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BOUNDARY CONTROL OF TEMPERATURE
DISTRIBUTIONS IN A PARALLELEPIPEDON*

H. O. FATTORINIf

Abstract. Let u, be the temperature distribution of a homogeneous parallelepipedon at time
t = 0. We study the problem of regulating the boundary temperature of the parallelepipedon in such
a way that the temperature distribution at time ¢t = T coincides with a function fixed in advance.
The problem is shown to have a solution under some restrictions on the final temperature distribution.

1. Introduction. We consider the n-dimensional heat flow equation

u " 0%u

1.1 —=KAu=x ) —,
(1.1 Ot 2z ox}
0=sx;=X;(1=j=n),0=t=T, k>0.This equation governs the evolution
of the temperature distribution of a homogenous ‘“body” occupying the n-
dimensional parallelepipedon P defined by the inequalities 0 < x; < X; (1< j

j=1

< n), where X, X,,---, X, are fixed positive numbers. We assume that the
temperature u(x, t) = u(x,, x,, - - -, t) satisfies the boundary conditions
(1.2) u(x,t) = f(x,t) (xeB = boundaryof P,0 <t < T),

where f is interpreted as a control or steering function by means of which we try
to influence the evolution of the temperature distribution u(x, t) in the whole body
in a sense to be defined below.

The controllability problem for the system (1.1), (1.2) can be formulated as
follows. Given an initial condition

(1.3) u(x,0) = ug(x)
and a final condition
(1.4) u(x, T) = uglx),

can we find a control f such that the solution u(x, t) of (1.1), (1.2), (1.3) also satis-
fies (1.4)?

To consider this problem we shall need the standard existence theorem for
(1.1), (1.2), (1.3), namely, the following.

THEOREM 1.1. Assume that u, is continuous in P, that f is continuous in
B x [0, T] and that

(1.5) uy(x) = f(x,0), x€B.

Then there exists a unique solution u of (1.1), (1.2), (1.3). Moreover, u is continuous
inP x [0, T].
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2 H. 0. FATTORINI

For a statement and discussion of more general results than Theorem 1.1
see A. Milgram’s appendix to [1]; note that P x [0, T] satisfies the “cone con-
dition” there. A proof for the case n = 1 can be found in [11] in a way easily
generalizable to the case n > 1. Note, finally, that “solution’’ is understood in the
classical sense ; u has continuous derivatives up to the order of the ones appearing
in (1.1)—in fact, of all orders—in the interior of P x [0, T]. Continuity of u in
all of P x [0, T] guarantees that condition (1.4) can be given meaning.

It is possible to deduce from the results in [3] certain density results for the
set of all u; such that the controllability problem has a solution, keeping u,
fixed, and also interchanging the roles of u, and u;. We improve here these results
by giving precise sufficient conditions on u,, uy in order that the controllability
problem should have a solution (Theorem 4.1 and Corollary 4.3). In particular,
these conditions show that the null controllability problem (u; = 0) always has a
solution. As can be expected from the smoothing properties of the heat equation,
the conditions on u; for solution of the controllability problem are rather severe.

The same type of problem for parabolic equations in one space variable was
treated in [4] by reduction to a moment problem. It was pointed out to the author
by D. L. Russell that the present problem can be reduced to a family of moment
problems that must be ‘“‘uniformly’ solved in a certain sense. This calls for uni-
form estimates on the norms of certain biorthogonal sequences, a task that has
been carried out in [5] for different classes of sequences (we note that the estimates
in [5] are applied there to the solution of the controllability problem in a sphere
in n-dimensional space). It should be pointed out that, although the present
results are of a much more elementary nature than those of [5], they are not con-
tained in them ; on the other hand, we have not made any effort to minimize over-
lap between the present paper and [5] in order to keep it reasonably self-contained.

A solution of the controllability problem for an arbitrary bounded domain
in n-dimensional space has very recently been announced by Russell (private
communication). However, the characterization of the final states u; is less
precise than the one given. Besides, the case considered here has two more inter-
esting features of its own. First, it turns out that we do not lose much, in a quali-
tative sense, if we apply control in only one of the 2" faces of B, instead of doing
it on all of B. Second, one can deduce sufficient conditions on uy for solution of
the controllability problem that do not depend on its Fourier coefficients and
are, besides, very simple to check. These two observations should be compared
with the results in [5] for a similar situation.

The moment problems mentioned earlier are obtained in §2. These prob-
lems are solved in § 4, after all the necessary estimates on the norms of biorthogonal
sequences are carried out in § 3. Section 4 ends with a proof that the results are,
in a suitable sense, best possible.

2. Reduction to moment problems. Let 4 be the operator in L?(P) defined by
(2.1) Au = kAu

with domain D(A4) consisting of all functions u € L?(P) such that Au (understood
in the sense of distributions) belongs to L?(P) and

2.2) u(x) =0, xeB.
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It is well known (see [3]) that A is self-adjoint and has pure point spectrum ; its
eigenvalues are { —4,}, where
(2.3) Ay = K(ctad + c203 + -+ + c2ad).

(Here o = (aty, a0, - -+ , ) is an arbitrary vector of positive integersand c; = n/X;,
1 £ j £ n) The (normalized) eigenfunction corresponding to 4, is

(2.4) @0, =2"(X,X, - X,)"V?sinc o x, - sin ¢,a,x,.

Assume u,, f satisfy the assumptions in Theorem 1.1 and let u(x, t) be the solution
of (1.1), (1.2), (1.3) provided there. Given a and T > 0, define

wyx,t) = e’ Dy (x), 0=<t<T.
Then

ow
ot

in P x [0, T]; moreover, w, vanishes in B x [0, T]. It follows from the divergence
theorem that

a

= —kAw,

0= J wa(a—u - rcAu) dx dt
pxpo,1]  \Ot

@.5) - f ux, T)g,(x) dx — €= j o) @,(x) dx
P P

T
+ xf e *T1 dtf f(x,t)ﬁtpa(x)da,
o B v
where 0/0v and do indicate, respectively, the outer normal derivative and the
element of area in B. We assume from now on that f vanishes in all but one of the
2" (n — 1)-dimensional faces that make up the boundary of P (the effect of this
as regards the controllability problem will be examined in §4). Obviously, we
may assume that the part of B where f does not vanish is

By = {xeB;x, = 0}.

In B, we have

0 32 .
a_(Pa(x) — 2" (X | - X, ) 2K ¥ sine o x g cee SN, Oy Xy
v

2.6 _ _ . .
(2.6) = —Ba 2" VXX, -  X,_ )" M2sinc o xg cr SING, 10— X,y

= _Banr’[i(y),

where we have set B = (0t;, -, 0,_1), Y= (X4, ", Xp—y), B =2V20X;32
Clearly, {n,(y)} is a complete orthonormal system in B,; moreover,

gl < Q =20"VAX, -+ X,_)!2,  yeB,.
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Assume that the controllability problem of § 1 has a solution f, continuous
in By x [0, T] for some initial state

2.7) Uo(x) = Y i ufx)
and some final state
(2.8) ur(x) = Y v,0,(x).

Let, for each S,

2.9) g,(0) = f gy, On,0) dy.

where g(y,t) = f(y, T — t). Then we deduce from (2.5) that g; must be a solution
of the moment problem

T
(2.10) f e Mgyt)dt = —(e”*"p, — v,)/Brat,, o, = 1,2,
0

These moment problems will be solved in the following way : let  be fixed and
denote by {y,}, @, = 1,2 ---, a sequence biorthogonal to exp (—4,) in (0, T),
that is, such that

T
f Y t)e t=rdt =6, ,
0

(here ¢ is the Kronecker delta, o' = (ay, - -+, o,_, &,)). Then, at least formally,

@.11) g) = 3 [T, — v)/Breo, (0

an=1

is a solution of (2.10). As for g, it will be given by the expression

(2.12) gly,t) = %gﬂ(t)n,;(y)

provided that (2.11) and (2.12) are shown to be convergent in suitable topologies.
This will be justified in §4 by means of precise estimates for a particular bi-
orthogonal sequence.

3. Biorthogonal sequences. Let A = {/,} be a sequence of real numbers such
that 0 < g < 4, < -+,

Y 1/4, < .

The distance d(n) in L?(0, c0) from e~ ** to E™, the subspace generated by
{e~*;k # n}, has been computed by Kaczmarz and Steinhaus [6, Chap. III, § 6].
We have

1

)
d(n) = k_n
(2171)1/2 k

Ax + Ay

Here || means that the term corresponding to k = n should be omitted from
the infinite product.

’

(3.1)

s n=0,1, --.

=0
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If r, is the unique element of E™ that lies closest to e™*, then it is plain
that the sequence

(3.2) Yult) = d(n)"2(e™*" — r,(1)), n=0,1,---,

is biorthogonal to the sequence e~ **' in L?(0, c0). Moreover, it is the biorthogonal
sequence with smallest possible norm. For, if {{,} is another such sequence, then
Y, — ¥, belongs to E* (E is the subspace of L%(0, co) generated by all the exponen-
tials {e~**}). Accordingly, ¥, = ¥, + ¢, (¢, € E*) and, as y, € E,

(3.3) Il < 181

(here and afterwards, | - || indicates the norm in L?(0, c0)). The norm of y, can
be easily computed from (3.2);

Wl = 1/d(n).
We shall apply these observations to the sequence (or, rather, family of sequences)
3.4 o =0, A, =on®+u, n=1,2,---.

Here o, w are fixed positive numbers (¢ < w) and p is a parameter varying in
the interval [0, c0). We deduce that, for each u =0 there exists a sequence
{Vnwaeut);n =1} in L%(0, 00), biorthogonal to {e™©"*#*; n > 1} such that

(35) [ e Mueivdt=0, nz1, wzo.

0
According to (3.1) and (3.2),

,on*+pu+0 =

l_[/

1¥n.0,0ull = cn® + )"

wk?* + wn? +2u‘

on*+pu—o,—y| ok?—on?
3 on*(wn* + p + ) R- 0+ (" + 2u/w)/k?)
(3.6) " Qo + ) on® + 4 — o) = 1= 7k

B 212003 (on? + p + o)n?
" m(wn? + p)*(wn? + 2p) > (wn? + p — o)

sinh n(n? + 2u/w)'/2.

Let E(w, o, 1) be the subspace of L?(0, c0) generated by the exponentials
{e™*":n = 0} where the A, are given by (3.4), and let E(w, o, 1) be the subspace
of L%(0, T) generated by their restrictions to (0, T). It follows from a result of
L. Schwartz [10] that the restriction operator Q{(w, o, ) : E(w, 0, 1) = Er(w, o, 1)
has a bounded inverse for each u = 0, A slight modification of his argument (see
a more general result in [5]) yields the following lemma,

LeMMA 3.1. For each T > 0,

(3.7) sup 1Qr(@, 0, )7 || = K, ,(T) < 0.
nz

Proof. Assume the conclusion of Lemma 3.1 is false for some T > 0. Then
there exists a sequence {p,,} of exponential polynomials

Pm(t) — Zamne—(wn2+u(m))t + bm e O
n

= q,(t) + b, e
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such that

(38) Ipnll = 1

while

(39 IPullory = O asm — oo

(here | - |l (o,r) indicates the norm in L*0, T)). If Vw0, 18 the sequence in (3.6),

clearly @, = {Pms Vnw.ou» ({,+> is the scalar product in L*(0, c0)). Hence,
(3.10) |Gl < C ™+ 202 0y iy > L

(Here and in subsequent estimates C indicates a positive constant—not neces-
sarily the same for different inequalities—independent of the parameters subject
to variation, in this case n and p.) Let p > 0 and z be a complex number such
that Re z = p. Then it is easy to see that (3.10) implies

(3.11) lgn(2)} < Ce ™Rz, Rezzp, m21.

Accordingly, we can apply Montel’s theorem on normal families of holomorphic
functions to deduce that, if necessary, passing to a subsequence, {q,,} converges
uniformly on compacts of Rez = p to a holomorphic function ¢q; in view of
(3.11) and of the Lebesgue dominated convergence theorem, g,, — ¢ in L%(p, 00).
From this and from boundedness of p,, we deduce boundedness of b,,e " in
L*(p, 00); then, if necessary, passing again to a subsequence, we deduce that

(3.12) Pm—q+ be  in L*p, o).

If we combine (3.12) (say, for p = T/2) with (3.9) we see that p,, converges in
L%0, ov) to a function that must vanish almost everywhere in (0, T); since
q + be™ " is holomorphic, it must be identically zero, which is impossible in
view of (3.8). This ends the proof of Lemma 3.1.

Now define

(313) 'ﬁn,w,n,u,T(t) = e—m{[QT(lu' + 6)_1]*i//n,(:),a,u+a} (t)

forn = 1, u = 0. A few simple manipulations show that the sequence

ris
biorthogonal to {e™ @™ *#':n > 1} in L*0, T) for any u > 0 and that

n,w,o,u,

T
(3.14) f Vnoour®dt =0, n>1, p30.

0

Integrating by parts the biorthogonality relations and taking (3.14) into account
we deduce without difficulty that the sequence

t
l//n,w,a,u,T(t) = (0)”2 + M)f lpn,w,a,u,T(s) dS, n —>_— 1’
0

is as well biorthogonal to {e~@"*#: n > 1} in L0, T). It follows from (3.13)
and from Schwarz’s inequality that the L'(0, T)-norm of ¥, ,, r(t) does not
exceed

(20’)- llsz,a(T) " l/jn,w,a,u +o ” .
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Then,
(315) h//n,w,a,u,T(t)| é Kw,o'(T)Rn,w,a',u’ 0 é t é T’ n g 1> n = 0’
where we have set

(3.16) Rywou = (@n* + 0)(Q20) 1 2Yy 4040l

4. Solution of the moment problems. We go back to (2.10) and to its formal
solution by means of the series (2.12). The results in § 3 will be applied to the
following values of the various parameters involved. The index »n in § 3 will be
replaced by a,; as for w, u,

w=rKct, u=xla?+ -+ 20l ).

Given T > 0, the functions ,,, , , r Oof §3 will be written , ; (thus omitting
explicit reference to ). K,, ,(T) will be written K(T), R, ,, ,., Will be written R,,
etc. In this notation, inequality (3.16) becomes

4.1 W) = K(T)R(T), O0=t=<T, nzl, pz0,
where, in view of (3.6),
42) R, = Clof? expn(2X,/X )03 + -+ + 2X /X0 )’y + 022,

Set ¢, = (e~ *Tu, — v,)/Bka,. Given a function f in, say, L'(P) and some T = 0
define

pr(f) = (Bx)™' Y e *TR |a,/a,,

where the {a,} are the Fourier coefficients of f with respect to the {@,}, that is,

[~ a0,
Clearly, p7(f) < oo if T > 0 for any f.
Assume
(4.3) Polur) < 0.

Then it is clear that the series (2.11) converges absolutely and uniformly in
0 < t < T asfor the series (2.12), defining g in terms of the gy, it is also uniformly
and absolutely convergent—this time in B, x {0, T)—and

(4.4) lg(y, ) < QK(T)[pruo) + polur)].

We note that, as all the Y, vanish for t = 0 and t = T (an immediate consequence
of (3.14)), the same is true of each g; and thus of g; accordingly, if the initial state
u, vanishes in B the compatibility condition (1.5) of Theorem 1.1 holds. We have
thus proved the following theorem.

THEOREM 4.1. The controllability problem of § 1 has a solution f continuous in

B x [0, T] (and with support in By x [0, T)) for any initial state u,, continuous in P
and zero in B and for any final state uy that satisfies (4.3).
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It should be pointed out that condition (4.3) is far from necessary for solv-
ability of the control problem, even when n = 1. In fact, let T be an arbitrary
positive number. The solution of

ou _ 0%u
ot ox¥

that satisfies
u(x,0) =0, 0<xgm,
as well as
w0,t) =0, u(n,t)=n(T — 1), 0Zt=T,
is

u(x,t) = 22 —1)n :

{(T + %)(e‘”z' -1+ 2t} sinnx + xt(T — t).

But it is plain that, if u;(x) = u(x, T), then

polur) = .

On the other hand, condition (4.3) is the best possible of its type: for details on
this, see Remark 2 (especially Lemma 4.5) in the following section.
Condition (4.3) is a consequence of the easier looking inequality

4.5 la) < Mexp{—(n + QXX )} + -+ + AX,/X,_ o, + o))"}

for some M, ¢ > 0. An intrinsic characterization of the functions whose Fourier
coefficients {a,} satisfy an inequality of the form (4.5) is a consequence of the
following result. In its statement and proof, y = (y,, ---, y,) is an n-vector of
integers,y; = ---, —1,0,1,---, 1S j < n

LemmA 4.2. Let f = f(xy,x,, -, X,) be 2X;-periodic in X;, 1< j<n.
Then its Fourier series
(46) f ~ Z ay €Xp i(cl’))lxl + ot C,,y,,x,,)

v
satisfies
4.7) la,) < Mexp[—(1 + e)(kiciy] + -+ + K,cavd)'?],
Ky, K, > 0, for some M, ¢ > 0 if and only if f can be analytically extended to
the “ellzpsozdal strip” B = E(k,, - - - , k,) defined by the inequalities
(4.8) —o < Rez; < o,
4.9) Y Imz)%/k; <1.
i=1

The proofis hardly different from the case of only one variable (see, for instance,
[7]) and thus will only be sketched. The direct part of the proof is immediate for
we only have to replace (x,,---, x,) in (4.6) by a complex vector (z,, -, z,).
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The coefficients of the resulting series can be bounded by

n 1/2 n
M exp [—(1 + s)( > rcjcfyf) + Y cjyilm zjl:l,
i=1 i=1

where, by Schwarz’s inequality,

n

n 1/2( n
2 cpiimz] < (Z |Im Zj|2/’<j) (Z Kieiv )
ji=1 ji=1

i=1

1/2

The converse part is proved as follows. Observe first that, if f is periodic and
analytic in a region defined by (4.8), (4.9) then it will be so in a slightly larger
region, say, the one defined by (4.8) and

(4.10) Y Imz?/k; < (1 + ¢)?, e>0.
i=1
The yth Fourier coefficient of f is given by the formula

a,=V"! ff(x) exp (—ilcyyyx; + - + CYx,) dx,

the integration being carried out in the cube —X; < x; < X;, 1 £j < n, with V
the volume of the cube. Taking advantage of the periodicity properties of f, the
domain of integration can be deformed into the cube defined by the inequalities

—X;=Rez; £ X;
and the equalities
Imz; = —p(1 + ekicy; = nj,

where

We can then estimate (4.11) by

Mexp(—cyyny — -+ — cyut) = Mexp [—(1 + &) (e cdy? + -+ + K,c292)"2],

which ends the proof of Lemma 4.2.
We can now reformulate (a weaker version of) Theorem 4.1 as follows.
THEOREM 4.3. The controllability problem has a solution f satisfying the con-
ditions of Theorem 4.1 for any initial state u, continuous in P that vanishes in B
and for any final state uy which is odd, 2X j-periodic in x;, 1 £ j < n, and can be
analytically extended to

EQX}/m, -, 2X}/n, X}/m).

It is usually the case in applications of control theory that the control function
—in our problem, the boundary temperature f—cannot be arbitrarily large ; for
instance, f may have to obey the constraint

(4.11) Ify,0l =6, yeB,, 0=t=T,
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for some 6 > 0. Clearly, the null reachability problem (u, = 0) will have a solution
[ satisfying (4.11) if

(4.12) Polur) < 0/QK(T).

Unfortunately, one needs to compute K(T) explicitly in order to verify (4.12).
This kind of information cannot be obtained from Lemma 3.1, whose proof is
nonconstructive and sheds no light on the size of K(T), nor on the nature of its
dependence on T. Clearly, K(T) exceeds 1 and does not increase as T grows: a
slightly more refined analysis shows that K(T) is strictly decreasing and con-
tinuous in T > 0. From our point of view, a more interesting result is found in the
following lemma.

LEMMA 4.4. Let p > 0. Then there exists a constant M > 0 such that
4.13) 1+4e2T<K(T) 14+ Me™ 27, T=p.
Proof. Let p(t) = e” % € E¢(w, 0, p). Then

K(T) = lIpllo,w/ P01y = (1 — e 2oT)=12 =1+ Le 2T

(here | - |l 0.1 indicates the L2-norm in (0, T) and || - ||, indicates the L*-norm
in (0, 00)).

We prove now the right-hand side of (4.13). It was shown in § 3 that there
exists a sequence {¥, ,,,: 7 = 0} of functions in L*(0, co) biorthogonal to

(4.14) {e7ot em@m it p > 1}
and satisfying
(4.15.1) Waooullo < C T2 > 1,

The norm of ¥ ,, 5, Was not explicitly calculated in § 3; however, it can be easily
obtained from formula (3.1). We have
© (wk* +p+ o0
1¥0.0.0.ull 0,000 = (20)"2 1 (m)

k=1

(4.15.2) — (20)" [15: (1 + (1 + 0)/(k?)

[T, 4+ (1 — o)f(wk?)

u + o\~ Y2sinh nl(u + 0)/w]"/? < o
u—o sinh 7[(u — o)/w]'/? = ) u=0.

= (26)“2(

If we now set

l/In,w,c,u,p = [Qp(ﬂ)_l]*'pn,w,a,uﬂ n g 1’ lu' =->—- 0’

then {Y, 5., " = 0} is a sequence biorthogonal to (4.14) in L*0, p). By virtue
of Lemma 3.1 it satisfies an estimate of the same form as (4.15). Now let

pt) = age™ + Y a, e rpr
be an arbitrary exponential polynomial in Er(w, o, ). Since

a, = <p’ l/’n,w,q,u,p>a
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we have

2
lao| = C”P"(o,r)’ la,| = C”p”(O,T) e™” +z,,/w)1/z’ n

v

1.
Accordingly,

Ip(o) < cnpn(o,ne*“{l + Y expnln? + 2u/)? — (@n? + p - o)t]}

-

S Clplone™ ", t2T

v
v

p.
Squaring and integrating,

1PlIr.) < C PN 1y €™ 2T

Then,
Ipll0,e) < (1 + C"e_zaT)m"P"(o,T)
(1 +3C 3_2”)"17"(01),

which ends the proof of Lemma 4.4.

Since (4.13) implies that K(T) - 1 as T — o0, we see from (4.12) and the
comments preceding it that the null reachability problem has a solution f subject
to the constraint (4.11) for sufficiently large T if

Polur) < 6/Q.

The null controllability problem (u; = 0) with the constraint (4.11) has a solution
for sufficiently large T for any u, that satisfies the conditions in Theorem 4.1.
This is an immediate consequence of (4.4) and of the easily verifiable fact that
pr(ug) > 0as T — co.

Remark 1. The restriction that u, should vanish in B in Theorem 4.1 and
subsequent results can be eliminated as follows (we owe this observation to D. L.
Russell). Let u, be merely continuous in P, and let f be continuous in B x [0, T],
zero in (say) B x [T/2, T] and such that

uop(x) = f(x,0), xeB.
Denote by i the solution of (1.1) with

i(x, 0) = uy(x), X€eP,
#(x,t) = f(x,t), xeB, 0<t<T.

It is not difficult to see (due to the fact that i satisfies the homogeneous equation
(1.1) for t = T/2) that ii( -, T) satisfies the conditions for a final state in Theorem
4.1. Accordingly, if u; also satisfies these conditions we can find, making use of
Theorem 4.1, a solution of (1.1) with

u(x,0) =0, xeP,
u(x, T) = ugp(x) — u(x, T), xeP.
It is easy to see that

u(x, t) + d(x,t)
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is a solution of the controllability problem with u, as initial state and u as final
state.

Remark 2. It can be easily seen that the constants in inequality (4.5r—and
therefore those in Theorem 4.3—are best possible in the following sense.

LemMA 4.5. Assume the controllability problem has a solution f vanishing out-
side of B, for uy = 0 and any uy whose Fourier coefficients satisfy

(4.16) vl < Mexp {—Cley. 05, -, @)}

for some constant M, where the C(a,, a5, - -+ , &,) are positive numbers. Then
Cloy, 0,0, a,) + Cyloga,
4.17) 2 !
2 n2X,/X )22 + -+ 2X, /X, )02, + a2)? — C,.

Proof. Denote by E the space of all multiple sequences {v,} that satisfy (4.16)
endowed with the norm

"{va}” = Suplvul €Xp C(al9a29 R Otn).

Plainly E is a Banach space. If f is the solution of the controllability problem
provided by the assumptions in Lemma 4.5 for a given uy, then g(x, t) = f(x, T — t)
must satisfy (2.9), (2.10) where the v, are the Fourier coefficients of u;.

Denote by F the subspace of L%(B, x (0, T)) consisting of all functions
g(x, t) such that (2.9), (2.10) hold with

U, =v, =0 foralla.

Plainly F is closed. Next consider the map

P:E - L*B, x (0, T))/F
defined by

{vJ—-g+F,

g asolution of (2.9), (2.10) (g + F indicates the equivalence class of g in the quotient
space L2(B, x (0, T))/F). Itis evident that P is well-defined in all of E. A moment’s
reflection shows that P is closed; then, as an application of the closed graph
theorem we see that P is bounded. This implies the existence of a constant C > 0
such that, if {v,} € E, there exists a solution g € LB, x (0, T)) of (2.9), (2.10) such
that

lgllL2@ox 0.1 = Cli{vasl
(here and afterwards C indicates a constant that may not be the same for different
inequalities). Let y = (y;, 75, --*, 7,) be another n-tuple of positive integers. Define

Vg[") = {BK%' ifocl =V U = Vs
0 otherwise.

Plainly, for each fixed y, {v%’} belongs to E and
" {vfzw}” = BKyn exp C(yl s V25 "0 )’,,)
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Let g be the solution of (2.9), (2.10) corresponding to {v{"} and let g be the
functions obtained from g through (2.9). Obviously,

”g;iy)”LZ(O,T) < ||g”L2(Box(O,T)) S Crexp C(yy, 72, 005 Va)-

Now, it is not difficult to see that, if § = (a1, 0,, =<, % 1) = P1sV2> " 5> Vue1)
and if we set y = (B,7,), then the sequence {g{’},, is biorthogonal to {e”*}, in
L%(0, T). If Q is the restriction operator of § 3 (we omit parameters for the sake
of simplicity) then {Q%g$},, will provide a sequence biorthogonal to {e”*+}, in
L?(0, o0) and

”Q#'g(;)”LZ(O,oo) < Ca,exp (Coy, oy, o0, ).

On the other hand, it follows from the considerations at the beginning of §3
about biorthogonal sequences with smallest possible norm and from (3.6) that we
must necessarily have

10785 120,20y Z CexP X /X Y0t + -+ + 2X,/X,_yYor—y + o)'?

from which (4.17) follows.

Remark 3. The results in the present paper can be generalized to bounded,
cylindrical domains of the form D x [a,b], D a bounded domain in (n — 1)-
dimensional space, the control being applied in, say, D x {a}. One loses, however,
the useful characterization of final states afforded by Theorem 4.3.

In a qualitative sense, application of control to all of the boundary of P (that
is, to all of the faces that make it up) does not change the controllability results.
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OBSERVABILITY AND RELATED PROBLEMS FOR PARTIAL
DIFFERENTIAL EQUATIONS OF PARABOLIC TYPE*

YOSHIYUKI SAKAWA®

Abstract. Questions regarding observability on the basis of the observed measurement data
from a finite number of sensors are discussed for the distributed-parameter systems described by linear
partial differential equations of parabolic type. Necessary and sufficient conditions for observability
are presented. We obtain a sufficient condition for continuous dependence of a state of the system
upon the observation, Location of sensors for ensuring observability and continuity are discussed
for several examples.

1. Introduction. Determining a state of a distributed-parameter system from
observed measurement data is of fundamental importance when we stabilize and
optimize the system by the feedback control [1]. It may appear that an infinite
number of sensors along the spatial domain would be needed in order to measure
spatially distributed physical quantities such as temperature distributions,
neutron flux, and so on. However, such a realization of measurement system is
impractical. Thus, the following questions will arise:

(i) Is it possible to determine a unique initial condition of a distributed-
parameter system on the basis of the observed measurement data from a finite
number of sensors? (observability problem).

(i) Where should the measurement sensors be located and what is the
minimum number of sensors in order to ensure observability?

(iii) Does the state at the time t = T which we want to determine depend
continuously upon the observed measurement data over the time interval
0 <t £ T? (continuity problem).

Questions (i) and (iii) correspond to the question of whether the state deter-
mination problem is well-posed in the sense of Hadamard. Goodson and Klein [6]
and Yu and Seinfeld [12] respectively discussed the observability problem on
several examples. Concerning the continuity problem, Mizel and Seidman [9]
considered a heat equation in an n-dimensional ball and discussed the continuity
of a mapping from the observation along the whole boundary of the ball to the
state to be determined. Dolecki [4] considered a single point-sensor for a one-
dimensional heat equation and discussed the continuity of the mapping from the
observation to the state.

In this paper, we consider a heat equation in high-dimensional space with
boundary conditions of general type and discuss both the observability problem
by a finite number of sensors and the continuity of a mapping from the observation
to the state to be determined. The results are then applied to several systems.

2. Preliminary results. Let D be a bounded domain of an r-dimensional
Euclidean space, and let S, the boundary of D, consist of a finite number of (r — 1)-

* Received by the editors May 21, 1973, and in revised form October 4, 1973.

t Department of Control Engineering, Faculty of Engineering Science, Osaka University,
Toyonaka, Osaka, Japan.
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PARTIAL DIFFERENTIAL EQUATIONS 15

dimensional hypersurfaces of class C3.! The spatial coordinate vector will be
denoted by x = (x;,x,, -, x,)€ D. Consider a linear parabolic partial differ-
ential equation

du(t, x)
ot

(1) = Au(t, x) - q(x)u(t, X),

where ¢ is the time and A denotes the Laplacian given by
0* s
[ — + P + —
(0x,)? (0x,)?
It is assumed that g(x)is Hélder-continuous on the compact domain D(D = D U S,

the upper bar denotes the closure).
The boundary condition is given by

A

ou(t, &) _

@) (e, &) + (1 — al§)—7

0,

where £ € S, v is the exterior normal to the surface S at a point & € S, and (&) is a
function of class C? on S satisfying

0= 1.
The initial condition is given by
(3) lim u(t, x) = ug(x) in L,(D),
t— 00

where uy(x) € L,(D), and L,(D) denotes the Hilbert space of all square integrable
real-valued functions u(x) with the inner product

Cupotyy = Lul(x)uz(x) dx.

It is shown by Ito [7] that there exists a fundamental solution U(t, x, y)
(0 < t; x, ye D) which is of class C! in t, of class C? in x and y in D and that a
unique solution to the initial-boundary value problem described by (1), (2) and
(3) exists and is given by

@) u(t, x) = f Ult, x, y)ue(y) dy, 0<t<ow, xeD.
D

Furthermore, Ito [7] proved that there exists a sequence {4;,¢;;;j=1,---,
m;, i =1,2,---} of eigenvalues and eigenfunctions satisfying the following con-
ditions:

(i) C§11<).2<"‘<Ai<"‘, lim/li=00,

(5) ‘ i—o0
where C = min q(x).

" In general, C" denotes the set of all functions having n continuous derivatives.
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(i) {¢;(x);j=1,---,my, i=12, -~} is a complete orthonormal system
in L,(D), where the positive integers m; are finite for any i < oo.
(iii) Each ¢;;(x) satisfies the following equations:

6) Lumxmwaw@=eﬁ%4n,

(7) A¢ij(x) - 4(x)¢ij(x) = ""1i¢ij(x),

and the boundary condition (2).
(iv) The fundamental solution is expressed as

(8) Ulxo) = 3 e S (o),
i=1 j=1

where the series in the right side converges uniformly on [, c0) x D x D for
arbitrary 6 > 0.
(v) For arbitrary h e L,(D) given by

0 m;

h(x) = Z Z hijd)ij(x)s

i=1j=1

we have

©) U = T e 3 i),
where J

(10 U = [ Vex o) dy,

and the series converges uniformly on [§, ) x D for arbitrary 6 > 0.

Equations (1) and (2) can be written together as a differential equation in
L,(D):

du(t)
(11) T Au(t),

where the domain 2(A) of the operator A is given by

0
D(A) = {u:AueLz(D), aQu(é) + (1 — fx(é))a—: =0, éeS},
and

Au = Au — q(x)u, ifueP(A).

The positive integers m; are called the multiplicity of the eigenvalues ;. If
sup {m;} = m < oo, we shall say that 4 has multiplicity m; if sup {m;} = o0, A4 is
said to have infinite multiplicity. In the following, observability of the system

described by (1) and (2) (or (11)) will be considered for the case where A has finite
multiplicity.
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3. Observability. Let us consider N sensors, whose outputs will be denoted
by y(t), k=1,---, N. We consider two types of measurement such that the
outputs of sensors are respectively given by

12) yilt) = f wi(x)u(t, x) dx, k=1,---,N,
D

and

(13) Yt = ult, xY), k=1,---,N,

where w,(x) are known functions of L,(D) and represent spatial weighting functions
of sensors, and x* e D represent positions of sensors. The former type of measure-
ment will be called a type 1 measurement, the outputs of which are spatial averages
of a physical quantity over some effective sensing region. The latter will be called
a type 2 measurement, which consists of ideal point-sensors.

In the case of the type 2 measurement, the eigenvalues and eigenfunctions
are required to satisfy the following assumptions.

d 1
Assumption 1. Y

BTy

Assumption 2. The normalized eigenfunctions are uniformly bounded, i.e.,
lp;j(x) = M foralli, j.

By the theory of asymptotic distribution of eigenvalues (see [2, VI, § 4]), it follows
that

. n2/r
lim
n—w /1,,

= const.

for an arbitrary r-dimensional spatial domain. Hence, it is clear that Assumption 1
holds if r < 3.

DEFINITION OF OBSERVABILITY [3]. The system described by (1) and (2) (or
(11)) is said to be observable if an initial state uy(x) can be uniquely determined
from the observation Y(t) = (y,(t), -+, ya(t), 0 <t < co. In particular, the
system is said to be observable in time T if an initial state can be uniquely deter-
mined from the observation Y(t) over the time interval 0 < ¢ < T.

Let L,(0, T) denote the space of functions square integrable over [0, T1],
and let LY(0, T) denote N products of L,(0, T). Since the solution u(t) = U,u, of

(11) (where the operator U, from L,(D) into L,(D) is defined by (10)) is of class C!
in time ¢, it follows that

Y(t)e L350, T),
for both types of measurement. If uy(x)e L,(D) is given, the observation Y(t)
€ LY(0, T) is uniquely determined. Hence a linear mapping P(T) from L,(D)
into LY(0, T) is defined by

(14) Y = P(Tuy, ugeLyD), YeLYO,T).
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It is easily seen that the system is observable in time T if and only if
(15) P(T)uy, = 0 implies u, = 0.
From (4) and (9) it follows that

(16) ) = 3 e mz i),

where u;; = {u,, ¢;;>. Therefore,

(17) e = ile"“‘ i i, k=1,---,N,
i= j=

where w}; are defined by

(18) wij = (w,, ¢;;> for the type 1 measurement,

(19) wh = ¢;;(x%) for the type 2 measurement.

Since y,(t) given by (17) are analytic in t € (0, c0), if y,(¢) = 0 over an arbitrary
interval 0 < t £ T, then it follows that y,(t) = 0 for all ¢ > 0. Consequently, if
the system is observable, then the system is also observable in any time T > 0. In
other words, the system is observable in any time T > 0 if and only if it is ob-
servable.

THEOREM 1. Suppose that A has finite multiplicity m and that Assumptions 1
and 2 are satisfied for the type 2 measurement. Let us define N x m; matrices W, by

1 1 1

Wit Wiz " Win,
2 2 2
Wit Wiz 0 Wi,
(20) W, = . . . R
N N N
Wit Wiz - Wi,

where w¥; are defined by (18) or (19). The system described by (1) and (2) is ob-
servable in any finite time if and only if N > m = max {m;} and

(1) rank W, =m; foralli=1,2,--.
Proof. To prove sufficiency, assume that
(22) V) = Ze"l“ 2 uijwijO, t>0, k=1,---,N.
i= j=1
For any complex number A with Re A < 4,, we see from (22) that
Y e i dt( Z u,lwu) =0.
0 i=1

0

dt = Z/I—R/I

i=1

e~ (A= Z u;;wi;
j=1
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then by the theorem (see [13, Thm. 2.2.4, p. 64]) we see that

0= Z e~ (A= dt( .Zl uijw?j)
(23) - A

Zl_l(Zuuwu), k=1,---,N.

For the type 1 measurement, it is easy to see that (22') holds. In fact, since
uy(x) and wk(x) belong to L,(D), by use of the Schwarz inequality,

©
Z uUWU

i=1j=1

©  mi 1/2
—)“ _R }“{lzllzl ”} {z; jgl (ng)z} =%

For the type 2 measurement, by Assumptions 1 and 2, we obtain

ad 1
Zii—Rel

i=1

mi

Z u;jb; j(xk)

i=1

s Lo “'2]”2[.?{ ¥ u}{ % auwr}|”

|:(/11—Re/1 + 2(/1 —/11)-} \/_M[i > ufj:|1/2<oo.

Thus, (22') holds in both cases.
By analytic continuation we see that (23) holds for all 4 such that 4 # 4,,

i=1,2,---.Let C; be a circle in the complex plane of radius ¢; with 4; as center,
where ¢; is such that

IIA

0 < <min(h — A_qAisy — 4.

Because of the relationship (22'), using the Cauchy’s formula, we have

: u; ;Wi 3 uwf) =0
(24) j;l j J 271:/ J; 111 ijWij
k=1,-,N, i=1,2,

IfN > m;and rank W, =m;,i = 1,2, ---, then (24) implies u;; = - -+ = Uy, = 0,
i=1,2,---. Since

up(x) = Zl 'Zl;l uij¢ij(x)>
i=1j=

we have ug(x) = 0. This means that the system is observable.
To prove necessity, suppose that rank W, < m; for some i. Then there exists
a nonzero mg-vector u; = (u;;, - -+, Uy,) satisfying (24). This implies that the
equation P(T)u, = 0 has a nonzero solution. Thus the system is not observable.
It is obvious that (21) implies N > m. Q.E.D.
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Goodson and Krein [6] obtained a similar result for the heat equation on a
two-dimensional rectangle domain. Theorem 1 is an extension of the Goodson
and Krein result to the general case.

COROLLARY 1. Suppose that A has finite multiplicity m, and that the observation
is given by (12) (type 1 measurement). Let a sequence {a;} of numbers be such that

(25) Y a} < oo, 4 #0, i=1,2,.-.
i=1

If N = m and the functions w,(x) are given by

0

(26) wi(x) = 3 adulx), k=1,---,N,

i=1
where ¢y (x) = 0 if k > m;, then the system described by (1) and (2) is observable
in any finite time T.

Proof. From the orthogonality of the eigenfunctions we see that

W;‘j = <Wk’¢ij> = ai(sjk’

where d, is the Dirac J-function. Therefore it follows that

Imixm:
(27 W, =g B R
O(N—'n-')xm

from which rank W, = m,,i =1,2,---. Q.E.D.

For the type 2 measurement, if we choose the location of sensors x*e D,
k=1,---, N, so that w{.‘j = ¢,~j(x") satisfy (21), then observability is ensured.
When the multiplicity is one, we obtain the following.

COROLLARY 2. Suppose that the multiplicity of A is 1 and that Assumptions 1
and 2 are satisfied. The system described by (1) and (2) is observable by the ob-
servation

(28) we) = ut,x"), >0,
from a single sensor at x' € D if and only if
(29) o(x)#0 foralli=1,2,---.

Remark 1. We have considered the system without any inputs. Now we
consider the system described by

au(;; x) _ Aut, x) — q(xult,x) + f(t,x), xeD,
(0)
w@utt, ) + (1 — a) ) _ g0, ees,

where both distributed input f(¢, x) and boundary input g(¢, &) are assumed to be
known. Let us write the solution of (30) with an initial condition uy(x) as u(t, x;
f> & ug). Since it is known [7] that

(31) ut,x; f,g,uo) = ult,x; f,2,0) + u(t,x;0,0,u,),
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we see that the same relation holds for the observation, i.e.,
(32) Y(t; f,g,u0) = Y(t; £,8,0) + Y(t;0,0, up).

Therefore, Y(t;0,0,u,) can be obtained from the observed data Y(t; f, g, u,)
subtracted by the calculated data Y(t; f, g, 0). Thus the problem has been re-
duced to what we have considered.

Since Corollary 1 gives a general result for the type 1 measurement, we con-
sider the observability problem in the case of type 2 measurement on several
examples.

Example 1. We consider a one-dimensional heat equation:

ou(t,x)  0%ult, x)
(33) o ox*
u(t,0) = u(t,1) = 0.

0<x<l1,

It is well known [2] that in this case the multiplicity is 1 and

(34) A = (nm)?, ¢,(x) = sin nnx, n=1,2,---.

It is clear that Assumptions 1 and 2 are satisfied. If x! (0 < x' < 1) is an arbitrary
irrational number, then ¢, (x') #0, n=1,2,---. Thus from Corollary 2 the
system described by (33) is observable by the observation y(t) = u(t, x'). For the
other type of boundary conditions, the same result is obtained.

Example 2. We next consider a heat equation on a rectangle domain:

o o
(35) ot ox? ' ox%’
u(t,§) =0, CeS.

1
0<X1<1, 0<x2<59

The eigenvalues and eigenfunctions for this problem are given by [2]

Jom = TH(N? + a*m?), nm=1,2,---,
(36) ) i
@ um(x) = sin (n7x ) sin (mrnax,), nm=1,2,---,

for which Assumptions 1 and 2 are satisfied. Assume that a® is an irrational
number. Then, since the relation n? + a’*m? = n* + a*>m? implies n, = n and
m,; = m, the multiplicity is clearly 1. Thus from Corollary 2 the system described
by (35) is observable by the observation y(t) = u(t, x'), where x' = (x},x3)e D is
an arbitrary point such that both x} (0 < x} < 1) and ax} (0 < ax} < 1) are
irrational.

Remark 2. Since the Lebesgue measure of a set of all irrational numbers on
the interval (0,1) is 1, a randomly chosen point corresponds to an irrational
number with probability 1. Thus almost all points on the domains of Examples
1 and 2 are irrational.



22 YOSHIYUKI SAKAWA

Example 3. We consider a heat equation in the polar coordinate form defined
on a unit circle:
6u_62u+1 (3u+ 1 0%u
ot or* ror 1 oe¥

37 0<r<1, 0g0<2m,
ou
= = 0.
(6r),=1
The eigenvalues for this problem are given by [2]
(38) Aum = B> n=0,1,---, m=1,2,---,

where f,,, are the real roots of the derivative of the Bessel function J,(-) of nth
order, i.e.,

(39) Jo(Bum) = 0.

The eigenfunctions are given by [2]
Domlrs 0) = Jo(Bow?)/ I3 (Bom)
Gum1 (5 0) = J(Bmr) (cOS NO)/Cppy
Puma(r> 0) = J(Bym?) (sin nO)/Cpp,

nm=1,2,...,

(40)

where c,, are constants for normalization. From the Bessel’s integral (see [11,
p. 19]), we see that |J,(x)| £ 1. Therefore, Assumptions 1 and 2 are satisfied. It is
clear that the multiplicity in this case is 2. Therefore at least two sensors are
necessary. Assume that two sensors are located on the boundary (r = 1), the
angular positions of which are 6, and 6,, respectively.

Applying Theorem 1 to this problem, since

[ bom(1,0] _ H
WOm - |:¢Om(1’02)] - JO(BOm)/COm 1 ’

. [¢,,m1(1,01> ¢nmz(1,01>]
" L b (1,02) Guma(1,6,) ]
Wl = J2(Bum) (sin n(0, — 6,))/cm,
we see that the system described by (37) is observable by the observations
Vilt) = u(t, 1,6,), k=1,2,
from the two sensors if and only if
1) sinn(@, — 6,) # 0, n=1,2,--
The conditions of (41) are satisfied if and only if (8, — 0,)/= is irrational.

4. Continuity problem. In this section we consider the following problem:
When the system described by (1) and (2) is observable, does the state u(T, x),
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x € D, at the timet = T depend continuously on the observation Y(t),0 <t < T?
When the system is observable, it is clear from (15) that the inverse mapping
P(T)~! of P(T) exists. Therefore

(42) up = P(T)"'Y.
Using the operator U, defined by (10), we see that
(43) u(T) = Uguo = UrP(T)7'Y,

where Ye LY(0, T), u(T) € L,(D).
Now the problem is to investigate the continuity of a mapping U P(T)™!

from L(0, T) to L,(D), which is equivalent to the existence of a constant y such
that

(44) lu(MI < v Y llLyo.1)>
where | - || denotes the norm of L,(D) and | - ||y, 1) denotes that of LY, T).

Since {¢;;(x)} is an ortho-normal system in L,(D), it follows from (16) that
(45) (T, Il < 3 e *Tuf + -+ + uf)'?.

i=1

Suppose that the system is observable by either type 1 measurement or type 2
measurement. Then from Theorem 1, rank W, =m;, i = 1,2, ---. Therefore,
defining an m;-vector u; = col (u;y, - -, U;y,,), We see that
(46) Wu; #0, ifu; # 0.

Thus, we can define a finite number B; by

47) B, = (wou) 71 b < ®
Y (W, W, 1::,=1( Til“/fj“ij)z

where w}; are given by (18) or (19). If u; = 0, we set B; = 0.
To estimate B;, we define an m; x m; symmetric matrix by

(48) Vo= WiW,

where W; denotes the transpose of W, and we denote the minimum eigenvalue
of V; by ;. Then we see that

(u;, u;) 1
i = =
(i, V) =

Let A = {;} denote a sequence of numbers, —o < A, < 1, < ---, ¢ being
a constant, and let E(A, T) denote a closed subspace of L,(0, T) spanned by the
functions

(50 pit) = e™ 1, 0=ts£sT<o0, i=1,2,:--.

(49)

Then it is shown [5] that there exists a biorthogonal sequence of functions
q;(t)e E(A, T) = L,(0,T),j = 1,2, ---, such that

(51) (128 4i)L,00.1) = ‘Sij'
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Letting
(52) a=u W+ +u

im; Wim i

we have from (17)

ake **e E(A, T).

M8

(53) ilt) =

]

i=1

By the Schwarz inequality and (51), it follows that
(54) Vs 4)Lo0,1) = a = "yk"Lz(O,T)"qi”LZ(O,T)'
Therefore, we obtain

N R 1/2 1 1/2
(55) I Y(t)"LI‘Z’(O,T) ={ Z "yk(t)”LZ(O,T)} —‘{Z (ak)? }
k=1

= 19:ll L, c0,1)
Using (47) and (49), we see that

(56) HCIi“LZ(O,T)“Y"ng(o,T) = \/Iji(uﬁ + o+ uizm.-)”2~
From (45) and (56), we obtain

[

1 _
(57) lu(T, )| < [Z ﬁ“qi”Lz(O,T) 4 T:I I Y”LN(O )
i=1 i

Thus, if the infinite series in the right side of (57) converges, then the mapping
U,P(T)™ ! is bounded.

For studying the convergence of the series, an estimation of the norm of
q; is needed. For that purpose, we can make use of the following theorem which
was obtained by Fattorini and Russell [5].

THEOREM 2 (Fattorini and Russell). Let a function F be convex and strictly
increasing on [0, c0), with

(58) F(0) =0, 1 F(/l

and let G be the inverse of F, i.e., G(F(A)) = 1,0 < A < c0. Assume that for some
constant C > 0,

(59) G(4,4,) £ CG(4,)G(4,), 04,4, < 0.

Finally, let a sequence of numbers A = {A,} be such that

(60) G, + 0) 2 p,

(61) G(A,4, + 0) — G4, + 0) = p, l,+06>0, n=1,2,---

for some nonnegative constant ¢ and positive constant p. Then there exist con-
stants B and K such that

(62) gull Lo0,7) < Bexp {KG(4, + 0)}, n=12,.--,

where {q,} is the biorthogonal sequence for {p,} (p,(t) = e~ *").
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Remark 3. It is clear that the function F(4) defined by
(63) F(A) = 1*, a>1,

satisfies the conditions of Theorem 2.

From (57) and Theorem 2, we obtain the following theorem.

THEOREM 3. Suppose that the system is observable and that the sequence of
eigenvalues {1,} satisfies the conditions (60) and (61). If

|
(64) exp [—4,T + KG(4, + 0)] < o,
ngl :; ﬂn

then the mapping U P(T)™! from L}(0, T) to L,(D) is bounded.
In the case of type 1 measurement, where the functions wy(x), k =1,---, N,
are given by (26) and {a;} satisfies (25), the matrices V; are given by

13

V= a1 xm,-

Therefore,

(65) Vi =a,.

Thus, we obtain a general result for the type 1 measurement.

COROLLARY 3. Suppose that the system is observable and that the sequence of
eigenvalues {A,} satisfies the conditions (60) and (61). Let us choose a sequence
{a,} so that it satisfies

® 1
(66) Y lTﬂexp [-4,T + KG(4, + 0)] < ©
n=1 n
and (25), and let us construct the functions w,, k = 1,---, N, by (26). Then, the

mapping from the type 1 measurement data Y(t), 0 =t < T, to the state (T, x),
x € D, is continuous and bounded.

In what follows, we study condition (64) for the type 2 measurement on
Example 1.

Example 1. Let F(1) = A2 for this example. Then G(4) = ﬂ Letting ¢ = 0,
p = m, we see that the sequence of eigenvalues {(nn)*} satisfies (60) and (61).

Thus we can apply Theorem 3 to this example. It is easily seen that for the type
2 measurement,

Sty = |,(xH)] = [sin (nmx?) > 0

by the observability condition.

If « is a real number, we may write ||a| for the distance between o and the
nearest integer. It is easily seen that

(67) Isin (nx")] > 2|lnx||.
A real number « for which there exists a constant ¢ such that

(68) |nall > ¢/n  for all integers n > 0
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is called the number of constant type [8]. Let L be a positive integer which is not
a square, and let

(69) o=a+bL,

where a and b are rational numbers. It is shown [8] that the real number « given
by (69) is of constant type.

Now let the irrational number x' (0 < x! < 1) be of constant type. Then,
using (67) and (68), we obtain

71=—exp[—/1,,T+ KG(A, + 0)] < = 2” exp[ 1L,T + K /4,

1 K\? K2
< nexp I: T(ﬂ,, 2T) + 4T]'

From (70) it is easily seen that (64) holds in this case.

Dolecki [4] proved for this particular example that for almost all points x!
(0 < x' < 1) (64) holds.

Remark 4. Numbers of constant type are generated as roots of quadratic
equations.

Remark 5. For Examples 2 and 3, since

(70)

. N
lim — = const.

n—w Ay,

(see [2, VI, §4]), it is not certain that the eigenvalues satisfy the conditions of
Theorem 2.

5. Concluding remarks. The observability problem on the basis of the two
types of measurement data and the continuity problem of a mapping from the
measurement data to the state have been discussed for distributed-parameter
systems described by partial differential equations of parabolic type. It has been
shown that the multiplicity of the operator, which depends on the shape of domain,
boundary conditions, etc., is of importance. When the multiplicity is finite, at
least the same number of sensors is necessary for observability.

To calculate the state u(T, x), we have to eliminate uy(x) from the integral
equations

(T, x) = J U(T, x, y)uy(y) dy,
D
(71)

70 = [ Lyt 5ot dx, k=1, N,
D
where y,(t) are the observations, and L(t, x) are known functions given by
Lt.0) = | Uy dy
D

for the type 1 measurement, and

L(t,x) = U(t, x*, x)
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for the type 2 measurement. If the observability condition is satisfied and the
mapping is continuous, then the problem of solving (71) is well-posed. In that
case we can solve (71) approximately by applying various numerical methods
(e.g., by discretization or by a variational method). Establishing an efficient
algorithm for solving (71) is left for future study.
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GENERALIZED CURVES AND EXTREMAL POINTS*

J. E. RUBIOYt

Abstract. A nonparametric variational problem is considered in the setting of the theory of
generalized curves. Instead of minimizing a functional dependent on a curve joining two given points,
a functional defined on a set of Radon measures is considered ; the set of measures is determined by
the boundary conditions. It is shown that this functional attains its minimum at an extremal point
of the set of measures. Further, an approximation scheme is developed so that the solution of the
variational problem can be effected by solving a sequence of finite-dimensional programming prob-
lems; it is possible then to construct a sequence of curves such that the functional takes along this
sequence values approaching its minimum over the set of measures. It is shown that this minimum
is attained at an (extremal) measure which is a generalized curve, that is, the weak* limit of a sequence
of curves. This generalized curve is characterized in terms of the minimizing elements of the sequence
of discrete programming problems, and conditions on the original problem are obtained so that the
generalized curve is actually an ordinary curve.

1. Introduction. This paper presents a method of study of simple non-
parametric variational problems based upon the theory of extremal points of certain
sets of Radon measures. The problems are considered in the setting provided by
the theory of generalized curves of L. C. Young [1]-[4].

For extensions of this theory to optimal control problems, we refer to [3],
[5]-[8], [12]. The importance of these developments is due chiefly to the solution
of existence problems achieved by the introduction of curve-like elements, known
as generalized curves, and control-like elements, relaxed or generalized controls.

Much work has been done on the characterization of the minimizing elements
by means of necessary conditions [6]-[13]. After the achievements of the existence
theory, one cannot help being somewhat disappointed by these necessary con-
ditions. The development of Euler-type necessary conditions [9]-[11] for the
variational problems, or Pontryagin-type conditions [6], [8], [11]-[13] for the
optimal control problems, have not been entirely successful as means of character-
ization of the minimizing elements, since these conditions, just like their classical
counterparts, are not constructive. Even worse, the optimal control problem in
the generalized setting is singular [14], [15], so that no information is gained on
important features of the optimal control by means of a Pontryagin-type ap-
proach. Second order conditions, derived to gain further information on these
features, do not seem to be very helpful [14], [15].

The objective of the present paper is to present a constructive characterization
of the minimizing generalized curve for a nonparametric variational problem.
We shall make use of some abstract concepts associated with the theory of ex-
tremal points; functional-analytical methods, used to advantage to solve the
existence problem, also provide means to construct the minimizing elements. The

* Received by the editors July 18, 1972, and in revised form September 18, 1973.

+ Department of Applied Mathematical Studies, School of Mathematics, University of Leeds,
Leeds LS2 9JT, England.
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end result of our work is a rigorous scheme for discretizing the variational prob-
lem; the minimizing generalized curve can be characterized by means of the
minimizing elements in a series of discrete mathematical programming problems.

2. Basic considerations. Let x, X be vectors in Euclidean n-space R" with
components x‘, X', i = 1,---,n; t is a real variable. Consider the continuous
function fo:Q — R, with Q = [to,t,] x A x B, to < t;, A= {x:|x!| < a;, i =1,
.-+, n} for some positive constants a;, and B = {x:|%| < f}, a closed ball in R".
Let x4, x; be points in 4 and consider the class # of absolutely continuous
functions x(t), to <t < t;, such that x(t)€ 4, t€[ty, ], X(t) € B a.e. on [t,, ],
x(to) = Xq, x(t;) = x,. We assume that f|t; — to| = |x; — x,|, since the class &
is nonempty if and only if this condition is satisfied. Define a functional J: # — R,

@.1) J()) = f " folt, x(0), %(0) dt

for x(-)e #. We consider the problem of minimizing J over % . Following L. C.
Young [3], we recognize the fact that, for fixed x( - ), the integral in (2.1) defines a
linear, bounded, positive functional mapping €(Q2), the space of continuous real-
valued functions defined on Q with the topology of uniform convergence, into the
real numbers. There is therefore, by the Riesz representation theorem, a Radon
(regular Borel) measure on Q such that

f "l x(0), %(0) dt = f fdp
to Q

for all f'e €(Q). This is a positive measure such that, since

f” £t x(0), %(0) dt

é (tf - tO) maxlf(taxax)la
Q
then
(2.2) f dp < t; — to = At.
Q

Let ¢:[ty,t;] x A = R be any continuously differentiable function. Then,
along any curve in &,

9 e, x(0) = (0 grad (6, x(0) + 22 (¢, x(0)

dt ot
a.e. on [t,, t;], so that
vl 0
2.3) f X(1) grad §(t, x(t)) + 5 -(t, x(0) | dt = ey, xp) = Plto, Xo) = Ad.

Further, if an absolutely continuous curve with elements (¢, x, X) € Q satisfies
this relationship for all continuously differentiable functions ¢, then it joins
(to,xo) to (t;, x;), that is, it belongs to the class &. Indeed, assume that the curve
does satisfy (2.3) for all continuously differentiable ¢, but that it does not go
through (4, x,). Define a function ¢ equal to one at (¢,, x,) and to zero outside
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a neighborhood of (¢4, x,) chosen so that the points (¢, x(t)), t € [¢,, t;], and the
point (¢, x,) are not in this neighborhood. Then the left side of (2.3) is zero, while
the right side equals — 1, a contradiction. We show in a similar way that the curve
goes through (t,, x;).

The basic idea of the theory of generalized curves consists in replacing the
original problem as stated above by another problem in which we seek to minimize
{ofodu over the set of all positive Radon measures on Q satisfying (2.2) and

2.4) J [x grad ¢(t, x) + %(t,x)il du = A
Q

for all continuously differentiable ¢ :[t,,t,] x A — R. There are advantages in
taking this step; the existence of a minimizing measure is automatically ensured,
and a constructive framework can be erected so that it is possible to find a sequence
of functions so that the corresponding values of the functional (2.1) approach its
infimum on the class #.

We derive some properties of the set of all positive Radon measures on Q
satisfying (2.2) and (2.4). This set is nonempty since the measures corresponding
to the functions in & are in it. The zero measure is not in this set, since it does not
satisfy (2.4) because t, # t;, and then A¢ = ¢(t, x;) — P(ty, x,) is not zero for
all ¢. We topologize the linear space of all Radon measures on Q by the weak*
topology.

PROPOSITION 1. The set of all positive measures on Q satisfying (2.2) and (2.4)
has nonzero extremal points.

Proof. Let M be the set of positive measures satisfying (2.4), S the closed ball
of measures satisfying (2.2), Q = M N S. Of course, S is compact in the weak*
topology. Let u,, k = 1,2,---, be in M, and let the sequence {u,} converge in
the weak* topology to a measure u. Then u is in M ; since the set of positive Radon
measures on  is metrizable, we conclude that M is therefore closed;Q = M N S
is compact. Since M and S are convex, Q is convex and has, by the Krein-Milman
theorem, nonzero extremal points.

Consider now the functional I:Q — R, defined by

2.5) 1) = j fodu,  weQ.

This functional is the restriction to Q of a continuous linear functional u — [, fo du
defined for all Radon measures on Q. Therefore I attains its minimum over Q
at one or some of the extremal points of this set. Putting ¢(t, x) = t, t€ [to, t/],
x € A, it follows that all u e M satisfy [, du = At. We have shown the following.

THEOREM 1. The functional 1:Q — R defined by (2.5) attains its minimum over
Q, at one or some of the extremal points of this set. These extremal points satisfy
(together with all measures in M),

(2.6) f du = At.
Q

In the following sections of this paper, we construct a sequence of curves at
which the functional J in (2.1) attains values arbitrarily close to the minimum of
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I over Q. We shall also characterize those extremal points of Q at which I attains
its minimum as generalized curves, that is, weak* limits of curves.

3. Approximation. Let P be the set of positive Radon measures on Q satis-
fying (2.4) and (2.6). Consider a sequence {¢,,k = 1,2, - - -} of continuously differ-
entiable functions mapping [t,,t,] x A — R. Define the sets of Radon measures

3.1 Pv={/,t:/,t>0,f dy:At,J |:5cgradd)k+%:| du = Ay,
Q Q

k=1,2,...,v},v=1,z,
Then

PIDPZD"':)PD"'DP.

v

Further, let u, € P, be a measure such that

j faduvgf fodu, ueP,.
Q Q

We can show, by arguments similar to those used in § 2, that u, exists and is an
extremal point of P,. Then

Ipy) S Hpp) < -+ s Ipy) < -2 S 17,

where I* is the minimum of I over P. The sequence of real numbers {I(u,)} is
nondecreasing and bounded above; it converges to a value I < I*. We show that,
for a special choice of the sequence {¢,}, I = I*.

THEOREM 2. Let the sequence {¢,} consist of all monomials in t and the n com-
ponents of the vector x, in any order. Then I = I*.

Proof. LetP = lim P, = limsup P, = liminf P, = N, P,.ThenP = Pand

v— oo

I = lim I(u,) = min I(y).
nepP

We show that, if the sequence {¢,} is that of all monomials in ¢ and the com-
ponents of x, then P 2 P; that is, if

0
(3.2) L[)'cgradqﬁk+%} du = A¢,, k=1,2,---,
then

0
(3.3) L [x grad ¢ + 5—(]:}1# = A¢

for all continuously differentiable functions ¢ mapping [t,,t,] x A > R. We
write ||@|| for the sup norm in the space of these functions.

If a positive measure u satisfying (2.6) satisfies (3.2), then it satisfies (3.3) for
all polynomials in t and the components of x, by linearity. First let ¢ be (n + 1)-
times continuously differentiable. Then the derivative ¢,,...... exists and is con-
tinuous. Let (¢, x) be an interior point of [¢,, t;] x 4. Then

Bt %) = j ' j » f Gussoolt> y) dTdy + B2, ).
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Since ¢,,.1...,» is continuous, given ¢ > 0 a polynomial ¥ in ¢ and the components
of x exist such that |¢,,1...» — Y| < & Define a function ¥ by

B, x) = f jf Y(e,y)dedy + (L. )

for all (¢, x) € [to,t;] x A. Then,
t px! xn
IJ f drdy‘=ozls,
1 Yxl! x"

with a, depending only on the set [t,, t,] x A. Since

a x1 xn
Ff(tax) = J f Qptn(T, y)dr dy

lp — Il < esup

with a similar expression holding for dyi(t, x)/ot,

0 _W_ .,
o ol =7
and
op Y )
_ = — S . = 1 2 Tt )
‘ oxt ox'|| T i = !
vyith ay and 0;,i = 1,2, ---, n, depending only on the set [y, t;] x A. Also, since
V¥ is a polynomial, it satisfies (3.3); then,
0
U [Xgradqﬁ + % _ A(,b] d,u\
a ot
. 0 O .
< | [scgrad(qs L a—ﬂ du‘+ ) — ADIAL < aye
Q

for some oy depending on Q and for all &. Thus [, [x grad ¢ + 0¢/0t]du = A¢;
if u satisfies (3.2) it satisfies (3.3) for all (n + 1)-times continuously differentiable
functions ¢. Moreover, this implies that it satisfies (3.3) for all continuously
differentiable ¢ ; indeed, given such a ¢, one can choose ¢, (n + 1)-times continu-
ously differentiable, so that % grad ¢ + d¢/dt and % grad ¢ + d¢/0t are uniformly
close (Treves [16, Cor. 1, pp. 157-158]). The rest of the proof is as above.

It follows that, if the functions ¢, are the monomials in ¢ and the components
of x,then P = P and then I = I*.

For sufficiently high v, the measure u, provides a good approximation to the
minimum of the functional I over P. It happens that these measures u,, v =1,
2,---, can be characterized quite simply; p, is an extremal point of the set P,,
composed of those positive measures which satisfy (2.6) and (3.2) for k = 1,2,
-+, v. A theorem of P. C. Rosenbloom [17, Thm. 38, p. 193] shows that these
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extremal points are linear positive combinations of (at most) v + 1 atomic
measures on . Therefore,

v+1

(34) f fodu, =Y o folti, x;, %),
o i=1
for some constants o; = 0, Y’ * ! o, = At, t,€ [to,t,], x; € A, X; € B. The constants

Oy by X, Xy 1= 1,2, -+, v, v + 1, satisfy the “boundary” conditions :

9%,
ot

v+1

(3.5) X% [Xi grad ¢,(t;, x)) +

i=1

(ti,xi):| =A¢,, k=1,2,---,v.

Of course, u, is not just any extremal point of P, but rather one at which the
minimum of (3.4) is attained under the constraints (3.5),a; = 0, ’* ! o, = At. The
usefulness of Rosenbloom’s theorem consists essentially in the restriction of the
class of measures over which we seek the minimum of I, from the whole of P, to
its extremal points. Because of the simple structure of these points, the problem
of characterizing and determining the minimizing measure pu, has become one
of nonlinear programming; one seeks the set of quadruples {(a;,t;, x;, X;), i = 1,
2, v+ 1}, t;€lto,t;], x;,€A, X,€B, o, 20, Y’ *lo; = At, satisfying the v
constraints (3.5), so that the expression in the right side of (3.4) is a minimum.
Because I achieves its minimum over P, at one, or some, extremal points, such a
set exists, and is not in general unique. For each v there are in general several
measures u,, and then sets {(a;, t;, x;, X;)}, at which I attains its minimum.

Let {(a;,¢;,x;,%;)} be one such set. Some of the numbers «; may be zero,
since the corresponding extremal point may be the linear combination of less than
v + 1 atomic measures. We shall discard those values of the index i, relabel the
rest of the quadruples (o, ¢;, x;, X;), and assume that there are left a total of
N(v) £ v + 1different quadruples for which a; > 0. Thus the minimizing measure
u, gives the functional I the value

N

(3.6) Z o; folti, X, X3) 5

i=1

we write N for N(v). The quadruples (o, ¢;, x;, X;) satisfy:

N
(B7) 2,>0, Y oy=At, t;€lty,t;], x;,€A, x€B, i=1,2,--- N,

i=1

N
D ai[xi grad y(t,, x) + %ai,x»] —Ab k=12, v,
i=1

As we shall see in § 5, it is possible to choose from the sequence {u,} a sub-
sequence which converges to a measure, or functional, consisting of a generalized
curve; such a sequence provides a characterization of the generalized curve
essentially by means of the set of quadruples {(«;,t;,x;, %;)} for a sufficiently
large value of the index v. However, as we shall show in § 4, it is possible to con-
struct a curve which assigns to the original functional J a value arbitrarily close

to (3.6) for any minimizing measure y,, regardless of whether it is, or is not, in
the converging subsequence.
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4. The boundary conditions. We shall derive in this section some properties
of those sets of quadruples {(o;, ¢;, x;, X;), i = 1, - -+, N} satisfying the boundary
conditions (3.7). It should be clear that these sets depend on the index v; we wish
to study their behavior as this index varies, especially as it tends to infinity. For
simplicity, we write z = (t,x), z = (1,%), 4 = [to, ;] x A, B= {1} x B. The
boundary conditions (3.7) are rewritten as

N N
4.1 >0, Y a=At, Y oz graddz)=A¢d,, k=1,---,v,
i=1 i=1

i=1>23””N’

where @(z) = ¢(t,x), Ap = @(t;, xp) — P(ty,Xo) = P(zp) — P(z,). We search now
for properties of the triples {(o;,z;,2), i =1,---, N} satisfying (4.1), z,€ A,
z,€ B. Note that these triples satisfy

N
4.2) Z ;z; grad ¢(z;) = A¢
i=1

for all polynomials ¢ which are linear combinations of the first v monomials in
the components of z (that is, in ¢ and the components of x). We shall construct
some special polynomials, so as to derive from (4.2) some properties of the triples
satisfying (4.1). We proceed with this construction in several steps.

(i) We choose an ordering for the first v monomials in the components of
z, separating them first into classes, the first class being that of first-degree mono-
mials, the second that of second-degree ones, etc. In each class, we follow a cyclic
ordering based on the indices of the components of z; note that the time ¢ is the
first component of this (n + 1)-tuple, x* the second, x? the third, -, x" the
(n + 1)st.

(i) The compact set 4 is contained in a ball with center at the origin of
radius, say a/2. Let o/ be a closed ball with center at the origin of radius a. Then
the points of 4, and in particular the points z,, Z,2,i=1,2,---,N,are at a
distance of at least a/2 from the boundary of <. In the development to follow,
we shall construct neighborhoods of points of A4 with radii tending to zero as
v — o0 ; these neighborhoods are contained in 7 for sufficiently high v.

(iii) Consider the odd function (1), A € [— 2a, 2a], whose graph is shown in
Fig. 1. We assume e(1 + #) < 2a. Consider the problem of approximating this
function over the interval [— 2a, 2a] by an odd polynomial p of degree M, say,
in A. By Jackson’s theorem, a polynomial p exists such that

K
43 A= rd)| £ 5
(4.3) max Ip(2) — r( A = M
with K, depending only on a. Put for A € [— 24, 24d],
i

A
pi(h) = j p(0)d0, () = j 10) db;
—2a

—2a
then there is a constant K ,, depending only on g, such that

K
44 1) — Py
4.4 max. Ipi(A) — r,(A)] = pEmyyE

the even polynomial p, is of degree M + 1.
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r(4)

1
—2a —ell+n -—e € e(l+n) 2a 3

T

1

ne
FI1G. 1. Graph of the function r(2), A€ [—2a, 2a], used in the construction of some polynomials

(iv) By means of linear combinations of the first v monomials, we wish to
construct a polynomial of the type p,(|z — z|), with z€ 4. The degree M + 1 of
the corresponding polynomial p,(A), 4 € [—2a, 2a], is determined by the index v;
let R = R(v) be such that the monomials z/°%, j=12,---,n+ 1, are included
in the first v monomials (but such that not all the monomials z/** ** are included)
then M + 1 = 2R(v). We define a nondecreasing step function v - M(v), by
M(v) + 1 = 2R(v). Of course, M(v) —» o0 as v - o0. We write M for M(v).

(v) In the definition of the function r, put e = ¢cM ~/#  with ¢ any positive
constant, n = M~ !/8 Then e(1 + ) - 0 as v — oo, and for sufficiently high v,
say v > vg(c), this quantity is less than 2a, a requirement we put in the definition
of the function r. Note that vy(c,) > vy(c,) for ¢; > ¢, > 0. Define

Y. A2) = pi(lz — 2l),
ze A, ze o ;then |z — z| < 3a/2, and (4.4) applies:

K, K, _
(45) max|V(2) = rille = 2l S5 B =AM

Let
D, ={z:lz—z|Ze,zed},
D,={zies|z—z|Z el +n),ze},
D=D,UD,.

Then D < & for v > vy(c). Since M~ 1/* - 0 as v - o0, for sufficiently high v the
function y . has a value near 1 for ze D, and a value near zero for ze .o/ \D.
Further, a simple computation gives

lgrad ¥, .(2)] = p(lz — zl);
Y. . is rotation-invariant. Therefore, for v > vy(c),

K K
46 d —rz = z)| £ 5o = —2 M4,
(46) max|lgrad @ ~ rllz — 2| £ = a
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Thus, |grad ¥ (z)| is near zero for z€ D, and z € o/ \D, and near 1/ne = (1/c)M>/®
for z at a distance e(1 + 47) from z.
We prove now some properties of the triples {(a;, z;, z;)} by choosing specific
values of ¢ and z, and then examining the implications of (4.2) for ¢ =y, ..
PROPOSITION 2. Let {(o;,2;,2),i = 1,2,---, N} be a solution of (4.1). There
is an integer ¥ and a vector in the set {z;,i=1,2,---, N}, to be relabeled z,,
such that

lzy — zo| £ 2M V4, v> 9.

Proof. Put z = z, and ¢ = 1 in the definition of ¥ . Since z, # z,, z, is not
in the set D corresponding to ¥, for sufficiently high v, say v > 9,. Put
¢ =y, ., in(42). If v > max (¥, vo(1)), the right side of (4.2) satisfies, by (4.5),

4.7) AY, ., — 1] < 2K,M ™14,

Assume there is no ¥, such that for all v > ¥, there is at least one vector z,,
1 i< N, in D. Then it is possible to find an increasing sequence {V*, s = 1,
2, ---} such that there are no vectors z; in D for those values of the index v. For
those values of 9, since z; € B, the left side of (4.2) satisfies, by (4.6),

N

N
Z a;z; grad l//1,20(zi) = Z ol Z;l|grad lpl,zo(zi)l
i=1

i=1

(4.8)
< K (A)BM 14,

with B = (1 + "2, For any v* > max (¥,, v,(1)), the two inequalities (4.7) and
(4.8) together with (4.2) imply

2K,M~ V% > 1 — K, (A)BM ~ 14,

this is clearly false. We conclude that there is ¥, such that for all v > ¥, there is
at least one vector z; in D. We choose, for each v > ¥, , one such vector, and relabel
their associated triples (x,,z,, z,); the triples previously labeled in this manner
will occupy the places of the ones just relabeled.

The vector z, satisfies

lzy — zol Se(l + 1) =M~ 1¥1 + M~ ') < 2M ™14

for v > ¥ = max (¥, vo(1), 9,,v)); v’ is an index such that M~ /8 < 1.

This is the first of our structural results on the triples {(x;, z;, z;)} . It can be
said the support of u, exhibits by means of this result a remarkable curve-like
behavior ; continuous curves starting at z,, certainly have points arbitrarily near
it. Other results of this kind will permit the construction of an actual curve giving
the functional I a value as close as desired to I(x,). We give next one of these
results; the (rather lengthy) proof can be found in Appendix A.

PROPOSITION 3. Let {(%;,z;,2;),i=1,2,---, N} be a solution of (4.1). There
is an integer ¥ so that it is possible, for any v > 7, to order these triples such that

lZjo1 — 2z SAMY4 v> 9, j=1,2,-- N -1,

where the subindices used are those of the new ordering, and z, is the vector selected
in Proposition 2.
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We use this new ordering from now on. We prove a final structural result.
PROPOSITION 4. Let {(;,z;,2),i=1,2,---, N} be a solution of (4.1). Then:
(i) There is a constant K and an index v° such that

|aiz.i|§K3M——1/4a V>V0, i=1a2"”’N;

also, N(v) > o0 as v - co. (ii) Let §; = z, + Zj.=1 a;z;. Then there exists a con-
stant K, and integer v° such that

Pi—zl S KM Y4 v>y°, i=1,2,---,N.

Proof. (i) Assume first that z, # z,, k £ L k, I =1,---, N, for all v. Assume
also that the assertion in (i) is false, that is, that there is an index j and an in-
creasing sequence v* such that M'/*|a;z;| - co along this sequence. Fix v at a
value V' in this sequence. Put ¢ = y in the definition of ¥, a constant to be
specified below, and

z=7z + ,J)M—1/4(1 + %M—I/S)e,

where M = M(v") and e is a unit vector in the direction of a;Z; for v = v". (Of
course, we can assume a;z; # 0 at v".) Then, |grad Y (z))| is, for V" sufficiently
large, near 2/e’n> = (2/y*)M>'*; further, grad ¥, (z;) is in the same direction as
z — z;, and then in the same direction as e, that is, as « ;2;- We have, then,

|°‘ij grad l//c,g(zj)l = |“jfj| |grad ‘/’c,g(zj)l
S AP+ Y ozl lgrad ¥, (z).

i#j

Since no z; equals z;, i # j, no z;, i # j, is in the set D corresponding to y,, for
sufficiently small y. Fix y at such a value; remember v is fixed at a value V. The
second term in the right side of the inequality above is not higher than
(K1/7*)(A)BM ~ 1%, while |Ay, | is at most near 2 (it can be near 0, or near 1).
The left side, however, is near (2/y%)|a;z;|M>/*, which approaches infinity if v is
sufficiently large. A contradiction arises, and we conclude that the assertion in (i)
is true under the assumption that all z;’s are different, for all v.

Consider now a solution {(«;,2z;,2;), i = 1,2, ---, N} of (4.1) for which this
assumption is not necessarily true, that is, for which all vectors z; are not neces-
sarily different for some values of the index v. Consider the equations in {(;, z;),
i=12---,N}:

M=

;z; grad @u(z; + eg) = Ady, k=1,2,---,v,

i=1

where we choose the vectors g;,i = 1,2, ---, N, so that for any ¢ > 0 satisfying
0 < ¢ < ¢, for some ¢, > 0 the vectors z; + ¢g; are different ; the vectors g; may
of course depend on the index v. The equation above has as a solution for ¢ = 0
the tuples {(x;,z)}; by the implicit function theorem, it has a solution
{(afe), z{¢))} for sufficiently small &. By the argument used in the first part of the
proof, since z, + &g, # z, + &g, for all v,

o)z < KsMTU4, v >0

b
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for all sufficiently small ¢, and thus for ¢ = 0 by continuity. Then |z, < K,M~1/4,
v>1%i=1,2---,N.

We show now that N(v) - oo as v —» o0. Assume that N(v) £ N, < oo for
all v. Then, for v > v°, since

=

0z = zZp — Zg,
1

1

lzp — Zol = N0K3M_1/4,

a contradiction since z; # z,.
(ii) By (i) of the proposition, |P; — z,| = |o;2,| £ K;M ™4, v > %, Assume
there is an index j # 1 such that M'/#|p; — z;| - o0 as v — co. Then,

M1/4‘@j - Zj) - (5),'—1 —z; )= M1/4|(j>j - j\)j—l) - (Zj - Zj—l)l
= M1/4|j>j - j’j—1‘ + M1/4'Zj - Zj-1| = K; +4,

for v > max (+°, 9), so that MV*|§;_, — z;_,| - oo as v — oo. This, in turn, im-
plies MY4(9;_, — z;_,| » 0 as v — 0, etc; eventually, M'/*|9, — z,| would be
shown to tend to infinity as v — oo, a contradiction.

We remark, finally, that py is close to z,; indeed, Jy = z, + (z; — z,), so
that jy — z, = z; — z,.

We revert to our original notation, write y, = x; + },_, @;%;, so that
Pi=(t, + Y-, %, ), and put v, = max (9,7,7°,1°), K = max (4,K;,K,). We
have shown the following,

THEOREM 3. The quadruples satisfying (3.7) can be ordered in a set
{(og, t;, x5, %), i = 1,2, .-+, N} such that a constant K and an integer v,, exist
such that the following quantities, all functions of the index v, are no higher than
KM~ forv > v,,:

|X1 _xola |xi_xi—1" i=2,3,"',N(V), |t1 —to|, |ti_ti—lla

i=2,3,"‘,N(V),

il , o, |y — xil, > i=1,2,---, N(v).

i
i=1

5. Approximation and convergence. A complete picture of the effects of the
constraints (3.7) on the measures y, of § 3 was developed ip the previous section.
We show now that it is possible to construct a sequence of curves x (1), t € [to, t/],
such that, for all f € €(Q),

(5.1) j £t %, %) du, = j "o, x), 50 dt + €,

where |€,| — 0 as v — oo. In particular, this is true for f = f;, the integrand in
the functional J in (2.1). Since in this case the left side of (5.1) is I(u,), which tends
to I* as v — oo, the curve x,(t), t € [t,, t;] gives the functional J a value close to
I'* for sufficiently high v.
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Let the set {(o;,t;,x;,%;), i =1,---, N(v)} be as in Theorem 3; we omit a
subscript v from the elements of these quadruples for simplicity. Define a curve
x,(t), t € [ty, t;] as follows. Construct first a polygon in R", by joining with straight
lines the points x, —» y, = y, = -+ — yy; remember that y; = x; + ZJ L 0%
Further, assign the value t = t, to the point x,, t =ty + a;, to y;, t = t, + a,
+ o t0y,, b=t + Y jtoy, et = tftoyN.At last, define the time
variation along each segment linearly so that x (t) = X, on (to, to + a,), X, on
(to + oy, tg + oy + 0y), -+, % on (o + 2i2)apte + Yoo, %), -, Xy on
(t, — oy, tp).

Consider first a function f e %(Q) which is the restriction to Q of a €*-
function defined on an open ball enclosing Q. Then, for (¢, x, X), (¢, x, X) €Q,

I, x, %) — &, x, %) S EX)[lt =t + Ix — x|]] S 00t — ¢ + |x — x]
for some function &(x), x € B; 6 is the maximum of this continuous function over
B. Then f is (uniformly in %) Lipschitz in x and ¢. By the mean value theorem,

N

f”fh,xxophu»dt= S /(1 0. %),

i=1

where X; is in the segment joining yl and y;_,, i =2,---, N, x, is in the segment
joining y, and x,, £;isin (to + X7} @ to + Y5, @), i=2,---, N,and , is in
(to, to + ;). By Theorem 3,

I‘xi-—xi|<in_yil-l_lyi_xilézKM_l/“’ V>V, i=1a2""’Na

and

lt; — 6l =

< 2KM~ V4,

(—(w+ 33

i=1

+ (t0+ Zocj)—ti

j=1

v>v,, i=1,2,---, N.
Therefore,

N

f?mmmwmmw-zmﬂm%&)

i=1

lIA
M=

ailf(ii’ Xi» xi) - f(ti’ Xis xl)l

i=1
N

0 Z a{lt; — ) + 1x; — xil}
i=1

< 2(AHOKM ~ 14, V> v,

from which (5.1) follows, since {,, f(t, x, X)dp, = Y| o, f(t;, x;, X,).

Even if f is not necessarily as above, we can show that (5.1) still holds by
using the fact that the set of functions in €(Q) which are restrictions to Q of € *-
functions on an open ball enclosing Q is dense in ¥(Q2) in the topology of uniform
convergence. Let f € €(Q) and g the restriction of a ¥*-function such that

Suplf(t’xa .).C) - g(t5x’x)| é l/V
Q

IIA
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Then,

N ty
S f (1, i, %) — f 1, x0), 540) di
i=1 to

N ty
= Y alf (x5 — e %)+ [ lelex,(0,5,00)
N

[ Y tox ) 1 (0)dt — T oty X1, %)

to i=1

= f(6, x(0), X)) dt +

<@ +20, KM~ "MAt, v >,
where 0, is the Lipschitz parameter associated with g. Our contention, that (5.1)
is valid for all f € €(Q), is proved.

As mentioned above, any curve x (1), t € [¢,, t,] gives the functional J a value
close to its minimum I*, for sufficiently high v; in a sense, any of these curves is
a solution to our original problem. It is possible, however, to gain further insight
into it by considering the convergence properties of the sequence {u,} in the
weak* topology. As we remarked in § 3, there may be many measures, all neces-
sarily extremal points of the set P,, at which the minimum of I over P, is attained ;
we have chosen arbitrarily one such measure, labeled it u,, and formed in this
manner the sequence {u,}. It should be recognized, therefore, that the measures
i, and pu, , , for instance, may be quite different, in the sense that in general the
two integrals

j fdp,, j F e
Q Q

may be quite different, even if v, is very large, for some functions f € (Q); it is
only when f = f, that these integrals are known to be quite close for sufficiently
large values of v,.

It is possible, however, by Alaoglu’s theorem, to choose a convergent (in
the weak* topology) subsequence from the sequence {u,}; we shall call this sub-
sequence also {u,}, and its limit u,. Then, for every f € 4(Q),

im [, = [ fduo.
v— o0 Q Q

In particular, if f = f,, I(1y) = I*, the minimum of I over P; u,, necessarily
an extremal point of P, has been characterized as being the weak* limit of a sub-
sequence of the measures u,. We can characterize it even further; let {x(t),
te[ty,t;]} be the sequence of curves corresponding to the subsequence {u,}.
Then

i

tim [ f(e,x(0), 2,00 dt = f fduo,

v—= 0 to

for all f'e €(Q). Therefore, p, is the weak* limit of a sequence of curves, and is
then a generalized curve. We summarize as follows.
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THEOREM 4. The minimum of the functional I over the set of measures P occurs
at a generalized curve, that is, a measure which is the weak* limit of a sequence
of curves.

A different proof to the fact that the minimum of I over P occurs at a measure
which is the weak* limit of curves is given by L. C. Young in [3, Appendix 2].

In the next section, we seek to characterize the generalized curve p, in terms
of the sets of quadruples {(a;,¢;,x;,%;), i=1,2,---,N, v=1,2,---} corre-
sponding to the curves {x(t),t€[t,,t]} associated with the subsequence {u,}.
Some further properties of the curves constructed in this section are given in
Appendix B.

6. The generalized curve. It is shown in [3] that a generalized curve is charac-
terized by two elements, an absolutely continuous function x(t), t € [t,, t;], and
a family of probability measures o, defined on B for almost every ¢ in [y, t,] such
that x(t) = {, Xdo, a.e. on [ty,t]; further, o, is completely determined by the
values [, f do, for functions f(X), X € B in %(B), independent of x and t. We seek
to characterize both x(t), o,, t€[ty,t;] in terms of the set of quadruples
{(o;, t;, X3, %), i = 1,2, -+, N(v),v= 1,2, ---} associated with the subsequence
{u,} tending weakly* to the generalized curve.

Consider the sequence of functions {x,(t),t€[t,,t,]} associated with this
subsequence {u, } ; this family is equibounded since x (t) € 4, t€ [to, t;],v = 1,2, - - -.
It is also equicontinuous; take

Na
ta= Y o+ 00y, 0<6,<1,
i=1

Ny
th= Y o+ 0oy, 4y, 0<6,<1,
i=1

with N, = N,. Then the corresponding values for x ( - ) satisfy

Na

Z“ixi + 0,0, + 1 %N 41 — 02y, + 1 %N, +1
Np

|xv(ta) - xv(tb)l =

=B

= Blta - tbla

Na
o+ 00y 1 — Opty, 4y
Np

from which our contention follows. Then, by Ascoli’s theorem, there is a sub-
sequence, to be denoted by {x(t),t€[ty,t,]} as well, which converges in the
topology of uniform convergence to an absolutely continuous function x(t),
tety,t;]. We denote the subsequence of associated measures by {y,}.

We shall take a further subsequence of this subsequence, denoted in the

same manner. It is shown in [3] that it is possible to extract this subsequence
so that

[ FG ) dr — f fds,,

for some measure s, on B, uniformly in t€ [t,, t;] and all f'e €(B). Let T be any
subinterval of [t,, ;] of the form [t,t + A] or [t — A, t], A > 0, for fixed t. Then

IK L f(x,(1))dt E’L fdsa
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with s, , = (1/A) (5,44 — 5;) if T=1[t,t + A] and s, = (1/A)(s, — s5,_,) if
T = [t — A, t]; this convergence is uniform in t. Note that, by putting f = 1,
we conclude that [, ds, , = 1; the measure s, , is a probability measure on B.
Finally, it is shown in [3] that

J Jdsia Aso jf do,
B

for a probability measure g, on B, the convergence being independent of whether
the intervals taken are of the form [t,t + A] or [t — A, t], and also independent
of the particular value of the variable ¢.

As mentioned at the beginning of this section, these two objects, the ab-
solutely continuous function x(t), t€[ty,t,], and the probability measure o,
completely characterize the generalized curve.

Consider this last subsequence, and define a probability measure o; , on B,

for all values of ¢ not of the form ¢, + Z; (o, fori=1,2,---, N(v), by
. 1 . e,
B T Z,GM R

where T is a subinterval of [t,, t,] either of the form [t,t + A] or [t — A, t]; for
each ¢t we make a fixed, appropriate choice as to the form of T. We examine the
situation in detail when T is of the form [¢t, t + A] ; a similar analysis can be made
in the other case. The set A , = {i,, i+ 1,---, i, + N(A)} is a set of integers
dependent on ¢, A, v, so that ¢ is in (¢, + Zl o, bty + Z"“ @;),and t + A is in
(to + Ylrmed-iq; 1o + YN o) Then, 0, < 1fori =i, i =1i, + N(A),0, =1
otherwise. Of course, the quadruples (ocl,t,,xi,fc,-) are those corresponding to
%,(0), t€ [to, t/].

We show that the measure o7, is a good approximation to ¢, for large v
and small A. Indeed, for all ¢ as in (6.1),

| [ s [ ras

+ Ldet’A — Lf()'c) do,| < ¢
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