. Moreover, the infinitesimal generators in the two cases can be
taken to be the same.

Proof Suppose T(. has a regular realization. Then there exist c 1, b x, elements
of g, and a linear operator A generating a Co semigroup eA on f such that

T(t) <el, erb15.
By the Hille-Yosida theorem there exists a positive real number fl such that for
every real 2 > fl, 2 is in the resolvent set ofA. Choose such a 2 > 1. Then (21 A)-
is an everywhere defined bounded operator, and it maps the whole vg onto o(A)
since A is closed (see [21, p. 209]). Let

b (21 A)- lb 1.

Then b e o(A) and b (21 A)b. Hence

T(t) (cl, eA’(2I A)b) (c, (21 A)ea’b}.
Define the linear functional c(-) via

Then

C(X) <C1, (I A)x) for x 6 o(A).

Therefore T(t) c[eAtb] and this is a balanced realization.
Conversely, assume that T(. has a balanced realization. Then there exist

A, b, c as in the definition of a balanced realization so that T(t) c[eA’b]. Consider
o(A) with the inner product <x, Y>A <Ax, Ay> + <x, y> for x, y o(A). This
inner product induces the norm I[xllA- (I]Axl[ 2 / IIxll2) i/=. Since A is closed,
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Do(A) is complete under the norm II" Ila and hence it is a Hilbert space with the
inner product ( .,. )a. For x :o(A) we have

Ic( )l _-< k(llA ll + I1 11)_-< 2k(l[A ll + IIxll2)1/2= 2kll ll .
Thus c(- is a bounded linear functional on the Hilbert space D0(A) (with the above
inner product). Hence by the Riesz representation theorem there exists d D0(A)
such that

c(x) (d, X)A for all x e Do(A).

Hence T(t)= (Ad, AeAtb) + (d, ea’b).
Since the space we are working with is a Hilbert space, A* also generates a

Co semigroup which is exactly (eAt)*. Hence if we choose a real 2 > fl (fl from the
Hille-Yosida theorem), then both (21- A) and (2I- A*) -1 are everywhere
defined bounded operators.

We then have

T(t) (Ad,(A 2I)eAtb) + 2(Ad, eAtb) + (d, eAtb)

(Ad, eAt(A 2I)b) + (2Ad + d, eAtb).

If we let (A 2I)b b 9f, then b (A 2I)- aba. Therefore

T(t) (Ad, eatb a) + (2Ad + d, eAt(A 21) bl)

(Ad + (A* 21)-l(2Ad + d), eAtba).
Let ca Ad + (A* 21)-X(2Ad + d). Then

eAtbr(t) (C1, 1)

and obviously A, ba, ca is a regular realization for T(. ).
The last statement in the theorem is obvious from the above construction.
This theorem motivates the following definition.
DEFINITION. A weighting pattern T(-) is realizable if and only if it has a

balanced realization.
We now give a preliminary description of the realizable weighting patterns.
THEORZM 4. A necessary condition for T(. to be realizable is that it be con-

tinuous and ofexponential order. A sufficient condition is that it be locally absolutely
continuous (i.e., absolutely continuous, on each bounded closed interval) and that
J(t) (which then exists as an a.e. defined function) be of exponential order (i.e.,
ess sup I(t)[ _-< Ketfor some positive K, ).

Proof Necessity. Since T(- has a balanced realization, and hence by Theorem
3 it has a regular one, T(t) (c, eAtb). Since eAt is strongly continuous we get that
T(. )is continuous. Since IleA’ll __< Me, by the Hille-Yosida theorem we get that
T(-) is of exponential order.

Sufficiency. Let T(. be as in the hypothesis. Then for large enough a,
e-tJ(t) L2(0, ). Hence the function e-tT(t) is in L2(0, ), it is locally absolutely
continuous and its derivative belongs to L2[0, ). Take as b the function e-’tT(t),
and as Hilbert space 3/f the space L2(0, ). The differentiation operator A c/c3z
on L2(0, ) is a closed operator with domain dense, generates the semigroup of
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left translations (restricted to [0, oo) of course) and its spectrum is the closed left
half-plane (i.e., r(A) {s e CIRe s __< 0}) (see [18]). Its domain consists of elements
of L2(0, 0(3) which are locally absolutely continuous and whose derivatives also
belong to L2(0, oo). Consider as c the linear functional whose action on a function
fis described by

c[f] f(0) (i.e., evaluation at 0).

Then c is defined on o(A). Moreover, for x Do(A) we have

I(X)I 2 IX(0)I 2 21x(z)[ [(z)l dz

IX(Z)[ 2 dz -- ](Z)I 2 dz.

So Ic(x)l (llAxll + Ilxll). Hence b, c satisfy our requirements. Now c[emb]
c[e-’+T(t + z)] e-’T(t) and therefore T(t) c[d+’b]. This is a

balanced realization.
From the equation T(t) (c, e’b5 we get via Laplace transform the equation

(s) {c, (Is A)- b5 for Re s >/3,

where the/3 comes from the Hille-Yosida theorem. On the other hand, since T(-)
is realizable we know it is of exponential order, say Cro. Hence (. is analytic in
Re s > ao. Moreover, from Theorem 4 we have that ao -</3 and by the Hille-
Yosida theorem the function (c, (Is A)-b) is analytic in Re s > B. Let po(A)
be the connected component of p(A) which contains the half-plane Re s >/3.
Then by analytic continuation we see that (. is analytic for all s po(A). So
again (as in the bounded case) we arrive at the conclusion, that for any realization
A, b, c of T(. we must have the spectral inclusion property

a() ao(A),

where ao(A) is the complement of po(A) in C.
The corresponding (to Theorem 4) conditions in the complex domain are

described below.
THEOREM 5. A necessary condition for T(. to be realizable is that its Laplace

transform ’(s) belong to H2(L-I- H(H)for some p > O. A sufficient condition
is that (s) HZ(H) and (sT(s) T(0)) H2(1--I)for some p > O.

Proof This is an immediate consequence of Theorem 4, the Paley-Wiener
theorem [7] and the Hille-Yosida theorem.

Example. The delayed step whose transform is e-S/s is not realizable, whereas
the delayed ramp e-Sis2 is realizable.

Remark 5.1. Suppose T(.) is continuous and of exponential order. Let
b e L2(0, oe) be the function e-T(t), where tr is large enough. Let cx e L2(0, oe)
be the function c(z)= (2/n)2/(22 + z2) and A be the differentiation operator.
Then by Theorem 9.9 in [19] we have

e-"T(t) lim (ca, eatb) lim e-’(’+)T(t + z)ca(z)dz.
.0
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Hence T(t) limzo (cz, e(a+1)’b). Therefore T(-)is the pointwise limit of a one-
parameter family of realizable functions.

In order to give some better sufficient conditions for realizability we need the
following well-known result [22] from the theory of HP(I-[ +) functions: If
f HP(I-I +), p < , then it is represented by the proper Cauchy integral of its
boundary values. That is, for Re s > 0 we have the representation

f[oo f(it")
f(s) i ioo s- it"

d(it").

THEOREM 6. Let T6 L2(0 zt3) and be continuous, lf ’(it") Fl(it")Fz(it"), where
F, F2 belong to H2(), then Tis realizable.

Proof Certainly T(it") Ll(l;dt"/2n). Hence since T L2(0, ) we have that

T(t) - (it")ei’ dt" a.e.

But since both sides are continuous the equality holds everywhere. Thus

T(t) - F(it")eitF2(it") dt".

But this equality says that if we take as Hilbert space H2(0), as b the function
F2, as c the function F and as A the operator induced on H2(), by multiplication
by it. we have

T(t) (c, eAtb)

(where the inner product is that of L2(I, dt"/2z0). Hence A, b, c is a regular realiza-
tion for T, and by Theorem 3, Tis realizable.

Let us note that since the Fourier transform is a unitary map between L2 (0, )
and H2(), and multiplication by eit on H2(O) corresponds to left translation on
L2(0, zX3), We can give also a realization of T in L2(0, oo) by the left translation
semigroup. Indeed, if we let

fl ,--I(F,), f2 --(F2)
and eat= left translation semigroup restricted to L2(0, o), we have T(t)

e f2 ). Moreover, we can give a realization in terms of the right translation
semigroup on Lz(0, ) since we also have

T(t) ( f2 e-a*’S
with A,fl,f2 as above. (Note that L2(0, o) is invariant under right translations.)

Note. If T satisfies the conditions of Theorem 6, then by the Paley-Wiener
theorem e H2(I-I +). Hence

(it")d(it") F(it")F2(it")dt"T(s)
iv s- it" 2c s- it"

and we could have used this approach in the proof.
COROLLARY 6.1. Suppose T is continuous and of exponential order. Iffor some

the function Tl(t) e-tT(t) satisfies the conditions of Theorem 6, then T is re-
alizable.
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Proof Of course if e is bigger than the exponential order of Tthen e-tT(t)
belongs to L2(0, oo). So we really have to check for the factorization only. Now,
if T1 satisfies Theorem 6, then T(t) (c, eatb). So T(t) (c, e(a+a)tb).

Remark 6.2. We see from the spectral inclusion property and from the Hille-
Yosida theorem that the singularities of T(. ), for any realizable T, are in some left
half-plane. In all our constructions we used operators with spectrum large enough
(in fact with spectrum some left half-plane) to include the singularities of a large
class of realizable functions.

Remark 6.3. The conditions of Corollary 6.1 are weaker than those ofTheorem
4. To see this observe first of all that continuity is required in both. Theorem 4
implies that for large enough a the function e-’T(t) T(t) belongs to L2(0,
is locally absolutely continuous and its derivative belongs to L2(0,
Hence 1(i09) and i09(io9) belong to H2([]) by the Paley-Wiener theorem. But
(1 io9)](io9) g(io) also belongs to H2(). Hence

1(i0)) i g(iog)- + io
g(io)

and since 1/(1 + io9) belongs to H2({]) we see that T satisfies the conditions of
Corollary 6.1.

We give another sufficient condition for realizability.
THEOREM 7. IfT L2(0 oo)is continuous and H(1-I+), then T is realizable.
Proof Since T is continuous, belongs to L2(0, oo) and (ico)e LI(Q; dog/2n)

we have that

T(t) (iog)eo’ doo,

the equality holding everywhere. We know that f H(1-[ /) ifand only iff f f2,
where fl, f2 H2(I-I +) (see [7, p. 134]). Hence there exist F3, F2 H(1-I +) such
that (ico) F3(ico)F2(ioo F1(iog)F2(io9), where F F3 6 H2([-I-). Hence

r(t) n F(ioo)ei’’F2(io9) dog.

Thus by taking as Hilbert space the space L2([I; doo/2n), as A multiplication
by ico; as c the function F1 and as b the function F2, we get

T(t) (c, eA’b )

and T is realizable.
Again using Fourier transforms we can give in the above case a realization

of T on Lz(-oo, ) using the left translation semigroup or the right translation
semigroup.

COROLLARY 7.1. Let T be continuous and of exponential order. If jbr some, ( H (]-I ), then T is realizable.

Proof By taking rr big enough, then, we can make the function e-’T(t)
satisfy the conditions of Theorem 7.

Remark 7.2. The realization constructed in Theorem 7 has as infinitesimal
generator the differentiation operator on L2(-oo, oo), whose spectrum is just
the imaginary axis. So in this model we do not have a connected resolvent set.
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On the other hand, in the realization of Theorem 6 we do have a connected
resolvent set, but instead the spectrum becomes very large.

This last theorem indicates some other classes of realizable functions. We
need first a standard definition for fractional derivatives in the L2-sense, or
equivalently for the Sobolev spaces of fractional order.

DEFINITION. Let 0 < 7 =< 1. Then f L2(0 o0) has an L2-derivative of frac-
tional order 7 if and only if there exists g L2(0, oo) such that sf(s) if(s), where
we always choose the branch of s so that Re s > 0 for Re s > 0. The space
of all thosef is usually denoted by H2.

COROLLARY 7.3. If T is continuous and belongs to H2 for 1/2 < 7 < 1, then
T is realizable.

Proof. We have that (s) and s(s) g(s) H2(I-I /). Hence (s) (1/s)g(s).
Since for 1/2 < 7 =< and for all > 0 we have trivially that 1/(s + ) H2(1-I +),
we get finally that for all > 0, HI(I-I+) and the result follows from Corollary
7.1.

Finally we have the obvious generalization of Corollary 7.3.
COROLLARY 7.4. If T is continuous and for some > O, e-tT(t) H2 with

1/2 < 7 <= 1, then T is realizable.

4. Canonical realizations. In the rest of this paper we shall restrict our study
to weighting patterns T with bounded realizations. Moreover, we assume that
Tis realizable by the unilateral shift itself (i.e., we can take k in the construction
of Theorems 1 or 2), or equivalently that (1/s)7(1/s) H2(). This does not harm
the generality of the discussion, since we can reduce the general case by a simple
change of variable, to the above case. Indeed, if we define

0 ai -(i+1) I ()1(s)= s k(ks)= T
i=

where c# denotes Laplace transform, then satisfies the above for some finite
k>0.

It is obvious that if a weighting pattern has one realization it has many. An
element q of h separable Hilbert space g4# is called a cyclic vector for a bounded
operator A if and only if the linear span of 4, A, A2b, A34, is dense in .
One calls a realization (A, b, c) canonical whenever b is a cyclic vector for A,
and c is a cyclic vector for A*. However, we avoid the term "minimal" because
many of the implications of this term are absent in the present setting. (Some
authors prefer to call such a realization "controllable and observable" or "-
controllable and -observable" or "weakly controllable and weakly observable".)
If a weighting pattern T has a finite-dimensional realization, it has one with mini-
mal dimension of the state space, which is called minimal. As is well known (see
[2, pp. 105-1151) a finite-dimensional system is minimal if and only if it is controll-
able and observable (canonical). Moreover, any two minimal realizationsdiffer by a
change of basis in the state space, and the spectral properties of A in any minimal
realization are uniquely determined by the weighting pattern. Here the si.tuation
is much more complicated. It happens that a canonical realization is much more
loosely specified by the weighting pattern.

We start with a construction of a canonical realization starting from a given
one.
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THEOREM 8. Let T(t) (c, eAtb). Let M be the closed linear span of c, A’c,
A*2c, in if (a separable Hilbert space). Let Pu be the orthogonal projection
on M. Then (i) T(t) (c, eP’AP’tPub).

Now let N be the closed linear span of Pub,..., (PuAPu)ipub, in M and
let PN be the orthogonal projection on N. Then (ii) T(t)= (PNc, e(PNAPN)tPub).
Moreover, N is the closed linear span of Pub,..., (PIApu)ipub, and the closed
linear span of Puc, (PuAPN)*ipuc.

Proof It is obvious that M is the smallest closed subspace of vf which
contains c and is invariant under A*. Hence M is invariant under A. Hence
A(I Pu)x M- for all x 6 g. So PuA(I Pu)x 0 for all x 6 ovf. Hence

(2) PMA PMAPM.
Using (2) we get (PuAPM)ipMb PMAib.

Hence (c, ePAP’’PMb) (C, Pueab) (c, eatb) T(t) and this proves (i).
Similarly, N is the smallest closed subspace of M which contains Pub and is
invariant under PuAPu. Then for every x if, (I P)PuAPuPnx 0. Thus

(3) PNAPN PNPMAPMPN PMAPMPN PMAPN.
Using (2) and (3) we obtain

(PIAPI)ipMb PMAP(PAPIQi- 1PMb PMAPIPNAP(PIAp)i- 2pMb
(4) PMAPMAP(PIAP)i- apMb PMAaPI(PnAPI)i- 2PMb

PMAipNPMb PMAipMb (PMAPM)ipMb.

Thus

(Pnc, e(PvAPN)tpMb) (c, PNe(PnAPs)tPMb) (C, e(PtAPn)tpMb)
<c, Pueatb) (c, eAtb) T(t),

and this proves (ii).
From (3) we get

(5) (PIAPI)*iPNc PA*ic.

The first assertion in the last statement is proved by (4), i.e., by the fact that
(PvApu)ipub (PuApu)ipub for all i. The second is an easy consequence of (5)
and of the cyclicity of c for A*.

Here, as we assumed in the beginning of this section, if T(-) is realizable, it
can be realized by the shift (unilateral or bilateral). Some important questions
which arise naturally are the following. It is obvious that the realization given by
Theorems and 2 is controllable. Also we know that the spectrum of the unilateral
shift is the closed unit disk. Given a weighting pattern T, how simple can the
spectrum of the infinitesimal generator A of a realization be? How small can the
spectrum be? If we take a canonical realization (A, b, c), is the spectrum of A
uniquely determined by T? How are all canonical realizations of a given Trelated
to each other? When can we make the resolvent set of the infinitesimal generator
A connected ?

An immediate observation, which gives, however, some indication of the
interplay of the notions described in these questions is the following: We can
realize any such T by the bilateral shift. Such a realization is obviously non-
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canonical. On the other hand, since the spectrum of the bilateral shift is just
q]-, the spectrum can be considered as "simple". However, the resolvent set is not
connected.

Given a weighting pattern T we have the shift realization as described in
Theorems and 2:

d
x(t) ux(t) + bu(t),

dx

y(t) ( c, x(t)),
where x(t)e/2(7/+) for all t, b {1,0,0, ...}, U is the unilateral shift and
c {T(0), T(1)(0), T2)(0), ...}. Here b is obviously a cyclic vector for U. It
is immediately seen as a consequence of Theorem 8, that if we let M be the
closed linear span of c, U’c,..., U*ic, and Pt the projection on M, then
(PtUPt, PMb, c) is a canonical realization of T, with state space M. We can write
the "shift realization" in terms of H2 functions as follows:

d
a-t x(t, s) sx(t, s) + u(t),

y(t) s T(s)x(t, s) d#(s),

where x(t,. H2 (H2() or H2(q]-)). (Compare with [17] where similar equations
are used.) Under the isomorphism between /2(;Y /) and H2([13), c corresponds to

(1/s)(1/s) which equals sl"(s) on (since (.) has real Taylor coefficients).
U corresponds to multiplication by s, U* corresponds to the mapping"

f(s) f(s) f(O)
on H2([[])).

s

We need a few well-known facts from the theory of H2-functions and Toeplitz
operators. The reader is referred to [7], [8] and [10] for further details. A function
f H2(D) is called inner if [f(ei)[ 1 a.e. A functionf H2([B) is called outer if it
is a cyclic vector for the shift in H2(D) (i.e., the linear span of the functions f, sf,
s’f, is dense in H2(D)). A Blaschke product is a function of the form

B(s) s)-I a:i s a
js [ajl’

where k is a nonnegative integer and the aj are complex numbers (not necessarily
distinct) such that 0 < lajI < , j ( -lajI) < o. m singutar function is a
function of the form

( e’ + SfS(s) exp . eio s

where # is any positive finite measure on [0, 2zt] which is singular with respect to
the normalized Lebesgue measure. Every fe H2() has a factorization f 4" h,
where b is inner and h is outer. The factors are unique up to constant factors of
modulus one. Any inner function has a factorization b cBS, where c is a constant
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of modulus one, B is a Blachke product and S is a singular function. An inner
function is normalized if we choose c 1, or equivalently if we require the first
nonzero Taylor coefficient to be real and positive. Beurling showed that to every
closed subspace M of H2([I)) which is invariant under the shift (i.e., under multiplica-
tion by s) there corresponds a unique normalized inner function q such that
M tH2(D) and conversely. We also have the corresponding facts for H2(-[]-).

A Laurent operator on /2(7/) has a matrix representative which is con-
stant on diagonals (i.e., ij ai-j) and corresponds to multiplication by b(s)
Z= aiSi on L2(-]]-) (where ai i+k,k). A Toeplitz operator A on 12(7/+)

has a similar matrix representative (which is infinite in only one direction). If
p:L2(q]-) H2(-l]-) is the associated projection, then for all f HE(q]-) we have

Af P(dp f).

The only way the "shift realization" can be canonical is if c is a cyclic vector
for U* (i.e., for the backward shift) or equivalently if (1/s)(1/s) is a cyclic vector
for the backward shift on HZ([D). (See also Fuhrmann [13, Thm. 2.6].) In [5] the
authors studied cyclic vectors of the backward shift very extensively. We are going
to use some of their results and we refer to [5] for further details. There exist many
cyclic vectors for the backward shift on H2(), as well as noncyclic ones. The
rational functions are noncyclic. The authors give several ways of constructing
cyclic vectors. Any HZ-function with isolated branch points on q]- is a cyclic vector
and any function with lacunary Taylor series and square summable Taylor coeffi-
cients is also a cyclic vector. Sincef(s) H2([[])) is a cyclic vector for the backward
shift if and only if sf(s) is one, we have two cases to consider: namely, the case
when (1/s) is a cyclic vector for the backward shift and the case when (1/s)
is noncyclic.

We would like to close this section with some important remarks about the
cyclic and noncyclic case. Let Q be the subset of the realizable transfer functions,
for elements of which the set of real numbers k, such that (k/s) is in H2([]3)),
is open. Let G be the complement of G in the set of realizable functions. Theorem
2.2.4 in [5] reads as follows: Iff is holomorphic in Isl < R for some R > 1, thenf is
either cyclic or a rational function. Since k > tr0 for elements of Q, an immediate
consequence of the above theorem is that the elements of Q are either cyclic or
rational functions. Then in G we have either cyclic or noncyclic but not rational
functions, as illustrated in Fig. 1.

Q G

cyclic
functions

nonrational

FIG.
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Also from [5] we have that the set of cyclic vectors is dense in H2([13)) as is the
set of noncyclic vectors. However, the set of noncyclic vectors is a set of the first
category, whereas the set of cyclic vectors is not. Hence the noncyclic vectors are
somehow much more rare than the cyclic ones. Moreover, an element of H2([[])) is
noncyclic if and only if there exists a sequence of rational functions (satisfying
special conditions 5, Thm. 4.1.1]) which converges to it in the LZ(-1]-)-norm, a
fact which indicates that the noncyclic case is very much like the rational functions
whereas the cyclic situation is new, harder, and potentially more interesting.

5. The noneyelie ease. Now consider the case where T(1/s) is not a cyclic
vector for the backward shift. This case is treated by Fuhrmann [13] in detail;
however, there are some additional facts given here about the spectrum of A.
(H2 stands for H2([) or H2(-[I-).)

To proceed we need the following theorem from [5, p. 56].
THEOREM 9 ([5). f H2() is noncyclic if and only if there exist g H2()

and an inner function dp such that f(ei) e-ig(ei)dp(ei) a.e. on -I. Moreover, if
we require that dp be normalized and relatively prime to the inner factor of g, then

and g are uniquely determined. In this case the closed subspace generated by
U*"f, n 0, , is precisely (qgH2())-.

The normalized inner function q5 thus uniquely associated with each non-
cyclic (for the backward shift) vectorf is called the associated innerfunction off

We see immediately that the subspace M of/2(7/+) which is the state space
for the canonical realization (PMUPM, PMb, c) derived from the "shift realization"
corresponds to the closed subspace of HE generated by {U*"(1/s)’(1/s)}=o which
we also call M. Hence applying Theorem 9 we get that

M (bH2)-,
where dp(ei)g(e i) (e-) ’(e) a.e. on (since (ei) has real Fourier
coefficients), and tk and g are uniquely determined by Theorem 9.

We need another theorem now from [6].
THEOREM 10 [6]. Let K $H2, i.e., K is a closed subspace of H2 invariant

under the shift U. Let M (bH2)+/-. Then the spectrum of U restricted on M is

the set so which consists of
(i) all the points in C with 121 < 1, where (2) 0,
(ii) all the points in C with I)1 1, where ok(" is not continuable analytically

across the boundary - of at 2.
Using Theorems 9 and 10 we see that the spectrum of the infinitesimal

generator of the canonical realization (PMUPM, PMb, c) is uniquely determined
by T. Namely, the spectrum consists of the zeros of b in (which coincide with
the zeros of the Blaschke product part of b) and the points of through which
q5 is not continuable analytically outside the unit circle (which coincide with the
union of the support of the measure of q]- which is associated with the singular
part of q5 and the set of points of T which are accumulation points of the sequence
of zeros of q5 (see [7, pp. 68-69])).

Recall now that (e) --(ei)g(eiO) a.e. on T, where g H2(T). Since 4) is
inner we get (ei) g(ei)/(ei) a.e. on T. When has a meromorphic continua-
tion in we have T(s) g(s)/ck(s) in . Since g, q are analytic on 3 and th is



238 J. S. BARAS AND R. W. BROCKETT

relatively prime to the inner factor of g, it follows that the singularities of T(.
in are exactly the zeros of b(. in (with the same multiplicity as well). On
the other hand, since e-i(e-i) (qSH2(q]-))+/- and e-i(e-i) is a noncyclic vector
for the backward shift by assumption, we know [5, pp. 58-59, Cors. 3.1.8 and
3.1.10] that the set of points of -[I-, through which b is analytically continuable,
coincides with the set of points of q]-, through which (1/s)(1/s) is analytically
continuable. Hence the set of points of q]-, through which is analytically contin-
uable, coincides with the set of points of T, through which (1/s) is analytically
continuable, which is the same as the set of points of -[I-, through which is analyt-
ically continuable (in the reverse direction). So in this case we arrived at the
conclusion that the spectrum of PMUPM consists of the set of points of which
are singularities of and of points of through which cannot be continued
analytically. Obviously the last set is what we have defined as a(). Hence we
obtain

a(T) a(PMUPM).
We have thus proved the following theorem.

THEOREM 11. Let T be given weighting pattern with (1/s)7"(1/s) H2([I])), such
that (1/s)-is not a cyclic vector for the backward shift on H2(). Then there exists
a canonical realization of T with the spectrum of the infinitesimal generator of the
realization being exactly sO, where is the associated inner factor of (1/s)T_(1/s).
IfM (bH2)+/-, this realization is contructed by taking as c thefunction (1/s)T(1/s),
as b the projection of on M and as A the restriction of the forward shift on M.
Moreover, if Thas a meromorphic continuation in , this spectrum is just a(T).

We see that in the above case the "spectral inclusion property" becomes in
fact an equality, i.e., the spectrum of the infinitesimal generator of the realization
described in Theorem 11 is minimal. This motivates the following definition.

DEFINITION. A canonical realization (A, b, c) of a weighting pattern Tis called
S-minimal (S from spectrum) if a(A)= a() (multiplicities counted whenever
possible).

These considerations lead us to a trivial corollary of Theorem 11.
COROLLARY 11.1. Any T which has the "shift realization" and is such that

’(1/s) is not a cyclic vector of the backward shift on H2, and where has a mero-
morphic continuation in , has an S-minimal realization, with A having a connected
resolvent set.

We do not have a complete picture for the relation between canonical (resp.
S-minimal) realizations of the same weighting pattern T, in this case. However,
a partial analysis indicates that the noncyclic case is very similar to the rational
case.

6. The cyclic case. The cyclic case is very interesting since it reflects a number
of physically interesting phenomena; for example, transfer functions with branch
points and branch cuts. Transfer functions like these arise in systems governed by
partial differential equations. Hence an understanding of the cyclic case should
undoubtedly shed some light towards the realization problem for distributed
systems.

This case is more difficult, since the associated inner factor of T which proves
so crucial in the noncyclic case is now trivial. That is, the shift realization for cyclic
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transfer functions is already canonical. However, the spectrum of this realization
is far from being equal to a(), unless we have a pathological transfer function
with branch points on a dense subset of-I]-. Hence canonical by no means implies
S-minimal. (Again compare with Fuhrmann [13, Cor. 2.7] who observes the
nonuniqueness of the spectrum.)

It is apparent from the spectral inclusion property that all the points on
the branch cuts (if the transfer function has branch points) are included in the
spectrum of any infinitesimal generator A with connected resolvent set which
realizes the transfer function. However, branch cuts are not uniquely defined

(e.g., for 1/x//s2 -k- any curve between and -i can be a branch cut provided
it has no self intersection). Hence the set a(T) is not uniquely determined and
consequently there is not a unique "minimal spectrum" for the infinitesimal
generators of the realizations. A reasonable expectation is that the spectrum of an
S-minimal realization (provided one exists) will be unique if there are no branch
points and otherwise will be unique modulo the branch cuts.

We conclude this section with an example of a realization for the Bessel
function of zeroth order o(" which is S-minimal. It is easy to verify that

o(t)=
(--1)m(t/2)2’n

m=O (m!)2

satisfies our realizability criteria. o(S)--1/x/S2+ has branch points on
_+ i, hence o(" is a cyclic vector. We must take the branch cut in the finite plane.
We are after a canonical realization whose infinitesimal generator has spectrum
exactly the line between and -i. Recalling that exp (1/2(s 1Is)t) is a generating
function for the Bessel functions of integral order, i.e., that

exp s

and using Laurent operators we see that for

(t)s",

o(t) Y-_ (t)

o(t)

(t)

-_ (t)

’- l(t)

.O(t) ’-1 (t)"
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Hence the aboveAalongwithb=c=[...0 0 0 0...]givesarealization
for 0(" in 12(7/). That the spectrum of A is exactly [i, -i] is a well-known fact
from [10]. However, this realization is not canonical (it is easy to verify that the
vector[.-.0 0 0 1 0 0 -] is orthogonal to Aib for all i). We are going
to use Theorem 8 to reduce the above realization to a canonical one. So let M be
the closed linear span of c, A’c, A*2c, in 12(Z/). Then M is A* invariant. But
since A* A it is also A invariant, i.e., M reduces A. Since b c, we get by
Theorem 8 that A A restricted to M, b, c is a realization ofo which is obviously
canonical. Let 2 e p(A). Then 21 A has a bounded inverse. But since M reduces
A, 21 A1 has also a bounded inverse. Hence

p(A)
_

p(A 1).

Therefore p(A 1) is connected. Using the spectral inclusion property, the fact that
a(A) a() and the above relation, we have

a(3-)
_

a(A1)
_

a(A) a(3-).

Thus

and A 1, b, c is an S-minimal realization.
This example shows that S-minimal realizations can exist for cyclic functions

as well. It also shows that there exists no Hilbert space analogue of the finite-
dimensional state space isomorphism theorem between two canonical realiza-
tions of the same T unless further assumptions are made. (See Helton [14].)

Notice also that nearly the same realization will work for the Bessel function, where

provided we keepA, b as above and take c {...0 0 0 O-..},withthe
in the nth place.
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STATISTICAL MECHANICS AND SYSTEMS OF LARGE NUMBERS
OF ELEMENTS WITH RANDOM INTERACTION*

YULIA SCHMOOKLERt

Abstract. In this work, the evident analogy between problems of statistical mechanics and large
systems with chance interaction is developed into a one-to-one correspondence. As an element of a
system, a stochastic automaton described by an ergodic Markov chain is taken, so that we can receive
"gas of automata", "solid state of automata", etc. The formula linking the physical notions of energy
and temperature with the matrix of transient probabilities of Markov chain is given. The limits of
implication of this formula are determined by the existence of a "detailed balance" in the ergodic
finite Markov chain. Detailed balance by itself gives the opportunity to solve some complicated
problems in Markov chain theory which have been unsolved for rather a long time.

The mathematical description of the behavior of systems consisting of a large
number of elements is extremely complicated. Every step and achievement in
this direction gives new approaches to many problems of biology, economics,
sociology etc., which are of great interest and importance.

The main difficulty in this field lies in the fact that because the number of
elements is large we cannot directly predict the behavior of the whole system,
even if the behavior of a single element is very simple. Such a system presents in
its behavior laws of statistical nature, which have nothing in common with the
rules of behavior of the single element but depend on them in a rather complex
way.

In dealing with such systems, one first of all considers the simplest case when
the elements of the system are the same, interacting according to a set of given
rules. It is natural to divide the systems in regard to a type of interaction as follows:

(i) Systems with a random interaction.
(ii) Systems where the interaction between the elements depends on the

structure of the whole system--for example, the geometry of the position of the
elements.

The easiest way to achieve progress in this field lies in the solution of some
model problems, simple enough to be solved but complicated enough for all the
basic features of the real problem to be present. The first and extremely important
set of such model problems was suggested by the outstanding Soviet mathe-
matician the late Michael Tsetlin [1-[5. His problems dealt with systems with
random interaction. As an element of the system Tsetlin took a stochastic auto-
maton, and this choice luckily determined the adequate mathematical language
for the description of the system’s behavior--Markov chains. Later Prof.
Pyatetskii-Shapiro stated problems dealing with systems with a structure 6]- 10].

However, even these very simple model problems had one great draw-
back--it was difficult to solve them analytically. From our point of view, an
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analytical solution here is really essential. The model problem is only the rough
image, caricature, of the reality, crudely distorted to make some features more
evident. The justification for such a crude approximation--and at the same time
its strength--lies in the opportunity to find an analytical solution to problems
where our intuition generally fails. In most problems of collective behavior of
automata the evolution of the system in time is described by ergodic Markov
chains, so that there exists a final distribution. But it is hard to find the exact form
of this distribution in transition probability matrices of extremely high order
except in some very simple cases.

The idea which was used in this paper consists in applying to such systems
the methods and representations of another science--statistical mechanics. The
analogy between some stochastic problems and statistical mechanics had been
pointed out and thoroughly discussed by Professor Mark Kac [11, [12. Here
the attempt was made to develop this analogy further and to turn it into a one-to-
one correspondence between the problems of statistical mechanics and the prob-
lems of the collective behavior of automata, so that we could say, "Here is the
’gas’ of the automata, here is the ’solid state’ of the automata", etc.

As is well known in statistical mechanics, the properties of a system in a
state of thermodynamic equilibrium--the distribution of the microstates, the
mean values, etc.--do not depend on the characteristics of the interaction between
the physical systems, as long as this interaction may be considered sufficiently
small, i.e., we can neglect the energy of interaction in comparison with the Hamil-
tonian of the system. The properties of the system in the state of equilibrium are
determined only by the Hamiltonian and such macroparameters as the number
of particles, the temperature or the mean energy of the system. This is the reason
why the analogy between the physical and cybernetic systems can be used not-
withstanding the differencies in the mechanism of the interaction between the
elements of the system.

Of course it is important to know how far we can follow this analogy, to what
limits, because, generally speaking, in cybernetic systems there can be character-
istics which have no analogy in statistical mechanics.

But even intuitive consideration permits us to see the analogy between the
first type of system--many similar elements with random interaction--and the
classical model of statistical mechanics, an ideal gas; and the analogy between
the second type of system--many similar particles with a rigid structure--and
the solid state model of statistical mechanics.

So there arises a problem of the correspondence between the notions of
statistical mechanics and the Markov chain theory, in which we now describe
the complex system behavior. Having done this, we should be able to use the
ideas and methods of statistical mechanics in our attempts to understand the
behavior of collectives much more complex than the collective of interacting
molecules.

In this work the one-to-one correspondence between the problems of
Markov chain theory and models of ideal gas and solid state models with differ-
ent Hamiltonians is established. As a result a formula is obtained connecting the
temperature and the energy of statistical physics with the matrix of transition
probabilities of Markov chains, which permits us to find the exact solution of
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several Markov chain problems unsolved for a considerable time. Limits of the
validity of this formula are given which are connected with the concept of
"reversibility" in Markov chains [13] ("detailed balance" in the terminology of
this paper).

1. The model of "exchange": the analogy of the "ideal gas" model in statistical
mechanics.

1.1. The model. Let us consider a system of N automata (N >> 1), each of
the automata having a finite number of states (k 0, 1, 2, ..., ). The state of
the whole system is described by a vector, with the components as the ordinal
numbers of the states of all the automata from the first to the Nth, (k l, ke, , kN).

Then a state of the system is a point in the N-dimensional space of the system,
with the numbers of the automata states being plotted along the axes.

The quantity K is given from the beginning--the sum of the numbers of the
states of all the automata.

Let us determine also the rules of interaction between the automata (the
model of "exchange") as follows:

(a) At each step of the system’s functioning only two automata interact;
for any pair the probabilities of interaction are equal to

(b) Assume that before the interaction the pair of automata and j were in
the states ki and kj. The conditional transition probabilities are as follows:

P(ki, kj -> ki_ 1, kj+ 1) /9,

P(ki, kj ki+ kj_ l) P,

P(ki, kj ki,kJ)= 1- 2p, ki, k) > 0,

P(O, kj) 1, kj_ 1) /9,

P(O, k O, kj) l-p,

P(O, O O, O) 1.

During the subsequent interactions of pairs of automata the point which
describes the state of the whole system in the N-dimensional space will travel
along some trajectory. According to the rules of interaction each state of the
system can pass into not more than 2() states (the zero components lessen the
number of possibilities). It is easy to see that the transition matrix for the whole
system, P, is ergodic. Therefore, there exist the final probabilities of the system’s
states, W(ki,..., ]iN). At the same time after long enough interaction with the
other (N l) automata, for each of the automata its own final distribution over
the states of the automata, w, will be established. The problem is: to find
W(kl,... kN) and w and to determine the connection between them.

1.2. The physical interpretation. As K and N are very large numbers, the
matrix P, is practically boundless. Therefore, obtaining an explicit form of the
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W(kl,..., kN) and wk is connected with overcoming immense mathematical
difficulties--as it seems from first glance.

Let us interpret the problem in terms of statistical mechanics. Let us con-
sider the ensemble with N automata as the ideal gas with N molecules, the states
ofthe ensemble as the microscopic states ofthe system, the kth state of the automata
as the discrete level of energy ek k. It is easy to see that the quantity K retains
its value for the states where the system passes (as is seen from the rules of inter-
action). This is the analogue of the "conservation energy" law under each step
of the interaction: if before the interaction the sum of the ordinal numbers of the
states of two automata were k + kj, after the interaction it would be the same.
The automata only exchange the units of energy. Therefore the quantity K deter-
mines the surface of constant energy in the space of the states of the system,
along which the system moves.

It is easy to see that if the state goes over to the state/ with a certain prob-
ability (p, (1 p), 1), so the state/ according to the rules of interaction will go
over to the state with the same probability. Thus the elements of the matrix

Pe are symmetrical. This symmetry is the analogue of the principle of microscopic
reversibility and provides the equality of the final probabilities of the microscopic
states (as a result of the twice stochastic matrix Pe)

(1.1) w( )= En] -
where is the number of microscopic states, which correspond to the given
energy of the system K (cf. (1.11)).

Thus we find the microcanonical (uniform) distribution for the states of the
system which corresponds to the thermodynamical equilibrium of the system
with the strictly given energy K.

As is well known, the statistical distribution for a small subsystem as a part
of a big reservoir (thermostat) being in a state of equilibrium, is a Gibbs dis-
tribution, corresponding to some fixed temperature T:

(1.2) w -e
z

where e is the energy of the kth level of the subsystem, and z the normalized co-
efficient, so-called "statistical sum", z e -k/r.

In our case the subsystem is a single automaton, the thermostat is the other
(N 1) automata, interacting with this single automaton. The interaction can be
considered as the random heat disturbance leading to the Brownian motion of
the automaton through its states.

So for the single automaton the final distribution over its states is the Gibbs
distribution"

(1.3) w -e -k/r

Z

K

(1.4) z= e -/r
k=0
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For N - c, K --, ,
lim--K ,

N

where is a finite number, and the statistical sum tends to the limit

(1.5) lim z= e -k/r= [1- e-1/T-
K k=O

Thus we have

(1.6) w (1 e- 1/7") e-k/T.

Now we can find the "temperature" of the gas of the automata T. Bearing
in mind that the mean energy of a single automaton by reason of symmetry is
fc K/N, we can find T from the condition

(1.7) = ekwk.
k=O

Thus, using (1.6), we find that

Then

Set

that is,

Thus

(1 e -lIT ke -kIT (1 e-1/T)e -lIT ke-(k-)/T
k=O k=O

e -1/T-- o.

d

0 (kk (1 cz)-
k=

(1.8)
T

Hence,

(1.9)

and, finally,

log

z--(1 +k),

(1.10) w (1 + fi)-1

1.3. The combinatorial derivation. The solution given above was based on
the general theorem of statistical physics on the connection between canonical
and microcanonical distributions. But in this case it is not so difficult to derive
the distribution w directly from the distribution W(k, ..., ks) using com-
binatorial considerations.

The number of the microscopic states f, corresponding to the given energy
K, is determined as the number of different ways in which the sum K can be



248 YULIA SCHMOOKLER

decomposed into N components 161:

(1.11)

(Each component can be an integer from 0 to K, which corresponds to the Boze-
Einstein statistics. Distributions which differ in the order of integers are con-
sidered as different.)

If some automaton is in the kth state, the sum of the other (N 1) automata’s
ordinal numbers of the states is (K k), which can be realized in fk ways, where

N+K-k-2}.N_2
Hence, because of the uniformity of the microscopic states,

k(1.12) w
fl

This is the strict formula for the determination of wk for any N and K. For
large N and K, where Stirling’s formula can be used, we find

N
(1.13) =N + K

K
N+K]

which coincides with (1.10). The exponential character of the expression (1.13) is
due to the fact that the smaller k, the ordinal number of the state of the given
automaton, the larger is the quantity (K k) which must be decomposed into
(N- 1) components and the greater the number of ways in which it can be
decomposed.

1.4. The transition probabilities between the states of a single automaton. In
the state of thermodynamical equilibrium in a system after many collisions be-
tween the automata, the transition probabilities between the states of a single
automaton are established (so to speak, the "final" transition probabilities). The
general course of reasoning in this case is as follows: the transition matrix of the
whole system P-, the final distribution for the whole system W(k,..., ks)
-, the final distribution for the states of a single automaton w -, the transition
matrix for a single automaton Pk,k-1"

After establishing the final probabilities of being in its states, the automaton
in the ensemble will collide with others with probabilities which are proportional
to the final. Let us calculate for a single automaton the probability of going over
from the kth state to the (k 1)st state during one elementary act of interaction.
Such a transition will take place with probability p notwithstanding the state of
the other automaton with which our automaton collides:

K

(1.14) P(k k 1)= pw p.
i=0
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The transition from the state (k 1) to the state k will occur with probability
p if the colliding automaton is in the states 1,2,..., K, but will not happen if it
is in the state 0:

K

(1.15) P(k- 1--, k)-- pwi-p(1 Wo).
i=1

The fact of the inequality of the transition probabilities P(k --, k 1) and
P(k k) can be interpreted as the "potential field of probabilities". So the
behavior of the automaton is the random Brownian walk over its states with
transition probabilities P(k k 1) and P(k --, k) in the potential field of
the probabilities.

On the other hand, from the cybernetic point of view, the interaction of the
automaton with the other (N 1) automata, pushing it "up" and "down", can
be considered as the interaction with the medium (surroundings), giving the
"stimulation" and "punishment". If we consider the probability of the stimu-
lation as q P(k ---, k 1) and the probability of the punishment (the "fine") as
p P(k -, k), we have the Tsetlin automaton with linear tactics [1], in which
the probability of the stimulation for the first action is equal to the probability of
the fine for the second action and vice versa.

Let us calculate the logarithm of the ratio of the transition probabilities:

log-q log
p -w0

According to (1.9),

Wo z- (1 + )-.
Hence,

log -q log
P

Taking into account (1.8), we find that

log -q(1.16)
T p"

So the single automaton "feels" the temperature of the ensemble throqgh
the ratio of its transition probabilities.

As the final probabilities of its states for a certain automaton depend only
on the ordinal number of the state and temperature, it is clear that they depend
only on the ratio of the transition probabilities, and not on their absolute values.
The absolute value influences the relaxation time of the system--the time of the
final distribution being established.

In a more general form, the expression (1.16) can be written as follows:

(1.17) AEi log Pi__j
T p;’

where AEij is the energy difference between the ith and jth levels (the states
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between which the transition is possible)--in our case AEi 1; Pi,i is the
probability of transition from the ith to jth level, and Pji is the probability of
transition from the jth level to the ith level.

Formula (1.17) connects the description of the behavior of the automaton,
determined by its transition probabilities, with the description of the automaton
as a single "molecule" of the ideal gas, with the given energy K, being in a state of
thermodynamical equilibrium. This formula will play an important role in the
further exposition.

2. The ballot problem with random error "one-by-one": the analogy of the
one-dimensional lsing model in solid state physics. The ballot problem with random
error, which was stated by Prof. Pyatetskii-Shapiro 10], is an example of the
second type of system ("with structure"), where the interaction of the elements is
determined by the geometry of their position in the system. It is the new class of
problem, where obtaining the solution is extremely difficult. Because of this the
problem was not solved for a considerable time.

The systems "with structure" interest us especially because in their behavior
we can expect the "phase transition" as it takes place in the models of solid state
physics. Because of this it was natural to try to solve the ballot problem as a purely
physical problem, and then to prove that the solution obtained is really valid.

As a result the exact analytic solution of the "one-by-one" ballot problem
was obtained and the identity of this problem with the one-dimensional Ising
model, well-known in the theory of phase transitions [6, is established. There is
no phase transition in this problem as would be expected in the one-dimensional
case.

2.1. Statement of the problem. Here we deal with the investigation of a
finite medium, consisting of n points situated on a circumference. (Below we shall
refer to such a medium as ’a ring".) Each point of the ring can be in one of two
states: + and 1. Suppose that the state of each point is fixed at the moment of
time . Then at the moment of time + one point of the medium chosen at
random (i.e., with probability l/n) will, with probability (1 ,), be in the same
state that the majority of its neighbors, including the point itself, was in at the
moment of time , and with probability c it will be in the other state, "achieves
error". We want to find the final probability distribution of the states of such a
medium (for nonzero probability of error : the system is ergodic).

2.2. The physical interpretation. As was done in the model of exchange the
approach to the problem is based on the idea of finding the exact analogy for our
problem among the models of statistical mechanics. It should be done in such a
way that the matrix of transition probabilities of the system describes the process
of relaxation (transition to the equilibrium) in the physical subsystem with a
certain spectrum of energy levels in contact with a thermostat.

The role of the thermostat is played by an ensemble of N identical systems
(N is a large number), with exactly similar data, and the role of the random thermal
perturbations arising from the contact of the system with the thermostat is
managed by a given form of interaction between the systems in the ensemble.
Then for each system chosen from the ensemble the probabilities of transition
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from state to state (assigned in the conditions of the problem) are determined as
the result of interaction under the condition that the ensemble is in a state of
thermodynamic equilibrium.

With this approach the difficulties arising in finding final probabilities for
stochastic matrices with an arbitrarily large number of states are avoided by the
appropriate choice of the Hamiltonian of the system (determining the energy as
a function of the state of the system,) and appropriate organization of the inter-
action between the systems in the ensemble.

Energy spectrum of the system. The system (ring) can be in 2" states, each of
which is an n-valued sequence of + l’s and -l’s. This situation recalls the one-
dimensional Ising model known in statistical physics, in which the projection of
the spin of each of n atoms can take on two distinct values o + 1, 1, ..., n.

Therefore, for the Hamiltonian of the system we first take the Hamiltonian
of the Ising model

(2.1) H(l, an) ioi+ 1, 61 6n+ 1"
i=1

It is easy to see that, due to the symmetry of the matrix of the transition
probabilities of a ring, the probability of finding + or at any point of the
ring is equal to 1/2, which is equivalent to the absence of an external magnetic
field in the Ising model. In accordance with the Hamiltonian (2.1) the energy state
of the ring (of a certain configuration of spins) can take on values from Emi n
(all spins have the same direction) to

+ n (n even)

+n- 2 (nodd)

(neighboring spins are of opposite direction).
We note that the energy of the configuration depends only on the number of

transition points/--conceptual points separating spins of opposite orientations,
i.e., on the number of sign changes in the configuration (l 2m, an even number).
Each transition point increases the energy of the configuration in comparison
with the minimal (l 0) by 2, and therefore, the energy of a configuration with

2m transition points is equal to

(2.2) E(2m) -(n- 4m).

It is not difficult to see that the number of different states with the same
number of transition points 2m (the statistical weight) is V(2m) 2(2nm).

Analogously to what was done in the exchange model, we form the ensemble
of N rings (gas) and assign a number K to the sum of energies of all the rings
(energy of the gas). We also assign a rule of interaction between rings which
guarantees first of all preservation of the given K in the process of interaction
(which corresponds to motion of the gas along a surface of constant energy K)
and secondly, microcanonical equiprobable distribution of the probabilities of
the states of the gas, determined as an ordered set of the states of all the rings
forming the gas. (Microcanonical distribution is the result of reversibility of
interaction.)
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Then the statistical distribution for a small subsystem (one ring l--2m)
found in a state of equilibrium with the gas, having microcanonical distribution,
is a Gibbs distribution, corresponding to some fixed temperature T (lIT )"

P(2m) e -#[-(n-a’m)l,

where is a normalizing constant (statsum). Letting

(2.3) e- 2fl a,

we obtain

(2.4) P(2m)-- ];a
2m

(2.5)

The total probability of all states with given energy is

w(2m) 27 a2m.
2m

From the normalization condition2o w(2m) it follows that

(2.6) 7 [(1 + a)" + (1 a)"]-’.

Interaction of rings in a gas. According to (2.1) each point, depending on the
state of its neighbors and itself, can be found in one of three positions determined
by its contribution to the Hamiltonian of the system. The sum of two terms of
the Hamiltonian, depending on the state of the given point, can take one of three
values:

(i)

O’i- O’i O’i +

+1 +1 +1

-1 -1 -1
i--tTi_ltTi-i- aiai+l 2 (position of the index +2),

(ii) +
-1 +1

(position of the index 2),

(iii) +1 +1 -1

+ 1
i ai- lai + aiai+ 0 (position of the index 0).

-1 1 +
+1 +

For a fixed number of transition points in the configuration, the probability
that a given point is in position 2 is

n-2)l
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(2.7)

Analogously,

q(= -2)= q(4=0)=2

The unconditional probability of finding a point in the ring with position 2 is

t,/zl [(1 + a)"-2 + (1 a)"-2]
Q( 2)= q( 2)w(2m)=7

2m=O

Analogously,

7a2[(1 + a)"-2 + (1 a)"-2]
(2.8) Q 2

2

[(1 + a)"-2 + (1 a)"-2]
(2.9) Q( 0)= 27a 2

We organize the following interaction between rings in the ensemble"
(i) at each moment of time only two rings interact, and for any pair the

probability of interaction is 1/();
(ii) in each of the two interacting rings a point is chosen at random (i.e.,

with probability l/n) and its position determined;
(iii) if the positions are 2 and 2 -2 (and vice versa), then with

probability p the points simultaneously change sign and consequently the
positions change indices to the opposite ones ( -2, 2 2);

(iv) if these positions are 1 0 and 0, then the points change sign
simultaneously with probability p, and the positions remain the same (] 0,, 0);

(v) for other combinations of indices the points always retain their signs.
It is easy to verify that under the given rules the matrix of transition prob-

abilities for the whole gas of rings is symmetric and hence doubly stochastic.
Now we determine the transition probabilities between different positions of

some one point of a ring after sufficiently long interaction with the remaining
N rings. The probability of transition at one time of an arbitrary point of a
ring found at position 2 to position -2 is"

p(l +2 1 _2) Q(2 _2)p,

p(2 _2 2 +2) Q(2 +2)p.

According to the ballot problem statement, we must have the relationship

P(i- q-2 (i -2)
P(i= -2i= +2) l-e"

But, taking (2.7) and (2.8) into account, we have

P(i= +2i= -2)_a2
P(i= -2-= +2)

Hence,

(2.10)
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When (2.10) is satisfied, the final probability of the state of the system is

(2.11) e(2m) 7 e

The summed probability of all the states with the given number of sign changes is

(2.12) w(2m) 27 2m

where 7 is a normalizing coefficient

i(2.13) 7= + + 1-
1-e

The probability of error e plays the role of a parameter giving the temperature
of the system. As in the model of exchange, the logarithm of the ratio of the prob-
abilities of transition between two states of the system is equal to the ratio of the
difference of energies of the corresponding states to the temperature:

(2.14) AE_ 4 _logl-e
T T

We can see that if in this case we just used the formula (1.17) directly, as if it
were valid for all cases, we would immediately come to (2.14) and then directly to
the result (2.11), (2.12), (2.13), omitting all the preceding calculations. Really, as
a result of sign changing at the arbitrarily chosen point, the index of the position
can change from + 2 to 2 (or vice versa), which means that the energy
of the configuration can change by 4 units only. But according to the statement
of the problem, the ratio of the transition probabilities in one elementary act of
interaction is e/(1 e), which immediately leads to (2.14).

In particular,
(i) T 0, e 0, 2m 0spins of the same directions in all the rings,

(ii) T , e 1/2--all possible configurations are equiprobable,
(iii) T -0, e 1, 2m n--in all rings neighboring spins are of opposite

direction.

2.3. Proof. We prove the obtained formula (2.1 l) directly by substitution in
the equation for the final probabilities of the original system. Suppose we have a
configuration with 2m transition points containing k points of position index + 2,
r points of position index -2, and s points of position index 0, so that n k
+ r + s. Since the balloting each time takes place at one point, the given con-
figuration can be obtained by translation from n other configurations differing
from the given one by only one position, and also by transition from the given
configuration to itself. Configurations differing from the given one by one position
of index 0 have the same number of transition points, 2m; configurations differing
from the given one by one position of index 2 (in place of -2 in the given
one) contain 2m 2 transition points, and, finally, configurations differing from
the given one by a position index -2 (in place of +2) contain 2m + 2
transition points.
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Hence,

(2.15)

P(2m) =-nl[s6P(2m) + s(1 6)P(2m)

+ reP(2m) + k(1 e)P(2m) + reP(2m 2) + k(1 e)P(2m + 2)1,
where 6 is the probability of "error" in a position of index 0, 6 wQ( 0).
The quantity 6 obviously has no influence on the form of the final distribution. It
is easy to prove that substitution in (2.15) of the values of P(2m) according to
(2.11) (for 2m, 2m 2, 2m + 2) transforms it into an identity.

Thus the final distribution in the ballot problem with random error cor-
responds to a state of thermodynamic equilibrium in the one-dimensional Ising
model. As is known from statistical physics, in the one-dimensional Ising model
with infinite growth of the dimensions of the system (n ---, oe) the correlation be-
tween directions of spins positioned far from each other disappears. Indeed, the
probability that a point separated from a given one by f intervals has the same
sign as the given one is

+ a)"-J + (1 a)"-"[(1 + a)y + (1 a)Y
2[(1 + a)" + (1 a)"]

By the same token, as was to be expected, phase transitions are lacking in
the system.

3. The generalized "one-by-one" ballot problem with random error: the
analogy of the solid state model with a general form additive Hamiltonian.

3.1. Statement of the problem. As has been shown in 2, the one-by-one
ballot problem with random error is identical to the unidimensional Ising prob-
lem with the Hamiltonian H -Ei aiai+ 1"

Obviously there is some correspondence between the form of the Hamil-
tonian of a physical system and the statement of a generalized ballot problem
defined by the following parameters:

(i) the number and the position of the neighbors of the "voting" point;
(ii) the probability table of sign change by the voting point depending on

the state of the neighbors and its own state;
(iii) the "way" of balloting (simultaneous--if at each moment all points of

a ring are voting; one-by-one--if at each moment one point, chosen at random,
is voting).

In this section only one-by-one ballot problems will be discussed. There
arises a problem of assigning to each physical system with a general form Hamil-
tonian such a statement of a generalized ballot problem that the final probabilities
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of the ballot problem would be determined by the system Hamiltonian H in such
a way that w (l/z) e-i-i/’, where T is the temperature of the system.

Let us consider, as in 2, an ensemble consisting of N rings (N >> 1). On
each ring there are n points each one of which can be in one of two states ai +
and ai -1, 1, ..., n. Correspondingly every ring can be at each moment
in 2" states.

The energy of every ring equals the value of the Hamiltonian for a given
state of the ring. The sum of the energies of all the rings K, is also given.

Further, we shall consider the Hamiltonian of the form

(3.1) H - ck(ai, tri+ 1, Cri+h),

where h is the integer constant, smaller than n.

The function th may actually depend on some of the arguments tri, ..., ai+ h.

The condition ck(ai, ai+j, tri+h) --Ck(ai, --ai+j, tri+h) should
be satisfied for every a +, 0 j <= h, on which q5 depends.

3.2. The solution. The Hamiltonian being additive, those of its members
which include a contribution of the ith point can be set apart. The index of the
ith point is determined as the sum of the values of these members. The points
entering this sum together with the ith point are its neighbors.

For example, the contribution of the ith point in the Hamiltonian

H (7itT +

considered in 2, is determined by the members i--ai(O’i-1 -+-ai+ 1)" Conse-
quently the neighbors of the ith point are the point to the right (i + 1) and the
point to the left (i 1).

Depending on the sign of the ith point, its index can have a set of values
consisting of pairs of values equal in absolute magnitude and different in sign,
+__u(i), # 1,..., v.

Let us now arrange an interaction between the rings of the ensemble which
would have the following properties"

(a) ergodicity (the matrix of the transition probabilities of the ensemble of
rings must be ergodic);

(b) reversibility (the matrix of the transition probabilities of the ensemble of
rings must be symmetrical);

(c) conservation of the summary energy of the ensemble, K.
In particular, the interaction described below has the above properties"
1. At each moment of time two rings are picked at random (with probability

1/()) out of the ensemble.
2. In each one of the two rings a point is picked randomly (with a prob-

ability 1/n) and its index is determined.
3. If the indices of the two points are equal at absolute magnitude and have

different signs, the points interact with each other. If not, the states of the ring do
not change.
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4. As a result of the interaction the two points simultaneously change their
signs with probability p, and the indices of the points are therefore changed to
the opposite.

It is easily checked that the above rules guarantee the ergodicity, the sym-
metry of the transition probabilities matrix of the ensemble and the conservation
of the energy K with time, and thus guarantee the microcanonical distribution
for the whole system of rings and Gibbs distribution for the configurations of a
single ring.

As a consequence of an elementary interaction, the energy of a ring can
change only by the double index value of the interacting points, and the energies
of the states are quantified correspondingly by 2,, # 1, ..., v, units of energy.

Further, we shall use formula (1.17), according to which the relation

(3.2) 2, log
P(-)

T P( + ,)
must hold for every #, where P() is the probability of sign change by the point
with the index .

The relation (3.2) holds in particular if P()= pC while > 0 and P(-)
q-while <0, where0<p< 1,0< q < 1.
From here we obtain the expression for the temperature of the system

(3.3)
2

log
q

T p"
The values of P() obtained are the values of the probability table for sign

change by a voting point depending on its state and the state of its neighbors.
This table, in addition to indicating the neighbors, describes the statement of the
one-by-one ballot problem whose solution is determined by the Hamiltonian
given.

It remains to check the solution by substituting it into the final equations of
the problem. Let us show in some examples the use of the concepts introduced
above.

I. The Hamiltonian of a ring"

(3.4) H --EO’i_IO’i+I.

The index of the ith point is

i (7i(7i- 2 - 7i+ 2)"

Thus, the ith point has two neighbors" one on the left (i- 2) and one on the
right (i + 2).

According to the Hamiltonian, can take on the values + 1 2, --2 0.
According to (3.2) we obtain

21
T

T
for any e /3.

4
T

log -,

0 log
fl
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The probability table for sign changes by a voting point is as follows"

Probability of sign change

Types of positions o’i o’i o’i o’i o’i

+1 +1 +1

-1 -1 -1

o’i o’i o’i oi o’i +2

+1 -1 +1

-1 +1 -1

Probability of sign change

Types of positions + + + +
+1 -1 -1 -1 -1 +1

The form of the Hamiltonian given shows that the final probability of a
state depends only on 2g, the number of sign changes in the configuration if it is
considered by skipping every other symbol" al, a3, as,

The energy of this configuration equals

(3.5) E(2g) -(n 4g).

Thus the final probability of a state of the ring with 2g sign changes in a con-
figuration considered by skipping every other symbol is

(3.6) P(2g) 7

Let us check this solution by substitution in the equation for the final prob-
abilities in the ballot problem. Assume a configuration with 2g transition points,
skipping every other symbol, which contains k points in the position index + 2,
r points in the position index -2, and s points in the position index 0 (all con-
sidered skipping every other symbol), so that n k + r + s. As the voting occurs
in one point only each time, the configuration given can be obtained by transition
from n other configurations differing from it by only one position and also by
transition of the configuration into itself. The configuration differing from the
given one by a position indexed 0 has the same number of transition points,
2g, the configuration, differing from the given by the position indexed + 2
(instead of -2 in the given one) has 2g- 2 transition points, and finally,
the configuration, differing from the given one by the position indexed -2
(instead of + 2) contains 2g + 2 transition points.

Hence

P(2g) [saP(2g) + s(1 a)P(2g) + r(1 6)P(2g)

+ k(1 e)P(2g) + reP(2g 2) + kbP(2g + 2)].

It is easy to check that substituting into the equation of the solution (3.6)
transforms it into an identity.
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(3.7)

II. The Hamiltonian of a ring"

n (7i_1(i(7i+

The index of the ith point is

"i (7i((i-2i-1 + O’i-lO’i+1 -- O’i+10"i+2)"

Thus the ith point has four neighbors" two on the right--(/+ 1), (i + 2),
and two on the left--(/- 2), (i 1).

According to the Hamiltonian (3.7) the index of the point can have the
values + 1 and + 2 3. Opposite to what it had been before, here the
sign variants obtained by substituting + for (and vice versa) have the indices
of opposite signs (but of the same absolute value).

Using (3.2) we obtain

21 2 6
log-,

T T e

22 6 t 3

T - log

The probability table for sign changes by a voting point is as follows"

Probability of sign change

Types of position O’i

+1

+1

-1

-1

O’i- O’i O’i+ 0"i+2

+1 +1 +1 +1

-1 -1 +1 -1

-1 +1 -1 -1

+1 -1 -1 +1

etc.

O’i-2 O’i-1 O’i 0"i+1 O’i+2

-1 -1 -1 -1 -1

+1 /1 -1 +1 +1

+1 -1 +1 +1 -1

-1 +1 +1 -1 +1

etc.

Index +3 = -3

Probability of sign change

Types of position + + + +

-1 +1 -1 +1 -1

etc.

Index +

-1 +1 -1 +1 +1

-1 +1 +1 +1 -1

etc.

4-’-

To determine the final probabilities of configurations let us match to each
configuration the succession of Hamiltonian members i, ffi + 1, calculated
for each point from to n, according to the rule

Then the energy of the configuration for which the corresponding succession

Oi contains d negative numbers is

(3.8) E(d) -In 2d]
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and the final probability of such a state is

(3.9) P(d) /

It is easy to check that substituting into the final equation of the solution
(3.9) turns this equation into an identity.

III. The Hamiltonian of the ring:

(3.10) H IEi O’iO’i + -- Z O’il
(Ising model with external field).

The index of the ith point is

i-- O’i(O’i-1 -t- 0"/+ + 1).

Thus the point has two neighbors: one on the left (i 1) and one on the right
ti+ .

The probability table of si changes by a voting point is as follows:

’robability of sign cfiange

Types of position

+1 +1 +1

Index 4 +3

+1 -1 +1

4-- -3

+1 +1 -1

-1 +1 +1

-1 -1 -1

4=+1

+1 -1 -1

-1 -1 +1

-1 +1 -1

4-- ml

The final probability of the configuration having negative members of the
Hamiltonian is

Note. There arises a question" why does relation (3.2) for the probabilities
of sign change by the voting point guarantee the existence of a solution of the
form w 1/z e-roT?

A careful analysis of all similar situations discloses a general law" the tran-
sition probabilities matrix for the states of the ring turns out to be reversible in
these cases. We shall discuss the meaning of this fact in detail in the next section.

4. The detailed balance in finite Markov chains. Ballot problems with simul-
taneous transition. Assume a discrete ergodic Markov chain with a finite number
of states n, S {sl, s2, "", s,} and a probability matrix P IIpll for transition
from the state si into state st, i= 1,..., n; j 1,..., n. For such a Markov
chain there exist final probabilities of states satisfying the equation system

Wj Z wiPij"
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(4.1)

DEFINITION 1. If for two states of a Markov chain, s and sj, the relation

wiPij wjpji

holds, we shall say that there exists between these states a detailed balance. If a
detailed balance exists between any two states, then the Markov chain is reversible
[13]. (We shall say that in a reversible chain there exists a strong detailed balance).

Let us assign each Markov chain a full oriented graph with the apices of
the graph corresponding to the states of the chain; the oriented rib (i, j) is assigned
the probability Pij and also the value wipij which we shall call the probability flow
from the ith state to the jth. Then the detailed balance between a pair of states

si and s means that the summary probability flow on the rib (i, j)

(wiPij- wpji

equals zero.
THEOREM 1. For a strong detailed balance (reversibility) to exist in an ergodic

Markov chain with a finite number of states it is necessary and sufficient that for
any series of states of the chain {si, si2, sik } the following condition be satisfied"
(4.2) Pi,izPi2i3 Pi,-,i,Pi,i, PilikPikik-a Pizi,"

Proof. 1. Necessity. According to (4.1),
k-1 k-1

IIwikPiki, wizPitiz+ wiPi,ik Wit+
/=1 /=1

from which (4.2) follows immediately.
2. Sufficiency. Let Pizi, # 0. From (4.2),

Pi2ix
(4.3)

k-1

Pi,ik [-I Pit+
/=2

k-1

Pikil H Pitit
/=2

Since (4.3), according to the hypothesis, holds for any series of states {sit},
1, 2, -.., k, then

(4.4) Pii2 2"’’i3 2ik PitikPikiu- Pi3i:z (P)iizk-1
Pi2i, 2"’’ Z Pi2i3 Pik-,ikPiki (P)ik7,1"

i3 i

For an ergodic Markov chain,

Hence,

lim (Pk)i wj.
k--

(pk- 1)iai Wi(4.5) Pii2. lim
Pi2il -’(P-iiil wi,

Suppose now Pii 0. Then, by virtue of the ergodicity of the chain, there
exists a sequence of states sit, 3, 4, ..., k, such that Pi2i3" Pi3i, Piki, =/= O. For
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this sequence of states, the equality (4.2) holds only in the case when Pili2 O.
But then (4.1) is satisfied trivially. The theorem is proved.

Thus, a necessary and sufficient condition of a strong detailed balance is
constituted by the probabilities of going round a cycle in two opposite directions
being equal in the transition graph of a Markov chain. (By the probability of
going round a cycle in any given direction is meant the product of all the tran-
sition probabilities corresponding to the ribs of the cycle.)

In contrast to the criterion of reversibility of a Markov chain cited in [13
(Theorem 5.3.3) the above criterion does not require knowing the final prob-
abilities. On the contrary, whenever (4.2) holds, the final probabilities can be
simply deduced from (4.1) and the normalization condition.

COROLLARY 1. There always exists a strong detailed balance in an ergodic
Markov chain for which the graph, obtained from the transition graph by omitting
all the ribs (i,j) with Pij 0, is a tree.

COROLLARY 2. In an ergodic Markov chain for which the transition graph is
complete (all Pij > 0), a necessary and sufficient condition of a strong detailed
balance is for the condition (4.2) to hold for any cycle of three states. (This condition
is noted in [13] .)

Now let the set of states S of the Markov chain be broken, by virtue of some
a priori considerations, into m classes S 1, $2, S" of states whose final prob-
abilities are equal, so that

(4.6) w W

S Sll K gt n
/=1

Then the final probability of the system to be in one of the states of the class
S equals

(4.7) wl= E wi KlWl"
is

In this case the probabilities of transitions between classes are as follows:

(4.8)
E E WiPij

plr iest JeSr

EW --Kl E ZPij’
iS jS"

iS

that is, they do not depend on final probabilities of states and can be expressed
immediately through transition probabilities of the original Markov chain. Thus,
whenever (4.6) holds it is possible to merge the states of the original Markov
chain belonging to the same class and obtain a new Markov chain with a set of
states {S}, transition probabilities p./r and final probabilities W I.

DEFINITION 2. We shall say that in the original Markov chain for which (4.6)
is satisfied, a weak detailed balance exists whenever there is a strong detailed
balance in the Markov chain generated by the classes of states of the original
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chain, that is, if

(4.9) wlpl’-- W"Prl

or, otherwise, if

ieS jeS jeS ieS

Theorem implies Theorem 2.
THEOREM 2. A necessary and sufficient condition of a weak detailed balance is

given by the condition that for any sequence of classes of states {s1g}, g 1, 2,
.., h, the equality

(4.10)

holds true.
By using the concepts of strong and weak detailed balance the exact solution

can be found for various versions of the ballot problem with simultaneous tran-
sition of all the points--which has not been found for a long time. From the
point of view of a detailed balance there is no difference now between problems
with simultaneous transition and transition "one-by-one"--although these two
kinds of problem are fundamentally different from the point of view of statistical
mechanics, and the Hamiltonians of the physical problems analogous to the
ballot problems with simultaneous transition look somewhat strange.

Below we shall state several theorems concerning two of the simultaneous
transition ballot problems and the generalized problem of "one-by-one" ballot.

THEOREM 3. Suppose in the "one-by-one" ballot problem the probabilities of
sign change by a voting point depending on the state of its neighbors (one on the left
and one on the right) and its own state are given by the table:

The probability of sign change

Types of position i- oi oi
+1 +1 +1

-1 -1 -1

+1 -1 +1

-1 +1 -1

+1 +1 -1" +1 -1 -1

-1 -1 +1" -1 +1 +1

Then for any values of the parameters , p, 6 not equal to 0 or 1, in the Markov
chain, the states of which are various configurations of signs of the points, there is a
strong detailed balance. The final probability of every configuration for which the
number of sign changes equals 2m, m 0, 1,... [(n + 1)/2, is

(4.11) w(2m) 7

where 7 [(1 + p) + (1 x/p) is a normalized constant. The number
of configurations haeing the same number of sign changes (the statistical weight) is
r(2m) 2().

Proof. It is necessary to prove that the condition (4.2) is satisfied for every
cycle of the chain.
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1. Only states differing from the original one not more than in one point
can be obtained in one step in this problem; therefore, the length of the state
sequence So," Sl, where st differs from So in k points (and Hli Pi,i+l =/= 0),
can not be less than (k + 1) (that is the number of steps >= k). We shall prove
that it is sufficient to consider only cycles in which the states differing in k points
are exactly k steps apart from each other.

Assume a cycle So,S1,’-’, st, St+l,’", st+,,,, So in which the states So and

s differ in k points, where > k and m + > k. Then a state sequence so, S’l,
s, ..., sic_ 1, st exists which can lead from the state So to state st in k steps exactly
(see Fig. 1). If (4.2) holds for the cycles So,S1, "", st, sic_ sic_ 2, "’", s,so and

FIG.

’SoStl, Sic-1, Sl, Sl+l,’’’, Sl+m, SO then, as is easy to check, it is true for the
original cycle also. Thus, it is sufficient to consider two shorter cycles instead of
the original one, in which the states So and st are exactly k steps apart. This implies
that it is sufficient to prove that relation (4.2) is satisfied for cycles of length
2k <_ 2n having the form So, s l, -’-, sic_ 1, sic, sic_ 1,"", s’l, So, where the states si
and sl, 1, 2,..-, k, are different from So in points.

2. As any state in a cycle (see Fig. 2) can be assumed to be an original one,
it is clear that the states si and sj,_ differ in k points as well as So and sic, and that
in transition from the states s,_ to s,__ the same point changes its sign as in
the transition from s to si/ 1.

Sk- S

So s’

FIG. 2
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Let us number the points in the order of changing their signs. Then the cycle
considered will assume the form shown in Fig. 2 where the numbers at the ribs
denote the number of the point whose sign is changed in the corresponding
transition.

Using induction, let us prove that relation (4.2) is satisfied for the cycles of
the form described.

3. It can be checked immediately that (4.2) holds true for cycles of the length
2k 4. Suppose it to be true for all cycles with a number of states not more than
2(k 1). The cycle s0,sa, "’", Sk-a,Sk, Sk-a, "’", S’a,So with length 2k can be
broken into 3 cycles of lesser length So,S a, "-, Sk-a,Sk-2, "’", sa,So,So,Sa,

(see Fig. 2) by introducingSk 2 Sk- Si SO and sk_ Sk, Sk- Sk 2 Sk-
the states s’[, l, ..., k 2, differing from the state So in the points numbered
k- l, k- 2,..., k- i. As (4.2) holds for these three cycles according to the
hypothesis, it also holds for the original cycle of length 2k.

4. Having established the existence of a detailed balance for all cycles, it is
easy to obtain an explicit expression for the final probabilities (4.11). The theorem
is proved.

Note that the probability of sign change by a voting point has been used
essentially only in the proof of the detailed balance in all cycles of 4 states. Hence
we have the following corollary.

COROLLARY. In all "one-by-one" ballot problems with a random error in which
there is a detailed balance in every cycle of 4 states, there is a strong detailed balance.

THEOREM 4. In the problem analogous to the one discussed in Theorem 3 but
with simultaneous ballot, the necessary and sufficient condition of a strong detailed
balance takes the form

p (1 6)2
(4.12) 1--Z- p fi2
(, p, 6 do not equal 0 or 1).

Under the condition of a strong detailed balance the final probabilities of the
configurations depend only on the number of positions of various types. The final

+1+ 1+
probability of every configuration containing k positions of the type

+1-1+1
r positions of the type

4-
+1-1-1 k+r+s=n, is
-1+1+1’

and s 2g positions of the type

-1-1-1’
+1+1-1
-1-1+1’

(4.13) w(k, r, s) flex(1 )]- k/ZEp(1 p)]-"/zE6(1 6)]-

where is a normalized constant.
The statistical weight of a state with given numbers of positions k, r, s equals

F(k,r,s)=(r+g-g-1

Proof. As in the problem with simultaneous ballot, all Pij > 0, it is sufficient
for proving the theorem, according to Corollary 2, to find a necessary and sufficient
condition for relation (4.2) holding true for every cycle of 3 states.
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1. Consider a cycle of 3 states, in which two states differ only by the sign of
one point, the third state being arbitrary. (We shall call such a cycle elementary.)
We shall prove that relation (4.2) holding true for every elementary cycle is a
necessary condition of a strong detailed balance. The proof will be based on
induction.

Consider any cycle of three states (see Fig. 3) s, s, s, s, where the states

S

Sk+

$2

FIG. 3

s and s differ in (k 1) points, the state so being arbitrary.
With k 2 the cycle is an elementary one.
Assume (4.2) to hold true for all k’ =< k, in every cycle of this form. Consider

so where the states s and s / differ in k points. Obviouslythe cycles,s/, ,s,
a state s exists which differs from the state s in k- points and from the
state (s/ ) only in one point. The cycle s,s,s,s and the elementary cycle
s, s, s+, so satisfy relation (4.2) by hypothesis. Consequently the relation is
satisfied by the cycle s, s, s/ , s, s also. Hence, as the cycle s, s, s/ , s is
an elementary one and satisfies relation (4.2), the relation is also satisfied by the
cycle s, s/, s, S l. Thus, it is proved that relation (4.2) being satisfied by the
elementary cycles is sufficient for the relation holding true in any cycle of 3 states,
and, consequently, for a detailed balance in all the chain.

2. Let us find a condition for satisfying relation (4.2) for an elementary
cycle, where the states s and s2 differ in one point, the state s3 being arbitrary
(see Fig. 4). Note, that a sign change in one point changes the probability of

$3

S

FIG. 4

transition only in three points--the one changed and its two neighbors. Let us
denote by rti the product of transition probabilities for these three points and by
p’ij the product of transition probabilities of all other points. Then

(4.14) Pij P’ij 7r, ij,

Evidently,

(4.15) P’12 PI, P’t3 P3, P P2.

i,j= 1,2,3.
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Hence, relation (4.2) for the cycle considered,

PlzPz3P31 P13P32P2,

is reduced to the condition

(4.16) 7"C12237"C31 1332TC21

The probabilities of transition rij depend on the combinations of types of
positions in these three points. Allowing for the sign and inversion (with relation
to the middle point) symmetry, there exist 10 different combinations of position
types in the original state s.

Considering all the possible cases, it is easy to ascertain that (4.16) is either
satisfied identically or it can be reduced to one and the same condition (4.12).

3. Let us now prove that the final probabilities are given by formula (4.13).
By virtue of the detailed balance (reversibility) it is sufficient to prove that for
any two states

(4.17)
wj

Pji E(1 )]kj- ,)/2. i-p(1 p)]<’J- r,)/z. [5(1 di)]S-
Pj

Let relation (4.17) hold for any two states differing in one point only. Then,
making Use of the detailed balance, it is easy to prove by induction that the re-
lation holds true for any two states. Considering the abovementioned 10 different
combinations of position types for states differing in one point and taking into
account relation (4.12), we ascertain that expression (4.17) does indeed give the
relation of transition probabilities, which proves that (4.13) holds. The theorem
is proved.

Let us consider further the problem of simultaneous ballot on a circum-
ference, in which the probability of sign change by a point depends on the state
of itself and only one (left or right) of its neighbors. A similar problem on an
infinite line has been discussed in 17].

THEOREM 5. Suppose that in the simultaneous ballot problem with a finite
number of points n, placed on a circle, the probabilities of sign change by a voting
point depending on its state and the state of its right neighbor are given by the
table:

The probability of sign change

Types of position + +

(left point votes)

+1 -1

-1 +1

Then a strong detailed balance exists only when 2 # 1/2 (in this case the
final probabilities of all the configurations are equal). A weak detailed balance
between configuration classes differing by a shift along the circle (translation
variants) and by changing the signs to opposite (sign variants), exists for any value,
not 0 or 1, of the parameters 2 and la 1/2.
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Thefinal probability of the configuration depends on the number ofsign changes
in the configuration 2m and equals

(4.18) w(2m) e[42(1

where z is a normalized constant. The statistical weight of a configuration with a
given number of sign changes is F(2m) 2(2"m).

Proof. 1. By deductions analogous to those used in the proof of Theorem 4
it is easy to establish that strong detailed balance exists only when 2 t 2-

2. Consider the case of a weak detailed balance. Let S 1, $2, be the
classes of translational variants of various configurations. A weak detailed balance
exists if, for any sequence of classes of translational variants, relation (4.10) holds
true. With # 4:1/2 examples can be cited when (4.10) does not hold.

Assume/ 1/2 and let us prove that for any 2 for every S 1, 82,

Pj
(4.19)

iS jS

where m is the number of sign changes in states of the class Sk, k 1, 2.
Relation (4.19) immediately implies the validity of relation (4.10) and formula

(4.18).
3. To prove that (4.19) holds it is sufficient to prove that for every pair of

states si e S 1, sj e S
2 a state sj, e S2 exists such that

(4.20) Pg [42(1 2)]ml-m2,
Pij’

so that different s correspond to different sj,.

We shall show that the state sj, satisfying condition (4.20) can be obtained
from the state sj by a shift of one position to the left. (This idea originated with
P. I. Wasilewski.) Consider the factors in the transition probabilities Pji and
Pij,, related to the point having the number in the states s and sj. The expression
for the probability Pji includes a factor, corresponding to the transition of the
/th point of the configuration sj into the/th point of the configuration s, while
the probability pij, includes the factor, corresponding to the transition of the/th
point in the configuration si into the (l + 1)st point of the configuration s.

Note that if in the configurations sz and sj the type of the position of the/th
point is the same, then the corresponding factors in the relation P/Pi, are can-
celled. There remains to consider the cases when the lth point in the configurations
si and 83 enters into positions of different types. The contribution to the relation
Pji/Pij, of the factors related to transitions of the/th point depends also on whether
the signs of the/th point in the configurations s and s coincide (that is, whether
the sign change in one of these configurations leads to the signs of the succeeding
points being different) or not. The four cases possible are given by the following
table.
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Transition from

identical to opposite signs

in the configurations

Sign change in the --r-configuration
22’+

Sign change in the /

configuration T 2(1 2),
+ +

Transition from

opposite to identical signs

in the configurations

2(1-2)’+

22, 4

In each compartment of the table, an example (one of the sign variants) of
the situation under consideration is given, and also the contribution of transition
probabilities of the given point into the relation Pji/Pij, and the number rv of such
situations in the sequence of the points in the configurations si, s, v 1, 2, 3, 4.

Thus

(4.21) Pji (2/)r4-rl2(1 /],)?’3-’2.
Pij’

According to the hypothesis,

(4.22)
rl + r2 2ml,

As the sequences of the points in the configurations si, sj form a cycle, the
number of transitions from identical to opposite signs equals the number of
transitions from opposite to identical signs, that is,

(4.23) r -k- r 3 r2 + r4

Taking into account (4.22) and (4.23), we obtain (4.19), which proves the
theorem.

Note that in the original problem of simultaneous ballot I10], the condition
of strong detailed balance is not satisfied. It would be all the more interesting to
obtain its solution.

From the point of view of the detailed balance concept, the meaning of
relations (1.17), (3.2), appearing in all the problems discussed above, becomes
clear. Indeed, the probability of sign change by a point indexed P() is just the
probability of transition from the original state into the state differing from it by
the sign of this point. Thus the right side of relation (3.2) represents the logarithm
of the relation of the transition probabilities, while the left side is the logarithm
of the relation of final probabilities, given in the form of Gibbs distribution.

Naturally there arises the question of what is to be done in cases lacking a
detailed balance. At present it appears to be possible to set apart the case of
"weak" violation of detailed balance. A detailed description of this case will be
given later.
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AN APPLICATION OF ERROR BOUNDS FOR CONVEX
PROGRAMMING IN A LINEAR SPACE*

STEPHEN M. ROBINSONf

Abstract. We extend to general spaces an error-bounding technique for convex programming,
used by Fiacco and McCormick. This technique is then applied to prove a version of Hoffman’s
theorem for K-convex inequalities.

1. Introduction. In [1, Thm. 29], Fiacco and McCormick showed how one
could obtain an effective upper bound for the optimal objective value of a convex
program in " satisfying the Slater constraint qualification [7], [4, 5.4.3], starting
from an infeasible point. The bound is obtained by constructing a feasible linear
combination of the given point and the point at which the Slater condition is
satisfied. It has the desirable property that as the infeasible point approaches the
feasible region, the feasible point thus constructed becomes arbitrarily close to it.

The purpose of this note is to point out that the same technique, slightly
modified, can be used for cone-convex programming problems in very general
spaces, and to show how it can be applied to obtain a generalization to convex
constraints of a very useful theorem of Hoffman on linear inequalities.

2. Constructing a feasible point. Let X be a linear space and let Y be a normed
linear space containing a nonempty closed convex cone K. Suppose that 0 is a
real-valued convex function on a convex subset Xo c X, and that g is a K-convex
function from Xo into Y" that is, a function such that for each x l, x2 Xo and
each 2 [0, we have

2g(xx) + (1 2)g(xa)eg[)x + (1 A)x2] / K.

One may then consider the generalized convex programming problem

(1) minimize {0(x)10 e g(x) + K, x e Xo}.
If g satisfies a generalized Slater condition (that is, if there exist a point xs and a
real number 6 > 0 such that

(2) 6S = g(x)+ K,

where S is the closed unit ball in Y), then an optimality condition of Kuhn-
Tucker type may be derived for (1) [5, Thrns. 3.1, 3.3].

We shall suppose that we are given a point x Xo for which, in general,
0 g(x) + K. We wish to construct from x a point feasible for (1) and in some sense
"better" than xs (which is, of course, also feasible). Accordingly, we set
2 "= p/(p + 6), where

d(O, g(x) + K) "= inf yll [y g(x) + K},P
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and where 6 is as in (2). Clearly 0 _<_ 2 < 1. We now assert that the point

xx "= (1 2)x + 2x is feasible for (1). Indeed, by the K-convexity of g we have

g(xz) + K (1 2)g(x) + K] + 2g(x) + K].

Also, for arbitrary e > 0 there is a point w g(x) + K with Ilwll p + , and so
the point 6(p + e)-l(-w) lies in 6S, which in turn is contained in g(Xs)+ K.
Hence

g(x) + K (1 )w + &5(p + e)-l(-w) e(p + e)-1(1 2)w.

Therefore g(xz) + K contains points of arbitrarily small norm, and since K is
closed we must actually have 0 e g(x) + K. Finally, xz e X0 by convexity, which
completes the proof.

The feasibility of xz then implies, as noted in [1], that (1 Z)O(x) + ZO(x) is
an upper bound for the optimal objective value in (1) (so, of course, is O(x)). We
remark that the distance of xz from x (measured along the line segment from x
to x, since we have not metrized X) is nearly proportional to d(0, g(x) + K) for
small values of the latter quantity. Hence, if x almost satisfies the constraints, then
x will be nearly equal to x. We apply this observation in the next section.

3. Hoffman’s theorem and convex inequalities. In 1952, Hoffman [2] proved
a fundamental result on linear inequalities, one form of which can be stated as
follows. Let A be any m n matrix. Then there exists a constant , depending
on A, with the following property: for any b m such that the set

F "= {x ff"lAx <= b}
is nonempty, and for any x ", we have

d(x,F) <_ (Ax b) +

where the norms involved are arbitrary, though fixed (the constant depends on
them). Here we have used c + to denote the vector obtained by replacing each
negative component of a vector c by zero. Thus, Hoffman’s theorem may be used
to estimate the distance from a point to the solution set of a system of linear in-
equalities in terms of the extent to which the observed point fails to satisfy the
system, or, to use a term frequently employed in numerical linear algebra, in
terms of the size of the residuals. We indicate here how the result of 2 can be
applied to prove a result of this type for K-convex inequalities. We observe first
that for any/p-norm and any x e ",

Ilx + lip d(0, x + N"+),

where ["+ is the nonnegative orthant. Hence the quantity d(O,g(x)+ K) is an
appropriate generalization to arbitrary cones K of the expression Ilg(x) + in the
simpler case in which K and an/p-norm is used.

Now assume the notation of 2, with the additional assumption that X is a
normed linear space. Then we have x xz p(p + 6)-l(x x), so letting
Q := {x[Og(x) + K,x Xo}, the feasible set for (1), we have

(3) d(x, Q.) <= [Ix xa[I p(p + 6)-ltlX Xs[
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Since

p(p + )- =< 6-’p -d(0, g(x) +
the expression (3) is a bound of the same type as that in Hoffman’s theorem, except
for the factor IIx xsll. Examples can be constructed to show that this factor
cannot be removed in the general (nonlinear) case. However, since xs is usually
known, both 6 and IIx xll can be obtained or estimated;hence if d(0, g(x) + K)
can be estimated, then the bound in (3) will actually be computable.

If the set Q is bounded, we can modify (3) to remove the factor IIx xll.
From (3), we obtain

SO

alx-x,l=p(x-x, x-x,),

d(x,Q) 6-1p(ilx xsll Ix- xzll)

__< 6- lad(0, g(x) + K),

where we have denoted by A the diameter of Q, and have used the triangle in-
equality.

We observe that (3) shows that if x lies in a bounded set, then K-convex
constraints are correct in the sense of [-3, p. 4] that is, if d(0, g(Xk) + K) converges
to zero for a bounded sequence {Xk} c Xo, then d(xk, Q)-Z-O. If Q itself is

bounded, then we appeal to (4) and the boundedness of {xk} is not (explicitly)
required. In fact, (3) and (4) imply more than this: namely, that the R-order [-6,
9.2] associated with the convergence of d(Xk, Q) to zero is at least as large as

that of the sequence {d(O,g(x, + K)}. Roughly speaking, {xk} approaches Q at
least as fast as d(0, g(Xk) + K) approaches zero.
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OPTIMAL CONTROL OF PARABOLIC SYSTEMS WITH
BOUNDARY CONDITIONS INVOLVING TIME DELAYS*

P. K. C. WANG

Abstract. Various optimal control problems with quadratic cost functionals for parabolic systems
with Neumann boundary conditions involving time delays are considered. Necessary and sufficient
conditions which the optimal controls must satisfy are derived. Estimates and a sufficient condition
for the boundedness of solutions are obtained for systems with specified forms of feedback controls.
Similar problems for systems with more complex boundary conditions involving time delays are
discussed briefly.

1. Introduction. Various mathematical problems associated with the control
of parabolic systems with time delays appearing in the equations have been
studied recently [1]-[7]. Here, we consider parabolic systems in which the time
delays appear in the boundary conditions. Such systems arise physically in the
control of diffusion processes in which time-delayed feedback signals are intro-
duced at the boundary of a system’s spatial domain. For example, in the area of
plasma control, it is of interest to confine a plasma in a given bounded spatial
domain by introducing a finite electric potential barrier or a "magnetic mirror"
surrounding . For a collision-dominated plasma, its particle density is de-
scribable by a parabolic equation. Due to particle inertia and finiteness of electric
potential or the magnetic-mirror field strength, the particle reflection at the
domain boundary is not instantaneous. Consequently, the particle flux at the
boundary of at any time depends on the flux of particles which escaped earlier
and reflected back into at a later time. This leads to boundary conditions in-
volving time delays.

In this paper, we consider various optimal control problems for parabolic
systems with Neumann boundary conditions involving time delays. Necessary
and sufficient conditions which the optimal controls must satisfy are derived.
Estimates and a sufficient condition for the boundedness of solutions are obtained
for systems with specified forms of feedback controls.

2. Preliminaries. Let f be a bounded open set in R" with an infinitely differ-
entiable boundary F and I denote a given finite time interval 30, T[. We consider
a system described by the following parabolic equation:

(1)
ay

where

(2)

+A(t)y=f inQ =f x I,

Received by the editors June 25, 1973, and in revised form September 26, 1973.

" Department of System Science, School of Engineering and Applied Science, University of
California, Los Angeles, California 90024. This work was supported by the U.S. Air Force Office of
Scientific Research under Grants AFOSR-72-2303 and AFOSR-74-2662.

274



OPTIMAL CONTROL OF PARABOLIC SYSTEMS 275

The coefficients aij are real C-functions defined on Q (closure of Q), and they
satisfy the ellipticity condition

i,j=l i=i

for all (x, t) Q, (, ,) R" and some > 0. The function f corresponds
to either a distributed control or a specified function defined on Q.

Let F and F be given disjoint subsets of F such that F F LJ Fe. Let
E F I; E F I, l, 2. We consider the following Neumann boundary
condition involving a time delay"

c3--Y (x, t) aij(x, t)cos (r/, xi)x.i(x t) q(x, t) on E,(4)
OA i,j=

where

(5) q(x, ) (x){(x, Oy(w(x), ) + u(x,

where @ is a given C-function defined on F with compact support in F;
cos (r/, x) is the ith directional cosine of the outward normal r/at a point x F;
b is a given real C-function defined on E; u represents either a boundary control
or a given function defined in E; the time delay z is a specified positive number;
w is a continuously differentiable bijection of F onto F such that w(x)= x if
x I2 and w(x) F2 if x F, and whose Jacobian does not vanish on F. Note
that the simplest boundary condition (cy/coa)(x, t)= y(x, r) + u(x, t) on E
is included in the above description; i.e., we let I-’2 be empty, (I)(x) and
w(x) x on r.

The initial data for (1) are given by

(6)
y(x, O) yo(x), x f

y(x, t’) 0(x, t’), (x, t’) r [- r, 0[,

where yo and bo are specified functions. Note that only qo, the restriction of bo
to F2 x I-z, 0[, is of importance here. In the sequel, we shall first establish
sufficient conditions for the existence of a unique solution of the mixed initial-
boundary value problem (1), (4) and (6). Then, various optimal control problems
will be considered.

3. Existence and uniqueness of solutions. For simplicity, let the final time
T Kz, where K is a given positive integer. We introduce the following no-
tations" I=](j- 1)z, jr[, Q=f I, E=F Ij and E=F I for

1, 2 and j 0, 1, ..., K. Let Hr(f), r >_ 0, denote the Sobolev space of order
r on f. For any pair of real numbers r, s _>_ 0, the Sobolev space H"’S(Q) is defined
by

(7) H"’S(Q) H(I; Hr()) H(I; H(D)), Q D I,

which is a Hilbert space normed by

IlY(t)ll 2 dt + yllo,r;,o))n"()

1/2
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where Hs(I;X) denotes the Sobolev space of order s of functions defined on I
and taking values in X.

The existence of a unique solution for the mixed initial-boundary value
problem (1), (4) and (6) on Q can be established by first solving the problem on
Q1. Then, the existence of a unique solution on Q2 is established by using the
solution on Q1 to generate the initial data at --27. This advancing process is
repeated for Q3, Q4, until the final cylinder set Qr is reached. Hereafter, the
solution on Qj will be denoted by yj,j 1, ..., K. Now, the existence of a unique
solution y can be established by making use of the results of Lions and Magenes
[9] specialized to the case of a second order parabolic equation (1) with boundary
condition (4) and initial data at (j 1)27:
(9) yg(x, (j 1)27) yj_ I(X, (j 1)27), X 6 f.

Note that once the solution yj_ defined on Q_ is determined, the right-hand
side of (4) becomes a known function given by
(10) q(x, t) (x){b(x, t)yj_ l(W(X), 27) + u(x, t)}.

For optimal control problems, it is of importance to consider the cases where
the control f or u belongs to L2(Q) or L2(E) respectively.

Case 1. f L2(Q). In this case, we make use of the following result.
LEMMA (Lions and Magenes [9, p. 33]). Let f, y_ x(’, (J- 1)27) and qj be

given with

(lla) f L2(Q),

(llb) Yj-I(’,(J 1)27) HI(),

(1 lc) qj6 H1/2’I/4(E_,j).
Then, there exists a unique solution yj H2’(Qj)for the mixed initial-boundary
value problem (1), (4) and (9).

Evidently for j 1, yj_l(W(x),t- 27)= dpo(W(X),t 27)and conditions (llb)
and (llc) can be satisfied if we assume that u H/2’I/(Z) and 0 H1/2’1/()
Thus, under the above assumptions, the existence ofa unique solution Yl H2’ I(Q 1)
follows from Lemma if yo 6 Hl(fl).

In order to extend the result to Q2, it is sufficient to verify that

(1 lb’) Y2(’, 27) Y,(’, 27) H(),

(1 lc’) q2 H1/2"1/4(,2).
To verify (llb’), we note that Yl H2’l(Q1)implies Yl L2(II,H2()) and

dyl/dt L2(I1 H()). Then, it follows from a result of Lions and Magenes
[8, p. 19, Thm. 3.1] that the mapping y(., t)is continuous from 0, 3 --, H(f).
Consequently, condition (1 b’) is satisfied. From the trace theorem [9, p. 9, Thm.
2.1], y HZ’(Q1) implies that y Yllzl is a continuous linear mapping of
Hz,I(Q1) H1/2,1/4(., ) From (10) with j 2 and the assumption that (I) and b
are C-functions, if u H/2’/4(E), then q HI/z’/4(Ez). By Lemma 1, there
exists a unique solution yz 6 H2’(Q2). Evidently, we can now extend the result
to any Q1, 2 < j __< K. The foregoing result is now summarized.

THEOREM 1. Let yo, Cko, u and f be given with yo H(), o H1/z’/4(E)),
U H/2’/4(,) and f6 LZ(Q). Then, there exists a unique solution y6 Hz’I(Q)for
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problem (1), (4) and (6). Moreover, y(. ,jz)e Hl(f) for j 1,..., K.
Case 2. u L2(E). For this case, the following result is applicable.
LEMMA 2 (Lions and Magenes [9, p. 81]). Let

(12a) f e (H1/2’I/’(Q))’, u e

(12b) qjG L2(j),
(12c) Yj-I(’, (J 1)z)e

where X’ denotes the dual of X. Then, there exists a unique solution Yi H3/2’3/4(QJ
for the mixed initial-boundary value problem (1), (4) and (9) defined on Qj.

For j 1, conditions (12b) and (12c) can be satisfied if we assume that
Yo G H1/2() and qo Lz(z). These assumptions are sufficient to ensure the
existence of a unique solution Y H3/z’3/4(Q1). To extend the result to Qj,
< j __< K, by means of Lemma 2, it is sufficient to verify that y(., r)

and Ylz e L2() Since Yl H3/z’3/4(Q 1) implies that the mapping - Yl( t) is
continuous from [0, z] H3/4(D) [8, p. 19, Thm. 3.1], hence yl(.,z)H3/4(D)
= H1/2(D). Again, from the trace theorem [9, p. 9, Thm. 2.1], Yl G H3/2’3/4(Q1)
implies that yl Ylz is a continuous linear mapping ofH3/2’3/4(Q 1) --* H1’1/2(E 1).
Thus, YlI Lz(E1) We now summarize the foregoing result.

THEOREM 2. Let Yo, Oo,U and f be given with Yo H1/2(), toL2(Zo2),
U L2() and f (H1/Z’l/(Q))’. Then, there exists a unique solution y H3/z’3/4(Q)
for problem (1), (4)and (6) with y(. ,jz) H1/2(f) forj 1,..., K.

Remark. We may also consider the mixed initial-boundary value problem
for (1) with the following Dirichlet boundary condition involving a time delay"

(13) y(x, t) q(x, t) on 2,

where q is given by (5). Here, iff L2(Q), the result of Lions and Magenes [9, p. 33]
ensures the existence of a unique solution Yl H2’l(Q1) provided that yo Hl(f),
q H3/2’3/4(y) and the following compatibility condition for the initial data is
satisfied"

(14) yo(X) q l(x, 0) on F.

In order to extend the result to Q2 using the same approach, it is necessary to
impose the compatibility condition y(x, r) q2(x, r) on F, which is unnatural
for the problem. The same situation arises for the case where u e L2(Z).

4. Optimal control. We shall consider various optimal control problems for
system (1), (4) and (6) in which the control corresponds to either f or u belonging
to a specified closed convex set q/e

__
L2(Q) or k’y.

_
L2(Z) respectively.

Problem a. Let Yo, 05o and u be given functions satisfying the hypothesis of
Theorem 1. Let y(x, t;f) denote the solution of (1), (4) and (6) at (x, t) corres-
ponding to a given control f e q/o. The problem is to find an fo # such that
j(fo) <= j(f) for all f 6 //, where J is a cost functional given by

J(f) ly(x, t. f) + ty( , r. f)
()

-[- 23 I (Nf)f dx dt,
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where 2 >__ 0 and 21 + 22 + 23 > 0; Ya and YdT are given in L2(Q) and L2()
respectively; and N is a positive linear operator on LZ(Q)into LZ(Q). We note
from Theorem that for any f ’Q, J(f) is well-defined since y(f) Hz’(Q)
= LZ(Q) and y(., T; f) H() = L2().

For the above problem, it is well known [3] that for 2 > 0, a unique optimal
control fo exists moreover, fo is characterized by

(16) j,(fo). (f fo) 0 for all f
or in explicit form,

fo (y(fO) Ya)(Y(f)- Y(f)) dx dt

(17) + 22 fn (y(x, T; fo) ya)(y(x T" f) y(x, T; fo)) ax

+ 2a fe (Nf)(f fo) dx dt 0 for all f

To simplify (17), we introduce the following adjoint equation. For every
f ’e, we define p p(f) p(x, t; f) as the solution of

(18)
cp(f)

+ A*(t)p(f)= 21(y(f)- Ya) in Q,
ct

with terminal condition

(19) p(x, T; f) 22(y(x, T; f) YaT), X

and boundary conditions

(20) P(f)(x, t) 0 for (x, t) 6 (VF w(supp ((I)))] I) (_J (w(supp ((I))) It),
(DA,

P(f)
(x t) (w(21) (x))b(w (x), + z)lJw(x)lp(w-(x), + z’f)

for (x, t) w(supp ()) x ]0, T z[,

where J denotes the Jacobian of w; w(supp ()) is the image of the support of
under the mapping w and

p(f)
(x t) aji(x t) cos (q,

OP(f)"
t)x3-axa x,

(22)
aUA* i,=

a P)i,j=

We observe that for given ye,yer and f, problem (18)21) can be solved
backward in time starting from T by first obtaining the solution p p on
Q with terminal condition (19) and boundary condition

(23) P(f(x, t) 0 for (x, t)
OA*
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Having found p/, we may proceed to solve the problem on QK-1 backward in
time starting with terminal data at (K 1)z:
(24) pK_ ,(x, (K 1)z) pr,(x, (K 1)z), x f,
and with boundary conditions

lel P"-f)x, t) 0
OA*

for (x, t) s IF w(supp ())] I_ ,,

(26) (x, t) C(w- l(x))b(w- ’(x), + v)lJw(x)lpc(w- ’(x), + z; f)

for (x, t) e w(supp (tI))) x It_ ,.
Note that the right-hand side of (26) is completely determined once p is known.
This backward process is repeated until the initial cylinder set Q, is reached.

To establish the existence of a unique solution PK on QK, we recall from
Theorem 1 that for any f Lz(Q), there exists a unique solution y(f)
and y(-, T; f) Hl(f). Thus, if yd LZ(Q) and YdT H’(f), the right-hand sides
of (18) and (19).are functions in Lz(Q) and Hl(f) respectively. Now, we may
apply Theorem (with obvious change of variables) to problem (18)-(21) (with
reversed sense of time, i.e., t’= T- t) to establish the existence of a unique
solution pr(f)H2’(Qr) with pr(’,(K- 1)z) H(f). The result can be ex-
tended to Qr- and for any Q, 1 __< j __< K 1, in the same way, since the right-
hand side of (26) is in H’/E’/(Zr_,) (by the trace theorem). Thus, we have the
following result.

LEMMA 3. Let the hypothesis of Theorem be satisfied. Then, for given
yLE(Q), yaTHX()) and any f LE(Q), there exists a unique solution p(f)
Hz’I(Q) to the problem (18)-(21).

Now, in view of Lemma 3, we can proceed to simplify (17) using the adjoint
equation. Setting f fo in (18)-(21), multiplying both sides of (18) by (y(f)

y(fO)), then integrating over Q and using (19) lead to the identity

2, j (y(f) Ya)(Y(f) y(fO)) dx dt

(27)
c3t

22 j,_, (y(x, T; fo) YaT)(Y(X, T; f) y(x, T; f)) dx

+ p(f)-(y(f) y(f)) dx dt + A*(t)p(f)(y(f) y(f)) dx dr.

The last term in (27), in view of Green’s formula, can be rewritten as

q
A,(t)p(fO)(y(f) y(fO)) dx dt

(28) p(fO) [A(t)(y(f) y(fO))] dx dt + p(fO) Oy(fO)}OA dr dt
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From boundary condition (4), the second integral in the right-hand side of (28)
becomes

p(fO)
C3VA C?V J

dF dt

(29) p(x, ; f)(x)b(x, )[y((x), r f)
upp

p(x, t’ + r;f)*(x)b(x, t’ + )[y(w(x), t’;f)
upp ()

y((x),

Sinc is a continuously diffrntiabl bijction of F onto F with non-
vanishing Jacobian on F, (29) can b rwrittn as

t’ I(x))b(w- l(x) t’
(30)

Now, the last term in (28) can be split into two integrals:

(3)

{...} dr d + {...} dr d.
{supp

Substituting (0) and (l) into (28), and then the result into (27) gives,
f (y(x, T; fo) yr)(y(x, T; f) y(x, T; fo))

p(fO) + A(t) (y(f) y(f))dx dt

fff aP(f)(Y(f)Y(f)) dFdt
(supp(O)) DA*(32)

fffr P(f)(Y(f)-Y(f))dFdt
-w(supp{)) DA*

(x,
(supp ())

p(w- ’(x), + z fo) (y(x, t; f) y(x, t; fo)) d F dt

+ ;w(supp ((W- l(x))b(w-I(X), + z)iJw(x)]

p(w- ’(x), + z; f)(y(x, t; f) y(x, t; fo)) dF dt.
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The last term in (32) vanishes, since y(x, t; f) y(x, t; f) dpo(X, t) for (x, t)
e F x I-z, 0[. Finally, from (1) and boundary conditions (20)-(21), (32) reduces
to

21 t (y(fO) y)(y(f) y(fO)) dx dt

(33)

+ 22 Jo (y(x, T;f) yer)(y(x, T;f)- y(x, T;f))dx jop(f)(f- f)dxdt.

Thus, (17) simplifies to

(34) t (P(f) + 2aNf)(f f) dx dt >_ 0 for all f

We now summarize the foregoing result.
THeOReM 3. For Problem la with cost functional given by (15) with yee L(Q),

yare H(Q) and 23 > 0, there exists a unique optimal control f which is deter-
mined by the solution of (1), (18) with boundary conditions (4), (20)-(21), initial
condition (6) and terminal condition (19) (all with f fo). Moreover, f satisfies
(34).

For the special case where /e L(Q), (34) is satisfied when

(35) fo _2lN-lp(fO).

In particular, if N is the identity operator on L2(Q), then, in view of Lemma 2,
we have fe H2’I(Q). In order to obtain the optimal control (35) in feedback
form, we follow Lions’ approach [3] by first considering the following set of
equations with s e I:

---t- A(t)y + 2-1N-1p 0, (x,t)e x Is, T[,

(36)
Op

---+ A*(t)p- ;fly= -2ya, (x,t) eFZ x Is, T[,

with boundary conditions

8y [O(x){b(x, t)y(w(x), r) + u(x, t)}
(37) c3o----a (x, t) =[O(x){b(x, t)ck(w(x), ) + u(x, t)}

c3p
(38)

OA,

ift-z>=s,

ift-z <s,

(x, t) e f x Is, T[,

0 if (x, t) e f; _a (F w(supp ())

x Is, r[) U (w(supp (O)) x I),

O(w- l(x))b(w- l(x), 4- r)lJ(x)lp(w- (x), + )

if (x, t)e w(supp ()) x Is, r

and with initial and terminal conditions

(39)
y(x, s) ys(x),

p(x, T) 22(y(x T) Yar),
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where Ys is given in HI() and bs is a given function defined in F Is , s[,
whose restriction ( to F2 Is z,s[ is in H1/2’1/4(F2 Is z, s[). Note that
(36)-(39) provide the solution to the optimal control problem associated wifla (1)
for e ]s, T[, L2(Q) and with a cost functional given by

J(f) 2 ly(x, t; f) ynl 2 dx dt + 22 ly(x, T; f) YaTI 2 dx

(4o)

+ 3 (Nf)f dx dt.

The problem with 23 > 0 has a unique optimal control in the form of (35). Con-
sequently, (36)39) has a unique solution {y, p} also. In fact, for any given pair
(y,) Hi(O) x H1/z’/a(F2 x Is- r,s[), the solution y,p H2’1( x ]s, T[).
Moreover, the following property can be readily established.

PROPOSITION. Let {y, p} be the solution of (36)-(39) with s O. Define a, the
system "state" at time s, by the pair (y( s), ), where

5o(’, t’) for t’ eq. [- z, 0[ Is r, s[,
(41) t’)

y(’, t’)lr for t’ e Is , s[-q..
Then, for all pairs s in I,

(42) p(., t) P(t, S)as + r( t),

where P(t, s) and rs( t) are defined asfollows"
(i) We solve the equations

+ A(t)fl + 2 N- 7 =0, (x, t) e x Is, T[,
Ot

(43)

+ A*(t)y- ,1[--O, (x, t) e fl x Is, T[,

with boundary conditions

(44)
(oA

(x)b(x, t)fl(w(x), )
(x, t)

(x)b(x, t)(w(x), )

(45) (x,t)

0 if(x,t)e,

ift-z>=s,

if t’ $,

(x, t) efl x Is, T[,

(W- l(x))b(w- l(x), + OIJ(x)l(w- l(x), + r)

if (x, t) w(supp ()) x Is, T :[,

and initial and terminal conditions

(46)

then

fl(x, s) y(x, s),
y(x, T) 22fl(x, T),

(47) P(t, s)a ( t).
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(48)

(ii) We solve the equations

(x, t) f x Is, T[,

AF A*(t) 21 --/lya, (x, t) Is, T[,

with boundary conditions

(49) {(x) {b(x, t)tl(w(x), ) + u(x, t)}
t) ,(x)u(x, t),

ift--z>-s,

ift-z<s,

(x, t) F x Is, T[,

0 if (x,t)e,,

(50) 3{(X, t)= (W-l(x))b(w-l(x)
OA,

and with initial and terminal conditions

/f (x, t) e w(supp (0)) x Is, T z[,

r/(x, s) 0, x e f,
(51)

(x, T) 22(r/(x, T) YaT), Xef;

then

(52) G(x, t) {(x, t).

Now, the optimal feedback control can be obtained by setting s in (42)
and substituting the result into (35)"

(53) f(. t) -2; ’N- ’(P(t, t)a, + r,( t)), e I.

By making use of Schwartz’s kernel theorem [10], it can be verified that the
optimal feedback control (53) (with N being the identity operator on L2(Q)) can,
be represented in the form

f(x,t)= -2l{fnKo(x,x’,t)y(x’,t)dx’
(54)

+ Kx(x, x’, t, t’)b,(x’, t’) dF2 dt’ + r,(x, t)
t--

where {Ko, K is the kernel of P(t, t).
Problem lb. Let yo, qo and f be given functions satisfying the hypothesis of

Theorem 2. Let y(x, t;u) denote the solution of (1), (4) and (6) at (x, t) corres-
ponding to a given control u q/z. We wish to find a u /z such that the fol-
lowing cost functional is minimized over /:

J(u) 21 I.. ly(x, t; u) yal E dx dt + 22 I.. ly(x, T; u) ydrl 2 dx

+ 23 (u)u dF dt,
upp ()
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where the 2i’s, Yd and YdT are as in Problem la, and ) is a positive linear operator
on L2(E) into Lz(E). If yo, 4)0 and f satisfy the conditions of Theorem 2, then for
each uVll, y(u)H3/2’3/4(Q) and y(., T; u)H1/2(f). Hence J(u) is defined.
Similar to Problem la, this problem has a unique optimal control u q/z if
23 > 0. Also, u can be characterized by

21 f (y(u) yn)(y(u) y(u)) dx dt

(56) + 22 (y(x, T; u) Yd)(y(x, T; u) y(x, T; u)) dx

(u)(u u) dF dt >= O for allu

The above inequality can be simplified by introducing an adjoint equation
whose form is identical to (18)-(22). From Theorem 2, for any u L2(E), there
exists a unique solution y(u) H3/2’3/4(Q) with y(., T; u) H1/2(f). If ya L2(Q)
and yarH1/2(f), then the right-hand sides of (18) and (19) are in L2(Q) and
H1/2(f) respectively. Similar to Problem la, we can establish the existence of a
unique solution p(u) H3/2’3/4(Q) for (18)-(22). Moreover, (56) can be simplified
as

(57) (p(u)O(x) + 231u)(u u)dF dt >_ 0 for all u e //z.
upp (O)

In Problems a and b, the cost functionals involve only deviations of the
solutions from their desired values averaged over the interior of the spatial
domain f. In what follows, we shall consider an optimal control problem in
which the spatial averaging in the cost functional is taken over both f and its
boundary F.

Problem 2. This problem is identical to Problem b except that the cost
functional (55) is replaced by

/,

(58)
--]- 23 (IU)U dF dt,

upp (O)

where ydand yn are given in L2() and L2() respectively. From Theorem 2
and the trace theorem [9, p. 9], for each u , there exists a unique solution
y(u) H3/z’3/4(Q) with y(u)] Lz(Z) and y( T; u) H/2(). Thus, J(u) is defined.
Moreover, the optimal control u is characterized by

2 (y(u)lz- yn)(y(u)l- y(u)])dF dt

(59) + 22 fn (y(x, T; u) Yar)(Y(X, T; u) y(x, T; u)) dx

(lu)(u u) dF dt >= 0 for all u e //z.
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(60)

Here, we introduce the adjoint equation

p(u)
Cqt + A*(t)p(u)=0 inQ,

with terminal condition

(61) p(x, T; u) ,2(Y(x, T; u) Ydr),

and boundary conditions

(62)

2(y(u)lz(x, t) Yza) if (x, t)eZo,
3P(U)

(x, t) dp(w- l(x))b(w- l(x), + v)lJw(x)lp(w- ’(x), + z; u)
OA,

+ 21(y(u)l(x, t) Ya) if (x, t)ew(supp()) x ]0, T-

where No is defined in (38).
Again, as in Problem b, Problem (59)-(62) has a unique solution p(u)

H3/2’3/’(Q). Also, condition (59) can be rewritten in the form of (57).

5. Estimates for solutions of feedback systems. The explicit expressions for
the kernels of the optimal feedback controls such as (54) are generally quite
complex. This motivates the consideration of suboptimal feedback controls with
prescribed kernels having simple forms. In this section, estimates for the solutions
of (1) with various specified forms of feedback controls introduced at the domain
boundary F will be derived.

5.1. Feedback system with Neumann boundary condition. Consider system
(1) with f= 0 and with Neumann boundary condition given by (4) and (5). The
results of 4 suggest a feedback control u which is a linear function (t) of the
state at (defined by (41)) and has a representation of the form

u(x, t) ((t)r,)(x) ((t)y(., t) +
(63)

Fo(x, x’, t)y(x’, t) dx’ + FI(X, x’, t, t’)$,(x’, t’) dI2 dr’,

where {Fo, F1 is the kernel of (t) and q is defined in (41). Formally, the solution
of(I)-(6) (with feedback control u given by (63)) in any cylinder set Q,j 1, 2, ...,
can be written as

(64)

where

(65) { y(’, t’)l r,
(/)j,,( t’)

yj -1(’, t’)[ r2,

t’ e It z, t[ CII2,
t’ e[t z,t[l_

Yo(’, t) o(’, t), te Io,
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and where aoj and fqlj are linear integral operators. Evidently, once the ffij’s are
known, estimates for the solutions of the feedback system can be obtained re-
cursively. In what follows, explicit results will be obtained only for a simple one-
dimensional case for illustrative purposes.

Let f2 ]0, 1[ and let the system equation be given by

c3y O2y
(66) at 3x2’ > O, x e f,

with boundary conditions

(67)

--.(0, t) q(t) a__ by (1, z) + u(t),

cy
c3x(1, t) 0

and initial data

y(x, O) yo (x), x e f,
(68)

y(1, t’) o(t’), t’ e I-r, 0].

The feedback control u is given by

(69) u(t) Fo(x, t)y(x, t) dx + Fl(t, t’)y(1, t’) dr’

where Fo and F are specified continuous functions defined on f [0, v[ and
0, I-r, [ respectively. We assume that there exist two nonnegative
numbers Po and P such that

(70) j IFo(x, t)l dx <= Po and IF(t, t’)l dr’ <= p
0

for all e [0, oc[. It can be shown that if yo e C(fi), then the solution to (66)-(68)
with a given q e C([O, or I) has a representation of the form [11]

(71) y(x, t)

where

Go(x,x’,t)yo(x’)dx’+ Gl(x,t- t’)q(t’)dt’, > 0, x]0, 1],

(72)

6o(X, x’, t) {K(x, t; (2m + x’), 0) + K(-x, t; (2m + x’), 0)},

Gl(X,t- t’)= 2 K(x + 2m, t;O,t’),

K(x, t; , t’) (zt(t t’))- 1/2 exp
4(t t’)



OPTIMAL CONTROL OF PARABOLIC SYSTEMS 287

(64)"

(73)

where

Using (67), (69) and (71), we have an integral equation for yj in the form of

y(x, t) Go(x, x’, (j 1)z)y_ l(x, (j 1)z) dx’

dr’ Gl(x, t’) byg_ 1(1, t’ "C) + Fo(x’ t’)yg(x’, t’)dx’

"" }+ j Fl(t’ (x t)]0, 1] Ij,)4,,,(c’) dC’ j= 1,2,...

(74)
bg,,(t

yg(1, t’ e It z t[ f’llg
yg_l(1,t’), t’ [t

yo(1, t) o(t’), t’ ]o.
The existence of a unique solution to (73) can be established by embedding

the problem in the Banach space C(Qg) with the sup norm, and using the con-
traction mapping principle. Now, estimates for yg will be derived. Let

(75) [lY(’, t)ll sup lye(x, t)l, Ilyllo sup lyj(x, t)l.
x

From (70) and (73), we have

t)ll o(t)lly-x(’, (J 1)z) + l(t)lbl sup lye- 1(1, t’Ily(’,
(76) l (j-1)z<t,<t

sup Ilya(’,t’)ll + p sup sup Ig,,,(t")l),+ PO
(j-1)z<t’<t (j-1)r<t’<t t’-z<t"<t’

where

(77)

(78)

CSoj(t sup Go(x, x’, (j 1)r) dx’,

31j(t) sup Gl(x, t’) dr’.
xef j- 1)

By straightforward calculations (see Appendix), it can be shown that

(79) fob(t) _-< 2,

(SO) 61j(t =< 2(t --(j- 1)v)l/z( 1/2 + x/)
for all 6 tj. The last term on the right-hand side of (76) satisfies

sup sup b,,,(t")l
(j-1)z<t’<t t’-r,<t"<t’

(81) __<max{t,lj_sup, ]yj_ l(1, t’)],
(j- 1)<t’sup <t

]yj(1, t’),}
__< sup lYg- 1(1, t’)l + sup lyi(1, t’)l,

t’lj- (j- 1): <t’ <t
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(82)

Thus, it follows from (76), (79)-(81) that

yj Q <= 2 Yj-I(’,(J- 1)z) + 31j{(Ibl + Pl) sup
tIj-

where

(83) sup 61j(t <= 2((’c/a;) 1/2 + z)-- 31j.
tIj

+ P sup ]yj(1, t)]},
tIj

Using (73) and (A.5) in the Appendix, we can derive the following estimate
for yj(1, t) in a similar manner"

sup lyj(1, t)l _-< yj_ (., (j 1)z)
tIj

(84) + 31j{(Ibl + Px) ,’,sup-, lYj-1(1,

Po Yj o + Pl sup [yj(1, t)l+
tIj

Estimates (82) and (84) can bc combined as"

31jPO 1 31jP sup [yj(1, t)[
(85)

teIj

I 2 31j(lbl+p1)llYJ-1("(J-i)’c) 1-<-
3/2 31j(lb -+- Pl) sup lYj- 1( 1 t)l

j 1,2,.-..

tIj-

Under the assumption

(86) 61j(Po ’}- /91) < 1,

(85) implies that

(87)

(88)

YJ o, <= (1 3lj(JO0 -- 01)) -I {(2 P131j/2) yj_ 1(’, (J 1)z)

+ 31j(Ibl + t91) tljsup_, lYj- 1( 1

suPtij lyj(1, t)l (1 31j(Po + p))-i {(3/’2 poa,j/2) yj_ ,(., (j 1)

j= 1,2,..-.sup lY-1(1, t)l
tIj-

Evidently, estimates for the solutions can be obtained recursively using (87)
and (88) starting with j 1.

5.2. Feedback system with Dirichlet boundary condition. Now, we consider
system (1) with f 0 and with Dirichlet boundary condition given by (13) and
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(5). Again, let the feedback control be of the form (63) so that the boundary con-
dition is given by

y(x, t) O(x)tb(x, t)y(w(x), z) + fa F(x’ x’, t)y(x’, t) dx’

+ fl(x, x’, t, t’)4t(x’, t’) dF2 dr’ (x, t) e F [0, oc [.

We shall establish a sufficient condition for the boundedness of solutions of this
feedback system.

Let Q,x denote the cylinder set f x ]0, t[ for 0 < t < . Let Yo e C()
and let y be a continuous function in Q satisfying (1) in Q U s, where S f
x {t}. Then the weak maximum principle [12] asserts that the maximum of lY[
in Q is attained on the part 0 U (F x ]0, t]) of the boundary of Q,, i.e.,

(90) m_axly(x,t).<=
e

max {m_ax lyo(x)l,n v suP0,,, ly(x,t).}.
We shall show by contradiction that if

rl(x, t) & ,a,(x)l {lb(x, t)l / fa lFo(x, x’, t)l dx’

/ ]Fx(x, x’, t, t’)] dF2 dt’ < 1

for all (x, t) e F x [0, [, then the maximum of ]Yl is attained on $o or

(92) max ly(x, t)l =< max lyo(X)] for all >__ 0.
xe x

First, assume that there exists a point (x*, t*) F ]z, t] such that

(93) ly(x*, t*)l m_ax ly(x, t)l.

Then, in view of (89), we have
t"

]y(x*, t*)l =< IO(x*)l tlb(x*, t*)l ly(w(x*), t* r)l + j lEo(x*, x, t*)l ly(x, t*)l dx

+ IFa(x*, x, t*, t)] ly(x, t)l dx d
*

_<_ r/(x*, t*)ly(x*, t*)l,

where r/is defined in (91). It is evident that if (91) is satisfied, then (94) leads to a
contradiction. Consequently, such a point (x*, t*) does not exist under condition
(91).

Now, assume that a point (x*, t*) F x [0, ] exists such that (93) holds.
Then, from (89),

ly(x*, t*)l _-< IO(x*)l tlb(x*, t*)l Ibo(W(X*), t*

+ lEo(x*, x, t*)l dx + [Fl(X*, x, t*, t)l dx dt ly(x*, t*)]
*_
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If we impose the condition that q5o is continuous on Eo and satisfies

(96) sup Ibo(X, t)l < m_ax lyo(X)l,
Y-o

then

(97) [bo(W(X*), t* z)[ _<_ max [yo(X)[ _<_ [y(x*, t*)[

and

(98) ly(x*, t*)] =< r/(x*, t*)ly(x*, t*)l.

Again, under condition (91), (98) leads to a contradiction. Thus, such an (x*, t*)
does not exist. Finally, we note that the foregoing results remain valid for arbi-
trarily large l. Consequently, (92) holds. Thus, we have established the following
theorem.

THEOREM 4. Let y be a classical solution of (1) with f 0 satisfying boundary
condition (89) and initial data (6). Let Yo C() and Co C(Eo) such that (96) is

satisfied. Then, under condition (91), maxly(x, t)l _-< max lyo(X)t for all >= O.
Remark. The conditions in Theorem 4 represent restrictions on the initial

data, the parameters in the boundary conditions and the kernels of the feedback
control operators. They are independent of the parameters aij in the elliptic
operator A(t). Physically speaking, the result simply states that if the feedback
gain and the maximum magnitude of the past boundary data are sufficiently
small, then the solution will not grow with time.

6. Concluding remarks. In this paper, only parabolic systems with the
simplest form of boundary condition involving a time delay have been con-
sidered. One may consider optimal control problems for parabolic system (1)
with a variety of more complex boundary conditions involving time delays. A
few examples are given below.

Example 1. Boundary condition involving multiple time delays. This is a general-
ization of the Neumann boundary condition (4)"

ay
(x, t) + y(x, t)y(x, t) (x) , bin(x, t)y(w(x), Zm)

l)A ’0

(99) + Cm(X, t) (W(X), rm) + U(X, t) on 2,
m=l

where 0 __< ro < Z < < zt; ?’, bm and Cm are specified coefficients. If 7, Cm,
m 1, ..., M, are identically zero on F, the results of this paper can be extended
to this case without difficulty.

Example 2. Boundary condition with indirect control. Here, the boundary
condition is identical to (4) and (5) except that u is generated indirectly by

(100) u(x, t) g(x)Tz(t), (X, t)

where (.)T denotes transposition; g is a given mapping from F into Rr; z(t) R
is the solution of the following system of linear ordinary differential-difference
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equations"

(101)
dz(t)
dt

Fm(t)z(t- "cm) + G(t)v(t)
m=0

with given initial data

(102) z(t’) co(t’) 6 R t’ [- Tm, 0],

where 0 __< Zo < 1 < < zt;Fm(t) and G(t) are given matrices. The control
v(. ) is a specified closed convex subset of Lz(I;RS). One may consider the
optimal control problem involving the minimization of a convex cost functional
of the solution y and the control v. Also, instead of (101), one may replace it by a
functional differential equation. Finally, one may consider similar problems for
hyperbolic systems with boundary conditions involving time delays. These prob-
lems will be discussed elsewhere.

Appendix. To establish estimate (79), we note that GO >= 0 and

(A.1)

fj Go(x, x’, (j )z) dx’1

<= K(x, t; x’, (j 1)z) + K(-x, t; x’, (j 1)z)

+ 2 {K(x, t; (2e + x’), (j- 1)r)+ K(-x, t; (2e + x’),

where

(x, t) + 2(x, t),

(j 1))} de } dx’

(A.2)
(x, t) {K(x, t; x’, (j 1)r) + K(-x, t; x’, (j 1))} dx’

(r(t -(j- 1):))- / exp.,
_

4(t (j 1):) d2

2(x, t) 2 {K(x,t;(2e+x’),(j- 1)z)+ K(-x,t;(2e+x’),(j- 1)z}dedx’

(A.3)

_l(rc(t-(j- 1)r)) /2 exp
4(t-(j- 1))

de
X’q-X

+ exp -4(t-(j- 1):) de dx’

=< (rt(t (j- 1)z))-1/2 exp
4(t--(j-- 1)z) de 1.
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Thus,

oj(t) <_- + sup Jl(x, t)
x

(A.4) __< + (rc(t (j 1)z))-1/2
-1

__< 1 + (rc(t (j- 1)z))-1/2 exp

Note that for the case where x 1,

exp
4(

4(t-(j- 1))
d2 =2.

(A.5) o1(x, t) __< (Tt(t (j 1)))-1/2 exp

To derive estimate (80), consider

Gl(X, t’) dt’ 2 K(x + 2m, t;0, t’) dr’
j- 1) j- 1)

((t t’))-,/2 dt’ exp
j-1) m=- 4Z

4(t-(j- 1)z) d2=.

=<2 t-(J-rt 1)z)l/Z{exp(-z) +2ffexp(-)de}
exp + x/ (x t)e Qj.

The desired estimate (80) follows trivially from (A.6).
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LYAPUNOV VECTOR MEASURES*

GREGORY KNOWLES-

Abstract. Consider the following infinite-dimensional extension of the linear control system
discussed in Hermes and La Salle [9].

Let T be a set (time interval), 5 a a-algebra of subsets of T, X a quasi-complete locally convex
topological vector space, and m (mi) a sequence of vector measures tn : X, 1, 2,’". For
each 1, 2,.-. a bounded real-valued V-measurable functionfi represents the effect of the ith control
on the system. The total effect of all these controls is given by

__
1J’T f dmi. If the controls are re-

stricted so that (f(t)) (t), (t) a subset of the product of countably many copies of the real line,
for each T, then the set of all values of the series above is the attainable set of this system, denoted
by ,4(m). The general bang-bang principle for this system is considered and conditions given for
,4(m) ,4ex (m), where ex (t) is the set of extreme points of (t), T. This problem is closely
related to the study of Lyapunov vector measures, that is, vector measures whose restriction to any
subset of has a compact, convex range.

The first part of the paper gives necessary and sufficient conditions for a vector measure to be
Lyapunov. Then conditions on m are derived for ,4(m) ,4ex(m), in particular, these conditions
are satisfied if each mi is nonatomic, and X is finite-dimensional. If each rni is just assumed nonatomic,
we show in general that ,4(m) need only be equal to the weak closure of,4x (m).

Introduction. In considering a linear control system steered by a sequence of
independently operating controls, we look at the following model. A sequence
m (mi), mi: - X, a a-algebra of subsets of a time interval T, X a quasi-
complete locally convex topological vector space, is given. For each 1, 2, -.-, m
represents the effect of the ith control f/on the system. The total effect is given
by

(1) i: Jidmi"

If at each time T the controls (f(t)) are constrained to belong to a set
(t) contained in the countable product of the real line, the set of all values of (1)
is called the attainable set of this system and is denoted by A(m). We consider
the bang-bang principle for this system, namely, under what conditions does
A(m) Aex(m), where ex (t) is the set-valued function taking values in the
extreme points of (t), T.

It has been found that this problem is closely related to the study ofLyapunov
vector measures, that is, vector measures with compact, convex range. Accordingly,
2 is devoted to Lyapunov vector measures. In Theorem we give conditions for

a vector measure to be Lyapunov, and in Theorem 2 we consider certain per-
manence properties of Lyapunov vector measures.

In Theorem 3 we give conditions on m for A(m) Aex (m) for certain set-
valued functions -, and prove that this result holds if each m is nonatomic and
X is finite-dimensional.

Received by the editors November 24, 1972, and in revised form June 25, 1973.- School of Mathematical Sciences, The Flinders University of South Australia, Bedford Park,
South Australia 5042.
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Finally in Theorem 4 we show that if the assumptions on the mi are weakened,
in general it is only possible to recover A(m) from the weak closure of Aex(m).
This result follows a method in [8] and extends Theorems 5.1, 5.2 in [6].

1. Definitions. Let X be a quasi-complete locally convex topological vector
space (l.c.t.v.s.) with dual X’. For a set H c X, coil and 6-0-H denote the convex
hull and closed convex hull of H respectively. If H is convex, ex H denotes the
extreme points of H.

Let 6e be a a-algebra of subsets of some abstract set T, /(Se) the set of all
bounded 5-measurable functions on T. //(Se) denotes the set of all sequences
(Ji) of functions in/(Se) with sup flloo :i 1, 2, ...} < . We can also interpret
elements of //(6e) as functions on T with values in R, the countable product
of the real line treated as a 1.c.t.v.s. under the product topology.

A set-valued function ff defined on T whose values are subsets of R will
be called bounded if there exists a compact set H c R such that if(t) c H for
every T. For such a set-valued function , we put

g() {f f //(6e), f(t) (t), T}
Similarly, if K is a subset of the real numbers, define

//(6e) {f:j g(6), f(t) K, T}.
Denote by CCR the family of compact, convex subsets of R. For a set-

valued function :T CCR we define the set-valued function ex on T by

(ex )(t) ex ((t)), T.

Following Valadier [8], we call the set-valued function :T--, CCR
scalarly measurable if, for every x’ (R)’, the function

sup {(x’, x):x (t)},
T, is -measurable.
By a vector measure on 6e we mean a map m: X which is countably

additive. For E we define

the restriction of to E, and

(m, E) {m(F) F 6e}.

To simplify we set (m)= (m,T). The restriction of m to 6e will again be
denoted by m. A set E 5e is m-negligible if (m, E) 0.

If ?(m, E) is convex for every E 6 5e, and ?(m) is weakly compact, we call
m a Lyapunov vector measure.

If X is a quasi-complete 1.c.t.v.s., m:Se X a vector measure, for each
x’ X’ we define a measure (x’, m) :6 R by (x’, m)(E) (x’, m(E)), E ,9. fi,
real-valued 6e-measurable function f will be called m-integrable if it is integrable
with respect to every measure (x’, m), x’ X’, and if for every E 6e, there is an
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element xE X such that

(2) (x’, xE5 f fd(x’, m>

We write x Ifdm, and Xr rfdm= fdm. The properties or this integral
have been discussed in [4] and [6]. Any function fe #() is m-integrable. In
fact, f will be the uniform limit of 5-measurable simple functions. The existence
of an x e X satisfying (2), E e 5, now follows from the quasi-completeness of X.

Let A be an index set directed by the relation =<. Let {E,}=A be a net of sets
in . The net {E=}=a is said to be m-convergent to a set E (m-Cauchy) if, for every
neighborhood a// of 0 in X, there exists aee A such that N(m, E=AE)

___
a#, for

every a A with au __< a (such that ?(m, EAE) c all for every 0 A, fle B with

A vector measure is said to be closed if is m-complete, i.e., if every m-
Cauchy net of sets in 5e is m-convergent to a member of 5.

The basic properties of closed vector measures that will be needed in this
note are proved in [3] and [6]. Namely, the indefinite integral of an m-integrable
function with a closed vector measure is closed, m is closed if and only if
c---6(m) {rfdm:fCo,(Se)}, and any vector measure taking values in a
metrizable space is closed.

The set of all finite a-additive real-valued measures on b is denoted by
ca (St), and by 121 we mean the variation of 2 e ca (Sa). For a vector measure
m-St’ -+ X set (R) {(x’, m)"x’ X’}.

Two functions f g in (5) will be called m-equivalent if j’rlf- gldl01 0
for all 0 e tO. The equivalence class consisting of all functions m-equivalent to
J’e ///(5) is denoted by IfIra" Set #(Sg, m) {IfIra :f e /Z()}, M/(, m)

{IfIra :re (Se)}, K a set of real numbers.
If F= {#eca()’/ << 0, 0e(R)}, then the assignment If],, -fd#,fet(5),

gives an unambiguously defined functional on M(Se, m) for each t e F. We let
a(m) denote the weakest topology that makes all these functionals continuous.

A sequence of closed vector measures m’5--+ X,i 1,2, ..., will be
called a control system if oo= xi is convergent for each x e (m), 1, 2,....
As 0e 9(m), i= 1,2, ..., this convergence is unconclitional. If each m is
Lyapunov, 1, 2, -.., it will be called a Lyapunov control system. Set m (m).

The next lemma will be used often in the text without reference. The proof
is given in [5, Lemma 3].

LEMMA 1. If m (rag) is a control system, and f (f/)e /(Se), then the
series i= efi dmi converges for each E 5’.

For a bounded set-valued function on T whose values are subsets of R,
we define

If ’T CCR is a bounded, scalarly measurable set-valued function,
then by [5, Thm. 1, A(), the attainable set, is a convex, weakly compact subset
of X. It is the aim of this note to study the relation between A() and A()
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for various control systems, in particular, to give a necessary and sufficient con-
dition on m for A(m) Aex(m). It can be seen that if A(m) Aex(m) for
every scalarly measurable, bounded set-valued function ff:T CCR, then m
must be a Lyapunov control system. Accordingly we start this note with a study
of Lyapunov vector measures.

2. Lyapunov vector measures. The first result gives a necessary and sufficient
condition for a closed vector measure to be Lyapunov. It generalizes the concept
of "thinness" introduced by Kingman and Robertson in [2].

THEOREM 1. If n’O -- X is a closed vector measure, the following properties
are equivalent"

(i) For every non-n-negligible subset Z of 6 there exists a bounded -measurable function v, with v 0 on Z, v 0 outside Z, and T V dn O.
(ii) For every [u], M(6e, n), with [u], 0, there exists a bounded measurable

function v, with [uv], # O, and r uv dn O.
(iii) n is a Lyapunov vector measure.

Proof. Clearly (i) and (ii) are equivalent. In the proof we follow the scheme
(i) (iii), (ii) (iii).
Suppose (i) is false. There exists a non-n-negligible set Z, and consequently

a a-algebra 5ez such that the map J’M(5z,n) X defined by J(f)=.fz f dn is
one-to-one. Thus Yl(n,Z) J(Mo,l(5z,n)) J(Mto, lj(5z,n)) = co (n,Z). Gon-
sequently n cannot be Lyapunov.

Consider (ii)= (iii). Set H Mto, lj(5,n). The map J’M(5,n)- X de-
fined by J(f) f dn is continuous if we give M(5, n) the a(n) topology and X
its weak (i.e., a(X, X’)) topology. The proof follows if

H M{o,1}(Sr,n)+ J-1(0).

Let [u], H. As n is closed, H is a(n) compact [3, Cor. 2 to Lemma 8], and so
Ho H ([u], + J-1(0)) is a(n) compact and convex. Let [Uo], ex Ho. It only
remains to show that [Uo], Mo,1(5, n). By [5, Lemma 5], Mo,l(Se, n) ex H,
and hence suppose [Uo], ex H. Then there exists a Iv], M(Se, n), with Iv], :/: 0,
and [Uo], Iv], H. Applying (ii) there exists a function w, which can be chosen
with w(t) [- 1, 1], T, with [wv], 0 and wv dn 0. Now [Uo], +
Ho, which contradicts our choice of Uo.
We can now answer the question of the existence of nontrivial infinite-

dimensional Lyapunov vector measures. The examples below give Lyapunov
vector measures which cannot be written as the direct sum of finite-dimensional
vector measures.

Example 1. Suppose T [0, 1] [0, 1], 5 is the a-algebra of Borel sets on
T, and 2 is Lebesgue measure on 5e. Define functions qg,(s, t) t", 0 =< s, =< 1,
n 1, 2, .... Let E 5e be a set which is not 2-negligible. Then the LZ-closed
linear span of the functions {99, :n 1, 2,...} cannot cover Lz(E). Consequently
we can find a bounded measurable function f, nonzero on E with

t)qg,(s, t) ds dt 0 for n 1,2,
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Define measures ,: R by

la,(E) fe q),(s, t) ds dt, E 5.
Then the vector measure m :Se Co given by m(E) (#I(E),/22(E),"" "), E
will be Lyapunov by Theorem 1.

We can extend this construction to more general function spaces, as in the
next example.

Example 2. Let (T, 5e, 2) be any finite measure space and let P be a set. For
each r e P, let a bounded measurable function qr :T R be given. Assume that,
for every set E in 5e with 2(E) 4: 0, the system {qgr :r P} is incomplete, in the
sense that there exists a bounded measurable function f, not vanishing 2-almost
everywhere on E such that E fqgr d2 0 for every r e R. Let X be a vector space
of real-valued functions on P equipped with a quasi-complete 1.c.t.v.s. topology
making the application m:Se X, defined by m(E)(r) eq)rd2, E 5, re P, a
vector measure. Then m is closed [6, Lemma 3.2] and, by Theorem 1, it is Lyapunov.

The following lemma which will be used later is a simple application of
Theorem 1.

LEMMA 2. Suppose m :5 X is a vector measure, u (5) and n :5 X is
a vector measure defined by n(E)=u dm, E 5e. If m is Lyapunov, then n is
Lyapunov, and conversely, if u is bounded below by some positive constant, and if
n is Lyapunov, then m is Lyapunov.

Proof. Suppose m is Lyapunov. Then

f dm :f e o,1(5) co (m),

and so m is closed by [3, Cor. 3 to Thm. 3]. Let [w], e M(5, n). Then [WU]m 4: O,
and so by Theorem there exists an h e /(5) with [wuh],, 4:0 and r wuh dm 0.
Hence [wh], O, and r wh dn 0. Theorem gives the result.

In the second part 1/u e g(5) and so it is n-integrable, and e (I/u) dn re(E),
Ee5.

The conditions on the density function u in this lemma can be relaxed con-
siderably. The next lemma will be used for this.

LZMMA 3. Suppose mg :0 X, 1, 2,..., is a control system of Lyapunov
vector measures for which there exists a sequence (Eg)= of pairwise disjoint sub-
sets of 5 with U _ E T, and each m is zero outside E, 2, Then the
vector measure m X defined by re(E) i__ mi(E) E e 5, is also Lyapunov.

Proof. The definition of a control system implies that m is a well-defined
vector measure. We show first that m is closed. Suppose A is some index set and
(E,),A is an m-Cauchy set in 5. Then for each 1, 2,..., (E f’l E),A is mg-
Cauchy, and since each m is closed, (EAEg)A is m-convergent to a set F 5,
where Fi c Ei. Then (E,)a is m-convergent to F U

Let f e //to, 1(). Then

f dm f dmi,
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and since each mi is Lyapunov we can find a set H 5, H c Ei, such that

f dm mi(Hi), 1,2,

If H Ui=l Hi, then He , and frfdm re(H). Since rn is closed we have
[3, Thm. 2]

c(m) ={ frf dm:f 6 tO, ll()} (m).

THEOREM 2. Suppose m’ X is a vector measure, u an m-integrable real-
valued function and n" X a vector measure given by

n(E) f u din, E .
U’m is Lyapunov, then n is Lyapunov. Conversely, suppose Eo {t’u(t) 0} and
m restricted to o is Lyapunov. Then n is Lyapunov, m is Lyapunov.

Proof. Suppose m is Lyapunov. Set Ei {t’i u(t)<i+ 1}, i= 0, 1,
2,.... Then (Ei)=_ are pairwise disjoint and U_ E T. Define the
sequence of vector measures n’ X by

ni(F) fv X,u dm, i=0,1,2,..., Fe.

Each n is Lyapunov by Lemma 2, and

n(F) ni(F), F e .
Lemma 3 gives the result.

Conversely, suppose n is Lyapunov. First consider the case u(t) > 0 for all
e T. Set E {t’u(t)> 1}, E {t’l/i < u(t) 1/(i- 1), i= 2,3, ...}. The

sets (E)= are pairwise disjoint, and U E T. Define {F’F c Ei=1
F } and let n, m be the restrictions of n, m to respectively, 1, 2,
Each n will be Lyapunov from the definition. Since

n(F) f u dm, F ,
each m will be Lyapunov by Lemma 2. If we define a sequence of vector measures
m’i’ Xby

m’,() m( ,), , 2,..., ,
then

,(m’i, T)= l(mi),

and so each m’i is Lyapunov, 1, 2, Since

m(G) m’i(G),
i=1

G5,
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the result follows by Lemma 3.
In the general case we define E1 {t :u(t) > 0}, E2 {t :u(t) < 0}, and E0

as given. The result follows as above by applying Lemma 3 to the restrictions of
n and rn to the a-algebras 5e,, 0, 1, 2.

COROLLARY. /f {t:u(t) 0} is m-negligible in the previous theorem, then m is
Lyapunov if and only if n is Lyapunov.

3. The attainable set. We define lca (,9) to be the set of all sequences (/i)
with #i e ca (St), 1, 2, ..., and I/I(T) < .

Suppose m (m), where m :St - X is a control system. Set

19 {((x’, mi)) :x’ X’}.
We call f, g e /{(5) m-equivalent if

1 ]Ji gild]Oi] 0 for all 0 (Oi) e tO.

The set of all g g(6e) m-equivalent to f(6) is denoted by If],,,. We
define

M(,m) {[f],,,:f //(5)).
For a bounded set-valued function mapping T into the subsets of R, we put

M(,m) {[/],,,:f ////.(’)}.
Set F as the set of all sequences # (#i) lca (5) with #i << 0, 1, 2, ...,

for some 0 (0i) 19. Then the maps

If],,, --+ d#i, If],,, e //(5, m),
i=1

are well-defined for each # (#) F. The weakest topology that makes all these
maps continuous is called the a(m) topology.

For a bounded set-valued function taking values in the subsets of R we
define a map J M( m) X by

J([f],,,) dmi, If],,, M..(5’ m).
i=

Then J is well-defined, and continuous if M(5,m) is given the a(m) topology
and X its weak (i.e., a(X, X’)) topology.

We are now able to give conditions for As(m) Aex(m).
THEOREM 3. /fm (m) is a control system, then As(m Aex (m)for every

scalarly measurable, bounded, set-valued function T CCR, if and only if
(A) for every [u],,, 6 M(C,m) with [u],,, :/: 0, there exists a v ////(5) with

[uv]., :/: 0 and ,1f u,v dm, O.
Proof. Suppose condition (A) holds. We must now show that

M(Se, m) = Me(,m) + J- 1(0).
5 M(5,m) Mex(Se, rn) (see [5, Lemma 5]), theSet H= M( ,m) As ex
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proof follows in the same way the implication (ii) (iii) was shown in Theorem 1.
Conversely, for any u M(5#, m), [u]., 4: 0, consider the set-valued function

defined by

W(t) {au(t):O __< a __< 1}, t6 T.

Then " T CCR is bounded and scalarly measurable, and

.E

is convex and weakly compact by hypothesis. Define a vector measure w’5# - Xby

w(E) ui dmi,
i=

Then (w)= Aexs(m), and so w is Lyapunov. If T is w-negligible, we choose
v otherwise, a function v satisfying property (A) can be chosen by Theorem 1.

COROLLARY 1. /fm (mi) is a Lyapunov control system in Theorem 3, and
the space X has the property:

(B) for any Lyapunov control system w (wi), w :5# X, 1, 2,..., the
vector measure w "5# -, X defined by w(E)= i=lwi(E), E 5#, is also
Lyapunov;

then As(m) Ae s(m).
Proof We shall show that condition (A) holds. Let [u],,6 M(m) and

u] 4: 0. Define a vector measure w:5# X by

w(E) ui dmi.
i=

By (B) and Lemma 2, w is Lyapunov. As before we can now select a v (5#)
satisfying property (A) from Theorem 1.

COROLLARY 2. If m (m), mi :5# R", n a positive integer, 1, 2,..., is
a control system of nonatornic vector measures, and :T CCR is a scalarly
measurable, bounded, set-valued jhnction, then As(m Ax s(m).

Proof. We shall show that X R" satisfies condition (B). Let w (wg) be
any control system of n-dimensional Lyapunov (i.e., nonatomic) vector measures,
and define w:5# - R" by

w(E) Z w,(E),
i=1

If n 1, and each of the measures w is positive, then clearly w is nonatomic
and so Lyapunov.

In the general case, for each vector measure w we can find a finite, positive,
real-valued measure 2i such that 2i(E) 0, E 5#, implies wi(E -- 0 (see [1]).
These (2) can be chosen to form a control system. Then the measure . :5# R
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defined by

E E
i=1

will be finite, positive and nonatomic from our earlier remarks. Since 2(E) --, 0,
E 5, implies w(E) - O, by [3, Lemma 3] w is nonatomic and so Lyapunov.

A vector measure m.Se --, X will be called scalarly nonatomic if (x’, m)"
5e R is nonatomic for each x’ X’.

For a general quasi-complete 1.c.t.v.s. X the problem of whether As(m)
Aex s(m) for a Lyapunov control system m (mi), rni’ X, 1, 2,.-. is

as yet unsolved. However, under the weaker assumption that each of the control
system measures rni, 1, 2,..., is scalarly nonatomic, we can recover As(m)
from the weak closure ofAexs(m). The counterexample of Uhl [7] with constant
and taking values in the product of intervals shows that this result is the best
possible. For completeness we give some sufficient conditions for a vector measure
to be scalarly nonatomic.

Suppose m-5 X is a vector measure. Two sets E, F 5 are termed m-
equivalent if EAF (E F) 12 (F E) is m-negligible. The class of sets in 5
which are m-equivalent to E 5 is denoted by [E],,. The a-algebra 5e is called
m-essentially countably generated if there exists a countably generated a-algebra
5o 5e such that, for every E 5, there is an F 5o with E IF],,. The following
result is proved in [3, Lemmas 2, 4].

LFMMa 4. Let rn’5 X be a nonatornic vector measure. Ij’ either X is
metrizable or is m-essentially countably generated, then rn is scalarly nonatornic.

THEOREM 4. ffm (rn) is a control system of scalarly nonatomic vector
measures, and T --. CCR is a bounded scalarly measurable set-valued jimction,
then As(m) coincides with the weak closure of Aex s(m).

Proof Since is scalarly measurable, M2(5,m)- [8, Prop. 7]. By
[5, Lemma 5], ex (Ms(5, m)) Mes(5, m), and so Ms(5, m) . IfM(5,m)
is a singleton, the result is clear from the Krein-Millman theorem. Otherwise,
suppose If].,, [g]., eMs(5, m) are distinct. Define a vector measure n"5 --. X by

n(E) , (gi fi)dmi,
i=

Following the proof of Theorem 3, Corollary 2 we see that n is scalarly nonatomic,
and so (n) is convex (e.g., [3, Thm. 1]), where the overbar denotes weak closure.
Now

lfT lfTfi drni n(dp) + ]i dmi,
i= i=

1 gi dmi n( T) + f dmi

consequently, for any 0 =< 2 =< 1,

2 fidmi +(1 2) gdm =2n(qS)+(1-2)n(T)+ dm.
i=1 i=1 i=
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Since (n) is convex, 2n(b) + (1 2)n(T) (n), and so there exists some directed
set A, and a net (Z,),A, Z, 5, with

Set

with

n(Z)- 2n() + (1 2)n(T), zA.

n(Z) + fi dmi h dm
i= i=

h(t) = g(t), t6Z,
f(t), tCZ.

With this choice of h, a A, we have [h],,, M(5f, m), a A, and

hdm2 j’dm + (1 2) gdm
i= i=1 i=1

For x, y A,(m), we can find a directed set B and nets x, y, fl 6 B, such that

x x, y y, fl B. Since 2x + (1 2)y A,(m) by the above, for each
0 2 1, A,(m) must be convex. Thus by the Krein-Millman theorem,
A(m) cACx (m) Ax (m).
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ESTIMATION AND FEEDBACK IN LINEAR TIME-VARYING
SYSTEMS" A DETERMINISTIC THEORY*

MASAO IKEDA,- HAJIME MAEDA: AND SHINZO KODAMA:

Abstract. The problems of (i) state-variable feedback, (ii) deterministic state estimation, and
(iii) state estimation and feedback are considered for a finite-dimensional linear time-varying system.
The following are the questions; they can be regarded as natural and logical extensions to a time-
varying case of the pole assignment problem [2]-[6] for a time-invariant system.

(i) What is the relation between controllability and reachability of an open loop system and
the possibility of constructing a linear state-variable feedback law which realizes the prescribed
stability and instability degrees of the closed loop system?

(ii) What is the relation between observability and reconstructibility of the system to be estimated
and the possibility of constructing a linear state estimator which realizes the prescribed stability and
instability degrees of the estimate error?

(iii) What is the relation between controllability, reachability, observability and reconstructibility
of an open loop system and the possibility of constructing a linear feedback compensator composed
of a state estimator and an amplifier which realizes the prescribed stability and instability degrees of
the closed loop system?
Here, the stability and instability degrees mean the indices of exponential functions which bound the
(zero-input) response from above and below respectively. This paper gives some principal answers
to the questions.

1. Introduction. This paper considers a finite-dimensional linear time-varying
system and is concerned with the synthesis problem of a linear feedback com-
pensator to realize specified stability properties of the closed loop system. It is
assumed that the compensator consists of a dynamic state estimator and an
amplifier. The object is to clarify the relations between the existence of such a

compensator and controllability, reachability, observability and reconstructibility
[1] of the open loop system. For this purpose, three subproblems--problems
of state-variable feedback, deterministic state estimation, and state estima-
tion and feedback--are considered, which themselves are very important
problems.

First, in 3, the state-variable feedback problem is considered from a view-
point of designing the internal stability property (i.e., the zero-input behavior) of
the closed loop system which can be obtained by means of linear feedback of the
state. The question is as follows: Under what condition on the open loop system
does the feedback gain exist which actualizes the prescribed stability and in-
stability degrees of the closed loop system? Here, stability and instability degrees
mean the indices of exponential functions which bound the zero-input response
from above and below respectively. For a time-invariant case, this problem is

* Received by the editors January 22, 1973, and in revised form October 6, 1973.
]-Department of Systems Engineering, Faculty of Engineering, Kobe University, Rokko-Dai,

Nada, Kobe 657, Japan.
: Department of Communication Engineering, Faculty of Engineering, Osaka University,

Yamada-Kami, Suita, Osaka 565, Japan.
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completely solved [2]-[6], i.e., it is well known that controllability of the open
loop system is equivalent to the possibility of assigning an arbitrary set of the
closed loop poles. For a time-varying case, Wolovich [7] considers this problem
for a class of bounded systems whose parameters have bounded derivatives of
higher order, and obtains a result which implies that a slightly more restrictive
condition than uniform controllability is a sufficient condition for the closed loop
system to have the desired stability and instability degrees. For a more general
class of time-varying systems, a partial answer is known, i.e., the problem of
realizing the prescribed stability degree by means of linear state-variable feedback
has been studied extensively [8]-[10]; it is known that uniform complete control-
lability is a sufficient condition for such stabilization, and in bounded systems it
is also necessary as well as sufficient.

Section 3 solves the problem completely. It is shown that uniform complete
controllability of the open loop system is a sufficient condition for specifying
any stability and instability degrees (of course, upper index >= lower index) of the
closed loop system simultaneously, and that in case of a bounded open loop
system and a bounded feedback gain, uniform complete controllability is also
necessary. Thus the results of 3 can be regarded as logical and natural extensions
to a time-varying case of those for a time-invariant system.

The deterministic state estimation problem is considered in 4, where it is
formulated as a design problem of a dynamic state estimator whose dimension is

equal to that of the open loop system to be estimated. The relations are clarified
between uniform complete observability of the open loop system and the ex-
istence of an estimator which realizes the prescribed stability and instability
degrees of the estimate error. For this, it is shown that such an estimation prob-
lem can be reduced to the state-variable feedback problem for the dual system
which is well known for a time-invariant case [6]. Thus we obtain the results
corresponding to those attained in 3.

When state estimate is employed for feedback, a question arises as to whether
we are still able to specify the stability and instability degrees of the closed loop
system. In 5, it is shown that uniform complete controllability and uniform
complete observability of the open loop system guarantee the existence of a
feedback compensator (composed of a dynamic estimator and an amplifier)
which actualizes the prescribed stability and instability degrees of the total closed
loop system, and that in case of a bounded open loop system and a bounded
compensator, the converse is also valid. However, the difference is that the upper
index can be assigned any value provided it is strictly greater than the lower
index, whereas in 3 they can be equal. This result is also well known for a time-
invariant system [6], and has been obtained for a class oftime-varying systems [18],
[19].

Throughout the paper, all vectors and matrices are assumed to have real
elements. For a vector x and a matrix A, x’ and A’ are respectively the transposes.
The norm of x denoted by [Ix is the Euclidean norm, i.e., [Ix a__ (x,x)l/z, and [IA
denotes the norm of A compatible with x i.e., IIAll _a

supll,lt Ax[ For sym-
metric matrices P and Q, P > 0 (P __> 0) means that P is positive (nonnegative)
definite, and P > Q (P Q) means P Q > 0 (P- Q __> 0). I is the identity
matrix.
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2. System description and controllability, reachability, observability, re-
constructibility. We assume that the open loop system has a representation

(So)
5c(t) A(t)x(t) + B(t)u(t),

y(t)- C(t)x(t) + D(t)u(t),

where x(-) is the state n-vector, u(. is the input r-vector, y(-) is the output m-
vector, and A(.), B(.), C(. and D(. are matrix functions with appropriate
dimension. In addition, u(. ), A(. ), B(. ), C(. and O(. are assumed to be measur-
able and bounded on every finite subinterval of time. The transition matrix
associated with (t) A(t)x(t) is denoted by (I)(.,.). In view of the assumptions
on A(. ), a unique, continuous, nonsingular q)(.,. exists on (- o, or) [12].

Concerning controllability and reachability, we introduce the following
definitions. Let the controllability Gramian and the reachability Gramian of
(So) be denoted by W(., .) and Y(., .) respectively, i.e.,

(1) W(t,s) O(t, )B()B’(r)O’(t, r) dr, < s,

(2) Y(s, t) O(t, )B(z)B’()O’(t, ) d, s < t.

DEFINITION 2.1. (So) is said to be uniform with respect to complete controllability
if there are positive numbers a, 0 and o2 such that

(3) 0 < ZlI <= W(t, + a) <= o2I
holds for all t.

The concept of uniformity with respect to complete controllability means
that we can transfer the state from any x at any to the origin 0 in a finite time a,
and moreover that the minimum input energy required for this transference is
neither larger than -lllxll2 nor smaller than -lllxll2 (see [13]).

DWFINITION 2.2. (So) is said to be uniform with respect to complete reachability
if there are positive numbers a, o3 and 4 such that

(4) 0 < 03I 5 Y(t a, t) <= I
holds for all t.

Like uniformity with respect to complete controllability, the concept of
uniformity with respect to complete retchability means the uniformity of the
minimum input energy which is required for transferring the state from 0 to x
in a finite time a [13].

DEFINITION 2.3 [8]. (So) is said to be uniformly completely controllable if there
are positive numbers a and i, 1, 2, 3, 4, such that

(5a)

(Sb)

hold for all t.

0 < 01I W(t, -+- a) <= o2I
0 < 03I <= Y(t a, t) <= 4I



LINEAR TIME-VARYING SYSTEMS 307

Remark 2.1. It is obvious from the above definitions that if (So) is uniformly
completely controllable, then it is both uniform with respect to complete
controllability and uniform with respect to complete reachability. Besides, the
converse is also valid. (The proof of this statement is omitted.) Therefore, uniform
complete controllability is the conjunction of uniformity with respect to com-
plete controllability and uniformity with respect to complete reachability.

Remark 2.2. It is shown in [8] that if (5a) and (5b) hold for some a, then
there is a scalar function 7(" such that

(5c) Ilk(t, s)ll (It sl) for all and s,

and that any two of the three conditions (5a), (5b) and (5c) imply the remainder.
This fact indicates that uniformity with respect to complete controllability,
uniformity with respect to complete reachability and uniform complete control-
lability are equivalent for a bounded system, since (5c) is immediately implied
by the boundedness of A(. ).

Remark 2.3. For an unbounded system, the above three concepts are not

equivalent. This is shown by the following examples.
Example 2.1. Consider a scalar system

(6) So(t) 3t2x(t) + x/ tu(t).

The controllability Gramian with 0. is

W(t, + 1)- exp [-6t2 6t- 2],

and hence

1-exp[-1/2]__< W(t,t+ 1)<__ for allt.

Therefore, (6) is uniform with respect to complete controllability. But, it is not
uniform with respect to complete reachability since the reachability Gramian is

Y(t 0., t) exp [60.t2 60.zt + 20"3] for 0. > 0.

Naturally, it is not uniformly completely controllable.
Example 2.2. A scalar system

(7) 2(t) 3t2x(t) + x// tu(t)

is uniform with respect to complete reachability. But it is not uniform with respect
to complete controllability.

The definitions relative to observability and reconstructibility are the fol-
lowing. Let the observability Gramian and reconstructibility Gramian of (So) be
denoted by M(.,. and N(.,. respectively, i.e.,

(8) M(t, s) O’(r,, t)C’(r,)C(r,)O(r,, t) dr., < s,

(9) N(s, t) ’(r,, t)C’(r,)C(r,)(r,, t) dr,, s < t.
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DEFINITION 2.4. (So) is said to be unijbrm with respect to complete observability
if there are positive numbers tr, fll and fiE such that

(10) 0 < fill <__ M(t, + r) <__ f12I
holds for all t.

DEFINITION 2.5. (So) is said to be unijbrm with respect to complete recon-
structibility if there are positive numbers tr, f13 and f14 such that

(11) 0 < f131 S(t t,t) __< fl4I
holds for all t.

DEFINITION 2.6 [8]. (So) is said to be unijbrmly completely observable if there
are positive numbers tr and fli, 1, 2, 3, 4, such that

(12a) 0 < flI <= M(t, + ) <__ f12I,

(12b) 0 < f131 <__ S(t- tr, t) <__ flI
hold for all t.

Remark 2.4. Similar to the case of controllability and reachability, uniform
complete observability is the conjunction of uniformity with respect to complete
observability and uniformity with respect to complete reconstructibility, and
these three concepts are equivalent for a bounded system.

It is well known that observability and reconstructibility of (So) are closely
related to reachability and controllability of its dual system [1], [8], [11]

$c(t) A’(- t)x(t) + C’(- t)u(t),
(D,,)

y(t) B’(- t)x(t) + D’(- t)u(t).

The following lemmas are immediately implied by the relation between the
transition matrices associated with 2(t) A(t)x(t) and c(t) A’(-t)x(t).

LEMA 2.1. (So) is uniform with respect to complete reconstructibility if and
only if (D) is uniform with respect to complete controllability.

LEMMA 2.2. (So) is uniform with respect to complete observability if and only
if (Du) is uniform with respect to complete teachability.

LEMMA 2.3. (So) is uniformly completely observable if and only if (Du) is uni-
jbrmly completely controllable.

3. State-variable feedback. In this section, we deal with only the state
equation
(S’o) )(t) A(t)x(t)+ B(t)u(t)

and assume that the state x(. can be measured directly. Consider linear state-
variable feedback of the form

(13) u(t) K(t)x(t) + v(t),

where the feedback gain K(. is r n, measurable and bounded on every finite
subinterval of time, and v(- is the new input. Then the closed loop system has a
representation

(S’c) )(t) {A(t) + B(t)K(t)}x(t)+ B(t)v(t).
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In view of the assumptions on A(. ), B(. and K(. ), a unique, continuous and
nonsingular transition matrix associated with +/-(t)= {A(t) + B(t)K(t)}x(t) exists
on (- , c) [12].

Now, we introduce the concepts of stabilizability, anticausal-stabilizability
and designability, which are concerned with the stability and instability degrees
that can be obtained by the state-variable feedback.

DEFINITION 3.1. (S’o) is said to be uniformly completely stabilizable if, for any
real number M, there are a positive number b and a feedback gain K(. such that
any zero-input response of (S’) satisfies

(14) Ilx(t2)]l - bllx(tl)ll exp [M(t2 tl) for all t and 2 _>_

DEFINITION 3.2. (S’o) is said to be uniformly completely anticausal-stabilizable
if, for any real number rn, there are a positive number a and a feedback gain
K(. such that any zero-input response of (S’) satisfies

(15) allx(tl)ll exp [m(t2 tl)] <_ IIx(t2)ll for all tl and 2
>_ tl.

DEFINITION 3.3. (S,) is said to be uniformly completely designable if, for any
pair of real numbers m and M such that m __< M, there are positive numbers a,
b and a feedback gain K(. such that any zero-input response of (S’c) satisfies

(16) allx(t,)ll exp [m(t: t,)3 -< Ix(tm)ll bllx(t,)ll exp [M(t t)]

for all and 2
_>

Remark 3.1. Definition 3.1 is equivalent to Definition 4 of [10] in which M
is restricted to be nonpositive if some b and K(. for a nonpositive M are found,
then they also work for any positive M.

Remark 3.2. It is obvious from the definitions that uniform complete design-
ability implies both uniform complete stabilizability and uniform complete anti-
causal-stabilizability. However, it remains to show that the converse is also true
or not.

Remark 3.3. There is a system which is not uniformly completely stabilizable,
but uniformly completely anticausal-stabilizable. The opposite case also exists.

Example 3.1. Consider a scalar system

(17) (t) 2t. x(t) + l(t)u(t),

where 1(. is the unit step function. Let the feedback gain be defined by

K(t) (-2t + M)l(t) for any M.

Then any zero-input response of the closed loop system satisfies

Ix(tz)l <= blx(tl)l exp [M(t2 tl)], b __a exp [M2/4]
for all and 2 >__ l. Therefore, (17) is uniformly completely stabilizable. How-
ever, it is not uniformly completely anticausal-stabilizable; for any feedback gain
the closed loop zero-input response at t2 0 for the initial time t < 0 is

x(O) X(tl) exp [-- t],

The terminology "anticausal" means that the time-ordering is the opposite of the usual one [17].
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and there is no positive number a for a fixed real number m such that

aexp[m(0- tl)]_-<exp[-t] for alltl<0.
Example 3.2. A scalar system

(18) (t) 2t. x(t) 4- l(t)u(t)

is uniformly completely anticausal-stabilizable, but is not uniformly completely
stabilizable.

3.1. Stabilization. It is known that (S’c) can be made uniformly asymptotically
stable with the prescribed stability degree if (S’o) is uniformly completely control-
lable [9], [10]. Theorem 3.1 improves this; a weaker sufficient condition for such
stabilization is given.

TIaEOREM 3.1. If (S’o) is uniform with respect to complete controllability, then
it is uniformly completely stabilizable.

THEOREM 3.2. A bounded system (S’o) is uniformly completely stabilizable by a
bounded feedback gain if and only if it is uniform with respect to complete con-
trollability.

Remark 3.4. The converse of Theorem 3.1 is not valid, though its condition
is weaker than that of Theorem 2 of [10]. This fact is shown by the following
example.

Example 3.3. Consider the scalar system (17) of Example 3.1 again. It is
uniformly completely stabilizable as shown there. But it is not uniform with
respect to complete controllability since, for any a > 0, its controllability Gramian
is zero for all < -a.

Proof of Theorem 3.1. Assume that (S’o) is uniform with respect to complete
controllability. For a real number M, define a feedback gain K(. by

(19)

where

K(t) -1/2B’(t)I-l(t, + ),

I(t, + a) A_ O(t, )B(v)B’(v)’(t, ) exp [- 2M(t )] dv

and a is the positive number for which (3) holds for all t. Note that

0 < a exp [- 2[Mla]I _< I$’(t, + a) _<_ a2 exp [21Mla]I

holds for all t. Let a scalar function be defined by

(20) V(x, t) x’#- (t, +
Then, it satisfies

0 < a exp [- 21mla]llxll 2 __< V(x, t) __< a- exp [2]Mla]llxl] 2

at every t, and its time derivative l?(.,. along any zero-input response of (S’c)
satisfies

(/(x(t), t) <= 2MV(x(t), t)
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at almost every t. Hence, by means of Lyapunov’s second method, we can show
that there is a positive number b such that any zero-input response of (S’c) satisfies
(14) for all and t2 >- l. Q.E.D.

Proof of Theorem 3.2. Necessity. When (S’o) is bounded, its controllability
Gramian is always bounded from above independently of [14]. Hence, a bounded
system (S’o) is uniform with respect to complete controllability if and only if there
are positive numbers a and 1 such that

0 < 01I <= W(t,t + a)

holds for all t. With this fact, we can show in the same way as in the proof of the
necessity part of Theorem 3 of [10] that (S’o) is uniform with respect to complete
controllability in case it is uniformly completely stabilizable by a bounded feed-
back gain.

Sufficiency. The proof of Theorem 3.1 applies here. Since B(. is bounded in
this case, K(. defined by (19) is bounded. Q.E.D.

From the definitions, uniformity with respect to complete controllability is
implied by uniform complete controllability, and for a bounded system, these
concepts are equivalent as mentioned in Remarks 2.1 and 2.2. The following
corollaries follow from this relation.

COROLLARY 3.1 (Theorem 2 of [10]). If(S’o) is uniformly completely controllable,
then it is uniformly completely stabilizable.

COROLLARY 3.2 (Theorem 3 of [10]). A bounded system (S’o) is uniformly com-
pletely stabilizable by a bounded feedback gain if and only if it is uniformly com-
pletely controllable.

Remark 3.5. Theorem 3.2 follows immediately from Theorem 3 of [10] and
the fact that uniformity with respect to complete controllability is equivalent to
uniform complete controllability for a bounded system. Nevertheless, the proof
of Theorem 3.2 is notable; it does not take a round about way through uniform
complete controllability (which is the concept concerned with reachability as
well as controllability) and hence it indicates that stabilizability is related to
controllability only.

3.2. Instabilization (specification of instability degree). From the analogy of
the relations between stabilizability and controllability, it is natural to expect
from the physical meanings that anticausal-stabilizability is closely related to
reachability.

THEOREM 3.3. If (S’o) is uniform with respect to complete teachability, it is

uniJbrmly completely anticausal-stabilizable.
THEOREM 3.4. A bounded system (S’o) is uniformly completely anticausal-

stabilizable by a bounded feedback gain if and only if it is uniform with respect to

complete teachability.
Remark 3.6. The converse of Theorem 3.3 is not valid. An example which

shows this fact is the scalar system (18) of Example 3.2.
The proof of Theorem 3.3 is analogous to that of Theorem 3.1. Define K(.

for any real number m by

(21) K(t) 1/2B’(t)- ’(t r, t),
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where

f(t a, t) a= (t, z)B(z)B’(r)’(t, r) exp [- 2m(t r)] dr

and a is the positive number for which (4) holds for all t. Let a scalar function be
defined by

(22) V(x, t) x’- l(t a, t)x,

and we can show by means of Lyapunov’s second method that there is a positive
number a such that any zero-input response of (S’) satisfies (15) for all tl and
t2>t 1"

The proof of Theorem 3.4 is analogous to that of Theorem 3.2. In this case,
we must note the following three facts to prove the necessity part. First, the
transition matrices (I)(.,.) and (.,-) which are associated with t(t) A(t)x(t)
and (t) {A(t) + B(t)K(t)}x(t) respectively satisfy

O(t2, l)(tl, t2) I O(t2, r)B(r)g(r)(r, t2) dr

for all t and 2. Second, any zero-input response of (S’) satisfies (15) for all tl
and 2 if and only if

(1/(/) exp I-re(t2 tl)

for all and 2 >= Third, a bounded system (S’o) is uniform with respect to
complete reachability if and only if there are positive numbers a and 03 such that

0 < 03I < Y(t- or, t).

holds for all t.
The following corollaries immediately follow from Theorems 3.3 and 3.4,

and Remarks 2.1 and 2.2.
COROLLARY 3.3./f (S’o) is unijbrmly completely controllable, then it is uniformly

completely anticausal-stabilizable.
COROLLhR 3.4. A bounded system (S’o) is unijbrmly completely anticausal-

stabilizable by a bounded feedback gain ij" and only if it is unijbrmly completely
controllable.

3.3. Specification of stability and instability degrees. It has been shown that
uniformity with respect to complete controllability implies uniform complete
stabilizability, uniformity with respect to complete reachability implies uniform
complete anticausal-stabilizability, and both converses are valid in the case of a
bounded open loop system and a bounded feedback gain. From these facts, we
expect that analogous relations should hold between uniform complete control-
lability and uniform complete designability.

THEOREM 3.5. If (S’o) is uniformly completely controllable, then it is uniformly
completely designable.

THEOREM 3.6. A bounded system (S’o) is unibrmly completely designable by a

bounded feedback gain if and only if it is unijbrtnly completely controllable.
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Remark 3.7. The converse of Theorem 3.5 is not valid. This fact is shown by
the following example.

Example 3.4. Consider a scalar system

(23) :(t) x(t) + exp [2t]. u(t).

For any pair of real numbers m and M such that m __< M, define

K(t) {- + (m + M)/2} exp [-2t].

Then, any zero-input response of (S’c) satisfies

x(t2) x(t) exp [1/2(m + M)(t2 t)] for all t and 2.

This implies that (23) is uniformly completely designable. However, since the
controllability Gramian and the reachability Gramian of (23) are

W(t, + a) 1/2(ex.p [2a] 1) exp [4t],

Y(t a, t) 1/2(1 exp [- 2a]) exp [4t]

for any a > 0, (23) is not uniformly completely controllable.
In the proofs of the theorems, the following two lemmas are necessary.
LMa 3.1. If (S’o) is uniformly completely controllable, then there are positive

numbers C and c2 such that

(24) B(z) 2 dr Cl + c2(t2 l)

jbr all t and 2 l.

Proof. Note that liB(t)2 B’(t)2= 2max(B(t)B,(t))= IIB(t)B’(t)ll, where

2max (") denotes the maximum eigenvalue. For any tl,

"+"

[IB(r)[I 2 dr

IlO(, tl)O(t, QB(z)B’(QO’(tl, )0’(, t,) d
(25)

sup (z, tl)[2 II(tl z)B(z)B’(z)’(t, r)ll dz

sup (7(Z))2n2 & C
ONNg

holds, where is a positive number for which (Sa) and (Sb) hold for all t. Therefore,
for any t and 2 such that + ia 2 + (i + 1)if, 0, 1, 2,.--,

+ tl + 2

B(r) 2

tl+a

+(i+ 1)

+ + liB(z) 2dz
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(i + 1)c

C {1 / (t2 l)/G

.=X C1 + c2(t2 1). Q.E.D.

LEMMA 3.2. Let L(. be an n n measurable and bounded matrix function. If
(S’o) is unijbrmly completely controllable, then (S’c) of the form
(26) (t) {A(t)+ B(t)B’(t)L(t)}x(t)+ B(t)v(t)

is also unijbrmly completely controllable.
Proof. From Theorem 4 of [15], it suffices to show that there is a positive

number c3 such that

B’(z)L(z)II 2 dr for all t.C3

Let IL(t)ll <= kl for all t. Then, from (25),

B’()L()I 2 d <_ k B()[I 2 d

<= k2c c3 for all t. Q.E.D.

Proof of Theorem 3.5. Assume that (S’o) is uniformly completely controllable.
Then, from Corollary 3.3, for any real number M and any positive number ,
there are a feedback gain K(. and a positive number a such that any zero-
input response of

(t) {A(t)+ B(t)Kl(t)}x(t + B(t)v(t)(27)

satisfies

alllX(tl) exp [(M + g)(t2 tl) IIx(t2)ll

for all tl and 2 > tl, or equivalently the transition matrix 1(’,’) associated
with :t(t) {A(t) + B(t)Kl(t)}x(t) satisfies

(28) II(tl, t2)ll _-< (l/a1) exp [-(M + e)(t2 tl)]

for all and 2 > Moreover, from Lemma 3.2, (27) can be made uniformly
completely controllable by adopting the feedback gain defined as (21); there are
positive numbers a l, 1 and 2 such that

0 < 1I =< Wl(t + o"1) =< 2I

holds for all t, where WI(’," is the controllability Gramian of (27), i.e.,
t+ a

Wl(t, + al) ,(t, z)S(z)S’(z)t’(t, z) dz.

We shall first consider the case m < M. Define a feedback gain for real
numbers M and m < M by

(29) K(t) -1/2B’(t)z- (t, + a’),
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where

and

t+ o"

ll(t + o") Ol(t, "c)B(r)B’(’c)O’l(t r) exp [- 2M(t r)] dr

c2 exp [2lMla 13).’ max -1, og y;- :
Here it is notable that for any a’(_> al),

0 < c4I <= Wl(t, + o’) < c5I,
(30)

c ___a x exp [-21Mlal], c5 a= Cl/(a21(1 exp [-2eo]))

holds for all t, which will be shown in the last part of this proof. Performing state-
variable feedback on (27) by the feedback gain (29) yields the closed loop system

(31) (t) {A(t) + B(t)Kl(t + B(t)Kz(t)}x(t + B(t)v(t).

Let a scalar function be defined by

v(x, t) x’l-i (t, + o’)x.(32)

Then

(33) 2X 2 V(X, t) - IX for all t,
C5 C4

and the time derivative along any zero-input response of (31) is

l(x(t), t) x’(t)(2MI- l(t, + a’) I-l(t, + O")l(t, q- 0")

B(t + a’)B’(t + a’)’l(t + a’)l/[ l(t, + o")

exp [2Mo’]}x(t) at almost every t.

According to (28) and (30), this implies that

2M- ]]B(t + o")112/ V(x(t), t) t) 2MV(x(t), t)
exp [-2,r,] (x(t),

a21c4
holds for almost all t. From the second inequality and (33), it is obvious that any
zero-input response of (31) satisfies

Ilx(t2) < x//(cs/c,)IlX(tl)ll exp [M(t2
for all tl and t2 >= tl. On the other hand, the first inequality and Lemma 3.1
imply that

V(x(t2), t2)

>= V(X(tl), l) exp [2M(t2 l)

I C exp[--2eo"]> exp V(x(t) t)
ac4

a2c ’,, +.’
IB()II dr

(cont&ued)
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exp -d-c- I(t2
holds for all t and 2 > t. Since the definition of a’ means that

M
c2 exp [- 2ea’]

2a2c4
the above inequality is reduced to

V(x(t2), t2)>= exp [-C exp [- 2ea’] V(X(tl), t) exp [2m(t2

Consequently, any zero-input response of (31) satisfies

Cexp [ cexp[-2a’].ac x(t)exp[m(t2-t)] x(t2)ll

for all t and t2
Next, we consider the case m M. In this case, K2(. is defined by

(34) K2(t -1/2B’(t)I’- ’(t, oo)

instead of (29). Since lY/l(t,s <= cI for all s >= and l/’l(t,s,) <_ ff,’(t,s.) for
s __< s2, W(t, ) exists and

O< c4I <= l(t, ) <= c5I for allt.

Let a scalar function be defined by

(35) V(x, t) x’l;- ’(t, oo)x

instead of (32). Then, (33) holds for all t, and the time derivative along any zero-
input response of(31) is

(/(x(t), t) 2MV(x(t), t) 2mV(x(t), t)

at almost every t. Hence, by means of Lyapunov’s second method, any zero-
input response of (31) satisfies

x/’(c4/cs) IIx(t,)ll exp [m(t2 tl) _< IIx(t2)ll

<= x/’(cs/c.)IIx(t,)ll exp [M(t2 tl)]

for all t and t2 _-> t.
Therefore, if (S’o) is uniformly completely controllable, it is uniformly com-

pletely designable.
Now, we must show that (30) holds for all t. Since a’ >= a l,

l(t, + a’) >__ l(t, + a,) >_ , exp [-21Mla,]I;
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the lower bound is obtained. On the other hand, from (28),

=< a-- IIB()l12 exp [- 2e(z t)] drI.

Note (25), and we can obtain the upper bound as follows:

Here, note that the upper and lower bounds are independent of a’. The proof is
completed. Q.E.D.

Proof of Theorem 3.6. Necessity. If a bounded system (S’o) is uniformly com-
pletely designable by a bounded feedback gain, then, evidently, it is uniformly
completely stabilizable by a bounded feedback gain. Therefore, from Corollary
3.2, it is uniformly completely controllable.

Sufficiency. The proof of Theorem 3.5 applies here. In this case, since B(.)
is bounded, KI(. defined as (21) and K2(" defined by (29) or (34) are bounded.
Hence K(. __a KI(. + K2(" is also bounded. Q.E.D.
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4. Deterministic state estimation. In this section, the state of the open loop
system

it(t) A(t)x(t) + B(t)u(t),
(so)

y(t) C(t)x(t) + D(t)u(t)

is estimated by a dynamical estimator. We assume that the estimator belongs to
the class of n-dimensional linear time-varying systems of the form

(E) (t) F(t)z(t) + G(t)u(t) + H(t)y(t),

where z(. is the state estimate n-vector, and matrix functions F(. ), G(. and
H(. are respectively n n, n r and n m, measurable and bounded on every
finite subinterval of time. It is known [16] that F(. and G(. should be defined by

(36) F(t) A(t)- H(t)C(t),

(37) G(t) B(t) H(t)D(t).

This is due to the natural requirement that if the estimate error e(. ___a x(. z(.
is 0 at some time to, it should continue to be 0 at every _>_ o independently of
x(. and u(. ). In consequence, the design parameter of (E) is only H(. ), and the
error behavior is governed by the homogeneous equation

(Se) (t) {A(t)- H(t)C(t)}e(t).

That is, the estimate property of (E) is determined by the stability and instability
degrees of (Se).

The definitions of detectability, anticausal-detectability and estimatability
follow the above argument.

DEFINITION 4.1. (So) is said to be uniformly completely detectable if, for any
real number M, there are a positive number b and an estimator gain H(. such
that any solution of (Se) satisfies

(38) Ile(t2)ll =< blle(tl)ll exp [M(t2 tl) for all and 2 >

DEFINITION 4.2. (So) is said to be uniJbrmly completely anticausal-detectable if,
for any real number m, there are a positive number a and an estimator gain H(.
such that any solution of (Se) satisfies

(39) alle(tl) exp Ira(rE l)] _-< lie(rE) for all and t2 =>
DEFINITION 4.3. (So) is said to be uniformly completely estimatable if, for any

pair of real numbers m and M such that m __< M, there are positive numbers a, b
and an estimator gain H(. such that any solution of (Se) satisfies

(40) a le(tl)l[ exp [m(t2 ta) _< e(t2) <_ blle(tl) lexp [M(t2

for all and t2 >= l.

Among detectability, anticausal-detectability and estimatability, the re-
lations analogous to those of stabilizability, anticausal-stabilizability and design-
ability hold. (See Remarks 3.2 and 3.3.)
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4.1. Relation between deterministic state estimation and state-variable feed-
back. As considered in 3, the state-variable feedback problem is the problem
of constructing a feedback gain K(. for given A(. and B(. such that

(t) {A(t) + B(t)K(t)}x(t)
has the prescribed stability property. We may expect that this problem has close
relevance with the deterministic state estimation problem, in which the design
parameter is the estimator gain H(. of

(t)-- {A(t)- H(t)C(t)}e(t)
and A(. and C(. are given. Indeed, it is known that these problems are equivalent
for a time-invariant case [6]; detectability, anticausal-detectability and esti-
matability of

c(t) Ax(t) + Su(t),
(o)

y(t) Cx(t) + Du(t)

respectively correspond to stabilizability, anticausal-stabilizability and design-
ability of the dual system

(t) A’x(t) + C’u(t),
(D)

y(t) B’x(t) + m’u(t)

since the stability property of

O(t) (A HC)e(t)

is identical with that of its dual system

5c(t) (A’ C’H’)x(t)

when A, C and H are constant.
For a time-varying case, such equivalence is generally invalid because the

stability property of (t) S(t)x(t) does not have direct relevance with that of its
dual system &(t)= S’(-t)x(t) as shown below in Example 4.1. However, con-
cerning our problems considered in this paper, it is valid; the estimation problem
in which the stability property of the estimate error is specified by exponential
functions can be reduced to the state-variable feedback problem for the dual
system

c(t) A’(- t)x(t) + C’(- t)u(t),
(Du)

y(t) B’(- t)x(t) + D’(- t)u(t).

This is implied by the following lemma.
LEMMA 4.1. Eery solution of c(t) S(t)x(t) satisfies

IIx(t2)ll bllX(tl)ll exp [M(t2

for all and 2 >= if and only if every solution of (t)= S’(-t)x(t) satisfies the
same inequality for all tl and 2 >= 1. Analogously, every solution of it(t) S(t)x(t)
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satisfies
a[lx(tl) exp Ira(t2 tl) IIx(t2)

for all and 2 if and only if every solution of Mt)= S’(-t)x(t) satisfies the
same inequality for all and t2 >= l.

Proof. It immediately follows from the relation between the transition
matrices of c(t) S(t)x(t) and it(t) S’( t)x(t) (see 11 ]). Q.E.D.

This lemma indicates that the stability and instability degrees of

(Se) (t) {A(t)- H(t)C(t)}e(t)
are identical with those of its dual system

(41) Mt) {A’(- t) C’(- t)H’(- t)}x(t)

respectively. Thus we obtain the following lemmas.
LEMMA 4.2. (So) is uniformly completely detectable if and only if (D,) is uni-

jbrmly completely stabilizable.
LEMMA 4.3. (So) is uniformly completely anticausal-detectable if and only if

(Du) is uniformly completely anticausal-stabilizable.
LEMMA 4.4. (So) is uniformly completely estimatable if and only if (D,) is uni-

formly completely designable.
Example 4.1. Consider a linear time-varying system

(42a) [ l(t) -1 l(t)
2(t)A

and its dual system

(42b)
L.t2(t)__l 0 Lx2(t)J"

The transition matrices q(.,.) and q(.,.) associated with (42a) and (42b)
respectively are

1/2
e -u- ) 0 ]q(t,-c) e,+, 1/2e_4,+6 e_4t,_ 0

(t z)=
0 e- 4t- )

This means that (42b) is asymptotically stable while (42a) is not. Therefore, in
case of time-varying systems, the stability property of)?(t) S(t)x(t) does not imply
that the similar property holds with respect to the dual system .fc(t) S’(-t)x(t).

Remark 4.1. This example implies that the nonexponential state estimation
problem [20], i.e., the estimation problem in which the stability property of the
estimate error is not specified by exponential functions, cannot be reduced to the
state-variable feedback problem for the dual system. Instead, it can be reduced to
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the state-variable feedback problem for the nonhomogeneous adjoint system [11]

(t) a’(t)x(t) + C’(t)u(t),
(Aa)

y(t) B’(t)x(t) + n’(t)u(t).

In this case, stabilizing the estimate error is equivalent to unstabilizing the closed
loop system, and in contrast, unstabilizing the estimate error is equivalent to
stabilizing the closed loop system. This fact follows from the relation between
the transition matrices of

(Se) ((t)---- {A(t)- H(t)C(t)}e(t)
and its adjoint system

c(t) A’(t) + C’(t)S’(t)}x(t)
(which is the closed loop system obtained from (Aa)).

4.2. Results about the deterministic state estimation problem. As discussed
above, we have clarified the relation between the deterministic state estimation
problem and the state-variable feedback problem (Lemmas 4.2-4.4). As a con-
sequence, the following theorems about the state estimation problem are im-
mediately obtained by reference to the results about the state-variable feedback
problem (Theorems 3.1-3.6) and Lemmas 2.1-2.3.

THZOaZM 4.1. If (So) is uniform with respect to complete reconstructibility,
then it [s uniformly completely detectable.

THeOReM 4.2. A bounded system (So) is uniformly completely detectable by a
bounded estimator if and only if it is uniform with respect to complete recon-
structibility.

THZORZM 4.3. If (So) is uniform with respect to complete observability, then it
is uniformly completely anticausal-detectable.

THeOReM 4.4. A bounded system (So) is uniformly completely anticausal-
detectable by a bounded estimator if and only if it is uniform with respect to com-
plete observability.

THZOaZM. 4.5. If (So) is uniformly completely observable, then it is uniformly
completely estimatable.

THORZM 4.6. A bounded system (So) is uniformly completely estimatable by a
bounded estimator if and only if it is uniformly completely observable.

Remark 4.2. Theorems 4.1-4.4 indicate that the uniform asymptotic state
estimation problem has closer relevance to uniformity with respect to complete
reconstructibility than uniformity with respect to complete observability. This
is due to the facts that the asymptotic state estimation problem is the problem .of
estimating the present state from past data (i.e., the past inputs and outputs of
the system to be estimated) and reconstructibility is the concept which guarantees
the possibility of determining the present state from past data, while observability
is the concept which guarantees the possibility of determining the present state
from future data [1].

The proofs of these theorems are straightforward. For example, the proof
of Theorem 4.1 is as follows. Assume that (So) is uniform with respect to complete
reconstructibility. Then (D) is uniform with respect to complete controllability
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(Lemma 2.1), and hence (D,) is uniformly completely stabilizable (Theorem 3.1).
This implies that (So) is uniformly completely detectable (Lemma 4.2).

The other theorems can be proved analogously. In the proofs of Theorems
4.2, 4.4 and 4.6 where (So) is bounded, note that the boundedness of the estimator
gain H(. implies the estimator (Es) is bounded since F(. and G(. are defined
by (36) and (37). (It is obvious that the boundedness of (Es) implies that of H(. ).)

Also, corresponding to Corollaries 3.1-3.4, the following corollaries are
obtained.

COROLLARY 4.1. /f (So) is uniformly completely observable, then it is uniformly
completely detectable.

COROLLARY 4.2. A bounded system (So) is uniformly completely detectable by
a bounded estimator if and only if it is uniformly completely observable.

COROLLARY 4.3. /f (So) is uniformly completely observable, then it is uniformly
completely anticausal-detectable.

COROLLARY 4.4. A bounded system (So) is uniformly completely anticausal-
detectable by a bounded estimator if and only if it is uniformly completely ob-
servable.

5. Feetlback of the state estimate. The state estimate z(. ) produced by the
estimator (E) is now substituted for the real state x(-) into the control law (13).
In this case, a question arises as to whether the stability and instability degrees of
the total closed loop system can still be specified. Thus, the problem we shall
consider is that of designing the internal stability property of the resultant 2n-
dimensional system

+ v(t)
L(t)d H(t)C(t) A(t)- H(t)C(t) + B(t)K(t) Lz(t)d LB(t)J

(s3
Ix(t)]y(t) [C(t) D(t)K(t)]Lz(t)_ + D(t)v(t).

For a time-invariant case, this problem has been solved. That is, if (So) is
(uniformly completely) controllable and (uniformly completely) observable, then
n poles of (S) can be placed arbitrarily in complex-conjugate pairs and real num-
bers by the feedback gain K(. and other n poles can be similarly assigned by the
estimator gain H(. ); the converse is also valid.

For a time-varying case, analogous results are obtained.
THeOReM 5.1. If (So) is both uniformly completely controllable and uniformly

completely observable, then for any pair of real numbers m and M such that m < M,
there exist positive numbers a and b, a feedback gain K(.) and an estimator gain
H(. such that any zero-input state response of (S) satisfies

a
LZ(tl)_]

exp[m(t2 t)] __<
Lz(t2)J

(43)
_< b

Lz(t)

for all and 2
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THEOREM 5.2. Let (So) be a bounded system. Then for any pair of real numbers
m and M such that m < M, there exist positive numbers a and b, a boundedfeedback
gain K( and a bounded estimator gain H( such that any zero-input state response
of (So) satisfies (43) for all and 2 >__ if and only if (So) is both uniformly com-
pletely controllable and uniformly completely observable.

Remark 5.1. Note that the case m M is excluded in Theorems 5.1 and 5.2.
(Compare with Theorems 3.5 and 3.6.) This situation can be easily resolved on
investigating a time-invariant case. Consider a linear time-invariant controllable
and observable system whose dimension n is odd. If we desire to attain m M
in (So), two poles among 2n poles should be placed at s M on the real axis in
the complex s-plane, thereby producing a multiple pole. Hence it may have a
basis function exp [Mt] which decays more slowly than exp [Mt] in case M < 0
or grows faster than exp [Mt] in case M _>_ 0.

Proof of Theorem 5.1. First, note that the homogeneous system

(44) (t)] F A(t) B(t)K(t) lFx(t)]l_;(t)_] LH(t)C(t) A(t) H(t)C(t) + B(t)K(t) Lz(t)J

can be reduced to a unilateral composite system

(45) F+/-(t) IA(t)+B(t)K(t)Ld(t)d 0

by the nonsingular transformation

A(t) H(t)C(t)d ke(t)_]

Since (46) is a Lyapunov transformation, the stability and instability degrees of
(44) are identical with those of (45). So, we shall consider (45) because of its simpler
structure. Let the transition matrices associated with

(S) +/-(t) {A(t)+ B(t)K(t)}x(t)
and

(S) (t) {A(t)- H(t)C(t)}e(t)
be denoted by (.,. and (.,. respectively. Then, the transition matrix W( ",

associated with (45) can be represented as

(I)(t2, t)
(47) r(t2, t,)

0

and its norm satisfies

(48)

for all t and 2

(t2, z)B(z)K(zffi(z, l) dz

(t,t)

IItDr(t2, tl) lib(t2, t)l + II(t2, t)ll

+ O(t2, z)B(z)K(z)O(z, l) dz
tl
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Assume that (So) is both uniformly completely controllable and uniformly
completely observable. Then, Theorems 3.5 and 4.5 guarantee that for any pair
of real numbers m and M such that m < M and any positive number e <= (M m)/2,
there exist positive numbers al, a2, bl and b2, a feedback gain K(.) and an
estimator gain H(. such that any solution x(. of (S’) and any solution e(. of
(Se) satisfy

and

alllX(tl) exp [(m + e)(t2 tl) Ix(t2)
_< b X(tl)l] exp [(M e)(t2 tl)]

a2lle(tl)[I exp [(m + e)(t2 tl) lie(t2)

<= b2 e(tl) exp [(M g)(t2 tl)

for all and 2 >- respectively, or equivalently,

(49a)

(49b)

(49c)

(49d)

I(tl, t2)l (l/a1) exp [-(m + e)(t2

Ilk(t2, l) b exp [(M e)(t2 l)],

II(tl, t2)ll __< (l/a2) exp [-(m + e)(t2 tl)],

[(t2, tl)] =< b2 exp [(M e,)(t2 tl)]

hold for all tl and 2 Moreover, as adopted in the proof of Theorem 3.5, we
can employ a feedback gain of the form K(. B’(. )L(. ), where L(. is bounded.
Let IlL(t)]] _-< k2 for all t. Then, from Lemma 3.1,

<_ blb2k exp [(M e)(t tl)] IIB(z)l dz

<_ blb.k exp [M(t- tl)] exp [-e.(t- tl)]{c + c(- t)}
<= blbk(cl + cae- e- 1) exp [M(t2

ba exp [M(t t)]

for all z and 2 Consequently, from (48), (49b) and (49d),

(50) (I)T(t2, tl) =< (b + b2 -F b3)exp [M(t2 tl)

holds for all and t2 => l. This and (46) imply that any solution of (44) satisfies

(51) Ix(t2)l II< 4(b + b + b3)
z(t)J

2

x(t
exp [-M(t2 /’1)]

for all and 2 >--
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On the other hand, we can show analogously that there exists a positive
number a3 such that

tl

(I)(tl, r)B(:)K(r)(I)(r, t2) dr __< exp [- m(t2 l)]
a3

holds for all t and 2 t. Then, from (48), (49a) and (49c),

(52) [l(I)r(tl, t2)[I _-< / -+- exp [-m(t tl)
al a2

for all t and t2 >_- t, and hence, from (46), any solution of (44) satisfies

(53) + + exp [m(t2 tl)] <
a a2 a3 [_z(t)J [_z(tz)

for all t and 2 >= t. Q.E.D.
Proof of Theorem 5.2. Necessity. Assume that, for any pair of real numbers

m and M such that m < M, there exist positive numbers a and b, a bounded feed-
back gain K(. and a bounded estimator gain H(. such that any zero-input re-
sponse of (Sc) satisfies (43) for all and 2 _>_ Then, from (46),

and hence, from (47),

II-(t2, t) 4b exp [M(t2 1)],

(t2t,) < 4b exp [M(t2 tl)],

[(t2, tl)ll =< 4b exp [M(t2 tl)]

for all and 2 >= t. This implies that (So) is uniformly completely stabilizable
by a bounded feedback gain and uniformly completely detectable by a bounded
estimator. Therefore, from Corollaries 3.2 and 4.2, (So) is uniformly completely
controllable and uniformly completely observable.

Sufficiency. The proof of Theorem 5.1 applies here. In this case, we can
employ a bounded feedback gain and a bounded estimator gain since (So) is
bounded (Theorems 3.6 and 4.6). Q.E.D.

The following theorems are concerned with the upper bound and the lower
bound of the zero-input state response of (Sc) respectively. The proofs are similar
to that of Theorem 5.1 and are therefore omitted.

THEOREM 5.3. Suppose that (24) holds for all and 2 >= in (So)./f (So) is

uniform with respect to complete controllability and uniform with respect to com-
plete reconstructibility, then jbr any real number M, there exist a positive number
b, a feedback gain K(. and an estimator gain H(. such that any zero-input state
response of (Sc) satisfies

Fx(t2)] IIp’t"]< b exp [M(t- tl)(54)
[_z(t2)A LZ(tl)

jbr all and 2 >= t.
THeOReM 5.4. Suppose that (24) holds jbr all t and t2 >-_ t in (So)./f (So) is

uniform with respect to complete reachability and uniform with respect to complete
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observability, thenfor any real number m, there exist a positive number a, afeedback
gain K(. and an estimator gain H(. such that any zero-input state response oj"
(So) satisfies

(55) a
Lz(t)d

exp [m(t2 t)] _<
Lz(t2)J

for all and 2 >=
Remark 5.2. In Theorems 5.3 and 5.4, the assumption that (24) holds for all

t and 2 _>_ t is made to suppress the influence of the estimate error on the
stability property. Such an assumption is not necessary in Theorems 5.1 and 5.2
because uniform complete controllability of (So) implies (24).
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THE SINGULARLY PERTURBED
LINEAR STATE REGULATOR PROBLEM. II*

R. E. O’MALLEY, JR.- AND C. F. KUNG:

Abstract. We consider regulator problems for the singularly perturbed system

dx
Al(t, e..)x -F A2(t, g)z + Bl(t,g)u,

dt

dz
e..--: A3(t,e.)x + A4(t, e)z + B2(t,)u
dt

on 0 =< =< 1, seeking their asymptotic solution as 0. The hypotheses used are simple. Results
are related to the current literature.

1. Introduction and main results. Let us consider the linear time-varying
state regulator problem consisting of the system of differential equations

dx
A l(t, e,)X q- A2(t e,)z q- Bx(t e,)u,

dt
(1.1)

dz
e- A3(t e,)x -F A4(t, e)z + Bz(t

on the interval 0 __< =< (or any other closed, bounded interval), the initial
states

(1.2) x(0,e) and z(0,e)

being prescribed, and the scalar cost functional

z(1, e) n(e)x z(1, )
(1.3)

z(t, )
Q(t, )

z(t, )
+ u’(t, e)u(t, ) at

which is to be minimized by selection of the control u(t, ). Here x, z and u are
vectors of dimension n, m and r, respectively, the prime denotes transposition, g

and Q are symmetric, nonnegative definite matrices having the block forms

Q1 Q2
and g=

gl eg2
(.4) Q=

Qi Qa ,i e3

and e is a small positive parameter..
Such singular perturbation problems have been of considerable interest in

the recent literature and are of significance in practical situations when e represents
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certain often neglected "parasitic" parameters (cf., for example, Kokotovid and
Sannuti [8] and Wilde and Kokotovid [16]). The object is to obtain asymptotic
series expansions for the optimal solution as e 0. in order to do so, we shall
assume that the matrices Ai, Bi, x(0, e), z(0, e), zi(e), and Qi all have asymptotic
series expansions as e 0 with the expansions for A, B and Q being uniformly
valid in 0 __< __< and with infinitely differentiable coefficients. The discussion
follows that of O’Malley [13] with somewhat simpler hypotheses and further
discussion of the results, assumptions and related problems.

Our main conclusions are contained in the following theorem.
THEOREM. Suppose
(i) the matrix A(t, O) is invertible, and

(ii) all eigenvalues of the matrix

A(t, O) -B2(t, O)B’2(t, O)
(1.) G(t)

Q(t, O) A’4(t, O)

have nonzero real parts throughout 0 <= <= 1.
(iii) Suppose

(1.6) T(t)
rll(t)

T2 l(t)

is a nonsingular matrix such that

T-’GT=-A 0
(1.7)

0 A/

with all eigenvalues of A(t) having positive real parts, and such that the matrices

(1.8)

and

(1.9) T22(1 7z3(0)T,2(1)

are both nonsingular.
(iv) Suppose the matrix

(t,O =- Q1 QzA-IA3 A’3A’-Q’2 + A’3A-Q3A2A3

(1.10) -(Q2 a’3a’- Q3)A2 B2(1 + B’A7 Q3A 1B2)-

B’zAT (Q’z Q3A 1A3)
is positive semidefinite throughout 0 <= <= for O.

Then the optimal control, the corresponding trajectories, and the optimal cost
J*(e,) satisfy

u(t, e) Uo(t) + 0(0, 0 < < 1,

x(t, e)= Xo(t + O(e,), 0 <_ <_ 1,
(.1)

z(t, e) Zo(t) + o(0, o < < 1,

J*(O J + o(0,
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where Uo(t) is the optimal control Xo(t and Zo(t), the corresponding trajectories;
and J the optimal cost Jbr the reduced problem

(1.12)

with

dXo
dt

Ax(t, O)Xo + A2(t, O)Zo + Bx(t, O)Uo,

0-- A3(t O)X0 + A4(t, 0)Z0 + B2(t 0)Uo,

Xo(0) x(0,0)

J(O) 1/2X( 1)t,(O)Xo(1)

+ - LZo(t)l
X(t)l + U’o(t)Uo(t)]Zo(t)l

dt

to be minimized. This reduced problem has a unique solution. Further, asymptotic
expansions of the unique solution of the full problem (1.1)-(1.4) can be obtained
which are uniformly valid throughout 0 <= <= 1.

Remark 1. Asking that A4 be invertible allows us to obtain Zo as a linear
function of Xo and Uo and, thereby, to identify the limiting solution within
0 < < as the solution of a lower order regulator problem. Note that if some
eigenvalues of A4 have positive real parts, practical instability problems could
result in implementing this asymptotic analysis (cf. Wilde and Kokotovi6 [17]).
The invertibility of A is not necessary, however, to obtain a solution (cf.
O’Malley [13]).

Remark 2. We note that 2 is an eigenvalue of G whenever 2 is (cf. O’Donnell
[10] and Anderson and Moore [1]). Thus assumption (ii) implies the essential
result that G is nonsingular. Likewise, assumption (ii) would be implied by the
existence of G-1 provided G had no purely imaginary eigenvalues (cf. exercise
15.2-4 of Anderson and Moore). Finally, we observe that Wilde and Kokotovi6
achi+ved assumption (ii) by their "boundary layer controllability and observ-
ability" hypotheses and that the results of Hoppensteadt [6] indicate that
assumption (ii) might be slightly weakened.

Remark 3. The matrices (1.8) and (1.9) are somewhat familiar from the time-
invariant regulator problem (cf. Anderson and Moore [1, p. 352, where Tll is
always nonsingular). Since the columns of T are (generalized) eigenvectors of G,
the hypotheses will either hold (or fail to hold) for all choices of T (i.e., whatever
the normalization). We note that assumption (iii) corresponds to (H4) of
O’Malley [13] and, finally, that the matrix A(t) is not necessarily diagonal.

Remark 4. It is our conjecture that assumption (iv) follows from the non-
negative definiteness of Q and the invertibility of A4. Indeed, when Q3 is non-
singular, we have

Q1 QzQ; 1Q’2 + (A’3A’-1Q3 Q2)

(Qfl + A; 1B2B’2A- 1)- 1Qf (Q3A 1A3 0.’2)
positive semidefinite. Likewise, the assumption holds when either Q3 0, B2B’2
is invertible, or B2 0. Kokotovi6 and Yackel [9] show that (iv) follows from
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the existence of (A’oK + Q3o)- 1, where K TzT?.
Remark 5. In O’Malley [13], an additional hypothesis eliminating turning

points was introduced. This allowed us to use a convenient set of asymptotic
solutions. This technical assumption is eliminated in this presentation.

2. The reduced problem. We note that the reduced problem (1.12) which
would be naturally considered by a control engineer who neglects small parasitics
is also the natural reduced (or "outer") problem of singular perturbation theory
(cf. Wasow [16 or O’Malley [153).

Since A40 A4(t, 0) is invertible, we have

(2.1) Zo(t) A2AoXo AB2oUo.

Then introducing

(2.2) Vo(t) Uo - C’Xo,
where I + B’zoA’4-0’Q30A(JB20 and C-" (Q20 A’30A’4-0’Q30)AB20, (Xo,
Vo) will satisfy the linear regulator problem

(2.3) dSo= c(t)Xo + B(t)Vo,
dt

with

Xo(O) x(O, o)

J(o) 5xo(),(o)xo()

+ - [X’o(t)(t, O)Xo(t) + V’o(t)R(t)Vo(t)] dt,

where a , + BR- -’C, Ao AzoAdA3o, B Bo A2oAdB2o, and
2 is the positive semidefinite matrix of (1.10). Since rt(0) is positive semidefinite
and K(t) positive definite, it is well known that this problem has a unique solution
(Vo(t),Xo(t),J) (cf. Kalman [7] and, for example, Anderson and Moore [1]).
We have thus obtained the following lemma.

LEMM. The solution (Uo, Xo, Zo, J) of the reduced problem (1.12) is uniquely
determined by the solution (Vo, Xo, J) of the linear regulator problem (2.3) while

Uo and Zo are determined by the linear equations (2.2) and (2.1).
We note that Haddad and Kokotovi6 [4] previously examined the reduced

problem by the Riccati matrix approach.

3. The asymptotic expansions.
3.1. Reformulation of the problem. To obtain necessary and sufficient con-

ditions for an optimal control, we introduce the Hamiltonian

(3.1)
H(x,z,u,p,pz,t,e. 1/2(x’Qlx + 2x’Q2z + z’Q3z + u’u)

+ p’(Axx + AzZ + Bu)+ p’2(A3X + A4z + B2u),

where the costate vectors p and 3p2 satisfy the terminal value problem consisting
of the linear system

(3.2)
dp 3H dp2 OH
dt -’ d--{ z
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on 0 _< <_ and the terminal conditions

(3.3)
PI(I’ ) rtl(e)x(1, ) + zt2(e)z(1, ),

p2(1, ) zt(e)x(1, :) + rt3(e)z(1 e).

Using elementary calculus of variations (cf. Anderson and Moore [1]), we find
that along an optimal trajectory we have c3H/c3u 0 and this implies the control
relation

(3.4) u(t, ) -(BlPl + B’2P2).

Note that the extremum will be a minimum since c32H/c3u 2 I is positive definite.
Substituting into the state equations (1.1) and the costate equations (3.2)

yields a singularly perturbed linear boundary value problem for the linear
system

where

dx
d---f A IX -F A2z- Sip Sp2,

dpl
dt

_Q1x Q2z A’lp A’3P2,

dz
g.--- A3x -at- A4z- S’pl $2P2,

dp2
dt

-Q’2x Q3z A’zp A’4p2,

S BIB’, S B1B’2, and S2 B2B’2.
This is subject to the initial conditions (1.2) for the state vectors and the terminal
conditions (3.3) linking the state and costate vectors.

It was shown in O’Malley [13] that this singular perturbation problem has
(under somewhat different hypotheses) a unique asymptotic solution of the form

x(t, e) X(t, e,) + em(, e) + enl(tr e,),

(3.6)
z(t, e) Z(t, e) + mE(X, e) + hE(a, e),

Pl(t, e) Pl(t, e) + ep(t, e) + e71(tr, e),

p2(t, e) P2(t, e) + O2(tc, e) + yz(tr, e),

where the outer expansion (X,Z,P1,P2) satisfies the system (3.5) and has an
asymptotic series expansion in e; the initial boundary layer correction (era l, m2
e,p ,/92) has an asymptotic series expansion in e whose terms tend to zero as

(3.7) t/e

tends to infinity; and (enl,n 2, eyl, Y2), the terminal boundary layer correction,
tends to zero as

(3.8) tr (1 t)/e
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tends to infinity.
The asymptotic correctness of these expansions follows from the well-

established theory (cf. O’Malley [11] and Harris [5]) for such linear singular
perturbation problems.

3.2. The outer expansion. Since the outer expansion satisfies (3.5), its leading
term (Xo,Zo,Plo, P2o) must satisfy the limiting system (3.5) with e 0. Noting
that # A’o + Q3oAS2o is invertible because G is, we obtain

Z0 _A-ol(A30 -+- S20#- l(Qo- Q30Z(A30))Xo

(3.9) + A2)(S’o- $20#-1(A0 + Q30A(S’o))Plo,

P20-- -fl-l(Qo- Q30Z(Z30)So -l(ao -]- Q30ZJSo)Plo

and there remains a linear system for Xo and PlO. Moreover, (3.6) implies that

Xo and Plo satisfy the limiting boundary conditions for x(0, e) and pl(1, e).
After considerable algebraic manipulation, we find that Xo and Plo will

satisfy the two-point problem

dXo Xo(O) x(0 0)
dt Xo BR 1B,Plo,

(3.10)
dPlo -Xo z’Plo Plo(1) nl(0)Xo(1
dt

which is equivalent to the reduced problem (2.3). Thus, Xo and PIO are uniquely
determined and Zo and P2o follow from (3.9). Since these leading terms of the
outer expansion do not involve the initial condition for z or the terminal con-
dition for p., we can expect nonuniform convergence at both endpoints.

We note that the outer expansion must satisfy the system (3.5) to all orders
d. Higher order terms of the outer expansion will therefore satisfy a nonhomo-
geneous form of the limiting system with successively known nonhomogeneous
terms. The boundary values Xj(0) and PIj(0)- I(0)Xj(0) can likewise be re-
cursively determined by lower order terms in the full expansion (3.6). Thus, the
Fredholm alternative implies that the terms of the expansion can be uniquely
generated successively.

3.3. The boundary layer correction at 0. Since the full expansion (3.6)
and the outer expansion both satisfy the system (3.5), linearity and the fact that a
boundary layer correction at one endpoint is asymptotically negligible at the
other endpoint imply that both boundary layer corrections must also satisfy (3.5).
In particular, the initial boundary layer correction will satisfy the linear system

din1 ----3A103rc,3)m + A2(3,3)m2 eS103tc,:)p
dx

-;QI(I, )m Q2(;I, ;)m2 e,A’(etc, e)p A,(etc, e)p2,
(.)

dm2

d:
A(, ;)m + A4(: e)m2 eS’(e,tc, e)Pl S2(e:, e)P2,
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dp2
Q2(nc, )mx Q3(E/, g)m2 EA(EK;,/3)01 A.(c, )P2

for x => 0. The leading term (mlo,Plo,m2o,P2o) must satisfy this system with
n 0. In particular, since

d m2o]_ G(0)(m2o(3.12)
dc P2o! P2o

equation (1.7) of assumption (iii) implies the general decaying solution

mzo(tC) Tl1(0)e-At0)Cl,

P20() Tal(0) e-at0)Cl.
Thus, hypothesis (iii) implies that

c, T?,(0)(z(0,0) Zo(0)).

Integrating, then, this uniquely determines the decaying solutions

mlo() -(A20(0)T11(0) So(0)T21(0))A- l(0)T-)(0)m20(tc),
(3.13)

Plo(C) (Q2o(0)T11(0) + Ao(0)T21(0))A- l(0)T-ll(0)m2o(tC).
Higher order terms in this boundary layer correction can be obtained by

equating higher order terms in the system (3.11) and in the initial condition for z.
Proceeding analogously, we obtain a nonhomogeneous version of the system
(3.12) with a successively known, exponentially decaying nonhomogeneous term.
The initial value for m2(O) will be determined by Z_ 1(0). The terms of the ex-
pansion can therefore be uniquely determined recursively as exponentially de-
caying vectors.

3.4. The boundary layer correction at 1. The terminal boundary layer
correction must satisfy

dn
--nAl(1 na,n)nl A2(1 na,e)n2 + t;Sl(1 ea, n)T

da

da
nQl(1 na,n)nl + Q2(1 no, n)n 2 + nA’(1 ha,n)71

(3.14)
dn2

do

+ A(1 ca, n)y2,

-hA3(1 ha, a)nl A4(1 no., n)n2 -+- nS’(1 no., n)y

d72
do.

nQ’2(1 na,n)nl + Q3(1 na, n)n2 + hA’2(1 na,n)yl

+ A’,,(1 no., n)T2
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for a >= 0. When e 0, then, we have

)72o/dTao!
and this system has the general decaying solution

nzo(a r2(1 e-Atl)ak2,

7o() T2() e-g.
The terminal condition for P2 (cf. (3.3)) and the representation (3.6) imply that

(3.15) 72(0,e)- n3(e)nz(O,e)= -P2(1, e)+ n(e)(X(1,e) + en(O,e))+ n3(e)Z(1, e).

So, in particular, 72o(0) 3(0)n2o(0) is determined by the solution of the reduced
problem, i.e., the leading term of the outer expansion. Thus, we have

k2 (T22(1)- 3(0)T,2(1))-(-P20(1)+ (0)Xo(1)+ 3(0)Zo(1))

(using (1.9) of assumption (iii)). This also uniquely determines the decaying terms

n,o() (Ao(1)T,() So()T())A-’()e-’k,
(3.16)

7o() -(Qo(1)T,:(1) + Ao(1)T:())A-’()e-’k
and higher order terms follow in the usual fashion.

3.5. Asymptotic expansions for the optimal control and cost. Knowing the
expansions (3.6) for the costates, the control relation (3.4) implies that the cor-
responding optimal control has the form

(3.17) u(t, ) u(t, ) + v(, e) + w(, 0,

where U, v and w have asymptotic series expansions such that the boundary layer
corrections v and w tend to zero as and , respectively, tend to infinity and U(t, O)
is the optimal control Uo(t for the reduced problem (1.12). Further, the optimal
cost J*(e) takes the form

(3.18) J*(e)2(e)lff efo + (t, ) dt + (, )d + 3(a, ),
where 2 and the L’s have asymptotic series expansions as e 0 with integrable
coefficients. Thus J*(e) has an expansion whose leading term J is the optimal
cost of the reduced problem.

4. Related problems.
4.1. The fixed endpoint problem. Instead of our previous problem (1.1)-(1.4),

suppose we wish to solve (1.1)1.4) with the additional condition that the terminal
states

(4.1) x(1, e) and z(1, e)

are also prescribed. We would again introduce a Hamiltonian and obtain neces-
sary and sufficient conditions for an optimal control as before. Specifically, the
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states and the costates would again satisfy the linear system (3.5) and the control
would be given by the control relation (3.4), but the terminal conditions (3.3)
would now be replaced by the fixed endpoint condition (4.1).

Let us again seek an asymptotic solution of the form (3.6). Under hypotheses
(i) and (iii) of our theorem, we find that the leading term (X0, Zo, Plo, P2o) of the
outer solution will now satisfy the two-point problem

(4.2)
dt cX BR 1B’Plo, Xo(O x(O,O),

dPlo
dt

Xo cdP1 o, Xo(1) x(1 O)

(cf. (3.10)), with Zo and P20 given by (3.9). Under hypothesis (iv) that 22 is non-
negative definite, it is well known (cf. Bucy [2]) that problem (4.2) has a unique
solution if the system is observable. By making these assumptions, the terms of
the outer expansion can again be determined recursively. Moreover, by assuming,
as in (1.8), that T11(0) is nonsingular, the initial boundary layer correction can be
calculated as before. Likewise, the terminal boundary layer correction can be
readily obtained if, instead of (1.9), we ask that T12(1) be nonsingular. Thus, the
fixed endpoint problem can be solved like the free endpoint problem (cf. also
Wilde and Kokotovi6 [17]). We note that the limiting outer solution can again
be associated with the solution of the natural reduced problem which is equivalent
to a familiar regulator problem (cf. Lemma 1).

4.2. Problems with a more significant terminal cost. The reader may have
already felt that the special form of the matrix rt() in (1.4) was somewhat arbi-
trarily imposed. In particular, note that (1.4) does not allow re(0) to be positive
definite.

Let us then consider the control problem (1.1)-(1.3) with as in (1.4) but with

(4.3)

symmetric and nonnegative definite. We shall examine only the case where
3(0) is nonsingular. (Note that if 3(0) were zero, we would also have 2(0) 0
and (1.4) would apply.)

Introducing costate vectors as before, we find that the linear system (3.5)
must again be satisfied subject to the initial conditions (1.2) and the terminal
conditions

(4.4)
pl(1, e) 7l(e,)x(1, e) + 2(;)Z(1, ;),

g,,p2(1, 3) 7(3)X(1 ) -[- 73()Z(1, 3).

Now, if we seek an asymptotic solution of the form (3.6), we find that (under
hypotheses (i) and (ii)) the leading term of the outer expansion must satisfy the
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linear problem

dXo Xo BR- 1B’PI o, Xo(O) x(0, 0),
dt

(4.5)
dPo
dt -’X ’P,o, Pxo(1) (71(0)- 72(0)7; ’(0i(0))Xo(1)

with Zo and P2o given by (3.9). Noting that 72-z is nonnegative definite,
we have a unique solution to (4.5) provided 2 is nonnegative definite (cf. Anderson
and Moore [1] or Bucy [2]). Likewise, the boundary layer corrections can be
determined provided the matrices T(0) and T12(1 are nonsingular. The re-
lationship between the limiting solution and the solution of the reduced problem
now seems more complicated than under condition (1.4). This, no doubt, explains
the persistence of this condition.

4.3. Other generalizations. First, note that the problem (1.1)-(1.4) could
also be solved using the matrix Riccati equation approach. Note, in particular,
that that approach has certain advantages with regard to feedback and com-
putation and that it can be readily extended to analogous timeoinvariant prob-
lems ’on semi-infinite intervals. The authors have studied such techniques and will
report them elsewhere.

Second, the technique developed could be further extended to certain quasi-
linear problems (cf. O’Malley [14]) and to state systems involving several small
parameters (cf. O’Malley [12]). More challenging extensions would be to prob-
lems with bounded controls (cf. Collins [3]).
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DYNAMIC PROGRAMMING AND MINIMUM PRINCIPLES FOR
SYSTEMS WITH JUMP MARKOV DISTURBANCES*

RAYMOND RISHELt

Abstract. This paper studies optimum control of random differential equations of the form

.fr"(t, x, u)

in which r(t) is a jump Markov process. Optimality conditions of dynamic programming type and
stochastic minimum principles are given. The problems posed involve terminal conditions, and
transversality conditions are shown to hold.

Introduction. The aim ofthis paper is to study the optimal control of stochastic
systems of the form

(1) frt(t, x, u).

In (1), r(t) is a finite state Markov process and the derivative changes fromfi(t, x, u)
to fJ(t,x, u) as r(t) jumps from to j. Stated very imprecisely, the optimization
problem will be to find in a given class q/of control functions ui(t,x) a control
which simultaneously for each initial condition (t, x, i) minimizes the conditional
expectations

E{qg(’c, x(’c))]x(t) x, r(t) i}

In (2), z denotes the first time that the solution x(t) of (1) corresponding to the
control ui(t,x) reaches a terminal set M and qg(t,x) is the cost incurred if the
terminal time and state are (t, x).

In corresponding deterministic control problems, optimal controls may be
discontinuous functions of (t, x). Since a similar situation is to be expected in the
stochastic situation, the optimization problem should be formulated so as to
include discontinuous controls in the class q/of controls.

If a given fixed discontinuous control ui(t,x) is substituted for u in (1), the
equation

(3) f frtt)(t, X, Urtt)(t, X))

results. This is a stochastic differential equation with discontinuous right-hand
side.

Part of the paper studies this type of stochastic differential equation. The
differentiability properties with respect to initial conditions of the conditional
expectation of a cost function of the type given in (2) are described. It is shown
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roughly that the performance function (2) of a control is differentiable except on
a set where the control may not be differentiable. Knowing the differentiability
properties of a performance function allows a rigorous presentation of a dynamic
programming argument in Part 2. The conditional expectations (2) and their
partial derivatives are shown to satisfy integral equations. One set of integral
equations is given which contains terminal conditions which are the transversality
conditions found in optimal control theory. The conditional expectations (2) are
generalized solutions of systems of hyperbolic partial differential equations. A
maximal principle is established for this type of partial differential operator.

Part 2 states the optimal control problem and applies the results of Part
to obtain optimality conditions. Four different sets of necessary and sufficient
conditions for optimality are given. Satisfaction of the system of partial differ-
ential equations of dynamic programming except on certain lower-dimensional
sets is a necessary and sufficient condition for optimality. Two minimum principle
sets of conditions are obtained from the dynamic programming argument.
Another minimum principle which is necessary and sufficient for optimality is
obtained through use of the deterministic Pontryagin principle. While an attempt
was made to avoid imposing restrictive a priori conditions on the class of controls,
the conditions of this paper do have the deficiency common in many dynamic
programming arguments that some of the a priori conditions imposed on the
class of controls are restrictive and the optimal controls for certain examples will
lie outside of this class. Perhaps the most restrictive of these assumptions is that
the expression (8) be bounded away from zero on certain cells.

Problems similar to the optimization problem described above were con-
sidered in a sequence of papers by Krassovskii and Lidskii. References [-8] and
[-9] are typical of these. In [8], [9], the control problem is on an infinite interval
and terminal conditions are not imposed. In [17], Wonham considered the special
case of the linear regulator version of this problem. He explicitly computes the
optimal control law for this case. In a slightly different setting K ushner [7] de-
fined a stochastic maximal principle. For fixed terminal time linear problems
without terminal conditions, Sworder 15] gave a maximal principle. The mini-
mum principles given in this paper are different from those of [7] or [15]. In par-
ticular, the adjoint equations are deterministic equations while those of [7] and
[15-] are stochastic differential equations.

Random differential equations of the type discussed in Part are a special
case of a class of stochastic processes called random evolutions by Griego and
Hersh [5]. A survey of work on generalizations of this type of process is given by
Pinsky [11]. Stochastic differential equations with continuous coefficients similar
to those considered in Part were studied by Heath in [6].

This present paper could be considered as an extension to the stochastic
case of corresponding results in deterministic control theory given by Berkovitz
[1], [2], Boltyanskii [3] and Mirica I10].

In [13], it was shown that a sufficient condition for optimality could be ex-
pressed in terms of a generalized solution of the partial differential equation of
dynamic programming. The hypothesis of the corresponding sufficiency con-
dition of this paper is slightly less restrictive and the proof is simpler.
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Part I
Stochastic Differential Equations with Discontinuous
Right-Hand Side and their Conditional Expectations

The assumptions which will be imposed on the quantities involved in the
differential equations which will be described are quite complex. Therefore, we
shall begin by stating somewhat imprecisely the situation to be considered and
later give precise conditions on these quantities.

Let G denote an open subset of E"+ 1. Let I denote a finite set of integers.
For each i61 let fi(t, x),

(4) fi G --. E",

be a piecewise continuous piecewise smooth function. Let r(t) be a Markov process
with state space I. Consider the stochastic process x(t), where x(t) is a solution of

(5) f’(t, x).

Let M be a closed subset of G. M will be called the terminal set. Let z be the first
time x(t) belongs to M. Let q(t,x) be a continuously differentiable real-valued
function defined on G. Let

(6) i(t,x) E{tp(z,x(z))[x(t)= x,r(t)= i}

denote the conditional expectation of 0(z,x(z)) given x(t) x and r(t)= i. We
shall study the continuity and differentiability properties of i(t, x).

I. Deterministic differential equations with discontinuous right-hand side. The
way in which a solution of (5) is defined needs to be precisely described. The
differential equation will be interpreted as holding for almost every sample
function. In order to define this type of solution of (5) it is necessary to have a
concept of solution of an ordinary differential equation with discontinuous right-
hand side.

In deterministic differential equations with discontinuous right-hand side,
there are several differing concepts of solution. The concept we shall use is due to
Boltyanskii [3], [16]. The definitions given below are a minor modification of
those of [3], [16]. The statement of the hypotheses needed to define this concept
of solution is quite long; however, these hypotheses will play an important role
in studying the stochastic differential equation (5). For this reason we shall give
a detailed discussion of these ideas. There is a difference in the definitions given
below and those given by Boltyanskii in that surfaces on which the differential
equation can have discontinuities are described implicitly rather than parametric-
ally. This leads to a convenient formulation of transversality conditions and
jump conditions for adjoint equations.

To begin the discussion of deterministic differential equations with dis-
continuous right-hand side, let G and M be as defined previously and f(t, x) be
a mapping

f:G E".
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Consider the deterministic differential equation

(7) . f(t, x).

A solution of (7) defined on an interval It, z] having the value x at an initial time
will be denoted by x(s;t, x).

The conditions (A), (B), (C) given below are assumptions which will be made
on the mapping f. When they are satisfied f will be said to have an admissible set

of discontinuities. The set described below is to be interpreted as a set which
contains the discontinuities off.

(A) There are sets

Each set is closed in the relative topology of G. Call the components of G
or of _1, 1,..., n, cells. For each nonempty cell of _1 there
is a continuously differentiable mapping

O:G E"+ 1-i

such that the cell is a relatively open subset of

{,x):O,x) 0}.

We shall call this function 0 the determining function of the cell. For each cell C
there is a continuously differentiable mapping fc(t, x) defined on a neighborhood
of the closure of the cell such that f(t,x) f(t,x) on the cell C. Only a finite
number of cells intersect any compact subset of G. The terminal set M is contained
in and is the union of a finite number of cells.

(B) Cells can be classified into three categories called type (i), type (ii) or
type (iii). Each cell of G is required to be of type (i). If C is a cell of type (i),
there is a unique corresponding cell 7(C) whose associated function 0 has one
more component than that of C (has one component if C is a cell of G ).
For each (t,x) C there is a necessarily unique trajectory of (7) starting at x at
time t, which after a finite time leaves C by reaching g(C). Each trajectory upon
leaving C strikes g(C) at a positive angle, and on 7(C) this angle is bounded below.
That is, if 0i is the additional component of the function 0 associated with 7(C)
over that of the function 0 associated with C and the trajectory exits from C at
(t, x) g(C), then there is an r/ > 0 such that

(8) O,(t,x) + o(t,x)L(t,x) >__ .
If C is a cell of type (ii), there is a cell E(C) of type (i) whose associated function 0
has one less component than that of C. From each (t, x) C there starts a unique
trajectory of (7) going into E(C) which has only the point (t, x) in common with C.
The function f(t, x) is continuously differentiable on C U E(C). Cells of M are
of type (iii).

It follows a trajectory of (7) may be continued from cell to cell until it hits
M as follows: from C to (C) if (C) is of type (i) and from C to E(z(C)) if z(C) is
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of type (ii). Furthermore it is assumed that"
(C) (i) Every trajectory remains in G and reaches M in a finite time.

(ii) Every trajectory goes through a finite number of cells to reach M.
(iii) Let z(t, x) be the time and x(t, x) the position that the trajectory of

(7) starting at (t,x) hits M. Then z(t,x) and x(t,x) are continuous
functions of (t, x) on G.

The following are consequences of assumptions (A)-(C).
For any (t, x) G there will be a unique trajectory passing through a finite

number of type (i) cells C1, C2, "", Cq to reach M. For any i, __< < q, if
is of type (i), then Ci+ n(C) and the trajectory goes directly from C to C+
If r(C) is of type (ii), then Ci+l E(rc(C)) and the trajectory goes from Ci to

Ci+ by crossing rc(Ci) in a single point.
Let t(t, x), 1, 2,..., q, denote the times at which the trajectory reaches

r(Ci). That is, t(t, x), 1, ..., q 1, are the times the trajectory crosses from
cell to cell and tq(t, x) is the time the trajectory reaches M. Let

(9) xi(t, x) x(ti(t, x); t, x).
Then (ti(t x), xi(t, x)) rc(Ci) and (s, x(s; t, x)) C + for ti(t, x) < s < ti + l(t, x) if
rc(C) is of type (i) or for ti(t, x) < s < t+ l(t, x) if r(C) is of type (ii).

Theorem describes the differentiability properties with respect to the initial
conditions (t,x) of the trajectory x(s;t,x) and the crossing times and positions
tj(t,x), xj(t,x). Theorem is very similar to corresponding work in [10, Lemma
3.1, pp. 296-302]. A proof of Theorem is given in Appendix A.

Recall that fcj(t,x) is a continuously differentiable function defined on a
neighborhood of Cj which agrees with f(t, x) on Cj and that x(s;t, x) belongs to

Cj for {s’tj_l(t,x) < s < t:i(t,x)}.
THEOREM 1. Let C be a cell of G and consider a trajectory x(s t, x) of

(7) as a jinction of its initial conditions (t, x) on C. Then"
(a) x(s t, x) is continuously differentiable in (s, t, x) on

{(s, t, x)"(t, x) C, tj_ l(t, x) < s < tj(t, x))

Jbr each j. Denote by 6x(s t,x) the matrix of partial derivatives of x(s t,x) with
respect to x. Then jbr fixed (t,x) C, 6x(s t,x) satisfies the matrix differentiable
equation

(10) fi(s; t, x) L(s, x(s t, x))x(s t, x)

on
{s’tj_l(t,x) < s < tj(t,x)}.

If 6x(s t, x) denotes the vector of partial derivatives of x(s t, x) with respect to t,
the vector differential equation denoted symbolically by (10) holds on the same set
for the vector 6x(s; t, x) of partial derivatives with respect to t. For any compact
set K ofG, 6x(s t, x) is bounded on the set {(s, t, x)’(t, x) C fl K, <= s -< tq(t, x)}.

(b) The times tj(t,x) and positions xj(t,x) at which x(s; t,x) leaves the re-
spective cells Cj are continuously differentiable on C. On the intersection of any
compact set K c G with C these partial derivatives are bounded.

In examples in which (8) does not hold, 6x(s" t, x) and the partial derivatives of t(t, x) may not
be locally bounded. For an example see [16, p. 32].
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We shall say a finction defined on G is locally bounded if it is bounded
on G f’) K for each compact subset K of G.

(c) At the times tj_ tj_ l(t,x) and t t2(t,x), if fix(s) denotes the matrix

of partial derivatives of x(s t, x) with respect to x, then fix(s) has the right- and
left-hand limits.

(11)

and

(12) 6x(tf) -L,(tj,xJ)x-x + c3--"
If ax(s) denotes the vector of partial derivatives of x(s; t,x) with respect to t,
equations (11) and (12) hold with the matrices of partial derivatives with respect to
x, atJ& and ax,/ax replaced by the vectors &JOt and &Jat.

2. Definition of solution of the stochastic differential equation. We shall assume
for each function fi(t, x), 1, that f(t, x) has an admissible set of discontinuities.
Recall that the sample functions of a jump Markov process are step functions
with probability one. For each step function sample function r(s) there is a de-
composition of the interval t, ) by a divergent sequence

SO < S < < S <

such that r(s) Jm if S,_ --<-- S < Sin, wherejm takes values in I. Each deterministic
differential equation

(13) 2 j’i(s, x)

has a solution which extends until it hits M. Define a function x(s) inductively as
follows. Define x(t)= x. Suppose x(s) has been defined for _< s <= Sin-1 and
x(s) does not belong to M for any s in this interval. Then let x(s) be the solution of

Yc fa"(s x)

on s,,-1 <= s <= sm if x(s) q M for sm-1 S Sm or on Sin_ S T < S if
x(s) q M for s,,_ =< s < z and x(r) e M.

Define the solution x(s, co) of (5) to be the function x(s) just defined if r(s, co)
is a step function. If r(s, co) is not a step function, let x(s, co) be an arbitrary con-
tinuous function joining x and M. It is seen that this procedure defines a solution
x(t, co) of (5) on an interval It, z_q, where z is the first time x(t, co) hits M, or on the
interval It, oo] if x(t, co) does not hit M.

An argument can be given to show that this process defines a measurable
stochastic process and that the time z is a stopping time. In fact, it can be shown
that (x(s), r(s)) defines a strong Markov process killed at the time r. (This last
assertion will not be used in this paper.)

2.1. Assumptions onf(t, x). As mentioned we shall assume for each that
f(t,x) has an admissible set of discontinuities. Let G , 6e_ o
be the sets of condition (A) for the function f(t,x). The cells corresponding to
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these sets will be called/-cells. In addition, we shall assume conditions (D) and
(E) given below.

(D) There are sets G = =

_
= 5o such that

(14) St", c 5t,
iI

and these sets are such that conditions (A), (B), (C) of the definition of an ad-
missible set of discontinuities are satisfied with respect to them for each function
fi(t, x), I. The connected components of G or

_
1, k 1, ..., n,

will be called cells of the common decomposition of G.
(E) Each solution xi(s t, x) of

(15) fi(s, x), xi(t t, x) x

meets the sets ,j 4= i, at a finite set of points.
Define S(t, x) to be the set of vector functions x(t) satisfying:
(a) x(s) is defined and continuous on some interval It, z] whose left endpoint

is t.

(b) x(t) x either z o or x(z) M.
(c) There is a decomposition of the interval It, o) by a divergent sequence

{Sin) and a sequence of integers Jm 6 I,

t---So ....Sm

so that ifsm_l < S <Sm < Z or Sm-1 S Z S,,,, X(S) is a solution of

y f(s, x)

on either the interval

Sm-I < S < Sm or sm-l < S < Z.

Define the domain of influence of a point (t, x) to be the set

{(s, y):x(s) y for some x(. ) S(t, x)}.

Let the domain of influence of a set be the union of domains of influence of points
in the set. Notice that with probability one the sample functions of (5) are in
S(t, x) and these sample functions lie in the domain of influence of (t, x). Notice
that the definition of the set S(t, x) and domain of influence of (t,x) involve the
functions fi(t, x), but do not involve probability considerations. Thus conditions
placed on S(t, x) or the domain of influence of sets are conditions on the functions
f(t, x). We shall also assume the condition:

(F) For each compact set K the domain of influence of K is compact.
Notice that (F) implies that with probability one solutions of (5) starting with

initial conditions in a compact set K reach M before some bounded time.
Let t(t,x) denote the time and xi(t,x) the position at which the solution

x(s; t,x) of (13) hits M. By assumption (C) (iii) we are assuming that these are
continuous functions on G for each i. Notice that if t, x M,

(16) (t(t, x), xi(t, x)) (t, x).
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Hence the continuity of these functions implies that, for any neighborhood of a
point of (t, x), there is a smaller neighborhood such that, for any i, a solution of
2 fi(s, x) which begins in the smaller neighborhood will hit M within the larger
neighborhood. This is a special type of boundary behavior which is a definite
restriction on the functions fi(s, x).

3. Properties of ff(t, x). In this section we determine the continuity and
differentiability properties of the conditional expectation

(17) Illi(t, X) E{(49(’c, x(’c))lx(t x, r(t) i}
and derive integral equations which i(t, x) and its partial derivatives satisfy.

(19)
P(r(t + h)= jlr(t) i)= 2ijh -q- o(h),

P(r(t + h)= ilr(t)= i)= + 2uh + o(h),

where o(h) is a quantity such that

lim o(h)o---=0-

Given r(t) i, the probability density that the first jtimp of r(t) after time is
from to j and occurs at time s is given by

(20) lij e2ii(s-’).

Given r(t) i, the probability that there are no jumps of r(t) in the interval ]t, s]
is given by

e2 ii(s- t)

See [4, p. 350] for a discussion of these statements.
The conditional expectation (17) can be computed by a "renewal-like"

method. Consider the events that r(t) has exactly n jumps, n 0, 1,..., in the
interval (t, z). Assumption (F) implies z is bounded, with probability one; thus
the event "r(t) has more than a finite number of jumps in (t, z)" has probability
zero. Let Z,(t, co) be the characteristic function of the set of co for which r(t, co) has
exactly n jumps in (t, z(co)). Then

(21) ffli(t,x) E(z,(t)qg(z,x(z))lx(t)= x,r(t)= i).
n=0

Notice using the formula (20) for the probability density of a jump from to j
at s that

E(z(t)qg(z, x(z))lx(t) x, r(t) i}
(22)

2,jea"{*-’)E{l.._ (s)qg(r,x())lx(s) x’(s; t,x),r(s) j} ds.

and

3.1. Representation of ff(t, x). Recall that a finite state Markov process r(t)
is characterized by a matrix (2g) of real numbers such that if 4: j,

(8) _>_ O, , 0
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Hence the terms of (21) can be written by induction starting with

(23) E{Zo(t)qg(z, x(z))[x(t) x, r(t) i} qg(t’(t, x), x)) ex’’(’’(w’)-.

The formula (23) follows because if r(t) does not jump, x(s) xi(s t, x), z ti(t, x)
and the probability of no jumps in (t, z) is

e2ii(ti(t,x) t)

3.2. Continuity of q(t, x). Since by assumption (C)(iii), ti(t, x) and xi(t, x)
are continuous as functions of (t, x) on G, (23) is continuous as a function of (t, x).
Arguing inductively using (22), we see that each term of the series (21) is con-
tinuous as a function of (t, x) on G. For each compact subset of G, we shall show
the series (21) converges uniformly on the domain of influence of that compact
subset;hence we conclude that as a fi]nction of (t, x), $(t, x) is continuous.

To see that (21) converges uniformly on the domains of influence of each
compact subset of G, we shall proceed as follows. Let denote the set of con-
tinuous k-dimensional vector-valued functions on G. Let H denote the mapping
of into for which the ith component of H[g] is defined by

(24) H[g]i(t, x)

_
2ij eX"(S-gJ(s, xi(s t, x)) ds.

For each compact set K c G, let I(K) denote the domain of influence of K. Define
the seminorms

(25) gllK= max sup Igi(t,x)l
(t,x)l(K)

Let
(26) T/=max sup It’(t,x)l and Sr=min{t’(t,x)K}.

(t,x)l(K)

Then recalling that j,i 2ij -2, we see that (24) implies

(27) IIH[g] I [1 ez’’(TK-s:)] Ilgll.

Since e’’(r’-s’) < 1, H contracts r. Let H denote the kth iterate of the
operator H. For brevity let

(28) yi(t, x) qg(ti(t, x), xi(t, x)) ez’’v’"’x)-’

Then (21)-(24) and (28) imply

(29) Oi(t, x) yi(t, x) + H[y]i(t, x).
k=l

Each term of the series is continuous. Since H contracts [[. II/, comparison of
the seminorms of the terms of the series with the geometric series implies the
series converges uniformly on the domain of influence of each compact set K.

3.3. Integral equation for (t, x). Notice that since the series in (29) con-
verges uniformly on compact subsets of G, we have that d/i(t,x) satisfies the
operator equation

qji(t, x) yi(t, x) + H[qj]i(t, x).
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Written out this becomes the following theorem.
THEOIM 2. The function Oi(t, x) satisfies the integral equation

(30)

COROLLARY. The function i(t, x) satisfies the integral equation

(31) Z//(s, x(s t, x)) ds.

Proof. Notice that if ffi(t,x) satisfies (30), an interchange of integration
shows that

li(l’X)

’iil[li(U, xi(l), t, X)) dv

(32)

/i(t, x)- qg(ti(t, x),xi(t,x)) ft
li(’’X)

2UJ(S, xi(s t, X)) ds

which gives (31).

3.4. Differentiability of Oi(t, x). Let K be an arbitrary compact subset of G.
We shall show each term of the series (29) is continuously differentiable on
G- 5, and that the series of partial derivatives converges uniformly on
K f’l (G 6el,). Thus Oi(t, x) will be continuously differentiable on G i, and
have locally bounded partial derivatives. Notice from Theorem that

qg(ti(t, x), xi(t, x)) exii(ti(t’x)-t)

is continuously differentiable in (t,x) on G- 5e, and its partial derivatives are
bounded on (G 5i,) f’l K.

Let D denote the space of continuous k-dimensional vector functions d(t, x)
defined on G such that, for each i, the ith component d(t,x) of d(t,x) is con-
tinuously differentiable with respect to x on the set G- i, and these partial
derivatives of d(t, x) are locally bounded. Let us show that H maps D into D.

Let C denote a cell of G , and C C1, C2, "", Cj denote the succession
of type (i) cells .of the common decomposition of G through which xg(s; t,x)
passes to reach M, when the initial conditions (t, x) belong to C. Let to(t, x)
and tk(t, X), k 1,..., q, denote the times at which x(s t, x) reaches n(Ck).
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Now

(33)
H[d]i(t, x) ).ij eX"t-.dJ(s, xi(s t, x)) dx

ftk(t,x)
k tk- ,(t,x)

/ij eZ"(s-t) dJ(s, xi(s t, x)) ds.

Let us check that the individual terms in the integrals of the sum are differentiable
and conditions for "differentiating under the integral sign" are satisfied. Since
by assumption (E), xi(s;t,x) meets 5, j 4: i, at only a finite number of points
and 6e c , these points must be points of type (ii) cells for xi(s;t,x) of the
common decomposition of G. Hence each of the type (i) cells Ck through which
xi(s;t,x) passes is contained in some j-cell of G 5 on which d(s,x) is con-
tinuously differentiable. For (t,x) in a compact neighborhood N contained in C
the set

(34) {(s, y):(s, y) (s, xi(s t, x)) for some (t, x) s N and tk_ l(t, x) <= s <= tk(t x)}

is compact, so the partial derivatives of dJ(s, x), j g: i, are bounded on this set.
From Theorem the trajectory x(s;t,x) has partial derivatives 6x(s;t, x) with
respect to x if tk_ l(t,x) < s < t(t,x) which are solutions of (10). These partial
derivatives are bounded on (34). By Theorem 1, t(t,x) is differentiable with
respect to (t, x). Hence the integrals of the sum in (33) satisfy conditions of formulas
for differentiation of integrals with respect to parameters. Carrying out this
differentiation term by term, we see that our assumptions imply the resulting
partial derivatives of each term are continuous in (t,x) on C. Summing and
canceling terms with opposite signs gives for the partial derivative with respect to x

(35)

c
H[d]i(t, x) 2ij e’’(- t)dJx(s xi(s t, x))txi(s x) ds

GX

c3ti(t, x)
+ 2ie""v’)-’dJ(t(t,x),x(t, x))

t3x

Hence H maps D into D.
Recall that the continuity of t(t, x) and x(t, x) imply that

(ti(t, X), xi(ti, X)) (t, X) for (t, x) M.

Hence

(36) Hk[y]i(t,x)=O for(t,x) eM, k>= 1,

and

(37)
yi(t, x) qg(ti(t, x), xi(t, x)) ez’’’’’’x)-’) q(t, x)

for (t,x) M and all 1, ..., k.

Differentiating the terms of(29) with respect to x, using (35), canceling a term from
c3y(t, x)/c3x with terms from c3H[y](t, x)/c3x through use of 2u j, 2j and
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(37) gives the formal series

(38) cptti + qgxx + , 2ij eX"(-OHk[Y]J(s xi(s x))cSxi(s t, x) ds
k=

Let us show that this series converges uniformly on (G- 6ei,)fq K for each
compact subset K of G.

Let 1lfxll denote the supremum of the sum of the absolute values of the
elements of the matrix 6xi(s;t, x), where the supremum is taken over elements in

{(t, x, s, i)"(t, x) K, <= s <= ti(t, x), I}.
For a compact set K it is seen from (10)-(12) that 116xll is finite. Let r denote
the number of integers in I. Let B denote a number so that max {2j, 1/6xll) _-< B/r.

Let (c3/c3x)H"[y]i(t, x)ll be the maximum of the absolute value of the elements
in the matrix of partial derivatives

X
Hn[yi] (t, x).

Let

Let

Tr sup maxlti(t,x)l.
(t,x)l(K)

x [Y] max sup H’[y]J(t x)
tK {x:(t,x)l(K)rG- Sn} -X

with the convention that the supremum is zero if it is taken over the empty set.
Now if n > 1, by (35) and (36),

fti(t’x)
t)(39) -xH"[Y]i(t’x) l,, 2ijeX"(- H"-l[Y]J(s’xi(s; x))6xi(s; t, x)ds.

Since x(s;t, x) belongs to I(K) G S for all but finitely many s,

(4o [ [ s.
tK sK

Iterating formula (40) gives

_B- ...ds(4 [] [] ss _
K sK

Therefore,

(4 [] sup [;

Define Sg inf t:(t, x) 6 K} (42) implies

max sup
{(t,x):tt,x)s(K)rt- S} -x [y]J(t x) B.(T S)"-1

sup
(n- 1)! -x H Y
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Hence comparison with the exponential series implies the ith component of
each term of the series (38) converges uniformly on I(K) ffl (G- 5fi,). Hence
q/i(t, x) is continuously differentiable on G 5i, and has locally bounded partial
derivatives.

Since we have just shown that $i(t,x) belongs to D, the integral equations
(31) may be differentiated with respect to x using (35) to show that $i(t,x) satisfies
the integral equations

@ix(t x)= q)r(ti(t x) xi(t x))
c3ti(t’x) &(t,x)

c3x + q(ti(t, x), xi(t, x))
(43)

+ 20 ea’’{*- o{(s, xi(s; t, x))bxi(s; t, x) ds
’t j*i

in the sense that for each i, (43) holds on G i,.
Notice that an integral equation for Of(t, x) may also be obtained by differ-

entiating (30) with respect to t. Next we shall show that (43) has a unique solution.
We shall gather together the equations involved in (43).

For a point (t, x) of G i,, let xi(s;t, x) be the solution of

(44) fi(s, x)

with initial condition xi(t t, x) x. Let to(t, x) and tk(t, X), k 1, ..., q 1,
be the times of crossing of xi(s; t,x) from /-cell to /-cell. Let 6xi(s; t,x) be the
solution of the matrix differential equation

(45) axi(s) ,i

on the interval tk-(t,x) < S < tk(t,x) which has the value ax’(t; t,x) 1, where
1 is the identity matrix, and at the times t(t, x), k 1, ..., q 1, has the jumps

(46) 6xi(t t, x) 6xi(t; t, x)
ct(t, x)

[fck(tk’ Xk) f-’(tk’ Xk)] OX

For each e I, let pi(t,x) be a continuous locally bounded real-valued function
defined on G i. satisfying

(47)

cti(t, x)
pi(t, x) {pt(ti(t, x), xi(t, x))

63X + qx(ti(t, x), xi(t,x))
6?xi(t, x)

"q- 2ij eX"ts-t)pJ(s, xi(s t, X)) txi(s t, x) ds.
t

THEOREM 3. Let pi(t,x) be a solution of the system of equations (44)-(47).
Then

(48) if(t, x) i(t, x) on G 5#, for each I.

Proof. Let K be a compact subset of G and let I(K) denote the domain of
influence of K. Let V denote the space of vector functions {hi(t, x)} such that for
each i6 I, hi(t, x) is a continuous locally bounded real-valued function defined
on I(K)- 9i. Let Sr min {t’(t,x) K} and Tr max {t’(t,x)6 I(K)}. Define
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T’V- Vby

(49) T[h]i(t, x) E lij e’ii(s-t)hi(S, xi(s t, x)) (xi(s t, x) ds.
j:/:

It follows from Theorem l(a) that the image of T is again in V. Let r/be a number
such that

(50) max sup
(t,x)KcG -gui

tq(t,x)

On V define seminorms by

(51) I}hllK max sup
iel (t,x)el(K)- Si

Notice that if hi(t, x) is a solution of

(52)

then

(53)

Ix(s; t, x) 1 _-< .
j:/:

Ihi(t, x) e"’- s")

hi(t, x) T[h]i(t, x),

f
ti(’x)

Ihi(t x) e"’- s")l <= e""- s, rllhi(s, xi(s t, x))l ds

(ti(t,x)e"t’-s") Jt rl e-"ts-s")lhi(s;xi(s; t, x)) e"ts-S") ds

[1 en"’"’)-]llhll
or

--SK)](54) Ilhll _-< [1 -e"(r" Ilhll.
Now since our assumptions imply e"r’-s’) < 1, (54) implies that Ilhllr

0 for any solution of (52). If pi(t,x) is a solution of (47), since Ox(t, x) is also a
solution of (47), pi(t,x) O(t,x) is a solution of (52). Hence the conclusion of
the theorem follows from the assertion that

(55) Iff(t, x) Ox(t, X)IIK O.

4. Systems of hyperbolic partial differential equations with discontinuous
coefficients. In 3., we have proved that i(t, x) is continuously differentiable
on G- 5in. Thus if (s, xi(s;t,x)) G- 5egn, Og(s, xi(s;t,x)) is differentiable in s.
Using formula (31) we have

(56)
ds

Og(s’ xi(s x)) Oi + Ogdxg(s)dt - 2Oi"

Evaluating this at s t, we have the following theorem.
THEOREM 4. The functions i(t,x) satisfy the system of partial differential

equations

(57) /(t. x) + /i(t. x)fi(t, x) + , .ijOJ(t. x) 0
J
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for (t, x) G ,9i,, I. The boundary condition

(58) q,’(t, x) o(t, x)

for (t, x) m is satisfied.
Thus a solution of the integral equations (30) satisfies the partial differential

equations (57) with boundary conditions (58). We could ask conversely if each
such solution of (57) and (58) is a solution of (30). Theorem 5 gives an affirmative
answer to this question.

THEOREM 5. Let G be an open subset of E"+ 1. Let i, I, be subsets of G. It
will be assumed jbr each and each compact subset K of G that i 91 K is contained
in the zero sets of a finite number of continuously differentiable functions 7ik(t, X)
whose gradient vectors (7{kt, gradx 7{k) do not vanish on i. That is,

(59) ’ f] K = U
k

{(t, X)’Yik(t, X) 0}.

For each let hi(t,x) be a continuous function on G which is continuously differ-
entiable on G- whose partial derivatives are bounded on (G- ) 71 K for
any, compact set K. For each i, let the partial differential equation

(60) hi(t, x) + hx(t, x)fi(t, x) + Z 2ijhJ(t, x) 0

be satisfied on G- i. Let the functions fi(t,x) and constants 2i satisfy the
assumptions (A)-(F) and (18) and (19) made in and 2. Let

(61) hi(t,x) q(t,x) on M for each I.

Then the Jinctions hi(t, x) satisfy the system (30) of integral equations

hi(t’x) q2(ti(t’x)’xi(t’x))e’"-’) +
i.,,

2ie’"-’)h(s’xi(s;t’x))ds"

Remark. Notice that the integral equations (30) have a unique solution and
the conditional expectation @i(t,x) satisfies the integral equations. Thus a con-
sequence of the theorem is that any solution of the system of partial differential
equations (57) with boundary condition (58) can be interpreted as a conditional
expectation. Notice also that the discontinuities of the partial derivatives of
qi(t,x) are contained in 5i,, the set on which fi(t,x) may have discontinuities.
Thus the theorem implies that it may always be assumed that c 5, or that
roughly a solution of a system of partial differential equations of the type (57),
(58) will be continuously differentiable on regions where its coefficient functions
are continuously differentiable.

To prove Theorem 5 a lemma is needed. This lemma can be proved in a
manner entirely analogous to a corresponding treatment in Boltyanskii [3,
Lemma 1, p. 330].

LEMMA 1. Let (to,Xo) be a point of G and xi(s; to,Xo) a solution of (5) on
[to, ti(to, Xo) Let Co, "", Cq_ be the succession of type (i), i-cells through which
xi(s to, Xo) passes, let "’", tq_ be the points of crossing of xi(s to, Xo) from
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i-cell to i-cell, and let tq P(to, Xo). Considering these times as fixed define
(62) fi(s x) =f(s,x) iftj_x <=s< tj.

Then there is some neighborhood N of (to, Xo) such that for t, x N the solution
’(s; t, x) of
(63) : fi(s, x) with .i(t; t, x) x

exists on It, tq] and in each subneighborhood of N there is some t, x so that 2i(s; t, x)
intersects R U i, in a finite or empty set of points.

Theorems on continuity of solutions of (63) with respect to initial conditions
imply

(64) lim sup I(s-; t, x) xi(s to, Xo)l O.
(t,X)-(to,Xo) to<=S<--tq

Proof of Theorem 5. By Lemma there is a sequence of points (t, x) ap-
proaching (t, x) such that (s, Yci(s;t, x)) intersects R at a finite number of points
on t. <- s =< t.

Then by the chain rule,

hi(s, i(s t., x.))

is piecewise continuously differentiable in s with locally bounded derivative
given by

(65) h(s, Yci(s, t,, x,)) + hix(S, i(s; tn, Xn))fi(s, i(s; tn, Xn)

except at the finitely many points at which

(s, ci(s t., x.))

hence hi(s, i(s; t., x.)) is absolutely continuous. Substituting 2i(s; t., x.) for x in
(60), multiplying by the integrating factor e;t’ts-’) and integrating from to to t
gives

e;t"{’-’)hi(tq, i(tq t., Xn) hi(to, ,i(t0 tn, Xn)
(66) f,’. 20 ea’’t*-’)ha(s, .i(s; t., x.)) ds.

Since the hi(s, x) are continuous on G, taking limits as n becomes infinite using
(64) gives

hi(to, x O) ea,i(tq-to)hi(tq, xi(tq to, x0))
(67)

+ 2ia ea"*-’)hJ(s, xi(s; o, Xo) ds.
j:/:i

Recalling the meaning of the notations in (30) and (67), we see that they are
identical expressions and hence the theorem is proved.

The following theorem is a maximal principle for partial differential oper-
ators of the form (60).

THEOREM 6. Let sets R c G be as in Theorem 5. Let hi(t, x) I, be continuous
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jinctions defined on G such that hi(t,x) is continuously differentiable on G- R
and has locally bounded partial derivatives. Iffor I,

(68) hi(t. x + hx(t, x)f’(t. x) + , 2,ih(t. x) >= 0 on G R’

and

(69) hi(t. x) <_ 0 if (t. x) e M.
then

(70)

(71)

hi(t,x) <__ 0 on G.

Proof. Define t., x. and Yci(s;t., x.) as in the proof of Theorem 5. Then

d

ds
--[eZ’i(s-t)hi(s, i(s tn, Xn))] eX"t-t)[hi(s, Yci(s t., x.))

+ h(s, Yci(s; t., x.)) + 2uhi(s, i(s; t., x.))]

>= ex,,t- ,) j.ijhJ(s, yci(s tn Xn))
j:/:i

except for the finitely many values of s for which ffi(s; t.,x.)e R. Integrating
both sides of (71) gives

hi(t, :(t; tn, Xn) eZ’tt"-t)hi(tq, (tq t., x.))
(72) a 2ij e’ii(s-t)hJ(s, ffi(S; tn, Xn) ds.

Passing to the limit as n becomes infinite, we have

(73) h(t x) <=
Formula (73) can be rewritten as

(74) hi(t, x) <= H[h]i(t, x).

Notice that if g(t, x) >= 0 that H[g]i(t, x) >_ O. Hence applying the operator H to
the inequality (74), we obtain

(75) n2[h]*(t,x) >= U[h]i(t,x) >= hi(t,x).

Proceeding inductively we obtain

(76) H"[h]i(t, x) >= hi(t, x).

Now (27) implies that H"[h]i(t,x) converges uniformly to zero on each compact
subset of G as n becomes infinite. Hence we obtain (70).

Part 2
Optimal Control of Differential Equations with Jump Disturbances

Let U denote a closed subset of E and let f(t, x, u), I,

fi’G UE"
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be continuously differentiable functions.
Let be a class of control functions ui(t, X), t I,

tti G ---} U

such that for each control function the functions

(77) fi(t, x, ui(t, x)), it I,

satisfy conditions (A) through (F) of Part 1.
With regard to condition (A) we shall assume for each it I that there are

sets 5e*, as described in (A) and that for each cell C there is a continuously diff-
erentiable function u(t, x) defined on a neighborhood of the closure of the cell such
that u(t, x) u(t, x) on the cell C.

Consider the system of controlled stochastic processes

(78)

as in Part 1, r(t) is a Markov process with state space I.
Let M be a terminal set as defined in Part 1, let zu be the first time the solution

of (78) reaches M, and let go(t, x) be a continuously differentiable function defined
on G.

The optimization problem is to find the control u(t,x)t 1 so that simul-
taneously for each initial condition (t, x, i),

(79) E{go(z., x(z,))lx(t) x, r(t) i}
is a minimum. In (79), x(t) is the solution of (78), with initial condition x(t) x,
corresponding to the control u(t, x).

A control ui(t,x)t ql is called an optimal feedback control (or more briefly
optimum) if it simultaneously minimizes (79) over the class q/for each (t,x) in
G and t I.

Remark. Notice that since we are assuming that for each control u(t, x) of

’ the conditions (A)-(F) of Part are satisfied for the function

f’(t, x, u’(t, x)),

the results of Part apply if in each of the theorems given there we make the
replacements

Lx(t,x)

and

fi(t, x) by fi(t, x ui(t, x))

by fi(t, x, ui(t, x)) + fi(t, x, ui(t, x))Ux(t, x).

When we speak in this section of a statement or theorem given in Part 1, we will
always understand that this replacement has been made.

THEOREM 7. A necessary and sufficient condition that a control u(t,x) t ll be
optimum is that jbr each t I its performance function

(80) ki(t,x) E{go(z.,x(z.))lx(t)= x,r(t)= i}



356 RAYMOND RISHEL

satisfy the partial differential equations

min {i(t,x)+ x(t,x)fi(t,x,u)+ 2ijPJ(t,x)}
uU

(81)
g/i(t, x) + q(t, x)f(t, x, u(t, x)) + O(t, x) 0

on G 5#, and the boundary condition

(82) i(t, x) q(t, x) if (t, x) M.

Proof. Necessity. Let (t, x) be on a point of G 5i,. Then there is a neighbor-
hood of (t, x) which is contained in G i,. Let u(s, x) be an optimum control,
u a point of U, and the control defined by

(83) (s,x) { u if =< s =< + h,

ui(s, x) otherwise.

Let (t,x) denote the performance function (80) corresponding to ui(t,x), and
(t, x) the performance function corresponding to fi(t, x) denote the solution of

(84) 2 fi(s, x, i(s, x))

with initial condition 2(t;t, x) x and i(t, x) the first time that 2(t, x) reaches
M. By the corollary of Theorem 2,

(85) (pi(t, x) o(i(t, x), 2i(t, x)) ez’’tv’-q + , 2i(P(s, i(s t, x)) ds.
’t

Since (t,x) is an interior point of G i, and M = Sei,, there is an h > 0 such
that i(s;t,x) lies in G M for =< s =< + h. Since for s => + h,

i(s t, x) xi(s + h, i(t + h t, x)),

we have

(i(t,x), 2i(t,x))= (ti(t + h, 2i(t + h t,x)),xi(t + h, ci(t + h t,x))).

Hence
+h

(86) (t, x) /(t + h, i(t + h; t, x)) + 2,j(pJ(s, ’(s t, x)) ds.

Since (pJ(s,x) is locally bounded, 0 is continuous at (t,x), and ci(t + h; t,x)
converges to x as h decreases to zero, (86) implies that as h converges to zero
(pi(t,x) converges uniformly on compact subsets of G to /i(t, x). Since ui(t,x) is
an optimal control, (86) implies that

(87)
+h

Oi(t,x) <_ Oi(t + h,2i(t + h; t,x)) + 2ije;ii(s-t)@J(s,i(s; t,x))ds.

Since O(t, x) is continuously differentiable on G 5., and (t, x) converges to
O(t, x), (87) implies that

(88) 0 Of(t, X) "k- tix(t, x)fi(t, X, U) -+- 2 ’ijlPJ(S’ X).
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Combining (88) with Theorem.4 of Part gives (81).
Sufficiency. Let ti(t, x) be any other control in and i(t, x) its corresponding

performance. Let 5i, and 6i, be the sets of condition (A) of Part for ui(t, x) and
i(t,x). Let R Si, 1,3 STi,. By Theorem 4 of Part and (81),

i(t, x) (Pi(t, x) + fi(t, x, i(t, x)) [q(t, x) (t, x)]

+ Z ,,[’i,,t, x) ,(t, )] __> o

on G Ri, and i(t, x) (t, x) satisfies the conditions of the maximal principle
of Theorem 7. Hence

i(t, x) <_ i(t, x) on G,

which is the asserted optimality statement.
Instead of considering controls of the form u(t, x), controls which had one

functional form until a jump of r(. and then another functional form after each
jump could be considered. A simple example of this type which can be treated
by the methods we have already developed is the following. Let K be a positive
integer and

h/= {ui(s,x)’O <= k <= K, i I}
be a doubly indexed family of control functions so that the functions

fi(s, x, ui(s, x))

satisfy conditions (A)-(F) of Part with the double index ki replacing the single
index i. Define

n(s) min {K, number ofjumps of r(s) on [0, s]}.
Then (n(s), r(s)) is a finite state Markov process. The results of Part go through
(suitably modified) for the stochastic differential equation

(s) f’((s, x(s), u"("((s, x(s))).

Solutions of this differential equation depend on the past of r(.). Controls of
the form ui(t, x) are in the class ///; they are constant in the index k.

It can be seen from Theorem 7 modified for the class ///of controls that the
following theorem holds.

THEOREM 8. /f there is an optimal control in ll for the control problem formu-
lated jbr the differential equation

5c ff)(s, x, u’(S)(s, x)),

that control is also optimal in the class /g for the corresponding control problem
Jbrmulated jbr the differential equation

2c ff(S)(s, x, u"()’()(s, x)).

Thus if there is an optimum in the class , no advantage can be gained by
going to the wider class

Theorem 3 of Part asserts that functions pi(t, x) which are solutions of the
system of equations (44)-(47) agree on G i, with q(t, x). This allows us to
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recast Theorem 7 in the following form.
THEOREM 9. A necessary and sufficient condition that a control ui(t,x) be

optimum is that for solutions xi(s t, x) of
(89) i fi(t, x, ui(t, x))

with initial condition x(t t, x) t, for solutions 6x(s t, x) of
6 [f(s, xi(s t, x), ui(s, xi(s t, x)))

(90)
+ fu(s, xi(s; t, x), u’(s, xi(s; t, x)))uck,(s, xi(s; t, x))] 6x

with initial condition 6x(s t, x) and jump conditions

fix(t t, x) fixi(t t, x) [f(tk, Xk, Uck(tk, Xk)
(91)

(tk Xk))]Ctk(t’ X)fi(tk, Xk, U/1 CX

at the times tk of crossing of x(s t, x) from type (i) i-cell Ck to type (i) i-cell Ck +

of xi(s t, x) and for solutions pi(t, x) of the system of integral equations

c3ti(t, x) c3xi(t, x)pi(t x) cp(ti(t, x), x(t x))
c3x + q(ti(t, x) xi(t x))

c3x
(92)

+ 2i ea"-p(s, xi(s; t, x)) 6xi(s; t, x ds,
’t

that

(93) min pi(t, x)fi(t, x, u) pi(t, x)fi(t, x, ui(t, x)) on G
ueU

Proof. By Theorem 3,

Thus (93) implies

if(t, x) q/(t, x).

with initial condition x*(t; t,x)--x. Let to(t,x and tk(t,x), k 1,..., q,
denote the times at which x(s; t, x) reaches n(Ck). Let Ok(t, x), k 1,..., q,
denote the additional component of the determining function of n(Ck) over that
of C

(95) : fi(s, x, ui(s, x))

itmin {q/(,x) + q/(t,x)f’(t,x u) + 2,fl/(t x)}
u.U

(94)
{@t(t, x) + t/(t, x)fi(t, x, ui(t, x)) + ij@(t, x)}.

Theorem 4 implies that the right-hand side of (94) equals zero. Hence the theorem
follows from Theorem 7.

It is natural to ask if there is a theorem analogous to Theorem 9 which more
closely resembles the maximum principle of deterministic control theory. Pro-
ceeding toward this goal, consider the following systems of equations.

For a point (t, x) of G , let x(s;t, x) be the solution of
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Let laq(tq, Xq) be a solution of

(96)

on rr(Cq). Let

(97)

#q(tq Xq) [Oqx(tq Xq)fi(t, Xq, ui(tq, Xq)) + Oq,(tq Xq)]

+ gOx(tq, xq)fi(tq, xq, ui(tq, xq)) + qg,(tq, xq) 0

pi(tk, Xk) + lim pi(s, xi(s t, x)),
s tk

pi(tk, Xk)- lim pi(s, xi(s t, x)).
s tk

Let #k(tk, Xk) be a solution of

pi(t, xg) + [fi(t, xu, u(tu, xg)) fi(tk, Xk, Uck+l

#(tk, Xk)[Okx(tk, Xk)fi(tk, Xk, Uc(tk, Xk)) + Ok,(tk, Xk)].

(98)

Let p(t, x) satisfy the system of integral equations

p(t, x) q(t, x) + y (t, x)Ox(t, x)
k=l

q" [pi(s, xi(s t, x))fix(S, Xi(S t, X)Ui(S, xi(s t, X)))

+ Y p(s, x(s; t, x))] as

ftk(t,x) ’i-Jl- pi(s, xi(s t, X))J u(S, xi(s t, X), Ui(S, xi(s t, X)))
tk t(t,x)

u(s, x’s; t, x)) as.

THEOREM 10. Equations (95)-(98) have a solution. Any solution pi(t,x) of
(95)-(98) is also a solution of (89)-(92).

Theorem 10 is proved in Appendix B.
The next theorem follows immediately from Theorems 9 and 10.
THEOREM 11. A necessary and sufficient condition that a control u(t, x) qg be

optimum is that there exist functions pi(t,x) which are solutions of (95)-(98) and
(93) holds on G QPi

n.

Remark. Conditions (96) and (98) imply that

(99)

and

(100)

pi(tq, xq) gOx(tq, xq) + #q(tq, xq)Oq(tq,

pi(tq, xq)f,(tq, xq) [qt(tq, xq) + #q(tq, xq)Oq,(tq, xq)]

The conditions (99), (100) imply the usual statement of the transversality con-
ditions. Conditions (97) and (98) imply that

(101) pi(tk, Xk) + Pi(tk, Xk)- lUk(tk, xk)Okx(tk, Xk)
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and

(102) p’(t,x)+j’+,(t,x)- p(t,x)- "’: c(t, x) -/(t, x)O,(t, x).

These conditions (101), (102) imply the jump conditions [10, Formula (4.10),
p. 303] given by S. Miraca.

Remarks. Theorem 11 is analogous to Theorems 6.1 and 6.2 of [10] in the
deterministic case. Its derivation uses basically a dynamic programming or field
theory argument. If one wishes to use Theorems 9 or 11 to compute optimal
controls, condition (93) only determines the control on G- Si,. According to
Theorems 7, 9 or 11 any admissible control which satisfies respectively (81) or
(93) on G- ,i and for which the terminal conditions are satisfied is optimal.
This implies that the structure of the sets c, determines the control on that set. This
is a difficulty of these conditions in that the determination of the sets 9, and the
value of the controls on them is not made explicit by the optimality conditions.

The deterministic Pontryagin principle can be used to determine another set
of necessary and sufficient conditions for optimality. To avoid some technical
difficulties, assume:

(i) The terminal set M of the optimization problem contains

{(t,x) 6 G:t W}.
That is, if the terminal set has not been reached before T, the problem stops at
time T.

(ii) For any piecewise continuous open loop control u(s) the trajectories of

fi(s, x. u(s))

remain in G for _< s _< T.
Let ui(t,x) be an optimal control for the stochastic optimization problem

and Oi(t,x) the corresponding conditional expectations of the performance.
Formulate the deterministic optimal control problem of minimizing the per-
formance function

ti

(103) q)(t xi) ez’’t’’-q + . 2ij eZ"s-OJ(s, xi(s t, X)) ds

subject to x(s;t, x) being a solution of

(104) fi(t, X, U)

with initial condition xi(t;t, x) x and terminal condition

(105) (ti, xi(ti t, x)) (t x i) e m.

Here the class of control laws is the set of piecewise continuous, piecewise con-
tinuously differentiable functions u(t) such that u(t) U.

Notice that u(s) u(s,x(s;t, x)) must be an optimal control for this deter-
ministic problem. Suppose it was not and there were some u*(s), piecewise con-
tinuous and piecewise continuously differentiable, which gave (103) a smaller
value.
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Let fl be an arbitrary control value in U. Define a control uki(s, X), 0 _< k =< 1,
by letting

ui(s, x) { u*(s) if <= s <= ti(t, x),

(106) fl ifs < or ti(t,x)< s,

ulJ(s, x) uJ(s, x), j I.

Because of (i), (ii) this control is in ////. If u*(s) gave a smaller value to the deter-
ministic optimization problem, we would have a control of / which for the
particular initial conditions (t,x, i) gave a performance smaller than that of the
optimal in the class q/for the stochastic problem, contradicting Theorem 8.

The deterministic optimization problem described in (103)-(105) does not
satisfy the usual hypothesis of Pontryagin’s principle in that in the performance
(103) the functions /i(t,x) are only continuous and piecewise continuously differ-
entiable. Assumption (E) implies that xi(s;t, x) meets these discontinuities in a
finite set of points. The discontinuities are in the integrand of the performance
function and this integrand does not involve the control. It can be shown that
under these circumstances the usual statement of Pontryagin’s principle does
hold. Thus we have asserted the necessity half of the following theorem.

THEOREM 12. Let conditions (A)--(F) of Part and conditions (i), (ii)just
described hold. Let O(t,x) be an l-dimensional vector-valued function which is the
determining function of the cell of the terminal set M at which the solution xi(s t, x)
of (104) terminates. Let the matrix Ok have rank on this cell of M. Necessary and
sufficient conditions that a control u(t,x) q[ be optimal for the stochastic opti-
mization problem are"

For each I and (t,x) G, there is an absolutely continuous vector jinction
p(s) defined on <__ s <__ ti(t, x), a constant 70, and a vector 7. These quantities satisfy
o >-_ O, (o, p(s)) O,

(107) p(s)= -p(s)fi(s, xi(s;t,x),ui(s, xi(s,t,x))) 7o 2ijeXi’t-’)d/(s, xi(s,t,x))
ji

except at a finite number of points It, ti]. The boundary conditions

(108) p(t’) ?oqg(t’, x’) + ?O(t’, x’)
and

(109) p(ti)fi(ti, x ui(t xi)) }ol/I,(t x i) -1- 3)Ot(t xi))

are satisfied. The Hamiltonian p(s)fi(s, xi(s t, x), ui(s, xi(s t, x))) is continuous as a

Jhnction of s on It, ti(t, x)] and

(110) min pi(s)fi(s, xi(s; t, X), U) pi(s)fi(s, xi(s; t, X), ui(s, xi(s; t, X)))
uU

holds except at a finite number of points of It, ti(t, x)].
Remark. Notice the differences between the p(s) of this theorem and the

pi(t,x) of Theorem 11. For each and (t,x), p(s) is a solution of(107), (108). There
may be several trajectories xi(s;t,x) starting out at different initial points (t, x)
which follow along the same geometric curve for a portion of their trajectory
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near the same terminal point (ti, xi). In order to have the functions p(s) for each
of these trajectories be continuous and (110) to hold, the p(s) for each of the
different trajectories must be different along the curve which the trajectories
have in common. Thus these p(s) cannot be expressed as a function of the co-
ordinates of the curve, as the functions if(s, x) of Theorem 11 are.

To prove the sufficiency of Theorem 12, the following lemma is needed.
LEMMA 2. Let (t, x) be a point of G 9,. If on k_ (t, x) < s < tk(t, X), p(s) is

a vector function such that

(111) min p(s)fi(s, xi(s t, x), u) p(s)fi(s, xi(s t, x), u(s,i xi(s t, x)))
uU

and 6xi(s t, x) is as in (90), (91), then

(112) p(s)f,Uckx6Xi(s t, x) O.

Proof. Let (v, y) denote a point in a neighborhood N of (t,x) contained in
G 5,. The expression

p(s)f(s, x(s t, x), u(s, xi(s v, y)))

is a differentiable function of v, y, and from (111) it attains its minimum at (t, x).
Hence its differential with respect to y which is given by (112) must be zero at
(t,x).

Proof of Theorem 12. Sufficiency. Let p(s) be a solution of (107) on It, ti(t, x)]
with terminal condition (108), where (7o, ) 4: 0. Let 6xi(s;t, x) be a solution of
(45) on t_ l(t,x) < s < t(t,x) with conditions (11), (12) holding at t(t,x), k 1,
.., q 1, and (12) holding at t. Multiplying equation (107) by 6xi(s; t,x) and

multiplying (45) by p(s), then adding and subtracting the term (112) of Lemma 2
gives

d
(113) -ds[.p(s) bxi(s;t,x)] --7o2,eZ"-{(s,xi(s;t,x),bxi(s;t,x))

ji

on tk- l(t, X) <= tk(t, X). Hence

P(tk- 1) txi(tk t, X) P(tk) 6xi(t, t, X)

(114)
70 2U e"-t)O{(s, xi(s; t, x)) (xi(s t, X) ds.

,- ji

Adding (114) from k to q gives
q-1

p(t) +

p(tq) xi(tq t, x) + 7o 2u ea’-0(s, xi(s t, x)) xi(s; t, x) ds.

From (12), (107) and (108),

(116) p(t)x(t; t,x) p(t) x(t; t,x) p(t)[_ f(ti’ xi’ si(ti’ xi))

(cont’d)
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x
)
x

7oq(t, x )-x + 7Ox(t x x
(116 cont’d) x 8x

+  oq ,(t x )-ff + x

The last equality follows because

O(ti(t, x), xi(t, x)) O,

which implies

[ (xi ti-]o,
at_!

=0.

From (11), (12) and the continuity of p(s)fi(s, xi(s; (t, x), ui(s, xi(s; t, x)))),

p(tk) [fxi(tk t, x)- fxi(t t, x) +

c3t[p(tk)f(t, xk, Uck(t, x)) f(t, x, Uc+,(t, x))]x 0.

Hence

(117)

If 70 were zero, we would have (70,p(t))= 0, contradicting Pontryagin’s
principle; hence 7o > 0. Now (t,x) was an arbitrary point of G 5i,, hence
(111) and (117) imply (81) holds on G- 5i,. Hence by Theorem 7, ui(t,x) is
optimal.

Notice since 7o > 0 and the conditions of Theorem 12 are unchanged if
P(t) is multiplied by a positive constant that 7o may always be taken as one in
Theorem 12.

Concluding remarks. Some comments are in order on the usefulness of the
conditions obtained to compute optimal control laws. Consider the case in which
the transition probabilities of the finite state Markov process are such that the
state space of the process can be divided into an ordered set of disjoint classes
and transitions are possible only from a state in a higher class to one in a lower
class. Then the states of the lowest class are all absorbing. For these states
equations (107)-(110) reduc.e to the statement of the ordinary Pontryagin principle
because 2 0,.j - i. If a synthesis of the control for these states can be obtained
through use of Pontryagin’s principle and the performance starting in each of
them computed as a function of the initial conditions, these performances could
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be used in equations (107)-(110) to attempt to obtain a synthesis of the control’s
corresponding states in the second class. Proceeding by induction in this manner,
a control computation somewhat more complicated than the control com-
putation using Pontryagin’s principle in the deterministic case is obtained.

Use of Theorem 11 to compute optimal controls is complicated by two
things. The minimum principle (93) only determines the control on G 5ei, and
the equations (98) involve the partial derivatives of some extension uck(t, x) of the
control on the cell Ck. It is an interesting question to ask if the necessity portion
of Theorem 11 could be strengthened to the statement that for some solution of
(95)-(98), the minimum principle (93) must hold everywhere on G. If this were
the case, an argument using Lemma 2 in the proof of Theorem 11 could be given
to show the terms involving Uckx(t, x) in (98) may be dropped. Equation (98) might
be solved together with (93) to provide a synthesis or it might be used as the basis
of a successive approximation technique. Equation (98) does have the advantage
that it involves only the partial derivatives of the optimal performance function
and is independent of the optimal performance function itself.

Early work on using dynamic programming conditions to compute optimal
controls is reported in [8], [9]. It appears that many of the difficulties in using
dynamic programming to compute optimal controls in the deterministic case
again appear in this stochastic case.

Use of Theorem 9 to compute optimal controls has been investigated very
little. However, of all the conditions it does appear that this one involves the
control in the least explicit manner.

As mentioned in the Introduction, the requirement that (8) be bounded
away from zero on each cell rt(C) corresponding to each type (i) cell C is restrictive.
If this is relaxed to merely requiring (8) positive, the arguments of 3.4 of Part
will go through if the operator H maps the function yi(t, x) defined in (3.7) into
the space D and if the formula (3.5) for differentiating under the integral sign
holds for the function yi(t, x). The convergence of the series (38) would be uniform
on compact subsets of the cells of G 5i,. This would enable most of the develop-
ment of this paper to be carried through under these assumptions. Since at present
we don’t know conditions expressed in terms of the controls which would imply
these conditions, we have preferred to carry out the development under the
restrictive assumption rather than impose conditions of the type mentioned.

The adjoint equations of optimality conditions given by Kushner [7] or
Sworder [15] involve stochastic adjoint equations. The hypotheses in Kushner’s
work [7] are different from those of this paper. However, one can ask, if these
conditions are formally applied to the present problem, what is the relationship
between the stochastic adjoint equations of [7], [15] and the corresponding
deterministic equations of this paper? This question is still open.

Appendix A. Proof of Theorem 1. Let C be a cell of G -5e,. Let C Ca,
.., Cq denote the succession of type (i) cells through which a trajectory x(s; t, x)
beginning at (t, x) C passes to reach M. Let (tj(t, x), xj(t, x)) denote the time and
position at which x(s;t, x) leaves C.

As a convention to begin the induction, define to(t, x) and Xo(t, x) on C by
to(t, x) t, Xo(t, x) x
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Then as an induction hypothesis, suppose for an integer j it has been shown
that the conclusion of (A) is valid provided that _< s <= tj_ l(t,x), and that con-
dition (B) and (C) are valid for integers =<j 1.

With this hypothesis up to j- it is desired to show that the induction
hypothesis is satisfied up to j.

To begin this argument recall the definition of tj(t, x), xj(t, x) and note that
x(s;t, x) is a solution of

(A.) f(s,x)

defined on tj_ l(t,x) <= s <__ tj(t,x) passing through xj_ l(t,x) at time tj_ l(t,x) and
(s,x(s; t,x)) is contained in Cj for tj_l(t,x) < s < tj(t,x). Now fcj(S,x) is a con-
tinuously differentiable function defined on a neighborhood of the closure of Cj
which agrees withf(s, x) on Cj. For any fixed (to, Xo) of C, theorems on continuous
dependence of solutions on initial conditions and theorems on continuation of
solutions imply that for (w;z) in a neighborhood Aj_ of(tj_ 1(to, Xo), xj_ 1(to, Xo))
and some ej > 0 there is a solution flj(s;w, z) of

(A.2) / fcj(S, fl)

defined on tj_ l(to,Xo) ej <_ s <= tj(to,Xo) + ej such that j(w;w, z) z. (For
consistency we always assume ]w tj_ l(t0, X0) < 3j if (w, z) Aj_ 1.)

Theorems on the differentiability of solutions of differential equations with
respect to initial conditions imply that Aj may be selected so that the mapping

(s, w, z) #j(s w, z)

is continuously differentiable on

[tj_ l(to,Xo) e. <= s <= t(to,Xo) + ej] x Aj.

If 6flj(s) denotes the matrix of partial derivatives with respect to z of
flj(s;w, z), these theorems imply that the differential equation

(A.3) 61j(s) fx(s, j(s w, z)) 6j(s)
and initial condition 6Bj(w) I, where 1 is the identity matrix, are satisfied by
/(s).

If 6j(s) denotes the vector of partial derivatives of fl(s; w, z) with respect to
w, the vector equation denoted by the same formula as (A.3) holds for 6(s). The
initial condition 6j(w)= -f(w,z) holds in this case. Since solutions of (A.2)
are unique and fc(s, x) f(s, x) for (s, x) in C, we must have from assumption
(B) that

(A.4) Bj(s, tj_ l(t,x),xj_ l(t, X)) X(S; t,X)

for {(s,t,x):(t,x)e(tj_l,X_l)-l[Aj],tj_l(t,x) <= s <= tj(t,x)}.
Let Oj(t, x) denote the extra component that the determining function O(t, x)

of rc(Cj) has in addition to the components of the determining function of Cj.
Considered as an equation in s,

(A.5) Or[s, flj(s, tj_ l(t,x),xj_ l(t, x))] 0
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has a solution ti(t, x) defined on (ti_ 1, xi-1)-Ai. This follows because for (t, x)
belonging to this set,

0i[ti(t, x), [31(ti(t, x); i_ l(t, x), Xj_ l(t, X))] O)[tj(t, x), x(tj(t, x); t, x)]

0i(ti(t, x), xi(t, x)) O.

The function 01Is, fli(s;ti_ l(t,x),xi_ l(t, x)) is continuously differentiable on

{(s,t,x)’(t,x)(ti_l,Xi_l)-Ai, ti_l(to,Xo) < s < ti_l(to,Xo) + e]

and (8) holds at (ti(t,x), xi(t, x)). Thus the implicit function theorem implies that
ti(t,x is continuously differentiable on (ti_1,xi_l)-l[Ai]. Since (to,Xo) was an
arbitrary point of C and (ti_ 1,xi_ 1)-1[Ai] is a neighborhood of to,Xo, we con-
clude that ti(t, x) must be continuously differentiable on C.

Since ti(t,x is continuously differentiable on C and xi(t,x x(ti(t,x), t,x)
fli(ti(t,x);ti_l(t,x),xi(t,x)), it follows from the differentiability of fli(s;w,z)

and of i_ l(t, x) and xi_ l(t, x) that xi(t, x) is continuously differentiable on C.
For i_ l(t, x) < s < ti(t, x),

(A.6) X(S; t, X) flj(S, tj_ l(t, X), Xi_ l(t, X)).

The right-hand side of (A.6) is differentiable in (t, x) and has matrices and vectors
of partial derivatives with respect to x and represented by

tj_ Xj_(A.7) fix(s; t, x) fliw(S)---x + fliz(S) c3x

and

(A.8) fix(s; t, x) fli,(s)-t + fli(s) c3t

on the interval i_ (t, x) < s < ti(t, x). For a compact subset K of G,

{(s,t,x):(t,x) K fq C, ti_l(t,x <= s <= ti(t,x)
is compact. Hence bounds on 6x(s; t, x) follow from the continuous differentiability
of//i and bounds on the partial derivatives of i_ l(t,x) and xj_ l(t,x). Since fli,
and fliz satisfy the differential equations (10), it follows that the differential
equations (10) hold for the partial derivatives fix(s; t,x) of x(s; t,x). Since/3 is
continuously differentiable in (w,z), for ti_l(to,Xo)- i < s < tj_l(to,Xo) + ,
(A.7) and (A.8) imply that

lim fix(s; t, x) fljw(tj_ 1, tj_ 1, Xj_ 1)tj_ 1,x q- fljz(tj tj_ 1, Xj_ 1)Xj_ 1,x,
S, j(t,X)

lim 6x(s t, x) i,(ti, i_ 1, xi- 1)ti 1,x + jz(tj t_ xi_ 1)xi_ 1,.
tj(t,x)

The equation

Xi_ l(t,x) flj(tj_ l(t,x), tj_ I(t,x),xj_ l(t,x))
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implies that

Xj_ 1,x Lj(tj-1, Xj_ 1)tj_ 1,x t_ fljwtj_ 1,x - fljzXj 1,x
(A.9)

L(t-, x_ )t_ , + x(t_ )+.

Similarly, the equation

xj(t,x) j(tj(t,x), tj_ l(t,x),xj_ x(t,x))

implies that

(A.IO)

3x c
ax ,(tj, xj)-fXx q (flj tj_ flj Xj_

cw c3x cz cw
L(t2,x2)t2 + 6x(t2)-.

Similar relationships hold for the partial derivatives of xj_ and xj with respect
to t.

A bound for the partial derivatives of tj(t, x) on the intersection of C with
any compact set can be obtained from relationships such as

(A.11) t2x(t, x) O2’[fl2wt2-1,x -I’- fljzXj_ 1,x]
0, + Oxfcj

using the bounds on tj_ ,x, xj_ 1,x and the relationship (8).
The induction from j to j has now been completed and we may assert

by induction that the statement must hold for j q. This is the conclusion of the
theorem.

Appendix B. Proof of Theorem 10. In the proof of Theorem 10 the control
ui(t, x) will be fixed throughout. Since this is the case, to save space we shall revert
to the notation of Part replacing

and

fi(t, x, ui(t, x)) by fi(t., x)

fix(t, x, Uc(t, x)) + fi,(t, x, u(t, x))Ucx(t, x) by fcx(t, x).

We shall first show that if pi(t,x) is a solution of the system (95)-(98), then
p(t, x) is a solution of the system (89)-(92). This will follow if we establish (92).
Since p(sox(s; t,x)) is absolutely continuous on each interval tk-=< S =<
differentiating this expression gives that on these intervals:

(B.1)

d
sp (s, xi(s t, x))

if(s, xi(s t, x))fcx(S, xi(s t, x)) )tip(s, xi(s; t, x)).
j=l
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Now from (10),

d
(B.2)

ds

on these intervals. Multiplying (B.1) on the right by 6xi(s; t,x) and (B.2) on the
left by pi(s, xi(s;t, x)), then adding the two equations and multiplying the result
by e’’ts-t) gives

d
,,tS_Opi(s xi(s t,x))6xi(s;t,x) , 2ije"t-pJ(s,xi(s;t,x))6xi(s;t,x).(B.3) e J*i

Integrating this expression from tk-x(t,x) to tk(t,x) and summing these integrals
gives

(B.4)

q-1

pi(t,x) eZii[t’-tl[pi[tk,Xk-[ 6xi(tk; t,X)- pi[tk,xk-I+ 6xi(tk; t,x) +]
k=l

+ e2ii[tq-t]pi[tq, xq]- txi(tq; t, X)-

+
ot j .ij ei’(S-PJ[S, xi(s; t, x)] xi(s; t, x) ds.

Equations (98), (96) and (12) imply that

pi[tq, Xq]- cSxi(tq t, x)- [qg,(tq, Xq) + laq(tq, x;)Oqx(tq, Xq)] cSxi(t t, x)-

cgx’( t, x)
+ q,(ti(t, x), xi(t,

c3ti(t, x)
x)) iCPx(ti(t, x), xi(t,x))X

The last equality in (B.5) holds because

(B.6) Oq(tq(t, x), xq(t, x)) 0

OXq ttq
-U/ + o, o.

and hence

(B.7)

Equations (98), (11), (12) and (97) imply that

pi(tk, Xk) + 6xi(tk t, X) + pi(tk, Xk)- 6xi(tk t, X)-

pi(tk, Xk)+ [cxi(tk t, X) + Cx!(tk; t, X)-

+ [pi(tk, Xk)+ pi(tk, Xk)- 6xi(tk t, X)-

63t
lak(tk’Xk)[Okx(tk’Xk)fiu(tk’Xk) + Okt(tk’Xk)]

63X

+ #,,(t,,,
Otf k Xk _X + C3X J[_

(cont’d)
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The last equality holds because

(B.8) O(t(t, x), x(t, x)) =- O.

Hence we have, since (ti(t, x), xi(t, x)) =- (tq(t, x), xq(t, x)), that

(B.9)

pi(t, x) qx(ti(t, x), xi(t,x))
x(t,x) t(t,x)

cgx + o,C(t, x), x(t, x)) x

’ij e2ii(s-t)PJ[S Xi(S; /7, X)] tSxi(s; t, X) ds.
j4:i

Thus if(t, x) is a solution of the system (95)-(98) of equations.
Next let us show that (95)-(98) have a solution. Let hi(s; t,x) denote the

solution of the differential equation

(B.10) .uh (S) + 2 ’iflPJx(s’ xi(s’ t, X))hi() hi(s)Lkx(S, xi(s X))

on the succession of intervals tk- l(t,x) < S < tk(t,x). The solution hi(s; t,x)
satisfies the terminal condition at

(B.11) hi(to t, x) #q(tq, xq)Oqx(tq, Xq) + qx(tq, Xq),

where #o(to,xo) is a solution of (96). It also satisfies the jump conditions at tk"

(B.12)

where

(B.13)

hi(t, t, x) hi(t;, t, x) #k(tk, Xk)Ok,(tk, Xk),

where #(tk,xk) is a solution of (97). Formula (8) of assumption (B) implies that
(96) and (97) have unique solutions for #o(to,xo) and lak(tk,Xk). Equations (B.10)
are a system of linear differential equations with bounded piecewise continuous
coefficients on the interval <= s to(t,x); hence there is a solution of (B.10)-
(B.13).

Notice since xi(v t, x) xi(v s, xi(s t, x)) if v >= s, that the coefficients of
equations (B.10)-(B.13) defining hi(v; t,x) and hi(v;s, xi(s; t,x)) agree. Hence we
must have

(B.14)

Let

(.5)

hi(s; t, x) hi(s s, xi(s 12, x)).

Hi(s, x) hi(s; s, x).
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(B.16)

Then using (B.14) and (B.15) we see that

d
ds
--Hi(s, xi(s t, x)) Hi(s, xi(s t, x))Lkx(s, xi(s t, x))

2uHi(s, xi(s; t, x)) 2ijx(S, xi(s; t, x))
ij

on the interval tk_l(t,x)< s < tk(t,x). Multiplying (B.16) on the right by
6xi(s;t, x) and (90) on the left by Hi(s, xi(s;t, x)), adding these two equations and
then multiplying the result by ex’’s-t) gives

d

ds
(B.17)

eX"s-’)Hi(s, xi(s t, x)) 6xi(s t, x)

2i ea’’{*-’)t(s, xi(s; t, x)) xi(s; g, x).

An argument identical to that of equations (B.4)-(B.9) now shows that

(B.18) H’(t,x) P/x(t,x) on G

Since xi(s;t,x) meets G- in only a finite number of points, replacing
(,xi(s,t,x)) by HJ(s, xi(s,t,x)) in (B.16), integrating (B.16) from t_(t,x) to
t(t, x) and setting

p(tq, x) x(tq, xq) + qq(tq, xq)Oqx(tq, xq),
and for k 1,..., q 1,

p(t, x) + p(t, x)- q(t, x)O(t, x),

gives that H(s, x) is a solution of the system (95)98).
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SECOND ORDER NECESSARY CONDITIONS FOR
PROBLEMS WITH STATE INEQUALITY CONSTRAINTS*

I. BERT RUSSAK’

Abstract. A set of second order necessary conditions is obtained for solution to a basic problem
in optimal control involving the state constraints

U(t,x) <= O, 1,...,m.

For the case of a normal solution arc, the methods of Hestenes are used to show that the second
variation of a certain functional is nonnegative on a class of variations of the solution arc. The results
for this problem are basic in the sense that they can be extended to include analogous results for
much more complicated problems.

1. Introduction. A general problem in optimal control can be stated as
follows:

Let C be the class of arcs

ct" xi(t), uk(t), b o < <

i=I,...,N, k=l,...,K, a=l,...

whose elements (t, x(t), u(t), b) lie in a region R in ub space and which in
addition have u(t) piecewise continuous and satisfy the constraints

(t,x,b) <= O,

O"(t, x, u, b) < 0

I() < 0

where

5c fi(t, x, u, b),

o= 1,...,m’,

t/= 1,.-., L’,

7 1,...,p’,

xi(t) xi(b),

i-- 1,...,N,

d/(t,x,b) O, m’ + 1, ...,m,

O(t,x,u,b) O, r L’ + 1, ..., L,

I(z) O, 7 P’ + 1,..., p,

i= 1,...,N, s=0,1,

tl

Iv(a g(b) + L(t, x(t), u(t), b) dt, 7= 1,...,p.

It is desired to minimize the integral

Io() go(b) + Lo(t, x(t), u(t), b) dt

on the class C.
With the dimensions of our terms allowed to assume new values, the above

problem is expressible as one in which the constraints have the simpler basic
form shown below and also an assumption made on the rank of the matrix
in the general problem is transformed into a stronger condition in the basic
problem.

Received by the editors July 5, 1973, and in revised form January 18, 1974. This work was sup-
ported by an NPS Foundation Grant.

f Naval Postgraduate School, Monterey, California 93940.
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The basic constraints are"

5c fi(t, x, u), 1, N,

O(t,x) < 0 1,... m

I() _< O, y 1,..., p’, I()- O, 7 P’ + 1,... p,

xi(ts) XiS(b), S O, 1, 1,..., N.

The methods of Hestenes are used to show that when a solution arc to the
basic problem is normal, then the second variation of a certain functional is
nonnegative on a class of variations of that solution arc. Extension of this result
to the general problem is the subject of a succeeding paper.

(la)

(lb)

(lc)

(ld)

where

2. A basic problem. In what follows we shall assume familiarity with [2] and
[3] and shall use quantities defined there. In addition, unless otherwise specified,
the conventions and notations of those papers will also apply here.

A slight generalization of the problem of 4 of [2] appears in the following
statement.

Let C be the class of arcs

a," xi(t), u(t), b, o <= <_ ,
i=l,...,N, k=l,...,K, a=l,...,r,

whose elements (t, x(t), u(t)) and b lie respectively in open sets R in u space
and b in B space and which in addition have u(t) piecewise continuous. The terms
x’ are called state variables. The terms u, b are called control variables and
control parameters respectively. We require these arcs to satisfy the constraints

i fi(t x, u), 1, ..., N,

O(t,x) < 0 1, m

I,() =< O, 1,..., p’, I,()- O, y p’ + 1,..., p,

xi(ts) xis(b), S O, 1,

(2)

tl

l(a) g(b) + L(t, x(t), u(t)) dt,

It is desired to minimize the integral

lo(a) go(b) + Lo(t, x(t), u(t)) dt

on the class C.
We suppose that the arc

o" Xo(t), Uo(t), bo, o <= <= ,

7=l,...,p.

Unless otherwise noted the indices i, k, a, c will have the respective ranges i= 1,..., N,
k= 1,...,K,a= 1,...,r,a= 1,...,m.
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is a solution to our problem. In addition we set2 b t + ff,fi and except for
the functions XJS(b), j 1,..., N, s 0, 1, which are assumed to be C on B,
we assume all other functions to have the continuity properties introduced in
4 of [2].3 The set R0 is defined as the set of points (t, x, u) in R satisfying

(3a) " =< 0,

(3b) q5_>0 for allewithO =0 or q5=<0 for allewithO =0.
Finally let D be the set of points (t, Xo(t), u) in Ro with u Uo(t) or for arbitrary
u, with interior to an interval of continuity of Uo(t). Then we assume that the
matrix

(4) (4uk, --- 1,.. ,m,

has rank m on D.
In stating the above problem, the primary modification we have made to

the problem of 4 of [2] was in allowing the functions ff to have arbitrary form.
An examination of the proof of Theorem 6.1 of [2] will show that with the

following minor modifications the statements of that theorem apply to the prob-
lem introduced above" the symbols N + m, K + m, r + 2m are replaced by
N, K, r respectively and the function ff(b) has the form

siO(5) cff(b)=20go + 2g + 2p+ 7 1,...,p, 1,...,N.

We require two properties of the multipliers/,(t) not proved in Theorem 6.1
of [2]. The first of these properties is established in the following lemma.

LEMMA 2.1. The multipliers/as(t are constant on intervals upon which O(t) < O.
Proof. The proof of this is a simple modification of a proof in [2]. Fix e ,

=< =< m, and let It’, t"] be an interval such that O(t) < 0 there. Referring to
13 of [2], let w be an arc in the class W satisfying

Wr(t) O, F= 1, K, F =/: , < <

wS(t) O, e [t, t’] [..l It", tl].

Referring to the argument involving (169) and (170) of [2] we see that those
relations hold now also so that corresponding to (171) of [2] we obtain

t’’

(6) -/a dt >= O,

where according to the definition of the class W, the sign of w is arbitrary on
It’, t"]. Then by the Fundamental lemma in the calculus of variations, the multi-
plier (t) is constant on It’, t"]. While the construction of the proof has been with
It’, t"] interior to [t, tl], nevertheless, continuity properties of/z(t) establish it
also for all subintervals It’, t"] of [t, tl], thus proving the lemma.

The second property is that

//a(t 1) 0 if O(t 1) < 0, 0 1,..., m.

Where for a function M(t, x, u, b), the notations Mx,, M,, Mb, M denote first partial derivatives
with respect to the indicated variable. Also unless otherwise specified, repeated indices will be summed.

We shall at a later point strengthen these assumptions for proving the second order theorems
to follow.
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This property is established by an argument directly analogous to that used in
[1, p. 372 and will not be repeated here.

3. Normality. Let qj(t) and zig(t (7 O, 1,..., p; i,j-- 1,..., N) be the
functions of (66) in [2] and as in (70) of [2] define the functionals

(7a) J(,z) q(t)[x(t) X(b)] + I(z), 0, 1,..., p,

(7b) J+i() zi(t)[XJ(b)- x(t)] + xi(t ’) xi(b),

(7c) Jp +n +i(z) xi(b) xi(t), i, j 1,..., n

Next, denote by bz, the triple of vectors

" xi(t), u(t), fib, o <= <__ ,
(with fix(t), 5u(t) respectively continuous and piecewise continuous functions).

We call a variation of the arc o and for any function M(t, x, u, b) which
possesses first partial derivatives with respect to x, u, b along zo, we call

bM(t) M,(t)bxi(t) + M,(t)bu(t) + Mb(t)bb

the variation of M along o due to the variation
We call a variation fiz admissible if it satisfies

(i_._ bfi 1,’’" N

fi(t) =< 0 on a neighborhood of s, a 1, m, where s {tiffs(t, Xo(t)) 0}.
Next, define the expressions

(8a) J(z0, bz) qrj(t)[bx3(t) 6X] + I(Zo,
(8b) Jp+i(Zo, z) zij(t)[XjO xJ(t)] + bxi(t) bXi

(8C) Jp+N +i(Z:bO, (gb) (SiO (xi(tO)

as variations of the functionals (7) due to the variation fiz of Zo and where

I(zo, ha) =-- bgr + bL dt, O, 1,..., p.

Now let be those indices for which

(9) I(,Zo) < 0, 1 =< 7 =< P’,

and let be the number of such indices. According to Theorem 6.1 of [2], then
with 2 as the multipliers of that theorem we have

2 0, k= 1,...,.

Next let/(t) be the functions of Theorem 6.1 of [2] and define the solution
arc Zo to be a normal solution if there are f p -/3 + 2N (where is the con-

’ Unless otherwise noted, for a function Z(t, x, u, b) the notation Z(t) will denote Z(t, Xo(t), Uo(t), b)
for the arc under consideration.

See 11 of [2].



376 I. BERT RUSSAK

stant introduced above) admissible variations 6o (co 1,..., ) of 6o which
satisfy the conditions

(10a) 6,og/(t) 0 if t(t-) - 0,

(10b) 6 (t) 0 on a neighborhood of s

in addition to providing that the matrix

(10c) (J’p(aO,6o)), p 1,... p + 2N, p 7, 1,...,0,

is nonsingular.
Define the class Y of admissible variations

" yi(t), vk(t), 2, 1,

of o which in addition satisfy6

(lla) 6’(t) 0 if (t) 0, c 0, 1,

(llb) 6@’() 0 if (t) is not constant on a neighborhood of ,
(llc) 6@(t)=0 if(t)=0, 1 m,
(lld) J(0,y)=0 if20, 1 7p,

(lle) J(o,)0 if2=0, Y Yk, 1 y p’,

(llf) Jo(o,y)=0, p’ <p p+2N,

where 7k are the indices of (9b) and where the multipliers 2, (t) are those of
Theorem 6.1 of [2].

At this point we include in our assumptions the following conditions" (i) the
functions are of class c3 and c respectively with respect to x and and @7 is
of class c2 with respect to x while the functions fi, L, g, X are of class c2;
(ii) the function Uo(t) is continuous on It, t]. For this problem we will prove the
following theorem.

THEOREM 3.1. Let o be a normal solution to our problem. Then the multipliers
2, (t), p(t), U, p O, 1,..., p + N, of Theorem 6.1 of [2] satisfy" (i) 2o 0,
and (ii) with 2o 1, these multipliers are unique. Furthermore with ff and H as the
terms of Theorem 6.1 of [2], then for each variation in the class Y, we have that

0 ic 0 iO jO[(pi(t )x)= + + ,(t )x}x]z z

(12) ,x [H,yiy + 2H,yiv + H,,,vhvk] dt,

i,j= 1,...,N, h,k= 1,...,K, a,z 1,...,r, = 1,...,m.

4. imbedding lemma. In order to prove this result we will first prove the
following lemma with the aid of the proof of Lemma 11.1 of [2].

LEMMA 4.1. Let (fl) be the h parameter family of arcs

() x(t,), u(t,), b(), Il o h 1 h

Where the notation 6,q’(t) denotes the variation in the functions q(t) due to . Similar notation
will also be used for other functions.
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associated with the admissible variations

hz" 6hX(t), 6hU(t), 6hb, h= 1,...,Ft,
as constructed in Lemma 11.1 of [2]. Then

x
(13a) cfl--(t’ 0) 6hxi(t),

tu
(13b) hC3fl--(t’ O) 6hu(t),

(13c)
cb(O)

bhb, h= 1, h, o <_ < tl.
/3

In addition, the functions

(14a)
C32xi(t, fl)

(14b)
C32uk(t fl)
c/o/L

2b(fl)
h,s 1,..., h, t’ =< <_ t", I/1 =</o,(14c)

(h(s

exist and are continuous where" (i) flo is the constant referred to above and
(ii) It’, t"] is an interval of continuity of 6hU(t) (1 h h).

Proof. As a first step, we note according to the continuity properties of the
functions and their derivatives together with the definition of the functions, that these latter functions together with their mixed partial derivatives up
through the second order with respect to x and u are continuous on R. Hence
these statements hold also for the functions +,..., k introduced in 8 of
2]. Referring to Lemma 10.1 of[2] and using these additional continuity properties
of r we see that the functions U(t, x, s) of that lemma are continuous and hae
continuous first and second order mixed partial derivatives with respect to x,
and s on a neighborhood of the arc e0.

Furthermore, by referring to the remarks following (121) of [2], the existence
and continuity of the functions

(15)
cx(t’ ) ’u(t’ )

c/. O/.
I/1 < rio t’< < t"

(where u(t, fl) is defined as U(t, x(t, fl), s(t, fl)) as in [2]) is established, with It’, t"]
as an interval of continuity of 6hU, (1 __< h =< h).

Now define the Nh functions

(16)
KJh(t,k fl) [ c3sr 1fxkh + f + Us (t fl)Uxik -h

i,j= 1,...,N, h= 1,...,, r,F 1,...,K,

See remarks below (2).
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where (i) the functions U are those of Lemma 10.t of [2] and (ii) the arguments
of the derivatives off and U are (t,x(t,), s(t,//)) as described in (115), (118)
and (119-1) of [2].

By the properties of the functions f, x(t, ), U, s(t, ), we may solve the
system of differential equationss

(lYa) /_ K,

with

&’(t, )
(17b)

k(t’ )
ch

fl(t) =//, h= 1,.-.,h,

for 1/31 __< o, where this is the constant referred to above. We thus obtain the
family of functions

(18) k(t,/), h 1,...,/, o __< __< I1
Now according to the definition of x(t,/) given in (119-2) of [2] together

with Lemrna 10.4 of [2] we see that the functions (Ox(t,/)/c3/) are of class C1.
Then by the theorem referred to above, we see that the functions k(t, ) and
(Ok(t,/)/O/), h,s 1,..., , are continuous on intervals [t’,t"] upon which
61u(t), ..., 6u(t) are continuous.

Next, by referring to the functions K], of (16), we see that the functions
(c3x(t,//)/8/) of (15) also satisfy the system (17). Then by the uniqueness of
solutions to (17) we obtain

(19) k(t, fl)

Furthermore by the properties of the functions k(t, fl) already established, we
see that

(20a)
c2xi(t, 13)

h, s 1,..., h, Ifll <= flo t’ < < t"

also exist and are continuous, where It’, t"] is an interval upon which 61u(t),...,
6u(t) are continuous.

By (20a) together with the definition of s(t, ) and the properties of the
functions U of Lemma 10.1 of [2] as described in the remarks above (15), we see
that the functions

(20b)
c2uk(t’ )

h, s 1,..., h, I/1 _-</o It’ t"]

are also continuous (where It’, t"] is as described below (20a)).

See for example [1, Chap. 1, Thm. 14.2]. Also we have included the parameter/ as the variable
/ in this system.
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Finally, by using the functions O(fl) of (121) of [2], we see that the above
statement also holds for

2b(fl) h,s 1,..., , I/1 _-</o fit’(20c)
C3flhC3fis’

Thus statement (14) is proved.
In order now to establish statement (13), we observe that (119-2) and (114)

of [2] yield

(21)
cxi(t, O)

6hxi(t), h 1, h.

Furthermore, by the definition of u(t, ) together with s(t, [3) defined as

(22)
st(t, fl)= dpv(t) + flh[dPrxi(t)bhXi(t) 4-

h=l,...,,
in (115-2) and (115-3) of [2], we obtain

cu(t, O) x(t, O)
(23) flh

Ux, -- F=I,-..,K,

k,F,z= 1,...,K, h= 1,...,h,

where the bracketed term has argument and represents the partial derivative of
(22) with respect to flh and where the argument of the partial derivatives of U are
(t, x(t, o), s(t, o)).

Since st(t, O) br(t) and x(t, O) Xo(t), then by (102) of [2] we can write
the relation (23) as

cu(t, O) xi(t, O)

(24) 8fib =-bvi --where the matrix (-(t)), k, F 1,

k F F

h=l,...,h, F,k,z=I,...,K,

K, is the inverse of the matrix (b,vk(t)) as
introduced in (64) of [2]. Thus there results

u(t, O)

(25)

xi(t, O)1 +

h=l,-..,, F,k= 1,...,K.

Now writing x(t, fl) for x in the right-hand side of (119-1) of [2], then
differentiating with respect to flh at fl 0 and using (25) results in

(r4’o x(26) f,__, + fiuk k F 4- (hUk

k,F=l,...,K, i,j,p=l,...,N, h=l,...,h,

where the unlisted arguments in the terms cx/Ofl are (t, 0) and in the other terms
is t. Then according to the definition of an admissible variation as listed above
(8), together with (21), we see by substituting the terms 6hX for (cx(t, O)/flh) in
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(26) that these functions both satisfy the same set of differential equations and
pass through the same initial point. Then by the uniqueness of solutions to (26)
and (21 we see that (13a) is proved. The relations (13b) and (13c) follow respectively
from (13a) together with (25) and from the definition of the functions 0(/) of
(121) of [2]. Thus Lemma 4.1 is proved.

5. Proof of the first two statements of Theorem 3.1. By the construction of
Lemma 11.1 of [2] our family e(/) of Lemma 4.1, for/h >= 0, h 1, ..., h, is in
the class described above (71) of [2].

Now let p (p 0, 1,..., p + 2N) be the constants of Theorem 8.2 of [2]
and let 6 (o 1,..-, 2) be the variations described in (7). Then by (70), in
addition to Lemmas 11.1 and 15.1 and the inequality (155-2) all from [2] together
with Lemma 4.1 and the definition of the terms J,(o, 6) given in (8), we have
that

(27) 2 (o,6o)=>0, p =0,1,...,p+ 2N, o2 1,...,,

where J’p(o, 6oz) is interpreted as a variation of J, from the family a(fl) with
/h => 0 (1 =< h < h)ofLemma 4.1.

Furthermore, according to our definition of an admissible variation, we see
that the variations 6, o2 1,..., , are also admissible. Thus by an argument
analogous to that used above we see that (27) holds with -gila replacing 6.
Since

Jp(o, 6,) Jp(o, 6,),
then we must have that

(28) Jp(o,6)--0, p--0,1,...,p+2N, o2= 1,...,,

(where is always the constant introduced above (10)).
Next, according to 7 of [2], the multipliers pi(t), #s(t), K of Theorems 6.1

and 8.2 of [2] are the terms of (76) of [2] and the relationship between the multi-
pliers ,, 2 respectively of Theorems 8.2 and 6.1 of [2] is by (92) and (76) of [2]:

2 2p K--,, y 0,1, ,P, +i p+N+i-- ,(t0), i-- 1,...,N.

According to the definition of the multiplier pi(t) given in (76) and (66) of
[2 we see that

(29a) Pi(t 1) --,p+i,
and by the relationships indicated above (29) we see that with 7k as the indices
referred to in (9b),

(29b) 0 2k .k, k 1,..., p.

Thus in (28) we may restrict p not to be any of the indices 7k, k 1,..., i0, and
obtain

(30) ,pJp(ao,bo) 0, p 0, 1,..., p -4- 2N, p - 7, o2 1,..., .
Now assume that .o 0. Then by (29b) together with (30) and the non-

singularity of the matrix of (10c) we must have

(31) , 0, p 0, 1,..., p + 2N,
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According to the definition of p(t) (as given in (76) of [2]) and the relationships
indicated above (29) and the nonsingularity of the matrix of (108) of [2] we obtain

/( 0,
(32a)

#(t)--0, o _< <_ 1.

Thus by (31), (30) and (29a) there results in particular that

(32b) ,=0, (0=<7__<p), K=0, p,(t)=0, /(t1)=0,
which violates condition (81) of Theorem 8.2 of [2].

We have thus proved that if e0 is a normal solution, then the multiplier ,o
of Theorem 8.2 of [2] cannot vanish. In order to now prove the first statement of
Theorem 3.1 we need only refer to the relationships above (29) to see that 2o ,o.
Thus the first statement of Theorem 3.1 is established.

In order to prove the second statement of Theorem 3.1, let z be the f + 1-
dimensional vector

z J(o, 6),

zl J,(o,6a), 1 Tl p, 7l 7, k 1,... p,

zp-+2_ j,p (o 6) j= 1, 2N+j

for an admissible variation fie (where 7, P, are the terms introduced in (9) and
in the remarks below (9) and J’(eo, 6) are the terms of (8)). In addition, let A
be the + 1-dimensional vector with components o,p 0, 1,..., p + 2N,
P 7. Then by (30) and the nonsingularity of the matrix of (10c) we see that the
vector z belongs to an -dimensional space Z satisfying

(33) (A, z) 0, z Z.

Thus A must belong to a one-dimensional subset of vectors. Hence fixing o 1
fixes all components of the vector A and hence also all of ,, p 1, ..-, p + 2N,
P 7,. By using (29) and the definition of p(t) and fl(t) together with the re-
lations indicated above (29) and the nonsingularity of the matrix (108) from [2],
we see that fixing p: p 0, 1,..., p + 2N, p 7, then also fixes p(t), ,(t)
and K". Thus fixing 2o fixes all the multipliers in addition to fixing p(t), ,(t)
and K. The proof of the second statement of Theorem 3.1 then follows from the
relation above (29) between the multipliers of Theorems 6.1 and 8.2 of [2]. Thus
the second statement of Theorem 3.1 is established.

6. Proof of the inequali (12). As a next step, consider the admissible
variations 6, 1,..., , introduced in (10) together with an admissible
variation in the class Y introduced above (11). Thus we have the variations

6" 6x(t), 6u(t), 6b, = 1,...,,

" y(t), v(t), z,

With the vector fl (fl, ..., fin) and n as parameters and referring to the proof
of Lemma 11.1 of [2] we construct the family of arcs

(, )" x(t, fl, ), u(t, fl, ), b(t, fl, ), Ifll fi, lnl n,
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(where fl and are certain positive constants) which satisfy the system of dif-
ferential equations (119) of [2] but for the present case. Furthermore, an exam-
ination of the proof of that lemma will show that because of property (10b) of
the variations 6,06, then the family so constructed satisfies

(34) (t,/, zt) _<_ 0, I/1 _-< /, 0 __< zt __< , o __< __<

(i.e., with fl not restricted to nonnegative values). Thus for the last indicated
ranges of fl, , the family 6(fl, ) is in the class defined above (71) of [2]. We
shall henceforth understand the term, the family 6(fl, ) to be that family with the
parameter ranges of (34) unless otherwise specified.

As a next step, we see according to the definition of d in (Ta) that
I(6o), 7 0, 1, ..., p. Thus with 7 as the indices (9) we have

(35) Jk(6o) < 0, k 1,..-,

Furthermore, according to the continuity properties of the functions g and L
defining Iv, there is a neighborhood 0 of the arc 6o such that 6 in 0 implies that
Jk(6) < O, k 1, ..., .

By the above argument we then see that an arc 6 in the family 6(fl, rt) will
satisfy all the constraints of (1) if 6 0 and if

(36)
J(6(fl, rc)) < O, 7 :/: 7,, <= 7 <= P’,

Jp(6(fl, re)) O, p p’ + 1,..., p + 2N.

We shall henceforth refer to an arc which satisfies all the conditions of (1) to be
totally admissible.

In order to show that there is a one-parameter family of totally admissible
arcs which is contained in the family 6(fl, n), consider the system of equations

(37) Jp(6(fl, re)) rCJp(6o, ) O, p 1,..., p + 2N, p 4:7,9

which is defined for [ill __< fl, Ircl =< ft. According to Lemma 4.1, the functional
determinant of (37) with respect to ill, fin at fl n 0, is the matrix (10c).
The system (37) has the initial solution point (fl, )= (0, 0). Then by the proper-
ties of the family 6(fl, ) for Ifll =< , Ir[ =< if, together with the implicit function
theorem and the nonsingularity of the matrix of (10c), there is the solution to (37)

(38) flo fl,o(n), oo 1,..., f, I1 =<
(where is a suitable positive constant) of class C2 and satisfying fl,o(O) O.

By reducing if necessary the value of , we can guarantee that 6(fl(rO, re) 0
for I1 < , where 0 is the neighborhood introduced after (35).

Thus according to the properties of the variation and the statement of
(36) the family

(39) 6(fl(rt), r0, 0 __< rt __< ,
(where has been further reduced if necessary) is a totally admissible family of
arcs with 6(fl(0), 0) 60.

Here, as always, k are the indices of (9).
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Furthermore, by substituting the solution fl,o(n) into (37) and differentiating
with respect to n at n 0, we obtain

(40) Jp(o, fio,)fl,o(0) 0, p 1,..., p + 2N, p 4: 7, 09 1,..., ,
where flo(0) denotes dflo,(O)/dn. By the nonsingularity of the matrix of (10c) we
must then have

(41) fl,(O) O,

Thus by Lemma 4.1 we obtain

dx(t, fl(O), O)
box(t)fl’(O)+ y(t)= y(t),

dn

(42)
du(t, fl(O), O)

dn
6u(t)fi’(O) + v(t) v(t), o <= <=

db(fl(O), O)
dT

6obflo(O) + z z,

where the terms other than fl,(0) in the right-hand side of (42) are those introduced
above (34).

Now let G be the function of (76) of [2 and define the function J on the
family (fl(n), 70 as

J(n) [pi(tc)xic(b(n))] + ,g(b(n)) + G(s, n) ds

(43)
+ Lp+N+i[xi(b(7)) xi(tO, 7), O, 1,’" p,

where: (i) p(t) are the multipliers previously referred to, (ii) Xic and g are defined
in the problem statement in (1) and (iii) the argument (n) means (fl(n), n) for the
family of (39).

Differentiating (43) at n 0 and using (42) yields

dJ(O) Xqc ft"(44) dn
[Pi(tc) 6._ .c= + 6g + [Gx’yi -+- Gukvk] ds

-’l- l.p + N + i(xiO yi(t)],

vic i.e., the variation in thewhere, for example, the term 6Xi is defined as ..b.
functions Xic due to the variation and where in (44) we have used (42).

Furthermore by (80) and (89) of [2] we have

(45) Gx,=O, Guk=O,

so that we may eliminate the integral in (44) and write that relation as

dJ(O) (icTc yi(to)]
(46) dn [Pi(tc)6’-- o + .e6,gr + w+N+i[f,Xi

p + N + iyi(t),

the last equality following from the transversatity condition (77) of [2].
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According to the properties of our family of (37) as established in Lemma 4.1
together with the properties of the solution flo(n) of (41) we can differentiate (43)
a second time to get1

(47)

z=z + I

ft"[ d2xi
2G+ Gxixjyiy + ,i,hy v + G,,vv + G dn2

o o (to)

i,j= 1,...,N, a,r 1,...,r, h,k 1,...,K, 7=0,1,...,P,

where all derivatives with respect to b, x, u, are formed along ao while all deriv-
atives with respect to n are formed at (fl(n), n)= (fl(0), 0), i.e., at 0 on the
family of (39).

As a next step we recall from the construction of Lemma 11.1 of [2] that the
initial points x(t, fl(n), n) were selected with

x(t

where the function X was constructed such that

(48)
0(t, .,(fl0Z), 7z))- [0(t) + Oxi(t)(flo(rc)6oxi(t + zyi(t))] 0,

e= 1,...,m, o= 1,...,D,

where the functions X are those of Lemma 10.4 of 2]. According to the properties
of the functions involved, we can differentiate twice with respect to n at n -0
to obtain

L
d2i di dJto 0Oxi(tO) fl(X nu 01ixJ(tO)

dT dT(49)
i,j=l,...,N, co 1,...,D,

where the unlisted arguments are at n 0 and where fl,(0) denotes (d2flo(O)/dTr2).
According to (77) from [2] together with (42) evaluated at o (45) and the relations
above (29), we may use (49) to rewrite (47) as

d2j(O)
dTr2

ic[[Pi(t )Xbabc -Jr- iVgYbb]Z Z - K Oxi(t) [iOLbabZaZ eo(O)(coX( 0)]

(50) 0 0 0 /’/t+ K OxixJ(t )y(t )y’(t + [Gxxyiy -J- 2Gxiuhyil) -}- GuhukVhl)k dt,

h,k= 1,...,K, i,j= 1,...,N, a,z= 1,.-.,r, 7 =0,1,...,p.

10 The terms G,,,, denote the second order partial derivative of G with respect to x x and the
other terms have similar definitions.
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Recalling the definition of the function c of Theorem 6.1 of 2] as listed in
(5) and using the relations indicated above (29) together with property (llf) for
the variation y, then (50) may be written as

dZJ(0) ic 0 iO jO zrzra [[p,( )xod: + %o + K ,(t )XoX
(51)

0 O Guhu,vhvk dtK 9:,,(t )flo,(O)rox (t) + Gx’xJyiyj + 2Gx,,hy ivh +

Referring to (43), we see that according to the definition of G in (76) of [1] and

Jo, P O, 1,..., p + 2N, in (8), there results

(52) J(rc) J0(rt) + pJp(rc) + A(rt), p 1,..-, p + 2N,

on the family of (39), where

A(rc) _= A(fl(rc), re) l(s)dp(s, (rc), rc) ds, o 1,..., m,

and the functions/, b are as used in 1. In addition, according to the properties
(llb) for the variation y together with Lemma 2.1 and the property (10b) for the
variations 60,a, we obtain with e not summed,

(53)
o < _<_ 1, e not summed.

Thus according to the admissibility of11 the variations 6,oa, and the continuity
properties of/ as expressed in Theorem 6.1 of [2], we have

dt
[/()6P()] lim

(t)6 (t)- (t)6 (t)
t

(54a) lim (t)6O(t)- 60() + lim 60()
(t) (t)

t t

t(t)6,dp (t), co 1,..., f, e not summed,

and similarly for so that
d

(54b) dt [/z()6(f)]
0 1,..-, m, o < < c not summed.

In order now to evaluate the term A(rc) introduced above, we recall from
the construction of Lemma 11.1 of [2] but for the present case that

(55) to tle= 1,-.. rn =<t=<
11 See (11.1) of [2].
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Then as the family a(fl(), re) contains zo for rc 0 we must have

(56) A(r) A(0) #(s)[/,o(r)6,4(s) + 6O’(s)] ds.

However, by (54) this becomes

A()- A(0)= [(s)(s)] + ()[(s)&(s) s
(7)

[,(t)(()’(t) + ’())] 0,

the last equality following from properties (lla) of the variation and from
properties (10a) and (10b) of the variations 6a together with the property listed
below (6) for the multipliers (t). Thus by (52) we have

(8) j() J(0) Jo() Jo(0) + [J,() J,(0)], p 0, ,..., p + 2u.

Next, by (29), together with the definition of the family of (39) under con-
sideration, the relation (37) and the properties of the variation y, there results

(59) oJo() 0, p 1,..., p + 2N, p not summed.

Then (58) becomes

(60) J()- J(0)= Jo()- Jo(0)

for the family of (39).
However since the arc o is a solution to our problem and as the family of

(39) is totally admissible, then we must have that

(61) J() J(0) 0.

Now according to the relation between the function H of Theorem 6.1 of
[2] and the function G of (51)

(62) H (t)x G

as given in (93) of [2], we see that in (51) the derivatives of G may be replaced by
the derivatives of H. Then by (46), (51) and these remarks, the inequality (12) will
be proved if we prove that

(63a) + + yg(t) O,
o KU.(to (t)=0 1(63b) + +(O)6x (t )(O)6x

the first equality in (63b) following from the relations above (29). This result will
be established in the following section.

7. auxilia lemma.
LMMh 7.1. Let , j 1,..., , be those indices such that (t) O. Tken

given tke N-dimensional vector D (dl, d) satisfying

(o) o, j 1,..., ,
(64)

,(t)d 0 ifp(t) 0,
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the relation

(65) p+N + di 0

is also true.

Proof. According to the above definitions together with the properties of the
functions , we may select a positive constant 6 so small that

(66) 0a(t) < 0, fl : a,
Define the K-dimensional arc w satisfying

(67a) w(t) (t) d

j= 1,...,r, o <=t<=t +.

2 o < < o + /2
(67b) (t)

(-Oi(t) di)-’
0, +6/2=<t<_t1, 1,...,m,

(67c) wr(t)=0, F=m+ 1,...,K, =<t=<t
Then w is in the class W of 13 of [2]. By Lemma 13.1 of [2], we can find an
admissible variation

satisfying

(68a)

(68b)

fix(t), 6u(t), fib, o _<= <__

6xis(t) d, j io, s= 1,...,N-m,

6b O,

where ip are the indices of (108) of [2] and such that

(68c) k,(t)bxi(t) =_ bOa(t) w(t),

(68d) bbr(t) wr(t), F m + 1,..., K, o <= <_

According to the above, and due to the admissibility of 6a we have that

[
(69a) 6qS(t) t60(t)= k(t)= /
and by (67c) and (68d) also,

(69b)

2 o <_ <= o(- ,(t) di), + 6/2,

O, o + 6/2 <= <__ ,

(70)

6br(t) =0, F =rn+ 1,...,K, o =< <_

Furthermore, by (67a) and (68a) together with (68c) evaluated at o we obtain

O(t) [di-6xi(t)] =0 p a 1 m

where i, are the indices of (68a). Then by the nonsingularity of the matrix
(c(t)/Oxi) (see (108) of 2]) we see that 6xi(t) di", p 1,..., m, so that to-
gether with (68a) this becomes

(71) (xi(tO) d 1 N
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Next, by (155-2) and Lemmas 11.1 and 15.1 all of [2] together with (69) and
(68b) we get by computing the variations of our functionals Jp with the above
formed variation, that

t + 6/ 2

(72) p F k di>0, p =0,1 "",p+N

(where the functions Fo and are defined respectively in (67) and (64) of [2]).
Recalling the definition of the multipliers/(t) given in (74) and (76), both of [2],
we see that (72) may be written in the form

t+/2
o di>0(73) (-x( )di) la dt 2p+u+i

Now if a aj, 1 =< j =< rh, (where these are the indices of (64)) then the first term
of (73) vanishes, while if a aj, j 1, rh, then by Lemma 2.1 we know that
/(t) is constant on [t, o + /2] so that the first term of (73) becomes for each
such a,

(74) -#(t)O(t) di, a not summed,

which according to the second part of (64) also vanishes. Thus the first term of
(73) vanishes for 1,..., m and we get

d>0(75) --’p+N +i

Now replace the vector D of the hypothesis by -D. The above argument
holds in an analogous fashion for -D with the analogue of (75) being

(76) --p+N+i(--di) >= O.

Thus we obtain

d 0(77) ’p+N+i
and the lemma is proved.

By referring to properties (10a) and (10b) for the variations 6o, and to
properties (1 la) and (1 lc) for the variation , we see that the hypotheses of Lemma
7.1 is satisfied by these variations. Thus (63) is proved and Theorem 3.1 is
established.
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ON THE CONCEPT OF SYMMETRY IN
PONTRYAGIN’S MAXIMUM PRINCIPLE*

MINEO IKEDA AND KENTARO SAKAMOTOy

Abstract. From the standpoint of Lie group theory, the concept of symmetry (invariance) is
introduced for a class of dynamical control problems which are treated on the basis of Pontryagin’s
maximum principle. The so-called linear first integrals of a holonomic dynamical system are extended
to the framework of the maximum principle, leading to the concept of special linear first integrals.
The symmetry group of a control system can be generated by a set of these integrals. Particular atten-
tion is paid to the case where the dynamical system is a natural one, and it is shown that the kine-
matical symmetry group of a natural system is locally isomorphic to the symmetry group of the cor-

responding control system. These results are applied to the problem of optimum trajectories for
space navigation.

1. Introduction. The group-theoretical method is extremely useful when
natural phenomena are studied with particular reference to their symmetry (in-
variance under a transformation group of some kind). For instance, many research
workers have discussed the symmetry problem in the physics of elementary
particles and atomic nuclei, and a great many contributions have been made to
the unified description of experimental results obtained using cosmic rays and
enormous accelerators. In this connection, the symmetries in both classical and
quantum mechanics have been reexamined from the standpoint of group theory
(e.g., [6], 17).

It may be expected that such symmetries also exist in various branches other
than the fundamental sciences and that their clarification would bring about
outstanding progress in the studies of these branches. In the present work, a
heuristic introduction of the symmetry concept will be performed for a class of
dynamical control problems which are treated on the basis of Pontryagin’s
maximum principle 16]. Particular attention will be paid to the case where a
holonomic dynamical system is controlled by an external or internal force.

It will be found in 2 how the conjugate variables transform when a co-
ordinate transformation is carried out in the configuration space of a holonomic
dynamical system. In 3 and 4 the so-called linear first integrals of the dynamical
system will be extended to the framework of the maximum principle, leading to
the concept of the special linear first integral. The symmetry group of a control
system can be generated by a set of special linear first integrals. 5 will be devoted
to the case where the dynamical system is a natural one [14], and it will be shown
in 6 that the kinematical symmetry group of a natural system is locally iso-
morphic to the symmetry group of the corresponding control system. In 7 these
results will be applied to the problem of optimum rocket trajectories in a central
force field.

2. Transformation law of conjugate variables. We shall consider a holonomic
dynamical system with N degrees of freedom and describe it within the frame-

* Received by the editors July 16, 1973.

" Department of Applied Mathematics and Physics, Faculty of Engineering, Kyoto University,
Kyoto, Japan.

Though there are innumerable papers concerning this problem, we cite only [5] here.
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work of Pontryagin’s maximum principle. We begin by studying how the conjugate
variables are transformed when the coordinates are changed in the configuration
space of the dynamical system.

For a holonomic dynamical system with N degrees of freedom, the kinetic
energy is a positive definite quadratic form in the velocities 2i, namely,

T -}gij(x)2i2j,
where the coefficients gij are functions of the coordinates xg. Latin indices take
the values 1, 2, ..., N and the summation convention is adopted. We note that
the discussions are local throughout the present paper and that functions are
assumed to be differentiable up to any necessary order.

The configuration space VN of the dynamical system can be regarded as an
N-dimensional Riemannian space endowed with the fundamental tensor gg.i" If
we use the Christoffel symbols {j} formed from gj, the equations of motion
are written as

i.._ yi,

(2.1) .,i=fi__{i}yjyk

jk

where the f, the components of the force, are functions of xi.
Let us describe this dynamical system in the framework of Pontryagin’s

maximum principle [16]. We first introduce the Hamiltonian defined by

(2.2) H yiq) nt- fi--{i}yJyk

jg

where qi and Cg denote the variables conjugate to x and yi respectively. Making
use of this Hamiltonian, we can derive (2.1) as part of the canonical equations,

cH H
(2.3) 2i i

The remaining part becomes

(2.4)

c3H
X xl jk

yjyk

yl q) -It- 2 yJ,
lj

In what follows, we shall call the system with the Hamiltonian (2.2) a free system
in the sense that no control force is applied.

Now, it is evident that the velocities y and the force fi are transformed as
contravariant vectors under a coordinate transformation in the configuration
space VN. Let us study the transformation law of the conjugate variables oi and
q. For this purpose, we assume that the Hamiltonian H is a scalar, since it is
reasonable to consider that H is independent of the choice of coordinates.
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LEMMA 2.1. In order that the Hamiltonian defined by (2.2) should be a scalar,
it is necessary and sufficient that the conjugate variables have the transformation
characters

X (Xk’ (2xi
(2.5) q xJ, (Di + (xl (xj,(xk,

yl@i

x
(2.6) ff ffi.

Proof. We substitute in (2.2) the transformation formulas for yi, f and
{j}. We have

H= yJ’ xi fJ’
xi {l}’ xi 2xi)

which must be equal, independently of fi’ and fi,, to the Hamiltonian in the
primed coordinate system. Thus we obtain (2.5) and (2.6). The converse is obvious.

Remark. (2.6) means that is a covariant vector.

3. Special linear first integrals. In the symmetry theory of holonomic dy-
namical systems, an important role is played by the so-called linear first integrals,
that is, first integrals which are linear forms in the momenta Pi. These integrals
have the property that they generate point transformations in the configuration
space Vs We shall study, in the framework of the maximum principle, first
integrals which have this same property.

We first consider an infinitesimal point transformation in the configuration
space,

(3.1) ’x x + ei(x),

where e denotes an infinitesimal parameter and the , functions of the coordinates
x, are the components of a contravariant vector. It is to be noted that we use
the notation ’x for the transformed point and x’ for the transformed coordinates
(el. 2). In order to obtain the transformation formula for the velocities fi, we
assume x and ’x to be functions of time t. We differentiate (3.1) with respect to
and replace by y. Thus we have

y(3.2) ’y’=y+e
This formula is usually used when one discusses the extension of a group in the
theory of Lie transformation groups (cf. 6) [4].

(3.1) and (3.2) give an infinitesimal point transformation in the space of the
state variables (x, f). These equations can be obtained as a canonical trans-
formation with the generating function

(3.3) L

Concerning this function we have the following lemma.
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LEMMA 3.1. If the conjugate variables q9 and i have the transformation
characters (2.5) and (2.6) under a coordinate transformation in the configuration
space VN, the function L defined by (3.3) is a scalar.

Proof. We substitute (2.5), (2.6) and the transformation formulas for yi and
g into the expression for L in the primed coordinates. We find L’ L by simple
calculation.

We next study a condition for L to be a first integral of the free system with
the Hamiltonian (2.2). This condition is written as {L,H} 0, where {.,. }
denotes the Poisson bracket defined by

f. of f f f of f(3.4) {f,, f}

THEOREM 3.2. For a free system, the function L of (3.3) is a first integral if and
only if

(3.5) + + +
jk xJxk jk jl jk

O,

(3.6) LPf’ =_ cfi. f c. 0x cx
where denotes the Lie derivative with respect to the vector [19].

Pro& If we substitute (2.2) and (3.3) into {L,H} 0 and rearrange the
result, we obtain

{L,H} -OiyJy + Oi f.
jk

This equation must vanish independently of yi and i, and we have (3.5) and (3.6).
Remark. (3.5) and (3.6) show that the transformation (3.1) is an affine motion

which leaves the force f invariant.
As is seen from (3.3), the function L is a linear form in the conjugate variables

and , the coefficients being particular functions of the state variables x and
yi. When i satisfy (3.5) and (3.6), we shall call the function L a special linear first
integral within the framework of the maximum principle.

4. A class of control systems. In this section, we shall discuss a problem of
minimum-time control in the case where an external control force is applied to
the system treated in the last section. In particular, we shall find a condition for
L of (3.3) to be a first integral of this case.

Let us assume that the magnitude of the control force is a function k(t) of
time such that 0 __< k(t) <= ko, ko being a given positive constant. Then the second
equation of (2.1) is replaced by

jk
yjyk q_ kOi,

where 0 denotes the contravariant unit vector representing the direction of the
control force. The corresponding Hamiltonian is given by (cf. (2.2))

j
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It is evident from the form of (4.2) that Pontryagin’s maximum principle is
valid for the minimum-time control problem. When the Hamiltonian (4.2) is
maximum with respect to the control force, 0 has the direction of i and k takes
its maximum value ko, that is,

(4.3) 0= 0(g00)- 1/, k ko.
Throughout the present paper, indices are lowered and raised by means of
and its conjugate gJ, respectively. On using (4.3) the Hamiltonian (4.2) is reduced
to

jk
yjyk 6/ + ko(gij/Oj)l/2"

We shall call a system with the Hamiltonian (4.4) an optimum system. The
following statements hold good for this system.

LEMMA 4.1. Under the assumption of Lemma 3.1, the Hamiltonian H for the
optimum system is a scalar.

This is obvious, since the new term of (4.4), ko(giJOiqt)/2, is a scalar.
THEOREM 4.2. For the optimum system, a necessary and sufficient condition for

L of (3.3) to be a first integral is given by (3.6) and the Killing equations

(4.5) 99gij =-- Vi -+- Vj O,

where V denotes covariant differentiation with respect to gj.

Proof. In the same way as in the proof of Theorem 3.2 we have

{i}{L Ho} -OiyJyk + Oi fi + ko(gklOkOt)l/2oiOj gij
jk

Since this must vanish for arbitrary y and Oi, we have

0 f 0 gij O.
jk

As is well known, the first equation follows from the third, while the latter
equation is equivalent to gj 0. This proves the theorem.

Remark. This theorem means that the transformation (3.1) together with
(3.6) and (4.5) is an isometry in Vu which leaves the force f invariant.

$. The ea assoeiat with a natural dynamical system. In the following
2discussions, we shall assume that the original holonomic system is a natural one

in the sense of Pars [14]. The purpose of this section is to clarify the relation
among first integrals of the three corresponding systems, i.e., natural, free (cf. 2)
and optimum (cf. 4) systems.

For a natural dynamical system, there is a scalar function U(x) representing
the potential energy, from which the force f is derived as

(5.) L -v,.

Synge and Griffith call this a simple dynamical system [18].
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The coordinates x and the momenta Pi are conjugate to each other. The point
transformation (3.1) in the configuration space VN has a generating function
(5.2) L, ipi.
This is a first integral of the natural system, if and only if the i satisfy the Killing
equations (4.5) and
(5.3) U iViU --0o

Linear first integrals of the natural system have the following relations to
special linear first integrals within the framework of Pontryagin’s maximum
principle.

PROPOSITION 5.1. If the function L in (5.2)is a first integral of the natural
dynamical system, then L defined by (3.3) with the same {i as L, is a first integral
of the corresponding optimum system.

Proof. We differentiate (5.3) covariantly and use the commutability of co-
variant and Lie differentiations. The result is given by (3.6) together with (5.1),
and the proposition follows from Theorem 4.2.

PROPOSITION 5.2. If the function L in (3.3) is a first integral of the optimum
system, it is also a first integral of the corresponding free system.

Proof. The proposition is obvious from Theorem 3.2, since (3.5) can be
derived from (4.5).

COROLLARY 5.3. Under the assumption of Proposition 5.1, the function L
defined by (3.3) with the same {i as L, is a first integral of the corresponding free
system.

This corollary is obtained by combining Propositions 5.1 and 5.2.

6. Symmetry in the maximum principle. We are interested in the case where
canonical transformations generated by a set of first integrals constitute’a finite
continuous group in the sense of Lie [4. We shall study this case in the following.

The concept of a kinematical (geometrical) symmetry group is well known
for a natural dynamical system [6], [17. It is locally isomorphic to a group of
isometries in the configuration space Vu which leave the potential function U
invariant. This group will be referred to as a scalar-preserving isometry group in

Vu 8. We denote the generators of the group by

(6.1) X, {i=Oxi,
where Greek indices take the values 1, 2, ..-, r. These generators are associated
with infinitesimal transformations of the form (3.1) together with (4.5) and (5.3).
They satisfy the commutation relations

(6.2) [X, X] CXy (C const.),

where the left-hand side denotes the Lie bracket of X= and Xe.
We consider the extension of a scalar-preserving isometry group. The ex-

tended group is generated by infinitesimal transformations of the form (3.1) and
(3.2). For these transformations let us introduce the operators

(6.3) y, {i
c c{’,yj,bx- + ay--
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The following fact is well known.
PROPOSITION 6.1. The operators Y satisfy the same commutation relations as

X, namely, Y, Y] CY
We next take up the formalism of Pontryagin’s maximum principle. If a

free or optimum system admits a special linear first integral (3.3), the infinitesimal
canonical transformation generated by (3.3) is given by (3.1), (3.2) and

(6.4)
L cO I/1i g,
yi I[t F,-xi l[I

For this transformation we define the operators

(6.5)

which have the following properties.
LEMMA 6.2. If a special linear first integral L and an operator Z have the same

i, we obtain

(6.6) Zf L, f
where f is a function of xi, yi, q)i and i.

Proof. Making use of the generating function (3.3) for the canonical trans-
formation (3.1), (3.2) and (6.4), we can express Z as

Z=
(49 C3X C31/l Oyi C3X ((.]9 63yi (l

which completes the proof.
LEMMA 6.3. We have the relation

(6.7) [Z,Za]f {{L,La},f},
where L and Z, are obtained from (3.3) and (6.5) respectively by replacing i with

This can be proved by applying (6.6) to the left-hand side of (6.7) and using
Jacobi’s identities for the Poisson bracket.

Remark. According to this lemma, the Lie and the Poisson brackets cor-
respond to each other if an operator and a special linear first integral are related
by (6.6).

Now, it is possible to generalize Proposition 6.1 as follows.
PROPOSITION 6.4. The operators Z satisfy the same commutation relations as

X or Y, namely, [Z, Za] CaZ.
Proof. The Poisson bracket of L and La is calculated as

{t t} J( Jfl i + { ykx- x] x
From (6.2) we have
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and accordingly,

{L, L} C

It follows from (6.7) that

[Z Z]f {CL;, f CZf

As a corollary of this proposition we obtain the following theorem.
THEOREM 6.5. Let a natural dynamical system admit a kinematical symmetry

group G and let the associated scalar-preserving isometry group have the generators

X. Then the corresponding special linear first integrals L generate a trans-

formation group which is locally isomorphic to G.
This theorem shows how important the special linear first integrals are for

the symmetry problem in the maximum principle. On the other hand, one of the
present authors (M.I.), together with Fujitani [7] and Nishino [8], studied natural
dynamical systems which admit symmetry groups of higher orders. 3 If we com-
bine these results with (3.3), we can readily obtain the forms of special linear
first integrals for the corresponding free or optimum systems. However, we omit
the results.

7. Application to optimum control problem. In the remainder of the paper,
we shall illustrate the application of our result, taking the problem of optimum
trajectories for space navigation.

The object is to minimize the flying hours of a rocket in a central force field.
This problem has been studied by many research workers 10], [11, pp. 103-146]
and it is known, among other things, that there are first integrals corresponding
to the angular momenta [1], [2, [12], 15]. Moyer [123 derived the integrals on
the basis of Noether’s theorem [133, and Burns [2] discussed their relation to the
angular momenta in classical mechanics. It will be shown in the following that
these integrals are easily found by a proper use of our result.

First of all, it is to be remembered that a flying rocket emits part of its mass
as gas. Therefore, the mass m is not a constant, but a decreasing function of time t.

This means that m should be regarded as one of the state variables. The kinetic
energy of the rocket is no longer a quadratic form in the velocities, and the fore-
going result cannot be applied directly.

In order to supply this gap we assume that the configuration space is a 3-
dimensional Euclidean space, in which the motion of the rocket takes place. This
is different from the treatment in the foregoing sections, where the Riemannian
structure of the configuration space is associated with the kinetic energy.

Now, we make the following two assumptions for the sake of simplicity"
(i) The emitted gas has a constant speed c relative to the rocket;
(ii) The magnitude of the thrust is a function k(t) of such that 0 __< k _<_ ko

(ko being a positive cpnstant) and that k is proportional to

Linear first integrals of the dynamical system were recently studied independently by Iliev [9]
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We are now in a position to derive the equations of motion for the rocket.
During the time interval At the momentum of the rocket changes by

fiat (m Am)(v

where fi, v and u are contravariant vectors representing the external force, the
rocket velocity and the gas velocity respectively. Thus we have, in general
curvilinear coordinates,

fi thc ci= u vm-
where 6/6t denotes absolute differentiation and c means the relative velocity of
the gas. From the assumption (i), c (cc)/2 is a constant, and from (ii) we may
put -k/c by a suitable choice of units. Thus the equations of motion are

=y = -k/c

where we put 0 c/c, the unit vector in the direction of c.
The corresponding Hamiltonian takes the form

where 2 is the variable conjugate to m. The discussion made in 4 can be followed
starting with this Hamiltonian. We state only an outline of the result in what
follows.

It is easily seen that the first equation of(4.3) holds as it is, and the Hamiltonian
(7.2) is reduced to

(7.3) H yO + yy O+ k
m j m c

Since the mass m is added to the state variables, it is reasonable to consider a
first integral of the form

(7.4) L + Y0 + 2,

where r/is a function of xi, yi and m. The study of (7.4) will be carried out according
to the value of O/m 2/c, which appears in the last term of (7.3).

In the case O/rn 2/c >= O, k must take the maximum value ko, and (7.4) is
a first integral if and only if

=0, cfi =0, 5gig =0, q =0,
k

where use is made of the equations f -mViU corresponding to (5.1). The first
integral (7.4) takes the same form as (3.3) and the condition for a first integral
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coincides with that in Theorem 4.2. Therefore the result obtained in the fore-
going sections is applicable.

As is well known, the central potential problem admits the angular momenta
Mij xiy- xJy as linear first integrals. The corresponding special linear first
integrals can be easily obtained from (3.3), that is,

(7.5) Liy xitpj- xJq)i + yiOj- yi/,

which were previously derived by tedious calculations [1], [2], [12], [15]. These
integrals may be regarded as angular momenta within the framework of the
maximum principle. They generate a transformation group locally isomorphic
to the 3-dimensional rotation group.

In the case /m 2/c <= O, k must take the minimum value 0, and accordingly
we have m const. The system under consideration reduces to the free system
discussed in 3, and we have only to study a first integral of the form (3.3). Ac-
cording to Theorem 3.2 the condition for a first integral is given by (3.5) and (3.6),
which admit solutions corresponding to the angular momenta L.

In the case O/m 2/c =_ O, the maximum principle is no longer applicable,
but we mention it briefly for the sake of completeness. It can be shown that the
condition for a first integral is

kc c3LFgi =0
1
ffi +__ , =0

m m
2g yJ

(7.6)
crl yi + yjyk + O.x Oyim jk c m mc

As is easily seen, the angular momenta Lij are first integrals also in this case.
However, since q m and 0 give a solution of (7.6), L m2 cO is another
first integral, which is not admitted by the other cases treated above.

From these discussions it can be concluded that all cases admit a symmetry
group, which is generated by the angular momenta Lj and is locally isomorphic to
the 3-dimensional rotation group.
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PERIODIC LINEAR DIFFERENTIAL STOCHASTIC PROCESSES*

HUIBERT KWAKERNAAK’

Abstract. Periodic linear differential processes are defined and their properties are analyzed.
Equivalent representations are discussed, and the solutions of related optimal estimation problems
are given. An extension is presented of Kailath and Geesey’s [1] results concerning the innovations
representation of stochastic processes with a given covariance function.

1. Introduction. A periodic linear differential stochastic process X, 0 __< __< T,
is defined as the solution of the stochastic differential equation

(1.1) dX AX, dt + dW, 0 < <_ T,

with the periodicity condition

(1.2) Xo XT.
Here X is an n-dimensional real vector stochastic process, T a given real number,
A a constant real n n matrix, and W, 0 __< =< T, n-dimensional real Brownian
motion with E(dW dW’t)= V dt, where the prime denotes the transpose and V
is a given real symmetric nonnegative definite constant matrix. Processes of this
kind can be used to model a variety of periodic random phenomena such as
occur in communications and physics (t is not necessarily time but may also denote
a space variable). In this paper the properties of the solution to (1.1)-(1.2) are
studied, equivalent representations of the process Xt, 0 =< __< T, are given, and
filtering, smoothing and prediction problems related to such processes are solved.

2. Properties of periodic differential processes. Solution of the differential
equation (1.1) with the use of (1.2) yields the explicit representation

fo(2.1) Xt eAt(l eaT) eA(T-s) dI,V + eAtt-) dW, 0 <= <= T,

where the integrals are stochastic integrals. The existence of this solution is
guaranteed if A has no characteristic values that are an integral multiple of
2rci/T, which henceforth will be assumed. It is easily verified that (2.1) constitutes
the unique solution (in a mean square sense) to (1.1) and (1.2).

The expression (2.1) clearly defines a Gaussian process, which, therefore, is
completely defined by its mean value function E(X,), 0 <= <= T, and its matrix
covariance function coy (Xt, X). Obviously,

(2.2) E(Xt) O, 0 <= <= T.

To find the matrix covariance function, (2.1) is rewritten in the form

(2.3) Xt-- B1 eA(t-s) dW- B2 eA(t-s) dW, 0 <= <= T,

*Received by the editors May 15, 1973, and in revised form November 28, 1973.

" Department of Applied Mathematics, Twente University of Technology, Enschede, The
Netherlands.
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where

(2.4) B, (I eAT) 1, B2 (I e-AT) 1.

Note that Bx + B2 I. It follows from (2.3) by direct computation that

R(t, s) E(XtXs) Bx eA(t-O)V eA’(s O) dO Bi

(2.5) B eA(t-)V eA’(s-O) dO B’2

+ Ba e"-Ve’s-dO B’ for s __< t.

It is seen that the variance matrix is given by

eA(t-)V ea’"-) dO B’
(2.6)

R(t,t)=B cA(t-)V cA’(t-O) dO B2,

O<t<T.

By some simple substitutions it follows that

IfTO eAVeA’ dO]B’I 0<t< T,(2.7) R(t, t) B

which proves that the variance matrix is a constant matrix, which henceforth
will be denoted by Q. By premultiplying (2.7) by A, postmultiplying by A’, and
integrating by parts it is easily found that Q satisfies the linear matrix equation

(2.8) AQ + QA’ + BV + VB’x V O.

If 2j + 2k :- 0 for each pair of characteristic values 2j and 2k, j, k 0, 1, .-., n,
of A, Q is the unique solution of this matrix equation.

Equation (2.5) shows that for fixed s the matrix covariance function R is a
continuous and differentiable function of t. Partial differentiation with respect to
yields

(2.9)
OR(t, s)

AR(t, s) V eA’s-’)B’2 s <_ t.
ct

Integration of this differential equation with the initial condition R(s,s)= Q
gives

(2.10)

R(t,s)=ea"-)Q- IfI,
Since R(t, s) R’(s, t), one immediately obtains

(2.11) R(t, s) Q e- A’(t-s) e-A,Ve e -A’(t-s) < S
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THEOREM 2.1 (Covariance function). Suppose that A has no characteristic
values that are integer multiples of 2zi/T. Then the solution of (1.1) and (1.2) is a
stationary Gaussian process on [0, T], with zero mean and matrix covariance

function

(2.12)

(I, O) eFt’-
Q

R(t, s)
B’2

(Q, B2)e-F’(t-s)(), t<S,

where the variance matrix Q var (xt) is given by (2.7), and where

(2.13) F
-A’

Proof. The relations (2.10) and (2.11) show that R(t,s) is a function of s
alone. Therefore, the process Xt, 0 __< < T, is wide-sense stationary, and, hence,
strictly stationary. That R may be represented as in (2.12) follows from (2.10) and
(2.11) together with the fact that

cA(t s) cA(t s) Az A’z

(2.14) eF(t-s)
e V e dr

[-’]

0 e -a’(t-s)

It is illuminating to consider the spectral representation of the process X,,
0 < __< T. Let R(t,s)= R(t- s). Then according to Bochner’s theorem there
exists a matrix spectral distribution function q such that

(2.15) /(0)-- ei2t dtr(v), 0 0 <= T.

Here

(2.16) q"(v) qkH(V Vk), --OO <= V <= o0,

where H is the Heaviside step function, Yk k/T, and kP is the coefficient matrix

(2.17) k - /(0) e -i2*tk dO, k O, +__ 1, + 2,...

It follows from (2.9) that

(2 18)
dR(O) AI(O) Ve-a’B’2 0 < 0 < T.
dO

Multiplication of both sides of (2.18)by (1/T)exp(--i2rtVk)and integration over
[0, T] yields

1
(2.19) Wk -dO(i2nvk), k integer,
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where

(2.20) (s) (sI A)- 1V(- sl A’)- 1, s complex.

This result is interesting, for the following reason. Suppose that A is stable, i.e.,
all its characteristic values have strictly negative real parts. Then the matrix
equation

(2.21) AQ + QA’ + V 0

has a unique symmetric nonnegative definite solution Q. Furthermore, the
stochastic differential equation

(2.22) dX, AX, + dW,, >= O,

with Wt, _>_ 0, Brownian motion with E(dl/V, dW)= V dt, and -go a Gaussian
stochastic variable, independent of I/V,, >_ 0, with expectation zero and variance
matrix Q, generates a stationary Gaussian stochastic process X,, => 0, with
spectral density matrix (i2rrv). The process X,, >= 0, may be called the long
term version of the solution of the stochastic differential equation (1.1), and the
solution of (1.1) and (1.2) the periodic version of this solution. Thus, the spectral
coefficients of the periodic version are directly related to the spectral density
matrix of the long term version by (2.19). It furthermore follows from (2.19) that
the covariance matrix function / of the periodic version and the covariance
matrix function R(t s) E(X,X’g of the long term version of the process are
related by

(2.23) /(0)= (0+ng), 0<__ 0<= T.

This suggests that the periodic and long term versions of the process are related by

X, 1.i.m. , ,+,r, 0< < T,- x/N+l =o

which may be verified. These connections between the periodic and long term
versions of the process of course make no sense if A is not stable, because in this
case the long term version of the process is not defined.

3. Equivalent representations. This section is addressed to the question
whether there exists another process Xt*, 0 =< __< T, defined by

dXt* A*Xt* dt + dWt*, 0 <= <= T,
(3.1)

with E(dWt* dWt*’ V* dt, such that the processes Xt*, 0 __<t=< T, and X,,
0 <= <__ T, have the same matrix covariance functions. Let

(3.2) *(s) (sI A*)-1V*(- sI A*’)- 1.

Then, since O(s) and *(s) agree for all s i2rk/T, k integer,

(3.3) @(s) O*(s), all complex s.
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Assume now that V BB’, and that the pair (A, B) is completely controllable.
For the system theoretic terminology employed in this section, reference is made,
for example, to Kalman, Falb and Arbib [2]. Then if (s) is considered as the
transfer matrix of a time-invariant linear differential system, (F, G, H) forms a
realization of this system, i.e., (s) H(sI F)-1G, where

(3.4) F
-A’

G H (I,0).

From the fact that (A, B) is completely controllable it may be shown by straight-
forward verification that (F, G) is completely controllable and (F, H) completely
observable, so that (F, G, H) is a minimal realization of (s), i.e., the matrices
F, G and H have the smallest possible dimensions. Let

(3.5) F*
At

Since (s) *(s), (F*, G, H) is another realization of (s). As this realization
has the same dimension as (F, G, H), it is also minimal. Therefore, there exists
[2] a nonsingular 2n x 2n transformation matrix M such that M-1FM F*,
M-1G G, and HM H. It is easily found that the latter two equalities are
satisfied if and only if

(3.6) M M-p _p

where P is an arbitrary n x n matrix. With this it follows from M-FM F*
that

(3.7)
-A’-A’P- PA + PVP + PV -A*’

which leads to the following result.
THeOReM 3.1 (Equivalent representations). Suppose that V BB’, and that

(A, B) is completely controllable. Then if the process X* 0 < < T, has the same
matrix covariance function as Xt, 0 T,

A* =A- VP,
(3.8)

v*= v,
where P is a solution of the nonlinear matrix equation

(3.9) 0 A’P + PA PVP.

Equation (3.9) is a special form of the algebraic matrix Riccati equation,
about which a great deal is known (see e.g., [3]).

4. laovatios represetatio aa estimatio of stochastic proeess with a
give eovariaee fetiom In this section an extension is given of Kailath and
Geesey’s results [1] concerning the representation and estimation of stochastic
processes with given covariance functions. The results given here differ from
those of Kailath and Geesey in that vector-valued processes are considered,
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nonzero means are accounted for, the existence of the solution of an essential
matrix differential equation is proved, and expressions are given for the variance
matrices of the reconstruction errors. The results of this section will be applied
to periodic differential processes in 5.

Consider a vector-valued, mean square continuous stochastic process Z,,
6 (R), where 0 [to, tx], with the mean value function

(4.1) E(Z,) mz(S ds, c 19,

and the matrix covariance function

s min(t,s)(4.2) cov (Zt, Zs) dr’ Lz(t’, s’) ds’ + V(t’) dr’, t, s c (R).
to

Here V(t), tc (R), is a given, continuous, symmetric matrix function, positive
definite for every c (R). The function mz is given in the form

(4.3) mz(t M(t)W(t, to)m(R), c(R),

while Lz is given in the form

M(t)W(t, s)N(s), s <= t,
(4.4) Lz(t S)

{.N’(t)W’(s, t)M’(s), <= s.

Here M and N are continuous matrix functions on 19, m0 is a constant vector, and
q is a fundamental matrix satisfying the matrix differential equation

(4.5) c3tW(t, s) F(t)W(t, s) s cO,

W(s, s) I, s cO,

with F a continuous matrix function on (R). It will finally be assumed that the
self-adjoint operator Q defined by

tl

(4.6) (Qv)(t) V(t)v(t) + Lz(t s)v(s) ds, to<=t<=t

where v c L2[to, a], is positive definite.
The following result (Kailath and Geesey [1]) is essential.
THEOREM 4.1 (Innovations representation). Suppose that the matrix differ-

ential equation

(t) F(t)S(t) + S(t)F’(t) + K(t)V(t)K’(t),

S(to) O,
(4.7)

where

(4.8) K(t) [N(t)- S(t)M’(t)]V-’(t),
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has a solution on (R). Then the process Z* (R), defined byt

(4.9)

(4.10)

dZt* M(t)Pt dt + dI,, e O,

Zto O,

dP F(t)P dt + K(t) dI,, 19,

Pro too,

where It, l), is Brownian motion with E(dI dli)= V(t) dt, has the mean value
function defined by (4.1) and (4.3), and the matrix covariance function defined by
(4.2) and (4.4).

Proof. This theorem may be proved by direct calculation of the mean value
function and matrix covariance function of the process Z,*, e 19, as defined by
(4.7)-(4.10). This calculation is laborious but straightforward. It helps to note
that S(t) var (P,), (R).

THEOREM 4.2 (Existence of the solution of the matrix differential equation).
The matrix differential equation (4.7)-(4.8) has a unique solution on every finite
interval [to, t].

Proof. The proof of Kailath and Geesey of the existence of the solution of
the matrix differential equation (4.7)-(4.8) is based on the assumption of the
existence of some lumped Markov model for the process Z. This assumption is
not required in the proof to follow. Define the matrix functions

(4.11)
S*(t) S(to + t), F*(t)- F(to + t), N*(t)= N(to + t),

M*(t) M(to + t), V*(t) V(to + t),

for all s [to, tl]. Then it easily follows that (4.7)-(4.8) can be rewritten in the form

-*(t) [F*’(t)- M*’(t)V*-l(t)N*’(t)]’S*(t)

+ S*(t)[F*’(t) M*’(t)V*-’(t)N*’(t)]
(4.12) + S*(t)M*’(t)V* l(t)M*(t)S*(t) + N*(t)V* l(t)N*’(t),

to<=t<t,

S*(t) O.

This matrix differential equation, and hence (4.7)-(4.8), has a unique solution if
and only if the following optimal control problem has a unique solution [4].
Maximize

(4.13)
11

[x’(t)N*(t)V*- l(t)N*’(t)x(t) u’(t)V*(t)u(t)] dt

with respect to u(t) and x(t), o <= <= t subject to

(4.14)
(t) [V*’(t)- M*’(t)V*-l(t)N*’(t)]x(t) + M*’(t)u(t),

X(to) Xo,

to<=t<=t,
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with Xo a given vector. By substituting u(t) V*- l(t)N*’(t)x(t) u*(t), o <= <-
it follows that this problem is equivalent to the problem of minimizing

(4.5 J fu*’(Ov*(tlu*(O + 2u*’(O*’(Ox(O]

with respect to u*(t) and x(t), to <= <__ t, subject to

2(t) F*’(t)x(t) + M*’(t)u*(t), o <= <= t,
(4.

X(to) Xo.

Let *(t, s)- ’(to + s, o + t) denote the fundamental matrix cor-
responding to (t) F*’(t)x(t). Then substitution of

(4.17) x(t) *(t, to)Xo + *(t, s)M*’(s)u*(s) ds, o <_ <__

into (4.15) yields, with changes of integration variables from s to o + tl s
and to o + t, and with the notation u*(to + t) v(t), o <__ <= 1,

J v’(t) V(t)v(t) dt + 2 v’(t)N’(t)’(t t) Xo dt

+ 2 v’(t)N’(t) dt ’(s, t)M’(s)v(s) ds
0

v’(t)V(t)v(t) dt + 2 v’(t)g’(t)tP’(tl, t)Xo dt

(4.18)

v’(t)N’(t)’(s, t)M’(s)v(s) dsf ;t+ dt

+ ds v’(s)M(s)tP(s, t)N(t)v(t) dt

ttv’(t)V(t)v(t) dt + 2 v’(t)N’(t)P’(tl, t)Xo dt

+ v’(t)Lz(t, s)v(s) dt ds.

In functional analytic form this may be rewritten as

(4.19) J (v, Qv) + 2(v,f),

where Q is the operator defined by (4.6), f is the function f(t) N’(t)tP’(tl, t)Xo,
to _-< =< and ( .,. ) denotes the inner product in L2[to, tl]. Since by assumption
Q is positive definite, there exists a unique v Lz[to, tl] that minimizes J. Hence,
the matrix equation (4.7)-(4.8) has a unique solution on any interval [to,

Once the innovations representation (4.9)-(4.10) has been obtained, it is easy
to obtain the solution to various filtering problems (Kailath and Geesey [1]).
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Let Rt, (R), be another vector-valted, mean square continuous process, defined
on the same probability space as the process Zt, (9, with the mean value function

(4.20) E(Rt) Mr(t)W(t, to)mo, O.

Suppose that the matrix cross covariance function of the processes R and Z is
given in the form

(4.21) cov (Rt, Zs) LRz(t, s’) ds’, t, s e 0,

where

Mr(t)W,(t, s)N(s), s <= t,
(4.22) LRz(t, s)

N’r(t)? (s, t)M’(s), <= s.

Here Nr and Mr are given, continuous matrix functions on 0.
THEOREM 4.3 (Filtering problem). Let Zt, (R), and Rt, (R), be mean square

continuous, vector-valued stochastic processes, with mean value functions and
(cross) covariance matrix functions defined by (4.1)-(4.4) and (4.20)-(4.22), respec-
tively. Let Rtl denote the minimum variance unbiased linear estimator of R given
Zo,to <= 0<__ t. Then

(4.23) Rtl Mr(t)Pt, (R),

where Pt, O, is the solution of the stochastic differential equation

(4.24)
dP F(t)P dt + K(t)[dZ, M(t)P

Pto mo.
The variance matrix of the estimation error is given by

(4.25) var (Rtl Rt) var (Rt) Mr(t)S(t)M’r(t), 0.

Proof. Rtl is the minimum variance unbiased linear estimator of Z given
Zo,to <= 0<= s, ifandonlyif

E(Rtl Rt) O,(4.26)

and

(4.27) cov (R,I R,, Zo) O, o <= 0 <= s.

It may be verified by straightforward but tedious calculations that the estimator

Rtl as given by (4.23) satisfies these conditions for s t. The variance matrix of
the estimation error as given by (4.25) follows from the fact that

(4.28) var (Rtl Rt) var (Rt) var (Rtls). [-]

TI-IFORF.M 4.4 (Prediction problem). Let the processes Zt, (R), and Rt, (R),
be defined as before. Let Rtls, >= s, denote the minimum variance unbiased linear
estimator of Rt, given Zo, to 0 N s. Then

(4.29) Rtl Mr(t)W(t, s)P >-s,
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where Pt, (R), is the solution of (4.24). The prediction error variance matrix is
given by

(4.30) var (R,I R,) var (Rt) Mr(t)tP(t, s)S(s)tP’(t, s)M;(t), >= s.

Proof. Again it may be verified by direct computation that the estimator as
given by (4.29) satisfies the conditions (4.26) and (4.27). The variance matrix
(4.30) follows from (4.28).

THEOREM 4.5 (Smoothing problem). Let the processes Zt, (R), and Rt, (R),
be defined as before. Let Rt]s, <= s, denote the minimum variance unbiased linear
estimator of Rt, given Zo, o <= 0 <= s. Then

(4.31) R,I R,I + [N’(t)- Mr(t)S(t)]Atl <= s,

where A,l, o <= <= s, can be solved from the stochastic differential equation

dA,i IF(t) K(t)M(t)]’A,I
(4.32)

AI ()o

dt M’(t)V l(t)[dZ, M(t)P dt],

The smoothing error varihnce matrix is given by

var (Rtl

(4.33)

t<=s,

R,) var (R,)- Mr(t)S(t)M’(t)

[N;(t) Mr(t)S(t)] E’(0, s)M’(O)V; I(O)M(O)E(O, s) dO

[n,(t) S(t)M’,(t)], <= s,

where the fundamental matrix E is the solution of

-E(t, s) IF(t) K(t)M(t)]E(t, s), t, s O,
(4.34)

E(s, s) I, s O.

Proof. Again it may be verified by direct calculation that (4.31) satisfies
(4.26) and (4.27). The variance matrix (4.33) follows from (4.28). [

5. Filtering, prediction and smoothing for periodic linear differential processes.
In this section the results of the preceding section are applied to the periodic
processes of and 2. Consider the periodic process defined by

dX, AX dt + dWl,t,

Xo XT

O<=t<_T,

with E(dW., dW’,,) V1 dt. Suppose furthermore that a process Z,, 0 __< =< T,
is observed, which is given by

dZ CX dt + dW2 t,

(5.2)
Zo =0,

O<=t<=T,

where C is a constant matrix, and Wz,t, 0 <= < T, Brownian motion, independent
of W,,, with E(dW2,, dW’2.,) V2 dr. Using the results of 2, it is easily seen that
the mean value function of the process Z, 0 =< __< T, is identical to zero, while
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its covariance matrix function may be expressed in the form

fl f min(t,s)(5.3) cov (Z,, Z)
"0

with

O<=t,s<= T,

s)N, s <_ t,
(5.4) Lz(t, s)

N’T’(s, t)M’, <= s,

where

(5.5) M (C, 0), T(t, s) eFtt-s), N

Here

B’2C’I

(5.6) F

while Q is the variance matrix of the process Xt. Furthermore, it is easily estab-
lished that the cross covariance matrix of the processes Xt and Z is given by

(5.7) cov (X,, Z) Lxz(t, s’) ds’, 0 t, s < T,

where

MxW(t, s)N s <= t,
(5.8) Lxz(t, s)

N’x’(s, t)M’, <= s,

such that

Q
(5.9) M (I, 0), Nx

B’2
The results (5.3)-(5.4) and (5.7)-(5.8) conform to the assumptions of 4. The
matrix differential equation (4.7), which plays a central role, in the present case
takes the form

[A V,
(t)

(5.10)

A’ 0
S(t) + S(t)

V A
+ K(t)V2K’(t), 0 <= <= T,

s(o) 0,

where

(5.11) K(t)=[( QC’

B’2C’
s(t) O<t<T.

It is convenient to make the substitution

(5.12) U(t) O<t<T.
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This results in the matrix differential equation

(5.13)

O(t) FU(t) + U(t)F’ U(t)H’VflHU(t) + GVIG’,

Q B2
U(O)=

B’2 0

while

(5.14) K(t) U(t)H’V

Here, with a change from an earlier notation,

(5.5) v= o A’

O<_t<_T.

H (C,O).

O<t<_T,

The existence and uniqueness of the solutions of (5.10)-(5.11) and (5.13) are
guaranteed by Theorem 4.2.

The solutions of the filtering, prediction and smoothing problems for the
processes described by (5.1)-(5.2) are now easily solved using the results of 4.
It is advantageous to express these solutions in terms of the solution of the matrix
differential equation (5.13).

THEOREM 5.1 (Filtering problem). The minimum variance unbiased estimator

Xtl of Xt, given Zo, 0 <= 0 t, is given by

(5.16) XI (I, 0)P, 0 _<_ <= T,

where the 2n-dimensional process Pt, 0 <= <= T, is the solution of

dP P, dt + K(t)[dZ, (C, O)P dt, 0 <__ <__ T,
(5.17) 0 -A’

Po O.

The filtering error variance matrix is given by

(5.18) var (Xtl X,)= Ux(t), 0 <= <= T,

where UI is obtained by partitioning U(t) into four n n matrices as

Ull (t) U 12(t)
(5.19) U(t)

U’2(t) U22(t)],1 0 <= <= T.

THEOREM 5.2 (Prediction problem). The minimum variance unbiased estimator

XI of X, given Zo, 0 <= 0 <= s, is given by

(5.20) X,I (I, 0)eV(t-s)Ps, 0 <= s <= T,

with F given by (5.15) and where Pt, 0 < <= T, is obtained from (5.17). The pre-
diction error variance matrix is

(5.21)

var (X,I X,) (I, O)IeV(’-*)U(s e

+ eV(’-)GV G’ ev’(t-O) dO O<_s<_t<_ T.
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THEOREM 5.3 (Smoothing problem). The minimum variance unbiased estimator

Xtls of Xt, given Zo, 0 <= 0 <__ s, is given by

(5.22) XI Xtl + (I, 0)U(t)AIs, 0 =< =< s =< T,

where AtI is solved from

dAl -IF K(t)H]’Aldt + H’V ldZ- HPt dt], 0 <__ <__ s,

(5:23) AI 0.

The smoothing error variance matrix may be expressed as

Xt) U11(t --(l,O)U(t)Vfvar(Xtls
(5.e4

where E is the fundamental matrix satisfying

=(t, s) IF K(t)H](t, s),

Z(s,s)=l, O<=s<= T.

E’(O,s)H’V IHE(O,s)dO] U(t) Io)
O<=t<=s<=T,

0<t,s< T,

O<=t<=T,

(5.28) dZ (C, 0)Dr dt + dE2,t, 0 =< =< T, Zo 0,

where 2,t, 0 T is Brownian motion independent of Ex, with

E(dE2,t dZ’2,t) V2 dt,

and where, finally, Do is a stochastic vector, independent of the Brownian motion
processes, with expectation zero and variance matrix

Q B2)(5.29) var(O0)
Bz 0

Such a process D, 0 =< =< T, does not exist, however, since the right-hand side
of (5.29) is an indefinite matrix, and hence is not a variance matrix.

A simplification of the solution of the smoothing problem is obtained for

solution of

(5.26) dD, FD dt + dZx,t,
with Y;,t, 0 =< _<_ T, Brownian motion with

(5.27) E(dEI,,dE’I,,)=(
together with the observation equation

It is noted that the filtering, prediction and smoothing solutions as given
would have been obtained if the problem had been considered of estimating the
first n components of a 2n-dimensional process D, 0 <= <= T, which is the
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THEOREM 5.4 (Simplification of the smoothing solution). The minimum
variance unbiased estimator Xtl T of Xt, given Zo, 0 <= 0 <= T, may be solved from
(5.30) dXtl T AXtlT dt + V1F dr, 0 <= <__ T,

where F, 0 <= <__ T, satisfies
(5.31) dFt -A’Ftdt C’Vl(dZt CXtlrdt), 0 <__ <= T.

The boundary conditions are

(5.32) Xolr Xrlr, Fo Ft.
The reconstruction error variance matrix var (Xtl r Xt) is constant on [0, T].

Proof. Equations (5.30)-(5.32) may be proved by differentiating Xtlr as
derived from (5.22). That var (Xtl r Xt) is a constant matrix follows by recog-
nizing that E Xt Xtlr and Ft satisfy

(5.33)

dEdFt)
Fo

dt + C’V;X dWzt]’-C’VIC -A’ F

Equation (5.33) defines a periodic differential process, which proves that
var (E, F) and hence also var (E) var (Xtl r X) is constant on [0, T]. [3

6. Conclusions. Periodic differential stochastic processes turn out to have
several interesting properties. Kailath and Geesey’s results provide a convenient
method to solve filtering problems for such processes.
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ON THE NUMBER OF DIRECTIONS NEEDED
TO ACHIEVE CONTROLLABILITY*

HICTOR J. SUSSMANN-

Abstract. A set S of vector fields on a manifold M is said to be controllable if for every pair (m, m’)
of points of M there is a trajectory of S from m to m’. Going backwards in time is not allowed. If
every point has a fundamental system of neighborhoods in which S is controllable, then S is said to be
locally controllable. We show that on every manifold there exists a locally controllable system of
three vector fields, and that no system of two vector fields can be locally controllable (if dim M >= 2).
It follows that on every connected manifold there exists a controllable system of three vector fields.
For some manifolds (such as the special orthogonal groups, spheres and Euclidean spaces) we show
how to construct a controllable system of two vector fields.

In this note we shall discuss the following question: given a connected
Coo-manifold M, how many vector fields are needed to define a system which is
controllable on M? The precise definitions are given below. However, we emphasize
that in this paper a system is said to be controllable if, for every point m M, the
set of points reachable from m by trajectories of the system that goforward in. time
is M itself. As an illustration, the vector fields

in the x, y-plane do not define a controllable system. (For instance, the set reach-
able from the origin is the positive quadrant {(x, y)’x >= 0 and y >_ 0}.) To get a
controllable system it is sufficient to add a third vector field. Indeed, the system

cx’ cy’ +

is obviously controllable.
As we shall see, the situation of the preceding example is typical. We shall

show that on every connected manifold there exists a controllable system that
consists of three vector fields. Also, we show how to construct controllable systems
of two vector fields in some simple situations (such as M SO(n), or M S",
or M E"). It turns out that controllable systems of two vector fields exist on
every connected manifold. The proof of this result (due to N. Levitt and the
present author) will be given in [8].

We shall also consider the same question for the property of local con-
trollability, defined below. Here, our answer is complete" local controllability can
always be achieved with three vector fields and (except for the trivial case of one-
dimensional manifolds) it can never be achieved with two.

We now introduce our notations and definitions. If M is a C-manifold, we
use V(M) to denote the set of all Coo-vector fields on M. A vector field system is

* Received by the editors November 23, 1973, and in revised form January 24, 1974.
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a subset of V(M). If S is a vector field system, a trajectory of S is a continuous
mapping , from a closed interval [ti, tz] such that there are reals to,..., tk and
vector fields Xx, Xk in S with the property that ti to < < tk te and
that, for j 1,..., k, the restriction of to Itj_ 1, tj] is an integral curve of Xj.

The points 7(ti), 7(ty) are, respectively, the initial and the final point of the tra-
jectory. If rn and m’ are points in M, we say that m’ is S-reachable from rn if there
is a trajectory of S whose initial point is m and whose final point is m’. The set of
all points that are S-reachable from rn is called the positive S-orbit of m. We shall
use (9+(m, S) to denote this set.

The system S is said to be controllable if for every m e M the positive S-orbit
ofm is all ofM. Clearly, controllable systems can only exist on connected manifolds.

A system S is said to be locally controllable if every point has arbitrarily small
neighborhoods on which S is controllable. Precisely, this means that for every
m e M and every neighborhood V of rn there is an open neighborhood U of m
such that U

_
V and that the system Sv, whose elements are the restrictions to

U of the elements of S, is controllable. If S is locally controllable then the positive
orbits are open (trivial) and closed (if m’ is in the closure of (9 +(m, S), let U be a
neighborhood of m’ on which S is controllable. Then U contains a point
m"e (9 +(m, S). Since m" is S-reachable from m, and m’ is S-reachable from m", it
follows that m’e (9+(m, S)). Therefore, a locally controllable system on a con-
nected manifold is controllable. The converse is, of course, not true in general.

Our main result can now be stated.
THEOREM. Let M be a C-manifold. Then there exist three Coo-vector fields

X, Y, Z on M such that the system X, Y, Z} is locally controllable. If the dimension

of M is at least two, then no system of two vector fields can be locally controllable.
The remarks preceding the statement of the theorem enable us to conclude

the following.
COROLLARY. On every connected Coo-manifold there exists a controllable

system that consists of three vector fields.
We now turn to the proof of our theorem. To prove the first statement we

shall rely on a result of C. Lobry. In [5], Lobry proved that the following property
(C) of pairs (X, Y) of vector fields is generic:

(C) Let B(X, Y) denote the smallest set of vector fields which contains X
and Y and which is closed under the operation of Lie bracket. Then, for every
m e M, the vectors Z(m), Z B(X, Y), span the entire tangent space of M at m.

The assertion that property (C) is "generic" means that every pair of Coo-
vector fields can be approximated, in a suitable topology, by pairs of Coo-vector
fields for which (C) holds. We shall only need a weaker form of this result.

LEMMA 1. On every manifold M there exists a pair of vector fields which has
property (C).

In addition to Lobry’s result, we shall use the "positive form of Chow’s
theorem." A very short and elegant proof can be found in Krener [3] (cf. also [1],
[4], [6] and [7]).

LEMMA 2. Let (X, Y) be a pair of vectorfields that has property (C). Then every
positive orbit of the system {X, Y} has a nonempty interior.

We shall use Lemma 2 to prove the following.
LEMMA 3. Let (X, Y) be a pair of vector fields that has property (C). Suppose
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the manifold M is connected. Let Z -X- Y. Then the system {X, Y, Z} is
controllable.

To prove Lemma 3, let S {X, Y, Z}. We first show that the positive S-
orbits are dense in M. Let m M arid let N denote the closure of the positive
S-orbit of m. For a vector field W V(M), let W} denote the one-parameter family
of local diffeomorphisms induced by W so that, for p M, the curve W(p) is
the integral curve of W which goes through p when 0. It is easy to see that
whenever n N and >= 0, then Xt(n), Y(n) and Zt(n) also belong to N. Next
recall that the identity

(V / W),(n) lim (Vt/kWt/k)k(tl)

is valid for V, W in V(M).
(This can be proved as follows" let It, denote the union of the intervals

2it/k, (2i + 1)t/k, with 0, ..., k 1. Let uk denote the characteristic function
of I,k. For a function - u(t) defined on [0, 2t], use x(s) to denote the solution of

c(s) (1 u(s)) V(x(s)) -4- u(s)W(x(s))

with initial condition x(0) n. As k - , it is clear that the functions uk con-
verge weakly in the interval [0, 2t] to the constant function u(s) 1/2. Therefore,

lim x(2t)= x(2t).
k--*

But x,k(2t (Vt/k Wt/k)k(n), and x,(2t) (V + W)t(n).)
We can apply this identity with V Z, W Y, so that V + W -X. For

>= 0, successive applications of W/k and of Vt/k take points of N into points of N.
Since N is closed, we conclude that (-X)t(n) belongs to N. But (-X), X_t.
Therefore, we have proved that, if n N, then Xt(n) N for every real for which
it is defined. A similar conclusion is, of course, valid with X replaced by Y. There-
fore N is a union of orbits (or leafs) of the system {X, Y} (cf. [6], [7]). However,
the assumption that (X, Y) has property (C) enables us to apply Chow’s theorem
(cf. [1], [3], [4], [6] or [7]), and conclude that the {X, Y}-orbit of m is all of m.
Therefore N M, and this implies that (_9 +(m, S) is dense in M.

To conclude the proof of Lemma 3, we apply Lemma 2 to the vector field
system whose elements are -X and Y. It follows that the positive {- X, Y}-
orbit of any point m’ M has a nonempty interior. If m M, the density of (9+ (m, S)
implies that there is m"M which is both reachable from m by an S-trajectory
and from m’ by a {-X,- Y}-trajectory. Now, it is clear that a {-X,- Y}-
trajectory, if "run in reverse," becomes an {X, Y}-trajectory and, afortiori, an
S-trajectory. Therefore m’ is S-reachable from m". Since m" is S-reachable from m,
we conclude that m’ (9+(m, S). But m and m’ were arbitrary. Therefore, S is
controllable and Lemma 3 is proved.

Using Lemmas 1 and 3, we can prove the first assertion of our Theorem.
Let {X, Y} be a pair of vector fields that has property (C) (such a pair exists by
Lemma 1). Let Z -X- Y. Since property (C) is obviously local, i follows
that the pair {X/U, Y/U} has property (C) for every open subset U of M. (Here
"/U" means "restricted to U".) If U is connected, then {X/U, Y/U,Z/U} is
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controllable by Lemma 3. Since every point of M has arbitrarily small connected
neighborhoods, it follows that {X, Y, Z} is locally controllable.

To complete the proof of the theorem, we must show that a system of two
vector fields X and Y cannot be locally controllable. Assume that a locally con-
trollable system {X, Y} is given on a manifold M whose dimension is at least two.
Then there must exist a point m e M such that X(m) and Y(m) are linearly in-
dependent. (Otherwise, the orbits of the system {X, Y} would be zero- or one-
dimensional.) Let w be an element of the cotangent space of M at rn such that
(w, X(m)) (w, Y(m)) 1. Let f be a C-function defined on a neighborhood
V of m, such that the differential offat m is w. Then (Xf)(m) (Yf)(m) 1. By
taking a smaller V, if necessary, we can assume that the functions Xf and Yf are
positive throughout V. Let

V_ {m"m’ V and f(m’) < f(m)}.
Clearly, f is nondecreasing along every trajectory of {X, Y} which is contained
in V. Therefore no point of V_ can be reached from m by such a trajectory. But
V_ contains points arbitrarily close to m (because the differential of f at m does
not vanish). From this it is clear that V contains no neighborhood U of m such
that the system {X, Y}, restricted to M, is controllable. The proof of our theorem
is now complete.

The remainder of this paper is devoted to the discussion of some particular
examples of manifolds M for which we know how to show the existence of a
controllable system of two vector fields by "elementary" means. The proof that
this can be done in general will be given in [8].

To begin with, one can construct examples of this situation by letting M be
a compact connected Lie group G whose Lie algebra is generated by two elements.
We take X and Y to be generators of this Lie algebra, and we assert that {X, Y}
is controllable on G. Indeed, the way X and Y were defined guarantees that con-
dition (C) holds. It then follows from Theorem 7.1 of [2] that the system is
controllable.

An example of a Lie group for which this construction works is SO(n), the
special orthogonal group in dimension n (where n is arbitrary). Indeed, SO(n) is
compact and connected. Moreover, the Lie algebra of SO(n) can be identified with
the Lie algebra of all skew-symmetric n x n real matrices. It is easy to find a pair
of generators (for instance, the matrices A and B given by A (aij), 1 =< i, j _< n,
where alz 1, a.l -1 and all other entries equal to zero, and B (bij),

<_ i, j <= n, with

b12 b23 bn_l, 1,

b21 b32 bn,n-1 -1,

and all other entries equal to zero).
In fact, the construction of the preceding paragraphs can be used in a more

general situation. Suppose the manifold M is a coset space of a Lie group G for
which our construction works. If X belongs to the Lie algebra of G, then to the
one-parameter subgroup t--. exp (tX) of G there corresponds a one-parameter
group of diffeomorphisms of M whose infinitesimal generator is a vector field X.
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It is easy to see that, if {X, Y} is controllable on G, then {X, Y} is controllable on M.
Since the n-dimensional sphere S" is a coset space of SO(n + 1), the pre-

ceding remarks show, in particular, how to construct a controllable system
{X, Y} on S".

As a last example, we will prove a lemma which, in particular, shows how to
construct a controllable pair of vector fields on n-dimensional Euclidean space
". The idea is simply as follows" " is S" with a point r removed. Let {X, Y}
be a controllable pair on S". Let X’, Y’ be the restrictions of X, Y to S"
(i.e., "). It seems intuitively obvious that {X’, Y’} is controllable in " (if n >__ 2).
Indeed, if p and q are any two points of ", they can be joined by a trajectory of
{X, Y} in S". In fact, there are infinitely many such trajectories, and it seems
highly unlikely that all these trajectories will go through 7r. And, as long as we
can find a trajectory 7 which does not go through re, then 7 will be a trajectory of
X’, Y’} in ". The following lemma gives a proof that points (and, more generally,

closed submanifolds of codimension >__2) can be removed without destroying
controllability.

LEMMA 4. Let S be a vector field system on a manifold M. Assume that S is
controllable and that the Lie subalgebra of V(M) generated by S has maximal
dimension at each point of M. Let M’ be an open submanifold ofM which is obtained
by removing from M a closed submanifold of codimension >= 2. Let S’ denote the set

of restrictions to M’ of the elements of S. Then S’ is controllable.
Proof. Let p and q be points of M’. We must show that p and q can be joined

by a trajectory of S which is entirely contained in M’. Let us call such trajectories
"good". It follows easily from the "positive form of Chow’s theorem" that there
is an open subset U of M’ such that every point of U is reachable by a good
trajectory from p. Similarly, if we apply the positive form of Chow’s theorem to
the "reverse system" (i.e., {X’X V(M’) and X S’}) we conclude that there is
an open V

_
M’ such that q is reachable from every point of V by a good tra-

jectory. Take points r, s in U, V, respectively. Since S is controllable, there is a
trajectory 7 of S which goes from r to s. (Of course, 7 need not be good.) Let
k, to,..., tk, X a, Xk be such that

o < 2 < < t tf.
XJ S for 1 <= j =< k, and the restriction of 7 to Itj_ , tj] is an integral curve of
XJ. Clearly, we can assume that to 0. For each such that 0 _< =<
denote the local diffeomorphism

where j is such that tj_ =< =< tj. Thus, for each point m M, the curve --, F(m)
is the trajectory that corresponds to the same "control" as 7, but whose initial
point is m. In particular, the curve F(r) is precisely 7, and F(r) s. We can
certainly assume that F(U) V. (Otherwise, let U’ F (V f) F(U)) and re-
place U by U’ and V by (U )) Let A be the set of all points of M which are of
the form F-(a) for some a M M’, and some such that 0 <= =< ty. Then A
is the image of [0, ty] x (M M’) under the map (t, a) --, F- (a). The domain of
this map is a manifold whose dimension is strictly less than that of M. Moreover,
this domain is the union of finitely many pieces in each of which the map is C
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Therefore, by Sard’s theorem, the set A has measure zero in M. In particular, the
interior of A is empty. It follows that U contains a point r’ which does not belong
to A. Therefore, for every in [0, tr], the point Ft(r’ is in M’. It follows that the
trajectory Ft(r’) (0 __< _<_ ts) is good. Let s’ Fs(r’). Then s’ e V, so that there
is a good trajectory from s’ to q. Since r’e U, there is a good trajectory from p
to r’. Finally, we have seen that there is a good trajectory from r’ to s’. Therefore,
there is a good trajectory from p to q, and the proof of our Lemma is complete.
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INSTABILITY CRITERIA FOR TIME-VARYING NONLINEAR
FUNCTIONAL DIFFERENTIAL SYSTEMS*

E. NOLDUS$

Abstract. Instability criteria are derived for feedback systems containing a time-invariant linear
element in the forward branch, and a time-varying nonlinear feedback amplifier. The transfer function
of the linear element is not restricted to rational functions. The results are obtained using Lyapunov
techniques in function space. They are considerably stronger than those in early papers on the subject,
which are confirmed as special cases of the present ones.

1. Introduction. In 1967 Brockett and Lee [3] derived the instability counter-
part of the circle criterion for finite-dimensional systems. Since then a number of
instability criteria for feedback systems have appeared in the control theory
literature. The basic technique in proving these criteria may either involve the
use of Lyapunov functions derived from path integrals in state space [10], [11]
or Riccati-type algebraic equations, or rely on positive operator methods, re-
quiring the introduction of notions of causality and invertibility [1], [5], [12],
13]. The main advantages of the latter methods are their basic simplicity, the
intuitive nature of the arguments, and their independence of the dimensionality
of the state space. Lyapunov techniques however have their own merits. Speci-
fically they seem to provide the only means of investigating a system’s properties
in a subset of the state space. This is the case e.g., when a type of instability is
examined which drives the system in a sustained, bounded oscillation. Essentially
it must be shown in this case, that the system’s state is driven into a bounded
subset 2 of the state space, which does not contain the resting state, and after-
wards never leaves again. By estimating , such concepts as instability regions
or oscillation amplitudes could then be calculated. Results such as these seem to
remain out of reach of positive operator methods as presently applied. However
they can be obtained, potentially at least, by Lyapunov methods.

As a result some efforts have been made to extend the theory of Lyapunov
to include infinite-dimensional systems, and in particular, systems governed by
functional differential equations which will be studied here. Basic problems con-
cerning the existence and uniqueness of solutions, and the generalization of
LaSalle’s [9] Lyapunov theorems to functional differential systems have been
covered by Hale [8].

A method for the systematic generation of Lyapunov functionals for such
systems has been given by Gruber [6]. It represents an extension to infinite-
dimensional systems of a technique originally developed by Brockett for ordinary
differential equations [23. The method relies on a description of functional dif-
ferential systems in terms of convolution equations involving distributions with
compact support. A state space is defined, and quadratic functionals of the state
are generated by means of path independent line integrals in state space. Gruber
has successfully applied his method for solving certain problems in stability
theory and in optimal control. Here it is used for deriving instability criteria.
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The results of this paper can be divided into two classes: those pertaining to
the existence of unbounded motions, and those dealing with instability in the
sense of bounded, self-excited oscillations. The former ones have also been ob-
tained using positive operator techniques [12], the latter ones have not. The
systems under investigation are described by an equation

(1) p, z + f(q, z,t) 0

where p and q are distributions with compact support such that p D"6 + p’,
with D"6 the nth derivative of the delta functional and p’ and q distributions of
order less than or equal to n 1, and with support in [0, T], T > 0. f(u, t) is the
characteristic of a nonlinear, time-varying feedback amplifier. Although the
restrictions on p and q are somewhat stronger than necessary, (1) represents a
wide variety of dynamical feedback equations, including ordinary differential
equations, differential-difference equations and broad classes of functional dif-
ferential equations. A block diagram for (1) is shown in Fig. 1, where

H(s)
q(s)
p(s)

is the transfer function of a linear time-invariant operator, p(s) and q(s) denoting
the Laplace transforms of p and q. The state space of (1) is C C"-1[_ T, 0],
the vector space of all (n 1)-times continuously derivable scalar functions q(0),
with domain I- T, 0]. z,(O) [z(t + 0), 0 [- T, 0]] C is the state at time t.

The quadratic Lyapunov functionals of the state q9 used below are written
in the general form

(2) V1(q9) p , z q , z , (u , z)2-(?,z)2 dt,
t(0)

where p, q, u and ? are distributions of order smaller than or equal to n, and with
support in 0, T]. p, q and u are given, while ? is defined by a relation

G(s) 1/2[P(s)q(- s) + p(- s)q(s)l ui(s)ui(- s) ?(s)?(- s).

From the theory of the spectral factorization of entire functions one knows that
such a ?(s) exists if

Re G(flo) >_ 0 for all real co.

If z(t) is any function such that z(O) =q at t(q), and zt(O 0 at t(O),

H(s)

FIG. 1. A time-varying nonlinear feedback system
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then the integral (2) is interpreted as the line integral along the path in C, defined
by z(t). If the integral exists, i.e., the convolutions in the integrandum are square
integrable, then it is independent of the path, and hence a functional of the state
q) only. The theory of these line integrals and their applications in stab.ility theory
have been thoroughly studied by Brockett [2], [3], Willems [4], [7] and Gruber
[6]. We refer to these authors for further mathematical background. The paper
by Gruber provides an excellent introduction.

2. Objectives and definitions. Since the appearance of Popov’s work, re-
markable developments in the frequency techniques area have been reported.
Applications have appeared in stability theory, optimization, sensitivity analysis
and network theory. The following sections contain a contribution on frequency
methods in instability theory. The definitions of instability are chosen strong
enough to imply a well-specified asymptotic behavior. The results always appear
in pairs:

(a) a criterion which guarantees that the system state will leave a given
neighborhood of the (unique) equilibrium state, and afterwards will never return
to this neighborhood. A dissipative system (i.e., a system whose solutions are
ultimately bounded by a ball of sufficiently large radius), which satisfies such a
criterion, builds up a sustained oscillatory motion.

(b) a criterion which ensures the existence of unbounded motions. A system
which satisfies such a criterion in a bounded subset of its state space must leave
this subset after a finite time lapse. One advantage of instability criteria is that
they may provide a test for the sharpness of corresponding stability criteria.
Necessary conditions for stability being unavailable, one may successively apply
a stability criterion and an instability criterion to a given system. If both criteria
are sufficiently strong, the asymptotic behavior may be determined for most, if
not all, values of the system parameters. For such purposes instability criteria in
earlier papers are too poor. Assume e.g., that the nonlinear function f(u, t) satisfies
for all u, t,

kl u2 <= uf(u, t) <_ k2u2.

Instability conditions as stated e.g., in [1], [3], [13] then imply that the linearized
system, with f(u, t) ku, must be unstable for all kl <_- k _<_ k2. In reality a feed-
back loop becomes unstable under much weaker conditions. Suppose that the
system is unstable when linearized at the equilibrium state, but becomes stable
when linearized at points sufficiently far from equilibrium. Then one may suspect
that an unstable behavior of type (a) will occur. In the following sections we shall
be looking for criteria that apply to such cases.

We shall restrict ourselves to criteria of the Popov type. By this is meant that
in the frequency condition a multiplier of the form (1 + as) shows up. The results
however could easily be further generalized, in exactly the same manner as
Popov’s theorem has been generalized in stability theory, for example, as in [4].
Some manipulations on the feedback equation will be necessary. Let us con-
sider the case of a time-invariant system

(3) p* z + f(q* z) O.
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Assuming that f(0)= 0 and that f(u) is differentiable at u 0, let pl(s)= p(s)
+ f(l)(O)q(s), andfl(u f(u) f()(O)u. The linearization of(3) at the equilibrium
state, z 0, is P * z 0, and (3) can be written as

Pl * z + f(q, z) O, f]l)(o) O.

In what follows an important role is played by the zeros in the open right-half
plane (RHP) of pl(s). Assume there are a finite number n such zeros, 21,2.,
.., 2,,. Let

v(s) (s- ,).
i=1

Then the relation
Pl(S) V(S)W(S)

defines w(s) as an entire function. It is easy to see that the inverse Laplace trans-
form w -lw(s) has the order (n nl) and support e [0, T]. Furthermore if
z is a solution of (3), w, z is an (nl 1)-times continuously derivable func-
tion, and (3) is equivalent to

(4) v(D)2 + f(q * z) O,

(5) = w*z.

Equation (4) can be written in vector form as

(6) c M bf (q * z),

where

(7) 2 adj (DI M). b

and M is such that det (sI- M) v(s). Note that all characteristic values of M
are confined to the open RHP. In the sequence we shall often use the trans-
formation of variables
(8) z e-r’y

with r a real constant. By this transformation (3)-(5) become

(3’) p,. * y + e"tf(e-"tq,. * y) O,

(4’) v,.(D) + e"f(e-"q * y) O,

(5’) p= w,,y,
where e-p, and the distributions p, q, vr and w, are defined by their Laplace
transforms

p,(s) =p(s- r), q(s)=q(s- r), v,(s)= v(s- r), wr(s)= w(s- r).
Finally let us state our definitions of instability.

DEFINITION 1. Assume that for the system (3) an initial state z0 at 0 can
be selected arbitrarily close to the origin, such that for some to > 0 and some
e > 0, independent of z0, the following relation holds:

n-1

(9) Ilztl sup Izli)(O)l >= e > 0 for all => to.
i=0 -T<_O<O

Then we shall say that (3) is weakly unstable.
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The left-hand side of (9) is a suitable definition for the norm in the state
space C.

DEFINITION 2. Assume that for some r < 0, (3’) is weakly unstable. Then it
follows from (8) that

(10) IIz, --, c, --, +
where the initial state Zo at 0 can be selected arbitrarily close to the origin.
We shall say that under these conditions (3) is strongly unstable.

Definitions and 2 correspond to types (a) and (b) of unstable asymptotic
behavior described before.

3. Instability criteria for time-invariant nonlinear systems. In this section we
state and discuss four Popov-type instability criteria for time-invariant non-
linear loops. The proofs are rather lengthy. A detailed derivation of Criteria 1
and 2 is given in Appendix A. The proof of Criteria 3 and 4 is quite similar, and
an outline can be found in Appendix B. We have the following.

Caiaoy 1. Suppose

(i) ku2 _< uf(u) <__ k2u2 for all u;

(ii) + fl)(O)H(s) has n >= zeros in the open RHP and all other zeros in
Res< -d<0;

(iii) scalars >__ 0 and r, 0 <- r < d, can be found such that

(11) Re [1- (joo- r)][l+k2H(j) -r)1
+_1

1 +kH(joo-
-er>=q2 >0 for all real

Then (3) is weakly unstable. +_ 1 stands for either + or 1.
CRn:FON 2. Suppose

(i) ku2 <= uf(u) <= k2u2 for all u;

(ii) 1 + f)(O)H(s- r) has n >= zeros in the open RHP and all other
zeros in Re s __< - < 0, for a scalar r < 0;

(iii) for a scalar <= O, (11) holds.
Then (3) is strongly unstable.

In the next two criteria, an additional condition is imposed on the amplifier
characteristic f(u). On the other hand, the frequency condition is somewhat
weakened. The modifications read as follows.

CRITERION 3. In Criterion 1, condition (iii) may be replaced by"
(iii’) scalars >_ 0 and r, 0 <= r < d, can be found such that either

(12) f(O) dO >= -}uf(u) for all u,

(13) Re (1- @co)[l+k2H(jc1 + kxH(joo
> 0 for all real DO

or

(14) f(O) dO <= 1/2uf(u) for all u,

[l+k,H(jo9 -r)] =r/2(15) Re (1 jo)
1 + k2H(jo9

> > 0 for all real o.
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CRiTERiON 4. In Criterion 2, condition (iii) may be replaced by"
(iii’) for a scalar <= 0 either (1), (13), or (14), (15) hold.
The analogy between Popov’s stability theorem and Criteria and 2 is

apparent. The nonlinearity is characterized in the same way. In Criteria 3 and 4
there is an additional constraint on the nonlinearity. The frequency condition
however is less severe. To see this, note that (11) can be written as

I + k2H(jo r)l++- fir 2(16) Re(1 fijog)
+ k- fir

> > O,

where 0 =</r < 1.
This is stronger than (13) or (15), where 0r may be any nonnegative scalar.

Criteria 3 and 4 are important for practical applications, since many technical
nonlinearities satisfy condition (12) or (14). Nonlinearities caused by saturation,
cutoff or a dead zone belong to this class. If the amplifier characteristic is ex-
ponential, as, for example, in nuclear reactor models, (12) or (14) are not true, and
Criteria and 2 must be applied.

Criteria 3 and 4 have been published previously by the author, for the cases
of ordinary 10] and differential-difference equations [11]. They are now extended
to functional differential equations. Criteria and 2 are new. For r 0 the latter
ones are reduced to the results by Brockett and Lee [3] for ordinary differential
equations. As a rule however zero is a poor choice for r, such that the present
criteria are substantially better. As a simple example, let H(s) 1/(s + 1)3. Then
+ f(1)(O)H(s) has two zeros in the open RHP for f(1)(0) > 8, while the third

zero is in Re s < -3. For 0, r 1, (11) is certainly satisfied with k 0,
k2 > 0 arbitrary. Hence the feedback loop is weakly unstable if

f)(O) > 8, uf(u) >= 0 for all u.

This conclusion cannot be reached by selecting r 0. In some cases, such as for
systems with time delays, there may be no "best" choice for r: Every value of r
yields another class of nonlinearities for which instability is ensured. For r 0
we have the counterpart of the circle theorem as stated by Brockett and Lee [3].
For a 0, r -0, generalized circle instability theorems are obtained. These
remain valid for more general equations, for example, of the form

p* z + f(v* z).q* z =0

with

kl < f(u) <= k2 for allu.

4. Time-varying nonlinear systems. Criteria 1-4 can be generalized to systems
described by equation (1), with a time-varying nonlinear feedback gain. In-
tuitively it is clear that if f(u, t) varies very slowly with t, the preceding criteria
should remain valid. In this section the speed of variation of f(u, t) with is
measured by a parameter a. Subsequently this parameter appears in the frequency
condition, yielding instability criteria that involve a trade-off between restrictions
on the amplifier characteristic, on its speed of variation, and on the transfer
function of the linear element. We first state the generalizations of Criteria 2 and 4.
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CRITERION 5. Suppose

(i) k au2 <__ uf(u, t) <__ k2u2 for all u, t;

(ii) 1 + koH(S r) has n >_ 1 zeros in the open RHP and all other zeros in
Re s _< -e < 0, for all ko in k <__ ko <-_ k2 and for a scalar r < 0;

(iii) for scalars <_ 0 and a <__ 0 either

(17) A[f(u, t), a] <_ 0 for all u, t, and

Ii + k2H(j r-)r)1 =r/2(18) Re 1 (jrn r a)]
+ kH(jco.

r > > 0 for all real co

or

(19) A[f(u, t), -a] >= 0 for all u, t, and

(20) Re [1- o(jco- r- a)]II+klH(j9 -r)1 =r/2
1 + k2H(jco

er > > 0

Then (1) is strongly unstable. Here

_If’ cf(O, t) [k2u f(u, t)][f(u, t) kxu]
A[f(u t), a]

c3t
dO + a

(k2 kx
CRITERION 6. In Criterion 5 condition (iii) may be replaced by"
(iii’) for scalars <_ 0 and a <_ 0 either

for all real

(21) f(O, t)dO >_ 1/2uf(u, t) for all u, t,

condition (17) holds and

(22) Re [1- (jco- a)]I.li+k2H(Jc -rl>+ kH(jo9-
or

2 > 0 for all real

(23) f(O, t)dO <= -}uf(u, t) for all u, t,

condition (19) holds and

(24) Re [1- a(jo- a)][l+kaH(jcO -r--)r)l>q21 + k2H(jco
> 0 for all real

Criteria and 3 cannot be generalized along the same lines unless an addi-
tional constraint is imposed on the nonlinearity: The linearized system at the
equilibrium state must be time-invariant. Specifically we have the conditions:

/(a) fo f(u, t)/cu[.=o is independent of t;

(25) J(b) Scalars e and K can be found such that for all lul N e and for all t,

O] dOa(o, t)o If(o, ) fo lul

In practical applications f(u, t) is often periodic in t. Then (b) is automatically
satisfied. We now have the following.
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CRITERION 7. Suppose
(i) klu2 < uf(u, t) =< k2u2 for all u, t, and f(u, t) satisfies conditions (25);
(ii) + foil(s) has n >- 1 zeros in the open RHP and all other zeros in

Res=< -d <0;
(iii) scalars z >= 0, a >= 0 and r, 0 <= r < d, can be found such that either

(26) A[f(u, t), a] > 0 for all u,

and (18) holds, or

(27) Af(u, t), -a] <= 0 for all u,

and (20) holds.
Then (1) is weakly unstable.
CRITERION 8. In Criterion 7 condition (iii) may be replaced by"
(iii’) scalars >= O, a >= 0 and r, 0 <= r < d, can be found such that either

(21), (22), (26), or (23), (24), (27) hold.
For an outline of the proofs, see Appendix C. If f(u, t) is independent of t,

one may choose a--0. Then Criteria 1-4 are obtained again. If c3f(u, t)/c3t is
unknown, one has to select lal , the resulting criteria being of the circle type,
with a frequency condition

+ kzH(jo- r) 1,12Rel +klH(jo-r) >= >0 for all real

Another special case of Criterion 6 occurs when f(u, t) k(t)u, i.e., the case of a
time-varying linear system. Then conditions (21), (23) are satisfied, while (17),
(19) are reduced to

/(t) + 2a
[k2 k(t)][k(t) kl] < 0 for all t,

k2 kl

/(t)- 2a
[k2 k(t)][k(t)- kl]

_
0 for all t.

k 2 k

Further extensions of the results in this paper may be obtained by imposing
stronger conditions on the nonlinearity and correspondingly weakening the
restrictions on the linear element. This weakening may take the form of allowing,
in the frequency condition, a broader class of multipliers than the Popov multiplier
(1 + as). As a matter of fact, using a technique developed by Willems [143, it can
be shown that for time-varying linear systems, the Popov multiplier (1 e(s a))
in the frequency conditions (22), (24) may be replaced by any rational function
Z(s a), such that Z(s) is positive real. This is the instability counterpart of a
generalized circle criterion by Gruber and Willems [73.

5. Conclusion. It has been shown that frequency instability criteria for
functional differential systems can systematically be constructed using Lyapunov
ideas. Instability definitions have been stated in terms of the system’s asymptotic
motions. The obtained criteria are comparable to their stability counterparts in

resp.,



428 E. NOLOUS

formulation and in sharpness of results, as is demonstrated in specific applications.
Much known material has been confirmed as special cases of the new results. At
least part of these seem to be out of reach of the actual methods in positive oper-
ators research, which lately have been increasingly proposed for instability
analysis.

Appendix A. Proof of Criteria 1 and 2. We shall assume that k 0, the
general case being reducible to this one by standard manipulations. Then (3) is
equivalent to

(A.1) p* z + h[((1/k2)p + q)* z] O,

where the function h(u) is defined by its inverse

h-l(u) f-l(u)
k2

and uh(u) >= 0 for all u. (3’) becomes

(A.I’) p,. * y + e"’h[e-"’((1/kz)p,. + q,.)* y] O.

The criteria are proved in four steps:
(a) Define the quadratic functional

t((p)

V((p) [[(1/k2)p,. + q,. e(D r)q,.] * y. p,. * y ] at,
.’ t(O), ,( ) + ,(D , ) + ( y),

where qi > 0, 1, 2, and ? is determined by a spectral factorization as explained
before, This factorization is possible if for all real co,

l/k2 + Re [1 (jco r)]H(jco r) >_ (rl + r/2co2)lH(jco r)l )

which is satisfied for ]qi] sufficiently small if

(A.2) Re[1 -(jco-r)][1 +kzH(jco-r)]-r_>_q2 >0 for all real co

since the order of q is less than the order of p. Along the solutions of (3’) or (A.I’),
we have

-2p + q *e p + q *e

+ (z e2"tf(q * e-’y)Dq * e-"ty .
Let

!-- rtqr*y

V2((p, t) (z e 2rt f(O) dOly,=o

and

v(e, t) v,(q,) v(,, t).



INSTABILITY CRITERIA 429

Then

(A.3)

(s), 2- 1 +

f
rtqr*Y

W 2r e2rt f(O) dO <_ 0 for

r>O.

(b) The region V(tp, 0) < 0 is not empty, if:
(A.4) pit(s) pl(s r) has n >= zeros in the open RHP.

Recall that p(s) + ftl)(O)q(s) pl(s), and

p(s) + htl(O) -i-p(s) + q(s) 2p
h(1)(O)
k2

(A.7) 0<r<d.

Then plr(s) v(s)w(s), where all zeros of w(s) are confined to Re s <= -e r
d < O. Define

i0(S) Wr(S) H (S + gi), gi " > O,
i=1

where i0 has the order n and support 0, T]. The equation

(A.8) ,b* y 0

(c l) Assume that p l(s) has n -> zeros in the open RHP and all other
zeros in Re s < -d < 0. Select

(A.6) V(yt, t) < 0 for all >= 0.

After some manipulations, V(tp, t)can be written as

V(q), t) 2 + (D r)q * Y Pl * Y dt
t(O) 2Pr qr

gg(1)(O)(qr, y)2] dt+
rtqr*Y

e’ A(o) 0=.

Assume that, for example, > 0 is a zero ofp l(S). Choose c e, T 0 0,
and compute the line integrals in the first two terms of (A.5) along the path de-
fined by the function y(t) c eut, hence with y(O) e, t(O) -, t() O.
The first term disappears since Pl * Y 0. The second term has the form -Bc2,
B > 0, since ? * y is not identically zero along the integration path. The third term
(where 0) is infinitely small of third order as c 0, since fix)(0)= 0. So
V(, 0) < 0 for c sufficiently small. (a) and (b) imply that along the solution of
(3’) that starts at at 0,
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therefore has a unique solution y(tp) that starts at (p at 0, and approaches
zero for --, + oe, since all zeros of/3(s) are in Re s =< -e < 0. Compute V(q, t)
along the path defined by y(tp). Then t(tp) 0, t(0) + oe. (A.8) can be written
in vector form as

v} Gv, G diag (gl

where the components of are independent linear combinations of .9, Dp, ...,
D"’" 1.9. Along the path y((#) we have

--2AZ(v + + w,)ly,=o ,,22A2(glx2 + + g,w,)dt.

Since along the solutions of (A.8), Plr*Y vr(D)9 is a linear combination of
1 ,,, it is now clear from (A.5) that

V(tp,t)= -A2(2 + +w,,)+ 6o(qr*y)Z

e2r’ fl(O) dO + ,
yt=q

where * >__ 0 for A sufficiently large, and 6o > 0 is sufficiently small. Because of
(A.6) this implies that for all __> 0,

qr*Y
^2 A(O)dO < 0-A2(2 + + w,,) + ao(G* y)2 e2,

or, after multiplying with e-2rt,
q*z

^2(A.9) A2(0 + + v,,) > 6o(q * z)2 fl(0) dO,
’0

where 1"’" ,, are linear combinations of , Di,-.., D"’- 1, i.e., of the com-
ponents 2i of the vector 2.

(d) We shall now construct a neighborhood N(z,) around the origin, and
show that the system state must leave it. Select o > 0 sufficiently small such that
for all [u (o,

fl(O) aO

This is .possible since f]l)(0) 0. Because of (A.9) it follows that

(A.10)

if

(A.11)

Define

A2(O + + 02)> 1/26o(q * 2)2

(q * z)2 _<_

N(z,) [z, ;(q * z)2 =< (g, U(z,) <=
(A.12) U(zt) 2’U2,
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where U U’ > 0 is the solution of

M’U+ UM=I.

(i) An initial state Zo can be selected arbitrarily close to zero such that the
corresponding trajectory leaves N(zt) after a finite time interval. Indeed, suppose
that (q * z)2 < ( for all >__ 0. Then to > 0 must be found such that U(z,) > e.
Deriving (A.12) with the aid of (6) yields

(_I(zt) ’- 2b’fx(q * z).

For U(zt) e2, the first term in the right-hand side is infinitely small of second
order and positive. The second term is infinitely small of third order, because of
(A.10) and f]l)(0) 0. Hence there exist scalars e and 6 > 0 such that

(J(z)- 6U(z,) >= 0 for U(zt) <

which proves the existence of a finite to for which U(Zto >
(ii) This trajectory cannot re-enter N(z) for > 0. Indeed, if a trajectory

enters N(z,) at time t, there are two possibilities"

either" U(z,) <= e., (q. z)2 );
This is impossible because of (A.10) if we choose e sufficiently small.

or" U(z,) e, (q * z)2 =< (o.

Now the trajectory cannot enter N(z) as O(z) > 0. We conclude that

(A.13) U(z,) + (q * z)2 min ((oz, eo2) > 0 for all _>_ to.
Since i, 1, ..., nl, are linear combinations of w * z, Dw * z, ..., D"1- lw * z,
which all, as well as q z, are convolutions of z with distributions of order _<_ n
and support in [0, T], (A.13) implies (9). The imposed conditions are (A.2), (A.3),
(A.4), (A.7), which can be restated and generalized as in Criterion 1.

Let us now start again at the third step.
(c2) Choose r < 0 and assume that p,.(s) has n >_ zeros in the open RHP,

and all other zeros in Re s < -e < 0. V(q, t) is computed as before. One finds

2 e2rt fr- rtqr*Y

A2(I&I2 -+- q- Wnl -+- O f(O) dO >- V(q, 0) > 0 for all _>_ 0

or, after multiplying with e-

A2(A.14) A2( +... + v,,1) + o fx(O)dO-+ +oo fort--+

which implies (10). This proves Criterion 2.

Appendix B. Proof of Criteria 3 anti 4. The proof is quite similar to the
preceding one. The only difference occurs in the definition of Vl(q), for which we
now take

V q) - pr + q oDq * y p * y dr.

U U’ > 0 denotes a symmetric positive definite matrix.
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This requires that

Re (1 jco)[1 + k2H(jco r)] >= 2 > 0 for all real co.

Choosing Vz(q, t) and V(q), t) as before, and differentiating yields

l)(y,, t)= -eZr’(-p + q)*e-rty hI(--zp+q*e
+ r e uf(u 2 f(Ol dO

=q* rty

<0

ar uf(u) 2 f(O) dO <=0 for allu.

for

Instead of (A.5)we have

t() Iv(o, t) , t(O)

"f(o, t) o,t f(u, t) + c
<0

1

forar > 0

The proof then proceeds as in Appendix A.

Appendix C. Proof of Criteria 5-8. We start from the system equation (1)
and the analogues of (3’), (4’), (A.1), (A.I’), with f(u, t) and h(u, t) replacing f(u)
and h(u). To prove Criteria 5 and 7, let

Vl(q) (1 + a) -2G + q e(D r)G * Y" G * Y P dt,
t(O)

which introduces the frequency condition

Re[1-e(jco-r-a)][1 +kzH(jco-r)]-er_>_r/2>0 for all real co.

Vz(q), t) and V(q, t) are defined as before, replacing f(u) by f(u, t). Differentiation
yields

I )’1P q _ty]hI(__2p+q),e_ty(/(yt, t) e2t
g2

+ * e

fO
rtqr*Y

2r eTM f(O, t) dO
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and

I I 1 fo’Of(O’t)dOl >0 frallua u -2 f(u, t) f(u, t) + c3-----
So the new elements in the proof are:

(a) In the derivative of V2 an additional term appears, due to the fact that
the amplifier is nonstationary.

(b) Since l?(yt, t) must be nonpositive, this requires an extra term in the
quadratic part of V(tp, t), which causes the parameter a to show up in the frequency
condition.

Now we proceed as for time-invariant systems. For the proof of Criterion 5,
note that tO can be so selected that V(qg, 0) < 0, if 1 + koH(s r) has at least one
zero in the open RHP, with ko Of(u, 0)/c3ul,=o, hence, kl =< ko < k2. This is
sufficient to derive a relation such as (A.14). The proof of Criterion 7 can be con-
tinued along the lines of Appendix A, if (25) is satisfied. Criteria 6 and 8 are left
to the reader.
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ON THE DIMENSIONS OF CONTROLLABILITY SUBSPACES:
A CHARACTERIZATION VIA POLYNOMIAL MATRICES AND

KRONECKER INVARIANTS*

MICHAEL E. WARREN AND ADRIAN E. ECKBERG, JR."

Abstract. The controllability subspaces of a pair (A, B), instrumental in the formulation of the
geometric theory of decoupling, are shown to have a natural analog in terms of the kernel of the singular
pencil of matrices (2I A B). In addition the pencil of matrices leads directly to the multivariable
canonical form of Brunovsky.

The possible dimensions of controllability subspaces are shown to be completely determined by
a set of invariants of the pencil of matrices. The minimum dimension of controllability subspaces which
contain arbitrary subspaces of the image of B is ascertained, and a construction for such subspaces
is given.

1. Introduction. The theory of the decoupling of constant linear systems by
state feedback received a considerable boost with the advent of the geometric
theory of Wonham and Morse [103. Their formulation relied heavily on the
concept of a controllability subspace (c.s.), that is, a vector subspace satisfying
certain restrictive conditions. Solvability of decoupling problems then became
equivalent to finding suitable sets of c.s.

At approximately the same time, the results of Wolovich and Falb
Brunovsky [13, Popov [7], Kalman [6 and Rosenbrock 8] led to a definitive
canonical form for the input-state dynamics of time invariant linear systems.
Kalman [6] and Rosenbrock [8] sensed the relationship between this canonical
decomposition and Kronecker’s classical theory of pencils of matrices, while
Wonham and Morse [11] recognized that the decomposition was in terms of
controllability subspaces.

The purpose of this paper is two-fold. First we show there is a strong and
natural connection between controllability subspaces and elements in the kernel
of a singular pencil of matrices. Furthermore, the pencil of matrices leads easily
to the canonical form of Brunovsky. Then exploiting certain invariants of the
pencil of matrices, we are able to make definitive statements about the dimensions
of possible c.s., including the existence and uniqueness of c.s. of a given dimension.

In what follows, we shall be concerned with linear time invariant systems
whose input-state dynamics are described by either the difference equation

Xk + AXk .at- BUk,

or the differential equation

(t) Ax(t) + u(t),

* Received by the editors August 31, 1973.
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of Technology, Cambridge, Massachusetts. The first author is now at the Electrical Engineering
Department, University of Florida, Gainesville, Florida 32603. The second author is now at Bell
Laboratories, Holmdel, New Jersey 07733. This research was conducted at the Decision and Control
Sciences Group of the M.I.T. Electronic Systems Laboratory, and supported by the National Science
Foundation under Grant GK-25781.
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where x e R", a real n-dimensional vector space, and u e R’, with A and B real
matrices of appropriate dimensions. The algebraic structure of A and B which we
will develop is independent of the specific dynamics, and thus will apply equally
well to systems governed by either differential or difference equations. Further-
more, although we choose real vector spaces for concreteness, everything that
follows will hold for vector spaces over an arbitrary field.

Except where otherwise specified, we shall use upper case italic letters to
refer to linear transformations between vector spaces or their associated matrices.
Script letters will denote vector spaces or subspaces. Lower case italic letters will
indicate vectors while reals (field elements) will be represented by lower case
Greek letters. When appropriate, we shall also indicate the image of a map B
by M; and if b M, stands for the subspace spanned by b. Further, if A’R"
is a linear map, and is A-invariant, we write A[N to indicate the restriction of
A to the subdomain N. The dimension of a subspace ’ is given by dim ’.

The space of polynomials with coefficients in R" is denoted by R"[2]; note
that this is an R[2]-module. The degree ofa polynomial u(2) is indicated by deg u(2).
We let _m denote the set of integers 1, 2, ..., m}, and for an ordered set of scalars
{vl, vk} we let

Vj
i<_j

If {. is a set of vectors, we refer to the subspace spanned by the elements as
span }, and we indicate the jth standard unit vector (1 in the jth position, zeros
elsewhere) by ej. Finally the transpose of A is given by At.

IfA’Sf Y’, M of, and dim n, then {AIM} M + AM + + A"-
i.e., the space reachable under the action of A from inputs to M. We say that
(A, B) is a controllable pair if {AIM} f. Following [10], a subspace U c f is
(A, B)-invariant if there exists a map F’R" R such that (A + BF)U U. A
subspace N is a c.s. of (A, B) if is (A, B)-invariant and ’ {A + BFIM
for some F; that is, every element in N is reachable under the action of A + BF
from inputs to M fq .

2. Some preliminary results. In this section we show that the concept of a
controllability subspace for a pair (A, B) has an analog in terms of the kernel of a
particular polynomial matrix. Furthermore, certain invariants of this polynomial
matrix are shown to lead quite naturally to the canonical form for controllable
pairs developed in [1], [6, [7], [8] and [9].

LEMMA 1. If is a c.s., then for every nonzero b M f] #t, there exists a matrix
F such that

(1) {A + BFI} .
Moreover, F can be chosen to satisfy both (1) and

(2) (A + BF)*b O,

where r dim .
Proof. This is a special case of Theorem 4.2 in [10]. We are choosing F so

that is cyclic with respect to A + BF, with generator b, and so that (A +
is nilpotent.
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This last result leads to an interesting characterization of controllability
subspaces.

LEMMA 2. A subspace c R" of dimension r is a c.s. if and only if there exist

x(2) t R"[2] and u(2)t R’[2] such that
(i) deg u(2) k and deg x(2)= k- 1, for some k >= r;

(ii) (21 A)x(2)= Bu(2);
(iii) If x(2)

_
2’-1x,_ x, then span {Xg_l, it k}.

Proof. Necessity. Suppose is a c.s. of dimension r. Let b t f-] and F
be chosen to satisfy (1) and (2). Define

so that

U(/)= 2iuitRm[} and x(2)--2 /ixi
i--0 i-0

Bu b,

u F(A + BF)"-i- lb,

x (A + BF)"-i- b,

O<=i<r-1,

O<_i<_r-1.

Then (i) is trivially satisfied; (ii) follows by comparing coefficients of powers of 2,
and by using (2); (iii) follows from (1).

Sufficiency. Let u(2)t R"[2] and x(2)t R"[2] satisfy (i)-(iii). We shall demon-
strate that

(3) A c +
and that

(4) #,

where o 0, and (A/_ + N’) f’l for t _k.
The result will then follow from Theorem 4.1 in [10].
From (ii) it is easily seen that Ax xg_ Bug for 1 =< =< k 1, and that

Axo -Buo; thus (3) follows from (iii).
To demonstrate (4), define subspaces as

/= span {Xk_ 1’ Xk- 2’’’" Xk-i} for t k_.

Clearly, 1 c 1 moreover, from (ii) it is easily seen that /c (Ai_ + ) f"l
for. 2 _<_ =< k, whence it follows inductively that c for all it __k. But clearly,
k , and (4) follows.

Remark 1. If a pair (x(2), u(2)) can be found which satisfies conditions
(i)-(iii) of Lemma 2, and satisfies the additional condition that the coefficients in
x(2) are independent, then one can find a matrix F such that Fxi_ ug_ for
all t __k. It then follows that Xk- t gl is a cyclic generator for N with respect
to the matrix A + BF.

We have thus established a characterization of controllability subspaces in
terms of elements of ker (M A; -B), where the matrix (21 A; -B) is to be
interpreted as representing an R[2]-module morphism" Rm+"[2]--, R"[2]. Ele-
ments in ker (21 A;-B) may in turn be characterized by the minimal column
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indices {vg, iem_} and a fundamental series {zi(2), e_m} associated with the
singular pencil of matrices (2I A B). These two sets are determined as follows
(see [5, Chap. 121)"

(i) Let v be the least degree of all nonzero elements of ker (2I A;-B),
and choose z 1(/l) e ker (2I A B) so that deg z 1(2) v

(ii) For each i, 1 _<_ _<_ m- 1, after having chosen {zj(2), j e t_’} we define

vi+ to be the least degree of all elements z(2)e ker (2I A; -B) such that z(2)
is not an element of the submodule generated by the set {zj(2), j e i}. Then choose
zg+l(2)eker(2I- A;-B) so that degzg+l(2 Vg+l and so that zi+1(2) is not
an element of the submodule generated by {zj(2), j e i}.

We shall call the set {vg,/e_m}, so obtained, the set of Kronecker invariants
of the pair (A, B). Note that by the construction of this set, the vg’s are ordered as
0 - 1) 1) 2 ])m" The sets {vi, iem_} and {zi(2),iem_ enjoy other prop-
erties, which we now state.

PROPOSITION 1. Let (A, B)e R""x R"" be a controllable pair such that
rank B m. Then the Kronecker invariants and the fundamental series, as deter-
mined above, satisfy"

(i) The set {vi, em_} is well-defined and unique;
(ii) vi > 0, all em_;
(iii) ,, vi n;
(iv) {zi(2), e_m} is a set of free generators for ker (21- A ;-B), and any

z(2) e ker (21 A B) can be uniquely written as

i:vi _< deg z(2)

for appropriate ag(2)e R[2] such that deg ai(2) =< deg z(2) vg;
(v) The fundamental series {zg(2), e_m} is not uniquely determined; however,

for each such that vg < vi+, the submodule /gg a__ (submodule generated by
{zj(2), j e/}) is invariant with respect to the choice offundamental series;

(vi) If each zi(2 is partitioned as zi(2) (s/(2) tT(2Ti where ti(2)e Rm[2] and
si(2)e R"[2], then deg si(2)= v 1 and the collections of coefficients {ti,v,, em_}
and {sij; 0 <_ j <= v 1, ie_m} are bases for R and R".

Proof. See references [1], [6], or [7] for (i)-(iii); [2] and [4] for (iv); [5] for
(v); and [2, Thm. (4.5-22)] or [9] for (vi).

Now consider the pair (sg(2), tg(2)), as determined by zg(2). This pair of
polynomial vectors satisfies

(2I- A)si(2 Bti(2).

Thus, from statement (vi) of Proposition 1 and from Remark 1, it follows that
span {sij, 0 <= j _< v 1} is a c.s. generated by sg,v,_ 1. We call this c.s. g"

(5) i
__a span {sij, 0 <= j <= vi 1} for e_m.

Since {sij; 0 <= j <= v

(6)

1, e_m} is a basis for R", it is clear that

R" @... @.
However, because the fundamental series {zg(2),ie_m} is not unique, the de-
composition of R" via (6) is not unique. In spite of this fact, there are certain
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properties of the decomposition (6) which are invariant with respect to the choice
of fundamental series zi(2), t _m}.

PROPOSITION 2. The subspaces i 1 ( i for which v < vi+ are
invariant with respect to the choice offundamental series {zi(2), it_m}.

Proof. From Proposition 1, (iv)-(v), it is easily seen that when vi < v+
span {ski;0 =< j <_ vk 1, k t i} is invariant with respect to the choice of funda-
mental series {zi(2), it_m}. This proves the proposition.

PROPOSITION 3. The subspace i 1 i for which v < Vi+ is the
maximal c.s. contained in the subspace A-Vi(M + + A’- 1).

Proof. is obviously a c.s. and is contained in, A-,( +... + A, 1).
Let U be a c.s. larger than /. Let P denote the projection on i and along
(j, j. Then clearly P :/: 0 for some j > i, and since f is a c.s. we must
have PjU j. Hence there exists an x tU such that x ,,a,s,, with

aj,j_ - 0. But sj,j_ vvi for j > i, and as the si, are a basis, clearly x
proving the assertion.

Finally, from the fundamental series {zi(2)= (s](2) tvt2T, it_m} we can
determine a feedback matrix F such that the fundamental series associated with
the controllable pair (A + BF, B) is of a particularly simple form; this will then
lead to a "canonical" form for (A, B). We define F as follows. Since {sj} is a basis
for R’, there exists a matrix F such that

Fs,i= t,j, O < j <= vi- 1, tm_.

It now follows easily that

(21 A BF)si(2 2 ti,vi for each

This last relation completely specifies the maps A + BF’R" R" and
B’R R" with respect to the bases {s,j} (in R") and {ti,,} (in R). That is,

Bti si 1,

while

(A + BF)si, { si’J- ififj=0,1<= j <=
tm_

vi 1, tm_

Thus, with nonsingular matrices S and G defined as

and

it follows that

S ($1, 0 $1,1 Sl,vx_ $2,0 Sm,vra-- 1)

G tl,vl

S- 1BG (e e ...; ev.),
S-I(A + BF)S block diagonal (H; H,,),

where H is k x k with ones on the superdiagonal and zeros elsewhere.
We shall refer to the pair (S-I(A + BF)S, S-1BG) as the Brunovsky canon-

ical form for the pair (A, B). In the sequel it will be convenient to work with



DIMENSIONS OF CONTROLLABILITY SUBSPACES 439

this canonical form. We note that the fundamental series associated with
(S-I(A 4- BF)S, S- 1BG) is

{zi(2) (sT(); tT(2))T, 6m_

with

ti(2 2viii,

si(2) 2’-1 e, + + e, i6m-vi+l

where i is the ith standard unit vector in Rm. For this choice of fundamental
series the subspaces Mi c R are given as

i span {e,, ev,_ e mvi+l

3. Dimensions of controllability subspaces. We consider a controllable pair
(A, B) in the Brunovsky canonical form. As indicated in the previous section,
this form is compatible with a natural direct sum decomposition of the state
space into controllability subspaces Mi, e _m, with

=span{ev_v,+l,...,e,I,},
where ej is the jth unit vector in the canonical basis for R". Denote the projection
on , and along )j,i by Pi, i_m, and the set {j _mlPj 4: 0} by M() for any
subspace . Then we have the following bound on the dimension of a c.s.

LEMMA 3. Let t be a c.s. of the pair (A, B). Then dim _>_ max {vjl j M()}.
Proof. Since is a c.s., {A + BF[ } for some appropriate F.

Further, we know that may be singly generated by a b f’l . Pick such a
b ,, aeq, since the e, are a basis for . By the particular form of (A, B) it
is obvious that the c.s. is spanned by the columns of the matrix

where only possibly nonzero elements have been shown. It is obvious that
P? 0 iff the v’ v + 1 through v’ rows of W are identically zero. Thus if

P 4: 0, W must contain a nonsingular lower triangular submatrix of dimension
vi vi, hence must have column rank >= v, which proves the lemma.

Remark 2. This lemma is the state space analog of Proposition (iv).
The dimension of a c.s. may be similarly bounded from above.
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LEMMA 4. Let be a c.s. of the pair (A, B). Then

dimt_<_ v.
jeM()

Proof. Clearly Pi 0 for i M(). Then (i,M(e) P) 0 or equivalently
c ker (i,M(e)P)= i(e)" Since the Nj’s are independent, this latter

subspace has dimension jM(e) V and contains , proving the lemma.
THEORFM 1. Let V {Va,..., v,} be the set of Kronecker invariants of the

controllable pair (A, B). Then there exists a c.s. of dimension p iff

(7) max {v,lvi U} <= p <__ v
vieU

for some subset U of V.
Proof. Necessity. Let U {vili e M(M)}. Then the result is immediate from

the preceding two lemmas.
Sufficiency. Given a subset U c V and a p satisfying (7) we shall construct a

c.s. M of dimension p by summing the c.s. M possibly with some "overlap". First
order the elements of U in decreasing size (vi, vi and define s as the smallest
integer such that /s l<__s vi is greater than or equal to p. If p / then we may
construct a c.s. of dimension p by forming the direct sum of c.s. Mi, @)
If r/ exceeds p, then for s > 2, we shall construct a c.s. of the form
@) M_ @) , where is a c.s. of dimension p /_ obtained by "overlapping"
the c.s. M_, and Mi. Finally if r/ > p and s 2, then we shah construct a c.s.
of the form above. Hence it suffices to consider only the cases p r/s for some
s, or 1 < P < /2.

To prove the first case we need only show how to form the direct sum of two
c.s., say i @ . Consider the feedback which changes the (v, v’- vi + 1)-

Vielement of A from zero to one. With this feedback, (A + BF) e -e, that is
the c.s. @ .i is generated by the generator of.

To prove the second case let p < vi + v. By choosing feedback such that
the (v’, v’ (p v 1))-element of A is changed from zero to one, it is easily
seen that the resulting c.s. generated by e,,. is spanned by the set of p independent
vectors

ev,,ev,-a, ev, + ev, ev, + ev v+ +1,--p+vj i--vi+l --vi-- p

ev-v/-vj+p, eva-v./+ 1}

and hence is of dimension p.
Remark 3. The constructions used to prove sufficiency have an analog in the

context ofLemma 2. Let [s((2);t(2)]T be the ith free generator ofker [21 A; -B],
that is, M is the span of the coefficients of s(2). Then for any k _>_ 0 it is easily
seen that

(21- A)(2si(2) + sj(2))= B(2ti(2) + tl(2)).
When k vj, the spans of the coefficients of 2s(2) + sj(2) yield the c.s. Mi @) Mr.
For 0 < k < v. <_ v the span of the coefficients of 2s(2)+ sj(2) is a c.s. of
dimension v + k of the form 2 in the proof of Theorem 1. It should be clear that
these constructions are not unique. We may replace 2* by (2), any polynomial
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of degree k, and achieve controllability subspaces, albeit possibly different ones,
of the appropriate dimensions.

Theorem 1 indicates that the possible dimensions of controllability subspaces
of a pair (A, B) are directly determined by the Kronecker invariants of (A, B). If
one considers the Kronecker invariants to be represented by line segments of
length v

V 2

vm
then the theorem states that the corresponding dimensions of possible c.s. are
given by the lengths of line segments obtained by joining together some of the
above line segments, with the possibility of integral overlap, for example,

V1 V2 1)1 V3

etc.
Furthermore we have the following corollary.

* + 1 then there exists no c.s.COROLLARY 1. If for some j m 1, vi+ > Vj
of dimension p, where p is any integer satisfying v < p < vj+ 1.

Proof. This follows directly from Theorem 1, as any subset of the set
U {viii <__ j} clearly fails the upper bound in (7), while if U includes any elements
vk for k > j, it likewise fails the lower bound in (7).

For example, if the Kronecker invariants of (A, B) are (1, 2, 5), then c.s. of
dimensions 1, 2, 3, 5, 6, 7, 8 exist, whereas no c.s. of dimension 4 exists.

The constructions of Theorem 1 and Remark 3 are suggestive of the unique-
ness of c.s. of certain dimensions. Indeed, we have the following.

COROLLARY 2. Let be a c.s. of dimension p. Then is the unique c.s. of
* for somej6m- 1 In particular, ifv2 v thendimension p iff p v < v+x is the unique c.s. of dimension vx.

Proof. Sufficiency. Assume dim N p v < vj+ x. By Lemma 3, Pit 0
for i> j, so._. c fl,>,kerij Pi O..=jt.<,k" Since dim Qk=j<,k v’o we must
have N? @)k__<j N?k" However, regardless of the nonuniqueness of the set of c.s.

k, the subspace @k<__jtk is unique by Proposition 2, since vj+ > vj.
Necessity. We will show that if there exists any c.s. of dimension p such that

* v for any j em, then there are, in general, manyeither p- v or p- v +1

different c.s. of identical dimension.
Consider first the case p v] for any j e_m. Assume there exists a c.s. of

dimension p. Define s to be the largest integer such that v < p, and let q p v
Then by Remark 3 following Theorem 1 it is clear that given the polynomial
vector

u(/) /v-s-1 +qts(2 nt- 2v*-2 +qt 1(/) -+- -- Jqtl(2 -k- Ots+ x(/)
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for any nonzero a R, the span of the coefficients of the corresponding x(2) is
a c.s. of dimension p. Further, since q < v + 1, it is clear that for a # fl, both non-
zero, the spans of the coefficients of x(2) and xa(2) differ.

* > vj Clearly the polynomial* for some j m, but vj +Now assume p vj
vector

Uo(,) -t() + ,-t_ (,) + + t(,)

has an associated x0(2), the span of whose coefficients is given by 1 "" (R) j,
a c.s. of dimension p. However, the polynomial vector

u(2) 2-,t(2) + ),vT-2tg_ 1(2) + + t1(2 + tj+ 1(2),

where R, has an associated x(2) whose coefficients span a different c.s. of
dimension p. Further, if -/1, then the c.s. associated with u,(2) differs from that
associated with ua(2).

Note that we have shown that for systems defined over the reals (or any
other uncountably infinite field), if there exists more than one c.s. of a given
dimension, then there exists an uncountable number. In the example with
Kronecker invariants, 1, 2 and 5, the c.s. of dimensions 1, 3 and 8 are unique,
while there are nondenumerably many c.s. of dimensions 2, 5, 6 and 7.

4. Minimal dimension controllability subspaces. In 2 a characterization of
controllability subspaces in terms of the free generators of the kernel of the
singular pencil of matrices [/ll- A;-B] was developed. Using this represen-
tation, requirements on the possible dimensions of c.s. were derived in 3. In
this section we wish to explore c.s. constrained to contain, or cover, a given sub-
space; in particular we will construct minimal dimension c.s. covering subspaces
of.

Consider an element b ). If is a c.s. containing b, then by Lemma 1,
there exists a feedback map F such that

span {b, (A + BF)b,..., (A + BF)"- b},
and (A + BF)"b- 0. Combining this fact with the characterization of c.s. in
terms of the pencil of matrices, we may view any c.s. containing b as the span
of a trajectory generated by driving b to zero. Clearly then, the minimal dimension
c.s. containing b are in 1-1 correspondence with the spans of the trajectories
arising from driving b to zero in a minimal number of steps, i.e., the spans of
trajectories {b, (A + BF)b, ...} that contain a minimal number of nonzero vectors.

It should be noted that driving a vector x to zero in r steps implies the con-
struction of an input string {ur_ 1, "’", u0} such that if

xr-1 x and x,r-i-1 Axr_ + Bur-i, 1 <= <_ r,

then x_ 0. If X e M, this is of course equivalent to finding u(2) g=o 2iui and
x(2) i-ol 2ix such that Bu x and (21- A)x(2) Bu(2). It surely suffices
to find a feedback map F such that if

xr-1 x and xr-i-1 (A + BF)xr_i, 1 <= <= r,

then x_ 0.
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If we wish to drive an element b M to zero in aminimal number of steps, it
seems natural that the span of the trajectory excluding b should be independent
of M. This is indeed the case.

LEMMA 5. Let b. If there exists a feedback map F and a trajectory
{b, (A + BF)b,..., (A + BF)"-lb} such that E=I a,(A + BF)gb, ,o, is an ele-
ment of for 1 <= r <= n 1, then b may be driven to zero in r or fewer steps.

Proof. We write b = i(A -at- BF)ib and assume without loss of generality
that a 1. Since B has full rank there exist unique elements fi and u such that
fi B-[, u B-b. Consider the input string u, r >__ >__ O, defined by

bit_ Fb + _xu,

Ur-2 F(A + BF)b + at-1Fb + r-2u,

uo F(A + BF)r-lb + a_F(A + BF)r-Zb + + eFb .
Now let x_ b, and consider the sequence generated by the recursion

Xr- i- Axr_ .ql_ Bu i,
l<_i<_r.

Then it follows that

X_ (A + BF)b +
_

(A + BF) Ib + + ax(A + BF)b b O,

and hence b may be driven to zero in r steps.
Note that Lemma 5 implies that for b e ’, if is a c.s. of minimum dimension

containing b, then N fq M d. It is now natural to ask" What is the minimum
dimension of a c.s. covering an element x e f? For x e , we can easily answer
this query.

Recall that M() was defined as the set j
LEMMA 6. Let b . Then the minimum dimension of a c.s. containing b is

given by # max {vjlj M()}.
Proof. If is a c.s. containing b, then by Lemma 3, dim N >= p. Now con-

sider the trajectory (b, Ab,..., A"-b), where A, B are assumed in the Brunovsky
canonical form. Since b jM(e)7jev and Av e 0, it follows that AUb 0,
yielding a covering c.s. of dimension

We now can turn our attention to the case where we desire to cover an
arbitrary subspace of N. As we shall need a minor construction, we first prove a
lemma to motivate that construction.

LEMMA 7. Let b and b2 be elements of such that M(I) 1"] M(2) , and
denote max {vjlj6M(di) by Pi, i2. Then if is a c.s. covering b and b2,
dim >=

Proof. If contains b and b2, then contains c.s. which may be generated
by b and b respectively (by Lemma 1). Then it follows that for some F, F2,

span {bl,(A + BF,)b,..., (A + BF,)"-’b,,b,..., (A + BF2)"-’b2} .
Recalling that {Si,) 1, it_m} is a basis for M, we may write

b E 71jSj,vj- and b2 E 72jSj,vj 1"
jM(6) jM(z)
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Since the lemma obviously follows for 1 f12 1, we may assume that for
some i, #i > 1. Now for #i > 1 we have

(8) (A d- BFi)b Z 7ijsj,vj-2 + (ZiklSk,vk-1 : 0
jeM(i) kern

for some kl, k _m. Note that the second term on the right is an element of
and represents the arbitrary nature of the feedback map F. Continuing, we have
for #i > r,

(9) (A -+- BFi)rbi Z 7ijSj,vj-r-1 d- Z ikpSk,vk-(r+ l-p) :: 0
jeM(di) per kern

for some (Zikp, k . m, p _, where si, - 0 forj < 0. Comparing the forms of elements
from (8) and (9), it follows from the hypothesis M(dl) M(d2) and the fact
that {s/,j; 0 <= j <= v 1, im_} is a basis for R", that the vectors

{bl,(A + BF1)b 1, (A + BF1)ul- ib 1, b2, (A + BF2)u2-

are independent, and hence is of dimension ->-#1 + #E-
COROLLARY 3. Let b and b2 be elements of such that M(dl) f’) M(d2) .

If and are minimal dimension, covering c.s. for b and bE respectively, then
f) 2 0 and O) 2 is a minimal dimension c.s. covering span {b l, b2}.
Proof. The proof follows immediately from Lemmas 6 and 7.
THEOREM 2. Let 9 and {b1,..., bk} be a basis for 9 such that

M(di) M(dj)= for vj, i, j6k. Then if is a c.s. covering 9, then
dim >= ie li" Furthermore, if U is a minimal dimension c.s. covering hi, 6 k_,
then i, k} is an independent set of subspaces, and k is a minimal
dimension c.s. containing 9.

Proof. First we note that any ’ has such a basis. Let {dl, ..., dk) be
any basis for 9 and let D be a matrix whose columns are given by the d, i k,
with respect to the basis for ’, {s,,_l; im_}. Then by applying elementary
column operations, it is possible to transform D to a matrix DO whose columns
are a basis for D and have the desired property (only one nonzero entry per row).

By expanding the argument of Lemma 7 to the case where for appropriate
F ..., Fk,

span {bl,..., (A + BVl)"-lb, bk, (A + BFk)"-lbk} = ,
it is straightforward to show that contains a subspace of dimension ie_ Pi.
Furthermore, it is clear that ie_ is a c.s. covering 9, hence

which implies that the , e __k, are independent subspaces.
Remark 4. It has been noted by one of the reviewers that the results of

Theorem 2 are encompassed by Theorem 2.1 of [11]. That is, finding an (A, B)-
invariant subspace K of least dimension such that K contains 9 is equivalent
to finding a c.s. of minimal dimension containing 9 when 9 c N.
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5. Conclusions. The description of controllability subspaces in terms of the
kernel of the singular pencil of matrices (21 A;-B) extends the notion of a
c.s. presented in [10], and provides a basic link between c.s. and structural prop-
erties of linear systems. In addition, the pencil of matrices presents an alternative,
and algebraically appealing determination of the canonical form of Brunovsky.

In 3 we showed how the Kronecker invariants completely specify the
dimensions of possible c.s. It is to be noted that, generically, all the Kronecker
invariants will be either [n/m] or In + 1, where [a] is the largest integer not
greater than a, in which case there should be considerable freedom in the con-
struction of c.s. (see [3] and/or [7]). However, the results of that section allow one
to ascertain that particular systems are structurally not decoupleable by state
feedback, which strengthens the results of [10].

The ideas on minimal dimension c.s. developed in 4 are interesting in terms
of limiting the effect of a system input, and in the dual sense of observability sub-
spaces, for the determination of limited order observers. The general problem
suggested in that section, finding minimal dimension c.s. containing arbitrary
subspaces of 5c, remains an open issue subject to further investigation.

Acknowledgment. The authors wish to thank Dr. Sanjoy K. Mitter for his
helpful comments during the course of this research.
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MATRIX OPERATIONS INDUCED BY NETWORK CONNECTIONS*

WILLIAM N. ANDERSON, JR.,? RICHARD J. DUFFIN: AND GEORGE E. TRAPP

Abstract. The interconnection of two electrical networks is used to define an operation, called
the router sum, on the corresponding impedance matrices. For the special case of the series connection,
the router sum is the ordinary matrix sum; for the parallel connection, the parallel sum is obtained [3].
General connections are considered in this paper. Conditions for commutativity and associativity of
the router sum are given. Inequalities related to minimizing power are proved. An explicit formula for
the router sum is given in terms of the shorted operator [2].

1. Introduction. In this paper we study a new class of operations defined for
pairs of Hermitian semidefinite matrices. These operations arise from consideration
of the interconnections of electrical networks; most of the theorems are motivated
by the network model. However, the reader may ignore all network references and
treat this as a paper about linear algebra; perhaps such a reading will suggest
nonelectrical applications of our work [5]. In the linear algebra setting, the inter-
connection of two networks is defined by a vector space which we term a con-
fluence; the networks themselves are represented by their impedance matrices.

An n-port electrical network may be viewed as a black box with 2n external
terminals. The terminals are divided into pairs---called ports. By using ideal
isolation transformers in the wiring lines to ports, we may insure that the current
into one terminal of a port is equal to the current out of the other terminal of the
same port. Given the current vector into an n-port network with transformers,
the voltage vector v is given by v Zi, where Z is an n n symmetric positive
semidefinite matrix. Z is termed the impedance matrix of the network.

If two n-ports are connected in series, the resulting n-port has impedance
matrix A + B, where A and B are the component impedance matrices. The parallel
connection of n-ports generates the parallel sum of impedance matrices. The
parallel sum is defined by (A-1 + B-1)-1 and denoted A :B, if the indicated
inverses exist [3]. In the case of singular matrices the definition A :B A(A + B) +B
is the correct impedance matrix, where C + is the Moore-Penrose generalized
inverse of C. Parallel addition has been studied in the scalar case by Erickson

15 and Lehman [20. Anderson and Duffin have formulated the theory of parallel
addition in the matrix case, see [3].

Most of the classical studies of the interconnection of electrical networks
have been restricted to the series and parallel connections; in fact these connections
are adequate for most purposes of network synthesis [7], [11]. However, the
synthesis problem can be considerably simplified if the hybrid connection (some
ports in series and the rest in parallel) is used [12]. The cascade connection has
also been studied in the network literature [19].
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Both the hybrid and cascade connections are amenable to an algebraic
treatment [13], [25]. Since these connections have no one-port analogs, the hybrid
and cascade additions are not defined for scalars, but only for operators of appro-
priate dimensionality.

Even if questions of convenience are disregarded, there are fundamental
limitations on the series-parallel structure, as Fialkow has shown [16]. Thus it is
of interest to try to study the most general kind of network connection; this is
our second paper in this direction. In [4] we gave graphical characterizations of
those connections which will lead to matrix operations. In this paper we study the
resulting operations, but in .an axiomatic algebraic setting. Many operations
which do not arise from graphs also satisfy our axioms.

Many of the properties of interconnected electrical networks may be obtained
by simple physical reasoning; one test on the correctness of our model is the
possibility ofa mathematical derivation ofthe same properties 14]. The elementary
properties of matrix addition can be viewed this way. For example, physically it
makes no difference whether network A is connected in series with network B,
or vice-versa. Thus series addition should be commutative; from a similar argument
it follows that series addition should be associative. A deeper property is the
principle of Maxwell that currents will distribute themselves in such a way as to
minimize the power, constrained only by Kirchhoff’s current law [23]. We are
in fact able to give algebraic formulations for a number of physical principles,
including the above, and to prove the corresponding theorems.

In 3 we define the concept of confluence. A confluence is a subspace of
3n-dimensional space satisfying certain axioms. We put an indefinite inner product
on this space, and prove that the orthogonal complement of a confluence is again
a confluence, called the dual confluence. Physically, a confluence represents the
vector space of all currents allowed by a given network interconnection; the
space of voltages is then the dual confluence. In this section we also establish
certain matrix representations for confluences.

In 4 we define an associative confluence, and prove that a confluence is
associative if and only if its dual is associative. A confluence arising from a network
connection will be associative if given three networks R, S, and T, the result of
connecting R to S and then to T is the same as connecting S to Tand then R to the
connection of S and T. The series, parallel, hybrid and cascade connections all
give rise to associative confluences; it is easy however to design a confluence that
is not associative.

In 5 we treat the general question of deriving matrix operations from con-
fluences. We do this by setting up the linear equations which correspond to the
electrical problem" given a current c applied to a conjoined network, find the
currents and voltages in the component networks and the voltage in the connection.
We prove that these equations define ,, a unique voltage of the connection; thus
there is a matrix C so that Cc ;. We call this matrix C the router sum of A and B,
written C A,B, where A and B are the matrices of the components. We then
derive some algebraic properties of A,B. If A and B are Hermitian positive semi-
definite (HSD), then A,B is HSD; if the confluence is associative then the router
operation is associative. Letting A >= B mean A B is HSD, we show A >_ B
implies that A,C >= B,C, for any HSD C. A fundamental variational principle
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due to Maxwell is expressed in three inequalities, known as the power inequality,
the series-router inequality, and the parallel-router inequality. Finally we show the
relationship between the router operation defined by a confluence and the router
operation defined in a similar manner from the dual confluence.

In 6 we turn to the question of obtaining an explicit form for the router sum.
In order to do this it becomes necessary to introduce the concepts of generalized
inverse and shorted operators [1], [2]. By using the explicit form we are then able
to prove that the router operation is continuous; another result that one would
expect from the physical model.

In the last section, we examine possible extensions of this work, and discuss
future areas of work.

2. Preliminaries. We denote by C" an n-dimensional complex vector space.
Let V C" C" C", the space of all triples of vectors from C". A vector x in
V is written x (a, b, c), where a, b and c are in C". We define an indefinite inner
product on V by the formula:

(x, y) ((al,bl,Cl),(az,b2,c2))

(al, a2) -+- (hi, b2) (Cl, c2),

where (a l, a2), (b l, b2) and (cl, 2) each are the usual inner product on C".
Similarly we will consider C" C" C" C" with the inner product

((a bl, Cl, dl) (a2, b2, c2, d2)) (a a2) + (bl, b2) + (cl, c2) (dl, d2).

Not all of the usual Euclidian properties are preserved using an indefinite
inner product; however the following results will be needed. We will only sketch
the proofs; details may be found in Greub [17, Chap. XII].

LEMMA 1. If T is a subspace of V, we define T+/- in the usual way:

T+/- {yl(x,y) =0, VxeT}.
Then

(i) T+/- is a subspace,
(ii) T+/-+/--- T,
(iii) dim T + dim T+/- dim V.
Proof The proof is similar to that for Euclidian spaces; it should be noted,

however, that in general T fl T # 0.
LEMMA 2. If X V and (x, y} 0 for all y then x O.
Pro@ Let x (a, b, c), and y (a, 0, 0). Then (x, y) 0 implies (a, a) 0

which implies that a 0. A similar treatment shows that b and c must also be 0.
Q.E.D.

LEMMA 3. If A is a linear operator from V to V, then the formula (Ax, y)
(x, A’y) defines another linear operator A*, called the adjoint ofA; furthermore,

(i) range (A) (null space (A*))+/-, and
(ii) If A11 A12 A13

A A21 A22 A23

A31 A32 A33
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then

A A
A* A: A*_,: -At:

-A3 -A3 A3.
Proof. The method of proof is the same as in the case of a Euclidian inner

product. The minus signs in the adjoint of A are caused by the minus sign in the
inner product.

Lemma 3 is a form of the Fredholm theorem, which we will need in 5.
An Hermitian n n matrix A is said to be positive semidefinite if (Ax, x) >= 0

for all x; the abbreviation HSD will be used. For an HSD matrix it is easy to prove
that (Ax, x) 0 if and only if Ax 0. If A and B are HSD matrices, then by
A 2 B we mean that A B is HSD.

The HSD matrix A when restricted to its range is one-to-one, and thus a right
inverse may be defined there. By A + we mean an extension of this partially defined
inverse to the whole vector space; the Moore-Penrose generalized inverse is one
commonly studied extension [1], [24], but for our purposes any extension will
suffice.

3. Confluences and dual confluences. As mentioned in the Introduction, in a
previous paper we considered interconnection of sets of terminals [4]. With
proper restrictions on the connections we were able to introduce the concept of
current flows and to show that the vector space of all current flows possessed
certain properties. Here we take these properties as axioms; the resulting vector
subspace we call a confluence.

DEFINITION. A confluence is a subspace G of V C x C x C such that"
(i) for each pair (a, b) there is at most one vector c such that (a, b, c) is in G;
(ii) for each vector c there is a pair (a, b) such that (a, b, c) is in G.
Note that since G is a subspace, the following condition is equivalent to (i).
(i’) if (0, 0, c) is in G then 0.
THEOREM 4. If G is a confluence, then G is a confluence.
Proof. To verify condition (i’) suppose that (0, 0, Co) is in G-. By (ii), for each

c there is a triple (a, b, c) such that (a, b, c) is in G. Then 0 ((a, b, c), (0, 0, Co))
-(c, Co) for all c, therefore Co 0. For (ii), we note that the set of all vectors c

for which there is a triple (a, b, c) in G+/- is a subspace S of C"; let Co be orthogonal
to S. Then (0, 0, Co) is orthogonal to all vectors in G+/-. That is (0, 0, Co) is in G+/-+/-.
But this is G by Lemma 1. Therefore Co 0 and thus c is arbitrary. Q.E.D.

If (a, b, c) is in G, we say that c is the confluence of a and b, written c a # b
similarly, if (a, b, c) is in G+/-, we write c a # +/-b.

Physically, the reason for studying dual confluences is the fact that if G is the
set of all possible current vectors for a network connection, then G+/- is the set of all
possible voltage vectors. The analog of this result for the networks themselves,
which is due to Weyl [26], is the basis of the duality theory of Bott and Duffin [8].
Alternatively we may regard both G and G+/- as sets of current vectors; the cor-
responding network connections are then called duals. For example, the series
connection is dual to the parallel connection.
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We may think of the confluence as being a graph of a linear transformationf
from C" x C" to C". The domain off, D(f) is the set of all pairs (a, b) for which
there is a triple (a, b, c) in G; the null space of f, N(f), is the subspace of D(f)
consisting of all pairs (a, b) such that (a, b, 0) is in G. Let f+/- be the transformation
obtained in a similar manner from G. Then the transformations f and f+/- have the
following relation.

THEOREM 5. D(f)+/- N(f+/-).
Proof. (a a, b 1) is in D(f)+/-

iff (a2, b2) is in D(f) implies that (a i, a2) -F (b b2) 0,
iff (a2, b2, C2) is in G implies that ((ai, bi, 0), (a2, b2, C2)) 0,
iff (al, b 1,0) is in G+/-

iff(al, bl)is in S(f+/-). Q.E.D.

A third representation of confluences may be given in terms of matrices.
THEOREM 6. There exist n x n matrices W, X, Y and Z such that (a, b, c) is in

G if and only if

Wa + Xb=c,
(1)

Ya + Zb=O.

Proof. A triple (a, b, c) will be in G if and only if it is orthogonal to G+/-; to
check this we need only check on a basis for G+/-. Since G has at least n independent
vectors, it follows from Lemma 1 that the dimension of G+/- is not more than 2n.
By (ii) of the confluence definition, we may then choose the matrix

(2)

whose columns span G+/-. Thus (a, b, c) will be in G if and only if (a, b, c) is orthogonal
to all columns of (2); that is (a, b, c) is in (3 if and only if

a

(3)
Y Z 0

from which (1) follows (the -I in (3) arises because of the indefinite inner product
(see Lemma 3)). Q.E.D.

Similarly, we may choose matrices (1), T, E, and such that (, fl, 7) is in G+/-

if and only if

(4)

In our previous paper [4] where we studied confluences arising from graphical
connections of sets of terminals, the matrices of Theorem 6 were defined by the
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incidence matrices of the connection. We then used these matrices to define the
confluence. The present treatment is considerably more general, since it may
easily be shown that not all confluences can arise from a graph. For example,
letn= 1, W= 1, X=2, and Y=Z=0.

Using Theorem 6, we now derive two important corollaries.
COROLLARY 7. The vector (a, b, c) is in G if and only if there exists a vector

such that

Proof. From the definition of , , E, and f, we have that the null space of

is G+/-, therefore by Lemma 3, the range of

is G. If (a, b, c) is in G, then there exist and u so that

O* E* a

I 0

Rewriting (6) we see that u c and that

q)* ,

The vector will appear later as a Lagrange multiplier in a variational
problem.

COROLLARY 8. Let W, X, Y, Z, , 2, , and f be defined as above. Then

Proof. Let c and be arbitrary, and let a and b be defined as follows:

Now by Theorem 6 we have
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Combining these two equations, we have

and the result follows. Q.E.D.
We may easily write the matrices for confluences arising from familiar network

connections. For example, for the series connection we have

A defining set of matrices for the parallel connection is given by

As mentioned above, the series and parallel confluences are duals. Using the
above matrices one may easily verify this statement. A combination of the series
and parallel confluences is known as the hybrid confluence. The matrices for this
confluence are given by

I

0 I 0

0

Another common network connection is the cascade connection, for which the
matrices are

0 0 0

0 0 I
I I 0

0 0 0

4. Associative and commutative confluences. Given a confluence G and vectors
a, b and c, it may happen that there is a vector d such that d (a # b) # c, or a

vector e such that e a # (b # c). In many of the familiar examples, we then
have that d e. With this in mind we define the confluence G to be associative

if whenever either (a # b) # c or a # (b # c) is defined, then both are defined and
they are equal.

THEOREM 9. The confluence G is associative if and only if the confluence G+/- is

associative.
To prove the theorem, we first need to establish the following lemmas.
LEMMA 10. d (a # b) # c if and only if

(8)

WW WX X -I a 0

W YX Z

Z 0
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Proof. By Corollary 7 we have that d (a # b) # c if and only if there is an
e such that

and

If (9) and (10) hold, then (8) is established by eliminating e. Conversely, if (8)
holds, then Ya + Zb 0. Thus e is defined by (9), and (10) will hold. Q.E.D.

LEMMA 11. d (a # b) # c if and only if there exist t, u and v such that

(11)

Proof. This is a restatement of Lemma 10 in terms of G+/- instead of G. Equation
(11) states that (a, b, c, d) is in the range of the given matrix, but this is equivalent
by Lemma 3 to asserting that (a, b, c, d) is in the null space of the adjoint matrix.
Q.E.D.

To complete the proof of Theorem 9, we need to establish the following two
lemmas.

LEMMA 12. Let T be the subspace consisting of all quadruples (a, b, c, d) such
that d (a # b) # c, and let U1 be the subspace of all quadruples (, fl, 7, 6) such
that 6 ( # fl) # 7. Then T U.

Proof. By Lemma 11, d (a # b) # c if and only if there is a solution to
equation (11). But by Lemma 3 there will be a solution to (11) if and only if (a, b, c, d)
is orthogonal to the null space of

O00 -I

(12) Z Z 0

0 0

Lemma 10 assures us that the null space of (12) is U1. Therefore (a, b, c, d) is in

T1 if and only if (a, b, c, d) _1_ (:z, fl, 7, 8) for all (e, 13, 7, 6) in U1. Q.E.D.
LEMMA 13. Let T2 be the subspace consisting of all quadruples (a, b, c, d) such

that d a # (b # c), and U2 the subspace of all quadruples (, fl, 7, 6) such that
6 # (fl # 7)- Then T2 U.

Proof. The proof is analogous to the proof of Lemma 12.
Proof of Theorem 9. The confluence G is associative if and only if T T2,

and G+/- is associative if and only if U U2 but by Lemmas 12 and 13 these two
conditions are equivalent. Q.E.D.

In the next section we consider matrix operations derived from a confluence.
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In order to help analyze the operations, we make the following two definitions.
A confluence G is commutative whenever a # b b # a; in terms of subspaces
this means that (a, b, c) is in G if and only if (b, a, c) is in G. Similarly, we define a
confluence to be anticommutative whenever a # b -(b # a).

THEOREM 14. The confluence G is (anti) commutative if and only if G+/- is (anti)
commutative.

Proof. Suppose that G is commutative and (, fl, 7) is not in G+/-. Then there
is some triple (a, b, c) such that (a, b, c) is in G and moreover, ((a, b, c), (, fl, 7)) 4: 0.
But then since G is commutative, we have (b, a, c) is in G and ((b, a, c), (fl, , 7)) 4: 0,
and thus (fl, , 7) is not in G-. The proof for anticommutative G is similar. Q.E.D.

The series, parallel, hybrid and cascade confluences may easily be shown to be
associative. The series, parallel and hybrid confluences are commutative, while
the cascade is not. An example of an anticommutative confluence which can be
realized by a graphical connection is given by

5. Matrix operations. Using confluences, in this section we determine matrix
operations on the set of Hermitian semidefinite matrices. We abbreviate Hermitian
semidefinite as HSD. The necessary properties of HSD matrices are given in 2.

In previous papers [3], [13], particular electrical connections were used to
generate matrix operations. The following theorem shows that any network
connection that has a confluence representation gives rise to an HSD matrix
operation.

THEOREM 15. Let G be a confluence, and A and B be HSD matrices. Then for
each vector c there is a unique vector 7, and vectors a and b such that (a, b, c) is in G
and (Aa, Bb, 7) is in G+/-.

Proof. Consider the equations

0 0

0 0
(13)

W* Y* -A

X* Z*

W X 7 c

0

By Theorem 6 the first two equations express the fact that (a, b, c) is in G, and by
Corollary 7 the last two express the fact that (Aa, Bb, 7) is in G+/-. To prove the
theorem we need to show that for each c, there is a unique 7 satisfying (13). To
establish the existence of solutions we consider the homogeneous adjoint system
to (13):

(14)

0 0 W X U 0

0 0

14/* Y* -A

X* Z* 0
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If (Ul,/’/2, U3, U4) satisfies (14) then we have

(15)
x* z* u,_ Luj

and therefore (Aua,Bu4) is orthogonal to all solutions to the homogeneous
adjoint system to (15); but by (14), (u a, u4) is such a solution. Therefore we have that

(16) (Au3, u3) -I- (Bu4, u4) 0.

Since A and B are HSD, (16) implies that Au3 0 and Bu4 0. Thus the right-
hand side of (15) is 0, and (15) then becomes the homogeneous adjoint system for
the system:

Y /)2

Since G is a confluence, Theorem 6 guarantees that (17) has solutions for all c;
therefore (u l, u2) is orthogonal to all vectors (c, 0), and thus u 0. Therefore
(c, 0, 0, 0) is orthogonal to all solutions of (14), and we then have existence of
solutions to (13). Moreover, we have shown that if c- 0, then 7- 0, which
establishes uniqueness. Q.E.D.

The correspondence between c and 7 is linear; thus by Theorem 15 there is a
matrix C such that Cc 7. We call C the router sum of A and B, written C A*B.

THEOREM 16. If A and B are HSD matrices, then A.B is HSD.
Proof. Since (a, b, c) and (Aa, Bb, 7) are in G and G+/- respectively, we have that

(Cc, c) (7, c) (Aa, a) + (Bb, b). Since A and B are HSD, the right-hand side of
the above is real and nonnegative. Therefore the quadratic form of C is real and
nonnegative; thus C is HSD [18]. Q.E.D.

In previous papers we have studied the matrix operations arising from the
series, parallel, hybrid and cascade confluences [2], [13], and [25]. The operation
arising from the series confluence is ordinary addition; from the parallel con-
fluence we obtain the operation of parallel addition, and we denote the parallel
sum of A and B as A :B. Many of the theorems previously obtained are special
cases of the theorems of this section.

The next theorem expresses the well-known physical principle that the currents
in a network will minimize the power dissipated, subject only to Kirchhoff’s
current law.

THEOREM 17. Let G be a confluence, and A and B be HSD matrices. Let c and 7
be vectors such that A*Bc 7. Then for any vector (a, b, c) in G we have

(18) (Aa, a) + (Bb, b) >__ (7, c).

Moreover, equality will hold in (18)/f and only if a and b are as in Theorem 15.
Proof. Let (7, 2, ao,bo) be a solution to (13). Then (ao,bo, c) is in G and

(Aao, Bbo, 7)is in G+/-; thus we have

(19) (Aao, ao) + (Bbo, b0) (7, c),

so that equality holds in (18). Moreover, since G is a confluence, the vector
(a ao, b bo, 0) is in G, and therefore we have the following:

(20) (Aao, (a ao)) + (Bbo, (b bo)) 0.
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Expanding the right-hand side of equation (18)yields

(Aa, a) + (Bb, b) --(A(ao + (a ao)), (ao + (a a0)))

+ (B(bo + (b bo)), (bo + (b bo)))

(Aao, ao) + (Sbo, bo) + (A(a ao), (a ao)

+ (S(b bo), (b bo)) + (Aao, (a ao)) + (Sbo, (b bo))

+ (A(a ao), ao) + (B(b bo), bo)

(7, c) + (A(a ao), (a ao) + (S(b bo), (b bo))

>=(7,c) sinceAandBareHSD.

|f equality holds in (18), then (A(a ao),a ao) + (B(b bo),b bo) 0;
since A and B are HSD, it follows that Aa Aao and Bb Bbo. Therefore
(Aa, Bb, 7) is in G. Q.E.D.

COROLLARY 18: !f A and B are HSD matrices, then for any vectors a, b and c

such that c a + b,

(21) (Aa, a) + (Sb,b) >= (A’Sc, c).

Moreover, for any vector c, the vectors a and b can be chosen so that equality holds
in (21).

Proof. This corollary, which is Lemma 18 of [3], is the special case of Theorem
17 for the parallel confluence.

As mentioned in 3, our theory is based upon the physical principle that if the
currents allowed by a connection form the confluence G, then the voltages will
form the dual confluence G1. Alternatively, we could have based our work on the
variational principle expressed by Theorem 17; the vector 2 of Theorem 15 would
then appear as the Lagrange multiplier for the minimization problem.

The following theorem, known as the series-router inequality, may also be
motivated by a variational principle; the exact argument is given in [25]. Let us
recall that for matrices A and B, A >= B is defined to mean that A B is HSD.

THEOREM 19. Let A, B, C and D be HSD matrices. Then

(A + B),(C + D) >= (A,C) + (B,D).

Proof. For any vector c, let a and b be vectors such that equality holds in
(18) with A + B and C + D replacing A and B. Then

((A + B)*(C + D)c, c)= ((A + B)a, a)+ ((C + D)b,b)

(Aa, a) + (Cb, b) + (Ba, a) + (Db, b)

>= (A*Cc, c) + (B*Dc, c).

The last inequality follows from Theorem 17. Q.E.D.
Because of the duality between series and parallel addition, we are led to

consider the dual theorem, known as the parallel-router inequality.
THEOREM 20. Let A, B, C and D be HSD matrices. Then

(A’B),(C’D) <= (A,C)’(B,D).
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Proof. For any vector c, by Corollary 18 there are vectors a and b such that
c a + b and moreover

((A*C)’(B,D)c, c) (A,Ca, a) + (B*Db, b).

Then by Theorem 17 there are a and a2 such that (a l, a2, a) is in G and

(A,Ca, a) (Aal al) q- (Ca2, a2).

Similarly there are bl and bE such that (bl,b2,b) is in G and

(B,Db, b) (Bbl bl) + (Db2, b2).

Moreover, since G is a subspace, (a -k- a2, bl -k- b 2, a + b) (al + a2, bl + b2, c)
is in G. Therefore we have

((A*C)’(B*D)c, c)= (A,Ca, a) + (B*Db, b)

(Aal, al) + (Ca2, a2) + (Bbl,bl) + (Bb2,b2)

(A’S(a + bl), (al + bl)) + (C’D(a2 + b2), (a2 + b2))

>= ((A B)*(C D)c, c).

The penultimate inequality follows from Corollary 18, and the final inequality
from Theorem 17. Q.E.D.

Using Theorem 19 (or Theorem 20), we can now show that a router operation
preserves the Hermitian semidefinite partial order.

COROLLARY 21. If A; B and C are HSD, then A >= B implies that A*C >= B*C.
Proof. Since A >= B we have A B + D where D is HSD. Then

A,C (S + D)*C (B + D),(C + O) >= B,C + D,O >= S,C.

Here we have used Theorem 19 and the fact that D*0 is HSD. Q.E.D.
A similar argument will verify the following related corollary.
COROLLARY 22. If A, B, C and D are HSD then A >= B implies that C*A C*B.
We have already seen that a router operation is closed on the set of HSD

matrices and that it preserves the HSD partial ordering. The next two theorems
give conditions so that router addition is associative and commutative. An
operation with these properties is called a (commutative) semigroup operation.

THEOREM 23. Let G be an associative confluence. Then the router addition *
derived from G is associative.

Proof. We will use the notation of the proof of Theorem 9. Let d be arbitrary.
If 61 A*(B,C)d, then there are vectors a, b and c such that (a, b, c, d) is in T
and (Aa, Bb, Cc, ) is in T. Similarly, if 6’ (A*B)*Cd, then there are vectors
a’, b’ and c’ such that (a’, b’, c’, d) is in T2 and (Aa’, Bb’, Cc’, ’) is in T. However,
if G is an associative confluence, then T T2, and thus by the uniqueness part of
Theorem 15, we have 6 6’. Since d was arbitrary we see that A,(B*C) (A,B)*C.
Q.E.D.

COROLLARY 24. Series, parallel, hybrid and cascade addition are associative.

Proo[i We have already seen that the corresponding confluences are
associative. Q.E.D.
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In our previous papers we proved that parallel and hybrid additions are
associative; the proofs used the explicit matrix form for these additions and were
quite difficult. Cascade addition has not previously been proved associative.

THEOREM 25. Let G be a commutative or an anticommutative confluence. Then
the router addition * derived from G is commutative.

Proof. Suppose that G is commutative, and 7 A,Bc. Then there are vectors
a and b such that (a, b, c) is in G and (Aa, Bb, 7) is in G+/-. But then by hypothesis
(b, a, c) is in G and by Theorem 14, (Bb, Aa, 7) is in G+/-. Therefore 7 B*Ac and
thus A*B B*A. If G is anticommutative, it follows that (-b, -a, c) is in G and
(-Bb, -Aa, 7) is in GI; again we have A*B B,A. Q.E.D.

If the matrices A and B are positive definite, then there is a familiar form for
A :B; in fact, A :B (A- + B- 1)- 1. This formula can be viewed as a relation
between series addition and its dual. In the general case we have the following
theorem.

THEOREM 26. Let the router addition * be derived from the confluence G, and
let ,1 be derived from G1. Then if A and B are Hermitian positive definite, we have

A*B (A- 1.1B- 1)- 1.
Proof. If A*Bc 7, then there exist vectors a and b such that (a, b, c) is in G

and (Aa, Bb, 7) is in G1. Let a Aa and fl Bb. Then (A- a, B- fl, c) is in G and
(, fl, 7) is in GI; that is, c A-I’B-17. Q.E.D.

The relationship between the dual operation and semidefinite matrices is not
known. One immediate problem is that in general A :B :/: (A / + B+)/. It may be
shown, however, that A:B(A + + B+) is a nonorthogonal projection; perhaps the
general result will be of this form.

6. An explicit form for the router sum. In the previous section, we showed that
a confluence generates a router operation on the set ofHSD matrices. In this section,
we determine an explicit representation for the router sum in terms of the , T,
E and f matrices.

THEOREM 27. Let G be a confluence and A and B be HSD matrices. Then A.B,
the router sum, is given by

B A9" + WBT*
(22)

-((I)AE* + TBfl*)(EAE* + B*)+(EAO* + Bq?*).

Proof. Let c be a vector, and let (7, 2, a, b) be a solution to (13). Then since
(a, b, c) is in G, there is a vector such that

(23) T*

Since (Aa, Bb, 7) is in G, we also have that

Combining (23) and (24), we have
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Since for each vector c there is a unique 7, we may rewrite (25) using matrices"

The second equation of (26) yields T -(EAE* + fBf*)+(EAO* + fBq*).
Solving the first gives A,B A* + WBW* + (OAE* + WBO*)Z Q.E.D.

Formulas similar to (22) have been studied in a number of contexts. Particu-
larly relevant to the present work is the concept of the shorted operator [2], [6].
If A is an HSD matrix, partitioned

A 11 12

a21 a22

the shorted operator of A, S(A) is defined by

(27) S(A)-- a -aaaa aa
0

The same formula has been given by Carlson, Haynsworth and Markham
[9] to define the generalized Schur complement, and is used by Albert [1] in connec-
tion with regression analysis. In the case where a22 is invertible, the formula is
familiar in electrical network literature [10]; the noninvertible case is not usually
treated.

In terms of the shorted operator, we may rewrite Theorem 27 as follows.
THEOREM 27’.

A*B

0 0
=S

An alternate approach to the study of router operation may be based directly
on Theorem 27’. Let M be any r 2n matrix. Then for n n HSD matrices A and
B, we may define

where A,B is an s s matrix, for some s __< r; this new operation is called a
generalized router operation. Analogues of Theorems 16, 19 and 20 of the present
paper follow directly from Theorems 1, 3 and 5 of [2]. We will discuss these matters
in more detail in another paper.

The representation of a router operation in terms of the shorted enables us
to prove the following continuity result.

THEOREM 28. Let A, B, E, F be HSD matrices and * a router operation. Then
(A + E)*(B + F) O as E, F- O.

Proof In Corollary 2 to Theorem 1 of [6] it is proved that S(A + E) S(A)
as E 0. The proof follows by using Theorem 27’.

7. Extensions. The equations (13) which we use to define the router sum may
be written for any pair of linear operators A and B; however, without some
restrictions on the class of operators considered we cannot in general guarantee
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that a unique solution will exist, or that the properties of the router sum will hold.
In addition to the case of this paper--Hermitian semidefinite operators on a
finite-dimensional space--we have considered a number of other cases. A brief
sketch of these extensions is given below; the details will be given in later papers.

(a) As mentioned in the Introduction, the original interest in router operations
came from the problem of network synthesis. The only networks whose impedance
matrices are Hermitian are those networks composed of resistors and transformers
for interesting synthesis applications we need to consider networks with reactive
elements. In this case the impedance matrices will be positive real matrices [11]
as functions of the complex variable frequency, and will in general be non-
Hermitian. Certain parts of our theory will extend, in particular, if A and B are
positive real matrices. Then A*B will be positive real. A synthesis method based on
hybrid addition has been given [12]; we are studying applications of the more
general router operations defined here.

(b) A linear operatorA on a real vector space is said to be almost positive
definite if (Ax, x) >_ 0 for all x and (Ax, x) 0 if and only if Ax 0 [22]; alterna-
tively if A H + S with H symmetric and positive semidefinite and range (S)

range (H). To a certain extent the symmetric and skew parts of an almost
positive definite matrix mimic the real and imaginary parts of a positive real
matrix. Theorems 15, 16, 23, 24, 25, 26 and 27 hold for almost positive definite
matrices; the inequalities, however, do not.

(c) Infinite dimensional Hilbert space is a natural setting for an extension of
this work. Theorem 15 is no longer true in this context; but the necessary theorems
about the shorted operator are available in [6] to enable the theory of router sums
to be based on (30). The special case of parallel addition is analyzed in [6] hybrid
and cascade addition can be similarly treated. Some recent work of Zemanian
[27] furnishes a natural network model for these extensions.

(d) Except in our discussion of associativity, we have considered only the
router sum of two operators. With a few changes of solutions, we could instead
consider the router sum of m operators;the confluence then becomes a subspace
of Ct"+ 1)n. The corresponding network model has been called an operator network
by Zemanian [28]. In Zemanian’s work the operators are assumed invertible;
the method of confluence enables one to study operator networks without such
assumptions.

(e) Our treatment of the interconnection of n-port electrical networks is only
valid under the assumption that ideal isolation transformers are present to ensure
proper port behavior; without these transformers even the formula for series
addition fails [19]. The determination of those situations where ideal transformers
are not necessary seems to be difficult, only the parallel case has been successfully
treated [21].
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CONTROLLABILITY AND OBSERVABILITY IN BANACH SPACE
WITH BOUNDED OPERATORS*

ROBERTO TRIGGIANH"

Abstract. The classical theory of (state and output) controllability and observability in finite-
dimensional spaces is extended to linear abstract systems defined on infinite-dimensional Banach
spaces, under the basic assumption that the operator acting on the state be bounded. Tests for approxi-
mate controllability as well as observability, expressed only in terms of the coefficients of the system,
are proved via a consequence of the Hahn-Banach theorem, and new phenomena arising in infinite
dimensions are studied: for instance, by using Baire category arguments, it is shown that state exact
controllability, under large conditions met in cases of physical interest, never arises in infinite-
dimensional Banach spaces, even with free final instant. Several examples are presented throughout; in
particular, for dynamical systems modeled by integro-differential equations ofolterra type, the present
theory leads in turn to explicit, easy-to-check criteria for approximate controllability and observability.

An example shows the applicability of our results to the unbounded operator case.

1. Introduction. The present paper studies the notion of (state and output)
controllability and observability for dynamical systems, described by linear
differential equations in (infinite-dimensional, separable) Banach spaces, under
the basic assumption that the operator acting on the state be bounded.

A more general model for the system was adopted, in the study of state
controllability, by Fattorini (see e.g., [12], [13]) in the sense that the operator ,4

acting on the state was assumed to be (closed, linear, with dense domain and) the
infinitesimal generator of a strongly continuous semigroup. Then a necessary
and sufficient condition for state approximate controllability (in our terminology)
was derived in [13], for the case when ,4 is self-adjoint, semibounded above (or
normal, with certain further properties) and defined on a Hilbert space, and the
dynamical system has only a finite number of scalar controls. The application of
Fattorini’s criterion requires the knowledge of some ordered representation.
Some other technical results were given in [12]. Fattorini then applies his in-
vestigation to some differential operators of physical interest.

Our present assumption on the boundedness of the operator acting on the
state is motivated by:

(a) the fact that when such operator is instead the infinitesimal generator of
a strongly continuous semigroup, the state approximate controllability of the
correspondent system can be reduced to, and is equivalent to, that of an associated
system with bounded operator. More precisely, Fattorini showed [12, Prop. 2.3]
that the closure of the union of the sets of attainability from the origin over all
positive times of the two systems

2=Ax+Bu(t) and 2=R(2o,A)x+Bu(t)

* Received by the editors March 5, 1973, and in revised form November 1, 1973.
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Mathematics, State University of New York at Albany, New York 12222. This paper is based on
part of a Ph.D. thesis at the University of Minnesota. This work was supported by the Air Force
under Grant AF-AFOSR-72-2243.
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is the same and so they are either both approximate controllable in finite time or
both not. Such a result has never been exploited. Here R(20, A) is the (bounded !)
resolvent of A, computed for instance at any point 2o in the half-plane Re 2 >
while the spectrum of the infinitesimal generator A is contained in the com-
plementary half-plane Re 2 _< o9o We also recall that R(., A) is a natural bounded
operator associated with A [-10, pp. 626-7, etc.-].

(b) the desire to acquire explicitly verifiable conditions for controllability
and observability, expressed solely in terms of the coefficients of the process
(suitably smooth if nonautonomous).

The characteristic conditions we shall derive are generalizations of the
familiar ones [21], [23], [31] when the state space and the control space are both
finite-dimensional and they in turn lead to very explicit, easy-to-check tests for
classes of processes described by integro-differential equations of Volterra type.
The application of our results to differential operators, via their resolvent R(., A)
as indicated in (a) above is illustrated with one example--(3.2.7).

With reference to infinite-dimensional (Banach) spaces, two types of state
and output controllability are considered, approximate and exact, both of which
generalize the classical ones of finite-dimensional spaces [36]. In addition the
usual notion of observability is introduced. Our analysis then shows"

(i) the classical finite-dimensional theory is extended precisely to the ap-
proximate controllability (Theorems 3.1.1, 4.1, etc.) as well as to the observability
(Theorems 5.1.1 and 5.3.1) providing the wanted tests in the sense of (b) above. In
particular, in a reflexive Banach space, observability is the "dual" of state
approximate controllability.

(ii) On the other hand, a new phenomenon arises, namely, under large
conditions met in cases of physical interest (e.g., when the control is either finite-
dimensional or acts on the system through an integral operator), state exact
controllability can never arise in infinite-dimensional Banach spaces, even if the
final instant of the time interval is left free (possibly depending on the pair of
initial and final points) (Theorem 3.3.3).

However, from an engineering viewpoint, when the analysis of the system is
limited over a finite interval, the impossibility of achieving state exact control-
lability is not crucial and approximate one is a satisfactory substitute. The
same conclusion holds mathematically in the physically significant case, when the
output of the system is a finite-dimensional vector (corresponding to finite data
derived from the global distribution of the state) (Corollary 6.2).

At the time this research was initiated, the only paper available in the
literature (to the present author’s knowledge) dealing with the controllability
problem for a class of systems, defined on abstract spaces and with bounded
operators acting on the state, was [32. More precisely, in 32] an autonomous
linear system defined on a Hilbert space and with just a scalar controller is con-

We exclusively refer here to the distinction of the two concepts, approximate and exact control-
lability, as stated by their respective definitions. As pointed out by the referee, the distinction of the
two concepts may instead be crucial, as far as their implications (or lack thereot) over other problems,
that--at letst in finite-dimensional systems--are known to be related to state (exact) controllability
(e.g., the maximum principle that is necessary and sufficient for time optimal control of autonomous
controllable systems).
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sidered. Then three theorems are stated:the first gives a necessary condition for
exact controllability; the second shows that the necessary condition is not
sufficient, when coupled with a certain uniqueness property; and the third gives
an asymptotic behavior result. However, [32] is partly incorrect: as mentioned
above in (ii), it is in fact shown here that exact controllability for even more
general systems than the one considered in [32] never arises2 hence, Theorem
in [32] is meaningless, since the assumption under which it is derived never holds.
Theorem 3 in [32] seems to contain a flaw in its proof, since, after equation (10),
a term-by-term integration, which is correct for every finite interval, is extended
to the interval [0, oe]: however, the stated result is correct and indeed we present
here (Corollary 3.1.4) an improved version yielding a stronger conclusion under
weaker assumptions for more general systems.

In very recent times, a few other papers have appeared in the literature,
which consider a few of the problems discussed here: [25], [24], [15]. [25] and
[24] appeared in English almost at the same time that a preliminary part from
the present research was announced at the Sixth Annual Princeton Conference,
overlapping two of our results. More precisely, [25] shows, in an analytic way and
without using, as we do here, bounded linear functionals, the special case of our
Corollary 3.1.2 for m 1; [24] proves our Theorem 3.3.1 (but not its general-
ization, Theorem 3.3.3) without making use of the Baire category argument, as
we do here, and relying instead, for part (iii), on entire functions of exponential
type. Finally, [15] deals with discrete autonomous systems and, in addition, shows
through an approach, different from Fattorini’s, how the unbounded operator
case can be reduced (at least in a Hilbert space) to the bounded operator case.

We also remark that the problem of observ.ability in the context discussed
here does not appear to have been treated previously.

Several examples are discussed to illustrate the theory.
For known finite-dimensional results appearing in several works, usually

only one is selected here as reference, regardless of priority.
Notation and terminology. If X is a complex separable Banach space, X* will

be its dual and x* an element of X*. We shall write indifferently x*(x) or x*x.
The Banach space of all bounded linear operators from a Banach space U to a
Banach space X will be denoted by (U, X); in particular, N(X) will stand for
(X, X). If B e (U, X), then B*e (X*, U*) will be its adjoint operator. If X
is a Hilbert space and B e (X), its Hilbert space adjoint in N(X) will also be
indicated by B*. I1" will denote the norm of whatever space under consideration
and O will be its origin. Occasionally, we shall write Ox, Ox., etc. N’(-) and t(.
will indicate the range and the null space of the operator (.). The range of, say,
B on U will also be indicated by B U. Lv[[0, T], U] will be the Banach space of
U-valued functions with norm {.[ ]u(t)llPdt} /p, 1<= p. For this and related
notions like Bochner integrability, strong and weak measurability, see [18, Chap.
3]. If E, is a sequence of subspaces, n 0, 1,..., then C1 sp {E,, n >__ 0} will
indicate the closure of their span (i.e., totality of finite linear combinations of
elements e,, e, e E,). Also, an (abstract) Volterra operator on X will be, as in

The fact that a scalar admissible controller is here a bounded measurable function, while in
[32] it is a function of bounded variation, is not essential.
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[16], a compact operator on X, whose spectrum is just the origin. Finally, a
vector-valued function of time is called analytic on [to, t] in case, as usual, it is
representable in a neighborhood of any point in [to, t] as a convergent power
series of (t ) (the convergence is intended with respect to the norm of the space
containing the range of the function).

2. System and its properties.
2.1. Mathematical model and background. The most general state equation

considered in this paper is the following abstract linear differential equation

() Yc A(t)x + B(t)u, > to,

where x and u are vectors in complex3 separable Banach spaces x (state space)
and U (control space), respectively; A(t) and B(t) are, at each > to, in M(X) and
M(U, X), respectively, and, for the purpose of what follows, (at least) continuous
in t. is the time derivative with respect to the norm of X. Admissible controllers
for on some finite interval [to, T] are all U-valued functions u(t) that are Bochner
integrable and have bounded norm Ilu(t) on [to, T]. Admissible controllers form
a linear space in each Banach space Lp[[to, T], U].

Then for each admissible controller u(t), there is a unique solution of the
Cauchy problem consisting of the equation 5 and X(to) Xo in X, satisfying the
equation 5 a.e. on [to, T]. Such a solution can be written in a manner formally
analogous to the finite-dimensional case

x(t, to, Xo, u) (t, to)Xo + (t, r)B(r)u(r) dr,

where (.,.) is a one-to-one and onto operator in M(X), a solution of the
homogeneous equation and satisfying the usual properties [6, Chap. 3]. In the
autonomous case" with A(t)=_ A, then (t, to)= eA(t-tO) (where the operator
given by the exponential is expressed by the usual series,

I + A(t to) + AZ(t to)2/2! +
convergent in the norm of M(X)). Hence the solution (taking to 0 without loss
of generality) becomes

x(t, Xo, u) eAtxo + ea"-)Bu(r) dr,

and, for later reference, we notice that (u(t) being Bochner integrable)

(2.1.1) eA’-)Bu(r) dr A"B --u(r) dr
n!

for every finite interval to < =< t < o, as can be checked directly. The case
deserves special attention when the control space U is finite-dimensional, say of
dimension m, and so is (isometrically isomorphic to) Rm. Then &o can be more
conveniently written as

() :t A(t)x + bi(t)ui(t), i= 1,..., m,

For the application of the results to the case of practical interest when X and U are real, see the
remark in [13, p. 398] or in [12, p. 694].
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with hi(t)= B(t)ei, {ei} a basis for U, and ui components of u. In this case u(t)
admissible implies that the scalar functions ui(t) are measurable and bounded.
Conversely, any system c,, with bounded measurable ui(t) is a special case of
with U R and u admissible. For m 1, we shall write b instead of b l.

We now augment the description of the previous state equation(s) by pro-
viding an output (or observation) equation: y H(t)x, where H(t), >_ to, is a
bounded linear operator from the Banach space X into the Banach space Y
(output space). (Completeness of Y when the system is autonomous will not be
needed.) The complex of the state and output equations is referred to as an ob-
served system. The output at time initiating at time to, due to the control u(t)
acting from the initial state Xo, will be indicated by

y(t, o xo u) H(t)x(t, o Xo, u),

and the specification of to 0 will be dropped in the autonomous case.
Presumably, the case of greater physical interest is when the output space

Y is finite-dimensional, say Y R, and so H(t) is an r-tuple of bounded linear
functions H(t) [hl(t), ..., h(t)3, h)(t) X*. This means that, although the state
of the process is a distributed quantity, (say, a distribution of temperature),
external measurements reveal some (finite) data obtained from the global dis-
tribution. Therefore, results pertinent to the case Y R will be particularly
stressed and explicitly displayed. The following consequence of the Hahn-Banach
theorem will be the main tool exploited in the entire paper; it will be referred to
as the fundamental proposition.

FUNDAMENTAL PROPOSITION [22, p. 1453. Let X be a normed linear space and
E an arbitrary set in X. Then C1 sp {E} X if and only if the zero functional is
the only bounded linear functional that vanishes on E.

2.2. Definitions. We collect here the definitions of all the concepts to be
investigated in this paper, with reference to the system introduced in the
previous section.

DEFINITION 1. The nonautonomous system q is (completely) state

(i) approximately controllable on finite interval [to, T] in case: given e > 0
and two arbitrary initial and final points Xo and x in X, there is an admissible
controller u(t) on [to, T] steering Xo, along a solution curve of , to an e-sphere
of Xl, that is such that Ilx(T, to, Xo, u) x _< e. In other words for each initial
point Xo, the set of all points to which Xo can be steered by admissible controllers
on [to, T] is dense in X.

(ii) exactly controllable on [to, T], if e 0 in (i).
Without loss of generality, we can take the initial point Xo 0, since the

translation by tg(T, to)Xo of a dense subspace (the whole space) is still dense in X
(the whole space).

If the state space X is finite-dimensional, the two above definitions coincide,
and so they both can be thought of as generalizations to infinite-dimensional
spaces of the classical concept of controllability, to which they reduce when
X R" and U R". In fact with X finite-dimensional, the subspace of all states
reachable from the origin on [to, T] is closed and hence it cannot be dense in X
unless it is all of X.

The next two definitions refer to the observed process.
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DEFINITION 2. The nonautonomous observed process ’ is completely ob-
servable on the finite interval [to, T] in case:for each admissible control on

[to, T], and for every two responses x(t) and (t) with distinct initial states, the
outputs H(t)x(t) and H(t)(t) are distinct.

By linearity of 5, the above definition is equivalent to saying that, for the
null input u(t) =_ 0 (free system), the null output H(t)x(t) =_ 0 implies

x(t) O(t, to)Xo =_ 0

i.e., Xo 0, since the operator (I)(t, to) is one-to-one and onto.
DEFINITION 3. The nonautonomous system &.qo is (completely) output
(i) approximately controllable on [to, T] in case: given e > 0, Xo and y

arbitrary in X and Y respectively, there is an admissible controller u(t) on [to, T]
such that Ily(T, to,Xo, u) Ylll < e.

(ii) exactly controllable on [to, T], if e 0 in (i).
Again, if Y is finite-dimensional, (i) and (ii) in the last definition coincide.

Also, without loss of generality, we will always take Xo 0 and, if the system is
autonomous, also to 0.

3. State controllability. Autonomous case.
3.1. State approximate controllability. When X R" and U R", and so

A and B are matrices, is controllable if and only if rank [B, AB, ..., A"- 1B] n,
[21]. The generalization of this algebraic test to infinite-dimensional spaces is
given by the following characterization, expressed solely in terms of the oper-
ators A and B and, in particular, independent on the particular finite interval,
(whose mention will therefore be henceforth dropped).

THEOREM 3.1.1. The autonomous system is approximately controllable on

[0, T] if and only if
Clsp{A"BU, n>=0} X

or equivalently, if and only if

f) W{B*(A*)"}- {Ox,}.
n=0

Also, approximate controllability of is retained by using only continuous
U-valued controls (via Lusin’s theorem that holds also for functions with values
in an abstract space 11, p. 474], [10, pp. 1218]).

COROLLARY 3.1.2. The autonomous system ,, is approximately controllable
on [0, T] if and only if

C1 sp {A"b,} C1 sp {b, b,,, Abl, Ab,,, Aeb, .} X.

Also, approximate controllability of q,, is retained by using only C-con
trollers (say, polynomials) via Lusin’s and Weistrass’ theorem.

Remarks 3.1.1. Notice that while sp {A"BU, n >= 0} X may occur (e.g.,
when the range ofB is all of X), the subspace sp {A"b} is always properly contained
in the infinite-dimensional space X; otherwise, in fact, the sequence in brackets
would be a countable Hamel basis for X, which is impossible [10, p. 74]. The
above result also justifies why the space X was taken separable to start with.
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Finally, approximate controllability is preserved under a linear change of variable
2 Px, where P is a 1-1 onto operator in (X).

We also remark that Theorem 3.1.1 can be further extended, in a rather
straightforward way, to cover systems with retarded controls, the finite-
dimensional theory of which has been treated in 3 of [2]. Details will be given
elsewhere.

As far as the proof of Theorem 3.1.1 is concerned, we remark that, although
the necessary part can be proved directly by elementary means in a few different
ways [35], we prefer to present here a more abstract method of proof that has the
advantage to work equally well for the necessary as well as the sufficient part.
Such a method is based on the fundamental proposition, via the introduction of
bounded linear functionals.

Proof of Theorem 3.1.1. The proof hinges on the following three steps that are
worth pointing out’

(a) is approximately controllable on [0, T] if and only if x*(eA(T-t)Bu) =-- 0
on [0, T] U implies x* 0 (equivalently, if and only if B* ea*tT-t)x* 0 on
[0, T] implies x* 0;in this form see also [13]).

Only if" Otherwise, in fact, there is a nonzero * X* such that the subspace
KT of all states reachable from the origin on [0, T] is contained in the (closed)
hyperplane {x’x X, ff*(x)= 0}, which is not dense in X by the fundamental
proposition.

If" If the subspace K is not dense in X, then ff*(Ka) 0 for some nonzero

* in X* and this easily leads to *(ea-t)Bu) 0 on [0, T] U.
(b) x*(eAtBu) =-- 0 on [0, ) U implies x* 0 if and only if" x*(A"Bu) O,

n 0, 1,..., all u U, implies x* 0. (Equivalently, B* eA*tx* 0 on [0 )
implies x* 0 if and only if B*(A*)"x* 0, n 0, 1, implies x* 0..

The proof follows easily, e.g., arguing by contradiction with a nonz ro x*"
set 0, differentiate in setting 0 again, etc. in one direction; use the series
expansion for the exponential in the other direction.

(c) Theorem 3.1.1 follows now from (a) and (b) via the fundamental
proposition. Q.E.D.

Remark 3.1.2. One easily convinces oneself that the condition in Theorem
3.1.1 is necessary (and sufficient) also for a more relaxed definition of approximate
controllability, in which the final (finite) instant T is not fixed in advance, but is
left free, possibly depending on the pair of initial and final points x0 and x l. In
this case, in fact, in part (a) ranges over [0, ), precisely as in part (b).

One also expects that some standard corollaries to the algebraic test for
controllability in the finite-dimensional theory, as e.g., Corollaries 1, 2 and 3 in
[26, pp. 83-85], can be extended in the "approximate" (i.e., dense) sense to infinite-
dimensional spaces via Theorem 3.1.1.

This is indeed the case. We report here only one such result involving the
domain of null controllability [26, p. 84], and refer for other results and detailed
proofs to the author’s dissertation [35].

COROLLARY 3.1.3. Let the autonomous system be approximately controllable.
Assume also that u 0 lies in the interior of the control restraint set (in U) and
that the spectrum of the operator A lies in the open left-half plane of the complex
plane. Then the closure of the domain of null controllability is the entire space X.
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Also, from Theorem 3.1.1, we can easily get an asymptotic result.
COROLLARY 3.1.4. Let the system ’ be approximately controllable and let the

real function Ileatll be bounded for > 0 (this implies that the spectrum of A lies in
the closed left-half plane in the complex plane [6, 1.4.2]). Then, given e > 0 and
an arbitrarily small time interval [0, T], each point Xo in X can be steered to the
e-sphere of the origin over [0, T] and kept herein thereafter by a controller that is
admissible in [0, T] and identically zero afterwards.

Even in the particular case in which the system in question is 51 and the
state space X is Hilbert, the above corollary improves Theorem 2 in [32], yielding
a stronger conclusion under weaker assumptions (see the definition of "basis"
in [32]).

The asymptotic behavior of 5a is studied in more detail in [35] and will not
be reported here.

We close this section by presenting the decomposition problem. It is well
known that in the classical finite-dimensional theory, an arbitrary linear system
can be uniquely decomposed in a controllable and uncontrollable part [26, p. 110].
An analysis of the argument employed to derive such a decomposition, shows
that it relies on three factors" (a) the domain cg of null controllability with no
control restraint is a subspace of X [26, p. 97]. (b) existence of a projector P (i.e.,
linear, with p2 p) projecting X onto cg; (c) such a projector is continuous, so
that xc Px, x’c (I P)x imply c P and ’ (I P). The boundedness
of the projector P in turn follows [34, p. 242] from the fact that both the range
and the null space of P, being finite-dimensional, are always closed. When the
state space X is an infinite-dimensional Banach space, (a) is still valid, as one can
convince oneself by examining [26, p. 97]. Consequently (b) also holds true
[34, p. 241]. However, now cg need not be closed and, more important than that,
even if we replace cg by its closure cg the projector operator of X onto cg need not
be continuous if X is a general Banach space, even if reflexive [34, p. 242]. On the
contrary, if X is instead a Hilbert space, the projector operator P of X onto cg
is not only bounded but also orthogonal (P P*). Therefore, if one attempts to
generalize the decomposition theorem [26, Thm. 10, p. 97] to systems defined on
infinite-dimensional spaces, the distinction between a Hilbert or a Banach state
space X is fundamental. In the former case, the wanted generalization is given by
the following theorem. Its prooffollows the classical one as in [26] with appropriate
modifications and is therefore omitted (for details see [35]).

THEOREM 3.1.5. Consider the autonomous system q defined on a Hilbert space
X. Then there exists a subspace of X, precisely the domain of null controllability
of’ with no control restraint, such that

(i) no point of cg can be steered out of c and no point out of can be steered
into ,

(ii) 5o, restricted on , is approximately controllable. Moreover is unique
and there exists an orthogonal projector P, such that cg is just equal to PX, c PX,
and can be written as

c-- AlXc -F- A2xc + PBu,

X A3x
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with xc Px and x (I P)x A is the operator PA restricted over cg, while
A2 and A 3 are, respectively, the operators PA and (I P)A, each restricted over
the orthogonal complement of cg. Also

Clsp{A"BU,n0}

3.2. Examples of approximate controllable systems.
Approximately controllable systems L The condition" C1 sp {A"b, n >_ 0} X

that characterizes approximate controllability for the system "2 Ax + bu
with just one scalar controller is often referred to, in the mathematical literature,
as cyclicity of the pair (A, b)" A is a cyclic operator (on X) having b as cyclic
vector.

Example
olterra type"

3.2.1. Consider the following integro-differential equation of

(3.2.1)
cw(t, ) f]t w(t, s) ds + v()u(t)

for the scalar function w(t, ) in two scalar variables and , say, 0 __< _< 1, and
where v() is a given scalar function, through which the scalar control u(t) affects
the solution. Equations similar to (3.2.1) arise in some chemical engineering
processes [1]. Let us distinguish two cases.

(i) If the function v() is continuous, then we take X C[0, 1] and one
checks that (3.2.1) can be written in the abstract form 2 Ax + bu, by taking
the state x(t) to be the function w(t,. ), the vector b to be the function v(. and the
operator A to be the (Volterra)integral operator (Af)()= .of(S)ds defined on

cE0, 3.
Then the necessary and sufficient condition for the process (3.2.1) to be

approximately controllable (i.e., for (A, b) to be a cyclic pair on C[0, 1]) is simply
that v(0) - 0 [8].

(ii) More generally, if the given function v() is p-integrable, then we take
X Lv[0, 1], 1 <= p < oe, while x(t), b and A are defined formally as before (use
[30, p. 91] to get 2(0 cw(t, )/ct; also [18, pp. 68-70]).

Then the necessary and sufficient condition for (3.2.1) to be approximately
controllable (i.e., for (A, b) to be a cyclic pair on Lv[O, 1]) is that for any > 0,
v() 4= 0 on a subset of positive measure of [0, ] (equivalently, zero belongs to
the support of the function v()) [8], [20], [16, p. 37].

As we see, the test for approximate controllability of the process (3.2.1)
becomes a trivial matter.

If the interval of integration [0, ] in (3.2.1)is replaced by [, 1], then the
characterization for approximate controllability becomes:for any 6 > 0, v() :/: 0
on a subset of positive measure of [1 6, 1] (equivalently, one belongs to the
support of v()) [19, Thm. 3, [16, pp. 37-383.

The previous example offers the opportunity to pause and make the following
comments regarding perturbation.

Remark 3.2.1. Recall first that, when X and U are finite-dimensional, con-
trollable systems are open and dense in the totality of linear autonomous systems
[26, p. 100]. The same result was recently extended to nonautonomous systems in
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the Lp-norm [7]. However, when the state space X is infinite-dimensional, we can
easily deduce from the above example, defined, say, on X L2 [0, 1], that the
openness property fails, even if the operator A is left unperturbed and A is
(Volterra and) a proper contraction All 2/t < [17, p. 300]); so that, if A"b
span all ofX ande>0is given, we can find b’, with b-b’ <e (and hence
[[A"b Abb’ll < ;, n 0, 1,...) and yet A"b’ will not span X. (In what follows,
we write the vectors b and b’ in X as functions Vb(" and Vb,(" in L2[0 1].)

In fact, let the process (3.2.1) with v() Vb({) be approximately controllable,
so that the function Vb({) is different from zero a.e. on some initial interval [0,
0 < 6 =< 1. Next, consider a function Vb,({), identical to v() except on an initial
interval, where Vb,({) is set identically zero. By selecting the initial interval suitably
small, the function Vb,({) can be made arbitrarily close to Vb({) in the norm of X
and yet the process (3.2.1) with v({) Vb,() is not approximately controllable.

Using similar considerations, one should notice, however, that in this case
the density property does hold, (with A unperturbed); that is, if the process (3.2.1),
is not approximately controllable with v({)= Vb,(), then it does become such
with a function v() Vb() arbitrarily close to Vb’() in the norm of X.

Equally easy tests for the approximate controllability of other more com-
plicated integro-differential equations of olterra type, with nontrivial kernels
under the integration sign, are given next. They are drawn from the scattered
literature on cyclic operators.

(An attempt to gather information in cyclic operators with implications on
control problems has been made in the Appendix of [35], where references are
also given.)

Example 3.2.2. Consider the integro-differential equation of Volterra type

Ow(t, )
(3.2.2) t F() 3o (- s) ’w(t, s)ds + v({)u(t),

where the solution w(t, ) is sought, say, in L2[0, 1] in , 0 < e < oe, and v() is
a given function in L2[0 1]. The integral is the Riemann-Liouville integral of
fractional order. In this case the operator A is given by the following Volterra
operator:

f[ _f(Af)() )) ( s) (s) ds, f() e L2[0, 1].

Introduce the quantity s (>__0) defined by

fl fIf
If()l 2 d 0, If()l 2 d > 0, e > 0.

f

Then for the process (3.2.2), the condition of approximate controllability
of Corollary 3.1.2 is simply equivalent to l 0 [16, p. 399].

Example 3.2.3. A general kernel is now presented. Consider the integro-
differential equation of Volterra type

w(t, ) ((3.2.3) t j F(, s)w(t, s) ds + v()u(t)

with solution w(t, ) sought in Lp[O, 1], < p < oo, in ; here v() is a given
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function in Lp[O, 1] and the kernel F(, s) satisfies any of the technical conditions
of Theorem 3 in 19, p. 4923

(i) F(, s) is C2 and F(s, s) real-valued and -0"
(ii) F(,s)= (s- )-G(,s)is analytic, a positive integer, G(s,s) real-

valued and - 0;
(iii) F(, s) F(s ) (s )- lk( s) 4- n( s), order of F" k e C2,

n LI[0, 1] and n 0 in a neighborhood of s.
Then, for the process (3.2.3), the condition of approximate controllability

given in Corollary 3.1.2 becomes equivalent to the requirement that for any
6 > 0, v() - 0 on a subset of positive measure of [1 6, 1] (equivalently, one
belongs to the support of v()).

Further information, sometimes in the form of weaker sufficient conditions
on the kernel F(, s) to make the above process (3.2.3) approximately controllable
with a suitable v() (and p 2), is given in [4, p. 237], [38], [14], [29].

Example 3.2.4. In all the above examples (as well as in the following example
3.2.5), the operator acting on the state of the system 51 is unicellular (an operator
on X is unicellular in case, of any two distinct invariant subspaces, one is always
contained in the other, and so all the invariant subspaces are nested; unicellular
operators form a special class ofcyclic operators [33, p. 140], [16, p. 36], [14, p. 192]).

In order to enlarge the class of systems &a that may become approximately
controllable, with a suitable choice of the vector b (at least when defined on a
Hilbert space), the following considerations are in order"

The Volterra integral operator (Af)() fof(S)ds on L2[0, 1] (or its adjoint
[4, p. 113] (A*f)() j’ f(s)ds)can be considered to be a "canonical form" with-
in a certain class of operators (simple, dissipative, with one-dimensional imaginary
component), in the sense that each operator of this class is unitarily equivalent
to a scalar multiple of it [16, p. 33], [33, p. 363].

Since the unicellularity of A (or A*) is preserved under unitary equivalence
[16, p. 36], all the operators in this class are unicellular, hence cyclic. Therefore
their corresponding dynamical systems 21 can be made approximately con-
trollable. Moreover, as it follows from a general result [33, p. 140], the totality of
vectors b, for which one such system is not approximately controllable, form a
set of first category. Compare with Remark 3.2.1.

We now wish also to present two other examples of approximately con-
trollable systems 5, describing systems of countably many linear differential
equations.

Example 3.2.5. Consider the system Ax + bu defined on X- lp,
__< p =< , x [Xo, X1,’" ", E0, )1, ", b [bo, b 1,’" "] while A is the

operator, whose matrix representation, with respect to the usual basis, has the
following entries" positive nonincreasing numbers 2, j 1,2,..., such that

2 < for some (0 < < c) in the diagonal immediately below the main
diagonal and zero elsewhere. Such an operator A is compact, unicellular [16,
p. 404] (hence simple and olterra with p 2, [16, p. 35]) and hence cyclic. More-
over, for the above system, the condition of approximate controllability of
Corollary 3.1.2 holds if and only if [28] bo - 0. See also [8] for 2 2 -.

Example 3.2.6. Consider the system Ax + bu defined on X 12 with
x, b, as in the previous example, while A is now the (bounded but noncompact)
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right shift operator" Aei el+ i= O, 1, ..., {ei} basis for X, whose matrix
representation has the entry in the diagonal immediately below the main
diagonal and zero elsewhere [34, p. 266].

While the condition bo -0 is obviously necessary for approximate con-
trollability (on any lp), to express the necessary and sufficient condition ofCorollary
3.1.2 in terms of the coordinates of b is more delicate. To do this conveniently,
one introduces the Hardy space H2 HZ(D) of all analytic functions

f(z) ci(f)z

for which Icil 2 < . Every such function is automatically holomorphic in the
open unit disc D. Then 12 is mapped unitarily onto H2 [16, p. 403-], by associating
with each vector x in 12, X 2 xiei, the function fx(Z) in H2, f(z) xiz. Then
the above system is approximately controllable (i.e., the function fb is cyclic,
also "outer" in Beurling terminology) if and only if [3, p. 245]

In If(0)l In Ibol In Ifb(ei)l dO.

Iffb(z) does not have zeros in D, the above condition (Poisson’s formula) always
holds [39, p. 205].

Before turning to the case m > 1, we remark that very technical necessary
and sufficient conditions for some abstract bounded operators in Hilbert space
to be unicellular are given in [16, 2 in Appendix], [4, pp. 34, 166, 187, 237],
[33, pp. 363, 371].

We next present, as promised in the Introduction, a nontrivial example,
showing the application of our results with bounded operators to the general
case when the operator acting on the state is unbounded and generates a strongly
continuous semigroup. More precisely, as explained in (a) in the Introduction,
the characterization for approximate controllability in finite time of the original
system with an unbounded operator will be found from the equivalent condition
of approximate controllability on [0, T] of the associated system with the resolvent
operator acting on the state.

Example 3.2.7.
(a) Let X Col0, 1] be the subspace of C[0, 1] of all continuous functions

vanishing at the origin:

Co[O, 1] {f:fe C[O, 1],f(O) 0}.

Now let A be the (first order) differential operator defined by Af -f’, with
domain

D(A) {f:f e Co[O, 1] ;f’ exists and belongs to Co[O, 1]}.

A acts from D(A) onto Col0, 1]. Notice that:
(i) D(A) is dense in C0[0, 1] with respect to the usual uniform norm:

[Ifll max {If()l, 0 =< =< 1};
(ii) A is linear and closed;

(iii) the spectrum a(A) of A is empty;
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(iv) the resolvent R(2, A) (21 A)-1 is an entire function of 2 given by

JR(2, A)v] () e- -)v(s) ds e-v( ) d

e- S()v() d e- S()v() d, 0,

where S(z), 0, is the strongly continuous semigroup of translations defined
on Col0, 1] by

v(-z) for0z,
[S(z)v()

0 or < z.

The above relationship between R(2, A) and S(z) holds also as a Bochner integral
on X. Using Corollary 16, p. 627 in [10], we then see that S() is the semigroup
with infinitesimal generator A.

Since the spectrum (A) is empty, we can take, for example, R(0, A) and hence,
as explained in the Introduction, the abstract system

(3.2.4) =Ax+bu onX=Co[0,1]

is approximately controllable in finite time if and only if the associated system

R(O,A)x + bu alsoonX=Co[0,1]

is. Using Corollary 3.1.2 with m 1, this last condition is equivalent to

(3.2.5) C1 sp {R"(O,A)b, n 0) Col0, 1].

But R(0, A) is the Volterra integral operator

defined on N(A) Co[0, 1. According to a result of [8], already used in Example
3.2.1, the totality of closed invariant subspaces for the same integral operator,
when defined on the space C[0, 1], is given by the subspaces ,, consisting of all
continuous functions vanishing on [0, a]. It follows that if we indicate by b the
vector of Col0, 1] corresponding to the function v(), the condition (3.2.5) holds
if and only if, for any > 0, one has v() 0 in some subinterval of positive
length of (0, ]. We now interpret our results in explicit form. Consider the one-
scalar-control system modeled by the following partial differential equation"

w(, w(, i + v(iu(tt

with v()in Col0, 1 and with solution w(t,. sought in Col0, 1], corresponding
to the abstract form (3.2.4). Such a system is approximately controllable in finite
time if and only if, for any 6 > 0, v() 0 in some subinterval of (0, 6].

(b) Similar considerations can be made on the space X Ca[0, 1] of all
continuous functions f() vanishing at 1, with respect to the (first order)
differential operator A defined by Af f’, with domain D(A) f" f C [0, 1]
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f’ exists and belongs to C1[0, 1]}. See [18, p. 537]: A is a closed linear operator
from D(A) onto C1[0, 1], with dense domain, and is the infinitesimal generator of
a strongly continuous semigroup. The spectrum of A is empty and the resolvent
R(0, A) (- A)- is given by

ff- flJR(0, A)v] () v( + r) dr v(s) ds,

which is precisely the same operator (except defined on C[0, 1]) considered at the
end of Example 3.2.1.

Approximately controllable systems &am, m > 1. A simple, dissipative, Volterra
operator on Hilbert space X with nuclear imaginary component of p-dimensional
range (p < o) is [16, p. 353][4, p. 209] [38]

(i) either unicellular, and so there is a vector b in X, such that the pair
(A, b) is approximately controllable

(ii) or decomposes (nonuniquely) into a quasi-direct sum A A
of unicellular operators Ai, 1, ..., m =< p. This means that there are subspaces
Xi, invariant under A, satisfying the conditions:

(a) the subspaces Xi are linearly independent (i.e., fl + + fm O, f Xg,
implies fl f2 fm 0); (b) the span of the subspaces X is dense in X;
(c) the operator A induced by A on Xi is unicellular. Accordingly, one writes

X---Xl+...+X
In this second case, there are vectors b in Xi such that C1 sp {A"b, n > 0} X
and hence

Clsp{A"bi, 1 <_ <= m;n >=0} X

since

X= Clsp{X,l =< i=<m} Clsp{Clsp{A"b,,n>__0},l__< i<_m}

Clsp{A"bi,1 <= i<= m;n >=0}.

Consequently, the correspondent system & is approximately controllable.
Another example of an approximately controllable system 5(’ is obtained

by defining the bounded but noncompact operator A by" Aei e +,,, 1, 2, ...,
and taking b e, 1,..., m.

It would be commendable to single out from the class of operators referred
to above, those that give rise to physically significant dynamical systems.

Approximately controllable systems . Let X U be a Hilbert space and
let A be a simple operator [16, p. 29] (called also completely non-self-adjoint
[4, p. 3], that is A and A* do not have a common invariant subspace on which
they coincide) and let B A A*. Then C1 sp {A"BU, n >= 0} X [16, p. 30
and so the pair (A, B) is approximately controllable.

In particular, the Volterra integral operator defined on

X L2[0, 1] by (Af)() f(s) ds
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if(s) ds. Then, the corresponding integro-differentialis simple and (A*f)()=
equation of Volterra type

(3.2.6, c3w(t,,__f/ f/ flat w(t, s) ds + #(t, s) ds 2 la(t, s) ds,

with scalar functions w and/ such that x(t) w(t,. and u(t) =/(t,. are both in
L2[0, 1] for each (__>0) fixed, is approximately controllable. However, as will
follow from Theorem 3.3.1, it is not exactly controllable, since the operator B is
compact. The same conclusion applies to every pair (A, B), with A simple and
compact, B A A*, defined on a Hilbert space X U.

Of course, the approximate controllability tests for the systems 5e given in
the previous part of this section can be profitably used to decide the approximate
controllability of systems Y’ having the same operator A.

For instance one can establish the approximate controllability of (3.2.6) on
any X Lp[0, 1], 1 _<_ p < , even if the controllers are restricted to be constant
in the space coordinate. In fact, with /t(t,. )--#(t), the control action on the
integro-differential equation is merely given by: v()lt(t), with v() [-1 + 2],
so that the test in Example 3.2.1 applies.

Similarly, if in (3.2.6) the control action is replaced by i #(t, s)ds, with
1 [0, 1], or [0, ], or [, 1], the process is still approximately controllable on
any X Lp[O, 1] with controls that are constant in the space coordinate.

Remark 3.2.2. While in the classical finite-dimensional theory, controllability
of the pair of (real) matrices (A, B) is equivalent to the possibility of selecting a
(real) matrix D such that the spectrum of A + BD is preassigned [37] compatible
with its reality, this property fails in infinite dimension, where now D is an oper-
ator in (X, U). In fact all the above are examples of approximately controllable
systems with both A and B compact operators and yet, for each D in (X, U),
the spectrum of the compact operator A + BD always contains the origin.

3.3. State exact controllability. A direct study of some of the approximately
controllable systems 5m given in the previous section, shows [35, 2.6] that these
systems are however not exactly controllable on any finite interval: even more,
an example is considered in [35, 2.6] of a system 51, defined on X L2[0, 1],
where the sequence b, Ab, AZb, is an orthonormal basis (stronger condition
than approximate controllability) and yet the system is not exactly controllable
on any finite interval, since all the functions reachable from the origin in finite
time by means of admissible controllers are always continuous functions. All this
advances the conjecture that the system &m, having a finite number of controls,
can never be exactly controllable on a finite interval [0, T], when the state space
X is infinite-dimensional. This is indeed the case and in fact even more is con-
tained in the following.4

THEOREM 3.3.1. The autonomous system ,,, defined on an infinite-dimensional
Banach space X, can never be exactly controllable on any (fixed)finite interval
[0, T]. More precisely,

(i) the subspace Ky of all points reachable from the origin on [0, T] by
L I[0, T]-control functions does not fill all of X;

See also Remark 10.2, p. 207 in [41].
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(ii) given an arbitrary initial point Xo (final point xl) there is a point xl in X
(Xo in X) that is never reachable from Xo (steerable to x) by any LO, T]-control
function.

The negative assertion (i) can be even strengthened as follows"
(iii) the set of all points reachable from the origin in any finite time (possibly

depending on the particular point to reach) by locally L-control functions does not

fill all of X. In symbols" U Kr 4: X, where the union is taken over all T in [0, ).
Remark 3.3.1. U Kr is the domain of null controllability with no control re-

strictions for the system 2 -Ax- biui that can be shown, as in the case
when X is finite-dimensional [26, p. 98], to be a subspace. Compare Theorem
3.3.1 with Corollary 3.1.3.

Proof. (i) We first note that the operator

bl eAtT-t)biui(t) dt

from L[0, T] into X is compact [9, p. 369], 10, p. 507] since eAt-bi describes a
compact set in X, for 0 __< =< T. Hence the operator Q defined by

Qru x(T, O, u) e(r-biui(t) dt
i=

from LI[[0, T], Rm] into X is also compact.
Therefore the image K(T) under Qr of the sphere in L[[0, T], Rm of radius

n, centered at the origin, is a precompact set. Let K(T) be its closure. Since X is
infinite-dimensional, K’(T) cannot contain spheres [40, p. 31 and hence is
nowhere dense in X. Next observe that exact controllability on [0, T demands
X U__ K(T), but this is impossible by the Baire category theorem [30,
p. 139]. Consequently the subspace Kr t.J, K,(T), range of the operator
Qr, does not fill all of X. Actually, even U , K’,(T) is not all of X.

(ii) Let Xo be given and let 2 Kr. Then the point x in X defined by
xl earxo + cannot be reached from Xo by LI[[0, T],Rm] controls. If xl is
given, then define Xo by Xo e-aT(X ) and hence Xo is not steerable to xl
over [0, T].

(iii) Take the sequence of time intervals [0, i], i= 1,2,.... Then part (i)
says that the subspace K U, K,(i) is a set of first category. Consequently,
K U K is also a set of first category [30, p. 140] and hence K does not

fill all of X. But" 1 < T < i, 1,2, ..., implies

K,(i- 1)c K,(T) c K,(i), n 1,2,..., i= 1,2,...,

(since a point reachable from the origin over [0, 1] using u(t) is also reachable over
a larger interval [0, t2] by applying first u(t)=_ O, 0 <= < t2- t, and then
Uz(t u(t (tg. tl)), 2 tl <- --< t2). Hence, from the above inclusions,
taking first the union over all n, then the union over all T in [i 1, i] and finally
the union over all i, one arrives at

K U Ki_ c [,.J KT c U K K.
i=1 i=1

Hence (.J KT K and I,,J KT does not fill all of X. Actually, even
(3 T [U, K,(T)] is not all of X. Q.E.D.
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Remark 3.3.2. The assumption that A be bounded in the first part of the
argument in the proof of Theorem 3.3.1 is not crucial and can be replaced by the
weaker one that A be (closed, linear, with dense domain, and) the infinitesimal
generator of a strongly continuous semigroup S(t), >__ O. Then S(T- t)bi still
describes a compact set in X, for 0 __< =< T and so the operator

U -- S(T t)biui(t dt

from LI[0 T] into X is again compact.
Hence the previous Theorem 3.3.1 holds true also for a control process

defined by the integral version

x(t, Xo, U) S(t)xo -+- S(t z) 2 biui(’c) dz.

Notice, however, that for A unbounded and generating S(t), the differential
equation

2 Ax + biu

admits indeed the above integral expression as its unique solution, at least when
u(t) is C and Xo is in the domain of A [40, p. 486]. That such a differential equation
cannot be exactly controllable in finite time (with C-controllers) is plain, since
its solution is, at each t, contained in the domain of A which is only dense in X.
Similar comments apply to the more general process of the subsequent Theorem
3.3.3. Next, we have a refinement of the previous theorem.

COROLLARY 3.3.2. The autonomous system , defined on an infinite-dimensional
Banach space X can never be exactly controllable on any finite interval by using
locally L-controls, if the operator B’U X is offinite-dimensional range.

Proof. We omit the details, see [35, 2.13]. Write Bu(t)= bac(u(t))+
+ b,,%(u(t)), where m is the dimension of the range of B. Then one shows that all
the vectors u(. in the unit sphere of L[[0, T], U] give rise to coefficients ci(u(t))
contained in a finite sphere of L[[0, T], R]. Then proceed as in part (i) of the
previous theorem via the Baire category theorem. Q.E.D.

We now combine the above Corollary 3.3.2 with an approximation technique
to extend the conclusion ofTheorem 3.3.1 to the important case when the operator
B is compact.

THEOREM 3.3.3. The conclusions (i), (ii) and (iii) of Theorem 3.3.1 hold also for
the autonomous system 9, defined on an infinite-dimensional Banach space X,
under the assumption that the operator B’U- X is compact and that X has a
Schauder basis.

Proof. We just need to prove conclusion (i), since (ii) and (iii) will then follow
as in Theorem 3.3.1. Now, since B is compact and X has a basis, there is [10,
p. 515] a sequence B of operators" U X, offinite-dimensional range, converging,
in the uniform topology, to B. Define the operators Qk and Q by

Qku eA(T-t)BkU(t) dt, k 1,2,
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and

Qu ear-Bu(t) dr,

both from LI[[0 T], U] to X.
By the previous Corollary 3.3.2, Q is compact. Moreover, Q converges in

the uniform topology to Q, and in fact

G ell a r B B

Therefore Q is compact. The usual Baire category argument as in Theorem 3.3.1
applies and (i) is proved. Q.E.D.

Remark 3.3.3. The above theorem acquires a greater significance since, in
light of the example in 3.3, there are classes of approximately controllable
systems that yet are not exactly controllable; e.g., all those given by compact,
simple operators A, with B A A*, defined on a Hilbert space X U.

It is ofinterest in some cases [35, Chap. 5] to know a class ofeasily recognizable
points in X, that cannot be steered to the origin (or reachable from the origin) in
any finite time by admissible controllers. Information in this direction is provided
by the following theorem (and subsequent remark) and should be viewed as a
complement to the previous (negative) results on exact controllability. It was
suggested to us by a similar result, stated just for systems with one scalar con-
troller, defined on a Hilbert space and with a different class ofadmissible controllers
(functions of bounded variation) [32]. Therefore the proof is only sketched.

THEOREM 3.3.4. Let the state space X be infinite-dimensional. Assume that the
autonomous system ’m satisfy a property stronger than approximate controllability,
namely, let the sequence A"bi’bl, bm, Abl, Abm, A2b, A2bm, be

n,ia Schauder basis for X. Write the coordinates of a point Xo in X as Xo "x", ",
,,i > O (or ,,i < O) for some fixedX’m, x’l, X’m, X’1, x’m,. If Xo Xo

and all n greater than some N, then the point Xo cannot be steered to the origin in
any finite time by bounded measurable controls.

Proof. (Sketch; for details see [35, 2.6]). The proof makes use of the
Hausdorff theorem on the solvability of the moment problem on a finite interval,
within the class of bounded measurable functions [27, p. 134]. Consider first the
case m 1, and write b instead of b Let Xo be a point in X with coordinates x
satisfying x >= 0 (or x _<_ O) for all n > N > O, Xon O, as in the assumption.

We need to show that the response x(T, Xo, u), T arbitrary but fixed, to any
bounded measurable control u, cannot be the origin, that is the equality

e- aTbu(t) dt t"u(t) dt A"b Xo xoA"b
n--O

cannot hold. This is equivalent (since A"b is a basis and setting r t/T) to showing
that the moment problem

1)"+1 Xo T,+ =/,, n O, 1,...
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is not solvable for u(r) bounded measurable; that is, by the theorem in [27, p. 134]
the inequality

(n + 1)ck,lA"- kpkl <= M, k- O, 1,..., n,

with M a constant independent of n, cannot hold. And in fact, from [27, p. 131]
2A N

#N [N C ]AN + -Jr- C uN + 2 + + (- 1) ll n > N,

we deduce that ]A"-upu] >= ]Psi > 0, n > N > 0, since the p,’s corresponding to
the point Xo are alternate in sign (or possibly zero) for all n > N. From here one
checks that, when k N < n, the left-hand side of the Hausdorff inequality goes
to infinity as n oe and therefore the moment problem is not solvable.

The conclusion for the case m > 1 follows from the case m 1, applied to
the sequence A"bi in question, using

f: o [ ’-1) f: 1e-AT E biui(t) dt t"ui(t) dt Anbi Q.E.D.
i=1 i-1 n!

Remark 3.3.4. We argue only for m 1. The modifications needed for rn > 1
are obvious. Theorem 3.3.4 applies in particular to the points b, Ab, A2b, (or
a finite linear combination of them) that therefore are not steerable to the origin
in finite time by bounded measurable controllers. However, for this special class
of initial points, the theorem holds under somewhat relaxed assumptions, namely
that the sequence A"b need not be a Schauder basis for X, but it is enough that it
satisfies the weaker property of unique representation of the origin, i.e.,

c,A"b 0 c, O, n O, 1,....

In fact, when Xo is one of the vectors of the sequence A"b, this is just what is needed
in the proof of Theorem 3.3.4.

An important example where this uniqueness property of the origin in terms
of the A"b’s holds, while the sequence A"b is not a Schauder basis, is given by the
case when A is the Volterra integral operator (Af)() [.of(S) ds and b is the unit
function in Lv[0, 1]. In this case, in fact [34, p. 291], (A"b)() "/n!.

Also Theorem 3.3.4 admits a counterpart concerning points reachable from
the origin in finite time. For instance, for m 1, one verifies, by paralleling the
argument of the previous Theorem 3.3.4, that nonzero points, whose coordinates
in the basis b, Ab, AZb, are alternate in sign (or possibly zero) from a certain
place on, are not reachable from the origin in finite time by bounded measurable
controls.

So far we have provided neither condition(s) for a system 5 (defined on an
infinite-dimensional state space X) to be exactly controllable nor any example of
such sort and one may very well wonder whether exactly controllable systems
exist at all. The answer is of course in the affirmative sense, the simplest example
being given by A 0, B I on X U. Then, the U-valued (admissible) con-
troller u(t) x l/T reaches from the origin the arbitrary point xl in [0, T].

More generally, if the operator B is onto (and so B is not compact with X
infinite-dimensional !) then the autonomous system 50 is exactly controllable on
any finite interval [0, T]. In fact, in this case, for any x in X, we can define (perhaps
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nonuniquely) a U-valued function u(t) by Bu(t) e-A(T-’)x1/T 0 <= T, whose
response at T from the origin is precisely x l. Also, u(t) is indeed an admissible
controller, since, by the open mapping theorem, it entirely lies in some finite
sphere of U.

If in addition, B is either one-to-one (and so B- is bounded) or else X U
and A and B commute, then an admissible controller steering the origin to the
arbitrary point x in 0, T] is given explicitly by u(t)= B- e-aT-t)x/T and
u(t) e-a(T-t)u/Y, with BUl Xl, respectively.

An obvious necessary condition for exact controllability of 50 is (using
(2.1.1)) that, for each x in X, there is a sequence u,(x) in U (depending on x) such
that x can be written as x ,o A"Bu,(x). However if, in addition, u,(x) is
unique, given x, then the above necessary condition is not sufficient. In fact, take
any sequence u, u2, in U and add a point Uo not contained in their span. Then
by the Hahn-Banach theorem, there is u*e U* with u*(uo)= 1 and u*(u,)--O,
n 1,2,.... Consider then the point x ,o A"Bu,. If there were an ad-
missible control u(t) steering the origin to xa in finite time T along a solution curve
of 50, then, using (2.1.1) and the uniqueness of the representation, the following
classical Hausdorff moment problem,

(T t)"u*(u(t)) dt u*(u,) n !, n O, 1,
o

would be solvable for a bounded measurable function u*(u(t)). But this is im-
possible in our case (see Remark 3.3.4).

4. State controllability. Nonautonomous case. In this section we intend to
generalize the theory of approximate controllability to the jaonautonomous

system 5 under at least the standard assumptions as in 2. The aim is the same
as before, that is to characterize the above concept solely in terms of the coefficients
appearing in the equation of the process. However, we recall that even with a
finite-dimensional state space, this goal is achieved for nonautonomous systems,
provided appropriate assumptions of smoothness are placed on the coefficients
[31]. We shall see that, with an infinite-dimensional state space, the situation is
substantially not any worse.

The proofs will only be sketched, since the underlying idea is the same as in
the autonomgus case, although new technicalities now appear.

Let the coefficients of the nonautonomous system 50, i.e., the operators A(t)
and B(t) be infinitely many times differentiable with respect to (the limits are
computed in the norm of 3(X) and (U, X), respectively). Then state approxi-
mate controllability will be described by the following sequence of operators
F,(t) in (U, X), obtained from A(t) and B(t) by successive differentiations:

Fo(t B(t), F,(t) A(t)F,_ l(t) -+- n- l(t), / 1,2,....

Notice that, since dOo(T, t)/dt OO(T, t)A(t), one has

(4.1) q)(T, t)F,(t)u q)(T, t)Fo(t)u,



482 ROBERTO TRIGGIANI

and hence for any x* X*,

d"
(4.2) x*((T, t)F,(t)u) -3-..x*((T, t)Fo(t)u).

aF"

(Recall the definition of an analytic vector-valued function given in 1.) It follows
that, if (tl, t)Fo(t)u is analytic (with convergence in X):

O(T, t)Co(t)u O(T, l)ro(l)u + q)(T, [)Cfl)u(t
n=l

in a neighborhood of , so is x*(O(T, t)Fo(t)u) and we have

(4.3) x*(O(T, t)Fo(t)u x*((T, )Fo(t)u) + x*(O(r, )Ffl)u)(t t)"/n!.
n=l

THEOREM 4.1. The nonautonomous system is approximately controllable on

[to, r] if
C1 sp {F,(t)U, n >__ 0} X

or, equivalently, if f]=o dV’{F,*(t)} {Ox.}) for some tin [to, r].
Conversely, if q’ is approximately controllable and A(t) and B(t) are analytic

on [to, T], then the above condition holds for (some and hence) all in [to, T].
Remark 4.1. In the autonomous case A(t)=_ A and B(t)=_ B, we have

F,(t) (-1)"A"B" and Theorem 4.1 reduces to Theorem 3.1.1. Also Theorem 4.1
extends results in [31] to the case when both X and U are infinite-dimensional.

In particular, for the nonautonomous system 5m, with A(t) and bi(t) in-
finitely many times differentiable, F,(t) is replaced by the following sequence
7,(t) of m-vectors in X:

7o(0= [b,(t),...,bm(t)], 7,(0= -A(t)y,_l(t) +P,_,(t), n= 1,2,....

COROLLARY 4.2. The nonautonomous system 2’,, is approximately controllable
on [to, T] if, for some tin [to, T,

C1 sp {7,(0, n >= 0} X.

Conversely, if ,, is approximately controllable and A(t) and bi(t) are analytic
on [to, T], then the above condition holds for (some and hence) all in [to, T].

Proof of Theorem 4.1. (Sketch;see [35] for details). (a) 5 is approximately
controllable on [to, T] if and only if x*((T, t)B(t)u) 0 on [to, T] x U implies
x* 0 (equivalently, if and only if B*(t)O*(T, t)x* 0 on [to, T] implies x* 0).
The proof is as in Theorem 3.1.1.

(b) A sufficient condition for (a) to hold is that: x*(F,(t)U) 0, for some
in [to, T], n 0, 1,... implies x* 0 (or that F,*(t)x* 0 for some t, n 0,
1, ..-, implies x* 0).

Otherwise, from ff*((T, t)B(t)u)= 0 on [to, T] x U for some nonzero if*,
it follows, via (4.2), that

*((T, t)F,(t)u) 0 on [to, T] x U, n =0,1,...
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By the fundamental proposition, the sequence of subspaces (I)(T, t)F,(t)U does
not span X at any in [to T]. Since (I)(T, t) is one-to-one and onto, the same con-
clusion holds for F,(t)U, and this, by the fundamental proposition, is a con-
tradiction and proves the sufficiency part of the theorem.

(c) Necessity. From the analyticity of A(t) (that implies the analyticity of
(I)(T, t) on (X)5) and the analyticity of B(t), it follows that (P(T, t)Fo(t)u is analytic
in [to, T] and so the expansion (4.3) applies.

Now, if the sequence of subspaces Ffl)U does not span X, in [to, T], neither
does (I)(T, )Ffl)U. Hence, by the fundamental proposition and (4.3), we get that
*((T, t)B(t)U)= 0 (in a neighborhood of and hence)on [to, T] for a non-
zero *. So (a) does not hold. Also, differentiating yields ff*((I)(T, t)F,(t)U) 0 on
[to, T] and hence F,(t)U does not span X at any t. Q.E.D.

We next study the observability problem. For the sake of clarity the auton-
omous and nonautonomous cases will again be handled separately.

5. Observability.
5.1. Autonomous case. For autonomous observed systems, the characteriza-

tion of observability is expressed solely in terms of the coefficients A and H of the
free operating condition and is independent on the particular time interval length.

THEOREM 5.1.1. The autonomous observed system L’ is observable on [0, T] if
and only if

t .1.1) {Ox}.
n=0

If the (Banach) state space X is reflexive, this characterization is equivalent to

(5.1.2) C1 sp {(A*)"H* Y*, n >= 0} X*.

Under the additional assumption that the output space is finite-dimensional,
Y Rr, and so H [hl,..., hr], h.i6 X*, the above condition (5.1.2) becomes

C1 sp {(A*)"hj} Cl sp {hi, h, A’h1,... A*h, (A*)2hl, (A*)h, .}
X

Proof. As in Theorem 3.1.1 (b)" HeAtxo O, 0 <= <= T, implies Xo 0 if
and only if" HA"xo 0, n 0, 1,..., implies Xo 0, and (5.1.1) is proved.
Next, observe that (5.1.2), by the fundamental proposition, is equivalent to"
x**((A*)"H* Y*) 0, n 0, 1,... implies x** 0 which can also be written as
Vl, o A;{(H*)*((A*)*)"} {Ox**}. From here, with X reflexive, and hence iso-
metrically isomorphic to X** and (H*)* H and (A*)* A, we get

0 U{HA’} {Ox}.
n=0

And this, in view of the first part, proves the second. Q.E.D.
Remark 5.1.1. In view of Theorems 3.1.1 and 5.1.1, it follows that, when the

state space X is reflexive, the free observed system

2 =Ax, y= Hx (2=Ax, y= [h,...,h]x)

5A standard proof of this property for a finite-dimensional X as in [5, p. 90 carries over to an

infinite-dimensional Banach space X, without modifications, when A(t)e N(X).
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is observable if and only if the "dual system" defined on X*,

2" A’x* + H’u, U Y* (2* A’x* + hsus,1 <=j <= r),

is approximately controllable.
If, moreover, the state space X is Hilbert, we can identify X with X*, via

the Riesz representation theorem, and the dual system is also defined on X.
Notice also that, when X is not reflexive, (5.1.1) is equivalent to

C1 sp {(A*)"H* Y*, n >= 0} X’,

where X’ is the largest (closed) subspace of X*, such that x** 0 is the only
vector in the range b[X] of the natural isomorphism b of X into X** that vanishes
on X’.

5.2. Examples of observable systems. Examples of observable systems can be
easily constructed from the examples of approximate controllable systems given
in 3.2, via the duality property, pointed out in the above remark.

Hence, we will here confine ourselves only to two examples.
Example 5.2.1. Let X be the reflexive Lp[O, 1], 1 < p < , so that the dual

X* is (isometrically isomorphic to) Lq[0, 1], < q < . By the Riesz theorem, a
bounded linear functional h on X Lp[O, 1] is given by

h()f() d, h() e Lq[O, 1], f()e Lp[O, 1].

Let A be the Volterra integral operator on X defined by

(Af)() f(s) ds, f(.) e Lp[O, 1],

so its dual A* on X* is (integrating by parts from the definition (A*x*)x x*(Ax))

(A*g)() g(s) ds, g(.) e L[0, 1.

Then consider the free observed system

w(t, s) ds, y(t) h()w(t, ) d,
ct

whose abstract version is given by

2 Ax, y hx (Y R 1)

with x(t) w(t,. ) Lp[0, 1. By Theorem 5.1.1, the above system is observable if
and only if the pair (A*, h) is cyclic on Lq[O, 1; that is, recalling Example 3.3.1,
if and only if, for any > 0, h() - 0 on a subset of positive measure of [0,
(equivalently, zero belongs to the support of the function h(. )).

Example 5.2.2. Let X Y be a Hilbert space, let A, and hence A*, be a simple
operator and let H A A*. Then H* A* A and C1 sp {(A*)’H*Y, n >= 0}
X [16, p. 30] and so the pair (A, H) is observable.
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In particular, recalling 3.2, the free process

c3t
w(t, s) ds y(t ) w(t s) 2 w(t s) ds

is observable.
At this point, it is not difficult to construct examples of observed systems that

are both approximately controllable and observable. The following are general
results in this direction, valid on a Hilbert space"

(i) if A is unicellular, there are vectors cyclic for both A and A* 33, p. 140];
if b is one such vector, the observed system 51 "x Ax + bu, y (b, x) is both
approximately controllable and observable.

(ii) if A decomposes into a quasi-direct sum, then A* also does [4, p. 211]
and hence, if moreover (A A*) is of p-dimensional range, it is possible to con-
struct observed systems 50m’(A; (bl, ..., b,,); (h h)}, m <__ p, r __< p, that are
both approximately controllable and observable.

5.3. Nonautonomous case. When the coefficients of the nonautonomous
observed free system 50, i.e., the operators A(t) and H(t), are infinitely many
times differentiable, observability will be described by the following sequence
ovg,(t) of operators in (X, Y) obtained from A(t) and H(t) by successive dif-
ferentiations"

9fo(t H(t), )f,(t) ,-1A(t) + .]i,_ l(t), n 1,2,...,

(or, equivalently, by their adjoint

"$*(t) A*(t)3*_ + )’n-,)"

(Here the completeness of Y is needed.) Notice that

W,(t)(t, to) -d 3f(t)(t to),

so that, if o(t)(I)(t, to) is analytic at , we can write

(5.3.1) o(t)(t, to) o()(, to) + ,()(, to)(t )"/n!
n=l

in a neighborhood of .
When the output space is finite-dimensional, say Y R, and so

U(t) [h,(t), ..-, h(t)], hj(t) X*,

H*,(t) is replaced by the following sequence ,(t) of r-vectors in X*:

o(t) [h,(t), h,(t)], ,(t) A*(t),_ ,(t) + ,_ ,(t), n 1, 2,....

We also remark that the sequence ovg,(,) reduces to ovg, HA" (, (A*)"h,) in
the autonomous case" H(t) =_ H, A(t) A.

Therefore the following theorem generalizes Theorem 5.1.1 to the non-
autonomous case.
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THEOREM 5.3.1. The nonautonomous observed system is observable on

[to, T] if, for some tin [to, T],

{Ox}.
n=O

If the (Banach) state space X is reflexive, the above condition is equivalent, as in
Theorem 5.1.1, to

C1 sp W*(t)Y*, n __> 0} X*

for some in [to, T].
Under the additional assumption that the output space is finite-dimensional,

Y R, and so H(t)= Ibm(t), ..., h,(t)], hi(t) X*, then the above sufficient con-
dition becomes

C1 sp {,(t), n >__ 0} X*

for some in [to, T].
Conversely, if is observable on [to, T] and A(t) and H(t) are analytic on

[to, T], then the above conditions hold for (some and hence) all in [to, T].
Proof. Sufficiency. If is not observable on [to, T], there is a nonzero vector

Xo in X such that ’)o(t)(t, to)xo 0 on [to, T]. Hence, by successive differ-
entiations, one gets vt,(t)(t, to)Xo 0 on [to, T], n 0, 1, ..., which is a con-
tradiction since (t, to)Xo is nonzero.

Necessity. Suppose there is a nonzero vector Xo in X such that ,(l)Xo 0
and hence ((, to) being one-to-one and onto) ,()(, to)o 0, n 0, 1, ...,
for some in [to, T]. The analyticity of A(t) (hence of (t, to)) and of H(t) implies
that H(t)(t, to) is analytic. It follows, by (5.3.1), that H(t)(t, to)o 0 in a neigh-
borhood of , hence in [to, T] and &a is not observable.

For the equivalence when X is reflexive, see the proof of Theorem 5.1.1.
Q.E.D.

Remark 5.3.1. In view of Theorems 4.1 (Corollary 4.2)and 5.3.1, when the
state space X is reflexive, the free observed system

Y A(t)x, y H(t)x (x A(t)x, y [h(t),..., h(t)]x)

with A(t) and H(t) (hi(t), ..., h(t)) analytic in [to, T] is observable in [to, T] if
and only if the "dual system" defined on X*,

+/-* A*(t)x* + n*(t)u, U Y* (Yc* A*(t)x* + h2(t)u2, 1 <= j <_ r)

is approximately controllable on [to, T].

6. Relationship between state and output controllability. There are two basic
problems regarding output controllability that we shall deal with. The first is to
investigate the relationship between state and output controllability; the second
is to characterize output controllability solely in terms of the coefficients appear-
ing in the equations of the observed process. The first problem is solved by the
following theorem, that reduces to known results [23], when X, U and Y are
finite-dimensional; while the second problem is treated in the next section.
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THEOREM 6.1. If the nonautonomous observed process 50 is output approxi-
mately controllable on [to, T], then C1 (H(T)) Y.

Conversely, if the state equation of 50 is approximately controllable on [to, T]
and C1 (H(T)) Y, then 50 is output approximately controllable on [-to, T].

Proof. The first part is plain and so we prove only the second. Let Xo and Y
be arbitrary points in X and Y, respectively, and e > 0 be given. Then there is
x] in X such that y’l H(T)x’ is within e/2 from y. But then there is u admissible
in [to, T], such that its response x(T, to,Xo, u), initiating at Xo at the time to is
within e/2 [H(T)[[ from x’ and so H(T)x(T, to,XoU is within (e/2 from Y’x and
hence within) e from y. Q.E.D.

COROLLARY 6.2. In the special case when the output space Y is finite-dimen-
sional, say Y Rr, and so H(t)= h(t),..., hr(t)], hj(t)6 X*, the output exact
controllability on [-to, T] of the nonautonomous system 50 implies that h(T),
hr(T are linearly independent (vectors in X*).

Conversely, if the state equation of 50 is approximately controllable on [to, T]
and h(T), ..., h,(T) are linearly independent, then 50 is also output exactly con-
trollable on [to, T].

7. Output controllability. In this section we derive characterizations for
output controllability expressed solely in terms of the coefficients of the observed
system (under suitable conditions of smoothness in the nonautonomous case).

7.1. Autonomous case. For the autonomous observed system 5, output
approximate controllability is independent on the particular time interval length
and completely characterized by the coefficients A, B, H.

THEOREM 7.1.1. The autonomous observed system 50 is output approximately
controllable on [0, T] if and only if

Clsp{HAnBU, n >=0} Y,

or, equivalently, if and only if

*} {Ox,}.

In particular,.for the autonomous observed system 50,,, the above characterization
becomes

C1 sp {HA"bi} C1 sp {Hbl, Hb,,, nAb1,..., nAb,,, HA2bl, ...} Y.

Proof. The proof closely parallels that of Theorem 3.1.1 and is therefore
omitted. Q.E.D.

Remark 7.1.1. Since H is in N(X, Y), we have

Clsp {HA"BU, n >_ 0} C1H{C1 sp {A"BU,n >= 0}}

and this offers an alternative proof to Theorem 6.1, at least in the autonomous
case" In particular, by Theorems 3.1.1 and 7.1.1, it follows that, if C1 (H) X
and the state equation is approximately controllable, then output approximate
controllability is automatically guaranteed. Notice also that Theorem 3.3.3 can
be extended to the output space Y, when H is bounded and so HQ is a compact
operator from LI[[0, T], U] into Y.
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Before stating the corollary, we stipulate that if hj X*, then linear in-
dependence of the r sequences {hlA"Bu},..., {hrA"Bu} as functions of u in U
means that

(7.1) elhlA"Bu + +rhrA"Bu =0, n=0,1,..., for allueU,

implies el er 0.
COROLLARY 7.1.2. In the special case when the output space Y is finite-

dimensional, say Y R, and so H [hl,’", hr], hie X*, the autonomous ob-
served system 2 is output exactly controllable on [0, T] if and only if the r sequences

{hlA"Bu},... {h,A"Bu}

are linearly independent as functions of u in U.
In particular, for the system ,,, the above condition becomes the linear in-

dependence of the r sequences

hlb hlb,,,hlAb hxAb,,,hlAZb h AZbm,,’" 1,

h,b 1, h.b,,,, h,Ab 1, h.Ab,,,, h,A2b 1, h,A2b,,,,

meaning that

zxhlA"bi+ + ahA"b =O, 1 <= <= r, n >=0,

implies 1 e 0.
Proof. In fact, if, by contradiction,

zihiA’Bu O,
i=1

n=0,1,-.-, for allueU

with at least one i nonzero, then the vectors of Theorem 7.1.1,

[hlBu, hBu, [hlABU, hABu], [hlA2Bu, hA2Bu],

span at most an r- 1-dimensional space when u runs over U. Conversely, if
these vectors span at most an r 1-dimensional subspace when u runs over U,
then any r of them are linearly dependent and this leads to a violation of the
condition (7.1). Q.E.D.

7.2. Examples of output controllable systems. In view of Theorem 6.1, all the
state approximately controllable systems presented in 2 become output (approxi-
mately or exactly) controllable, when a suitable observation equation is added.

When the state equation is not known (or is not easily recognized) to be
approximately controllable, an alternate route to construct output (approximately
or exactly) controllable processes is given by the results in 7.1 and 7.3.

We illustrate these ideas with one specific example. Let X Lp[0, 1],
__< p < oe, A be the usual Volterra integral operator (Af)()= 0 f(s)ds and

let b be the function v() in Lp[0, 1]. An observed autonomous system

2 Ax + bu, y [hl,’", hr]x, hie X* (Y R)
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is then given explicitly by

w(t, ) f/ot
w(t, s) ds + v()u(t),

y(t) hl(s)w(t, s) ds, hr(s)w(t, s) ds

By Theorem 6.1, the above process is output exactly controllable if the state
equation is approximately controllable (that is (Example 3.2.1) in case for any
6 > 0, v()va 0 on a subset of positive measure of [0, 6]).and the functions
hi(. ), "’", hr(. are linearly independent a.e. in [0, 1].

Alternatively, we now use Corollary 7.1.2 to test that the above process is
output exactly controllable, when, say, v() is the unit function on [0, 1] and
hi(" ), "", h(. are linearly independent a.e. in, [0, 1]. In fact, in this case, one
has [34, p. 291]

(A"b)()
n !’ hjA"b (s ds, n O, 1,....

Next observe that [10, p. 627]

sn
[zlhl(s) + + eh,(s)]-, ds O, n O, 1,...,

implies elhl(s)+’.. + ,hr(s)= 0 a.e., on [0, 1] and hence, by assumption,
el "r 0. This precisely says that the sequences

h A"b hA"b n 0, 1,

are linearly independent and the result is proved.

7.3. Nonautonomous ease. The results of 7.1 generalize as follows for non-
autonomous, smooth systems, via the sequence F,(t) of operators in (U, X) (or
the sequence of r-vectors 7,(0) defined in 4.

THEOREM 7.3.1. The nonautonomous observed system 2" is output approxi-
mately controllable on [to, r] iffor some tin [to, r],

or, equivalently, if

In particular, 2",,
[to, T],

C1 sp {H(T)F,(t)U, n >= 0} Y,

n {r.*(t)/-/*(r)} {ox,}.
n=O

is output approximately controllable on [to, T] if, for some in

C1 sp {H(T)y.(t),n >- O} Y.

Conversely, if 2" or 2’,. is output approximately controllable on [to, T] and
A(t) and B(t), or bi(t), are analytic in [to, T], then the above conditions hold for
(some and hence) all in [to, T].

Proof. The proof follows that given for Theorem 4.1. Q.E.D.
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A remark like Remark 7.1.1 applies" since H(T) is in N(X, Y) we have

Clsp {H(T)r(t)U, n>__ O} C1H(T){C1 sp {r(t)U,n >= 0}}
and this reproves Theorem 6.1 in the analytic case.

COROILARY 7.3.2. In the special case when the output space Y is finite-
dimensional, say Y= Rr, and so H(t)= [ha(t), ..., hr(t)], h(t)e X*, the non-
autonomous observed system 2’ is output exactly control!able on [to, T], if the r
sequences

{h,(T)F,(t)u},..., {h,(T)F,(t)u}
are linearly independent for some in [t0, T] as functions of u in U.

In particular, for the system 2’ the above condition becomes the linear
independence, for some in [to, T], of the r sequences

h,(T)70(t), hx(T)x(t), hx(T)2(t),

h(T)70(t), h(T)7,(t), h(r)72(t),

Conversely, if or 2’,, is output exactly controllable on [t0, T] and A(t) and
B(t), or bi(t), are analytic in [to, T], then the above conditions hold for (some and
hence) all in [t0, T].

Proof. The proof follows that given for Corollary 7.1.2 with H(T) and F,(t),
for some t, replacing H and A"B, respectively. Q.E.D.

Note. It was pointed out by the referee that the following reference--
inaccessible to us--is relevant to the present paper: T. Nomusa and K. Nakamura,
Controllability and observability of Banach space systems, Res. Rep. of Auto.
Cont. Lab., vol. 16, Nagoya Univ., 1969, pp. 26-35.
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MINIMAL BASES OF RATIONAL VECTOR SPACES,
WITH APPLICATIONS TO MULTIVARIABLE LINEAR SYSTEMS*

G. DAVID FORNEY, JR.?

Abstract. A minimal basis of a vector space V of n-tuples of rational functions is defined as a
polynomial basis such that the sum of the degrees of the basis n-tuples is minimum. Conditions for a
matrix G to represent a minimal basis are derived. By imposing additional conditions on G we arrive
at a minimal basis for V that is unique. We show how minimal bases can be used to factor a transfer
function matrix G in the form G ND-1, where N and D are polynomial matrices that display the
controllability indices ofG and its controller canonical realization. Transfer function matrices G solving
equations of the form PG Q are also obtained by this method; applications to the problem of finding
minimal order inverse systems are given. Previous applications to convolutional coding theory are
noted. This range of applications suggests that minimal basis ideas will be useful throughout the theory
of multivariable linear systems. A restatement of these ideas in the language of valuation theory is
given in an Appendix.

1. Introduction. The major conceptual development in system theory over the
past decade or so has been the replacement of the classical transfer function ap-
proach by the so-called state space approach. Nowhere have the advantages of the
latter method seemed more pronounced than in the analysis of multivariable
linear systems.

In the past few years a counterrevolution has begun, with the objective of
achieving a synthesis of the two approaches that would combine the advantages
of both. Prominent among the counterrevolutionaries has beer Rosenbrock [1],
who has shown how to derive many state-space results through the analysis of
certain polynomial matrices (system matrices). Independently, and about the same
time, Popov [2] showed how such seemingly state-space-theoretic problems as
realization of systems in controller canonical form and determination ofcontrolla-
bility indices could be elegantly solved by polynomial matrix methods, starting
from the transfer function matrix. More recently, Wolovich [3], Wang [4] and Wang
and Davison [5] have used such methods to solve other problems successfully.

The present paper is offered as a contribution to this counterrevolutionary
program. By placing some results derived earlier (1968-70) in studies of convolu-
tional codes [6] in a more general setting, we are able to state some fundamental
results concerning polynomial and rational matrices that seem to underlie many
of the above results, and through which they can be rederived in a unified way.

Our point of view is rather algebraic. Transfer function matrices are charac-
terized as matrices of rational functions (ratios of polynomials). As the rational
functions form a field, it is natural to consider rational matrices as bases for
certain rational vector spaces. Among all bases for a given rational vector space,
we define as minimal those which are polynomial and of least order in a certain
sense. Our main theorem then givesa number of equivalent conditions for a basis
to be minimal; we also give an algorithm for reducing a given matrix to a minimal
basis. We show that every such vector space has a unique minimal basis satisfying
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certain additional constraints. Finally, we give a few interesting related results
on dual bases and inverses. All of this is pure mathematics. In the Appendix, we
recast some of these results in the language of valuation theory, which we believe
may be the most natural language for these problems and indeed for algebraic
linear system theory generally.

We next apply these ideas to several areas of linear system theory. Following
Popov 2], we show how to derive from a given transfer function matrix G a
polynomialmatrix called a minimal system matrix, which may be viewed as a
factorization of G in which the controllability (resp. observability) indices and in-
deed a controller canonical realization are explicitly exhibited. These results are
closely related to certain results of Rosenbrock [1] and largely overlap those of
Wolovich [3] and Wang [4]. Then, following Wang and Davison [5], we apply these
notions to the class of problems that involve finding a transfer function matrix G
that solves the matrix equation PG Q, which includes the problem of finding
minimal order inverse systems. Finally, we briefly summarize our own earlier
results on convolutional codes [6].

The results we obtain are largely contained in [1]-[6], although most are
stated differently. The proofs are all new. Our main objective is to introduce ideas,
and we hope that sufficient illustration of their range, power and elegance is given
that readers faced with new problems will be inspired to give these tools a try.

2. Definition of a minimal basis. In linear system theory one frequently deals
with matrices whose elements are rational functions; i.e., ratios n(x)/d(x) of poly-
nomials n(x) and d(x):/: 0 in some indeterminate x (e.g., x s, z, D,... with
coefficients in some field F (e.g., the real or complex numbers, finite fields, etc.).
The set of all rational functions in x over F form a field, conventionally denoted
V(x).

If G is a k n matrix with elements in some field, its row space (the set of all
linear combinations of its rows gi, 1 =< =< k) is a vector space VG over that field,
and the dimension of VG is the rank of G. Conversely, if V is a vector space of n-
tuples of field elements of dimension k, it has a basis of k linearly independent
n-tuples gi, 1 =< =< k, which may be arranged to form a k n matrix G of rank k.
We call any k n matrix which has rank k a full-rank matrix (implying k =< n), and
refer to the matrix as a basis for the corresponding vector space.

From elementary linear algebra we know that two full-rank k n matrices
G and G2 are bases for the same vector space if and only if G TG2 for some
full-rank (nonsingular, det T : 0) k k matrix T. Our objective is to find certain
canonical bases for vector spaces of n-tuples over the field of rational functions
F(x)

The set of polynomials in x over F is a subset of F(x) and is conventionally
denoted as Fix]. Certain bases for any vector space over F(x) are entirely poly-
nomial (multiply the elements in any rational basis by their least common deno-
minator).

DEFINITION 1. The degree deg g ofan n-tuple g (gl, ", g,) ofpolynomials
is the greatest degree of its components gj, < j =< n.

DEFINITION 2. If G is a k n polynomial matrix with rows g, the ith index of
G is defined as v deg g, =< =< k, and the order ofG is defined as v

__
vi.
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Now we can define our minimal bases.
DEFINITION 3. If V is a k-dimensional vector space of n-tuples over F(x),

a minimal basis of V is a k n polynomial matrix G such that G is a basis for V and
G has least order among all polynomial bases for V.

We now develop a simple lower bound on the order of a minimal basis that
will turn out to be tight. The k k minors of a k n matrix G are the determinants

of all (nk) square k x k submatrices obtained by selecting subsets ofk columns of G.

The k x k minors of TG are those of G multiplied by det T. Hence all bases of a
given vector space over F(x) have the same set of k x k minors up to a common
constant multiple. Define the normalized minors of an F(x)-matrix G as its k x k
minors multiplied by the least common multiple of their denominators and divided
by the greatest common divisor of their numerators; then all bases of a given
vector space V have the same set of normalized minors. Because of this invariance
we may define the minors of V to be the normalized minors of any basis of V.

Now if G is polynomial, it has polynomial minors, whose maximum degree
cannot exceed the order of G, since a minor is a sum of products of polynomials,
one from each row. Further, this maximum degree cannot be less than the maximum
degree of the normalized minors of G. Hence the order of a minimal basis for Vis
lower-bounded by the maximum degree of the minors of V, which can be deter-
mined from any basis for V. We see in the next section that this bound is always met
with equality.

3. The main theorem. To state our main theorem, we shall need a few more
definitions.

If V is a vector space of n-tuples over F(x), we denote by Mv the set of all
polynomial n-tuples in V. (Mv is a free F[x]-module.) We denote by Va the set of
all polynomial n-tuples in V with degree (Def. 1) less than d, for all integers d >- 0.
Va is only a vector space over F; we denote its dimension by dime Va.

If G is a k n polynomial matrix with indices vi, 1 <= <= k, its high order co-
efficient matrix [G]h is the k n F-matrix whose ith row consists of the coefficients
of x’ in the ith row gi of G.

MAIN THEOREM. Let V be a k-dimensional vector space of n-tuples over F(x),
and let G be a k n polynomial basis for V with indices vi, 1 <= <= k, and ord’er
v i vi" Then the following statements are equivalent"

1. G is a minimal basisfor V.
2. (a) G is nonsingular modulo p(x) for all irreducible polynomials p(x) Fix],

and (b) its high order coefficient matrix [G]h has full rank,
3. (a) The greatest common divisor of the k k minors of G is 1, and (b) their

greatest degree is v.
4. If y xG is a polynomial n-tuple, then (a) x must be a polynomial k-tuple and

(b) deg y maxl_<i_<k (deg x + vi).
5. The indices v are such that for all d >= O, dimF V i:vi<_d (d vi).
Proof A proof of this theorem can be pieced together from the results of [6].

An elementary direct proof that does not rely on the invariant factor theorem
follows.
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The logical order of the proof is:

3(a)

2(a) 4(a)

2(b) * 4(b)
5

3(b)

(1 2) The reduction algorithm of the next section shows that the order of G
may be reduced if G does not have full rank mod p(x) or if its high order coefficient
matrix does not have full rank.

(2(a) 3(a)) G does not have full rank mod p(x) iff all its m m minors are
congruent to zero mod p(x), which is to say iff all ofthem are divisible by p(x), which
is to say iff p(x) is a factor of their greatest common divisor.

(2(b) 3(b)). The coefficient of x in a given m m minor of G is the cor-
responding m m minor of [G]h.

(2(a) 4(a)) Suppose there exists a nonpolynomial x such that y xG is
polynomial. Let be the monic polynomial of least degree such that qtx is poly-
nomial, and let p be any irreducible factor of . Then x 0 mod p, else (/p)
would be a polynomial of lower degree than such that (/p)x was polynomial.
But (x) G y 0 mod p, since y is polynomial. Hence G cannot have full rank
mod p, a contradiction.

(2(b) 4(b)) If [G]h has full rank, then

0,

where [Y]h are the coefficients of y of order d max (deg x + vi) and [x]h are the
coefficients of x of order d vi.

(4 5) In view of condition 4, y xG is polynomial and has degree less than
d iff x is polynomial and max (deg x + vi) < d, or deg x < d v for all i. The
vector space (over F) of all polynomials x with deg x < d v has dimension
d v if vi =< d and zero otherwise.

(5 1) Reorder the rows of G if necessary so that v v2 <= <= Vk. The
n-tuples :v,>a xg with deg X < d v generate a subspace of Va of dimension

i:. >_d (d vi), and by condition 5 these are all the n-tuples in Va. Hence there are
fewer- than linearly independent (over F(x)) polynomial n-tuples in V of degree
less than i. By induction on i, any linearly independent polynomial n-tuples in V
must have sum of degrees at least =Remark 1. As this theorem merely spells out fundamental properties of
vector spaces over F(x), it would be most surprising if it were not to be found
somewhere in the mathematical literature;however, we have yet to discover it. The
appropriate mathematical framework in which to approach this result (and certain
other basic results in system theory) appears to be that of valuation theory. In the
Appendix we outline such an approach and state a generalization of the above
theorem, in which it is apparent that the parts (a) and (b) of the above conditions
are simply two sides of the same coin.
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Remark 2. Those parts of conditions 2, 3 and 4 labeled (a) are equivalent con-
ditions for G to be a basis of the free F[x]-module Mv of polynomial n-tuples in
V--i.e., all y Mv can be expressed as

k

y xg
i=1

for some polynomial k-tuple x--as is explicit in part 4(a). These could be replaced
by any other necessary and sufficient condition for G to be a basis of My. For
example, a left divisor of a k n polynomial matrix G is a k k polynomial
matrix T such that G TG’ for some polynomial matrix G’; G is a basis for My
if and only if all its left divisors are unimodular--i.e., have constant (degree zero)
determinants. Rosenbrock [1] terms a k k matrix T and a k (n k) matrix
U "relatively left prime" if and only if G [TiU] is a basis for My.

Remark 3. Condition 4(b) was called the "predictable degree property" in [6],
for the following reason. In general, for polynomial x and gi one has deg (xgi)

deg xg + deg g, deg ( xgi) =< max (deg xg + deg gi), where the inequality may
occur due to cancellation of high order coefficients. Condition 4(b) tells us this
never happens when G is minimal, so that knowledge of deg x and v, 1 <= =< k, is
sufficient to predict the degree of y xg. The importance of [G]h having full
rank was recognized by Wolovich [3, who called such matrices "row proper".

Remark 4. Condition 5 tells us how many polynomial n-tuples there are in V
of each degree. Furthermore the formula is invertible; from the numbers dime l/a,
d .>= 0, we can determine the indices vi. (Example" if k 2 and dime Va 0, 0, 1, 2,
4, 6, 8,-.. for d 0, 1, 2, ..., then v 1, vz 2.) Hence the indices vg (and also
the order v of course) are parameters of V, invariant over all minimal bases. We
give them a mellifluous appellation intended to distinguish them from the many
other indices in the recent literature.

DEFINITION 4. The invariant dynamical indices v of a vector space V of
n-tuples over F(x) are the indices of any minimal basis for V. Its invariant dynamical
order v is the sum of the v.

4. Reduction of a basis to a minimal basis. We suppose that some basis G
for a given vector space V can be found. We now show how one can compute a
minimal basis from it.

In general, a reduction algorithm will consist of three steps"
Step 1. If G is not polynomial, multiply each row through by its least common

denominator to obtain a polynomial basis.
Step 2. Reduce the given polynomial basis to a basis for the module Mv of

polynomial n-tuples in V.
Step 3. Reduce the resulting basis to one with a full-rank high order coefficient

matrix; i.e., a "row proper" basis.
The hardest part is Step 2. We now give a method of doing Step 2 which is

based on condition 2(a) of the main theorem and allows us to complete the proof
that 1 2(a), but that is undoubtedly not the simplest. One alternate approach is
to use the invariant factor theorem, as in [1] and [6]. Wolovich (private communi-
cation) believes that the simplest approach is to find the greatest left divisor of
G--i.e., the T with largest degree determinant det T such that G TG’, implying
that G’ is a basis for Mv.
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ALGORITHM FOR STEP 2. Compute the k x k minors of G and determine
their greatest common divisor 6(x). If the greatest common divisor i(x) is not l,
let p(x) be any irreducible polynomial factor of 6(x). Modulo p(x), G does not have
full rank, and therefore there exists some linear combination of the rows of G that
is congruent to zero mod p(x)"

g’= fg, 0 mod p(x),
where the f may be taken as polynomials of degree strictly less than deg p(x)
(since they represent residues mod p(x)). Since g’ 0 mod p(x), g’ is divisible by
p(x), and g’/p has degree

deg (if/p) deg g’ deg p
=< max (deg f + deg g) deg p
< max deg g,

where the maximum may be taken only over those g for which f 0. Let go be a
row for which the maximum is attained; then gio may be replaced by g’/p to get
another basis of lower order and with ’(x)= (x)/p(x). Repeat until (x)= 1.
Stop.

Step 3 is easier, as it involves only operations over the base field F. The follow-
ing algorithm completes the proof that 1 2(b).

ALGORITHM FOR STEP 3. If the order of G is not equal to the maximum degree
of its k k minors, then its high order coefficient matrix [GJn does not have full
rank over F. Hence there exists some linear combination f/[gi]h of the rows [gi]h
of [G]h equal to zero, where f e F, 1 =< < k. Let Vio be the greatest of the indices v
for which f 4: 0. Then

g’= Z figix’’-v’

is a polynomial n-tuple of degree less than Vo, since the Vioth order coefficients
cancel, and go may be replaced by g’ to get another basis of lower order. Repeat
until [Gin has full rank, when the order of G will equal the greatest degree of its
k k minors, and thus G will be minimal. Stop.

Example.

F real numbers, minors

G 0, X -2 x-l,x
X
-1 X-

-3 -2--X

Step 1.

Step 2. Compute 6(x) x 1.

Gmodx 1

Recall that the polynomials modulo an irreducible polynomial form a field.
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minors

[G]h
0

g’ gl g2 [0 0 1],

G= 0, x, 1
1 0

End. v O, v2 1, v 1.

5. Minimal bases i eeel fr. In general a vector space V has many
minimal bases. For some purposes it may be desirable to specify one of these
bases as canonical, so that the vector space can be uniquely identified with its
canonical basis. We shall now specify such a basis, which because ofits resemblance
to the ordinary echelon canonical form we shall call a minimal basis in echelonform.
The proof that every V has such a basis contains a constructive algorithm for
computing it.
Do5. Let G be a minimal basis with ordered indices v

The ith pivot index of G is the least integer such that the matrix G formed from
the intersection ofcolumns 7, ..., 7 with the rows ofG ofindex N v has high order
coecient matrix [G]h of rank i.

Remark 5. Note that there may be more than rows of G of index

Remark 6. Another way of stating this definition would be as follows. Let
there be n rows with index v. Find the first (lowest index) n columns of [G]h such
that the n x n submatrix of [G]h so defined is nonsingular over F. The indices
these columns, in order, form the first n pivot indices. Delete these n rows and n
columns from G and repeat the above procedure to find the next group of pivot
indices, corresponding to the rows with the next distinct index value; and so forth.

LNNA 1. All minimal bases (with ordered indices)for the same vector space
V have the same pivot indices.

Proo Let G and G’ be two minimal bases with ordered indices for the same V.
Then g’, being a polynomial n-tuple in V of degree v, is a linear combination of the
rows g of G of degree v N v"

xg deg x < v v.

2This section was written after A. Eckberg of M.I.T. and B. Dickinson and M. Morf of Stanford
had noted that a connection to Popov’s work could be made by properly defining a canonical basis.
While the details have here been independently rederived, credit for priority undoubtedly betongs
jointly to these gentlemen.
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Further, the ith row [g’i]h of the high order coefficient matrix of G’ is a linear (over F)
combination of the rows [gj]h of [G]h such that vj <__ vi"

j:vj<=vi

In other words, the matrix [X]h such that [G’]h X]h[G]h is block lower triangular,
where the blocks correspond to rows g of the same index vi; e.g., if k 5 and v

v2 < v3 v4 vs, then [X]h has the form

[X]h

-X

X

X

X

X

X 0 0

X 0 0

X X X

X X X

X X X

0

X

X

X

look like

-0 0 1 X X 0 X

0 0 0 0 0 X

1 X 0 0 0 0 X

0 0 0 1 0 0 X

_0 0 0 0

where the pivot indices are (3, 6, 1, 4, 5).

1 0 X

X

X

X

X

THEOREM 2. Every vector space V of n-tuples over F(x) has a unique minimal
basis in echelonform.

Proof. We first show how to go from a given minimal basis G to another
minimal basis G’ in echelon form and then prove that the resulting basis is unique.
First reorder the rows ofG ifnecessary so that vl =< v2 Yk, and temporarily
reorder the columns so that the pivot indices are 1, ..-, k--i.e., reindex the ,lth
column as the first column, the 72th as the second, etc. If there are m distinct indices

It follows that the matrix [G’i]h formed by the intersection of some set of columns
(ill, fli) with the rows of [G’i] of index =< v can have rank only if the corre-
sponding matrix [Gi] has rank i, and vice versa since the argument can be inverted.
Since any minimal basis G must have some set of columns such that [Gi]h has rank
i, since [G]h has full rank k, the lemma is proved.

DEFINITION 6. A minimal basis G is said to be in echelonform if
(a) its indices are ordered so that v <= v2 <= N Vk;
(b) the polynomials g,r, are monic polynomials of degree v, where 7i is the

ith pivot index;
(c) for any and i’ such that v <= vi,, deg gi,,r, < vi.
Remark 7. These conditions imply that the high order coefficient matrix [G]h of

G has a 1 as its (i, 7/)th element, and zeros in all positions (i’, Yi) such that vi, >= vi.

For example, if v Y2 < Y3 Y4 YS’ a typical [G]h for G in echelon form would
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vi, let us think of G as being divided into the corresponding blocks; e.g., if v 1,
2

< v 3 v4 v 5, then m 2 and G is partitioned as follows"

_X

x x]x
x xlx

X X X

X X X

X X

X X

X X

X X

X X

X X

X X X

X X X

X X X

X X X

X X X

We call the m square submatrices that appear in this partition the diagonal blocks.
Let [Gl]h be the first diagonal block of [G]h; by the definition of pivotal indices
[Ga,]h is nonsingular. Now multiply G on the left by the m x m block matrix whose
first diagonal block is [Gal]- 1, whose other diagonal blocks are identity matrices,
and whose off-diagonal blocks are zero; e.g.,

0

Then the indices of G are unaffected, but the first diagonal block of [G]h becomes an
identity matrix; e.g.,

1 0 X

0 1 X

x x’,x
X X

_X X

X

X

x
x x’,x

x x’,x
X X X

X

X

Let us now consider the set of elements gji such that v v and vj > v i.e.,
the elements of G lying below the first diagonal block. We call these the elements
dominated by the first diagonal block. We now show how we can reduce G to a
matrix in which all these elements have degree < v Let gj be the element of
greatest degree dominated by the first diagonal block, let # be its degree, and let e be
the coefficient of x". Then if # _>_ v vl, subtraction of xU-V’g from g gives a
row gj in which deg ggj < , furthermore, no new element of degree is introduced
by this step since deg xu-g, < for i’ such that v, v. Hence repetition of
this procedure can only terminate when all elements dominated by the first diag-
onal block have degree less than v a.

Now let [Ga]a be the second diagonal block of the resulting [G]. It must be
nonsingular since
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and the definition of pivot indices forces this corner of [G]h to have full rank. Left
multiply G by the constant diagonal block matrix

Lo o IJ

This does not affect the first block of rows of G, nor does it increase the maximum
degree of the elements dominated by the first diagonal block since T2 just mixes
constant multiples of these rows together. However, the second diagonal block of
[G]h is now an identity matrix. Continuing, we may reduce the degrees of the ele-
ments dominated by the second diagonal block to less than the second distinct
index of G, then make the third diagonal block of [G]h the identity, etc.; finally,
returning the columns to their original order, we arrive at a minimal basis in echelon
form.

To prove uniqueness, let G be some minimal basis in echelon form with indices
{vi} and pivot indices {;i}. The ith row of any minimal basis in echelon form must
have a monic polynomial ofdegree v in column 7, polynomials ofdegree < vjin col-
umns 7j such that vj =< v, and polynomials of degee =< v in all other columns. Such
an n-tuple must be a linear combination of the rows of G of index =< vi. But if we
add any multiple of any generator gj of index vj =< v to g, we get an n-tuple with
coefficient of degree at least vj in column 7j. Hence V contains only one polynomial
n-tuple satisfying the above conditions for each i. This completes the proof.

Example 1. The minimal basis

previously found is already in echelon form; its pivot indices are (3, 1). Note that
whenever v 0 all elements dominated by the first diagonal block must be zero.

Example 2. For a slightly less trivial example, consider the minimal basis
(F real numbers)

I
x x- 1 x-210 x+l 1

2 x2- 1 0 0

with indices 1, 1, 2. From the high order coefficient matrix

O 1 1 1 1[G]h--0 0 1 0

1 1 0 0
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we determine that the pivot indices are (2, 3, 1). Premultiplying G by

we obtain

-1 0

Ya-- 0 10,

0 0

0 x -2 x-3

G-- 0 x+l

X2 X2- 1 0 0

The last row is successively replaced by X2, 1,2x,--X2 -1-" 3x] (g3 xgl) and
[-x 2 2, -1, -2, -x2 + 1] (g3 2g2). Since g31 is already monic we now have
our basis in echelon form"

0 x -2 x-3

1 0 x+l

X2 2 -1 -2 --X2 +
6. Dual spaces and inverses. If G is a full-rank k n matrix over F(x), then

the set of all column n-tuples z such that Gz 0 is a vector space over F(x), called
the dual space V1. Every n-tuple z e V- is orthogonal to every n-tuple y e V (yz 0).
The dimension of V+/- is n k, and it has some n (n k) minimal basis G+/-.

The following theorem appears in 6, Lemma 8];it is restated here with a proof
more in the spirit of this paper.

THEOREM 3. Let V+/- be the dual space to V. Then the minors of V+/- are the
minors of V.

Proof. Let G be any basis for V. Since G has rank k, it has some nonsingular
k k submatrix W, which (by relabeling columns if necessary) we may take to
comprise the first k columns. Then W- 1B is a basis for V of the form [Ik HI, where
Ik is the k k identity matrix. Now the n x (n k) matrix

G+/-___a

clearly has rank n k and satisfies W- GG+/- 0, hence is a basis for V-L. Further,
the determinant of the submatrix formed from the set ofcolumns J {j ,J2, ,Jk}
of W- 1G is the same (up to sign) as the determinant of the submatrix formed from
the complementary set of rows 3 1, 2, ..., n) J in G+/-. (Verification" if JH is
the set of indices in J greater than k and JL J J/, then the determinant in
either case is (up to sign) that of the rows JL and columns Jn of H.) Hence W-G
and G+/- have the same set of minors, hence the same set of normalized minors;
hence Vand V- have the same minors.

COROLLARY. The invariant dynamical orders of V and V+/- are the same.
Of course the invariant dynamical indices are in general different since

k : n- k in general.
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A related result that will not be proved here is the following.
THEOREM 4. Let G be a minimal basis. Then there exists an (n- k) n

polynomial matrix H such that the square matrix

has unit (constant) determinant (is unimodular). Hence B has a polynomial inverse
B- [G- ill- 1], and G has a polynomial right inverse G- 1. H- may be taken to
be a minimal basis of the dual space.

The simplest proof is by the invariant factor theorem 1], [6] (Smith canonical
form). For Theorem 4 to hold it is not actually necessary that G be minimal, only
that it be a basis for Mv (conditions 2(a), 3(a) or 4(a) of the main theorem). That
G must have a polynomial right inverse is almost obvious from condition 4(a).

7. Application I: Controller canonical realizations from transfer function
matrices. A transfer function matrix of an m-input, p-output constant finite-
dimensional linear system is normally written as a p m-matrix G of rational
functions, namely F(z) or F(D) in the case of discrete-time systems (z-transforms,
D-transforms), or F(s) in the case of continuous-time systems (Laplace transforms).
We shall mostly speak in terms of discrete-time systems and z-transforms, but as is
well known the results for continous-time systems are analogous. The m input
sequences

Ui llidiZ-di Uidi + 1z-di-1 "’’, <__ <= m,

are written as a column m-tuple u, and the p output sequences yj, 1 __< j =< p, as a
column p-tuple y. A given input u generates the output y Gu.

A rational function is called proper if the degree of its numerator is not greater
than the degree of its denominator, and strictly proper if strict inequality holds.
When speaking about discrete-time systems we shall use as equivalents the terms
causal and strictly causal; when expanded as sequences such functions have non-
zero coefficients only for nonpositive and negative powers of z, respectively. A
proper (strictly proper, causal, strictly causal) matrix is a rational matrix all of
whose elements are proper (strictly proper, etc.). We shall consider only proper
systems; for an extension to nonproper systems see Rosenbrock and Hayton [18].

We define the input/output vector corresponding to an m-tuple u as the (m + p)-
tuple

U (U,

where the (m + p) m matrix t [I,,’ Gr]r is defined as the extended transfer
function matrix corresponding to G. The space of all input/output vectors is there-
fore the vector space VG of column (m + p)-tuples over F(z) generated by (.

The polynomial (m + p)-tuples in this space have a special system-theoretic
significance. A polynomial sequence, in the discrete-time case, is one that "stops" at
time 0. If an input/output vector is polynomial, then it corresponds to an input
that stops no later than time 0 and that generates an output that also stops no
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later than time 0--i.e., that has no observable consequences at time 0 or later. Thus
in a minimal realization such an input should leave the system in the 0 state at time
0+, and the set of 11 inputs that leave the system in state 0 at time 0 + are precisely
the set of inputs associated with the module M of polynomial (m + p)-tuples in

It is therefore not surprising that a minimal basis for the space Va should have
especially useful properties.

DrIyn:ION 7. A minimal (controllability) system matrix for a system with

p x mtransferfunctionmatrixGisaminimalbasisS=[-DN-]forthespace Vof
input/output vectors generated by G where D is m x m and N is p x m.

The columns of a minimal (controllability) system matrix S are of course

themselves polynomial input/output vectors, which will turn out to generate a con-
venient basis for the state space (controller canonical realization). We shall call
them elementary input/output vectors.

The following theorem appears to be one of those results that develops piece-
meal over the years through the loosely related contributions ofnumerous authors,
and we do not have the temerity to attempt properly to apportion the credit. If
specialized to minimal system matrices in echelon form, it seems to be essentially
due to Popov [2], who did not however publish his proof on grounds of length.
Rosenbrock [18] notes his own earlier related work, which does not however
identify the v as the controllability indices. With regard to the realization algor-
ithms, Wolovich [3] and Wang [4] have presented similar ones.

THEOREM5. LetS=[;-]beaminimal(controllability) systemmatrixfora

proper matrix G, and let v, 1 <= <= m, and v be the indices and order of S. Then"
1. det D O(z) is the characteristic polynomial of G, and v deg ;
2. G=ND-.
3. the v are the controllability indices of G;
4. G has a minimal realization ofdimension v;
5. N and D determine a minimal realization of G in controller canonical (Luen-

berger [7])form.
Proof. We first note that the minors of ( are all causal, and of course its

principal minor (the determinant of the first m rows) is Ilml 1. Hence the nor-
malized minors of G are obtained simply by multiplying through by their least
common denominator O(z), and all have degree =< deg , with equality for the
principal normalized minor O(z). Hence v deg , ]D[ O(z), and [D]h has full
rank. We can identify O(z) as the characteristic polynomial by noting that the m x m
minors of G are the minors of G of all orders, since it is well known that the char-
acteristic polynomial of G is the least common denominator of its minors of all
orders.
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The space of input/output vectors can also be characterized as the space of
(m + p)-tuples orthogonal to (+/- [G’ Ip], a p (m + p) matrix. Property 2
then follows simply from (-S 0, or GD N, since D has a nonzero determinant
and hence is invertible.

To prove conditions 3 and 4, we shall first offer an abstract discussion; sub-
sequently we give a constructive proof by constructing the controller canonical
form of condition 5.

Let u be any polynomial input m-tuple; that is, a set of sequences that are
anticausal, or stop at time zero or before. The (I/O) state s(u) generated by u is then
defined as the sequence of outputs observed at time 1 and later after an input of u;
symbolically, s(u) Q(Gu), where Q is the operator that truncates sequences to
time and later (Q( + uo + /,/1 Z- _+_ U2Z-2 _._... UlZ- + U2Z-2 .._... ).
Two anticausal inputs u and I12 are said to be (Nerode) equivalent if they lead to the
same state.

The map f" F"z]--. Eu- s(u) is a linear map (over F) from the space
F"[z] of all anticausal inputs to the I/O state space E. The kernel Ker f of this map
is the set of all u such that s(u) 0, or the set of all u such that the input/output
vector tu is polynomial; i.e., the module M of the initial m-tuples in all poly-
nomial (m + p)-tuples in the space generated by t. By a standard algebraic result
the i/O state space E is isomorphic to the (Nerode) equivalence classes of F"[z]
i.e., E - V"z]/Ker f F"z]/m.

From condition 5 of the main theorem, we verify that the dimension of the
space of all anticausal inputs of degree less than d up to equivalence modM is

md- (d- v,)= v- (v,-d).
i:d>-vi i:vi>_d

For d >__ max (v), this dimension is v, so that the I/O state space has dimension v.
Since every I/O state must correspond to a distinct physical state, the physical state
space must be at least as large as the I/O state space; that a realization always exists
in which these two spaces are isomorphic is a standard result that we shall shor.tly
reprove.

There are a number of definitions of controllability indices, but an immediate
consequence of any of them is that the dimension of the space of anticausal inputs
of degree less than d up to Nerode equivalence satisfies one of the formulas above,
so that we can identify the v as the controllability indices of G (i.e., the control-
lability indices of [A, B] in any minimal realization of G).

The proof is completed by the algorithm for constructing a controller canon-
ical realization, which shall be our next topic.

REALIZATION ALGORITHM. We are given a p m causal transfer function
matrix G. For convenience in notation we shall work with its transpose GT. We
first reduce the extended transfer function matrix tT= I ’GT] to a minimal
system matrix ST= [DT’NT], whose rows are the m elementary input/output
vectors, and whose indices and order are v and v vi.

We already know that a minimal realization will have v memory elements. The
idea of the construction is to set up these memory elements as m shift registers of
lengths vg, 1 _<_ _<_ m, in such a way that when one of the elementary inputs u
occurs, starting at time v and ending at time 0, a single enters the ith shift
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register at time -v + 1 and simply shifts down one stage at each succeeding time
unit until it drops off the end after time 0. In other words, set up a v-dimensional
state vector x {xij, 0 <= j <= vi_ 1, 1 <= <= m}; choose the v m input/state
transfer function Go so that the minimal system matrix for Go has the form [DT uT],
where UT is the m v matrix

-lz...z’- 0 0 0

0 tl...z-xt 0 0
UT

_
0 0

0 0 ...
(For any such that v 0 the corresponding blocks are missing.)

It is natural to regard x as a column m-vector of polynomials in z-1, {x,
1 =< =< m},where

vi--1

X 2 XjZ-- J.
j=0

We define [x]h as the column m-vector of high order coefficients {xi.v,_ 1, 1 =<
=< m}. Finally, we define [Dx]o as the column m-vector of coefficients of z in the
matrix product Dx. Letting [D]h be the matrix of high order coefficients of D and
[D]-1 its inverse, we arrive at the desired input/state equations.

LEMMA 2. The input/state equations

x’+ ’]. o]- (- [OX’]o +
t+l O <j < vi-2 1 < < m,Xij Xi,j +

realize a system whose input/state minimal system matrix is

S [D’U].

Proof. Let the ith column ofD be the elementary input vector d. Let the state
x -v’ at time -v be zero, and let the input sequence actually be d. Then at time

v the input will be [di]h, and since [D]-1 [di]h e (the column vector with a
single 1 in the ith position and 0 elsewhere), the state x-v, / will be z-v,/ ei. But
now [Dz-’+e]0 [D.],_ [d],_ where the notation [. ] means the
coefficient of.zl’, hence if the input u-v’+l at time -v + is equal to [d]v,_ ,
then ut- [Dxt]0 0, and [x-’+]h 0; thus x-’+ will be z -’+2e by the
second state equation. Continuing by induction, we prove that when d is the input
sequence, the state sequence satisfies

yztei, -vi + 1 0,
X

(0, otherwise.

This proves that the columns of S are all valid input/state vectors. But since D is
nonsingular, all inputs are linear combinations of these elementary inputs, and the
lemma is proved.

Remark 8. These input/state equations are of the so-called controller canonical
form, which is useful in considering controllability and state feedback. It is obvious
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that such a system can be transformed into pure shift-register (control canonical,
Brunovsky [8]) form by state feedback to the input (+ [Dxt]) and change of basis of
the input space ([D]- 1). That the controllability indices are invariant parameters
under state feedback is one of their most important properties; it is proved by
noting that state feedback cannot alter the dimensions of the spaces Va of input/
output vectors of degree less than d.

Remark 9. For a given transfer function matrix G we can obtain a unique D by
requiring that the minimal system matrix S be in echelon form. It is not hard to
show lB. Dickinson and M. Morf, private communication; also A. Eckberg] that
in this case the coefficients of the polynomial dij in the D-matrix are Popov’s para-
meters (Xij [2]. Popov has also shown [9] that these parameters are a complete set
of invariants for [A, B] matrices under state-space transformations; our methods
here applied to the D-matrix provide an easy alternate proof.

Remark 10. The foregoing results are closely related to certain results of
Rosenbrock [1]. Rosenbrock considers the space of all state/input vectors, defined

as the set of all (n + m)-tuples[X-u-]thatareorthogonaltothematrix[zI,-A’B].
His results can be related to those of this paper by statements such as the following"
The controllability indices of the matrices [A,B], or the minimal indices of
the singular pencil of matrices [zI, A iB] (in the sense of Kronecker), are the
invariant dynamical indices of the vector space dual to the space generated by
[zI, A B].

We are not quite done in the realization; we still need an output equation.
This is easy if G is strictly causal, for then in the minimal system matrix Sr

[Dr!Nr] we must have deg ni strictly less than , since all outputs are delayed
at least one from the corresponding input. The output equation

yt__ [Nxt]o
is then seen to realize G; for if d is the input, the state at time is x zt,i for
--V + < =< 0, and the output is yt= [Nztgi]o [lli]_ as it should be.

If G is not strictly causal, then we can write it uniquely as the sum of a strictly
causal part GO and an anticausal remainder term E which will simply be a constant

r. N] is a minimal system matrix for GO wematrix if G is causal. Then if Sor [DO

have the realization

IX + lib [Oo]- 1( [DoXt] -}- lit),
t+l O<j<v 2, l<i<m,Xij Xi,j+
yt: [Nox,]o + Eu’

when E is a constant matrix. An alternate approach, which is more cumbersome if
the goal is the (A, B, C, E) matrices but is perhaps more consistent generally with
our methods, is to use the minimal system matrix S [D!N] for G directly,
from which we get the equations

IXt+l]h [D]-l(--[Oxt] -- Ilt),
t+l 0 <j < V 2,Xij Xi,j+

yt [Nxt]o + [N]h[X,+ lib"
l<=i<=m,
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IDol
x[xt+],

-.t [No_X ]o +El’It

FIG. 1. Controller canonical realization of transfer function matrix G G + E, where G
is strictly proper and has minimal system matrix S [Do No] and controllability indices vi, <= <= m

These two structures are illustrated in Figs. and 2.
Example. Let

Gr 1 z + 1 z + 3

z2 + 3z+2Lz+2 z2 +2z

z2 + 3zl.0

Since G is not strictly causal, we decompose it as follows"

z2+3z+2 z+2 -z-2 0 0

GS + Er.

+

[D’]

IN], .]o

_t [NXt]o + [N]h

FIG. 2. Alternate form for controller canonical realization, from the minimal system matrix

s [DIN] ofa



510 G. DAVID FORNEY, JR.

Then

Z
2 -[- 3z + 2 0 Z2 + 3z + 211 z + 2 -z 2

We obtain a minimal system matrix by multiplying through by Z2 -- 3z + 2 and
dividing the second row by z + 2 to get

z t_ 3z + 2 0 z -+- 1 z + 3 -2-]
S" 0J0 z+l[ 1 -1

The controllability indices are thus v 2, V2 1, and the state-space form is

I[  oI o o[u,,1lo / 0 i

x,,,]_ -2 -[ ol[_,_,,_l/ o mu
.XI J 0 0 --lJ[o ] 0

yt 11 [Xto 00 [utl]y-- 31 -1/,, + 01 [u.
o 1y -2 O, [Xo 1 0

Here the coefficients of DO and NO appear directly in the A and C matrices since

IDol is the identity matrix. This realization is illustrated in Fig. 3. An alternate
realization in the form of Fig. 2 (but with the same state-space equations) can be
obtained from the minimal system matrix

S’= Dr. NT] Fz2 + 3z + 2

L 0

0 z+l z+3 z2+3z 1z+l 1 z 0

and is illustrated in Fig. 4.

Ul

xzt+l -I-]’ D ,
Xlo

+

+ yt

-1-

y3

F[o. 3. Realization of the type of Fi3. for the G of 7
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Ui Xllt Xio

+

FIG. 4. Realization of the type of Fig. 2 for the G of 7

The corresponding results for observability indices, observer canonical forms,
and so forth can be obtained from the standard duality results. The analogues of
Definition 7 and Theorem 5 are stated here for reference.

DEFINITION 7+/-. A minimal (observability) system matrix for a system with
p m transfer function matrix G is a minimal basis S [D!N] for the space Va of
(p + m)-tuples generated by G [Ip’G], where D is p p and N is p m.

THEOREM 5+/-. Let S [D!N] be a minimal (observability) system matrix for
G, and let l.tj, <= j <= p, and p be the indices and order of S. Then

1. det D (z) is the characteristic polynomial of G, and # deg if;
2. G D- IN;
3. the la are the observability indices of G;
4. G has a minimal realization ofdimension #;
5. N and D determine a minimal realization of G in observer canonicalform.
A more interesting approach to observability questions will appear in a forth-

coming note.

8. Application II- Minimal causal solutions to PG Q. In an interesting paper
that was the direct stimulus for this work, Wang and Davison [5] consider the prob-
lem of finding a causal p m F(z)-matrix (or proper F(s)-matrix) G of minimal
order (as a transfer function matrix) that solves the equation PG Q, where P and
Q are given p and x m matrices, respectively. They point out that such
problems frequently arise in multivariable linear system theory; for example,
the problem of finding a minimal order inverse H-1 to a given system H can be
cast in this form, with P Hr, G (H-1)T and Q Im.

In this section, using a minimal basis approach and the results of the last
section, we reproduce and to some extent generalize Wang and Davison’s [5]
results on this problem. In our view this approach is much more transparent.

The general idea is as follows. Let G be any causal solution to PC, Q and
let St= [Dr!Nr] be a minimal (controllability) system matrix for G; then G

ND-1, so PN QD, or PS 0, where P is defined as [Q[- P]. Thus the
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columns s for any minimal system matrix for a G that solves PG Q lie in the
vector space V of column (m + p)-tuples orthogonal to P. By finding a minimal
basis S* for V, we find a basis for all such polynomial (m + p)-tuples. S is thus a
minimal system matrix for a G satisfying PG Q if and only if the columns of S
are linear combinations of the columns of S* and S is a minimal system matrix.
We now need the following lemma.

LEMMA 3. A matrix Sr [Dr. Nr] is a minimal system matrix for a causal
transferfunction matrix G ND- ifand only ifS is a minimal basisfor the space it
spans and [D]h has full rank.

Remark 11. [D]h has full rank implies deg nij __< v for all i, j.
Proof. Necessity was proven in Theorem 5. For sufficiency, if [D]h has full

rank, then D spans the space of all inputs, so for any u we can write u Oidi for
Z-Visome rational coefficients ffi, or in fact u Illid for some shifted sequences

’i. Since diz -v’ starts at time 0, and [Dqh {diZ-V’}o has full rank, u must start at
the first time one of the ff’i starts, say time p, since complete cancellation of the
z "coefficients in u cannot occur. But the output y generated by u is y illiz
which starts at time u or later since all the ’i start at time # or later and all the

niz-’ start at time 0 or later because deg nij < vi. Hence G ND- is causal.
THEOREM 6. Let P and Q be given x p and rn matrices over F(z), let

P [Qi P], and let r rank/. Let S* be a minimal basisfor the space of(p + m)-
tuples orthogonal to , hence of dimension (p + m) (p + m r), and let S*

[D* ’N*r], where D* is rn (p + rn r) and N* is p (p + rn r). Then
there exists a causal p m matrix G solving PG Q ifand only if D*]h has rank m.

Proof. If rank [D*]h m, then we may pick columns of S* corresponding to m

linearly independent columns of [D*]h tO Obtain a (p + m) x m matrix s [ D-N-]
with [D]h full rank. Since y S*x is polynomial only if x is polynomial, y’ Sx’
is polynomial only if x’ is polynomial, and the predictable degree property (con-
dition 4(a) of the main theorem) holds for the columns of S since it holds for the
columns of S*. By the main theorem, condition 4, S is therefore a minimal basis for
the space it spans. Consequently S satisfies the conditions of the lemma, and G
ND-1 is the required solution.
Conversely, suppose rank D*]h < m. This means that the integers (1, ..-, m)

are not all included among the pivot indices of S*. Thus, since all minimal bases
have the same pivot indices, rank [D*]h < m for all minimal bases of V. Now if S
were a set ofm (m + p)-tuples forming a minimal basis with rank D]h m, then we
could add p r more columns to S to form a minimal basis for S* with rank
[D*]h m, a contradiction.

THEOREM 7. Let P, Q, P, S*, D* and N* be as above, and assume rank
[D*h m. Let the columns ofS* be ordered by degree, i.e., vT =< v <= <= Vp+,,_,*
and let v l, vz,..., v be the indices of the first rn linearly independent columns of
[D*]h. Then

1. There exists a causal solution G to PG Q with these v as its control-
lability indices, and order v = vi.

2. This solution has least order among all solutions.
3. All least order solutions have the same set of controllability indices.
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4. A column ofindex la ofthe minimal system matrix ofany solution G is a linear
combination of the columns of S* of indices v <= la.

Proof. 1. Select the corresponding columns as a minimal system matrix S of
the desired solution G, as in the proof of Theorem 6. The controllability indices of
G are the indices of S by Theorem 5.

4. A column of the minimal system matrix of any solution G is a polynomial
(p + m)-tuple orthogonal to/, hence in the space spanned by S*. By condition 4
of the main theorem, a polynomial (p q- m)-tuple linearly dependent on a basis
(p + m)-tuple of degree v has degree >= vi.

2 and 3. From the definition of the v, the columns of [D*]h corresponding to
columns of S* of degree less than v have rank less than for any i. From condition 4
it follows that in any set of linearly independent polynomial (p + m)-tuples
orthogonal to P, there is at least one (p + m)-tuple ofdegree > vi. Since the minimal
system matrix of any solution G is a set of m linearly independent polynomial
(p + m)-tuples orthogonal to P, the conclusions follow.

COROLLARY. If a causal solution to PG Q exists, there exists a solution
with order not greater than the invariant dynamical order ofthe space V generated by
P [Q[ p].

Proof. The order of S* is the invariant dynamical order of V by the corollary
to Theorem 3. Any minimal system matrix S (if one exists) constructed from S* as
above can evidently have no greater order.

Example 1. Consider as in [5] the transfer function matrix

s+l s+2
1

H=s2 +3s+2
s+3 s2 +2s

S2+3 0

We wish to find a proper left inverse of least order; i.e., a minimal system G such
that GH I2 or HTGT I2 We thus have P [I2 i- HT]. A basis for the dUi

space is the 5 x 3 matrix .a Reduction to a minimal basis in echelon form by

the algorithm given earlier (admittedly tedious) yields

s + 2 1/2 3/2
s- 1/2 3/2

-1/2 s+3/2

s + 1/2 1/2

_s + 2 1/2 1/2_
Since

[D*]h =[100100]
Which is only to say that the input/output vectors of H- are the output/input vectors of H.
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the first two columns of S* may be taken as the minimal (controllability) system
matrix S of the desired Gr, with controllability indices v 1, v2 1. By the
standard duality theorems, Sr is the minimal (observability) system matrix of the
desired minimal order left inverse G H-1, with observability indices v 1,
v). 1. All left inverses of order 2 have the same set of observability indices, and in
fact the set of all minimal order inverses corresponds to the set of all pairs of linearly
independent 5-tuples of degree in the space spanned by S*, namely, all S S*T
where T is any 3 x 2 constant matrix of rank 2.

Example 2. The following example appears in Olson [10] and Moore and
Silverman [11]. Let F be the binary field GF(2), and let

-]- z-2

0 Z -1

-1 + z-2 z/(1 + z)

1 l+z-1 0

Proceeding as above to find the minimal order left inverse of H, we find that a

minimal basis S* for the space spanned by is

1 0 0 0

0 --Z2

z 1 0
0 0 l+z
1 z 0 l+z+z2

0 0 l+z l+z2

1 0 0 l+z

Since

1 0 0 0][D*],-- 0 0
1 0 0

is nonsingular, H does have a causal left inverse;however, even though the indices
of S* are (0, 1, 1, 2), it is not possible to find an inverse of order 2 because the third
column is not a realizable input/output vector. There exists a family of inverses of
order 3 with observability indices (0, 1, 2). If we require minimal (observability)
system matrices to be in echelon form, then all members ofthis family are character-
ized in terms of the transposes sl, s2, s3 and s4 of the columns of S* as follows:

First row:

Second row: s2 -at- als3;
Third row: a2s3 -- a3(s2
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where the coefficients ai, =< 3, are arbitrary elements of F GF(2); i.e.,
0 or 1. Thus there are 23 8 different minimal order inverses. It is straightforward
to verify that the only feedforward inverse of order 3 (that is, an inverse with

DI z3) is obtained from the minimal system matrix (s 1, $2,S2 + 2S3 q-$4).
From a given minimal (observability) system matrix we can construct a realization
in observer canonical form as in the previous section.

We note that, in view of the fact that the invariant dynamical order of the
space generated by [I,,i-HT] (the space of input/output vectors of H, up to sign
and transpose) is the order of H, the corollary to Theorem 7 provides yet another
proof that if H has a causal inverse, it has such an inverse of order no greater than
the order of H. That there exist p x m matrices H of all sizes and orders meeting
this bound with equality is easily shown by examples of the following type"

0 0
0 0

0 0 0
0 0 z-"

9. Application III. Convolutional codes. A rate kin convolutional encoder
G is a k-input, n-output, finite-dimensional, invertible linear system over some
finite field, F, such as the binary field GF(2). It generates a vector space V of
code words over F(z), namely, the set of all outputs Gu as the inputs u range over all
rational k-tuples. The space V is called a code. Two encoders G and G2 that
generate the same code V may be regarded as equivalent for coding purposes.

The reader is referred to [6] and its sequel 12] for a more complete discussion.
Here we simply summarize the results of [6] in one theorem.

THEOREM 8. Any convolutional code V can be generated by a "minimal
encoder" G which is a minimal basisfor V as a vector space over F(D), where D z- 1,
and which therefore has thefollowing properties"

1. G isfeedback-free and can be realized with v memory elements arranged as k
shift registers of lengths vi, <= <= k, where v is the invariant dynamical order
("overall constraint length") of V and the v are the invariant dynamical indices
("i-th constraint lengths") of V.

2. If F is the finite field GF(q) with q elements, the number of finite causal
code words in V that stop at a time less than or equal to d is qD(d), where

D(d) (d- vi).
i:d>= vi

3. G has a feedback-free inverse G-1 and a minimal dual basis G+/- ("syndrome
former") such that

4. Any encoder G’ that generates G requires at least v memory elements.

10. Conclusion. In this paper we have introduced the notion of minimal
bases and developed some of their fundamental properties, which are simply
properties of the corresponding rational vector spaces. While the applications we
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have presented have not gone far beyond the results previously obtained by
Popov, Rosenbrock, Wang, Wang and Davison, Wolovich, Eckberg, Dickinson
and Morf, and the author, we believe we have obtained these results in a more uni-
fied and direct manner. Since the initial draft of this paper, Dickinson, Morf and
Kailath 16] have found these ideas useful in developing efficient recursive solutions
to the problem of realization of multivariable systems; Warren and Eckberg [17]
have used some of these results in the study of controllability subspaces, which
arise in the theory ofdecoupling; and Rosenbrock [18], [19] has extended Theorem
5 to nonproper systems and used these notions in the development of certain
structural properties of multivariable systems. We hope that the tools developed
here will be of continuing usefulness in linear system theory.

Appendix. Valuation theory and generalized minimal bases. The similarity in
statement and proof of conditions 2(a) and 2(b), 3(a) and 3(b), and 4(a) and 4(b)
of the main theorem suggest that a common formulation might exist. Such a
formulation arises naturally in the language of valuation theory, which we shall
introduce in this Appendix. (For further reference, see [13]-[15].) No valuation-
theoretic results are used, but the language does suggest a generalization of our
notion of a minimal basis for which a theorem generalizing the main theorem can
be proved. More generally, it seems to us that this language is a natural one in which
to frame certain discussions in systems theory; for instance, it lays to rest the
question of whether discrete-time systems should be represented by z-transforms
or D-transforms (D z-1), since it treats both on an equal footing and in the
same breath.

A valuation ]. on a field K generalizes the notion of an absolute value on the
real or complex field. It is a function from K into the nonnegative real numbers
satisfying

(i) k] >= 0, with equality if and only if k 0;
(ii) Iklk2l Ix Ilk21;
(iii) (triangle inequality)]k + k2[ =< Il/ l21,
A non-Archimedean valuation is one that satisfies
(iii’) (strong triangle inequality)[k + k21 _< max [[k [, [k 2 [].
An exponential valuation v(k) is the negative logarithm of a non-Archimedean

valuation. (Any base may be used, since v(k) is essentially unaffected by multi-
plication by a scalar.) It is therefore a function from k into the real numbers
(including oe) that satisfies

(i) v(k) =< , with equality if and only if k 0;
(ii) v(kxk2)= v(kl) + v(k2);
(iii’) v(k + k2) >__ min Iv(k1), v(k2)].

The trivial valuation is the one such that [k[ 0 if k 0 and k[ otherwise;
in exponential form,

v() I’ 0,
0, k#-O.

For example, if k is the field of rational numbers, we can easily describe the
set of all nontrivial valuations. First, we have the ordinary absolute value. Second,
for each prime p, we have the p-adic valuations, defined as follows. Any nonzero
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rational number can be written uniquely as r p"a/b, where a and b are relatively
prime integers not divisible by p. (Here n may be egative or zero as well as posi-
tive.) Then the p-adic valuation Iris, is p-". Of course [0lp must be defined as 0.
The reader may satisfy himself that (i)-(iii’)hold, and hence all p-adic valuations
are non-Archimedean. Their exponential form is vp(p"a/b)= n (where we have
taken logarithms to base p).

We are particularly concerned with the field K F(x) of rational functions
in x over F. On this field the set of all interesting (trivial on F) valuations is as
follows. First, let p be any monic irreducible polynomial. Any k :/: 0 F(x) can be
written uniquely as peql/q2, where e is some integer, called the order of k at p,
and q and q2 are polynomials not divisible by p. If we take vp(k) ee, where e is
any constant and e is the order of k at p, then it is straightforward to verify that
vp(. satisfies (i)-(iii’). (Of course we take vp(0) oo.) Conventionally the constant
e is taken as the integer deg p, in order to make the product formula hold (see
below).

This gives an essentially different valuation for every p e , where N is the
set of all irreducible polynomials in Fix]. There is one more. Express any
k :/: O F(x) as a ratio of polynomials ql/q2; then Vx_l(k is defined as deg q2

deg q 1- Again verification of 0)-(iii’) is straightforward. Why do we use the sub-
script x- ? Recall that a ratio of polynomials in x can equally well be expressed
as a ratio of polynomials in x-l; i.e., F(x)= F(x-1). If p(x) is an irreducible
polynomial other than x, then p(x- 1) p(X)X,-leg p is an irreducible polynomial of
the same degree in x- 1. The order of k at p is the same as the order of k at . How-
ever the order of k at x is the difference between the denominator and numerator
degrees of k as a ratio of polynomials in x- 1. (Example" x2 + x3 (1 + x- 1)/x- 3,
Yx(X2--] X3) 2 3- 1.) Similarly, Vx_l(k is the order of k at x-1. Hence
there is complete symmetry between x and x-l, and we need not distinguish
between F(x) and F(x-1).

To be more concrete, let F C, the field of complex numbers. The set of
all irreducible polynomials is the set of all p(x)= x- z, for every C. Let
f(x) n(x)/d(x) be a rational function in C(x), reduced to lowest terms. We write
v(. for vx_(. ). If v[f(x)] > 0, then n(x) is divisible by (x ) tsx), and we say
f(x) has a zero of order v[f(x)] at z. Similarly, if v,[f(x)] < 0, we say f(x) has a
pole of order -v[f(x)] at . Now v-, If(x)] deg d(x) deg n(x) is often said
to be the order of the pole of f(x) at infinity, and we might write v(. instead of
v_ 1(" ). If x z and f(z) is causal (i.e., deg d(z) >= deg n(z)), it cannot have zeros
at infinity; i.e., vz-1 f] > 0, or vo[f] > 0 if f is expressed as a D-transform instead
of a z-transform, where D __a z- .

Let ’* then be the set {x, x-1, + x,...}; i.e., @ plus x-1. To each p ’*
corresponds an essentially different valuation, and in valuation theory it is shown
that these comprise all the essentially different valuations on F(x) (that are trivial
on F). All are non-Archimedean.

For each p *, we may express any nonzero element k F(x) as a formal
Laurent series

pe+k tp + e+l + "",
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where e is the order of k at p, as follows. Express k as peqx/q2, and let 1 and -2
be the residues of ql and q2 modulo p, considered as elements of the residue class
field Fp of polynomials modulo p; then ae ql/q2, considered as a polynomial of
degree less than deg p. (For p x-1, operate as though k were in F(x-1).) It is
easily verified that k aep has order e + 1 or greater at p; hence the procedure
can be repeated indefinitely to give the possibly infinite formal Laurent series.
(Example" k x2 X3", vx(k)= 2, l2 1, i3 --1, ?4 0,...’, vx-,(k)= -3,
g-3 -1, ?t_ 2 1, a-1 O, ...; Vx+l(k 0, k 2 5(x + 1) + 4(x + 1)2

(x + 1)3.) We let [kip stand for the residue class representative Oe; i.e.,

k [k].pe[1 +O(p)],

Finally, we have the product formula (which appears as a sum since we are
using exponential valuations)"

vp(k)=O if k4:0.
pe*

When k is a polynomial, this merely says that the degree of k (= vx_ ,(k)) is equal
to the sum of the degrees of the irreducible factors of k. When k is a ratio of poly-
nomials k q l/q2, the relation vp(k)= Vp(ql -Vp(q2), which holds for all
p *, proves the product formula since Vp(ql) 0, Vp(q2 O.

We now proceed to norms. If V is a vector space over a field K with valuation
l" l, then a norm is a function from V to the nonnegative real numbers that
satisfies

(i) vii >= 0, with equality if and only if v 0;
(ii) ]kvll ]kllvll for kK,vV;

(iii) Vl + V2 _-< Vl -- v2 II;
or, in the non-Archimedean case,

(iii’) IIv / v211 __< max UIllll, 112 I].
Similarly, an exponential norm is a function v(.) from V to the real numbers
(including oe) that satisfies

(i) v(v) <= oe, equality ill" v 0;
(ii) v(kv)= v(k) + v(v);

(iii’) v(v + v2) >= min Iv(v1), v(v2)].
The standard norm corresponding to an exponential (non-Archimedean)

valuation v(. is the "box-norm", which is defined in terms of a basis for V as
follows. Let el, e, be a set of vectors that span V, with n dim V; then every
v e V has the unique representation

V vie
i=1

for some n-tuple v of elements of K. The "box-norm", defined by

v(v) min v(vi)
is easily shown to satisfy (i)-(iii’) for any valuation v(. on K.

When K F(x) and V is the vector space of n-tuples v (v l, ..., v,), we
take el,-.., e, as the unit n-tuples; if p e *, the norm Vp(V) is defined as Vp(V)

min vp(vi).



MINIMAL BASES OF RATIONAL VECTOR SPACES 519

The residue [V]p of an n-tuple v is the n-tuple of coefficients of pVpO,) in the
Laurent series expansions of the vi. Note that if vp(vi)> Vp(V), then [Vi]p O.
The product formula need no longer hold for norms;indeed,

Y v.lv)=< Y v.(l)= o.
p*

This observation inspires the one definition in this Appendix that is nonstandard.
We define the defect of an n-tuple v as

defv_-a_ vp(v).
p*

The defect is thus nonnegative. Further, for any k # 0 F(x), we have

defkv= vp(kv)= v,(k)- vp(v)=defv.
pe* peP* pe*

Finally, if v is a polynomial n-tuple with g.c.d. {vi} 1, then defy deg v since
Vp(V) 0 for p x- 1, vx_,(v -deg v; hence, concretely, the defect of an n-tuple
is the degree of the polynomial n-tuple we get by multiplying v by the least common
multiple of its denominators and dividing by the g.c.d, of its numerators.

In general, for any exponential (non-Archimedean) norm on a vector space V,
if v kigi, then

(A.1) v(v) min v(kigi) min v(ki) + v(gi).

A set of k vectors {gl,’", gk} for which equality always holds in (A.1) is
called orthogonal [13]. We shall call a set of n-tuples gi p-orthogonal if it is ortho-
gonal for the norm vp(. ), and globally orthogonal if p-orthogonal for all p e *.

Now we are in a position to recast our results on minimal bases in this
language.

DEFINITION 8. If G is a k x n rational matrix with rows gi, the i-th generalized
index of G is defined as v def gi, _<_ _<_ k, and the generalized order of G is
defined as v v i.

DEFINITION 9. If V is a k-dimensional vector space of n-tuples over F(x),
a generalized minimal basis for V is a rational k x n matrix G such that G is a
basis for V and has least generalized order among all bases for V.

DEFINITION 10. If G is a k x n rational matrix with rows gi and p e *,
then [G]p is the k x n Fp-matrix with rows

GENERALIZED MAIN THEOREM. Let G be a k x n basis for a vector space V
over F(x) with generalized indices vi, 1 <_ <= k, and generalized order v vi.

Then the following statements are equivalent"
1. G is a generalized minimal basisfor V.
2. [G]p hasfull rank over Fp for all p *.
3. Let vp (k x k minors) be the minimum p-valuation among all the k x k

minors of G" then
k

Vp(k k minors) Vp(gi) for all p *.
i=1

4. The k rows gi are globally orthogonal.
We leave it to the reader to verify that conditions 1-4 of the main theorem are

the appropriate special cases of 1-4 here, and to supply a proof along the same lines
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as there. We omit a generalization of statement 5 since the space Sd of all n-tuples
v of defect less than d is not particularly interesting; note that even if sl, s2 e Sd,
sl + s2 may not be in Se.
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COMBINED PRIMAL-DUAL AND PENALTY
METHODS FOR CONSTRAINED MINIMIZATION*

DIMITRI P. BERTSEKASf

Abstract. In this paper we consider a class of combined primal-dual and penalty methods often
called methods of multipliers. The analysis focuses mainly on the rate of convergence of these methods.
It is shown that this rate is considerably more favorable than the corresponding rate for penalty
function methods. Some efficient versions of multiplier methods are also considered whereby the
intermediate unconstrained minimizations involved are approximate and only asymptotically exact.
It is shown that such approximation schemes may lead to a substantial deterioration of the convergence
rate, and a special approximation scheme is proposed which exhibits the same rate as the method with
exact minimization. Finally, we analyze the properties of the step size rule of the multiplier method in
relation to other possible step sizes, and we consider a modified step size rule for the case of the convex
programming problem.

1. Introduction. During recent years, penalty function methods (see, e.g., [7])
have gained recognition as one of the most effective class of methods .for solving
constrained minimization problems. Characteristic of such methods is that they
require the solution of a sequence of unconstrained minimizations of the objective
function of the problem to which an increasingly high penalty term is added. It is
well known that these unconstrained minimization problems have increasingly
unfavorable structure due to ill-conditioning [7], [17], a fact which ofte.n leads to
slow convergence despite the use of efficient unconstrained minimization algor-
ithms. Another important class of methods for constrained minimization is the
so-called class of primal-dual methods (see, e.g., [17]). Such methods are, in effect,
iterative ascent algorithms for solving the dual problem (defined under suitable
local convexity assumptions [17]). Similar to penalty methods, they involve the
solution of a sequence of unconstrained minimizations of a Lagrangian function,
each of which yields the value and the gradient of the dual functional at the current
value of the Lagrange multiplier. At the end of each minimization, the Lagrange
multiplier is updated by means of an ascent iteration. Primal-dual methods are
known to have serious disadvantages. First, the problem must have a locally
convex structure in order for the dual functional to be defined. Second, it is usually
necessary to solve a large number of unconstrained minimization problems since
the ascent iteration converges only moderately fast. Thus primal-dual methods
have found application only in the limited class of problems where the uncon-
strained minimizations can be carried out very efficiently due to special structure.

In the last few years, a number of researchers have proposed a new class of
methods, often called methods of multipliers, in which the penalty idea is merged
with the primal-dual philosophy. In these methods, the penalty term is added not
to the objective function but rather to the Lagrangian function which is ordinarily

* Received by the editors February 12, 1973, and in final revised form March 8, 1974.
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minimized in primal-dual methods. Again, a sequence of unconstrained minimiza-
tion problems is solved; however, each minimization is followed by an ascent
iteration on the Lagrange multiplier which is aimed at solving the dual problem.
In contrast with penalty methods, the penalty term need not be increased to
infinity, thus avoiding the associated extreme ill-conditioning. In addition, the
ascent iteration converges fast, thus necessitating only a few unconstrained
minimization cycles. By moderating the disadvantages of both penalty and primal-
dual methods, multiplier methods have emerged as a very attractive class of
algorithms for constrained minimization, a fact substantiated by the limited
computational experience presently available. This paper provides an analysis
of some aspects of these methods mostly related to their convergence rate and their
efficient implementation.

The methods that we consider were initially proposed by Hestenes [12] and
Powell [32], and somewhat later by Haarhoff and Buys [11]. Hestenes gave no
interpretation or convergence proof of his method of multipliers, and Powell was
motivated by a penalty function viewpoint. The primal-dual interpretation was
given later by Luenberger [17], who in addition gave an argument indicating the
fast convergence of the method, and by Buys [6], who in his recent thesis provided
an extensive and well written analysis of multiplier methods. Buys [6] also proved
local convergence of the method of multipliers both for the case of exact and
approximate unconstrained minimization under the assumption that the penalty
parameter is constant but sufficiently large. A similar convergence result for exact
minimization was proved by Rupp [41], [42]. Global convergence results for
nonconvex problems were proved recently by the author in [3] and [5]. For
quadratic problems with linear constraints, global convergence was also proved
by Martensson [19] who in addition proposed some variations on the multiplier
method. The method of multipliers, has been applied to the solution of some
infinite-dimensional problems by Rupp [39], [40], [41]. Some variations of the
method of multipliers were proposed by Miele, et al. [20], [21], and Tripathi and
Narendra [44]. In these particular variations, the Lagrange multiplier is updated
at the end of every gradient step or every conjugate gradient cycle in the uncon-
strained minimization problem. The convergence properties and the precise
motivation for such methods is not as yet quite well understood. They seem to be
somewhat related to multiplier methods with asymptotically exact unconstrained
minimization, as will be explained later on in this paper. They are also related to
the Lagrangian algorithms of Arrow, Hurwicz and Uzawa [2] (particularly the
chapter by Arrow and Solow)as applied to the "penalized" problem (5)of the
next section. Finally we note that multiplier methods as proposed in the above
references are mainly applicable to problems with equality constraints. More
recently, considerable attention has been directed towards extension of the method
to treat inequality constraints. At the same time, the properties of the method when
applied to convex programming problems have been analyzed in detail. In this
connection, we mention the excellent papers by Rockafellar [34]-[37], the ground-
work for which was laid in his early paper [33], and the work of B. Kort and the
author [14]-[16], [4]. Generally speaking, methods of multipliers, as adapted to
treat inequality constraints, exhibit similar behavior as for the case of equality
constraints. However, for convex programming problems, the methods have some
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very attractive properties, namely that they converge globally for any positive
value of the penalty parameter [14], [35], [15], [4]. We mention also that there is a
very interesting duality theory associated with multiplier methods primarily
developed by Rockafellar [33], [34], [36] (see also [1], [3], [15], [18], [28]). Aside
from its intrinsic value, this theory can form the basis for the development of
efficient large-step Lagrangian methods. For one such algorithm based on
Newton’s method, see Mangasarian [18]. We note that Lagrangian methods
utilizing the penalty idea have been proposed by Fletcher [8], [10], Fletcher and
Lill [9], and by Miele and his associates [22], [23]. The precise connection of these
methods with methods of multipliers is as yet unclear. Finally we mention that
some work related to the method of multipliers has been reported recently in
[26] and [43].

The present paper is organized as follows. In the next section we describe the
basic method of multipliers in a framework which is suitable for analysis of its
convergence rate. Subsequently in 3 we obtain a useful expression for the rate
ofconvergence ofthe method. It is shown in particular that as the penalty parameter
is increased, the rate of convergence of the dual iteration approaches a superlinear
rate. Furthermore, it is shown that we can expect multiplier methods to converge
considerably faster than penalty methods which are operated sequentially. In 4
we consider some efficient variants of the method of multipliers whereby the un-
constrained minimizations are only asymptotically exact. We show that such
approximate minimizations may lead, in general, to a substanial deterioration ofthe
convergence rate, and we propose a particular approximation scheme which
exhibits the same asymptotic convergence rate as the method with exact mini-
mization. In 5 we compare the step size of the multiplier method with other
possible step size rules. We show that for certain problems which are not locally
convex, the multiplier method step size is nearly optimal. For locally convex
problems, we explain that this is not necessarily true and we propose an alternative
step size rule which exhibits an improved convergence rate over the ordinary
method. Finally in {} 6 we present results of numerical experiments which generally
support the conclusions of the theoretical analysis.

2. The method of multipliers. Consider the following constrained minimiza-
tion problem:

(1) minimize f(x) subject to h(x) 0,

where f:R R is a given twice continuously differentiable function and
h R R", m <= n, is a given twice continuously differentiable mapping.

Let x* be an optimal solution of problem (1). We shall assume that x* satisfies
the second order sufficiency conditions for an isolated local minimum, i.e., the
matrix Vh(x*) has full rank and there exists a unique Lagrange multiplier (row)
vector 2* such that

(2)

and

V/(x*, 2*)= Vf(x*)+ 2*Vh(x*)= 0

(3) y’L(x*, 2*)y > 0
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for all y R" such that Vh(x*)y 0, y 4: 0. In the above relations, V/(x*, 2*) and
L(x*, 2*) denote the gradient relative to x and the Hessian matrix relative to x,
respectively, of the Lagrangian function

(4) l(x, 2) f(x) + 2h(x)
evaluated at (x*, 2*). The m x n matrix Vh(x) denotes the matrix having as rows
the gradients Vhi(x), 1,..., m, and a prime denotes transposition.

It is clear that problem (1) is equivalent to the following problem obtained
from problem (1) by adding a penalty term to the objective function:

(5) minimize f(x) + 1/2cllh(x)ll 2 subject to h(x) O,

where c is a positive scalar.
Consider now the Lagrangian function corresponding to problem (5)"

(6) l(x,2, c) f(x) + 2h(x) + 1/2cllh(x)l 2,

and its Hessian evaluated at (x*, 2*)"

(7) L(x*, 2", c) L(x*, 2*) + cVh(x*)’Vh(x*).

It follows from (3) that

(8) y’L(x*, 2*, c)y > O V y R", y v O

if c >__ c* > 0, where c* is sufficiently large to guarantee that the matrix L(x*, 2*, c*)
is positive definite. As a result, for every c with c >__ c*, problem (5) has locally
convex structure according to the definition of[17], and thus we can define for each
c > c* the dual functional

go(2) min l(x, 2, c).

In the above equation, the dual functional go(2) is defined in a neighborhood of 2"
and the minimization is understood to be local in a neighborhood of x*. The
implicit function theorem and our assumptions guarantee that such neighborhoods
exist for every c >__ c*. Since, however, in the algorithm which we shall describe, the
scalar c may vary from one iteration to the next, it is necessary to provide a uniform
definition of the dual functional over neighborhoods which do not depend on c.
We shall restrict, however, the scalar c to take values in an interval [e*, el, where
e is an arbitrarily large constant. For practical purposes, this restriction results in
no great loss of generality.

For any element z of a finite-dimensional space with the usual Euclidean
norm and for any scalar s > 0, we denote by B(z;s) the open ball centered at z and
having radius s. We denote by Biz;s) the corresponding closed ball. We now have
the following proposition.

PROPOSITION 1. There exist positive scalars e* and 6" such that for all
2 B(2*; 6*) and all c [c*, i], the problem

minimize l(x, 2, c) f(x) + 2h(x) + 1/2cllh(x)ll 2 subject to x e B(x*;e*)

has a unique solution x(2, c). Furthermore, for every e with 0 < e =< e*, there exists
a 6 with 0 < 6 < 6" such that

x(2, c) e B(x* e) V 2 e B(2* 6), c e [c*,
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Proof. The proof is based on a fixed-point argument similar to one used for
the proof of the implicit function theorem (see, e.g., [13], [25]).

For each 2 R and c e [c*, c], consider the mapping QZ’C’Rn R defined by

QX’C(x) x [L(x*, 2", c)]- 1Vl(x, 2, c),

where L, and V1 denote the Hessian and gradient of the augmented Lagrangian
given by (6) and (7). Taking the gradient of QX’ with respect to x, we have

and

VQZ’(x) [L(x*, 2", c)]- ilL(x*, 2", c) L(x, 2, c)]

IIV’(x)ll IIEL(x*, *, c)]-’11 IlL(x*, *, c) L(x, 2, c)ll.

Now given any at(0, 1), there exist an > 0 and 8 > 0 such that IIVQZ’(x)ll
_<_ a < 1 for x B(x* e), 2 e B(2*; 8), c e [c*, c].

On the other hand, we have

11(2a’(x*) x*}l =< IIEZ(x*, 2", c)]-xll IIV/(x*, 2, c)ll

[Z(x*, 2", c)]- Xll IIV/(x*, 2, c) Vl(x*, 2", c)ll,

and by letting i be sufficiently small, we can assert that

II0’(x*) x*ll _-< e(1 a) V c

Now we have

112’C(x)- x*ll _-< IIZ’(x*) -x*ll / 112z’(x)- 2’(x*)11

__< (1 a) / sup IIV2’[x* / t(x x*)]ll IIx x*ll =< (1 a) / a
O<t<l

for all x B(x*, ), B(x*; fi), c [c*, i].
Thus we have QZ’’(x* )--. B(x* e) and

IIV2’(x)ll __< o.< 1 for each

Hence QZ’ has a unique fixed point x(2, c), i.e.,

x(, c) QZ’C[x(2, c)] x(2, c) [L(x*, 2", c)]- Vl[x(2, c), 2, c],

from which

Vl[x(2, c), 2, c] O.

If we take, in addition, e and sufficiently small so that L(x, 2, c) is positive definite
for all (x, 2) B(x*;e) B(2* 6) and c [c*, i], we have that the corresponding
x(2, c) is a unique unconstrained minimum of l(x, 2, c) within B(x*;e*) for
sufficiently small, and the result of the proposition follows easily. Q.E.D.

The following corollary is an easy consequence of Proposition 1.
COROLLARY 1.1. Let L be such that

IIh(x) h(y)ll =< LIIx Yll V x, y e B(x*; e*),
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and e*, 6* be as in Proposition 1. Then for every e with 0 < e <__ *, there exists a
(5 with 0 < 6 <_ (5* such that

x(2, c) e B(x* ), 2 + ch[x(2, c)] e B(2*; (5 + cLe)

*for all 2 e B(2*" 6), c el.
Proof. If corresponds to e as in Proposition 1, then x(2, c) e B(x*; e) and

ll2 + ch(x(2,c)] 2"11 -<_ 112 2"11 + cllh[x(2, c)]ll

[12 2"1[ + rl]h[x(2,c)] h(x*)l[ < 6 + Le. Q.E.D.

Proposition 1 essentially says that by locally minimizing the augmented
Lagrangian, one obtains points which are arbitrarily and uniformly close to x*
provided 2 is sufficiently close to 2*. Furthermore, the proposition provides a
means for defining the dual functional over a domain which is common for all
c [c*, el. We define, for all 2 B(2*; 6*) and all c [c*, el, the dual functional as

(9) go(2) min {f(x)+ 2h(x) + 1/2cllh(x)[I2},
xeB(x,;e*)

where the minimum over the open ball B(x*; e*) is attained by Proposition 1. It
can be easily shown (see also [6], [17]) that the scalars e* and 6* in Proposition 1
and Corollary 1.1 can be chosen so that tte dual functional go(2) is twice contin-
uously differentiable and concave in B(2* 6") for all c e [c*, el. We shall assume
that e* and 6" have been so chosen. The gradient Vg and Hessian matrix G are
given by
(10) Vg(2) h[x(2, c)]’,

(11) G(2) -Vh[x(2, c)]{L[x(2, c), 2, c]}-’Vh[x(2, c)]’.

Furthermore, the dual functionals go(2), c e It*, e] have a common maximizing
point, the Lagrange multiplier 2", and a common optimal value f* which is equal
to the optimal value f(x*) of problem (1):

g(2*) max g(2) f* V c e [c*, el.
The method of multipliers is simply a gradient method for maximizing the

dual functional by means of the iteration

(12) 2k+ 2k + cVg(2k).
The gradient Vg(2k) is given by (10), where x(2k, c) is an unconstrained minimum
(within B(x*; e*)) of the augmented Lagrangian

(13) l(x, 2k, c) f(x) + 2kh(X + 1/2cllh(x)l[ 2.

The iteration (12) is a fixed step size gradient method for solving the dual
problem which can be shown [6], [41] to converge to 2* provided the constant c
is sufficiently large. This fact will also be proved in the next section in a more
general setting where c may vary from one iteration to the next. It should be noted
that in order for the method to converge, it is not necessary that the initial Lagrange
multiplier estimate 2o is in B(2*; 6"). Since the method can also be viewed as a
penalty function method, it can be shown [3] that if the initial penalty parameter c
is sufficiently large and the corresponding minimization problem yields a solution
close to x*, then the next point 21 will be arbitrarily close to 2*. Thus in the initial
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iterations, the penalty nature of the method is dominant and provides points
sufficiently close to 2", and in subsequent iterations, the gradient nature of the
algorithm becomes more pronounced.

It is important to realize that it is not necessary to keep the penalty parameter
c fixed during the computation. Each constant c defines a dual functional go(2) via
(9). The collection of all these dual functionals has the same local maximum 2*.
Thus when a different c (say ck) is used at the kth unconstrained minimization,

(14) minimize f(x) + kh(X) + 1/2Ckllh(x)ll 2,

the iteration

(15) 2k + 2k + Ckh[X(2k, Ck)]’

can be viewed as a gradient step for maximizing the corresponding dual functional
gc(2), which attains its maximum at 2*. Furthermore, it is possible to let the
sequence c increase to infinity. While the intermediate unconstrained minimiza-
tion problems become increasingly ill-conditioned, the dual iteration (15) has
increasingly faster convergence rate, as will be shown in the next section, and on
balance, the method performs well. A reasonable method to update c suggested
by Powell [32] and Buys [6], is to multiply e by a constant greater than one (say
5-10) at the end of each unconstrained miminization for which the resulting
constraint violation as measured by IIh(x)II is not decreased by a certain factor.
An alternative method for updating c has been suggested by Miele, et al. [20] in a
somewhat different setting.

The method of multipliers can be easily extended to handle inequality con-
straints. As shown by Rockafellar [33]-[36], one may use slack variables to convert
inequality constraints into equality constraints. However, the minimization with
respect to the slack variables can be carried out explicitly, and as a result, the
dimension of the unconstrained minimization problem is not increased. We do
not further discuss inequality constraints in this paper, and we refer to [3], [15]
and [16] for a discussion of the related rate of convergence aspects. Among other
things, one may show that the approximate Lagrange multipliers corresponding
to inactive constraints converge to zero in a finite number of steps. As a result,
inactive constraints do not enter in any rate of convergence estimates, and the
results of this paper under a strict complementarity assumption carry over to the
inequality case in a straightforward manner.

We mention finally that the method of multipliers has an economic inter-
pretation similar to the one given by Arrow and Solow [2] for their combined
Lagrangian and penalty method. In this interpretation, the iterations of 2 are
viewed as market price adjustments to excess demand or supply, and the iterations
of x are viewed as production vector changes in response to extrapolated market
price changes.

3. Convergence rate of the method of multipliers. As mentioned in the previous
section, the method of multipliers can be viewed as a gradient method for solving
the dual problem. Thus one can obtain its convergence rate by using a correspond-
ing result on gradient methods (see, e.g., [29], [30]). This result, however, is rather
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uninformative, since it involves the eigenvalues of the Hessian Go(2), which strongly
depend on c. The following proposition is obtained by a modification of this result
and provides an expression for the convergence rate which is more amenable to
proper interpretation.

Let us consider the matrix

(16) D(x, 2) Vh(x)[L(x, 2)]- Vh(x)’,

where L(x, 2) is the Hessian relative to x of the Lagrangian (4). Notice that D(x*, 2*)
would be the Hessian at 2" of the ordinary dual functional go if the problem had a
locally convex structure [17]. Assume that D(x, 2) is defined and is invertible in a
set B(x*;e)x B(2*; + eLe), where e and 6 are positive scalars such that
x(2, c) B(x*; e),2 + ch[x(2, c)] B(2*; + eLe) for all 2 B(2*; ) and all c [c*,e]
in accordance with Proposition 1 and Corollary 1.1. Assume also that the algorithm
of(14), (15) yields a sequence of vectors (xk, 2) converging to (x*, 2*) and that after
some index k, the vectors (xk, 2k) are contained in B(x*;e) x B(2*; 6). Then we
have the following proposition.

PROPOSITION 2. Under the preceding assumptions, we have

2* 2*(17)

with

1
(18) rk max

(,,)(,,;) (.;+L) 1 ckei[D(x, 2)]
1,...,m

where ei[D(x, 2)] denotes the i-th eigenvalue of D(x, 2).

Proof Consider the Hessian matrix (11). We have

Gc(2) -Vh[x(2, c)]{L[x(2, c), f] + cVh[x(2, c)]’Vh[x(2, c)]}-aVh[x(2, c)]’,

where 2 + ch[x(2, c)]’. From a well-known matrix identity, we have

[I cD[x(2, c), i]]-1 I + cGc(2),
and hence for the corresponding eigenvalues of Go(2) and D[x(2, c), i], we have

1
(19)

1 cei[D[x(2, c),i]]
1 + cei[Gc(2)].

Now by using the iteration (15), we have

+ I1 * + ckh(xk)

where 2 2* + t(2k 2*). Hence

2k 2* + ck (2k 2*)Gck(2 dt

2" 2" fi [I + ckGck(2)] dt

max
tz[O,1l

1,..-,m

I1 + ce,[Gc(2)]l.
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By using (19) and Corollary 1.1, it follows that

2" 2" max
(x,2)eB(x;’t:) B0,*;6

i= 1,...,m
ce[D(x, 2)1

rkll2k- 2*l]. Q.E.D.

Some important observations can be made from the result of Proposition 2.
First of all, a trivial modification of its proof yields the following local convergence
result.

COROLLARY 2.1. Let and (3 be positive scalars such that x(2, c) B(x* e) and
2 + ch[x(2, c)]’ B(2* di + Le) for all 2 B(2*; ) and c [c*, i7] in accordance
with Proposition 1 and Corollary 1.1. Assume that e and 6 are sufficiently small and
ck is sufficiently large so thatfor some constant I,

(20) c _> > max 0,
e[D(x, 2)]

V k > 0

for all eigenvalues e[D(x,)] of D(x, 2) over B(x*;) x B(2";6 + eLe). Assume
also that 2o e B(2*;). Then the sequence {2} generated by the iteration (15)
remains in B(2*; ) and converges to 2*.

Proof. By exact repetition of the argument in the proof of Proposition 1, we
have 1121 2"11 < rol12o 2"1[, where ro is given by (18). By our assumption (20),

1
ro<max =p< 1.

1 lte[O(x, 2)]

Hence II&x 2"11 _-< Pll2o 2"11 and 21 e B(2*; 6). Proceeding similarly, we prove
for all k that 112k A*ll --< pkll20 2"11, and the result follows immediately. Q.E.D.

The most important observation from Proposition 2 is that the sequence
II&k- 2"11 converges linearly with stepwise convergence ratio rk. Furthermore,
rk decreases to zero as ck is increased. Thus a superlinear rate is approached as ck
tends to infinity. This is consistent with the argument of Luenberger [17], who
observed that as ck increases, the gradient iteration (15) approaches a Newton
step for solving the dual. If the sequence ck converges to a finite value c, then we
have

2+ 2" 1
(21) lim sup < max ?.

k- II;k Z*II 1 cei[D(x*, 2*)]

It can easily be shown that at least for quadratic problems with linear constraints
and a constant sequence ck, is a sharp bound in the sense that there exist starting
points 2o for which (21) holds with equality.

It is of interest to compare the convergence rate of the multiplier method with
the convergence rate of penalty function methods which are based on sequential
unconstrained minimization of the function

(22) f(x) + 1/2cllh(x)ll 2

for a sequence ck . If the sequence {xk} of minimizing points of (22) converges
to the point x*, then the sequence {2}, where 2 ch(xk)’, converges to 2*. It has
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been shown [31], [24] that such penalty function methods generally exhibit a
convergence rate governed by the relation

(23) 112-2"11 =<q/Ck Vk>F,

where k is some index and q is a constant depending on the problem. By comparing
(17), (18) and (23), it can be seen that the sequence {2} can be expected to converge
considerably faster in the multiplier method than in the quadratic penalty function
method. This fact has been substantiated by numerical experiments. Given that
the two methods involve a comparable amount of computation at each uncon-
strained minimization and share the advantage of simplicity, it appears that
multiplier methods should be generally considered preferable to penalty function
methods. For further elaboration on the comparison between penalty methods and
multiplier methods we refer to [3] and [5].

4. Etticient implementations of the multiplier method. The multiplier method
described in the previous section has the drawback that the unconstrained mini-
mization of the augmented Lagrangian must be carried out exactly in order to
update the Lagrange multiplier via the gradient iteration (15). This requires an
unreasonably high amount of computation for the unconstrained minimizations.
It appears that a more efficient scheme results if only moderate accuracy is de-
manded in the initial minimizations, and the accuracy is increased at later itera-
tions. Such a procedure has been suggested by Buys [6] in a similar vein as in
corresponding penalty function methods [24], [27], [31]. In this procedure, the
minimization process in the problem

(24) minimize l(x, )k, Ck) f(x) + 2kh(X -+- 1/2Ck Ih(x)l 2

is terminated at a point Xk such that

(25) IlVl(xk, k, Ck)l <= k,

where {ek} is a preselected decreasing sequence tending to zero. The corresponding
dual iteration can take several alternate forms. One possibility is to use the iteration
of the previous section

(26) ’’k+ 2k -+" Ckh(Xk)’.
Other possible methods of updating include the iteration

h(Xk)’Vh(xk)Vl(xk, 2k, Ck)(2) C h(Xk) Vh(xk)Vh(xk) h(Xk)

proposed by Miele, et al. [18] in a somewhat different setting, and the iteration

(29) Rk + Vf(Xk)Vh(xk)’[Vh(xk)Vh(xk)’]-
suggested by Haarhoff and Buys [11], Buys [6], and Miele, et al. [22].

One way of justifying the iteration (27) is by observing that fig as given
by (28) minimizes the quantity IIVl(Xk, 2k, fl) over fl [22]. Hence, lacking further

(27) 2+ 2 + flkh(X,)’,

where
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information, the vector h(Xk)’ can be considered as a more accurate approximation
to the gradient Vgak(2k) of the dual functional gak(2) than to the gradient Vgc(2k).
A similar interpretation can be given for the iteration (29). It should be mentioned
that both iterations (27) and (29) reduce to the basic iteration (26) if the uncon-
strained minimization (24) is carried out exactly.

First let us consider the algorithm with the termination criterion (25) and the
updating rule (26) (call it Algorithm A1). Let us consider again the matrix

(30) D(x, 2) Vh(x)[L(x, 2)]- ’Vh(x)’
defined over B(x* e) x B(fl*; 6 + eLe), where e and 6 are as in Proposition 1, and
assume that the algorithm generates a sequence (xk, 2k) converging to (x*, fl*) and
that after some index k, the vectors (x,, fl,) are contained in B(x*; e) x B(fl*; 6).
By Proposition 1, the exact minimizing point x(fl, c) of l(x, ilk, c,) belongs to
B(x*; e).

Let L > 0 be as in Corollary 1.1, i.e.,

(31) IIh(x) h(y)ll 5 Zllx Yll V x, y e n(x*; *),

and let M denote the minimum of the eigenvalues of the Hessian L(x, 2, c) for
(x, 2) B(x* e) B(2*; 6), c [c*, el, i.e.,

(32) M min e[L(x, 2, c)].
(x,2)(x*;e)

c[c*, e]
1,...,n

We assume that e and 6 are sufficiently small to guarantee that M > 0. We have the
following proposition.

PROPOSITION 3. Under the.preceding assumptions, we have, for Algorithm A1,

(33)

where

12/x 2"11 =< rl12- *1 + ekCk(L/M) V k => k,

(34) rk max
(x,2)(x*;) B(2";6 1 c,e[D(x, 2)]

Proof We have, by using (26),

I1- * + Ckh[X(2k, C)]’ll + cllh(x)- h[X(2k,

Now, similarly as in Proposition 1, we have

]2k 2" + Ckh[X(2k, Ck)]’ll ____< rkllk 2"1.
On the other hand, we have

IIh(x)- h[x(2t,, cu)]ll LIIxu- x(2, cu)ll

L L L.kl Vl(xk, 2k, Ck) Vl[x(2k, Ck) 2k, Ck] - Vl(xk, 2, Ck)ll < M

and the result follows. Q.E.D.
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The result of Proposition 3 indicates that the convergence rate of Algorithm
A1 may be different from the convergence rate of the multiplier method of the
previous section. Indeed, if the sequence ek does not converge as fast as
the convergence of the sequence IIk 2"11 may not even be linear. To illustrate
this fact consider the following example.

Example. Consider the problem

minimize 21--X2 subject to x O.

Take c 1, and let the accuracy of the unconstrained minimization be determined
by

k-1
IlVl(x,&k, 1)11 k k(k + 1)’

k >_ 2,

where the augmented Lagrangian l(x, 2, 1) is given by

l(x l) 1/2x2
nt- X -’t" 1/2X2

Then by direct computation, it can be seen that a possible sequence {’k} generated
by the algorithm is the sequence

2k l/k, k >= 2,

if the starting point is 22 1/2. Since 2* 0 for this problem, we have

I+x I/1 2"1 k/k + 1 k > 2

showing that the convergence of the sequence {2k} is not linear.
In order to preserve the convergence rate of the multiplier method, it is

necessary to use an approximation scheme which guarantees that the minimization
is sufficiently accurate at least when we are close to the solution. Such a scheme is
obtained by using, instead of the termination criterion (25), the following termina-
tion criterion"

(35) IIV/(Xk, 2k, C)II _--< lkllh(xk)ll,

where {r/k} is a decreasing sequence converging to zero. We shall call the algorithm
resulting from use of the criterion (35) and the dual iteration (26) Algorithm A2.
We can now prove the following proposition, under the assumptions of Proposi-
tion 3 and the additional assumption that M r/kL > 0 for all k >= k.

PROPOSITION 4. Under the preceding assumptions, we have, for Algorithm A2,

(36)
12k / 2* < (rk + M r/kL_ r/kLPk)[ i]’k I]’.1 I k >= k,-

where

(37) r max
(x,2) B(x*;e) B(2*; +g’La)

i= 1,...,m

(38) Pk max
(x,) (x*;e) B(,;t*;t$ +E’Le)

i= 1,...,m

1 ckei[D(x, 2)]

Ckei[D(x, 2)]
1 GeliD(x, 2)]
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Proof. We have

112k/ 2"11 112k- 2* / Ckh(Xk)’ll
(39)

----< II’k ’* + ckh[X(2k, Ck)]’ll + Ckllh(Xk)- h[X(2k, Ck)]ll.

Similarly as in Propositions 2 and 3, we have

(40)

Also we have

IIh(Xk) h[x(2,, c)qll LIIx, X(&k, Ck)ll

L qkL<= -ll Vl(Xk, 2k, C)II _--< ---IIh(Xk)ll

from which

(41)

rlkL_-< --tllh(x,) h[x(2,, c,)]ll + Ilh[x(2,,

c,llh(x,) h[X(2k, Ck)]]] < rlkLCk IIhEx(, c)qll.
M r/kL

Since h[x(2k, Ck) is the gradient of the dual functional gck(2) at 2k and Vgck(2*) O,
we have

c,llh[x(A,, c)ll c max le[G()]1112
,e(;t*;)

1,...,m

and by using (19) and (38),

(42) Ckllh[X(2k, Ck)]]l Pkll&k &*l]"

By combining now (39), (40), (41) and (42), the result follows. Q.E.D.
It is to be noted that Pk is bounded and tends to unity as ck increases, so that

for large ck and small r/k, (36) becomes approximately

2" 2*ll2k/X < (rk / qkZ/M)llAk II-
A comparison of Propositions 2 and 4 reveals now that Algorithm A2 has

identical asymptotic convergence ratio with the method of multipliers.
It is easy to see that when the updating rule (27) is used instead of (26), the

estimate of Proposition 4 becomes

(43) [12k+

where

k max
(x,2) B(x*;e) B(2.;6

1,...,m

/k max
(x,,Z) (x*;) (2";6

1,...,m

1 fl,e[D(x, )]

flke,[D(x, 2)]
1 flkei[D(x, 2)]
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When the sequence ck converges to a finite value c, then in view of (28) and (35),
we have flk c, and the relation (42) yields

lim sup =< ?,; ,*

where

max
i= 1,...,m 1 cei[D(x*, 2*)]

In other words, Algorithm A2 with the iteration (27), (28) instead of (26) has the
same asymptotic convergence ratio as the multiplier method of the previous
section, which requires exact unconstrained minimization.

It should be noted that all the results of this and the previous section can be
generalized for the more general algorithm which involves the (exact or approxi-
mate) unconstrained minimization of

l(x, 2,, M,) f(x) + 2h(x) + 1/2h(x)’M,h(x),
where Mk are positive definite symmetric matrices. The dual iteration becomes, in
this case, 2/ 2 + h(x,)’M,. When Mk q,I, we obtain the method of multi-
pliers discussed earlier. The use of the matrices M has the effect of scaling the
constraint equation. If M M, the convergence rate (21) becomes

IIM; 1/z(2+ 2")’11 1
lim sup < max
-.o IIM x/2(2 2")’11 1 ei[MX/2D(x*,/],*)M 1/2]

and similar results as those of Propositions 2, 3 and 4 can be obtained. The up-
dating rule (29) can be justified in the context of this more general algorithm in
that 2k / as given by (29) can be written as 2k / 2k + h(Xk)’Mk for some diagonal
matrix Mk, and furthermore, Mk minimizes IIVl(xk,2k,M)l over all diagonal
matrices M [22].

We finally mention that it is easy to establish local convergence results,
similar to Corollary 2.1, for Algorithms A1 and A2 by making use of the arguments
in the proofs of Propositions 3 and 4. The additional assumption required is that
the sequences {ek} and {r/k} are bounded above by sufficiently small positive
numbers. This assumption is necessary in order to guarantee that the generated
sequence {’k} satisfies 112k 2"11 =< 1120 2"11 < 6 and hence the sequence
remains in the neighborhood B(2";6). Stronger global convergence results for
algorithms similar to A1 and A2 have been obtained recently in [3] and [5].

5. Alternative step size choices for the method of multipliers. As mentioned
in 2, the method of multipliers can be interpreted as a fixed step size gradient
method of maximizing the "penalized" dual functional go(2). It is well known [29]
that in such gradient methods, the choice of step size parameter is crucial both in
terms of the convergence and in terms of the rate of convergence of the method.
It is a rather remarkable fact that the particular step size parameter c which is used
in the multiplier method works so well from the point of view of both convergence
and rate of convergence. Nonetheless, it is of interest to try to compare the step
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size c with other possible step sizes and in particular with the optimal step size.
This is what we attempt to do in this section. As it turns out for certain problems
which are not locally convex, the step size c is close to the optimal and can hardly
be improved upon. However, for the locally convex case (e.g., a convex program-
ming problem), the analysis indicates the possibility of a significant improvement
by modification of the step size. In what follows, we suggest a modified step size
rule which has worked well in numerical experiments.

In order to simplify the analysis, we initially restrict attention to the case in
which the objective function f is quadratic (with not necessarily positive definite
or even semidefinite Hessian matrix) and the constraint functions hi are linear.
Since we shall be using results which have been proved in generality [29], it is a
routine matter to extend our analysis to the general case.

Consider a multiplier method where c is held fixed for the purpose of uncon-
strained minimization. The step size now, however, is taken to be rather than c,
i.e., the iteration

(44) 2k+ 2k -I- oVgc(,k) Vk

is used. Then by [29, Thm. 6], the iteration above converges for

(45) 0 < < 2/Ec,

where Ec is the largest eigenvalue of the negative Hessian -G(2*), provided that
G(2*) is a negative definite matrix. Furthermore, the rate of convergence is linear
and governed by

(46) 112k+ <__ r() Y k,
*

where

(47) r(00 max {11 0El, I1 el},
with Ec and e denoting the largest and smallest eigenvalues of -Gc(2*). The
optimal convergence ratio is attained for the step size * minimizing r(00 over

(48) 0* 2/(E + e)

and is given by

(49) r(0*)
E + ec"

In general, it is quite difficult to find the optimal step size, since this requires
knowledge of the eigenvalues E and e.

Now by equation (19), we have

1
ei[-Gc(2*)]

1
+c

eli- O(x*, 2*)]

for all eigenvalues of the matrices Gc(2*) and -D(x*, 2*). Let Eo and eo denote
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the eigenvalues of -D(x*, 2*) corresponding to Ec and ec in accordance with the
above relation"

(50) E e
(1/Eo) + c’ (1/eo) + c"

If -D(x*, 2*) is positive definite, then Eo and eo are its largest and smallest eigen-
values. If, however, -D(x*, 2*) is neither positive nor negative definite, then Eo
is its largest negative eigenvalue, eo is its smallest positive eigenvalue, and

Eo < 0 < eo. In view of (45) and (50), we have that convergence occurs for all
step sizes e satisfying

(51) 0 < < (2/Eo) + 2c.

It follows that for c much larger than 1/Eo, the step size e c of the method of
multipliers is approximately in the middle of the interval of convergence, a fact
which explains, to some extent, the excellent numerical stability of the method. It
may also be observed that as c - , we have E 1/c, e 1/c, G(x*) - -(lie)I,
and the multiplier method iteration approaches a Newton step as noted by
Luenberger [17].

The convergence ratio corresponding to the step size c is given by (cf. (47),
(50))

(52) r(c)=max
1 +cEo’ 1 +ceo

By (48), (49) and (50), the convergence ratio corresponding to the optimal step size

(53) , 2(1 + cEo)(1 + ceo)
Eo + eo + 2cEoeo

is given by

(54) r(*) Eo eo
Eo / eo / 2cEoeo

We now distinguish two cases of interest.
Case (a) (Eo < 0 < eo). Here we assume that the matrix D(x*, 2*) is neither

positive semidefinite nor negative semidefinite. In this case, by (51) we must have
(-1/Eo) <: c in order to guarantee local convexity (0 < e), in which case there
exist some step sizes which achieve convergence (r() < 1). However, the partic-
ular step size c guarantees convergence only if (-2/Eo) < c, in which case
r(c) < 1 (cf. Corollary 2.1). For values ofc close to -2lEo, equation (52)shows that
the convergence ratio r(c) is poor (close to one). However, as c increases, not only
does the convergence ratio r(c) improve, but also the ratio r(c)/(r(*)) decreases,
and in fact from (52) and (54),

r(c) { 2eo 2Eo }lim r(*)- max
c- eo-Eo Eo-eo
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Furthermore, it may be shown by direct calculation from (52) and (54) that if
c > (eo 3Eo)/2E, then r(c)/(r(o*)) < 2.

Thus for the case Eo < 0 < eo, not only is the convergence ratio r(c) small for
large c, but also r(c) is close to being optimal and can be improved only by a factor
of at most 2 by optimal step size choice. Given that r(c) is already low for large c,
it appears that for Eo < 0 < eo, there is rather little room for improvement of the
performance of the multiplier method by alternative step size choice. This is
particularly so since there are no simple ways for finding or approximating the
optimal step size without explicit knowledge of the eigenvalues Ec, ec of -G.

Case (b) (0 < eo -<_ Eo). This is the locally convex case, which includes convex
programming problems. For this case, the ordinary dual functional

g0(2) min {f(x)+ 2h(x)}
is well-defined as a concave quadratic function. For any given c > 0, any step size
cx with 0 < < 2c satisfies r() < 1 by (47) and (51), and hence achieves conver-
gence. However, by direct calculation from (52) and (53), we have (assuming
eo 4: Eo)

and

r(c) + (eo/Eo) + 2ceo
r(o*) + ceo eo/Eo

r(c) 2
lim
oo r(,*) 1 eo/Eo

The relations above show that, contrary to the previous case, there may be a
substantial improvement of the convergence ratio if the optimal step size a* can
be found or approximated. The potential gain is increased as eo is close to Eo, i.e.,
the ordinary dual problem is well-conditioned.

While the exact optimal step size a* cannot be found except by a complete
eigenvalue analysis of the matrix D(x, 2), one may devise simple means for im-
proving the convergence ratio by alternative step size choice. For example, if an
upper bound E is known for Eo, then the step size c + lIE can readily be
shown to yield a better convergence ratio.

In what follows, we describe a step size rule which is based on approximation
of the minimum of the ordinary dual functional go[2k + Vgc(2k) over by means
of a quadratic or cubic fit. The approximation is used every second iteration. We
present the algorithm for a variable value of penalty parameter ck.

Given ’2k, and Czk, k 0, 1, ..., we obtain Xzk and h(Xzk by unconstrained
minimization of the augmented Lagrangian, and we set

(55) /2k+ 22k + Czkh(Xzk)"
Similarly we obtain x2+, h(x,+ ) by means of unconstrained minimization of
the augmented Lagrangian. However, now we set

(56)

where
22k+ 2 22k+ -- (2k+ lh(X2k+ 1)’,

(57)
h(x2k + 1)’h(x2/)

02k+l C2k+l h(x2k+ 1)’h(x2k) [[h(x2 + 1)1[ 2.
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This step size rule is obtained by observing that h(X2k is equal to the gradient
ggo(zk+l and h(xzk+l is equal to the gradient Vgo[Zk+l q-C2k+lh(XZk+l)].
Thus a quadratic approximation of go[22k+l q-- h(Xzk + 1)] can be made based on
the two gradients and the difference e2k + h(x2k+ l) between the two points. The
step size 2k+ of (57) maximizes the quadratic approximation over .

Another possibility is to determine the step size 2k+ by means of a cubic
fit based on the gradients Vgo(22k + 1), Vgo[22k + d- C2k + lh(Xzk + 1)] and the values
of the dual functional go:

(58) g0(2k + 1) f(X.k) + 2Zk + h(Xzk),

(59) go[2zk+ -- C2k+ lh(X2k, 1)] f(X:zk+ l) + 22k+ lh(x2k+ l) / C2k+ IIh(x2+ a)ll 2.

The corresponding formulas for 2k+ are somewhat more complicated (see [17]),
but the cubic fit is more accurate than the quadratic and can be expected to yield
better results for nonquadratic problems. Also, alternate quadratic fits are possible
by using the values (58), (59) and one of the two gradients.

It may be shown that the sequence {’2k} generated by the modified multiplier
method described above satisfies, for the case of a quadratic problem,

2"l[t2k+ 2 1 eo/Eo<
1122k 2"1 (1 + Czkeo)(1 + Czk+ieo)

The bound above, though not sharp, compares favorably with the corresponding
result

1122k+2 2"1 <
1122 ,*11 (1 + c2keo)(1 + c2k+leo)

associated with the ordinary method.
Consider now a general locally convex problem with nonquadratic objective

function or nonlinear constraints. In this case it is necessary to restrict the step
size (X2k + of(56) to the interval EC2k+ 1, 22k+ 1] in order to prove local convergence.
This choice of interval is guided by (51) and by the fact that (47) and (50) yield
r() >= r(c) for all 0 < < c when Eo >_- e0 > 0. Thus (56) is modified to take the
form

(60)

where

(61)

"2k + 2 ’2k + + 2k+ h(X2k + 1)’,

22k+ if 2C2k+ < (X2k+ 1,

2k+ 2k+ if Czk + <- 2k+ <- 2C2k+ 1,

C2k + if 2k + C2k + 1,

where t2k+l is given by (57) or is obtained by means of the cubic fit mentioned
earlier. We shall prove local convergence of the dual iteration (55), (60), (61) by
viewing it as a special case of a more general algorithm which will be shown to be
locally convergent both for the case of exact and approximate mimization of the
augmented Lagrangian.
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Referring to the problem of 2, we consider the special case in which the eigen-
values of the matrix O(x, 2) of (16) satisfy

(62) ei[D(x, 2)] < 0, 1, m,

for all (x, 2) in a set B(x*, e) x B(2*; 6 + eLe). The positive scalars e and 6 are as in
Proposition 1 and Corollary 1.1. Let the sequence {ck} satisfy 0 < c* _<_ ct _<_ (e/2)
(it is assumed that 2c* __< e) and consider the iteration

(63) 2k+ 2k + Skh[X(2k, Ck)]’,

where st satisfies, for all k,

(64) Ck <- Sk <--_ 2Ck.

Then we have the following local convergence result, which parallels Proposition 2
and Corollary 2.1.

PROPOSITION 5. Assume that the initial point 2o belongs to B(2* 6). Then the
sequence {2k} generated by any iteration oftheform (63), (64) remains in B(2*; 6) and
converges to 2*. Furthermore, we have

2" 2"(65) II&/x < ll& vk,

where

(66) ?t max
(x,2) B(x*;O B(2*;

1,...,m

1 + (st ct)ei[D(x, 2)]
1 ckei[D(x, 2)]

Proof First, by using the facts ck < sk <= 2ck and ei[D(x, 2)] < 0, we have for
every k,

max
(x,2) (x*;e) (*; +’Le)

0 c* =< ck =<’/2
ck =<sk -< 2ck

1,...,m

1 + (st ct)ei[D(x, 2)]
ctei[D(x, 2)]

=p<l.

Now by substituting the step size So in place of c in the proofs of Propositions and
2, and by using (19) and (63), we have

showing that 21 e B(2*; 6). Proceeding similarly, we have for all k, 2k eB(2*; 6)
and ]12t 2"11 =< ptl]2o 2"11. Hence 2t --+ 2*. Q.E.D.

One may also prove propositions similar to Propositions 3 and 4 for the
algorithm (63), (64) for the case of inexact minimization with either one of the
termination criteria (25) or (35). For the criterion (25), we have the estimate
(cf. (33))

II&+l 2"11 =< ll&- 2" + etstL/M,
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and for the criterion (35) the estimate (cf. (36))

2* rlkLI’k/l <= k /
M -nkLPk] II’k

where
Skei[D(x, 2)]

Pk max
x,a)(x*;,) (a*;+cL) 1 ckei[D(x

i= 1,...,m

and k is given by (66). Local convergence results similar to Proposition 5 may also
be proved assuming the sequences {ek} and {r/k} are bounded above by sufficiently
small positive numbers.

Now the local convergence results obtained clearly apply (cf. (55), (61), (64))
to the iteration given by (55), (60), (61). As shown in the next section, this iteration
worked very well in numerical experiments. The iteration (63), (64) (and hence
also the iterations (55), (60), (61)) can be easily extended to the case of inequality
constraints by using slack variables and therefore is fully applicable to the solu-
tion of convex programming problems. In fact, for such problems, the iteration
can be shown to converge globally, i.e., for an arbitrary starting point 20 [4].

6. Computational experience. A limited number of numerical experiments
were performed to test the analysis of this paper. As a general rule, the method of
multipliers performed considerably better than the corresponding quadratic
penalty function method (2k 0 for all k). This was true for both exact and
approximate unconstrained minimization. The schemes based on approximate
minimization performed considerably better than the schemes based on exact
minimization both for the penalty method and the multiplier method. The modified
step size rule of the previous section performed better than the regular step size
rule of the multiplier method in all runs except one. It was generally found that it
is better to increase the penalty parameter c at each iteration rather than to keep
it at a fixed value. It is interesting to note that for the approximate minimization
schemes, the unconstrained minimizations typically required one cycle of the
variable metric method after the first dual iteration. Thus the approximate
minimization schemes were, in effect, similar to the conjugate gradient scheme
proposed by Miele, et al. [203. We present below some detailed results for the
Rosen-Suzuki problem [38]:

Minimize f(x)= x + x + 2x + x 5xl 5x2 21x3 + 7x4
subject to

h(x)= 2x + x + x + 2x x2-x4- 5<=0,

he(x) x + x + x + x] / X X2 + X3 X4. 8 O,

h3(x --x -+- 2x + x + 2x]- x --X4 10 _<_ 0.

The optimal solution is x* (0, 1, 2,- 1)’, and the Lagrange multiplier is 2*
(2, 1, 0). The optimal value of the objective is f* -44.0. The eigenvalues of the
negative Hessian of the ordinary dual at 2* are eo "---- .29 and Eo 6.95. Here only
the active constraints h(x) <__ O, hz(x 0 are considered.



METHODS FOR CONSTRAINED MINIMIZATION 541

The inequality constraints were converted to equality constraints by using a
vector of slack variables z (z z2, z3)"

ii(x,z) hi(x + z O, i= 1,2, 3.

The resulting augmented Lagrangian is given by

l(x, z, 2, c)= f(x) + 2’[hi(x + z] + c [hi(x) + z]2.
i=1 i=1

However, rather than minimizing l(x, z, 2, c)jointly with respect to x and z, the
minimization was first done explicitly with respect to z to yield

1 L(67) i(x, 2, c) mzin l(x, z, 2, c) f(x) + {max [0, 2’ + ch(x)]} (2).
i=1

Subsequently, i(x, 2, c) was minimized with respect to x by using the Fletcher-
Powell method (available on the IBM-360 as the FMFP Scientific Subroutine).
The iteration for 2k in t’he method of multipliers takes the form

./ max [0, + ch,(Xk)], 1,2, 3,

where Xk is the minimizing point. This updating formula is obtained from the
ordinary iteration of the method of multipliers

2i +1 2 + clii(xk, Zk), 1,2, 3,

after substitution of the minimizing value zk obtained from (67). Table 1 shows the
number of function evaluations required by the multiplier method with and with-
out quadratic fit, and by the pure penalty method. Each function evaluation cor-
responds to a calculation of the values of the objective and constraint functions
and their gradients.

In runs 1-5 in Table 1, accuracy to 7 significant digits of the optimal value of
the objective function was attained. In runs 6-8, the accuracy was to 4 significant
digits. For the runs with approximate minimization, the termination criterion
(25) was used.

TABLE

no,

10
2 5
3 4
4 2
5 8
6
7
8

t;k

x 10 -k (1,1,1)
x 5 -k (0,0,0)

.1 x 4 -k (1, 1, 1)
10-5 (0, 0, 0)

.25 x 8 -k (0,0,0)

.1 x 10 -k (1, 1,1)

.1 x 10 -k (0, 0, 0)
10 .5 (1, 1, 1)

number of function evaluations

multiplier

110
96
112
174
93

201
216
279

multiplier with

quadratic fit

107
92
119
126
92
118
119
186

penalty

221
260
282
555
192



542 DIMITRI P. BERTSEKAS

7. Conclusions. This paper provided an analysis of the convergence rate of
multiplier methods with exact and approximate unconstrained minimization. The
results show that such methods can be expected to converge considerably faster
than conventional penalty function methods. Furthermore, it appears that the
approximate minimization schemes result in more efficient computation than
schemes with exact minimization. The modified step size rule considered in 5
appears to be promising for convex programming problems. While both theoretical
and experimental evidence strongly indicate the faster convergence property of
multiplier methods over penalty methods, it does not seem appropriate to predict
that penalty methods will be totally replaced in the future by multiplier methods.
In many problems where solution accuracy is not of paramount importance,
penalty methods are not operated sequentially, but rather a single unconstrained
minimization problem is solved with what is considered to be a sufficiently high
value of penalty parameter. The solution of this problem is then taken as the final
answer. When such a philosophy is adopted, multiplier methods can offer no
advantage over penalty methods.
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GAUSSIAN OPEN LOOP CONTROL PROBLEMS*

CHARLES J. HOLLAND,"

Abstract. Expansions in powers of of the optimal open loop cost and control are derived for a
special class of fixed stopping time small noise control problems.

Introduction. In this paper we derive expansions in powers of e of the
optimal open loop cost and control for a special class of fixed stopping time small
noise open loop control problems. These problems arise by adding an additive
white noise term with a small coefficient (2e)/26(t) to the system equations in the
deterministic control problem. Two crucial properties are that each open loop
control generates a nondegenerate Gaussian process and that the control set
K Rk. The first property allows the conversion of the stochastic control problem
into an equivalent deterministic control problem. The expansions are then
established using the second property and other assumptions which guarantee
that the solutions to the two-point boundary value problems determined from
Pontryagin’s maximum principle depend smoothly on the parameter e.

1. The problem. Suppose that the.state q(t) evolves according to the stochastic
differential equations

(1) drl(t) A(t, U(t))rl(t) + B(t)U(t) dt+ (2e)’/2a(t)dw
with initial condition r/(So) Xo, Xo a constant in ". In (1), w is an n-dimensional
Brownian motion with W(So) 0, U(t) is a control with values in the’control set K,
and

k

A(t, u) Ao(t) + ujAj(t),
j=l

where the Aj(t), j 0, 1, ..., k, are n x n matrices and uj is the jth component
of the vector u. For each _> 0 we seek to minimize

(2) J(U, e) E M(t, r/(t), U(t)) dtlrt(so) Xo
$0

over the class of open loop controls v//. An open loop control is a bounded Borel
measurable function on [So, T] with values in K.

Throughout we assume the following:
(i) The initial point (So,Xo) is a fixed constant in [n+ 1, and is known

to the controller. There exists a unique optimal open loop control U for the
deterministic control problem (1), (2) with e 0.

(ii) K- k.
(iii) A is a C-function on [So, T] x k, and B and a are C-functions on

[So, T].

* Received by the editors June 19, 1973, and in revised form February l, 1974.

" Department of Mathematics, Purdue University, West Lafayette, Indiana 47907.
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(iv) There exist Co > 0 and a function d(u) with d(u)/lul oo as lul--+ oo
such that both L(s, x, u) >- d(u) and v’Lu,(s,x,u)v >= Cov’v for all v e Nk and
(s, x, u) e [So, T] x N" x Nk.

(v) Let a be an n-vector of nonnegative integers, Il*-,,-,c*a, and
x= x’ x". Then

M(t, x, u) g(t, u)x

for some positive integer m.

(vi) For each U e 0//and e > 0, the covariance matrix of the process (1) is
nondegenerate Gaussian for > So.

(vii) Let r/ denote the trajectory corresponding to using U in (1), and let
2 satisfy

(3) d2’(t) 2’(t)A(t, U(t)) M(t, r/(t), U(t))
dt

with 2(T) 0. Define H(t, x, 2, u) M(t, x, u) + Z(A(t, u)x + B(t)u) and r(t)
(t, r/(t), 2(0, U(t)). Then the matrix

H,(r(t)) H,(r(t))l
H(r(t)) H(r(t))

is positive definite for each [So, T].
For each e >_ 0 let g= infv J,(U, ) and let U be an optimal control.

The primary result of this paper is the following theorem.
THEOREM 1. There exists a unique U for sufficiently small e. Further there

exist constants j, j 1,2,..., and functions U on [So, T], j 1,2,..., such
that for any positive integer 1,

j=l

and

(5) US(t) U(t) + eJU(t) + o(d)
j=l

for each [so, T].

2. Proof of the theorem. We first convert the stochastic control problem into
an equivalent deterministic control problem. For each U q/, let the n-vector
(t) and the n n matrix Q(t) (qi(t)) denote the mean and covariance of the
nondegenerate Gaussian process (1). Let F (q11,’", ql,,’", q,1,"", q)’
and

a’*,b(o)
(6) L( x F u) g=( u)

[X[, < V
where b, the characteristic function of r/(t), is given by

(/)(v)=exp{i v2{2(t)-1/2v’Q(t)v},
j=l
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Then

E M(t, r/(t), U(t)) dtlrl(So) Xo L(t, (t), F(t), U(t)) dr.
80

Thus the original problem is equivalent to minimizing

(7) J2(U, e) L(t, (t), F(t), U(t)) at
so

over the class of open loop controls g with state equations

(8) d
dt

(t) A(t, U(t))(t) / B(t)U(t)

and

(9) --dF (t) R(t, U(t))F(t) + S(e)
dt

and initial conditions (So)= xo, F(So)= 0. The matrices R and S are deter-
mined from the equation satisfied by the covariance Q(t)"

(10)
dt

A(t, U(t))Q(t) + Q(t)A(t, U(t)) + (2e)a(t)a’(t), Q(so) = O.

The existence of an optimal control U for the J2-problem follows from Cesar’i 1].
We now formulate Pontryagin’s maximum principle for the J2-problem. Let

p be an n-vector and A an n2-vector. For each t, x, p, F, A, let

L(t, x, F, u) + p’(A(t, u)x + B(t)u) + A’R(t, u)F

attain its minimum on K at u-- (t,x, p, F,A). Then U(t)-- Y(t, (t), if(t),
F(t),A(t)), where , if, F and A are the solutions with U(t)= U(t) to the
two-point boundary value problems (8), (9), and

dp’
-p’A(t, U(t)) L(t, (t), l"(t), U(t)),

dt
(11)

dA’
-A’R(t, U(t))- Lr(t, (t), F(t), U(t))

dt

with boundary conditions p(T) 0, A(T) 0, (So) Xo, F(So) 0.
From (6) it follows that L is a polynomial in x and F with coefficients de-

pending on and u such that L is a C-function of the variables t, x, F and u.
Using the smoothness assumptions on A, C and R, and the fact that K [, we
can conclude that Y is a C-function of the variables t, x, p, F and A. Therefore,
to establish the expansion (5), it suffices to show that (t), if(t), F(t) and A(t)
are C-functions of for each in [So, T.

Let co (fl, 7), fl an n-vector, an n2-vector, and let (t,e, co), p(t,e, co),
F(t, e, co) and A(t, e, co) be the solutions to the final value problem (8), (9) and (11)
with

U(t) Y(t, (t, e, co), p(t, e, co), F(t, e, co), A(t, e, co))
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and final conditions (T, e, o) fl, p(T, e, o) 0, F(T, e, o)) 7 and A(T, e, o)
0. Define (T) rio, oo (rio, 0) and (e, o)= ((So, e, o)) Xo, F(So, e, o)).

If the matrix of partial derivatives ,o(0, o)) is nonsingular, there exist constants
6", e*, and a unique C-function of e, h(e), satisfying (e, h(e)) 0 with [h(e) o]

for 0 _< e _< e*.
We shall show that

/(So 0 o)) a(So, O, o)1
8F(So,0,) (So,0,)/

is nonsingular. When e 0, F(t, 0, (fl, 0)) 0 for all e [So, T] and all fl; therefore
(SF/Sfl)(So, 0, co) 0. Next (OF/87)(t, 0, co) satisfies

(t, O, oo) R(t, U(t))-7 O, o))

with final condition (8F/87)(T, O, o)) I and hence is nonsingular on [So, T].
Thus to establish the nonsingularity of f,o(O,o)), it suffices to show that
(8/8fl)(So, O, oo) is nonsingular.

We show that the singularity of (8/8fl)(So, O, o)) leads to a contradiction.
Let Z(t) (O/Ofl)(t, O, 6o), W(t) (Op/Ofl)(t, O, o). Since Hu(r(t)) =_ 0 (recall the
definition of r(t) in (vii)), then

d
(12)

t + Hx.(r(t))Ha’(r(t))H.x(r(t)) + H..(r(t))Hl(r(t))E’(t)J
with final condition Z(T) I, W(T) O, where we have defined

D(t) A(t, U(t)), E(t) B(t) + A,(t, U(t)).
If Z(so) (OlOfl)(t, 0, o) is singular, then there exists a nontrivial combination
of the columns of Z(so) such that clZ, l(so) + + c,Z,,(So) O, 1,..., n.
Let c (c 1,..., eft, z(t) Z(t)c, w(t) W(t)c. Then z(t), w(t) is a solution to the
differential equation (12) with Z(So) w(T) 0, but z(T) 4: 0.

Consider the control problem with state equations

dz D(t)z + E(t)y, Z(So) 0,

y Rk a control variable, and cost function

T

z’H,x(r(t))z + z Hx,(r(t))y + y H,x(r(t))z + y H,, (r(t))y dt

which we seek to minimize. Clearly, the unique optimal control is y(t) =- 0 since
(vii) holds. For this special problem Pontryagin’s maximum principle is both
necessary and sufficient. But z(t), w(t) satisfy the state and costate equation and
therefore imply that y(t) HLl(r(t)) {Hx,(r(t))z(t) + E(t)w(t)} is a nonzero
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optimal control since z(t) is not identically zero. This is a contradiction and
hence f,o(0, o) is nonsingular.

Hence (t, e, h(e)), p(t, , h(e)), A(t, , h(e)) and F(t, e, h(e)) are the unique so-
lutions to the previously defined two-point boundary value problems with
0 =< e __< e* and [fl fl _<_ 6". A modification of Lemma 3.3 in 2 shows that
[S(T)- (T)[- 0 as e 0. (Uniqueness of U is used here.) Therefore, for
sufficiently small e, s(t) (t, e, h(e)), pS(t) p(t, e, h()), AS(t) A(t, , h()) and
F(t) F(t, e, h(e)). Therefore both s(t) and US(t) r(t, s(t), pS(t), As(t), F(t)) are
C-functions of e, and U is unique for e sufficiently small.

We now establish (5). Let be given and define the multi-index fl (x, u, e)
and cS(t) (t, (t), US(t), e). Then

r t31l,L(cO(t))co (c(t)- cO(t)y
so I1"-</ tfl

tl + L(Ss’+ (cS(t) c(t)) dt,
Itl* +

where Ss’ lies on the line segment between c(t) and cS(t). Performing the inte-
gration on the first term on the right, one obtains a polynomial in ej, j __< l, plus
terms which are o(el). Since s(t), US(t) are uniformly bounded for 0 _< e __< e0,
then the last term is bounded by Ce+ for some constant C. Dividing by e and
using the Lebesgue dominated convergence theorem, one obtains the conclusion.

3. Conclusions. The expansions (4) and (5) suggest using U + eU1 as a
suboptimal control for sufficiently small e. The determination of U1 is illustrated
below in two simple examples.

Example 1. Consider the scalar open loop control problem

do(t U(t)rl(t dt + (23) 1/2 dw, rl(O) 0

with cost function E q(t)2 -k- U(t)2 dt. The corresponding deterministic control
problem is

(13)
U(t)(t), (0) O,

dF
(t) 2U(t)F(t) + 2e, F(0) 0
dt

with cost function f (t)2 + F(t)+ U(t)2 dt. Since (t)= 0 for all U et, we
obtain that US(t) -AS(t)Fs(t), where F satisfies (13) xith U U and

--(t) 2US(t)AS(t) 1, AS(l) 0.
dt

For e 0, U 0 which achieves zero cost. Use of U in the e-problem results
in a cost of e. Let us use U + eU as a suboptimal control, where U is defined
by (5). Now U (t3U/t3e)(t)(= (c3US/c3e)(t)[=o) satisfies

cA cF
u,(t) -(t). r(t) A(t)-e(t),
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where

-2(t). F(t)2- 4A(t)F(t)(t)+ 2,

c3Fo

-(0) O,

and

d(8A t3F
(t) Ae cA(1) 0.---e (t) 2--e A(t)2 + 4A(t)F(t) (t), e

Since F(t)--0, then Ul(t)=-(1- 0(20. Numerical calculations given in
Table 1 show that U + eU 2et(t- 1) in the e-problem results in a lower
cost than using U for e < 4.3.

TABLE

Cost of Using U Cost of Using U +

0 0
0.1 0.09873
0.2 0.19513
0.3 0.28948
0.4 0.38207
0.5 0.47315

0.91389
2 1.79306
4 3.91618
4.3 4.29956
4.35 4.36534
5 5.27137

Example 2. Consider drift) U(t)dt + (2e) 1/ dw, r/(0) 0, with cost function

E (r/(t)2 + r/(t))2 + r/(t)2 + 1/2U(t) dt.

Since A(t)_= 0, i=> 1, the covariance Q(t) is independent of the control and
F(t) 2et for all U e ’. The deterministic control problem becomes

with cost function

Jo

d
dt

(t) U(t), (0) 0

[(t)4 + 2(t)s + (2 + 128t)(t)2 + 12eta(t)+ 1/2U(t)2

+ 4et + 12e2t2] dt.
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Note that this new problem is nonautonomous. For e 0, U(t) 0 achieves
zero cost, while for e > 0, use of U results in a cost of 2e + 4e2. Since U’:(t)

-pC(t), then Ul(t)= -(@/c3e)(t). Now

d(e c3P c(0) 0,/ (t) (t),
and

d/cpO _4o pO
dt c3e

(t)
c3e

(t)- 12t, c3--e-(1)-- 0.

One finds that U(t)= -3(1- (sinh 2)cosh 2t). Numerical calculations, sum-
marized in Table 2, show that using Uo + eUt in the e-problem results in a lower
cost than using U for e < 0.2. For e 1, using U + eU1 results in more than
twice the cost of using U. Unfortunately the range of e for which U + eU is
better than U is not known a priori.

TABLE 2

Cost of Using U +
Cost of Using U Cost of Using U

0 0 0
0.04 0.0864 -0.00232
0.08 0.1856 -0.00714
0.12 0.2976 -0.011946
0.16 0.4224 -0.01375
0.20 0.56 -0.00952
0.24 0.7104 0.00388
0.40 1.44 0.21644
0.80 4.16 3.20844
1.00 6 7.08288

Remarks. Using weaker assumptions on the state equations than assumed in
Theorem 1 here, Fleming, in [2, Thm. 7.1], established that both the optimal cost
and feedback control for the corresponding completely observable problem are
C-functions of e. If the control set K is assumed compact, then the expansions
(4) and (5) are not to be expected. In [3] this author established a one-term ex-
pansion of the open loop optimal cost under assumptions including the compact-
ness of K. Other approaches to the open loop control problem include the work
of Mortensen [4] and VanSlyke and Wets [5].
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THE SEQUENTIAL CONSTRUCTION OF MINIMAL PARTIAL
REALIZATIONS FROM FINITE INPUT-OUTPUT DATA*

B. M. ANDERSONflf F. M. BRASCH, JR.: AND P. V. LOPRESTI

Abstract. Any strictly proper transfer function matrix of a continuous or discrete, linear,
constant, multivariable system can be written as the product of a numerator polynomial matrix with
the inverse of another polynomial matrix, the denominator. Since a realization is easily constructed
from the polynomial matrix representation, the minimal partial realization problem is translated to
that of extracting-a minimal order partial denominator polynomial matrix from a finite length matrix
sequence. It is shown that minimal partial denominator matrices evolve recursively; that is, a minimal
partial denominator matrix for any finite length sequence is a combination of the minimal partial
denominator matrices of its proper subsequences. A computationally efficient algorithm that se-
quentially constructs a minimal partial denominator matrix for a given finite length sequence is
presented. A theorem by Anderson and Brasch leads to a definition of uniqueness for the resulting
denominator matrix based upon its invariant factors. Parameters used during execution of the
algorithm are shown to be sufficient for enumerating all invariant factor sets in the equivalence class
of minimal partial realizations. The results apply to continuous and discrete linear systems including
finite state machines.

1. Introduction. Consider the following discrete, linear, constant dynamical
system"

(1)
x(k + 1)= Ax(k) + Bu(k),

y(k) Cx(k), k =0,1,2,...

The vectors and matrices have real-valued elements or, if (1) represents a finite
state machine, the vectors and matrices may be defined over a finite field. The
state is denoted by the n-vector x; u, an m-vector, and y, an r-vector, are the
external input and output, respectively. Thus A, B and C are constant matrices
of dimension n n, n x m and r x n, respectively, over some appropriate but
fixed field . For a continuous, linear, constant system,

dx(t)
(2) dt

Ax(t)+ Bu(t),

y(t) Cx(t).

Here the vectors and matrices have real-valued elements.
Both systems are characterized externally by a strictly proper rational

matrix M(z) called a transfer function and given by

(3) M(z) C(zI A)- ’B.
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When dealing with discrete-time systems, the polynomial indeterminate z can be
thought of as the z-transform variable. For continuous systems z can be thought
of as the Laplace transform variable.

For either the discrete or continuous system M(z) is said to have a realization
[6 given by the matrix triple E (A, B, C) if A, B and C satisfy (3). Let (3) be
expanded in a Laurent series,

(4) M(z)= Miz -i,
i=1

where the r x m matrices Mi are called Markov parameters [6] and

(5) M CA i- tB, 1,2, ....
Alternatively E is a realization if A, B and C satisfy (5) for all i. If the dimension
of A is minimized over all matrix triples satisfying (3), then E is called a minimal
realization.

The transfer function may also be expressed as the product of a numerator
polynomial matrix, Q(z) r re(Z), with the inverse of a denominator polynomial
matrix, P(z) .m m(z i.e.,

(6) M(z) Q(z)P- ’(z).

The columns of P(z) are called column annihilating polynomials (CAP) and are
written

(7) pi(z) pjiz"’-J, <= <= m.
j=0

The matrix Po [Po Po2 POm] is called the leading coefficient matrix, pro-
vided [Po[ 4: 0. The nonnegative integers hi, 1 _-<iN m, will be called column
degrees; their sum is the composite degree of P(z). Then from (6),

E qjizni-j ni > 0
(8) M(z)pi(z qi(z)

O, n O,

where the r-vector coefficients of column in Q(z) are given by

j-1

(9) qji-- E Mj-lPu"
/=0

Since IPol = 0, let

(10)

For any k = 1,

(11)

S(z) P P(z).

ni

Z Mk+m-jPji-- O.
j=0
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The vector ni of length (ni + 1)m constructed from the coefficients of p(z) as

Pni,i

Phi- 1,

(12) ni

Pl,i

_Po,i
will be called a column annihilating vector (CAV).

It has been established 4 that a realization for M(z) having dimension equal
to the composite degree of P(z) is easily constructed from a representation
Q(z), P(z) satisfying (6). Moreover, a minimal representation I13 exists for any
proper transfer function M(z); that is, there exists a P(z) with composite degree
equal to the dimension of a minimal realization and satisfying (6). A property of
P(z), originally proved in 4, is given by the following theorem.

THEOREM 1. Let E (A, B, C) be a minimal realization and let Q(z), P(z) be
a minimal representation of M(z). Then the rn highest degree invariant factors of
(zI A) are identical to the invariant factors of P(z).

The invariant factors 5] of P(z) are monic polynomials denoted 7pi(Z), with
the property that 7pi(Z) divides 7Pi+ l(z), < =< rn 1. Thus the m rn matrix
P(z) contains the same information about the system dynamics that is contained
in the system matrix A.

Let {Mi} denote any infinite sequence of r m matrices, and consider the
finite Markov parameter sequence of length N, {Mi}N. This finite sequence is
said to have a partial realization E if (5) is satisfied for 1, 2, ..., N. That is, a
partial realization of {Mi}N has a transfer function with a Laurent expansion
whose first N terms correspond identically with {Mi}u; remaining coefficients of
the Laurent expansion are called the extension sequence. It has been shown 12]
that every finite sequence has a minimal partial realization that is computed from
the elements M1 ,M2,’", MN. It will be convenient to arrange the Markov
parameters in an array called a Hankel matrix given by

(13) akH(i,j)

Mk + M, + 2 Mk +

Mk + 2 Mk+ 3 Mk +j+

k+i Mk+i+ Mk+i+j-

where the shift operator a, k >= 0, effectively adds k to the subscript of each block
element. If a is omitted, k is understood to be zero.

Since {Mi} has a minimal partial realization, it also has a pair of minimal
partial numerator and denominator matrices, Q(z) and P(z), that satisfy (6) for
the transfer function of any minimal partial realization.

THEOREM 2. Let PN(z) be a minimal partial denominator matrix for {Mi} u.
Then the column degrees of P(z) are bounded by

(14) rlNi <= N, <= <= m.
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Proof. Since the extension sequence may be arbitrarily chosen, the degree of
any column of PN(z) need not exceed N. In fact, if for any i, nNi N, coefficients
for pNi(z), excepting the leading coefficient, may be specified arbitrarily.

Since (i) a minimal (partial) realization is easily constructed from a minimal
(partial) representation [4], [13], and (ii) given a minimal P(z) and the Markov
parameter sequence, Q(z) is easily obtained from (8)-(9), the minimal (partial)
realization problem [12], [8] translates to the problem of extracting a minimal
(partial) denominator matrix from a given finite sequence of Markov parameters.

For an arbitrary infinite sequence of r x m matrices this paper will establish
that minimal partial denominator polynomial matrices for the finite length sub-
sequences evolve recursively. This is a straightforward and useful approach to
solving the multivariable minimal partial realization problem on the digital
computer. These results are motivated by the work of Massey [9] where Massey’s
minimal length shift register synthesis algorithm is seen as a recursive means of
constructing a minimal partial realization from a scalar, i.e., single-input, single-
output sequence.

The main result of 2 forms the theoretical basis for the sequential realization
algorithm presented in 3. In 4 uniqueness is defined for sequentially generated
denominator polynomial matrices. The sequential realization method is evaluated
and compared with some existing realization techniques in 5.

Notation. All scalar elements and polynomial coefficients belong to an
arbitrary but fixed field ; 0 (zero) denotes the additive and the multiplicative
identity elements of . An m x n matrix X having rank r over is written
X e ". I, represents the n x n identity matrix, 0 is any matrix of zeros, and
the transpose of X is written X’. The range and null space of a matrix X are
denoted N(X) and X(X), respectively. Elements of the integral domain -(z)
are polynomials of degree 1, 0 _<_ < oe, with coefficients in -. If X(z) is an m x n
matrix of rank r over -(z), X(z) "(z). The units of -(z) are the nonzero
elements of o; an element is monic if its leading, i.e., highest degree, coefficient
is 1. Additional notation will be presented as needed.

2. The sequential realization theorem. This section establishes the theoretical
basis for the sequential realization algorithm. A lower bound on the dimension
of a minimal partial realization is now given.

THEOREM 3. The dimension of a minimal partial realization of the sequence
{Mi}u, __< N < , is zero if and only if
(15) M 0, 1,2, ..., N.

Proof. Sufficiency. Assume (15) holds. Then Pu(z) is any nonsingular matrix,
and the composite degree is zero. Hence n 0.

Necessity. Assume that Mj - 0 for any j 1, 2, ..., N. Then from (11) at
least one column of Pu(z) has degree ni > 0, implying n > 0. 71

This theorem may obviously be extended to include minimal realizations of
the infinite sequence of zero matrices. Any sequence for which the dimension of
a minimal (partial) realization is zero will be called the zero sequence. Any non-
singular m x m matrix is a minimal denominator polynomial matrix for the
zero sequence.
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DEFINITION 1. The zero length sequence, denoted {Mi}o, is the sequence
having no elements. Since every infinite sequence, including the zero sequence, is
an extension of the zero length sequence, a minimal partial realization of {Mi} o
has dimension zero.

DEFINITION 2. The sequence {/}j is said to be a subsequence of {Mi} k if
j =< k and i M, 1, 2, ..., j; {/i}j is a proper subsequence ifj < k. Thus
for any N, 1 =< N < o, {Mi}u has N distinct proper subsequences, {Mi}o, {M,},
.., {Mi}_,.

The main result of this section is the following theorem.
THEOREM 4 (The sequential realization theorem). Let {M]o, {M},...,

{M},... be the distinct proper subsequences of an arbitrary infinite sequence
{Mi}. Then for any N >= O, the information contained in the minimal partial denom-
inator matrices for {Mi} o, {Mi} ,..., {M}u, denoted by Po(z),P(z),..., Pu(z),
respectively, is sufficient to calculate a minimal partial denominator matrix Pu+ (z)
for {Mi}N+

Proof. This theorem is proved in a vector space rather than a polynomial
matrix formulation. Some notational preliminaries and lemmas are required before
proceeding with the main proof.

To column i, _<_ =< m, of Pj(z), 0 <__ j <= N, there corresponds a CAV nji
with degree nj; by Theorem 2, 0 =< nji j. Applying 7ji to the shifted Hankel
matrix of {Mi}j+ below yields a vector di, where

(16) dj as-"s,H(1, nji + 1)Trji.
DEFINITION 3. The r x m matrix D given by

(17) Dj- dj dj2""

is called the j-th discrepancy matrix. If D is zero, it is clear from (11) that Pj(z) is
also a minimal partial denominator matrix for {M}+ . More likely, D :/: 0, so
an alternative, less obvious method for finding P+ (z) is required. This is the
topic of the remainder of this section.

The next two definitions are made primarily for notational convenience.
DEFINITION 4. For the vector ji of degree nji define the augmented column

annihilating vector nji(l, nji + 1, k) as

0

(18) nj(l, nji + 1, k)

That is, the vector nj(l, nji + 1, k) consists of nji embedded between two zero
vectors of lengths lm and km, respectively. The length of the augmented vector is
m(l + mji + + k) >= m(nji + 1). Thus nji(0, ni + 1, 0) Eji. The degree associ-
ated with an augmented CAV is the same as the degree of the CAV being
augmented.

DEFINITION 5. Associated with nj and pji(z) is an integer kj called the
accumulation index relative to N and given by

(19) kji (N -j) + lji 0 <= j <= N, 1 <= _< m.
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It will be shown that PN/ 1,i(z) is a polynomial combination of columns in P3(z),
0 _<_ j <_ N; the degree of PN+ 1,i(z) is determined from the largest accumulation
index of elements comprising the combination. Equation (16) becomes

(20) dji 0"j-"’H(1, kji + 1)Tr,ji(O nji + 1, N j).

A slight rearrangement of (19) substituted into (20) yields

(21) dji H(1, N + 1)rcji(N- kji, nj + 1, kj- nj).
LEMMA 1. For any and j, 1 <= <__ m, 0 <= j <= N, to each pji(z) there cor-

responds a set ofN kji linearly independent augmented CA V’s in t;[H(1, N + 1)].
The proof follows from observing that for every nj < j the structure of the

Hankel matrices for {Mi}N/ implies

(22) aJ-"J’-tH(1, kji -t- 1)Tzji(0, nji -t- 1, N -j)= 0, <= <__ j- nji.

Since N ki j nj, (22) becomes

(23) H(1, N + 1)rcj(N kj l, nji -t- 1, N -j + l) O, <= <= N kji,
which proves the lemma.

Now let augmented CAV’s from P(z) form the columns of Oj(N + 1)
t ."(N+ 1)mXm i.e.,

(24) O(N + 1) [rcl(N k, n + 1, N -j) tm(N kin, njm d- 1, N --j)]

so that from (21),

(25) n(1, N + 1)0(N + 1)= Dr, 0 __< j =< N.
By letting

(26) (R)(N+ 1)-- [Oo(N+ 1) O(N+ 1) ON(N+

and

(27) A(N + 1)= [Do D1 Ds] [A(N)Ds],

equation (25) yields

(28) H(1, N + 1)(R)(N + 1) A(N + 1).

The matrix (R)(N + 1) is square and block upper triangular of size (N + 1)m;
by construction the m m diagonal blocks are the nonsingular leading coefficient
matrices of P(z), P(z),..., PN(Z). Thus (R)(N + 1) is nonsingular.

LEMMA 2. N[H(1, N + 1)] [A(N -f 1)].
The proof of this lemma is obvious from (28) and the nonsingularity of

(R)(N + 1). In accordance with Definition 1 define A(0) and H(1, 0) to be the zero
vector so N[H(1, 0)] N[A(0)], the space spanned by the zero vector.

The number of columns of PN+ (z) having degree equal to N + may be
determined from the Nth discrepancy matrix DN and A(N). Let 0 (N + 1) and
/)N with columns aNi be given by

DN

(29) ON(N + 1)= ON(N +
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where/)s is obtained as follows. Define D} with columns

if dN, [A(N)],
(30) dfci

0 otherwise, < < m.

Then form Us unit upper triangular so that the nonzero columns of

(31) ON Dv0s

are linearly independent.
LEMMA 3. There is a one-to-one correspondence between the nonzero columns

ofDs and the columns of Ps + 1(z) having degree N + 1.
By Theorem 2 each column ofPs+ l(z) may be placed in one oftwo categories"

those with degree equal to N + 1, and those with degree less than N + 1. By
Lemma 2 and (29), any linear combination of the columns of H(1, N + 1) is also
a linear combination of the columns of [A(N)’Ds]. No combination of the
columns of [A(N)" N] that includes a nonzero column of ON can equal zero be-
cause the nonzero columns of Ds are linearly independent and are independent
of the columns of A(N)’(/)s --S)" Since the leading coefficient matrix of
PN+ l(Z) is nonsingular and every column is a CAP, to every nonzero column of
Os there must correspond a column of Ps+ l(z) with degree N + 1. It remains to
show that to every zero column of Du there corresponds a column of Ps+ l(z)
with degree less than N + 1. For any i, < _<_ m, suppose dsi 0. Then there
exists a vector such that

A(N)t + si O.

By Lemma 2 there exists a vector x such that

H(1, N)x + tNi O.

Substituting for Ni,

(32) H(1,N + 1) -6- at- Ni(N- flNi, flNi "JV" 1,0)] O,

where si is the ith column of Os(N + 1). The vector postmultiplying H(1, N + 1)
in (32) is clearly an augmented CAV for {Mi}u+ 1" Thus an augmented CAV
satisfying (32) exists for every zero column ofDs Since PN + l(Z) is minimal, Lemma
3 is proved.

If there are r linearly independent columns in A(N + 1), it is of full row
rank. By Lemma 3 under the restrictions imposed by (29)-(31), there can be no
more than r columns in all of the Pj(z), 0 j __< N + 1, for which nji j. Aside
from these at most r columns, the degree associated with each column of Pj(z)
must be strictly less than j, 0 __< j __< N + 1.
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Let the (N + 1)m-vector b represent any augmented CAV of degree
n0 < N + associated with the finite sequence {Mi}N+I. Moreover, assume 05 is
partitioned in m-vector segments as

/IN-

4 4,0#0.

+o
Then

(33) H(1,N + 1)b MN+,_j O.
j=O

Since (R)(N + 1) is nonsingular, there exists a vector x, partitioned like b and
satisfying,

N

(34) 4) (R)(N+ 1)x= ON_j(N+ 1)xj.
j=O

LEMMA 4. Let el) and x be as given above and let x;i, <= <= m, denote the
elements of x;. Then d? is a linear combination of augmented CA V’s from Po(Z),
Pi(z), P(z), and its degree is

(35) n max { max {ku-j’ilxi # O}}l<_i<_m

The first part of the lemma follows from (34); it remains to prove (35). First
assume that x0 # 0 and that

no < max kNilxoi :: 0}.
<i<m

Then replace the column of Ou(N + 1) with nonzero Xoi and the largest accumu-
lation index with 4). Note that kui nm. The result is a new matrix, Ou(N + 1),
of augmented CAV’s with a lower composite degree than Ou(N + 1). This would
contradict the minimality of Pu(z) so

(36) no >= max {kuilXoi # 0}.
<_i<=m

The proof is continued for j 1, 2,..., N on the vectors b given by

j-1

(37) 49 ) Z ON-I(N "Jl- 1)X/.
/=0

Assume xj # 0 and that

max {ku_j,ilxji # 0}.
<i<m
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Then q replaees the column of ON_j(N + 1) having the highest accumulation
index and xji 4:0 to yield a matrix of augmented CAV’s with a lower composite
degree than ON_j(N + 1). This contradicts the assumed minimality of PN-j(z).
Hence combining with (36),

n>=max{max{kN_,lxgvO}}.o>_nl>_i>_m

But by Lemma every column of (R)(N + 1) for which xg 0 can, by appropriate
internal shifts, generate N kN_, linearly independent vectors in [H(1, N + 1)].
By the same argument tk can be shifted internally to produce a total of N / 1 n
augmented CAV’s in V[H(1, N + 1)]. Hence Lemma 4 is proved.

Now consider the matrix 0N / (N + 2) emN/ am ,, with columns

TCN + N -[- lN + lN + -[" 1,0), __< i’-< m,

constructed from PN/ (z). The first m rows in any column of ON+ (N + 2) having
degree less than N + 1 are zero; columns with degree N + 1 can have the first
m row elements set arbitrarily to zero. Thus ON/ I(N + 2) may be written

(38) 0u+(N + 2)= I-F0-u-I
where FN e + )

Certain nonsingular matrices specified in the following lemma postmultiply
0N/ (N + 2) to yield a matrix of augmented CAV’s having the same composite
degree.

LEMMA 5. The composite degree of ON / (N + 2) remains invariant under post-
multiplication by a nonsingular matrix R if (i) R is a diagonal matrix, (ii) R is a

permutation matrix or (iii) R is lower triangular and the columns of ON+ (N + 2)
are ordered from the left by decreasing degree, i.e., any column of ON + (N + 2) has
degree less than or equal to the degree of every column to its left.

Now to proceed with the proof of Theorem 4. From Lemmas 3 and 4 it is
clear that

(39) H(1,N+ 1)FN=EN,

where the nonzero columns of EN are linearly independent and are not elements
of [H(1, N)]. Moreover, for every nonzero column of EN there is a column of

PN+ l(z) with degree equal to N + 1. Since (R)(N + 1) is nonsingular, there exist
matrices WN and VN N,, satisfying

(40)

From Lemma 2 and (27)-(28),

(41) H(1, N + 1)FN
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It is now claimed, without loss of generality, that WN is unit upper triangular. In
its most general form the nonsingular WN may be factored 3] as follows"

(42) WN UNRNLN,

where UN is unit upper triangular, LN is lower triangular and RN is a permutation
matrix. Should WN have the form (42) with the columns of 0N / I(N + 2) ordered
from left to right by decreasing degree, 0N / I(N + 2) can be postmultiplied first
by Lff and then by R}. According to Lemma 5, the resulting matrix of aug-
mented CAV’s has the same composite degree as the original and is thus minimal.
Hence WN UN. Note also that UN contains 0N of (29)-(31) as a factor, i.e.,
UN, ON, Off UN are all unit upper triangular and

(43) H(1,N + 1)FN [’A(N)’/)N] t]i.UN
Combining (38)-(40) expresses in augmented column annihilating vector form
PN + (z) as a combination of the columns of Po(Z), P(z), PN(Z), i.e.,

(44) 0N+(N+ 2)= (R)(/.+ 1)

This proves Theorem 4.
The form of (44), i.e., UN upper triangular with unity diagonal elements,

indicates that, regardless of the associated degree, column in 0N/ (N + 2) is a
shifted linear combination of column in ON(N + 1) with columns to its left in
(R)(N + 1).

3. The sequential realization algorithm. The results of the previous section
will be used in this section to develop an algorithm for the recursive construction
of the minimal partial denominator matrices of the finite length subsequences of a
given infinite sequence. The proof of Theorem 4 is constructive because it demon-
strates that column of 0N+ I(N + 2) equals column of ON(N + 1) shifted and
added to a linear combination of shifted columns to the left of in (R)(N + 1).
The exact numerical form of this linear combination is dependent upon column
of the Nth discrepancy matrix, and it is selected to minimize nN + ,. Let

A(N), 1,
(45) A(N)

[A(N)" dN1 dN2 dN,i_ 1], 1 < _< m.

By Lemma 3 and construction, nN+ 1,i N + if and only if dm t[Ai(N)]. If
dNi t[A(N)], every row element in column of 0N + (N + 2) is arbitrary except
for the last m + i; hence the linear combination is also arbitrary.

If dNi e [Ai(N)], nN+ 1,i < N + and the selected linear combination must
satisfy two conditions when applied to the columns of A(N), it must yield din;
and when applied to the columns of (R)(N + 1), nN+ ,i, given by (35) as a function
of the accumulation indices of columns included in the combination, must be
minimized. If nN/ ,i is minimized in this manner column by column, (44) clearly
indicates that the composite degree of ON + t(N + 2) is also minimized.
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Let ,oNi rank [Ai(N)]. Since a column basis for Ai(N) is formed from PNi
linearly independent columns, 0 =< Pm =< r, usually only a subset of the columns
of A(N) need be considered for any minimal linear combination that produces
-din ’[A(N)] viz. a subset of pui linearly independent columns generated by
a corresponding subset of columns in (R)(N + 1) whose largest accumulation index
is minimized. More precisely, let Ku be a spanning set of columns of A(N) gener-
ated by

(46) H(1,N + 1)Ni KNi,

where

(Ni___I(DNil dDNi2 diDNiPNi, PNi 1,
(47)

0, PNi O.

The columns qSN are columns of O(N + 1) with degree nuj and accumulation
index km selected so as to minimize maxl<_j<_pN, {k4’NiJ}" By the previous dis-
cussion, if nN+l, < N + 1, either nu+l,i nu or nu+, equals the largest
accumulation index of the columns ofm included in the linear combination. In
either case nN+, is minimized. Finally, for notational consistency, let buj(z)
denote the column of Po(z),P(z),..., Pu(z) from which Ouij was constructed,
and let

[bu,,(z) bNiz(Z) bNip,,,(z)], PN, >= 1,
(48) B(z)

O, PNi O.

The following algorithm is a procedure for computing a minimal partial
denominator polynomial matrix for a finite matrix sequence of length No >= 0.
Initially, I is assumed as the minimal denominator for the zero length sequence;
the procedure halts with the minimal denominator for {M}uo. The notation is
consistent with that presented previously except that the subscript Ni has been
dropped for convenience. Also the algorithm is presented in polynomial rather
than vector space notation.

THE SEQUENTIAL REALIZATION ALGORITHM.
Step 1. Initialization. Set N p 0, B(z) O, K O, P(z) I n O,

l<i<m.
Step 2. If N No, stop.
Step 3. Otherwise perform Steps 4-14 for 1, 2, ..., m.
Step 4. From column of P(z) compute

ni

d MN+ -jPji"
j=0

Step 5. Ifd 0, go to Step 14.
Step 6. If d - 0 and p 0, set p 1, K d, B(z) b(z) p(z), k+

n, p(z) pi(z)z+ -"’, ni N + and go to Step 14.
Step 7. If d 4:0 and p > 0, compute x K #d,

t d- Kx (I KK#)d,
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where K # is a pseudoinverse of K. That is, K KK#K. (See [3] for a discussion
of pseudoinverses of finite field matrices.)

Step 8. Set

N+ if d-C:0,

f }max n, max {k4lx 0}
<_j<_p

and

if3 0

P
ni)t(z) p(z)z"’- y b(z)xz"-*

j=l

Step 9. If n ni, go to Step 13.
Step 10. If nt > ni, set K [K’d], bp+ l(z) p(z), B(z) [B(z)’p(z)], ko,p+

tl4),p+ gli"

Step 11. Order the columns of B(z) from left to right by increasing accumu-
lation index; place the corresponding columns of K in the same order.

Step 12. Set p rank (K). Discard the linearly dependent column of K, if
any, with the largest accumulation index, i.e., the right-most linearly dependent
column. Remove from B(z) the column corresponding to any discarded column
of K. If necessary, renumber the columns of K and B(z) from through p.

Step 13. Set pi(z)= t(z) and n rtt.
Step 14. If < m, increment by 1 and go to Step 4.
Step 15. Ifi=m, setN=N+ 1. Ifp>0, setk2=ke2+ 1,1__< j __< p, and

go to Step 2.
Before demonstrating the algorithm on some examples it should be noted

that the following values hold at Step 2 for any N =< No"
P(z) PN(z) with column degrees ni= nNi, <= <= m, n= nu;

K=K of rank p =rank[A(N)] =p;

B(z) B(z) with accumulation indices k4q kckNlj, < j <= pNl.

The algorithm is now applied to an example from [12] where the sequence is
defined over the real number field. Parameter values are given at Step 2 of the
algorithm for N 0, 1, 2, 3, 4.

Examplel. LetNo =4and{M}=
0 0 3 3

N=0" P(z)= [10 1’ nl =n2=n=O’
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N=I:

N=2:

N=3:

N=4:
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P(z) n= 1, n2=O n= 1,

P(z)
0 z

n n2 1, n 2,

K= p=l,

B(z) k 1.

n=3, n2--1 n=4,P(z)--
[_ -6z2 z +

K= p=2
0

[- -4B(z) ke 2
0

P(z)=
k -6z-6z z + z +

K= p=2,

B(z)= ke =2 ke =3.
z+l

4. Uieefilrtiletrtriees. In this section unique-
ness of a minimal partial denominator polynomial matrix is defined, and a
criterion for determining the uniqueness of a sequentially computed denominator
matrix is presented. The information carried along while applying the sequential
realization algorithm, viz. N, O, P(z), B(z), K, {n, i= 1,..., m} and {n, k4,
j 1, ..., p}, is shown to be sucient for constructing the equivalence class of
minimal partial denominator matrices after the algorithm terminates.

First consider the set of all minimal partial denominator matrices for
{Mi}+ , i.e., let

+ {+ (z)l+ (z) is a minimal partial denominator matrix for
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It is useful to define uniqueness for a minimal partial denominator matrix in
terms of its invariant factors.

DEFINITION 6. The minimal partial denominator matrix PN+ l(Z) for {Mi}N/
is unique if it and every other element PN+ 1(z) ,QN+I has the same set of in-
variant factors.

The above is consistent with the definition given in [8] for uniqueness of
minimal realizations modulo a choice of basis for the state. That is, a minimal
realization is said to be unique modulo an equivalence class of similar system
matrices. This definition has now been extended to partial realizations via the
polynomial matrix formulation.

THEOREM 5. Let P+l(z) and BN+I,I(z) be computed as above and let
N+ 1(z) fN+. Then there exist polynomial matrices XN+ l(z) and YN+ l(z) such
that

(50) PN+ l(z) PN+ I(z)XN+ l(z) + BN+ 1,1(z)YN+ l(z),

where XN + l(z) is an elementary matrix.

Proof. Let 0N+I(N + 2) be a set of augmented CAV’s constructed from
PN+(z) according to (24). Then ON+ I(N + 2) generates a discrepancy matrix
when postmultiplying H(1, N + 2). Since (R)(N + 2) is nonsingular and upper
block triangular,

0
TN+I -" ON+I

where 0N+ I(N + 2) is given by (38). Note that elements of RN+ and TN+I are
chosen so that the composite degree of 0Nr I(N + 2) equals that of 0Nr I(N + 1).
Lemma 5 gives the restrictions on the nonsingular matrix RN+I. Without loss of
generality, column permutations will be ignored so that RNr must have non-
zero diagonal elements, and there is a column degree equivalence between cor-
responding columns of 0N + (N + 2) and 0N + (N + 2). Moreover, for off-diagonal
elements

(52) RN+IlIi-0 only ifnN+l,__< nN+l,i, 1_< ij__<m.

That is, only those columns of 0Nr I(N + 2) for which the degree is not greater
than nN r 1,i can be combined with column of 0n r I(N + 2) to form column of
0N / I(N + 2). The matrix TN r has elements restricted for 1 <_ i, =< m, 0 -< j _< N,
by

(53) TN+ llj,,+/,i - 0 only if kt __< r/N+ 1,i,

where kj is the accumulation index relative to N + 1. The linear combinations of
(51) allow every variation of 0Nr (N + 2) that leaves the composite degree un-
changed. Thus (51) under the restrictions of (52)--(53) specifies the equivalence
class of minimal sets of augmented CAV’s for {Mi}Nr 1.

Now for the matrix 0n+ I(N + 2) define the shift matrix tr-lION+ I(N + 2)]
whose columns consist of every distinct augmented CAV of length (N + 2)m
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associated with PN+ I(Z) except those in ON + I(N + 2). Thus by Lemma 1 there are
N + nN+ 1,i columns in r-1[0N+ I(N + 2)] for every column PN+ 1,i(z), <=
__< m. Let a-l0N+ I(N + 2)] be the zero vector if every column of PN+ l(z) has
degree N + 1.

Let ON+ 1,1, given by (46)-(47), be the subset of columns of (R)(N + 2) that
generates discrepancies forming a column basis for A I(N + 1) A(N + 1) with
minimum largest accumulation index relative to N + 1. Define the shift matrix
a- 1(ON + 1,1) whose columns are every distinct augmented CAV of length (N + 2)m
associated with BN+ 1,1(z) with the last m rows zero and not in ON+ 1,1. Thus for
every column bN+ 1,1s(z), __< j < PN+ 1,1, there are N + 1 ko,N+ 1,1j linearly
independent columns in a-I(ON+ 1,1); the columns of ON+ 1,1 and a-I(ON+ 1,1)
are all linearly independent by construction. If the accumulation index is N +
for every column of ON+ 1,1 or if ON+ 1,1 0, let a- 1(ON+ 1,1) be the zero vector.

LEMMA 6. The columns of ON+I(N + 2), O’-I[ON+I(N-k-2)], ON+l, and
a- 1(ON + 1,1) are a basis for the column space of (R)(N + 2).

First from the algorithm presented in 3 it is readily verified that

0N(N+2), a-lION(N+2)], I--’-I
are generated as linear combinations of

0"-1EON+ I(N --b 2)], ON+ 1,1 and

and

O’- 1(ON+ 1,1).
Reversing the algorithm it may be shown by successive induction that the column
space of (R)(N + 2) is spanned by columns of 0N+ I(N + 2), a-I[0N+ I(N + 2)],
ON+ 1,1 and a-1(ON+ 1,1). It remains to show that a mutual linear independence
exists between the columns of these four matrices.

Since the last m rows of 0N + I(N + 2) form a nonsingular matrix, its columns
are obviously independent of ION+ 1,1 "0"- lION+ I(N + 2)]’a- I((I)N+ 1,1)]" Let x
and y be arbitrary with x ’[a- 1[0N + I(N + 2)] a- 1(ON + 1,1)] and y [(ON + 1,1].
Then H(1, N + 2)x 0, but H(1, N + 2)y d 0 implying x - y. Thus the
columns of ON+ 1,1 are linearly independent of [a- I0N+ I(N + 2)] ia- 1(ON+ 1,1)].
To show that columns of a-l((ON+l,1) and a-I[ON+I(N + 2)] are mutually
independent, assume that some element [a- 1(ON + 1,1) is a linear combination
of columns in a-I[0N+ I(N + 2)]. By the structure of the shift matrix a-1(ON+ 1,1),
can be shifted internally. This yields the contradictory implication that an element

in (ON+1,1) is a linear combination of columns in a-ION+I(N + 2)] and
a- 1(ON + 1,1). The proof of Lemma 6 is now complete.

From Lemma 6 it is possible to rewrite (51) as

(54)
0N, I(N if- 2) 0N+ I(N -- 2)R+ 1,1 + r-I[0N+ I(N + 2)]RN+ 1,2-- (I)N+ 1,1 TN+ 1,1 -- o’-I((I)N+ 1,1)TN+ 1,z

with Rv+ , RN +1 and appropriate restrictions on the elements of RN+ 1,2,

TN+ 1,1 and TN+ 1,2. But since an internally shifted CAV has an alternative rep-
resentation as a CAP multiplied by. the polynomial indeterminate to a non-
negative power, (54) has the more compact polynomial representation of (50). If
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column permutations are again ignored, XN + l(Z) has nonzero diagonal elements;
the elements of XN+ l(z) are given for __< i, j _<_ m by

nN l,inN l,j

tN l,i--nN l,j--I
l/iN ,JXN + ,jilZ FIN + ,i +

(55) x+ ,,(z) =o

O, nN+ 1,i < nN+ 1,j"

Elements of YN+ l(z) are given for 1 =< j _<_ PN+ 1,1, 1 _< =< m, by

nN 1,i--k4N 1,1j

Z ,jilZnN 1,i--kckN 1,1j--IYN+
/=0

(56) YN + 1,ji(z)
nN + 1,i k4,N + 1,1i

O, nN+ 1,i < k4)N+ 1,1j.

Suppose that the columns of PN/ l(z) are ordered from the left by decreasing
degree. It is then clear from (55) that XN/I(Z) is block lower triangular with
diagonal blocks that are nonsingular matrices of elements in ft. Hence
is an elementary matrix, and Theorem 5 is proved.

THEOREM 6. PN + l(z) is a unique (by Definition 6) minimal partial denominator
matrix for {Mi}N + if and only if

(57) o_<j_<Nman {manl<i<,, {kjildji # O}} > l<l<mmaX {nN+l,l}

where the accumulation indices kj are relative to N + 1.

Proof. By Theorem 5, XN+ I(Z) is an elementary matrix, and by Lemma 6,
no column of BN+ 1,(z) is a polynomial combination of columns in PN+ l(z).
Hence PN+ l(z) is unique by Definition 6 if and only if

(58) YN+ 1(Z) 0.

But inspection of (56) shows that (58) holds if and only if

(59) min {kN+l,j} > max {nN+,i}.
l<j<P+l l<i<m

By the process of selection the columns of ON+ 1,1, (59) and (57) are equivalent
conditions. This completes the proof of Theorem 6. [3

Now (50) with (55)-(56) enumerate the entire equivalence class EN+I given
the parameters required by the sequential realization algorithm. Also (58) pro-
vides a criterion for uniqueness. If (58) does not hold, PN+ x(z) is not unique, and
it may be desirable to examine the range of variation in the set of invariant factors
over the elements in fN + 1. This task can be simplified considerably by considering

(60) PN+ ,(z) P+ 1,o/N+ ,(z)X+ a(z).

Since PN+I,0 and XN+I(z) are elementary matrices, PN+(z) and PN+(z) are
equivalent and thus have the same set of invariant factors. Moreover, PN+ l(z)
can be written

(61) PN+ (z) SN+ (z) + BN+ 1,(z)YN+
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where SN+ l(Z) is obtained from PN+ I(Z) by (10), Bu+ 1,1(z) P7+ 1,0BN+ 1,1(Z) and
1+ l(z) YN/ l(z)X;l+ l(z). Corresponding columns of BN/ 1,1(z) and Bu/ 1,1(z)
have the same degree so that elements of / 1(0 must obey the same constraints,
viz. (56), as Yu+ l(z). Every column of BN+ 1,1(z)Yz/ l(z) has degree strictly less
than the corresponding column of Pv/ l(z)Xu+ l(z) by construction; a similar
relation holds between columns of Bu+ 1,1(z)Yu+ l(Z) and SN/ l(z). Although (61)
and (56) simplify the task of enumerating the invariant factor sets of a non-
unique minimal partial denominator matrix, in general complicated, nonlinear,
algebraic manipulations may be required as the following example serves to
illustrate.

Example 2. Continuing with the sequence of Example 1, P4(z) is clearly not
unique by Definition 6. It is the purpose of this example to enumerate all in-
variant factor sets for P4(z).

Z -- 3Z2 + 2z
Pa(z)

6z2 6z

B,I(z)
z+l 1

z3-3zz-4z 4 1S4(z)=
L -6z2-6z z2 +z+ 6

Then Y4(z) has the form

[-uz + v
Y,(z

with parameters t, u, v and w. In general,

F Z3- 3Z2 + (U- 4)z + v
P4(z)= L(u-6)z2 +(u+v- 6)z+(v+ t)

k4,1 =2, k4,z 3,

B4 1(Z)
z+l 1

w+4 1"z: +(w+ 1)z+(w+ 6)

Case 1. w 4: -4. Clearly 7pl and 7p2 is the characteristic equation. Thus

Yz z5 + (w 2)z’ + (u 2w 1)z 3 h- (v 3u- w + 2)z2

+(2u- 3v+2w)z+2v-t(w+4).

If the desired characteristic equation is

])P2--" Z5 -[- /1 Z4 "[- /2Z3 -[- /3Z2 "[- /4Z "[- ]5,

then all but one of the coefficients may be independently specified;

f14 --(15fll + 7fl2 + 3fl3 -k- 31)
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and

1
W-- /1 -[- 2, t= (14fll + 6fl2’+ 2fl3//1+6

U=2fll -[- ]2 -[- 5,

Case 2. w -4.

V 7fll -k- 3fl2 -F f13 --I’- 15.

-f15 + 30),

pa,(z)- [ 23- 3z2-F (u-4)z + 0 1.(u- 6)z2 k- (u + v 6)z + (v + t) z2 3z + 2

(a) : O, Pl 1, P2 Z3 3z2 + (U 4)z + v](z2 3z + 2).
(b) t--O, v 2(6- u).

F[Z2--Z -’l-(U- 6)](z- 2) 0

"l_[(u-6)z+(u-6)](z-2) (z- 1)(z-2)_]’
7pl z- 2, ])P2 22 Z - (U- 6)](Z2 3Z + 2).

(C) t=O,v=6--U.

[z2--2Z+(U--6)](z-- 1)
P4(z)=

l[(u- 6)z+(u-6)](z- 1) (z-2)(z- 1)

TPl Z 1, 7P2 z2 22 + (u 6)](22 3z + 2).

(d) t=v=O,u--6.

n.(z)= Iz3-- 3z2 + 2z 0 10 22--32+2

1 z2 3z + 2, ])P2 --(22 3z + 2)z.

5. Discussion of the sequential realization method. The method of realizing
linear constant dynamical systems derived from the sequential realization
algorithm has much to recommend it over previous techniques. It may be used
to construct linear realizations from transfer function matrices whose elements
are ratios of not necessarily co-prime polynomials that need not be in factored
form. The method is also useful in constructing a minimal linear model from a
set of empirical measurements represented by a finite output data sequence.
Hence it is a practical solution to the black box problem.

The sequential realization method is recursive so that the algorithm may be
halted at any point in a matrix sequence with a minimal partial denominator
matrix from which a minimal partial realization can be easily obtained. It is an
improvement over Massey’s algorithm because it is applicable to multivariable
systems.

Rissanen’s recursive realization procedure is essentially a variation of the
Ho algorithm [6], [8] where in [10] and [11] the Hankel matrix of a finite sequence
is factored as the product of a unit lower triangular matrix with a matrix whose
bottom row is zero. The block symmetric structure of the Hankel matrix is ex-
ploited to yield a recursive factorization. In order to maintain this recursive



570 B.M. ANDERSON, F. M. BRASCH, JR. AND P. V. LOPRESTI

property, it is necessary that the row dimension of the Hankel matrix not exceed
the column dimension and that the bottom row be linearly dependent. Thus
Rissanen’s approach will not always produce a minimal partial realization for an
arbitrary finite sequence. For example, no minimal partial realization can be
obtained using the method in [10] and 11] for the scalar sequence of length
N >= 2 given by M1 M2 MN_I 0, MN 1. In contrast it has been
shown that the sequential realization algorithm yields a minimal partial realization
of any finite sequence. Another comparison to be made is based upon the amount
of storage required if implementing the method on the computer. Since it is
necessary to store and manipulate a Hankel matrix and its factors in order to
execute Rissanen’s algorithm, the required storage grows rapidly with the length
of the sequence, particularly for matrix sequences. To use the sequential realization
algorithm it is only necessary to store the given sequence, N, P(z), B(z), {ni,

1 <= <= m}, p, {k#j and nlj, <= j <= p} and K.
The sequential realization method applies to the broad class of systems of

(1)-(2) including finite state machines. It is a solution to the partial realization
problem for arbitrary finite sequences including the zero sequence and the zero
length sequence. Within this framework the initialization of B(z) in the sequential
realization algorithm is handled in a more natural way than by Massey [9].

Finally the sequential realization method provides a complete answer to an
open question in Kalman [7]. He points out that the whole question of invariant
factors, cyclicity and so forth of minimal partial realizations is entirely open. In
the preceding section the uniqueness of a minimal partial realization was based
upon the invariant factors of a minimal partial denominator matrix. Upon
termination the parameters generated by the sequential realization algorithm
yield the entire range of variation on the invariant factors of the minimal partial
realizations. This certainly provides answers to questions like" Do there exist any
minimal partial realizations for a given finite sequence having a cyclic system
matrix? The sequence of Examples 1 and 2 has been used by Ackerman [1] to
point out the superiority of the realization method in [2] over that of [12] because
a coupling parameter results that is not available using the method in [12].
However, a complete enumeration of the available minimal partial realizations
given in Example 2 reveals that the realization obtained by Ackerman in [1],
although an improvement over Tether’s, is still more restricted than it needs to
be. In particular, Ackerman’s realization corresponds to Case 1 in Example 2
with 0.
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ASYMPTOTIC EXPANSIONS OF SINGULARLY PERTURBED
QUASI-LINEAR OPTIMAL SYSTEMS*

PEDDAPULLAIAH SANNUTIf

Abstract. A class of two-point boundary value problems (TPBVP’s) which arise in fixed final
time free endpoint optimal control problems is considered. An asymptotic power series solution of
the TPBVP is constructed with respect to a parameter whose perturbation changes the differential
order of the problem. Based on a stability hypothesis, the proof of asymptotic correctness is accom-
plished through a successive approximation scheme.

1. Problem statement. Let us consider a quasi-linear system

(1.1a) 2 gl(X, t) + Bl(t)z d- C(t)u, x(O) Xo,

(1.1b) 2 G(x, t) -t- Bz(t)z + C2(t)u, z(0) Zo,

where x and z are n- and m-dimensional state vectors respectively, u is an r-
dimensional control vector, and/l is a nonnegative scalar parameter. Note that
for 2 0, z ceases to be a state vector and the order of system (1.1) reduces to n.
The objective of the design is to find a control u(t, 2) on the interval [0, T], where
T is a given number, such that the application of this control to the system (1.1)
results in a trajectory (x(t, 2), z(t, 2)) which minimizes the cost functional

(1.2) J V(x, t) + 1/2u’R(t)u) at.

Here the prime denotes transpose. The functions gl, G1, B1, B2, C1, C2, V and
R might have asymptotic series expansions in 2, but for simplicity we will take
them independent of 2. It is assumed that these functions are infinitely differentiable
in all their arguments in an appropriately defined domain. Further, for each t,
R(t) is a symmetric positive definite matrix and V(x, t) is a positive semidefinite
scalar function of x.

To obtain necessary conditions for an optimal control, we introduce the
Hamiltonian

H(x, z, p, q, u, t) V 1/2u’Ru + p’(gl nt- B 1Z -+- C lU)
(1.3)

+ q’(G -F B2z + C2/,/),

where p and q are the costate variables corresponding to x and z respectively.
Note that it is conventional to use 2q as the costate variable;however, our use
of q here is convenient for singular perturbation analysis. The Pontryagin maxi-
mum principle implies [17] that along an optimal trajectory

(1.4) V,H Ru + C’p + C’2q O,

* Received by the editors December 28, 1971, and in revised form March 7, 1974.

" Department of Electrical Engineering, Rutgers University, New Brunswick, New Jersey 08903.
The research for this paper was supported in part by the National Science Foundation under Grant
GK 4881.
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while the costate variables p and q satisfy the equations

[ -vxn V V- g’p- G’lxq,
(1.5)

20 VzH B’ip Biq,

along with the final conditions

(1.6) p(T) 0, q(T) 0.

From (1.4),

(1.7) u R-l(C’p + C’2q),

so we can rewrite the state and costate equations (1.1) and (1.5) as

2 g + Sip nt- Bz + Sq =- g(x, p, z, q, t),

p VV g’lP G’q =- f(x, p, q, t),
(1.8)

2 G1 + S’p + BzZ -t- Szq =- G(x, p,z, q, t),

20 -Bip B2q F(p, q, t),

where S, S and $2 are the matrices

S(t) CxR- 1C2, Si(t CiR Ci,

The boundary conditions for (1.8) are

(1.9) x(0)=Xo, P(T)=0, z(0)=Zo,

i= 1,2.

q(T) O.

Equations (1.7)-(1.9) are necessary conditions for an optimal control. Under
appropriate hypotheses these are also sufficient conditions [14]. We note that
(1.8) and (1.9) define a two-point boundary value problem (TPBVP). For 2 0
the differential order of the problem drops from 2(n + m) to 2n. Thus we have a
singularly perturbed TPBVP. The reduced problem obtained when 2 0 is
given by

(1.10a) 20 gl(Xo, t)-+- Sl(t)Po -+- BI(t)Zo + S(t)Qo,

(1.10b) o VxV(Xo, t) gi(Xo, t)Po Gi,(Xo, t)Qo,

(1.10c) 0 G,(Xo, t)+ S’(t)P0 + B2(t)Z0 + S2(t)Qo,

(1.10d) 0 B’x(t)Po B’2(t)Qo

With the matrix B2 invertible, we can solve for Zo and Qo from (1.10c) and (1.10d)
and substitute them into (1.10a) and (1.10b), thus getting a 2nth order problem
for Xo and Po with boundary conditions

(1.11) Xo(0) Xo, Po(T) 0.

The reduced proolem (1.10) and (1.11) can also be obtained by an alternative
method. First one neglects 2 in the state equations (1.1) directly and then obtains
necessary conditions for an optimal control. This leads to a TPBVP which is
identical to (1.10) and (1.11).



574 PEDDAPULLAIAH SANNUTI

It is well known that the computational difficulties in obtaining an iterative
solution of a TPBVP increase exponentially as the order of the problem increases
[2], [18]. Another difficulty with (1.8) is that the standard methods of stepwise
integration require the use of step sizes which are generally smaller than 2. Be-
cause of this, direct solution of (1.8) and (1.9) for small 2 may be computationally
prohibitive. Based on intuition, one could try to neglect 2 and obtain the control
from the solution of the reduced problem (1.10) and (1.11). However, such a
control may result in unsatisfactory performance when applied to the full problem
(1.1), since in general, the initial value Zo(0 of the reduced problem is completely
different from the prescribed initial condition Zo (for examples, see [19], [20]).
Our interest in this paper is to determine asymptotic expansions for the optimal
control by determining an asymptotic solution of the full problem (1.8) in terms
of the positive parameter 2 as 2 tends to zero. We will calculate all the terms in the
expansions using only lower order systems.

Kokotovi6 and Sannuti [11] showed at first how singularly perturbed
TPBVP’s of the type (1.8) and (1.9) arise in control theory. Further, for a certain
class of such problems, they gave a design procedure to calculate the first two
terms of the expansions [11], [19], [20]. This procedure was based on the work
of Vasil’eva [22] and Tup6iev [21]. Hadlock [5] gave then a formal expansion
procedure generalizing in a natural way the earlier work. Recently, O’Malley
[16] has considered asymptotic expansions for a linear state regulator problem.
In this paper we give an explicit method of constructing the expansions and thus
simplify the earlier methods. Furthermore, we prove the asymptotic validity of
the expansions. The proof is basically an iterative scheme similar to those in [6],
[8] and [12]. We follow closely the method of Hadlock [6] who considered a class
of TPBVP’s with a focus on sufficient conditions for the existence of a solution
and for convergence of this solution to a given, known solution of the reduced
problem. The analysis was in two main parts: first, a sequence of lemmas about
changes of variables and convergence of successive approximations; second, a
contraction mapping argument showing that the boundary conditions could be
satisfied. We follow, in our proof of asymptotic validity, basically the same steps.
Detailed definitions and discussions of asymptotic solutions can be found in
Wasow [24].

2. Constructing an asymptotic solution. We shall be able to obtain an
asymptotic representation of the solution to the problem (1.8) and (1.9) (in a
natural form) under the following three hypotheses"

(H 1) The reduced two-point boundary value problem (1.10) and (1.11) has
a unique solution, (Xo, Po, Zo, Qo).

(H2) The matrix BE(t is a stable matrix; i.e., all its in eigenvalues have
negative real parts for each fixed t, 0 =< =< T.

(H3) The matrix Hxx(t) is negative semidefinite for each fixed t, 0 __< <= T.
Here and elsewhere when functions are evaluated along the reduced solution
(Xo, Po, Zo, Qo), we use the notation

g(t) g(Xo(t), Po(t), Zo(t), Qo(t), t),

g(t) -x(Xo(t), Po(t), Zo(t), Qo(t), t), etc.
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Hypothesis (H2) plays several roles. It guarantees the solvability of algebraic
equations of the type (1.10c) and (1.10d) for Z0 and Qo. It rules out turning-point
behavior 24]. Also, as we shall see, it defines the behavior in the boundary layers.
Hypothesis (H3) implies that the solution of the reduced problem satisfies the
Jacobi sufficient conditions for a local minimum. In particular, there are no con-
jugate points to T in the interval [0, T) (see [1]). Since R is positive definite, the
Legendre-Clebsch condition is always satisfied [2].

Based on previous experience [5], [7], [16], [24], we seek a solution to (1.8)
and (1.9) of the form

x(t) X(t, 2) + 2ml(z, 2) + 2nl(a, 2),

(2.1)
p(t) P(t, 2) + 2mz(r, 2) + 2nz(a, 2),

Z(t) Z(t, 2) + m3(z ,/) + n3(o, 2),

q(t) Q(t, 2) + m(r, 2) + n(a, 2),

where z and a are stretched time coordinates

T-t

Here the "outer solution" (X, P, Z, Q) will have an asymptotic power series which
formally satisfies the system (1.8) throughout 0 __< < T. Specifically, let

(2.2) (X, P, Z, Q) (xj(t), Pj(t), zj(t), Qj(t))2 as/l 0,
j=0

where (Xo(t), Po(t), Zo(t), Qo(t)) clearly must be the unique solution of the reduced
problem. The outer solution alone will not, in general, asymptotically satisfy the
boundary conditions (1.9). Thus, the terms (2ml, 2m2, m3, m4) in (2.1) represent
the "boundary layer correction" at the initial point 0, and the terms
(2nl,2nz,n3,n4) represent the "boundary layer correction" at the final point

T. They will have asymptotic power series expansions as 2 0,

(2.3) mi(z, 2) mij(z)2, ni(a, 2) nij(a)2J, 1 to 4,
j=O j=O

on the semiinfinite intervals z _>_ 0 and a >= 0 respectively. The coefficients mij(r)
and ni(a) will be so chosen that (2.1) will formally (i.e., as a power series) satisfy
the boundary conditions (1.9) asymptotically, and mj(z) will tend to zero as the
left stretched coordinate tends to infinity, and ngj(a) will tend to zero as the right
stretched coordinate a tends to infinity,

(2.4) mi(z) 0 as -c -- o3, nij(a 0 as a c, 1 to 4.

(We shall actually find that the mj and nj decay exponentially; i.e., they are of
"boundary layer type" in the terminology of Viik and Lyusternik 23]). We
remark here that (2.4) replaces the familiar matching or patching conditions
used in the method of inner and outer expansions [10], 15].
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Since Xo and Zo are independent of 2 and since mi(z) at T and ni(a) at
0 are asymptotically negligible, the boundary conditions (1.9) are asymp-

totically equivalent to

(2.5a) Xo(0) Xo,

(2.5b) m3o(0 zo Zo(0),

(2.5c) Xj(0) m j- 1(0),

(2.5d) m3j(0 -Zj(0),

Po(T) 0,

n,o(0) Qo(T) O,

Pi(T) n2 - 1(0) tbr all j __> 1,

n4(0) Q(T) for all j => 1.

Note that whenever mij(’c and nj(cr) decay exponentially the solution (2.1) will be
asymptotically equal to the outer solution in the open interval 0 < < T, i.e.,
for each integer N >_ 0,

N N

x(t)- Xj(t)2 + 0(+ 1), p(t)- , P(t)2 / 0(2+ 1),
j=0 j=0

N N

z(t) Zg(t)2 + O(2N+ 1), q(t) Qj(t)2 + O(2N+ 1),
j=o j=o

uniformly on each interval <_ -< T for any > 0. As (2.5) shows, however,
the initial values ml(0) and n2j(0) must be calculated in order to determine the
boundary values of the terms in the outer expansion (i.e., the asymptotic expansion
of the outer solution).

The outer expansion is formally obtained by substituting (2.2) into (1.8) and
equating coefficients of each 2. We have equality at 0 by taking Xo, Po, Zo
and Qo to be the solution of the reduced problem. Equating first order coefficients,
X1, P1, Z1 and Q1 must satisfy the linear system

(2.6a)

(2.6b)

(2.6c)

(2.6d)

f(1 glx(t)Xl + SI(t)P1 + Bl(t)Zl + S(t)Q1,

Pl L(t)Xl g’(t)P1 G’lx(t)Q1,

0 GI(t)X1 + S’(t)P1 + B2(t)Z1 + S2(t)Q1 20,
0 B’(t)P B’2(t)Q Qo.

Since B. is nonsingular, (2.6c) and (2.6d) can be solved for Z1 and Q1 so that
(2.6) can be rewritten in the form

(2.7a) 1 AI(t)X1 + A2(t)P1 + Llo(t),

(2.7b)

where

Pl A3(t)Xl A’I(t)P1 + L20(t),

Al(t) glx- B1BIGlx,
A2(t =(BIB 1C2 C1)R-I(BIB lc2 C1)’

A3(t) Hxx(t) fx(t),

and the expressions for Lo and Lzo follow from (2.6). The boundary conditions
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for (2.7) are given by (2.5c),

(2.8) X,(0) -m,o(0), P,(T) -n2o(0).

Equations (2.7) and (2.8) represent a well-known TPBYP of a nonhomogeneous
linear Hamiltonian system. We note that A2 is positive semidefinite. Hypothesis
(H3) assures that A 3 is also positive semidefinite. Then (2.7) and (2.8) has a unique
solution [3], [9]. With

(2.9) P(t) -K(t)Xa(t) + Fib(t),

this problem is reducible to a final value problem for an n x n dimensional
symmetric matrix Riccati equation

(2.10) / -KA A’IK + KA2K- a3, K(T) O,

and an n-dimensional linear vector equation

(2.11) 1I, (KA 2 A’)rI, + KL,o + L2o 1-I(T) -n2o(0).

Since A2 and A3 are positive semidefinite matrices, K(t) exists on 0 =< =< T and
is unique [3], [9]. Once the matrix K is known, the vector 1-l is uniquely obtained
from the final value problem (2.11). Then, the substitution of (2.9) in (2.7a) allows
Xx to be uniquely obtained as the solution of the initial value problem,

(2.12) ,----(A1 A2K)X, + A21-I + L1 o, XI(0 --m,o(0).

Thus the variables X i, P1, Z1 and Q1 are uniquely obtained. In general, we find
X, P, Zj and Qj by solving

8j-- glx(t)Xj -+- Sl(t)P -+- Si(t)Z -+- S(t)Qj -+- R j_ l(t),

Pj f(t)Xj- g’,,(t)Pj- G’lx(t)O + R2j_ l(t),
(2.13)

0 G,,(t)Xj + S’(t)P3 + B2(t)Z + S2(t)Q + R33_,(t),
0 S’(t)Pj S’2(t)Q + Rj-x(t),

with boundary values given by (2.5c), where RiJ_ (t), 1 to 4, are successively
known in terms of X, P, Z and Q, for all r =< j 1. Note that (2.13) differs from
(2.6) only in nonhomogeneous terms. Hence the solution can be easily obtained
and requires solving only linear equations of the form (2.11) and (2.12). Thus the
terms of the outer expansion can be generated recursively with only the boundary
values Xi(0) and Pj(T) for j >- 1 to be specified, (2.5c).

The following simple lemma will be repeatedly used to obtain the terms of
the expansions for the boundary layer corrections.

LEMMA 1. Consider a linear time invariant system

(2.14) B + b exp [- vt],

where b is an m-vector, B is an m x m matrix whose eigenvalues all have real parts
less than -# for some # > O, and v is a positive parameter. Then there exists a
unique o such that the solution a(t) of (2.14) with the auxiliary condition (0) o
satisfies the inequality

I(t)l k exp [-vt] for all >= O,
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where k depends only on v.

Proof. Integration of (2.14) implies

cz(t) exp [- CZo + exp [(B Iv)s]b ds + exp [(B lv)s]b ds

Since B is a stable matrix, the first integral exists. Denote it by Mo and choose
o -Mo. Then

(t) exp [B(s t) Ivs] b ds.

Observing the inequality [13

lexp B(s t)]l =< ko exp [-/(s t)] for all s __> t,

we have

I(t)l k exp [- #(s t) vs3 ds <= k exp [- vt].

Now we proceed to calculate the boundary layer correction terms. Since the
outer expansion (2.2) formally satisfies the system (1.8) and since the right boundary
layer correction hi(a) is asymptotically negligible near 0, (2.1) and (1.8) imply
that the left boundary layer correction mi(r) must satisfy the system of equations

dmt dx dX
dr dt dt

,(m, mr, m3, m4, 2,

(2.15)

where

dm2 dp
dr dt

dm3

dr

dm4

dr
=2

dq

dP

dt m tn2, m4, 2,

dz - d(ml, m2, m3, m4, 2 r),
dZ

dt

dQ
B’l(r)m2 B’2(2r)m4,

dt dt

g(X(2r) + ).m(z), P(2r) + 2m2(r), Z(2r) + m3(r), Q(2r) + m4(r),

g(X(2r), P(2r), Z(2r), Q(2r),

and f and G are similarly defined.
Substituting the asymptotic power series for rni(r into (2.15) and equating

coefficients, we obtain a system of equations for the left boundary layer terms.

We shall let the norm of a matrix or a vector A be denoted by IAI and be equal to the sum of
the magnitudes of all the elements of A.
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In particular, the lowest order terms will satisfy the linear system

din1 o B,(0)m3o + S(O)m4o,

(2.16)

dm2o

dm3o
d

G tx(0)m,o,

B2(0)m30 -+- $2(0)m40

din40
d"c

B’(O)mo.

Note from (2.5b), m3o(0 zo Zo(0). Using Lemma 1, we choose m4o(0 0,
and obtain

mao(’r O, m3o(Z exp [Bz(O)z](zo Zo(0)),
(2.17)

mzo(Z 0, mo(Z) BI(O)Bf 1(0) exp [B2(0)z](zo Zo(0)).

Thus the mio(V are uniquely defined as decaying exponentials. Further, (2.5c)
gives

X,(0) --mlo(0 -B,(O)B l(0)(Zo Zo(0)),

as was derived earlier [20] by another method.
In general, mij(z are obtained from (2.15) by successively equating like

coefficients of 2,
dmlj= B (O)m3j -1- S(O)rrl4j -1- M l(’r)
dr

(2.18)

dm2j
d’r

dtn3

-G’lx(0)m4 + M2- I(T),

B2(O)m3j -I- S2(O)m4j + M3j_ I(T),

dm4j -B’z(O)ma, + M4j_l(’C),

where the terms Mij_ I(T), i= to 4, are known successively and satisfy (by
induction)

Mij_l(’C O(exp [-vz]) for some v > 0.

Using Lemma 1, maj(O can be selected such that m4j(’ decays exponentially.
m3j(0 must assume the initial condition -Zj(0). Since B2(0 is a stable matrix,
it is evident that mij(z), to 4, can be uniquely defined by the condition that
they decay exponentially as v tends to infinity. Then (2.5c) gives Xj+ 1(0) rnlj(0).

The right boundary layer correction terms hi(a) are determined in an
analogous manner. Since the mi(r) are asymptotically negligible at the final point
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T, (2.1) and (1.8) imply that

dn
do.

(nl, n2, n3, n,, 2, o.),

(2.19)

dn2

do

dn3

do"

(nl, n2, n4,/, o"),

G(nl, n2, n3, n4, 2, o"),

dn4
do"

2B’I(T 2o.)n2 + B(T -/o")n4,

where

g(X(t), P(t), Z(t), Q(t), t)

g(X(t)+ 2n,(a), P(t) + 2n(a), Z(t) + n3(a), Q(t) + n(a), t)

and is replaced by T 2o". fand ( are similarly defined. Substituting asymptotic
power series and equating like coefficients of )J, we obtain a system of equations
for ni.i(o"). The lowest-order terms will satisfy

dnlo -B(T)n3o S(T)no,do"

(2.20)

dn2o
do"

dn3o
do"

G’,(T)n4o,

_Bz(T)n3o S2(T)n4o

dn4o
do" B(T)n4o.

The solution nio(o" should vanish as o" tends to infinity, and since (2.5b) dictates
n4o(0) 0, we have

(2.21) no(o") 0, 1 to 4.

Thus (2.5c) implies Pa(T) 0 as was derived earlier [20]. In general, the higher
order terms nj(o") satisfy

dnxj
_BI(T)n3 S(T)n4 + Nl j_ l(o")do"

(2.22)

dn2j
da

Gl,(T)n4j + N2 j-

dn3j
do" B2(T)n3j S2(T)na, + N3 j- l(o"),

dn4j
da B’2(T)n4) + N4 j_,(o"),
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where, by induction, the exponentially decaying terms Nj__l(a) are known
successively. Equation (2.5d) dictates n,j(0) -Qj(T). Using Lemma 1, n3j(0) can
be selected such that n3j(a decays exponentially. It is evident, then, that the
terms nij(a) can be uniquely defined and that they decay exponentially as a - o.
Equation (2.5c) then gives Pj+ I(T) -n2j(0).

This completes the construction of asymptotic expansions for the state and
costate variables. To summarize, the reduced problem first determines (Xo, Po,
Zo, Qo). Using (H2) and the reduced solution, the zero order boundary layer
terms (m/0(z), ngo(a)) are then obtained from (2.17) and (2.21), so the boundary
conditions X1(0) and PI(T) are known from (2.5). Next the solution of (2.7) gives
us (X1, P1, Z1, Q1). Here (H3) is used. Thus proceeding recursively, the outer
expansion terms (Xr, Pr, Z, Q, for all r <_ j) allow us to calculate the jth boundary
layer terms (mo(z), no(a)). These boundary layer terms, in turn, allow us to cal-
culate the (j + 1)th outer expansion terms (Xj+ 1, Pj+ 1, Zj+ 1, Qj+ 1). Finally,
knowing the asymptotic expansions for the costate variables p(t) and q(t), the
expansions for the optimal control u(t) can easily be determined from (1.7). Since
m,o(r and n4o(a) are identically zero, it is seen explicitly that the optimal control
does not have any zero order boundary layers either at the initial point 0 or
at the final point T (i.e., the optimal control for the higher order problem will
converge uniformly throughout 0 <= <= T to that of the reduced problem as
2 --, 0).

3. Asymptotic validity. Let us define the partial sums

N

((X)n, (P)n, (Z)n, (Q)n) (Xj(t), Pj(t), Zj(t), Qj(t))2j,
j=O

N-I N-I

(mi)N-- E miJ(z)2j’ (ni)n-- E nij(O’)’j, i= 1,2,
j=O j=O

N N

(mi)N-- E mij(T)’j, (ni)N-- Z nij()j, i--3,4,
j=o j=o

(X)n (X)n + 2(m 1)N + 2(nl)n,

(z)u (z) + (m) + (n),

(P)n (P)n + 2(mz)n + 2(n2)n,

(q)N (Q)N + (m4)N + (n)N"

THEOREM. For each integer N >-0, the two-point boundary value problem
(1.8) and (1.9) under the hypotheses (H1)-(H3) has a solution which is of the form

(3.1)
p (p) + 2Vp*,

q =(q)N + 2nq*,

where x*, p*, z* and q* are all 0(2) uniformly throughout 0 <_ <= Tfor 2 sufficiently
small.

Proof. Equations (1.8) and (3.1) imply

d(X)n d(ml)n d(nl)n +_ 2ndx*
dt dr da -d-f- g(x, p, z, q, t),
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d(P)u d(mz)u d(n2)N
dt dr da

t- 2Nt f(x, p, q, t),

2 d(Z). -+ d(m3)N d(n3)N
t- 2N +

dz*
G(x, p z q, t)

dt dz da dt

2
d(Q)N

-+ d(m4)N d(n4)N +- 2N + dq*
F(p, q, t).

dt dr da dt

Moreover, by the construction of the outer solution (see (1.8), (1.10), (2.6) and
(2.13)), we have

dt
gl((X)N, + Sl(t)(p)N + BI(t)(Z)N + S(t)(Q)N + O(,N+ 1),

2
d(Z)N
dt

Gx((X)N,t + S’(t)(P)N + B2(t)(Z)N + S2(t)(Q)N + O(2N+ ),

d(P)N
dt

VV((X)N, t)- g’((X)N, t)(P)N- GI.((X)N, t)(Q)N + 0(2N+ ’),

-B’(t)(P)N- B’2(t)(Q)N + O(2N+ ).

Similarly, by the construction of the left boundary layer corrections (see (2.15),
(2.16) and (2.18)), we have

g,((X)N + 2(m,)N, 2)+ 2S,(2)(m2)N + B,(2r)(m3)N + S(2z)(m4)N

d(m2)N

g l((X)N, 2r) + O(2N exp [-vz]),

VxV((X)N + ,(ml)N, ,z)- g’xx((X)N + 2(ml)N,,Q((P)N + 2(m2)N)

d(m3)N

G’x((X)N + 2(ml)N, 2r)((Q)N + (m4)N)- VxV((X)N,

+ g’I((X)N, 2z)(P)N + G’I((X)N, 2z)(Q)N + O(2N exp [-vz]),

GI((X)N + 2(ml)N, 20 + S’(’c)(m2)N + Bz(’c)(m3)N + S2(2v)(m,)N

GI((X)N, 2z) + O(2N + exp [- vz]),

2B’1(2z) (m2)N Bz(2z)(m4)N + O(2N +1 exp [- vz]).

Finally, by the construction of the right boundary layer corrections (see (2.19),
(2.20) and (2.22)), we have

do
--gl((X)N + 2(nl)N, T- 2a)- 2SI(T-/],a)(n2)N BI(T- 2a)(n3)N

S(T- 2a)(n,0N + g,((X)N, T- 2a) + O(2N exp [-va]),
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d(n2)/v
do.

do

do"

-VxV((X)N -k (nl)V, T- 2a) + g’lx((X)u + /],(nl)V, T- 2a)((P)v

+ 2(nz)u) + G’I,,((X)u + /],(nl)N, T- 2O.)((Q)N + (n4)N)

+ VxV((X), T- 2a)- g’lx((X)N, T- 2a)(P)

G’a,((X)u, r- 2o.)(Q)u + O(2N exp -va]),

-Ga((X) + 2(n,)r, T- 2a)- 2S’(T- 2a)(n2) B2(T- ,;t.o-)(n3)N

Sz(T- 2a)(n4)N + Ga((X)v, T- 2o") + 0(2+ exp [- va]),

2B’(T- 2o.)(n2)u + B’2(T- 2o.)(n)u + O(2N+ exp -vo.]).

In all of the above equations, the 0 symbols hold for all t, 0 <= <= T. Further,
the above equations imply that the remainders (x*, p*, z*, q*) will satisfy the
system of equations

* ga,(t)x* + S,(t)p* + B l(t)z* + S(t)q* + g*(x*, 2, t),

(3.2)

where

(3.3)

p* f(t)x* g’x(t)p* G’x,(t)q* + f*(x*, p*, q*, 2, t),

),* Gt(t)x* + S’(t)p* + B2(t)z* + S2(t)q* + G*(x*, 2, t),

2c)* B’(t)p* B’2(t)q* + F*(2, t),

2g* gl((X)u + 2(ma)u + 2(n) + 2x*, t)- g,((X)N + 2(m,), t)

g((X)u + 2(n,)u, t) + gx((X)u, t) 2gxx(t)x*

+ O( + + exp [- vz + 2 exp -2G* G,((X) + 2(mt) + 2(n)N + 2x*, t)- G,((X)u + (ml), t)

Gx((X) + 2(n,),t) + Gx((X), t)- 2Gl(t)x* + 0(+’),

and f* and F* are similarly defined. We note that g*, f*, G* and F* satisfy the
following two properties.

PROPERTY 1.

[g*(0, 2, t)[ ko(exp [-vt/2] + exp [-v(T- 0/2] + ),

if*(0, 0, 0, 2, t)] ko(exp [- vt/2] + exp [- v(T 0/2] + 2),

[G*(0, 2, t)[ ko2,

IF*(2, t) ko2,
where ko is a positive constant.

PROPERTY 2. For each 6 > O, there exists an e(6) > 0 such that for [*[, [if*I,
etc., and 2 < e,

[g*(*, , t) g*(*, A, t)l 6[* *[,

If*(*, P*, *, 2, t) f,(;*, *, *, 2, t)l (]* ;* + IP* *1 + [* *),

IG*(*, 2, t) G*(*, 2, t)l 1* *1.
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Proof. After linearizing the system (3.3) around the solution of the reduced
problem, observe that the product (ml)N(nl)l is O(2r) throughout 0 =< =< T fo
r arbitrarily large, and then use the mean value theorem.

Boundary conditions (1.9) and equations (2.5) and (3.1) imply

X*(0) --,-(N- 1)(nl)/vl,=o z*(0) 2-IV(n3)Nlt=O,
(3.4)

p*(Z) 2 -("- )(m2)ul,= , q*(T) 2-U(m4)v],= r.

Since mi(z) and hi(a) decay exponentially to zero away from 0 and T
respectively, we have

x*(0) O(2r), p*(T)= O(2r), z*(0)= O(2), q*(T)= 0()

for r arbitrarily large.
Lemmas 2 and 3 provide some transformation matrices. Let us first make

the abbreviations

such that

LEMMA 2. There exists a nonsingular, continuously differentiable matrix (R)(t),

(3.5) O- x(t)Or(t)O(t)
B’2(t)

Proof. It is shown in [20] that there exists a matrix E(t) which satisfies (3.5).
LEMMA 3. Let A(t)= z(t) r(t) (t)x(t). Then the linear matrix differ-

ential equation

(3.6) I3V A(t)W

has a 2n x 2n nonsingular solution W(t) on [0, T] which when partitioned into
n x n block matrices

W(t)= IW(t) W2(t)
w(t) w(t)_l

satisfies W2(0 0 and W3(T 0. Further, Wx(t) and W4(t) are nonsingular.
Proof. Partition A(t) into n x n blocks

A(t) [A x(t) A2(t)1
LA3(t -A’(t)_]

and note that A1, A2 and A3 are the matrices as defined in (2.7). A2 and A3 are
positive semidefinite. By the proof of Theorem 1 in [3], H6 of [6] holds. Lemma 1
of [6] now yields the conclusion.
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Next we modify (3.2) through a change of variables. Let

(3.7) W (R) F
p* q*

where F -lxW. Equation (3.2) transforms into

cb O l(t)rl + D2(0( + hi(co, re, r/, , 2, t),

r D3(t)r + D,(t) + h2( re, r/, , 2, t),
(3.8)

20 B2(t)r + h3(co, re, r/, (, 2, t),

-(t) + h,(o, :, r, , ,, t),

where

and

(3.9)

D(t)

3(t)
D2(t)] W- (t)d/r(t)(R)(t)
D(t)_]

hE f*

In view of the Properties 1 and 2, we see the h satisfy analogous Properties
A and B.

PROPERTY A.

Ih(0, 0, 0, 0, 2, t)l =< k(exp [- vt/2] + exp [- v(T t)/2] + 2),

Ihj(0, 0, 0, 0, 2, t)l -< k2, j 3,4.

i= 1,2,

PROPERTY B. For each 6 > O, there exists an e > 0 such that for I1, I1, etc.,
and 2 < ,

=< 6(1 1 + I -1 + I 1 + I 1), i-- 1,2,

Ih(b, , , , 2, t) hj(tb, , /, (, 2, t)l

=< filch cbl + kl),(l ffl + I /I + I (I), j 3,4,

and k is a positive constant.
Let O(t, s) and 02(t, s) be the fundamental matrices

1Ol(t, S) -B2(t)Ol(t, s), Ol(t, t) I,

6)2(t, S) 1B,2(t)OE(t s) 02(t t) I
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Since B2(t is a stable matrix, the following bounds can be established [4], [12]"

IOl(t,s)l k exp [-v(t s)/2], 0 _<_ s __< __< T,
(3.o)

IOn(t, s)l _-< k exp [-v(s 0/2], 0 __< __< s _<_ T,

where k2 and v are positive constants.
Now consider (3.8) with auxiliary conditions

(3.11) co(0) a, re(T)= b, r/(0)= c, (T)= d.

Lemmas 4 and 5 are taken from Hadlock 6]. Necessary modifications are
made so as to conform with our problem. We remark here that the 2 factor on
the right side of the inequality (for h3 and h4) in Property B is the key factor which
leads us to the required modifications. (Note that (co, re, r/, ) here stand for
(re, p, r/, qS)in [6]).

LEMMA 4. There exist positive constants k and 1 such that if la], Ib], Icl, Id] and
2 are each <=el, then (3.8) and (3.11) has a solution for all t, 0 <= <= T, satisfying
the bounds

(3.12)

Ico(t)l k(lal-+-Ibl + lcl + ldl + ),

Ic(t)l k(lal + bl + lcl + 2ldl + ),

Ir/(t)l =< k(lal / Ibl / lcl / Icl exp [-vt/223 + 21dl /

IG(t)l _-< k(lal / Ibl / ,lcl / ldl / Idl exp E-v(Z- 0/223 /

Proof. A successive approximation method as in Lemma 4 of [6] can be
used. Successive iterates are defined by coo(t) 0, fro(t) 0, r/o(t) 0, o(t) 0,
and, for each integer >= 0,

coi +l(t) a -k- [D l(S)rh(S -+- D2(s)i(s) + h l(fli(S))] ds,

rc + (t) b + [O3(s)rli(s) -Jr- D,(s)i(s) + h2(i(s))] ds,

t/i + l(t) Ol(t, 0) -[- Ol(t s)h3(fli(s)) ds,

+ 1(0 02(t, T)d + - 02(t, s)h((s)) ds,

where to shorten notation, we have set

i(S) (col(S), TCi(S), i(S), i(S), t,, S).

Knowing the Properties A and B and the bounds on 01 and 02, (3.10), and using
the standard arguments, we find that the successive iterates are well-defined and
that there exists a 61 > 0 such that if lal, Ibl, Icl, Idl and 2 are each _-<e(61), the
sequence converges uniformly to a solution of (3.8) and (3.! 1). Also, the estimates
(3.12) follow from the iteration.
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LEMMA 5. Let (Co(t), ?c(t), O(t), (t)) and (do(t), ?c(t), O(t), (t)) be two different
solutions of (3.8) along with the auxiliary conditions (3.13) and (3.14) respectively,

(3.13) Co(0) a, (T)= b, 0(0)= ?, ((T)= ,
(3.14) do(0) a, (T)= b, 0(0)= , (T)= .
Then, there exist positive constants Ko and o such that whenever [al,
[l, Il and 2 are each <= o, the following estimates are satisfied"

IrNt) d(t)l __< KoR(18 81 + Id
I(t)- (t)l < Ko2(l 1 + I- 31),

(3.15)
[0(t)- 0(t)[ _-< Ko2(Ig el + I- 1) + Ko exp [-vt/22]lg

I(t)- (t)l-<_ go2(lO el / I- [) / Ko exp [-v(T- t)/22;[- [.

Proof. Again a successive approximation method can be used. Following
[6], we calculate the bounds on the ith iterates ICoi(t) doi(t)l, etc., and then show,
by choosing K0 and 6o properly, that the limits of these bounds, as --+ , yield
the estimates (3.15).

We will now calculate the parameters a, b, c and d such that the solution
(co, n, r/, () of (3.8) (in terms of the original variables (x*, p*, z*, q*)) satisfies (3.2)
along with the boundary conditions (3.4). Noting W2(0)= 0 and W3(T)= 0,
equations (3.7) and (3.11) imply

Thus,

(3.16)

x*(O) w(o)a,

a W l(0)x*(0)= O(2r),

p*(T) W4(T)b.

b W2 I(T)p*(T) O(2r).

Writing co(t) re(c, d, 2, t), etc., equations (3.7) and (3.11)imply

and

z*(0) c + e(o){(c, d, 2, 0) F l(0)a(2) Fz(0)n(c, d, 2, 0)

q*( T) d r(T)o(c, d, 2, T) F4( T)b(2),

r(t)= [,(t) r(t)
3(t) F(t)J

ap;5 (t)aPz(t)W(t).

where

Thus c and d are given by

c z*(O) E(o)(c, d, 2, O) + r,(O)a(2) + r2(o),(c, d, 2, O) g,(c, d, ),
(3.17)

d q*(T) + r’(T)o(c, d, 2, T) + F,(T)b(2)= (c, d, 2).

We need to show that c and d satisfying (3.17) are of 0(2). Let us make the
abbreviations

C
f2(c, d, 2)
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Lemma 5 and (3.17) imply

[f(, R)- f(, 2)1-<_ 2Ko([E(0)[ + IF2(0)[ -i-[F3(T)I)(lg [ + [- 1)
+ Ko[E(0)[ exp [- vT/22][d l[,

whenever [rz[, [z[ and 2 are all sufficiently small. This shows that f is a contraction
mapping for 2 sufficiently small. From (3.16) and Lemma 4, it follows that

(3.18) If(0, A)I O().

Using (3.1 8) and the triangle inequality, it is easy to show that f(c, 2) maps a domain
{cl [cl _-< e.} into itself for 2 sufficiently small. This shows that f has a unique

fixed point in . Let the fixed point be c*. Then we have

(3.19), Ic* n(0, A)I- In(c*, )- n(0, )1 _-< lc*l,

where is the contraction mapping constant. Now (3.18) and (3.19) imply

Ic*l _-< --In(0, )1 o().
1--

Thus when a, b, c and d are all of 0(2), Lemma 4 implies that (co, , r/, ) and hence
(x*, p*, z*, q*) are all of 0(2). This completes the proof of the theorem.

4. Example. Let
2 z + 2x2, x(0) Xo,

2= -x-z+u, z(0)=Zo,

and let the cost functional to be minimized be

J - (x2 + u2) dt.

Defining the Hamiltonian,

H --1/2(x2 -- u2) -+- p(z -+- /x2) -I- q(-x- z + u),

we obtain the necessary conditions for an optimal control,

(4.1)

The reduced problem,

2 z + 2x2, x(0) Xo,

D= x- 22xp + q, p(1)=0,

2 -x- z + q, z(0) zo,

20 -p + q, q(1) 0,

u=q.

20 Zo, Xo(0) Xo,

/50- Xo + Qo, Po(1)- 0,

0= -Xo-Zo+Qo,

0= -Po +Qo,

Uo Qo,
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has the solution

where

Xo(t) xo(a, exp [x/ t] + a2 exp [-x// t]),

No(t XO(a3 exp [x// t] a, exp [--x// t]),

Zo(t Po(t)- Xo(t),

Qo(t) Uo(t)= Po(t),

a),a
2

"3 2/( (/ + 1)a),

az 2,,( + + a),

a, (1 / (,,f 1)a),

as (1 + x/coth
The left boundary layer equations are

dml
dr m3 + 222Xml + 23m2’

dm2 2ml " m4 222(Pml + Xm2 + 2mlm2),

dm3 --)cm m3 + m4,

dm4

d
2m2 + m4.

The leading terms then satisfy

dmlo
d-c m3’

dm2o
dT, m4o,

dm3 o dm,o
dr -m3 + m4’ dr, --m4"

The auxiliary conditions are that m30(0) Zo Zo(0) and that the solution decays
exponentially. Thus

mlo(r) -(z0 Zo(0))exp [-

m30(’r) (z0 Zo(0)) exp [-

m2o(r =-- 0,

m4.o(Z O.

The initial condition for X1(0) is

X1(0)= -mlo(0)= Zo- Zo(0)=(1 + a)xo + zo.
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Analogously, the right boundary layer equations are

dnl 23
d n3 222Xnl n2’

d//2
do-

n4 q- 2,2(Pnl 4- Xn2 -}- 2nln2),

d//3
do- =2nl q-n

3 //4,

d//4
do-

2n2 n4.

These equations imply

no(o- n2o(o- n3o(o- n4o(o- 0,

so that PI(1) 0.
Applying the theorem, we conclude that the true solution of (4.1) within

0(2) for all t, 0 =< __< 1, is approximated by

(x)o Xo(t), (P)o Po(t), (Z)o Zo(t) + m3o(t/2), (U)o (q)o Qo(t)

We will now determine the next approximation. The first order terms of the
outer expansion are defined by

Z + X, P X + Q 2XoPo,

0 --X Z -- Q1 20, 0

and

X(0) (1 + as)xo + zo, P,(1) 0.

Thus

X,(t) 1 + (c2 + Xoa,t)exp [x/- t3 + (c3 x/ Xoa2t)exp[-,, t3
+ c4 exp [2xf t + c5 exp [-2w/ t,

P(t) c6 + (cv + x// Xoat) exp [x// t] + (ca + x// xoa4t) exp [-x// t]

+ c9 exp [2,,f t] + Co exp [-2xf
Zl(t Po(t) + P(t) (Xo(t) + X,(t)),

Q(t) Po(t) + P(t) + Xo(t),

where the c are constants which depend on xo and zo. Further, the first order
terms of the left boundary layer are given by

dm dm21
dr m31’ dz m41 if- ml’

dm31 dm41
dz m31 q- m41 ml’ dz m41 m2o



QUASI-LINEAR OPTIMAL SYSTEMS 591

with the auxiliary condition rr/31(0 -ZI(0). Thus,

m ll(z) (Z 1(0) + Zo(0 zo (zo Zo(0))z exp - :,
m2 l(r) (Zo Zo(0)) exp

m31(r) ((Zo Zo(O))z ZI(0))exp [-],

ma, l(z) 0.

This gives X2(0) -ml 1(0) -(Z(0) + Zo(0 Zo). Analogously, we find

nil(a) n3x(a) -1/2Ql(1)exp

nzl(a) n,l(a) -Q(1)exp [-al.

This gives P2(1) n21(0) Q 1(1).
Now applying the theorem, we conclude that the true solution of (4.1) within

0(22) for all t, 0 _< _<_ 1, is approximated by

(X)I Xo(t q- /Xl(t -F /mlo(t/2 -F /nlo((1 t)//),

(P)I Po(t) + 2Pl(t)+ 2mzo(t/2) + n2o((1

(Z)l Zo(t) + /Zl(t) + m30(t/)O + 2m31(t/2) + n30((1 t)/)O + 2n31((1 t)/).),

(q)l Qo(t) + 2Ql(t)+ m4o(t/2)+ 2m4,(t/2)+ n0((1 0/2) + 2n,((1 t)/2),

(R)I (q)l"

The higher order approximations can be determined in an analogous manner.
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CIRCLE CRITERIA FOR STABILITY IN HILBERT SPACE*

P. A. COOK,

Abstract. Sufficient conditions are obtained for the stability, in the L sense, ofdynamical systems
whose inputs and outputs are in Hilbert space. The conditions generalize the circle criterion for the
stability of feedback systems.

1. Introduction. This paper is concerned with the generalization of certain
already established stability criteria for feedback systems to a wider context. The
criteria in question are of the form of the "circle criterion" [1 for a closed-loop
system consisting of two components, one being linear and time-invariant while
the other can be nonlinear, time-dependent and even history-dependent, but has its
response confined within a certain sector. The stability criterion is there expressed
in terms of the behavior of the Nyquist plot of the linear, time-invariant part,
with respect to a disc in the complex plane corresponding to the limitations on the
response of the other component. Generalizations of this criterion have already
been made, by Rosenbrock [2] and the present author [3], to the case of multi-
input, multi-output systems in which the transfer-function matrix of the linear,
time-invariant part has rational elements; we are concerned here with a further
generalization to the case where the transfer-functions can be nonrational and the
input and output spaces can be infinite-dimensional (more specifically, Hilbert
space). There is thus a connection with the Hilbert space stability theory of
Freedman, Falb and Zames [43, but the present work is in one sense more, and in
another sense less, general than theirs; no assumption is made of normality or
approximability for the transfer-function operator of the linear, time-invariant
part, and more information about the nonlinear, time-dependent part can be util-
ized, but the discussion is confined to continuous-time systems, though this is
probably not essential. Since there is, in general, no finite-dimensional state
space, we work entirely in terms of the input and output variables.

The main results of the paper are embodied in Theorems 3-5, which generalize
the author’s previous work [3] on finite-dimensional systems.

2. Definitions and preliminaries..We begin by listing various definitions
used in the paper, and commenting on them where appropriate.

2.1. Linear spaces. H is a real separable Hilbert space, with inner product

(a,b)=(b,a)

and norm

a w/(a, a)

* Received by the editors July 24, 1973, and in revised form January 28, 1974.
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of Science and Technology, Manchester, United Kingdom. This work was supported by the Science
Research Council under Grant B/SR/8561.
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for a, b H. H is its complexiJication, with inner product

(a, b) (b, a)*

where * means complex conjugate, and norm

for a, b e Hc. With respect to an orthonormal basis {ej} of H, where j ranges over an
appropriate index set, an element a e H (H) is represented by a real (complex)
column vector

a- E@ [<ej,
L2(H) is the space of H-valued functions of time which are Lebesgue square-
integrable on (-c, c). With inner product

<u, v) <u(t), v(t)) dt

and norm

for u(. ), v(. LZ(H), it also is a real separable Hilbert space. For any u(. e L2(H)
and any real co, the Fourier transform fi(co), satisfying

(a, fi(co)) 1.i.m. (a, u(t)) exp (-icot) dt V a H,

exists and is in H, where "l.i.m." signifies "limit in the mean of order 2". Since
(a, u(t)) is real,

a, h(c0))* a, (-)) V a H, V real .
By Parseval’s and Plancherel’s Theorems [5], we have

(a, u(t)) 1.i.m. (a, ()) exp (icot) do V a H,

and

(u, v) 2re ((co), b(co)) dco

for u(. ), v(. )e L2(H).
For any real T, L.(H) denotes the subspace of L2(H) consisting of those

elements u(. which satisfy

u(t) O, <= T.

By a theorem of Paley and Wiener [5], u(. belongs to L(H) if and only if its
Fourier transform fi(co) is the boundary value of an H-valued function (s) of a
complex variable s in the sense that

(a, fi(co)) l.i.m. (a, fi(a + ico)) V a e H,
ergO+



CIRCLE CRITERIA 595

where (s) has the properties: (a, fi(s)) is holomorphic in Re s > 0, for all a e H;

(a,(s))* (a, fi(s*)) VaeH, VRes >0;

there exists real M such that

(a + exp (-2aT) a >i)l 2 dm M 0.

A further consequence of these properties, also established by Paley and Wiener
[5], is that (s)II is bounded by

II(s) aexp(-aT) VResa>0.

2L(H) is the union, taken over all real T, of the spaces L(H). It is thus in-
complete, but dense in LZ(H).

L(H) is the space of H-valued functions of t, defined on (-, ) and
Lebesgue square-integrable on (- , T), for all real T. Thus for any u(. e L(H),
the truncation ur(. ), defined by

u(t), T,
u(t)= O, > T,

is an element of LZ(H), for all real Z For u(. ), v(. L(H) and any real Z we define
the truncated inner product

2.2. Operators. An operator on a linear space V is a mapping of V into itself.
We shall use the following notations for particular operators.

The unit operator on any space is denoted by I.
The operators Pr and Sr on LZ(H) are defined, for real T, by

(Pru)(t) ur(t), (Sru)(t) u(t T),

where u(. L2(H).
Any bounded linear operator Q on H induces a linear operator on L2(H),

denoted by the same symbol and defined by

(Qu)(t) Qu(t),
where u(. L2(H).

An operator on any space will be called unbiased if and only if it maps the zero
element into itself.

An operator X on L2(H) will be called time-invariant if and only if it satisfies

XSr SrX VrealT.

An operator X on L2(H) will be called causal if and only if it satisfies

PrX PrXPr V real T.

Such an operator always has a unique extension to an operator on LZ(H), denoted
by the same symbol and defined by

(Xu)(t)
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where u(. ) LeZ(H), and the extension is still causal in the same sense.
An operator X on LZ(H) will be called anticausal if and only if it satisfies

XPr PrXPr V real T.

The class of bounded linear operators on a normed linear space V will be
called B(V). If V is a separable Hilbert space with inner product

<a, b> <b, a>*
the adjoint Q* of an operator Q in B(V), satisfying

<a, Q*b> <b, Qa>* V a, b e V

exists in B(V) and is unique. The norm of Q is

IIQ inf{M’llQa <=M a V aeV} Q*

With respect to an orthonormal basis {ej} of V, Q is represented by a matrix

Q [qjk] [(ej, Qek)].

A B(H)-valued operator function Z(s) of a complex variable s will be called
bounded holomorphic in a region (i.e., an open connected set) D of the complex
plane if and only if there exists real M such that

Z(s) <,M Vs e D,

and (a, Z(s)b) is holomorphic in D, for all a, b H.
The class of bounded, linear, time-invariant operators on L2(H) will be called

W.
A class W+ of operators on L2(H) is defined as follows. To an operator Z in

W+, there corresponds a B(H)-valued function Z(s), bounded holomorphic in
Re s > 0 and satisfying

(a, Z(s)b)* <a, Z(s*)b) Va, b H, V Re s > 0.

Then, for u(. )e Lr(H) and a e H, (a, Z(s)fi(s)> is holomorphic in Re s > 0, by
Vitali’s and Weierstrass’ theorems [6], since, by introducing an orthonormal
basis, we can construct a sequence of approximants, holomorphic and uniformly
bounded in Re s > r for any a > 0, converging to <a, Z(s)(s))exp (sT) for all
Re s > 0. Moreover,

(a, Z(s)t(s))* (a, Z(s*)t(s*)) Va H, V Re s > 0,

and there exists real M such that

[Z(r + ico)fi(r + ico) =< exp (-2aT) > O,2 M

so that Z(s)fi(s) has the property that its boundary value as Re s 0 is the Fourier
transform of an element of L(H). This element is defined to be Zu(. ), and so Z
is defined on L2(H) and may be extended by continuity to operate on L2(H).
By construction, such an operator is bounded, linear, time-invariant and causal,
so that W+ is a subclass of W and each member of W+ has a unique causal extension
to an operator on L2e(H). Also, by a similar construction of approximants, we can
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show that the product of two B(HC)-valued functions, which are bounded holo-
morphic in a given region, is bounded holomorphic in the same region, and hence
that the product of two operators in W+ is in W+.

The subclass of operators in W whose adjoints are in W+ is called W_.
Operators in W_ are anticausal, since, for Z in W+,

Z*Pr (PrZ)* (PrZPr)* PrZ*Pr V real T.

An operator Z in W+ is called invertible in W+ if and only if it has a unique
inverse Z in W+, i.e., Z(s) has a B(HC)-valued inverse Z(s), bounded holomorphic in
Re s > 0. The extension of such a Z to an operator on LZ(H) has an inverse (the
extension of 2) which is unique since, otherwise, there exists u(. LZ(H) such that

Zu=_ O,

and then, for any v(. )e LZ(H) and any real T,

(u, v) (u,
(Zu,
(Zur, 2*vr)r
(Zu, 2*Vr)r
O,

whence
u=0.

2.3. Relations. A relation on a linear space V is a subset of the product space
V x V. If R is a relation and a, b are elements of V, we shall use the notations

(a, b) e R,

b Ra,
a=R-b,

(b, a) e R-

to mean the same thing. Thus the inverse R- is always defined. An operator on V
automatically defines a relation on V, denoted by the same symbol.

The gain of a relation R on L2(H) is defined by

]lel] inf {M:]lVTl] <--_ MIIUTII, V(u,v) ee, V real r}.
Such a relation is called finite-gain if and only if

A relation R on L2e(H) is called positive if and only if

(ur,vr)>O V(u,v) eR, Vrealr,

and strongly positive if and only if there exists > 0 such that

(ur, vr) >= 6[[url[ 2 V (u, v)e R, V real r.
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3. Stability criteria. The feedback system to be considered is described by
the equations

u=v-Fy,
(S) y z + Gu,
where v, z are elements of LZ(H), u, y are elements of LZe(H), and F, G are unbiased
causal operators on LZ(H) (and consequently also on LZe(H)). The system (S) will be
called stable if and only if any solution of(S) has u, y s LZ(H) and there exists real M,
independent of v and z, such that

max (11 u II, Ilyll) -<_ M max

for every solution of (S).
We now have the following stability theorem, which is an adaptation to our

purpose of standard results [1],[4].
THEOREM 1. Let K, L, Q be operators in B(H), such that I- KL, I- LK

and Q have inverses in B(H).
Then, if the relations Q(F- K)(I- LF)-1 and Q*(G + L)(I + KG)- are

both strongly positive, or if one of them is strongly positive and finite-gain while the
other is positive, the system (S) is stable.

Proof Define w, x LZ(H) by
w u + K(y- z),
x y + L(u v),

so that (S) gives

whence

and so

(x, Qw)T

w=(I + KG)u= v- Kz-(F- K)y,

x (I LF)y z Lv + (G + L)u,

w v- Kz -(F K)(I LF)-IX,
x z- Lv +(G + L)(I + KG)-lw,

(x, Q(v- Kz))T (x, Q(F- K)(I LF)-’X)T
(w, Q*X)T (w, Q*(z Lv)) T + (w, Q*(G + L)(I + KG)-1W)T

for all real T. Hence the conditions of the theorem imply that there exist

6v>0, 6>0, with6v+6>0,
such that

2 2 < O*x (v-Kz)r + Qwr (z-Lv)r(
F XT -ll- 6G WT T

while, if fiv 0, there exists ts >__ 0 such that

and, similarly, if 6s 0, there exists/tv >_- 0 such that

[IQWTI < Q(v-Kz)rll +v xr
In any of these cases, it then follows that there exists real # such that

max(llwr xr <= g max vr Izrll) VrealT,
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and hence, since
u- v= (I KL)-I[w v- K(x z)],
y z (l LK)-l[x z L(w v)],

there exists real M such that

max(]lur[[, ]yr]]) __< M max (1 vrl[, [Izr[]) V real T.

Thus the conditions for stability of (S) are fulfilled. Q.E.D.
Subsequently, we shall take K, L to be certain symmetric operators, and set

Q (I KL)-so that

Q* (I LK)-1.
Also, we shall take G to be in W+ and make use of the following lemma, which is a
straightforward generalization of a standard type of result [2].

LEMMA 2. Let Z be an operator in W+, with

sup IIZ(s) < .
Res>O

Then, the operator

(I 4- Z)(I Z) -1

is in W+ and is strongly positive.

Proof Since the operator function Z(s) is bounded holomorphic in Re s > O,
with

sup Z(s)]] < 1,
Res>O

we can construct the sequence of approximants

Z,(s) I 4- Z(s),
r-----1

which converges in the norm and hence defines the operator [I- Z(s)]- in

B(H), for all Re s > 0, since B(H) is complete in its norm topology. Further, for any
a, b Hc, the sequence of approximants (a, Z,(s)b) is holomorphic and uniformly
bounded in Re s > 0, whence, by Vitali’s and Weierstrass’ theorems
[I Z(s)]-b) is holomorphic in Re s > O, and also

sup [I Z(s)]-][ < [1 sup ItZ(s)ll]-I <
Rex> 0 Rex> 0

so that [I Z(s)]-1 is bounded holomorphic in Re s > 0 and hence (I Z)-
is in W+.

Now, for any u(. LZ(H),
(u, (I + Z)(I- Z)-

[(u,(I + Z)(I- Z) u) + (u,(I-Z*) 1(1+ Z*)u)]

1/2((I Z)-lu, [(I Z*)(I 4- Z) 4- (I 4- Z*)(l Z)](I Z)-

((I Z)-u, (I Z*Z)(I Z)-

11(I Z)- u 12(1 ]]ZI] 2)
-(1- Ilzll)tlull2/(1 + t[zl),
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and so (I + Z)(I- Z)-1 is strongly positive since

Zll =< sup Z(s) < 1. Q.E.D.
Res> O

From now on, we work with a fixed representation, taken with respect to
an orthonormal basis {ej} of H, where the indexj is an integer, ranging from to m
ifH has finite dimension m and over the positive integers ifH has infinite dimension.
Summations over j will be assumed to be unrestricted unless otherwise indicated.

Now, suppose Z(s) is a B(HC)-valued function, defined and uniformly bounded
in norm in a region D of the complex s-plane. Then, if Z(s) is bounded holo-
morphic in D, all its matrix elements zjk( are holomorphic in D, by definition.
Conversely, if all the zj,(s) are holomorphic in D, then, for any a, b Hc, we can
construct the sequence of approximants

ayzj,(s)b, n positive integer,
j=l k=l

which are holomorphic and uniformly bounded in D and converge to <a, Z(s)b>,
which is thus holomorphic in D, by Vitali’s and Weierstrass’ theorems [6], and
hence Z(s) is bounded holomorphic in D. Thus, an operator in W+ is now repre-
sented by a matrix function Z(s) whose elements are holomorphic in Re s > 0 and
satisfy

z,(s)* z,(s*) Vj, k, V Re s > 0,

sup IlZ(s)ll < oo.
Res>O

We shall take G to be in W+, and set

K=A,
L= B-1,

where A, B are operators in B(H) which are diagonal in the representation we are
using, i.e., represented by matrices

A diag (aj),
B diag (j),

with

inf ._.lfll > 0

so that B- is in B(H). For real a, 2 > 0, we define the contour C(r, 2) in the s-plane
as the boundary of the rectangle with vertices [a +__ i, 2 +_ i2]. We then derive
stability criteria involving the behavior of the elements gj(s) of the matrix function
G(s), which represents G, as s goes round the contours C(a, F2).

THEOREM 3. Suppose

in.f oj > 0, in.f flj > 0, in.f (o]- fl]- 1) > 0,
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and that there exist real , ao, fo > 0 such that,for all a (0, ao) and f > fo andfor
each value ofj, gjj(s) does not encircle -1/2 (z-f + fl-f 1) as s goes round C(a, ) and
also

[gjk(S)[ .qt_ [gkj(S)[ -(0; ; 1)(1 -- )[gjj(S) q- -(0; Av fl; )[ Z
k( g: j) 2

for all s on C(a, 1).
Then, (I- B-1A)-I(G + B-1)(i + AG)-1 is strongly positive and finite-

gain.

Proof Define

A -1 + B -1

(R)
2

diag (0),

(I)
2

diag (b),

(I)1/2 diag (+ x/j),
all of which, together with their inverses, are in B(H). By Theorem A4 of the
Appendix, identifying Z(s) -1 + 11](I)-1/2, ,j j, the operator Z is
invertible in W+ and

sup 112(s)ll-5 (1 + e) -1 < 1,
Res> 0

whence, by Lemma 2, there exists in W+ the strongly positive operator

A- ltD- 1/211 (I)1/2(G -+- 0)- 101/2] [I + O1/2(G -t- l})- 101/2- 10-1/2A-
A-I[I O(G + (R))-1][1 +O(G + (R))-1]-1A-1
A-10-I(G + B-1)(G + A-1)-IA -1

2(I B- 1A)- I(G + B- 1)(1 + AG)- 1. Q.E.D.

THEOREM 4. Suppose

inf (flj o) > 0,

and that G(s) has an inverse G(s) in B(Hc) for all Re s > 0, with the properties"
there exist real e, ao, fo > 0 such that for all a (0, ao) and f > o and for each
value ofj, ,(s) does not encircle -5,(z + fl) as s goes round C(a, f),

I(s) + ( + fl)l- I,(s)l + I(s)l >,
2 -(,B x./)(1 + e)

k( g: j)

for all s on C(a, 1), and also there exists real M(a, f) such that G(s)ll
for all s on C(a, 1).

Then, (I- B-1A)- I(G + B-1)(I + AG)-1 is strongly positive and finite-
gain.
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Proof. Define

A+B
F

2
diag (7),

B-A
A

2
diag

A1/2 diag (+

so that A, A 1/2 are in B(H), together with their inverses. By Theorem A.4, identifying
Z(s) A-1/[((s) + F]A-1/2, 2j , there exists an operator 2 in W+ with
the properties

A- 1/22A- 1/2(1 + FG) G
and

sup 12(s) __< (1 + )-1 < 1,
Res> 0

whence, by Lemma 2, there exists in W+ the strongly positive operator

A- /2(I + 2)(1 Z)- A-1/2

A- 1(1 / A1/22A 1/2)(i A1/22A-1/2)-
A-1(1 + FG + AG)(I + FG AG)-I

--A-1(1 / BG)(I / AG)-1

2(1- B-IA)-I(G + B-I)(/ + AG) -1. Q.E.D.

THEOREM 4’. Suppose

inf (oj + fir) > 0, sup () < 0,

and that there exist real -’., ao fo > 0 such thatjbr all a e (0, o) and f > fo, G(s) has
an inverse a(s) in B(Hc) for all s on C(a, ), and also, for each value ofj,

I(s) 4- (j 4-/)1- I(s)l 4-I(s)l
_

1/2(/j j)(1 / e),
2k(u:j)

for all s on C(a, f).
Then, (I B- 1A)- I(G / B- 1)(i / AG)- is strongly positive andfinite-gain.
Proof Since the conditions of the theorem remain valid with fir replaced by- for each j, consider first the case B -A. Then for all a e (0, %) and > 0,

[I(- A)1/26(s)(- A) 1/2 <__ (1 + e)-i < Vs on C(a,)),

by Theorem A.2 of the Appendix, where

(- A)1/2 diag (+ v/- 0),
and hence, by Lemma A.3 of the Appendix,

sup II(-A)I/2G(s)(-A)’/2II < 1,
Res>0
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so that, for any operator in B(H) of the form

where, for each j,

T diag

the operator (I + G)- exists in W+.
By a finite number of successive steps of this kind, we can show that the

operator I + (A + B)G/2] -1 exists in W+, and the proof then proceeds as in
Theorem 4. Q.E.D.

We can now combine the above results to give more explicit stability criteria.
We take the operator F to be of the following form" for some decomposition of H
into the direct sum of real Hilbert spaces Hr, each spanned by a subset Sr of {ej},
where r ranges over some index set, F is the direct sum of unbiased casual operators
F on LZ(H), and, for each r, there exist real G, b, with

such that

b > ar,

(by Fy, F,y GY) >= 0 Vy(. ) L2(H).
We then have the following theorem.

THEOREM 5. Suppose that, with the identifications

a for each j with ejfl=b)
the conditions of one of Theorems 3, 4, 4’ hold.

Then, the system (S) is stable.
Proof For any x e L2(H,),

identifying

(x, (F GI)(bI F)- ix)

((bfl F)y, (Fr aft)y)

>=0,

y (bfl F.)-ix,
and hence the relation

(I AB-1)-I(F A)(I B-1F)-1 B(B A)-I(F A)(B F)-1B
is positive, so that the conditions of Theorem are satisfied. Q.E.D.

4. Comments and examples. The stability criteria derived above depend on
the behavior of G(s) or G(s) on C(a, 92) for sufficiently small a and large f2. In practice,
continuity properties as a 0 will usually justify restricting our attention to the
imaginary axis together with a large return contour in the right-half-plane. Further,
in the case of G(s) (though probably not G(s)), the elements will usually vanish
fast enough as Is] with Re s > 0 to enable this part of the contour to be
ignored.
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Theorems 3, 4 and 4’ generalize results already obtained by the author [3]
for the case that H is finite-dimensional and the matrix elements of G(s) are rational
functions of s. For the criterion based on the behavior of the elements of G(s),
Theorem 3 gives an essentially complete generalization. For the criterion based on
the elements of ((s), Theorems 4 and 4’ provide partial generalizations, the diffi-
culty in obtaining a complete one being due to the possible infinite dimension of
H, not to the irrationality of the transfer functions; the proofs in the finite-dimen-
sional case involve determinants, which infinite matrices do not generally have.
The criteria given here by no means exhaust the list of those which can be derived
along the same lines. For example, there are analogues of Theorem 3, for other
values of the e’s and/’s, in which the elements of G(s) have to satisfy different
constraints, which can be derived from known bounds for the norm of a B(HC)
valued operator; they have been omitted because of their more complicated nature
than those given. More interesting would be.still further generalizations allowing
the consideration of unbounded operators, but this has not yet been achieved.

Finally, we illustrate the possible use of our stability criteria with the following
examples.

Example 1. Let H be the space of LZ-functions of a real variable 0 on [0,
Suppressing the input variables v, z, let the system (S) be given by

c3y c32y
+ 2- -/x- (1 + 26cosO)u,

u -N(y),

where ,,/, 6 are real positive constants, N(. is a function satisfying

[N(y) ay] by N(y)] >= 0

for some real a, b, with

0<a<b,

and y(O, t) is subject to the constraint

y(0, t) y(, t) 0 V t.

Then, taking the orthonormal basis {x/ sin jO)} and Laplace transforming,
we have

(S2 -]- S -’[- ]2j2) j(S) Ij(S) -’]" (Elj-1 (S) -[- lj +1 (S)]

for all positive integers j, with the understanding o 0. Thus, G(s) has the matrix
elements

g(s)

1/(s2 +s +/j2), k=j,

(/(S2 - /S - ]./j2), j +___ 1,

O, otherwise,
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and we can determine the stability of the system by drawing, for each j, the Nyquist
plot of 1/(]j2 (D2 AI-- i20)), surrounding each point by a circle of radius

6[-1/ip_ 0)2 -4- i0)] + 1/]4p- 0)
2 -Jr- iA,0)l]/2, j 1,

0)2 + i0)1 + 1/2ll2(.j -+- 1) 2 0)z + i2col + 1/2l(j 1)2 0)2 _+_

j>l,

and examining whether or not the bands swept out by these circles, as co goes
from oe to o, encircle or intersect the critical disc on [- l/a, 1/b] as diameter.
In view of the rapid decrease for large j, only the first few bands will need to be
drawn in practice. If the bands do not encircle the critical disc, and remain outside
it by a margin e, > 0, the system is stable.

Example 2. Let 0 be a real variable defined modulo 2rt, and H be the space ofLz-
functions of 0 on [-z, zr]. Suppressing the input variables, let the system (S) be
given by- + 2 + v y(O, t) + sgn (0 mod 2z)y(O’, t) dO’ u(O, t)

u -N(y),

where 2, v, 7 are real positive constants and N(. is a function satisfying

IN(y)I _-< blyl

for some real b.
Taking the orthonormal basis {ej} defined by

ej (1/x/) cos (j 1)0/2, j odd > 1,

(1/x/) sin jO/2, j even,

and Laplace transforming, we find

(s) d(s)y(s),

where ((s) has the matrix elements

S
2

-1
t. S -[- V,

;,,(s)
/n,

-7/n,

O,

k--j,

j=2n, k=2n+ 1,

j=2n+ 1, k=2n,

otherwise.

n odd,

n odd,

We now determine stability by drawing the Nyquist plot of v2 0)2 _[_ i22) and
surrounding each point by circles of radii 7/n, for all odd positive integers n.
Clearly only the circle for n needs to be drawn, in fact. Then, if the band thus
swept out as 0) goes from o to oe avoids the disc, radius b, centered on the origin,
by a margin e, > 0, the system is stable.
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Appendix. Here we collect some theorems about matrices, used in the text.
The matrices may be finite or infinite;in the latter case, they are bounded operators
on /2, the space of complex column vectors whose elements form absolutely
square-summable sequences. We use the symbol 2 to denote inverse, the norm

Q[I sup. Qxl sup ly*Qxl,
II/ll Ilxl[--Ilyll

where * means Hermitian adjoint, and the numerical radius

w(Q) =_ sup

Of the results given here, Theorem A.1 is a simple generalization of known
results [7]; Theorem A.2 generalizes a result previously given by the author
for finite matrices; Lemma A.3 is an elementary consequence of the maximum-
modulus theorem; Theorem A.4 is believed to be new. We remark that Theorems
A.1 and A.2, at least, generalize further to the case of partitioned matrices, with
appropriate replacement of moduli of elements by spectral norms of blocks,
and would lead to similar generalizations of the stability criteria in the text if the
required analyticity properties could be established; this, however, seems difficult
in general, unless the matrices are finite, and so, as the corresponding generaliza-
tions seem rather weak in practice, we have omitted them.

THEOREM A.1. Let Q [qjk], and let there be real pi > 0 such that

Then
k #k(.[qJk[ -[- [qkJ[) (2

Proof. For any x [xfl e 12,
w(Q) <= 1.

whence

v j,

X 2

w(Q)= sup x*Qx <= 1.

THEOREM A.2. Let Z [Zjk], with

Z <o

and let there be real 2 > 0 such that

j) 2

Q.E.D.
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Then exists, with

211 <

Proof. Define the diagonal unitary matrix

U diag

and let

so that

and

Then for any x [xj] 2,

and so

Z*v Evs] =-(u*z + u)

V*=V

zx IIx Ix* U*Zxl
>= Re (x* U *Zx)

x* Vx

Thus,

and similarly,

whence 2 exists [81, and

inf IlZxl

inf IZ*xll 1,
Ilxll--

IZ--1/ inf IlZx

=< 1. Q.E.D.
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LEMMA A.3. Let Q(s) [q.ik(S)], where s is a complex variable. Let C denote a
simple closed Jordan curve, bounding a region R in the complex plane, and suppose
that qjk(S) is holomorphic in R and continuous in R U C, for all j, k, and that
O(s) < , for all s R.

Then,

sup w(Q(s)) sup w(Q(s))
sR sC

and

sup IlQ(s)l sup Q(s)l
sR sC

Proof. Let E denote the set of all nonvanishing x [x] with only a finite
number of nonzero elements. Then, for x, y E, y*Q(s)x is holomorphic in R and
continuous in R, so that, by the maximum-modulus theorem, [y*Q(s)x[ attains its
supremum over R on C.

But, E is dense in e, so we have

Ix*Q(s)xl
w(Q(s)) sup,

xeE X

ly*Q(s)xl
Q(s) sup

x,y Yl
and the results follow. Q.E.D.

THV,OREM A.4. Let Z(s)= [Z2k(S)], where s is a complex ariable. For real
a, f > O, let R (a, f) denote the interior of the rectangle with vertices
(1 i)f], R(a, ) its closure, C(a, f) its boundary. Suppose Z2k(S is holomorphic in
Re s > 0, and there exist ao, fo > 0 such that, for all f > fo and all a (0, ao)"
there exists real M(a, ) > 0 such that liT(s) <= M(a, f) for all s on C(a, fl); there
exists real 2 > 0 such that

[Zjj(S)[
k( g:j)Z ’k [’IZjk(S)[ -[- [Zkj(S)’I V s on C(a, f), V j

zjj(s) does not encircle the origin as s goes round C(a, ))for allj.
Then, Z(s) exists, all its elements being holomorphic in Re s > O, and

12(s) V Re s > O.

Proof. Since zjj(s) is holomorphic in Re s > 0 and fails to encircle the origin
as s goes round, C(a, ), for sufficiently small a and large , it has no zeros in
Re s > 0 and hence we can define a square root

() /z()
which is holomorphic in Re s > 0 and satisfies

=< I(s)l < viM(a, ) V s ,(a, ), Mj,

for each > o and a e (0, ao), by the maximum-modulus theorem.



CIRCLE CRITERIA 609

Next, we define Q(s) [qjk(s)] by

qjt,(s) -f ’(s)zj,(s) I(S),

qii(s) O,

so that

where

Z(s) E(s)[I + Q(s)]E(s),

Then, setting

E(s) diag (j(s)).

we have for each f > fo and a e (0, ao),

(s)P(s) ["q(s)’ + ’q(s)’l <
so that, by Theorem A.1,

M(a, f)
Vs on C(a, f), Vj,

w(Q(s)) <= v s on C(a, ),
M(a,

and hence, by Lemma A.3,

w(Q(s)) <= s R(a, f).
M(a,

Since the numerical radius is an upper bound for the spectral radius [9], p(Q(s)),
it follows that

p(Q(s)) < VRes >0,

and hence, for each s in Re s > O, [I + Q(s)]- exists and is bounded. Thus, there
also exists

2(s) E-’(s)[I + Q(s)]-’E-I(S),

with

IZ(s) < VRes>0.

Moreover, if Z(s) has finite dimension m x m,

Idet[I+Q(s)]l__>ll-p(Q(s))l’>0 VRes>0,

so that all the elements of Z(s) are holomorphic in Re s > 0.
If Z(s) has infinite dimension, we construct the sequence of approximants

Z")(s) [z,)(s)], defined, for integer n > 0, by

zj(s), k <= n,
(n)Z jk(S Zjj(S), j= k > n,

O, j:/=k>n,
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so that, by the same argument as for 2(s), 2(")(s) exists, with

[2(")(s)l[ < oe, VRes > 0, Vn,

Moreover, the elements of 2,(")(s) are finite sums of finite products of elements of
Z(s), inverses ofdiagonal elements of Z(s), and elements of the inverse of the leading
principal n x n submatrix of Z(s), and are consequently holomorphic in Re s > 0
for all n. Hence, for each f > fo and a (0, a0),

sup 2(")(s) sup 2(")(s) <_ 1, V n,
seK(a,) seC(a,)

by Lemma A.3 and Theorem A.2, so that

]")(s)[] =< VRes>0, Vn.

Further, for any x [x] e 2,

II[Z(s) z"(s)]xll o asn---,ov VRes>0,

and so, for any x [xj] and y [yj] with [[xl[ [yl[ 1,

[y*[2("(s)- 2(s)]x[ [y*2(’(s)[Z(s)- Z(’(s)]2(s)x[

=< [z(s) z("(s)]2(s)x
0 asnoe VRes>O.

Thus, for each element of Z(s), we have a sequence of approximants, holomorphic
and uniformly bounded in Re s > 0, convergent for each s in Re s > 0, whence,
by Vitali’s and Weierstrass’ theorems [6], the elements of 2,(s) are holomorphic
inRes > 0.

Hence, by the same argument as for 2(")(s)ll,
2(s)]l < VRes>0. Q.E.D.
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CHARACTERIZATION OF THE CONTROLLED STATES IN Wtz)
OF LINEAR HEREDITARY SYSTEMS*

H. T. BANKS,- MARC Q. JACOBS AND C. E. LANGENHOP

Abstract. The question of controlling a linear retarded functional differential equation from an
initial function to a terminal function, both functions belonging to the Sobolev space W1), is con-
sidered. Necessary and sufficient conditions for full controllability in this function space are derived.
These conditions result in computable algebraic criteria. Null controllability in function space is also
investigated and conditions that are necessary and sufficient are obtained. In the absence of full con-
trollability, methods for characterizing the attainable set in W1) are discussed in detail along with a
number of illustrative examples.

1. Introduction. The main purpose of this paper is to examine some
fundamental questions concerning the controllability of linear functional dif-
ferential equations of retarded type. These equations take the form

(1.1) (t, x3 + ,(t)u(t)

in Hale’s notation [12]. Weiss [30] and Gabasov and Kirillova were among the
early investigators of the controllability of systems of the above form. An account
of Gabasov and Kirillova’s work is now available in a research monograph [9].
We will not go into a detailed review of previous work on controllability of
functional differential equations (FDEs) since Banks’ survey paper [2] is still
reasonably current.

Our point of view throughout is that of controlling the true states, xt, of
(1.1). Since the states xt are functions, the questions must be framed in compatible
state and control function spaces. We have elected to use L2 as the class of ad-
missible controllers and the Sobolev space W21) as the state space. This has
proved successful in [4], [17]. Loosely speaking, the compatibility of the state
and control function spaces means that if the set of admissible controllers is the
space Lp, then a natural state space is W1), __< p _< oe. Failure to acknowledge
this explains why some others have only obtained density results (e.g., see [31])
or approximate controllability.

Theorem 3.1 completely characterizes systems (1.1) which are controllable
on an interval [to, t] (see the definition in 2). When the theorem is specialized
to the case where B is a constant n x m matrix, we obtain that (1.1) is controllable
on [to, t], if and only if B has rank n. Thus the controllability is purely algebraic
and within the limitations of the definition (see 2, t > to + h) is independent
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of the interval [to, l]. This result is somewhat negative in that it shows that
controllability imposes limitations on (1.1) which are too severe to cover many of
the applications. That rank B n implies system (1.1) is controllable is well
known [4], [9], [17], whereas the converse extends Lemma 3.1 of [17]. In fact,
the integrability condition in that lemma (for the case when B depends on t) is
inadequate to assure the stated conclusion. Rather, hypothesis (H3) in 2 of the
present paper is what is needed.

Our interest in controllability stems primarily from the fundamental role it
plays in the resolution of a number of difficulties encountered in solving optimum
settling problems [2], [3], [4], [16], [17]. As noted in [4], the negative aspects of
Theorem 3.1 can be ameliorated by a more precise identification of the state
space of (1.1). In that paper it was shown in the closure lemma that a certain
closed subspace of Wt21) was the appropriate state space in which to apply the
various optimization tools of functional analysis. Thus the main object of our
study will be the attainable set of system (1.1) with unlimited control. This is
important even if the underlying optimization problem has control constraints.
The chief thrust of the present paper is to obtain effective computable criteria for
characterizing the attainable set of the controlled process (1.1).

In Theorem 3.3, where it is shown that (H2) and (H3) imply closedness of the
attainable sets, we sharpen the closure lemma obtained in [4]. Example 3.3 shows
that assumption (H2) cannot be eliminated. Theorem 3.2 establishes the connection
between the closure of the attainable sets and null controllability, and Corollary
3.2 effectively identifies the null controllable processes.

In 4 it is shown how the attainable set can be determined by using the
Fredholm alternative. When these results are applied to systems satisfying (H1),
(H2) and (H3) of 2, Theorem 4.1 shows that the attainable set for (1.1) coincides
with the trajectory set of an ordinary linear differential equation. This theorem
and the Fredholm alternative are then used to give a simple means for computing
the attainable set.

In 5 and 6 we generalize results recently obtained by Minjuk [25]. The
analysis is given for neutral systems of the form

(1.2) c(t) A_ xc(t- h) + Aox(t + A lX(t- h) + Bu(t),

which are not covered by the model (1.1). The conclusions for neutral processes
are obtained at no extra expense and so are included here for completeness. In
contrast, a number of results in 3 and 4 differ substantially in the neutral case;
see, for example, Theorem 3.1 and Example 6.1. A paper will soon be forthcoming
treating those aspects of the controllability of neutral systems which differ sub-
stantially from the retarded case. In Theorem 5.2 the attainable set /(0, t, 0) is
implicitly defined as the set of solutions of a simplified boundary value problem
involving only point data. In 6 methods are given for using this reduction to
explicitly determine the attainable set for (1.2). Here we also apply Theorem 5.2
to show that if A_ 0, A is nonsingular and B is n x 1, then any initial state
for (1.2) at 0 which can be controlled to the zero state by some > nh can
be controlled to the zero state by an arbitrary 1 > nh.

A number of examples are presented throughout the paper.
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Some authors [5], [6] have suggested that it might be profitable to transform
systems such as (1.1) into an abstract evolution equation prior to studying these
systems. There is, of course, the question of computational effectiveness. But
more important from a theoretical viewpoint with regard to optimal control of
systems (1.1) to function space targets [3], [4], [17] is that such an approach can
at most yield approximate controllability or density regults (cf. [19], [29]). In
[5], [6] the state space is R" x L2 and the solution operator for (1.1) is compact.
It is a well-known fact [27, p. 104] that if K is a compact linear operator from one
B-space to another with range K closed, then the range of K is finite-dimensional.

2. Basic notation and definitions. The symbol L2([, fl], Rp) denotes the
usual Hilbert space of square integrable" functions from [e, fl] into Rp [8]. In
all statements where measures are needed, Lebesgue measure is understood un-
less we explicitly state otherwise. We use W(21)([e, fl], R’) to denote the Sobolev
space consisting of all absolutely continuous functions x:[e, fl] R with the
property that 2(t) (dx/dt)(t) belongs to L2([0 fl], RP). The space Wzl)([e, fl],
Rp) is a Hilbert space with inner product defined by

(2.1) (x, y) =_ (x(e), y()) + (2(t),.P(t)) dt,

for x, y e Wz)([e, fl], R’), where the angle brackets on the right-hand side of (2.1)
represent the usual inner product in R’ (vectors in R’ are written as p x
matrices). If T is a linear mapping, then Im T and ker T will be used respectively
for the image (range) and kernel (null space) of the transformation. The adjoint
of the transformation T is represented by T*;in case T is a matrix T* is the
transposed matrix. If S is a subset of a Hilbert space H, then S+/- denotes the
orthogonal complement of S [8, p. 249].

The symbol 5pq will be used for the collection of all real p x q matrices with
a suitable matrix norm.

Let h > 0 be given. For functions x:[to h, t] ---, R" and e [to, tl], we use

xt to denote the function on [-h, 0] defined by

(2.2) x,(O) x(t + 0), -h <__ 0 <= O.

We shall consider systems of linear functional differential equations of retarded
type having the form

(2.3) 2(t) L(t, x,) + B(t)u(t),

where B(t) ,,,, - B(t) is continuous, and for each fixed e R the linear oper-
ator b L(t, ok), ck e W2)([ h, 0], e") has the form

(2.4)
o

L(t, 4) a0,(t, 0)4(0).
-h

Here the integral is in the Lebesgue-Stieltjes sense and (t, O) rl(t, 0), (t, O) e R x R,
is a mapping with values in ,,. We further assume that - r/(t, 0), e R, is con-
tinuous for each fixed 0 e I-h, 0] and 0-- r/(t, 0) is of bounded variation on
[-h, 0] for each fixed e R. Moreover,

r/(t, 0) 0, 0 -> 0, q(t, 0) r/(t,- h), 0 =< -h,
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and 0-- r/(t, O)is left continuous on (-h,O). The variation function satisfies the
inequality

var0R rl(t, O) <= p(t), e R,

where p(t) is locally integrable on R.
The most important special case of (2.3) known to be useful in the appli-

cations is when

(2.5) L(t, d])) Z A i(t)dD(- hi) + A(t, O)ck(O) dO
i=0

for b e W 21)([ h, 0], R") and

(2.6) ho=0<hl <h2 < <hN<=h.
In (2.5) we shall always assume that A i, A(., 0) for fixed 0 e [- h, 0], 0, 1, ..., N,
are continuous mappings of R into 5(’,,, and for fixed R, A(t,. is integrable on
I-h, 0]. Such systems do, of course, fulfill the requirements in [1] and [12,
pp. 80-81].

If to, are given real numbers, and q5 W2 7([_ h, 0], R"), u Lz([to, l] ,R’),
then there is a unique absolutely continuous function x(., to, qS, u) x’[to h, 1]

R" satisfying (2.3) a.e. on [to, l and the initial condition

(2.7) X,o

Moreover, xt(., to, d?, u)e Wzl)([-h, 0], R") for e [to, tl]. When the initial time

to is understood it will be suppressed in the above notation. The attainable set
for system (2.3) is defined by the following equation:

(to, tl, alp) {Xt,(. to, if), U)lU L2([to, tl], Rm)},

where > to and 4 e W(21)([- h, 0], R").
System (2.3) will be called controllable (respectively, Euclidean controllable)

on the interval [to, tl if for each 05, 6 W21)([- h, 0], R") (resp., 4 W21 )([- h, 0-1, R"),
eR") there is a controller u6L2([to, tl],R" such that x,,(.,to, C/),u
(respectively, x(t to, qS, u) ). System (2.3) is called null controllable (respectively,
Euclidean null controllable) on [to, 1] if the conditions of the preceding definitions
can be met with _= 0 (respectively, 0). The qualifying phrase "on the
interval [to, 3" will be dropped in the two definitions of types of controllability
to functions when the kind of controllability obtains on every interval [-to, tl with
> o + h. Similarly, dropping the qualifying phrase "on the interval [to, l]"

when referring to the two types of Euclidean controllability signifies that the
condition holds for every interval [to, l], > o.

Let X(t,s) be the fundamental matrix for the homogeneous equation
c(t) L(t, xt). That is, X(t, s) is the n x n matrix solution [1] to

(2.8) X(t, s) + X(t, a)rl(a, s ) da I
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for s <_ t, and

(2.9) X(t, s) O, s> and X(t, t) I,

where I is the n x n identity matrix. Then we have

(2.10) x(t, to, , u) x(t, to, el,, O) + x(t, s)t3(s)u(s) as,

x(t, to, , O) + x(t, to, O, u)

for to < <
We now list some hypotheses to which we shall refer in the sequel.
(H1) The matrix G(to, t h)= [.,o- X(tl h, s)B(s)B*(s)X*(t h, s)ds

has rank n.
Remark 2.1. We note that under the stated assumptions for r/in (2.4) we can

write

fo(2.11) L(t, 4) Ao(t)qS(0) + dogi(t, O)dp(O),
-h

where Ao R ---, 5,, is continuous, r/(t, 0-) -Ao(t), and q satisfies for e R

0 0>0,
(2.12) fi(t, O)

rl(t,O) + Ao(t), 0 <0.

(H2) Let B*(t) denote the Moore-Penrose generalized (or pseudo-) inverse
of B(t), e R (see [22]). For almost every e It1 h, l],

B(t)B*(t)Yl(t, O) Y/(t, O)

if-h<0<0.
Remark 2.2. The condition (H2) is the same as requiring Im gl(t,o- t)

c Im B(t) for the stated values of t, e.

(H3) The map t--. B*(t), R, is essentially bounded on [tl h, tl].
Remark 2.3. The mapping t--, B*(t), e R, is measurable, since B is con-

tinuous. This is an immediate consequence of Showalter’s approximation
theorem [28, or it can be shown by elementary methods.

We shall denote by (HI’), (H2’) and (H3’) the respective strengthenings of
hypotheses (H1), (H2) and (H3) to require the stated conditions to be satisfied
for every choice of to, t with t > to + h. Furthermore, the statement "(H3)
holds on the interval [0, fl]" will be used in the sequel to mean that t--, B*(t) is
essentially bounded on [0, fl].

The assumptions (HI), (H2) and (H3) cover a wide class of systems (2.3).
In fact (see Theorem 3.2 below), (HI’) and (H2’) are properties enjoyed by every
null controllable system.

3. Controllability and properties of the attainable set. The first theorem and
its corollaries completely characterize systems (2.3) which are controllable, and
show that the class of controllable systems does not include a large number of
those arising in applications. The proofs involve extensions of ideas previously
discussed in [17, Lemma 3.1] and [4, Remark 3.2].
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THEOREM 3.1. Suppose (H3) holds. The system (2.3) is controllable on an interval
[to, tl] with > o + h if and only if
(i) rankB(t)=n on[tl-h,

Proof. The controllability assumption implies that for arbitrary

I// W(21)([ h, 0], R")

there is a u e L2([to, tl], Rm) such that x,l(., to, 0, u) . For brevity let x x(.,
to, 0, u); then

(3.1)

a.e. on It h, l] where x(z)= O(z 1), h _<_ z <_
1, on the right-hand

side of (3.1).
Suppose that there is a measurable E c It1- h, tl] such that re(E)> 0

(m is Lebesgue measure), and

(3.2) rank B(t) < n, e E.

Since rank B(t)= rank B(t)B*(t), we have that 0 is an eigenvalue of B(t)B*(t),
e E. Consequently an eigenvector e(t), E, corresponding to the zero eigen-

value can be chosen such that [e(t)[ 2 (e(t), e(t)) 1, e E and t-- e(t), e E,
is measurable [26]. The functions --, L(t, c) are measurable (in fact continuous)
for each fixed q5 e W21)([-h, 0], R") and the functions 4 --* L(t, d?) are uniformly
continuous for each fixed It1 h, l]. Thus the generalized Scorza-Dragoni
theorem [15, Thm. 2.1] implies that there is a measurable F’ c E, m(F’)> 0
such that L" F’ x Wt21)([- h, 0], R") --, R" is continuous. By Lusin’s theorem there
is a measurable F F’, m(F) > 0 such that e[F is continuous. We note that

(e(t), B(t)B*(t)e(t)) 0 (B*(t)e(t), B*(t)e(t)),

so that e*(t)B(t) O, F. Now let e be an arbitrary function in La(F, R). Define

o(t)e(t), e F,
f(t)=

0, tCF,

and

(3.3) O(t l) f(s) as, e It1 h, l]
1-h

and apply the controllability assumption to get (3.1) for some choice of
u e La([to, tl], Rm) depending on in (3.3). If we multiply both sides of (3.1) by
e*(t), e F, we get

(3.4) e(t) e*(t)L(t, x) a.e. on F.

Since the right-hand side of(3.4) is continuous, we have proved that any e e L2(F, R)
is equal almost everywhere to a continuous function. This is a contradiction, so
that (3.2)is false, i.e. rank B(t) n a.e. on It1 h, l].



LINEAR HEREDITARY SYSTEMS 617

Hypothesis (H3) and the fact that rank B(t) n a.e. on It1 h, tl] imply that
condition (i) of Theorem 3.1 holds. In order to show this it suffices to prove that
det B(t)B*(t) :/: 0 for every in It1 h, tl]. From the above rank condition we
have the expression

B*(t) B*(t)adj (B(t)B*(t))/det (B(t)B*(t)) a.e. on It1 h, l],

where "adj" denotes the algebraic adjoint. Since B* is essentially bounded and
given by this expression for all such that det (B(t)B*(t)) 4: O, we find that there
is a constant > 0 such that

IA(t) <-_ M a.e. on It h, l]

where A(t)=_ B*(t)*Bt(t)= adj(B(t)B*(t))/det(B(t)B*(t)) for a.e.t. Hence thete
exists M > 0 such that [det A(t)[ =< M a.e. on It h, tl]. However,

det A(t) [det (B(t)B*(t))]-" det adj (B(t)B*(t))]

[det (B(t)B*(t))] - a.e. It h,/1]"

Thus from the continuity of B and the inequality

I[det (S(t)S*(t))]-11 =< M a.e. It h, tl],

we conclude that, in fact, det (B(t)B*(t)) does not vanish for any e [t h, t].
Before proving the converse statement of Theorem 3.1, we state a lemma that

will be useful here and in the sequel.
LEMMA 3.1. System (2.3) is Euclidean controllable on [to, z] !f and only if

rank G(to, T,) n.
A number of authors have given algebraic criteria for G(to z) to be nonsingular

(e.g., [9], [23], [31] or the survey paper [2_). The proof of Lemma 3.1 is an obvious
analogue of the corresponding situation for ordinary differential equations [14]
and will be omitted. We thus continue with the proof of Theorem 3.1.

Suppose that (i) and (H3) hold. Then rank B(t h) n and it ig not difficult
to show that this implies (H 1). Let > to + h, b, W21)([ h, 0], R"). By Lemma
3.1 there is a u Lz([to, h]), Rm) such that
(3.5) X(t h, to, (, u) t(-h).
We will extend u and x x(., to, b, u) to the interval [t0, tl] so that (3.1) and
O(t- tl)= x(t), tl h <__ <= tl, are satisfied and the proof of Theorem 3.1
will be completed. To do this we observe that for any absolutely continuous
y "[to h, l] R", we have from (2.4)

L(t, Yt) dorl(t O)y(t + O)

rl(t, O)y(t)- rl(t,-h)y(t- h)- rl(t, o t)y(o)de
-h

(3.6)

rl(t, h)y(t h) ri(t, o t)(oO do

(t, t)()d,
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for

(3.7)

h _<_ __< l. In view of (i) and (3.6), we can define

u(t) B*(t) (t- l) + rl(t, h)x(t- h) + q(t, t)Sc() d

+ n(t, t)bI t,) d

for l- h _< _< a, and we get that (3.1) is satisfied. That this u is square-
integrable on It1- h,t] follows from (H3) and the smoothness properties of

Remark 3.1. The difficulties that one may encounter in the absence of (H3)
can be illustrated by a simple example. Consider the scalar differential equation

c(t)-- B(t)u(t), 0 _<_ <= l,

with B(t)= 1/2, 0 =< =< 1. Define

(3.8) uv(t (2-v)/2v 0 < <

Then u e L2([0, l], R), and the corresponding responses with zero initial data are

(3.9) x(t) t+)/ 0 < < v 2 3
v/l

Evidently xv x in W2)([-0, 1], R), where x(t) t, 0 _< =< 1. This limit trajectory
x is clearly not attainable by the given differential equation.

Remark 3.2. Note that in (3.1) the term L(t, x,) depends on the choice of u on
the interval Ito, t hi, so that the controllability assumption does not say that
independent choices of u can be made on the intervals [to, t h and t h, 1].
If this were possible we could conclude immediately from (3.1) that rank B(t) n
a.e. on It h, ta]. Thus the proof of Theorem 3.1 is somewhat more involved
than one might at first expect.

In the event that the mapping B(t) is constant, the above results yield
very simple conditions which we state as follows.

COROLLARY 3.1. Suppose the matrix function B in (2.3) is constant. A necessary
and sufficient condition that (2.3) be controllable on to, t] is that rank B n.

We point out that for autonomous systems the above shows that control-
lability on [to, tl] is independent of the length ofthe interval (as long as t > o + h,
of course). As we shall see below, this differs markedly from the situation for null
controllability.

The developments above show that controllability is too narrow a concept
for systems (2.3). For example, it rules out nth order scalar’retarded equations
with a single control (cf. [4, Example 3.1, Remark 3.4]). Some type of controllability
is going to have to be present if we are to get very far in our study of optimal
control problems with systems guided by (2.3). Since systems (2.3) will generally
not be controllable, we shall direct our efforts mainly toward identifying as corn-
pletely as possible the set 0 (t0, t, 05) and some of its properties, and thereby
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salvage much of what a "controllability assumption" accomplishes in an op-
timization problem (cf. 4]).

The example in Remark 3.1 leads one to suspect that for e’(t0, l, qS) to be
closed in W21)(-h, 0], R"), condition (H3) must be satisfied. (We conjecture that
such a theorem is true but have not succeeded in establishing such a result.) Under
this therefore not unreasonable assumption, Theorem 3.2 given below shows that
most null-controllable processes must satisfy (H 1’) and (H2’).

We shall call (2.3) a system with strict retardations (or say simply that (2.3) is
strictly retarded) if the mapping / in (2.12) satisfies the additional requirement
that there isa6,0<6<h, such that fl(t, 0)=0for -6=< 0<0, tR.

The following lemma, in addition to being of interest in itself, will be needed
in the sequel.

LEMMA 3.2. Suppose (2.3) is strictly retarded. Then system (2.3) is Euclidean
null controllable if and only if (HI’)is satisfied.

Proof. Hypothesis (HI’) clearly implies Euclidean null controllability (see
Lemma 3.1).

Conversely, suppose (2.3) is strictly retarded and Euclidean null controllable.
Then there exists e, > 0 such that, for any 1, G(t e,, tl) has rank n. This follows
from the fact that if 0 < e, < fi, Euclidean null controllability of (2.3) implies
Euclidean null controllability on It e,, l] of the ordinary differential equation
system

(3.10) ,(t) Ao(t)z(t + B(t)u(t).

Furthermore, it is well known [14, p. 92] that a necessary and sufficient con-
dition for this to be true is that

(3.11) M(t ’,, tl) =_ (tl, s)B(s)B*(s)dO*(t s)ds

have rank n, where s-- (tl, s) satisfies

+(t,s) -(t,s)Ao(s), s[t -,t],
(3.2)

(t 1, tl) I.

But under the assumption that (2.3) is strictly retarded and 0 < : < 6, the equation
(2.8) can be equivalently written

(3.13) )(t
so that we find G(t e,, tl) M(t ;, tl) has rank n.

If 0, R are now chosen subject only to > to, then we get for 0 < e < 6,

(3.14) G(to, tl) G(t , tl) + X(tl, s)B(s)B*(s)X*(t s) ds.

Both terms on the right-hand side of (3.14) are positive semidefinite, with
G(t t-’,, tl) actually positive definite. Consequently (HI’) must be satisfied.

We comment that the above lemma is true in the case where (2.3) is auton-
omous even without the restriction that (2.3) be strictly retarded. Since the proof
involves slightly more technical arguments and since strictly retarded systems
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include most systems of interest (in particular, all nonautonomous differential-
difference equations are strictly retarded), we shall not pursue the development
of this modification of the lemma here.

PROPOSIa’ION 3.1. Hypotheses (HI’), (H2’) and (H3’) imply that (2.3) is null
controllable.

Proof. Suppose > to + h is given and (HI’) and (H2’) are satisfied (in
fact only (H1) and (H2) for this choice of to, need be assumed). According to
Lemma 3.1, if 4) e W21)([ h, 0], R") there is a u e Lz([to, hi, R’) such that

X(t h, to, , u) 0.

Upon applying integration by parts to (2.4) and using (2.12), equation (2.3) takes
the form

(3.16) :(t) Ao(t)x(t fl(t,-h)x(t- h)- fl(t,e- t)2(e)de + B(t)(t),
-h

for e L2([to, tl],Rm) with ltO,tl-h] u, where u is as given in (3.15). We may
use (H2) to write (3.16) in the form

(3.17)
2(t) Ao(t)x(t + B(t){(t)- Bt(t)O(t,- h)x(t- h)

B*(t) (t, t)s() d (t, t)s() a
-h -h

(3.18) o(t)--
Bf(t) t, --h)x(t- h) + l(t, t)Yc(a)da h < <_

l,

-h

then (H3)implies o6 L2([to, ta],Rm). We see at once from (3.15), (3.17), (3.18) that

x,,(., to, 4, o) 0,

so that (2.3) is null controllable.
PROPOSITION 3.2. Let B satisfy (H3’), and let (2.3) be a system with strict re-

tardations. Then (H2’) is satisfied whenever (2.3) is null controllable.
Proof. Take 0 < 6 < h as in the definition of a system with strict retardations.

Pick to e R and set to + h + 6/2. Then for any 4) e W(21)([ h, 0], R") there is
a u e W(21)([ h, 0], R") such that

(3.19) xt,(. to, dp, u) O.

Using (3.19) and (2.3) (use the form of (2.3) given in (3.16)), we obtain

B(t)u(t)= O(t, -h)dp(t to- h)+ ,o l(t,a t)(b(a to) da

/2

+ (t, t)+/-(a) da

a.e. t6 [to + 6/2, o + hi. If we restrict to the interval [to + 6/2, to + 6], then

a.e. on [to, l]. Thus if we define
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this becomes

-h)ck(t to- h)+ o 77(t, t)( to) d.(3.20) B(t)u(t) 77(t,

Let 4 be any constant function on [-h, 0] with values in R". Then (3.20) implies

(3.21) Im 7t(t, h) Im B(t)

a.e. to + 6/2, to + 6. Since to R was arbitrary, (3.21) holds for almost all
R. Now let {u} be a sequence which is dense in I-h, 0] and let e R" be

arbitrary. Define

pvu(O) v ezra,_ 1/v,u](O’)do, -h <= 0 <= O,
-h

where Z denotes the characteristic function of a set E. Then qu W21)( -h, 0], R’)
and there is a sequence of controllers uu such that (3.19) holds with
and u Uvu, v, t 1, 2, 3, Moreover, there is a set Eo of measure zero such
that x(t, to, cku, uu) satisfies the differential equation (2.3) for all to, lJEo
and v, 1, 2, 3, .-.. Applying (3.20), we get

(3.22) B(t)uvu(t) l(t,-h)ckvu(t- to h) + v f (t, a t)e do,
,,,(t)

for [-to + 6/2, to + 6]\Eo, where

Eu(t) =- It- h, to] f3 to + u- 1/v, to +
Since 0 /(t, 0) is left continuous on (-h, 0), (3.22) implies

(3.23) lim B(t)uu(t 77(t, u + to- t)e

for t {to + 6/2, to + 6]\Eo} FI to, u + to + h). Restrict u to the interval
(-h + 6, -6/2) and recall that e R" was arbitrary so that Corollary 3.1 together
with (3.23) imply

Im /(t, 0u t) Im B(t),

tto + 6/2, o + 6]\Eo, where 0, , + to. Since {u} is dense in I-h, 0] and
0 /(t, 0) is left continuous on (-h, 0), we get

(3.24) Im /(t, 0 t) Im B(t),

t [to + 6/2, to + 6]\Eo and h =< 0 =< 6. The above to R was arbitrary
so we infer that (3.24) holds for almost every R and each 0 in the region

h =< 0 =< 6. However, /(t, 0) 0 for -6 < 0 =< 0 so that (3.24) actually
holds for h =< 0 =< t. Combining this with (3.21), we get that (H2’) is satisfied.

THEOREM 3.2. Let (H3’) be satisfied and suppose (2.3) has strict retardations.
Then (HI’) and (H2’) are necessary and sufficient conditions for (2.3) to be null
controllable.

Proof. Null controllability implies Euclidean null controllability so that
(HI’) follows from Lemma 3.2. The property (H2’) results from Proposition 3.2.
The converse follows from Proposition 3.1.
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Next we proceed to give some easily computed algebraic conditions for (2.3)
to be null controllable.

COROLLARY 3.2. Let (H3’) be satisfied, and let (2.3) be strictly retarded. The
following statements are equivalent:

(i) System (2.3) is null controllable;
(ii) Hypotheses (H2’) and (HI’) are satisfied;
(iii) (H2’) is satisfied and system

(3.25) .(t) Ao(t)z(t + B(t)f(t)

is Euclidean null controllable,
(iv) (H2’) is satisfied and the matrix

M(to, ( si(sl*(sl*(t s ds

has rank n whenever > o, where (t, s) is the fundamental matrix for the
homogeneous system

(3.26) (t) Ao(t)z(t).

Proof. The equivalence of (i) and (ii) is a restatement ofTheorem 3.2. Suppose
(i) is satisfied. Let tl > to be given. Then for be Wz1)([-h,O],R") there is a con-
troller u Lz([to, 4- hi, Rm) such that

x,, + (., to, 4’, u) 0.

Using (2.3) in the form of equation (3.17), we have that if x(t) =_ x(t, o, d?, u), then

c(t) Ao(t)x(t + B(t) u(t)- Bt(t)O(t h)x(t- h)- Bt(t) O(t, t)2(a) d
-h

for =< <= t + h and X(tl) 0. Hence (3.25) is Euclidean null controllable on
[to, 1]. That (3.25) being null controllable (Euclidean) is equivalent to rank M(to, 1)

n,t > to, has already been pointed out (see Lemma 3.2). As the proof of
Lemma 3.2 shows, this implies that G(t -h- e,t -h) has rankn, when
0 < e < 6. It follows from

-h-

G(to, h) G(t h e,, t h) + X(t h, s)B(s)B*(s)X*(t h, s) ds,

where > to + h, 0 < < c, that G(to, h) has rank n and hence, by Lemma
3.2, (2.3) is Euclidean null controllable. This completes the proof of the corollary.

For autonomous systems (i.e., L, B in (2.3) independent of t), we get the
following obvious corollary.

COROLLARY 3.3. Let (2.3) be strictly retarded. System (2.3) is null controllable

if and only if (H2’) is satisfied and

(3.27) rank [B, AoB A"o- B] n.

The proof is omitted. It suffices to note the equivalence of the two rank
conditions in Corollary 3.2 (iv) and (3.27) [14, pp. 93, 94].

Example 3.1. We note that all systems of the form
N

(3.28) )?(t) Aix(t- hi)+ Bu(t),
i=0
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where 0 ho < h < < hu, Ai, O, 1,..., N are n x n constant matrices,
and B is an n x m constant matrix, are strictly retarded. Hence, if one seeks
purely algebraic criteria for system (3.28) to be null controllable, one expects to
get null controllability on any interval [to, tl] with > o + h. Corollary 3.3
answers completely the question of when systems (3.28) are null controllable. For
example, all nth order scalar differential difference equations of retarded type are
null controllable (cf. [4, Example 3.1]).

One might anticipate that for certain systems (3.28) one could obtain null
controllability on [0, t2] but not on [0, tl], 0 < < tz. This can, indeed, happen,
as the next example shows.

Example 3.2. For any state space dimension n one can construct systems of
the form (3.28) (with one lag h which we call h) which are null controllable on
[0, tl] if > nh but not null controllable on [0, l] if <= nh. To see this consider

(3.29) A x(t- h)+ Bu(t),

where A1 is the matrix with all of its entries equal to zero except those on the
first diagonal above the main diagonal and these are all equal to one, and B is
an n x matrix whose first n entries are zero and nth entry is one. System
(3.29) is null controllable on [0, l] > nh, and is not null controllable on
[0, 1] if <= nh. This can either be verified directly or one can refer ahead to
Examples 4.1 and 6.3 where arguments are given.

The next theorem gives an improvement of the closure lemma in [4]. The
result is obtained here for general linear retarded systems without (H1).

THEOREM 3.3. Let (H2) be satisfied. The attainable set (to, 1, ) is closed
in W(21)([ -h, 0], R")/f (H3) is satisfied.

Proof. Let us abbreviate s’(t0, 0) by s’o. It suffices for us to prove s’o is
closed if (H3) is satisfied. Just as in the proof of Lemma 3.1 of [4, the sets

slg =_ {x(. to, O, u)]U LE([to, tl],R), Ilull2 =< P},

p l, 2, 3, where Ilull2 denotes the norm of u e LE([t0, tl],R"), are all closed
in WE1)([-h, 0],R"). The theorem now follows from the next lemma by using
essentially the same proof as in the proof of Lemma 3.1 of [4].

We use Sw, SL to denote closed balls of radius , center 0 in Wt21)([- h, 0], R")
and L2([to, tl] R’n) respectively.

LEMMA 3.3. Let (H2), (H3) be satisfied. Let 5 be a subset of o with 9 SW
jbr some o > O. Then there is a set ( c) and a K > 0 such that .(9) S and

{x,,( to, o, u)lu e e(,)} .
Proof. Since 5e c do there is a set (9) c L2([to, 1-1, R") such that

(3.30) {x,,(., to, O, u)lu

We need to verify that there is a bounded set &t’(5) such that (3.30) is true with
(ST) replaced by 5(5). Let G denote the mapping u,- X(tl- h, to,O,u) of
L2([to, hi, R") into R". The operator G is a bounded linear operator with
closed range. As such there is a bounded generalized inverse

G :R" --, L([to, tl hi, R").
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Since 9 is bounded, the set

v v GGu, u ()}
is therefore a bounded subset of Lz([to, h-I, Rm). Using (H2), we write (2.3) on
It h, tl] as

5c(t) Ao(t)x(t + dFl(t, o t)x(o)
1-h

(3.31)

+ B(t) u(t)+ B*(t) dO(t,- t)x(oO
-h

Let xt,(’, to, b, u) @ and define

(G*Gu)(t), if o =< =< h,

(.3 (0=
(0 (-tl-o(00(t-l- -d,l(t, t)x() if

dFT(t, o- t)@(o- l)

-h<=t<=tl.

In (3.32), x(e) x(e, to, c, G*Gu), to <= z <= tl h. From (3.31) we get

is in the range of B(t) for almost every e It1 h, tl]. Hence by (H2) and the fact
that BB*B B it follows that

x,,(., o, 4, .
The desired set is ()= {lu e f()}, which is evidently a bounded subset of
L2([to, l], R").

COrOLLArY 3.4. The mapping/ "L2([0 fl], Rm) - L2([0, fi], Rn) defined by

(u)(t) B(t)u(t), o <__ <= ,
has closed range ! and only ! the mapping B*(t) is essentially bounded on [0,

Proof. Theorem 3.3 does not require the hypothesis > to + h. Also note
that. (H2) is satisfied for the system (t)= B(t)u(t). Hence an application of
Theorem 3.3 to this system with h =/ , to , tx fl shows that (H3) on
[,/] implies/ has closed range. Conversely, if/ has closed range, then/* is a
bounded multiplication operator on L2. Hence - B*(t) is essentially bounded
[13, pp. 31,212].

It is noted that if the underlying hypothesis (H2) is not satisfied, then Theorem
3.3 is no longer true. This is demonstrated in the following example.

Example 3.3. Suppose the system equations are

l(t) u(t), (t)= Xl(t- ).
Then (0, 2, 0) is not closed in W(21)([- 1, 0], R2). Define

uv(t

0, 0_<t<
2 v

v
<t< +-2’2 v =

0, +-<t=<2.
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Then fly (ff iv, 2)* 1(0, 2, 0), v 2, 3, where 1, 2 are given by

Iv(0) 1, -1 0 <_ 0,

(o)=f+f6- u() d ds, -1 <= 0 < O.

Clearly q/v q/= (q/a, q/2)* in Wt21)([ 1, 0], R2), where

1(0)- 1, -1 <_0<_0,
"+

2(0) z() d, -1__<0__<o,

and E [3/2, 2]. We have that

{(0, 2, 0) (1, 2)* W(21)([ 1,0], R2)(1(0) u() d,

2(0) u() d ds, __< 0 __< O, for some u e L2([O, 2], R)

and consequently /(0, 2, 0). Therefore z(0, 2, O) is not closed.
Remark 3.3. The intimate relationship between closedness of the attainable

set and nontriviality of multipliers in the first order necessary conditions for
control problems with function space target sets has been alluded to in [4], [17].
In a recent paper [19a] Kurcyusz has pointed out that there are simple quadratic
minimization problems involving the system in Example 3.3 and boundary con-
ditions of the form Xo b, x3 ff for which the Lagrange multipliers must be
identically zero if the state space is Wt21)([-h, 0], R2). However, when Kurcyusz
chooses the state space to be W21)([-h,O],R 1) W22)([-h,O],R 1) he does ob-
tain nontrivial (albeit more complicated) Lagrange multipliers for these problems.

4. Fredholm alternative methods for determining the attainable set. Assume
that (H3) is satisfied on the interval [to, tl], and define an operator

.)ff" W(21)Ito h, t], R") L2([to, t], R")
by the equation

(4.1) (.;(x)(t) =-- c(t) L(t, xt) o <= <=
Let ]’L2([to, tl], Rm) L2([to, 1], R") be the map determined by

(4.2) (Bu)(t) B(t)u(t), o -t
Using this notation, we see that ff (to, l, b) is equivalent to saying there is
an x Wtzl)([to h, tl], R") such that X,o b, x,, ff and
(4.3) 3(x Im B.

Thus it is of some interest to study the inclusion (4.3). Noting that/ is a bounded
operator with closed range (see Corollary 3.4), we see that the alternative theorem
[8, p. 487] implies that (4.3) is equivalent to

(4.4) (x e (ker/*)+/-.
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The inclusion (4.4) is equivalent to

(4.5) s(t) (t, x,), (t)) at o

for every p ker/*.
For simplicity we now assume that B is a constant matrix function. Thus

(H3’) is automatically satisfied. Suppose the nullity of the matrix B is v. Choose
an orthonormal basis e 1, e2, "’, e,. for ker B* (note that ker B* is the nullspace
of the transposed matrix, whereas ker/* is an infinite-dimensional space if
v > 0). Let n be the projection of R" onto ker B* defined by

ny (el y)e + + (e, y)e, y e R".

It can be shown that , defined by

(4.6) (p)(t)-- 7//(t), o --< =< l,

is the projection of L2([to, tl], R") onto ker/*. Hence (4.5) takes the form

tl tl(c(t) L(t, xt), (/0(t)) dt ((tJx)(t), /(t)) dt 0

for every p L2([to, t]), R"). Consequently (4.5) is equivalent to

(4.7) i d i
i=1 -t (ei’ x(t))ei

i=1

(ei, L(t, xt))e

a.e. on [to, tl]. We summarize these results in the next proposition and corollary.
PROPOSITION 4.1. Let B be a constant matrix. Then x W(z)([to h, t],R")

satisfies (4.3) if and only if (4.7) is satisfied.
COROLLARY 4.1. Let B be a constant matrix. A function W(21)([ h, 0], R")

belongs to sO(to, tl, 49) if and only if there is an x W(2)([to h, tx],R") satisfying
(4.7) and

X,o , x,, =0.
Example 4.1. Consider the system (3.28) in Example 3.1. Let (Ak) denote the

ith row of the matrix Ak. Then for system (3.28) with B (0, 0, ..., 0, 1)* we get
that e (6i,6i2, ..., 6i,)*, i= 1,2, ..., n- 1, is an orthonormal basis for
ker B*, where 6ij 0 if = j and 6i if j. Thus (4.7) takes the form

N

(4.8) 2(t)= (A)ix(t-h), i= 1,2,...,n- 1.
k=0

If we specialize this example to the situation discussed in Example 3.2, then
equations (4.8) take the form

(4.8’) )?(t)--- Xi+ l(t- h), i= 1,2, ..., n- 1.

In order for 0e a’(0, tx, qb) there must be a solution x e W21)([-h, t],R") of the
above n differential difference equations such that Xo b, xt, 0. Thus we
see that if h < t <__ nh, then 4 cannot be an arbitrary element of W2([- h, 0], R").
In fact, equations (4.8’) require b,(0) 0, nh < 0 __< 0, where
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On the other hand, if > nh the equations (4.8’) do not restrict the initial function
4) at all. Hence the differential difference equation in Example 3.2 is null con-
trollable on [0, tl] if > nh, but not null controllable if <= nh.

The above corollary and proposition are somewhat difficult to use. There
is, however, a special class of problems covering many of the known applications
for which we can give a particularly simple construction of the attainable set.
These are the systems which satisfy (HI), (H2) and (H3) (see [4] for a number of
examples). These added conditions enable us to reduce the question to one in-
volving only ordinary differential equations.

Along with (2.3) consider the ordinary differential equation

(4.9)

Define

2(t) Ao(t)z(t + B(t)f(t).

(tl) {o9 W(21)(-h, O],R")lo) z,l(., h, , f),

e R", f e L2([t h, l] R")},
where z(t) z(t, h, , f) is the solution to (4.9) satisfying

(4.10) z(t h) .
THEOREM 4.1. Hypotheses (H1), (H2) and (H3) imply that -(t 1)

for > to + h and 4)e W(21)([-h, 0], R").
Proof. If co e (tl), then there is an f in L2([tl h, tl], Rm) and e R" such

that
zt( tl h, (, f) co.

In view of (HI) and Lemma 3.1, given 4)e W21)([-h, 0], R"), there is a v e L2([to,
hi, Rm) such that

X(t h, to, , v) .
Now define

(t) f(t) + Bt(t) O(t, -h)x(t h, to, ok, v) + O(t, t)2(o, to,

+ O(t, t)6o( l) d
1-h

for t h <__ <= l, and let

tA(t), o --< =< h,
u(t)=

(t), l- h < <=
Then (H3) implies u e L2([to, tl], Rm), whereas (H2) and the fact that

co zt(., h, ,f)

imply that xt(., o, b, u)= co. We conclude that N(tl) sC(to, l, b). On the
other hand, if d/ e s(to, tl, dp) and x(. to, C/), u) O, u e L2([to, tl],Rm), then
(H2) clearly implies , zt,(., tl h, ,’f), where x(t h, to, 4), u) and

f(t) u(t) B*(t) O(t, h)x(t h, to, 49, u) + O(t, t)2(e, to, 4), u) de
-h
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h =< =< x. Thus (to, x, b) c (tx), and this completes the proof.
PROPOSITION 4.2. Suppose (H3’) holds. If ’(to, t:, ok) (t) for each to, tx

with > o + h and dp .W21)(.[-h, 0], R"), and if (2.3) is a system with strict
retardations, then (H 1’) and (H2’) are satisfied.

Proof. The zero function always belongs to (t 1). Hence (to, t, b)= (t 1)
implies there is a u L2([to, t], Rm) such that xl(., to, b, u) 0. Since
b W2)([-h, 0], R"), t, to, > to + h, are arbitrary, the conclusion follows
from Theorem 3.2.

In view of Theorem 4.1 it becomes a question of some interest to devise an
effective means of determining (t). For brevity we will abbreviate [t h, t]
by [0, fl], and define two operators S and T where S’R" W21)([0, fl], R") and
T" L2([0 fl], Rm) W2I’(L,/3, R") are given by

(s)(t) z(t, , , o),

(Tf)(t) z(t, , O, f),

Moreover, instead of (t) we merely write . Thus we see that

(4.11) N= ImS+ ImT.

The space Im S is finite-dimensional, and we will not discuss its construction.
We focus our attention on Im T.

Let Ao’L2(,fl],R" L2([,fl],R") be the multiplication map corres-
ponding to matrix Ao as in equation (4.2). Let (.,.)2 be the inner product in
L([,/33, R").

COROIIAR 4.2. Let (H3) be satisfied. Then zIm T if and only if
z WzX)([0,/], R"), z(00 0 and (. oZ, 1)2 0 for every It ker B*.

This corollary is merely a specialization of the result in relation (4.4) to the
present ordinary differential equation (4.9).

CORO.IAR 4.3. Let (H3) be satisfied. Then zIm T if and only if
z e W2)([0, fl], R"), z(00 0 and (2, 00)2 0 for every co of the form co(t) la(t)

Ad(s)p(s) ds, a.e. e [0,/3] with la e ker/*.
Proof. We note that for p e ker/* we have

Use integration by parts on the second term on the right-hand side of the last
equation and the desired conclusion is evident.

Example 4.2. Take the system

$(t) Ao(t)z(t + B(t)u(t),

where B*(t) (0, C*(t)) and C*(t) is an m x m nonsingular matrix (the 0 denotes
an m x (n m) zero matrix filling out the rest of the matrix B*(t)). Thus

ker/* {(2) lfieL2([a,fl],R"-m)}.
In the notation of Example 4.1, we get z e Im T if and only if z e Wt2)([, fl], R"),
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and

(4.12)
i(t) (Ao)iZ(t), i- 1,2,..., n m,

z() 0.

Hence if B is as given above, and if system (2.3) satisfies (HI), (H2), (H3), then
equations (4.12) can be used to determine zC(to, tx, b). At this time we merely
observe that this is done with the aid of Theorem 4.1 and the fact that

z/(to, l, qS) Im S + Im T

if we take=tl-h,/3=t.
Example 4.3. Consider now the nth order scalar equation

n-1 n-1

(4.13) y(")(t) , b,(t)y((t- h) + , ai(t)yi)(t) + u(t).
i=0 i=0

Taking x (x,x2, ..., x,)*= (y,y(), ..., y("-t))*, we write (4.13) as a first
order n-dimensional differential-difference equation,

(4.14) 2(t) Ao(t)x(t + A(t)x(t h) + Bu(t),

where B* (0,0,..., 0, 1),

and

Ao(t

0 0 0

0 0 0

0 0 0

ao(t) aa(t) az(t) a,_l(t

0 0 0

Al(t

bo(t) b(t) b,_ l(t)

If we assume that the functions a have j continuous derivatives on (-, ),
j O, l, ..., n l, then the system

(4.15) 2(t) Ao(t)z(t) + Bu(t)

is Euclidean controllable [14, p. 100]. Then, since (4.14) satisfies (H2’) and (H3’),
it also satisfies (HI’) by Corollary 3.3 Hence Theorem 4.1 applies to (4.14) and
(4.15) on any interval [to, tl] with t > to + h. Specializing the results of Example
4.2 to the present situation, one can readily check that

(4.16)
(to, t,, 4)) {0 (0,, "’", 0.)* e W(21)([-h, 0], R")I,(0)

0i+1(0),-h __< 0 _< O,i 1, ..., n 1}.

This simplifies the treatment of Example 3.1 in [4] (cf. [2], [9], [11], [16]).
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Example 4.4 Consider the autonomous system

(4.17) Aoz + bu,

with scalar control u(b is an n x matrix). Let

(Ao 21) (- 1)" [2"det

According to the Cayley-Hamilton theorem,
n-1

(4.18) A"o= , aiA).
i=0

Let G be the matrix

Suppose

(4.19)

0 0

0 0

0 0 0

ao al a2

0

an-

P [b, Aob, ..., A"o-lb],

G"-lbo]Q [bo, Gbo,

where bo (0, 0, ..., 0, 1)*. If we assume that (4.17) is Euclidean controllable,
then both P and Q are invertible. Moreover, if we make the change of variable
z PQ-ly, then (4.17) becomes

(4.20) fi Gy + bou
(cf. [21, p. 91]). The results of Example 4.3 can now be applied to (4.20). If we
let z(tl), Ny(tl) denote the sets N(tl) corresponding to (4.17) and (4.20) re-
spectively, then Ny(tl) is the set described in equation (4.16) and

(4.21)
Hence ’(tl) is completely determined by the two controllability matrices in
(4.19) and the coefficients of the characteristic polynomial for Ao. It is noted that
by (4.21) and the fact that r(tl) is the same as the set in (4.16), the set Nz(tl) is
independent of l. This has worthwhile implications. If (2.3) satisfies (HI’), (H2’)
and (H3’), then the corresponding attainable set xC(to, l, 4)) (tl) is as given
in (4.21) and does not depend on to, or 4). This has a number of consequences
for the optimization problems studied in [4], [16], [17] and [21]. These will be
explored in a forthcoming paper.

Example 4.5. Let us determine N(tl) explicitly for two-dimensional systems
with scalar control u. Suppose the constant matrices

al a121Ao b=
a21 a22

b
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are given, and that the corresponding controlled system (4.17) is Euclidean con-
trollable. One verifies that

A (tr Ao)Ao (det Ao)I

(tr Ao is an abbreviation for the trace of the matrix). Matrix (2 in (4.19) is

Q
tr Ao

and

The matrix P in (4.19) is [b, Aob], and thus PQ-1 [-(adj Ao)b, b]. If we let
W22)[-h, 0] be all functions r/e W21)([-h, 0],R) such that 0 e W(2a)([-h, 0], R),
then (4.2 1) becomes

{fib/ coadj Ao)blco e W22)[-h, 0]}.

5. Implicit determination of the reachable set. As Example 6.1 below indicates,
Theorem 3.1 does not extend directly to provide necessary and sufficient con-
ditions for controllability of neutral functional differential equations. Indeed, our
preliminary efforts on neutral systems indicate in fact that they differ substantially
from systems of retarded type with regard to controllability characteristics. We
have therefore to this point restricted our discussions in this paper to retarded
systems even though several of the results obtained so far will extend (with proper
modifications) to provide results for neutral systems. We shall present our findings
for neutral systems in a later paper. However, the techniques to be described
herein and in 6 are such that the extension to neutral differential-difference
equations is immediate. We have, therefore, to avoid lengthy and undue repetition
at a later date, included certain neutral systems in our discussions below.

We consider then the equation

it(t) A_ 5c(t h) + Aox(t + Ax(t h) + Bu(t),

where the Ai are constant n x n matrices and B is a constant n x m matrix. When
A_ 0, this is a special case of (2.3). The techniques to be described here apply
to the case where A_ - 0 and generalize some results in [25]. Since (5.1) is
autonomous, we shall take to 0 in 5 and 6 without loss of generality.

Further notation will be convenient here. By W[)o(t,R") we denote the
collection of functions which are continuous on (-oe, l], vanish on (-oe, 0]
and have restrictions on [O, tl] in W(zX)([O, tl],Rn). Inductively, we define

(k + 1)(t R") for k > as the set of integrals j’ (:) dr offunctions e W)o(ti R")2,0

By Wz,)o(t, Rm) we shall mean the set of functions which vanish on (- oo, 0] and
have restrictions on [0, t] in L2([0 l] Rm).

w(1) , R") satisfyingFor each u Wz)o(t,Rm) there exists a unique x e 2,ot,

(5.1) a.e. on [0, tl] and in fact on (- oo,-t] since both are zero on (- oo,0].
For functions x W,)o(t, RV), k >__ 1, v >__ 1, we define the operators S and
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D by

The operators S and D commute and each commutes with multiplication by a
constant scalar. Moreover, each of these three commutes with the coordinate
projections. That is, if (x)j xj denotes the jth coordinate of the v-vector x, then
(Sx)j Sxj, j 1,..., v, with the analogous relations holding also for D and
for multiplication by a real number c. Thus D and S may be treated formally as
scalars in the usual operations involving constant matrices and vector functions.

With this in mind we may write (5.1) in the form

(ID- A_ 1SD- Ao A 1S)x Bu,

where I denotes the n x n identity matrix. We now introduce the operator
matrices

(5.3) Q(D, S)= ID- A_ 1SD- Ao A IS
and

(5.4) P(D, S) adj Q(D, S).

Here "adj" means the formal algebraic adjoint, the transpose of the corresponding
matrix of cofactors. As a relation between matrix operators we have

(5.5) Q(D, S)P(D, S) P(D, S)Q(D, S) I det Q(D, S)

since these are algebraic identities in the scalar variables D and S. Note that

n-1 n-1

(5.6) P(D,S) Pi(D)Si= ’i(S)D,
j=0 j=0

where the n x n matrix polynomials P#(D) and P#(S) are at most of degree n
in their arguments. When A_ 0 the polynomial P#(D) is at most of degree
n-l-j.

W(1)LFMMA 5.1 Let > 0. Then for each x e z,ottl,Rn) there is a unique
o) e w2n)o(tl Rn) such that

(5.7) P(D, S)oo x on (- o l].

Proof. Observe that/3,_ I(S) adj (I A_ 1S). Hence (5.7) is equivalent to

n-1 n-2

(5.8) Dn- 109 - 2 CkSkon- 102 2 Pj(S)Die9 + x
k=l j=O

for some constant n x n matrices Ck. Introducing the auxiliary variables
v Dr- co, j 1, ..., n 1, we may view (5.8) as a first order equation in the
n(n 1) x column comprising the v’s. As such there is on (- oe, ti] a unique

w(1) t, Rn) In par-I/U(2) it Rv) where v n(n- 1) for each x e 2,o1,solution e 2,o1,
w(n Itticular, 09 v and D"- 2c0 v"- are each in WZ.o(t 1, R") whence me 2,0t 1, Rn)

Now let bk denote the kth column of B and define

(5.9) K’(D) [Po(D)b’, PI(D)b’, Pn- l(D)b]
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Here the products P(D)b are to be interpreted as products of operators obtained
by formal algebraic matrix multiplication with D as a scalar variable. That is, b
is here a constant vector multiplicative operator acting on scalar functions and
not a constant vector function on which the operator Pj(D) acts. The order of the
factors is, of course, not immaterial. Each Kk(D) is n n with elements which are
polynomials in D at most of degree n 1.

THEOREM 5.1. Let B be n x m, > O, and u e W2,)o(tl, Rm). Then

x W21.)o(t,, R")
is the corresponding solution of (5.1) on (-,tl] if and only if there exist
o91 o9m w(") t, R") such that2,0,t, 1,

(5.10) Kk(D)o9k x on (-,tl],
k=l

(5.11) So9--o9+,, j-- 1,...,n- 1, k= 1,...,m,

(5.12) det Q(D,S)O9 u, k 1,..., m.

Proof. Let x be the solution of (5.1) on (-or, t] corresponding to the given
u and let o9 be the solution of (5.7) for this x as assured by Lemma 5.1. Using (5.5),
we then have

whence

[I det Q(D, S)]o9 Q(D, S)[P(D, S)og] Q(D, S)x Bu,

(5.13) det Q(D, S)ogg bgUk
k=l

i= 1,...,n, on(-av,t].

,,it,) R) be the unique solution on (- or, tl] ofNow let &k vv 2,ot,

(5.14) det Q(D, S)& Uk,

k~kIt follows that ogi ’= bio9, so

(5.1 5) 09 bk69k
k=l

From (5.7) and (5.6) we then have
n-1

(5.16) x Pj(D)bkS69k.
k=lj=O

If we define

k= 1,-..,m.

(t.)k

S(Dk

(5.17) ogk

Ls.- ,co,J
then (5.16) takes the form (5.10), each ogke Wt2,!o(t,R,), (5.11) follows from the
form specified in (5.17) and (5.12) is (5.14).
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Conversely, suppose o WC2"?o(t,, R"-), k 1,..., m, satisfy (5.11) and (5.12)
and that x is defined by (5.10). If we let 6 09], then o) is given by (5.17) and

’W1)" R")since each Kk(D) is a polynomial in D at most ofdegree n 1, then x 2,ol, 1,

Equation (5.10) may now be written in the form (5.16), whence

x P(D, S) bko.
k=l

Finally, by (5.5),

Q(D, S)x [I det Q(D, S)] bko bkuk BU
k=l k=l

in view of (5.12). Thus x is a solution of (5.1) on (-o, tl] for the given u, and
since this solution is unique the theorem is proved.

Theorem 5.1 generalizes and makes more transparent some of the relations
behind the analysis in Minjuk’s work 25]. Besides treating only the retarded
case with just a single control, Minjuk assumed that det K I(D) 0 so that his
equation corresponding to (5.10) in Laplace transforms could be solved for the
transform of 091 Our proof shows this sort of assumption is superfluous. The
following theorem is a generalization of Minjuk’s result and involves no such
hypothesis.

THEOREM 5.2. Let > 0 and let p be the nonnegative integer such that
ph < <= (p + 1)h. If Wzl)([tl h, tl], R"), then there is a control

u e W2,)o(tl, R")
such that the corresponding solution x e W1 t, R") of (5.1) satisfies2,0, 1,

(5.18) x(t) t(t), It h, tl],

if and only if there exist functions o)k WC2")([tl h, l], R") such that

(5.19) Kk(D)ok(t) (t), It h, tl]
k=l

and for k 1,..., m,

(5.20)

(5.21a)

D kogj(tl h) D coj+ 1(tl), i=0,...,n-1, j=l,...,n- 1,

D icop+k 1(tl- h)=0, i=0,...,n- 1,

h phiOp+ l(t) 0, It
co(t) O, e [tl h, tl] if p + 2 <= j <= n.

(5.21b)

(5.22)

Remark 5.1. We note that (5.21a) is implied by (5.21b) if (n 1)h < tl < nh,
(5.21b) is implied by (5.21a) if tl nh, and both are vacuous if p >= n; moreover,
(5.22) is vacuous if p >= n 1.

I/I/(o) tt Rm) exists such that the cor-Proof of Theorem 5.2. Suppose u
w(1)t, R") of (5.1) on (-oe, tl] satisfies (5.18). Byresponding solution x e 2,ot1,

Theorem 5.1 we then have (5.10) for some functions coke W(2"?o(tl, R") so (5.19)
kholds for these cok. The cok satisfy co(t- h)= coj+l(t for t=< tl by (5.11) so

Dico(tl h) Do)j+i l(tl)for 0, 1, n 1, so (5.20) must hold. Ifp _< n- 1,
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kthen c%+1(0=co1(t-ph)=O for t<=ph and if p+2<j=<n, then co(t)
co](t (j 1)h) 0 for =< tl since col(r) 0 for z _< 0. Hence also (5.21)

and (5.22) must hold.
Now suppose the functions coke W2")([tl h, l, R"), k 1, ..., m, satisfy

(5.19) through (5.22). We shall define extensions c5k e W!o(tl, R") of the cok such
that Sr_5 cog/ 1, J 1, ..., n 1. With uk det Q(D, S)(51 then, by Theorem
5.1, x ’=lKk(D)cb is the solution in W21,)o(t1,R") of (5.1) on (- oe, tl] cor-
responding to the resulting control vector u W(2,)o(tl,Rm). For e It1- h, l]
we then get (5.18) from (5.19) since cok cbk on this interval. The extension is
accomplished as follows. Beginning with rh](t)= COal(t) for e[tl- h, tl], we
define

(5.23) cb](t jh) og+ (t!, j= 1, n 1, t h, t).

If > nh, then for < nh we take Cbl to be any function in Wz")o(t nh, R)
such that Didgl is continuous at nh for i-0, 1,..., n- 1. If < nh we
take &](t)= 0 for < ta nh. By (5.20) through (5.22) the resulting &] is in
W")o(t R) regardless of the value of the integer p > 0. We now define &k by

()

(t)
S(t)

ttl.

-l(t
Clearly (t)= (t) for t It1 h, t) by (5.23) and also at t by the con-

ktinuity of. Since S +1, J 1, ..., n 1, by construction, the theorem
is proved.

Cogohgv 5.1. For (5.1) the attainable sets (to, tl, O)fom the zero initial
function satisfy the relations

(5.24) ’(to, l, O) l(t, t’l, O)

if to <= t’ t’o, with equality holding if o > nh.
Proof. For (5.1) it is clear by translation of the variable that (t0, tl, b)

/(0, tl to, b) for any initial function b Wz)(-h, 0], R"). It is also evident
that 1(0, a, 0)

_
’(0, t’, 0) if _-< t’. Indeed, if ff ’(0, t, 0), then

xt,(’, O, O, u)

for some control u L2([0, l] Rm). For t’ > define t L2([0, t’l, Rm) by

o(t)
O, 0 <= < t’ t,

bt(t -at- t’l) t’ - t’l;

clearly x,;(., 0, 0, tT) x,,(., 0, 0, u) ff and (5.24) follows. To complete the proof
we may put Theorem 5.2 in a form which provides a more direct characterization
of 1(0, 0). Define (0) x(t + 0), (0) (t + O) and k(0) cok(tl + 0).
For > nh, then, since the coefficients in Kk(D) are constant, Theorem 5.2 states,
in effect, that ’(0, a, 0) is the set of functions W21)([ h, 0)], R") for which
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there exist functions 6 W2")([- h, 0], R"), k 1, 2, ..., m, satisfying

(5.25) Kk(D)k(O) (0), 0 [-h, 0],
k=l

and for k 1, ..., m,

(5.26) D(-h) i-kDog+x(0), i=0,1,-..,n- 1, j-- 1,...,n- 1.

Clearly this set does not depend on x.
Remark 5.2. We observe that the above theorem and corollary indicate that

the set reachable from b 0 on [0, t] does not increase with for > nh, while
it may be increasing in for < nh. It is thus not surprising that we find examples
of systems that are null controllable on [0, tx] for tx > nh which are not null
controllable on [0, tx] for < nh (see Examples 6.3, 6.4 below).

6. Explicit determination of the reachable set and some applications. For
equation (5.1) the reachable set (0, x, 0) is implicitly defined through Theorem
5.2 as the class of functions 0-- (0) (tx + 0) in WX)([ h, 0], R") for which
(5.19) has a solution o, k 1, ..., m, satisfying conditions (5.20) and also (5.21),
(5.22) depending on the size of > 0. The restrictions on ff in order that this
boundary value problem have a solution fall into two classes: those that are
imposed by the requirement that (5.19) be consistent (have a solution o9 x, ..., o9

in the appropriate space W2")), and those, assuming (5.19) is consistent, that are
imposed by the relevant boundary conditions (5.20)-(5.22). In this section we
discuss procedures for ascertaining the restrictions, if any, of the first class. Little
of a general nature can be said about those of the second class. Both are illustrated
below in Example 6.2.

Let us introduce the n nm operator matrix

(6.1) K(D) [KX(D), KIn(D)

and the nm-vector function

(6.2) f(t)

In this notation (5.19) assumes the form

0m(t)J

(6.3) K(D)f(t) (t), J,

of the vectorswhere J is some real interval. The coordinates of f are those ogj
is present on the left ino9. For each j, k some highest ordered derivative of coj

(6.3). By introducing subsidiary variables for the lower order derivatives, we may
convert (6.3) to a first order system of differential equations. In this form the
system may be analyzed as described in [10, Chap. 12, pp. 45-49]. One finds gener-
ally that in order for (6.3) to be consistent certain well-defined constant-coefficient
linear dependence relations must hold among the coordinates of ff and their
derivatives. The character of the consistency conditions and the number of
arbitrary coordinate functions and constants of integration are determined by
certain algebraic invariants intrinsic to the polynomial matrix K(D).
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We propose to outline here an alternative program for studying the con-
sistency of (6.3). Accordingly, we note that since each Kk(D) is at most of degree
n 1 in D, then we may write

(6.4) K(D) KoD"--1 _+_ + K,,_ 1,

where each coefficient Kk is a constant real n x nm matrix. Since Po(D)
adj (ID Ao) ID"- + lower order terms in D, we see from (5.9) that the

(n(j 1) + 1)th column in Ko is bj. Hence if Ko 0, then B 0. We assume,
of course, that B 0, whence Ko 4: 0.

Below we show that if rank Ko n, then (6.3) has a family of solutions
e Wt2n)(J, Rnm) for any e Wtzl)(J, R"). However, if rank Ko < n, then must

satisfy certain conditions in order that (6.3) have such solutions. These conditions
can be determined by operating on (6.3) with first order n x n matrix operators of
a special type which reduce K(D) to a canonical form analogous to the row-
echelon form in solving a system of linear equations.

If rank Ko n in (6.4), then there is a constant nonsingular nm x nm matrix
C such that

KoC [/o,/o],
where/o has n columns and det/o # 0. (When m 1, the submatrix/o does
not appear.) We write

K(D)C /(D),/(D)],

where is n x and/(D) is n x n. Equation (6.3) can then be written

(6.5) I(D)fi(t) O(t)- ;(D)f(t).
Now let A(D)= det/(D). Since det/o # 0, then A(D) is a polynomial in

D of degree 6 n(n- 1). For any scalar function continuous on J let A-
denote the unique solution y of the initial Value problem

A(D)y(t) (t), J,

Diy(t7) O, O, 1,..., 6 1,

where tr is some fixed number in J. We extend the operator A-1 coordinate-wise
to n-vector functions; that is, (A- 1)j A- 1j for j 1, n.

TI-IEOIEM 6.1. Suppose I(D) in (6.5) is n x n, of degree n in D, det/o # 0,
and ,(O) is at most of degree n in D. If WzP)(J, R") and 0 Wtzq)(J, R"m-")
with q n + >= p >= O, then (6.5) has a solution eWe2"+v- 1)(j, R"); moreover,
each solution Wt2") is actually in W2 + P- x) and is given by

(6.6) =H(D)IA-I(O-’(D)()+7kyk]k=l
for some constant n-vector 7 where

H(D) adj/(D)
and y 1, "’", Y are a basis for the solutions y of
(6.7) A(D)y 0.
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(Note that p 1, q n gives fl e W(z")(J, Rnm) .)
Proof. Under the given hypotheses we see that /(D)(I e WzP)(J, R") so

A- 1( /(D)fi) e WzP+)(J, R"). Since the degree ofH(D)is at most (n 1)(n 1)
6 + 1 n and the Yk are infinitely differentiable, any fl given by (6.6) is in

W(2,+ p- 1)(j, R"). Moreover, since IA(D) (D)H(D) and/(O) is of degree n 1,
any such satisfies (6.5) on J by virtue of (6.7) and the definition of A- 1.

Conversely, suppose e W(z")(J, R") is a solution of (6.5), where e W(2P)(J, Rn)
and (1 e W(zq)(J, R") with q n + >__ p >__ 0. Then A-1 e W(2,+ )(j, R") so that
=/(D)A-Ie W2+I)(J,R"). Now H(D) is of degree at most (n- 1)(n- 1)
6 + n so that we may apply H(D) to " obtaining

(6.8) H(D) f.

Since e W2+ 1)(J, R") and IA(D) (D)H(D), we have

g(D)FH(D)] [K(D)H(D)],
so that applying/(D) to (6.8) yields

or

IA(DK =/(D)fi

A-’( /(D)I) + 7ky.
k=l

It follows immediately from (6.8) that has the form (6.6). As we have shown
above, any such is in W(2 + v- )(j, R").

Remark 6.1. The consistency conclusion provided by Theorem 6.1 under the
key hypothesis det/o -- 0 also follows easily from a reduction of (6.5) to a first
order system. The representation (6.6) is a slight generalization of that appearing
in Frazer [8a, p. 183]. The homogeneous equation/(D) 0 is equivalent to a
first order system for a vector with n(n 1) 6 coordinates. Hence the set of
solutions of/(D) 0 is a vector space of dimension 6; thus there are not as
many independent arbitrary constants of integration actually in (6.6) as would
appear from the totality of coordinates of the 7. However, since there are 6
arbitrary constants one may expect that the 6 conditions (5.20) can be satisfied.
This is indeed so in Example 6.1 below.

We now turn to the case when in (6.4) rank Ko p < n. Below we let
p rank K(D) and observe that p =< p =< n. Since Ko 4: 0, p >__ 1. There is then
a nonsingular constant matrix To such that the last n p rows of ToKo are zero.
Accordingly, (6.3) is equivalent to

(6.9) ToK(D)EI(t To(t), J.

We define M(D) and U(D) by

M(D)1 ToK(D(6.10)
k U(D)_J

where M(D) is p x nm and, by (6.4),

M(D) MoD"- + + M,_
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with rank Mo p. The submatrix U(D) is (n p) x nm and has the form

D 2U(D) U1 +"" + Un-1"
If zj, _<_ j _<_ n p, denotes the (p + j)th row of To, then we see that

(6.1 1) zj Wt22)(J, R)
W<’)tJ R’’)is a necessary condition that (6.9) have a solution + 2 even more

strongly, we must have

(6.12) "cj, 0

in case the jth row of U(D) is zero.
Now consider n x n matrix operators of the form

(6.13) T(D)

I 0 0

v D+a 0

0 0 E

where I is the v x v identity, v _< n 1, a is a complex number, v is v
with complex elements, and E is an identity matrix which,, along with the cor-
responding rows and columns, is absent from (6.13) if v n 1. If v p + j,

_< j _<_ n p, then (6.9) for f e W2")(J, R"m) implies

(6.14) T(D)ToK(D)Y(t T(D)ToO(t), J,

in view of (6.11). Let uj(D) denote the jth row of U(D) in (6.10) and let a e J. Then
one may easily show that

(6.15) uj(D)(a) rjO(a)

and (6.14)imply (6.9).
It can be shown [20] that premultiplication of ToK(D by a finite number of

matrix operators of the type (6.13), interspersed perhaps with some nonsingular
constant matrices which permute only the last n p rows, gives

where

Iffl D ][oDn -1 + + Jl

is /z x nm with rank K(D)= rank ]ro. Here T,..., Tq are the required
operators and permutation matrices. Moreover, after multiplication by each T
the product to that stage remains a polynomial of degree n in D. If consists
of the first # rows of Tq... TToff, then (6.9) is equivalent to

(6.16) ]’l(D)f(t) (t), J,

along with the corresponding conditions of type (6.11) or (6.12) and (6.15) which
appear in connection with operators T of the type (6.13). These conditions
represent the necessary and sufficient conditions for the consistency of (6.3) in
the context of being in W2)(J, R") and Y in Wz")(J, R"m). When these are satis-
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fled the solution of (6.3) may then be obtained by applying Theorem 6.1 to (6.16).
The following two examples illustrate the theory and technique in 5 and 6

to this point.
Example 6.1.

.l(t)-- .,2(t- h) -[- Xl(t- h),

:2(t) u(t).

Here B b 1, a single column, so K(D) K(D), f co and equation (6.3) in
this case is

(6.17) f(t) O(t).
-1

Note .that g(D)= K(D) satisfies the hypotheses of Theorem 6.1. Since A(D)
det/(D) -D2, the operator A-1 with r h is given by

,x- (t) (s t)(s) as.

A basis for the solutions of A(D)y 0 is (1, t} so, using (6.6), we find the general
solution of (6.17)is

[(t- S)$l(S) + $2(s)] ds + Cl + c2t
(6.18) fl(t) - I//1(S) ds / c2

-h

where c1 - ’22 and c2 _3,2 in terms of the coordinates of 1 and 72.
Assuming t > 2h, we now impose conditions (5.20); viz., 1(tl h) 2(t1)

and Df(t h) D2(t). From (6.18) these are, respectively,

(6.19) c + c(t h)= O(s) ds + c,

(6.20) 0(t h) + c 0(t).

Regardless of 0 e W([t h, t], R) we can find c. to satisfy (6.20) and then c
to satisfy (6.19) for this c. Thus the system is completely controllable from zero;
for t > 2h we have s’(0, t,0)= W([-h,O],Ra). Using co extended
backward as in the proof of Theorem 5.2, we can use (5.12) to calculate a control u
which would transfer x from zero to a prescribed on [t h, t].

Finally, we point out that for any 4 e W([-h, 0], R), the set (0, t, qS)is
a translate of s(0, t, 0). Hence the syslem under consideration in this example
is controllable on [0, t] if t > 2h. Yet we have B (0 1)* does not have rank 2,
so that Theorem 3.1 does not extend to systems of neutral type.

Example 6.2.

&(t)-- Xl(t + u(t),

.2(t) x(t.- h) + au(t),
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where a is constant. In this case (6.3) becomes

D

a(O )

for which rank K(D) 2. We may take

To--

and then,

(6.21) T1ToK(D ID
0

the degrees of K(D), ToK(D) and T1ToK(D) in D all being one. After applying To,
we recognize the condition (see (6.11))

12 a W(22)([t h, tl],R)

and, after applying Tx, we must add to this the condition (see (6.15))

(6.22) f2(tl)- afl(tl)=

The transformed system assumes the form (see (6.21))

(6.23)
fi2(t) al(t) + 2(t)- a(Ol(t)

from which we may write, using (6.22),

(6.4

(t) al(tl) + a 01(s) ds + O.(t) aO(t).

We now impose the conditions

(6.25) nl(tl h)- n2(t)--0

and (t h) 2(t1). From (6.23) this becomes

al(tx) + 2(tl) al(tl)- ffl(tl h)= 0.

From (6.24) we get

fl( 1) f(tl h) + 01(s) ds
1-h

so (6.22) becomes

(6.26) -al(t h) -F 2(tl)-- @2(tl)- ad/l(t) + a l(s)ds.

If a 4: 1, then (6.25) and (6.26) can be solved for fl(tl h) and f2(t) in any
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case;if a 1, then a solution exists if and only if

O(t) aO(t) + a O(s)ds O.
l-h

By translation of the t-axis we now have from Theorem 5.2 that for t > 2h the
set s’(0, , 0) consists of all functions e W([ h, 0], R) such that

2 a6, e W22)([ h, 0], R)

and

+ , h) O,

and, in case a 1, also

/(0) a (O) + a (s) ds O

Theorem 5.2 can, under some circumstances, give information regarding
null controllability of (5.1). Here we let x(t, , u) denote the solution of (5.1) on
[0, t] which is continuous on [-h,t] and satisfies xo(.,4),u 4, where
qb e W21)([ h, 0], R"). Since

x(t, dp, u) x(t, O, u) + x(t, dp, 0), >= -h,

and x(t, ok, u) is linear in u, we see that x(t, b, u) 0 on some interval J
I/I/’(o) t, Rm) we haveif and only if for some u e 2,ot1,

(6.27) x(t, O, u) x(t, dp, 0), J.

THEOREM 6.2. Suppose A_ O, A1 is nonsingular, B b is n x and the
degree of det K(D) in D is 1/2n(n 1)./f be Wzl)([-h,O],R") and (6.27) holds for

vv(o) t R) then for any e. > 0 such thatIt1 h, tl] for some > nh and u 2,o1,
wz(o) t, R) such thattz + e. h > nh, there is a control 2,o2,

(6.28) x(t, O, ) x(t, ok, 0), [t2 h, t2].

Proof. We extend u so that

(6.29) u(t) O, >

We may then assume that (6.27) holds for J It1 h, + e] for any e > 0.
If e >= h we may choose u to get (6.28) so we assume for the arguments below
that e < h.

Now by Theorem 5.1 and (6.27) there exists 09 Wz"o(tl + e, R") such that

(6.30) K(D)og(t) x(t, dp, 0), J,

with (5.11) and (5.12) holding; that is,

(6.31) Soj (Dj+ 1, j 1, ..., n 1,

(6.32) det Q(D, S)o91 u.

We now define the n-vector function f to be any particular,solution of the system

Dj-lfJ(t)=ooJ(t), j= 1,...,n, t6J.
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Then f e W")(J, R") and (6.30) implies

(6.33) [Po(D)b, DPI(D)b, D"- 1p,_ l(D)b]f(t x(t, dp, 0), e J.

If/(D) denotes the operator matrix on the left in (6.33), then

det/(D) O(1/2)"("- 1) det K(D)

so the degree of det/(D) in D is n(n 1) by our hypothesis. But since A_ 0,
the degree of P;(D) is at most n j 1, so the degree of/(D) is at most n
and it follows that det/o - 0; that is we may apply Theorem 6.1 to (6.33). In
doing this we note that there is no/(D) or fi present in this instance. Moreover,
x(., b, 0) restricted to J is in W2"+ 1)(J, R") since tl > nhand Ce W21)([-h, 0], R’).
(It is easy to see that solutions of (5.1) with A_ 0 and u 0 get progressively
smoother as is increased by h.) By Theorem 6.1 we conclude that f e WzZ")(J, R"),
whence

(6.34) 09; e W(22"- + 1)(j, R), j 1, .-., n.

When A_ 0 we may write

(6.35) det Q(D, S) m;(D)S;,
j=O

where m;(D) is a scalar polynomial in D of degree n -j. By (6.31) and (6.32) the
control u is then given by

(6.36) u(t) m;_ l(D)co;(t) + m,(D)col(t- nh).
j=l

But m,(D) m, is a constant and col W!o(tl + e, R) so it follows by (6.34) that
u restricted to d is in W2")(J, R). Hence the mapping ---, u(t + h) satisfies

(6.37) u( + h) W2n)([t2 h, t2] R),

since [t2, t2 +
Substituting (5.3), (5.6) and (6.35) into (5.5) and equating coefficients of like

powers of S, we derive the following relations:

I mo(D (DI Ao)Po(D),

(6.38) I mj(D) (DI Ao)Pj(D A,Pj_ I(D), j 1,..., n 1,

I m,(D) A 1P,_ I(D).

Now P,_ I(D) adj (-A 1) so m, m,(D) det (-A 1) is a nonzero constant. By
(6.30) and (5.1) with u 0 it follows that

(6.39) x(t, , O) A- I(DI Ao)K(D)oo(t + h), e [t2 h, t2].

Using (6.38), we get that

l[bmo(D) bin, I(D)] + K(D)NA- I(DI Ao)K(D A
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where

0 0

0 0

Hence, by (6.36) and (6.39) we see that for e [tz h, t2]

x(t, dp, O)= A- ’b[u(t + h)- m,co,(t + h- nh)] + K(D)Nco(t + h).

From the last relation in (6.38) it now follows that

(6.40) K(D)Co(t) x(t, ok, 0), e It2 h, t2]

where for e It2 h, t2] we define

(6.41) fT)j(t) 09j+ l(t -I- h)= col(t + h- jh), j-- 1,..., n- 1,

(6.42) Co,(t)--col(t -+- h- nh) u(t + h)
mn

Observe that 69s Wt2")([t2- h, t2],R") in view of (6.37) and the fact that
ool Wt2%(tl + e,R). Assuming t2 > nh, we may now verify the analogues of
(5.20), viz.,

(6.43) Dij(t2 h) Dij+ 1(t2), 0, 1, ..., n 1,

for j 1,..., n 1. These clearly hold for j 1, ..., n 2 by (6.41) and the
smoothness of 091 They hold for j n for the same reason by (6.42) and
(6.29) since t2 + h + e. Now (6.40) and (6.43) imply the conclusion (6.28),
by virtue of Theorem 5.2.

COROLLARY 6.1. Suppose A_ O, A is nonsingular, B b is n x and the
degree of det K(D) in D is 1/2n(n- 1). Let x(t, c, u) be the solution of (5.1) with
Xo(’, ok, u)= dp. If > nh and x,,(., dp, u)= O, then for any 2 > nh there is a
control W2,)o(t2, R) such that xt( dp, ) O.

Proof. The conclusion is clearly true for t2 > l; we need merely to set
u(t) 0 for > 1. For nh < 2 < tl, let k >= be an integer such that e h

(tl t2)/k > 0. Since x,(., 0, -u) x,,(., b, 0) and tl + e, h _> t2 > nh, we
may apply Theorem 6.2 to conclude the existence of a control t such that
Xt,+e_h(’,O --l)-’- Xtl+e_h(’,(,O But 2 d- k(e- h) so we may proceed

,,,to) tt R)inductively if k > 1, and finally conclude the existence of a control t7 e 2.ot2,

such that xt,(-, 0, -) xt_( , tk, 0). This, in effect, completes the proof.
We consider once again the example discussed previously (see Example 4.1).

In addition to providing an example which is null controllable on [0, l] for
> nh but not null controllable for <= nh, this example illustrates nicely the

use of the ideas in 5 and 6 to ascertain null controllability.
Example 6.3.

&j(t) xj+l(t- h), j 1,..., n- 1,

.(t) u(t).



LINEAR HEREDITARY SYSTEMS 645

We show that this system is null controllable on [0, tl] for tl > nh. From the
above discussions, it suffices to show that any of the form O(t)= x(t, rk, 0),
e It1 h, tl], where e WI)([-h, 0], Rn), is attainable from the zero function.

(6.44)

An easy calculation yields

0

0

0
K(D)

0

jD

0 D 0

0 Dz 0 0

0

and we observe that the degree of det K(D) is 1/2n(n 1) (see Theorem 6.2 above).
If is given as above, we see that

(6.45)
j(t) Oj+l(t- h), j 1,2,..., n- 1,

n(t) 0.

It follows that for tl > nh, JgC([tl h, tl],R) for j 1,2, ..., n.
We apply Theorem 5.2 to ensure that t/J is attainable. For the given qt on

It h, ] we define

n(t) (t),

,_j(t) D,_j+ x(tx){t (t h)}
(6.46)

+ ds dsa 0+ (s) ds
-h -h -h

for j= 1,2,...,n- 1.

Here the multiple integrals in defining m_ are j-fold integrals.
Defining the n-vector m as in (6.46), we obtain m e C([t h, t], R) and

furthermore we have on [t h,

(6.47) Do-(t) 0+(t), j 0, 1,..., n 1,

or, in light of (6.44),

(6.48) K(D)oo(t) O(t),

Furthermore, for j 1, 2, ..., n 1, from (6.46) we have for 0 _<_ <_ j 1,

DiCon j(t h) (tl)D O,)n_j+

while for j we find

DJOJn_j(tl h) j+ l(t h) )(tl) D(D- ln_ O_ a))(t)
DJon_j+ (tl).
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For > j, (6.47) along with (6.45) imply

Dicon_j(tx h)-- Di-JDicon_i(tl h)

Di-JDJcon_j+ l(tl) Dioon_j+ 1(tl).

We therefore have

(6.49) Dio),_j(tl- h)=Dic%_)+x(t), i=0,1,...,n- 1, j= 1,...,n- 1.

uT(o) t, R)In light of (6.48) and (6.49), Theorem 5.2 yields the existence of u 2,o,
such that

which implies null controllability. We remark that using the backward extension
of 1 aS in (5.23) one can, using (5.12), easily obtain a control u which drives

W)([-h,O],R") to zero at time t > nh (i.e., x,(, u) 0). Note, however,
that one must know if(t)= x(t, , 0), t [t- h, t], in order to compute
using (6.46).

The next example shows that neither of the restrictive assumptions of
Theorem 6.2 (deg det K(D)= n(n- 1) and A nonsingular) is needed in using
Theorem 5.2 to determine null controllability.

Example 6.4.

(t) x(t- h)+

2(t) Xl(t + X2(t- h).

For this example, it is also easy to argue that for null controllability on
[0, tl] one must have > nh- 2h. As in the previous example, we show that
the system is null controllable for t > 2h by using Theorem 5.2 to verify that any

satisfying on [t h, tl]

2(t) @l(t)+ @2(t- h)

lies in the set of functions reachable from the zero function, if if(t) x(t, , 0),
w1- h, 0], :).
We find that

so that degree of det K(D) 0 :/: 1/2n(n 1). Also note that

AI=

is singular. The equation K(D)co then becomes

(6.51)
Dco(t)- 032(
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We observe that for 4 W21) and tl > 2h, ff W23)([tl- h, tl],R2). We then
define

01(/7 I//2(t)
(6.52)

and obtain immediately that co WzZ)(tl h, tl], R2) and satisfies (6.51). Finally,
since (6.50) holds, we have

12(t h)-- 12(gl)-

which can be written

(6.53) Diool(tl h) Dicoz(tl), 0, 1.

Application of Theorem 5.2 then yields null controllability on 0, l] if > 2h.
Finally, we present an example illustrating the use of Theorem 5.2 in deter-

mining that a system is not null controllable.
Example 6.5.

21(t) Xl(t- h) -+- U(t),

22(t)-- Xl(t -+- U(t).

We show that this system is not null controllable on [0, tl] for any > 0. It
suffices to let be arbitrary, > 2h. In view of the necessity of the conditions in
Theorem 5.2, if W21)([-h, 0],R") is controllable to the zero function, i.e.,
x,,(, u) 0, there must exist co satisfying

K(D)o(t) @(t), It h, l]

and

Dio91(t1 h)-- Dioo2(tl),
where (t) x(t, b, 0). Here we find

K(D)= [ D

D+I -1

so that the first set of equations becomes

D91(t) tl(t), G [/:1 h, tl]
(6.54)

Dcol(t) + oo1(0- O92(t t2(t),

while the latter equations can be written

(Dl(t h)-- (D2(tl)
(6.5-5)

DOJl(t h)-- Do92(tl).

We are thus forced to define co by

(6.56)

0, 1,

t[t h, tl]

COl(t o01(t h) + Ca(s)ds
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and o92 by

(6.57)

Since , must satisfy

(6.58)

(6.56) becomes

o92(t)-- o91(t) -1- Il(t I//2(t).

o91(t)-- o91(tl h) + 2(t)- I//2(t h),

which upon substitution into (6.57) yields

(6.59) o92(t) o91(tl h) + ,l(t)- ’2(tl h).

The requirements (6.55) then become

I//l(t h)-- l(tl).
The latter requirement is automatically satisfied, while the first may be written

-h

(6.60) O l(tl) 42(0) - i//1(s) ds,

where b2(0) can be arbitrarily chosen and must be a solution of

l(t)-- Il(t- h), > 0,

with ,1(0) bl(0), 0 e [-h, 0]. For the solution of this equation we find

I//l(t 1) 1(0) + 1(0) dO + , l(S) ds,

which, taken with (6.60), requires

Since (6.61) will not hold for arbitrary 4 e W1([- h, 0], R), we do not have null
controllability on [0, 1].

AdMedget. The second coauthor is happy to express his gratitude to
D. C. Taylor for several fruitful discussions during the preparation of this manu-
script, and to K. J. Bechmann for pointing out an improvement in Theorem 3.1.
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AN EFFICIENT ALGORITHM FOR THE SOLUTION OF
THE WEBER PROBLEM WITH MIXED NORMS*

ALEJO PLANCHART AND ARTHUR P. HURTER, JR.

Abstract. An algorithm is developed for the solution of the Weber problem when the distances
are measured as arbitrary linear combinations of/p-norms. Euclidean and rectilinear norms are used
to illustrate the development, The algorithm applies the Dantzig-Wolfe decomposition method to
the geometric programming dual of the Weber problem. The algorithm can be extended to the solution
of the multifacilities location problem with constraints.

1. The problem. The problem can be formulated as

(1) (p min [wjllx ajii2 -t- w}llx
j=l

where wj and w/are nonnegative scalars, x and aj are k-dimensional vectors in
the Euclidean space Ek, 1. ll2 is the Euclidean norm and I1" II1 is the rectilinear
norm.

In most economic applications, the location problem is restricted to E2.
However, there are economically based problems where k __> 3. For example, the
location of equipment within a multistory building is a location problem in Ea.
The location or Weber problem format has potential application to decision
problems in other fields as illustrated in [40]. Consequently, it is appropriate to
develop techniques applicable to problems in Ek rather than restricting our
attention to E2.

An efficient algorithm for the solution of (1) is developed. In addition to
converging to the optimal solution, the algorithm facilitates sensitivity analysis
on the parameters (wj, w/and aj).

Many of the results of this paper, including the algorithm, are valid for the
following generalization of (1)"

(1’) q91 min 2 wpj x-ajlp,
PPL

where

P/-- {(P1,’", PI)IPi P, 1,..., L, L < }
P {PIP 2a/(2b + 1), a, b positive integers} U {1},

wpj > 0 are known weights, and

"llp IS a general/p-norm, i.e., Ilxll Flxxl + + Ix,lq /’.

* Received by the editors October 23, 1973, and in revised form July 26, 1974. This work and
its extensions were supported in part by the National Science Foundation under Contract GK-38336.

]" Instituto de Estudios Superiores de Administracion, Caracas, Venezuela.
:I: Department of Industrial Engineering and Management Sciences, Northwestern University,

Evanston, Illinois 60201.
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In order to keep the notation as simple as possible, problem (1) instead of
(1’) will be considered hereafter. The generalizations of the results to problem
(1’) are usually straightforward.

Problem (1) for the special case when w)= 0 for all j is the well-known
generalized Weber problem of great importance in location problems. Similar
heuristic solutions of this case were developed independently by Kuhn and
Kuenne [24], Cooper [3], [4], Miehle [29] and Palermo [30. A dynamic pro-
gramming solution was developed by Bellman [1] and nonlinear programming
algorithms by Vergin and Rogers [36] and Love [25], [26]. The last two papers
refer to the more general multifacilities location problem in which more than one
facility is to be located.

Problem (1) with wj 0 for all j was studied by Francis [12] and the multi-
facilities location problem for this case by Francis [13], Wesolowsky and Love
[41], [42], [43] and by Cabot, Francis and Stary [2].

Besides being important on their own, the "single source algorithms" are
used as one of the steps in the solution of more complex problems. For example,
the "multisource Weber problem" can be solved by the "location-allocation
heuristic" of Cooper [5], [7] and Kuenne and Soland [21] which requires the
iterative solution of several independent "single source problems" and a linear
program. Another recent approach to the solution of problem (1) is that of Eyster,
White and Wierwille [11]. Some particular application algorithms have been
developed that require the solution of this type of problem in one of the steps, as
in Hurter, Schaefer and Wendell [19] and Schaefer and Hurter [32].

Problem (1) is an important problem which seems to have been ignored in
the literature. It is important because it is not unusual for two kinds of trans-
portation to be considered in the same problem. In this case, the rectilinear and
Euclidean norms would be most likely to be applicable. For example, in a plant
layout problem, it would not be unusual to find a machine being fed some of its
materials through conveyors or pipes where the Euclidean distance is appro-
priate; while others are supplied or removed by fork lift trucks operating in aisles
where the rectilinear distance is important.

An algorithm is developed which uses the geometric programming dual of
problem (1)and then applies the Dantzig-Wolfe decomposition method. First
some properties of problem (1) must be established. The following notation is
used:

fJ(x) Wj[[X aj 1,

fi(x) f(x) + f(x);

J - j[wi > 0};

f(x) - wsl x as[I 2

V(x) f(x);
j=l

J2 {j[ws > 0}.

THEOREM 1.1. F(x) is a convex function of x. Furthermore, if the points aj,
J 6 J2, are not collinear, and J2 is not empty, then F(x) is a strictly convex function
ofx.

Proof. Both f)(x) and f(x) are convex functions (since they are norms) and
hence f(x) and F(x) are convex (since the sum of convex functions is convex). It
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has been proved (Kuhn [22, p. 45]) that s2f(x)is strictly convex when the
points aj, j J2, are not collinear ;therefore .,js2f(x)+ jsl f)(x)is strictly
convex since the sum of convex functions, one of which is strictly convex, is strictly
convex.

COROLLARY. If the points a, j J2, are not collinear and J2 is not empty, then
F(x) has a unique minimum.

Proof. It follows from strict convexity.

2. The geometric programming dual. Consider a convex program:

q91 inf F(x),
xXcC

where X is a vector subspace of Ek, C is the domain of F. Peterson defines the
symmetric geometric programming dual and develops theorems that characterize
the relationship between the primal and the dual in [31]. The dual is

1 inf H(y),
yYD

where Y is the orthogonal complement of X, D is the domain of H(. and H(.
is the conjugate transform of F(. defined as

H(y) sup {(y,x) F(x)}.

Problem (1)can be formulated as

j=l

such that

xj--xj --x for allj.

Here X is characterized by the condition xj x) x for all j and C is E2"k

Euclidean space.
Wendell and Peterson [39] obtained the geometric programming dual of the

multifacility location problem. Their results are applied to problem (1) and are
the basis of the algorithm developed in 3. We are preparing an algorithm for
the multifacility location problem also based on the Wendell and Peterson results.

The geometric programming dual of problem (1)"

(2) , min [(aj, yj) + (a, y)]
j=l

such that

Ilyjll2 wj, ly Ioo
+ o,

where y and yj are k-dimensional vectors, [[Y[lo max {[Y’jI, "’", [Ykj[}, and
[" 112, 1[" 1[o are the polars of I1" 112 and I1" II1 of problem (1).

The dual for the special case of w} 0 for all j was obtained by Kuhn [23]
as a generalization of Fasbender’s method of solving the three-point Weber



THE WEBER PROBLEM WITH MIXED NORMS 653

problem. Wiztgall [44] generalized that dual for any arbitrary norm. Wendell
[37] and Wendell and Peterson [39] generalized it further to include the multi-
facility location problem and nonlinear functions of distance (iaondecreasing and
convex). Francis and Cabot [14] also obtained this dual for the Euclidean case
via Sinha’s duality [34], [35].

Problem (2) is a convex, well-behaved, and differentiable programming prob-
lem as shown in the following more convenient equivalent formulation:

min H(y) min [(aj, yj) + (aj, y)]
j=l

such that

(3.1) 2 for allj 1, n(y)+... +(y)__<w
< < foralli=(3.2) -wj yij wj

(3.3) (y+y)=0 for all j= 1,...

,k, j= 1,...,n

The following properties, developed by Wendell and Peterson [39], will be

Let y} for z 1,..., tj be known elements on the boundary of Cj. tj is an
arbitrary integer which indicates the number of elements known on Cj. Consider
the set Dj as an approximation to the set Cj where

>0Dj--A YJYJ=
:=1 :=1

In other words, the set of points D consists of convex linear combinations of
some of the boundary points of C. Notice that there are as many sets C as there
are points a in (1), since there is a constraint (3.1) for each point (j 1, ..., n).
Therefore, we can state the following lemma.

LEMMA 3.1.

Cj __a {yl(ylj)2 +... + (ykj)2 =< W}.

3. The algorithm. The Dantzig-Wolfe decomposition method is employed
to solve problem (3). Then duality theory is used to obtain the optimal solution
of problem (1).

The first step in the algorithm is to "inner-linearize" (Geoffrion [15]) the
sets described by (3.1). Define C as"

used in 3.
Property 1. If x and y are feasible solutions to dual problems (1) and (3),

then F(x) + H(y) >_ 0 with equality iff x OH(y) or y e 0F(x), in which case x and
y are optimal solutions to problems (1) and (3). The notation x OH(y) means
x is contained in the subgradient set of H(y).

Property 2. Both problem (1) and problem (3) have nonempty optimal
solution sets and there is no duality gap, so q9 + 0.

These properties will be used in 3 where an algorithm for the solution of
problem (3) is developed.
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Proof. Dj is the set of all the convex combinations of some points of Cj,
and hence it is contained in it.

The algorithm involves the iterative solution of a master problem which is
equivalent to problem (3); but with the sets Dj instead of the sets Cj and of n
nonlinear programming subproblems which will be described later. At step "s",
the master problem (which is linear) and its linear programming dual may be
written:

MP(s)

(4)

such that

tj(s) tj(s)

Z(s) min 2}(s)(a, y) + (a, y}(s))
j=lr=l r=l

< )( j= 1,... n(4.1) -wj=y s)< Wj,

(4.2) 2 2}(s)y} + y}(s) O,
j=lr=l j=l

tj(s)

(4.3) 2(s)= 1, j 1,..., n,
r=l

,t3s) 0.

(5) D(s) max (s)- w) O}(s) + }(s)
j=l j=l i=1

such that

(5.1) 6j(s) + ((s)- aj, y}) =<0, j= 1,...,n, r 1,...,tj(s)

-rlj(s) + Oj(s) + a(s) aj, j 1,..., n,
(5.2)

q(s), O(s) >_ O.

Note that problem (4) has one column for each point taken on the relative
boundary of the sets Cj, so that, if all the points on the relative boundary of the
-sets Cj’s are taken, problem (4) is a semi-infinite program (infinite columns).

The idea of the algorithm is to solve MP(s) determining values for the y(s)
and 2}(s), for a finite number of columns. Then, the solution of the n subproblems
shows whether or not there exist some points on Cj such that the columns associ-
ated with them would have had a negative reduced cost if they had been con-
sidered available when solving MP(s). In that case, they would have been pivoted
into the basis, yielding a reduction in the value of the objective of MP(s). If such
points exist, a new master problem MP(s + 1) is formed by attaching to MP(s)
the column which has the most negative reduced costs on each of the Cj’s (and
hence will reduce the objective function the most); and the procedure is repeated
until no further reduction is possible or some stopping criterion is satisfied.

The reduced cost of the columns corresponding to any of the boundary
points of C not included in MP(s) is given by (a (s), y) 6(s). Thus, to
find the most negative in each set, it suffices to find the yj’s which solve the fol-
lowing subproblems
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SPj"
(6) min (aj- (s), yj).

yjCj

The optimizing vector for (6) can be expressed explicitly as

and the optimal value of the objective function as

(a z(s), y) -w[la z(s) -f(z(s)),
so that the column associated with y’ will be attached to MP(s) to form MP(s + 1)
only if f(e(s)) < 6j(s).

Notice that the expression for y’ is not valid if e(s) aj. However, in that
case, ((s) ar, y) 0 for all y} e Cr. Therefore, the cutting plane generated is

fir(s) =< 0. When this occurs, the structure of the problem guarantees that no
other y will be generated from the set Cj during successive iterations while
e(s) aj. The test problem presented below demonstrates the algorithm’s ability
to deal successfully with this case.

The solution of MP(s) is efficiently obtained using the Dantzig and Van
Slyke [9] generalized upper bounding (G.U.B.) technique. An inverse of dimension
k x k (2 x 2 for E2 problems) is all that is needed to solve (4).

LEMMA 3.2.

z(s) >_- ,.
Proof. Lemma 3.1 shows that the feasible set of problem (4) is no larger

than the feasible set for problem (3). In all other respects, problems (3) and (4)
are equivalent. Thus, the optimal value of the objective of (4), Z must be at least
as large as that of (3), .

LEMMA 3.3.

Z(S + 1)< Z(S).

Proof. The assertion follows since MP(s + 1) has as the starting basis the
optimal basis for MP(s) and it has some columns with strictly negative reduced
cost any of which, once pivoted into the basis, will never increase the value of the
objective.

LEMMA 3.4. If master program (4) is feasible, then it is bounded.
Proof. Program (4) is equivalent to the minimization of a convex program

(linear) on a closed and convex and hence compact set, namely the intersection of
a finite number of closed and convex sets, the Dj’s. The assertion of the lemma
follows immediately.

THEOREM 3.1.

Z(s) 9 iff((s)) <= -6j(s) for all j.

Proof. Assume the opposite, that is, Z(s)> ff (Lemma 3.2) and f((s))
< -6j(s), and prove contradiction. Let y be the solution to problem (3). Ob-
viously y’ Dj since otherwise it would have been the solution to (4). Now
f((s)) <=-6j(s) implies that (a-(s),yr)- fir>= 0 for all yrC since

-f(t(s)) is the minimum value over (aj- (s), y). But attaching to problem
MP(s), the column corresponding to y’ to form problem MP(s + 1), y’ must be
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the solution of the latter, which implies that Z(s + 1) , < Z(s), but this implies
in turn that the reduced cost of the column corresponding to y’ must have been
negative; that is, (a 0t(s), y) 5(s) < 0 and in particular f(a(s)) > -(s),
which contradicts the assertion.

THEOREM 3.2. The optimal solutions to (4) and its dual provide the following
bounds to the optimal solution p ofproblem (1):

+ + +
j=l j=l Li=I j=l

Proof. =f}((s)) + fJ(a(s)) follows directly since a(s) is a feasible
point for problem (1). The rest of the inequality follows from the linear pro-
gramming dual theorem and Lemma 3.2. Then

j= j= i=

The geometric dual theorem insures that + 0 from which Theorem 3.2
follows.

THEOREM 3.3. If an optimal solution to (4) and its dual (5) is such that

f((s)) -6(s)
for all j’s, then:

j= j= i= j=

Proof. Theorem 3.1 and geometric programming duality guarantee that

j= ,j=

which establishes the leg-hand equality. From the slackness conditions, both
j(s) and Oj(s) cannot be simultaneously strictly greater than zero, so that one of
the nexV three alternatives must hold.

(a) (s) O(s) 0, but from (5.2) this implies that (s) a.
(b) (s) > 0, O(s) 0, which implies (s) (s) a.
(c) (s) 0, O(s) > 0, which implies O(s) ai (s).
(a), (b) and (c) can be summarized by:

In(s) + I,(s)-

and by the triangle inequality and positiveness of ) and 0"
In(s) + 0(s)l In(s)l + 10(s)l n(s)+ O(s),

so that

ns) + O(s) I,s)- %1.
By summing over i, multiplying by w and then adding over j we obtain

w} e(sI + O(sI f1((sII.
j= j=
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Finally by summing the conditions -6j >= f(e(s)) over all j’s and adding to the
previous inequality we obtain

But Theorem 3.2 guarantees that

j=l j=1 i=1

from which it follows that only an equality can hold.
COROLLARY. At an optimum f(o(s)) -6j(s) and

f)(e(s)) w}I i= q(s) + O}(s)l.
Proof. It is obvious from the proof of the theorem.
Theorem 3.3 proves the very important result that the dual variables associ-

ated with the master problem constraints (4.2) provide the optimal solution for
the original problem (1) when the optimality conditions of Theorem 3.1 are
satisfied. Notice that by taking the dual of the "linearized and restricted"
(Geoffrion [15]) version of the geometric programming dual of problem (1), the
optimal solution of the latter was obtained directly in the linear programming
tableau. Furthermore, the dual variables to problem (1), i.e., the y’s are also ob-
tained almost directly from the final tableau. Notice that yj is the gradient of
f(x), that is, Yij cf(x)/c3xi evaluated at the optimizing point (Francis and
Cabot [14]), so that .= Yij OF(x)/Oxi and condition (4.2) corresponds to the
Kuhn-Tucker first order conditions. The y’s and the 6’s at optimality provide an
interesting sensitivity analysis which will be explored in a forthcoming paper.

4. Convergence properties. The algorithm proposed in this paper is equivalent
to the Dantzig-Wolfe decomposition method (dual cutting plane algorithm), the
convergence of which has been proved by Dantzig [8] and Zangwill [45] for the
case in which only inequality constraints are present.

Greenberg and Robbins [18] extended the proofs for the following case.
po: maxf(y): y Y, g(y) <= O, h(y) O

where f: Y E, Y
_

E", g: Y E’, h Y Ek, under the following assumptions
AI" po is feasible;
A2 Y is compact;
A3:f, g and h are continuous on Y;
A4" There exist m + 2k points y,..., y, y+, ..., yk+, y_,..., yk_ in Y

(not necessarily distinct)such that the following are true:
(i) g(Yo) <-_ O, h(yo) 0 and gi(yo) < 0 for 1, ..., m,
(ii) h,.(y_) h,.(y+) 0 for r,

(iii) h,.(y2 < 0 and h,.(y > O.
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Assumptions A1-A4 are trivially satisfied by problem (3) when the following
notation is used:

(a) y (y’,..., y’,, y,..., y,)eE2".

(b) Y- {yl-wj < yj _<_ wj, yj + + yj _<_ wj}.

j=l

(d) gi(Y) (-1)i+ly’0 Wq for 1,..., 2nk,

where q {i/2k} and r {(i- @)/2} and {x} represents the smallest integer
greater than or equal to x.

(e) hr(y)- yr+y fort= 1,...,k.
j=l

(f) y; =0 fort= 1,...,2nk.

(g) Y+ =(+Yl ;
+yj 0 for allr= 1,...,k.",+Y’,,Yl,"’,+Y,) suchthat ’=

and { y fori=r,
+YJ 0 otherwise;

Y + wjlaij 5i(- 1)l/llaj 5(- 1)ll,

where 5(-1) is an arbitrary k-dimensional vector chosen so that aj 5(-1) for
all j.
(h) y2 =(2y’1,.. ,_y,,r_yl,.. ,-Y,)

such that

_yj= 0 for allr= 1,...

-y for r,
-Y

0 otherwise.

Therefore the algorithm proposed below will converge to the optimal solution
of problem (3).

aj, j

that

wise

5. Algorithm and computational experience.
Step O. Take s 0.
Step 1. Choose 5(-1) and x(-1) to be the center of gravity of the points
e J2, or any arbitrary point such that 5(- 1) 4: a for all j 1, ..., n.
Step 2. Form master problem (4) MP(0) by taking 2kn + 2k points such
A4 is satisfied.
Step 3. Solve MP(s)and get 5ls), q(s), 0}(s), yi(s)ys) and 5(s).
Step 4. If F(5(s))< F(5(s- 1)), take x(s)= 5(s). Otherwise x(s)= 5(s- 1).
Step 5. Compute DIF F(x(s)) + Z(s)and ACC DIF/7.(s).
Step 6. If DIF 0 or ACC less than a specified small number, stop. Other-
move to Step 7.
Step 7. If f.(5(s)) __< -6j(s) for all j, stop; otherwise proceed to Step 8.
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Step 8. For those j such that f((s)) > -6j(s), add to MP(s) the column
defined by

y -wj(a; o(s))/ a; o(s)

and make tj(s + 1) tj(s) + 1.

Step 9. Make s s + and go back to Step 3.
The algorithm was programmed in FORTRAN IV for a CDC 6400. The linear

programming code used in Step 5 is the subroutine for experimental optimization
(SEXOP) developed by Professor Roy E. Marsten based on the Graves’ primal-
dual approach to linear programming [171. It was observed in all the test prob-
lems that in no case did a column, once it became nonbasic, re-enter the basis.
This suggested that elimination of nonbasic columns would not curtail conver-
gence. The algorithm was then reformulated so that nonbasic variables, except
those on the initial set (to satisfy A4), were dropped. Using the work of Eaves
and Zangwill [10, p. 534], it was proved that the conditions for dropping cutting
planes are satisfied except in the case that in a given iteration (s) the current basis
is degenerate and the objective function value does not improve after the optimal
solution to MP(s) is obtained. A modification of the algorithm to take care of
degeneracy is being developed. The results reported here were obtained using a
routine which drops nonbasic columns.

Three sets of problems of different sizes were created in the following way:
the first set consists of 5 problems with from 10 to 50 cities (in intervals of 10)
in which only the Euclidean distance is considered. The starting point was taken
at the origin (e(-1) 0). The second set consists of 8 problems, with from 10
to 80 cities (in intervals of 10) in which only the Euclidean distance is considered
and the starting point is taken at the center of gravity (- 1) =1 wa/Z= w.
The first 5 problems of this set are identical to the problems of the previous set.
The third set consist of 5 problems with from 10 to 50 cities (in intervals of 10)
with both Euclidean and rectilinear distances considered. The starting point is
at the origin for problems with 10, 20 and 40 cities and at the center of gravity
(- 1) s2 wja/s2 w for problems with 30 and 50 cities.

All the problems attempted in the three sets were solved to the desired degree
of accuracy (ACC), the speed of convergence being very satisfactory. No con-
sistent difference in the convergence rates between sets (1) and (2) was observed,
which suggests only weak dependence of the convergence rate on the starting
point. Tables through 3 summarize the results corresponding to the three sets
of problems solved. These tables show the number of iterations (I) and total
computer processing time (T) needed to achieve certain degrees of accuracy (ACC).

Accuracy is defined as in [19], that is,

A-B
ACC x 100%.B

where A is the algorithm result and B is the lower bound. Table 4 presents some
of the results required in the standardized reporting of algorithm performance
proposed by Ignizio [20].
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TABLE 4

Computer Utilized CDC 6400.
Programming language:FORTRAN IV.
Amount of Internal Storage Used: Words 43,3008
Amount of External Storage Used none.
Expression of memory requirements as a function of problem size:

9250 + NW [8 + 8k + 2k2] + NWW [1 + 13k + 4k2]

+ NDP[3 +k] + 19k+k2,

where

NDP n of demand points,

NW demand points aj,j J2,

NWW demand points aj,j J1,

k n of coordinates.

The computer code was intended only as a first attempt and is, therefore, a
very unsophisticated and imperfect representation of the algorithm. This makes
the results obtained even more encouraging. Perhaps one could improve the
speed of convergence if the starting point were selected at the center of gravity
to the power n as suggested in [16] and [33]. We wish to thank a referee for
bringing these references to our attention.

6. Conclusions and extensions. The speed of convergence suggests that this
algorithm can be used to solve multisource Weber problems with unknown
weights by location-allocation procedures 5], 7], 20] when it is known that a
given percentage of the demand must be shipped through a "rectilinear distance
path". The algorithm is currently being extended to include constraints and also
to solve the multifacility location problem with different norms and linear con-
straints. Most of the theory developed here will be applicable in these cases in a
straightforward way.

Again consider DP(s). This suggests that the primal problem (1) could be
re-expressed as"

minimize . [qj+w)i (0+ r/)l over all q, 0, r/and x in E satisfying

qj> wj x-aj j= 1,... n2,

x-rl+Oj=a, r/j>0 0 >0 j= 1,... n

qj < wjllx ajl12, j 1,... n

where x is an arbitrary point, so that the set of feasible qj is compact. Then the
re-expressed primal problem can be solved directly by the cutting plane algorithm.
We are grateful to the editor, Professor Rockafellar, for pointing out this
equivalence.

Since work on this paper was completed and during its reviewing process,
papers using a similar approach have appeared and the interested reader is
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advised to compare our results with those of Love and Kraemer [27] and Love
I28]. We are grateful to an unknown referee for bringing these papers to our
attention.
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CONVEXITY OF THE RANGE OF CERTAIN INTEGRALS*

LAMBERTO CESARI’

Abstract. In the line of Lyapunov’s convexity theorem, the author considers the subsets H and
K obtained from any number h of given integrable n-vector functions by all possible set decompositions
and by all possible convex combinations respectively and integration. Both sets are closed and convex,
and the author gives a simple proof that H K.

We prove here briefly and by a simple elementary approach a number of
statements related to Lyapunov’s theorem" the usual dichotomy process (1),
the Lyapunov theorem (Theorem 1), and the statements (Theorems 3, 4, 5 in 2)
concerning the sets H, K = E" obtained from any number h of given integrable
n-vector functions by all possible "set decompositions" and all possible "convex
combinations" respectively and integration. Both sets H and K are closed and
convex, and we give here a simple proof that H K. We have made use of the
identity H K in a related paper on existence theorems without convexity
conditions [6]. The same identity has been used also by M. B. Suryanarayana
[22, 23] and T. S. Angell [1]. Acknowledgment is made in the reference list to
earlier works in the past decades, which have influenced the present writing.

1. Range of integrals of vector-valued functions. If a, b] is any given interval of
length b a, and , 0 < < 1, any number, thenthe point a + (b a)

a + czl divides a, b] into two parts of measures 0l and (1 cz)l. If we divide
[a, b] into two equal parts, and we divide each part as above, the corresponding set

0I
D2= a<t<a+ IA a+-<=t<a+-+

has measure 0d and is the union of 2* disjoint intervals Also, for 0 < 0 < 0( < 1
[a, b] into 2 equal parts, and in each part we take corresponding subintervals,
then the set

2

(1.1) D- [a + 2-(i- 1)l,a + 2-(i- + )1]
i=1

has measure 01 and is the union of 2 disjoint intervals. Also, for 0 =< a < a’ =<
and the same k we have D Dk, and meas (Dk, Dk) (z’ 001.

LEMMA 1. Given any vector function f(t) (fl, ’’’, f,), a < < b, whose
components are L-integrable in [a, b], and any e > O, there is an integer K such that
.[’or all k >___ K and o, 0 <= cz < 1, we have

f(t) dt o f(t) dt < .
In other words, /f ao (a,-.., a,) denotes the integral off(t) on [a, b], then the
integral on D, thought of as a Jhnction of , 0 < < 1, is uniformly approximated
by the linear function ao0, 0 =< < 1.
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Proof It is not restrictive to assume a 0, b 1. We know that there is a
continuous vector function g(t), 0 =< =< 1, such that

If(t)- g(t)l dt e./4.

Then g(t) is uniformly continuous in [0, 1], and hence there is 6 > 0 such that
t, t’ [0, 1], It t’[ _<_ 6 implies [g(t) g(t’)l _-< e/4. Let K be the smallest integer
with 1/2K < 6. For any k >= K let gk(t), 0 =< < 1, be the step function defined by
gk(t) g(ti-1) for all ti-1 =<t< t, i-1, ..., 2, where ti i/2. Then Ig(t)

and

g(t)] =< e/4 for all 0 < < 1. Thus

Here

If(t) g(t)[ dt <= [f g/dt + [g gk] dt <= - + ,
f(t) o f(t)dt dt

+ g: dt o g: dt

< fl fdt-f g dt

+ g dt f dt

$2 gk(ti) gk(ti) O,

s <= If gl <= If g,l ct <= -,
s3 < [g fl dt <-

=2’

S1 -I- $2 -Jr- S 3.

(1.2) f(t) dt f(t) dt, 0 <= o <= 1.

In other words, i/ao (al, a,) is the integral offon [a, b], then thefirst member
of(1.2), thought ofas ajhnction of, is a linearfunction ofe, namely, aoZ, 0 <= cz <= 1.

This statement is a particular case of the following one which we shall prove
below.

LEMMA 3. Given any vector function f(t) (fl, "", f,), a <= <= b, whose
components are L-integrable functions in [a, b], and any measurable subset A of
[a, b], then for every o, 0 <= o <__ 1, there is a measurable subset B, B c A c [a, b],
with

(1.3) fB f(t)dt fAf(t)dt, 0=<z__<l.

and finally A __< e/2 + 0 + e/2 e. Lemma is thereby proved.
Lemma has a stronger form which of course is less easy to prove.
LEMMA 2. Given any vector ji,nction f(t) (fl, fn), a <__ <= b, whose

components are L-integrable in [a, b], thenfor every :z, 0 <= o <= 1, there is a measur-
able subset E: of [a, b] such that
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Proof The proof of Lemma 3 is made up of parts. (a) Let us prove Lemma 3
for n and f a nonnegative scalar function. If q(t) denotes the characteristic
function of A, say q on A and 0 0 otherwise, then f(t)q)(t) is L-integrable
in [a, b], and hence F(t)= , f(r)q(r)dr,, a <=t< b, is a continuous function
taking all values from F(a) 0 to F(b). Thus, there is some c, a =< c __< b, with
F(c) eF(b), and, if B [a, c] f’l A, also

f dt fq) dt F(c) aF(b) fq) dt f dt.

Thus, Lemma 3 is proved for n and f scalar nonnegative.
(b) Let us assume that we know how to determine B1/2 for every A and a

given vector function f (fl, "", f,) whose components are nonnegative
L-integrable, and let us prove that we can determine all sets B, 0 =< e < 1, and that
we can determine them in such a way that e < z’ implies B c B,,.

For the sake of simplicity we shall use the notation

(1.4) #(E) Je f dt, #i(E) JE j dt, i= 1,

First, for B’l/2 A BI/2, we have

#(B’/2) #(A) #(Ba/2) #(A) -(1/2)#(A) (1/2)p(A).

B’Then let us determine sets B/4 B/2, 3/4 B’/2 such that

#(B1/4) (1/2)#(B1/2), #(B’/4) (1/2)p(B’/2)

and then, for B3/4 B1/2 [,-J B’3/4, also

(BI/4) (1/4)#(A), (B3/4) (3/4)p(A),

and if Bo , B A, we have Bo B/4 c B1/2 c B3/4 B1. By repeating this
process we obtain sets Bi/2,,i-O, 1,...,2r, r= 1,2,..., so that

(i/U)(A), and for < j, 2 i/U, 2’ j/2, also Ba = Ba,. Now let be any
number 0 < < 1, and let [2], [2’] be sequences of numbers 2 i/2, 2’ j/2,
such that 2 =< 2+ < < 2+ =< 2, 2 , 2’ --, . For

B (3 Bks B f"l B,
we have B, B’ and

where < means that such a relation holds for each component. As s--, we
obtain

fAf dt= ; f dt= ; f 0<<1.

Finally, < ’ implies B, = B,, as it is clear from the definition of these sets. This
proves (b).
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Given any two sets E, F we shall write as usual EAF (E F) U (F E).
(c) Assume that Lemma 3 has been proved for some vector function

f (fl, "’", f,) whose components are nonnegative L-integrable. Let E, F be
any two measurable subsets of A a, b]. Then for every , 0 <= <__ 1, there is
some subset COO of E U F with C(0) E, C(1) F, such that

f dt=(1-z) f f dt + a fv f dt, 0_<cz=< 1,

fc j dt <_ l c’l fE f dt,
(a)AC(ot’) AF

0<__o, ’<__ 1, i= 1,...,n.

Indeed, let us apply Lemma 3 to the sets E F and F E and the number
Let B = E F, B’ F E be the corresponding sets and take

C(z)=(E f) F)U (E-F-B)U

Then

/(C(a)) =/(E ["l F) + /(E F)- (B) +
=/(E CI F) +/(E F)- a/(E F) + a/t(F E)
=/(E f’l F) + (1 z)/(E F) + z(F E)

(1 a)#[(E f) F) U (E F)] + z#[(E f] F) O (F E)]
(1 z)/(E) + z(f).

In addition, for each component j and 0 __< =< ’ =< 1, we have

C(z)=(E F) U (E-F-B)U
C(a’)=(E 0F) U (E-F-B,)U
C()AC(’) [C()- C(’)] O [C(’)- C()]

(B,- B)U (B’,- B’),

and finally

/t,[C(a)AC(a’)] p,(B,- B)+ p,(B’,- B’)
z’lu,(E F) l,(E F) + o’#,(F E) czlt,(F E)

<_ ]a

Thus (c) is proved.
(d) Lemma 3 has been proved for n and f scalar nonnegative. Assume that

Lemma 3 has been proved for n and vectors f with nonnegative components,
and let us prove it for n. Let f be the (n 1)-vector f (fl, "’", f,- 2, f,- 1) with
f,-1 f,-1 + f,, and let fi, kt, fi be the set functions defined by (1.4) with f re-
placed by f Ji, j. First by Lemma 3 with 1/2 applied to f there is a sub-
division of A into two parts E, F, with E f’l F , E (J F A, and

(1.6) fi(E) fi(F) (1/2)fi(A).
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Also, by force of (c), there are sets C(e) E U F A, 0 __< z __< 1, with C(0) E,
C(1) F, and

fi(C()) (1 c0fi(E) + cq(F)= (1 cz)(1/2)fi(A) + cz(1/2)fi(A)
(1.7)

(1/2)fi(A), 0 < cz < 1.

Let us prove that #,_ l(C(e)) is a continuous function of in [0, 1. Indeed,
1(C()) is a scalar, namely the integral of f,_ > 0 over C(e), and

Ira-,(c()) m-,(c(’))l
-_< m-,EC()- c(’)] + m-,EC(’)- c()]
_-< .-,EC()- c(’)] + ._ ,EC(’)- c()]

I(E-F)+fi.-,(F-E)= le-’l f
da

(L-1 -Jr- f.)dt.

This proves that p,_ (C()) is a continuous function of cz for 0 N e =< 1. On the
other hand,/,_ (C(0)) =/,_ I(E), #,-1(C(1)) =/,_ (F). Since E and F are corn-

< (1/2)ft._plementary in A then ft._ I(E) (1/2)ft._ (A) according as ft._ (F) >

Thus, as o describes [0, 1], p._a(C(o0) describes an interval which contains
(1/2)p,_ x(A). We conclude that there is some 0, 0 _<_ 0 =< 1, such that/,_ 1(C(00)

(1/2)p,_ a(A). For this particular value of e, we have from (1.7),

;C()
C()

and hence, by difference, also

fC()
or

J dt - f dr, 1, ..., n 2,

L(f._, + f.) dt -’Lf,_ dt= - f- dt,

f, dt= - f, dr,

1L(1.8) f dt - f dt.
()

(f,-1 + L)dt,

We have proved that for the n-vector f (f, ..., f,) we can determine a
subset BI/2--C(oO A satisfying (1.8), where A is any measurable subset of
[a, b]. Thus, by (b), we can determine analogous sets B for all e, 0 < e < 1, and
Lemma 3 is proved for vector-valued functions with nonnegative components.

(e) We have now to prove Lemma 3 for vector functions f (f, ..., f,) with
L-integrable components ofarbitrary signs. For every 1, ..., n, andj 1, 2, we
consider the sets Aix c A where f > 0 and Ai2 A where f < 0. We divide A
into 2" disjoint measurable sets Ar AIj, rl Azj2 r’} r] Anj,,, where r denotes
any one of the 2" systems (j l, j).,’", j,) of indices and 2. On each set Ar the
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components .1 have constant signs, and there are, therefore, sets Br c Ar with

Br f dt Ar f dr, 0 =< e _<_ 1. The sets B Ur Br then satisfy the require-
ments of Lemma 3. Lemma 3 is thereby proved.

COROLLARY. Given any vectorJnctionf(t) (ji, f), a <= <= b, whose
components are L-integrable in [a,b, and any two fixed measurable sets E,F

[a, b], then for every , 0 <= cz <__ 1, there is some set C() E U F, with C(0)
E, C(1)= F, and

c f dt (1- ) fEf dt + e vf dt"
()

This statement is a consequence of part (c) of the proof of Lemma 3.
THEOREM 1. (Lyapunov). Given any vector ./’unction f(t)= (f,..., f,),

a <= <= b, whose components are L-integrable, and any measurable subset A of
[a, b], then

(1.9) /t(E) f f(t) dt

describes a convex set H as E describes all possible measurable subsets E of A (in
other words, the range of/t(E) is convex).

Proof If/tl,/t2 H, then there are measurable sets El, E2 in A such that/ti
=/t(Ei) E, f dt, 1, 2. Among all measurable subsets of A there certainly are
the sets C(a), 0 =< __< 1, defined in the Corollary above. Then

/t(C(a))=(1--a)fv f dt + a fE f dt (1- a)lx + at2,

that is, all points of the segment (1 a)/t + (/t2,0 = ( = 1, belong to H, and H is
proved to be convex.

2. Convex combinations. Closure of the range.
THEOREM 2. Given any two vector functions f(t) (f, ..., f,), g(t) (,

.., g,), a <= <= b, whose components are L-integrable, let A be any measurable
subset of [a, b], let E denote any measurable subset ofA, and hE(t), A, thefunction
hE(t) f(t)for E, hE(t) g(t) for F A E. Then

(2.1)

describes a convex subset H ofthe space E, as E describes all measurable subsets ofA.
Proof For every E as above and F A E, we have

If/to is the fixed value of the last integral, and we apply Theorem to the function

f- g, we see that the set H of Theorem 2 is simply a translation of the convex set
H of Theorem relative to f- g.
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THEOREM 3. Given any number of vector .;[hnctions fJ)(t) (.){J), ..., .f)),
a <= <= b,j 1, ..., h, whose components are all real-valued and L-integrable, and
any measurable subset A of [a, hi, then

f f(1)dt+...+ f f(h)dt(2.2) (E1, ’’’,
dE dUb

describes a convex set H ofE, when El, ..., Eh describe all possible decompositions
ofA into disjoint measurable subsets Ej or A, j 1, ..., h.

Proof The statement has just been proved for h 2. Let us prove it for h > 2.
Let #l, P2 be any two points of the set H described by (2.2). Then there are two
decompositions of A such that (E, ..., Eh)= 1, (F1, "’’, Fh)= 2 with
EiU Ej=,FiU Fj=,ij,i,j= 1,...,h, and UiEi=A, UiFi=A. Let
a be any number 0 a 1, and let us prove that there is a decomposition of A
such that (G,,..., Gh) (1 ) + 2. First, let us consider the decompo-
sition of A into the h2 measurable disjoint sets A E Fj, i,j 1, ..., h. For
every pair i,j with j we shall now apply Lemma 3 to the 2n-vector (f), fJ)) to
obtain a decomposition of each set Aj into sets H’j, H’, such that Aj H’j U H’3,
H’j H’, , and

L f’i)dt+L f’J)dt=(1--) fA f’i)dt+L f’)dt.

If we now take

Gi Aii U H’is U Hsi 1, h,

then the h sets G form a.decomposition of A into h measurable disjoint sets,
and the identities hold

Ei Aii U (i Ais), i= 1, h,

We now have

Theorem 3 is thereby proved.
T.zozm 4. Given any set of vector functions f)(t)- (f(), ..., f)),

a b,j 1, ..., h, whose components are all real-valued and L-integrable, and
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anyfixed measurable set A of[a, hi, then

j=l

describes a convex set K of E, when p(t), ph(t), e A, describe all possible sets

of scalar measurable functions pj(t) >= O, j 1,..., h, with p(t) + + ph(t) 1,
tA.

Proof Let v, v2 be any two points of K. Then there are two systems of weight
functions pj(t) >= O, qj(t) >__ O, ZJ PJ 1, ZJ qJ 1, such that

V1 fApj(lg,f(J’(t, dt V2
j=l j=l

If is any number 0 _< __< 1, and we take

rj(t) (1 )pj(t) + qj(t), A, j 1,..., h,

then rj(t) >= O, j 1,..., h, rj(t) 1, A, and

v= f r(t)f’’(t) dt (l ),, + v.
j=l

This proves that K is convex.
THZORZM 5. Under the same hypotheses of Theorems 3 and 4, the sets H a.nd K

are identical and H K is a compact convex set.

Proof First, let us prove that H = K. Indeed, every point # H, or

# f)(t) dt, g f-I E (2, i=/: j, U gj A,
j:l j:l

can be written in the form

j=l

by taking pj(t) for e Ej, p(t) 0 for e E2, s 4= j, and where j 1,..., h.
Thus, # e K and we have proved that H c K.

Let us remark that the set K is certainly bounded since for every point v e K
we have

IV[ fA pjf’j) dt <__ A [f(J)(t)l dr.
j=l j=l

Also, the set K is compact. It is enough to prove that K is closed. Let ecl K. Then
there is a sequence vr, r 1, 2, ..., of points vr e K with v 9 as r and

(2.3) v, f p,j(t)fJ’(t)dt, r= 1,2, ...,
j=l

with 0 =< pj(t)< 1, j prj(t)= 1, r 1, 2, .... Therefore, the functions prj(t)
e Loo(A), and are equibounded; in particular, the elements of each of the h se-
quences [p,(t),r 1,2, ...], j 1, ..., h, are equibounded in the bounded
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measurable subset A of [a, b]. By known properties of weak compactness of L(A)
we conclude that there is a subsequence, say still [r] for the sake of simplicity, such
that prj(t)- pj(t) as r/ weakly in L(A) toward measurable functions p.(t),
and then 0 =< pit) <= 1, pj(t) (a.e. in A). From (2.3) we deduce

fA PJ(t)f’J’(t) dt
j=l

since the functions f(J) are fixed and Ll-integrable in A. Thus, K, and K is
closed and therefore compact.

Let us denote now by x (xl, x") the points of the space E", and let 7
be the infimum of the values of the xl-coordinate of the points x (x 1, .., x") e K.
Then, 7 is finite, and we shall denote by K the set of all points of K (if any) with
xl 7. Let us prove that H f-] K is not empty, and then K is certainly not empty.
To this purpose, let us note that for any x (x 1, x") K we have

x fAPJ(t)]"(j) .,()tit, i= 1,.- n
j=l

where all jiJ) are scalar. Let us denote by Ej the set of all points A with fl)(t)
< flS)(t) for all s - j, s 1, ..., h. The sets Ej may not be disjoint, but the sets
E’ El, E E2 E’, ..., E;, Eh- (E’ (_J U E,_ 1)are disjoint and their
union is still A. Now we have obviously

(2.4) 7= (X1)min fE flJ)(t) dt, xS fE .fJ)(t) dt, s= 2, n.
j=l j=l

If we take pj(t) for E), p(t) 0 for e E/, s va j, where j 1, ..., h, then
we have also

(2.5)

])--(Xl)min fAPJ(t)f(lJ)(t) dr,
j=l

This proves that there is at least one point x e H ["1 K.
The argument above shows also that, for n 1, that is, all j’(J) scalar, then H

and K are convex sets on the xl-axis, H c K, and K has a minimum element
which is also an element of H. In the same way we can prove that K has a maximum
element ’ which is also an element of H, and then H K [/, 7’] is the segment
from 7 to 7’ on the xl-axis. We have proved Theorem 5 for n 1.

Let us assume we have proved Theorem 5 for 1, 2,..., n- 1, and let us
prove it for n.

Above we have proved that H K and that H f’l K is not empty, H f-I K
K. By using the induction hypothesis we shall prove first that H f-I K K.

Note that if the sets Ej defined above are disjoint, and even if they are not disjoint
but all intersections Ei f-] Ej, __< < j __< h, have measure zero, then the repre-
sentations (2.4) and (2.5) of the points x (7, x2, x") K are unique (up to
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sets of measure zero). In other words, the set K is made up of a single point Xo,
and then certainly H f3 K K {Xo}.

If some of the sets Ei Ej have positive measure, then we consider all possible
systems co (jl, "’", jk)of distinct integers < j < j2 <’’" < jk < h, 2 < k =< h.
Let co’ (1, 2, ..., h) co denote the complementary set, say co’ (.1"1, "’", J,-k).
For co (jl, "’", jk) let Eco be the set of all e A where

flJ(t) J?)(t) < fl)(t) for all s co’.

If E denotes the union of all sets Ei Ej, < < j < h, then E has now a decom-
position into the finitely many disjoint measurable sets Eco. Note that, for every
e E0- A -E, the point belongs to one and only one set Ej; hence j’J)(t)
< flS)(t) for e Eo f’l Ej and all s - j, s 1, ..., h. In other words, E0 A E
has the decomposition [E0 71 Ej, j 1,..., hi into h disjoint measurable sub-
sets. Thus, the sets Eo f3 Ej, j 1, ..., h, and all sets Eco form a decomposition of
A into disjoint measurable subsets. We shall denote by pj(t), e A, j 1,..., h,
any system of weight functions pj(t) >= O, j 1, ..., h, )=lpj(t)= 1, teA,
defined as follows" (a) for e Eo Ej we take pj(t) and ps(t) 0 for s 4: j,
and here j ranges over all j 1, h; (b) for e Eco, co (jl, j), and hence
co’= (j’, ..., j,_); we require jco pj(t)= 1, and hence Ps()= 0 for all s e co’.
Note that for every co (J l, J) we have.,’J1)(t)l fJk)(t), e Eco, and
we denote by fClco)(t) the common scalar value of these functions.

Now any point x (7, x2, x")e Ky has the following representation"

"--" (X1)min-- L fE .f]J)(t) dt + _, f flco)(t) dt,
j= oEj

(2.6)

j= o(3Ej

where s 2,..., h, and where the last summation ranges over all elements
j l, "’", j of the system co. For each system co and set E,, the values

(2.7) a=lL fE,oPJ(t)fJ)(t)dt, s= 2,...,n,

represent the coordinates y (x2, x") of a point of a set K’ in E"-1. By the
induction hypothesis this set coincides with the corresponding set, say H’, each
point of which can be written in the form

_
fv./Jo)(t) dt, s= 2,..., n,

for a suitable decomposition of Eco into disjoint measurable sets F’, ..., F.
Thus, from (2.6), we conclude that for every x e K we have

j-- oEj

This proves that K H K as stated.
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Now let . be any point of the boundary of the convex compact set K, hence
ff bd (cl K), where bd (cl K) bd K c K. There is some hyperplane bx c O,
such that bff c 0, and bx c >= 0 for all x K. If (1, ..., ,) is a new system
of coordinates in E, such that 1 bx, then 1 7 c is the infimum of the
values of the coordinate 1 of the points (1, ..., ,) K. The same argument
above shows that H f] K K. In particular ff K H Iq K and ff H.

We have proved that all boundary points of K are in H. Since any compact
convex set is the convex hull of its boundary points, we conclude that H K and
that this set is convex and compact.
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RELAXED CONTROL PROBLEMS WITH
STATE EQUALITY CONSTRAINTS*

A. B. SCHWARZKOPF"

Abstract. This paper derives a set of necessary conditions for a general optimal control problem
with bilateral state and endpoint constraints with no assumptions of normality or regularity involving
the constraints. The basic result is a separation theorem in a linear topological space and leads to the
Pontryagin maximum principle. Although this separation theorem involves functionals from the dual
of L, we show that, under weaker hypotheses than generally assumed, this result leads to the classical
maximum principle. The extension of these results to include unilateral constraints is indicated.

1. Introduction. In this paper we will obtain necessary conditions for a fixed
time optimal control problem with bounded relaxed controls and continuously
differentiable (in the state) state equations subject to both unilateral and bilateral
state and endpoint constraints. Such a problem can be adapted to include variable
time problems although we do not consider them specifically. More precisely we
wish to find necessary conditions for minimizing a functional of the form

J(C) b(s, x(s), u(s)) ds

over a class C of (generalized) curves C (x, u) with state equation

and constraints

x(t) x(a) + f(s, x(s), u(s)) ds

(1.2)

(1.3)

gX(x(a)) + ba(s, x(s), u(s)) ds <_ O, a <= <= b,

b2(t, x(t), u(t)) 0, a.e. for a _<_ _<_ b,

and end conditions

(1.4) ha(x(a), x(b)) <= O, h2(x(a), x(b)) O.

This problem has a long history extending back at least to the work of Young
and McShane in the calculus of variations around 1940. Young 25], 26] showed
that the introduction of relaxed controls assured the existence of optimal curves
for unconstrained problems in the calculus of variations. McShane extended
these results to the problem of Bolza, and at the same time showed that the basic
necessary conditions for optimal curves--then in the form of Lagrange multipliers
and the Wierstrass condition--held with no assumptions of normality of the
optimum [6], I7], [8]. More recently Warga showed that for constraints of the
type (1.2) and (1.4) (i.e., unilateral), the same necessary conditions hold--in the
form of the Pontryagin maximum principle--with no assumption of independence
among the constraints (1.4) as previous authors had needed [20], 21]. Neustadt

* Received by the editors October 12, 1972, and in final revised form March 8, 1974.

" Department of Mathematics, University of Oklahoma, Norman, Oklahoma 73069.
677
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has obtained similar results for the case where cg is replaced by the set of ordinary
curves [12], [13], [14].

None of these results apply to bilateral constraints (1.3) without imposing the
classical assumptions of independence among the constraints. It is the purpose
of this paper to extend the results of Warga and Neustadt to bilateral constraints
by proving a separation theorem of the type often used to derive the Pontryagin
maximum principle without requiring any independence assumptions on the
constraints. Our proof is similar to classical arguments, in that it makes use of an
implicit function result to obtain a contradiction to optimality when the abstract
maximum principle fails. Indeed, the proof of Theorem is essentially the deriva-
tion of an implicit function theorem for functions of the form (1.3) with range
in L.

The main result we obtain (Theorem 1) involves a linear functional from the
dual of L and is not very useful in application, so we also present conditions
under which the multipliers involved are bounded measurable functions. The
additional hypothesis that we require (first proposed in [20, see also 17, and [21 ])
is that the convex hull of the set bZ(t, Xo(t), U)--where xo is the optimal trajectory
and U is the control set--contains an open set of fixed radius 6 about the origin
for all in [a, b]. This requirement is more natural in the context of relaxed controls
than the classical hypothesis [4], [7], [15], 19] which requires the introduction
of functions q which describe the boundary of U and assumes that the Jacobian
matrix of the functions (q, b 1, b2) with respect to the control variables is non-
singular for those components of b for which (1.2) is an equality. We have not given
a derivation of the maximum principle implied by the separation theorems
(Theorem and Theorem 2) in 2 since similar derivations for special cases of this
problem are readily available in the literature [13, [14].

It is convenient to make a few observations about our choice of notation in
the rest of the paper. In the first place we have used boldface type to indicate the
identity function on a set. Thus f(t, x, u) stands for (t,x, u) f(t,x, u) if

f:T x G x U --, R". This convention is an attempt to satisfy the need for mathe-
matical rigor as well as concise notation in dealing with partial derivatives. If G
is an open subset of R" we let Cxf(t, x, u) denote the m x n Jacobian matrix
function whose entries are partial derivatives of the coordinate functions of f with
respect to the variables labeled x, or equivalently the partial Fr6chet derivative
of f with respect to x.

Finally we should comment on our choice of notation for relaxed controls.
We have adopted the older symbol

l-,/,(t, u);tl

of McShane [6], [7], [8], [10] rather than the more recent

4,(t,

used in the books of Young [27] and Warga [24] to denote the value of the function
qS(t, u): T x U -, R at time and under the relaxed control or v. We make this
choice, in spite of the natural appearance of the latter notation, in order to em-
phasize the fact that relaxed controls are mean value operators from the space
C IT x U- R] of bounded continuous real-valued functions on T x U to the
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space L[T R. (If 0(t, u): T x U Rk, then 9Jll-(t, u), t] (g31[bl(t, u);t-l,
9J/[b2(t, u);t], ..., [4(t, u);t]).) In particular, we make fundamental use of the
fact that, if and2 are both relaxed controls and 7(t): T [0, 13 is a measurable
function, then

is a relaxed control and

(?(t) + (1 7(t))a)0(t, u);t] ?(t)0(t u);t] + (1 7(t))a0(t u);t

for any C[T x U R. The reader unfamiliar with the concepts of "relaxed
control" and "generalized curve" is referred to the discussions in 10]. Additional
material is available in papers of Gambill 2], Ghouila Houri 3], and Warga 22]
as well as the original papers of Young 25, [263 and McShane [6, [7, [83 already
mentioned. A more exhaustive treatment appears in the books of Young [27,
see "chattering controls"] and Warga [24].

2. The fundamental separation theorem. In order to simplify the arguments
of this section we will amend the problem posed in the previous section to consider
only equality (bilateral) state space and endpoint constraints. This is not really
a specialization. In the next section we will indicate how Valentine’s method [18]
allows us to impose unilateral constraints in this form.

Let us pose our problem more precisely. Suppose we are given an interval
T a, b] in R, a bounded open set G in R, and a compact set U in Rp. Further
suppose that we have functions

f(t,x,u):T G U

b(t, x, u): T G U--+ R and b(t, x, u): T G U--+ Rm,

which are defined and continuous in a compact neighborhood of T G U along
with all first partial derivatives with respect to x. Let there also be given a function
h(x1, x2):G G R which is bounded and continuous along with all first
partial derivatives on a neighborhood of its domain. Let cg be the collection of all
generalized curves C (x, 93/), where 9J/is a relaxed control function on T with
values over U (see [10 or F27]) and x satisfies

(2.1) x(t) x(a) + 9Jl[f(s, x(s), u);s] ds.

We wish to establish necessary conditions for a curve CO (xo, 93/0) from cg to
minimize the functional

(2.2)

subject to the conditions

(2.3)

and

(2.4)

J(c) [b(s, x(s), u); s] ds

lJ[b(t, x(t), u); t] 0 a.e. in T,

h(x(a), x(b)) O.
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Our main result takes the form ofa separation oftwo sets in a linear topological
space and leads to a maximum principle in the usual form. In order to state the
theorem we need some further notation. Suppose that Co (xo, 93/o) is an optimal
curve for the problem above and let o denote the collection of all pairs (r/, A),
where r/ R" and A is an operator of the form

m Z i(JJi J0), k 1, 2,’’’,
i=1

where the ei are real numbers and the 9J/i are relaxed controls over U. The collection
o is a linear space under the natural definitions of sum and multiplication by a
scalar. For each y (q, A) in (with Il and Ir/I sufficiently small) we can define

(2.5)

(2.6)

(2.7)
and

(2.8)

x(t, y) (Xo(a) + n) + (93/0 + A)[f(s, x(s, y), u);s] ds,

J(y) (93/0 + A) [b(s, x(s, y), u);s] ds,

b(t, y) (93/0 + A)[b(t, x(t, y), u);t]

h(y) h(x(a, y), x(b, y)).

Following McShane [10], we can verify that the functions x(t, ey), J(ey), b(t, ey)
and h(ey) defined on R for fixed (t, y) in T x o are differentiable at e 0 with
derivatives given by the solutions to the following equations"

(2.9)

(2.10)

(2.11)

and

Dx(t, y) rl + {JYo[xf(s)]Dx(s, y) + A[f(s)]} ds,

f?DJ(y) {gJlo[g-(s)]Dx(s, y) + A[(s)]} ds,

Db(t, y)= 9Yo[Cxb(t)] + A[b(t)] a.e.

(2.12) Dh(y) c3,hDx(a, y) + c3,hDx(b, y).

Equation (2.9) can be solved for Dx(t, y) to give

Dx(t, y) *(t)r/ -+- O(t) O-I(s)A[f(s) ds,

where is the nonsingular n x n fundamental matrix solution to

O(t) I + 9Jlo[f(s)]O(s ds,

and I is the n x n identity matrix. We note that Dx, DJ, Db, and Dh are all linear
functions of y.

In the formulas above, as in the sequel, we have used a bar to indicate that any
of the functions g, b, h, or f is evaluated along the trajectory xo of the optimal
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curve CO Thus

and

h(xo(a), xo(b)) ,
JJo[O,,b(t, Xo(t), u); t] 9)lo[C,b(t)]

A[b(t, Xo(t), u);t] A[b(t)].

Let M denote the set of all elements y in o of the form y (r/, JJlo)
where [r/[ <= and 9J is a relaxed control on U. Then we have the following funda-
mental theorem.

THEOREM 1. Assume the notation and hypotheses introduced above. There
exists a continuous linear junctional defined on R x R x L[T R’] which
separates the sets

A =(DJ, Dh, Db)(M) and B=(-c,O)x {0} x {0}.
Remark. Theorem is the main result of this paper. The key to the proof is the

observation that the set Db(M) cannot contain a neighborhood of the origin
unless the set {A[b(t)]l(0, A) M} does also. This allows us to employ the implicit
function theorem in an indirect proof parallel to the usual proofs of the maximum
principle.

Proof Let Z denote the set of all points (Dh, Db)(y) with y in M and DJ(y) < O,
and let Z* denote the closure of the cone

in the topology of R x L[T --+ R’]. If Z* is a proper subset ofR x L[T R"]
then, since Z* is a closed convex cone, there must exist a continuous linear func-
tional p on Rx L[T--+ Rm] such that q,(Z*)>= 0. This implies that the set
(DJ, 9(Dh, Db))(M) in R2 can be separated from (-c, 0) x (-oe, 0), and hence
there exists a nontrivial vector (z 1, e2) such that 0 0 and

oiDJ(y) + 2g/(Dh(y), Db(y)) >= 0

for any y in M. Thus, if Z* can be separated from zero the theorem holds.
We now suppose that Z*= Rl x L[T R"] and seek a contradiction.

We will proceed through several steps to construct a control giving a solution to
(2.1) which satisfies (2.3) and (2.4) and gives a value of J which is less than J(Co).
The actual construction is carried out in Step 3 and Step 4 below. Step and Step 2
are preliminary results.

Step 1. Let us begin by verifying the following claim.

The set P {Ab(t)ly (r/, A) M} contains an open
(2.13) subset of L[T -+ R"].

Suppose first that m 1. Since U is compact, the functions b* and b, defined on T
by

b*(t) sup {b(t, Xo(t), u)lu e u},
b.(t) inf {b(t, Xo(t), u)lu e U}

are both continuous, and both function values are attained on U at each e T.
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Thus by the Flippov implicit function lemma [1, p. 78] (or by [11]) there exis
(ordinary measurable) controls 931" and 9)1, such that

and

b*(t) 9)*[b(t)]

b,(t)

Therefore P contains every measurable function with values between (b*-b)
and (b -b). Now suppose that b*(to)= b.(to) for some o e T. The function
9J/o[cxb(t)] is measurable and hence approximately continuous ([9, p. 2241) on T
except at points in a subset N with Lebesgue measure zero. The point o must be
in N since otherwise every function of the form

(2.14) 9Jlo[c?xb(t)]Dx(t, y) + A[b(t)], y e M,

defined on T would be approximately continuous at o and the closure of the linear
span of such functions in L[T --, R] would have the same property. This is im-
possible since no function equivalent to a step function with ajump at o is approxi-
mately continuous at 0. Now let {tk}k be a sequence of points from (T N)
increasing (or decreasing) to o, and define the function q’T - R by

1, te[tk,(t+t+l)/2, k= 1,2,...,
q(t)=

0, otherwise.

then wIf w’T --, R is a function of the form (2.14) which satisfies q w
must have jumps of size at least at each point t and consequently there must be a
constant z > 0 such that b*(tk) b.(t) > cz for all k 1, 2, Since the sequence
tk converges to o and both b* and b. are continuous, this means that b*(to) >= b.(to)
/ , contradicting our assumption.

To extend this result to arbitrary values of m it suffices to show that the convex
hull of the set b(t, Xo(t), U) has nonempty interior for each in T. This follows by
observing that otherwise there exists a nonzero vector 7 in R such that the inner
product

(7, b(to,Xo(to), u)} 0

for all u e U. Applying the previous arguments to the function (7, b} we see that
(7, Z*} cannot equal L[T R] which is a contradiction.

Step 2. In the constructions which follow we will be interested in a result like
(2.13) for elements ofM for which DJ is negative. We therefore establish the follow-
ing result.

(2.15)
The set Q {Ab(t)ly (q, A)e M, DJ(y) < 0}
contains an open set in L[T --,

We show this first under the hypothesis that m 1. Suppose Yo (r/o, Ao)e M
and DJ(Yo) -e < 0. Since U is compact, DJ(M) is bounded, and there exists a

such thatpositive constant c < 5

DJ(cM)I IcDJ(M)I < e./2.
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Since the set P has nonempty interior, there exist elements y+ (0, A +) and
y-(0, A-)in M such that

zx + b() A- b() + , 7,
for some fixed positive (5. Now the set of all functions of the form A(7)[b(t)], where
we have

() {( C)o + c{(t) + + ( (t))- }}

defined for all measurable functions 7"T [0, 1], is an open set in L[T R].
Moreover, setting Y(7) ((1 c)q o, A(7)), we have

DJ(y(7)) e (1 c)DJ(Yo) + cDJ(M)

and DJ(y(7)) < 0. This proves our assertion when m 1. The general result follows
easily.

Step 3. The next part of our proof is the construction of a family of generalized
curves C(e) (Z(u), (u)) satisfying (2.1) and (2.3), whose trajectories are differ-
entiable with respect to e. We will do this in such a way that C(eo)= Co and
OJ(C(eo)) < 0 for some positive Co. This will lead to a contradiction. For nota-
tional simplicity we suppose that m and h 0. Let y (q , A) be an element
of M with b the interior of Q and DJ(y) < 0. Since we are assuming that Z*
L[T R], for any > 0 we may choose an element Y2 (2, A2) in y, with

cy2 M for some positive c, and DJ(y2) < 0, such that Db(Y2) + Db(yl)[[ < .
Since Ab is in the interior of Q there exist elements y + and y satisfying the same
conditions as y and in addition

A+ A1)[b(t)] 1, (A- A1)[b(t)] - a.e. in T

for some positive . Define y* (q*, A*) and y, (q,, A,) by

A* gAelB(t- a)(+ 1)’ , MeB(t- a)(A- 1)’
(2.16)

* +/B, , -/B

where A and B are positive constants to be determined later. Now consider the
expression

(2.17) {(ae ao)A* + (ae- ao)A, + ( ao)(A + A2) + o} [b(t, x, u); t
for o > 0, , fi real. The partial derivative of (2.17) with respect to fl is given by

(aeA* ee-A)[b(t, x, u); t],

and this is not zero for fi 0, e ao, and x near Xo(t). Hence there is a function
fi(t, x, ) defined in a neighborhood of {(t, Xo(t), ao)lt T} which makes (2.17)
identically zero. The function fl is measurable in for fixed (x, ) and continuously
differentiable in x and a for fixed t, and these partial derivatives are bounded
measurable functions of for fixed x and . Moreover we have

(2. 8) (t, Xo(t), o)
2aod(t)
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and

(2.19)

where

axe(t, Xo(t), Oo) o[ab(t)]
2ood(t)

d(t) A*[b-(t)] -A,[(t)] 61Aem’-a)> 0

for in T. The system of equations

(2.20)

defined for a R and T, has a unique solution x(t, a) for a near ao, which satisfies
x(t, ao) Xo(t). Define 9J(a) by

(2.21)
9J(00[ t] {(et{’’z’’)’) o)A* + (ae- fl(t,Z(t,a),oO 00)A,

+ ( o)(A1 + A2) + o}[" t]

and observe that 9J(ao) 9Jo. Moreover,

(2.22) 9J(00[b(t, Z(t, a), u); t] 0 a.e. in T.

Now by a standard theorem on the differentiability of solutions to systems of
differential equations (e.g., [9, p. 356]) the function Z has a partial derivative with
respect to a at ao given by the solution to the equation

DZ(t) (/1 -4- t/2

+fi{o[ax.(s) (a* a,)
(2.23) 2d(s)

If(s)] f(s) DZ(s)

"qt- (A1 4- A2)[/(s) (A*-- A,) ]2d(s)
[f(s)](s) +(A* +A,)[f(s)] ds.

By direct calculation or an appeal to [4, Appendix 6] we can verify that the differ-
ence quotient which defines DZ converges uniformly on T. Finally we observe that
the functional

(2.24) J(a) ffJl() [b(s, X(s, a), u);s] ds

has a partial derivative with respect to o given at o % by

2d(s)
[(s)] axe(s) DZ(s)

"- (A1 "qt- A2)[O(S) (A* A*) ] }2d(s)
[fi(s)](s) + (A* + A,)[(s)] ds.

(2.25)
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Step 4. We complete the proof of Theorem l, under the supplementary hy-
potheses m and h 0, by showing that for proper choices of z, Y2, A, and B
the curve C(00 (Z(,), 92R(z)) is a solution to the system (2.1)-(2.4) which has
J(C(z)) < J(Co). The operator 9J(z) is not automatically a relaxed control for
> eo unless

((efl(t,z(t,ot),t) 00) O,

(0e- t’Z(’’)’) 0(0) 0
and

(0e/(t’z(t’)’7) 0) -1- (0e-/(t’z(t’)’) 00) -l- 2(0 %) < 1.

The last inequality holds for near o since fl(t, Z(t, ), cz) converges to zero uni-
formly with ( o). The first two inequalities hold provided

(2.26) elat,z(t,),7)l
(X

To demonstrate that this is the case for judicious choices of e, Y2, A and B, suppose
that o T and/?(to, Z(to, cz), ) >= 0 for z o a small positive number. The reverse
inequality leads to a similar argument. We have from (2.18), (2.19) and the bounded-
ness of c3b that

(2.27)

Icea"’z"’’l I1. [Cx/(to, Xo(to), o)DZ(to, zo) + fl(to, Xo(to), %)]t

< {1931o[axb(to)][DZ(to) Dx(to, Yl + Y2)]I
2Ood(to

+ Io[axb(to)]Dx(to, Y + Y2) + (A +

2czod(to
{Kl[OZ(to)- Ox(to, Yl + Y2)I + El}

for some positive constant K On the other hand,

IDZ(to) Dx(to, Yl + Y2)I

o axf() (a* a,)
2a(s) [f(s)]axb(S) (Dz(s)- Dx(s, y, +

(2.2)
(6" 6,)

2a(s)
[f(s)] [o[ab(s)]Dx(s, y + Y2) + (6 +

+ (a* + 6,)[f(s)]} as

i2oN K2 [Dz(s) Dx(s, y + Y2)[ ds + {K3a + K4Ae-"} ds

so that GrSnwall’s lemma gives

IZ(to)- X(to, yl + y2)l 2 S{el + (a/)[e"-
S{l + (a/)e""-"}

for constants K2 K which depend only on the functions f, b and b and the
operators A + and A-. Thus we can choose B > (2K. Ks)/3l, A e-(-"), and
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Y2 SO that el < 61A/(2KsK1) and (2.27) gives

(2.29) ,c3et(’’"’"’, <= 20ol(cSAd(to) + --3A eB’o-

Moreover,

61A’ + <
2

AeB(t-a) e-{B-t) <_ 1.

Since the same inequalities hold when fi(to, Z(to, e), 00 is negative and since the
function 7"T x R --, R defined by

z(t, ) (t, o), 4: o,
7(t, ) o

Dz(t), o o,

is continuous on a compact neighborhood of T x {o} in T x R, convergence
of the difference quotient is uniform in T, and for sufficiently small (e Co), 9Jl(z)
is a relaxed control.

Returning to (2.25) we see that an argument similar to (2.28) shows that by
decreasing 61 and .1 if necessary we can assume that 8J(C(o) is arbitrarily close
to DJ(y + Y2) and, in particular, close enough to be negative. This implies that
for z near zo, J(e) < J(Co)which is impossible.

+To extend this conclusion to general m we introduce elements Yi and y-,
1, ..., m, in (2.16) with the additional property that

{-+-61, i=j,
(A/--- A1)[bJ(t)]

O, # j.

We then write (2.17) as

[(e- olA + (e-- olA, + ( ol(A + AI + o [b(, , ul;].
i=

The Fr6chet derivative of (2.17’) with respect to the vector fi is nonsingular and
we apply the implicit function theorem to obtain a vector function fi(t, x, a).
The rest of the argument follows the outline above with straightforward modifica-
tions. To allow for nonzero h, let e 1,

..., e be a basis of vectors in Rl, and for each
1, 2,..., 21 choose elements Yil and yg2 in the same manner as Y and Y2 were

chosen in the paragraph before (2.16), but satisfying the additional relation

e i, i-- 1,...,I,
Dh(y + y)

-e’, i=l+ 1,...,2/.

We then proceed with the construction in. Steps 3 and 4 above to obtain a function
C(a,) (Z(t,o),JJ/(a,o)) depending on 0e R and ere R21, and a curve
a(a)’R R2 such that

9(, o(a))[t,(t, z(t, , o-(a)), u); t] 0
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for almost all in T,

h()(a, e, a(e)), )(b, a, a(a))) O,

and the derivative of J(C(, a())) with respect to is negative. The conclusion
of the theorem then follows as above.

Theorem is somewhat unsatisfactory in that it gives a necessary condition
involving elements in the dual space of L[T ---, R"] which consists of integral
operators with respect to finitely additive set functions. The following theorem
gives a condition under which this difficulty can be circumvented. This condition
was suggested by Warga [20, (3.1.2.9) for constraints of type (2.2).

THEOREM 2. Suppose we assume that, in addition to the hypotheses of Theorem
1, the convex hull of the set b(t, Xo(t), U) contains an open set of fixed radius 6 > 0
about zerofor almost all T. Then the functional 2 can be extended to be continuous
on R x RI x L[T--, Rm.

Proof. We prove this theorem by showing that under the hypotheses above the
functional2ofTheorem must separate zero from a subset ofR x RIx L[T Rml
which is open in the topology of R x R x LI[T ---, Rm on that set. Suppose for
notational simplicity that m 1. The general theorem follows by repeating the
following argument for each dimension, but requiring (e L[T Rm] to be
identically zero in all but one coordinate. By hypothesis and by (2.3) there exist
elements y + (r/+, A +) and y- (r/-, A-) in M such that

(gJo + A +)[b(t)] 9Jto[b(t)] + A + [b(t)]

=0+ A +[b(t)] =b >0,

and similarly

(9Jlo + A-)[b(t)] =-/ < 0

for almost all in T. Let be an arbitrary element of L[T --, R and define the
function 7(t, ;)’T x R" R by

(2.30) 7(t, Z) (1//5)[(t)

The function 7 is measurable in for fixed Z and Lipschitz continuous in Z for
fixed so that the functions

also have the same properties. It follows (see [16, Thm. 3.5,.p. 96] for example)
that the integral equation

Dz(t, ) {?Oo[C.[’(s)]Dz(s )
(2.31)

+ y + (s, DZ(s ))A + If(s)] + 7- (s, DZ(s ))A- If(s)]} ds
has a unique solution. Now if we define A() by

A()[ t] 7 +(t, Dz(t ))A + [. t] + 7- (t, Dz(t, ))A- [. t],
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we can define a function Y" L[T --, R] by Y() (0, A()). Comparing (2.9)
with (2.31) we see that

Dg(t, ) Dx(t, Y()).

From (2.30) we see that

JJlo)xb(t)]D(t, ) + 7
+ (t, DZ(t, ))A + b(t)] + 7- (t, DZ(t, ))A- b(t)

oxb(t)]Dz(t, ) + (t, DZ(t, )). 6

(t).

On the other hand the definition of 7 and (2.31) imply that

+ (1/)(l(s)l + IoEab(s)]l IDz(s, )l)(IA+[f(s)]l + IA-[f(s)]l)} ds

{KIIDZ(s, )l + K2I(s)I} ds

and an application of Gr6nwall’s lemma implies

(2.32)
IDz(t, )l K3 I(s)l ds

where K, K2, and K3 are constants independent of . By (2.10) and the definition
of A() we have

(2.33)
IDJ(Y())I {lo[(s)]l IDz(s, )l + IA()U(s)]l)ds

for some constant K independent of .
We may suppose without loss of generality that 2((DJ, Dh, Db)(M)) O.

Since (t) is bounded, so is (t, Dz(t, )) and there is a positive constant c such that
c Y()is in M. Thus

2((DJ, Oh, Ob)(Y())) (1/c)2((OJ, Oh, Ob)(cY())) O.

Now let F denote the set of all elements in L[T R] with L-norm less than 1,
and let 2, 22, and 2 be the projections of 2 onto the spaces R, R, LT R],
respectively. The functional 2 can be represented by multiplication by a non-
positive number 0 and 2 by an inner product with respect to a vector . Let

Q {z Rl122(z) < 0}

and define the convex sets A and A2 by

K3.KA (K,, ), A2 I1
+ Q’
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where K ]c,,h] + Ic3x2h l, and consider the set A x A2 x F. We have

;[{A x A2 x F)= 21{A)+ ;2(A2) + )3{F)

<= I(DJ(Y(F))) + )2(Dh(Y(F))) + 3(F)
2{{DJ, Dh, Db){y{r))) < O.

But A x A2 x F is open in the R x Rx LI[T R] topology on R x R
x L[T --. R], so 2 must be continuous in that topology ([5, Thm. 5.4(v), p. 37]).
Since the topology of R x R x LliT R] is locally convex, 2 extends to the
entire space ([5, Thm. 14.1 (iii), p. 118]), proving the theorem.

We will have use for the following result, which is an obvious corollary of
Theorem 2.

COROLLARY 1. Assume the hypotheses of Theorem 1. Assume also that
b (b , b2), where bi" T x G x U --. R"’ and m + rrl 2 m. Suppose there exists
a fixed > 0 and, for almost all in T, there is a subset U(t) of U such that
bl(t, Xo(t), U(t)) contains a neighborhood of radius about zero in R"1 and
b2(t, Xo(t), U(t))= O. Then the functional 2 can be extended to be continuous on
R x Rx LI[T Rm’] x L[T

The hypotheses of Theorem 2 are somewhat stronger than we would like,
since they cannot be verified without making some assumption about the nature of
the optimal curve Co. It is tempting to hope that the same theorem might be true
under the weaker assumption that the convex hull of b(t, Xo(t), U) contains an open
set of radius > 0 for almost all t. This conjecture is false, however, as the following
example shows. Suppose U {(ul, u2)l- =< ul -<_ 1, _<_ u 2 _<_ l} and set

f(t, x, u) u 1, b(t, x, u) x, b(t, x, u) tx (U2)2, and h(x 1, X2) X 1. We
then have the problem of minimizing the functional

where

subject to the constraint

J{C} x(s) ds,

X(t) J[u ;sIdS

tx(t) JE(u2)2;t] 0 a.e. in [0, 1].
The minimum value of J under these conditions is given by setting x(t) 0 on
[0, and consequently !l)lo[U t 0; 9Jlo[(U2)2 t 0. For y (0, A) e we have

Dx(t, y) A[u ;s] ds,

DJ(y) A[Ul S] ds dt

Db{t, y) AEu ;s] ds A[(u2)2;t].
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If the conclusion of Theorem 2 is true, there exists a constant # =< 0 and a bounded
measurable function v" [0, 11 R such that

0 >= # A[u 1;s] ds da

+ u(a) a A[u 1;s] ds A[(u:):;a] da.

Setting A[(u2)2;o’l 0 we have

0 >__ ( + av(a))A[u ;s] ds da

by Fubini’s theorem. Since A[u s] can take on any value in [- l, ], the inequality
above must in Nct be an equality. Using the fundamental lemma of the calculus
of variations, or the Nct that the last integral on the right is a continuous linear
functional on L[[0, 1] R] which is zero on an open set of functions of the form
A[u ;t], we conclude that

( + flY(if)) 0

and consequently

v(a) -/a

on [0, 1]. This is impossible since -,u/a is not bounded (or even in Lp, <__ p < )
unless # 0, and in that case v would be identically zero as well. Since A[(u2)2;s]
can take on any value in [0, 1], the hypotheses of the conjecture hold, showing
it to be false.

3. Unilateral constraints. In 2 we indicated that Theorems and 2 apply to
optimizations with unilateral constraints, since these constraints can be reposed
as bilateral constraints using Valetine’s method 18]. We will demonstrate this for a
simple problem. More general results follow the same line of argument. Suppose
that the system defined by (2.1) and (2.2) has a single unilateral constraint of the
form

(3.1) x’+ l(t) g(x(a)) + 9Jl[bl(s, x(s), u);s] ds <__ O,

where g(x)’G---, R is continuously differentiable on a compact neighborhood
of G, and bl(t, x, u)" T x G x U---, R is continuous along with its first partial
derivatives with respect to x on a compact neighborhood of T x G x U.

Let K be a bound for Ib(T, G, U)[. Define U* U x [0, 2K], f*(t, x, u)
n+l(f(t, x, u), b(t, x, u)), b(t, x, u) x"+ + u"+ and h(x, x2) g(x) x
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so that the problem posed in 2 is the following. Find a curve (x*, 9J*) ((x, xn+ 1),
(9)1, 9J"+ 1)) which minimizes

(3.2)

where

(3.3)

subject to

(3.4)

and

(3.5)

J(C) 9)l[b(s, x(s), u);s] ds,

x(t) x(a) + gJl[f(s, x(s), u);s] ds,

Xn+ l(t) Xn+ l(a) -t- 9Jn+ l[bl(s, x(s), u);s ds

Xn+ l(t) + 9J[un+l;t] 0 a.e. on T,

g(x(a)) x" + (a) 0.

Here 931 is a relaxed control on U and 93l"+1 is a relaxed control on [0, 2K].
The functions (2.10)-(2.13) now have the form

(3.6)
oxn+ l(t y,) n+l @ {O[xbl(s)]Ox(s, y*) + a[bl(s)]} Ms,

(3.7) DJ(y*) {lo[b(s)]Dx(s, y*) + A[b(s)]} ds,

(3.8) Db(t, y*) Dx"+ (t, y*) + A"+ [u"+ ;t],

0.9) h(*) (..) ..+1
for y* (y, A"+ ), where y e Y and A"+ "+ + . Applying Theorem
we see that there exists a nonpositive constant Co, a number e and a finitely additive
set function such that for y* e *,

(3.10) 2((DJ, Dh, Db)(y*)) oDJ(y*) + Dh(y*) + Db(s, y*)(ds) O.

Now Dx"+ l(t, y*) is continuous, so for continuous A"+ [u"+;t] we may replace
g by a countably additive measure g*. Indeed, the element (Co, , -k) is in the
interior of the set on which 2 is positive, so that 0, , and g* do not all vanish
identically. Setting q, q"+ 1, Af, A, and A all to zero shows that

x]*(ds)

for any nonnegative continuous function A"+l[u"+l;t], and consequently g*
must be nonpositive. Moreover * 0 on any interval on which x"+ x(t)< 0.
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Thus we have shown that there exist numbers z0, z with zo < 0 and a nonpositive
countably additive measure kt* on T such that (for y* (y, 0))

(3.11) eoDJ(y) + Dh(y) + Db(s, y)#*(ds) _< 0

for any y e M. This is the abstract maximum principle for the unilateral constraint
(3.).

4. The multiplier rule. There are numerous references which take a result
like Theorem or Theorem 2 and derive concrete necessary conditions for an
optimal curve (e.g., [10], [13], [14]). Similar arguments produce a maximum
principle here, but we will not go through them. We will state the theorem for the
problem posed in under sufficient hypotheses to apply Theorem 2. A similar
theorem holds under the weaker hypotheses ofTheorem 1, but it yields a maximum
principle in integrated form involving finitely additive measures. Considering
our modest purposes we will simplify the problem by supposing that m m2

12 and h 0.
Suppose we are given an interval T [a, b] in R, a bounded open set G

in R" and a compact set U in Rp. Further suppose that we have functions
f(t, x, u)’T G U--, R", and hi(t, x, u)’T G U R, i= 0, 1, 2, which
are defined and continuous in a compact neighborhood of T G U, along
with all first partial derivatives with respect to x. Let there also be given functions
g(x)’G R and h(x, x2)’G G -- R which are continuously differentiable on a
compact neighborhood of their domains. Let CO (xo, 9o) minimize the
functional

(4.1) 9J[b(s, x(s), u);s ds

over the class C of all generalized curves satisfying

(4.2)

with

(4.3)

x(t) x(a) + 9J[f(s, x(s), u);s] ds

z(t) g(x(a)) + 9J[bl(s, x(s), u);s] ds <= O,

(4.4) J[b2(t, x(t), u);t] 0

for almost all in T, and

(4.5) h(x(a), x(b)) O.

Further suppose that there exists a number 6 > 0 such that for almost all in T,

sup b2(t, Xo(t), u) >= 6,
uU

(4.6)
inf b2(t, Xo(t), u) <=
uU
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Then we have the following theorem. The proof is straightforward, except for the
derivation of (iv) from the integrated form of the maximum principle, and this
follows almost exactly the arguments given by McShane in [10, pp. 465-466].

THEOREM 3 (The maximum principle). Assume the notation and assumptions
above. Then there exist a number lao, a vector [d

3 and measurable functions x, [d
2

and satisfying (i)-(iv) below.
(i) The number #o is nonpositive and the function #x is bounded and monotone

increasing on T with laX(b) O. Furthermore ax is constant on any interval on which
z(t) is negative.

(ii) Thefunction is absolutely continuous on T and satisfies
d
d- q4t) -?Oo[a,f(t)](t) +/ooEab(t)]

almost everywhere.
(iii)

and

+ #x(t)o[Ox’(t)] -F la2(t)gJo[x2(t)]

(a) #X(a)c3xg(x(a)) + 3x,2

O(b) -113xh2.

(iv) For all in T except those in a negligible set A we have

-k(t)f(t, Xo(t), uo) + lab(t, Xo(t), uo)
+ lal(t)bX(t, Xo(t), Uo) + #2(t)b2(t, Xo(t), Uo)
max {-/(t)f(t, Xo(t), ) + lab(t, Xo(t), u)
uU

+ lal(t)bX(t, Xo(t), u) + #2(t)b2(t, Xo(t), u)},
where uo is any point in the support of 9Jlo at t.
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CONTROLLABILITY AND TENABILITY OF NONLINEAR
SYSTEMS WITH STATE EQUALITY CONSTRAINTS*

A. B. SCHWARZKOPF"

Abstract. In this paper we consider the problem of maintaining a state equality constraint
throughout an interval [a, c] in spite of small perturbations of the dynamic and constraint equations.
We obtain sufficient conditions for this to be possible in terms of the behavior of the associated linear
variational systems. These results extend similar conditions for the local controllability of nonlinear
systems obtained by Markus [2] and Yorke [7].

1. Introduction. In this paper we wish to examine certain controllability
properties of.a nonlinear differential system in terms of the controllability of
the associated variational system. We approach the problem in the spirit of
Markus [2] and Yorke 7], and our results are generalizations of Yorke’s obser-
vations. The kind of controllability which we consider might perhaps be called
"local controllability of a constraint along a solution," but rather than introduce
another modification of the term controllable, we will introduce new terminology.

Let T [a, c], G R", U Rp and let f(t, x, u):T x G x U R",
b(t, x, u): T x G x U R be bounded and continuous along with all partial
derivatives with respect to x on an open neighborhood of their domain. Let
h(xx,x2):G x G R be continuously differentiable on a neighborhood of its
domain. Then the system

x(t) x(a) + f(s, x(s), u(s)) ds,

with x(t) G, u(t) U, will be said to satisfy a tenable constraint

(1.2) b(t, x(t), u(t)) 0 a.e. in T,

(1.3) h(x(a), x(c)) 0

if there exists a solution (Xo, Uo) of the system (1.1)-(1.3) and there exists a 6 > 0
such that if (t)LT R"], and v R with ]l(t)ll < 6, IIvl[ < 6, there exists
a solution (x, u) to (1.1) such that

(1.4) {b(s, x(s), u(s)) O(s)} ds O, T,

(1.5) h(x(a), x(c)) v O.

The constraint will be called approximately tenable if given e > 0, there is a 6 > 0
such that the left-hand sides of (1.4) and (1.5) can be kept within e of zero for all , v
satisfying the above conditions. In general terms, a constraint is tenable if it can
be maintained throughout the interval T in spite of small perturbations of the
constraint equations.
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It is interesting to consider some special cases of this system. If g(x):G ---, R
is twice continuously differentiable, then the constraint

is equivalent to
g(x(t)) O, t T,

x(s), u(s)) 0, g(x(a)) 0,ds

and is therefore a special case of our system. The more usual controllability
problem considered by Yorke [7] is obtained by omitting (1.2) and setting h(x(a),
x(c)) x(c). Another interesting problem is obtained by considering the system

x(t) x(a) + w(s) ds,

where w is a measurable function with values in a ball W with radius larger than
the bound for f, along with the constraints

fi f(s, x(s), u(s)) w(s)} 0,ds

fl b(s, ds O, h(x(a), x(c)) 0X(S),

where U (R) W is the new control set. Tenability of this system means that the
constraint may be maintained at zero in spite of small perturbations of the
driving system, as well as the constraint.

Suppose that (xo, uo) is a solution to the system (1.1)-(1.3). We will derive
sufficient conditions for the constraints (1.2) and (1.3) to be tenable for the rron-
linear system in terms of the linear system

(1.6) x(t) x(a) + {xf(S,Xo(S), Uo(S))X(S + v(s)} ds

and constraints

(1.7) fi {cxb(s, Xo(S), Uo(S))X(S) + w(s)} ds O,

(1.8) C3x h(xo(a), Xo(C))x(a) + C3x2h(xo(a), Xo(C))X(C O,

where (v(t), w(t)) is in the convex hull of the set

(1.9) {(f(t, Xo(t), u), b(t, Xo(t), u))[u U}.
We will show (Theorem 2.6) that (1.2), (1.3) is an approximately tenable constraint
for (1.1) with measurable controls u(t), provided (1.7), (1.8) is tenable for (1.6). We
can obtain tenability for (1.2), (1.3) if we admit relaxed controls.

The arguments in the sequel are based on the results of [4], which uses relaxed
controls (chattering controls, sliding regimes). Rather than duplicate the arguments
of that paper, we indicate several modifications which prove our results. Con-
sequently we have maintained the notation of [4]. In particular, boldface letters
t, x, u indicate identity functions on the appropriate sets (i.e., T, G, U, respectively),



CONTROLLABILITY AND TENABILITY 697

and the symbol [. ;t] denotes a relaxed control function. The reader unfamiliar
with relaxed controls is referred to [3] for an introduction (note also the additional
references in [4]). Our decision to base the following arguments on relaxed controls
is dictated by our desire to include problems with finite control sets U, and problems
involving bang-bang controls. Similar arguments based on [5] yield the following
result. Suppose U is convex. Then the constraint (1.2), (1.3) is tenable for (1.1) using
ordinary measurable controls if the system

x(t) x(a) + {xf(S, Xo(S), Uo(S))X(S + c,f(s, Xo(S), Uo(S))(u(s) Uo(S)) ds

(1.10)
has tenable constraints:

(1.11) {c3,b(s, xo(s), uo(s))x(s + c3,b(s, xo(s), uo(s))(u(s uo(s))} ds O,

(1.12) c3x,h(xo(a), Xo(C))x(a) + c,2h(xo(a), Xo(C))X(C) O.

Here u(s) U. We omit the proof.

2. Basic results. Continue the assumptions and notation introduced in
and, further, suppose that G is bounded and open and U is compact. LetCg {(x, g)}
be the set of all generalized curve solutions to the system (2.1) below, and suppose
Co (Xo, //o) e also satisfies (2.2) and (2.3). Set

x(t) x(a) + ../g[f(s; x(s), u); sl ds(2.1)

and require that

(2.2)

(2.3)

//l[b(t, x(t), u); t] 0 a.e. in T,

h(x(a), x(c)) O.

Let Y {(r/, A)} be the linear span of

M {(r/, A)lr/ R", lit/I[ __< 1, A ( ’o), J//a relaxed control}.
Note that M is a convex subset of Y. We wish to compare (2.1)-(2.3) to the system
of variational equations (2.4)-(2.6) below:

(2.4) Dx(t, y) + {go[Cxf(s)]Dx(s, y) + Air(s)]} ds,

with constraints

(2.5) Db(t, y) ,/go[C3,f(t)JDx(t, y) + A[(t)] 0 a.e. in T,

(2.6) Dh(y) c3,lhDX(a, y) + c32hDx(c, y) O,

where y is in M. Here, as in [4], the overbar indicates that the designated function
is evaluated at Xo(t). Let/ U,> o aM.

LEMMA 2.1. If the set (Oh, Ob(t))(iQl) contains a neighborhood of zero in
R x L[T Rm], then the set

(2.7) P {A[/(t)qly (q, A)e M}
has a nonempty interior in L[T - R"].
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Proof. This follows from the same arguments which establish [4, Thm. 1,
Step 1, (2.13)].

LEMMA 2.2. If the set (Dh, Db(t))(ll) contains a neighborhood of zero in
R L[T R"], then there exists a positive number 1 such that for any in R
with I11[ < el, there exists a y(() (q((), A(()) in m with A(()(t)] bounded away
from the complement of the set P in (2.7), and

(Dh, Db(t))(y()) (, 0).

Moreover, thefunctions rl( and A()[q(u) t] are Lipschitz continuous in for fixed
(t, rfi) in T x C[T U].

Proof. Let Yo if/o, Ao) be an element of M such that Ao[b(t)] int P. Since
0 int (Dh, Db(t))() implies that (Dh, Db(t))() R L[Y R"], there exists
a point y, (r/,, A,) in such that (Dh, Db(t))(yo + y,) (0, 0). According to
the definition of/, we can multiply Yo and y, by a constant from [0, 1] so that
Yo, Y, M/3 without changing the other properties above. Since P is convex, we
also have that (Ao + A,)[b(t)] is in int P. Choose elements v (r/,A) from
r, 1, ..., + such that Db(t, v) 0 and the convex hull S of the points
Dh(v) contains a neighborhood of zero in R. We may suppose that ve M/3,

1, ..., + 1. Thus we may express any point " in the simplex S as

/+1 /+1

fl,()Dh(v)= Dh(yo + y, + fl()v),
i=1 i=1

where fli are the barycentric coordinates of and hence continuous (affine) in ,
with fl() => O, +11 fl() 1. Moreover (Yo + Y, + +1=, fl()v)e M and

/+1

Db(t, Yo + Y, + fli()vi)=0.
i=1

Now since P is convex,

(2.8) Ao A, + fii(()v [(t)] e int P.
i=1

In fact, since for each in T the points of the form (2.8) are all in the convex hull of
a finite set of points, each of which is more than a fixed distance 61 from the comple-
ment of the set {b(t)iq P}, all of the functions obtained by replacing by t in (2.8)
are also at least 61 from the complement of P.

LEMMA 2.3. The set (Dh, Db(t))(ff/l) contains a neighborhood of zero in R
x L[T Rm] if and only if (Dh, Db(t))(M) does.

Proof. If 0 e int (Dh, Db(t))(M) then 0 e int (Dh, Db(t))() since M .
Conversely, if (Dh, Db(t))(ffI) contains zero in its interior, then there exists an
element y() e M satisfying the conclusions of Lemma 2.2. Thus there exist vectors
wi=(0, A),i= 1,...,m+ 1,inysuchthaty()+wiMforalli= 1,...,m+
and the convex hull of the points A[b(t)] contains a neighborhood of radius
about zero in R" for each e T. Thus given (t)e L[T R], we can solve

m+l

(2.9) o[Ox(t)]x + A()[(t)] + fl,A,[(t)] (t)
i=1
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for nonnegative functions fl(t,x, ) which are measurable in for fixed (x, ()
R" x R, continuous in (x, () for fixed t, and Lipschitz in x. Thus by [1, Thm. 4.1,

p. 384], the equation

DT(t, , ()

x(a, y()) + {0[Gf(s)]Dz(s, , ) + A(O

m+l

+ fii(s, D)(s, , ), ’)Ai[(s)]} ds
i=1

has a unique solution with DZ(t, O, ) Dx(t, y()). Moreover, DZ(t, , ) converges
uniformly to Dx(t, y()) as ]]oo --* 0. It follows from (2.9) that for sufficiently
small, the functions fli are bounded by 1, and thus

m+l

A(, () A()[. ;t] + 2 fli(t, DX(t, , ), )Ai[. t]
i=1

is a relaxed control such that

.[o[C3x(t)]Dx(t, , () + A(, ()[(t)] (t).

Furthermore, DZ(t, , () is continuous in (, and since it converges to Dx(t, y(()) as
0,

{[xIDX(t, , ) + C3x2fiDz(t, , )

contains a neighborhood of radius 2 about zero for all with IIl < (5.

THEOREM 2.4. ![ the set (Dh, Db(t))(1Ql) in R x L[T R"] contains zero in
its interior, then so does the set

{(h(x(a), x(c)), /[b(t, x(t), u)" t])I(x, M{)6 c}.

Proof. For notational simplicity, we will prove this theorem under the addi-
tional assumption that and m 1. The modifications necessary for extension
to the general case will be indicated at the end of the proof. From Lemma 2.2 we
see that there exists a number el > 0 and elements yl (r/x,A), Y2 --(t/2,A2)
in M such that

Dh(yl) ,1, Dh(y2)

Db(t, Y l) 0, Db(t, y2) O,

and both A[b(t)] and A2[b(t)] are contained in the interior of P (see (2.7)). Thus
there exists a number c51 > 0 and elements y/+ (0, A/+) and y/- (0, A-) in Y,

l, 2, such that

(2.10)
(A- A1)[b(t)] (A- A2)[b(t)] -(1 < 0,

and (y + y), (y + y-), (yz + yf), (Y2 + Y) are all in M. Define

(2.11) y(z) (TI nt- (1 T)F/2 TA - (1 z)A2)= (r/(z), A())
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for z e [0, 1], and observe that

Dh(y(z)) (2z 1)ex e I-el, ex], Ob(t, y(z)) O.
Fix eo > 0, set

A*(z) Aentt-")A+(z), A,(’c) Aentt-a)A-(’c),

A-(’c) (’cA + (1 "c)A),

and consider the equation

(2.12)
0 {(aet Oo)A*(z) + (ae -t ao)A,(’c) + (a ao)A(z) +

[b(t, x, u); t] + ( ao).

This equation can be solved uniquely for fl(t, x, , , "c), where e T, z e [0, 1],
e [0, 2%], 7 e [- 1, 1], and x is in a neighborhood of radius 62 about xo(t). The

function fl(t, x,0t, ,, x) is measurable in for fixed (x, , , z), continuously dif-
ferentiable in (x, , , z) for fixed t, and uniformly bounded along with its partial
derivatives on its domain of definition. Moreover,

?fl(t, Xo(t), o, , ) o[/(t)]
2aod(t)

O,fl(t, Xo(t), o, , ) -A(’c)[b(t)] +
2aod(t)

c(t, Xo(t), o, , z) 0 cfl(t, Xo(t), o, , ).

where d(t) =_ A e(t-a)( Let 7(t)e L[T [- 1, 1]] and define

/(Z, e, 7, z)[. ;t] {(e e(’’x’’’O ao)A*(z) + (e e -(’’’’’’O ao)A.(z)

+ ( o)A(r)+ -go}[" ;t]

By [1, Thm. 4.1, p. 384] there exists a positive number a such that if le Col < a,
then the equation

(2.13) Z(t) xo(a) + ( ao)q(z) + g(7.(s), , 7, z)If(s, 7.(s), u);s] ds

has a unique solution )(t) Z(t, , 7, z) such that ):(t, o, 7, z) Xo(t) and there
exists a constant C such that

Iz(t, o, ,-c) Xo(t)l C ll(Z OOI

(2.14) + C I{et(’()’’’’) eo)A*(’c) + (ee -t(s’’’()’’’’’,) eo)A,(’c)

+ ( ao)A(z)} If(s, Xo(S), u); s]l ds

< C2lo %1,
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where C2 is a constant, perhaps larger than C1. The last inequality follows from
(2.12) since fl > 0 implies

(a e("x")’’’*) o) --< d(t){-(a ao)d(t) + ( o)lA(v)[(t)]l + (a o)ll},
and similarly for fl < 0.

Now by [1, Thm. 6.1, p. 392] the function Z(t, a, 7, z) is differentiable with re-
spect to a, and if we set c,(t, ao, , ) Dz(t, , ), we have

fi { I (A*(z) A*(z))[f(s)]x(s)lD(s " z)Dit(t, 7, ) rl + /[o Oxf(s) + 2od(s

[ (A*() A,())If(s)]
(2.15) + A(z) f(s) + 2od(s)

(A*(z)- A,(z))[f(s)]
2%d(s)

7(s) + (A*(z) + A,(z))[f(s)] ds,

and the difference quotients converge uniformly for fixed (7, z). It is tedious but
not difficult to verify that the rate of convergence in (2.15) is independent of (, z).
Using arguments similar to those which established [4, (2.27), (2.28) and (2.29)],
we can show that

(2.16) IDz.(t, 7, r) Dx(t, Y(Z))l -< K l{ ll7(t)ll + (A/B) en.-"l}
for all z e [0, 1], and if fl > 0, we have

13= ea("z("’’)’’’)l lec3fl(t, Z(t, o, , r), o, , r)l

K2(2.17) <
2od(t)

{ID;r(t, , v) Dx(t, y(t))l +

2oAen(t_,){K,{lly(t)llo + (A/B)elc-"l} +

so that for proper choices of II(t)lloo, A and B, this can be made arbitrarily small.
A similar result holds for fl < 0. Moreover, the difference quotients in (2.16) and
(2.17) converge uniformly for all ;(t) in L[T--, [-1, 1]] and in [0, 1]. Thus
(if fl > 0)

>_ 1-Kz{KI{ I(t)llo + (A/B)eBlc-al} 4-II(t)llo}
> 0

2oA eB(-.)

for proper choices of 11711, A and B. Thus (Z(t,, , ), a, 7, r)[" ;t] in (2.13)
is a legitimate relaxed control for some slightly larger than ao, all r [0, 1],
and 7(0 in L[T R] with l[7(t)[l sufficiently small. By (2.12) we have

(2.18) ’(z(t,l,Y,z),l,Y,z)[b(t,Z(t,l,,z),u); t] --(1 0)(t)
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for all r e [0, 1]. On the other hand, by (2.16) and our choice of Yl and Y2, we may
assume that for some/32 > 0

h(z(a, 1, , 0), Z(c, 1, 7, 0)) <= -/32 < 0

for all 7(t) near 0. Thus given in [-/32,/32], there is a r() in [0, 1] such that

(2.19) h(j(a, zl, 7, r()), 7.(c, zl, 7, r())

and (2.18) holds. This proves the theorem for 1, m 1.
To extend to arbitrary values of and m, we must introduce functions yl,k and

Yz,k, k 1, 2, ..., such that the kth coordinates of Dh(yl,) and Dh(y2,k) are/31
and -/31, respectively, and zero everywhere else. Also introduce functions
Af(:), A-(:), j 1, m, such that the jth coordinate of Af()[(t)] and
A-(r)[b(t)] is identically 61 and -61, respectively, and zero otherwise. The
argument then proceeds in a fashion similar to that above, introducing an m-
dimensional vector function / which produces a relaxed control that satisfies
(2.18) and (2.19) above.

CoItoXLAl 2.5. If(1.7), (1.8) are tenable constraints for (1.6), then (1.2), (1.3)
are tenablefor (1.1) using relaxed controls, and approximately tenablefor (1.1) using
ordinary measurable controls.

Proof. The system (1.6)-(1.8) is equivalent to the system (2.4)-(2.6) in the sense
that if x(t) is a solution to (1.6) with control values (v(t), w(t)), then Dx(t, y) x(t)
for y (rl, A), rl =- x(a), (u(t), w(t)) =_ A[(f(t), (t))], and conversely. Tenability of
(1.7), (1.8) is equivalent to saying that 0 e int (Dh, Db(t))(M), and by Lemma 2.3
this is equivalent to saying 0 e int (Dh, Db(t))(/). Thus Theorem 2.4 implies that
(1.2), (1.3) is a tenable constraint for (1.1). Warga [6, Thm. 2.2] has shown that
ordinary measurable controls (more precisely, piecewise constant controls) are
weak*-dense in the collection of relaxed controls, and in particular there exist
ordinary controls which solve (2.1) and give (2.2), (2.3) values arbitrarily close to
their values with relaxed controls. This proves the approximate tenability of
(1.2), (1.3).

Corollary 2.5 holds even though U might be a finite set or a set determining
bang-bang controls. We do not even need to require that (xo, /o) be an ordinary
curve. On the other hand, we have only shown approximate tenability for (1.2)
and (1.3). It is not possible to obtain tenability in this system with ordinary control
functions without introducing additional hypotheses on U which assume the
existence of "nearby" controls. We mentioned this in 1. On the other hand, we
are able to strengthen Corollary 2.5 sufficiently to include Yorke’s results in [7].

TI-IEORFM 2.6. If(1.7) and (1.8) are tenable constraintsfor (1.6), then (1.2), (1.3)
are approximately tenable for (1.1) with ordinary piecewise constant controls.
Moreover, we can insist that (1.3) holds identically.

Proof. By hypothesis, Dh(M) contains a neighborhood of zero, so that there
exist elements Yi (qi, A), 1, ..., + 1, in M such that the convex hull of the
points Dh(yi) contains a neighborhood of radius 6 about zero. If Ai (/ ///o)
we have, by standard results, that

(2.20) Dx(t, Yi) di)o(t)qi + dpo(t) dpff l(s)/i[f(s)] ds dpo(t 49 l(s)/o[f(s)]ds,
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where

(2.21) dPo(t I + //Zo[C3xf(S)]dpo(S) ds,

I being the n n identity matrix. Since piecewise constant controls are weak*-
dense in relaxed controls [6, Thm. 2.2] we may suppose that the controls A{ are
piecewise constant functions vi(t), i= 1,..., + 1, and consequently the first
integral in (2.20) is a Riemann integral. Thus, for any el > 0, there exists a 61 > 0
such that if H {a So < sl < < sN c} is a partition of [a, c] with mesh
less than 61 then Dh(yi) differs from

(2.22)
-{cx,hri + Cx:h dp(c)rli

by less than 1"

n-1

4- dp(c)

_
dp- l(sj)f(sj, Xo(Sj), vi(sj))[sj+

j=o

dp(c) dp- l(s)/g[f(s)] d

Let {///lp}p= be a sequence of piecewise constant right continuous controls
given by control functions Up(t), respectively, and suppose that ///p - //o in the
weak* sense. For each p we obtain functions Xp(t) by solving (2.1) with p in
place of ///, and Xp(a) xo(a). Similarly we define p(t) by replacing go and xo(t
in (2.21) with #p and Xp(t), respectively, and observe that the weak*-convergence
of //p to /o shows that Xp(t) and tp(t) converge uniformly to xo(t and bo(t as
p - . Thus we may choose a sequence of partitions I-Iv {a So < SN(p)

c} of mesh less than 61 in such a way that up(t) and v(t), l, ..., + l, are
constant on every interval [s, s+ 1) and

(2.23)
Ibv(c) - l(s)f(s, xv(s), up(s)[ ds

U(p)-

dpp(C) dp; l(sj)f(sj, xp(sj), up(sj))[ < e,
j=O

Let fl (ill, fit+ 1)e R + be chosen so that fli => 0 and i=1+ fli 1. For each
p 1, 2,..., and e > 0, define the ordinary control p[. ;t, fl, e] with control
Up(t, fl, e) given by

vi(t), in the interval Sj,(2.24) Up(t, )
(Up(t), otherwise,

s + else+, s] Y /, s + e[s+ s] /
k=l k=l

j O, N(p) 1.

Let xp(t, fl, t?,) be the solution of (2.1) with //p[. t, fl, e] replacing g[.; t] and
Xp(a, fl, ) xo(a) + i+=11 flirt i" This solution exists for small e, is continuous in fl,
and converges to x,(t) as e 0 uniformly in p, fl and t. This last follows from
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[1, Thm. 4.1, p. 384]. Furthermore,

D,x(c, fl) =- lim
Xp(C, fl, e) Xp(C)

s0 /

l+ l+ N(p)-

i=1 i=1 j=0

X [Sj+ Sj].

N(p)-

j=O

dp; l(sj)f(s, xp(si), vi(s)

cf (sy)f(s, Xp(Sj), up(s))

A straightforward but tedious argument involving Gronwall’s lemma and the
uniform boundedness of c,f and f shows that the convergence in (2.25) is uniform
in p. Thus we have

h(xv(a, , e.), xv(c, fl, )) /+1., fliDh(Yi)
i=1

h(xp(a), Xp(C))

h(xp(a, , e.), Xp(C, , e.)) h(xp(a. ), xp(c))

Cx,h(xp(a), xp(c)Dpx(a, fl) c,2h(xp(a), xp(c))Dpx(c, fl)

+ cx,h(xp(a), Xp(C))Dp(x(a, fl)) cx2h(xp(a), xp(c))Dpx(c, fl)
/+1_, fl,Dh(y,).
i=1

By (2.25) and the definition of Xp(a, fl, e), we may fix e eo so small that the second
expression on the right in (2.26) is less than 6 /4 for all p, and for e eo we may
choose p sufficiently small th/t the first expression is also less than /4. Using
(2.22), (2.23) and (2.25), we see that the last expression can also be made less than
6/4 for large p and small enough mesh in Hp. Thus the function h(x(a, II, eo),
x(c, 11, eo)) defined for fli>= 0, fli= covers an open set about the origin of
radius eo6 /4. Since Xp(t, fl, e) converges to xo(t) uniformly in as e 0, p --, , the
theorem follows.

3. Remarks. In 7], Yorke indicated three problems which he had not solved
in his original work. The second asked if his controllability results hold for relaxed
controls. This we have answered in the affirmative. He also asked whether these
results hold for continuous (differentiable) control functions u. This we can also
answer in the affirmative provided that U is convex and his equation LA is re-
placed by (1.9). This follows by observing that the function fl, obtained by solving
the modified version of (2.12) implicitly, is continuous (differentiable) in provided
the right-hand side of (2.12) is.
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PROJECTIONS OF CONVEX PROGRAMS WITH
UNATTAINED INFIMA*

ROBERT A. ABRAMSf

Abstract. Convex programs with closed ob.jective function and closed feasible region are classified
as degenerate if the objective function and the feasible region have a common direction of recession.
For each degenerate program, a reduced form is defined by projecting the feasible region and the
objective function epigraph on the orthogonal complement of the recession directions. A finite se-

quence of such reductions yields a nondegenerate problem for which the infimum is attained on a
bounded set. Under a very mild condition the infimum of the reduced problem is equal to that of the
original problem. It is shown that the objective and constraint functions of the "projected" problem
may be obtained by calculating limits of the ob.jective and constraint functions in the directions of
recession. These results generalize the concept of degeneracy and reduction to canonical form which
was originally developed for posynomial geometric programming.

1. Introduction. If a convex objective function is to be minimized over a
closed but unbounded convex constraint region, the infimum may not be achieved,
and if it is achieved, it may be achieved on an unbounded set. Following the
terminology introduced by Duffin, Peterson and Zener in [3] for a special class
of convex problems, we call such a program degenerate. The purpose of this
paper is to extend the notion of degeneracy to a very general class of convex
programs and to show how to reduce a degenerate program to an equivalent
nondegenerate program, i.e., to one in which the infimum is attained on a bounded
set. In the case of posynomial programs the results to be presented below reduce
to those of 3], and in the case of quadratically constrained quadratic programs
and /p-approximation problems they reduce to and greatly simplify the results
of [4].

We consider the problem

Minimize f(x)
(1)

subject to x C,

where f(x) is a closed convex function and C is a closed convex subset of finite-
dimensional Euclidean space. If C and f(x) have no direction of recession in
common, it is known that the infimum off(x) over C will be attained. If, however,
there is a common direction of recession, then the infimum may be achieved on
an unbounded set or it may not be achieved, and the problem will be (by definition)
degenerate. It will be shown ( 3) that, under a very mild condition, an equivalent
problem may be obtained by projecting the constraint set and the epigraph of
the objective function on a subspace orthogonal to the directions of recession. If
the new problem obtained is still degenerate, the projection process is repeated
until a nondegenerate problem is obtained. The resulting problem should be

* Received by the editors July 5, 1973, and in revised form February 21, 1974.- Department of Industrial Engineering and Management Sciences, The Technological Institute,
Northwestern University, Evanston, Illinois 60201. This research was supported in part by the Air
Force Office of Scientific Research under Grant 73-2516.
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easier to solve because it will be in a space of smaller dimension than the original
problem and because the infimum will be achieved on a bounded set.

Mathematical programs with unattained infima are most likely to arise when
the original variables of a problem have undergone some kind of transformation
as in the cases of the convex program resulting from a posynomial geometric
program and the deterministic equivalent of a probabilistic program. For ex-
ample, if the optimal value of a term in a posynomial program is zero, the cor-
responding convex program will have an unattained infimum. The computational
value of the theory developed here will depend on the possibility of detecting and
removing degeneracy before actually computing a solution. Many existing com-
puter codes for posynomial programs do detect and remove degeneracy as an
initial step in obtaining a solution. In the posynomial case the determination and
removal of degeneracy is usually a by-product of the computation of an initial
dual solution. Since posynomial problems are generally solved by dual methods,
no additional effort is required to detect and remove degeneracy. It is likely that
similar methods based on the extended notion of degeneracy will be useful for
problems which are at least partially separable and include linear or polyhedral
constraints.

The use of projections to reduce linear programs with unbounded feasible
regions was studied by Charnes et al. in 2]. There it is shown, along with other
results, that any linear program is equivalent to a linear program with a one-
point feasible region. In [6], Rockafellar used a special case ofthe theory developed
here to reduce a problem with an unbounded optimal set to a problem with a
bounded optimal set.

In 2 of this paper notation and definitions are given and a number of pre-
liminary theorems are reviewed. In 3, the reduced form of a degenerate program
is presented and theorems relating the reduced and original problem are given.
In 4 it is shown that the present development reduces to the special cases con-
sidered in [3 and [4. Also a simple example requiring a two-stage reduction is
presented.

2. Notation, definitions and preliminaries.
2.1. Notation and definitions. R" is n-dimensional Euclidean space.
For x R" and y R", (x, y) is the standard inner product of x and y, i.e.,

(x, y) yrx, and Ilxll (x, X) 1/2.
The relative interior of a set C is denoted by ri C and the closure by C.
The epigraph of a function f:C --. R, where C c R", is

(2) epi f {(x, ) e R"+ "f(x) <_ , x e C}

A function f defined on C c R" is convex if epi f is a convex set or equiv-
alentlyifCisconvexandf(2x + (1 2)y) =< 2f(x) + (1 2)f(y)forall0 <= 2 <=
and x and y in C.

A convex function is closed if epif is closed or equivalently if all its level
sets are closed, i.e., if all sets 5 {x’f(x) =< } for all e e R are closed.

If f:C R is convex, its domain of definition is extended to all of R" by
defining f(x) + oe for x C. Also define dom f =_ {x’f(x) < oe}.
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A convex set C recedes in the direction ofa vector y iffor every x C,x + 2yeC
for all 2 >- 0. To simplify terminology, such a vector y will be called a direction
of recession of C. Directions of recession are sometimes referred to as directions
of infinity, e.g., [7].

The recession cone of C, O / C, is the set of all directions of recession of C.
A vector y is a direction of recession of a convex functionf(x) if y is a direction

of recession of all nonempty level sets off, i.e., of the sets ’ {.x’f(x) <= e} for
all e e R. The set of all such vectors is O /f.

For any L c R", L+/- {x R"’(z, x) 0 for z L} is the orthogonal com-
plement of L and L* {x R"’(z, x) >= 0 for z L} is the polar or dual cone of L.

2.2. Preliminaries. The following theorems contain all the information on
directions of recession needed for this paper. Proofs may be found in [5].

THEOREM 2.1. Let C be a closed convex set and suppose that for some x C,
the ray {x + 2y’2 >- 0} is contained in C. Then y is a direction of recession of C.

THEOREM 2.2. The set of all directions of recession, 0 / C, of a convex set C
is a convex cone.

THEOREM 2.3. If y is a direction of recession of some nonempty level set qa of
a closed convex function f, it is a direction of recession of every nonempty level set.

THEOREM 2.4. If y is a direction of recession of the convex function f, then
f(x + 2y) is a nonincreasing function of 2.

THEOREM 2.5. Let f be a closed convex function and D a closed convex set. If
D and f(x) have no common direction of recession, then the infimum off(x) over D
is attained on a bounded set.

3. Projections of degenerate convex programs. Consider problem (1), i.e.,
minimize f(x) subject to x C, where f(x) is a closed convex function and C is a
closed convex set in R". If y is a direction of recession off(x) and also a direction
of recession of C, we say that y is a direction of recession of the problem (1), and
that the recession cone of (1) is the set of all such y. If the recession cone of (1)
contains a nonzero vector, then (1) is said to be degenerate. Otherwise it is said
to be canonical. If a problem of the form (1) has a direction of recession, u, such
that limoo f(z + 2u)= -oe, then we say, following [4], that the problem is
totally degenerate, or, following the linear programming terminology, unbounded.
In this case the problem has no finite infimum and hence has no solution. In what
follows it is assumed that (1) is not totally degenerate.

For each degenerate problem of the form (1), a reduced problem will be
defined by projecting the feasible region C and the epigraph of f(x) onto the
orthogonal complement of the recession cone of the problem. The reduced prob-
lem may be degenerate in which case the same projection procedure is repeated.

Let S be the recession cone of (1) and let Ps. be the orthogonal projection
on S, the orthogonal complement of S. Let So {(x, 0) R"+’x S} and let

Ps6 be the orthogonal projection on S. The objective function h(x) of the reduced
problem is defined by

(3) epi h Pso(epi f).

This corresponds to total degeneracy as defined in [3], only if the objective function is taken to

be the logarithm of the sum of the exponential functions.
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The reduced problem obtained from (1) is

Minimize h(x)
(4)

subject to x e PslC.
The objective function and the feasible region of (4) are both closed and convex
and hence (4) is of the same form as (1). Therefore if (4) is still degenerate, we may
consider the problem as one defined in the space S+/- rather than in R" and the
reduction process may be repeated. Since each reduction reduces the dimension
of the feasible region by at least one, a canonical problem will be obtained after
a sequence of at most n of the above reductions. The resulting problem will be
called the canonical reduced problem.

In order to prove that the canonical reduced problem and the original
problem have equal infima, we need the following lemma which gives sufficient
conditions for the projection of an intersection to be equal to the intersection of
the projections. The lemma is also important for another reason. Often a con-
straint set will be defined as an intersection of sets each defined by a class of
functions, e.g., we may have convex and linear constraint functions in which case
the feasible region is the intersection ofthe region defined by the convex constraints
with the region defined by the linear constraints. When projecting the feasible
region it is convenient to be able to project the sets separately. The following
lemma permits this.

LEMMA 3.1. Let C and C2 be convex sets. Let S be contained in 0 + C 0 + C2.
Then

ps+/-(Cl ["] C2 ps+/-Cl Ps+/-C2.

Proof. Let {Vl,’’" Vm} be a basis for the subspace generated by S and
composed only of vectors in S.

Let xePslC1 f)Ps.C2. Then there are scalars ei, i= 1,..., m, and /i,
1, ..., m, such that x + E?=I OiVi C1 and x + Ei=l il)i C2"
Since vi, 1,..., m, are recession directions of both C1 and C2, for any

7i >= 0 and 6i >-_ O,

X 4. E (Oi + i)l)i C, and X "- Z (i .ql_ (i)l)i C2"
i=1 i=1

Now we choose the 7i and 6i so that the vectors are equal and hence an element
of C1 fq C2. This can be done by letting

0, /i < i’ f O, i < ]i’
and 6’=

Thus

X + E (Oi " )Vie C1 f’] C2, Ps
i=1

and x e Ps(C CI C2).

i=l

"--X,
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The opposite inclusion is trivial and is true without the hypothesis regarding
directions of recession.

THEOREM 3.2. Suppose that (1) is not totally degenerate and that

ri (dom f) f’l ri C :/= .
Then the infimum of the canonical reduced problem corresponding to (1) is attained
on a bounded set and it is equal to the infimum of(l).

Proof. The objective function and the feasible region of a canonical problem
have no direction of recession in common. Hence by Theorem 2.5 the infimum
is attained on a bounded set.

To prove the second part of the theorem we show that (1) and (4) have equal
infima and that if ri (dom f) f-I ri C =/= , then ri (dom h) f"l ri PslC :/= . Since
each problem in the sequence of reductions ending in a canonical problem is
obtained from the previous one in exactly the same way, it will follow that all of
the problems have equal infima.

If w ri C ["1 ri (dom f), then Psiw ri (PsC) f-I ri Ps(dom f)]. Hence Psw
ri (Ps,C) and Psiw ri (Ps, dom f). Since Ps(dom f) dom h, it follows that

Psw ri (PsC) f’l ri (dom h).
For any set T c R", define the indicator function 6(x, T) by 6(x, T) 0 for

x T and 6(x, T) + oo for x T. It is clear that instead of considering problems
(1) and (4), we may consider

(1’) Minimize F(x) f(x) + 6(x, C)

and

(4’) Minimize H(z) h(z) + 6(z, Ps,C)

which have the same infima and feasible solutions as (1) and (4) respectively.
Letting 7(Q)= {(x,)R"+l:xQ} for any Q c R", it follows from the

definition of F(x) that

(5) epi F epi f f’] 7(C).

Using Lemma 3.1, (5) implies that

(6) Pso(epi F) Pso(epi f) f] Ps7(C).
Now ri (dom f) f"l ri C #- implies ri (epi f) f’l ri 7(C)] # . Therefore

ri [Pso(epi f)] ri [Ps[?(C)]] #
and thus the closure of the right-hand side of (6) is equal to the intersection of
the closures. Therefore

Pso(epi F)= Pso,(epi f)f] Ps[?(C)].
It is easily verified that

and hence that

Po[7(c)] 7(PC)

Pso,(epi F) Pso(epi f) f’l 7(Ps,C epi H.
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Let e be the infimum of (4) and hence of (4’). Then for any e > 0 there is a
z such that H(z) e < e/2. Since

(z H(z)) epi H Ps(epi F)

there is an (x,/) e epi F such that

(7) (Ps,x, fl) (z, H(z))l[ < /2.

Thus

[fl-H(z)[ </2 and I-fll <e.

However (x, fl)e epi F implies that x e C and that f(x) <= fl <= + e. Therefore

infxc f(x) <= .
Let b be the infimum of (1). Then for any e > 0 there is an x e C such that

If(x)- bl < .
Because Psix e PsC and PSo(X, f(x))e Ps(epi f), we have that

h(Ps_X) <-f(x) <= b + .
Therefore the infimum of (4) is no greater than the infimum of (1). This completes
the proof of the theorem.

Note that if the preceding theorem and proof were applied to the canonical
reduced problem and the preceding problem of the reduction sequence, z could
be taken to be an optimal solution. Suppose an orthogonal basis for the space
of the preceding problem is obtained by extending a basis for S+/-. Then it follows
from (7) that the components of z will be close to the value of the corresponding
components of an x for which f(x), the objective function of the preceding prob-
lem, is close to its infimum. The same statement, but with z a near optimal
solution, holds for any two adjacent problems in the reduction sequence. There-
fore with a properly constructed basis for R", the components of the optimal
solution of the canonical reduced problem will be close to values of the cor-
responding components of near optimal solutions of the original problem (1).

Our next task is to give a convenient method for finding the function h(z)
and the projection of C when C is given implicitly by convex and linear constraint
functions. In order to evaluate h(z) we show that it may also be obtained by cal-
culating the limits off(x) in the directions of recession of the problem. It is con-
venient to first prove two simple lemmas.

LEMM, 3.3. Let C be convex in R". Let S be a convex cone contained in 0 + C.
Let v ri S. Then for any x C there is an M > 0 such that Ps,x + 2v C for all
2>M.

Proof. Let x C. Then x Psx + z, where z is an element of the subspace
generated by S. Since S is a cone and contains the origin, the affine hull of S is
the same as the subspace generated by S. Hence there is an M such that for 2 > M
we have v z/2 S, which implies 2v z S O + C. Thus for 2>= M,

x + (2v z)= Psx + 2v e C.
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LEMMA 3.4. Let f be a closed convex function and let S be a convex cone con-
tained in O+f, the recession cone of f. Let v ri S. Then for each x, there is an
M > 0 such that for >_ M,

f(Psix + 2v) <= f(x).

Proof. Fix x and consider the level set Itx), which being nonempty has
recession cone O /f. Since x e itx), by the previous lemma Psix + 2v ’ytx for
all 2 greater than some M. Thus f(Psx / 2v) <= f(x) for all 2 >= M.

THEOREM 3.5. Let f be a closed convex function. Let S be a convex cone con-
tained in O /f Let v ri S. Define thefunction g" S
Then

epi g Ps epi f.

Proof. It will first be shown that epi g Pso(epif) and then that epi g
c Pso4epi f) from which the result will follow.

Let (z,) Pso(epi f). Then for some x with Psx z we have (x, ) epi f.
Thus f(x) <= . From Lemma 3.4, lim_o f(z + 2v) <= f(x) <= . Thus

g(z) lim f(z + 2v) <= z

and (z, o) epi g which proves that epi g Ps epi f.
Let (z, )e epi g. Then there is a sequence (zi, i) c epi g with (zi, ) (z, ).

Choose L1 such that >= L1 implies (zg, ) (z, )ll < /2o Now

g(zi) lim f(z + 2v).

Choose L2 such that 2 >= L2 implies that 0 < f(fl + 2v) g(fl) < e/2. For
>= L1 and 2 >= L2, f(z / 2V) < g(zi) / /3/2 --< i / e/2 since (zg, i) epi g. Thus

(zi / 21), ai / e/2)e epi f
and therefore (zi, o + /2) Ps epi f. But (zi, i + e/2) is close to (z, ), i.e.,

II(z, ) (z’, ’ / /2)11 =< II(z, ) (z’, ’)11 / (z’, ’) (z’, ’ / /2)11

__<e/2+e/2=e for/>_

Therefore (z, ) is a limit point of Ps epi f and hence epi g c Ps6(epi f), thus
completing the proof.

The function h(z) in (4) is thus the closure of the function g(z) defined in
Theorem 3.5.

With the aid of Theorem 3.5 the function h(z) can be calculated by taking
limits. The following theorem shows that. the "projected" constraint functions
may be calculated in a similar manner if a point exists at which the constraints
are satisfied as strict inequalities.

THEOREM 3.6. Let g:R" R be convex and let C {x:g(x) <= 0}. Let S be
a convex cone contained in the recession cone of C and let v ri S. Suppose there is

an x such that g(x) < 0. Then

{z e S-" lim g(z + 2v) =< 0} PsC.
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Proof. We shall show that

(8) PslC c t z e S+/-" lim g(z + 2v)_<_ 0} PsiC

from which the result will follow.
To prove the first inclusion let z e PsC. Then from Lemma 3.3, z + 2v e C

for all 2 => 0 greater than some M. Therefore g(z + 2v) _< 0 for 2 >- M, implying
that lim g(z + 2v) _< 0, and the first inclusion follows.

To prove the second inclusion in (8), let z e S+/- and assume

lim g(z + 2v)<= 0.

We shall show that given e > 0, we can find a we C (and a 2 >__ 0) such that
liw (z + 2v)ll < e. Since liPsiw z[[ liPsi[W (z + 2v)][I _-< [[w (z + 2v)[[
< e, it will follow that z is an element of the closure of PsC.

By hypothesis g(x) < 0 and we assume for some > 0, g(x) =< - e,
where e (1, 1, ..., 1)T. Since v is a direction of recession of every level set of
g(x), g(x + 2v) _<_ -z e for all 2 >= 0.

Because lim_ g(z + 2v) =< 0, for any 6 > 0 there is a 2(6) such that for
=> o(),

(9) g(z + 2v) < 5 e.

Let M IIx z and let e > 0. Choose a positive flo less than e/M, and
let 5 flo/(1 flo)a. Define

w =/(x + 2v) + ( -/)(z +

for some fixed 2 > 2(6). Then

g(w) __< flg(x + 2v) + (1 fl)g(z + 2v)
<_ flOa e + (1- fl)5 e flo + flOaj e O

Thus w C and

w- (z + v)l I(z + v)+/[(x + ;v)- (z + v)]- (z + ;v)ll

=flm <e

which completes the proof.
Remark. The assumption of a feasible point x with g(x) < 0 is necessary

as shown by the function defined by g(x)= (x2- )4/x2 for x _-> 1 and by

g(x) + for xl < 1. The vector lt ---v is a recession direction and clearly

lim_o g(x + 2v) 0 for any fixed x2. However, the set {x’g(x) __< 0} is the line
x2 so the conclusion of Theorem 3.6 does not hold.

In some problems of interest, lim g(z + 2v) is strictly less than zero or -for all z e S+/-. In these cases the assumption of an interior point required in
Theorem 3.6 is satisfied automatically. It then follows from Theorem 3.6 that if
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lim g(z + 20 < 0 for all z e S+/-, then PsIC S+/- and, since the reduced problem
is defined in S+/-, the constraint may simply be dropped.

4. Examples.
4.1. Posynomial geometric programming [3]. Define a posynomial

E bli(r) E Ci H ti,
j--1

where all c are positive and consider the problem

Minimize Ui(/?
iJ[0]

(10) subject to ui(t) <= 1, k-- 1,...,n,
ieJ(k)

tj> 0, 1,..., m,

where the index sets J(k), k O, 1, ..., n, are defined so that J(0) 1, 2, ..., mo},
J(1) {mo + 1, ..., ml}, "", J(n)= {m,_l + 1, ..., m,} and m, n. Making
the change of variables tj ezj and xi aijzj, (10) becomes

Minimize ci ex’
iJ(O)

(11) subject to Ci exi 1,
iJ(k)

k=l,...,K,

x R(A) range of A,

where A is the matrix of exponents {aj}. Because R(A) is a subspace, any ff R(A)
is a direction of recession of R(A). A vector ff is a recession direction of the set
defined by

if and only if x __< 0, e J(k), k 1, ..., n. A vector is a recession direction of
the objective function if and only if 2i __< 0, e J(0). Thus is a direction of re-
cession of the problem (11) if and only if e R(A) and 2 _<_ 0, 1, ..., n, and
the recession cone of (11) is the intersection of R(A) and the nonpositive orthant.
To apply Theorems 3.5 and 3.6 we must find a v in the relative interior of the
recession cone. Such a v is characterized in the following lemma.

LEMMA 4.1. Let S be the recession cone of(11) and let v e S. Then v e ri S if
and only if the number of negative components is maximal.

Proof. Suppose v S and u S with ui < 0 for some with v 0. (We can
assume v < 0 implies ui < 0 since otherwise u can be replaced with u + v.)
Consider the line segment starting at u and extending slightly past v, namely,

u+2(v-u) forl<2< l+e.

The ith component of this point will be positive and hence it will not be an element
of S. Hence v is not a relative interior point of S.
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Now suppose v S but v ri S. Then for any w e ri S,

(12) w+(1 +e)(v-w)S for alle>0.

Since w and v are both elements of R(A), the linear combination (12) is also.
Therefore some component of(12) is positive. Thus for some i, We + (1 + e)(vi wi)

ve + e(vi we) > 0 for all e > 0. Hence ve 0 and we < 0 which shows that ve
has fewer nonzero components than v + w. The lemma is proved.

Therefore we seek a nonpositive v R(A) with a maximum number of negative
components. Such a vector, which will be denoted by , may be easily found by
solving a finite sequence of linear programming problems. With Theorems 3.5
and 3.6, may be used to determine the objective and constraint functions of the
reduced problem. Let T {i’i 0} and note that

lim Ci ex’+;w’-- 2 Ci ex’
2- iJ(O) iJ(O)c T

for any x s R". The exponential constraint functions are reduced similarly and the
reduced problem becomes

Minimize C exi
iJ(O) T

(13) subject to cie
i <= 1, i- 1,...,n,

iJ (k) T

x Ps+/-R(A)].

Problem (13) is canonical and therefore no further reductions are required.
Note that the objective function and the exponential constraints depend

only on xi for T. Write any vector x R(A) as a sum of vectors in the subspace
generated by R(A) f’l R"_ and R(A) f’l R"_ ]_c, i.e., let

x=z+y with z[R(A) f"IR"_+/-, and y[R(A) fqR"_]+/-z.

Then z is the desired projection of x onto JR(A) I"l R"_ ]_c. Because y may be written
as a linear combination of points in R(A) I"1 R"_, Ye 0 for T. Therefore

x=z forinT.

Since the objective function and constraint functions depend only on these com-
ponents (i T), we may replace x Ps,(R(A)) by x R(A) and then for each T,
the ith row of the matrix A may be eliminated. The resulting reduced problem is
then as presented in 3]. However, in [3], the special structure of the problem is
used to obtain the reduced form without the assumption of a "strict interior"
point as required by Theorem 3.6.

4.2. Quadratic programming and l,-approximation problems. In [4 quad-
ratically constrained quadratic programming problems and /p-constrained Ip-
approximation are both shown to be transformable to problems of the form

Minimize Go(x)

(14) subject to Gk(X) <= O,
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where P is a subspace of R" and

[k] Pi

[k] {mk, ink+,,’’’ ,nk}, k=O, 1,...,r,

]k[= n+, k=0,1,...,r,

mo 1, m no +2,’",m= n_ + 2, n+ n.

b is a fixed vector in R" and p > 1.
In order for v R" to be a recession direction of the problem, it is necessary

that for any feasible point x, x + sv remain feasible for s > 0 and that the
objective function not increase as s increases. Therefore v e P is a recession
direction of (14) if and only if

vi=O, ie[k], k-- 0,1,...,r,

/)]kt (- 0, k 0, 1, r.

The relative interior of the recession cone of (14) is characterized in a manner
similar to that of (11). A vector v in the recession cone of (14) is an element of the
relative interior if and only if the number of negative components is maximal.
The proof of this statement is analogous to that of Lemma 4.1 and is therefore
omitted.

To determine the reduced form of (14), we seek a nonpositive vector v e P
with vi 0, i [k], k 0, 1, 2, ..., r, and with as many as possible of the com-
ponents Vlkt, k O, 1,..., r, less than zero. Let be such a vector. If Vlot < 0,
the objective function go(x) may be made as small as desired using the feasible
vector (x + 2), 2 > 0, where x is an arbitrary feasible vector. Thus the problem
does not have a finite infimum and hence is totally degenerate.

Computing the feasible region of the reduced problem is particularly simple
in this case, since

lim Gk(X -k- 21))--I Gk(X) if ]k[--O,
-, [ - if ]k[ < 0.

Therefore it follows from Theorem 3.6 that the constraints of the canonical
reduced problem are obtained by deleting the constraints corresponding to
negative components of fi and leaving the others unaltered. An argument similar
to that of 4.1 shows that the projection of vector x P leaves the components
corresponding to {i :fii 0} unchanged. The reduced problem is independent of
x for i {]k[ IJ [k]’filk < 0}. Therefore if P is given as the range of a matrix
A, the subspace for the reduced problem may be obtained simply by deleting
rows of A corresponding to i {]k[ IJ [k-l’lk < 0}.

A fairly lengthy proof is required to show that the above canonical reduced
form is the same as that obtained in [4]. However, once this has been done the
final part of the Key Theorem 3.1 of [4] follows directly from the above definition
of degeneracy, and the original long and complicated proof is no longer necessary.
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A proof of the equivalence of the canonical reduced forms and a more thorough
discussion of the preceding remark is given in 1].

4.3. An example requiring a two-stage reduction. Consider the following
problem in R2:

Minimize l/x1
(15)

subject to x- x2__<0, 1-x <__0.

The recession cone of(15)is the ray generated by }. Using Theorem 3.5 for the

objective function, and Theorem 3.6 for the constraints, the reduced problem
defined in S+/- becomes

Minimize 1/x
(16)

subject to 1 x _< 0.

Problem (16) also has a nonzero recession cone, namely, the ray generated by
x 1. A second reduction gives the canonical reduced form of minimizing the
zero function subject to no constraints.

5. Conclusions. It has been shown that any convex programming problem
with closed objective function and feasible region can be reduced to a canonical
problem for which the infimum is attained on a bounded set. The reduction
process is accomplished by projection of the objective function and feasible
region on the orthogonal complment of the. recession directions of the problem
or equivalently by calculating limits of the objective and constraint functions in
the direction of recession.

In the two special cases, 4.1 and 4.2, in which the reduction procedure was
already known, it is the special structure of the problem which allows easy de-
tection of degeneracy and reduction to canonical form. In both cases, with the
exception of the linear constraint, the problems are completely separable and
some or all of the terms are nonincreasing in their variables. It appears probable
that straightforward reduction to canonical form will be possible for many classes
of problems with similar structure, e.g., linear equality or inequality constraints
in addition to monotonicity along a ray in other constraints and the objective
function.

Acknowledgment. The author wishes to thank Professor Adi Ben. Israel for
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GENERALIZED RANDOM PROCESSES"
A THEORY AND THE WHITE GAUSSIAN PROCESS*

HIROSHI INABA- AND BYRON D. TAPLEY:I:

Abstract. A class of generalized random processes is defined in the framework of vector-valued
distributions. Then two subclasses of generalized random processes are defined and their relationships
are discussed. The so-called white Gaussian process is defined as a generalized random process, and its
characterization is discussed.

1. Introduction. Shortly after L. Schwartz’s work on distributions [1], Ito [2],
and Gel’fand [3], [4] introduced independently the concept of generalized random
processes (random distributions in Ito’s definition). Their definitions were based
on the work by Schwartz, and the processes were studied primarily as they relate
to the correlation analysis of stationary generalized random processes. In prin-
ciple, the generalized random process is defined to be a continuous linear mapping
from a topological vector space of test functions to a topological vector space of
random variables. Therefore, as presented in [5, Appendix], there are a number of
possible classes of generalized random processes, depending upon the choice of
the space oftest functions and the choice ofthe space ofrandom variables. However,
it should be noted also that a generalized random process has been discussed by
Urbanik [6] and Hida [7] from different viewpoints. Urbanik’s definition is some-
what different from that mentioned above. However, the class defined by Hida
[7, p. 73] can be shown to be a subclass of that defined by Gel’fand and Vilenkin
[4, p. 243]. For a detailed discussion of this relation, see [8, pp. 7-11].

In the present investigation, we will introduce a class of generalized random
processes, study a particular subclass as the basis for various engineering appli-
cations of the generalized random processes used in this study in a way somewhat
different from the ordinary one, and discuss a stochastic integral (the Bochner
integral) which plays an essenti/il role in the following discussion. In 3 we will
discuss some of the relationships between random processes and generalized
random processes, and then the derivative of generalized random processes will
be discussed. In 4 we will study the space of generalized random processes defined
on the space L2(T) of square integrable functions on an interval T. Section 5 will
then define the correlation operator of a generalized random process, which is a
generalized notion of correlation functions of random processes. Finally, in 6 we
will define and study the so-called white Gaussian process and the white process in
the framework of generalized random processes.
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In this investigation, we will not discuss the applications of the generalized
random processes to engineering problems (for example, the innovation process
[11], the linear stochastic differential equation [14], the Kalman-Bucy filter [12],
etc.). These will be studied in separate papers. We also note that the argument de-
veloped in 4 and 5 can easily be extended to more general spaces of generalized
random processes (see [8, Chaps. IV and V]).

2. Basic definitions. Throughout this investigation it is assumed that a
probability space (f, A, P) is given and fixed, where f2 is a set, A is a a-algebra of
subsets of f and P is a probability measure on the measurable space (f, A). The
expectationoperator is denoted by E. Further, let Z denote the Hilbert space of
all P-equivalence classes of real random variables defined on (fL A, P) having
finite second moments, where the inner product (.,.)z and norm I1" IIz are given,
respectively, by

(2.1) (, r/) E(r/) and I111 (, )z/2,

The space Z is assumed to be separable, and hence there is a complete orthonormal
system {i} of Z, and every in Z can be expressed uniquely as

aii,
i=1

where a (, )z. Furthermore, let R denote the real line, Tan interval in R, M(T)
the a-algebra ofLebesgue measurable sets in T, and, finally, 2 the Lebesgue measure.
With these notations, the random process used in this study is defined as follows.

DEFINITION 2.1. A function x: T - Z is called afinitely-valued random process
on Tifthere is a finite number of disjoint sets S, $2, ..., S, in M(T)with 2(Si) <
such that x(t) is a constant on each Si and x(t) 0 on T [A 7= Si. ]

DEFINITION 2.2. A function x:T --. Z defined for almost every in T is called
a random process on T if there exists a sequence {xj} of finitely-valued random
processes on T such that for almost every2 in T {x(t)} converges in Z to x(t). [3

The above definition seems to be too restrictive. However, it is wide enough
to cover most ofthe interesting processes appearing in both theory and application.
For example, any function x: T- Z which is continuous in the mean-square
sense is a random process on T in the sense of Definition 2.2, and furthermore,
any (M(T) x A)-measurable function x: T x f R which is square-integrable
over T x f is a random process in the above sense. (For the proof of this statement,
see [8, Appendix 7].)

Continuity and differentiability of a random process of the above type can
be defined in the usual manner. Namely, a random process x on T is said to be
continuous over T if, for every in T,

(2.2) lim IIx(t + h)- x(t)ll =0,
h0

Two random variables and r/are said to be P-equivalent if P({o9 f:(o) 4: r/(o9)}) 0. For
an arbitrary measure/,/-equivalence is defined analogously.

Hereafter "almost every" will be abbreviated by a.e. Sometimes a.e. will mean "almost every-
where".
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and differentiable over T if, for every in T, there exists a random variable y(t) in
Z such that

(2.3) holim -(X(t + h)- x(t))- y(t) O.

When x is differentiable over T, the function y" T --, Z can be shown to be a ran-
dom process on T (see [9, p. 74]). The random process y and the value y(t) will be
denoted by dx/dt and dx(t)/dt, respectively.

In the discussion following, an integral of random processes is needed. It is
clear that the ordinary mean-square integral cannot be defined for the random
processes defined above and that the integral to be employed must be of Lebesgue
type. There have been two such integrals proposed, the Bochner integral and the
Pettis integral [9], 10]. The latter is more general than the former, but the Bochner
integral is more suitable for applications. Thus we will employ the Bochner integral.
The integral is defined in a manner analogous to the Lebesgue integral of real-
valued functions, and has most of the properties which hold for the Lebesgue
integral. For the definition and its properties the reader is referred to [9] and 10].
All the integrals used in the sequel are of Lebesgue type for both real-valued func-
tions and Z-valued functions, and so the ordinary integral notation . dt will be
used to mean the integrals . d2(t) of Lebesgue type.

3. Generalized random processes. First, we need to define a set of test functions
and a topology on the set. Though there are a number ofpossible sets and topologies
to be adopted, we follow the celebrated work by Schwartz [1]. Let T be an interval
in R, as defined previously. Then the set of test functions is defined to be the
collection of all infinitely differentiable functions on T to R such that the support
of each function o, i.e., the closure of the set {t T" 09(0 4: 0}, is a compact set
contained in , the interior of T. This set with the addition and the scalar multipli-
cation defined pointwise is a real vector space, denoted by C(T). A sequence qgj}
of functions in C(T) is then said to converge to the identically zero function (the
zero element of C(T)) if (i) there exists a compact set K in " such that K contains
the support of every qgj, and (ii) the derivatives dq)/dt of each order >_ 0 con-
verge to 0 uniformly on K(dqg/dt q). Then the vector space C(T) with the
topology induced by the notion ofconvergence defined above becomes a topological
vector space, and the space will be denoted by D(T). Spaces C(T) and D(T) may
be used interchangeably when the topology is not in question.

Throughout this study, we will denote by L(V, I4/) the vector space of all
continuous linear mappings from a topological vector space V to another topo-
logical vector space W, where the addition and the scalar multiplication are
defined pointwise. We can now state our definition ofgeneralized random processes
as follows.

DEFINITION 3.1. A generalized random process on T is a continuous linear
mapping from D(T) to Z. Namely, D(T)* L(D(T), Z) is the vector space of all
generalized random processes on T. The value of a generalized random process
at q9 will be denoted by (o, q). [-1

An example of the generalized random processes is as follows. Let x" T --, Z
be a locally Bochner integrable random process on T, i.e., x is a random process
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on Tsuch that for any compact set S in Tthe Bochner integralfs x(t) dt exists. Then,
for every q9 in D(T), the Bochner integral s qg(t)x(t) dt exists since p is continuous

on Tand zero outside some compact set in . Moreover, the mapping O,’D(T) Z
defined by

(3.1) (qg, %> fT qg(t)x(t)dt, D(T)

is linear and continuous. In fact, the linearity follows from the linearity of the
Bochner integral, and the continuity can be proved as follows. Let {pj} be a
sequence from D(T) converging in D(T) to 0. Then by virtue of [9, Thm. 3.7.6, p. 82],
we obtain

O)}lz =< f.. [q)j(t)[ IIx(t)llz dt

13.I
=< max {]oj(t)[ "t e K} x(t)llz dt,

where K is a compact set in which contains the support of every oj. Since

qgj 0 in D(T) implies max {Iqgj(t)l:t e K} 0 as j , and since the local
integrability of x and [9, Thm. 3.7.4, p. 80] ensure the existence of the integral in
the last expression, it follows that (qgj, Ox) 0 in Z as j ---, . Hence (I)x is con-
tinuous and is a generalized random process in D(T)*.

From the above example it can be seen that every locally Bochner integrable
random process on T determines a generalized random process of D(T)* in the
form of (3.1). Moreover, the following theorem holds.

THEOREM 3.1. Let x and y be locally Bochner integrable random processes on
T, and let and r be the corresponding generalized random processes in D(T)*.
Then O, Or if and only if x and y are 2-equivalent, i.e., x(t) y(t) for a.e. in T.

Proof. Suppose first that x(t) y(t) for a.e. in T, and let z(t) x(t) y(t).
Then we have E[z(t)z(s)] 0 a.e. on T T, and, from [9, Thm. 3.7.13, p. 84] and
Fubini’s theorem, it follows that for every q in D(T),

I1<o, Ox o> Iz fTllo(t)(x(t) y(t)) dtll2

fr fr p(t)E[z(t)z(s)]cp(s)dt ds O;

so O Or. To show the converse, suppose O O and consider the Fourier
series

(3.3) z(t) g,(t),,
i=1

where {} is a complete orthonormal system of Z and g(t) (z(t), ) are locally
Lebesgue integrable real-valued functions on T (see e.g., [9, p. 72]). Then, for every
o in C(T), we obtain

(3.4) 0 II(P, O, Or)ll2z p(t)z(t) dt p(t)g,(t) dt
Z i=1
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Since, for any compact set K in T, C(K) is dense in the Banach space LX(K) of all
Lebesgue absolutely integrable functions on K, (3.4) implies gi(t) 0 a.e. for all i.
Thus from (3.3) the desired result z(t) x(t) y(t) 0 a.e. is obtained. [3

From the above theorem it can be seen that every 2-equivalence class of
locally Bochner integrable random processes {x} on T is identified uniquely with
the corresponding generalized random process , of D(T)*. Thus any locally
Bochner integrable random process x on T may be called a generalized random
process in D(T)*, and ), may be written simply as x (i.e., (q), x) may be written
as (q, x)). Moreover, the space B(T) of all 2-equivalence classes of locally Bochner
integrable random processes on T can be regarded as a subset of D(T)* (i.e.,
B(T) c D(T)*). It can easily be shown that B(T) is a proper subset of D(T)*.
Namely, D(T)* contains those generalized random processes that cannot be
expressed by any random process in the form of (3.1). In fact, the generalized
random process defined by

(3.5) ((49, ) (, 6) { for all q in D(T)

is such a process, where di is the Dirac 5-functional and { is a random variable in Z.
Furthermore, since R is a subspace ofZ as the space ofall constant random variables,
the a-functional itself is a generalized random process in D(T)* and the space
D(T)’ L(D(T), R) of all distributions on T is contained in D(T)*. Thus the notion
of generalized random processes is more general than that of distributions. (In
fact, the generalized random processes can be treated in the framework of vector-
valued distributions 3] .)

We now discuss derivatives of the generalized random processes. Suppose
that x is a differentiable random process on a finite interval [a, b] such that dx/dt
belongs to B([a, b]). Then, as was discussed above, dx/dt determines a unique
generalized random process /, in D([a, b])* by

(, a/at) (t) for all in D([a, b]).

Since every is continuously differentiable and (a) (b) 0, it follows from
[9, Cor. 2, p. 88] that

(, Oa/at) ((t)x(t))

x(t) dt -<de).

Based on this equality, we make the following definition.
DEFINITION 3.2. The derivative ’ ofa generalized random process in D(T)*

is defined by

(, ’) -(de/dt, ) for allo inD(T).

It should be verified that the mapping O d/dt, ) is really a continuous
linear mapping from D(T) to Z. However, the verification is straightforward, and
so it is omitted here. From the above definition it easily follows that every generalized
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random process in D(T)* has the derivative () of any order e >= 1, and it is
given by

(3.6) (q), ()) (- 1)(dq)/dt, ) for all p in D(T).

Moreover, we can easily see that any random process x in B(T) has its derivative x(

of every order e >_ as a generalized random process in D(T)*, and it is given by

(3.7) (o, x() (- 1)(dqg/dt, x) for all p in D(T).

In order to distinguish dx/dt and x(, we will call x( the eth generalized deri-
vative of x. Of course, if dx/dt belongs to B(T), it follows from the definition of x’
that x’ is the same as dx/dt in the sense that

(q), x’) (q), dx/dt) for all p in D(T).
Thus the generalized derivative is a notion more general than the ordinary
derivative.

Finally, we note that a multidimensional generalized random process can
be defined in an analogous manner. Namely, an n-dimensional generalized random
process on T is defined to be a continuous linear mapping from D(T)n to Z, where
D(T)n is the product topological vector space ofn spaces D(T)’s. It can be shown that
any n-dimensional generalized random process is uniquely decomposed into n
one-dimensional generalized random processes [8, p. 97].

4. Generalized random processes defined on L2(T). This section is concerned
with a class of generalized random processes which are extended to the space
L2(T) of test functions. Here L2(T) is the Hilbert space of 2-equivalence classes
of Lebesgue square integrable functions on T with its inner product (.,.)L2r and
norm I1" L<T> defined by

(4.1) (o, j)c() j q>(t)J(t) dt, ([3)L2(T)

Let L2(T)* denote the Banach space of all continuous linear mappings from
L2(T) to Z (i.e., L2(T)* L(L2(T), Z)) with the norm defined by3

(4.2) L:r), sup

where (p, ) indicates the value of I) in L2(T)* at p in L2(T). Further, let a
sequence (I)} of generalized random processes in D(T)* be said to converge to
an element in D(T)* if for each p in D(T),

(4.3) lira (p, I)) (o, ) in Z.
joo

Then the following theorem holds.
THEOREM 4.1. Let be in L2(T)* and let or) denote the restriction of to

D(T). Then or) belongs to D(T)*, and mapping or) of L2(T)* to D(T)*
is linear, continuous and one-to-one (i.e., L2(T)* can be imbedded in D(T)* linearly
and continuously).

Proof. Since any convergent sequence in D(T) is a convergent sequence in
L2(T) and since the linearity of aoor) is obvious, the first assertion follows. To

Note that every function f in L2(T) is an element of L2(T) and IlfllL2r, IlfllL2r.
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show the second assertion, let and q be distinct elements in L2(T)* and suppose
o(r) qo(r)in D(T)*. Also, let q be in LZ(T) and {qgj} be a sequence from C(T)
converging in LZ(T) to q. (Note that since C(T) is dense in LZ(T), such a sequence
always exists.) Then we get

(4.4)
(qg, O) (<o, P) lim (%, q)

j--*

lim (qgj, f’Jo(r) kilO(T)) -’-O.
j+

Since q was an arbitrary function in L2(T), (4.4) contradicts the assumption 4= q,
and hence the mapping --, o(r) is one-to-one. To show the continuity of the
mapping, let jj. be a Cauchy sequence from LZ(T)* converging in LZ(T)* to
in LZ(T)*, and let o be an arbitrary function in D(T). Then

[<0[[L2(r (I)j (I) L2(T)* --+ 0

Thus OOjo(r) -+ dOor) in D(T)*, and so the mapping --, O%{r) of L2(T)* to D(T)*
is continuous. Since the linearity of the mapping is obvious, this completes the
proof of the theorem. ]

Based on the above theorem, each element of L2(T)* can be identified
uniquely with the corresponding generalized random process o(r)in D(T)*.
Therefore we will call any element of L2(T)* a generalized random process on T,
and write L2(T)* < D(T)* to mean that L2(T)* is imbedded in D(T)* linearly and
continuously.

We next consider another class of generalized random processes. Let Y(T)
denote the vector space of infinitely differentiable random processes on T having
compact supports contained in r. Then since any random process in Y(T) belongs
to B(T), each x in Y(T) determines a unique generalized random process x in
L2(T)* by

(4.5) (qg,) f q)(t)x(t) dt for all q) in L2(T).

Moreover, it is obvious that x - y in Y(T) implies x - y in L2(T)*. Therefore
by identifying each x of Y(T) with , of LZ(T)*, we can write Y(T) < LZ(T)*.
Now let X(T) denote the completion of Y(T) with respect to norm II" IlL2(r),.
Then since for any q9 in LZ(T) and any y in Y(T)

(4.6)

each element x of X(T) determines a unique generalized random process by

(4.7) (qg, x) lim (qg, x2) for all o in L2(T),
joo

where {x is a Cauchy sequence from Y(T) converging in X(T) to x. It is easilyjJ

checked that (, x) is independent of the choice of sequence {xj} and satisfies

(4.8)
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Moreover, since Y(T) < L2(T)* and X(T) is the completion of Y(T) with respect
to L2r),, we obtain Y(T) < X(T) < LZ(T)*. Thus using the relation LZ(T)*
< D(T)*, we get Y(T) < X(T) < LZ(T)* < D(T)*.

Let {j} be a complete orthonormal system of Z, and for any f in LZ(T) and
any in Z, let f denote the generalized random process x(t) f(t), i.e.,

(4.9) (q), f{) (q), f)z.2(r){ for all q) in LZ(T).
Then the following theorem can be proved (see Appendix A).

THEOREM 4.2. Let x be a generalized random process on T. Then a necessary
and sufficient condition for x to belong to X(T) is that x is expressible in theform

(4.10) x
i=1

for somefunctions in L2(T), and the sequence {x,} defined by

(4.11) x,-- f/i
i=1

is a Cauchy sequence converging in L2(T)* to x.
Based on this theorem, we will prove the following.
THEOREM 4.3. X(T) is a proper closed subspace ofLZ(T)*.
Proof. That X(T) is a closed subspace follows from the facts that X(T) is a

Banach space with the norm 1[2(r), and X(T) < LZ(T)*. To see that X(T) is a
proper subset of LZ(T)*, consider the mapping ’LZ(T)-- Z defined by

Zi-- gii, where {ei} is a complete orthonormal system of LZ(T). Then for any
q) in L2(T),

2( q) > 2 (’D L T (/ L22(T),
i=1

so is continuous. Since the linearity of is obvious, is a generalized random
process belonging to LZ(T)*. However, it is not in X(T). In fact, if we define a
sequence {x,} by x, 27=1 ei{i, then for any n > m,

f
X X L2(T,. sup 2.,

j=m+l

2.((.p, ei).2(r (oeL2(T) (o (r) --< 1.

Thus {x,} is not a Cauchy sequence converging in L2(T)* to (I). So, by Theorem
4.2, does not belong to X(T), and hence X(T) is a.proper subset of LZ(T)*. [--]

It should be noted from this theorem that a generalized random process x
that belongs to LZ(T)*, but not to X(T), cannot be approximated by a random
process. In other words, for a sufficiently small e > 0, there is no random process
y on Tsuch that [Ix Y[lr), < e. This is an essential distinction of the generalized
random processes from the generalized functions. Namely, for the case ofgeneralized
functions, any generalized function f belonging to L(LZ(T), R) can be approxi-
mated by a function g in C(T) with any given accuracy e"
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5. Correlation operators. For a random process x on T its (auto) correlation
function C(t, s) is defined by C(t, s) E[x(t)x(s)]. The present section is concerned
with an extended notion of the correlation function. Let F(T) denote the vector
space of all continuous linear operators from L2(T) to itself, i.e., F(T) L(L2(T),
L2(T)). Furthermore, ifK(t, s)is a Lebesque square integrable function over T T,
i.e., K is a function in L2(T x T), we denote by K the operator in F(T) defined by

(5.1) (K09)(t) fr K(t, s)09(s)ds for all 09 in L2(T).

Now let x be a generalized random process in L2(T)*. Then x determines a
unique operator C, belonging to F(T) by

(5.2) (09, CxO)L2(r ((, X), (09, X))z for all 09, in L2(T).

In fact, the linearity is obvious, and the continuity follows from

< IIIILT)II0 IL=T)IlXll 2
L2(T),.

Finally, the uniqueness follows from the fact that, for any C inF(T), (09, C)L2(r) 0
for all 09, in L2(T)implies C 0.

DEFINITION 5.1. For each generalized random process x in L2(T)*, the bound-
ed linear operator C in F(T) defined by (5.2) is called the correlation operator of
x.

When x is a random process in L2(T)*, the correlation operator C is expressed
as

(o, EI,Ir09(t)x(t)dtfr’(s)x(s)ds]
=frfr09(t)E[x(t)x(s)](s) dtds

fr 09(t) {fr K’(t’ s)(s) ds }
where K,(t, s) E[x(t)x(s)]. Thus C,, K,,, and hence Cx is the operator deter-
mined by the correlation function K(t, s) of x. Therefore, the correlation operator
is an extended notion of the correlation functions.

6. The white Gaussian process. Although there are a number of ways to
define the white Gaussian process as a generalized random process, we will define
it using a Brownian process (or Wiener process). Throughout this section, assume
T= [0, ).

DFFINITION 6.1. A Brownian process on T is a function from T to Z such
that (i) has independent increments, (ii) for any and s in T, /3(0- fl(s) is a
Gaussian random variable with zero mean and the variance qlt sl, where q > 0
is called the magnitude of , and (iii)/(0) 0 in Z.
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It can be shown easily that the Brownian process is continuous, and hence it is
a random process in the sense of Definition 2.2. However, fl is not differentiable
on T. In fact, for each in T,

+ h)- qlhl/Ihl 2 o as h 0,

and hence ((t + h) (t))/h does not have a limit in Z. However, the generalized
derivative fl’ is well-defined. Based on this fact, a white Gaussian process is defined
as follows.

DEFINITION 6.2. A white Gaussian process w on T is a generalized random
process in D(T)* such that there exists a Brownian process fl on Tsatisfying w fl’,
i.e.,

(q), w) (q), ’) -(dq)/dt, ) for all q)e D(T).

In this case, the magnitude q > 0 of/3 is called also the magnitude of w. U
Note that for every q9 in D(T), (qg, w) is a Gaussian random variable, and

also that, for every finite number of functions ql, q92, "’", 0% in D(T), the random
variables {(qj, w) :1 =< j __< n} are jointly Gaussian. (This is the reason that w is
called a white "Gaussian" process.) Furthermore, the following theorem holds.

THEOREM 6.1. Let w be a white Gaussian process in D(T)* with its magnitude
q > O. Then

E[(q, w)] =0 for all q) in D(T)

and

E[((o, w)(0, w)] q fr q(t)O(t)dt for all q, O in D(T).

Proof. Let fl be a Brownian process satisfying fl’= w, and q) be in D(T).
Then by Definition 6.2 and [9, Thm. 3.7.12, p. 83],

E[(q, w)] E
do(t)

(t) dt E[fl(t)] dt
dt dt

Since E[fl(t)] 0 for all in T and q9 was arbitrary, the first desired equality is
obtained. To show the second equality, let q and be in D(T). Then by [9, Thms.
3.7.12 and 3.7.13], we obtain

(6.1)

=fwfr dq)(t)dt

fl(t) dt fr dO(s) Jds
fl(s) ds

dO(s)
E[fl(t)fl(s)] dt ds.

ds

From Definition 6.1 we have E[(t)(s)] q min (t, s), and substituting this into
(6.1) and applying integration by parts to the resultant expression yields the desired
equality.

Furthermore, the following theorem can be proved.
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THEOREM 6.2. Every white Gaussian process w on T can be extended uniquely
by continuity to all ofL2(T). The extended white Gaussian process, also denoted by
w, belongs to L2(T)*, but not to X(T).

Proof. Let q9 be a function in LE(T) and let {qg} be a Cauchy sequence from
C(T) converging to q. (Note that since C(T) is dense in L(T), such a sequence
exists for any function in LE(T).) Then from Theorem 6.1 we obtain

qllo qgj 22t) 0 as i,j ,
where q > 0 is the magnitude ofw. Thus (qj, w) is a Cauchy sequence ofGaussian
random variables in Z, and so it has a unique limit in Z, denoted by (qg, w).
(Note that (q, w) is Gaussian also.) The limit (0, w) is clearly independent of the
choice of the approximating sequence {oj}, and hence w is extended uniquely by
continuity to all q9 of L2(T).

To show that w belongs to L2(T)*, we first note that for any q9 in L2(T) and
for any {qg} in C(T) such that qg 09 in LE(T),
(6.2) (q w) z

2 lim (09i, w) z
2 lim qll jII 2 2

L2tT)--q q9 L2(T).

Thus w is continuous. Since the linearity of w on L2(T) is obvious, w belongs to
LZ(T)*. We will next show that w is not in X(T). First, it will be proved that the
set Z {(o, w) Z’qg LZ(T)} is a closed subspace of Z. Let {r/j} be a Cauchy
sequence from Z and let tqg)} be functions in LZ(T) such that r/j (qgj, w). Then
by virtue of (6.2),

l’l Fl 2z ( (D (49j, w) 2z q q) (/gjlI2L2(T)-- 0 as j -Thus {o} is a Cauchy sequence in LZ(T), and if o o and r/j r/,

r/ lim r/j lim (qg2, w) (o, w).
j-,o j--,

So q belongs to Zw. Since Z is obviously a vector space, Z is a closed subspace
of Z. Now, let {ei} be a complete orthonormal system of LZ(T) and let (e, w)
/ for all j _> 1. Then {j} can easily be shown to be a complete orthonormal
system of Zw, and for any o in LZ(T) we have

(qg, w) (qg, ej)L2)ej, w
j=l

j=l j=

Thus w can be expressed as w =e. Now define a sequence {w,} of
random processes on T by w.(t)= = Q(t). Then each w. is clearly in

X(T), but {w.} is not a Cauchy sequence in L(T)* because for n > m 1,

Iw wll sup{q ( < 1}e)(r Oe La(T)L2(T)
j=m+

q(e, e,)r q > O.

Therefore by virtue of Theorem 4.2, w does not belong to X(T).
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For the extended white Gaussian process w, the value (p, w) can be shown
to be the Wiener integral for all (p in LZ(T) (see [8, p. 94]). Moreover, it can be seen
from the above theorem that any white Gaussian process w on T does not have
an approximating random processes in the sense of norm .2r),. That is to say,
for sufficiently small e > 0, there is no random process y on T such that for all (p

in L2(T)
(6.3) II(q, w Y)llz _-< llollL=-).
However, we have the following theorem, which may give an intuitive charac-
terization of a white Gaussian process. (The proof is given in Appendix B.)

THEOREM 6.3. Let be a Brownian process on T, and define a sequence
ofrandom processes on T by

w,(t) (fl(t + h,) fl(t))/h, for all te T,

where {h,} is a sequence of positive numbers converging to O. Then for each fixed (p

in LZ(T),
lim (o, w,) ((p, fl’),

that is, {w,} converges to fl’ pointwise.
We now consider the correlation operator C,, of a white Gaussian process w

in LZ(T)*. First, note that since the extension of a white Gaussian process to LZ(T)
is continuous, Theorem 6.1 holds for all functions of LZ(T). Thus, by Definition 5.1,

(6.4) (q), Cw/)L2T E[(tp, w)(, w)] (q, qI)L2T

for all tp and in L2(T), where q is the magnitude of w and I indicates the identity
operator from LZ(T) to itself. So we obtain Cw qI. In engineering applications,
a white Gaussian process w may be described as

(6.5) E[w(t)] 0 and E[w(t)w(s)] qb(t s)
where 6(t- s) is the Dirac b-functional. This description may be interpreted as

follows. If we write the Wiener integral (o, w) in the integral form

(6.6) (p, w) t q)(t)w(t)dt

and if we suppose the order of E and f T" dt can be interchanged, then Theorem 6.1
implies that for all q in LZ(T),

(6.7) E I Ir tp(t)w(t) dt1, f o(t)E[w(t)] dt O,

and for all (p and in L2(T),

E[.Ir (t)w(t) dt fr O(s)w(s) ds] fr fr (t)E[w(t)w(s)]’(s) dt ds

(6.8)

Since (6.7) and (6.8) hold for all (p and in LZ(T), equations (6.5) are obtained for-
mally, where 6(t s) is used as a formal representation of the identity operator I
from LZ(T) to itself (i.e., q3(t s) ql Cw).



GENERALIZED RANDOM PROCESSES 731

A nonstationary white Gaussian process can be defined in the framework of
generalized random processes.

DEFINITION 6.3. A generalized random process v on Tis called a nonstationary
white Gaussian process on T if for all o in LZ(T), (q, v) (qx, w), where w is
a white Gaussian process on T with the magnitude of unity and q is a Lebesgue
measurable, nonnegative and bounded function on T which is called the magnitude

function of vq((qx/-)(t) q(t)(t)).
It is clear that (q, w) is a Gaussian random variable for all o in L(T).

Moreover from Theorem 6.1 it follows that for all o in L2(T),

(6.9) E[(09, v)] 0,

and for all o and in LZ(T),

(6.10) E[(o, v) (,, v)] fr qg(t)q(t)d/(t) dr.

Finally, we will define the so-called white process 14] as a generalized random
process. Let {r/i be an orthonormal set of vectors in Z (i.e., E[r//] and E[rhr/j]

0 for - j) and {ei} a complete orthonormal system of L2(T). Define v by

(6.11) v eir/i.
i=1

Then for all q in LZ(T), (q), v) defined by

(6.12) (q, v) y’, (q, ei)r)rli
i=1

is meaningful because

(6.13)

Thus v belongs to L2(T)*, and hence it is a generalized random process. Moreover,
it can be easily shown that for all q and in LZ(T),

(6.14) F[(o, v> (, v>] f <o(t)/(t) at.

Based on the above argument, we can now make the following definition (also see
Definition 6.3 and (6.1 0)).

DEFINITION 6.4. A generalized random process v on T is called a white process
on T if for all o and in LZ(T),

E[( qg, v> (, v>-[ =fT q(t)q(t)d/(t) dr,

where q(t) is a Lebesgue measurable, nonnegative and bounded function on T
which is named the magnitudefunction of v. F]

It is obvious that the correlation operator C of the white process v is given by

(6.15) (Cvq)(t) q(t)o(t),
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or formally,

(6.16) C q(t)cS(t s).

7. Conclusions. A class D(T)* of generalized random processes has been
defined, and then the spaces L2(T)* and X(T) of generalized random processes
defined on L2(T) have been studied. It was shown that X(T) is a proper subspace
of L2(T)., i.e., that there are generalized random processes in L2(T), which cannot
be approximated by random processes in the uniform norm IlL,try, of L2(T)*.
(This is the essential distinction between generalized random processes and
generalized functions.) The so-called white Gaussian process (also the white
process) was discussed in the framework of generalized random processes; it
was shown to belong to L2(T)*, but not to X(T). The nonstationary white Gaussian
process and the white process were discussed as generalized random, processes.

Appendix A. The proof of Theorem 4.2. The sufficiency will be proved first.
Since C(T) is dense in L2(T), for every f/there exists a sequence {f/j :j 1, 2,
from C(T) converging in L2(T) to f/. These sequences can be chosen to satisfy
the conditions

(A.1) If- fj ILtr) < l/j, <i<=j.

Now define the sequence {y,} in Y(T) by

(A.2) y,(t) f,(t),.
i=1

Then using (4.11), (A.2) and (A.1), we have

x N, IIL(T)* <= X X L2(T), + Xn Yn L2(T)

X X L2(T),

+ sup (e,Z Z.)’ e L(), III

i=1

x x I. + 1/.
Thus from the condition x x I(r, 0 as n , it follows that {y} is a
Cauchy sequence from Y(T) converging in L(T)* to x. Thus x belongs to X(T).

To show the necessity, let x be in X(T). Then for each i, the mapping 0
(, <0, x))z from L(T) to R (real numbers) is linear and continuous. In Nct,

the linearity is obvious, and the continuity follows from

Thus, by Riesz’s representation theorem (see, e.g., 10, p. 90]), there exists a unique
function fi in L2(T) such that

(i, (qg, X))z (,f)L2r) for all q9 in L2(T).
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So (o, x) can be expressed uniquely in the form

i=1 i=l

for all of L2(T), and hence x can be written uniquely as

(A.3) x= {,, witheL2(T), i= 1,2,....
i=l

Now it will be shown that the sequence {x,} in X(T) defined by x, 7= { is a
Cauchy sequence in L2(T)* converging to x. To do this, let {ys} be a sequence from
Y(T) such that x- ys {r}* 0 as j m, and express each y in the form
yj(t) , i(t){i, where i(t)= ({i, Yj(t))z. Then note that since yj belongs to
Y(T), we haver IlYj(t)ll dt < , and thus

(A.4) Z L2(T) ya(t) dt < .
i=1

Now observe that for every j and every n,

(A.5) x x, LZT)* 5 IIx yall(r). + Ilyj-

i=1

2

i=n+

--fi)L2(r) qge L2(T), I<oll,.r)5
i=1

/ E fji 2
L2(T)

i=n+l

Therefore, by (A.5) and (A.6), for all j we have

tl/2.(A.7) x x, LZ(T)* <= IX YJ LT)* / IIx YjI[2L2(T). / f, 2L2(T)
i=n+l

Since IIx yj L2T)* O, for any e > 0 there is a j such that x y L(T)* < e.
Furthermore, (A.4) implies that there is an no such that for all n no,

12L2(T) <
i=n+l

Thus it follows from (A.7) that for all n no

Since e was arbitrary, this implies Ilx x, ll(r), 0 as n m and hence {x,
defined by (A.3) is a Cauchy sequence converging in LZ(T)* to x. This completes
the proof of the theorem.

(A.6)

< x-Yl 2 + Z
i=n+l
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Appendix B. The proof of Theorem 6.3. Since C(T) is dense in L2(T), it
suffices to show the equality only for functions p of C(T). To do this, let p be in
C(T) and let [a, b] T contain the support of p. Then

If’’+h" Yf’ 1h._ a+hn
(19(8 h.)fl(s) ds CO(Off(t) dt

qg(s h.)(s) ds

fa
+h"

h,,
qg(s h,)fl(s) ds.

The last two terms evidently approach 0 as n --, oo because (dqg(t)/dt) equals 0
at a and b for every _>_ 0. Since {q(t) qg(t h,)}/h, converges to dq(t)/dt
uniformly on [a, b], we have the desired equality

lim(q9 w,)
.- dt

fl(t) dt

Since 09 was an arbitrary function in C(T), this completes the proof.
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STOCHASTIC SCHEDULING DESIGN IN
MULTISERVER SYSTEMS*

MICHA HOFRI

Abstract. The problem of assigning traffic in a multiserver system, where customer-server re-
lationships are determined beforehand, can be regarded as a problem in system design. This is done,
and designs are identified which lead to optimization of several alternative criteria. The notion of
most efficient set of servers is presented; some ramifications, into different forms of scheduling, are

discussed.

Introduction.
1. A variety of real-life systems can be thus schematically described" A large

set of sources generates service requests. These are of similar types, though not
identical, usually, and can be handled by any of a given set of servers. The servers
are interchangeable, at least to some extent, but will usually have different
capabilities. For operational reasons, however (dictated by the nature of the
application), a relationship between each source and a server must be established
beforehand, so that when a source needs a service, only one server of the set can
perform it reasonably well. We intend to discuss a situation where the character-
istics of the sources and the servers are known--to a degree we shall later specify.
In this setup we investigate optimal ways of establishing the mentioned source-
server relationship; optimal is considered to be that which minimizes waiting or
response times.

2. Once such a relationship is established, service requests from a given
source have a unique destination. Define Pi as the fraction of the total load allotted
to the ith server. We assume that different sources generate service requests
independently. From a point of view that only distinguishes the destinations of
the service requests (and not their origins), an incoming request has a probability
Pi of requiring the ith server. This is the source of the term stochastic scheduling,
even though no scheduler is actually employed.

3. Examples are" (a) Computer system, with programs as sources of requests
for data storage and retrieval on different auxiliary memories such as magnetic
tape, discs and drums (the essentially one-way traffic associated with card readers
and punches, paper tape devices and line printers can also be accommodated
within this description). If data are stored at one run on a given device, it is reason-
able to use the same device at the next run, rather than request a prior transfer--
and certainly this is inadvisable during one run. The different devices are then the
servers of our model. (b) Medical clinic, with GP’s and specialists, each familiar
with certain sets of families, patients and disorders, to the point of inadvisability
of switching. Another, more complex example is (c) Telephone exchange. Here
service is establishing a connection, and the mentioned relationship represents

Received by the editors May 17, 1973, and in final revised form February 28, 1974.

t Department of Computer Science, State University of Pennsylvania, University Park, Pennsyl-
vania. Now at P.O.B. 7063, Hakirya, Tel-Aviv, Israel.

In 28 we give a brief discussion of a more general type of system.
736
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the selectors available to each incoming line, through the wiring of the exchange
and its routing procedures; these are usually so designed that only part of the
outgoing lines are available to any customer. The results of our analysis can be
adapted to this application only in case of a delay system. Systems that clear
blocked calls will naturally require different optimization criteria. Note that
usually the relationships have to be established on the basis of estimates of future
activity. The natural extension to subsequent observation and recalibration is not
taken up here.

4. We formulate a mathematical model of the foregoing, suggest reasonable
object functions to serve as optimization criteria, derive the appropriate optimal
allocations and study their properties. Some elaborations and extensions are
presented in conclusion.

5. The problem was suggested to us by Chen [1, [2. Reference [2 contains
a very similar solution (with identical results) to the one we produce in 21,
embedded in the context of example (a) above, and the proof of optimality uses a
similar approach. In [3, 4.4, 4.5] Kleinrock considers a somewhat comparable
situation, but from a different objective. He investigates optimal assignment of
server capabilities under a given load pattern, constrained by a given total
service capacity, and then also optimal load assignment for a given total
capacity (individual server capabilities are not specified then). Only the case of
exponentially-distributed service durations is considered. It is interesting to note
that the results obtained there, for optimal capacity assignment, differ from an
"intuitive" assignment in a manner similar to the one we encounter here.

Mathematical model.
6. The aggregate demand for service is represented by a homogeneous

Poisson process of arrival of single requests at rate A.
7. Each request is shunted to the server associated with its origin. If the

server is free, service starts at once. If the server is busy, it joins the queue. Within
each queue service is in the order of arrival.

8. Since we assume many sources to be associated with each server, and that
service requests originate independently, the input process to each server is a
homogeneous Poisson process, of rate 2i piA.

9. The durations of service given by the ith server are assumed to form
independent realizations of a random variable Si. We further assume these real-
izations do not depend on any feature of the state of the system or on the input
process.

10. Under the assumptions in 7, 8 and 9, each server and its population
of potential customers can be regarded as a standard M/G/1 queueing system.

11. Notation: The number of servers is m, and we shall find it convenient to
number them in order of nondecreasing value of E(Si). Also, we use the following
notation" z E(Si), rl E(S2), cr: V(S) q- 2, W the time a request
has to wait for service at the ith server, R W + Si is the response time of the
ith subsystem.

12. The known Khintchine-Pollaczek formula gives us the following values,
for stable subsystems, at statistical equilibrium ("steady state"):
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(1) E(W) 2i 2( 2,’c i")

and immediately

2z + 2i(o-/2(2) E(R)
2(1

The expected waiting and response times for a random request that enters
the system are given by ,,,
(3) W i=12 PiE(Wi) -i=1 LiT
and

(4) 2)iZ + )C’(tYZi "c{)R , p,E(Ri)= - Airi=1 i=1

The condition for (1)-(4) to hold is that

(5) 2i’ci < 1, 1,2, rn;

otherwise the queues diverge and "steady state" formulation is meaningless.

Optimization.
13. We proceed to calculate the allocation of service requirements to servers-

and determine 2i in this manner--so as to bring our object function to a minimum.
14. Consider W defined in (3) as an object function. We shall minimize it

over a set of all possible values of 2i that satisfy the constraints (5) and

(6) 2 0, i= 1,2,-.., m,

(7) Z 2i A.

15. We note at this stage that (5), (6) and (7) are all linear in 2i, and so con-
cave in 2i.

16. The approach we found most natural to this nonlinear programming
problem was to try to solve it using explicitly as few of the constraints as possible,
and then to test for total feasibility. Minimizing (W) without any constraints
leads immediately to

(8) 2’z 2,

in direct contradiction with (5). Combining (3) and (7) we form the Lagrangian

(9) L W +/(A 2,);

the equations c3L/2 0 are satisfied by

(10) 2 l(1 -t- [rli/(rli + 2flA,ri)]l/2).
T
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Choosing the (-) sign in (10) assures that (5) holds. The constant fl is determined
by constraint (7), which yields the equation

i= i + -A
17. Before we discuss the solution of (11), notic that (6) will only be satisfied

if the square root in (10) is less than 1, which immediately rduces to

(12) /3 >__ 0.

Now we observe that the derivative of the R.H.S. of (11) with respect to is always
positiveof constant sign, anyway;therefore, when is varied in the interval
(0, ), the R.H.S. of (11) varies monotonically in the interval (0, 1/). Under
constraints (5) we have A < 1/, and thus (11), when considered an equation
in , has a unique real positive root .

18. The value of fl could not be obtained analytically, but (11) is easily
solved using any standard root-finding algorithm. We used the simple Newton-
Raphson iteration procedure and found for many combinations of parameters
that convergence was fast.

19. We point out that W is convex in 2, for all values that satisfy (5); this
and 15 supply the sufficient conditions for (10) to define the global minimum of
W;see [4, pp. 89-90].

20. From (10) we obtain for the optimal unused capacity of the servers (the
complement of the utilization factor 2 to 1) the values

(13) [/(, + 2Aflz,)] /2.

Here the way the allocation (10) differs for two servers according to their respective
values of q and z is more transparent. Note, however, that as A increases to its
largest allowed value, 1/z, fl and the utilization factors approach
uniformly in z.

21. Consider now R, as defined in (4), as an object function to be minimized.
We again consider all 2 that satisfy (5)7). The same procedure that yielded
(10) now gives

(14) 2 2Az + z

where e is the appropriate Lagrange multiplier. Again, the (-) sign in (14) is the
one used to satisfy (5). In order to satisfy (7) we determine e through the equation
obtained by summing (14) over all i"

(5)
i= Ti 1 II2cxA’cg

?]i I 1/2

A--= -’-
i: T "1"- 0"2i T

Constraints (6) and the need for real 2’ require that eA __> , and by 11 this can
be expressed as

(16) A > Tm.
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This is a restriction on a unlike anything we had for fl, and actually, it is not

always satisfied! This may be explicitly shown when all Si exp (#i), since then

z a/2 1/#/2, and a can be computed directly as

(17) (Zexp

That this does not necessarily satisfy (16) is clear by inspection. This corresponds
to the situation where some servers are so slow that it is not worthwhile to request
any work of them; it is better to assign "their" load to the faster servers.

22. We now show that this interpretation is correct. That is, we consider the
NLP posed as Minimize R; subject to (5), (6), (7)}, and show that (14), perhaps
after removal of the "worst" servers, is the optimal allocation.

Consider the following procedure"
Step 1. Check if A is in the interval [0,

__
1/z] if not, no allocation that

would result in stable operation is feasible, and the problem is outside the present
context. If the inequality 0 __< A < 1/z holds, we define k - m and proceed.

Step 2. Solve the following equation for "

i: Ti i= 2aAzi + a/2 z
Call the solution a. If this a satisfies the inequality

(19) 0kA Tk,

then go to Step 4. Otherwise, go to Step 3.
Step 3. Reduce k by l, and repeat Step 2.
Step 4. This is the final step. The current k and (z are used to compute the

allocated trac intensities through (14), and we end up with the allocation

lNiNk,
(20) 2 2kAZ + a Z

O, k<im.

Since these values satisfy the set of constraints (5)7) which is linear, and there-
fore concave, and also since R is convex in 2 (for 2z < 1), and aas well as

2is continuous in A, we have that (20) is indeed the optimal allocation. The
linearity assures us that the Kuhn-Tucker constraint qualification holds, and then
by [4], (20) is optimal for allocation on the k servers 11, ..., k. The continuity and
monotonicity in A assure us that (20) is also optimal for k m, and thus, when
Step 4 is reached in the procedure we indeed obtain our aim.

It remains to show that Step 4 is always reached.
23. This amounts to showing that neither of the following two results can

be obtained while performing the procedure described in ff 22.
(i) For a certain k, (19) is not satisfied, i.e., we have

(21) akA < Zk
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and on iterating Step 2 we find that

kl(22) =< A,
i=1 "t’i

so that an allocation that would result in a stable system is impossible.
(ii) Step 3 is realized with k 1, without the event described in (i) occurring

before.
First we show that (i) is impossible. If A was found to satisfy A <

and later A >= 111/zi, this would mean that the R.H.S. of (18), when solved
for k servers, is < 1/rk. Hence

(23) 2Az + a/z z "ki=1 "i

in particular, since all the terms are positive

(24) I lV/k 11/212 2
T’k 2AZk + k T’k

which immediately reduces to

(25) OkA > rk,

in contradiction with the assumed (21).
Case (ii) is likewise shown to be impossible, since it entails solving (18) for

k= 1, i.e.,

q2 112
A <

z 2A’rl + a2 z Z" "1

from which (25) follows immediately for k 1, and the algorithm is terminated
in Step 4, as postulated.

Discussion.
24. Some remarks on (20) and the way it compares with (11) are in order.
The phenomenon that assigning work to more servers actually degrades

overall system performance occurs only when the performance is evaluated using
R. W, as is intuitively clear, is monotonically decreasing in the number of servers,
unlike R.

Another interesting feature is the role of the variances of the service times.
As 22 and 23 clearly show, only the expected values of Si determine the order at
which servers are "dropped" from the system when A declines (although the
values of A, where this occurs, do depend on the variances). Also, the ratios of
different 2’ depend on the variances, and when variance ratios differ markedly
from 1 the dependence is quite conspicuous. (This is illustrated in Table 4.)

For the case mentioned in 21, that of "exponential" servers, we obtain a
simple ratio between the utilization factors of different servers. From (14) and
(17), we have
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with

(26) 0 ( tj- A)/Z X/#k"
Thus, calling p the "unused capacity" of the server we have i pi

0/x, which gives explicitly the rate of increase of the loading of a server
when his rate of service increases. Moreover, the average queue size (Q,) seen by
a customer arriving at the ith server is larger the "better" (i.e., faster) is the server!
Again, in the exponential case,

(27) E(Q,) 0,j ,
and this quantity increases with increasing #, if t, > 02, which would be the case
if the system is highly loaded, for example.

25. We note in particular that both R and W are not minimized when the
"classically intuitive" allocation, namely: equal utilizations for all the servers, is
employed. This allocation turns out to minimize the probability of waiting. Let
b, be the probability that a request for the ith server is delayed. Then

(28) b

the average of b, over the m servers is

(29) rr bi-- - ,_., 2,(1 2,zi).

The minimum of this, which satisfies (5)-(7), is immediately given, by the now
well-rehearsed method, as

(30) 2i= =A/
where b, which is always in the interval (0, 1), may be called the total utilization
of the system. This is a global minimum, as all the conditions we detailed in 22
are satisfied here too.

26. The three optimal allocations described were numerically evaluated for
a variety of combinations of service parameters. The quantities which were of
special interest were the relative values of R and W under the various assignments
and the dependence of the allotted load to each server on its parameters, par-
ticularly the variance ratio. Tables 1-4 describe the behavior of a few of the
combinations investigated. Tables and 2 specify the allocation over two servers,
according to all three mentioned assignments. The main difference between the
data of the two tables is in the variance ratios of the service durations. Table 3
describes such allocation for three servers, in Part Part II contains the allocation
when A is such that the assignment that minimizes R "drops" the slowest server
(the rest are also calculated then for the two remaining servers). Table 4 shows
explicitly the dependence of the allocation, according to (20), on the variance
ratio of the faster server. A qualitative assessment of the results from those tables
and further calculations is that assignments (11) and (20) gave comparable values
for R and W, for systems whose total utilization figure (, as in (30)) was 0.5 and



STOCHASTIC SCHEDULING 743



744 MICHA HOFRI



STOCHASTIC SCHEDULING 745



746
MICHA HOFRI



STOCHASTIC SCHEDULING 747

TABLE 4
m 2, A 0.8, 271 1.0, 272 5.0, O’2 2.0

0.1 0.7404 0.0596 0.2980
0.2 0.738 0.0610 0.305
0.3 0.736 0.0633 0.317
0.4 0.733 0.0663 0.331
0.6 0.726 0.0738 0.369
0.8 0.717 0.0823 0.411
1.0 0.709 0.0908 0.454
1.2 0.701 0.0988 0.494
1.4 0.693 0.106 0.531
1.5 0.690 0.109 0.548
2.0 0.676 0.124 0.621
2.5 0.665 0.135 0.675
3.0 0.656 0.143 0.717
4.0 0.644 0.155 0.775
5.0 0.637 0.162 0.814
6.0 0.631 0.168 0.842

10.0 0.619 0.180 0.901
15.0 0.613 0.186 0.932

higher. They differed for lower loads considerably, and the relative efficiency of
these two was quite sensitive to the variances of the service durations. Both
assignments performed much better than the proportional allocation, at all loads
(except, of course, at very close to saturation). That this improvement was sensitive
to the variance is natural; we found, however, that the improvement declined
with increasing variance ratios, at all loads (but was still always larger than the
difference between the results of the allocations (11) and (20)). Cutoff values of
the load (that is, values of total utilization where (20) recommends dropping the
slowest server from service), can be computed directly from the solution of (15)
for A with A max (ri). The solution is immediate and its dependence on the
parameters is clear from (15).

27. We consider now briefly a situation where, value is placed on assuring
regular, as well as reasonably fast service. This means that we undertake to mini-
mize not just the expected response time but some dispersion measure as well.
We define an object function for each server

(31) Ui E(Ri)+ (iV(Ri)’ V(Ri)-
/i75i

+
4(1 2izi)2

+ i,

where (i is a positive constant, probably different for different servers. We want to
minimize

2i(32) U Z S oi"

A routine check verifies that U is indeed convex in 2i under constraints (5). We
remark that we preferred using U, to the perhaps more natural U’ defined through

(33) U’, E(Ri) + iEV(Ri)]l/2;
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the reason being that U’ is not convex in 2i, making the assurance of an optimum
a very different (and considerably more difficult, usually) problem. On the other
hand, by calibrating i judiciously we can compensate for the change of units.
Applying the above methods to U does not give us as simple an equation for the
2i; actually we end up with a system of m + equations which have to be solved
simultaneously. The first m are fourth degree algebraic equations in 2 (one for
every 232 and the last one is similar to (18). We did not investigate the properties
of the solutions of this system. Note, however, that the case presented in 21 is
obtained from this one if we let all (i 0.

Conclusions and extensions.
28. The physical situations that we considered, characterized by a unique

source-server relationship, can be regarded from the point of view of the system
as stochastic scheduling. That this scheduling, when such a relationship does not
exist, is not the most efficient, is evident. Indeed, even when limitations are still
placed on the way customers join the system, more efficient regimes can be found.
We intend to further consider systems where the server that will serve a given
customer is decided only when the customer reaches the system, not beforehand.
Even then, we shall find that situations where different amounts of information
about the state of the system are available, dictate wholly different allocation
schemes. When no information at all is availableexcept the capabilities of the
serversthe above stochastic scheduling is the best we can do. Even a slight
increase in the information available can improve performance remarkably. As
an example, consider a system with two identical servers. Stochastic scheduling,
under any criterion, would designate each customer with probability 1/2 to join
each server. Now we imagine the situation where customers are assigned to the
two servers alternatingly; that is, the information as to which server the last
arrival was assigned is available. For service durations ofany distribution, standard
results in [5, p. 224] inform us that the second setup results in shorter waiting
times, and that when the rate of input increases to saturate the system, the
difference in the mean waiting times that would be obtained under the two
different regimes goes to infinity! This is appealing to our intuition and we con-
sider pursuing this in a subsequent paper.
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STRUCTURAL STABILITY FOR THE RICCATI EQUATION*

R. S. BUCY-

Abstract. We consider a matrix Riccati equation with respect to changes in the phase portrait
induced by continuously differential deformations of the coefficient matrices. Necessary and sufficient
conditions are given which characterize structural stability of an equilibrium. Further examples of
birth, death and coalescence of equilibria are given.

Introduction. Recently, certain symmetric equilibrium solutions of the matrix
Riccati equation, which are indefinite, have been discovered (see [1] and [2]).
Furthermore, in certain cases, r-parameter familities of such indefinite solutions
can exist. The indefinite solutions have a saddle-type phase portrait and con-
sequently cannot be determined numerically by numerical integration of the
Riccati equation. Thom, in 3] and its references, has proposed a modified struc-
tural stability for equilibria of differential equations and has investigated the
bifurcation of equilibria in the case in which they are structurally unstable, under
the assumption that the right-hand side of the differential equation is the gradient
of a potential function. His definition is interesting in that only those equilibria
which are structurally stable possess numerical reality, i.e., could be determined
by calculations, subject to roundoff error.

In this paper, we give necessary and sufficient conditions for the structural
stability of equilibria of the Riccati equation. We further show that, when an
infinity of equilibria of the Riccati equation exists, they are structurally unstable.
Finally, in the case of a two-dimensional Riccati equation, several examples of
bifurcation are given which illustrate the richness of the theory. A deeper aim of
this paper is to suggest to workers in control theory that certain algebraic
pathologies which arise in linear autonomous control theory may not even exist
in the real world where no calculation is exact.

1. Notation. In general, capital italic letters will refer to d d real-entried
matrices, while lowercase boldface letters are real column vectors. By A’ we
denote the transpose of the matrix A, while A >__ 0 denotes that the symmetric
matrix A is positive semidefinite (i.e., x’Ax >= 0 for all x). We consider the algebraic
matrix Riccati equation

(1.0) S(P) FP + PF’- PMP + C O,
with M M’ => 0 and C C’, where F, M, C are given. A symmetric P satisfying
(1.0) is sought. We consider the natural map j from d d matrices to Rd, P p,
which explicitly is" if P {p, P2, "’", Pd’, then

P

P- i
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Using this map, (1.0) becomes

(1.1) (F(R)I+I(R)F)p-(P(R)P)m+e=0,

where p, m, e are the images under j of P, M, C, respectively, and A (R) B is the
Kronecker product (aifl). We recall that the eigenvalues of F (R) I + 1 (R) F are
2i(F) + 2j(F)i, j 1, ..., d. Consider now the matrix Riccati equation

(1.2) dP/dt S(P)

and a symmetric equilibrium point P*, S(P*)= 0. Equation (1.2) can be con-
sidered in translated coordinates D P P* and takes the form

(1.3) dD/dt F,D + DF,- DMD,

with F, F P’M, or as a vector equation

(1.4)
dd
dt =(f*(R)I+I(R)ff*)d-(D(R)D)m"

With each equilibrium solution P*, we can associate the triplet of integers
(n’, n, n*_ 1), the index of P*, where

n’ the number of eigenvalues of J with real part positive,
n the number of eigenvalues of J with real part zero,

n*_ the number of eigenvalues of J with real part negative,
where J F, (R) I + I (R) F,. We can now proceed to our main results.

2. Results. We consider a variant of (1.0)"

(2.0) S(P, t)= V(t)P + PV’(t)- PM(t)P + C(t),

with F(. ), M(. and C(. continuously differentiable matrix-valued functions of
t, where M’(t) M(t) and C’(t) C(t).

DEFINITION 1. P*, a symmetric equilibrium point of (1.0), is structurally stable
if and only if for every C choice of F(.), M(.) and C(.), with F(to)=F,
M(to) M and C(to) C for o sufficiently small, there exists a P(t) P’(t),
an equilibrium of (2.0), unique in a sufficiently small neighborhood of P*, and
further, index (P*) index (P(t)).

In other words, a small diffeomorphic perturbation of the coefficients of the
Riccati equation topologically preserves the local phase portrait about a struc-
turally stable equilibrium point. Note, if P is a solution of (2.0), then P’ is also.

THEOREM 1. A symmetric equilibrium P* of (1.0) is structurally stable if and
only if

det(F,(R)I +I(R)F,)va0.
Proof. Suppose det (F-, (R) I + I (R) F,) 4: 0. Now, viewing (2.0) as n2 equations

j(S(P, t)) s and j(P) p, we find

(2.1) ds/dp F(t) (R) I + I (R) F(t),
where F(t)= F(t)- PM(t).
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Hence

dp p= P*,t to
=F,(R)I+I(R)F,,

so that by assumption the Jacobian is nonsingular, and consequently the implicit
function theorem shows that for to sufficiently small, a unique p(t) exists in a
neighborhood of p*. Consequently, j-l(p(t))= P(t) is a solution of (2.0), and is
symmetric, since otherwise P’(t) is a solution and hence j-l(P’(t))= p’(t) is a
solution in any neighborhood of P* containing p(t), contradicting local unique-
ness. By assumption, index (P*)= (n’, 0, n*_ 1), and for t- to sufficiently small,
index (P*) index (P(t)) by continuity of the eigenvalues of P(t).

Conversely, suppose P* is structurally stable but det (F, (R) I + I (R) ,) 0;
then consider the following deformation:

F(t)= F + trI, C(t)= C- 2trP*, M(t)= M,

with a to. The index of P* has n 4: 0, and it is easy to see that by choosing
however small but nonzero, we can achieve index (P*) index (P(t)), which is

a contradiction.
Remarks. One can show that structural stability of P+ and P_ is implied by

detectability and identifiability of the associated model for the relevant control
problem at least when C is nonnegative definite; see, in 1], the discussion following
Theorem 2.5 in Remark 2.5. However, it is clear that structural stability of the Po
is much more complex; in fact, Example 2 below shows that even a completely
controllable and completely observable system can have structurally unstable
indefinite equilibria. Our condition det (F, (R) I + I (R) F,) 4:0 requires that no
repeated characteristic roots Occur among the characteristic roots of F,, and all
Po’S are consequently structurally stable if the characteristic roots of the Hamil-
tonian are simple, since the roots of F- PoM are roots of the Hamiltonian; see
[1, Thm. 2.6].

We recall the results of Canabal [1]" the generalized Bass-Roth theorem
says that every real equilibrium solution of the Riccati equation P is a solution of
(- P, I) A(/4) 0, where H is Hamiltonian and A is a real polynomial of degree
d possessing roots all of which are eigenvalues of H. Different choices of d of the
2d roots of H to form A give rise to different P’s. For convenience, positive semi-
definite, indefinite and negative semidefinite solutions of (1.0) will be labeled as
P+, Po and P_, respectively. In the following examples, d 2, and one can see
the possible bifurcation behavior from structurally unstable Po’s.

Example 1. Let

F= M=C=
-1

allP+ =I, P_ =-I; Po= Ilo
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Consider the perturbed problem

P+ =I, P_ I, 011 4 + (1 e)2
P2=

4(1 e)

4 + (1 e)2[.
(1 g)2 4/

We see here that under a small perturbation, the double point Po bifurcates into

Po and Po.
Example 2. If

M--C--

then

P+ =I, P_ -I; Po
cos 0 sin 0

sinO -cosOl’

so that there is a one-parameter family of indefinite equilibria. Consider the
perturbation

M= C=F=
0 0 0

If e > 0, then

,+--(os t, ,-- (-0
If . < O, then there is no solution.

Example 3.

-s0 7), ,o-(0s _).

[00 001 Ilo 011 {1 ;)F= M= C=
0

em

The perturbation is C ). Fore>0,
0

(1 ) (-1 ) (1 ) (1 S)P+ P_ Po Po20 0 0 0
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For e < 0, no equilibria exist.
Example 4.

F= C=
-1 0

e= 2- 2 + ,
where e, fl are positive solutions. For 0 < e < 8,

P+= P_=
fl-1 fl fl-1

-fi-1
-flx//e2 4]3

0

f12= 1-1-;,

e>-0,

no Po.
-eft

For e =< 0, there are no solutions.

3. Conclusions. We have given necessary and sufficient conditions for the
structural stability for equilibria of the Riccati equation. In particular, Po’s which
form an r-parameter family of equilibria are structurally unstable, as the Hamil-
tonian has repeated roots and hence the determinant in Theorem 1 vanishes. The
physical meaning of P/ and P_ is clear in both filtering and control; however,
the Po’s seem to defy physical interpretation. Of course, they correspond to
spectral factorizations which have both stable and unstable modes, but this type
of factorization seems artificial. Finally, Thom’s modified structural stability
seems to provide a convenient way to separate algebraic pathology from algebra,
which is relevant to digital computation.
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CONVEX CONTROL PROBLEMS OF BOLZA IN
HILBERT SPACES*

VIOREL BARBU?

Abstract. Conditions characterizing optimal arcs for certain problems of Bolza in Hilbert spaces
are obtained by using methods of convex analysis and of maximal monotone operators.

1. Introduction. This paper concerns optimality conditions for a control
problem of the form

(1.1) Minimize

subject to

(1.2)

(1.3)

ff L(x(t), u(t)) dt + l(x(O), x( T))

x’(t) + A(t)x(t)= u(t), 0 < < T,

x(t)K for0=< t__< T,

where A(t) is a family of linear, closed and densely defined operators in a Hilbert
space H and K is a closed convex subset of H. The functions L and are lower
semicontinuous and convex from H H to ]- , + ].

Many of the optimal control problems in Hilbert spaces considered in the
literature (see Lions [3]) are special cases of this problem.

The main result of this paper, Theorem 1 (formulated in 3), corresponds to
some sharp results (not entirely covered by the results of this paper) recently
given by R. T. Rockafellar [9], 11] for convex problems of Bolza in finite-
dimensional spaces (see also [8], [10]). However, the approach we use to derive
optimality conditions is technically different from Rockafellar’s and somewhat
simpler and more direct.

The proof of Theorem (given in 4) is based on an existence result for a
nonlinear boundary problem associated with (1.1), (1.2) and (1.3). This existence
result is obtained by exploiting the monotonicity properties of the subgradient
mappings.

For simplicity we restrict ourselves to the case where L is independent of t,
but the main part of Theorem 1 remains true for L(t, .,. under certain measur-
ability assumptions similar to those used in [9].

In 5 we discuss a class of control problems for linear parabolic equations
to which the general result is immediately applicable.

In order to avoid making the exposition too ponderous, we assume
familiary with the main results in convex analysis and in the theory of nonlinear
maximal monotone operators. However, in 2 we recall some definitions and we
refer to lecture notes of Moreau 5], Br6zis [1] and the survey of Rockafellar 6]
for detailed information on the subject.
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2. Preliminaries. Let X be a real Banach space and X’ its dual. For x X
and x’ e X’, we write (x, x’) instead of x’(x). If (p:X , + o] is any proper
convex function on X we set

(2.1) O(qg)

and denote by cqg(x) the set of all x’ X’ such that

q(x) < tp(y) + (x y, x’) for all y X.

The multivalued mapping c3q :X X’ is called the subdifferential of qg, and
every x’ e t3qg(x) is said to be a subgradient of q9 at x. if q is lower semicontinuous
on X, then t3q9 is a maximal monotone subset of X x X’. Moreover, int D(qg)
c D(t3q) (see, e.g., [1], [5]). In particular, if q9 is the indicator function of a closed
convex subset K c X, then D(qg) D(c3q) K and c3qg(x) coincides with the cone
of normals to K at the point x.

Let [0, T] be a fixed real interval (0 < T < + ) and let C(0, T; X) denote
the usual Banach space of continuous functions from [0, T] to X. Let #(0, T; X’)
be the dual of C(0, T; X), i.e., the Banach space of all finite, X’-valued regular
measures on ]0, T[. If K is any closed convex subset of X, we denote by the
subset of C(0, T; X) defined by

sty {x C(0, T; X)lx(t) K for every [0, T]}.

For every x , we denote by 4(x, K) the cone of normals to at x, i.e.,

(2.2) /(x, K) {# /(0, T;X’)I#(x y) >= 0 for all y .}.
Next, we assume that X is a reflexive Banach space. Let

L:X x X]-oo,

be a lower semicontinuous convex function on the product space X x X, non-
identically + o. The Hamiltonian function corresponding to L is the conjugate
of the convex function v L(x, v) for each x e X. In other words,

(2.3) H(x, p) sup {(v, p) L(x, v)lv e X}.
Since the function v L(x, v) is lower semicontinuous, one has (see [5])

(2.4) L(x, v) sup {(v, p) H(x, P)IP X’}.

Moreover, the function H(x, p) is concave as a function of x and convex lower
semicontinuous as a function of p. We denote by

the set of all subgradients of the concave-convex function H at the point (x, p).
In other words,

(2.5) t?,H(x, p) {u e X’IH(x, p) >= H(y, p) + (x y, y) for all y e X},
(2.6) t?pn(x, p) {v XIH(x, p) <= n(x, q) + (v, p q) for all q e X’}.
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Since H is the partial conjugate of the lower semicontinuous proper convex
function L it follows from a result due to Rockafellar (see [7, Thm. 9]) that the
mapping (x, p) cH(x, p) from X X’ into X’ X is maximal monotone.

We finally notice that by the properties of the conjugacy correspondence,
one has

(2.7) c3pH(x, p) (c3L,)- (p),

where c3L denotes the subdifferential of the convex function L(x,. ).

3. Statement of the main result. We are given real Hilbert spaces V and H
which satisfy

VHV’

with each inclusion mapping continuous and densely defined. Here V’ denotes
the dual of V, and H is identified with its own dual. Denote by (v, v’) the pairing
between v’ in V’ and v in V; if v, v’ H, this is the ordinary inner product in H.
The norms in V and H will be denoted by [[. and[. respectively. The norm
in V’ will be denoted by I1" I[,.

Let [0, T] be a fixed real interval (0 < T < + ), and let W(0, T) denote
the space

(3.1) W(0, T) {x L2(0, T; V)lx’ L2(0, T; V’)},

where d/dt denotes the derivative in the sense of V’-valued distributions on
]0, T[ (i.e. in @’(0, T, V’)). It is well known (see [4, Chap. 1]) that C(0, T; H)
= W(0, T).

We now list the basic assumptions:
(A) We are given a family {A(t)10 < < T} of linear continuous operators

from V into V’ such that:
(a) For all u, v in V the function (A(t)u, v) is measurable on ]0, T[ and

(3.2) IlA(t)ull, <= C[[ull for all ue V,

with some positive constant C independent of t.

(b) There are real and co > 0 such that

(3.3) (A(t)u, u) / lul 2 >= collutl 2 for all u e V.

(B) L and are lower semicontinuous convex functions defined from H x H
into ]-o, + ] and nonidentically + o. For every (x, p)e H x H the Hamil-
tonian function

(3.4) H(x, p) sup {(p, v) L(x, v)lv e H}
is finite.

(C) K is a closed convex subset of H. There exists x e W(0, T) such that
x’ + A(t)x L2(0, T; n), L(x, x’ + A(t)x) L 1(0, T), (x(0), x(T)) O(l) and

(3.5) x(t) e int K for every e [0, T].

Let CL denote the set of all pairs (x(0), x(T)) arising from arcs x e W(0, T)
such that x’ + A(t)x e L2(0, T; H), L(x, x’ + A(t)x)e L(O, T) and x(t)e K for all

[0, T].
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The last assumption may be formulated as follows:
(D) There exists (xx,Xz)D(l) CL such that one of the following two

conditions holds:

(3.6) x2 e int {x e HI(x1, x) D(/)},

(3.7) x2 e int {x e HI(x1, x) CL}.
In particular, assumption (D) holds if (int D(I))fq CL or D(I)f’)int C. is

nonempty.
Let WA(O, T) denote the space of all functions x e W(0, T) such that

x’+ A(t)x6L2(O, T;H). Obviously, WA(O, T) is a Banach space with norm
defined by

(3,8) Ilxll2- [x(0)l 2 + Ix’+ A(t)xl 2 dr.

We consider the problem of minimizing a function of the form

(3.9) F(x) L(x,x’ + A(t)x) dt + l(x(O),x(T))

subject to x e #0, where

(3.10) o {x e WA(O, T)lx(t)e K for every e [0, T]}.

THEOREM 1. Assume that hypotheses (A), (B), (C) and (D) hold. Then, in order
that x WA(O, T) be an arc minimizing F on o it is necessary and sufficient that
there exist a function p L(O, T; H) and a measure 12 /’(x, K) such that

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

x’ + A(t)x t3pH(X, p) 0 a.e. ]0, T[,

p’ A*(t)p + c3xH(x, p) 12 0 in ’(0, T; V’),

p’ A *(t)p 126 L)(O, T; H)

p 6 L2(0, T;V) I’) BV(0, T;V’),

{p(0), p(T)} e cl(x(O), x(T)).

In Theorem 1, A* denotes the adjoint of A, i.e.,

(A*(t)u, v) (u, A(t)v) for all u, v V,

and BV(0, T; V’) is the space of all functions p:0, T] - V’ of bounded variatiOn
on [0, T]. It is well known that for such a function p there exist p(t-) and p(t +)
for all t. For simplicity we have written p(0) instead of p(0+) and p(T) instead of
p(T-).

The conditions (3.11), (3.12) together with the boundary condition (3.15) may
be regarded as Euler-Lagrange conditions for optimality. If K H (i.e., there
are no state constraints), then W(x,K)= 0 (see 2), so that (3.13) and (3.14)
imply that p W(0, T) and p’- A*(t)p L2(0, T; H). Thus in this case the con-
dition (3.12) will be satisfied a.e. on ]0, T[ with ordinary derivative p’(t).
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In the general case, as p(t) is a function of bounded variation on 0, T], its
weak derivative p defined by

d
(p(t), v) ([(t), v) for all v V

exists a.e. on ]0, T and belongs to L1(0, T; V’). Then p’ can be written as p’ p dt
+ dpo, where dpo is the singular part of the measure p’ with respect to Lebesgue
measure. On the other hand, by (3.13) it follows that there exists q BV(0, T; V’)
such that q’ p. Since # (0, T;H), it follows by using a standard device that
q BV(0, T;H). Consequently, we can write p as la q dt + dqo, where

q, qo 6 BV(0, T;H).

Since, in virtue of (3.13), dpo dqo LI(O, T; V’) we conclude that dpo dqo.
This equality shows that the singular part of the measure p’ coincides with the
"singular contribution" dqo of the state constraints. It can also be proved that

t(t) Ir(x(t)) a.e. ]0, T[,

where lr(x) denotes the cone of normals to K c H at x.
Moreover, it turns out that the functions p which appear in the optimality

conditions (3.11)-(3.15) can be interpreted as minimizing arcs of a certain dual
problem associated with (3.9) and (3.10). We expect to give details in a later paper.

4. Proof of Theorem 1. The main step in the proof of Theorem is the
following existence result.

PROPOSITION 1. Assume that the hypotheses of Theorem 1 are satisfied. If we
are given

fL(0, T;H), xlH,

then there exists a unique pair of functions (x, p) WA(0, T) L(O, T H) and a
measure #(0, T H) which satisfy

(4.1) 6+(x,K), pL2(0, T; V) f’l BV(0, T; V’),

(4.2) p’ A *(t)p # e L2(0, T; H),

{p’- A*(t)p- #, p- x’- A(t)x + f(t)} 6 L(x; x’ + A(t)x)
(4.3)

a.e. 0, T,

(4.4) {p(0) x(0) + xl, -p(T)} cl(x(O), x( T)).

Proof. For every 2 > 0 let us denote by L and l the convex functions from
H H to ]-v, + ] defined by

L(x, v) inf {(Ix yl 2 + Iv u]2)/22 + L(y, u)l (y, u) H H},

l(y,y2)- inf {(]y zl 2 + lY2 z212)/22 + l(z,zz)l(za,zz)H H}.

We set tp Ir (the indicator function of K) and in a similar manner define qz,
i.e.,

qz(x) inf {Ix yl2/22ly K}.
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We recall (see [1], [5]) that L, l and qg are Fr6chet differentiable on H H
(respectively on H) and

(4.5) c3L 2- t(1 (1 + 2?L) -t cl 2-(1 (1 + 2c31)-),

(4.6) cqx -1(1 (1 + Aco)-t).
Here, we have written instead of the identity function I on H.

(i) Approximate equations. For every/, the function

Fz(x (Lz(x,x’ + A(t)x) + qz(x)- (x’ + A(t)x,f(t)) + 1/2Ix’+ A(t)x[ 2) dt

+ lz(x(O), x(T)) + 1/21x(0)l 2 (x(0), xx)

is continuous and convex from WA(O, T) to ]-oo, + oo]. Since every nonempty
level set {x WA(O, T)IFz(x <__ fl} is strictly convex and weakly compact in
WA(O, T), there exists a unique xz WA(O, T) such that

(4.7) Fa(xz) <_ Fz(y for all y WA(O, T).

As the functions 99, Lx and lx are Frchet differentiable on H x H, (4.7) gives
(suppressing the t)

(4.8)
[(ul’ y) + (u, y’ + Ay) + (c3qgz(xz), y)+ (xi + Axz -f, y’ + Ay)] dt

+ (/-)I "- X2(0) Xl, y(0)) 21- (U, y(r))= 0

for every y WA(O, T). Here we have used the notation

[ul, u] La(xa, xi + Axa), [vl, v2] cta(xa(O), xz(r)).

Let pa e W(0, T) be such that

Pl A*pz q)a(xz) + ul on ]0, r[

and

pz(T) -v.
The existence of such pz is implied by assumption (A) (see Lions [3, Chap. 3]).
Then, by (4.8) we have

ro
(x’z + Axz Pz -f + u, y’ + Ay) + (x(0)- p(0)- x + v, y(0))= ,0dt

for all y in WA(O, T). Since the mapping y --, {y’ + Ay, y(0)} is a linear isomorphism
from WA(O, T) onto L2(0, T; H) x H (this is again a consequence of (A)) we deduce
that

x’+A(t)xz-pz-f+ uz2 =0 a.e.t]0, T[

and

X,;t(0)- P;t(0) X1 "]- /)I --O.
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We have therefore proved that there exists a unique pair (xx, px)e WA(0, T)
x WA,(O, T) satisfying

(4.9) {P’z A*(t)px 8q)x(x), px x’ A(t)xx + f(t)} 8Lx(xx, x’ + A(t)xx)

and the transversality conditions

(4.10) {p(0)- x(0)+ Xl,-p(T)} 8lx(x(O),x(T)).

Here WA,(O, T) denotes the space p W(O, T), p’ A*(t)p L2(0, T; H).
(ii) A priori estimates. Since L, l and qx are uniformly bounded below by

affine functions and there exists at least one arc x D(F) f3 #d, by (4.7) we deduce
that

(4.11) x 2 [x + A(t)xx[ 2 dt + [xx(0)[ z __< C for all 2 > 0.

In particular, the estimate (4.11), assumption (A) and the Gronwall inequality
imply that

{xx} is bounded in C(0, T; H) f3 LZ(0, T; V).

On the other hand, from (4.5) and (4.9) it follows that

{2p]- 2A*(t)pz 28qz(xz), 2pz 2x]- 2A(t)xz + 2f(t)}

{xx,x’ + A(t)xz} -(1 + 2cL)-l(xz, x’z + A(t)xz).

Consequently for all 2, p > 0, we have

d
dt(2pz PPu, xz x,) _>_ (2(x] + A(t)xz f(t)) la(X, + A(t)x, f(t)),

xz + A(t)xx- xu- A(t)xu) a.e.t]0, T[,

because (1 + 28L)-1 and (1 + 2 q)-i are nonexpansive on H H and H
respectively. We notice that every (x, p) W(0, T) W(0, T) the function- (x(t), p(t))

is absolutely continuous on [0, T]. Integrating the above inequality from 0 to T
and using the conditions (4.10), we find that (again suppressing t)

(4.12)
(2(x. + Ax- f)- t(x. + Ax.- f),xx + Axx- x.- Ax.)dt

+ ((x(0)- x)- (x.(O)- x,), x(0)- x.(O))=< o.
We set

Y; {x’ + Axa- f, x;(O)- x1}
and regard Ya as an element of the Hilbert space L2(O, T;H) H with the natural
inner product (.,. 5. Then this inequality may be written as

(2 Yz # Yu Yz Yu) <--0 for all 2,#>0.
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Since Yz is bounded, this inequality implies (see [2, Lemma 2.4]) that a subsequence
(denoted again by x) can be extracted from (x} such that for 2 --, 0,

(4.13) x x strongly in Wa(0, T).

In particular, it follows that

(4.14) x(t) x(t) uniformly on 0, T] in H.

On the other hand, we have

qa(x) 2lcpa(x)12/2 for all x H.

As {j’ cpa(xa)dr} is bounded, we deduce that

2 cqga(xa) --+ 0 strongly in L2(0, T;H).

Therefore

(1 + 2 cqg)- lxz ---, x strongly in L2(0, T; H).

Since D(cq)= K and x(t) is an H-valued continuous function on [0, T], this
implies that

(4.15) x(t) K for every [0, T].

Further a priori estimates are obtained as follows. By assumption (C) there
exists Xo WA(O, T) such that Xo(t) int K for every t [0, T], (Xo(0), xo(T))eD(I)
and

(4.16) L(xo, X’o + Axo) dt < +

Thus, there is p > 0 such that

(4.17) Xo(t) + pw K for e [0, T], Iwl 1.

In the inequality

((x), x Xo pw) >_ (x) (Xo + pw),

we take w c3q)(xa)/Ic3qgz(xz)l. But qgz(Xo + pw) 0 by (4.17). Hence

(4.18) p Icgo(xa)l at <__

On the other hand, by (4.9) we have

(p’ A*pa, xx Xo) (c3qa(xx), xx Xo) + (Px x’ Axx + f, x’ + Axz

Xo Axo) >-_

Consequently

d
(o(x), x Xo) <= L(xo, X’o + Axo) + -dt(p, x Xo)

Lx(xx, x’ + Axx)- (x’ + Axx-f, x’z + Axx- X’o- Axo).
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Integrating this inequality from 0 to T and using (4.11), (4.16) gives
T

((D,,q,(X,;t), X;t X0) C2
, > 0,dt for all

because L(y, ) <_ L(y, v) for all 2 > 0 and every (y, v) H H. Thus, by (4.18)
we obtain

(4.19) p [cgcp(xx)[ dt <= C2 for all 2 > 0.

According to assumption (B), D(c?H) H x H. Since the mapping

(x, p) --, (-cgH(x, p),c?pH(x, p)) cH(x, p)

is maximal monotone from H H into itself (see 2), it follows by a well-known
result due to Rockafellar (see [6]) that cH(x, p) is locally bounded at every point
(x, p) H H. Therefore, there are positive constants p, c5 and C3 such that

(4.20) sup {[z[]z c?pH(x(t) + pw, 0)} __< C

and

(4.21) -H(x(t) + pw, O) <= C 3

for every [T- 6, T] and all w H with ]w[ 1. Let Vo be an arbitrary point
in CpH(x(t) + pw, 0). The equality (2.3) then implies that

L(x(t) + pw, Vo)= -H(x(t) + pw,O),

so that

(4.22) Lx(x(t) -- tOW, 1)0) C 3 for [T- 6, T] and [wl 1.

In the inequality

(P’a A*px + cq)x(xx), x x pw) + (px x’a Axx + f, x’a + Axx Vo)

>= La(xa, x’a + Axa)- La(x + pw, Vo),

we take
p’- A*pa- cq)a(xa)
[p’- A*px- cqx(xx)[

Then, by (4.11) and (4.22) one obtains that

(p -Ixa xl)lp’a A*Px c?cPa(Xa)l =< IPx + fllx’a + Axa Vol + C4
(4.23)

a.e.,t e IT c5, T[

because c?pH is locally bounded. As xa(t) converges to x(t) uniformly on [0, T],
we finally obtain

IP’a A’Pal <- C5(Ic9(x)1 / IP / fllx’a / Axx Vol + 1).

The estimate (4.19) together with Schwarz’s inequality then yields

(4.24) IPx A*pI dt < M 1 + Ipxl ds T- < < T,
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for all sufficiently small 2 > 0.
For the time being, let us assume that

(4.25) {p(T)} is bounded in H.

By hypothesis (A) we have

d 2 2(4.26) lp[ 2 209 p ->_ -2lpzl / 2(p. A*p,p) a.e. t]0, T.

Hence

Ipa(t)l / co pa ds <_ Ipa(r)l 4- IPaI ds + IP’ A’pal ds.

The estimates (4.24), (4.25) and Gronwall’s inequality then yield

(4.27) Ipa(t)l =< C6 forT-f =<t=< T,

and 2 sufficiently small. Let v e ]0, T[ be the lower bound of all to e ]0, T[ with
the property that px(t) is uniformly bounded on [to, T] for all sufficiently small 2.
By choosing p and 6 such that (4.20) and (4.21) hold in the interval
one deduces by the same procedure as before that (4.27) holds globally, i.e., there
exists C > 0 independent of 2 such that

(4.28) Ipx(t)[ =< C for e [0, T]

and 2 sufficiently small. Thus, from (4.19) and (4.23) one deduces in a similar
manner that

(4.29) {P’z A*px cqg(x)} is bounded in L2(0, T;H),

(4.30) {p’ A’p} is bounded in L(0, T; H).

Then the inequality (4.26) yields

(4.31) {Pz} is bounded in L2(0, T; V).

It remains to show (4.25). For every (y, Y2) H x H we denote by b(y, Y2)
the infimum of

T
2G(y)= L(y,y’+ Ay)/ly + Ayl -(f,y’+ Ay)]dt

over all y WA(0, T) such that y(t) s K for every s [0, T] and y(0) y, y(T) Y2-
Clearly, the function b is convex, lower semicontinuous on H H and nowhere
-. Moreover, D(b)= C, and for every (y, y2)s Cz the infimum defining
q(y, y2) is attained. We first assume that condition (3.7) in hypothesis (D) holds.
Then, there exist y WA(0, T) and p > 0 such that (y(0), y(T)) 6 D(I) and

(4.32) q(y(0), y(T) + pw) <= m for Iwl- 1.

On the other hand, from (4.9) we see that

(pz(T), xz(T) y(T) pw) (pz(O), xz(O)- y(O))

>= Gz(xz) b(y(0), y(r) + pw),
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where G has the same form as G but with L instead of L. By taking
w p(T)/lp(T)I it follows by (4.32) that

pIp,(T)I <= const. + (p,(T), x,(T)- y(T))

(pz(0), x(0) y(0)) for all 2 > 0.

By (4.10), the right-hand side of this inequality is bounded by /x(y(0),y(T))
l,(x,(O),x,(T)) + (x xz(0), xx(0)- y(0)), so that

IPa(T)I is bounded

because l(y(O), y(T)) <= /(y(0), y(T)) for all 2 > 0.
Next, we assume that condition (3.6) holds and choose y e WA(0, T) such that

(y(0), y(T)) Cr f’l D(l) and yx(T) int {u e HI(y(0), u) D(/)}. By again using (4.10),
we get

(p;(O), x(O)- y(O))- (p:t(T), xx(T) y(T) pw)

>= l(x(O), x(T)) lz(y(O), y(T) + pw)+ (x(0)- x,,x(O)- y(0)).

Hence for sufficiently small 2 we have

plp(T)I <= const. + (pz(0), xz(0 y(0)) -(pz(T), x(T) y(T))

because the function u- l(y(O), u) is locally bounded at u y(T). Again using
(4.9) one easily deduces that the right-hand side of the above relation is bounded.
Thus (4.25) is completely proved.

Off) Convergence of the approximate solutions. It follows from (4.28), (4.29)
and (4.30) that there exists a subsequence again denoted by {p} such that

pp weak* inL(0, T;H),

p p in the weak topology of L2(0, T; V),

pp’ in’(0, T;V’),

P’z A*pa c3qgz(x) q in the weak topology of L2(0, T; H),

{pz(0), p(W)} - {y,, Y2} in the weak topology of H x H.

Now we pass to the limit in (4.9) and (4.10). As c3L and c31 are maximal
monotone from H x H into itself, by (4.13) it follows that {x, x’ + Ax} D(cL)
(see [1]) and

{q, p x’ Ax + f t3L(x, x’ + Ax) a.e.t]0, T[,
(4.33)

{y, x(O) + x, y} e al(x(O), x(T)).

Now, extracting a further subsequence,.if necessary, by (4.30) we have

P’z A*Pz - P’ A*p weak* in #(0, T; H).

The inequality

(c3qgz(xz(t)), xz(t) y(t)) >= 0 for all y C(O, T; H), y ,
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then implies that

(p’ A’p- q)(x y) >= O for allye.

In other words,

(4.34) p’ A*p q e U(x, K).

Since {p} is a bounded subset of LI(0, T; V’) it follows that peBV(0, T; V’)
(see, e.g., [1, Prop. A.5]). Furthermore, the following identity holds:.

P’(O) (Y2, O(T)) (Y l, 0(0)) (p(t), d/’(t)) dt

for every e W(0, T).
Consequently,

p(0) y, p(r) y:.

Thus we have shown that x and p found as above satisfy the conditions (4.1),
(4.2), (4.3) and (4.4). The uniqueness follows by the usual procedure. Thus the
proof of Proposition is complete.

Remark 1. From the inequality (4.24) it is clear that the mapping f p is
bounded from L2(0, T; H) to L(0, T; H) on every bounded subset (in LZ-norm)
of L(O, T;H).

Proof of Theorem 1. Let us denote again by F the convex function defined
on Wa(O, T) by

F(x)
L(x, x’ + Ax) dt + l(x(O), x( T)) if x(t) e K for e [0, T],

+ o otherwise.

By assumption (D), F + oe, and a standard argument based on Fatou’s lemma
shows that F is lower semicontinuous on WA(O, T).

We note that the dual space of WA(O, T) can be identified with L2(0, T; H) x H
under the pairing

(x(0), Yo) + (x’ + Ax, y) dt (x, [Yo, Y]).

Let WA(0, T) --, L2(0, T; H) x H be the mapping defined by

s’x f, Yo} for x e D(s’),

where D(su’) is the set of all x e Wa(0, T) such that x(t)e K for every e [0, T]
and there are p e L (0, T; H) L2(0, T V) and/ e (x, K) satisfying

(4.35) peBV(0, T;V’), p’- A*p-/eLZ(0, T;H),

(4.36)
x’ + Ax c3pH(x, p + f) O,

p’ A*p + CxH(x, p, + f) t O,

(4.37) {p(0) + Yo, p(T)} e c31(x(O), x(T)).
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From the properties of H(x, p) we see that (4.36) may be written in the following
form"

(4.38) {p’ A*p #, p + f} e cL(x, x’ + Ax),

and by a simple calculation involving (4.37) and (4.38) it follows that a’ c aF.
Let x--+ Ax- {x’+ Ax, x(O)} be the duality mapping (canonical iso-

morphism) from Wa(0, T) onto its dual space L2(0, T; H) x H.
For every (f, Xl)e L2(0, T;H) x H, the equation

Ax + dx (f,x)

is obviously equivalent to problem (4.3), (4.4) with the conditions (4.1) and (4.2).
Therefore, referring to Proposition 1, R(A + sO) L(0, T; H) x H. This im-
plies that R(A + sO) is the whole space L2(0, T; H) x H, i.e., is maximal mono-
tone from Wa(0, T) into L2(0, T; H) x H. Here denotes the closure of sO.
Hence ?F. To conclude the proof, it suffices to show that

(4.39) -(0) s- (0).
Let x e Wa(0, T) be such that 0 e sC’x F(x).

We have

x (A + )-*Ax.
Let {f,} c L(0, T; H) be such that

f, x’ + Ax strongly in L2(0, T H).

As (A + )-x (A + sO)- on R(A + a)we deduce that

x, (A + sO)-l(f,, x(0))--+ x strongly in Wa(0, T)

and

(4.40) Ax, + aC’x, (f,, x(0)).

Condition (4.40) may be written as

X’ + Ax + CqpH(Xn, p,, x’,, Ax,, + f,,)0,
(4.41)

p’,, A’p,, + axH(x,,, p,, x’,, Ax. + f.)- la. 0

and

(4.42) {p.(0) x.(0) + x(0), -p.(T)} e c3l(x,,(O), x,,( T)).

By the proof of Proposition (see Remark 1) it follows that

{p.(0),p.(T)} is bounded in H x H,
(4.43)

{p.} is bounded in L(0, T; H) x L2(O, T; V).

We have

(p’,,- A’p,,- #,,, x,,- x- pw)

>= -H(x,,, p,, x’,, Ax,, + f.) + H(x + pw, p,, x’,, Ax,, + f.)
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for all w H and/9 > 0. On the other hand, by the first equation we obtain

H(x,, p, x’, Ax, + f) <= H(x,, O)- (x’ + Axe, p, x’, Ax, + f).

We notice also the inequality

H(x + pw, O) <= H(x + pw, p,, x’,, Ax, + f,,)

-(cpn(x + pw, 0), p.- x’.- Ax. + f.).

By taking w (p’. A*p. #.)/IP’. A*p. #.1 we deduce by the same argu-
ment as in the proof of Proposition that

(4.44) {p’. A*p. #.} is bounded in L2(0, T; H).

Let Xo Wa(0, T) be such that Xo(t) int K for every [0, T] and

f L(Xo, X’o + Axo) < + or.dt

Thus there exists p > 0 such that

(4.45) p,(x, Xo pw) >= 0 for all w S,

where S denotes the unit ball in C(0, T;H). On the other hand, as in the proof of
Proposition one obtains

(4.46) #,(x, Xo) _-< const, for all n.

By (4.45) and (4.46) it follows that

(4.47) {p} is bounded in (0, T;H).

It follows from (4.43), (4.44) and (4.47) that without loss of generality we may
assume

p p weak* in L(0, T;H),

p’ A*p - p’ A*p weak* in (0, T; H),

#, p weak* in //(0, T;H),

p’,- A*p,- p, q weakly in L(0, T; H).

Since {p’} is bounded in (0, T; V’) we deduce that p BV(0, T; V’). Thus
one finally obtains that

x’ + Ax- pH(X, p)90,

p’- A*p + cxH(x, p)- 12 90,

{p(0), p(T)} e c3l(x(O), x(T)).

Hence 0 e se’x. This completes the proof of Theorem 1.

5. Examples. The-main difficulty which arises in applications is to verify
hypotheses (C) and (D) stated earlier. We begin by considering some important
cases where these basic assumptions could be easily verified. The notation is that
used in 2 and 3.
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A weaker form of (C) is"
(Co) There exists a function x e WA(O, T) such that

x’ + A(t)x- C3pH(x(t), O)0

x(t) e int K for every e [0, T],

a.e. e ]0, T[,

(x(O), x(t)) e D(l).

Indeed, if (5.1) holds, then

L(x(t), x’(t) + A(t)x(t)) H(x(t), O)e L’(O, T),

because of (2.3) and (B).
Similarly, Assumption (D) holds if:
(Do) There exist x e WA(0, T) and p > 0 such that

x’ + A(t)x C3pH(x(t), O) 0 a.e. e ]0, T[,

x(t) e K for e [0, T] (x(O), x(T)) e D(l),

and one of the following two conditions holds:
(a) For all w eH, Iwl- 1, (x(O),x(T)+ pw) is an endpoint pair for the

solutions y(t) of (5.3) satisfying y(t) e K for every e [0, r].
(b) (x(0), x(r) + pw) e D(l) for all w in H, Iwl 1,

Now, we consider the particular case where D(L)- H x H and L(y(t),
v(t))e LI(O, T)for every pair (y, v)e L2(0, T; H). Assume that A is independent of
and denote again by A its restriction to H.

In addition, suppose that A is positive and denote by S(t) the semigroup of
linear contractions generated by A on H. We shall assume that

(5.4) S(t)KcK for allt> 0.

Then both assttmptions (C) and (D) are implied by the following"
(H0) There exist an arc x e WA(0, T) and (x l, x2)e (K x K) f’l D(l) such that

(x(0), x(T)) e D(t), x(t) e int K for all e [0, T] and

(5.5) X2 e int K.

We note that in this case CL coincides with the set of all endpoint pairs
(x(O),x(T)), where xe WA(0, T) and x(t)e K for every e [0, T]. Since (C) is
obviously satisfied we restrict attention to verifying (D). Let p > 0 be such that
xz+pweKforallweH, Iwl 1. Let

y(t) (1 t/T)S(t/T)x + (tIT)S(1 t/T)(x + pw), 0 <= <_ T.

By (5.4) it follows that y(t)e K for every e [0, T]. Moreover, y e W(0, T) and
dy/dt + Ay e L2(0, T, H). Thus we have proved that

x2 e int {y e Hl(x, y) e CL}
as claimed.

Finally, we consider an example from partial differential equations. For other
problems in this field to which our result is immediately applicable we refer to
the book of Lions [3].
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Let f be a bounded open subset of R" and let

c3 c3y}
i,j=

be the partial differential operator from H(f) into H- l(f) defined by

(Aqg,k)= f. ai(x)
’q’

i,=

dx, , H(),

where a L(fl). Here H(D) and H-() are the usual Sobolev spaces. We
shall assume that A is strongly elliptic on ft.

Consider the following optimal control problem:

(5.6) Minimize F(y, u) L(y(t), u(t)) dt + f(y(O), y(T))

in y e L(0, T; H(fl)) and u e L(0, T; L()) suNect to the constraints

(5.7) y/t+ Ay= u inQ =fl x ]0, r[,

(5.8) y(x, O)e Yo, y(x, T) e Yr in n,
(5.9) y(t,. )e K, e [0, T],

where L and f are lower semicontinuous proper convex functions from L2(fl)
x L2(D) to ]-, +] and K, Yo, Yr are nonempty closed convex subsets of
L2(). More precisely, the following conditions will be assumed:

(a) O(f)= L2(fl)x L2() and L(y(t),u(t))eLl(O, T) for every pair (y,u)

(b) For every y e L2(),

(C) YoK ,Yr intK and
(5.10) (I+2A)-K cK for all2>0,

where A denotes the restriction to L2() of the above elliptic operator.
(d) There exists an arc y WA(O, T) such that y(O, x) Yo, y( T, x) Yr and

(5.11) y(t,. ) int K for all e [0, T].

We note that conditions (A), (B) and (Ho) hold. Then we can apply Theorem
where V H(D) and H L2(). F is the function defined by (5.6) and

l(Yt, Y2) If(yl’ Y2) if Y e Yo and 3;2 e YT,
otherwise.

In this case l(yl, Y2) f(Yl, Y2) -F {I(Yl), M#2(Y2)} for Yl e Yo, Y2 e YT" Here
t(yl) and 2(Y2) denote the cone of-normals to Yo (respectively Yr) at the point
y (respectively Y2).

Therefore, y e L2(0, T; H(f)) and u e L2(Q) form an extremal pair for the
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above control problem if there exist a function

p e L(0, T; L2(f)) fl L2(0, T; H(f)) CI BV(0, T;H-

and an L2(f)-valued measure # on ]0, T such that

(5.12) y/t + Ay u a.e. in Q,

(5.13) cp/ct A*p + H(y, p) la in !’(Q),

(5.14) u cpH(y, p) in O,

(5.15) y K, #(y q) >= 0 for all q C(0, T; LZ(f)),
q(t) K, [0, T3

and

(p(O, x), p(T, x)) e f(y(O, x), y(T, x)) + (V(y(0, x)), dV2(y(T, x))).

Furthermore,

cp/ct- A*p- # L2(Q).

In particular, if K is the ball with center 0 and radius r in L2(f), the conditions
(5.10) and (d) are obviously satisfied and (5.15) is equivalent to

(5.16) #(y) rl[# /(0,r;L2()).

Now we shall take A -dZ/dx2, (a, b) and

(5.17) K {y LZ(f)ly _> 0 a.e. on f}.
Let Ko be the subset of K defined by

Ko {y L(f)ly >= 0 a.e. on

and let /o be the interior of Ko with respect to. the L-topology on f.
Suppose that (a), (b) hold and, in addition,

(c’) Yo ["1 Ko :/: , YT f’l Io :/:

(d’) There exists y WA(O, T) such that y(O, x) Yo, Y( T, x) YT and y(t, Io
for all t[0, T]. By the maximum principle we deduce immediately that
(I + 2A)-1Ko c Ko for all 2 > 0. Thus (5.4) holds and, arguing as above, one
deduces that assumption (C) holds with /o instead of int K and the condition
(3.7) in assumption (D) is satisfied with L(f) interior instead of L2(f) interior.
Under these assumptions, in the proof of Theorem 1, the inequality (4.17) holds
for all w e L(f) such that Ilwl L2(a) 1. But for the proof this is enough because
cq)z(xz)/Icq)z(xz) L(n) belongs to L(f). In fact, xz e H(f) and

q)).(X.)-- -l(x;t-

where Px max (0, x) for any x e L2(). Similarly, as pz(T)e H(ff) it suffices
to have (4.32) only for w e Lo(f).

Thus the equations (5.12)-(5.15) characterize the minimizing arcs of the
optimal control problem (5.6)-(5.9) where the state constraints are given by (5.17).
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Interpreting # as a scalar measure on Q ]0, T[ x ]a, b[ we observe that
(5.15) can be written as

y>=0, tt>__0 onQ,

# 0 on {(t,x)e Qly(t,x) > 0}.
Thus, the equations (5.12)-(5.14) can be written as

Y, Y,x pH(y, p) 0

P, + Px, + as,H(y, p) >= 0

P, + P,,x + s,H(y, p) 0

y(t, x) >__ 0

in Q,

in Q,

in {(t, x) Q[y > 0},
in Q.

REFERENCES

[1] H. BREzs, Operateurs maximaux monotones et semigroupes de contractions dans les espaces de
Hilbert, Cours de 3 +me cycle, Paris, 1971" Math. Studies, no. 5, North-Holland, Amsterdam,
1973.

[2] M. G. CNDAII AND A. PAzv, Semigroups of nonlinear contractions and dissipative sets, J.
Functional Anal., 3 (1969), pp. 376-418.

[3] J. L. Lloqs, Controle Optimal de Systkmes GouvernOs par des Equations aux DrivOes Partielles,
Dunod Gauthier-illars, Paris, 1968.

[-4] J. L. LIONS AND E. MAGENES, Problemes aux Limites Nonhomogknes et Applications, vol. I, Dunod
Gauthier-Villars, Paris, 1967.

[5] J. MOREAV, Fonctionelles convexes, Lecture notes, S6minaire sur les equations aux d6riv6es
partielles, Coll6ge de France, 1966-1967.

[6] R. T. ROCKAFILA, Convex functions, monotone operators and variational inequalities, Theory
and Applications of Monotone Operators, A. Ghizzetti, ed., Oderisi, Gubbio, 1969, pp. 35-66.

[7] , Saddle-points and convex analysis, Differential Games and Related Topics, H. W. Kuhn
and G. P. Szeg6, eds., North-Holland, Amsterdam, 1971, pp. 109-128.

[8] , Conjugate convex functions .in optimal control and the calculus of variations, J. Math.
Anal. Appl., 32 (1970), pp. 174-222.

[9] --, Existence and duality theorems for convex problems of Bolza, Trans. Amer. Math. Soc.,
159 (1971), pp. 1-40.

Dual problems of optimal control, Technique of Optimization, A. V. Balakrisnan, ed.,
Academic Press, New York, 1972, pp. 423-432.

State constraints in convex controlproblems ofBolza, this Journal, 10 (1972), pp. 691-715.

[10]

[11]



SIAM J. CONTROL
Vol. 13, No. 4, July 1975

UNCONSTRAINED LAGRANGIANS IN NONLINEAR
PROGRAMMING*
O. L. MANGASARIAN

Abstract. The main purpose of this work is to associate a wide class of Lagrangian functions with
a nonconvex, inequality and equality constrained optimization problem in such a way that unconstrained
stationary points and local saddle points of each Lagrangian are related to Kuhn-Tucker points or
local or global solutions of the optimization problem. As a consequence of this we are able to obtain
duality results and two computational algorithms for solving the optimization problem. One algorithm
is a Newton algorithm which has a local superlinear or quadratic rate ofconvergence. The other method
is a locally linearly convergent method for finding stationary points of the Lagrangian and is an
extension of the method of multipliers of Hestenes and Powell to inequalities.

1. Introduction. In 1970 Rockafellar 21] introduced a Lagrangian for in-
equality constrained convex programming problems for which an unconstrained
saddle-point corresponds to a solution of the convex programming problem.
Moreover, this Lagrangian was once differentiable everywhere if the objective
and constraint functions of the convex programming problem were also differenti-
able everywhere. In 1971 Arrow, Gould and Howe [1] considered a general class
of Lagrangians (including Rockafellar’s) for nonconvex programming problems
and established local saddle-point properties for this class of Lagrangians. For their
class of Lagrangians, however, the saddle-point was in general nonnegatively
constrained just at it is in the classical Kuhn-Tucker 11 Lagrangian for nonlinear
programming. The local saddle-point property was obtained by the presence of a
convexifying parameter in their Lagrangian which made the Hessian of the
Lagrangian positive definite for large enough, but finite, values of the parameter.
This elegant idea of local convexification was first introduced by Arrow and Solow
in 1958 [2] in connection with equality constrained problems and was later in-
dependently reconsidered in a different algorithmic context by Hestenes 8], [9]
and Powell [19 in 1969 and by Haarhoff and Buys [7 in 1970. Miele, Moseley
and Cragg 14], 15] have conducted numerical experiments on these ideas for
equality constrained problems. More recently Rockafellar 22 gave an illuminat-
ing derivation of his Lagrangian for inequality constrained problems from the
Arrow-Solow Lagrangian for equality constrained problems by the use of slack
variables.

A primary purpose ofthis work is to relate Kuhn-Tucker points ofnonconvex,
inequality and equality constrained nonlinear programming problems to un-
constrained stationary points of a wide class of Lagrangian functions. Such a
relation is important because it can bring to bear all the algorithms and results
of nonlinear equations theory [17, 18 on nonlinear programming. As a con-
sequence of this relationship we present in this work local and global duality results
(3), a new superlinearly or quadratically convergent algorithm (Algorithm 4.7
and Theorem 4.8), and a linearly convergent extension to inequality constraints
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and to more general Lagrangians of the method of multipliers (Algorithm 4.9
and Theorem 4.10).

The difference between our approach and that of Rockafellar [21], 22,
23, is that Rockafellar’s results are valid only for convex problems, whereas in
our approach convexity plays only a minor role in some of the peripheral results.
In [24] Rockafellar extends the results for his specific Lagrangian to nonconvex
optimization problems and relates global solutions of the optimization problem
to global saddle-points of his Lagrangian. Our results are principally aimed at
related local stationary points of the two problems and are established for a general
class of Lagrangians. Also Rockafellar’s Lagrangian is differentiable only once
globally, whereas ours are twice differentiable globally. This is an important
distinction in the application of Newton-type algorithms which require twice

differentiability. In obtaining this twice differentiability property we lose the
general concavity of Rockafellar’s Lagrangian in the dual variably y. However
our Lagrangians are concave in y for primal feasible points (see Remark 2.13
below). The difference between our approach and that of Arrow, Gould and Howe
[1] is that for their general result the Lagrangian saddle-point is constrained by
nonnegativity constraints, whereas the stationary points of our Lagrangians are
completely unconstrained. Also, the conditions imposed on our Lagrangians are
different from their conditions. In addition we give a new general formulation for
unconstrained Lagrangians together with new concrete realizations.

We shall be concerned throughout this paper with the following problem:

(1.1a) Minimize f(x)

subject to

(1.1b)
gi(x) <= O, 1, ..., m,

gi(x) =0, i= m + 1,... k,

where f and gi, i= 1,..., k, are functions from R" into R. We shall associate
with this problem a real-valued Lagrangian function L in such a way that Kuhn-
Tucker points of (1.1) are related to unconstrained stationary and saddle-points of
L. This is done in 2 of the paper where, in addition, we give sufficient conditions
different from those of [1 for the Hessian of L with respect to x to be positive
definite. This latter result is important in establishing the local duality results of
3 and the convergence of the algorithms of 4. In 3 we establish duality results

between problem (1.1) and an equality constrained dual problem, problem (3.2).
We establish a weak duality theorem 3.3 in the presence of convexity, a duality
theorem 3.4 and a converse duality theorem 3.10 in which convexity plays a
secondary role. In particular, we relate, among other things, points satisfying
Kuhn-Tucker conditions to points satisfying second order optimality conditions,
without any convexity assumptions. In 4 we present two computational algo-
rithms for the solution of (1.1) based upon finding stationary points of a Lagrangian
M obtained by augmenting L. Algorithm 4.7 is a Newton method for finding a
zero of the gradient of M and for which we establish under suitable conditions a
superlinear or quadratic rate of convergence. Algorithm 4.9 is an extension of the
method of multipliers [8, 9, 19, [.7] to inequalities and for which we establish a
local linear rate of convergence.
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We shall make use of the following notation. For the point Y satisfying the
constraints of problem (1.1) we shall define the following sets"

I {ilgi(Tc)= O,i 1, ..., m}, J {i[g,(x-)< O,i 1, ..., m},
E= {ili= m + 1,...,k}

and K I U E. For the Lagrangian L" R" R (0, c) R, VL(x, y, o) will
denote its (n + k)-dimensional gradient with respect to (x, y), V IL(X, y, o) its n-
dimensional gradient with respect to x, VzL(x, y, 0) its k-dimensional gradient
with respect to y, and V2L(x, y, o) its (n + k) x (n + k) Hessian matrix with respect
to (x,y). The submatrices of VZL(x,y, 00 will be denoted by V llL(x,y,o),
VlzL(x, y, 0), VzlL(x, y, 0) and VzzL(x y, 0). All vectors are either row or column
vectors depending on the context. A superscript T will denote the transpose and
will be used only in denoting the transpose of a matrix or the tensor product of
two vectors.

2. Equivalence of Kuhn-Tucker points and unconstrained stationary and
saddle points. A primary objective of this work is to relat points that satisfy the
Kuhn-Tucker conditions for problem (1.1) to unconstrained stationary points
and saddle points of an appropriately defined Lagrangian L. For that purpose
w begin by dfining such a Lagrangian as follows"

(2.1)
L(x, y, o)= f(x) + (O(ogi(x) + Yi)+ O(Yi)) -+- E

i=1 i=m+l

where > 0,

if >0,
ff’RR, (()+

if (<0,
and , satisfies the following conditions"

(a) b is twice differentiable on R and "(’) > 0 for 4: 0;
.(2.2) (b) ’ maps R onto R and ,’(0) 0;

(c) ,(o) 0.

It immediately follows from the above conditions that

(d) ’ is a strictly increasing function on R,
(2.2) (e) is a nonnegative convex function on R.

(O(ogi(X) -[- Yi)- (Yi)),

and

O’(ogi(x) q- Y,) @’(Yi) O, i=m+l,...,k.

The motivation behind the above Lagrangian is the following. For the case
of equality constraints only, it is easy to see that for

L(x, y, o)= f(x) + (O(gi(x) + y,) Ilt(yi)),
i=rn+

the condition VL(x, y, ) 0 is equivalent to

Vf(x) + o@’(oegi(x + yi)Vgi(x) 0
i=m+l
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Since ’ is strictly increasing, the last equality gives that gi(x)at- Yi--Yi or
gi(x) 0, m + 1, ..., k, and the gradient with respect to x becomes

V/(x) + ’(Yi)Vgi(x) O.
i=m+l

These are precisely the Kuhn-Tucker conditions for the equality constrained
problem with classical Lagrange multipliers u z’(yi), i= m + 1, ..., k.
The case of inequality constraints g(x) =< 0, 1,..., m, is handled by intro-
ducing the slack variable variables z and writing gi(x) + z{ O, 1,..’, m.

Using the Lagrangian just introduced for equality constraints we have

L(x, z, y, oO f(x) + ., ((ogi(x) + oz + Yi)- I/l(Yi))"
i=1

The variable z can be eliminated now by setting the gradient of L with respect
to z equal to zero, a condition which must be satisfied by the Lagrangian for equality
constraints. This gives the condition that z must satisfy 2z’(gi(x + az + y)

O, 1, ..-, m. This condition is satisfied if we set z -/2(-ag(x) yi) /2

when ag(x)+y<O and zz=O when agz(x)+y>=O. The Lagrangian
L(x, z, y, z) becomes then

f(x) + (/(ag,(x) + y,) +
i=1

which is what is given in (2.1) for the inequality constraints.
)’Because 0’(0) 0, we have that (0(’)+ 0’(’)+ for all in R. On the other

hand, (0() +)" 0"() + only for > 0 in R, with equality holding for < 0 if we
assume in addition that "(0) 0. This extra assumption will be explicitly made
where needed. For notational simplicity here and elsewhere we have used the same

0-function for both inequality and equality constraint functions gi, 1, ..., k.
In fact, different 0-functions may be used for each constraint function gi, 1,
.., k. Occasionally we shall write Oi to denote the 0-function used with a specific

constraint function gi, 1,..., k. Typical 0-functions which satisfy all of
conditions (2.2) are

(2.3a) 0()=[ aeR,. >0, t>_2,

(2.3b) 0(’) cosh -(2/2) 1,

l(cosh 1)2(2.3c) ,({)

If the if-function of (2.3a) with 2 were used for both inequality and equality
constraints, we would obtain Rockafellar’s Lagrangian [21]-24] which is not twice
differentiable globally because ,"(0) > 0. However, every other -function given

)" "({) for all in R.in (2.3) has the property that "(0) 0 and hence (()+ +
This property "(0) 0 that leads to global twice differentiability will be exploited
in some of the subsequent results such as Theorems 3.4, 3.10 and Algorithms 4.7
and 4.9. A more general Lagrangian formulation is given in [13].

For the sake or explicitness we give below a Lagrangian based on the -
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function of (2.3a) with 4 for the inequality constraints and 2 for equality
constraints"

((ogi(x)+ yi)2 y2,((ogi(x) +Yi)+ -Y) +-i m+l

i)L(x y, ) f(x) +
,=1

(2.4)
f(x) + ((eg,(x) + y,) y) + Z &(x)2 + y,g,(x

i=1 i=m+l

Almost every result obtained in this paper applies but is not limited to this
specific Lagrangian .which is twice (thrice) differentiable globally if the functions

f and &, i= 1, ..., k, are also twice (thrice) differentiable globally.
We begin by relating Kuhn-Tucker points of problem (1.1) and stationary

points of L, that is, (x, y) such that VL(x, y, ) O.
EQUIVALENCE THEOREM 2.5. Let f and g, 1, ..., k, be difforentiable at

x and let be any positive number. U (x, u) is a Kuhn-Tucker point of (1.1), then
x and y defined by (2.6) below constitute a stationary point of L. Conversely, if
(x, y) is a stationary point of L, then Y and defined by (2.8) below constitute a
Kuhn-Tucker point of(1.1).

Proof Suppose that (Y, h) satisfies the Kuhn-Tucker conditions of problem
(1.1). Define in R as follows"

(2.6) O’(i) i/e, i= 1,..., k.

The existence of a unique satisfying (2.6) is assured by assumption (2.2b).
Hence

iel

iE

i=1

cL

cL

--(X, y, 00 @’(ogi( nt- -i)+ ’(fi) @t(-i) 0’(i) 0, I,

--(X, y, 0 @’(ogi())+ Ilt’(O O, J,

ly
(, y, O) O’(og,(c) -+- y) ’(-i) Ill’(i) @’(fi) O, i E.

Hence VzL(x, y, ) 0 and (Y, ) is a stationary point of L. To prove the converse
it will be convenient to establish the following key lemma first.

LMMA 2.7. For any > 0 and L defined by (2.1) we have that

{(x,y,.)=O,i= l,’",m}. {gi(x)O, YiO, yigi(x)=O,i= 1,’",m},

(X,y,, =0, i= m+ 1, k {gi(x, =0, i= m+ 1,’", k].
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Proof For 1,’", m,

{c3yL/(x,y,) ’(zg(x)+y)+- ’(y)= 0}
[cgi(x)-t-Yi>----O’gi(x)nUYi=Yil]gi(x)=O’YiOor= or

| gi(x) + Yi < O, Yi 0 [gi(x) < O, Yi 0

For/= m + 1,.",k,

[ gi(x) <- 0 I=>1 Yi>=O
lyigi(x) 0

To complete the proof of Theorem 2.5 now, suppose that (Y, ) is a stationary
point of L. Define e R as follows"

gi( + Yi) + 1, m,
(2.8) ui . (zgi(x) + y), i= m + 1,.", k.

Hencei >-- 0, l, ..., m, and

Vf() + -iVgi() = V L(x, y, ) O.
i=1

By Lemma 2.7 we have that, since V2L(Y, , a) 0, gi() O, yi O, yigi(Y) O,
i= 1,...,m, and gi(=O, i=m+ 1,...,k. Hence for eJ, i=0,
ui 0 (egi(x))+ 0, and so igi(Y) 0, i= 1,... m. Hence (Y,) satisfies the
Kuhn-Tucker conditions for problem (1.1).

The significance of Theorem 2.5 lies in the fact that the problem of finding a
Kuhn-Tucker point ofa nonlinear programming problem has been reduced to that
of finding solutions of the nonlinear equations VL(x, y, e)= 0 for any positive
e. In 4 we shall describe two computational methods for finding Kuhn-Tucker
points of problem (1.1) based on solving these nonlinear equations.

We establish a result now which is essentially due to Arrow, Gould and
Howe [1], but under different assumptions from theirs. This result is important
in establishing some of the duality and computational results to follow. We
shall need the second order sufficiency conditions for problem (1.1)[5]. A point
(Y,)e R"x R is said to satisfy the second order sufficiency conditions for
problem (1.1) if (a) it satisfies the Kuhn-Tucker conditions of problem (1.1),
(b) if xVZL(x, U)X > 0 for each nonzero x in R" satisfying Vgi()x 0 for e {il
>0, g(Y)=0, i= 1,...,m} UE, and Vg(2)xN0 for ie{il=O,g(Y)=0,

1,.-., m}, where L is the classical Lagrangian defined by

L(x, u) f(x) + uigi(x).
i=1

We shall also use the concept of strict complementarity at (Y, ), that is, i 0
for each 1, ..., k for which gi(x) 0.

THeOReM 2.9 (Positive definiteness of VL(Y, , ) and saddle-point result).
(a) Let f and gi, 1,..., k, be twice differentiable at , let (, ) satisj the

second order s@ciecy conditions for problem (1.1), and let strict complementarity
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hold at (x, u). Then for x and y defined by (2.6) and for some large enough but finite, V11L(x, y, ) is positive definite and

(2.10) L(, y, ) <= L(x, y, ) < L(x, y-, ) for all y

where N() is some open neighborhood of. If f and gi, 1,..., m, are convex,
and gi, m + 1,..., k, are affine, then N(x)

(b) Conversely, if (2.10) holds, with < possibly replaced by ,for some > O,
then is a solution of (1.1) subject to the extra restriction that x N().

Proof. (a) By strict complementarity we have that for e I, > 0, and hence
by (2.6), y > 0 and eg,() + y > 0. So (()+ "() for eg() + y,, e I.
From (2.6) we have that for e J, yi 0 and hence egi() + Yi < 0. So ()+
(()+)’= (()+)"= 0 for g(Y) + y, e J.

Thus

V L(x, y, )= V2 f()+ ezo,,(eg,()+ y,)Vg,()Vg,()r
ilE

(2.11) + #/’(zgi(Y + i)VZg,()
ll,.JE

11L(, u) + d/ (Yi)Vgi(x)Vgi(x) (by 2.6),
ielOE

where L(x, u) is the standard Lagrangian. Note that by (2.2a) and strict comple-
mentarity we have that "(i) > 0 for i 1 U E. Hence by Debreu’s theorem [-4,
Thm. 3] which states that

0 Mx 0 xLx > 0} , L + 7MTM is positive

(definite for 7 sufficiently large

and the second order sufficiency conditions, it follows that the term in the square
bracket in (2.11) is positive definite for sufficiently large. Hence for e large enough
V11L(Y, f, ) is positive definite and the second inequality of (2.10) holds for x,
different from Y, in some open neighborhood N(Y) of .

To establish the first inequality of (2.10) we have from (2.6) that i >= 0
for e I and Yi 0 for e J. Hence

L(., y, (x) L(, y--- (x) Z (0(gi() At- Yi)+ O(Yi))
i=1

(O(zgi() + Y)- /(Yi)) <= O,
i=m+l

where the last inequality follows from the fact that (zgi(x- + Yi)+ t(Yi)+
<= #/(Yi) for 1, m, since gi(Y) < 0, is nonnegative and (0) 0, and from
the fact that gi(x) 0 for m + 1,..., k. Hence L(x, y, ) <= L(x, y, ) for all
y in Rk. If, in addition, j, gi, 1,..., m, are convex, and gi, m + 1,-.., k,
are affine, then it follows from the convexity and monotonicity of ,(. )+, the con-
vexity of and aifineness of gi, m + 1, ..., k, that L(x, y, ) is convex in x for
each fixed y and . Since V1L(x, y, ) 0, it follows that L(Y, y, ) < L(x, -;, z) for
all x in Rn.
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(b) Suppose now that (2.10) holds. From the second inequality of (2.10) we
get that VzL(, f, 0) 0 and from Lemma 2.7 we obtain that -i > 0, gi(Y) <__ 0,
ygi(x) 0 for 1, ..., m, and gi(x) 0 for m + 1, ..., k. Hence x is feasible.
For any other feasible point x which is also in N(Y) we have that

0 <= L(x,--f, o) -.L(x, y, o) (by 2.10)

f(x)- f(}) + (O(gi(x)+ i)+ O(gi() + -fi)+)
i=1

i=m+l

,(g,(y))+)

Hence f() _<_ f(x) for all x e N() which are feasible.
Remark 2.12. If it is further assumed that g,"(0) > 0, which is the case in

Rockafellar’s Lagrangian, then the strict complementarity requirement at (Y, h)
for Theorem 2.9 above can be slightly weakened to the following" > 0 for

1, m for which gi() O.
Remark 2.13. We observe that L(x, y, ) is concave in y for each fixed and

fixed feasible x if we assume that "(0) 0 and ff"(’) is nondecreasing for " >= 0.
This follows from the facts that

c32L
(x, y, z) 0 for - j,

that for g(x) < O, 1, ..., m,

2
(?y2i L(x, y, z) O"(ogi(x + Yi)+ O"(Yi)

<__ "(oeg,(x) + y,)+ ’"(Yi)+ <= O,

and that for gi(x) O, rn + 1,..., k,

2
ayZi L(x, y, o) ,"(ogi(x + Yi) O"(Yi) O.

It was also shown in the proof of Theorem 2.9(a) above that iff, g, 1, ..., m,
are convex and g, m + 1,-.., k, are affine, then L is convex in x for each
fixed y and oz.

3. Duality. We observe first that as a consequence of Lemma 2.7 the primal
problem (1.1) is equivalent to"

(3.1a) Minimize L(x, y,
x,y

subject to

(3.1b) VzL(x, y, 0) 0,
where L is defined by (2.1) or more specifically by (2.4) and 0 is any positive number.
We shall associate with this problem the following dual problem"

(3.2a) Maximize L(x,y,z)
X,y
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subject to

(3.2b) V 1L(x, y, ) O.

We shall assume no convexity in many of the following results, and hence the
standard techniques of deriving duality results such as the use of the min-max
theorem [26], [10], [27] will not apply, nor will the elegant conjugate function
theory of Rockafellar [20 apply directly;however, see [24.

The results of this section consist of a weak duality theorem 3.3 (for which
convexity is needed) and a duality theorem 3.4. This relates a Kuhn-Tucker
point of (1.1) to a Kuhn-Tucker point of the dual problem (3.2), to a second order
maximum of (3.2) under no convexity assumptions, and finally to a global solution
of (3.2) under convexity. The converse duality theorem 3.10 similarly relates a local
solution of the dual problem (3.2) to a Kuhn-Tucker point of the primal problem
(1.1), to a second order minimum under no convexity assumptions, and finally to a
global solution of (1.1) under convexity.

Probably the most important features of these duality theorems are the
absence of inequality constraints from the dual problem (3.2) and the relations
between second order optima of the dual problems obtained in Theorems 3.4 and
3.10 without any convexity assumptions. Related local results for a specific L have
also been given by Buys [3.

WEAK DUALITY THEOREM 3.3. Let 2 satisfy the constraints of the primal
problem (1.1), or equivalently let (2,,9) satisfy the constraints of (3.1). Let (x, y)
satisfy the constraints of the dual problem (3.2), let f, gi, 1, ..., m, be differenti-
able and convex on R", and let gi, i= m + 1,..., k, be affine functions. Then
f(fc) >= L(x, y).

Proof
f(2) >__ f(x) + Vf(x)(2 x) (by convexity of f)

f(x)- zO’(zgi(x + Yi)+ Vgi(x)(2 x)
i=1

e’(zgi(x) + yi)Vg(x)(2 x) (since V1L(x, y, z) O)

(by convexity of g, 1, ..., m,
and affineness of g, m + l,

(by primal feasibility of )

(by convexity of (. )+ and )
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DUALITY THEOREM 3.4. Letf, gi, 1, ..., k, be differentiable at

(a) If (, ) is a Kuhn-Tucker point of(1.1), and if either strict complementarity
holds at (c, -) or ,’i’(0) Ofor I, then (, -) defined by (2.6) satisfies the following
Kuhn-Tucker conditions of the dual problem (3.2)"

V2L(, , ) + V 2L(x, y, ) O,
(3.5) V L(, y, a) + V, L(, y, a) O,

V 1L(x, y, ) 0

with v O.
(b) If f, gi, i= 1,..., k, are twice derentiable at , the second order

suciency conditions an4 strict complementarity hold at (x, u), Vii(Y), e I U E,
are linearly independent, thenfor suciently large , (, ) determined by (2.6)forms
an isolated local maximum of the dual problem (3.2) { ’i’(0) > 0 for e I J.
If ’(0) 0 for e I J, then (, ) forms an isolated local maximum of (3.2)
subject to the additional constraints that yz 0, e J.

(c) If in addition to the assumptions of part (a) above, gi, 1,-.., m, are

derentiable and convex on R" and gi, m + 1, k, are ane, then (x, y) solves
the dual problem (3.2) and the extremaf(Y) and L(Y,, ) are equal.

Proof (a) By Theorem 2.5 we have that VlL( y, ) 0 and V2L(, y, g) 0
which are the Kuhn-Tucker conditions (3.5) with 0. Strict complementarity or

’[(0) 0 for e I are imposed here so that the second derivatives of (3.5) are well-
defined.

(b) By part (a) of this theorem, (Y, ) satisfies the Kuhn-Tucker conditions
(3.5) of the dual problem (3.2) with 0. To show that (, ) is an isolated local
maximum of (3.2) we need to show that the second order sufficiency conditions for
(3.2) are satisfied at (x, y), that is,

(3.6, (V 11L(, , e, V12L(,, ,,(.x.) O,
\Y/

implies that

(3.7)

where

(3.)

(x

V2L(;, , ) [ V’IL(, )
LV21L(Y, y, )
V11L(, Y, o0

V2L(x, Y_, a)
V22L(, y, )J
a"()Vg(Y)
(iI (3 E)

0

0 0

(x y) =/= O,

-,[(o)
iJ

But for (x, y) satisfying (3.6) we have that

(3.9) (x y)V2L(,-f oo(x
\/
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For the case where O’i’(0) > 0 for e I I,,J J, we obtain the negativity of (3.9) for
(x, yj) - 0 from the positive definiteness of V llL(Y, y-, e) for large e (by Theorem
2.9(a)) and from 0(0) < 0. The case (x, yj) 0 is excluded because by (3.6) and
(3.8), YuE 4:0 and

0 (y,)Vg,(x)y, O,
ielOE

which contradicts the linear independence of V&(), i I U E, since by strict
complementarity "()> 0 for z I U E. We have thus established that (3.6)
implies (3.7) if ’i’(0) > 0 for i 1 U J. When ’[(0) 0 for z I J, we establish
that (3.6) implies (3.7) under the added assumption that y 0. For this case,
(3.9) becomes

which is negative for x 0 by the positive definiteness of V1 L(, , ) for large .
The case x 0 is excluded because then YlU 0 and by (3.6) and (3.8),

2 o,
ieIOE

which contradicts the linear independence of Vgg(Y), e I U E.
(c) By part (a) of this theorem (x, y) determined from (2.6) satisfies (3.5) with

g 0. Hence VL(x, y, e) 0 and (, y) is a feasible point for the dual problem
(3.2). For any dual feasible point (x, y) we have by the weak duality theorem 3.3
that f(x) L(x, y, e). But

iI

+ (O(Y,)-
i=m+l

f(2).

(since Yi O, I, and gi(x) < O, e J)

Hence L(-, y-, e)= f() >__ L(x, y, ) for any dual feasible point (x, y), and (Y, y)
is a global solution of (3.2). 71

CONVERSE DUALITY THEOREM 3.10. Let (-, y-) be a local or global solution of
the dual problem 3.2, let f, &, 1,..., k, be twice continuously differentiable at, and let either "-i > 0for I or I[l’i’(O 0 for e I.

(a) If the matrix V 11L(Y, y-, ) is nonsingular, then and -ff e R determined by
(2.8) satisfy the Kuhn-Tucker conditions for the primal problem (1.1).

(b) If, in addition, V 1L(x, y, ) is positive definite and Yi > 0 for e I, then
and -ff R determined by (2.8) satisfy the second order sufficient optimality con-

ditions for the primal problem (1.1).
(c) If in addition to the assumption of part (a) above, f is convex or pseudo-

convex at x, gi, 1,..., m, are convex or quasiconvex at x, and &, m + 1,
.., k, are affine or simultaneously quasiconvex and quasiconcave at , then is a

global solution of the primal problem (1.1).
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Proof. (a) Since (-, }) is a solution of the dual problem (3.2), (x, y) and some

(o, ) e R x R" satisfy the following Fritz John conditions [12, p. 170]"

/)0v 1L(x, y, ) + vV11L(x, y, ) O,

oVzL(Y, -, 0) + VzL(x y, 0) 0,
(3.1 l)

VIL(x, y, o) O,

(-{o - :/= o

From the first and third equations above and the nonsingularity of V L(x, y,
it follows that -{ 0 and hence o g= 0. So VL(x, y, e) 0 and ViL(x y, 0) 0
and by Theorem 2.5, Y and defined by (2.8) satisfy the Kuhn-Tucker conditions
for (1.1).

(b) By part (a) above and determined by (2.8) satisfy the Kuhn-Tucker
conditions for (1.1). As in the proof ofTheorem 2.9 we have since i > 0 for e I that

(3.12) VL(x,y,) V11L(Y,u)+ 02ff (y)Vgi(x)Vgi(x)r
iILgE

where L is the standard Lagrangian. We establish now the implication

(3.13) {Vgi(Y)x O,x g= O, ieI I0 E} XVllL(,-)x> O.

For if not, then for some 2 0, Vgi(Y)2 0, e I U E, and 2VlaL(Y,)2 __< 0
which by (3.12) gives that 2VIL(X, y, 002 <-_ O, contradicting the positive definite-
ness of VIL(,,cz). Implication (3.13), which because of (2.8) and Yi > 0 for
e I, is the second order sufficient optimality condition for (1.1).

(c) This part follows from the sufficiency theorem of the Kuhn-Tucker
conditions [12, Thm. 2, p. 162].

4. Local computational algorithms. We shall present in this section two local
algorithms for the solution of problem (1.1) which are based on reducing problem
(1.1) to that of finding solutions of the n + k nonlinear equations VL(x, y, ) 0.
The first algorithm 4.7 is a Newton algorithm for which we establish, under suitable
conditions, local superlinear or quadratic convergence rates. The second method
is an extension of the method of multipliers investigated by Arrow-Solow [2],
Hestenes 8], [9], Powell [19], Haarhoff and Buys [7, and Miele, Moseley and
Cragg [14], [15] for the case of equality constraints. Our extension is to inequality
constraints and to a general Lagrangian. We establish linear convergence for the
algorithm and indicate under what sorts of conditions we may expect fast or slow
convergence of the method. In [3], Buys gives, for a specific Lagrangian, a dual
algorithm which is related to our stationary-point problem. One specific imple-
mentation of his algorithm, for equality constraints only, turns out to be the method
of multipliers [8], [9] for which he establishes local convergence. For inequalities,
however, a particular case of his algorithm gives a relative to a special case of our
Algorithm 4.9. He does not however establish convergence nor a rate of conver-
gence for that algorithm.

In both of the computational methods to be considered here, in order to
establish convergence we need to have a nonsingular Hessian at the solution
point. For.that purpose we shall employ another Lagrangian M(x, y, ) which is
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obtained by augmenting L(x, y, z) in such a way that V2M(x, y, e) is nonsingular
and VM(x, y, e) 0 is equivalent to VL(x, y, z) 0. (The feasibility of augmenting
L to obtain another Lagrangian M, which has identical stationary points as L,
presents the intriguing possibility of generating a still wider class of unconstrained
Lagrangians with possibly better properties than L. This possibility has not been
investigated in depth here.) For functions and satisfying (2.2) define

:vt(x, y, ) L(x, y, ) y y(-g(x))+
i=1

(4.1) f(x) + (O(eg,(x) + y,) + (y,) y{O(- g,(x)) +)
i=1

+ Z ((g,(x) + y,)-
i=m+l

We establish now immediately the equivalence of stationary points of L and M.

LEMMA 4.2. VL(x, y, ) 0 VM(x, y, ) O.

Proof. () By Lemma 2.7 we have that g(Y) 0, 1, ..., m. Hence

V1M(x, y, ) V 1L(x, y, ) + y’(-g,()) + Vg,() 0,
i=1

M(x,y,a) L(x,y,a)- 2i(-gi())+ O, i= 1,...,m,
8Yi

M(Y, y, ) L(x, y, a) O, m + 1,..., k
8Yi

() We first show that VzL(x y, ) 0"

M(y)=6y (, y, ) 2,(-gi())+

’(g() + ?,)+ ’(,)- 2,(-g,(Y))+ 0, = ,... ,m.

We now show that i(-gi())+ 0 for 1, m, and hence VzL(Y, , a) 0.
Suppose not. Then for some i, 0 and g(Y) < 0. Two cases can arise.

’(g,(Y) + y,)+ 0

Case 1. {, < 0, g,()< 0} ]’() < 0
/

[2( g,(Y)) + < 0

{6’(g,() + ,)+ ’(,) ,(-g,())+ > 0}
Contradicts (M/y,)(Y,, ) O.

{ff’(ag,(Y) + ,)+ ’(,) 2,ff(-g,())+ < 0}
Contradicts (sm/Sy)(Y, , ) O.
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Hence V2L(x, y, ) 0. By Lemma 2.7 we have that--figi(Tc) O, l, m,
and hence

V1L(,, V,M(Y,,e)+ -2y, O (-g,(x))+ Vg,() 0.
i=1

We establish next the positive definiteness of V 1M(x, y, ), the nonsingularity
of VZM(, , ) and the saddle-point property of M.

LEMMA 4.3.

(a) Let the assumptions of Theorem 2.9(a) hold and "(0) O. Then for suffi-
ciently large butfinite , VI M(ff, , ) is positive definite, VZM(, ., z) is nonsingular
and

(4.4) m(Y,y,e) <= M(x,y,) < m(x,-;,e) for all yeRk, xeN(Y), x :/: Y,
where N(c) is some open neighborhood ofY.

(b) Conversely, if (4.4) holds, with < possibly replaced by <=, then x is a
solution of(1.1) subject to the extra restriction that x e N(7c).

Proof. (a) As in the proof of Theorem 2.9(a) we have that

V,M(, y, a) V,,L(, y, a)

V 1L(Y, u)

+ a2"(-i)Vg,()Vg,()r.
ielUE

It follows again by strict complementarity, the second order sufficiency conditions
and Debreu’s theorem that for large enough a, VaM(-, y, a) is positive definite
and hence the second inequality of (4.4) holds. The first inequality of (4.4) holds
because

M(, y, ) < L(, y, ) <= L(x, y, a) M(-, y, a).

To show that V2M(-, , a) is nonsingular we observe that

(4.5) V2M(y, , )

-V 11M(, y z)-, (Yi)Vgi(x) 0
(iel E)

,"(,)Vg,() 0 0
(iI O E)

0 0 [lti’(O) 2i( g,(x))
(ieJ)

The nonsingularity of V2M(, , z) for a large follows from the positive definite-
ness of V IM(Y,, ), the linear independence of Vgi(Y), "(-;i) > O, 1 U E,
and fiT(0) 2i( gi(x)) < O, J.

(b) From (4.4) we have that VM(x, y, a) 0. By Lemma 4.2 it follows that
VL(Y, , a) 0 and by Lemma 2.7 we have that -figi() O, 1,..., m. Hence
m(x, y, ) L, -f, ). From (4.4) we also have that for x N(Y),

0 <= M(x,-f, ) M(-,-f, z) < L(x, 7, z) L(,--f, z).

The rest of the proof is identical to that of Theorem 2.9(b). U
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We observe that if in (4.1), ,"(0) 0 for the 0-function explicitly stated therein
and for the ’i, 1, ..., m}, associated with the inequality constraints, then M is
globally twice differentiable provided that f and gi, 1, ..-, k, are also twice
differentiable. To be specific we state explicitly a recommended globally twice
differentiable M-function associated with problem (1.1)"

M(x, y, o) f(x) +
1

((zg,(x) + y)+ y y(-&(x))+)
(4.6) -- i=m+lZ ( gi(x)2 + Yigi(x))

We are prepared now to state and establish the convergence and rates of
convergence of our algorithms.

NEw’toN AIGORIa’I-IM 4.7. Choose 0 > 0 and (x, yO) e R" Rk. Determine
(xj+ 1, ya+ 1) from (x, ya) as follows" Linearize VM(x, y, 0) 0 around the point
(x, y) and solve for (x+ 1, y+ 1).

LOCAL CONVERGENCE AND RATE OF CONVERGENCE OF THE NEWTON ALGO-
RITHM 4.8.

(a) Let (Y, a) e R" x R satisfy the Kuhn-Tucker conditions of(1.1), let f and
g, i-- 1,..., k, be twice continuously differentiable at each point of an open
neighborhood of Y, let V&(), e I U E, be linearly independent and let the assump-
tions of Theorem 2.9(a) hold. Then for large enough but finite 0 there exists an
open neighborhood N(Y,) of (, ) in R" x R, where is determined from by
(2.6), such that for every (x,y)e N(x, y), the Newton algorithm iterates of
4.7 are well-defined and converge superlinearly to (x, y) in the sense that

Ilz+ -1lim 0,

where z (x, y).
(b) If, in adGition, f and &, i= 1,..., k, are three times differentiable on

N(Y) , is three times differentiable on R and //"(0) 0 for it {1 m}
then the Newton iterates converge quadratically to (x, y), that is, for some constant
d and some integerJ0 depending on z,

zj+l

_
<d[iz

_
2 forj>=j0.

Proof. Since (x, y)e R" x R is obtained from (-, a) by (2.6), it follows by
Theorem 2.5 that VL(Y, , cz) 0, by Lemma 4.2 that VM(x, y, 0) 0 and by Lemma
4.3(a) that V2M(, , o) is nonsingular. The convergence properties stated in the
theorem follow then from the local convergence theorem of Newton’s method
[16, p. 148]. ]

We present now a second method which is an extension to inequality con-
straints and to more general Lagrangians of the method of multipliers. Originally
this method was proposed for equality constraints by Arrow and Solow [-2] by
using differential equations to determine a small step size algorithm. Later and
independently of Arrow and Solow and ofeach other, Hestenes [8], [9], Powell [19]
and Haarhoff and Buys [7] used a similar Lagrangian approach for equality
constraints and proposed a large step size method. Miele, Moseley and Cragg [14],
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[15] made numerical tests of the algorithm and variants of it. More recently
Buys [3] and Wierzbicki [28] considered extensions to inequality constraints.
Buys suggested a dual problem approach for a specific Lagrangian function
but did not give any convergence rates. Wierzbicki considered another specific
but different Lagrangian.

ALGORITHM 4.9 (Method of Lagrange multipliers). Choose z > 0, fl > 0,
yo R and x R" satisfying V M(x, y0, ) 0. Let (xJ, y J) determine (x + l, y + )
as follows"

(a) Determine x + such that

M(x+
xR

or VM(x+ , y, ) 0. If x+ is not unique, take a closest x+ , in any norm,
to xj.

(b) yJ + yJ + flV2M(x + , yJ, ).
THEORE 4.10 (Local convergence and rate of convergence of the method of

Lagrange multipliers). Let the assumptions of Theorem 4.8(a) hold, and let be
determinedfrom -ff by (2.6). Thenfor large butfinite c, there exist open neighborhoods
No( and No() in R" and R, respectively, such that for each yO No(f there
exists a unique x in the closure o() of No(J satisfying VM(x, yO, cz)= 0.
Also the iterates of Algorithm 4.9 are well-defined and converge linearly to (x, y)
for (0, ) for some > O.

Proof. As in the proof of Theorem 4.8 we have that VM(x, y, cz)= 0 by
Theorem 2.5 and Lemma 4.2. By Lemma 4.3(a), V, M(x, y, ) is positive definite
for sufficiently large but finite . It follows by the implicit function theorem [17,
p. 128] that for some open neighborhoods N() in R and N() in R", there exists a
function e" R --, R" which is continuously differentiable on N() and such that"

For y N(), x e(y) is a unique solution of VM(x, y, ) 0
(4.11)

in/V(); Y e(y-) and e(y)

Define

(4.12) No(x N(x).

For yJ e N(y), Algorithm 4.9 is well-defined and is equivalent to

(4.13) yJ+ yJ + VzM(e(yJ), yJ,

if we assume for the time being that xJ+ of step 4.9(a) is unique.
Consider now the mapping G’R --, R underlying the iteration (4.13) and

defined by

(4.14) G(y) y +
and its gradient evaluated at ,
(4.15) VG() I + flV21M(-

Differentiating VM(e(y), y, e) 0 with respect to y and evaluating at gives

V M(x, y, oOVe() + V 2M(x, y, o) 0
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and hence
Ve() V 11m(x y o0- V m(x y )12

Substitution in (4.15) gives

(4.16)
VG(y-) I fl[Vz1M(x, y, a)V11M(x, y, a)-1VlzM(x, y, ) VzzM(x, y, z)].

By referring to (4.5) this expression can be rewritten as

(4.17)
2t"(-fi)2Vgi(x-)V11M(x, y, )- 1Vgi(;) 0

(i6I U E)
VG(y) I [3

0 ’i’(O) + 2/,( g,())
(iJ)

It follows from the linear independence ofVg;(), e I U E, the positive definiteness
of V11M(2, Y, ) and ff’i’(0) + 2i(-gi(x-)) > 0, it J, that the matrix in the square
brackets is positive definite. Hence for some fi > 0, the eigenvalues of VG@) are
less than one in magnitude for fi (0, ) and hence the spectral radius p(VG@)) < 1.
It follows by Ostrowki’s point of attraction [16, p. 145] that there exist open neigh-
borhoods NI@), N2@ with NI@ N2@ c N@) and such that when yO NI@)
the iterates of (4.13) remain in N2()) and converge linearly to . Since e is differenti-
able on N2() the iterates {xJ} defined by x e(y- 1) are also well-defined and
converge linearly to Y e@)if we choose any No@ = NI@). Hence the sequence
{(xJ, yJ)} converges linearly to (, ) and the theorem is established for the case when
x+ of Algorithm 4.9(a) is unique.

Suppose now that xs+ of step 4.9(a) is not unique and that there also exists
an 2 + =f:: Xj+ e(yJ) such that V1L(2s+ 1, yS, ) 0. We will show that xs+ is
closer than 2+ to x and hence 2J+ will not appear in the sequence {xJ} generated
by the algorithm. We have from (4.11) that 2J+ q N(x) and hence

(4.18) 2+ >

where 6 is the radius of some open ball B(Y) around - which is contained in N(x).
It follows again by Ostrowski’s point of attraction theorem that for the sequence
{yJ} obtained from (4.13) and starting with any yO

(4.19)
YJ 11 -<_ c’j yO

yj+l YJI <= 2c7 yO
where 7 p(VG(y)) + 2e < for some e > 0 and c is a positive constant depending
on e and the norm employed. Also since e is differentiable we also have for x

e(y-1) and x / e(yJ) that

x_ <c,TS yO_
(4.20) x + x __< 2c’7J v
where c’ is some positive constant. Now define

No(-) {YlY e N 1@), y y < /(4c’)}.
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Hence for yO e No(y-),

(4.21) xJ Y < 6/2
and

(4.22) Ix / x < 6/2
It follows from (4.18), (4.21) and (4.22) that

for all j

for allj >= 1.

)j+l X j+l - X " > t (t/2) t/2 > xJ+I xj I.
Hence x + is closer than a+ to x. So x + e(yJ) will be picked up in step 4.9(a)
rather than +1 and iteration (4.13) will again represent Algorithm 4.9 for the
nonunique case also. The remainder of the proof is the same as for the unique case.

We make some remarks here about the relation between the size of fi and the
speed of convergence. Since the size of fi was determined from the requirement
that some norm of VG() as given by (4.17) is less than one, it follows from (4.17)
and this requirement that for some 6 e (0, 1),

fi>= VG(y) >= -fly

and

6> Va(y-) >=fly- 1,

where v is the norm of the matrix in the square brackets of (4.17). Hence

2Iv >(1 +6)/v>=fl>__(1-6)/v>0 for some 6 (0,1).

Fast convergence is obtained when 6 is close to zero and hence fl 1Iv. On the
other hand, when fl 0 or [3 - 2/v, 6 will be close to one and hence slow conver-
gence is to be expected.

Another possible source of slow convergence is the condition number of
V xlM(x, y, ) which affects step (a) of Algorithm 4.9. It can be shown that if
k < n where k is the number of active inequality and equality constraints (that is,
the solution x of (1.1) lies .on a manifold), then the condition number of
V llM(x, y, ) approaches o0 as approaches m. However, for the special case
when k n (that is, the solution lies on a "vertex") then the condition number
of V 11M(x, y, ) remains finite when 0 approaches c. On the other hand, when 0

is not large enough, V llM(,-f, ) may not be positive definite then and again it
may be difficult to implement step (a) of Algorithm 4.9. In summary it may be
stated that in general, convergence problems may be expected for small values of
either and/3 and also for large values of either and ft. Best results should be at

intermediate values oj’ and ft. Numerical results of Miele, Mosley and Cragg
[14, Table 2, Exs. 6.2 and 6.3], where fi (k in their notation), slow convergence
occurred for both small and large values of fi and fast convergence occurred for
intermediate values of ft.

In conclusion we make some remarks about possible enlargement of the region
of convergence. Basically we are finding an unconstrained saddle point of
M(x, y, cz) or a root ofVM(x, y, cz) 0. Since there are no global methods for solving
these problems in the absence of convexity, there is little hope in the present state
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of the art for a foolproof global algorithm for solving our problem here. However,
practical improvements may be achieved by introducing a step size which is deter-
mined by either minimizing the function VM(x, y, (X) 2 or using an Armijo
procedure I17, p. 491] on the same function along the direction (xj+l- xj,
y+l y) or along a related direction such that VM(x, y, )II 2 decreases suffi-
ciently along that direction. Such a procedure would lead to a point satisfying
VZM(x, y, )VM(x, y, ) 0. If VM(-, y-, ) 0, we are done; if not, the procedure
would have to be restarted again either at (x, y--) or elsewhere.

Another acceleration procedure is to ignore all e-inactive inequality con-
straints, that is, for some e > 0 delete at iteration j the inequality constraints
such that gi(x) < -, i {1,..., m}, from consideration. It can be shown 13,
Lemma A.17] that for some neighborhood of Y and for some e such a procedure
would not remove any of the active constraints gi, I, from the problem.

Acknowledgment. I am indebted to my student S. P. Han for valuable dis-
cussion and for his reading of the manuscript.
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NONNEGATIVITY OF A QUADRATIC FUNCTIONAL*

B. P. MOLINARI"

Abstract. The question of the nonnegativity of an integral .[’to q(x, u)dt, where q(x, u) is a quad-
ratic form defined on solutions of the linear system

Yc Ax + Bu, X(to) O,

arises in optimal control, in optimal filtering, and in system passivity. This paper derives sufficient
conditions and necessary conditions for such an integral to be nonnegative. The conditions have the
same form, and the "gap" between them can be considered as small. The existing theory for particular
classes of q(x, u) is recovered as a special case.

1. Introduction. This paper is concerned with necessary conditions and
sufficient conditions for the nonnegativity of the quadratic functional

dt + x’(tf)Sx(tf)
ku(t)_l IC(t) R(t) 3 ku(t)3

where u(t) is any m-tuple function satisfying

(1.2) u(t) is piecewise continuous on [to, tlJ,
and x(t) is an n-tuple function satisfying

(1.3) x(t) A(t)x(t) + B(t)u(t) X(to) 0 Dx(tf) O.

The matrices Q(t), C(t), R(t), A(t) and B(t) have dimensions consistent with x
and u, and are continuous on [t0, tl]. Further, S and D are constant matrices of
dimensions n x n and r x n respectively. Without loss of generality Q(t), R(t) and
S are symmetric and D is of full rank r __< n. Finally, the transpose of a matrix M
is denoted by M’.

The problem has relevance in several fields. It is the "accessory minimization
problem" of optimal control [1, p. 182], [2, 25]. It is intimately associated with
the general least-squares regulator problem [3, Lemma 1], [4, Thms. 1, 2. In the
dual problem of optimal filtering, the nonnegativity of a similar quadratic
functional is essentially a covariance condition [5, III]. Finally, in two special
cases the nonnegativity of J[x, u] is used as a definition for passivity [6, p. 30].

A well-known necessary condition for J[x, u] >__ 0 for all function pairs (x, u)
satisfying (1.2) and (1.3) is R(t) >_ 0 for all e [to, tel. For each of the two cases
R(t) > 0 and R(t) 0, necessary conditions and sufficient conditions for J[x, u >= 0
are available (Jacobson [7] provides a recent survey paper). Here we develop a
generalization of these results. Equivalent results have recently been obtained by
Anderson [8], by Krasner and Kailath [5], [9] and by Coppel [10], all using
different approaches.
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For the special case of the time-invariant problem (Q, C, R, A and B are
constant), the nonnegativity of J[x, u] has been characterized for general R _>_ 0
[4, Thms. 2, 3]. With nontrivial modification, that approach has proved workable
for the general problem.

2. Sufficient condition. The basic necessary conditions and sufficient con-
ditions stated in this paper involve an integral inequality, where integration is
interpreted in the Riemann-Stieltjes sense [11, Chap. VI]. In particular, the
following identity is used at several places in the discussion.

LEMMA 1. Consider any n x n symmetric matrix P(t) of bounded variation on
[tl, t2] [to, tf] and any function pair (x, u) satisfying (1.2) and (1.3)1. Then

B’Pdt 0
tl

Proof. The standard integration by parts formula is valid [11, Thms. 29.5.7
and 29.5.1]

x’ dPx + (dx)’Px + x’P dx [x’Px]tt2,.

The piecewise continuity of 2 provides [11, Thm. 30.3.1]
t2 tt2

x’P dx x’PYc dr.

Noting (1.3)1 and collecting the integrals provides (2.1).
For convenience, write the integral (1.1) as

(2.2) J[x, u] q(x, u)dt + x’(ty)Sx(ty).

Further, consider any n x (n r) matrix Z (of full rank) whose columns span the
nullspace of D. Then

(2.3) Dx=O if and only if x=Z for some

Sufficient conditions for the nonnegativity of J[x, u] are easily obtained.
THEOREM 1. Assume an n x n symmetric matrix P(t) of bounded variation on

[to, tf satisfying

(2.4) Z’(P(ty)- S)Z < 0

and

(2.5)
(C + B’P)dt

(C’ + PB) dtI [I > 0
R dt

for all (x, u) satisfying (1.2) and (1.3)1 and all [tl, t2] c::: [to, tf]. Then J[x, u] >- 0
for all (x, u) satisfying (1.2) and (1.3).

Proof. Substitution of (2.1) in (2.5) provides

’2

q(x u) dt + ,2[x Px],, > 0
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For It1, t2] [to, ts] this provides

J[x, u] >= [x’Px]’ + [x’(S- P)x]’.

Noting (1.3) and (2.3) gives

J[x, u] >= a’Z’(S P(ts))Za for all a.

Condition (2.4)completes the proof.
Explicit conditions of greater utility are directly provided.
COROLLARY 1.!. Let P(t) be an n x n symmetric matrix of bounded variation

on [to, ty] such that (2.4) holds and the matrix

P(t) + A’P + PA + Q dr C’ + PB dr

(2.6) 0(t)

f C + B’Pdz f Rd
is nondecreasing on Ito, t]. Then Jx, u] 0 for all (x, u) satisfying (1.2) and (1.3).

Proof. Consider any (x, u) satisfying (1.2) and (1.3)a. Trivially,

U

This is condition (2.5), which completes the proof.
CooA 1.2. Let P(t) be an n x n symmetric matrix continuously differ-

entiable on [to, t] such that (2.4) holds and

[P + A’P + PA + Q C’ + PB(2.7) A(t) 0.
C+B’P R

Then J[x, u] >= 0 for all (x, u) satisfying (1.2) and (1.3).
Proof. The matrix P(t) is of bounded variation on [to, tel [11, 28.5

Further, the matrix

A dt

satisfies (2.6) and is nondecreasing, which completes the proof.
Corollary 1.1 has been stated by Coppel [10], while Corollary 1.2 is due to

Jacobson [12, Thm. 1]. The explicit sufficient conditions given by Anderson [8]
and by Krasner and Kailath [9] are essentially the same as Corollary 2.1.

3. Necessary eonlitions. The approach involves the study of an optimal
control problem. For (to, t,c) consider

(3.1) V(, t,) inf’ q(x, u) dt + x’(t)Sx(t)

subject to

(3.2) u(t) is piecewise continuous on It1, tel,
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and

(3.3) 2 Ax + Bu, x(tl)= , Dx(ty)= O.

We begin by establishing the essential properties of 1/(, t). Denote the
transition matrix [13, 3] of (1.3)1 by 0(2, ).

PROPOSITION 1. Let
tl

(3.4) O(to, t)B(t)B’(t)O’(to, t) dt > 0 for all (to,

and let

D O(ty, t)B(t)B’(t)O’(ty, t)dt D’ > 0 for all e [to, tf).

If J[x, u] >= 0 for all (x, u) satisfying (1.2) and (1.3), then V(, tl) is finite for all
and all e (to, ty).

Proof. Consider any and any e(to, ty). Condition (3.5) is a weakened
controllability condition and is sufficient (see Lemma 1, Appendix) for the existence
of a function pair (xc, uc) satisfying (3.2) and (3.3). Hence the optimization problem
is not vacuous, and it remains to show that V is finite. Condition (3.4) is equivalent
to the standard notion of complete reachability over [to, tl] [14, Prop. 2.3]. This
guarantees a pair (xr, ur) where u(t) is continuous and where x(t) satisfies

2 Ax + Bu, X(to)=O, x(tl)= .
Further, consider any function pair (x, u) satisfying (3.2) and (3.3). The con-
catenated control (u; u) on [to, s] and the resulting state (x, ;x) satisfy conditions
(1.2) and (1.3). The nonnegativity condition provides

ttf(3.6) q(xr, u) dt + q(x, u)dt + x’(tf)Sx(tf)>__ O.

The cost functional of(3.1) has a lower bound and V(, tl) is finite, which completes
the proof.

PROPOSITION 2. The function V(, t) guaranteed by Proposition admits the
representation

(3.7) V(, t) ’P(t)

for some n x n symmetric matrix P(t) on (to, t.r).
Proof Consider any tl e (to, ts) and, where convenient, write V(, tl) as V().

The proof consists of demonstrating the conditions

(3.8) V()l c’ for some positive c,

and

(3.9) V(I + 2) -+- V(I- 2)--2{V(1)+ V(2)},

which are shown in the Appendix to be sufficient for (3.7).
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Consider the function pairs (x,, u,) and (xc, Uc) used in the proof of Proposition
1. By (3.1) and (3.6),

q(x,, u,) dt <= V(, t) < q(xc, uc) dt + x;(tf)Sx(t).

The standard construction for u(t) 13, Thm. 1.1 provides that both u(t) and
x(t) are continuous on It0, t and are linear in . The quadratic nature of q(x, u)
provides that

dt

for some positive number c (dependent on t). Similarly, both Uc(t) and x(t)
are continuous on Its, tf] and are linear in (see Lemma 2, Appendix). Again,

t,

q(x, Uc) x’(tf)Sx(tf) c2’,dt +

for some positive number c2. Together, then,

-c’ v(, t) c’,
which provides (3.8).

For (x, u) satisfying (3.2) and (3.3), denote

J[; u] q(x, u) dt + x’(tf)Sx(tf).

Let (Xl, u) satisfy (3.2) and (3.3) with Xl(tl)= and (x2, u2) satisfy (3.2) and
(3.3) with x2(t)= {2. The linearity of (3.3) and the quadratic nature of q(x, u)
provide

(3.10)

where

(3.11) u+ u + u2, u_ u u2.

Assume that the parallelogram identity (3.9) does not hold, that is,

(3.12) V( + 2) +
First consider the case e > 0. By definition (3.1), there exist controls and 2
such that

j[,; a, v() + /8,

j[;a] v() + e/8.

Adding, and noting (3.10(3.12), provides

J[, + ;a+] + j[, ;a_] v( + )+ v(, ) + /2,

< v(, + )+ v(,- ),

which is impossible. Now consider (3.12) for the case e < 0. By definition, there
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exist controls / and fi_ such that

Jinx + 2;+] =< V( + 2) e/4,

S[l 2; I-] V(I 2)- e/4.

Adding, and noting (3.10)-(3.12), provides a contradiction exactly as before.
Hence e 0, and the proof is complete.

Remark 1. As indicated in the proof of Proposition 1, condition (3.5) is a
weakened controllability condition. If D is nonsingular, it is equivalent to the
standard notion of complete controllability over It1, t] [14, Prop. 2.3], whereas
if D 0 the condition is vacuous.

It is convenient to define

(3.13) P(ty) S.

This is consistent with (3.7) and (3.1). We now establish the essential properties
of the matrix P(t).

PROPOSITION 3. The matrix P(t) guaranteed by Proposition 2 satisfies

(3.14) q(x u) dt + ,2[x Px],, > 0

for all Its, t2] c (to, ty) and all (x, u) satisfying (1.2) and (1.3).
Proof. The condition (3.14) is immediate from the "dissipation inequality"

V(x(t), t) <= q(x, u) dt + l/(x(t2), t2)

which is obtained directly from (3.1).
The objective is to use Lemma in (3.14), reversing the logic of Theorem 1.

To this end, P(t) has to be shown to be sufficiently well-behaved.
PROPOSITION 4. Consider the matrix

(3.15) P(t) ’(t, t){P(t) W(t)}(t, t),
where W(t) is the well-defined solution of the linear differential equation

(3.16) W + A’W + WA + Q O, W(ty) S.

Then P(t) is nondecreasing on (to, ty), and Z’P(t)Z <= O.
Proof. Consider (1.3)a for the special case of the zero control function,

u(t) 0. The resulting state satisfies

(3.17) x(t2) (tz, t)x(t).

It is a standard result [13, 11] that

(3.18) q(x, O)dt + x’(ty)Sx(ty)= [x’Wx]’
where W(t) is the solution of (3.16). Directly,

(3.19) q(x, O) dt [- x’Wx]’,.
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Firstly, consider the inequality (3.14) for the special case of zero control. Equation
(3.19) provides

[x’(P- W)x]’ > 01

Noting (3.17) provides, in turn,

’(t2, t) {P(t2) W(t)}(t2, t) >= P(t) W(t).

Noting the relation O(t2,ta)= (t2,t)-(t,t) provides the nondecreasing
condition on P(t).

Secondly, definition (3.11) provides

x’(tl)P(tl)X(tl) <= q(x, O) dt + x’(tf)Sx(tf)

for all x(t) satisfying Dx(ty) 0. Noting (3.18), (3.17) and (2.3) provides

x’Z’’(tl, ty){n(tl) W(tl)}(tl, tf)Za <= 0 for all .
That is, Z’P(tl)Z <= O, which completes the proof.

Remark 2. If D 0, then it is immediate that the inequality (3.14) holds for
all It1, t2] c (to, tf], and consequently P(t) is nondecreasing on (to, tf].

The passage to the basic sufficiency result is now easy.
THEOREM 2. Assume conditions (3.4) and (3.5). If J[x, u] >= 0 for all (x, u)

satisfying (1.2) and (1.3), then there exists an n n symmetric matrix P(t) of bounded
variation on all It1, t2] c (to, tf) which satisfies
(3.20) lim Z’{’(t, t)n(t)(t, ty) S}Z <= O,

tt$

and

(3.21)
(C + B’P)dt

for all (x, u) satisfying (1.2) and (1.3)1.
Proof. The existence of P(t) is provided by Proposition 2. From Proposition

4 we have the representation

P(t) ’(t, t).(t)(t, t) + W(t),

where tI)(t, t) and W(t) are continuously differentiable and/3(0 is nondecreasing.
Standard theory [11, 28] provides that P(t) is of bounded variation. Proposition
4 further provides that Z’P(t)Z is nondecreasing and has 0 as an upper bound.
Thus

lim Z’P(t)Z <= O,
tt$

where the limit is guaranteed to exist [11, 10.2F]. This is precisely (3.20). Finally
(3.21) is obtained by combining Lemma 1 with the inequality (3,14).

In general, condition (3.20) does not imply that P(t-) exists.
Remark 3. If D 0, it is clear that’condition (3.5) is vacuous and in Theorem 2,

P(t) is of bounded variation and (3.21) holds, on all Its, t2] c (to, tf]. Moreover,
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(3.20) reduces to

(3.22) P(ty_)- S <= O.

The following explicit conditions parallel those of 2, and are of greater
utility.

COROLLARY 2.1. Consider the matrix

(3.23) 0(t)
P(t) + A’P + PA + Q dr C’ + PB dr

C + B’P dr R dr

for any 3 e (to, tf), where P(t) is the matrix guaranteed by Theorem 2. Then O(t)
is nondecreasing on (to, tl). If D O, it is nondecreasing on (to, ti].

Proof. In (3.21) consider the special case of u(t)= q, constant on It1, t2],
and denote X(tl) . Then

z(t)

where

u(t)d

O(t, l) O(t, :)B(:) dr

0 I

Note that Y(t) is nonsingular on [to, t]. Condition (3.21) then provides

Equivalently, the matrix

E’(t)dO E(t) _>_ 0.

(3.24) P(t) 2’(t) dO Z(t)

is nondecreasing on (to, t). The substitution rule [11, Thm. 29.6.1] provides

ft2 ftt2dO= ’- ’(t) dP - ’(t) >= O,

by the nondecreasing property of P(t). In other words, O(t) is nondecreasing. The
modification for D 0 follows from the last remark.

COROLLARY 2.2. Consider the matrix P(t) guaranteed by Theorem 2. Then

IP + A’P + PA + Q C’ + PB1(3.25) > 0 a.e.
C+B’P" R

Proof. It is a standard result that (dO(O/dO exists almost everywhere [15,
p. 100]. Condition (3.25) is simply the fact that dg//dt O.
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Remark 4. The gap between Theorems 1 and 2, and the corresponding
Corollaries 1.1 and 2.1 is limited to that of the endpoint behavior of P(t), namely
the limits + to and T tl. The gap between Corollaries 1.2 and 2.2 is somewhat
larger.

Corollary 2.1 has also been derived by Coppel [10], by a limiting argument
on the known necessary conditions for the nonsingular (R > 0) case. The more
complicated condition of P(t) nondecreasing (see (3.24)) has also been derived by
Anderson [8], and by Krasner and Kailath [9], by transformation arguments on
necessary conditions for the singular (R 0) case. As these conditions were ob-
tained in turn by limiting arguments on the nonsingular conditions [16], the logical
chain is rather long.

4. Special eases. The relation of Theorem 2 to earlier necessary conditions
is easily established.

The Legendre necessary condition, that R(t)>= 0 for all [to, tl], is im-
mediate from (3.25) and the assumption of continuity on R.

If nonsingularity of R obtains over an interval, then (3.25) reduces to

P + A’P + PA + Q (C’ + PB)R-(C + B’P) >= O a.e.

In fact, far more can be said.
COROLLARY 2.3. Assume that R(t) >_ 0 on some It 1, t2] (to, t). Then the

matrix P(t) guaranteed by Theorem 2 is continuously differentiable on It l, t2] and
satisfies

(4.1) P + A’P + AP + Q -(c’ + PB)R-’(C + B’P)= O.

Proof. Consider the Riccati differential equation

(4.2) -t- A’X + XA + Q- (C’ + XB)R-1(C + B’X)= 0, X(t2) P(t2).

A solution exists at least on a neighborhood of tz, say Its, t2]. Consider any
(x, u) satisfying

5c Ax + Bu, x(t3) , Dx(t) O.

The standard "completion-of-squares" lemma [13, 21] provides

t2

dt + x’(tz)X(tz)X(t2) ’X(t3)q(x

(4.3)
+ ]]u + R-l(C -+- B’X)x ]2 dt.

Substitution of this identity into the inequality (3.14) provides

’P(t3) ’X(t3),

once the special feedback control u =-R-(C + B’X)x is considered over
It3, t2].
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Conversely, it follows from (4.3) that

q(x, u) dt + x’(tf)Sx(tf) >=

Hence

Together, then,

q(x, u)dt + [x’Px]’,

q(x, u)dt + [x’Xx]t,

> ’X(t3)

’P(t3) ’X(t3).

(4.4) P(t3)-- X(t3).

This excludes any possibility of a finite-time escape phenomenon in the solution
of (4.2). Hence (4.4) holds for all 3 ff [tl, t2] and the proof is complete.

If D 0, the argument remains valid for the extension to It1, t2] c (to,
Finally, if R is nonsingular over the interval t0, ts], these results match those
usually obtained by the Jacobi conjugate-point analysis 2, p. 123], [17].

On the other hand, if R 0 on some open interval (t l, t2) c (to, ty), then
(3.25) provides

C+ B’P=O a.e.

In fact, an argument of Jacobson [16, Thm. B.1] shows that this equality cannot
fail on the open interval (t, t2). If R 0 on the entire interval (to, ty), then the
necessary conditions ofJacobson [7] are obtained. It is worth noting that Jacobson
invokes the classical concept of normality [18, 8.2], [1, p. 164] instead of the
controllability condition (3.5). Finally, other necessary conditions such as higher
order Legendre-Clebsch conditions and Jacobi conditions can be derived, some-
what in the spirit of Jacobson [7].

5. Example. A simple example [18, 5.11] may help to illuminate the neces-
sary conditions of Theorem 2. In the terminology of 1, consider

-x2 + u2 dt,

where u is piecewise continuous and x satisfies

=u, x(0)=0, x(tz)=o.

For t > n, J can be negative (consider u cos (nt/t)), whereas for ts n, J
is nonnegative [18, 5.11], [19]. Consider the optimal control problem of 3,
namely,

(5.1) V(, t,) min ft X2 -Jr- tt2 dt,
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where u is piecewise continuous and

(5.2) 2 U, X(tl)= , X(/t) 0.

The Riccati differential equation,

(5.3) / p2 -F 1,

is easily checked to have solutions on It1,7r], namely,

(5.4) p(t)= -cot(t-e) for any0<e<tl.

Since

Theorem provides

X2 -- U2 dt >= __2 cot (t e) for 0 < e <any l,

for any (x, u) satisfying (5.2). Considering lim 0 (to provide the tightest bound)
gives

r- X2 -Jr- U2 - --2 cot t.

Finally note that this lower bound is in fact achieved by the control

u (Usin tx) cos t.

Thus

V(, t) -2 cot t,

P(t) -cot t.

The conditions of Theorem 2 and its corollaries can be checked by inspection.
Note that P(t) is unbounded as $ 0 and T zr, and is thus of bounded variation
only on the open interval (0, zr). The necessary conditions of Theorem 2 thus
cannot be improved in general. Finally note that for 0 <

V(, t) -2 cot (t ts + ).

In this case, then limt+o P(t) exists while limtts P(t) does not.
Now consider the same problem for unrestricted x(t). For t > n/2, J can

be negative (again consider u(t)= cos (nt/t)), whereas for t n/2, J is non-
negative [18, 5.11]. By the same argument as before

V(, t) -2 cot t,

P(t) -cot t.

Note that limt/2 P(t)= 0 and that P(t) is of bounded variation on (0, n/2],
consistent with Remark 3. Again Theorem 2 cannot be improved in general.
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6. Conclusion. This paper has derived sets of sufficient conditions and
necessary conditions for the nonnegativity of the quadratic functional (1.1).
These conditions complement the well-known theory for the special nonsingular
and singular cases.

In as far as one set of such conditions has already appeared in the literature
[8], the main contribution of the paper is seen to be the method used. It directly
handles the general problem in a relatively straightforward fashion, and is self-
contained in comparison with the other limiting/transformation approaches to
the problem.

Appendix.
LEMMA 2. /f condition (3.5) holds, then there exists a pair (x, u) satisfying

(1) -- Ax + Bu, x(t,) , Dx(ty)-- O.

Proof. It is sufficient [13, Thm. 13.1] to demonstrate the existence of an r/
satisfying

2)
where

Wr (t tl)Z for some

O(tl, t)B(t)B’(t)O’(t t) dr.

Firstly, consider the n n matrix [ZID’]. This matrix is nonsingular and thus

[ZID’]Z O(tf l)

has a unique solution 2. An obvious partitioning of 2 gives

(3) (I)(tl, t,) Z + D’fl.
Secondly, note that (3.5) is equivalent to the condition

(4) D(ty, tl)W is of full rank.

Thus the matrix equation

Dtb(t Wrl DD’fl
has a s61ution r/o. Further, the vector

(5) O(t, t,)Wrlo D’fl
satisfies D7 0, or equivalently,

(6) = Z for some.
Collecting these results gives

(tf, t,)Wlo (t, tl) Z(0 + ),

which provides (2) and completes the proof.
The remainder ofthe Appendix is concerned with conditions that are sufficient

for a function V(x) to be a quadratic form, that is,

V(x) x’Px.
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The first condition imposed is the parallelogram identity

(7) V(x + y)+ V(x y)= 2{V(x)+ V(y)} for all x, y.

Immediate consequences for V(x) are

V(0)=0, V(-x)-V(x), V(2x)=4V(x).

Now consider the associated function W(x, y) defined by

(8) W(x, y)= v(x + y)- v(x- y).

In view of the immediate identities,

4V(x) W(x, x), W(y, x) W(x, y),

it will suffice [20, p. 244] to establish that W(x, y) is a bilinear form. This is "almost"
implied by the parallelogram identity.

LEMMA 3. Assume (7). Then W(x, y) satisfies
(9) W(xl -- X2, y) W(x fl) -[- W(x2, y),

and

(10) W(kx, y) kW(x, y) for all rational k.

Proof. Trivially, we have

(11) W(0, y) 0, W(-x, y) W(x, y).

Now

2{W(Xl,y) + W(xz,y)} 2{V(x + y)- V(x y)+ V(x2 + y)- V(x2 y)},

{V(x +x2 + 2y)+ V(x -x2)}
{V(Xl + x2 2y)+ V(xx x2)},

W(Xl + x, 2y).

Putting x2 0 provides

2W(Xl, Y) W(Xl, 2y) for all x.
That is,

W(xa + x2,2y) 2W(x + x2,y),

and (9) follows. Secondly, induction on (9) provides

W(nx, y) nW(x, y) for all integers n.

Then

mW x,y W(nx,y)=nW(x,y) for allm, n,

which is equation (10).
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It remains to find a convenient condition for (10) to hold for all real k, and
not just rational k.

LEMMA 4. If (7) holds and

(12) W(2x, y) is continuous in )t at 2 0,

then (10) holds for all real k, and V(x) is a quadratic form.
Proof. Consider any real k. There exists a sequence of rational numbers r,

such that lim,.o r, k. Writing k r, + 2,, it follows from (9) and (10) that

w(/x, ) w(t.x, ) + W(r.x, y),

w(,kx, y) + r,W(x, y).

Taking limits, the continuity assumption provides

w(/x, y) W(0x, y) +/W(x, 3:),

o + kW(x, y),

which completes the lemma.
Note that the limited continuity property (12) is certainly implied if V(x) is

continuous in x. This set of sufficient conditions are given in [20, pp. 244-246],
and apparently are implicitly used in [21, pp. 24-25].

O f more relevance to this paper, however, is the following result.
LZMMA 5. If (7) holds and

(13) IV(x)l < cx’x for some positive c,

then V(x) is a quadratic form
Proof. Immediately

W(x, Y)I =< V(x + Y)I + V(x- Y)I

< 2c{x’x + y’y}.

From condition (10), for all integers n and real numbers 2,

In W(2x y)] W(n2x, y)]

<= 2c{nZ22x’x + y’y}.

Consider any e > 0, and choose a positive integer N and positive real 6 to satisfy

2c
> u +

Then for all 2 satisfying I,1 =< , it follows that

N2)t,2 N262 _< 1,

and

NIW(2x, y)l =< 2c{x’x + y’y}

<__ Ne,
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by choice of N. Hence W(2x, y) is continuous in 2 at 2 0, and V(x) is a quadratic
form by Lemma 4.
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FINITE TIME CONTROLLABILITY OF
NONLINEAR CONTROL PROCESSES*

ETHELBERT N. CHUKWU-

Abstract. A control process is globally finite time null controllable if it is globally asymptotically
stable and locally controllable to the origin. Sufficient conditions are stated for the system

2 f(t,x,u) inCl(R R" Rm)

to be globally finite time null controllable. The conditions are stated in terms of the Jacobian of f
and the controllability of a related linear equation.

1. Introduction. Consider the control process

(1.1) dx/dt f(t, x, u),

where f R x R" x R --* R" is such that f(t, x, u) and cf/t?x(t, x, u) are continuous
in (t, x, u). It is assumed that u belongs to the set of all bounded measurable control
functions with values in f, a subset of R". Such control functions are called
admissible.

The domain c of null controllability of (1.1) is defined as the set of initial
points Xo R" such that if u(t) is an admissible control and x(t) is a solution of

(1.2)
dx

f(t, x, u(t)) with X(to) Xo,
dt

then at some finite time t >__ to we have x(t ) 0. If contains an open neighbor-
hood of zero, then (1.1) is said to be locally controllable to the origin.

The system (1.1) is globally asymptotically stable if, for each e > 0 there
exists 6(t0, ) such that IIxoll < implies that every solution x(t) of (1.1) with
some admissible control u*(t), initiating at x(to)= Xo satisfies Ilx(t)ll < on

o _<_ < , limoo x(t) 0, and every solution of (1.2) with this u* admissible
can be extended over to _-< < oc and tends toward the origin as --. oc.

The system (1.1) is globally finite time null controllable if it is globally asymp-
totically stable and locally controllable to the origin.

This paper formulates sufficient conditions on f which guarantee the global
finite time null controllability of the control process (1.1). The first result, Theorem

is on the global asymptotic stability of (1.1). Theorem 2 indicates when the
domain of null controllability of (1.1) is open in R". Thus both theorems unite to
yield the required global finite time null controllability of theprocess (1.1).

We note that the usual definition of stability very often requires that
f(t, O, u) =_ O, e [to, oc), so that the equilibrium x 0 is the solution which is
desired to be "stable". But the definition of stability given above does not require
an equilibrium of (1.1) to exist: f(t, O, u) is not necessarily zero. The point x 0
is the point chosen about which trajectories of the system are "stable", but even
if an equilibrium exists, x 0 is not necessarily the equilibrium. The term stability
is used above for lack of a better word. The essential fact in the above definition
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is that every solution of 2 f(t, x, u*(t)) with u* gt arrive in a neighborhood of
the origin. When the system is locally controllable every solution is then brought
to the origin in finite time, a justification of the term "finite time null controllable".

For the origins and importance of these notions see [2, p. 78] and [3, p. 397].
Indeed Theorem 17.6 of [2] is a linear analogue of our Theorem 3 while [3, p. 397]
and Markus [4] is the autonomous version of our result. But the result of Markus
is quite different in spirit from ours since we rely on the far deeper and interesting
paper [5] for the proof of Theorem 2.

It is clear that Theorem reduces to Ezeilo [1; Thm. 1] on the equation

c f(t, x)"

Consequently the fundamental notion here, global finite time controllability
could as well be called global finite time stability. But the stability studied here
differs from the studies of Weiss and Infante [7] and [8]: our concept of finite time
stability is more in line with the classical Liapunov theory of asymptotic stability,
though in this case everything happens in finite time.

Notation. In what follows we denote the Jacobian matrix cf/cf by J and its
transpose by jr.

2. Statement of results.
THEOREM 1. Suppose in (1.1),for some admissible control u*(t) ,
(i) there exists a symmetric positive definite n n constant matrix A such

that the eigenvalues 2k(x, u*, t)., k 1, 2, ..., n, of the matrix

1/2(AJ + JTA)

satisfy

(2.1) )k < --6 < 0, k 1,2,..., n,

for all (x, t) R" + 1, where 6 is a constant;
(ii) there are constants r > 0 and p, <__ p <= 2, such that

+

(2.2) 11/(;0, u*)]] 0 as - .
Then the differential equation (1.1) is globally asymptotically stable about the
origin. Hence for each XoR" the solution x(t) of (1.1), with u(t)= u*(t) and
X(to) Xo, tends toward x 0 as v.

In the special case

f(t, x, u) f(t, x),

Theorem yields

(2.3) x(t)O ast,

and this is Ezeilo’s Theorem in [1]. Also when f(t, x, u) =- f(x, u) we have from
Theorem a result similar to Lee and Marcus [3, pp. 397-398] obtained under
less generous conditions.
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The next result gives the local controllability condition. Consider the linear
equation

(2.4) 2(t) L(t)x(t) + q(t), q(t) Q(t)
_
R

where L(t)= fx(t, 0, 0)is an n n matrix which is continuous in t. Here Q(t)
K(A(t)), where K(A) is the unbounded closed convex cone of A with

A(t) f(t, O, D); that is, K(A) is the smallest closed convex set containing A such
that v K(A) implies 6v K(A) for all 6 > 0.

DEFINITION. Consider the control process (2.4). The reachable set of (2.4) is
the set

(t, to) X- (s, to)q(s ds q(t) e Q(t), q summable

where X(t, to) is the transition matrix of (2.4).
DFNmON (see [2]). The system (2.4) is proper at to if and only if the origin

is an interior point of the reachable set (t, to) of (2.4) for each > to. The system
(2.4) is called proper if and only if it is proper for each to >_- 0.

TI-IORFM 2. Assume that 0 e and f(t, 0, 0)= O. Suppose the linear system
(2.4) is proper. Then (1.1) is locally controllable (near the origin).

TI-IF.ORM 3. Assume all the conditions of Theorem and Theorem 2; then (1.1)
is globally finite time null controllable.

For completeness it is important to describe conditions on L and Q which
insure that the property proper" assumed in the hypothesis of Theorem 2 be
achieved. Such a description is available in two cases"

(i) The usual one, it is required that (2 be time-invariant and have a non-
empty interior in R with the origin contained in this interior. In this case if q(t)

B(t)u(t), u(t)e Q, then (2.4)is proper if and only if for each t > to, there is a
e (to, ) such that

rank [B(t), FB(t), F"- 1B(t)] n,

where F -L(t) + D, with D the differential operator, is as defined in [2, p. 75].
Here L(t) and B(t) are assumed analytic. For a slightly more general description
when Q is not necessarily time-invariant, but is assumed compact see Chukwu [113.

(ii) Here the origin is not assumed to be interior to the range of the set of
admissible controls and

q(t) Bu(t), u Q,

where L, B, Q are all time-invariant. The following characterization is given by
Brammer [9].

THEOREM (Brammer). Suppose the control system

(M) x=Lx+Bu, ueQ_R",

has the following properties"
(a) The set Q contains a vector in the kernel of B (i.e., there exists a u e Q

satisfying Bu 0).
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(b) The convex hull of Q CH(Q)= Q has nonempty interior in R". The
following conditions are necessary and sufficient for the system (M) to be
proper.

(c) rank [B, LB, L"- 1B] n.
(d) There is no eigenvalue v of Lr satisfying (vBu) <= 0 for all u Q. The

parentheses denote the scalar product in
The following slightly more general result is recently given by Brammer

I10] under the assumption that the origin is a boundary point of Q.
THEOREM (Brammer). The control system

x Lx + q(t), qeQ c

where L is constant, is proper if and only if there is no cyclic subspace of Lr which
contains a relatively open cone of exterior normals to Q.

The phrase relatively open means that the cone Q is open in the subspace
topology of the cyclic linear subspace. By a cyclic subspace of a matrix A we
mean a subspace generated by a single vector v under the action of A (i.e., the
subspace spanned by the vectors V, Av, ..., A"-Iv).

3.-Preliminary results. We require three preliminary results contained in
Lemma and Propositions and 2 below for the proof of Theorem 1. Both of
these results are refinements of [1 ].

LEMMA 1. Let g:R x R" x Rm-- R be a function such that g(t,x, u) and
8gJcxj, <= i,j n, are continuous in (t, x, u). Suppose there is a constant M such
that -o < M, and the characteristic roots of the matrix

satisfy

V < M, k-- 1,2,...,n, for someu*
uniformly in x and >__ to. Then the scalar product G defined by

G (g(t" x + h, u*(t)) g(t’x, u*(t)), h)

satisfies
(3.2) G M h 2 for all to.

Proof. Define by D the n x n matrix dij where

8gi
(3.3) d,j -x.i(t" x + O,h, u(t))

and 0i- Oi(x, t) satisfies 0 < 0i < 1. Then the mean value theorem yields the
identity

6 =_ (Dh, h) (D’h, h)
for all x, u, h and t, where D* is the symmetric n x n matrix 1/2(dij + dj) and do
is given in (3.3). Because D* is symmetric

(D’h, h) <= M(h, h) MIIh 2,
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_>_ to, and this is our lemma.
PROPOSITION 1. Suppose/n (1.1) assumption (i) of Theorem holds. Then every

solution of (1.1) satisfies

(3.4) x p e -(1/2)(06/)t D1 + D2 f(z" O, u*(T)) p e(1/2)(ph/a)r" dz

for all >= o where D1 Dl(6, to,A,x(to)) > 0 and D2 Dz(6, A > 0 are con-
stants depending only on the arguments shown’(2 is the largest eigenvalue of A
and p is any constant in the range <= p <= 2.

Proof. Let x x(t) be any solution of(1.1), and V(t) be a function defined by

V(t) (Ax(t), x(t)),

where A is the matrix defined in Theorem 1. Recall that A was required to be
symmetric and positive definite, so that

(2 X(t) 2 V(t) (2’ x(t)ll 2

for all t, where (2 > 0, (2’ > 0 are the greatest and least eigenvalues of A. Now A
symmetric implies that

(3.6)

dV

2 dt
(A f(t’x, u*(t)), x)

(A f(t" x, u*) A f(t" O, u*), x) + (A f(t" O, u*), x)

U I-qI- U2

Utilizing the lemma we deduce that

U --( x 2 (t to)

<= ,/ v(t)

by (3.5). To estimate U2 we appeal to Cauchy’s inequality to obtain

lUll <= a IIf(t" O, u*(t))ll IIxll
<=i,j<_n

1/2

{ <_i,<_,ai} f(t’O,u*(t) (V/(2’) /2,

by (3.5). Now substitute these estimates into (3.6)" then

(3.7) dV/dt <= -2boY + C f(t’O,u*(t)llV /2

for all >= to, where 6o 1/26/(2 and C3 with 0 < C3 < oo is a constant depending
only on A. The inequality (3.7) plays a crucial role in what follows.

Now let us recast (3.7) as follows"

(3.8) dV/dt -+- aoV -(ov + C311f(t" O, u*(t)llV 1/2

If p is any constant such that =< p __< 2, set

(3.9) fl 1/2p"
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then 0 =< =< 1/2 and

where

(3.10)

dV/dt + (5oV <= VaU,

U Vtl/2-B){C3llf(t" O, u*(t))ll 6oV1/2}

for all => to.
Next, set (1 //)60 and multiply the inequality (3.12) by e’ rearrange

to obtain

d
d--t

v(’ eC,} <- (1 fl)C4 f(t" O, u*) e’
On integrating both sides of this on the interval [to, T] we deduce

{V(T)}- e-r et[V(to)J(l-)+ (1 fl)C []f(t’O,u*(t))] edt

When we insert the values

into this and use (3.5) the result (3.4) is immediate. The proposition is proved.
PROPOSITION 2. Suppose all the conditions of Proposition hold" and further

there are constants r > 0 and p, p 2, such that

(3.13) f(z" 0, u*(z))l o dz 0 as

From (3.8’) and (3.10), it is almost immediate that

(3.11) U <= Cllf(t" O, u*(t)1

for all t, where C4 C4(C3,60) > 0 is a constant.
Indeed, if for example

C If(t" O, u*(t)ll =< 60 V1/2
then (3.10) yields U =< O, which is included in (3.11). On the other hand if

C 3 f(t; O, u*(t))ll > 6o Va/2,
then (3.10) gives

U < V(I/2-t)C [[f(t’O u*(t))

< [{C3 f(t, O, u*(t)) /60}211/2-)C3 f(t’O,

C620a-111f(t O, u*) o

i.-,p 2fl-by (3.9). Set C4 ,3,o to obtain (3.11). Since (3.11) holds for all t, substitute
this in (3.8’) to obtain

(3.12) dV/dt + boY <= C4V f(t’O, u*)[I p
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Then every solution of(1.1) satisfies

(3.14) x(t)

Proof. First we shall show that every solution x(t) of (1.1) satisfies

ft(3.15) sup M011 < Do sup f(r" 0, u*(z)) ’ dr
t>=to t>=to

provided the latter supremum is finite. With (3.1), (3.14) follows from (3.13).
The verification of(3.15)is similar to the technique in 11 except for numerous

but minor changes. It is being reproduced here for ease of presentation. Assume
the hypothesis of Proposition 1. Suppose r > 0 and p, =< =< :2, are such that

+

(3.16) (I)o sup f(r" 0, u*(r))
t>__to

If x(t) is a solution of (1.1), then by (3.4)

(3.17) IIx(t) " < e- tD1+ D2 f(t 0 u*(z))llPe (t-) dr

for all _>_ to, where 2 1/2p6-1. For of all >= to suppose m is the nonnegative
greatest integer not exceeding (t to)r-1, that is m [(t to)r-1]. In the inte-
gration at the left-hand side of (3.17) split the interval (to, t) into the following
subintervals"

(to ,t- mr),(t- mr, t-(m- 1)r),...,(t- r- 1,t- r),(t- r,t).

It is clear that for >= o,

f(z" 0, u*(z)) p e dr + f(z" 0, u*)[o e dr,
".’t-jr

<= eX(t- jr) 0

by (3.16). Therefore,

f(r" 0, u*(r)) o e- a"-) dr __< e- xjr o.
j=

When we combine this with (3.17) we deduce that

(3 18) x(t) o < e-ZtD + D2(1 e at)-1o > to.
Next we observe that

(3.19) sup x(t)
t>=to

Suppose on the contrary that

sup x(t)
t>=to

t, _<_ 2D2( e,-Z)-o"

P > 2D2(1 e-,r)- 1(I)o
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then there exists a sequence

o < < 2 < < <

such that t, oc as n , and such that

x(t,) o> 3D2{2( e-r)}-l(i)o, n 1,2,

But (3.18) would imply that

3D2{2(1 e-ar)}-l(I)o < e-t"D + D2(1 e-’)-lo, n 1,2, ...,
and on letting n

302{2(1 e-Z)}-l.0 =< O2(1 e-)-1Oo
which is a contradiction. The inequality (3.19) is now established. In (3.19) let
2 1/2p6-1" then

(1 e-)-I __< {1 -exp(-1/Zr6

for all p; __< p < 2. From (3.19) it is clear that

sup x(t)I =< D3Oo,

where D D3(r c3, A) > 0. This verifies (3.15) and thus (3.14).

4. Proofs of theorems. Assume all the conditions of Theorem 1. Then by
Proposition 2 every solution x(t) of (1.1) satisfies

X(I)-’-’ X 0 ast - .The theorem is proved, and as a consequence, there is a finite time T such that
every solution x(t) with X(to)= Xo has x(T) in an open neighborhood of the
origin.

Proof of Theorem 2. The proof of Theorem 2 is an immediate consequence
of the main Theorem in [5] The reachable set of(1.1)contains a neighborhood of
0 whenever the reachable set of (2.4) contains a neighborhood of 0. But this is
equivalent to (2.4) being proper [2, p. 78].

Proof of Theorem 3. From Theorem there is a finite time T such that every
solution x(t) with X(to) Xo has x(T) in an arbitrary open neighborhood of the
origin. Since (1.1) is locally contrdllable the point x(T) is indeed brought to the
origin in finite time.

5. Example. Consider the model of a mass spring system

5i + a2 + bx g(u),

where

a > O, b> O, u’R--cRadmissible, g’R--,R with

(5.2) fog(0) 0, g(-b) < 0 < g(b), g(u(r)) dr < .
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Let x (x1, x2) where x x, 9(; 2 2, SO the mass spring equation becomes

(5.3) i f(x, u).
2 bx ax2 + g(u)

Hence

Then

E=/(t)
b

f(0, f) {0} x g(f).

We may write (2.4) as follows:

(5.4) Lx + BV,

where B [011 and Ve K(g(f)) c R.

We calculate the controllability matrix

and note that

(5.5) rank [B, LB] 2.

Assume that f {- b, 0, b} for some b > 0. Then from (5.2), K(g(f)) R. From
(5.5) it follows that (5.4) is proper. Hence Theorem 2 gives that (5.1) is locally
controllable.

Let A I and then J and 1/2(J + jr) has its characteristic
-b

values strictly negative. From (5.2), (2.2) is satisfied; thus Theorem holds for
(5.1). It follows that the system (5.1) is globally stable in finite time.

Acknowledgments. The author is very grateful to Professor O. Hajek and
Professor J. A. Yorke for their valuable criticisms of this paper.
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SOME NEW ANALYTIC AND COMPUTATIONAL RESULTS
FOR OPERATOR RICCATI EQUATIONS*

J. CASTI? AND L. LJUNG$

Abstract. The operator Riccati equation associated with a distributed parameter qua’dratic
cost-linear dynamics control process is considered.

Making use of ideas from transport theory, a derivation of a generalized version of the X-Y
functions of radiative transfer is given, and it is seen that, under commonly occurring conditions, the
new equations may be easier to numerically resolve than the original Riccati equation. In particular,
the new equations express directly the optimal gain function. The analytic results are illustrated by a

numerical example of heat regulation on a rod.

1. Introduction. One of the foremost topics of contemporary interest in the
control theory community is the study of systems governed by functional or
partial differential equations--the so-called distributed parameter control prob-
lems. These problems arise in a number of diverse areas ranging from the flow
of non-Newtonian fluids and problems in plasticity [23 to the study of chemical
reactions occurring in the body [3].

Despite their obvious importance in practical physical systems, the systematic
mathematical study of distributed parameter problems is of very recent origin,
essentially dating from the late 1960’s with the work by J. L. Lions and his col-
leagues [43-[63. Since that time, a large number of research articles have appeared
detailing various aspects of distributed parameter problems, both from a
theoretical and a computational point of view. A representative bibliography of
this work may be found in I7].

The literature on distributed parameter problems seems to support the tlesis
that the major stumbling block between theoretical results and their application
to practical problems is a computational one. There appear to be no fundamentally
new mathematical concepts necessary to formally transfer most of the standard
control-theoretic results such as the Pontryagin maximum principle, Bellman’s
principle of optimality, Lagrange multipliers, etc., to the infinite-dimen.sional
setting. Of course, several technical hurdles need to be overcome to rigorously
justify such a transfer, but they seem to involve work more in the line of attention
to details and mathematical virtuosity than upon new foundational results.
However, the infinite-dimensionality of the state space of such control processes
has made the practical implementation of the theoretical results rather limited
since, generally speaking, the equations which must be numerically resolved are
finite systems of partial differential equations or infinite systems of ordinary
differential equations of boundary value type. Needless to say, this is already a
formidable part of numerical analysis, and no routine methods analogous to the
integration schemes for ordinary differential equations exist.
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Our objective in this paper is to single out a particular type of problem--the
linear regulator problem--and to show how some recent results obtained in
another context I8]-[10] can be utilized to effect a significant reduction in the
computational effort required to obtain the optimal control. It is well known
that all of the essential information about the linear regulator problem is carried
in an operator Riccati equation which, in the classical finite-dimensional setting,
reduces to a matrix Riccati equation that may be readily handled by standard
computational techniques. However, in the infinite-dimensional setting, treatment
of the relevant operator Riccati equation requires various approximation and
truncation techniques which take its solution outside the bounds of routine com-
putation. We shall show that under very reasonable assumptions, the solution of
the appropriate operator Riccati equation may be replaced by the solution of a
pair of lower-dimensional operator equations and that the solution to the original
Riccati equation may be expressed as an algebraic combination of these lower-
dimensional operators. More importantly, it will be seen that the original operator
Riccati equation need never have been introduced! It suffices to consider only
the new operators which, following terminology introduced in transport theory,
we call the "generalized X and Y" operators.

The paper is divided into six sections. Section 2 briefly reviews the standard
linear regulator problem in its infinite-dimensional setting and introduces the
Riccati equation formulation for the optimal control law. In {} 3 we present our
main theorem detailing the new operator equation satisfied by the X-Y operators
and its connection with the traditional Riccati equation. A numerical example
illustrating the computational efficacy of the new equations is given in 4. The
example involves the classical heat equation, so that we may easily compare our
approach with other analytical and computational studies. Following the ex-
ample, in 5 we discuss the implications of our results for infinite-dimensional
linear filtering and the relevance of our basic assumptions in this context. Finally,
{} 6 presents several areas which we feel merit further study, such as the infinite
interval problem, computational refinements, and so forth.

2. The linear regulator problem. To describe the infinite-dimensional regulator
problem, we shall make the following definitions:

DEVINTXON 1. L2[0, T;E] the set of all functions f defined on 0, T] with
values in a Hilbert space E such that j.r f(t) 12 dt <0

DEFINITION 2. W[0, T] {f:f L2[0, T; V], df/dt L2[0, T; V’J}.
We assume that Hilbert spaces V and H are given with V* the dual of V.

Further, let V c H and let the injection of V into H be continuous, with V being
dense in H. Introduce also two separable Hilbert spaces E and F. Let 5a(H1, H2)
denote the set of linear maps from H to H2. Consider the evolution equation

d
(1) d--:Y(t) + Ay(t) f(t) + By(t), z(t) Cy(t),

with initial condition

(2) y(0) Yo, Yo H.
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Suppose that

d
V* (V, V*), f(t)e V*y(t) e V, y(t) e A e

v(t) E, z(t) e F, B e q(E, V*), C 6 _q(V, F).

All functions are square integrable over the time interval [0, T].
It may be shown [5] that, under certain regularity conditions on A, (1) has a

unique solution in W[0, T] which is continuously dependent upon the data of
the problem, f, v and Yo.

With the above existence result at our disposal, we formulate the optimal
control problem as that of minimizing the cost function

(3) J(v) z(t) a
F dt + (Nv(t), v(t)) dr,

where N e (E, E) with (Nv, v) > 0, and where z(t) satisfies (1) for a given v.
Letting A, Av denote the canonical isomorphisms of E onto E* and F onto

F*, respectively, it can be shown that there exists a unique u e U minimizing J
characterized by

(4) u(t) N- 1A-B*p(t),

where the element p e L2[0, T; V] satisfies the boundary value problem

dy(t)
(5)

at

dp(t)
(6)

dt

Set

+ Ay(t) f(t) BN- ’A 1B*p(t),

---+ A*p(t) C*AvCy(t), p(T) O.

y(0) yo,

Since the representation (4) shows that the costate p is of primary importance,
we may use the linearity of (5)-(6) to write

(7) p(t) P(t)y(t) + r(t),

where P and r satisfy the equations [5] :1

P e q(H, H),
In [5], the additional assumption B (E,H) is made. This assumption, however, is said

probably not to be necessary.

(6’) ____p,t__Ad]( + A*p(t) D2Y(t O, p(T) O.
dt

D1 BN- A{ 1B, and D2 C*AFC.
Clearly, D e (V, V*), D2 e 5(V, V*), D D’ and D2 D. Then the system
(5)-(6) has the form

(5’)
dy(t)

d---t- + Ay(t) + D ,p(t) f(t), y(O) Yo,
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(9)

dP

dt
---+ PA + A*P + PD,P D2,

dr
dt

---+ A*r + PDr Pf,

(1 O) P(T) O, r(T) O.

Remark. The operator equation (8) should be interpreted as (-dP/dt + PA
+ A*P + PD1P)r/ D2r/for all r/e domain of A.

Hence, we see that P(t) satisfies a nonlinear partial differential equation of
Riccati type which essentially carries all the information necessary to completely
resolve the regulator problem.

With separability assumptions on V and H, the Riccati equation (8) may be
thought of as a matrix differential equation with a countably infinite number of
rows and columns. Of course, to numerically resolve such a problem requires
some type of closure or truncation technique. In the next section we shall exhibit
new equations which, under certain finiteness assumptions on E and F, insure
that the doubly infinite Riccati matrix equation (8) may be represented by an
algebraic combination of simpler functions which can be computed by standard
algorithms. In fact, it will be shown that, in order to find the optimal control, the
Riccati function P may be dispensed with altogether!

In the following section, we shall have occasion to use the Schwartz kernel
theorem [11] to represent P(t) in the form

(P(t)dp)(x) fn p(x, , t)ck(O d

for all q5 e D(f), where f is the spatial region of our problem and P(x, , t) is the
unique distribution on fx x fe. defined by P(t).

Consider the case with zero boundary conditions in (1), and suppose that
E and F are finite-dimensional. Let the column vector functions b(x) and c(x) be
the kernels of B and C, respectively. Then the kernel p(x, , t) satisfies the equation

(11)

--p(x, , t) + (A*x + A.)p(x, , t)

p(x , t)bW([)N 1b(2)P([2, , t)dl d2 cT(x)C(),

with

p(x, , t) p(, x, t),

p(x,,t)=O iff, xf,

p(x, , T) O.

We note that D(f) is the space of infinitely differentiable functions in f with com-
pact support in fL endowed with the inductive limit topology of Schwartz.
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3. New representation of optimal control. In case there is no forcing term
f(t) in (1), the optimal input u(t) is obtained as pure state feedback"

u(t) N- l(t)A 1B*(t)P(t)y(t).

Denote the feedback operator by K(t)"

u(t) -K(t)y(t).

Using the same technique as in [8]-[10], it will now be shown that we can directly
solve for the operator K(t). Thus it is not necessary to first solve the Riccati
equation (8). The possibility of extending the results to the infinite-dimensional
problems is pointed out by Kailath in [10.

THEOREM. The optimal.feedback operator K(t) is obtained as the solution of 2

d
(12a) d-K(t) N- 1A- ’B*L*(t)AFL(t),

d
(12b) dL(t) L(t)A + L(t)BK(t),

where K(t)(V*,E), L(t)L(V*,F) and K(T)= O, L(T)--C. The operator
P(t) is found as the solution of

(12c) n(t)A + A*n(t)= -K*(t)K(t) + C’ArC L*(t)AFL(t).

Proof. Since A is time-invariant, it is possible to choose the element r/time-
invariant [5]. Therefore, differentiation of (8) with respect to gives

(13) (-Pn + A*Pt + PtA + PtBN-1A ’u*n + PBN-’A-IB*Pt)rl O.

From (8) we also obtain

(14) P(T)r/ -C*AFC,.
Now consider (13) as a differential equation for P with initial condition (14).
We will show that the solution to this linear equation can be written Pt(t)

-L*(t)AvL(t), where L(t)e(H,F) and satisfies (12b). Equation (14) is then
trivially satisfied. The left member of(13) is

(-L*AFL- L*AFL + A*L*AFL* + L*AFLA + L*AFLBK + K*B*L*AFL)

L*Av(-L + LA* + LBK)r + (-L, + LA + LBK)*AvLrl,

which is zero according to (12b). Thus, Pt(t) can be written as above, and (12a)
now follows from the definition of K(t). Equation (12c) is a rewrite of (8). This
concludes the proof.

The operators K(t) and L(t) correspond to the generalized X- and Y-functions
discussed in [10] and [9].

A common situation in practice is that the spaces E and F are finite-
dimensional. This means that there are only a finite number of observations and
control variables. In that case, the decomposition of the theorem considerably

For interpretation, of the operator identities (12a), (12b), (12c), see the remark of previous
section.
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reduces the complexity of the problem. A similar reduction for the finite-
dimensional approximation of the Riccati equation is given in [15] in the special
case when A is diagonal. The kernel k(t, x) of the operator K(t) is then an m 1-
dimensional vector, where rn is the number of control variables. The kernel
l(t, x) of the operator L(t) is in the same way an mz-dimensional vector, m2 being
the number of components in z(t). The kernels are the solution of

C3k(t,x) IfN-Ib()l(t,)dllT(t,x),ct

--ctc31(t’x) A*l(t,x)+kr(t, x)[f b()l(t, )dJ
k(T, x) O, I(T, x) c(x).

The boundary conditions on cfl are the same as those of the state equation. The
functions b(x) and c(x) are defined from the operators B and C by

(Bu(t))(x) bW(x)u(t),

The optimal control is calculated as

cy(t) f c()y(t, ) d.

u(t) fa k(t, x)y(t, x) dx.

These equations should be compared with (11) for the kernel P(t, x, ). A sig-
nificant simplification has been achieved by applying the theorem.

If the forcing term f(t) in (1) is not zero, (9) must also be solved for r(t) in
order to obtain the optimal control (4) from (7). The operator P(t)D can be
expressed in terms of K(t), and P(t)f(t) can be found as follows, without solving
for P(t). Suppose f(t)= Ow(t), where De 5(G, V*). Then the operator /(t)

P(t)D can be found as the solution of

d g(t) L*(t)AvL(t)D, g(T) O,
dt

and the right-hand side of (9)is then expressed as g(t)w(t).
If G is finite-dimensional, say of dimension m3, consequently the optimal

control problem can be solved from m + m2 + m3 partial differential equations
in one space variable, instead of from the operator Riccati equation (11), which is
a partial differential equation in two space variables.

4. A ntmerieal example. The heat equation for a one-dimensional heat
diffusion process will be used to show the applicability of the theorem.

Consider a heat rod of length A with diffusion constant . Its endpoints are
kept at (say) zero temperature. The temperature at distance x from the endpoint
at time is denoted by y(t, x). The control variable v(t) is the heat flow at the
midpoint of the rod. Then

c3:y(t, x) tc-y(t,ox_ x) + 6(x A/2). v(t)
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In the terminology of 2, the spaces are

H {y(x), 0 <= x <= AIy L2[0, A;R3, y(O) O, y(A) 0},
V {y(x), 0 <= x <= AIy H, y’ L2[0, A;R]} no(O, A).

Obviously E F R.
Let the observation be the average temperature over certain intervals of the

heat rod"

z(t) y(t, x)c(x) dx.

The control variable v(t) shall be chosen to minimize

J (z(tl + v(t)l dr.

According to the theorem, the optimal control u(t) is given by

u(t) k(t, x)y(t, x) dx,

where k(t, x) is the solution of

(15)

k(t, x) -l(t, A/2)l(t, x),

2
c3k

l(t, x) tCx2 l(t, x) + l(t, A/2)k(t, x),

k(t, O) k(t, A)= l(t, O)= l(t, A) O,

k(T, x) O, l( T, x) c(x)

It is an easy task to solve (15) numerically. In the present paper we will not
elaborate on various methods. Here the solution of (15) is readily obtained using
a simple difference approximation method. The results for some different choices
of c(x) are shown in Fig. 1.

5. The filtering problem. Consider the system

(16)

d
d--TY(t + Ay(t)= By(t) + (t),

z(t) Cy(t) + rl(t),

with spaces and operators as in 2. The variables (t) and rl(t) are noise acting on
the state and measurement variables, respectively.

The filtering problem, i.e., obtaining the minimum variance estimate of the
state vector y(t) from measurements z(s), has been considered by Bensoussan
[12]. He is able to show that a well-posed filtering problem is, in fact, dual to the
optimal control problem. The optimal feedback operator corresponds to the
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optimal filter gain. Thus the operator Riccati equation is also of fundamental
importance in filtering theory, and our theorem applies without change.

k(T-s, x)

0

(a)

k(T-s,x)

0 (b) /.,5

FG. 1. Optimal feedback kernel k(t,x) for a heat rod of length 45.0 cm and with 1.16 cm2/sec.
denotes the time T t. In Fig. (a) the observation is the average temperature over the indicated interval.

In Fig. l(b) the observation is the temperature in the point a 45/4 cm.

The case E and F being finite-dimensional for the regulator problem, cor-
responds to the case when the measurement z(t) is a finite-dimensional vector
and the system noise (t) is finitely generated, i.e., ((t) O(t)((t), with ((t) finite-
dimensional. Consequently, for this case the theorem implies considerable
simplification.

It is very reasonable to assume finite-dimensional observations. The case
with finitely generated system noise deserves some discussion.

If the state representation has a physical interpretation which we want to
retain when filtering, then the question of how the noise is generated must be
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answered by physical considerations. In many cases, however, in applying the
separation principle, the estimated state vector is used for feedback purposes.
Then the state representation is used only as an intermediate stage in computing
the input from the output. Without affecting the input-output relation, the system
noise (t)can then be replaced by an equivalent noise D(t)(t), where (t) has the
same dimension as the output. For the finite-dimensional case see, e.g., [13,
Chap. 6].

The following very general situation is treated in [14]. Consider a system
with finite-dimensional input v(t) and finite-dimensional output z(t), which are
related as follows"

z(t) y(t) + 2(t), y(t) B(t s)v(s) ds + F(t s)(l(s) ds,

where (i, 1, 2, is white Gaussian noise.
The input v(t) shall be determined from feedback control based on y(s),

0 =< s __< t, so as to minimize

J E(Qy(t), y(t))dt + E(v(t), v(t)) dt,

where E denotes mathematical expectation.
This formulation covers most practical situations. In [14], it is shown that

the solution is essentially obtained from two Riccati equations, one for the
filtering problem and one for the deterministic optimal control problem. Both
equations have a structure that allows reduction to finite-dimensional expressions
as in 3.

6. Discussion and remarks. The foregoing results raise many additional
questions meriting further investigation. In this section, we shall mention just a
few of the numerous possibilities that seem promising. Some of these areas have
already been treated in the finite-dimensional situation [10], while others are
peculiar to the infinite-dimensional case. Extensions to boundary control prob-
lems are treated in [16].

Of basic importance in many investigations is the question of steady state
behavior, i.e., the limiting behavior of u(t), y(t) as . It is an interesting prob-
lem to consider different possibilities to calculate K lim K(t) either from the
algebraic Riccati equation or from the reduced equations (12).

Another point worth noting is that we have assumed that the terminal cost
of the optimization problem is zero. This means that P(T) 0. It does not seem
to be possible to generalize the results to completely arbitrary initial conditions.
However, if the terminal cost is of the form (Qoz(T), z(T))r, i.e., that only the
output vector is penalized, then the results can be generalized by letting the
operator L(t) belong to (V*, F x F). Notice also that in the event dim F o,
we may still obtain lower dimensional operators if P(T) is chosen properly. This
means that by adding an appropriate terminal cost, the case dim F o may
still be handled by the above methods.

Another item worthy of serious future investigation is the problem of com-
putational methods for solving the X-Y equations. In our example, we have
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chosen a very simple and classical differencing scheme. However, it is rather clear
that the central importance of the X-Y operators to many areas demands that
special integration schemes be developed, taking account of the particular type
of quadratic nonlinearity exhibited by these equations.

All of these topics are under current study and will be reported in forthcoming
papers.

Acknowledgment. The authors wish to thank professor K. J. Astr6m, who
suggested the possibility of reduction for the operator Riccati equation.
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BILINEAR AND NONLINEAR REALIZATIONS
OF INPUT-OUTPUT MAPS*

ARTHUR J. KRENERt

Abstract. Given a nonlinear realization of an input-output map, sufficient conditions are given
for the existence of an equivalent bilinear realization for small t. It is also shown that every nonlinear
realization can be approximated by a bilinear realization, with an error that grows like an arbitrary
power of t.

1. Introduction. In recent years there has been considerable interest in
bilinear control systems. This interest can be attributed to the fact that this class of
systems is general enough to model many physical and biological processes and
at the same time, it is specific enough to support a rich mathematical structure
[13, [2, [3, [4]. We would like to propose another reason for considering such
systems, namely, that in a sense to be made precise later, every nonlinear system
with control entering linearly is locally almost bilinear.

Given an input-output map, u(t) w(t), a bilinear realization of this is

(t)-- Ao -+- 2 ui(t)Ai x(t),
i=1

(.) w(t) Cx(t),

x(O) x, u(t) e

where x (x1, Xm) W--(W1, Wl). Ao,"" A are m x m matrices, C
is an x m matrix and u(t) (ul(t),.’., uh(t)) is a measurable control with values
in f {u: lugl _-< 1, 1, "", h}. The differential equation and map x w are
called the dynamics and the output map of the realization and in this case are
bilinear and linear respectively.

A nonlinear realization of an input-output map, u(t)- z(t), is

.9(t) bo(y) + ui(t)bi(y),
i=1

(1.2) z(t) f(y(t)),

y(O) yo, u(t) e n,
where y (Y1,’", Yn), Z--(Z1,’’’, Zl) bo(Y),’", bh(y are C n-dimensional
vector fields,f is a C N-valued function and u(t) (ul(t),..., u,(t)) a measurable
control with values in f {u: lugl =< 1, 1, "", h}. Here both the dynamics and
output map, z f(y), are nonlinear.

In Theorem 1, a necessary and sufficient condition is given for there to exist a
change of state which bilinearizes the dynamics of (1.2) for small t. As a corollary
using a technique of Brockett, we obtain sufficient conditions for the existence of a

Received by the editors March 7, 1974, and in revised form June 17, 1974.

" Department of Mathematics, University of California-Davis, Davis, California 95616.

827



828 ARTHUR J. KRENER

bilinear realization, (1.1), such that every input, u(t), gives the same output,
w(t) z(t), for small t.

Theorem 2 shows that for any integer, p >= 0, there exists a system with bilinear
dynamics which approximates the dynamics of(1.2) with error O(t"+ ). As a corol-
lary there exists for every nonlinear realization, (1.2), a bilinear realization, (1.1),
such that every input gives approximately the same output, w(t) z(t) + O(t"+ 1),
for small t.

2. Preliminaries. Instead of considering (1.1), it is useful to consider the
matrix bilinear system

2(t)= Ao + _, uiA X(t),
i=1

(2.1) W(t)- CX(t),

X(O) I, u(t)

where X(t) takes values in the group, Gl(m, ), of all invertible m x m matrices.
Each column ofthe matrix equation (2.1) is a system of the form (1.1). Therefore

instead of considering the problems of replacing or approximating (1.2) by (1.1),
we study the equivalent problem of replacing or approximating (1.2) by (2.1).

The advantage of considering (2.1) over (1.1) is that Gl(m, ) is a Lie group and
each Aj defines a right invariant vector field, AjX, on this group, hence a member of
the associated Lie algebra, gl(m, ), of all m x m real matrices. This algebra is
finite-dimensional over the field, R, and the multiplication is defined by the Lie
bracket

[Ai, Aj] AA AiAj.

This is a noncommutative and nonassociative operation which instead satisfies
the skew-symmetry and Jacobi relations,

[Ai, Aj] [Aj, Ai],

and

[A,[Aj, AkJ [[A,, Aj]Ak] + [Aj[A,, Ak]].

For further discussion of Lie groups and algebras we refer the reader to [5], [6], [7].
There is a unique subalgebra, g, of gl(m, ) generated by {A0, ".., Ah} under

bracketing and corresponding to this is a closed Lie subgroup, G, of Gl(m, R).
This subgroup is the set of all products of the form

exp (ti,Ai,) exp (tikAik)
for all k >_ 0 and tij e R, [8]. Another characterization of G is that it is the set of all
accessible matrices of

)(t) (i:o ui(t)Ai)X(t)’
X(0) I, [ui[ _-< 1, 0,’", h.

This follows from the theorem of Chow [9].
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The dimension of G as a submanifold of Gl(m, R) is precisely the dimension of
the Lie subalgebra, g. Furthermore, it has been shown [10], 11] that the set of
accessible matrices of (2.1) is a subset of G with nonempty interior in the relative
topology of G, hence G is the smallest subgroup of Gl(m, [) containing all accessible
matrices of (2.1). For this reason G is said to carry (2.1).

The corresponding situation for (1.2) is more complicated because of the
nonlinearity. We restrict our discussion of this system to some neighborhood,, of y0 in [". If bz(y), bj(y) are C-vector fields defined on /7, then the Lie bracket,
[bi, b.i](y), is another Coo-vector field defined on f by

cb cb
bz, bj](y) (y)bz(y) -y (y)bj(y).

Once again the skew symmetry and Jacobi relations hold.
The set, V(), of all C-vector fields on becomes a Lie algebra over [

with this definition, however it, in general, is infinite-dimensional. Let W(U)
denote the smallest subalgebra of V(Y) containing {b0, bh}. In many cases,
but not in general, there is a submanifold of Y corresponding to W(U), and
containing yO. To be more precise, let W(y) be the linear subspace of R" formed by
evaluating the vector fields of W(g) at y. A submanifold A, of is an integral
manifold of W() if for every y A,, W(y) is precisely the tangent space to at y.
We define the rank of W(Y/) at y to be the dimension of W(y). Then there exists an
integral manifold of W() containing yO if the rank of W(Y) is constant
(Frobenius) 12] or if bo(y), ..., bh(y) are analytic [13]. Other sufficient conditions
are found in [12] and [14].

Henceforth we shall assume that A, exists, the dimension of is the same
as the rank of W(Y/) at yO and by Chow’s theorem, is the set of all points in A/
accessible from y0 under the system

.9(t) u,(t)bz(y),
i=0

y(O) yO, lu,I 1, i-- O, ..., h.

The set of all points in A’ accessible from yO by (1.2) is again a subset of A, with
nonempty relative interior [10], so A is said to locally carry (1.2).

3. Bilinearization. The problem of replacing a nonlinear realization by a
bilinear one can be broken into two parts. The first is: when does there exist a
change of state which linearizes the vector fields bo(y), bh(y), resulting in a
system with bilinear dynamics and nonlinear output map? The second is: given a
realization of this hybrid type, when can it be converted into a bilinear realization ?

As for the first question, Guillemin and Sternberg [15] have shown that a
family of vector fields, b0(y), ..., bh(y), can be converted to linear vector fields,
Aox ..., Ahx, by a change of coordinates, x x(y), in some neighborhood of
yO if the vector fields are analytic, all vanish at yO and generate a finite-dimensional
semisimple Lie algebra. Hermann [163 gave a formal power series construction of
the change of coordinates. However, these results are not directly applicable to
our questions, since if all the vector fields vanish at yo, then the system, (1.2), is
trivial.
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Asking for a change of coordinates to linearize the vector fields in some
neighborhood of y0 is actually too restrictive for our purposes, Assuming (1.2) is
carried locally by, what we would like is a system (2.1) carried by G, a neighbor-
hood, /, of I in G and a differentiable map 2:/ A which preserves solutions,
that is, 2(X(t)) y(t) for each u(t). The map need not be a local diffeomorphism from
//onto .A/’, for the dimension of ./ could be greater than that of Y; however, it
should be onto since f carries (1.2). Hartman dealt with a similar question in
studying the structural stability of a single vector field about a critical point [21

If such a 2 exists, then its differential, ., is a Lie algebra homomorphism from
the Lie algebra, g, generated by Ao, ..., A onto the Lie algebra, W(4/), generated
by b0, ..., bh restricted to . Therefore a necessary condition for 2 to exist is
that W(t/) be a finite-dimensional Lie algebra. This also turns out to be sufficient
and we have the following theorem.

THEOREM 1. Suppose that bo(y), ’’’, b(y) of(1.2) are analytic and the system
is carried locally by U. There exists a system (2.1) carried locally by // in Gl(m,
and an analytic map 2:////--, .A/" preserving solutions if and only if the Lie algebra
generated by bo(y), bh(y is finite-dimensional when restricted to U.

Proof Assume W(/) is finite-dimensional. Then by Ado’s theorem [17] there
exists a Lie subalgebra, g, of gl(m, ) for some m and a Lie algebra isomorphism
o" W(V)--, g. Define a system with matrix bilinear dynamics, (2.1), by letting
A q)(b). Let e be the evaluation map, e" W(,/V) W(y), defined by e(c) c(y)
for c e W(V). Then the map e q- satisfies the following

l([Ail... [Ai,,_,, Aiv] l)= [bil... [biv_ bi,,] ](yO)

for any v and 0 N il, .--, =< h.
It follows from a theorem of the author [18] (generalized by Sussmann [19])

that there exist a neighborhood ///of I and a map 2 :///--, preserving solutions.
Q.E.D.

Remark 1. In general, the map 2 is locally a projection from // onto
However, if the evaluation map, e" W(,) W(y), is a vector space isomorphism,
then so is and the abovementioned theorem implies 2 is a local diffeomorphism.

Remark 2. A Lie algebra homomorphism p" W(A) gl(m, ) is called a
representation of W(.) and is said to be faithful if p is 1-1, and hence an iso-
morphism onto its range. If W() is of dimension m, then the adjoint representa-
tion, ad’W() gl(m, ), can always be constructed as follows. Choose a basis
d,-.., d,, for W(.W’), and for each c s W(.) let ad(c) be the matrix B
dfined by

i=1

The Jacobi relation implies this is a Lie algebra homomorphism.
The kernel of ad is the center of W(f), i.e., the set of all c such that [c, d] 0

for all d W(A/). If the center is empty, then ad is faithful and this representation
can be used in Theorem 1. If W(.A) is semisimple, then the center is empty.

Remark 3. If the center is not empty but is contained in the kernel of the
evaluation map, e, then the adjoint representation can still be used. In this case, is
constructed by the standard homomorphism theorem as illustrated in Fig. 1.
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w() e

ad(W())
__

gl(m,

FIG.

As for the second step in bilinearization, we have a theorem of Brockett
which states that every realization with bilinear dynamics and polynomial output
map is equivalent to a realization with bilinear dynamics and linear output map.
This results in the following.

COROLLARY 1. Given: any nonlinear realization (1.2) of the input-output,
u(t)- z(t), satisfying the hypothesis of Theorem 1. If the map f 2:X z is a
polynomial, then there exists a bilinear realization (1.2) of u(t) w(t) and a constant
T > 0 such that for any input, u(t), the corresponding outputs satisfy w(t) z(t)for

[0, T]. (Polynomial here means each component of z is a polynomial in the
components of X.)

4. Approximation of nonlinear systems by bilinear systems. If the Lie algebra,
W(Y), is not finite-dimensional, then Theorem does not hold; however, we can
ask whether (1.2) can be approximated by systems of type (2.1). To be more precise,
given (2.1)carried locally by/ and (1.2)carried locally by., a Coo-map 2 "# X
preserves solutions to order/u if there exists a T > 0 and K >- 0 such that for any
solution, X(t) and y(t), of (2.1) and (1.2) using the same control

I2(X(t))- y(t)[ Kt
for z [0, T].

THEOREM 2. Suppose that bo(y), ’’’, bh(Y) of (1.2) are C and the system is
carried locally by. Thenfor any lu >= 0 there exists a system (2.1) carried locally by
//in Gl(m, ) and a Coo-map 2"Mr/ preserving solutions to order

Proof An abstract Lie algebra, g, is a vector space over N with a multiplica-
tion which satisfies the skew symmetry and Jacobi relations. Suppose ao,’", a
are elements of g; then we call [ai,’" lair_,, aiv]... a bracket of order v of
ao, "’", ah. One way to construct an abstract Lie algebra, g, is to consider a0,

a to be elements of the algebra and linearly independent over . Then treat
all the brackets of these up to and including order v as new elements of g which
are linearly independent except for those relations implied by the skew symmetry
and Jacobi relations. All brackets of order greater than v are taken to be 0. The
result is a finite-dimensional Lie algebra which we shall call the canonical algebra

oforder v with h + generators.
By Ado’s theorem, this algebra is isomorphic to a subalgebra of gl(m,

which we also denote by g. Under this identification, each a becomes a m x m

matrix, Ai, and these are used to construct (2.1). We call the resulting system the
canonical system oforder la with h controls.

Next we define a linear map l’g --, " by setting

l([Ail’" [Ai,,_l, A,] ])= [bi,’" [b,,,_ ,, bi,,]"" ](yO).

It then follows from a theorem of the author [20] that there exists a neighborhood,
///, of I in the subgroup, G, of Gl(m, [) carrying (2.1), a neighborhood, 4, of yo in
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the submanifold carrying (1.2) and a C-map 2: A/ which preserves solutions
to order u. Q.E.D.

Remark 1. Once again , is locally a projection; however, it need not be onto
A/ unless the brackets of b 1, ".., b up to order/ span the tangent space to A/ at
y0. Of course if/is 1-1, then so is 2.

Remark 2. The adjoint representation of the canonical algebra of order #
is not a faithful representation because the center consists of all brackets of
ao, "", ah of order #. However, for precisely this reason, the adjoint representation
of the canonical algebra of order # + is isomorphic to the canonical algebra of
order # and can be used to construct (2.1).

Remark 3. Since the canonical algebra is nilpotent, the algebra generated by
Ao, ..., A will be nilpotent, and hence any matrix exponential solution of (2.1)
for piecewise constant u is a finite series with no terms of order greater than/.

Remark 4. The dimension of (2.1) is the dimension of the Lie algebra generated
by Ao, ..., A and not m or m2. The system (2.1) as constructed in the theorem
may not be of minimal dimension among bilinear systems which preserve solu-
tions of (1.2) to order/. A smaller system can be constructed as follows.

Since is only a linear map, the kernel of need not be an ideal of g. However,
it is a subalgebra of g because preserves brackets to order/, and all higher order
brackets are 0 in g. Let h denote the largest ideal of g contained in the kernel of I.
Then the nilpotent Lie algebra g/h can be used in place of g in the construction of
the theorem. There may also be Lie algebras of smaller dimension than g/h which
need not be nilpotent that can be used to construct (1.1), for example, if (1.2)
generates a finite-dimensional Lie algebra.

COROLLARY 2. Given any nonlinear realization, (1.2), of the input-output map,
u(t)-- z(t), and any integer # >= O, there exists a bilinear realization (1.1) of u(t)

w(t) and constants M and T > 0 such that for any input, u(t), the corresponding
outputs satisfy

Iw(t) z(t)l =< Mtu+l for e [0, T].

Proof Using Theorem 2, we construct a system with the matrix bilinear
dynamics and a map 2:# --. A/ which preserves solutions to order #. We define
a polynomial output map, , for this system by letting be the power series
expansion around I off 2 up to and including terms of order/. Using Brockett’s
technique 4], an equivalent system with bilinear dynamics and linear output map
can always be constructed, so all we need show is that our system with bilinear
dynamics and polynomial output map approximates (1.2) as required.

By passing to smaller neighborhoods if necessary, we can assume /1 and
are compact; then there exist constants K and K2 such that

If o(X)-k(x)l =<KllX-IIu+l for anyXe

If(Y 1) j(Y2)I -< KIy yl for any yl, y2 e 4r.

Let X(t) and y(t) be the solutions of our matrix bilinear system and (1.2) for
the same control lu(t)l. Then since preserves solution to order #, there exists a
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K3 and T > 0 such that for e [0, T],

t/+12(X(t))- y(t)l < K
By a standard argument there exists a constant, K4, such that for e [0, T],

Putting it all together, we have

IX(t)- II K4t.

Ib(X(t)) f(y(t))]- I(X(t))- f 2(X(t))l + If 2(X(t)) f(y(t))l

<= K, IX(t) II + / K212(X(t)) y(t)[
<=(KaK,+ + K2K3)t+ . Q.E.D.

Acknowledgment. I would like to thank Roger Brockett for suggesting this
problem to me.
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DIFFERENTIAL GAMES AND A NASH EQUILIBRIUM
SEARCHING ALGORITHM*

L. F. PAU$

Abstract. Nonlinear nonzero sum differential games with fixed playing time are considered.
They are transformed into a two-level hierarchical game, with a supremal referee optimizing an overall
objective function in order to improve the respect of the Nash playing rule. We propose an algorithm,
based on constraint coordination, in order to approximate open-loop Nash equilibrium controls. The
theory illustrating this algorithm is presented.

Introduction. In the present paper, we are concerned with N-player nonzero
sum differential games of fixed duration, in which mutual conflicting interests
will play a part as in real life problems; these games have been considered in
relation to optimal control theory, i.e., by Ho and Start [143, Berkovitz
Blaqui6re, G6rard and Leitmann 83. No coalitions are allowed here, and the
constraints on tle control vectors of the N players are assumed to be decentralized;
if this is not the case, Bensoussan [3], [4] explains how to use decomposition in
order to be in the former case.

The type of equilibrium controls studied here are conflicting Nash-Cournot
equilibriums, as investigated for example, by Case [10], Friedman [11], Telser [25].
In few words, the Nash control is the best control for each player if it is assumed
that all the other players are holding firm to their own Nash controls. The Nash
solution is therefore safe against any unilateral attempts to optimize by individual
players.

Considerable attention has always been given to the theoretical study of
differential games, but very little to the development of computational techniques
to solve such problems. As far as the author is aware even less literature may be
found about the computation of Nash equilibriums in nonlinear nonzero sum
differential games. All known references investigate open loop controls based
upon necessary Nash equilibrium conditions.

Simaan and Cruz [23] have improved the treatment of the Riccati equations
related to the classic linear-quadratic game. Quintana and Davison [22] have
investigated the Newton-Raphson method and a gradient optimization of the
Hamiltonian functions in a pursuit-evasion game with quadratic criterion. Non-
linear dynamics are introduced by Gourishankar and Salama [12] in a specific
two-player differential game of the minimax type. Holt and Mukundan [15]
describe an application of the "ping-pong" algorithm proposed by Advani and
Mukundan [2] to produce Nash solutions; it is based upon a perturbation of
necessary Nash equilibrium conditions, and on the computation of the optimal
controls for the individual players; a similar approach was suggested by Starr [24].

This report concentrates on some theoretical aspects of a Nash equilibrium
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searching algorithm (A). The equilibria are to be found within the functional
space F of piecewise continuous control functions on the fixed time-horizon
(0, T). It should be noticed that these Nash equilibrium controls in F are open-loop
controls, which do not depend on the state of the game. The differential game is
namely transformed into a hierarchical two-level game (see definitions in Jumarie
[17]), with a supremal referee administrating the Nash-Cournot playing rule.
The coordination strategy maximizing necessarily the satisfaction of this rule is
then computed, using constraint coordination with the optimal control problems
of the individual players. These problems are solved by means of the generalized
reduced gradient algorithm. The computation of open loop Nash equilibrium
controls is certainly quite complex, and in general it is surprising that one can
arrive at a solution at all in F. Such a solution would usually only be expected if the
state equations were separable and the criteria were concave (Varaiya [26]).
However, the (A) algorithm has successfully been applied to finding Nash equilib-
rium controls in a large dynamic macroeconomic model (Pau [20]).

Our problem is stated formally in 1, before explaining more precisely the
principles of the (A) algorithm in 2. A necessary Nash equilibrium condition is
stated in 3 in relation to an apparent overall objective function for the referee.
The coordination process and the decomposition of the optimal control problem
for the referee, are described in 4 and 5 respectively. The (A) algorithm is given
in 6, and 7 contains some elements about the numerical application [20].

1. Statement of the problem. In this section, we describe the notation and
the formulation which will be used throughout this paper.

Let there be an N-person nonzero sum differential game, with playersj 1, N,
having the state evolution equation (1.1) on the fixed time horizon (0, T), and with
a given initial state Z(O):

(1.1)

where:

dZ(t)/dt F(Z(t), U(. ), t) & {g(U(. ), Z(O), t),

z(t) (Xo(t), x(t)) +",
Xo(t (xOl(t),.-. XON(t)) EN,
x(t) = (x,(t), ..., x,(t)) z(O,
uj(.) /(.) Fj, j 1, N,

(. (u(.),..., u(. )) F,

.., g(U(. ), Z(O), t);A (X(t), U(. ), t),
.., f,(X(t), U(. ), t)},

FF1 x x F,

Ek: Euclidean real space of dimension k, E & El;
Fj: reflexive real functional Banach space on (0, T), which has the pre-Hilbertian

scalar product represented by (., )j" Fj x Fj E 1.
The corresponding norm "[Ij is supposed to be continuous on Fj; let
be the continuous norm in F induced by all norms [I" [[j, J 1, N, and
defining the topology in F;

Z(t): given compact subset of E", for any e (0, T), such that the complementary
set of Z(t) in E" is connex

Throughout, the notations j 1, N, j (1, N) and j 1, 2, ..., N are equivalent.
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X(t): is the state vector in E", for which we specify the state constraints X(t) for all
e (0, T); the initial state X(0) Z(0) is given; the target set is z(T);

Z(0): given (N + n)-dimensional vector, such that X(0) Z(0);
/j(. ): given closed compact, bounded subset of Fj, such that the complementary

set ofj(.) in Fj is connex, for anyj 1, ..., N;
uj(. ): is the control functional of the player j, j 1, N, defined at all instants

within the playing time: uj(. ): (0, T) E; uj(. is assumed to be piecewise
continuous on (0, T), and uj(t) is its value at time e (0, T); the control
constraints are obtained by specifying uj(t) l(t) for all (0, T),

ug(. ktj(" )<=>V (0, T)irg(uj(t), t) <= 0,

where r: E x (0, T) E- is a scalar continuous and differentiable function;
fk: are for all k(1, n) continuously differentiable functions: Z(’)x /1(’)

x /s(" x (0, T)-- E; these functions therefore fulfill the Lipschitz
condition; for given Z(0), and with the assumptions of this section, the state
X(t) computed from (1.1) is thus unique;

gj: are for all j l, N two-times continuous and differentiable functions for
all U(.)/I(.) x x /N(’), X(0)Z(0) and t(0, T); it is moreover
important to stress that gg will usually depend explicitly on the state X(t),

(0, T); since the state is unique for given X(0) and U(. ), we have preferred
to abbreviate the notation for

Accordingly, the functions fk, k l, n, and gg, j 1, N, will be respectively
once and twice continuously Frdchet differentiable with respect to the control
U(.) in the set tl(.) x x tN(.), for the topology on F1 x x Fu. These
properties are assumed to hold uniformly with respect to (0, T) and X(0) Z(0).

The N players want to minimize with respect to U(- their own terminal costs

Xoj(T), j 1, N, at time T, rewritten as

Xoj(T Xoj(U ), Z(O), T), j 1, N,

(1.2) Ion(U(. ), z(0), ) a Xo(0) + g(c(. ), z(0), ),

e (0, T), uj(. ): specific control of player j on (0, T).

The terminal costs Xoj(U ), Z(O), T) are moreover twice continuously Fr6chet
differentiable with respect to U(. )e 1(" x x #u(" ), according to our pre-
vious assumptions. It should be recalled that the functions gj,j 1, N, may depend
explicitly on the state X(t), (0, T).

DEFINITION 1.1. The control U(.)e F is playable at X(O) iff U(.)e/1("
x x /N(’ and if X(t) computed by (1.1) for given X(0) satisfies X(t) Z(t) for all
t(0, T).

DEFINITION 1.2. The control U*(. F is an open loop Nash optimal control at

X(0), iff U*(. is playable at X(0) and if it satisfies the Nash equilibrium conditions
for the terminal costs:

V u(. M" ),

(1.3) V (1, N) U/ (u’l’,’", uf_l, u,, u’+,..., u}),

Xot(U*(" ), Z(O), T) __< Xo, Ut( ), Z(O), T).
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2. Principles of the (A) algorithm. In the interest of pedagogical clarity,
this section presents the proposed algorithm in idealized form. Technical matters
pertaining to assumptions on the functions to be considered, and to the decomposi-
tion-coordination scheme used, are all postponed to the following sections.

Our basic idea is that our present differential game among N players with
imperfect information, may be viewed as a two-level system (S) in which (see
Fig. 1):

(a) each infimal subsystemj 1, N is a player having to minimize his terminal
cost Xoj(U ), Z(O), T);

(b) the single supremal subsystem is a fictive or real referee (j 0) for which
the criterion function g expresses both the Nash rules accepted by the N infimal
players, and an overall cost minimization; g though, is, only related to local
necessary conditions for having a Nash equilibrium.

Optimum g(U. ), U*(. ), X(0), T)

U(. )e D(U*(. ))

min Xoj

FIG. 1. The hierarchical system (S)

min XoN

The system (S) as a whole is hierarchical in the sense that the constraint
coordination performed by the N + players must first aim at satisfying player O’s
interest, before taking care of the N others.

If there exists a Nash optimal control U*(. e F, the algorithm (A) performs a
direct search where the referee carries the coordination role, and the N infimal
players perform their individual constrained optimizations.

The coordination is carried out iteratively by a-coordination function a(.
& (a l(. ),..., aN(.))e F representing the best current approximation of a(.)

U*(. ). Each player j,j 1, N, responds by giving some local information con-
cerning the decisions of all remaining N players that player j would regard as

being optimal for himself. The referee will then try to revise the current approxi-
mation of U*(. by minimizing the overall cost g with respect to a(. chosen close
to the decisions previously requested by the infimal players. The improvement of
the overall cost g will express a better agreement with the Nash playing rule.
Notice that each time a player j,j 1, N, is invited to give his opinion, the referee
obliges him to play aj(. imposed from the supremal level.

In the above procedure, the minimization of g is achieved by reducing the
slack in the only nondecentralized constraint resulting from the decomposition of
the Lagrangian function L for the referee.

It is clear that a similar approach with coordination and hierarchy may be
used in order to find other types of equilibrium controls in nonzero sum differential
games, especially in the case of conflicting interests among the N players (see i.e.,
Friedman 11], Telser 25]).
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As already mentioned, this algorithm (A) allows for incomplete information as
it may be understood from the former description:

(a) since the (A) algorithm performs a constraint coordination, the individual
infimal players j 1, N are not required to know about one anothers terminal
cost functionals (about this topic, see Harsanyi [13]);

(b) the infimal playersj 1, N must be kept informed of the constraints on all
controls U(. and states X(. in the system (S). They must also know the evolution
equation governing the state vector X(. ), and the initial state X(0);

(c) the infimal players are assumed to be able to build the control functions of
the other players into their own terminal cost functionals;

(d) the referee is the only player to require a full knowledge of the whole system
(S), including all terminal cost functionals; he may either be fictive, or represented
by one of the infimal players, or a third body: in [20] it was the State.

3. Necessary Nash equilibrium conditions. Candidates for Nash optimal
controls are usually found by necessary conditions: e.g., see Case [10], Starr and
Ho [14], Holt and Mukundan [15]; these conditions are usually deduced from
(1.3) and related to the Hamiltonian functions of the N respective players.

The idea used here is to try to find an interlevel performance functional aggre-
gating the infimal costs Xoj(T of the N infimal players j 1, N, together with the
features of a Nash equilibrium. Using the language of Mesarovic [19, p. 121],
the problem is then to find a control U*(. for the overall system (S), which is
overall optimal for the system in the sense that it satisfies a necessary Nash equilib-
rium condition when the interlevel performance functional is minimum.

Usually, the Nash optimal control U*(. is not known, and the N infimal players
only observe an actual nonequilibrium control V(. for which the system is not
Nash-balanced. One may then introduce an apparent overall objective function g
for the system (S), which represents the interlevel performance as it appears to the
infimal players for the actual nonbalanced coordination control V(.).

DEFINITION 3.1. Let U(.) and V(-) be playable controls from F at X(0).
We then define the apparent overall objective function g as being

g:(#,(.) x... x (.)) x z(o) x (o, r)- ,
(3.) g(u(.), v(.), x(o), t) 1- (XOl(VOl(" )’ Z(O), t)

l= 1,N

V - (v,...,

where the arguments indicate the place where the partial derivative mapping is
computed in the sense of Fr6chet.

We may point out already that for T, the above g function fulfills for
given U(. and Z(0) neither the monotonicity assumption [19, pp. 121-123] nor
the additivity with respect to the infimal criterion functions. Usually the intralevel
harmony [19, p. 124] will not be satisfied either, because it is not reasonable to
assume that the playable controls V(. close to a Nash optimal control are able to
increase simultaneously all infimal terminal costs. The absence of conflict is
namely illustrated by the monotonicity property and unrestricted harmony
properties.



840 . . PU
We will now see how the Nash equilibrium coordination is related to the

local extremality, in a certain sense, of the apparent overall objective function g.
DEFINITION 3.2. Given a function w" s >= 0 - w(s) E, we say that w(s) is an

infinitesimal quantity of rank p > 0 with respect to s, iff

3M>0, 3r/>0"Vs,0=<s<r/,[w(s)[ <= M.sp,

lim w(s) 0, lim (w(s)/sp) O.
s-+O+ s-+O+

LEMMA 3.1. Let U*(. ) F be a Nash optimal control at X(O). Assume that
N >= 2, and that the following property holdsjbr all 1, N"

(3.2)
v v(.)

bt(et) > O"

such that U(.) U*( )}] < e,

(Xo,(U(. ), Z(O), T) xol(U’( ), Z(O), T)) >= b,(e,)D,, => O,

where" (i) U( is defined as in Definition 1.2;
(ii) fll fll(l{ U(. U*(. )11) is an infinitesimal quantity of rank strictly

less than 2 with respect to ]1U(. U*(. )1], and DI O.
Then there exists a neighborhood D(U*(. )) of U*(. ), D(U*(. )) F, O(U*(. ))
/1(’) /u(’), so that g(., U*(. ),X(O), T) is extremal at U*(. (see
Fig. 2):

(i) V U(.) D(U*(.)): g(U(.), U*(.), X(0), T) 0,
(3.3) (ii) g(U*(. ), U*(. ), X(0), T) 0,

(iii) V l (1, N), c3g(U*(. ), U*(. ), Xi0), T)/c3ui(. O.

(- 1)"g(U( ), U*(. ), X(O), T)

lI v*(.) v(.)

v(.)

FIG. 2. Section of the g-surface by the "plane" V( U*(
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Proof (i) According to our assumptions from 1, we may write limited
developments of Xoz(", Z(0), T) for all 1, N in a neighborhood of the playable
control U(. ):

XoI(U( ), Z(O), T) xol(U* ), Z(O), T)
(3"4) lC3xol(U(" ), Z(O), T) )
where 21 & 2/(llU(,)-V*(.)ll) is an infinitesimal quantity having a rank
larger or equal to 2 with respect to a(, a*(, )11,

Using the assumption (3.2) of Lemma 3.1, define t > 0 as the largest positive
number fulfilling

V a(’), U(’) U*(" )l < l" bl(l) > 0(3.5)

so that

)2l bl({31))ll, )ll O.

bl(,z) > 0 exists because of the difference in the ranks of the two infinitesimal
quantities fill, tlzz.

The relations (3.2), (3.4), (3.5) then result in

(3.6)

then

v u(.), u(.) u*(. )11 < ,,

(Sx’(U(’)’(!) T)

Define then the parallelotope D(U*(. ))as

(3.7) D(U*(. )) - {U(. )IV1 (1 N) U( ") U*(.)[I < ; and U(.) playable}.

Writing the product of N positive scalar products (3.6) we finally get

(3.8) V U(. D(U*(. )): g(U(. ), U*(-), X(0), T) >= 0.

(ii) This relation is evident.
(iii) g(., U*(. ), X(O), T) is in turn once continuously Fr6chet differentiable;

let us compute the linear mappings which are the partial derivatives of g(., U*(. ),
X(O), T):

:/:

(3.9) aXoj(C(" ), Z(O), T)

8:Xoi(U(. ), Z(0), T)
u(. u}(. ))it+
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If N >= 2, (Sg(U(.), U*(. ), X(0), T)/Suj(. )) is zero for U U*, simply because
the first scalar term in the relation (3.9) will be zero. This remark completes the
proof of Lemma (3.1)"
(3.10) if N >= 2, Vj e (1, N)’Sg(U*(. ), U*(. ), X(0), T)/Suj(. O.

COROLLARY 3.1. We assume that the requirements ofLemma 3.1 are fulfilled;
we moreover assume that the terminal costs Xoj(U ), Z(O), T), j 1, N, of the N
players are quasi-convex functions of U(. in the neighborhood D(U*(. )) jbund in
Lemma 3.1"the conclusions of this Lemma 3.1 may then be completed by

(iv)
V/e(1, N) and V U(.)eD(U*(.)),

(3.11) (/ag(U(. U*(. X(O) T)
uj(. uj(. ) >0

gUj(" /j

Proof Because of the convexity of the terminal cost functions with respect
to a playable control U(. in D(U*(. )),

V U(.)6D(U*(.)) and Vj(1, N),

(3"12)(820 )Xoj(Uj( ), Z(0), T)
uj(. uj( u.( >__ o.

According to (3.6) we then get (3.11); all scalar coefficients of the linear
mappings in (3.9) are namely nonnegative for N >= 2; besides, the scalar products by
(uj(.) uy(. )) of the two linear mappings appearing as such in (3.9), are non-
negative following (3.6) and (3.12) if U(. D(U*(. )).

Remark 3.1. It should be noted that g(U(-), V(-), X(0), T) is separable with
respect to the functions Ul(-), 1, N, coordinates of U(-). We could also have
expressed g as a sum of scalar products, instead of the product form used here"
Lemma 3.1 would then not have been valid any more (because of (iii)}. Besides,
the g function used here is an infinitesimal quantity having a rank at least N times
larger than the infinitesimal quantities [u(. u(. )1; the practical consequence
is a noticeable acceleration in the convergence of the (A) algorithm (6).

Remark 3.2. The necessary extremality of g(U(. ), U*(-), X(0), T) as stated
in Lemma 3.1 is naturally only a local necessary condition for having a Nash
optimal control U*(. ). This is due to the use of partial derivatives of the terminal
costs.

Remark 3.3. Lemma 3.1 is not concerned about the variations of g(U(.),
V(.), X(0), T) with F(.). These variations are most important, since the (A)
algorithm described later replaces V(. with the best current approximation of
U*(-); (A) is attempting to use the uniform continuity of g(U(. ), V(. ), X(O), T)
with respect to V(. D(U*(. )) when optimizing g for U(. ). This requires usually
that U(. can only be a perturbated value of V(. ), and close to it.

Remark 3.4. It may happen that the assumption (3.2) of Lemma 3.1 is not
satisfied for some index (1, N). If there is a scalar b() < 0 so that the third line
in (3.2) may be replaced by

(3.13) b(el)tl,l >= (Xol(U(" ), Z(O), T)- Xol(U*(" ), Z(O), T)),
bl() < O, flil >- O,
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then Lemma 3.1 still holds, with the following modification:
(i) must be replaced by: V U(. D(U*(. )), the sign of g(U(. ), U*(-),

X(0), T) is the same as the sign of (- 1)q, where q is the number of indices (1, N)
for which (3.13) holds.

The proof is straightforward.
Remark 3.5. During the optimization of g(U(.), V(.),X(0), T), the (A)

algorithm will reduce the numerical values of those scalar products

I<,Xo(V( ), z(o), T)/u(. ), u(. (.

which are largest in absolute value either:
(a) because the descent rate of the terminal cost is too large in norm; or
(b) because U(.) is too distant from the best current approximation V(.)

of U*(. ), even if it minimizes the terminal costs Xot(U(" ), Z(0), T), 1, N.

4. The coordination process. In the present section, we regard the assumptions
of Lemma 3.1 as being fulfilled. Then let U*(. be the Nash optimal control at
X(0), and D(U*(. )) the corresponding neighborhood.

DEFINITION 4.1. The coordination control a(. is such that

(i) a(.) &(a(.),-.-,a(.))eF x x F,
a(. ): (0, T) Ft, 1, N,

(ii) at(-) is at any time the coordination input imposed by the referee j 0
to the infimal player 1, e (1, N): ut(. at(. ).

DEFINITION 4.2. The optimal control problem of the infirnal player l, 1, N,
in the hierarchical system (S) with the coordination strategy a(. )is

(4.1)

Xo(Ut(. ), Z(O), T) = min Xot(U ), Z,(O), T),
u(.

dxo]dt gt(U(. ), Z(O), T),

dX/dt (f(X(t), U(. ), t), ..., f,(X(t), U(. ), t)),

U(.) & (ux(.),..., u(.)) e (/1(’) x x /(.)) D(U*(.)),

V (0, T):X(t) Z(t); X(O), Xo(O) given,

Coordination constraint: u(. a(. ).

If the optimal control Ut(. exists for given a(. ), we may use the following notation:

(4.2)

Wl(. A_ (U/l(.),..., UIN( )),

X(. & optimal trajectory associated to the optimal
control Ut(. and Z(O),

Xl(" (x/1 ), ’’’, Xln )), Ull(" at(. ).
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DEFINITION 4.3. The optimal control problem for the referee j 0 in the
hierarchical system (S) with the coordination control a(. is at U*(. ):

(- 1)qg(h( ), U*(-), X(0), T) min (- 1)qg(a( ), U*(. ), X(0), T),
a(.)

dX/dt (f(X(t), a( ), t), f,(X(t), a( ), t)),

dXt/dt (f(X(t), Ut(. ), t), f,(Xt(t), Ut( ), t)),
(4.3)

a(. (I,(. x x la(. )) f’l D(U*(. )),

sgn (g(a(.), U*(. ), X(0), T)) sgn (- l),
u(. a(-), X(0), Xo given V e (1, N),

’ e (0, T).

This problem includes, besides the overall objective function g, all constraints
fulfilled by the coordination control a(.) in all the infimal control problems
(Definition 4.2).

Using the interaction balance principle (Mesarovic [19, p. 117]), we will
solve the infimal control problems (Definition 4.2), l= 1, N, for different co-
ordination controls a(. ), in the constraint coordination mode. These coordination
controls are modified iteratively while the optimal control problem for the referee
j 0 is solved (Definition 4.3).

DEFINITION 4.4. The hierarchical system (S) is optimally Nash coordinated
(or balanced), iff there exists a feasible coordination control a(.)e(/l(.

lN(. )) f D(U*(. )) which is a Nash optimal control at X(0) for the N
players (Definition 1.2).

THEOREM 4.1. Let there be a Nash optimal control U*(. at X(O) for the
system (S). If the assumptions of Lemma 3.1 (and Remark 3.4) are fulfilled, then
U*(. is necessarily a solution of the optimal control problem for the referee j O,
i.e., h(. U*(. ). Moreover, (S) will then be optimally Nash coordinated.

Proof The proof proceeds directly from Lemma 3.1. The constraints

dX/dt (f(Xt(t), Ut(. ), t), f,(X,(t), U,( ), t)),
(4.4)

lll al( V (1, N)

are required because they say that g(., U*(. ), X(0), T) being extremal does not
require the terminal costs of the infimal players to be reduced in some way. The
simple optimization of g(., U*(.), X(0), T) may very well lead to increasing
systematically the infimal terminal costs. This is why the optimal control problem
for the referee requires that the coordination control a(. must be "close" to all
infimal optimal controls U(. ), l, N.

5. Decomposition of the optimal control problem for the referee j- 0. In
this section, we assume that Theorem 4.1 holds. In order to ease the resolution of
the optimal control problem for the referee (Definition 4.3), we will try to de-
compose it through the corresponding Lagrangian function L estimated in
a(. U*(. ). This approach is close to the decomposition schemes for nonlinear
dynamic systems used recently.
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L will include the imbalance between:
(i) the actual coordination control a(.) and the desired Nash optimal

coordination control U*(. );
(ii) the actual optimal states X(. of the infimal players given a(. ), and the

desired common equilibrium state X*(. associated with U*(. by the evolution
equation (1.1).

L(a(. ))
d

g(a(. ), U*(. ), X(O), t)(- 1)

x*(. (xT(.), ..-, x,*(. )),

where Ojk, )j, tOj are scalar Lagrange multiplicators, and pj _>_ 0, e (0, T). All
functions in (5.1) being once continuously Fr6chet-Gateaux differentiable, we
may write the necessary Euler-Lagrange optimality conditions for L at U*(.),
provided that a(. is not on the boundary of (/1(") x x /ZN(" )) f-/ D(U*(. )).

a(.)= U*(-), k= 1, n, l= 1, N, j= 1, N, t(0, T),

(5.2)
8L d 8L d
cx dt c2 cx dt

g(a(. ), U*(-), X(O), t)(-l)
dOj

= ,N dt
O,

(5.4)

8L d 8L (? d

8u?(. dt 8it?(. 8u’(. dt

8L d 8L

8a,(. dt 8(t,(.

g(a(.), U*(.), X(O), )(-1) "l O,

3I E ff,l, 63al(.)f(Xt(t), g,(. ), t)
k=l,n

4-(-- 1)q--cal(. dig(a(. ), V*(" ),X(O),t) + DlSal( )rl(al(t),t O,

))), o,

(5.6) ]l(at(t) u(t)) O, Plrt(al(t), t) O, Pl O.

We may then conclude that if the Theorem 4.1 holds, and if U*(. is not on the
boundary of (/1(") x x /N(" )) ffl D(U*(. )), then a(. U*(. will necessarily
satisfy (5.2)-(5.6). Among these relations, only (5.4) is not decentralized, i.e., it may
not be solved by a lonely infimal player. This property will be used in the following
section.

6. Algorithm (A). This Nash optimal control searching algorithm (A) is
viewed as an iterative coordination process in the hierarchical system (S), as in
[19, pp. 226-228].

The optimal control problem for the referee j 0 is decentralized as much as
possible, leaving at the supremal level mainly the last nondecentralized relation
(5.4). Since it will usually not be equal to zero as long as the Nash optimal control
U*(. has not been reached, the referee will have to minimize the first member of
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(5.4), for example, in the sense of the L2-norm on EN x (0, T). If the minimum is
zero, this should insure the optimality of the apparent overall objective function.

In this iterative coordination process with the apparent overall objective
function g(U(. ), V(. ), X(0), T), V(. will be at each iteration, the best current
approximation of U*(. ). It will be sequentially revised, using the best playable
control U(. minimizing the L2-norm of the first member of (5.4) for given V(. ).

All optimal control problems, especially the infimal optimal control problems
for given V(. ), may be solved numerically using an heuristic algorithm (G), such
as the generalized reduced gradient (Abadie [1]). (G) finds an optimal control,
given decentralized constraints on the control variables; it requires also a feasible
start control to be given.

StepA1.Lettherebetheplayablecontrola( )e F,a( ) t1(" x x !("
for (S) at Z(0); V a(. close to a( ), sign (g(a( ), a( ), X(0), T)) sign (( 1)q), and
we also require that g(a(. ), a(.), X(O), T) is small in absolute value. Select e.
> 0 depending upon the required precision on U*(. ). Define m 0.

Step A2. (i) Use the (G) algorithm in order to solve iteratively the optimal
control problem (A2.1) related to the minimization of the L2-norm of (5.4):

r(h(. ))]l,, & min Z(a(. ))lira, j l, N, a(. )e F,
a(.)

8 d
"/(a(. ), 0 .--

-&-i-(y --dr ((" )’ a( )’ x(o), 0(-

k-- 1,n

(A2 I) /77 A(Ujl,’’" Uj(j_ 1), aj, uj(j+ 1), "’’, UjN

T(a(. )) 2 (e(a(. t)) dt
N

a(. e ((. x x (. )) D(U*(. )), e (0, T),

sgn (g(a(-), am( ), X(0), T)) sgn (g(a(.), a( ), X(0), T)).

(ii) (A2.1) is solved by calling the Step A3 for any new candidate strategy a(.
appearing in (A2.1); for each given a(-), (A2.1) receives from Steps A3 and A4,

O;(a),7(a) forj=l N, k=,n,
(A2.2) ’LXT.), (.) e (0, ).

(iii) (A2.1) tells us, according to 5, that a(. optimizes g(a(. ), am( ), X(0), T),
where am( is the best current approximation of U*(. ). a( is next used to com-
pute in (A2.3) the corresponding state X*( at the end of the iteration m

{A2.3)
dX*’/dt {J(X*"(t), a"(. ), t), f,{x*m(t), a"(. ), t)),
x*’n(o) X(O), x*" (x*’ ..., x,*’9.

{iv) (a) If there exists no playable control a(. )e F, a(. - a’(-) as defined
in (A2.1), then go to Step A6.
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(b) If (.) F, (A2.1) exists and is a playable control at X(0)" make the
following test"

[g(fi(. ), a"(. ), X(0), T)[ >__ ; > 0" Define am+ 1(. b(-);
increment m to (m + 1);
go to (i) and
continue therefrom
inside Step A2.

0 < [g(fi(" ), am( ), X(O), T)I < e" Go to Step A5.

Step A3" infimal players j 1, N. Using (G), solve, given a(. ), the N optimal
control problems of the infimal players j 1, N (Definition 4.2). (G) may use
U(. am( as a feasible start control for these problems. If it converges, (G)
provides the Steps A2 and A4 with the optimal controls U(. and the optimal
states X(-) for j 1, N (see Fig. 3). Go to Step A4.

Step A4" preparation to the coordination by the referee.
(i) The referee j 0 receives X(.), U(.),j 1, N, corresponding to

a( from Step A3, and computes liT(a(.)) by (A2.1). 2(a), p(a), ( are
computed as required by decentralized equations similar to (5.2), (5.3), (5.5), (5.6),
and restated in (A4.1). The transversality conditions of the maxitnum principle
should be used for 0, Z and if the control a(. has a singular arc lying on the
boundary of ((.) x x (.)) D(U*(.)) see Blaquiere 9 or Leitmann
and Stalford [18.

27(a)(at(t aT(t))= 0, pT(a)rt(at(t), t)= 0,

d

(A4.1) = ,u dt x dt
g(a(. ), am( ), X(O), T),

p(a) O, sgn (g(a(.), a( ), X(0), T)) sgn (-

k= 1, n, l= 1, N, te(0, T).

(ii) Return to Step A2 in order to reduce T(a(. )) by the coordination at
the referee’s level.

Step A5. Stop (A) at this iteration, and let

be the :-approximate solution to our original problem ( 1.). The interpretation
of U*(. is given in Remark 6.1.

Step A6. We are in one of the following circumstances"
(i) The (A) algorithm does not converge because of poor numerical perform-

ances or instability;
(ii) (A2.1) has a solution (. ) F, a(. # am( ), which becomes a playable

,control if the constraint sgn ((- 1)) sgn (g(a(. , a( ), X(0), T)) is relaxed;
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Referee j 0

Supremal
level

min T(a(.

a(. )e(lL(" x x iu(. )) f3 D(U*(. ))

sign (g(a(.), a"(. ), X(0), T)) sign (- 1)

am(

Infimal min Xoj(U( ), Z(O), T)
level

u#(, a’(.

x7(.), u7(.)

O%(a), k 1, n

j--I,N

FIG. 3. lnformation flows in the (A) algorithm

then

(A6.1) sgn (g(b(.), am( ), X(0), T)) -sgn ((- 1)).

The best corrective action should be to start up at Step A1 with another initial
control a(.), and q q + 1.

(iii) The (A) algorithm does not converge, because there exists no Nash
optimal control for our problem in F at Z(0) and in a neighborhood of a( ).
See Remark 6.3.

THEOREM 6.1. Assume that we dispose over a Nash optimal control U*(. )e F,
and that the assumptions of Theorem 4.1 are satisfied. We moreover require that
U*(o) has no singular arc lying on the boundary of (t1(.) x x lN(.)) f’l D(U*(.)),
so that the necessary optimality conditions of 5 may be used as such. We may then
conclude that ![ the initial control a( .) D(U*(.)), then the (A) algorithm will
necessarily converge towards U*(. ), if it does converge.

Proof It is a direct consequence of our previous results.
Remark 6.1. In most cases of practical interest, we will usually not know a

priori if there exists a Nash optimal control in F, in a neighborhood of a(.).
Moreover, all results sustaining the (A) algorithm are mathematically necessary,
but usually not sufficient, optimality or equilibrium conditions. Therefore, if the
(A) algorithm converges, i.e., stops at Step A5, one may only conclude that U*(.
is an -approximate Nash optimal control, after having verified whether it satisfies
a sufficient Nash optimality condition, or Definition 1.2.

A number of sufficiency conditions may be found in the literature as "verifica-
tion results": Isaacs [16], Blaqui6re [8], Case [10]; one of the most readily verifi-
able sufficiency theorems is given in Leitmann and Stalford 18] it uses the adjoint
functions for the N players, and these are provided by the (G) algorithm during
the last Step A3.

Remark 6.2. The (A) algorithm may be in trouble sometimes because of the
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constraints Z(’) and /1(’) "" N(’), often because the singular arcs are
handled unsatisfactorally by the (G) algorithm. Another major difficulty is the
usual large number ofjumps of U*(. ), the consequence of it being a large number
of short disconnected control arcs, some of them being singular.

In the numerical examples which have been solved, (A) converges fairly well
thanks to the "forcing" function g. (A) achieves some kind of direct convergence
towards U*(. along a thalweg for g acceptable by all infimal players. U*(. is
therefore not obtained by perturbation methods leading to find the intersection
of control surfaces parametrized with respect to the other players’ decisions; this
"intersection" approach is probably unreliable in large systems (Advani-Mukundan
23).

Remark 6.3. It may very well be that there exists no Nash optimal control
in F for a specific application problem having the structure specified in for
the topologies used on E, F. Sometimes, one may find out that the solution obtained
is a Pareto equilibrium or noninferior equilibria. Much assistance is required
from existence theorems for Nash equilibria, but these are few: Varaiya [26,
Friedman [11]. One must also admit that, in many cases with practical relevance,
human experience will not clarify the problem of the existence of such equilibria.

7. Numerical application. The (A) algorithm has successfully been applied
to a large nonlinear nonconvex dynamic sectoral model of the Danish economy
in the years 1947-52 (model described in detail in 20). All differential equations
from the previous sections were however replaced by difference equations, the
sampling period being one year. Six interrelated sectors./= 1, ..., 6 were consid-
ered: agriculture, industry, transportation, State and public works, services,
housing (rentals). The criterion for each of the private sectors j 4: 4, j 1, 6, was
the present value of the cash-flow generated by the sector after taxes. The criterion
of the State was the present value of the surplus of public services and help to the
other sectors, as financed partly via taxes earned from households and private
enterprises. The 21 controls are:

(i) for each private sector: investments, labor, write-off‘s;
(ii) for the State j 4; total import for free consumption, marginal tax-rates

on wages and profits for the private sectors, and the State’s own investments,
labor, write-offs.

The 2 state variables were: foreign debt, State budget excess. Production
functions are used for each sector, depending on investments, write-offs, and labor.
The sectors are tied together namely by an input-output relation. Exogeneous con-
straints were introduced on the state and control variables, although only few of
them were active in most computer runs. Substitution constraints were also
introduced on the self-financing ratio in each sector, on the nationwide unemploy-
ment rate, on the smoothness in year-to-year labor changes in each sector, and
on the write-off‘s in each sector.

The initial controls a( of A1 were the actual historical values for 1947-52.
Depending on the constraints introduced into the model, the computer time
required was 0,8-2,0 hours on IBM 370-65.

The numerical results (Figs. 4, 5, 6) indicate that the Nash optimal state X*(.
is somehow closer to the actual historical evolutions than the one yielded by
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FIG. 5. Investments in the public and agricultural sectors

maximizing a single classical welfare criterion ([20]) based on the aggregation
of the consumptions from all sectors by the households.

The Nash equilibrium control U*(. seems for example to secure an efficient
defense of the agricultural labor force, as opposed to the reduction requested
by this sector’s own present value criterion.

How well the (A) algorithm would stand up under further numerical research
is still open to question, and much work is still required (see Remarks from 6).
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FIG. 6. Labor force eoolutions in 4 sectors" the maximum relative year-to-year change for all

these controls is 15,,

Besides improving the (G) and (A) algorithms, it is necessarily better to investigate
the properties of the local equilibria U*(. which they compute. It is moreover
necessary to find new methods in order to handle the discontinuities of the equilib-
rium control U*(. ).
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REGULATION OF LINEAR STOCHASTIC SYSTEMS*

J. SNYDERSf AND W. M. WONHAM:

Abstract. Linear constant dynamic systems with noisy measured output y and a second output z

(the one to be regulated), are considered. Sufficient conditions for the existence of an estimated-state
feedback that assures mean-square boundedness on I0, oo) of z are derived, the estimation being based
on y. The part of the problem related to boundedness of the estimation error is more thoroughly
investigated, and necessary and sufficient conditions are obtained. Necessary and sufficient conditions
for boundedness of the solution to a Riccati equation are included in this result.

1. Introduction. Systems considered in this paper are represented by a state
n-vector x(.), an input m-vector u(.), an observed output p-vector y(.) and an
output q-vector z(.) satisfying the (formal) It6 equations

dx(t) Ax(t) dt + Bu(t) dt + Gdw(t), x(O) xo,

(1) dy(t) Cx(t) dt + Hdw(t), y(O) O,
z(t) Dx(t).

Here w(.) is a standard r-dimensional Brownian motion, and the matrices A, B,
C, D, G and H are constant with real entries. Based on the observations {y(t); > 0}
an input u(.) is to be found for regulation of z(.). In problems dealing with
noiseless systems described by (1) with G 0 and H 0 it is customary [1], [2] to
adopt the following requirement as the meaning of regulation: z(t) --, 0 as --, oe
for every initial state xo In the present context we must take into account that Xo is
a random variable. We say that xo is an admissible initial condition ifx0 is a second-
order random variable independent of the w(.) process. Furthermore, as the
requirement z(t) 0 is unrealistic in the presence of dynamic noise, we replace
it by the more modest criterion that the mean square values of the components of
z(. be bounded on [0, ). Finally, instead of admitting a priori all nonanticipative
functionals u(. of the observations y(. ), we consider only controls u(. such that
u(t) is a linear transformation of the estimated value of x(t). This simplifying
restriction is motivated by the separation theorem [3] of control and filtering,
although we do not claim that the separation assumption is actually nonrestrictive
in the present situation as well.

In 2 the problem is posed in terms of matrix differential equations: a Riccati
equation and a linear equation with forcing term depending on the Riccati solu-
tion. Sufficient.conditions for regulation are obtained in 3. It is shown in 4 that,
in case the state-noise and observation-noise processes are independent, certain
of the sufficiency conditions are also necessary. Necessary and sufficient conditions
for boundedness of the solution to a Riccati equation are included in this result.
In the extensive literature dealing with Riccati equations very few necessary
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conditions concerning the existence of properties of solutions are derived [4],
and only a few results on boundedness exist [5], [6]. For ease of reference certain
known results are listed in the Appendix.

2. Preliminaries. Linear spaces are denoted by script capitals, and Roman
capitals stand both for maps (i.e., linear transformations) and their matrix represen-
tations. Unless otherwise stated or indicated by appropriate notation, all spaces,
maps and matrices are defined over the real numbers. Nevertheless, we shall
frequently deal with the extended spaces defined over the complex field (i.e., spaces
obtained as a linear span, with complex coefficients, of any basis in the original
spaces), thus permitting operation of maps on complex vectors. Unless otherwise
stated, all spaces and subspaces which appear explicitly are nonzero. All identity
maps are represented by I. The image of a map B is written Im B, and Ker
B {x’Bx 0}. Re 2 and 2 stand, respectively, for the real part and complex
conjugate of a number 2. Transpose of a matrix B is denoted by B’, and B* B’.
A matrix M is called semisimple if it has a block-diagonal structure M diag
(J1, J2, Jk), where each Ji is either diagonal or has the form

with real e and ft. For a semisimple M there exists a unitary matrix T such that
TMT* is diagonal (with complex entries). A semisimple map is a map that is
representable by a semisimple matrix. If M and N are self-adjoint matrices, then
M <_ N means that N M is nonnegative definite.

Throughout the paper f is an n-space and A’.f ?T is a fixed map. Let
g//, and - be linear spaces, .f, and let B’g//--, Y" and C’f be fixed
maps. Let W/W be the factor space mod -, and denote by T, T :;T --* 2f/ the
canonical projection. If W Ker C, then C/W stands for the unique map
C/W:W/W ---, o satisfying C (C/W)T. If A- , then AIW is the restriction
of A to - and A/ is the unique (induced) map A/’.f/W --, Y’/ satisfying
(A/)T TA. The map B/’g# ’/ is defined as B/W TB. Let b+(2),
b(2) and q-(2) be factors of the minimal polynomial of A having roots exclusively
with positive, zero and negative real parts, respectively. Then ,’ is decomposable
into the direct sum W Y’+(A) Y’(A) ,Y’-(A), where (A) Ker q5 (A)
with standing for any superscript. We write fO+(A) for Y’(A)@ Y’+(A). The
unobservable subspace V(C, A) of (C, A) is defined as V(C, A)= "i--1 Ker
(CAg-). The pair (C, A) is called observable or detectable if (C, A)= 0 or
V(C, A) Y’-(A), respectively. (AIIm.B) denotes the controllable subspace

A- (Im B).associated with (A, B) i.e.,

_
Let 2 be the characteristic value of A associated with some Jordan block of

dimension k. An ordered set of generalized characteristic vectors (Ax ,,
AxJ__/x,j ..[_ xj-1, k => j >= 2) is called a characteristic chain related to 2. The
ordered subsets (x 1, x2, xJ), k >= j >= 1, of this characteristic chain are called
characteristic subchains associated with 2. It is easily checked that every A-
invariant subspace is spanned by the real and imaginary parts of suitable character-
istic subchains of A. In particular, 4:(C, A) is spanned by the real and imaginary
parts of those characteristic subchains of A which are nullified by C [7].
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Let x(.), y(.) and z(.) satisfy (1) and write 2(t) d{x(t)lyeo}, where g{ lYe)}
means expectation conditional on the a-algebra generated by {y(s); 0 < s < t}. It is
well known that, if xo is admissible, HH’ is invertible and under certain restrictions
[3] on u(.), 2(.) is determined by the stochastic differential equation

dYe(t) AYe(t)dt + Bu(t) dt + [P(t)C’ + GH’]

(HH’)-[dy(t) C2(t) dt], 2(0) oXo,
where P(t)= g{[x(t) c(t)][x(t) (t)]’ly}. Furthermore, P(.) is given by the
Riccati equation

dP
AP + PA’ + GG’-(PC’ + GH’)(HH’)-I(Cp q- HG’), P(O) Po,

dt
(2)
where Po- W{(Xo- OXo)(Xo- Xo)’}. We admit only controls of the form
u(t) FYc(t), where F is a constant linear map. Taking into account that

dy(t) CYc(t) dt (HH’)-1/2 dwl(t)

where wl(.) is standard Brownian motion [3], there follows

dk(t) (A + BF)k(t) dt + (PC’ + GH’)(HH’)-1/2 dWl(t) 5c(0)-- Yxo.

Writing Q(t) o{k(t)k(t)’} we have

dQ
(A + BF)Q + Q(A + BF)’

(3)
+ (PC’ + GH’)(HH’)-I(CP + HG’), Q(0) Qo,

where Qo YXo(oXo)’. Let e(t)= x(t)- (t). Then evidently P(t)= o{e(t)e(t)’}
and also

Y{e(t)Yc(t)’} o{o{[x(t) k(t)]k(t)’]yo} O.

Consequently g{x(t)x(t)’} P(t) + Q(t) and, setting M(t) g{z(t)z(t)’}, it follows
that

(4) M(t) DP(t)D’ + DQ(t)D’.

Regulation of the system (1) is defined as assuring boundedness of M(.) on
[0, oo) for every admissible initial condition xo. Accordingly, we shall derive
conditions for the existence of a feedback map F such that, in view of (2) and (3),
M(.) is bounded on [0, ) for every Po >= 0 and 0o >= 0. Obviously, boundedness
of both DP(. )D’ and DQ(.)D’ is equivalent to boundedness of M(. ). In the next
section sufficient conditions for regulation are obtained. Necessary and sufficient
conditions for boundedness of DP(.)D’ are derived in 4 under the assumption
that the state-noise and observation-noise processes are independent, i.e., GH’ 0
(if GH’ # 0 then these conditions are sufficient). Evidently, boundedness of the
solution to Riccati equations is included in the results.

3. Sufficient conditions. Let us write (2) in the form

dP
(5)

dt
AP + PA’ + GG’- PC’CP, P(O) Po,
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where

.Y. A GH’(HH’)- C,

(6) G[I H’(HH’)-’H,
0 (HH’)- 1/2C.

LEMMA 1. The conditions listed below imply that M(’) is bounded on [0, m)
for all Po >= 0 and Qo >= O"

(a) V(C,A) +(A)c Ker D,
(b) F is a constant map such that

fO+(A + BF)c Ker D,
(C, A) +(A) c Ker F.

To interpret this result vis-h-vis the processes defined by (1), it is helpful to
keep in mind that Ker D in condition (a), and Ker F, are replaceable by (D, A)
and (F, A) respectively. It is also noteworthy that condition (a) is equivalent to
detectability of the pair (C/R, A/R), where R may stand for either (C, A)

W(D, A) or (C, A) W(D, A) fO+(A).
Proof By (a), with a suitable basis for f,

C=(C 0), D=(D 0), A (11 0 ),
21 A22

where (1, x) is detectable. Thus the maps introduced in (6) admit the representa-
tion

C (C 0), A
21 A22J 2

where (, 1) is detectable and 22 A22. With the corresponding representa-
tion of P, (5) becomes

dP11 = p +p Ar, 11"dt 11 11 + l Pi ’11p

Corollary 4 (Appendix) now assures boundedness of P11(’) on [0, ). Obviously
Q(’) satisfies

+ e+n[P(s)C + 6H’](HH’)-[CP(s) + Ha’]e(+’ ds.

According to condition (b), F (F 0) in the chosen basis, and setting B’
(B’ B) we have

(7) De + nrP(s)C’ D e( + P (s)C’

Since P(.) is bounded on [0, ) and Dexp(A + BF)t 0 as , it thus
follows that DQ(.)D’ is bounded on [0, ).

By Theorem of Ill, (b) implies (a), and this gives the following.
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PROPOSITION 1. M(’) is bounded on [0, )for every Po > 0 and Qo >= 0
provided

350+ (A + BF) Ker D
and

dV(C, A) 35+(A) c Ker F.

Furthermore, Corollary 1.2 of yields an algorithmic procedure for checking
the existence of a map F that satisfies the above conditions. In view of this result we
have the following theorem.

THFORFM 1. There exists F such that M(’) is bounded on [0, or)jbr every
Po >= O, Qo >= O if

(8)

and

(9)

dV(C, A) f-I 35+(A) Ker D

35+(A) (AlIm B) + *.

Here /* is computed as follows"

u/= Ker D,
UJ Ker D f’] A-l(/’j-1 -I- Im B),
U* , j= 1,2,"’,

with A- standingfor thefunctional inverse of A, i.e., A- .kV= {x’Ax off}.
Condition (8) (equivalently (a)) states that the unstable y-unobservable modes

of A are also z-unobservable, while condition (9) means, roughly, that the unstable
modes of A are either controllable or z-unobservable.

Write now

where

= 35/, A A/, G= G/ and C=

’ W(C, A) f"l dV(D, A),

and consider the following conditions"

(el) xl/’({--, x) 350(z’)is semisimple,
(c2) (C/4(C’, 3) 35o(), $/V(C, $) iq 35o())is detectable,
(c3) there exists an.A invariant complement

to /’(C, ) f) 35o() in f such that
Im G = (or, equivalently, (Slim G) c c).

Again, no result would change if we defined instead

M dV(C, A) f) .A(D, A) f] f+(A).
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It is shown in 4 (Corollary 1) that (cl)-(c3) imply boundedness of DP(. )D’ on
[0, ) for every P0 => 0. Consequently, if (cl)-(c3) are satisfied and F is such that

35+(A + BF) Ker D

and

V(C, A) (’1 V(D, A) Ker F,

then regulation is achieved. Indeed, this results in view of (7), where A represents
A/(C, A) f’l (D, A) and by application of Lemma 2 (Appendix) to demonstrate
that P(.) is bounded on [0, ).

The set of conditions (Cl)-(c3) is obviously less restrictive than (a): it allows the
existence of purely oscillatory and constant (unstable) modes of A which are
y-unobservable but z-observable provided, roughly, that these modes are not
directly driven by the dynamic noise. We shall not proceed along this line of
tightening the sufficient conditions further, but merely point out that there is
room for improvement even if GH’= O, although in that case (c)-(c3) are also
necessary according to Theorem 2. The last statement is justified by the following
scalar example: A B G 0, C D 1. Evidently, there is no F such that
35+(A + BF) Ker D; nevertheless P(t) + Q(t) Po + Qo is bounded.

4. Boundedness ofDP( )D’. Independence ofthe state-noise and observation-
noise processes is expressed by the condition GH’ 0. This and the normalization
HH’ I yield

dP
(10)

dt
AP + PA’ + GG’- PC’CP, P(O) Po.

In the next theorem x stands for the last (jth) member of a characteristic subchain
of A associated with characteristic value 2, and it is assumed that all members of
this subchain preceding x (if any) are nullified both by C and D.

THFOIEM 2. DP(’)D’, where P(’) satisfies (8), is bounded on [0, )for
every Po >= 0 if and only if the conditions (cl)-(c3) listed above or, equivalently,
the conditions (d )-(d3) below, hold for each x:

(dl)/fRe/l > 0 and Cx 0 then Dx 0;
(d2)/f Re 2 0, Cx 0 and there exists a (complex) vector w such that Aw

2w + x, then Dx =O;
(d3)/f Re/l 0, Cx 0 and there exist (complex) vectors y and z such that

(11)
GG’ A /\zJ

then Dx O.
It is easily seen that conditions (dl)-(d3) are actually constructive. To check

them, select any set of characteristic chains of A such that the real and imaginary
parts of their elements provide a basis for 35. DP(.)D’ is bounded on [0, ) for
every Po >= 0 if and only if each of these selected chains satisfies the stated con-
ditions.
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Proof We shall follow the scheme" (Cl)-(c3)boundedness(dl)-(d3)
(cl)-(c3). To show the sufficiency of (cl)-(c3) select a basis for W in which

C (C 0 0), D --(D D2 0),

(12) [AI 0 0 G

A 0 A22 0 G 0

\A31 A32 A 3 G

where (C 1, A ll is detectable, Ker D2 --0 and A22 is semisimple with all its
characteristic values having zero real part. Set K’ (K’ 0 0), where K is such
that A + K1C is stable. The result now follows by Lemma 2.

To prove the necessity of (dl) and (d2) it is enough to consider the case where
G 0 and Po has complex entries; this follows by Lemma 3 and the observation
that if Po > 0 then Po + Po >= Po. The corresponding solution to (10) is given by2

(13) P(t) eAtpo I + eA’sC’CeAspo ds eA’t

and we may set Po xx*. Simple manipulations yield

x* I + eA’sC’CeASxx* ds + x*C’Cx e(a+)s ds x*,

e(2 + )t
DP(t)D’ + x*C’Cx to e( + )s ds

Dxx*D’

and (dl) follows. Now suppose that Re 2 0 and Aw 2w + x, and set Po ww*
in (13). Then

DP(t)D’= + (w + sx)*C’C(w + sx) ds D(w + tx)(w + tx)*D’

and (d2) easily follows. As for necessity of (d3), assume that Re 2 0, Cx 0 and
(9) is satisfied but Dx :/: O. Following the technique of [4], let us premultiply the
first and second rows of(11) by z* and y*, respectively. Then

-z*A’y + z*C’Cz 2z’y,
y*BB’y + y*Az 2y*z + y*x.

Therefore

z*C’Cz + y*BB’y y*x >= 0

and in fact

(14) y*x > 0

The matrix inversion in (13) is justified by the relation det (I + YX) det (I + XY), which
holds whenever both products are defined.
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since otherwise B’y 0, Az 2z + x and (d2) implies Dx 0. Noticing that (11)
holds with z replaced by z + 0x, where 0 is any number, and in view of
y* y*z + oy*x and (14), we conclude that there is no loss of generality in
assigning an arbitrary value to y*z. Set z*y and Po zz*. Applying Lemma 4,
and using the notation introduced there, it follows that

A 11(t) + A 12(t)Po]Y A l(t)Y + A 12(t)z eZty,

A21(t + A22(t)Po]y A21(t) + A22(t)z e z + tx + . x-1 + + x

where (x 1, x2, x- 1, x) is the characteristic subchain considered, and con-
sequently

2

P(t)y z -+- tx _1_ .. xJ -1 -Ji- .ql_ ,_. x 1.

It may happen that y does not belong to the complex Im D’, but the existence of
u and v such that y + u D’v and x*u 0 is always guaranteed. Thus

v*DP(t)D’v v*DP(t)y + v*DP(t)u

v*D(z + tx) + (y* + u*)P(t)u

( +.t2 )(y* + u*)(z + tx)+ u*e(Ou + z + tx x- +...+. x *u

y*z + u’z+ z*u + ty*x + u*P(t)u + x- +’" + x *u.

We shall show that the last term is zero, and the conclusion will follow according
to (14). Since u y D’v this term equals

x-+...+x *y.

Applying the relation (A 2I)x x- and the first row in (11), we get

y*x- y*(A 2I)x z*C’Cx O.

Similarly

y*x y*(A ,I)xi+1 z*C’Cxi+l O, j 2 >= >= 1.

It is straightforward to check that (d 1) and (d2) imply (c 1), (c2) and the existence
of an -invariant complement to N(C, j) f’l o() in . Thus A, C and D are
representable as in (12), but G’= (G’I Gz G), where in general G2 0. To
complete the proof it is enough to verify the existence of a matrix S satisfying

(15) SG q- G2 0

and

(16) SA 11 A22S 0,



LINEAR STOCHASTIC SYSTEMS 861

since in that case the transformation

I 0 0

S I 0

0 0 I

applied to the previously adopted basis produces a representation having all the
properties of (12). Let Re 2 0 and -A’zzy2 )Y2. Then there exists Yl, zl, x2
and x3 such that

(17)

-A’ll 0 A’3 C’ C 0 0

0 --A2 -A2 0 0 0

0 0 -A3 0 0 0

G G’ G G’2 G G’3 All 0 0

G2G’ G2G’2 G2G’ 0 A22 0

G3G’ G3G’2 G3G’3 A31 A32 A3

Yl 0

This claim is justified by rewriting the first and fourth rows in the form

(18,
GIG All 21 za -GIG’2y2

and applying Lemma 5. Also, with the aid of the Jordan canonical form, it is
verified that for properly selected z2 and z3,

A32 A33 -/ll X 3 + m32z2 + (A33 I)z3

where p is either a zero vector or a member ofa characteristic chain ofA33 associated
with 2. Furthermore, (17) also holds with

0

and x2

x 3

replaced, respectively, by

z 0

z2 and x2 -[- (A22 )I)z2

z 3 + A32z2 + (A33 2I)z

Since Ker 02=0 it follows by (d3) that x2 + (A22- 2I)z2 0. Consequently
yx2 y(Az2 )I)z2 0 and application of this result to the fifth row in (17)
implies

(19) y(G2Giy + G2G’2Y2) O.
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The first row of(17) reads

(20) y](All 21) zC’aC1,
and in light of the fourth row in (17),

(21) y(GiGy + GIG’2Y2) + zC’lC1Z1 O.

Combining (21) with (19) we get

(22) (yG

therefore yG1 + yG2 0. This equation holds for each characteristic vector Y2
of A22 and corresponding Yl, computed according to (18). Now suitable arrange-
ment of the real and imaginary parts of the characteristic vectors of A22 yields a
matrix S that satisfied (15). According to (22), C z 0, and by (20), y’A 11 2y’.
This result assures that (16) is also satisfied.

The following conclusion is easily obtained with the aid of (6).
COROLLARY 1. Let P(’) be determined by (2). Conditions (cl)-(c3) or,

equivalently, conditions (dl)-(d3) imply that DP(. )D’ is bounded on [0, c) for every

Po>=O.
COROLLARY 2. P(’) satisfying (10) is bounded on [0, )for every Po >= 0

if and only if Al/ff(C, A) f’l f(A) is semisimple, (C/U(C, A) f-i f(A), AInU(C, A)
f-’l 5f(A)) is detectable and there exists an A-invariant complement to U(C, A)

.T(A) such that Im G
COROLLARY 3. Let P( be determined by (10), and let x be a vector such that

Ax 2xfor some number 2. P(" is bounded on [0, oo) for every Po > 0 if and only
if the following three conditions hold"

(el) /fRe 2 > 0 and Cx 0, then x O"
(e2) /fRe 2 0, Cx 0 and there exists a vector w such that Aw 2w + x,

then x O"
(e3) !fRe 2 0, Cx 0 and there exist vectors y and z satisfying

then x O.

Appendix. Matrices and spaces in the sequel are defined over the complex
field. For _> 0 let

dP
AP + PA* + GG* PC*CP, P(0) P0 >= 0,

dt

dQ
dt

(A + KC)Q + Q(A + KC)* + GG* + KK*, Q(O) Qo >= o,

dR
AR + RA* + G1G; RC*CR, R(O) Ro >= O,

dt
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where the coefficients are constant. Then

d(Q P)
dt

(A + KC)(Q P) + (Q P)(A + KC)* + (PC* + K)(CP + K*)

and the next two results [5] follow immediately.
LEMMA 2. IfQo >= Po, then Q(t) >= P(t).
COROLLARY 4. If(C, A) is detectible, then P( is bounded on [0,
A well-known technique I8] is to write

d(P- R)
dt

(A PC*C)(P R) + (P R)(A PC*C)* + GG* GxG

+ (P R)C*C(P R).

This equation yields the following statement.
LEMMA 3. If GG* GG and Po >= Ro, then P(t) >_ R(t).
LEMMA 4. P(t) [A2(t q- A(t)Po] Al(t) + A,(t)Po-’, where Aj(.

are obtained by partitioning

GG* A21(t A22(t)//
Indeed, A (t) + Aa(t)Po is the transition matrix of a differential equation [9]

and is therefore invertible. Substitution verifies the validity of the expression for
n(t)

LEMMA 5.

Im(0G) = Im( -A*GG* C*AC)"
Proof Let x and y satisfy

Premultiplication of the first and second rows by y* and x*, respectively, yields

y*Ax + y*GG*y O,
x*C*Cx + x*A*y O.

Thus x*C*Cx + y*GG*y O, implying G*y 0. Consequently

REFERENCES

[1] W. M. WONHAM, Tracking and regulation in linear multivariable systems, this Journal, 11 (t973),
pp. 424-437.

[21 S. P. BHATTACHARYYA, J. B. PEARSON AND W. M. WONHAM, On zeroing the output ofa linear system,
Information and Control, 20 (1972), pp. 135-141.

[3] W. M. WONHAM, Random d(fferential equations in control theory, Probabilistic Methods in Applied
Mathematics, vol. 2, A. T. Bharucha-Reid, ed., Academic Press, New York, 1970, pp. 131-
212.



864 J. SNYDERS AND W. M. WONHAM

[4] V. K. KUERA, A contribution to matrix Riccati equations, IEEE Trans. Automatic Control,
AC-12 (1972), pp. 344-347.

[5] W. M. WOYIJAM, On a matrix Riccati equation ofstochastic control, this Journal, 6 (1968), pp. 681-
697.

[6] R. S. Bucv, The Riccati equation and its bounds, J. Comput. System Sci., 6 (1972), pp. 343-353.
[7] J. SNYDERS AND M. ZAKAI, On nonnegative solutions of’the equation AD + DA’ -C, SIAM J.

Appl. Math., 18 (1970), pp. 704-714.
[8] K. M,RTENSSON, On the matrix Riccati equation, Information Sci., 3 (1971), pp. 17-49.
[9] R. E. KAtMAN AND R. S. Buck’, New results in linearfiltering andprediction theory, Trans. ASME, J.

of Basic Engineering, 83 (1961), pp. 95-108.



SIAM J. CONTRO
Vol. 13, No. 4, July’ 1975

WEAK CONVERGENCE OF SET-VALUED FUNCTIONS AND
CONTROL*

ZVI ARTSTEIN

Abstract. Weak convergence on the space of integrably bounded set-valued functions is defined.
Generalizations of results of weak convergence of real-valued integrable functions are obtained in
the set-valued case. The results are applied to the characterization of the continuous dependence of
the attainable set of a linear control system on the restraint set. We show that the weak convergence
of the restraint set is a sufficient condition for the uniform convergence of the attainable set, and
under the additional condition of uniform integrability the weak convergence is also a necessary
condition.

1. Introduction. The analysis of set-valued functions has many applications
in various mathematical fields and, in particular, in the study of linear control
systems (see [5], [11], [12], [14], [16]). In this paper, we shall develop a theory of
weak convergence of set-valued functions and apply it to characterize the continu-
ous dependence of the attainable set of a linear control system on the restraint set.

Let T be an interval in the real line. For every in T let F(t) be a subset of the
n-dimensional Euclidean space E,. The integral v F(t) dt of the set-valued function
F over the measurable subset U of T is defined by

fvF(t)dt={fvf(t)dt’fisanintegrableselectorofF}.
Here a selector means a point-valued measurable functionfsuch thatf(t) e F(t) dt--
almost everywhere. The definition was stated in this form by Aumann [3]. It is,

related to summation of sets as the Lebesgue integral of real-valued functions is
related to summation of numbers. We shall use this point of view in the definition
of the weak convergence in 4. Briefly speaking, the dual operation on a set-valued
function is the operation of a bounded point-valued function (which is the typical
dual element of L1) on the set of integrable selectors of this set-valued function.

We shall give several equivalent definitions for the weak convergence. The
main result is that the sequence F converges weakly to F if and only if the integrals
[v Fk converge in the Hausdorff metric to v F for every measurable subset of U
of T. This theorem is analogous to the theorem for real-valued functions (see
[7, Chap. IV, 8.7]. The theorem establishes the relationship between the converg-
ence of set-valued functions and the convergence of their integrals. This has a
direct implication to linear control systems of the form dx/dt A(t)x + B(t)u.
A (well-known) substitution can be done in order to show that the attainable set
of the system is a "nice" image of the integral of a certain set-valued function which
is closely related to the restraint set-valued function of the system. Thus we show
(in 6 below) that weak convergence of the restraints implies the uniform converg-
ence of the attainable set, and under the additional assumption of uniform
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integrability the weak convergence is also a necessary condition. This gives a
characterization of the continuous dependence of the attainable set on the restraint
set.

In less technical terms our conditions show what kind of an error in the
description of the constraints is allowed in order to assure that the resulting error
in the attainable set will be small. We shall also discuss the similar question for the
dependence of a trajectory of the system on the control function.

The theory of weak convergence will be developed for set-valued functions
which are Borel-measurable and which have closed values. We shall see in 2
that these assumptions are not as restrictive as it seems, as long as integrals are
concerned.

In the applications to control theory, in the interval T stands for "time" and T
has the structure of an interval in the real-time line. During the rest of the paper we
shall only use the nonatomicity of T. All the results are valid for a general nonatomic
finite measure space.

The paper is organized as follows. In 2, we give our notations and some pre-
liminary results. The space IB of integrably bounded set-valued functions is defined
in 3. The weak convergence is investigated in 4. The convex and compact sets
can be embedded in a Banach space and the integration theory for convex-valued
functions can be regarded as integration into this space (see [6], [2]). In 5 we
shall compare our weak convergence with the "natural" weak convergence for
convex-valued functions arising by this embedding. The last two sections deal with
the applications to control theory. In 6, we shall discuss the dependence of the
attainable set on the restraint set and in {}7 we treat the continuous dependence of
the solution to the control equation on the controls.

2. Notations and preliminaries. The scalar product of the two vectors
x (xl, x") and p (pl,..., p,) in E, is 7:1 xip and is denoted by p.x.
The norm Ixl of x is its Euclidean norm, i.e., Ixl (x. x)/. If p s E, and A is a
subset of E,, then p. A {p. a’a A} is a subset of the real line. The distance
6(A, B) of the two subsets A and B of E, is their Hausdorff distance, i.e., 6(A, B)

max (SUPA infnla- b[, supn infA [a- hi). The distance function 6 is a semi-
metric. If only closed and bounded subsets of E, are concerned, then 6 is a metric
and the space of closed and bounded subsets is complete with respect to 6.
Bounded subsets of this space are precompact (see [9). The norm of a subset A
of E, is denoted IAI and defined by IAI 6(A, {0}) which is equal to max {lal "a A}.
The support function s(p, A) of a subset A of E, is defined for every p e E, by
s(p, A) sup {p. a’a e A}. It is a convex function (see [9]). If A and B are convex
sets, then

6(A, B) sup {Is(p,A) s(p,B)l lPl 1}.

This equality, which is easily verified, goes back to Minkowski. A simple con-
sequence of it is that if Ak, k 1, 2, ..-, are convex sets in E,, then 6(Ak, A) tends
to zero if and only if A is convex and s(p, A) tends to s(p, A) for every p e E,.

A set-valued function F is called Borel-measurable if for every closed subset
C of E, the set F-(C) {t:F(t) C 4= } is a Borel subset of T. The graph of
F is the subset of T x E, defined by the graph F {(t, x):x F(t)}. A set-valued
function with closed values is Borel-measurable if and only if its graph is a Borel
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subset of T x E,. The "only if" direction was proved by Debreu [6, (3.4)]; see
also [_17, Thin. 2]. The "if" part (which is not widely known) follows from Novikoff
[15.

A selector ofF is a vector-valued measurable function such that f(t) belongs to
F(t) for almost every t.

PROPOSITION 2.1. If F is a set-valuedfunction with a Borel-measurable graph,
then a selector ofF exists.

The proposition is true also for functions with analytic graphs and the proof
is due to von Neumann (see [3, p. 3]). Aumann [4] gave a generalization to abstract
measurable spaces. For another approach see [133.

PROPOSITION 2.2. IfF has a Borel-measurable graph and ifp(t) is a measurable
E,-valuedfunction, then s(p(t), F(t)) sup {p(t) x:x F(t)} is a measurablefunction.

The proof is implied by the following observation:

{t’s(p(t), F(t)) >= 0} projT {(t,x)’p(t) x >= 0, X F(t)}
projT ({t, x)’p(t)’x >_ 0} m graph F),

where projr means projection on T.
COROLLARY 2.3. IfF has a Borel-measurable graph, then thefunctions s(p, F(t))

for p E, and re(t) [F(t)l are measurable functions.
The statement for the support function s(p, F(t)) is a particular case of Proposi-

tion 2.2. The function re(t) is measurable since re(t)= supj s(pj, F(t)), where
{Pa}% is a dense sequence in {P’IPl }.

PROPOSITION 2.4. Suppose that F has a Borel-measurable graph and that

t F is not empty. Then v s(p, F(t)) s(p, t F)for every p E,.
The result is widely known. It is an easy consequence of Proposition 2.1 and

Corollary 2.3. A complete proof can be found in [2, Lemma 2.2].
PROPOSITION 2.5. If F has closed values and a measurable graph, then m(t)

IF(t)[ is integrable implies that v F is closed for every measurable U c T.
The result was proved by Aumann 3, Thm. 4].
PROPOSITION 2.6. j’v F is a convex set for every measurable subset U of T.
This result is an easy consequence of Lyapunov’s convexity theorem. The

proof for this case is due to Richter (see [3, Thm. 1).
As was noted in the Introduction, we shall develop the theory of weak con-

vergence for set-valued functions which have closed values and are Borel-measur-
able. The theorem which follows this paragraph shows that if closedness is required
then without loss of generality the functions are Borel-measurable (or equivalently
have a Borel-measurable graph). Thus there is no need to develop the theory for
general closed-valued functions. The "without loss of generality" above corre-
sponds to the fact that we integrate the functions. If one drops the closedness
assumption, then one has to deal with the semimetric 6, where the equivalence
classes of 6 are sets with the same closure. Since any "reasonable" measurability
condition, for instance the analyticity of the graph, leads to j closure F(t) closure
F it follows that it is enough to deal with closed-valued functions.

TnZORM 2.7. Let F be a set-valued fimction with closed values. Then there
exists a Borel-measurable set-valued function G with closed values, such that
G(t) F(t) a.e. and such that iff is a selector of F then f is also a selector of G. In
particular, t F v G for every measurable subset U of T.
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Proof. Denote the collection of selectors of F. The equivalence classes
under equality a.e. of measurable functions form a separable metric space under
convergence in measure. A metric can be found in [10, 42, exercise 4], while the
separability follows easily from the separability of T. Let fk be a dense subset of
the Borel-measurable functions in . Define H(t)= {fl(t), fz(t), }. It is
easily seen that H is Borel-measurable. Define G(t)= closure H(t). In view of
[17, Lemma 5.2], G is also Borel-measurable. Obviously, G(t) F(t) for almost
every t. Let f be in . Then a subsequence of fk converges in measure to f. There-
fore, a sub-subsequence is converging to f a.e. and hence f is a selector of G.

3. The space lB. A set-valued function F is integrably bounded if there exists
an integrable real-valued function re(t) such that for almost every if x F(t)
then Ixl _-< re(t). For a set-valued function F with a Borel-measurable graph,
Corollary 2.3 implies that F is integrably bounded if and only if re(t)= IF(t)l is
integrable.

The space IB consists ofall the integrably bounded set-valuedfunctions that are
Borel-measurable and have closed values. Instead of Borel-measurable we could
require that the graph of a member in IB will be a Borel-measurable set. See the
second paragraph of 2.

We shall deal with equivalence classes of members of IB where the equi-
valence is defined by equality almost everywhere, and as usual we shall not dis-
tinguish between a function and its equivalence class. We shall define a metric
on IB which will be analogous to the L metric on integrable functions, and get
similar results. A complete analogy cannot be achieved since the space of compact
subsets in E, is not a vector space.

DEFINITION AND PROPOSITION 3.1. For the two elements F and G in IB define

d(F, G) _f. 6(F(t), G(t)) dt.

Then d is a metric on lB.

Proof First we have to show that d is well-defined. Let - and c be the col-
lections of selectors of F and G respectively. Let {f}= and {g}=l be two
dense-in-convergence-in-measure sequences in ff and c. (See the proofofTheorem
2.7.) From the definition of the Iqausdorff metric 6 it follows that a.e.

6(r(t), G(t)) max (sup inf [gk(t) fj(t)[, sup inf [gk(t) fj(t)[).
\k !

Since each of Igk(t)- f(t)[ is measurable it follows that 6(F(t), G(t))is measure-
able. The latter is integrable since it is dominated by the integrable function
2 max ([F(t)[, [G(t)[), and therefore d is well-defined. Since 6 is a metric it follows
that d is a metric.

PROPOSITION 3.2. The space IB with the metric d is a complete space. If the
sequence F in IB converges in the metric d to F, then there is a subsequence ofFk

which converges to F almost everywhere where the convergence is with respect to 6.
Proof If Fk is a Cauchy sequence, then one can find a subsequence, say Fm,

such that d(F,,, Fro+l)=< 1/2"+ 1. For this subsequence it is easy to show that
almost everywhere 6(F"(t), F"+k(t)) converges to zero as m , i.e., F"(t) is a.e. a
6-Cauchy sequence. Since 6 is complete it follows that there is a.e. a set F(t) such
that 6(F"(t), F(t)) O. It is easy to show that d(Fk, F) converges to zero.



WEAK CONVERGENCE OF SET-VALUED FUNCTIONS 869

Some other results similar to what is known about La-spaces can be proved.
We shall need in the sequel the concept of uniform integrability which is also adop-
ted from the L motivation.

DEFINITION 3.3. The collection F of elements in IB is uniformly integrable
if for every e > 0 there is an r/> 0 such that if the Lebesgue measure of U is smaller
than r/then ]t FI < e for every F, in the collection.

PROPOSITION 3.4. The collection F. is uniformly integrable if and only if the
collection m,(t) IF(t)[ of integrable real-valued functions is uniformly integrable.

Proof Suppose that m is a uniformly integrable collection. Let r/(e) be given
for the collection m. Let f be a selector of F. Then Ivf] <= v ]fl _-< v m and
therefore r/(e) is valid also for the collection F,. This proves the "if"part. Suppose
now that m is not uniformly integrable. Therefore, an e > 0 exists such that for
every r/> 0 there is a U with measure <= r/and there is an e such that v m, >= .
Let f be a selector of the corresponding F, such that If(t)l m(t). Such a selector
exists in view of Proposition 2.1 and Corollary 2.3. Let U , , U2, be the partition
of U such that the values of f, restricted to each U are in the same orthant of E,.
Then the measure of each U is still _<_r/, but at least for one it is true that
lily, fl ->_ e/2". This contradicts the existence of r/-- r/(e2-") for establishing the
uniform integrability of F.

COROLLARY 3.5. The collection F is uniformly integrable if and only if the
collection of all selectors ofall its members is uniformly integrable.

4. Weak convergence in lB. The following theorem gives the equivalence of
three conditions which will serve as the definition of weak convergence. Recall
from 2 that the support function s(p, A) is defined by s(p, A) sup {p. a’a A}.

THEOREM 4.1. Let F be a sequence of elements in IB and let F belong to lB. The
following three statements are equivalent.

(i) For every bounded and measurable E,-valued function p(t) the sequence
r P(t)" Fk(t) of sets in E converges to p(t). V(t).

(ii) For every bounded and measurable E,-valued function p(t) the sequence

fr s(p(t), F(t)) of real numbers converges to r s(p(t), F(t)).
(iii) For every p E, and measurable subset U of T the sequence v s(p, Fk(t))

converges to v s(p, F(t)).
Proof (i) (ii). If r p(t)" Fk(t converges to r p(t).F(t), then, in particular,

the sequence of numbers ak sup(r P(t)’Fk(t)) converges to the number
a sup (r p(t). F(t)). We shall show that ak fr s(p(t), Fk(t)) and that

a j s(p(t), F(t))

and this will complete the proof. Proposition 2.2 shows that s(p(t), F(t)) is measur-
able;thus we can change it on a null set and get a Borel-measurable functiorg
say s(t). Let

F’(t) {x F(t)’p(t). x s(t)},
Then F’ has a Borel-measurable graph and by Proposition 2.1 a selector f(t) of
F’ exists. Obviously,

frs(p(t), F(t)) f p(t), f(t).

On the other hand, p(t) x(t) >= r for every r p(t) F(t); therefore r p(t) f(t) a.
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The claim for ak is proved by adding the subscript k whenever F and a appear
in the proof.

(i) (iii). Obvious.
(iii) (i). Condition (iii) implies that the sequence of real-valued functions

s(p, Fk(t)) is weakly convergent to s(p, F(t)) (see [7, IV.8.7]). (The arguments in [7]
require the boundedness in L1 of the sequence, but it is easy to verify this in our case
where the measure space has a finite measure.) Therefore, s(p, Fk(t)) are uniformly
integrable [7, IV.8.9]. Let P1,’", P2, be the 2n vectors (0,..., 0, +/- l, 0,..., 0).
Then the collection of functions s(Pi,Fk(t)) where 1,--., 2n, k 1, 2,...,
is a uniformly integrable collection. Since the support function s(p, A) is convex
in p and since [Fk(t)l sup {(x/Ixl). x :x Fk(t)} it follows that IFk(t)l <= c{sup Pi" x:
x Fk(t), 1,..., 2n} for a certain fixed c (c n 1/2 will fit). Thus the collection
ink(t) [Fk(t)[ is uniformly integrable. In particular, j’r ink(t) is bounded, say by M.

Let p(t) be a measurable and bounded E,-valued function. For each e > 0 we
can find an E,-valued function q(t), such that q has only a finite number of values,
q is measurable and [p(t) q(t)[ < e. Then

(( r p(t) F(t), r q(t) F(t)) <= f (p(t) q(t)) F(t)

=< Ip(t)- q(t)l IFdt)l eM.

Condition (iii) implies that for every U and a fixed vector p the sets v P’Fk(t)
converge to t p.F(t). Indeed, v P’Fk(t) is the interval whose extremes are given
by v s(-p, Fk(t)) and v s(p, Fk(t))while j’v p’F(t)is the interval with extremes

v s(-p, F(t)) and v s(p, F(t)). Since q(t) has only a finite number of values also

v q(t)" Fk(t converges to v q(t)" Fk(t). Since e was arbitrarily small the in-
equalities above show the desired convergence also for p(t).

DEFINITION. If for the sequence F of elements in IB and for F IB condition
(i) (and hence also (ii) and (iii)) of Theorem 4.1 holds, we say that the sequence Fk

converges weakly to F.
Remark. Note that for singleton-set-valued functions, the definition coincides

with the usual definition of weak convergence of point-valued functions.
Remark 4.2. Each of (i), (ii) and (iii) can be stated in terms of Cauchy sequences

(ofT p(t) Fk(t), 7" s(p(t), Fk(t)) and v s(p, Fk(t)) respectively)rather than in terms of
convergence. It is also clear that the proof shows the equivalence also in this pre-
sentation. Therefore, we have also the concept of a weak Cauchy sequence, namely
a sequence of elements such that one of’(i), (ii) or (iii) (and hence the other two) is
satisfied in the Cauchy formulation. We shall see below that every weak Cauchy
sequence has a weak limit.

Remark 4.3. Notice that the limit of a weak convergent sequence is not unique.
Indeed, the support functions of two sets with the same convex hulls are the same
and the convergence criterion (iii) is given in terms of the support functions. Thus,
if Fk converges weakly to F, then it converges weakly to every G provided the con-
vex hull of G(t) equals a.e. the convex hull of F(t). However, it is clear that the
convex-valued limit is unique. Indeed, the support function s(p, F(t)) of the limit
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is the weak limit in L of the functions s(p, Fk(t)) and in L the weak limit is unique.
The last paragraph of the proof of Theorem 4.1 contains the proof to the

following proposition.
PROPOSITION 4.4. IfFk converges weakly to For ifF is a weak Cauchy sequence,

then the functions m(t) [F(t)[ are uniformly integrable.
COROILAR 4.5. A weakly convergent sequence is bounded in IB and is uniformly

integrable. Furthermore, the collection ofall selectors of the members ofthe sequence
is uniformly integrable.

Proof The uniform integrability of ]F(t)] where Fk is the sequence implies the
boundedness. The rest of the claims follow from Proposition 3.4 and Corollary
3.5.

TI-IEOREra 4.6. Let F be a sequence in IB and let Fbelong to lB. The sequence F
converges weakly to F if and only iffor every measurable subset U of T the sets

u Fk converge in the 6-metric to u F.
Proof Proposition 2.6 implies that the sets u F and v F are convex. In this

case the convergence ofu F to u F is equivalent to the convergence of s(p, v Fk)
to s(p, v F) for every pc E,; see the discussion about the support function in
2. By Proposition 2.4 the equalities

and s(p, fv F)= fv s(p, F(t))

hold, but the convergence of the right-hand side of these equalities is the definition
via condition (iii) of the weak convergence.

Remark 4.7. It is clear that in terms of Cauchy sequences the last proposition
should be read as Fk is a weak Cauchy sequence if and only if for every U the sequ-
ence of sets v F is a 6-Cauchy sequence.

The following propositions give some results which are analogous to the
properties of weak convergences in L1 (see [7, IV.8]).

PROPOSITION 4.8. The space IB is weakly sequentially cotnplete, i.e., every
weak Cauchy sequence has a weak limit.

Proof. Suppose that F is a weak Cauchy sequence. In view of Remark 4.7
for every measurable U c T the sets jv F form a 6-Cauchy sequence. The metric 6
is complete and therefore v F has a limit, denoted by (I)(U). Since v F is additive
in U it follows that O(U) is additive too. Since the F are uniformly integrable (see
Propositions 4.4 and 3.4) it follows that I)(U) is countably additive and bounded,
i.e., it is a set-valued measure in the terminology of [1]. Since has closed values it
follows from [1, Thm. 9.1 that has a Borel-measurable Radon-Nikodyn deriva-
tive with closed values, i.e., a Borel-measurable set-valued function F such that for
every U c Tmeasurable v F (U). In view of Theorem 4.6, F is a weak limit
of Fk.

PROPOSITION 4.9. A set in IB is weakly sequentially precompact, i.e., every
sequence has a weakly convergent subsequence, if and only if its members are uni-
formly integrable.

Proof If the set is not uniformly integrable, then a sequence can be found in
it such that every subsequence of it is not uniformly integrable and hence (Corollary
4.5) no subsequence converges weakly.
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Suppose the set is uniformly integrable and let Fk be a sequence in it. Let
U1, Uz, be a sequence of Borel sets in T that are dense in the Borel field of T.
The sequence vl Fk is bounded, and therefore (see 2) has a convergent sub-
sequence, say u1 F. The sequence v2 Fl is bounded, and thus has a convergent
subsequence, say v2 F,,. We can continue building these sub-sub subse-
quences, and by a standard diagonal procedure get a subsequence F of F such
that for every U the sequence vj Fi for 1, 2,... will converge. The uniform in-
tegrability together with the density of U implies that the v F converge for every
U. In view of Remark 4.7 the sequence F is a weak Cauchy sequence, and .therefore
(Proposition 4.8) has a limit.

The following three propositions give the connection between the weak
convergence ofthe set-valued functions and the weak convergence oftheir selectors,
as integrable functions.

PROPOSITION 4.10. If F converges weakly to F and iff is a selector of Fkfor
k 1, 2,..., then the sequence j has a weakly convergent subsequence.

Proof. Fk converges weakly implies (Corollary 3.5) that the fk are uniformly
integrable and therefore a weakly convergent subsequence exists.

PROPOSITION 4.1 1. IfF converges weakly to Fand ij’f is a sequence ofselectors
ofFkfor k 1, 2, such that fk converges weakly tof, then a.e. f(t) belongs to the
convex hull of F(t).

Proof For every pE, the inequality p" fk(t) <= s(p, Fk(t)) holds. Since
s(p, Fk(t)) converges weakly to s(p, F(t)) and since p.fk(t) converges weakly to
p.f(t) it follows that almost everywhere and for every p the inequality p.f(t)
< s(p, F(t)) holds. (We can deduce "almost everywhere for every p..." from "for
every p, almost everywhere ..." since it is enough to show the inequality for a
dense sequence of vectors.) Since for every set A the convex hull of A is {a’p’a
<= s(p, A) for every p E,} it follows that f(t) a.e. belongs to the convex hull of
F(t).

PROPOSTOY 4.12. Let F converge weakly to F. Letf be a selector of F. Then
there exists a sequence f of selectors of Fk, k 1, 2, "", such that j converges
weakly to f

Proof Without loss of generality T= [0, 1]. Let I(J-1)2-m, J2-m] for
j l,..., 2 be the ruth dyadic partition of [0, 1]. There are 2" intervals in the
partition, and denote them by U1, "’", U2,,. Since the Fk converge weakly to F
it follows from Theorem 4.6 that for k large enough, say k >= k(m), the fi distance
between tj Fk and t F is less than 1/m2" for every j 1, ..., 2". Therefore a
selector fk,,, of Fk for k >= k(m) exists such that

m2
for every j 1, ..., 2m.

Notice that by this choice if U is a union of members of the mth partition then

f f,m fv f <=1
m

Without loss of generality the sequence k(m) for m 1, 2, is strictly increasing.
Define now the selector fk of F by fk fk,m if k(m) <= k <__ k(m + 1). It is clear that
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for every finite union U of dyadic intervals the sequence vfk converges to v f.
The uniform integrability of fk (see Corollary 4.5) implies that v f converges to

v f for every measurable U and hence by [7, IV.8 f converges weakly to f.
5. Weak convergence via embedding. The space of compact subsets of E.

cannot be embedded in a vector space although summation and multiplication by a
nonnegative scalar are defined on it by A + B {a + b:aA, bB} and
A {a:a A}. The reason is that the cancellation law is not valid, for instance,
[0, 1] + {0, [0, 13 + 0, 13. If only convex sets are concerned, the embedding
can be done and for instance the mapping that associates every set with its support
function is an embedding into the continuous functions on the compact set
{P: IPl with the sup norm. As was noted in 2, this embedding goes back to
Minkowski. Thus the set-valued functions with convex and compact values can be
regarded as vector-valued functions into a Banach space. This approach was
established by G. Debreu [6] who showed that the integration of these set-valued
functions can be done as integration into the Banach space (see also 2]). For inte-
grable functions into a Banach space the concept of weak convergence is given by
the classical theory. The purpose of this section is to show that the weak conver-
gence for the embedded functions coincides with the weak convergence defined
in this paper.

In order to show this, we will need a precise representation of the embedding
and we shall use the one mentioned above, i.e., a convex and compact set B is
associated with the restriction of the support function s(p, B) to K {P:IPl 1}.
Thus the Banach space is C C(K), the continuous real-valued functions on K.
Its dual C* is the space of regular measures/ on K (see [7, IV. 6.3]), where the dual
operation is

la(h) fl h(p)d#(p).

Denote the integrable functions from T into C by LI(T, C). The dual space of
LI(T, C) is L (T, C*), the bounded functions into C* (see I8, 8.18.1 and 8.18.2]).
(I want to thank H. T. Banks for this reference.) The embedding ofa convex compact
set in C is an isometry; therefore the embedding of the convex-valued elements of
IB in LI(T, C) is also an isometry, and every set-valued function such that its
embedding is integrable (i.e., belongs to LI(T, C)) is in lB. Finally, we shall use the
fact that bounded collections of compact sets are precompact in the Hausdorff
metric.

THEOREM 5.1. Let F and Fk for k 1, 2,’", be set-valueal functionx with
convex and compact values. Suppose that they belong to IB (or equivalently that they
belong to Lx(T, C)). Then the sequence F converges weakly to F in IB if and only if
Fk w-converges to F in L(T, C).

Proof The "if" part. Let p(t) be a measurable and bounded E,-valued function.
It is easy to verify that the operation jr s(p(t), G(t)) dt is linear on the members of
lB. It is also bounded since

s(p(t), G(t)) t] sup [p(t)[" f. [G(t)[ dt.
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Therefore, if F converges weakly to F in LI(T, C) then [.r s(p(t), Fk(t)) dt converges
to r s(p(t), F(t))dr, and in view of condition (ii) of Theorem 4.1, F w-converges to
F in lB.

The "only if" part. Suppose that F w-converges to F in lB. Then F is uni-
formly integrable (Corollary 4.5) and therefore m(t) IFk(t)l is a uniformly inte-
grable sequence (Proposition 3.4). In particular, if r/> 0 is given, then a number
M can be found such that for every k if T {t:m(t) <= M} then the Lebesgue
measure of T is less than r/. Consider the embedding of the convex and compact
sets in E, with norm less than or equal to M and denote this collection of functions
by D. The set D is a compact set in C(K) and therefore equicontinuous [7, IV.6.7].
Let K 1,..., K be a partition of K and let p,..., Pl be points in K,..., K
respectively. If the maximum diameter ofthe Kj is small and if/ is a regular measure
on K, then the functional

__
la(Kj)f(pi is an approximation to n f(p)dla(p)

and the approximation is uniform with respect to all members of D. This is a direct
consequence of the equicontinuity.

We have to show that for every bounded and measurable C*-valued function
/, the numbers r s(p,F(t))d#,(p)dt converge to : s(p,F(t))d,(p)dt. We
proceed with the following approximations. Let e > 0. Since F is uniformly inte-
grable it follows that an r/> 0 exists such that if the Lebesgue measure of T is
less than q then

f ;s(p’F(t))dt(P)l<=esup #.

For this q let M be given by the preceding discussion. For this M let K1,..., Kl
and p 1, "’", P be given such that= la,(Kj)f(pj) is a D-uniform e-approximation
to : f(p) dial(p) for a t-set with complement that has Lebesgue measure less than q.
The uniform integrability implies that on this complement, and denote it by T’,
the dr-integral of : s(p, Fk(t)) dial(p) is less than e sup II/,ll The weak convergence
of F in IB implies that the

frlat(K)s(p,F(t))cnverget
(5.2) \r, r’ j=

7l,(K)s(p,F(t))
"l(Tkw T’) j=

Recall that we have to show that the

(5.3) frf,,sp, Fk(t))d,(p)dt convergeto frf,,s(p,F(t))d,(p)dt.
Since the integral on T w T’ is less than 2e sup I111, and since the summation in
(5.2) e-approximates the inner integral in (5.3) and since e is arbitrarily small we
conclude that (5.3) holds.

6. Continuous dependence of the attainable set of a linear control system.
Consider the linear control equation

(6.1) dx= A(t)x + B(t)u,
dt
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where x E,, u Em, the matrix-valued functions A(t) and B(t) are measurable
with A(t) integrable on bounded intervals and B(t) bounded on bounded intervals.
The admissible control functions are the selectors of a restraint set-valued function
f(t) and we shall assume that f has closed values and is integrably bounded on
bounded intervals.

For every admissible control u u(t) there is a unique solution to (6.1) with
the initial condition X(to)- xo. Denote it by x(t, u). By using the variation of
parameters formula we can get an explicit form of x(t, u), namely,

x(t, u) x(t)Xo + x(t) X-’(r)B(r)u() d-,

where X(t) is the fundamental solution to the homogeneous equation dx/dt A(t)x
and X(to) is the identity matrix.

The attainable set K(t) consists of all the vectors z x(t, u), where u is an
admissible control, i.e., all the vectors to which xo can be steered in the time t.

The variation of parameters formula shows that

K(t) X(t)Xo + X(t) X-l(z)B(z)u(z) dr" u u(z) is an admissible control
to

Motivated by this formula, we define a set-valued function F by

(6.2) F(r) {X- l(T,)B(r)u:u fl(r)}.

The following equality gives the representation of K(t) in terms of integration
of the set-valued function F. The result is widely known and used but since the proof
of it is short, we shall give it here.

K(t) X(t)xo + X(t) F() d.

In order to prove this identity notice that if u is an admissible control then ob-
viously to X-(r)U()u() d belongs to tto F. In order to show the converse
direction let f(t) be a selector of F and without loss of generality assume f is
Borel-measurable. We will show the existence of an admissible u such that a.e.

f(r) X-l(’c)B(’c)u(r). Define

f’() {u f(:): f(r) X- (r)B(r)u}.
Then f’ has a.e. nonempty values. Moreover, its graph is the intersection of the

graph f with the inverse image of {0} by the function (, u) - X- l(r)B(:)u f(:).
Since without loss of generality both f and B are Borel-measurable it follows
that the graph of f’ is Borel-measurable and by Proposition 2.1 a selector u of f’
exists. This u is the desired admissible control.

We showed that the attainable set K(t) is a translation (by X(t)Xo) of a regular
image (by X(t)) of the integral of the set-valued function F. This substitution en-
ables us to translate the theory of calculus of set-valued functions into the theory of
linear control systems. In the sequel we shall apply the theory of weak convergence
which we developed in this paper to the problem of continuous dependence of the
attainable set K(t) on the restraint set f(t).
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We consider the equation (6.1) with the fixed initial value X(to) xo. We shall
see what happens to the attainable set if the restraint set is changed. If f or k are
restraint set-valued functions for the system (6.1), then the corresponding set-
valued functions F or respectively Fk are defined by (6.2). We shall consider the
system for a finite time interval T [t0, tl] and all the functions A(t), B(t) etc. are
assumed to be defined only on T.

PROPOSITION 6.3. Ifk converges weakly to f, then F converges weakly to F.
The converse is also true provided that the fk are uniformly integrable and that
is almost everywhere one-to-one.

Proof. Suppose that fk converges weakly to f. Let p(r) be a bounded measur-
able E,-valued function. Define q(r)= p(r)X-l(r)B(r). Then q(r) is a bounded
measurable E,,-valued function. The weak convergence of fk implies that r q(:)
"fk(:) converges to r q(r) f(r), and the equalities

fT q(’c) ff2k(’C f P(r) Fk(r)

show that (i) of Theorem 4.1 holds also for Fk. This proves the first statement.
Suppose now that F converges weakly to F, that the O are uniformly inte-

grable and that B(r) is one-to-one. We have to show that for every bounded q(r) the
integrals .q(r). fk(r) converge to q(r). (r), but the uniform integrability
implies that it is enough to show that the v q()" (z) converge to v q(z). () for
an increasing sequence Uj such that Uj Uj T. Denote B- (r) an inverse of B(r).
(Since B(r) is one-to-one it follows that it has an inverse defined on its range and
B-a(r) is an extension of this inverse to all E,.) Define p(r) q(r)B-(r)X(r) and
define U {r’lp(r)l N j} for j 1, 2,’... Then Uj U Z Also for U the
weak convergence of F implies that the

fvp(T)’F():fvq(T)’(T) converge to

and this completes the proof.
Remark. Neither the uniform integrability nor that B(z) is one-to-one can be

removed from the conditions of the proposition.
In the following, we shall consider several restraint set-valued functions to the

equation (6.1). The attainable set that corresponds with the restraint j will be
denoted Kj. (We changed the index from k to in order to avoid the inconvenient
K symbol.)
Tno6.4. Ifj converges weakly to , ten K(t) converges to K(t) unormly

in If the are unormly integrable and if B() is a.e. one-to-one, then the
convergence ofKj(t) to K(t)for every implies that converges weakly to .

Proof The fundamental matrix X(t) is continuous and has a continuous in-
verse; therefore it is enough to prove the theorem for the set-valued function
L(t) ’,o F() d instead of the attainable set K(t). Ifj converges weakly, then by
Proposition 6.3 the sequence Fj converges weakly to F and Theorem 4.6 implies
that Li(t) converges to L(t) for every t. The uniform convergence follows from the
observation that 6(Lj(t), Lj())= F] and that the sequence Fj is uniformly
integrable.
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Suppose now that the f2j are uniformly integrable. Since Fj(z) X-l(z)B(r)
f2j(r) and since X(r) and B(r) are bounded it follows that the F are also uniformly
integrable. If Lj(t) converges to L(t) for every t, it follows that for every interval
t, z] the sets Fj converge to F and together with the uniform integrability
this implies that the F converge weakly to F. If, in addition, B(r) is almost every-
where one-to-one, then Proposition 6.3 implies that the sequence f2j converges
weakly to f2.

COROLLARY. If the fj are uniformly integrable and if K)(t) converges to K(t)
for every t, then the convergence of the attainable sets Kj is uniform in T.

Remark. In many applications the restraint set-valued function f2 is described
in terms of inequalities qj(t).u < j(t) for j 1, ..., k, where the qj are Era-valued
functions and j(t) are real-valued functions. (In many applications f2 is a constant
polygon, i.e., qj and j are constants.) Theorem 6.4 gives the answer to the following
question. What errors in the description of the j(t) are allowed in order to have
only small errors in the attainable set. Criterion (iii) for the weak convergence
implies that the "right" changes are small changes with respect to the weak
Ll-topology. By "right" we mean that under the additional assumption of uniform
integrability the weak Ll-convergence is also a necessary condition, i.e., the weak
L-topology is the weakest topology with respect to which the attainable set is
still continuous.

7. Continuous dependence of the trajectories on the controls. In the particular
case where f(t) {u(t)} is a singleton, Theorem 6.4 gives a characterization of the
continuous dependence of the trajectory (the solution) x(t, u) on the control function
u u(t). It is worthwhile to formulate it again for this case.

THEOREM 7.1. If the sequence u of controls converges weakly to the control
function u, then the solutions x(t, Ilk) converge to x(t, u) uniformly on T. Under the
additional assumptions that the u, are uniformly integrable and B(z) is a.e. one-to-one,
the convergence ofx(t, Uk) tO x(t, u) for every implies that uk converges weakly to u.

The first part of the theorem is known and was used in the literature (see I15]).
It is easy to give direct proofs to both the statements of the theorem. The common
tool which is used in the literature is the continuous dependence of the solution on
the control functions when the latter are endowed with the weak topology of L2.

The tool which is suggested by Theorem 7.1, namely the weak topology of L, has
the "advantage" that it is also a necessary condition. In particular, convergence in
weak L2 implies convergence in L but not vice versa.

Remark. Theorem 7.1 does not hold for linear systems of the form dx/dt
A(x) + dp(t, u), i.e., when the control does not appear linearly. Indeed, in general

the functional r c(u(t))dt is not weakly continuous.
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GLOBAL BILINEARIZATION OF SYSTEMS WITH
CONTROL APPEARING LINEARLY*

JAMES TING-HO LO"

Abstract. A necessary and sufficient condition that a nonlinear system, with control appearing
linearly, be dynamically equivalent to an observable bilinear system is derived. When the condition is
satisfied, a procedure to construct an observability canonical form of such a bilinear system is provided
in the proof of the sufficiency part of the condition.

1. Introduction. In this paper, we will be concerned with the following
nonlinear control system with control (u, v) appearing linearly" for [0, T
=TR1,

(1)
c(t) f(x(t)) + G(x(t))u(t),
z(t) h(x(t)) + Q(x(t))v(t),

where x (state), z (output), u, and v (inputs) are n, p, m, and q-dimensional vector-
valued functions of time, respectively;f and h are n, p-dimensional vector-valued
functions of x(t); and G and Q are matrix-valued functions of x(t) of appropriate
sizes.

Controllability and optimal control problems for this system when z x
have been studied in literature, e.g., Lee and Markus [13], Hermes and Haynes [9],
Hermes [10, Haynes [73, Haynes and Hermes [8. The main result of this paper is a
necessary and sufficient condition for this system to have a dynamically equivalent
bilinear system of the following form: for e T,

i=(2)

where A, B, C, D, are constant matrices of appropriate sizes, and for some positive
integers M, 0, , q,

rank [C’, A’C’, (A’)u- ’C’, D’ A’D’, (A’)u’- D
(3) ..., D,, A D,, ..., (A’). 1D’ dim A.

Bilinear systems have been extensively studied in recent years for three
primary reasons. First, it has been shown that bilinear systems are feasible mathe-
matical models for large classes of problems of practical importance. Second,
bilinear systems provide higher order approximations to nonlinear systems than
do linear systems. (Linear systems are special cases of bilinear systems.) Third,
bilinear systems have rich geometric and algebraic structures which promise a
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fruitful field of research. We refer the interested readers to Mohler and Ruberti
[16], d’Alessandro et al. [6], Brockett et al. [2], Mayne and Brockett [4], Mohler
[17]. Most related articles can be traced from these references.

As a final remark, we note that some necessary and sufficient conditions were
given in Krener [12] for two systems of the form (1) with z x to be locally
equivalent.

Some of the results on stochastic systems, which are analogous to some of
those given here, can be found in Lo [15].

2. A necessary and sufficient condition. In a recent paper by Brockett [3], it
was reported that bilinear systems are capable of representing a wide variety of
highly nonlinear models. Motivated by his results, we will in this section derive a
necessary and sufficient condition for a nonlinear system (1) to have the same input-
output mapping as does a bilinear system (2) and (3). When the condition is
satisfied, a procedure to construct such a bilinear system is provided in the proof
of the sufficiency part of the condition.

To initiate the mathematical development, several definitions are in order.
The reader is referred to Kalman et al. [11] and Brockett 1] for terminologies
unspecified here.

DEFINITION. Given an initial state x(0) Xo and an input function (u, v) on
T, the control system (1) produces a corresponding output function z on T. Thus for
an initial state xo, the system (1) defines an input-output mapping. Two control
systems are said to be dynamically equivalent if, for appropriate initial states, they
have the same input-output mappings.

Remarks. We note that we do not take into consideration the notion of the
minimal dynamical state in the above definition, as opposed to the common
practice in defining system isomorphism in the linear system theory (Kalman
et al. 11).

DEFINITION. Let L be the differentiation operator defined by

L(g(x)) fi(x)-x (g(x)) g(x)f(x),
i=1

for a differentiable scalar function g(x), where gx(X) is the gradient (a row vector) of
g. When g is a vector function, L(g) denotes applying L to each component of g
and gx denotes taking the gradient ofeach component ofg. We note that L(g) is then
a vector function and gx a matrix function.

Ifh is infinitely differentiable, the set of functions {h(x(t)), Lh(x(t)), L2h(x(t)),...}
[’-J [’jqi--1 {Qi(x(t)), LQi(x(t)), L2Qi(x(t)), }], where Qi denotes the ith column of
Q, is called the sensor orbit of the system (1) at the time (whatever the input is).

Remark. The notion of sensor orbits for stochastic systems was introduced
in Bucy and Joseph [5, p. 62] to deduce a set of suboptimal filtering equations.
Its application to optimal estimation was discussed in Lo [14]. In defining sensor
orbits for stochastic systems, the differentiation operator corresponding to L
above is a Kolmogorov backward operator.



GLOBAL BILINEARIZATION 881

DEFINITION. The system (1) is said to have a finite-dimensional sensor orbit,
if there exist integers Mi, 0,..., q, such that for k 1,..., q and all state
trajectories x(t), e T,

LMh(x(t))

LMkQk(X(t))

Mo- q Mq-

A(O, O, + 1)Lih(x(t)) + A(O,j, + 1)LiQj(x(t)),
i=0 j=l i=0

Mo- q Mq-
A(k, O, + 1)Lih(x(t)) + . A(k, j, + 1)UQj(x(t)),

i=o j= i=o

where A(i,j, k) are constant p x p matrices, and every column of (Lih(x(t)))x G(x(t))
and (UQj(x(t)))xG(x(t)), 0,..., Mj 1, j 1,..., q, lies on the sensor orbit,
i.e., for k 1, ..., m, and all state trajectories x(t), e T, the kth column of

Mo q Mq

(Lih(x(t)))xG(x(t)) Bo(k, i, O, j)Lj- h(x(t)) + Bo(k, i, j, l)L- 1Qj(x(t)),
j=l j=l /=1

the kth column of
Mo q Mq

(LiQj(x(t)))xG(x(t)) Bj(k, i, O, 1)Ll- Xh(x(t)) + Bj(k, i, r, l)L- lQr(x(t)).
/=1 r=l /=1

We are now in a position to state our main result.
THEOREM. The nonlinear system (1), with control appearing linearly, is dy-

namically equivalent to the bilinear system (2) and (3),/f and only if the nonlinear
system has a finite-dimensional sensor orbit.

When this condition is satisfied, a procedure for constructing a dynamically
equivalent bilinear system in an observability canonical form is suggested in the
following proof of sufficiency.

Proof Sufficiency. Set Yoi(t) Li- lh(x(t)) and

yji(t) Li- Qj(x(t)).
By the chain rule of differentiation, for 1, ..., M, j 1, ..., q,

.ji-- Yji+,(t) + (Ci-lQj(x(t)))xG(x(t))u(t),
foi(t) Yoi +l(t) + (Li-’h(x(t)))xG(x(t))u(t).

Since the system (1) has a finite-dimensional sensor orbit, for j 0, ..., q,
q Mq q M

;jM(t) 2 Z A(j, k, i)Yki(t + Z E Bj(i, Mj, k, l)Ykt(t)ui(t
k=O i= i= k=O l=

and, for r 1, ..., M 1,) O, ..., q,

q Mk

jr(t) Yjr+ 1(t) dt + Bj(i, r, k, 1)yu(t)ui(t),
k=O

where A(j, k, i) and Bj(i, r, k, l) are constant matrices. Let

Y t,"’, YOMo,’’’, Y’ql,’’’, YqM
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Simple observation yields the first equation of (2), where

A [Aij],
0 I

""’"’..0" "’"’..I
A(i, i, 1) A(i, i, 2) A(i, i, M

0
Aij

A(i,j, 1) A(i,j, 2)

Bo(i,O) Bo(i, 1)

B,(i, O) B,(i, 1)

_B(i, O)

-Bj(i, , k, 1)

Bj(i, 2, k, 1)
B(i, k)

for i- 0, ..., q,

A(i,j, M2)] for i,j 0,..., q and - j,

Bo(i, qi

B(i,q)

_Bfli, Mk, k, 1)

Bq(i,q)_

Bfli, 1, k, 2) Bi(i 1, k, Mk)

B.i(i, 2, k, Mk)

Bfli, Mk, k, Mk)

It follows immediately from the second equation of (1) that the second equation of
(2) holds, where

C=[I 0 0],

D=[O 0 I 0 03.

Straightforward calculation shows that (3) is true. This completes the proof of
sufficiency.

Necessity. As the bilinear and the nonlinear systems are dynamically equiva-
lent, we have, for all control functions (u, v),

z(t) h(x(t)) + (2(x(t))v(t) C + Divi(t y(t).
i=1

Setting v 0, we have for all state trajectories x(t), T,

(4) h(x(t)) Cy(t).

Setting v 1, we have for all state trajectories x(t), T,

(5) Qi(x(t)) Diy(t), i= 1,..., q.
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Differentiating (4) and (5) with respect to time, we obtain, in view of (2), for 2,
3,..., andk= 1,...,q,

L h(x(t)) CAiy(t),

(Li- h(x(t)))G(x(t)) CAi- XB y(t), B,,y(t)],

L Q(x(t)) DAiy(t),

(Li- Q(x(t))G(x(t)) DAi- Bxy(t), Bray(t)].

By the Cayley-Hamilton theorem, there exist constants c, O, .-., N, such that

cN 4= 0 and 7=o CiAi 0. Hence for k 1, ..., q,

N N

ciL’h(x(t))= ciCAiy(t)= O,
(6) =o =o

N N

ciLiQk(X(t))= ciDkAiy(t)= O.
i=0 i=1

Consider the jth column, say CAiBjy(t), of (Lih(x(t)))xG(x(t)). Because of (3),
the kth column of B(A’)iC can be expressed as

Mo Mr
(A’)- C’B’o(j, i, 0, l, k) + (A’)- D’B’o(j, i, r, l, k),

l=l r=l I=1

for some constant p-vectors B’o(j, i, r, l, k). Hence

Mo q Mr

B)(A’)iC’ 2 (A’)’- ’C’B’o(J, i, 0, l) + 2 (A’)I- ID;B’o(J i, r, 1),
l=l r=l l=l

where Bo(j, l, r, i) [B’o(j, i, r, l, 1), ..., B’o(j, i, r, 1, p)]’ and

(7)
Mo q Mr

CA’Bff(t) Bo(j, i, 0, l)Lt-lh(x(t)) + Z 2 Bo(j, i, r, l)Lt-lQr(X(t)).
1=1 l=

Similarly, the kth column of (LiQj(x(t)))xG(X(t)),
Mo q Mq

DjA’-1Bky(t Bj(k, i, O, l)L’- lh(x(t)) + Bj(k, i, r, l)L’- ’Q(x(t)),
/=1 r=l /=1

for some constant matrices Bj(k, i, r, 1). This together with (6) and (7) completes
the proof of necessity.

In the following, we will look at an interesting special case of this theorem for
which the proof follows directly from the theorem and is omitted.

Let 1, "’", Yr and W1,-.., Ws be vector spaces over the same field, and
let the maps

lq)r’V X X V ---} Wl,

{Dr’V X X Vr-- W X X W
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be r-linear, i.e., for all 0t and [ in the field, and all 1, 2, ..., r,

q)r(Vl,""", V -- V, Vr)

,(Vl,..., v,..., v3 + (v,..., v,...,

0t)r(Vl, Vi, Vr) + (r(Vl, V, Vr)
respectively. We can now state a corollary, which is more general than Theorem 2,
of Brockett [3].

COROLLARY. The nonlinear system,

c(t) F + Giui(t x(t),
i=

P

where F and G are constant matrices, has a finite-dimensional sensor orbit and is
dynamically equivalent to the bilinear system,

i=

(8)
Z(I)-- (C -+-

i=1- Divi(t))y(t)’
where A, Bi, C, D are some constant matrices of appropriate sizes and, for some
positive integers Mi, 0,..., q, (3) holds.

Remark. A way to construct a bilinear system (8) is to follow the procedure
given in Theorem 1. An alternative way is to employ an idea used in Theorem 2
of Brockett [3]. We may set y’= [X[1],X[2], x[max(p’q)]], where xtXl= x,
xtzl Ix ,XlXz,..., x XzX3,"’, XZXmaxtp,q),’’", Xmaxtp,q)], "’", etc. Then by
straightforward calculation and substitution, a dynamically equivalent bilinear
system can be obtained. This way is somewhat simpler than the procedure given in
Theorem 1. However, it sometimes leads to a nonobservable bilinear system (when
(u, v) 0), as can be seen easily from the scalar system )(t) ax(t), z(t) xZ(t).
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STOCHASTIC CONTROL OF ROTATIONAL PROCESSES
WITH ONE DEGREE OF FREEDOM*

JAMES TING-HO LO" AND ALAN S. WILLSKY$

Abstract. A class of bilinear stochastic control problems involving single-degree-of-freedom
rotation is formulated and resolved. Both synchronization control and orientation control are con-

sidered. In each case, the measurement data is first processed through a nonlinear transformation.
The transformed process then goes through an ordinary estimator, such as a Kalman-Bucy filter.
After another nonlinear processing of the output of the ordinary estimator, the desired optimal control
is yielded. A generalization of the approach illustrated by these results to control problems on arbitrary
Abelian Lie groups is included.

1. Introduction. In this paper we will study several classes of stochastic
control problems associated with single-degree-of-freedom rotation. As we shall
see, the relevant state and sensor dynamic equations are bilinear in nature.

In the past, such stochastic control problems have been studied strictly in a
vector space setting. While such techniques have been most useful in the study of
linear systems, these methods have not yielded closed form optimal synthesis
techniques for large classes of nonlinear systems, such as the bilinear systems
considered here.

It is the purpose of this paper to use an alternative technique to the vector
space approach. The motivation for this is to study the bilinear equations of
interest with the aid of algebraic and analytical tools that are as natural to these
problems-as the vector space methods are to the linear problems. In this sense,
one should view the present work as being motivated not only by the failure of
vector space theory to handle some nonlinear problems adequately, but also
by the success of vector space theory in effectively utilizing the structure of linear
systems.

Very recently, the theory of Lie groups and Lie algebras has been successfully
applied to a number of bilinear systems problems. Specifically, the results of Wei
and Norman [11], [12 on differential equations, Brockett [1], Sussman, and
Jurdjevic [5] on the structures of bilinear control systems, and Lo and Willsky
on estimation of rotational processes with one degree of freedom indicate that,
much as in the theory of linear systems, the differential geometric structure of
some bilinear systems may be used to obtain simple, explicit solutions. It is in this
spirit that this paper is written.

Specifically, we will concern ourselves with the study of stochastic processes
on the circle, S a, and its extensions to higher dimensions. Topics such as FM
modulation, frequency stability, single-degree-of-freedom gyroscopic analysis,
and satellite attitude control are well-known examples in this framework.
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In the next section, a class of stochastic control problems on the unit circle
will be formulated. The state and sensor dynamic processes are constructed by
taking the projection module 2n of the corresponding typical 1-dimensional
processes. The stochastic differential equations which govern their evolution
are bifinear in form. The control function and the observational noise can be viewed
as entering multiplicatively.

In 3, we will briefly discuss two kinds of control criteria on the circle, namely
synchronization control and orientation control criteria. An effective optimal
control procedure for each of these two kinds of control problems will then be
deduced with the aid of the optimal estimation schemes derived in Lo and Willsky
8]. In each case, the measurement data is first processed through a nonlinear
transformation. The transformed process then goes through an ordinary estimator,
such as a Kalman-Bucy filter. After another nonlinear processing of the output
of the ordinary estimator, the desired control is yielded. The approach illustrated
by these results can be extended to a large class of problems--those involving
processes evolving on Abelian Lie groups. This will be discussed at the end of 3.

Section 2 is relatively abstract, since it describes the mathematical setting
of the problems to be considered. The authors wish to point special attention to 3,
in which we explicitly solve several nonlinear stochastic control problems.

The reader is referred to Lo and Willsky 9] for some examples, which illustrate
the application of results in this paper to a number of important practical problems.
Among them are a control problem of the synchronous rotation of a prime mover
in a hydraulic plant, a feedback frequency modulation problem, and a satellite
attitude control problem.

2. Stochastic control systems. In this section, we will formulate a stochastic
model of a control system for continuous rotational processes with one degree
of freedom. This model consists of equations for the state and the sensor dynamics.

A natural state space for single-degree-of-freedom rotational processes is the
circle group, S 1. It has been shown (Ito and McKean [-4]) that the circular Brownian
motion on S can be constructed by taking the projection modulo 2n of the
standard 1-dimensional Brownian motion onto the unit circle S 1. This method
will now be used to construct the continuous state and sensor dynamics to be
used in this paper.

We will adopt the following notation:

(, , P) a probability space;
s a positive real number;

C] the family of real-valued continuous functions, a, on [0, s] such
that a(0) 0;

C the family of 2 2 orthogonal-matrix-valued continuous func-
tions, A, on 0, s such that A(0) I, the identity matrix;

B the Borel a-field of C with respect to the uniform topology of
C, for and 2.

Lower case letters denote elements in C and upper case letters denote elements in

C.
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Let J" C] - C be defined by

(1)

cos a(t)
(J(a))(t) exp (a(t)R)

-sin a(t)

sin a(t) -]
cos a(t)_]’

for a e C] and e [0, s]. It is easily seen that J is B]-measurable and bijective.
This bijective operator will play a key role in this paper. The reader is referred to
Lo and Willsky [8] for a physically appealing argument concerning the bijectivity
of J.

Thus a continuous stochastic process Y on S corresponds to a continuous
stochastic process y on R in the sense that one can be induced by the other via the
bijective operator J. In the following we will refer to y as the C 1-representation
and Y as the C2-representation of the continuous stochastic process under con-
sideration.

2.1. State dynamic equations. We first formulate a state dynamic equation
on S as the following scalar Ito differential equation viewed as its Cl-representa-
tion:

(2)
dx a(t) dt + F(t)x(t) dt + G(t)u(t) dt + Q1/2(t) dw(t),

x(O) o,
where a, F, G, and Q1/2 are scalar functions, w is a standard Brownian motion on
(f2, a, P), and u is the scalar control function. In considering rotational processes
with one degree of freedom, the dynamic state of the process is specified by the
2 2 orthogonal matrix representation of the process. In this sense, the C 1-
representation above is not a dynamic-state-space representation of the process.
Injecting x into S via the operator J, we obtain, with the aid of the Ito differential
rule, the following Ito matrix differential equation satisfied by the C2-representa-
tion X J(x). This is a dynamic-state-space representation of the state dynamics.

(3)

where

(4)

()

(6)

(7)

(S)

dX(t) [(A 1(0 + A2(t))dt + B(t)u(t) dt + C(t) dw(t) + D(t)x(t) dr-IX(t),

X(O) I,

X(t) [fi(dX(s))X-l(s)] ’12

A 2(t) a(t)R,

t(t) 6(t)/,

C(t) Q1/2(t)R,

D(t) F(t)R,

A l(t) 1/2C2(t).
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We note that in this equation A is introduced to keep the evolution of X
on S when the equation is interpreted as an Ito differential equation. In fact the
term AaX dt is precisely the second order correction term that arises in Ito dif-
ferential calculus. A2(0 as well as B(t), C(t), and D(t) are skew symmetric matrices.

If we set C D A 0, equation (3) then becomes

(t)-- (A2(t) q- B(t)u(t))X(t),

which is a well-known deterministic model (Brockett [1]) for control systems on S 1.
This indicates that our formulation (3) introduces randomness (in the form of
white Gaussian noise) into the above well-known deterministic model in a very
natural way. In addition, the terms involving the coefficient D in (3) allow the
physical quantity x(t), the total angle that the considered rotational process has
swept, to enter the state dynamics directly.

2.2. Sensor dynamic equations. We will now formulate a sensor dynamic
equation on S 1. The Cl-representation of the sensor dynamics is given by the
following scalar Ito differential equation"

(9) dz(t) H(t)x(t) dt + R1/2(t) dr(t), z(O) O,

where v is a standard scalar Brownian motion independent of w, Ra/2(t) and H(t)
are scalar functions. Injecting z into S via J, we obtain the following Ito matrix
differential equation satisfied by the Cz-representation Z J(z) of the sensor
dynamic equation:

(10)
dZ(t) [1/2N(t)dt + S(t)x(t) dt + E(t) dv(t)]Z(t),

z(o) 1,

where

(11) N(t) E2(t),

(12) S(t) H(t)R,

(13) E(t) R1/2(t)R.

We note that this is a dynamic-state-space representation of the sensor dynamics.
The term 1/2NZ dt in (10) plays the same role as -}AaX dt did in (3). The matrices S(t)
and E(t) are skew-symmetric.

We note that because J is a bijective operator and Z J(z), the a-field in
(f, ag, P) generated by Z’= {Z(s), 0 < s =< t} is the same as that generated by
z’= {z(s), 0 _<_ s <= t}. In other words, Z’ and z’ carry the same amount of in-
formation about X. This enables the Cl-representation (9) to serve as an extremely
useful auxiliary equation in the analysis of detection, estimation, and control.
While the detection and the estimation problems were treated in Lo and Willsky
[8], and Lo [17], the application Of the Ca-representation to control problems
will be considered in this paper.

Since a sensor cannot take measurement of future state evolution, the obser-
vation process Z (the output of the sensor) must be nonanticipative with respect to
state evolution. More specifically Z(t) must be a function of X’ {X(s), 0 < s < t}
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or equivalently x (from the mathematical viewpoint) since Xt= J(x) and J is
bijective. We note that the sensor dynamic equation (10) does, in fact, have this
essential feature.

From a physical viewpoint the sensors used to observe single-degree-of-
freedom rotational processes can be classified into two kindsby the way in which
the measurement is taken. The first type measures the orientation X(t) directly (as in
the measurement of a gimbal angle in an inertial navigation system (Wrigley,
Hollister, and Denhard 14]). A sensor of the second kind measures the total angle
swept x(t) directly (e.g., an integrating gyroscope).

3. Cost criteria and feedback control. A cost criterion for a control system
operating over some time period T is usually defined as a real-valued functional
r/on the direct product of the space of state trajectories and the space U (to be
specified later) of admissible control functions over T. As shown in the previous
section, there are two representations of the space of state trajectories--C1 and
which are related by the bijective operator J. Therefore we may define the cost
criterion as a real-valued functional on either C1 U or C2 U. One form of the
criterion can be easily obtained from the other via the operator J. A cost criterion in
the form of a function on C U will be called its Ci-representation for and 2.

Just as with the classification of sensors from a physical viewpoint, the C-
and the C2-representations of the cost criterion have different physical interpre-
tations. When the cost is induced directly by the time history of the deviation of the
total swept angle of the controlled rotational process from some desired total swept
angle (or, alternatively, when it is induced by the deviation ofthe angular velocity of
the controlled process from some desired rotational rate), it is obviously physically
more natural to first write down the C-representation of the cost criterion. A
notable example of this kind is the control of synchronous rotation such as the
control of a rotor in a motor or electric generator, or in the adjustment of a high-
accuracy clock or an oscillator used for frequency modulation.

On the other hand, when the cost is induced directly by the time history of the
"deviation" (a measure of angular deviation will be specified later) of the orienta-
tion of the controlled rotational process from the desired orientation, it is then
physically more natural to write down the Cz-representation of the cost criterion.
A notable example of this kind is the satellite attitude control problem (Leondes
[7]). In the following we will study the control problems for these two kinds of cost
criteria. They will be referred to as synchronization control and orientation control
respectively.

In the following, we will consider control systems defined on the fixed interval
T [0, t.]. The space U of admissible control functions is defined as follows" let
the mapping rt" C2 C2 be defined by

(rt,A)(s) A(s), 0 <= s <= t,

A(t), <= s < t.,

for A C2 Let I1" IIs denote the supremum norm in C2 defined by

sup (tr A(t)A’(t))
tT
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and let O’T x C2 --+ U (a convex subset of R 1) be a mapping with the following
properties" ,(t, A) is H61der continuous in for each A e C2 and satisfies a uniform
Lipschitz condition

I@(t, A1)- (t, A2) < c3 IA1 A2l]s

for e T and A 1, A C2. Let W denote the family of functions . We call a control
u admissible, and write u e U, if

u(t) Zl(t, TctZ), T,

for some e . These conditions ensure the causality of the control.
The control problem to be studied in the following subsections is" given a cost

function r/, find u* e U such that

r/u*] min {q[u] "u e U}.

The corresponding function g,* will be called an optimal control law.

3.1. Synchronization control. Let the Cl-representation of a desired rotational
process be continuous and denoted by q(t). Assume that the cost criterion r/can be
expressed as follows:

(14) rl[u E (x(s) (s))2 W(S) ds + U2(S V(s) ds

where W(t) and V(t) are respectively nonnegative and positive-valued functions
with V-l(t) bounded on T. We have mentioned that since linear control theory is
better established than bilinear control theory, the Ca-representation of the dynam-
ic-state-space representation (2) and (9) serves as a very useful auxiliary equation.
This is best shown by the following derivation of the optimal control law for the
synchronization corltrol problem.

Given the dynamic-state-representation, (3) and (10), of the control system,
we first write down the Cl-representations, (2) and (9), of the system with the coef-
ficients a(t), F(t), G(t), Q1/Z(t), H(t), R1/z(t) being determined by (4),- (8), (12),
and (13).

In addition, we now defi.ne the set U of admissible control functions, defined
with respect to the C system representation (as opposed to the set U, which was
defined earlier with respect to the C2-representation).

Let rt,, defined earlier, also denote the mapping from C into Ca defined by

a(s),(,(a))(s)
(a(t),

O<s<__t,

t<=s<=t,,
for a e C1. Let [Is also denote the supremum norm in C1 and let ,1" T x C1 -+ R
be a mapping with the properties" g,l(t, a) is H61der continuous in for each a e C
and satisfies a uniform Lipschitz condition

IO,(t, aa) I//l(t a2)l < c4llal a21l

for e T and a 1, a2 e C a. Let 1 denote the class of functionals Oa. We call the



892 JAMES TING-HO LO AND ALAN S. WILLSKY

control u admissible and write u U if

U(t) tl(t CtZ), T,

for some 1 tp1. An element o tp1 is called an optimal control law if

r/u] min {rlu]’u U1 },

where u(t) 6(t, tz).
By either completing squares or applying Lemma 5.1 (optimality criterion) of

Wonham I13], the following lemma can be easily obtained.
LEMMA 1. Consider the cost criterion (14) and the control system described

by (2) and (9), with x(t) regarded as the dynamic state. Then the optimal control law,
u(t) (t, 7"tZ), is given by

(15) u(t) --V-l(t)G(t)(Pl(t)[Yc(t)- b(t)] + b(t)),

(16)

(17)

b(t) PI(t)G2(t)V l(t)b(t) F(t)b(t)- Pl(t)((t) dp(t)),
b(t,) O,

P,(t) -F(t)Pl(t A(t)n,(t) + G2(t)V-’(t)n(t)- W(t),
P(t,) O,

(18)
Yc(t) E(x(t)lz’),
z’= {z(s), 0 _<_ s __< t},

(19)
dc(t) a(t) dt + F(t)c(t) dt + G(t)u(t) dt

+ P2(t)H(OR-’(t)(dz(t) H(t)k(t) dt),
(o) o,

(20)
P2(t) 2F(t)P2(t + Q(t)- H2(t)R l(t)P(t),
P2(O) O.

Using Lemma 1, we can now determine the optimal synchronization control
law. We observe that the a-subfield of /’ generated by z is the same as that gener-
ated by Z {Z(s), 0 =< s =< t}, because Z J(zt) and J is bijective. In other words,
z and Z are causally equivalent. Let this a-subfield be denoted by tz. Then the
conditional expectation E(x(t)l/tz)is both a B-measurable functionalfl of z and a

B2-measurable functional f2 of Zt, and

f2(Z’) f(J- l(Z’)).
Let 2(t) and 2(tlt) denotefl (zt) & E(x(t)lz) andf2(Z’) g E(x(t)lZt), respectively. Note
that this notation is consistent with (18). Referring to Lo and Willsky [8], it is easily
seen that

dYe(tit) a(t) dt + F(t)Yc(tlt) dt + G(t)(t, zrt(d-l(zt))) dt

(21) + p2(t)H(t)R- l(t){[(dZ(t))Z’(t) 1/2N(t) dt] 2

H(t)ic(tlt)dt},
(OlO) o.

Again because z and Z are causally equivalent, we may define a 1 kIJl for
each ff q by

l(t’, tZ) [t,
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and we may define o e p by

g/(t, ntZ)= @[t, t(J-I(Z))].
We note here that the properties ofP and P do not give rise to trouble in the above
argument. Since @ isoptimal, we have

for all P. Hence 0 is optimal. Summarizing what has been shown, we obtain
the following theorem.

THEOREM 2. Consider the control system of rotational processes described by
the bilinear matrix Ito differential equations (3) and (10) and consider the cost criterion

(14). The optimal control law * is given by

u*(t) t*(t, rctZ -V-l(t)G(t)(P,(t)(#,(t[t)- dp(t)) + b(t))

and

d(t[t) a(t) dt + F(t)(t[t) dt + G(t)u*(t) dt + P2(t)H(t)R-l(t)
{[az(t)z’(n -}N(t) &], -/4(t)S(tl) at}

2(olo) O,

where a, F, G, R, H, P1, b, P2 are determined by (4), (7), (5), (13), (12), (17), (16),
(20), respectively.

3.2. Orientation control. The standard distance function (Riemannian
metric) on the circle--i.e., the distance, p, between two points on the circle is the arc
length of the shortest path (geodesic line) joining them. Any valid mathematical
expression for the "distance" between two orientations must be a positive-valued
function 2:S x S R 1, which is nondecreasing with respect to p, i.e.,

p(O 02) > p(O1,02) <::/(01,02) > )(l)l, 03)

for Oie S 1, 1, 2. In this subsection, we will consider only

2(O1, O2) 1/2(2 tr O1Oh)

to avoid complexity in illustrating the approach.
Let e Cz be the desired evolution of the orientation. Then a cost criterion

for orientation control can be expressed as follows:

(22) q[u] E 1/2(2 tr X(s)@’(s)) ds + ?(s)uZ(s) ds

where 4 is a nonnegative scalar function over T.
Let y be the C 1-representation of (I). It is easily seen that the C1-representation

of r/can be written as follows:

(23) q[u] E (1 cos (x(s) O(s)))ds + y(s)uZ(s) ds
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We note that the function 1- cos x was used in estimation problems in
Bucy and Mallinckrodt [16].

In view of the C 1-representation (2) and (9), setting y(t) x(t) (/)(t), we have

dy (a p + Fd?) dt + Fy dt + au dt + Q1/2 dw,
y(0) 0,
dz Hd? dt + Hy dt + R 1/2

z(O) o,

/[u] E (1 cosy(s)) ds + 7(s)u2(s) ds

Thus the Bellman functional equation (Kushner [6] and Wonham [13]) is

min [V(t, ) + 1/2PZHZR-1Vc(t, ) + (F + a 0 + Fdp + Gu)Vc(t, ) + + 7u
2

uU

exp (-1/2P) cos ] 0,

where

V(t,, ) O,

(24) P 2FP- H2R -IP2 + Q, P(O) O.

We set

u --’6v(t, ).

Then the control law 7- l(t)G(t) Vc(t, (t)) is optimal in U, if there exists a solution
to the following partial differential equation (see Lemma 5.1 of Wonham [13):

V(t, ) + 1/2P2H2R-’Vc(t, ) + (F + a p + Fdp)Vc(t, ) +
(25)

Let

L(.) / p2H2+5

exp (-1/2P) cos 0,

V(t,, ) O.

g- -;. (.) + (vg + a c + v4))(.).

We note that L is a Kolmogorov backward operator (Doob [3, p. 275]). It is well
known that there exists one and only one solution V(t, ) to (25) and it can be
written as

(26) V(t, ) g(t, ;s, ) exp

where g is a Green’s function which satisfies

(27) L[g(t, ;s., )] 0, g(s, ;s, ) a( ),

6 being the Dirac delta function. It can be checked by simple calculation that the
solution to (27) is

fl(t;s) [ ( #(t;s,r/))2](28) g(t, ; S, rl)
x//e(t," s)exp 2e(t; s)
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where

(29)

(30)

(31)

fl(t;s) exp F(r) dr

/(t; s, t/) fl(t; s)r + fl(t; z)(a(z) (:) + F(r)0(r))d:,

a(t; s) fl2(t; )P2(z)H2()R-(r)dv.

Substituting (28) into (26) yields

’" { 1F_(tis_) J} [.-l(t;s’O’lds.V(t, ) (t, t) exp
Lfl2(t; s) - P(s) cos

fl(t; s)

Thus,

’* { ’a(t;s’ Fp(s,l}sin[-#(t;s’O’]ds.Vc(t, ) fl(t; s)
exp -. [_fl2(t; s) fl(t; s)

Summarizing what has been shown, we obtain the following theorem for optimal
orientation control.

THEOREM 3. Consider the control system of rotational processes described by
(3), (10) and consider the cost criterion (14). The optimal control law O* is given by

u*(t) O*(t, re,Z)-- K(t, s)sin X(tlt)- qb(t)- #(t
/(t; s)

s, O)1. ds,

K(t,s)
G(t)

7(t)fi(t s)
exp Lfi2(t;s) - P(s)

where fl, p, are determined by (29) (31), and

d(tlt) a(t) dt + F(t)(tlt)dt + G(t)u*(t) dt

+ P(t)H(t)R- l(t)([(dZ(t))Z’(t)],2 H(t)(t[t)dt),

(010) 0,

where a, F, G, R, H, P are determined by (4), (7), (5), (13), (12), (24), respectively.
We remark that K(t, s), fi(t; s), and g(t; s, 0) can be precomputed and stored in

the feedback controller. Hence it is believed that the optimal control scheme of the
previous theorem can easily be implemented.

When x does not directly enter the state dynamics (3), i.e., when D 0, the
optimal orientation control law takes a very simple and interesting form. We state
it in the following corollary.

COROLLARY. Consider the control problem in the previous theorem. If D =- O,
the optimal control law * is given by

u*(t) O*(t,

Cl(t COS (x(tlt)- dp(t)) + c2(t sin (Yc(tlt)- d(t)),
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where

f lt[Ic,(t) exp - p2(s)n2(s)R-’(s) ds + P(z) sin (a(s)-

+ F(s)dp(s)) ds]
’* 1

Pa(s)H2(s)n ’(s) ds + n(z) cos (a(s)-c2(t exp

+ F(s)O(s)) d,

and k(tJt), a, F, G, R, H, P are determined as in the preious theorem.
In Lo and Willsky [8], orientation estimation of rotational processes with one

degree of freedom was studied. It was shown that the optimal orientation estimate
(t)[t) of X(t) given observation Z’ is

(t[t) exp (R(t[t)).

Hence the optimal control law in the previous corollary is in fact linear"

u*(t) [c(t), c2(t)]O’(t)(tt)[1, 0]’,

where O(t) exp (R(t)) is the C-representation of (t).

3.3. Control on Abelian Lie groups. The results of the previous subsections
can be extended to a large class ofproblems--those involving processes evolving on
Abelian Lie groups. It is well known (Warner [103) that a given Abelian Lie group G
is isomorphic to the direct product of a number of copies of the real line and a
number of copies of the unit circle, i.e.,

a , R x (S1)m.

The diffusion processes on this type of space have been used to model some inter-
esting satellite and pendulum systems in Ku and Sheporaitis [15]. Following Lo
and Willsky [8], a bijective mapping J,.,’(C])"+" --, (C])" x (C)" is defined by

(J,m(a))(t) [al(t),... a,(t), (J(an+ ,))(t), ..., (J(a,+m))(t)]

for a e (C])"+", ai being the ith component of a. Thus a continuous random signal
process on G which is described by an s-measurable function X’Y (C])"
x (C) corresponds to a unique continuous random signal process on R
which is described by an ’-measurable function x’f ---, (CS)m+" such that

X(t) (J,m(x))(t), 0, s].

The mathematical model for a control system on G can be obtained by first

using J.,, to inject the following (n + m)-vector random differential equation into
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R" x (Sl)

dx(t) a(t) dt + F(t)x(t) dt + C(t)u(t) dt + Q/(t) dw(t),
x(o) O,

and using Jpq to inject the following p + q-vector random differential equation into
Rp x ($1)q"

dz(t) H(t)x(t) dt + R/2(t) dr(t),
z(o) o,

where the coefficient functions are of appropriate dimension and w and v are in-
dependent vector Brownian motions. Differentiating X(t)= (Jmn(X))(t) and Z(t)

(Jpq(Z))(t) by the stochastic differentiation rule, we obtain a set ofjoint linear and
bilinear stochastic differential equations. This calculation is straightforward and
thus we will not display those equations. Let X(t)= [x(t), ..., x,(t), X,+ (t),
.-, X,+,(t)], where X,+i(t (J(x,+i))(t). Ajoint synchronization and orientation

cost criterion can be written as follows" for 0 <_ <_ m,

n[u-] 7i(s)(xi(s) Oi(S))2 ds + 7i(s)(2 tr Xi(s)Oo’i(s)) ds
i=1 i=n+l+

+ u’(s) V(s)u(s) cls,

where 7i are nonnegative functions over T, V is nonnegative definite over T, and
Oi(s) and g(s) are the desired total swept angles and the desired orientations at

s. Because of the bijective property of J,,, and Jvq, it is clear that the optimal
control analysis in the previous subsections can be easily generalized to this general
Abelian case with little modification. The reader is referred to Lo and Willsky I9]
for some examples, which illustrate the approach.

Acknowledgment. The authors wish to acknowledge with thanks Professor
Roger W. Brockett of Harvard University, who provided the motivation and
direction for this work.

REFERENCES

[1] R. W. BROCKETT, System theory on group manijblds and coset spaces, this Journal, 10 (1972),
pp. 265-284.

[2] R. S. BucY AND P. D. JOSEPH, Filtering for Stochastic Processes with Applications to Guidance,
John Wiley, New York, 1968.

[31 J. L. DOOB, Stochastic Processes, John Wiley, New York, 1953.
[4 K. ITO AND H. P. MCKEAN, JR., Diffusion Processes and Their Sample Paths, Academic Press,

New York, 1965.
[51 V. JURDJEVIC AND H. J. SUSSMAN, Control systems on Lie groups, Differential Geometric Methods

in Control, Tech. Rep. 628, Division of Engineering and Applied Physics, Harvard Univ.,
Cambridge, Mass., 1971.

[61 H. J. KUSqNER, Stochastic Stability and Control, Academic Press, New York, 1967.
[7] LEONDES, C. T., ed., Guidance and Control ofAerospace Vehicles, McGraw-Hill, New York, 1963.
[8] J. T. Lo AND A. S. WILLSKY, Estimation jbr rotational processes with one degree offreedom,

Tech. Rep. 635, Division of Engineering and Applied Physics, Harvard Univ., Cambridge,
Mass., 1972.



898 JAMES TING-HO LO AND ALAN S. WILLSKY

[9] , Stochastic control of rotational processes with one degree of freedom, Mathematics
Research Rep. 73-5, Division of Mathematics and Physics, University of Maryland, Baltimore
County, Baltimore, Md., 1973.

101 F. W. WARNER, Foundations of Differentiable Manifolds and Lie Groups, Scott, Foresman, Glen-
view, Ill., 1971.

11 J. WEI AND E. NORMAN, On global representations of the solutions oflinear differential equations as

a product of exponentials, Proc. Amer. Math. Soc., 15 (1964), pp. 327-334.
[121 , Lie algebraic solution of linear differential equations, J. Mathematical Physics, 4 (1963),

pp. 575-581.
13] W. M. WONHAM, Random differential equations in control theory, Probabilistic Methods in Applied

Mathematics, vol. 2, A. Bharucha-Reid, ed., Academic Press, New York, 1970, pp. 131-212.

141 W. WRIGLEY, W. HOLLISTER AND W. DENHARD, Gyroscopic Theory, Design, and Instrumentation,
MIT Press, Cambridge, Mass., 1969.

15] Y. H. Ku and L. P. SHEPORAITIS, Global properties ofdiffusion processes on cylindrical type phase
space, J. Franklin Inst., 289 (1970), pp. 1087-1103.

[16] R. S. BucY AND A. J. MALLINCKRODT, An optical phase demodulator, Stochastics, (1973),
pp. 3-23.

[17] J. T. Lo, Signal detection of rotational processes and frequency demodulation, Information and
Control, 26 (1974), pp. 99-115.



SIAM J. CorrRO
Vol. 13, No. 4, July 1975

AN EXAMPLE OF A CONTINUOUS JUNCTION FOR A
SINGULAR CONTROL PROBLEM OF EVEN ORDER*

HELMUT MAURER?

Abstract. The junction theorem of McDanell and Powers [11 gives a characterization of the
junction between optimal singular and nonsingular subarcs. The theorem states in particular that for a
singular control problem of even order an optimal piecewise analytic control must be continuous. No
example for such a continuous junction seems to be known in the literature. In this paper we give for
every even order q an example for which optimality can be proved using standard sufficiency theorems.

1. Statement of the problem. We consider the following control problem with
control appearing linearly" determine the scalar, real-valued and measurable
control u(t), to, tsl, which minimizes the functional

(1) J(u) G(x(ts) + (Lo(t, x) + Ll(t, x)u) dt

subject to the constraints

(2) f0(t, x) + fl(t, x)u, X(to) Xo,

(3) (x(ts) 0,

(4) lu(t)l =< K, K>0.

Here x is a real n-vector of state variables, the function is a k-vector with k <= n,
the functions G, Lo, L are scalar, and the functions fo, fl are n-vectors. All
functions are supposed to be analytic in a suitable domain.

The Hamiltonian is linear in the control u,

(,L(t, x) L (t, x)}u(5) H(t, x, 2, u) 2 fo(, x) + Lo(t, x) + +
where the superscript T denotes transposition. The equations for the multipliers
2(0 [" are given by

(6) ,( Hx(t, x, 2, u), 2(tc) Gx(x(t)) + vTtp(x(t)),
where v and the subscript x means the derivative with respect to x. The
coefficient of u in (5) is called the switching function
(7) ok(t) 2(t)fl(t, x(t)) + Ll(t, x(t)).

According to the minimum principle the optimal control u(t) minimizes the
Hamiltonian in (5) with respect to u. If b(t) _= 0 on It 1, t2] [to, ts], then u(t)
is a singular control on It.l, t2]. If 4(t) 0 only at isolated values of e It1, t2], then

(8) u(t) K sgn b(t)

and u(t) is a nonsingular control on Its, t2].

* Received by the editors November 2, 1973, and in revised form May 20, 1974.

" Mathematisches Institut der Universitit K61n, K61n, West Germany.
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2. The junction theorem. Let u(t) be an optimal singular control on the
interval It1, t2]. The lowest order time derivative of the switching function qS(t)
in (7) containing u with a coefficient not vanishing identically on It1, t2] is of even
order 2q (see [2]), and has the form

(9)

d2q
(2q)(t) H.(t, x(t), 2(t), u(t))

(t, x(t), ,(t)) + t(t, x(t), (t))u(t),

where H is the derivative of H with respect to u. The integer q is called the order

of the singular arc. The well-known generalized Legendre-Clebsch condition
states that for an optimal singular subarc of order q it is necessary that

(lO) (- 1)" u dt2a H. (- 1)aft(t, x(t), 2(0) >= O.

We cite the junction theorem of McDanell and Powers [1].
THEOREM 1. Let be a point at which singular and nonsingular subarcs of an

optimal control u are joined, and let q be the order of the singular arc. Suppose that
the strengthened generalized Legendre-Clebsch condition is satisfied at c, i.e.,
(-1)qfl(tc,X(tc),2(tc)) > O, and assume that the control is piecewise analytic in a

neighborhood of tc. Let u(r), r >= O, be the lowest order derivative of u(t) which is

discontinuous at c. Then q + r is an odd integer.
It follows from this theorem that for q even an optimal piecewise analytic

control is continuous at the junction. However, only examples for a nonanalytic
junction seem to be known [3], [4]. Such a nonanalytic junction can be predicted
by the following theorem of McDanell and Powers [1, Cor. 3].

THEOREM 2. If q is even, e(t, X(tc), 2(t)) 0, fl(tc, x(tc), 2(t)) 4: 0, where

t is a junction point between optimal singular and nonsingular subarcs, then the
junction is nonanalytic.

Thus in order to construct an example with a piecewise analytic control
and a continuous junction for q even, we have to choose an example with e(tc, x(t),
2(t)) 4:0 in (9).

3. The example.

(11) Minimize 2 (x + x) dt

subject to

(12)
2i xi+ 1’

)q+ U,

(13) [u[ 1,

i= 1,...,q, qeven, q >0,

and the boundary conditions

(14) xi(O exp 1), xi(2) 0" i= 1,...,q+ 1.
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The Hamiltonian and the multiplier equations are given by
q

-(X + / X .qt_ /
q H

i=1

(16) 1 --X1, 2 =--X2 1, i =--i-1, 3, ..., q + 1.

For the switching function
(17) (k) 2q+,(t),
we obtain

(8) #"(t) (- )"- ’(x.(t) u(t)),

so the order of a singular arc is q even. The singular control determined by
2q)(t) 0 i

(9) u(t)

The strengthened generalized Legendre-Clebsch condition (10) is obviously
satisfied.

We choose now a candidate optimal trajectory composed by a singular subarc
emanating from the initial state followed by a nonsingular subarc, where the
junction point occurs at t 1.

Singular subarc in [0, 1]. The initial conditions (14) and the singular control
(19) yield

(20) x(t) exp(t- 1), u(t) exp (t- 1), i= 1,..., q + 1.

It n be seen that (16) is satisfied by

(21) 2a(t -exp (t 1), 2(t) 0, 2,..., q + 1.

Nonsingular subarc in [1, 2] with u 1. The initial conditions at t for
this nonsingular subarc as obtained from (20), (21) are x(1) 1, 1,..., q + 1,
2a(1)= -1, 2(1)=0, i=2,...,q+ 1. Integration of(12) and(16) with u= 1
then gives

q-i(22) xi(t (t 1), 1,..., q + 1,

(23) 2,(0

_
(t- 1) i(t) --(--1) E (t- ).+,+

k=O k=O (q + + k)!

i=2,...,q+ 1.
The switching function is contained in (23) for q + 1"

(24)
2 1

(/)(t) q+l(t) (--1)q+l 1 (t l)2q+k
= (2q + k)!

As we have chosen q even, it follows from (24) that

b(t)<0 forl <t<_2,

which is in accordance with conditon (8) implied by the minimum principle.
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Thus, if we specify in (14) because of (22) the final state

we have found in

q+2-i 1
O" Xi(2)-- 2 i= q +

k=O k!

’exp(t- 1), 0t 1,
(25)

tl, _<_t_<_2,

an admissible control, which is continuous at and satisfies all the necessary
conditions of optimality.

As the cost functional (11) is convex and the differential equations (12) are

affine in x and u, the control (25) is indeed optimal. This is a consequence of the
sufficient conditions in 5-[7.

Now we look for a possible imbedding of this optimal trajectory in the
following way: consider for 0 < < the singular control

exp(t- 1), 0 =< t__< to,
(26) u(t)

1, t < <= 2,

producing.certain final values ai(t). The control is discontinuous at t and therefore
nonoptimal according to Theorem 1. In fact, the nonoptimality can also be directly
verified by evaluating the switching function for (26) which becomes

1-c c
ok(t) (t- tc)2q- (t- tc)2q+1 (t- t)2+ 2,

(27) (2q)! (2q + 1)! (2q + 2)!

where c exp (to 1) < 1. But (27) implies because of c < that

q(t)>0 fort < < + e, e>0suitable,

t<=t<2,

which violates the optimality condition (8). The existence of an optimal trajectory
follows from I8, Chap. 3.5]. The structure of the optimal control is not at all
obvious. The optimal trajectory may contain a singular arc to which a chattering
nonsingular arc is joined; see 4]. We presume that the optimal control is non-
singular with a finite number of switches. As the number of switches for this
nonsingular control tends to infinity.

Acknowledgment. I would like to thank Professor W. F. Powers who pointed
out to me the sufficiency theorems fitting this example.
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OPTIMAL CONTROL OF STOCHASTIC LINEAR DISTRIBUTED
PARAMETER SYSTEMS*

A. BENSOUSSAN’ AND M. VIOT.

Abstract. In this article we give necessary and sufficient conditions of optimality for linear
stochastic distributed parameter systems, with convex differentiable payoffs and partial observation.
They are obtained through variational methods, which can be applied only in the case of fixed infor-
mation (i.e., not dependent on the control or the state). However, by a density argument it is proven that
an optimal control adapted to the observation is also optimal for a space of controls adapted to some
fixed information. Therefore we can get the necessary and sufficient conditions also in the case of
feedback controls. We then prove, as a consequence, the separation principle for distributed parameter
systems in the case of a quadratic payoff.

Introduction. In this article, one considers an optimal control problem for a
stochastic linear infinite-dimensional system (with applications to distributed
parameter systems) with partial observation. The payoff is not necessarily quad-
ratic. The system is of the form

(i) y(t) + A(z)y(z) dz Yo + f(z) dz + B(z) d(z) + D(z)u()

(ii) z(0 c(z)y(z) /z + u(t)

and the payoff is

(iii) J(u(. )) E l(y(t), u(t), t) dt + A(y(T))

As usual, one of the main difficulties, due to the stochastic character of the problem,
is to define the control in feedback form. Direct approaches consist in considering
explicit deterministic functions of the past observations. This approach has been
extensively used for finite-dimensional systems (see W. H. Fleming ’I6], W. M.
Wonham 13), and for infinite-dimensional systems in A. Bensoussan I2] and
H. J. Kushner 7].

A different approach is considered here; for u(. e L2(0, T , dt (R) dlt U),
where U is the Hilbert space of controls, equation (i) well defines y(.) and thus
J(u(.)) has a meaning. Also z is defined for such u(.). In particular, z(t; co) can be
considered as a random variable with values in C(0, T; F), where F is the Hilbert
space of observations. Denoting by zt(o the restriction of z to C(0, t; F), which is a
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random variable with values in C(0, t; F), one can consider the subspace of L2(0, T
f, dt (R) dl; U) of control functions u(. such that

(iv) a.e. t, u(t) is v,-measurable,

where v, is the probability law of z,.
The main problem concerns necessary conditions of optimality of controls

u(.) satisfying (iv). Naturally, condition (iv) states that u(t) must be adapted to the
observation. In other words, what we do is to consider adapted (or feedback)
controls as a subset ofafixed Hilbert space. Unfortunately, L2(0, T f, dt (R) dl;
U) is to some extent too broad. But it is possible to define afixed sub-Hilbert space
#; containing the feedback controls and such that the set of feedback controls is a
dense subset of #. The density property is fundamental in the sense that if a feed-
back control is optimal, it is also optimal in . But necessary conditions of opti-
mality are much easier to get in (which is a Hilbert space), because one can use
variational methods as in the deterministic case, or as in the case offixed observa-
tion.

Variational methods in stochastic control in the case of fixed observation (and
in finite dimensions) have been extensively used by J. M. Bismut [4]. They have
been also used by A. V. Balakrishnan [1] for partial observation (and still in finite
dimensions) (see also R. A. Brooks [5]). The density argument has been introduced
by M. Viot [-12]. We get necessary conditions of optimality for the problem (iii).
Specializing to the quadratic case, we get the well-known separation principle.

1. Formulation of the model.
1.1. Assumptions and notation. Let V and H be two Hilbert spaces such that

(1.1) V = H, V dense in H with continuous injection.

We identify H and its topological dual space. If V’ denotes the dual of V, then
according to (1.1), we have

(1.2) VHc V’.

Let ]0, T[ be the time. Let us consider a family A(t) of linear bounded operators
from V ---, V’, such that

(1.3) (A(t)z, z) -+- /[z[ 2 >= z zl[ 2 /2, 0, > 0,1

(1.4) (A(t)z 1, z2). is measurable for all z 1, z2 V,

(1.5) A(t)l[v;v,) <= m.
Let E be a Hilbert space and B B(t) L(O, T; (E; H)). We now consider

a topological probability space (fL /, #), where f denotes the set of elementary
events, a a-algebra of Borel subsets of fL and p a Radon probability measure on
f (in the sense of L. Schwartz 11] and P. A. Meyer 10]). We consider a Wiener
process with values in E, denoted by (t), i.e., a stochastic process with values in E

We denote by l" the norm in H, I1" the norm in V, .,. the scalar product in H, ((.,.)) the
scalar product in V and (.,.) the duality between V and V’.
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such that for all t,

(1.6) ((t), e) is a Gaussian real random variable,

(1.7) E(t) 0 for all t,

min(t, s)

(1.8) E((t), el)((s), e2) (Q(Z)el, e2) dz for all e 1, e2 E,
’0

where Q L(0, T; ’(E; E)) satisfies"
(i) Q(z)is self-adjoint nonnegative,

(ii) Q(z) has a finite trace, i.e., if el,-.., e,, is an orthonormal basis of E,
then

We set

, (Q(z)ei, ei) < + .
i=1

tr Q(r) (Q(z)ei, ei),
i=1

This definition is independent of the particular basis el, "’", ei, which is chosen.
The family Q(t) is called the covariance operator of (t). One can prove (see, for
instance, Bensoussan [3]) that

(1.9) 0 --, (.; 0) is a random variable with values in C(0, T; E).

Letf e L2(0, T x fL dl (R) tit; H) and Yo e L2(fL dg; H) be such that

for all tl =< t2, the random variable (t2) (tl) (with values in
(1.10) E) is independent of {f,,, Yo, (zl), (z,)}, which is a ran-

dom variable with values in L2(0, H) x H x E", for any n and
0<z <. < <

1-- -’Cn tl"

In (1.10),f], denotes the restriction offto ]0,
We recall the following theorem (see A. Bensoussan [3]).
THEOREM 1.1. Under the preceding assumptions, there exists a unique stochastic

process y(t) such that

(1.11) y e L2(0, T x n, dt (R) dla" V) f-] C(O, T; Lz(fL/; H)),

(1.12) y(t) + A(z)y() d Yo + f(s) ds + B(s) d(s) for all t, a.s.

Ely(t)l 2 + 2E (A(s)y(s), y(s)) ds ElYol 2 + 2E (f(s), y(s)) ds

(1.13) + tr B(s)Q(s)B*(s) ds for all t.

Equation (1.12) represents the dynamics of a stochastic system, the state of
which is y(t) (with values in H).
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1.2. The observation process. Let F be a Hilbert space and

(1.14) C =_ C(t)e L(O, T; c,f’(H; F)).

Let t/(t) be a stochastic process with values in F, such that

(1.15) r/e L2(0, T x fL dt (R) d/2; F) meas (fL/2; C(0, T; F)).

We then define the observation process by setting

(1.16) z(t) C(s)y(s) ds + q(t).

In particular, we obtain

(1.17) z 6 L2(0, T f, dt (R) d/2; F) f meas (fL/2; C(0, T, F)).

2. Review on conditional expectations.
2.1. Definitions. Let and tp be two Banach spaces, and let (co) be a random

variable with values in tp. Let

(2.1) a//= L2(,/2; O)

and

(2.2) q/’ {o(oo)e ]o(oo) 2 ,(co)},

where 2 is any mapping from into which is measurable with respect to the
image of/2 on . Then oa’’ is a sub-Hilbert space of k’. For any q0 e q/, one defines
U’q, the conditional expectation of q with respect to , as the projection of o
on .

LEMMA 2.1. Let q3, W, tp be three Banach spaces, and ip(co), q (0.)) tWO random
variables with values in and uP1, respectively. Let v and vl be the images of by k
and Ip p If there exists a v-measurable mapping H, from tp into tp

1, such that

,=no,
then

This is a direct consequence of the composition rule for measurable mappings
(cf. L. Schwartz 11 ]).

Now let cp(t) and O(t) be two stochastic processes with values in and , such
that

(2.3) (p L2(0, T x fL dt (R) d/2; ), e meas (fL/2; C(0, T; )).

For any t, we define ipt Or(s; co) restriction of O.on (0, t), which is a random
variable with values in C(0, t; ). Furthermore we define q/q,t as in (2.2). We con-
sider the following Hilbertian sum

(2.4) tilt dt {q)(t, co) L2(0, T; q/)lcp(t)e @,/t a.e. t}.

We consider also Etq)(t), called the conditional expectation of the process q)(t) with
respect to the process /(t), as varies.
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2.2. Measurability property. Naturally E*’o(t) is a stochastic process
with values in . We have the following result.

PROPOSITIOy 2.1. UP to a modification on a set ofmeasure 0 in (0, T),

(2.5) EO,q(t) q,t dt.

Proof We shall prove that there exists an element of * ’ dr, temporarily
denoted by +(t), such that

(2.6) (t) E’(t) a.e.t.

Let us define + by the projection of on * ’ dr, which is a sub-Hilbert space of
L2(0, T; ). By definition, we have

(2.7) ((t), g(t)) dt ((t), g(t))ou dt for all g(.) ’ dr.

Let us take g ,o for a given o and consider in (2.7) the case of

ift]t’t + [,
(2.8) g(t)

if Ito, o + el.
Since ,o = *, if o, the g(. in (2.8) belongs to *’ dr. It follows from (2.7)
that

(2.9) ((t), g)ou dt ((t), g)ou dt.

If o is a Lebesgue point, it follows from (2.9) that

(2.0) ((to), g) (e(to), g)z.

Since the complement of the set of Lebesgue points is of measure 0, (2.10) holds
a.e., so (2.10) means

(to) e e(o)-
Hence the proposition holds.

From now on, when we speak of E*’(t) we automatically imply the corre-
sponding element of dr.

Remark 2.1. We shall use the following notation. If () and () are two
random variables as in 2.1, then we shall indicate by (defined in (2.2)) the
following"

(2. ) (, at; ),

where v denotes the image probability of p defined on T by the random variable
(). Then as usual L2(, dv; ) denotes the Hilbert space of functions (@),
which are v-measurable and such that

lIqg(O)]l dv(O) < +
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The meaning of the right-hand side of (2.11) is the following. The mapping
from L2(I, dv (I)) into L2(, #; (I)), defined by

is an isometry. Hence q/* is isometric to L(, dr; ). This property is reflected by
the notation f.2(, dr; ).

Remark 2.2. Let us consider q0(.)e 5" q,t dr. Then

(2.12) q, e E2(C(0, t; ), dv, L2(0, t; )),

where v, denotes the probability defined on C(0, t;) by the random variable
Indeed, on (0, t) we have

(2.13) q(s) e q" a.e. s e (0, t).

Also from (2.4) it follows that

(2.14) (pie L2(0, t; _.2(C(0, t; ), dv, )),

while (2.12) follows from the equality

2(0, t; E2(c(0, t; ), &,; )) E’(c(0, t; ), dr,; t.(0, t, )).

3. The optimal control problem.
3.1. Setting of the problem. We shall now add to (1.12) a control term. Let U

be a Hilbert space (the space of controls) and D L(0, T; (U; H)). We consider
instead of (1.12) the following equation:

y(t) + A(z)y(z) dz Yo + f(z) dz + B(z) d(z) + D(z)u(z) dz.

For any u(.)e L2(0, T; a’) a# L2(, ]2; U)), if we apply Theorem 1.1 to equation
(3.1), we get the existence of a stochastic process y(t). We then define z(u)(t) z(t)
by

(3.2) z(t) C()y(z) d + rl(t).

But the observation being given by (3.2), the control u(r)at time r, must be a
function of the observation up to time :.

This statement can be made precise by defining explicit feedback function as
is done in Bensoussan [2]. We shall use here a different approach, which probably
has a broader domain of application, relying on an idea introduced by Viot [12]
(for finite-dimensional systems). We can say that the "natural" controls are those
such that there exists a delay between the observation and the decision. More
precisely, the control u0:) at time : is then a function of the observation up to time
: e (e > 0). We prove that such controls are included in a fixed sub-Hilbert space
of L2(0, T; k’), and furthermore that the feedbacks obtained by these "natural"
controls for e $ 0 form a dense subspace of this sub-Hilbert space (for more details
see 3.3).
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3.2. Set of admissible controls. Let us consider the process and fl defined as
follows"

0(t) + A0:)a(:) d: Yo + f() d + B(’c) d(’c),

(3.3)
fl(t) c()() d + (t).

Let us introduce off,t, an increasing family ofsub-Hilbert spaces of off L2(fL p; U),

offt /2(C(0 t; F), dv,; U),

v, the probability law of fi,. In the same way, for the observation process z(. given
by (3.1) (3.2) and corresponding to any u(’)e L2(0, T; off), let

v,(u) the probability law of
LEMMA 3.1. Let z(.) be the observation process corresponding to any

u(" ) L2(0, T;off).Ifu(.)e
Proof Let y and z be defined as follows"

dy,
+ A(t)y, D(t)u(t) y(O) 0

dt
(3.4) dz

C(t)Yl, Z 1(0) O.
dt

Clearly we have

(3.5) y(t) y(t) + a(t), z(t) Zl(t + fl(t).

Furthermore, from (3.4) it follows that the mapping

(3.6)

is linear and continuous from L2(0, t; U) into C(0, t;F). Therefore we can write2

(3.7)

But by hypothesis and Remark 2.2, there exists, e L2(C(0, t; F), dv,(u); L2(0, t; U)),
such that

(3.8) u,(co) 2,(z,(o)).

By virtue of (3.7), (3.8), we deduce

(3.9)

The result now follows from Lemma 2.1.
In the same way, we obtain the following lemma.

We recall that the notation fit means the restriction of fl( ) on the interval (0, t) and is a
random variable with values in C(0, t" F). The same thing applies for z,, u,,
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LEMMA 3.2. If u(’) *ql’ dt, then .[’or any te [0, T], ’z’c ,t,, where
z(" is the observation process corresponding to u(. ).

COROLIARY 3.1. Let z(’) be the observation process corresponding to

u(’) e L2(0, T; ). Ifu(. ) dt dr, thenfor any
PROPOSiTiON 3.1. Let z(’) be the observation process corresponding to

u(’) e L2(0, T; ). Thenfor any a > O"

u(" e z,_ dt u(" e ’- dt,

where- - Ufor 0 .
Proof Let us suppose that u(.) ’- dt. Since we have

z,_ dt ’ dt,

the inclusion ’ = ’ is a consequence of Lemma 3.1. But for 0, el, u belongs
to L2(0, t; U), and (cf. (3.6))

Therefore it is clear that

z for all (0, e).

Let us prove now that, if for any a e,

=a for all0ta,

then

z, , for all 0 a + e.

It is, of course, enough to prove that

a for allat a+ .
But by assumption, we have

a.e. s (a, a + e), u(s) -,
(3.10)

for all s (a, a + e), - a- =
Therefore, for any fixed (a, a + e), there exists Ht belonging to L2(C(0, t; F),
dv,; L2(0, t; U))such that

and

(3.12) z,(co) Z,I-l,(/3,(co))+/3,(o9).

Thus we obtain the inverse inclusion

z=’ for allt

It can be observed that, if we change the assumption u(.)e ql’- dt into
u(.) e * ’’-, the same conclusion holds. Hence the result is proved.
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PROPOSITION 3.2. Let z(’) be the observation process corresponding to any
U(’) G L2(0, T; of), of L2(, kt; U). Thefollowing statements are equivalent:

(a) u(.) oft dt and of’ ofz, for all t.

(b) u(’) ofz, dt and there exists a sequence (u", s") such that u" converges
toward u in Lz(0, T; off), ,n converges to 0 and u"(" ofz"’-" dt.

Proof (i) At first, suppose that ofe’ ofz, for all [0, T]. Set

u(t 1/n) if t [l/n, T,
13) u"(t) "0 if [0, 1/n].

It is well known that u" --, u in L2(0, T; of). Moreover, we have

But from Proposition 3.1 and Corollary 3.1,

for all e (0, T),

where z"(.) is the observation corresponding to u"(. ). Hence

u"(" ofzv-1/, dr.

(ii) Suppose now that u(.)e ofz, dr. Then from Lemma 3.1,

of’ of’ for all e (0, T).

The condition u lim, u", with u"(. e ofz’_., ofa,_, dr, implies

(3.15) u( e oft dr.

Hence the inverse inclusion of’ of’ holds for all e 0, T].
Remark 3.1. The condition u(.)e [* of’ dt is not generally sufficient to imply

that

ofa, ofz, for all t,

as is shown by the following counterexample. Let

dy
dt

(t) u(t) + f(t), y(O) O,
(3.16)

c/z(0 (t)/t + /(t), z(0) 0.

Then (t) is equal to f(s) ds and we suppose the additional condition

(3.17) /(t) e(s) ds + r/(t) 0 for all t.

Let us define

(3.18) Uo(t , 0 <_ <= T,
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where is some random variable with values in U. It is clear that the observation
process Zo(. corresponding to u0(. is given by

Zo(t t2/2.(3.19)

Then we obtain

2
Uo(t) - Zo(t),

which implies that u0(’)e * k’z,t dr. But according to (3.17), t U for all
[0, T], so that

The conclusion is that the unique condition u(.)e ,zt dt is not a correct de-
finition of the admissible controls, because such controls can be dependent on
events exterior to the system.

Now, let Uad be a nonempty closed convex subset of U. We define

(3.20)
# dr,

///ad {U(’) @ /’[b/(t) Uad a.s.}.

Clearly, ad is a closed convex subset of. Moreover, from Proposition 3.2 and
Remark 3.1, the admissible controls can be defined by

(3.21) /ad U(’) ff//ad]U(" )- Offzt dt

where z(-) is the observation corresponding to u(’). Notice that contains at
least the open loop controls, i.e., the space L2(0, T; U). Therefore, we are sure
that it is not an empty set. Furthermore we have the following density theorem.

THEOREM 3.1. is dense in ’ad"
Proof Let u(’)e and set

n({)
if e [0, 1/n.

Then u"(. converges toward u(. in L2(0, T; ) (hence in a), and by Proposition
3.1,

u( e ’- dr,

where z is the observation corresponding to u. Thus we obtain

n ad"
Remar 3.2. A. V. Balakrishnan [l has considered a finite-dimensional

stochastic system, where disturbances are white noises, for which he proved that
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However, for more general noises, it is not difficult to get an example of the strict
inclusion. Indeed, let us consider the system

dy(t)=u(t)dt+ dt+ tdw(t),. 0=<t =< T, y(0)=0,

where w is a Wiener process and a random variable independent of w. We assume
complete observation" z(t) y(t). Let us consider

Then in our notation,

Uo(t) - s dw(s).

Uo(t __fl(t) so that Uo(" ,t dt.

But for this particular u0, the corresponding observation process is

Zo(O s dw(s) dw().
S

In view of the independence of and w, we can conclude that

Uo(. ) ogzo.t dr, hence uo

3.3. Admissible controls and feedback functions. We must emphasize the fact
that our controls are not directly based upon the notion of feedback. For us, the
set of admissible controls is /’a, and for each u(t; o) belonging to Y//a there exists
a unique corresponding pair of processes y(. and z(. solving (3.1), (3.2). However,
by the definition of YCaa, for any u #/’aa there exists a family of mappings K(t; zt)
from

C(0, t; F) --, Uad

such that

u(t; co) K(t; zt(co)) a.e. t, a.s. o,

where z is defined by (3.2).
It is very important to notice that if, conversely, we start with a family K(t; zt)

and consider the system of equations

y(t) + A(s)y(s) ds Yo + f(s) ds + B(s) d(s) + D(s)K(s; z) ds,

(3._2)
z(t) C(s)y(s) ds + (t),

then we cannot guarantee existence nor uniqueness of the solution y, z of (3.22).
Furthermore, if we have existence, we cannot guarantee even that

u(t ) K(t zt(o)))
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belongs to //’ad (for instance, take the counterexample of Remark 3.1, where there is
existence and not uniqueness). The problem of uniqueness is discussed in A.
Lindquist [8].

This difficulty is overcome by the introduction of a small delay. Let us assume
that the family K satisfies

K(t; z,(co))e L2((0, T) x fl, dt (R) d#; U)

for any z L2((0, T) fL dt (R) dp; F) f) meas {fL P; C(0, T; F)}. We then define

K.(t; zt) K(t ; zt_. fort >=;,
K.(t) 6Uad, 0-< t_--<: and K(’)L2(0,;U),

and consider the equations (3.22), with K changed into K. By splitting the in-
terval 0, T] into

0, e, 2e, ..., Ne, T

and applying Theorem 1.1 on each of these subintervals successively, one easily
checks that (3.22) define a unique pair y., z. Furthermore,

u(t co) K.(t G.(CO))

belongs to ad"
From a practical viewpoint, almost all feedbacks will have a small delay for

physical reasons. This justifies the use of #/.d" However, if we impose more con-
ditions on feedbacks K, then we may get

u(t; co) K(t;zt(co))

This will be proved in the next proposition.
PROPOSITION 3.3. Let u( belong to L2(0, T; og) and suppose that there exists

continuous mapping 7 from 0, T C(0, T; F) into U such that
(a) 7 is nonanticipative"

7(t, f) 7(t, g) !f f(s) g(s) for all s <-_ t,

(b) there exists k > 0 such that, for any [0, T],

IT(t,f) 7(t, g)l k sup If(s) g(s)l;
O_s_t

(c) u(t)= 7(t, z,), where z(’) is the observation corresponding to u(’).
Then u belongs to

Proof Clearly u(.) belongs to * //z, dr. Moreover, according to Lemma 3.1,

for all e [0, T].

Now let 4(s, z) be the Green operator associated with A(t). From (3.4), (3.5), it
follows that

(3.23) z(t) ds C(s) dp(s, )D()y(, z) d + fl(t).
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If we set

z(t) =/(t),

(.).4 z(O ds C(sl 4(s, rl(r(r, z +

we obtain the majorations

sup [z+ (s) z(s)l const, sup z(r) z (r) ds (a.s.),
Ost Os

while for some p sufficiently large,

(3.25) sup [z"+ >(s)- z"P(s)l sup [z"P(s)- z"- P(s)l (a.s.),
Ost Ost

with 0l Then the sequence ( P converges toward t in L2(,"
C(0, t; F)). But by construction

for some belonging to L2(C(0, t’, F), dv,’, C(O, t’, F)). Therefore "t 2(C(0, t;
F), dv,; C(0, t; F)) and because this space is closed in L2(, g; C(0, t; F)), the same
holds for z. This completes the proof.

Notice that the same argument is valid if we suppose

It is then enough to consider the sequence

(t) z(t),
(3.26)

Thus we have the following proposition.
PROPOSITION 3.4. Let u(. belong to L(O, T;) and suppose that there exists

a continuous mapping 7from [0, x C(0, T; F) into U,a, such tha
(a) 7 is nonanticipaive,

2(t, f) 7(t, g) iff(s) g(s) for all s <= t;

(b) there exists k > 0 such that for any [0, T],

IT(t, f) y(t, g)l <= k sup If(s) g(s)l;
O_s_t

(c) u(t) (t, ,).
Then u belongs to ad"

3.4. The payoff function. Let us consider a function l(y, u, t) defined on
H U [0, Tj, which is continuous in y, u and measurable in t, such that

(3.27) II(y, u, t)[ <- Cl(lyl 2 -t-lul z / ),
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y, u l(y, u, t) is convex and Gateaux-differentiable,

y (y, u, t) __< C2(lyl / lul / 1),

u (y’u’t) <= C3(ly + lul + 1).

Also let A be a functional defined on H such that

(3.29)

(3.30)

IA(y)I -< c4(lyl 2 + 1),

A is convex and Gateaux-differentiable with

dA
-y <Cs(lYl-t- 1).

Our aim now is to study the continuity and Gateaux-differentiability properties
of the function

(3.31) y(.), u(.) --+ E l(y(t), u(t), t)at + EA(y(r))

from C(0, T; L2(fL ; H)) x L(0, T, @9 into R.
LEMMA 3.3. Under assumptions (3.27)-(3.30), the junction (3.31) is continuous

and Gateaux-differentiable.
Proof. (i) Let us consider for any 0 _< e <= 1, 0 < < T,

A(z, v)= l(y(t) + z(t), u(t) + v(t), t)- l(y(t), u(t), t)

+ - (A(y(T) + zz(T)) A(y(T))),

where y(.), z(.)e C(0, T; L2(, #; H)), u(.), v(’)e L2(0, T; ’). By virtue of the
convexity of and A, we obtain the inequality

(3.32)
A(z, v) <= e(l(y(t) + z(t), u(t) + v(t), t) l(y(t), u(t), t))

+ - (A (y(T) + z(T)) A(y(T))) (a.s.).

Furthermore, from (3.27) and (3.29), we have

(3.33) IA71 /o(ly(t) + z(t)l + lu(t)+ v(t)l + ly(T) + z(T)l 2 + 1) (a.s.).

Now let (z", v") be a sequence in C(0, T; L2(,/t; H)) x L2(0, T; ’) converging
toward 0. Since and A are continuous, there exists a (sub)sequence such that

Ai(z", v") 0 a.e. (t, o).

Moreover (3.33) shows that this sequence is uniformly integrable. Therefore
A=tz",, v") is convergent to 0 in L(0, T fL dt (R) dla). Hence (3.31) is continuous.
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(3.34)

(ii) Let us now set

F(z, v)= _1 (l(y(t) + ez(t), u(t) + ev(t), t)- l(y(t), u(t), t))

l(cy )+ - (A(y(T) + zz(T)) A(y(T))) - (y(T)), z(T)

The same arguments as before imply

[F(z, v)] _<_ k’(ly(t)+ z(t)[ z + [u(t) + v(t)[ + ]y(T) + z(T)l 2 + 1),

and we can obtain the conclusion as in (i). This completes the proof of the lemma.
According to (3.34) we obtain

(3.35) g l(y(t) + z(t), u() + v(t), ) + a(y(r) + z(r))
=o

E
81

(y(t), u(t), t), z() at + (Y(O, u(t), t), v() dt

for all y(.), z(.)e C(0, T; La(, g; H)), u(.), v(.)e L;(0, T; ). For u(’)e we
set

where y(-) is a solution of (3.11).
From Theorem 3.1, we obtain the following corollary.
COROLAR 3.2.

(3.37) inf J(u(’)) inf J(u(’)).

Proof It follows from (3.1) and the energy equality (see Theorem 1.1) that the
mapping u(.) y(.) is continuous from ’ C(0, T; L2(, dp; H)). This and
Lemma 3.3 imply

(3.38) u(. J(u(. )) is couinuous,

and (3.37) is then a consequence of Theorem 3.1.
The optimal control problem is now stated as follows"

(3.39) Find fi(.) e such that J(h(.)) inf J(u(. )).

It follows from Corollary 3.2 that h(.) is also a solution of the optimal control
problem"

(3.40) Find fi(. e such that J(fi(- )) inf J(u(" )).
u(. )ed
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Property (3.40) is very important from the point of view of necessary and sufficient
conditions (not for existence). Indeed, the necessary and sufficient conditions for
optimality for problem (3.39) are the same as for problem (3.40). However, for
problem (3.40) they can be found from the usual variational arguments. General
results on necessary and sufficient conditions for optimality in problems similar
to (3.40)(for finite-dimensional systems but not necessarily differentiable payoffs)can
be found in J. M. Bismut [4].

4. Necessary and sufficient conditions of optimality.
4.1. Variational inequality. We have the following lemma.
LEMMA 4.1. The function J(u(’)) is convex and Gateaux-differentiable in

L2(0, T;
Proof Convexity follows from the convexity of functions and A. Let u(.)

and v(.) L2(0, T; oR). We define (t; v(.)) as the solution of

(4.1) (t) + A(z).(z) dz D()v() d.

For real and > 0, we can write

(4.2)
J(u(. + av(. )) E l(y(t) + ay(t; v(.)), u(t) + av(t), t) dt

+ EA(y(T) + ay(r; v(" ))).

From (4.2) and Lemma 3.3, it follows that J is Gateaux-differentiable and that

(4.3)
(J’(u(. )), v(. )) E (y(t), u(t), t), y(t) dt + E(A’(y(T)), y(T))

+ E (y(t), u(t), t), v(t) dt,

which completes the proof of Lemma 4.1.
Since /’ad is a closed convex subset of L2(0, T; ’), it follows from standard

results that for h(. to be a solution of (3.40), it is necessary and sufficient that

(4.4) (J’(h(.)), v(.) fi(’)) >= 0 for all v(’)

Remark 4.1. When one does not assume convexity of functions and A, then
(4.4) remains a necessary (but not sufficient) condition of optimality.

4.2. Stochastic maximum principle. Let us make explicit the relation (4.4).
According to (4.3), we have

(4.5) E ((t), (t), t), (t; v(’) fi(’)) dt + E(A’((T)), (T; v(’)

I))) + Ii), (0, 0, v!0 () & >= 0.
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Let us now introduce ,b as the solution of

+ A*(t)[ ((t), fi(t), t),
(4.6) dt y

/(T) -A’(.9(T)).

Using (4.6) in (4.5) and integrating by parts (for fixed ), we get

(4.7)

E D*(t)p(t) + ((t), fi(t), 0, v(t) fi(t) d 0 for all v(.) e a"

Since a is a closed convex subset of * ’ dt, it follows from the defini-
tion of the projection on * ’ dt (as a sub-Hilbert space of L2(0, T; )) that (4.7)
can be rewritten as

(4.s) e, *(t)p(t) + (p(t), o(t), t) v(t) (t) dt O,

where E denotes the conditional expectation with respect to fl (see 2.2).
Now let v e Ua, and let us introduce

(4. x(, -*(0(0 + ((0, (0, O, O, v a(t

We shall prove that

(4.10)

Indeed, let us set

(4.11)

and take

)(t, co) >_-- 0 a.e. t, a.s. co.

A {t, co[2(t, co) < 0}

v in A,
(4.12) Vo(t, co)

fi(t, co) outside A.

According to Proposition 2.1, 2(t) * ’ dt. Thus, if we denote by Za(t) the
characteristic function of A, then

ZA( e flt dr.

From this we get

(4.13) Vo(t ;A(t)V + (1 ZA(t))(t) llt dt,

which proves that Vo(. /ad"
Taking this particular choice of Vo(’) in (4.8), we get

(4.14) f 2(t, co) dt dP >= O,
3A
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contradicting (4.10) if A has measure different from 0. Hence the relation (4.10)
holds, i.e.,

(4.15) -D*(s)Etsp(s) + Ets(u (.9(s), (s), s), v t(s)

>= 0 for all v e Uad, a.e. s, a.s.m.

Now, (4.15) must hold if fi(.)is a solution of problem (3.40). If fi(. solves problem
(3.39), we know by the argument of Corollary 3.2 that h (.)solves problem (3.40)
and hence satisfies (4.15). But, there is then something more. According to (3.21)
and Corollary 3.1,=, which implies E U. We have thus proven the
following.

THEOREM 4.1 (Stochastic maximum principle). Assume the notations and
assumptions of 1.1 and 3.1. Then for fi(" to be a solution of problem (3.39), it is
necessary and sufficient that, denoting by (’) the corresponding trajectory, and
defining (. by (4.6), the following condition holds"

(4.16) -D*(t)E:(t) + E: ((t), (t), t), v (t)

0 a.e.t, a.s.o for allvUad.
This is only a necessary condition, one leaves out the convexity assumptions.. The separation principle.

.1. Assumptions. We suppose now that the observation noise q(t) is in-
dependent of the processes f(t) and (t). Let us consider the quadratic case with

l(y, u, t) 1/2(L(t)y, y) + {-(N(t)u, u) + (g(t), y),
]vI(5.1) A(y) 5( y, y)

Uaa U.

In this case a unique optimal solution of (3.40) exists. Let (.9, t) be such a solution.
Then the adjoint system (4.6) now becomes

(5.2) d- + A*(t),b L(t)f;(t) g(t), /(T) My(T)

and (4.16) becomes

(5.3) (-D*(t)E(t) + EN(t)(t) v fi(t)) _>_ 0 for all v e U,

It follows from (5.3) that

(5.4) t(t) N-l(t)D*(t)Et13(t).

5.2. Decoupling. Let us set

() :(),

,() E().
z>=t,
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According to (3.1),

() 0(, )() + O(, s)D(s)C,(s) as
(5.6)

+ O(z, s)f(s)d(s) + d?(z, s)B(s) d(s),

where 0(t l, t2) is the Green operator associated with A(t). Then

(5.7) E(z) dp(z, t)E(t) + qb(z, s)D(s)E(s) ds + qb(z, s)Ef(s) ds.

To get (5.7) from (5.6), we notice that if we write

(s) E(s)+ (s),

then fi(s) is orthogonal to ’. Therefore for 2 g2(c(0, t; F), dt; H), we have

E((s), D*(s)4*(r, s)X(B,)) ds O.

Hence

Efit O(T,, s)D(s)(s) ds O.

A similar argument holds for the second integral in the right-hand side of (5.7).
Now

Et d?(, s)B(s) d(s) 0,

which is an easy consequence of assumptions (1.10) and the independence of the
processes and q. Using (5.4) in (5.7) we get that fit(z) solves

d,(:) + A(r)()= D()N-()D*(),(r)+
(5.8) dz

,(t) given, > t.

Similarly from (5.2) it follows that (z) solves

+ A*()t(r)= -L())t( g(),
(5.9) de

t() =-Mp,(T), > t.

According to the well-known deterministic decoupling theory of Lions
introducing the Riccati equation

dP
(5.10) PA A*P- PDN-1D*p + L O, P(T) M

dt
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and the stochastic process r solving

dr
(5.11)

dt
A*r PDN- 1D,r + Pf + g O, r(T) O,

we have that the solutions gt(z) and fit(Y) of (5.8) and (5.9) satisfy the following
relationship"

(5.12) /3t(z -(P(z))’),(z)+ E&r(z)).

Therefore the process

(5.13) (t) N- (t)D*(t)(P(t)Ey(t) + Er(t))

is the optimal solution of the problem (3.40). For the problem (3.39), we now
obtain the following result.

THEOREM 5.1. Under the assumptions of 5.1, the sequence

(5.14) u,(t) N- l(t)D*(t)(P(t)Et-’/"y,(t) + Ett- /"r(t))

is a minimizing sequencefor problem (3.39), which converges towards (5.13) in //f’ad"
Moreover, if there exists an optimal control of(3.39), it is necessarily defined by the
followingfeedback rule"

(5.15) 8(t) N- l(t)D*(t)(P(t)E.(t) + Er(t)),

where z(. is the observation process corresponding to h(" ).
Proof (i) Since the operator E- ’/"( is a contraction, it is easy to prove that

equation (3.1) has a unique solution with u, given by (5.14). But according to
Proposition 3.1, u, belongs to Uaad. And from (5.13), it is obvious that u, is a min-
imizing sequence of problem (3.39).

(ii) If there exists an optimal control, it satisfies (5.13) (according to uni-.
queness and Corollary 3.2). The result follows now from the identity of the oper-
ators Et, Ez’ for admissible controls.

Concerning the existence of an optimal control of problem (3.39), we can
give a result under the additional properties"
(5.16) Yo is Gaussian, Eyo .o and E(yo Yo, hl)(Yo .0, h2) (Pohl, h2),

where Po is a trace operator in H;
(5.17) f(t) is a deterministic function;
(5.18) F is finite-dimensional space and r/(t) is a Wiener process with values

in F independent of the Wiener process (t). We denote by R(t) its
invertible covariance matrix.

THEOREM 5.2. Ifconditions (5.16) to (5.18) are satisfied, there exists an optimal
control ofproblem (3.39).

Proof Sincefis deterministic, then the solution r of (5.11) is also deterministic.
Let us consider the Riccati equation

dH
(5.19) d-- + An + 1-IA* + nC*R-lCn BQB*, H(0) Po
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and the system of stochastic operational differential equations of the type (1.12)
(where the unknown functions are 33, , .)"

(t) + A(:),(:) dr Y0 + f0:) d: + B0:) d(r)

(5.20)

D(r)g-(r)D*(:)P(r)(r) dr D(r)g- (r)D*(r)r(r) dr,

(t) + A(w)(r) d + H(r)C*()R-I(T)C(T)(T) dT

f;o + f(r,) d D()N-I(:)D*()P(:)(:) d:

(5.21)
D()N-I(’)D*(T)r() dT -[-- rI()C*()R-l(qT)C(T)d(qT) d:

+ FI0:)C*(r)R-(r) dr/0:),

(5.22) (t) C(r))() dz + r/(t).

Theorem 1.1 applies to the system of equations (5.20), (5.21) defining in L2(0,
T fL dt (R) d[; H) (in particular). The interesting feature is the following:

(5.23) (t) Ee’p(t).

For the proof of(5.23), see A. Bensoussan [33. Therefore (. defined by

(5.24) (t) N- ’(t)D*(t)(n(t)’(t) + r(t))

is an admissible controlfor problem (3.39), and thus optimal according to Theorem 5.1.
Remark 5.1. Formula (5.24) expresses the separation principle, since the feed-

back rule is exactly the deterministic one, with p(t) changed into (t)

6. Example. Let be an open subset ofR. Let a;(x, t) be functions belonging
to L(C x 0, T[ ), such that

a > O, forall iR, a.e.x,t.
i,j=l

Let H((9) be the Sobolev space defined as follows:

(6.2) HI() z e L2((fl)[-g e ((9)

For z, Z2 ff H((9), set

(6.3) a(t; z 1, z2) 2i,j aij(X’ t) _xj_xi dX6z2
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Take H L2((9), V H(C) closure of 9((9) in H1((9), where 9((9) denotes the
space of infinitely differentiable functions in (9 with compact support. We define
A(t) e ...(V; V’) by

(6.4) a(t; zl, z2) (A(t)z, z2) for all Z1, Z2 e V.

Take U H (distributed control) and D(t)= I.
Let us now define the stochastic features of the problem. Take Yo

ministic element;then E R and

(t) standard one-dimensional Wiener process.

We also takef 0. We can write equation (3.1) as

{6.5)

y(t,x) fO ( -Y(’})
,: x )

IOYo(X) + u(r, x)dr +

y(t, x) 0,

deter-

a(r, x) d(z) for all t, a.e. x,

t,xcg((9 x ]0, T[).

The observation process z is defined as follows. Take F Rp and

(6.6) C(t)z Cz f( z(x) dx, fe z(x) dx,

where (91,’.., Cp are nonoverlapping balls of (9. Then r/(t) is a Wiener process in
Rp, with zero mean and covariance matrix rl. The payoff will be defined as

(6.7) J E{y{x, t))2 dx dt + ENuZ(x, t) dx dt,

where N is a positive constant. The separation principle can be expressed as
follows:

(6.8) (x, t) Je Ko(x, , t)(, t) d,

where Ko is a solution of the following Riccati equation:

cK (x, , t) + (A* + A)Ko{x, , t)
ct

+ f Ko(x, 1, t)N- Ko( 1,
, t) d ((x ),

Ko{x, , t) Ko{, x, t),

Ko(x,,t)=O ifxeF,e (and thusKo(x,,t)=Oif xe,eF),

(6.9)

Ko(x, , T) O.
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In (6.8), }(t) is the best estimate of the optimal state j(t) and is given by the gener-
alized Kalman filter

fli,j=l --j Yo(X) @ Ms Ko(x , s)(s, ) d

,6.10, + 1 =lf(fi(x,,s)d)(dzi_dsf, (’s)d)’
(t, x) o on ( x 30, T[ ).

In (6.10), H solves the Riccati equation:

(6.)

H(x,,t)=0 ifxF,C (and thus H(x, , t) 0 if xC,F),

I(x, , 0) 0.
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ON THE MODELING OF SYSTEMS FOR IDENTIFICATION.

PART I: g-REPRESENTATIONS OF CLASSES OF SYSTEMS*

WILLIAM L. ROOT’

Abstract. The notion of a class of systems is formalized. The notion of an approximating class
of systems is formalized with the definitions of e-approximations and of e-representations. Basic
properties of and relationships between e-representations are established. A fundamental existence
theorem for e-representations is proved, as well as a theorem giving e-representations from e-approxi-
mations. A construction of e-approximations using Volterra polynomials is given.

Introduction. In this paper, Part I, and also in the succeeding Part II, subtitled
Time-varying systems, there is presented an abstract theory of system models to be
used in the identification of unknown systems. The basic ideas here are, (i) to
formalize the obvious concept of a class of input-output systems, chosen so that
the unknown system must be a member of the class, and (ii) to construct para-
metrized uniformly good approximate representations for a class of systems.
Such a representation then gives a model to be used for (approximate) identifi-
cation of a system in the class. These ideas are developed in and 2. The approxi-
mate representations are called e-representations; the chief result is Proposition
1.7, which is a constructive existence proof that "good" e-representations exist
under rather general conditions.

The theory is not restricted to linear or to time-invariant systems, nor are there
very serious constraints on the generality of input and output spaces. Indeed, for
the fundamental theory of 1 and 2, the inputs and outputs do not have to be
interpreted as functions of time, although that is what is intended for the applica-
tions. In 3 the classical integral polynomials of Volterra and Fr6chet are intro-
duced to provide examples.

The concept of an -representation was introduced in a conference paper [13,
where some general results were stated but only the short proofs were included.
The material here is an expansion of the basic portion of [1], with proofs.

Part II is a less general, much more detailed study of time-varying input-
output systems. One of the chief reasons for the development in this paper is for
application to such systems. However, the theory of Part II is formally independent
of the results here except for an application of Proposition 1.7. Some of the earlier
results of Part II have been stated, again with only partial proofs, in the conference
paper [2]. There is really no identification theory as such either here or in Part II;
in particular, no statistical problems are mentioned. Identification of unknown
systems with additive observation noise using the concepts of this paper is dis-
cussed in somewhat abridged form in [3], and touched on in [1].

* Received by the editors May 17, 1973.
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Arbor, Michigan 48105. This work was supported by the United States Air Force, Air Force Office
of Scientific Research, Air Force Systems Command, under Grant 72-2328.
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Basic definitions. A class of systems is defined to be (, f, W, ’),
where is a Banach space, W and ’ are metric spaces, and f is a continuous
mapping from the topological product of W and //, W ’, into . /, and
W are called, respectively, the input space, output space and system parameter
space. The output y corresponding to input u // and system parameter
x e W is given by y f(x, u). The quantity x is to be interpreted as having the
role of fixing one system from among all those in the class; thus, s (, f, x, ’)
is called a system, for each x s W.

Further conditions will be imposed on the spaces , W and //and the mapping
f as needed, but some preliminary structure will be established at the level of
generality of this definition. It is to be noted that the definition is formally sym-
metric in W and //. If one is considering a dynamical system, as the term is usually
used, and //will be spaces of functions of a real variable (time), and the concept
of state may be relevant. Since there is no explicit provision for state in the definition
above, different initial states, in what would normally be described as one system,
must be represented by different values of the "system parameter" x. Thus, what
is normally called one system may be described here as a class of systems. This
unconventional terminology comes about accidentally; the emphasis is to be on
situations in which W is interpretable as a parameter space in the ordinary sense,
in which case the terminology is appropriate. The basic definition is further
elaborated for use in situations in which there is any real consideration of state.

Let (, f, W, //) be a class of systems. A system s with parameter
x is linear if /is a linear metric space and f(x, is a linear mapping from ’ into ’.
(Note that this definition, although nearly inevitable in the context, agrees with
the usual definition of a linear dynamical system only when the dynamical system
is initially in a relaxed state). The class of systems is a linear class if W is a linear
metric space and f(., u) is a linear mapping from W into for each u //. We
shall usuall.y need to require that W and /be compact or at least bounded, so
that they cannot be normed linear spaces. However, they may be subsets of linear
spaces, so the following definitions are introduced. A system s 9 with parameter
x is prelinear if’ is a subset of a linear metric space andf(x, u + u2) f(x, ua)
+ f(x, u2) for all u, u2 ’ and all scalars z and/ for which all three terms are
defined. The class 5e is a prelinear class if W is a subset of a linear metric space,
and f(x + x2, u) f(xl, u) + f(x2, u) for all u ’ whenever scalars, and parameters Xl, x2 are such that all three terms are defined.

The class of systems 5 is a redundant class if there are parameters x, x2 W,
x -x2, such that f(x 1, u)= f(x2, u) for all u ’; if this does not happen,
5 is nonredundant. If W’ is a subset ofW, then Y" is a metric space, and the restriction

f’ of f to W’ x ’ is continuous. Hence, ’ (, f’, W’, ’) is a class of systems;
it is called a subclass of 5. Obviously if 5 is a prelinear class, then ’ is also, and
if5 is nonredundanKthen 5’ is also. If’" is a subset of //, then 5e" (, f", W, #")
is a class of systems, where f" is the restriction off to W ’". 5’’ is called a
restriction of 5. If 5 is prelinear, so is 5", and if 5 is redundant, so is 5". Hence-
forth we shall not usually bother to use a different symbol for the function f
when its domain is restricted either in Y" or 0g.

The classes 5 (, f, W, 0ga) and 52 (2, f2, ’-F2, 0’2) are said to be
equivalent if there exist homeomorphisms of W1 onto W2 and ’ onto ’2 and a
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linear homeomorphism of1 on to 2 such that if -2, u2 and Y2 are the images of
x 1, u and Yl, then Y2 f2(u2, X2) if and only if Yl fl(ul, x2). Redundancy or
nonredundancy is preserved under equivalence, but nothing can be said about
preservation of any of the linearity or prelinearity properties because there is no
reference to any algebraic structure on 591, 91, 592 or /2. If ’1 is a subclass of, then there is a subclass 5z of 52 that is equivalent to 5’1. An analogous state-
ment can be made about restrictions.

Henceforth it is assumed that all classes 5 consist only of bounded systems,
that is, that for each x 59, f(x,. is a bounded mapping.

1. Natural representations. Given an input space and output space 0,
one can consider the set of all bounded continuous mappings from og into as a
sort of universal class of systems. One can then represent any particular class
with the given //and as a subclass of this universal class. This is purely an artifice
and introduces nothing new, but it provides a convenient structure within which
one can discuss the approximation of one class by another.

Let - (/, ) be the set of all bounded continuous mappings from
into . is made into a Banach space in the following standard way (see [4]):

(i) Define 0oF + flF2 where , fl are scalars and F1, F2 by

(0F1 + aVz)(U)= 0eEl(U) -+- flF2(u), u l.

(ii) Define F ,Fff, by

F =sup F(u)l.

is then indeed a complete normed linear space, and henceforth the symbol, or (, ) when necessary, will always denote this space. Now, the equation
y F(u) can be rewritten y g(F, u), where, in fact, g is defined by g(F, u) F(u),
F e , u e ’. We then have the following proposition.

PROPOSITION I. 1. 5 (, g, , q/) is a nonredundant linear class ofsystems.
Proof. All that needs to be proved is that g is continuous in - ’ and linear

in. Let(F,u) ’andtakee>0. Choosef>0sothat F(u)-F(ul)
< e/2 whenever d(u, ul) <= 6.1 Let (F’, u’) be any pair such that d(u, u’) < fi and
F-F’ =<e/2. Then

g(F, u) g(F’, u’)l < F(u) F(u’) + F(u’) F’(u’)l

<e/2+ F-F’ <e.
The linearity follows immediately from the definitions"

g(oF + flF2, u)= (oF + flFz)(U aFl(U + flFz(u

zg(F1, u) + flg(F2, u). [3

Let 5f (, f, 59, q/) be any class of bounded systems. A subclass of 5(,,) is
assigned to it as follows. Since f(x,.) is a bounded continuous function, it can be
written as F(.), F e. Let ff be the mapping from 5f into defined by @(x)= F,
where F(u) f(x, u) for all u e 0g. Let fig (59). Then 5eo (, g, , qg) is a subclass

The symbol d(u, u’) means the distance from u to u’ in the metric space
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of @, and hence is a nonredundant prelinear class of systems. We call 5o the
natural representation of 5, and its natural mapping. Additional conditions must
be imposed to make. continuous.

PROPOSITION 1.2. Let be a class of systems. The natural mapping
is continuous if and only if the functions of x, f(., u), are equicontinuous for all
u ll. In particular, is continuous if ll is compact.

Proof. Let F’ O(x’), F O(x). Then

]F-F’]] =sup (F-F’)(u) =sup F(u)-F’(u)ll

=sup f(x, u) f(x’, u)

Thus, given e > 0, there will exist 6 > 0 such that [IF F’[[ <_ whenever d(x, x’)
=< 6 if and only if the f(., u) are equicontinuous functions of x.

Suppose q/ is compact. Consider neighborhoods in Y" x of the form
N(Xl, ul)= {(x, y)’d(x, xl) < 61, d(u, ul) < 62}, where 61 and 62 are chosen so
thatif(x,u) e N(xl, ul),then f(x, u) f(xl, Ua)]] =< e/2.Yhen f(x, u) f(x’,u)
< e if (x, u) and (x’, u) belong to an N. With x fixed, let there be given an N(x, u)
for each u @’. The intersection of each of these neighborhoods with the compact
subspace x {(x, u)’u e } is an open set in x; these open sets form a covering
and a finite subcovering can be extracted. Let this be given by the intersections
of @’x with neighborhoods N(x, ui), i= 1, 2,..., K. If now d(x, x’) < 6, where
6 is the minimum of the 61’s for the K neighborhoods N(x, ui), the points (x’, u)
and (x, u) lie in one of the N(x, ui) for each u e @’. Hence,

]IF-F’ sup f(x, u) f(x’, u) <=
A corollary of this result follows.
PROPOSITION 1.3. If has the properties (i) @’ is compact, (ii) Y" is compact,

and (iii) 5 is nonredundant, then 5 is equivalent to its natural representation 5o
Proof. Since 5 is nonredundant, is one-to-one and onto O(f). Then the

fact that f is compact implies that
The following is also to be noted.
PROPOSITION 1.4. If5 is prelinear, then is a restriction of a linear mapping.
Proof. Let 0, fi, xl and x2 be such that x

Let O(xl) Fa, I//(X2) F2 and /(ex + X2) F. Then,

F(. f(ox d- fix2,. (zf(x1,. + f(x2,.

F,(. + [F(. ). ]

It will sometimes be convenient in special cases to deal with a functional
representation, that is, a modification of the natural representation, as follows.
Let (0//, ) be a linear manifold, not necessarily closed, in
Suppose is itself a Banach space with a norm to be denoted by lll. I[I, anti that
IllHII] >_- clIHII, H , c being a positive constant.

Then, with g defined as before, we have our next result.
PROPOSITION 1.5. __q, (ot, g, ’, 1) is a nonredundant linear class ofsystems.
Proof. The proof is a trivial modificationof that of Proposition 1.1.
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Let 5e (, f, y’, ’) be a class of systems with the property that f(x,.
is an element of 5 for each x e 5f. Let , be defined as before and put ,(W),

c &o. Then --(, g, , ’) is a nonredundant prelinear class of systems
and provides what we shall call the functional representation of 5 with respect
to , where is understood to have the topology of 5e. Note that Proposition
1.4 still holds. However, the continuity of , remains to be investigated in each
case, unless, of course, the norms Ill. III and are equivalent.

2. ;-representations and ;-approximations. Let 5eo (,g,,’) be a
subclass of 6e, and let (, ft, , ’) be a class of systems. is an e-approxi-
mation to 6o, e > 0, if for each F there is an xl 5fl such that lie (x)
=< e, where ffl is the natural mapping for . Note that it is not required that
1(xl) of(. Let bl be a mapping from oct into 1. Then (Se, q51) is an e-representa-
tion of 5o if lie- " 4(F) < for all F t. Again it is not required that

1" 05(F) . If 5 is any class of systems, we say that 6 or (, 4)1) is an
approximation or, respectively, an e-representation for 6e if it is such for the
natural representation 6o of . Note that the definitions imply that 5a and
have the same input and output spaces q/and .

An e-approximation 6 is said to be linear if5 is a prelinear class. This implies
by Proposition 1.4 that Pl is a restriction of a linear mapping. It is said to be
finite-dimensional if 1 is a subset of a finite-dimensional Euclidean space. It is
continuous if 1 is continuous. An -representation (, q51) is said to be linear
if 5e is a prelinear class and in addition b is a restriction of a linear mapping.
It is finite-dimensional if is, and is continuous if both q51 and Pl are continuous.
An e-representation is determined by o, o , if the mapping q5 depends only
on the functions F, F , restricted to ’o.

The following observations are immediate from the definitions. If
5 (o, f, 5f, ’) and (o, f, y’, q/) are two classes of systems, if

(Sf), and if is nonredundant, then (, p - 1) is an -representation of 5e for
any e > 0. If is equivalent to its natural representation, then (, -) is a
continuous e-representation of 5 for any e > 0. If 5e and are equivalent non-
redundant classes, then (, ffi-) is an e-representation of 5e for any e. In each
instance Pl is one-to-one, so ff - is defined.

PROPOSITION 1.6. Let 6 -(,fl, Y’I, q/), 62 (-if, f2, 2, ’) and
(o, f3, 3, ’) be classes of systems with natural representations 50, 5a20 and

530, respectively. The parameter space of60 is denoted i, and the natural mapping
for 5i is if i, 1, 2, 3. Then"

(a) If (2, d?2) is an e2-representation of 5a and (53 d? 3) is an e3-representation
of 52, then (63, (D3 02 (D2) is an (e2 + e.3)-representation of . Further"

(b) If (52, 2) and (3, b3) are continuous or linear, so is (53, 3 02 (])2)"
(c) If (3, (/)3)is finite-dimensional, so is (6e3, (/)3 2 (/)2)"
(d) If (, d?e) is determined by a subset qZ

0 ll, so is (6e3 b 3 O be).
Proof. The proof is obvious.
We now address the questions of the existence and construction of e-repre-

sentations with desirable properties for classes of systems for which there is little
prior information. In different words, it is desired to obtain methods ofconstructing
good -representations which do not require a knowledge of the structure of the
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systems in the class, or indeed, do not require that they all have the same structure--
admittedly, the term structure as used here is somewhat vague, but the idea should
be clear.

Two different general methods for obtaining e-representations are inves-
tigated. The first is to represent each system in the given class by a fixed interpola-
tion formula which is based on a sufficiently large set of input-output pairs.
The second is to obtain first an e-approximation for the given class (e.g., by use
of the Stone-Weierstrass theorem) and then construct a mapping b so as to get
an e-representation. The first method leads to the following basic result.

PROPOSITION 1.7. Let be a Banach space and let f and be compact metric
spaces. Let 5 (o, f, f, l) be a class of systems with f, ll, o as prescribed.
Then, given e > O, there exists an e-representation (1, 41) of5 that is continuous,
finite-dimensional, and determined by afinite subset #o #. 51 is a linear e-approxi-
mation. If is a Hilbert space, then there exists an e-representation which, in addition
to possesstng the other properties listed, is linear’i.e., q51 is also a restriction of a
linear mapping.

The proof follows from construction of an e-representation with the described
properties. The construction yields what will be termed a standard e-representation,
described below by equations (5), (7) and (8). Given 5 as prescribed and given
e > 0, there are many e-representations ofS which are described by such equations;
all of them are called standard. Even when is not a Hilbert space, there may be a
linear standard e-representation, but the theorem does not guarantee linearity
of 051 in general.

Proof. The proof proceeds in a series of steps. Let 5o (, g, , ) be
the natural representation of 5.

(a) and oct() are compact.
Note that since @’ is compact, is continuous; then since Y" is compact,
() is a compact subset of . Then by Ascoli’s theorem, is equi-

continuous and the set (u) is compact in for each u e . The functions F in
are uniformly continuous since @’ is compact.
Consider an arbitrary infinite sequence in (@’); denote it by {y,},, y, F,(u,),

F, ut, u, #. Pick a convergent subsequence {u,,}i from {u,}, and let Uo 0g

be its limit as oe. Then pick a convergent subsequence {F, }j from {F, }, and let
ij

Fo e W be its limit as j - . Cons,der the sequence {Fi(u,)} as j , and re-
write it simply as {F(u)}3. Fo(uo)e 3f(’), and

[[Fj(uj)- Fo(uo)l[ _< [IFj(uj)-Fj(uo)[[ + Fj(uo) -Fo(uo)[I

=< [[Fj(uj)- Fj(uo)l[ + [Fj- Fo[1.
The right side of this inequality approaches zero as j --, oo by the equicontinuity
of the Fj and since u; uo and Fj --, Fo

(b) Construction of interpolation functionals on a compact set.
This construction is applied below, and is described here out of context.

Let #t be a compact subset of a metric space /d{, and let r/> 0 be given. Let
{i}, i= 1,..., N, be a maximal 3/4r/-separated set in yg.2 Such a finite set

A set of {} is an e-separated set if d(, j) > whenever j.



MODELING OF SYSTEMS FOR IDENTIFICATION. 933

exists because C is compact. Let

B, { ////:d(, i) < r/}, 1,..., N.

The open balls B provide a covering of oU, for if not the set {i} would not be
maximal. Let

A { :d(, i) =< r//4}, 1,..., N.

The closed balls A are disjoint. Let

Ci=Bi- U A, i= 1,...,N.
j:/:i

The C are open, C c B, C Ai, and
N N

U Ci-- U BiJ{.
i=1 i=1

Define

()

d(, C)
f()

d(, A,) + d(, C)
d(, Ai)

1- i= 1,...,N.
d(, A,) + d(, C,C.)

Since the distance from a point to a closed set in a metric space is a continuous
function of , and since d(, Ai)+ d(, C)>__ r//4, each f/() is continuous on
//{. Furthermore, f() for Ai; f() 0 for C; 0 =< f() < 1, and
fi() > 0 for C.

Now define, for 1,..., N,

(2)

f()
for ,/g/" C U C])i()-- 2q=l fj() i=1

inf F(y’(v! -+- 1)d(, v)]* L d(, 4n)
(for g e 1.

The definition is meaningful for because Sv_, f() > 0 for { J,(. Further-
more, in J,( is continuous and takes values between 0 and 1. Thus the Tietze-
Urysohn extension theorem applies, and in fact one continuous extension to
taking values between 0 and is given by the second part of the definition (2)
(see [4]). We have then" (i) each 7i is continuous on #; (ii) Yi() for { e A
(since f({) 0 for { Ai, # j); (iii) 7({) 0 for { J,( C; and (iv) iu__ ({)

for e J,(.

The 7() are called the interpolation functionals for oU with respect to
{1. "", N}, with mesh q. Given any compact c////, and any maximal 3/@/-
separated set in J,(, a unique set of interpolation functionals is defined by equations
(1) and (2). The positive integer N may depend on the particular maximal 3/@/-
separated set.
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(c) Specification of an approximating subspace ’ for (0g) in and a
mapping r from o into ’.

Let q e/6. Since ./g(0g) is a compact subset of , we can choose {Yi},
1,.-., K, to be a maximal 3/4r/-separated subset of () and construct the

interpolation functionals for 4(’) with respect to {yl,.-., YK}. Denote these by
i(Y), 1,..., K.

Let o, be the (finite-dimensional) linear subspace of spanned by {y, , yK}.
o, has dimension M <__ K. Y/’ is to be the subspace in which we approximate
(og) by means of a continuous mapping c. Let c be defined by c(y) y’, where
Y’= EiK=I ei(Y)Yi; rc is a bounded continuous map from into o,. We have for

K

i=1

K K

i=1 i=1

K

i=1

P q

E On,(Y) Y- Yni] + E Om,(Y) Y- Ymill,
i=1 i=1

where y,i, .-., y,p are those y for which y e () fl C (defined as in (b)), and
Yml,’’’, Ymq are those y for which y e (//) Ci. By (b, iii) the second sum is
zero. Since IlY y[I < r/for all such that y e Ci,

p

i=1

Now select a maximal linearly independent subset of {Y l,

numbering if necessary, denote these {y 1,..., Yt}, M =< K. Let

i=1

..,y}. By re-

j=M+ 1,...,K.

Then,

(4) (y) y’= i(y)+ (y)/
k=M+l

We shall also write

M

(5) f’ E * y’ ’,e(y)e for all e
i=1

Yi"

where e is an arbitrary basis in ’ and the e’ are continuous linear functionals.
Of course, if e y, then the e’{(rc(y)) are given by the bracketed expressions in
equation (4).

(d) Specification of 5r, 4 and f.
Since ’ is compact the F e are uniformly continuous on ’, and since

f is compact they are equicontinuous. Hence, given e > 0 there is 6 6(e)
such that liE(u) F(u’)]] < e/6 whenever d(u, u’) <= 6 for all F e 4. With such a 6
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fixed, choose a maximal 3/4f-separated set {ul, ..., uN} in q/and form the inter-
polation functionals for q/with respect to {Ul,’", uN}. Denote these (as in (b))
by 7i(u), 1,-.., N.

We take Y’I to be a subset of an NM-dimensional Euclidean space g with
an arbitrary fixed orthogonal basis, and represent points x in g by an NM-vector
with real components indexed as shown:

(6) X 6/11 a21 aM1 a12 aM2 alN, ClMN

The mapping b from Yg into d is then defined by q51(F) x, F e , where the
components akj of x corresponding to F are given by

* F(uj), k= 1,.. M, j= 1 N(7) ak(F) ek rco .,
We put () g. The functionals a are continuous on ; in fact,
F(u) regarded as a function of F for fixed uj is continuous since IlF(uj) F’(uj)l]

(F F’)(uj) < lIE F’ and n and e are continuous. Hence is contin-
uous, and is compact.

The function f is defined by

(8) f(x, u) 7j(u)a G, u e ,
j=l

where the aaj are the components of x as indicated in equation (7). Obviously
f is actually defined on all of g by equation (8), but unless there is a specific
statement to the contrary, we consider f always as a mapping only from x
into ’ . Since the 7 are continuous functionals on and thea are continuous
functionals on , it is clear that f is continuous and bounded on a x . It
follows that (, f, , ) is a class of systems.

(e) (, 4) is an e-representation of.
It is necessary to prove that if F e , then lIE Oa 4(F) N e. Or, since

bl(F)l sup F(u) (01 dplo F)(u)l]

sup liE(u)- f(l(F), u)

it is necessary to prove that F(u) f(4)l(F), u)ll for all u e ’. Note that

N

y1(u)[ro F(u)].
1=I

Temporarily fix u and let u, be any one of {ul, ..., u} such that d(u, u,,) <= .
Then,

liE(u)- f(bl(F), u)ll =< liE(u)- V(u.)ll
(9)

/ IIE(u,) f(bl(F), u.)ll / Ilf(bl(F), u,) f(q51(F), u)ll.
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Since d(u, u,) < ,5, the first term on the right side of the inequality (9) is less than
or equal to e/6, by the choice of 6. Since 7i(u,) ,5i,,, f(k(F), u,) rc F(u,,), so we
have that the second term is

F(u,,) rco F(u,,)11 < e/6

by (3). Also the final term on the right side of (9) can be written

N

no F(u,) 7j(u)[n F(uj)]
j=l

Let {uj,, ..., ujp}, P <= N, be the set of ui’s which are within distance of u. Since
7i(u) 0 if is not one ofjl,... j., and since d(u;,, uj,) <= 26 for n, m 1, .-., P,
this final term becomes

no F(u,,) 7j,(u)[n F(ujp)]
p=l

7jp(u)[ F(u,,) zo F(uj)]
p=l

P

_-< 7j(u)]]g F(u,) o F(ujp) I.
p=l

But

[1F(u,,) F(uj;) <= F(u,,) F(u) + F(u) F(u,) <- 2e/6
for each p 1,..., P. Consequently

[Iro F(u,) ro F(uj,,)l[ <= 4e/6

for each p, and the last term in (9) is less than or equal to pP= ’))jp(U)" 4e/6 4e/6.
Hence we have that IlF(u)- f(gl(F), u)[I =< e for all u ’, which proves the
assertion.

(f) Properties of the z-representation (, bl).
It has been shown in (d) that b is continuous. Since is compact, 1 is

continuous, and the z-representation (, bl) is continuous. From the formula (8)
for f(x, u) it is clear that f is linear in x, hence 5 is prelinear. Obviously (51,
is finite-dimensional, and equally obvious 41 is determined by the functions
F e W acting only on {b/l,.-. UN}.

The construction given provides a b which is not a restriction of a linear map,
because rc is not linear. However, in any special case where a continuous linear
mapping re’ can be found that yields a uniformly good approximation to
in a finite-dimensional subspace of 0#, then re’ can replace re, bl becomes a restric-
tion of a linear mapping and the z-representation is linear. This can always be
done when is a Hilbert space, by taking re’ to be the orthogonal projection on a
finite-dimensional subspace that approximates the compact set W(q/) uniformly
to within the desired tolerance.

The e-representation constructed in the proof of the theorem is not unique
since it depends on the choice of the ui’s and the y’s. These are not unique and
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even the integers N and M, which fix the "size" of the e-representation, are not
unique. However, since the number of elements in an q-separated subset of a
compact metric space is bounded, there are positive integers N and M such that
N < N and M =< M. The question ofhow big M and N are is obviously of interest,
but it is not considered here. As far as achieving the desired degree ofapproximation
is concerned, there is no reason why the ui’s and yi’s must have the separation
property; it is only necessary that they provide a sufficiently fine mesh in q/and

.(’), respectively. However, requiring the separation property guarantees
that N and M are not unnecessarily large. If they do not satisfy the separation
property, the construction of the interpolation functionals needs to be modified
slightly (as is done in the proof of Proposition 1.8).

Also, the e-representation can be modified in other ways without changing
its essential characteristics. Any continuous mapping 7z’ that satisfies Ily r’(y)ll
_<_ r/, y e (’), can be used instead of re, and it has already been pointed out that
in some instances at least it is advantageous to replace re. Further, any interpolation
functionals that satisfy the conditions of step (b) can be used exactly as are the

7’s. Any changes of the types indicated can be made without invalidating equations
(5), (7) and (8), which finally describe the e-representation in terms of re, the i’s,
the ui’s and the Yi’S-

The other general method mentioned for getting continuous e-representations
is to break the problem into two parts" first find a convenient class of functions
from ’ to to approximate uniformly the functions in the particular set ogt in
question, and second, construct a continuous q5 carrying ocg into the approximating
class. The first step yields an el-approximation, the second makes it into an

ez-representation, where most likely e2 must exceed el. The following result
guarantees that this second step can sometimes be accomplished.

PROPOSITION 1.8. Let o (4Y, g, Off, Yl), and let 5 (o, fx, , ) be a
linear t-approximation to 5o In addition, require that" (i) ’ be compact; (ii) 5f be
compact and convex; and (iii) 5e be nonredundant. Then, given rl > e, there exists a
mapping q51" 5T1, such that (, q51) is a continuous q-representation of o
determined by a finite set {ul, .--, uN}.

Proof. Let (r/- e)/4. By Proposition 1.3, the natural mapping 1 is
uniformly continuous on 5cl. Hence there exists 6 6()> 0 such that (x)

ff(x’)l =< for any pair x, x’ belonging to rx that satisfies d(x, x’) < 6. Let
{x}, 1,..., K, xi 551, be chosen so that the open balls of radius c5 centered
at the xi cover 1. Put F ffl(xi), 1,..., K. Then every F ffl(Y’l) satisfies

liE FI _-< for some i.

By hypothesis, ff is one-to-one from Y’I onto ffl(Y’), so a mapping b can
be defined on the F by (F) xi, 1, ..., K; q can then be extended to by an
interpolation that is essentially the same as that described in the proof of Proposi-
tion 1.7. In fact, since is an -approximation to 5o, it follows that for any F
there is an F such that IF Fill =< e + . Let the Bi, 1,..., K, be open balls
of radius e + 3 centered at the F. Then (.J = B . At each Fi, let d be the
minimum of the distances to the other Fj. Let Ai, 1,..., K, be closed balls of
radius d/3, respectively, centered at the Fi. Put Ci B -(_J .,. A,. Using the
sets C and Ai, define interpolation functionals 7i on /-1 C = i=1 Bi exactly
as in step (b) of the previous proof; the properties of the ; stated there all hold.
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Then, define ( on by
K K

(10) 6(F)-- E "i(F)6(Fi)-- E ?i(F)xi
i=1 i=1

The mapping given by (10) is continuous, and it carries into the convex
hull of the xi and hence into 1- Finally, by the linearity of 1 and by arguments
employed previously,

(11)

F tlO ((F) F-tl[aTi(F)xili=
K

i=1

K

< y 7,(v). ( + 3)= e + 3.
i=1

Hence (, ) is a continuous (a + 3)-representation of 50 However, it does not
have the property that it is determined by a finite subset of @’. To get this further
property, we proceed as follows.

Let (5’, q’) c, (, f,, 5’, q/) be a standard 0-representation of 5o; such is
known to exist by Proposition 1.7. Let 5( be the natural representation of 5’,
with natural mapping @’, and put ’ 0’(’). Each F’ e ’ is within a distance
a ofsome F e , and hence is within a distance a + 2a of an F. Thus the set U= B
on which the interpolation functionals are defined contains ’, and the inequality
(11) holds for all F’ e 4’, We now put (/)1 ( 0’ (/)’. Since b’, ’ are continuous,

b is continuous; since qS’ is determined by a finite subset of @’, say {u 1, .-., uu},
so is q51. Finally,

IF-ooO’oqS’(F =<a+4e=r/ forallFeVg. VI

The condition that YI be convex is really of no consequence, by the following
observation. With the terminology of Proposition 1.8, suppose 1 is a compact
nonconvex subset of a normed linear space. Then the convex closure of the finite
set {x 1, -.., xk} is both convex and compact in that normed linear space, and can
be used to replace 1 with no inconvenience.

It will be observed, however, that the mapping b provided by the theorem is
awkward. It appears that this awkwardness is inherent in the problem of construct-
ing a mapping q5 to convert an a-approximation to an a-representation when the
original class of systems does not have a structural characterization. In an actual
identification one may be forced to pretend that there is a structural characteriz-
ation known for the class of unknown systems, even when clearly there is not, so as
to be able to construct a usable "b mapping". An unknown error is then introduced
into the identification, which it may be hoped is washed out by statistical estimation
procedures, but which is really a modeling error, and not an error due to random-
ness of observations. This point is discussed very briefly in [1 and somewhat more
fully in [3].
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3. -approximations with Volterra polynomials. By a Volterra polynomial is
meant a function of the form given by the right side of the equation

(12) y(t) x,(t, sx s,)u(sl) u(s,) dsl ds,, e r,

where A and T are subsets of E, usually intervals, and u and y are real-valued
or vector-valued functions of a real variable (further details are given below).
The term is intended to include the special case where the kernels X, are not func-
tions of t, so that the polynomial gives a mapping into

V01terra polynomials obviously provide very general classes of mappings,
and they are relatively easy to deal with in principle. For these reasons they have
been fairly widely used in theoretical treatments for some time to give models for
nonlinear system synthesis and identification (see, e.g., [5], [6], 7] and [8]). The
chief drawback tO their more extensive use has been that their application has not
usually been very practical, often leading to an exorbitant amount of actual
numerical calculation. It is the author’s guess that to a certain extent this is un-
avoidable, that any model that provides generality comparable to that of the
Volterra polynomials will lead to great numerical complexity. The objective, of
course, in any given problem is to find a model that is not only convenient to handle
but that also has just the right amount of generality; the Volterra polynomials are
often too general for a particular application. Nevertheless, they are theoretically
important in identification because, in the language of this paper, they give linear
finite-dimensional e-approximations for almost any class of systems for which
there are e-approximations.

The treatment here is limited pretty much to statements and proofs of the
formations of e-approximations by Volterra polynomials in two common situa-
tions. This material is included for convenience and completeness;it is essentially
known, is mathematically straightforward, and, in fact, a proof of Proposition I. 10
does appear in the conference paper on which [9] is based (which may not, however,
be readily available). There is no discussion of the details of using Volterra poly-
nomials in identification. To some extent these details are discussed in the spirit
and language of this paper in 1], and closely related material is given in [9].

Let

(13)

y<i)([) 0 i,’",in

x(i’i’"’"i")(t, S Sn)1

Ui.(S1) blin(Sn) dSl’’’ dsn,

where/, v and N are positive integers, A and T are measurable subsets of R, and
all the uj, x,i’il’’i") and Yi are real-valued functions. The n 0 terms are by con-
vention x)(t). We let y(t) be the v-vector with components y()(t),..., y(V)(t), and
u(t) the -vector with components u(s), ..., uu(s), and x,(t, s, ..., s,) the element
of [v #" with components xi’i’"")(t, sa,..., s,). Then the set of equations (13)
can be rewritten in the form

N

(14a) y(t) [H(u)] (t) y,(t),
n=0



940 WILLIAM L. ROOT

y.(t) [H.(u)](t)

(14b) fa’’’faX.(t, Sl,’’’,Sn)U(Sl)’’’U(Sn)dSl"’’dSn,

where the multiplication convention, and the definitions of y, and of the functions
H, and H are obvious from comparison of (13) and, (14).

The Euclidean norm of u(s) in " is written ]u(s)l, and, in general, Euclidean
norms of elements of finite-dimensional Euclidean spaces are denoted similarly.
Since/ and v are fixed in context, we can denote the Lz-space of Lebesgue square-
integrable #-vector-valued functions u on A with real components simply by
Lz(A), and, similarly, the Lz-space of square-integrable v-vector-valued functions
y on T with real components by Lz(T). The Lz-space of functions x, with the
variable ranging over T and the s variables over A is correspondingly denoted by
Lz(T x An). Norms in all these spaces are written I1" II. Thus, for example,

i= il...in

Ixi’i"’"in)(t, SI, Sn)l 2 ds ds dt

Also, we let x,(t) be the function of T, taking on values in Lz(A’), given by the
function x,(t, s 1, ..., s,) whenever the following integral exists:

IIXn(t)ll2 d-ffA’’" fAlxn(t, s1,’’’,Sn)12ds1 "’’dsn, tT.

Finally, the norm of a bounded v-vector-valued function y on T given by SUPT [y(t)[
is written

We now list certain basic inequalities applying to (13) or (14).
(a) Let u Lz(A and x, Lz(T A"). Then

(15)

and

(16)

Also,

(17)

and

(18)

Ily.II _<-IIx.II" Ilult"

N

Ilyll IIx.ll, Ilull",
n=O

[yn(t)[2 uI2n’fA’’’fA[Xn(t, SI,’’’,Sn)I2MsI’’’Msn

N

T n=O

whenever the right-hand sides exist.
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(19)

and

(b) Let y H(u) and q H(). Then if u, e L2(A and x, e L2(T x An),
]If. rl,

z <= nllx, 2" ]lu l] z

{[lu 2,-1 + Ilu "-1 + + "-1}

(20)

Also,

(21)

and

(22)

y-q < Ilu-{l[,=lnllx, l[max(l[ul],ll{ll]"-l]"
]y,(t)- q,(t)l z =< nllx,(t)ll z Ilu {ll z

{llul12*"-’)+ Ilu112"-2)11112 -4-.,. + I1112"-’)}

ly-/ll u-llsup[r,=a nllx,(t)llEmax(llull, llll)]"-1
whenever the right-hand sides exist.

(c)

(23) ly,(t)- yn(t’)l <=
The inequalities of (a) and (c) result immediately from applications of the

Schwarz and triangle inequalities. The inequalities of (b) also result from the
Schwarz inequality, the inequality

a < n a n= 1,2,...
i=1 i=1

where the a are real numbers, and the identity

uu u, . uu u,_(u, ,) + u u,_

n(Un-1 n-1)nt-"’" -It- 23 n(Ul 1)"
We let x represent the (n + 1)-tuple of functions (Xo, Xl, ..., xN). Then the

equations (14) define a function fN, Y fN(x, u), u #, x f, and y e , where, f and 0 must be specified appropriately. Two cases are considered.
First, let be a bounded subset of Lz(A). Consider those x (xo, x 1, ...,

which can be regarded as elements in the Hilbert space /N Lz(T) ( Lz(T A)
!"" @ Lz(T x AN), so that x 2 2nN=0 Xn 2, and take Y" to be a bounded
subset of /N. Let Lz(T).

PROPOSITION 1.9. With , and li as just defined, 5 {, fN, f, l} is a
prelinear class of bounded systems.

Proof By the inequality (16), f is a bounded function from Y" x ’ into
Continuity in f x follows easily from

IIf(x, u) f(x’, u’)l[ =< [If(x, u) f(x’, u)[[ + f(x’, u) f(x’, u’)

and the inequalities (20) and (15). The linearity condition is obvious.
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Second, let ’ again be a bounded subset of L2(A). Let x,(t) be as defined above
and take x(t) (Xo(t), X l(t), ..., xN(t)). Consider those x such that for each t, x(t)
can be regarded as an element in the Hilbert space NI L2(A (...
@ Lz(AN) and such that x is a bounded continuous f’-valued function on T.
Let the Banach space of bounded continuous Y-valued functions on T with the
usual sup norm be denoted off, and take Y’I to be a bounded subset of off. Let 1 be
the Banach space C(T) of bounded continuous functions from T to NL with norm

PROPOSITION I. 10. With f 1, and ll as just defined, {0 1, fu, f 1, Off}
is a prelinear class of systems.

Proof The proof is analogous to that of Proposition 1.9.
We now have basic approximation theorems using these classes of Volterra

polynomials.
PROPOSITION 1.11. Let ll be a compact subset of Lz(A), and be Lz(T Let

2U be a compact subset of(#, ). Then, given e > O, the class of systems (in the
natural representation form) 5 (4#, g, 2U, [) has a linear e-approximation

(,j’, f, #)for some N, wheref is as defined above, and fN is afinite subset of
A. In other words, o has an e-approximation in terms of Volterra polynomials of
fixed degree with L2 kernels.

Proof Since f(//) is a compact subset of Lz(T), given > 0, there is
a finite-dimensional subspace of o#, say of dimension K, with orthonormal pro-
jection rc such that Ircy-y =< s/4 for all y efl(). Let {1, "", :} be an
orthonormal basis in Lz(T for the range of

Let f be covered by finitely many (say B) balls of diameter e/2, and let
F1,..., FB be arbitrary elements of oU such that Fv is contained in the pth ball.
We seek mappings Ha, ..., H orgy, the image of fu under the natural mapping, such that liev--’Hv __<:/2. With such Hv, F-Hvl < F-Evl + Fv
Hv] __< e for some p, and the proof would be completed.
To find the Hv, first consider the class of all real-valued functionals of the

form

k(x)= k(il""’i)(s1,".,Sn)
0 i,’",in

(24) ui,(sl). ui(s,) ds ds,

Yo= k(s,, ..., s,)u(s).., u(s,) ds ds,

(using the multiplication convention), where

fJ fa [k,(s, s,)l 2 ds ds, < ,
and where by convention the n 0 term is a constant.

This class of functionals is an algebra and it separates points in ’, since if
u - u2, there is a k(s) such that

f k(s)u(s) ds f k(s)u(s) ds.
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Hence by the Stone-Weierstrass theorem, any continuous real-valued functional
on ’ can be approximated to within q in the sup norm by an element of the class,
any positive number.

Now each (’i, Fp(u)), i= 1, ..., k; p 1, ..., B, is a continuous real-
valued functional on //. Hence there exists a positive integer Nip and a k(i’v),

k(i,p)(u) kn(i,p)(s1, Sn)" U(S1) U(Sn) MS1 dsn,

such that

[(d/i, Fp(u)) k(i’p)(u)] e/4K for all u

Put N maxi,p (Nip) and put k(,i’p) 0 whenever Nip < n <= N. Define Hp by
N

Hp(u,--n_O ;A’’" ;A [k--l k(nk’P’(Sl’’"’
(25)

U(S1) U(Sn) ds ds,, e T.

Then,

<@i, Hp(u)) k(i’p)(u),

so that

Since

we have

IIcFp(u) cHp(u)lt - K. e/4K e/4 for all u e ’.

IImF(u)tl e/4 and tlc+/-H(u)tt O,

[IFp(u) Hp(u)ll c/2 for all ue. V!

PROPOSITION 1.12. Let ell be a compact subset ofLz(A), and" be C(T), where
T is compact in [R 1. Let 9C’ be a compact subset of(l, ’). Then, given c > O, the
class of systems (’, g, :)if’, ql) has a linear c-approximation 5’ (’, fu,
’u, g).for some N, where fN is as defined above, and :U’ is a finite subset of

Proof The proof is very close to that of the preceding proposition. The differ-
ence is that the inner products with the orthogonal functions 0k(t) appearing there
are replaced by the coordinate functionals on ’ provided by y(ti), T, 1,

., K(say), where the mesh of {t} is chosen sufficiently fine to give the desired
pproximation to the equi- and uniformly continuous functions of (’(’). The
kernels h, for the Volterra polynomials are constructed by interpolating linearly
between the kernels k, of the functionals.

The e-approximations given by Propositions 1.11 and 1.12 need never be
redundant, because N and Y’} are finite, and any redundant x’s can simply be
dropped. Hence, by Proposition 1.8 and the comment following it, continuous
e-representations can always be formed from such e-approximations.
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Remarks. It should be fairly clear, roughly at least, how e-representations are to
be used as system models for identification. The reasons for the emphasis on the
special properties ofe-representations ofcontinuity, linearity, finite-dimensionality,
and determination by a finite input set are as follows. Continuity implies that the
model is stable. Linearity implies that the identification is "linear-in-the para-
meters" in the terminology of identification; linear methods are applicable.
Finite-dimensionality implies that only finitely many parameters are to be deter-
mined in the identification. Determination by a finite input set implies that the
identification can be made with only finitely many measurements. All of these
properties except linearity are essential, even in noise-free situations, and linearity
is very useful, especially when statistical aspects of identification are considered.
The use of e-representations in identification is discussed in [3] for the situation th’at
there is additive output noise.

Algebras of functionals other than Volterra polynomials can be used to
construct e-approximations for rather general classes of systems;see ]. However,
only the Volterra polynomials seem to have been considered, and it appears there
is good reason for this. At least it is difficult to envision other algebras which have
all the desirable properties of the Volterra polynomials.
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ON THE MODELING OF SYSTEMS FOR IDENTIFICATION.

PART II: TIME-VARYING SYSTEMS*

WILLIAM L. ROOT"

Abstract. Certain Banach spaces, denoted A’, ofequivalence classes of functions ofa real variable
are introduced and investigated. These are to be used as system input and output spaces for systems
operating for all time. Some basic properties of causal systems with finite memory are established. The
concept of forming time-interval truncations of a time-varying system is formalized and investigated.
Trajectories of such truncations are studied. It is proved that under certain reasonable conditions, the
trajectories of a class of systems are generated by a strongly continuous semigroup of linear operators.
It is also shown that t;-representations of the truncations can be generated by an induced semigroup.
Thus, the evolution in time of classes of, in general, nonlinear, time-varying systems, is described in the
framework of a linear dynamical theory.

Introduction. A system as defined in Part I I2] is simply an input space, an
output space, and a mapping carrying inputs into outputs. In Part I some abstract
structure and representation theory is established for classes of systems for which
the system mappings are bounded and continuous, and for which certain conditions
are satisfied by the input and output spaces and by the class of mappings itself.
In Part II the interest is in systems and classes of systems where the inputs and
outputs are functions of time. Again there is no restriction to linear or to time-
invariant systems. The chief emphasis is on causal systems, and indeed on causal
systems with bounded memory.

The emphasis on causal systems needs no justification, but there might be a
question raised as to why one should consider systems with bounded memory.
The primary answer is: the bounded memory condition turns out to fit very
conveniently in the mathematical structure used, and since almost any system
of interest has a decaying memory it can be approximated as well as desired by a
system with finite memory. The goal in this work is to set up approximate models
or representations of classes of systems to be used in identification, so approxima-
tion is permissible. It is certainly realistic to stipulate that the observation periods
for both inputs and outputs be of finite duration, and this requirement influences
the mathematical structure chosen.

The first section after this Introduction is devoted to setting up and inves-
tigating certain function spaces which are appropriate for modeling input and
output spaces for systems; the second to establishing basic facts about causal
and bounded memory systems. In the third section the concept of trajectories
of time-limited truncations of systems is developed. The time-limited truncations
are, roughly speaking, observable portions of a system which is operating for all
time. In the fourth section families of trajectories associated with a class of systems

Received by the editors May 17, 1973.
-Department of Aerospace Engineering, College of Engineering, University of Michigan,
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are considered. Under certain circumstances, these trajectories can be generated
by semigroups of linear operators.

The results of Part I are not used explicitly in Part II till near the end of the
fourth section. However, the work of Part I influences what is done in Part II
throughout. Some of the material of and 3 appeared, with only partial proofs,
in the conference paper 1].

1. Some function spaces for inputs and outputs. We want to treat systems for
which the inputs and outputs are functions of time, real or vector-valued with
finitely many components, and extending for infinite time. We do not want it to be
required that the inputs and outputs must always die out in some sense in the
infinite future or infinite past. Hence, function spaces, such as the Lp-spaces with

=< p < , which have the property that their constituent functions all get
arbitrarily small (in some sense) as _+ , will usually not be suitable for model-
ing admissible collections of inputs or outputs. The spaces ofbounded or essentially
bounded functions are satisfactory on this score, and sometimes we shall use the
space of bounded continuous functions on 1 with the sup norm. However, there
are certain nonstandard function spaces that are suitable and especially convenient,
and which will be used customarily. These are spaces of functions that are uniformly
local-time L,

2 provided with one of a family of norms to be given in the definition
below. These spaces are only Banach spaces, but the local L,

2 character is advanta-
geous. Since it is quite as easy to define such spaces more generally using a local-
time L,p property, __< p < , we do so, even though the local Lz-spaces are the
ones chiefly desired.

Let y be either a real-valued function of a real variable, or a vector-valued
function that has finitely many real-valued components. In the second case,
]y(t)] will denote the Euclidean norm of the vector y(t). Define the operator Pt by

y(s), s =< t,
(1) [P,y] (s) .0, s > t.

As usual, let Lp(A) denote the Lebesgue space of p-integrable N-vector-valued
functions on the measurable set A [1. It will always be assumed that < p < .
The L-norm is written . Let 0 be the space of all functions y that satisfy the
followin condition" y 5o’) iff for any T, 0 < T < , there is a positive number

<K for all t[ Obviously op) is aK K(T, y) such that (P + T Pt)Yl p

linear space over the real numbers under the usual addition and scalar multiplica-
tion of functions. It is made into a normed linear space by the assignment of a norm"

(2) lyll sup I(P+ r P)Yllp),

where T is an arbitrary fixed number, 0 < T < . We call the resulting normed
linear space 5’.p).

PROPOSITION 11.1. 5(’T) is a Banach space if its elements are interpreted to be
the equivalence classes ofjhnctions in op) that are equal a.e. Lebesgue.

Proof. It is immediately verifiable that oe)is indeed a normed linear space,
so it remains only to show it is complete. Consider a particular set of half-open,
half-closed intervals (kT, (k + 1)T], where k is any integer, -o< k < o. Since
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for any t, (t, + T] (kT, (k + 1)T] U ((k + 1)T, (k + 2)T] for some k, we have

< sup I[(Po, Pr)Ylsup (P + P,)Y p + 2)r p

=< 2 sup ](P(,+ )- P)y p

< 2][y[[e). Now let {y,} be a sequenceor lyl[e < 2 supk I[(P(k + 1)r- Pkr)Yllp
such that for any a > 0, ]IY,, Y,I ) =< e whenever m, n >= no(a). Then, for any
integer k,

< a for m,n > no(a)ll(P(k+ i) P)(Y. fro)

Since Lp(kT, (k + 1)T] is complete, there is a y() L(kT, (k + 1)T] which is the
limit of the sequence {(P(a+ 1)r Pr)(Y,)}, regarded as a sequence of functions
on (kT, (k + 1)T]. Let y be the equivalence class of functions on R that are equal
a.e. on each interval (kT, (k + 1)T] to any function representing y(). Then y e 50),
and

Ily y. )_-< 2 sup II(P+ ) _/,)(y yo) .
Since

<2e forn>no(a(P(k+ ,)r Pr)(Y Y.) Ip
and all k, Y ynlI _-< 4a for n => no(a). Thus y is the limit of yn.

Henceforth, unless there is some particular reason to be precise, we shall
refer to the "functions in 58e)" or the "functions in Lp(A)" instead of to the elements,
which are properly equivalence classes of functions. Some elementary properties
of the spaces (rp) are noted in the next proposition and succeeding remarks.

PROPOSITION II.2. Let N, the number of (real) components of the vector-valued
functions under consideration, be fixed. Let T,, T2 be any positive numbers. Then

(a) ((v)and
rl o’er2 are comprised of the same elements, and the norms on these

two spaces are equivalent.
(b) If p > q, then any function belonging to (e) belongs also to o). Also,

convergence in o#( implies convergence in oL’).

Proof. The elements of w(p) and w(P) are the elements of (0p) (for the fixedoT1
N in question). Suppose T < T2 and m is an integer such that mT > Ta, then for
Y (op), ]]Y]] r, < [lyll < m lyll TI"

Part (b) follows from H61der’s inequality. In fact,

sup {](P,+ r P)Y I)

T(p- q)/psup (P, + , P,)y [p

Tcp-o/po y .
Let //(A) denote the set of functions in (op) which vanish a.e. outside the

interval A (a, b), where -oc__< a < b __< + o. Then clearly /f/(A) is a closed
linear subspace of 5F for any 0 < T < . If a and b are finite,/{(A) may be
identified with either Lp(A) or with a closed linear subspace of Lp(El), and the
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one-to-one correspondence in either case is a linear homeomorphism. If T b a,
the correspondence is isometric.

We denote the operations of translation by c to the left or right, respectively,
by L and Re; i.e., (Lu)(t)= u(t + c). L and R are linear operations on
which preserve norm in any &oe), and L R_c R-1. The following identities
hold for any function u defined on 1 and any real numbers a, b and c"

(3)
L(P- Po)u (P_- P._)Lu,

I(P_- P._)u (P- Po)u.

It will sometimes be convenient in order to avoid an awkward locution to apply
L or R to elements of an Lp(A), for some finite interval A. When this is done it
will always be intended that Lp(A) be identified with////(A), as above, so that the
operation is defined. Care must be taken of course to ensure that this operation
is meaningful.

Compactness of input spaces is required for much of the structure described
in Part I. Because that structure is to be applied to what follows, compactness
in some form will again often appear as a requirement, but usually not as the
condition that an input space be a compact subset of an 5e)-space. A weaker
condition is appropriate, one which says that ordinary compactness only hold
locally in time (not local compactness). This notion is formalized, and it is proved
below that there is an abundance of subsets of 5 which have this property
along with certain other desirable properties.

A subset of .ow(0v) is T-compact if (Pt + T Pt) regarded as a subset of
Lv(t, + T] is .compact for every t. Relative T-compactness is defined corre-
spondingly.

PROPOSITION II.3. If/ is a compact subset of (T), it is T-compact, but the
converse is not necessarily true. Also,if is T-compact for a positive number T, it is
Tl-compact for any other positive number T1.

Proof. The proof is obvious.
Another property of input sets that will be essential is the following" a subset

’ of (op) will be said to have the projection property, denoted (P), if u implies
that Ptu, (I Pt)u and (Pt Ps)u belong to for any real numbers s and t. Of
course, if s t, (Pt Ps)u 0, so in particular the zero function must belong to

PROPOSITION II.4. Let #o be any compact subset of Lv(O, T]. Then there
exists a set ql c .ce) with the following properties"

(i) (PT Po)r o (using the identification explained previously between
Lv(O, T] and/F/(0, T]);

(ii) ’ has property (P);
(iii) is T-compact;
(iv) ’ is invariant under time shift" thus if u (Pt + T Pt)g, then

L,u (e. eo),
and vice versa.

Proof. We first enlarge ’o so as to have a set that is closed under the projections
(Pt P), 0 __< s, < T. Let ) be the subset of Lp(0, T] consisting of all functions
u’ satisfying

u’=(Pt-P)u u6llo, O<_s,t< T,
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a.s. q/ is compact in Lp(O, T]. In fact, let {u’,} be an infinite sequence of elements
of ’;; u’, (Pt.- P.)u,. Form a subsequence of the positive integers, {hi} i,

so and u,.-uo p-0asioo. Putuo =(Pto-Pso)Uosuch that t,i to, s,,
Then

’ < I(/’,..-/’ )u -(/’,o.-/’ )Uo
ni l/lo p P

+ (,o,- t’.,)Uo -(P,o- Po)Uo

<= u,,- uol + (t"t.,- P,o)Uo + I(Po-
which is arbitrarily small for sufficiently large i. q/; is closed under the projections
(P,- Ps) since (P,- P)u’, u’e ql’o, can always be written (P,I- P,)u, u o,
for some and s l.

Now construct a subset @ ofe) as follows" let the elements u e be defined
by

u(t)

Uo(t 0 < < T,

u_(t 4- T), -T < <= O,

u(t T), T < < 2T,

Uk(t kT), kT < (k + 1)T,

where the u are any sequence of elements from oh’. Put ’ U o_,_ r L,@. Ob-
viously ’ q/o and oh’ ’e).

og has property (P) since oh’ does and translation does not affect the property.
oh’ is invariant under time shift. By the way it is constructed, q/is invariant

under shifts which are integer multiples of T. Since any shift can be decomposed
into a shift by NT for some integer N, and a shift L,, 0 < r/< T, ’ is invariant
for any shift.

oh’ is T-compact. It is sufficient to prove that (Pr- Po) is compact. Let
{z,} be an infinite sequence contained in (Pr Po)’- By the construction given,
each z, must be of the form

z,- (I- Po)L,.u, 4-

where un, u’ e ), and 0 < r/, =< T. Let n be a subsequence such that

uni uo p O, u’n, Uo[I p -* 0 and r/n -, r/, where uo and uo belong to o and
0 =< r/ < T. There is such a subsequence because of the compactness of ’; (and
of the interval [0, T]). Then

lim Zn, (I- Po)Lnuo + PTR._.u’o
C,(l- P,)uo + R_,P,u’o.

In fact, since [Lu u p
-, 0 as 0, it follows that L,.,un, --, L,uo and

--. Rr_,u’o by the triangle inequality. The limit element belongs to (Pr- Po)
by the definition of .

T-compactness cannot be replaced by compactness here. In fact, it is trivially
verifiable that if q/o has even two distinct elements, then any a// satisfying (i), (ii)
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and (iv) in the theorem is not compact. Indeed, need only be invariant under
shifts by integer multiples of T to make compactness impossible" with no loss of
generality let q/0 consist of the functions fo(t)= O, 0 <= < T, and fl(t)= 1,
0 _< < T. Then it is sufficient to observe that the sequence {u,}, u, defined by
u,(t) 1, nT <= < (n + 1)T, u,(t) 0 for all other 1, has no limit point.

The construction given in the proof of Proposition II.4 depends on T and
happens to give a class k’ that includes all the periodic functions of period T
generated by a’{. However, we remark that if @’ is a subset of W0p which is T1-
compact, shift-invariant and has property (P), then it is Tz-compact and, of course,
still shift-invariant with property (P). Thus, in modeling a system, an input space
@’ can be chosen with the desirable properties listed without any consideration
being given to the value of T to be used.

Clearly the bounded continuous functions on gl (denoted 3c) are contained
in all 5aoP, and convergence in the uniform norm of c implies convergence in
) for any p and any T. It is easy to see also that the functions of are not
dense in any 5a0. We give a characterization of the closed subspace of )
which is generated by aM.

PROPOSITION II.5. For any y op), let ytk) G Lp[O, T] be defined by fl(k)(t)
y(t + kT), 0 < < T, for all integers k. Then, a necessary and sufficient condition

that y can be approximated in the )-norm by junctions fromJ is that the functions
[y(k)(t)]P be uniformly integrable.

Proof Sufficiency. Let Bk(b {t [0, T)’[y(k)(t)[ p > b}. The condition that
the [ytt0]p are uniformly integrable is that, given any r/> 0, there exists b > 0
such that l_ ]Yk)(t)lv dt <= rl for all integers k. Let e, > 0 be given, and put r/= (e,/2)p.
Let yk)(t) kT:lk)(t whenever [ytk)(t)[ < b lip and equal to zero otherwise. For each k,
there is a function f(k defined on [0, T] which is continuous on 0, T], and satisfies

< r/. Thenftk)(o) ftk)(T) O, [f(k)(t)[ < b lip and Ilyk) f(k) p

<__ ly()(t)lv dt + =< q/P + __< e,
k(b)

when < 2. Now iff is the function formed by piecing together the f,

Ily f e) sup II(P,+ r

__< sup (P /

_< 2e.

P,)(y f) p

P)(Y f)[ v

Necessity. Suppose that Ily f, II 0 as n , where thef, c. It follows
that Y)-f,) v 0 uniformly in k. Suppose further that the [y)]P are not
uniformly integrable; we shall obtain a contradiction. Then, for some > O, e, < -,

To be consistent, what is here denoted should be ,ff(, g"), but it seems less confusing to
introduce a new symbol for this special case.
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and for every real number b > 0, no matter how large, there is an integer k’ k’(b, ,)
such that

fn ly’)(t)l p dt > 3.

< e, for all k.For the same , let n be a fixed integer so large that y(k_ f,k p

We have

> lyk)(t) fu)(t)l p dtY) f) v
(b)

for any b, for all k. Put K, suPt IjL(t)l and b 2K,. Then, for k k’(b, e),

ly’)(t)- fu’)(t)l >= [ly’)(t)l- If,u’)(t)ll
-lyk’)(t)l- I.f’(t)l _>_ ly")(t)l- K,, for Bk,(b).

Hence,

> (ly’(t)l K,)p dtIly’) f’l p
,(b)

>= (3r,) 1/p K.[p(Bk,(b))] /,

where/(B) is the Lebesgue measure of B. But since

> (2K Kn)p dtr. > y(’) f’)II p
k’(b)

K.[#(Bk,(b))’/

and since 3e, > (3;)p, we have

which yields a contradiction.
Clearly, if y e op) satisfies the condition of Proposition II.5 for T > 0 it

also satisfies the condition for any other T’ > 0. Since the value of T is immaterial,
we can denote the class of all y e &aoP) which satisfy the condition by c,o(p) The0u"

functions belonging to w(p)
o,, or more properly the usual equivalence classes of such

functions, belong to) for any T > 0, and as a subset of) this class is denoted
(P) An immediate corollary of Proposition II.5 is the following.

PROPOSITION II.6. w,CP(P) is a closed linear subspace of ) and is the smallest
closed linear subspace containing .

Proof. The proof is obvious.
With reference to Proposition II.4 it may be noted that since the set o is a

compact subset of Lp[O, T] the functions belonging to o are uniformly integrable.
Then the construction given for # guarantees that the pth powers of functions
belonging to satisfy the hypothesis of Proposition II.5 Hence wp)
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2. Preliminaries on causal and bounded memory transformations. Let be a
metric space whose elements are either functions of a real variable (time) or are
equivalence classes of such functions that are equal a.e. Lebesgue. Correspondingly,
let be a Banach space of functions or equivalence classes of functions of t.
If both ’ and have property (P), the properties of causality and bounded
memory for a mapping F from ’ into 0 can be defined, and in the usual way:
F is causal if PtF(u) PtFPt(u) for all and all u ’; F has bounded memory (d)
if (1 Pt)F(u) (1 P)F(1 P,_)(u) for all and all u /. Note that the same
symbol, P,, is being used to denote the linear projection on the past in both
and , but this should cause no confusion.

PROPOSITION II.7. If F is a mapping from into that is causal and has
bounded memory (d), then for every T > O,

(4) (Pt+ r Pt)F(u) (Pt+ Pt)F(Pt+ Pt-a)(u)

for all and u
Conversely, if (4) is satisfied for some T > 0 and all and all u #, then F is

causal and has bounded memory (d).
Proof. The assertions appear to be obvious. However a proof is given in

Appendix A, where the algebraic properties of the Pt are isolated and are used
precisely.

In the class of bounded continuous mappings (’, ), let - denote
the subclass of causal mappings, and let ,- denote the subclass of causal mappings
with bounded memory (d). Henceforth we only consider metric function spaces

’ that have property (P), and can always be chosen to be either one of the
or , both of which have property (P). Hence - and are defined. In some
instances, however, where could be used for it may be convenient to take
to be a subspace of that does not possess property (P), e.g., the subspace of
bounded continuous functions e. This is all right, because in this situation where
the elements of are functions (not equivalence classes of functions) the definition
of causality may be replaced by: F is causal if, for all and all u,

[Fu](s) [FPtu](s for all s =< t.

An equivalent condition is the apparently weaker statement"

[Fu](s) [FPu](s) for all s and all u.

In fact, suppose the second condition holts. Since /has property (P), Ptu [

for all u . Take > s. Then

and

Hence,

[F(P,u)3 (s) [VP(P,u)] (s) [l:Pu]

[Fu] (s) [FPu] (s)

[Fu](s) [FPtu](s for all s =< t.

Analogous statements hold for the case of bounded memory.
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PROPOSITION II.8. and are closed linear subspaces of.
Proof. is obviously linear; we need to prove it is closed. First, let us note

the following. If y e 2 ’e), then by definition,

y[ sup [(P+ P)y[, y e .
On the other hand if y e o , then

sup ly(t)l- sup II(g+

where

P3y ,

sup ly(s)[
t<_s<_t+ T

sup sup A,F,A’,u A,Fu

__< sup sup A,F,,AIu A,FA’tu A,FA’,u A,Ful I.
For some o and uo, IA,oFUo -A,oFA,oUol >= cz, > 0, whereas for sufficiently
large no

A,oF,(A,oU A,oF(A,oU =< F,(A,oU F(A’,oU)ll __< 0(2,

Hence IIF F,[I >= e/2, n > n0, which is a contradiction. The proof for is
similar. [3

If F is any mapping from og into , then one can reasonably define the causal
part of F, denoted F, and the causal and bounded memory (d) part of F, denoted
F, by

[Fu](t) [FPtu](t) for all t, all u e 9,

[Fu](t) IF(P, P,_d)U](t) for all t, all u e 9.

For the rest of this section, we assume a# .
PROPOSITION II.9. Let ql have the property that for any u, u’ e li and any

s, t, d[(P, Ps)u, (P, Ps)u’] < d[u, u’]. Let F e . Then a sufficient condition that
F e and F e ,o is that F be uniformly continuous on all.

Proof. That F is causal and has bounded memory (d) is shown by a simple
verification. F is a mapping into N and is bounded; in fact, for any u and t,

I[Fau](t)l- IIF(g- P,_a)u](t)l FI(P- P-d)U]ll F

To show that F is continuous, choose e > 0 arbitrarily. Let > 0 be small enough
that if u’, u satisfy d[u’, u] < 6, then Fu’ Fu < e/2. Take any such pair u’, u.

F,-F =supsup A,(F,,u-Fu)
ue/l

is the norm in of the truncation of y to [t, + T]. Thus in either case, lY
sup, I(P,+ r P,)Y], where the norm on the right side is appropriately inter-

preted.
Now suppose that F,e and lim, F, F, where F q. Put A,

P, + r- P, and A, P,+ r- P,-d" Then
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Then there is a o such that

’,o_,)u](o)l + /2

Po_a)u[I + /2

by the uniform continuity. Hence F is continuous, and indeed uniformly contin-
uous. The same sort of argument shows that F

It is to be noted that F does not by itself necessarily imply that F e ,
or F e .-; i.e., a continuous mapping from ’ into 0, where ’ and satisfy
the conditions of Proposition II.9, does not necessarily have a continuous causal
part, nor a continuous causal and bounded memory part. The condition of uniform
continuity is perhaps the most obvious condition that guarantees the continuity
of F and F. The following is an example where F is not continuous, even though
F.

Consider the set g of real-valued functions on [1 described as follows.
Each u g is of the form, for some rl, 2, oe =<

0, T1,

u(t)= u(.), < <= ,
O, "C 2 < t,

where -1 =< b/(Z’2) |, and where the convention is made that if
u(t) u(r2), =< r2; and correspondingly, if T 2 + (30, u(t) has a constant value
for all > r l. Thus the constant functions and the functions that are constant
except for a single step up from zero or down to zero are included. Obviously
g c M has property (P).

Let F, a mapping from g into M, be defined as follows"

O,

<_ "Cl,

Zl <t<=z2

T2

where

+ -I1

if I’cl ,
if < I’cl < 1/(1 -lal),

iflzl> 1/(1-

It will be noted that F carries all the constant functions in , and in fact all the
functions in g with r2 + , into zero. It is readily verified that F is a bounded
continuous mapping from (regarded as a metric subspace of) into . Actually,
the range of F is contained in g.
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Now, let u(t)= and u,(t)=_ 1- 1/n, n 1, 2,".. The functions u and
g, and u, u in g. Consider Fu,

IFu] (t) [FPu] (t)

=u(t)= (Itl<l)

Itlu(t)-+- -Itl
i.e., [Fu](t) 1. On the other hand,

(Itl < 1/(1 1)

1-1/n, Itl<l,

IFu,](t) [FPtu,](t) Itl(1 l/n) + Itl Itl/n, < Itl < n,

O, Itl>n.

Thus Fu, does not converge to Fou in , although of course [Fu,](t) [Fu](t)
for each t. Hence F is not a continuous mapping. For these particular u and u,,
Fu Fu, and Fu, Fu., so it follows that F is not continuous either.

The following very simple result gives some justification for introducing the
concepts of causal part and of bounded memory causal parts of mappings, at
least when the intended use of these mappings is for approximation.

PROPOSITION II. 10. Let Fand F . IJfor some > 0 there is a G a such
that F G , then IF F 2. The corresponding statement is true for
F and G o.

Proof. For any > 0 there is a u and a o such that

[IG F[ IEGu(to)- F(Pto- Pto_)u](to)l + el2
I[G(P,o- P,o_a)u](to)- [F(P,o- Pto_a)u](to) + /2

G-FII +/2.

Hence [G-F G-F and F-F 2.

3. Finite-time-interval projections of systems and their trajectories. The
general situation to be discussed next is the following. The kind of system in
question consists of an input space /of functions of time, an output space 0
of functions of time, and a continuous bounded mapping F from ’ into o. The
mapping F may or may not be causal and of finite memory, but there is some
emphasis on the case where it is. Such a system operates for infinite time. We want
to look at pieces of the system corresponding to finite observation intervals for
both input and output, and at the relations among such pieces and between them
and the entire system. Each real number can be taken to be the epoch of an
observation interval. If the observation intervals are of fixed duration, then as
changes, a trajectory of comparable finite-time systems is generated by the original
system. The elementary properties of these trajectories are investigated in this
section.

It is assumed for the remainder of the paper that is a subset of op) for
some fixed p, =< p < oo, and that it is T-compact, shift-invariant and has property
(P) ’ is to be regarded as a metric subspace of wP) for some T and d > 0 ast-T+ d
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given. Since all 5e)-spaces with the same p are topologically equivalent, changing
T and d changes only the metric on g;it does not affect the T-compactness. We
have then always

Ilu sup [(P, + T P, + T-,)u

is always either an Le)-space or aM, the Banach space of bounded functions on
[1 with the uniform norm, or a closed linear subspace of one of these. In the pro-
positions of this section, whenever ,q is to be one of some particular class of spaces
that fact is stated; otherwise it may be any of the spaces just indicated. One slight
technical annoyance is that sometimes it is desirable to take to be aMc, the bound-
ed continuous functions regarded as a subspace of aM, but this space quite obviously
does not have property (P), which is usually needed. It is not always satisfactory
just to replace aMc with aM in every statement, but it will be clear that when necessary,

aMc can be imbedded in aM in order to make the calculations meaningful.
ff -(,, o#) is the family of bounded continuous mappings from
made into a Banach space with the sup norm, as before. Thus,

]F[[ sup sup (Pt+T Pt)F(u)][o, F e ’,

in all cases, where the norm on the right is the Lp-norm or the uniform norm as
appropriate.

We now introduce notations for the finite-time pieces of a system. Let T 0
and d 0 be given. Put

(5) U’ (P, P, )t,T +T

da
(Pt Pt)Fu’ u’(6) F,,TU’ +W

Equation (6) does define a mapping on " since u’ belongs to the domain of Ft,T

by property (P). Further, because of shift-invariance we can write q/T def=_. Ltt,T,,
g),T for all t. Define F,, T by

def
Pt)FRtz

(7)
Ft,rz LtFt,TRtZ Lt(P,+ r

(Pr Po)L,FR,z, z gr.

If oy has property (P), then F,, r is a mapping from q/r into , and clearly it is bound-
ed and continuous. But F,, r can also always be regarded as a mapping into a
smaller space, denoted #r. If 5ae), then F,, r is a bounded continuous mapping
into r Lv(0, T], and with the same norm as if its range space is taken to be
Similarly, if oy aM, F,,r is a bounded continuous mapping into
with the same norm; even if aM, F,, r is a bounded continuous mapping into

r aM(O, T], although it is not a mapping into
If T is fixed throughout a calculation, we write simply F, for F,, r. It often

avoids confusion to write

F, (PT- Po)LfR,(P, P-d)

even though the projection on the right is redundant. When we are dealing with
mappings F with finite memory, d is usually chosen to be the duration of the
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memory; however the above definitions are to be applied in the general case,
whether F is causal with finite memory or not. Causality and finite memory are
not to be assumed in what follows unless explicitly stipulated.

Let rt" (’, ) --, 0-(, 2/) be the mapping that carries F into Ft according
to equation (7).

PROPOSITION II.11. The mapping r is linear and continuous" in fact,
<FIo

Proof. The linearity is obvious. Also

tF --IFt sup [I(P-- Po)LtFRtu[
uql

=< sup IIFRtu =< sup Fz FI],

where the norm on the left is for the space ff(k’, .).
For each t, F rqF is an element of 0-(q/, .), so as runs through

a trajectory is generated in .(//., .) corresponding to F. If F is a time-invariant
mapping, this "trajectory" reduces to a single point, of course, but we are interested
in time-invariant systems only as a special case. Since in general for time-varying
systems these trajectories describe the evolution of the systems, we wish to inves-
tigate their properties. Note that the trajectories depend on T; however, for now,
we keep T fixed arbitrarily.

PROPOSITION II.12. Let L), <= q < c, and be L’p), <= p <
or c. Then, for any F (, ) the trajectories F rqF with values in ,(og.,)
are continuous in t. Furthermore, if is a compact subset of (, ), then the
trajectories F rctF, F , are equicontinuous Junctions of t.

Proof. Suppose .O’ L’e). Then

IF, Ft+n }- sup II(F, F,+)ullp

sup (P Po)L,FR,u -(P Po)L+aFR+auIIp

=< sup (P Po)LtFRtu (P Po)Lt + FRtu p

+ sup [I(PT.- Po)L,+aFR,u- (P.- Po)Lt+aFRt+aul p.
o71

Denote the first term on the right-hand side of the inequality by I, the second
by II. Then,

sup L,(P +, P)FR,u L, + a(Pr +t P)FR,u p
T

+ sup Lt+a(PT+ Pt)FRtu- L,+a(PT+t+ Pt+a)FRtul p.
T

Denote the two terms on the right-hand side of this inequality by Ia, Ib, respectively.
Then

Ib sup Iln,+aEP+ G’+t+h -Jr- Pt+h P,]FRtu p

< sup I[(P.+t- PT+t+h)FRtIII p
q- sup (Pt+h Pt)FRt

ol/7 o1/T
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Now, F(RtIIT) is a compact subset of 2/ since @’T is compact in Lq (by the T-
compactness of ’) and FR is continuous. Let Yi, 1, ..., N, be a set of points
in such that the balls of radius e about the yi cover F(RtT). Then the first term
in the expression dominating Ib is in turn dominated by

sup min (PT+t Pr+t+h)(FRtu Yi) p
q- (PT+t P T+t+h)Yi p}"

lit i=l,...,N

Let h be sufficiently small that

<e, for alli= N.II(PT+,- Pr+,+h)Yillv-
Then for any such h the above expression has a value =< 2:. The second term in the
expression dominating Ib can be treated in the same way, so we have that for some
h > 0, Ib 4g whenever Ihl < hi.

The term I can be written as

sup (L, L, + h)(P, + T P,)FR,u p.
qlT

Since (P,+ r- P,)FR,qgr is a compact subset of Lp one can choose a finite set
{zi}, 1,..., M, of elements of Lp such that the balls of radius r. about the
z cover (Pr+, P,)FR,gr Then, since for h sufficiently small I(g, L,+h)zil]p
for all 1,..., M, we have, very much as above, that for some hi > 0, I __< 2e
whenever Ihl < h2.

To bound II, we have

II sup IlL,+h(Pr+,+ P,+h)[FR,u FR,+hu][ p

__< sup (P2T+,- Pt-T)[FRtu FRtRhu] p

when ]hi Z. Now J, U Ihl <- r RhT is a compact subset of Lq (as in Proposition
II.4) and (P2r+, P,-r)FR, is a uniformly continuous mapping from J,( into Lp.
Hence, there is an r/> 0 so that

I(Pt+2T- Pt-T)FR,u’ (P,+2T- P-T)FR,u I1_

<q. Let {w} i= K be the centers of balls of radiuswhenever u’- u"llq
r/that cover df. Then

II =< sup (P, + 2T Pt- r)FR,u (Pt + 2T P,- T)FRtw, p
’117"

+ I(P,+2T- P,-T)FR,w, -(P,+2T- P,-T)FR,Rhu p}"

<r//2foralli= KwheneverLet h3 > 0 be small enough that Rhw Wi q

Ihl < h3, and temporarily fix such an h. With this fixed value of h, there is Uo so that
the supremum in the inequality above is realized to within e by u Uo. This gives

II (Pt + 2T Pt- T)FR,uo (P, + 2T P- T)FR,w, ,
+ II(P + 2T P- T)FR,wi (Pt + 2T Pt- T)FR,R,uo p

+ e for all 1,’", K.
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< r//2" choose such a w Then the firstThere is at least, one w so that [lu o w
term on the right is __< v,. With this particular wi,

IlRhuo w RhUo RhWil q + RhW W

--lUo Wlq / IlehWi- Wllq
<__ ,/2 + ,/ ,

so the second term is also < .. Thus for ]hi < h3, II < 3.. Combining these estimates
gives the result that if [hi _<_ max (hi, h2, h3), then

liFt Ft+hl <= I q- Ib q- II < 2 + 4e + 3e, 9e.

This proves the assertion for a single trajectory with e). An inspection
of the proof will show that if F e ocf, Yg a compact subset of -(0//, q), then the
compact sets chosen above can each be replaced by compact sets chosen inde-
pendently ofF in Yr. For example, the compact set F(Rq/r) is replaced by Yf(Rr),
which is a compact subset of since Yf restricted to R,’T is a compact set of
bounded continuous mappings, and Rq/T is a compact subset of Lq. Also the
mappings (P2T+t- Pt-T)FRt restricted to 3f, F e , are equicontinuous by
Ascoli’s theorem. These facts yield the assertion that the F are equicontinuous.

The proof of the assertions for the case ,. is similar, although obviously
some modifications are required. The details are not given, fi

Two consistency relations are introduced for the trajectories F The second
of these will also be used as an interpolation formula. Conditions under which
they hold are given in the proposition to follow.

(PT-.- Po)L.FtR.(PT-.- P-e)
(8)

(PT-. Po)F+.(PT-. P-d), 0 <= r <= T;

Ft+. (PT-.- Po)LnFtRn(PT -" P-a)
(9)

+ (Pr PT-.)L. F, + TR._ T(PT PT-.-a), 0 T.

PROPOSITION II.13. (i) If F, tF, F (, ), then F satisfies (8)for all t.

(ii) U F (o, ), then F, satisfies (9) for all t. (iii) U H,, H,+ r, H,+. are any
mappings from T into r that satisj) (9), then they satisfy (8).

Proof. The proof of (i) is given by the calculation

(nr_.- Po)L.[(Pr- Po)L,FR(Pr- P_e)R.(PT_ P_e)

(Pr-.- Po)(PT-.- P-.)L.+fR.+,(PT-.- P-a-.)(PT-.- P-a)

(PT-.- Po)L.+,FR.+,(PT-.- P-a)

(PT-. Po)[(Pr Po)L+.FRt+n(PT P-a)](PT-. P-a)

(PT-.- Po)Ft+u(PT-.- P-d).

To prove (ii) we use (i) for the first term on the right side of equation (9) and
make an analogous calculation for the second term. Then the right-hand side
of (9) becomes

(lO) (PT-, Po)Ft+,(PT-, P-a)+ (Pr- PT-,)F,+,(PT PT a)"
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If F is causal with bounded memory (d), then so are all the Ft, and this expression
reduces to

(PT_tl Po)Ft + -F- (PT PT-tl)Ft + Ft + q,

which proves (ii). Part (iii) can be verified immediately by substituting F +, from (9)
into the right-hand side of(8).

The consistency condition (9), if required to hold for all and all q, 0 =< q < T,
is not quite enough to guarantee that F is causal with bounded memory (d).
It does guarantee something a little weaker, and to state this we use the definition:
F is weakly causal and of bounded memory (d) if for every A > 0, and for all t,

(11) (Pt+A- Pt)F(Pt+A- Pt-)= (Pt+A P,)F(P- P,_e)

whenever + A __< a, and

(12) (Pt + A P)F(Pt + A P,- ) (P, + r P,)F(P, + A Pb)

whenever b <_ d.
This definition rules out noncausality and non-bounded-memory (d) that

depend on interactions between past and future.
PROPOSITION II. 14. If F (, ), then (9) is satisfied for all T > O, all t,

and all rl, 0 <= r <= T, if and only if F is weakly causal and of bounded memory (d).
Proof. The right-hand side of (9) is given in different form in (10); consider

the first term of (10). Since (9) is satisfied, we must have that

(P_.- Po)F,+.(P_.- P_)= (P_.- Po)F,+.(P- P_).

This may be rewritten

L,+,(Pr+ P,+,)F(PT+ Pt+,_,)Rt+,

Lt+,(PT+ P,+,)F(Pr+,+ P,+,_,)R,+,,

which is equivalent to

(Pr+t- Pt+,t)F(Pr+t- Pt+u-ct)= (Pr+,- Pt+,)F(Pr+t+,- Pt+,-ct).

Put a T + + q, s + r/and A T r/. Then this is in the form ofcondition
(11) for weak causality and bounded memory (d), and a, s and A can be given
arbitrarily by choosing r/> 0, and T > r/. An analogous argument applied to
the second term of (10) yields condition (12). The converse follows immediately
from equation (10) and the definition of H+,. I3

From a family of mappings carrying #/r into r it is possible under certain
circumstances to synthesize a mapping from into o. We want to be able to
do this, because we want to be able to go from trajectories {F,} back to an overall
system mapping F. The transformations Ps to be defined below accomplish this.
If rc denotes the transformation carrying F into a trajectory {Ft}, then the ps are
roughly inverse to re. However the situation is a little complicated in general,
and p and rc are inverse to each other only when F is causal with bounded memory
of.sufficiently short duration. These comments are made precise in what follows.
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We use the notations

An,,= (Pt-(n-1)r
A,,, (P,_(,,_ 1)r P,-,T-,),

where T > 0, d > 0 are fixed. Let be a bounded subset of (r, r) with the
additional property that the G N are equicontinuous. Let {G,} be a sequence
from . For any real number t, define

(13) G’ Z
It is clear that G is a mapping from into if ) or ; however, see
Appendix A for a formal justification of the infinite sum.

PROPOSITION II.15. G’ as defined by (13) is an element of (, ), where
is either e) or .

Proof. Take ). Given e > 0, let 6 > 0 be such that lz z2} 5,
z, z2 e , implies G,(z) Gn(z2)]] for all n 1, 2,.’., as is possible from
the hypothesis on N. For Ul, u2 e , u u2[ , one has

IGt(Ul)- Gt(u2) sup (P+ P) [G’(u)- G’(u2)l p

N sup 11Ak,tR TGkLt_ TA,t(u 1)

+ A+ ,tRt_(+ )rG+ Lt_( + )rA+ ,t(u)

A,tRt_rGLt_rA,t(u2)

Ak+ 1,tRt-(k+ 1)TGk+ 1Lt-(k+ 1)TA+ 1,(UN)llp

5 2 IA,,,R,_,vG,L,_,vA’,,,(uI)

for some n. But

IILt_nrA’ntUl Lt_,rA,,tu21 <= bl tl 2

and Lt_,rA’,tu llr, hence

[[Gt(Ul)- Gt(u2)]l <= 2 + 3.

The boundedness of G follows similarly. The same proof holds for N if
the L,-norms are changed to uniform norms.

The transformation that carries the sequence {G,} of equicontinuous
mappings into G is denoted by Pt. Note that the equicontinuity condition is
natural, since when we go the other way we have that the z:F, F e ff(k’, ), are
equicontinuous with respect to t.

PROPOSITION II. 16. The transformation p is continuous in thefollowing sense"

if there are two sequences of equicontinuous mappings from liT to T, {G,} and
,}, and [IG,- (,[1 <-6 for all integers n for some 6 6(), then
p,({ (7,,,})11 _-< .
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Proof. Again take 5e). Then

p,({(;,,}) ,o,({ ,,})
<_ 2 sup A,,tR,_,T[G,L,_,TA,,,(u)- G,L,_,TA’,,,(u)3 p +

for some n by a calculation very similar to that in the previous proof. But the right
side of this inequality can be rewritten as

2 sup (G,- G,)(L,_,TA’,,tu)] p + , 2 sup (G, G,)zllp +

since, by the shift invariance of //, any z e //T can be obtained by truncating some
u by (Pt_(,_ 1)T- P-.T-) for arbitrary t,n. Hence, if [[G,- .[ is sufficiently
small for all n,

p,({(.})- p,({ G.}) __< 2 + 3.

Again, the same proof holds for if the Lp-norms are changed to
sup norms.

PROPOSITION II.17. IfF a(]l, ), then for any t, {zt_,TF is a family of
equicontinuous causal mappings from 1lT to T with bounded .memory (d), and
F p,({r_,TF}). Conversely, if {G,} is a sequence of equicontinuous causal
mappings from llT to T with bounded memory (d), then p({G,})e (’, o) and
(;,, ,_,,

Proof. The assertion that the rt_,TF are causal with bounded memory (d)
is obvious;indeed all the %F are causal with bounded memory (d). Further,

p,({rCt_,TF}) A,,,R,-,T[(PT- Po)Lt_,TFRt_,T(PT-

An,tFA’ Frt,t

It is also obvious that p({G,}) is causal with bounded memory (d). The
second inversion identity is given by the calculation

r,_kT p,({G,}) (PT Po)L,-kT A,,tR,-,TG,L,-,TA’,,, R,-T(PT P-a)

Lt_,TA,,,R,_,T@,Lt_,TA,,R,_,T(PT P_,)

(PT- Po)G(PT- P-e)= G.
When F is not causal with bounded memory, the operations rc and pt obviously

cannot be inverse to each other because some information about F is lost in the
truncations given by the re, which cannot be restored. The sense in which they are
approximately inverse to each other is given in the next proposition.

PROPOSITION II.18. Let {F,}, --oo < < oo, be a family of mappings in

(llT, T) which is bounded and in which the Fk are equicontinuous. For any fixed
s consider {F,_,T}, n "", --2, 1, O, 1, 2,’". Put

de___f (PT Po)L,F,-..TRn(PTHs-nr+q -(14) + (PT PT-,)L,-TF-(..-.)TR,-T(PT Pr , D). 0 <= rl < T.
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This defines H, for all t, and Hs_.T Fs_.T. Further, define

H} ) def
rc, p({H_,,T} ,H),

Then,

(i) H} ) H for all t;
(ii) H(2)= H

(iii) if F satisfies (9), then H F and HI 1) Ft.

Proof. By the definitions, HI l) is given by

H(t ’)= (PT- Po)Lt A,,.R-,,THs-,,TL-,,TA’,, Rt(PT- P-,).

At most two terms from the infinite sum can contribute anything, by virtue of the
projection (PT Po)" Let k be that integer such that

s- kT <= < s (k 1)T,

and let

rI= t-(s-kT).

Then, since F_.T H_.T the expression for HI 1) above reduces to the expression
for H Hs_.T+, given by (14). Thus HI 1) Ht for all t, and H(2) H(1) follows
from this equality and from the definitions. The assertion (iii) is obvious, since (! 4)
becomes (9) if H is replaced by F. []

We conclude this section with a simple error bound on the interpolated
Ht +, as given by (9) when Ht and Ht + T are in error.

PROPOSITION II. 19. Let F F <= and F +T Ft +T <= e,. Then, if
F +, and Ft +, are each given by (9) in terms of F, Ft + T and Ft, F + T, respectively,
IIr,+,- r,+,l =< 2c.

Proof. Expressing F +,, F +, in terms of F, Ft + T and Ft, Ft + T from (9) yields

IIF+. F+.II sup FR.(PT_
T

+ sup II/ + TR,- T(PT PT-,-a).u.-- F + TR,_ T(PT PT )ll.

Now, by the properties of

U R,(PT_ P_a)d#T Y/T.
O<_q<_T

Hence,

sup FtR.(PT_ P_,)u FtR.(PT_ P_ a) <= sup Vtu F,u <= .
T W

The second term in the inequality (15) is also dominated by e, by essentially the
same argument.
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4. Trajectories of the finite-time projections for classes of systems. We now
consider a class of bounded systems (,f, , og) in its natural representation
form 5o -(, g, ,, og), where 0g is a shift-invariant, T-compact subset of P)T+d
with property (P), and where is 5rP) or N’. is, of course, a subset of (og, );
further hypotheses on f will be made as needed. Each F our will generate a

trajectory {Ft} vfT, whether F is causal with bounded memory less than or equal
to d, or not. If -(og, ), then each of these trajectories will yield the cor-
responding F through the mapping p. We investigate some basic properties of
these families of trajectories.

Temporarily take T > 0 to be fixed. Let be the closed linear subspace of
the Banach space -(og, ) generated by ovf, and let //{t ct/g. //t is a linear
subset of (’T, T); its closure, //t,.is the closed linear subspace of (#7., T)
generated by ctv(. We define 5o (or 5) to be a linearly predictable class of systems
with respect to T if each mapping 7 is one-to-one from/g onto/gt, [. When

5o is a linearly predictable class a prediction mapping O(t, s) carrying H into H,
=< s, can be defined by

O(t, s) rc c < t, s <

For each t, s, O(t, s) is obviously a linear transformation with domain //// and range

The intuitive meaning of 5o being a linearly predictable class is that no two
trajectories associated with the F corresponding to 5e0 can cross or touch
and be at the common point at the same time. Two trajectories can cross or touch
provided the time of arrival at the common point is different for the two. A class
of systems consisting of a single system ( has only one element) is always pre-
dictable in the sense of this definition.

We further define a stationarily predictable class of systems with respect to T
to be a class 50 with the property that whenever rotE 7csG, F and G e/g, then

rCt+aF TCs+aG for all real numbers a. Intuitively, this implies that the systems
F and G have trajectories which as geometrical entities are identical. Furthermore,
no individual trajectory can cross itself. If the definition is weakened to read"

tF r.G, F and G /#, implies t+F 7r+G for all a > 0, we call the class
5o a future-time (f.t.) stationarily predictable class with respect to T.

If either of F or G is not causal with bounded memory (d), it is obviously
possible that r,F G for all a without F and G being the same. In this case,
5o can be stationarily predictable without being linearly predictable. A fortiori,

o can be f.t. stationarily predictable without being linearly predictable. However,
if the associated with 5e0 is a subset of (a#, ), so is 1. Then if for some t,
rc,F ctG it follows from stationary predictability that c,F rcG for all a,
and hence by Proposition II.17 that F G. Thus, in this situation stationary
predictability implies linear predictability. Under the same condition that

OZ-oJg c o (,, o), if 5e0 is only f.t. stationarily predictable, the situation is compli-
cated a little, but can be interpreted in much the same way as will be seen below.

In case 5e0 is linearly and stationarily predictable the prediction mapping
O(t, s) can be written as a function of the difference s only, once the domain has
been defined properly. In fact, suppose to start with that F’ e , and also F’
Then F’ rc,F for some F e ///, and also F’ e re, +,G for some G
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and

Thus,

O(t, s)F’ rt rct- l(rctF) rcsF

O(t + a, s + a)F’ rcs+,o rc+l,(rc+aG) rc+,G.
By the definition of a stationarily predictable class, rtF rt+,G; hence O(t, s)F’

O(t + a, s + a)F’. Now (with a slight abuse of notation) let 0(r)F’ O(t, s)F’,
s + r, for all F’ such that for some t, F’ e

This definition is meaningful, because if more than one pair (t, s) satisfy the
conditions they all yield the same O(t, s)F’. The domain of 0(r), for any r, will now
include U, ; extend this by linearity to = linear span
The family {0(r)}, r , is now a one-parameter group of linear transformations
on ,. We note that , = (7,, g97.). In fact, the elements of are of the form

N

n=l

where {t, ..., ts} is an arbitrary finite set of real numbers, as is also {e, "", },
and F,..., F are each elements of N(, ). Since = %L,FR, is also a
bounded, continuous mapping, we can denote it by F e N(, ). Then

F’ (P Po)F(Pr P_,)e (,, ).

In case is a linearly and f.t. stationarily predictable class we can, similarly,
for any 0, put O()F O(t, s)F for all F such that for some pair (t, s) with

0, s , it holds that F e ,. The domain of 0(), z 0, can now be
extended by linearity to , linear span {U teo }. The family {0()}, 0,
is now a one-parameter semigroup of linear transformations on +, which is
also contained in (,, 7,).

If is f.t. stationarily (but not linearly) predictable and (#, ),
a semigroup can be established in essentially the same way. Suppose F’= F
G. Then the fact that +F +G, 0, implies that F and G restricted

as desired are the same mapping. We now redefine ( as the set function"
(F’)= {F’F F’}. Then O(t, s)can again be defined as , but only,

of course, for s. 0(, s) is again linear on t, and the development that follows
for the semigroup case can be repeated exactly. In what follows we restrict attention
to the semigroups of linear transformations, as being of more immediate interest
than groups in modeling for system identification.

The usual linear operator norm, when it exists, of the linear transformation
0(r) is given by

IO(r)l =sup IO(r)F’ .,.
where the symbol I" has been used to provide a reminder that this is a different
kind of norm than has been used for the other mappings that have appeared.
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From the definition of A/+ it follows that 0(r) is a bounded operator if and only
if there is a number B > 0 such that

{16)

sup
o

_<_ B sup

for any positive integer N, any set of points 1,... N all greater than or equal
to zero, any set of scalars 1, "", zN and any F1, ..., Fu belonging to

This is a regularity condition on the time behavior of the mappings F. Note
that, unfortunately, it is not sufficient to consider just those F e , but rather all
finite linear combinations of these and of their translations. If is itself a subset
of (/, ) that is invariant under time shift, then all the t are the same and the
sums in condition (16) collapse to single terms.

Using the definitions established, we can now state a basic fact, which is
really a corollary to Proposition II. 12.

PROPOSITION 11.20. Leto be such that 2/ c e( o), let it bef.t. stationarily
predictable with respect to T, and let the 0(), >= O, be bounded operators. Then
{0(:)}, : >__ 0, is a strongly continuous semigroup of bounded linear operators on
the Banach space A/+, the closure of A+ in (lr, r).

Proof. It is supposed of course that the 0(:) are extended by continuity to

A+. All that has to be shown is that 0(r)F’ F’I] --, 0 as --, 0, for any F’ e +.
Since A+ c (lr,r), and since any F’ e(qlr,r) can be written
F’= (Pr- Po)F’(Pr- P-e), it follows that F’ is the image under co of itself,
regarded as an element of -(q/, ). We write F’ x roF’ x Fo. Then

O(r)F’ x F’II IIF Foil 0 as : 0

by Proposition II. 12.
Clearly the hypothesis that c a(, ) can be replaced by the hypothesis

that 50 is linearly predictable, and then with the other hypotheses in force the
conclusion still follows. For convenience we shall refer to an 0 that satisfies either
the conditions of Proposition II.20 or the modified conditions just given as a
linear dynamical class of systems with respect to T. This terminology is introduced
with some apology since dynamical is such a widely used term; however, it seems
reasonably appropriate. There is no inference, of course, that the individual
systems in the linear dynamical class are linear.

Thus far, T, the length of the interval of observation of the output, has remain-
ed fixed. We now look at how the properties of the special classes of systems
introduced in this section are affected by changes in T. When T is changed, so
is the norm on the input space, which is always assumed to be a subset of T+d

In fact, [[u [e) =< u[ e)when T’ _<_ T. However, as has been pointed out earlier,
the membership of og does not depend on the value of T, nor does the topology
on /, nor’ do the properties of T-compactness and shift-invariance. Similar
statements can be made for if rp). If , then not even the norm on

is changed. In any event, the class of mappings (’,) is not affected.
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PROPOSITION II.21. If0 is a linearly predictable class of systems with respect
to 7", then it is also linearly predictable with respect to any T >= T’.

Proof. Suppose the linear mapping nt(T given by

rc,(T)F (Pr Po)LtFR,(Pr

is singular. Then for some F : O, 7t(T)F 0; and for T’ =< T,

(PT’ Po)[(PT- Po)L,FRt(PT- P_)u] 0

for all u ’. Since (Pw P-d)u for all u ’,

(PT’ Po)LtFRt(P P_)u 0

for all u . Hence zt(T’) is singular, and the assertion is proved by contradiction.
PROPOSITION II.22. If No is a class of systems with the property that

vf c d(t, #), and if 5o is stationarily predictable with respect to T, then it is

stationarily predictable with respect to any T >= T’. Stationary predictability can
be replaced simultaneously in hypothesis and conclusion by future-time stationary
predictability.

Proof Suppose to start with that T’ _<_ T _<_ 2T’. We need to show that the
condition t(T)F s(T)G, where F, G ff(h’, 0#) implies that

z+a(T)G for all a. We note that the condition z(T)F zs(T)G can be written

(PT- Po)(LfR, LsGRs)(PT- n_)u 0

for all u ’. Since (P, P_d)U 1 for all u ’, it follows that

(PT’ Po)(L,FR, LsGRs)(PT’ P_)u 0

for all u ; i.e., z(T’)F ns(T’)G. By hypothesis, it follows that t+(T’)F
rcs+,(T’)G or

(17) (PT’ Po)Lo(LtFRt- LsGRs)R,(PT P_)u 0

for all u e , and any real number a.
Now

(P2T’ PT,)La(L,FRt- LsGRs)R(P2T’- Pw’-d)u

L_T,(PT, Po)Lo+ T,(L,FR,- LsGRs)Ro+ T,(PT,- P_)R_T,U 0

for all u e ’, since R_ T,(U) for all u e ’, and we can replace the a of (15) by
a + T’. Since the mappings F and G are causal with bounded memory (d),

(P2T’ Po)La(LtFRt- LsGRs)Ra(P2T’ n_e)u

(P2T’- PT’)Lo(LFR, LsGRs)Ro(P2T’ PT’-)u

+ (PT’- Po)Lo(LfR, LsGRs)R(PT’- n_)u,

which equals zero by the calculations above. It follows then by a now familiar
argument that

(PT- Po)La(L,FR- LsGRs)Ro(PT- P_)u 0
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for all u , which is what needs to be shown. The extension to arbitrary T >__ T’
follows by induction. The proof for future-time stationary predictability is the
same with a restricted to be > 0.

PROPOSITION II.23. /.[’,. is a linear dynamical class of systems with respect
to T, and if it further has the property that c a(qg, ), then 5fo is a dynamical
class with respect to any T > T’.

Proof. In view of the preceding proposition, all that needs to be proved is
that if 0r,(,c is a bounded operator for all ,c >__ 0, then Or(,c) is a bounded operator
for all ,c > 0 whenever T >= T’. The meaning of the subscripts T and T’ on
is obvious. In what follows it is necessary to go back and forth between norms
in r and in r’, so a subscript T or T’ is used. The facts that, by an obvious
identification of elements, 2@ can be thought of as a subset of r, T’ =< T, and
that then Ily r’ Y [r when y e r, are used without comment.

Again assume to start with that T < 2T’. We have

’OT(’C)Fllr=supou (PT-- Po)(,= %Lt"+F"R’"+) "(Pr-P-a)u r’
>_ O,

for some F, e /// c ff(oa,, ), and some scalars %. Now

Or(,c)F r <__ sup (Pr’- Po)( , %L,.+F,Rt.+)’(Pr P-a)u
q/ n=l T

(,8, +sup (Pr-"r’)(o// n=l T

sup IA(u)I + supllS(u)l r,

where the A and B are defined implicitly.
Because the F, e a(, ),

A (Pr, Po)( ,=
Since A(u) is different from zero only on [0, T’], and since Or,(,c is bounded,

sup IA(u) - sup IlA(u)r,

=< [0r,(,c)l sup (PT’ rO)Qn= ngtnfnetn)u]] T’

(19)

n=l T

10,,,()1 FI r.

Using the fact that T- T’ _<_ T’, and also using again the fact that the F
are causal with bounded memory (d) yields

"B(u)Jlr (PT--Pr-r’)( z,L,.+F,R,.+)(Pr- PT,_T,_a)U
n=l T

C(u)ll ,
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where C is defined implicitly. Now,

LT-T’CRr-T’ (PT’ P)( n=l nLT-T’+t"+r’F"RT-T’+t"+r’) (PT’ P-d)

SO, by the fact that OT,(T T’ + "c) is a bounded operator,

sup Lr- r,CRr_ r,(u) r’

<__ IOr,(T- T’ + z)l sup

IOT,(T-- T’ + z)l" IFIIT,.
But, supe Lr-r,CRr-r,(U)[r, supe C(u) r. Thus

(20)
sup IIB(u)liT <= sup IC(u)llr -< IOT,(T- T’ + z)I" llFllT,

<_ IOT,(T-- T’ + z)l" r T.

Combining the inequalities (18), (19) and (20) yields

IlOT(’C)Fl[ T _<. (lOT,(’c)l + IOT,(T- T’ +
for all F e tiC+, which establishes the result when T __< 2T’. This can be extended
to all T __> T’ by induction.

If now 0 is a class of systems with W ff(’, ) and is dynamical with
respect to some T’ > 0, one can put TO equal to the infimum of all such T’ and
know that 0 is dynamical with respect to any T > To. It is to be noted that the
hypothesis that W c 5* d(@’, ) cannot be dropped in this assertion. In fact, it is
not very difficult to give an example where Proposition II.22 is violated if the
mappings F are not causal with bounded memory (d); thus the semigroup property
is not preserved.

Ifo is a linear dynamical class with respect to T and with W ff(@’, ), then
it is clearly possible to deal with the discrete parameter semigroup {0 O(nT)},
n 0, l, 2,..., and still completely describe the future of the system by virtue
of the interpolation formula (9). Under certain conditions when 0 (, g, , @’)
is a linear dynamical class, the discrete parameter semigroup {0n} can be used to
induce a "corresponding" semigroup {0n} of linear operators on the linear space
spanned by the system parameter space C of an a-representation of o. We
describe a situation in which this can be done and construct the 0n. The construc-
tion is not unique, as will be seen, but any {0
in the sense to be indicated.

Let it be assumed that is .C#). Write (T, g, WnT, #T), n 0, l, 2, "",
for the classes of truncated systems, where WnT is the set of all rCnTF F e 3f. By the
assumption on , T L2. Since o is a linear dynamical class, 3/fnT O(nT)’,o
0n4o Let it further be required that U n% 0 nT iS a compact subset of ff(a//T, T),

and for convenience denote U n o WnT by c5T. Then each S is a subclass of
(T, g, CNT, /T)" Since /T and c5T are compact andT L2,5# has a standard

a-representation (1, q51), (T, fl, "1, ’T) as given by Proposition I.? of
Part I, and b is linear, fl q51NT is a subset of a finite-dimensional Euclidean
space;let K be the Euclidean space generated by fl. The representation mapping



970 WILLIAM L. ROOT

b as given by Proposition 1.7 is actually defined as a continuous linear map from
the closed linear span of cr onto [/. Obviously the closed linear span r of ar is
contained in t7+, the domain of the 00:). Let {b 1,"", bK} be elements of fl which
form a basis for [K, and denote the coordinate functionals {hi’, ..., b}, so that
any element x e IK can be written

K

x _, b.*,(x)b i.
i=1

The idea of the construction of 0 is that 0 should be the composition of the
mappings, , 0, q5 in that order. However, this will not quite do, because O(x),
x e fl, is not necessarily contained in r, and hence is not necessarily in Y+, the
domain of 0(). To correct this, we construct a linear mapping q} which does satisfy
the condition O(x) e r, x efl, and which is close to . Consider the continuous
linear functionals on the closed linear span of Nr given by b 4, 1,..., K.
Let be the null space of b 4. First choose an element H belonging to r that
does not belong to gl; this is possible by the definitions of Y’ and b 1. Then

b b(H) e # 0. Next, choose H2 e qT, not in g2, and linearly independent
of H. This can be done by virtue of the linear independence of the b, and yields
b (H2)= 2 # 0. Continue this procedure to obtain a linearly independent
set {H1, ..., H}, H e Nr, satisfying b7 4(H)= c # 0. Define another basis
for [ with elements in 1 by

K

cj [b}o b(Hj)]b; 4(H);
i=1

since each b(Hj)e fl, it is clear that the cj do belong to fl- Define , a linear
mapping from the linear span of {H1,..., H} onto [R, by (Hi)= ci, i= 1,.., K, and extending linearly. is one-to-one, so we can define qS- 1, a linear
mapping from onto the linear span of {H, "., HK}. If/ belongs to the linear
span of {H,..., H} then we have

+(B) + H ().
i=

Thus carries any element in f into @.. As was already mentioned, is not
uniquely defined, except in certain cases of finite-dimensional r, since the choice
of H1, , H is not unique and the resulting linear space spanned by them is not
unique.

It now follows that if He cT, then

IIg-(po4)(g)t <-_ 1/ , lak]
k=l

where the ak are defined by
K K

q (H) Z ac, aq(H).
k=l
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In fact, H I//1 ql(H)[[ <_ 3, and a routine calculation shows that
K K

10o q,(H)- o b,(H)ll lal I[ 4(H)- Hll lal.
k=l k=l

The set qb(Nr) , being compact, is bounded so

b a
sup]akl=

t(=l

is a finite positive number. The approximating semigroup can now be defined
and a formula given for the n-step error in the approximation.

PROPOSITION II.24. The mapping 0from : into Nu given by 0 dpl 0 is

well-defined and linear. If Ho NT, then with b as defined above,

(21) IO"Ho po 0"o q,(H0) __< eel + 101 + + 101"3/ + b],

where ]0] denotes the norm of 0 O(T).
Proof. It has already been ascertained that the range of is contained in the

linear span of a3T, which in turn is contained in C+. So 0 is defined. By defini-
tion, c5T is invariant with respect to 0; since 0 is linear, the linear span ofT is carried
into itself by 0. Thus the range of 0 is contained in the domain of @1, and
b 0 is defined as a linear transformation from [K into itself.

If HOT,/o ob(Ho)cT and Ho -/oll (1 + b)e, as already
shown. Then

IOFIo OHo <= IOl IlHo FIo <= elOl(1 +b)

and

OHo gff dp O qto O,(Ho) e(1 + b)(1 + 101).

The inequality (21) follows by induction. V]

Only linear predictability and associated ideas have been considered in
this section. However, it probably should be noted, although the fact is obvious,
that a class of systems could be described as predictable in a wider sense. Indeed,

dZ-if T,,}, n 2,--- is any sequence of mappings from d(T, O,[T) into ’(Ot’T, OT)
so that the images under these mappings satisfy the conditions of Proposition II. 15,
then the class is "predictable" in an obvious sense.

5. Remarks. It will be noticed that, for what has been labeled a linear
dynamical class of systems, a structure has been described that is analogous to the
usual state-variable formulation of a linear system. In fact, we can write either

F, O(t)Fo,
or

F,, O(T)F,,_ 1)T, Y,,T F,TU,,T,
where u (Pt+T- Pt-,)u, Yt (Pt+T- Pt)Y" The first equation in either case
corresponds to the state equation for a linear, time-invariant unforced system,
and the second to a time-varying observation equation--actually a linear observa-
tion equation, since Ft(ut) for fixed u defines a linear mapping from W(’T, T)
into T. It follows that the identification problem, when there is noise added,
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is thereby analogous to the problem of estimating state in a linear system when
there is additive noise. A study of identification of F along the lines of this
analogy will be made in a future report. A practical difficulty is, of course, that
in modeling many real problems involving rapid time variation the transformations
0(7) cannot be known; but this is simply to say that a rapidly time-varying system
is not identifiable if there is no information about the future time variation.

The characterization of system trajectories in terms of strongly continuous
semigroups of linear operators obviously suggests the application of some of the
elaborate theory of such semigroups to further study of the structure of these
classes of systems, but this is a matter for future work.

Appendix. Projections on past and future. The projections Pt used in this paper
are defined by

s t,
(A.1) [Ptf](s)

[0, s > t,

where f is a function on 1. This definition is still meaningful if f is an element of a
space for which the elements are equivalence classes of functions equal a.e.
Lebesgue, for then it is applied to each representative of the equivalence class.
Most of the operations involving these projections are intuitively clear from the
definition. Here and there, however, one may want a formal proof of an identity
involving these projections. If one is going to the trouble to provide such proofs,
it seems as if the properties that are used might as well be axiomatized, particularly
since this does not involve much effort. Then generalizations are at least possible.
There is nothing new in thus generalizing the notions of past and future, of course;
see, e.g., [3], [4] and [5]. However, it is not the intent in this paper really to pursue
any notion of generalized time; so we do not build on theory established in the
references cited, but merely develop some simple results ad hoc. These results are
more than sufficient for what is needed here.

For the remainder of this Appendix, the operators Pt are not to be taken as
defined in unless such an interpretation is specifically indicated, but are to be
considered abstractly as operators belonging to a family according to the following
definition.

DEFINITION A.1. Let e be a linear space. Let {Pt}, - <-- < , be a
parametrized family of operators on (that is, mappings from into ) such
that the following conditions are satisfied"

(i) P_ 0 (the zero operator); P+ I (the identity operator).
(ii) PtPs PPt for all t, s.
(iii) If t<_ s, P,P P,.
(iv) P, is linear on .
(v) If (Pb P,)y (Pb P)z for arbitrarily large positive numbers b and

arbitrarily large negative numbers a where y and z are elements of ,
then y z.

Then {Pt} will be called a family of generalized time projections on (g.t.
projections).

PROPOSITION A.1. Let be any trP)-space, or any Lp(l)-space, or . Let
{P} be the family of projection operators defined by equation (1), or the extension
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of(l) to equivalence classes offunctions. Then {Pt} is a family of g.t. projections on
the space in question.

Proof. The proof is obvious.
The projection property (P) as defined in 1 is still a meaningful concept

when applied to g.t. projections on a subset of . Let 1 and 2 be linear spaces
with families of g.t. projections {Pt} and {Q}, respectively. Let ’ be a subset of

1 with property (P), and let F be a mapping from //into 2. As in the special
case, F is said to be causal if QF(u) QFP(u) for all and all u ’; F has bounded
memory (d) if (Q Q,)F(u) (Q Q,)F(P Pt_d)(U) for all and all u

PROPOSITION A.2 (Proposition II.7). IfF is a mappingfrom ll into 2 that is
causal and has bounded memory (d), then for every T > O,

(a.2) (Q, + T Q,)F(u) (Q, + r Q,)F(Pt + T Pt-d)(u)

for all and all u l.
Conversely, if equation (A.2) is satisfied for some T > O, all and all u l,

then F is causal and has bounded memory (d).
Proof. We prove first that causality and bounded memory (d) imply the

property (A.2). For any u e , any real number and any T > 0,

(Qt + . Qt)Fu (Qt + r Qt)Qt + TFu (Qt + r Qt)Qt + TFPt + ru

(Q, + r Qt)FP, + ru Q, + r(Q Q,)F(P, + ru)

Q,+ r(Q Q,)F(P P_d)(P+ rU)

(QT+,- Qt)F(P,+T Pt-d)u.

Only conditions (i)-(iv) of Definition A. and the properties of causality and bound-
ed memory hav been used.

Now suppose that (A.2) is satisfied. We prove causality. Let b > be positive
and a < be negative. Then,

K

(Qb Q,,)Q,Fu --(Qb Qo) (Qt-kT Qt-(k+ 1)T)Fu
k=0

for any K such that (K + 1)T< a. By (A.2) this is equal to

(Qb--Qa)[k=o (Qt-kT--Qt-(k+’T)F(Pt-kT--Pt-(k+l’T-d)]u
=(Qb--Q,,)[k=O (Q’-kr--Qt-tk+"T)F(P’-kT--Pt-(k+l)T-d)PtJu

(Qb Q,) Z (Qt-kT Q,-tk+,)T)F
k=0

(Qb

Hence, by condition (v) of Definition A.1, Q,Fu Q,FP,.
The proof that F has bounded memory is completely analogous.
Let {Zk} be an arbitrary sequence of elements belonging to , and let

{Ak P,k- P,k-,} be a sequence of differences of g.t. projections, where the
{tk},..., --2, --1, 0, 1, 2,..., satisfy tk < tk+ and limk_o tk , limk-,_
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oe. In 3 infinite sums of the form -’= AkZk are used. These sums have no
meaning as far as the structure given by Definition A.1 is concerned, and some
further condition is necessary. It is sufficient to require"

Corresponding to {z), z e , and {A}, k 1, 2,..., where the A are as
defined above, there exists a z e e with the property

K2(b)

Az
k K (a)

for all b >= a, where K and K2 are any integers large enough that the interval
(a, b] is contained in the interval (-tK1, tK2]. Then the sum is defined to be z, in
agreement with (v).

It is clear that if is any 5e)-space, or (but not, of course, LP), and the
{Pt} are ordinary time projections, then the condition holds whenever the zk are
bounded.
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ERRATA: ON THE APPROXIMATION OF ITO INTEGRALS
USING BAND-LIMITED PROCESSES*

A. V. BALAKRISHNAN’

The second term and the third term in formula (3.8) on p. 249 should be
corrected as follows.

In the second term:

p
2v!

should read

In the third term:

p
2Vv!

should read

(p 2v)!
(p 2v)!2vv!

+ (p 2v)!(( P! )2p- 2v)!2v!

* This Journal, 12 (1974), pp. 237-251. Received by the editors September 15, 1974.- Department of Systems Science, University of California at Los Angeles, Los Angeles, Cali-
fornia 90024.
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EXISTENCE OF SADDLE POINTS AND NASH EQUILIBRIUM
POINTS FOR DIFFERENTIAL GAMES*

T. PARTHASARATHY AND T. E. S. RAGHAVAN’

Abstract. In this paper we give sufficient conditions for the existence of saddle points and Nash
equilibrium points in the class of classical and relaxed controls for differential games.

(2)

(3)

1. Introduction. Consider a two person differential game with

(1) dx= A(t)x + B(t, u) + C(t, v)
dt

as the dynamical system with starting point X(O) Xo and with payoffs for the
two players

PI(U, v) //l(X) -[- Fl(u, t) dt -- a l(U, t) dt,

Here, the game is played as follows. A measurable control function u(0 is chosen
once for all by player I and a measurable control function v(0 is chosen once for
all by player II with u()e U, v()e V for all 0 =< _<_ 1. Here U, V arc compact
subsets of real Euclidean spaces. The pair (u, v) determines a unique trajectory
satisfyin the dynamical system almost everywhere with the iven initial point.
Here x(t) is a vector in mspace, A(t) an matrix, with continuous elements.
B(t,u) and C(,v) are appropriate vector-valued continuous functions on

[0, 1] U, [0, 1] V respectively. Further we assume F, G, F, G to be con-
tinuous and , # to be continuous linear functionals on C[0, 1], the space of
continuous functions on [0, 1].

A relaxed control for the first player is a measurable function a from [0, 1]
to Pv, where Pv is the space of probability distributions on U. A relaxed control
is similarly defined.

We know from a theorem of Warga [4] that for every (a, t) there is a unique
absolutely continuous solution for the differential equation

dx fvfv[A(t)x+B(t,u)+c(t,v]da(u,t)dz(v,t)(4) at

with the initial condition x(O) xo. Using that trajectory and a, we define

Pl(Cr, z) //I(X) -’[- Fa(u, t) dot(u, t) dt + G(v, t) dz(v, t) dt.

Similarly P2(cr, z) is defined.

Received by the editors June 20, 1974, and in revised form August 20, 1974.

" Department of Mathematics, University of Illinois at Chicago Circle, Chicago, Illinois 60680.
The first author is on leave from the Indian Statistical Institute, Calcutta, India.
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We will prove the following theorems.
THEOREM 1. Consider the differential game with dynamics andpayoffs given by

(1), (2) and (3). Then there exists a pair of relaxed controls (tr*, z*) forming a Nash
equilibrium over the set of all relaxed controlsfor the two players. That is,

Pl(O*, z*) Pl(O-, z*) for all relaxed control afor player I.

P2(a*, z*) >= P2(a*, z) for all relaxed control for player II.

THEOREM 2. Consider the differential game with dynamics and payoffs given by
(1), (2) and (3). Let U, V be compact convex and further assume that for fixed t, B,
F and F2 are linear in u and C, G and G2 are linear in V. Then there exists a Nash
equilibrium point in the class of classical controls.

The next theorem is stated for zero-sum games. That is, Pl(U, v) -P2(u, v)
for all u, v.

THEOREM 3. Let the control sets U, Vbe compact convex. Consider the dynamical
system dx/dt A(t)x + f(t, u, v) with initial condition x(O) xo and the payoff

P(u, v) #(x) + h(t, u, v) dr,

where f, h are continuous in (t, u, v) and convex in v and concave in u. l is a nonnega-
tire continuous linear function. Then there is a saddle point (u*, v*) in the class of
classical controls.

Remark. Proofs of Theorems and 2 are similar to Theorems 4.1 and 4.2
in[1].

2. The set of all relaxed controls for player I can be viewed as a compact
convex subset of the unit ball B* in w* topology, where B is the Banach space
LIo.[C(U)] with the norm [q[I o sup,v lOg(u, t)[. For a proof of this see [4].
Also in our setup the space of relaxed trajectories satisfying (4) is compact in the
uniform topology [4]. Since (1), (2), (3) are separated in the variables u, v, the
payoffs Pl(a, z) and Pz(a, ) are jointly continuous on the o* topologies. Also they
are bilinear. For the proof of Theorem we need the following proposition of
Glicksberg 3].

PROPOSITION. Let S be a nonempty-compact convex subset of a Hausdorff
topological vector space X. Let : S S be a point-to-set mapping satisfying the
following conditions:

(i) (I)(x) is nonempty closed convex for each x S.
(ii) (I)(x) is upper-semicontinuous.
Then there exists a fixed point xo (Xo).
Proof of Theorem 1. Consider the following set-valued mapping:

O:(tr, z) {(o", z’) max P1(6, Z0) Pl(", 770) and

max P2(cr, z) P2(a, z’)}.

Clearly this mapping satisfies the conditions of the above proposition. Hence we
have a (a*, z*) O(tr*, z*) and this (a*, z*) is the required Nash equilibrium pair.
This completes the proof of Theorem 1.
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Proof of Theorem 2. Let (a*, :*) be an equilibrium pair in accord with Theorem
1. Consider the measurable vector function

v
B(u, t) d*(u, t),

9(t) fu Fl(u’ t) da*(u, t),

v
F2(u, r) d*(u, t).

Since B, F1, F2 are linear in U, 5(t) is an element of the compact convex set
where

By the Fillipov lemma [2] there is a measurable function uo from [0, 1] to
U such that

(Uo(0, )

(Uo(0, t)

Similarly there is a measurable Vo(t from [0, 1] to V such that

(Vo(0, t)j ( 0/
Also our case (Uo, Vo) does the same job as (*, z*) for the payoff. This completes
the proof.

Proof of Theorem 3. From Theorem 4.1 in [I] there exists a saddle point in
relaxed controls. Namely P(a*, z) Pl(a*,.z*) P(a*, z*) for all (a, z), and in
particular P(a*, z*) Pa(a*, v), where P(a*, v) denotes the payoff to I when II
uses the classical control v, and I uses the relaxed control a*. The sets U, V being
convex, the classical control sets are convex. We will show that Px(a*, v) is convex
inv.

Let v, v2 be any two.classical controls for II. Let x, x2, x3 be the associated
trajectories corresponding to (a*, v), (a*, v2) and (a*, 2Vl + (I 2)v2) respectively,
for any 0 < 2 < I. We have

dt
A(t)x 3 + f f(t, u, 2v + (1 2)v2) da*(u, t)

<= A(t)x3 + 2 f f(t, u, v) da*(u, t)+ (1- 2)ff(t, u, v2)da*(u, t).
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Here the inequalities are meant componentwise.

dx
dt

A(t)x + ff(t, u, da*(u, t),

A(t)x2 + |f(t, u, v2) da*(u, t),
dt d

d dx3 > A(t)(2x + (1 2)x2)- A(t)x3d (2X1 + (1 /].)X2) d--f

Let z 2x -- (1- 2)x2 -x3, where dz/dt >= A(t). z. Further z(0)= 0. Since
A(t) is nonnegative it follows that z(t) is a nonnegative vector function. Further
/1 is a nonnegative linear functional and hence # l(z) >= 0.

Nowit follows that Pl(a*,2v + (1 2)v2) =< 2Pl(a*, v) + (1 2)Pl(a* v2).
Similarly we can show that P(u, z*) is concave in u. Define

Vo(t) f vd*(v, t).

Vo(t is measurable and since V is compact convex, Vo(t) is itself in V for each t.
Let x* be the trajectory for (a*, z*). Since h(t, u, v) is convex in v for each fixed it
follows from Jensen’s inequality that

h(t, u, t) >= h(t, u, Vo).)) dr*(v,

This implies that

P,(a*, z*) >= l,(x*) + ff h t, do* u, t) dr.

Let x be the trajectory for (a*, Vo). Again using Jensen’s inequality for the vector
convex function f(t, u, v) in v we can show that x*_>_ x, and that P(a*, z*)
>= P(a*, Vo). Of course P(a, *) >= P(a, Vo) for any general a. Since Pl(a*, z*)
< Pl(a*, Vo) is satisfied by the optimality of(a*, *), we get P(a*, z*) P(a*, Vo).
Also P(a, Vo) <= Px(a, z*) <= Pa(a*, *) for all a. This proves that vo is optimal for
II. Similarly one can prove that the function uo defined by

Uo(t) f u d*(u, t)

is optimal for I. This completes the proof of the theorem.
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NECESSARY CONDITIONS FOR OPTIMALITY OF CAUCHY
PROBLEMS FOR PARABOLIC PARTIAL DIFFERENTIAL SYSTEMS*

N. U. AHMED’ AND K. L. TEO

Abstract. Recently Zolezzi, [4] presented a necessary condition for optimality for the problem of
optimal control of systems governed by parabolic partial differential equations with a first boundary
condition. In this paper, we have developed (Theorem 4.3 and Corollary 4.5) a similar necessary con-
dition for Cauchy problems (unbounded domains) that arise naturally in the optimal control problems
of stochastic Ito differential systems with fixed terminal time. For the proof of our results we use several
theorems of Aronson 1] which have been slightly modified to suit our requirements.

1. Introduction. In this paper, we consider the problem of optimal control
of systems described by parabolic partial differential equations with a Cauchy
condition. For this problem, a necessary condition for optimality in integral form
and its pointwise version are given in Theorem 4.3 and Corollary 4.5, respectively.
Note that this problem arises naturally in the optimal control problems of sto-
chastic Ito differential systems with fixed terminal time. The proofs of our results
are based on several theorems of Aronson [1], as modified in this paper.

Consider the system described by the following Cauchy problem:

L(u)dp(u)(x, t) f(x, t, u(x, t)),

4’(u) (x, O) ,o(X),

for each u D, where I & [0, T); T is a positive number’R" is the n-dimensional
Euclidean space; the set D, to be defined later, is the class of admissible controls,
and the (parabolic) operator L(u), dependent on the control u D, is given by

with

L(u). A t {aii(x, t, u(x, t)) x, + a(x, t, u(x, t)). }x
b(x, t, u(x, t))., c(x, t, u(x, t)).

t
and Xi A

Ox

For convenience, the variable (x, t) will be suppressed, and (u) will be used to
denote the function (x, t, u), where (u) stands for any of the coefficients or the
solution of the system S.

Note that we make use of the standard convention throughout the paper of
taking summation up to n over repeated indices.

* Received by the editors February 11, 1974, and in revised form August 19, 1974.
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2. Basic assumptions, definitions and problem statement. For each u .D,
the coefficients of the operator L(u) are assumed to be defined and measurable on G.
Before describing the remaining assumptions on L, we introduce some useful
notation.

[B[ denotes the Lebesgue measure of a measurable set B of any finite-dimen-
sional Euclidean space, t[2 denotes the boundary of the set f2 c R" and [2 its
closure. Let K be any connected subset of an n-dimensional Euclidean space, and
denote by CI(K), 1 __< __< c, the class of/-times differentiable real-valued functions
on K. Co(K) denotes the class of all functions in CI(K) with compact support on K:
WI(K) is the completion of C(K) in the norm

z z 2 + z 2,

where

(fK )l/2 fK )1/2A 2 AIIzll 2 Izl dx and IIzxll 2 IZxi] 2 dx
i=l

Y(I, X) denotes a normed space of functions defined on the interval I with values
in a normed space X, for example, LP(I, Lq(R")), p, q >= 1.

For any nonintegral positive number 2 and for any measurable subset Gk c G,
Hx’x/Z(Gt,) denotes the Banach space of functions z that are continuous on G and
have derivatives of the form

D.Dz A 0’+’’’+"

fl a nonnegative integer, 2 + fl < 2, and have a finite norm

Note that [2] denotes the largest integer of 2 and

Ilzll,, Izl max Izl,
G,

(0)Ilzll (J) IDI. D.
(2a + j)

zll> ilzll<> + 11z11</2>x,Gk t,(ik

For the class of admissible controls D, we introduce the following.
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DEFINITION 2.1. The class of admissible controls on G is given by the set

D a__ {u:u measurable on G, u(x, t) U for a.a. (x, t) G}
where U is a bounded co.nvex subset of Rm.

For the weak solution of the system S, we use the definition of Aronson [1,
p. 638].

DEFINITION 2.2. For each u D, a function b(u) is said to be a weak solution

of the problem S, if

dp(u) L(I, L2(R")) f) L2(I,

f[-aij(u). b,(u) tpx(u). e, +
(2.1)

+ a(u), ck(u).q b(u), ck(u).tp c(u). ok(u)

q9 f(u). qg] dx dt 0

for every cp C(G), Go interior of the set G, and if

(2.2) limfR,+o (u)(x,t).z(x)dx= fR. d/(x)’z(x)dx

for every z C(R").
With these preparations, we may state our optimal control problem "P" as"

Given the system S, find a control u D that minimizes the cost functional

J(u) f H(x, c/)(u)(x, T)) dx,. R
where 4(u) is the weak solution of the system S corresponding to the control
u D and H is a Carath6odory function in R" R (i.e., measurable in x R"
for each q5 R and continuous in q5 R for almost all x e R"). The function H
is assumed to satisfy the following properties"

H(i). There exists a Carath6odory function h so that H(x,z)<_ H(x, z2)
q- h(x, z2)(7.1 Z2) for almost every x R", every Z1,Z2

_
Rx; and Ih(x,z)l <- hi(x)

+ h2" Izl for some h L2(R") and h2 R;
H(ii). H(., (. )) L(R") for some L(R").
Throughout the paper, we need the following assumptions which will be

referred to collectively as (A)" ai, a, b, i,j 1,..., n,c are bounded Cara-
th60dory functions in G U; there exist constants al, a, > 0 such that a. lyl 2

<- aij(x t, v). Yi" Yj <= eu" lyl 2 almost everywhere on G for every v R"; and
f(u) LP(I, L2(R")) for every u e D, where p e (1, 2].

Note that it was shown [2] that every weak solution q5 of the Cauchy prob-
lem S has a continuous representation in G. Thus, q5 will always be assumed to
denote the continuous representative of a given weak solution. Hence there is no
difficulty in talking about the value of q5 at any point of its domain of definition.

3. Certain preparatory results. Let uD be the control that solves the
problem P (called the optimal control) and consider S* the system adjoint to the
system S corresponding to the optimal control.

and
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L*(u) q(x, t) O, (x, t) G,
S*

q(x, T) h(x, dp(x, T)) = ho(x), x Rn,
where

L.(uO) a_ _, {. ,,.o,. x bi(uO). P}x, + ai(u) Px, c(u)
h is as defined in H(i) ( z) tp is the weak solution of the system S corre-
sponding to the optimal control u D.

For brevity, it is noted that the statement "C depends on the structure of
differential equation of the system S" means that C is determined by the quantities
ai, au, P and the bounds of the coefficients a, b, 1, ..., n, and c.

TItEOREM 3.1. Consider the system S. Suppose that the assumption (A) is

satisfied and that o(" ) L2(Rn) Then, for any u D there exists a unique weak
solution dp(u) L(I, L2(R’)) L2(I, WI(R)) of the Cauchy problem S and

,(u)l{2 + II(u)ll ,22,oo < C{I]ol[ + [[f(u)[[22,v}
where

A [2 A 2]]" ]]2,v ]. dx dt ]]" 112 I" dx

C is a positive constant depending only on T and the structure of the equation of
the system S; and p is as defined in (A).

Proof The proof is analogous to that given f..: "heorem 3 in [1, pp. 640-642]
with the following minor modifications"

(i) use # o in the application of Lemma 1 in [1, pp. 623-624] to obtain
the estimate

4’k(u)ll,oo,Q + IIk(u)l122,2,Q =< eT c, {lit’oil 22, +
and use this estimate instead of the estimate (4.6) in 1, p. 640] in the proof,

(ii) use the norm off(u) as given in the statement of the theorem throughout
the proof.

Remark 3.2. Theorem 3.1 remains valid for the adjoint system S*.
For the proof of necessary conditions for optimality, it is required to consider

the systems S and S* with their coefficients and data replaced by their correspond-
ing integral averages. For this, let w(r/;s) be a sufficiently smooth nonnegative
function defined on R for each positive integer s so that o(r/; s) 0 for ]r/] >__ 1/s
and Km(s ll < 1/s o(r/; s) d I for all positive integers s, where Km(S is the volume
of the hypersphere {r/:lt/I - ,/s}. For any real-valued measurable function on
Rm and for any positive integer s, let us define on R the function s, called the
integral average of , by

s(l) A__ Km(S). f o0(l /’;s). (///’)

For every u D and for every positive integer s, let a(u), a](u), b](u),
i,j 1, ..., n, cS(u) and fS(u) denote, respectively, the integral averages in (x, t)-
space of the functions a3(u), aj(u), b(u), i, j 1,..., n, c(u) andf(u). Similarly, let
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q and h be the integral averages of o and ho respectively on R".
The integral averages are known to have derivatives of arbitrary order

[8, p. 14].
With these preparations, we now consider the sequence of Cauchy problems

(3.1)
LS(u)p if(u), (x, t) G,

(x, 0) (x), x R",

where, for each u D and for each positive integer s, the operator L(u) is defined
by

L(u)q a_ d, {a.(u). qx, + a(u). 6} bj(u), q c(u) d/.

The solution to the Cauchy problem (3.1), corresponding to any u D, will be
denoted by b(u).

Suppose an optimal control u exists. Corresponding to this control u D
and for each positive integer s, let qS be the weak solution of the system (3.2)
adjoint to (3.1).

L*(u)q O, (x, t) G,
(3.2)

q(x, T) ho(X), x R".

Since the coefficients and data of the integral averaged problems obviously
satisfy the assumptions of Theorem 3.1, the existence and uniqueness of the weak
solution of these problems follow from that theorem.

In the sequel, we need the following result.
LEMMA 3.3. Consider the systems S. Suppose that the assumption (A) is satisfied

and that 0(" ) L2(R") Then for each u D the weak solution dp(u) of the Cauchy
problem S is the weak limit in L2(I, W(R")) of the sequence {&(u)}= of the weak
solutions of the Cauchy problems (3.1). Moreover, {&(u)}= converges uniformly to

(D(u) in any compact subset of G.
Proof From the estimate of Theorem 3.1 and the fact that integral averaging

on G does not increase the norm, we have

(3.3) [(/IS(u) 12,oo -[-[[(Dc(u) 2,2 " C{ 11/10 2 -[-If(u) 2,p},
where C and p are as defined in Theorem 3.1. Thus, using this estimate instead of
the estimate (3.3) in [1, p. 635] and replacing Qm,m, Q, p,, q, and H’2(Y) in the
rest of the proof for the first two assertions of Theorem 1 in [1, pp. 635-637-1 by
G, R", G, 1, 1 and WI(R") respectively, we obtain the proof of convergence of
{&(u)}= in the weak sense to the weak solution q(u).

To prove the second part of the lemma, let K be any compact subset of G.
By the estimate (3.3) and Theorem B in [1, p. 616], the sequence {&(u)}=x is
uniformly bounded on K for any given u D. Obviously, for each positive integer
s >= and for any u D, qS(u) satisfies the condition (2.1) with the set G replaced
by K. This implies that &(u) is also a weak solution of the differential equation
of the system (3.1) on K. Thus it follows from Theorem C in [1, p. 616] and the
uniform boundedness of the family {(u)}= that this family is also equicon-
tinuous in K for any u D. Therefore it follows from Arzela-Ascoli’s theorem
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that there is a subsequence which converges uniformly in K. However, qb(u) is
unique. Thus the sequence {qSS(u)}=l converges to qS(u) uniformly in K. This
completes the proof.

Remark 3.4. Lemma 3.3 remains valid for the adjoint systems S* and (3.2).
For the proof of the necessary condition for optimality of the problem P,

it would be required to construct a sequence of first boundary value problems for
the system (3.1) and its adjoint system (3.2). Further, we note that for each u e D
it will be convenient to regard the operator L(u) and the forcing function f(u) of
the first boundary value problems as being defined throughout the (n + 1)-
dimensional (x, t)-space. Thus for any first boundary value problem to be consi-
dered in this paper, we will adopt the convention that L(u) ____a

_
A and

f(x, t, u) 0 for all (x, t) outside the domain of definition of the first boundary
value problem, where A is the Laplacian operator.

Let G E (0, T], where E {x’lxl < k} for integers k >= 1. For any
u D let us consider the first boundary value problems

LS(u)dp(x, t) fS(u), (x, t) Gk,

(3.4) qS(x, 0) @(x). gk(X), X -’k,

b(x, t) 0, (x, t) dE [0, T],

where L(u), f(u) and q are as defined for the system (3.1) and for each integer
k >_ 1 the function gk belongs to C(Ek)so that gk 1 on ,k-1 and 0 <_ gk(x) < 1
for x Ek\ Zk_ 1"

In the sequel, we need the following definition.
DEFINITION 3.5. For each pair of positive integers s, k and for any u D, a

function q is said to be a weak solution of the first boundary value problem (3.4)
if b L(I, LE(Zk)) f) L2(I, Wl(Ek)) and

-ck(u) q, + a(u) ck,(u) q% + a(u) 4(u) q
(3.5)

6(u).4%(u).o c(u) ck(u).o f(u). o] ax. at o

for every o C(G), G interior of the set Gk, and if

(3.6) limfy, dp(u)(x,t).z(x)dx=fz6o(X).Z(x)dxt$O

for every z
Corresponding to the adjoint system (3.2), we consider the sequence of first

boundary value problems

L*S(u)q(x, t) O,

(3.7)

(x, t) 6 Gk,

q(x, T) ho(X) gk(x), x Ek,

q(x, t) 0, (x, t) c3Ek x [0, T].

Since the integral averages obviously satisfy the assumptions of Theorem
5.2 in [3, p. 320], it follows from that theorem that for each pair of positive integers
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s and k the system (3.4) [(3.7)] has a classical solution b,(u)[q,] belonging to
Hz"/Z(Gk) with 2 any positive nonintegral number ( 2). In particular, b,(u)[q,] is
also a weak solution of the system (3.4) [(3.7)]. Further, it follows from 1, Thm. 1,
p. 634 that it is the only weak solution.

With these preparations, we may state the following result.
LEMMA 3.6. Consider the system (3.1). Suppose that all the hypotheses given in

Lemma 3.3 are satisfied. Then for each integer s >= 1 and for any u D, the weak
solution f(u) of the Cauchy problem (3.1) is the weak limit in L2(I, WI(R")) of the
sequence {b,(U)}k of the solutions of the first boundary value problems (3.4).
Moreover, {b,(u)}ff= converges uniformly to S(u) in any compact subset of G.

Proof. By defining L(u) ___.a t- Aqt and setting f 0 for all (x, t) Gk,
the first boundary value problem (3.4) is converted into an equivalent Cauchy
problem on G. If we set &k(U)(X, t) 0 for all (x, t) Gk, then it is clear that b,(u)
is also the unique weak solution of the Cauchy problem constructed above.
Thus, from the estimate of Theorem 3.1 and the fact that if(x, t, u) 0 for all
(x, t) Gk, we have

(3.8)
+ [[(q,)x(u) 2,2 =< C{[[qo 2 + f(u) 2,v}

ACx,
where C and p are as defined in Theorem 3.1.

Therefore, replacing the estimate (4.7) in [1, p. 640] by the estimate (3.8),
we obtain the proof of convergence of {b,(u)}= in the weak sense to &(u) for
each positive integer s and for any u e D similar to that as given in the proof of
Theorem 3 in [1, pp. 640-642]. The second part of the lemma is analogous to
that as given in Lemma 3.3. This completes the proof.

Remark 3.7. Lemma 3.6 remains valid for the adjoint systems (3.2) and (3.7).
Remark 3.8. Lemma 3.6 remains valid both for the weak solutions

and qk of the first boundary value problems corresponding to the original Cauchy
problem S and the adjoint system S* respectively.

In the sequel, we need the following.
LEMMA 3.9. Consider the Cauchy problem

(3.9)

(at(x, t). ckx, + a(x, t).4))xj + b(x,
+ ck(x, t). el) + fk(x, t), (X, t)e G,

c/)(x, O) Oo(X), x e R".

Suppose that ai i,j 1, n, satisfy the inequality in assumption (A) independent
k k Ckof k and that at, bt, j l, ..-, n, are bounded on G uniformly with respect to k

and that fk[I 2,, is bounded independently of k, where p is as defined in (A). Further,
k k C

k fkit is assumed that bo L2(R") and that air at, bk, and converge, respectively,
to aO, at, b, c and falmost everywhere in G. Then the sequence of the weak solutions
(k}= of the Cauchy problems (3.9) converges to c weakly in L2(I, W(R")), where
p is the weak solution of the system (3.9) with its.coefficients replaced by their
corresponding limits.
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Proof. From the estimate of Theorem 3.1 and the hypotheses given for the
coefficients of the Cauchy problems (3.9), we have

ll4ll=,oo + IIxll2,2 -_< c{ll,oll2 + [Ifll2,p}
=<C,

where C and p are as defined in Theorem 3.1 and

C C. {1’o + sup. fl .,p}.
k

Thus, using the above estimate instead of the estimate (3.8), we obtain the proof
of convergence of {4}_ in the weak sense to q5 by the argument similar to that
given in Lemma 3.6. This completes the proof.

4. Necessary conditions for optimality. For the sake of brevity, let
f(x, t)g(x, t) dx dt be denoted by (f, g).
For the proof of the desired necessary condition for optimality for the problem

P, we need the following lemmas.
LEMMA 4.1" Consider the problem P. Suppose that u e D is an optimal control

(whose existence is assumed) and that
(i) the assumption (A) holds;
(ii) o LE(R)

Then there exists sequence of solutions q, of the system (3.7) such that

(4.1) lim lim (L(u)(dp(u) b(u)), q, 0 for all u D
soo k-oo

independently of the order of taking the limit.

Proof. For any pair of integers s, k >= and for any u D, we have

(L(u)(dp(u) (u)), q,

(L(u)(dp(u) qb(u)- qb(u) + qb(u)), qk)
(4.2)

+ (L(u)(4,’(u) 49"(u) 4)l(U) + 4,l(U)), q)

+ (L(u)(Ckl(U) ckT(u)), q.),

where is any positive integer; br(u) and bT(u) are, respectively, the weak solution
and the solution of the systems (3.1) and (3.4) both corresponding to the control
u D; and q, is the solution of the system (3.7). By defining L(u) ,- A9
and f(x, t, u)= 0 for all (x, t) Gt, the first boundary value problem (3.4) with
s r and k is converted into an equivalent Cauchy problem on G. If, for the
first boundary value problem, we set b(u) 0 for (x, t) Gl, then it is clear that the
solution b(u) of this problem is also the weak solution of the (extended) Cauchy
problem constructed above. Similarly, corresponding to the adjoint system (3.7)
if we set its solution q(x, t) 0 for all (x, t) Gk, then this solution is also neces-
sarily the weak solution ofthe (extended) Cauchy problem constructed by adjoining
L*(u)O -, AO for all (x, t) outside the set Gk to the adjoint system (3.7).

Thus, by integrating by parts the last term in the right-hand side of (4.2) and
noting that b(u)( 0) b’(u)(., 0), one obtains
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(4.3)

Writing

(L(u)(4)7(u) b’(u)), q,)

(dp(u) (u),L*(u)q,)

+ f [q(u)(x, T) dPl(U)(X, T)]. ho(X) g(x)dx.

(ck(u) dp(u), L*(u)q)
(4.4) (b(u) b(u), (L*(u) L*(u))q)

+ (dPl(U) dpl(U), L*(u)q]),

it follows from the relation (1.4) in 1, p. 620] that the last term of the above expres-
sion reduces to

(b(u) b’(u), L*(u)q)
(4.5)

t [b(u)(x’ T)- ck(u)(x, T)]. ho(X) gk(X)dx.

Combining (4.2), (4.3), (4.4) and (4.5), we have

(L(u)(dp(u) dp(u)), q)

(4.6)
(L(u)(ck(u) dp(u)- dp*(u) + qS*(u)), q)

+ (L(u)(dp*(u)
+ (b’(u) b(u), (L*(u) L*(u))q,).

Note that q, Ha’a/2(G) (Remark 3.4) and q(x, t) =_ 0 for (x, t) G. Integrating
by parts the terms containing t-differentials and those with coefficients appearing
under the x-differentials and then taking limits with respect to and r in the same
order, it follows from Lemma 3.6 that the second term of (4.6) vanishes and from
Lemma 3.3 that the first term vanishes. The remaining term yields

(L(u)(dp(u) dp(u)), q)

((ai(u) a(u))’(q,),, 4,(u) 4(u))
(4.7) ((b(u) b(u)) q,, dp,,(u)

+ ((ai(u) a(u))" (q)x,, dP(u) dp(u))

((c(u) c(u)) q,, dp(u) dp(u)).

(Note that the order of taking limits with respect to r or is immaterial due to
Lemma 3.3, Theorem 1 in [1, p. 634] and Remark 3.8). Letting k - in (4.7),
we have from Remark 3.7,

lim (L(u)(ck(u) 4(u)), q,)

((a,.(u) a(u)).q,
(4.8) ((b(uo) bi(uO)), qS, b,(uo) q,,(u))

+ ((ai(u) a(u)).qx,, dp(u) dp(u))

((c(u) c(u)) q, dp(u) dp(u)).
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Since the integral averages converge almost everywhere on G and the coefficients
of the Cauchy problem S are bounded on G, it can be shown, from the Lebesgue
dominated convergence theorem, that (4.8) in the limit with respect to s converges
to zero.

On the other hand, using the properties of the integral averages and the
coefficients of the Cauchy problem S, it follows from the Lebesgue dominated
convergence theorem that (4.7) in the limit with respect to s reduces to

(4.9) lim (L(u)((u) ok(u)), q,) O.

Therefore, we obtain the expression (4.1) independently of the order of taking the
limits. This completes the proof.
LEM 4.2. Consider the problem P. Suppose that u D is the optimal control

(whose existence is assumed) and that
(i) the assumption (A) holds;
(ii) q0 Lz(R").

Then there exists a weak solution q of the adjoint system S* such that

{(a(u) a(u)), ck,,(u), q,) + {(a(u) a(u)), ok(u),

(4.10) ((b(u) b(u)) dpxs(U), q) ((c(u) e(u)) dp(u), q)

>= (f(u) f(u), q)

for all u D.
Proof. Clearly, for any pair of integers s, k >__ and for any u D,

(4.11)
(L(u)dp(u), q) (L(u)dp(u),

((L(u) L(u))dp(u), q) + (L(u)(dp(u) dp(u)), q).

where 4(u) is the weak solution of the system S corresponding to the control u D
and q, is the solution of the system (3.7) corresponding to the optimal control
uD.

Since q](x, t)=_ 0 for all (x, t) G, it follows from the relation (1.4) in [1,
p. 620] that the left-hand side of the expression (4.11) reduces to

(4.12)
{ L(u)dp(u), q,) { L(u)dp(u), q,)

((f(u) f(u)), q,) + fa. [b(u)(x, T) dp(u)(x, T)]ga(x)- ho(X)dx.

Therefore

((L(u) L(u))dp(u), q,) + (L(u)(dp(u) dp(u)), q,)
(4.13)

((f(u) f(u)), q) + I [b(u)(x, T) dp(u)(x, T)]g(x)ho(X)dx.

By the construction of the function g, we note that lim g(x) 1 for every
x R" and ]g,(x)l =< 1 on R" for all integers k >_ 1. Since the weak solution
ck(u) L(I, L2(R")) f’l L(I, W(R")) and is continuous in G, ck(u)(x, T) L2(R")
for every u D. Further it follows from the properties of the function ho(x)
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(A h(x, dp(x, T))) given in H(i) ({} 2) that ho LZ(Rn). Thus it is easily verified
with the help of the Lebesgue dominated convergence theorem and the fact that
h ho almost everywhere in R" that

(4.14)

lim. lim. fR [b(u)(x, T) dp(u)(x, T)]. gk(X) h*o(X) dx

fR, [dp(u)(xT) ck(u)(x, T)]ho(x dx

independently of the order of taking limits.
Therefore it follows from Lemma 4.1 that (4.13) in the limit with respect to

k and s reduces to

(4.15)

((ao(u) aij(u))" x,(u), qxj) + ((a(u) a(u)), dp(u), qxj)

-((b;(u) bj(u)), qbx(u), q) ((c(u) c(u)), dp(u), q)

((f(u) -f(u)), q) + fl, [b(u)(x, T) dp(u)(x, T)]. ho(x dx.

Using the property H(i) and the definition of the function ho, we note that

(4.16) [dp(u)(x, T) dp(u)(x, T)]. ho(x) >- O.

Thus, the condition (4.10) follows from the expressions (4.15) and (4.16). This
completes the proof of the lemma.

Based on the above results, we present in the theorem below the desired
necessary conditions for optimality.

THEOREM 4.3. Consider the problem P. Suppose that the assumption (A) holds
and that ai(x, t, ), aj(x, t, ), b(x, t, ), i,j 1,..., n, c(x, t, and f(x, t, belong
to C(U) almost everywhere in G with the gradients bounded in R" for almost all
(x, t) G andfor every v U. Then, if u D is an optimal control (whose existence
is assumed) it is necessary that there exists a weak solution q of the adjoint system
S* so that

(4.17)
((aO,k(UO) bx,(U) + a,k(UO) dp(u)qx b,k(U), dpx(u)’q

k=l

--Ck(UO). dp(u) q fk(u) q), u uk) >- 0

for all u D, where

a,(x, t, u(x, t))

and

&x(x, t, u(x, t), Uk, u,(x, t))
Otlk [Uk U(X,t

a bjk (i,j=l n) ckorfkk aij,k, aj,k,
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Proof For any u D, let e [0, 1] and let u- u U 1. Since D is convex,
u + eu D. Thus, dividing the inequality (4.10) by and replacing u by u + u1,
we obtain

(1/8){((ai:i(u) ao(u + e’u)) dpx,(u + 8uX), qx)

+((ai(u) a(u + eu’)) dp(u + u’), qx)
(4.18) -((b(u) b(u + ul)) dpx(U + eu), q)

<(c(u) c(u + e,u’)) dp(u + e,u’), q>

>= (1/){<f(u) f(u + eu’), q)}.

Since, by hypothesis, the coefficients of the system S belong to CI(U) almost
everywhere in G with bounded gradients for almost every (x, t) G and every
v U, it follows that their incremental ratios converge to the corresponding
Gateaux differentials almost everywhere in G as a --, 0. Denoting by a any of the
coefficients ai, at, b, c,f and noting that a(u + eu 1)(x, t) cz(u)(x, t) a.e. on G as

0, it follows from Lemma 3.9 that (u + zu 1) (u) weakly in L2(I, W(R")).
Thus, by taking the limit with respect to e the expression (4.18) and using the
facts just mentioned, we obtain the condition (4.17). This completes the proof of
the theorem.

In order to obtain the pointwise necessary condition for optimality for the
problem P, we need the following well-known result which is presented in the
form of a lemma.

LMMA 4.4. Let 7 be a Lebesgue integrable function defined on G, y a regular
point in G and let E G be any measurable set containing y and contracting to the
one point set {y}. Then

dO

COROLLARY 4.5. Consider the problem P. Suppose that all the hypotheses of
Theorem 4.3 are satisfied. Then

(4.19)

[{(ai,(x, t, u(x, t)). dpx,(U)(x, t) + aj.(x, t, u(x, t)). dp(u)(x, t))
k=l

qx(X, t) bj,,(x, t, u(x, t)). dp(u)(x, t). q(x, t) e(x, t, u(x, t))

dp(u)(x, t). q(x, t) f(x, t, u(x, t)). q(x, t)}. {u v}] => 0

for almost all (x, t) e G and every v U.
Proof Let (x, ) be a regular point contained in the interior of G and suppose

that E is a measurable subset of G containing {(x, t)} and contracting to the
point {(x, t)} as IEI 0. Then, dividing the expression (4.17) by IEI and replacing
the control u by the one defined below,

u(x, t)
v for (x, t) E,
u(x, t) elsewhere,
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we have

"rE {(aij’k(x u(x t))’x’(u)(x t) +aj’k(x u(x

dp(u)(x, t)).qxj(x, t)

(4.20) -bj,k(X, t, u(x, t)). Cxj(u)(x, t). q(x, t) ck(x, t, u(x, t)). dp(u)(x, t)

q(x, t)

--fk(x, t, u(x, t)) q(x, t)}. {u(x, t) vk} dx dt O.

Letting ]El - 0 and noting that almost all (x, t) G are regular points, we obtain
from Lemma 4.4 the condition (4.19). This completes the proof.

Remark 4.6. Existence results on optimal control for systems governed by
parabolic partial differential equations with first boundary conditions arising
naturally from stochastic optimal control problems has been recently reported
in [7, Thm. 3, p. 205] and [10, Thm. 1]. To the knowledge of the authors, similar
results do not exist for the Cauchy problem as considered in this paper. This is
an open problem.
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MEASURABILITY THEOREMS FOR STOCHASTIC EXTREMALS*

P. KALLf AND W. OETTLI

Abstract. Measurability of the optimal value is proved for a rather general class of parametric

optimization problems. The class considered includes in particular the stochastic convex programs.

In Ill a direct and elementary proof was given for the measurability of the
optimal value of a stochastic linear program. It turns out that the same technique
yields measurability statements for vry general nonlinear optimization problems,
too.

1. Let f be some measurable space, and let X be some subset of . X con-
tains then a countable dense subset which we denote by E {}. Let the
functions F’X x f --, R and .f: X x f [ be measurable on f for every x e X.
We are interested in the measurability of the optimal value, inf {F(x, 09)1x X, f(x, 09) <= 0} if {xlx X, f(x, 09) <= 0}

(09)
+ otherwise.

Let us define in addition for n ,
f infx{F(x, 09)1x X, f(x, 09) <= 1/n} if {xlx x, f(x, o) <__ 1/n}

Tn(09)
+ otherwise,

and for all n e ,
F(i, 09) if f(i, o9) <= l/n,

+ otherwise.

According to our measurability assumptions, ,(09) is an extended real-valued
measurable function for every n s and e .

LEMMA. Let F and f be upper semicontinuous on X for every 09 f, and suppose
that supn %(09) >__ (09) for all 09 f. Then (09) is measurable.

Proof. For all n and i we have z,(09)__< tI)i,(09), implying
__< infi (09), and hence supn %(09) =< SUPn inf tI)in(09). By hypothesis, then,

(1) (09) <__ sup inf

To show the converse inequality we suppose first that tI)(09) < +. Then there
exist points x s X satisfying f(x, co) <= O, and---due to the upper sernicontinuity
of F and f--for every such x and for all e > 0, n s , there exists a E such that

f(i, o9) <= l/n, F(i, o9) <= F(x, o9) + e.

Hence for every n t we have infi i,(09)=< F(x, 09) + e, and therefore sup. infi
,,(09) <_ F(x, 09) + e. Since this inequality is true for all x {xlx X, f(x, 09) <= 0}
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994



MEASURABILITY THEOREMS 995

and for every e > 0, we have

(2) sup infi,(co) -<_ (co).

Inequality (2) is trivially satisfied if (co) +. From (1) and (2) we obtain

(3) (co) sup inf i,(co).

Since the infimum and supremum of countably many measurable functions is
again measurable, the Lemma follows. Q.E.D.

The assumption sup, z,(co) >= (co) may be replaced by the assumption that
the Kuhn-Tucker condition holds for all co with (co) < +. More precisely we
have the following.

THEOREM 1. Let F and f be upper semicontinuous on X for every co f. Suppose
that for every co {col(co) < +o there exists a real number u(co) >= 0 such that

(co) <- F(x, co) + u(co) f(x, co) Vx e X (K.-T. condition),

and suppose that for every co e {co[(co) +or } we have sup, z,(co) +oz. Then
(co) is measurable.

Proof. We have to show that sup. z,(co) (co) for all co satisfying (co)
< + o. Then the result follows from the Lemma. According to the Kuhn-Tucker
condition assumed, F(x, co) >__ (co) u(co). (l/n) for all x e X such that f(x, co)
<= 1/n. Hence z.(co) => (co) u(co). (l/n), which implies

sup, z,(co) __> (co). Q.E.D.

COROLLARY 1. If X ", if F is convex in x for every co e ), and if f(x, co)
max =<j_<,,, lj(x, co), where the functions lj are linear-affine in x, then (co) is

measurable.
Proof. F and f are continuous in x, since they are convex over all of N".

The Kuhn-Tucker condition is satisfied, since it always holds for convex programs
with only linear constraints. If the linear system l(x, co) <__ 0 (with j 1,..., m)
has no solution, then it is a standard result of linear programming that the system
lj(x, co) <= (l/n), j 1, ..., m, also has no solution for all sufficiently large n N.
Thus (co) +o implies sup, .(o9) +o. The assumptions of Theorem 1 are
therefore satisfied. Q.E.D.

Corollary 1 implies in particular that the optimal value of a stochastic linear
program is measurable.

2. The assumption made in Theorem 1 that the Kuhn-Tucker condition be
satisfied for all co with (co) < + is very restrictive, since even for convex pro-
grams the Kuhn-Tucker condition generally holds only if infxx f(x, co)< 0. It
is for this reason that we introduce a modified optimal value, q(co), defined as

infx {F(x, co)Ix e X, f(x, co) <= 0}
q(co) sup.

+

if influx f(x, co) < O,

if infxx f(x, co) O,

if infxx f(x, co) > O.
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THEOREM 2. Let F and f be upper semicontinuous on X for every co fl. Suppose
that for all co {colinfx f(x, co) < 0} there exists a real number u(co) >= 0 such that

P(co) <= F(x, co) + u(co) f(x, co) Vx X (K.-T. condition).

Then (co) is measurable.
Proof. As in the proof of the Lemma we have for all co f that

sup z,(co) _< sup inf

If infx f(x, co) < 0 we conclude from the Kuhn-Tucker condition, as in the proof
of Theorem l, that

P(CO) =< sup

This is also true if infx f(x, co) 0, from the definition of P. If infx f(x, co) > O,
then there is a real number p(co) > 0 such thatf (x, o) p(to) for all x e X, implying
z,(co) +o for all n > 1/p(co), and thereby (co)= sup, z,(co)= +. Hence
we have for all co e fl,

(4) (co) =< sup inf

On the other hand, for all co satisfying infx f(x, co) # O, the relation

(5) sup inftI),(co) =<
follows from the upper semicontinuity of F and f, as in the proof of the Lemma.
Let now infx f(x, co)= 0. Choose n and e > 0 arbitrarily. Then for every
x X satisfying f(x, co) <= 1/2n there exists, according to the upper semicontinuity
of F and f, an element E such that

1 1<=-, F(i, co) <= F(xf(i, co) <= f(x, co) +
2n n

Hence i.(co) =< F(x, co) + and infi(I)i.(co) <= 2, + . Since a was arbitrary we
.get

sup infi.(co) =< sup 2,(co) =< sup

Since sup, z,(co) W(co) in the case under consideration, (5) again holds. In con-
clusion, we have from (4), (5),

sup inf i.(co),

which proves the measurability of q(co). Q.E.D.
COROLLARY 2. Let X be a convex set, and let F and f be convex functions in x

for every co . Then W(co) is measurable.
Proof. The Kuhn-Tucker condition, as required in Theorem 2, is satisfied,

since infx f(x, co) < 0 is the well-known Slater-condition, the latter implying in
the convex case the validity of the Kuhn-Tucker condition. The requirement of
upper semicontinuity may be dropped in the convex case. Indeed, the upper
semicontinuity of F (resp. f) was used only to conclude that for every x X and
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there exists E satisfying

(6) F(i, 09) <= F(x, co) + e.

In the convex case, the same conclusion may be reached as follows. Let z be an
arbitrary point in the relative interior ofX. Then x x + 2(z x) with 0 < 2 =< 1
is also in the relative interior of X. Since F is convex in x we have

F(x4, co) <= F(x, co) + )t(F(z, co) F(x, co)).

Choose 2 > 0 so small that

(7) F(x,z, co) <= F(x, co) + e./2.

Since xz is in the relative interior of X, since F--as a convex function--is con-
tinuous in the relative interior of its domain X, and since E is dense in X, there
exists E such that

(8) IF(,, co) F(xz, co)l =< /2.

From (7) and (8) follows (6). Q.E.D.
3. We would like to point out that Corollary 1 could also be derived from

Theorem 2 instead offrom Theorem 1, since it may be shown under the assumptions
of Corollary 1 that and W coincide. Under the weaker assumptions of Corollary
2, however, and W may differ, as the following examples show. Choose

X {(Xl,X2)lx >- 1} = N2, F(x,,x2,CO x2 f(x,,x2,co)- (x2)2/x1
Then (co)= 0, but tp(co)= sup. z.(co)=- o. To take another example, let

X-- [0,1 N, F(x,co)=_ O, f(O, co)- 1, f(x,co)= x2 forx>0.

Then (co)= +or, but W(co)= 0. A further comparison of and W therefore
seems appropriate.

THEOREM 3. If X is compact, and F and f are lower semicontinuous in x for
every co f, then (co) tp(co).

Proof. We have to show that if infxf(X, 09)= 0, then sup, z,(co)= (co).
Obviously sup. z.(co) =< (co). On the other hand, by lower semicontinuity and
compactness, for every n e N there exists x. e X satisfying

f(x,,, co) <= l/n, F(x,,, co)

Let {x,} be a subsequence converging to some x0 X. Then, by lower semicon-
tinuity and by the monotonicity of

f(xo, co) <= lim inff(x., co) =< 0, F(xo, co) <= lim infF(x,, co) =< sup
jo j--*

implying sup, r,(co) >= (co). Q.E.D.
Combining Theorems 2 and 3 one can derive measurability statements for

(@. In particular, we obtain very easily the following result which is contained
in [2, Cot. 4.3].

COROLLARY 3. Let X be a closed convex set, and let F and f be lower semi-
continuous convex functions on X for every co f. Then (co) is measurable.
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Proof. For all k e N denote by O,(o) [resp. tP,(o)] the functions which are
obtained if in the definition of [resp. tp] we replace X by the compact subset X
=- {xlx X, Ilxll _-< k}, By Corollary 2, tg(a) is measurable. By Theorem 3, q),
equals tp, hence is measurable. The measurability of follows since obviously

0(o) inf 0(o). Q.E.D.
k
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MARTINGALES ON JUMP PROCESSES.
I: REPRESENTATION RESULTS*

R. BOEL, P. VARAIYA AND E. WONG’

Abstract. The paper is a contribution to the theory of martingales of processes whose sample
paths are piecewise constant and have finitely many discontinuities in a finite time interval. The
assumption is made that the jump times of the underlying process are totally inaccessible and neces-
sary and sufficient conditions are given for this to be true. It turns out that all martingales are then
discontinuous, and can be represented as stochastic integrals of certain basic martingales. This
representation theorem is used in a companion paper to study various practical problems in com-
munication and control. The results in the two papers constitute a sweeping generalization of recent
work on Poisson processes.

1. Introduction and summary. The theory of martingales has proved to be
successful as a framework for formulating and analyzing many issues in stochastic
control, and in detection and filtering problems [2], [4], 53, [10], [113, [12],
[19], [32], [33], [34]. Three sets of results in the abstract or general theory of
martingales seem to be the most useful ones in these applications. The first set
consists of the optional sampling theorem and the classical martingale inequalities
[17]. The second set consists of the locus of results culminating in the decom-
position theorem for supermartingales [24]. The third set includes the calculus
of stochastic integrals [16], [22], the differentiation formula and its application
to the so-called "exponentiation formula" [15].

In applications one is concerned with martingales which are functionals of
a basic underlying process such as a Wiener or Poisson process, and in order to
use the abstract theory one needs to know how to represent these martingales
usefully and explicitly in terms of the underlying process. Thus the "martingale
representation theorems" serve as a bridge linking the abstract theory and the
concrete applications. Their role is quite analogous to that of matrix represen-
tations of linear operators which serve as the instrument with which one can
apply the abstract theory of linear algebra.

The most familiar of all the basic processes which can arise in practice is the
Wiener process. It is known that every martingale of a Wiener process can be
represented as a stochastic integral of the Wiener process [6], 22]. This funda-
mental representation theorem, together with the exponentiation formula, has
been used to derive solutions of stochastic differential equations [2], [19], [20],
to obtain recursive equations for filters [5], [21], [303, [31] and the likelihood
ratios for some detection problems [10], [18], to mention just a few applications.
These very results combined with the decomposition theorem for supermartingales
form the foundation of an approach to one family of stochastic optimal control

* Received by the editors January 12, 1973, and in revised form August 13, 1974.
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problems [12]. It turns out that every martingale of a Wiener process has con-
tinuous sample paths. This is fortunate because it implies that the martingale is
locally square integrable, and hence most of the questions about martingales can
be posed within the Hilbert space structure of the space of square integrable
random variables.

However, for many processes, e.g., Poisson process, one can have martingales
which are not locally square integrable. As Meyer and his co-workers have pointed
out [16], [26] the L)- structure is no longer appropriate and one needs to be more
careful in defining stochastic integrals and in obtaining the differentiation formula.
Indeed the current theory of stochastic integration with respect to such martingales
is still not completely satisfactory.

This paper is a contribution to the abstract theory and to its applications
for the relatively simple case where the sample functions of the underlying process
are step functions which have only a finite number of jumps in every finite time
interval. In a sense this is the polar opposite of the Wiener process case since all
the martingales are discontinuous, that is, all the continuous martingales have
constant sample paths. The most important special cases covered by this paper
include the Poisson process, Markov chains and extensions of these, such as
processes arising in queueing theory. To some extent the results for some of
these special cases are also covered in [4], [5], [10], [11], [29], [30], [31].

The next section gives a precise definition of the underlying process and
exhibits some of the important properties of the generated a-fields. Conditions
are derived which guarantee that the jump times of the process are totally in-
accessible stopping times. These preliminary results are used in 3 to show first
that there are no nonconstant continuous martingales and then to obtain an
integral representation of all martingales. A particular example, which includes
most of the special cases mentioned above, is presented in 4. Applications of the
results are given in the companion paper [3].

2. The basic process and its stopping times. Let (Z, ) be a Blackwell space,
that is a measurable space such that is a separable a-field and every measurable
function f’Z R maps Z onto an analytic subset of R (see [24, p. 61]). Let
be a family of functions on R / [0, ) with values in Z, such that each co D
is a step function with only a finite number of jumps in every finite interval, and
such that for all co , R +, co(t) co(t + e) for all e less than some sufficiently
small eo > 0. If Z is also a topological space, then each function co is right-
continuous and has left-hand limits. Let x be the .evaluation process on , i.e.,
xt(co) co(t), R + Let t be the a-field on generated by sets of the form
{x B}, B , s <= t. Let ff VtR+ t.

Because the positive rationals are dense in R +, it is clear that f can also be
written as V,a(xr.), where a(xr.) is the a-field generated by the function x,. and
r, is rational. Hence the separability of v implies the separability of f. More-
over, as will be shown, every real-valued if-measurable function on will map
onto an analytic subset, hence (, f) is a Blackwell space. The assertion follows

from considering approximations for any measurable f’ R of the form

If A, is a family of subsets then V,A, denotes the smallest a-field containing all the A,.
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f"= g". h- i, where i:(fL -) (Zn, en) is the natural isomorphism (N is the
set of natural numbers), and h:(Z, r) (R,) ( is the Borel field on R)
consists of measurable components hi,h"2,.., with h(zl,z2,...)= (h](zl),
h(z2), ...), and finally g is a measurable mapping from (Rn,n) into (R,N).
Since the Cartesian product of analytic sets is analytic (see [1]), the image of Zn

in Rn under h is an analytic set which is in turn mapped into an analytic subset
of R by g". Since analytic sets form a class closed under countable unions and
intersections, this limiting procedure shows that every measurable function
f:f -o R maps f onto an analytic set. Since (fL -) is a Blackwell space it follows
from [24, II, Thm. 16] that (f, o) is isomorphic to (,4, N(A)) where A is an
analytic subset of R. Hence the results of [28] can be applied without assuming
a topological structure on Z itself.

A Z-valued or R U { oe }-valued function f on f is a random variable (r.v.) if
f- (B) e o whenever B e or whenever B is a Borel subset of R U { oe }. Unless
otherwise stated a r.v. is R U {oe}-valued. A nonnegative r.v. T is said to be a
stopping time (s.t.) if for every e R+, { T __< t} e tt. If T is a s.t., then or consists
of those sets A for which A (’l { T =< t} e t for each e R+, whereas or- is
the a-field generated by o and sets of the form A 0 {t < T}, where A e tt, and
finally OT+ ["1, 0 r+ 1/."

Define inductively the functions T,"

T0-=0 T,+ x(co) inf {tit >= T(CO) and x,(co) XT,(,o)(CO)},
where the infimum over an empty set js taken to be + oe. The next few results
characterize the a-field t and demonstrate that the T, are indeed s.t.s. The key
results, Corollary 2.2 and Proposition 2.3, which are the only ones used sub-
sequently, can in fact be proved from first principles assuming only the separability
of, but it is much more intuitive and easier to rely on the results of [7] and [28].

Let H:f--. [0, oe] be any function. Then H defines three equivalence re-
lations on f as follows:

coH co, ., H(co) H(co’) and xt(co xt(co’ for _< H(co),

u co, H(co) H(co’) and there is e > 0 such that xt(co xt(co’

H-
co co’ H(CO) H(CO’) and xt(co xt(co’ for < H(co).

fort __< H(co) + e,

A set A c f is said to be saturated for H, respectively H+ H-, if co e A, and
H Hco co, respectively co co, co %-co, implies co’e A. Let 5, 5 +., 5_ denote

the family of subsets of f which are saturated for H, H +, H- respectively.
PROPOSITION 2.1. tt ffl -, where _9 for H =- t.

Proof. The proof follows from [28, Prop. 1.
COROLLARY 2.1. A nonnegative r.v. T is a s.t. if and only if { T <__ t} for

all R+.
COROLLARY 2.2. T, is a s.t. for all n.

Proof. T, is obviously a nonnegative r.v. and { T, _<_ t} e , by definition.
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PROPOSITION 2.2. Let T be a s.t. Then

-=N-, -+=N, -_ =.._N.
Proof. This follows from [28, Props. 1, 2].
For a s.t. T, o(X AT) denotes the a-field generated by the Z-valued r.v.s

Xt ^ T,
R +. (If S, T are r.v.s, then S A T (min S, T} .)

PROPOSITION 2.3. Let T be a s.t. Then T o(Xt ^ T)"
Proof. First of all since every measurable set generated by x AT clearly be-

longs to T, it follows that (Xt^T)c T - T" TO prove the reverse
inclusion, we begin by noting that (x ^ T) is separable by the same argument
which was used to show that (xt) is separable. By [24, III, Thm. 17] it
follows that T C (Xt ^ T) since the two families have the same atoms, namely,
N. {x.. ^ T B,}, where r, is rational and B, is an atom of

COROLLARY 2.3. ’Tn (7(XTi’ Ti; O <__ n).
Proof. The proof follows from Proposition 2.3 since

’oo(Xt A T.) a(XT ^ T., Ti A T 0 <= <= oo)

a(XT,, T/;O __< __< n).

COROLLARY 2.4. o a(Xr, ^,, T A t, 0 <= < o).
COROLLARY 2.5. Let T be a s.t. Then w+ r"
Proof. Since the sample functions are piecewise constant and co(t) co(t +),

it follows that r W+ and then the result follows from Proposition 2.2.
PROPOSITION 2.4. fiT,_ a(Xr,, Ti+ 1,0 <= <= n 1).
Proof. This proof is similar to the proof of Proposition 2.3, with both a-fields

having the atoms {XT, Ai, Ti+ Bi; 0 __< =< n 1}, where A is an atom of Z
and B is an atom of R.

PROPOSITION 2.5. Let n >= 1, and b > O. Let T (T_ + b)A T, and let
A T" Then there exists Ae "-Tn-1 such that A N {T < T,} A N {T < T,}.

Proof. By Proposition 2.3, or oo(xt ^ T)
and it is easy to see that the latter

coincides with the a-field generated by the r.v.s {XT, AT, Ti A T; i= O, 1, 2," "}.
Hence there exists a function g measurable in its arguments such that

Ix(co) g(Xro ^T(co), To A T(co), XT,_, ^ T(co), T,--1 A T(co), XT. ^T(co),

T, A T(co),...)

g(XTo(co), To(co),’.., XT._,(co), T_ 1(co), XT. ^ T(co), T A T(co),...).

Define the measurable function gO by

g(xo, to, x,_ 1, t,_ 1) g(Xo, to, x,_ 1, t,_ 1, Xn- 1, t,_ -[- (, Xn- 1,

tn_ + (,’’’).
Now if T,_ --< T < T,, then XT. ^ T(co) XT._,(co) and T, + k A T(co) T,_ 1(co)
+ 6 for all k >__ 0. Therefore,

IA(co)Ir < T.(co) g0(XTo(co), To(co),’", XT._(co), T,-I(co))(IT < T.(co)),
SO that the set A {co[g0(XTo(co), T,_I(co)) 1} satisfies the assertion. [3
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LEMMA 2.1. Let n 1, and let S be a s.r Then there exists a r.vf, measurable
with respect to r._ such that SIs < w. fIs < W"

Proof. SI{s < T} SI{s < T_ ,} + SI{Tn_ <_S T} and SI{s < T,,_ ,}, I{S < T_ ,) are

ffr._ ,-measurable so that by replacing S by S V T if necessary, one can assume
that S => T._ ,. Let F {S < To}. Then F [Am F,,, where

Fm= U {S To_ +k2-m} {To_ +k2-m< T,).

Fix 2-". By Proposition 2.5 there exist sets Ak fiTs._, such that

{S=< To_ +kb} N{T,_, +kb< To} =Ak{To_ +k< To}, k=> 1.

Define sets Bk by

B, A, and Bk= {o)Aklo)qAifori<k} fork> 1,

and then define the function f"" - [0, ] by

f"(o)) T,_ + kb if O) Sk and f"(o)) T ,(o))

Certainly f" is fiT._ ,-measurable. Also

(2.1) f"(o))- 6 =< S(o))=< f"(o)) < To(o) for

if O) 6 U Bk.

To see this note first that if O)e A U {Tn_ "-[-( < Tn} then clearly Tn_l(o)
f"(o)) =< S(o)) < f"(o)) < T,(o)). Next, as an induction hypothesis, suppose

that the inequalities in (2.1) hold for

and let

N

096 U Ak n {Tn_ -- k3 < T,},
k=l

N

(2.2) O) eAN+ {rn_ + (N + 1) < T,}, 096 U Ak n {T_, + k3 < To}.
k=l

Let k =< N + be the smallest integer such that O) Bk. Suppose k =< N. Then,
since Bk Ak, and since from (2.2), T > T,_, + k6, it follows that

oA N {T,_ + t6 < T,}
which contradicts the second condition of (2.2). Hence co BN+I and so T,_
+ N6 =< S(o)) __< T,_ ,(o)) + (N + 1)6 f"(o)) < T,(o)). Therefore (2.1) holds by
induction. Finally, define the fiT._ ,-measurable functionfbyf(o)) lim" inff"(o)).
The obvious inclusion F" c 1-’"+1 implies that if O)E F", then f"+k(o))
=< S(O)) _<_ f" + k(o)) for all k >_ 0. Hencef(o)) S(o)) and the assertion is proved.

To prove further it is convenient to introduce a probability measure on
(f, )2. Throughout this paper let P denote a fixed probability measure on (, ).
Recall the following important classification of stopping times [253.

It may be of interest to note that Lemmas 2.2, 2.3 and 2.4 below can be proved without imposing
a probability measure P by using the algebraic definition of a predictable s.t. of [28]. Then a predictable
s.t. in the sense used here is simply a nonnegative r.v. which is a.s. P equal to a predictable s.t. in the
sense of [28].
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Let T be a s.t. T is said to be totally inaccessible if T > 0 a.s. and if for every
increasing sequence of s.t.s S =< $2 _<- "--,

P{Sk(O < T(co) for all k and lim Sk(O3 T(co) < } 0;
k-

whereas T is said to be predictable if there exists an increasing sequence of s.t.s
$1 __< $2 _-< such that

P{T=0, orSk< T for all k and lim Sk= T} 1.

The next three lemmas relate this classification to the properties of the jump
times T, of the process x.

LEMMA 2.2. Let T be a totally inaccessible s.t. Then

Proof. The equality above holds if and only if P{T_ < T < T} 0 for
each n _>_ 1. Let n be fixed. By Lemma 2.1 there exists a -r_ ,-measurable function

f such that f(co) r(co) for o T_ < r < T,}. Let S T_ V (f- l/k). Then
S >__ T_ and S is r_ -measurable so that it is a s.t. Also S is increasing and
clearly

{T_ < T< T}

Since T is totally inaccessible, the set on the right has probability measure zero.
The assertion is proved.

LEMMa 2.3. Let T be a s.t. such that for all n >__ 1, P{ T T < oe 0. Then
T is predictable.

Proof. Let h be a function measurable in its arguments and taking values in
the set {0,’1} such that the process Ir_ has the representation

Ir<_t h(t, Xro ^t, To A t, ..., xr, ^t, T, A t, ...).

Since I._<t max_<t Ir_<, by modifying h if necessary it can be assumed that

h(t, ) max h(s, ).
s<_t

The r.v. (h(t + e), Xro ^t, To A t,...) is t-measurable and so the r.v.

T(og) inf {tlh(t + e,, XTo ^t, To A t,...)= 1}

is a s.t., and it is immediate that for e > 0,

T(o3) < T(o) for o {0 < T < }.
Furthermore T =< T, if e’ _<_ e. Define the s.t.s Sk by Sk T/k A k. It will now be
shown that

lim Sk(tO T(co) for o LI T,_ < T < T,}.
k-o
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Let co e { T._ < T < T.}. Then

so that

h(t, XTo ^,(co), To A t(co), ..., xT. ^,(co), T, A t(co) ...)

,[ 0 for T,_ x(co) < < T(co),
for => T(co),

+ , Xo ^,(co), To A t(o)),

0 for T,_ 1(co) < + (l/k) < T(co)or T,_ (co) < < T(co),
for => T(co).

Hence T1/k(co)= T(co)- 1/k for 1/k < T(co)- T,_l(co). It follows that Sk(co
converges to T(co) and the assertion follows.

LEMMA 2.4. T, is totally inaccessible if and only iffor every T._,-measurable
function f, P{ T, f < } O.

Proof Suppose P{ T, f < > 0. Let S T,_ V (f- l/k). Then S is
an increasing sequence of s.t.s and

{T"=f<e}c{Sk<T"frallkandlimSk=T"<}
so that T, cannot be totally inaccessible thereby proving necessity. To prove
sufficiency suppose that T, is not totally inaccessible so that there is an increasing
sequence of s.t.s S such that

(2.3) P{F} PSk < T, for all k and lim Sk T, < > O.
k-oo

By Lemma 2.1 there exist functions fk, measurable with respect to fiT,_,, such
that Sk(co fk(co) for co {Sk < T,}. Let f lim inffk. Then from (2.3) it follows
that f(o)= T,(co) for oeF so that P{f= T, < oe} >0 and sufficiency is
proved.

From the lemma above the following intuitive sufficient condition follows
immediately.

THEOREM 2.1. Let F(t,]Xo,to,..., x,_ 1,t._1) be the conditional probability
distribution of
for all values of (xo, to,..., x,_ 1, t,_ 1). Then T, is totally inaccessible. 3

As an application of Theorem 2.1 note that if x is a Poisson process, then
F(t,iXo, to, x,_ x, t,_ 1) (1 exp (t, t,_ 1))It,>_t._, is continuous. Hence
the jump times of a Poisson process are totally inaccessible.

3. The martingale representation theorem. It will be necessary from now on
to complete the a-fields t and with respect to the measure P. An additional
condition is also imposed.

Assumptions. (i) The a-fields tt, - are augmented so as to be complete with
respect to P. (ii) The stopping times T, are totally inaccessible for n _>_ 1.

If Z is a Borel subset of N’’ and contains all Borel subsets of Z, then the conditional prob-
ability F exists by [23, p. 361].
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Note that after completion of the space (f2, -) it ceases to be a Blackwell
space. But, of course, the results of 2 continue to hold if the relevant equalities
are interpreted as being true almost surely P.

The family is said to be free of times of discontinuity if for every increasing
sequence of s.t.s Sk, imS Vk s"

PROPOSITION 3.1. The family - is free of times of discontinuity.
Proof. By Lemma 2.2 and Assumption (ii)a s.t. T is totally inaccessible if

and only if its graph4 IT] is contained in the union U, [T,] of the graphs of T,,
whereas by Lemma 2.3, T is predictable if IT] f’l U, [T,3 . The assertion
follows from [14, III, Thm. 51, p. 62].

It will be useful to recall some definitions at this time. This will be followed by
some remarks and a reproduction of some known results which will be used in
the discussion to follow.

A process Yt is said to be adapted (to the family ) if Yt is ,-measurable for
all t. Two processes Yt and Y’t are said to be indistinguishable, and are written

Yt Yt, if for almost all o, yt(co) y’t(co) for all e R+.
Let mt be a martingale with respect to (f, t, P). It is said to be uniformly

integrable (u.i.), and one writes m e ////1, if {mtlt R+} is a u.i. set of r.v.s. It is
said to be square integrable (s.i.), and one writes mt e

Let m be a process. It is said to be a locally integrable martingale [locally
square integrable martingale], and one writes m e ////lloc[mt e ///12oc], if there is an
increasing sequence of s.t.s S with S - o a.s. such that for each k,

m ^sI{s>o ffffl[m ^sI{s>o e 2].

An adapted process a is said to be an increasing process if ao 0 and if its
sample paths are nondecreasing and right-continuous. It is said to be integrable,
and one writes a eg’+ if sup {Eatlt e R+} < . ’+oc is defined in a manner
analogous to the previous definition. Finally let ’ ’+
e +} and oc ’l+o- ,+o.

It will be assumed throughout that all the local martingales have ample
paths which are right-continuous and have left-hand limits. It is known that since
the r-fields are complete and since by Corollary 2.5, + for all R+,
therefore one can alwayschoose a modification of a local martingale so that its
sample paths have the above mentioned property (see [24, VI, Thm. 4]). Two
modifications with this property are indistinguishable.

It can be immediately verified that ///2 /1 and so /2oc gloc, and if
D,/t1 has continuous sample paths, then mt oc. However if the sample
paths of mt // are not continuous, then m may not. belong to ///oc. Thus in
dealing with discontinuous martingales one may be unable to use the Hilbert
space structure of square integrable r.v.s.

The next result follows from Proposition 3.1 and [22, Thm. 1.1].
THEOREM 3.1. Let m and m’ be in Y/2oc Then there exists a unique,5 continuous

process (m, m’)t such that mm’ (m, m’)t /oc.

IT] {(co, T(co))[co fl}
Throughout "unique" means unique up to indistinguishability.
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DEFINITION 3.1. Let B . Let

P(B, t) I._,
s<=t

be the number of jumps of x which occur prior to and which end in the set B.
PROPOSITION 3.2. There is a unique continuous process P(B, t) +o such that

the process Q(B, t) P(B, t) P(B, t) is in ///oc.
Proof. Let P,(B,t)= P(B,t A T,). Then P,(B,t) <= n so that it is square

integrable. Furthermore the jumps of P,(B, t) occur at the s.t.s T., 1 _<_ _<__ n, and
these s.t.s are totally inaccessible by assumption. It follows from [24, VIII,
Thm. 31] that there is a unique, continuous, integrable, increasing process P,(B, t)
such that Q,(B,t)= P,(B,t)-/,(B,t){2. From this last relation and the
uniqueness of P, one can conclude that P, + I(B, A T,) =- P,(B, t), Q, + I(B, A T,)
=- Q,(B, t). Hence the processes P, Q defined by

P(B, A T,) =_ P,(B, t), Q(B, A T.) Q.(B, t)

satisfy the assertion. ]
Remark. If the conditional distribution of the jump times T,+ and the jumps

Xr.+, given T, is available, then, following the results of [35], [36] and using
Lemma 2.1, an explicit characterization of the processes P(B, t) can be obtained.
Specifically, for each B and integer n let

Then

F.(B, t) P(T.+ Tn -< t, XTn+, BIT.).

W,- F(B, ds) +P(B, t) ,(- s F,,(Z s-)Ti<=t

It follows from this result that P(B, t) is continuous (absolutely continuous) in
if for each n, F(B,t) is continuous (absolutely continuous) in t. (Compare
Theorem 2.1.)

Two processes mt,m’ in f//2oc are said to be orthogonal if mtm’ ////o or
equivalently if (m, m’)t =- O.

LEMMA 3.1. Let B 6 , i= 1,2. Then Q(B1, t)Q(B2, t) _(B1 B2, t)
/o, i.e., (Q(B, ), Q(B2,.))t P(B1 B2, t). In particular, Q(B1, t) and

Q(B2, t) are orthogonal if B B2 .
Proof.

Q(BI,t A T.)= Q(B, B2,t A T.) + Q(B -B2,t A T.)

and

Q(B2,t T.)= Q(B, B2,t A T.)+ Q(B2- Bl,t A T.),

where B B’ {zlz B, z B’}. The s.i. martingales

(2(B1 f"l B2,t / T,), Q(B- B2,t A T,) and Q(B2- Bl,t/X T,)
have no discontinuities in common so that they are pairwise orthogonal by
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[24, VIII, Thm. 31]. The assertion follows then if one can show that for any
B,

(3.1) Q2(B,

Let Q(t)= Q(B, A T), n(t)= P(B, A T) and /(t)=/(S, A T). Let e > 0
and s < be arbitrary. Let So N S _<_ S2 _<_ be a sequence of s.t.s such that
So -= s, limoo Sk a.s. and such that 0 __< P(Sk) P(Sk_ 1) --< e and 0 __< P(Sk)

P(Sk_ ) __< a.s. Such a sequence exists since P is continuous. Then

2 (O(Sk) Q(Sk- ))2 2 (P(Sk) P(Sk-,) P(Sk) + P(Sk-1 ))2
k=l k=l

2 (n(s) n(s,_,))
k=l

2
k=l

+ 2 ((s,) P(s,_,)).
k=l

The first term in the last expression is equal to P(t) P(s) since P(Sk) P(Sk

is zero or one. Hence

Since e > 0 is arbitrary it follows that

(3.2) E Q(Sg) Q(Sg_ ,))2 (P(t) P(s))l 0.
k=

Now Q, #2 so that E{(Q(Sg)- Q(Sg_ 1))21} E{Q2(Sg)- Q2(Sg_ 1)1}. Also
Pt Pt ///’ so that E{n(t)- n(s)]o} E{P(t)- P(s)]}. Substituting these
relations in (3.2) one obtains

(P(t)- P(s))l} 0,

which is the same as (3.1).
For fixed t, Q(B, t), P(B, t) and P(B, t) can be regarded as set functions on

e. In order to define stochastic integrals and Lebesgue-Stieltjes integrals with
respect to these set functions it is necessary to show that they are countably
additive.

LEMMA 3.2. Let Bk, k >= 1, be a decreasing sequence in
Then for almost all co f), Q(Bk, t) - O, P(Bk, t) O, .ff(Bk, t) 0 for all R +
as k - o. Furthermore for all R+ and n >= O, EQ2(Bk,
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Proof. Fix e R+. The nonnegative r.v.s P(Bk, t) and P(Bk, t) decrease as k
increases so that they converge to some r.v.s P(t) and P(t) respectively. Hence
Q(B, t) P(B, t) P(B, t) converges to Q(t) P(t) P(t). From the definition
of P(B, t) it is clear that P(t)= 0 a.s. and from Lemma 3.1 it follows that
Qe/o. Thus Q(t)=-P(t)eo. But P(t) is an increasing process and
P(0) 0 so that this is possible only if Q(t)= -P(t)= 0 a.s. Thus P(t)= .if(t)

Q(t)= 0 for co not belonging to a null set N e. The monotonicity of the
sample functions of P, P implies that P(s) P(s) 0, hence Q(s) 0 for co q N
and s __< t. To prove the remaining assertion it is enough to note that by Lemma 3.1
and by what has just been shown,

EQ2(Bk, /X Tn)= EP(B, /X Tn)- 0 as k- oe.

The following definition relates to the different classes of integrands for
which a satisfactory theory of integration is available.

Let denote the set of all processes h(t) h(co, t) of the form

h(t)- hoI(to,tl nt- hlI(tl,t2 nt- nt- hkI(t,,t, +11,

where h is a bounded r.v. measurable with respect to , and 0 <_ o <= <= k+

< o. Let o denote the set of all functions f(z, t) f(z, co, t) of the form

f(z, co, t) dPi(z)hi(co t),
i=0

where q5 is a bounded function measurable with respect to and h e our.
DEFINITION 3.2. A function f(z, t)= f(z, co, t) is said to be predictable if

there exists a sequencef in o such that

lim f(z, co, t) f(z, co, t) for all (z, co, t) e e x f x R +.
k-

Let denote the set of all predictable functions and let ffP be the sub-a-field of
e(R) ff (R) N generated by .

If f(z, t) f(z, co, t) is measurable with respect to (R) ff (R) and if for all
fixed (z, co), f(z, co, t)is left-continuous in t, then f e @.

DEFINITION 3.3.

L2(J) {fel(llfl[’)2 =Efzf+ f2(z,t)(dz, dt)<

L(P)={felllfll?=EfzfR+ [f(z,t)[P(dz,dt)<o}.
Similarly

LI(p) {felllfll =EfzfR+ [f(z,t)lP(dz, dt)<oe}.
Lo(P) is the set of all f e for which there exists a sequence of s.t.s S T oe a.s.
such that flt<=s L2(p) for all k. Lo(P and Lo(V are defined in an analogous
manner. The integrals in this definition are to be interpreted as Lebesgue-Stieltjes
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integrals. Finally let L’(Q) LI(P) f-] LI(P), Loc(Q) Loc(P) f’] Lo(P). Iff(z, t)
LI(Q), then the integral

fz fR f(z t)P(dz dt) fzR f(z t)P(dz dt)

is denoted

fz fR f(z, t)Q(dz, dr).

LEMlVIA 3.3. To each f Lz(P) there corresponds a unique process (f Q)t //2,
called the "stochastic integral off with respect to Q" with the following properties"

(i) iff(z, co, t) I(z)Ia(co)It,o,,ll(t) Lz(P), where B and A o, then

!(co)[O(B,t A t)- Q(B, A to) fort > to,
(f Q)t o fort<= o

(ii) iff, g are in Lz(P) and o, fl are in R, then

(af + fig)o Q _= a(f Q) + fl(g Q).

Furthermore the stochastic integral satisfies the following relations"

and in particular,

f(z, s)g(z, s)Ito,,(s)P(dz, ds),

(3.4) E(f Q)2 (llfll

Proof. The proof follows quite closely that of [22, Prop. 5.1]. Let

fJ= aIj(Z)IAJ(co)I(t ,l(t) j 1 2
i=0

be simple functions in L2(/3) with B , A tt and 0 o < t < < tk+
< . Then from (i), (if) and Lemma 3.1, it can be verified directly that

(f’ Q.),(f2 O), fz fR f’(z’s)f2(z’s)Ito,tl(s)’(dz’ds)6#x

so that (3.3) and (3.4) hold for all simple functions in Lz(P). Since such simple
functions are dense in L2(p), (3.4) implies that there is a unique extension of the
map f (fo Q) to all of Lz(P). Evidently (3.3) and (3.4) will hold for the
extension.

LEMMA 3.4. Let mt /2 have continuous sample paths. Then m mo.
Proof. By replacing the martingale m by mt- m0 it can be assumed that

mo 0. It will be shown that m O. Suppose roT,_, 0 for some n _>_ 1 so that
in fact mt^T,_, E{mT,_,I^T,_,} 0 for all t, and consider the continuous
martingale #t mr^ T,. By Corollary 2.2 there exists a function h, measurable in
its arguments, such that # -= h(t, XTo ^t, To A t, XT. At, T, A t). The process
la, h(t, XTo ^ , ..., XT,_ ^ T,_ A t, XT._ ^ t, t) is then measurable with respect
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to or._,. Since for < T,, Xr.^t--Xr._,^t and T, A t, it follows that
#t =/t for < T,, and so by continuity of/, #t #t for =< T,. For a 6 R/
define S by

S(co) sup {s __< al#’(co) >- 0}.
Then since /t’ Ps 0 for s =< T,_ it follows that S _>_ T,_ 1, and since S is
measurable with respect to -T._ ,, therefore S is a s.t. for every a. Now let

T(CO) sup {s =< a A T.(co)l#’(co) -> 0}.
It will be shown that T is a s.t. Fix t. If a _<_ t, then {T <= t} since T <_ 0.

Suppose then that a > t. Now

{T, =< t} ({T, __< t} rq {T, __< t}) t_J ({L =< t} {T, > t}).
Since T _<_ T,, therefore {T, <= t} {T __< t}, so that the first set on the right in
(3.5) is equal to { T, __< t} which is in since T, is a s.t. It will be shown now that

(3.5a) {T, __< t} Cl {T, > t} =< t} Cl {T, > t}.
Since S, _> T, the set on the left is at least as large as the one on the right. Sup-
pose co e {T, =< t} f’l {T, > t}. Then #’(co) < 0 for s e It, e] and < T,(co), so that
S,(co) =< t, which proves (3.5a).

Thus { Tle e R+ } is a family of s.t.s and furthermore the sample paths T,(co)
are nondecreasing functions of . By the optional sampling theorem [17, Thm.
11.8, p. 376] applied to the martingale #, the process r/(co)= /T(o)(co), 0 R+,
is a martingale. Also, since T < T,, therefore #T, /r," Hence r/ => 0. But
r/o 0, so that one must have r/, 0. In turn this can happen only if #, =< 0 which
together with/o 0 implies/, 0. The lemma is proved.

THEORFM 3.2. Let m /11o have continuous sample paths. Then m, mo.
Proof. The s.t.s S,(co) inf {tl Im,(co)l > k} converge to and

mt^sfl(s,>o} /2
so that by Lemma 3.4, m^s mo.

Thus there are no nontrivial continuous martingales. On the other hand if

mt is a martingale, then its discontinuities occur at the jump times T, of the process
x as shown below.

LEMMA 3.5. Let S be a predictable s.t. and let m g2. Then Ams ms ms-
Oa.s.
Proof. By [24, VIII, Thm. 29] the process AmsI>_s is a martingale. By

[25, Prop. 7, p. 159], E{AMsIs- } 0 a.s. But by Proposition 3.1 and [14, III,
Thm. 51], s- s so that AMs 0 a.s.

The next result gives the first martingale representation theorem. It should
be compared with [22, Thm. 4.2 and Prop. 5.2].

THEOREM 3.3. Let mt e /2. Then mt mo e {f Q]f e L2(p)}.
Proof. It can be assumed without losing generality that mo 0. The space

f/ {m,/Zlmo 0} is a Hilbert space under the norm [[ml[2 Em2oo by
[16, Thm. 1], and by Lemma 3.3 the set V {fo Qlf Lz(P)} is a closed linear
subspace of ///. Furthermore 4 is closed under stopping, i.e., if (fo
and T is a s.t., then (f Q),^ T V’. This is clear because (f Q)t^ T (fT



1012 R. BOEL, P. VARAIYA AND E. WONG

where fT(t) fI,<T. Thus by [27, Thin. 2 and the remark following Def. 4] the
theorem is proved if it can be shown that m 0 when it is orthogonal to f Q
for every f Lz(P). Let m be such a martingale. By [16, Thm. 4], m can be de-
composed uniquely as

m m + mt,

dwhere m /l is continuous and m ///o2 is orthogonal to every continuous
martingale. By Theorem 3.2, m 0. By Lemmas 2.2 and 3.5, the discontinuities

dof m occur during the stopping times T,, n >= 1. Therefore, by [16, Thm. 4] again,
m m can be further decomposed as

mt= (M,It>=T.-a.(t))= Z P,t say,
n=l n=l

where M. Amw.--mw.- roT.-, a.(t)6 has continuous sample paths, and

#.t . Furthermore the martingale #,t is orthogonal to every martingale which
has no discontinuities at T,.

To prove that m 0 it suffices to show that M. 0 for each n. Fix n and
suppose that P{M, # 0} > 0. Since M, is measurable, with respect to w., there-
fore by Corollary 2.3 there must exist sets A "-Tn-,, B
such that

(3.6) E{M,(o)IA(co)Ix..IT.C} :/: O.

Consider the function f(z, o, t) defined by

f(z, o, t) I,(Z)Ia()Ic(t)IT._
The function g(z,o,t)= I(Z)IA(CO)IT,,_I<t<_T.} has left-continuous paths for
fixed (z, co) and for each fixed z, the set

{IA(O)ItT._,<,<=T. 1} A {T,_ < t} (’1 {t =< T,}
since A fiT._ ," Therefore g(z, t) is adapted, so that g and hence f glc(t is
also predictable. Also ]f] =< 1 and f(z, t) 0 for > T, so that f Lz(P) Lx(P)
f3 L(P). Therefore by Lemma 3.6 below it follows that

r/t (f Q)t fz fR f(z, s)Ito,tl(S)P(dz, ds) fz fR f(z s)Ito,tl(S)P(dz, ds)

IA(OO)I{xT.zB}I{T.zC}Itt >- Tn} a(t),

where a(t) is a continuous process. Thus the discontinuities of r/t occur at T,.
Since m is orthogonal to r/t by hypothesis, therefore

o +

Also (#, r/) 0 for k # n, hence <p,, t/) 0 so that #,. r/ gl. By the Corol-
lary in [16, p. 106] and the Definition in [16, p. 87] it follows that Ap,r.. At/r
It> . is a martingale so that

E{Mn(CO)IA(cO)I{xT,,B}I{T.C} O,

which contradicts (3.6). The theorem has been proved.
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Lemma 3.3 provides an obvious extension of the definition of the stochastic
integral (f Q)t to f Loc(P) and so Theorem 3.3 extends in the following manner.

COROLLARY 3.1. {m, mo[m ///oc} {(fo Q),lf e LEo(P)}.
To obtain the representation for martingales in //loc, two preliminary results

are needed.
LEMMA 3.6. (i) Let f. Then f LI(P) if and only if f LX(p). In fact,

Ilfl Ilfll . In particular, LI(P) LI(p) LI(Q).
(ii) Let f e L2(p). Then f LI(P) and

(3.7)6 (fo Q), ff f(z, s)Io,,p)Q(z, s).
dZdR

(iii) Iff LI(P), then

f f(z, s)lto,,l(s)Q(dz, ds) /g f’) ’mr=
dZdR

Proof. By an argument which is almost identical to the proof of [16, Prop. 3],
it can be shown that (3.7) holds for f e L2(p) f) LI(P) f’) LI(P).

Since L2(p) c LI(P) the second assertion will then follow from the first one.
Now let consist of all bounded functions f(z, t) 5 such that f(z, t) =- 0 for

>__ T, for some n < . Then certainly c LE(p) [") LI(p) [’) LI(P). So (Ifl Q)t
/2 for f tI), and in particular, by (3.7),

0 E(I fl Q) f I1 ill .
Thus the identity map, restricted to @, from LI(P) to LI(P) preserves norms.
Since @ is dense in LI(P) and LI(P), the first assertion follows. To prove the last
assertion, let f, k => 1, be a sequence in L2(p) such that Ill LIIx converges to
zero. Then mkt-- (fk Q), e2 and by (3.7), Elmk, m,I <= 2llf- LIIx converges
to zero uniformly in so that m e ///1. I-1

PROPOSITION 3.3. Let M be a r,-measurable r.v. for some n > Suppose
EIMI < . Then there is a unique f(z, t) L(P) such that

(3.8) MIt>_r fzfR+ f(z’s)I’tl(S)P(dz’ds)"

Furthermore f(z, s) 0 for s <= T,_ and s > T,, and

(3.9) EIMIr. < oo1 f IIx-
Proof. Since MI >= r,, MIr. o}I{t >__ r,i, it can be assumed that M MIr .

By Corollary 2.3 there exist r.v.s M of the form

Mk(03) E
where o R, B , A ,,_ and C 6 [0, ), such that ElM Mkl O. If

It may be worth repeating, to clarify the content of (3.7), that the integral on the right in (3.7)
is a Lebesgue-Stieltjes integral whereas that on the left is the stochastic integral as defined in Lemma
3.3.
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fk is defined by

fk(z,

then it is clear that (3.8) and (3.9) hold for Mk and fk. The assertion now follows
by taking limits.

LEMMA 3.7. Let mt 6 /1 f’l ’. Then there exists f 6 L(P) such that

m, mo f(z, s)I(o,,,(s)Q(dz, ds)(3.10) . Z .R
and

(3.11) E dm,] 2 f Ill.

Proof. m, has the representation

m,-mo Z (M,I,>=T,--a,(t))=
n=l n=l

where M, AmT., a,(t) e’ is continuous, and , . Since m ,

so that by Proposition 3.3, there exist functions f,(z, t) La(P) which vanish out-
side of {T,_ T,} such that EIMI IILIla and

By Lemma 3.6,

Mnlt >= T. fz fR fn(z’ s)I(’tl(s)P(dz’ ds).

rln(t) an(t) fZ fR+ fn(z’ s)I(o,t](s)(dz’ ds) (I"

But ]n(t) is continuous so that r/,(t)_ 0 by Theorem 3.2. Therefore (3.10) holds
for f(z, t)= nif,(z,t) and (3.11) follows from Lemma 3.6 and the fact that
f(z, t)f,(z, t) 0 for k - n. [3

THEOREM 3.4. m, A]o if and only if there exists f L?o(P) such that

(3.12) m’ m =- fz fR f(z’ s)I("l(s)Q(dz’ ds)"

Proof. The sufficiency follows readily from Lemma 3.6 (iii). To prove the
necessity one starts by noting that by [16, Lemma 3 and Prop. 43 there exists an
increasing sequence of s.t.s Sk converging to such that for each k, mt^sk mo
has a decomposition

m,^sk- mo + q,
where /k e///o and rh

k e/ 0 se’. By Lemmas 3.6 (ii)and 3.7, there exists
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fk e LI(P) such that

mtas- m fz fa(z’ s)I’’l(s)Q(dz’ ds)"

It is clear that f(z,t)= f+(z,t) for t=< S. Thus (3.12) holds for f Lo(P)
defined by f(z, t) f(z, t) for =< Sa.

The results above give a characterization of the classes //2, //’2 /1 f"]loc

and ///o. It seems much more difficult to obtain a useful characterization of the
class //.

The (local) martingales with respect to (fL, P) have been represented as
sums or integrals of the "basic" martingales Q(B, t). The latter are associated in
a one-to-one manner with the counting processes P(B, t) which count those jumps
of the underlying process x which end in the set B. Thus jumps are distinguished
by their final values. Now it is also possible to distinguish jumps by their values.
The corresponding counting processes will be of the form p(A, t) which counts
those jumps of the x process which have values in the set A. The martingales
q(A, t) associated with the p(A, ) also form a "basis" for the set of all martingales
on (fL , P) as will be shown below. The alternative representation obtained with
this basis can sometimes be more useful since the description of the x process is,
in practice, often given in terms of a statistical characterization of the jumps of x,.

For simplicity of notation it will be assumed in the remainder of this section
that the x process starts at time 0 in a fixed state, i.e., Xo(O9 x0(og’ for all
co’ in f.7 Next it is assumed that there is given a set E of transformations o"Z --, Z
with the following properties"

(i) E contains the jumps of the x process, i.e., if x_(co) - x(co) for some
s R+, co fL then there is a unique a 2; such that o(x_(co)) x(co);

(ii) E contains a distinguished element ao corresponding to the identity
transformation, i.e., ao(Z z for all z Z.

To each sample function cof of the xt process is associated a function
7(co)’R+ E defined as follows"

ao ift 0 or ifx,(co)
,(o)

a if x,(co) - x,-(co),

where a e E is the unique element for which o(x,_(co)) x(o)).
Remark. (i) Given a sample path x(o9), 0 __< s < t, there corresponds in a

one-to-one manner a sample path 7(co), 0 __< s __< t.

(ii) The functions 7(o9) are not right continuous. However if ?,,(co)= %,
then 7t-(co)= %. This observation will be used later in an example.

The following "regularity" assumption appears to be necessary. In practice
it is readily verifiable.

Assumption. There is a a-field E on 12 such that coincides with the a-field
generated by subsets of the form {col(co)e A}, where s < and A e E.

It should be noted however that the results below continue to hold in the absence of this
simplification.
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With the assumptions above it is clear that the processes x and y are
equivalent alternative descriptions of the same process. In particular they generate
the same a-fields, so that the two processes have the same martingales. The
representation theorems derived earlier for the x process can be applied to the
7 process but there is a minor point to be cleared up. Recall that it was assumed
that the x process was right-continuous whereas is not. However the assumption
of right-continuity was used only to establish the right-continuity of the family. This continues to hold of course since and x generate the same a-fields .
Hence one can apply the representation theorems.

DEFINITION 3.4. Let A E. Let

p(A,t) I:_ *,:}Ib’:+A}-" 2 Ix:-
s<t s<t

be the number of jumps of the x process with "values" in A and which occur
prior to t.

By Proposition 3.2 there is a unique continuous process i6(A, t) l;c such
that the process q(A, t) p(A, t) (A, t) is in //12oc. In analogy with Definitions
3.2 and 3.3 one can define the subsets ofz LE(ff), Loc(p*), Ll(ff), L(p) etc.8 Lemma
3.3 describes the stochastic integrals (foq) forf LE(p). An application of Theorem
3.3, Corollary 3.1, Lemma 3.7 and Theorem 3.4 yields the following representation
theorem.

THEOREM 3.5. (i) m //2 2(/go) if and only if m,- mo (foq)t for some

f e L2(p)(Lo(p)).
(ii) mt e /// f) s’(/o) if and only if m, mo [. Ig+ f(r, s)I(o,(s)q(dr ds)

for some f e L(p)(Lo(ff)).
4. An example. This section consists of a simple example showing how

Theorem 3.5 can be applied. The example will be further elaborated in [3]. Let
Z be countable and let e consist of all subsets of Z. Let xt be a process with
values in Z and satisfying the assumptions listed at the beginning of 3. Suppose
that from each state z the process x can jump to one of n states. In terms of a
state-transition diagram (see Fig. 1) there are n transitions or links emanating
from each state or node. Label these transitions by the symbols r, ..., ,. Let
Z {tro, ..., r,}. Thus each tr e Z corresponds to a transformation in Z, % is
the identity transformation. Let E be the set of all subsets of E. The x process
defines the process of transitions . Evidently E, E satisfy the assumptions made
above.

O"

III# t73

FIG. 1. State-transition diagram for example

,. is the set of predictable functions of (tr, , t) e E x f x R defined in analogy with Definition
3.2.
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Let pi(t) p({ai}, t), i(t) i({ai}, t) and qi(t) qi({ai}, t), 0 <__ <= n. From
a remark made in the last section, Itx ,_xs.I= =- O. Hence po(t) =_ 0 and so
qo(t) =- O. Theorem 3.5 simplifies to the following. Here the predictable integrands
are functions of (co, t) only.

THEOREM 4.1. (i) m e 2(//{oc) if and only if mt- mo =_ i=1 (f," qi)t for
some fi LE(i)(Loc(i)), < <= n.

(ii) mt d/[ f-) 1(#o) (f and only if mt mo =1 f(o,q f,’(s)qi(ds) for
some fi L(fii)(Loc(i)), <= <= n.

Example. Let x be a process taking values in a countable state space and of
the type described immediately above. From each state the process can make n
transitions trl, ..., rr, as sketched in Fig. 1. Let pi(t), i(t), qi(t) be as in Theorem
3.6.

Let 2(t), p(t), ..., p,(t) be nonnegative predictable processes such that

(4.1) p(t) 1,
i=1

tA Tk

(4.2) p(t/X Tk) Pi(s)2(s) ds ///1, k 1,2, ..., n.
o

Then the processes 2(t), p(t) have the following interpretation" since from (4.1)
and (4.2),

(4.3) pi(t A Tk) 2(s) ds e /[
i=1

and since ’= pi(t) is just the total number of jumps of the process occurring
prior to t, therefore the probability that the process xt makes a transition in the
time interval It, + hi, conditioned on the past of the process, is equal to
2(t)h + o(h). Similarly, pi(t) is the probability that the process makes a transition
represented by ai, conditioned on o and conditioned on the fact that a transition
does occur at t.

Now since the process represented by the indefinite integral in (4.2) has con-
tinuous sample paths, it follows quite readily (see, e.g., [25, p. 153]) that the jump
times of the process are totally inaccessible. Hence from Theorem 4.1 it can be
concluded that every m eo has a representation

(4.4) m, mo f(s) dpi(s) f(s)p(s)2(s) ds
i=l

for some predictable processes f e Lo(p2), i.e., for which

lf(s)p(s),(s ds < a.s. for all e R+.

This result indicates how one can immediately write down the representation
results if the process x is described in terms of the "rate" processes and the
"transition" probabilities pi. It should be kept in mind, however, that it has o
been proved that iven processes .() and p() there exists a process x for which
(4.2) holds. This question of existence will be pursued []. The next remark
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relates to the representation (4.4), which asserts that the n local martingales in
(4.2) indeed form a "basis" for the space of all local martingales //1oc. The question
is whether n is the minimum number of martingales in every basis of //oc. For
the case where x is a Gaussian process the minimum number of martingales has
been called the "multiplicity" of the process by Cramer [8], [9]. It turns out that
this notion of multiplicity extends in a very natural way to arbitrary processes
[13]. From the results of [13] the following sufficient condition can be obtained:
Suppose that the processes pi(s)2(s) satisfy

pi(s)2(s) > 0 pj(s)2(s) > 0 all i, j.

Then n is the minimum number of martingales in a representation of //1loe"
Finally, specialize the example still further and assume that x is a counting

process, i.e., x0 0, xt takes integer values and has unit positive jumps. Then x
is a direct extension of a Poisson process. The state-transition diagram then
simplifies to that of Fig. 2 and since n 1 in (4.1), (4.2) and (4.4), therefore pl(t) 1
and can be omitted. Also p(t) xx(t and so the representation (4.4) simplifies
to (4.5). Every m /lloc can be written as

(4.5) m, mo f(s) dx f(s)2(s) ds,

where f is a predictable function such that

s)2(s) ds < a.s. for all R+.

FIG. 2. Transition diagram for counting process

This representation result has been obtained by very different techniques by
several authors [4], [5], [11], [12]. However even here the cited references prove
(4.5) for the special case where the probability law of the xt process is mutually
absolutely continuous with respect to the probability law of a standard Poisson
process. Hence even for this special case, (4.5) is a strict generalization of the
available results.

Appendix The increasing processes P(A, t) and the L6vy system. This section
attempts to give an intuitive interpretation of the increasing processes /(B, t)
and shows the connection with the L6vy system for Hunt processes.

Begin with the observation that for all B the measure P(B, t) is absolutely
continuous with respect to the measure /(Z, t), i.e., there exists a predictable
function (09, t) -, n(B, o9, t) such that

(A.1) P(B, t) n(B, o, s)P(Z, ds).

To see this it is enough to demonstrate that for all predictable functions
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)(09, S) 2(09, S) (i.e., all indicator functions),

(A.2)

implies

(A.3)

E 49(09, s)P(Z, ds) 0

E dp(09, s)P(B, ds) O.

Suppose (A.2) holds. Then

and so

which proves (A.3).

dp(s) dQ(Z, s), dp(s) dQ(Z, s

0 dp(s) dQ(B, s), dp(s) dQ(Z, s

d(s)P(B Z,ds) (by Lemma 3.1)

ckZ(s)P(B, ds),

In exactly the same way as Lemma 3.2 was proved it can be shown that the
n(B, 09, s) considered as a set function in Y’ is countably additive in the sense that
if B B2, is a disjoint sequence of sets in Y’, then

P Bi, (Bi, s)P(Z, ds).

Hence if one sets P(Z, t) A(t) s’+oc, then the system {n(B, t, 09), A(t)} is analogous
to a L6vy system for Hunt processes (see [22]), and has a similar interpretation:
the probability of x, having a jump in It, + dr) is dA(t) + o(dt), while n(A, t, 09)
is the chance that x A given and given that a jump occurs at t.
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MARTINGALES ON JUMP PROCESSES. II: APPLICATIONS*

R. BOEL, P. VARAIYA AND E. WONG"

1. Introduction and summary. This paper is concerned with applying the
theory of martingales of jump processes to various problems arising in com-
munication and control. It parallels the approaches which have been recently
discovered in dealing with similar problems where the underlying stochastic
process is Brownian motion. Indeed these approaches have recently been ex-
tended, starting with the work of Snyder [143, [16, [303 and Br6maud [6], [283,
to the case of the Poisson process and its transformations. The paper can then be
regarded as a sweeping generalization to this recent work.

The paper can also be considered as an illustration of an abstract view and
a set of instructions which must be followed to obtain certain concrete results in
the areas of communication and control. It is hoped that this tutorial function
will also be served.

Two results from the abstract theory of martingales form the basis of this
abstract view. The first consists of the differentiation rule and the associated
stochastic calculus for martingales and semi-martingales [1], and its application
to the so-called "exponentiation" formula [2]. The second result consists of the
earlier Doob-Meyer decomposition theorem for supermartingales [3]. In order
to follow the abstract view, one also needs a third set of results, the so-called
"martingale representation" theorems for specific processes. These results form a
bridge between the abstract theory and the concrete applications. The repre-
sentation results used here have been obtained in [4], hence the paper can also
be viewed as a continuation of that work.

The paper is organized in the following manner. In the next section are
presented many definitions, notations and results from [1], [2], [3], [4] which
will be used in the succeeding development. These preliminaries are certainly
longer than can be considered proper, and are justified partly to serve the tutorial
function, partly because there is no consensus of usage in the literature, and lastly
because some of the published literature contains errors and inaccurate or mis-
leading statements which can be exposed only within a carefully and completely
developed context.

Section 3 is concerned with showing the "global" existence ofjump processes
over a finite .or infinite interval which satisfy certain local descriptions. Existence
of such processes is obtained by transforming the laws of "known" processes by
an absolutely continuous transformation. We also present a wide class of point
processes which can be so transformed to yield solutions to prespecified local
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descriptions. Sufficient conditions are derived which guarantee when this tech-
nique is applicable. The question of uniqueness of the solutions is settled for a
wide class of local descriptions.

Section 4 deals with a specific problem in communication theory, namely
the calculation of the likelihood ratio of a process which may be governed by
one or two absolutely continuous probability laws. The techniques for 3 and 4
are the same. Section 5 is concerned with estimating certain random variables or
processes which are statistically related to an observed process. The emphasis
here is on obtaining "recursive" filters. As special cases one obtains a "closed
form" solution for some ofthe situations where the estimated process is Markovian.
Applications to optimal control will be made in a future paper.

Throughout, there has been an attempt to link up the results with those
which have already appeared in the literature in as precise a manner as limitations
of space permit. Any omissions are due to oversight of the authors.

2. Preliminaries and formulations. This section describes most of the results
from the literature which are necessary to the sequel. Section 2.1 is definitional in
nature. Sections 2.2-2.7 are taken mainly from [1], 2.8 is taken from [23, the
remainder is from [4].

2.1. Processes. Throughout 92 is a fixed space, the sample space. The time
interval of interest is R/ [0, oe) unless specified otherwise. For each let be
a a-field of subsets of f. It will always be assumed that the family , R+, is
increasing, i.e., c for s _<_ and right-continuous, i.e., t f-l,>t " Let

Vt be the smallest a-field containing all the . Let P be a probability
measure on (92, -). Thus one has a family of probability spaces (92, , P). It will
always be assumed that probability spaces are complete.

Let (Z, ) be a measurable space. Let x’f2 R/ --, Z be a function such
that {colxt(co)e B} for all Bee, e R+. Then (xt,t,P) is a (stochastic)
process. Thus every process has attached to it a family (YL , P), R+, of
probability spaces. The same function x defines a different process if either the
family or the measure P is changed. When the context makes it clear we write
(xt, ) or (x, P) or x, instead of (xe, ,, P). If (x, , P) is a process, then so is
(xt, ,oz-x p) where is the sub-a-field of generated by x, s =< t, and P is the
restriction to ’ Vt. Two processes (x, , P) and (y, t, P) are said to be
modifications or versions of one another if x y a.s. P for each t, the set {xt 4: yt}
may vary with t. They are said to be indistinguishable if there is a set N with
P(N) 0 such that for co N, x(og)= y(og) for all t. Given (92, , P), a random
variable, or r.v., with values in (Z, ) is a --measurable map from f into Z.
Unless explicitly stated otherwise all r.v.s and processes take values in (R U {oe },
), where is the Borel field.

2.2: Stopping times. Consider a family (92, o, P). A nonnegative r.v. T is
a stopping time, s.t., of the family if

{T=< t}e forallt.

The s.t. T is said to be predictable if there exists an increasing sequence of s.t.s,
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S S2 ..., such that

P {T =O or Sk < Tfor all kand k-,oolim Sk T} 1.

The s.t. T is said to be totally inaccessible if T > 0 a.s. and if for every increasing
sequence of s.t.s $1 < $2 < ..’,

P {Sk< Tfor all k and kolim Sk T < oo} O.

2.3. Martingales and increasing processes. A process (mr, t, P) is said to
be a (uniformly integrable) martingale if the collection {mtit R +} of r.v.s is
uniformly integrable, and if E(mtl) m a.s. for s __< t. The collection of all such
martingales, for which mo 0, is denoted///1 _/dl(t, p). (mr, t, P) is said to
be a local martingale if there is an increasing sequence of s.t.s Sk, with Sk

--,

a.s. such that

(mr A skI(s o}, ’G, P) /d for each k.

The collection is denoted/dloc(--, P). (mt, ----, P) is a square integrable martingale
if m e//d and if supt Em2 < oo. The collection is denoted /d2(, P) and the
class of locally square integrable martingales 2/dloc(t, P)is defined analogously.
It is obvious that/dl2oc c /doc.

Each m e/dlloc has a version whose sample paths are right-continuous and
have left-hand limits. Clearly such a version is unique, i.e., unique modulo in-
distinguishability. It will always be assumed that local martingales have sample
paths with this continuity property.

A process (at, , P) is said to be increasing if ao 0 a.s. and if its sample
paths are right-continuous and nondecreasing. The collection is denoted

Members of ’+(a’) are said to be integrable (or have integrable variation).
a a’- is said to be locally integrable a ’l+oc if there is an increasing sequence
of s.t.s Sk

-, a.s. such that at^s at’+ for all k. oc a’+lo a’lo.+
Semimartingales. A process (st, , P) is a semimartingale, respectively local

semimartingale, if it can be expressed as s so + m + at, where mt/dl(, P)
and a a’(, P), respectively, m /dl*o(, P) and a a’0(, P). The families
are respectively denoted 5(G, P) and o(G, P).

2.4. Predictable processes. The family of all processes (Yt, t, P) which
have left-continuous sample paths generates a a-field ()c (R) ’,
where ’ is the Borel field of R/, with respect to which the functions (m, t)-
are measurable. is called the predictable a-field, and every process (Yt, , P)
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which is -measurable is called a predictable process. Note that if = , then
(,,) ().

For (a,, , P)6 .NO

L"(a) Y(Yt, , P) is predictable and E IyI"dal <

L’o(a) {ylthere is a sequence of s.t.s S such that

yIs e LP(a) for each k}.
The integrals above are Stieltjes integrals.

2.5. Quadratic variation. Two martingales m, n in o are orthogonal if
their product, mn oc" m o is continuous if its sample paths are con-
tinuous; it is said to be discontinuous if it is orthogonal to every continuous
martingale. Every m o has a unique decomposition,

m,=m+m
is discontinuous. Clearly if mt oc is con-such that m is continuous and m

tinuous, then it is oc. To every path m, n ino is associated a unique pre-
dictable process, denoted (m, n)t or ((m,, n,),, P) such that (m, n), c, and

(m,n, (m, n),) o(, P).

(m,n) is called the predictable quadratic covariation of m,n. For mo,
(m) (m, m) is the predictable quadratic variation of m. Note that generally
(m, n) depends crucially upon the family (, P).

a thenIf m, n in oc have the decompositions m m + m, n n + n,
the process

Ira, n], Ira,, n,] (m, n), + Am’ An,
st

where Am m m-, An n n-, is called the quadratic covariation of m,
n and [m] Imp, mt] is the quadratic variation of mt. It turns out that

so that if, furthermore, m, n are in t, then

Ira, n], (m, n), do.

22.6. Stochastic integration. If mt oc(, P) and , Loc((m),), then
b, Loc((m, n),) for all nt ///2oc(, P) and there is a unique process, denoted
(b m), //2oc( P), which satisfies

(2.1) (b m, n), qbd(m, n) for all n, 6 d2o.

The integral on the right is a Stieltjes integral. If m ///o then one cannot define
a stochastic integral in this way. Two other possibilities are open.
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a loc( P), if roteIf m m + mte d oc( p)l and if
Llo(mt), then the process

(2.2) ( m)t (o mC)t + dps dm e #o(, P),

where (b m)t is defined as in (2.1) whereas the second integral is a Stieltjes
integral.

Finally if m e /glao and if (t,, P) is a locally bounded2 predictable process,
then there exists a unique process ( m)t e /o which satisfies

(2.3) [ m, n], b dim, n]s for all n

The integral on the right is not in general a Stieltjes integral unless [m, nit e 1o.
The precise interpretation of this integral is not given here since it is seldom used
below. For details see [1].

The process (05 m)t is called the stochastic integral of 4) with respect to m.
Note that if (b m) makes sense according to more than one of the three possibilities
(2.1), (2.2) or (2.3), then the resulting stochastic integrals coincide.

2.7. Differentiation formula. Let st So + mt + at o(, P). The decom-
position is not unique. If st So + m’t + a’t is another decomposition, then the
continuous parts m, m’t of the local martingale are indistinguishable. This unique
continuous local martingale is denoted s.

5o( P),Let s (s), ..., s’) be a process with values in R" such that s e
l, ..., n. Let F:R" - R be a twice continuously differentiable function. Then

the following differentiation formula holds:

F(st) F(so) + (st-) ds + (s,-) d(sic, sJ),
i,j=l

[ ]
As a special case one obtains the very useful "product" rule. Suppose m and n
are in///lo. Then (since m0 no 0), and recalling the definition of Ira, nit,

mtnt mS_ dnS+ nS- dmS + [m,n]t.

2.8. The exponentiation formula. Let s e oc(, P) with So 0. Then there
is a unique process Yt e oc(, P) which satisfies the equation

Yt Yo + y-ds, >= O,

It holds for the discontinuous martingales to be intro-This is a nontrivial restriction on m
duced in 2.9 below.

lbt is locally bounded if there is an increasing sequence of s.t.s S oe such that the process
qb ^skIs>o is bounded for all k. Note that if b is a right-continuous process, having left-hand limits,
then the process q6 b_ is locally boufided.
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for a prespecified o-measurable Yo, and Yt is given explicitly by

Yt Y0 exp (s 1/2(sc, s)t) 1-I (1 -+- As)

where the second term converges a.s. Yt is called the exponential of s and is some-
times denoted Yt g(st). Evidently g(st) _> 0 a.s. if Yo ->- 0 a.s., and if 1 + As _>_ 0
a.s. If, in addition, mo __> 0 and m -mo ///doc(t, P), then (g(mt),t,P) is a
supermartingale, i.e.,

and so in particular,

E((mt)]s) < (ms), s < t,

E(g(mt) <= E(mo), >= O.

Finally if m [1 is bounded, then g(mt) is a martingale.

2.9. The fundamental lump process. Let (, t, P) be a family of spaces and
let (xt,

, P) be a process with values in (Z, ) such that all the sample paths of
x are piecewise constant and have only a finite number of discontinuities in every
finite interval, and such that the sample paths are right-continuous, i.e., for all co,
there is eo > 0 such that xt(co xt+(co) for 0 =< e <_ eo. Let T,, n 0, 1,..-,

denote the jump times of the process, defined inductively by To 0 and

inf {tit > T,(co), xt(co # XT.(co)}, n > O,
Tn + l(co

oo if the set above is empty.

(xt, , P) is a fundamental jump process, or a fundamental process, f.p., with
values in (Z, e), if in addition,

(i) (Z, e) is a Blackwell space, and then it turns out that the jump times
are .s.t.s, and

(ii) The s.t.s T, are totally inaccessible.
Evidently if (xt, , P) is a f.p., so is (xt, t, P), where ’ is the sub-a-field

of generated by x, s __< t. For each B e e, let

P(B, t)

be the number of jumps of x which occur prior to and which end in the set B.
Associated with P(B,t)are two unique increasing continuous processes

+ ov + o-,, p) such thatP(B, t) dloc(t, P) and P’(B, t)
2Q(B, t) P(B, t) P(B, t)e ,_loc(t, P)

t- P). Furthermore,and Q(B, t) P(B, t) P(B, t)

<Q(B1, t), Q(B2, t)> =/3(B f"l B2, t),

and

<QX(B1, t), QX(B2, t)> pX(B B2, t).

Finally, the functions P,
are countably additive.
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Note. The condition that the T, are totally inaccessible is equivalent to the
assertion that the P(B, t) are continuous. See [4] for alternative conditions.

A real-valued function f(z, t)= f(z, o, t) is said to be predictable, and one
writes f @(), if it is measurable with respect to (R) (R) and if for each
fixed z, f(z, .,. is predictable in the sense of 2.4 above. The family (-) is
defined similarly. Iff (), respectively (), we call f a -predictable, re-
spectively ’-predictable, process. The following classes of predictable functions
are used in the martingale representation results:

L2(lX)={f6()’("f Y)2=EfzfR f2(z,t)-X(dz,dt)<ovt

L’(Q) L’(P) [’)L’(Px).
It turns out that l[f[ll lif[l, hence L’(P) LI(p) L’(Q).

LZoc(Px) f @(ff’)] there exists a sequence of s.t.s Sk such that

f(z, t)I,=s Lz(Px) for each k}.
The classes Loc(P etc. are defined in a similar manner. Evidently,

Loc(Q’) Loc(P Loc(P).
Let f(z, co, t) be a function which is measurable with respect to (R) ff (R)

such that f(z,., t) is ff’-measurable for fixed z and such that

E fz fR f(z t)[PX(dz’ dt) <

Then there exists a 0--predictable functionf such that

E fzf ]f fiP(dz, dt)=O.

This result follows easily from [22, , Thm. 23]. The result will be used in 4,
5 in the following context" Let f (ff,) and let f(z, t)- E(f(z, t)[-’); it can

then be assumed without loss of generality that f is ff-predictable.

2.10. Representation of //2(-). For each f L2(Qx) there exists a unique
2process (f QX)t # (#’t) such that for all g L2(Q), and fl in R,

(af + fig)o QX =_ a(f QX) + fl(g Q),

(f Q’, g Q’)t f(z, s)g(z, s).’(dz, ds).
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Conversely if m, e /2(,_), then there exists f L2(Qx) such that

m (f QX)t.
2 o"xSimilarly, m //Zoc( t) if and only if there exists f LZoc(Q’) such that

m (f Q,),.

///lo(t). Iff e (px), then (fo QX),2.11 Representation of x L
where

(f QX)t f(z, s)QX(dz, ds) f(z, s)P(dz, ds)

f(z, s)P(dz, ds),

the integrals on the right being Stieltjes integrals. Conversely if m,
then there is f LI(Px) such that

m (f Q)t.

Finally, m, e //1o(5 t) if and only if there is f e Llo(P such that

m (f QX)t f(z, s)[P(dz, ds) PX(dz, ds)-].

’xRemark 2.1.1. If m //loc( ,) has continuous sample paths, then m =-- O.
2. If more than one-representation above applies then the representations

coincide.

2.12. Local description of a fundamental process. Let (xt, ,, P) be a funda-
mental process with values in (Z,), and consider the increasing processes
P(B, t) and P(B, t). Let A(t) P(Z, t), AX(t) P(Z, t). The countable additivity
of these functions with respect to B implies that there exist predictable
processes n(B, t) and n(B, t) such that for all B ,

P(B, t) n(B, s)A(ds),

pX(B, t) n(B, s)A’(ds).

Evidently it can be assumed that n(Z, s) n(Z, s) 1. The system {n(B, t), A(t)}.
or {n(dz, t), A(dt)} is analogous to a L6vy system for a Hunt process [5]. The
system {n(dz, t), A(dt)} will be called an extrinsic local description of x, whereas
{n(dz, t), A(dt)) is called the intrinsic local description of x, because of the fol-
lowing interpretation: the probability that x has a jump in It, + dt] given ,

o(dt) (respectively AX(dt)+ o(dt)) while n(B,t)(respectively ,)is A(dt)+
(respectively nX(B, t)) is the probability that x, e B given t(5,) and given that a
jump occurs at t. For future reference we note the following trivial but important
fact.
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Fact. Let {n(B,t), A(t)} and {nX(B,t),AX(t)} be extrinsic and intrinsic local
descriptions. Then for all B e , and e R /,

(2.4) g n(B, s)A(ds)[[ nX(B, s)A(ds) a.s.

2.13. Fundamental example. The results in .the succeeding sections will be
specialized to the following example which covers many practical cases such as
Poisson, counting, birth and death, and queueing processes.

Let (xt, , P) be a fundamental process with values in (Z, e). Suppose that
from each z e Z the process can make at most n transitions, where n is a fixed
finite number. Thus the transitions can be represented by a "state-transition"
diagram of Fig. 1, where the transitions are labeled a ..., a,. Define the counting
processes pi(t), <= <= n,

pi(t) number of transitions of type made by the process xt prior to t.

FIG. 1. State-transition diagram for fundamental example

Then there exist increasing processes/i(t) and ff[(t) such that

////2 ’-x p) if and only if there existFurthermore, m /2(_--x p) respectively locke, t,

ff L2(p) respectively 2Lo(Pi), such that

(2.5) m (fo q[)t
i=1

////1 (x p), if and only if there existand m, /{(x p) f-) , respectively loc. t,t

f. e LX(p), respectively Loc(p), such that

(2.6) ,n (f,.o q),,
i=1

where the integral is a Stieltjes integral.
We call (/7, .-.,/7,), respectively (p., ..., p,), the extrinsic, respectively in-

trinsic, local descriptions.
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Remark 2.2. If (xt,
, P) is a counting process,3 then Fig. simplifies to

Fig. 2 and there is only one transition. Hence in this case n in (2.5) and (2.6).

FIG. 2. State-transition diagram for counting processes

For this special case Br6maud [6] has obtained the representation for //oc(t),2,
whereas Davis [7] has extended it to the class ,////loc( ). However both these
results were obtained only for the case where the law of (xt,.t,_x p) is mutually
absolutely continuous with respect to the law for a standard Poisson process
(see 3).

3. Solutions to specified local descriptions by change of law. In 3.1 we
present a very useful technique for transforming one fundamental process
(x, , P) with a I.d. (local description) (n, A) to another process with a different
prespecified I.d. The questions of uniqueness of the solution is discussed in 3.2.
Section 3.3 consists of some sufficient conditions which guarantee that the tech-
nique is applicable. Finally 3.4 presents a class of processes which can be trans-
formed into other processes with this technique.

Let (xt, x, P) be a fundamental process with values in (Z,) and with
intrinsic local description (1.d.) (nX(dz, t), AX(dt)) so that

P’(B, t) nX(dz, s)A’(ds), R+.

Since we will be only dealing with the "intrinsic" a-field in this section, the
superscript x will be omitted here. Hence x, p PX etc.

3.1. The transformation technique. Let P1 be another probability measure on
).and suppose that

P1 <<P,

i.e., P is absolutely continuous with respect to P. It is evident that the same
function x(o9) defines another fundamental process (xt,

, P) with a possibly
different 1.d. (n(B, t), Aa(t)) say. We are going to determine the relationship be-
tween the two descriptions.

Let L dP/dP be the Radon-Nikodym derivative. The r.v. L _>_ 0 and
E(L)4 1. Let L, E(LI). Then (Lt, ’t, P) is a uniformly integrable martingale,
lim L L a.s. and in L by [3, remark after VI, Thm. 6.

PROPOSITION 3.1. (i) If L > 0 a.s. P, then for almost all 09, L_(og) > 0 and
L,(oo) > 0 for all t.

(ii) Let

(3.1) T(o9) inf {tlLt-(o) 0 or L,(o)) 0}.

A counting process is an integer-valued process which starts at 0 and has unit jumps.
4 E, E x, denotes expectation with respect to P, P.
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Then for almost all co, Lt(co 0 for >- T(co).
Proof. (i) Clearly L > 0 a.s. implies Lt > 0 a.s. and then the second part of

the assertion follows from (ii), and the latter follows from [3, VI, Thm. 15]. [3
Remarks 3.1. (i) If L > 0 a.s. P, then in fact P << P1, i.e., the two measures

are mutually absolutely continuous.
(ii) It is easy to give examples such that Lt > 0 for all but P(L 0) > 0.
For e > 0 let

(3.2) T(co) inf { t[ L, (co) =< e}.

PROPOSITION 3.2. T is a s.t. for all e and

lim T(co)= T(co) a.s. P
e-0

Proof. The fact that T is a s.t. follows from the fact that the process L_ is
left-continuous and from [3, IV, Thm. 52]. Now T is clearly nondecreasing with
e. Let

To(cO lim T(cO).
-0

Suppose T(cO)= oo and per contra To(cO < oo. Then there exists a sequence
increasing to o < oo such that L,_(cO) 0. By left-continuity Lo_(cO 0 and so
T(cO) __< o. Next suppose T(cO) < oo. By Proposition 3.1, for almost all such cO,

To(cO __< T(cO). If To(cO < T(cO), then a repetition of the previous argument will
end in a contradiction. Once again To(cO T(co). V1

For e > 0 let

L(CO) L,^ T(cO), e R+.

Then L- L0 e FI(P) and L_ >_ e for all t. By 2.11 there is a predictable
function if(z, t) e Loc(P such that

(3.3) L + if(z, s)Q(dz, ds)

Since 1/L_ <= 1/e, therefore the process

and hence

f(z, s)[P(dz, ds) P(dz, ds)].

(z, s) [if(z, s)]/L- e Lloc(P),

(3.4) m(t)=fzfl dp(z, s)O(dz, ds) e /o(, P)

which upon substitution into (3.3) gives

L 1 + L_ dm.

Here it is being assumed that L _= which is indeed the case if o is trivial. Otherwise, in the
sequel, replace the martingale L by LffLo.
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By the exponentiation formula of 2.8,

-(m m’c),) 1-[ (1 + Am) e(3.5) L g(m) exp (m ,c

s<_t

By the Remark in 2.11, m’c =_ O, hence (3.5) simplifies to

(3.6) L exp (m) 1-I (1 + Am) e- am.

Rewriting (3.4) as

(3.7)

and acknowledgin that the second integral has continuous sample paths (since
P is continuous) it follows that for almost all 09,

(3.8) Am(og) m](og) m_(og) ;z (z, s)(oo)[P(dz, s)(co) P(dz, s-)(co)].

Also since P(B, s)(o) P(B, s-)(o) equals or 0 depending upon whether or not
xs-(o) 4: G(co) and x(o))e B, therefore the term (1 + Am) in (3.6) can be written
as

(3.9) (1 + Am)(o9) fz (1 + dp(z, s)(og))[P(dz, s)(co) P(dz, s-)(co)].

From (3.8), (3.9) it follows respectively that

Z Am(o9)= Z
s<=t s<_t

V= Xs

I-I (1 + Am(9)) 1-I
s<_t s<_t

Xs- Xs

(x(co), s),

(1 +

which upon substitution, together with (3.7), into (3.6), yields after some can-
cellation the first interesting result"

(3.10) g= I-I [1 +d/(xs,s)]exp

Xs- :/= Xs

Finally let ek > 0, k 1,2,..., be a sequence decreasing to 0, let SO 0,
Sk T, k 1,2,..., and let

dp(z, s) cDk(z, s)I(s_
k=l

4) is predictable since is predictable and I(s_ <_<sk} is left-continuous. Since
by definition, L L’^ r for e’ < e, we have proved the following result.

THEOREM 3.1 Let P1 << P, and let L E(dP/dPl’t). Let

T inf{tlL,_ 0 or L, 0}.
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Then there exists a predictable function b(z, s) and an increasing sequence Sk of
s.t.s converging to T such that

Ck(Z, S) (Z, s)I<_s,, L]o(P)
and

(3.11) L^s I-I [1 / dPk(X,s)]exp dpk(Z,S)P(dz, ds
s<_t

Xs- Xs

The product on the right converges a.s. whereas the integral is a Stieltjes integral.
Remarks 3.2. (i) If L dPx/dP > 0 a.s., then T- ov a.s. so that the result

above implies that Loc(P). However if this is not the case then it is not true
that in general Loc. Some additional properties of are given in Theorem 3.2
below. Nevertheless, very loosely speaking, one can interpret (3.1 l) as

(3.12) L I] [1 + (D(x,s)] exp d(z,s)P(dz,ds) for < T.
s<_t

:Xs- Xs

Indeed some such loose interpretation has to be used in understanding the cor-
responding formulas of [6], [23].

(ii) The characterization (3.11) has been derived earlier [23], [24] for the
case where (xt, t, P) is a Brownian motion. The techniques for the proof are
identical except that in deriving (3.4) one observes that every martingale on a
Brownian motion sample space is a stochastic integral of the Brownian motion
(see [5]), and that all martingales are continuous so that (3.5) simplifies to

-(,,, ,m’C),).L =exp(m- *’

(iii) For the fundamental example the representation (3.11) becomes, using
2.12,

L,^ s I-I [1 + bk(S)] exp dPk(s)p (ds)
i=1 s<_t

(x- ,x)ei

for some predictable 4)(s), 1 __< __< n, such that 4) Lo(P). Here the notation
(x,_, x) a means that x makes a transition of type at time s.

If (x, t, P) is a Poisson process then in the above n and, as is well
known, p’(ds)=- ds. For this case the result was first obtained by Br6maud [6]
without the integrability condition on 4), and for the case L > 0 a.s., by Van
Schuppen [24], and by Davis [7] who proves in addition that then 4) Lo.
Br6maud [6] also obtains this representation for the case where the example is
a Markov chain.

We proceed to obtain the relations between the local descriptions. The next
result is well known.

LEMMA 3.1. m /lloe(tt, P) if and only if tntL e ,/lloc("t, P).
Proof. Let Sk - av be a sequence of s.t.s such that for each k,

(3.13) mt A s,,Lt ^ s,,I(s,, > o) e l(p).
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First of all,

Next for s __< t,

E lm, ^ skltsk 01 ELIm, ^ sk Itsk > o1
EL,^ slmt^sIts>ol (by (3.13))

E(m, ^ sL, ^ sIs> oil g’s)Ex(m,^sIsk>o[s) E(L,^sk[)
From (3.13) and the fact that L e ’(P) the right-hand side simplifies to

ms ^ skLs ^ SkI(sk O} ms ^ sI{s > ol,Ls ^ sk
which proves the "if" part of the assertion.

Conversely suppose that

(3.14) mt^suI{su>o} /I(P1).

It will be shown that for s 5 t,

(3.15) E(L^sm^sItso[) L^skltso a.s.P.

So let A . Then

E(I,L ^ sm ^ sIts o E (Iamt ^ sklts o

E(Iam^sItso (by (3.14))

E(L^sIAm^sItsk>o),
which proves (3.15).

THEOREM 3.2. Let (xt, , P) be a fundamental process with values in (Z, )
and with (intrinsic) 1.d. (n(dz, t), A(dt)). Let Px << P and let L E(dP/dPI) have
the representation (3.11). Then (x,, , PI) has l.d. (n(dz, t), A(dt)), where

(3.16) A(t) A(dt) and

Furthermore, it can be assumed that

(3.17) (1 + q) => 0

nx(dz, t) (1 + dp(z, t))n(dz, t).

and (1 +)eLo(P

with respect to probability measure PI.
Proof. By 2.9 there exist continuous increasing processes Pa(B, t) l+oc(P)

such that

(3.18) Q,(B, t) P(B, t) P, (B, t) e oc(P1).

Hence to show (3.16) it is equivalent to prove that

(3.19) P-(B, t) (1 + ok(z, s))P(dz, ds).
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Let Si, bi be as in Theorem 3.1, and let

(3.20) Q](B, t) QI(B,

(3.21) m, P(B, t/ S)- (1 + dp(z,s))P(dz, ds).

It will be shown first that m e //oc(P). By Lemma 3.1 it is enough to show that

Since e Lo(P), therefore m is in o(P), also L, e (P) o(P). Hence one
can apply the differential formula of 2.7 to obtain

(3.22) Lm ms_ dL + L_ dm + [A(mL)- m-AL- L Am].

From (3.21),

L- dm L-P(B, ds) L_(1 + )P(dz, ds),

and since A(mL)= (m- + Am)(L- + AL)- m-L-= m-AL + L-Am
+ AL Am, therefore the last term in (3.22) equals

AL Am L-4(z, s)P(dz, ds)

from (3.11) and (3.21). Substituting these relations back into (3.22) gives

Ltm m_ dL + L-(1 + dp)P(dz, ds) L_(1 + dp)P(dz, ds)

=flm-dL+fff ^s’

L_(1 + ch)Q(dz, ds),

which is clearly in /goc(P). Hence m,eC{o(P,). Since Q](B, t) 6 o(P), sub-
tracting (3.21) from (3.20) implies that

P(B, tAS)-fBfl (1 + c(z, s))P(dz, ds) e /’loe(P1).

But this process has continuous sample paths, hence it must vanish, i.e., for almost
all co (P measure)

Pl(B, ] Si) (1 / dp(z, s))P(dz, ds) for all t,

which proves (3.19) and thereby (3.16). The assertion contained in (3.17) follows
’loc(P1). [-]from the fact that P has increasing sample paths and is in +

Remark 3.3. (i) It has been shown that b e LIon(P) in the probability space
(fL if, P1) and not in (YL if, P).
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(ii) The transformation of I.d. for the case where (x,, P) and (xt, P1) are both
Hunt processes has been obtained in [5]. For this case the local description is
called a L6vy system.

(iii) For the case of the fundamental example with 1.d. 1, ..., ,6,) under P,
the I.d. under P is ((1 + 4))/, (1 + b")/,), where the qi are as in Remark
3.2 (iii).

Theorems 3.1, 3.2 allow us to obtain in certain cases processes which have
certain specified l.d. from known processes with other descriptions. Put differently,
we have a "synthesis" procedure for obtaining "global" solutions for a class of
1.d.s. This is summarized in the following theorem, whose proof is now immediate.

THEOREM 3.3. (Existence of solutions to local descriptions). Let (xt, tt, P) be
a fundamental process with values in (Z, ) and with intrinsic 1.d. (n(dz, t), A(dt)).
Let dp(z, s) be a predictable function such that

z, s) ocP)(3.23)

and

(3.24) fa L dP 1,

where

(3.25) L, I-I [1 + 4(x, s)] exp c(z, s)P(dz, ds)
s<_t

Xs- Xs

Then (x,, , P) is a fundamental process with l.d. (n(dz, t), A(dt)), where

n(dz, t) (1 + O(z, t))n(dz, t)

and where the probability measure Px is. given by

dPx L dP.

Remark 3.4. (i) This result is extremely useful in practice since given an
arbitrary 1.d. there is no way to determine whether or not there exists a process
with such a description. On the other hand, from the viewpoint of dynamical
processes, a 1.d. is much more natural and useful.

(ii) For the case of Brownian motion the result corresponding to the above
was first obtained by Girsanov [9], and the technique was soon adopted in
stochastic control problems [10], [11], [12], [13].

(iii) Br6maud [6] was the first to use this result, for the special case where
(x,, , P) is a Poisson process, to obtain existence of several "self-exciting"
counting processes (x, , Pa). Snyder [14] and Rubin [15] introduce several
jump processes through their l.d. However they do not discuss whether or not
there indeed exist processes with these descriptions. The result above can be
used to solve this problem.

(iv) The condition (3.24) is a nontrivial restriction. For the Brownian motion
case some sufficient conditions on the local description have been derived which
guarantee (3.24). See [10], [11]. For our case similar conditions are given below
in 3.3.
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(v) Theorem 3.3 does not address itself to the question of uniqueness of the
solution. This question is discussed next.

3.2. Uniqueness of solutions with specified I.d. To discuss uniqueness of laws
of solutions it is convenient to assume that f is the space of sample functions and
that the process x on f is merely the "evaluation" process, i.e., xt(og) o9. The
probability on f is then the law of the process. We will be dealing with two such
processes, xt and yt, with the same set of sample functions but with different laws.
Hence we must have two different probability spaces (fx, t, PX) and (fr,r p)
where (fx,) and (f, otr are copies of the same family (f, t). In particular,
then, x and y are identical functions on [0, 1].

Since we are unable to obtain any interesting results for the infinite time
interval, therefore in Theorem 3.4 and Corollary 3.1, [0, 1].

DEFINITION 3.1. An (intrinsic) l.d. (n, A) is said to have unique solutions if all
fundamental processes (xt, t, P) with l.d. (n, A) have the same law.

THEOREM 3.4. Let x, y, 0 <__ <__ 1, be fundamental processes with values in
(Z, ) and on the (sample function) spaces (fU, xt, px), (fy,y pr) respectively.
Let (n, A) be the l.d. ofx and ((1 + qS)n, A) the 1.d. ofyfor some predictablefunction

Suppose that (n, A) has unique solutions, and suppose that for each e > 0 there
exist Z and k < such that

(i) pX(B) >__ 1 e,
where

B {cnlx,(og) e Zfor 0 <= <= 1 },

(ii) - -0-( o s)
(PY(dz, ds) + PY(dz, ds)) <= k for 09 B,

where these are Stieltjes integrals.
Then

where

x(o)Pr(do) and dP dPr,

1,=((oQr),) and ff=-/(l+b).

Proof. The process (m, fir pr)t

m, (z, s)Qr(dz, ds) (z, s)EPr(dz, ds) Pr(dz, ds)]

is, by (i) and (ii), well-defined as a Stieltjes integral. Hence m, o(r, Pr) so that
it is in oc(Pr). Therefore by 2.9 there is a unique process (l, rt, Pr) where

l, 8(m,).
Let e, > 0 be a decreasing sequence converging to 0. Define the predictable

functions

f s)(O,
q,"(z o s)

I. 0



MARTINGALES ON JUMP PROCESSES. II 1039

m" r W) whereBecause of(ii), the process t, t,

m, O"(z, s)Qr(dz, ds),

is a bounded martingale. Hence by 2.9 the process (l’, r, W) is a martingale,
where

I’ (m’).

Furthermore from the definition of

(3.26) 1’(09) l,(og) for all and 09 B,.
By Theorem 3.3 the fundamental process (y, ffr, p,), where

(3.27)
dP"
dpy 1],

has a 1.d. ((1 + if")(1 + qS)n, A), and by the definition of if" and

(1 + ")(1 + qS)(z, 09, t) for all t, 09 B. and z Z,.
Since (n, A) has unique solutions, it follows that

>= 1-e (by(i)).

From (3.26), (3.27) this implies

f (o)W(do) > e

and since > 0 is arbitrary, the assertion follows.
Note. We must have W(B, t)(o9) W(B, 0(09) and PY(dz, dt)(og) [1 + b(z, t)]

x n(dz, t)A(dt).
COROLLARY 3.1 (uniqueness). Let (xt, , P) be a fundamental process with

values in (Z, r) and with 1.d. (n, A) which has unique solutions. Let dp be a predictable
function such that

qb(z, s) L,oc(n ), E[((b Q)),)] 1.

Suppose that clb satisfies (i) and (ii) of Theorem 3.4. Then the 1.d. ((1 + b)n, A)) has
unique solutions.

Proof. By Theorem 3.3 and the hypothesis there is a solution (yt,Yt, P1)
with I.d. ((1 + qS)n, A), where dP g((ck Q’))dP.

Suppose (Yt, rt, P2) is another solution with I.d. ((1 + b)n, A). By Theorem
3.4,

dP lx dP 12 dP2,
and since dP La dP it follows that > 0 a.s. Pi, i= 1,2. Evidently then
P2=P. [-]
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Remark 3.5. (i) Theorem 3.4 is inspired by [9, Lemma 7] and the development
there suggests how the result can be generalized.

(ii) Conditions (i) and (ii) of Theorem 3.4 are usually easy to verify in practice.
Consider a special case of the fundamental example where (xt,

x, px) is a Poisson
process with rate 1. Then Z is the space of integers and y is then a counting
process with local "intensity" rate + b(o, t). Suppose (o, t) is expressed
explicitly as a function of the past of x, i.e., (o, t)= f(Xto,l(co), t). Then the
conditions (i) and (ii) are satisfied if, for instance, there is an increasing function

fo such that

< fo(S) when Ix,l S.]f(xto.q, t)l +
I1 + f(xto,q, t)l

For a similar condition in the Brownian motion case see [11].
(iii) Corollary 3.1 extends in an obvious way to the time interval R +. How-

ever Theorem 3.4 does not.

3.3. Sufficient conditions. Let (x,, , P) be a fundamental process with
values in (Z, )and with intrinsic description (n(dz, t), A(dt)). Let (z, t) Lo(P
and define the process L, [0, 1], by

(3.28) L I-I [1 + 4(G, s) exp d(z, s)(dz, ds)
=/=:

Then L also satisfies

(3.29) dLt Lt- dmt,

where

(3.30) m, ( Q),.

We assume that + (z, t) >__ 0. Then Lt >= 0, Lt is a supermartingale and

E(L1) 1.

The three results below state conditions on which guarantee

E(L)-- 1.

The following assumption is made throughout this subsection.
Assumption 3.1. There exists an increasing function #:R+ R+ such that

(3.31) P(Z, t) <_ p(t) a.s.

(Note that this implies P(B, t) <= p(t) for all B e ).
PROPOSITION 3.3. Suppose that for some K < ,

(3.32) I1 <-_ K.

Then E(L 1.
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Proof. From (3.28), (3.31) and (3.32),

L, =< (K + 1)exp Kp(t).

Hence

IL,-c/)(z, t)l: <= KZ(K + 1): exp 2Kg(t),

so that

E ]L,-4)(z, t)l:P(dz, dt) <= E K:(K + 1) exp 2K#(t)p(dt) < ,
which implies that

L,_(z, t) e L(P).

By 2.10, L is a square-integrable martingale, and in particular E(L)= E(Lo)

PROPOSITION 3.4. Suppose that for some K < ,

fzf (3.33) (1 + (z, t))[ln (1 + (z, t))]P(dz, tit) K a.s.

Then E(L) 1.

Proof. Define the function " so that

0 otherwise,

and let L be obtained from (3.28) by replacing with ". By Proposition 3.3,
E(L]) 1 and it is clear that L] converges to L in probability. Hence by [3,
II, Thm. 21], E(L) if and only if the set of r.v.s {L]ln l, 2, ...} is uniformly

integrable. fine the probability measures P, by

dP
() L().

By Theorem 3.3, (xt,,P,), tel0, 1], is a fundamental process with 1.d.
((1 + ")n, A) and so the corresponding margingales are given by

(, t e(, 0 ,(, 0 e(, 0 ( + 4(z, s(, s.

Because is bounded and because of (3.31), Qe(P,). For later reference
define e (P) by

r 0n( + 4 ,,
and note that

(3.34) (", "), [ln (1 + b")-]2(1 + ck")P(dz, ds).



1042 R. BOEL, P. VARAIYA AND E. WONG

We are ready to show that {L] } is a uniformly integrable family. Fix M < .
First,

Next,

So

{L] > M}

L"l(co)P(dco) P,,{L" > M}.
LnI>M

(from (3.28))

exp In (1 + 4)")[P(dz, ds) (1 + ")P(dz, ds)]

exp [(1 + "). In (1 + b") c"]i(dz, ds) > M

= In (1 + ")[P(dz, ds)- (1 + ")P(dz, ds)] > } In M

U [(1 + 49 In (1 + 49 4](dz, ds) > In M

=F UF say.

P,{L" > M} <= P,(F1) + P,(F2).
From (3.33) it is immediate that P,(F2)= 0 for all sufficiently large M. On the
other hand, F2 {" > 1/2 In M}, so by the Chebychev inequality,

4 fta " dP.P"(F2) -<- (In M)2 ( ")1

4

(ln M);K (by (3.34), (3.33)).

It follows that for all n, P,{L] > M} 0 as M , i.e., {L"} is uniformly
integrable.

For the next proposition express P(dz, ds) n(dz, s)P(Z, ds) (see 2.11).
PROPOSITION 3.5. Suppose that there exist > aM K, K’ finite such that

(3.35) fz (1 + (z, t))’n(dz, t) K + K’[P(Z, t) + P(Z, t)] a.s.

and suppose that for all 0 < M < ,
(3.36) E exp IMP(Z, 1)] < .
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Then for < 7 <-_

(3.37) sup EL < ,
t[O,1]

in particular EL 1.
Proof. If (3.37) is satisfied then by [8, II, Thm. 22] the family in

0 =< __< 1} is uniformly integrable and so by [8, VI, Thm. 6], L is a uniformly
integrable martingale, hence E(L1) 1.

For 0 1/2 7 > 1, define

First of all,

In (1 + dp)Q(dz, ds)

 zf0[+ 71n(1 + b) +

g,(7) exp 74

P(dz, ds)

P(dz, ds)

f(Y)g,(7) exp 7 In (1 / O)(dz, ds) 7( In (1 + c))P(dz, ds)

L (by (3.28)).

Next it can be checked by substitution in (3.28) that If(7)] is obtained from
(3.28) by replacing (1 + ) with (1 + )r. Hence if 2< 2 so that (1 + )r
Lo(P), then we must have

E[(y)] for all t.

Now by H61der’s inequality,

eL (e[()3)’/(e[g,()/.- ’).-
so that

EL <_ (E[g,(7)]/(- 1))(-
Next,

[g(7)]/,- 1) =< exp + P(dz, ds)

__< exp 72/t(t) +

(since + b >= 0 implies -7q5 _-< 7)

{K + K’(P(Z, s) + P(Z, s))}P(Z, ds)l
(from (3.31), (3.35))

__< exp fl exp K’/(1)P(Z, 1) (for some constant fl).

+ K + #(t) + K’P(Z t) tt(t) (from (3.31))
7 5-
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Hence,

EL <= (exp fl)E[exp K’/(1)P(Z, 1)]

and the result follows from (3.36).
Remark 3.6. (i) Suppose (x, , P) is as in the fundamental example with

corresponding increasing processes/(t), ...,/(t). Then Assumption 3.1 trans-
lates into the following: there exists an increasing function A :R/ R/ such that

L i(t) A(t)a.s.
i=1

Similarly (3.35), (3.36) become:there exist > and K, K’ such that

(3.38) L (1 + ,(t)y <= K + K’ L (Pi(t) + ff,(t)).
i=1 i=1

(ii) Now suppose that (xt,
, P) is a standard Poisson process. Then (3.38)

becomes

(1 4- O(t)y <__ K + K’(x(t) 4- t).

Suppose that b(t) c(x(t_)y for some < 1. According to Feller E27 p. 452] a
counting process x with rate [1 + b(t)] has infinitely many jumps in a finite in-
terval, so that it cannot be a fundamental process. Thus Proposition 3.5 is false
if e < 1. We have been unable to resolve the case of "linear" growth, i.e., e 1.

Remark 3.7. Propositions 3.3, 3.4, 3.5 are inspired by corresponding results
in [6], [24], [28 respectively.

3.4. A class of Poisson-measure lroeesses. In order to apply the trans-
formation technique presented earlier one must begin with a fundamental process
(with a known 1.d.) whose existence is guaranteed. In this section we present a
large class of such processes for which the increasing processes P(B,t) are
deterministic.

Let (Z, ) be any Blackwell space and let/t be any positive measure on the
space (Z x R+, e (R) ), where is the Borel field on R+. Suppose that for all
< oo, (z x E0, t)<

Let fl’ be the space of all (nonnegative) integer-valued measures N on
(Z x R+, (R) ). For each Te R+, let } be the family of all subsets of
of the form

{N f’IN(C) K},
where C e (R) N[0, T] and K I+, the set of nonnegative integers. Evidently
Wr is a r-algebra on f’. Let

’= VT’T.

Now, for each T define the set function Pr on (’, Wr) by

P’T(N(C) e K)
P(c)k -u(c)

k! e
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Note that /(C)< since C c Z x [0, T]. By [311, Pr defines a probability
measure on (f’, }). Furthermore if C1, C2 are in Z x [0, T] and
then the two random variables defined by

N- N(C), N--, N(C2), N

are independent. Finally the random variable N- N(C) has a Poisson dis-
tribution. For A , consider the counting process P’(A, t), R+, defined on
the family (f’, ^ r, Pr), by

P’(A, t)(N) N(A x [0, A T]).

Evidently E(P’(A, t))= lt(A x [0, A T]), and if A ["l A 2
, then P’(A1, t)

and P’(A2, t) are independent processes.
Next by Moyal [32], there exists a jump process x, e R+, with values

in (Z, e) defined on a family (, x PT) such that (i), PT) is isomorphic to
(f’,ff^ T, P}) and (ii) the counting processes W(A, t) corresponding to xt are
"isomorphic" to the processes P’(A, t) constructed above. Furthermore,

pX(A, t) =/(A [0, A T]).

To finish the construction we merely note that if S < T, then the probability
measure Ps on (fl, ffs) coincides with the restriction of PT (defined on ff) to

ffs. By the Kolmogorov consistency theorem, there therefore exists a probability
measure P on (fl, 5 ) such that

(3.39) /’(A, t) p(A x [0, t]), A e, R +.

However the process x may not be a fundamental process. To guarantee this we
must be sure that the jump times are totally inaccessible. As mentioned in 2.9,
this is equivalent to the requirement that PX(A, t) have continuous sample paths,
and hence, from (3.39), to the requirement that p(A x [0, t]) be continuous in
for each fixed A. We summarize the main conclusions as follows.

THEOREM 3.5. Let (Z, ) be a Blackwell space and let l be any nonnegative
measure on (Z x R+ (R) ) such that

(i) p(Z x [0, t])< o for all t R+,
(ii) p(A x [0, t]) is continuous in for all A .

Then there exists a fundamental process xt on a family (YL ’,x p) with values in
(Z, ) such that

P’(A, t) /(A x [0, t]), A 6 , e R +

Remark 3.8. (i) The x process has independent increments in the sense that the
P(A, t) have independent increments. If xt were vector-valued this would indeed
imply that xt has independent increments in the usual sense.

(ii) The most useful version of this result would be when is a product
measure p(dz, ds) n(dz)A(ds), where n is a finite measure on (Z, ) and A(t) is
a continuous increasing function on R+, in which case (n, A) would be a L6vy
system.

4. Detection. The prototypical detection problem in communication theory
is the following. We observe a sample xt(co), 0 <= < o, of a stochastic process.
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The process is known to be governed by one of two laws, P or Px. Based upon the
observed sample one has to decide which of the two hypotheses, P or P1, is true.
The term "detection" arises from a particular instance of this hypothesis testing
model, namely, when the process x has the representation

dx white noise, under P,
(4.1)

dxt- white noise + st, under P1,

where s is called the "signal". Thus deciding which hypothesis is true is, for the
example, equivalent to "detecting" whether the signal is present (hypothesis P1)
or absent (hypothesis P).

Very recently this problem has been considered for the case where x is a
counting process under P1 and a Poisson process under P [6], [7], [15], [16],
[17]. The case where x is a Markov chain under P has also been discussed [6].
We generalize these results by considering problems where x is a fundamental
process.

A well-established procedure for judging which hypothesis is true consists in
first calculating the "likelihood" ratio (dP/dP)(x(co)) and then in accepting P if
dP/dP > and rejecting P otherwise. The selection of the "threshold" is
discussed in 18]. The procedure is often called the "threshold detector".

Evidently for this procedure to be meaningful one must assume P1 << P.
Also to obtain results of practical value one must specify precisely how the
"signal" affects the observation, as for instance in (4.1), where it is assumed to be
additive. We proceed to the mathematical model.

Let (, ), R +, be a family of spaces and P, Pa two probabilities on (fl, ).
The observed process is a family of measurable functions x "(,) - (Z, ) such
that (xt,

, P) and (xt,
, P) are both fundamental processes. The processes

P, P, Q and px, QX are the extrinsic and intrinsic (i.e., relative to ) processes
corresponding to (xt, P). Similarly P1, Pa, / etc. correspond to (x, Pa). The
extrinsic and intrinsic 1.d.’s are (n, A), (nx, Ax) for (xt,P) and (ha ,A), (n, A) for
(xt, P1)"

We now give the model corresponding to the "signal plus noise" model of
(4.1).

Assumption 4.1. There exist ’-predictable processes (B, co, t), B , and
-predictable processes g(z, co, s) and g a(z, co, s) such that E]g(z, s)] < o and
Exlg(z, s)l < o for all z, s, and

P(B, t) n(B, t)A(t) g(z, co, S)l(dz, co, ds),

P(B, t) n(B, t)A(t) gl(z, co, s)/a(dz, co, ds),

where the integrals are Stieltjes integrals.
Interpretation. In communication theory terms we can say that the "jump

rates" P(B, t) are "modulated" by the signal through the functions g, g.
DEFINITION 4.1. Let E(g(z, t)l) (z, t) and El(gl(z, t)l) l(Z, t).
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PROPOSITION 4.1.

P(B, t) ,(z, s)p(dz, ds) a.s.

P(B, t) , l(Z, s)p(dz, ds) a.s.

Proof. It is enough to prove the first assertion since the proof for the second
is identical. Fix B e. We know that

(4.2) Q(B, t) P(B, t) g(z, s)p(dz, as)eo(, P)

(4.3) Q(B t)= P(B t)- X(B t) -lot,

Let T, n 0, 1, ..., be the jump times of xt. The T are stopping times for the
hmily () as well as for (7). Furthermore EIP(B, A Z)] n. Hence

EI Q(B,t A L)l < ,
and we can define a process (Q(B t) _x p) such thatt

O(B, T.)= E(Q(B, T.)I)

and it is trivial that Q(B, A T,)e(, P). Now P(B, t) and g(z, t) are ff-
measurable, hence

Subtracting this from (4.3) implies that

On the other hand it can be directly verified that

C" [E(g(z, s)[)- (z, s)]p(dz, ds) 1(, P).
d o

Therefore

pX(B, tA T,)-ffl ,(z s)p(dz ds) /1 o’’x(, ,P).

But this is a continuous process. Hence it must vanish, i.e.,

P’(B, ,(z, s)p(dz, ds). [

Remark 4.1. The processes (Q(B, t), 5 p) are called the innovations processes
of the process (xt, , P), in analogy with the Brownian motion case [21]. These
processes will be used in the next section.
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THEOREM 4.1. Suppose that P << P. Let L E(dPx/dPI) be the likelihood
ratio and let

T=inf{tlLt=OorLt- =0}.
Then there is a sequence of[ s.t.’s Sk T T a.s. P such that

and

(4.4) Lt^s l-I
s<=tASk
Xs- :/: Xs

1(Z’S) "’x

s)] exp I_ fz fl
^sk

,(x, s) J
(z,s)
,(z,s)

,(z, s)p(dz, ds)l
Proof. By Theorem 3.1 there exists s.t.’s Sk T T and an -predictable

function b such that Lt^s is given by (3.11), and by Theorem 3.2 the intrinsic
1.d. of (xt,P1) is ((1 + )nX, AX), where (nX, A) is the intrinsic 1.d. of (xt, P); so
from Proposition 4.1 we can conclude that

Therefore

(1 + c(z, s))n(dz, s)AX(ds) (1 + dp(z, s)),(z, s)p(dz, ds)

,l(z, s)p(dz, ds) Wi(dz, s)A(ds).

+ c(z, s) "- (z, s)
,(z,s)

which upon substitution into (3.11) yields (4.4). [3
COROLLARY 4.1. Suppose in the above that x is as in the fundamental example

’xof 2.12. Suppose there exists a t-predictable process p(t), and --predictable
processes 2i(t), 2] (t), <= <= n, such that

,() 2(s)(ds),

Then the formula (4.4) changes to

fii, l(t) (s)]2(ds),

(4.5)

l<_i<n.

^ i=1 s<tASk -(x ,xAei

Proof. The proof follows from Theorem 4.1 and Remark 3.2 (iii).
Remark 4.2. (i) Very special cases of (4.5) have appeared in the recent literature.

Suppose in Corollary 4.1 that (x,, P) is a Poisson process with rate 2o. Then
in (4.5), n 1, 2(s) 2o, (ds) ds and (4.5) becomes

ids)] exp (ia(s) 20) ds(4.6) Ls 2o
X

This version together with the comment in footnote 5 yields the result in [16,
p. 95]. Actually in [16] some strong unnecessary assumptions are also imposed.
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Formula (4.6) has also been derived in [6] and [7]. Formula (4.5) for the case
n and lz(ds) =- ds appears in [15], although the derivation is not satisfactory,
and various additional assumptions, some of which are not easily unverifiable,
were made there.

(ii) In [6] we can also find (4.5) for the special case where (xt,.t,.-x p) is a
Markov chain, in which case the .i can be interpreted in terms of various transition
probabilities as suggested in 2.11, 2.12.

We apply formulas (4.5) and (4.6) to calculate the mutual information be-
tween two fundamental processes. Let x and x’ be two such processes on (f, , P)
with values in (Z, e) and (Z’, e,) respectively. Let l(dz, ds) and IJ’(dz’, ds) be
-x_ and 7’-predictable processes and g(z,s) g’(z’ s) be two -predictable
processes with finite expectation such that

n(dz, s)A(ds) g(z, s)It(dz, ds),

n’(dz’, s)A’(ds) g’(z’, s)lz’(dz’, ds).

Let Px, Px’ denote the restrictions of P to x and x’ respectively. Assume that
_-x’ the product a-algebra and let P,, P, (R) P, denote the product

measure on x(R) ’. It is trivial that P << P,. Assume further that
Px, << P. The mutual information between x, x’ is the quantity

I(x,x’)= E(ln dd-P,
Let

By Remark 3.2 (i),

Assume further that

,(z, t) (g(z,

,’(z’, t) (g’(z’,

g/, e Lo(P), g’/,’ I Lloc(P ).

In (g/,)e LI(p), In (g’/’)e Ll(p,).

Then by Theorem 4.1,

s),(x,,s)J exp [- fzfo g(z,s)

,(z,s)

x [’(xs S) exp
,’(z’,s)

so that

1)(z, S)l(dz, ds)l}
-1 ,’(z,s)l’(dz’,ds)]}

(4.7)

dP
2

Xs- :: Xs

g(z, s)
,(z,s)

,(z, S)la(dz, ds)

,’(dz’, ds)l’(dz’, ds).
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Since In (g/,)e Ll(p), therefore

so that

g(x, s) In(x, )
g(z, s)),(z, s)

g(z, s)p(dz, ds)

,(z,s)

EI _, In [g(x’s))l fz fo (g(z,s))
xs xs ,(x, s)

E In ,(z,s) g(z, s)#(dz, ds).

Similarly,

E[ _, ln(g’(x’ Ss),} 1 fzfo ))., ,’ E In
g’(z’, s)

x g (x, ’(z’, S g’(z’, s)’(dz’, ds).

Taking expectations (4.7) and substituting these relations gives the following
result.

TnoN 4.2. Suppose P, << P aM In (g/) e Lx(P), In (g’/’) e L(P). Then

(4.8)
I(x x’) E In

g(z, s)
,(z, s)

+ in
g’(z’’ s)
,’(z’,s)

,(z,s)
g(z, s)

1 g(z, s)p(dz, ds)

,’(z’,s) ]- g’(z’, s)
g’(z’, s)p’(dz’, ds)

Remark 4.3. This result for the case where x, x’ are both counting processes
has appeared in [6], and our proof is adapted from the one given there.

5. Filtering. A popular model for estimation and filtering problems in com-
munication and control is where the observed process, xt, depends upon the
"signal" or "state" process, Yt, according to

dyt g(Yt) dt + dBx(t),
dx f(xt, y,) dt + dBE(t),

where B1,B2 are Brownian motions. The problem is to determine E(ytlt).
Note that in the above Yt is a semi-martingale.

We begin this section by examining this situation when (xt, t,P) is a
fundamental process with values in (Z, e). We need a preliminary fact.

LEMMA 5.1. Let (mt, t, P) /2(, p). Then there exists an t-predictable
process h(z, t) such that

(5.1) E Ih(z, t)lZP(dz, dr) < o

and

(5.2) (m,, Q(B, t)) h(z, s)P(dz, ds) for all B e.
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Proof. The set, say 5, of all processes (h Q),, where h is any predictable
process satisfying (5.1), is easily shown to be a stable subspace of /{2(t,P
(see [19] for a definition of a stable subspace). Therefore by [19], there exists a
unique decomposition of mt, mt n + l, with-le 50 and (n, l’t)= 0 for all
1 50. Let 1, (h Q), and the assertion follows. U

Assumption 5.1. There exist ’-predictable processes/(B, t), B e , and an
-predictable process g(z, t) such that

(5.3) P(B, t) g(z, S)la(dz, ds).

Notation. In the following for any process (f, , P), f E(flt).
THEOREM 5.1. Let (xt,

, P) be a fundamental process satisfying Assumption
5.1. Let (y,, ,, P) 5(,) have the representation

(5.4) Y, Yo + a, + m,

with a, s’(), m, /2(). Then .9, satisfies the filtering equation

,9, .9o + r/, + k(z, s)Q’(dz, ds),

where r/, e (o,), Q’(B, t) P(B, t) Is Ito ,(z, S)l(dz, ds), and where the ,-’-
predictable process k satisfies

[(y- .9- + h(z, s)]g(z, s)
k(z, s)

,(z,s)

and h, g are as in (5.2), (5.3) respectively.- (t). Now write a, a+ a-Proof. Let #t E(mtlt). Clearly #, ////
where at+, a- +(t, P). It is easy to verify that the --measurable processes
t+ E(at+l), t- E(a-It) are submartinales. By the Doob-Meyer de-
composition theorem [3], there exist martingales t+, t- in ////-(t)and -predictable increasin processes r/t+, r/t in ’+(,) such that

Hence
.+ + ,.+.

(5.5) Po +
=Po+r/,+ ,, say,

where r/, e sC(ff), e ///(ff’). By 2.11 there exists a ff’-predictable process
k(z, s) e Lo(P’) such that

(5.6) , k(z, s)QX(dz, ds).

It remains to evaluate k. By the differentiation formula of 2.7,

ytP(B, t) y_ P(B, ds) + P(B, s-) dy + [m,, Q(B, t)].
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Since P(B, t)- P(B, t)and [mt, Q(B, t)] <rot, Q(B, t)> are in o(t), therefore,
from the above, for some 7,, ?, /o(),

y,P(B, ) y_P(B, ds) + P(B,) dy + (m,, (B, )) + y

(5.7)
(y_ + h(z, s))g(z, s)(dz, ds) + P(B, s-) da + 7,

using (5.2), (5.3) and (5.4).
Now apply the differential rule to P(B, t) to obtain

,P(B, t) _P(B, ds) + P(B, s-) d + [,, OX(B, t)].

Recalling that P(B, t) P(B, t) and [t, Q(B, t)] (t, Q(B, t)) are in loc(tlx),
xthe relation above implies that for some , elo( ),

tP(B, t) p_pX(B, ds) + P(B, s-)d + <t, Qx(B, t)> + t
(5.8)

@_ + k(z, s))(z, s)p(dz, ds) + P(B, s-)d +

using Proposition 4.1, (5.5), (5.6).
Next we make the following observations, which can be verified directly

from the martingale definition"

(y_ + h(z, s))g(z, s)g(dz, ds)

[( ](dz, ds) e 1o,,,,

(yo) yoP(B, s-) da P(B, s dq e lo(t).

Using these facts and the fact that (ytP(B, t)) tP(B, t), we conclude from (5.7),
(5.8) that

x{(ys- + k(, sN(z, s) [( )]}u(z, s) e 1o(,),

and since this process is continuous, it must vanish identically, so that we may
assume

k(z s)
[(Ys- + h(z, s))g(z, s)]

.’tz, )
y-

[(Y,- Ys- + h(z, s))g(z)]
(z,s)
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COROLLARY 5.1. Suppose in the above that x is as in the fundamental example
of 2.12 and that there exists an 7-predictable process /a(t) and -predictable
processes 2, such that

Pi(t) ,i(s)(ds)

and let (mr, qi(t)> o hi(s)Pi(ds) for some -predictable processes hi. Then

t o + tit + ki(s)q[(ds)
i=l

with

and

ki(t
[@t- t- + hi(t))’(t)] < < n,

A[

qT(t) Pi(t) ii(s) ds.

Remark 5.1. (i) Suppose in (5.4) that a is given as

a ds

for some predictable process fit in L’(). Since a -y)sds is in l(ffc)it
follows that in the representation for t we have the further specification

(ii) Corollary 5.1 has appeared in the literature for the case where (xt,
, P)

is a counting process, i.e., n 1. Even here some additional conditions have been
imposed on the Yt process (such as, e.g., Yt is Markov [6], [16]) or on the x process
(such as, e.g., (xt,-t,--x p) is obtained from a Poisson process by an absolutely con-
tinuous change of measure [6], [20]).

(iii) Theorem 5.1 has been inspired largely by the procedures of [21], where
the underlying process is Brownian motion. See also [24] for the Brownian motion
case.

(iv) While Theorem 5.1 has some value in terms of clarifying the issues in-
volved in obtaining the filtering equations it is of little practical importance
since these equations do not lead to a realization by a dynamical system. This is
so because the filtering equations contain the terms rh, k and f,’t which are not
computable in terms of ,Pt and xt. In other words, the filtering equation is not
recursive. This difficulty persists even when one imposes additional conditions
such as Yt is Markov. In the remainder of this section we seek to determine con-
ditions under which the filter is recursive.

We impose conditions on the dependence between the "signal" or "state"
process Yt and the "observation" process x which are considerably stronger than
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those of Assumption 5.1. For the remainder of this section the following assumption
holds.

Assumption 5.2. (fL ), R /, is a family of spaces and P, P1 are two prob-
ability measures on (fL ). xt and yt are measurable functions on (fL o) with
values in (Z, e) and (Y, ) respectively. The following properties are satisfied.

(i) Z is a Borel subset of R", e is the Borel field. (The most important
practical cases are Z R" or Z is the space of all z e R" with integer components.)
Y is a locally compact Hausdorff space, is the Borel field. ---x V ,x.

(ii) Under the measure P,
(a) (xt,,P) is a fundamental process with independent increments;

i.e., xt x is independent of (under P), for s =< t,
(b) (yt,,P) is a Markov process whose sample paths are right-

continuous and have left-limits, and the jump times of y are totally inaccessible,
(c) the processes xt and yt are independent, i.e., -x and r are in-

dependent.
(iii) P1 << P, there exists an -predictable process f Loc(P with a represen-

tation
f(z, co, t) (h(z, yt-(co), o9, t),

where qS(.,y,.,.) is -predictable for fixed y e Y, and there also exist -predictable processes p(B, t) for B e such that E(If(z, t)l) / E(If(z, t)l) < oe for
all z, and

1-I
s<_t

Xs- :/: Xs

[1 + 4)(xs, Ys-, s)] exp O(z, y_, s)p(dz, ds

Note that we must have + b => 0.
Let Q, P and QX, px be the processes associated with (x P) and (x _-x p)

Similarly let Q, Pa, Q, P be the processes corresponding with (x,, , Pa) and
(xt,,t,--x pa)respectively. From Assumption 5.2 and Proposition 4.1 it is im-
mediate that

P(B, t) pX(B, t) p(B, t),

Px (B, t) (1 + f(z, s))p(dz, as),

P(B, t) (1 + f(z, s))p(dz, ds),

where f(z, t) E (f(z, t).lo).
For any let o_ V<t o, ,--x V <, ,-- V<, .
oposmo5.1 For e R+

_ , _ ,

_ .
Proof. The jump times of x and y are totally inaccessible, hence by [4, Prop.

3.1] and [22, ff III, D38], ,--x and

_ . The last assertion follows
because - ,_- V

_
and ,- V.

OOSTON 5.2. L_ L a.s. P.
Proof. The proof follows from [22, ff V, Thm. 10] using a stopping time

argument.
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PROPOSITION 5.3. Yt Yt- a.s.P.
Proof. Prob {Yt 4: Yt-} Prob {t is a jump time}. However, since the jump

times are totally inaccessible, this probability must be zero.
For a real-valued function g on Ywe are interested in determining a (recursive)

expression for the process El(g(yt)l). Now

(5.9) El(g(y,)l) E(g(y,)L,I).
"x

It turns out that the numerator of the expression in the right is much better be-
haved than the ratio, and, furthermore, the denominator does not depend on g.
Hence we will seek to determine instead an expression for

DEFINITION 5.1. Let aS be the family of all bounded, measurable, real-valued
functions g on Y. For g aS and R +, let

(5.10) rt,(g)- E(g(y,)L,I).

PROPOSITION 5.4. E(L,I-)= a.s.

Proof. The proof is immediate from the assumptions that x, fly are in-
dependent under P and/(B, t) is ff’-measurable. V]

Now fix g a. Since L satisfies

L, + L_ d(qbo Q),

substitution into (5.10) gives

E(g(yt)lff’ + E[g(y,)L_ $(z, y_, s)l, ]Q(dz, ds).

Since fix and o-Y are independent under P,

(5.12) E(g(yt)lff’ Eg(y,).

Also,

E[g(yt)L,-dp(z, y,- s)l,]

E[g(yt)Lfl)(z, y, s)]ff’]

E[E{g(yt)Lqb(z, y, s)]’ V ff}]’-t
(5.13) E[Lck(z, y s)E(g(Yt)l

E[Lck(z, y, s)E(g(yt)l )lt

E[Lck(z, y, s)E(g(yt)lY)l[]

E[L$(z, Ys, s)H,,(g)lffx]

since x has independent increments under P and where

(by Propositions 5.2, 5.3)

(by independence of ff, fir)

(since y, is Markov)

H,.(g) E(g(y,)ly).
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Substitution of (5.12)and (5.13)into (5.11) gives

r(g) Eg(y) + G(b(z,., s)g,(g))Q(dz, ds).

Note that the integrand in the above expression is a predictable process for each
fixed t, as explained at the end of 2.9.

We summarize the above.
THEOREM 5.2. Under Assumption (5.2) the process rct(g satisfies

(5.14)

where

rct(g Eg(y,) + G(qS(z,., s)H,,s(g))Q(dz, ds),

(5.15) H,.s(g) E(g(y,)ly),

and

(5.16) Q(B, t) P(B, t) P(B, t).

Remark 5.2. (i) Because of Proposition 5.4,

Eg(y,) Elg(y,) and H,,(g)= El(g(y,)ly).

(ii) From (5.10), t,(1) E(LtIX,, where denotes the function on Y which
is identically equal to unity. Hence from (5.9),

,(g)
E, (g(y,)l--’)

re,(1)

Eg(y,) + fz J’ G(b(z,’, s)H,.s(g))Q(dz, ds)
/ fz fo G(d(z,’, s))Q(dz, ds)

from (5.14).
(iii) Suppose (xt,,P) is as in the fundamental example. Then (5.14)

simplifies to

(5.17) rct(g Eg(y,) + G(Oi(’, s)H,.(g))[pi(ds)- i(ds)]
i=1

(iv) We now derive a more familiar-looking version of (5.14). For any set
A,

If P(yt A) P(y e A) O, then r(IA) 0 a.s. Hence there exists a measurable
function Ut" Y R such that

rc,(A) t Ut(y)P(dy),(5.18)

where P is the marginal distribution of Yt under P and Px. Evidently if h c, then

,(h) fr h(y)U,(y)P(dy).
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Next let P(A, t[y, s), A e ag, s t, be the transition kernel of the Markov process
y so that

;r g(y’)P(dy’, t[y, s)(Ht,(g)) (Y)

and let P(A, s[y, t), A e o-g, >__ s, be the backward kernel so that for h if,

E(h(y)[yt) fr h(y’)P(dy’, s[yt, t).

Substituting these relations into (5.14) leads to

g(y’)U,(y’)P(dy’) g(y’)(dy’) + (z, y, s)

frg(y’)P(dy’,tly, s)}U(y)Ps(dy .Q(dz, ds)

frg(y’)(dy’)+ fr g(Y’)

(z, y, s)V(y)P(dy, sJy’, (dz, ds) (dy’).

Since g e is arbitrary, the process Ut(y evolves according to

(5.19) U,(y) + (z, y’, s)U(y’)P(dy’, sly, Q(dz, ds).

Remark 5.3. (i) For the case of the fundamental example (see (5.17)) the
equation above simplifies to

(5.20) Ut(y) + i(Y’, s)U(y’)P(dy’, s[y, t) [Pi(ds) fii(ds)].
i=1

This equation has been derived in [28] for the special case where (xt, , P) is a
counting process, so that n 1, and with the additional condition that (ds) ds.

(ii) Equations (5.14) and (5.15) are not yet recursive since the functions
b(z, y, t), b(y, t) are allowed to depend on the entire past x, =< s __< t. We will
see later how under additional conditions these equations become truly recursive.

(iii) Notice that unlike the representation for .9 obtained in Theorem 5.1,
those for n in (5.14) and U in (5.19) are not semimartingales because the integrands
depend upon t. This dependency can be eliminated by some additional assumptions
as follows.

For the remainder of this section the following holds in addition to
Assumption 5.2.

Assumption 5.3. The operators Ht, of (5.15) have the following properties"

(5.21) (i) lim H,, I, the identity operator on ft.
st
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(ii) there exist operators At, >= 0 on a such that

(5.22) lim (1/e)(H,+,
e+0

We do not elaborate on the precise theoretical status of the operators A (i.e., the
precise definitions of their domain, range, etc.), since it would take us too far
afield and since this topic is well-covered in the semigroup theory of Markov
processes (see, e.g., [29]). We merely note that (i) is a continuity assumption, (ii)
is a differentiability assumption. The operators A are often referred to as the
infinitesimal generator, especially when y is a Hunt process. If y is a k-dimensional
diffusion, for example, then A is just a (partial) differential operator of the form

1 k (2 k- i,j=

)’ ffij(Y, t)Yi OYj
+ i:EX mi(Y, t)--.Oyi

We now develop the simplifications induced by (5.21), (5.22) in (5.14). First
of all, recalling that Po(dy) is the probability distribution of Yo and that y is Markov,
we get

Eg(yt) E(Ht,o(g)(Yo)).

This, together with (5.22), implies that

E(g(y, + ) g(Yt)) f. (Ht + ,o H,,o)(g)(Y)Po(dy)

- efy (Ht,oAt(g))(y)Po(dY) eE[(At(g))(yt)].

Substituting this into (5.14), and using (5.21) and (5.22), leads us to

(,+,- ,)(g) eE(At(g)) + e 7r,($g)Q(dz, dr)+ e rc(dHt,At(g))Q(dz, ds)

e t($g)Q(dz, dt) + ezt(At(g)).

Hence

(5.23) zt(g 70(g + z(Ag) ds + c($(z,., s)g)Q(dz, ds).

THEOREM 5.3. Under the additional conditions of Assumption 5.3, the repre-
sentations (5.1a) and (5.17) simplify to (5.23), (5.24) respectively.

(5.24) zt(g Zo(g + (Ag) ds + s(ci(., s)g)[pi(ds)- i(ds)].
i=1

As an example illustrating (5.24) suppose that under P x and Yt are in-
dependent standard Poisson processes. Then Z Y I +, the set of nonnegative
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integers. Also n in (5.24), p(t) x and/(t) t. For g:I/ R,

so that,

Ht,s(g)(y E(g(y,)[ys y)

g(y + k)
k

e
k--O

-(H,,(g))(y) o (t- s)k _,_
k----e )[g(y + k + 1)- g(y + k)],

and hence

(5.25) (A,g)(y) (Ag)(y) g(y + 1) g(y).

Consider the "indicator" functions 6:1+ R, where

ify k,
6(y)=

0 otherwise.

By the linearity of nt,

n,(g) g(k)nt(6,),
k=0

so that it is enough to determine the processes nt(6), k 0, 1, 2, Substitution
of 6 for g into (5.24) gives, using (5.25),

,(6) o(6) + [(6_ ) (6)3 ds + s(O(’, s)6)(dx ds)

no(6) + [n(6_ ) n(6)] ds + O(k, s)n(6)(dx ds),
0

since O(y, s)6(y) (k, s)6(y). Now

ilk=0
o(6) E6(yo)=

0 ilk > 0,

and 6_ 0, so that the expression above simplifies to

(6o) + (6o) ds + (0, s)n(fo)(dx ds),

,() (_) ds () ds + (k, s)(5)(dx ds), k 1,

and these can be rewritten respectively as

e%(o) + 4(0, s) e%(6o)(dxs ds),
(5.26)

d(5) ) ds + (k, s) e(5)(dx ds), k 1.
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These linear integral equations can now be solved inductively to yield the explicit
formulas

(5.27) r(o) e- 1--I [1 + 4(O,s)]exp (O,s) ds

Xs- :/= Xs

r,(6k) e-t’-)r(6k a) 1--I [1 + b(k, )] exp c(k, v)d ds,

(5.28) L_,
k>l.

Remark 5.4. The result just obtained illustrates the power of the formulation
of Theorem 5.3 over the more usual formulations which involve obtaining a
relation for the conditional density (e.g., [16]). We believe that equations (5.14),
(5.20), and (5.23), (5.24) are much more useful since they are iinear in the "unknown"
linear operators r whereas the evolution equations for the conditional density
are nonlinear. Of course the latter can be easily derived from the former.
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ON THE CONTROL PROBLEM OF BOLZA IN
HILBERT SPACES

VIOREL BARBU:

Abstract. The convex control problem of Bolza with state constraints is considered. For this
problem the dual problem is studied in relation to certain optimality conditions proved earlier by
the author. A subdifferential form of the Hamilton-Jacobi equation is treated in a special case.

1. Introduction. Let V and H be a pair of real Hilbert spaces such that

VcHcV’,

where each inclusion mapping is continuous and densely defined. Here V’ denotes
the dual of V and H is identified with its own dual. Let (., .) be the pairing be-
tween v’ in V’ and v in V; if v, v’ H this is the ordinary inner product in H. The
norms in V and H are denoted by [I’ll and I’1 respectively. We denote by II’lt,
the norm in V’.

Let [0, T] be a fixed real interval, and let W(0, T) denote the space

W(0, T)= {x e L2(0, T; V); x’e L2(0, T; V’)},
where x’ denotes the derivative of x in the sense of vectorial distributions on
]0, r[.

We denote by C(0, T; H) the usual Banach space of all continuous H-valued
functions on [0, T] and by ///(0, T; H) the dual space of C(0, T; H), i.e., the space
of all H-valued, regular and bounded measures on ]0, T[ (see, e.g., [3]). Let K be
a closed convex subset of H, and let 2{o {xC(0, T;H);x(t)K for all

[0, T]}. By W(x, K) we shall denote the cone of normals to K at x, i.e.,

’(x, K) {p e ’(0, T; H); #(x y) _>_ 0 for all y

Consider the following problem"
Minimize

(1.1)
ro

L(X(t), u(t)) dt + l(x(O), x(T))

subject to

(1.2) x’(t) + A(t)x(t) u(t), 0 < < T,

(1.3) x(t) K for all [0, T],

where A(t), K, L and are assumed to satisfy the following conditions"
(A) {A(t); 0 =< =< T} is a family of continuous linear operators from V

into V’ such that
(a) for all u, v in V the function (A(t)u, v) is measurable on ]0, T[ and

(1.4) [A(t)u[[, <= Cllu[ for u V;
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(b) there are e real and co > 0 such that

(1.5) (A(t)u, u) + elul 2 >= collul[ 2 for all u e V.

(B) L and are lower semicontinuous convex functions from H x H into
]- oe, + oe] and nonidentically + oe. For every (x, p)e H x H the Hamiltonian
function

H(x, p) sup {(p, v) L(x, v) v e H}
is finite.

Let Wa(O, T) denote the Hilbert space of all x W(O, T) such that x’ + A(t)x
L2(O, T; H). We denote by D(1) the effective domain of l, i.e.,

O(1) {(x,, x2) e H x H; l(xx, x2) < +}
and denote by CL the set of all pairs (x(0), x(T))e H x H, arising from arcs
x e Wa(0, T) which satisfy

L(x, x’ + A(t)x) L1(0 T), x(t) K for e [0, T].

The last two assumptions can be stated as follows.
(C) K is a closed convex subset of H. There exists at least one arc

x e Wa(0, T)such that L(x, x’ + A(t)x) L 1(0, T)and

x(t) Int K for every e [0, T], (x(0), x(T)) D(l).

(D) There exists a pair (xl, x2)e D(1) f’)CL such that one of the following
two conditions holds:

(1.6) x2 Int {x e n :(x x) e D(/)},
(1.7) x2 e Int {x e H :(xl, x) CL}.

Let F:WA(O, T) ]- , +] be the lower semicontinuous convex function
defined by

(1.8) V(x) L(x, x’ + A(t)x) dt + l(x(O), x(r))

and let

{x e Wa(0, T); x(t) e K for every e [0, T]}.

Then our control problem can be represented as

(1.9) Minimize F(x) subject to x e cot.
This problem includes as special cases many types of control problems for systems
governed by parabolic differential equations (we refer to [4], [6] for further dis-
cussion and examples).

The following characterization of the optimal arcs in the above problem was
obtained by the author in [1].

THEOREM 1. Suppose that assumptions (A), (B), (C) and (D) hold. Then
x Wa(0, T) is an optimal arc for the problem (1.9) if and only if there exist a

function pc L(O, T; H) f) L2(0, T; V) f’) BV(O, T; V’) and a bounded regular
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measure # V’(x, K) such that

p’ A*(t)p # L2(0, T; H)(1.10)

and

x’ + A(t)x pH(x, p) O,
(1.11)

p’ A*(t)p + c3xH(x, p) ,
(1.12) {p(0), -p(T)} c31(x(O), x(T)).

Here BV(0, T; V’) denotes the space of all functions p [0, T] - V’ of bounded
variations on [0, T] and A* is the adjoint of A. We have denoted by 01

_
H H

the subdifferential of (see, e.g., [2]) and by t?H {- c3,H, t?pH} the subdifferential
of the concave-convex function H.

It will be proved in 3 that the functions p which appear in optimality con-
ditions (1.11), (1.12) areminimizing arcs of a certain control problem which can
be interpreted as the dual of the problem (1.9). The basic ideas we use to obtain
this result are due to R. T. Rockafellar [6], [7]. To this purpose, in 2 will be
proved a variant of Theorem 1, furnishing necessary conditions for optimality.
Section 5 is concerned with Hamilton-Jacobi equations for a special case of the
problem (1.1).

2. Optimality conditions. Let X be a real reflexive Banach space and let
p: [0, T] X be a function of bounded variation. Then p(t) is weakly differentiable
a.e. on [0, T], i.e.,

d
t (P(t), x’) (D(t), x’) for all x’ X’,

and its weak derivative p belongs to LI(0, T; X) (see, e.g., [2, Prop. A.1]).
Let p’ denote the derivative of p in the sense of X-valued distributions on

]0, T[. Then p’ is an X-valued bounded regular measure on ]0, T[ and it can be
written as

(2.1) p’= p + dpo

where Po(t) p(t) -fo [(s) ds and dpo P’o. The measure dpo is just the singular
part of p’ with respect to Lebesque measure.

THEOREM 2. Let the assumptions of Theorem be satisfied. Then, in order
that x WA(O, T) be optimal in the problem (1.9), it is necessary and sufficient that
there exists a function pc L(O, T; H) fl L2(0, T; V) fl BV(O, T; V’) such that
[ A*(t)p LI(O, T; H) and

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

x’(t) + A(t)x(t) c3pH(x(t), p(t)) 0 a.e. ]0, T[,

[(t) A*(t)p(t) + c3xH(x(t), p(t)) c3Ir(x(t))O a.e. t6 ]0, T[,

{p(0), -p(r)} Ol(x(O), x(T)),

the singular part of p’ belongs to f’(x, K).

Here c3Ir(x denotes the cone of normals to K at x, i.e.,

t?Ir(x {y U (y, x u) >_ 0 for all u K}.
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Proof of Theorem 2. Let x e Wa(0, T) be an optimal arc of the problem (1.9).
According to Theorem there exist pc L(0, T; H) f’l L2(0, T; V) I"1BV(O, T; V’)
and a measure # e V(x, K) satisfying the conditions (1.10), (1.11) and (1.12). In
particular (1.10) implies that there exists q e BV(O, T; V’) such that q’= . As
# //(0, T; H) we have

Iq’(qg)[ =< C q9 cto,r;m for all q9 e C(0, T; H),

or, by the Hahn-Banach theorem this implies that q e L(0, T; H) and

f (q(t), q)’(t)) <= q)[ C(O,T;H) (4 - T; H).dt C for all C1(0,

We may conclude therefore (see [2, Prop. A.5]), as an intermediate step, that
q e BV(0, T; H). Then we can write # as

(2.7) / 0 dt + dqo,

where q, qo BV(O, T;H) and Oo(t) 0 a.e. e ]0, T[. Similarly,

(2.8) p’ =/5 dt + dpo,

where Poe BV(0, T; V’) and Do(t) 0 a.e. e ]0, T[. Since dpo dqo L1(0, T; V’)
in virtue of (1.10), we conclude, therefore, that dpo dqo. In particular, it follows
that

D A*(t)p e L 1(0, T; H).

Next, we shall prove that

(2.9) O(t) 6 t?Ir(x(t)) a.e. 6 ]0, T[.

Let to e ]0, T[ be an arbitrary Lebesque point of O(t) such that Oo(to) O.
For arbitrary e > 0 and u e K, define

x(t) if It- tol e,

o t) ou + X(to- )

t-- o u+

u(t)
ifte [to e, to],

t-- tOx(t + e) if te[to,to +

Clearly us e C(0, T; H) and us(t) K for every e [0, T]. Since # e dV(x, K), by
(2,7) it follows that

;o(2.10) (t(t), x(t) u.(t)) dt + dqo(x u) >= O.

We set (pc(t) e- l(x(t) us(t)) and note that

(2.11) lirn (O(t), q)(t)) dt (q(to), X(to) u).
0
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On the other hand, let be the scalar continuous function defined by

0 if It- tol e,

o- ift[to_;,to]

o if [to, o + ].

Denote by q,,(t) the function (qo(t), X(to) u). Then one easily deduces that

ro +e

lim dqo(q)) lim e- ,(t) dq,(t).
a-,O eO ’to-e

Consequently,

(2.12) lim dqo(q)) O,
0

because Ow(to) 0. By (2.10), (2.11) and (2.12) one obtains

(O(to), X(to) u) >= O,

which implies the desired relation (2.9).
It remains to show that dqo dV(x, K), i.e.,

dqo(x-y)>__O for allyesf.

To this purpose we consider an arbitrary positive measure v on [0, T] with
respect to which dqo is absolutely continuous. According to the Lebesgue-
Nikodym theorem for vectorial-valued measures (see [3, Chap. I, Thm. 3]) there
exists a v-integrable function f:[0, T] H such that dqo f.

We have

(2.13) |, (O(t), x(t) y(t)) dt + (f(t), x(t) y(t)) dv(t) >= 0 for all Y K,
0

and this inequality clearly extends to all bounded measurable functions
y:[0, T] H such that y(t)e K for all e [0, T].

Since the measure dqo is singular with respect to Lebesgue measure on
]0, r[, there exists E

_
[0, T] such that dqo(F)= 0 for any F

___
[0, T]\E and

re(E) 0 (we have denoted by m Lebesgue measure). Let y C(0, T;H) be such
that y(t)e K for any e [0, r] and let 17(0 y(t) for e E and y(t)= x(t) for
e [0, T] \E.

By (2.13) it follows that

dqo(x y) f (f(t), x(t) y(t)) dr(t) >= O,

as claimed. Moreover, it follows by a standard device that

f(t) e c3IK(x(t)), v a.e. on [0, T].
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Conversely, suppose that x and p satisfy the optimality conditions (2.2),
(2.3), (2.4) and (2.5). Since H is the Hamiltonian corresponding to L, the con-
ditions (2.2) and (2.3) can be expressed equivalently in the following form (see
[1], [6]):

{p A*(t)p 3Ir(x), p} c3L(x, x’ + A(t)x),

where c3L is the subdifferential of the convex function L" H x H
Consequently,

(2.14)
A*(t)p, x y) + (p, x’ + A(t)x y’- A(t)y)

>= L(x, x’ + A(t)x)- L(y, y’ + A(t)y)

for all y e g(. Let #p dpo denote the singular part of p’. By (2.5) we have

(2.15) #p(x-y)>=0 for ally.

Integrating both sides of (2.13) and adding to (2.14) we get

because

F(x)<=F(y) for allyeNr

p’(x y) + p(x’- y’)= (p(T), x(T)- y(T))- (p(O), x(O)- y(O))

<= l(x(O), x( T)) + l(y(O) y(T))

in virtue of the transversality conditions (2.5). This completes the proof of
Theorem 2.

Remarks. In particular, condition (2.5) shows that the singular part of p’ is
concentrated in the set of all [0, T] for which x(t) lies on the boundary of K.
Moreover, if to is arbitrary in [0, T], the preceding proof shows that

p(tg) p(t e 3Ir(x(to)
In fact the inequality (2.10) implies

+
lira dqo(x u)= lim d/(t) dqw(t) >= 0
e-* O O to

because lim_, 0 for (O(t), x(t) u(t))dt 0. Thus by a simple calculation one ob-
tains qw(t qw(t >= O. Hence

(qo(t qo(t ), X(to) u) >= 0 for all u K.

Since dpo dqo by (2.1) one obtains the desired relation.

3. Dual control problem. Let M and m be the convex functions from
H x H into ]- oc, + c] defined by

(3.1) M(p, q) sup {(p, v) + (q, x) L(x, v); x 6 K, v e H},
respectively,

(3.2) m(pl, P2) sup {(p, x) (P2, x2) l(x, X2) X1, X2 e H}.
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Let Ba,(0, T) denote the space of all functions p e L2(0, T; V) B V(0, T; V’)
71 L(O, T H)such that

(3.3) p A*(t)p L x(O, T; H), lt #(0, T; H),

where i0 is the weak derivative of p and #p is the singular part of the measure
p’e ’(0, T; V’). It is easy to see that if p e Ba,(0, T), then p(tg) and p(t) exist
(in H) at all points o s [0, T[ (respectively ]0, T]). In this context we regard p(0)
as p(0- and p(T) as p(T +).

We consider the function G’BA,(O, T) - , +] defined by

(3.4) 6(p) 6(p) + t-/(u.),

where

while

G(p) M(p, [ A*(t)p) dt + m(p(O), p(T)),

Hr(#p) sup {#p(y); y 3f"o}.

Here :go is the closed convex subset of C(0, T;H) defined by

oro {y e C(0, T; n); y(t) K for all e [0, T]}.
It may be ascertained that ( is convex and nonidentically +

We call the dual problem associated with (1.9) to be that of minimizing over
the space BA,(O, T) the functional G defined by (3.4).

The functions p which appear in Theorem are just the solutions of the dual
problem. More precisely, we have the following.

TNEOREM 3. Let the assumptions of Theorem hold. Then the optimality con-
ditions (1.11) and (1.12) are satisfied by x W,(O, T) and p B,,(0, T) if and only if

(3.7) C(p) min {C(q); q BA,(O, T)} -F(x) -min {F(y); y e {’}.

Proof. Suppose that x and p satisfy the optimality conditions (1.11) and
(1.12). By Theorem 2 they satisfy the conditions (2.2) and (2.3) which can be
expressed equivalently in the Lagrangian form

{[ A*(t)p, p} e c3{L(x, x’ + A(t)x) + I(x)} a.e. e ]0, T[.

Here Ir denotes the indicator function of the convex K. Since M is the conjugate
function of L(x, v) + It(x), one gets

{x’ + A(t)x, x} e OM(p, [9 A*(t)p) a.e. e ]0, T[.

Consequently,

M(p, [9 A*(t)p) <= M(q, (t A*(t)q) + (x’ + A(t)x, p q)
(3.8)

+ (x, [9 1 A*(t)p + A*(t)q a.e. t ]0, T[.
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Integrating both sides of (3.8), we get

M(p, p A*(t)p) dt <= M(q, A*(t)q) dt + (x(T), p(T) q(T))

(x(0). p(0)- q(0))- (,- #,. x)

for all q BA,(O, T).

By using the transversality conditions (2.4), one finally finds that

G(p) + #(x) <= G(q) + #(x) for all q BA,(O T).

Here, we have used the conjugacy relation (3.2). As # V’(x, K), it follows that
#,(x) H(#p) which clearly implies that p is a minimizing arc for G on
Ba,(0, T).

On the other hand, by (2.2), (2.3) and (2.4) it follows that

(3.9) M(p, p A*(t)p) + L(x, x’ + A(t)x) (p, x’ + A(t)x) + ([9 A*(t)p, x),

respectively,

m(p(O), p(T)) + l(x(O), x(r)) (p(0), x(0)) (p(r), x(T)).

Integrating both sides of (3.9) and adding #p(x), one obtains the desired equality

G(p) + F(x) O.

Conversely, suppose that x and p satisfy the conditions (3.7) in Theorem 3.
From the definitions it is immediate that

(3.o)

and

M(q, [t A*(t)q) + L(y, y’ + A(t)y) >= (y’ + A(t)y, q) + (y, [1 A*(t)q)

(3.11) l(y(O), y(T)) + m(q(O), q(T)) >= (y(0), q(0)) (y(T), q(T))

for all y e 9Co and q e BA,(O, T). Integrating (3.10) and adding (3.11) and H(p),
one gets

(3.12) G(q) + F(y) >_ 0

for all y e 3Co and q BA,(O, T). Since G(p) + F(x) 0, by (3.10) and (3.11) one
finds that

(3.13) M(p, [9 A*(t)p) + L(x, x’ + A(t)x)= (x’ + A(t)x, p) + (x, p A*(t)p),

respectively,

(3.14) l(x(O), x(r)) + m(p(O), p(T)) (x(0), p(0)) (x(r), p(r)).

In view of the conjugacy relations (3.1) and (3.2), condition (3.13) is equivalent
with (2.2), (2.3) and condition (3.14) is equivalent with (2.4). It remains only to
prove the condition (2.5).

By (3.13) and (3.14) it follows that

la,(x) F(x) G(p).
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(4.2)

(4.3)

and

Together, the conditions (3.7) and this equality imply that l.Zp(x)= HK(tZp).
Hence pp e ,A/’(x, K), which concludes the proof of Theorem 3.

4. An example. Let f be a bounded open subset of R" with sufficiently
smooth boundary F. Consider the following optimal problem:

Minimize

(4.1) F(y, u) L(y(t), u(t)) at

in y e L2(0, T; H(f)) and u e L2(Q), Q ]0, T[ x f subject to the constraints

cy/t- Ay=u inQ, y=0inE=]0, T[ x F,

y(0, x) e Yo, y(T, x) e Yr in f,

(4.4) fn ly(t, x)l z dx <= rE for e [0, T],

where L is a lower semicontinuous convex function from L2() L2() to
]- o, + ] and Yo, YT are nonempty closed convex subsets of L2(). In addition,
the following conditions will be assumed:

(a) L(y(t), v(t)) L 1(0, T) for every pair (y, v) LE(Q) LE(Q). Moreover,

(b) Yo f) Int S(0, r) - and Yr Int S(0, r) 4: .
Here S(0, r) denotes the ball with center in 0 and of radius r in L2(f).

As we observed in [1] the assumptions (A), (B), (C) and (D) are then satisfied
with V H(f), H L2(f) and K S(0, r). Thus by Theorem 2,

and u LZ(Q) is an extremal pair for the problem (4.1)-(4.4) if and only if there
exist a function pc L2(0, T; H(f)) f’l BV(O, T; H- l(f)) and 2e LI(0, T) such that

(4.6) Yt Ay c3pH(y, p) 0 a.e. in Q,

(4.7) Dt + Ap + (?rH(y, p) 2y a.e. in Q,

(4.8) p(0, x) e I(y(0, x)), p(T, x) Vz(y(T, x)) a.e. in

(4.9) 2(t)(r IIY(t)IIL,(,)) 0 a.e. e ]0, T[,

(4.10) ktp(y)- rllHp to,r;L=ta)).

Here fi, is the singular part of the measure Pt /’(0, T; L2(f)) and p, denotes the
weak derivative of the function t- p(t,.) defined from [0, T] into L2(f).
ff(y(0, x)) and 2(y(T, x)) are the cones of normals to Yo (respectively Yr) at the
point y(0, x) (respectively y(T, x)).

The functional 13 associated with our problem can be written as

a(p)- rll,,ll / M(p, p, + Ap)dt + Hl(p(O))- H(p(r)),
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where II" is the norm in //(0, T;H), M is the conjugate function of L and H1
(respectively H2) is the support function of Yo (respectively YT).

5. Hamiiton-Jacobi equation. This section deals with the Hamilton-Jacobi
equation associated with the following control problem"
Minimize

(5. (x(t), u(t)) at

subject to

x’(t) + ax(t)= a.6. 30, T[,
(5.2)

x(0) Xo,

where u e Lz(0, T; H) and x e W(0, T).
We shall make use of the following condition which is stronger than (B):
(i) H(x, p) is finite for all (x, p)e H x H and for every r > 0 there exists

M, > 0 such that

H(x, p) <_ M,(1 + Ipl 2)(5.3)

and

(5.4)

for all p H and Ixl _-< r.

[c3xH(x, P)I M(1 + IPl)

We have used the notation

IOxH(x, P)I sup {lYl; Y e c3xH(x, p)}.

In place of (A) we shall consider the following assumption"
(ii) A is a linear continuous (independent of t) operator from V to V’ satisfying

(5.5) (au, u) -[- 0l/I 2 - ollu 12 for all u V

for some real and some positive
For every s[0, T] let us denote by D the set of all hell such that

[.h, ho] C for some ho H. Here C is defined as in 1 but with Is, T] instead
of [0, T]. We note, incidentally, that DsI Ds2 if s <_ s2

Let J be the extended-real-valued function on H defined by

J(h) inf L(x, x’ + Ax) dt, x e W(s, r); x(s) h

LMMA 1. Suppose that (i) and (ii) hold. Then the function J is convex, lower
semicontinuous and nowhere -. Moreover, for every choice of h in D the in-

fimum defining Js(h) is attained and

(5.6) D(OJ) O(J)= D, 0 <= s <__ T.

Proof. Let F be the lower semicontinuous convex function on Wa(s, T)
defined by

T

Fs(x) L(x, x’ + Ax) dt,
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where

D(F) {x Wa(s T); L(x, x’ + Ax) L(O, T); x(s) h}
and the norm in Wa(s, T) i

(5.7) Ixll2 Ix(s)[ 2 + Ix’+ Axl 2 dt.

If h Ds, then F + o and there exists {x.} = D(F) such that F(x.) J(h)
as n + . In order to prove that the infimum J(h) of F is attained, it suffices
to show that {x.} is a bounded sequence of Wa(s, T).

From the definition of H(x, p), we have

L(x,, x’, + Ax,) (p, x’. + Ax.)- H(x,, p) for all p H.

We then have

(5.8) L(x,, x’. + Ax,) (p, x, + Ax,) H(O, p)- (OH(O, p), x,).

We recall that

H(x, p) {y e H; H(y, p) H(x, p) + (v, y x) for all y e H}.
In (5.8) we take p e(x’, + Ax,), where e is positive and sufficiently small. By
(i) above one has

(5.9) Ix’, + Ax, 2 dt C + J(h) + Ixnl 2 dr L(x,, x’. + Ax,) dz

for all s T. (We shall use C to denote several constants all independent of
and n.)

Again using (5.8) one obtains

(5.10) [x’. + Axn[ 2 dt C 1 + J.(h) + [Xn[ 2 dv + p [Xn[ 2 dz + Cp,

where p is positive and arbitrary small. Denote x’. + Ax. f.. Condition (ii)
above then implies that

Ix.(t)l 2 + 2 llx.()ll 2 dr (2a + 1) Ix.()l 2 d + If.()l 2 d + Ihl 2.

Making use of (5.10), one finally obtains that

x(t) c + co + p x() d s r,

which implies that {x(t)} is uniformly bounded on Is, T]. Again using the estimate
(5.10), it follows that

r
Ix; + N C,Axa dt

as claimed.
In particular, we have proved that J(h) - for every h e H. It is also

obvious that D(J)= D. We show now that J is lower semicontinuous on H.
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Let {h,} c D be such that h, h and

(5.11) J(h,) <= M.
According to the first part of the proof, there exists a sequence {x,} c Wa(s, T)
such that x,(s)= h, and J(h,)= F(x,). Since {x,} is clearly bounded in
Wa(s, T), without any loss of generality we may assume that

x, ---, x weakly in Wa(s, T).

Obviously x(s) h and from (5.11) it follows that

F(x) <__ M
because F is lower semicontinuous on Wa(s, T). Thus J(h) <= M, which is the
desired result.

Let h D and x WA(S, T) be such that F(x)= J(h). The conditions of
Theorem being satisfied, there exists at least one function p WA,(S, T) such
that

(5.12)
x’ + Ax OpH(x, p) O,

a.e. Is, T[,
p’ A*ps + O,H(x, p) O,

and

(5.13) x(s) h, ps(T) O.

Thus by a simple calculation involving (5.12) and (5.13) one deduces that

(5.14) p(s) t3Js(h).

In particular, this shows that D(t?J) D, which completes the proof.
Remark. For every h D, -t?J(h) coincides with the set of all p(s) which

appear in (5.12) and (5.13). To prove this, it suffices to show that the mapping
h -p(s) is maximal monotone in H x H. But in view of Theorem this is
equivalent to the following assertion:For every a e H the function

L(x, x’ + Ax) dt + 1/2Ix(s) a[ 2

attains its infimum on Wa(s, T). We observe that the latter follows by using the
same argument as that used in the proof of Lemma 1.

We now turn to the problem (5.1), (5.2). If Xo e Do, then this problem has at
least one optimal arc x e Wa(0, T) satisfying the equations

x’ + Ax c3,H(x, p) O,
a.e. 6 ]0 T[,(5.15)

p’ A*p + cxH(x, p) O,

while

(5.16) x(0) Xo, p(T) 0.

As we have observed before,

p(t) e -c3Jt(x(t)) for e [0, T],



1074 VIOREL BARBU

so that the optimal control u(t) can be expressed as

(5.17) u(t)e OpH(x(t), -t3Jt(x(t)) a.e. e ]0, T[.

Thus the mapping OJt can be regarded as the synthesizing function for the above
control problem. Like in the classical theory of the calculus of variations, it turns
out that the function J is a solution of a certain functional equation (Hamilton-
Jacobi equation) associated with the problem (5.1), (5.2).

THEOREM 4. Assume that conditions (i), (ii) hold. Then, for every h Do such
that Ah H, the function s J(h) is Lipschitzian on 0, T] and satisfies

d
(5.18)

ds
J(h) H(h, -c3J(h)) + (Ah, c3J(h)) 0 a.e. s ]0, T[,

(5.19) Jr(h) O.

Proof. Let h Do Then by Lemma there exists at least one arc x WA(S, T)
such that

(5.20) J(h) L(x, x’ + Axe)dt.

In addition, there exists p Wa.(s, T) satisfying together x and the equations
(5.15). Equivalently,

(5.21) {p’ A*p, p} cL(x, x’ + Axe) a.e. e ]s, T[.

By assumption, there exists x e W,4(0, T) such that x(0)= h and L(x, x’ + Ax)
T- L(x, x’L(0, T). Since J(h)<__ f o + Ax)dt, by using the same argument as

that used in the proof of Lemma l, one deduces that

(5.22) Ix;+Axl2dr<= C for all0__<s_<_ T.

Since Ah H, the latter implies that x’ L2(s, T; H) (see Lions-Magenes [5]) and

(5.23) Ix’l dt <__ C for all 0 __< s __< T,

where C is a positive constant independent of s. Let us denote g p’ A*p.
In view of (5.23) the sequence x(t) is uniformly bounded on Is, T]. Thus by (5.4)
and (5.12) one finds that

(5.24) Ig(t)[ =< M(1 + Ip(t)l) a.e. e ]s, T[.

On the other hand, from (ii) we deduce that

d
2 dtlP(t)[2 4- [p(t)l 2 >__ 0 [p(t)l[2 [g(t)l[p(t)l a.e. e ]s, T[.

Integrating from to T and using (5.24) yields

1/2lp(t)[ 2 / 09 Ip(r)ll 2 dr =< M Ip(v)[(1 / Ip()l) dw,
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from the definition of H(x, p), we have

L(G, x’ + AG) (x’ + Axs, p) H(x, p)

because x’ + AG cOpH(x, p).
Thus we conclude that

(5.29) L(G, x’ + AG)= 7(s) + (x’, p)

From (5.27), (5.28) and (5.29) we see that

and

a.e. Is, T[,

a.e. e Is, T[.

[J+(h)- J(h) + ey(s)[ _<_ sup Ix;lips[ at,

p(s + e)l dt).
Noting that

Ip(t)l 2 e [p,]2 dr, T-e<t<T,

+e

Ip(t)- p(s + e)l 2 e Ip’l 2 dt,

CONTROL PROBLEM OF BOLZA

which implies that

(5.25) [p(t)l_-< C for all0<__ s<__ t<= T.

Note that (5.24) and (5.25) also imply that

(5.26) Ip;(t)l 2 dt <= C for all s e [0, T].

Let s be arbitrary in [0, T] and let > 0 be such that 0 < s + e < T.
We have

Js+(h) <= L(xs(t- e), x’(t- e,) + Ax(t- e)) dt.

Consequently,

On the other hand, by (5.21) we have

(5.28) j(h)- J+(h) <_ L(G, x’ + AG) dt + (p(s + e), x(s)- x(s + e)).

From (5.12) it follows by a standard argument that

d
d((AG(t), p(t)) H(G(t), p(t))) 0 a.e. e ]s, T[.

Therefore (Axs(t), p(t)) H(xs(t), ps(t)) 7(s) is constant over [s, T]. Moreover,
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the estimate (5.30) together with (5.23) and (5.26) imply that

(5.31) IJ+(h)- Js(h)l =< Ce,

where C is independent of s and e.
The inequality (5.30) implies at the same time that

d
dsJs(h) (s) a.e. s ]0, T[,

as claimed. Theorem 4 is now established.
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ON THE SOLUTIONS OF A STOCHASTIC CONTROL SYSTEM. II*

TYRONE DUNCAN’}" AND PRAVIN VARAIYA:

Abstract. This paper presents generalizations of the work in [1], [2] to include controlled stochastic
processes which take values in a certain class of Fr6chet spaces. The crucial result is an extension of
Girsanov’s technique for defining solutions of stochastic differential equations by an absolutely
continuous transformation of measures. The result is used to prove existence results for stochastic
control problems and for a class of two-person zero sum games.

1. Introduction and summary. Consider a controlled stochastic process
represented by the stochastic differential equation

dX(t) f(t, X, u(t, X)) dt + dB(t), [0, 1],

where B(t) is a Fr6chet-valued Brownian motion, X(t) is the state process. The
drift f, and the control u, depend at any time on the past of the state process,
{X(s), s __< t}. For the case where the Fr6chet space is Rn, a satisfactory theory
dealing with the problem of existence of solutions of the differential equation and
existence of optimal control laws is now available [1], [2]. A crucial building
block in this theory consists in defining a solution of the differential equation via
an absolutely continuous transformation of measures. Each control thereby de-
fines a solution characterized by its (unique) probability law which is absolutely
continuous with respect to Wiener measure. Thus the influence of a control law
upon the system is captured in the Radon-Nikodym derivative of the resulting
probability law with respect to Wiener measure. Questions dealing with the
existence of an optimal control can then be converted into questions about the
compactness (in an appropriate sense) of the set of Radon-Nikodym derivatives.
The measure transformation technique mentioned above is due originally to
Girsanov 16].

This paper deals with these same questions for the case where the state space
is infinite-dimensional. The problem of characterizing Brownian motion in
infinite-dimensional spaces is a difficult one and has been resolved for certain
Fr6chet spaces only. This is described in the next section, where some additional
properties of such Brownian motion as sample continuity and stochastic inte-
gration are established also.. In 3 the result of Girsanov is extended to cover the
differential equation under consideration. Once this has been achieved the tech-
niques of [1], [2] apply without change and the existence of optimal controls and
saddle points follows easily. This is sketched in 4.

2. Preliminaries for defining Brownian motion. To define probability measures
on Fr6chet spaces the results of Dudley-Feldman-LeCam [3] are used. The
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latter are generalizations of the work of Gross [4]. While the generality of the
immediately following discussion is not used subsequently, it does serve to
indicate some directions along which the results reported here can be further
pursued. Some notation and definitions are introduced first.

For a locally convex Huasdorff topological (real) vector space X let X*
denote its topological dual. A dual system or duality over the reals consists of
two vector spaces X, Y and a bilinear form (.,. X Y--* R that separates
points for both X and Y. For a pair X, Y in duality, let FD(X) denote the collection
of all finite-dimensional subspaces of X. For G c X, let///(Y, G) be the a-algebra
of Y generated by the sets (y: (x, y) B}, where x G, B is a Borel set in R. Thus
/J/(Y, G) is the smallest r-algebra on Y for which each x G, regarded as a function
on Y, is measurable. Finally let (g(Y, X) U (/J/(Y, G)IG FD(x). A cylinder set
measure on Y is any nonnegative, finitely additive set function m on (g(Y, X) with
m(Y) such that m is countably additive on ’(Y, G) for each G FD(X).

The following notion of a measurable seminorm given in [3] is crucial to the
analysis.

DEFINITION 1. Given a duality X, Y, (.,. , and a cylinder set measure m
on Y, a seminorm I" on Y is said to be m-measurable if for each e > 0 there is a
G FD(Y) such that if F FD(X) and F d_ G (i.e., (x, y 0 for x e F, y G),
then

or equivalently

m{y:ly- F+/-I _-< e} _-> 1-e

m*{y:iy- Gl<e} l-e,

where m* is the outer measure on cg(y, X) induced by m.
The next result follows from [3, Thm. 2].
FUNDAMENTAL THEOREM. Let I" be a Mackey-continuous seminorm on Y and

suppose that it is m-measurable. Then the cylinder set measure induced by m on
the Banach space Y/I" obtained from Y via the seminorm ]. extends to a regular
Borel measure.

From here on the discussion is specialized to a fixed, separable Hilbert
space H. It is assumed that there is given for each R+ a cylinder set measure

Pt on H such that pt is a canonical normal distribution on H with variance param-
eter (see [4] or [5]). It is also assumed that there is given an increasing family of
Mackey-continuous seminorms I" I, j 1, 2,..., on H. Let F be the Fr6chet
space obtained from H with respect to the topology defined by the seminorms
I" I by completion modulo the intersection of their null spaces (which without
loss of generality is assumed to equal {0}). As a corollary to the Fundamental
Theorem it is proved in [3, Cor. 2.1] that each Pt, tR+, extends to a regular
Borel measure, denoted #t, on F. For future reference note that H c F, F* H*

This means that if C e (H, is of the form C P- (E), where P is the orthogonal projection
of H onto a subspace L FD(H) and E is a Borel subset of L, then

lxl dx,pt(C) (2t)-"/Z feexp (-
where n is the dimension of L, and ]. lu denotes the norm on H induced by its inner product.



STOCHASTIC CONTROL SYSTEM 1079

H, and define the maps i’H F, j’F* H*, as the canonical injections.
Finally let N(F) denote the Borel sets of F. Throughout, H and F denote the
spaces introduced here.

The collection #t, e R/, will be used now to define a Brownian motion
with values in F. For eacl e R/ let F be a copy of F. For each finite collection
t < < t,, let tl,’",trt be the measure on (]-[7= Ft" HT=l (Ft’)) defined by

fAn d#tl’""t" d#,._t._,(x,,) dl.tt=_t,(x2) dYt,(Xl)

for Ai (F"), 1, ..., n. Since sets of the form l--I’= Ai generate the product
r-algebra ]-I’-1 (F") the measure #,1,...,,, is defined. To show that the family of
measures #,1,...,,, is a projective system, it is necessary to verify consistency. Since
F is separable in the topology determined by the countable seminorms I. j, the
measure #,1,...,,, is determined by sets of the form Ai (I P)F @ Fi, where P
is an orthogonal projection with finite dimensional range and F is a Borel subset
of PF. Let A1, "’", A, be such sets, and suppose Aj F. Then

fA fA d’’’’’"= fA fA dl’tt"-t"-’(xn)’"d#t*(x1)
2--Xl y.- 1Xi

@,._,._ ,(x,)

dp,._,._

..dp,,+ =-t,+ dpt,+ ,-t,_,(x)

[l,’,[j l[j+ 1,",n
j-1 j+l

In the above p is the measure of a Brownian motion with values in the finite-
dimensional space PF and so the third equality above follows from the Markov
property of such a process. Since each of the measures #,, R/, is a regular
Borel measure, the projective system of measures admits a projective limit
[6, p. 49]. The projective limit thus obtained is denoted (f2, ff, P). Evidently,
(f2, )= 1-[,e+ (U, (F’)). It will be assumed that (f2, if, P) is complete. For
each let X denote the F-valued evaluation map on f2 at t. Let o be the smallest
completed a-algebra with respect to which X is measurable for s =< t. Then
(Xt, t, P)te is a Brownian motion as defined below.

DEFINITION 2. A stochastic process (Xt, ,, P)tzR+ (or simply (X,, P)tzR or
(X,) if there is no ambiguity) is said to be a Brownian motion with values in the
Frdchet space F induced from a family of canonical normal distributions on a
Hilbert space H, if for each e F* (the topological dual of F) the real-valued
process ((1, X,), ,P)tzR+ is a real-valued Brownian motion with E<l, Xt>2

tljll2n. (Here and throughout I" In denotes the norm on H and j’F* --, H* is
the canonical injection mentioned before.)

The process (Y,, P),R is said to be a modification of the process (X,, P),R
if for each R+X,(og) Y,(o) a.s. (the null set {X, # Y,} may depend on t).
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For Fr6chet-valued Brownian motion there is a modification which has
continuous sample paths as shown by the following lemma.

LEMMA 1. Let (Xt,
, P)tR +be a Frchet-valued Brownian motion. There is a

modification of Xt with continuous sample paths.
Proof. Since a countable number of seminorms determine the topology of a

Fr6chet space it suffices to verify the continuity ofthe sample function ofBrownian
motion with respect to each of these countable number of seminorms and there-
fore it is enough to prove the lemma for a Banach-valued Brownian motion.

Fernique [7] has shown that for a Gaussian random variable X on a topo-
logical vector space with a measurable seminorm I. there is an > 0 such that

(1) E exp lSl2 <

Combining (1) with a result of Nelson [8, Thm. 2] as used by Gross [9, p. 134] it
follows that the Banach valued Brownian motion has a modification with con-
tinuous sample paths.

Since stochastic integrals will be used subsequently, a family of processes
has to be described that can serve as integrands. The following definition gives
such a family.

DEFINITION 3. Let / be a separable Hilbert space. An/-valued stochastic
process ()g on (f, , P) that is adapted to ()tR is said to be predictable if
the map (og)’R+ f-/ is measurable with respect to the a-algebra on

R+ f generated by the left-continuous/-valued processes adapted to ()R
Real-valued stochastic integrals will now be defined from F-valued Brownian

motion and predictable H-valued processes.
LEMMA 2. Let (d/)tR be a predictable H-valued process with

(2) E I,lr dt < ,
and let (Bt,tt, P)teR be an F-valued Brownian motion. Then the real-valued
process Yt, , P)tR+

(3) Y (Os, dBs),

is a square integrable martingale which has a modification with continuous sample
paths. (The integral (3) is defined in the course of the proof.)

Proof. Let e, > 0 be a sequence decreasing to zero and for each n let Pc. be
a projection on H with finite-dimensional range P.H c jF* such that

Let 11, "", lu be an orthonormal basis for P.H. The process (P,) defined by

(4)
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is a (continuous) martingale since by the definition of the process (B), ((/i, B))
is a real-valued Brownian motion. By Doob’s inequality [10, p. 353] the sequence
of continuous martingales (Y(P,)) converges uniformly on compact subsets of
R+ because

EIY,(P,) Y(P)I 2 E I(P, P,,)&I ds

which vanishes as m, n increase to infinity. The integral (3) is defined as the limit
of the martingales Y(P.). Clearly the limit does not depend on the particular
choice of the projections P. and Y is evidently square integrable. U

COROLLARY 1. Let ()R be a predictable H-valued process with

(5) 112 ds < o a.s. for all t.

Then the real-valued process Z defined by

(6) Z, (,dB)

is a locally square integrable martingale which has a modification with continuous
sample paths.2

The following representation of square integrable functionals on the F-valued
Brownjan motion probability space will be useful subsequently. For R"-valued
Brownian motion, K. It6 [11] has obtained this representation by describing results
of Wiener [12] and Cameron-Martin [13] in terms of stochastic integrals.

PROPOSITION 1. Let (g), ,, P) be the probability spacefor an F-valued Brownian
motion (B, ’)tR /. Let f be a real-valued square integrablefunctional on (f, if, P).
Then f can be represented as

(7) f= c + (,dB),

where c Ef and (lt)teR is a predictable H-valued process with

e Itl2ndt < .
Proof. Since H is separable so is F, hence by the Hahn-Banach theorem,

there is a countable family F c F* that separates points of F. Consider the
random variables (7,j’ dBs), where 7 e F, e R+ and let be the algebra of
real-valued random variables formed from these and the constant random
variables. Since the random variables (7, j’ dBs) are jointly Gaussian, it follows
that c L2(p) and furthermore

L2(p)

mt is said to be a locally square integrable martingale if there exists a sequence of stopping
times T. T a.s. such that mt r. is a square integrable martingale for each n.
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for ai R and f. Since F is separable, the family of random variables
(7,odB), 7 F, R+, generates the a-algebra -. By a result of Segal [14,
Lemma 2.1] it follows that is dense in L2(p).

Let f L2(p). There exists then a sequence g, in such that Elf g,I 2 O.
By properties of finite-dimensional Brownian motion, g, has a representation of
the form (7) (see [15]), i.e.,

(8) g. c. + <’, dB>,

where c, Eg, and (’) is a predictable process with values in some finite-
dimensional subspace L of H and with L c iF*. Since LZ(P)-convergence implies
Ll(P)-convergence it follows that c, converges to c. Furthermore the stochastic
integrals in (8) must be Cauchy; hence

ElO’ O’12n dt 0

as m, n . Since the sequence of processes (’) are predictable, there must
exist a predictable process (fit) such that

and evidently (7) is satisfied.

3. Transformation of measures. Theorem below describes how Fr6chet-
valued Brownian motion is transformed by changing the probability measure by
an absolutely continuous substitution of the measure. This result was first estab-
lished by Girsanov [16] for the case of R"-valued Brownian motion. The result
has been presented in [17] and a related result is given in [18].

THEOREM-1. Let (Bt,,P)tO,ll be an F-valued Brownian motion and let

(tt)tto, be a predictable H-valued process such that

| IGlat<oo a.s,P,(9)
d0

Define the nonnegative process (Mr, , P),to,l by

(10) M exp (d/z, dB> -} IGI2 ds

Then

(11) E(M) 1.

Suppose tkat

(12) (M,) ;
then the process (,, P)to, is an F-valued Brownian motion where

Bt Bt iO ds,
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and the probability measure is given by

dp M1.

Proof. Define the increasing sequence of stopping times T, by

inf{tlM > n},
T,

if the set above is empty.

Because of (9) M has (a modification with) continuous sample paths, so T, ]"
a.s. P, and in particular,

(13) lim Mt^r. Mt a.s.P.

By the main result in [19], the processes (M,) and (M, ^r.) satisfy

(14) M, + Ms(/s, dBs)

(15) M, ^T. + M(0s, dB).

Since (M, ^T.) is bounded, (15) implies that it is a martingale and hence

E(M,^T. E(MT. 1.

An application of Fatou’s lemma to this result and (13) yields (11).
From now on suppose that (12) holds, so that from (14) it follows that

(M,, , P)o,x is in fact a martingale. Let H be fixed and consider the process
(N,, o, P),t0,l, where

N, (1, ,) ( l, B,) (1, Os) ds.

The theorem will be proved once it is shown that

(16) (N,, t, P) is a martingale,

(17) /(N N[)= [/[(t- s),

where/ denotes expectation with respect to the measure P. Now to prove (16)
it is sufficient to show instead that

(18) (M,N,, , P) is a martingale.

Because suppose that (18) is true. Then using the fact that (M,, P) is a martingale,

(N,[) E(M,N,J)
(by [20, p. 345])

E(M,I)

(by (18))
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which is equivalent to (16). Now

MtN Mr(l, Bt) M (1, d/) ds.

Applying the differentiation formula for continuous martingales 15] gives

MtNt MoNo Ms(l, dBs) Ms(l, Ps) ds

+ N dM + Ms(l, /s) ds

Msl, dBs) + gsdMs,

which clearly implies (18).
It remains to prove (17). To this end note that

(19) /(Nt2 N2I)--

and apply the differentiation formula to MtNt to obtain

MtN2t MoN N2 dM + 2 MsNs(l, dBs) 2 MsNs(l, s) ds

+ 2 NsMs(1, Os) ds + MsIll ds.

Substitution of this into (19) gives

/(N2 N2])=

and so (17) is proved, l-I

Ill(t- s),

In many applications ofthe transformation ofmeasures technique ofTheorem
the crucial difficulty is to verify that/3(f) 1. The next result gives a sufficient

condition for/() 1. It is due to V. Beneg.

LEMMA 3 (Beneg). Let (Bt, t, P)tto,ll be an F-valued Brownian motion. Let
0Pt)t[o,ll be a predictable H-valued process such that

(20) IP(t, B)IH =< K + K’ sup IBI,
sz[O,t]

where I" is a seminorm on F and K, K’ are constants. Then there is > and
M < o, depending only on K and K’, such that

(21) E exp a (q, dBs) - ]d/si2n ds < M.

In particular,

E exp <Ps, dBs> - Iq,lH ds 1.
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Proof. For any (,) denote

((O) (t, dB) - IGI ds.

Fix ($,) satisfying (20) and let

T=inf IOl ds > n

Evidently T T a.s. and let 0’ 0 ^r. Let e > 1. Let ’ B,- o[.o iO’ ds.

I01 dt <= n, it is easy to use the proof of [16, Lemma 1] to show thatSince j’ ,2

Eexp(eO")= Hence by Theorem 1 ,,
11P)tto, is a Brownian motion,

where dP" [exp (e0")] dP. Now

IO’ln --< K + K’ sup IBl
s[O,t]

so that

IBt] I/’[ + o K + K’ sup IB.I ds,
u[0,s]

sup IBI <_- sup Itl + Kt + K’ sup IB,,I ds,
ss[0,tl se[0,tl ue[0,sl

and hence by Gronwall’s inequality,

IIBII <- (eK + II/11) exp eK’,

where Ilxll supto,1 IXl. From (20), [0l2 _< 2K2 + 2K’IIBI[ 2, so that

Iq,71z as 2K2 4K’(o2Kz II/"ll =)exp 2xK’.+ +

By the differentiation formula,

E exp e(0) E exp (0@) + IGI ds

< E exp (0@")exp e-2 z)[2K22 + 4K’(02K2 + IIB"I 2)exp 2K’]

NE" exp
2-a)(4K’ exp 2K’)II"I] 21

where N is a constant and E" denotes expectation with respect to P". Since
(,,/3,) is a Brownian motion by a result of Fernique [7] there exists 7 > 0 such
that

E" exp IIB"II 2 A <

independent of n. Let > be so small that ((2 e)/2)(4K’ exp 2eK’) < 7. Then

E exp (") < NA,
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and so (21) follows by Fatou’s lemma. The final assertion is then immediate
because (21)implies that exp [ (ks, dBs 1/2’o I1 ds is a martingale, l-]

4. Preliminaries for optimization. The system to be controlled is represented
by the stochastic differential equation

(22) dX(t) if(t, X, u(t, S)) dt + dB(t), [0, 1],

where B is an F-valued Brownian motion, X e F is the state with Xo 0 a.s.,
and u is the control law taking values in a prespecified compact subset U F
called the control set. The functionftakes values in H and :H F is the canonical
injection. The first difficulty to be resolved is to define the solution ofthe differential
equation (22) for a large class of control laws. This is achieved in the following
manner. One starts with a process (X, , Po)to, which is an F-valued Brownian
motion. For a given control law u an F-valued process B’ is defined by

B’ X, if(s, X, u(s, X)) ds.

Next the probability measure Po is replaced by another probability measure pu
B is an F-valued Brownian motion. Thesuch that the process

process (X,, , W),to,1 is then regarded as the solution of (22) corresponding to
the control law u. To make this procedure precise the following notations and
definitions are useful.

DEFINITION 4. (a) is the linear space of all F-valued continuous functions,
denoted by z, on [0, 1].

(b) For [0, 1], is the smallest a-algebra of subsets of cg which contain
all sets of the form {z e lz(s) A}, where s [0, t] and A is a (topological) Borel
subset of F. 6e .

Throughout the remainder of this paper f is a fixed probability space with
an increasing family of a-algebras , [0, 1]. ff . It will be necessary to
consider different probability measures on the space (fL if). If Y, is a family of
measurable functions on (f, ) and if P is a probability measure on (fL if), the
stochastic process corresponding to P and the family Y will be denoted by
(Y, , P)to,. Then the same family Y generates different stochastic processes
corresponding to different probability measures. Finally let Po be a distinguished
probability measure, and let X be a distinguished family of F-valued measurable
functions on (fL ), [0, 1], such that the process (Xt, , Po)tto, is an F-
valued Brownian motion with continuous sample paths. Unless mentioned other-
wise the process X refers to this process. Also Eo will denote expectation with
respect to Po. The measure induced on
and will be called the Wiener measure on (, 6).

The following conditions are imposed on the function f in (22).
fl. f is a map from [0, 1] cg U into H and f is measurable with respect

to the product a-algebra (R) (R) u, where (’) is the family of Borel subsets
of [0, 3 (u).

I"2. For [0, I], f(t, .,. is (R) )-measurable.
t3. For (t, z) [0, 1] x cg, f(t, z,. ): U - H is continuous.
f4. There is an increasing function fo :R/ R/, and a seminorm I. on F
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such that for (t, z, u) e [0, 1] x cg x U,

If(t, z, u)lt fo(llzII),

where Ilzll max,to,1] Iz(g)l. Throughout the remainder the symbols l" and I1"
will denote the seminorms assumed here.

f5. For (t, z) e [0, 1] x cg, f(t, z, U) f(t, z, u)lu U} is a closed and convex
subset of H.

DEFINITION 5. (a) An admissible control (law) is a map u:[0, 1] x ---, U
which is (R) ,9-measurable and, further, is such that for each e [0, 1], u(t,. is
,-measurable. //denotes the set of all admissible controls.

(b) The drift corresponding to u e //is the function gu given by gu given by
g,(t, z) f(t, z, u(t, z)). {g,lu U}.

(c) For g e and positive integer n, g" is the function given by

g"(t, z) { g(t,o z) if Iz(s)l n for s e [0, t],
otherwise.

DEFINITION 6. A function 4)’[0, 1] x c H is causal if it is (R) 5-measurable and if qS(t,. is -measurable for [0, 1].
DEFINITION 7. (I) is the collection of all causal functions such that Ib(t, z)ln

--< fo( ]z 1) for (t, z) [0, 1] cg. , {b 11q(t, z)l/ _-< n for all (t, z)}.
The next result which follows immediately from [21, Lemma 1] gives a very

useful characterization of.
LEMMA 4. A causal function g is in Y/ if and only if g(t, z) f(t, z, U)for all

t Z.

DEFINITION 8. Let q5 be a causal function such that

(23) | Ic/)(t, z)lEn dt< for all z
d 0

Then ((t(b), , Po))tto,l denotes the continuous real-valued process defined by

,() ((s, x), dx) I(s, X)l ds.

Let ((O) a(). Note that (23)is always satisfied for
The problem of the existence of solutions of (22) is resolved in the following

result which follows immediately from Theorem 1.
THEOREM 2. Let u be such that

(24) Eo exp ((g.) ,
where Eo denotes expectation with respect to Po. Define the probability measure
P, by

P. exp ((gu)Po.

Then the process (B,, , P,),to,l defined by

B, X, if(s, X, u(s, X)) ds

is an F-valued Brownian motion.
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The next result shows that (24) must be satisfied by every solution of (22).
LEMMA 5. Let d? O. Let (Yt, , P)ttO,Xl be any process with continuous sample

paths such that the stochastic process (Bt, , P)tto,xl defined by

dB dY ice(t, Y)dt

is an F-valued Brownian motion. Then

exp (dp(s, Y), dBs) - Ib(s, Y)12u ds dP 1.

Proof. Define the function b. :[0, 1] x cg H by

j" (t, z) if Iz(s)l _-< n for s [0, t],
z)

0 otherwise.

From the definition of it follows that

[b.(t, Y(o))ln __< fo(n) for e [0, 1],

By Lemma 3,

exp ’(-.) dP 1,

P.(gl.) fn exp(-b.)dP fn exp((-b)dP__> e.

Since e > 0 is arbitrary, the result follows. U
COROLLARY 2. Let O and (Y, , P),[o,x satisfy the hypothesis of Lemma

5. Let v be the measure indaced by the process (Y, , P) on the measurable space

so that

where

( dp.) ( dp.(s Y) dBs) - ]dp.(s, Y)12n ds

By Theorem the process (Y.(t), ., P.),[o,, where

Y.(t) idp.(s, Y) ds + B(t),

dP. exp ((-b.)dP,

is a Brownian motion with continuous sample paths and hence induces Wiener
measure # on fig, 5). Let e > O, and n be so large that

P,,(gl,,) P.(II Y,,II < n)= ,u(z1 Ilzll < n) 1 e.

Now it is clear that Y(co)l] n only if Y()ll n and hence

Y.(co, t) Y(oo, t), .(, t) b(co, t) for co
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(c, ). Then v is mutually absolutely continuous with respect to # and

dldv(Y(o)) exp ((-$)(o)).

Remark. This corollary implies that the solutions of (22) are unique in a
weak sense, i.e., all solutions of (22) which have continuous sample paths must
induce the same measure on ((, 5). The qualification "weak" is inserted because
only the uniqueness of the probability law has been proved.

Recall that (Xt, t, Po)tto, 11 is an F-valued Brownian motion with continuous
sample paths. Also recall Definition 8.

DEFINITION 9. For any subset A c tI) define (A) c L l(fl, if, Po) by

@(A) {exp (b)lb e A}.
The corollary to Lemma 3 implies the next assertion.
PROPOSITION 2. (O") is a bounded subset of LE(f), o, Po).
LEMMA 6. :((I)") is a closed subset of L2(fl, o, Po).
Proof. Let bl, b2, be a sequence from tI)" and let p be such that

(25) lim Eolp exp (b.)l / 0,

and

(26) lim exp (b.)= p a.s. Po-

Since Eo exp (b,)= for all n, Eop 1, and so by Proposition 1 there is a
functional such that Eo IO(t, x)12 dt < oz and

(27) p 1 + (d/(t, X), dX) a.s. Po.
0

Define the martingale Pt by

Pt Eo{Plt}, [0, 1].

By taking modifications if necessary it can be assumed that the martingales Pt
and t(b,) have continuous sample paths so that, by Doob’s inequality [10, p. 353],
it follows from (25) that

(28) Pt lim exp (t(b.) uniformly on [0, 1] a.s. Po.

Next

exp ((b,) -4- exp (t(b,)(,(t), dX(t))

so that from (25), (26),

lim Eo lexp ’(4)4(t) 0(t)l dt 0,

and hence by taking subsequences if necessary it can be assumed that

(29) 0(t) lim exp (4,)4,(t) a.s. l(R) Po,
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where denotes Lebesgue measure on [0, 1]. Now p > a.s. Po, because if Po(A)
Po{P 0} > 0, then (26), together with the fact that 14,lu _-< n, implies that

lim (O,(t),dX(t)) o on A.

But then

=Eofjl(dp,(t),dX(t)) <= E0 Id.(t)12 dt N2

so that to avoid the contradiction one must have p > 0 a.s. Po. It follows that

Pt > 0 a.s., and hence combining (28) and (29) gives

lim b.(t) a.s. (R) Po.

Thus there is a causal map b e q)" such that

th(t, X) lim b,(t, X) a.s. (R) Po

and evidently p exp ((b).
The proofs of the next two results are identical respectively with the proofs

of [2, Lemma 4] and [2, Thin. 2] with some obvious notational changes. Hence
the proofs are omitted.

LEMMA 7. (") is a convex subset of L2(fL , Po).
THEORE 3. Let

o {g lEo exp ((g) 1}.
Then (o:) is a closed, convex subset of L l(fL ._, Po).

5. Applications. The results developed above immediately imply the existence
of optimal control laws for a broad class of problems. Consider the control
system

dX(t) if(t, X, u(t, X)) dt + dB(t), e [0, 1],

with X(0) 0 a.s. Suppose that f satisfies the assumptions fl to f5 and in addition
the function fo in f4 satisfies assumption f6.

f6. There exists K, K’ such that fo(n) <= K + K’n for all n e R +.
Let L : R be a fixed bounded 5-measurable function. For each u e q/

the cost incurred by u is defined to be

(30) J(u) Eo[(exp (g,))L(X)] fn L(X(o))) exp (g,(o))) dPo.

THEOREM 4. Under assumptions fl to f6, there exists an optimal control u*

J(u*) <__ J(u), u e
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Proof. From Lemma 3 it follows that Eo exp (g,)= for all u q/ and
furthermore there exists > such that

sup Eo exp (g,) < .
Hence by [6, Chap. 2], () is a uniformly integrable subset of L l(fL , Po). By
Theorem 3, @() is convex and strongly closed in L l(f,,Po). So that by
[6, Chap. 2] () is weakly compact in L l(f, , Po). Hence the linear functional
exp (gu) EoL(X) exp (gu) attains a minimum.

In a manner corresponding exactly to the argument developed in [2], the
results presented above can be used to obtain the existence of a saddle point for
a class of two-person zero-sum games. Since there is nothing new here the details
are omitted.

As an example of the class of the Brownian motions described here let
(B,,0,,)to, 112 be a biadditive Gaussian process, i.e., a zero mean Gaussian process
with independent increments in each coordinate of the index set such that

E[B(tl,Z)B(t2, "/72)]--(/71 A tz)(Z A q72).

This stochastic process has continuous sample paths and when it is considered
as indexed by one coordinate of the index set, it is a Brownian motion with values
in the Banach space of continuous functions, C[0.1]. Optimal control results
can be obtained by the previous results for stochastic differential equations with
this Brownian motion.

Remark on [2]. It is necessary to make the assumption of uniform integrability
of the family of densities to obtain the results in Theorems 4 and 5 of [2]. One
sufficient condition for this uniform integrability is that the growth of the drift
term is at most linear. This fact is shown by Bene [1] by verifying that the family
of densities have a bounded th. moment for some > 1.
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ERROR EXPRESSIONS FOR OPTIMAL STATIONARY STATE
ESTIMATION*

JAKOV SNYDERS"

Abstract. Explicit expressions are derived for the residual error covariance matrix in optimal
causal prediction, filtering and interpolation of a stationary state vector satisfying a linear Ito dif-
ferential equation with constant coefficients. The estimation is based on the output vector perturbed
by noise that is mostly assumed to be white, but extensions to the colored noise case are also indicated.
In particular, the error expressions for filtering in white noise provide an explicit solution to a matrix
quadratic equation, also known as algebraic Riceati equation. Earlier results obtained by a similar
technique are more general (but usually not explicit) expressions for the residual error covariance
matrix in linear estimation problems.

1. introduction. Let an n-dimensional signal x and the m-dimensional
observed process y satisfy on (-, ) the Ito equations

(1) dx (t) Ax(t) dt + B drl(t), x(O) Xo,

(2) ay (t) Cx(t) at + Q dv(t), y(O) O,
where A, B, C and Q are constant real matrices, r/and v are independent standard
Brownian motions and Xo is a Gaussian vector independent of v and of
{r/(t); __> 0}. Consider the optimal mean-square estimation of x(t + z) based on
the a-algebra generated by {y(s); s __< t}. It is well known that if x is stationary,
then the residual error covariance matrix is constant and, furthermore, the
residual filtering (i.e., z 0) error covariance matrix Eo satisfies

(3) AEo + EoA’-EoC’(QQ’)-CEo + BB’= 0

provided QQ’ is nonsingular. This quadratic equation, also known as algebraic
Riccati equation, is frequently encountered in control and estimation problems
and has been investigated thoroughly [5], [6]. Following a frequency domain
approach essentially outlined in [3], we shall derive expressions for E0 and for
the residual error covariance matrix in other estimation problems. This approach
is possible because the estimation is actually linear. Unlike most of the results in
[3], the expressions obtained below are explicit in the sense that they involve
only straightforward algebraic manipulations and single integrals. These ex-
pressions are apparently not advantageous in comparison with the well-developed
time-domain computational techniques, but they are beneficial for investigating
the relationship between the residual error matrix and the matrices appearing in
the state representation and, furthermore, between the residual error matrices
corresponding to various cases. For example, a relatively simple formula con-
necting the causal and noncausal filtering errors follows from (21) (as explained
before Theorem 3), an interesting relationship between filtering in white and
colored noises results by comparing (21) With (30), and dependence of the error
on time-lag is demonstrated .by (24) and (25).

* Received by the editors January 29, 1974, and in revised form July 19, 1974.

" System Science Department, University of California, Los Angeles, California. Now at School
of Engineering, Tel-Aviv University, Ramat-Aviv, Tel-Aviv, Israel. This research was supported by
the United States Army under Grant KA-75.
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The next section contains preliminary considerations. Error expressions for
prediction, filtering and interpolation in white noise are derived in 3. In 4
prediction and filtering in colored noise are considered. Some related problems
are briefly discussed in the last section; in particular a solution to (3) is presented
under conditions which do not allow stationarity of x.

2. Preliminaries. Let X stand for the real n-space. The controllable subspace
of X associated with (A,B) is denoted (A]B) and ker C {x’Cx- 0}. Let
(/(.), (o(.) and b-(. be factors of the minimal polinomial of A having roots
exclusively, with positive, zero and negative real part, respectively. Then X is
decomposable into the direct sum X X/(A) X(A)O) X-(A), where Xx(A)

ker bx(A) with standing for any superscript. Matrix transposition is indicated
by a prime and F* is the adjoint of F. If F is a matrix-valued function defined on
the imaginary axis of a complex plane, then F 2+ means that each entry of F
belongs to the Hardy subspace 1] of the Lebesgue space c2, the dimensions
being clear from the context. In particular, a matrix-valued function having
strictly proper rational entries with poles confined to the open left half-plane
belongs to +. We shall frequently consider 2+ -functions extended from their
original domain to the right half-plane in the Hardy space theory sense.

Let K(t, + z) be the mean value of x(t)x’(t + z). Then for z 0,

K(t, + z) eK(O, O) e’ + eBB e’ ds e’,
(4

K(t, z) e e"-K(0,0) e’"- + eBB e’ ds

Therefore (1) has a stationary solution if and only if there exists a nonnegative
definite K satisfying

K eAtK eA’t + fl eASBB eA’s ds

for all _>_ 0 or, equivalently I4],

(5) (AIB) X-(A).

If x is stationary, then its spectral density matrix S is given by

(6) S(io)) (- A + io)I)- BB’(- A’ io)I)- 1,

and the linear estimation error E(. is expressible as follows"

(7)

E(Y) [Y(io))C eiO*I]S(io))[C’Y*(io))- e-io*I] do)

+ Y(io))N(io))Y*(io)) do),

where N(io))= QQ’ (in 4 we shall treat a problem involving nonconstant N).
Y is a measurable n x m "transfer" function defined on the imaginary axis of a
complex plane such that Y(CSC’ + N)Y* is integrable. The space formed by
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these functions is denoted 2[(CSC’ + N)do)I, and its closed subspace of causal
transfer functions 2+[(CSC’ + N)do)] may be defined with the aid of Fourier
transforms [3]. We omit the details and mention only that if N(io))= QQ’ is
nonsingular and CSC’ has no poles on the imaginary axis, then

Y e z+[(CSC’ + U) do)]

if and only if Y e g2+ and is n m.
By standard techniques it may be shown that the infimum of the trace of

E(. over a closed subspace of q:[(CSC’ + N)do)] is attained by a unique
function. Denoting this function by Yo for the case of 9f2+[(CSC + N)do)]
and writing E for E(Yo), we have

E [Yo(io))C eiI]S(io))[C’Y’(io))- e-ir’I] do)

(8)

+ - Yo(io))N(io)) Y’(io)) do).

Further standard steps [3] yield

(9) {[Yo(io))C eUI]S(io))C + Yo(io))N(io))}Y*(io)) do) 0

for every Yeo2+[(CSC + N)do)l. Setting Y Yo, we find it follows that

and also

[I e-i,, Yo(io))C]S(io) do)

S o) do) - Yo(io)) [CS(io))C’ + N(io))] Y(io)) do).

The above (nonexplicit) error expressions are very general; they hold for
any nonnegative definite S and N subjected to mild integrability restrictions. In
the sequel we shall exploit the particular forms of S and N, and rely heavily on
condition (5). Note that S given by (6) is a spectral density whenever (AIB)
X(A)= 0, and E(. in (7) may be formally regarded as an estimation error

covariance matrix even without this (considerably milder) restriction. The crucial
role that (5) nevertheless plays emphasizes the inherent connection between the
problem represented by (7) and the model given by (1) and (2). We shall return
to this point in 5. Another condition imposed for technical reasons, such as
convergence of integrals, is nonsingularity of N, although the less restrictive con-
dition CSC’ + N > 0 could suffice for the major part of the manipulations (see
4).

The following result is stated under the condition

(11) (A[B) f"l [X(A) @ X+ (A)] c ker C.

Obviously (5) implies (11), and using (4) it may be checked that (11) is necessary
and sufficient for the existence of Xo such that Cx is stationary. For interpretation
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of (11) it is helpful to note that ker C is replacable by the unobservable subspace
of X associated with (C, A). If (5) actually holds, then C’ may be dropped in (12).

LEMMA 1. Assume (11) and let F t2+. Then for any number z with positive
real part,

1
F(io))B’(- A’ io)I)- C’

do)

2z z- io)
(12)

F(z)B’(- A’ zI)- C’ g
.-

F(io))B’(-- A’ io)I)- 1(_ A’ zI)- 1C’ do).

Proof. Suppose that C I and A is in a Jordan canonical form with stable
diagonal entries. Then the equality can be proved by applying the scalar version
of Lemma 4 in [3] to each entry separately. This implies the general result since,
according to (11), a proper choice of basis for X allows the representations

C (C1 0 C2) A
All 0 A31 B

0 A22 Aa B= B2,

0 0 A31 o
where A ll is stable and is in Jordan canonical form.

Similar reasoning yields the next result. The technical condition (13) assures
convergence of the integrals.

LEMMA 2. If 2+ and

(13) (AIB) X-(A)O)X+(A)

holds, then for z > O,

A + io)I)- 1BF*(io)) do) eAt f-oo (- A + io)I)- 1BF,(io)) do).

3. Estimation in white noise. Throughbut this section it is assumed that E is
given by (8) where N(io)) QQ’ > 0. Introducing the notation TA(z (-- A + zI)- 1,
we have S TABB’T] over the imaginary axis, and the extended "spectral
density function" is given by S(z)= Ta(z)BB’T’a(-z). We shall write functions
with omitted argument only where the argument is assumed to be imaginary. In
the next two theorems, prediction and filtering are considered; Theorems 3 and 4
deal with interpolation.

THEOREM 1. If A is stable and (C. A) is observable, then.for z >= O,

eAtS eA’t do) + eAtEo eA’t(14) E S do)

where Eo is given by

(15) Eo SC’(CSC’ + N)- ICTA do). T]C’(CSC’ + N)- ICTA do)
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Proof. According to (10) and the adjoint version of Lemma 2,

(16) E fx S(ico) doo -x Yo(io)CS(io) do eA’*

and (14) follows if we define

(17) Eo [I e-aYo(ico)C]S(io)do.

Insertion of 6Y*(i)= (z- im)-, where Re(z)> 0 (more precisely, 6Y*(im)
((z i)-I 0) if n > m and likewise other cases), into (9) yields

(18) Yo(io)[CS(io)C’ + N
do

eS(io)C
do

and by Lemma 2,

(19) Yo(io)[CS(i)C’ + N]do e S(io)C’.

Applying Lemma to both sides of (19) and in view of (17),

Yo(z) [CS(z)C’ + N] eS(z)C’ eEo(- A’ zI)- C’.
This equality must obviously hold also over the imaginary axis, therefore

(o e-go sc’(csc’ + --eorc’(csc’ + -.
Postmultiplication by CT and integration lead to (15). The integrals exist due
to stability of A and (CSC’ + N)- N N-, and the matrix inversion is possible
because (C, A) is observable.

Evidently Eo is the residual error covariance matrix corresponding to r 0.
Under milder assumptions, the following expression is available.
TNON 2. If {AIB) X-(A) and O, then E is given by (14) where

o Is sc’(csc’ + -cs]
(

r3c’(csc’ + -cs
Proof. (14) is obtainable as before, and the former proof of (20) is valid also

now. Postmultiplying (20) by CS and using (17), we get

Is sc’(csc’ + g)- cs]
2

Eo TC’(CSC’ + )- CS

and the result follows. For establishing the required nonsingularity, assume first
that (A, B) is controllable and consider E(. defined by (7). Obviously E(Y) > 0
for arbitrary Y e [(CSC’ + N)dm], and setting
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(23)

we get

Y(io)) eiS(io))C’[CS(io))C’ + N]-t,

E(Y) =-- IS- SC’(CSC’ + N)-tCS] do > O.

Therefore the right-hand side of (22) is nonsingular (and also Eo > 0). The general
case follows by applying this conclusion, using controllability canonical form.

Note that (14) is well known in the following form [2, Thm. 7.2]"

Indeed,

E eaBB eA’s ds + eA*Eo ea’*.

S(io)) do)
1

2To - eA S o) eA do)

eABB eA’s ds eA(+*)BB’ eA’(s+r’) ds

eASBB eA’s ds.

It is also interesting that the first factor in (21) is the linear optimal (noncausal)
error covariance matrix. This follows by observing that (9) is satisfied for every
6Y e z[(csc’ + N) do)] if Y given by (23) stands for Yo.

(24)

where

THEOREM 3. Assume that A is stable and (C, A) is observable. Then for z <- O,

E IS- SC’(CSC’ + N)-xCS] do9 + P

ml D*TC’(CSC’ + N)- CS do,
2r

(25) P DSC’(CSC’ + N)- XCTA do T]C’(CSC’ + N)- CTA do)

and D(io) ei*I.
Proof. Applying Lemma to both sides of (18) and denoting

[D(io)) Yo(io))C]S(io)) do),P
2

we see that it follows that

Yo(z)[CS(z)C’ + N]-- D(z)S(z)C’- PT’a(-z)C’

for Re (z) > 0 and, consequently, also for Re (z) 0. Thus

(26) Yo DSC’(CSC’ + N)-- PT]C’(CSC’ + N)-,
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and substitution into (10) yields (24). Postmultiplication of (26) by CTa and sub-
sequent integration lead to (25).

The next expression is also derivable by the above applied techniques.
THEOREM 4. If (AiB) c X-(A) and z <_ O, then E is given by (24) where

P o[s sc’(csc’ + S)-1CS] do

I T]C’(CSC’ + N)-XCSdo

and D(io3) eitI.
Obviously, if z 0, then P Eo, and consequently E Eo, the filtering

error covariance matrix.

4. Estimation in colored noise. The approach followed above is also suitable
for problems where N represents colored noise generated by processing white
noise through a dynamic system, or a mixture of colored and white noises. How-
ever, the resulting error expressions will be, in general, more complicated. We
shall demonstrate the procedure by a relatively simple case.

Consider the prediction and filtering problem (z __> 0) that involves the noise
spectral density:

N(ico)--(-F + icoI)-1GG’(-F’- icoI)-1,

where F and G are constant matrices with proper dimensions. Then n x m
functions with proper (even though not strictly) rational entries and with poles
confined to the open left half-plane belong to *2+[(CSC’ + N)dco]. Assume that
(AIB) X-(A), (FIG) X-(F) (with X-(F) standing for the stable subspace
of an m-space associated with F, etc.) and CS(ico)C’ + N(io) > 0 except, possibly,
at a finite number of points. The former steps leading to (16) are valid also now,
and defining

(27) E [1 e-atYo(ico)C]S(ioo)dco

we again have

E -I S dco -l eAtS ea do + ea Eo ea

Below we shall obtain an explicit expression for Eo which will not contain
thus it will follow that E0 is the filtering error covariance matrix.

Setting 6Y 1 into (9) and applying Lemma 2,

Yo(ico)N(ico) do ei’tS(ico)C’ do Yo(ico)CS(io)C’ do

eAt S(ico)C’ dco Yo(ico)CS(ico)C’ do,
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and by (27),

(28) Yo(io)N(i09) do9 cAmEoC’2re

The corresponding version of (19) reads

Yo(ico)[CS(iog)C’ + N(iog)]
do0

e at S(io)C’
z- i z- ico’

and by Lemma 1, applying (27) and (28),

Yo(z)[CS(z)C’ + N] ea’S(z)C’- eAgo(-A’- zI)-xC’ + eAgoC’(-F zI)-

for Re (z) > 0. With the notations

Ta(io9 (-A + io9I)-x, Tv(io9 (-F + iogI)-1,

it thus follows

e-AYo SC’(CSC’ + N)-1- Eo(T]C’-C’T.)(CSC’ + N) -1

over the imaginary axis except, possibly, at a finite number ofpoints. Combination
of this result with (27) yields

[S SC’(CSC’ + N)-ICS] doo
2

(29)
Eo Eo(TC’ C’T)(CSC’ + N)-1CS do.

The integral on the left-hand side of (29) indeed converges since

B’T]C’(CSC’ + N)- 1CTaB <= I;

therefore the other integral is also bounded. If the condition CS(iog)C’ + N(ico) > 0
a.e. is replaced by the stronger requirement CBB’C’ + GG’ > 0, then the entries
of o9-2[CS(io9)C’+ N(ko)] -1 are proper rational, and since the entries of
co2[T(ico)C’- C’T.(io9)] are proper rational, it thus follows that Eo may be
separated from the integrand in the right-hand side of (29). This may still not be
sufficient for writing

(30)

Eo IS SC’(CSC’ + N)-1CS] doo

I - (T]C’- T)(CS + N)-1CS dco

However, (30) does hold if GG: > 0; this is provable by taking into account that
the left-hand side of (29) is the optimal linear (noncausal) filtering error matrix,
as in the proof of Theorem 2.

5. Related problems. The expressions (15) and (21) provide an explicit
solution to (3) under the stated assumptions. Since these assumptions are not
essential for the existence of a nonnegative definite solution to (3), it is tempting



OPTIMAL STATIONARY STATE ESTIMATION 1101

to work for more general explicit solutions. It would not be proper to consider
the causal filtering problem represented by (7) under milder assumptions than
(AIB) c X-(A), because in case of nonstationary x, (7) cannot stand for the
model (1), (2). Our approach is nevertheless applicable for deriving an expression,
although not very elegant, for the case where C I, (A, B) is stabilizable (i.e.,
(AIB) = X(A) O) X+(A)) and X(A) 0. Indeed, assume that these conditions
hold and consider the minimization of the trace of E(. given by (7), where z 0
and N(ico) QQ’ > 0 over the set

{ y. y 6 2+ and (Y I)TAB ,2+ }.

The existence of a unique function Yo attaining the infimum can be demonstrated
by standard techniques, and it may be assumed that Yo is rational. Steps similar
to those in 3 yield that

(31) I- Yo(kO)= IN + EoTa(ico)][S(ico + U] -x

and Eo E(Yo) is given by

Eo [S(ico) + g]- S(ico) do

(32)

}{Ji_.rn f_ T](ico)[S(io2)+ N]-lvd
-1

v+ico

Assume now, without loss of generality, that

A= 11 12 B=
0 A22 0

where (All, B1) is controllable, and let

P(io)) diag ((1 + ico)(- A 11 + icoI)- 1, I).

It is possible to factorize

S(io2) + N P(ico)G+ (ico)G-(ico)P*(ico),

where the poles of both G+(z) and [G+(z)] are confined to the open left half-
plane and G- (ion) [G + (ico)]*. Then

6Y*(ico) [G-(ico)P*(ico)(z i0)2] -1,

where Re(z) > 0, is eligible for (9) because 6Y2+ and 6YTABe2+, and we gel

dco
gIG- (i(.o)P*(ico)]-

d(_o
[I Yo(ico)]P(io)G + (it.o)

(z ico)2 (z ico)2
0.

Since [1 Yo(i)]P(i)G+(ico)(1 +ico)- 2+ by the assumptions on Yo, it thus
follows that (I Yo)PG + is constant. Obviously this constant is a square root of
N, i.e.,

(33) (I- Yo)(S + N)(I- Yo)* N.
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Substitution of (31) into (33) yields

(QQ’ + EoT)(S + QQ’)-(QQ’ + TaEo)= QQ’,

and (3) readily follows (with C I).
It is straightforward to check that if, in addition to the above assumptions,

(AIB) c X-(A) (i.e., A is stable), then (21) and (32) coincide.
Let us now examine the problem of minimizing the trace of E(.), where

N(io) QQ’ > 0 and _>_ 0, over 2+ under assumption (11). For assuring con-
vergence of integrals, assume also (13) and X-(A) ker C. Then all the steps in
the proof of Theorem 1 up to (19) are valid also now. However, Lemma is not
applicable, in general, to the right-hand side of (19), and this renders a complicated
form that involves a double integral to the resulting expression for E. On the
other hand, for CEC’ we have

f_ f_ eA*SeA’*c eASE eA’*C’CEC’ - CSC’ do - C do + C o

where Eo is given by (21). CEC’ is, of course, the residual error covariance matrix
in prediction of Cx(. under the assumption that this process is stationary.
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EXISTENCE AND CONTROL OF MARKOV CHAINS IN
SYSTEMS OF DETERMINISTIC MOTION*

JOHN B. MOORE AND S. SANKAR SENGUPTAJ"

Atract. If the phase space X of a motion x,+ f(x.) is discretized into a space of states

X, ..., XN, then probabilities can be assigned to sample paths in the state space so as to coincide
with the ones assigned by a finite Markov chain. Theorems and 2 show how the assignment of such
probabilities rests on the properties of f(.) and on the construction of the states. Theorems 3 and 4
extend these results to the case in which x.+ f(x., o9), o9 e being a random event. Theorems 5
and 6 indicate certain applications relating to stochastic systems in which a decision-maker applies
some control action which is fully or partially determined by the observed state of the system.

The usual description of a moving system, observed at instants separated by
preassigned intervals of time, is in terms of a first order difference equation

(1) X,+l f(x,), {x,},=o,1,2,... e X,

in the coordinate of the moving object. This is a pointwise description, i.e., a
description of motion in the phase space X. If one covers the phase space with a
finite set of disjoint subsets {Xi}, 1, 2, ..., N, hereafter called states, the point-
wise motion in phase space induces a state-to-state motion in the state space
{Xi}. If the location of the initial phase point xo is described by a probability
function # defined on the sigma field tr(X), the motion in state space is a well-
defined random process. The first question discussed in this communication is
simply, "What properties must be possessed by the probability space (X, tr(X),
/), such that the probabilities assigned to sample paths in the state space coincide
with the ones assigned by a finite Markov chain?". Theorems and 2 are con-
cerned with this question.

In addition to randomness induced by discretization, there may be random-
ness in the process itself, i.e., the realization of the motion of the phase point may
be contingent upon the occurrence of a random event 09 e f"

x,+ f(x,, co).

It is conceivable that the probabilities of co mayin the sense of conditional
probability--depend on x.. Theorems 3 and 4 extend the ideas of Theorems
and 2 to these cases.

1.

1.1. Let (X, r(X), #) be a probability space. Let {X,}, n 1, 2, ..., N, be a
measurable cover of X, i.e.,

N

U Xi=X and XilqXj=, ij.
i=1
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Let f:X X be tr(X)-measurable and let

(2) f"+ (x) =- f(f"(x)), n 1,2,...,

where f*(x) f(x). Let

(3) Xioili2... {x :x Xio f(x) . Xil fZ(x)e Xi2, "}.
The motion irl state space will be described by a family of functions

Z,,:X {1,2,3, ..., N}, n 0, 1,2,--.,

defined as follows:

(4) (Z,(x) i) (f"(x) e Xi), n O, 1,2,....

For any x, the sequence Z,(x) is well-defined. An immediate consequence of the
definitions (3) and (4) is that

(5) (X e Xioi,iz...)’ca’(Zo(x)-- io,Zl(x --i,Z2(x --i2," ").

Because sets of the form Xo,,... are #-measurable,

(6) Pr [Zo(x) io, Z(x) i, .] [a{X,o,, .}
is well-defined for all sequences (io, il, i2,’" ")" By defining probabilities in this
way, it is easy to prove the motion in state space, i.e., {Z,) is a well-defined random
process.

The following theorem deals with conditions which are necessary if {Z,} is a
Markov chain. A sufficient condition is stated as a corollary.

THEOREM 1. Let x,+ f(x,) define the motion of a point in phase space. Let
(X, or(X), ) be a probability space. Let {Xi}, i= 1,2,..., N, define the state
space and let {Z,}, n 0, 1,..., be the random process in state space (as defined
in (4) and (6)) induced by the motion in phase space. If {Z,} is a Markov chain
having an initial probability distribution given by

(7) Pr[Zo= i] =p, i= 1,2,...,S,

and stationary transition probabilities given by2

Pv[Z,+ =jlZ,=i]=pa, i,j= 1,2,...,N,(8)
then

(9) (i)

(10) (ii)

(11) (iii)

p, i= 1,2,...,N,

As is customary, the notation Pr [Z.(x) i] will be shortened to Pr [Z. i].
See footnote 1.

Proof. (i) and (ii)are immediate consequences of the definitions and are
included only for the sake of completeness. The third result can be proved by
straightforward induction on n. Only the first step in the induction will be
presented here. For any Xi such that #{Xok > 0, it follows from (9) and (10)
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that

#{X,jk} Pr [Zo i, Zl j, Z2 k3

PiPuPk

,{x,A {x}

{x;----y {x}. Q.F.D.

COROLLARY 1.1. Condition (iii) is sufficient.
Proof. If {Xo,,,..., > 0, then from (11),

{ Xi,} { Xi2} {Xi }

Pio’Pioi "Pii Pi,_i,.

COROLLARY 1.2. ff (X, a(X), ’) is another probability space such that for
each o { 1, 2, ..., N}, there exists a constant Co such that

,’{Xio,,...,.} C,o,{X,oi....,.},
then the random process {Z’,} is again a Markov chain with an initial probability
distribution Pi if{X/} and transition probabilities

p, ,{ x,}/,{ xi}
Proof. The result is an immediate consequence of the fact that

,’{X,oi....i.} Q.E.D.

Remarks. The probability measure determines both the initial probability
distribution {p} and the transition probabilities {pi}. Since the Pi values are
assumed to be stationary, i.e., Pr
m, n 1, 2, ..., the condition {Xi} > 0 is unavoidable if {x,}/{xi} is to be
well-defined for all i, j values. However, because the initial distribution is fixed
by , it may well be that for some i, Pr [Zo i] 0 and yet Pr [Z i] # 0 for
some n > 0. In this case, the transition probabilities can be defined as follows.
Suppose Pr [Z, i] 0 for n 0, 1, 2,..., m and Pr [Zm i] # 0. Then
define p 0 and define

(12) Pii. {x :f’(x) Xi}

If the transition probabilities are defined in this way, one may still claim that the
Markov chain has stationary transition probabilities since Pr [Z,+
is undefined for n 0, 1, ..., m 1.
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The reason for not using this definition of transition probabilities in Theorem
was simply to remove any ambiguity associated with the term "stationary

transition probabilities". In the sections of this communication which follow, it
will be assumed that #{Xu}/#{Xi} is well-defined for all i, j. The results obtained
can easily be extended to permit the more general definition of Pu values found in
(12).

1.2. In this section the probability space (X, rr(X),/) is specialized to the
space ([0, 1], B,/,), where B denotes the Borel field of subintervals of [0, 1] and
# is the Lebesgue measure. Sufficient conditions are found which will insure that
the motion in state space is a Markov chain for an arbitrary partition of [0, 1].
The conditions are, loosely put, that if there are some points in X which map
into X, the collection of all such points must map onto X and f(. defined on
this subset Xu must be linear. The reader will no doubt feel, as the authors do,
that these are fairly strong conditions. However, the authors’ investigations
indicate that these conditions are probably necessary (in the mathematical sense)
if the Markov chain is to be ergodic (see [2, Chap. 15]). In fact, to avoid chains
having transient and periodic states (see [2, Chap. 15]) may require the given
conditions to be true. This latter statement remains a conjecture yet to be proved.

THEOREM 2. Suppose (X, B(X), l) is a probability space where X is a [0, 1]
interval of real numbers, B(X) is the Borelfield of subsets ofX and # is the Lebesgue
measure defined on B(X). Suppose X is the phase space of motion

x,+l f(x,), n=0,1,2,....

Let {Z,} be the motion induced in the state space {X}. Then sufficient conditions
for {Z,} to be a Markov chain are that if Xij is nonempty, then

(13) (a) f(X,j) "’-" Xj, <= i, j _< N,

(14) (b) f(X)lxX,j aux, u > O, <= i, j <= N.
If (13) and (14) are fulfilled, the probabilities associated with the Markov chain are

Pr [Zo i] #{Xi}, Pr [Z,+I jIZ, i] I{Xu}

Remarks. In view of Theorem 1, Theorem 2 will be proved if it can be shown
that

whenever Xioi,iz...in is nonempty.
Proof. We begin by showing inductively that

(16) in a.e.
f(Xioi,... Xi,i2...i,

whenever Xio,,...,, is nonempty. Since f(Xuk c Xjk la{ f(Xuk)} <= la{Xjk}" Since
Xu U k XUk, it follows that f(Xu) U f(Xuk)" Therefore

Xj f(Xii f(Xijk).
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From the linearity off(. on Xij it follows that

p{Xj} # U f(Xj,)
k

(17) E 12{f(X,j,)}
k

Now ,{X/} E p{X/}, and ,/,{X,/} ,{X/}. Hence

(18) E {Xjk} E ij{Xijk}
k k

can be true only if {Xk} ijP{Xjk}. Since f(. has a constant slope on Xj,
this is equivalent to

(9) f(x,) a.. X.
To complete the induction, suppose for all nonempty X:... that

for all m n. Consider any nonempty set Xo:...._ . Then proceeding as above,
we have f(Xo...,_).= Xi,...._ and therefore oi{Xio...._,} p{X...._}.
On the other hand, Xo...._ i. Xo.... and since the elements of the union
are disjoint it follows that f(Xio...._)= U,f(Xoi...i.). According to the in-
duction hypothesis, this implies

X...._ U f(Xo....);

thus one has

(20) E #{Xi,...i.} Y’, io,,#{X,o....}
in in

Since no individual term in the right member of (20) can exceed the corresponding
term in the left member of (20), equation (20) can hold only if

Because of the linearity off(. ), one must have

f(Xioi,...i. a.____e. Xi,i2...in"
This completes the induction.

Now observe that

(21) [A Xioi,...in } {Xil ...in}

But aj #{Xj}/#{Xij} whenever X,j is nonempty. Therefore (21) may be written
as

[A{Xioi,...in} [g{Xii’}" [-,l{Xi i2"’in}"
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This, according to Corollary 1.1, is sufficient to guarantee that {Z,} is a Markov
chain having the probabilities stated in the hypothesis. Q.E.D.

COROLLARY 2.1. Theorem 2 is true when aij is replaced by -aij.
Proof. If aij < 0, one need only replace aij with Ilaijll (the absolute value of

the slope) in the proof of Theorem 2.
COROLLARY 2.2. Let fk} k 1, 2, ..., K, be a set offunctions each of which

k.. denote the slope offk on Xij. Definefulfills the conditions Theorem 2 Let a,j

(22) Xk’k2"’’k" {x’x e Xio fk,(X)e Xi, fk2(fk,(X)) S Xi.ioil ""in

Then the method of induction used in Theorem 2 can be directly applied to establish

(23) c txklk:...k,) =a.e. xk.k. 3...k,
Jkl ioil’"in tlt2""in

whenever xk. lk. ’’’k". is nonempty.
lOll ""In

1.3. The following numerical example illustrates the ideas of Theorem 2.
Suppose X [0, 1],X {x’0 __< x =< 1/2} and X2 {x’1/2 < x <= 1}, and consider
two functions

3x, x X1,
1-2x, xeX1,

fl(x)= 7/3-4x, 1/3 =<xN 1/2, f2(x)=
x/2- 1/6, xeX2.

2/3-2x/3, 1/2<x=< 1,

Both of these functions satisfy the requirements of Theorem 2, and the motion
in state space is a Markov chain in both cases. In each case, the values of r,k)

rij

k 1, 2, are

j=l, j=2

i= 1[ 1/3 2/3
i= 2/ 3/4 1,/4

j=l j=2

i=2 0

Under fl, for instance Pr [Xo e X2 Xl X X2 t X2] can be calculated in-
2 3differently as (X212) fl[x’65- x 1] or as P2"P21"P12 -"-’3 6.

2. The scheme considered in can be extended to the case in which the
motion of the phase point is governed by

(24) x,+ f(x,, 09), n O, 1,2,....

In view of the intended applications (to be indicated in 3) it will be supposed
that o f {o91,092, ..., COr}, K < . The situation to be discussed is of the
following nature: an "event" o f occurs (with known probability) and, in
consequence, a mapping fk:X X is determined, i.e., a rule is selected for de-
scribing the manner in which the phase of the system is to change. Clearly, one
has to consider infinite sequences of "events" belonging to f and, hence, infinite
sequences of mappings belonging to {fk}k= 1,2,...,K- It is equally clear that the fk
are to be well-behaved (as in 1) in the sense that if xik is nonempty, then
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(25) A(Xj) a.___e. Xj, L(x) ojx for x Xj.
The conditional probability,

(26) q(x, O)k) Pr [09 OklX e X,

will be the subject of the discussions to follow.

2.1. It will be shown, first, that if each fk(" defined by (25) fulfills the con-
ditions of Theorem 2, and if the value of q(x, COk) depends only on the index k,
then the motion in the state space has, again, the Markov property.

THEOREM 3. Let the motion of a phase point be governed by equation (24), in
which

Pr If(. fk(" )] q(’, COk) =- qk.

Suppose (employing the preceding notation) that for each k, k l, 2,..., K, the
mapping fk’X -- X has the property that if Xi is nonempty then

(a) fk(X/kj) Xj, a.e., and
(b) fk(X)lxX6 ix.

Then {Z.} (as defined in (4)) is a Markov chain with an initial probability distribution
given by Pr [Zo i] #{Xi} and with transition probabilities given by

Pr [Z,+ jlZ, i] pi t,lkFi

Remarks. The proof will employ the following device. A probability measure,, will be defined on the field B(Y) generated by the set, Y, of all sequences rep-
resenting the motion of phase points. Then a mapping g: Y Y will be con-
sidered such that, for y Y, the values of g(y), g(g(y)),.., generate the sequence
of phase points which begin their motion with y. Finally, an appropriate cover
{Y} is cons.tructed such that the motion on the Y} has the Markov property;
the desired result is immediate upon interpreting this chain as a motion in the
state space {Xi}.

Proof. Since the motion of a phase point is completely determined by the
initial value and by the sequence co’, co", of events occurring in time, a rep-
resentative sequence can be denoted by a point (x, co’, co", ...), and the collection
of possible sequences can be denoted by the product Y X x f2. Observe that
according to the hypothesis, the co’s are independent of the phase points; thus
the probability of a (sample) sequence y can be defined as

t{dy} #{dx} I-I q(cok)
k=l

Now consider the product field B(Y) B(X) x B(f) and consider, in particular,
the projection A. for fixed x and the projection A for fixed sequence, w, in f.
For arbitrary A e B(Y), define

(27) /{A} Xa.(x)Xa,.(w) I-I q(ck)lu{dx};
K=I

it is quite clear that/{. } is a measure on B(Y).
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Next, consider a system of covers {Y} on Y such that Y/--Xi x foo,
1, 2,..., N, and let g(.) be a mapping from Y to Y such that

(28) g(x, ok,, Off,2,...) (fk,(X), Off’2, (j)k3, ).

Define the following symbols, namely,

Yioi,...i. {Y Y e Yio, g(Y) e Yi,,....g"(Y) e Yi.}
yk,k2...k. y y e Yioi o9(1) 09(n)

ioil""in ,’"in’ O)k,,’", O)kn}
V," the set of ordered n-tuples k, chosen from (1,2, ..., K).

From Theorem 2 (Corollary), it is seen that

(xk,k2"’k xk2k3""knfkl. ioi,"’inn) ii"’in

almost everywhere; therefore, for any n, k and i it follows that

ykk2., k ykEk3...kng(--ioi,., i.") --i,iz. .i.

The definition (27) gives

(29) fi{ k,...k, q(COk,) yk2k3""kY,o...,. -.7. ft{ ,,,2...,."}"
lOll

Making use of the fact that/{ Y/o...,.} Ek./{ y,k..}, it is seen that

K

(30) /{Y/o.. i,}
q(COk)

But note that

Hence an application of Theorem (Corollary) shows that the function g(.)
induces a Markov chain on the cover {Y}i= 1,2....,N, and that the chain has an
initial probability distribution

and transition probabilities

Pij f{ Yij}/f{ Yi}

From the definition of Y (-- X x f) it follows that

and that

Pr [Zo i] =/{ Y/} Pi

Pr [Z.+, jlZ. i] Pr [Yn+I e Xjly. e Xi]
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This shows that (Zn}n=O,l,2,... is a Markov chain with the required transition
probabilities. Q.E.D.

2.2. It is now an easy step to consider the case in which the occurrence of an
"event" COg may depend on the state of the system. This is the case when, for
instance, following each observation of the system, the observer takes some action
which affects the probabilities with which events of certain types can occur. 3

Here, again, the motion in state space has the Markov property;this is the con-
tention of the following theorem which can be proved routinely along the steps
employed in proving Theorem 3.

THEOREM 4. Let q:X S- [0, 1] be a transition probability such that
q(x, O)k) =-- qik for all x Xi. Let the motion of phase points be given by

x,+l f(x,), n 0,1,2, ...,
in which the function f :X X coincides, with probability qik, with the function
fk: X X for all x Xi. Suppose each fk(" satisfies the conditions of Theorem 2.
Then {Z,} is a Markov chain having an initial probability distribution given by
Pr Xo i] #{Xio} and transition probabilities given by

K
_(k)(31) Pr [Z,+ ilZ, j] qigPij

k=l

Proof. The proof is omitted.

3. The aim of this concluding section is to indicate a class of applications of
which the notions have been presented in 1-2. These applications relate to
stochastic systems in which a decision-maker applies some (control) action con-
tingent upon the observed state of the system.4 Here, again, one should distinguish
between two classes of situations: one in which the choice of action is completely
determined by the observed state; and the other in which this is not so. In the
former case, then, one can speak of a pure policy, i.e., a mapping h:X
being the set of all possible (available) acts. For the sake of generality and practical
considerations one may suppose that

M

(32)
i=1

each subset {q’i} consisting of all acts which produce an identical effect (in terms
of transition probabilities) on the motion of the system. Thus it will be legitimate
to speak of an element of {qJi} as an act and, therefore, to visualize the function h
as taking on the same value on all the elements of a given {t’}.

For the sake of concreteness, one may visualize a queuing system and suppose that when the
queue is short, the observer (who is also the decision-maker) announces to all arriving customers that
the expected waiting time would be very short or, perhaps, that the price of service would be reduced
and, analogously, announce long expected waiting time when the queue is seen to be long. In all
likelihood, such action will affect the probabilities of transitions between states.

4 Feldbaum [1, pp. 202-216, 217-237, 382-397] and Howard [4], among others, have considered
the control of systems whose motion is assumed to have the Markov property. The characterization
of the class of cases in which this assumption fits reality is new.
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3.1. Observe, first, that an act causes some event 09 to happen in the im-
mediately following interval. Suppose, now, that the conditional probabilities

qmk =- Pr [o9 COkl,,] m 1,2, M, k 1,2, K,

are given. It can be shown that due to a pure policy, the motion of the system in
the state space {Xi} and the (induced) motion in the action space {Wi} both have
the Markov property; this is the contention of the following theorem.

THEOREM 5. Let tp {if’0 < < 1} UM tp, and let a(k) be the Borel

field of {,,}. Suppose q’X a() [0, 1] is a transition probability such that for
each k, q(, 09k) q,,k for all W,, and suppose that in the equation

x,+l f(x,), n O, 1, ...,
of motion of phase points, f(. takes on the value fk(" with a probability q(/, o9).
Assume each f(.) satisfies the conditions of Theorem 2. Then {Z,},_o,1,... is a
Markov chain with initial probabilities Pr [Zo i] t{Xi} and transition prob-
abilities

K M

(33) Pr [Z.+ jlZ,, i] Vimt’lmkUij’h n(k)

k=l m=l

in which

(34) Vim =-- if X X & h(x) Win,

if X X & h(x) m"
Proof Being piecewise constant, the function h’X--, q is a(X)-measur-

able and, hence, lt{x’x Xi,h(x) tPm} is well-defined for all i, =< =< N, and
m, 1 _< m _< M. Also,

#{x’xeXi, h(x)eW,,,}
Vim.Pr [h(x) lx X]

#{x’xX}
According to the law of total probability, , h

Vimqm must represent the probability
Pr [o9 co,Ix X]. Therefore, the motion of the phase point is isomorphic to
the one appearing in the hypothesis of Theorem 4; hence {Z,},_ o, ,2, is a
Markov chain with the stated properties. Q.E.D.

3.2.1. Next, consider the second of the two classes of situations mentioned
in the introduction to this section. Here the action taken is contingent on the ob-
served state of the system and on the output of some arbitrary random device.
Interest in this class of situations may be attributed to the following practical
consideration. If the choice of policy is to be restricted to one of the (M)N pure
ones, then at most (M)N levels of system performance can be attained, although
the "desired" level of performance may not coir ide with any of these attainable
ones hence, it is meaningful to inquire if a larger number ofattainable performance
levels could be secured by some procedure analogous to that of "randomization"
or "mixing".

3.2.2. In order to lend some measure of concreteness to this inquiry, it will
be agreed that a policy is to be viewed, henceforth, as any element of the space
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H of the functions h(. representing the pure policies, together with all possible
convex linear combinations thereof. The pure policies have already been seen
(Theorem 5) to generate sequences of states which have the Markovian property.
The aim of the following theorem is to examine if this is true.for all elements of H.

THEOREM 6. Let {h, "X- 7), 1, 2,..., T, be a set of (M) simple functions,
each taking on a constant value on each Xi. For any t, define

0 if x e X & h,(x) tP
(35)

m,

Yis
if x X & ht(x)

and assume that for any two distinct indices and t’ there exist at least one pair of
t’ Let (FI FIE tiT) be a T-component prob-indices (i, m) such that Vim Va Vim. ,""

ability vector, and let

h’X

be a function whose values coincide with those of h with a probability of rl. If the
motion of a phase point is governed by the equation

Xn+ f(x,), n O, 1,2,...,

in which f(. is fk(" with a probability q(h(x), Ok), and each fk(" satisfies the con-
ditions of Theorem 2, then the sequence {Z,} is a Markov chain for which the initial
probabilities are Pr [Zo i] #{Xi} and the transition probabilities are

T K M

Pr[Z,+x =JIZ, i] rl, Z ""im"lmkP"ij
t=l k=l m=l

Proof. Applying the law of total probability twice in succession we see that

Thus the motion of phase points is governed by the equation,

x,+ f(x,), n=0,1,2,...,

in which f(. )coincides with fk(" )with a probability qk whenever x, Xi. Con-
sequently, the motion of phase points is isomorphic to the one in the hypothesis
of Theorem 3 and, therefore, {Z,} is a Markov chain with the stated transition
probabilities. Q.E.D.

COROLLARY 6.1. Let (71,72,’", 7T) be a probability vector, and let
P(., ) denote the N x N matrix of transition probabilities obtained when h" X -coincides with ht with a probability of 7t. Let {lti)}, 1, 2,..., be a set of T-
component probability vectors and let

q y’ 2/q(0
i=1

be an arbitrary convex combination of the elements of {r/t}. Then

P( n) 2iP(
i=1
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To sum up: if a policy is constructed by taking a convex combination of
the elements of any set of policies, then the transition probabilities due to the
convex combination are the convex combinations of the transition probabilities
associated with the individual component policies.
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A SEMIGROUP REPRESENTATION OF THE MAXIMUM
EXPECTED REWARD VECTOR IN CONTINUOUS PARAMETER

MARKOV DECISION THEORY*

STANLEY R. PLISKA"

Abstract. The maximum expected reward vector that arises in continuous parameter Markov
decision problems is frequently characterized as the unique solution of a certain Cauchy problem. This
paper generalizes this characterization by viewing the maximum expected reward vector as a nonlinear
semigroup in an appropriate Banach space. This perspective has several advantages. First, the semi-
group may exist even though the corresponding Cauchy problem does not have a solution. Second, this
approach is often useful in showing when the Cauchy problem does have a solution. Third, these
methods are useful in the study of the method of successive approximations. Finally, these methods
appear likely to unify some diverse results in Markov decision theory.

The results in this paper are very general. First, sufficient conditions are given for the semigroup to
exist. The discounted reward case is studied next; a certain operator is shown to have a unique singular
point that is the strong limit of the semigroup as the parameter . The asymptotic properties of the
semigroup in the case of undiscounted rewards are studied with the aid of some fixed point theorems for
monotone and nonexpansive operators; the transient, positive, negative and optimal stopping cases
are studied in this context. The paper concludes with two examples. The first is a controlled diffusion
process on a compact interval of the real line. The second is a controlled jump process with general
state and action spaces.

1. Introduction. Continuous parameter Markov decision theory has, in
general, proceeded along two lines. On the one hand, Miller [163, [173, Kakumanu
[12], Stone. [22], Pliska [20] and others have considered controlled jump process
(including, specifically, controlled Markov chains). On the other hand, Mandl
15], Pli.ska 19], Puterman [213, Fleming 10] and numerous others have considered
controlled diffusion processes. Both finite and infinite planning horizon problems
were considered in both cases. The purpose of this paper is to make a preliminary
attempt at a general theory of continuous parameter Markov decision theory by
studying the maximum expected reward vector.

Let S be the state space and let A be the set of admissible actions. Let X be a
Banach space of real-valued functions on S. Let - be a set of linear transforma-
tions from a subset of X to X. Throughout this paper, it is assumed that each

s - is the infinitesimal generator of a Markov process on S. By the Hille-
Yosida-Phillips theorem, this will be the case with ,, for example, if is
dense in X and the equation 2v- v g has a unique solution v s with
lily ’vll >_ IIvll for every 2 > 0 and every g s X.

Let ’(. be a mapping from A into . Let r be a real-valued function on
S A. The value r(s, a) can be interpreted as the reward rate for being in state
s s S while choosing action a s A. Consider the mapping 4):D(b) R(b) defined
for each s s S and v s D(4) by

(1) dpv(s) sup {r(s, a) + ff(a)v(s)},
aA

* Received by the editors May 14, 1974, and in revised form September 29, 1974.
-Department of Industrial Engineering and Management Sciences, Northwestern University,

Evanston, Illinois 60201.
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where D(b) c and R(O) is some space of real-valued functions on S. The study
of the operator 4) and its properties is one of the central topics of this paper. As
will be seen later, th need not be linear or even continuous.

The operator 4) allows one to define the Cauchy problem

(2)
du

dpu, u(O) x D(q5).
dt

A function u :[0, z] X is said to be a (strong) solution of (2) on the interval
[0, z] if u is Lipschitz continuous on compact subsets of [0, ], u is strongly differen-
tiable almost everywhere on [0, z], and (2) is satisfied almost everywhere.

In several of the papers cited at the beginning of this paper, a Cauchy problem
that is a special case of (2) is shown to have a unique solution that equals the
maximum expected reward vector. In other words, a typical result is that if u is the
solution of an equation like (2), then u(s, t) is the supremum of the expected future
rewards over a suitable class of deterministic, memoryless, nonstationary policies
given the process is presently in state s with time remaining until the planning
horizon when the terminal reward x is received. Thus the study of the general
Cauchy problem (2) would seem germane to a general theory of continuous para-
meter Markov decision theory.

According to Crandall and Liggett [6], if 4 satisfies certain assumptions and
ifu is a solution of(2), then by setting T(t)x u(t), one obtains a semigroup Twhose
infinitesimal generator is 4. This semigroup was mentioned by Veinott [23, 5]
in connection with finite state continuous parameter Markov decision chains. The
subject of this paper is the study of nonlinear semigroups whose infinitesimal
generators are of the same form as 4 in (1). The key result in this regard is Theorem

in 2. An adaptation of Crandall and Liggett’s [6] results, this theorem gives
sufficient conditions for the existence of--and characterizes--the semigroup T.
Theorem 1 is followed by a discussion of these conditions, and it is shown that,
with one additional assumption, T(t)x is greater than or equal to the expected
reward corresponding to any piecewise constant policy.

There are at least three reasons for studying the semigroup T rather than the
solution of the Cauchy problem (2). First, although the semigroup T of Theorem
might exist, the function u(t) T(t)x need not be differentiable anywhere, and (2)
need not have any solution. Section 2 concludes with an example ofsuch a situation
where the maximum expected reward is indeed given by T.

The second reason for this study is that semigroup methods are frequently
useful to show that there does exist a solution to the Cauchy problem (2). The most
common differential equation existence methods are along the lines of showing th
is a Lipschitz continuous map on some Banach space into itself. For some Markov
decision problems, these conditions may fail to hold even though semigroup
methods can be used to demonstrate the maximum expected reward vector does
satisfy (2). This will be the case if the semigroup Texists and ce’:tain extra conditions
are satisfied (e.g., has a closed graph and Lipschitz continuous X-valued functions
are always differentiable almost everywhere, according to Crandall and Liggett
[6]). Section 6 provides a Markov.decision problem example of this point.

The third reason for the study of the semigroup T is to investigate the asymp-
totic properties of the maximum expected reward vector as the time horizon



MAXIMUM EXPECTED REWARD VECTOR 1117

increases to infinity. This investigation is carried out in 3 and 4, where the dis-
counted and undiscounted cases are examined, respectively. The emphasis is on
the study of when T(t)x converges to a singular point of the operator b as .
This behavior is analogous to the method of successive approximations in discrete
time Markov decision theory.

In the case of discounted rewards, let b be the infinitesimal generator in the
case of undiscounted rewards, and let > 0 be the discount factor. Then the semi-
group corresponding to the infinitesimal generator --b- 1 will be the
maximum expected discounted reward with (t)= e-"T(t). Moreover, there
exists a unique singular point, say z of q such that (t)x z strongly as --,

for all x D(b), and z equals the maximum expected discountedinfinite horizon
reward.

In the case ofundiscounted rewards, we first provide a monotonicity condition
which ensures that limt_. T(t)x exists. Recognizing that T(t) is typically a non-
expansive operator, we study the fixed point properties of T(t) in uniformly convex
spaces and obtain a condition that ensures there exists a singular point of q. With
additional assumptions we show T(t)x converges weakly to a singular point of 4).
The application ofthese results to transient, positive, negative and optimal stopping
decision problems is explained.

The final two sections provide two examples one is a controlled jump process
and the other is a controlled diffusion process. The main emphasis is on showing
that the operator b satisfies the various requirements developed in this paper. For
the most part, these examples are generalizations of the problems considered in
the literature that is cited at the beginning of this paper.

2. The semigroup representation. It is appropriate to precisely define some
notions pertaining to semigroups that will be used in this paper. Following Crandall
and Liggett [6], if C c X, a semigroup on C is a function T on [0, ) such that
T(t) maps C into C for each >= 0 and satisfies

T(t + )= T(t)T() for t, >_ O,

lim ItOx ltUx x x
to

In addition, the notation T Q,(C) will mean that T is a semigroup on C and w
is a real number such that

(3) I[T(t)x- T(t)ylJ <= e’’lJx
for all => 0 and x, y e C.

IfW is a function on a subset ofX into X, let D(W) and R(q) denote the domain
and range of q’, respectively. Let I be the identity map on X. The function W is called
dissipative if, for u, v e D(q) and all e _> 0, then I1(I q’)u (I qJ)vll >_- Ilu 11,
Notice that if q is dissipative, then (I eW) is 1-1 on D(W) and (! eq’)- is
nonexpansive on R(I- ), that is, if u, v e R(I- eW), then II(I- eW)-u
-(I q)-Xvll =< Ilu vii.

According to Crandall and Liggett [6, Thm. 1], it is necessary to make some
assumptions on b in order to guarantee the existence of a corresponding semi-
group. The appropriate results are summarized in the following.
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THEOREM 1. Suppose dp satisfies the following three assumptions"
(I) R(q)c X.
(II) b wI is diss_i_ptive for some real number w.

(III) R(I edp) D(c) for all sufficiently small positive .
Then

(4) lim I--to x

exists for each x D(dp) and > O. Moreover, if T(t)x is defined as the limit in (4),
then Te Qw(D(dp)).

Assumptions (I)-(III) are satisfied by many Markov decision problems.
Moreover, they are usually easy to check. See the last two sections of this paper for
two examples. For most Markov decision problems with undiscounted rewards,
assumption (II) will be true with w 0.

Assumption (I) is technical in nature. Throughout much of the literature
cited at the beginning of this paper, various restrictions are placed on S, A, r, etc.,
in order to guarantee that (I) is satisfied.

To verify (III), it suffices to show (I- edp)-lxD(dp) for each xD(dp).
An important interpretation of (I eb)- ix is frequently useful in the verification
of this condition as well as assumption (II) with w 0. Consider the equation
(I eb)v x. Dividing through by e and rearranging terms, one obtains- iv(s) sup {r(s, a) + e-ix(s) + (a)v(s)} O.

aeA

Upon comparing (5) with various results in the Markov decision theory literature,
it becomes apparent that in a variety ofcircumstances onemay interpret (I eb)- x
as the maximum (over some class ofadmissible stationary policies) expected infinite
horizon discounted reward corresponding to reward rate r + e-ix and discount
factor e- 1.

To show the connection between the assumptions and this intepretation,
it is necessary to be more specific. Let M denote a class ofstationary policies, that is,
each f M is a function on S into A such that /(f) is the infinitesimal generator,
with domain D(b), of a stationary Markov process. By.the theory of resolvent
operators, (I e(f))-lx D(dp) for each f M, x D(b), and > 0.

From now until Proposition 2, let x e D(4) and e > 0 be fixed and arbitrary.
If r(f) r(., f(. )) e D(4), then there exists a unique vs e D(b) such that

vy e(r(f) + (f)vy)= x,

and vs may be interpreted as the expected discounted reward underfcorresponding
to reward rate r(f) + e- ix and discount factor e- 1. In many situations, a solution
exists with vs e 0(40 for all f e M, and also one has suPs
Thus assumption (III) is true whenever supsM vs e D(th); in particular, it is true
if there exists an optimal policy, that is, some f e M such that v

To show the connection between this interpretation and assumption (II)
with w 0, recall that for (I eqS)-x to be the maximum expected discounted
reward means (i) (I e4)- ix is greater than or equal to the expected discounted
reward corresponding to any f e M and (ii) for each s e S there exists some se-
quence {f,} of policies in M such that the corresponding sequence of expected
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discounted rewards evaluated at s converges to (I edp)-Ix(s) as n . These
ideas lead to the following.

PROPOSITION 2. Suppose the supremum norm is used, and for each x R(I edp),
(I edp)-ix can be interpreted as the maximum expected discounted reward over
some class of stationary policies and corresponding to reward rate r + -Xx and
discount factor - 1. Then assumption (Ii) is satisfied with w O.

Proof. Let > O, > O, u, v R(! eqb) and s S all be arbitrary. By hypo-
thesis, the inverse exists, so without loss of generality assume (I- eck)-lu(s)

(I eb)-v(s) >_ 0. Then it suffices to show

(6) (I edp)-lu(s) (i edp)-Iv(s) <= Ilu 11 + ,
Let Wx(s, f) denote the expected discounted reward corresponding to some

policy f and reward rate r(f) + e-x. By hypothesis, there exists some policy f
such that (I edp)- u(s) l/V,(s, f) < . If s, denotes the sample path ofthe process,
then by definition,

W(s, f) E e-’/r(st, f(st)) dt + E e-’/e lu(s,) dt.

Since Wv(s, f) is defined similarly, it follows that

W(s, f) Wv(s, f) <= E e-t/% (u(s,) v(st)) dt

=< Es e- ’/%- ll u v dt <= u v II.

Thus (6) follows by the choice of./and because W(s,f) <= (i ) Iv(s).
It would be nice to show that, in a very general way, T(t)x is indeed the maxi-

mum expected reward with time remaining until the planning horizon. In other
words, one would like to specify some general class of policies such that each policy
corresponds to a Markov process, the expected reward corresponding to each
policy is less than or equal to T(t)x, and there exists a sequence of policies whose
corresponding expected rewards converge in an appropriate sense to T(t)x. If
T(t)x does satisfy the Cauchy problem, then it is usually possible to show that
T(t)x is indeed the maximum expected reward; for example, this was done in
Pliska [20] for a problem with a controlled jump process (see also the last section
of this paper).

In the more general case, where T(t)x does not necessarily satisfy the Cauchy
problem, only partial results have been obtained, namely, if the hypotheses of
Proposition 2 hold, then T(t)x is greater than or equal to the expected reward
corresponding to any admissible piecewise constant policy. To see this, let fdenote
a policy that is admissible as far as the interpretation of (I eq)- ix is concerned.
If the problem has been formulated appropriately, then one can define the function
W:D() X by Wv r(f)+ (f)v and W will satisfy assumptions (I)-(III).
The corresponding semigroup, say U, exists by Theorem 1, and U(t)x can be
interpreted as the expected reward under f with time remaining until the terminal
reward x is received. Moreover, (I eW)-ix can be interpreted as the expected
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infinite horizon discounted reward under f with reward rate r(f) + e-ix and
discount factor e- 1. By hypothesis, (I eb)- x > (I e)- x for each x D(b).
Moreover, if x > y, then (I e)-x > (I e)-y. Consequently, for each
fixed t, (I (t/n)ck)-"x >_ (I (t/n)tP)-"x and T(t)x >= U(t)x. A simple argument
suffices to extend this result to the case of piecewise constant policies.

We conclude this section with an example of a Markov decision process
whose maximum expected reward vector is specified by the semigroup ofTheorem

in spite of the fact that the maximum expected reward vector does not satisfy
the Cauchy problem (2). One might suppose an example of this kind might need
to be rather complicated, but, quite the contrary, we shall consider a "deterministic"
Markov process for which there is no choice of controls.

Let S [0, 1], d be a positive number and s denote the sample path of the
process. For any initial state So we have s, So td for <= sold. The boundary
s 0 is absorbing, i.e., the process terminates when it arrives there. The infinitesimal
generator of this process is specified by v -dr’ and has domain D(b) equal
to all bounded continuous functions on [0, 1] which equal zero at s 0 and which
have piecewise continuous derivatives. Finally, we take X Loo([0, 1]) and r
constant.

Clearly assumption (I) is true. Now D(b) consists of all bounded continuous
functions on [0, which equal zero at s 0, so by the theory ofordinary differential
equations, (I- eb)-x D(b) for each x D(th) and assumption (Ill) is true.
Assumption (II) is true for w 0 (as the reader can verify), so the semigroup T of
Theorem 1 exists.

For the terminal reward we shall take x 0. If v(t, s) denotes the expected
reward when starting in state s with time horizon t, then we clearly have

tr, s >= td,
v(t,s)=

rs/d, s <__ td.

Note that v(t,. is not strongly differentiable at any __< d-. In fact, neither the
right- nor left-hand strong derivatives exist there, either. Hence v(t,. cannot
satisfy the Cauchy problem (2).

To complete this example, it remains to show that, indeed, T(t)x v(t,. ).
We do this by computing (4). The reader can verify that

)-n nkIn-l(rlk) n2(rlk)i]I- x-- tr- tr e k
i__i=0 i! i=o i! _j’

where k s/td. Letting n --, , and using the identity

k>l,

lim e-" (kn)
n-oo i=0 i!

1/2 k--1

1, 0_<k< 1,

(see Abramowitz and Stegun [1, p. 263]), we obtain the desired result.

3. The discounted ease. The discounted case is easy to dispose of. Our objective
is to show there exists a unique singular point, say z, of a certain operator such
that the maximum expected discounted reward l’(t)x z for all x D(4) as
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-} c. This result is analogous to the method of successive approximations as
used in discrete time dynamic programming.

Throughout this section, assume b satisfies (I)--(III) with w 0. Suppose the
rewards are discounted at the constant rate > 0. If T(t)x is the maximum ex-
pected undiscounted reward for some problem, then - b- I will be the
infinitesimal generator of a semigroup such that (t)x will equal the maximum
expected discounted reward. In particular, will satisfy (I)-(III) with
D(4) D(), and (t)= e-tT(t).

In view of (3), for any fixed t, (t) will be a strict contraction. Thus, for some
z e D(), [(t)]nx will converge strongly to z independent of x. By the semigroup
property and continuity of (t)x in t, z is also independent of t, so (t)x will con-
verge strongly to some z e D(b) as oe, independent of x.

In view of Crandall and Liggett [6], the function J (I et})-1 is a strict
contraction on R(I ecD) into O(4) for all small enough e > 0, so Jy converges
strongly to some e D(b). Moreover, is the unique fixed point of J, that is,
(I e)-1 . But this implies e D(b) and 0. In this case, (t) z for
all >__ 0 and z. Since is the unique fixed point ofJ, it must be the only point
such that 0. Hence (t)x converges strongly as t-, c to some z e D(b),
independent of x, where z is the unique point such that bz az.

One value of this result is in knowing that if there exists some stationary
policy, say f, whose expected infinite horizon discounted reward equals z, and
if (t)x is the maximum expected finite horizon discounted reward with respect to
some class, say ]r, of possibly nonstationary policies, then f will be optimal in the
infinite horizon case with respect to ]r. This is simply because the expected dis-
counted reward corresponding to any policy in/ will be less than or equal to
lim,_, (t)0.

4. The undiscounted case. As in the case of discounted rewards, we want to
know the asymptotic properties of the semigroup T. In the case of undiscounted
rewards, however, it is apparently necessary to make additional assumptions about
the problem in order to show T(t)x converges to some with D(th) and 0.
One possibility is to make some kind of continuity assumption about . This
usually leads to consideration ofthe Cauchy problem. For results along these lines,
see the last section on controlled jump processes as well as Pliska [20].

A different approach will be taken here. If assumption (II) is satisfied with
w 0, then by (3), for each > 0, T(t) will be, by definition, a nonexpansive
operator. The fixed point properties of nonexpansive operators in a Banach space
have been studied extensively in the literature. In particular, Browder [3] as well
as Goebel and Kirk [11] provide sufficient conditions for the existence of a fixed
point, and Browder and Petryshyn [4], Petryshyn and Williamson [18], and Kirk
[13] discuss when the Picard iterates of the method of successive approximations
converges to a fixed point. A large portion of this literature on nonexpansive
operators deals with closed, convex and bounded subsets of a uniformly convex
Banach space, and this is the approach that will be taken here.

Let 5 be the natural partial order on X. An operator K on a subset D of X
into itself is said to be monotone increasing on D if Kx <= Ky for all x __< y in D.
Crucial to the results of this section is the following assumption"
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(IV) (I eb)-1 is monotone increasing on D(@) for all small enough e > 0.

Assumption (IV) is satisfied in most Markov decision problems; indeed, it can be
verified (with the same line of argument as outlined in 2 to verify assumption (II))
immediately if (1- eb)-ix can be interpreted as the maximum expected dis-
counted reward over some class of stationary policies with discount factor e-1
and reward rate r + e- ix (one need not be restricted to the supremum norm here).

The results in this section are organized in four stages. First, if assumption
(IV) holds, then T(t) is monotone increasing on D(4) for all > 0. Second, if in
addition there exist two points 2, 17 D(4) satisfying 2 _< 1 and b2 > 0 > 417, then
T(t)2 is nondecreasing in t, T(t) is nonincreasing in t, and each function converges
pointwise to a function on S. Third, if in addition assumption (II) is satisfied with
w 0 and D(4) is a convex subset of a uniformly convex Banach space, then there
exists some z [, y’] =- {x D(b)’ __< x __</9} satisfying bz 0, that is, T(t)z z
for all > 0. Finally, if in addition b has a closed graph and there exists a unique
z [2, y’] satisfying bz 0, then T(t)x converges weakly to z as t- for all
x [2, y’]. The application of these results to a wide variety of Markov decision
problems will be explained. The following result is true for any w.

LEMMA 3. Let T Qw(D(dp)) be the semigroup of Theorem 1, and suppose
assumption (IV) holds. Then T(t) is monotone increasing on D(dp) for all >= O.

Proof. Let x =< y and be arbitrary. If > 0 is small enough, then one can
show by induction that (I edp)-"x <= (I edp)-"y for all n. Substituting tin
and letting n - , one obtains the desired result from (4).

THEOREM 4. Let T e Qw(D(q’)) be the semigroup of Theorem 1, and suppose
assumption (IV) holds. If 2, .9 D() are such that (I e.dp)- 12 >= 2 and (I )- 19

19 for all small enough > O, then T(t)2" [0, ) X is a nondecreasing function
and T(t))7"[0,) X is a nonincreasing function. If, in addition, <= , then
T(t)2 and T(t)y each converge pointwise to some and y, respectively, where 2 <__
5y<-_y.

Proof. Ofthe two assertions ofthe theorem, the second is an immediate conse-
quence of the first and Lemma 3. To prove the first assertion, only the case
(I eth)- 2 > 2 will. be considered, leaving the other to the reader.

Using assumption (IV) inductively, one concludes 2 (I e4)-"2 for all
integers n, so for any > 0, T(t)2 lim,_.o (I (t/n)dp)-"2 >= 2. For arbitrary
and z, T(t + )2 T(t)T(v)2 > T(t)2 by Lemma 3 and the semigroup property,

completing the proof.
It should be remarked that if )? e D(b) and b2 => 0, then 2 e4 2 =< 2 and by

(IV)2 __< (I e4)-1)? for all e > 0. Hence if 2, 17 e D(b), then the hypotheses in
Theorem 4 may be changed in an obvious manner.

It should also be remarked that there is no guarantee the limits 2 and . in
Theorem 4 are elements of D(4), D(4), or even X. It appears that some additional
assumptions are required, for example, that X is uniformly convex.

Following Clarkson [5], a Banach space X is said to be uniformly convex if to
each e, 0 < e =< 2, there corresponds a 6(e) > 0 such that [Ix] Ilyll 1, Ix- yl
>= e, and x, y e X imply (1/2)]Ix Yll _-< 6(e). Euclidean spaces of all dimen-
sions, Hilbert spaces,/v-spaces (1 < p < oe), and Lp-spaces (1 < p < oe) are all
uniformly convex. On the other hand, l, L, the space of continuous functions,
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and the space of convergent sequences are not uniformly convex, so the implica-
tions of a uniformly convex space, unfortunately, do not apply to the important
cases of controlled diffusion and jump processes (see the next two sections).
Nevertheless, the notion of uniform convexity yields new results for finite state as
well as other Markov decision problems.

A uniformly convex Banach space X enjoys the property that a function
u’[0,) X which is Lipschitz continuous on compact subsets of [0, ) is
differentiable almost everywhere. Crandall and Liggett [6] show that with the semi-
group TofTheorem I and with x D(tk), the function T(t)x is Lipschitz continuous
on compact subsets of [0, ). According to another result of theirs, if T(t)x is
differentiable almost everywhere and b has a closed graph, then T(t)x satisfies the
corresponding Cauchy problem (2). Putting these facts together, if X is uniformly
convex, b has a closed graph, T is the semigroup of Theorem 1, and x D(qS), then
T(t)x satisfies (2).

Another reason for bringing in the concept of a uniformly convex space is
illustrated by the following. Note that now w 0.

THEOREM 5. Let T Qo(D(dp)) be the semigroup of Theorem 1, let Y <= be
as in Theorem 4, and suppose assumption (IV) holds. If X is uniformly convex and
D(dp) is convex, then there exists some z [7, yJ {x D(t):7 _<_ x <= 37} satisfying
z D(), z 0, that is, for any > O, z is a fixed point of T(t).

Proof. This result is a consequence of the fixed point theorem in Browder
[3]. Let e > 0 be fixed. The operator (I eq)- maps [, y’] into itselfby hypothesis.
Moreover, (I- e4)-1 is nonexpansive according to Crandall and Liggett [6].
The subset [2, y’] is closed, bounded and convex,, so by Browder’s fixed point
theorem, (I eb)- z z for some z e [, y"]. But this implies z (I eq)z, that
is, z e O(tk) and bz 0. Hence T(t)z z for all >__ 0 by Theorem 4.

Theorem 4 indicates when T(t)x converges (pointwise) to some function on S,
and Theorem 5 indicates when there exists a singular point of 4. The following
theorem will combine these two ideas and provide a condition that ensures T(t)x
converges (weakly) to a singular point ofb. This result is analogous to the method of
successive approximations as used in discrete time dynamic programming which
states that the finite horizon maximum expected reward converges to the fixed point
of the optimal return operator as the time horizon diverges to infinity.

THEOREM 6. If, in addition to the hypotheses of Theorem 5, dp has a closed graph
and there exists at most one singular point, say, z, ofdp in [, y"j then for each x [Yc, yJ
the function T(t)x converges weakly to z as - .Proof. This result is an immediate consequence of Kirk [13, Thm. 3] provided
T(t) has a unique fixed point in [, y"]. We know z is a fixed point of T(t), so it
suffices to show there does not exist another.

Suppose w [, y is a fixed point of T(t). Clearly, T(t)w is differentiable;
indeed, T’(t)w 0. Consequently, it suffices to show T(t)w satisfies the Cauchy
problem

(7) u’(t) u(t), u(O)- w,

for then 4w 0 and either z w or one has a contradiction.
According to Crandall and Liggett [6, Thm. 2], if T is as in Theorem 1, b has a

closed graph, T(t)w is differentiable and w e D(4), then T(t)w satisfies (7). Thus this
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proof would be complete except for the fact we do not know w D(), only that
w D(q). But the proof of Theorem 2 in Crandall and Liggett [6] utilizes the
hypothesis w D(b) only to show T(t)w is Lipschitz continuous in on bounded
t-sets, and this we know, so we are, in fact, done.

The theorems in this section can be applied to a variety of Markov decision
problems. The ideas here will only be sketched, since to be specific necessitates giving
details .about the actual problems.

For an application ofTheorem 4, suppose there exists some v D(b) satisfying
bv 0 which can be interpreted as the maximum expected infinite horizon
reward over some class of admissible stationary policies. Suppose there exists one
such policy f such that r(f) >__ 0 (using the same notation and formulation as in
2). If 0 D(b), this implies 4)0 > 0. Moreover, v >_ 0. By Theorem 4, T(t)O con-

verges upward to 2, say, with 2 __< v. By the interpretation of v, however, there
exists some stationary policy whose expected infinite horizon reward, say w, is
arbitrarily close to v. Thus v , because T(t)O is greater than or arbitrarily close
to w for all large enough t.

Theorems 5 and 6 can aid in the analysis of three cases that arise frequently
in the Markov decision theory literature, namely, the transient, positive and
negative cases. Let M be a suitable set of stationary policies f. A problem is said
to be the transient case if there exists some number N such that the expected
termination time of the process given initial state s and stationary policy fis less
than N for all s S and f M. After defining D(b), one can usually show there
exists a unique z D(q) satisfying qz 0. Moreover, for any x D(q) one can
usually find , 37 D(qS) as in Theorem 4 satisfying 2 =< x __< 37(e.g., see Pliska [20]).
In this case, T(t)x z for all x O(b).

A problem is said to be the positive case if there exists some f M such that
r(f) >__ 0 (this was the case mentioned just above). If 0 D(b), then th0 _>_ 0, so one
can take 2 0. Suppose there exists a smallest singular point, say 37, greater than or
equal to 0 (i.e., if z >= 0 is a singular point then z >__ y’). Then [0, y’] possesses a
unique singular point and T(t)x - for all x e [0, y].

A problem is said to be the negative case if r(f) <= 0 for all f e M. This problem
is symmetrical with the positive case. In particular, if 0 D(q), then b0 __< 0 and
one can set 37 0. For 2 one takes the greatest singular point that is less than or
equal to 0.

For a final example of the results of this section, we consider an optimal
stopping problem. The optimal stopping of a continuous parameter Markov
process has been considered by Fakeev [8], [9] and others. It is possible to formulate
an important class of optimal stopping problems in the terms of this paper.

Consider a Markov process on S with infinitesimal generator /’ which has
domain D(/’) and range X. As usual, D() is dense in the Banach space X. If the
process is intentionally stopped in state s at any particular time, then the reward
v(s) is received, where v _>_ 0 and v D(). The problem is to maximize the ex-
pected terminal reward over the class of all Markov stopping rules.

To formulate this as a Markov decision problem, suppose there are two actions
for each state, namely "stop" and "continue". Thus dpx(s)= max {0,tx(s)}

0 V x(s), D(th) D(), the reward rate is zero, and the terminal reward is v.
Suppose assumptions (II)-(IV) hold; by definition, x e X for x s D(), so
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qSx X and b satisfies (I). According to Fakeev [9], the maximum expected ter-
minal reward in the infinite horizon case is the smallest excessive majorant of v.
Hence, one would expect that limt_. T(t)v satisfies this property, and this, indeed,
is the case.

To see this, suppose the excessive function z D(qS) majorizes v. According to
Dynkin [7, p. 44], a function z D(b) is excessive if and only if ’z =< 0 and z >= 0.
Then bz 0, and since bv >= 0, one concludes by Theorem 4 that lim,_. T(t)v
exists. In particular, suppose z is the smallest excessive majorant of v. If the hypo-
theses of Theorem 6 hold, then one must have z .

5. Controlled diffusion processes. This section examines the controlled diffusion
processes that were considered by Mandl [i53 and Pliska [193. The state space
S [so, sl] is a compact interval of the real line, and the set A of admissible actions
is a compact subset of the real line. The diffusion coefficient d(s, a) > 0, the drift
coefficient b(s, a), and the reward r(s, a) are continuous real-valued functions. The
set M ofadmissible stationary policies consists of all piecewise continuous functions
on S into A.

Each f M defines a Markov process according to the differential operator

(f d(s, f(s))s2 + b(s, f(s))

together with the Fellerian boundary condition

xjv(sj) + Oj v(sj) v(s) dlaj(s) (-1)rcjv (sj) + ajl(f)v(sj) O,

j 0, 1, where v(s) is a real-valued function whose second derivative is piecewise
continuous on S. The four parameters xj, a, ztj and 0 correspond, respectively,
to the boundary phenomena of absorption, adhesion, reflection and instantaneous
return. To complete the specification of the reward structure, suppose there arises
the reward 2 whenever the process is absorbed at boundary sj, j < 0, 1. Finally,
corresponding to 0, the process "jumps" from s into (So, s) according to the
probability distribution pj, j 0, 1. Let v be a real-valued function on S which is
integrable with respect to . If the process jumps from boundary s3 to s (ro, r),
then there arises the reward v(s).

It is now appropriate to formulate this controlled diffusion process problem
in the context of this paper. Let X be the space of all bounded continuous real-
valued functions on S under the supremum norm. For the purpose of this section,
assume the process is nonconservative and neither boundary is purely adhesive,
that is, x0 + x > 0, xj + n + 0j > 0, j 0, 1. Then the expected undiscounted
infinite-horizon reward corresponding to each f M will be finite, and for D()
it is appropriate to take all CZ-functions in X satisfying the boundary conditions

(0 + v(s O (v(s + (sII(s (-1 v(C o,

j 0, 1, where

7 max r(s, a), j O, 1.
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For technical reasons, if aj > 0, then without loss of generality, assume M is such
that r(sj,f(sj)) 7j for all f M. The operator 4) is defined by (1). Note that O(4)
is convex.

The next step is to verify the various assumptions of this paper. Note that
D(4)) does not contain any open subsets and that 4 is not continuous on X. Assump-
tion (I) holds by a standard result; see, for example, Berge [2, p. 1153.

Before proceeding to the other assumptions, it is necessary to verify some
preliminary results. First, with the scalar 2 > 0 and x X, v D(4) satisfies

(8) v"(s) + max {d(s, a)- lib(s, a)v’(s) 2v(s) + x(s) + r(s, a)]) 0
aA

if and only if, for each s S, there exists some fi A such that

el(s, a)v"(s) + b(s, )v’(s) v(s) + r(s, ) x(s)

and

d(s, a)v"(s) + b(s, a)v’(s) 2v(s) + r(s, a) <= x(s)

for all a A. And this, in turn, is true if and only if v satisfies (21 b)v x.
Moreover, a straightforward generalization of the methods in Pliska [19] yields
the fact that there exists a unique v D(4) satisfying (8). Hence, for each x X
and any e > 0, there exists a unique v D() such that

(9) (I- e4))v x.

In particular, R(I- )= X and assumption (III) holds. Also, for each x X,
there exists a unique v D(4) satisfying 4w x. Finally, comparing (9) with the
results in Pliska [19], it is apparent that v can be interpreted as the maximum
expected discounted reward (with respect to stationary policies) with discount
factor 2 e- and reward rate r + e- x. This interpretation immediately implies
assumption (IV) is true.

In order to show assumption (II) is true for any w > 0, two cases will be
examined, leaving the others to the reader. First, suppose ]]u vii u(s) v(s)
for some s (So, sl), in which case u"(s) v"(s) <= 0 and u’(s) v’(s) 0. Let a A
be such that u(s)= r(s, a) + (a)u(s). Then sC(a)u(s) <__ ,(a)v(s), so u(s)
<= (a)v(s) + r(s, a) <= dv(s). Hence, for any e __> 0 and w _>_ 0,

Ilu vii -<_ (1

-<_

For the second case, suppose Ilu vii U(So)- V(So), in which case u’(so)
v’(so) <= 0 and U(So)- V(So)- (u(s)- v(s))dlao(S) >= O. Subtracting boundary

conditions yields

o[U’(So)- v’(So).

Each term is nonnegative, so all are zero. In particular, o > 0 implies U(So)
V(So) and IJu vii 0, 0o > 0 implies Ilu vii u(s) v(s) for some s (So, s),
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and rto > 0 implies u’(so) v’(so) and u"(So) v’(so) <= O. In the latter two situa-
tions, one can proceed as with the first case; consequently, assumption (II) is true.

It should be remarked that it is not known whether T(t)x satisfies the cor-
responding Cauchy problem. The Cauchy problem would have a solution if
either b is continuous or X is reflexive, but neither condition holds in this case.

6. Controlled jump processes. This section examines a controlledjump process
that is considered in more detail in Pliska [20]. This process is a generalization of
ones considered by Miller [16], [17], Kakumanu [12] and others. The state space
S, with Borel -algebra , is a Borel subset of a Polish space. The action space A
is a compact Borel subset ofa Polish space. The process is specified by a real-valued
function 2 and a sub-Markov kernel Q on S A satisfying the following condi-
tions:

(i) 2 is continuous on S A.
(ii) 0 < (s, a) < N for some number N < and all (s, a) 6 S A.
(iii) 2 is uniformly continuous in a, i.e., given e > 0, there exists some 3 > 0

such that lax a2l < 6 implies supsl2(s, al)- 2(s, a2) < e.
(iv) For each (s, a) S x A, S’- Q(S’ls, a) is a subprobability measure on

5 with Q(S[s, a) <= 1.
(v) For each S’ (s,, a,) (s, a)implies Q(S’ls,, a,) Q(S’]s, a).
(vi) For each (s, a) S A, Q({s} Is, a) 0.
(vii) Q(S[s, a) is uniformly continuous in a, i.e., given e > 0, there exists some

6 > 0 such that lax a2[ < implies sups[Q(S[s, a) Q(Sls, a2) < e.
The set of admissible stationary policies consists of all Borel measurable

functions on S into A. The reward rate r is a bounded upper semicontinuous real-
valued function on S A which is uniformly continuous in a in the sense that,
given e > 0, there exists some 6 > 0 such that [al a2[ < 6 implies supss Jr(s, al)

r(s, a2)l < e.
Let X be the Banach space of bounded Borel measurable functions on S

under the supremum norm. The process has the infinitesimal generator

(a)v(s)=-,(s,a)[v(s)-fv(z)Q(dzls,a)1
where a A and v X. Let D(b) denote the set ofall upper semicontinuous functions
in X. In Pliska [20], it is shown that b maps D(b) into X (i.e., assumption (I) holds)
and b is Lipschitz continuous. In view of Maitra [14, Lemma 4.2], O(b) D().
Note that b neither maps D(tk) into itself nor X into itself.

According to Pliska [20], for x O(b), (21 b)-x O(tk) is the maximum
expected discounted reward with respect to stationary policies, with discount
factor 2 and with reward rate r + x. Hence for x D(b), (1 eb)- x D() is the
maximum expected discounted reward with respect to stationary policies with
discount factor e- and with reward rate r + e-Xx. In particular, assumptions
(III) and (IV) hold. Assumption (II) is true for all w > 0, because if s S is such that
Ilu vii u(s) v(s) for arbitrary u, v D(), then u(s)- v(s) >_ [u(z)- v(z)]
Q(dzls, a), qSu(s) dv(s) <= 0, and one can proceed as in the case of controlled

diffusions to obtain the desired result. On the other hand, if there does not exist
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any s e S such that Ilu 11 u(s) (s), then a suitable limiting argument yields
the appropriate result.

To briefly conclude, by Theorem 1, b is the infinitesimal generator of a semi-
group T Qw(D(qb)). The operator tk is single-valued and continuous from the strong
to the weak topology and D(O)= D(q), so by a result in Crandall and Liggett
[6, 2], we also know that T(t)x satisfies the corresponding Cauchy problem.
Finally, Pliska [20] verifies that T(t)x is indeed the maximum expected reward
vector.
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THE INFINITE-DIMENSIONAL RICCATI EQUATION WITH
APPLICATIONS TO AFFINE HEREDITARY DIFFERENTIAL

SYSTEMS*

RUTH F. CU.RTAIN’

Abstract. The infinite-dimensional versions of the linear quadratic cost control problem and of the
linear filtering problem lead to an infinite-dimensional Riccati equation with unbounded operators.
Existence and uniqueness theorems for mild solutions of these were established in The infinite
dimensional Riccati equations, Ruth F. Curtain and A. J. Pritchard (to appear in J. Math. Anal. Appl.)
using a semigroup and evolution operator approach. Although this formulation was very general,
covering a large class of parabolic partial differential control systems, it does not cover the semigroup
formulation of linear hereditary differential equations introduced by Delfour and Mitter. This paper
remedies this and applies the theory to the linear quadratic cost control problem for the affine linear
hereditary differential case.

Introduction. The study of the infinite-dimensional linear quadratic cost
control problem and the infinite-dimensional filtering problem both lead to an
infinite-dimensional Riccati equation with unbounded operators. The original
motivation for considering infinite-dimensional systems came from distributed
parameter systems, and the best known solution to the linear quadratic cost
control problem for linear parabolic partial differential equations is by Lions 14].
Balakrishnan [1] was one of the first to use a semigroup approach to solve dis-
tributed parameter control problems, which transforms the problem into an
abstract one in a Hilbert space. Lukes and Russell in [15] and Datko in [6] both
use this semigroup approach to study the time-invariant linear quadratic cost
control problem in a Hilbert space, though by very different methods. Finally,
in [4], Curtain and Pritchard gave very general conditions for existence and
uniqueness of solutions of the Riccati equation for the time-dependent case.

Although these theorems were formulated for an abstract Hilbert space and
were used to solve an infinite-dimensional filtering problem in [2], the conditions
were formulated with the parabolic partial differential equations in mind. More
recently, Delfour and Mitter in [8] and [9] have studied a class of affine hereditary
differential equations, by converting the problem to an abstract one in a suitable
Hilbert space, again using a "semigroup" approach.

In [-9] they gave a complete theory of the linear quadratic cost control problem
for this class of systems obtaining the expected Riccati equation. Although they
proved the existence and uniqueness ofan integrated version and ofa time-invariant
version using a result of da Prato, the proof of the differentiated version is incom-
plete (see Lemma 8 below). This paper fills this gap and also provides an interest-
ing alternative treatment of the linear quadratic cost control problem for affine
hereditary differential systems along the lines of Pritchard [163 and Curtain and
Pritchard [4].

* Received by the editors January 22, 1974, and in revised form June 17, 1974.
]" Control Theory Centre, University of Warwick, Coventry CV4 7AL, England. The Control

Centre is supported by the Leverhulme Trust and by the Science Research Council under Grant
B/SR/9186.

See [3] for applications to the filtering problem for affine hereditary differential systems.
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At the same time it is shown that the linear quadratic cost control problem in
infinite dimensions has a solution under minimal conditions on the system
operator (t), the restrictions only being required when one wants a differentiated
version of the Riccati equation.

1. Preliminaries on evolution operators. Let X be a real Banach space and
consider the following homogeneous abstract evolution equation"

i’(t)z(t),
dt

(1.1)
z(s)- zo, 0 s T,

where [0, T] T, a real finite-time interval, (t) a closed operator on X for
each and zo X.

Then there are conditions on (t) which guarantee th existence of a strong
eolution operator (t, s) (X) for 0 (- s _( T with the properties"

(i) ’(t, t) ,, the identity operator,

(ii) k’(t, s)(s, r)= q/(t, r), r _<_ s _<_ t.

(iii) (t, s)" ((s)) @((t)),

(1.2) (iv) t(q/(t, S)Zo) (t)ql(t, S)Zo for zo e @(z’(s)),

(v) ql(t, s) is strongly continuous in s and for 0 =< s < =< T,

(vi) s(q/(t, S)Zo) -q/(t, s)zg(S)Zo for zo e @((s))

(follows from (i), (ii), (iv) and (v)).

When (1.1) respresents a parabolic partial differential equation, the standard
conditions are that be the infinitesimal generator of a strongly continuous
semigroup in the time-independent case, and for the time-dependent case, see
Kato 12] or 13] or the end ofthis section. When (1.1) represents a linear hereditary
system, sufficient conditions for the existence of such a q/(t, s) are given in [8].
In general, sufficient conditions for the existence of such a (t,s) are that (1.1)
should have a unique continuous solution z(t) for e Is, T] and Zo e (’(s)) and
z(t) should depend continuously on the initial conditions. Then if we write z(t)

ql(t, s)zo it is easily deduced that (t, s)e 5(’(X) and has the properties (i)-(v).
Unfortunately, in some applications, we often need q/(t, s) to have additional
properties. We now summarize the main results on abstract evolution equations
which we need in the sequel. Consider now the inhomogeneous equation

dz(t)
(t)z(t) + f(t),

dt
(1.3)

z(0) zo.

Then (1.3) has the unique solution z(t)= ql(t, O)zo + to ql(t,s)f(s)ds provided
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(a) Zo e @((t)), f(s)e !(s/(t)) V e [0, T] and (b) f(. ), s(t)f(. are Bochner
integrable on [0, r] (see [1]).

Remark. If f(.) is merely Bochner integrable, then z(t)= g(t,O)zo
+ o ll(t, s)f(s)ds is still a well-defined element of X, Vte [0, r] but it may not
satisfy (1.3).

DEFINITION 1.1. We then call z(t) a mild solution of (1.3).
LEMMA 1. Consider the perturbed equation

dz(t)
dt

/(t)z(t) + (t)z(t), 0 <= s < <= T,

(1.4)
z(s) zo for Zo (s/(s)),

where x/(t) is a closed operator on X generating the strong evolution operator
(t, s) satisfying (1.2) (i)-(v). Then if N(t) L(T; L’(X)),

(1.5) (t, s) ’(t, s) + ’(t, )(o0(, s) d

has the unique solution (t, s)e ’9(X) which is strongly continuous in s and t, with
sup,r ilk(t, s)]] <= M er, where M, o are constants such that
M and suPteT II(t)ll =< .
Proof. (1.5) is a Volterra equation ola (x) and, for fixed s, has the form

(., s) //(., s) + Kff(., s), where K is a compact operator of norm < 1 on the
space of strongly continuous operators on 5e(X). So it has the unique strongly
continuous solution if(., s). The inequalities follow from the standard iterative
estimates on K"

(M(T- s))"
sup [[K"(t, s)ll_(x) <
teT n!

where

and

SO

sup II’(t,s)ll =< M and sup I(t)ll =<
O<s<tT tT

(t, s) (I K)- ’l(t, s) K"g(t, s)
n=O

sup II(t,s)ll M er.
O<_s<teT

DEFINITION 1.2. Consider (1..5) where N(.)eLoo(T;2’(X)) and (t) is the
generator ofthe strong evolution operator ’(t, s). Then we call the unique solution
(t, s) of (1.7) the mild evolution operator generated by (t) + g(t).

We note that if (1.4) has a unique strong solution, then it is necessarily of the
form z(t) (t, s)zo, i.e., (t, s) is then a strong evolution operator. We give two
sufficient conditions for (t, s) to be a strong evolution operator.

LEMMA 2. Under the alternative extra assumptions (1.6)(a) or (1.6)(b), the
mild evolution operator (t, s) for (1.5) is actually a strong evolution operator.
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(1.6) (a) The following inhomogeneous equation has a unique solution for any
measurable X-valued function f LE(X

.(t)- /(t)z(t) + (t)f(t),

z(s) Zo;

(1.6) (b) (i) (s): X (/(t)) Vs < t6 T,

(ii) sup II/(t)(s)xll exists Vx X.
s,teT

Proof.
(a) (1.6) (a) implies that

cO
’(t, a)(a)f(g) da s/(t) //(t a)(a)f(a)da + (t)f(t)ct

for any continuous function f(. ).

(1.7)

c
//(t, a)(a)(a s)zo d ,w’(t) ’(t, )(a)(0 S)Zo dacot

4- (t)(t, S)Zo.

By Lemma 1, z(t) (t, s)zo is the solution to the integral equation

(1.8) z(t) (t, s)zo / ll(t, )(t)z() d,

and by (1.7)

(t, s)zo satisfies :i(t)-- xl(t)z(t) + (t)z(t),

i.e., (t, s) is a strong evolution operator
(b) Under assumptions (1.6)(b), (1.4)is equivalent to the integral equation (1.8)

(cf. [1]) and (1.8) has the unique solution z(t) (t, s)zo by Lemma 1. So (t, s)
is again a strong evolution operator.

LEMMA 3. Consider the sequence of abstract evolution equations

dZk(t)
dt

((t) + k(t))z(t),
(1.9)

z(0) Zo, Zo e ((0)),

where (t) is as in Lemma 2 and k(" e Loo(r; q(X)) Vk, k(t) --. No(t strongly
as k and [[k(t)[[ <-- C uniformly in k and in on T. Then if s(t) + Nk(t)
generates the mild evolution operator gk(t, S) for each k, Ylk(t, s) ll(t, s) strongly
as k --. co, where lloo(t, s) is the mild evolution operator generated by s/(t) + (t).

Proof. From Lemma 1, llk(t, s) is the unique solution of the infegral equation

//k(t, S) //(t, S) + (t, a)k(a)//(a, s) da ’q’k < oo.
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Since all terms are uniformly bounded in norm in k and t, we can take limits as
k oo, and so ’k(t, s) converges strongly to the solution of

(t, s) (t, s) + (t, 00oo(00(0, s) ds,

which by uniqueness is just o(t, s).
Remarks. In [4] similar lemmas were proved but with stronger conditions on

(t), which we state here for comparison.
Conditions on (t). (i)- (t) is a densely-defined, closed, linear operator on X,

whose spectrum is contained in the fixed sector: E:largyl < 0 < rt/2 and
11(TJ sO(t))- 111 =< /lYl for y E;

(ii) s(t)-I e 5(X) and is H61der continuously differentiable in in the
uniform operator topology;

(iii) 7o- sC’(t)) __< o

(This gives much stronger conditions on @’(t, s), namely,

@’(t, s)" X ((t)) and

These conditions imply that (t) generates an analytic semigroup for each
and impose smoothness conditions with respect to t. There are alternative con-
ditions on (t) one could use (see, for example, [12]), but these again are stronger
and apply to parabolic partial differential equations. In these cases the perturbation
result of Lemma 2 holds without requiring conditions (ii) and (iii) on (. and
(t) + N(t) always generates an evolution operator with similar conditions to
@’(t, s) provided (. ) Loo(T; q(X)).

In [4], the time-independent case was treated separately and assumed only
that was the generator of a strongly continuous semigroup, but N(t) was
required to be strongly continuously differentiable in to ensure Lemma 2.

2. The linear quadratic cost control problem and the integrated version of the
infmite-dimensional Riccati equation. Consider the infinite-dimensional system

(t)z(t) +
(2.1) e T,

z(0) Zo

with the cost functional

(2.2) (g(u) (z(T), ffz(T)) + [(z(s), #(s)z(s)) + (u(s),(s)u(s))] ds,

where (t) is a closed operator on a Hilbert space , zo e , and sC’(t) generates
the evolution operator q/(t, s) with properties (1.2) (i)-(v). The control u e L2(T; /),
where is another Hilbert space and N’(t)e 5(, ), f#, K(t)e w() are self-
adjoint and positive semi-definite operators N(t), N(t)-1 e 5o() are self-adjoint
and positive definite. N(t), #/’(t), (t) and N(t)-1 are all assumed uniformly
bounded in norm on T.
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(2.1) and (2.2) define the infinite-dimensional version of the linear quadratic
cost control problem and lead to the following integrated Riccati equation"

T

(2.3) ,oo(t) ll*(T, t)lloo(T, t) + ll*(s, t)(s)#oo(s, t)ds,

whose existence and uniqueness we now prove.
We follow the procedure used by Curtain and Pritchard in [4]. Consider the

sequence of control problems generated by a sequence {uk(t)} of admissible
controls of the form uk(t) -(t)z(t):

(2.4)

where

dz(t)
dt

sl(t)z(t) + (t)(t),

z(O) Zo,

sl(t) (t)- (t)(t) and fro(t)= 0,

(t) -’(t)*(t),_

(2.5) (t) (t)+ t(t)(t)(t),

g(t) ll*(T, t)ll(T, t) + llk*(s, t)Cg/(t)ll(s, t) ds,

where //(t, s) is the mild evolution operator generated by s/(t). Then (2.4) has
the mild solution

(2.6) z(t) ll(t, O)zo + ll(t, s)l(s)fi(s) ds.

LEMMA 4.

(z(t), 2k(t)z(t)) (z(T), qJz(T))
T

+ [(z(s), #(s)z(s)) (z(s), .(s)3(s)O(s)) (2(s)(s)(s), z(s))] ds.

Proof. The proof is by substitution from (2.4) and (2.6).
LEMMA 5. k(t) converges strongly to the self-adjoint operator 22(t)

which is uniformly bounded in norm.

Proof. The cost for the system (2.4) with fi _=_ 0 is given by Cg(u) (zo 5k(0)Zo),
using Lemma 4. Letting fi u+ + z in (2.4) gives

Cg(u+ 1) Cg(u) (z(T), z(T)) (zo, 2k(0)Zo)

+ [(z(s), /’(s)z(s)) + ((fi- z), (s)(fi- (s)z(s)))] ds,

where z(t) is the solution of (2.4). Applying Lemma 4 with 0, and fi

[*(s).(s)- (s)(s)]z(s) yields qf(uu+ 1)- Cg(uu) <_- 0, i.e., (Zo,2u(O)zo) is
decreasing in k ’q’zo e )ft. By a similar argument, the cost of controlling (2.4) with
fi 0 and initial condition Zo at time to is just (Zo, k(to)Zo), and this is also
decreasing in k for each fixed t.
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By definition of rg,

(Zo, (t)Zo) < (Zo, (O)zo)

=< (Zo, o(O)zo) VZo ,
so {2k(t)} is a sequence ofpositive semidefinite, self-adjoint operators nonincreasing
in k, weakly continuous in and uniformly bounded in norm in k and on [0, T].
Therefore 2k(t) converges strongly to a setf-adjoint operator which is uniformly
bounded in norm on T.

LEMMA 6. The unique optimal control for the linear quadratic cost control
problem (2.1), (2.2) is the feedback control

u(t) - l(t)*(t)(t)z(t)
with the minimum cost (Zo, (0)Zo).

Proof. See [16].
o(t), (t) are sequences of weakly continuous operators bounded in norm

uniformly in k and and so converge strongly to

(t) -l*(t)oo(t and Uo(t)= K(t) + *(t)(t)(t)

respectively. Considering Lemma 4, we see that all operators are bounded in
norm uniformly in k and t, and so we can let k oe, by the Lebesgue dominated
convergence theorem. Letting 0 and u(t) fi(t) N?-l(t)*(t)2oo(t)z(t)in the
resulting expression where u is any admissible control, we obtain

(u) (Zo, oo(0)Zo) + ((s), (s)(s)) ds > (Zo, oo(O)zo)

since ’ is positive definite.
LEMMA 7. -oo(t) is the unique weakly continuous solution of the integral

equation (2.7)

o(t) ’*(T, t)ff//o(T, t)

+ ’*(s, Oil(st + oo(s(st- (s*(s(s](s, 0

where l(t, s) is the mild evolution operator generated by

sl(t) (t)N- (t)N*(t)2oo(t).

Proof. In (2.5) all operators are at least integrable in and are uniformly
bounded in k on [0, T], since

sup Ilq/k(t, s)ll =< M e
O<_s<_t<_T

by Corollary 1, where II(t,s)[I M, ]l(t)ll 0, IIk(t)ll F, all uniformly in
t, s and k on [0, T]. So by the Lebesgue dominated convergence theorem, we can
take limits as k - o of

T

(k(t)x, y) (llk(T, t)x, qlk(T, t)y) + (qlk(S, t)x, qk(S)qlk(S, t)y) ds.
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Since it holds X/x, y 6 0, we can dispense with the inner product. Lemma 3 ensures
us that llk(t, s) converges strongly to dgo(t, s), the mild evolution operator generated
by ’(t)- (t)-l(t)*(t)o(t). Uniqueness follows as in [4] using similar
arguments as in Lemma 6.

We summarize these results thus generalizing those which were proved in
[4] and [16], under stronger conditions on a’(t), with parabolic partial differential
equations in mind.

THEOREM 1. Let (t) be a closed operator on a Hilbert space ;f which generates
a strong evolution operator ’(t, s) with properties (1.2) (i)-(v). Let / be another
Hilbert space and suppose(. L(T, .q’(, gf)), q(of), U(. Lo(T; q(W)),
(.) and (.)-1 Lo(T;L’(F’)), and (t), aj, U(t) are self-adjoint, positive
semidefinite operators, (t) and - (t) are self-adjoint and positive definite. Under
the above conditions, the linear quadratic cost control problem (2.1) and (2.2) has
a unique minimizing feedback control u(t) -1-x(t)*(t)o(t)z(t) with minimum
cost (Zo,A(0)Zo), where -oo(t) is the unique weakly continuous solution of the
following integral version of the Riccati equation:

(2.3)

T

o(t) *(T, t)fll(T, t) + #*(s, t)[W’(s)]ll(s, t)ds

+ *(s, t)oo(S)(s)- ’(s)*(s).o(s)oU(s, t)ds,

where ’o(t, s) is the mild evolution operator generated by

(t) (t)-l(t)*(t)oo(t).
We remark that these are extremely general conditions on (t), essentially

requiring that the abstract evolution equation

(1.1)

dz(t)
dt

’(t)z(t),

z(0) Zo, Zo (d(0)),

has a unique continuous solution with continuous dependence on initial conditions.
In order to obtain a differentiated version of the Riccati equation, however, we do
need stronger conditions.

3. The inner product Riccati equation. What we would like to be able to do is
to differentiate (2.3) to obtain a differentiated version of the Riccati equation,
but in general ’o(t, s) is only a mild evolution operator and there are problems
involved with the domain of (t). The crux of this problem is clarified in the
following simple lemma.

LEMMA 8. Consider f(t)--T Cg(S)I(S, t)y ds, where ll(t,s) is the evolution
operator with properties (1.2) (i)-(v) generated by a closed operator (t) on a Banach
space X and (. ) L(T; L’(X)). If y f-ltT 6(1(t)) and suptT II(t)yl] exists

for each y Yl tT (’(t)), then f is differentiable and

dt

T

,(t)y + ,(s)Oll(s, t)t(t)y ds.
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Proof. f(t) is well-defined by (1.2) (v) and assumption on cg. Now

df -(t)ll(t t)y + [(s)g(s t)y]ds
dt -provided ,(O/3t)(Cg(s)ql(s,t)y) exists and is Bochner integrable and

(Cg(s)’(s, t)y)ll <= a(s), an integrable function independent of t. But
(O/Ot)(Cg(s)g(s, t)y) -rg(s)q/(s, t)g(t)y by (1.2) (v) since y e f’ltT ((t)) and

IlC(s)/(s, t)(t)yll const.

(by (1.2)(v) and assumption on )

_<_ const, by assumption.

dt
qY(t)y + rg(s)g(s, t)ff(t)y ds.

We now show that under fairly mild assumptions on (t), the integral Riccati
equation may be differentiated to obtain a differential inner product Riccati
equation.

THEOREM 2. Assume the conditions of Theorem and in addition

(3.1)
(a) sup I[’(t)y[[ exists for each y f’] (’(t)),

tT tT

(b) g’(t) 3(t)-l*(t)(t) generates a strong evolution operator for any
weakly continuous (t)

Then the following inner product Riccati equation has a weakly continuous solution
o(t) -().

(3.2)
L dt + ff*(t)(t) + (t)ff(t) + (t)

where x, y ,w (’(t)).
Proof. Assumption (3.1) (b) ensures that //o(t, s) is a strong evolution operator

with properties (1.2) (i)-(v). Let

Yl(t) (ll*(T, t)aJq/’(T, t)x, y) for x, y e f) (’(t))
tT

(llo(T, t)x, llo(T t)y).

(3.3)

dYe(t)
dt

-(llo(T, ff x llo T, y) ( ll T, x ll T, ff y)

by (1.2)(v).
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Let

Y2(t) q.l(s, t)(s)oll(R)(s, t) as x,

#(s)loo(s, t)x, (s, t)y) ds.

dt

((s)(s, t)x, (s, t)(t)y) ds

by Lemma 7 since

]((s)(s, t)(t)x, (s, t)y)l

< const, independent of by (1.2)(v) and 3.1(a),

and similarly for the other term. Let

Y3(t) ll*oo(s, t)2oo(s)(s)- ’(s)N*(s)2(s)lloo(s, t) ds x, y

(oo(S) + 1(S)-l(s)*(S)foo(S)Offoe(S t)X, dffoe(S t)y) ds.

dY3(t)
dt

(2oo(t)(t)- x(t)*(t)oo(t)x, y)

T

(ooo(S)](S)- I(S)*(S)(S)Offoo(S t)’(t)X, (S, t)y) ds

T

j (oo(S)gt(s) I(S)*(S)2o(S)oo(S, t)X, Offoo(S tlsg(t)y) as

by Lemma 8 since

[(oo(s)3(s)-l(s)*(s)2o(s)(s, t)g’(t)x, oo(s, t)y)]

__< const. []sg(t)x[] ]YI[, since all operators are uniformly bounded
in norm on T

< const, by (3.1)(a),

and similarly for the other term.

dS ) dY dY2 d Y3
d----i--x’ y -Yf + +

(2o(t)(t)x, y) (2(t)x, ](t)y)

([(t) + o(t)(t)- ’(t)*(t)2(t)]x, y),
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where we have taken s’(t) outside the integral, which is allowed since both versions
exist and sg(t) is closed.

This theorem is now applied to the Riccati equation arising in the linear
quadratic cost problem for affine hereditary differential systems. For application
to the dual Riccati equation arising in the filtering problem, see [3].

4. Application to the linear quadratic cost control problem for affine hereditary
differential systems. We consider the linear quadratic cost control problem
considered by Delfour and Mitter in 9]. The affine hereditary differential system is

(4.)

dt
[x(t + o,), + o, >= o}A(t)x(t) + i: Ai(t)[h(t + 0,), + 0 < 0

f x(+ 0), + 0>_ 0}+ (t)u(t) + Ao,(t, O) dO
[h(t + O),t + 0 < 0

x(O) h(O),

where t T [0, T], Aoo, Ai L(T; 2"(JR")),
(. ) Loo(T; 2"(", [")), u(. ) L(T; m) and

Ao Lo(T; I-b, 0]; 2"(")),

-b < -0 < --ON_ < < --01 <--00 ---O.

The spaces 2 and ’,(Oe92 are defined as follows. Consi&r 2(-b, 0); [n),
the space of. maps: I-b, 0]-, [" under the seminorm Ilyllu2- Ely(0)l 2

+ j’_ [y(0)l 2 dO] 1/2, where I. is the Euclidean norm on N".
Then 2(_ b, 0; [") is the quotient space of 2’2( b, 0; [") generated by the

equivalence classes under I1" 112, ’2 is a Hilbert space and is isometrically iso-
morphic to [" x L2(-b, 0; [n), 2(tl, t; n) is the space of absolutely contin-
uous maps [to, t] --, [" with derivative in LE(to, t; n) under the norm

X 2 [X(t0)[2+
ds[

ds

and (2 is a Hilbert space and is isometrically isomorphic to R" L2[to, n].
In [8], Delfour and Mitter prove the following fundamental result for (4.1).
For the homogeneous case where 0 and the initial datum is x(s) h(O)

at time s and h /2(-b, 0; R") fl 2(_ b, 0; "), then (4.1) has a unique
solution s(" h) s’cgZ(s, T; [29. The map’(t, s) s(t; h) generates the 2-param-
eter semigroup q)(t, s) satisfying"

(i) (t, s)e 2"(////2) for >__ s >= 0,

(ii) (t, r)rb(r, s) rb(t, s); >__ r _>_ s => 0,

(4.2)
(iii) (t, t) , the identity operator in 2"(//(2),

(iv) (t, s) is strongly continuous in s and for s __< t,

(v) q)(t, s)" --. and -(t, s)y (t)(t, s)y
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where s(t) is a closed operator on /,2 with domain 9 and is defined by

( s(t)h for 0 0,
[sC(t)h] (0) l [sh3 (0) for 0 # 0,

where s(t)’9 " and 1"9 --* L2[-b, 0;n] are given by

s(t)h Aoo(t)h(O + A(t)h(O) .+ Aol(t, O)h(O) dO
i=1 b

and

(lh)(O) dh(O)
dO

So we see that this means that the homogeneous form of(4.1) may be expressed
as an abstract evolution equation on /2, where (t) generates the strong evolu-
tion operator O(t, s)"

(4.3)
(0) h e 9.

The inhomogeneous equation (4.1) may be expressed similarly"

(h(t) (t)(t) + (t)u(t),
(4.4)

6(0) h e 9,

where (. e Loo(r; (Rm, ///2)) is defined by

f(t)v, 0=0
(4.5) [3(t)v](O) I O, 0 # O.

The quadratic cost for system (4.1) is

for v [",

J(u) <x(T), fqx(T)> + <x(s), t(s)x(s)> ds

(4.6)

+ <u(s), (s)u(s)> ds,

where the inner product here is in [" or [" and the usual assumptions are that
c, /(. are symmetric and positive matrices, and -1(. are symmetric and
strictly positive and W and are L in s on T.

If we define , W(t), as operators in (/2) corresponding to , and /-(t),
respectively, as we defined from 0 in (4.5), then the #2-version of (4.6) is

J(u) <(T), (T)) + <(s), ff/(s)(s)) ds

(4.7)

+ <u(s), (s)u(s)> ds,

where the first two inner products are now in /2.
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We now have a linear quadratic cost control problem in /2, defined by (4.4)
and (4.7), which satisfies all the assumptions of Theorem and also of Theorem 2
which follows from the following lemma.

LEMMA 9. (a) suptr [[s’(t)h[[ exists for each h
(b) The inhomogeneous equation (4.4) in [2 has a unique solution for

u(t) L2(T; [").
Proof. (a)

[[(t)hllt Aoo(t)h(O) A(t)h(O,) + Ao(t, O)h(O) dO + -do dO
i=1 -b

< const, independent of t, since Aoo, A and Ao are Loo in on T.

(b) See Delfour and Mitter [8].
So the condition (1.6)(a) of Lemma 2 is satisfied and (t)- (t)-(t)

*(t)(t) generates a strong evolution operator for any weakly continuous (t)
(taking u(t) - (t)*(t)(t)dp(t).

So applying Theorems and 2, we have proved that the 2-version of (4.4),
(4.7) ofthe linear quadratic cost control problem for the affine hereditary differential
system has a unique minimizing control u(t)=--(t)*(t)’(t)(t) and
minimum cost (h, (0)h)u, where N(t) is a self-adjoint weakly continuous
operator in 5(2), which is the unique solution of the integral Riccati equation
and satisfies"

-d-i- + l*(t)(t) + (t)(t) + #(t) (t)(t)-’(t)*(t)(t y, x O,
2,

where x, y e , the domain of
This agrees exactly with the results of Delfour and Mitter in [9].
Author’s note. In this paper, by Loo(T; (X)) we mean the space of q(X)-

valued functions which are strongly measurable and uniformly bounded in norm
on T. Terms like

g(t, a)(00(a, s) d

are Shorthand notations for the strong Bochner integral. Finally, (sC*(t)(t)x,
in (3.2) of course means (2oo(t)y, s(t)x).

Acknowledgments. I would like to thank Richard Vinter for his helpful
criticisms.
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COPRIME FACTORIZATIONS AND STABILITY OF MULTIVARIABLE
DISTRIBUTED FEEDBACK SYSTEMS*

MATHUKUMALLI VIDYASAGAR"

Abstract. The stability of multivariable feedback systems presents different problems from the
stability of single loop feedback systems, owing mainly to the complexities of "pole"-"zero" cancella-
tion in the multivariate case. In this paper, the "coprime factorization" of a nonrational transfer func-
tion matrix is defined and is used in studying the stability of multivariable distributed feedback systems.
However, the stability results based on coprime factorizations, though they are quite elegant, do not

lead to readily applicable testing procedures. For this reason, we introduce the notion of "pseudo-
coprime" factorizations. These also lead to many stability theorems. As a special case of these stability
results, we obtain explicit necessary and sufficient conditions for the stability of a multivariable feedback

system whose open loop transfer function contains a finite number of poles in the closed right half-plane,
but is otherwise stable. These results significantly generalize those of Callier and Desoer [8].

1. Introduction. The stability of multivariable feedback systems presents
different problems from the stability of single loop feedback systems, owing
mainly to the difficulties of "pole"-"zero" cancellations in the multivariable case.
For systems with rational transfer functions, the stability question is more or less
completely resolved in some recent work of Desoer and Schulman [9], [10],
who use the concept ofa coprime factorization ofa rational transfer function matrix.
It is possible to define a coprime factorization of nonrational transfer matrices also
and to study the stability of distributed multivariable feedback systems using such
factorizations. This is done in the present paper. However, the stability results
based on coprime factorizations of nonrational transfer matrices, though they
are quite elegant, do not lead to readily applicable testing procedures. For this
reason, we introduce the notion of "pseudo-coprime" factorizations. These also
lead to many stability theorems, which are quite analogous to results obtained
using coprime factorizations, except that the proofs are somewhat messier. As a
special case of the stability theorems developed using pseudo-coprime factoriza-
tions, we obtain explicit necessary and sufficient conditions for the stability of a
multivariable feedback system whose open loop transfer function contains a
finite number of poles in the closed right half-plane but is otherwise stable. These
conditions significantly generalize those of Callier and Desoer [8].

2. Summary of known results. We consider first the rational case. Let G(-)
and/(. be n n matrices whose elements are proper rational functions of the
complex variable s, and let /(. be defined by /(s)= d(s)(I + (s). J(s))-1.
Then the elements of/(. are also proper rational functions, and furthermore,
one can prove the following identity [2], [11]"

(1) det (I + .(s)J(S))= det (I + (c)((c)) II (s p))(s pi))
where p), pi) and pi) are the poles of (. ), (. ), and (. ), respectively. It is
well known that under the present assumptions, a system with the transfer function
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/(. is BIBO stable if and only if Re pi) < 0 for all i, i.e., if/(. has no poles
in the closed right half-plane C/ {s’Re s >= 0}. In view of (1), it is clear that a
necessary condition for/(. to have no poles in C / is that det (I + (. )d(. )) has
no zeros in C/. However, the condition that det (I + P(. )t(.)) has no zeros
in C / is not sufficient to insure that/(. has no zeros in C/, because it is possible
for some phi) to coincide with some p or p. In other words, both the open loop
transfer function and the closed loop transfer function of a multivariable system
can have poles at the same point, and such a pole cannot be detected by studying
det (I + P(. )((. )).

As an example, let

6(s)=
s--- o

0
s+l

Then

s+l 2

t + (s)d(s)= s- s+
2

s--1

so det [I + P(s)((s)] has no zeros in C + yet we have

s+l

q(s) (s)[t + (s)(s)3-’

det [I + P(s)((s)] s + 3

s+l’

(s- 1)(s 4- 3)

--2

(s 1)(s + 3)

-2

(s- 1)(s+ 3)

s+l
(s- 1)(s4-

which clearly represents an unstable system.
The solution proposed by Desoer and Schulman [9], [10] is to express both

((.) and/(. )in the form

(2) P(s) .v(s)" [DF(S)]-’,
(3) 0(s) G(s)-[fiG(s)]-’,
where/e,/G, be, bG are polynomial matrices, and further the pairs (SF, be),
(SG, bG) are right-coprime, i.e., there exist polynomial matrices Pc, 0F, PG, Oa
such that

(4) PF(S)" [F(S) 4- OF(S)" bF(S I for all s,

(5) PG(s). SG(s) + Oa(s)" Da(s) I for all s,

where I is the identity matrix. The conditions (4) and (5) can be interpreted very
simply: The set of all rational n n matrices constitutes a noncommutative ring,
and (4) implies that )F and/)F have no common right divisor other than one whose
inverse is also an element of this ring. Equation (5) can be interpreted similarly.
The ordered pair (e,/)e) is called a right-coprime factorization of ; similarly,
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the ordered pair (/a, ha) is called a right-coprime factorization of (. Once P
and ( are suitably factorized, (an algorithm for finding a suitable factorization is
given by Wang [5]), Desoer and Schulman proceed to give necessary and sufficient
conditions for 0(I + P()- to correspond to a stable system.

We turn now to distributed systems. The following notation is used to
facilitate the presentation"

C set of complex numbers;
C+ {s Re s => 0}

indicates Laplace transform;
/’’, """ Banach algebras defined in [4];

convolution
L.t.d. Laplace transformable distribution;
condition (N)" an ordered pair of functions (&/), where &/" C --, C is said

to satisfy condition (N) if, whenever (si)= is a sequence in C + with limi_, (si) 0,
we have lira inf/_, If(si) > O.

The following theorems are slight generalizations of [6, Thm. 1] and [7,
Thms. and 2].

THEOREM A. Let G(. be a matrix of distributions with support in [0, ),
and let F(. x/"’. Suppose that in some neighborhood of the origin, G contains
at most impulsefunctions, and supposefurther that the equation

(6) H + H*F*G G

has a unique solution for H( ). Under these conditions, if H( ) d" ", then
(i) G(. is Laplace transformable" .for some > O, G(. ""(), G(. is

analytic in Re s > a and can be continued to a meromorphic function in Re s > 0;
(ii) G(s) is of the form

(7) ((s) R(s)[b(s)] -1 for all s e C +,

where
(iii)

(8) inf Idet (I + F(s)G(s))l > O.
sC

THEOREM B. Suppose G(. is an L.t.d., F(. ) s/"", and suppose (6) determines
H uniquely.(Hence 121 (I + J)- over thecommonhalf-planeofconvergence).
Under these conditions, ffI(. s/"" ifand only if

(i) there exist ., in 51"" such that

(9) 0(s) N(s)[b(s)]-I V s e C +

and such that the ordered pair (det b, det (b + P)) satisfies condition (N), and
(ii)

(10) inf [det (I + P(s)0(s))[ > 0.
sC
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Since the proofs of these theorems are only minor modifications of those of
corresponding theorems in [6], [7], we omit them here in the interests of brevity.

The situation as it exists for distributed multivariable systems vis-a-vis
that for lumped multivariable systems is as follows’ If ((s) and I( are proper
rational matrices, then one can apply Wang’s algorithm [5] to obtain polynomial
right-coprime factorizations for both ((.) and (. and apply the definitive tests
of Desoer and Schulman [9], [10]. In the distributed case, the situation is more
complicated. Suppose we are given an L.t.d. G(. and F(. ) ’"". In order to
determine whether or not / 0(1 + Ft)-1 belongs to "", we would first
check the condition (8). If (8) fails, then definitely H " ", in view ofTheorem A.
On the other hand, suppose (8) holds. This alone does not imply that/ " ".
(Indeed, the example given earlier serves to demonstrate this fact.) Thus in order
to conclude that H "", in addition to (2), we use the added assumption that
t is the form (9), where the appropriate condition (N) is satisfied. This brings us
to the following question" Suppose we express a given in the form (9), but the
corresponding condition (N) fails to hold; what, if anything, can we conclude?
The answer is, in general, nothing. However, if the ordered pair (R,/5) constitutes a
so-called right-coprime factorization of t, or a pseudo-right-coprime factorization
of t, then definitive conclusions can be drawn. The purpose of this paper is to
introduce these two concepts and to prove several stability results based on such
factorizations.

3. Right-coprime factorizations. We first introduce the notion of right-
coprime factorizations.

DEFINITION 1. A pair of elements (N, D) in "" is said to be right-coprime
in "" if there exist elements/, ( in "" such that

(11) .O(s)(s) + Q(s)b(s)= I for all s e C +.

DEFINITION 2. Given an L.t.d. G(. with support in [0, oo), the ordered pair
(/,/3) is said to be a right-coprimefactorization (r.c.f.) of ( in "" if

(i)

(12) ((S) /(S)[b(S)]- for all s C +

and

(ii) the pair (/,/5) is right-coprime in " ".
Remarks. The concept of an r.c.f, in "" of a transfer-function matrix should

not be confused with the similar yet distinct concept of polynomial coprime fac-
torizations as detailed in 2. The concepts are similar in that ’"" is a non-
commutative ring, just as the set of n n polynomial matrices also is a non-
commutative ring. But an important fact to note is the following" Suppose G(.
is a matrix whose elements are proper rational functions. Then it is known [2]
that t(. has a polynomial right-coprime factorization, and in fact, an algorithm
exists for finding such a factorization. In contrast, it is not even known whether
or not t(. has, in general, an r.c.f, in " ".

We now state a few results that lead to stability conditions.
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PROPOSITION 1. Let G(.) be an L.t.d. with support in [0, ), and let (., )
be .an r.c.f, in "" of G. Then J "" ifand only if

(13) inf Idet D(s)[ > O.
sC

Proof. If. Suppose (1 3) holds. Then by [1, Thm. 4.18.6, p. 150], it follows that
[1/det/3(. )] e , whence [/3(-)]-1 e ,,. Therefore t is a product of two
elements of" ", and as such itself belongs to " ".

Only if. Suppose (1 3) is violated, and let (si)= be a sequence in C + such that
det/)(si) 0. Since . and/3 are right-coprime, there exist P and ( in "" such
that

.(s).(s) + Q(s)b(s)= I for all s e C+.

Postmultiplying both sides by [/5(s)]- 1, we get

(14) P(s)6(s) + O.(s)= [b(s)] -’

If we replace s by s in (14) and let ---, v, the right side becomes unbounded,
whence so must the left side. However, /s(. and ((.) are both bounded over
C + since they belong to ’" ". This shows that t(S) must become unbounded
as oe, whence ( ’ ". 71

_Remarks. The point of Proposition can be explained as follows" Suppose
((s) [/)(s)]-1 where .,/3 if" ", but we assume nothing more. Then ( ""
if (13) holds; but failure of (13) does not in general imply that G z’"" because,
in general, ((s) need not become unbounded as det/)(s) 0 with s in C +. How-
ever, if we add the assumption that .,/3 are right-coprime, then (13) becomes a
necessary and sufficient condition for ( to belong to "". In other words, once
we find an r.c.f, for (, we can state that ( "" if and only if the determinant of
its "denominator" is bounded away from zero over C +.

LEMMA 1. Let G( be an L.t.d. with support in [0, )" let . " ". Let (, ))
be an r.c.f, in z’"" of , and let 121 (I + 1) 1. Then the ordered pair (,
b + )is an r.c.f, in "" offfI.

Proof Clearly/ .(/3 + P/)- 1, and it only remains to show that the pair
(N, D + FN) is right-coprime. Since . and/3 are right-coprime by assumption,
there exist/, ( in "" such that

for all s e C +.

A little manipulation yields that

[/S(s)- ((s).(s)]R(s) + O(s)[b(s) + P(s)R(s)] I for all s C+.

Since P (/ belongs to "", this shows that the pair (R,/3 + R) is right-
coprime. El



COPRIME FACTORIZATIONS AND STABILITY 1149

Remarks. Consider a system with t in the forward path and/ in the feedback
path. Then d(I + ff() is clearly the gain of the closed-loop system. Lemma
shows that if we can find an r.c.f, in " of t and if e" ", then we can readily
find an r.c.f, of/. In view of Proposition 1, once we have an r.c.f, in "" of/,
we can readily ascertain whether or not H e ".

The main stability result based on r.c.f.’s is given next.
THEOREM 1. Let G(. be an L.t.d. with support in [0, c)" let F "", and let

fit d(I + 17ff3) 1. The 131 "" ifand only if has an r.c.f. (,/3) in "" such
that

(15) inf Idet (b(s) +/(s))(s))l > O.
sC

Proof If. Suppose that (R,/3) is an r.c.f, in "" of ( and that (15) holds.
By Lemma 1, we have that (),/3 + PR) is an r.c.f, in "" of . Thus by (15)
and Proposition 1, it follows that/ e" ".

Only if. Suppose /"". Since / + ((1 + ()-1, we also have (
(I- /)-1. Accordingly, define 1 =/" b I- /-). Then /, b 7"",

t NO-1, and moreover,

P(s)R(s) + b(s) I for all s.

This shows that (i) the pair (, b) is right-coprime whence the ordered pair
is an r.c.f, in ("" of , and (ii) (15) is satisfied.

COROLLARY 1. Let (R, ) be an r.c.f, in z""" of let "", and let. (I + )- 1. Then 1I g?"" ifand only if(15) holds.
It is desirable to restate Theorem 1 in such a way that in (15) the dependence

on G is brought out more explicitly. The following lemma is useful for this purpose.
LEMMA 2. Let , , . be arbitrary elements ofz"" ", and let Rb- 1. Then

(16) inf Idet (b(s)+/(s)R(s))] > 0
sC

ifand only if

(17) inf Idet (I + P(s)((s))l > 0
sC

and the ordered pair

(18) det/3, det (/3 +/.))

satisfies the condition (N).
Proof If This involves only routine arguments, and a proof can be found

following [6, Thm. 1].
Only if. First, suppose (17) fails. Since det (/3 +/) det/5, det (I + Fd),

and since det/5(. is bounded over C +, we see that (16) also fails. Next, suppose
(18) fails. Then there exists a sequence (si)i in C+ such that det/)(si) 0 and
det (D(si) + l(si)(si)) 0 as . But this means that (16) fails. [3
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Combining Lemma 2 and Theorem 1, we get what is essentially an alternate
form of Theorem 1.

THEOREM 2. Let G, F, ffI be as in Theorem 1. Then ffI "" if and only if
there exists an r.c.f. (,/3) in "" of such that (17)and (18) hold.

Proof. The proof is immediate from Lemma 2 and Theorem 1.
COROLLARY 2. Let G, F, ., , ff-I be as in Corollary 1. Then ff-I "" if and

only if(17) and (18) hold.
The stability theorems above demonstrate the importance of being able to

determine an r.c.f, in"" for a given transfer matrix t. This task is rather difficult
in general, but is made a little simpler by the following result, which shows that
is only necessary to find an r.c.f, in "" for the "unstable part" of (.

PROPOSITION 2. Let b + ,, where (;b "", and suppose the ordered
pair (., ) is an r.c.f, in "" of ,. Then ( + bb, D) is an r.c.f, in ]"" of .

Proof Clearly,/ + bb and b both belong to "", and t () + Gbb)
b-1. Thus it only remains to show that + (;bb and b are right-coprime. By

assumption, there exist/3, in /" such that

P(s)(s) + ((s)(s)= I for all s C+,
so we have

/3(s)[)(s) + Ob(S)b(s)] + [Q(s)- P(s)b(s)]b(s I for all s C+,

whence + tb/) and b are right-coprime. [-I

4. Pseudo-dght-coprime factorizations. While the stability theorems based
on r.c.f.’s are quite elegant, they do not seem to be easy to use for testing stability
in specific situations, owing mainly to the difficulties of finding an r.c.f, in ""
for a given transfer function. As mentioned before, it is not clear how to find an
r.c.f, in "" for a given t even in the simple (and practically significant) case
where all elements of t are proper rational matrices. To overcome these difficulties,
we introduce pseudo-right-coprime factorizations. These lead to a theory that is
more clumsy than that involving r.c.f.’s, but is at the same time more readily
applicable.

DEFINITION 3. A pair of elements (,/3), where ,/3 "", is said to be
pseudo-right-eoprime (p.r.c.) in "" if there exist elements/), ,, gz in "" such
that (i)det (s) 4:0 whenever s e C+ and (ii)

(19) O(s)(s) + ’(s)(s)= ’(s) for all s e C+.
DEFINITION 4. Given an L.t.d. G with support in [0, o), the ordered pair

(N, D) is said to be a pseudo-right-coprime factorization (p.r.c.f.) of t in "" if
(i) ((s) -/(s) [/)(s)]-1 for all s C +,

(ii) the pair (,/5) is p.r.c.,
(iii) whenever (si)= is a sequence in C + with Isil- , we have limi_oo

infldet )(si)l > O.
Remarks. Comparing Definition 1 with Definition 3, we see that the main

difference between an r.c. pair and a p.r.c, pair is that the identity matrix I in the
right-hand side of (11) is replaced by l(s) in (19), where det l(s) - 0 whenever
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s e C+. So, loosely speaking, I(s) can be inverted at all s s C+ and therefore
behaves like the identity matrix; but it is possible that det I(s) --* 0 as Is[ o
with s e C+ Similarly, comparing Definitions 2 and 4, we see that a necessary
condition for a given Laplace transform ((.) to have a p.r.c.f, is that all singularities
of t(. in C + are contained in a bounded subset of C +.

The practical significance p.r.c.f.’s is illustrated by the following result.
PROPOSITION 3. Let (s) be an n x n matrix whose elements are proper rational

functions of s. Then has a p.r.c.f.
Proof Under the given hypothesis on G, there exists a polynomial r.c.f, of G,

say (A, F). In other words, A and F are polynomial matrices such that (i) ((s)
A(s)[F(s)]-1 and (ii) there exist polynomial matrices (I)(s) and f(s) such that

(20) (I)(s)A(s) + f(s)F(s)= I.

Moreover, we can assume without loss of generality that F(s) is column proper.
Let det F(s) I-I= (s pi)m’, and let 6i denote the highest power of s appearing
in the ith column ofF(s). Since F(s)is column proper, we have
Let M(s) diag {s + 1)- ’, ..., (s + 1)- -.}, and define

(s) A(s)[M(s)]- 1, D(s) r(s)[M(s)]

Then N and 15 are proper rational matrices with poles only at s 1, and hence
r,/5 e s" ". Moreover, ((s) N(s)[b(s)]- 1. Next, define

0(s) tI)(s). (s 4- 1)-, /(s) n(s). (s 4- 1)-,
where e is greater than or equal to the degree of any element of and f. Then, P e s" ". Also, from (20), we have

O(s)N(s) + ’(s)3(s)= [M(s)] -1. (s + 1) & W(s).

Clearly, ffZ(s)es"". Moreover, det (s)= (s + 1) -/, where /is an integer
(in fact, l= n0 + ,’=1 6i), so det l(s) 0 whenever s e C+. Hence the pair
(R,/3) is p.r.c. Finally, we have

det b(s) det F(s). [det M(s)] -1 1-I (s pi)m’ (S + 1)- ’
i= i=

so det b(s)--. whenever Isl- o. Thus the ordered pair (R,b) constitutes
a p.r.c.f, of ( according to Definition 4. [

We now proceed to derive some stability results based on p.r.c.f.’s. These
theorems are quite similar to those based on r.c.f.’s, but the details are slightly
different. To bring out the similarities more clearly, we use the additional symbol
"p". For instance, "Theorem p" is the p.r.c.f, analogue of "Theorem 1".

PROPOSITION p. Let G(. be an L.t.d. with support in [0, oe), and let (., )
be a p.r.c.f, of J. Then J s"" ifand only if
(21) det D(s) v 0 whenever s C+.

Proof If. Suppose (31) holds. Since (N, b) is a p.r.c.f, of , we have that
lim inf Idet/)(si)] > 0 whenever (si)/= is a sequence in C + such that Isil--. oe;
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so this fact, together with (21), implies that

inf Idet b(s)l > 0.
sC

Hence, by [1, Thm. 4.18.6, p. 150], it follows that 1/det/)e s"x", whence/3 -1

e ’". Hence t R/)-1 also belongs to 7"".
Only if. Suppose (21) is violated, and accordingly, suppose det/)(So) 0 for

some so e C +. Since R and/3 are p.r.c., there exist , P and 1 in " x, such that
det l(s) 4:0 whenever s e C + and such that

O(s).(s) + f’(s)b(s) #(s) for all s e C +.

Hence

(22) O(s)O(s) + f’(s) I(s) [b(s)]

As s so, the right-hand side of (22) becomes unbounded, since det (So) - 0.
This implies (as in the proof of Proposition 1) that ((s) becomes unbounded as
s So, whence ( " ".

LEMMA p. Let G(. be an L.t.d. with support in [0, ); let F(. ""; let
(, )) be a p.r.c.f, of , and let ffI (I + )-1. Suppose we have that lim inf
det (I + P(si)O(si))l > 0 whenever (si)[= is a sequence in C+ such that
Then the ordered pair (., + P.) is a p.r.c.f, ofI.

Proof Clearly,/ N(/) + PN)- 1. Also, it can be shown as in the proof of
Lemma that N and/3 + P] are p.r.c. so in order to show that (1,/3 + P/) is a
p.r.c.f, of /, it only remains to show that lim infidet (/)(si)+ F(si)N(s3)[ > 0
whenever (si)%l is a sequence in C+ such that Isl . But this is immediate
since det (/3 + )) det/3, det (I + Pt) and since lim inf Idet/)(si)] > 0 when-
ever (si)] is such a sequence (by virtue of the fact that (N,/3) is a p.r.c.f, of 0).

Remarks. Comparing Lemma with Lemma lp, we notice a significant
difference. If (2,/3) is an r.c.f, of (, then (N,/3 + PN) is automatically an r.c.f.
of/. However, if (2, b) is only a p.r.c.f, of (, then (2,
only under some additional hypotheses, which essentially insure that all singu-
larities of/ in C + are contained in some bounded subset thereof.

We now present the main stability theorems based on p.r.c.f.’s.
THEOREM lp. Let G(. be an L.t.d. with support in [0, ), and let F(.

Suppose all singularities of in C + are contained within a bounded subset of C+.
Then fit (I + )-1 if and only if there exists a p.r.c.f. (9,/3) of
such that

inf Idet (/)(s) / P(s)(s))l > 0.
sC

Proof. The "if" part is obvious. To prove the "only if" part, suppose
/ "" and define

N=H, D=I-FH.

Then (N, D) is a right-coprime pair and is therefore also p.r.c. It only remains to
show that/3 satisfies condition (iii) of Definition 4. Towards this end, suppose
by way of contradiction that (s)= is a sequence in C+ such that ]sl and
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det b(si) 0. Now we have

so that

(s).(s) + b(s)= I,

(23) P(s). d(s) + I

So, if we replace s by si in (23) and let , the right side becomes unbounded,
whence so must the left side. This in turn implies that d(s) becomes unbounded,
which contradicts the hypothesis that all singularities of in C/ are contained
in a bounded subset of C/. Hence no such sequence (s) can exist, and as a

result, the ordered pair (, b) constitutes a p.r.c.f, of (.
COROLLARY p. Let G(. be an L.t.d. with support in [0, )" let F(. )6"";

let (, b) be a p.r.c.f, of d, and let fit (I + )- 1. Then ff-I "" ifand only if
(23) holds.

From an applications point of view, Theorem p is not particularly illuminat-
ing. Theorem 2p below is much better in this respect. The proofs are omitted in
the interests of brevity.

THEOREM 2p. Let G, F and be as in Theorem p. Then "" ifand only if
(i)

(24) inf Idet (I + F(s)G(s))l > O,
sC

(ii) there exists a p.r.c.f. (, b) of such that

(25) det (b(s) + P(s)N(s)) # 0 whenever det/)(s) 0 and s e C +.

COROLLARY 2p. Let G, F, ffI, t, b be as in Corollary lp. Then H e"" if
and only if(24) and (25) hold.

Finally, as is the case with r.c.f.’s, it is only necessary to find a p.r.c.f, of the
"unstable part" of a given transfer function matrix.

PROPOSITION 2p. Let d -Ji- u, where b "S?’’nx and the ordered pair

(., ) constitutes a p.r.c.f, ofd Then ( + dbb, ) is a p.r.c.f, of d.

5. Special case. As an application of Theorem 2p, we derive explicit neces-
sary and sufficient conditions for a class of multivariable feedback systems to be
stable.

THEOREM 3. Let G(.) be an L.t.d. with support in [0, ), and suppose d(.) is

of theform
k mi

G(s) ., Rij/(s pi) + rib(S) a= d,(s) + db(s),
i=lj=l

where Re Pi >- O for all and Gb(" )6 d’n n. Let

d.(s) A(s)[r(s)]

be a right-coprime polynomial factorization of ,(. ), and suppose F(. is column
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proper. Let P e "" and let J(I + P()-x. Then if-I(. e "" if and only if
(i)

(26)

(ii)

(27)

fori= 1,...,k.

inf Idet (I + P(s)((s))l > O,
sC

det IF(p,) + (pi)A(pi) + (p,)db(p3r(p3] 4:0

Proof Given A and F, define N and/5 as in Proposition 3. Then, the ordered
pair (N,/5) is a p.r.c.f, of d,, and therefore, by Proposition 2p, (N + (b/5,/5) is a
p.r.c.f, of (. Hence, by Theorem 2p, H e s"" if and only if (26) holds, and in
addition

det [b(s)+ P(s)3[(s) + P(s),(s)b(s)] 0
(28)

whenever det/3(s) 0, s e C +.

However, it is clear from the way that and/3 are constructed that the only
points s in C+ such that det/3(s) 0 are s p, i= 1,..., k. Furthermore,
N(s) A(s)M- X(s),/)(s) F(s)M- (s), and det M(pi) 7 0 for 1, k. There-
fore, (28) simplifies to (27).

Remarks. Theorem 3 is a generalization of some results of Callier and Desoer
[9], who assume that F(. is a constant nonsingular matrix.

When ( has several poles in C/, finding the polynomial right-coprime
factorization of t, may be quite cumbersome. Since the condition (26) is purely
local, it is possible to deal with each pole individually. Let

mi

-i(s) ,. Ri/(s pi),
i=1

L(s) 6(s)- (s).
Then L is analytic in a sufficiently small disk centered at p. Also, we have

d(s) [(s)+ (p)] + [(s)- (p)].

The first bracket is a proper rational function of s; the second bracket is analytic
in a sufficiently small disk centered at pi and vanishes at s Pi. Now, suppose

/,(s) A,(s)[F,(s)] -a

is a polynomial r.c.f, of/2(s). Then, since L(pi) is a constant matrix, one can show
by methods entirely analogous to those of Propositions 2 and 2p that the ordered
pair (A(.) + L(p3F(. ), F(. )) is a polynomial r.c.f, of [/(s) + L(p3]. Using this
decomposition, (26) can be simplified to

det (F,(p,) + P(p,)A(p3 + P(p,)L(p3F,(p3) 4 O, i= 1,..., k.

6. Conclusions. In the interests of brevity, we do not state the stability
theorems for discrete-time systems. We merely note that for discrete time systems,
there is no loss of generality in dealing with p.r.c.f.’s rather than with r.c.f.’s,
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owing to the power-series nature of the z-transform. The complete details can be
found in [11].

In this paper, we have presented several stability theorems based on right-
coprime factorizations and pseudo-right-coprime factorizations that can be used
to test the stability of multivariable feedback systems. It goes without saying that
completely analogous results can be derived using left-coprime factorizations and
the formula/ (I + alP)-1(.

Acknowledgment. The author gratefully acknowledges many fruitful discus-
sions with Professor C. A. Desoer, who also made many valuable suggestions
regarding the structure of this paper.
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STABILITY CRITERIA FOR TIME-VARYING SYSTEMS
IN HILBERT SPACE*

ANDREW ACKERf

Abstract. The Freedman and Zames logarithmic variation criterion for stability [1] is extended
to two types of systems in Hilbert space: one involving a generalized causal convolution operator and
a time-varying gain, the other involving a real causal convolution operator and a time-varying un-
bounded operator. Also, the conditions on the Nyquist diagram are relaxed, and it is shown that a
certain bound on either the average logarithmic increase or the average logarithmic decrease of the
gain functions insures stability.

1. Introduction. This paper contains a variety of independent improvements
of the Freedman and Zames logarithmic variation criterion 1. On the one hand,
two separate generalizations in the Hilbert space context are presented. On the
other hand, improved stability criteria are found whose significance is independent
of the Hilbert space generalizations.

The main application (within the context of real feedback systems) of these
latter stability criteria occurs in the case (not considered in [1]) in which the
positive gain function is not uniformly logarithmically bounded over all time, i.e.,
approaches 0 or or oscillates with both as limit points as . In this context,
we find that if the Nyquist diagram of the time-invariant part G of the system
avoids (-, 0, then an appropriate bound on either the average logarithmic
increase or the average logarithmic decrease of the gain suffices to insure stability.
Furthermore, if the Nyquist diagram intersects the origin, but avoids an arbi-
trarily thin angular sector about the negative real axis, then stability is implied
by a bound on the average logarithmic decrease of the gain provided that

lim sup larg ;(io9)1 <= n/2,

i.e., provided the Nyquist diagram approaches the origin as I1 at an angle
which in the limit does not exceed 90 Although, for unity of notation, the follow-
ing sections have been written mostly in the Hilbert space context, the reader who
is primarily interested in these results can understand them quite easily by reading
Lemma 4.4 and 5 and 6. In 8, the assumption that the gain is not uniformly
logarithmically bounded yields naturally to the assumption that a time-varying
operator, which replaces the gain, is unbounded.

The main lemrnas in the new stability theorems are generalizations of two
operator factorization lemmas in [1]. Namely, in 4, the generalized transform
theory of Freedman and Falb [2] (which is reviewed in 3) is utilized in the proof
of a generalized multiplier lemma for causal convolution operators in Hilbert
space. Of particular interest is the fact that the new proof does not rely on the
"operators with prescribed phase characteristics" technique used in the original
proof in [1], but rather relies on a lemma relating the Nyquist diagram of an
operator to its spectrum in the space of causal, time-invariant operators. In 5, the

* Received by the editors December 27, 1973, and in revised form July 10, 1974.
f Mathematisches Institut I, Universitit Karlsruhe, Karlsruhe, Germany.
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logarithmic variation condition for the factorization of the gain function ([1,
Lemma 4]) is weakened to necessary and sufficient conditions which involve
bounds on the average logarithmic increase or decrease of the gain.

In 7, a new positivity lemma is proven for integrals involving a time-varying
self-adjoint operator and a real causal convolution operator.

The stability results in 6 and 8 are generalizations to the cases where G
becomes a generalized causal convolution operator in H and where the gain is
replaced by a time-varying, unbounded self-adjoint operator. The results in the
second case are particularly well adapted to the determination of stability of
solutions of boundary and initial value problems in partial differential equations.
For this application the new conditions concerning behavior of the Nyquist
diagram in a neighborhood of the origin are essential.

2. The feedback system. H is a separable Hilbert space which, unless specifi-
cally specified, can be either real or complex. If H is real, then H H iH is the
complexification of H. 5(H, H) denotes the Banach algebra of bounded linear
operators in H, and I" is the norm on W(H, H). For any function f(t) defined on
[0, ) and T >= O, fT(t) is the truncation of f(t) to the interval [0, T].

DEFINITION 2.1. L2e([0, ), H) is the space of functions f defined on [0, )
such that fT is in L2([0, ), H) for all T _>. 0.

DEFINITION 2.2. For any real number a, L2,([0, ), H) is the space of functions
x(t) defined on [0, ) for which x(t)exp (at) is in L2([0, ), H). L2r([0 ), H) is
a Banach space in the norm

1/2

Ilxl, Ix(t) exp (at)l 2 dt

DEFINITION 2.3. An operator G’L2e([0 oo), H)--. L2e([0 ct3), H) is causal if,
for all functions x(t) in Lze([0 o(3), H) and all T _>_ 0, we have

(6x)r (Gxr)r.

DEFINITION 2.4. W(H, a), for any real number a, is the space of causal linear
operators

W(H, a) is a Banach algebra in the norm

11611w, sup {llx I Ilxll 1}.
DEFINITION 2.5. For any real number a (i.e., a can be positive or negative),

B(H, a) is the space of causal operators G L2e([0, 00), H) --* L2([0, 00), H) which
are of the form G goA + g where A is the identity in L2([0, 00), H), g is a
convolution operator, i.e.,

(ge)(O g(t "c)e() dr,

where g(t)exp (at) is in LI([0, ), (H, H)), and go is a real or complex number
depending on whether H is real or complex. B(H, a) is a (noncommutative) Banach
algebra under the norm IIGI B,, Igol + j’ Ig(t)l exp(at)dt. Moreover, B(H, a)
c W(H, a’) whenever a’ __< a.
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DEFINITION 2.6. B(H,a) is the closure of B(H, a) in W(H, a).
Remark 2.7. The operators in B(H, a) are causal. They are also time invariant

in the sense that if f L2([0, ), H) and if f(t) and its translation fa(t) f(a + t)
both have support in [0, ), then Gfa (Gf)a.

The stability results in 6 will concern the general feedback system represented
for >__ 0 by the equations"
(1) e(t)= f(t) d(t)y(t),

(2) y(t)- (Ge)(t),
where the following assumptions hold.

ASSUMPTION 1. H is a real, separable Hilbert space and G is an operator in
B(H, a) for some positive number a.

ASSUMPTION 2. (t) is a real function defined on [0, c). (Properties such as
continuity are explicitly not assumed.)

ASSUMPTION 3. For every input f(t) in L2([0 o0), H) (o arbitrary), the solutions
e(t) and y(t) exist in Lze([0 oo), H).

DEFINITION 2.8. For any real a, the feedback system of (1) and (2) is Lz-stable
with respect to y if for every input f(t) in L2,([0, oo), H) the corresponding output
y(t) is also in L2([0 oo), H), and ifthere exists a constant A such that IlYlI <= AIIf[]
uniformly for all input-output pairs (f(t), y(t)) in L2([0 oo), H). Lz-stability with
respect to the output e(t) is defined analogously. If a 0, the system is simply
called Lz-stable with respect to y or e.

3. Generalized transform theory. The transform theory developed by
Freedman and Falb in [2] is briefly reviewed and adapted to the present context.
C represents the complex numbers. For any real number, C() z C[ Re z >
and () is the closure of C(t).

DEFINITION 3.1. If G goA + g B(H, ), then the Laplace transform G(z) is
defined on C(- r) by ff,(z) goI + .(z) where (z) g(t) exp (- zt) dt and the
identity I are operators in Hc. If G B(H, ), then there is a sequence {G,) of
operators in B(H, r) such that ]]G, Gllw,--* 0. The transforms ff.,(z) are uni-
formly Cauchy on C(-a) and converge uniformly on C(-) to a function
which is then defined as the Laplace transform of G.

Remark 3.2. For any G B(H, r), ft,(z) is analytic on C(-a) and uniformly
continuous on C(-). Also, there is a point go C (go real if H is real) such that
;(z) --. goI uniformly on (-r) as ]z[ --* oo. We can write G goA + g where
g G goA is the limit of a sequence of convolution operators without adjoined
identity.

DEFINITION 3.3. (See [2, Def. 5.5].) Assume G goA + g B(H, a) and let
{ex,e2,... be an orthonormal basis for H. Let H, and H, be the spans of
{e, ..., e,} in H and H and let E, be the projection of H, H into H,, Hf,. Let
,,(z) E,,(z)E, for each z e C(-a). Then G is approximable in B(H, a) if ,(z)
converges uniformly to (z) on C-’(-a).

Remark 3.4. It is shown in [2, Prop. 5.6] that G goA + g is approximable
in B(H, a) if and only if (z) is a compact operator in H for all z C(-a).

DEFINITION 3.5. For G eB(H,a), the a-shifted Nyquist diagram of G is
N(G, a) U,_ ,oo spec (io a). (This is written Nn(G, a) if H is ambiguous.)
N(G, ) is a compact subset of C which, if H is real, is symmetric to the real axis.
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DEFINITION 3.6. For G goA + g B(H, a), we define (G, a)
(Uze(-,)spec ,(z)) U {go}. (This is written n (G, a)when H is ambiguous.)
(G, a) is compact and is also symmetric to the real axis when H is real.
Remark 3.7. Freedman and Falb proved in [2, Cor. 5.8] that

spe%(u ,o)G u (G, 0)

when G is approximable and H is complex. If H is real and G is approximable in
B(H, a), then this result becomes

specn(u,)G Z,c(G, o) Zn(G, 0).

4. Multiplier lemmas for operators in B(H, tO. Lemma 4.3 extends the
multiplier lemma of Freedman and Zames ([1, Lemma 3]) to Hilbert space. Also,
the condition on the Nyquist diagram is reduced from (-,0] f’l N(G,r)

toR f’l N(G, a) for c sufficiently small, whereR (- , 0) I..J {zl Iz + cl
< c}. Thus, Lemma 4.3 applies to operators whose Nyquist diagram contains the
origin, such as convolution operators without an adjoined identity.

Lemma 3 of [1] was proved by application of the method of "Construction of
multipliers with prescribed phase characteristics" ([1, Lemma 2]). This method
appears not to generalize readily beyond the case where go and g(t) are real-valued.
It is shown here that the required multiplier can be obtained by a simpler method
which is unaffected by dimension. Namely, if R f’l N(G, o) , then the multi-
plier is (cA + G)-1/2. Here, the main problem becomes that of showing.that the
condition on N(G, o) confines the spectrum (G, o) of G in B(H, r) sufficiently
so that (cA + G)-1/2 exists as a causal operator. This problem is solved by Prop-
osition 4.2.

In Lemma 4.4 we apply Lemma 2 of [1] to derive alternative sufficient con-
ditions which restrict N(G, o) somewhat less in the vicinity of the origin, but which
only apply when go and g(t) are real-valued.

PROPOSITION 4.1. Assume G e B(H,O), where H is n-dimensional. Then for
zo 6 C, zo (G, 0) if and only if (a) zo q N(G, 0) and (b) the sum of the winding
numbers about zo of the n (continuously chosen) eigenvalue functions of G(ico) on

[-, ] isO.

Proof If {el, -.., e,} is an orthogonal basis for H, then for z (0) the matrix
Go(z) defined by

[Go(z)]i,j (go Zo)- (ei, ((z) ZoI)ej) i,j 1,..., n,

is invertible if and only if ;(z) ZoI is invertible. The winding numbers about 0 of
det Go(iog) on [- , ] is the sum of the winding numbers about 0 of the n con-
tinuously chosen eigenvalue functions 2k(09), k 1,..., n, of Go(io9) on [-, ].
Since det Go(z is analytic on C(0) and det Go(z) uniformly as Izl in
C(0), the proposition follows from the argument principle.

PROPOSITION 4.2. Let G goA + g be an approximable operator in B(H, 0).
For points Zo, z C, assume that zo q .(G, 0) and that there exists a polygonal arc
F with zo and z as endpoints such that F f’) N(G, 0) . Then z (G, 0).

Proof If F’ {z golz F}, then F’ f’) N(g, 0) . Thus ((iog) 2I) -1

exists for (o, 2) [- , ] F’, and in fact I((io) 2I)- 11 is uniformly bounded
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over this set. Thus if ,(z) E,,(z)E,, then the equation

(,(ico)- 21)= [I + (,.(ico)- (ico))(g(io9)- 21)-x]((iog)- 21)

shows that there is an integer no > 0 such that (,(io) 21)-1 exists and is uni-
formly bounded over all (co, 2, n) with (09, 2) [-, ] F’ and n >= no. For
n >= no and H, E,H, the condition F’ f) NH(g., 0) implies F’ fq n.(g,, 0)

by Proposition 4.1. Therefore, F’fq u(g,,0)= , since n(g.,0)
,n.(g,, 0). Thus, for n >= no and 2 F’, (,(z)- 21)-1 is analytic on C(0),

uniformly continuous on C(0), and uniformly convergent to (- 1/2) as ]z[ ov in
C(0). The norm I(.,(z) 21)- 1[ must take on its maximum value somewhere along
the line z io, o [- , ], because the operator norm function is subharmonic
on C(0). Thus supzco)I(g,(z) 21)- 11 is uniformly bounded over all n >__ no. From
the equation

((z)- 21)= [I + ((z)- ,(z))(,(z)- 21)-1](n(z 2I),

we conclude that ((z)- 21)-1 exists for all z C"(0). Therefore, F fq u (G, 0)
F’ fq n (g, 0) , which implies the result.

For any e > 0, we let R (-

LEMMA 4.3 (the generalized multiplier lemma). Let H be real and let G be an
approximable operator in B(H, o) such that (z) is a normal operator in L’(Hc, H)
for each z (-0). Then if R N(G, o) for some > O, then the operator

M (A + G)- 1/2 exists in B(H, o) and satisfies (for afixed positive number 6) the
inequalities

(al)

and

(a2)

exp (rt)(y(t), (M,y)(t)) dt >= 6 ly(t)[ dt

exp (rt)(y(t), (M,Gy)(t)) at _> o,

whenever T [0, ), r 6 0, 2tr], and y L2e([0 o), H). If, furthermore, (- , 0]
f’) N(G, tr) , then the operator Mo G- 1/2 exists in B(H, tr) and satisfies (for
a fixed positive number 6) the inequalities

(bl)

and

exp (rt)(y(t), (Moy)(t)) dt _> 6 ly(t)l 2 dt

(b2) exp (rt)(y(t), (MoGy)(t)) dt >= 6 ly(t)l z at,

whenever T [0, ), r [0, 20] and y L2e([0 OO), H).
Proof For any real and/3, the transformation T():B(H,) B(H, +

is defined as follows. For G goA + g in B(H., fl..), T()(goA + g)= goA +
where g(t) g(t)exp (-st). T() is extended to B(H, ) by taking the closure.
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Now, given G e B(H, a), define GO T(-a)G. Then o(Z)= (z- a) in
C(0), so that R fq N(Go, 0) or (-, 0] N(Go, 0) in the respective
cases.

Thus, by Proposition 4.2, either R f) (Go, 0) or (- , 0] ffl (Go, 0). For all _>_ 0, let G T (e)Go. Then G e B(H, 0) and (G, 0) c (Go, 0).
For e’ e [0, el, define on the complement of (- v, e’] the analytic functions

f,(z) (e’ + z)- 1/2 and h,(z) zf,(z), where z- 1/2 is the principal square root of
z- 1. Then Re f(z) > 0 and Re h(z) >= 0 in the complement of R, and Re fo(z) > 0
and Re ho(z > 0 in the complement of (- , 0]. Thus if R, I"1 N(G, a) ,then
there is a 6 > 0 such that Re f(z) >= 26 and Re h(z) >= 0 on (Go, 0). Similarly,
if (-,0] fq N(G,a)= , then there is a 6 > 0 such that Re fo(z >_ 26 and
Re ho(z) >= 26 on (Go, 0).

For _>_ 0 and e’ [0, e] define the operator Ms,, in B(H, ) by M,, f,(G)
(where f,(G) is defined by means of a Cauchy integral as in [3, (22)]. The integral
exists as a consequence of Remark 3.7). Then under the respective conditions on
N(G, a) we obtain M, _>_ 6A or Mo, => 6A in B(H, 0) by .[3, Lemma 4.5]. Let the
multipliers M and Mo asserted in the lemma be given by M M., and
Mo Mo,,. Then for r [0, 2a] and y,(t) y(t) exp ((rt)/2) we have

exp (rt)(y(t), (My)(t)) dt (yr(t), (M,_r/2)y)(t)) dt

> ly,(t)l 2 dt >= 6 ly(t)l 2 dr,

which proves (al).
The proof of (b l) is similar.
Also, M,G h(G) and Mo,G ho(G), so that the inequalities (a2) and

(b2) follow by the same arguments applied to the functions h and ho.
LEMMA 4.4. Let G be an operator in B(R, a). (R the reals.) For an arbitrary

fixed constant a’ < a, define (o9) on [-, ] by 9(o9) arg o(ico a’) (and by
continuity at the isolated zeros of;) and define A(co) distance {(o9), [- rt/2,
Assume that A(o) and A’(co) are in L2((-, ), R) and that there is a constant fl
such that A(co) <_ fl < re/2 on (- , ). Then there exists an operator M B(R, a’)
such that the inequalities (al) and (a2) in Lemma 4.3 hold for r [0, 2#].

Proof Define the function" s(o9)= -A(co) sign (qt(co)) (where sign (0)= 0).
Properties of J(io a’) imply that if(co) is odd, A(co) is even and both are locally
absolutely continuous on (-, ). Also, (COo) 0 only if A(co) 0 in a neigh-
borhood of Oo, so that s(co) is locally absolutely continuous and s’(o)) -A’(co)
sign ((09)). Thus s(og) and s’(co) are in L2((- , ), R) and [s(co)l =< fl < zt/2. By

[1, Lemma 2], there is an operator Q eB(R, 0) such that s(co)= argQ(io))
and such that 0 N(Q, 0) (in fact Q(io9) as 1o91 ). Define M B(R, a’) by
M T(a’)Q (see Lemma 4.3) so that l(z- a’)= O(z) on C(0). Then
larg 191(io9 a’);(io9- a’)[ [s(o) + (o9)1 =< re/2 implies 191(io9 a’)J(ico a’)
C’(0) for all oge [-, ]. Similarly the conditions [arg 191(io9- a’)[ Is(og)l

_<_ fl and 0 N(M,a’)imply 191(i09- a’)dC(6) for all ooe[-, ], where
6 cos (fl) inf {Izllz N(M, a’)}. One concludes that 191(z) C’(6) and
191(z)(z)e(0) for all z eC(-a’) by the maximum principle. The integral
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inequalities (a) and (b) are now proved by using the causality of M and MG and
the exponentially weighted form of Parsival’s theorem (see [1, pp. 505-506]).

Remark 4.5. The condition in Lemma 4.4 that A(o) and A’(co) are in
L2((- ),R) means essentially that A(o) 0 as Iol- , i.e., that
lim supl,l_ larg ff.(io a)[ __< n/2. The condition in Lemma 4.3 that R V) N(G, o)

is stronger in that whenever {z,} is a null sequence of points in N(G, o) (with-
out regard to the values of to which the individual z, correspond) one must have
lim sup,_ larg z,I =< n/2.

It is readily seen in one dimension that the condition lim supl,l_
larg(ico- o)1 < n/2 is also necessary. Assume to the contrary for some
G B(R, o) that there were an e > 0 and a sequence {o,} with [co,I - such that
larg(io,- a)l >-(n/2)+ e for each n. The multiplier must satisfy [arg (MG)
^(ico, o)1 -<_ n/2 for all n. But arg Igl(io, o) - 0 as n m since l(/l(im, o)
tends to a positive real constant. This gives a contradiction, since

larg ff,(i, o)1 <= ]arg I(/I(io, o)1 + larg (MG) ^(io, a)l.

5. Extensions of the gain factorization lemma. In this section, we generalize
the gain factorization lemma of Freedman and Zames [1, Lemma 4]. In particular,
the average logarithmic variation condition is weakened to necessary and sufficient
conditions for factorizations which involve the average logarithmic increase and
decrease of the gain.

We let Var (1, to, 1), Inc (l’, to, tl), and Dec (1, o, tl) be respectively the total
variation, total increase, and total decrease of a real function l(t) on the interval

LEMMA 5.1. For afixed positive realfunction (t) defined on [0, ), thefollowing
two statements are equivalent.

(i) Inc(log dp, to, l) <= r(t to) + b whenever 0 <__ o <__ < .
(ii) There exists a function dp_(t) such that (a) d_(t) exp(-rt) and

dp_(t)dp(t)exp(-rt) are monotone nonincreasing on [0, ) and (b) exp(-b/2)
<_ p_(t) _< exp (b/2) throughout [0, ).

Proof Assume (ii) holds, and let l(t)= log (t) and l_(t) log p_(t). Then
(a’) l_(t)- rt and l_(t)+ l(t)- rt are monotone nonincreasing on [0, ) and
(b’) ]l_(t)[ =< b/2 for t>_ 0. Condition (a’) is equivalent to" (a") l_(tl)- l_(to)
<= r(tl- o)- Inc(l, to,tl) whenever 0=< o =< < . Thus, using (b’), we
obtain Inc (1, to, tl) <= r(tl to) + l-(to) l_(tl) <= r(tl to) + b, which is con-
dition (i). Conversely, assume (i) holds. For any __> 0, define the function l,(ti) on
any partition P {to 0, tl, ..., t, t} of [0, t] inductively as follows"

b
lp(O) 5’

Ip(t+ 1) min {b/2. l.(t3 + r(t+ t3 max {0. l(t+ ) -/(O}}.

0, 1,..., n 1. Then define l_(t) lim suplel o l,(t), where IPI is the maxi-

mum distance between points ofthe partition. Then l_ (t) satisfies (a") and therefore
(a’). Also, l_(t) <= b/2 follows from the definition. We now prove that l_(t) -b/2.
Let be any point in [0, ) with l_(t)< b/2, and let o sup {z [0, till_0:)

b/2}. Assume o < t. Then l_(z) < b/2 on (to, t], and for every 6 > 0 there is a
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point t* (to- (5, to] at which l_(t*)= b/2. Then (for 6 < t- to)l_(to + 6)
-l_(t*) >_ -Inc (l, t*, o + 6) and l_(t)- t_(to + 6)= r(t- o -6)

Inc (/, to + 6, t). Therefore, l_(t) >= t_(t*) + r(t t*) Inc(/, t*, t) 2r6

>= -(b/2)- 2r6. Since 6 is arbitrarily small, we have l_(t) >= -b/’2. Thus (ii) is
satisfied by _(t) exp (l_(t)).

LEMMA 5.2. For afixed positive realfunction cD(t) defined on [0, c), thefollowing
two statements are equivalent"

(i) Dec (log dp, o, l) <= r(tl to) + b whenever 0 <= ..to <= < o.

(ii) There exists a function *_(t) such that (a) *__(t) exp (-rt) and
(ck*_(t)/qb(t))exp (-rt) are monotone nonincreasing on [0, oe) and (b) exp (-b/2)
_<_ qb*_(t) <= exp (b/2)on [0,

Proof This follows from Lemma 5.1 and the identity Dec(logb, to,tl)
Inc (log (1/b), o 1).
COROLLARY 5.3. Let qb(t) be a positive function defined on [0, oe) such that

(a) Ilog b(t)] <= fl on [0, o) and (b) Var (log qS, to, tl) -< 2r(tl to) + bo whenever
0 <_ to N_ tl < o. Then statements (ii) ofLemmas 5.1 and 5.2 hold, where b (1/2)
(bo + 2fl).

Proof Let l(t) log (4(t)). From the equation

one obtains

and

l(t ) l(to) Inc (I, o, t) Dec (/, o,

Inc (1, o, tl) 1/2(Var (I, o, tl) + l(tl) l(to))

Dec (1, o, tl) 1/2(Var (/, o, tl) -t- l(to) /(tl)).

Thus, the assumptions imply Inc(l, to, tl) <= r(tl to) + (1/2)(bo + 2fl) and
Dec(l, to,tl)<=r(tl- to)+(1/2)(bo+2fl) when 0<__ton tl< . Thus, the
result follows from Lemmas 5.1 and 5.2.

COROLLARY/5.4. Assume for the positive real function dp(t) defined on [0,
that there is a positive constant T such that Inc(log qS, kT,(k + 1)T)__< rT for
k 0, 1,2 Then there exists a multiplier qb_(t) with the properties stated in
Lemma 5.1, statement (ii) (where b 2r T). If, on the other hand, the aforementioned
multiplier d_(t) exists, then for every > 0 there is a To so large that
sup,>=o Inc (log 4), t, + T) < (r + e)T whenever T >= To.

Proof For the first part, assume [to, l] intersects exactly the intervals
[kT,(k + 1)T] for ko <__ k <= kl. Then Inc(log qb, to, tl) <= Inc(log qS, koT,(k + 1)T)
+ + Inc(log qS, klT,(kl + 1)T) <= (kl ko + 1)rT<_ (t to)r + 2rT, since
(kl- ko- 1)T =< (tl- to). Thus qb_(t)exists by Lemma 5.1. Part 2 follows
immediately from statement (i) of Lemma 5.1 when b_(t) exists.

COROLLARY 5.5. Corollary 5.4 holds when Inc is replaced by Dec and ok_ (t) by
*_(t).

Remark 5.6. Corollarys 5.4 and .5 show that the appropriate multiplier
_(t) or b*_ (t) exists if the average logarithmic increase or decrease of b(t) over the
intervals [kT, (k + 1)T] is bounded by r, and on the other hand, if b_(t) and
b*_ (t) exist, then the average logarithmic increase or decrease of b(t) exceeds r by
at most an arbitrarily small amount on sufficiently long intervals.
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6. The stability results. In Theorems 6.1 and 6.2, Theorem of Freedman
and Zames 1] is extended to the systems of equations (1) and (2). The theorems
naturally include the case where th(t) is not uniformly logarithmically bounded on
0, ), and more general conditions involving the average logarithmic increase
and decrease replace the average logarithmic variation condition on th(t). Also,
in Theorem 6.2 the assumption that N(G, a) does not intersect the origin is re-
moved. Theorem 6.4 generalizes Theorem 2 of [1] in the case where (t) lies
between two infinite bounds, and shows in particular that when (t) is uniformly
bounded on [0, oe), it is sufficient for N(G, ) to not intersect a certain proper
subinterval (-oo, -e] of (-oe, 0]. Thus the improved condition concerning the
origin in Theorem 6.2 is of no significance in this case. However, when th(t) is
unbounded, the transformation [1, p. 502] by which Theorem 6.4 was obtained
from Theorem 6.1 is not valid. Thus Theorem 6.2 is the only result which applies
to systems which involve a convolution operator without an adjoined identity and
for which the gain has no uniform bound on [0, oe).

THEOREM 6.1. Assume in the feedback system of (1) and (2) that Assumptions
1, 2 and 3 hold. Further assume

(a) G is approximable in B(H, a) (for a > O) and J(Z) is a normal operatorfor
each z C(-a)

(b) (-oo, 0] f] N(G, a)= , and
(c) (t) > 0 and there exist nonnegative constants r and b with r < 2a such that

one of the following conditions holds"
(cl) Inc (log di), o, ta) <__ r(t to) + b whenever 0 < o tl < oo.
(c2) Dec (log oh, to, t) <= r(t to) + b whenever 0 < to <= ta < .

Then the system is Lz-stable with respect to y(t) and e(t).
Proof Equations (1) and (2) can be combined in the forms

(3) f e + Ge
and

(4) Gf y + GOpy,

where (y)(t) 4(t)y(t). From (3) and (4), one obtains, respectively, the conserva-
tion of energy equations

dp_(t)(f(t), (MoGe)(t)) dt p (e(t), (MoGe)(t)) dt

(5)
+ (_(t) p)(e(t), (MoGe)(t)) dt + _(t)(t)(y(t), (Moy)(t)) dt,

r
4*-()<y(t), (MoGf)(t)) dt p <y(t). (Moy)(t)) dt

+ (b*__ (t) p)(y(t), (Moy)(t)) dt -+- (c*_ (t)/c(t)))u(t), (MoGu)(t)) dr,

where Mo has the properties stated in Lemma 4.3 and b_(t) and b*__(t) (having the
properties stated in parts (ii) of Lemmas 5.1 and 5.2) exist respectively under
conditions (c l) and (c2). Also, u(t)= c(t)y(t), p (1- r/(2a))exp (-b/2), and
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T _> 0. The functions (4)-(t) p) exp (- 2at) and (b*_ (t) p) exp (- 2rt) are both
positive and monotone nonincreasing on [0, c). Therefore, under the respective
conditions (cl) and (c2), all the integrals on the right-hand sides of (5) and (6) are
nonnegative as a consequence of (b 1) and (b2) in Lemma 4.3 and the second mean
value theorem. By further use of Lemma 4.3, we obtain

(7) p le(t)l z dt <_ cp_(t)<f(t), (MoGe)(t)> dt

under condition (c 1), and

fo(8) p6 ly(t)l 2 dt <= *_ (t)(y(t), (MoGf)(t)> dt

under condition (c2). Therefore, if

exp (b)llMoGII w,oA=
(1 r/(2tr))

then lieTIIo --<_ Ziifllo forall Z=> 0 in the case (cl) or YTIIo =< AI fl o forall T>= 0
in the case (c2). The stability of the system with respect to e in the case (c 1) or with
respect to y in the case (c2) follows from the fact that A is independent of T in these
inequalities. However, stability with respect to e implies stability with respect to
y and vice versa in the present context, because y Ge where G-1 exists in
B(H, a).

THEOREM 6.2. In Theorem 6.1, let assumptions (b) and (c) be replaced by"
(b’) There is an e > 0 so small that R f"l N(G, a) 3.
(c’) ok(t)> 0 and there exist nonnegative constants r and b, with r < 2a,

such that Dec (log , o, tl) <= r(tl to) + b whenever 0 <= o <= < oo.
Then under the new assumptions the system is Lz-stable with respect to y.
Proof. The proof is the same’as that of Theorem 6.1 in the case (c2) with the

exception that the multiplier M satisfying the inequalities (a l) and (a2) of Lemma
4.3 is used in the place of Mo.

DEFINITION 6.3. The critical region R(xl, X2) for the interval (x l, X2) is the
set of real numbers x such that 1/x Ix1, x2].

THEOREM 6.4. In Theorem 6.1, let conditions (b) and (c) be replaced by"
(b’) R(x 1, x2) f) N(G, a) for real numbers x and x2, and there is at least

one point in R(xl, x2) which is not in .(G, ).
(c’) x < dp(t) < x. for all >= O, and there exist nonnegative constants r and b

with r < 2a such that *(t) (ok(t) x)(x ok(t))- satisfies one of the conditions
(cl) and (c2) of Theorem 6.1.

Then the system of equations (1) and (2) is Lz-stable with respect to both e and y.
Proof. This is obtained from Theorem 6.1 by means of the transformation

in [1, p. 502].
COROLLARY 6.5. In Theorems 6.1, 6.2 and 6.4, let , r, and b be arbitrary with

the exceptions that r, b >= O. (The restrictions r > 0 and r < 2a are removed.)
Then in Theorems 6.1 and 6.4 the system is Lz-stablewith respect to e and ywhenever
< a (r/2). Similarly, in Theorem 6.2 the system is Lz-stable with respect to y

if 0 < er- (r/2).
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Proof. The situation is transformed into that of Theorems 6.1, 6.2 and 6.4
as follows. Let f, e and y be defined according to the rule f(t) f(t)exp (at).
Define G B(H, a o) by G T(-a)G, where T(00 was used in the proof of
Lemma 4.3. Then e f ty and y CJe.

Remarks 6.6.
(a) The conditions involving the average logarithmic increase and decrease

in the theorems of this section can be replaced by possibly more convenient
conditions given in Corollaries 5.3, 5.4, and 5.5. In particular, in the case where
b(t) is uniformly logarithmically bounded, the bound oft on the average logarithmic
increase or decrease in Theorem 6.1 is seen to be essentially equivalent to the
bound of 2r on the average logarithmic variation in [1, Thm. 1].

(b) A bound on the average logarithmic increase of b(t) places no restriction
on the manner in which it decreases, and similarly a bound on the average log-
arithmic decrease in no way restricts the manner in which it increases. Thus,
under the conditions (a) and (b) of Theorem 6.1, the only positive gain function
which could cause instability would be one which oscillates so strongly that for
every T > 0 there exist arbitrarily positive intervals of length T on which the
average logarithmic increase is at least 2a and other arbitrarily positive intervals
on which the average logarithmic decrease is at least 2a.

(c) in Theorem 6.4 the second part of condition (b’) is fulfilled automatically
unless X and x2 are either both positive or both negative, since in the other cases
R(xl, x2) consists of semi-infinite intervals.

(d) In Theorem 6.2, if G is also in B(R, a), then application of Lemma 4.4
shows that condition (b’) can be generalized to the following condition.

(b") There is a point a’ (0, a) such that

N(G, a’)CI {z x + iylx < 0 and lyl < lxl}
for a sufficiently small positive number a and such that A(o) and A’(o) (at a’)
are in L2((-, ), R). (It is then required in condition (c’) that r < 2a’).

Since N(G, a’) is a continuous closed curve when G B(R, a), the condition
(b") means essentially that if the curve G(io9 a’) passes through 0 at a finite o
it must in doing so avoid a thin cone about the negative real axis, whereas if
(io9 a’) 0 as Iol , then the limiting approach angle with the positive
real axis must not exceed 90

(e) Theorem 6.2 also applies to the equation f(t)= y(t) + (Gty)(t), where
(ty)(t) dp(t)y(t). This equation is equivalent to (1) and (2) except in the case
where G- fails to exist, as can occur under the conditions of Theorem 6.2.

7. Positive integrals.
LEMMA 7.1. Assume in a real Hilbert space H that"
(a) K(t) is a self-adjoint function in L I([0, T], ,(H, H)) such that K(t) >= 0

and K(t) exp (-2at) is monotone nonincreasing on 0, T].
(b) G s B(R, a) and N(G, a) c C(0).

Then

J(y) ((Gy)(t), K(t)y(t)) dt >__ 0

for all functions y(t) in L2([0 T], H).
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r ((Gy)(t) K(t)y(t)) dr, where G T(-a)G,Proof. One obtains J(y) o
K,(t) K(t) exp (-2at) and y(t) y(t) exp (at). (T(-a) is defined in the
proof of Lemma 4.3.) In the case where ,K(t) is a constant, we obtain
d(y) y ((G,u)(t), u(t)) dr, where u,(t) v/K.y,(t). Therefore, 3(y) >= 0 by
Lemma 4.4. The general case reduces to this as follows. Under the assumptions
in (a), K,(t) can be arbitrarily closely approximated in the norm on
LI([0, T], 5e(H, H)) by operator functions which are nonnegative, nonincreasing
and piecewise constant on [0, T]. If K*(t) is such a function and K*(t) K for

Ifi, i+ 1) where o 0 < tl < /?2 < tn T, then

i=l

All the terms in the sum are nonnegative.
Remark 7.2. If K(t) is absolutely continuous in the operator norm, then

Lemma 7.1 can be proven by using the equation"

f ((Gy)(t), K(t)y(t)) dt

((Gy)(t), K(T)y(t)) dt + ((Gy)(z), (- K’(t))y(z)) dz dr.

LEMMA 7.3. Assume (where H is real) that"
(a) K(t) is an in general unbounded self-adjoint operator function on [0, T],

with K(t) > 0 at each t. The bounded operator K- l(t) is in LI([0, T], _(H, H)) and
K- 1(0 exp (2at) is monotone nondecreasing.

(b) G e B(R, a) and N(G, a) c C(0).
Then

J(y) ((Gy)(t), K(t)y(t)> at >= 0

whenever y(t)edomain (K(t)) a.e. and the functions y(t) and K(t)y(t) are in

L([0, T], H).
Proof. One sees through the substitutions u(t)= K(t)y(t) and v(t)

(K l(t)+ (5I)u(t) that it is sufficient to prove J(f,v)= ]o ((Gv)(t),(K l(t)
+ 5I)- iv(t)) dt >_ 0 for all 8 > 0. But for all 3 > 0, (K- 1(0 + 8I)- is a bounded
operator and (K- 1(0 + I)- exp (- 2at) is monotone nonincreasing.

8. Stability theory for systems involving a time-varying unbounded operator.
The following system is considered"

(9) e(t) f(t) K(t)y(t),

(10) y(t) (Ge)(t),

where Assumptions 1-3 are replaced by"
ASSUMPTION 1’. G is an operator in B(R, a) for a positive number a. (G is then

also an operator in B(H, a).)
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ASSUMPTION 2’. At each >= 0, K(t) is a self-adjoint, in general unbounded
operator in the real Hilbert space H.

ASSUMPTION 3’. For every input f(t) in L2([0, ), H), the solutions e(t) and
y(t) exist in L2e([0, ), H). This means in particular that y(t) domain (K(t)) a.e.

and that K(t)y(t) is a function in L2e([0, ), H).
The proofs of Theorem 6.1 and 6.2 are easily adapted through application of

Lemmas 4.4 and 7.1 and 7.3 to yield the following results.
THEOREM 8.1. Assume in the feedback system of equations (9) and (10) that

Assumptions 1’, 2’ and 3’ hold. Further assume"

(a) (- , 0] f’l N(G, a) ;
(b) K(t) is a function in Lie(J0, ), (H, H)) such that K(t) >_ 0 for all >= O.

There exists a self-adjoint operator function K*(t) in Le([0, zt3), (H, H)) such that
K(t)K*(t) K*(t)K(t) and 0 < bI <= K*(t) <_ bI < at each >= 0 and such that,
for some r < 2a, one of the following conditions holds"

(cl) K*(t)exp(-rt) and K*(t)K(t)exp(-rt) are monotone nonincreasing on

[o, );
(c2) K*(t) exp (rt) and K*(t)K(t) exp (rt) are monotone nondecreasing on [0,

Then the system is Lz-stable with respect to y(t) and e(t).
Remark 8.2. The case where K(t) >= 0 is an unbounded operator can be reduced

to the case of Theorem 8.1 as follows. For 6 > 0, let K(t)= (61 + K(t))-,
G G-(A- 6G), e(t)= e(t)- 6y(t) and f(t)= K(t)f(t). Then (9) and (10)
are equivalent to f(t) y(t) + K(t)e(t) and e(t) (Gy)(t). If(- oe, 0] (’1N(G, a), then there is a 6 > 0 so small that (-oe, 0] fl N(G, a)= . Then the
system is Lz-stable with respect to y(t) and e(t) if Ka(t) satisfies condition (b) in
Theorem 8.1. Of course one can set 6 0 if K(t) is already uniformly strongly
positive.

THEOREM 8.3. Assume that there are real constants x and x2 such that X lI
< K(t) < x2I. Then the conclusion of Theorem 8.1 holds if"

(a) R(x,x2) ["] N(G,a)= and the winding number of N(G,a) about
R(x -?2) is 0

(b) L(t) (K(t) XlI)(x2I K(t))- satisfies the conditions of Theorem 8.1,
statement (b).

In the case where the Nyquist Diagram intersects the origin, we have the
following.

THEOREM 8.4. Assume in the feedback system of (9) and (10) that Assumptions
1’, 2’ and 3’ hold. Further assume"

(a) There is a a’ (0, a) such that

{z x + iyix < 0 and [y[ < alx[} N(G, a’)

for sufficiently small and such that A(co) and A’(o) are in L2((- zt, z), R), where
A(co) distance {arg ,(io a’), [- 7r/2, 7/2]}

(b) K(t) > 0 for each >= 0, and K- x(t) is a function in Lxe([0, ), q(H, H)).
There exists a self-adjoint operator function K_(t) in Lie(J0 ), (H, H)) such that
K-l(t)K_(t) K_(t)K-l(t) and 0 < bI <= K_(t) <= I < at each >= 0 and
such that K_(t)exp(-rt) and K_(t)K-(t)exp(-rt) are both monotone non-
increasing on [0, ).
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Then the system is L2-stable with respect to y(t).
Remarks 8.5.
(a) If K(t) >= 0 in Theorem 8.4, then it suffices to have the operator function

6I + K(t) satisfying the conditions (b) for all 6 > 0.
(b) In the case where K(t) is unbounded, the conditions on the behavior of

N(G, tr’) near the origin in Theorem 8.4 are critical because there is no extension
of Theorem 8.1 (in the unbounded operator case, see Remark 8.2) of the type given
in Theorem 8.3.

(c) Corollary 6.5 also applies to Theorems 8.1, 8.3, and 8.4.
(d) The same proof shows that Theorem 8.4 also applies to the equation

f(t) y(t) + (GKy)(t) (where (Ky)(t)= K(t)y(t)). This equation is equivalent to
(9) and (10) in the case where G is invertible, but not otherwise, as in the case of
Theorem 8.4.

It would be ideal, for use in Theorem 8.1, 8.3, and 8.4 to know necessary and
sufficient conditions on the operator function K(t) under which there would
exist one ofthe multipliers K*(t)with the properties ofstatement (b)ofTheorem 8.1.
Such a result would be an extension ofLemmas 5.1 and 5.2 to the operator context.
These conditions are not known. However, Lemmas 5.1 and 5.2 are easily extended
to give the necessary and sufficient conditions under which K*(t) exists in the
form of a scaler multiplier. This result is based on the following definitions.

DEFINITION 8.6. The logarithmic increase LI(K, a, b) of operator function K(t)
on the interval a, b] is given by

m-1

LI(K, a, b) sup inf {a >_ OI exp (a)K(ti) >= K(ti/ x)},
i=1

where the sup is taken over all partitions

p {t a < 2 < < m} of [a, b].

DEFINITION 8.7. The average logarithmic decrease LD(K, a, b)of an operator
function K(t) on the interval [a, b] is the logarithmic increase of the function
K(- t) on the interval [- b, a].

Remark 8.8. If K(t) is locally absolutely continuous in the operator norm and
K’(t) is the derivative, then

LI(K, a, b) (t)dt, where (t)= inf { >_ 0lK(t) >__ K’(t)}.

Similarly,

LD(K, a, b) (t) dt, where a(t)= inf {a >_ 0laK(t)_>_ -K’(t)}.

LEMMA 8.9. Let K(t) be a nonnegative bounded operator-valued function on
0, ). Then the following two statements are equivalent"

(i) LI(K, to, l) <_ r(tx to) + b whenever 0 <= o t < ;
(ii) There exists a real function dp_(t) such that
(a) qS_(t) exp (- rt) and dp_(t)K(t) exp (- rt) are notnegative and- monotone

nonincreasing on [0, o)and
(b) exp (- b/2) < exp (b/2) on [0, ).
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Proof. If l_(t) log b_(t), then condition (a) of statement (ii) is equivalent
to (a’)" l_(tx)- l_ (to) <__ r(t to)-LI(K, to,t) whenever 0__< o__< t < .
The proof using this fact is essentially the same as the proof of Lemma 5.1.

LEMMA 8.10. Let K(t) be a nonnegative bounded operator-valued function on
[0, ). Then the following statements are equivalent"

(i) LD(K, to,t) <__ r(t to) + b whenever 0 <= o <__ tx < .
(ii) There exists a real function + (t) such that
(a) b +(t) exp (rt) and c +(t)K(t) exp (rt) are nonnegative and monotone non-

decreasing on 0, ) and
(b) exp (-b/2) __< b +(t) _<_ exp (b/2)on [0,
The stability theorems in this section are directly applicable to a class of

boundary and initial value problems in partial differential equations as well as
initial value problems for systems of ordinary differential equations, either of
which can be expressed in the form"

(11) P(D,)y(t) + Q(D,)(K(t)y(t)) f(t),

(12) Dl(O) Yl, /=0,1,...,p-- l,

where P(D,) and Q(D,) are real-coefficient polynomials ofrespective degrees p and q
(with p => q) in the time derivative D and K(t) is a self-adjoint operator function.
For the case where K(t) is positive and either unbounded or not uniformly bounded,
Theorem 8.4 yields the following result.

COROLLARY 8.11. Assume for an input f(t) in L2([0, oe ), H) in (11)and (12) that
a solution y(t) exists such that Diy(t and D(K(t)y(t)) are locally absolutely continuous
on [0, ) for <= p and j <__ q and in LEe(J0 zt3), H) for <__ p and j <_ q.
(This requires further assumptions concerning K(t) which we don’t go into.) Further
assume there exists atr > 0 such that all the roots of P(z) lie in the region Re (z) < tr

and such that:
(a) there exists an > 0 such that

[.P(io9- tr)
o [-oo, oo f"l {z x + iylx < 0 and lyl < lxl}

(b) either p q is odd or else p q 2k and the sign of the product of the
leading coefficients of P(z) and Q(z) is the same as that of (- 1)k and

(c) K(t) > 0 for each >_ O, K-(t) is a function in Le([0, ),&a(H,H)),
and there exist positive constants r and b, with r < 2tr, such that LI (K-, to, tl)
<_ r(t to) + b whenever 0 <= o <- t < . Then y(t) is in L2([0 oo), H).

Proof. y(t) is shown to satisfy an equation of the form y(t) + (GKy)(t) fo(t),
where fo(t) is in L2([0, oe), H) and the Nyquist diagram of G is the plot of the
function (Q/P)(io a) over all o.

Remark 8.12. Only Theorem 8.4 can be applied to the above problem in the
case where q < p, since then the Nyquist diagram always enters the origin as
Icol oe. In the case where q p, Theorem 8.1 (with Remark 8.2) yields an
analogous result.
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ON NORMALITY AND CONJUGATE POINT CRITERIA
FOR SINGULAR EXTREMALS*

VIOLET B. HAASf

Abstract. The Moore-Penrose generalized inverse is employed in the control problem of Lagrange
to obtain necessary and sufficient conditions for normality, sufficient conditions for the nonexistence
of conjugate points and sufficient conditions for the nonnegativity of the second variation. Our results
are valid for both regular and singular extremal arcs.

1. Introduction. Let f be a mapping from 6e E E" E into E, let
fo be a mapping from into E, and suppose f and fo have continuous second
order partial derivatives with respect to all variables in some open region 6o
contained in 6. Let a//be the class of mappings, u :E -- E which are piecewise
continuous and have a piecewise continuous derivative on the interval T: [to, @.
We consider the problem of minimizing the functional

;t(u) fo(t, x(t), u(t)) ,it

on the class ’ subject to the differential equation and endpoint constraints,

(1.1) f(t, x, u)

and

(1.2) X(to) a, x(ty) b.

It is assumed, henceforth, that all arcs x x(t), u u(t), 6 T for u 6 //, which
satisfy (1.1) and whose properties are discussed here lie in 5o Such an arc shall be
said to be admissible.

Let

H H(t, x, u, Po, P) Pofo(t, x, u) + prf(t, x, u)

denote the Hamiltonian for this problem, where p is a vector, and the superscript T
denotes transposition. An extremal arc is a curve described by x x(t), which
is admissible and along which there exists a set of multipliers Po, p(t) with Po
constant such that

(1.3) pr -Hx
and

(1.4) H, 0.

Equations (1.1), (1.3) and (1.4) are known as the Euler-Lagrange equations.
Variations of the state x, the control u, and the multiplier p shall be denoted by, r/, , respectively

Received by the editors August 5, 1974, and in revised form November 22, 1974.
f School of Electrical Engineering, Purdue University, West Lafayette, Indiana 47907.
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The accessory minimum problem is that of minimizing the second variation,

ftt 2co(t, , r/)dt,s:()

where

(1.5)

subject to the constraints

(1.6)

and

(1.7)

2o rHxx + 2rlrHux + rlrHuuq

4= fx + L.

(to) (t)= 0,

where fx, fu, H, Hu, and Huu are evaluated along
A control u or a control variation q shall be called "admissible" if it belongs

to the class ’. A variation shall be called "admissible" if it corresponds to an
admissible control variation via (1.6). If x x(t; u) describes an admissible
trajectory arc on [to, tf], we shall suppose that the arc described by x x(t u + eft)
is admissible for all ]el sufficiently small whenever q(t) is admissible. An accessory
extremal is a variation (t) which together with a multiplier variation ((t) satisfies
along cg equation (1.6),

(1.8) H Hxuq fr
and

(1.9) Huuq + Hux + f,r 0

for some admissible control variation q. We shall refer to equations (1.6), (1.8)
and (1.9) as the "Jacobi equations".

We shall allow Huu to be singular along c. H + shall denote the Moore-Penrose
generalized inverse of Huu evaluated along an extremal arc cg. The generalized
inverse M + of any matrix M is defined by

M + lim (MTM + 621) 1MT,
60

where I is the identity matrix of appropriate dimensions. It can be shown (see [1])
that this limit always exists and that

M + lim Mr(MMr + 2i)- 1.
--0

Let N(M) denote the range of the matrix M and let Y(M) denote its nullity.
Any matrix M satisfies (Mr) N(M +) and also M+MM+ M+, MM+M

M. IfM is square and nonsingular, then M + M- and if M is a zero matrix,
so is M +. If v is any vector in Em, then v + , where is the projection of v on
N(Huu), is the projection of v on

It is well known (see [2]) that if the admissible control u minimizes J and if
is the corresponding trajectory satisfying (1.1) and (1.2), then cg must be an extremal
and along

rtrHuurl >= O,
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H is a continuous function of and if cg is normal then J2(r/) >- 0 for all admissible
variations r/.

In the sequel we shall frequently use the following hypothesis which we
shall denote by
: There exists a continuously differentiable symmetric matrix P(t) such

that along

This hypothesis implies that
T(H,, + f,P)

_
(H,,).

It will become necessary to imbed a particular extremal arc cg in a one-
parameter family of such arcs. In order to accomplish this we shall at times need
to suppose that the Euler-Lagrange equations together with the equations
H, 0 and ?H/Ot dH/dt have along cg a solution u u(t,x, p) which has
continuous first order partial derivatives in a neighborhood of cg in t, x, p-space.
This will be the case if there exists a nonnegative integer q such that the matrix

H,,, uG uu -G ,..., uu -G
has maximal rank on cg, where G is the function H + H,iO; In case q 0 we
shall, of course, require that H have continuous derivatives on of order q + 2.
The hypothesis needed to enable us to solve for u u(t, x, p) shall be denoted by
ocgo, and this will be assumed throughout.

2. Normality. A subarc of an extremal arc cg is said to be abnormal [3] if there
exists a nonidentically vanishing vector p which satisfies

(2.1) /5 _frp

and

(2.2) fr.p 0

along this subarc. If. cg has no abnormal subarcs, then cg is said to be normal.
If cg has an abnormal subarc on the (nondegenerate) subinterval It’, t"] of T,
then there exists on this subinterval a one-parameter family of solutions

(2.3) p(t) p)(t) + #p’)(t)

of (2.1) and (2.2) with p(l) 4: 0. We now invoke hypothesis Jog0 so that the functions
u and x also become dependent upon the parameter/. If we set

?x Op Ou

=’ =Ou’ =’
we obtain the Jacobi equations (1.6), (1.8) and (1.9) and " satisfies

(2.4) _fxr,, f,r 0.
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Suppose that --- 0 on It’, t"]. Then from (1.6) and (1.9) it follows that

(2.5) f,r/ 0

and

(2.6) H,,,q O.

Thus, q e ,A(H,,) and by hypothesis ,,
(2.7) (H, + Pf,)rl O.

It follows from (2.5) and (2.7) that the first of (2.4) is equivalent to (1.8). Thus,
if cg has an abnormal subarc on It’, t"], then there exists on this interval a solution
(, ) of (1.6), (1.8), (1.9) for which 0, 4: 0.

Conversely, suppose that cg is normal and that for some admissible control
variation q there exists a solution (, ) of (1.6), (1.8), (1.9) for which 0, - 0
on some nondegenerate subinterval It’, t"] of [to, t]. Then (2.5) holds and

(2.8) -(H, + ef,)r fT{.
From (1.9) it follows that

+ To(2.9) H f,

If hypothesis W is satisfied, then from (2.8) we obtain

(2.10) _fw (H, + Pf)O
T Tand from (1.9) and (2.5) we obtain rIWH,,rl =r/f. 0 and so 0. Hence,

from (2.10) it follows that _fr. From (1.9) and (2.5) it follows that f,r e (H,,)
and hence fr (H+). Thus,

0.

Since #- 0 this implies that cg has an abnormal subarc, and this is a contradiction.
We have proved the following theorem.

THEOREM 2.1. If hypothesis Jog holds, then is normal if and only if there does
not exist a solution (, ) of the Jacobi equations for some admissible variation r

for which O, :/: 0 on a nondegenerate subinterval of [to, tf].
The corollary below is a direct consequence of this theorem.
COROLLARY 2.1. If hypothesis holds and if is a normal extremal arc, then

there cannot be 2 solutions, (), ), rl)) and (2), 2), r/2)) of the Jacobi equations
with 2 and ) :/: 2) on any nondegenerate subinterval of [to, tj.]. Further-
more, if =- 2), then ) 2).

3. The second variation: Preliminaries. By rearranging the terms in equation
(1.5) and using (1.6), (1.8) and (1.9), we obtain

T r(3.1) 20 z( + f r/rf, .
The following result is a direct consequence of equation (3.1).

Scolium. If c has an abnormal subarc, then there exists a nonvanishing
solution , of the Jacobi equations for which 2co 0 on a subinterval of T.



1176 VIOLET B. HAAS

By adding and subtracting the term T and again making use of (1.6),
(3.1) becomes

d r(3.2) 2co =-( ).

Now suppose that is an extremal variation for which (to)= (t’)= 0,
(t) 0 for to <- =< t’, and 0 for t’ __< __< s. From (3.2) it follows that
J2 0. Thus, if (d is a normal minimizing arc and if there is an extremal variation
for which (to) (t’) 0, 0 for to _-< =< t’ and 0 for t’ =< =< ts, then
such a variation minimizes J2"

The values o, t’ are said to be conjugate on an extremal arc (d if there is an
accessory extremal for (d with (to) (t’) 0, but (t) 0 on [to, t’].

LEMMA 3.1. If (d is a normal minimizing arc and if hypothesis holds on (d,
then any extremal variation which satisfies (to) (t’) O, (t) 0 for to <=
<= t’, (t) =- 0 on Vt’, tf] minimizes J2.

4. The transformation of Clebseh. Here we shall obtain an alternate form for
the second variation. Our methods are adopted from [5]. By premultiplying
equation (1.9) by H +, we obtain

(4.1) O H +(H,, + f,T)
Substitution of (4.1) into (1.6) and (1.8) yields

(4.2)

and

(4.3)

where

-C- Ar- Hx,O,

A =f-f,H+Hux B=f,H+fT C=H-HuH+Hu
If we add to the integrand of J2 the term d/dt(rW), where Wis an arbitrary

continuously differentiable symmetric matrix function of t, then the value of J2
is unaffected. By substitution of (4.2) and (4.3) into (1.5) we obtain

d
2o + (rW) r(12V + WA + ArW- WBW + C)

(4.4)
+ ( W)rB( W) + 2r(Hx, + Wf,)O.

Setting

(4.5) W*= W + ArW + WA- WBW + C

and a " W yields

(4.6) J2 [rW* + orBo + 2r(H, + Wf,)Yq] dt.

We remark that ifH,, H + 0,thenB 0and W* I + fTW + Wf + H.
If hypothesis Af holds, let us choose W P. Then (4.6) becomes

ftt(4.7) J2 (Vp. + aTBa)dt.



SINGULAR EXTREMALS 1177

If we add rf,P to both sides of (1.9), we obtain
T T(4.8) H,31 + (H + fP) -f a.

Then hypothesis vf implies that

(4.9) f a (H,,).

We have proved the following theorem.
THEOREM 4.1. If is an extremal arc along which hypothesis holds and if, are extremal variations, then

J2 [rp, + aTf.H+fa] dt,

where a P. Furthermore, fra e (H+).
Theorem 4.2 is a direct consequence of Theorem 4.1.
THEOREM 4.2. If along an extremal arc ,H is nonnegative definite, hypothesis

W holds and rp, 0 for all extremal variations, then J2 is nonnegative.
LMMA 4.1. If along a minimizing arc hypothesis holds, if W(H) is not

all of E, if either Wp, > 0 for all nontrivial admissible variations or Wp, 0
for all admissible variations, and there is no nontrivial solution , on T of the Jacobi

Tequations for whichf f,P, then J2 is positive definite.
A direct consequence of Lemma 3.1, Lemma 4.1 and equation (4.9) is the

following.
THEOREM 4.3. If is a normal minimizing arc along which hypothesis W holds,

if W(H) is not all of E, rp, 0 for all admissible variations, and there is
no nontrivial solution , of the Jacobi equations for which rfa O on T, then
there can be no value t’ conjugate to to on (to,

We shall now prove the following lemma.
LEMMA 4.2. Let be a normal minimizing arc along which hypothesis holds.

Let (, ) be a solution of the Jacobi equations for which P* 0 on . Then a O.
Proof. It follows from the Jacobi equations that

(4.10) (A BP) Sa + fu,

(4.11) P* (AT PS)a.

If rank HuM is zero, it follows from (4.9) that

(4.12) r

If P* 0, it follows from (4.11) and (4.12) that

-fa.
Since is normal, a vanishes identically. If rank H, is positive and P* 0,
then

f arBa dt(4.13) J

and J 0 if and only if (4.12) holds. The rest of the argument is the same as
above, and this proves the lemma.
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LEMMA 4.3. Let c be an extremal arc defined on T along which hypothesis
holds. If P*

_
0 on for all extremal variations, then r(fu)_ U(Hu). If

furthermore,H is nonnegative definite and (tl) (t2) 0 for to <- < t2 <= t1.,
then (t) =- 0 on [t l, t2].

Proof. If P* 0 for all extremal variations, then

(4.14) d" -(Ar- PB)a.

Let , (, t/ be a set of extremal variations and let E(t, l) be that fundamental
matrix solution of (4.14) which is the identity matrix at l. If v(t) is any vector
in ff(Hu) on c, it follows from (4.8) that

(4.15) Er(t, tl)fv =-- O, e T.

Since Zr(t, 1) is nonsingular, then f,v =- 0 on .
We thus see that satisfies the differential equation

(4.16) (A BP)- Ba.

From the variation of parameters formula we obtain

Zr(t, l)(t (t 1) (z, t)Ba dz.

If (tl) (ta) 0, it follows that

Ew(z, dz O.1)Ba

Since H, is nonnegative definite, then so is B. Hence

ETBa O on[tl,t2],

and since r(t, l) is nonsingular, (t) vanishes identically, and this proves the
lemma.

Now ifP* _= 0 along c for all extremal variations and if hypothesis 3g holds,
then for any vector v in t/’(H,) we have

Hx.v Pfv O.

Thus 4(H,) 4(H,u), and therefore equations (4.2) and (4.3) become

(4.17) 4 A B(,

(4.18) (= -C- At(,

respectively.
An extremal arc cg is said to be regular if H,u is nonsingular along it.
THEOREM 4.4. If along cg hypothesis holds and P* =- O, then every extremal

variation , satisfies (4.17) and (4.18). If furthermore, the matrix (fT H,x has
maximal rank, then cg is a regular extremal arc.

We need only establish the last part of the theorem. We have just seen that
if P* 0, then fur Hxuv 0 for all v e Huu. Hence, if (fTu, Hux) has rank m,
then v 0 and the nullspace of Huu contains only the zero vector.
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LEMMA 4.4. Let rg be a minimizing arc along which rank H., 0 and hypothesis
holds. If P* =_ 0 and rg is normal, then all extremal variations satisfy =_ P.
Proof. If rank H, 0 and hypothesis holds, then from equation (4.9)

we obtain

(4.19) fTu tT O,

and if P* 0 it follows from (4.14) that

d" _fra.
Thus, if f is normal, then a 0.

The following theorem is a direct consequence of Lemma 4.3.
THF.ORM 4.5. Let be a minimizing arc along which hypothesis f holds.

If P* =_ 0 on for all extremal variations there can be no value t’ conjugate to

to on (to,
In classical variational theory, extremal variations which satisfy the relation

( P play an important role. The following theorem indicates that hypothesis
may be a necessary condition in the singular theory.

THEOREM 4.6. Let be an extremal arc and let , 1, ( be a set of extremal
variations on rg. If P, then P* 0 and is in the nullspace of Hx, + Pf,.

Proof. If (- P it follows from (4.1 l) that P* 0. Differentiating the
relation ( P with respect to t, using (4.10) and (4.5) with W P and comparing
the result with (4.11), we find that (Hxu + Pf,)0 0.

5. Concerning the Kelley comlition: A heuristic approach. We shall now
abandon hypothesis , but we shall require here that fo and f be three times
continuously differentiable in o. Let r/be the vector h4o, where h is a constant
vector in Ar(H..) and to(t, z) is the special variation introduced by Kelley [4]
and illustrated in Fig. 1. The value is any one in the interior of T. We suppose

0

-l

(z )

FG.

here that f’(H.u is a fixed subspace of E on rg. Let tk(t "r) be defined by

d4
dtk

qo, k 1,2.

Then as in [4] we can show that

(5.1) (t) L(t)hck(t, ) + (fx(t)L(t) f,(t))hck(t, z) + (t),



1180 VIOLET B. HAAS

where z(t) O(’3) as z - 0. Substitution of (5.1) into (4.6) yields

(W* + aBa)dt- hr(Q(, W) + QT(, W))h + o(),

where

d TQ(t, W) [(H.x + f, W)f,] + 2(H,, + fr.w)(Lf f.).

That control variations of the type described here yield admissible trajectories
of (1.6) satisfying (1.7) requires an assumption of normality and an argument
concerning tangent cones. A proof of this nature is not yet available. The heuristic
argument presented here makes the following theorem seem likely.

THEOREM 5.1. Let cg be a normal minimizing arc on the interval [to, ty]. Then
Q(t, W) + QT(t, W) is nonpositive definite on the nullspace of Huu.

6. An example. Let 21 x2 "[- b/l, 22 b/2’ X 1(1) x2(1) 0, and
minimize

Here

and

J + U2)2] dt.

2H .X + -(U U2)2 -F pl(X2 -+- Ul)- P2U2,

H. (u //2 - Pl, u2 b/1 P2),

Pl --Xl’ P2
Extremals are composed of impulsive arcs along which (x + x2) is constant and
a singular arc which is an arc of an hyperbola, xx2 const, as shown in Fig. 2.

X2

FIG. 2
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Singular control is given by

t/1 X1 X2 //2 X2"

The nullspace of H, is the set of all 2-vectors v having equal components,
and W(H, + Pf)

_
(H) if and only if

(6.1) P P12 P22 P"

For the matrix

Pll

P12

whose elements satisfy (6.1) we see that

P*= /p p2 +
(6.2) p_pZ+p

P12

P22

p_p2 +Plp_ p2 + 2p]"
It is not hard to see that there is no solution of P* O. If p O, then

which is nonnegative definite.
The second variation is given by

J2 [21 -+- (1 + 2)2"] dt.

Note that a " and that (( + 2)2 0 if and only if -2, i.e., if and only if
is in the nullspace of B. Furthermore, if ’x + 2 0, then the only solution of

the accessory equations for which (1) 0 is the trivial one.

7. Conclusion. In this paper, we have begun the development of a theory
of singular extremals by means of hypothesis 3g and the generalized inverse of
a matrix. It is seen that all our theorems are direct analogs of classical theorems.
It is the belief of this author that every classical theorem concerning a Lagrange
or Bolza problem has its analog in the singular theory, and in particular that it
can be shown by our methods that the nonexistence of a conjugate point on a
normal extremal arc cg along which H.. is nonnegative definite implies the positive
definiteness of the second variation. In classical regular theory the existence of
solutions of the matrix Riccati equation on an interval is equivalent to the non-
existence of conjugate points. The analog of this theorem in the singular theory
should be that the nonexistence of conjugate points on an interval is equivalent
to the existence on this interval of a matrix P satisfying hypothesis 3’ and for
which the matrix Riccati expression P* is nonnegative definite.
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CONSISTENCY OF LEAST-SQUARES ESTIMATES USED IN
LINEAR SYSTEMS IDENTIFICATION*

D. O. NORRIS AND L. E. SNYDER"

Abstract. Least-squares estimation of the parameters of a single input-single output linear
autonomous system is considered where both plant noise and observation noise are present. It is shown
that under fairly general conditions that the estimates converge almost surely to the true system
parameters.

1. Introduction. The problem of estimating the parameters of a linear
dynamical system has received considerable attention over the past few years.
Early work on the problem was done by Mann and Wald [8]. They treated linear
stochastic difference equations which are models for autoregressive processes.
They assumed the noise for the process consisted of a sequence of independent
and identically distributed random variables. They derived an estimator for
the parameters by assuming the noise to be Gaussian white noise and showed that
this estimator was consistent and asymptotically normal even if the Gaussian
assumption is not valid. It is worth noting that the estimator is a linear least-
squares estimator. More generally, one is interested in the situation where there
are system inputs, observation noise and plant noise. It is common practice
to assume that the noise processes are independent Gaussian processes. Under
these conditions the method of estimation is usually taken to be maximum
likelihood. Problems of this kind have been treated by Aoki and Yue 1], Astrom,
Bohlin and Wensmark [2], Levin [3] and Kashyap [4]. None of these estimators
is a linear least-squares estimator and therefore determination of the maximum
likelihood estimates must be accomplished iteratively. It is the authors’ experience
that the increase in accuracy achieved by using maximum likelihood estimates
rather than linear least-squares estimates (such as appear in [9]) more than
compensate for the increase in computational difficulty.

It is well known that the maximum likelihood estimator is a least-squares
estimator when the only noise present is observation noise and this noise is an
independent, Gaussian process. However, when Gaussian plant noise is also
present the maximum likelihood estimator is no longer a least-squares estimator.

Suppose, however, it is not known that the noise processes are independent
and Gaussian. In fact, suppose the likelihood function is unknown. Then how
should the identification be accomplished? A natural choice, it seems, is to use a
least-squares identification procedure which minimizes the modeling error as it
will be a maximum likelihood estimator in certain cases. Furthermore, the
computational experience of the authors’ is that the procedure is superior to
linear least-squares estimators. In this paper, the convergence of a least-squares
estimator of the system parameters will be considered. It will be shown that
under fairly mild conditions the estimator converges almost surely to the true
system parameters. The stochastic assumptions made are that the plant noise

* Received by the editors October 23, 1973, and in revised form October 24, 1974.
f Department of Mathematics, Ohio University, Athens, Ohio 45701. This work was sponsored

by the United States Air Force under Contract F 33615-73-Q-4009.
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and observation noise are independent sequences of independent and identically
distributed random variables. If plant noise is present, it is also necessary to
assume that the plant noise is almost surely bounded. This is a fairly strong
assumption, but could not be avoided by the authors.

2. Notation, problem formulation and assumptions. In this paper, systems of
the following form

o bOuk + + bO.ukXk + aO1Xk + + an Xk-n
0(1) / dk_, + + d,,(k_,,,

Yk Xk / /k, k 0, 1,2,...,

will be treated, where it is assumed that quantities with negative subscripts are
o bO, b, are the parameters to be identified and for notationalzero. a , an,

convenience will be denoted by 0. {k and {r/k denote random processes.
Following the notation of 1], let xs

0

Ss=
0

0

(X0, XN_ 1)T and let

0

0

0

denote the N x N right shift matrix with entries sij 6i,j+ 1. Note that S,
k 2,... N- is a right shift matrix with entries .!.)= 6ij+ For con-

-tj

venience let Su IN, the N N identity matrix. It is a simple matter to verify
that

(2)
AN(OO)xN(09) BN(O)uN + DN(oO)N(09),

YN(O9) XN(O9 +

where

As(Oo) o aoO=aj SN,
j=o

Bs(0o) obSs,
j=l

Ds(Oo) o j,diSN
j=l

and the variable o9 is introduced to emphasize that we are dealing with stochastic
processes, i.e., for each o9 fL a probability space, we have sample functions

{k(O9)} and {r/k(o9)} which in turn cause the state variables and output variables
to be sample functions of stochastic processes.

In the presentation given in [1], the equivalent dynamical system formulation
of (1) is also presented. The authors also treat the problem of estimating the
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initial state vector. However, we shall assume that the initial state vector is the
zero vector because in order to guarantee convergence of the estimates of the
system parameters it is necessary to assume that the system is asymptotically
stable, and, consequently, the effect of nonzero initial conditions is negligible,
at least for large samples.

Given the input vector uN and the output vector yN(co), we want to choose
0N(co) (a l, "", a,, b l, b,)T so that

F(N, 0, o9) lyN(og) AN(0

is minimized" i.e., we want to obtain a least-squares estimate for the true system
parameters 0 (a,, o T-.., b,) The major result of this paper is that under suitable
conditions limN_ 0N(" 0 almost surely (a.s.).

Note that xN(co)= AN(0) XBN(0)uN + AN(0) DN(0)N(co) and therefore,

(4)

F(N, 0, 09) l (AN(0) BN(0) AN(0)-

+ A, ’(0)DN(0)N(Co) + IN(C,)II 2.

For notational convenience let QN(0)= Au(0) 1BN(0)- AN(0)-1BN(0 and let
PN AN(0)- DN(0). Then

F(N, O, co) Q(0)u + n() + N() 2

(5) llQu(0)uull 2 / lleuu(co) 2 / llq(co)ll 2

2 2
+ (Q(o)u, e()> + (2(O)u, ,(o)>

2
+ -<n{(o), ,(o)>,

where we are using the inner product notation (a, b) aTb.
The specific assumptions used to prove that limN_oo {’IN(’)= 0, almost

surely, will now be discussed. These assumptions will be presented in two groups-
the system assumptions and the stochastic assumptions.

System assumptions
Assumption S1. A(z, O) + j= ajz has no zeros in Izl =< 1,

Assumption $2. B(z, O)= = bjZ has no zeros in common with A(z, O)
and not all bj 0.

Assumption $3. The set 19 of admissible parameters 0 is a compact subset
of R2" which contains the true system parameter 0 in its interior and whose
elements satisfy Assumptions S1 and $2.

Assumption $4. The sequence of inputs {ujl is bounded and limN (l/N)
N- (i, j) exists for every integer > 0 and j > O.Zn min{i,j} lgn un
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Assumption $5. limN_. (1/N)UN,2nUN.2nT is positive definite, where UN,2.
(SNU, S u).
We now consider the need for these assumptions and make some specific

observations concerning them. Assumption S insures that the system represented
by (1) is asymptotically stable. Without this assumption, the sequence
of estimates need not converge.

SN is a linear operator on RN and its spectrum a(SN)= 0. A(z, 0)-’ is
analytic on [z[ =< for each fixed 0 satisfying Assumption S1 as the zeros of A(z, O)
are in ]z] > 1. Therefore, A(z, 0)-x ’-o gj(O)zj is valid on ]z[ =< from which
it follows that =0 [gj(0)] < . In addition, from spectral theory it can be
concluded that A(SN, 0)-1= ANtt0-j /--JV=o gj(0)sJ. But, SN is nilpotent of
order N, hence AN(0)-’ y__-o gj(0)SJ. From this it easily follows that

and

N-1

QN(0)= qj(o)sJN, where qj(0)l < c
j-0 j=0

N-1

PN pjS, where
j=0 j=0

Assumption $2 is needed for complete controllability ofthe system represented
by (1). If the system to be identified is not completely controllable, then 0 is not
unique in the sense that {0" J(0) J(0)l is not a singleton, where J(0) limNoo
E[F(N, O,. )]. The uniqueness is a vital ingredient of the proof of the almost
sure convergence of the least-squares estimates.

Assumption $3 is needed to insure that the sequence {0N(co)} of least-squares
estimates has a convergent subsequence.

Assumption $4 is needed to insure the almost sure convergence of F(N, O, ).
In particular, if the input sequence does not satisfy the Cesaro summability
requirement, then limN_ (1/N)I[QN(O)uN 2 will not exist in all cases. It should
also be observed that the Cesaro summability condition is equivalent to the
requirement that limN_oo (1/N)(SiuN, SuN) exist for all integers >_ 0 and j >= 0.

Assumption $5 together with Assumption $2 insure that 0 is unique in the
sense described above (see 1, Thm. 1]). In [2], inputs which satisfy Assumption $4

and $5 are called "persistently exciting."
Stochastic assumptions.
Assumption R1. {j} and {r/j} are independent random processes of inde-

pendent and identically distributed random variables such that E[,] E[r/,] 0
and E[,2] < and E[r/,2] < for all integers n >= 0.

Assumption R2. {,} is almost surely bounded.
Assumption R1 is a stronger assumption than is actually needed. However,

it is a sufficient condition to guarantee that a strong law of large members holds
for a variety of sequences which will be encountered in the sequel. Rather than
assert, as an assumption, that each of these sequences satisfies a strong law of
large numbers it is more economical to use Assumption R1.

N-1For example, we need to know that limN (l/N) =o /j var [o]6oj
a.s. for every j 0, 1, 2, .... The sequence {,/j,} is a sequence of identically
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distributed random variables which are j-dependent; i.e., k+jk and ,+j, are
independent if n > j + k. Therefore, the sequence {k+jk} is *-mixing and the
desired strong law of large numbers holds (see definition of *-mixing and corollary
to Theorem 3 in [5]). The same argument applies to the sequence

The sequences {u.+fl.}, {,+r/,} and {v,+(0). v,(0) =o qj(O)u,_
are all sequences of independent random variables, hence are *-mixing. It is easy
to show that the variances of the elements of each sequence are uniformly bounded
(for each 0 and each j >= 0) and that the random variables in each sequence are
uniformly integrable (follows from uniform boundedness of sequences). Therefore,
we can conclude (see [5, Thin. 2]) that

u, + jr/, lim , + jr/, lim Vn+(O). O.
N-. N n=0 N-. N n=0 N- n=0

Assumption R2 is a severe restriction to make. For example, Gaussian
processes are not a.s. bounded. However, if it is known that only observation
noise is present, then, of course, this assumption is unnecessary.

3. Convergence of the estimates. The two main theorems of this section are
concerned with (a) the a.s. convergence of the least-squares cost function F(N, 0,
and (b) the a.s. convergence of the least-squares estimator 0N(" to 0. The proof of
these results is quite complex and consequently the two theorems are preceded
by three lemmas. The lemmas are used to establish the a.s. convergence of the
terms which appear in the expansion of F(N, O, 09) given in (5). For a fixed 09 f
and fixed 0O the two sequences {(1/N)IIQN(0)uN 2} and {(1/N)IIPNN(o9)I 2},
are of the same type. Rather than establish the a.s. convergence of each sequence
we shall prove that limN_, (1/N)IIQN(O)NII 2 exists almost surely. This result
will cover the convergence of both sequences. In addition, the sequences
(1/N)(QN(O)uN PNN(Og)> }, 1/N)(QN(O)uN, qs(og)> and {(1/N)(PNN(Og), Is(09)>

are all of a similar type for fixed o f and 0 O. Each of these sequences has an
a.s. limit of zero and the arguments required to show this are essentially the same.
Therefore, we will only prove that limN_ (1/N)(QN(O)uN, PNN)= 0 almost
surely.

LEMMA 1. For any O* satisfying Assumption S1 and > 0 there is an integer

No and 6 > 0 such that

(i) Iq(O)l < Iqj(O*)l +
j=0 j=0

and

(ii) [qj()[ =< e
j=No+

for all 0 such that II0 0*ll < .
Proof. Let p* =mine * *11, "’", I.*1}, where e*, , are the zeros of

A(., 0"). The roots of a polynomial are continuous functions of the coefficients
(see [6, Thm. 1-6, p. 3] or [7, Thm. 5.1.4, p. 162]); therefore it is possible to choose
5 so that the roots of A(., 0) have modulus greater than (p* + 1)/2 for any 0
such that II0 0"11 < 6.
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If a function f is analytic on the disc {z’iz[ < (p* + 1)/2}, then f has a power
series representation on the disc, say, f(z) =o aJzJ" f o lajl defines
a norm on all such functions which is continuous relative to the topology of
uniform convergence on compact sets; i.e., if limN_ f, f uniformly on every
compact subset of {z’[z[ < (p*+ 1)/2}, then lim,_,o [If, f[[. Recall that

N-1QN(0) j=o qj(0)S, where qj(O) are the coefficients in the expansion of
B(z, O)/A(z, ) B(z, O)/A(z, 0). Let Q(z, ) o q(O)zJ" Then there is a

62 _-< 6 such that ]Q(.,O)[ __< ]]Q(.,O*)][ + for all 0 such that I]- *1] < 62,
i.e., (i) holds.

Next choose No such that =No+ [q(O*)[ < e/2. The functional

j=No + [at[, wheref(z) o azJ is a seminorm which is continuous relative
to the topology of uniform convergence on compact sets. Therefore, there is a
positive number 6 __< 62 such that [[Q(., )1[o < e for all 0 such that [[ 0"[[ <
i.e., (ii) holds. Q.E.D.

LEMMA 2. Let O* be given and suppose Assumptions S1, R1 and R2 hold. There
is an almost sure event B such that for each o B and for each e > 0 there is a

6(09, e) > 0 and an integer N(og, e) such that

IIQN(O)N(OO)]I 2 qi(O)qj(O)y(i, j) < e
i=0j=0

for every 0 satisfying II0 0* < (o, 0 and N >= N(og, e), where 7(i, J)
(The double sum, although unnecessary, is used here because of analogues

of this lemma which will be used later.)
Proof. Let e > 0 be given such that 0 < e < 1. From Assumption R1 it

follows that limN (l/N) N-1, ,_ i(o)._ j(o) 7(i, J) exists almost surely for
any fixed m _> min {i, j}. Let B

_
f denote the event for which this limit exists

and for which ,(o9)} is bounded. By hypothesis, P(B) 1. Fix o9 B. Let T(og)
sup {1,(o)1 }. By Lemma there is an integer N’ and 6(09, e) > 0 such that

2j__N,+ Iqj(0)l < e/Z(co) for all 0 such that II0 0*ll < 6(co, e). From this and
the fact that 7(i, j) is bounded it follows that the double series i=o j=o qi(0)
qj(O)(i, j) is absolutely convergent. Hence, there is an integer N* such that

N N

q,(O)qj(O)7(i, j) qi(O)qj(O)7(i, j) <
i=0j=0 i=0j-0

forN>N* + and all 0 such that I[0-0*[ <6(og, e).Then, forN>N* + 1,

i=0

y qi(O)"-i(o9)(6) N =o =o

+ qi(O)._,(o)
n=N*+ i=0

N* is fixed, so for N sufficiently large the absolute value of the first term on the
right side of (6) can be made less than e for all 0 such that II0 0"1 < 6(09, e).
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Therefore, we restrict our attention to the second term on the right side of (6).

(7)

qi(O).- i(o)) "3
I- qi(O)n_ i(00)N n=N*+ i=0 i=N*+

N_[1 N*

qi(O)n-i(09)
N n=N,+ i=0

N*

i=0

qj(0)._ j(o)

j=N*+-- + j=N*+

From Lemma and the fact that 09 B it follows that the absolute value of the
third term on the right side of (7) is smaller than

T(og) [q(0)[ < 2 < 2 <
N ,=N*+

for all 0 such that II0- 0*l[ < fi(o9, e). The absolute value of the second term
on the right side of (7) is smaller than

2 U-1 N*

N,= + i=o j=N*+

2 N- N*

N n=N*+ i=

< T(). N. Iq,(0)l=N i=0

2.Z(). Iq(*)[ + =Ke
i=0

for all 0 such that 10 0* < 6(m, ). Finally, from the first term on the right side
of (7) we have

q,().-()
N n=N*+ i=0

N- N* N*

(8)
N

2 qi(O)qi(O) 2 ._i(O)._j(O)
i=0 j=O n=N*+

N* is fixed, so for N sufficiently large,

i=0 j=0 n=N*+l

N* N*

i=oj=o
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for all 0 such that 0 0* < 6(o9, e). Therefore, for N sufficiently large,

QN(0){N(og)II 2 qi(O)qj(O)7(i, j) < (K + 4)e. Q.E.D.
i=0j=0

LEMMA 3. Let O* be given and suppose Assumptions S1, $4, R1 and R2 hold.
Then there is an almost sure event B such that for each B and for each > 0
there is a (, e) > 0 and an integer N(, e) such that I((1/N)Q(O)u(), P()[
< for every 0 satisfying II0 -0"11 < (, )and N N(, ).

Proof. As a consequence of Assumption R1 there is an event B such that
P(B) and lim(1/N) v,(0*),_()= 0 for all B and all
j 0, 1, 2,-... Fix B such that Assumption R2 holds. Let > 0 be given.
By Lemma there is an integer N* and (, ) > 0 such that ,+ Iq(0)l
< max(t/VT(w), /UT(w), ) for all 0 such that l0 0"11 < (,) where
V sup. suPllo_o.ll< {Iv.(0)l 17=jq,(0)u._,l}, U sup. {lu.I} and T(o)

sup. {l.(m)l]. Furthermore, N* can be further restricted so that ju.+ IPjI
< max (e/VT(m), /UT(m)). For N > N* + we have

1-<Q(0)u,N

v.(0) p._()N
N-1 N-1

p y ,,.(0)._()(9) N j=o

Consider the first term on the right side of (9). We claim lim (l/N)2 v()
_(m)=0 for j=0,1,..-,N* and for all such that 1-* <(m,e).
To see this, note that

v.(0)._ (o)
(o)

v,,(0*)._ j(og)[v,,(O) v,,(O*)-],,_ /(co) -I- -T(og) %1 N-1

--< N z,.: Iv.(0)- v.(0*)l + .:Y ,.(0")._().

The second term on the right side of (1 0) has a limit zero as N because 09 B.
Thus, we need only consider the first term on the right side of (10). In particular,

lu(l- u.(*l N [q(- q(*]u,_
n=j n=j k=0

u lq(I- q(*
n=j k=0

From the way N* was chosen we have that

Iq() q(*)l Iq() q(*) + 2e for all
k=0 k=0

satisfying 1 * < (, ), By continuity of q, ..., q, we can further restrict
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(, e) so that Iqk(0) qk(0*)l < el(N* + 1), k 0, 1, ..., N*. Then

U Iq(O) q(O*)l _-< 3
n=j k=0

N-1 N*and we conclude lims_ (l/N),= v,(0),_() 0 for j 0,... and for
all 0 such that [[0 0"[I < 6(, e) as was asserted. Clearly, the first te on the
right side of (9) can be made arbitrarily small because N* is fixed. Now consider
the second te on the right side of (9)"- s- NT() -1

=s+ = N =s*+

for all 0 such that 0-0" <6(,e). Q.E.D.
We are now in a position to establish the two main results. First we show

that lims F(N, 0, .)= J(0)& lims. ElF(N, O, .)] almost surely and then we
will establish that lims Os(.)= 0 almost surely. This will then establish the
consistency of the least-squares estimator.

THEOREM 1. If Assptions S1, $4, R1 and R2 hold, then there is an event

o with p(o)= 1 such that lims F(N, 0,)= J(0) for all 00 and
o.

Proof. First we show that for each 0 O, lims F(N, 0, ) J(0) for almost
all . Let 0 O be fixed. Then, by taking expectations on both sides of (5) we have

EF(N, 0,. )] Q(0)usll EIIPII E NII 2

+ E(Qs(0)us, Pss + N (Qs(0)us, + S (PNs,

E 2QN(0)u 2

N IIPsNI2 EIIN
From Lemma 2 applied to Qs(0)us 2} and Pss le} (rather than {llQs(0)s[ e})
and Assumption R1 it follows that

lim EF(N, 0,.)] q(O)q(O)(i, j) ppT(i, j) var [0].
N i=0 j=O i=0 j=O

Thus, J(0) exists. Now apply Lemmas 2 and 3 to the terms in the expansion of
F(N, 0, in (5) to conclude that lim F(N, 0, ) J(0) for almost all .

For each 0 O, there is an almost sure event for which the convergence takes
place, but the events may be different for different 0’s. We show now that there is
an almost sure event o such that for all 0 O and flo, lim F(N, 0, )

J(0). Let D denote a countable dense subset of the admissible parameter set O.
Define o to be the event { e"R and R2 hold, limN F(N, 0, ) J(0) for
all 0 D}. o is a countable intersection of almost sure events, hence p(flo) 1.

Let o and 0 O be fixed. To show that lim F(N, 0, ) J(0) it is
only necessary to establish that

lim (Q(0)UN, Pnn()) lim --(Qn(0)un, n()) 0
N N
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as the other terms in the expansion of F(N, 0, 09) do not depend on 0 or are
deterministic.

Let e > 0 be given. By Lemma there is an integer N* and a 6 > 0 such that
(i) [qj(0a)l =< f=o Iqj(0)[ + and (ii) =u,+ Iqj( )1 < for all 0 such that
l0 <6. This enables us to choose 0lDsuchthat 0 -0l < band

(1 1)
=o

q(0)u,,_
=o

q(01)u"- <
T(09) =o

for n 0, 1, 2,..., where T(09) sup, {l,(co)l Now

N

l’n(O) Pjn- j(09)N ,=o i=o

N-1 N-I

N j_

E Pj 2Nj=o PJ
n=j

Vn(O)n- j(09) -}-
j= N* +1

N* 1y psN j=
PJ

n=j

EVn(O) Vn(O1)]n_j(09) Jr" --- j= 0 n=j

N-1 N-1

Pj E Vn(O)n-j(09)"+ -- j=U*+ n=j

The third term on the right side of the last equality can be made small by choosing
N* larger if necessary because jo IPjl < v and {(1/N),u=-) v,(0),_j(09)} is
bounded. The second term on the right side of the last equality is small for N
sufficiently large because 01 D and N* is fixed. Finally, the first term is small
for large N because of (11). This establishes that limN_ (1/N)(QN(O)uu, P(09))

0 for 0O and 09D.
The proof that limu_ (1/N)(QN(O)uu,|lu(09)) 0 for 0eO and coef is

easier and will be omitted. It suffices to make use of the fact that limu_.oo
N-1(l/N) ,=i u,_iq,(09) 0 and =,+, Iq,(0)l < .

THEOREM 2. If Assumptions S1-$5, R1 and R2 hold, then limN_o (09) 0
for almost all 09.

Proof. Let 09 fo, where fo is the set of probability one defined in the proof
of Theorem 1. The parameter set is compact so {(09)} has a convergent sub-
sequence, say limj_, Nj(09) 0". Suppose 0* 4: 0- Then J(0*) > J(0) because J
.has a unique minimum (see [1; proof of Thin. 1]). Let e J(0*) J(0). Now,
F(Nj, )(09), 09) _<_ F(Nj, 0, 09) for each j, hence lim supj_ F(Nj, )(09), 09)
=< J(0). For j sufficiently large we have F(Nj, )(09), 09) <= J(0) + e/4. As noted
in the proof of Theorem 1,

J(0) qg(O)qj(O)t(i, j) + ppjT(i, j) + var [r/o
i=Oj=0 /=0j=0
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With the aid of Lemma it is easy to see that J is continuous in 0, so there is
a 61 > 0 such that ]J(0*) J(0)l < e/8 for all 0 such that II0 0* < 61. Applying
Lemmas 2 and 3 to those terms in the expansion of F(N, 0, o) which depend
explicitly on 0, we have that there is an integer N0(, e) and a 62(o, e) > 0 such
that IF(N, O, o) J(0)[ < e/8 for all 0 satisfying IJ0 0"11 < 32(o) e) and S
>-_ No(o, e). Let 3(o, e)= min (1, 2(o, )). Then for j sufficiently large,

]J(O*) F(Ni, 0(o), o)] __< IJ(O*) J(O(0))l

+ [J(Os(o) F(N, Os(o), o)l <

Then, J(0*) < F(N.i, {]Nj(o), o) + /4 < J(0) + e/2 from which it follows that
J(0*) J(0) < /2, contrary to the definition of e.
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AN ARC METHOD FOR NONLINEAR PROGRAMMING*

GARTH P. MCORMICK’

Abstract. An algorithm using second derivatives for solving the optimization problem: minimize
f(x) subject to gi(x) => O, 1,..., m, where the gi are not necessarily linear is presented. The basic
idea is to generate a sequence of feasible points with decreasing objective value by movement along
piecewise, smooth, quadratic arcs. Cluster points of the sequence generated are shown to be second
order Kuhn-Tucker points. If the strict second order sufficiency conditions hold, the rate ofconvergence
is shown to be at least quadratic.

1. Introduction. The mathematical programming problem addressed is

(1.1) minimize f(x)

subject to

(1.2) gi(x) >=0, i- 1,...,m,

where the problem functions are at least twice continuously differentiable and
x E". The functions f(x), {gi(x)} are allowed to be nonlinear. A partial listing of
methods for solving this problem is" a class of algorithms called methods of
feasible directions [133, the generalized reduced gradient method [23, sequential
unconstrained minimization techniques [4, and the gradient projection method
[10. The algorithm presented here is an extension of the variable reduction
method [73, [81, and is a refinement of ideas presented in [9.

In this section notation is presented which will be used throughout the paper.
A linear independence assumption in force throughout the paper and a discussion
of the first and second order conditions, some necessary, others sufficient, which
characterize local minimizers to problem (1.1), (1.2) are also given. Section 2
contains a heuristic and rigorous description of the algorithm. Section 3 contains
a proof of the convergence of points generated by the algorithm to points satisfying
the first and second order necessary conditions (second order Kuhn-Tucker
points). In 4 it is shown that if a cluster point of the points generated satisfies the
strict second order sufficiency conditions, the rate of convergence of the algorithm
is at least quadratic. Section 5 contains historical information and a discussion
of the theoretical and computational implications of the algorithm.

Notation.

xk’r The value of x at the beginning of the pth arc of the kth
iteration.

r(k, p) The number of constraints exactly satisfied at the beginning
of the pth arc of the kth iteration.

R(k, p) A permuted ordered set of indices 1,..., m, where the first
r(k, p) indices are of the constraints exactly satisfied at the
beginning of the pth arc of the kth iteration.

* Received by the editors April 19, 1973, and in revised form November 6, 1974.
"f Department of Operations Research, George Washington University, Washington, D.C. 20006.
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x(k, p)

x,(k, p)
g(k, p)
Vg(k, p)

A permuted ordered set of the indices 1,..., n, where the
variables whose indices are among the first r(k, p) are called
"dependent" variables, and the remainder "independent"
variables.
The r(k, p) x vector of values of the problem variables at
the beginning of the pth arc of the kth iteration where the
connection with the vector xk’p is given through the first
r(k, p) indices in the permutation set C(k, p)--considered the
vector of "dependent" variables.
The (n r(k, p)) x vector of "independent" variables.
The value of the ith constraint at xk’p.

The n x vector of first partial derivatives of the ith con-
straint evaluated at x’p and in the order prescribed by the
permutation set C(k, p).

[B(k, p), E(k, p)] The r(k, p) x n matrix of transposed gradients of the con-
straints, evaluated at x’p, whose indices are the first r(k, p)
in the permutation set R(k, p) and whose columns are ordered
by the set C(k, p).

VDf(k, p) The r(k,p)x vector of first partial derivatives of f(x)
evaluated at xk’p in the order prescribed by the permutation
set C(k, p)wsimilar notation is used for other quantities
which depend on just the "dependent" or "independent"
variables.

a(k, p, t) The arc generated at xk’p.

P(k) The number of arcs used at iteration k.
f(k, p) The step-size scalar.
fi(k, 1) Estimate of Kuhn-Tucker multipliers.
s(k, p) Direction of search of independent variables.
e(k, p, t) Arc generated by Newton’s method.

We now formulate a regularity condition which will be in force throughout
the paper and which will be used for the proofs of convergence and rate of con-
vergence.

Linear independence assumption A1. Let ff be any point satisfying (1.2).
Let {ilg(,) 0}. Then the set of gradients

(1.3) {Vg(2)}, e ,
is linearly independent.

We call a point ff a Kuhn-Tucker point (KTP) if ff satisfies the following
well-known Kuhn-Tucker conditions, (1.4)-(1.7), which are necessary (under
the linear independence assumption (1.3)) for 2 to be a local minimizer to the
problem (1.1), (1.2): there exist , 1, ..., m, such that

(1.4) Vf()- ,Vg,()= 0,
i=1

(1.5) igi() 0, 1, ..-, m,
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(1.6) fi>_0, i= 1,...,m,

(1.7) g() >__ 0, i= 1,..., m.

The Kuhn-Tucker conditions, (1.4)-(1.7), are first order conditions in that they
involve only the first derivatives of the problem functions. Less well known, but
equally important, are second order conditions; conditions involving the second
derivatives of the problem functions. We state without proof two lemmas, one
stating second order necessary, the other stating second order sufficiency con-
ditions concerning local minimizers of problem (1.1), (1.2). For proofs and a
discussion of these lemmas see Chapter 2 of [4].

LEMMA 1. If the problem functions are twice continuously differentiable, and
if the linear independence assumption (1.3) holds, then a necessary condition that a

point be a local minimizer to the problem (1.1), (1.2) is that there exists a vector

such that (, ) satisfies (1.4)-(1.7), and also satisfies.
(1.8) z’V2L(X, )z >_ 0

for all z such that

z’Vg() 0 for all iwhere g(ff) 0,

where

(1.9) L(x, u) =- f(x) uigi(x).
i=1

A point satisfying (1.4)-(1.8) is called a second order Kuhn-Tucker point
(SOKTP).

LEMMA 2. If the problem functions are twice continuously differentiable, and
ifassociated with some x* there is a u* such that (x*, u*) satisfies (1.4)-(1.7) and also
satisfies

(1.10) z’VZL(x*, u*)z > 0

for all z : 0 such that

z’Vgi(x*) 0 for all where gi(x*) 0,

then x* is an isolated local minimizer of problem (1.1), (1.2).
We note here that these theorems are not the best theorems for characterizing

local minimizers, but for the purposes of proving theorems about the convergence
and rate of convergence of the algorithm, they are the versions required.

2. The algorithm. To motivate the rigorous statement of the algorithm, an

intuitive derivation is presented first. For simplicity the problem to be solved
is stated

minimize f(x) subject to g(x) 0, 1,..., r.

Suppose a point x satisfying the r equality constraints is given. The following is
based on the notion that one should try to "solve for" r of the variables in terms of
n r of them and then find the unconstrained minimizer off, which can now be
thought of as a function only of n r variables. Another way of looking at this
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approach is to generate an arc emanating from x along which the constraints
are exactly satisfied and to attempt to minimize the objective function along that
arc. To that end we divide the vector x into two parts, xo, consisting of the first r
components ofx and considered as the vector of "dependent" variables, those to be
"solved for," and xi, the remaining n- r variables considered as the vector of
"independent" variables. We assume the form of the arc as

where s is the first order direction of search of the "dependent" variables, and s
is the first order direction of search of the "qndependent" variables. The vector v
is the second order direction of search of the dependent" variables. Now an
approximation to the value of any constraint along the arc is

gila(t)] gi(x) + dgi[a(O) +
dZgi[a(O)]

t2/2
dt dt

Hence, if the quantities so and v can be made to depend upon s so that dg[a(O)]/dt
0 and dZg[a(O)]/dtZ= O, for i= 1,..., r, motion close to that required to

remain in the space of equality constraints can be maintained. Then s can be
chosen independently to aid in the "unconstrained" minimization off

The necessary algebraic quantities are obtained by a simple application of
the chain rule for differentiation. We have, for 1,..., r,

(2.1) dg[a(O)]/dt [s,s]Vg,[a(O)],

(2.2) dZgi[a(O)]/dtz= [sb,s]VZg[a(O)][s,s]’ + 2Iv’, 0]Vgi[a(0)].

Dividing the matrix of constraint gradients into two parts, B’ and E’, where B
is an r x r invertible matrix (we can assume this without loss of generality) and
E is an r (n r) matrix, we can solve for so in (2.1) as

(2.3) so -B-tEs.
Substituting this in (2.2) and solving for v yields (letting T’= -E’(B’)-, I])

(2.4) v B-( )’s,T’VZg,[a(O)]Ts,/2,....

Thus, both so and v are specified for any choice of s. Note that if any g is a linear
function, exact constraint satisfaction results along the arc.

Assuming the same approximation for the value of the objective function
along the arc, and substituting the quantities obtained from (2.3) and (2.4), we have

f[a(t)] /[a(0)] + sT’Vf[a(O)]t + sT’VZf[a(O)]TsttZ/2
(2.)

[..., s’T’VZgi[a(O)]Ts, ](B’)-Vof[a(O)]t2/2.
Defining

u (B’)-1Vof[a(O)], L(x, u) f(x) uigi(x),
i=1

h’= T’Vf[a(O)], H T’VZL(x, u)T,
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the unconstrained minimization problem becomes

(2.6) minimize f[a(0)] + h’sxt + s’Hsxt2/2.
(Sl ,t)

There are two cases to consider. The first case is that the function in (2.6) has an
unconstrained minimizer in s, t. A necessary condition for this (except for patho-
logical cases) is that H must be a positive definite matrix. Clearly there are an
infinite number of values of st, for which the solution is obtained since the
crucial quantity is the product of st and t. Arbitrarily it will be assumed that
t* 1, and thus

s’{ -H- Xh

is the optimum direction vector for the independent variables.
The second case is when the solution to (2.6) is unbounded, i.e., it is possible

to choose s’ so that the function in (2.6) goes to - as oc. This case often
arises in the early stages of trying to solve a nonconvex programming problem.
A good strategy for this case has been to choose s’ to be an eigenvector associated
with the minimum eigenvalue of H. In practice, this creates a fast decrease in f
and forces the arc into a region where the positive definiteness of H obtains
(or, as usually happens when there are inequality constraints, forces the arc into
the boundaries of constraints previously well-satisfied).

This is the basic motivation for the algorithm, finding the unconstrained
minimizer off in an equality constrained region. Three matters have not been
covered" since the arc does not, in general, maintain exact constraint satisfaction,
what procedure is used to do this; for the inequality constrained problem, how
should the decision be made on when to move interior to a constraint boundary
whose exact satisfaction has been insisted upon and, when in the course of moving
along the arc to find the unconstrained minimizer, what should be done if a
constraint, not previously binding, is encountered?

The method used to enforce exact constraint satisfaction is a modification of
Newton’s method for solving nonlinear equations. The decision to drop a con-
straint from consideration is based upon periodic estimates of the Kuhn-Tucker
multipliers which are required to be nonnegative. If a constraint is encountered
before minimization along the arc occurs, the constraint is incorporated into a
list of those required to be binding, and unconstrained minimization continues
in the subspace of reduced dimension. No constraints are dropped from considera-
tion until an unconstrained minimization has occurred in some subspace.

A rigorous statement of the algorithm for the inequality constrained problem
will now be given.

Iteration O, Step 1. Let x denote the given feasible starting points. Set r(0, 1)
equal to the number of constraints which are exactly satisfied at x, i.e., the number
of indices for which g(x) 0, 1, ..., m. Set R(0, 1) to be a rearrangement
of the constraint indices so that those constraints which are exactly equal to

for j=l n,zero correspond to the first r(0, 1) indices. Set x(0, 1, j)= xj,
and C(0, 1, j) j for j 1,..., n. Continue as in the first step of the general
iteration k, where x’1 is set equal to x.

Iteration k, Step (for all k >__ 0). Let xk’l denote the value ofx at the beginning
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of the first arc at the kth iteration. At this point the integer r(k, 1) indicates the
number of constraints which are exactly satisfied at xk’. The set R(k, 1) is a per-
mutation set of the integers 1,--., m. The constraints whose indices are in the
first r(k, 1) numbers in R(k, 1) are those constraints exactly satisfied. The set
C(k, 1) is a permutation set of the integers 1, ..., n. The variables whose indices
are of the first r(k, 1) are called dependent and the variables whose indices are
C(k, 1, r(k, 1) + 1),..., C(k, 1, n) are called independent variables. The vector
x(k, 1) is a permuted n x vector of the values of the vector xk’x. They are related
through the permutation set C(k, 1) as

x(k 1, j) XC(k,l,j), j l, /1.

We denote xo(k, l) to be the r(k, l) x vector containing the first r(k, l) compo-
nents of x(k, 1), and x(k, l) to denote the (n r(k, 1)) x vector containing the
last components of x(k, 1). Two matrices of constraint derivatives B(k, l) (which
may be thought of as the "basis" matrix) and E(k, l) are defined as

g,,(x’)
B(k 1)i,2 XC(k,l,j)

i- 1, r(k, 1), j- 1,...,r(k, 1),

E(k 1)i,
CgRtk’I’o(X’X)

X,Ctk, l,j

1,...,r(k, 1), j r(k, 1) + 1,...,n.

It is important for proving convergence of the algorithm, and more im-
portantly for numerical stability of the process, that the matrix B(k, l) be well-
conditioned. This means that the choice of which variables are dependent must
be made with care. For K >= l, previous selections have been made so that pre-
sumably the order of the variable indices in the permutation set C(k, l) tend to
give B(k, 1) numerical stability. Since the constraints are nonlinear, recomputation
of the gradient vectors of the binding constraints can result in an ill-conditioned
B(k, 1)-matrix. It is necessary, therefore, to test for the stability of B(k, l) and,
if necessary, rearrange the indices in C(k, 1). Other considerations for the choice of
which variables are to be dependent are dictated by the form in which the inverse
of B(k, 1) is to be represented. Recent work in large scale linear programming [5]
has modified many of the traditional views about the use of the product form of the
inverse and its many variations. The maintaining of a sparse representation is
important. The results of current experimentation in linear programming will have
much to do with the selection mechanisms for nonlinearly constrained problems.
For this reason it will just be assumed here that an appropriate way of selecting
the dependent variables, or changing them if necessary, is done at the first step
ofeach iteration. That a suitable choice exists is ensured by the linear independence
assumption (1.3). One of the implications of using a numerically stable method to
select the dependent variables is that the columns of B(k, 1) will not be "nearly"
linearly dependent. A measure of this is the value of determinant of the matrix
B(k, 1). Careful selection coupled with the linear independence assumption and
the continuity of the problem function derivatives implies that the absolute value
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of the determinant of B(k, 1) is bounded below away from zero. This is important
in proving the convergence of the algorithm.

Deletion of constraints from list of those required to remain binding. The list
of those constraints equal to zero in value and which are required to remain at
zero value is changed by deletion only at the beginning of the first step of each
iteration. In this case, one constraint, at most, is removed from the list by the
following method. Let (k, 1) B’(k, 1)-Vof(k, 1) (estimates of Kuhn-Tucker
multipliers) have components (k, 1, i), i= 1,..., r(k, 1). Denote i to be an
index such that

(2.7) fi(k, 1, i) min (k, 1, i).

If fi(k, 1, i) < 0, delete the corresponding constraint from the list of those required
to remain binding. When this is done, a dependent variable must be selected
to be made into an independent variable. Assume the existence of a numerically
stable selection mechanism which decides that the variable with index C(k, 1, j ) is
to become an independent variable. The row and column deletion is accomplished
formally by interchanging C(k, 1, j) with C(k, 1, r(k, 1)), x(k, 1, j) with x(k, 1,
r(k, 1)), R(k, 1, i) with R(k, 1, r(k, 1)), and setting r(k, 1) r(k, 1) 1. Now all
the quantities in (2.7) must be recomputed.

Iteration k, Step p (for all k >_ 0, p >= 1). Let x’p denote the value of x at the
beginning of the pth step (or arc) at the kth iteration. The number of constraints
equal to zero and required to remain equal to zero is designated by r(k, p). The
set R(k, p) is a permutation set of the integers 1, .-., m. The constraints whose
indices are in the first r(k, p) numbers in R(k, p) are those constraints exactly
satisfied. The set C(k, p) is a permutation set of the integers 1, -.-, n. The variables
whose indices are of the first r(k, p) are called dependent variables, and the variables
whose indices are C(k,p,r(k,p)+ 1), ..., C(k,p,n) are called independent
variables. The vector x(k, p) is a permuted n vector of the values of the vector
x’p. They are related through the permutation set C(k, p) as

x(k p j) x’o,,p,j), j 1,..., n.

We denote xo(k, p) to be the r(k, p) x vector containing the first r(k, p) com-
ponents of x(k, p), and x1(k, p) to denote the (n r(k, p)) vector containing
the last (n r(k, p)) components of x(k, p). Two matrices of constraint derivatives
B(k, p) and E(k, p) are defined as

B(k p),
tgg m,v,)(x’p)

Xc(k,p,j)
1, r(k, p), j- 1, r(k, p),

E(k, p),j
(XC(k,p,j)

1,..-, r(k,p), j r(k,p) + 1,..-, n.

The matrices of second derivatives of the problem functions are defined as
2 kV g/( p) with the i, jth component equal to

632g R(k’p’l)(xk’P)
1, r(k, p)

Xc(k,p,i)Xc(k,p,j)
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To prescribe the direction of search at the pth step of the kth iteration, it is
necessary to define the following quantities. Let u(k, p, i) be the ith component of

(2.8)

(2.9)

(2.10)

and

(2.11)

where

u(k, p) B’(k, p)-1Vof(k, p),

r’(k, p) [-E’(k, p)B’(k, p)- I]

h(k, p) T’(k, p)Vf(k, p),

H(k, p) T’(k, p)V2L(k, p)T(k, p),

r(k,p)

(2.12) V2L(k, p) VZf(k, p) u(k, p, i)V2gi(k, p).
i=1

The most important quantity to compute in the arc is the direction of search
of the independent variables. The computation takes three forms depending upon
the eigenvalues ofH(k, p). Let e be a preselected positive value (presumed "small").
Denote by 6(k, p) the smallest eigenvalue of the symmetric matrix H(k, p). Let
e(k, p) denote an eigenvector associated with (k, p).

Case 1.

Then

(2.13)

(k, p) >__ > O.

st(k, p) -H(k, p)- ’h(k, p).

Case 2.

Then

(2.14)

e > cS(k, p) > 0.

s,(k, p) -h(k, p).

Case 3.,

Then

(2.15)

0 >_ 6(k,p).

st(k, p) -h(k, p) + e(k, p),

where, without loss of generality, it can be assumed that

(2.16) h’(k, p)e(k, p) <_ O.

We define an r(k, p) x vector W(k, p) whose ith component is

(2.17) W(k, p, i) -s’t(k, p)T’(k, p)VZgi(k, p)T(k, p)s(k, p)/2,
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and a vector v(k, p) given as

(2.18) v(k, p) B(k, p)- W(k, p).

The arc a(k, p, t) is now described as
v(k, p)) t2(2.19) a(k, p, t) x(k, p) + T(k, p)s,(k p)t +

0

For notational convenience this will sometimes be written

a(k, p, t) x(k, p) + b(k, p)t + w(k, p)t2,

where

and

b(k, p) T(k, p)s,(k, p)

w(k, p)
v(k, p))

Maintenance of exact constraint satisfaction by use of a modified form of
Newton’s method. Movement along the arc given by (2.19) will not, in general,
maintain exact constraint satisfaction. To correct for this an arc which is obtained
from that given by (2.19) is generated using a form of Newton’s method for solving
nonlinear equations. We define an arc a(k, p, t) as follows. Set

a(k, p, t, O) a(k, p, t).

Let Vog(k, p, t, l) denote the submatrix of constraint gradients defined at a(k, p, t, l)
by the following equations. The i, jth component of the matrix is

Ognk,p.i)(a(k, p, t, l))
OXC(k,p,j)

1, ..., r(k,p),

Then e(k, p, t, + 1) is obtained from a(k, p, t, l) as

j= 1,... ,r(k,p).

(2.20)
V’og(k, p, t, l)- ’]a(k p, t, + 1) a(k p, t, l) go(k,p,,).

0

There is a value t3(k, p) > 0 such that for all where 0 =< _< t3(k, p), the
iterations defined by (2.20) converge and define an arc which has all the differ-
entiability properties of a(k, p, t). This arc is denoted by e(k, p, t). In practice,
rules are necessary for deciding when to cease iterating on (2.20), either because
convergence has been successfully approximated, or because the iterations are
diverging. For now, the ability to ascertain ta(k, p) and e(k, p, t) exactly will be
assumed.

Obtaining the next point. Find t(k, p) min [t x(k, p), t2(k, p), t3(k, p)], where
(k, p) is the smallest local minimizer of

(2.21) minimize f[(k, p, t)]

subject to 0 <__ <= t3(k, p),
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and t2(k, p) is the smallest maximizer of

maximize

subject to 0 <= <__ t3(k, p),

and
gRtk,p,i)[o(k, p, t)] -->_ O, i= r(k, p) + 1,..., m.

If t(k, p) t2(k, p), the number of constraints considered binding must be increased
by 1. This is accomplished by first setting r(k, p) r(k, p) + 1, and then inter-
changing R(k, p, r(k, p)) and R(k, p, l), where R(k, p, 1) is the index of the constraint
the encountering of which caused cessation of motion along the arc. Also, a
variable must be changed from an independent one to a dependent one. Again,
it is assumed that an appropriate selection mechanism exists that chooses the
variable with index C(k, p, J 1) to become a dependent variable. Then interchange
C(k, p, J 1) with C(k, p, r(k, p)).

In this case, when t(k, p) t2(k, p), set x(k, p + l) (k, p, t(k, p)) and
begin the (p + 1)st step of the kth iteration. Otherwise, when t(k, p)< t2(k,p),
set x(k + l, l) (k, p, t(k, p)) and begin iteration k + 1.

3. Convergence of the algorithm. It is useful to define a continuous vector
function which yields the value of x for any step along the arcs during the course
of the kth iteration and its successor iteration k + 1. Let P(k) denote the number
of arcs used at iteration k, and define

P(k)
k-- t(k,p).

p=l

Let z >- 0 be given. There are two cases to consider. Suppose 0 <= z <= k. Let
q(k, z) be the largest integer from (1, ..., P(k)) for which

q(k,z)-

t(k,p)<__z.
p=l

Let
q(k,z)-

fl(k, z) t(k, p) + z.
p=l

Then the continuous vector function xk(z) is defined as

q(k,)-

xk(z) x(k, l) + b(k, p)t(k, p) + w(k, p)tE(k, p)

(3.1)
p=l

+ b(k, q(k, z))fl(k, ) + w(k, q(k,-c))fl2(k, z).

Suppose z > k. Then set z k and follow the above procedure, where k is
replaced by k + everywhere except for the left-hand side of (3.1).

Our next lemma states (in effect) that if if, any cluster point of the sequence of
points beginning each iteration is not a SOKTP, then successor cluster points
are "not close" to it. In order to simplify the presentation of the proofs we will
assume that the quadratic approximation to the boundaries of the constraints is
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exact and that no modified Newton iterations are required to maintain exact
constraint satisfaction. A series of lemmas will establish the convergence of the
algorithm under these assumptions. Later we will show that the algorithm is valid
with the modified Newton corrections.

LEMMA 3. Iff, {gi} are three times continuously differentiable, if the linear
independence assumption holds, and iffor a subsequence of {x(k, 1)} converging to
some cluster point Y,,

(3.2) lim inf max [[xk(t) xk(O)[[ O,
koo O<_t<_tk+tk+l

then is a SOKTP (where xk(O) is also used to denote the subsequence converging
to ).

Proof. The possible termination of an iteration because of the failure of the
modified Newton method to converge for t(k,p) has been precluded. Hence,
motion ceases infinitely often because the directional derivative at x(k, P(k)) is
nonnegative, i.e.,

(3.3) df[a(k, P(k)), t(k, P(k))]/dt _>_. O.

Using the definitions of the computed quantities, and the chain rule for differentia-
tion this is

(3.4) Vy[a(k, P(k)), t(k, P(k))] [b(k, P(k)) + w(k, P(k))t(k, P(k))2] >= 0,

where b and w are computed from s(k, P(k)) which is obtained from one of equa-
tions (2.13), (2.14) or (2.15). Because there are a finite number of constraints, and
because inequality (3.3) is assumed to occur an infinite number of times, the
division into dependent and independent variables, the order of the constraint
indices in R(k, P(k)), and the value of r(k, P(k)) can be assumed to be the same for
all k. For simplicity, and without loss of generality, we will assume all quantities
in the following converge without formally selecting converging subsequences.
Where necessary, of course, we will show that the algorithm is constructed in
such a way that the quantities are uniformly bounded. This allows for the selection
of converging subsequences.

The continuity of the derivatives of f, and (3.2) assures that Vf(a(k, P(k)),
t(k, P(k)) Vf(). The careful selection of the dependent variables and the linear
independence assumption (1.3) along with the continuity of the derivatives of the
problem functions assure that the absolute value of the determinant of B(k, P(k))
is uniformly bounded below away from zero. Let r be the assumed constant value
or r(k, P(k)) for large k. Then

B(k, P(k)) -- B, an r x r invertible matrix,

E(k, P(k))- E, an r x (n r) matrix,

and all quantities in (2.8)-(2.21) converge to limits denoted, e.g., by fi, h, H and .
Because of (3.2), the term involving in inequality (3.4) vanishes as k .

Taking Cases 1-3 (equations (2.13)-(2.15)) in order, and using inequality (3.4),
we will show that VL(2, ) 0 by the following arguments.
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If Case yields st(k, P(k)) infinitely often, inequality (3.4) implies that

-h’I-h >= O,

where the smallest eigenvalue of H is greater than or equal to el which is greater
than 0. This implies that h 0 which is equivalent to VL(ff, ) 0.

If Case 2 is used to generate st(k, P(k)) infinitely often, inequality (3.4) yields

-h’h>__o,

which implies that h and hence VL(ff, fi) both vanish.
If Case 3 is used to generate st(k, P(k)) infinitely often, (3.4) yields

-h’h + h’O >__ O,

where, by virtue of (2.16), h’’ <- 0. As above, it is immediate that VL(ff, fi) 0.
Thus, for all possible cases, (, ) satisfies VL(2, fi) 0. Next, we need to show

that fi > 0. To do this, both the point x(k, 1) and its successor point must be con-
sidered. Because of (3.2), if x(kj, 1) 2, so does x(kj + 1, 1) (as j v). Hence,
the previous result holds for x(k + 1, P(k + 1)) (assuming for notational con-
venience that x(k, 1) represents the converging subsequence instead of x(kj, 1)).

Consider at x(k,P(k)) and x(k + 1, P(k + 1)) the vectors u(k,P(k)) and
u(k + 1, P(k + 1)). From the proof above it follows that as k , these quantities
tend to the Lagrange multipliers associated with the stationarity of the Lagrangian
function. Let the set Sk be defined as the set of the first r(k, P(k)) indices in R(k, P(k)),
and Sk + as the first indices of binding constraints in R(k + 1, P(k + 1)). Assume
that the indices in these sets are constant for large k. (This can be done since there
are only a finite number of constraints.) If the sets Sk and Sk + contain different
sets of integers, the differences can only be that one or the other contains indices of
constraints binding at 2 whose limiting multiplier values are zero. Otherwise, the
linear independence assumption would be violated. Hence, for k large, Sk and
Sk + both contain the indices of all constraints binding at 2 with nonzero Lagrange
multipliers which constitute the multiplier values for which the stationarity con-
dition holds.

Assume fit < 0 for some it Sk infinitely often. Eventually, the index corres-
ponding to one ofthe multipliers with smallest multiplier value would be eliminated
from the set of indices of constraints required to remain binding at the start of
iteration k + 1. By the argument just made, it must be in Sk + and, hence, it must
be picked up at some step between and P(k + 1).

Let denote one of the integers satisfying

fi min 0i

which is dropped from the indices of constraints required to remain binding at
x(k + 1, 1) infinitely often. Expanding in a Taylor’s series,

l(k)gs(k + 1, l(k + 1))= g,(k + 1, l) + b(k + 1,p)t(k + 1,p)
p=l

(3.5)
w(k + 1, p)t2(k + 1, p)’Vg(r/),

where r/is a convex combination of x(k + 1, l(k + 1)) and x(k + 1,1) and where
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l(k + 1) is the step during the (k + 1)st iteration when the th constraint is picked
up again. Now g,(k + 1,1) 0 g,(k + 1, l(k + 1)). Dividing (3.5) by

l(k+ 1)-

t(k + 1, p)
p=l

and taking the limit as k yields (using (3.2)) a result from which it can be
deduced that

(3.6) g[-/’(/’)- ’, I]Vgy(2) 0,

where/ is the limit of basis matrices which do not involve the th constraint.
Now, the matrix in the above is orthogonal to the gradients of all the other con-
straints with indices in Sk, i.e.,

(3.7) [-/’(/’)-’, I]Wg() 0 for :/: , Sk

Because of the Lagrangian stationarity condition we have

(3.8) vf()- . ,Vg,()= VgA).
ieS

Now usi (.6) ad (.7), multiplyin (.) by-(/)- , I yields-()- v() 0

where is of the form otaicd from either (Z l), (. l) or (. 15). Thus, wc have
either

where

In each of these cases it can be argued, as in the first portion of the proof of
this lemma, that (2, ) is a stationary point of the Lagrangian function. The fact
that the th constraint has a multiplier value of zero, since it does not enter into
the computation of fi, means that the smallest multiplier associated with the
stationarity of the Lagrangian at 2 is zero, otherwise, the linear independence
assumption would be violated.

In the final part of the proof we show that the second order necessary condi-
tions are satisfied by (2, fi).

The rules for the construction of the arc imply that the directional derivative
off, at the beginning of any arc (with respect to t) is nonpositive. Inequality (3.3)
states that the directional derivative at the end of the iteration is nonnegative.
Since no new constraints are picked up between the start of the last arc and its
termination, the arc, as a function of t, is twice differentiable when the problem
functions are. Expanding the directional derivative using Taylor’s theorem we
obtain

(3.9) [a(k P(k), )]df [a(k P(k) t(k, P(k)))] [a(k P(k), 0)] + df2

dt

t(k, P(k)),
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where k is a convex combination of 0 and t(k, P(k)). Using the facts about the
directional derivatives stated just before (3.9) and dividing through by t(k, P(k))
yields the inequality

dt2
(a(k, P(k), k)) >= O.

Because of (3.2), taking the limit as k c yields

(3.10) 3Hgi => 0,

where gl, H, and all the similar quantities with bars are limits of the quantities
defined in (2.8)-(2.15). That these limits exist, i.e., that there exist converging
subsequences of all those quantities, follows from the selection of the independent
variables, the linear independence assumption, and the twice continuous differ-
entiability of the problem functions.

There are three cases for the origin of the quantities in inequality (3.10).
If (2.13) were used an infinite number of times to generate the vectors whose limit
is i, then 2 is a SOKTP since

z’Rz >__ lllZll 2 for all z.

if (2.14) were used an infinite number of times, the same conclusion would
follow since

z’Hz >__ 0 for all z.

If (2.15) were used an infinite number of times, because of the stationarity of the
Lagrangian (recall/i 0 was proved in the first part of the lemma) inequality
(3.10) yields

’ff >= 0,

where , is an eigenvector of ff associated with its minimum eigenvalue. Thus,
H is a positive semidefinite matrix. This completes the proof of the lemma.

In order to prove the next lemma as a prelude to proving the convergence of
the algorithm, two additional assumptions will be made. The first one says,
in effect, that any point which is a local minimizer in an equality constrained
subspace is unique locally.

Isolated minimizer assumption A2 Let y be any point feasible to the program-
ming problem (1.1), (1.2) which satisfies the second order conditions necessary
for the point to be a minimizer in the subspace of constraints equal to zero at y.
Then y also satisfies the second order conditions sufficient for y to be an isolated
local minimizer in the equality constrained subspace.

The second order conditions, necessary ones, and sufficient ones, for an
equality constrained problem are exactly those for the inequality constrained
problem (see (1.4)-(1.10)) except that the multiplier values need not be nonnegative.

Without this assumption it is not possible to prove convergence of the two-
part algorithm presented in this paper to a SOKTP. A different algorithm, with
an autonomous move where all the terms necessary to satisfy the second order
necessary conditions for an inequality constrained problem are used in the first
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step and movement away from boundaries is allowed, can be shown (see [9])
to converge without the above assumption. That method, however, is not very
efficient on the computer in solving problems. For safety’s sake, one could include
at intervals a move such as that described in [9] to guarantee convergence. However,
if one is to assume that the situation where a point satisfying the second order
necessary conditions in an equality constrained subspace is not an isolated
minimizer is a rare occurrence, then the algorithm described herein is preferable.

Another nondegeneracy assumption is required for the convergence proof.
This assumption rules out the possibility of a Lagrangian stationary point having
multiplier values associated with binding constraints equal to zero.

Strict complementary slackness assumption A3. Let y be any point which
satisfies (1.2) and for which there exists values {wi(y)} satisfying

Vf(y) Vg,(y)w,(y),
iB(y)

where

B(y) {ilg,(y) 0, 1,.-., m}.

Then

w(y) v 0 for e B(y).

The next lemma shows that the directions chosen by the algorithm are such
that in a neighborhood of a point, say which is not a SOKTP, the outcome
after two iterations of the algorithm will yield a value off less than f() if a small
distance is moved.

LEMMA 4. Suppose is a cluster point of {x(k, 1)}. Let {x(kj, 1)} denote the
subsequence converging to . Assume, as in the previous lernma, that the problem
functions are three times continuously differentiable, and that the linear independence
assumption holds. Assume further that assumptions A2 and A3 hold. Now, iffor every
e > 0 there is a z, 0 < z <= e, such that for all kj large,

(3.11) f[xkJ(z)] --<_ f(ff),

then 5 is a SOKTP.
Proof. We can assume that e is small enough so that only constraints binding

at 2 are considered in the analysis following. We can also assume that (tkj + k + 1)
is bounded below away from zero, otherwise the conclusion would follow from
the previous lemma. Because of this we can assume that xk(z) defines some point
actually traversed during iteration kj or kj + 1.

Now, if lim infj_oo k 0, it follows from the arguments in the previous
lemma that is a Lagrangian stationary point although the associated Lagrange
multipliers need not be nonnegative. Assume therefore that lim inf_oo k > 0.
Then e can be considered small enough that for kj large, 0 __< v N k prevails in
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the following analysis. Using (3.11), (3.1) and Taylor’s theorem we have

q(kj-f(2) =< f[xk(z)] f[x(kj, 1)] + {b(kj, p)t(kj, p) + w(kj, p)tZ(k, p)}
L p=l

+ b(kj, q(kj, z))fl(kj, z) + w(kj, q(kj, z))fl2(kj, z)lVf(q(kJ, z)),

where r/(kj, ) is a convex combination of xk(z) and x(kj, 1).
Because the number of variables and constraints is finite, and because of the

rules for adding and subtracting from r(k, p), and for including new constraints
in the set of those considered to be binding and required to remain binding,
we can assume, without loss of generality, that for kj large enough, the number
of steps P(kj) is the same, the order of the indices in the permutation sets R(kj, p),
C(kj, p) is the same, for p 1,..., P(kj), (for kj + also), and that the index
q(kj, z) is the same. Call this constant value q(z). Taking the limit (as j c),

(3.13)
/p=l

{/(p)i(p) + v(b’)i2(p)} + (q(z))fl(z)

Jr-

where /(z) is a convex combination of (z) and . (The fact that all the quantities
in (3.12) are uniformly bounded allows us to extract converging subsequences.)
Now,

q(z)-

E fl( ) > 0.
p=l

Canceling f(ff) in (3.13), dividing by r and taking the limit as z 0 yields

0 =< Z
p=l

where p _>_ 0, for all p, and Op= l(p 1, where each b(p) is a vector computed
from quantities evaluated at 2 using only information from constraints equal
to zero at . The analysis used in the proof of the previous lemma can now be used
to show that 2 is a Lagrangian stationary point. Thus, since for both cases, when
lim inf_ k 0 and when lim infj_ k > 0, is a Lagrangian stationary point
that portion of the proof is complete.

Next we will show that ff is a second order Lagrangian stationary point;
i.e., it satisfies the second order necessary conditions for a local minimizer in
an equality constrained subspace.

If bp for some p where p > 0 came from the computation of si using (2.13)
or (2.14) an infinite number of times, it follows that 2 is a second order Lagrangian
stationary point. We need consider, then, only the case when s was computed
from (2.15) an infinite number of times.
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Now, inequality (3.12) could have been written

q(kj,r,)-

f(Y,) <= f[xk’i(’C)] f[x(kj, 1)] + f[x(kj, p + 1)] f[x(k.i p)]
p=l

+ f[xk(z)] f[x(k, q(k, z))].

Expanding each of the differences in a two-term Taylor’s series yields

q(kj,)-

f() <__ f[xk(’C)] f[x(k, 1)] + {z(kj, p)’Vf(k, p)}
p=l

+ z(k, z)’Vf(k, q(k, z))
(3.14)

q(kj,z)-

+ {z(kj, p)’V2f(rl(k, p))z(k, p)}/2
p=l

+ z(k, z)’V2f(rl(k, q(kj, z)))z(k, z)/2,

where

z(k, p) b(k, p)t(k, p) + w(kj, p)t2(k, p), p 1,..., q(k, z) 1,

z(k, z) b(k, q(kj, z))fl(k, z) + w(k, q(k, z))fl2(kj, z),

where each t/(k, p) is a convex combination of x(kj, p + 1) and x(k, p) and where
tl(k, q(k, z)) is a convex combination of x(k, q(kj, z)) and

Taking the limit in inequality (3.14) as j o (and extracting appropriate
subsequences) we have

q()-

f() <= f[(z)] f() + {(p)’Vf(p)} + (z)’Vf(q(z))
p=l

(3.15)
q(z)-

{(P)’V2f(rI(p))(P)/2} + (z)’V2f(rl(q(z)))(z)/2,
p=l

where

(p) (fi(p)i(p) + #(p)i2(p)), p 1,..., q(’c),

(z) (/(q(’c))(’c) + #(q(z))2(z))

and where each q(p) is a convex combination of 2(p + 1) and 2(p), and q(q(z))
is a convex combination of2(q(z)) and 2(z). Because ofthe rules for the computation
of the arcs,

(3.16) (p)Vf(p) <= O, (q(z))’Vf(q(z)) <= O.

Then cancelingf() in (3.15), deleting the terms of(3.16) since they tend to reinforce
the inequality, dividing by z2/2, taking the limit as z - 0 yields

o __<
p=l

where p _> 0 for all p, and p= p 1, and ,p is an eigenvector of (p) associated
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with its minimum eigenvalue. Hence satisfies the second order conditions
necessary for to be a local minimizer in the set of constraints equal to zero at .

The preceding arguments showed that any set of constraints corresponding
to some p > 0 constituted a set for which the point was a second order
Lagrangian stationary point. Thus, the limiting value p must have been zero
for any set ofconstraints which did not include all those for which the corresponding
multiplier value at was unequal to zero. This means that the t(kj, p) associated
with such a set of constraints must have approached zero as j o. Because of
the assumption of strict complementarity slackness (A3) only one index can be
associated with the set of constraints whose limiting ap value is nonzero, the
index P(kj), the final step of each iteration. Then it follows that if x(k, 1) ,
so must x(k, 2),..., x(k, P(k)). It then follows from the isolated minimizer
assumption A2 that the distance that can be moved away from x(k, P(kj)) and
decrease the function value tends to zero. This implies that the point x(k + 1, 1)
tends to and that initially the set Sk+l contains the indices of all constraints
binding at . We are now in a position to prove that all the multipliers associated
with the Lagrangian stationary point are nonnegative.

If all the i’s are not nonnegative, then, for j large enough, some index is
deleted from the set Sk / at the beginning of the (k + 1)st iteration. The arguments
above implied that kj --, O. Hence, the proof that was a Lagrangian stationary
point for the indices in the set of those binding and required to remain binding at

x(k, P(k)) apply here. Therefore, for some step between the start and the end of
the (k + 1)st iteration the constraint whose index was dropped will be re-
encountered. All the p’S associated with sets of indices of constraints required
to be binding are zero unless all indices of constraints binding at are included.
It follows that the constraint index is picked up at points arbitrarily close to
as j v. Thus, the analysis from (3.5) on can be repeated to show that all the
multipliers associated with the Lagrangian stationary point must be nonnegative.
This completes the proof that is a SOKTP.

THEOREM (Convergence of the algorithm). If the problem functions are
three times continuously differentiable, if the linear independence assumption is
satisfied, and if the strict complementary slackness and isolated minimizer assumption
hold, then every cluster point of {x(k, 1)} is a SOKTP.

Proof. Suppose is a cluster point of {x(k, 1)}. Let {x(k, 1)} denote also the
subsequence converging to . Assume the contrary, i.e., that is not a SOKTP.
From Lemma 3 it follows that

(3.17) lim inf max "’llxklt)- xk/t))ll’"’" 6 > 0.
k--,o O<_t<_(tk+tk+ 1)

Using the denial of Lemma 4, we know that there is an e > 0 such that for every
where 0 < _< e, for k large enough,

f[xk(z)] < f().

Let be smaller than one-half the value for which in (3.17) is attained and small
enough so that Lemma 4 applies. Then, eventually,

f[xk(t + t+ 1)] < f[xk(z)] < f().
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Butf(ff) < f[xk(tk + k+ 1)] bythefact that the {fix(k, 1)]} form a strictly decreasing
sequence. This contradiction proves the theorem.

Modifications required to correct for the fact that Newton iterations are
required to attain the boundary. In the proofofconvergence, for the sake ofsimplicity,
it was assumed that the arc movement exactly followed the boundary of the
constraint region. In general, this is not the case. The following important lemma
is required in proving that the method converges when the Newton method is
used to attain the boundary. The lemma shows how close the Newton generated
arc is to the original quadratic arc a(k, p, t).

LEMMA 5. If the problem functions are three times continuously differentiable,
then

(3.18) lie(k, p, t) a(k, p, t) O(l[s.i(k p) 3t3),

(3.19) [de(k, p, t)/dt da(k, p, t)/dt O( [sx(k, p) 2t2),
and

(3.20) IId2(k, p, t)/dt2 d2a(k, p, t)/dt2 O(]]Sl(k, p)]lt).

These assumptions will not be proved here as they are a trivial consequence
of the properties of Newton’s method for solving nonlinear equations.

We are now in a position to show how the proofs of Lemmas 3 and 4, and
Theorem can be modified.

It follows from the linear independence assumption and the assumed care
with which the dependent variables are chosen that t3(k, p) (for all k, p) is bounded
below away from zero, i.e.,

t3(k, P) >-- 3 > 0 for all k, p.

In Lemma 3, statement (3.2) should be

lim inf max Iok(t) (gk(0)l] 0,
koo O<_t<_(tk+tk+ 1)

where zk(t) is the result of the modified Newton method (2.20) applied to xk(t)
defined in (3.1). Clearly for this subsequence converging to the infimum,

t(k, P(k)) < a(k, P(k)),

since by the above, ta(k P(k)) > ea and because ofthe main hypothesis ofLemma 3
that t(k, P(k)) - O. Thus, the directional derivative in (3.3) is applied to

driP(k, P(k), t(k, P(k)))]/dt >= O.

Because of Lemma 5, equation (3.3) and all following equations must be modified
by adding a term O(llSl(k,P(k)) 2t(k,P(k))). Then the analysis goes through
since the added term vanishes under the assumptions of the lemma. Similarly,
the equation following equation (3.9) is modified by adding (using (3.20) ofLemma 5)
a term O(llsx(k,P(k))llk). Again, the proof continues on since the added term
vanishes.

For Lemma 4, inequality (3.11) should read

f[ak’(z)] >= f().
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Again, the possibility that t(k, P(k)) t3(k, P(k)) is precluded by the assumption
there that e is "small" and by the fact that t3(k, P(k)) >= 3.

Now, because of(3.18)of Lemma 5, (3.12)must be modified by a term
Then, finally, after division by z, and taking the limit as z - 0, the same conclusion
holds. Similar analysis holds for (3.14) on; ultimate division by r 2, still allows for
the error term to vanish as r -* 0 since it is of the order of the cube of z.

In Theorem 1, all statements using xk(z) must be replaced by ak(z), and the
same conclusion holds since the two crucial lemmas are still valid.

4. Rate of convergence of the algorithm. If there were no constraints on the
problem, the algorithm would reduce to the Newton method (as revised in [4])
for minimizing an unconstrained function. This is very important for the constrained
case in accelerating the rate at which the points generated by the algorithm
converge to an isolated local minimizer.

THEOREM 2 (Quadratic rate of convergence of the algorithm). If the problem
functions are three times differentiable, the linear independence assumption holds,
the strict complementary slackness and isolated minimizer assumptions are satisfied,
then, if the sequence {x(k, 1)} has at least one cluster point, that point is the only
cluster point, and it is an isolated local minimizer to problem (1.1), (1.2). Furthermore,
if 1 used in Case (see (2.13)) is "sufficiently small", the rate of convergence of
the sequence to that point is ultimately at least quadratic; i.e., there is an M, inde-
pendent of k such that

Ilx(k + 1, 1)- x*ll Ilx(k, 1)- x*II2M.

(Here x* denotes the limit point of {x(k, 1)}.)
Proof. From Theorem it follows that every cluster point of the sequence

{x(k, 1)} satisfies the second order necessary conditions. Because of the isolated
minimizer assumption, it follows that that cluster point also satisfies the second
order sufficiency conditions and is, therefore, an isolated local minimizer to the
problem. Because the algorithm always selects the nearest local minimizer in
any search along the arc, it follows that once the sequence of points {x(k, 1)
gets close to x*, it can never generate points far enough away to allow for a second
cluster point. It further follows from the arguments used to prove Lemma 4 that
all the indices of constraints binding at x* must be in the set Sk when k is large.
The strict complementary slackness condition implies that all multipliers associated
with the necessary conditions are strictly positive for binding constraints. Thus,
no constraint index will be removed from the list of those binding and required
to remain binding when k is large. Motion in the space of the constraints binding
at x* will be the only motion when k is large" hence, for k large, P(k) l, i.e.,
only one arc movement is made.

We will now argue that the equation used to generate the direction of the
independent variables for large k is always (2.13). This follows from the fact that
when the second order sufficiency conditions (1.10) hold along with the other

The parameter el is used to prevent the possibility of nonconvergence to a constrained stationary
point. If it is too large, the rate of convergence properties of the algorithm are destroyed. In practice,
no difficulties are encountered in setting e to a "sufficiently small" value.
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assumptions, the matrix

[-E*’(B*’)- , I]V2L(x*, u*)I--(B*)-E*]

is positive definite, and the continuity of the second derivatives which implies
that for k large, H(k, 1) is therefore positive definite. For el "sufficiently small"
then, eventually (2.13) will always be used.

The remainder ofthe proofwill not be given in detail here. It is contained in [9].
A summary of the reasoning follows.

Under the assumptions stated above, the algorithm ultimately reduces to
minimizing a uniformly strictly convex function in the space of independent
variables. See (2.6) for an approximate form of the function to be minimized.
It can be easily shown that without the adjustment for feasibility using Newton’s
modified method for solving nonlinear equations, and without the optimization
along the arc, the new points would have an at least quadratic rate of convergence.
Next, it must be shown that the feasibility adjustment (with a step size equal to 1),
would not change the rate of convergence. Asymptotic arguments using (3.18)
can be used to prove this. Finally, the use of the step size algorithm wherein the
modified arc is used and the objective function minimizer along the arc found
can be shown to generate points asymptotically close to those on the modified
arc. Combining these steps shows that the rate of convergence to the isolated
minimizer is at least quadratic.

5. Discussion. The ideas for direction generation presented in this paper
are easily modified to accommodate different approaches for solving under-
determined sets of linear equations. Using Rosen’s gradient projection point of
view [103 would yield different formulas, but the general approach would be just
as valid. Equality constraints can be accommodated by ignoring the sign of the
multiplier estimate which, according to theory, can be either plus or minus.
Once a linear equality constraint is satisfied, after going through an appropriate
feasibility phase, it will remain satisfied. Nonlinear equality constraints will,
in general, be satisfied only after the Newton iterations generate the arc of feasible
points.

The algorithm presented here has elements in common with many of those
suggested in the past. The idea, for linearly constrained problems, of "eliminating"
some variables from the problem and attempting to minimize the resulting
unconstrained function is contained in Zoutendijk [133, and Wolfe [12]. In both
cases the method of unconstrained minimization is a form of the method of
steepest descent. In this paper the method reduces to the method of Newton for
unconstrained minimization problems. In [13, [23, Abadie, et al., modified the
Reduced gradient method to handle nonlinear constrained problems. The method
they used to prescribe the direction of search of the independent variables was that
of the method of conjugate gradients. To maintain feasibility they, as did Rosen
[103, used a modified form of Newton’s method for solving nonline.r equations.
In the present paper, Newton’s method is also used, but iterations are done from
a quadratic arc which is closer to the constraint boundary than the straight line
generated by the other methods.
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Historically, there have been two different philosophies for deciding on how
many constraint boundaries (for inequality constrained problems) to attempt to
leave at the beginning of an iteration. The philosophy of Wolfe [11] is to leave
the boundaries of all currently binding constraints with nonpositive multiplier
estimates. That was the approach taken by the present author in [9]. Computer
experience showed this to be very inefficient. Usually, most of these were immedi-
ately encountered again and the computations to reenter them into the "basis"
matrix were time-consuming. The other approach, suggested by Rosen, is to
minimize the objective function in a fixed subspace before attempting to leave
the boundary of any constraint. This is clearly not the answer since a lot of
unnecessary work can be done when one is far from the solution. In this paper,
an attempt is made to leave the boundary of the constraint, whose multiplier
estimate is most negative, only at the beginning of an iteration. It may be immedi-
ately reencountered. After the first step though, no boundaries are relinquished
until a minimization of the objective function along some arc has occurred.
As new constraint boundaries are encountered they are incorporated into the
computations. This process, an anti-zig-zagging device, (see Zoutendijk [13]
for the first mention of this problem) was developed by the author in [6]. It turns
out to be a computationally efficient method although the original motivation
was to avoid the problem of theoretical nonconvergence of the algorithm. (See
Wolfe [11] for an example of how lack of anti-zig-zagging devices can result in
premature convergence.)

By using arcs, and explicitly introducing the curvature ofa nonlinear constraint
as measured by its second derivative matrix, this method allows for movement
nearer the boundary of the constraint region, making efforts to attain the boundary
easier. The choice of the direction of search of the independent variables yields
the attainment ofultimately an "at least" every-step quadratic rate ofconvergence.

Computational experience. An experimental code has been written to imple-
ment this algorithm for separable programming problems. A standard test
problem to try out algorithms for solving nonlinearly constrained optimization
problems is the "Shell dual" problem (number 2 in the study by Colville [3]).
It was converted to an equivalent separable problem by the author and in that
form is characterized by having 20 variables, five nontrivial nonlinear inequality
constraints, five linear equality constraints, a nonlinear objective function, and
lower bounds of zero on the first fifteen variables. Using the traditional starting
point of xj 0, j : 7 and x7 60, the time to attain seven place objective
function solution accuracy was 4.4 seconds on the CDC 6400.
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ON OPTIMAL STOCHASTIC CONTROL OF DISCRETE-TIME
SYSTEMS IN HILBERT SPACE*

JERZY ZABCZYK’

Abstract. A general system described by a linear difference equation in a Hilbert space is con-
sidered. Three types of disturbances, control-dependent noise, state-dependent noise and purely
additive noise, are taken into account. The cost function is assumed to be quadratic. The existence of an
optimal stationary strategy and the uniqueness of the stationary measure related to this strategy are
proved.

Special attention is paid to the related Riccati operator difference equation and the asymptotic
behavior of the solution of such an equation is investigated. Under certain assumptions, the existence

and uniqueness of the solution of the algebraic Riccati equation are proved, too.

1. Introduction. In this paper the existence of an optimal control for the
problem with a given quadratic cost function is investigated. The system under
consideration is described by a difference equation in a Hilbert space, and the
disturbances present are of three types: control-dependent noise, state-dependent
noise and purely additive noise. The problem is considered on the infinite interval
[0, 1, 2,-..). Such models arise in the fields of sampled-data distributed parameter
systems (see [14] where deterministic systems were studied). The analogous
models in the case of continuous-time and finite-dimensional space were investi-
gated in [11], [19], [7] and [8], whereas the general discrete-time systems, as far
as we know, have never been examined even in the case of finite-dimensional
space (see, for instance, 173, 13]).

Special attention is paid to the stationary optimal control law. The main
difficulty is connected with the infinite dimension of state space. Two methods
which overcome this difficulty are presented.

The existence ofan optimal control law is closely connected with the behavior
of the Riccati operator difference equation associated with the problem, and,
therefore, the latter equation is studied in detail. In this connection, we introduce
a notion of stochastic observability which plays a rather important role. This part
of the study was inspired by Wonham’s paper [18]. Another novelty of the paper
is an application to these questions of a method based on Krasnosel’skii’s theory
of I-concave functions. The same method (but in simpler case) was used in [20].

The discrete-time matrix Riccati equation has been extensively studied (the
most recent references are [1], [2], [13], [12], [9]). Nevertheless, the author believes
that some of the results contained in this paper are new when specialized to the
finite-dimensional case.

2. Preliminaries.
2.1. Let H, U, V, H;, He, H, be separable Hilbert spaces, and let g, gv be the

Banach spaces of all self-adjoint operators belonging to the spaces L(H,H),
L(U, U) of all bounded linear operators transforming H into H and U into U.
Let J , v c gv be the cones of all positive semidefinite operators. By

D, Q, R, C we shall respectively denote operators belonging to L(H,H),

Received by the editors January 11, 1974, and in revised form August 18, 1974.
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L(U, H), L(H, V), L(U, U), L(H,, H) and by A(.,. ), B(-,. bilinear, continuous
transformations" A’H H H, B’U x H H. R is assumed to be an in-
vertible element of

The control system is given by

(2.1) X.+ OX. + Du. + A(X., .) + B(u., .) + Crl..
Here Xo, o, (1, "’", o, 1, "’", r/o, r/l, are mutually independent random
variables with finite second moments taking their values in the appropriate Hilbert
spaces. The random variables o, x, 2,’" (as well as o, , and /o, r/,
are assumed to be identically distributed, and Re (respectively, R and R,) is their
covariance operator. The covariance operator of a random variable taking
values in He is a linear operator R:H - H such that (Rx, y) E(, x)(, y) for

+ooall x, y He. Its trace tr Re ,= (RCe,, e,), where e,, n 1, 2,..., is an ortho-
normal basis in He, is equal to E[I 2. Moreover, Re is a nuclear (hence compact),
self-adjoint operator. We assume E(,) 0, E(,) 0, E(r/,) 0, n 0, 1,---.

LEMMA 2.1. Let {(2,,e.); n 1,2, ...} be the sequence of eigenvalues and
eigenvectors of the operator R, and let a transformation n L(g, o) be given by
the formula

q-oo

n=l

where A,(.) A(., e,), n 1, 2, .... Then for all K and x, y H,

(2.2) E{(KA(x, ), A(y, 0)} (rl(K)x, Y).

Analogously, if {(#,, f,), n 1, 2,...} is the sequence ofeigenvalues and eigenvectors
of the operator R and a transformation 2 " L(g, gv) is given by the formula

zr2(K) #,B*.KB,,, Ko,
n-’l

where B,(.) B(., e,), n 1, 2, then for all K and u, v U,

(2.3) E{(KB(u, ), B(v, ))} (rr2(K)u, v).

Proof Let us consider, for example, the formula (2.2). if we fix x, y H, then
the transformations Ax(’)= A(x, .), Ay(.) A(y, .) are linear and E{(KA(x, ),

+o ,A(y, 0)} E{(AKAx, 0}. Since E{(AKAx, 0} .=1 (AyKA,Re,, e,) and
Re, 2,e,, n 1, 2, ..., therefore,

+
E{(KA(x, ), A(y, 0)} ] 2,(KA,x, A,y)

n=l

(2,A*,KA,x, y) (zrl(K)x, y).
n=l

This completes the proof of (2.2), The proof that (2.3) holds is analogous.
Remark 2.1. Let us notice that the operators rl, 2 are monotonic (see 3)

and satisfy the following condition.
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HYPOTHESIS 1. IfK, 5;ff and K, T K strongly (as n --* + ), then rc (K,) T z (K)
and ZE(K,) T z2(K) strongly too.

It is not difficult to construct a transformation n 6 L(g, g) such that z(3U) c 3’,
but for some strongly convergent sequence K, T K, Kn 6 :f, the sequence
{z(K,); n 1, 2,...} does not converge strongly to (K).

For We L(H, U), let us define the mappings Tw :H- H, Gw :g , Fw:- and z/: oct" - by means of the formulas:

(2.4) Tw DW, Gw(K) c,(K) + W*z(K)W + TKTw,
(2.5) Fw(K) Q*Q + W*RW + Gw(K),

(2.6) ,s:cZ(K) Q*Q + I(K) + *K(I + D [R + 2(K)]-1D’K)-1.
By virtue of Lemma 3.1 in [20], the transformation / is well-defined and

2.2. Control on a finite interval [0, 1, N 1]. Let us consider any non-
anticipating control {uo, u 1,’.’, uN-1}. We denote by {X,;n 0, 1,..., N 1}
the solution of (2.1) with initial distribution 6tx). It is easy to prove the following
theorem using the method of dynamic programming (see [13], [20]).

THEOREM 2.1, For any nonanticipating control {Uo, u x, "", uN_ 1} and x H,
the solution X, n O, ..., N of (2.1) satisfies

(2,7)

E [(QX, Qx,)+ (Ru,, u,)] + (KX,, X
kn=0

N-1

>= (Kx, x) + tr C*K,CR,
n=O

where Ko K and Kn+ ’(Kn), n 0, 1,..., N 1. Equality in (2.7) holds

if u -Wry,_ X, where

WK--[R + 7zz(K + D*KD]-aD*K@, K

The lemma below gives a probabi!istic interpretation of the transformation Fw.
LEMMA 2.2. Let u, -Ws_,_ XX,, where l/V, L(H, U), n O, 1,..., N 1.

Then for all x H,

(2.8)

E [(QX, QX) + (Ru,, u,)] + (KXv, Xv)
t.n=O

(Fw,,_.’" Fw.(Fwo(K))x. x) + tr C*KCR,
N-2

+ trC*Fw.’"Fwo(K)CR,.
n--O

If W, Wfor n O, 1, N and Fw(K) K, then (in particular)

E [(QX, QX,) + (RWX, WX)] + (KX,
n--O

(2.9)
(Kx, x) + N tr C*KCR,.
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Proof. The proof of Lemma 2.2 follows by induction and straightforward
calculations and will be omitted.

3. The asymptotic behavior of the solution of the Rieeati equation. The
algebraic Riccati equation.

3.1. Let be the map given by (2.6). We say that a sequence {K,; n 0, 1,..-},
K, e ,)if, satisfies the Riccati operator difference equation if and only if

K,+I ’(K,), n 0, 1,

Thus any solution ofthe Riccati equation has the form K, z’"(Ko), n O, 1,
The equation

(3.1) K z’(K), K e ;C,

is called the algebraic Riccati equation.
In this section, we are interested in the asymptotic behavior of the iterates

z’"(Ko), as well as in the problem of the existence and uniqueness of the solution
of the equation (3.1).

3.2. Properties of the mapping . We start with the following lemma.
LEMMA 3.1. For all We L(H, U) and K e , we have

(3.2) Fw(K) Fwr:(K) + (W- WK)*[R + t2(K + D*KD](W- W),

where

In addition,

(3.3)

But

WK [R + t2(K) + D*KD]- D*KO.

(K) Fw,(K).

Proof. Let us note that for We L(H, U),

Fw(K Q*Q + tl(K + W*[R + r2(K)]W + TvKTw
Fw(K) + (W- W)*[R + rr2(K + D*KD](W- W)

+ (W- W)*[(R + 7r2(K))W- D*KTW]

+ [(R + rt2(K))W- D*KTw3*(W- W).

(R + rt2(K))W- D*K(O DW)= [R + rc2(K + D*KD]W- D*K.

Therefore, for W WK, we have (3.2). To prove (3.3), let us introduce the notation
Q Q*Q + rrl(K), R R + rr2(K). Then

FwK(K) Q + WRWK + (0- DWK)*K(O- DWK),

WK (I + -1D*KD)- I-ID,KO - 1D,K(I + D- 1D*K)-10,

and thus

DWK (I m-XD*K(I + D-1D’K)-1)0

(I + D/- 1D’K)- 10.
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Consequently,

Fw,,(K Q + [- 1D*K(I + D-1D’K)- ’]*
R[R-’D*K(I + DI-’D’K)-

+ [(I + Di-1D’K)-I]*K[(I + DI-1D’K)-

Q + *(I + KDK-1D*)-X(KD-1D* + I)K(I + D-XD*K)-x
(K).

COROLLARY 3.1.For anTseguence {W,; n 0, l, ...}, W, L(H, U)and K ,
the following inequalities are satised"
(3.4) Fw_l...Fw,(Fwo(K)) (K), N 1, 2,...

Proof. The inequality (3.4) is satisfied for N because of Lemma 3.1. Since
Fwu(K) Fwu(L) for K L, we obtain, by induction,

Fwu(Fw_, Fwo(K)) Fw((K)) Fw
(U(K))= u+ I(K).

We recall (see [10]) that a transformation " is said to be monotonic
if and only if (K) (L) for all K L 0, and it is said to be concave if and
only if (K + ilL) (K) + (L) for ,fl 0, + fl and K, L6
A monotonic transformation’ is said to be/-concave if and only if

for all K ,, there exist positive numbers (K) > 0, fl fl(K) > 0
such that I (K) flI,

2 for every number (0, 1) and operator K , there exists 0 > 0 such
that (tK) (t + Co)(K).

THEOREM 3.1. The transformation given by (2.6) is
(a) monotonic, concave and continuous,
(b) Hypothesis 1 is satisfied, and K, K, then also (K,) (K) as

(c) if n(0) is an invertible operator, then the transformation ,o.
is I-concave.

Proof. (a) To prove monotonicity, suppose K L 0. Then, for any operator
W L(U, H),

Therefore,

Fw(K) >__ Fw(L).

(K)-- Fw,,(K >__ Fw,(L) >= Fw,(L)-- (L)

because of Lemma 3.1.
Suppose now that a, fl _>_ 0, a + fl and K, L U. We obtain from Lemma

3.1 that

(aK + ilL)= Fw,+e(aK + ilL)= aFw,+(K) + flFw,+(L)
(K) + fl(L).

The continuity of follows from [4, Part I, Lemma l, p. 584].



1222 JERZY ZABCZYK

(b) Let 0 _<_ K, T K (n + oe). Using [4, Part II, Thm. 2, p. 992], we see that

WK. WK and W:. ---, W: strongly. Since

sC(K.) Q*Q + nl(K,) + W:.(R + rcz(K,))WK. + (d DW.)*K,( DW.),
therefore, sg(K,) sg(K) strongly too.

(c) Since s is a monotonic and concave transformation, therefore, the
transformation s" is concave and monotonic too. If 0 < < 1, then

"(tK + (1 t)O)>__ t"(K) + (1 t)’"(O) >= (t + e)"(K)

for an e > 0 such that

s"(0) => (1 t)"(K)"
3.3. Two stability lemmas. In the next sections, we shall need some facts

concerning stability. They are formulated as Lemma 3.2 and Lemma 3.3.
Let W s L(H, H). Then by r(W) we shall denote the spectral radius of W’r(W)

lim, Iq’"l /. The pair (, D) is said to be stabilizable if and only if there exists
an operator W L(H, U) such that r( DW) < 1. The pair (, Q) is said to be
detectable ifand only ifthere exists an operator P L(V, H)such that r( PQ) < 1.

LEMMA 3.2. if" is a linear, monotonic operator such that, for some
invertible L ff the inequality

(3.5)

has a positive solution, then

K >= (K) + L

r() < 1.

Proof. Since K N’(K) + (K (K)) and K (K) > L, we can assume
that K N(K) + L. It is evident that the operator’3 #{’, (K) (K) + L
is monotonic and I-concave. Monotonicity is obvious, and concavity results
from the observation that for e > 0 sufficiently small and/ e ,

(t/)- (t + e)(g)= (1 e)L e(/) >= 1/2(1 e)L.

Therefore, because of Krasnosel’ski’s Theorem 6.7 of [10], the sequence of the
successive approximations ’"(0); n 1, 2,..., tends in the operator norm to
the unique, nonnegative solution of(3.5). But"(0)= L + (L)+... + "-I(L);
thus, we conclude that I"(L)I 0. On the other hand, for some 6 > 0, i < 6L,
this gives I"1 I"(I)l <= 61"(L)I 0. Thus r() < 1.

Let us remark that this lemma is a generalization of the well-known Liapunov
type theorem (see [3, p. 90] or [20]).

If for some invertible positive operator L, the equation

K T*KT + L, K ,ff,

has a nonnegative solution, then r(T) < 1.
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LEMMA 3.3. Suppose there exist K .Zt’, W L(H, U) such that the following
inequality is satisfied"
(3.6) K >__ Q*Q + W*RW + TrKTw.
If the pair (, Q) is detectable, then r(Tw) < 1.

Proof. It is sufficient to show (see [20]) that for an arbitrary x H,

Ixl < +,
k=0

where x Twx, k 0, 1,.... Because of the inequality (3.6), the sequences

-wz -w, n 0, 1,... TW*RWT;n 0, 1,...
k=O k=O

are bounded from above by K. Therefore,
+

(3.7) E Ixi< +, E wx< +.
k=O k=O

(We recall the general assumptions" R-invertible, positive operator.)
Let us remark that

(- P)x + u,

where u PQx DWx Using (3.7) we see that + lull 2 < + By virtue=0
of Lemma 7.1 in [20], we conclude that r(@ DW) < 1.

3.4. MaM theorems. In this new section, we prove theorems which answer
the questions formulated in 3.1.

LEMMA 3.4. Suppose Hypothesis is satisfied. A nonnegative solution of (3.1)
exists if and only if there exist operators K , W L(H, U) such that

(3.8) ewtn) n.

Proo If K is a solution of (3.1), then K d(K) Fw(K) (see Lemma
3.1). Let us suppose that Fw(K)= K, K. Then K F(K) d"(K)

"(0), n 1, 2,-... Therefore, the monotonic sequence d"(0), n 1, 2,...,
tends strongly to an operator K From this it follows (see Theorem 3.1, (2)) that

THEOREM 3.2. Suppose there exists an operator W such that r(Gw) < 1.
Then
(i) for any K the sequence {d"(K); n 1,... is bounded;

(ii) in addition, Hypothesis is satisfied, then there exists at least one non-

negative solution of (3.1).
Proofi Since r(Gw) < 1, there exist numbers M, > 0, 0 <, < 1, such that

IG[ M,, n 1, 2,.... But F(K)= S + Gw(S) + + G(S) + G(K)
where S Q*Q + W*RW. Thus

I(K) 5 M( ,)-S + Mini, n , 2,....

From this and Corollary 3.1, we obtain that ]d"(K)[ 5 [F(K)[ M(1 a)-[S[
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+ MIKI. This proves (i). The assumption r(Gw) < implies that (3.8) has a non-
negative solution. The existence of a nonnegative solution of (3.1) follows now
from Lemma 3.4.

THF.OREM 3.3. Let us assume that there exists a solution K >= 0 of the equation
(3.1).

(i) If the pair (, Q) is detectable, then r(T) < 1.
(ii) Iffor some no, "(0) is an inertible operator, then r(G) < 1, K is the

unique solution of(3.1) and ]"(K) KI 0 geometrically fast.
Proof. (i). Since K (K) fw(K), we see that

(Q*Q + W}RWv, + TvTw) + (,() + W}2()Wx).
Using Lemma 3.3, we obtain r(Tw) < 1.

,o t0,(ii) Since ,"(0) < Fw, then the operator Fw,(O) is invertible. But

and

K Fw(K) F(K)

no noFw(K)-- F(O) + Gw(K).
riO ?tO ?iOThus K Fw(O) + Gw(K). By virtue of Lemma 3.2, r(Gw) < and therefore,

r(Gw < l, too.
Let us define U(K) n(K), K e JC. Then /U is an I-concave transforma-

tion (see Theorem 3.1) and consequently, has at most one solution (see [10, Thin.
6.3]). From this, it follows that (3.1) has in 3C the unique solution K. Let 0 < < l,
and define Ko t, Kn+ /U(Kn), Pn sup {S’S Kn, n 0, 1, 2,... }.
Then

Kn+ tU(K,) >= W(p,) > p,t() + (1 p,)t(0)

>= p,K + (1 p.)6K,

where 6 > 0 is a number such that /(0) _> 6K. It follows from this that

p.+ >= p. + ( p.),

Consequently,

p.+l =< (1 p.)(1 6) <_ (1 6)"+ 1(1 Po).

The definition of the numbers Po, P, implies that

O< K- K, _<= (1 -p,)K <_(1- 6)"(1- t)K.

Thus

IK K.I _-< (1 6)"(1 t)lKI.

Analogously, if u > 1, K u, K"+ (K"), n 0, 1, ..., then

IK K"I =< (1 6)"(u 1)IKI.

Let K be any element of J( such that IKI <- R. For some u > 1,

Ko 6K < /#(0) < /F(K) < uK K

n =0,1,
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Therefore, there exists a number M(R) such that

I"(K)- KI-<- M(R)(1 6)", n =0,1,....

Ifl’i(K)l -< R for 0, 1,..., no 1, then

I"(K)- K’I < M(R)(1

Thus [sC’"(K) tl 0 geometrically fast uniformly on {K ;}KI =< R}.
Remark 3.1. The proof of the geometrically fast convergence is a modification

of a proof given in 10, Thm. 6.7]. In fact, we proved the following result.
If"Yg #g is a monotonic and concave transformation such that /(0) is

an invertible element of , then the equation

(3.9) U(K) K, K e f,

has at most one solution. If K is the solution of (3.9), then for all K C, ["(K)
K[ 0 geometrically fast.
The facts and 2 below are true if dim H < +, but are not valid, in

general, if dim H + c (see Proposition 3.1).
1. If the equation (3.1) has the unique solution K, then the pair (, Q) is

detectable [12, Thm. 6].
2. If the unique solution is an invertible operator, then for some no, the

operator ’"(0) is invertible, and [’"(K) ] 0 as n - + c for all K .
PROPOSITION 3.1. Let dim H + , and define

(3.10) /(K) Q + K(I + Q(1 Q)-IK)-’, K e f,

where for some o, 0 < < 1, and all x e H, x O, 0 < (Qx, x) < a(x, x).
(i) The equation (3.1) has exactly one nonnegative solution , and , I.

For any K e , /"(K) K strongly.
(ii) If Q, K are compact operators, then I"(K) is also a compact operator and

I"(K) KI-h 0.
(iii) The pairs (I, Q1/2), (I, Q1/2(I Q)1/2) are neither stabilizable nor detect-

able provided Q is compact.
Proof (i) Evidently the operator I satisfies (3.1) with ’ defined by (3.10).

Let us assume that K C is also the solution to (3.1) and that KQ QK. By
straightforward calculations, (K Q/2)2 (I Q/2)z. Since K => lim, ’"(0)
__> Q, therefore, K I. From this, we conclude that I is the least solution of
(3.1), and ’"(0) K strongly. Further, Wt Q1/2(I Q)l/2, Tw I Q. Thus
for K,,

F(K) FwI(K) (Q + Q(I Q)) + (I Q)K(I Q)

=S+(1 Q)K(1 Q), where S Q + Q(I Q).

Therefore,

F"(K) S + (I Q)S(I Q)+... + (I Q)"-IS(I
+ (I Q)"K(I Q)" (I (I Q)2")(2I

+ (I -(I Q)2")(2I Q)-1(1 Q)

+ (I- Q)nK(I- Q)n.
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By virtue of our assumptions, (I Q)" -- 0 strongly. It follows that F"(K) I
strongly too. For all K e 3f and n 1, 2,...,

Fn(K) >= n(K) >= ’n(0).
Hence, ’n(K) I strongly, and K I is the unique solution of (3.1) as required.

(ii) If Q, K are compact operators, then "(K) is a compact operator (as a
sum of two compact operators). If dim H + , then K I is not compact and
therefore, I"(K) I1-/, 0.

(iii) Let us consider, for instance, the pair (I, Q1/2). If P L(H, H), then pQ/2
and QX/Zp are compact operators. Hence, 0 s a(PQ 1/2) 0 a(QX/ZP). Consequently,
6 a(I pQ1/2) a(I Q/2p) and r(I pQ1/2) > 1, r(I Q/2p) > 1. This is

the desired result.
In the context of the linear stochastic regulator problem, the assumption

(which will be explained in 3.5) ""(0) is an invertible operator" is quite natural
but, if dim H + , it is never satisfied in the problem of filtering. In the latter
case, Q*Q has to be a nuclear operator, and consequently, ’"(0) as a compact
operator is not invertible. In the case where "(0) is not an invertible operator,
Lemma 3.4 or Theorem 3.4 below may be useful.

THEOREM 3.4. Let us suppose O, 2 O.
(i) If the pair (, Q) is detectable, then there exists at most one solution of(3.1).

(ii) If, in addition, (, D) is stabilizable, then the sequence {s’"(K) n l, 2,
converges strongly to the unique, nonnegative solution of (3.1)for K 5K.

Proof (i) Suppose K, L e are two solutions of (3.1). We know by Lemma
3.1 that K Fw,,(K), L Fw,(L and L K Tv(L K)Tw + S, where

S (WE- W)*[R + D*KD](WL Wr).
Lemma 3.3 implies r(Tw,) < 1; therefore, L K n=O Tw,.(S)TvL. Thus
L _>_ K. In the same way we obtain K >_ L and finally L K.

(ii) Suppose K" e #f is the unique solution of (3.1), and define the mapping
F’g f as follows"

F(K) Q*Q + W:RWe + TweKTw* Fw,(K).
Since r(Tw,) < 1, the iterates F"(K) tend to the unique solution of the equation
F(K) K, K . But F(K)= R; therefore, the sequence {F"(K); n 1,... }
tends strongly to . On the other hand, the bounded monotone sequence
{sO"(0); n 1,... } tends also to ,. Taking into account Corollary 3.1 and the
monotonicity of n, we see that n(0) -< d’n(K) <- Fn(K); therefore, n(K)
strongly.

COROLLARY 3.2. If r(O) < 1, then (3.1) has exactly one solution (compare [20,
Sec. 7]).

3.5. Stochastic observability. Let us consider a stochastic system

Xn+ +X, + A(X,,

Y,=QX,, n =0,1,2,....

We shall denote it as (, { A,}, Q), where the operators A, were defined in Lemma
2.1. The system (tI), {A,}, Q) is said to be stochastically observable if and only if,
for every initial state x H, x 4: 0, sup, IQX,I > 0 with positive probability.
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THEOREM 3.5. The system (P, {A,}, Q) is stochastically observable if and only
if, for all x H, x v 0,

sup {(foN(0)x,x);S O, 1,... > O,
and ifand only if

sup {((0)x,x); n 0, 1,..- > 0.

Proof. The first part of the theorem follows from the identity (see Lemma 2.2)"

g IQXI2 (f(O)x, x).
(n=O

To prove the latter part of the theorem, it is sufficient to prove that the equality
(s(0)x, x)= 0 implies (F(O)x,x)= 0. (The opposite implication is also true
because F(0) _> qls(0)). Let (s(0)x, x) 0. By virtue ofTheorem 2.1 with C 0,

E [(QX, QX) + (Ru,,u,)] (s(0)x, x)= 0,
t.n=0

where {u; n 0, 1,..., N- 1} is the optimal control. This implies that the
process {X;n 0, 1,... satisfies

X+ dPX, DWX + A(X,, ,) B(WX,, ,),
with W 0, and therefore,

(F(O)x, x) (N(O)x, X) O.
COROLLARY 3._3. Let us assume that dimH < + . It is not difficult to

verify that the system (, {A,}, Q) is stochastically observable if and only if the
matrix F(O) is invertible and if and only if the matrix 1(0) is invertible. Therefore,
the condition ""(0) is an invertible operatorfor some n" is equivalent to the state-
ment "n(0) is invertible." Evidently if A O, then the stochastic observability is
exactly the usual observability.

COROLLARY 3.4. Taking into account Corollary 3.1, Theorem 3.2 and Theorem
3.3, we obtain the following result. Let dim H < + , and let F(O) be an
invertible matrix. Then, there exists a solution to (3.1)/f and only if there exists an
operator We L(U,H) such that r(Gw) < 1, (stabilizability).

COROLLARY 3.5. Let dim H <_ + . If K is a solution to (3.1) and the system
is stochastically observable, then (Kx, x) > Ofor all x H, x 4: O.

4. Control on the infinite interval 10, 1, 2, ...).
4.1. Statement of the problem. Let q be a Borel measurable mapping (see

[16]) from H into U. The mapping q9 generates the following Markov chain
{X,;n 0, 1, },
(4.1) X,+ X, + Dq(X,) + A(X,, ,) + B(q(X,), ,) + Crl,
with initial distribution #. If # 6t,,, we write shortly {X’;n 0, 1,... }. The
analogous solutions of (4.1) with C 0 we denote, respectively, {Z.;n O, 1,...}
and {Z;n 0, 1,...}.

We distinguish two cases.
Case 1. C 0. By an admissible control law (strategy) we mean the mapping

q such that for all x e H,

(4.2) q(x) d_f E Z [(QZnX, QZXn) + (Rq(Z,) q(Z,))] < + o.
n=O
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The control problem is formulated as follows. Find an admissible control law
such that

(x) __< (x)
for the arbitrary control law o and arbitrary x e H.

Case 2. C 4: 0. A Borel measurable mapping q’H U is said to be an
admissible control law (in Case 2) if and only if there exists exactly one stationary
measure for the Markov chain (4.1) and this measure has a finite second moment.
Let us define the cost functional 0 as

(4.3) U f [(Qx, Qx) + (Rq(x), q(x))]#u(dx)

where #9 is the stationary measure corresponding to q. An admissible control law
is said to be optimal if and only if

4.2. Control on the infinite interval. Case 1. The theorem below gives a solution
to the control problem in Case 1.

THEOREM 4.1. Assume C O.
(i) An admissible control law exists ifand only if there exist operators K ,;U,

We L(H, U) such that (3.8) holds.
(ii) If (3.8) holds, then the function q W is an admissible control law and

e [(z,z + (z,z] (x, x,
=0

where lim F(0) is the leas nonnegative solution to (3.8). If, in addition, is
an invertible operator, then for arbitrary x H, Z 0 with probability one (as
n +).

(iii) The optimal control law is given by the formula -W, where
K lim, "(0) is the least solution of(3.1).

Proof Let Fw(K) K, W L(H, U), K . By virtue of Lemma 2.2,

Thus

E [(QZ, QZ) + (RWZ, WZ)] <= (Kx,x).
0

and the function q W is an admissible control law.
(ii) Let K lim, Fv(0). Then Fw(K) (K), and

/E [(QZX,, QZ) + (RWZ, WZ,)] + (gZ, Z)
Ln=O

(Fv(O)x, x) + E{(/Z, Z)} (/x, x),
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because of Lemma 2.2. From this we conclude that E{(Z, Z)} - 0. Thus

The inequality

E{(gz, z)} _<_ (gz, z) (gx, x),

valid for x e H implies that the sequence {(/Z,, Z,); n 0, 1,... is a super-
martingale. But E{(Z,Z)} 0; therefore (see [15]), (gZ,Z)-O with
probability one. If/ is an invertible operator, then Z, 0 with probability one
too, because for a suitable number y > 0,

0 < [Z,[ < 7(/Z,, Z,), n 0,1,

(iii) By virtue of Theorem 2.1 for any nonanticipating control law and
xeH,

(4.4) E//,=o [(QZ,, QZ) + (Ru,,u,)]} >= lim, ("(O)x,x).

But K is the least solution of the equation Fwg(K) K, K e ,; therefore,

(4.5) E/,=o [(QZ:, QZ:) + (RWeZ:, WgZ:)]} (x, x)

because of the point (ii). The inequality (4.4) and the formula (4.5) show that the
mapping 5 -We is the optimal control law.

Remark 4.1. The above theorem shows that the equations (3.1), (3.8) which
were carefully investigated in 3 play an essential role in the stochastic control.

4.3. Ergodic properties of a class of Markov chain. Before proceeding to
Case 2, it is necessary to investigate properties of a Markov chain represented by
the following difference equation"

(4.6) X,+I FX, + G(X,, ,) + rl,, n 0, 1,....

Here, F L(H, H), G" H H - H is a bilinear transformation and the sequences
,; n 0, 1, .-., q,; n -0,... were described in. 2.1. As in 4.1, we denote by
{X,U; n 0, 1,...} the solution of (4.6) with initial distribution
then we write {X,; N 0, 1,... }. Let us remark that the process {Z", n 0, 1,.-. },
Z,u X,u X,, n 0, 1,..., satisfies the equation

Z,+ FZ. + G(Z,, ,),
(4.7)

Zo Xo.
PROPOSITION 4.1. Iffor all x H, Z 0 with probability one (as n + ),

then the Markov chain (4.6) has at most one stationary distribution.
Proof Let f be a bounded, uniformly continuous function on E and let # be

a stationary measure for the Markov chain (4.6). Obviously, E{f(XU,)} n f(x)
#(dx) for n 0, 1,..- and

IE{fXU,) f(X,)}] IE{f(X, + Z",) f(X,)}]

<= E{If(X. + ZU.) f(X.)[}.
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Since f is uniformly continuous and Z-+ 0 with probability one, therefore,
f(X, + Z,)- f(X,)--+O with probability one, too. Consequently, E{f(X,)}
-+ n f(x)la(dx) and therefore, P"(0,. )-+ # (weakly) (see [16, p. 40]) where P(x,. ),
x H, denotes the transition function of the Markov chain (4.6). This completes
the proof.

COROLLARY 4.1. If # is a stationary measure of the Markov chain (4.6) and the
assumption of Proposition 4.1 is satisfied, then for all initial distributions v,

P"(v, --. #(.

(weakly); here, P(v,. n v(dx)P(x,. ).
LEMMA 4.1. For any bounded and weakly continuous function f:H R 1, the

function Pf :H Rx, Pf(x) n f(y)P(x, dy) is a bounded and weakly continuous

function too.

Proof. Let us note that

Pf(x) E{f(Fx + G(x, o)+ r/o)}.
For a fixed sample event co and a sequence {x,; n 1, 2,... } which converges
weakly to x, the sequence Fx, + G(x,, (o(CO))+ r/o(e)), n 1,2,.-., tends to
Fx + G(x, (o(CO))+ qo(CO) weakly too. This follows from the fact that linear,
continuous operators are at the same time weakly continuous. Thus

f(Fx, + G(x,, o) + r/o) f(Fx + G(x, o) + r/o)

almost everywhere, and consequently, (f is a bounded function !)

Pf(x,) E{f(Fx, + G(x,, o)+ r/o)}
e{f(Fx + G(x, o) + r/o)} Pf(x).

THEOREM 4.2. Iffor somex H the sequence {U- E{Z,__-d ]X,l z } ;N 1, 2,
is bounded, then there exists at least one stationary measure l for the Markov
chain (4.6).

Proof Let us define the sequence of measures {vu; N 1,2, } by the
formula vu(.)= N ,=o P"(x,.). By our assumption, the sequence nlyl 2

vu(dy); N 1, 2,... } is bounded from above, and therefore, for every e > 0,
there exists r > 0 such that

vu{y lYl > r}
lYlZvu(dY) e, N= 1,2,....2

Since H is a separable Hilbert space, therefore, closed and weakly closed subsets
ofH generate the same a-algebra of Borel measurable subsets of H. Moreover, the
weak topology of the balls B {Y:IYl r} is metrizable. Using these remarks
and the fact that the balls B are weakly compact, we can find a subsequence
{vu; k 1, 2,... } and a probability measure v such that for all bounded and
weakly continuous real functions f on H,

fnf(x)vu(dx) f.f(x)v(dx) as k +m.

The idea to apply this lemma to the problems considered in the paper was suggested to me by
S. Kwapiefi.
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The classical method due to Krylov and Bogolubov (see [6, pp. 100-101]) implies
that for all bounded weakly continuous functionsfon H, Hf(x)v(dx) H Pf(x)
v(dx), or equivalently, H f(x)v(dx) fH f(x)vP(dx). From this we obtain v vP

(see [5, pp. 382-383]). Thus v is a stationary measure for the Markov chain (4.6).
Remark 4.2. It is possible to prove Theorem 4.2 by a different method. Let

x 0. Then the theorem follows from the following observations:
(i) The sequence {R, ;n 0, 1, 2,... of covariance operators of random

variables X, X, is monotonically increasing.
(ii) The sequence {tr R,; n 0, 1,...} is bounded from above.

N-1(iii) Families of measures {P"(0,.); n 0, 1,... }, {U ,=0 P"(0,.);
N 1, are uniformly tight (see [16, p. 154]).

4.4. Control on the infinite interval. Case II.
THEOREM 4.3. Let us assume C v 0 and that "(0) is an invertible operatorfor

some no
(i) If there exist K SU and U L(H, U) such that (3.8) holds, then the map-

ping q9 W is an admissible control law. In addition,

(4.8) U tr C*KCR,.
(ii) If is the solution to (3.1), then the mapping -We, is the optimal

control law and the minimal cost

Uo tr CKCR.

Proof (i) First, we prove that the sequence {N-’E{,u__-o Ix,12} N 1,...
is bounded from above. By virtue of Corollary 3.1, Fw(O) > ’(0)" therefore,
F9(O) is an invertible operator. But

no noK Fw(K Fw(O + G,(K),

and Lemma 3.2 implies r(Gw)= (r(G))" < 1. Consequently, K is the unique
solution of (3.8), and there exist numbers M > 0, 0 < a < such that IFv(0) K]
=< MaN, N 0, 1,.... It follows from Lemma 2.2 that

Thus

E [(QX,, QX) + (RWX, WX)] + E{(KX,, X)}
n=0

N-1

(Fv(O)x, x) + tr C*Fv(O)CR. + E{(KXv, Xv)}
n=O

(Kx, x) + N tr C*KCR,.

N-1

E{(KX, Xv)} ((K Fv(O))x, x) + tr C*(K Fv(O))CR,
n--O

M
MlxlZ + i Iclz tr Rn.

This inequality implies boundedness of the sequence {N N-

N 1, 2,... } because K is an invertible operator.
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Let us define F=-DW, G(x,(,))=A(x,’)-B(Wx,) for xeH,
(, )e H x H and , as ((,, ,), r/, as Cr/.. Applying Theorem 4.2, we obtain
that there exists a stationary measure for the Markov chain (4.1). This stationary
measure is unique. Really, K is the unique and invertible solution of(3.8). It follows
from Theorem 4.1 (ii) that for all x e H, Z 0 with probability one, and Proposi-
tion 4.1 implies that the stationary measure for (4.6) is unique. Since for some
MandN 1,2, ...,

lyi2ps(x,dy)

E{IXI2} N

and PU(x,.) # weakly (see Corollary 4.1), therefore, fn [ylZ#e(dy) < +
and the measure # has finite second moment. To prove (4.8), we start with the
formula

E [(QX, QX)+ (RWX, WX)]

N-1

(F(O)x, x) + Z tr C*F(O)CR,.
n=0

From it we have that

Since

therefore,

fn [(Qx, Qx) + (R Wx, Wx)]laq(dx)

(F(O)x, x)#o(dx) + - tr C*F(O)CR..g

N--1 (Fv(O)x X)lau,(dx =< - (Kx X)laq,(dx) 0

U lim
.2

tr C*Fv(O)CR, tr C*KCR,.
N N ,=o

(ii) For any admissible control law q we have that, (see Thm. 2.1),

Qx) + (Rq)(x), q)(x))]#o(dx)

>_ ("(O)x, x)(dx) +
.=oN

tr C*s’"(0)CR,,

and consequently,

q/o >= tr C*KCR. F"
4.5. Generalization. In many applications, it is necessary to consider more

general systems and more general cost functions than those given by (2.1) and
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(4.3). Let, for instance, the control system be represented by the equation

X,+, X, + Du, + A(X,, ,) + B(u,, ,) + Crl, + d
(4.9)

u, p(X n=0,1,...

and let the cost function have the form

q), (x- q)) + (R(q(x)- r), tp(x)- r)]&o(dx)

In this case, the optimal control law is no longer a linear function of the state, but
it is of t.he form o -Wx + w. We shall restrict ourselves to the proposition
below, which shows that under the same assumption as in Theorem 4.3, the map-
ping q) -Wx + w is an admissible control law for any w e H. The proof of
this proposition is analogous to that of Theorem 4.3 and will be omitted.

PROPOSITION 4.2. Let the control system be given by (4.9). Let us assume that
agt"(O) is an invertible operator for some n and let Fw(K K for some K
W L(H, U). Then the mapping tp Wx + w is an admissible control lawfor all
wH.

4.6. Applications. Model (2.1) can be applied when we want to control the
solution of a parabolic equation on the boundary Of* of a region . To see this,
let H, U be Hilbert spaces consisting of functions defined respectively on f, and
c. Let {T,;t >__ 0} be a strongly continuous semigroup in H such that, roughly
speaking, for > 0, T, 0 on the boundary dO, and let A be its infinitesimal
operator. If/3 L(U, H) and for all u U,/3u (A) and satisfies Au 0 with
the boundary condition u, then the function z, T,(xo -/3u) +/3u, > 0, is the
solution of the equation

dz
dt Azt

with boundary conditions" z, -+ Xo, if $ 0 and z, u on the boundary c3f for
> 0. Suppose that a controller chooses control functions Uo, u l, at moments

0, h, 2h, then, for (nh, (n + 1)hi,

z, T_,h(z,h Du,) + Du,, n O, 1,....

Let us define X, Znh and suppose that the control functions Uo, u l,

"linearly" disturbed;then, for example,
are

or

x.+, Kx. + D(u. + .)

Xn+ TX q- DB(u,, n), n =0,1,2,

More generally, if a control system is represented by a stochastic equation with
partial derivatives, and boundary conditions are described by a stochastic differ-
ential equation or by a stochastic equation with partial derivatives, then after
introducing sampling we obtain (2.1).
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PERIODICITY, DETECTABILITY AND THE MATRIX RICCATI
EQUATION*

G. A. HEWERf

Abstract. This paper discusses the periodic solution of matrix Riccati differential equations with
periodic coefficients. Such equations arise in linear filtering and control and in many other applications.
The principal result: the existence of a periodic solution is equivalent to detectability and stabilizability
of certain coefficient pairs. This result generalizes the Kalman-Wonham-Kucera theorem for algebraic
Riccati equations. Among the numerous preliminaries is a discussion, apparently new, of detectability
for linear periodic control systems. Another important result, for a linear matrix differential equation, is
the equivalence of a bounded solution, an exponentially stable solution and a periodic solution. Finally,
the periodic solution is shown to be an equilibrium solution in the sense of Kalman.

1. Introduction. Consider the matrix Riccati differential equation

(t) + (R(t), A(t), H(t)) R(t)B(t)B(t)’R(t) O,- < < , subject to the terminal condition R(0) R >_ 0, where (R(t),
A(t), H(t)) A(t)’R(t) + R(t)A(t) + H(t)’H(t). The real-valued matrices A(t), B(t),
H(t) are defined, periodic with real period o (to > 0) and of dimension n x n,
n x m, r n, respectively. Here A(t)’ is the transpose of the matrix A(t). For any
two square symmetric matrices M, N, the notation M > N (>=) means that the
matrix M- N is positive (semi) definite [3]. While the products B(t)B(t)’ and
H(t)’H(t) can be positive semidefinite, we assume that they are not identically
zero on any interval of positive length.

Since the coefficients in (1.1) are continuous and periodic, the general solution
R(t, Ro), which satisfies R(0, Ro) Ro >= 0, exists on some nonempty open inter-
val containing the origin [30, p. 10].

DEFINITION 1.2. The solution R(t, Ro) of (1.1) is periodic with real period
o (o > 0) if R(t, Ro) (Ro 0) is defined and R(t + 6o, Ro)- R(t, Ro) for -<t<.

The main purpose of this paper is to prove the following theorem, whose
undefined terms are defined subsequently.

THEOREM 1.3. A necessary and sufficient condition for the existence of one and
only one positive semidefinite periodic solution R(t, Ro) of (1.1) such that every
solution of the ordinary differential equation

(1.4) c (A(t) B(t)B(t)’R(t, Ro))X

is asymptotically stable is that (A(t), B(t)) is stabilizable and (H(t), A(t)) is detectable.
Theorem 1.3 is a generalization of the following theorem.
THEOREM 1.5. Let A, B and H be constant matrices. A necessary and sufficient

condition for the existence ofone and only one positive semidefinite solution P of the
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algebraic Riccati equation

(1.6) d/(P, A, H) PBB’P 0

such that the eigenvalues of the matrix (A BB’P) have real parts less than zero
is that (A, B) is stabilizable and (H, A) is detectable.

The necessity of stabilizability and detectability was first obtained by Kucera
20], while the sufficiency part with stabilizability and detectability replaced by
controllability and observability was first established by Kalman [14]. Reid [30]
and Coppel [8] discuss the importance of controllability and the classical concept
of normality in studying the matrix Riccati equation. The introduction of stabiliz-
ability and detectability is due to Wonham [34], who subsequently used these
concepts in weakening Kalman’s sufficiency part in Theorem 1.5.

As shown in 4, the periodic solution R(t, Ro) of Theorem 1.3 is also an
equilibrium solution, in the sense that every general solution of (1.1) converges to
R(t, Ro) as -. Moreover, the hypotheses in Theorem 1.3 for the existence
of this equilibrium solution are weaker than those given by Kalman [14], who
was the first to establish the existence of formal equilibrium solutions of (1.1).
When (1.1) is an autonomous system (A, B, H are constant matrices), Kalman [14]
proved that the equilibrium solution of.(1.6) is a bona fide equilibrium solution.
Since constant matrices are always periodic, Theorem 1.3 clearly subsumes
Theorem 1.5.

Often the matrix Riccati equation can be associated with the 2n-dimensional
Hamiltonian system

l? A(t) V B(t)B(t)’ U,
(1.7)

t) Ht)Ht)’ V

in the following manner. If (V(t), U(t)) is a solution of (1.7) such that V-(t)
exists (V-(t) denotes the inverse of the matrix V(t)) on some interval, then the
matrix R(t) U(t)V- (t) is a solution of(1.1) on that interval. Hence, any criterion
which insures that the product U(t)V-(t) is periodic and defined establishes the
existence of a periodic solution of (1.1). The converse, however, could be false,
for the product U(t)V- (t) can be periodic with period co, although the factors do
not have period o. Further discussion of the relation between (1.1) and (1.7) is
beyond the scope of this paper, and the interested reader is referred to Reid [29]
or Coppel [8].

Besides the implications of Theorem 1.3 for Hamiltonian systems, there are
at least two other immediate applications of this theorem. The first application
is to Fredholm integral equations. Schumitzky [31] has shown that the solution
of every matrix Riccati equation can be generated by the resolvent of a certain
Fredholm integral operator, and conversely, this resolvent can be determined
from the corresponding Riccati solution. The second application is to linear
filtering (Bucy et al. [7]) and linear quadratic control (Kalman et al. 17]). In this
context, the existence of a terminal matrix R0 such that R(t, Ro) is periodic means
that the coefficient matrix in the "closed loop" system (1.4) is also periodic. This
is not only an appealing result, but is useful in applying stability or perturbation
results, because the hypothesis of periodic coefficients often implies stronger
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conclusions in Liapunov stability theorems (Yoshizawa [35, p. 45]). Moreover,
the stabilizability and detectability hypotheses in Theorem 1.3 are considerably
weaker than the usual conditions in Bucy [6] for the closed loop system to be
asymptotically stable. Recently, periodic controls have been discussed by L. Markus
24] as a way of controlling the amplitude of limit cycles; the control of limit
cycles in chemical systems has been discussed by S. Bittanti [5] and M. Fjeld [9].
It is tempting to infer from these articles that Theorem 1.3, when applied with
linear quadratic control theory, could be used for the stability enhancement of
limit cycles.

Another consequence of Theorem 1.3 in filtering and control is that the
periodic equilibrium solution of (1.1) can play the same role numerically that the
solution of the algebraic Riccati equation plays in the autonomous case. In other
words, the period solution can be computed over one period "off line" and used
as a suboptimal control just as the solution of (1.6) is often used for suboptimal
control. As Kleinman et al. [19] demonstrate, the use of an equilibrium solution
as a suboptimal control is often justified by comparing the computational advan-
tages with the "extra cost" of using a suboptimal control.

Consider the linear dynamical control system

(1.8) A(t)x + B(t)u,

with the observation equation

(1.9) y H(t)x,

where x is an n-dimensional state vector, u is an m-dimensional control vector
and y is an r-dimensional output vector. In 2 a new characterization (Theorem
2.13) of controllability and observability for (1.8) and (1.9) is established via
Floquet theory. This result is an extension to periodic systems of a theorem for
autonomous systems due to Hautus [11]. Also a proof that the intervals of con-
trollability and periodicity always coincide (whenever they are both defined) is
given. This extends a theorem of Kalman [17, p. 35], who states (without proof)
that the interval of controllability is no greater than the interval of periodicity.
The importance of knowing that these two intervals are exactly equal is clearly
illustrated in proving Theorem 1.3 in 4.

In 3, we consider the following linear matrix differential equation

(1.10) (t) + (K(t), A(t), H(t)) O, < < ,
with general solution K(0, Ko) Ko >= 0, where if(., .,.) is the matrix defined in
(1.1). The concept of detectability for (1.8)-(1.9) is introduced in this section and
is a crucial hypothesis in Theorem 3.7. This theorem establishes the equivalence
of the following conditions:

(i) the fundamental matrix solution of (1.8) with no control term is exponen-
tially stable;

(ii) equation (1.10) has a periodic solution;
(iii) equation (1.10) has at least one bounded solution.

For ordinary vector linear differential equations, the equivalence of (ii) and (iii)
is due to Massera [26]. This equivalence for (1.10) can be inferred from his results
by the use of Kronecker sums [3] (an artifice that transforms (1.10) into a system
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of 2n-dimensional linear ordinary differential equations). However, the detect-
ability hypothesis is essential in proving the equivalence of (ii) and (i). This con-
nection differs from the standard result for reasons which are given before the
statement of Theorem 3.7. Another key ingredient in proving Theorem 3.7 is the
observation--also new--that there exists a periodic solution of (1.10) if and only
if an associated algebraic matrix equation has a positive semidefinite solution.

The other results of 3 are natural generalizations to the periodic case of
some results of Wonham [34] on detectability.

In 4, the sufficiency part of Theorem 1.3 is proven as well as Theorem 4.11,
which proves that the periodic solution of (1.1) is also an equilibrium solution.
The existence of a periodic solution of (1.1) is established by the use of quasi-
linearization, a technique due to Bellman [4]. Quasilinearization as applied here
means that every solution of (1.1)can be obtained as a limit of a sequence of
solutions of equations like (1.10).

In 5, the necessity of Theorem 1.3 is established by the use of the canonical
structure theorems of Kalman [16] and Weiss [33] and the eigenvalue-eigenvector
characterization of detectability and stabilizability developed in other sections
of this paper. The importance of this characterization in the proof is evident from
Theorem 5.5, which shows that detectability and stabilizability satisfy the "duality
principle." The duality principle, as first stated by Kalman [15], is based on the
observation that certain control and estimation concepts are in one-to-one corre-
spondence. This correspondence is established by a time reversal, and by either
defining or proving that a control (estimation) concept for (1.8)-(1.9) has a parallel
estimation (control) interpretation for the system dual (adjoint)

(1.11) #. A(t)’z + H(t)’u,

(1.12) y B(t)z.

The other lemmas are generalizations of corresponding lemmas for auto-
nomous systems found in Payne [27] who outlined a simple proof of the necessity
part of Theorem 1.5.

2. Controllability and periodic systems. Recall that Kalman’s original defini-
tion of controllability [14] for constant matrices A and B is equivalent to verifying
that the rank of the n nm controllability matrix [B, AB, ..., A"- B] is n. The
following characterization ofcontrollability for constant matrices ofany dimension
is due to Hautus [11] and for B of dimension n is found in Johnson [13].

THEOREM 2.1. The pair (A, B) is controllable if and only iffor each eigenvalue
2 of A and each (possibly complex) left eigenvector ri(riA 2ri), the equation rib 0
implies ri O.

The main result of this section is to extend Hautus’s theorem to the periodic
system (1.8), but first some additional notation and results are needed.

Let X(t) denote the fundamental matrix solution of

(2.2) & A(t)x, X(0) I, I identity matrix.

The "observability matrix" for system (1.8)-(1.9) is

(2.3) (9(X(. ), H(. )) (H(s)X(s)X- ())’ (H(s)X(s)X ()) ds
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for a >__ r. By the duality principle [16], the matrix (o(X(t)’, B(t)’) is the con-
trollability matrix for (1.8).

Weiss proved [33] that the linear independence of the rows of the matrix
X-I(-)B(.) on some smallest interval is equivalent to the controllability matrix
being of rank n on that interval. This rank condition is equivalent to Kalman’s
original definition of controllability. Subsequently, Brunovsky [2] proved that
the following definition is also equivalent to Kalman’s.

DEFINITION 2.4. System (1.8) is K-W-B controllable if the rows of the matrix
X- (t)B(t) are linearly independent on the interval [0, tco] for some positive integer t.

As shown at the end of this section (in Theorem 2.15) the interval of K-W-B
controllability (when it exists) is always [0, co]. Thus, we shall assume, unless
otherwise noted, that the interval of K-W-B controllability is [0, co].

A more direct test of controllability was established by Silverman and
Meadows [32]. Let A(t) and B(t) have continuous derivatives of order n 2, n
respectively, and define the n x nm controllability matrix, which also occurs in
[28], Q,.s)(t) for (A(t), B(t))

Q(1.8)(t) [Po(t), Pl(t), P,- l(t)],

with Po(t) B(t), Pi(t) -A(t)Pi_ l(t) + P_ l(t) for 1, ..., n 1.
DEFINITION 2.5. System (1.8) is S-M controllable ifthe matrix Q(1.8)(t) is defined

and continuous for all [0, co], and if for some in this interval the rank of
Q(1.s)(t) is n.

When (2.s)(t) is defined and continuous it will be periodic; thus its maximal
rank will be achieved in one period. Consequently, the choice of interval in this
definition is not restrictive.

Silverman and Meadows [32] prove that if a system is S-M controllable,
then it is K-W-B controllable, and that the two definitions are equivalent when
A(t) and B(t) are analytic matrices. Silverman [32] shows that the two definitions
are not generally equivalent. When A and B are constant matrices, then both
definitions coincide and Q.s)(t) is the well-known controllability matrix

[B, AB, A 1B].
The following two theorems are proved in Reid [29, p. 442] and are due to

Floquet.
THEOREM 2.6. The fundamental matrix solution of (2.2) can be written in the

factored form

(2.7) X(t) F(t) eJr,

where F(t) is a nonsingular matrix of period co and J is a constant (possibly complex)
matrix satisfying the equation e X(co).

Since the coefficient matrix A(t) and the initial matrix I determine X(t)
uniquely in (2.2), the matrices F(t) and J which satisfy (2.7) will be called, not
inappropriately, the Floquetfactors of A(t).

THEOREM 2.8. If the matrices in (2.7) satisfy the matrix differential equation

(2.9) [(t) + F(t)J A(t)F(t) O, - < < , F(O) I,
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then under the Floquet transformation x F(t)w, (1.8) and (1.9) become

(2.10) Jw + F-l(t)B(t)u,

(2.11) y H(t)F(t)w.

THEOREM 2.12. System (1.8) is K-W-B(S-M) controllable if and only if (2.10)
is also.

Proof. The claim can be easily established by noting that controllability is a
rank condition on X-(t)B(t) or Qtl.s)(t), and the Floquet transformation is rank
preserving because F(t) is nonsingular.

Each eigenvalue of the monodromy matrix X(co) is called a characteristic
multiplier of(2.2). If any other initial matrix is prescribed in (2.2), the characteristic
multipliers are related to those of X(co) by a similarity transformation. Any tc

which satisfies any of the equations p e is called a characteristic exponent of
(2.2), and only the real part of each characteristic exponent is unique.

Part (b) of the following theorem extends Hautus’s theorem to periodic
systems.

THEOREM 2.13. (a) If system (1.8) is K-W-B controllable on [0, col, then for
each characteristic exponent c of the monodromy matrix X(t) associated with A(t)
and associated eigenvector r/(r/J r/), the equation

(2.14) rlF- l(t)B(t) 0 for a.e. [0, col implies rl O.

(b) System (1.8) is S-M controllable if and only if condition (2.14) is satisfied.
Proof. (a) If there exists a nonzero eigenvector r/which satisfies (2.14), then

rl(e-S’F l(t)B(t)) e-Kt(rlF l(t)B(t)) 0 for a.e. [0, co]. Now by equation (2.7),
X-l(t) e-StF-l(t), and so the rank of X-l(t)B(t)is less than n on [0, co].
Therefore system (1.8) is not K-W-B controllable.

(b) The proof in one direction follows from part (a). Suppose that (2.14) is
satisfied and (1.8) is not S-M controllable. By Theorem 2.8, the controllability
matrix Q2.1o)(t) has rank < n for all [0, co]. Thus, there exists a nonzero vector
such that Q(z.lo)(t) 0 or equivalently for Po(t) F- l(t)B(t), Pi(t) 0 for all
e [0, co] and 0, 1, ..., n 1. Now following Hautus [11] let be a polynomial

of minimal degree such that O(J) 0. This polynomial clearly exists and has
degree d with <= d =< n. For some c and some polynomial b(z) of degree d 1,
O(z) c(z)(z c). The vector r/= b(J) is a nonzero eigenvector ofJ and satisfies
rle

s’
r/e’. By considering successive terms in the equation Pi(t) 0, we find

that J’Po(t)= 0 (i 1,..., n- 1); thus, rlF-l(t)B(t)= ck(J)Po(t) 0 for all
e [0, co]. This contradicts (2.14) and completes the proof.

Let [. denote both the Euclidean norm of a vector and the compatible matrix
norm, i.e., the spectral norm [22, p. 210].

THEOREM 2.15. System (1.8) is K-W-B controllable on [0, co] if and only if it
is K-W-B controllable.

Proof. Since the implication is immediate in one direction, we suppose that
(1.8) is K-W-B controllable on [0, co] for some > 1, but is not controllable on
[0, co]. This means that there exists a vector x such that

X- l(t)B(t)x 0 for a.e.
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Let be any point in the interval [co, 2col, and choose e [0, col such that

+ co= 1.Now
e-J"F l(tl)B(t’x)x e-J’[e-J’F l(t)B(t)x] 0

for a.e. ta e [co, 2col. Since is a positive integer, this implies that (1.8) is not K-W-B
controllable [0, tco]. This contradiction completes the proof.

In the sequel when convenient, any property that is attributed to the matrix
pair (A(t), B(t)), for example, controllability, is understood by making the obvious
association with (1.8), and vice versa. By this convention and the duality principle,
the operational meaning of the statement "(H(t), A(t)) is K-W-B(S-M)control-
lable" should be clear. Thus the previous theorems and the discussion of this
section remain valid when "controllability" is replaced throughout by "observ-
ability."

3. Periodicity and detectability. We introduce the following definition of
detectability for periodic systems, which for autonomous systems originated with
Wonham [34].

Let Re x denote the real part of the characteristic exponent x.
DEFINITION 3.1. Let F(t) and J be the Floquet factors of A(t). (H(t), A(t)) is

detectable if for each characteristic exponent x with Re x _>_ 0 and each associated
nonzero eigenvector r/(Jr/= :r/),

(3.2) H(t)F(t)rl 0 for a.e. e [0, co] implies r/= O.

Clearly, when (H(t), A(t)) is S-M observable, it is also detectable. The con-
verse is false as illustrated by (0, 1). However, by Theorem 2.13(b), the following
concepts are equivalent" (H(t), A(t)) is detectable if and only if every unstable
(Re c _>_ 0) characteristic exponent is S-M observable (satisfies condition (2.14)).
This latter characterization of detectability motivated Wonham’s original defini-
tions [34].

Let r(M) be the spectral radius (the maximum ofthe moduli of its eigenvalues)
of the matrix M and q* be the conjugate transpose of the eigenvector r/.

LEMMA 3.3. If there exists a Ko >= 0 (Ko :/: 0), which satisfies the algebraic
matrix equation,

(3.4) Ko X(co)’KoX(co C’(X(.), H(.)),

then (1.10) has a periodic solution K(t, Ko).
Proof. Let K(t, co, Ko) be the general solution of (1.10), where Ko satisfies

(3.4). This unique solution has the integral representation

(3.5) K x(t, co, Ko) x- l(t)tX(co)tKoX(co)x- l(t) -- (9(X(.), H(.)).

Since Ko satisfies (3.4),

K (o, co, Ko) X(co)’KoX(co) + ((X(. ), /-/(. )) Ko.
The general solution K(t, Ko) defined by the identity

K(t, Ko) K (t + W, co, Ko)

is a periodic solution of (1.10).
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Lemma 3.3 is the matrix analog ofthe following well-known algebraic criterion
[10, p. 223] for the existence of periodic solutions for ordinary linear differential
equations. If there is a nonzero solution Xo of the linear system of equations
(X(oo) I)x ’ X(s)f(s) ds, then

(3.6) " A(t)X + f(t), f(t + o) f(t)

has a periodic solution. By the usual determinantal condition, a sufficient (but
not necessary) condition for (3.6) to have a nonzero solution is that r(X(o)) 4: 1.
For this reason, the main significance of the following theorem is that the spectral
radius condition on the monodromy matrix is equivalent to the existence of a
periodic solution of (1.10). Under the conditions of this theorem, this is a new
result, even for (3.6).

THEOREM 3.7. If (H(t), A(t)) is detectable, then the following are equivalent"
(i) r(X(co)) < 1;
(ii) there exists a periodic solution K(t, Ko) of (1.10);

(iii) equation (1.10) has at least one solution which is defined and bounded on
(-o, o], with Ko >_ 0 (Ko v O)

Proof. (i) implies (ii). Since r(X(o)) < 1, the solution of (3.4) is given by the
convergent series

Ko (X(co)’)J(9(X(.), H(.))(X(co)).
j=0

Each term in this series is positive semidefinite because X(co) is nonsingular and
H(t)H(t)’ is not identically zero on some positive interval, and in particular,
o(X(. ), H(. )) - 0. This implies that the matrix Ko is nonzero, and by Lemma
3.3, (1.10) has a periodic solution.

(ii) implies (i). Let K(t, Ko) be the periodic solution of (1.10), and suppose
that r(X(co)) _> 1. The solution K(t, co, Ko) defined by (3.5) agrees with K(t, Ko) at

co, and both solutions satisfy (1.10) on [0, co]. Thus by uniqueness, Kx(t, co, Ko)
satisfies (1.10). There are now two cases" 1. Re 0 and 2. Re > 0.

1. Let r/be an associated eigenvector, and consider the equation

(3.8) rl*Korl rl*eJ’Korles’ rl*(P(X( ), H( ))rl.

Since Re tc 0, this equation is valid only if H(t)F(t)q 0 for a.e. [0, o],
which contradicts the detectability.

2. Again let r/be an eigenvector associated with Re > 0. Equation (3.8) now
yields

(1 exp ((2 Re c)co))rl*Kor q*(9’(X(. ), H(. ))rl.

This equation is valid only ifboth quadratic forms are zero, which again contradicts
the detectability assumption. Thus r(X(co)) < 1.

Clearly (ii) implies (iii). To obtain the converse, suppose that there is no
periodic solution of(1.10). Since (i) and (ii) are already equivalent, this means there
exists a characteristic exponent with Re >= 0. Let r/be a corresponding nonzero
eigenvector r/of J. Define the mapping T(. from the set /of n n real-valued
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positive semidefinite matrices into itself by

T(M) X(co)’MX(co) + (9(X(. ), H(. )).

By induction on j, j 1, 2, 3,

Ti(M) X(jco)’MX(jco) + X((j 1)m)’t0(X(. ), H( ))X((j 1)co)

+ + ((x(.), H(. )).

We have used the identity X(jco) X(co) which follows by uniqueness. Now

rl*Y;(M)q exp(2(Re c)jco)rl*Mrl + (exp(2(Re )(j- 1)co)+ + 1)

r/*(_9(X(. ), H(.

Since (H(t), A(t)) is detectable, the observability matrix is positive definite,
and so lim rI*Ti(M)I oo asj oo. Let K(t, Ko) be a bounded solution of(1.10).
Again using Xi(co)= X(jw), it is easy to verify that TI(Ko)= K(jco, Ko). This
implies that K(t, Ko) cannot be a bounded solution so there must exist a periodic
solution.

The next lemma is inspired by a similar lemma in Wonham [34] for constant
matrices.

LEMMA 3.9. Let K(t) be a continuous periodic matrix of period co and let

(3.10) K(t)’K(t) + H(t)’H(t)= L(t)’L(t).

If (H(t), A(t)) is detectable, then (L(t), A(t) + G(t)K(t)) is detectable for any periodic
matrix G(t) (with period co) of suitable dimension.

Proof. By an app]ication of Theorem 2.8, the pair (H(t)F(t), J) is detectable,
also. Furthermore, using the same theorem, the detectability of (L(t)F(t), J +
F-l(t)G(t)K(t)F(t)) implies the same behavior for (L(t),A(t)+ G(t)K(t)). Thus,
we need only prove that the former pair is detectable. If this claim is false, then
there exists a characteristic exponent cl of the monodromy matrix for J + F- (t)
G(t)K(t)F(t) with Floquet factors J and Fl(t) such that for any eigenvector

rl(Jl ll)L(t)F(t)F(t)l 0 a.e. [0, co].
As can be inferred from Theorem 2.8, the Floquet factors satisfy the matrix

differential equation

(3.11) Y(t) + Fl(t)J -(J + F-l(t)G(t)K(t)F(t))F(t) 0

with initial value F(0) I.
Multiplying (3.10) by the nonsingular matrix F(t) yields

(K(t)F(t))’K(t)F(t) + (H(t)F(t))’H(t)F(t) (L(t)F(t))’L(t)F(t).

Using this equation, we have, for all [0, co], K(t)F(t)F(t)rl 0 and
H(t)F(t)Fx(t)rl 0. Since (3.11) is true for every and F(0)= 1, all these results
imply that

The vector F(t)rl satisfies the ordinary differential equation

r + tcr- Jr=O
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with initial value at 0 equal to r/. Since the vector e(J- 1)/ is also a solution
of this equation, by uniqueness these two solutions are equal for all t. Combining
all these observations, we have

H(t)F(t)F(t)q H(t)V(t)(e(J-’)tq)= H(t)F(t)r 0

for a.e. [0, o], which contradicts the detectability of (H(t)F(t), J).

4. Periodic solutions of the Riccati equation. In this section, the sufficiency
part of Theorem 1.3 is established, and the equilibrium nature of the periodic
solution is described. First some additional notation and concepts are introduced.

DEFINITION 4.1. System (1.8) is stabilizable if there exists a continuous periodic
matrix Q(t) (with period o) of suitable dimension such that the fundamental matrix
solution O(t) of the system

(4.2) :t (A(t) + B(t)Q(t))x

satisfies r((co)) < 1.
Informally, this definition means that (1.8) is stabilized by the "feedback

control law" u Q(t)x if the fundamental matrix solution of the "closed loop
system" (4.2) satisfies the inequality

(4.3) II,(t)l < fie-t > 0

for some positive constants fl and :. By (4,3), the fundamental matrix solution
tends to zero as at an exponential rate, and for that reason, matrix solutions
satisfying this inequality are called exponentially stable.

The equivalence of exponential stability and r((co)) < is found in Reid [30,
p. 445]. As established by Brunovsky [2], a stabilizing matrix Q(t) exists whenever
(A(t), B(t)) is K-W-B controllable.

For completeness we include the following lemma, which is found more
generally in [18].

LEMMA 4.4 (Monotone lemma), let {P’v 1,2,...} be a sequence of n x n
symmetric matrices such that P >= P2 >- O. Then Poo lim P as v o exists
and P >_ zero.

Consider the quasilinearization identity

p(R(t), A(t) B(t)Ko(t), Ko(t)) p(R(t), A(t) B(t)K(t), K(t))
(4.5)

-(K(t)- Ko(t))’(K(t Ko(t)),

where Ko(t) B(t)’R(t) and K(t) is any well-defined matrix of suitable dimension.
This quasilinearization identity, which in scalar form is due to Bellman 4],
expresses the fact that the right-hand side of (4.5) as a function of K(t) is minimized
by Ko(t).

Consider the differential equations for v 1, 2, 3, ...,
(4.6) l(t) + O(R(t), A(t), L(t)) O,

where K,(t)is any well-defined continuous matrix of suitable dimension, the matrix
A(t) is defined by the equation

(4.7) A(t)- A(t)- S(t)K(t),
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and Lv(t is the "square root" of the equation

Lv(t)’Lv(t Kv(t)’Kv(t) + H(t)’H(t).

The fundamental matrix Xv(t) satisfies the differential equation

(4.8) )(t) A(t)X(t), X,(O) I.

The following equation for the difference of any two solutions of (4.6) is easily
obtained by an application of the quasilinearization identity"

(4.9) (t) I+ ,(t) 4- (Rv(t) R+ x(t), Av(t), Kv(t K+ l(t)) 0.

As the proofs in this section indicate, an equation like (4.9) for the difference
of any two solutions of (4.6) is an important and useful consequence of quasi-
linearization in the study of Riccati equations.

To prove the sufficiency part ofTheorem 1.3, we shall first construct a sequence
of periodic solutions of (4.6), which pointwise satisfy the conditions of the mono-
tone lemma. Then it will be shown by an application of the quasilinearization
identity that the limit of this convergent sequence is the desired periodic solution.
For convenience, the key steps in the proof are labeled and described.

Proof. (a) For v 1, there exists a periodic solution of (4.6). To prove this
statement, choose a periodic continuous matrix K l(t) in (4.7) such that the funda-
mental matrix solution X l(t) of(4.8) satisfies r(X 1(0)) < 1. Such a choice is possible,
because (A(t), B(t)) is stabilizable. Since (H(t), A(t)) is detectable, we now apply
Theorem 3.7 to conclude that there exists a periodic solution Rl(t, Ro(1)) of (4.6)
with Ro(1) >= 0.

(b) For v 2 and K2(t)=-B(t)’Rl(t, Ro(1)), (4.6) has a periodic solution
Rz(t Ro(2)) with Ro(2) >= 0. This claim will be verified by showing that condition
(iii) of Theorem 3.7 is satisfied. Since (4.6) is a linear matrix differential equation,
there exists a solution R(t, Ro) (Ro >= 0) defined on some interval containing zero.
Because the difference R l(t, Ro(1)) /(t, Ro) satisfies (4.9), it has the equivalent
Volterra integral representation for =< o,

-1Rl(t,Ro(1))- (t, Ro)= X-(l(t)’Xl(o)’(Ro(1)- Ro)X,(co)X (t)
(4.10)

+ (9(X 1(" ), K 1(" K2(. )).

Because the matrix K (t) Kz(t) is continuous and periodic, it is also bounded
for all t. By part (a), r(Xx(co)) < 1, which is equivalent to (4.3), and this means that
X - (t) is exponentially stable on (- oo, co] [29, p. 445]. Using these two results, it
is easy to conclude that the right-hand side of (4.10) is defined and bounded on

(- oo, o] and, since Rl(t, Ro(1)) is periodic,/(t, Ro) is defined and bounded on this
same interval.

Recall that (H(t), A(t)) is detectable, and so by Lemma 3.9, (Lz(t), A z(t)) is
detectable. The claim is now clearly established.

(c) The successive initial value matrices Ro(1) and Ro(2), associated with the
periodic solutions Rx(t, Ro(1)) and Rz(t, Ro(2)) obtained in parts (a) and (b), satisfy
the inequality Ro(1) >= Ro(2).

Clearly, the difference of these two periodic solutions satisfies (4.9) with
v 1. Again, use the integral representation (evaluated at 0) for the solution of
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(4.9) to obtain the following algebraic matrix equation:

Ro(1) Ro(2 X l(O.))’(R0(1) Ro(Z))X (co) + (_Q(X (.), K 1(" K2(. )).

Because r(X(co)) < l, the following series is convergent:

Ro(1) Ro(2) (X(co)’)J(9(X( ), K(. K2(. ))(X
j=l

By inspecting this series, the validity of Ro(1) >= Ro(2 is easily established.
(d) The successive periodic solutions obtained in parts (a) and (b) satisfy

pointwise the inequality

R,(t, Ro(1)) >_ R2(t, Ro(2)).

Using part (c), Ro(1) >_- Ro(2), and again the Volterra integral representation for
the solution of (4.9) with v 1, this result follows easily.

This chain of arguments for v 2, 3, 4, can be repeated with Kv+ 1(0 -=
B(t)’Rv(t, Ro(v)) to obtain a sequence R(t, Ro(v)) of periodic solutions of (4.6). The
initial matrices Ro(v) by part (c) are monotone nonincreasing and bounded below
by the null matrix. By part (d), the periodic solution matrices have this property for
each e (-oe, co], also. Thus by the monotone lemma, the matrices Ro, R(t, Ro)
and K(t) are well-defined by the following pointwise limits as v --. oe"

lim Ro(v) Ro, lim R(t, Ro(v)) R(t, Ro),

and

lim K(t).

Furthermore, as constructed, Ro >= 0, and both K(t) and R(t, Ro) are periodic
matrices. For completeness, the remainder of the proof which can be found in
Wonham [34] is included.

SincelR(t, Ro(v)){ <= max {[R(t, Ro(1))[’O =< _< co}, v 1,2,3, ..., it follows
that the sequences {Kv(t)} and {L(t)} are uniformly bounded for all t. Also, the
sequence of solution matrices {X(t)} of (4.8) is uniformly bounded, because
r(X(co)) < for each v. The solutions R(t, Ro(v)) of (4.6) have the following
integral representation for -oe < _< co"

Rv(t, Ro(v)) X? ’(t)’X(co)’Ro(v)X,(co)X ’(t) + C’(X( ), L( )).

Using Dini’s theorem and the Lebesque dominated convergence theorem,
the matrices Rv(t, Ro(v)), X(t) and L(t) can be replaced in the equation by R(t, Ro)
X(t) and L(t). By the quasilinearization identity, this means that (1.1) has a periodic
solution. The uniqueness of this solution is proven in Wonham [34].

The exponential stability of (1.4) is a consequence ofTheorem 3.7 and Lemma
3.9.

The next theorem shows that the periodic solution of (1.1) is an equilibrium
solution as discussed in the Introduction. Yoshizawa [35] has a discussion (in-
cluding definitions) of boundedness for ordinary differential equations.

THEOREM 4.11. If (A(t), B(t)) is stabilizable and (H(t), A(t)) is detectable, then
every solution R(t, R1)(R1 0) is bounded on the interval (-oe, co]. Moreover, the
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periodic solution R(t, Ro) is an equilibrium solution, i.e.,

IR(t, R1) R(t, Ro)I O as c

Proof. Since (A(t), B(t)) is stabilizable, there exists a matrix Ko(t such that the
solution Xo(t of(4.8) is exponentially stable. For any R >= 0, let/(t, R 1) satisfy the
equation

(4.12) .(t, R 1) + (l(t, R 1), Ao(t), Lo(t)) O.

Since Xo(t is exponentially stable and the coefficient matrices in (4.12) are
bounded, by using the Volterra representation of the solution of (4.12), it is easy to
verify that/(t, Ro) is bounded on (-, o].

By the minimum property (Wonham [34]), the solution R(t, R1) of (1.1)
satisfies the inequality 0 __< R(t, R1)<= (t, R1). Since the spectral norm is a
monotone norm [25], this inequality implies that the norm ofR(t, R 1) is bounded on
(- , o], also.

To prove the final statement, let Ko(t) =- B(t)’R(t, Ro) andK 1(0 =- B(t)’R(t, R 1).
These two solutions both satisfy (1.1), and so their difference satisfies the equation

(t, Ro) (t, R 1) + A l(t)’(R(t, Ro) R(t, R 1))

+ (R(t, Ro) R(t, R1))Ao(t) O.
By uniqueness,

(4.13) R(t, Ro)- R(t, R1)= X-l(t)’Xl(oo)’(Ro- R1)Xo(og)Xl(t)

for e (- , o)].
By means of the hypotheses of Theorem 4.11, Lemma 3.9, and Theorem 3.7,

both fundamental matrices in (4.13) are seen to be exponentially stable, which
completes the proof.

5. Proof of the necessity of Theorem 1.3. The necessity of stabilizability and
detectability in Theorem 1.3 can be inferred from the following lemma.

LEMMA 5.1. If there is one and only one positive semidefinite periodic solution
R(t, Ro) of (1.1) such that the solution of (1.4) is exponentially stable, then (H(t), A(t))
is detectable.

An essential component in the proof of this lemma is the canonical structure
theorem. This was first stated for the time varying case by Kalman I16] and proved
by Weiss [33]. The main features of Weiss’s paper are included below.

When (H(t), A(t)) is not observable, then there exists a nonsingular matrix S(t)
which transforms (independent of time) the triple (A,B,H) into observable
canonical form (,/,/),

A
L221 22 ]2

so that (1, fi 11) is K-W-B controllable.
The Floquet factors J and F associated with A are transformed by the simi-

larity transformation S(t) into the compatibly partitioned matrices j and/,

3
32, 32 LF2, 22
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The matrix S(t) satisfies the matrix differential equation

(5.2) ’(t) + A(t)S(t)- S(t)ffl(t).
The matrices/ and/ satisfy the equations

(5.3) s-B , HS.

LEMMA 5.4. If (/x(t), ]x x(t)) is detectable, then (H(t), A(t)) is detectable if and
only if r(eS220 < 1.

Proof. Since (/ x(t), x(t)) is detectable and 3 is a block triangular matrix, the
only undetectable characteristic exponents of3 that can occur are in the submatrix

-22. The nonnull eigenvectors for those undetectable characteristic exponents
can be expressed as the direct sum of a null vector and the eigenvectors ofJ22. The
proof can now be finished by recalling the definition of detectability.

Detectability, as originally defined by Wonham [34], means that the dual
system (A’, H’) is stabilizable. This concept is based on the observation that a
minimal control requirement for a system is that (at least) the unstable eigenvalues
can be modified by a feedback control. Lemma 5.4 and the following theorem
demonstrate that our definition of a detectable pair reflects this philosophy also.

In fact, the next theorem shows that detectability and stabilizability, as
defined here, obey the duality principle.

THEOREM 5.5. (A(t), B(t)) is stabilizable if and only if the dual (B(t)’, A(t)’) is
detectable.

Proof. Suppose that the dual system (B(t)’, A(t)’) is not detectable. The Floquet
factors of A(t)’ for the dual system (1.11)-(1.12) are -J’ and F-1(0’. Thus there
exists a characteristic exponent x with Re x >= 0 (Jr crl) such that the equation
B(t)’F- l(t)’q 0 is satisfied for q 4: 0.

Let Q(t) be any suitable matrix in (4.2). By using (2.9), we obtain, after a
Floquet transformation, the equivalent system

(J + F-’(t)B(t)Q(t))w.

The general solution w(t, to, r/) of this equation satisfies the integral equation

w(t, o, rl) eJ’-’)rl + eJ’-)F (s)B(s)Q(s) ds.

Multiply this integral equation on the left by q’ and then apply Schwarz’s inequality
to obtain

Ir/I 2 eRe"-’o) =< (lllzlw(t, to, )12) 1/2.

This implies that w(t, 0, r/) is unbounded as , and since Q(t) is arbitrary, this
contradicts the stabilizability of (A(t), B(t)).

Now suppose that (A(t), B(t)) is not stabilizable. By the contrapositive of
Brunovsky’s theorem [2], (A(t), B(t)) is not K-W-B controllable. So again by Weiss,
(A, B) can be transformed by a nonsingular matrix S(t) into control canonical form
(A, B) (independent of time),

11 12A= B=
A22
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so that (311 BK) is K-W-B, controllable. Also, of course, the Floquet factors J
and F become J and F,

.7 1 F=

If our assumption is,valid the matrix Jz must have an unstable characteristic
exponent, because (All,BI1) is stabilizable and S(t) operates as a similarity
transformation on the Floquet factors. By the duality principle and Theorem 2.13
(a), ((t)’, (t)’)is detectable. Since the time direction is reversed in the dual
system, by Lemma 5.4, (B(t)’, A(t)’) is not detectable, which completes the proof.

By applying Theorem 5.5, the following lemma is easily proved by contradic-
tion.

LEMMA 5.6. If (A(t), B(t)) is stabilizable, then (2 t(t), (t)) is stabilizable.
We now present the proof of Lemma 5.1.

Proof. Let R(t, Ro) be the periodic solution of (1.1), and let /(t,/o)=
S(t)’R(t, Ro)S(t). By using (5.2)-(5.3), it is easy to verify that/](to,/]o) is a solution of
the Riccati equation

(5.7) (t) + 2(t)’(t) + (t)-i(t) (t)(t)(t)’(t) + I(t)’(t) O.

The following equation has a periodic solution, because ((t),/l(t)) is
stabilizable (by Lemma 5.6) and (/ (t), (t)) is K-W-B observable"

/l,(t) -+- 2,,(t)’,,(t) + l,,(t)ffl,,(t)
(5.8)

(t)(t)(t)’l(t) + Ft(t)H(t)= O.

The periodic solution matrix of (5.8), when bordered by appropriately di-
mensioned null matrices, is also a periodic solution of (5.7). By Theorem 4.12
these two periodic solutions agree, and so/(t,/]o) is the conformably partitioned
matrix

[/’ (t’ (/ x)) 001R(,/o)
0

The vector S(t)x satisfies the equation

(5.9) (2(0 (t)(t)’.(t, .o))

for x satisfying (1.4).
The coefficient matrix in (5.7) is

,,(t)- ,(t)(t)’,,(t,(,,)o 0 J(5.10) k22,(t 2(t)l(t),,(t,(,,)o 222(t)

Since (Ha(t),Aa(t)) is K-W-B observable and thus, by Theorem 2.13(a),
detectable, the proof will be completed by proving that r(e2) =< and applying
Lemma 5.4. By assumption, the fundamental matrix solution (1.4) is exponentially
stable, and since S(t) is nonsingular for all t, the matrix eJ22’, which is a solution of
(5.9) as (5.10) shows, satisfies r(es22’) < 1.
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An obvious sequel to this paper is a similar investigation of matrix Riccati
equations with almost periodic coefficients. As is well known, when the coefficients
are almost periodic, the Floquet representation is no longer generally valid, and so
a complete and parallel theory is impossible. However, with suitable hypotheses,
the existence of an almost periodic solution of (1.1) is certainly assured.

In a different direction, preliminary numerical studies in controlling an
unstable Mathieu equation indicate that the numerical convergence to the
equilibrium periodic solution ofthe Riccati equation is quite rapid. This numerical
behavior is consistent with the observed convergence rates for constant coefficient
Riccati equations.

Acknowledgment. The author would like to thank Dr. E. A. Fay, Dr. D. E.
Zilmer and Dr. R. B. Leipnik for their advice and encouragement in the prepara-
tion of this paper.

Note added in proof. Any of a set of additional conditions appears to be
required to establish the existence of a fixed nulling vector for QtE,XO)(t) in the
sufficiency portion of Theorem 2.13(b), as a relatively simple example shows.
Namely, the equivalent Floquet systems ((2.10), (2.11))must satisfy either

(i) F equivalence (in the sense of Brunovsky, Kybernetika, 6 (1970)) to a
detectable autonomous system (DAT),

(ii) Lyapunov equivalence (Wolovich, IEEE Trans., Automatic Control,
AC-13 (1968)) to a DAT, or

(iii) commutivity of coefficient matrices.
All other relevant results remain valid under this replacement. Alternatively, if
the hypotheses of K-W-B controllability replaces detectability and one of the
above conditions, then parts (a) and (b) of the proof of Theorem 1.3 hold, by
mimicking the constructions in Theorem 3.7 and Lemma 3.9. Note that Theorem
1.5 does not require observability. The last two remarks suggest that a slightly
tightened definition of detectability would allow the restrictions (i), (ii) or (iii) to
be removed.
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TIME-VARYING SYSTEMS*

MICHAEL A. ARBIB? AND ERNEST G. MANES

Abstract. Section provides a theory of reachability, observability, minimal realization and
duality for time-varying linear systems, using only the basic language of linear algebra. Section 2 uses
category theory to show that time-varying dynamics for adjoint processes in a category N may be
defined as adjoint processes in a suitable new category YU.

Introduction. This paper on time-varying systems is made up of two sections,
which may be read independently of one another.

Those readers, still relatively few, who have studied the application of
category theory to control problems may turn directly to 2 in which we show that
any adjoint process admits a theory of time-varying systems, defined by a new
process which is itself adjoint.

The first section is written for the reader who finds the preceding paragraph
obscure. Basically, it caters to those familiar with time-invariant linear systems,
and shows how to generalize such concepts as reachability, observability, minimal
realization and duality, to the time-varying case. A number of these results are
familiar from the literature. Our main contribution is to give the material
an algebraic formulation which is not only natural for linear systems, but
which is applicable to all those systems which we have termed "decomposable" in
[2], including the group machines of Brockett and Willsky [5]. Thus, while 1
provides a concise algebraic treatment of basic topics of time-varying linear
systems, it has a more general applicability which may be appreciated by the
reader familiar with [2].

1. Linear systems. In this first section, we recall the main elements of our
formulation of the theory of time-invariant linear systems, and then show how
naturally it generalizes to a theory of time-varying linear systems. While the
section is written for the reader with a basic knowledge of linear algebra, but no
knowledge of category theory, we shall so structure the section that a reader
acquainted with our "Foundations of System Theory: Decomposable Systems"
[2] may appreciate the more general applicability of our theory, e.g., to linear
systems over R-modules, or to group machines. To this end, we start by listing the
basic concepts for the general theory, together with their interpretation for linear
systems over vector spaces.

1.1. "The category yc" specializes to: the collection of all vector spaces and
linear maps between them. A 3’d-object is then simply a vector space, while a
3f-morphism f A B is a linear map from vector space A to vector space B:

1.2. "I has a countable copower (inj I- PIJ N)" specializes to: Given a
vector space I we form a new vector space

I {(" ", ij," ", i,, io)leach i e I; only finitely many i are nonzero}
* Received by the editors November 19, 1973 and in revised form July 14,1974. This research was

supported in part by the National Science Foundation under Grant GJ35759.
? Department of Computer and Information Science, University of Massachusetts, Amherst,
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comprising all left-infinite/-sequences of finite support. Addition and multiplica-
I is equipped with thetion by a sca|ar are component-wise:

linear maps

in I-I": io-(...,0,.. ., io,’" ",0)

j position

(injection to the j position) as well as a left-shift

The crucial property is that given any sequence of Y{-morphisms (linear maps!)
f I- Q, there exists a unique linear map f such that the diagram

(1.1)

inj_ i

f

Q

commutes for every j N (i.e., f. inj f for each j; we dash the f-arrow to indicate
that f is to be constructed so as to make the diagram commute), f is simply defined
by the rule f(. ., i,. ., il, io) f(i), the sum being well-defined since elements
of I have finite support. Note that z is constructed in just this way for the choice
Q I, f in+, as the reader may easily verify.

1.3. "Y has a countable power (rk Y- Y[ k N)" specializes to: Given a
vector space Y, we form a new vector space

Y {(yo, ya,’" ", yk,’" ")1 each yk 6 Y}

comprising all right-infinite Y-sequences under component-wise addition and
multiplication by a scalar. Y is equipped with the linear maps

(projection from the k position) as well as a left shift

z Y- Y" (yo, y,,’" ", y,,,"" ")->(Y,, y2,’" ", y,,+,,"" ").

The crucial property is that, given any sequence of Y{-morphisms g Q Y
there exists a unique linear map g such that the diagram

(1.2) Ix

Q



1254 M.A. ARBIB AND E. G. MANES

commutes for every k N. (Note that (1.2) looks just like (1.1), save that we have
reversed all the arrows. This pairing of concepts under arrow-reversal is what
category-theorists call duality. The duality of (1.1) and (1.2) will prove, below, to
be the heart of the well-known reachability-observability duality of linear system
theory.) g is simply defined by the rule g(q)= (go(q), gl(q),’" ", gk(q),’" "). Note
that z Y-> Y is constructed in just this way for the choice Q Y, fk 7r+1, as
the reader may easily verify.

With this terminology we may recall, in conversational style, the basic
concepts of [2]. [In the exemplary case of vector spaces and linear maps, this is
simply a recasting of the approach of Kalman [8].]

A (time-invariant, decomposable) system dynamics is simply a pair (Q, F),
where F:Q--> Q is a linear map (zero-input state-transition map). Given two
dynamics (Q, F) and (Q’, F’) we say a linear map g Q --> Q’ is a dynamorphism
from Q, F) to Q’, F’) if the diagram

O

commutes (F’g gF), i.e., g is compatible with the dynamics. To get a system we
simply add to the dynamics an input map G I--> Q and an output mapH" Q -> Y.
The system M (Q, F, L G, Y, H) then has reachability map r" I -> Q defined by
the (1.1)-type diagram

(so that the state reached from the zero state by applying input sequence
(..., ij,.., il, io) is YqFGi, a familiar formula); while M’s observability map
tr" Q--> Y is defined by the (1.2)-type diagram

k
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(so that the sequence observed ifM is started in state q and fed only zeros for input
is just tr(q)= (Hq, HFq,..., HFkq, .), again a familiar formula).

Two specific dynamics are the input dynamics (P, z) and the output dynamics
Y, z) for each of which the zero-input transition is just the left shift. Of particular

interest is the fact that the reachability map is a dynamorphism r (P, z) - O, F)

F

and the observability map is a dynamorphism tr O, F) Y, z)

as the reader may easily check. (As we spell out in [2], this corresponds to
Kalman’s observations on K[z]-homomorphisms.)

We are now ready to present our theory of time-varying linear systems, in
which the input space I and output space Y are fixed, but the state-space may vary
with time, being Qk at time k, and the behavior of the system is described by the
equations

qk+l Fkqk + Gk+lik, qk+ Qk+, qk O,

y Hq, y Y,

for linear maps Fk O - Ok+,, Gk+l I- Q,+, and Hk Q --> Y.
As before, we shall write for the reader unfamiliar with category theory. A

few comments, enclosed in ((. .)) will be addressed to the reader familiar with [2],
and should be omitted by readers familiar only with linear algebra.

1.4. A (time-varying) system dynamics in Y{" is a sequence (O, Fklk Z)
(Q, F), where each Qk is a Y{-object, and each Fk is a 9’{-morphism Qk Qk+l.

A dynamorphism g’(Q, F)(Q’, F’) is a sequence of YC-morphisms (gk "Qk- Q’klk Z) such that F’. g g F in the sense that

((In case Y( R-Mod, note that a dynamics which satisfies Fk+Fk 0 is what homologists call a
chain complex.))
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Ok +

Ok +

commutes for all k Z. ((It is obvious that system dynamics and dynamorphisms
form a category Dynz (Y[):)) Clearly, (idoklk 6Z) is a dynamorphism (Q,F)->
(Q, F); while if g" (Q, F) --> (Q’, F’) and h (Q’, F’) -> (Q", F") are dynamorph-
isms, then their composition h g defined by (h g)k hk g is a dynamorphism
(Q, F)->(Q", F").

1.5. A (time-varying) (decomposable) system in 7 is a 6-tuple M
(Q, F, I, Y, G, H) such that (Q, F) is a time-varying system dynamics in Y{, G is

a sequence of Y[-morphisms of the form (G I-> Qlk Z) (the inputmap) and H
is a sequence of ’{-morphisms of the form (H Qk -> YIk Z) (the output map).

((As in the thoery of time-invariant systems, we shall assume Y{ such that I has
a countable copower (inj I-> I"lj N) while Y has a countable power (r Y,->
YIk N). However, we shall make crucial use of the full properties of the copower
and power, not just the simple recursion and simple corecursion used in the theory
of time-invariant systems.))

We shall identify the time-invariant (Q, F) with time-varying (Q, F) for
which Q Q and F F for all k 6 Z; while a dynamorphism g (Q, F) -> (Q’, F’)
of time-invariant systems may be viewed as the time-varying g for which
g g Q-> Q’ for all k 6 Z. ((Thus, we may regard Dyn (Y{) as a subcategory of
Dynz (Z/).))

Thus we have the input dynamics (P, z) and the output dynamics Y, z) of
the time-invariant theory available in our more general setting. With this observa-
tion, it is straightforward to define the reachability and observability maps of any
system.

The reader may find the following intuition for the linear case useful.
For each input sequence i=(..., ij,..., i, i,,) in P, r(i) in O is the state

reached at time k if the sequence is applied through time k 1, i.e., just in case ij
is applied at time k-j-1 for all j 0. We may call r "I O the reachability
map at time k.

For each state q in O, the sequence r(q)= (yo, y,, y:,’" ", yj,’" ") in Y is
the sequence of outputs generated by the system if started in state q at time k, and
fed zero inputs thereafter with yj being the output emitted at time k + j. We may
call r O Y the observability map at time k.

For each input sequence in P, [(i) in Y is the sequence of outputs emitted
from time k on if the system is fed input sequence through time k- 1, and 0
inputs from time k on. We may call [" I Y tile total response at time k on.

However, useful though these intuitions are, the interesting point is that we
define r, r and f as dynamorphisms, using the crucial properties (1.1) and 1.2) to
ensure that all components may be defined simultaneously.
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1.6. THEOREM. Given a decomposable system M =(O, F, I, Y, G, H), we

define its reachability map r" (I, z)- (Q, F) to be the sequence rk I- Qk defined
by the diagrams

(1.3)

ino
I - l

Ok - Qk +

Then r is uniquely defined and a dynamorphism.
Proof. For all k, set. idok, while for k > set . F_I- Ft+IF Q

Qk. Now, for (1.3) to hold we must have r inj ,_jG_ for each k 6Z for all

_->0
inI I

rk

Qk

and, by diagram (1.1), this defines each rk, and thus r, uniquely. But then this r
clearly satisfies (1.3), and the square in (1.3) says that r:(P, z)-(Q, F) is a
dynamorphism.

1.7. THEOREM. Given a decomposable system M =(Q, F, I, Y, G, H), we

define its observability map tr (Q, F) (Y, z) to be the sequence tr Q Y
defined by the diagrams

(1.4)

o
Y ,Y .Y

Ok Ok-

Then o- is uniquely defined and a dynamorphism.
Proof. As above, but noting from (1.4) that r o- H+ik+, so that we

may use (1.2).
1.8. DEFYTON. The total response ofM is the composition

f’=tr" r (I",z)->(Y,z).

Note that even though f is, as the composition of the dynamorphism r and tr, a

dynamorphism of time-invariant systems, it is not, in general, time-invariant
since for each ], k, l,



1258 M.A. ARBIB AND E. G. MANES

in, (r .try). (r in,)

which reduces to the familiar HFJ+*G in the time-invariant case. ((Thus Dyn () is
not a full subcategory of Dynz (Y0.)) The above formula is already known in the
linear system case (see, e.g., [ 10], noting that Weiss denotes our H+ byH++ and
our+._ by O+.-t+). Our point, of course, is that this formula was obtained by
diagram-chasing in a way which makes it applicable, as the reader of [2] will
appreciate, to a number of nonlinear cases, including the group machines of [5].

As in the time-invariant case, we can associate two nondynamorphisms with
M, from either of which we can reconstitute f.

1.9. DEFINITION. The response map ofM at time k is

f ro" ff" I-> Y
while the impulse response ofMfrom time k is

f =f" ino "I Y,.

Let be the set of onto linear maps, and be the set of one-to-one linear
maps. Then any linear map g A B may be factored as

A - B A --- g A ---- B,where e(a)= g(a) for each a cA, while re(b)= b for each be g(A) B; and we
note that e ’ and m . We refer to any pair (e’, m’) such that m’ and e’
with g= m’. e’ as an g’- factorization of g. ((To define reachability and
observability we must fix a choice (g’, ) of an image factorization system on
We then have the following.

1.10. DEFINITION. We say M is reachable at time k if rk g’; completely
reachable if every rk g’; observable at time k if o- ; completely observable if
every o- .

We now approach the realization problem.
1.11. DVINITION. Fixing I and Y, but letting the state-space (Olk Z)

vary, given systems M=(O, F, G, H) and M’ O’, F’, G’, H’), a simulation
6:M- M’ (we say M simulates M’) is a dynamorphism 6:(O, F)(Q’, F’)
which commutes with the input and output

6
Qk

F’

Qk+l

O+

We say M is isomorphic to M’ if there exists a simulation such that each
Q Q;, is one-to-one and onto.
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It is an immediate consequence of the definitions of countable power and
copower that a dynamorphism 4’ satisfies (1.5) if and only if it commutes with the
reachability and observability maps

1.12. DEFINITION. We say a system M is a realization of a total response ],A if
fA is the total response of M. We say M is a minimal realization of ]’ if it is a
completely reachable realization of ]’ which can be simulated by every other
completely reachable realization of

It is an easy consequence of this definition that if M and M’ are both minimal
realizations of ]’ they must be isomorphic.

1.13. DEFINITION. M is a canonical realization of the total response fA if it is
a realization of ]’ which is completely reachable and completely observable.

We now recall [8, p. 256].
1.14. FILL-IN LEMMA. Given the commutative square

with e and m , there exists a unique h such that the entire diagram commutes.
With this we can prove the two lemmas crucial to our minimal realization

theorem.
1.15. DYNAMORPHIC IMAGE LEMMA. Let h "(QsF)-(Q’,F’) be a

dynamorphism, and let each (ek, ink) be an Jig factorization of h Q -> Q’ [or
each k Z. Then there exists a unique dynamical structure F"

(F[," ha(Q)- hk+I(Q+I)) on h(Q) such that e (Q, F)- (h(Q), F") and
m (h(Q), F") --> (Q’, F’) are dynamorphisms.

Proof. The proof is immediate from the diagonal fill-in lemma and the
diagram below.
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Again, a straightforward extension of the time-invariant argument yields the
following.

1.16. SIMULATION LEMMA. Let M be a completely reachable realization of
f I - Y and letM’ be a completely observable realization off. Then there exists
a unique simulation " M M’.

1.17. MINIMAL REALIZATION THEOREM FOR TIME-VARYING DECOmPOS-
ABLE SYSTEMS. Eery dynamorphismf (I, z) - Y, z) has a minimal realiza-
tion M. A system M is a minimal realization off if and only ifM is a canonical
realization off.

Proof. For each k, let (r, trY) be an -/t factorization of f, and let
Q -f(I) be the corresponding image. By the dynamorphic image lemma there
exists a unique dynamics Fon Qr such that/" (P, z)-(Q, F) and o-" (Q, F)-
(Y, z) are dynamorphisms. Define G= (GI- Qlk Z) and H
=(H" Q - Y]k Z) by

ino
I Y Y

Q{ Q{

Then Mt (Qt, Ft, G, Ht) is a system whose reachability map is r and whose
observability map is rt, and is thus a canonical realization of f. Since Mt is
completely observable, it follows from the simulation lemma that Mt is minimal--
and since all minimal realizations of fA are isomorphic, they are certainly
canonical.

Finally, let M be an arbitrary canonical realization of f. By the simulation
lemma there exist unique simulations q M-> Mr, q’ M --> M. That qq/= id and
q/q= id also follows from the simulation lemma, and so M and Mt are
isomorphic. FI

((Turning now to duality, recall that in the time-invariant case, we defined the
dual of the system M,

G F H

I- Q-- Q- Y,

in to be the system Mp,
H F G

Y-- O-O -- I,

in ffop.))
For finite-dimensional time-invariant linear systems we define the dual of the

system M characterized by

G F H
I--- Q-- Q-- Y
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to be that M* characterized by
H* F* (7*

Y-> Q Q- I.

However, in the time-varying case, we note that

I--+ Q Q+ --+ Y

is such that "time" increases from k to k + 1 as we move from left to right. Thus in
the duality theory for time-varying systems we must not only reverse the arrows in
our diagrams but must reverse the direction of "time" as well.

((Given a system M (Q, F,/, G, Y, H) in Y{, its dual is the system Mo

(QOp, FOp, y, HOp, L Gp) in y{op, where

O= Q_,
op" Q" O+, F__ O__, -+ O_,

H"" Y---, O" H_ Q_ --, Y,

Gp" QPI G-k I-+ O_k.

Using these substitutions, we see that the observability diagram for M

y y Y+

becomes

o <Y (Y

OO_ <

and, recalling that (r Y Y) is the copower in yffop, we see that consistent
with time reversalthe reachability map ofMo at time -k is just r tr Y
O_. Since (MP)p= M, the observability map of Mp at time -k must also be

op
tr_, rk OP --P.))

Now the operation of taking the transpose only holds for maps h A -+ B with

finite-dimensional vector spaces A. and /3; while P and Y are infinite-
dimensional (unless I or Y is {0}). However, given

f’BA and g’BA
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we can define "pseudo-transposes" f" A -B and g’" A-B by the diagrams

.f
A B A -----B

B A

and it can be easily seen [2, Lemma 5.10] that f if and only if f’ while
(dually) g 6 if and only if g" g’. Note that if r is the reachability map of M, then
r" is the observability map of M*; while tr" is the reachability map of M* for tr the
observability map of M.

((Now recall that in the time-invariant case of I-2] we fixed our category 9’ with
countable powers and copowers and an image factorization system (g’, At) to be
such that there was a class of "finite-dimensional" objects of together with
maps *" (A, B)- r(B, A), for all A, B in , subject to the axioms"

1. Given A, B, C in and f" A - B, g’B C, then (gf)* f’g*, (idA)*
ida and (f*)* f.

2. If e A - B is in g with A 6 , then B 6 . If m A - B 6 t with B 6 ,
then A .

3. Given f" A - B with A, B 6 , then f" A - B 6 A/:>f* B - A 6 .
Given A, B in if, and f" B A and g B - A, we extended the * correspon-
dence to them by defining f" A -B and g" A"- B by the diagrams

f g"

A .- B A B

B A

and we observed that for A, B, C in , for f" A- B, g A - B, B - C and
u C B, we have

1. f"= f and g"= g,
2. (tf)" f’t* and (gu)" u*g’,
3. f is in g’ c:>f" is in .))
Let us now extend to the time-varying case the duality theory we based on

these observations.
1.18. DEFINITION. ((Let (Y(,,At,,*) be as above.)) A system M

(Q, F, I, G, Y, H) is finite-dimensional if I, Y and each (Qk (k Z) are finite-
dimensional ((i.e., in )). If M is finite-dimensional, we define its dual system

M* (O*, F*, Y, H*, I, G*)



TIME-VARYING SYSTEMS 1263

by the rules

/ (H_)* Y--> O*,-

Then M* is finite-dimensional, and (M*)* M.
1.19. DUALITY THEOREM FOR FINITE-DIMENSIONAL TIME-VARYING SYS-

TEMS. Let M Q, F, I, G, Y, H) be a finite-dimensional system in ?K with dual
M*, and with teachability map r:(I,z)->(Q,F) and observability map
tr Q, F) -> Y, z ). Then

(i) (r-k)" Q-k I is the observability map ofM* at time k,
(ii) (tr_k)" Y Q-k is the teachability map ofM* at time k,
(iii) M is reachable (resp. observable) at time k if and only ifM* is observable

(resp. reachable) at time -k. Thus M is completely reachable (resp.
completely observable) if and only if M* is completely observable (resp.
completely reachable).

Proof. Recall the formulas rk’inj =bk,k-sGk-s and 7rs" trk Hk/sk/S,k; and
note that if we define * by Ck*,, F_I F/IF- (k > l) while Ck*,k idoT,, then
*.,= (_,,_)*. We thus have that

7r (r_k)"= (r-k inj)* (by definition of’)

Gk+ifJk+i,k

so that (r-k)" is indeed the observability map of M* at time k. Part (ii) follows by
duality. Part (iii) then follows from the observation that an f is in g if and only if its

f" is in , and its dual. U

2. Adjoint machines. In this section, we abandon our attempt to make the
material accessible to readers unacquainted with category theory, and instead
demonstrate that the theory of 1 is a special case of the theory of adjoint
machines developed in [3]. (As we spelled out in [3], our theory bears interesting
relations to the approach of Bainbridge [4], and generalizes the theory of Goguen
[7].) In particular, we unify the minimal realization theory for time-varying linear
systems with time-varying automata [6]. We show the richness of this concept in
[3J--with adjoint machines including sequential machines, nondeterministic
machines, Boolean machines, metric machines and topological machines. How-
ever, for now we need only assume the reader to be acquainted with our more
introductory paper "Machines in a Category" [1]. In that paper, we gave the
category theorist’s definition of functors and of left adjoints, and said that the
input structure of a machine should not be regarded as a set of applicable inputs,
but rather as a process which transforms the state-space Q into a new object QX
on which the dynamics can act.
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2.1. DEFINITION. Given a functor X Y{- Y{, Dyn (X) denotes the category
of X-dynamics whose objects are pairs (Q, 6), where Q is a ’(-object and
6:QX- Q is a Y{-morphism; while dynamorphisms g:(Q, 6)(Q’, 6’) are
r-morphisms g Q- Q’ for which the diagram

QX

O’X Q’

commutes.
We then said that for X to be interesting, it must be an input process in the

following sense.
2.2. DEFINITION. X is an input process if the forgetful functor Dyn (X)-

Y{ (O, )-- O has a left adjoint; i.e., if for each O Y{" there exists a free dynamics
tZo (OX)X- OX with a Y[-morphism rt:O OX such that given any X-
dynamics (O’,’) and any fft’-morphism :OO’, there exists a unique
dynamorphism q (OX, tZo) (O’, ’) such that q. rt f:

Q QX (QX)X
"o

QX

i
x

Q, Q’X -Q’

We assume that the reader knows (or can look up in MacLane [9]) the
categorical definition of coproducts. We shall next define what it means for a
functor to have a right ad.ioint, and establish broad conditions under which an
X Y/" Y( with right adjoint will be an input process.

2.3. DEFINITION. A functor F:M has a right adjoint if there exists a
functor F’" -M (the right adjoint of F) such that to each B in there
corresponds a -morphism BF’F-- B such that to each -morphism g B’F-
B there corresponds a unique M-morphism ch B’-> BF" such that

(2.1)

B BFF BF

OF

B’F B’
commutes.

2.4. Example. Let Vect=(Vector spaces and Linear maps), and let
X Vect Vect be the identity functor (O- O; ff). Then an X-dynamics is
just a linear map F OX O- O, as in the. linear time-invariant systems of 1.
Clearly X is its own right adjoint--se.tting F F’= X, e idB, we have that (2.1) is
satisfied with 4 g:
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B --’
ids B

B’

2.5. Example. Let Set (Sets and Maps), and let X Xo: Set--> Set be
the functor QQ Xo; f-->f Xo, where

f X Xo Q X Xo- Q’X Xo (q, x)--(f(q), x).

Then an X-dynamics is just a map 6" Q x Xo- Q, the next-state function of a
sequential machine. X Xo has right adjoint (-)x which sends Q to the set
Qxo of all maps from Xo to Q. e BXxXoB is the evaluation (f, x)-f(x), and
we have that (2.1) is satisfied on taking 4(b’): Xo- B :x-g(b’,x):

B Bx"x

B’Xo

We recall the following standard result.
2.6. LEMMA. IfF M -> has a right adjoint, then Fpreserves coproducts.
Let (M ’a I) be a collection of functors; and assume that has

/-indexed coproducts. Then we can form the functor

H=[IH.

(uniquely up to isomorphism) by

AH L[AH.

while
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It is then straightforward to check that I_[H is a functor. Now, given any functor
X" N ’g’, define X for any n _-> 0 by the rules

Xo id, X"+= X" X for n -> O,

and then set

2.7. THEOREM. Let [ have and let X" 77[--> Y[ preserve countable co-
products. Then X is an input process and X X*.

Proof. If IX= IX* we must define/X.o" IX*X--> IX* and rl I--> IX as in
2.2. Since X preserves the coproduct IX" - IX*, we have that

innX
IX" IX"X IX*X

is also a coproduct. Thus we may. define I/xo by the obvious rule

IX*X " IX*

IX.+

which certainly reduces to the familiar story in case X Xo" Set--> Set. We
define 1" I--> IX* to be simply ino. Let us check that this works, i.e., that the
diagrams

ill

I IX*

IX.+

IX*X - IX*

QX O

define a unique $" IX*--> Q. But the left-hand diagram says. ino=f
while the right-hand diagram asserts that

$. in,+ 6 qX. in,X= 6 (q in,)X, n => 0,
and these equations define the unique q which satisfies the diagrams.
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2.8. COROLLARY. If ff has countable coproducts and X" -> has a right
ad]oint, then X is an input process, and X X*. We say such an X is an adjoint
process.

[Goguen [7] has a result equivalent to this for the special case in which X is of
the form (R)Xo, for Xo an object of some closed category (K, (R), I).]

We now show that if X is an adjoint process in gg’, then X induces an adjoint
process X which yields "time-varying" X-dynamics. The construction of the
category Xz in which X lives is clearly motivated by the treatment of the identity
process X of Example 2.4 as given in Definition 1.4"

9tfZ-Objects: Sequences Q (Qlk Z) with each Q in
’Z-Morphisms" f" Q --> Q’- (f Q Q’lk Z) with each f in
z is a category with (f. g) g; (ido)k (idok).
[Note: The underlying scheme could be far more complex than Z. The tool

for developing the implications of this observation is the notion of a functor
category (see [9] for a discussion).]

2.9. THEOREM. LetX" --> where has countable coproducts. Then so too
does if{z, and ifX

(i) preserves countable coproducts or
(ii) has a right adjoint,

then so does the functor X" ?](z rz defined by

Ox) O_x

and

(fx) [_,x. o_,x o_x.

Proof. Given Z-objects Q, one for each n N [with (Q) Q], we define

(Qn) =LIOn, foreachkZ

and it is easy to check, with the obvious injections, that this is a coproduct in
Now, to say that X has a right adjoint means we can solve

AX-> B
A -> BX"

for suitable BX’. But note that we have the correspondence

so that we define

(BX’) =B+,X’,

and a straighforward computation shows that X" is indeed the right adjoint of X.
Note that taking the adjoint "reverses" the direction of "time ’.

We omit the straightforward verification that if has and X preserves
countable coproducts, then X too preserves countable coproducts. F]
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Now an element of Dyn (X) is just a,Z-morphism

t QX- Q

defined by k Qk_X- Q for each k--i.e., a time-varying X-dynamics!
2.10. COROLLARY. IfX" "-’) is an adjoint process, then the time-varying

X-process X is an adjoint process, with

Thus

2.11. Example. If X idvect, then X # idvec, In this case (2.2) yields

3 oR*], II o,_..
n

In the case that all Q are equal, say to/, (2.3) reduces to the familiar I of 1.
If X x Xo" Set- Set, then

LI x

so that a state of the free dynamics at time k records the q in Q_, in which the
machine "started", and the string w of Xg of inputs received since then.

With this, the theory of time-varying X-dynamics for an adjoint process
X" Y( reduces to the theory of the adjoint process X" z_z. Thus for the
theory of teachability, observability, realization and duality of such systems, the
reader may turn to [3]. [Bear in mind that if (, ) is an image factorization
system for , then (g-, ) is an image factorization system for z, where

{eleach e is in ’} and-{mleach mk is in }.]
To make this a little more ,concrete, we give an example of a minimal

realization for a time-varying system.
2.12. Example. Consider the time-varying linear system of Fig. 1. It may be

described by the matrices

INPUT .,,

q,(t)

q2(t)

even times

OUTPUT

odd times

FIG. 1. A time-varyingsystem--the output is q1(t) at even times and q2(t)atodd times
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=f[1 0] for evenk,

[0 1] for oddk.

The response at time k to a sequence to (. ., it," ", i, io), with input is applied at
k-l-] is

f io + ail + tai2 + aSai3 + ifkiseven,
k(to)

io +i / ai2/ aia +.." if k is odd,

and thus the total response at time k is clearly

P--> Y" to" l (ak(to), da.k(to), atak(to), tadak(to)," .) if k is even,
ft"

(ak (to), atzk (to), daak (to), adaak (to), if k is odd.

Now we have observed (and the theory of 1 is a special case) that an (g’, )-
factorization for fA in Ycz is simply a collection of (, )-factorizations--i.e.,
epi-mono factorizationsmwith one for each f’. Now it is clear that for each k the
image of ff is a one-dimensional subspace of Y,, being spanned by
(1, d, ad, dad,...) for even k and by (1, a, da, ada,...) for odd k. Thus, we let
Ok R for all k, interpreting q in Ok as (q, dq, adq, dadq,. .) in Y for even k and
as (q, aq, daq, aaaq,. .) in Y for odd k. It is then straightforward to read off the
values of (k, k and ff/k for the minimal realization

k =[1], /-?/k =[1] for all k,
OUTPUT

CONNECTION AT TIME k

k+2/ .
/k+l

Xk+l

CONNECTION AT TIME k

INPUT

FIG. 2. General representation of a time-varying sequential machine as an infinite chain of
time-invariantsequential machines, with time-varying read-in and read-out
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while

[a] for even k,fi’k= [] for oddk.

Thus our general procedure, has reduced the 2-dimensional system of Fig. 1 to a
1-dimensional system.

Incidentally, the system of Fig. 1 can be seen as a special case of a more
general construction. We see this in Fig. 2 where we have represented a time-
varying sequential machine as an infinite sequence of conventional sequential
machines, only one of which is "activated" at time t. Note that if the
dependency is periodic with period p then we can replace the infinite chain by a
chain of p time-invariant machines. Figure 1 corresponds, for a linear system, to
the case p 2.
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ON CONTROLLABILITY BY MEANS OF TWO VECTOR FIELDS*

NORMAN LEVITT AND HICTOR J. SUSSMANN"

Abstract. A set S of vector fields on a differentiable manifold M is said to be completely controllable
if for every pair (m, m’) of points of M there exists a trajectory of S from m to m’. Here a trajectory of
S is a curve which is an integral curve of some X S or a finite concatenation of such curves so that,
in general, a trajectory of S run in reverse is no longer a trajectory. Our main theorem is" on every
connected paracompact manifold of class Ck, 2 -< k __< , or k 09, there exists a completely control-
lable set S consisting of two vector fields of class Ck- 1.

1, Introduction, An autonomous control system on a smooth manifold M is,
roughly, the same as a set of vector fields on M. By analogy with linear system
theory, let us call a set S of vector fields completely controllable if, given any two
points ml and m2 ofM, there exists a trajectory of S that steers ml to m2 (the precise
definition is given below in 2). Since vector fields in general do not commute, it
is clear that a finite set S of r vector fields on the n-dimensional manifold M can
be completely controllable even if r < n. The purpose of this paper is to show
that r 2 is always sufficient to achieve controllability, as long as the obvious
necessary condition that M be connected is satisfied. We shall prove the following.

THEOREM 1. On every connected paracompact manifold M of class Ck, 2 <__ k
<__ , or k 09, there exists a completely controllable pair {X, Y} of vector fields of
class Ck- (when k or k 09 it is understood that k k).

Results that are related to but weaker than our Theorem were given by
Lobry in [4] and by Sussmann in [10] and [11].

In [4] Lobry proved, using a different definition of controllability, that
controllability is a generic property ofpairs ofCk vector fields in the C manifold M,
provided k is large enough (and =< ). His proof is based on the well-known Lie
algebra criteria for controllability (cf., for instance, [1], [2], [3] and [8]), and it
requires that k be large because a large number of Lie brackets is involved.

Sussmann gives, in [10], a proof that the set of pairs (X, Y) of Ck- vector
fields that have the accessibility property is open and dense in the fine Ck- topology
of the set of all pairs of Ck- vector fields on the Ck manifold M, if 2 =< k __< .

IfM is connected, the accessibility property implies controllability in Lobry’s
sense, and the latter property implies controllability, in the sense of this paper, of
the set consisting of the given vector fields together with their negatives. Hence,
the results described above imply that controllability can always be achieved with

four vector fields. It was shown in [11] how to bring this number down to three.
From now on, we shall only use the word "controllability" in the sense of the

definition of 2 below. The proof of Theorem 1 for 2 __< k __< ov will be given in
3 to 7, after the introduction, in 2, of our basic definitions and notations. The

prooffor the real analytic case is given in 8. We now give a brief sketch of the proof
for k - o9.
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Our construction of a controllable pair {X, Y) is based on the following idea"
if f is a proper Morse function on M with a unique relative minimum, then the
integral curves of the gradient of -f (with respect to a suitable Riemannian metric)
can be used to move from almost every point m M to points arbitrarily close to
the minimum. The set of m M for which the integral trajectory of -grad f does
not approach the minimum consists of those points for which the trajectory
approaches one of the other critical points. Therefore, the pair {grad f, grad f),
though not controllable, is in some sense "approximately controllable". We start
with such a pair and modify it in two stages to achieve a controllable one. The first
modification is described in 5, and it enables us to obtain a pair {X, yo) such
that, for some sphere S in M, every point ofM can be connected to a point of S by a
trajectory. In 6 we prove a lemma on controllability on spheres, which we use in
7 to modify X and yo in an annulus, and prove Theorem 1.
We also indicate briefly (cf. remarks at end of 5 and 7) how to modify our

argument so as to obtain the following stronger result.
TI-mOREM 2. For every positive integer n there is a positive integer N such that, if

oo >= k >- 2, then on.every connected paracompact n-dimensional Ck manifold M
there is a pair {X, Y} of Ck- vector fields with the property that, if ml, m2 are in
M, then there exists a trajectory of {X, Y} from ml to m2 which involves at most N
switchings.

2. Notations and basic definitions. Throughout this paper, we use M to de-
note a connected paracompact differentiable manifold of class C (where 2 =< k
< o). If X is a Ck- vector field on M, we. use {Xt} to denote the one-parameter
family of local diffeomorphisms generated by X. If S is a set of vector fields on M, a
trajectory of S is a continuous curve a on M which is a finite concatenation of
curves a that are integral curves of vector fields X s S. A point which is of the form
y(t) for some t_>_ 0 and some trajectory y of S for which (0) m, is said to be S,
reachable from m. The set of all points that are S-reachable from m is called
the positive S-orbit of m, and is denoted by O /(S, m). A system S is said to be
(completely) controllable if O /(S, m) M for every m s M. We observe that the
relation of S-reachability is reflexive and transitive, but (in general) not symmetric,
for a trajectory "run in reverse" is not necessarily a trajectory.

3. Morse functions. We now recall some basic facts concerning Morse
functions. If f’M is a C function, then a point m M is called a critical
point off if the differential of f vanishes at m. If m M and if {x l, ..., x,} is a
chart about m, we can define the Hessian matrix H (c32f/(c3xj c3xi)(m))a <_i,j<_,,. If m
is a critical point of f, then the property that H is nonsingular is independent of
the choice of coordinates. When this property holds, m is called a nondegenerate
critical point.

If mo is a nondegenerate critical point of f, then there exists a coordinate
chart (x, ..., x,) defined on a neighborhood U of m and an integer 2 (0 < 2 =< n)
such that x(mo) x,(mo) 0 and that

2f(m) f(mo)- x x + x]+, + + x,,

for m e U (Morse’s lemma, cf. [6, Lemma 2.2]. This reference considers the case
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k , but the proof is actually valid for k >= 3" cf. also the remark in 4). The
integer 2 is called the index of the critical point mo.

A Ck function f:M all of whose critical points are nondegenerate is
called a Morse function. It is well known that.on every paracompact manifold
there exists a Morse function..We shall use the fact that on every connected para-
compact M there is a Morse function f such that

(i) for every real a, the set M, {m M, f(m) <= a} is compact;
(ii) f has only one critical point of index zero, and
(iii) if c and c’ are critical points with c 4: c’, then f(c) 4: f(c’).
We give a brief sketch of the proof that such an f exists. It is proved in [6,

Cor. 6.7] that there is a Morse function g for which (i) holds. From this it follows
easily that M is the union of an increasing sequence Mo, Ma,"" of compact
connected submanifolds with smooth boundary, of which Mo can be taken to be a
ball. (Indeed, choose Mo to be an arbitrary ball in M. For a real a, let Na {m e M"
g(m) <= a}, and let {a}j= a,a,.., be an unbounded increasing sequence of reals that
are not critical levels ofg and such that Mo -- N,,. Then choose Mj connected
component of Naj that contains Mo, for j 1, 2, ....) Use V to denote the closure
of Mj+ Mj. Then the triad (V, ?M, c3M+ a) satisfies the condition Ho(V, ?Mj)

0. It follows from Theorem 8.1 of [5] that there is a Morse function

fj’(Vj;lmj, (mj+ 1) -- ([J,J + 1]; {j}, {j + 1})
with no critical points of index zero. It is easy to see that all these functions, and the
obvious Morse function

fo (Mo, --’ ([- 03, {0})
can be pieced together (after modifying them, if necessary, on neighborhoods of the
?Mj). The resulting Morse function f satisfies (i) and (ii), and it is a trivial matter to
modify it so that (iii) will also hold.

4. The first step. We letfbe a Morse functio.n on M for which conditions (i),
(ii) and (iii) of 3 hold, and we let Co, ca, denote the sequence of critical points of
f, arranged so that

f(co) < f(ca) < f(c2) < "’’.

It is clear that we can add an arbitrary constant to f, so we shall assume from
now on that

f(co) O.

Let 2j denote the index of cj. Clearly 20 0, 2j > 0 for j > 0. Choose, for each j, a
chart {x{,..., x} defined on a neighborhood Uj of cj, such that x(cj)

xJ,(cj) 0 and that

f(m) f(Q) (x{)2 (Xj)2 -t- (X,+I -1
t- -t- (XJ)2

for m U.
Remark. The choice of coordinates xa, ., xJ, with the above properties is

possible because of Morse’s lemma. An anonymous referee has brought to our
attention the fact that the proof of this lemma that appears in [6, Lemma 2.2]
requires f to be C3. On the other hand, here we are only assuming that M is a Ck
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manifold with k >= 2. For the benefit of those readers who might be concerned
about this difficulty, we observe that any Ck manifold, k >__ 1, has a unique C
structure which is compatible with the given C structure (cf., for instance, [17]).
Therefore, it makes sense to talk of a Coo Morse function on M even if M is C2. We
could have chosen f to be C, and then Morse’s lemma undoubtedly applies.

We assume that the U are chosen so that U is mapped diffeomorphically by
(x, ..., x) onto the ball with radius j. Moreover, we assume that

so that, in particular,

(Xj -- (Xj+ < f(cj+ 1)- f(cj)

f(m) < f(m’) formeUj, m’eUj+l.

Choose, in an arbitrary fashion, numbers fl such that 0 </3j < j, and let V
denote the set of points in U for which

(x{) +... + <

Let

Now choose a Riemannian metric on M, in such a way that

X grad f,

where the gradient is taken with respect to the chosen metric.
It is clear from condition (i) of 3 that X(m) is defined for all m e M and all

times >__ 0. Moreover, the limit

L(m) lim X (m)

exists for every m e M and is a critical point off. We let, for j 0, 1,

Cj {m e M, L(m) cj}.

Clearly, Cj r] v is the set of all points of V for which

x x 0.

In particular, ifj > 0, then Cj V is a submanifold ofM ofcodimension _>_ 1. If we
let

B= U C,
j>0

then B (the "bad set") has measure zero in M.. Definitien ef I, Forj 0, 1, 2, , let Aj" Vj Vj be a diffeomorphism
which coincides with the identity in the complement of a compact subset of V.
Moreover, if j > 0, we choose Aj so that the following conditions hold"

(A) the vector X(A l(cj)) is not tangent to the manifold A-1(C rl v), and
(B) the vector X(A(cj)) is not tangent to Aj(C rl v).
For j 0, we only require that Ao(co) - co.
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To prove that such Aj exist, let us fix j. Let {x, ..., x} be the coordinate
chart on V that was introduced above, and let a vector field Z be defined on Vj by

Z dp2, Z aicxl.i=1

Here 4 is a smooth function in V, with a compact support, and equal to one in a
neighborhood f of cj. The real constants a l, .’., a, are arbitrary, subject only to
the condition al 0.

We choose > 0 and a neighborhood f’ of cj such that Zt(m for rn e f’,
It] _--< . If m e f’, It] _< e, and if the coordinates of rn are (x{, -.., x), it follows that
the coordinates of Z(rn) are (x{ + ta,..., x, + ta,). In particular, the points
Z___(c) have coordinates (+__ ;)(al, an). Moreover, the manifold Z +/-(Cj
is given, in a neighborhood of Z +(cj), by the equations

q- ,ajx] +_ e,a a, xj
so that the vector .= vi(t?fi?xi) at Z +(cj) is tangent to Z+(Cj fl V) if and only if

v v 0. But

X(Z+,(cj)) + e) v
i=1 Xi

where vi 2ai for =< <= 2j, and vi -2ai for 2j < __< n. Since a :/: 0, we
conclude that Aj Z satisfies the desired conditions.

We let A’M --, M be the diffeomorphism defined by A(x) A(x) for x e V,
A(x) x for x U j__ V. We let yo dA(XO), so that the integral curves of yo
are precisely the images under A of the integral curves of X, run in reverse.

The pair {X, yO} is not yet controllable, but we show that it is reasonably
close to it.

For each real 2 such that 0 < 2 =< So, let us use B(2) to denote the ball

B(2) {x’x e Uo, f(x) <__ 22},

and use S(2) to denote the boundary of B(2). The complement of B(2) will be
denoted by W(2), and a fixed Vo such that 0 < Vo < flo is chosen once and for all,
in such a way that the diffeomorphism Ao coincides with the identity in the comple-
ment of a compact subset of B(/o).

LEMMA 1. Let Yo < 2 < flo. Then for every m e M there exist p e S(2), q e S(2)
such that p is reachable from m, and rn is reachable from q, by trajectories of {X, yO}.

Proof. We first show that
(a) for every me W(2) there is a trajectory of {X, yO} from rn to some

p e S(2). This is clear if rn e Co, for then the integral curve of X through m must
intersect S(2). We assume that the conclusion is true for m e U j<k C, and prove
that it is also true for m e Ck. Since X(A l(Ck) is not tangent to A-l(Ck f) Vk) at
A- l(Ck), it follows that Y(Ck) -dA(X(A (Ck))) is not tangent to Ck fl Vk at

Ck. Therefore, there is a neighborhood f of Ck such that Y(x) is not tangent to

Ck Vk if X e Ck (-I Vk fl f. For sufficiently large > 0, the point Xt (m) x is in
Ck Vk (’1 f. Therefore, for some z > 0, m’ Y(x) belongs to Vk but not to Ck.
Since f(y)< f(Ck+ 1) for y e Vk, it follows that rn’e U i<k C. By the inductive
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assumption, there is a trajectory of {X, yo} that takes m’ to S(2). Since m’
YX(m), the conclusion follows, and the proof of (a) is complete.
We now show that
(b) statement (a)remains true if (X, yo} is replaced by {- yo, xO}.
To prove this, simply repeat the proof of (a), replacing throughout X by

yo, yO by X, A by A- 1, cj by c A(cj) and Cj by C) A(Cj). Condition (B)
of the definition of yo is used in the same way as condition (A) was used in the proof
of(a).

Since the trajectories of {- yO, Xo} run in reverse are trajectories of {X,
yo}, the conclusion of our lemma has been proved for m W(). Now consider
m B(2). If m - A(co), then the integral curve of yo through m goes through S(2)
for some positive time t. If m A(Co), then X(m) 4: A(Co) for z > 0, and therefore
there is a trajectory of {X, yo} from m to S(2). A similar argument shows that
every m B(2) is in a trajectory emanating from some q S(2). This completes the
proof of Lemma 1.

Remark. A slightly more careful argument would have enabled us to choose A
in such a way that each Ck has a neighborhood k -- Vk such that, for x fk f’) Ck, it
follows that Y(x) q B for some > 0 (and a similar conclusion with X, yo, B, Ck,

Ck replaced by yo, Xo, B’ A(B), c, A(Ck), G, A(Ck)). With this choice of
A, the conclusion of Lemma can be improved by adding the statement that the
trajectories from m to p and from q to m involve at most two switchings.

6. Controllability on spheres. We shall now prove our theorem for the special
case where M is a sphere. We shall need two vector fields that satisfy a condition
slightly stronger than controllability. The following lemma states this condition
precisely.

LEMMA 2. Let n be a positive integer and let T > 0 be a real number. Then there
exist two vector fields X and Yon the n-dimensional sphere S", and a positive integer l,
with the property that for every pair m, m’ of points in S" there are nonnegative reals
l, "", it, ’1, "l such that

m’ X,, Y,X,Y X,, Y,(m)
and that

(1) .tl -+- -+- tl--" "rl -+- q- 75 < T.

Lemma 2 will follow from Lemma 3.
LEMMA 3. Let SO(#) denote the group of # x # orthogonal matrices whose

determinant is 1. Then for every T > 0 there exist two skew-symmetric matrices
A and B such that every P SO(#) can be expressed as a product

(2) I-I et’A eiB
i=1

with the ti, "fi nonnegative and such that (1) holds.
To prove Lemma 3, we use the following.
LEMMA 4. Let G be a connected Lie group and let cff be its Lie algebra. Let

X1, X be elements of c5 which generate c5 as a Lie algebra. Then every g G
is a finite product of exponentials exp (xit), 1, k, < < .
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Proof. Cf. [-7, Chap. IV, Thm. 1] or [1, Lemma 6.2].
Proof of Lemma 3. Our conclusion follows rather directly from the results

and methods of 1], but we shall give a self-contained proof. We shall use Lemma 4,
applied to the Lie group G SO(#) . The Lie algebra of G is the product
so(ix) , where so(ix) denotes the Lie algebra of all # # skew-symmetric
matrices. We let A, B be elements of so(Ix) which generate so(Ix) as a Lie algebra (for
instance, letA (aij),B (bij),whereax2 -a2a 1,b12 b23 bu_l,u

bz bu,u- and where all the other ao, bij vanish). We let C, D
denote the elements of so(Ix) defined by

C=(A,1) and D=(B,-i).

It is easy to see that C and D generate the Lie algebra so(Ix) .[ (proof: let A
denote the Lie subalgebra of so(Ix) generated by C and D, and let L {E’E

so(Ix), (E, 0) A }. It is clear that A + B L. Moreover, if E L, then

[c, (, 0)] ([A, El, 0)

so that [A, E] L. Similarly, [B, E] L. Since A and B generate so(Ix), it follows
that L is an ideal of so(Ix). Since so(Ix) is simple, we conclude that L so(Ix).
Therefore so(Ix) {0}

_
A. In particular, (A, 0) A. Since (A, 1) A, it follows

that (0, 1) A, so that {0}
___

A. Therefore A so(Ix) , as we wanted to
prove).

By Lemma 4, every element of SO(IX) [ can be written as a product

l-I exp (tic) exp (iD),
i=1

where the ti, i are real numbers. Clearly, the preceding product is equal to

tiA e + + t "1
i=1

If we apply this result to the elements of SO(IX) [ that are of the form (P, 0)
we conclude that every element of SO(IX) is a product (2) with + + t-- "- "fl"

We must now improve our conclusion to show that the ti, r can be taken to be
nonnegative, and that their sums can be taken to be bounded by a fixed T > 0. We
let 1 [2 ___, SO(IX) denote the map which to each element (tl, "’", tl, tx, "’", "Cl) of
R21 assigns the product (2). We let E denote the subspace of R21 whose elements
satisfy + + It-- "Cl + -t- "Cl. We have just shown that the union of the
fl(,l) (taken over all l) is all of SO(Ix). Since each t(El) is a countable union of
compact sets, it follows that some t(]l) has a nonempty interior in SO(Ix).

Choose one value of for which this holds, so that is now fixed. By Sard’s
theorem (cf. 12]) the differential d(p) is surjective at some point p of E. Since (I)

is real-analytic, it follows that ddOl(p) is surjective for all points p in an open dense
subset of EI. In particular, we can choose r/> 0 and let Z/+(r/) denote the set of all
points in E for which the t and the r are positive, and for which
It follows that (E1/2(r/)) contains a nonempty open subset U of SO(Ix). Since SO(Ix)
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is a compact connected topological group, there is an integer v > 0 such that every
element of SO(p) is a product of v elements of U.

(This can be proved as follows. Let K be a compact connected group and let
U
_
K be open and nonempty. Let V be the union of the sets U", where m ranges

over all integers >= 1, and where U is the set of all products of m elements of U.
Then V is a semigroup, i.e., the product of any two elements of V is again in V.
Moreover, V is open. The closure is also a semigroup, and we show that it is in
fact a group. Indeed, if v , then the sequence of powers v", n 1, 2, .-., has a
convergent subsequence {v"J)}. By taking a subsequence, if necessary, we can
assume that n(j + 1)-> n(j) + 2. Set vj "--Un(j+ 1)-n(j)-l. Then Vj F. Clearly
{v"j)} and {v"j+ 1)} have the same limit as j oo, so that vj converges to v-1.
Therefore v- is in F. Thus F is indeed a subgroup of K. Since F has a nonempty
interior, the connectedness of K implies that K. This proves that V is dense in
K. In particular, V intersects the open set V-1, so that there is a v e V such that
v- e V. But then the identity, which is equal to v. v- 1, must belong to V. Therefore,
there is a positive integer m such that the open set U" is a neighborhood of the
identity. Since K is compact and connected, (Urn)m’ K for m’ sufficiently large. To
conclude the proof, take v ram’.)

We have therefore established that every P SO(p) is a product of the form (2)
(with lv instead of l), where the ti and re are nonnegative, and where condition (1)
is satisfied, provided we take T vr/.

The proofofour lemma is now complete, except for the fact that we have shown
that our conclusion holds for some T > 0, rather than for every T > 0. But this
gap is easily removed. Indeed, if A, B, T > 0 are such that the conclusion holds,
and if 2 > 0 is arbitrary, it is clear that the conclusion also holds if A, B, T are
replaced by 2A, 2B, 2-1 T, respectively. Q.E.D.

Proof that Lemma 3 implies Lemma 2. The group SO(n + 1) acts transitively
on the sphere S". Regard the elements of S" as column vectors in "+ 1. The vector
fields defined by

X(x)-- Ax, Y(x) Bx

are tangent to S", because A and B are skew-symmetric (so that (Ax, x) (Bx, x)
0). Moreover, X,(x) eatx and Yt(x) e"x for x S’, R. Therefore, X and Y

satisfy the desired conclusion. Q.E.D.

7. Proof of the main theorems for k : o). We are now ready to prove our
theorems for an arbitrary manifold M. We let N denote the annulus

{m’m Uo,7 < (x)2 +"" + (x) < fl}"

Regard N as the product of the sphere S"-1 with the interval I (1/2 log o,
1/2 log fl0), by identifying the point p (x l, "", x,’’) of S"-1 x I with the point
of N whose coordinates are given by x eZ;xi" With this identification, the

0o 0trajectories of X, yO are the curves (x, x, -T- t) (where the sign is

"-" for X "+" for y0)
We let a denote the midpoint of 1, and choose e > 0 so small that a 2e and

a + 2e belong to I. We let b be a smooth function that vanishes in the complement
of (a 2e, a + 2e), and which is equal to one on (a , a + e). We let X, Y denote
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vector fields on S"-1 for which the conclusion of Lemma 2 holds, with T e.
We identify , Y with vector fields on S"-1 1, and hence on N, in an obvious
way. For p (x 1,..., x,’) S"- I, let

X(p) X(p)+

y(p) yO(p)+ b(0(p).

Then X and Y are smooth vector fields on N which coincide with X, yO in the
complement of S"-1 x [a 2e, a + 2el. We can therefore extend them to M by
letting

X(m) X(m), Y(m) Y(m) .for m q N.
This completes the construction of X and Y. We now show that they have

the desired properties.
LEMMA 5. Let S S"- {a}. Let m M be arbitrary. Then there are trajec-

tories F, I-" 2 of {X, Y} such that (i) F1 starts at m and ends at a point of S and (ii)
I" 2 starts at a point of S and ends at m.

Proof Along the trajectories of X, Y in N the coordinate satisfies the equa-
tions -1, respectively. The conclusion of our lemma is then trivial if
meN.

If m q N, Lemma gives us trajectories F’I [0, r] M, Fz [0, s] M of
{Xo, yO} such that F’I(0) F(s) m and that F’l(r) and Fz(0) belong to S. We
can clearly choose r0, So such that F’(t)(0 __< <_ r0), Fz(t) (So =< =< s) are not in
S"-1 x [a- 2e, a + 2el and that m’= F’l(ro), m"= F(s0) are in N. Since the
restrictions of F’l to [0, r0] and of Fz to [So, s] are trajectories of {X, Y}, the desired
conclusion follows from the first part of our proof.

LEMMA 6. Let S be as in Lemma 5. Let ml, m2 be points of S. Then there is a
trajectory of {X, Y} which starts at ml and ends at m2

Proof Let mi (i, a), 1, 2, i S"- 1. The vector fields X, Y were chosen
so that there is a trajectory [0, r] S"-1 of {., Y} for which F(0)= ml,

(r) 2. Moreover, if we let (t), q(t) denote the sum of the lengths of the sub-
intervals of [0, t] in which F is an integral curve of X, Y, respectively, we can assume
that (r) q(r) < e, because of condition (1) of Lemma 2.

Define F by

l(t) (1-’(t), ((t)), O<=t<=r, where (t) a + q(t) (t).

It is clear that F(0) ml, F(r) m2. Moreover, (t) or (t) depending
on whether is in an interval in which is an integral curve of Y or of ,. Finally,
a e < (t) < a + e for all t. Since the function q5 is identically equal to one on

[a , a + el, it follows that F is a trajectory of {X, Y}.
Lemmas 5 and 6 clearly imply that the pair {X, Y} is controllable. The proof

of Theorem for k 4: co is therefore complete.
We now indicate how to prove Theorem 2. This will follow from
(a) the remark at the end of 5, and
(b) the fact that the integer of Lemma 2 is independent of m and m’.
If the diffeomorphism A is chosen as indicated in the remark of 5, then

arbitrary points m and m’ can be joined by a trajectory which
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(i) goes from m to a point p of S. To achieve this, two switchings may be
required, to avoid being absorbed by a critical point.

(ii) goes from p to some other point q in S. This involves at most 21-
switchings.

(iii) goes from q to m’, with no more than two switchings.
Thus the trajectory involves at most 2 + (2/- 1) + 2 + 2 switchings (the

last term is due to the two switchings that are needed to change from (i) to (ii)
and from (ii) to (iii)). Thus we can take N 5 + 21, where is the integer of Lemma
2, which depends only on n. This proves Theorem 2.

8. The real analytic case. We now assume that M is a real analytic manifold.
We have already proved that there exists a pair {X, Y} of C vector fields which
is completely controllable, and we want to show that X and Y can actually be
taken to be real analytic.

We shall use the following fact, due to Morrey [13] for compact M and to
Grauert [14] in the general case.

TH MORRE-GuERT IMBEDDING THEORUM. Every separable real analytic
manijbM M can be imbedded in a Euclidean space l by a regular and proper C
mapping.

Assume that M is so imbedded. Then the tangent bundle T(M) of M is
naturally identified with a subbundle of the trivial bundle M [. This bundle
has an obvious Riemannian metric, and there is an associated projection map r
from the space F(M l) of C sections of M [l into the space F(T(M)) of
C vector fields on M. If both spaces are given the fine C topology, it is clear
that t is continuous. Moreover, if F F(M [l) is real analytic, so is rtF. Now, it
follows from the Whitney approximation theorem (cf. 15], [16] or 17-]) that every
real-valued C function on M can be approximated arbitrarily close in the fine
C topology by real analytic functions. The same is therefore true for sections of
the trivial bundle M [l. If X is a C vector field on M, then X, considered as
a section of M [, is the limit of a net F, of real analytic sections. Putting
X, rF, we get a net of real analytic vector fields that converges to X in the fine
C topology. The validity ofTheorem for k o is now an immediate consequence
of the following result, proved by Sussmann in [10]: the set of all completely
controllable pairs (X, Y) of C vector fields on a C manifold M is open in
F(T(M)) F(T(M)), if F(T(M))is given the fine C topology.
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