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A NEW STOCHASTIC TIME OPTIMAL CONTROL PROBLEM*

U. G. HAUSSMANN’, W. J. ANDERSONt AND A. BOYARSKY

Abstract. Consider a system described by the stochastic differential equation dx=
.f(t, x, u) dt + tr(t, x) dw where w is a Wiener process and u lies in a compact set. If solutions are defined
in the sense of Girsanov rather than of It6, then it is natural to work not with the state at time but
rather with the distribution of x(t). It is shown by an extension of the standard argument that if the state
reaches a target set, i.e. a specified set of probability distributions, in finite time then there is a first such
time. Next it is shown that if the system is linear in u and if -1 =< u =< 1, then the attainable distributions
arising from bang-bang controls are weakly dense in the set of attainable distributions. Finally some
geometric properties of the bang-bang attainable densities are discussed; for example, the exposed
points of the attainable densities are the bang-bang attainable densities.

1. Introduction. In this article we shall analyze some stochastic control
problems by manipulating not the actual physical state of the system, but rather
the probability distribution of the trajectories. These latter are defined by the
method of Girsanov. As the "state" is now infinite-dimensional the general nature
of the problem becomes more function theoretic than probabilistic; for example in
section three we consider the problem of driving these densities to a target set (a
set of probability distributions) in minimum time. A method of proof analogous to
the one for the deterministic finite-dimensional time optimal control problem
yields the existence of an optimal control. It must be emphasized that we are not
minimizing the expectation of a random time, but rather a deterministic time and
our result does not overlap with any of the usual stochastic existence theorems 1],
[2], [3], [4]. Because the Girsanov solutions are used, we demand that the controls
be in feedback form.

The example (taken up in 3 again) of driving the state x(t) to lie in a closed
set B motivates us. If the system is deterministic this is the standard optimal time
problem, which has usually been stochastisized by minimizing E-u, the expecta-
tion of the first entrance time into B under the control u. However, the engineer
working with the system still has no idea when the system will hit the target; in fact
he may want to a confidence level, say a time such that P(-’ > t)< .05. Rather
than merely accept an upper bound on we shall look for the first such t. The
problem can be posed directly as min {t: P(- > t)< .05, u admissible}. It is quite
possible that for some u P(- < )>.95 and hence the optimal time is finite
(even if E- ; cf. [5]).

If the system is linear in u, one would like to have the "bang-bang" principle
that the bang-bang controls generate all the attainable densities; however this is
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false. But in 4 we do show that for a Markovian system the densities generated
by the bang-bang controls, which we call the bang-bang densities, are weakly
dense in the set of attainable densities. In the last section we characterize the
bang-bang densities as the exposed points of the attainable densities. We also
conclude that if there is a time optimal control which drives the system to a closed
half-space (in L 1), then there is a bang-bang control which is also optimal. Optimal
controls which are bang-bang also arise from the stochastic maximum principle
[6], (but not [7] because there the optimal control must be differentiable in the
state) if one is minimizing EL[x(. )] where L is a functional of the trajectories.

2. The problem, b is an n-dimensional separable Brownian motion on
(l, , Po). The system is described by

(2.1)
dx(t)= f(t, x, u(t, x)) dt +o’(t, x) db(t),

O<=t<- T<c, x(0)=x0.

Let be the space of R" valued continuous functions defined on [0, T], under the
sup norm. Let t be the o’-algebra generated by {y f" y (s) B}, 0 =< s <- t, B a
Borel set in R n. Let F be a compact metric space of control points, with Borel sets
5r. R, the set of admissible controls is the set of all measurable functions
u" ([0, T] x , r (R) r)--(F, 5r), adapted to {}. r is the Borel algebra of
[0, T]. We stress that we are using feedback controls.

Assume
(i) f(. ,., u): [0, T] x gR is measurable and {t} adapted, andf(t, y,. )

is continuous .for each (t, y)
(ii) f(t, y, F) is convex for each (t, y) in [0, T] x
(iii) r(.,. ): [0, T] x -R"" is measurable and {t} adapted,
(iv)
(v) r(t, y)-x exists for all (t, y)in [0, r] rg, and Io’(t, y)-f(t, y, u)]-<

K(1 + lyl2) where K is a finite constant independent of t, y, u, and where
]y 1 supo_<_< [y (s)l, with[. denoting the usual Euclidean vector norm
or compatible matrix norm, as the case may be,

(vi) the equation

(2.2) x(t)=Xo+ cr(s,x)db(s), O<-_t <- T,

has a solution adapted to t b-(t).
Sufficient conditions for (vi) to hold are discussed in [8, Thm. 5.6 and Cor. 3.2],
and in [9, Thm. 1].

We define

a"(t, o9)= exp [o-(s, o)-ff(s, o)]* db(s, oo)-- Io’(s, o) (s, o))l ds

where we have set

(s, o ) (s, x ,oo)), (s, oo ) (s, x o ), u (s, x ,oo)))

with x and b as given by (2.2) and with u q/. a* denotes the transpose of a. If E
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denotes expectation with respect to Po, then EaU(T, )= 1 according to [6,
Lemma 2.1]; hence (1, t, e, {x (t)}), with de(to)=a"(T, o)deo(O), is a weak
solution of (2.1) according to [10, Thm. 1]. In [11, Thm, 6.5/, conditions are
given to ensure that this solution is unique in law, a property which we do not
require. The controls in a//are of course feedback controls.

It is well known that a" satisfies

Io’ )-(s,,o)]* (s,,o),(2.3) a (t, to) 1 + a (s, to)[tr(s, to fu db

and that (, t, Po, {c"(t)}) is a martingale since EaU(T) 1. Moreover by [6,
Cor. 4.2], there exist p > 1, K0 < oo such that for all u IL -< T,

(2.4) E{ce" (t) } _<- Ko.

All of the above requires only the assumptions (i), (iii)--(vi).
As it will be convenient to work in the space fig, Ygr, Po x -1) we shall do so

from now on writing P for Po x -1, and

"(t, y)= exp / [o’(s, y)-f’(s, y)]* dw(s, y)

Iot1
Ir(s, y)-Xf" (s, y)l 2 ds

2

with f"(s,y)=f(s,y,u(s,y)) and with a new Brownian motion w(t,y)=
o r-(s, Y) dy(s) o or-l(s, Y) dx(s). Observe that x(t, y)= y(t), and set de
a"(T) dP, and wU(t) w(t)-o tr-l(s, y)fU (s, y) ds.

Define rrs" R by rrs(y) y(s), and St" LI(, e)-+ d///by

(S)(B) f a dP

where is the Banach space of all regular signed measures on R" with variation
norm. Define the set of attainable densities at time by

(t)={a(t):u 6 //} = L(, P)

and the attainable set at time by

M(t)= St(t).

We remark that &(t)= &@(v) for all v e [t, T], and that/x(. ) is in M(t) if and
only if it is the distribution of x (t) under P" for some u in 0g. Henceforth we shall
write/x (B t, u for/x (B) eM(t). Under (ii) @ (t) is weakly closed in L l(Cg, p). This
last result is contained in [12, Thm. 2], for the case tr =L but the proof can be
generalized to the case o- # ! fairly easily. Theorem 6 of [1] also gives the result
when tr L

We remark that one can also treat systems of the form

(,) (oofl(t,x)
dt+ ddx(t)=

fz(t, x, u(t, x) 0 tr(t, x
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where b is still n-dimensional, but x(t) R"/n; cf. [6]. This allows for (systems of)
higher order equations with noise in the forcing term.

3. Existence of time optimal controls. Our aim in this section is to give
conditions for the existence of a time ’ such that K(t)(t) (respectively
K(t) f’) si(t)) is empty for < ’, but nonempty for ’. Here K(t) is the target set at
time t, lying in LI(,P) (respectively ). We use the standard method of first
proving that (t) is compact and t->(t) is continuous. The existence follows
then as in the deterministic case. In this section we assume all the hypotheses
(i)-(vi).

Let Z be the space of probability measures on R n, and let 7Y’ be the topology
of weak convergence; cf. [13, p. 236]. Hence Ix,-->/x in (Z, W’) if and only if

R $ d/z, --> Rn bd for all bounded continuous real functions
Moreover I3, p. 239], 74/" is a metric topology with the Prohorov metricp where

pox, v)= inf {e >0:/x(B)+e >=v(B), v(B)+e =>/.,(B), all Borel sets B inR n}

with B being the open e neighborhood of B.
Observe that Z c eg o*, where o* is the dual of o, the space of continu-

ous functions on R" which are zero at oo. Hence on there are the weak topology
w and the weak * topology w*. Considering the induced topologies on Z, we have,
[14, V.3.9],

ww*.

LEMMA 3.1. For each fixed <- T, (t) is weakly compact in LI(, P), and
(t) is compact in (Z,

Proof. (t) is bounded and uniformly integrable [(2.4)], and hence weakly
sequentially compact in L(,P) [14, IV.8.11]. As remarked above (t) is
weakly closed and so by the Eberlein-mulian theorem it is weakly compact.
Since St is a continuous linear map of LI(, P) into t, it is continuous (L1, w)->
(, w) [14, p. 422], and so S(t) (t) is weakly compact. As w
compact and the result is established.

Z is a metric space so we can consider a Hausdorff metric d on the closed
subsets:

d(A, B max {do(A, B), do(B, A
where

do(A, B) sup {d0(x, B ): x
Similarly we can define the Hausdorff metric on the closed sets of Lx(, P) using
the norm of L in place of p. This Hausdorff metric is used in the next result.

LEMMA 3.2. t-->(t), t-->(t) are continuous mappings on [0, T].
Proof. (t) is weakly closed, hence strongly closed. We shall show that

->a (t) is continuous in t, uniformly in u. This will establish the result for
Consider

a (t, y)- a (s, y) a (t, y) 1 exp (tr-f)* dw -- [tr d’r

From (iv) and (v) it follows that the term inside the braces converges to zero in



A NEW STOCHASTIC TIME OPTIMAL PROBLEM 5

L2(, P)uniformly in u q/ as s-->t. Hence [1-aU(s)/a"(t)]O in probability
uniformly in 07/. This together with (2.4), the uniform integrability of a u, gives the
result.

Now we show the same result for x (. t, u). For any bounded continuous
function 4,

fR. (X)tx(dx t, U)-- IR. (X)Ix(dx s, u)

<= I [b (rr,y)- b (rrsy)la (T, y; u)P(dy)

-< I1 (,r,.)- (,rs’)[lg0

where p is given by (2.4). But [b(rr,y)l-<supx I$(x)[, and so by the dominated
convergence theorem and the continuity of the result follows.

For the next theorem we need a new condition which we state first for the case
K(t)= La(, P) and then K(t)= Z.

(H1) K(t)is weakly closed in Ll(Cg, P)and lim do(K(s)fq(s), K(t))= 0.
sSt

(H) K(t) is a closed set in (Z, W) and lim do(K(s)fqM(s),K(t))=O.
sSt

We observe that if K(t) is closed and if K(t) is right continuous then (Ha) or
(H2) hold.

THEOREM 3.1. Assume (Ha) (respectively (H2)) holds. If K(T)f-I(T)
(respectively K(T)f3 M(T)) (, then there is a smallestt >-_ 0 such thatK(t) @(t)
(respectively K(t) fq M(t))

The proof is standard, along the lines of the result on p. 127 of [15]. We do
not attempt to answer the question of when K(T)fq(T) ; the notion of
controllability for our systems should arise here; however we will give two
examples.

Example 1. A closed set B in R" is given, as well as a right continuous
decreasing function c(t), 1 >=c(t)>=O. The problem is to find the first time such
that P"(x(t)B)>-c(t). We set

K(t)= {l s Z: tx(B)>-c(t)}, 0=<t=<l.

[For example if c(1)= 0, c(t)= .9 for < 1, then we are trying to drive the system
to B with probability .9 as fast as possible, but at time 1 the system is shut off.
The condition c(1)= 0 implies K(1)= Z, so that K(1)f3 M(1) # hence control-
lability is not an issue here.]

K(t) is closed [13, Thm. 2.1]. We shall now show that t-K(t) is right
continuous. Since K(t)cK(s)for t<s, then do(K,,Ks)=O. Now for x eKe, if
iz(B)>=c(t), set/2 =/z, but if c(s)<=lz(B)<c(t)< 1, take s > t so close to that
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c(t)>=c(s)> c(t)2 and set

c(t)
z(B

where B =Rn-B and/xlB is tz restricted to B. Finally if c(s)<=tx(B)<c(t) 1,
set

fi [/x (B)]-/x lB.
Then fi eK(t) and if c(t)>-.e/(c(t)-e), then

p(tx, fe)<-e/(c(t)-e)

and so do(Ks, Kt)<= e/(c(t)- e ). This establishes the required continuity. The next
example is less artificial.

Example 2. Again B is a closed set in R n. One wishes to drive the state x(t) to
the set B. Let -(y) be the first entrance time of x(t, y) into B, i.e.

-(y) inf {t" y(t)e B}.

A standard problem is to minimize

E’O’) Ic r(Y)a(T; y) dP(y).

In general however this expression is not finite (see [3] for an example where it is
because - is the first exit time from a bounded set) so one replaces z by - ^ T rather
arbitrarily. Let us consider the problem slightly differently: suppose we are
satisfied if the state lies in B with a probability at least c < 1, but we wish to achieve
this as fast as possible. Hence we minimize over the set

A ={t_-< T’P"(z<-t)>=c, u eql}.

If for some u, pu 0" < co) > c, then the set A is nonempty for T sufficiently large.
Lyapunov conditions for a process to satisfy ]a- 0" < oo) 1 have been given in [5]

We define the target set K(t) by

K(t)= {fl eL(,P)" I l,<_tB dP>=c}.
From the above discussion it follows (under conditions as in [3] or [5] assuming
unique weak solutions) that K(T) fq @ (T) # for T sufficiently large.

Clearly K(t) is weakly closed. It remains to show that for any e > 0, any
eK(s)@(s), there isa/ e K(t) such that if s is sufficiently close to t,s > t, then

IB-/gl<e. We set Bl={y’-(y)-<_t}, B2={y’t<r(y)<-s}, B3=C-B1-B2. If

1 fl dP >=c set/=/3. Otherwise given e > 0, choose s so small that P(B2)
P{w" < -(y)-< s} < (eK-). HenceB dP <- e and c >/dP >- c e. Now set

-1

if y B1,

otherwise.
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Then/ K(t). Moreover if/ #/ then

El/3 -/g[ [ll-C dP=c- 13 dP<-e.

Hence (HI) is satisfied and this time optimal problem has a solution.
Note at q is the index conjugate to p in (2.4) and Ko is as in (2.4).

4. A weak bang-bang principle. In the deterministic linear theory the
bang-bang principle states that if a point can be reached by the system using an
admissible control then it can be reached using a bang-bang control. It is well
known that this result fails in infinite dimensions (the case with any stochastic
problem), but we shall find a weak version of this principle. We define the
bang-bang controls for the case where

F={u n’[u,l 1, i= 1, 2,..., r}

by

b ={U ’[U(t, y)[ 1 a.e. dtxdP, 1, 2,..., r}.

However we must restrict ourself to the Markov case, so we replace by and
b by b where

{u" [0, T] x R F: u Borel measurable},

b ={U e’lUi(t,X)[ 1 a.e. dtxdx, 1, 2,..., r}.

It is clear how to imbed in , b in b since P 1 is absolutely continuous
with respect to Lebesgue measure for almost all [2, Thm. III4]. Note that m.
III4 can be extended to unbounded drifts satisfying (v). We write (t)=
{.(t): u e }, (t)={ (t): u e %}, d(t)= s2(t), d() s2(t).

We shall show that for the system given by

(4.1) dx(t)=[go(t,x(t))+g(t,x(t))u(t,x(t))]dt+q(t,x(t))dw(t)

b(t) is weakly dense in (t), and Mb(t) is dense in M(t).
Proofs are only given for the case 1 since they are identical for all t. To

apply the results of [2], we assume (v), (vi), and we strengthen (i), (iii) and (iv) by
demanding

(i)’ f(. ,., u): [0, T] x R" R" is Borel measurable andf(t, x,. is continuous,
(iii)’ g" [0, T] x R" R"" is continuous,
(iv)’ I(t, x)l z K1, V(t, x)e [0 ] x R ".

The next lemma, due to R. S. Phelps, gives the-essential denseness.
(X, , m) is a measure space. A e is an awm if m (A) > 0 and if for any e ,

A{m(A) 0, or m() re(A)}.
Let

I1 I1 ess sup m,a 14’, (x)l
l<=i=r

and put
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Assuming equivalent functions are identified, set

{b"S+R r, d is measurable, I1 11 < $,
and

] {b"X+R r, b is N measurable,

LFMMA 4.1 (R. S. Phelps). Let (X, , m) be a finite measure space. Let

and let

S={ eg:[&,(x)l= 1, a.e. i= 1, 2,..., r},

i.e., S" is the set of extreme points of S. Then S is weak * dense in S
(X, , m) has no atoms.

Proof. Assume that (X, , m) has an atom A . Then

N= S" ladm <m(A),i=l,...,r
is a weak * neighborhood ol 0. If eNS then (x)=+l on cA and
(x) -1 onA -i, i e N. Since A isan atom, m() m(A)om(A -i)=
mA). In either case dm I= m (A) hence N. ThusN S is empty ad
S is not weak * dense in S.

The proof in the other direction makes use of the bang-bang principle. Given
[, ,. ,[ , define T: S R by

T()i] X dm.

Since m is nonatomic, it follows from the bang-bang principle of LaSalle [16,
Thm. 8.2] with the use of the general proof of [17], that

T(S*) T(S)

for any f, f2, f" in ]. Consider any o in S and a weak * neighborhood N
given by

}.
Let o be in N. Since T(S) T(S) there exists in S such that

Ixfi.dm=fxfi.dm, i=l, 2,...,n.

Hence N and so N S 0, or S" is weak * dense in S. This completes the
proof.

Let X [0, 1 x R",X [0, 1] x {x R  ’lxl M), let be the Borel sets in
X, let ={U’llxIM "U }, =Mb. Lemma 4.1 now states that
Y is dense in (L(X, dt x dx), w*).
We give now an important continuity result which follows essentially from

the footnote on p. 500 of [8], a proof of which is supplied in [2, Thm. IV-3].
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THEOREM 4.1. The mapping ua of (Loo(X, dtxdx),w*) into
(L (’, P), w) is continuous.

Proof. If Uk -> Uo weak * then the result follows from [8], cf. [2], provided

f(t, x, Uk go(t, X)+ g (t, X )Uk (t, X )

is bounded for each k, and converges to f(t, x, Uo) in (L(X, dt dx), w*). The
next lemma now completes the proof.

For N<oo, set fN(t,X, Uk)lx_zv and write ak for auk, a for the density
generated by [r(t, x, Uk ).

LEMMA 4.2. (i)[fv(t, X, Uk)[2 < KIKo(1 +N2),
(ii) f(’, ", Uk) converges to fN(’, ", U0) in (L, w*),
(iii) [lar--Ck[[1->0 uniformly in k as g-->.

Proof. Part (i) follows from assumptions (iv)’ and (v). Part (ii) is obvious.
Now consider (iii).
Let

E {y c. ly[ > N}.

Then a k ak on the complement of Er, and

<= la-ak Ip [P(Ev)]Ct’-/’ <= 2K/’[P(E)]’-/p

by (2.4). Note that although a’ (1) in general, nevertheless (v) is still satisfied
so that c also satisfies (2.4). But now P(EN)-O as Noo and the result is
established.

THEOREM 4.2. b(t) is dense in (ti (Lx(q, e), w).
Proof. For Uo in 0, set u 2v uol,__<2v. Let {v} c 07/v be a sequence converging

to ur in the weak * topology. Such sequences exist according to Lemma 4.1.
Define

Uk X V" (llxl__<N--11xl<N-1).
N=I

Then Uk ffllb and in the proof of Theorem 4.1, [N( ", Uk)-->fu( ", UO) in
(L(X), w*) because

N

fN(t,x, Uk) E fn(t,x, vt(t,x))(ll, l<=m(x)-ll,l<m-l(X)).
M=I

NBut now a k -’>aweakly according to [2, Thm. IV-3]. An application of Lemma
4.2 completes the proof.

COROLLARY. Mb(t) is dense in M(t) in (Z, 74:).
Proof. This follows because the map St is continuous.
In [2] and [3] Theorem 4.1 is used to obtain existence of a solution to the

standard stochastic optimal control problem with cost EU/(y) where is in
Lo(, P). Theorem 4.2 tells us (iff is linear in u) that there is an e -optimal control
which is bang-bang. If the coefficients of the problem are sufficiently smooth, then
dynamic programming yields the existence of an optimal control which is in fact
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bang-bang, cf. [9]. The maximum principle [7] also gives the result formally, but
unfortunately the optimal feedback control must be differentiable to apply the
principle. The version in [6] can be applied rigorously to yield a bang-bang
control, which however is {ot} adapted, i.e. not Markovian a priori.

5. Bang-bang controls. We characterize here the bang-bang densities @b (t)
in terms of the geometry of (t) when the driftf is linear in u. We show that if a is
a support point of (t), then u is bang-bang except possibly on a (t, x) set where
the support functional is "degenerate". This leads to three conclusions" if a is an
exposed point of @(t) then u is bang-bang (and conversely under added assump-
tions), if c minimizes El(y)a (y) then there is a bang-bang control which also
gives the minimum, if we are considering the time optimal problem of 3 with
K(t) a closed half-space then there is a bang-bang control which is time optimal.
Again 1 (the results hold for all finite by the same proofs). The equation is

(5.1) dx [go(t, x)+ g(t, x)u(t, x)] dt + (r(t, x) dw,

under assumptions (i), (iii)-(vi), F {u Rr:[ui[ _<- 1, 1,. ., r}. We emphasize
that the first of the three conclusions states that the bang-bang densities, far from
being all the densities, are only the exposed points of the attainable densities in the
space Lp,(, P) with p’> 1 sufficiently small.

Let us now look at support points of @(1), i.e. points ao such that for some
continuous linear functional l, lao>-_la, a @(1). For Lo(,P) and Uo a// if
ao(t)=a(t;Uo) then lolao(1)Ll(C,P). Define lo(t)=E{lao(1)[2(,}. By
Theorem 3 of [18] there exists a unique measurable function h(t, y)such that

and

lo(t) E{lao(1)}+ h(s)* dw(s).

Since/o(t) a(t, uo)EU(l[t) and since

da(t; Uo)-=-a(t; Uo)-o’(t, y)-Xfu(t, y)dw +a(t; Uo)-[o’(t, y)-af(t, y)[2 dt

=--ce(t; Uo)-lo’(t; y)-Xfu(t, y)dw
then from It6’s lemma it follows that

E"(l[Ygt) E"(l)+ (s, y) dw(s)

with T(s, y) a (s, y; Uo)-l[h (s, y)- lo(s, y)o’(s, y)-lf"(s, y)]*.
LEMMA 5.1. If Uo and Uo + v are in 71, then

E{l[a(1; Uo+V)-a(1; Uo)]}

=E (1; uo+v) (t, y)o’(t, y)-g(t, y)v(t, y)dt
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Proof. This follows from the results of [6, 3] if we observe that
or(l; Uo)-lc(1; u), the density of pu relative to puo, also satisfies a bound as in
(2.4).

THEOREM 5.1. If is a support functional o[ (1) at ao a (Uo), then [or all
u 6 Oll

[h(t, y)-lo(t, y)tr(t, y)-lfu(t, y)]*o’(t, y)-lg(t, y)[u(t, y)-Uo(t, y)]

-< 0, a.e. dt dP.

Proof. Set u Uo v and consider the control Uo + A 1NV Ux where 0 < A <- 1,

1 if max [T(s)l 2 ]yl 2 -<N2,
lu(t, y) 1 0 otherwise.

Since is convex, this control is admissible. From Lemma 5.1 we obtain

0>=Ea(1; ux)A Io Tcr-lgvlNdt"

We divide by A and let A 0. Since a(1, ux)ao with probability 1, since
a(1, ua)-ao is uniformly integrable, and since

cr-1g191Ndt _<-N[K(1 +N2)]1/2

then

O >-Eao lo cr-lgv lNdt E Io Cro(t)gr-(lgtvt lN(t) dt.

Since the integrand is measurable and {,} adapted, and the inequality holds for
all v such that uo + v , then

aoTr-gv 1N _<- 0 a.e. dt x dP.

Since E 1o [fl2 dt < oo and ElylZa < oo it follows that 1N 1 a.e. dt dP. This
establishes the theorem.

It follows from (5.3) that each component of Uo is bang-bang on the set where
the corresponding component of (0"-lg)*[h -/oO’-lf"] is not zero. If is a support
functional at no, set

SI {(t, y ) [0, 1 c: [(o’-1g)*(h loo’-lfu)]i 0},

S,(uo)= sl, S(uo) t3 S,(uo),

where the intersection is over all which support (1) at a (Uo). We call S(Uo) the
singularity set of Uo, and we say that Uo is singular if S (Uo) has positive measure.

COROLLARY 5.1. Ifa (1 Uo) is a supportpoint of (1) and if Uo is not singular,
then Uo is bang-bang.

We remark that all points of (1) are support points with the support
functional 1. However S [0, 1] x for all i, so that if the point has no
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support functionals other than the constants, we can say nothing about whether its
control u is ever bang-bang. Corollary 5.1 is not very illuminating as we cannot
readily identify the nonsingular controls.

To characterizeb more explicitly we proceed as follows. An exposed point c
of a set A is a point in A such that for some continuous linear functional l,
l(a) > l(a’) for all a’ in A with a’ a. We write exp [A ]q for the set of exposed
points of A, A c Lq(, P).

COROLIAR 5.2. b(1)= exp [(1)]p, for 1 <--_p’ <--_2p/(p + 1), p as in (2.4).
Proof. We need only show that if ao is exposed, then Uo is not singular. If ao is

exposed, but [(tr-lg)*(h- lor-lfu)] 0 on B, a set of positive measure, choose
v to have support on B with only v 0. Note that now lo I. aoL1 with

Lq,, q’>-2q where q is conjugate to p. The factor 2 comes from [6] as used in
Lemma 5.1. By (5.2) with a(1)=a(1; Uo+V),

E(/[c (1)- ao(1)]} 0

and thus a(1)= ao(1) and gv 0 a.e. We can now change Uo on B to ul, which is
bang-bang, and a(1; Uo)= a(1; ul), so that aoe b(1).

Now assume
(vii) for all extreme points u of F, u + ker g(t, y) is an extremal set of F a.e.

dt x dP (ker g is the null space of g) (el. [14] for extremal sets);
(viii) if g(t, y) is the pseudo inverse of g(t, y)* then for some m <m

[g(t, y)[= sup min {[a[’g(t, y)*a b}-<K(1

THZORZM 5.2. Under hypotheses (vii), (viii), o(1)=exp [(1)]v, for all
l<p’<=2p(p+ 1)-1

Proof. We already know that (1) = exp [(1)];,. Suppose now that Uo
According to (viii) and [6, Lemma 3.1],   o( Xol 12 if we set
(Uo-V)*,*r where v is the orthogonal projection of u0 on ker g and where q’ is
conjugate to p’. We set 1o Tdw" to obtain

by (2.4) and the Burkolder inequality. Note that

-1 Uo 1 dt}
so that [6] implies that a -1 satisfies (2.4).

dwo dw r-ifdt,
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Hence for u with the use of Girsonov’s transformation

El(o o ’o) Ela

=Ea fo dw
=Ea{ cr-lg(u-uo)dt+ dw

Ea (1) Jo (Uo v )* (u Uo) dt 0

where the inequality follows from (vii). Moreover we have equality if and only if
u Uo 6 ker g a.e. dt dP, hence if a (u) a (Uo). This shows that a (Uo) is an
exposed point.

We observe that (vii) means that if ker g is a subspace of dimension d < r, then
ker g is parallel to a d-dimensional hyperplane which forms part of the boundary
of F.

Although this description of the bang-bang densities cannot be extended to
M(1), Corollary 5.2 can.

We say that go in M(1) is a exposed point if there exists a bounded
measurable function such that for all M(1), g # #o,

R &d < R do.

COROLLARY 5.3. exp [(1)] c (1).
Proof. Let Uo be such that (a(1;Uo))=o and let [Uo]

{u : (a (1; u)) o}. Assume o is a exposed point. Then

[l(y)](1; u)dP f O[l(y)](1; uo)dP

with equality if and only if u [Uo]. Now (Uo)i is bang-bang except on S where
w. Choose v such that v has support on S and u+v is bang-bang. By

(5.2), Uo+V 5(1).
We have now characterized b as the exposed points of in Lp,. Let us next

use Lemma 5.1 to show that bang-bang controls are optimal for many problems.
First, if Uo solves the problem of minimizing El(x)= El(x) over u in , where

L2a(, P), and where the time interval is fixed, say 0 1, then supports
(1) at ao. If Uo is singular then we can change it to where Uo if (t, y) S(Uo)

such that b, and is also optimal, i.e. Eol Eal; cf. (5.2). Hence the second
of the three conclusions also holds.

Finally we apply Theorem 5.1 to the problem of 3 with the equation (5.1).
We assume
(Cx) for each in [0, T], K(t) is an at most countable union of closed half-spaces,

i.e.

K(t)= L] {/3 Ll(CC, P):l C, i}
i=1
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such that for each

sup IIIL <, lim sup Ilia la 0.
s/t

LEMMA 5.2. Under hypothesis (C1) if there exists a time optimal control , then
a (’; t) is a support point of

Proof. By the weak compactness of @ (’), sup {la’a @ (’)} is attained, at say
ft.

Given e > 0 and we can choose 8i > 0 so that for each s, " 8 < s -<_ ’, there
is an as (s) with [[as 6111 < e/supt IIl, and with ]ltasi lscsi i< e. Then

(5.4) lt l(t O + (l ls)as + lsas < 2e + sup
a(s)

Since ’ is the optimal time, then there exists at least one such that lc >-c i, and
sup(s) la < c for s < t. This fact together with (5.4) implies that

(5.5) C -- l <-_ l <-_ C

and so 1 supports @(’) at d.
COROLLARY 5.4. Under condition C1, ifthere exists a time optimal control then

it can be chosen to be bang-bang.
Proof. The optimal density d lies in the hyperplanes {/3 6 L 1" l/3 ci}, 6 J.

Hence t is bang-bang except on a (t, y) set where each of these l are "degener-
ate" i.e. [(tr-lg)*(h i-lotr lfa)]i 0, the same component f for all 6 J. We can

lc,change the values of t on this set to +/- 1 without changing the values of J.
The analogous result holds in (Z, 7/V) using the half-spaces

:Rn/(X) dtz(x)>-c i} with l bounded, Borel measurable, because t-4(t) is
also continuous when 4(t) is considered in , i.e. we take the Hausdorff metric
in At.

We can now consider the examples from 3 again. By taking K(t)=
{/z d//:Rn 1Bc(t)-1 d/x _>- 1} in Example 1 we have not changed K(t)4(t), the
major point. (H2)still holds. (C1) holds if c is left continuous, inftc(t)> 0.

As for Example 2: It l<t and

I (1_<,-X,<__s)a dP] <-Ko/OP{s < " <=t}1/q 0 ass/t.

Hence (C1) again holds and in either example an optimal control can be taken
bang-bang. In fact from Lemma 5.2 it follows that if t7 is optimal then a.e. dt dP

max H(, t, y, u)= H(W, t, y, t7 (t, y))

with H(T, t0 y, u)= (t, y)tr(t, y)-lg(t, y)u where for some

I=E(I)+ Io T(t, y)dwa(t, y),

i.e. we have a maximum principle.
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THE OPTIMAL RECOURSE PROBLEM IN DISCRETE TIME:
L-MULTIPLIERS FOR INEQUALITY CONSTRAINTS*

R. T. ROCKAFELLARf AND R. J-B. WETSt

Abstract. An optimal recourse problem is an optimization problem with both stochastic and
dynamic aspects, involving the interplay of observations and responses. In discrete time (with a finite
horizon), there are finitely many stages, at each of which a decision is selected on the basis of prior
observations of random events and subject to costs and constraints affected by these observations as
well as past decisions. The goal is to minimize expected cost, taking into account the known
distribution of future random events. This paper is concerned with the derivation of necessary and
sufficient conditions for optimality in the case of convex costs and constraints.

It is shown that if the recourse problem is strictly feasible and satisfies a new condition called
essentially complete recourse, optimal solutions can be characterized by a "pointwise" Kuhn-Tucker
property involving L I-multipliers. Applications to multistage stochastic programs with special struc-
tures are developed in the last two sections of the paper. In particular, the relation between the general
model and discrete-time stochastic control models is brought out by applying the basic results to a
linear stochastic problem with state constraints.

1. Introduction. For k 1,..., N, let :k R k and uk R "k represent the
observation and decision (control) associated with stage k of a sequential decision
process. The sequence of observations

7--(:1, 72,""", :r)e R xRx" xR’=R

and the sequence of decisions

u =(Ul, u.,..., ur)eR "xR"’-x xR"’=R

determine a "cost" denoted ’0(:, u). The objective is to find a recourse]:unction (or
policy, or decision rule, or control law) u() which minimizes the expected
value of this cost subject to certain constraints, including a kind of nonanticipativ-
ity, i.e. the property that u (:) essentially depends only on (,. , (. This is an
optimal recourse problem in discrete time. Our aim here is to derive necessary and
sufficient conditions for the optimality of a recourse function in the case of a
problem satisfying convexity assumptions with respect to the decision variables.

To give a precise formulation, let (, -, r) denote the sample space
associated with the random elements of the problem; .:. is a Borel subset of R ,
is the Borel field on .:., and r is a Borel probability measure on (.., ). The
corresponding expectation operator is denoted simply by E.

A function u" .:.R" is said to be nonanticipative in the sequential
framework described above if it is of the form

u (’) (u(q), u(l, ), , u,,(,...,

it is essentially nonanticipative if it is measurable (with respect to ) and differs
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only on a set of measure zero (with respect to r) from some measurable
nonanticipative function.

It is useful, for purposes of comparison with other work in stochastic
optimization, to recognize that this concept of essential nonanticipativity can also
be formulated in terms of a nest of sigma-fields. Let ’ denote the class of all sets
in of measure zero with respect to r, and for k 1,..., N let k be the
sigma-field generated by :1," , :k completed with respect to r, i.e. the class of
all sets of of the form

((A x JR""+’ x... xR ])I’q ..)Z/,

whereA is a Borel set in R x. xR,B is a set in r,, and A denotes symmetric
difference. Then each ,k is a sigma-field.

and a function u" ..-->R" is essentially nonanticipative if and only if for k
1,..., N the function Uk ..R "k is :Tk-measurable.

In fact, everything that follows remains valid for an arbitrary choice of
sigma-fields 1, ,, nesting as indicated, if the latter property is adopted as
the generalized definition of essential nonanticipativity. We therefore work
mainly in this notational framework.

For the conditional expectation given ’k, we write Ek. This is taken to be a
regular conditional expection, i.e. representable as an indefinite integral with
respect to a regular conditional probability. (Such regular conditional prob-
abilities exist, even for a general choice of , because is the Borel field on ..
and r is a regular Borel probability measure.)

The optimal .recourse problem considered here consists of minimizing the
expected cost

(1.1) Ito(u)=E{fo(e, u ())}

over all essentially nonanticipative functions u" R" satisfying almost surely
(a.s.)

(1.2) f,(:, u())_-< 0, i= 1,..., m,

and the abstract constraint u(:)e U((). It is assumed that for every : e .. the set
U(:) is closed and convex with nonempty interior, and the functions u (:, u),

0, 1,..., m, are defined for all u e U(:) (finite, i.e. real-valued), convex and
lower semicontinuous. It is assumed further that for each u e R" the set

u-’(u)= { e e

is Borel measurable (i.e. belongs to ,)and the functions ->/ (:, u)are all Borel
measurable relative to U-(u). Setting

f,(, u)= +oo if ue U(:),

we obtain from these assumptions that each fi is a normal convex integrand on
..x R" [1, Lemma 2] and the multifunction U" ..--> R is measurable [2, Cor.
3.1].

It follows thatj (:, u (:)) is Borel measurable in : when u (:) is measurable
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[1, Cor. to lemma 5]. Moreover, the multifunction

(1.3) D" (D(()= {u e U(()(,u)<=O,i 1,... ,m}

is measurable [2, Cors. 4.1 and 4.3]. This multifunction with closed, convex values
provides an abstract description of the constraint structure, and it is crucial in what
follows.

We assume that the sets D(sx) are uniformly bounded (i.e. their union for all
e .. is a bounded subset of R "). This enables us to restrict our attention in the

recourse problem to functions u belonging to the space L,=L(.., -, or;R-).
We suppose in addition that to each bounded set K R" there corresponds a
summable function a" .. R and a constant/3 R such that

(1.4) [fo(s, u)l<-a() forallu U()K,

(1.5) [f(,u)l<-fl foralluU()f’)g, i-1,...,m.

These "growth" conditions imply that for every function u in the class

q/= {u LTlu() U(s) a.s.}

the functions ]’i (’, u (.)), 1,. ., m, are essentially bounded, while ]’0( , u (.))
is summable.

With these assumptions the optimal recourse problem introduced above is
well-defined and can be stated as:

P Minimize the functional (1.1)over all u cg (3oo satisfying (1.2) a.s.,

where oo represents the constraint of nonanticipativity:

oo {U (U 1," ", UN) Lluk is ,-k-measurable, k 1," ", N}

x L,,,(_,
Clearly oo is a linear subspace of S,oo, while q/is a convex set, as is the class of all
u q/ satisfying (1.2) a.s. The functional (1.1) is convex and finite on q/. Thus we
are dealing with a convex optimization problem. In such a setting, it is typical to
find multiplier characterizations of optimality which are always sufficient but not
necessary without some "constraint qualification."

A natural constraint qualification to consider is that P be strictly feasible. This
is taken to mean that there exist t7 Woo and e > 0 such that

(1.6) fi(:, tT())=<-e a.s. fori 1,..., m,

and

(1.7) a()+eB cD() a.s.,

where B is the closed unit ball in R". However, strict .feasibility is not enough in
itself. What we need for our characterization of optimality, as it turns out, is for P
also to have the property of essentially complete recourse, in the sense that for
k 1,..., N the multifunction

D" : --> D (:)= {(u 1, , u)lu e D()}
(1.8)

projection of D(() on R
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is k-measurable. (In this case, the constraint multifunction D is said to be
essentially nonanticipative.) Henceforth, we assume the problem P to be endowed
with both strict feasibility and essentially complete recourse, as well as all other
properties of U, ] and D already mentioned.

The optimality condition to be studied below involves the function

defined by

h" "zxR"xR"+ xR -->R

(1.9) h(:, u, y, p)= fo(:, u)+ yifi(, u)-u .p.
i=1

This acts much like the Hamiltonian in control theory.
The Lagrangian associated with the problem P is defined to be the function

Ih(U, y,p)=E{h(,u(), y(:),p(sC))} for(u, y,p)?l x0g xd//1,(1.10)

where

={y =(Yl, """, Y,)L,,lYi()>=O a.s. for/= 1, ..., mI,

1 ={p (pl,"’,pv)eLl,lEk{pk()}=O a.s. for k 1,..., N}.

(Here pk (:) e R"k.) The set 02/is convex, while is a linear subspace. In fact, as is
easy to verify from the definitions, d//1 and g’oo are complementary to each other

and Lwith respect to the natural pairing between L,

1 g’ and g’oo d//-.
Our growth conditions on the functions fi imply that Ih (U, y, p) is finite throughout
ag x 02/x d//1, and, of course, convex in u and affine in (y, p).

A saddle point of Ih with respect to minimization in u and maximization in
(y, p) is an element (ti, 17,/7) of a//x x d//1 satisfying

(1.11) Ih(ti, y,p)<--_Ih(a, ],)<--_Ih(U, ,) forall(u, y,p)e//xOdxddl.

We shall prove in {} 2 that the regularity conditions imposed on P ensure the
existence of such a saddle point (a, 17,/7), with ti an optimal solution to P and (17,/5)
an optimal solution to an associated dual problem. (See [3] for a general
exposition of the relation between the saddle points of a Lagrangian and the
optimal solutions of the corresponding convex program and its dual.)

As is also shown in 2, the saddle points (ti, 17,/7) of Ih are characterized by
the following Kuhn-Tucker conditions, whose satisfaction for some (17,/7) is
therefore necessary and sufficient for the optimality of ti in P:

(a) ti )Go and

(1.12) a(()e U(() almost surely

(1.13) fi(, ti(sc))--<O for i= l, m

(b) (1, Ym) Llm and
almost surely;

(1.14) () >- 0 ]’or 1,. , rn almost surely,

(1.15) Yi()fi(, a(sc)) 0 ]’or 1,..., rn almost surely;
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(C) ff ,/1 and

(1.1 6) h (, t2 (), 7(:), ,6()) lim h (, u, 7 (:), ,6()) almostsurely.
U()

The Kuhn-Tucker conditions show that if 97 and/, the multipliers associated
with P, are known or can be generated by an algorithmic procedure, a function
ti L is optimal for P if and only if it is nonanticipative and t7()satisfies certain
constraints "pointwise" for each E, namely (1.12), (1.16), and (1.13)with
equality holding when )7i (:) > 0. Moreover, if P is such that the pointwise minimum
in (1.16) is almost surely unique, as is true for example iffo(, ) is almost surely
convex on U(), then the function a L is optimal if it merely satisfies (1.12)and
(1.16), without regard to nonanticipativity and the other constraints. Indeed, these
other properties must then hold automatically for ti, since according to the above
there does exist at least one optimal recourse function characterized by the
Kuhn-Tucker conditions. This is discussed further in a more specialized context in
3.

Essentially complete recourse plays a vital role in the derivation of these
results. The importance of this kind of property was first brought out in [4] in
connection with our work on a special case of P. It was shown in [4] that if a
stochastic program with a two-stage constraint structure has relatively complete
recourse, the multipliers appearing in the Kuhn-Tucker conditions may be chosen
to be Ll-functions; one has to rely on esoteric elements of (L)* when this
condition is not satisfied. It can be shown that essentially complete recourse is
implied by relatively complete recourse in that setting (see the remarks in 3
following Theorem 6). Essentially complete recourse is a more general and
abstract condition demanding that at each stage k the set from which the decision
Uk must be chosen, namely

Ok(, Ul, Uk-1)-(Uk Rnkl(Ul, Uk-1, Uk)Dk(-)},
really depends only on past decisions and observations, and one therefore does
not have to restrict further to an intersection relative to all possible future
observations (an implicit constraint induced by the need to maintain availability of
recourse under all circumstances).

In a companion paper [5], essentially complete recourse was used exten-
sively, first in the justification of the dynamic programming technique for optimal
recourse problems, but then also to obtain a system of L 1-multipliers, in fact a
summable martingale, that can be associated with the nonanticipativity restriction
on the recourse functions. However, our concern in [5] was only with such
multipliers. The model was formulated directly in terms of the nonanticipative
constraint multifunction D; no structure of D in terms of inequality constraints
as in (1.3) was explicitly introduced, and hence there was no multiplier vector
y(s). The existence of multipliers associated with the nonanticipativity restric-
tion was first pointed out in [6].

2. Basic results. Our first theorem shows that the regularity conditions
imposed on the recourse problem P guarantee the existence of an optimal solution
ti, and that such functions ti correspond to saddle-points (t7, 97, ,6) of Ih. We
proceed by observing that the question can be settled through reducing P to an
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equivalent problem without explicit inequality constraints. We then utilize the key
result of [5] to complete the proof. The second theorem demonstrates that the
saddle points of Ih can be characterized by the Kuhn-Tucker conditions, and these
therefore furnish necessary and sufficient conditions for optimality. The third
theorem brings in the corresponding dual problem D.

THEOREM 1. The Lagrangian Ih has at least one saddle point (, , if) relative
to all x 11. Moreover, the components a of such saddle points are precisely the
optimal recourse functions in P.

Proof. First observe that P consists of minimizing overV the functional

,re(u) u *Z{do(, u

where 4’D(e is the indicator of D (:). Since D is a measurable multifunction and f0
is a normal convex integrand, we knowf is a normal convex integrand [2, Thm. 2
and Cor. 4.2].

According to our assumptions, D(:) is uniformly bounded and there is a
summable function a" R such that

u D(:)=> [f(:, u)[_<- a(:).

Furthermore, by strict feasibility there exist t7 e Wo and e > 0 such that (1.7) holds.
These facts put us in the framework of [5, Thm. 2] and furnish not only the

existence of an optimal solution t2 to P but also the characterization of such a
function t as the first component of a saddle point (t, if) of the reduced Lagran-
gian

(2.1) L(u,p)=E{f(, u())-u(), p()}=It(u)-(u,p) for(u,p)Lx/ll.

The existence of an optimal solution is seen as follows. The subspace Vo,-being
representable as

l {u eLl<u, p>= 0 for all p ./1},

is closed in the weak topology w(L, L). The functional It on L is lower
semicontinuous in this topology, because it is representable as the conjugate of the
functional It. on L, where f* is the conjugate integrand ([ 1, Thm. 2] and [7, Thm.
2]). The sets

{u llt(u)-<}, / R,

are therefore closed in this topology, in fact compact by the uniform boundedness
of D(), since

(2.2) It(u)< +ou()D() a.s.

The nonempty sets in this nest of compact sets therefore have a nonempty
intersection, and this consists obviously of optimal solutions to P.

The existence of the multiplier/ in [5, Thm. 2] is obtained by a more subtle
argument, the details of which will not be repeated here. By our hypothesis, the
convex functional It is finite and norm-continuous at a certain point t of, and
this furnishes by Fenchel’s duality theorem a norm-continuous linear functional
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on L. such that vanishes on Wo and

inf Ir(u ) inf {Ir(u )- (u )}.
,N’ L

The property of essentially complete recourse enters in showing that q can
actually be taken to be of the form 0(u)= (u,/) for some/ in L (and hence in
a =). This yields the existence of at least one saddle point (if, ff)ofL in (2.1),
and it follows then by the usual reasoning in minimax theory that such saddle
points characterize the optimal solutions ff to P.

To complete the proof of Theorem 1, we must show that a pair (a, ) is a
saddle point of the reduced Lagrangian L if and only if there exists such that
(a, ,) is a saddle point of the Lagrangian Ih. The suciency of this condition is
obvious from the fact that

(2.3) L (u, p sup Ih (u, y, p ).
y

(In view of (2.2), there is no loss of generality in replacingL by in discussing
saddle points of Ih).

Now consider any saddle point (, if) of L. We have a and

(2.4) L(ff, if)= sup L(a, p)= sup sup Ih(a, y, p),
p py

while on the other hand, using the fact already noted that the conjugate of It is If.
on L, we have

(2.) Ze(a)-(a,p)=L(u,p)= inL(u,p)= inf {It(u)-(u,p)}=-Ie.(p),
t t

where by definition

(2.6) -*(, p())= un. {(, u)- u. p()}.

In order to verify for some y that (a, y, ) is a saddle point of Ih, it suffices in
view of (2.4) to establish that

Ih (U, f, fi) >= L (t, fi) for all u

or in other words that

(2.7) E{h(, u(), )7(),/(:))}->E(f(:, t(:))-i(:)./()}

We know from (2.5) and (2.6) that

for all u

f(:, ti())-ti(:)./7(:)= inf {/(, u)-u.,6(:)} almost surely.
uR

Thus ti(:) is almost surely an optimal solution to the convex programming
problem

(2.8)
minimize fo(:, u)-u p() over all u e U(:)

satisfying/’} (:, u)_-< 0 for 1,. , m.
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However, this problem is strictly feasible almost surely, due to the assumed
existence of t q/and e > 0 satisfying (1.6), and it therefore has almost surely a
Kuhn-Tucker vector, i.e. a vector y R’ such that (cf. (1.9)):

inf h(:, u, y,/5(:))=infin (2.8)=f(s, ti(())-ti(:).
U(5)

Let Y(:) denote the set of all vectors y R ’ such that

(2.9) h (:, u, y,/7 (:)) -> f(:, ti (:)) a (:)./ (:) for all u e U(:).

As we have just seen, Y(:) almost surely. Let A denote a countable dense
subset of R". Since for each y e R ’ the function h (,., y,/7(:)) is finite, lower
semicontinuous (1.s.c.), and convex on U(:) (a convex set with nonempty interior),
it is continuous on the interior of U(:) and relative to all line segments in U(),
and hence

inf h (:, u, y,/5 (:)) inf h (:, u, y,/5 (s)).
U() U()f-IA

Thus U() can be replaced by U()f’IA in (2.9)without affecting the nature of the
condition on y. This yields the representation

(2.10) Y(:)= f’l Y(:),
aA

where Y(:) denotes the set of all y e R ’ satisfying

h(, a, y, p())>-f(, a())- a() p(),

or more specifically, is given for each : in the (Borel measurable) set u-l(a) by

Ya(f) y eR’2 Y Yifi(f, a)>=fo(, ti(f))-f0(:, a
i=’1

while for other : e .. simply Ya () R ’2. Each of the multifunctions Ya" : Ya (:)
is close-valued and Borel measurable [2, Cor. 4.3], and hence so is Y as the
intersection of a countable collection in (2.10) [2, Cor. 1.3]. It follows that Y has a
Borel measurable selection where it is nonempty-valued [2, Cor. 1.1]. Since
Y(:) almost surely, we therefore have the existence of a Borel measurable
function 37" ..->R’ such that almost surely 17(:) Y(:), i.e.

(2.11) h(:,u,7(:),/7(:))>-f(:,ti(:))-ti(:)./7(:) forallueU(:).

We claim (2.1 1) implies 37 (:) is summable in , so that actually 37 e . Indeed,
for the function t in our strict feasibiiity assumption we can set u t (:) in (2.1 1)
to obtain (almost surely)

fO(, /())--E i()--/()’ P() fO(, /())--/()" P()"- 2 ;i()f(, a())
i=1 i=1

>- f(, a())-a(), p()

fo(, a ()) a (). p()
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and thus for 1,. ., rn (almost surely)

(2.12) 0-<_ fo( ,

The right side of (2.12) is, of course, summable in :, and hence so is
We have thus established the existence of )7 e satisfying (2.1 1). But (2.1 1)

implies (2.7) and therefore, as already argued, that (&)7, if) is a saddle point of Ih.
This ends the proof of Theorem 1.

COROt,L,XY. The restricted Lagrangian

(2.13) Ie(u, y)=E{’(, u(), y(:))} for (u, y)e (q/n Xoo)x @,

where

(2.14) e(:, u, y)= fo(:, u)+ Y y,]}(:, u),
i=1

has at least one saddle point (& ) relative to (all r-lwoo)x. Moreover, the
components ofsuch saddlepoints are precisely the optimal recoursefunctions in P.

Proof. Let (& 7,/) be a saddle point of Ih relative to q/x g x 1, as exists by
Theorem 1. Since ff ///1 W’, we have

Ih(U, y, ff)=Ie(U, y) for(u, y) (a//iqW’oo)x,

and hence 02, )7) is a saddle point of Ie relative to (q/r) w’oo) x . The existence of at
least one such saddle point, together with the fact that P is equivalent to
minimizing the functional

If(u ) sup Ie(U, y) for u a//fq Woo,

yields the characterization of solutions t7 by the usual minimax considerations.
THEOREM 2. An element (, , p) is a saddle point of the Lagrangian Ih

relative to a//x 02/Xl /f and only if the Kuhn-Tucker conditions (a), (b), (c) are

satisfied.
Proof. In either case we have t e 0//, )7 e 2/and/ e 1. If 02, )7, if) is a saddle

point, then t is optimal for P by Theorem 1, and in particular t e Woo. Thus in
showing the equivalence we can limit attention to the case where also t e Woo.
Then (t, p)=0 for all p e ///1, so that Ih(a, y, p)=Ih(a, y,/), and the saddle point
condition can just as well be expressed as

(2.15) inf I (u 7, if).sup I (t, y, if) / 02, 7, if)
uO

The left half of (2.13) is trivially equivalent to

sup h (:, t (:), y, ff (:)) h (, a (:), 7 (:), ff (:)) a.s.,
yR

and this is identical to (1.13)plus (1.15).
It remains only to show that the second equality in (2.15) implies (1.16), the

opposite implication being immediate. Define the integrand/" on .. x R" by

/’(:, u)= h(sc, u, )7 (:), ff(:)),
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this value being interpreted as +m for u U(:), so that

u()={u R"li( u)<

Our hypotheses say that/’(s, u) is l.s.c, convex in u and Borel measurable in s,
hence (since int U(s) )/" is a (Borel) normal convex integrand 1, Lemma 2].
Furthermore, the "growth" conditions on the functions ]’ imply for each bounded
set K R" the existence of a summable function 3" E R such that

I/’(s, u)l<=T(s) forallu U()fqK.

The right half of (2.15) thus can be regarded as the assertion that

(2.16) /(tT)= inf /(u),
uL

where

On the other hand, (1.16) can be restated as

(2.17) j (s, a (s)) inf j (s, u) a.s.
uR

The question is thus reduced to that of the equivalence of (2.16) and (2.17), which
is answered affirmatively by the theory of normal integrands and integral func-
tionals. (In particular, the two properties can be expressed in terms of 0 0/(t7)
and 0 0/’(s, t7 (so)), and then [7, Cor. 1B and Thm. 2] can be invoked.) Theorem 2
is thereby established.

We have mentioned in 1 that the multipliers )7 and/5 for P solve a certain
dual problem. This will now be described. Define the function g on .w. R." R
by

inf h(s,u,y,p) ifyR’
(2.18) g(s, y, p) te)

-oo if y R ’.
It will be shown below that -g is a normal convex integrand. Let

(2.19) Ig(y,p)=E{g(, y(sC),p())} for(y,p)6LxLl.

The dual problem associated with P is taken to be:

D Maximize Ig (y, p) over all (y, p) x /1.

THEOREM 3. The functional Ig in D is well-defined and concave, with

(2.20) Ig(y, p)= inf [h(U, y, p) forall (y, p)e 21 xl/l.

Thus optimal solutions to D exist, and they are precisely the components (,/5) o]"the
saddle points (a, ,) of the Lagrangian Ih. In particular,

min P max D.
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Proof. We begin by proving that -g is a (Borel-)normal convex integrand.
There exists in q/a countable subcollection q/’ such that U(:) is almost surely the
closure of the set {u(:)lu q/’}. (This follows from the measurability of the
multifunction U via Castaing’s theorem; cf. [2, Thm. 1].) Then by convexity

(2.21) g(,y,p)=infh(,u(),y,p) a.s. foryeR.

For each u e a//, define

g,(sc, y,p)= { h(sc’ u(sC), y,p) if yR+

if +o

Then -g is a normal convex integrand by virtue of our regularity assumptions, and
we have from (2.21)the representation

g(sc, y, p)= inf gu((, y, p) a.s.
Uo’

Since the collection is countable, this implies -g is a normal convex integrand [2,
Cor. 4.1].

Normality ensures that g(g y(:), p(:)) is measurable in : whenever y(. )
and p(. ) are. On the other hand, fixing any u a// we have for all y L1., and
p e L,1 the bound

g(, y (), p ()) <= fo(, u ())+ E y, ()f, (, u ())- u (). p (),
i=l

where the right side is summable. Thus I,(y, p) is always unambiguously a real
number or -m. The concavity of I is obvious.

We establish (2.20) by fixing any (y, p) in xt/ and considering the
integrand

(2.22) j(,u)={ h(’u’y()’p()) if u U(sC)’

+c if u U(:).

The situation is extremely close to the one at the end of the proof of Theorem 2; j
is a normal convex integrand, and we get from the theory of integral functionals
that

(2.23/

where

sup {(q, u )- I.(u )} I..(q forall q L
uLn

j*(s, q (s)) sup {q (s)" u -/" (s, u )}.
uR

Taking q 0, we turn the latter into

-j*(, 0)= g(, p(s), y())

by (2.22) and (2.18), and then (2.23) becomes the equation in (2.20).
The rest of Theorem 3 is evident from (2.20) and the existence of a saddle

point of Ih in Theorem 1.



THE OPTIMAL RECOURSE PROBLEM 27

3. Special structures. So far, it has been convenient and useful to endow P
with as little structure as possible. This level of generality is rarely, if ever, needed
in practice. The main purpose of this section, and the next one, is to consider
recourse problems that possess some of the structural characteristics most com-
monly encountered in applications.

An initial observation may be made about the differentiable case, i.e. where
U()=R" and the functions u-->fi(,u) are all differentiable with gradients
denoted by V[i(:, u). Then (1.16)of the Kuhn-Tucker conditions becomes

(3.1) Vfo(, ())’- E ;i()Vfi(, /())"-P() a.s.,
i=1

and hence part (c) of the conditions asserts simply that

(3.2) Ek Vfo(:,a(:))+Y f,(:)Vfi(:,a(:))=0 a.s. fork=l,...,N.
i=1

A. The separable case. By SP we denote a version of P that satisfies all the
regularity conditions laid out in 1 and is also separable, by which we mean that

N

(i) U()= X U,(s),
k=l

N

(ii) fi(,u)= Y’. f(,u) fori=O, 1,...,m,
k=l

where the multifunctions Ug" s Ug (s) c R" are g-measurable, and the func-
tions s /g(s, ug) are g-measurable relative to the set

U- (Uk ) { ..luk Uk ()} ,-k.

The function h (as defined by (1.9)) is also separable, in the sense that

N

(3.3) h(s, u, y, p)= Y [g(s, ug, y)-ug. Pk],
k=l

where

(3.4) tag (’, Ug, y ) fOg (’, Ug ) + . Yifig (’, Ug )
i=1

and the functions s G (s, ug, y) are g-measurable relative to U (ug).
Since SP possesses all the properties of P, the problem is solvable and the

Kuhn-Tucker conditions (a), (b), (c) are necessary and sufficient for optimality.
We shall show that (c) can be replaced by:

(sc) for k 1,. ., None has

(3.5)

where

(3.6)

ag(s, tig(sC),Eg)7(s)) min g(s, ug, Eg;()) a.s.
Uk Uk ()

(Eg)7)(s) Ek{)7(:)} (conditional expectation givenk ).
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Of course Ek] is k-measurable by definition, so the process {Ek, k
1,... ,N} is nonanticipative. Note that everything in the expression (3.5) is
-k-measurable, and therefore the "almost surely" can be interpreted with respect
to the restriction of the probability tr to ’k. Thus the minimization is entirely in
terms of information pertinent to stage k and independent of the future. In
particular, for the nest of sigma-fields -k corresponding to the sequential notation
s- (:1,""", ser) at the beginning of 1, : can be replaced essentially by k=
(:1, ", :k) throughout (3.5). The decision taken at stage k is then represented as
a solution/ik (:k) to an optimization problem depending only on the past informa-
tion k and a vector Ek(k) of expected "prices."

THEOREM 4. A function solves the separable optimal recourse problem SP
ifandonly ifthere is a multiplierfunction such that (, ) satisfies (a) and (b) ofthe
general Kuhn-Tucker conditions and (sc) above.

Proof. From the Corollary to Theorem 1, we know that ti is optimal if and
only if ti 0//fq g’oo and there exists t7 od such that

(3.7) sup Ie(a, y)= Ie(a, )7)= inf Ie(u, ;).

The left half of (3.7) is equivalent to

sup
yR

which means that (1.13) and (1.15) hold (and hence all of (a) and (b)). It remains
only to show that the right half of (3.7) is equivalent to (sc). But separability
implies

N

(3.8) Ie(u, )7)= Iek (Uk, ) for all u q/f-),
k=l

where

(3.9) Iek(Uk, )7) E{C’k (:, Uk((), )7())} E{k (:, Uk((),Ek](())},

the last equality being true because the function Uk is k-measurable and ek is
affine in the multiplier y. For k 1, , N, define the integrand rk on E xRn by

Uk, Ek]()) if Uk Uk(),(3.10) rk(, Uk) + if Ug Uk().

Lr’ ’k, tr)we have from (3.9)Then for functions Uk ,,,,,--,

tr(r (, { +oo
if Uk (se) Uk (se)

otherwise.

a.s.,

The right half of (3.7) is therefore identical to the assertion that for k 1, , N"

(3.11)
the minimum of L(Uk)= E{rk(eS, Uk (S))} over all

Uk . L,,(_, ’k, tr) is attained at/’k,
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while condition (3.5) is the same as

the minimum of rk (, Uk)over all
(3.12)

Uk R "k is attained at/k() almost surely.

The equivalence of (3.11) and (3.12) follows from our regularity assumptions
exactly as did the equivalence of (2.16)and (2.17)in the proof of Theorem 2: each
rk is an k-normal convex integrand. This completes the proof of Theorem 4.

The Kuhn-Tucker conditions in this "decomposed" form have a number of
significant features that render them attractive from a computational viewpoint.
Notably, if at stage k the multiplier function 37 k is known and the minimum in (3.5)
is uniquely attained almost surely, then the minimizing points must be the values
/k () Of the unique optimal decision function /k associated with this stage. In
other words, the requirement of k-measurability is automatically taken care of,
and there is no need to worry about the ultimate satisfaction of the constraints
/ (, a ()) _-< 0.

We remark also that in the differentiable case, with U()=R" for all k,
condition (3.5) takes on the form

(3.13) 7f0k(,/k())q- E E;,()Vf(,a())=O a.s.(k).
i=1

The structure of separability also leads to a special dual problem associated
with SP. For k 1,..., N, define the function gk on .. X R" by

(3.14) gk (, Y) inf ’k (, Uk, y) if y R ’.
ukUk()

Then --gk is an k-normal convex integrand, and the functional

(3.15) Ig (y) E{gk (, Y (:))} for y L1
is well-defined, concave (with -o as a possible value) and satisfies

inf Ie (Uk, y) for all k-measurable y ,(3.16) Ig (y) ,ou

where

(3.17) allk {Uk L,,(,,, ;k, tr)lUk()e Uk() a.s. (’k)}.

These facts are established almost exactly as they were for g and Ig in the proof of
Theorem 3.

As the special dual problem for SP, we introduce"

N

SD Maximize Y’, Ig (Eky) over all y e .
k=l

The following result is then immediate from the decomposition
N

(3.18) Ie(u, y)= Y, Ie(Uk, Eky) for(u,y)q/

and the fact that the Kuhn-Tucker conditions (a), (b), (sc) in Theorem 4 charac-
terize the saddle points of this expression.
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THEOREM 5. The dual problem SD has optimal solutions, and they are
precisely the components ofthe pairs (, ) satisfying the Kuhn-Tucker conditions
(a), (b), (sc). In particular,

min SP max SD.

B. Linear recourse models. By LP we denote a version of SP that can be
formulated as follows:

LP
/
N

Minimize E k= Ck Uk (k )

subject to AikUk (k) >__ bi a.s. for/" 1,. , N,
k=l

where Ck S R nk, br s R "k, Ark s R" and :k=(:l,...,SCk) with SCk=
(Ck, Akk,’’’, Alvk, bk). Thus the vectors Ck and bk and matrices Ajk are random
variables whose values become known in stage k, and we are in the sequential
notational setting at the beginning of 1 with : (:1, ’, :r). It is required that

(3.19) oo{,.k o.kUk L,,,_ ;k, ),

where (Ek, k, trk) is the marginal probability space of the random variable k, i.e.
of the random elements observed in the first k stages.

This formulation differs slightly from the previous pattern in having (3.19) in
place of the k-measurability of Uk as a function of E (with ’k the "cylindrical
extension" of -k relative to , as introduced in 1 for the setting where
:- (SOl, :N)). In simpler terms, the recourse function is taken to be nonan-
ticipative, rather than just essentially nonanticipative. However, the two formula-
tions are equivalent as long as we are not concerned with the multipliers/(:), and
this is justified in the present context by Theorem 3. (In introducing/ L ,1 we
need to regard the recourse function u as an element of L and therefore must
admit, as negligible, alterations of Uk ((k) on a set of sO-values of probability zero,
even if these involve :,+1, , :N.) Incidentally, in contrast to this equivalence,
one cannot change the "almost surely" in the constraints of LP without risking a
disastrous effect on the problem. This is shown by counterexamples in [8], where a
condition on the probability measure tr is also developed which ensures against
the discrepancy.

As with SP, we assume that LP satisfies all the regularity conditions we have
imposed on P. Actually, the convexity, lower semicontinuity and measurability
conditions are trivially satisfied; note that Uk()-" R ", while each fi is an affine
function of Uk with random variables as coefficients. The uniform boundedness
assumption requires that for all realizations of sc the polyhedron generated by the
constraints of LP lies within a fixed ball. For the case where the matrices Ark are
nonrandommor equivalently, have a degenerate distributionma sufficient condi-
tion for uniform boundedness is given by Olsen [9, Lemma 2.4]; cf. also [10].
Various sufficient conditions for strict feasibility can easily be found. For example,
one such criterion can be derived from the results of Isofescu and Theodorescu
[11] for systems of stochastic linear inequalities.
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Problem LP has a block-triangular structure which makes it easy to see more
specifically when the property of essentially complete recourse is present.
Consider the following decision procedure. In the first stage (having observed
1 (171, All, bl)) we choose Ul satisfying AlU >- b. In the second stage (having
observed 2) we choose u2 satisfying A22u2>-b, where b2*= b2-A:xu. And so
forth: in the kth stage (having observed :k) we choose Uk satisfying

k-1

(3.20) AkkUk >= b’k, where b tk bk Y, Akjuj.
j=l

One says that relatively complete recourse is present if this procedure can almost
surely be continued to the end (i.e. to the choice of uN), or in other words, if with
probability one we will not encounter a stage where we are stymied by the
emptiness of the uk-polyhedron defined by the constraint system (3.20).

THEOREM 6. Relatively complete recourse implies essentially complete
recourse.

Proof. Let us denote by Ak(:k) the set of all (u,..., uk) which can be
generated by the first k stages of this procedure. Relatively complete recourse
means that each element of Ak (k) is contained almost surely (with respect to the
conditional distribution of (:k+l,"’", :N)given (q,..., k))in the set Dk(:) in
(1.8), which consists of all (u , , uk) such that the procedure can be continued
to the end when the total outcome of the random variable is =(:, , :k, :k+, , :). Representing Ak (:k) as the closure of a countable set,
to each element of which this fact can be applied, we see from the closedness of
Dk (:) that

almost surely (conditionally, given sck). But trivially, the opposite inclusion is
universally valid by the definition of Dk(). Therefore, relatively complete
recourse is equivalent to the property that

(3.21) Dk () Ak (.k) a.s.

(in the sense of the overall distribution of so). Of course, (3.21) implies that Dk ()
essentially depends only on k, which is the property of essentially complete
recourse.

Remark. The concept of relatively complete recourse, and with it Theorem 6,
can easily be extended to SP and even to the general context of P, thereby also
covering our use of the term in [4]. The multifunction U is itself assumed
nonanticipative (as is true for instance in SP): the projection Uk (:) consisting of
all components (U 1,’’’, Uk) of elements u of U(:) is thus assumed k-
measurable. The index set {1, , m} is partitioned into subsets Jk such that, for
Jk, /(s, u) is k-measurable in s and depends only on the components

(u , ., Uk )Of U. Let Ak (so) consist of all elements (u , , Uk )Of Uk (so) satisfying
the constraints fi(, u)<-O for all indices iJ (.J... (.JJk. Then Ak(s) is ’k-
measurable in s. Relatively complete recourse is the property that each element of
Ak (s) belongs to Dk (s) almost surely (conditional probability given ’k ). This can
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also be expressed as above in terms of the almost sure feasibility of a "block-
triangular" procedure for generating u1,"’, uv sequentially. The proof of
Theorem 6 remains valid in this case.

Our assumption of strict feasibility appears needed for the validity of the
Kuhn-Tucker conditions (a), (b), (sc) of Theorem 4 in the case of LP, despite the
linearities. This may be attributed to the (infinite-dimensional)constraint of
nonanticipativity, even though the corresponding multipliers are suppressed in
(sc).

The optimal recourse functions for LP, which exist according to Theorem 1
under the regularity conditions which have been imposed, are characterized as
follows.

THEOREM 7. In order that the function --(/1,’’" ,N) with ak
{,k o.kL,, ;k, ) be an optimal solution to LP, it is necessary and sufficient that the

following conditions be satisfied for some function )7 071, ]r) with ]k
[,k o.kLm- 7k, ), k 1,"’, N:

(3.22)

(3.23)

(3.24)

(3.25)

where

Akkak(k)>=b *k(k) a.s.,

fk (k) >_ 0 a.s.,

]k(k) [b *k((;k)--Akkak(k)] =0 a.s.,

()A c*() a.s.,

k-1

(3.26) b*k(sCk) bk E Akfii(i),

N

(3.27) C*k(k) Ck Y’. (Ek]i)(k)Aik.
i=k+l

Proof. When conditions (a), (b) and (sc) of Theorem 4 are specialized to the
present context, we get something slightly different. Namely, each Tk would
appear in (3.23) and (3.24) as a function of all of s, while the expression in (3.25)
would instead be (Ek]k)(k). However, these conditions on t really involve only
the latter expressions (and their expectations in earlier stages). Therefore, we can
just as well applyEk to (3.23) and (3.24), so that only Ek]k is relevant throughout;
it is a mere change of notation to then call this function Tk, instead of the original
function.

The dual problem in this context may be stated as"

MaximizeE{k bk’Yk(k)} verallsummable
LD

Yk (:k)__> 0, k 1,. , N, satisfying

N

(3.28) Y (EJyk)(k)Akj=Ci a.s. for]= 1,’’’ ,N.
k=i

Note that the function y (y x, , yN) may be called a nonanticipative element
of L However, LD does not fit the same mold as LP, since in determining the
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component Yk for stage k we need consider the conditional expectations of the
]uture components yi, k </" =<N. Looked at another way, LD involves certain
special chance constraints, in contrast to LP, because if the expected values of the
multipliers yj associated with future stages are treated as variables to be deter-
mined at stage k, then the decision which is taken poses a subsequent constraint on
expectations that yj must live up to.

TI-IEOREM 8. The dual problem LD has optimal solutions, and they are
precisely the components (1, , ]r) o/" the pairs (a, ) satisfying the Kuhn-
Tucker conditions in Theorem 7. In particular,

min LP max LD.

Proot. This follows as a specialization of Theorem 5 via a slight change in
notation as in the proof of Theorem 7.

Problem LD resembles the dual obtained by Eisner and Olsen 12] for linear
recourse models formulated in LP-spaces, 1 <p <. The approach developed
here, however, yields a min max duality theorem with corresponding Kuhn-
Tucker conditions, whereas [12] only allows for min sup duality results.

4. A discrete time stochastic control problem. The purpose of this section is
to illustrate, by an example, the relations between the recourse model and certain
types of stochastic control problems in discrete time. The optimality conditions
developed here can then be used to characterize optimal solutions to these
stochastic control problems. The goal is not to give a description of the most
general stochastic control problem that can be handled in the framework of the
recourse model; it is easy to see how the problem described below can be
generalized in many directions and still fit our pattern.

While there are a number of substantial contributions to the theory of
necessary and sufficient conditions for stochastic control problems in discrete
time, e.g. [13] and [14], there does not seem to be a treatment that allows for the
inclusion of state-space constraints when seeking pointwise optimality conditions.
Several papers do deal with state-space constraints in the continuous case; see
[15], [16], [17] and [18]. The difference between the present approach and the one
taken by Kushner [15], Haussmann [16] and Ichikawa [17] is that they seek an
"expected maximum principle," in which case the multipliers associated with the
state-space constraints (at a finite number of time periods) turn out to be elements
of R. It is when seeking pointwise optimality conditions that the difficulties do
arise, as illustrated in [18] where Bismut must rely on an (L)*-multiplier rather
than L 1-multiplier. Even for continuous-time deterministic problems with state-
space constraints these exotic multipliers cannot always be avoided [19].

Let (k, k 1,"" ,N) denote a vector-valued (discrete time) stochastic
process; for k 1, , N, the realizations ofk are elements ofR ’ denoted by :k.
The state of the system at time k is denoted by Xk, also an element of R ’. The
dynamics are given by the relations

(4.1) Xl= :
and for k 1,...,N-I,

(4.2) Xk+l AXk +BUk + :k+l,
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where A is a (u’ x u’)-matrix, B is a (u’ x n’)-matrix, and Uk E R n’ is the recourse
(or control) selected at time k. To be consistent with our earlier notation, we set
u Nu’ and n Nn’. The recourse is selected on the basis of complete information
and total recall, by which we mean that the recourse decision Uk is selected in
complete knowledge of the past history of the system, i.e. up to and including Xk,
the state of the system at time k. (Note that a number of problems with incomplete
observation and partial recall can actually be cast as problems with complete
information and total recall, see for example [20], [21].) In this set-up, it is
equivalent to assert that the decision maker observes :k and recalls past observa-
tions and past decisions, since clearly from (4.2) it follows that knowledge of
earlier states and decisions, and observation of Xk/1 uniquely determines SCk /1, the
"noise" of the system.

Moreover, the particular form of the dynamics of this system (4.2) allows us
to short-circuit the state component in the description of the model. Indeed,
combining (4.1) and (4.2) we obtain

k k-1

(4.3) Xk+l’-- , Aqk+l-qd . Bug_q,
q =o q =o

i.e. the state of the system is a linear function of the past recourse decisions and
realizations.

For performance criterion we take a real-valued functional qo defined on
R R" xR such that for all : E E the function (u, x)--o(sc, u, x) is convex, and
for all (u,x)RR the function sc-qo(sc, u,x) is (Borel) measurable. The
problem in rough form is to minimize E{qo(, u (:), x (so))} subject to (4.3) and the
further constraints that

(4.4) u(:) U(:) a.s.

and for 1,. , m
(4.5) o,(:, u(sC),x(sC))<-0 a.s.

The multifunction U is assumed to have closed, convex values with nonempty
interior. For 1,..., m, the functions qi on RxR"R, are required to
satisfy the same assumptions as qo.

Relation (4.3) allows us to formulate this stochastic control problem as a
problem of the type P. Let us write (4.3) (regarded as including (4.1)) in the form

x Slj + Tu

and define

fi(lj, u oi(lj, u, Slj + Tu ) foralluU(:) i=0,1,...,m.

Suppose in fact that o (, u, S + Tu) is (for each fixed u ) summable in sc when 0
and essentially bounded in s when 1, , m. It can be verified that fo, ’, f,,,
and U satisfy all the conditions imposed on them in 1, and the corresponding
optimal recourse problem P represents the present situation. If in addition P is
strictly feasible and the abstract constraint multifunction D corresponding to
fl,..., f,, and U is uniformly bounded and nonanticipative, all our general
assumptions are satisfied and the above results can be applied. In this way we
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obtain necessary and sufficient conditions for optimality from the basic Kuhn-
Tucker conditions (a), (b), (c).

Many of the regularity conditions in question are "standard" for control
problems. For example, it is common to assume uniform boundedness of the set
{U(:), : ..}, and this ensures the uniform boundedness of the multifunction D.
As far as nonanticipative feasibility is concerned, we have already explained its
relation to the notion of relatively complete recourse that has played an important
role in the literature devoted to stochastic programming [4]. This concept has also
recently surfaced in stochastic control theory [22], [23]. For a system without state
constraints, Striebel [22] introduced the concept of optimality from time onward,
requiring essentially that for each control satisfying (4.4) and each time t--
whatever be the resulting state--there is a control which is optimal from time
onward. Striebel and Rishel [23] use this condition in their study of optimality
criteria for continuous time stochastic control problems. Their motivation for
introducing "optimality from time onward" is quite different from ours but
seems to be required by technical considerations that are akin to those that lead us
to essentially complete recourse. In particular, Rishel shows that this condition
allows him to obtain an explicit form for the generator applied to the value
function.

Finally, we note that certain classes of stochastic problems yield separable
recourse problems. This is certainly the case if

N

(i) U(:)= )< Uk() where Uk is -k-measurable,
k=l

N

(ii) fori=0,1,...,m, (:,u,x)= Y. ik(,Uk)+X’r,
k=l

where the functions qik (, Uk) are k-measurable and ri Rv. In this case we
can rely on the sharper results of 3A, if not in fact 3B, in deriving optimality
conditions.
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PERIODIC SYSTEMS: CONTROLLABILITY AND
THE MATRIX RICCATI EQUATION*

S. BITTANTI,f G. GUARDABASSI," C. MAFFEZZONI AND L. SILVERMAN

Abstract. Referring to recently published results, a few problems apparently playing a basic role in
periodic control theory are discussed in this paper. Specifically, the problems dealt with are the
controllability of linear periodic systems and the existence of periodic solutions for periodic matrix
Riccati equations.

Introduction. The existence of periodic solutions for a periodic matrix Riccati
equation has been recently considered in 1] by G. A. Hewer whose main purpose
was to prove the following statement.

For any to > 0, let A (.), B(. ) and H(. ) be given to-periodic real matrices;
then, the matrix Riccati equation (MRE)

1 (t)+ A’(t)R (t)+R (t)A (t)+ H’(t)H(t)-R (t)B (t)B’(t)R (t)= O,

-oo < < +,

has one and only one positive semidefinite to-periodic solution such that

(t) (A (t)-B (t)B’(t)R (t))x (t)

is asymptotically stable if and only if (A(.),B(. )) is stabilizable and
(H(.), A (.)) is detectable.

Unfortunately, the proof given in [1] is based crucially on a number of
preliminary results, some of which turn out to be wrong. Two of them play in fact a
fundamental role and are discussed in the following.

1. Controllability. Consider the linear to-periodic system

(1 a) (t) A (t)x (t) +B(t)u (t),

(lb) y(t)= n(t)x(t)

where x(t) R n, u(t) R ", y(t) R’ and A(. ), B(. ) and H(. ) are to-periodic
matrices integrable over [0, to].

Brunovsky [2, Proposition 3] proved that (la) is controllable if and only if it is
controllable on [0, nto]. Hewer claims [1, Thm. 2.15] that the following stronger
result is true: system (la) is controllable if and only if it is controllable on [0, to]
(this proposition was also stated without proof by Kalman [3, Proposition 2.26]).

The proof given by Hewer is erroneous because the functional linear depen-
dence of the rows of any matrix L (.) on some interval [0, T] is not equivalent to

* Received by the editors July 21, 1976, and in revised form March 7, 1977. This work was
supported by Centro di Teoria dei Sistemi, Consiglio Nazionale delle Ricerche (CNR), and by the
National Science Foundation under Grant Eng. 76-14379.

" Istituto di Elettrotecnica ed Elettronica, Politecnico di Milano, Milano, Italy.
ENEL-Centro Ricerca di Automatica (CRA), Milano, Italy.

Department of Electrical Engineering-Systems, University of Southern California, Los
Angeles, California 90007.
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the existence of a (nonzero) vector z such that

L(t)z = 0 for a.e. e [0, T],

as assumed in his proof of the preliminary Theorem 2.13. Moreover, a simple
counterexample shows that the statement itself is not correct. Assume that, in
system (la), n -> 2 while the matrices A (.) and B(.) are given by

(2a) A(t) a---A=diag(A), A eR", A#Ai, /i#L VteR,

(2b) B(t)= B(t + k), V(t, k)e R Z,

(2c) B’(r) a-le-(-) e-(a-) e-"(a-) sin ,to’, Wr e [0, 1].

The 1-periodic system (1), (2) is controllable. In fact, its controllability matrix on
[0, n] is given by

where

C(0, n) 1/2 V,,

Since V, is a Vandermonde matrix, the conclusion that C(0, n) is nonsingular
directly follows.

Nevertheless, system (1), (2) is generally not controllable on one period. In
fact, for any - e [0, 1),

where

Hence

C(’, " + 1) V2MV’2

0
,r+l

tz sinz 7rt dt, Ix2 sin2 7rt dt.

1,
rank (C(r, r + 1))

2,

so that system (1), (2) is controllable on one period if and only if n 2 and
re(0, 1).

Finally, the above example enables one to point out that, in general,
Brunovsky’s result [2, Proposition 3] cannot be significantly strengthened.

As a matter of fact, it can be proved that system (1), (2) is controllable on (-, t)
if and only if ]-i n, where and ] are respectively the largest and the smallest
integers such that -< -, ] _-> t. Of course, when A (t), B (t) are also analytic it follows
from Silverman and Meadows [4] that the proposition is true since, in this special
case, controllability is interval independent.
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2. The Lyapunov differential equation. By the Lyapunov differential equa-
tion (LDE) reference is made to the equation

/(t) + A’(t)K(t)+ K(t)A (t)+ H’(t)H(t) 0

which coincides, up to the linear terms, with the matrix Riccati equation dealt with
in the introduction. Apparently, the to-periodic solutions of the LDE are of
primary interest in the analysis of the w-periodic solutions of the MRE.

Let (t) denote the (n x n) matrix solution of

(t) A (t)(t), (0) I.

As is well known, (t) can be expressed in the form

(t)=F(t)e’, Vt,

where F(. is a nonsingular matrix of to-periodic functions while G is a constant
matrix.

Another result claimed in [1, Thm. 3.7] is the following: If, for each
eigenvalue 3’ of G with Re [3’]--> 0 and each associated nonzero eigenvector

(3) (H(t)F(t)rt 0 for a.e. e [0, w]) :ff r/= O,

then the existence of a to-periodic solution of the LDE is equivalent to G being
Hurwitz.

However, the above proposition is not correct as the following simple
example shows. Precisely, the existence of a to-periodic solution of the LDE does
not imply that G is Hurwitz. With reference to system (1), let n =a 1, A (t)= a 0
and H(t)a= sin t. Then, to 2r, F(t)= 1 and G a so that (3) is trivially verified.
For any a 0, the to-periodic solution of

I(t)+ 2aK(t)+sin2 (t)= 0

exists and is unique. However, if a > 0, G is not Hurwitz.
To the best of the present authors’ knowledge, the most powerful condition

for the LDE to admit a unique to-periodic solution is given in [5, Remark 5.1].

3. Concluding remarks. The periodic solutions of the MRE play an impor-
tant role in periodic optimization theory [6]-[8] as specifically pointed out in [5]
and [9]. However, in view of the discussion carried on in 1, it can be concluded
that in [1] detectability and stabilizability have been improperly defined (Defini-
tion 3.1 and Definition 4.1) so that the meaning of Hewer’s main result (Theorem
1.3) turns out to be ambiguous and, as such, cannot even be taken as an appealing
conjecture. So far, the only substantial results on the existence of periodic
solutions of the MRE are those given in 10], for the scalar case, and in [5], for the
general case.
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A MAXIMIZATION PROBLEM RELATED TO
PARAMETRIC LINEAR COMPLEMENTARITY*

IKUYO KANEKO"

Abstract. The programming problem considered here is that of finding the maximal value of a
such that the solution z of q+ap+Mz >-0, z >=0 and zr(q+ap+Mz)=O satisfies z<=a. In this
problem, q, p, a are n-vectors such that q -> 0, a > 0, M is an n x n P-matrix and a is a scalar. This
problem has an important application in structural mechanics. In this paper it is first explained that a
certain local optimum of the above problem can be obtained more easily than the global optimum, and
then necessary and sufficient conditions are determined under which the local and global optima
coincide. Relationships are examined between these conditions and those on the isotonicity of the
solutions of the parametric linear complementarity problem.

1. Introduction. For an n-vector r and n n matrix M, the linear com-
plementarity problem is that of finding an n-vector z such that

r+Mz >=O, z >=O, z r(r+Mz)=O.
We shall denote this problem by symbol (r/M). A fundamental theorem in linear
complementarity due to Samelson, Thrall and Wesler [19] states that the problem
(r/M) has a unique solution for every r if and only if M is a P-matrix, i.e., it has
positive principal minors. In what follows, we shall denote by P(n) the set of n x n
P-matrices. When the order of a matrix is clear from context, we simply write P.
For n-vectors q, p and an n x n matrix M, the parametric linear complementarity
problem, (q/p/M), is the family of linear complementarity problems of the form

(1) {(q + ap/M): a => 0},

where a is a scalar parameter. IfM P, then (1) has a unique solution for every a,
which we denote by z(a). We note that if, in addition, q ->0, then z(0)= 0 and the
parametric principal pivoting algorithm (PPPA) which is a parametric version of
Graves’ algorithm [6] (see Cottle [1] for a description) generates z(a) for
increasing values of a => 0. Under the assumptions, the PPPA proves, construc-
tively, that z (a) is continuous and piecewise linear in a.

In this paper, we are concerned with the following programming problem:

Find

a max a

such that there exists z satisfying

(2.1) q+ap+Mz >=0,

(2.2) z _>- 0,

(2.3) a >= z,

(2.4) zr(q + ap +Mz)= O.

* Received by the editors September 24, 1975, and in final revised form March 4, 1977.
t Department of Industrial Engineering, University of WisconsinmMadison, Madison, Wiscon-

sin 53706.
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Here, q, p, a are n-vectors with q => 0, a > 0, M P(n), and a is a scalar. In what
follows, this problem will be referred to as the max problem (q/p/a/M). The
conditions (2.1), (2.2), and (2.4) give the parametric linear complementarity
problem which is said to be associated with the max problem. Under the
assumptions it is not difficult to show (see Kaneko 11]) that c* is nonnegative and
that a* is finite if and only if p 0.

The max problem is a special case of a class of problems considered by
Kirchg/issner [14] and Ibaraki [7], [8] who described iteration procedures for
solving them. A more natural approach is by using the PPPA. Solution methods
for the max problem will be discussed in 3.

Using the notation defined above, the max problem can be rewritten as"

We define d by

(3)

Find a* =max {a" z(a)<=a}.

max {a" z () _-< a, s [0, a ]}.

The reader can verify that k is a local optimum for the max problem. As will be
explained later ( 3), a local minimum c can be obtained more quickly than the
global optimum a*. The purpose of the present paper is to determine necessary
and sufficient conditions on data q, p, a and M such that a* holds.

The max problem arises in a certain problem in structural mechanics
addressed by Maier 15], where the abovementioned assumptions on the data are
automatically satisfied. The problem may be explained very briefly as follows.
Every structure is designed so that it carries some reserve strength to allow for an
unexpected overload and errors. The safety ]’actor is a measure for such a reserve
strength. Maier demonstrated that the problem of determining the behavior of a
certain fairly broad class of structures can be formulated as a linear complemen-
tarity problem with a P-matrix, and based on the formulation, showed that the
safety factor of such structures can be identified as the optimal solution of the max
problem. For the details, we refer to Maier [15], De Donato and Maier [5] and the
author’s report [13].

Let z (a) be the solution map of the problem (q/p/M) where M P. We say
that the parametric linear complementarity problem has isotone solutions if z (a) is
isotone, i.e., monotone nondecreasing in a _-< 0, componentwise. It is easy to see
that the isotonicity of the solutions of the associated parametric linear com-
plementarity problem provides a sufficient condition for c a* to hold. In fact,
the isotonicity is necessary for the local optimum to be globally optimal in a certain
sense (see Property (22) in 5). In [1] Cottle considered strong and uniform
monotonicity conditions on q and/or M characterizing the isotonicity of the
solutions of the problem (q/p/M). Analogously (but noting that the max problem
has an extra parameter a not present in (q/p/M)) we shall pose the following
questions"

(A- 1) What are necessary and sufficient conditions on q >- 0, a > 0 andM P
such that d a* holds in the max problem (q/p/a/M) for every p?

(A-2) What are necessary and sufficient conditions on q -> 0 and Me P such
that d a* holds in the max problem (q/p/a/M)for every p and every a > 0?
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(B- 1) What are necessary and sufficient conditions on a > 0 and M P such
that t =t* holds in the max problem (q/p/a/M)for every q >=0 and every p?

(B-2) What are necessary and sufficient conditions on MP such that
a* holds in the max problem (q/p/a/M) for every q -> 0, every p and every

a>0?
Obviously, the first two correspond to the strong monotonicity and the last

two to the uniform monotonicity. A result in Cottle’s paper [2, p. 7] "almost"
answers (B-2). We shall explain it in 4.

The organization of the rest of the paper is as follows. The remainder of the
present section specifies some notation and terminology to be used in later
sections. In the next section we summarize existing solution procedures to
compute and/or a* and indicate that may be obtained much more quickly
than a*. In 3 we introduce the concept of convex directions by which we
characterize the situation where c c* for a given set of data, and using the
concept give an answer to (A-I) and (A-2). Questions (B-I) and (B-2) will be
answered in 4. The final section relates the results obtained in the previous
sections to the isotonicity of the solutions of the parameteric linear complemen-
tarity problem. There, we also pose and give an answer to questions similar to
(A-l) and (A-2) but with the role of q and p reversed.

Euclidean n space is denoted by R n, its nonnegative orthant by R_. ByR
we denote the space of real n m matrices. We use I to denote the identity matrix
of appropriate order. A vector is regarded as a column and superscript T is used to
denote transposition. The symbol e denotes the summation vector (1,. , 1)T of
appropriate size. For n-vectors x and y, xy is the usual inner product.

For positive integer n we define ((n)) to be the set of all (ordered) sequences
of integers 3, (3’1, ’, 3,t) such that 1 -< 3,1 <" < 3,t <- n and 1 =< <- n. For
3,=(3,1,"’3,t)((n)), we write =(l,"’,s)if and only if {3,1,"’,3,,,
tl," ", 8s} {1, 2,. ., n}, n s + and 37 ((n)). Note that given 3’ ((n)), is
uniquely determined.

Let MR"’, i,j, {1,...,n}, 8=(l,’",s)((n)) and 3’=(3’1,’",
3",) ((n)). We denote the (i, ])th element of Mby Mj, the ith row and/’th column
of M, respectively, by M. and M.j. Also we define

and

For matrices A R" and BR’’’ we denote by pos{A,B} the
polyhedral cone spanned by columns of A and B. Let M R"". For 3’ ((n)),

C(3"; M) pos {I.s, -M.v},
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where 6 q is called a complementary cone (Murty [17]). It is easy to show that if
MeP(n), then C(y;M) has a nonempty interior (relative to R") for each
3/e ((n)). Finally, S c R is said to be star-shaped on Tc S if for every r e T and
every r’e S we have

(1-h)r+hr’S

for each A [0, 1].

2. Solution procedures. As Maier [15] pointed out, the max problem is a
special case of the following programming problem

maximize cx + cy + c 3ru
subject to

AlX +A2y +A3u b,

x >=O, y >-O, u >-_O,

considered by Kirchgissner [14] who described a cutting plane algorithm for
solving the problem. Here, Cl, c2, c3 are nl, nl, n2-vectors, respectively, A1, A2,
A3 are m n, rn nl, m n2 matrices, respectively, and b is an m-vector.
Independently, Ibaraki [7], [8] proposed branch-and-bound and hybrid
algorithms using cuts, for solving the same problem.

A more natural approach taking advantage of the special structure of the max
problem is by using the PPPA. As Cottle [2] suggested, we could use the PPPA to
generate z(a) for all a -> 0 and determine a* by examining {z (a): a >= 0}. The
computational effort required by this approach is expected to be considerably less
than that by Kirchgiissner’s Ibaraki’s method, which may take solving a number of
linear programs of size at least n.

A motivation to examine conditions for c =a* is that in the PPPA
approach, the local minimum c can be computed more quickly than a* by
furnishing the algorithm with a certain "optimality criterion". Namely, one
generates z (a), a _-> 0 until

(4) z(a)<=a

is violated for the first time, when the algorithm is terminated. For the purpose of
reference, we shall call this the modified PPPA. Obviously, the original PPPA,
which requires z (a) for all a >= 0, takes more (no fewer) pivots than the modified
version. In particular, if the upper bounds z =< a are tight, then the first violation of
the bounds is expected to occur for a small value of a, which implies that the
modified PPPA takes considerably fewer pivots.

In the structural engineering application mentioned in the preceding section,
the upper bounds do tend to be tight. The following table (Table 1) demonstrates
the number of pivots needed to compute t and a* in the PPPA for two examples
of the max problem arising from the structural engineering situation (see Kaneko
10], 13] for the details).
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TABLE

The order To compute To compute

of M

Problem 1 10 4 10

Problem 2 34 17 34

Under the assumption that c a*, there is another efficient method to solve
the max problem. Maier [15] mentioned that a subroutine used in Kirchgissner’s
iterative procedure suffices to solve the max problem if the associated parametric
linear complementarity problem has isotone solutions. The statement is true
under a weaker assumption t a*. The subroutine is essentially the simplex
method applied to a linear program

maximize a

subject to

Iw Mz ap q,

w >=O, z >-O, a >=z,

with a restricted pivotchoice to keep the complementarity condition wz 0. the
subroutine is terminated when the objective value can no longer be increased
without violating the constraints.

Cottle [2] called this subroutine the restricted basis simplex method (RBSM)
and gave an example showing that the RBSM need not compute a* if d a*. If
c a*, both the modified PPPA and RBSM solve the max problem and their
computational efficiencies are about the same. In fact it can be shown that it takes
the both algorithms exactly the same number of pivots to solve the problem
provided the upper bounding technique (Dantzig [4]) is used in the RBSM, and all
bases encountered are nondegenerate. This can be reasoned as follows. In both
the PPPA and RBSM, all constraints in the problem are maintained including the
complementarity. Since M is a P-matrix, there exists a unique solution to
(2.1)-(2.4) for each a [0, c ]. In both algorithms, the value of a is monotonically
increased from 0 to d. A pivot occurs (in both algorithms) when the half line
{q + ap’a >-0} passes from one complementarity cone to an adjacent one.

3. Convex directions and questions (A-l) and (A-2). For a R", a > 0 and
M P(n), we define

2 (a, M) {r 6 R" the solution z of (r/M) satisfies z-<a}.

By using this symbol, the max problem (q/p/a/M) can be restated as:

Find a* max {a" q + ap (a, M)}

and k defined by (3)is given by

max {a" q +p g (a, M), : 6 [0, a)}.



46 :uYo

We say that p R" is a convex direction of Y (a, M) at q 6 R 7- if the following
holds:

[q+a’p(a,M)] implies [q+ap(a,M,)]a’> 0 for all a [0, a J"
The concept of convex directions characterized the situation where a* holds.
The following result is direct from the definition.

(5) PROPERTY. Letq 6R,p6R", a 6R", a >0 andMP(n). Thenk =a*
if and only ifp is a convex direction of (a, M) at q.

Using the terminology and the above property, we can rephrase questions
(A-l) and (A-2) as follows.

(A-I) What are necessary and sufficient conditions on q =>0, a >0 and
M 6 P such that every p is a convex direction of (a, M) at q ?

(A-2) What are necessary and sufficient conditions on q => 0 andM6 P such
that every p is a convex direction of (a, M) at q for every a > 0?

We give an answer to (A-I) and (A-2) stated this way after we prove the
following lemma.

(6) LEMMA. Let q R _, a R", a > 0 and M P(n be given. Then every
p R" is a convex direction of (a, M) at q if and only iffor each / ((n)), every
b R I1 is a convex direction of Yt(av, Mv) at qv.

Proof. The if part is trivial. To show the only if part, suppose there exist
y ((n)) and b R I1 such that b is not a convex direction of Y (a, M) at q. Then
there exist 0 < al < a2 such that

(7) q,+axb:(a,,M,,)

and

(8) qv + a2b (a, M..).
Let x(a) R Ivl be the solution of (qv + ab/Mv) for each a [0, a2]. Let 6 37 and
let c be a [61-vector of the form

c=Oe, 0>0,

where e is the [S ]-dimensional summation vector. We can choose 0 sufficiently
large so that for every a in [0, a2],

q + ac +Mx(a ) >= O.

This is possible since x(0)= 0 and x(a) is continuous and piecewise linear. Let
p R" be defined by

p=b and p=c.

Then we have that z (a) R" given by

(9) z,(a)=x(a)

and

(10) z(a)= 0
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is the solution of (q/p/M) for a [0, aa]. From (7)--(10) we see that

q+lpC:(a,M) and q+2p(a,M),

which implies that the p defined above is not a convex direction of (a, M)
atq. I-1

(11) THEOREM. Let q R ?, a R n, a > 0 andM P(n ). Then every p R is
a convex direction of (a, M) at q if and only iffor every 3’ ((n)),

(Mv)-lq, :> a.
Proof. Assume that every p s R" is a convex direction of (a, M) at q. Let

3" s ((n)). By the preceding lemma we have that every b s R I1 is a convex direction
of (a, My,) at qv. From this we show that

(M)-lq _>_ a..
Define b by

and let

b q Mvav

r(a ) q + ab, a >- O.

Since a > 0, we have that

r(1) Mva, in pos { M}

and hence for a sufficiently small 0 > 0,

r(1-O) pos {-Mvv}.
This implies that

(Mv./ )-Xr(1- O )

is the solution of the problem (r(1-O)/Mv). Since b is a convex direction of
Y(a,M) at q and since r(1)belongs to Y(av, Mvv), r(1-0)also belongs to

(av, Mw). This implies that

-(M)-lr(1-O)<-a.
By using the definition of r(a), we then have

-(Mw)-(-Ob-Ma)<-.a or O(M.)-l(-q-Mva)<-_O.
Since 0 > 0, we have

(M//)-lqv _>- a,.

To show the converse, suppose there exists p s R such that p is not a convex
direction of (a, M) at q. Let r(a) q + ap, a >- O. It follows from the supposition
that there exist 0 < al < a2 for which r(tx2) belongs to (a, M) but r(al)does not.
We denote by z (a) the solution of (r(a)/M) for each a _-> 0. Then we have that for
a al, there exists j s {1,. , n} such that

zj(al)>aj.
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Choose 3 (iT1, 02) so that

(12)
and

(13) z(a)<=zi(a3), ae[a3, a3+el]
for some positive number e. Such a3 and e exist since al<a2, zi(a)>a,
z(a2) -< a and z(a) is continuous. Since Ms P, there exists 3’ s ((n)) such that
r(a3) belongs to C(y; M). We shall note that 3’ necessarily contains/" since zi(a3)is
positive. Since M P, every complementary cone has a nonempty interior. Thus,
we may assume without loss of generality that r(a) is in C(y; M) for a s
[a3, a3 d- e2] for some positive e2. Let e* be the minimum of e and e2. From pivot
theory (see e.g., Parsons [18]) we have for a s [a3, a3 + e*],

where

+

(M, ) (M, )-p,.q=- - and p=-

By (13),/r must be nonpositive. From this, a3>0 and (12), we have

or

ai < zi a3 + a3p <

((M,/v)-lqv)i < a. I-1

(14) COROLLARY. Let q eR and Me P(n). Then every peR" is a convex
direction of9 (a, M) at q for every a > 0 if and only iffor each ), ((n ))

(M)- >0./ q/

4. Questions (B-l) and (B-2). Let a R", a > 0 and M P(n). By Property
(5) and by noting the condition that every p R" is a convex direction of (a, M)
at all q + is equivalent to the condition that Y (a, M) is star-shaped on R +, we
can rephrase questions (B-l) and (B-2) as follows:

(B- 1) What are necessary and sufficient conditions on a > 0 and M P such
that (a, M) is star-shaped on R_?

(B-2) What are necessary and sufficient conditions on MP such that
Y (a, M) is star-shaped on R for every a > 0?

In [2], Cottle proved the following result which "almost" answers (B-2).
(15) THEOREM (Cottle). LetM

and only ifMhas nonpositive off-diagonal elements.
Obviously, a convex set S is star-shaped on every T= S, but a set S which is

star-shaped on one particular T= $ need not be convex. For the set (a, M),
however, its convexity and star-shapedness on R are in fact equivalent. Thus the
above theorem due to Cottle essentially gives an answer to (B-2). Moreover, the
convexity (or equivalently star-shapedness on R _) of (a, M) is independent of
a > 0. Hence M having nonpositive off-diagonal elements is a necessary and
sufficient condition answering (B-l) as well as (B-2). Formally we prove:
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(16) THEOREM. LetM P. The [ollowing five statements are equivalent.
(17) M has nonpositive off-diagonal elements.
(18) For every a > O, (a, M) is convex.
(19) There exists a > 0 such that (a, M) is convex.
(20) For every a > O, (a, M) is star-shaped on R_.
(21) There exists a > 0 such that (a, M) is star-shaped on R _.
Proof. By definitions and Theorem (15)we have the following implications"

(19) ,,
(17) (18) (21).

(20)

It remains to show that (21) implies (17). Assume M has a positive off-diagonal
element. Since we are assumingM P, every principal submatrix has the inverse.
Thus by Proposition 1 in Cottle and Veinott [3, p. 247] there exists y 6 ((n)) such
that

(M)- O,

or for some and/"

((Mv)-l)ii < O.

We consider [y]-vector b of the following form

b =Oei, 0>0,

where ei is the jth unit vector of dimension [yl. Given a > 0, we can choose 0
sufficiently large so that

(M,v)- b a.
II we let qv b and q8 0, then by Theorem (1 1) there exists p such that p is not a
convex direction of Y (a, M) at this q e R_7_. Thus Y (a, M) is not star-shaped on
R" 71+.

We refer to Kaneko [9], [12] for amplifications of the above result.

5. Relationships to isotone solutions. In this final section, we relate the
results obtained in the previous two sections to isotonicity properties of the
solutions of the parametric linear complementarity problem. We also consider a
strong monotonicity property of the solutions of the parametric linear com-
plementarity problem with respect to p <0 and M, and the corresponding
optimality conditions for the max problem.

We first prove the following.
(22) PROPERTY. Letq R, p R andM P(n). Then (q/p/M) has isotone

solutions if and only if a* in the max problem (q/p/a/M) for every a > O.
Proof. The only if part is straightforward. To show the if part, suppose

(q/p/M) does not have isotone solutions. Then there exist 0 _-< a > O2 and for
which
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where z (a) is the solution of (q + ap/M) for each a -> 0. Define at by

ai 1/2(z. (a a) + zi(a2)) > 0.

For k ] choose ak SO that

ak > Zk(a)>=O.

Then we have that a > O,

Z(OI) :a and Z(az)<-_a.

This implies that for this a

in the max problem (q/p/a/M). [q

Comparing Corollary (14), Theorem (16) in this paper and Theorems 1, 2 in
Cottle [1], we have the following relationships.

(23) THEOREM. LetM P(n ).
(i) Every p R is a convex direction of (a, M) at q R

_
for every a > 0 if

and only if (q/p/M) has isowne solutions for every p R.
(ii) The set (a, M) is convex (star-shaped on R _) for every (some) a > 0 if

and only if (q/p/M) has isotone solutions for every q R

_
and every p R .

Clearly, (i) and parts of (ii) could be obtained by Theorems 1, 2 in [1] and
using Property (22).

The strong monotonicity property of the parametric linear complementarity
as stated in Cottle 1] is with respect to q e R_7_ andM P(n). It may be of interest
to consider a similar property with respect to p e R" andM P(n), i.e., conditions
on p R" and MP(n) under which (q/p/M) has isotone solutions for every
q R n/. This may be done by using a result appearing in Megiddo [16]. For q e R_,
p e R" and M P(n), define

F(q, p, M) {y ((n)): q + ap C(,/; M) for more than one a _-> 0},

and

r(p, M)= t5 F(q, p, M).
q>=O

Lemma 3.4 in 16] implies1"
(24) THEOREM. Letq R, p R" andMP(n). Then (q/p/M) has isotone

solutions if and only if
(M,,,,)-p,, <- O

The proof given in [16] contains an error. Specifically, in the part (b)of the proof of Lemma 3.4
(p. 9), it is stated that (for a given set of data {q, p, M}) if pv belongs to pos {-M} and if /is in
F(q,p,M), then the problem (p/M) has a solution. This is certainly untrue for q=(0, 1), p=

1, 1), M. (1, 0)’r M. (1, 1)T and 3’ (1). Still, the assertion is true, at least under the present
assumptions, and can be proved easily. In fact, if q + ap belongs to C(3"; M), then the corresponding
values of the basic z-variables are given by z(a)=-(M.v)-xq.v-ot(M,.v)-xp.v. The solutions of
(q/p/M) are isotone if and only if z,/(a) is isotone for all a such that q+apC(3";M), i.e.,
(My,)-lp, __> 0 for all 3" e F(q, p, M).
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[or every , in F(q, p, M).
An immediate consequence is:
(25) COROLLARY. Let peR" and MP(n). Then (q/p/M) has isotone

solutions ’or every q R

_
i] and only i]’

(M)-p <= 0
]or every / in F(p, M).

The above characterization of the strong monotonicity with respect to p and
M is not satisfactory because F(p, M) (or F(q, p, M)) is not well represented. By
restricting the choice of p to negative vectors, we can have a sharper characteriza-
tion which is "symmetric" to that of the strong monotonicity with respect to q and
M (Theorem 1 in 1]).

(26) THEOREM, Let p R", p < 0 andM P(n ). Then (q/p/M) has isotone
solutions lor every q R 7- i and only i]:or each / ((n ))

(M,,)-p, <-_ O.

Proof. Assume p < 0. It suffices to show that for every y e ((n)), y e F(p, M).
Let y e ((n)). Since Me P, C(,; M) has a nonempty interior. Let x e R" be an
interior point of C(,/; M). Then for 0 > 0 sufficiently small, we have that

x + Op e C(),; M).

Since p < 0, we can choose A > 0 sufficiently large so that x- Ap is nonnegative.
Letting

q=x-Ap>-_O

we have that

q + Ap x e C(’r,; M) and q + (A + O)p x + Op e C(’r,; M).

Thus 3’ belongs to F(p, M).
Restricting p to negative vectors corresponds to considering a special case in

the structural engineering problem. In fact, an important special case of the
engineering problem including reinforced concrete frame problems has p < 0 by
its physical nature in addition to q _-> 0 and Me P. (See Kaneko [10], [13].)Just as
questions (A-l) and (A-2) correspond to the strong monotonicity with respect to
q _-> 0 and Me P, we could pose the following questions corresponding to the
strong monotonicity with respect to p > 0 and M P.

(C- 1) What are necessary and sufficient conditions on p < 0, a > 0 andM P
such that c a* in the max problem (q/p/a/M)for every q-> 0?

(C-2) What are necessary and sufficient conditions on p < 0 and Me P, such
that a* in the max problem (q/p/a/M) for every q _-> 0 and every a > 07

In the light of Property (22), it is clear that an answer to (C-2) is given by the
same conditions for the strong monotonicity with respect to p < 0 and MP
proved in Theorem (26), i.e.,

(Mvv)-pv<=O
for every 3’ e ((n)). Interestingly, this same set of conditions gives an answer to

(C-1) also. In closing this paper we prove the following:
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(27) THEOREM. Let p R", p < 0 and M P(n). Then the following are
equivalent.

(i) There exists a > 0 such that p is a convex direction of (a, M) at every
qR+o

(ii) For every a > O, p is a convex direction of (a, M) at every q R.
(iii) For every ((n)),

(Mv)-pO.
Proof. It suces to show the equivalence between (i) and (ii). For a > 0, we

define

(a) < 0" p is a convex direction of (a, M) for every q 0},

and prove that (a) is the same for every a > 0. To do so, let a > 0 and assume
that p (a). Then there exists q 0 such that p is not a convex direction of

(a, M) at q. Letting z (a) be the solution of (q + ap/M) for each a 0, it follows
that there exist 0 < a < a2 for which

(28) Z(al)a

and

(29) z(az)a.

Now let a’ > 0 be given. By considering cases, we show that there exists q’ 0 such
that (the same) p is not a convex direction of (a’, M) at q’. i.e., p (a’).

Case 1. a’=Oa, 0>0. For a 0 let z’(a) solve (Oq+ap/M). Clearly,
z’(Oa)= Oz(a) for each a 0. Then by (28) and (29) we have

z’(Oa): a’ and z’(Oa2) <- a’

which implies that p is not a convex direction of (a’, M) at Oq. Thusp (a’).
Case 2. a’>= a, a’ a. It is clear that we need consider only the case where

a[ > a and a, ak, k 1. By (28), (29) and the continuity of z(a), there exists
a* (a 1, a2] such that

(30)

and

(31)
$inc a’ _>- a, obviously

Thus, if

z(a*)<=a

z(a)a,

z(a*)<-a ’.

z(a):a’

holds for some a in [o, o*), then p is not a convex direction of (a’, M) at (the
same) q => O. So assume otherwise; i.e., assume

[, *].(32) z(a) <- a, a 1,
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It follows from (31), (32) and the fact that a, ak for k # 1 that

(33) al<Zl(a)(<a’), a [al, a*).
This, together with (30) and the continuity of z(a) implies that

(34) Zl(a*)= a.
Since p < 0, we can choose 0 > 0 sufficiently large so that

q’ q + (a al)(- M.1)- Op >-0.

Our goal is to show that p is not a convex direction of (a’, M) at this q’.
To this end we define z’(a), a [al + 0, a* + 0], by

z (a) Zl(a -O)+(a’-al)(35)

and

(36) z ) z,, o ),

for k # 1. We show that z’(a + O) is a solution of (q’ +(a + O)p/M) for a e
[al, a*]. Let a e [al, a*]. By (35), (36) and the fact that z(a) solves (q + ap/M),
we have that

(37) z’(a+O)>-O

and

(38) q’ + (a + O)p +Mz’(a + 0)= q + ap +Mz(a ) >- O.

From (33) and (34) we see that zl(a) is positive, thus by the complementarity
between z(a) and (q +ap +Mz(a)),

0 (q + ap +Mz (a))1 (q’ + (a + O)p +Mz’(a + 0))1.

From (36) and (38), the complementarity with respect to k 1 is preserved. Thus
z’(a + O) solves (q’ + (a + O)p/M). Now by (33) with a a 1, we have that

and so

thus

al <z1(1)

aI <zI(otl +,O);

z’(a+O)a’.

On the other hand, by (34) and (35)

zi(a* + O)= a’,
and for k 1

z’(ot* + O)<-a
by (32), (36) and the fact that a: ak; hence

z’(a*+O)<__a ’.
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Case 3. a’ <= a, a’ a. We only consider the case where a < al and a , ak,

k 1. Let 0- a’l/al and a"= Oa. Then by case 1, p (a"). Since 0> 0 > 1, we
have a"_-< a’. Then by Case 2 we have that p (a’).

and a > a’ where : . Define a* byNow for an arbitrary a’> 0, let an <-_ a n ,
*= a’ and a ae. Then we havea

a<__a*>_a ’.

Thus by Cases 2 and 3 we conclude that p (a’). 71
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CUTTING-PLANES FOR
COMPLEMENTARITY CONSTRAINTS*

R. G. JEROSLOW"

Abstract. A characterization is given of all the cutting-planes for a generalized linear com-

plementarity problem, in terms of rules whose repeated application yields exactly these valid implied
inequalities.

This report is a revision of our paper (1976), and our earlier proofs have been substantially
simplified.

Introduction. We provide a characterization of the set of all valid inequalities
for a constraint system (see (GLC) below) that simultaneously generalizes the
linear complementarity problem and bivalent integer programming. This
characterization is in terms of rules for generating cutting-planes, which are easily
proven to be valid rules. We also show that the repeated application of these rules
can obtain any valid cutting-plane.

Our characterization does yield a finite procedure for generating a set of
linear inequalities that define the convex hull of feasible solutions to the constraint
system, as does Balas’ result (1974) for facial constraints (see 1), on which it is
based. When instead one feasible solution is desired, which maximizes a linear
form, there is the further issue of how to "activate" the cutting-planes "as
needed". We will discuss this issue in a later paper.

Our result is comparable to Chvital’s characterization of all valid cutting-
planes for a bounded integer program (1973), and it is essentially an extension of
Blair’s characterization of the cutting-planes for a bivalent integer program
(1976). All three characterizations are in terms of rules for generating cutting-
planes, and include the rule of taking nonnegative combinations of given
inequalities. They differ in the additional rule or rules.

Chvfital’s one additional rule involves translating a hyperplane; the addi-
tional rules of Blair, and those given here, involve certain kinds of "simultaneous
rotations" of pairs of hyperplanes which are rotated until they coincide. Blair’s
additional rules, and ours also, can be sequenced, in thateach rule is applied once
to the set of previously derived cuts, in any fixed order of application of the rules.

Related work, in which cutting-planes are developed for a nonconvex
objective function, is in Konno (1976); here our emphasis is on certain nonconvex
constraints sets.

This paper is a revision of Jeroslow (1976). The formulations here, in terms of
sets of inequalities, as opposed to the proof trees used in Jeroslow (1976), were
prompted by the referee.

A point of terminology deserves mention: we use the term "cutting-plane"
synonymously with "valid implied linear inequality".

* Received by the editors June 29, 1976, and in revised form April 4, 1977.

" Department of Mathematics and Graduate School of Industrial Administration, Carnegie-
Mellon University, Pittsburgh, Pennsylvania 15213. Revised at the Center for Operations Research
and Econometrics, Universit6 Catholique de Louvain, Louvain, Belgium.
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1. The main result. We first consider constraint sets over the reals of the
following nature, which involve logical constraints on linear inequalities:

Dx >-d

and for each h 1, , t, at least one of the constraints
(1)

dix >= dio
holds for some Jh.

In (1), each set Jh is a nonempty, finite set, and each dix >= do is a linear inequality;
x (Xl, , Xr), D is a p r matrix, and d is a p x 1 vector.

The constraint set (1) is called facial (Balas (1974)) if, for each h 1,. ,
and Jh, {xldix =do, Dx >=d} is a face (possibly empty)of (xlDx >=d} (see
Rockafellar (1970) for terminology).

For example, the following constraint set is facial:

(GLC) Ay+Bz>=d, y->0, z->0, y.z=0,

in which y (yl,. , ys) and z (Zl,. , zs) have s variables. One has D
[A B], x (y, z ), r 2s, s, Jh {h, h + s}, and dhx >= dho is --Xh >= O. Thus, the
requirement that at least one constraint dx >= do holds for Jh is equivalent to
the requirement that either Yh <=0 or Zh <=0. Both inequalities yield faces of
{(y, z)lAy +Bz >- d, y >- O, z >- 0} because of the nonnegatives y, z => 0; and for the
same reason this requirement is equivalent to YhZh 0. Since such a requirement is
imposed for h 1,..., t, we have y z =0.

Note that (GLC) includes the linear complementary problem Cottle and
Dantzig 1968), Eaves 1971 ), Lemke 1965 and Lemke and Howson (1964) as a
special case. More general problems fit in the framework (GLC), for indeed the
special case of (GLC) given by

Ay->d, y_->0, z_->0, y.z=0,
(e)

yj+zj=l for/’=l,...,s,

is clearly equivalent to the constraints of the bivalent integer program, specifically

(BIP) Ay->d, y=0or 1 for/’=l,...,s.

In what follows, clconv (S) denotes the closure of the convex hull of S (see
Rockafellar (1970)) and the convex hull of the empty set is empty.

Define inductively the convex polyhedra:

Ko (x [Dx >- d},(3)

(4)
Kh+a clconv U (Kh f3 {xldx >- d/o}) for 0_-< h _-< t- 1.

iJh

We shall need the following result of Balas.
THEOREM 1 (Balas (1974)). ffKo is bounded and (1) is facial, then

(5) Kt clconv {xl(1) holds}.
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We shall first state our main result under a boundedness assumption, which
we will later remove in 2. It may be worth noting that the hypothesis, that
{x IDx >= d’} is nonempty and bounded for some r.h.s, d’, implies {x IDx >= 0} {0}.
Consequently, this hypothesis implies, that, for any d, {xlDx >= d} is bounded.

Our main result announced in Jeroslow (1976) is the following.
THEOREM 2. If

(6) {(y, z)[Ay + Bz >- d’, y >- O, z >- 0}

is bounded and nonempty for some d’, then any valid implied inequality for (GLC)
is obtained by starting from the linear defining inequalities

(7) Ay+Bz>-_d, y>-O, z>-_O,

and applying, finitely often, the following two rules (the second for h 1,. ., s):
(i) Take nonnegative combinations of given inequalities, and possibly reduce

the right-hand side.
(ii)hHaving already obtained the two inequalities

(8a) OlYl+" +Uyh +’’’+asYs+[JlZl+’’’+tZh +’" "+[sZs>=Oo,

(8b) alyl+"" "+u’yh+" "+a,y+BlZ+" "+t’Zh+" "+flZ>--_ao,

one may deduce

(8c) alYl+’’’+Uyh +"’’ +ay +/3Z +’’ "+t’zh +’" "+flZ>--_aO.

Conversely, any inequality thus obtained is valid for the complementarity
constraints (GLC).

Before proving the theorem, we give an example to fix the idea of the rule
(ii), with s 3, h 2. From the two inequalities

and

one may deduce

yl+ 2y2 + 3y3 +4Zl + 5Z2 +6Z3 => 7

Yl + 8y2 + 3y3 +4Zl + 3Z2 +62’3 -> 7

Yl + 2y2 + 3y3 +4Zl + 3Z2 +6Z3 --> 7.

In this example, we have made coefficients distinct whenever possible, e.g. the
coefficients of yl, y3, z1, and z3 in both inequalities, as well as the constant terms,
must agree.

Proof. First, we show that the rules (i), (ii)h yield valid implied inequalities.
The validity of (i) holds in any ordered field; it suffices to show that (ii)h is valid.

Suppose that (y, z) satisfies (GLC), and that (8a), (8b) are valid for all
solutions to (GLC). Since y z 0, we have YhZh 0, hence either Yh 0 or Zh O.
If Yh 0, then since (8b) is true, so is (8c). If Zh 0, then since (8a) is true, so is (8c).
In either case, (8c) is true. Since (y, z) was an arbitrary solution to (GLC), we see
that (8c) is also valid for all solutions to (GLC). Thus the application of rule (ii)h
preserves validity, and hence any finite number of applications does also.
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Next, we must show that any valid cutting-plane can be obtained in finitely
many applications of (i), (ii)h starting from (7). This is done by induction. First, we
show the "ground step" that any valid inequality for K0 is obtained via rule (i)
above. Second, we show the "inductive step", that any valid inequality for Kh,
h _-> 1, is obtained via one application of rule (ii)h, with two applications of rule (i),
to a suitable set of defining inequalities for Kh-l. It then will follow that the
repeated application of rules (i) and (ii)h, h 1," , s, with applications of (ii)h-1
sequenced to precede those of (ii)h (h _-> 1), yields any valid inequality of Kt. By
Theorem 1, our proof will then be complete.

To establish the "ground step", we differentiate two cases, accordingly as
Ko # or Ko= #.

If Ko #, and

(9) zry + rz ->_ ro

is a valid inequality for Ko, then the optimal value of the linear program

(10)
minimize Try + trz

subject to Ay +Bz >= d, y,z>--O

is 7r -> zro, and (10) is consistent. Hence the dual linear program to (10) has value
7ro, i.e., there are h, 0, 3’ => 0 with

(11) hA + 0 7r, hB + y tr, hd "rr’o >= 7to.

Therefore, (9) arises by rule (i).
If Ko , and (9) is any inequality, by the fact that (6) is nonempty and

bounded, reasoning similar to the case for Ko obtains h, 0, 3’ >- 0 with

(12) hA + 0 r, AB +
Since Ko , there are also h o, 0 o, yo=> 0 with

(13) AA+0=0, AB+y=0, hd>0.
Thus for all real scalars p >_-0,

(14) (h + pA)A + (0 + pO) r, (A + pA)B + (y + pyo)= tr

and for p po large enough, (h + poh)d => ro. Again, (9) arises by rule (i).
To establish the "inductive step", we proceed as follows. We suppose that

some defining set of inequalities for Kh- are given:

(15) Kh_l={(y,z)[Ay+Bz _>-d, y,z _->0}.

Regarding this defining set, we shall require that

(16) {(y, z)lAy +Bz >-d*, y, z _->0}

is bounded and nonempty for some d*. This is no restriction. If Kh-1 7fi then the
fact that Kh-1

_
Ko and Ko is bounded (as (6) is bounded and nonempty by

assumption) shows that we can take d* d. On the other hand, if Kh-1 , we
may assume that y _-< 0 and z _-< 0 are included in the defining inequalities for Kh-1
in (15), and we may take d* -0.
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Suppose that (8c) is valid for Kh. It suffices to show that, for suitably large t,
(8a) is valid for Kh-1, and that, for suitably large u’, (8b) is valid for Kh-1. For then,
by the kind of reasoning used for K0, (8a) and (8b) are obtained [rom the defining
inequalities of Kh- in (15) by rule (i), and (8c) is then obtained by one application
of (ii)h. Without loss of generality, we show (8a) is valid for Kh-1 for certain t; if
Kh- we may take t’, so we also may assume Kh-1 .

We distingusih two cases, accordingly as the minimum M o Zh for (y, z)
Kh-1 is zero or positive.

If M>0, let O be the minimum of the linear form /(y,z)=
OtlY +" + Uyh +" + OtsYs +[Z +" + O" Zh +" + [3sZs subject to (y, z)
Kh-1. Then for (y,z)Kh-1 we have for a’o>=O,

a’o- O
alYl +" + Uyh +" + OtsYs + 1Z1 +" +Zh+" + [sZs

(17) M

=l(y,z)+ a’o, Zh>O+ M>

Hence with (a-O)/M, (8a) is valid for Kh-, by taking a-> a0.
If M 0, let O(v) denote the minimum of/(y, z) subject to (y, z) Kh-1 and

Zh V. Recall that the perturbation function of a linear program is a convex
function with subgradients wherever it is finite (Rockafellar (1970)). Also note
that the validity of (8c) for Kh implies that O(O)>=ao, due to the fact that
Kh-1 ("] {(y, z)Jz O}

___
K.

Therefore there is a scalar t, representing the negative of the v-component of
a subgradient to the perturbation function at (d, O, O, O) (the last zero for z v at
v 0), such that

(18) O(v) >= 0(0)- t(v O) >= ao- tv

for all v. From (18), if (y, z) gh-1 we have

(19) t(y, z)>- O(z.)>- tz ,

and (19) shows that (8a) is valid for Kh-1.
This completes the "inductive step" of our proof. Q.E.D.
The construction in the proof of Theorem 2 shows somewhat more than is

claimed in the theorem, and we next state this additional information. To verify
Corollary 3, let Sh-1 for h 1, , + 1 denote the set of defining inequalities in
(15) for Kh-1, with the requirement given at that point of the proof, i.e., that (16) is
bounded and nonempty for some d*.

COROLLARY 3. Suppose that (6) is bounded and nonempty ]’or some d’.
There are finite sets of linear inequalities So," ", St with the following prop-

erties:
1. So consists of the inequalities Ay +Bz >= d, y >= O, z >= O.
2. Any inequality in Sh, h >-1, arises by two applications of rule (i) to the

inequalities of Sh-1, followed by one application of rule (ii)h.
3. Any valid inequality for (GLC) arises by an application of rule (i) to the

inequalities in St.
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We remark here that Blair’s characterization (Blair (1976)) of the valid
inequalities for (BIP) can be obtained by an argument virtually identical to the
proof of Theorem 2. This comment serves to unify the two characterizations
conceptually, though a proof of Blair’s result by our methods would be longer than
the elegant proof in Blair (1976).

2. Generalizations. Somewhat more general results than Theorem 2 and
Corollary 3 can be obtained by the same methods.

Consider the constraint system

(CMP)
Ax >-b, x >-_0,

1-I x,,=o.
h=l iJh kK(i)

This is of the form (1) with

(20) dix Xk, dio 0,
kK(i)

as x => 0 is included in the constraints of (CMP), and for similar reasons (CMP) is
facial.

For each h 1,. , define the function h(j), where h(j)- if is the jth
element in some linear order in Jh. The domain of h(j) is all integers j-

The rule (CMC)h of Fig. 1 is clearly valid for (CMP), where the line means
that the inequality below it can be obtained from those above it. Indeed, if x

allXl +" d- al,xr ----> ao, , ajlx1 -[-" -[- ai,x, >- ao, , ah,lX1 +" q- ah’rXr ao
(h’-- IJhl)

alxl +. + age, >-_ ao
where aik=ak ifkC:K(h(j))

FIG. 1. The rule (CMC)h for Jh

satisfies the constraints of (CMP), then for some Jh we have Xk--" 0 for all
k K(i), and for some f we have h(f) i. Supposing that all the inequalities above
the line in Fig. 1 are valid for (CMP), then ailxl +" -b ai;cr >- ao holds. Therefore
so does alx1 -[-" "" a,xr _-> ao, since aik ak if Xk O.

By an analysis similar to that in our proof of Theorem 2, the next result can be
obtained. Basically, one modifies primarily the inductive step of that proof, using
the linear form -dix of (20) in place of Zh in the argument concerning subgra-
dients.

THEOREM 4. Suppose that

(21) {x _-> OlAx >- b’}

is bounded and nonempty for some b’.
Them are finite sets of linear inequalities So," , S, with the following prop-

erties:
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1. So consists of the inequalities Ax >-_ b, x >= O.
2. Any inequality in Sh, h >= 1, arises by [Jhl applications of rule (i) to the

inequalities of $h-1, followed by one application of the rule (CMC)h.
3. Any valid inequality for (CMP) arises by an application of rule (i) to the

inequalities in St.
In Jeroslow (1976) we discuss how the hypotheses, that (6) or (21 is bounded

and nonempty, can be removed. To summarize that discussion in the more general
setting of (CMP), one adds, to the inequalities Ax >=b, x >=0 in So, the new
inequality

(22) XI "[" + xr <-M

whereM is literally an infinite quantity of the ordered field extension R (M) of M.
The boundedness assumption is then satisfied in R (M), and a close examina-

tion of suitable proofs of Theorem 4 will reveal that the theorem is true in any
ordered field (the existence of subgradients for linear programs is valid in any
ordered field). Then one applies Theorem 4 in R(M). See Jeroslow (1976) for
details.

Thus, while the "phantom" quantity M will appear among many inequali-
ties in the sets Sh, M disappears, when a valid inequality for (CMP) involving
only real numbers is obtained from St by rule (i).
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SUFFICIENCY THEOREM FOR DISCONTINUOUS
OPTIMAL COST SURFACES*

HAROLD STALFORD’

Abstract. A V type function is introduced for the purpose of modeling the optimal cost surfaces
(OCS) of a very general class of optimal control processes, especially state-constrained processes. This
classification of the OCS builds from the assumption that the OCS is the countable union of disjoint
submanifolds. The V-type function is particularly suitable for handling OCSs that are discontinuous at
submanifolds of codimension of the state space. A discontinuous nontransversality condition is
presented which keeps trajectories from entering any submanifold of the OCS from a discontinuous
edge. A sufficiency theorem utilizing the V-type function is given. This theorem states that if certain
conditions are met by a control policy, then it is optimal. The defining of these conditions, together with
the sufficiency theorem, provides a classification of the OCS for general optimal control processes with
state constraints. An example is provided to demonstrate the implementation of the results.

1. Introduction. The optimal cost surface (OCS) is the plot of the values of
the optimal value function above the state space. This surface is obtained as part of
the solution of an optimal control problem. Even though the properties of this
surface are dependent entirely on the given elements of the problem, researchers
have found it profitable to hypothesize about its properties in deriving results in
optimal control theory. For instance, current field-type sufficiency theorems
require that the OCS be continuous [ 1]-[8], [ 16]-[ 18]. Additional discussion on
works [16]-[18] using Young’s approach to develop field-type sufficiency
theorems is given at the end of the paper. The derivation of the fundamental
partial differential equation of dynamic programming in [9] of Dreyfus are based
on the OCS having bounded second partial derivatives. These properties, how-
ever, are not always met, even in rather simple control problems, i.e., Pontryagin
[10]. Recent Lotka-Volterra models of prey predator control systems provide
simple examples where the OCS is discontinuous and has unbounded first partial
derivatives, e.g., Vincent [11], [12]. A discontinuous OCS arises particularly in
state-constrained optimal control processes, i.e., Litt [13].

An assumption which has survived all known examples is that the OCS is the
countable union of disjoint submanifolds. In this paper we examine the problem
of arranging these submanifolds in such a way that the properties of the resulting
OCS can be utilized in establishing optimality over a very general class of optimal
control processes, especially state-constrained processes. In particular, we model
the optimal value function with a V-type function. This function may be locally
discontinuous on submanifolds of codimension 1. A nontransversality condition
and a discontinuous nontransversality condition are presented. The latter condi-
tion keeps a trajectory of the control process from entering any submanifold of the
OCS from a discontinuous edge. These properties and conditions are formulated
in a sufficiency theorem which states that, if certain conditions are met by a control
policy, then it is optimal. The defining of these properties and conditions, together
with the sufficiency theorem, provides a classification of the OCS for general

* Received by the editors October 21, 1975, and in revised form March 28, 1977.
f Systems Analysis Department, Dynamics Research Corporation, Wilmington, Massachussetts

01887. The work of this author was supported by the Office of Naval Research.

63



64 HAROLD STALFORD

optimal control processes with state constraints. An example is given to demos-
trate the implementation of the results.

2. Definition of optimal control processes. The optimal control process
under investigation has its dynamical behavior governed by a system of ordinary
differential equations and has its evolution of state described by the motion of a
point in n dimensional Euclidean space En. The seven basic elements needed in
defining the optimal control process are four functions (f, U, fo, and go), two sets
(X and O), and a function space 12. These elements are described subsequently.

The dynamic behavior of the optimal control process is modeled by the state
velocity function f in the state equation

=f(x, x

where f is a function with domain E x E". We let o (.), an absolutely continuous
function, represent a solution of (1) when controlled by a control policy u (.), a
Lebesgue measurable function of time. With initial time to the initial state satisfies

(2) o (to)= Xo.

The state space X is a subset of E". It is considered to be a topological space
possessing the induced topology from E". The terminal set O is a closed subset of
X.

The controller of the process is equipped with the elements f and U. The
control function space f is the space of all Lebesgue measurable functions of time
defined on bounded intervals with range in E’. Constraints on the control
functions in f are given implicitly by the set-valued function

(3) U: X power set of E".

Given x X, the set U(x) is a set of control values available to the controller at the
state x. U(x) is nonempty for all x X.

A solution of (1) for some control u, u:[to, t]-E, and given initial
conditions is called a trajectory. A trajectory 0"[to, tr]E is said to be admis-
sible if it lies entirely in the state space X for all times contained in [to, tel. An
admissible trajectory is said to be terminating if 0 (re) is contained in (R). The time

tr is called the terminating or final time for a terminating admissible trajectory.
The time t belongs to the interval [to, c]. t does not have to be the same
terminating time for distinct trajectories unless it is constrained to be fixed by the
terminal set O. For nonautonomous systems (that is, f an explicit function of t),
one component of o is the time itself.

A control u 11, u: [to, tr] E" is said to be admissible if it has at least one
corresponding admissible trajectory q" [to, tr] X such that

(4) u(t) U[o(t)] /t [to, t].
Here, the trajectory o corresponds to the control u if

(5) qg(t)-0(to) f[q(r), u(r)] dr
O

for all [to, tr].
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Let Xo be contained in X. Let C(xo) denote the set of all admissible controls
having at least one terminating admissible trajectory emanating from Xo. For
u C(xo), let T(xo; u) denote the set of all terminating admissible trajectories q
emanating from Xo, corresponding to the control u, and satisfying (4). The
domains of u and coincide for all q contained in T(xo; u).

DEFINITION 1. A denumerable decomposition D of a set X E" is defined to
be a denumerable collection of pairwise disjoint subsets whose union is X. This is
written as D {X.: j J}, where J is a denumerable index set of the disjoint
subsets.

Let B be a subset of E". A mapping F: B R is said to be differentiable
locally Lipschitzian if and only if there is an open set W containing B such that F
may be extended to a function which is differentiable and locally Lipschitzian on
W.

DEFINITION 2. Let X be a subset of E" and D a denumerable decomposition
of X. A real-valued function V: X-E is said to be piecewise differentiable locally
Lipschitzian with respect to D if, for/" 6 J, the restriction VIX." X. E is differen-
tiable and locally Lipschitzian; that is, there exists a collection {(W, V.): j 6J}
such that V is an open set containing X., V" V E is differentiable locally
Lipschitzian, and V.(x) V(x) for x X. We say the collection {(W-, V): j 6J} is
associated with V and D.

If the process is in the state Xo X, then it is to be controlled during a transfer
of the process to the terminal set 19 so as to render the criterion

(6) J(xo, o, u) a-- go[cp(tr)] + /o[Cp(’), u(z)] d"
O

a minimum value, where go, a real-valued function, is continuous and piecewise
differentiable locally Lipschitzian with respect to a decomposition over a neigh-
borhood of the terminal set O; fo is a real-valued bounded Borel-measurable
function with domain E x E"; u C(xo); and T(xo; u).

In summary, the control process is represented by the septuple
(/, U, fo, go, X, (R), f) where f is a function, U is a set-valued map, fo is bounded
Borel-measurable, go is continuous and piecewise differentiable locally Lipschit-
zian, X is a subset of En, O is closed in X, and f is the space of Lebesgue
measurable controls. In particular, C(xo) represents the set of admissible controls
at Xo X, and T(xo; u) denotes the set of all terminating admissible trajectories
emanating from Xo due to the control u C(xo). We will let F denote this control
process.

DEFINITION 3 (Optimality). Let xoX, u* C(xo), and o* T(xo; u*). The
pair (u*, q*) is said to be optimal at Xo if and only if, for all u C(xo) and for all
o T(xo; u), the following inequality is satisfied:

(7) r(xo, 0", u*)-<_ r(Xo, q, u).

If the pair (u*, *) is optimal at Xo, then the value J(xo, qg*, u*) is arbitrarily
defined to be V(xo). If an optimal pair (u*, p*) exists for every xoeX, then we
have a real-valued function defined on X:

(8) V:XE.
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It is for this functionmthe optimal value function (OVF)---that we want to
prescribe very general properties, those that will hold over a large class of optimal
control processes. We do this in the next section.

3. Formulation of discontinuous optimal value function. This section is
devoted to setting up some very general properties of the optimal value function
that are compatible with the dynamics of optimal control processes which admit
continuous or discontinuous optimal value functions.

LEMMA 1 (A monotonicity lemma for a discontinuous optimal value func-
tion). LetD {X: f J} be a denumerable decomposition ofX. Let q: [to, tf] --> Xbe
absolutely continuous and h0: [to, t] --> E be integrable. Let V: X--> E be piecewise
differentiable locally Lipschitzian with respect to D. Let {(W/, V.): j s J} be a
collection associated with Vand D. Let T. {t [to, tt]: q(t) X.} forj J. Suppose
that

(i) for each f J

d
ho(t)+-(V p)(t)>=0 almosteverywhere in T.;

(ii) there exists a countable compact subset T Of [to, t] such that V op is
continuous on the open set 0 (to, tt) T;

(iii) iftis a point ofdiscontinuity ofV q, then inf {sup {(V p)(z): 0< t-z <
r, z6[to, tt]}:r>O}<-_(Vop)(t)<=sup{inf{(Voq)O-):O<z-t<r, z6[to, t]}:
r > 0}. For the case to or tt only one inequality is used.
Then the function

g(t)= ho(z)dz+(Vo q)(t)

defined for [to, t] is monotone nondecreasing.
Proof. The set 0, being open, is the denumerable union of disjoint open

intervals

19 [.J {Oi l}

where I is the index set of these disjoint open intervals. For each s I let the
interval (ai, bi)designate 0i. Let [di, ei]c(ai, bi). Since the function V oq is
continuous on [di, ei], it follows from Theorem 3.1 of Stalford [6] that g is
monotone nondecreasing on [di, ei]; an hypothesis of Theorem 3.1 requires V to
be continuous over X, but its proof only uses the continuity of V

Consequently, it follows that g is monotone nondecreasing over (ai, bi). From
condition (iii) it follows that g is monotone nondecreasing over [ai, b].

Suppose that the intervals (ai, bi)and (ai+l, bi+l)are such that bi ai+l. Thus,
bi is an isolated point in T. From the above analysis we know that g is monotone
nondecreasing over [ai, bi] and [bi, bi+l]. Thus g is monotone nondecreasing over
[ai, bi+l]. In this way, we can remove all isolated points of T. Every countable
compact subset of the real line contains an isolated point; i.e., see Stalford and
Leitmann [14]. Let Io be the set of all isolated points of T. Let T1 T I0. Let
01 (to, tr)---T1. The set T1 is countable compact and 01 is open. Let 11 be the
isolated points of T1.
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Let

O (_J (alk, bl).
kK

From the above analysis we have established that g is monotone nondecreasing
over (alk, blk), k s K. If bl s I1, then by evoking condition (iii), we have g
monotone nondecreasing over (al, b1+1) where bl alk+l. By repeated use of
condition (iii), we establish that the monotonicity of g is extendable through all the
isolated points of T1. Let T2 T1 11 and 02 (to, tr) T2. Let I2 be the isolated
points of

Using the process of transfinite induction as developed by Stalford and
Leitmann [14], we extend the monotonicity of g to the entire interval [to, tr] by
removing, in the above fashion, the isolated points I from T. If T+1 is nonempty
then it contains isolated points. Since points of T are being removed at each stage
and T is countable, the entire set T is evacuated by transfinite induction. This
completes the proof of the lemma.

In this section we speak of a manifoldM to mean an embedded continuously
differential
empty) of E such that there exists a manifold/r containing M where AT/is an
embedded, continuously differentiable, (n 1) dimensional submanifold without
boundary ofEn. That is, M /and the boundary of /, &I, is empty. For the case
that the boundary of M, aM, is empty we take 37/= M. The formal definitions
of manifolds can be found in Munkres [15].

All neighborhoods are considered open.
DEFINITION 4 (0+ and 0-). Let x sM and let 0 be a sufficiently small

neighborhood of x in E such that slices 0 into parts 0 +, 0-, and 37/ 0. The
open set 0+ is that part of 0 belonging to one side of Ar, and the open set 0- is that
part belonging to the other side of M. In particular, the intersections 0-C 0+,
0 + (AT/ 0), and 0- CI (AT/CI 0) are empty and 0 0+ [2 (A/ 0) [2 0-.

We say that two sets are Hausdorseparated if and only if they are contained
in disjoint open sets.

In the next two definitions, let XcE" and let V* denote a function
V* X...> E 1.

DEFINITION 5 (Locally discontinuous side). A manifoldMcX has at x Ma
locally discontinuous side with respect to V* if and only if there exists a neighbor-
hood 0 of x in E" such that the set {(y, V*(y)): ylfqOfqX} is Hausdorff
separated from either the Set {(y, V*(y)): y
0-71X}. Moreover, we say that M has at x two locally discontinuous sides with
respect to V* if and only if the set is Hausdortt separated from both the latter two
sets. We call 0+ the positive side and 0- the negative side ofM at x.

DEFINITION 6 (Locally continuous side). A manifoldM has at x M a locally
continuous side with respect to V* if and only if there exists a neighborhood 0 of x
in E" such that V* is continuous on either (0+ (q X)LI (37/ 0 (qX) or (0- (’IX) LI
(/17/fq 0 fq X). That is, V* is continuous on either the plus side or the minus side of
Matx.

V* is continuous over AT/f3 0 X, restrictively.
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Let V*" X-E be a function and let B c X. The function V* when restricted
to the subset B is denoted as V*IB; that is,

V*lB" BE
and

v*l(x)= V*(x) Vx eB.

DEFINITION 7 (V-type function). A function V*:X-E is called a V-type
function if and only if there exist a denumerable decomposition D {Xj: ] J} of
X and a denumerable collection of disjoint manifolds {/l//i" I} c D such that

(i) V* is a piecewise differentiable locally Lipschitzian with respect to D let
{(W., V*): 1" J} be the associated collection);

(ii) V*[X-OUU,IM, is continuous over X

(iii) V*[u,IM, is continuous over C irM;

(iv) 0 I,A LA IM is closed in X;
(v) M, e/, has at each x M either a locally continuous side and a locally

discontinuous side or two locally discontinuous sides, all with respect to V*.
The collections {X." ] J}, {Mi" e I}, and {(IV/, V/): ] J} are said to be

associated with the V-type function V*.
Note that each manifold M, eL is by definition a member of the

decomposition D. Here, I denotes the index set of the manifolds.
Remark 1. Property (iv) is needed in some of the proofs of the theorems and

lemmas contained in this paper. It is included so that the set X.-.OJ tA iaiMi is
open in the topology of X.

The next definition gives a condition for the impossibility of a trajectory
entering a point on a manifold. This is established in the lemma following it.

DEFINITION 8 (Nontransversality condition). A manifold M satisfies at a
point Xo M the nontransversality condition on the positive side (on the negative
side) with respect to the control process F if and only if the following condition
holds"

NT condition. There exist a manifold )r and a neighborhood 0 of Xo in E
such that, for every y 0 M fq X, the inequality

(9) N+(y) f(x, v)>-O Yx O+ X, V,e U(x)
holds, where N+(y) is the unit normal to M at y that points into O +. The
"negative side" version of this definition replaces + and N.+(y) with - and
N-(y), the unit normal pointing into -. If xoeM---OM then M can be replaced
with M.

LMMA 2 (Nontransversality of trajectory). Let Xo be contained in a manifold
Mwithout boundary whereM X. Suppose the NTcondition is satisfied, say, on the
positive side ofM at Xo with respect to the control process F. Then there exists no
control policy u" [tl, t2] --) E" with corresponding solution q" [tl, t2] --) 0+ (M ("l 0)
of (1) satisfying (4) such that

(10) (tl) 0

(11) (t:)=Xo.
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Proof. Suppose, to the contrary, there exists such a control u with correspond-
ing trajectory . Let t3E(tl, tg.) be the first time that q(t3)EMf]O. Denote
yo q9 (t3). Thus, o(t) 0/ for all (h, t3). Note that the NT condition is satisfied
on the positive side ofM at yo with respect to the control process F. It then suffices
to show the impossibility of the control policy u: [h, t3] E with corresponding
trajectory q: [tl, t3] - 0+ I,.J (M f’) O) of (1) satisfying (4) and

(12) q(t) 0+ Vt (h, t3),

(13) q(t3)= yo.

From (9) it follows that, for all y E 0 f3M (3 X,

(14) N/(y) b(t)_->0 almost everywhere (tl, t3).

Integrating (14)over the interval (tl, t3), e (tl, t3), we have, for all y e 0 f’IMX,

(15) N+(y) [yo-O(t)]_>--O Vt (tl, t3).

Note that, in particular, (15) implies that

(16) N+(yo) [yo-qg(t)]->_0 VtE(tl, t3).

This is a statement that the trajectory o belongs to the closed (fiat) half space on
the negative side of the tangent plane to M at yo. Denote this half space by
H(yo, yo).

For y s 0 t3M VI X, let Ty (M) represent the tangent plane toM at y. Translate
this tangent plane by the vector yo- y to the point y0 and let H(y, yo) denote the
closed (fiat) half space on the negative side of the translated tangent plane.
Equation (15) is a statement that the trajectory belongs to H(y, yo) for all
y O fqM f]X.

Define the cone H as

Thus,

(17)

H= fqyonmxH(y, Yo).

This is a contradiction, since the tip of the cone H (a sufficiently small neighbor-
hood of yo intersected with H) is contained in 0- (_J (0 M); see Lemma 3. That is,
it lies on the negative side of M at yo rather than on the positive side. This
completes the proof of the lemma.

LEMMA 3. The tip of the cone H is contained in O-U (0 0 M).
Proof. Let B(yo, 8) denote an open ball in E" having center Yo and radius

6>0. For what follows it is convenient to let z represent the vector
(Xl, x2, , x,-1) of E"-1. For a sufficiently small ball B(yo, 6) contained in 0
and for a specially selected local coordinate system (xl, x2," , x,) the manifold
MB(yo, 6)can be described by a C mapping F: E"-IE where F(z)=
(z, f(z)) and where f: E"-1 -E is a C mapping. That is, given (z, x,) contained
in M f3 B (yo, 6) we have x, f(z).

q(t) H Vt (tl, t3).
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Define the cone H1 as

H f3 H(y, yo).
B(yo,5)fqM

The cone HI contains H since 0 71X contains B (y0, 6). Consequently it suffices to
show that the tip of the cone H1 belongs to 0- t3 (0 M).

For each yMB(yo, 6)and for each z En-1 let g(y, z)denote the xn
coordinate value at z of the translated tangent plane of Ty(M). This translated
tangent plane forms the boundary of H(y, yo). That is,

H(y, yo)={(z,x,,): z En-l, xn <=g(y,z)}.

Then

For each y MfqB(yo, 6) and for each z En-1 define

G(y, z)= {(z, x,): x,, <_- g(y, z)}.

H(y, yo) G(y,z).
zE

Since the sets G(y, z 1) and G(y, Z2) are disjoint for z Z2 we can rewrite H1 as

H1 I,.J G(y,z).
zE B(yo,5)f-IM

Suppose to the contrary of our assertion that there is some y,a__ (z*, x*)
contained in 0/ fqH1 f-I B(yo, 5). Note that x*,>f(z*).

Let the (Xl, x2,’", x,-1) coordinates of yo be denoted by Zo and the xn
coordinate of y0 by x*. Define the function h’[0, 1]oE"-1 as

h(o)= (1-a)Zo+aZ*.
Define

fl=min {d(fOda h)(a)" a[0, 1]}
where the derivative is defined from the right for a 0 and from the left for a 1.
Since

d (f h) (a) daf(z*) =f(zo) +
da

we have

f(z*)>-f(zo)+.
Consider the point y of B (yo, 6) f3 M where y is defined as (h (a), (f h)(a)).
Since y* belongs to H we have

(z*,x*)e G(y,z*).
[0,11

By the definition of the function g we have

g(y,, z*)=f(Zo)+ df(h(a)). (z*-zo)
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and this together with the definition of/3 gives

g(y,,z*)>-f(zo)+3.

Therefore,

c[0,1]

which implies that x*<-f(zo)+. This is a contradiction since x*>f(z*) and
f(z*)>-_f(Zo)+. This completes the proof that there is no y* belonging to the
intersection of O+ B(yo, 8) and the tip of the cone H.

DEFINITION 9 (Discontinuous nontransversality condition). A V-type func-
tion V*: Xo/ is said to satisfy the discontinuous nontransversality (DNT)
condition with respect to the control process F if and only if, for each Xo e Mi, /,
where M has at Xo a locally discontinuous side in the positive direction (in the
negative direction)with respect to V*, the manifold Mi satisfies at x0 the
nontransversality condition on the positive side (on the negative side) with respect
to the control process F.

LEMMA 4 (Countable compactness of discontinuities). Let Xoe X. Let u
C(xo), q e T(xo; u), and t be the terminating time for the trafectory q. Let V*: X
E be a V-type function satisfying the discontinuous nontransversality condition
with respect to the control process F. Let $ denote the set of all discontinuities of the
function V* p: [to, t] E1. Let T {to} I..J {t} $. Then T is a countable compact
subset of [to, t]. Moreover, V* p is continuousfrom the left exceptpossibly at t.

Proof. We assert if is a point of continuity of V* p then there is a 6 > 0 such
that V* is continuous on (t-6, + 6). This assertion is obviously true if q(t)
does not belong to LIgxM. Suppose q (t) belongs to M for some I. Assume for
all 6 > 0 there is some z (t- 6, + 6) such that p(z) belongs to a discontinuous
side of M at p(t). Consequently, as such z’s converge to the (V* q)(z)’s
converge to (V* )(t) from a discontinuous side; recall is a point of continuity
of V* p. The "Hausdorff separated" part of Definition 5 implies that the
(V* q)(z)’s cannot converge to (V* p)(z) from a discontinuous side. Since the
above assumption results in a contradiction, we conclude there is some 6 > 0 for
which p(z), - (t-6, t+6), belongs to either M or to a continuous side of Mi at
(t), proving our assertion.

It now suffices to show that for each $ (to, t) there exists 6 > 0 such that
V* q is continuous on (t-6, t). For, in this case we can write

[to, t] {to}U{t}O{[t,(k, tk]: k K}

where K indexes the points of S Iq (to, t) and where t(k represents the last
discontinuity before tk; for k 0 we take t(o to if to’ q and for k 1 we take
tl =t if tg S.

Since

U (t(, t)
kK

is an open subset of the real line, it is the countable union of disjoint open
intervals. Since the intervals (t(, t) are already disjoint it follows that the index
K is countable. Thus S and, therefore, T are countable.
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Let (to, tr)(3S. That o (t) belongs to t_J iiMi follows from the properties
(ii) and (iv) of Definition 7. Suppose o(t) s M. It follows from Lemma 2 that the
trajectory q cannot enter Mi at 0(t) from a discontinuous side since V* satisfies
the DNT condition. IfM has at q(t) two locally discontinuous sides with respect
to V*, then there is 8>0 such that 0(tl) sM for all tl s (t-6, t). Property (iii) of
Definition 7 states that V* is continuous over Mi. Thus V* o is continuous over
(t-6, t).

IfM has at q(t) only one locally discontinuous side with respect to V*, then,
according to property (v) of Definition 7, M has at q(t) a locally continuous side.
From Definition 6 it follows that there exists a neighborhood of 0 of 0(t) in E"
such that V* is continuous on, say, (0+ f’)X)t_J (]r fq 0 (qX). There exists a 6 >0
such that O(t) belongs to the latter set for all t (t- 6, t). Consequently, V* o is
continuous over (t 6, t). This shows that V* q is continuous from the left except
possibly at =tr.

4. Sufficiency theorem for discontinuous optimal value function. The suffi-
ciency theorem given below is designed to establish the optimality of a pair
(u*, q*) in a control process that may not have a continuous optimal value
function. A discontinuous optimal value function arises particularly in state-
constrained .optimal control processes, e.g., Litt [13].

A function V*:XE is lower semicontinuous if and only if, for all xoX,

V*(Xo) -< sup {inf { V*(x): 0 < Ilx xoll < r, x X}’r > 0}.

For a V-type function, the V* lower semicontinuity, for each x Mi, L is
equivalent to

(18) V*(x) -< lim {inf V*(x): k _-> m ]}

for all sequences (x,,) c X converging to x.
THEOREM 1 (Sufficiency for discontinuous optimal value function). Let

xoX. Let u* C(xo) and o* T(xo; u*). For the optimality in X ol the pair
(u*,0*), it is sufficient that there exists a V-type function V*’XE with
associated collections {X.’] J}, {M" I}, and {(W., V*): ] J} such that the
following conditions are satisfied"

(i) V* satisfies the discontinuous nontransversality condition with respect to
the control process F;

(ii) V* is lower semicontinuous
(iii) ]’or each u C(xo) and each o T(xo; u) there exists a convergent

sequence (tk) contained in [to, tt] o]" q such that

(19)
g[q (tr)] --> ,lim-t V*[q(tk )].

(iv) V*(xo) go[*(t)] + o[*(), u*()] dr
O
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where t is the terminating time for q*;
(v) for all x X, u U(x ), J,

(20) ]’o(X, u)+grad V(x). [(x, )0.

Proof. Let u C(xo), T(xo; u), and tr be the terminating time for the
trajectory . In view of condition (v) we want to show that

(21) V*(xo) go[(tt)]+ [o[ (,),
O

Let

g(t)= fo[q(r), u(r)] d-+ (V* 0)(t)
O

for all e [to, tr- 8], where 8 > 0. Condition (v) implies that

d
fo[q(t),u(t)]+-(V*o )(t)_->0 almost everywhere in T/, ]eJ,

where T. {t e [to, q]: ,(t) e X/}. Thus condition (i) of Lemma 1 is satisfied.
As a result of Lemma 4, condition (i) implies that T={to}U{q}t.JS is

countable compact where S are the discontinuities of V* q. Condition (if) of
Lemma 1 is, therefore, satisfied. Invoking Lemma 4 we have that V*o is
continuous from the left except possibly at tr. This satisfies the left inequality of
condition (iii) of Lemma 1 for [to, tr]. Condition (if) of Theorem 1 together with
condition (if)of Definition 7, implies that the right inequality of condition (iii)of
Lemma 1 is satisfied for e [to, tr]. With all conditions of Lemma 1 met, it follows
that g: [to, tr- 8] E1 is monotone nondecreasing for all 8 > 0.

Consequently, V*(xo)<= g(t) for all e [to, tr) and, therefore,

(22) V*(xo)<= folio(r), u(r)] dr + V*[o(t)].

From condition (iii) of Theorem 1, we can write

(23) lim V*[o(t,,)] =< go[q(tt)]

for some convergent sequence (t,).
Inequality (21) follows from (22) and (23). This completes the proof.

5. Control process with discontinuous optimal value function. Consider the
bilinear control process with state equations

(24a) 1 -u + x2(1 u), u [0, 1],

(24b) 2 =-xa(1- u)

with state space X E and terminal set O {(0, 0)}. For a given initial state
Xo (x, x), we desire to minimize the transfer time to the origin"

(25) J(xo, o, u)= d’.
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Thus, fo 1 and go 0. The set-valued function is given by

(26) U(x)= [0, iI Vx E2.

The control function space f is the space of all Lebesgue measurable functions of
time defined on bounded intervals with range in E 1. An admissible control policy
u C(xo), xoeE2, with u" [to, tt]-E, satisfies the relation

(27) u(t)6 [0, iI t 6 [to, tr]

and has a terminating trajectory of o T(xo; u).
Let Fo represent the above control process.
We seek to find a pair (u*, q*), u* C(xo), o* T(xo; u) for each Xo E2 and

to discover a V-type function V*:E2 E with associated collections

{X"/" J}, {M/" I} and {(W., V):/" J}

such that conditions (i)-(v) of Theorem 1 are satisfied with respect to the control
process Fo.

For this purpose we make the following definitions. Let J {1, 2, , 5} and
I { 1}. Define h" E2 E with

X2 X1h(Xl, x2) 1--+ ,/X l +

for all (xl, X2) E2"{(0, 0)} and with h(0, 0)= 0. Write p:{x2:X2 ’( 0 and
x2 >-2} E such that

(28) h[p(x2), x2] 0 /x2 < 0.

The solutions p(x2) of (28) for x2 < 0 are unique, and p is a smooth function. The
function p is plotted in Fig. 1 for p(x2)=< 2. Define

X {(x 1, x2): x > 0, x2 0}, X2 {(x 1, x2): h (x 1, X2) > 0},

X3 {(x1, x2)." h(x1,x2)-- O, x2 < 0}, X4 {(x1, x2): h(x1, x2)< 0},

X5 {(0, 0)}, Ma Xl.

Let W W5 E2, W2 X2, W4 X4, and W3 {(Xl, x2): xa < 0}.
Define A: E---{(0, 0)}E as the arctangent function such that

A(Xl, X2)

tan-(xz/x), Xl >0, X20,

(zr/2) + tan-1 (-x1/x2), Xl O, X2 > O,

zr + tan-1 (-Xz/-xl), x < O, x2 <-- O,

(3zr/2)+tan- (Xl/-X2), Xl>=O, x2<O.
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2

A,>O

A.<O

FIG. 1. The curve of p

1

Define V, j J, as follows:

Wl(x1, x2)- x1 (x1, x2) E2,

V(Xl, X2)=A(Xl, Xg.)+x/x+x [(xI, x2)X2,

V(Xl, X)=A(Xl, X:)+4x+x V(Xl, X.) W,

V’4(X1, X2)- xI--p(x2) "+" W[p(x2), x2] l(x1, x2) X4,

V";(Xl, x)= 0 V(x, x)E.
We define a V-type function candidate V*" E2--> E as

V*(x)= (x) Vx x,., r.
This function is plotted in Fig. 2. Note the orientation of the axes. The curve
defined by [p(x2), x2, V*(p (x2), x2)] is plotted in the surface; this is the intersection
of p with the optimal cost surface.

It is easily checked that V* is piecewise differentiable, locally Lipschitzian
with respect to D since the collection {(W., V/): ] sJ} has the necessary properties
satisfied; the W.’s are open and the V’s are smooth. Note that the restrictions

VIE2..(M1UO)and V*IM
are continuous. The set (UM1 is closed in E. Let N+(x)=(0, 1) and
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2

FIG. 2. Optimal value function V*

N-(x) (0,-1) for all x M1. It follows that M1 has at each x M1 a locally
continuous side in the positive direction and a locally discontinuous side in the
negative direction. Actually, these two directions have the values of V*(x)
separated by the amount ,r. This completes the proof that V* is a V-type function.

V* satisfies the DNT condition with respect to Fo, provided M satisfies at
each" Xo (x, x2) s M1 the NT condition on the negative side with respect to Fo.
Since OM, is empty, we take M1 M1. Let 0 denote the open cube

//(X1, X2)" [x-xxl <--and [X--X2[ <--/.
Let (yl, y:z) 9 fqM. Let (Xl, X2) 9- ["E2 and v s [0, 1]. Since N-(yl, y2)=
(0, 1), the inequality (9) becomes

(29) x(1- ,)-> 0.

This inequality holds since X1 >0 and v-< 1. Consequently, condition (i) of
Theorem 1 is satisfied.

Since M1 has at each x M1 a locally continuous side in the positive direction,
the inequality (18) is satisfied for all sequences converging to x from the positive
side. Let (x,,) be a sequence converging to x (Xl, 0) from the negative side. In
this case we have V*(x,) V4(Xl,,, x2,)and, therefore,

V*(xm) Xlm -p(x2)+ V2[p(x2,,), x2,],
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with

Verify that

V*22[p(xz.,), x2,. 7r + tan- --X2m

p(x2,,)

p(x2,,)-0 as x2,,-0,

tan_l --X2m 0 as X2m ’’) O.
p(x2,,)

Consequently,

(30) 7r + X1 lim V*(x,,,).

Since V*(x)= xl, we see that condition (ii)satisfied.
For condition (iii) it suffices to show, for u C(xo), o T(xo; u), that

(31) lim V*[o(tk)] 0
t t:

for some sequence (tk) converging to t: where q(t:)= (0, 0). It follows from the
dynamics (24) that the origin cannot be reached from the second, third, or fourth
quadrants. This implies that ol(tk)> 0 and 02(tk)> 0 for all such sequences (tk).
There is a >0 such that o(t) belongs to the first quadrant for all times

[t:- 6, t:). From (24) we have q91(t)q1(t)+ q92(t)q2(t) --pl(t)-- q2(t) almost
everywhere [to, tt]. Integrating this equation over Irk, tr] gives

2 It tt’
O2(tk) + q2(k) + 202(tk) 2 ql(r) dz.

There exists a sequence (tk) converging to tr such that

Ol(r)dr<=ol(tk) dr;

consequently, these two expressions imply that

(32) qgX(tk)+ q92(tk)[q2(tk)+2]<=2(tr--tk)
for all tk belonging to the sequence (tk). This implies that

(33) lim
qE(tk ) O,

tk-’tt Ol (tk )

since the left-hand side of (32) is bounded above zero. In the first quadrant, we
have

W[(# (/k), 02(tk )1 < tan-l(2(tk\q91(tk

This inequality, together with V*=> 0 and (33), implies (31).
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We show that condition (v) is met and then define (u*, *) and show that (iv)
is satisfied.

Let/" 1, x X1, and v [0, 1]. In this case x2 0 and grad Vl(X)= (1, 0).
The left-hand side of (20) reduces to 1- v. Thus (20) is met for 1.

Let j 2, x X2, and v [0, 1]. In this case we have

(34a)
0 V2(x__)= -x2 x1

+ +

and

(34b)
O xl x2

x? + +

The inequality (20) reduces to

(35) vh(xl, x2)>=O,

which is satisfied for all (xl, x2) X2.
Letj 3,x X3, and v [0, 1]. The partial derivatives of V are given by (34)

with Xl p(x2). The left-hand side of (20) reduces to the left-hand side of (35),
with hip(x2), x2] 0.

Let/" 4, x X4, and v [0, 1]. Check that

and
0V’44 p (x:z x2

0x2 [p(x2)]2 +x /[p(x2)]2 +x22"
The left-hand side of (20) reduces to

[ xp(x) xx:z ](l-v) l +x:z _[P(xe)]2+x-4[p(x2)]2+x
After adding and subtracting the term

p(x2)x
+x

inside the above brackets and making use of h[p(x2), x2] 0, we obtain

[ p(X2)
+ X2 ](36) (1-)[p(x2)-Xl]

[p(xE)]E+x [p(x)]E+x.
For (x l, x2) X, we have

(37) p(xe)<Xl.

In order for (20) to hold, it suces then to have

p(x)
+x<0.(38)

x/[p(x2)]2 + x22
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For x2 -> 1, p(X2) -< 0, SO that (38) holds. For x2 < 1, (38) holds since it is always
true that

p(x)
<1.

x/[p (x2)] + x2

For/" 5, x (0, 0), , [0, 1] the inequality (20) holds since grad V5(0, 0)=
(0, 0). This completes the proof that condition (v) is satisfied.

Define the closed-loop control policy o-: E2 [0, 1] as

1 if xX1UX4,
o’(x)=

0 if x6X2X3tJXs.
The trajectories resulting from this control are plotted in Fig. 3.

Let xoX1. Define the pair (u*, q*) as

1 Vt6 [to, tf],
u*(/):

O, t=t,

q(t)=x-(t-to) Vt6[t0, tf],

q(t)= 0 Vt6 [to,
where

(39) tt to x

X2

-2 -1 0

FIG. 3. Optimal trajectories
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Let xoeX2UX3. Define the pair (u*, 0") as

u,(t)=O if t [to, tl){tr},

1 if t[tl, tr),

l/(x)2 + (x)2 cos (tl- t)
]’(t)

!
4(x ) + (t tx)

Vt[to, tl),

Vte[t,,tf];

4(x)
2 + (x2) sin (ta- t)

02*(t)
0

Vte[to, tl),

e [h, tf],
where ta to [0, 27r) satisfies

0
X1cos (ta- to)= /(x10)2 + (x20)2,

and where

(40) t- to A (x, x)+ 4(x)2 + (x)2.
Let Xo X4. Define (u*, 0") as

u*(t)= " 1 if 6 [to, tl)l..J [t2, tt),
0 if t [tl, t2)U{tt},
x-(t- to) Vt [to, tx),

q(t)= 4[p(x)]:+(x)2cos(t2-t) tE[tl, t2),

/[p (x)]2 + (x)2 (tl t2) Vt 6 It2, tr],

o

sin (t-to) (x)X+(x)

o

q*2 (t) /[p (x)]2

0

where ta satisfies

and t2- tl [0, 27r) satisfies

+ (x)2 sin (t2- t)

VtE[to, tl),

Vt 6 [h, t2),

Vt e It2,

tl to + x-p(x)

p(x) x 2cos (t2-h)=/[p(x)]2+(x)2 sin (t2-tl)=x/[p(x)]2+(x)2,
with

(41) tr to x p(x)+A[p (x2), x] + x/[p (x2)]2 + (x)2.
Since X5 is the terminal set, nothing needs to be undertaken there.
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From (39)-(41), the definitions of V*, u*, q*, it follows that condition (iv) is
met. Since all conditions of Theorem. 1 are met, the pairs (u*, *) defined above
are optimal. Equation (30) shows that the optimal value function V* is discontinu-
ous along the positive X axis.

6. Discussion. The purpose of this discussion is to show that the works of
Young [16], Armstrong [17] and Hack [18] are only applicable to optimal control
problems having continuous optimal value functions. First, the precise work of
Hack takes the continuity of the optimal value function as a postulate in his
sufficiency theorems. Second, Young [16, p. 281] has established a sufficiency
theorem under suitable hypotheses for a concourse of flights that satisfies a
strengthened form of Pontryagin maximum principle. It is interesting to note that
the example of the previous section provides trajectories, controls and conjugate
vector functions (i.e. these are obtained by taking the partial derivatives of
VI,. , V’4) that form a concourse of flights satisfying Young’s strengthened
form of Pontryagin maximum principle. To be sure, Young’s sufficiency theorem
[16, p. 281] is based on this fundamental theorem which, in turn, is based on the
validity of equation (29.2) of [16]. Hack has shown in Lemma 2.14 of [18, p. 94]
that equation (29.2)of [16] holds if the optimal value function is continuous. That
equation does not hold for a discontinuous optimal value function; verify this by
taking a sufficiently short rectifiable curve having one endpoint at a discontinuity
of the optimal value function such that the composition of the rectifiable curve
with the optimal value function is discontinuous at that endpoint. The integral on
the left hand side of equation (29.2)of [16] goes to zero with the length of the
rectifiable curve; the right hand side will not converge to zero due to the
discontinuity. Consequently, Young’s fundamental theorem is premised on the
optimal value function being continuous.

Third, Armstrong [17, p. 652] has shown in Theorem 1 that the continuity of
the optimal value function follows from Young’s fundamental theorem. In
addition, Armstrong has shown under suitable hypotheses in Theorem 3 of [17]
that the optimal value function is continuous for problems having weak lines of
flight. His proof is based on the assumption that xi(t 1) converges to x0(t1) as goes
to infinity; x0 (’) is a weak line of flight and xi (.) is a line of flight satisfying
Young’s strengthened form of Pontryagin maximum principle. The time -t is the
transfer time from Xo(t 1) to the target, taken along the Xo (’) line of flight. The
point x,(t) is that point on the x, (.) line of flight requiring the same transfer
time -t 1. For the case that the optimal value function is discontinuous at Xo(t 1) a
sequence of flight lines (x (.)) can be selected so that the sequence (x(t))
converges to some point other than Xo(tl); that is, the points along xi(" that lie in
a small neighborhood of Xo(t 1) have associated transfer times that do not belong to
a sufficiently small neighborhood of -t 1. Consequently the work of Armstrong
[17] is not applicable to optimal control problems having discontinuous optimal
value functions.

REFERENCES

[1] R. E. KALMAN, The theory of optimal control and the calculus of variations, Mathematical
Optimization Techniques, R. Bellmann, ed., RAND Rep. R-396-PR, 1963, pp. 309-331.



82 HAROLD STALFORD

[2] V. G. BOLTYANSKII, Sufficient conditions for optimality and the justification of the dynamic
programming method, this Journal, 4 (1966) pp. 326-361.

[3] G. LEITMANN, Sufficiency theorems for optimal control, J. Optimization Theory Appl., 2 (1968),
p. 285.

[4] A Note on a sufficiency theorem for optimal control, Ibid., 3 (1969), p. 76.
[5] , Sufficiency for optimal control with state and control constraints, Internat. J. Non-Linear

Mech. 5 (1970), p. 577.
[6] H. L. STALFORD, Sufficient conditions for optimal control with state and control constraints, J.

Optimization Theory Appl., 7 (1971), p. 118.
[7] G. LEITMANN AND H. L. STALFORD, A sufficiency theorem for optimal control, J. Optimization

Theory Appl., 8 (1971), p. 169.
[8] V. G. BOLTYANSKII, Mathematical Methods of Optimal Control, Holt, Rinehart and Winston,

New York, 1971.
[9] S. E. DREYFUS, Dynamic Programming and the Calculus of Variations, Academic Press, New

York, 1965.
10] L. S. PONTRYAGIN, V. G. BOLTYANSKII, R. V. GAMKRELIDZE AND E. F. MISHCHENKO,

The Mathematical Theory of Optimal Processes, Interscience, New York, 1962
11] T. L. VINCENT, Pest Management Programs via Optimal Control Theory, 13th Joint Automatic

Control Conference of the American Automatic Control Council, Stanford University,
Stanford, Cal., Aug. 16-18, 1972.

[12] T. L. VINCENT, E. M. CLIFF AND BEAN-SAN GOH, Optimal direct control programs for a

prey-predator system, Trans. ASME, 71 (1974), p. 966.
[13] F. X. LTT, Some aspects of state constrained optimal control problems, Ph.D. dissertation,

University of California, Berkeley, 1971.
14] H.L. STALFORD AND G. LEITMANN, On integrals ofa class ofmeasurable functions, J. Franklin

Inst., 290 (1970), p.155.
[15] J. R. MUNKRES, Elementary Differential Topology, Annals of Mathematics Studies, no. 54,

Princeton University Press, Princeton, NJ, 1963.
[16] L. C. YOUNG, Lectures on the Calculus of Variations and Optimal Control Theory, W. B.

Saunders, Philadelphia, 1969.
[17] G. M. ARMSTRONG, An extension of an optimal control sufficiency theory, this Journal, 12

(1974), pp. 650-654.
[18] T. G. HACK, Sufficient conditions in the theory of optimal control and differential games, Ph.D.

dissertation, Mathematics Dept., Purdue University, W. Lafayette, IN, 1970.



SIAM J. CONTROL AND OPTIMIZATION
Vol. 16, No. 1, January 1978

LINEAR FEEDBACK--AN ALGEBRAIC APPROACH*

M. L. J. HAUTUS" AND MICHAEL HEYMANN

Abstract. The algebraic theory of linear input-output maps is reexamined with the objective of
accomodating the concept of (state) feedback in this theory. The concepts of extended and restricted
linear i/o maps (and linear i/s maps) are introduced and investigated. It is shown how "fraction
representations" of transfer matrices arise naturally in this new theoretical framework.

Conditions are given for when the change caused to a linear input-output map by an (open loop)
"cascade compensator" can also be accomplished by utilization of (closed loop) state feedback. In
particular, it is shown that the change caused to a linear input-output map by cascading (composing) it
with an input space isomorphism, can also be effected by feedback, provided the input space
isomorphism in "bicausal", i.e. it does not change the causal structure of the input-output map.
Further detailed characterizations of feedback are also given especially in connection with the newly
introduced concepts of degree chain and degree list.

1. Introduction. Probably one of the most important contributions to linear
systems theory since the introduction of the concepts of controllability and
observability, has been the discovery by R. E. Kalman (1965) (see also Kalman
(1968) and Kalman et al. (1969, Chap. 10)) that the theory of linear systems can be
naturally accommodated in classical module theory. This observation led to a
completely satisfactory theory of realization, i.e. the theory that links (external)
input-output descriptions with (internal) state space descriptions of systems, the
most recent complete discussion of which can be found in Eilenberg (1974, Chap.
16).

Yet, despite the power of the module theoretic approach in attacking the
realization problem, there seemed to be no apparent contact between this theory
and even some of the most elementary control theoretic questions of linear
systems especially insofar as the concept of feedback is concerned.

Two, completely unrelated, approaches were used to study feedback prob-
lems: One is the so called "geometric" approach, forwarded and promoted by
Wonham and Morse (see e.g. Wonham (1974)), which has been successfully
applied to solve such problems as decoupling, regulator design, design of model
following systems, and investigating feedback invariant structures, (see. e.g.
Wonham and Morse (1970), (1972), Morse and Wonham (1970), (1971), Morse
(1973), (1975), Wonham and Pearson (1974) and Wonham (1973)). The second
approach, which was widely used and was developed mainly by Rosenbrock
(1970) and by Wolovich (see, e.g., Wolovich (1974)), used polynomial matrix
techniques for the study of a variety of control theoretic questions. This latter
approach, whose primary power derives from the surprising usefulness of fraction
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representations of transfer function matrices, seemed to be especially successful in
providing convenient and quite powerful computational algorithms with a capa-
bility of yielding various abstract results. Also, fraction representations of transfer
matrices provide a convenient vehicle for studying such problems as minimal
realization (see e.g. Heymann (1972), Forney (1975) and Fuhrmann (1976)) and
feedback invariants as in Heymann (1972).

Probably the most striking paradox in this state of affairs is the fact that,
historically, the module theoretic approach to linear systems seemed to support
the prevailing viewpoint that transfer function matrices in the form H(z)/(z)
(if(z) a polynomial) are the natural (and theoretically sound) concrete representa-
tions of linear input-output maps (see Kalman et al. (1969, Chap. 10)). The
representation of transfer function matrices as matrix fractions seemed therefore
to be nothing more than a useful technical trick. This discrepancy has been
recognized notably by Eckberg (1974) and by Fuhrmann (1976) who attempted to
reconcile the two representations within the module theoretic framework. Yet,
both of these attempts provide a rather ad-hoc accommodation. Specifically,
while both Eckberg and Fuhrmann. make a very sound case for viewing transfer
matrices as matrix fractions, no successful contact is made with the theory of
input-output maps. More importantly, there is no satisfactory contact with
feedback theory. While in Fuhrmann (1976) there is no attempt in this direction,
in Eckberg (1974) the treatment of feedback is not very successful in that it fails in
exhibiting module theory as a powerful or even a convenient framework for
dealing with the feedback concept altogether.

The main purpose of the present paper is to reexamine the module theoretic
setting of linear input-output maps with the explicit objective of accommodating
the concept of "state feedback" within this framework.

In the theory of realization, the concept "canonical" (equivalently reachable
and observable) plays a very central and fundamental role in that it defines what is
essentially a unique state space. Yet, the property of being a canonical realization
is not invariant under feedback (i.e. a canonical state space can be modified by
state feedback to become noncanonical and vice versa). Since the input-output
map defines uniquely (or essentially uniquely) only a canonical state space, it is
clear why the concept of state feedback somehow seems incompatible with the
"classical" module theoretic setting of linear input-output maps. It is easily seen
however that reachability is invariant under feedback. The importance of the
matrix fraction representation for the input-output maps derives from the fact
that the representation essentially fixes a reachable state space. Specifically, the
representation determines uniquely a reachable realization. As a consequence,
the concept of feedback (and especially its effects) can be studied at the level of
input-output maps without going through the process of constructing state space
descriptions first. Hence, in the study of feedback from an input-output point of
view, the process of (concrete) realization can essentially be bypassed.

It has been technically well known for quite some time that the modification
caused to the input-output map of a linear system by state feedback can be
accomplished by cascading the system with a linear device (sometimes called a
compensator). Conversely, the effect on a linear input-output map by cascading it
with certain types of linear "devices" can sometimes also be accomplished by a
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feedback implementation. Yet this converse problem is much less well understood
even on a purely "technical" (rather than theoretical) level.

In this paper we give necessary and sufficient conditions (in a module
theoretic framework) for a cascade "compensator" to be realizable by a feedback
implementation. To formulate these conditions certain revisions in the way an
input-output map is viewed are necessary in order to accommodate feedback. We
shall adopt here a point of view that was already taken previously in the
unpublished notes of Wyman (1972) (see also Sontag (1976)).

The paper is organized as follows: In 2 the concepts of extended and
restricted linear i/o maps are introduced and their relation is investigated (the
latter concept coinciding with the standard linear input-output map defined in
Kalman et al. (Chap. 10)). In 3 the concepts of abstract realization and
semirealization are discussed and the concept of linear i/s map associated with a
(reachable) semirealization is introduced and investigated. Theorems 3.5 and 3.9
give characterizations of linear i/s maps. In 4 the results of 3 are specialized to
the case where the input and output spaces are finite dimensional and in particular
for the case in which the realization or semirealization (i.e. the associated state
space) is finite dimensional. Specifically, it is shown that with every reachable
realization there is associated a concrete representation of the extended linear i/o
map in terms of a (matrix) fraction. This establishes the naturalness of fraction
representations and explai their usefulness in the study of feedback. In a similar
manner it is shown how linear i/s maps are concretely represented as matrix
fractions in association with reachable semirealizations of linear i/o maps. In 5
the concept of feedback is abstractly introduced and its relation with linear i/s
maps is investigated. The notion of a bicausal isomorphism (in the extended input
space) is defined and investigated. It is seen that every feedback transformation
can be implemented in "open loop" through a bicausal isomorphism of the input
space. Conversely, conditions are found for the implementability of a bicausal
isomorphism of the input space as a feedback transformation (Theorems 5.7 and
5.10). The section is concluded with Theorem 5.13, which states essentially that if
the linear i/o map is rational ("rational" being appropriately defined) then every
bicausal somorphism of the input space can be implemented as feedback in some
finite dimensional reachable (although not necessarily observable) state space.
This result has the intuitive interpretation that the change caused to a linear i/o
map by (externally) modifying its input structure can also be accomplished by
(internally) implementing feedback provided the external input change does not
alter the causal structure of the linear i/o map and is reversible. The paper is
concluded in 6, where the study of feedback is further expanded. In particular, it
is noted that feedback can be investigated by studying the structure of the kernel
of a (restricted) linear i/s map. Since this kernel is a submodule of the input
module, the study of feedback is generalized by studying the structure of an
essentially general submodule. In this connection, the concept of the degree chain
of a submodule is introduced and investigated. The main result of 6 is Theorem
6.10, which gives a complete characterization of "feedback equivalent" sub-
modules. This reestablishes from a new viewpoint the central role of certain
feedback invariants which have been introduced previously. In addition, it is
shown how certain previously known (but not well understood) facts find a natural
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accommodation within this new theoretical framework (in particular Forney’s
concept of minimal basis and Wolovich’s concept of column properness).

Throughout this paper it will be assumed that the reader is familiar with the
now classical module theory of linear systems as can be found for example in
Kalman (1968), and Kalman et al. (1969, Chap. 10).

2. Extended and restricted linear i/o maps. We shall begin by introducing
some notation. Throughout the paper K will denote a field and U and Y will
denote K-linear spaces. The space U will be referred to as the input value space
and Y as the output value space (of an underlying dynamical system E). We shall
make finite dimensionality assumptions on U and Y only when explicitly stated.

We let 7/denote the set of integers. If S is a K-linear space (in particular U
and Y), we consider the set of all sequences s (st)t (" ", s-a, So, sl, ")
possessing the following properties" (i) st S for all 7/, and (ii) there exists to 6 7/

such that st 0 for all < to. These sequences will be identified with (formal)
S-Laurent series in z -1 i.e series of the form

(2.1) s s,z-’.
t=to

We shall denote the set of S-Laurent series by S((z-)) or alternatively by AS. It is
then well known that the set AK K((z-1)) of (scalar) K-Laurent series is a field
with convolution as scalar multiplication and the obvious (coefficientwise) addi-
tion. Also, with convolution as scalar multiplication and the usual addition, AS is a
AK-linear space. This, in particular, implies that AS is also K-linear and also a
K[z]-module (where K[z ] is the ring of polynomials in z). For an element s AS
given by (2.1), the order of s is defined by

min {t ZIst rs 0} if s # 0,
(2.2) oFd s ! ifs =0.

Furthermore, for an element s AS, multiplication by z results in a shift of the
sequence (s,) to the left, that is

(St),
_

Z (St)tZ (St+l)t

We now introduce the extended input space AU, and the extended output
space A Y. If a map [" AU-AY is K-linear, we say that f is time invariant
provided it satisfies

f(z w) zf(w) for all w AU.

The following elementary but important result then follows (see also Wyman
(1972))"

THZORM 2.3. A K-linear mapf" AU-, AYis time invariant ifand only ifit is
AK-linear.

A K-linear map f" AU- AY is called causal if ord f(w) -> ord w and strictly
causal if ord f(w) > ord w for all w 6 AU. We now introduce the following

DZlINITION 2.4. A map f" AU AY is called an extended linear input-output
map (or extended linear i/o map) if it is K-linear, strictly causal, and time
invariant.
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Theorem 2.3 provides an algebraic characterization of time invariance. In
order to complete the characterization of extended linear i/o maps we now turn to
the question of causality. Let us denote by L the K-linear space of all K-linear
maps U - Y and consider the space AL of all L-Laurent series. This space can be
identified with the space of AK-linear maps AU AY as follows" We define the
K-linear maps

iu" UAU: uu (canonical injection),

Pk" AY-> Y: , ytz
-t --> Yk,

and for every AK-linear map f" AU-> AY and every k 7: we define the K-linear
map Ak" U-> Y by

(2.5) Ak := Ag (f):=/g f i.

The L-Laurent series associated with the map f is then given by

(2.6) Zf(z -1) := Y At(f-)z -t

and is called the impulse response or the transferfunction of f- Now, ifZ Y Atz-t
is any element of AL we define the action of Z on w Y’. utz - AU by

(2.7) Zw := Y, (AkUt-k)Z-’.
k

If f" AU AY is defined as the map whose action is given by (2.7), it is then easily
verified that

z.

We now have the following immediate characterization of causality: The map
f" AU-+ AY is causal if and only ifAk (f) 0 for k < 0 and is strictly causal if and
only if Ak (f)= 0 for k <-O. The following is then proved"

THEORE 2.8. A map f" AU-+ AYis an extended linear i/o map ifand only if
it is AK-linear and Ak (f 0 for all k <- O.

For a linear space S we denote by S[z or alternatively by fS the set of all
N kpolynomials Yk--O SkZ with coefficients Sk in S. Obviously, fS is a subset of AS

and it is easily seen that it is also a K-linear subspace and even a K[z]-submodule
of AS. It is not, however, a AK-linear subspace.

In the development of the module theoretic treatment of linear systems, one
of Kalman’s primary objectives was to provide a rigorous framework for relating
linear input-output maps to state space descriptions, (i.e. the problem of realiza-
tion). In his treatment Kalman considered the following "experimental" setup
(see e.g. Kalman (1968) and Kalman et al. (1969, Chap. 10))" All inputs terminate
(i.e. become identically zero) at t 0 and the outputs are observed only for t => 1.
This special set of inputs IU will henceforth be called the restricted input space,
and elements w fU will be called restricted inputs. Since in this setting outputs
are observed only for t => 1, it follows that two outputs are indistinguishable if their
difference is in lY. Thus, if we introduce the notation

(2.9) FS := AS/IIS
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for any K-linear space S, then according to the foregoing we define FY to be the
restricted output space. Let A/Y denote the subset of AY consisting of all elements

tof the form Y,__ ytz It is readily verified that there is a bijective correspondence
between FY and A/Y with the property that with every y FY is associated a
unique / A/Y satisfying zr7 y where 7r" AY FY is the canonical projection.
Furthermore, FY induces a unique module structure on A/Y by the requirement
that the above bijection become a K[z]-module homomorphism. We shall
henceforth identify elements of FY with those of A/Y and refer to the latter as
restricted outputs. (It is precisely the module A/Y which was defined in Kalman et
al. (1969, Chap. 10) as the output module of a linear system.)

DEFINITION 2.10. A map/:fU FY is called a restricted linear input-output
map (or restricted linear i/o map) if it is a K[z]-module homomorphism.

Remark 2.11. In the above definition of restricted linear i/o maps the
properties of causality and time invariance are automatically built in. Wyman
(1972) called the same a Kalman linear i/o map and it is, in fact, precisely the
input-output map derived in Kalman’s work (see e.g. Kalman et al. (1969, Chap.
10)). We shall later make extensive use both of extended and of restricted linear
i/o maps.

In addition to the extended and restricted i/o maps, we introduce the concept
of linear i/o value map

(2.12) f: fU- Y

as follows: Iff is an extended linear i/o map, we define f (associated with it) by

(2.13) f(w) := p iT(w); w fU.

Alternatively, ifj is a restricted linear i/o map, we construct the i/o value mapf by

(2.14) f:=p f
where (with FY identified with A/ Y)

(2.15) Pl"FY Y: Y ytz-t--ya.
t=l

Conversely, if f: OU Y is any K-linear map, we can regard it as a linear i/o
map by associating with it the maps )v and which are constructed fromf using the
conditions of time invariance and causality. In particular, we have

(2.16) ](w) Z f(ztw)z -‘-
t_>o

and

(2.17) f-(w) Z f((ztw))z -t-1

tZ

where the truncation operator :AU-. IIU is defined by

(2.18) (Z u,z-’) := Y utz-’.
t_0
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(Compare also Kalman and Hautus (1972, formulas (2) and (4)).) It is easily
verified that the maps/ and as defined in (2.16) and (2.17) are, respectively, a
restricted and an extended linear i/o map and that the formulas (2.13) and (2.14)
hold. The relation between f, f and f is indicated in the following commutative
diagram"

AU- AY.

U -. y

u

where is the identity map, ] is the canonical injection, and 7r is the canonical
projection. The maps f, p and /1 are K-linear, the maps ], zr and f are
K[z]-homomorphisms and f is a AK-linear map. The maps/r and f are called the
restricted and extended i/o maps associated with f.

3. Linear i/s mas. Let [: fU FY be a restricted linear i/o map. By an
abstract realization off we refer to a triple (X, g, h) whereX is a K[z]-module and
g"IUX and h’X-FY are K[z]-module homomorphisms such that the
diagram

fU --- FYX

commutes. For the system theoretic interpretation of an abstract realization, the
reader is referred to Kalman (1968) and Kalman et al. (1969, Chap. 10). The
module X is called the state space (and is sometimes regarded only as a K-linear
space).

If (X, g, h) is a given abstract realization of a restricted linear i/o map f, one
can construct from it a concrete realization of f (see Kalman et al. (1969, Chap.
10)). Such a concrete realization is uniquely determined by t[e abstract realization
(X, g, h) and we shall henceforth call (X, g, h) simply a realization of f. In keeping
with standard systems terminology we then call a realization reachable if g is

suriective and observable if h is injective. A realization is called canonical if it is
both reachable and observable.

Consider now a restricted linear i/o map/:U- FY. Let X be a K[z]-
module and let g" IU-Xbe a K[z]-module homomorphism. The pair (X, g) will
be called a semirealization of/ if it can be extended to a realization (X, g, h) with
some K[z]-homomorphism h"X- FY. (X, g) will be called a reachable semireali-
zation if g is surjective, and canonical if every extension realization (X, g, h) of
(X, g) is canonical. The following characterization of reachable semirealizations is
easily verified"
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THEOREM 3.1. Let f:fU-FY be a restricted linear i/o map, let X be a
K[z]-module, and let g" fU-Xbe a surjective K[z, ]-homomorphism. Then

(i) (X, g) is a (reachable) semirealization offff and only if ker g c ker].
(ii) If (X, g) is a reachable semirealization off there is a unique h such that

(X, g, h) is a realization off.
(iii) (X, g) is a canonical semirealization off if and only if ker g ker f.
Consider now a K[z]-homomorphism g" IU-XwhereX is a K[z]-module.

If we refer only to the K-linear structure of X and regard g as a K-linear map
then, as in (2.16) and (2.17), we can construct the restricted and extended
linear i/o maps

(3.2) , IU+ FX,

(3.3) g" AU AX

associated with g. In view of the fact that X is a K[z]-module and not just a
K-linear space and g is a K[z]-homomorphism and not just a K-linear map, the
maps and have properties that distinguish them from ordinary i/o maps. For
this reason we will call and , respectively, a restricted and an extended linear i/s
map (where i/s stands for input-state). More generally, a restricted linear i/o map
f: l)U- FY and the corresponding extended i/o map f" AU-AY are called i/s
maps if Y can be endowed with a K[z]-module structure, compatible with its
K-vector space structure, such that the associated i/o value map

f := pao f oj=plof

is a K[z]-module homomorphism. It is easily verified that if )z is a restricted linear
i/s map and f the associated value map then

(3.4) kerf ker f.

Indeed, for w U, ]7(w) 0 if and only if f(ztw)-O for all =>0 (see (2.16)).
However, in view of the fact that f is a K[z]-homomorphism, the latter is
equivalent to f(w) 0 since f(z’w) z’f(w).

Assume now that f’fUoFY is a (restricted) linear i/s map and that its
associated value mapf is surjective. Then (3.4) and Theorem 3.1 imply that (Y, f)
is a reachable (in fact even a canonical) semirealization of j We shall henceforth
call a restricted linear i/s map freachable whenever the pair (Y, f) is a reachable
semirealization of jr or, equivalently, whenever the associated i/o value map f is
surjective. (The name i/s was adopted precisely for the reason that in these special
i/o maps the output value space qualifies as state space.)

Assume next that f" flU FY is a linear i/o map such that its associated i/o
value map f is surj.ective and that (3.4) holds. Then Y is isomorphic as a K-linear
space to flU/ker f which is a K[z]-module. This isomorphism induces a compati-
ble K[z]-module structure on Y and it is easily seen that f is then a K[z]-
homomorphism. We summarize the situation in the following

THEOREM 3.5. Let f: I)U-FY be a restricted linear i/o map such that the
associated i/o value mapf pl :IU- Yis sur]ective. Thenis an i/s map ifand
only if (3.4) holds.
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If H:X Y is a K-linear map then it induces in a natural way a AK-linear
map

(3.6) H: AX AY: Y xtz
-t (Hxt)z -t

and also a K[z]-homomorphism

(3.7) H: FX FY: x,z-’- (Hxt)z-’
t>l

where we have identified A+Y with FX and A+Y with F Y. The maps defined by
(3.6) and (3.7) are called static maps and it will be convenient to denote them by
the same symbol H. We now have the following

TI-IEORE 3.8. Letf IqU- FYbe a restricted linear i/o map, let g" fU-Xbe
a K[z]-homomorphism and let , be the restricted linear i/s map associated with g.

(i) If (X, g) is a semirealization off, then there exists a K-linearmapH:X- Y
such that f H. g (correspondingly f H. ,).

(ii) Conversely, if g is surjective and there exists H:X- Ysuch that=H. ,,
then (X, g) is a semirealization off.

Proof. (i) Let h"X- FY be a K[z]-homomorphism such that (X, g, h) is a
realization of fi and define

H:X-, Y:x-p h(x),

where pa is defined in (2.15). Then, if [ := p f, we have

f =Pl of =pl oh og=Hog

and consequently for w 6 flu we have by (2.16) and (3.7)

Z f(z’w)z Y. Hg(z’w)z -t-’

t>=o t>o

=t-/o E
t=>0

and the proof of (i) is complete.
(ii) The existence of H such that/r= H. implies that ker g ker

Hence, since g is surjective the result follows from Theorem 3.1.
The following result gives another characterization of the linear i/s maps

amongst all linear i/o maps.
THEOREM 3.9. Let (," fU-FY be a restricted linear i/o map. Then , is a

reachable restricted linear i/s map if and only if the following condition, holds" for
every restricted linear i/o map f: IU- FS satisfying ker ff c kerf (where S is a
K-linear space), there exists a unique K-linear map H" Y S such that H

Proof. Assume that is a reachable restricted linear i/s map and that
satisfies ker c kerf. Then the existence of H such that f H. follows from
Theorems 3.1 and 3.8. Also, f H. g wheref p o.1r and g p if, and from the
surjectivity of g (the reachability of ) it follows that H is unique.

Conversely, assume the condition holds. Define S lqU/ker and let
f: fU S be the canonical p.rojection. Let ]r: flU-.FS be the restricted linear i/o
map associated with f. Thenf is an i/s map and kerf kerf ker . It follows that
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there exists a unique K-linear map H" Y- S such that 1 H. or, equivalently,
1 H. g. Hence ker g c ker ]’ ker and, since ker ker g is obvious, it fol-
lows that ker ker g. From the uniqueness ofHwe have that g is surjective and
the result follows from Theorem 3.5.

We conclude this section with the following result (due to Wyman (1972))
which summarizes in a tra.nsparent way our current point of view.

TI4EOREM 3.10. Let [:IIU-. FY be a restricted linear i/o map. Then every
reachable realization (X, g, h) of induces a unique commutative diagram

AU .AX .AY

IIU, FX J, FY

4. Finite dimensionality and matrix representations. Let ):U-FY be a
restricted linear i/o map. Two reachable realizations (X1, gl, h 1) and (X2, g2, h2)
of1 are called isomorphic if there exists a K[z]-isomorphism a" X1 X.-such that
the diagram

llU . FY

commutes. Let A c ker " be a submodule. There is associated with A (uniquely) a
reachable realization (Xa, ga, ha) of ]" where XA := fU/A, gA’fU-Xa is the
canonical projection and ha:Xa- FY is defined via Theorem 3.1(ii). Suppose
now that (X, g, h) is any reachable realization of 1 and let A ker g. It is easily
verified that (X, g, h) is then isomorphic to (XA, ga, ha). It follows that the class of
reachable realizations of 1 is in one-one correspondence (modulo isomorphisms)
with the class of submodules of ker] Specifically, with every submodule A ker ]r
is associated a state space 12U/A, and the structural properties of all reachable
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realizations (X, g, h) for which A ker g are essentially completely determined by
A. This fact will be particularly useful in our study of feedback where it will turn
out to be easier to deal with (the submodule) A than with (the quotient module)
ag/a.

So far we have imposed no finite dimensionality conditions on either U, X or
Y. In this section we shall specialize our results to the finite dimensional case and
shall henceforth assume that U and Y are finite dimensional linear spaces. More
specifically, we let

U Km, Y Kp

so that fU= K"[z] and FY= KP((z-1))/KP[z].
Thus, in this case IIU is a free K[z]-module and has a basis of m elements.

Since K[z] is a principal ideal domain, every submodule A of IIU has at most m
free generators and their number d, which we call rank A, is independent of their
choice (see e.g. Hartley and Hawkes (1970, Thm. 7.8)).

Our main interest is in the representation of finite dimensional linear systems,
and we are concerned with the case in which for a submodule A fU, )U/A is a
finite dimensional K-linear space, or equivalently, a torsion module (see e.g. Lang
(1965, p. 388)). Thus we shall make use of the following standard but important
result (the proof of which can be found in Fuhrmann (1976)).

THEOREM 4.1. Let A c fUbe a submodule. Then fU/A is a torsion module
(or equivalently a finite dimensional K-linear space) if and only if rank A m.

Let A c D.U be a submodule of rank m and let dl, , d,, be a basis for A.
Define the K[z]-homomorphism D"U-A by Dei di, 1, , m, where
e, , e,, denotes the natural basis in Km, (as well as in fU). We can viewD also
as an m x m polynomial matrix (i.e. a matrix with entries in K[z]) by regarding
di K" [z as the th column of D. Conversely, if D D(z) is an x m polynomial
matrix, we can regard D as a K[z]-homomorphism K"[z]-,K[z]:e-d, i=
1,..., m, where di di(z) Kl[z is the th column of D. If in particular m,
then dl,"" ,d,,, are elements of IIU=Km[z] and are thus generators of a
submodule A fU defined by

A=DU := {Dwlw
Clearly rank A rank D (rank D being the matrix rank of D), and rank A m if
and only if D is nonsingular (i.e. 0 det D K[z ]).

Consider now the K[z]-homomorphism IIUIIU defined by an m x m
nonsingular polyn_omial matrix D. It is easily verified that there exists a unique
AK-linear map D" AU -* AU such that the diagram

AU AU

D
fU ---*- fU

commutes, where ], as usual, denotes the canonical injection. It is readily noted
that the transfer function of D is given by the (polynomial) matrix D. [We shall
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refer to a AK-linear map whose transfer function is a polynomial matrix as a
polynomial map.] Since D is nonsingular, it is obviously invertible over AK, and
thus D is an invertible map. We shall henceforth denote both the maps D and D
and their associated polynomial matrix by the single symbol D. The meaning will
always be clear from the context.

An m rn polynomial matrix R is called unimodular if its determinant is a
nonzero constant, i.e. if its inverse is also a polynomial matrix. The following
theorem whose elementary proof is omitted and the corresponding immediate
corollary will be useful:

THEOREM 4.2. Let A, A* c 12U be submodules given by A DfU and
A* D*OU where D and D* are nonsingular. Then A* c A if and only if there
exists a polynomial matrix R such that D*= DR.

COROLLARY 4.3. Under the conditions of Theorem 4.2, A* A if and only if
there exists a unimodular matrix R such that D* DR.

We now turn to the study of representations of linear i/o maps (and their
realizations). Let )z. AU- AY be an extended linear i/o map, let )z be the
associated restricted linear i/o map and let (X, g, h) be a reachable realization of
with X a finite dimensional K-vector space (i.e. rank ker g rn). Let ker g A
DfU and define the map

(4.4) N"AUAY: w -f(Dw).

Since N is a composite of two AK-linear maps, it is clearly also AK-linear.
Let

z,(z)

denote the transfer function of N. We observe that Zu is a polynomial matrix (i.e.
Nt 0 for all > 0). Indeed, for w

7r(Nw 7to f(Dw f(Dw O,

with the last equality holding since Dw ker g c ker f. It follows that Nw KP[7. ].
Since w IU was choosen arbitrarily, we see (compare (2.7)) that

z,(z)= Y, Ntz-’
t=<o

as claimed. We shall now (just as we have done for D) identify (notationally) Zu
withN so thatN will denote both the map and its associated polynomial matrix. In
view of the relation Nw f(Dw) for every w AU, and the fact that D is
invertible we obtain the following expression"

(w) ND-’w (w AU).

Thus, the transfer function of f has the representation

(4.5) Z(z)= Az-=N(z)D-’(z).
t=l

A AK-linear map f" AU-AY and its L-Laurent series Z(z) are called
rational if and only if there exists a (nonsingular) polynomial matrix D(z) such
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that ZD is a polynomial matrix. Thus we have proved the necessity part of the
following

THEOREM 4.6. A restricted linear i/o map f:IU-FY has a reachable
realization with finite dimensional state space if and only if f is rational.

Proo[(sufficiency). If f is rational, there exist polynomial matrices N and D
such that f ND-1. Then (XA, gA, hA), where A DU, is a reachable realization
of f with finite dimensional state space.

Two matrices N and D are called right coprime if every m m polynomial
matrix R satisfyingN NR and D DR for some polynomial matricesN and
D, is necessarily unimodular.

THEOREM 4.7. Let (X, g, h) be a reachable realization ofa restricted linear i/o
map f. Let ker g A DI)U and assume D is nonsingular. Let N ZD. Then
(X, g, h) is observable (i.e. ker]= ker g) ifand only ifN, andD are rightcoprime.

Proof. Let D be chosen such that kerf=Dl)U. Then
ker g = kerf Dll)U, and by Theorem 4.2 there exists a polynomial matrix R
such that D =D1R. D is then nonsingular and if N is defined such that
N1D-1 Z, it is readily seen that N NR. If we assume that N and D are right,
coprime, then the matrixR must be unimodular and by Corollary 4.3 ker g kerf
and observability holds. Conversely, let N-NaR and D D1R. Then R is
nonsingular andZ ND- ND-X. It follows thatDlieU ker)and we have

ker g Dl)U CDllUc ker fi
If (X,g,h) is observable, then kerg=kerf so that DfU=DIU and by
Corollary 4.3 R is unimodular, whence N and D are right coprime. [3

Remark 4.8. The representation Zf ND-1 of a transfer function is widely
known as a fraction representation. We have just seen how fraction representations
arise naturally from reachable (abstract) realizations (X, g, h) of an input-output
map. In fact, there is essentially a one-one correspondence between the class of all
finite dimensional reachable realizations of f and the class of fraction representa-
tions. It is important to observe that by writing Zf ND- we essentially have
(modulo isomorphism) a specific reachable realization in mind. The observability
along with the associated right coprimeness is essentially of no consequence in our
study of feedback as we shall see later.

Let X Kn. Assume X is also endowed with a module structure and let
g" IIU-*X be a surjective K[z]-homomorphism. Let " IIU- FX be the
restricted (reachable) linear i/s map associated with g. Then (X, g) is a canonical
semirealization of and there exists h"X- FX such that (X, g, h) is a (canonical)
realization of . According to the foregoing we can write

(4.9) Z SD-,
where Ze is the transfer function of , with D being a (nonsingular) polynomial
matrix such that ker DIIU, and S being an n x m polynomial map. In view of
the observability of (X, g, h) it follows from Theorem 4.7 that D and S are right
coprime, and moreover, deg det D n.

If Z is the transfer function of an extended linear i/o map f, then the strict
causality of f is equivalent toZ being a strictly proper rational matrix; that is, each
entry ofZ is a fraction of polynomials with the degree of the denominator higher
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than the degree of the numerator. We now specialize Theorem 3.9 to the finite
dimensional case.

TUEOREM 4.10. Let S and D be right coprime polynomial matrices with D
nonsingular, and assume that Z := SD-a is strictly proper (or equivalently strictly
causal). Then Z is the transfer function of a reachable extended linear i/s map , if
and only if for every polynomial matrix N satisfying the condition ND-a is strictly
proper, there exists a unique constant matrixH (with entries in K) such thatN HS.

Proof. Assume thatZ Zg where is a reachable extended linear i/s map. By
the coprimeness of S andD we have ker DI2U and ifjrN is the restricted linear
i/o map associated with ZN=ND-a (ND-a strictly proper), then ker=
Dl)Uckerfu. By Theorem 3.9 there exists a unique H:X- Y such that
jrn H. so that if H also denotes the corresponding matrix we have N-
(ND-a)D (HSD-a)D HS. Conversely, let jr be a restricted linear i/o map with
ker c ker jr. Then DI)U ker jr and there exists a polynomial matrixN such that

f=ND-a ( denoting the extended linear i/o map associated with jr). By
hypothesis there exists a unique constant matrix H such that N--HS, and
consequently f H. and by Theorem 3.9 the proof is complete.

COROLLARY 4.11. Let D be a nonsingular rn x tn polynomial matrix and let
det D have degree n. The set of m-row polynomial vectors v(z) such that
v(z)D-a(z) is strictly proper, is an n dimensional vector space over K. If S is a
polynomial matrix such that SD -a is strictly proper, then SD -a is the transfer
function ofa reachable lineari/s map ifand only ifthe rows ofSform a basis ofX.

Proof. That is a K-vector space is obvious. Suppose SD-1 is the transfer
function of a linear i/s map. If v (z) 6X is any vector, then by Theorem 4.10 there
exists a (row) matrix H such that v HS and thus, the rows of S generate ’. The
uniqueness condition of H implies that the rows of S are linearly independent
(over K) and thus form a basis for X. Conversely, if the rows of S form a basis forX
then SD -a is a strictly proper matrix and for each matrix N whose rows are
elements of X there exists a unique K-matrix H such that N HS whence, by
Theorem 4.10, SD -a is the transfer function of a linear i/s map. Since the number
of rows in S is equal to n, it follows that dim n.

5. Feedback. Consider a restricted linear i/o map jr:U FY, let (X, g) be a
reachable semirealization of f and let " AU AX be the extended linear i/s map
associated with g. Suppose we modify in the following way. For each w 6 AU
instead of letting g act on w we let g act on q := V- w-L sc, where V: U- U
and L’X- U are K-linear (static) maps with V invertible, and where sc is such
that : (qg). Then w, q, and : are related by the equations

(5.) o v. w-L ; =
which schematically can be described by the following feedback block diagram"
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In line with the above block diagram we call the pair (L, V) a feedback pair. The
map L will be called a feedback map and V will be called a (static) input
transformation.

From (5.1) we can eliminate so, to obtain

(5.2) (I +z; g).0 v. w.

Since L g is strictly causal, it is easily verified that ord (I +Lg)0 =ord 0 for each
q AU. This implies that ker (I +Lg)= 0, from which it follows that I +Lg is
invertible. Thus, (5.2) has a unique solution for 0 given by

qg=l.w,
where

(5.3) - := t\. := (I +L)- v.

Upon substituting for o in the second formula of (5.1), we obtain the expression

(5.4) =fL,v(W),

where

(5.5) f,,, := g t.

The schematic interpretation of (5.5) is given by the block diagram

where l" AU AU is regarded as a dynamic input transformation. It is readily
noted (see also Lemma 5.6 below) that the map has the following properties:

(i) is an invertible AK-linear map.
(ii) Both - and --1 are causal maps.

We shall henceforth call a map I’AU-AU which satisfies both (i) and (ii) a
bicausal isomorphism on AU.

It is obvious that fL,V is an extended linear i/o map. This follows immediately
from the fact that the composite of AK-linear maps is AK-linear, and that the
composite of a causal map with a strictly causal one is strictly causal. In fact, it will
be seen later that fL,v is even a reachable linear i/s map.

We have seen that if we can construct f,v from g by feedback (as in our first
interpretation) then we can also construct it by cascading with a bicausal
isomorphism l,v (which is an "open loop" construction). We shall now turn
to the more difficult question" when can a AK-linear map I’AU-AU be
expressed as in (5.3) for some L and V. If this is the case we call a feedback
transformation (corresponding to (L, V)).

LEMMA 5.6. Let ’AU-AU be a causal AK-linear map and let Zr(z-1)
.k=O Ak()Z -k be its transfer function. Then has a causal inverse if and only if
Ao(1-)" U- U is invertible, in which case Ao(--1) (Ao(-))-1.

The easy proof of Lemma 5.6 is by direct calculation and is omitted.
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THEOREM 5.7. Let g’AU
:AU - AUis a AK-linear map, then there exists a feedback pair (L, V) such that

l,v (as in (5.3)) if and only if
(i) is a bicausal isomorphism,
(ii) for w IU, g(w) IX implies --l(w) U (equivalently,

--1 (ker ) OU).
Proof. Assume first that lt, v. The bicausality of has been noted before so

that (i) holds. Also, since -- V- + V-1L, it is readily seen that if w 6 fU, then
,(w)6lX implies that {-(w)OU so that (ii) also holds.

Conversely, assume satisfies (i) and (ii). Let V: U--) U be defined by

V := Ao(1).

By (i) and Lemma 5.6, V is invertible and V-a=Ao(/-a). Hence, the map
-a- V-1 (where V-a is regarded as a static map) is strictly causal and

(5.8) v-’
is an extended linear i/o map AU-) AU. We claim that ker ker ]r (where 1 is
the restricted linear i/o map associated with f). Indeed if(w)= 0 implies (w)
YX and by (ii) --l(w)6fU. By (5.8) it then follows that f(w)612U so that
iV(w) 0. Upon employing,Theorem 3.9, we conclude_ the existence of a K-linear
map H: X--) U such that f H. (or equivalently F H. ). Letting L" X--) U
be defined by L VH we obtain upon substituting into (5.8)

f--l__ V-1 ..[_ V-1Lg
and the proof is complete.

COROLLARY 5.9. Let ," AU-* AX be a reachable extended linear i/s map.
Then for every feedback pair (L, V) the map fL,V defined by (5.5) is a reachable
extended linear i/s map.

Proof. We shall prove the corollary by showing that fL,V satisfies Theorem
3.9._ Let f: IU FS be any restricted linear i/o map such that ker_ jL,V C ker I7. Let
f be the extended linear i/o map associated with f and define fI’AUAS by

I AU- AS w-f{- w

If we can show that ker c kerfa, then by Theorem 3.9 there exists a unique
H’X-_S such _that jl H. (or equi.valentl, f-1 H- g), whence, f= fl -=
H., l=H. f,v (or equivalently f=H’f,v) showing that f,v satisfies
Theorem 3.9.

Hence, the proof will be complete upon showing that ker ker]’a. If
w 61U and (w) 0 then (w) 6 lXand by Theorem 5.7(ii) w := -a(w)6U.
It follows that

fL,v(W1)=o f(W1)= io f-I(w)=(W)E’X
and consequentlyfL,v(Wl) 0 from which f(wl) 0 by assumption. Thus, f(wl)
S and

L(w)= o
so that f’(w) 0 and ker
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We shall now specialize our results to the finite dimensional case and assume,
just as in 4, that U K" and Y Kp. Moreover, if :U FY is a restricted
linear i/o map, we shall assume that ] is rational, i.e. that it has a realization with
finite dimensional state space.

First we have the following specialization of Theorem 5.7.
THEOREM 5.10. Let g" AU-AX be a reachable extended finite dimensional

(i.e. X K) linear i/s map, and let DIU ker . If l" AU-AU is a AK-linear
map, therd exists a pair (L, V) such that l;v (see (5.3)) if and only if is a
bicausal isomorphism and Z;ID is a polynomial matrix (where Zr denotes the
transfer function of ).

Remark 5.11. The condition that ZflD is a polynomial matrix is obvious
upon examination of (5.3). In the finite dimensional case we have Zg SD-1

(compare Theorem 4.10), and consequently (5.3) implies that

Z-aD V-I(I+LSD-1)D V-I(D +LS).

It is interesting to observe that if is given by , (where l,v), then

Zir S(D +LS)-V and consequently

(5.12) ker f’r V-’(D +LS)nU.
Alternatively, (5.12) can also be written in the form

ker f’t- V-’(D + Q)IU,
where O is an arbitrary polynomial matrix such that QD- is strictly proper (the
matrix L being of course uniquely specified through Theorem 4.10). The interest-
ing point in this alternate formulation is the fact that we have eliminated L from
explicit consideration.

It is also interesting to make explicit the possible i/o maps (or transfer
functions) obtainable by feedback. If ND- where it is understood that the
factorization defines a realization of f, then the transfer functions obtainable using
feedback are given by

ft,v=N(D+O)-lv,
where Q is any polynomial matrix such that QD-1 is strictly proper (L being, as
before, specified through Theorem 4.10).

The reader should notice the similarity of the situation with the single input
single out,put case.

Let f" IU FY be a rational restricted linear i/o map, and let l" AU-AU
be a rational causal AK-linear map. Let (X, g, h) be a reachable finite dimensional
(X K") realization of f and let be the extended linear i/s map associated with
g. Theorem 5.10 then states that there exists a feedback pair (L, V) such that-= (I +L)-a V provided - is a bicausal isomorphism and Z{ID is a polynomial
matrix, where Zr is the transfer function of [, and D is a polynomial matrix
satisfyingDIU ker . While the bicausality of is clearly a necessary condition
for its feedback implementation in a given realization, it is not sufficient. We shall
conclude this section by showing that there always exists a reachable realization in
which can be implemented by feedback if and only if is a rational bicausal
isomorphism.
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THEOREM 5.13. Let:fU-FYbe a rational restricted linear i/o map and let
l" AU-AU be a rational causal AK-linear map. A necessary and sufficient
condition for the existence ofa finite dimensional reachable realization (X, g, h)
such that

Zr (I +LSD-1)-V
for some feedback pair (L, V) (where SD-1 is the transfer function of the linear i/s
map associated with g) is that is a bicausal isomorphism.

Proof. The necessity of the condition is obvious from Theorem 5.10. We will
prove sufficiency. Iff is rational,_ then Z[ ND-1 for polynomial matrices N and
D andDU ker f. Also if is a bicausal isomorphism, then it can be expressed
as [ (I +po-1)-i V (with PQ-I strictlyproper). Let R := det O I. Then Zf
NR (DR)-1 and consider the realization (XA, gA, ha) where A DRfU. Clearly
ZflDR V-I(I +PQ-1)D det O I is a polynomial matrix satisfying the condi-
tion of Theorem 5.10.

Remark 5.14. Theorem 5.13 gives a complete characterization of those
dynamical compensators which can be implemented by "state feedback" in a
(possibly unobservable) reachable state-space. This characterization problem
received some attention in the literature and the reader is referred to Wolovich
(1974).

6. Chains and invariants. Throughout this section we shall assume that
U K" and Y Kp. Let A c OU be a submodule of rank rn and let (XA, ga) be
the (finite dimensional) reachable semirealization given by XA := 12U/A and
ga" fU-XA the canonical projection. Let a be the (restricted) linear i/s map
associated with ga. Then ker A and, as we have seen at the beginning of 4, all
reachable realizations and hence also all reachable linear i/s maps whose kernel is
A are isomorphic. Thus, modulo state space isomorphism, is uniquely deter-
mined by A. If feedback is applied to , then is transformed into a new
reachable linear i/s map fr (see (5.5))_ and. correspondingly the submodule A is
transformed into a submodule A(1) := ker fr (see (5.12)). Two submodules A and
A’ of fU of rank rn will be called feedback equivalent if there exists a feedback
such that if A ker , then A’= ker ft. Clearly feedback equivalence is an equival-
ence relation and as we have just seen, each feedback equivalence class of
submodules characterizes a class of feedback equivalent linear i/s maps. In the
present section we study this equivalence relation of submodules.

For w fU define the (polynomial) degree of w by deg w := -ord w. Let A
and A’ be submodules of 2U. A K[z]-homomorphism q" A- A’ is called degree
preserving if for each w 6 A, deg q (w) deg w.

LEMMA 6.i. Two submodules A and A’ of OU of rank m are feedback
equivalent ifand only if there exists a degree preserving K[z]-isomorphism q :A - A’.

Proof. If A and A’ are feedback equivalent then A ker and A’= ker
where f--/- - for a feedback transformation -. Let q denote the restriction of
/-- to A. We see that q maps A into A’. Indeed, if w 6 A, then (w) 6 OX, and by
Theorem 5.7(ii) we also have v:=q(w)=-l(w)612U. Thus /-/-(v)=

-o/-(w) ,(w)12X, whence)r(w) 0 and q(w)= v cA’. From the bicaus-
ality of t-] it is clear that ord --a(w) ord w for all w AU and consequently the
homomorphism q.A- A"w- --(w) is a degree preserving isomorphism.
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Conversely, assume that h and A’ are submodules of fU of rank m and that a
degree preserving q" A- A’ exists. Let d1,’’’, d,, be a basis for A and denote
d :=q(di), i=l,...,m. Let D and D be the polynomial matrices
D := [dl,. , d,,, and D’ := [d ],. , d’,,,]. Then surely D is nonsingular and for
each w 6 A we have q(w) D’D-lw. By formally regarding the matrix D’D- as a
transfer function, we see that q extends uniquely to a AK-linear map

" AU-> AU; Zq := D’D -1.

We will complete the proof by showing that is a bicausal isomorphism and that
the map -:= ]-1 is the desired feedback transformation such that A’ A(). First
note that (and hence also l) is a bicausal isomorphism if and only if

(6.2) ord t] (w) ord w

for all w 6 AU. Recall that (6.2) holds for w A by assumption. Since A is of rank m
(and hence IU/A is a torsion module) there exists a polynomial q such that
w A for all w 6 U. Thus ord (w) =ordw for all w 6 IU and it follows that
(6.2) also holds for all w 6 flU. Next, for w AU let k be an integer such that
w := (zkw)O. Then wa 61U and ord t](wa)= ord w =ordzkw. Since for k
sufficiently large ord ](w) =ord gl(zkw), it follows that (6.2) holds for all w AU
and is a bicausal isomorphism. Finally, to see that ---- is the desired feedback
transformation we need to show (see Theorem 5.10) that Z-ID is a polynomial
matrix. Indeed this is true since Z{D Zr-D D’D-aD D’ and the proof is
complete. El

In order to apply Lemma 6.1 in checking as to whether two submodules A and
A’ are feedback equivalent one has to verify the existence (or nonexistence) of a
degree preserving homomorphism q" A -> A’. To this end we introduce the concept
of degree chain.

DEFINITION 6.3. Let A be a submodule of 12U and for each 0, 1, 2, , let
A A be the submodule generated by the elements of A whose polynomial degree
is less than or equal to i. Let v := vi(A):= rank Ai. The sequence (Ai)o of
submodules is called the degree chain of A and the sequent (u)=o is called the
degree list.

It follows immediately that Ao c A1 c A2 c. c A, and Uo_-< Ul -< uz_-<" _-<
u := rank A. Since IU is Noetherian, it satisfies the ascending chain condition and
we have Ar A for some finite r. Hence

AoCAc "CAr=A,

We also introduce the following notation. Let a 0 be a polynomial or a
polynomial vector. We denote by the leading coefficient (vector) of a. That is, if
a k=o az and ak 0 then ak. Also, if a 0 we define d := 0. Recall that if
dl, , dk are elements of a K[z]-module which generate a submodule M, they
are called free generators of M, or simply free if they are K[z ]-linearly indepen-
dent. We now introduce the following

DEFINITION 6.4. Let dx,’’ ", d be elements of a finitely generated K[z]-
module (specifically of U). Then dl," , dk are called properlyfree if 1," , dk
are K-linearly independent.
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LEMMA 6.5. ff dl," ", dk are properly free then they are free.
Proof. We prove the lemma by negation. If dl, , dk are not free, there exist

polynomials a 1,’’" ,ak, not all zero, such that Eik=l aidi=O. Let r:=
max deg (aidi) and define

0 if deg (otidi < r,
Ei :-’-

1 if deg (otidi) r.

Adding the terms of degree r in ol.idi yields
k

E Eiidi O,
i=1

implying that al, , k are K-linearly dependent since not all 6ii are zero.
DEFINIaION 6.6. Let A be a free K[z]-module. A basis d1,"’, dk of A is

called proper if dl,. , dk are properly free.
The following is an instrumental result.
LEMMA 6.7. Let A be a submodule of 12Uof rank u( > 0). Then there exists a

proper basis dl, ", d of A such that

(6.8) deg dj for 12i--1 <j 12i and O, 1, 2,.

where (12i)i%0 is the degree list of A and 12-- :’" O.
Proof. First observe that if k _-> 0 is the first integer such that 12k 0, we can

choose 0 d16 Ak such that deg d k. Then d is clearly properly free and
satisfies (6.8). We proceed stepwise and assume that for >0, dl,..., dt are
properly free elements of A satisfying (6.8) and let S denote the submodule
generated by dl, , dl. If 12 (and hence S A), then there exists an integer
such that

At-1 S At.

Thus, there exists an element dl+l At such that dt+ : S and deg dl+l t. Obvi-
ously d, , dl+ satisfies (6.8) and we complete theproof by showing that this
set is also propeOy free. Assume to the contrary that dl+ is a K-linear combina-
tion of dl,...,d"

Consider the element

p :: dl+l-- Aiz6’di
i=l

where 6i := t-deg di, 1,-.., I. Obviously p A and it is easily verified that
degp =<t- 1. Thus p At_l cS and we conclude that dl+ S, a contradiction to
our assumption, fq

COROLLARY 6.9. Let A OU be a submodule of rank u and let (Ai)i=o ahd
12i)i=o be the degree chain and degree list of A respectively. There exists a proper
basis d, , d of A such that for each satisfying ui 0 the set d a, , d, is a
basis [or Ai.

Proofi The basis constructed in Lemma 6.7 satisfies the desired property.
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DEFINITION 6.10. Two submodules A and A’ of flU are called chain
isomorphic if there exists a K[z]-isomorphism.q:A-A’ such that q(Ai) A for
i-0, 1,2,....

The following is the main result of the present section.
THEOREM 6.11. Let A and A’ be two submodules of fUof rank m. Then the

following statements are equivalent:
(i) A and A’ are feedback equivalent.
(ii) There exists a degree preserving K[z]-homomorphism q: A - A’.

(iii) A and A’ are chain isomorphic.
(iv) ,i (A) 9, (A’) for O, 1, 2,....
Proof. The equivalence of (i) and (ii) follows from Lemma 6.1. We prove the

remaining implications.
(ii)z(iii). If q:A-A’ is a degree preserving K[z]-homomorphism then

q (Ai) (22 A. Indeed, if w 6 A, then w Y. ajwj with aj K[z ], and wi 6 fUsatisfy-
ing deg wi _-< i. Hence q (w) Y ajq (wi) 6 A since deg q (wi) deg wj _-< i. Similarly
we have that q-l(A[) c A and hence q (A) A[.

(iii) :ff (iv) is obvious.
(iv): (ii). Suppose ui (A) ’i (A’) ,i for all 0, 1, 2,. . Let dl,. -, d,,,

and d’1, ., d,, be bases of A and A’ respectively as in Lemma 6.7 (see also
Corollary 6.9). Define the K[z]-homomorphism q:A-A’ by d-d[ for i=
1, , m. It is readily noted that this q is degree preserving.

Remark 6.12. For a module A c 12U of rank m, a sequence of submodules
which is essentially equivalent to our degree chain has previously been introduced
by Eckberg (1974) in his study of so called canonical matrices. Eckberg’s
motivation for the introduction of this chain was the construction of a certain
unique "canonical" basis for A (see also Remark 6.13 below). It is interesting to
observe that this chain was completely ignored in Eckberg’s study of feedback and
he apparently never recognized its feedback invariance properties.

Remark 6.13. As we have already mentioned earlier, fraction representa-
tions of the form ND-1 were used successfully over the past several years for the
study of a variety of technical problems associated with feedback. While it is
usually required (unnecessarily) that N and D be right coprime it was also
recognized correctly that it is useful to select D in a special form. Specifically, it
was first recognized by Wolovich that the matrixD should be taken to be "column
proper", i.e. that the sum of the degrees of the columns of D equal the degree of
the determinant of D (see Wolovich (1974)). Similar requirements were subse-
quently made by others (see e.g. Heymann (1972, Chap. 6) and Popov (1970),
(1972). The requirement of column properness has been introduced upon the
technical observation that certain "canonical" forms arise naturally provided the
matrixD is chosen to be column proper. However, there was no deep understand-
ing of the reasons for this fact since everything was "technique" oriented and
motivated. Eckberg (1974) tried to formulate the column properness in his
module theoretic study and had moderate success. Forney (1975) developed a
theory of minimal bases for rational vector spaces for the purpose of giving
respectability to what is essentially also nothing else but column properness. The
drawback in these approaches is that they depend on defining at the outset (and
without any prior motivation) certain "canonical" structures. Yet, it is easily



104 M. L. J. HAUTUS AND MICHAEL HEYMANN

verified that the column properness property is essentially the same as the
property that the columns of D are proper basis for the submodule A DI2U. In
view of Theorem 6.11 it thus becomes clear that if D is chosen to be column
proper, then input isomorphisms are easily tested for the degree preserving
property. This explains (in a natural way) the usefulness of this construction for
the study of state feedback and it is precisely this important fact, that remained
obscure in previous investigations.
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CHARACTERIZATIONS OF SOME
VARIATIONAL PERTURBATIONS OF THE

ABSTRACT LINEAR-QUADRATIC PROBLEM*

T. ZOLEZZI

Abstract. The coefficients of the plant are perturbed in an abstract linear quadratic problem on a
Hilbert space. Many characterizations are obtained about the perturbations that give strongly
convergent sequences of optimal controls. Some connections are shown to exist between this
continuous dependence problem and some modes of variational convergence for sequences of convex
functions, in particular Mosco’s convergence. Two applications are given to the classical linear-
quadratic problem, for ordinary and elliptic partial differential equations.

Introduction. The continuous dependence of the solutions of an optimization
problem from the data is one of the most important features of the given problem.
In this paper such a dependence is characterized for the abstract linear-quadratic
problem in a Hilbert space setting. We take as fixed the quadratic cost functional,
and we consider perturbations acting on the coefficients of the linear plant. In this
way a simple theory is obtained with many necessary and sufficient conditions for
strong convergence of optimal controls.

In the opinion of this author, the results presented here should be considered
as preliminary to a deeper study of variational stability of classes of optimization
problems, in that they answer the question for a relatively simple, yet very
important, example.

It turns out that such smooth optimization problems inherit many quite
strong variational stability properties. Moreover sequences of perturbations Of
the considered minimum problem generate sequences of strongly convergent
optimal solutions if and only if Mosco’s convergence obtains, thus showing
interesting connections between this theory and the more abstract modes of
variational convergence of convex functions.

Two applications to the classical linear quadratic problem for ordinary and
elliptic partial differential equations are presented.

The results of this paper can be suitably extended to different or more general
and more abstract optimization problems; moreover they are related to well-
posedness properties. This will be shown in future works.

Proofs of some results are given here somewhat at length and in a detailed
form to show the structure of the problems and to present clearly the possible
generalizations.

Some classes of variational perturbations of optimal control problems have
been studied in previous work, see [8a, b, c] and [5]. This last paper contains a
study of the perturbations of the classical linear quadratic problem for ordinary
differential equations, but in a different (non-Hilbert) setting than here.

Notations. The norm of any Banach or Hilbert space in the sequel is denoted
by I1" II. In a Hilbert space X the scalar product between x and y is denoted by

* Received by the editors July 21, 1976, and in revised form February 7, 1977.

" Istituto di Matematica, Genova, Italy. This work was supported in part by "Laboratorio per la
Matematica Applicata del C.N.R. Genova".
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(x, Y)x, and simply by (x, y) if no confusion arises. The pairing between any
Hilbert space X and its dual X* is denoted by (.,.). Strong convergence is
denoted by +, weak convergence by ---’, IfX and Y are Hilbert space, thenX@ Y
denotes their direct sum equipped with the scalar product

((x, yl), (x, y:))x.. (x, x),, + (y, y)

of the pairs (Xl, yl), (x2, y2).
Given a bounded linear operator L: X+ Y, its graph is denoted by

gph L={(z,L(z)): z eX}cX Y.

L* denotes the Hilbert spaces adjoint of L, so that

(Lx, y)= (x, L’y), x X,

and L* acts between Y and X. I denotes the identity operator (on a given Hilbert
space). Given a real-valued functional J on the Hilbert space X,

DJ: X-+ X*

denotes its Fr6chet differential. A prime denotes the transpose of a matrix.
Subsequences are denoted as the original sequence.

Statement of the problem: Assumptions and preliminaries. We are given two
real Hilbert spaces X and Y, a a positive number c. We consider a given linear
bounded operator

Lo:X+ Y,

and sequences of linear bounded operators

such that for any n 0, 1, 2, ,
(1)

Given u X, yO y we set

L,,:X-+Y, n=l, 2,.."

I, (u) [lu ull2 + IlL, (u)- yO[[2, u e X, n 0, 1, 2,. ..
For easy notation no mention will be made of the dependence of I, on u o, y o.

Let us remark that for any n, u, y0, there exists exactly one absolute
minimum point

,L, (u+L ), I the identity operator,t,=(I+L* )-1 ,.y0

of I, on the whole space X (depending on u, yo). We write

min/, =/,(ti,), n 0, 1, 2,. .
We shall consider the following problem; to characterize all sequences L,,

subject to (1), such that for all u, yO we have
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We need the following known definitions (in the Hilbert space setting). Let Z
be a real Hilbert space, Kn, n 0, 1, 2, , a sequence of closed convex subsets of
Z. We say that Kn -* Ko in the sense ofMosco, and write

M
K. -,Ko

if and only if

ni a subsequence of the positive integers, xi Kn, for all i,
(2)

x Xo implies Xo Ko;

for every yo Ko there exists a sequence yn Kn such that
(3)

yn- yo.

Let Jn: Z(-oo, +co) a sequence of functions. We say that Jn -Jo in lhe
sense ofMosco and write

M

if and only if

(4) XnXO implies liminfJn(xn)>=Jo(xo);

for every yo Z there exists a sequence Yn - Y0 such that
(5)

lim sup Jn (Yn)--< Jo(yo).

This definition is equivalent to that given in [4] (as remarked in [3]), where instead
of (4) the following was required:

n a subsequence of the positive integers, z-- Zo implies
(4’)

lim inf Jn,(zi)>.J(zo)

To show it, let as in (4’), z Zo and n be a subsequence of the positive integers.
Set x zi whevever n _-< n < ni/. Then x,---- Zo and by (4), lim inf J,,(z)->
lim inf J,, (x,) >- Jo(Xo).

Given L, as above, we consider the closed convex subsets gph L, of X Y.
Let

Pn:XY-->X Y
for any n, be the orthogonal projection over gph L,. We remark that

(tin, Lnt/n) pn(u, yO) for all n, u, yO,
by the definition of In and pn.

We shall reach the desired results concerning a variational convergence of I,
(in fact Mosco’s convergence) by deriving a number of lemmas in the next section.

Results.
LEMMA 1. The convergence pn (z) po(z) for every z X Y implies

M
gph Ln --> gph Lo.
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Proof. (See [5, prop. 3.2].) Let yo gph Lo. Then p, (yo) gph L, and p, (yo) -po(yo) so that (3) is true. Let x Xo with x gph L,,. The projection p,,(Xo) is
characterized by [7, p. 104]

(6) (Xo- p,, (Xo), x p,, (Xo)) <- 0 for all x gph L,,, any i.

Putting x xi in (6) we get

(7) (Xo- p,, (Xo), xi p,,, (Xo))--< 0 for all i.

Letting./- c in (7)we find

(Xo po(xo), Xo po(xo)) <- O,

that is, Xo 6 gph Lo and (2) is valid. Q.E.D.
M

LEMMA 2. gph L, - gph Lo implies Ln (u)- Lo(u) for all u X.
Proof. Mosco’s convergence of the graphs of Ln is equivalent to the following

(see (2), (3)):

for any subsequence n of the positive integers, u Uo,
(8)

L,,,u Yo implies yo Louo.
for every Uo e X, there exist u, Uo such that

(9)
L,,u,, Louo.

Pick any Uo X. Let un be as in (9). Then

Ln(uo)=Ln(uo-u,,)+Ln(un), and

by .(1), Q.E.D.

Ln(un-Uo)O

THEOREM 1. The following conditions are equivalent"

M
(10) gph Ln gph Lo"

(11) for all u X, Lnu - LoU Un UO implies Lnun LoUo.
Proof. Condition (10) implies pointwise convergence of Ln to Lo as we saw in

Lemma 2. If un Uo in X, then Lnun is bounded by (1), and for some subsequence
Lnun Yo; therefore by (8), yo Louo. Then Lnun Louo since the same conclu-
sion holds for any weakly convergent subsequence of Lnun. Conversely, for any Uo
we can take un Uo to get (9). If uuo and Ln,u---- yo then yo Louo by (11) and
this gives (8). Q.E.D.

LEMMA 3. For any n, u o, yO we have

(12) an (I+L*Ln)-l(u + L*y).

Proof. Fix n, u o, yO. By uniqueness of tin and the easily verified existence of
Din we see that

(13) DI,(a,)= 0

characterizes the minimum, point of I,. For every u, h X

I,(u + h)-I,,(u)-- llhl[= + Z(u u, h)+llt,hllz + Z(t,,u y, t,h).
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Since

we get by (13)

therefore

(DI,(u), h)= 2(u u o, h)+ 2(L,u yO, L,h),

(,,-u,h)=(y-L,,a,,,L,,h);

a, +L*,L,a, u+L,*y.
The conclusion follows from the well-known isomorphic character of I+
L*,Ln. Q.E.D.

LEMMA 4. The convergences

(14) Lnu - Lou for all u, L*x -> L’x for all x
imply

(15) ,, -> o for all u y0

Proof. We remark that for any n the operator I+L*L, has a bounded inverse
on X. Moreover by (1), for any n and x

(16) Ilxll2 =< ((I + L*,L,)x, x) <- IIxl12(1 / c2),
so that the norms of both I+L,L, and (I + L*,L,)-x are uniformly bounded. Since
by (1), IIt,*ll <--c, we get by (14)

L*(L,u-Lou)O and L*,Lou L*oLou for all u.

This implies pointwise convergence of I+ L*,L, to I + L*oLo. and the same holds
for (I+ L*,L,)-1 because of the uniform bound on their norms. Since

L ,* (y) Lo* (y) for all yO
by (14), the conclusion follows from Lemma 3. Q.E.D.

LEMMA 5. If ,, o for all u o, Y o(17)

then

(18)

taking yO 0 we get

,,L,, (u (I + LdLo)-X(u o),(I+L* )-1 o)_)
and by the uniform boundedness of the norms,

L*,L,,x --)LdLoX, x X.

Setting u= 0 in (18), we find that

(I+L* -1 , onLn) Lny (I+LLo)-ILy,

L*,L,x L*oLox for all x, L*,y L*oy for all y.

Proof. Since for any u, yO, by (12)

(I +L *,L,, )-I (u o +L,y o)_.) (I +L*oLo)-X(u +Lo*y ),

uX,
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By the uniform boundedness of I + L*L, and their pointwise convergence to
I+LLo we get

L,yO._>L,oyO, yO y, Q.E.D.

THEOREM 2. The following facts are equivalent"

(19) a, --> ao for all u o, yO;
(20) Lx --> Lox for all x, L * y --> L ’y for all y.

Proof. From (19) we get the pointwise convergence of the adjoints L,* to L0*
and of L*L, to LSLo (Lemma 5). Given x e X, for a subsequence L,x , so that

(L,x, y)= (x, L*y)+ (,. y)= (Lox, y),

and L,x Lox for the original sequence. Moreover

IlZ.x = (x, L*.L,,x)+ [Itox =.
This shows that (19) implies (20). The conclusion follows by Lemma 4. Q.E.D.

THEOREM 3. Any ofthe conditions (10), (11), (19), (20)are equivalent to each
other, and moreover to the following:

(21) ti,, --> to and L,,E, Logo for all u, yO.

Proof. It suffices to show the equivalence between (20) and (11). Given (20), if
u, Uo then (L,u,, y) (u,, L * y)+ (Louo, y) for any y, so that L,u Louo. The
remaining half of (11) has been shown to hold in Theorem 2. Assume conversely
that (11) holds. Then for any y, z,

(L.*y, z)= (y, Lz - (L *o y, z)
so that L *y L0*y for all y. Moreover for all x

IlL *x = (t.t*x, x -. IIt0x =
and the equivalence is proved. Q.E.D.

Up to this point the strong convergence of the optimal states and controls for
all desired pairs u, yO has been characterized in terms of pointwise convergence
of both L,, L* to Lo, Lo* respectively. Stated in different words, a condition
equivalent to strong convergence of the minimum points turns out to be the
pointwise convergence, and collectively weak convergence, of L, to Lo; see (11).
This last characterization, more topological in character, would be useful in that it
avoids any use of the adjoints L*. We remark that (21) implies the following" for
all u o, y0, min I, min Io.

We go further in the analysis of the variational convergence of I,. In
particular we wish to relate the above conditions (11), (19), (20), to the con-
vergence of the values min I, for all u o, yO, and to Mosco’s convergence of I, to Io.

THEORE 4. The following conditions are equivalent: for all u, yO,

M(22)
I,, -+ Io;

(23) a,, + to.
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Proof. Assuming (23), consider any sequence u,, Uo in X. Then L,,u,,
Louo by Theorem 3; therefore by weak sequential lower semi-continuity of the
norm

lim inf I. (u,, ) >= Io(uo).
This meets condition (4), while (5) is verified since given Uo we take v. Uo
constantly so that, by pointwise convergence of L. (Theorem 2) we get I,,(v,,)
Io(uo). Assume conversely (22). Having fixed u, y o, we remark, by (12) and (1),
that

sup Ila.II < /

Taking some subsequence we have t2. uo. Any subsequence of I. converges to
Io (in the sense of Mosco); see [4, p. 521]. Therefore along the above subsequence

Io(Uo) <- lim inf I. (iT.).

Pick any u X. Consider v. u such that

lim sup I,, (v,, <= Io(u ).

Then

Io(uo) <- lim inf I. (t.) =< lim sup I,, (v,,) <- Io(u)

and by uniqueness of tTo it follows t2o Uo. Since any weakly convergent subsequ-
ence of t2,, behaves as above, we conclude that for the original sequence

(24)

Moreover given w. ao such that lira sup I,,(w.)_-< Io(t7o), we get Io(tio)_-<
lim inf I. (t7.)_-< lim sup I. (t7.)-< lim sup I. (w.) =<.Io(t7o), that is,

rain I. rain Io.
Now consider

(25)
(DI,,(u), u a,,) 2(u u, u a.)+ 2(L*.(L,,u y o), u

2((I+L,,L*.)(u a,,), u t7,,) >_- 21lu t7.l]z,
for any n.

We use, in (25), Lemma 3 and a formula in its proof. (In passing, we remark that
(25) establishes the following noteworthy property of our variational problem.
Such problems are equi-well set in the sense of [8e], where a more general class of
functionals is considered. In this case (25) relies on the uniform strong convexity
of the sequence I,.)

For every n, by (25) and convexity,

It follows that

(26)
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Let us show that

(27) I. (ao) Io(ao).

Consider v. -+ rio such that lira sup I. (v.)=< Io(t7o). By writing

Io(t7o) _-< lim inf I. (v.) _-< lira sup I. (v.) 5- Io(t7o)

we see that

(28) I.(v. )-+ Io(ao).

Given x, z, an easy computation gives

I.(x)-I.(z)= Ilxl[2- [Izll2- 2(x z, u )+[IL,,xll2-11L,,zll2- 2(L. (x z), y o)
_<- c llx zll= / cllx z II(llz / flu 11 / Ily ll)

for some constants Cl, c2 (depending on c only). Therefore I, is a sequence of
equilocally Lipschitzean functions. In other words, given u, yO and a number
r > 0 there exists a number a > 0 such that

[I.(x)-I.(z)l<-allx-zll if Ilxll--<r, Ilzll--<r,

and Ilx-zll_-< 1, This implies I,(v,)-I,(ffo)O. By (28), condition (27)is proved.
Thus by (26)

lim sup Ila. oll= < Io(o)-lim inf I(,,a + fi0) < 0
2

because of (4). This shows t7 tTo. Q.E.D.
Very often (especially in the applications) no exact minimization is per-

formed on I,, only an approximate one. The following definition will be useful in
this connection. Fix u o, Y o. A sequence u sX is called asymptotically minimizing
for the sequence I. if and only if

I,(u)- min I 0.

THEOREM 5. The following are equivalent ]’acts"

(29) ]’or all u o, y o, any asymptotically minimizing sequence converges strongly
to rio;

(30) any o]’ the equivalent conditions in Theorems 1, 2, 3, 4 hold.

Proof. Assume (30). Having fixed u o, y o, let u, be an asymptotically minimiz-
ing sequence. Then for all large n

Ilu. u 112 _-< I. (u.)_-< 1 / min I, 5- 1 + flu 11= / Ily 11=,
so that there exists Xo X such that for some subsequence u, Xo. From Theorem
4 and (4) we get (along the subsequence)

lim inf I (u, ) >= Io(xo).
From (21) we know that min I, min Io. This implies Xo to and u, rio for the
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original sequence. In the Hilbert direct sum Xff) Y the pairs

(u.,Z.u.)(ao, Ioao)

by (11), and their squared norms

Ilu.[[2 + [[L.u. 2- Ilaoll + IILoaoi[z

as easily verified by writing down min I, --> min Io. Therefore (29) is proved. The
converse implication is trivial. Q.E.D.

An extension of the approximate minimization of I,, is considered now. This
includes a version of the epsilon technique for our problem, as will be shown in a
moment. Given u oy we set

J(u, y) --Ilu u llz + Ily yllz, u s x, y s Y.

Ti-mOM 6. Any of the equivalent conditions in Theorems 1, 2, 3, 4, 5 is
equivalent to the following: for any u 0, yO, any sequence u*, y* such that

(31) J(u*, y*)- min I, ->0, y*- L,u*--- 0,

then u * --> o, y * --> Logo.
The proof is similar to that of Theorem 5. As an application, consider the

following situation. Given u oy and a sequence c, --> + c, we take an approxi-
mate minimization of

J.(u, y)= Ilu ull +]ly yll + c.[[y L.u[I
on the whole spaceX Y. This represents an application of the epsilon technique.
The order of the penalization terms increases together with that of the approxima-
tion of L to Lo.

Suppose that u* *y are found such that

J,,(u*, y*)- inf J,, ->0.

This means that (u.*, y.*) is an asymptotically minimizing sequence for J.. Then
there exists a constant d such that

c.lly*-L.u*ll2 <-J.(u*, y*)<= d / Ilull2 / Ilyll2.
Therefore

On the other hand suppose that any of the equivalent conditions in Theorems 1-5
hold. Then for some sequence --> 0,

y(u * y*)< J. (u * y*)-< 6 +J(,L) ( +min I,

implying that

lim sup J(u *, y *) =< min I0.

As easily seen, u*, and y*, are bounded, and a u exists such that for a subsequence
u*’ u. Therefore

L,,u * Lou *o and y * Lou *o
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moreover

min lim J(u*, y*)_>-J(uo*, Louo*)_-> min Io.
These facts show that (31) is satisfied in this case.

In the next steps we wish to characterize the convergence 4, - 4o for all u , yO
by using information about min I, and the values of I, in suitably selected points.
This will lead to a use of the following definition. Given u o, yO, we say that I is
G-convergent to Io, written

G

if and only if for every v X

min (I, + (v,.))- min (Io + (v,.));

the above minima are taken on the whole space X. For the notion of G-
convergence see [3], [6] and the references thereof. In [3] it is shown that the
definition above is in fact equivalent to G-convergence of I, since for all n, u, y o;
U.

Ilu u 11 _<-I(u)<-_ Ilu ull + 2cllu + 211yll

(see [3, p. 143, (6)]).
THEOREM 7. The following are equivalent facts: ]’or all u, yO,

(32) 4, 4o;

(33) I. Io and I. (x) Io(x) for all x;

G
(34) I. Io and I.(4o)- Io(4o);

(35) lim inf min I, =>min Io and lim sup I.(4o)<-Io(4o).

Proof. By Theorem 4, prop. 8, p. 149 and prop. 7, p. 143 of [3], (32) is
equivalent to (33). Moreover by remembering (26) we see that (32) is equivalent
to (35). Now I,(4o) Io(4o) holds if and only if

Ilt.tTo- yll2- [ItotTo- yl]2 for all u, yO.

This in turn is equivalent to

[[Ln(I + tLo)-l(uo _1_ L oy o)[[2 2 (L,, (I + LSLo)-I(u -{- Loy o), yO)- IILo(Z + LdLo)-l(u + L*oy )[I2- 2(Lo(I + LdLo)-l(u + Loy), yO),

that is,

(36) IItzll2- 2(tz, yO)_., ilZozll2_ 2(toz, yO)

for all z X, yO y, since (I+ L*oLo)- is a surjective map. By putting yO= 0 in
(36), we get

IIt.zll- IILozll;
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therefore by (36), L,z---" Loz so that

L,z Loz, any z.

This shows that (33) follows from (34). Q.E.D.
Theorem 7 shows, among other things, the following fact. The strong

variational convergence (32), is equivalent to the seemingly less restrictive
variational condition (35). This condition in turn is an essentially weaker require-
ment than assumptions (1), (2) of Theorem 1, p. 248 in [8d], guaranteeing
variational convergence (in a general setting).

The following theorem relates the strong convergence to the weak one for
optimal states and controls.

THEOREM 8. Any ofthe equivalent conditions in theorems 1-7 is equivalent to
the following:

/, rio, L,a, Lot/o, lim sup min I, =< min Io for all u o yO

Proof. By weak convergence of/, and L,/, we get

lira inf min I, => rain Io
and therefore

Ila. = / IIL.a. = min I,, 2(u,, a,,)- 2(y ,L,t7,,)-[[U 01[2 --[[y 112 -, Ilaoll2 / IILoaoll=,
This shows a, rio. Q.E.D.

We end this section with an explicit estimate of the error [[a,, aoll. Let us set

d II(t*,t t*oto)t*otoll.

THEOREM 9. Assume that L’Lo is a compact operator, and that any of the
equivalent conditions in Theorems 1-8 hold. Thenfor any u o, y o, andfor sufficiently
large n the following estimate holds:

[la. aoll ttt .*y o t o* y It / (1 d. )-a (II(L ,*L,, t o*Zo)(u o + t o*y )[I
+dllu+tyll).

Proo]’. Since pointwise convergence of an equicontinuous sequence is in fact
uniform on relatively compact sets, by the compactness of L*oLo and the pointwise
convergence of L*,L, to L*oLo we see that d, 0 (see [2, prop. 1.7, p. 7]). By (12),
for every u*, y* and n we obtain

t -1 oIla, aoll--< I1(I + t, ) (t,*y to*y )ll + I1[ (I +t ,*t,, )-
-(I+t *o to)-X](u + to*y )l[.

From the last formula in the statement of Theorem 1.10, p. 9, of [2], and
remembering that for all n II(I+L*L -Xll < 1, we get the conclusion. Q.E.D

n]

Applications. We consider perturbations of the standard linear-quadratic
problem described by

(37) A (t)x +B,(t)u a.e. in (0, T), x(0)= 0,

assuming a complete knowledge of the uncontrolled plant. For easy notation we
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denote simply by Lp (a, b) the corresponding Lebesgue space over the compact
interval [a, b], consisting of vector-valued functions of the appropriate dimension.

We denote by xn(u) the unique solution of (37) for a given u L2(0, T) (see
(38) below). Here the control u and the state x are of dimension k, m, respectively.
Given a fixed c*> 0, we assume.

T

(38) A tl(0, T), Io In lz dt<=c*"

The cost is given by

(39) In(u) Ior {(u u)’O(u uo)+ [(xn (u)- y)’P(xn(u)- y o)]} dt,

where O(t), P(t), are square symmetric matrices of respective dimension k, m. We
assume

(40) Q, P L(0, T); h’Q(t)h ->_ a [h 12, I’P(t)l >- ct =

for all h R k, /xR and somea>0.
THEOREM 10. Under the hypotheses (38), (39), (40) the following are equival-

ent facts"

(41)

(42) Bn--Bo
an ao for all u yO L2(0, T)"

in L2(O,T) and BnBo in every L2(O,T-e), 0<e<T.

Proof. Let F a fundamental matrix for the homogeneous system

Y A(t)x.

Then obviously

(Lnu)(t)=f(t) f-lBnuds, u eL2(O, T). O<-t <- T.

Given u, v L2(0, T)of the appropriate dimension we compute

T T

(Lnu, v)= Io (Lnu)’v dt= Io Io [F(t)F-l(s)Bn(s)u(s)]’ dsv(t)dt

Therefore

T T

F’(t)v(t) dt ds (u, L*nv)

(L*v)(t)= B(t)F’-(t) It T F’v ds.

By Theorem 2, the conclusion will follow if it can be shown that equivalence
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between (42) and the following two conditions holds:

(43) L,,u->Lou inL2(0, T)forall u L2(0, T);

(44) L*,v->L*ov inL2(0, T)forall vL2(0, T).

As a matter of fact, we show that (43) is equivalent to

(45) B,,--’Bo in L2(0, T),

and that (44)amounts to

(46) B,, --> B0 in every L2(0, T- e), 0 < e < T.

Clearly (45)implies (43). Denote by

Io wds

the map -. o w ds. Let us denote briefly L(0, T) by L. Now let us assume (41).
Let u L be fixed. We see that

(47) Io F-1B"uds->Io F-Buds inL2’

by remarking that v->Fv is a linear isomorphism of L2 onto L 2. Given t’,
t" [0, T] we see by (38) that

F-XB,u ds <= Cl In[2 ds

for some constant Cl. From (47) we find

fo F-B"uds-fo F-Buds a.e. in(0, T)

for some subsequence (depending on u). By a.e. convergence and equicontinuity
we get

fo F-B"u ds- fo F-’Bou ds uniformly [0, T]on

for all u L2 and the original sequence. In particular

Io F-Bu ds -- F-XBou ds, every and u,

so that F-1B,,--’F-1Bo in L, hence (45) follows.
Let us denote by

T

the subspace of L2 consisting of all functions r L2w ds, w (with a notation
similar to that above), and by

T

F’-l f L2
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its image by the linear operator v --> F’-Iv on L 2. By considering the isomorphism
V ---> F) on L2 we see that (44) is equivalent to

(48) B’.z -. B ’oz
T

in L 2 for all z F’-I I L 2.

By integrating (0, , 0, 1, 0, , 0) (only one 1) between and T and using the
result in (48) we see that (48) implies

(49) (T- t)BnF’-1--> (T- t)UoF’-1 in L2;

hence given e such that 0 < e < T we get

B,Bo inL2(0, T-e).

Conversely assume (46). Set b,, =B’,,-B’o. Given z EF’-1 TL2, e with 0<e < T,
we have

Io Io(50) Ib,z dt=

Clearly

T

[b.z [z dt + IT- Ib.z 12 dt.

Io Io[b.zl dt <- (max Izl=) lb. dt + 0

Moreover there exists a point t,, T-e <= t, <= T, such that

as n+0.

aii=a eL n=0,1,2,..., l=<i,] <=p,

The previous estimates combined with (50) show that (48) holds. Q.E.D.
In passing we remark that a necessary condition to (41) is a.e. convergence of

B, to Bo in (0, T), as easily seen by (49).
This example of variational perturbations, acting on A too, with uniformly

convergent optimal states, has been studied in [5] in a different setting. In such a
paper a sequence of perturbations is given as in (37) with A (t) replaced by A,(t),
and x(0) not necessarily 0. The cost is given by (39), and the constraint I[ull <-- 1 is
added. Assuming boundedness of A, in L and of B, in L 2, then ti, + ao together
with uniform convergence of the optimal states, for all u o, yO 6 L and all x(0), if
and only if A, Ao and B, -* Bo both in L. The relationship with Theorem 10 is
then clear from (42). Here the perturbations we consider belong to a more
restricted class than in [5] but a less stringent convergence is required on the
optimal states.

As a final application we consider a linear quadratic problem for a distributed
control system governed by an elliptic Dirichlet problem. Here the perturbations
act on the uncontrolled plant only.

Given a > 0, w > 0, and an open bounded set lq c R with boundary 0 we
consider sequences of functions

T T

sup, fr_ Ib,,z [2 dt <= Iz (t)l2 sup, Io lb. I: dt + 0 as e 0.
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a. given, such that the following uniform ellipticity assumption holds:

p

(51) altl Y. a.(x)t&<=ooltl2, allteR ’, a.e. xefl.
i,j=l

We denote by HI(I)) the Hilbert space of real functions z L2(II) whose distribu-
tional derivatives belong to L2(I)). Moreover H(I)denotes the closure in HI(II)
of the space of smooth functions with compact support contained in II. Both
H(I)) and H(II) are equipped with the usual norm. We shall denote by H-I(I])
the dual space of H(I’I). As well known, see [1], any element of H-(f)can be
represented as a sum of derivatives of functions in L2(I)). Given a control
u L2(f)we shall denote by z,(u)H(l))the weak solution of the following
Dirichlet problem"

(52)

a Oz
--i,j= -xi a ii ax--- U in fl,

z 0 on 0f.

The cost is given by

/,,(u)=Ia (u-u)2 dx +Ia (zn(u)-y)2 dx + fa (2n(u)-#)2 dx,

u 0 e L2(fl), y0 e H(I]). Here a dot denotes the gradient.
In the statement of the next theorem we denote by Hoc(fl) the dual space of

Htoc(l’l). This last space is defined as follows: z e Hlo( ) if and only if z and its
distributional derivatives belong to L2(K) for every compact K c

THEOREM 11. Assume that (51) holds. A necessary and sucient condition
such that a. ao in L2() for all u L2(), yo H(O) is that

a,, a inLE(O)foralli,],
(53) and

i=laO aii inHc(O)forall].

Proof. For a given sequence a as in (51) let us denote by

a.O H-A.=- E H(a) (a)
i.i= oxi oxi"

the corresponding sequence of elliptic operators. Then, for any n, A. is an
isomorphism between H() and H-(), with an uniformly bounded inverse
A 2. Moreover by the symmetric character of a , any A. is a selfadjoint operator.
Therefore L. is the restriction of A to Lz(O). The space Lz(O) is continuously
imbedded in H-(), as well known (see [1]); hence by (51) the norms of

L.:
are uniformly bounded. Moreover, L. L. for all n. By Theorem 2, we see that
a. a0 in LZ(O) for all u, yO if and only if L.u Lou in H() for all u
This in turn is equivalent to L.v Lov in H().for all v e H-t()since LZ()is
densely imbedded in H-() and the norms of A2 are uniformly bounded. But
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this is equivalent to strong operator convergence of An to A0 ([6, remark 10, p.
10]). By [6, remark 8, p. 10] we get the required equivalence between (53) and the
convergence of the optimal controls. O.E.D.
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AN APPROXIMATION METHOD IN OPTIMAL
STOCHASTIC CONTROL*

JEAN-MICHEL BISMUTf

Abstract. The purpose of this paper is to prove that an approximation scheme can be defined for
the general problems of optimal stochastic control which we have solved in Thorie probabiliste du
contr61e des diffusions, Mere. Amer. Math. Soc., 1976 [2].

1. Introduction. Let us consider the stochastic differential equation

dx b(t, x, u(t, x)) dt +o.(t, x) db,
(1.1)

Xs =X

where/ is a Brownian motion and where u is a control variable with values in U.
We then consider a criterion

(1.2) V(s, x) IrE(s.x) L(t, xt, u(t, xt)) dt

which we want to minimize for all (s, x). We have used potential theory methods in
[2] to prove existence results for this problem under very general conditions. In
particular, it was proved in [2, (4.49)] that for a given control u, there is a Borel
function Hu on R + x R a such that"

(1.3) Vu(t, xt)- Vu(s, xs)= L(o., x,, u(o., x,)) do" + Hu(o’, x,) db.

Moreover, we found in [2] that there is a probability measure u on R/ x R a

such that for Ix0 to be an optimum, it is necessary and sufficient that, u a.e.

L(t, x, Uo(t, x))+(nuo(t, x), o.-l(t, x)b(t, x, Uo(t, x)))
(1.4)

inf L(t, x, u)+(Huo(t, x), o.-x(t, x)b(t, x, u)).
uU

Moreover, in [4] we applied the theory of duality to stochastic control
problems. In particular it appeared that it is possible to associate to each control
problem a dual variable which is itself an adapted right continuous process, and a
solution of a dual stochastic control problem.

Finally, we applied, in [6], the theory of duality to problems defined by
(1.1)-(1.2). Although duality did not give us existence results for this problem--
which had to be obtained by stronger methods in limit appeared then in [5] that,
in a loose sense, the "real" controlled state variable is the Cameron-Martin-
Girsanov density of process (1.1) relative to the same process (1.1) with b 0. This
problem is then handled by convex analysis methods. Equation (1.4) appeared
then to be a special case of the general extremality relations for two convex dual
problems, and process Vuo(t, xt) is then the optimal dual process when u0 is

* Received by the editors June 6, 1975, and in final revised form February 22., 1977.

" 191 rue d’Al6sia, 75014/Paris, France.
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optimum for (1.2) This allowed us to reinterpret the results of Benes [1],
Duncan-Varaiya [8], Davis-Varaiya [7] in terms of duality.

It is then natural to ask if, from relation (1.4), it is possible to derive an
approximation scheme for the optimal control problem which would use the
duality features of the problem. More precisely, we start from a given control u 1.

We find a control u. minimizing u a.e."

(1.5) L(t, x, u)+(H,(t, x), (r-l(t, x)b(t, x, u)).

This defines Vu2 and consequently, Hu2. u3 is then defined in the same way from
H,,_, u, from

.This is precisely the iteration procedure studied by Fleming in [9] with partial
differential equations techniques. When a rr* is Lipschitz continuous and
uniformly elliptic, Fleming considers the partial differential equation"

(1 6)
0 Vu + a,i + b,, -L,, V, (x, T) 0
Os - . OxOx Ox /

to define the cost function Vu. When (bu, Lu) stays uniformly bounded in Loo(R +

R a), Fleming uses results by Friedman and Gagliardo to prove that V and 0 V/Ox
form a family of equi-continuous functions. Fleming can then prove the con-
vergence of (V,., (9 Vu./Ox) to the optimal (Vo, (9 Vuo/OX) by using a compactness
argument in the space of continuous functions.

Our approach will be different:
1. We use the results of Stroock and Varadhan [12]-[ 13] on diffusions, which

require only continuity and ellipticity on a.
2. As in a previous work [2], we do not use any continuity argument on Vu

and 0 Vu/OX ((9 Vu/Ox is not always well defined). Moreover the techniques used
here apply to more general criteria of type"

e-’tL(t, xt, u(t, xt)) dt

where A is a Borel set, and where Ta is the hitting time on A. In this case, the cost
function is generally not continuous, and compactness arguments do not work.

3. We use constantly a common feature of the Markov processes studied in
stochastic control [2], [5]: they have a common reference measure/x, i.e. if Lu is 0
/z a.e. on R+x R a then Vu is 0 everywhere on R+x R a.

4. The compactness argument is applied in the space of control functions f
where (bu, L,) varies, and not in the space of cost functions.

The main result of the paper is that the sequence of functions V,, decreases to
the optimal V,o and that Hu, converges in a L1-space to Hul. This result has
important consequences because by (1.4), H, characterizes entirely the optimal
solutions of the problem. Moreover, it underlines the deep convex nature of the
problem of optimal stochastic control, to which we apply a "classical" approxima-
tion scheme. Finally, it can be applied as in [5, Part III] for more general processes
and problems, especially to the optimal stopping problem. This scheme may also
apply to all the criteria considered in [2], which are more general than (1.2). It can
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also be coupled with partial differential equation methods or with discretization of
the state space for computational purposes.

It should be noted that, under the assumptions of Fleming [9],, Hu, is
necessarily equal to 0 Vu,tr/Ox. The result which we obtain on the convergence of
H,, to H is then weaker than the result of Fleming, which guarantees uniform
convergence of 0 V,,/Ox to 0 V,o/OX. This is not unnatural, since the potentials for
the diffusions of Stroock and Varadhan are solutions in a weak sense of parabolic
partial differential equations, and do not always admit regular derivatives. How-
ever, if we apply our result under Fleming’s assumptions, we reobtain the result of
Fleming, since equicontinuity and convergence in an L1 space of H, to Huo
guarantees uniform convergence of H to Hu.

All the main notation and techniques are taken from [2], to which we will
refer constantly. In 2 we state the main results of [2] which we use in this paper.
In 3 we prove a simple functional result. Finally, in 4 the main result is proved.

2. Statement o the problem.
a is a function defined on R / R a with values in Ra (R) R a which is

(i) continuous and bounded,
(ii) with positive definite values,
(iii) uniformly elliptic.

tr is the positive square root of a.
b is a Borel bounded function defined on R/Ra with values in R a.
Q(. is the measure on the space of continuous function solutions of the

martingale problem of Stroock and Varadhan [12] associated to (a, b, s, x).
E(. is the expectation operator relative to Qb(s,x).
K is a set-valued function defined on R + Ra with values in Ra R which is

(i) Borel measurable and uniformly bounded,
(ii) with nonempty compact values.

is the set of dt(R) dx classes of Borel selections of K, with the tr(Loo(R+
Ra), L (R + R a)) topology.

T is a positive constant.
For 0 =< s _-< T and c (b, L) we consider the function Vc:

(2.1) Vc(s, x) b [E(,) L(u,x,)du.

V(s,x) is the measure

o
7"

L - E(s.,,) L(u, x,) du.

tz is a probability measure on [0, T] R a. We consider the functional:

(2.2) I.(c) I V(s, x) rig(s, x).
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By (4.49) and (3.17) in [2], we know that for any bounded b’, Vc(t, xt) can be
written as"

Vc(t, xt) V(s, xs)- L(u, xu) du + (H(u, xu), d[3’)
(2.3)

-], <H, tr-l(b b’)>(u, x,) du

/3 0’ being a Brownian motion for Qb’, and H being a Borel function such that for
(s, x) [0, T] R a

T

(2,4)

By Theorem IV-5 of [2] we know that if c and if c’ is such that,/zV
a.e.,

(2.5) L’(t, x)+(Hc(t, x), r-l(t, x)b’(t, x)) <-L(t, x)+(H(t, x), r-(t, x)b(t, x))
then

(2.6) It‘(c’)I,(c).
If the inequality is strict on a non/xV negligible set,

(2.7) It‘(c’)<It‘(c).
If such a choice of c’ is impossible, c is a minimum for It,.

We then define an iteration procedure: c, is taken in 5f. H. is the associated
element. C,+a is one of the elements of 5F such that

(2.8)
Ln+l(t, x)+(Hc.(t, x), r-’(t, x)bn+l(t, x))

inf L +(H.(t, x), o’-l(t x)b),
(b,L)K(t,x)

IxV a.e.

If Cn+l can be taken to be equal to c,, the iteration is stopped.
Then, we want to know if (c,, H.) converge. The answer will be positive for

He., which will be proved to converge in a strong sense to the optimal H defined in
[2, Corollary of Thm. IV-7] in the following way: if/2 is a probability measure
mutually absolutely continuous with the Lebesgue measure on [0, T] R d, H is a
Borel function defined V a.e., which is such that if q is the function

(2.9) q min V,
c’.

then for any c (b, L) in such that q V,

(2.10) q(t, x,)= q(s, x)- L(u, x,) du + H(u, x,) d, 0’ a.s.

3. lfletfiMelL We give first a simple functional result which is
essential in the sequel.
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THEOREM 3.1. For any b’ Loo(R / x Ra),
T

’ J, In(u, xu)l 2 du

is finite and uni[ormly bounded when c and b’ vary in a bounded set, and when (s, x)
varies in R + R a.

Proof. By (2.3) we know that
T

(3 1) q(s,x) 0 | Xu)l2 du
3s

is uniformly bounded.
By the Markov property of O, we have:

(3.2)
E(s,x) IHc (u, x,)l du 2E IH (u, x, du lUg(t, x,)l2 dt

T

IH,(u,

b T )2E(s,x)(s IHc(u, Xu)l 2 du is then uniformly bounded. The density of Qb’(s,x) relative
bto Q(s,x) on MT can be written as

(3.3)
ZT exp ((b’- b)(u, Xu), O’-I(u, Xu) dbu)

2
((b’-b)’a-(b’-b))(u’x’)du

Necessarily, if in (3.3) we replace b’- b by 2(b’- b), (3.3) remains integrable with
mean 1. Then

(3.4) E(s,x)[ZTIOt’ 2 <= (T- s) sup Ila- (t, x)ll sup ess lib’ bll:.
It follows immediately that"

T

(3.5) Eel,x) du

stays uniformly bounded.
Remark 3.1. The maioration of (3.2) can also be proved by the inequalities of

[11].

4. Convergence. We now prove the main result on convergence.
TI-IZORZ 4.1. I (c, is a decreasing sequence converging to q dtz. Any weak

limit ofa subsequence of c, is such thatI (c q dtz. Moreover Hc. converges to H
in L (tz V).

+ dIf tx is mutually absolutely continuous with the Lebesgue measure on R x R
the sequence { V.} decreases to Vc, and H is entirely defined by the limit o[H. in
LI(/Z V).

Proof. We consider the problem associated to/, where/(t, x) is the closed
convex hull of K(t, x). By the results of [2, Chap. IV, Part 5], the optimization
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problem is not changed, and in particular H stays the same for the two problems,
while the two problems have the same minimal values.

Then associated to/, is compact. We take a subsequence c,,,. converging to
c , such that c,,,.+1 converges to c’. We rename these sequences {c,,} and
{c’,}. Then we have

(4.1)
The sequences I, (c) and I, (c’,) are both decreasing, have a lower bound, and
then, by (4.1), have a common limit.

By Theorem IV-4 of [2], I, being continuous on , we find then

(4.2) I,(c)=I,(c’).
Moreover, by the same referenced result, V. converges to V. We then have

g(s, x) ! L,(u, x) du Hc. d",
(4.3) T T

V(s,x) L(u,x,)du-I, Hc
By (2.3), we have:

r

(LIo +(H, r-l(b-b,)))(t, x,) dr- H dB b".(4.4) V(s, x)

We now prove that for (s, x)6 [0, T] R a, when n

(4.5) K,, (s, x)
T

E(x) (H,o-l(b,,-b))(U, Xu)duO.

0(2xLet p,(s, x) (resp. p(s, x)) be the transition density for b (resp. Qb.x)) (see
[12, 8]).

By Theorem IV-4 in [2], we know that if R, converges in the cr(Loo, L a)
topology to R, then (p, (s, x ), R, converges to (p(s, x), R). Let R,(t, y)=
sgn (p, -p)(s, x, t, y) and let R, be a subsequence of R, converging weakly to R.
We have then

(4.6) [(p,, (s,x)-p(s,x),R,,)[<-[(p, (s,x),R,,,,)-(p,R)]+I(p,R-R,,)I.
Relation (4.6)implies that IIP,,(s, x)-p(s,x)ll,, converges to zero, or equival-
ently that p, (s, x) converges to p (s, x) in L 1. By reasoning on all the subsequences
of N, we find that p,, (s, x) converges to p(s, x) in L1.

Moreover, by Theorem 3.1, we know that:

(4.7) I dt p, (s, x, t, y)lH (t, y)l2 dy

stays uniformly bounded by a constant M.
We have the following situation for any (s, x):

p,(s, x) p(s, x) in
(4.8)

p, (s, x)[H a and p (s, x)lH 12 are uniformly bounded in L

Lx L([O, T] x Ra).
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Then

(4.9)
II(p.-p)(s, x)nlL <-II(p-p)(s, x)llHcl<_ancllL

+ [I(P. P)(s, x

But we have by Schwarz’s inequality

1 1/2(4.10)

and by Chebyshev’s inequality, it follows that

M
(4.11) Ilp,(s, x)ll<t>anll,

a

By (4.9) and (4.11), it follows that p,,(s, x)Hc converges to p(s, x)Hc in L1, and
necessarily,

(4.12) K,,(s,x)-->O.

We have as in (3.2)

E(Zx) (Hc, o’-(b,,-b))(u,x,,)du
(4.13) r

2Ex) J (H, o’-(b, b))(u, xu)K,,(u, x,,) du.

Knowing that p,, (s, x)Hc --> p(s, x)H in L1, that b --> b weakly, and that K, --> K
simply, while staying uniformly bounded, we see that (4.13) converges to 0 and
stays uniformly bounded in (s, x). Similarly

(4.14)
2

(L. L)(u, x,,, ) du - 0

while staying uniformly bounded.
Knowing that V.--> V simply, we find from (4.3) and (4.4) that

(4.15) b IsT 2

(n. n)(u, x ) a3u -,o.

This implies

(4 16) b 1"/rE(x) . In,-nl=(u,x)du-->O.

But p,,(s,x)-->p(s,x) in L, and the measures p,,(s,x)dy stay equivalent to the
measure V(s, x). This implies that H. -->H in "probability" for the measure
tz V (i.e., from any subsequence of {He.}, one can extract a subsequence converg-
ing/z V a.e. to H.)

Moreover, by Theorem 3.1, {H} stays bounded in L2(/zV) and is then
uniformly integrable in L(V). By Theorem II-21 of [10]H -->H in L(tz V).
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But, we know that c , is such that for any 5 (/,)’I (L’,+(H., o.-Xb’,))(t,x)d(lzV) <- f ( +(H., o,-1/))(t, x)d().(4.17)

Then, with H. converging to H in Lx(), we have

(4.18) f (L’ +(H, -’b’))(t, x)d(#)N ( +(H, -x))(t, x) d().

This will imply immediately

(4.19) L’(t, x)+(H, -b’)(t, x)= min +(H(t,x),cr-X(t,x))lzV a.e.
(6,)R(t,x)

If on a/zV nonnegligible set

(4.20) L’(t,x)+(H,cr-lb’)(t,x)<L(t,x)+(H,r-lb)(t,x)
then

(4.21) I,(c’)<I,(c).
But, by (4.2), this is impossible. Then, necessarily,/z V a.e.,

(4.22) L(t, x)+(H, cr-ab)(t, x)= min +(H(t, x), cr-(t, x)).

By Theorem IV-5 of [2], c is an optimum for I, on ’. By Remark IV-2 of [2],
if q is defined by

(4.23) q= inf V

if c , then Vc-q is Ob p-excessive. But, c being an optimum for I,,

(4.24) Vc q, tz a.e.

The processes Vc(t, xt) and q(t, x,) are then a.s. equal for the measure Op. By (2.3)
and (2.10)

(4.25) H H, /zV a.e.

By reasoning on all the possible subsequences of the initial {c, } the result follows.
If /z is mutually absolutely continuous with the Lebesgue measure on

R+Ra, necessarily, by Theorem IV-5 of [2]

V. <- V._.
The sequence V. is then decreasing. For any weak limit c of a subsequence {c,},
(4.23) holds. V and q being finely continuous, we have

(4.26) V q.

Remark 4.1. The convergence of H. to H is essential, even if c, does not
necessarily converge. Since the optimum solutions are obtained from H, the
determination of H is then fundamental.

If a is only elliptic, then it is possible to prove the convergence of He. to H in
tz V probability.
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Remark 4.2. When a L it is possible to choose/z 6(0, 0) to obtain the
whole optimal H.

Remark 4.3. The results are extendable to all the optimization problems
studied in [2].
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STABILIZATION OF BILINEAR CONTROL SYSTEMS WITH
APPLICATIONS TO NONCONSERVATIVE PROBLEMS

IN ELASTICITY*

MARSHALL SLEMRODf

Abstract. A criterion is presented which assures that a bilinear system may be stabilized with a

feedback control which yields the feedback system globally asymptotically stable. Applications to

stabilization of columns with follower load are presented.

1. Introduction. This paper deals with stabilization of bilinear control sys-
tems of the form

( (t) Ax (t) + u (t)Bx (t)

where A and B are constant rn rn matrices, u a scalar control. Feedback
stabilization of bilinear systems of this type has recently been considered in the
papers of Jacobson [1] and Jurdjevic and Quinn [2]. In [2] Jurdjevic and Quinn
have proven the following theorem.

TEOREM. IfA has a purely imaginary distinct spectrum and

span{Ax, ad(A, B)x, adI(A, B)x,. } R

]:or all x R -{0} then ( possesses a stabilizing feedback control u(x).
The proof of the theorem is based on an invariance argument using the

Lyapunov function V(x)= x TQx; Q is the positive definite solution to matrix
equation ATQ + QA 0. This paper extends Jurdjevic and Quinn’s proof and
indeed the similar argument given in [1] to reach a further and more easily
applicable result (Theorem 2). The main idea is to partition the phase space R
into a set f and its complement f’ such that {0} is the only subset of f’ which is
invariant under the uncontrolled system (u 0). It then suffices to check that

span{Ax, ad(A, B)x, adl(A, B)x, .} R

on , rather than on R -{0} as in the above theorem.
Stabilization problems for bilinear control systems arise naturally in the study

of nonconservative elastic systems. In fact the control and stability of such systems
is an important problem in structural engineering (see [3] and [7]). It is for this
reason that a thorough discussion of two simple model problems is given in 2.
The reader uninterested in applications may proceed directly to 3 where the
stabilization problem is considered and the main results are given. Section 4
presents applications of the main stabilization result to the model problems.-Also
the easy applicability of the main result (Theorem 2) is stressed. Section 5 restates

* Received by the editors September 2, 1976, and in revised form March 3, 1977.

" Department of Mathematical Sciences, Rensselaer Polytechnic Institute, Troy, New York
12181. This research was supported in part by the National Science Foundation under Grant
MCS76-07012.

See Notation below.
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the argument originally given by Jacobsen [ 1] on the optimality of the feedback
control. Finally an Appendix provides a simple, proof of a result used in the
stability analysis.

Notation. For square matrices X, Y we use the notation

Ix, xY- YX

to denote the standard matrix commutator. Also define ad(X, Y)=[X, Y],
adk(X, Y)= ad(X, adk-l(X, Y)), where ad(X, Y)= Y.

2. Model problems. In this section, we formulate two simple model prob-
lems. Consider the system illustrated in Fig. 1. This system, consisting of two rigid
bars of length//’2 and two elastic hinges, was introduced by H. Ziegler [3]. It has
been used by many investigators for various purposes; it is to be taken as an
approximation of a real deformable column. Assume the load P is to follow the
deflections with tangency coefficient r/(P and r/may be time dependent); thi are
the deflection angles of the bars (bi are assumed to be small); ci are the elastic
constants of the hinges; m are the masses of the bars fixed at the distances l and
/l.

m2

(1)

FIG.

The linearized equation of motion is

M + Cy +D(t)y 0
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where

Y= t2 1/2m212y 2y212

C-- Cl2 D(t)
-c2 c2 -1/2P(t)l(1 -l(t))

M and C are positive definite matrices.
The case rt -= 0 is a double pendulum model of the Euler column; the case

r/-= 1 is a double pendulum model of a column with follower load. Also, it is easily
seen that when ,/=0 and P is constant, all solutions A of the characteristic
equation

(2) det(A 2M+ C+D) 0

are distinct, purely imaginary and nonzero if and only if

2C2 -Jr C rC -t- C
P<Po

Po is the critical Euler buckling load; P ->_ Po yields the column Lyapunov unstable.
Similarly, when r/= 1 and P is a constant, all solutions A of the characteristic
equation (2) are distinct, purely imaginary and nonzero if and only if

c2{(1 + 4/xa 2)+ 4y(1
P<ecr=’ 2T2+y

where/x =ml/m2, d/=cl/c2, ecr is the critical load; P>-Pcr yields the column
Lyapunov unstable. (See the paper of Zyczkowski and Gajewski [4] for a
derivation of Per.)

We now formulate two stabilization problems:
(PI) If a constant load P*, 0 <P* <Per is applied for all => 0, find a feedback

control law r/(t)= rt(y(t), )(t)) for the loading angle which yields the
zero equilibrium of (1) globally asymptotically stable. In order to
restrict the angle of loading to a symmetric sector, we require 0 =< rt (t) -<
2. Also on physical grounds, we desire r/(t) to be a continuous function
of t.

(PII) If r/= 1 for all t => 0, i.e:, the column with follower load, find a feedback
control law P(t)= P(y(t), ))(t)) for a nonnegative loading which yields
the zero equilibrium of (1) globally asymptotically stable. We require
the loading to be constrained to some region centered at some P* < Per,
i.e., [P(t) e*l--< e, P* > e > 0.

At first glance one might be tempted to try to resolve the above problems by
linear time invariant analysis. Such an approach is doomed to failure. The reason
is simple. To keep (1) linear and time invariant, one must have r/and P constant
for all time. In this case, analogous to the special cases with r/= 0 and r/= 1, there
is a critical loading P() such that the system can have two types of behavior:

(i) P < P(r/) (the critical loading) and (1) exhibits undamped oscillations,
(ii) P -> P(r/) and (1) is unstable.

(A formula for P(r/) may be found in [4].)
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In either case (i) or (ii), the zero equilibrium is not asymptotically stable. The
choice of feedback mechanisms in the above problems will of necessity be
nonconstant and (1) will become nonlinear.

We now rewrite the problems in a more convenient form. Let

Vl(t) /(t)- 1, v2(t) P(t)-P*

GI=[-1 10] G2=[O 1]0 0 1"

From (1) we see that the state equations for (PI) and (PII) are of the form

(3) (t) +Jy(t) + u(t)Hy(t) O,
where

J=M-1C+1/2P*IM-1G1;
u(t) satisfies constraints Ul u(t) u2, (ul <0, u2>O). In (PI) we have

In (PII)we have

H=1/2P*IM-1G2, u(t) v l(t),

Ul------1, U2=+l.

H=1/21M-1G1, u(t) vz(t),

U 8 U2 %’8.

Also we note that since P* < Per, J has distinct positive eigenvalues.
Remark 1. Problems (PI) and (PII) are presented as model problems. This

does not mean, however, the study of these problems is of purely academic
interest. Such models have been proposed by McDonough [7] in his study of
stability problems arising in the control of launch vehicles.

3. Stabilization of bilinear systems. In the previous section, we derived a
state equation (3), with constrained scalar control, that described both (PI) and
(PII). In this section, we explore the stabilization problem for (3) in a more general
form. Assuming no confusion to the reader, we use the same notation for the
general problem as used in the previous section.

Let
(i) J be a diagonizable n n matrix with positive eigenvalues;

(ii) H be an n n matrix;
(iii) y(t) be an n vector;
(iv) u(t) is a scalar control, Ul <=u(t)<-u2, Ul <0, u2>0.
Remark 2. The obvious modifications of the subsequent theory will allow

consideration of unconstrained problems, i.e., u l=-o% and/or u2- +c.
Remark 3. Note that in this general form, distinctness of the eigenvalues of J

is not required, though in the model problems the eigenvalues are indeed distinct.
Our stabilization problem is as follows:
(P) Find a continuous feedback control law u (t) u (y (t), ) (t)), u =< u (t) -<

uE, SO that the zero equilibrium of the bilinear control system

(4) ; (t) +Jy (t) + u (t)Hy (t) 0

is globally asymptotically stable.
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Problems (PI) and (PII) are special cases of (P) with n 2.
We now write (4) as the first order bilinear system on R 2,

(5) (t) Ax (t) + u (t)Bx (t)

where

x=
y

A=
J

B=

Remark 4. The results of [2] are given in terms of (5) where it is assumed that
A has purely imaginary distinct spectrum. In this presentation assumption (i)
allows consideration of cases where the spectrum of A is not distinct.

The construction of the feedback control is the same one as given by Jacobson
[1] and Jurdjevic and Quinn [2], namely, we choose u(t) so as to make the time
derivative of a Lyapunov function negative-semidefinite. This is done as follows.
For J satisfying (i), we know there exists a positive definite matrix O, so that
A ’O +QA 0. (A simple proof is provided in an Appendix.) Choose as a
L.yapunov function V(x(t))=1/2xT"(t)Ox(t). Along solutions of (5), we have
V(x(t)) u(t)xT"(t)QBx(t). This suggests that we choose

(6)
u if -x 7"QBx < u 1,

u(x)= -xT"QBx if u <-_-xQBx U2,
u2 if -xT"QBx > u2.

With u given by (6), system (5) possesses unique solutions for all -> 0. In fact,
since Q(x(t)) <--u2(x(t)) <-_0, we know the zero equilibrium is stable.

To study asymptotic stability, we employ the well known invariance principle
of LaSalle [6]. In this case, LaSalle’s theorem asserts that all solutions of (5), with u
given by (6), will approach the set S. S is defined as the largest invariant set in the
set W {x R 2,; x-QBx 0}. Invariance of S, here, is understood to mean that
any solution of (5), with u given by (6), starting in S remains in $, for all time t,
--oo<t <o0.

From the definition of S we immediately obtain the result
TVIEOREt 1. If S {0}, then the feedback control (6) yields the zero equilib-

rium o]’ (5) globally asymptotically stable.
While Theorem 1 is quite simple, it has a limitation in its present form. The

determination of the set S is dependent on the choice of O. Since O is not unique,
it is conceivable that a fortuitous choice of O will yield S {0} or a bad choice of O
might result in a set bigger than {0}. We will try to develop a sufficient condition
that is (i) computationally practical in applications, (ii) independent of the choice
of O.

From the definition of u in (6), we see that for a trajectory x(t; Xo), Xo S, we
must have

(7) xT(t)QBx(t) O, (t) Ax(t),

for all time t, -o0 < < oo.
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It follows from (7) that for Xo 6 S

XeATtQB eAtxo 0

or, equivalently,

(8) x0e-AtB eAtxo O.

We now expand (8) in powers of and obtain the elementary, well known
identity

T [= (-1)kadk(A,B)tk](9) xoO Xo=0.
k o k!

Since (9) must hold for all time t, we see that for Xo S, the system

(10) xQadk(A,B)xo=O, k =0, 1,. ,
must be satisfied. In addition since QA =-A rQ, we must also have

xQAxo O.

(11)

In the bracket notation, S can now be written as

S {Xo R2"; xQAxo=O,xQadk(A,B)xo=O, k =0, 1,...}.

From this form of S, we easily obtain the result of Jurdjevic and Quinn [2],
which was stated in the Introduction.

While Jurdjevic and Quinn’s result is very neat, it is easy to see that its
hypothesis is stronger than that of Theorem 1. This is important. In examples we
shall see that it may be a difficult task to apply Jurdjevic and Quinn’s result.

Let us return to the definition of S as given in (11). It is often an easy matter to
compute a few brackets and see that

{Ax, ad(A, B)x, adI(A, B)x, , adK(A, B)x }

spans R E" for all x in a set 11 c RE." -{0}. So if S has any nonzero elements, they
must be contained in the set fl’ (the complement of 1). Hence if {0} is the only
subset of fl’ which is invariant under e At, we have S {0}. We summarize this
argument in the main theorem:

THEOREM 2 (Sufficiency condition for stabilization). Assume there exists a
nonempty set c R2 {0}, with the following two properties:

(i) for each x l there exists an integer K such that

.span{Ax, ad(A, B)x, adI(A, B)x,. ., adr(A, B)x} R 2,,
(ii) {0} is the only subset of fl’ which is invariant under e At, -< t <.
Under these assumptions, thefeedback control (6) yields the zero equilibrium of

(5) globally asymptotically stable.
We note three important features of Theorem 2. First, it requires K brackets

to be computed where K is chosen in examples as small as possible. Second, any
positive definite Q satisfying QA +ATQ_ 0 will work in the feedback law (6),
since Theorem 2 is not dependent on the choice of Q. Third, since the only
essential property of A is that there exist a positive definite matrix Q so that
QA +ATQ 0, we see that the following corollary holds.
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COROLLARY: IfA is such that there exists a positive definite matrix Q so that
QA +ArQ 0 and if the hypotheses of Theorem 2 hold (where R2 is replaced by
R’), then u given by (6) yields the zero equilibrium of () globally asymptotically
stable.

In order to do some examples we need to compute a few brackets. Matrix
multiplication yields

0 JH+HJ

ad3(A, B [JH+o3HJ 0 HJ]-3JH-

Computation of higher order brackets can, in general, become a very messy affair.
Fortunately to apply Theorem 2 to some examples the above brackets suffice.

4. Examples. We will give two examples. In both examples we fix m =2,
mE 1, /=2, a=1/2, V=, Cl--1, C2 1; since Pr=1/2(7-2/), P*= 1 is an
allowable simple choice. We easily see

-[ 111 --[ -11-1 3’

(PI): For this problem, H P*IM-1G2, so we have

If we use our previous bracket computations, we see that for x col(a, b, c, d)e
R4

det(Bx, ad(A, B)x, ad2(A, B)x, ad3(A, B)x

det

0 0 0 -1/2b
-b 2d -6a+6b b4
0 -b/2 d =--"
d -2a+3b 2c-2d

Thus {Bx, ad(A,B)x, ad2(A,B)x, ad3(A,B)x} spans R 4 at every point x ER 4

except at those points whose second component is zero. So f’ {x R4; b 0}.
Now we look for the largest set in f’ invariant under e at. If (a, b, c, d)E IT and
eat (a, b, c, d) remains in ’ for all t, then the system

l(t) X3, 2(t) X4,

3(t) =-xa +1/2xz, .4(/) 2x-xz
must be satisfied for all t,-c<t<, with x(0)=a, x3(0)=c, x4(0)--d and
x2(t) 0. But by inspection of the above system, this means Xl(t) xz(t) x3(t)
x4(t) =0 for all t, -o<t<, and (a, b, c, d)={0}. Hence the hypotheses of
Theorem 2 are the zero equilibrium is globally asymptotically stable with feed-
back law (6).
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Notice that it is not true that

{Ax, Bx, ad(A, B)x, ., ada(A, B)x}
spans R 4 for every x R 4 {0}. As a matter of practical usefulness, then, it seems
that Theorem 2 is more advantageous than Jurdjevic and Quinn’s theorem since
fewer computations are needed.

(PII)" In this case

Anyone actually performing the matrix multiplications and determinant evalua-
tion in the previous example will readily see the advantage of havingH sparse and
diagonal. It thus is convenient to make a change of variables in the control system
(4) of the form

y=Tw where T=[ 11 -1]1
is a similarity transformation which diagonalizes H. System (4) becomes, in the
new dependent variable w,

(4 +JlW + U (t)HlW =0

where

[oJ1 T-1jT
-1 5 H1 T-1HT

Now we can proceed as before to see if

A
-J1

B1
-H1

satisfy the hypotheses of Theorem 2.
We again use our bracket calculations to see that for x col(a, b, c, d) R 4,
det(BlX, ad(A 1, B1)x, ad2(A 1, B1)x, ad3(A 1, B1)X)

0 0 0 -b
0 -b -2d a-10b =-b.det
0 0 -b 3d
b -d 1/2a-5b -1/2c+10d

Thus again {Blx, ad(A 1, B1)x, ad2(A 1, B1)x, ad3(A 1, B1)x} spans R 4 at every
point x e R 4, except at those points whose second component is zero. So 1)’=

{x e R4; b 0}. Now we look for the largest set in I’ invariant under eAIr. If
(a, b, c, d) e 11’, and eAl’(a, b, c, d) remains in 12’ for all t, the system

1 X3, -2--X4, 33 --X2, .4 "-1 5
’Xl mX2

must be satisfied for all t,-c<t<c, with Xl(0)=a, x3(0)=c, x4(0)--d, and
x2(t) 0. Inspection of the above system shows Xl(t) x2(t) x3(t) x4(t) 0.
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Again the hypotheses of Theorem 2 are satisfied. Thus for (PII), the zero
equilibrium is globally asymptotically stable with feedback control (6).

Once again we note that {A lX, BlX, ad(A 1, B1)x,. , ad3(A 1, B1)x} does not
span R 4 for every x R4-{0}. More computations will be needed to show the
applicability of Jurdjevic and Quinn’s theorem, if it is applicable at all.

5. Optimality. One further question may be posed regarding the feedback
control (6); i.e., in what sense does (6) provide an optimal control? The answer has
been provided by Jacobson 1] in the case when u is unconstrained. For complete-
ness we derive a result analogous to Jacobson’s for our constrained problem.

Define the cost functional

I(x o, u) Io {q (x) + u 2} dt

where q(x) is positive definite function of x. For initial data x, define

V(x) min I(x, u).

Bellman’s equation of dynamic programming asserts that V must satisfy

min IV V(x Ax + u VV Bx +q (x + u] O.

A solution of the Bellman equation is provided by

V(x xOx
where u u*, where u* is given by (6). From Theorem 2 we know that the choice
u u* yields the origin globallyasymptotically stable. Also the Bellman equation
shows that q (x) satisfies

-2U (X TQBx u

(12) q(x) (xrOBx)2

-2u2(x TQBx u

if -xTQBx < u 1,

if U ----<-xrQBx < U2,

if -xQBx > u2.

We now show that this choice of u* actually provides an optimal control. Let
u(t) be any control, Ul<-U(t)<-u2, which causes x(t)O as t. For V(x)=
x rQx we see that

Since

0 2u*xT"OBx +q(x)+u*2<_2uxT"QBx +q(x)+u 2.

I(x, u)= V(x)+ {2uxrQBx+q(x)+u2}dt

we find

I(x , u *) < I(x, u ),

so u* is an optimal control. We summarize in the following theorem.
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THEOREM 3 (Optimality). If the hypotheses of Theorem 2 hold, then the
]eedback control (6) minimizes the cost ]unctional

I(x o, u Io {q (x) + u 2} dt

where q(x) is given by (12) and u is in the class of control functions, Ill <---Il <----U2,
which causes x(t)-. 0 as --> .

Appendix. In this Appendix a simple proof is given of the following theorem
which was used in 3.

THEOREM. For J a diagonizable n x n matrix with positive eigenvalues, there
exists a 2n 2n positive definite matrix Q such that A 7rQ + QA 0 where

0

The theorem was originally given in [5]. The proof given here is due to an
anonymous referee.

Pro@ First observe that every symmetric solution O of A rO + OA 0 has
the form

(A.I) o=[XoJ OX]
where X is a symmetric n x n matrix satisfying

(A.2) XJ jrx.

By hypotheses we knowJ S-DS, whereD is a positive definite diagonal matrix.
Hence (A.2) is equivalent to

(A.3) YD DE X STys.

(A.3) is satisfied for any positive definite diagonal matrix Y. Since X sTys and
XJ STyDS are symmetric and positive definite, Q given by (A. 1) is a symmetric
positive definite solution of A TQ + QA O.
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ON EXISTENCE OF A NASH EQUILIBRIUM POINT IN N-PERSON
NONZERO SUM STOCHASTIC DIFFERENTIAL GAMES*

KENKO UCHIDA"

Abstract. Using the technique of Davis and Varaiya, we give an existence theorem for a Nash
equilibrium point in N-person nonzero sum stochastic differential games. It is shown that if the Nash
condition (generalized Isaacs condition) holds there is a Nash equilibrium point in feedback strategies.
Also we discuss two special cases where the Nash condition holds.

1. Introduction. Using the technique of Davis and Varaiya [ 1], [2], we give an
existence theorem for a Nash equilibrium point in N-person nonzero sum
stochastic differential games. It is shown that if the Nash condition (see Definition
2) holds there is a Nash equilibrium point in feedback strategies. Also we discuss
two special cases in which the Nash condition holds.

It is an essential point of the Davis and Varaiya technique that analogues of
the time derivation and gradient of the value function are constructed using a
martingale method. Consequently, we can obtain the optimal value directly by
optimizing the Hamiltonian at each point. So it is not necessary to discuss the
existence of the solution of the second order parabolic equations which are
satisfied by the optimal value functions (cf. [3]). These properties are attractive
from the differential game theoretic point of view. Recently, using this method,
Elliott obtained the good existence theorem of a saddle point in a two-person zero
sum stochastic differential game [4]. In this paper we discuss the nonzero sum case
by the same approach. In the zero sum case, the concepts of upper and lower values
play fundamental roles. On the other hand, in the nonzero sum game we can not
use these useful concepts, that is, we must construct an equilibrium point. This
makes the N-person nonzero sum game discussed here more difficult to solve.

Consider the following stochastic functional differential system:

(1) dxt f(t x, u 1, UN) dt + r(t, x) dBt,

where e [0, 1], B, is a Brownian motion in R’. Let C be the space of continuous
functions from [0, 1] to R’. x denotes a member of C and x, denotes the value of
at t. Initial value xoeR" is given to (1). It is noted that the system function f
depends on the past history of the process, i.e., {Xs.: s <= t}. The player i,
1,..., N, chooses a feedback control ui(t, x) with values in a compact metric
space Ui. Then corresponding to this choice of control, player incurs a cost of the
form:

I01 dt}(2) Pi(u, ", UN) E[ gi(xl)+ hi(t, x, u, ", uv)

where
(i) g and h are real-valued,
(ii) 0 -< g =< k and 0 -< h -< k for some constant k,

* Received by the editors September 9, 1976, and in revised form April 19, 1977.
Department of Electrical Engineering, Waseda University, Tokyo, Japan.
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(iii) gi and hi satisfy the measurability properties described in the next
section.

It is the objective of each player to minimize his own cost.

2. Preliminaries. The situation treated below is similar to that of Davis and
Varaiya, and Elliott, so we continue their notations with sli.ght modifications.

t is the (r-field of C generated by {xs: x C, s -<_ t}. The Brownian motion Bt
is separable and defined on an underlying probability space (, 54, t). @ is the
o--field of subsets D of [0, 1] x C having the property that the section ofD at time
is in t for each and the section of D at x is Lebesgue measurable for each x.

r(t, x) is an m x m matrix for each (t, x) [0, 1] x C whose elements (rij(t, x)
are @-measurable and satisfy a uniform Lipschitz condition in x. The inverse
matrix (r-l(t, x) is assumed to exist and be bounded for (t, x) [0, 1] C. Then the
equation

dxt r(t, x) dBt, Xo R

has a unique solution xt and it induces a measure Po on its sample space (C, 1)
according to the formula

Po(A) tt{o: x(o) A}, A ’1.
Let q) denote the set of -measurable functions b: [0, 1] x C --> R such that

Ib (t, x)[-< K(1

where [[. is the uniform norm in C. Write a for the matrix o-(t, x)o-’(t, x) and for
b define

/01 ? 110()= , a dx-- ,. a, dt,

where , (t, x). Let the measure P be defined by P,(A)= in exp (st(C)) dPo,

LEMMA 1 [6].
(i) P is a probability measure;
(ii) P is mutually absolutely continuous with respect to Po;
(iii) {wt, e [0, 1]} is a Brownian motion under P, where

dw, tr-(t, x)(dx,-(t, x)dt).

Let 0"1 be the g-field of Borel sets of Ui. An admissible feedback control for
player is a measurable function

U ([0, 11 C, ) -> Ui, [

The set of such admissible controls for player is denoted by i. It is assumed that
the Borel r-field is always defined for each R ".

The function f is assumed to satisfy
(i) f: [0, 1] x C U x. Ur-> R is measurable with respect to the

o--field (R) UI(R)" (R) U,
(ii) for each (t, x) [0, 1] x C, f(t, x,.,. .,. is continuous on U1 x.

UN,
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(iii) there exists a constant K such that for all (tX, Ul, ",UN)E
[0, 1] x Cx U1X’’" X UN,

If(t, X, Ux,’"", ux)]-<K(1

The cost rate h: [0, 1] x C x U1 x. x Us --> R + satisfies the same form of condi-
tions as (i)-(ii).

For (Ul, , uu)E1 x... x/u and (t, x) [0, 1Ix C, define

f"’"’"(t, x)= f(t, x, u(t, x), u(t, x)),

hx’"u(t, x)= hi(t, x, Ul(t, X), UN(t, X)).

Weseefu"e (I). DenotingPl...u, Pf ,,,Pu,...uiSthemeasurecorresponding
to the solution of (1) in the sense that under P,...,,,

dx, f(t, x, u l(t, x), u(t, x)) dt + tr(t, x) dBt,

where Bt is the Brownian motion.
Let E...,, denote the expectation with respect to Pu...u,,. Then the cost for

player i, corresponding to (u,..., UN) e A/1X... X :///, which was defined by (2)
formally, is now

Pi(Ul, UN)= Eul...u{ gi(xl)-b lo hi(t, x, Ul(t, x), UN(t, x)) dt}.
DEmNITION 1. Admissible controls (u *,. , u) e/ x. x/s are said

to form a Nash equilibrium point if for each 1,..., N and for all u e ///,

(3) Vi(u$1, USN)Pi(u, U$i-1, Ui, U/$+I, USN).

3. Nash equilibrium point. We start by quoting Theorem 3 of [5] in a form
adapted to our problem.

THEOREM 1. U* (U *," , U’n) E //1 X. X /N is a Nash equilibrium point
and with values in R andRiffor each there exist a constantJ* andprocesses rl

respectively, adapted to , such that
(i) ]:12 dt < c a.s. (Po),
(ii) E dx O,

dt + dx, a.s. (Po),(iii) g,(xl) J* + r/,
and

" f(t X, u(t X), ", U$i-l(t, X), ui(t X), U/$+l(t X), Uq(t, X))

hi(t, x, U*l (t, x), u*i-(t, x), ui(t, x), u/*+l(t, x), ut, x))
>- rl,+ ’" f(t, x, u*(t, x))+ hi(t, x, u*(t, x))= 0,

for almost all (t, x) and all u /g.
Consider the following auxiliary optimal control problem for player i. That is,

for each (Ul, , u_, U+l, , un)1 x.. x ://_ x+l x... XN,

P* inf P(Ul,. ", UN).
Ui Ji
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For this optimal control problem, the following lemma can be deduced directly
from the result of Davis and Varaiya [1], [2].

LEMMA 2. For each (Ul, ", Ui--1, Ui+l, ", UN) /[1 X" X /i--1 X
tt+ ... xlu there exist processes AV and V VI with values in R and
respectively, adapted to ; such that

Io lV VI: dt < c (Po),ao$o

E fo
gi(xl)=P*i+Io AVdt+fo VVdx, a.s.(Po),

+hi(t,X, Ul(t,x), UN(t,X))>=O, [or almost all (t,x).
In particular, E VV dx, O.

Now, for (t, x, pi)e [0, 1] xCR", we introduce the Hamiltonian for each
i=l, 2,...,N:

Hi(t, x, Pi" Ul, UN)
pif(t, X, U, UN)+ hi(t, X, U, UN).

DEFINITION 2. We say the Nash condition holds if there exists a function

u*: ([0, 1]x cg"N, @(R)’)-->(Ui, //i),

for all i= 1,2,... ,N such that for each (t,x, ul,..., UN, Pl,’’" ,PN)e
[0, 1] x Cx U1 x. x UN X RmN

Hi(t, x, p," u’(t, x, p), ut, x, p))

<-Hi(t, x, Pi" U*l (t, x, p), u*i-l(t, x, p), u,,

u+(t,x,p)," ,ut,x,p)),
where p (pl," , PN).

We can now state our main result.
THEOREM 2. ff the Nash condition holds, there is a Nash equilibrium point.
Proof. Assume that there is no Nash equilibrium point; then, from Theorem

1, for each u (u 1,..., ur)e/x"" X/CN there exist ie{1, 2,...,N} and
u e/ such that

Hi(t, x, :’,: u(t, x))
> Hi(t, x, ’,: Ul(t, x),"’, Ui-l(t, x), u(t, x), ui+(t, x),’", uu(t, x)),

for a set of (t, x) of positive measure, and for each J* and each process r/ and s
satisfying (i), (ii) and (iii) of Theorem 1 and the inequality: ,/it +tf(t,i x, u(t, x))+
h(t,x, u(t,x))>=O for almost all (t,x). Here note that the constant P,*. and the
processes AV/and VV/in Lemma 1 satisfy such hypotheses (i), (ii) and (iii) of
Theorem 1 andthe inequalityjustabove. So, takingJ ,*. P,*., r/ AVand: VV,

and for all ui tzi,

AV +VVf(t, x, u,(t,x), "", u(t,x))
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we have the following statement (we call it Statement A); that is, for each
U ,f//l X’’" X,f///N there exist {1 2,... N}, u e and VV such that

Hi(t, x, V V: u(t, x))

>Hi(t,x, VV: ul(t,x), ui-(t,x), ui(t,x), ui+a(t,x), UN(t,x)),

for a set of (t, x) of positive measure.
On the other hand, if the Nash condition holds, for each (t, x) taking

pi i(t, x), where/i is an arbitrary @-measurable function with value in R", and
u(t, x, (t, x))= u/(t, x), /5 1,’" ",/SN) in the Nash condition, we have the
following statement (we call it Statement B); that is, there exists u /=

(u +1,"" ", U4) t ///1 X’’" X,////N for each i {1, 2,..., N}, each ui and each
@-measurable function/5 such that

Hi(t, x, ,i(t, x): u+(t, x))
< Hi(t, x, ,i(t, x): u-(t, +X), Ui-l(t, X), Ui(t, X), U[+(t, X), U[v(t, X)),

for all (t, x).
Statement A is the negation of Statement B. Therefore, that Statement A

holds implies that the Nash condition does not hold. Thus we obtain the theorem.

4. On the Nash condition. We show two cases in which the Nash condition
holds. First, suppose

N

(H) (i) f(t, x, Ul, UN)--"
i=1

N

(ii) hi(t, X, Ul, UN)--
j=l

for each 1,..., N. In this case the Hamiltonian can be written in a form"

N

(4) Hi(t, x, Pi" u, us) Z Hii(t, x, Pi" ui).
i=1

Consider infu,t, H,(t, x, p" Ui). For each (t, x, p), H, is continuous on the com-
pact metric space Ui, so the infimum is attained:

H*ii(t, x, pi) min Hii(t, x, Pi" ui).
ui Ui

Let Si be a countable dense subset of U. H, is continuous in ui for each (t, x, p), so
that for any a e R,

{(t, x, Pi): H*ii(t, x, pi)< a}

t_J {(t, x, Pi): Hii(t, x, Pi" ui)< a}.
S

Hence Hi* is measurable with respect to I@m. An implicit function lemma of
Beneg[7] shows that there is a measurable function u*: ([0, 1]xCxR m,
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@(R) - (Ui, i) such that

H*ii(t, x, pi) Hii(t, x, Pi" u*i (t, x, Pi))
(5)

_-< (t, x, p" u),

for all (t, x, pi, ui). If we take the sum Yi Hij(t, x, pj" u(t, x, p)) by using the
controls u(t, x, pi) for all/" 1,.. , N, and add this sum to both sides of (5), then
we obtain the Nash condition from (4).

Next, suppose the case with following convexity"

(H2) (i)
(ii)

(iii)

Ui is a convex set for all 1,. , N,
f is a convex function on U. for fixed (t, x,
Ul,’’’, U]-I, U]+I,’’’, UN) and all ] 1,..., N,
hi is a strictly convex function on U for fixed
(t,x, Ul, ui-1, Ui+l, ", Ulv) and all i= 1,...,N.

In this case, using the Theorem of Nikaido and Isoda [8], we can show that there is
a point (u, ur) in UI"" Us such that for each i= 1,...,N and each
(t, x, bll, UN, p). [0, 1] x Cx gl x. x UN X R’,

(6)
ni(t, x, pi" u, uoN)

<=Hi(t, x, Pi" u, Ul, Ui, U/0+I, U0N).
Now write H(t, x, pi) Hi(t, x, Pi" u, UN). (6) can be interpreted as follows"

H(t, x, pi) min Hi(t, x, pi" u, Ul, Ui, U/0+I, U/)
Ui Ui

for each (t, x, pi). Repeating the same argument as before, the implicit function
lemma of Beneg shows there exists a @(R)’-measurable function u*(t, x, p) such
that

H(t, x, pi) H/(t, x, p," Ul, U/0-1, u(t" X, Pi), uOi+l, U0N),
for each (t,x, pi). From the strictly convexity of hi, Hi(t,x, pi" u
u_l,., u/l, ug) is a strictly convex function on U and the minimum is
attained by the unique point u T, so we obtain u u/(t, x, Pi) for fixed (t, x,
Thus the Nash condition holds.

The above arguments are now summarized as follows:
COROLLARY 1. Under either assumption (H1) or (H2), there is a Nash

equilibrium point.

5. Extension to other solution conceptions. The technique of the proof for
Theorem 2 can be extended to show existence for the other solutions dealt-with in
[5]. According to [5], introduce the following solution conceptions.

DEFINITION 3. Admissible control u* (u*,..., u})el x... xr is
(a) efficient if there is no u (ul,. ., ur)e1 x. xr such that

ei(u l, UN) < ei(u

for all (1, 2,. , N},
The results of this section were suggested by the reviewer.
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(b) in the core if there is no S c {1, 2,..., N} and no u (u1,""", UN)E
1 x.. /v such that

P, tu-, us)< P,(u*, u*),
for all E S, where u {u/*, q}, Us {ui, S}, and is the complement of S.

THEOREM 3. There is an efficient point if there exist h (h , , Ar)R
A >= O, h # 0 and a function

u*: ([0, 1]x CxR’S, (R)9’)-(U, ql,),

]:or all i= 1,2,... ,N such that for each (t,x,u,’..,Ulv, Pl,’’" ,PN)
[0, 1]x Cx U x... x UNxR raN,

N

Y hiHi(t, x, Pi" u’(t, x, p), ut, x, p))
i=1

N

<-- E X,H(t, x, p. ux, u)
i=1

where p (Pl, ", PN).
Proof. Assume that there is no efficient point. Then using part (a) of Theorem

4 in [5], it can be shown that this assumption contradicts the condition above as in
the proof of Theorem 2.

The following result is the combination of Theorem 2 and Theorem 3.
THEOREM 4. Suppose that the Nash condition holds and that there exists

h (h ,. , AN)ER A -_> O, h # 0 such that
N

E AiI-Ii(t, x, Pi" U*l(t, x, p), , ut, x, p))
i=1

N

<= , AiHi(t, x, Pi" Ul, UN),
i=1

for each (t, x, ua, , Ur, Pl, Plv) [0, 1] X CX U1 x. x UN X R "r’, then
there is an efficient Nash equilibrium point.

Finally, using part (a) of Theorem 6 in [5], we can obtain the result for the
core.

THEOREM 5. Suppose that the Nash condition holds and that ]’or each
S c { 1, 2," , N} there exist constant.A >= O, S, not all zero, such that for each
(t, X, Ul, UN, Pl, PN) [0, 1] x Cx U1 x, x UN X R raN,

, A SiHi(t, x, Pi" u*(t, x, p)," ut, x, p))
iS

<-- E ASiHi(t, x, Pi" u’(t, x, p), Us);
ieS

then there is an admissible point in the core.
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RATES OF CONVERGENCE FOR SEQUENTIAL
MONTE CARLO OPTIMIZATION METHODS

HAROLD J. KUSHNER["

Abstract. Sequential Monte Carlo methods of the stochastic approximation (SA) type, with and
without constraints, are discussed. The rates of convergence are derived, and the quantities upon
which the rates depend, are discussed. Let {X,,} denote the SA sequence and define U,, (n + 1)tX,,
for a suitable/3 > 0. The {U,} are interpolated into a natural continuous time process, and weak
convergence theory is applied to develop the properties of the tails of the sequence. The technique has
a number of advantages over past approaches--advantages which are discussed in the paper. It gives
more insight (and is apparently more readily generalizable) than do other approaches--and suggests
ways of improving the convergence. The particular "dynamical" nature of the approach allows one to

say more about the "tail" processwand to do more "decision" (or "control") analysis with it.

1. Introduction. The subject of stochastic approximation (SA) for uncon-
strained systems has been well developed in many respects over the past 25 years.
See, e.g., the references in Wasan [1], and also Ljung [2], [3]. The treatment of SA
under constraints is relatively recent; see Fabian [4], Kushner [6], Kushner and
Gavin [5], Kushner and Sanvicente [7], [8], Kushner and Kelmanson [9], and
Kushner [10]. The SA problem (with or without constraints) occurs when one
wishes to choose a parameter x R (Euclidean r-space) of a system which (at
least locally) minimizes a scalar valued performance function f(x) (without or
under constraints), but where the form of f(. is unknown (as it usually is in
complex control problems), and where only noise corrupted measurements of the
performance can be made, at various selected parameter settings. The algorithms
give a sequence of parameter values {X,} which converges to a local minimum in
some statistical sense. The subject is a stochastic Monte-Carlo form of the general
computational problem of nonlinear programming, and has numerous applications
to control theory and practice in the areas of optimization, identification and
tracking.

All of the previous works on the constrained problem treat only the fact of
convergence. Here we give results on rates of convergence, and obtain some new
results for the unconstrained problem also. In particular, we will show that when
suitably scaled and interpolated, the SA process can be approximated by a linear
diffusion process, in the sense of weak convergence. The scaling and properties of
the diffusion give the rates of convergence, and much interesting additional
information as well. Some of the advantages will be made clear below.

In 2, the unconstrained algorithm is introduced. Sections 3 and 4 introduce
a Lagrangian and augmented penalty function algorithms. The unconstrained
problem is further developed in 5, and the theorem stated. Section 6 contains
some background on weak convergence of a sequence of probability measures on
certain metric spaces. This theory is a very natural tool for analyzing the
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asymptotic properties of the interpolated process. In particular, it enables us to
exploit the statistical structure of the SA process, to enhance the rate of con-
vergence. The method of proof is new in SA, and seems to be more easily
generalizable (to other types of noise sequences and to other types of constrained
problems) than past approaches, relatively little is known concerning the statisti-
cal properties of SA sequences, considered as a process. Our approach seems to be
a useful tool for dealing with such properties for it emphasizes the "process’
aspects of the problem. See, also the remarks after the statement of Theorem 5.1.

2. The unconstrained case. Formulation. Let X, (with .components
X2, , X)denote the nth estimate of the local minimum, and let ei denote the
unik vector in the ith coordinate direction, and let {a,, c,} be null sequences, a,
being a positive definite matrix, and c, a (finite difference interval) positive scalar.
Define the "observation difference" 6 Y, {6Yl,, 6Y} and the observation
noises s1, 2 by

6Y, (observation at parameter (X, + eic,))

-(observation at parameter (X,- eic,))

=-[f(X, + e,c,,) +l]-[f(X -eiCn) -2].Let :,=1__2 and G (1,, ), and let , denote the o--algebra deter-
mined, by Xo," ", X,, so, ., :,,_.

Define X,+ by (6f, --(6f,, 6ft,), 6f,=f(X, +ec,)-f(X,-ec,))

(2.1) Xn+l --X 2c, Y"=X"-a"t2c, 2c,"

The w.p.1 convergence of {X,} (when there is only one stationary point of
f(.)) has been the subject of most of the references in Wasan [1], and we mention
only some of the conditions usually assumed, namely:

(2.2)

(2.3)

(2.4)

w.p. 1, E.G’--<M, all n, for some matrix M.

a,c, <, [an[2/c 2n <.
The conditions were considerably relaxed in Ljung [2] and in Kushner [10],
although they required more smoothness on f(-) than the previous works did.
Also, [ 10] proved convergence to a stationary point of f(.), even when not unique.
The conditions required here will be given later.

By simple alterations in the calculations, it is possible to treat noncentral
difference and continuous time forms.

3. The constrained problem. A Lagrangian method. Now, suppose that we
wish to modify the problem so that f(x) is minimized under constraints q (x) _-< 0,

1, , s, where each q(.) is continuously differentiable. Let Q(x) denote the
matrix {ql,x(X),"" ,qs,x(x)}, where qi,x(’) is the gradient of q(.), and let {b},
i= 1, s, denote positive null sequences and let A =(A , ,A ), A =>0.
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Consider the Lagrangian algorithm.

(3.1) X,,+ max [0, X’,, +bq,(X,,)], i=l,’..,s,

X,,+ X,, a, c, + O(X,,)A,

Suppose that there is a known numberM such that the constrained minimum
0, and corresponding multipliers j satisfy Ioil =<M, i -<M. Modify (3.1), (3.2) by
projecting on to the sets {x" Ix’l<M}, {;t. ’< M}, whenever the bounds are
exceeded. Then, under conditions (2.2)-(2.4), and convexity conditions onf(.) and
q(.), [7] proved that {X,} converges w.p.1 to the constrained minimum 0.

It was not proved that A, converged to an optimal multiplier. Indeed, the
optimal multiplier may not be unique. Yet, let us note for later use, that in very
many of the examples which we simulated, it appeared that A, did converge to a
such that the Kuhn-Tucker condition

(3.3) [x(O)+Q(O)=O
held.

4. Equality constraints. An augmented penalty function method. Suppose
now that we wish to minimize f(.) subject to equality constraints 4(x)=0,

1, , s, where 4i(’) are continuously differentiable. An SA version of Mieles’
[ 11] augmented penalty function method was developed in [9]. Let 0 < k denote a
real number, define P(x) 1/2 Y’.i 14, (x)l and (x) {41.x (x), ", 4s,,, (x)}’. let r(x)
denote the operator: (I-’tr(x))v is the projection of vR" onto the span
of {bl,(x),’", bs,(.)}. The necessary condition, of the calculus for a local
stationary point at x is r(x)]’ (x) 0.

Define the algorithm (P (x) O’(x)4 (x))

(4.1) X,,+ X,, a .rr X,, -c + k X,, 4 X,,

Under essentially the conditions (2.2)-(2.4), bounded double differentiability of
[(.), and that ’(x)(x) 0 implies that (x) is of full rank, reference [9] proved
convergence w.p.1 to a 0 such that 7r(O)[,, (0)= O.

5. Unconstrained problem. Theorem statement. Return to the algorithm of
2. let a, =A/(n + 1)", c,, =C/(n + 1)v, where C, a and 3’ are positive real

numbers, a > y, and A is a positive definite matrix, let us list the following
assumptions.
(A5.1) [(.) is continuous, and has bounded and continuous mixed second

derivatives.
2(A5.2) Y, a, <c (i.e., a > 1/2).

(A5.3) Z, a, c (i.e., a -< 1).
(A5.4) There is 0 6 R such that X,, 0 w.p. 1.
(A5.5) f(.) has continuous third derivatives/,,,(x) at x 0. Define B(O)

vector whose ith component is this third derivative ddivided by 3!

It is possible to treat the ease where 0 is a random variable. Assumption (A5.9) limits our
consideration to rates for the sequences which converge to a strict local minimum.
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(A5.6)
(A5.7)
(A5.8)

(A5.9I)

or
(A5.9II)

(A5.10)

E.:. 0 w.p. 1.
EThere is a matrix (0) such that e.:.:.Z(0) w.p.1, as n c.

For some 6 >0, Ma <,
E.[. 2+n -<M w.p. l, all n.

Let a 1,/3 a/3 2y. Define F(O)= Hessian matrix of [(.) at 0
Let the eigenvalues of AF(O)-I--Ka have positive real parts.

Let a < 1,/3 2y a/3, and let the eigenvalues of AF(O) F2 have
positive real parts.
L(0)=0.

Remark. The conditions are mostly self-explanatory. Assumption (A5.9)
implies that 0 is a strict local minimum. The w.p. 1 convergence (A5.4) is assumed,
because we are concerned with rates of convergence. The actual convergence is
proved in the various cited references. Condition (A5.6) is essentially a classical
condition in the subject. As discussed in 11, the condition can be readily
weakened provided that we can still show that P{IU, I>-_N}O as Nc,
uniformly in n, where {U,,} is defined below. Indeed, the possibility of such
extensions is one of the advantages of our approach. See the note added in proof.

Let ei,, and gi,, denote functions whose values may differ from usage to
usage, but which depend on X, and c,, and tend to zero w.p. 1, as n . (In 9,
they may also depend on A,.) Define 6X,,=X,, -0. Then, using (A5.4, 5, 10), (2.1)
can be rewritten in the form

(5.1) X.+,=X.-a.[F(O)6X. +B(O)c+el,.CZ.+e2,.6X.]-a../(2c.).
The next step is to scale {6X.}. For some/3 > 0 (to be selected below---we are

obviously interested in the largest/3 for which the process {U.} makes sense)
define U. (n + 1)6X.. Then, using (n + 2)t (n + 1)t (1 + 13/(n + 1)+ O(1/n 2)),
(5.2) U.+a (I +13I/(n + 1) a.F(O) a.gl,.)U. a.(n + 1)c 2.B(O)

where

-a.(n + 1)./(2c.)+a.g.,

g. (. + 1)tlg2,.cZ.+_:__.Oi1]l.
L JZCn\/’//

It turns out that all limits of {U.} or of the interpolated { U,,} introduced below do
not depend on the (asymptotically negligiblefor the/3 to be selected)
sequence. To slightly simplify the development, we will drop the term henceforth,
although its presence would not affect any of the subsequent argumentsexcept
that an additional term would have to be carried.

Interpolation. Introduction. The next step in the formulation of the limit
theorem involves an interpolation of {U.} into a continuous parameter process.
The form of the interpolation is motivated by the following observation. Let {.}
denote a sequence of (zero mean) independent, identically distributed (for
convenience here) random variables with unit variance and Ellen 2+v -<M< for
some real y >0, M> 0, and D be a matrix whose eigenvalues have positive real
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parts. For each small A > 0, define the sequence {Va} and function Va(.) by

a a /,, Vg x, fixed,V,,+I=(I-AD)V,,+

and VA(t) V,a in [nA, nA+A). Then {Va(.)} converges in several statistical
senses to the process solving

dV--DVdt+dW,

where W(.) is a Wiener process.
Interpolation. Let D[0, oo) denote the space of real valued functions on

[0, oo) which are right continuous and have left hand limits at each t. Suppose that
D[0, oo) and its products are endowed with the Skorokhod topology (see Billing-
sley [ 16] for D[0, T], Lindvall [20] for D[0, oo).) We mention only thatconvergence
of a sequence {x (.)} to a continuous x (’) in that topology is equivalent to uniform
convergence on each finite interval, and that, under that topology, the space is
equivalent to a complete separable metric space, in that there is a metric,
generating the same topology, under which the space is complete and separable
(which we suppose henceforth).

n--1
Define mtn (n + 1)-, tn Y’-i--o Ati, to 0, ‘sWn (n + 1)8+-:,

(n+ 1)a+v-/2(s%A,), W, =Y.,"=- ;W, Wo=0. For each integer n, N, define
W Ws/n Ws, ‘5W= ,5Ws/n, U= UN, and define Us(.), Ws(.) by:

U"(t) U2v+,,, WS(t) Ws+, Ws W on Its+,,-ts, ts+,+l-ts).

Note that an,(n + 1)/(2c,) (A/(2C))6W, and an(n + 1)c,B(0)2
(AB(O)C2) At,(n + 1)-2v. Also, the paths of wN(") and US(’) are in Dr[0, oo).

Dropping the a,g, term, we have

(a)U,+ G,U, - ,(n + 1 -(AB(O)C2)At,(n + 1)-2",
(5.3)

where

G, =(I+[3I/(n + 1)-AAt,(F(O)+I.,)).

It is clear from (5.3) that unless 3’+/3-c/2_-<0, /3-23,_-<0, EIU.I will
diverge. We use, henceforth, the maximum/3, namely/3 23, c/3, with which
the exponents of (n + 1) in (5.3) are all zero.

Let if’(.) denote a standard R valued Wiener process and 1.7(.) the
(stationary process) solution to

(5.4) d(t) =-,(t) dt-AB(O)C2 dt-(A/(2C)),l/2(O) dff’(t),

where K K1 or K2 (see (A5.9)).
The undefined terms (concerning weak convergence) in Theorem 5.1 will be

defined in the next section, and the proof given in 7.
THEOREM 5.1. Under (A5.1)-(A5.10), {US(-), WS(.)} is tight on D2r[0, oo),

and {US(.)} converges weakly to the (.) of (5.4). (I.e., any weak limit has the
probability law of U(.) on Dr[0, 00) or on Cr[0, 00).)
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Remarks. Clearly, we have the fastest rate of convergence when a 1 and
(A5.9I) holds. The optimal normalization scaling/3, and asymptotic normalized
variance (limt-oo EU(t)U’(t)) are not new; see Sacks [13] and Fabian [12], at least
for this unconstrained problem. Also, McLeish uses weak convergence methods
on the Robbins-Munro process [23].

The technique emphasizes the behavior of the asymptotic part of {U,,},
considered as a dynamical process. The correlation structure of this process can
sometimes be exploited to yield (at time N) a function of the {Xv,Xv-1,’’ "},
which is a better estimate of 0. See 8. In practice, we observe the path
"dynamically", and it is worthwhile to try to understand its dynamical behavior. In
certain cases, e.g., the Lagrangian method, the procedure often inherently
oscillates around 0, ,, as it converges. The properties of this oscillation can be
deduced from the relevant results of 9, and used to improve the estimate, or to
design a more suitable process. The approach may facilitate the use of SA in
control theory, where the interest is often inherently dynamical.

Extensions. By a slight change in the method of proof, we can also get the
extensions:

I. Assume the conditions of Theorem 5.1, but set /3 =min[2y, a/3]. If
23, < a/3, (resp. 27 > a/3) then noise (resp., bias) is relatively unimportant in the
limit and the theorem holds with dw (resp., B (0)) set equal to zero. If a 1, and
0 < b </3 and the eigenvalues of [AF(O)- bI] have positive real parts, then the
interpolation of {(n + 1)b (X,,-0)} converges weakly to the zero process.

II. One-sided differences. Use the observation difference [observation at
(X,, +c,,e)-observation at X,]/c, instead of 6Y. Then the theorem holds if
A/(2C), B(O) and/3 27 a/3 (or/3 min [27, a/3] in I above) are replaced by
A/C, L,,(0)/2 and/3 3’ a/4 (or/3 rain [7, a/4] in I above), resp.

Theorems 9.1 and 10.1 can also be extended in the same way.

6. Weak convergence. The material is in Billingsley [16]. See, also Whitt
[17], Kushner [18, Chap. 2], Iglehart [19] or Lindvall [20], who gives the
extensions of weak convergence on D[0, T] (for some real T) to that on D[0, ).
let {Z"} denote a sequence of random variables with values in a complete
separable metric space S, with associated r-algebra

The {P"} sequence (and also {Z"}, here) is said to be tight if for each e >0,
there is a compact K Y such that P" (K) -> 1 e, all n. If {P"} is tight, then any
subsequence has a further subsequence which converges weakly to some measure
P on (S, ow). If {P"} converges weakly to P, then

I f(x)P"(dx)- I f(x)P(dx)

for every bounded measurable f(.) which is continuous on a measurable set So
such that P(So)= 1.

If P" P weakly, and if Z is a random variable whose values are in (S, 5e) and
with measure P, we say that Z" Z weakly also. In this sense, Theorem 5.1 is
understood to mean that the measures of the Dr[o, c) valued random variables
Uu (.) (or the measures that Uu(s),s < o, induce on D’[0, o)) converge weakly to
the measure that U(.) induces on D[0, o).
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Let Z"(.) be a sequence of processes with paths in D[0, oo)=S, w.p.1, and
induced measures P" on (S, 6f). Then, there is tightness of {e"} or {Z"(.)} on
D(O, oo), if the restrictions to D[0, Tk] are tight ]’or some sequence Tk oo. We
sometimes use (without explicit mention) the fact (and similar facts) that if
E max,T IZ"(t)[ 0 as n oo for each T, and Z"(.) D[0, oo) w.p.1, then Z"(.)
converges weakly to the zero element of D[0, oo). We note for future use, that if
h(., .) is a bounded continuous function, and Z"(.) Z(.) weakly, where Z(.) has
continuous paths, then the processes defined by toh(t,s)Z"(s)ds converge
weakly to the process defined by ’o h(t, s)Z(s) ds.

7. Proa| o| Theorem 5.1. 1. Returning to (5.3) and using 3 2y a/3, we
first show that {U,} is tight on R r. Define (neglecting a,g:,, as we can easily show is
legitimate) {v,} and/], by

/)n+l n)n -AB(O)C2 At.,

Note that, if random functions Z, and ZT, take values in the same space for
each e > O, and differ on at most an to set of measure e, and if {Z,} is tight on some
space for each e > O, then {Z, } is tight. Thus, since ga,, 0 w.p. 1, if tightness (and
the theorem) is proved under the assumption that for each e >0, there is an
integerN < oo such that Igl,, -< e for n =>N, and Igl,, is uniformly bounded, then
they will be true in general. We make the assumption on g1,,. Under this
assumption {v, } is bounded, hence tight on R. We only need to prove that {/],} is
tight. We have

O.+ G.J. -(A/(2C)). ..
By (A5.6), (A5.8), and under cases (A5.9I) or (A5.9II), there are positive
constants M, M2 such that, for large n,

At, _<-(1-M2 At,)10,12 +M1 At,,

from which boundedness of {ElO=l }, hence tightness of {/],} follows.2

2. A representation for U(.). Define C I for i>j and C Gj G, for
-<j. Then (5.3) is solved to get

N+n

UN+n+I CI+nuN E N+n +AB(O)C At,.],
m---IV

or, equivalently, (a more convenient form for us)
N+rt

(7.1) Uv+.+a Cm+l[(A/(mc))((Wm+lY
+AB(O)C2((t,, +1 t) (t,, t))].

For the moment, let us consider only the sum in (7.1) involving the W.
Denoting that sum by+" and rewriting it by collecting the coefficients of each V

It is precisely the difficulty of proving tightness of {U,,} when (A5.6) is relaxed, that forces us to
require (A5.6). See the last section, where relaxations of the condition are discussed. See the note

added in proof.
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yields
N+n

+-E w,).-C,,+a](A/(2Cll(W,, Wul+(A/(2C)I(WI+,+a

N+n N+n N+n,
Using C,, -C,,+1 =-Cm+l(K Atm +e3,N Ate), where K=K1 or K2 according

’N/n N+n N+nto the case of (A5.9), yields IN +IN + (A/(2C))(WN+.+I WN), where
N+n

Iff+"= Cff+"(C)-I(-/ At,,)(A/(2C))(W,,- WN),
m=N

N+n
N+nE l(--e At.)(A/(2C))(W..-C (C) 3,,.

m=N

Now, for each N, define CN(’) on [0, ) by

Ct)=C+" on[tN+,--tN, tN+,+I--tN+,).

Since Y,=u (at,)2 0 as N- c, we have that C(t) exp (-/t), as N
uniformly (w.p.1) on finite time intervals.

For each N, define the interpolations I.), u(-), [u(.) of the sequences
{I+"}, -NN+", {/’+"}, by e.g.,

1.N+nIN(t) -N on [tN+, tN, tN+,+l tN).

It is not hard to show that {N(’)} is tight on D’[0, ) and goes to the "zero"
process weakly, as N. Thus, we ignore it henceforth. Define

a(t) CN(t-)C-vl(s),(A/(2C))WN(s) as +(A/(2C))wN(t),

JN(t) exp (-2(t-s))(A/(2C))WN(s) ds +(A/(2C))WN(t).

It is not hard to show that

{](t)-J(t)}, {](t)-Ir(t)}
are tight on Dr[0, oo) and tend to the "zero" processes weakly as N-oo. A similar
development can be made for the sum in (7.1) which involves the (t,,-tN). Putting
all the foregoing together and adding the neglected terms, we have

U(t)=(exp(-t))U(O)+ exp(-(t-s))(A/(2C))W(s)ds

-(A/(CllW(tl
(7.2)

+ exp (-(t-s))(AB(O)C)s ds-(AB(O)C)t +g(t),

where ir(’) is a process which tends to the zero process weakly, as N oo. Note
that if a subsequence of {U(0), W(.)} converges weakly, so does the subse-
quence of {U(.)}, and the limit process has continuous paths w.p.1.

3. Suppose that WN(.) were tight on Dr[0, oo) and that any weak limit is a
Wiener process with covariance ,(O)t. Then the limit of {U(.)} corresponding to



158 HAROLD J. KUSHNER

any weakly convergent subsequence of {WS(.), Us(0)} is equivalent (in law on
Dr[0, 00)) to the process given by (7.2) with Us(0), Wv(.) replaced by some l(0),
lv’(.), where v’(.)is a Wiener process with covariance E(0)t. The theorem follows
from this, since the resulting right hand side of (7.2) solves (5.4) (as an integration
of (7.2) by parts will show).

4. Thus, we only need to prove the first sentence of 3. We use Theorem 2 of
Scott [ 14] with an appropriate change of notation. Scott’s result is the following.

Let {v} denote an array of scalar valued random variables where v, < n,
are measurable, for some sequence of o’-algebras s,, which is nondecreasing
in n, for each N. Let E be a positive real number. Let EivY 0 w.p. 1, and define
ms(t) max {i" E Y’.-o (vV)2 --</E}, t [0, 00), all N. Define

raN(t)

(7.3) Vn(t) Y. vv.
i=0

Let (condition B of Scott’s Theorem 2; the notation -gP means convergence in
probability)

raN(t)

(7.4) E{(/9v)2lld} P--> Et,
i=0

raN(t)

(7.5) E{(v)2I{iol__>}]} P--> 0, all e > 0,
i=0

as N--> 00, for each t<00. Then {V2V(.)} is tight on D[0, 00), and the limit of any
weakly convergent subsequence is a Wiener process with covariance .Zt and mean
zero. Actually Scott deals with D[0, T] and 1, but his theorem is valid on
D[0, 00) also (and for any Z>0, by a simple scaling).

Assume that Z(0)0, for otherwise the result is trivially true. Let A R
be such that A’E(0)A >0. Identify .v with N+i, v with A’SW, and 5; with
A’Y_,(0)A. Note that the convergence X,- 0 and (A5.7) imply (7.4). Condition
(A5.8) implies (7.5). Thus, by Scott’s theorem { VV(.)} is tight and converges to a
Wiener process with mean zero and covariance (A ’Y,,(0)A )t, as N 00. Note that

E ., (v)2=E , (,’E:s/.:+i)Atv/j,
=0 =0

and EN+jv+j--> Z(0) as N, j--> 00. Thus, the result remains true if EIA’:s+j]2=
E(vV)2 is replaced by ,’E(0), in the definition of m(t). With this change, the
definition of VV(.) is the same as that of A ’WU(.); thus A ’W(.) converges weakly
to a Wiener process with mean zero and covariance , ’E(0)At.

Since the result of the last paragraph is true for each A (if A ’Z(0)A 0, then
the WV(.) converge to the "zero" process), we can conclude that {W2V(.)} is tight
on Dr[0, 00), and that it converges weakly to the desired R valued Wiener
process, with covariance Z(0), degenerate or not. Q.E.D.

8. Exploitation of the "correlation structure" ot the limit process. In order to
illustrate a possible useful application of the correlation properties of (5.4),
consider a simple scalar case with B(0)=0, 2C= 1, fl =a/3. Write F=F(O),
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2E(0) o" let a 1 and let/ AF- > 0. Then (in steady state)

EU(t) O, EU(t)U(t +s) V exp (-Ks), s > O,
(8.1) V A2r2/(2(AF-)).
V is minimized by A 2/F Ao.

In practice, F is not usually known. In order to reduce the sensitivity of the
iterate sequence {Xn} to "large initial noises", and to partially rectify the slow
convergence that occurs when A is too small, it is common for an A >Ao to be
used (where, of course, F must be guessed). For similar reasons, an a < 1 is
sometimes used, and what follows also holds for the a < 1 case (in which case the
correlation (8.1) uses/3 0 and K AF). As A increases, K increases, and the
process {(n + 1)t(Xn-0)}={Un} behaves more "wildly". We will try to exploit
this.

Let b [0, 1), 0 < < o and define qt) max {i" -<Z=0 Ati+v t}, qrv(0) 0.
Using the fact that n /3(X, -0) N(O, V), together withthe correlation structure
of (8.1) yields, for large N,

E[b (Xu O) + (1 b)(X+q,,,)- 0)]2
(8.2)

V[N-/3b2 + 2b(1-b)N1/3(N+q(t))’/3exp(-/(t) (l-b)2
]

(Nq-()z/3J"

(Condition (8.2) holds as a limit relation if we multiply both sides byN2/3, and let

By definition of qu(’),
N+qN(t)

Z At log IN+ qu(t)] -log N,
i=N

and e-(N+qu(t))/N 1, as N- c. Then (8.2) is approximately (the ratios tend
to unity as N-)

V
(8.3) N2/3[b2+2b(1-b)exp(-(. +l/3)t)+(1-b)2exp(-2t/3)].

At b 0, the derivative of (8.3) with respect to b is

2V
(8.4) N2/3 (exp (-t/3))[exp (-Kt)- exp (-t/3)].

AtA Ao, K =/3 1/3, and (8.4) 0. So, under "ideal" conditions (at least from
an "asymptotic" point of view), the linear combination inside (8.2) does not yield
an improved estimate. But if A >Ao, then (8.4) is <0, suggesting that we can
improve the estimate of 0 at iterateN+ qu(t), by using some linear combination of
past iterates. Such ideas have a natural appeal, and such smoothing is sometimes
used in practice, irrespective of the value of A but, we see that it can be harmful,
unless A >A0 (or a < 1) and the weights are carefully selected.

An open, and interesting, question in the general vector case is whether A
can be selected (still guaranteeing X,, 0 w.p.1), but such that K has some
complex eigenvalues the {X,,} sequence would then exhibit "oscillations" on the
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average, which perhaps, could be exploited (via suitable smoothing of the {X,,}) to
obtain better estimates of O.

Calculations made on simple sample problems indicate tha complex eigen-
values (often corresponding to the eigenvalues with the smallest real parts) occur
quite frequently for the Lagrangian algorithm of 3 and 9. Perhaps smoothing
can be usefully applied there.

It should be clear from the foregoing, that our "interpolated process"
analysis of {X,,} and { U,,} is rather natural and that it can yield much more insight
into the properties of the sequences, and smoothed functionals of the sequence,
than can the more standard analysis of only the random variables {X,, U,,}.

9. Asymptotic rate for the Lagrangian method o| 3. The development is
close to that for Theorem 5.1, and only an outline will be given.

Assumptions. Assume (AS. 1)-(A5.8) and
(A9.1) There is a such that h - w.p. 1.
(A9.2) If q(0)=0, then suppose that >0. (Of course, if q(0)<0, then

2 =0.)
(A9.3) Each qi(’) has continuous and bounded first and second derivatives

at0.
(A9.4) O(O) (see 3) is of full rank.

Let a,, c, be as in 5, and let b,,=diag(bl,...,bS)/(n+l)’=
diag (b,. ., b ,), where bi > 0, -< s. Define

O(O)={OZq(x)/Ox k Ox,k,] 1,... ,r} atx =0, i=l,...,s.

Define ,o A (F(O) + E, ’Q, (0)) and

K2 -BQ’(O)

(A9.5) Let a < 1 (a 1, resp.) and let the eigenvalues of g2 (gl--g2--
/31, resp.) have positive real parts.

(A9.6) Let 0 satisfy the Kuhn-Tucker condition f,,(O)+., -Aq,.x(O)=O.Remark. The A, convergence was not proved in [7], but it appears from
our simulations that convergence of {An} occurs quite frequently. Assumption
(A9.2) is often assumed in the deterministic case; it simply says that the
"economic price" of an "active" resource is positive at the optimal point.

If q(0)<0, then qi(X,,)q(O)<O and (3.1), the convergence X,, 0, and
divergence of Y b, together imply that A , 0 for all large n. We will henceforth
ignore q if q(O)< 0. We can and will assume that all s constraints are active at
0mwith no loss of generality. The linear independence of the qi.x(O) is also
commonly assumed in the analysis of deterministic algorithms.

If Ko is positive definite and A and B are diagonal with the same constant
diagonal elements, then (using (A9.4)) Polyak [21, proof of Thm. 1] implies
(A9.5), for/3 0.

Development of the algorithm. Owing to the remarks above and since we are
bonly concerned with large n, we can write (3.1) as A,,/I A, + ,,qi(X,,),
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1,..., s. Define 6A, A,- ]. Then, using (A9.6), we can write

\ thn+l] b,(O’(O)+e3,,) I
(9.1)

0 2c,, \ 01’

where L identity in R’.
The terms e,,, all depend only on X, and A,, and tend to 0 w.p. 1 as n - oo, by

the convergence (of {X,, )t,}) and smoothness (on f(.), q(.)) assumptions.

Define U, =(n + 1)__6A,)" Following the method by which (5.2) was

obtained from (5.1), we get (the g,, have the properties of the e,,, above)

U./= I+(n + -(n + 1)-(g+g,) U,,

(9.2) -(n + 1)- (n + 1)"-2"(AB(O)Cz+g2’")O
-(n+l)-’/2(n + 1)-/2+t+v(A/(2C))(O") ( 1 + O()).

Define At, (n + 1)-, t,, W, and Wv(.) as in 5, let Us(.) denote the
function which equals Urn+, on [try+,, tr, tu+,+l- tr) (analogously to the defini-
tion of WU(.)). Set/3 2y a/3. Then (9.2) can be rewritten as (/( =/(1 or/(2
according to whether a 1 or a < 1)

(9.3) U+I =[I-At( +g3,,)]U, -At,(AB(oO)C2)-(A/(2C))(6I")
+ Atng4,n.

Let W(-) denote a standard R valued Wiener process, and let U(.) be the
(stationary process) solution to

(9.4)
dt-

0

THEOREM 9.1. Assume (A9.1)-(A9.6), (A5.1)-(A5.8), and let a,=
A/(n + 1), b, =B/(n + 1), c, =C/(n + 1), where C>0, B is diagonal with
positive elements, andA is positive definite, let/3 23/--a/3. Then {uN(.), WV(’)}
is tight on Dz’+[0, oo), and any weak limit of the {uN(’)} has the law of the
(stationary process solution) U(.) in (9.4).

Remarks. The proof is almost the same as that of Theorem 5.1 and is
omitted.

Owing to the presence of the "multiplier dynamics" in (9.4), it is more likely
that K will have some complex eigenvalues. The consequent oscillations (of the
correlation function) should be exploitable, via ideas such as those in 7, to yield a
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smoothed sequence of estimators which are better than {X,}. Indeed, such a
possibility justifies our point of view concerning the advantages of studying weak
convergence of the processes US(.) to (.), over the simpler convergence in
distribution of the R valued sequence {U,}.

10. Asymptotic rates for the equality constrained algorithm of 4. We will
need the assumptions:
(A10.1) The 4i(’) have two continuous derivatives at 0.
(A10.2) The qbi,x (O ), 1,...,s (the rows of (0)) are linearly independent.

Let v(y) (with components vl(y),’", vr(y)) denote the vector r(y)f,(y). let
(fx (y))x denote the matrix

Define

(A10.3I)3

or

(A10.3II)

(A10.4)

1) ,x(y IOVl(y)/OXl 01)l(y)/OXr

1) ,X(Y LO1)r (y)/Xl 01)r (y)/OXr

=[Wl.l(y) WrJ(y)]
LWIr(Y) Wr](y)J

--[w,(y),..., w(y)]

Ko (Trfx(0)) + k’(O)(O).
Let a 1, /3 =2y= 1/3. Let the eigenvalues of /1 =A,o-I
have positive real parts.

Let a < 1, /3 2y a/3. ,Let the eigenvalues of/2 Ago have
positive real parts.
0 satisfies the necessary condition for a constrained minimum,
r(o)L(o) o.

Let E,(X,,) denote the covariance (given ,,) of the projection of : onto the
orthogonal complement of the span of bl,(X,,),’", 4,x(X,). We use the
terminology of 5, except that {X,} is given by (4.1). Under (A5.7), and the
convergence (A5.4), there is a matrix E=(0) such that cov [Tr(X,):, 1,]- Z=(0)
w.p.1, as n -o.

TI-IZORZM 10.1. Assume (AS.1)-(AS.8) and (A10.1)-(A10.4). Define U,
(n + 1)a (X, -0). Then {U (.), W (.)} is tight on D2[0, ), and there is a standard
Wienerprocess IT(.) such that any weak limit of {U (.)} has the (stationary process
solution) law of the U(.) in (10.1), where K= K1 or Kz, according to the case of
(A10.3).

(10.1) dO(t)= -gO(t) dt-ATr(O)B(O)C2 dt-(A/(2C)),l/2(O) dff’(t).

Remark. The proof is very close to that of Theorem 5.1 and is omitted. We
remark only on the expansion of (4.1), and on the conditions. The g,,, e,, have the

See the discussion after Theorem 10.1, and, in particular, the representation (10.8) for go.
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same meaning as in 5. With X.- 0 6X., we can write

,SX. +1 6X. a. r(X.){fx (X.) +B 0)c .2 + e ,.c .2 + e
(10.2)

+ ./(2c.)} + k’(O)(O)6X. + e3,.6X.].

using (A10.4) and the smoothness assumptions on f(.) and (.), we get

(10.3) (X.)fx(X.) (fx(O))xXn + e4,nXn.

Now, using (10.2), (10.3), the values of a, fl, y in (A10.3) (Case I or II), and a
development of (n + 2) such as used in eorem 5.1, we get (analogously to the
unconstrained case)

On+l [1- At. (g + gl,n)]Un At.A(O)B(0)C2

Using (10.4), the proof goes as it does for Theorem 5.1.
Remark on (A10.3). Without loss of generality, suppose that 0 0. Let T(y)

denote the tangent line or hyperplane to the curve or surface {x" (x)= 0} at y,
and To(y) the orthogonal complement to T(y). In general To(0)
span{.(0),iNs}. We make the additional assumption that To(0)=
span {. (0), Ns}. Let x (x,. , x) denote the generic point in R . With no
loss of generality (and some gain in insight), we can assume that the basis is such
that x , , x and x+, , x form bases for To(0) and T(0), resp. Using the last
three sentences and (A10.2), we have that there is a nonsingular (s x s) matrix
such that

0 I0
Let N denote an e-neighborhood of 0 R . There are differentiable func-

tions/(.), .,/(.) onR such that ifx eN {x" (x) 0}N;, and e is small
enough, then

x l(x+, ., x), 1,. ., s.

Henceforth, assume that e is suciently" small.
We will now develop a representation for((0)). Let denote a small real

number. By the definition of the tangent plane or line T(0), l(e)=O(;),
] s + 1,..., r. Consequently, for ] s, the smoothness of (.), (.) and (.)
implies that

(10.6) (e+ el(e)).(e+ el(e))=(e)(e)+O().
i=1 i=1

By the definition of w(0),

(10.7) lim (e)(e)/ w(0).
0

recall that (0)(0)= 0. Note that for each i, the vector

(e)(e) [projection of(e) onto the tangent plane r(e)]
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has components 0(6) on T(0) and 0(62) on To(0). Thus, by (10.7), wi(0) is in T(0)

[O]forsomer-svectorgi.and, hence, has the form wi(0)=
gi

We will examine further the term F6 =[gs/l,""", g,]. Define the function
f(.) on N CI T(0) by

f(Xs+l, X,) f(ll(Xs+, "),’" ", ls(Xs+l, "), Xs+l,""", Xr).

Note that the vector of the last r-s components of the left side of (10.6) is the
gradient of f(.) at ej6 (modulo a term of order 0(62)). This fact, togeth_er with
(10.6) and (10.7) imply that Fo is the Hessian matrix of f(.) at 0. Finally, Ko takes
the form

(10.8) /(o=[ k--’-* 0 ]g,...,g I
Thus (A10.3II) holds if the eigenvalues of the Hessian F6 have strictly positive
real parts and A =diagonal (a, a,...), a >0. In any case, the representation
(10.8) clarifies the meaning of the condition (A10.3).

Remark on the value of k. If a 1, we require that the real parts of the
eigenvalues of

AKo-I
be positive. This requires that k -> some minimum positive value. Certain deter-
ministic algorithms [15] also require a minimum value of k, for convergence.
Here, convergence occurs for any k. But, if a 1, and k is too small, the rate (fl)
will not be a/3 1/3, but something less, something which also seemed to hold in
our experiments.

11. Extensions. Assumption (A5.6) was used, because we were not other-
wise able to prove tightness of {U,} in any generality. Theorem 11.1 follows from
theproofoftheprevious theorems. It is nottoo difficulttofindreasonable conditions
under which W" (.) converges weakly to a Wiener process. After the theorem
statement, we will comment on this. See the note added in proof.

THEOREM 11.1. Assume the conditions of Theorem 5.1 (or of (9.1, 10.1),
except for (A5.6), and suppose that {Un, Wn(’)} are tight, and {Wn(.)} converges
weakly to a Wiener process with mean O, and covariance ,o(0). Then the conclu-
sions of the theorems still hold.

Remarks. Our remarks will be confined to the unconstrained case, for the
others are treated similarly. The ang, in (5.2) causes no problem; the difficulty in
proving tightness of {U.} on R* has been due to the e .. term, althoughit is "sure"
to be eliminated eventually. Indeed, if tightness of {U.} can be shown, then even
(A5.4) can be replaced by the weaker convergence in the theorem of Kushner
[10].

Define q(t) 0 on [0, Ate), q(t) on [Atv +. + At+i-1, At +. +
AtN+i). Then

qN(t)--
wN(t) Z N+i(ltN+i) 1/2.

i=0
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Tightness and convergence of {Wn(-)}. Let us drop (A5.6)-(A5.8). We will
replace them by the "reasonable" conditions (All.I) to (All.3). According to
Billingsley [16, Thm. 15.5] if {WN(.)} satisfies a criterion "similar" to that used to
prove tightness4 on cr[o, oo), then it will be fight on Dr[0, oo), and all limits will be
continuous w.p.1. In particular, by Theorems 15.5, 12.3 and 12.2 of [16] and the
definition of Wr(.), this holds if there is a real K such that

2

(11.1) EIW,+,- Wn]4<-g Ati alln, m >n.
i=n

Equation (11.2) is equivalent to (11.1), where t= tu/,, -t.
2

W (t,+m)-Wrv(t)l4-<_K . At allN, n,m>n.(11.2) El r r

i=n

Just to simplify the notation in the following development, we assume that the sen
are scalar valued.

Let d, be the r-algebra determined by Xo," ", Xn/l, sCo, , s,. Assume
(All.l) Thereisanintegerk >=OsuchthatforalIN, i, lEjn+,l<=(1

qN(t) N 1/2where a are real quantities satts1’ym =o c (At/) - 0 as N-->
oo, for each t, where we define

Let R (0, l) and1i,A be real quantities such that
qN(t)

N 1/2Y’, [R(0;/)[<oo, Y, fl,,j(Ats+,AtN+i) 0

as N- oo, ]’or each t.
(ml 1.2) ]E+,s%+,+1-R (0,/)1 < (1 / i,i+l, >= O, for some integer k >-

O, and all N, i, I.
(A11.3) There is a bounded function R (.,.,., .) and real number K such that

<-_R (i, j, k, l) and (where t, + s are restricted tojump times of
wl,, (.))

q(t+s)--I, R(N+i,N+],N+k,N+I)(At+i Abv+j Atr+k Ats+l)l/<-_Ks 2.
i,j,k,l =qN(t)

Discussion o[ the conditions. The conditions can all be weakened, but we do
not know their "best" form. Assumption (A11.1) replaces (A5.6). It describes the
type of mixing or summability condition that holds if the {sc, } were generated by
the solution to an equation such as

(11.3) n+i+l +aOn+i +aln+i-l ain
where the {ft, } are independent, Gaussian, zero mean, and identically distributed,
and the roots of [A i/1 + aoA’ +" + ai 0] are all strictly interior to the unit circle.

Similarly, (A11.2) holds for (11.3). If the noise {SCm } were a stationary process,
with Eii+l R (1), then (A11.2) would read

]EseN+i+i +l E+,Tr+i+l _--<(1

4 C[0, oo)=space of continuous functions on [0, oo) with the metric of uniform convergence on
finite intervals.
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The condition (A11.2) is a type of "asymptotic" stationarity (as X, - 0) combined
with a mixing condition. Conditions (All.1)-(All.2) are used to show that the
limit of {WS(.)} is a Wiener process, given tightness, and (A11.3), which implies
(11.2), also implies tightness. Also, it holds for (11.3).

Condition (A11.3) actually is not too restrictive. For example, it commonly
occurs that there are functions R (., .) such that R!i, j, k, l) <=R (i, j)R (k, l) +
/(i,/)/ (k,/’) +/(i, k)/ (f, 1), and where/(i, j) -<_Ma I-lfor some a 6 (0, 1), and
real M. Then the sum in (A11.3) is bounded above by

(11.4) 3M2(N(’s)-I a ’i-Jl(AtN+i AtN+j)I/2)
2

\ i,]=qN(t)

and, in turn, the bound in (A11.3) can be verified from (11.4). Note that (A11.3)
implies that:

(11 5)
For each t, there is an Ml(t) < co such that

EIWlV(t)l4 -<-MI(/), allN.

Under (A11.3), (11.2) holds and {WV(.)} is tight on D[0, co), and the paths of
any limit process are continuous w.p.1. Assume that {Uv} is tight on R. Then,
{US(.)} is tight also.

We will prove that the limit of {W(.)} is a Wiener process with covariance
Ro(O)=R(O; 0)+2 ’q__ R(O; i). First, some estimates are needed, let (t) be
the smallest o--algebra which measures {Ws(s), Us(s), s =< t}, and, for notational
simplicity, fix s, t, and set ms N+qs(t).

By (A11.1), and the definition of WS(t +s)- WS(t),
qN(t+s)--I

(11.6)
=qN(t)

We can write

Eo(WN(t +s)-- WV(t))2=

(11.7)

qN(t+S)--I

i,] ----qN(t)

1/2E e e(Ats+i Ats+) JN(t)N+iCN+j

qN(t+s)--I

AtN+iEt)N+i
=qN(t)

qN(t+s)--l--1

l-->l =qN(t)

By (A11.2), we can rewrite (11.7) as

qN(t+s)--I
R (0; 0) Y’. AtN+i

=qN(t)

(AtN+i Ats+i+l) -:’dN(t)N+i6oN+i+l

qN(t+s)--l--1(11.8) + 2 R (0; l) Y.
ll =qN(t)

(AtN+ AtN+i+l) 1/2 +Fs(t, s),

where the coefficients of the R (0; 0) or 2R (0; l) tend to s, as N-> co, and where

qN(t+s)--I

(11.9) IFt,s)l<-2(1 + ](,,,,l2) Y’. /3(Ats+, Ats+i) ’/2

i,j=qN(t)
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Let h(.) be a real valued bounded continuous function on some Euclidean
space R 2q, with tl," ", tq arbitrary real numbers -<t. Let {UV(.), WV(.)} denote a
weakly convergent subsequence. Let the limit process be denoted by U(.), W(.).
By (11.6) and the uniform integrability (11.5) and (All.I),

(11.10) Eh(WN(t,), UN(ti),i<=q)(W(t+s)-W(t))-O,

By weak convergence, and the uniform integrability (11.5), the left side of (11.10)
also tends to

Eh(W(ti), U(ti), <=q)(W(t +s)- W(t)),

which must thus equal 0. Similarly, (11.8), (11.9), (A11.2) and the weak con-
vergence and uniform integrability (11.5) yield that

Eh(ff’(ti), (t), _-<q)[(ff’(/+s)- ff’(t))2-Ro(O)s] O.

The last paragraph, together with the arbitrariness of h (.), t, s, t =< t, and the
continuity of W(.), w.p.1, imply that W(.) is a continuous martingale with
quadratic variation Ro(O)s; hence it is the asserted Wiener process.

Note added in proof. Tightness of {Un} and other recent extensions will appear
in a monograph (in preparation) by the author and D. Clark.
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HEREDITARY CONTROL PROBLEMS: NUMERICAL METHODS
BASED ON AVERAGING APPROXIMATIONS*

H. T. BANKS," AND J. A. BURNS

Abstract. An approximation scheme involving approximation of linear functional differential
equations by systems of high order ordinary differential equations is formulated and convergence is
established in the context of known results from linear semigroup theory. Applications to optimal
control problems are discussed and a summary of numerical results is given. The paper is concluded
with a brief survey of previous literature on this class of approximations for systems with delays.

1. Introduction. In this paper we consider a particular approximation
scheme which can be employed to solve optimal control problems governed by
linear hereditary systems (functional differential equations). The general idea may
in actuality be clearly viewed in the context of classical Ritz techniques where the
problem of minimizing a functional J over a space is approximated by a
sequence of problems requiring minimization over approximating spaces s. In
2 we show that the original functional differential equation system can be

equivalently formulated as a linear ordinary differential equation 2 .sgz +F in an
appropriately chosen Hilbert space. We then in 3 make use of classical approxi-
mation results from linear sem!r,oup theory (essentially the analogue of the
simple result" Ms->M implies e" -> e tt) to establish in a concise manner con-
vergence for a particular class of approximations. These approximations, which
involve approximation of the original infinite dimensional hereditary system by a
system of high ordermbut finite dimensional--ordinary differential equations,
have been proposed frequently in the literature. We illustrate application of these
ideas to a class of standard optimal control problems in 4 and present a brief
summary of our numerical experience (which has been documented in more detail
elsewhere [4]) using these techniques. Finally in the concluding section we
comment briefly on the numerous contributions to the mathematical and
engineering literature which are related to the type of approximations under
discussion here.

While we shall save for 5 our more detailed comments concerning the
literature, a remark or two here should suffice to put our presentation in this paper
in perspective for the reader. Essentially, we Carry out a particular case of the
general ideas for approximating optimal controls via the Trotter type approxima-
tions suggested in an earlier paper by DeJulio [17]. Sasai and Shimemura [54]
applied these ideas to obtain theoretical results for approximation of optimal
controls for problems with partial differential equations. In a more recent paper,
Sasai and Fukuda [53] attempted to apply the Trotter type approximation
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techniques to develop results for approximate controllability of simple differential
difference equations. However, their (formal, in part) presentation in [53] is
neither complete nor correct (see our detailed comments in 5 below). Use of the
Trotter type ideas in computing approximate optimal controls for functional
differential equation problems was first suggested by the present authors in [2] and
an extensive numerical study was detailed in [4], a summary of which constitutes
part of 4 below.

The Hilbert spaces (Z R" L2) chosen for our abstract formulation in 2
have by now been widely recognized as appropriate settings for the investigation
of certain problems involving hereditary systems. These spaces (or equivalents of
them) have been used in previous functional differential equation studies by a
number of authors including Krasovskii [20], [31], Coleman and Mizel [13], [14],
Borisovi6 and Turbabin [12], Delfour and Mitter [18], [19], Webb [62], [63], as
well as the present authors [2].

While our formulation and use of the Trotter-Kato approximation in 3
differs somewhat from that in previous presentations such as [2], [17], [53], [54]
(the present formulation, which emphasizes convergence of the sequence of
approximating infinitesimal generators and not that of a sequence of certain
associated projection operators, will encompass a number of other types of
approximation schemes in addition to the one that is the focus of our attention in
this paperdetails on these ideas will appear in forthcoming papers), the essence
of the ideas in this paper are not new. Indeed, as we point out in 5, all of these
various contributions to the approximation of optimal controls can be quite
correctly viewed as a special case of the classical Ritz techniques. Furthermore, as
we document in detail in 5, the use of the particular approximations (high order
ODE’s for the FDE) discussed here has been widespread in the mathematical and
engineering literature. However, in light of the often heuristic and/or incorrect
use of both the Trotter ideas and the high order ODE approximation ideas in the
literature, we feel that our presentations here, in addition to developing some new
technical aspects of these ideas, will serve to clarify and unify a number of partially
developed ideas in the literature. We offer a reasonably complete treatment (with
concise and correct proofs) of both the theoretical (precise statements of con-
vergence results are provided) and computational aspects of these very general
approximation ideas as applied to a very specific class of problems. Indeed, in 4
we report on our investigations of a number of test examples for which we have
found and made a comparison of both analytic and numerical (with these
approximations) solutions. To our knowledge, no such comprehensive treatment
currently exists in the literature.

Throughout the manuscript we shall use L,(a, b)= L([a, b], R ) to denote
the customary Lebesgue spaces of R -valued "functions" on [a, b whose compo-
nents are integrable when raised to the pth power. Whenever u n (the dimension
of the basic vector system under discussion) we shall write just Lp (a, b). The usual
Banach space c([a, b], R ) of continuous functions on [a, b] with values in RY
will be denoted by c(a, b) and similarly, the measurable functions ([a, b ], R)
on [a, b into R will be denoted simply by/(a, b). Again when u n we shall
simply write CO(a, b) and (a, b). We shall also have occasion to use the Banach
spaces Wt(a, b) Wp’([a, b ], R") of R-valued absolutely continuous functions
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possessing ] 1 absolutely continuous derivatives and/’th derivatives [61] that are
in Lp. For a measurable function s x (s), the notation x, will denote the function
in (-r, 0) given by x,(O)=x(t+O), -r<=O<=O. The vector space of nm
matrices will be denoted by ,,,, =(R", R") and we shall not distinguish
between a row vector and its transposed column form whenever it is clear from the
context which is meant. Furthermore we will use the same symbol I" to denote any
one of several norms when it is perfectly clear from the usage which norm is
intended. Finally (., )R" and (., )-2 will denote the standard inner products in R"
and L2 respectively while o-(A), 7r(A), and p(A) will represent as usual the
spectrum, point spectrum, and resolvent set in the complex plane C of an operator
A.

2. Equivalence of an FDE and an AEE. We consider the initial value
problem

(2.1) (t)=L(xt)+f(t), t >-0,

(2.2) x(0) r/, Xo=q

where rt 6 R", q L2(-r, 0), f L2(0, tl) for each tl > 0, and we make the follow-
ing standing assumptions for the presentation in this paper.

The linear operator L: (-r, 0) R" is such that when restricted to c(-r, 0)
it is continuous. Hence there exists a matrix function H: (-oo, 00)-.,. which is of
bounded variation, right continuous on (-r, 0) with H(s)= H(-r)= 0 for s _-<-r,
H(O) H(s) for s -> 0, such that for each q (-r, 0)

o

L(qg)= I- [dsH(sl]q(s).

We further assume specifically that the function s-H(s) consists of a saltus
function with a finite number of jumps plus an absolutely continuous part which
possesses an L2-derivative. That is, for tl>0 and x L2(-r, tl) the mapping
(equivalence class) g(t)= L(xt) can be written

0

L(xt) Aix(t-hi)+I_ D(O)x(t+O)dO
i=0

where Ai .,. and D 6 L2([-r, 0], ,,,.).
Following Borisovi. and Turbabin 12], we choose as our "state space" the

product space Z R" Lz(-r, 0) with inner product

For (r/, q)Z a solution of (2.1)-(2.2) is a function x, in L2(-r, tl) for each tl
such that x(t) is absolutely continuous (A.C.) for =>0, x satisfies (2.2), x
satisfies (2.1) a.e. on [0, c). It can be shown that for fLz(O, tl) for all tl >0 and
(r/, p) Z, (2.1)-(2.2) possesses a unique solution which depends continuously on
the initial data (r/, q) 6 Z (e.g., see [ 12]). We next define the underlying semigroup
on Z associated with the homogeneous (2.1)-(2.2). Define for t >- 0 S(t): Z-Z by
S(t)(rl,p)=(x(t),x,) where x is the solution of (2.1)-(2.2) with f-0. Then
{S(t)}t_o is a Co-semigroup. Using rather standard arguments (these results are
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discussed in [3], [12], [18], [62], [63] and, no doubt, other reports since they are by
now well-known to investigators working on these problems) one can then
establish:

(2.3) If denotes the closed and densely defined infinitesimal generator of
{S(t)}, then (4)= {(r/, p)6 Z[ q9 is A.C., q5 L2(-r, 0), and r/= o(0)} and
for (o (0), o) () we have 4(q (0), o) (L (q), b).

(2.4) r(4)o--Zr(4) and h r(4) iff det A(h)=0 where A(A)=
AI-_r[dsH(s)]ex.

(2.5) There exists a constant /3 such that o-(M) lies in the left half plane
{A CIRe (A) </3 } and for any e > 0, there existsM M.t finite such that

[S(t)l<=Me (E+)t, =>0.

Let us comment briefly on these results. The veracity of (2.4) follows from
arguments very similar to those found in Hale’s monograph [20, Lemma 20.1, pp.
99-100]. The distribution of the roots of det A(A)= 0 is also discussed in [20] as
well as [9] and the first part of (2.5) follows from those discussions. The second
part of (2.5) follows from the result often used implicitly in linear semigroup
theory, which we state precisely here as a lemma.

LZMMA 2.1. Suppose {T(t)} is a Co-semigroup with infinitesimal generator
and suppose T() is compact for some >0. If tr(g)c {h CIRe (h)<w} then ]’or
any e >0, there exists M=M,,, finite such that [T(t)l<=Me +)’, t >=0.

Finally, returning to (2.3), direct calculations easily reveal that 5
is A.C. with q5 6L2 and o(0) r/}c () and for (r/, 0) 6e, (r/, 0)= (L(q), b).
The reverse of the above inclusion is equally straightforward to argue as follows:

(r/, o) @() implies there exists (/z, )sZ such that as e 0, (i) [x(e)-
x(O)]/e Ix (which yields/z L(o)) and (ii) [x -Xo]/e 4, in L2(-r, 0), where x is
the solution of (2.1)-(2.2)with/= 0 corresponding to (r/, q). For e >0, 0 s [-r, 0],
define

(0) lf+ x(s) ds.
E aO

Then from (ii) we have that +(O)=(x(O+e)-x(O))/e q(0) in L2(-r, 0) as
e 0+ and, furthermore, (0) r/. Thus{} converges in the W(21) norm to some
function W(21) (in fact, (0) r/+ q,) and consequently (0) (0) a.e. on
I-r, 0]. But we also have o a.e. on I-r, 0]. That is, o a.e. on I-r, 0] and
is an absolutely continuous representative for the L2 "function" # such that
(n, ,)= ((0), ).

For (rt, o)Z and fL2(O,t), we define z(.; rl,o,f):[O, tl]Z (we shall
often suppress notation and write just z (. ;/) or even just z) by

(2.6) z(t; f)= S(t)(rl, 99)+ S(t-cr)(f(tr), O) dtr.

Wheneverf is sufficiently smooth (i.e., f C1) and (r/, q) (), this is equivalent
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to the abstract evolution equation in Z in differentiated form

: (t) 5gz (t) + F(t),
(2.7)

z (o) (n, ),

t>0,

where F(t)= (f(t), 0)Z for each t. We shall, in the sequel, sometimes refer to
(2.6) (or its sometimes equivalent form (2.7)) as the (AEE) while referring to
(2.1)-(2.2) as the (FDE). The following theorem concerning the equivalence of
solutions of the (FDE) and the (AEE) is established in [2] and improves and
extends earlier results of Borisovi6 and Turbabin [12].

THEOREM 2.1. Suppose (q, q)=(q(0), q)6(sg) and fGL2(0, ta) where
tl >0. Letting x(.; f) denote the solution of (2.1)-(2.2) corresponding to (q, q) and
[, we have

z(t; f) (x(t; f), xt(" ;f))

fort>--O.
The proof of the above equivalence can be made quite concise and involves

only observing that the result is valid for 0 andf sufficiently smooth and then using
elementary density and continuous dependence arguments. We remark here that
most of the results given in this paper extend easily to the case where Z
R x Lp(-r, 0), 1 <p < oo (see [2]).

3. Approximation results. Our concern in this paper is the approximation of
solutions of (FDE) via use of approximate solutions of (AEE). We shall in this
section carry out the details for a very specific class of approximations. These
results can be considered a special case of the general theory developed in [2],
although we shall give a slight reformulation of the approximation ideas here. In
this formulation it will be clear that it is the convergence of the approximating
infinitesimal generators to that is essential to the method while the convergence
of certain associated projection operators is of less importance.

The underlying tool for the method discussed in this paper is a semigroup
approximation result attributed to Trotter [28], [59], [60]. We shall employ here a
version of this theorem given by Pazy [42, p. 90]. Using standard notation [28, p.
485], byA G(M, ) we shall mean that A is the infinitesimal generator (i.g.) for
a Co-semigroup {T(t)) on a Banach space X satisfying

IT(t)l <-_Me tt, t >_O.

We state precisely the theorem fundamental to our discussions.
THEOREM 3.1. Let sg G(M, ) be the i.g. for a Co-semigroup {S(t)} on a

Hilbert space Z and suppose

sI e G(M, ) forN= l, 2,

,,cgUz -z for z e @, @ a dense subsetofZ,
(3.3) there exists A0 with Re (Ao) > fl such that (-AoI)N is dense in Z.

Then if {SN(t)} denotes the Co-semigroup generated by s, we have S (t)z -S(t)z for every z Z, t >-_ O, and, in fact the convergence is uniform in on bounded
intervals.
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Our use of this theorem will entail beginning with the i.g. for S(t) as defined
in 2 (see (2.3)) on the space Z =R x L.(-r, 0) and finding approximating
operators gN satisfying (3.1)-(3.3). We shall then be able to conclude the
convergence properties stated in the theorem.

Let us suppose for the moment that we have a sequence of approximations
gN: @()cZ-Z so that the conclusions of Theorem 3.1 obtain. Then for
fixed (r/, q) e Z we define, for f L2(0, tl) and t _-> 0,

(3.4) z2N(t; f)= SN(t)(l, qg)+ sN(t--r)(f(r), O) dcr,

and it follows directly that for t => 0, (t;f) z (t; f) where z(t; f) is defined in
(2.6).

We shall be interested in making such approximations when sgN" Z Zr is
bounded linear and Z is a finite dimensional subspace of Z. Then Sr(t) e
and the equation (3.4) can be equivalently written

(3.5)
ffz (t) M’1(t) + (f(t), o),

(0) (n, 0).

If (f(t), 0)6 Z for each t, then the differential equation in (3.5) is an ordinary
differential equation (ODE) in the finite dimensional space Z. If, in addition,
(r/, o) Z, then we see that (3.5) yields an ODE initial value problem in the finite
dimensional subspace Z of Z and the solutions of such a sequence of problems
are approximations for the solution of the initial value problem represented by
(2.1)-(2.2) or equivalently (2.6).

As we shall see below, for the specific approximations considered in this
paper, elements of Z of the form (:, 0), R", are in ZN for each N. However, as
one might expect, the initial data (r/, o) in general will not satisfy the requirement
(r/, 0)e ZN for all N. Hence to effect our finite dimensional ODE approximations
for (2.1)-(2.2), we use, in place of (3.4), the approximating system

(3.6) N sNz (t; f)= (t)pN(rl, o)+ SN(t-r)(f(r), O) dr

or, equivalently,

(3.7)
(t) gUzu(t) + if(t), 0),

z ’(o) t"(n, ),

where {PU} is a sequence of linear operators PU: Z ZN. If one then assumes that
in addition to (3.1), (3.2), (3.3), one also has PN(r/, 0) (r/, 0) for all (rt, 0) in the
desired initial data set [note that this is the only convergence requirement on the
sequence {PU}; specifically it is not in general necessary thatPz - z for all z 6 Z],
then once again one has the desired convergence of the approximate solutions:
z(t; f)-> z(t; f) for t=>O andfL2.
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We turn now to the particular case of the above quite general ideas that is the
focus of our discussions in this paper. We consider the retarded n-vector system

o

2(t)=Aox(t)+AlX(t-r)+I_ D(O)x(t+O)dO+f(t), t>0,

(3.8) x(0) 0(0), Xo= o,

where Ai ,,,, D L.([-r, 0], ,,), f L2(0, tl), and r > 0. For any positive
integer N, we partition the interval I-r, 0] into subintervals ItS, t-l], where
tff=-jr/N, =0, 1, 2.... ,N. Let X/u denote the characteristic function of
ItS, tr_l) for 2, 3,. N, with )(1 the charactertistic function of ItS, t]
[-r/N, 0]. We define the finite dimensional subspace ZN of Z by

(3.10)

(3.9) Z (r/ 0) Zl7 R" E vR"j Xj
j=l

Note that for R", (, 0)Z for each N as was needed in our discussions
above.

We next define the approximating operators M: Z Z by

(. 1 N (@
j=l

where

(311) qff ’1"1, qg; =--
N "It-1 N f t’i-’

=- --r q(s) ds, D=-3, D(s) ds,

j= 1,2,...,N.

We remark at this point that the i.g. s (see (2.3)) associated with (3.8) is given by
o

(3.12) s4(rl, )=-(Ao(O)+Alq(-r)+ I_ D(s)(s) ds,

for (r, q) ( (0), q) e (s).
Finally, we define the operators PN: Z Z by

(
N

(3.13) PN(r/,q)= r/, Y, o gj
j=l

Nwhere the qi are defined in (3.11). Observe that pN is a continuous projection of
Z onto the closed subspace Z.

From (3.11) and the definition of [. [z it follows easily that

(3.14) I12 l(n, )1, j 0, a,..., N,

(3.15) ID;I2 ID I, j 1, 2, , N,
r

where for (3.14) we obviously require N-> r in case j 0.
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We next establish, via several lemmas, some interesting aspects of the
approximations (3.10)-(3.11). That conditions (3.1)-(3.3) hold for these approxi-
mations will follow easily from these results and thus convergence of the
associated solutions approximating the solution of (3.8) will be assured.

LEMMA 3.1. The operators of (3.10) are bounded linear operators on Z
and hence generate Co-semigroups Su(t) e’t which are thus actually uniformly
continuous semigroups.

The proof of this lemma is rather straightforward in light of the estimates
(3.14), (3.15) and will therefore be omitted.

We observe that indeed the operators ,: Z-Zs are compact. Note that
this precludes compactness of Su(t) for any ->_ 0 since otherwise one would then
obtain that I Sv(t)-),k =1 (5Nt)k/k !, being the difference of a compact
operator and the limit of a uniformly convergent sequence of compact operators,
is compact on Z. We further remark that while thev are bounded, they are not
uniformly bounded on Z (otherwise use of the convergence results of the next
lemma along with the uniform boundedness principle would imply ’ of (3.12)
bounded on Z).

LEMMA 3.2 (Consistency). Let =- {(q (0,), q) 6 Zlq is continuously differen-
tiable on I-r, 0]}. Then is dense in Z andz -fz for z .

Proof. It suffices to show that for q9 6 c(l[-r, 0]

(i) Aoqr+AlpNN+ E --DpoAo(O)+AIp(-r)+ D(s)p(s)ds
1=1

and
N

N N(ii) --N(qV-l-qj )Xj q5 inL2(-r, 0).
i=lr

(i) Since po p(O) and pN= (N/r)-/ (s) ds, it follows immediately
that Ao+A Ao(-r). Further, note that

) ),1 rn D(s)ds = D(s) X(S) ds.

N NFor continuous it is easily seen that ] X] in L2(-r, 0) (we note that this
implies P z for z Z since the continuous functions are dense in Lz and

IPnl 1--see (3.13)) and thus one finds
o o

r f_ f_ ,Xi(s)-(s)]ds
N lol =l as

(ii) Given cl[-r, 0] define for j 1, 2,. ., N
(3.16) =sup {16(s)-6(0)1 Is, 0 gt, tg]
and let K sup {l(s)l Is E-r, 0].

Writing, for r ItS, tg],

(z) (tf) + ff (t)(r tf) + [ff (s) ff (tf)] ds,



HEREDITARY CONTROL PROBLEMS 177

it is readily seen that

(3.17) q (’r) q(tr) + (o(tc)(r- t;) +E()
where lE(r)l(r-t), r [t, t_]. It then follows from (3.17) that for
]=l,2,...,N

N ft tl3.8 r &=t+4t r

where ]FI (2N).
Using (3.18)we then find

at

{(o-}-(s as

+ ty-1 2

j=2 Jt r

e second term is bounded by (use the mean value theorem)

N frill 1 +]F +IF-I }2

Nr up

while estimates on the first term yield

o 1 F} e (s as--r/N J{ (0) 12
s, 21() +F[} ds

f: KNN 2 3 }2
ese estimates plus the observation thatg0 uniformly inj asN+m (uniform
continuity of on I-r, 0]) .yield the desired results and the proof of the lemma is
thus completed.

COROLLARY 3.1. Let z {( (0), )1 e W}. en

where here the O-term depends, o course, also on z.
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Proof. For to 6 C
(1) and s 6[tv, tJv_l] one has

where K sup {[q5 (:)11 I-r, 0]}. Thus one finds

and hence

=O
L2

From the above estimates one sees immediately that the convergence in part
(i) of the proof of Lemma 3.2 is O(1/N). Next, for to W), one observes that *defined in (3.16) satisfies

[rl <-_(r/N)

where/-= [(}Loo. It then follows from the estimates in part (ii) of the proof of
Lemma 3.2 that

{to/-1-to/}-b <__2 r3+rj 3r 2

L= N2 N/-K+
and thus the convergence in (ii) is O(1//. Combining these simple observa-
tions, one obtains the claimed order results.

LEMMA 3.3. Let be as in Lemma 3.2 andM as in (3.12). Then there exists a
real number 3/0 such thatforA complex with Re (A) > To, (M AI) is dense in Z.

Proof. From (2.5) we have the existence of To such that Re (A) > 3’0 implies
h p(M). That is, for such h, given w Z, (M-ADz w has a unique solution
z Z. Fix h with Re (h) > To. Then for (sc, $) 6 Z
(3.19) (L (to) Ato (0), q Ato (M AI)(to (0), to (:, 4’)

has a unique solution (to (0), to) (M). Thus for 4’ L2(-r, 0), the solution to of
(3.19) must be in W(21)(-r, 0). However if (sc, ,)eRn x (-r, 0) (which is dense in
Z) we see that the solution (to(0), to) of (3.19) must be such that q5 =hto +4’ is
actually continuous. Thus given any (sc, 0) eRn x (-r, 0), there exists (to(0), tO) in

solving (3.19). It follows that R"x (-r, 0)c (s4-AI)N and thus (M-AI)
is dense in Z.

Before stating the next lemma let us return momentarily to the approximate
system (3.6) for (3.8) when the approximations are chosen as in (3.9)-(3.11),
(3.13). The differentiated form (3.7). N(t) MNzN(t) + (f(t), 0),
(3.7)

z (0) P(tO (0), tO)
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can be written, upon defining the functions ev, e’,..., e by

(3.20) e (1, 0), ev= (0, XV), 1, 2,..., N,

and defining n-vector (column) coefficient functions w(t) by
N

(3.21) z N(t) Y, w(t)e,
]=0

as the equivalent n (N+ 1) dimensional vector system

ff N(t) ANwN(t) + col (f(t), 0,’’’, 0),
(3.2) Nw (0) col (p (O),pr,..., P),

N=col (w, wr, ", w) and the n(N+ 1) square matrix AN is definedwhere w
by

(3.23) AN

r N r N _:r.DAo -D -’DN-1 A "[-1

N--I -N--I 0 0

0 N--I -N--I

0 0 N--I NI

Here I is the n x n identity matrix.
The next lemma shows that, even though the approximations discussed in this

paper are not eigenfunction expansions, the spectrum tr(A N) -7r(AN) of the
approximating system ((3.7) with f 0) "converges" (loosely speaking; we make
this precise in the remark below) to the spectrum tr(4)= 7r(4) of the original
system ((3.8) with f 0). Recall (see (2.4)) that

zr(s4) {h e Cldet A(A) 0}

where for (3.12) one finds A(A)= AI-Ao-A1 e-*r-rD(O)e dO while

r(AN) {A e Cldet AN(A 0}

with AN(A) AIN AN, AN being given in (3.23) and IN being the n (N+ 1) square
identity matrix.

LEMMA 3.4. For fixed h C the sequence of ratios

det AN(1)
( +N/r)"N

converges as N o to det A(A).
Proof. We fix h 6 C. Then h -N/r except possibly for at most one value of

N and the quantities in the discussions below are well-defined for each value of N
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(with at most one exception). Define, for k 1, 2, , N, the n n matrices Ek by

N r N().i--k( N)
-j+k-1

()N-k( )
-N+k--1

(3.24) Ek =-- , -D A + -i-31 A +
]=k

It is easily verified that for k 2, 3, , N

(3.25) _EN_+E_,(A +) r

r -D’- O"

We further note that

(3.26) A -t-)EN-- r NDN-A =0.

Next we define the n (N+ 1) square matrix g by

where again I is the n n identity, and then consider the matrix g’(AIv-AV).
From (3.25) and (3.26) we find immediately that

(AIN AN)

AI-Ao-N--E1 0 0

0 NI

0 0-NIr
We thus have (e.g. see [43, p. 319]), using the fundamental properties of
determinants,

det ’ det (MN-AN)=det {’(AIN--AN)}

=det (AI-Ao-fE1){det [(A +f)I]}.
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But det ’ 1 and we thus find

(3.27)

det AU(A)=det {(AI-Ao-fE1)(A +f)N}
N r N --J

=det {[A/-Ao-a D, (N)(A +) -A()v(A +)-v](A +)u].
We observe that the expression in (3.27) is the same that one obtains by formally
expanding (using cofactors) along the first "row" of hIr-Ar. That derivation of
(3.27) is, however, valid only if the n square matrices A0, A a, D are scalar (i.e.
n=l).

Rewriting (3.27) slightly, we have shown

--N N r NdetAN(A)=det{[AI-Ao-Al(l+) -jl D/(1 +-)-’] (A +)N}
Consider the term involving the Y., which can be rewritten

N r ( -)-; f’-1 ( )-’IE Di 1+ O(O) 14- dO
j=l ./t7

0 N

dOI-r D(O){jl(O)(XWr)-]}
o

d(O)fN(O) dO

where we now define, as the characteristic function of (-]r/N, -jr/N+ r/N)=
(tr, tr- a). It is not difficult to argue that fN(O) - e as N- oo for a.e. 0 (-r, 0) and
that this convergence is dominated. We thus find

o o

I- D(O)[N(O) dO I- D(O)e dO

as No.
Recalling that (1+,r/N)- e -"r as N- oo, we obtain

AI-Ao-A1 1+ D 1+
"=1

0
--Ar [ hOM-Ao-A e D(O) e dO.

But for fixed h C (recall then h =-N/r for at most one value of N) it follows
from (3.27) that (for all but possibly one N)

det AN(A) (A +N/r)" det zN(h)
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where

7u(A)--- AI-Ao-A1 1+ -,ID 1+

Thus, since lim det zu(A) det A(A), we have that the desired conclusion obtains
for each fixed C.

Remark. To be precise, we proved in the above lemma that det Zu(A)
det A(h) as Noo. Given the definitions of 7r(Au) and r(), we see this
essentially yields that the sequence of characteristic functions determining the
eigenvalues of Au (save possibly the roots =-N/r) has as its limit the charac-
teristic function of the original hereditary system. Indeed, one can use the results
developed here in 3 to argue (we shall not give these since they involve rather
standard ideas and results from elementary complex analysis) that given any
Ao 7r(), there exists a sequence {A} of eigenvalues of the approximating
systems such that Ao 0. Conversely, if ,o r() and W is any finite neighbor-
hood of Ao withW fq 7r() , then r(u) f’l for all N sufficiently large.

LZMMA 3.5. For Zu, u as defined in (3.9), (3.10), we have (zU)Zc
ker (u) and the projections pU defined in (3.13) are (continuous) orthogonal
projections along (ZU)+/-

onto Zu.
eroof. Let (sc, q) (ZU)z so that

o

:n + I- q(0)cp(0) dO 0

for all (r/, q)6Zu. This yields immediately that : 0 and

N f ti-I, (O)vTdO =0

for arbitrary in R. Ths latter may be eqmvalently written ,_ , , O, from
which t follow that ;: O, j ], 2," ., . Thu (, ) (’) impHe O,

0, j 1, 2," ", N, and from (3.10) one thus obtains (,) 0. We note
that this also implies immediately thatP 0 on (ZN). Since it is clear that PN is
a projection onto the closed subspace ZN ofZ we thus have PN I on Z, PN 0
on (ZN)z and P is the (canonical) orthogonal projection of Z onto ZN along
(ZN) (e.g., see [58, pp. 241,333]).

Remark. Since Z, (ZN) are clearly invariant under we find that
(Z, (ZN)) completely reduce [58, p. 268] the operators S(t)=et, t 0.
Indeed we have SN(t) I on (ZN)z while SN(t) SN(t)P on ZN. Furthermore
since the (ZN, (ZN)) completely reduce S(t) (see [58, p. 270]) standard
arguments yield immediately that (SN(t)) exp {(AN)t} U {1}. Note further
that from Lemma 3.1 and standard results we have that

[SU(t)l <=Mu et3t, t >=0,

for constants flu and Mu. That one can in actuality obtain such a bound with M
and/3 independent of N is the conclusion of the next lemma.

LEMMA 3.6 (Stability). There exist constants M, fl such thatu G(M, fl for
all N.
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Proof. Since Z R" L2 is a Hilbert space, it suffices [32, pp. 85-90], [42, pp.
14-18] to show that there exists fl independent of N such that (MVz, z) <=fl(z, z)
for all z Z and all N (i.e., MN_ flI is maximal dissipative for each N).

Let z (r/, q) Z. Recalling (3.10), (3.11) we have

(,z)=(Ao+A+D ) +II(NNN ’’ {--}X,
R L2

T+ T.
Considering first the second term in this sum, we obtain

N N

i= i=

where we have used the fundamental inequality 2ab a + b. Using this inequal-
ity once again we find

T, IAol I1= + IA,I I1 I1+lOl I1 I1
r N-<lAol I’1 +1/2{IA 1121p l: + Iql:} +E ID’I Ij I0UI.

Combining these estimates for T and T: we have
N

T + T<{IAl +(IA=12+ 1)}112 +]1 IDlr I1 I1.
But with use again of the above mentioned inequality along with that of Cauchy-
Schwarz we further argue

,r ’- IO(s)l ds I(s)l ds

Recalling that ff we thus obtain

or, by choosing [Aol +( +IA
<, z> #{In = + I I=} <z, z>.

Recalling Theorem 3.1 and in particular the conditions (3.1)-(3.3), we now
conclude directly from Lemmas 3.2, 3.3 and 3.6 that for Z, as defined in
(3.9), (3.10) one has S (t)z eatz S(t)z for every z s Z. (In fact one can use
Corollary 3.1 to show that this convergence is O(1/ for sufficiently nice z.)
Further we have seen thatP defined in (3.13) satisfiesP z for z Z and our
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previous remarks reveal that zN(t; f) z(t; f) where zN is the solution of (3.6) (or
(3.7)). We note that this yields w(t; f)x(t; f) where w is the solution of
(3.22) and x is the solution of (3.8). In fact this convergence (zn z, Wo

n x) is
actually uniform in f for f lying in a bounded subset of L2(0, tl). The arguments for
this claim are given in the proof of Theorem 3.1 of [2]. It also follows immediately
(we shall use this result in 4 below) that for each fixed [0, tl], zl(t; fr)_
z(t; f) as N, K ,whenever frf weakly in L2(0, tl).

To conclude this section, we turn briefly to the modifications needed to
extend the above arguments and results (for (3.8)) to treat systems with multiple
discrete delay terms. Let us consider the modifications required when the lags are
given by ho 0, h r/2, h2 r. (Similar considerations are valid in the case of a
finite number of commensurate delays.) We thus consider in place of (3.8) the
system

ot"

(t)= Aox(t)+AxX(t- r/2)+ A2x(t- r)+ J_ D(O)x(t + O) dO +f(t),
(3.28)

x(0) q(0), Xo =0.
In this case we partition [-r, 0] into 2N subintervals ItS, t-l] where now

t -jr/2N, j 0, 1,..., 2N and Zn has the form

Vi Xi,vR
/=1

where nowX Xtt’,t’-ll, j 2, 3,..., 2N and X’ Xt-r/(2N).o].
The approximating operators n" Z Zn of (3.10) become

,N(r/, qg)=- oqg+A1qg+Aeq92NN+j1rDNjqg,N
,=1

(q9-1 q)XjNN

where

o=-rl, ql=___ q(s) ds, D=- D(s) ds, j 1, 2,"’, 2N.
r r

f--r/2+r/(2N)Observing that q 2N/r _/ q(s) ds - (- r/2) as N - c, one sees that
the arguments that dz -dz are essentially the same as those given in the proof
of Lemma 3.2.

Letting z(t) N
j=o w(t)e where the e are defined similar to (3.20),

j =0, 1,..., 2N, the approximate system (3.22) is an n(2N+ 1) dimensional
vector system with coefficient matrix AN given by

2N

o

-2N
I 0

2N -2N

i,i N r N r

2N
DN-, A1 +-Dr -’DN+I 2ND-’ Az+’Dt

2N -2N
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and initial data
Nw (o): (o),

Furthermore, modifications of the arguments in the proof of Lemma 3.4 yield that

det (AIN-AN) :det AI-Ao-A1 I *-N)-N-Az 1*--

and as N , the expression in square brackets has the limit

o

(1)=M-Ao-A e-"/-Ae-"- f_ D(O)e"dO,

which is the characteristic function for (3.28) (with of course f 0).
An extension of the results of Lemma 3.5 to include systems (3.28) is trivial.

However, the question of stability is slightly more ,difficult and we shall return to
that momentarily.

For general multiple (not necessarily commensurate) delays the system
equations have the form

o

(3.29) (t) Aix(t-h,)+ | D(O)x(t +0) dO +f(t)
i=0 d--r

where 0 ho < h <" hv r. The approximating infinitesimal generatorsM
associated with this equation (i.e. the analogues of (3.10)) are given by

(3.30) N r,-N N N NN(rl, q)= Aorl + Aiq9h -Ji- Z --LIj (Oj Z (qgj’N-l--(0j)Xj
i=1

where the index ji is chosen so that hi E [t, t_l) for each 1, 2,. , u. The
fact that the delays hi are now allowed to be noncommensurate (and not
necessarily a multiple of the basic partition increment) will greatly complicate
some of the notation (e.g., in the analogues of (3.23) the matrices A1,." ", A
need not stay in the "same" columns as we change the partition index N);
nonetheless, all the preceding arguments can with appropriate modifications be
extended so that analogues of Lemmas 3.1-3.5 hold for the general systems
(3.29).

To close this section, we return finally to the question of stability of the
approximations for (3.29). While the technical details are slightly more compli-
cated, the essence of the ideas given in the proof above of Lemma 3.6 combined
with ideas due to Webb [63] (see also Reddien and Webb, Numerical approxima-
tion of nonlinear FDE with L2 initial functions, to appear) concerning the use of
weighting functions in L2 type norms (we are grateful to both Professor Webb and
Professor Franz Kappel who independently suggested to us that simplified
stability arguments might be given via use of such weighted norms) can be
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employed to give a proof of stability (Lemma 3.6) of the "averaging" approxima-
tions for the general systems (3.29). (In this case, however, the Sv are no longer
contraction semigroups in Z but one does haveN G(M, ) withM> 1 and M,
/3 independent of N.) Thus, all the results of 3 (in particular, convergence of the
"averaging" approximations) obtain for general delay systems of the form (3.29).

We sketch briefly these stability arguments for the case D =0. Assume,
without loss of generality, that N is sufficiently large so that the lags hi,
1, 2,..., v, lie in distinct subintervals in the partition of [-r, 0] by {tv}. Let
jN= {/.,, j2,"" ", ju} be that subset of the indices {1, 2,..., N} such that hi 6

tj,-1) for 1, 2,. , v. Define the piecewise constant function -N (for each
fixed N) on I-r, 0) by

-v(0) av, 0 6 [t7, tV_l), /" 1, 2, , N,

when the aV’s are defined as follows"

aJ+l 1

and for N, N- 1,. , 1,

/aT+,+l if]6J,a=a+ ifjJN.
Let . , and (., .), denote respectively the norm and inner product in Z using the
weighting function , i.e.

o

d-

Using (3.30) (with D 0) and inequalities similar to those employed in the proof
of Lemma 3.6 above, we can argue that for any z (,) Z,

IAol + {1/2lm, .ji_ l(49jilNI2}
i=1

N

j=l

1 +1 v

=(IAo]+1 IAiI2+)II2.

Noting further that a v + 1 for all N (and indeed zu satisfies 1 zu(0) v + 1),
we thus find for all z 6 Z

since [. [z [" [u Y[" [z where y is independent of N. It follows that [[Su(t)][ e’
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where I1"11 is the operator norm induced by the rr norm on Z. From the
equivalency of the Z-norm and the rs norm on Z(independent of N) one then
obtains IS (t)l <=Me’ where ]. in this inequality is the operator norm induced by
the original norm on Z and where M and/3 are independent of N.

4. Approximation in optimal control problems. We apply the approximation
ideas discussed above to control problems governed by (3.8) where [(t)--
B(t)u(t), t- B(t) a bounded measurable ,, valued function and u , a
closed convex subset of L’(0, t). Throughout we assume (, o)=(o(0),rp)
().

Let go’R"-R , gx’L2(-r,O)-)R 1, and g2"L(O, tx)L(O, tl)-R be
continuous and define

(4.1) J(, "y,q, v)=-go(-(O))+gl(7-)+g2(q, v)

where (’(0), sr) Z is given.
Given u, let x =x(. ;u)=x(u) denote the solution to (3.8) on [0,

corresponding to f Bu. We then define

(4.2) (u =- J(x (tl), xtl, x (u ), u)

and our control problem is taken as:

() Minimize over

A typical example to which our theory may be applied is one where the gi are
given by

go(s (o)) (s (o))Oo(s (o)),
o

g,(,-sr)-= [ ((0)-(0))0,((0)-(0)) dO,

ga(q, v)=- {q(s)q(s)+v(s)v(s)} ds,

with W’, Oi e ,,,,, e ,,,.,,,, and Oi --> 0, _-> 0, > 0. In this case one finds

(4.3)

alP(u) (x (tl) (O))Oo(x (tl) (O))
o

I (Xtl(O)--(O))Ql(Xtl(O)--(O)) dO+
d--

+ {x(s)tx(s)+u(s)u(s)} ds,

where x is the solution of (3.8).
Introducing the approximations of 3 and writing zr of (3.7) as zC(t; u)=

(xr(t; u), yC(t; u)) where xC(t; u)R n, yC(t; u)L2(-r, O) (i.e., in the notation
of 3, xC(t)=w(t) and y(t)=Yi.=l w(t)x), we define the approximate
problems for problem () above as

(M) Minimize r over
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where

(4.4) N(u)=--JU(xU(ta; U), yU(ta; U),Xu(U), U)

with

(4.5) JU(, y,q, v)=-go(-(O))+ga(y-(u)+gz(q, v).

Here ,N =--y,i. X !.V defined as in (3.11)).
In the above mentioned example, the approximation to (4.3) becomes

dPlV(u (w(tl) ((O))Qo(w(tl) ((O))

(4.6)

+ {w(s)rw(s)+ u(s)u(s)} ds.

From the results of 3, we have immediately that for fixed u 0//, N(u)
(U) as N 0o (, N as in (4.2), (4.4)). In fact, we note that this convergence is
uniform in u on bounded subsets of q/and further that jN(sc, 3’, q, v) J(, y, q, v)
uniformly in (, y, q, v)R"L2(-r, 0) L2(0, tl) L’(0, tl).

We make the further assumptions"
H(i) gi is (continuous) convex, 0, 1, 2;
H(ii) N(vN) -- +00 if IvNI 00.

(This latter assumption obtains, for example, if go, g -> 0 and g2(XN(VN), VN)
as Id’l-, The assumptions regarding convexity and continuity that we

make here are actually much stronger than necessary to carry out the rather
standard arguments given below (e.g., see [8], [44]) and are made in this strong
form only to simplify our presentation.

Under the hypotheses H(i), one finds that u(u), u N(u) are convex and
indeed so are J and jN. Using well-known arguments one obtains that, under H(i),
H(ii) solutions ti, tN for problems (), (M)N exist. If furthermore J (and hence
jN) is strictly convex, these solutions are unique.

From H(ii) we see readily that {tiN} must be bounded in L’(O, tl) (if not,
laNk lO0 for some subsequence and then H(ii) contradicts the inequality
Nk(tN)__--<N(V) (V) <OO for v arbitrary in q/).

Now let {t2N} be a subsequence of {tN} such that aNt for some fi q/(
closed and convex is thus weakly closed). Then

zNk(t; aN)-z(t; a)

in Z for [0, ta] and from the weak lower semicontinuity of J, we find for v q/

(a)=J(x(t; a), y(tl; ),x(fi), )
<_ limJ(xN(t; (tN), yN"(tl; aNk),xN"(aN"), aN,)
limJN(xNk(tl; tN’), yNk(tl; N),xN(aNk), aNa)
limN(t7N <= limN(t7Nk <____ limN(v) (v),

which shows that t is in fact a solution of problem ().
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If one further has J strictly convex, standard arguments reveal that indeed the
sequence {aN} itself converges weakly to the unique solution t7 of (). We
summarize these claims in the following theorem.

THEOREM 4.1. Suppose H(i), H(ii) obtain. Then {u } has a subsequence
{t7} converging weakly to a control that is a solution of problem () and
furthermore()d(). If in fact J is strictly convex then the sequence
itself converges weakly in ,L(0, tx) tO the unique solution of the problem () and

We remark that if has the form given in (4.3), then under the above
assumptions, one in fact finds that tiN converges strongly in L’(0, tl) to

We turn next to report briefly on numerical results obtained using the ideas
developed above. More details of these results (along with additional examples)
may be found in [4]. We consider, for the sake of simplicity in demonstrating
numerical aspects of the approximations discussed in this paper, a problem ()
with having the form (4.3) with " 0, O 0, Oo 1/2G, /4/’-- 1/2O, 1/2R with
G _-> 0, Q _-> 0, and R > 0. Thus we in fact consider the original problem () with

(4.7) (u -[X (tl)GX (tl)] +- {x (t)Qx (t) + u (t)Ru (t)} dt.

For the system governing this problem we take (3.8) with D 0 and f(t) Bu (t)
and o-//- L ’(0, t). The approximate problems ()N become ones of minimizing

(4.8) N(u)=-[wN(t)GNwN(tl)]+- {wU(t)ONwN(t)+u(t)Ru(t)}dt,

where wu is the solution to (3.22) with f(t)=Bu(t) and the n(N+ 1)-square
matrices GN, ON are defined by

G 0 0 0 0 0

GN 0N _=

In this case the problems (4)u are nothing more than ODE linear regulator
problems and standard techniques can be employed to readily solve these
problems on the computer (see [4] for a complete discussion). We summarize now
a comparison of the solutions of ()u with that of () for several examples
(again, complete details are found in [4]).

Example 4.1. Let n=l, ta=3, G=3, O=0, and R=I so that (4.7)
becomes

(4.9)
3 1o3(u) [x(3)]2+ [u (t)]2 dt.

In (3.8) let A0 0, A1 1, r= 1, and/(t) u(t) (i.e., B 1) while q 1 so that the



190 H.T. BANKS AND J. A. BURNS

governing system is

(t)-x(t-1)+u(t), O<-t<_-3,

xo=l.
Using the maximum principle for delay systems (e.g., see [7] and the

references therein) one can argue (see [4]) that the optimal control for this
problem is given by.

6{-(t 2)2/2 3/2}, 0 <- <- 1,

a(t)= 6(t- 3), 1-t 2,

-& 2__<t=<3,

0.00

1.25

1.56-

-1.87-

:4+

00 .50 /d" 1.00 1.50

Z- TIME
/o

/.+

/o

2.00 2.50 3.00

a -I-

FIG. 4.1. Example 4.1.
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TABLE 4.1
Example 4.1.

5
9
13
17
20

N

1.5885
1.7006
1.7149
1.7206
1.7237
1.7252

1.7338

where 6 is given (approximately) by

6 .56231.

The optimal value of the cost functional (4.9) is found to be

(a) 1.7338.

In Tables 4.1 and 4.2 we list selected numerical values found forN N(tiN) and
-Nu (along with values for --(ti) and ti) for several values of N when the
method described above is applied to this example.

We note that the relative error between b and bN at N= 13 (i.e.
less than one percent. This good approximation ofN to

for N relatively small (N < 50 and in many cases N< 20) is typical of the rapid
convergence attained using the above method on a variety of examples such as
those detailed here and in [4].

Figure (4.1) contains graphs of ti 1, a g, and a (although Table (4.2) shows a
slight difference between ti

9 and ti 20, their graphs are essentially the same if one
uses the scale employed in Fig. (4.1)).

Time

0.0
0.30
0.61
0.91
1.20
1.50
1.80
2.10
2.41
2.72
3.00

-1.9650
-1.6283
-1.3501
-1.1204
-0.9446
-0.7876
-0.6608
-0.5611
-0.4873
-0.4404
-0.4249

TABLE 4.2
Example 4.1.

_9

-1.9667
-1.6517
-1.3882
-1.1670
-0.9914
-0.8240
-0.6823
-0.5850
-0.5464
-0.5418
-0.5417

-1.9663
-1.6518
-1.3898
-1.1731
-1.0016
-0.8309
-0.6813
-0.5761
-0.5534
-0.5529
-0.5528

-1.9681
-1.6656
-1.3867
-1.1775
-1.0122
-0.8435
-0.6748
-0.5623
-0.5623
-0.5623
-0.5623
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TABLE 4.3
Example 4.2.

5
9
13
17
20

2.8025
3.0255
3.0596
3.0730
3.0799
3.0833

Example 4.2. Let n 1, ta=2, G =3, O =0, and R 1 while Ao= 1,
A 1, r 1, q 1, and f(t) u (t). Then (4.7) and (3.8) are respectively

3 1 Io2(u) [x (2)]2+ [u (t)]2 dt,

(t)=x(t)+x(t 1) + u(t), 0-<_t-<2,

xo=l.
The exact solution to () with this choice of parameters can then be shown to

be

where

One then finds

6{e 2-’ + (1- t)e -’}, 0_<t=<l,
t(t)

6e 2-’, 1 =<t<2,=

6 =-.3932.

(ti) 3.1017.

Numerical results for the associated problems ()N for this example are
summarized in Tables 4.3 and 4.4.

TABLE 4.4
Example 4.2.

Time

0.0
0.19
0.39
0.59
0.80
1.00
1.20
1.41
1.61
1.81
2.00

-3.9685
-3.0455
-2.2869
-1.7183
-1.2925
-0.9741
-0.7366
-0.5602
-0.4305
-0.3365
-0.2747

_9

-3.9712
-3.1118
-2.3875
-1.8306
-1.4054
-1.0858
-0.8510
-0.6803
-0.5523
-0.4505
-0.3735

_20

-3.9734
-3.1201
-2.3973
-1.8376
-1.4082
-1.0884
-0.8604
-0.6961
-0.5678
-0.4635
-0.3842

-3.9737
-3.1182
-2.4083
-1.8533
-1.4014
-1.0687
-0.8750
-0.7093
-0.5807
-0.4755
-0.3932
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The above two examples (along with several more presented in [4]) are quite
simple. Indeed, they were chosen primarily because they are rather easily solved
exactly using the maximum principle and thus can be used to investigate numerical
convergence properties of the approximation methods that are the focus of this
paper.

As has been known for some time [41], delay equations which are quite
commonly encountered in physical problems often can be classified as belonging
to one of two typical categories: equations with retarded damping

(4.10) :’(t)+Ky:(t-r)+by(t) g(t),

and those with retarded restoring force

(4.11) :" (t) + k3) (t) +Ay (t r) g(t),

where in each equation g represents some externally applied force. Equations
(4.10) and (4.11) are special cases respectively of the more general equations

:’(t) +k (t) + Ky:(t- r) + by(t) g(t),

(an artificially produced damping term Ky:(t-r) is added to help control or
stabilize a system with insufficient natural damping kj(t); models such as these
have been used in the study of antirolling stabilization systems in ships--see
[39]-[41]), and

:(t) + k(t) + by(l) +Ay(t- r) g(t)

(an artificially produced restoring force Ay(t-r) is added to a dynamical system
such as that associated with the automatic steering of high velocity aircraft--again
see [41]).

The next two examples involve control problems with the typical systems
(4.10). and (4.11). While the control problems themselves are not taken from any
specific physical problems, the results reported below do demonstrate the efficacy
of our method when it is applied to problems involving systems arising directly in
certain areas of applications.

Nxample 4.3. Let n 2, t 2, G O
0

and R 1 so that

the payoff is given by

llo:cI)(u) 5[x(2)]2+ [u (t)] dt.

(;) (0 )In (3 8) we take Ao
0

A1 r 1, q and f(t)=
-1 0 u(t

The system is thus

(t)=x(t),

X2(t) =-Xl(t)-x2(t- 1) + u(t), 0--<_t--<_2,
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2.50-

2.18-

1.87

1.56-

.93-

.62-

.31

0.00-

/
-t-’/
!

-t-!
"/

4.4-+

3-

\

\

.33 .66 .99

a +4--i.++++

48

1.33

TIME

1.99

FIG. 4.2. Example 4.3.

which is the vector formulation of the scalar equation

;(t) +))(t- 1)+ y(t) u(t),

a controlled harmonic oscillator with retarded damping.
While the arguments for this example and Example 4.4 below are not as

simple as those needed in Examples 4.1 and 4.2, one can still use the maximum
principle for delay system control problems to obtain exact solutions. For this
example the exact solution is given by

][6 sin (2-t)(6/2)(1-t)sin (t-1), O-<t=<l,
tT(t) = 6 sin (2-t) 1 =<t=<2,



HEREDITARY CONTROL PROBLEMS 195

TABLE 4.5
Example 4.3.

5
9
13
17
20
48

.7379
2.3391
2.7390
2.9205
3.0238
3.0762
3.2587

3.3991

where

6 2.5599.

The corresponding optimal cost is

(a) 3.3991.

A representative sample of the numerical results for this example is presented in
Tables 4.5 and 4.6. Graphs comparing t2v and t7 for several values of N are given
in Fig. 4.2.

We observe that for this example the convergence ofu to b (relative error
9% at N 20) is not as fast as it is for the previously detailed examples. However
we are still able to obtain a good numerical approximation by using a larger
approximating ODE system (at N 48, relative error in the payoff is only 4% and
as Table 4.6 and Fig. 4.2 reveal, t48 is a reasonably good approximation for

TABLE 4.6
Exam 7le 4.3.

Time

0.0
0.20
0.41
0.61
0.81
1.02
1.22
1.42
1.62
1.82
2.00

_1

.6488

.8087

.9328
1.0080
1.0253
.9842
.8758
.7076
.4978
.2442

0.0

_9

1.1501
1.5745
1.8830
2.0474
2.0562
1.9207
1.6537
1.2919
.8846
.4251

0.0

_20

1.2628
1.6757
2.0154
2.1931
2.1924
2.0312
1.7355
1.3510
.9242
.4440

0.0

_48

1.2295
1.7261
2.0828
2.2694
2.2684
2.0889
1.7746
1.3785
.9443
.4536

0.0

1.2506
1.7584
2.1393
2.3284
2.3306
2.1260
1.8003
1.4029
.9495
.4583

0.0
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.54

.46-

.38

.30

.22

.14,-

.06
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/20

/
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FIG. 4.3. Example 4.4.

0

Example 4.4. Let n=2, t1=2, G=
0

O=
0

R=I, Ao=

) (0 ) () (0)) Theproblem()thus,AI=
_1

,r=l,o= andf(t)= u(t

becomes one of minimizing

(u) {[x1(2)]2+[x2(2)]2}+ [u(t)]2 dt
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subject to

TABLE 4.7
Example 4.4.

5
9

13
17
20

.1509

.1827

.1887

.1913

.1927

.1934

.1975

l(t)=x2(t),

z(t)=-x2(t)-Xl(t 1) + u(t), 0_-<t=<2,

X2 0

The system here is the vector equivalent for the scalar equation

," (t)+ 3)(t)+ y(t- 1) u(t),

which is a special case of (4.11).
The exact solution can be shown to be

-6) e-2 +[2tz -36 -(l -6)t] e’-1+6(t + 2)-lx, 0--<t=<l,
a(t)=

( _6) e,_+6, l=<t=<2,
where

Ix .5226194, 6 =-.0259256.
The optimal payoff is

(a) .197478
and numerical results for the approximating solutions are summarized in Tables
4.7 and 4.8. The relative error when comparing and 2o is found to be 2% and
as Fig. 4.3 shows, t720 is a very good approximation for tT.

TABLE 4.8
Example 4.4.

Time

0.0
0.20
0.41
0.61
0.81
1.00
1.20
1.41
1.61
1.81
2.00

_1

-.0307
.0127
.0638
.1083
.1648
.2270
.2967
.3766
.4633

_9 _20

.0136

.0652

.1159

.1619

.2133

.2701

.3377

.4200

.5124

.0192

.0728

.1240

.1689

.2181

.2740

.3418

.4248

.5179

-.0870
-.0336
.0247
.0802
.1327
.1759
.2206
.2782
.3455
.4278
.5227
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0.00-

-1.25

1.56

1.87"

-2.18-

-2.50

O0

/.

.33 .66 9 1.33 1.66 1.99

/ TIME

E

FIG. 4.4. Example 4.5.

Finally, we present numerical results only for a simple example for which
O 0. Although we have not solved for the analytic solution to this problem, we
present the numerical approximation results since they illustrate use of our
method on an example for which G 0 and O 0. Moreover, this example was
also considered by Delfour [18] and hence the interested reader may compare our
numerical results with those presented in 18]. If such a comparison is made, then
it is found that the numerical solutions are in good agreement.

Example 4.5. Let n 1, tl--2, G--0, O--1 and R 1 so that the cost
functional is

(u {Ix (t)]2 + [u (t)]2} dt.
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5
9

13
17
20

TABLE 4.9
Example 4.5.

1.5542
1.6243
1.6346
1.6387
1.6409
1.6419

Time

0.0
0.20
0.41
0.61
0.81
1.02
1.22
1.42
1.63
1.83
2.00

TABLE 4.10
Example 4.5.

-2.0877
-1.7177
-1.4156
-1.1649
-0.9528
-0.7692
-0.6051
-0.4523
-0.3025
-0.1460
0.0

t9

-1.9966
-1.6610
-1.3853
-1.1564
-0.9633
-0.7959
-0.6431
-0.4931
-0.3357
-0.1630
0.0

_20

-1.9908
-1.6559
-1.3798
-1.1511
-O.9604
-0.7974
-0.6481
-0.4981
-0.3386
-0.1641
0.0

Time

0.0
0.20
0.41
0.61
0.81
1.02
1.22
1.42
1.63
1.83
2.O0

TABLE 4.11
Example 4.5.

1.0000
.8166
.6947
.6187
.5787
.5683
.5843
.6256
.6937
.7922
.9038

_9

1.0000
.8328
.7274
.6723
.6561
.6670
.6965
.7419
.8067
.8983

1.0033

_20

1.0000
.8339
.7296
.6763
.6641
.6804
.7124
.7562
.8174
.9057

1.0091

In (3.8) let Ao 0, A 1, r 1, q -= 1 and f(t) u (t) and the governing system is
thus

(t)=x(t- 1) + u(t), 0_-<t_-<2,

Xo=l.
Selected numerical values for v, tN, and $v are given respectively in Tables 4.9,
4.10, and 4.11 while Fig. 4.4 compares the graphs of/1 and ti

9 (the graphs of t7 9

and t2 are indistinguishable using the scale chosen in Fig. 4.4).
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We conclude our presentation of numerical results by noting that while all the
examples presented above involve only scalar controls, examples with vector
controls are also discussed in detail in [4] and there it is demonstrated that the
numerical approximations also agree well with exact solutions for these examples.

In closing this section on numerical results, we shall also make a few brief
comments on CPU time and storage requirements for the approximation scheme
discussed here. The numerical results presented in [4] and summarized above
were generated by software packages developed on the IBM 360/67 (at Brown)
and the IBM 30/158 system (at V.P.I.). In many cases, the calculations were
checked by running the problems on both machines (on which different software
packages were employed). With regard to storage, very important factors appear
to be the approximation index N and the number of points at which one requires
values for the solution of the Riccati equation for the approximating (of dimen-
sion n (N + 1)) control problem. In our programs, we used, at various times, one of
several integration schemes (modifications of standard predictor-corrector,
Runge-Kutta, etc., schemes) and our comparisons indicate that choice of this
scheme can also be extremely important with regard to storage and CPU time
needed (in some cases, savings of up to 40%-50% in time can be effected by
judicious choice of an integration technique). However, our goal in carrying out
the numerical work was not so much to develop the most efficient software
packages but rather to demonstrate the feasibility of the method under discussion.
The reader should keep this in mind as we discuss storage and time requirements
in the following paragraph.

For n 1 there were, as one might expect, absolutely no problems with
storage (the method can easily be implemented on a 256K machine with little care
towards efficiency in use of storage). For systems with n 3 and 2 or 3 dimensional
control variables, one can carry out the computations necessary for
approximation indices N up to a value of 10 with 256K storage. As N gets very
large, one of course must expect to either work at developing efficiency of the
software packages (through use of interpolation for values between stored values,
etc.--we did only a little of this) or increase storage capabilities. For example, with
N 48 in Example 4.3 one has more than 4850 variables in the resulting Riccati
equation but increased storage to 512K is sufficient to handle runs of this nature.
This example (withN 48) was by far the most costly (in CPU time) example of all
those reported on in [4], taking approximately 3700 seconds ( $40) of CPU time.
The total amount of CPU time required for all the runs reported in Table 4.7
(Example 4.4 with N 1, 5, 9, 13, 17, 20) was about 900 seconds (= $10). For the
scalar Example 4.1, the total CPU time needed for the runs reported in Table 4.1
(N 1, 5, 9, 13, 17, 20) was approximately 260 seconds.

We have been involved in other computational efforts (using the scheme
described in this manuscript as well as other approximation schemes which fit into
the framework developed in 3) since the results reported in [4] were obtained.
While we do not claim that storage would be of no concern when implementing
the method for large vector systems (n => 5), our experience has indicated that
considerable savings can be attained (in both CPU time and storage required) by
minor alterations in the software packages employed to generate the data
reported above. Our efforts to date indicate that, with careful development of
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software packages, implementation of the approximation scheme discussed in this
paper is feasible (given the modern computational facilities available) for vector
systems with regard to both storage and CPU time requirements.

5. Comments on previous literature and concluding remarks. The so-called
Trotter-Kato type theorems (e.g., Theorem 3.1) were first developed [35], [59],
[60] in connection with an operator-theoretic presentation of finite differencing
techniques for partial ditterehtial equation initial value problems. DeJulio [171
several years ago suggested the use of Trotter type approximation results in the
development of computational techniques for optimal control problems.
Motivated by distributed parameter optimal control problems, DeJulio describes
an approach to approximation of solutions for fairly general abstract minimization
problems. While he doesn’t discuss any specific problems, he does indicate how
one might combine the Trotter approximation results (using "averaging"
approximations such as those given in (3.9), (3.11) and (3.13)) with the well-
known e-technique advocated by Balakrishnan. Related, but somewhat different
ideas for approximation of partial differential equation systems are presented,
along with an extensive bibliography, by Aubin in [ 1].

In a subsequent paper, Sasa and Shimemura [54] employ the Trotter theorem
to discuss theoretical aspects of approximations for solutions of optimal final value
and time-optimal control problems governed by abstract systems. Slightly
more general cost functions are treated in a similar fashion in [52] where it is also
shown how one might formulate a finite difference approximation scheme for a
controlled diffusion equation in the context of the Trotter type framework given in
[54]. Approximate controllability of differential-difference control systems is
discussed in [53] via use of the Trotter type approximation results and to our
knowledge, these authors were the first to suggest use of the Trotter ideas in
connection with differential-difference equation approximations. As we have
already noted certain parts of their treatment (of a different problemm
controllability-- from the one treated here) are formal in nature and other aspects
are incorrect. Specifically in [53] the relationship between solutions of the abstract
equation and the differential-difference equation studied there is vague. (A
concise argument to establish the equivalence of solutions of the AEE and FDE
were first given, to our knowledge, in [2].) Furthermore, there are what appear to
be nontrivial errors in [53] in the arguments that the Trotter approximations do
converge. Two errors, in particular, are perhaps worthy of specific mention. First,
the authors there incorrectly reduce the stability arguments to the question of
obtaining bounds for matrix operators. The reduction from operators on ZN (in
our notation above) to operators on R"N/I carried out in [53] does not involve an
isometric identification and the equivalence constants between operator normsin
Z and R"+1 that one obtains using that identification are themselves
dependent upon N. Thus, the arguments given in [53], even were they correct, are
not sufficient to yield stability of the approximating scheme studied there. Even if
the authors of [53] had used an isometric identification there is a second and more
fundamental, we believe, error in their argument. Sasai and Fukuda argue that

leat.I <- e -(N/r)t e (l2l+[31)t
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where 02, 03 are specified matrices. A careful analysis of the matrix 02 given in [53]
reveals that 1021--> x/(N/2) and thus the right side of the above inequality becomes
unbounded as N-. While one can make an isometric identification between Z
and Rnv+l) to correct the first abovementioned error, it is not clear to the authors
of this paper that arguments can be made to extend the ideas of Sasai and Fukuda
to give bounds for the resulting matrices that will ensure stability of the
"averaging" approximations of 3 of this paper.

There has been in the literature widespread use of the idea of approximating
differential-difference equations (DDE) by higher-order ordinary differential
equation (ODE) systems which are special cases of (3.22), (3.23). Much of the
justification for these approximations has been discussed, if at all, in at best
heuristic terms although Krasovskii [30] and Repin [46] did present convergence
arguments in a rigorous if somewhat inelegant fashion. One popular approach
(e.g., see [22], [45], [64]) to the heuristic arguments uses transfer function
techniques. Briefly, consider the simple system

o(t) Aoxo(t) +A lxo(t r) +f(t),

which, upon use of Laplace transforms, can be represented by

(5.2) o(s)F(s (s),

where F(s) sI-Ao-A e -rs. An associated input-output diagram (see Fig. 5.1)
involves the transcendental term e in one link. If this transcendental link is
replaced by N successive links (see Fig. 5.2) with rational fraction transfer
functions (1 + (.tiN)s)-1 the corresponding system becomes

(5.3)

I(t) Aox(t) +A lXt) +f(t),

2(t) N--{xl(t) xI(t)},

2t) N--{x
_

(t) x(t)}.

Ao

FIG. 5.1

30
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+ (r/N)s

+ (r/N)s

iv + (r/N)s
IV

FIG. 5.2

Simple computations involving Laplace transforms yield

(5.4) (s)Fu(s f(s),
where Fu(s)=sI-Ao-Al(l+(r/N)s)-u. Thus the system (5.3) is an
approximation to (5.1) since Fu(s)-F(s) as

As Krasovskii [30] points out, these higher order ODE approximations were
often (at least in their early periods of development and advocacy) based on
truncated Taylor series expansion arguments (e.g., see [26], [50]). For example, in
(5.1), identifying Xl (t) and Xo(t r) and then using equality in the approximation

xo(t) -Xo(t r) o(t r)r 31 (t)r,

one may replace (5.1) by

o(t) Aoxo(t) +A lXl (t) +f(t),

(5.5)
(t) --{Xo(t) X l(t)},

r
which is just (5.3) for N 1.

While our results (and those of others discussed below) substantiate the
validity of these approximations in certain situations, it has been known for some
time (e.g., see [39], [40], [41]) that indiscriminate and imprecise use of such
approximation ideas (as can be found frequently in the literature, especially in the
formulation of mathematical models for certain physical and biological processes)
can lead to substantial difficulties and, in some cases, to erroneous conclusions.
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Turning next to a brief summary of previous uses of approximations such as
(5.3), we remark that J,n-Wei [26] and Salukvadze [50] were among the first to
propose such approximations. They formally replace the true state x, in DDE
control problems by states (Xo(t),xl(t))=(x(t),x(t-r)) and use ODE control
methods (dynamic programming, linear regulator theory) for the replacement
system (5.5). Neither of these investigators addressed the question of convergence
but Krasovskii [30] later did. Considering closed loop optimal control problems
and employing argumeiats that relied heavily on special features of the quadratic
cost, closed loop (feedback) nature of his problems, he argued convergence of the
approximate (high order ODEmas in (5.3)) system states, optimal controls and
costs to those for the original DDE problem. At about the same type and
independently, Repin [46] gave convergence arguments for a similar
approximating system in the context of an investigation of the preservation of
uniform asymptotic stability under the approximation of the DDE by the ODE’s.
Repin also gave error estimates that revealed that the convergence essentially was
O(1/x/--N). In a later paper [34], Kurzhanskii showed that the convergence
arguments for the higher order approximations of Repin-Krasovskii could be
extended to treat nonautonomous variable-delay homogeneous differential-
difference equations.

In [31] Krasovskii announced a generalization of his approximation ideas for
an abstract class of approximations of which the results in [30] are a special case.
While the results of that later note are in the same spirit as those in [2], it is
apparent (even though no proofs were given in [31]) that Krasovskii’s approach
was quite different from that taken in [2]. We also note that Krasovskii in [30],
[31] was among the first, to our knowledge, to treat optimal control of linear
functional differential equation systems with quadratic cost in the context of the
R"L2 norm, a norm which was subsequently employed by, among others,
Coleman and Mizel [13], [14], Borisovi and Turbabin [12], Delfour and Mitter
[ 19], (see also [ 18] for other references to their extensive efforts on the regulator
problem), Webb [62], [63-1, and the present authors [2], I-3] in their investigations
of problems involving functional differential equations.

In [22] Ichikawa argued heuristically that one could derive necessary
conditions (i.e., a maximum principle) for control of problems with DDE systems
by first approximating the DDE by a higher order ODE (as in (5.3)), writing down
the usual necessary conditions for the approximating ODE problems and then
formally passing to the limit as N o. Similar heuristic ideas were employed in
[23] to develop necessary conditions for problems governed by partial differential
equation systems. A heuristic treatment (leading to formal and what appears to be
incorrect results) of the minimum time settling problem (i.e., problems with
terminal contraints x,1 0; see [5], [6], [10], [25], [29], [33], and the sum.mary in
[7]) along the lines of the Ichikawa arguments was given by Westdal and Lehn in
[64].

The Ichikawa approach was also employed by Soliman and Ray [55], [56] to
formally derive optimal feedback control laws for problems with systems
containing delays in both the state and the control variables. They observe that,
while the rigor of their approach is certainly subject to challenge, most of their
results agree in special cases with other rigorously obtained results and thus



HEREDITARY CONTROL PROBLEMS 205

conjecture that their results probably could be established with rigor. (Subsequent
results of Delfour [ 18], and the present authors [2], in addition to the earlier work
of Krasovskii [30], do indeed settle certain convergence questions raised by
consideration of the Soliman-Ray discussions.)

Ross and Fliigge-Lotz [48], [49], in their study of feedback control laws for
DDE constrained problems, made use of differencing techniques on associated
Riccati type equations. Ross and later Hess [21], who were apparently unaware of
the earlier Krasovskii papers [30], [31], observed that these techniques were
formally related to a high order ODE approximation for the original DDE.

Sannuti [51] and later Inoue, et al. [24] combined high order ODE
approximation ideas with singular perturbation techniques to give a formal
development of design of approximate optimal controls for DDE governed
problems.

Delfour [18]has recently completed a rather thorough investigation of
certain numerical shemes for an operator Riccati differential equation satisfied
by the feedback gains in the solution of the linear regulator problem with
functional differential equation systems. While his approach is somewhat different
from that in [2], [4] and the present paper, his results are closely related to both
our results and many of those cited above--in particular, those in [21], [30], 131],
[46], [48], [49], [55], [56]. Using "averaging" approximations (i.e., high order
ODE as in (5.3)) along with a simultaneous discretization in time (that is, a
simultaneous time and state discretization as contrasted to a discretization only in
the state employed in many of the above references), Delfour gives rigorous
convergence arguments for the state, costate, and Riccati operator variables as
well as for the optimal controls for the approximating discrete system control
problems. Numerical results for a number of examples (via solution of the
approximating Riccati equations) along with a comparison to the analytic solution
of the original problem in one instance (a simple example very similar to Example
4.1 above) are also presented. Delfour remarks [18, p. 79] that a study of his
numerical results seems to indicate that his overall approximation scheme is
0(1IN). An inspection of the numerical results of our approach (see [4], in which
a number of examples are given in which the numerical solutions are compared to
the analytic solutions) reveals similar convergence properties and it is not clear
which, if either, of these related schemes (simultaneous discretization of time and
state vs. initial approximation in the state only) is computationally superior when
one restricts one’s attention to quadratic cost, linear system problems. From a
theoretical point of view, Delfour’s treatment includes nonautonomous
functional differential equation systems and yields somewhat more detailed
information on the Riccati type variables in the problem while the approach in I-2]
and the present paper can be extended to more general cost functions and certain
nonlinear systems and does not require a detailed analysis of an infinite
dimensional Riccati equation. In addition, other approximation ideas [8], [36] can
be formulated (see [3]) in the general framework first detailed in [2] and modified
slightly in 3 of the present paper.

The relationship between our approach and truncated Fourier type
expansions (in terms of well-known special functions of mathematical physics)
leading to differential equations for the coefficients should now be clear to
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readers. Indeed, our approach in 3 can be considered in some sense a special
case of the general and well-known techniques discussed by Reeve in [45] if one
roughly identifies our Xv and wv of 3 with his p,, and a,, respectively.
Furthermore it is easily recognized that these are really special instances of the
fundamental idea which is the basis of classical Ritz-Galerkin techniques [11],
16], [27], [37], [38], [57]. Indeed, the results of 3 when combined with 4 of this
paper clearly constitute a special case of general Ritz type methods.

Finally, we point out that the "averaging" approximations of 3 (see (3.9),
(3.11), (3.13)) are well-known to investigators in approximation theory and enjoy
the classical least squares property. That is, given Xv, the coefficients qv of (3.11)
are exactly the solutions of problem of choosing av so as to minimize Iq--

N NEaj Xj [L_ (e.g., see [15, p. 92], [47, p. 31]).
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UN ALGORITHME DE MINIMISATION EN CHAINE
EN OPTIMISATION CONVEXE*

C . CARASSOt ET P. J . LAURENTt

Abstract. We consider the problem of minimization of a convex, nondifferentiable function on a
linear manifold in R n . We give a•general algorithm of "exchange" type which does not need any Haar
assumption and can be continued indefinitely .

Introduction . En 1934, Rémès [27], [28] a donné un algorithme itératif pou r
le calcul de la meilleure approximation d'une fonction continue par un polynôme ,
au sens de la norme de Tchebycheff . Différentes généralisations de cet algorithm e
ont été successivement proposées . En 1959, Stiefel [30], [31] a énoncé u n
théorème d'échange et l'algorithme associé qui permet de résoudre le problèm e
de Tchebycheff discret, c'est-à-dire, dans RN ; l'échange n'est plus lié au théorème
d'alternance de Tchebycheff . Dans la même année, Cheney et Goldstein [13]
décrivent un algorithme d'échange de principe identique pour la minimisation
d'une fonctionnelle convexe sur un convexe de RN. En 1967, l'algorithme d e
Rémès a été décrit dans un espace vectoriel normé arbitraire [19], [20] . Cela
permet notamment de traiter des problèmes d'approximation dans différents
espaces courants (espaces de fonctions sommables, espaces de fonction s
dérivables avec diverses normes, etc .) . Dans tous ces travaux, la description de
l'algorithme aussi bien que la démonstration de sa convergence restent toutefoi s
liées à une hypothèse de type Haar sur le problème .

Il était bien ressenti que l'hypothèse de Haar était trop forte : dans de
nombreux cas courants elle n'était jamais vérifiée et des expériences numérique s
ont montré que l'algorithme d'échange donnait encore d'excellents résultat s
lorsqu'elle n'était pas satisfaite . Une justification théorique de ce fait a été donné e
en 1972: la convergence de l'algorithme de Rémès généralisé a été démontrée [7] ,
[8] sans faire l'hypothèse de Haar mais en supposant que l'on ne rencontre pas d e
dégénérescences, c'est-à-dire de déterminant égal à zéro, au cours du
déroulement effectif de l'algorithme sur un exemple donné et avec des conditions
initiales données (hypothèse d'itérativité de l'algorithme) . En 1973, la mêm e
étude est faite dans le cas de la minimisation d'une fonctionnelle convexe sur u n
sous-espace vectoriel de dimension finie [22] .

Lorsque l'on admet que des dégénérescences (déterminants nuls) peuvent s e
produire, c'est-à-dire, si l'on renonce à l'hypothèse d'itérativité précédente, no n
seulement la démonstration de convergence n'est plus valable, mais l'algorithm e
lui-même doit être modifié . En 1965, Topfer [33]—[35] a donné, pour le cas d e
l'approximation uniforme de fonctions continues, le principe d'un algorithme
récursif par rapport à la dimension sans faire l'hypothèse de Haar . Il ne démontre
toutefois pas sa convergence . L'idée de l'algorithme de Tôpfer est reprise en 197 3
pour la minimisation d'une fonctionnelle convexe et sa convergence es t
démontrée [10] .

* Received by the editors April 2, 1976, and in revised form January 19, 1977 .
t Mathématiques Appliquées, Université de Saint-Etienne, 42100 Saint Etienne, France .
t Mathématiques Appliquées, Université de Grenoble, 38041 Grenoble, France .
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Par sa présentation même, de caractère récursif, cet algorithme restai t
toutefois purement théorique : en particulier l'arrêt effectif des sous-algorithmes
qu'il mettait en oeuvre dans les différents niveaux de récursivité avait été mal
étudié; de même le démarrage d'un sous-algorithme à l'apparition d'un e
dégénérescence était resté dans l'ombre .

L'algorithme nouveau que nous présentons est une extension de l'algorithm e
de Cheney–Goldstein qui s'inspire de l'algorithme de Topfer mais en évitant le s
inconvénients énumérés ci-dessus. Tout d'abord il n'est pas récursif : la récursivit é
est en quelque sorte explicitée ; la notion qui remplace la récursivité est celle d e
chaine d'annulateurs minimaux introduite au § 3 . Une version généralisée e t
complétée du théorème d'échange de Stiefel est donnée au § 4 ; elle permet d e
préciser exactement le mécanisme de création d'un nouveau niveau dans un e
chaine (ce qui correspondait au démarrage d'un sous-algorithme dans la versio n
récursive). En outre, la stratégie générale de l'algorithme est profondémen t
modifiée : elle dépend de la précision avec laquelle on souhaite connaître l a
solution et de la précision avec laquelle les étapes intermédiaires sont pratiquées .
On montre que la précision fixée a priori est atteinte après un nombre fini
d'itérations .

Nous nous sommes limités ici à la minimisation d'une fonction convexe
nondifférentiable (définie comme une borne supérieure d'une famille de fonctions
affines) sur une variété linéaire (domaine défini par des contraintes linéaires d e
type égalité) . Le même algorithme peut être étendu au cas où le domaine est u n
convexe fermé défini par un nombre infini d'inégalités linéaires (cf . [23]) . Pour
l'application de cet algorithme à des problèmes de recherche d'un meilleur
approximant, nous renvoyons à [11] .

L'algorithme proposé ici étant une extension des algorithmes de Cheney -
Goldstein ou Rémès (il coïncide avec eux lorsqu'on ne rencontre pas d e
dégénérescences) son efficacité est comparable à celle bien connue de ce s
algorithmes, notamment lorsqu'il s'agit de problèmes d'approximation avec de s
normes non différentiables . L'avantage du nouvel algorithme réside dans le fai t
que l'on s'est libéré des hypothèses très fortes qui étaient nécessaires pour assure r
le fonctionnement et la convergence des précédents .

Signalons que divers algorithmes ont été proposés par ailleurs pour l a
minimisation d'une fonction convexe non différentiable . Contrairement à
l'algorithme présenté ici qui est de type dual (méthode de montée), la plupart
d'entre eux sont des algorithmes directs (méthodes de descente) . Citons le s
méthodes de type "plus profonde descente" (Demjanov [14], Bertsekas an d
Mitter [3]) et celles de type "gradient conjugué" proposées récemment par
Lemaréchal [25] et Wolfe [37] pour la minimisation sans contrainte d'une
fonction convexe non différentiable (avec des hypothèses différentes, par
exemple d'uniforme convexité) .

Ces auteurs n'ont pas comparé numériquement leurs méthodes à
l'algorithme plus ancien de Cheney-Goldstein . On peut toutefois penser que le s
algorithmes directs mentionnés ci-dessus donnent leurs meilleurs résultats lors -
que la non-différentiabilité de la fonction à minimiser est limitée (exemple : born e
supérieure d'un petit nombre de fonctions quadratiques) alors que l'algorithm e
dual de Cheney-Goldstein et ses extensions conviennent bien pour des fonctions
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convexes dont le caractère non différentiable est fort (un cas typique est celui des
fonctions convexes que l'on rencontre dans l 'approximation au sens de
Tchebycheff ; cf . [11], [18]-[20], [24]) .

1 . Enoncé du problème et hypothèses . On désigne par E l'espace Euclidie n
de dimension n et on note (x, y) le produit scalaire ordinaire de x et y dans E.

1 .1. Le problème de minimisation. On désigne par b et c des application s
bornées d'un ensemble quelconque T dans E et R respectivement (i .e ., b(T) et
c (T) sont des ensembles bornés de E et 68). On définit la fonctionnelle f par

f (x) = sup ((x, b (t)) – c (t)) .
re T

On montre facilement que f est une fonctionnelle convexe continue défini e
sur E à valeurs dans R .

On définit une variété affine W par

W ={x EEI(x,f3i)= j—1, . . , ko} ,

où les 13 ;, j = 1, • • • , ko, sont des éléments linéairement indépendants de E et les
j = 1, • • • , ko, des nombres réels . La variété affine W est parallèle au sous-

espace vectoriel

V — {x E El (x, 0j) — 0, j =1, .

	

, k o} ,

qui est de dimension no = n – ko .

On considère le problème de la minimisation de f sur W. Posons :

a= inff(x) .
xE W

On suppose que a est fini et on s 'intéresse à l'ensemble S des solutions :

S={.ÏE W If(z) =a} .

On dira que x E W est une solution à E près de (P) si l'on a f(i)– a e .

1..2 . Hypothèses. On fera l'hypothèse suivante :

L' ensembl e

(H)

	

K = {x E VI (x, b(t)) O, pour tout t E T}

est un sous-espace vectoriel de E.

Remarquons tout d'abord que l'ensemble K précédent est égal au cone
asymptote (cf . [21]) de tous les ensembles :

SA = {x e WIf( x ) A } ,

qui sont non vides . En particulier, s'il existe A E ll tel que SA soit non vide et borné,
alors K est réduit à {O} et l'hypothèse (H) est donc vérifiée .

Soit f* la polaire de f, épi f* =1[y, A} E E x RI f * (y) A } son épigraphe e t
dom f * = {y E E I f *(y) < oo} son domaine effectif . Si l'on note d l'application de T

(P)
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dans E x R définie par d (t) _ [b (t), c (t)], on montre facilement que

épi f* cô d(T)+{0} x [0, +oo] ,

où cô fl désigne l'enveloppe convexe fermée de SZ, et l'on en déduit :

dom .f* cô b (T).

On sait (cf . [21]) que a est fini si et seulement si 0 E dom f+ V1. On
démontre alors, (en utilisant le théorème 7.7.3 de [21]) que l'hypothèse (H) est
équivalente à :

(H')

	

0 E ir co b(T)+ V1 ,

où ir SZ désigne l'intérieur relatif de SZ .
L'hypothèse (H) (ou (H')) a les conséquences suivantes :

(i) L'ensemble S des solutions est non vide .
(ii) Il existe k E III tel que pour tout x e V on ait :

sup 1(x, b(t))1 5— k sup (x, b(t)) .
tET

	

te T

(iii) Il existe y E D8 et S E D8 tels que pour tout x E W on ait :

sup 1(x, b(t))—c(t)~ yf(x)+S .
t E T

1.3. Exemples. (a) Soit X un espace vectoriel normé dont la norme est noté e
(l • I~ . Soient v 1 , v 2 , • • • , v,,, w des éléments linéairement indépendants de X. On
cherche l'élément x E E vérifiant :

(x , =

	

j .—1 , ., k0 ,

(où i9; E E et y; E j = 1, • • • , k 0 ) qui minimise la fonctionnelle

n

f(x ) = E xivi — w
i= 1

Il s'agit donc du problème classique de la meilleure approximation dans un e
variété affine de dimension finie d'un espace vectoriel normé . On remarque que
l'on peut toujours écrire :

f(x)= max ((x, b(l))—c(1)) ,
IEB '

où B' désigne la boule unité du dual X' de X et les applications b et c sont définie s
par

b(`)- [1(vl), . . . , l(vn)] et c(l) = i (W) .

(b) On reprend l'exemple précédent mais ave c

f (x) = sup
n

E xi vi — w
W E C i=1
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où C désigne une partie bornée de X. Ce problème a été étudié dans [24] . On
remarque que la fonctionnelle f peut s'écrire :

f (x) = sup ((x, b (l, w )) — c (l, w ) )
[l,w]EB'x C

avec b (l, w) = [1(v 1 ), • • • , l (vn )], qui est en fait indépendant de w et c (l, w) =
1(w).

Pour ces deux exemples, toutes les hypothèses précédentes (y compris (H))
sont vérifiées .

2 . Annulateur minimal . Soit Y un sous-espace vectoriel de dimension d de E
et désignons par (v 1 , • • • , V d ) une base arbitraire de V.

2 .1 . Definitions. (i) Un sous-ensemble A de T sera appelé annulateur de Y
si l'on a co (b (A )) fl Yi 0 0 ; autrement dit, s'il existe des éléments t1, • • • , tm de
A et des poids correspondants p1 0, • • • , pm 0, E7=1 pi = 1 tels que l'élément
E rin= l p i b (ti ) appartienne à Y1 .

Si l'on définit l'application a de T dans Rd
par

a (t) = [(v , 00),

	

, (vd, b(0)] ,

alors A est un annulateur de Y si et seulement si 0 E co (a(A)) .
(ii) Un annulateur A de Y sera dit minimal s'il n'existe pas d'annulateur d e

Y qui soit strictement contenu dans A .

2.2. Propriétés des annulateurs minimaux . Nous énonçons sans démonstra-
tion quelques propriétés des annulateurs minimaux (en abrégé a.m.) qui seron t
utiles pour la suite :

(i) En utilisant le théorème de Carathéodory [21, p . 74], on montre que tou t
a.m . de Y a au plus d + 1 éléments .

(ii) Un sous-ensemble {t1, • • • , tk+1} comportant k + 1 éléments distincts
est a.m . de Y si et seulement si les deux conditions suivantes sont vérifiées :

(a) il existe des coefficients pi > 0, E i=1 pi = 1 tels que Ek1 pib (ti) E

V1, ce qui revient à dire que 0 e ir co (a (A )) ;
(b) la variété affine L engendrée par a(A) est de dimension k.

(En tenant compte de (a), on remarque que cette variété affine L passe par
l'origine et qu'elle est en fait égale au sous-espace vectoriel engendré par k
quelconques des éléments de a(A). )

(iii) De façon équivalente, un sous-ensemble A de T est un a.m . de Y si e t
seulement si co (a(A)) est un simplexe de Rd (cf. [29, p . 12]) qui contient 0 dan s
son intérieur relatif.

(iv) Un sous-ensemble A = { t1 , • • • , tk+1} de T est un a.m . de Y si et
seulement s' il existe des coefficients strictement positifs pi uniques vérifiant
E

k+l lpi = 1 tels que E
k
i=

+
1 pib (ti ) E Y1 . Ces coefficients seront aussi notés pA (t),

t E A (on a pA (ti ) = pi ) et seront appelés les poids associés à A (et à V) .
(v) Etant donnés des éléments fixés t 1 , • • • , tm de T, considéron s

l'ensemble :
m

	

m
P={p E RmÎpi>0~ i =1 , . , m ; E Pi = 1 ; E pib (ti )E

i=1

	

i=1
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Un élément p E P définit un annulateur A = {ti I i = 1, • • • , m, pi > 0} de V qui est
minimal si et seulement si p est un point extrémal de P. De la même façon, s i
y E VI est fixé, un élément p appartenant à l'ensemble

m

	

m
Q ={PE Tr IPi>O~ i=1, . . , m ; E pi = 1 ; E pib( ti) = y }

définit un annulateur A = {ti 1i = 1, • • • , m ; pi > 0} de V qui est minimal si e t
seulement si p est un point extrémal de Q.

(vi) Si Ao = {t1, ' • • , tk+•1} est un a.m . de V, le sous-espace vectorie l

Vo={x E VI(x, b(ti))=0, i = 1, . . . , k+1} = {x E VI(x, b(ti ))=0, i = 1, . . . , k}

que l'on appellera noyau de A0 dans Y, est de dimension d — k .
Un sous-ensemble A1 = {u1, • • • , uh+1} de T est alors a .m . de Vo si e t

seulement si les deux conditions suivantes sont satisfaites :
(a) il existe des coefficients µi > 0, Ei=1 p,i = 1 tels que Ei

=h+ l
1 µfa (u i ) E Lo ,

où Lo est la variété affine de dimension k (qui est en fait un sous-espace
vectoriel, cf . (ii)) engendrée par les a (ti ), i = 1, • • • , k + 1 ;

(b) la variété affine (en fait sous-espace vectoriel) L 1 engendrée par le s
éléments a (ti ), i = 1, . • • , k + 1 et a(u), i = 1, . • • , h + 1 est de dimensio n
k + h .

2.3. Minimisation de la fonctionnelle polyédrale associée à un annulateu r
minimal . SoitA un a .m . de V. Considérons la fonctionnelle polyédrale fA associée
à A qui est définie par

fA (x) = max ((x, b (t)) — c (t)) .
tE A

Il est clair que fA est une minorante de f.

Soit 2V une variété affine parallèle au sous-espace vectoriel Y (c'est-à-dire ,
s'en déduisant par translation) et étudions le problème de la minimisation de fA
sur W. Posons :

(PA)

	

aA = inf fA (x) .
XE W

On démontre que a A est fini et que l'on a :

aA = E PA ( t )((xo, b (t)) c ( t ))
tE A

où xo est un élément arbitraire de W. De plus l'ensemble WA =
{x E WI fA (x) = a A } des solutions de (PA ) est donné par

WA = {x E Wl (x, b (t)) — c (t) = aA , pour tout t E AI .

C'est une variété affine parallèle au sous-espace vectorie l

A = {x e V/'I(x, b (t)) = 0, pour tout t E A} ,

qui est le noyau de A dans Y. Si Y est de dimension d, et si A comporte k + 1
éléments, 'VA est donc de dimension d — k .

La solution de (P A ) est donc unique si et seulement si k = d.
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2.4 . Problème dual associé au problème (P) . Appelons si l'ensemble des
annulateurs minimaux de V. On a alors :

THEOREME . Le montant a du problème (P) vérifie :

a = sup E pA (t)((xo, b(t))–c(t)) ,
A E .s;i tE A

où xo est un élément arbitraire de W et pA (t), t E A sont les poids associés à A et
à V.

Démonstration . Etant donné £ > 0, arbitraire, on va montrer qu'il exist e
A E si tel que

E pA ( t)((x o, b (t)) -- c (t)) > a – £ .
tE A

On sait que l'on a (cf . [21]) :

a =

	

max

	

((xo, y ) – f*(y)) ,
yEdom(f*)n v-'-

où xo est un élément arbitraire de W.
Le demi-espace ouvert de E x 1J :

D = {[y,A]EExlI(xo, y) – A> a– E }

coupé donc épi (f *) (-1 (V1 x R), donc aussi co (d(T)) (1(V' x R). D'après
l'hypothèse (H'), l'ensemble (ir co b (T)) (1 V1 n'est pas vide . Il en résulte que
co (d (T)) (1(V' x (il) est la fermeture de co (d (T)) f (V' x If) et ainsi l 'ensemble

D n co(d(T))n(V' xll )

n'est pas vide . Soit [y, A] un élément de cet ensemble .
Il existe t 1 , • • • , tm E T et µi 0, i = 1, • • • , m, ~m 1 µ i = 1 tels que

m

	

m

y = E µib (ti ),

	

A = E pc(t )
i=1

	

i= 1

et (xo, y ) – A > a – e .
Définissons l'ensemble :

= PEOrlpi>Q~ i - 1 , . .

Comme µ E Q, on a :

m

	

m
min E pic (ti) E µic (ti) = /i .
pEQ i= 1

	

i= 1

Comme Q est un convexe compact, il existe au moins un élément p extrémal de Q
pour lequel le minimum est atteint . Soit I = {i E 11, • • • , m } Ipi > 0} et A =

{ti I i E I} . D'après § 2.2(v), A est un annulateur minimal de V et l'on a E i EIpi c (ti )
A, donc :

(x0, E 0(0)– E pic (ti ) > a — E .

m

	

m

, m ; E pi = 1 ; E pib ( ti ) = Y I .
i = 1

	

i=1
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L'algorithme que nous allons décrire est dual dans le sens qu'il s'attache
plutôt à résoudre le problème de maximisation qui est défini dans le théorèm e
ci-dessus. Etant donné un nombre e > 0, il fournira une séquence fini e
A 1 , A 2 , • • • , A µ d'annulateurs minimaux de V et une séquence associé e
x 1 , x 2 , • • • xµ d'éléments de W telles qu e

a' = E PAv (t )((x o, b (t)) — c (t))
tEA v

forme une séquence non décroissante, avec f (x µ) – a ' e, ce qui entraîn e
simultanément a –a' e et f (x µ) – a e, donc en particulier que x µ est une
solution à e près de (P).

3 . Chaine d'annulateurs minimaux. Soit A 1 un annulateur minimal de V.
Appelons fi = fAi la fonctionnelle polyédrale qui lui est associée et considérons la
minimisation de fi sur W. Notons a l le montant du minimum, W1 l'ensemble des
solutions et V1 le sous-espace correspondant auquel Wl est parallèle . Si A 1
comporte k 1 + 1 éléments, le sous-espace V1 est de dimension n i = no – k 1 =

n –ko–k 1 .
On refait la même construction mais relativement à V 1 : Si A2 désigne un

annulateur minimal de V1 comportant k 2 + 1 éléments, on forme la fonctionnelle
f2 = fA2 et on note a2 le montant de son minimum sur W1 , W2 l'ensemble des
solutions et V2 le sous-espace vectoriel de dimension n 2 = n 1 -- k 2 = no–Ei= o k i
auquel W2 est parallèle .

On continue ainsi de proche en proche cette construction .

3 .1 . Chaine d'annulateurs minimaux.
DEFINITION . On appelle chaine d 'annulateurs minimaux (en abrégé chaine )

une séquence finie d'annulateurs minimaux ce = {A 1, • • • , Am} obtenue comm e
ci-dessus pour laquelle on a Vm = {0} .

En résumé, si l'on pose Vo = V, la séquence {A 1 , • • • , Am} est une chaine s i
l'on a :

Ai est un annulateur minimal de Vi _ 1 ,

Vi = {x E Vi _ 1 I (x, «0) = 0, pour tout t E Ail ,

i=1, ••• , m ,

Vm ={0} .

3.2. Solution associée à une chaine . A une chaine ce = {A 1 , A2 , • • • , Am }
sont associées de façon automatique, comme on l'a vu plus haut, la séquence des
fonctionnelles polyédrales :

{f1,f2,, fm } ,

la séquence des variétés affines (ensembles de solutions successifs) :

{W1,W2, . . ., Wm } ,

et des sous-espaces vectoriels correspondants :

{ V1, V2, . . . , Vm }

	

(avec Vm = {0}),
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la séquence des montants des minima de f sur

{a 1, a2,

	

, am} .

Comme Vm = {O}, la variété affine Wm est réduite à un point x = xce qui es t
appelé solution associée à la chaine 6 .

Le calcul de x = xc et des montants a 1 , a 2 , • • • , a m se fait en résolvant le
système linéaire suivant qui a n + m équations et n + m inconnues (et qui a une
solution unique) :

(x, a;) = y;, j =1, • • , ko

	

(ko équations )

(x, b (t)) — ai = c (t), t E Ai,

	

(ki + 1 équations) ,

i=

	

••• m

Donnons la structure de ce système dans le cas particulier où n = 5, ko = 1, k 1 = 2 ,
k2 = 1, k3 = 1, en notant Ai = {ti,1, .

	

, ti,k i+1} :

N1 0 0 0

b(t11) -1 0 0

b(t 12 ) -1 0 0

b(t 13 ) -1 0 0

b(t 21 ) 0 -1 0

b(t22 ) 0 -1 0

b(t 31 ) 0 0 -1

b(t32 ) 0 0 -1

3.3. Chaine régulière .
DEFINITION . On dira qu'une chaine = {A 1 , . • • , Am } est régulière si tous

les annulateurs minimaux qui la composent sont constitués d'au moins deu x
éléments, c'est à dire si k i 1, i = 1, • • • , m.

Si la chaine est régulière, Vi a donc une dimension strictement inférieure à
celle de Ainsi la longueur m d'une chaine régulière (c'est-à-dire, le nombr e
m d'annulateur minimaux qui la composent) est inférieure ou égale à la dimensio n
no de Vo .

Etant donnée une chaine quelconque ', si l'on supprime tous les annulateurs
minimaux réduits à un point, on obtient une nouvelle chaine ce' qui est régulière .
Cette opération ne change pas la solution x associée à la chaine et les montants a i
qui n'ont pas été supprimés .

4 . Théorème d'échange généralisé . L'algorithme sera basé sur le théorème
suivant qui généralise et complète le théorème classique d'échange de Stiefel [30] ,
[31], [21, pp . 117, 462] .

X

x i

x 2

X 3

X4

X5

c (t 11 )

C (t 12)

C (t 13)

CO21 )

Y 1

a l C (t 22)

a2 C (t31 )

a3 C (t32 )



218

	

C. CARASSO ET P. J . LAURENT

4.1 . THEOREME . Soit V un sous-espace vectoriel quelconque de E. Si A 0 est un
annulateur minimal de V et si A 1 est un annulateur minimal du noyau Vo =
{x E VI(x, b (t)) = 0, pour tout t E Ao}, de Ao dans Y, alors il existe une bipartition de
Ao en Bo et Co 0 0 telle que A 0 = Bo U A l soit un annulateur minimal de V et
Â 1 = Co soit un annulateur minimal du noyau Vo = {x E V1(x, b (t)) = 0, pour tout
t E Ao} de Ao dans V.

Démonstration . La démonstration que nous allons donner est constructive :
elle pourra être utilisée dans l'algorithme pour pratiquer effectivemen t
l'opération d'échange .

On suppose encore que Y est un sous-espace vectoriel dimension d engendré
par v 1 , • • • , vd et on note Ao = {t1, • • • , tk+1}, A1 = {u1, • • • , uh+1} . On reprend
toutes les notations utilisées dans le § 2 .2(vi).

Comme A o est un a.m . de V,
(i) il existe des coefficients p i > 0, Ei

=1 p
i = 1 tels que Ek+1 pia (ti ) = .O ,

(ii) le sous-espace vectoriel Lo = '(a (ti ), i = 1, . • • , k + 1) est de
dimension k .

De même, comme A l est un a .m . de ro ,
(iii) il existe des coefficients µi > 0, Eh+

1
µi = 1 tels que Eh

i=
+

1 µ f a (u i ) E Lo ,
(iv) le sous-espace L 1 = 2(a (ti ), i = 1, . • • , k + 1 ; a (ui), i = 1, . • • , h + 1 )

est de dimension k + h .
Posons z i = a (ti ), i = 1, • • • , k + 1 et zo = Eth.2-11 µla (ui ) . Comme zo appartient à
Lo, les éléments zo, z 1 , • • • , Zk sont linéairement dépendants : il existe donc de s
coefficients cvo, co l , • • • , wk (avec wo > 0) tels que Ei=o wiz i = 0. On posera Wk+1 =

0 et po = 0. Quel que soit 0 E R, on a donc :

k+1

	

k+1 (co i
E ( (Di — Bpi)zi = Wozo+ E pi --- e= 0 .

i=0

	

i=1

	

p i

Comme Wo est positif, on voit donc que si l'on prend

= min (.ja' )
i=1,•••,k+1

	

pi

et si l'on pose Ai =Wi — Bpi, i = 0, • • • , k + 1, on aura Ai 0, i = 0, • • • , k + 1 .
Notons I = {i E {1, • • • , k + 1}1Ai = 0} . Cet ensemble n'est pas vide : c'est

l'ensemble des indices i pour lesquels le minimum est atteint dans (*) . Soit I l e
complémentaire de I dans {1, • • • , k + 1} . On a :

1= {i E {1 , . . . , k + 1}IA i > 01 .

On posera alors pi = A i /A, pour i E IU {0}, avec A = Ao + E iEl Ai .

Décomposons l'ensemble A 0 en Bo et Co de la façon suivante :

Bo={til i EÎ} ,

Co={ti Ii EI} � 0 .
Si 1 désigne le nombre d'éléments de Bo, 0 1 k, alors l'ensemble Co comport eN

	

N
h + 1 éléments avec h = k -1 .

(*)
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On pose comme dans l'énoncé du théorème :

Ao = A1 UBo,
N

AI = Co ,

= noyau de A0 dans V

= {x E Vi (x, b (u i )) = 0, i =1, • • • , h + 1 ; (x, b(ti )) = 0, i E I} .

Comme on a :
h+ 1

Pol o + E t i z i = E Poluia ( ui) + E t ia ( ti) = 0 ,
iEI

	

i=1

	

iE I

Â 0 est annulateur de Y. Comme il comporte k + 1 éléments (avec k = 1 + h) et que
l'on peut vérifier qu e

Lo= '(a(ui),i=1, •••,h+1 ;a(ti),iEÎ)

est de dimension 1Z' = l + h, on en déduit que A 0 est minimal .
Par ailleurs, comme on a :

k+ 1
E pil i = 0 ,
i= 1

on peut écrire :

Pi

	

1E

	

z i =

	

E pizi avec cr = E p i ;
iEI U

	

U iEI

	

iE I

E P` a(ti )E Lo
iel Q

et A = Co est ainsi un annulateur de fo .
N

	

A/

	

ti

Comme A 0 est un a.m . qui comporte k + 1 éléments et que A 1 comporte h + 1
A N

éléments, pour montrer que A 1 est un a .m. de fo, il nous reste à vérifier (d'après
§ 2 .2(vi)) que

L1=£(a(ui),i=1, •••,h+1,a(ti),iEÎ;a(ti),iEI)

est de dimension k + h . Or on remarque que L = L 1 et k + h = (l + h) + (k — l) =
k + h, d'où le résultat .

4 .2. Cas particuliers du théorème d'échange. L'appellation "théorème
d'échange" est justifiée par le fait que l'on peut énoncer le théorème 4 .1 . de la
façon suivante :

Si A 0 est un a .m. de V et A 1 est un a.m . du noyau Vo de A0 dans Y, alors on
peut échanger l'ensemble des éléments de A 1 avec une partie Co des éléments d e
A0 telle que le nouvel ensembl e

A 0 = (A0\ Co) U A 1

soit à nouveau un a .m . de V et l'ensemble Co des éléments enlevés à A0 forme u n
a .m . du noyau Vo de A0 dans V.

donc
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Supposons que V soit de dimension d et que Ao comporte exactement d + 1
éléments . Alors son noyau dans Y est réduit à l'origine : Vo = {0}. Ainsi tout
ensemble A 1 = fil réduit à un seul élément t E T est évidemment un a.m . de Vo. Le
théorème 4 .1. affirme alors que l'on peut échanger t avec une partie Co des
éléments de Ao de sorte que

Ao=(Ao\ Co)U{t}

soit encore un a.m . de Y et Co soit un a.m. du noyau fo de Ao dans V. Lorsque Co
se compose d'un seul élément to (ce qui signifie que le minimum dans l'équation (* )
du théorème 4.1 . est atteint pour un seul indice io), alors on a simplement échangé
t avec l'un des éléments to de A0 de sorte que le nouvel ensemble

Ao = (Ao\ {to}) U {t}

forme un a.m . de V. Dans ce cas on a le théorème classique de Stiefel .

4.3 . Exemples. Nous allons illustrer le théorème 4 .1 . par quelques exemples
simples mais typiques . Supposons que V soit de dimension 2 . Dans les figures
suivantes nous représentons seulement les images par l'application a (définie a u
§ 2 .1 .) des points de T qui sont considérés .

Exemple 1 . Ce premier exemple correspond au théorème d'échange classi-
que de Stiefel : Ao = {t 1 , t2 , t3 }, A 1 = {u 1 } .

a(t i )

a (t3 )

a(t2)

FIG . 1

Comme 0 appartient à l'intérieur de l'enveloppe convexe des trois point s

a (t 1 ), a (t 2 ), a ( t3 ) (voir la figure 1) Ao est un a .m . de V. Comme Vo est ici égal à {0} ,

tout point u l est un a .m . de Vo . On voit que l'on peut échanger a (u t) avec a (t2 ) de
sorte que A I = {t 1 , t 3 , u 1 } soit un a .m . de V (et t 2 est un a.m. Vo réduit a {0}) .

Exemple 2 . Ao = {t1, t2}, A 1 = lu i , u 2 } .

i

a (u 2 )

FIG. 2
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Comme 0 appartient à l'intérieur relatif de l'enveloppe convexe des deu x
points a (t1 ), a (t2) (voir la figure 2) et que ces deux points engendrent une variét é
affine Lo qui est un sous-espace vectoriel de dimension 1, on voit (cf . § 2 .2(ii)) qu e
Ao est un a .m . de Y. En se basant sur § 2 .2(vi), on vérifie que A 1 est un a.m . de Vo
(l'intérieur relatif de l'enveloppe convexe des deux points a (u 1 ), a (u 2 ) coupe Lo e t
la variété affine engendrée par les quatre points est égale à E1 2) . On peut échanger
A 1 avec t 2 de sorte que Ao = {t 1 , u l , u 2} soit un a.m . de V et A 1 = {t2 } est un a.m. de
Vo réduit à {0} .

Exemple 3 . -Ao = {t1, t2, t3}, A 1 = {u 1} .

a (t i )

a ( u l)

fo

a ( t2)

FIG . 3

Nous revenons à la situation initiale de l'exemple 1, où A 0 formé de troi s
points est un a.m . de Y et A 1 réduit à un point est un a .m. de Vo = {O} . Dans le ca s
présent (voir la figure 3), on échange ul avec les deux points t 1 , t 2 : on obtien t
Ao = {t3 , u 1 } qui est un a .m . de Y et A1 = {t1 , t2 } est un a.m. de C1/'o qui est d e
dimension 1 (on retrouve la situation initiale de l'exemple 2) .

4 .4 . Opération d'échange sur une chaine. L'algorithme sera principalement
basé sur l'opération qui consiste à appliquer le théorème d'échange sur deu x
annulateurs successifs dans une chaine .

DEFINITION . Etant donnée une chaine ce = {A 1 , • • • , Am }, on dira que l'on
échange A;_ 1 et A; si l'on remplace ces deux annulateurs par A;_ 1 et A; selon le
théorème d'échange 4 .1 ., de façon à obtenir une nouvelle chaine .

En effet, 4_ 1 est un a .m . de V/' = V;_ 2 et A; est un a .m . du noyau ro = V;_ 1 de
A1 _ 1 dans V.

On peut donc trouver une bipartition de A ; _ 1 en B;_ 1 et C; _ 1 0 0 telle que, s i
l'on pose A;_ 1 = B;_1 U A; et A; = C;_ 1 , alors

_ {A1, A2, .

	

, A;-2,

	

A;, . . . , Am }

constitue à nouveau une chaine .
On remarque que si ce est une chaine régulière, il n'en est pas forcément d e

même pour ' (l 'annulateur A; peut être réduit à un point) .

5 . Algorithme. On suppose que pour tout E > 0 et tout x E W, il est possible
de déterminer un t E T tel que

f (x )— [(x, b(t)) — c (t)] E .
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L'algorithme va consister en la construction d'une suite de chaines régulières :

1' ,= A .

	

,A :",2 4 ,

telle que la suite des montants associé s

{« 1
v

,

	

,a v

soit lexicographiquement strictement croissante, c'est-à-dire, que pour tout v, i l
existe un entier l , 1 l v m tel que

v+1

	

v
ai =a i ,

aiŸ 1 >aiv.

i=1, .

	

, 1 1' - 1 ,

Etant donné un nombre positif e 1 , arbitrairement petit, on montrera qu'aprè s
un nombre fini µ d'itérations on obtiendra une chaine µ et une solution x µ E W

telle que l'on ait :

f(xµ ) —«i~ E 1

ce qui entraîne :

et f(x µ ) -- a E1 ,

donc que x µ est une solution à E 1 près du problème (P).
Si e est la précision à atteindre, on se donne des nombres positifs

E2, • • • E no+1 tels que

Ei +1 < Ei/2 ,

	

i = 1 , • • • ,n o .

5.1. Description de l'algorithme . Supposons que, à l ' itération v, on ait un e
chaine régulière v = {Al', • • • , A m v}, la solution x v, ainsi que les montant s
a i, • • • , amv qui lui correspondent .

Déterminons un élément t v E T tel qu e

f(xv)—[(xv, b(tv)) c( tv )] E m v + 1

et posons :

A m v +1 = { t v } ,

a m v
+1 = ( x v , b(tv))—c(tv )

(on remarque que Ay+1 peut être considéré comme un a.m . de Vm v = {0}) . Soit

J v ={jE{1, . . . , m v +1}1am v +l +E rn e +1 a j +Ei} .

On voit que l'ensemble J v contient au moins l'indice m
v

+ 1 . Noton s

r' = min (1I l Er) .

On distinguera trois cas suivant la valeur de f' :
1 er cas : j v =1 . On a alors f(x v)Ça v+l+Em v +l aE1, donc f(x v)—a 1

E l , ce qui signifie que x v est solution à E 1 près de (P) ; on arrête donc le calcul .
2eme cas

: 2 j v m v. On échange alors A ;v_1 et A ;v au sens qui a été précisé
au § 4 .3, c'est-à-dire, qu'on les remplace par Alv_ 1 et A;v selon le théorème
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d'échange . On obtient ainsi une nouvelle chaine c v :

iv
- { A v1,

	

, A v A v Ajvv ,

	

, A vT~

	

m v}
N

(l ' annulateur Ay+1 = {t v } n 'est pas introduit dans T~ v ) .
On remarque que A ;!,, _ 1 ne peut pas être réduit à un point, car il contient A ;v

et la chaine ce'
a été supposée régulière . Par contre A ;vpeut être réduit à un point :

si c ' est le cas, on le supprime ; on aboutit ainsi à une chaine v+1 qui est régulière ,
et dont le nombre de niveaux est égal, soit à m v, soit à m v – 1 .

3 ème cas : j' _ m v + 1 . Partant de la chain e

{Al', A 2, . . . , A m v, {
t

v }}

on détermine le plus petit indice

	

1 i v m v + 1, tel que

{A i, A 2, • . . , A v -1, { t v } , A , . . . , A m„}

soit encore une chaine . Si l'on pose :

= {i E {1 , . . . , ne + 1}Ib (t v ) E VÎ 1 } ,

on a :

i v = min (iii E Iv ) .

Si l'on a i v = 1, cela signifie que {t v } est un annulateur de V et que le montan t
correspondant :

amv+ 1 = (f, b(tv)) C ( ty )

vérifie :

f x
v )_a v

m v +1 E m v +1 e l ,

donc que x v est une solution à E1 près de (P) . On arrête donc le calcul .
Si l'on a 2 i v < m v + 1, on échange Ai_ 1 et {t v }, ce qui donne Ai_ 1 et

A;'v. L'annulateur minimal A_ 1 ne peut être réduit à un point, car ce point serai t
t v et on a b (tv)

( V ) ' . Si l'annulateur minimal At est réduit à un point, on l e
supprime comme dans le deuxième cas . On aboutit ainsi à une chaine régulièr e
ce v+1 dont le nombre de niveaux est égal, soit à m y + 1, soit à m v .

Dans les trois cas, on aboutit donc (sauf si le calcul s 'arrête, la précision étan t
atteinte) à une nouvelle chaine régulière (6'+I . On calcule alors la nouvell e
solution

	

v+1

	

v+ 1on x

	

et les montants a 1 , • • • , a m v+ i qui lui sont associés .
Remarque . Les opérations effectuées dans le troisième cas peuvent être

remplacées par une succession d'opérations d'échange (ce sera le cas dans
l'organigramme donné ci-dessous) :

Partant de la chaine :

{A A2, . . . , Am v
, {t y }} ,

on échange A m et {t }, ce qui donne A m v et Am'

	

Si A mv est réduit a un point ,
cela signifie que A m v = {tv} et que A m v+1 = A v, c'est-à-dire que l'on a la chaine :

{Ay A y

	

A y,

	

{ty}
A y },

	

m v •
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ORGANIGRAMME

Dét . d'une chaine
régulière initial e
={A1, . . . ,A m }

et sol . associée x
eta l,•••,am

Dét . de t E T tel que f (x ) — [(x, b (t)) — c (t)] Em+1 ,

Am+1 : = {t} ; am+1 : =(x,b(t))—c(t)

	(am +1+ Em+1 Ç
i+

m :=m+ 1

Echanger A;_ 1 et A ;

A k :=-- Ak +1 ,
k=j, . . .,m—1 ,

m : = m — 1

r	
A i réduit a un point

1
non réduit à un poin t

Calculer x, a

ORGANIGRAMME

On échange alors A mv-1 et {t "
}, et ainsi de suite jusqu'à ce qu'on obtienne :

soit {{t
v

}, A i, • • • , A m v} (on arrête le calcul )

soit {A i,A2, . . . , Aâ ,A ,A v, . . . , Amv} ,

où Â i y-1 contient t v et n'est pas réduit à ce point . Si Â est réduit à un point, on l e
supprime comme plus haut .
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5.2. Propriétés de la suite de chaînes générées . Posons :

kv
Ir si 1 Çjv < m v,

i v si j v =m v +1 .

Lorsque k v = 1, ce qui peut se produire, quand j v = 1, ou quand i v = 1 (j
v

étant alors égal à m v + 1), alors on arrête le calcul, la précision s i étant atteinte .
Lorsque le calcul ne s 'arrête pas à l ' itération v, on a les propriétés suivantes :

THEOREME . Lorsque k v 2, on a :
(1) Ak+1= Aketak

+l _ ak,pour k=1, . . .,kv–2 .
(lia) Pour tout tEAkv11\ Akv_1 =A ' ,

f(xv) — [(xv, b(t)i—c(t)] 6k v.

(iib) akÿ1l>akv-1+ E Pkv11(t)(ekv-1 6k v ) .
tEA .

Démonstration. Lorsque k v ? 2, l'itération concerne les niveaux k v -1 et k v
de la chaine: On échange A kv_ 1 avec, soit Akv (cas où 1 j

v m ), soit {tv} (cas où
j v = m v + 1). Les annulateurs Al', • • • , Aïc .,_ 2 sont donc inchangés et par
conséquent les montants correspondants ai', • • • , akv_ 2 sont également
inchangés .

Considérons d'abord le cas où 2 j v < m v (k v = j"): On échange Akv-1 et
Akv. On a donc :

A k v 1 1\ Akv -1 – Akv

et pour tout t E A ;'‘ v, on a :

(x v , b(t))--c(t) =akv.

D'après le choix même de j v (et comme k v = j v ), on a :

akv+ ekv a m v +1 + e m v + 1

et on sait que

a m v
+l

+s m y +1'--f(xv) .

Il en résulte que pour tout t E AZ .,, on a :

f(xv)—[(xv, b(t))—c(t)] <ek v .

Formons :

a k v11 = E Pkvl l(t )[(xv , b(t))–C(t)] •
tEAkÿ11

Pour tEAkÿlA Ak v _1, on a (x v, b(t))--c(t)=akv . Pour tEAkv1 1 f1 A kv _ 1 , on a
(x v,

b (t)> -- c (t) = a kv _ 1 . On en déduit :

v+l

	

v

	

v+l 1,v( va

	

v )k v -1 = ak v -1 + E

	

a k v --l –CY k v •

tEAkv

Or d'après le choix de j v (= k v ), on a :

akv >_ am„+1+Em v +1 --g k v
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et

a k v -1 <E m v +1 +E k e +1 – Ek v -1 ,

ce qui donne par différence :

a kv- a kv_ 1 > E kv -1 – E k v ,

d'où l'on déduit :

a k v 11 – ake --

	

E pkv11(t) (Ek e -1 Cik e ) .
tEAkv

Considérons maintenant le cas où j v = m v + 1 (k v = i'') : On échange A k e _ 1 e t
{t v

} . On a donc A kv11\ A ke_ 1 =
{t v } . Or on sait que l'on a :

(x'', b ( tv))-- c (tv )= a m v +1 > J (x v)-Eme+1>J (x v ) - ek v .

Pour tEAke11\ Ake_ 1 = { t v
}, on a (f, b(t))–c(t)=a~vyle+l . Pour t E

A ke1 1 I I A k v -1, on a (xi', b( t )) c (t ) =a k e- 1 •

De la même façon que précédemment, on en déduit qu e

v+l

	

v

	

v+1

	

v\1 v

	

v
a k v- 1 – a k v- 1 + Pk e -1( t a m e +1 -a k e -1) .

Comme k v –1 m v et commej v = m y+1 , onaam v +l + Em v +1 > ak v -1 +E k v --1, ce
qui entraîne a e +1 – a ke_ 1 > (Ck'1_l – E m v +1)> (E k v _l – E k v), d'où le résultat .

6 . Exemple numérique. L'exemple numérique suivant est seulement destiné
à illustrer le mécanisme de l'algorithme . On considère la minimisation sur l'espac e
R2 de la fonction :

f(x)= max ((x, b(i)) —c(i) )
i =oi s

dans laquelle b et c sont définis par le tableau 1 .

TABLEAU 1

i= 0 1 2 3 4 5 6 7 8

MO= 4 -4J 0 3 -6 -2 0 -0 .5 0 . 5

b 2(î)= 4 0 -4h 3 -6 0 -2 -0.5 0 . 5

c(i)= 0 0 0 -7 -1 -5 .75 -5 .75 -6 -6.3

En partant de l'annulateur minimal A7=10, 1, 2}, on obtient la solutio n
exacte à l'itération 7 . Nous donnons la suite des systèmes linéaires qu l'on es t
amené à résoudre, les niveaux a i correspondants et le point t

v que l'on introdui t
éventuellement . L'évolution des chaines d'annulateurs minimaux est donnée dan s
la figure ci-dessous .
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• itération 0 : m° = 1

t° = 3 ; a2 = 7 . Le point t° est échangé avec 0 (voir la figure 4) .

• itération 1 : m 1= 1

b1 (0) b2 (0) -1 x°

	

c(0 )

bl(1) b 2 (1) -1 x2 = c(1)

	

donne a° = 0 ,

bl(2) b 2 (2) -1 a°

	

c(2 )

b l (3) b2(3) -1

	

x .i

b l (1) b2(1) -1

	

x 2

b 1 (2) b2(2) -1 ai

c(3 )
c (l)

	

donne a i = 3 .39695 ,
c(2)

t 1= 4 ; a2 = 8 .20588 . Une dégénérescence se produit. Le point t l est échangé avec {1, 2}, ce qu i
conduit à A1= {3, 4} et A2 = {1, 2} .

• itération 2: m 2 = 2

b 1- (3) b2 (3) -1

	

0 xi

	

c(3 )

b 1 (4) b 2 (4) -1

	

0 x 22,

	

— c(4)

	

donne
a l 5 ,

b 1 (1) b 2 (1)

	

0 -1 ai

	

c(1)

	

la — 188564 ,

b 1 (2) b 2 (2)

	

0 -1 a2

	

c(2 )

t 2 = 5 ; a3 = 6 .41673 . Le point t 2 est échangé avec 1 dans A2, ce qui conduit à A1= {3, 4}, inchangé
et A2 = {5, 2} .

• itération 3 : m 3 = 2

b l- (3) b 2 (3) -1

	

0 x1

	

c(3 )
bl(4) b 2 (4) -1

	

0 x2

	

_ c(4)

	

a1= 5 ,

bl(5) b 2(5)

	

0 -1 a
1

	

c(5)

	

donne
a2 = 5 .25215 ,

b l (2) b 2(2)

	

0 -1 a2

	

c(2)

t 3 = 6 ; a3 = 7 .60607 . Le point t3 est échangé avec 2 dans A2, ce qui conduit à Al = {3, 4} inchangé
et Al = {5, 6} .

• itération 4 : m 4 = 2

b 1 (3)

	

b 2 (3)

	

-1

	

0 4 c(3)
b 1 (4)

	

b 2 (4)

	

-1

	

0 x 42 c(4) 4 -a 1 =5 ,
44 donne

b l (5)

	

b 2(5)

	

0

	

-1 a l c(S) a2=6 .41672 ,
b 1 (6)

	

b 2(6)

	

0

	

-1 4a2 c(6)_

t 4 = 5 ; a3 = 6 .41672 . Le point t4 n 'est pas introduit (il était d'ailleurs déjà présent dans Al, ce
qui signifie qu'on atteint la solution exacte correspondant au niveau 2) . On échange Al avec le
point 4 de Al, ce qui conduit à Al = {3, 5, 6} . La dégénérescence est résorbée .

• itération 5 : m 5 =
sx l
s

x 2
sal

c(3 )
c(5 )
c(6)

b 1 (3) b 2(3) -1
b l (5) b 2(5) -1
b 1 (6) b 2(6) -1

donne a ; = 6 .06246 ,

t5 = 7 ; a2 = 6 .12 . Une nouvelle dégénérescence se produit . Le point t5 est échangé avec {5, 6}, ce
qui conduit à A6 = {3, 7} et A2 = {5, 6} .
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• itération 6 : m 6 = 2

b 1 (3) b2(3) -1 0 x 61 ^ c(3 )
b 1 (7) b2(7) -1 0 x2 c(7) (4= 6 .14283 ,

6 = donne

	

6
b 1 (5) b2 (5) 0 -1 a l c(5) a2 = 6 .03567 ,
b 1 (6) b2 (6) 0 -1 a2 c(6)

t 6 = 8 ; a3 = 6 .15711 . Le point t 6 est échangé directement avec le point 3 de A ; (cf . troisième cas
du § 5, avec i 6 = 1) . On obtient donc Al = {8, 7} et A2 = {5, 6} inchangé .

• itération 7 : m ' = 2

b 1 (8) b 2(8) -1 0 xi c(8 )
b l (7) b 2(7) -1 0 x2 c(7) 1 ai = 6 .15 ,

., = donne ~
b l (5) b 2(5) 0 -1 a l c(5) 1a 2 = 6 .05 ,
b l (6) b 2(6) 0 -1 a2 c(6)

t' = 8 ; a3 = 6 .15 . On a atteint une solution xi = -0 .15, x2 = - 0 .15 .

itération 0

	

itération 1

	

itération 2

itération 5itération 3

	

itération 4

i

t ~
b(5) ?•b(8 )

1

itération 7

FIG . 4

r
b ( 5 )

	

( b ( 8 )

b(7 )

*
/ b(6)

itération 6

—►
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7 . Convergence. Avant de démontrer la convergence de l'algorithme, nou s
allons établir un théorème de convergence préparatoire dont l'énoncé est en
liaison évidente avec les propriétés établies au § 5 .2 . Les principales difficulté s
pour montrer la convergence de l 'algorithme sont en fait contenues dans ce
théorème préparatoire .

En suivant les résultats du § 2, nous utiliserons les notations suivantes :

Y un sous-espace vectoriel de E contenu dans V,

W une variété affine parallèle à y,

{A v } une suite d 'annulateurs minimaux de V,

If v } la 'suite des fonctionelles polyédrales associées à A',

a' = min f v (x),
XE w

= {xEWIf v(x)=a v } .

On a alors le résultat suivant :
7.1. THEOREME . Soient e et é des nombres strictement positifs tels que Ê < E .

Notons N= {v E NIA
v+1

0 A v
} .

On suppose que N est infini et que pour tout v E Non a un élément x " E W v te l
que pour tout t E A

v+1 \
A' = A' on ait :

f (x

	

[(x b (0) — c (0] g .

Alors il existe µ E N tel que

f(x µ ) aµ ~ e .

Démonstration . Supposons que l'on ait f (x v ) — a v > e pour tout v E N e t
montrons que cela conduit à une contradiction . Nous diviserons la démonstration
en trois parties .
1 ere partie : Montrons d'abord que a' est alors une suite non décroissante, plus
précisément que pour tout v E N, on a a v+1 > a v (pour v )eN, on a évidemmen t
av+1 = a v ) .

Pour v E N, on a :

a v+l
= E

p v+1
(t)((x v , b ( t )) c ( t)) ,

te A"'

où p v+1 (t), t E A "' sont les coefficients associés à A
v+1 .

Pour t E Â", on a
(x v, b(t))—c(t)>_—f(xv)—Ê. Pour tEA v+1 flA v, on a (x v, b(t))—c(t)=av . On en
déduit que

a v+1 >.

	

E

	

p
v +1,

(t)a v +
~

p v+l
(t )( (x v ) — g) ~

tEA v+lnA v

	

tEÂ v

a v+1 ]av+
E p

v+1(t) ((x
v ) — — a v ) .

tEA v

donc
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Comme on a supposé f (x v) — a v > e, pour v E N, cela conduit à

a v+l ] a v+
E p

v+1(t) (e e ) ,
tEA -

ce qui montre bien que l 'on a a v+1 > a v pour tout v E N.
2 ème partie : Montrons maintenant qu'il existe un sous-ensemble infini N de N

et une bipartition de A' en B v et C v 0 0 telle que :

lim E p v(t) = 0 .
vEN tEB '

2°. inf min p v(t) > O .
vEN tEC "

3° . Pour tout v E N, l'ensemble Cv n'est pas contenu dans A" -, ou v-
désigne l'entier qui précède v dans N.

Pour simplifier la démonstration, nous nous ramenons à une sous-suite telle qu e
les annulateurs minimaux comportent le même nombre d'éléments . Soit donc No
un sous-ensemble infini de N tel que pour tout v E No, les annulateurs A' aient l e
même nombre d'éléments .

Si inf min p v (t) > 0, alors on pose B' = 0 et C' = A'.
vENp tEA v

Sinon, il existe un sous-ensemble infini NI contenu dans No tel que

lim min p v (t) = 0 .
vEN 1 tEA "

On pose alors B 1= {t ;"}, v E NI , où ti E A' vérifie

p v0'0 = min p v (t )
tEA y

et C'=A V \Bi, vENI .

Si l'on a à nouveau inf ,EN , min tE ci p '0 ) = 0, alors il existe un sous-ensembl e
infini N2 de NI tel que

lim min p
v (t) = 0 .

PEN2 tECl

On pose encore B2 = B U {t2}, v E N2 , où t2 E Ci vérifi e

p v (t2) = min p v (t )
tee;

et C2 =Av \ B2 .

Comme >tEA » p v (t) = 1, après un nombre fini r de telles opérations (r n — 1 ,
où n est le nombre d'éléments des ensembles A' pour v e No), on arrive à u n
sous-ensemble infini Nr de No et à une bipartition de A' en B r' et C r 0 0 pour
v E Nr telle que :

1° . lim E p v (t) = 0 .
vENr tEE'

2° . inf min p '(t) > 0 .
vENr tEC;

1°
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Montrons que l'on peut extraire à nouveau une sous-suite de façon à satisfaire l a
condition 3° . Il suffit pour cela de montrer qu'il n'existe pas v E Nr tel que pou r
tout µ > v, µ E N,, on ait Cr c A v. En effet, si un tel v existait, comme A v contient
un nombre fini d'éléments, il existerait un sous-ensemble C de A' et un
sous-ensemble infini Nr+1 de Nr tel que C r' = C, pour tout 1,t, E Nr+l . D 'autre part
les coefficients p v (t), t C, v E Nr+1 parcourent un compact . On pourrait don c
trouver un sous-ensemble infini Nr+2 de Nr+i tel que

lim p v (t) = p (t) pour t E C .
vENr+2

Comme on a par ailleurs :

lim E p v (t) = 0
vENr+ 2 tEB r

et comme b (t) est borné pour t E T, on aurait :

lim

	

p(t)=O .
vENr + 2 tE B v

r

On en déduirait donc que pour tout x e Y :

(x, E p(t)b(t)) = lim (x, E p°(t)b(t))
tEC

	

vENr+2

	

SE C

= lim (x, E p°(t)b(t)+ E p v (t)b(t))
vENr + 2

	

tEC

	

tEB r

= lim (x, E p v (t)b (t)) = 0
vENr+ 2

	

tEA v

avec LECP(t) =1 . Par conséquent C serait un annulateur de Y contenu dan s
l'annulateur A ce qui entraîne C = A v . Donc pour tout µ > v, µ E Nr+2 , Cr' = C
serait un annulateur minimal de V et comme C' est évidemment contenu dan s
l'annulateur minimal A', on en déduirait Cr'=A' donc A' = A' pour tout
µ > v, µ E Nr+2 , ce qui contredit la condition A v+1 0 A v, pour tout v E N.

Sème partie : D'après le résultat démontré dans la deuxième partie, pour tou t
P E N, l ' ensemble C v n 'est pas contenu dans A v-, où v-- est l'entier qui précède v
dans N. Il existe donc des éléments de C v qui ont été introduits entre l'itération v--
et l'itération v. Soit v la dernière itération vérifiant v– v < v au cours de laquell e
des éléments de C v ont été introduits . On remarque que v appartient forcément à
N. On forme :

A

a v = E pv(t)[(xv,b(t))--c(t)l
tEA "

Décomposons la somme précédente suivant que t appartient à Y' ou à C v :
(a) Somme relative à B v

: On a :

E p v (t)[(x b(t))–c(t)]
lEB '

E p'O))(yf(x'')+3) .
telEr

Si l'on pose EtEB v p v ( t ) _ ?Y, on a lim vE N ~ v = 0 .
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(0) Somme relative à C v : D'après l'hypothèse du théorème, pour t E

Cv (1 A' (on sait que cet ensemble est non vide) on a :

(x v, b(t))—c(t)> f(x v )— .
~

Pour t E C v \ A v , on a :
A

	

~

( xv , b(t))—c(t)= av•

En posant u' = EtE cv p
P (t) et m = infPEN min,c v p P (t), d'après la deuxième parti e

de la démonstration, on a lim,EN u' = 1 et m > 0 .
Avec ces notations on a :

E pv(t)[(xv, b(t))—c(t)] u va v +m(f(x v )—Ê —a~) .
t" C -

En rassemblant les résultats de (a) et (0) ci-dessus, on obtient :

av ~ l.tvav+m (f(x P ) —Ê _av)—~v(?'f(xv)+S) .

En posant v u = 1— n'y/ m, on a :

m(v vf(x v ) - av--Ê) - av--uvav + 7l v8 .

En posant b = inf x Evf (x ), on a a v b ; on en déduit que lim P E N a' = « b.

Comme on a par ailleurs limPEN u' = 1 et limPEN ~
P

= 0, on en déduit :
^

	

^
lim sup (v vf(x v )—a v —Ê)0 ,

PE N

et par conséquent :
A

limsupv vf(x v)+ .

PE N

Si désigne un réel strictement supérieur à à partir d'un certain rang vo, o n
aura :

()

	

v v >0 et v vf(x v)+Ê ', pour vEN, vvo .

Par ailleurs, on a supposé quef(x v ) > a v + E, pour v E 1V ; donc si E ' désigne un
réel strictement inférieur à E, à partir d'un certain rang v1, on aura :

(**)

	

f(x 0) â+E `, pour vE1V, v?v1 .

Puisque l'on a g < E, il est toujours possible de prendre et E' tels que £' < E ' .
On voit alors que les inégalités (*) et (**) sont contradictoires : en effet, l'inégalit é
(**) entraîne (pour v max (vo, v l ))v7(x v ) v v (â + E') et comme lim PE g- v' = 1 ,
à partir d'un certain rang on a v a + E')> a + donc v f (x) > + é", ce qu i
contredit bien (*) .

7 .2 . Convergence de l'algorithme. On a le résultat suivant :
THEOREME. Quel que soit E l , l'algorithme décrit au § 5 conduit, après un

nombre fini p, d'itérations, à un él ément e E Wqui est une solution à E 1 près de (P) .



MINIMISATION EN CHAINE EN OPTIMISATION CONVEXE

	

233

Plus précisément, on obtient un annulateur AT de Vet un élément x E W tels
que

f(xµ )—a i ~£ l

avec a =ItEAT p i (t)((x µ, b (t)) — c (t)) a, ce qui entraine f (x µ) — a < £ 1 .
Démonstration . Il faut montrer q u ' il existe un entier p tel que l ' on ait k µ =1 ,

ce qui entraîne l'arrêt de l'algorithme, la précision £ étant atteinte .
Supposons donc que l'on ait k v 2, pour tout v E N et montrons que cel a

conduit à une contradiction .
Comme k v E [2, m v + 1] G [2, no + 1], l'indice k v prend une infinité de foi s

certaines des valeurs entières entre 2 et no + 1 . Soit k la plus petite de ces valeurs ,
2 k < no + 1 . I1 existe donc vo tel que pour tout v vo, on ait k v k et l'ensembl e

N={iIivo ; kv= k }

est infini .
Pour tout v vo, on a k' k, donc A k = A k et V k = Vk (indépendant de p),

k=1,• • •,k—2 .
Si l'on pose Vk_2 = V, {Ak_ 1 } forme une suite d'annulateurs minimaux de V

et pour tout v E N et pour t E Ak±1

	

on a (cf . § 5 .2) :

f(x v ) — [(x v, b ( t )) -- c (t )] £k .

D'après le théorème 6 .1, quel que soit le nombre £ > 0 fixé, vérifiant £ > £ k, il
existe g tel que

f(x' )— ak 1 £ ,

ce qui donne, en tenant compte du fait que a m µ+l CT" f (xµ ) :

µa''–ak_1~£ .

Or on a, d'après la définition de l'algorithme :

a m.µ+1+£m,µ+1>ak 1+£k- 1

Comme k m + 1, on a £k £ mµ+i, et l'inégalité précédente entraîne :

N-

	

µ
amµ+1 – ak-1 £k-1 – £ k

Comme on a supposé (la condition (*), § 5) que ek < £k_1/2, il est possible d e
choisir £ tel que

£k<£ < ek-1 –£k ,

et les inégalités (i) et (ii) deviennent alors contradictoires .

7 .3. Remarque. On a présenté l'algorithme de sorte que, pour £ 1 > 0 fixé
(arbitrairement petit), on aboutit, après un nombre fini d'itérations, à un élémen te E W qui est une solution à £ 1 près de (P). Cette présentation correspond bien à
l'emploi effectif de l'algorithme . Il est bien clair toutefois que l'utilisation répétée
de cet algorithme fournit une suite (infinie) xv E W telle que lim e, , f(x v ) = a et
une suite d'annulateurs minimaux AI' de V telle que la suite a 1 des montants
associés vérifie lim„~~ a i = a . Pour cela on se donne une séquence de nombres

(i )

(ii)
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positifs E l , • • • , Eno+1 vérifiant la condition (*), § 5 . En utilisant l 'algorithme
décrit, on obtient une séquence finie de chaines • • • , <' et de solutions
associées x 1 , • • • , x

µ telle que x
µ soit solution à E l près du problème. En utilisan t

la nouvelle séquence de nombres e l/2, e 2 /2, • • • , E no+ 1 /2 et en partant de ceµ

comme chaine initiale, l'algorithme fournit (e' -Fi , • • • , ceµ tel que x
µ associé soit

solution à s i /2 près . On continue de la même façon .
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ON THE STOCHASTIC MAXIMUM PRINCIPLE*

U. G. HAUSSMANN"

Abstract. A representation of the adjoint process, which appears in a general version of the
maximum principle for control systems described by Girsanov solutions of stochastic differential
equations, is given in terms of the linearization of the state equation. The result is only valid when the
optimal control and the coefficiencies in the state equation are smooth; however two examples show
that the result can nevertheless b applied to the nonsmooth case, solving in particular the linear
regulator and the "predicted miss" problems.

1. Introduction. Consider the control problem

(1.1)

subject to

(1.2)

min ELo(z )

dz(1)= g(t, z) dt, O_-<t-<l,

dz (2) f(t, z, u ) dt + r(t, z) dw

z(0)= Zo

(1.3)

(1.4)

ELi(z)<-_O, 1, 2,..., kl,

ELi(z) O, i=kl+l,...,k2,

z, u) dt <= 0 w.p. 1, 1, 2,. , k3,

0i(t, z)-<-0 w.p.1, all t, 1,..., k4,

where z (2 e R "+’’ and where w is an m-dimensional separable Brownian
z

motion on (f, -, P). The admissible laws u will be defined shortly. In 1] a general
maximum principle was derived for this problem without the constraints (1.4),
using the Girsanov solution of (1.2) as opposed to the It6 solution (cf. [2] for a
maximum principle for It6 solutions). Our first objective in this article is to give a
maximum principle for the problem (1.1)-(1.4) under slightly weaker hypotheses
than those of [1]. Since the proofs require only minor modifications we only
indicate where changes are required in the proofs in [1] rather than rewrite the
complete proof. This program is carried out in 2.

In 3 we come to the more substantial part of the work: we give a
representation of the adjoint process arising in the maximum principle. This proof
justifies the heuristic argument given in [1] for the claim that the adjoint process
satisfies the same equation as given in [2]. This result rests upon the representation

* Received by the editors November 18, 1976, and in revised form February 28, 1977.
f Department of Mathematics, University of British Columbia, Vancouver, British Columbia,

Canada V6T lW5. This research was supported by the Canada Council under Grant W75001 and by
the National Research Council of Canada under Grant A8051.
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of functionals of It6 processes as stochastic integrals [3] and is restricted to the
case where the optimal control law t (t, z) is Lipschitz in z. Such a result appears to
be highly unsatisfactory; however we show that the linear regulator, as well as
Beneg, "’predicted miss" problem [4], can be "solved" by a combination of this
representation, the general maximum principle, and appropriate smooth ap-
proximations.

We continue now with a precise statement of the problem. For each [0, 1]
let {cgt} be an increasing sequence of r-algebras in Cn+" and let ’t be the
r-algebra in Cn+’ generated by

{z C"+": z(s) B}, O<_s<_t, B Borel in R "+’’

We designate the continuous functions mapping [0, 1] into R a under the sup norm
by Ca

We assume qJt c Yr. Set for the Borel set of [0, 1]. Let F be a subset of R .
We take U, the admissible controls, to be the (R) ZI measurable mappings

u. [O, 1]xC"+’*F
for which

u(t, ): C"+" r
is Jt measurable. (It is assumed that the Borel algebra is on F.) In (1.1)-(1.4) we
take g: [0, 1]xC"+’ R", f:[0, 1]x C"+’ xFR", o-" [0, 1Ix C"+"R"",
where Rm" is the set of real m xm matrices. Also L" C"+’’R k2+1

4" [0, 1] x C"+" x F- R k3 and " [0, 1]x C"+" R 4. w is a separable Brownian
motion on (D, , P), so let . be the sub g-algebra of - generated by w(s,. ),
0 _-< s -< together with the P negligible sets of .

Since we are looking for necessary conditions we assume that there exists an, adapted process on (, , P) and a control a U such that (1.2)-(1.4) are
satisfied for the pair (, a) and such that for any f-admissible control u, ELo()<-
Ea (1)Lo(), where u is -admissible if u e U and Ea (1) 1 with

(s, (s)
(1.5)

llo Io-(s, s(o.,))

Here a’ denotes the transpose of a and E is expectation urder P.
We assume
AI" For all u 6 U, g(. ),f(. ,., u(. ,. )), o’(. ,. )are 3(R)a measurable

and (t) adapted; b (. ,., u(. ,. )), (.,. are @1 measurable, and
L(. is 1 measurable.

A2" o-(t, z)-1 exists for each (t, z).
A3" E exp (holl.l]2) < oe for some ho > 0.
A4" [L(z)l<-Ko(l +[[z[lP), ]4)(t,z, u)]<-_K(t)(l +]]z[[P), oK(t)dt<oe for

some po < c.



238 u.G. HAUSSMANN

As: tr(t, z)-lf(t, z, U) and b(t, z, u) are continuous in u uniformly in for
each z.

m6: Ir(t, z )-f(t, z, u )12 _-< g0(1 + Ilzll, for all u in F, if Ilzll, sup0__<s___, Iz (s)l.
This problem differs from the one treated in 1] in several ways. For one thing

the controls are in what we call feedback form, i.e. functions of z. In fact, since we
use the method of Girsanov to define the comparison solutions we should think of
the underlying probability space as C", i.e. to corresponds either to w or to z. If
we take the former case i.e. u(t, w), (open loop form), then the Girsanov solution
becomes

(1.6)

where

d2 f(t, , u (t, w)) dt + o’(t, f. dw

fotwU(t) w(t)-- (r(s, )-l[.f(s, , b/)--f(s, , U)] ds

is now a Wiener process under dP a" dP. The difficulty is apparent in (1.6): the
drift term ought to be f(t, , u(t, wU)), but isn’t! This problem does not arise if
u (t, z) is used. For the Girsanov solution the trajectories are invariant but not the
Brownian motion so that admissible controls should be feedback; where for the
It6 solution the trajectories change with the control but not the Brownian motion,
so open loop controls avoid the difficulty of an implicit, or circular, definition.

Another difference in [1] is that A3 is replaced by
m" o Io-(t, z)l2 dt -< k < c for all z, Ig(t, z)l2 -< K0(1 + Ilzllt2).

In fact A implies A3 and all u U are -admissible, but, of course, A is much
easier to verify than A3.

Finally, the addition of the "hard" constraints involving 4) and 4, is important.
The constraints

(1.7) Oi(t, z)=<O w.p.1

can be disposed of very easily. With a Girsanov solution (, pu) (1.7) translates to

(1.8)

But (, P) is optimal, hence satisfies (1.7), and pu is absolutely continuous with
respect to P, so that (1.8) holds. For this reason constraints of this form, although
they may be present, play no part in the derivation of a maximum principle, and
we will henceforth assume they are absent.

If we now consider b, Neustadt’s theory cannot be applied immediately
because the open, convex cone

{y Y: y(to)< O}

is not open in any "reasonable" space, Y, e.g. Lp(f, , P). Moreover this
approach would yield a multiplier in Y*, not necessarily a nice space. However,
for u e U.

(1.9) (I)"()= [o 4(t, 2, u(t,z))dt<-O w.p.1 pu



ON THE STOCHASTIC MAXIMUM PRINCIPLE 239

if

(1.10)
just as for . Let

()-<0 w.p.1 P,

=)[" (z
)1,

0

if [" (z)], >= O,
if [" (z)], < O,

where [a]i denotes the ith component. Then (1.10) is equivalent to

(1.11) EO(z)= 0.

Hence the constraints (1.3)--(1.4) are rewritten as

ELi(z)<-O, i= 1, 2,..., kl,

(1.12) ELi(z)= O, i= kl + 1,..., k2,

E[a_(z)], =0, i= 1, 2,..., k3.
2. The stochastic maximum principle. We shall now derive the maximum

principle along the lines used in 3 and 4 of 1 ]. First we wish to represent L() as

(2.1) L()=EL()+ xdw

with X in Lz(dt dP). This follows from A# because A3 implies

(2.2) EIIIIo ---< K(qo) < oo

for any qo < oo, in particular for qo 2po. Next we require an Lv bound on the
densities a", i.e.

E(a) _-< K

for some p > 1, all u; cf. 1, (3.4) tI.]. We obtain this bound by simply restricting u
to Uff, the set of ,C-admissible controls which do satisfy E(a")p .<-K. If we set

sru (t) E(L)+ a’Xo’- Af’ ds

(2.3)
n ,((., ,o))-,((., o))

where

+/-f;’ =/(t, (., ,o), u(t, (., ,o)))-f(t, 2(., ,o), a(t, 2(.,
it now follows (cf. 3 of [1]) for any p, K, that ((a, rta) solves:

(2.4) min
eU

subject to

(2.5)

E(’(1) <_- 0,

E’’(1) 0,

Ei =0,

since Oa+((., w))= 0 w.p.1.

i=1,2,’" ,kl,

i=kl+l,"’,k2,

i=1,2,’" ,k3,
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Turning now to section four of [1], we set -= LI(Iq, , P)LI(, o, P) and
-1= {((u(1), r/u): u U, (u(1) LI(D,,, e)}. We remark that L(O, ,P)
because of A4 and (2.2). Now define

,.o()=x?Mo
n,,uo(W)=+(t, (. ), ao((. w)))-+(t, (., w), a(to, (. )))

for uosL(C"+, , Po-’, F) Ut. Now define

co {(6(,.o, n,.uo): 0 to < 1, to To, Uo

where co A is the convex hull of the set A and To is a null set to be defined later but
containing those points at which K(t)= . Then = if; cf. [1].

To assure that our perturbed controls are in U we rely not on [1, Lemma
4.1], but rather on the following lemma inspired by a result of Liptzer and
Shiryaev as presented in [5].

LEMMA 2.1. E(a (1, )) Kfor all -admissible u such that

(2.6) , [(t, ( w))-a[f(t, ( w), u(t, w))-f(t, ( w), a(t, w))]l2 dt

go(1 + Ilzll2)
and all p such that

(2.7) 2Kop25 0,

where is any positive number.
2Proof. We write I- kf"[ for the integrand above. We set M,- kf dw, A I-1 kf 12 ds, Z’x exp (AM (a 2/2)A ), r

inf{tg0" M, n or I- hf"(t)ln}. Then for all a g0
rtA

E ,= Z,,,+E fdw(s)=Z,

because (la is the indicator function of A)

u,x 2 -1 12 e2Xnn 2

Hence Zt, is a martingale for all A 0. Now

E(Z’^,,)p E{[exp (2pM,.,-2p2A,,.] 1/2 exp (p(p- 1/2)A

< fEZu’2plx/2. (E exp (p(2p- 1)At,..)] 1/2

]1/2[E exp p(2p- 1)A ,^,,j

-< [E exp p(2p-1) I01 10--1 afu[2 ds] 1/2

=< [E exp(p(2p 1)Ko(1 + I1 11=))]

=< [E exp aoll l[2] 1/2 exp (p(p- 1/2):K0)
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if (2.6) holds. From Fatou’s lemma it now follows that

E(a (1, w ))’ E(Z)’
-exp (p(p- 1/2)Ko)[E exp (o11112)]/2

-< exp (Ao/2)[E exp ( o11 112)1
COROLLARY 2.2. For any p > 1, ux as defined in [1] is in Ufor e suciently

small, depending on p.
Proof. With u ux, -1 f,(t) has support on a set of measure e. By A6, (2.7)

is satisfied if 2e.
With ((x, A)=E=I 6ti(6(t.,,, 6B.u,) define 0((x, Bx)= ((x(1), n x) where

((x (t), n x) are given by (2.3) with u ux defined in 1 ]. Now Lemmas 4.3 to 4.6
of [1] establish certain properties of the first component of the function 0. Parallel
but easier proofs give the same results for the second component of 0 if we observe
that when (l/e) [tx) ds (t) 6t, then (1/e)f(x) ds)+ +(t) 6t.

Thus the following maximum principle has been established.
MAXIMUM PRINCIPLE. Them is a nonzero vector (O, O) R x R+ such that
(i) Oi N O, O, 1, k,
(ii) O’EL()= OoELo(z

(iii) ifp(t, (o)= Ix(t, w)(t, (., w))-]’0,
then for To, a set of Lebesgue measure zero,

(2.8)
E{p(t)’[f(t, , u())-f(t, , a(t, ))]

+ p’[&+(t, ., u ())- &+(t, , t(t, ))]} _-< 0

for any u in
COROLLARY. IfEla(t)l < oo for t To, and if&+ is adapted, then (2.8) can be

replaced by

E{p(t)’[f(t, , u())-f(t, , a(t, ))]

..-t-p’[&+(t, , u())-&+(t, , a(t, ))]1-,}_<-0.

Remarks. 1. Let us add that the condition that {t} be increasing can be
replaced by

A7: for almost all e [0, 1] there exists a 6 (t) > 0 and an increasing sequence
of o, algebras Ygs, 6(t) <-_ s < t, such that sc and lim,t t.

Now the maximum principle still holds as stated. In the proof one changes the
definition of//(cA) and u to

L.(eA) (t; er, t er + 6t],

u (t)=
[E{u’ -}’

a(t),

I(eA ),

Then
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as e 0 (if the correct version of conditional expectation is chosen). Using this fact
and A5 one completes the proof of [1, Lemma 4.6] by showing

xr, (A[’"- f") dt +E
1

as e 0. This fact did not need proving in the previous case since it is obvious if
ux (t)= ui on .(eX ).

Even if {} is increasing, and left continuous (so that A7 also holds with

’ ) this last version of the maximum principle is slightly different: in the
former case (i.e. without m7) the exceptional null set T0 contains 1 but not
necessarily 0. In the case with A7 the situation is reversed i.e. {0} T0 but {1}
may not be.

Unfortunately this formulation still will not fit the Markov case, i.e. when all
functions including the control u depend, at time t, only on z(t), e.g. u(t, z(t)).
However if we set

= {u" R"+" r continuous, lu(x)l<=K(1

and , {u" c"+" --, r, u(z)= v(z(t)), v

then the maximum principle still holds if

ux (t)= ui(z(t)), I.(e, ).

2. Next we remark that we can relax the condition 2-1ft t w-lt.
Instead define t =--1 directly and assume that (w,, t, P) is a separable
Brownian motion. Then in (2.1)we have

L() EL()+ Jo X dwt + Na

where N is an {t} martingale, mean zero, which is orthogonal to w,, hence to
cu(t). Since this implies that a u(t)N is a martingale, then E"N1 Ea"(O)No
ENo 0. Hence we still have E"L Esr" (1) with sru as in (2.3).

3. Finally we observe that F need not be constant; i.e. we can allow u (t, to
map into F if for almost all there is a number 6(0> 0 and a mapping mt defined
on [t, + 6(t)) F, such that m,(s, ): F, Fs and mr(’, u) is continuous for each
u F, and m,(t, u)= u. (If A7 is used then m is defined on (t-6(t), t].) Now we
define ux (t)= m (t, ui) for Ii(eA ). If F, is increasing then we can let m,(s, ) be
the identity map.

3. The adjoint process--examples. In [2] Kushner derives a stochastic
maximum principle for It& equations. The adjoint process p is given as the
solution to a linearized version of the It6 equation. In [1] we gave a formal
argument to conclude that our multiplier p also satisfied this equation and hence
our theorem reduces to Kushner’s. We shall now give a proof using [3, Theorem
1 to obtain the desired representation of p. This represents a "rigorization" of the
formal argument suggested in 1]. In addition to A1-A6 we need to assume also:

H: L is Fr6chet differentiable with derivative (d/dx)L(x) at x. Moreover
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there are K,/, 6 positive, finite, such that

d d
xL(X)--xL(Y) <-K(l+llxll)(l+llYll)llx-Yll

where, of course, the left side is the norm in C*, the dual of C"+’.
H2: IF(t, x)[2 / Ir(t, x)l _-< g(1 / IIx[[,), IF(t, x)- F(t, y)12 / Ir(t, x)- r(t, y)l2 _-<

Kllx- y[[,2 where F(t, x)’= (f(t,x,a(t,x))’, g(t,x)’).
H3: F(t,. ) and r(t, are Fr6chet differentiable for almost all t, with

derivatives Fx(t, x), rx(t, x)which are H61der continuous in x of order
> 0, uniforml_y in t. From H2 it follows that the norms of Fx and rx are

bounded by x/K.
These assumptions are slightly stronger than Kushner’s, particularly of

course A2 and m3. This is the price we pay for using the Girsanov approach as
opposed to the It6 approach when defining solutions, but there is a pay-off in the
feedback control case; to obtain the representation of p we only require t (t, x) to
be smooth in x, the comparison controls need not be. For now,

If

0x 0u 0x

dLi()Xdz Io Izi(dt; ,)x(t)

then take/x(t; ) as the matrix with rows i.t,i(t’, ,) and

(3.1) h(t, o9)= tx(ds; (o9))(s, t, w)
g(t, (w))

where the columns of (t, s) satisfy

(3.2) dy
L(t, (), a(t, ))

y dt +
(t, ())

y dw

for N s with (s, s)= I, the n + m dimensional identity matrix. According to [3,
Thm. 1], it follows that

(3.3) X(t, oo)=E(h(t)[,)=E

Hence

If we now define

p(t, o) I

} o)(ds; )(s, t)l, (r(t, z(o))

then (2.8) and (2.8)’ can be rewritten with p(t, o9) replacing p(t, o9)
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For the special case treated in [2] where

l_,,(z)=

with to 1 > ta > t2 >" > tk2 -->- 0, and with

dLi
dz

((ti))=/xi(ti; z*)-lzi(ti- -)= li,

a 1 x (n + m)matrix, one has

p(1) 0olo,

(3.4)
,6(t) ,6(1)(1 t) if 1 => -> tx,

ff (ti ff (ti + O,li,

p(t) p(ti )(t, t) if t > >= ti-1.

This is the desired representation of the adjoint process.
The above result is of course not very satisfactory because in general t7 is not

differentiable. However as the following examples show one can still obtain
results even in the discontinuous case by combining smooth approximations and
the general maximum principle.

Example 1.

min El[k’x(1)]

subject to lull 1 and

(3.5) dx=[A(t)x+B(t)u]dt+C(t)dw, 0<-t_<-l,

where x(t) R n, u(t) R, w(t)e R , k R , and is a differentiable positive even
functional of one variable, such that H1 holds and

d/(Y)>0(3.6) Y dy

and/(y)-< K(1 + lyl) for some qo < oo. Beneg [4] solved this problem without the
ditterentiability of l, but this requirement can be relaxed by suitably approximat-
ing. If s is defined by

ds
d-- -A(t)’s, s(1)= k

then engineers have guessed that the optimal law is

(3.7) t(t, x)= -sgn B(t)’s(t)s(t)’x.
Beneg [4] has shown that this is correct using a complicated direct method. We
shall show that this law satisfies our necessary conditions and hence is quite
possibly an optimal control, (necessary conditions can never do any more).

Consider as the basic process on (lq, , P)

(3.8) dz A,z dt + Ct dw,
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and set u (t, x)= -sgn [B (t)’s(t)] sgn [s(t)’x]where sgny sgn y for lyl , sgn
is odd, smooth and nondecreasing. As usual if x is a vector then sgn x has ith
component sgn xi. So according to Girsanov [8] if

w’ wt- C(r)-lB(7")ue(,r, z(’r, w)) d"

then w is a Wiener process under a certain probability law pe, and

(3.9) dz [A,zt + B,u (t, z,)] dt + Ct dw e.

With u u and

this becomes

v w C- B.t dr

dz (A,z, + B,a,) dt + Ct dye,.

Moreover our representation theorem states that

L(z)= EeL(z)+ | X dw e,
Jo

-y (k’zl)k’dpe (1, t)l,

dt
(t, r)= [At-Bt sgn (B’,st)s’,

d ]cbyy sgn (s’,z,) (t, r)

where E is expectation under
If we now set rt (t)= e (t, r)’s(t), then

dr/e d sgn
(s’z)rtdt--]s(t)’B(t)l dy

where

]s(t)’B(t)] s(t)’B(t)sgn [B(t)’s(t)]

It follows that r/e (t) exp (t, [e (o-) &r)s (r)where ]e (t) is a scalar depending on e,
and s(t)’z(t). If we now set y(t)= s(t)’z(t), then

X7 E{ dl [Iyy (y (1)) exp if(r) d’]l;,}s(t)C(t).
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Hence with u" (t, z(t)) -sgn [B(t)’.s (t)] sgn[s(t)’z(t)],

(3.11) xTC(t)-lB(t)(u-uT)>-_O, u6[-1, 1]

provided lY(t)l >- e and also provided

(3.12)
dl

sgn y(t)= sgn E y(y(1)) exp [Itff (z)dr]]t}
Now dy=s’Cdw, so that if d(t)=[ols’,C,l2dr then y t-l=b is a one

dimensional Brownian motion under P. (g-1 exists since CC’> 0.)On the other
hand if u (t, z(t))-=- v (t, y(t)) then

dy s,B,v (t, y,)dt+s’tCtdw,

and

s’Cdw

f’b(t)-

is a Wiener process under P. We write the last equation as

b (t): b(t)- g(z)’f (-, b(z)) dr.

But according to Girsanov’s theorem [8] it now follows that

dP {Io/() 1 Io/(1) }-d-if exp g(t)’iY (t, b,) db,-- Ig(t)’g (t, b,)} 2 dt

Note that /(1) ta is nonrandom. Now (3.12) is equivalent to

(3.13) sgnx= sgn E{ dy (b(tl))qb(tl, t, b),b(t)= x}
where dl(y)/dy is odd and nonnegative for y > O, and where

{b(tl, t, b)= exp Ig(r)l-y sgn (b(r)) d

’ b(z) db, -l
q

(sgn dzl-/ Ig(,)l sgn" / Ig(’)]2 b(’))2

is always positive and "even" in b. Moreover

(t, t, b)= tb(tx, tz, b)b(t2, t, b)

for t t2 .>= t. With x > 0 set t2 inf {s > t: b(s) 0}.
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Then

E -y (b,)ck(ta, t, b)lb, x

E E y(bt)b(tl, t2, b)lb, x, t2 k(tz, t, b)lb, x

E -y(btl)qb(tl, t2, b)lb, x, t2 > tl P(t2 > ta)

>0.

The last equality follows because if -< ta then the inner conditional expectation is
zero since a Wiener process originating from 0 is symmetrically distributed and
(d//dy)b is odd. The inequality follows because if t2 > ta then on [t, ta] b(. stays
positive and(dl/dy)(btl) >= O, but 0. (We assume that is not constant for in that
case X 0.) Hence ,V7 > 0 if bt > 0 and similarlyX< 0 if b, < 0, so that (3.12) holds.

Now let e 0. Clearly

{Iotl lIotl }c --> exp Ig(/)l sgn b, db, -- [g(t)lz dt

in probability, and hence (by uniform integrability) in Lp for p > 1 sufficiently
small. Since Ell(b,1)[q < oo for all q < oo, since

/(bq) Eel(btl)+ X dw

Ea*l(btl)+ Io X* dw

and since

Io’[ ]{-(z)[sgnb sgn b] dr,
C-B sgn (B’s)+ x is,Cl

E{lot1 [e. C--aBIs,C[ (B’S)]o_a(z)[sgnb_sgnb]dz}2
_-< Ea [/(b,l)- Eotl(btl)]2

Iotl [C-lB sgn
"2" ,-1()2

I [sgnb sgn b,]2 dr

0
as e 0 (because E(a)p K), then log d converges in Le. Hence by [9,
Lemma 1], there exists such that g a.e. and

l(k’Zl)= E(k’z)+ J, d.

Moreover taking limits in (3.11) yields that

,c?ln,[u-a(t,z,)]o, u[-, l
for all k’zt # 0, i.e.w.p.1, for all t.
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Hence t does in fact satisfy the necessary conditions of the general maximum
principle. (0o 1.)

Example 2. Let us consider a simple case of the linear regulator problem. We
choose this simple scalar case only for ease of calculation.

dx (a,x + btu ) dt + ct dw, min E | (x 2 + u 2) dt.
Jo

Our optimal control candidate is to have the form

a(t,x)=k(t)x.

The difficulty is that the system is not bounded in u and hence we must perform a
transformation which requires the above form of u. We set u k(t)x + v. Then the
equivalent problem is

dx [(at + b,k,)x + b,v,] dt + ct dw,

mino E J0 [(1 + k2t )x 2 + 2ktx,v, + v dt;

moreover we now know that t is optimal if and only if v 0 is optimal, i.e. 3 0.
Hence instead of allowing v to assume all values we can restrict it to lie in [- 1, 1].
Next set

dy (2kvx +/2 2) dt + dw
where Wo is an independent Brownian motion. The problem now is: find k (t) such
that 3 0 minimizes

(3.14) E x2(1+ k at + y(1)

subject to

(3.15)
dx [(a + bk)x + by] dt + c dw,

dy [2kxv +/32] dt+ dw
in the class of measurable controls v(t, x) with values in [-1, 1]. This is now a
partially observable problem because v is to be independent of y. We apply the
general necessary conditions to obtain (again 0 0o 1 and , is generated by
ws, s -< t)

E X,
0 2k,,v + v- (2k,,3, + 32) ’ => 0

for all v [- 1, 1]. Since 0 it follows that

(3.16) E(xt]t)( 0 (2kS =0.

To compute 2’ we write (cf. (3.15))

dt
(t, s)= (at + b’k* O)dp(t, s)

0 0
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(since 3 0) so that

/exp [: a, + b,k,d,r] 0,(t, S)-"
0 1 ]

Also from (3.14)
2dlx(s; x, y) (2(1 + ks)xsds, 3l(s) ds)

where 3l(s) is the Dirac delta with mass at s 1.
It now follows that

(It 2(X+k)exp [2 f, a,+b,k,d,12tds, 1),
and hence from (3.16)

(3.17) 2t{ bt 2(1 + k) exp 2 (a, + b,k,) dr ds + 2kt 0

so that

d--7+--7 (l+k)exp 2 a,+b,k,d, ds

1"

i,eo

dk dbt kt
dt dt bt

Now set k(t)= -b(t)p(t). Then

dp dk -[1 _[2
db

d-- dt
b +ktb d--7

bt(1 + k)+ 2kt(at + btkt) O.

-(1 + k2t) 2pt(at + btkt)

and p(1)= 0 since k(1)= 0. This is the well known Riccati equation and so the
maximum principle does yield the optimal control.

Let us continue further by imposing the constraint EI(1)[ -< 1. (Note 0o 0 is
impossible here.) Now 0=(00, 01) with 00-<_0, 01<=0. Let us rewrite this as
0 -(1, p) with p >= 0. Then

2(1 + k s)xds l(s) ds
dg(s)=

2.1 l(S)ds 0



250 u.G. HAUSSMANN

and (3.17) becomes

2(1 + k2) exp 2 (a, + b,k,) dr ds + 2kt

+ 2p exP ft (a, + b,k,) d-} O,

ioeo

dk____,_db_____, k__!t_ bt(1 + kt2) + 2k,(a, +
dt dt bt

+ p(at + btkt)" exp I (a, + b,k,) dr 0

and kl -p. Then with k(t)= -b(t)p(t)we have

(3.18)
dPdt 1 2ptat + bZtp + p(at bpt) exp It (a, b,p,)2 dr,

p(1)=p/b(1).

The extra parameter O must be found from the condition EI’(1)[2=< 1. For the
simple case a 0, b(t)= b, we take p 0 if

f01 [ fO
b(1-t)

2)]2 C exp 2 tanh u du] dt <= 1.

Otherwise one computes p hence k hence t for various values of O and then
presumably the smallest p for which EI?(1; p)l2-< 1 gives t. Observe that if
qt pt + O exp t (a + b,k,) dr then (3.18) is equivalent to the system of Riccati
equations

[ 1 pa qa b2pq,
1 2pa + b2p2,

p(1)= p/b(1), q(1)= p(b(1)+ 1)/b(1).
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FUNCTIONALS OF ITS) PROCESSES AS STOCHASTIC INTEGRALS*

U. G. HAUSSMANNf

(1)

Abstract. Conditions are given under which a functional L of an It6 process z(. ),

zCt)=ZO+Io fCs, z)ds+Io crCs, z)dw, O=<t=<l,

can be represented as

L(z(. w))= I0 x(t, w)dw (t, w) w.p. 1,

and an explicit formula for X is given in terms of the Fr6chet derivative of L and the solution of the linearized
version of the It6 equation (1). The method of proof consists of applying a theorem of J. M. C. Clark to the
Cauchy-Maruyama approximation of (1).

1. Introduction. On the probability space (f, , P) consider an r dimensional
Wiener process w(t) and a process Z(t) which satisfies

(1.1) z(t)=Zo+ [(s,z)ds+ cr(s,z)dw,

and on C", the space of continuous functions mapping [0, 1] in R", Euclidean n space,
consider a Frechet differentiable functional L[x]. Suppose that

(1.2) L[z(., o)] Io x(t, to) dw(t) w.p. 1;

then the problem is to find a "good" representation of g. If t is the family of o--algebras
generated by w then it is well known that X(t)= d/dt(E(L[z]l.;t), w)t with the usual
notation (.)t for the increasing process associated with a martingale. Here E(x[)
denotes the conditional expectation of x given . For practical purposes one does not
wish to talk about the martingale E(L[z(. )][); rather one wishes to obtain ,t’ in terms
of the functional L, and the coefficients f and r. This is what is meant by "good". Clark
[1] has solved this problem for the case z w, Zo 0, f 0, r L We extend his result
by approximating z by piecewise smooth processes z,, as in the Maruyama approxima-
tion theorem, and then applying Clark’s theorem to L Zm(W) before taking the limit in
the mean on m. We stress that we always use only Theorem 1 of [1], and never the
incorrect Theorem 4.

After stating various hypotheses about L, f, o- in this section, we continue in 2
with the main result which states that ,t’ can be represented essentially as the conditional
expectation of a fundamental matrix solution of the linearization of (1.1). In the
Appendix we supply a proof of Maruyama’s theorem in the present setting.

Although this result may be of interest by itself, it was established in order to find a
useful representation of the adjoint process which arises in the stochastic maximum
principle [2]. This application is given in [3].

* Received by the editors November 18, 1976, and in revised form April 28, 1977.

" Department of Mathematics, University of British Columbia, Vancouver, British Columbia, Canada
V6T 1W5. This research was supported by the Canada Council under Grant W75001 and by the National
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Let t be the r-algebra generated by {ws: 0<-s <- t} together with the negligible
sets of , and let Nc be the Borel algebra of Cn. Let Ilxll,--SUpos_, Ix(s)l, and set

Ilxll-Ilxllx. We shall require the following hypotheses.
(H1) L: C R is Nc measurable, Fr6chet differentiable with derivative

(d/dx)L(x) at x. Moreover there are K, B, 8 positive, finite, such that

L(x)-L(y) K(1 +llxll)(l+llYllO)llx-

where, of course, the left side is the norm in C*, the dual of C".
(Hz) [: [0, 1] x C" R", : [0, 1] x C" R" are measurable, and for any

adapted process z, [(t, z ), (t, z) are measurable.
(n3) If(l, x)l2 + [(t, x)lz K(1 + Ilxll),

If(t, x)-f(t, y)lZ + [(t, x)-(t, y)[Z gl[x- yll.
(H4)/(t," ) and (t,. ) are Frechet differentiable for almost all t, with derivatives

[ (t, x), (t, x) which are H61der continuous in x of order 6 > 0, uniformly in
t. From H3 it follows that the norms of

Remark 1. From Gronwall’s inequality it follows that
2

assuming that z (0) is fixed. Hence for q N 2

(IIoEIIzlIKz I+E sup dw K I +E I12 ds
st

K(q)

for [0, 1], by Gronwall’s inequality and Burkholder’s inequality [4, 9]. H61der’s
inequality now yields

(1.3) EIIzll"
Remark 2. (d/dx)L(x) is a linear functional on C", so there exists a right

continuous 1 x n matrix valued function (., x) of bounded variation such that

(a.4) L
dx

(x)y .(dr, x)y(t).

Moreover from (H) it follows that

dx

and that if R(x, y) L (x + y)-L(x)- (d/&)L(x)y then

(1.6) IRE(x, Y)I [lyll+gz(t
We shall also have occasion to apply (d/dx)L(x) to functions y(t) continuous on

Is, 1], but equal to zero on [0, s). Such functions are in general not in C" but we can
define

(1.7) L(X)rdx (dt, x)r(t).
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2. The representation theorem. Under (H2) and (H3), z is the unique t adapted
solution of (1.1). If r is the pth column of r, define

(2.1) dy =f(t, z)y dt + O’x(t, z)y dw
O=1

and for t->s set (t, s) to be the n x n matrix with ith column given by yi(t, s), the
unique solution of (2.1) for ->s with yi(s, s)= e, the ith standard basis element in R",
and with y(t, s)= 0 for 0<- < s. Note that the convention as in (1.7) is used for fxy and
try. Next define

h (t, to)= Jt tx(ds, z(to))(s, t, to)o’(t, z(to)).

THEOREM 1. Under (H1)-(H4)

t[z(. )] Jo E(A (t)[) dw(t)+EL[z(. )].

The proof of this theorem consists of several steps and will occupy the remainder of
this section.

Step 1. To apply Clark’s result we need to compute the derivative dz/dw, as a
continuous linear functional on C". Since this does not exist for z as given by (1.1) we
approximate z by z, where Zm is given by Maruyama’s theorem (actually xk below). To
apply this last theorem, however, requires f and tr to be continuous almost everywhere
in t. Hence we define

f,, (t, x)= m em(S-f(s, x) ds, tr,(t, x)= m e’(S-o’(s, x) ds,

and we observe that f, and tr are continuous in and still satisfy (H2)---(H4). Now let
be the unique solution of

(2.2) dx =f(t, x) dt +o’,(t, x) dw, >-_0, x(0)= Zo.

Next we take the Cauchy approximation of x,, as indicated in Maruyama’s theorem
(see Appendix). Fix k and let tj f/k, ] O, 1,..., k. Then set

(2.3) x (t)= x (t)+[(t, xL )(t- t)+(t, x )(w(t)- w(t))
if tj < =< ti/l, and set

(0)= Zo.Xm

x, is an approximation of x which explicitly exhibits its dependence on. w.
Step 2 (Representation of L[x]: verification of Clark’s hypotheses). We wish to

k k
write L[x,,] o ,V, dw and to obtmn a reasonable representation for ’,. Clark’s
Theorem 1 1] gives such a representation, but we must consider L as a functional of w
and verify that it satisfies the hypothesis

----dZ[x (w)] + g(w, )(2.4) [x (w + )]-[xL(w)] w
where

(2.4)’ IR(w, W)I < gollWl[+(1 + Ilwll)(1 + I111)
for some finite constants Ko and a. To this end consider w and ff as two elements of C"
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k(t;w+ff) xk(t;w) where of course bothwith w(0)= if(0)=0. Let k(t)=x,.
k kx.,(t; w + ) and x.,(t; w) are defined by (2.3) but for the former w is replaced by

w + ft. Then

where

~k k Xm)Xmx.,(t) .,(tj)+(t tj)f.,x(ti, k .k

k+ (w(t)--w(ti))Crx(t,xk)2 +tr,.(t,x.,)((t)--(ff(tj))

+R k (t, if t < <

kx.,(0)=0,

R(t, ti)= (t-ti)(f.,(ti, x .,k +m)_fi.(ti, X .,k)--f,.x(ti, x)}

(2.6)

+{r.,(t, X +)--r.,(ti, xl}((tl-- (ti)1.
We set v k (t)= R k (t, ti) for ti < < tj+l and similarly b k., (t)

tr.,(ti, xk..)(v(t) ff(ti)). Then define ck.,(t) b k., (t)+ v km (t), and
if <ti,

Yi(t)
Xm

k (tj) if > ti.

Similarly define 6(t) from C k. (t), i(t) from b ,,k (t) and tSi(t) and from V krn (t). Now (2.5)
can be rewritten as

(2.7) ./+1 M/+I/+ lj+l

where M. is a bounded linear operator on C". If # L ii .MM-I M+I for ] > i,
then from (2.7)

(2.8) xi=
i=1

because o 0. Hence

(w + Io .(dt,

k(dt, x.,) 2 (ki)(t)
i=1

k+ Iz(dt, x.,) Y’. (dPkiOi)(t)+RL(x k,,,,).
i=1

We call the sum of the last two terms R (w, if). Sinceb is linear in if, then (2.4) is
satisfied if R satisfies (2.4)’. This requires an analysis of x and .

From (2.3) and (H3) it follows that
9. /z k-a /2llwll)

or

(2.9) X
k +1),.,ll=<k(1 ""[[WIIk
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and

because

I1 I1,,/, I1 I1,,(1 + K(k- + 211wll)) + 2KII I1(1 + IIx & (w + )ll)

k k k(t)= m(tj)+(f,,(ti, Xm +m)--f,(tj, x,))(t--ti)
k ~k (ti, k+(rm(ti, Xm +X,,)--r, Xm))(W(t)-- w(ti))

k+ O’m (tj, Xm + m)(ff (t) ff(ti)) if ti < --< ti+l.

Hence from (2.9) it follows that

IIll--< k=llll(1 / Ilwll)(1 /llw / 11/)
(2.1o) --< k311 I1(1 / Ilwll=+)(1 / I111+1).
Moreover from (2.7) it follows that if t < _-< t+l, =</’, then

(M-+lX)(t) x(ti)+ (t-- ti)fmx(ti, X m )X +2 (wO (t) w(ti))crx(ti, X)X,

so that (using (H4))

and

(2.11)

[M/+ll k4(1 + IIW[I)

Ik,[ <- k5(1 + [Iwllk).
From (2.6), (H3) and (H4), it follows that

I1 11-<- gllm /(k- / 211wll) / 2Kll I111

Now (2.4)’ follows from (1.5), (1.6), (2.9), (2.10) and (2.11), and we have established
LEMMh 2.1. L[X(W)] satisfies (2.4), (2.4)’ with

dL k Io k

(2.12) --W-W [Xm(wllff tz(dt, Xm) Y (dPk,il(t).
i=1

Step 3 (Representation of L [x ]" "finite" f,,, o-,,,). Now we wish to write the right
side of (2.12)as JAm(dt, w)(t), since Clark’s theorem then tells us that

(2.13) L[x k (w)]= Io E{A mk (1, w)-h mk (t, W)l’t} dw(t)

assuming as we always shall that EL[x,k]= 0. To identify h ,,k we begin by considering
the simpler case where [,, and tr,, act on 2 only at a finite number of times. Then we
shall take limits. Assume for the moment that

i-
k j~fmx(tbXm) E E ),Ol ilX (

i=0 /=1

j-I l(i)

’,(ti, Xm) E E
i=0/=1

t(i) We shall denote the generic point of this partition bywhereti=t<t<...<ti ti+l.
i,/" 0, 1,..., lo with lo ik= l(i). a aand/3 are constant matrices. For the statement
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of the next lemma we need some more notation. Consider the equations

Ai(t)= Ai(tj)+(t-tj)f.,x(ti, xk)Ai( )

(2.16)

+E (w(t)-w(ti))trx(ti, x)Ai( ), ti <-tj<t<-ti+l,
(2.14) k ), ti < ti < < ti+l,Ai(t)= tr.,(ti, x,.

Ai(t)= 0, O<-t<tk

LEMMA 2.2. A k (t)= u(t)+(t) where

u(/) I, I(ds’xk)"(s’xk)’
(2.15) k (ti, x ktr.,(t, X,.) tr., .,) i[t<t<=ti+,

and (t) is piecewise constant with ]umps at of size

(ti)-(ti)= I,,+1 tx(dt,

I, k)Ai(t) (i(ti+1 xk)+ Iz(dt, x,,

k

Proo[. For convenience we set w(t)= w,, w(tt) Wl, ff(t) fit, (ik=l (I)ki/)(0
y(tt) y, and trt=#.,(tl, xk.,,). Then from (2.5), (2.7) and (2.8) it follows that for
< t <_- t+l

(2.17) y(t) Yt + (t- l) Y. 6uY, +E (w w) E iY, + trt(fft- fit),
i=1 o i=1

where c and/3 are derived from a and/3. Hence we can write

Y/+I "’l+liYi d- bl+l
i=1

where

yu (t tt-1)6t-l +, (w w-l)-l + 61-1 i,

o

b trt-l(ff ff-l),

6li={ if/=i,

ifli.

If we define

tli E Ylkl"klk2Yk2k3" Ykvi, > i,
l>k>k2>" ">kv>i

then

(2.18) yt Y. ibi,
i=1
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and for < <= 1+1

(2.19)

y(t)= E ItliWi-X(li-- li-X)+(t-t) E li E I]ioi-x(li- li-l)
i=l i=1 i=1

nt-E (W?-- W?) 2 1] 2 I]iO’i--l(li-- l]i--1)-[-O’l(lt-- ll)
p ]=1 i=1

{arliO’i-lnt’ali(t--tl)+E (Wt--w)bi}(li--li-1)nt-cTl(tt
i=l o

where

ali lliIiio’i-1, b li E P[l.iiO’i_l.
i=1 i=

Again for convenience we set/z(t, x mk )=/x (t), A/x Ix (t/+l)_.ld, (tl) AI[.O_. 1t!tl+l dtx(t),
All.6O Jt dtx(t)w(t). Then from (2.12) and (2.19)

Altz IliO’i-1 tlali-- W lbli (li- li-1)
/=o i=1 p

--alt2"O E ali(li li-1)-l-’ al[lo 2 bli(li-- li-1)
i=1 o i=1

-= [-- {Alt2,(Itli+lri--tlali+l--’Wbl+lIi=1 /=i+1 o

+At/zoati+ +2 Allxob li+l } li
-" All-I, (*liO’i-1- tlali-E wbi)

l=i p

@Al[Oali @’ All,obi} li Ail.,o’iliI
+ Io d/ (t)&. (t, x,. )ff (t).

Clearly the last term of this last expression is du(t)(t), and the rest is the integral of ff
with respect to a piecewise constant integrator having jumps at t i, 1, 2 lo, of
magnitude

(2.20) -ft,+ dl(t)i+l(t)+It d(t)i(t)-Aipcri.
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Here, for _-> i, < _-< t+a,

:i(t) ’kltliO’i-1 + (t- t’)ali +Z (wt wt )b,i
(2.21)

xltio’i_l + (t
i=1 a i=i

upon substituting for a, b; cf. (2.19). Moreover from (2.21) for

(2.22) E *,+,
i=i

and we define (t) a-x to make right continuous on [t, 1]. By comparing (2.17),
(2.21) and (2.22) we conclude that satisfies (2.14), if we observe that , I for

ti < t+l. Hence (t)= A(t), and the lemma is established.
Step 4 (Representation of L [x ]" general f, ). We can now consider the case

of general f,. For any s e [0, 1] define A (t) (similar to 2.14) by

0 if0t<s,

k
(t,x) ift<stt+,

(2.23)
x )X )

+E (.) ifsti<tti+a.

LEMMA 2.3.

dL [xk (W)] ff Io A k (dt, w)ff(t)
dw

where

--J,(2.24) h k (t, W) Ix(dt, x k (W))A ).

Proof. For notational purposes we set f,x o
r,x, t=w(t), and, as before,

=1 (ki)(t)= y(t). For each (ti, x), p =0, 1,. ,r, there exists a right continuous

function oi(t) of bounded variation such that

o k fo.(ti, Xm)y dni(t)y(t).

Hence for any
{0, tl, t," , 1},

partition 7r {t, a,/,2,... tto, 1} with =0, containing

Io drti(t)y(t)= (rti(ti+’)-rti(ti))y(ti)+si(y)
i=0

where s is an error term. Then it follows (cf. (2.17)) that y (0)= 0 and for t N <
/+1

y(t)=y(tt)+ (w(t)-w(t’)) 2
o=0 i=1

(2.25) +t(ff(t)- ff(/))+ (w(t) w(t))si(Y)
O=0
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with the appropriate identification of/= (a,/fit,/2,...,/fro). We write s,(y) for the
matrix with columns sPJ(y), p 0, 1,. , r, if tj -< < ti/l. Then (cf. (2.18))

Yl+l Ill(O’i-l(li 1i-1)+ Si-l(y)(wi Wi-1))
i=1

where we recall that yi y(ti), ffi ff(tg), w w(ti). Hence

Io dtx(t)y(t)= Io dh(t)ff(t)+ fo dh ’(t)w(t)

where h(t) h k,,(t) as given in Lemma 2.2 with/ as in (2.25), and where h ’(t) h k(t)
as given in Lemma 2.2 with/ as in (2.25), and with O’m(t, X) replaced by s(y) in
(2.14)-(2.16). The proof now consists of showing that I;-0 and A,- A

Consider I;. The part given by (2.15) is v’(t)=- di(u)$(u, y) if (u, y)= st(y)
for < u <- +1. If V(m) is the variation of m then

V(v’) <- sup Ig(ti, y)lVOz)-o
O<--_j<k

as mesh 7r -0 because g is constant on (ti, tl+l]. Moreover from (2.16)

V(’)<_-2 dtx(t)h(t) + sup
=0 O__<<k

Since P is adapted, it follows that rli(t) rlJ(ti) for t>ti. Define Ar/iO’nlx
rli(tg+l)-rlPJ(tg), and i(/’) if l= ti. Then from (2.14) it follows that

i()-1

A(t)=A(ti)+ . (w(t)-w(ti)) E AlrlJh(t)
p =0 =0

if =< ti < =< ti+l, and

f g(t, Y)
x (t)=

0

if t < < <= tj+l,

ifO<=t<ti.

We define V(r/)= [, SUpo_<_i<k V(npi)2] 1/2, and we define "/’i and ](i) by ti(i)< i_
O----0

tw+l rg. Then

sup I, (t)l sup IA (t)l(1 + 21lwl[ V())
’i <= <-- ti

and hence

sup [g(tj, y)[K(w)
O<--]<k

where K(to) is a random variable, finite w.p. 1, although it may change from equation to
equation. We can now conclude that V(A’) 0 w.p. 1 as mesh zr 0, and hence

dw
w dlz(t)y(t) lim dh(t)ff(t) w.p. 1..

0
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To compute this last limit, observe first that

Io dlx (t)m (t)ff (t)--
i=0

AitzCTili

dlz (t)rm (tj, x m)ff (t)--
j=O

i(/+1)--1
k }E ar.,(t, x.,)

i=i(])

(2.26)

as mesh 7r--> 0 because ff is continuous. Hence

Ik= lim IIod(A (t)h km(t))(t)
mesh 0

lim dlz(t)Ai+l(t)+ dtz(t)Ai(t)
mesh "n’0 i=0

,,,,,/1 t)- dtx(t)Ak,.,,(t) ff(ti)+el
i+l

where

fO k(ti+l)__ k
el da k (Off(t)-- (a, A (ti))(ti)

i=0

--> 0 as mesh 7r --> 0

because ff (t) is continuous and V(A k ) < o0. To establish this last inequality we first need
CLAIM 1.

where 6 =0 except when i- t](i)+l, when it is 1.
i+1This claim is true because for tj _->

k ksup IAm,,(t)-Am,,/(t)l
ti+l<t<ti+l

and

iAk,,,,(t)_A,,,,+(t)Ik ’.f0
t lm (ti<i), Xm ) Tm (t](i)+ l, Xm )lk k

We now observe that

if < i+l <--_ t](i)+

if t](i)+1 < i+l < <=/i(i)+2.

=< V(/z)K(w)+ V()k(g(o)+llwllV())



262 u.G. HAUSSMANN

where we have used Claim 1 and the fact that lib t’[[ can be bounded independently of i.
Hence indeed V(A mk )< m.

Returning to (2.26) we can write it as

(2.27)
I’= lim d(t)(Ai(t)-A,,(t))

mesh ,rr-O i=O

+I,/ dl(t)(Ai(t)-+(t)-A,(t)+A,/(t)) ff(t).

CLAIM 2.

lim sup I[Ai- A L,II- o,
mesh 0

), and for tj < s < tj+a < t < ti+zProof. For ti < s <= _<- ti+ a, h ms(t)= O’m (tb X

As(t)=r.(tj, xk)+., (w(t)--w(tj+l)) drl+l)cr,.(ti, x k

19=0

so that IIli I mt’(t)lltj(,)+2 O. Moreover for t’ <- tj < <- ti+l,

from which it follows that

and hence

’ < IIAi A [It{1 + 211wl[ V(n)}[[Ai--Atti[[ti+l--- tl,

+2 IlwOlllsO’( L,)l,
19=0

(2.28)

Now

kIlAi- A rot’I[ < K(w) sup Y, Is 19i (h t’)l.
O<-j<k 19

.,t’)[ dq19i(t)at’(t)- E mln 19iA ,,,,,(t’ ’)
l=i

-< V(r/oJ) sup
ti <=t, z<=t

It-’l<mesh

-< V(r/19i)2 m19(meshrr)sup
o=0 O<--]<k

<=K(w) m19(mesh rr)
o=O
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where

mo(h)= sup
O<=t,
]t-’rl<h

This establishes the claim.
From (2.27) we can now see that the proof of the lemma will be complete if

CLAIM 3.

ksup IAi(t)-Ai+l(t)-At’(t)+Amt,+l(t)l->O
i=0

as mesh zr --> 0.
Proof. As in the derivation of (2.28)we have

k k

k k(2.29) [lli--lmt --*i+1-1", ,,+ I1,,{1 / 211wll v(n)}

/ Iiwllls( -0=0

k k O. We always have t](i)+2 >
i+1 Moreoverwith [IAi- A ..,- Ai+l + I,.,,+1 [[,j,,/2

i(j)--I
k(2.30/

/=i+1

k is constant on [t, ti)+l] ifNote that this follows directly from the fact that A.,,,
k is constanti+ _--< ti0)+l. In the case +a > tio)+l, we observe that ti)+l, and then A ,.,

on [t, tii)+2] so that the equality (2.30) again holds. Now if It-r < h, then

]A k k k k,,,,(

i o k k< 2 mo(h) sup [o’.,x(tj, x )( k

o =0 O<--i<k

where we have used Claim 1. Hence

supls
i=0 o=O O<--j<k

.,t,- A,.,,/)I < V(r/)K(w) mo(mesh
o=O

--> 0 as mesh zr --> 0.
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Hence from (2.29) it follows that the claim is true and the proof is complete.
COROLLARY.

L[xk I0 E(h(t)l;t)dw(t).

Proof. This follows from (2.13).
Step 5 (k - oo). The next step is to let k - c. We define A,, by

h,,(t) 0 if (s,

(2.31) h,(s)=tr,(s,x,),

dA,,,(t)=f,,x(t,x,,)A,sdt+ dw o’x(t,xm)h,,, if s<t<=l,

where as usual the convention is that’,I, means the application of’, in C [s, 1 ], the
space of continuous functions on Is, 1], i.e. dn(t),,s(t).

LEMMA 2.4.

lim Ella ’ -A,II- 0.

Proof. If t/o< s -< tio+l, set

0 if t<s.

Then in fact for t < N t+, ] 0, 1, 2,. , k,

2(t) 2(ti)+(t ti)H(ti)f(ti, x k 2k k)( (" )+q(tio, X))

+ (w(t) wO(t))H(t)gx(t, x)( ( )+q(tio, -kx)),
0=1

,(0)=0,
-kwhere H(t) 0 if t<s, H(t) 1 if ts. Now define hby

k k,(t) ,(t)+(t t)n,(t)f(t, x2)( (. )+(s, x))

+ (wP(t)--w(tj))O’m,(ti, xk)(%km(" )+trm(s, xk)) iftj<t<--_t+l,
p=l

;(0)=0.
Since v(t)= (t)-(t)satisfies a stochastic differential equation, an application of
(H4) and Burkholder’s inequality [4, 9] yields

Ell II,K1 Ellv[l dz+gl EIAI= d,
k (t X). Sincewhere Ag g(s, x )-g k

(2.32) EA 2 411( , x&)ll=m =k -=
then from Gronwall’s inequality it follows that

(2.33) lim El],k,-- ,k 112 0mSll
k
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If we define Ares by

Ams(t)=O if t<-s,

(2.34) dA,,,(t)= f,,,(t, Xm)(Ams( )+r.,(s, x.)) dt

+ dw trine(t, Xm)(A-,,,s(" )+tr,.(s, x,,,)) if > s,
O=1

then Ares satisfies a stochastic differential equation, with coefficients continuous in
(Ares, Xm) except at s. Hence an application of Maruyama’s theorem (see Appendix)
yields

(2.35) lim EIl(x -k,., A m3--(X,., L,s)ll=-- O.

From (2.31) and (2.34) it follows that

{-(t)
0

so that

ift>-s,

if t<s,

Ella Aslla<{EI ~
+EIAo’m 2 + ElO’m (S, X m) O’m (S, Xm )12}4

-->0 as k -->

by (2.33), (2.35), (2.32)and (Ha).
LEMMA 2.5.

L[x,,,] Io
where

E(A,.(t)I) dw(t) w.p. 1.

A,,(t)=- It dlz(s; Xm)Amt(S).

Proof. From Remarks 1 and 2 and (2.35) it follows that

EIL[x L[x,,]I --> O,

and hence there exists a function Qm, adapted and square integrable, such that

Io ElO,,,(t)-E(A m(t)l;t)[z dt -->0;

cf. [1, Lemma 1]. But from (Ha), (L’= dL/dx)

Ih ,,k (t)-Am (t)l dtz(s; x,,,)h,,,t(s)- dlx(s’, x,, ,,t(s)

_-< IL’[x.]l lIAr,-A AI / K(a / IIx.ll)(1 / IIxl?)llA LII IIx-xll,



266 u.G. HAUSSMANN

SO from Lemma 2.4, Remark 1, and (2.35) it follows that for each

E[E(A (t)--Xm(t)[,)lZ<EIX= (t)-X (t)[ 2 --’0,

and EI]A -Am]]z < o0. Hence E(A (t)[,)converges to E(A,,, (t)]t)in L2 dt dp, so that
O,,(t) E(A,,,(t)[), and the result follows.

We observe that strictly speaking one ought to carry along EL[x]. However
clearly this converges to EL[x,,] as k --> oo.

Step 6 (m -> oo). The proof of the theorem can now be completed by letting m -> oo.
Again EL[xm]-’> EL[z] because of the following lemma.

LEMMA 2.6.
lim E]]x.,-z[[2=O.

Proof. If ym(t)---- X.,(t)--z(t), then

y.,(t)= [fro(S, X,,,)--f.,(S, Z)] ds + [f,,,(s, z)-f(s, z)] ds

+ r., (s, Xm)-- r,. (S, Z)] dw + [r., (s, z)- o’(s, z)] dw.

Using (H3) and (1.3) it follows that

llyllz, 8K IlYmll2s ds +8

where m is chosen so large that

E Io If,. (s, z )-f(s, z)[ ds <

E fo let,,, (s, z)- or(s, z)l 2 ds < e.

Now it follows from Gronwall’s inequality that

and the proof is complete.
Now we define

E[lymll 8ee8

As(t)=0 ift<s,

(s)=o-(s,z),

dAs(t)=f(t,z)Asdt+ dwrx(t,z)As, t>s.=
o=l

If we set ym =A,,,s-As, then y.,(t) 0 for s > t, and

y.,(t) r,(s, x.,)-r(s, z)+ f.,x(Z, Xm)Ym

+ (,(, x,,)- 0", z))a dw, s t.
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However

[O’m (S, X,,)-- r(s, Z)I <-- 2gllx,, z[I] + 2lr,, (s, z)- o,(s, z)l
(2.36)

[(f,,(r, x,,)-fx(r, z))a,[2 <--2Kllx,,- zllll,ll= / 2lfmx(r, z)as-f(r, z)a,I 2,

12and similarly for Io’,,x- o- Considering Remark 1, applied to x,,, z, a, we observe
that the terms on the left sides of (2.36) tend to zero in mean square dt dP as m
Hence as in the proof of Lemma 2.6

lim EII,. -,sll 0 a.e.s.

Finally the argument of Lemma 2.5 can be repeated to yield

(2.37) L[z]=Io E(I dtx(s;z)A,(s)[,)dw(t) w.p. 1.

This completes the proof of the theorem.
We remark that the result can be extended. If L L(x, w) then dL/dw has two

components; L is treated as above and Lw is treated as in [1] if L satisfies (H1) in w as
well as x. If, on the other hand, f f(t, x, w), r r(t, x, w) and (H2(H4) are satisfied in
w as well as x, and if we represent

[(t, x, ) (s; t, x, )(s), (t, x, ) (s; t, x, )(s)

then L[z] is still as given in (2.37) but

a,(s)= (s, t)(t, z, )- (s, )(t; , z, )r

(s, z)u(t; ’, z, w) dw,

i.eo

dht(s)= (f(s, z, w)h,(s)- u(t; s, z, w)) ds

+ dwO(cr(s, z, w)A,(s)- u,(t; s, z, w)),

At(t) o’(t, z, w).

Appendix. Consider functions a(t, x) and b(t, x), continuous on [0, 1] except at So,

satisfying (H2) and for some > 0

(A.1) la(t, x)l2 + [b(/, x)l2_<-g(1
(m.2) la(t, x)-a(t, y)12+lb(t,x)-b(t, y)[2-< K((1
If x satisfies

fo(A.3) x(t)=Xo+ a(s,x)ds+ b(s,x)dw,

then as in Remark 1, for each q <

EIIxll -<_ K(q),
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where K(q) depends only on q and on the constant K in (A.1). For any partition
,r {0 to < tl <" < tk 1} of mesh m(Tr) set

(A.4) x(t) x(tj)+ a(tj, x’)(t ti)+ b(ti, x)(w(t) w(ti)), ti < <=
x (0) xo.

TI-IEOREM (Maruyama). EIIx -xll2- 0 as m()-, O.
Proo[. We follow essentially McShane’s proof [5] with some modifications. Set

i--1
X(ti) Xo + X a (ti, x)Ait + Y: b (ti, x)Aiw,

=0 =0

f((t)= X(ti), tj <-_ < ti+l,

(t)=x(ti), ti<-_t<ti+l,

(t)= x(tj), ti <- < ti+l.
Then

(A.5) EIIx xll=, 4EIIx [Iz, + 4EII RII2, + 4EIIR- llz + 4Ellx llz,.
Since llxll= <- K, independent of 7r, then e(llxll= >-M=) <- K/M. Also

Ix(t)- (t)[ -< /-41 + IIxll m(Tr)+ sup [w(t)- w(z)l
O_<_t,

and w(t) is uniformly continuous w.p. 1. Hence for any e, r/> 0

e{llx 11 > 4K(1 +ME)e } < K/ME + rt

if m (Tr) < e/2 and m(Tr)is also so small that P (sup [w(t)- w(z)l > e/2)< r/. This implies
that IIx-ll-,0 in probability as m(r)-->0. Also Ilx-ll_-<211xll,
K(2 + q), independent of ,r, so by the Lebesgue theorem EIIx-11=- 0.

If ti -< < ti/l, then

I1 llz, max Ix (ti)-- X(ti )12

<_- 2 max (a(t, x)- a(t, x))(t) + (b(t, x b(t, x))
ii /=0 /=0

2 g((1 + IIx II)llx xll*+ IIx xll) ds

+ 2 max (b(t, x) b(t, x))w

Taking expectations and applying Burkholder’s inequality [4, 9] to the last sum
consired as an integral yields

if we take into account Remark 1. Note that as usual K is a constant but not necessarily
the same one from equation to equation.
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Next we define, for ti -< t -< tj+l

X(t)= X(tj)+ a(,tj, x)(t- tj)+ b(ti, x)(w(t)- w(ti))

so that

I1 - ;11= max Ix(ti)- x (t)l

2

--<SUPo_t_l [X(t)-x(t)[2= o_-<,_lsup ]Io d(t’x)dt+Io (t,x)dw]
where d(t, x)= a(ti, x)- a(t, x) if ti < <- t/+l, and/(t, x, o)= b(ti, x)- b(t, x) if < <-

t+. Hence

if Burkholder’s inequality is again used. However a and b are continuous in a.e. so that
[d(t,x(o))l+l(t, x(,o))l--, 0 a.e. (t, o9) as m(Tr) 0. Moreover

Io E(ldl2+l12)dt<-2 Io E(la[2+lbl2)dt<

by (A. 1) and Remark 1. Hence by dominated convergence EIIX’-;11=-, 0.
If we now choose m(r)so small that

then from (A.5)

EIIx -xll , 12e +4Ko Io’ EIIx xll as,

An application of Gronwall’s inequality now completes the proof. We observe that x,,
as defined in (2.2)satisfies (A.3), as does the pair (x,,
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ON POLE ASSIGNMENT FOR A CLASS OF
INFINITE DIMENSIONAL LINEAR SYSTEMS*

AVRAHAM FEINTUCH" AND MOSHE ROSENFELD"

Abstract. Let {A, B} be an infinite dimensional linear system where A is normal with compact resolvent
and the input space is finite dimensional. Then the controllability of {A, B} implies the possibility of assigning
an arbitrary finite set of poles to the transfer function of the closed loop system formed by means of suitable
linear state feedback. Thus such systems can always be stabilized through state feedback.

1. Introduction. Let ,, be an infinite dimensional Hilbert space and consider the
linear system

(1) (t)= Ax(t)+ Bu(t).

We assume that A is an unbounded linear normal operator with compact resolvent and
that it is the infinitesimal generator for the Co semigroup {T(t)= eat}. B will be an
operator from a finite dimensional Hilbert space En into whose range will be denoted
by

Let F be a linear operator defined on with range in En and consider the closed
loop system defined by

(2) u =Fx +v.

Equation (2) is called a state feedback law and combining (1) and (2) gives

(3) (t) (A + BF)x(t)+ By(t).

It is usually desirable to choose F such that stability is obtained in (2).
In the finite dimensional case the relationship between controllability and stabili-

zation is well-known. Since in this case stability is determined purely by the location of
the eigenvalues of the state operator, the feedback F is usually chosen so that the
eigenvalues of A +BF are contained in the open left half-plane {z" Re z < 0}. The main
result in this direction is that of Wonham [8].

THEOREM A. If is finite dimensional then the pair {A, B} is controllable if and
only if, ]’or every symmetric set A ofn complex numbers, there exists a feedback operatorF
such that tr(A +BF)= A.

In attempting to generalize this result to the infinite dimensional case one becomes
immediately aware of a number of difficulties. The first of these is that the spectrum of
an operator on infinite dimensional space consists, generally, of more than eigenvalues.
It is well-known that by a perturbation of the form BF where B is finite dimensional,
one can hope to move only the point spectrum and nothing else.

The second of these problems arises from the fact that position of the spectrum of
A is not necessarily related to the stability of (1). There is the classical co.unterexample
given in [11] of a semigroup with tr(A)empty such that IIT(t)ll-e ’/2.

The problem of stabilization for controllable linear systems in the infinite dimen-
sional case was first considered by Slemrod [10] and later by Triggiani [9]. While
Slemrod considered a more general problem than that considered here he was forced to
introduce a controllability condition which, while in the finite dimensional case reduces
to the usual condition, is much stronger than the one considered here. Also, he

* Received by the editors May 24, 1976, and in revised form May 16, 1977.

" Department of Mathematics, Ben Gurion University of the Negev, Beersheva 84 120, Israel.
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considered only the problem of stabilization without being concerned with the place-
ment of the poles of the transfer function of the closed loop feedback system. While
Triggiani used essentially the same definition of controllability as ours and considered
operators with compact resolvent (as we do)without the assumption of normality, he
restricted himself to the case where only finitely many eigenvalues of A lie in the right
half plane and was then able to reduce the problem to the finite dimensional case. Here
we make no such assumption.

We point out that our hypothesis on A that it has compact resolvent removes both
of the difficulties mentioned previously for infinite dimensional problems. Firstly, the
spectrum of A in the finite plane consists only of eigenvalues and secondly the
stabilization problem for (1) is equivalent to the question of the location of eigenvalues
of A +BF (see [9]). Thus this seems to be the natural type of situation to consider for a
generalization of Wonham’s result.

2. Preliminaries. We have assumed that A generates a Co semigroup. By the
Hille-Yosida Theorem [11] this means that there exist positive real numbers M and/
such that for every real A >/3, , p (A) (the resolvent set of A) and

M
[[(IA- A)-"II_-< n 1, 2, .

Then (Is -A)-I exists for all complex s with Re s >/3 and is given by

(Is A )-lx e- eax dr.

If T is any bounded linear transformation, then

[(M- (A + r)]-1 (M-A T)- R (,, A)[I- TR (,, A)]-

where R (I, A)= (AI-A)-I. Since for A sufficiently large,

it follows that A belongs to the resolvent set of A + T.
Following [1], the set of all states reachable in time interval t, starting with zero

initial state, that is the set of elements"

x(t)= ea-Bu(s) ds,

will be denoted by
DEFINITION. The system (1) is controllable if
As is well-known this is equivalent to the condition

to

(i.e. the closed linear span of the subspaces e Atd//) where is the range of B.

3. Discrete operators.
DEFINITION. An operator A is discrete if there is a number h p(A) for which

R (h, A) is compact.
Many important properties of discrete operators have been studied in detail in [2,

Chap. 19]. We make use of a result proven there.
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LEMMA 1. IfA is discrete, then:
(a) its spectrum is a denumerable set ofpoints with no finite limit point;
(b) the resolvent R (A, A is compact for every A p(A );
(c) ifB is a bounded operator, then A +B is discrete.

4. Controllability and feedback. Let M denote the range of the input operator B
and consider the system (1). Suppose we are free to modify (1) by setting

u(t)= Fx(t)+ v(t)

where v is a new external input and F: --> E,, (the input space). We refer to F as the
state feedback. The obvious result of introducing state feedback is to change the pair
{A, B} in (1) into the pair {A + BF, B}.

The first step in our procedure for pole assignment will be to reduce the problem to
the case where B is a rank one operator. This will allow us to replace the multi-input
system (1) by a single input system while preserving controllability.

THEOREM 1. Let A be a discrete normal operator all of whose eigenvalues are of
multiplicity one. If {A, B} is controllable, there is a vector b such that {A, b} is
controllable. That is Vt>=o eA’b .

Proof. We will use an idea introduced by P. Fuhrmann in [6, Thm. 6.1]. Since there
are no magnitude restrictions on the control variable, we can assume, without loss of
generality, that { T(t)= eA’} is a semigroup of contractions. Let T (A + 1)(A -I)-a be
the Cayley transform of A. Then T is compact, normal. Consider the discrete system

(4) x, Tx,-1 + Bu,-1.

Then (1) is controllable if and only if (4) is [6, Thm. 6.1].
The controllability condition for discrete systems takes the form

V T" o.
n=O

Since T is compact and normal, there exists an orthonormal basis {e,}_- such that
Te A, e,, for some sequence {A,,}, and the assumption on the multiplicity of the
eigenvalues of A implies A, # ,,,, for n # m.

Let {xx,..., xk} be a basis for ///. Then xi = ai, e, and the controllability
condition implies that for each n, a, # 0 for at least one i. It follows that there exist
numbers/3,...,/3, such that if b ixi has the representation b a, e,, then
a, # 0 for all n. Thus b is a cyclic vector for T and {T, b} is controllable. Again using
Fuhrmann’s result we obtain that {A, b} is controllable.

Remark. The finite dimensional version of this theorem was originally proved by
Wonham [8]. In [7] Fuhrmann extended this result to the infinite dimensional case when
A is self-adjoint. An examination of Fuhrmann’s argument shows that it also holds for
A normal with every invariant subspace of A reducing. Since this is true for compact
normal operators, Theorem I could actually be derived from Fuhrmann’s theorem. It is
natural to ask whether this is true without any assumptions on A. In [3] and [4] examples
were given to show that this is not the case.

Now suppose A has eigenvalues of multiplicity greater than one. We note that
since A is discrete the multiplicity of the eigenvalues of A is bounded by some integer
K. By rearranging the basis we can decompose A into a finite direct sum of operators
each of whose eigenvalues are of multiplicity one. Since the eigenvectors ofA reduce A,
the system can be broken up into a finite number of systems and each one can be
considered separately. Thus it is no loss of generality to assume that the eigenvalues of
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A have multiplicity one and we will do so from now on. Thus by Theorem (1)we can
replace (1) by the system

(1’) (/)= Ax(t)+ u(t)b

where u(t) is a scalar valued function and b is a fixed vector in .
For vectors b, c Yg, b (R) c will denote the rank one operator

(b (R) c)x (x, c)b.

Thus for (1’) choosing a state feedback means choosing a vector c and replacing (1’) by
the system

(A + b (R) c)x + vb.

Our next result is a generalization of Lemma 4 of [8, 2.1].
THEOREM 2. For any c Y(, {A, b} is controllable if and only if {A + b (R) c, b } is

controllable.
Proof. Again it is easier to work with discrete systems. By multiplying by a scalar,

if, necessary, we can assume that A and A + b (R) c generate contraction semigroups.
Let T denote the Cayley transform of A. The Cayley transform of A + b (R) c is

(A + b (R) c + I)(A + b (R) c I)- (A + I)(A + b (R) c I)- + b (R) c (A + b (R) c I)-

(A + I)(I-A)- V- b (R) c (I-A )-1 Y
where V= [I-b (R) c(I-A)-]-1. Thus the Cayley transform of A +b (R) c is

-[TV+b(R)c(I-A)-V].
We must show that if {T, b} is controllable, then so is {TV+ b (R) c(I-A)-V, b}. If
Vb y, then

b Y-y =[I-b (R)c(I-A)-]y
=y-((I-A)-y,c)b.

Thus y=b+((I-A)-ly, c)b and TVb= Ty=[I+((I-A)-ly, c)]Tb. If ((I-A)-ly, c)=
-1 then y 0, which is impossible. Thus TVb aTb for some a # 0.

A similar computation leads to the fact that VTVb alb + a2Tb for some al, a: #
0. Continuing in this manner we obtain that W /n=0 Tnb c /=o (TV)"b, which
implies that {TV, b} is controllable. Since (TV+b (R)c(I-A)-lv)"b =(TV)"b+a,b
for some a,, it follows that {TV+b(R)c(I-A)-V,b} is controllable. Thus (A,b}
controllable implies {A + b (R) , b} controllable.

The other direction is trivial. Suppose {A + b (R) c, b} is controllable. By the
previous argument, ([A + b (R) c] + b (R) (-c), b} is controllable. But this is just {A, b}
and the proof is complete.

Remark. The same argument (with slightly messier computations)can be used for
the multi-inpu.t case.

5. The main results. An examination of Wonham’s proof of Theorem A shows
that it is strongly geometric and depends very strongly on the finite dimensionality of the
state space. A coordinate free proof of Wonham’s theorem was given in [5]. This related
the pole assignment procedure to the procedure of assigning the points where a rational
function attains the value 1. This is the approach that we will generalize here.

DEFINITION. Let f be a meromorphic function in the complex plane. The 1-points
of f are the points {z,} where f(z)= 1.
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THEOREM 3. Suppose A is discrete, and b, c such that tr(A + b (R) c) 0 tr(A )
(. Then h tr(A + b (R) c) if and only if it is a 1-point of the meromorphic function
((zI-A)-lb, c).

Proof. Suppose (A + b (R) c)x hx. This is equivalent to Ax + (x, c)b hx or
(h -A)-lb (1/(x, c))x. Note that (c, x) 0 since h tr(A). Thus the above expression
is well defined. Then

((A -A )-Ib, c)= .(x, )x, c 1.

Now suppose ((A-A)-b, c)= 1 and let x =(A-A)-b. Just reversing the above
procedure gives A r(A + b (R) c). This completes the proof.

THEOREM 4.. Let A be a discrete normal operator with {A, b} controllable. Let
tr(A) {A,,} and {/,/’k} be any finite sequence. Then there exists a vector c gsuch that the
spectrum ofA + b (R) c in the finite plane is { tXk}.

Proof. Since A is a discrete, normal operator, by Lemma 1 and the Spectral
theorem there is an orthonormal basis {e,}= such that Ae, h, e, with h -. Also
A + b (R) c is discrete though not necessarily normal. If b {/3}, c {,}, a simple
computation leads to the fact that

f(z)= ((zl-A)-Xb, c)= a,,

n=l Zn
where a, =/3,2,.

By Theorem 3 given a finite sequence {tl,""", tx} we want to choose a vector
c Y( such that [()= 1. We chose c to have exactly k nonzero coordinates which we
will specify later. Then

k On2
n=a Z--ln

This is a rational function with numerator a polynomial of degree k- 1, denominator a
polynomial of degree k, simple poles at A ,..., A. Classical interpolation techniques
allow us to choose aa,.’., a such that f(z)= 1. Then just define y, (/3,/a,), for
n 1, , k and c (ya,. , y, 0, .) is the required vector.

Remarks. The controllability of {A, b} appeared in a rather subtle form. It assured
us that/3, -0 for all n.

6. Stabilization.
DEFINITION. The system (1)is stable if IIT(t)x]]-O as t-*o for all x eY(. It is

exponentially stable if [IT(t)xll <-- cx e -St, > O, >- O.
In the finite dimensional case it is well-known that these are both equivalent to

Re h < 0 for h tr(A). As pointed out in the Introduction, this is not the case for infinite
dimensional systems. However in our case it does hold [9].

THEOREM B. IrA is a discrete operator then exponential stability is equivalent to the
condition" Re h < 0 for h e tr(A ).

This leads to our next result.
THEOREM 5. IfA is normal, discrete and {A, b} is controllable then there exists a

vector c such that {A + b (R) c, b} is exponentially stable.
Proof. Just pick c such that tr(A+b(R)c) is contained in the left half plane

{z" Re z < 0} and apply Theorem B.
Example 1. Here we present a simple example to show how the pole assignment

process works to achieve stabilization.
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Let A be the diagonal operator with {1 + (n 1)i}= on the diagonal. Then A is a
normal discrete operator which generates a Co semigroup. Let b {1/n },oo= 1. Then the
system . (t) Ax(t)+ u(t)b
is controllable but not stable. In fact I]T(t)l] e’. We will stabilize it by finding a vector
c such that cr(A + b (R) c)= {-1, -1 + i, oo}. Note that since A + b (R) c is discrete,
c cr(A + b (R) c) for any c we choose.

Following the proof of Theorem 4 we will choose c with only its first two
coordinates different from zero; i.e.

c=(a, a, 0,...)

with al, O2 to be determined. Then

f(z)=((zI-A)-lb, c)
C[1 C[2 (1 + 1/2C2)Z (C1 + 1/2C2)-- iCl

(z- 1) (z- 1- i) (z- 1)(z- 1- i)

We will choose a and a2 SO that f(-1)=f(-1 + i)= 1. This leads to the system of
equations

(2 + i)al + az -2(2 + i), -2al + 1/2(i 2)a2 -2(i 2).

Solving gives al (-5 + 2i)/2, a2 2i- 1. Thus c (-5- 2i)/2, -1 2i, 0,. .).
Now consider the case where {A, b} is not controllable. Let C-= {z" Re z < 0},

C+= {z" Re z _-> 0} and decompose or(A) into two sets or- and + such that
4- ,4-cr ___C-, cr

_
ThenA can be decomposed into A- 03 A +. We thus obtain the following result.
THEOIEM 6. If {A +, b +} is controllable, then {A, b} is stabilizable.

7. Problems. We have seen that by means of state feedback we can obtain any
finite set as the poles of the transfer function of the new system. It is thus natural to ask
what infinite sets can be obtained. The following example shows that there seems to be
no simple answer to this question.

Example 2. Given: the system

(t)=Ax(t)+Bu(t)

where r(A) {A.}._- with A. --> oo. If {A.} is not.rather densely dispersed in the plane, it
is easy to see that there are many sequences {ix.} such that

lim inf lix. A., co.

Assigning the poles to { Ix.} is equivalent to constructing a meromorphic function

f(z)= E rm
m=l Z--Am

such that f(Ix,)= 1, n 1, 2,. , and {Ym}S I’. We show that this can’t happen. Note
that

as n by the choice of {z,}. It is not hard to construct such examples where {A,} and
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{/Xn} have the same order of convergence. Thus it is not clear what sort of relationship
must exist between {An} and

We feel that a more reasonable direction to extend the results given here would be
to drop the condition that A be normal. Then, of course, the function ((zI-A)-lb, c)
would have a much more complicated form.
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ON O-CONVEXITY IN EXTREMAL PROBLEMS*

SZYMON DOLECKVf AND STANISJgAW KURCYUSZ*

Abstract. For a class of functions on an arbitrary set X, -convex subsets ofX and functions onX are
defined, the latter being least upper bounds of some functions from. Also the generalized Fenchel transform
and -subgradients are determined and their properties investigated.

-convexity and -subdifferentiability of lower-semicontinuous functions on metric spaces are
examined with respect to special important families . Among related results, we present a theorem on the
existence of minimizing points of nonlinear functions on Banach spaces and extensions of the notion of
H61der continuity. The relevance of the theory to perturbed extremal problems is indicated.

Introduction. An optimization problem with constraints is usually more trouble-
some than one without constraints. Therefore many attempts have been made to reduce
constrained problems to "free" optimization questions. The development of computa-
tional techniques made this approach even more favorable.

This reduction motivates the main topic of the paper. To explain what we mean by
reduction, let us consider the following example:

(1) minimize Q(u) C(u) x

where U is a Banach space, C is an operator from U into another Banach space X and
Q is a real function on U. We may proceed by the use of the Lagrange functional and
formulate a derived problem

(2) minimize (Q(u)+q(C(u))-(x)): u U.

Here q is a bounded linear form on X and the minimization is performed over the
whole space U. The best situatiol is when we can find a q such that (1) and (2) are
equivalent in the sense that U solves (1), if and only if it is a solution of (2).

A much weaker property of optimization problems holds, whenever
supx*inf,u (O(u)+cp(C(u))-cp(x))=info(,=x O(u). This property, when disco-
vered for a given function, is a starting point for further investigations of which
sequences {0, } should be picked out and whether the corresponding minimizing vectors
converge to the minimizing vector of (1).

There exists another approach to (1) as good as the one just described or even
better. Instead of (2) we consider a substitute problem:

(3) minimize (O(u)/pllf(u)-zll=-pllx-zll=):u u
where p > 0 and z X. Also here the minimization is over the whole U. The same
problems of convergence, existence etc. arise. We try to approach the original problem
by taking the supremum over all p and z.

The approach with the linear Lagrange functional (2) is classical, but it often
becomes ineffective due to so-called "duality gaps" 16]. It has turned out that the use
of the Lagrangian (3)---often termed "augmented", see [5], [28], [36J--yields much
more effective computational techniques. The number of works devoted to these
techniques (called "methods of multipliers" after Hestenes [20] or "shifted penalty
techniques" after Powell [26], [36]) is now enormous. An excellent account of these
topics is available in a recent survey paper of Bertsekas [5].
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Both these Lagrangians lead to some duality theory and are examples of so-called
generalized Lagrange functionals, defined and investigated by numerous authors [3],
[6], [23], [25], [31], [32].

Since its very beginning convex analysis was very closely related to extremal
convex problems, and the duality theory for convex problems and linear Lagrange
functionals is now best expressed in its language [24], [27]. But only quite recently has it
become evident [49], [35], [34], [32], [26] that for much more general extremal
problems and Lagrangians the duality relations are expressible in terms very similar to
those used in convex analysis. Following Ky Fan we use the name -convexity. Ky Fan
[ 17] defined -convex sets to be intersections of level sets of functions belonging to a
family of functions . He was able to generalize the Krein-Milman theorem.

The aim of this paper is to discuss the notion and properties of -convex sets and
functions. The three following sections are devoted to the study of -convexity in full
generality (in relation to a more abstract concept of order convexity introduced by
Kutateladze and Rubinov [47]).

The next three sections (4, 5, 6) discuss the important class of metric-like functions
For such classes every l.s.c, function satisfying a mild growth condition is -convex.

Numerous metric-like families are presented. The results on dense
subdifferentiability generalize some existence theorems of Bidaut [6] and are connected
with works of Asplund [0], Edelstein [12], Baranger [1] and Ekeland [45]. The
-subdifferentiability is related to the notion of calmness of Clarke [8], [9].

In Section 7 we indicate briefly how the former results may be exploited in
constrained optimization problems.

An outline of the theory (reporting major results of this paper) appeared in the
summer of 1976 ([11]). Afterwards we got acquainted with works of Balder [40] and
Lindberg [48] that overlap with some parts of this paper and contain other develop-
ments (for instance the stability and convergence results of Balder). We give a concise
account of those works in Section 8. This section contains, as well, a hint of a stability
theory (recently worked out in [42] [43] [44]) that determines the area of applicability of
-convex optimization.

1. A generalized concept of convexity. Let be a family of real finite functions
defined on a set X.

DEFINITION 1.1. An (extended) real function/: X-> is said to be alP-convex, if

(1.2) f(x) sup q(x)

for some ’ . For ’ empty we set [-= -.
A subset A of X is called alP-convex, whenever

(1.3) A 71 {x 6X: q(x)=<a,}

for some ’ and some set {a},l,, of reals. If ’ is empty we set A X.
DEFINITION 1.4. The topology z() induced by is the coarsest topology of X for

which -convex sets are closed.
PRO’OSlTON 1.5. Let]be a dP-convex [unction. Then the level sets {x :/(x) =<a}

are alP-convex and f is z(dp)-lower semicontinuous.
Proof. Indeed, a level set of [ is

Ix" sup (x <- al n <x{x. f(x)<=a}
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hence -convex and consequently -()-closed. Therefore f is ’()-lower
semicontinuous.

For any function f we define its -convex hull fo as the greatest -convex function
majorized by f. The -convex hull co,A of.A is the intersection of all -convex sets
that contain A.

We shall now provide a simple but handy criterion for -convexity of sets and
functions

PROPOSITION 1.6 (separation property).
(i) A function f: X R is alP-convex, if and only iffor each x Xand r <f(x) ihere

exists q9 majorized by f and such that o (x > r.
(ii) A setA is Oh-convex, ifand only iffor each Xo A there is a function o , such

that

(1.7) sup 0 (x) < q (Xo).
xA

Since elements of X may be viewed as finite real functions on the set

(1.8) x(q) q(x),

we say that a function g: is X-convex, whenever g(q)= supx, q(x), q, for
some X’ = X.

Analogously we define X-convex subsets of , the topology -(X) of , and so
on Observe that the roles of X and are fully sy_rnmetric.

DEFINITION 1.9. An arbitrary function f: X- is called -bounded, if it is
minorized by an element q of .

It follows that the -convex hull [o of a -bounded function is always greater
than -c.

Example 1.10. LetX be a topological vector space and let stand for the set of all
continuous affine functions on X. Convex functions f on X are those that fulfill
/(Ax) + (1 A )y _-< A/(x) + (1 A )f(y) for each x, y and A, 0 _<- A -< 1; here by convention
(+) + (-c)= (+c). A convex function is called proper if it is nowhere equal to
and if it is not + everywhere.

In view of the Hahn-Banach theorem the -convex functions are precisely the
convex, proper, lower semicontinuous functions, the function =-+ and the function. -convex sets are those which are closed and convex, -() is the weak topology
of X. The topological dual X* of X is a "layer" of (a subset of those 0 that vanish at
zero). Its -(X) is the weak* topology, X-convex sets are convex weakly* closed.

We see that -convexity is a generalization of classical convexity combined with
closedness. The essential fact about classical convex, proper, lower semicontinuous
functions was used in the representation (1.2).

From now on we shall assume that

(1.11) o + c , whenever q and c .
Define a map : of real functions on X to real functions on (IF: x_

,) by

(1.12) (zf)(q) =f,(q) sup (o(x)-f(x)).
xX

In the same way we define :"

(1.13) (-g)(x) g*(x)= sup (q9 (x)- g(qg)).
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(.5)

(1.16)

(1.17)

DEFINITION 1.14. The map : (1.12) is called the Fenchel transfofm and : in (1.13) is
said to be the (inverse) Fenchel transform, f* is the Oh-conjugate of f and g* is the
X-conjugate of g.

It follows readily that functions of the form :f, f arbitrary, are X-convex (:g are
-convex). The second conjugate of a function f (defined by f**(x)- (:f)(x)) is, of
course, -convex. Let us recall a geometrical interpretation of the Fenchel transform:
-/*(0) influx (f(x)-o(x)) is the vertical distance between f and tp; thus f*(q)-<0
exactly if f(x) >- o (x) for all x 6 X.

We note that f*(q) -oq, if and only if f(x) + while f*(0) =-+ if and only if
f(x) =-az for some x X. Also f*(0)<+ for some 0 whenever f is -bounded.
Furthermore

f*>=g* if g >-f,

(f+a)*()=f*(o-a)=/*(o)-a fora,
if a > 0, 0 entail a0 cI), then

(af)*(o)=af*(o) fora >0,

(1.18) f(x)+f*(o)>-o(x) (Fenchel inequality).

The following theorem is an abstract formulation of the Moreau-Fenchel theorem.
THEOREM 1.19 13]. For an arbitraryfunctionf: X its d-convex hull is equal to

the second Fenchel conjugate"

(1.20) f(x) f**(x), x X.

Proof. By definition

f(x) sup o (x) sup q (x).
f*(o)_-<o

Actually, we may consider only such o for which f*(o)=O, for if o =<f and
f*(o) =-a <0, then f*(o +a)=f*(o)+a =0. Hence

f(x) sup (x).
f*()=o

On the other hand,

f**(x)=sup((x)-f*(o))>= sup (qg(x)-f*(q))= sup (x).
oe o f*(,)=O

f*(o)=O

Assume that f*(o)=-a. We have

q(x)-f*(o) (p (x)+ a)-f*(0 + a)

with f*(q +a)= 0. This proves (1.20).
It is important to introduce another simple notion.
DEFINITION 1.21. A function f: X*I is called P-convex at Xo, whenever f(xo)

/(xo) (=/**(xo)).
In other words, f is P-convex at Xo if there exists a sequence {o,,} of its

minorants such that lim,,_.oo o,,(Xo)=f(xo). Notice that such a function is -()-lower
semicontinuous at Xo (for each e >0 there is a neighborhood U of Xo such that
f(x)>=f(xo)-e for x e U).
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2. Possible extensions. The explicit definition of -convex sets was first given by
Ky Fan [17]. The transform : has been defined by Moreau [49] and Weiss [35] and
investigated by Vogel [34], Elster and Nehse [13], Seidler [32] and Kurcyusz [23].

A reflection on the meaning of -convexity leads to a more general "intersec-
tional" formulation [50]. A pair {X, M}, where X is a set and M denotes a family of its
subsets, is called a cyrtological space, whenever XM and f’)Aa’ A M for any
subfamily M’ of M. The set CI aA.AaA is called the M-convex hull of B andB is called
M-convex, if it is equal to its hull. A subfamily of M is said to be a basis for M if each
M-convex set may be represented as an intersection of some elements of . The
topology -(M) is the coarsest topology for which M-convex sets are closed; A is
M-convex if and only if for each x A, there is L

_
with A L, xL. For every

topological space X, {X, o} is cyrtological for the family , of its closed sets.
Our definition (1.3) of -convex sets states, in terms of cyrtological spaces, that the

sets

{x: 0(x)_-<a}, ,, a,
form a basis for M.

-convex functions may be reduced to M-convex sets by use of their epigraphs
{(x, r) r >=f(x)} in X with a basis composed of {(x, r) r -> 0 (x)}. Note that the latter
is the 0-level of the function q3(x, r)= 0(x)-r.

A still more abstract notion o( convexity was investigated by Kutateladze and
Rubinov [47]. A brief presentation of their theory may help in understanding of the
core idea of convexity. Let Z be a subset of a complete lattice (ordered set in which the
supremum and the infimum exist for every subset) and let = Z be such that the least
element - belongs to 12. An element z of Z is called O-convex, whenever

z sup ’
for some IT= 1. (The order character of convexity was noticed by Ky Fan [ 17].)

Example 2.1. Let Z 2x. The order structure is defined by the inclusion A =<A2,

wheneverA =A2. Let 1 be a subset of Z, hence a family of subsets of X. The -convex
elements of Z are the M-convex subsets of the cyrtological space {X, M} generated by
12; 1 constitutes a basis for M.

For an element zof Z we define its support: S(z)={y f:y <=z}. In order not to
proliferate variants of "convex sets" we shall call a subset A of f a support, if A is the
support of its supremum

A ={y 6O:y-<supA}.

The inclusion introduces the order in for which the transform S: z - S(z) is an
isomorphism of ordered sets. The transform S is named the Minkowski duality.

The Minkowski duality is useful for expressing -convexity of subsets of X in
terms of supports in ’.

We are given a set X and a family of real finite functions on X. The formula

(Ix )(q q (x

defines an embedding I: X--> a,. In Z =,I, we define the ordinary order structure:

f => g, wheneverf(q) -> g() for each q . The set is the image ofX under I and may
be identified with {x (.) :x X}. separates points, if for each x 1, x2 there is q such that
0(x) (x).

THEOREM 2.2 [47]. Let separate points ofX. A subsetA o]’X is dO-convex if and
only i[ its image I(A is a support in I(X).
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Proof. Define the function A" (I’--)’ by

(2.3) 6a (q) sup q(x).
xA

From (2.3) it follows that always 6A sup I(A). Assume that A is -convex. If for some
Xo X one has Ixo 6A (there exists a o such that (Ixo)(q)> 6A (qg), or in other words
qg(Xo)>SUpxa qg(X)) then by the assumption xoA; hence IxoI(A) and I(A) is a
support in I(X).

Assume now that I(A) is a support and suppose that Xo A. Since I is injective
Ixo I(A) and thus Ixo; A. Th6re exists a q such that (Ixo)(q) q(Xo)>
Since Xo was an arbitrary element outside A, A is -convex in view of Proposition 1.5.

Using the above mentioned symmetry of - and X-convexity we obtain
COROLLARY 2.4. A subset B of is X-convex if and only if B is a support in dO.
The corollary means that B is X-convex if and only if B {o " q(x)_-< b(x),

x X} for a certain function b.
The X-convex function A is called the support function of A.

3. -subdifferentiability.
DEFINITION 3.1. A o is a subgradient of/(:X-->) at Xo, if f(Xo)=O(Xo) and

(3.2) f(x) >= o (x) for each x.

The set of o +c, where c 6 and 0 are subgradients of f at Xo is called the -subdifferentia of f at Xo and is denoted Ocf(Xo). If Of(Xo) ) we say that f is

-subdifferentiable at Xo.
Remark 3.3. We can equivalently define the -subdifferential Of(Xo) as the set of

all q for which

(3.4) f(x) -f(Xo) >= o (x) q (Xo) for each x 6 X.

In a similar manner we may define X-subgradients and X-subdifferentials of a
function g" -> .

It follows that if f is -subdifferentiable at Xo, then it is -convex at Xo. Neither a
subdifferential nor a set of all subgradients need be X-convex, as we easily deduce on
using Corollary 2.4. Nevertheless we have

PROPOSITION 3.5. The set of all subgradients of f at Xo is X-convex in the layer
{q9 e " q9 (Xo) f(xo)} of dp.

Proof. Let qo Of(xo) and qo(Xo) =f(xo). Then there is x such that qo(X) >f(x).
But f(x ) >- o (x ) for all subgradients of f (at Xo) and {q e " o (Xo) f(xo)} 710f(xo) is
X-convex in { e " o(Xo)= f(xo)}.

PROPOSITION 3.6. The following statements are equivalent"

(i)

(ii)

(iii)

Moreover, they imply

(iv)

and

(v)

f(x)-o(x)= inf (f(y)-q(y)),
yeX

f(x +l’*(q , (x ).

x oxf*(,)

f*(qg)-qg(x) inf (f*()-qt(x))
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while iff(x f(x ), then each of (iv), (v) is equivalent to (i).
Proof. The equivalence of (i), (ii) and (iii) is trivial in view of (3.4) and (1.12).
(iii) :> (iv), (v). By Proposition (iii, f(x)=f**(x) and we have

(3.7) f**(x) +f*(q) q (x).

Now we apply (iii) :> (i) and (iii) <=>(ii) to obtain (iv), (v), respectively with f replaced by
f*. If f(x)=f(x)=f**(x) then (3.7) becomes (iii).

PROPOSITION 3.8. Let r be a topology ofX for which the mapping (x, q)- q(x)
is continuous. Assume that f: X-, is -(dp)-lower semicontinuous. Then the multifunc-
tion Oef is closed (in X dp).

Proof. Observe that tr is stronger than the product topology -() -(X) and
consequently the function

(x, )-f(x)+f*(o)-(x)
is or-lower semicontinuous. The graph of O.f is

{(x, 0)’ o.f(x)}= {(x, q):f(x)+/*(o)-o(x)_-<o}

(due to the Fenchel inequality). It is closed as a level set of a 1.s.c. ,function.
PROPOSITION 3.9. (i) Suppose X is an open subset of a normed space and functions

f: X->R and q dp are differentiable (Ggtteaux or Frd,chet) on X up to order k >-1.
Assume that Oo O.f(xo). Then f’(xo) q’o (Xo) and iff(i)(xo) q (i)(xo), 1 <= < <- k then

(3.10)
f(1)(Xo) q)(Xo), odd,

f")(Xo) >---- q ol)(xo), even.

(ii) Suppose X is a locally convex topological vector space, f is convex proper, qo is
concave and continuous. Then

(3.11) qo O.f(Xo) OOo(Xo) f-) Of(Xo)

If, moreover, all functions from are concave, proper and continuous then the
implication in (3.11) may be inverted.

Proof. (i) follows immediately from the equivalence (i):>(ii) of Proposition (3.6).
(ii) From the theorem of Moreau-Rockafellar [21] it follows that

o(f o)(xo) of(xo) Oqo(xo).

Moreover,f- ro attains its minimum onX at Xo by Proposition 3.6 (ii) and hence

o e of(xo)- o,t,o(Xo),

which is equivalent to Oqo(Xo)f-] Of(Xo) (.
In general there is no simple correspondence between Gteaux or Fr6chet deriva-

tives and Oef(x). First, an analytic function f on X R may have an everywhere empty
(I)-subgradient even if it is (P-convex where all functions from (P are also analytic. An
example is furnished by an arbitrary constant function f:XR and
{q (x)= e-Y "y R}. On the other hand there may be infinitely many functions q in
Oef(x) even if f is differentiable. Take, for instance a constant function f on X R and
dP2={q(x)=p(x-y)2"p>O, yR}. Then O,t,f(xo) contains all functions q(x)
p(x-xo)2 with p >0. This pathological behavior is due to the unlimited freedom in
choosing families

Both inequalities (3.2), (3.4) describe the global behavior of a nonlinear function
(similar to ordinary subgradients in the convex case) while ordinary derivatives and
known generalized subgradients of nonlinear functions [9], [21] possess local nature.
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4. -convexity of lower semicontinuous functions.
DEFINITION 4.1. Let (X, d) be a metric space. Consider a real function r/" X X-

i satisfying the following properties"
(i) r/is nonnegative.
(ii) r/(x,,, y,,) -> 0 only if d (xn, y,, --> 0 and d (x, y,, -> 0 implies r/(x, y,, -> 0 for each

fixed x.
(iii) There is a function M: XxXxl+-->l+ such that

n (x, y)
r/(x, i---<M(yl, Y2,5)

whenever d(x, y 1) -> 8.
(iv) For fixed and y2, M(., y2, 6) is bounded on bounded sets.

A class

(v) {r pr/(., y)" r , p > 0, y Y}

where Y is a dense subset of X, is called metric-like, if r fulfils (i) through (iv).
THEOREM 4.2. Let be metric-like. Then every lower semicontinuous -bounded

function f X- is e-convex.
COROLLARY 4.3. Each closed subsetofXis d-convex, wheneverd is metric-like.
Proof. Let F be a-closed set. The function XF"

XF(X) =/01, xF,

otherwise

is .lower semicontinuous and bounded and thus -convex. F {x" XF(X ) _--< 1/2} is -convex.
If we assume that for each y Y, r/(., y) is lower semicontinuous,-then also each

-convex function is l.s.c, in the metric topology.
We encounter here that specific situation when the topology -() understood as

the collection of all closed sets is equal to the family of all -convex sets.
The proof of Theorem 4.2 will begin with the following simple lemma, useful also

in the sequel.
LEMMA 4.4. Suppose B is a bounded subset ol X and po, 5 > 0, yo X. Denote

a(x, y, )=,(x, y)-oo, (x, yo)

where r (., satises the assumptions in Def. 4.1 (i)-(iv), and

Z(B, 8)= {(x, y)eXxX:d(x, y)>8, y B}.

Then there exists >-0 such that

(4.4a) A(x, y, p) -> 1/2pr/(x, y)

whenever p >= and (x, y) Z(B, ).
Proof.

A(x, y, tg) On (x, y)( 1
(x, yo)
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and since M(., Yo, 6) is bounded on B, then for p =>fi, say,

1
1 -PM(y, yo, 6) _->

P

and (4.4a) follows.
Proof of Theorem 4.2. Take an arbitrary x X and ? <f(2). By Proposition 1.6(ii)

we must show that for some p > 0, r R and y Y we have

(4.5) f(x)>-r-on(x, y) Vx X,

(4.6) r-pr/(2, y) > f.

Since f is lower semicontinuous, there is 61>0 such that f(x)>-_+e, x K(, 61),
where e (f(x) ) > 0. Since r/is nonnegative, for all p > 0, y Xo also

(4.7) f(x)>--?+e-prl(x, y) Vx K(.,61).

By boundedness of f,

(4.8) f(x) >--ro-Porl(x, Yo) VxX

for some po>0, roar and yo Xo. Now take xcK(2, 31) and y B K($, 31/2) so that
d(x, y)->61/2. Observe also that r/(x, y)=> y >0 for such (x, y) by Def. 4.1 (ii). We can
now apply Lemma 4.4 with 1/2 to obtain the existence of a p such that

a(x, y, o)= o (x, (x,

whenever x K(2, 61), y B and p => tS. Taking p >t5 large enough we can now guaran-
tee that

A(x, y,p)>-?+e-ro
or
(4.9) ro-pon(x, yo)>=f+e-pr(x,y) VxK(,81) VyK(,8/2).

By Def. 4.1 (ii) there is 0<6 -<6/2 such that pr/(, y)<e for y K(, 6). Take some
y K(,) Y, r e + e and p as before. Then (4.7), (4.8), (4.9) give (4.5) while (4.6)
results from the definition of p, y and r.

Remark 4.10. (i) It is evident from the final part of the proof that the assertion of
the theorem remains valid when

={q(x)=r-prl(x, y)" (p, y)VR+xX}

where V has the property that for each p > 0 the setX {y X" (p, y) W} is dense in
x.

(ii) If, in the course of the above proof one takes for a fixed X a sequence
r- =f(x)-1In then one can construct a sequence {p, y,,, a,,} with p,, oo, y,
y, X,, a, R such that q(x)= p,,r(x, y) satisfies

1
-q(2)+an > fn =/(2)----,

n

f(x)>=-q.(x)+a,, > -o. (x) +f(Y) +q()- 1/2
or

f(x)-f(2)

In the sequel K(2, 6) denotes a ball with radius 6 around 2.

xeX.
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(iii) The same construction is applicable if we require f to be lower semicontinuous
at Y and not on the whole space. Thus, Theorem 4.2 admilsthe following extension:
iff is -bounded and lower semicontinuous at ., then f is -convex at .

Next we shall give examples of functions r/(x, y) satisfying assumptions of
Def. 4.1 (i)-(iv). We shall call a function : R/R+ quietly increasing, if is
nondecreasing and the quotient (t + to)/(t) is bounded outside every neighborhood
of zero for each to => 0, that is

(4.11) V6>O Vto_->0 :lM(to, 6) Vt>-_6 /(t+t)<-M(to, 6).
(t)

Roughly speaking, these are the functions which do not grow more quickly than
t2exponentials at infinity; e.g. e is not quietly increasing.

Let us also recall that a function : R+R/
is called forcing if

(4.12) (t) - OCr - O.

PROPOSITION 4.13. If : R+R+ is a quietly increasing forcing function then
rl - d satisfies Def. 4.1 (i)-(iv).

Proof. Def. 4.1 (i), (ii) are obvious. Take any yl, yEEX, 6 >0 andx K(yl, 6). Put
d (x, y 1), to d (y 1, y2). Since

d(x, yz)<-d(x, yl)+d(yl, y2)= t+ to

and b is nonnegative nondecreasing, we have

y2) tp (d (x, Y2)) +t)<-M(d(yl, Y2), 6)= M(yl, y2, 6).
r/(x, yl) (d(X, yl))- (t)

This proves Def. 4.1 (iii). Moreover, since is nondecreasing we can always modify
M(., 6) to obtain a nondecreasing function. Hence for yl in a bounded set and y2 fixed,
d(yl, y2)<-c for some c >0 and M(yl, y2, 6)<-M(c, 6).

Example 4.14. It is readily verified that such functions as ’, a >0, e’- 1,
a > 0, ch at- 1, a > 0 are quietly increasing forcing functions.

Example 4.15. Suppose X is a normed space. Letting (t)= 2 one obtains

n (x, y y 2.

Theorem 4.2 asserts that every function f on X which is l.s.c, and fulfills

(4.16) f(x) >=ro-pollX -yoll2, x EX

for some po > 0, y e X, ro R is -convex with defined by Def. 4.1 (v), so that

f(x)= sup (-p llx y ll + a ), x X, ’ a.
(p,y,a)’

Condition (,4.16) is the quadratic growth condition of Rockafellar [28], [38] and we can
recognize here Theorem 2 of Rockafellar [28].

We observe that the sum of quietly increasing forcing functions satisfies these
properties, so that every polynomial with positive coefficients is a quietly increasing
forcing function.

Another way of generating functions r/ satisfying Def. 4.1 (i)-(iv) is described
below.
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PROPOSITION 4.17. Assume X R" with Euclidean topology. Suppose [unctions
qJl, qJ, are quietly increasing and forcing. Then the function

, (x, y) E 4’ (Ixi yi l)
i=1

satisfies Def. 4.1 (i)-(iv) with d (x, y)= IIx- y ll, I1" being any norm on R".
Proof. Def. 4.1 (i), (ii) are obvious. In order to prove 4.1 (iii), (iv) let us choose the

norm [[x[[=maxl__<i__<, [xi[. Take yl, y2ER n, 6>0 and xK(yl, 6). Let II(X)=
{i" Ixi-y,I->6} and I2(X)= {1,-.., n}\Ii(x). I1(x)# Q. Put ti ]Xi--Yi[, toi {Yli--Y2i[.
Clearly

IXi y2i ti + toi.

and hence

7(x, y2) < L1 I[i(ti i-toi)
n(X, y) --’jll(x)Jj(IXj-Y,I)

Now, for E Ii(x), ti => 6 and

i ti + toi<-_ +
ieIl(x) i(ti)

ti(ti + toi)
i12(x) Zjtzll(x) l[Jj(tj)"

ti ti + toi
<Mi(toi, t).

For I2(x)

ti(ti + toi) <=i(6 + toi),

since /,i are nondecreasing. Finally,

Therefore

E ’j (tj + toj) _-> inf 4’ (6) _-> inf 4’ (6)= c (6) > 0.
l(x) I1(x) <j

/(X, Y2)_< E Mi(toi, 6)+ E i(6 +toi)
l"l(x, yl)--iell(X) iel2(x) (6)

<-- [Mi(toi, 6)+ t[ji(6 +ti)]--i=l C(6)
M(yl, Y2, 6) < o0.

Arguing as in the proof of Proposition 4.13 we conclude that 4.1 (iv) also holds.
Suppose now that X is a normed space and define for a > 0

(4.18) -{(x)--t, llx- yll + r: p >0, y 6 x, r R}.

According to (4.12), (4.14) this family is metric-like. Therefore any (norm) 1.s.c. and
-bounded function on X is -convex.

5. -subdifferentiability of H61der functions. When is metric-like then the
-subdifferentiability of a function f at Xo amounts to requiring that

(5.1) f(x >=f(Xo) prl (x, y)

for some p > 0, y and all x.
An important situation is when the equality holds in (5.1) precisely for y Xo. In
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such a case, perturbation procedures for extremal problems behave particularly well
(see 7). The -subdifferentiability for cI)1 (r-all"-yll} in normal spaces already
entails this desirable behavior. Then it is possible to set y x0 in (5.1) to get

(5.2) f(x >=f(xo) p*/ (x, Xo).

DEFINITION 5.3. We say that f is */-lower semicontinuous (* at Xo if there
exists a ball K(xo, 6) around Xo such that for x K(xo, 6), (5.2) holds. Observe that
*/-calmness at Xo is equivalent to

(5.4) lim inf
f(x) -f(xo) > -oo.

o n(X, Xo)
xo

Here we recognize a generalization of a so-called calmness condition introduced by
Clarke [8], [9]. (Clarke put */(x, x0)= Ilx-x01/.) The ,/-calmness is also related to the
order/3 of stability of Rockafellar [28]. It is perhaps interesting to notice that (5.4) may
be written as the "subderivative condition""

(5.5) lira inf f(x f(Xo) p*/ (x, Xo) >= O.
xxo .(x, xo)
xxo

On the other hand, for (x, xo)--Ilx-xoll, 0<-<1, (5.2)is equivalent to the
c-H61der lower semicontinuity. If the constant p is independent of Xo on an open set we
obtain the classical notion of local H61der continuity.

PROPOSITION 5.6. Let be metric-like. Assume that f" X--> is alp-bounded and
at Xo; then it is -subdifferentiable at Xo.

Of particular interest are the families (I):

(5.7) c ={r-c*/(x, y)’y 6X}

where c > 0 is a fixed number. Here the situation is different. A function -convex with
cI) as in Def. 4.1(v) need not be C-convex for any positive c.

Now we return again to normed spaces and consider functions */(x, y)= IIx- y ,
a > 0. Uniform ,/-calmness of a finite function f means here precisely (global) H61der
continuity of [ on X with exponent a.

of (5.7) with */(x, y)=llx-yll will be denoted by ’ and for a Hilbert
space X we shall call 2. Q.

Suppose that a function f on a Hilbert space X is OC-convex. This means that

f(x) sup (-cllx -yll2+a)
(y,a) set

or, since Ilx rll2 Ilxll2 + (-2y, x) + Ilyll2

f(x) + c IIx 2 sup ((z, x) + b).
(z, b)someset

Thus a function f is QC_convex if and only if f + c II" 2 is convex in the ordinary sense,
1.s.c. and nowhere -oo. Similarly, f is QC-subdifferentiable if and only if f +cll. 2 is
subd|fferentiable in the ordinary sense. Hence the discussion reduces to investigating
the convexity and subdifferentiability of f + c ll" 2.
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This suggests taking into consideration families (I)(qo) of the form

(5.8) (I)(o) -o+X*
where X* is the dual of the now arbitrary locally convex topological vector spaceX and
the qo is a fixed function on X. Clearly, a function f is (I)(qo)-convex if and only if/’ + 0o is
convex, lower semicontinuous and either identically - or nowhere equal to -.

If qo is finite and continuous, then"

(5.9) dom (f + po) dom f,

(5.10) f +qo is 1.s.c. (proper)if and only if/is l.s.c. (proper)

Also, we have the following theorem.
THEOREM 5.11. Suppose f is (po)-Convex with qo finite and continuous. If the

interior of the epigraph, off is nonempty then f is di)(o)-subdifferentiable at any point of
int dom fi

This theorem is a generalization of a classical result [1], [21].
Proof. For f cI)(qo)-convex, f+q0 is a lower semicontinuous, convex proper

function.
We shall show that the interior of epi (f+po) is not empty. We have (g"

epi g {(x, r)’r >- g(x)}.

Since int epi g (cl (epi g)C)c (where denotes the complementary set and cl stands for
the closure), we consider

cl (epi g) cl {(x, r)’r < g(x)} {(x, r)’r <= limsup g(z)}.

Hence

(5.12) int epi g {(x, r)’r > lim sup g(z)}.

From the assumption int epi f is not empty and since po is continuous and finite
int epi (f + qo) remains nonempty. It follows [21] thatf+ qo is subdifferentiable at every
point of int dom f.

In order to conveniently discuss the convexity of f + qgo let us denote for a function
g" X->R

rag(X, y,h)=(1-h)g(x)+hg(y)-g((1-h)x +hy)

where x, y X and h [0, 1 ]. Clearly, g is convex if and only ifm _-> 0 and strictly convex
whenever mg(X, y,h)>0 for x y and A (0, 1); also mt/o=mt+mo. We close this
section with some simple bounds on mg.

PROPOSITION 5.13. (i) Suppose g is HSlder continuous on a convex set A cX with
exponent and constant c. Then

Img(x, y, A)I c((1-AFA /(1-A)A")IIx -yll.
(ii) Suppose g is Frdchet differentiable on an open convex setA Xand g is HSlder

continuous on A with exponent and constant c. Then

]mg(x, y, X)[--<_ cA (1-X)llx-yll+1.
(iii) Suppose g is twice Gtteaux differentiable on an open convex set A cX and

g"(x >-_ moI]:or x A. Then

mg (x, y, A)=>1/2moh (1 -h )llx -y
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Then

Proof. Denote briefly

x, (1-A)x +Ay =x +A(y-x) y +(1-h)(x-y).

ad (i).

rag(x, y, h)= (1 -h)(g(x)-g(x,))+h (g(y)-g(xx)).

[g (x) g(x)[ c [Ix x 11 cA [Ix y IlL
[g (y) g(x)1 c [[y x 11 c (1 A ) ]Ix y

and the estimate follows.
ad (ii). By the mean value theorem

g(x g(x (g’(xo ), x (x y )),

g(y)-g(xx)=(g’(x,), (1-h)(y -x))

where 0 < 0 <h < < 1. us
mg(x, y,h)=h(1-h)(g’(xo),x-y)-h(1-h)(g’(xx),x-y)

x ( x )(g’(Xo) g’(x ), x y

and

[m(x, y, A)[
<-_ A (1 A )c [Ixo x IIx y

_-<x (-X)cllx-yll / 1.

ad (iii). Define the real function G(r)= g(x). G is twice differentiable and

G"(r) (g"(x)(y -x), y -x) mollX yll m.

Therefore for

G’() G’() + G"() dm(-)+G’().

e remaining of the proof is classical (see e.g. [27]).

a(l=a(0l+Io a’( a6(o+aa’(al-ma,
G(1)=G()+. G’(r)dreG()+(1-)G’()+m(1-).

Hence

rag(x, y,A)=(1-A)(G(O)-G(A))+A(G(1)-G(A))

->-(1-, ),G’(,) + 1/2m (1 -, )A 2 +, (1 -a )G’(,) + 1/2m (1 -,)
}mA (1 h 1/2mob (1 X )llx y =.

COROLLARY 5.14. Suppose f& Frdchet differentiable andf’ Lipschitz continuous on
an open convex set A. If Oo is twice G&eaux differentiable and o is uniformly positive
definite on A then there is po such that f /poOo is convex on A. When A X, such f is
(poOo)-convex.
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6. Dense subdifferentiability oi lower semicontinuous tunctions. Now, our objec-
tive is to study the subditterentiability of l.s.c, functions defined on a Banach space X.
Let : +-+ be forcing and quietly increasing and define q to be

(6.1)

By Proposition 4.13 and Def. 4.1, is metric like, so that every 1.s.c. and -bounded
function on X is -convex. The special case of with (t) t is denoted by

THEOREM 6.2. Suppose X is uniformly convex, f" X- lower semicontinuous and
d-bounded, with >= 1. Thenfis do -subdifferentiable on a dense subsetofits domain.

THEOREM 6.3 [46]. Suppose X is reflexive, : X- weakly lower semicontinuous
and -bounded. Then f is -subdifferentiable on a dense subset of its domain.

These theorems should be viewed as analogues of the dense subdifferentiability of
convex lower semicontinuous functions [41].

The proofs of the theorems lean on existence theorems for minimal points and the
following auxiliary lemmas.

In the sequel we shall consider only functions q E of the type 0 (x) -p(llx y
and identify them with pairs (p, y)ER+X. We shall write [*(p, y) instead of f*(0) and
also abbreviate O,f or 0xf*(#) to Of, Of*(p, y) respectively.

LEMMA 6.4. If (tO,, y,, Of(x, for n 1, 2," and

(6.5) p, --> co, y, -> Xo

theft Xn -’) Xo.
Proof. By definition,

p.(llx.-y.ID-p.q(llx-y.lJ)<=f(x)-f(x.) Vx x, n 1, 2,....

In partic.ular, for n 1 and x x.

f(x,) >-f(x 1) +P l(IIX Y ill) t91(llx, y all),
Taken into account both these inequalities, we have

n=l, 2,...

therefore

<=f(xo)-f(x 1)--PlXI/(]lX Y 111) +,01(llx. y,ll);

o,, ’(llx,, y. II) ,,’I’(llx,, y ,11) <- a + p.’I’(llxo y. II)
where a =f(xo)-f(x,)-f(x,)-Ol’t’(llx,-y,ll). Suppose now that for some 8 >0 and
subsequence {x,k} of {x,} we have IIx.-y.ll>, k= 1,2,..-. By (6.5), {y,k} is
contained in a ball B around Xo. We may thus apply Lemma 4.4 to obtain for large k

&p,,,,’P(llx,,,. y,,,, II) <- a + p.,,’I’(llxo- y,,,. II)

and, because is nondecreasing

2( a ),I.(,s) -< -+(llxo- y.,.

But is forcing and the right hand side converges to zero with k by (6.5), and
this contradicts that 6 > 0. Hence we must have IIx y.ll-" 0 and by (6.5) also x, Xo.

Observe now that since f is -convex then by Proposition 3.6, (p, y) Of(x) if and
only if x 0f*(p, y). Now the assumptions of Lemma 6.4 can be written as (6.5) and
x, e Of*(p,, y,).
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Thus, in order to prove Theorems 6.2 and 6.3 we need only show that the set An of
all (p, y) at which f* is subdifferentiable has the property that for any Xo X there exists
a sequence {p,, y,}cAc satisfying (6.5). This, however, is a trivial consequence of
Proposition 3.6 and the following theorem.

TI-IEORZM 6.6. Suppose X, fsatisfy the assumptions of Theorem 6.2 or 6.3. LetB be
an open ball and let B(p denote the collection o[ all y in B such that[(x)+p’I’(llx-
attains a minimum on X. Then there exists pn > 0 such that for allp >= pn, B (p) is a
G-dense subset of B. IX is reflexive, f weakly l.s.c, then actually B (p) B for p >= pn.

In order to apply this theorem to prove Theorems 6.2 and 6.3 it suffices to take B as
some open ball around Xo (Xo representing any point of X). Then LJ o__>oB

and An possesses the above mentioned property. The.aim of the following two lemmas
is to reduce Theorem 6.6 to known existence theorems.

LEMMA 6.7. Letfbe oh-bounded. For each ball B there are numbers
such that for any p >=

(6.8) inf inf (f(x)+pq’(llx -yll))>b.
yB xX

Proof. Since f is -bounded we have

f(x +pxt’(llx yll) f(x + poaI’(llx yoll) + A(x, y, o) >- ro + A(x, y, p)

for some Po> 0, Yo e X, roe , where

A(x, y, p) p xI’(llx YlI)- oo,I’(llx yoll).
A(.,. ,p) is bounded on XB for large p. Indeed, if (x, y)eB and IIx-yll <- 1, then

A(x, y, p) --> -Po(llx Yoll) => -Po(1 + T) b

where T suprn Ily-yoll. If IIx-yll> 1 and (x, y) xn then Lemma 4.4 yields

a(x, forp=>tS.

LEMMA 6.9. Consider a real :unction g on X xB such that

inf inf g (x, y) -> b > -oo.
yB x.X

Let A be a subset of X and assume that for any x A h (x)= supyn g(x, y) is finite.
Then there is a closed ball B (yo, r) such that for all y B

inf (g(x, inf (g(x,
A AfqB (yo,r)

Proof. We may assume that A is nonempty. Define

r inf Ilx YoI[ + 1,
xA

3, sup Ily-yoll.

Take any from B (yo, rl) A and a number a satisfying a -> b and

(6.10) a >=h()+(rl+T).

Finally define for y B

(6.11) L (y) {x A" g(x, y) + (llx Y II) }.
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Observe that if x L (y), then by (4.11)

Ilx yol[ -< ]Ix y + ]ly yo]l -< xlt- l(a b) + y r

and consequently L(y) is a subset of B(yo, r), for each y e B. On the other hand for each
y B,

L(y) .
This follows from the estimate based on (6.10):

g(2, y) + xlt(l] YI]) --< h () + xlt(]] yoll + I]y yol])

"=<h()+(rl+y)-<a.
The thesis of the lemma follows.

We shall apply a theorem of Bidaut [6] which generalizes the theorems of Edelstein
[12] and Baranger [1]. It reads as follows"

THEOREM 6.12 [7, Thm. 4.2]. LetXbe a uniformly convex Banach space and let S
be a closed subset of X. Assume that a function F: S - is lower semicontinuous and
boundedfrom below, and a >= 1. Then.there exists a G-dense subsetD ofXsuch thatfor
any y e D the function F(x ) + ][x y]]’ attains its minimum over S.

Proof of Theorem 6.6. Assume first that f is finite on X. Let B be an arbitrary ball.
We use Lemma 6.7 to obtain formula (6.8) afortiori valid for all p ->p =/5 + 1. Define

g(x, y)-/(x)/ (p- 1)(llx-yll)
and apply Lemma 6.9 to obtain (A X)

inf (f(x)+p(llx-yll))(6.13) xinf q(x)/q’(llx yll))
s

where S B (yo, r) is a closed, convex, bounded set.
Case 1. X uniformly convex, f lower semicontinuous, (t)= =% Let

F(x) (1/p)f(x); F is bounded from below on S. In fact, for x e S

F(x)=
1 f(x)>-r pollx yoll >=ro-por"
P P P P

We conclude that F satisfies all the assumptions of Theorem 6.6. It suffices now to put
B(p)= B f’l D where D is defined in Theorem 6.12 and to observe that

inf (F(x) + IIx yinf (f(x) +p ]Ix Y ’) p
sxX

Case 2. X reflexive, f weakly lower semicontinuous. The function

ky (x f(x +p "I’(llx yll)

is weakly lower semicontinuous and bounded from below, while the set S is weakly
compact. The thesis follows from the theorems of Eberlein-Smulian and Weierstrass
and from (6.13).

If f is not finite, take A domf in Lemma 6.9 and substitute S by A f’l S in the
sequel.

Remark 6.14. Part of Theorem 6.2 for a 1 can be proved much more easily
without assuming the uniform convexity of X, as pointed out by the referee. Fix Xo X
and e >0. By l-convexity, f(xo)=f**(Xo) and there are p >0, yX such that

f(xo)+pllxo-yll<= inf (f(x)+pllx-yl])+e 2.
xX
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The variational principle of Ekeland [45] now yields the existence of an x 6 K(xo, e)
such that g(x)=f(x)+pllx-yll+ellx-x, attains a global minimum at x. Therefore

f(x) -f(x -p (llx y II- IIx y II- Ilx x II)
_-> -, IIx -xll

so that (p, x Of(x ).

7. Applications to extremai problems. Suppose that U, X are two abstract sets and
consider a family {Fx}xX of subsets of U indexed by X. Let Q be an (extended) real
function on U. Define a family of optimization problems

(7.1) Q(u) -> inf, u Fx.

Such a formulation is very simple and encompasses problems with constraints of
practically any nature. In spite of its generality the problem admits several nontrivial
results [23].

The family {Fx}x may be interpreted as a multifunction from X to subsets of U.
We shall be constantly using the inverse multifunction F-1"

(7.2) F-lu {x" u Fx}.

Define the Lagrange function associated to (7.1)xo with respect to a family :
(7.3) L(u, q,Xo)=O(u)-supxr-’uq(x)+O(Xo).

Define also the primal functional

(7.4) Or(x) inf O(u).
Fx

It is always assumed that aq + r , whenever a > 0, r I and 0 .
PROPOSITION 7.5. Assume that F is nondegenerate"

(7.6) fq Fx =xEX

and that F-lu is do-convex for u U. Then

(7.7) inf sup L (u, q, Xo) (r(Xo).

Remark. It is always true that

(7.8) sup inf L (u, q, Xo) --< inf sup L (u, qg, Xo).
qE uU uUp

Proof. Consider now sup. L(u, o, Xo) sup. (O(u)-supxr-,. q(x) +O(Xo))
for uFxo. For such u one has that xoF-lu and because F-au is -convex there
exists a Oo such that -supr-1. qo(X) + qo(Xo) > 0. Since aOo e for any a > 0, it follows
that sup. L (u, o, Xo) +oo, if u Fxo.

If u Fxo, then -supxr-. o(x)+ o(xo)_-< 0. To see that -supr-. o(x) is finite,
observe that in view of (7.6) there is an x F-lu and thus for some o, -Ol(X)<
-supr-. o l(X) because F-lu is -convex. Therefore sup.L (u, q, Xo) O(u) for
ao for each a > O.

We conclude that inf. cr sup.. L (u, o, Xo) Or(Xo).
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THEOREM 7.9 [23]. The weak duality holds"

(7.10)
sup inf L (u, t#, Xo) Or(Xo),
ouU

if and only i[ Or is -convex at Xo.
The strong duality holds"

(7.11)
inf L (u, qgo, Xo) 0r(Xo),
uU

for some qo , if and only if Qr is -subdifferentiable at Xo.
Proo]’. The proof is based on straightforward computations [23]"

inf L(u, q, Xo) inf (O(u)+ inf (-o(x)).+ q(Xo))
uU uU xI’-lu

(7.12)

and thus

--inf (O(u)-qo(x))+qg(Xo)
Fx

inf (inf O(u)-qg(x))+q(Xo)
xX uFx

(7.13) sup inf L(u,q,Xo)=sup(o(Xo)-O(q))=O*(Xo)=O-(Xo)
ouU

in view of Def. 1.9. As 0-(Xo)= Or(Xo) means precisely that (r is -convex at Xo the
first assertion is proved. Equalities (7.11), (7.12)combined yiel the formula

(7.14) -0(o) +o(Xo) Or(Xo),
which in virtue of Proposition 3.5 is equivalent to

(7.15) o O.Or(xo).

Theorem 7.9 shows how according to the regularity of the problem (that is, of the
primal functional) we may replace the original constrained problem (7.1)xo by a problem
without constraints,

(7.16) compute inf L (u, q, Xo),
uU

and by the dual (unconstrained) problem,

(7.17) maximize inf L (u, o, Xo), q 6 .
uU

In the case of (7.10) we shall be looking for appropriate (generalized) sequences
{qo } that approximate well the original problem. If we can establish (7.11), {qt} may be
replaced by one qo.

The most favorable situation is when Oo supports 0r precisely at Xo (Xo is the only
subgradient of 0 at qo). This property, described in 5, guarantees that (7.1)xo and the
problem

(7.18) L(u, O, Xo)- inf, u 6 U

are equivalent, if {FX a} are one point sets (see [40], [42] for other conditions).
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The applicability of the theory becomes clear, when we observe, as it was shown
in [23], that the generalized Lagrange functional includes Lagrangians used by
Mangasarian [25], Bertsekas [4], Buys [7], Rockafellar [28], Wierzbicki [37], [38] and
others. We shall provide an example.

Example 7.19 (see [7], [28]).

minimize fo(Y),

[i(y) >=0, 1, 2,. ., m
where Y is an arbitrary set andfi are real functions on Y. We insert this problem into the
class of minimization questions of fo over

{y" fi(y) =<x,, 1, 2,..., m}.

Here the space of indices X may be identified with IR". The class 2=
{-11"-zll2+ r’t > 0, z e R", r e R} satisfies the assumptions of Proposition 7.5. In a
Hilbert space we have"

pllx zll  llx 2p(z, x)+ollz =

llx ll= / <a, x > / s.

We observe that the minimum of this function over D={xeX:x>=f(y),
1, 2,. , m} is attained at the orthogonal projection of z on the cone D [38]

Xo { max \ 2p f

Therefore (6.5) at Xo 0 becomes (0 (p, A, s))

L(y, q, O)=fo(y)+,= max2

-p,j(y) +A, max --p,(y)
and this is just the function of Buys [7] and Rockafellar [28].

Suppose from now on that X is a metric space and that (I) is metric-like.
Suppose moreover that U is a topological space and $: U xX-+X an operator

continuous with respect to x for each u. Let D be a closed subset of X and put

Then, for x0 FS1,
Fx ={u e Y: S(y,x)eD}.

inf /(x, Xo) > B (Xo, Xo) 0
x.F-lu

and hence family satisfies the assumptions of Proposition 7.5. We can therefore
define the augmented Lagrangian

(7.20) L(y,p,Z;Xo)=O(y)+p inf "o(x,z)-,’o(xo, z).
{x :S(u,x ).D

for a family of optimization problems

minimize O(y), S(y, x) D.

Example 7.21. SupposeX is any of the spaces C(f), Le(f), 1 _-< p _-< oo where I is a
closed subset of . Let D be the cone of functions from X nonnegative on . Let
F: Y-X and S(x, y) x F(y). Then

S(y, x) D C:F(y <-_x.
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Let be a quietly increasing forcing function, for instance equal to t, a > 0, e
a >0 or a weighted sum of these. Put r/(x, z) =’I’(llx -zll). Then

inf , (x, z) (II(F(y) z
{x:S(y,x)D}

where x+(to)=max(O,x(to)),x sX for to ll (compare [23]). Thus the Lagrangian
(7.20) becomes

L (y, p, z; Xo) 0(y) -vp xtt(l[(F(y) z)+[[) p([[Xo z I[).
With regard to Lagrangian (7.20) we can draw the following immediate conse-

quences from the theorems of 4 and 5.
(i) If the primal functional is lower semicontinuous at Xo and -bounded then the

weak duality holds.
(ii) If the primal function is -bounded and ,1-calm at Xo then the strong duality

holds.
Both these statements generalize respective theorems of [28]X l" and [38] for X
being a Hilbert space, with (t)= t2.

(iii) If the primal functional is -bounded and r/-calm at x0 then a sufficient and
necessary condition for Uo 6 FXo to solve globally (7.1)xo is the existence of a
p > 0 such that minimizes L (., p, Xo; Xo) over U.

This regards the theory of optimality conditions in absence of differentiability hypoth-
eses, as developed for instance by Clarke [9], Iotte and Tikhomirov [21] and also the
theory of so-called exact penalty functionals.

(iv) Suppose we face the situation as described in Example 7.21 with X Lp(1),
l<p<+o and xIt(t)=t, a=>l. Then Theorem 6.2 on dense
subditterentiability implies that the set of all^points xoX at which strong
duality holds is a dense subset of X, provided Qr is lower semicontinuous and
-bounded.

We may also apply Theorem 7.9 to a problem of moments (see [29], [33], [30],
[ 11]). Given a proper convex function Q on a Banach space U, bounded linear operator
C: U-X we ask when does

(7.22) inf O(u) sup inf {O(u): tp(Cu -x) 0}.
Cu tpX*

A necessary and sufficient condition is that Or be l.s.c, at x and nowhere- (it is always
convex). It is l.s.c., if and only if C{u: Q(u)<-_a} i’q >0 C{u: Q(u)<-_a +e} [11].

8. Comments. A prototype of Theorem 4.2 may be found in a work of Rockafellar
[28]. Theorem 4.2 specifies as a well-known fact [ 14] that in completely regular spaces
each l.s.c, function bounded from below by a continuous function is the least upper
bound of some continuous functions. Some special results of this kind are contained in
[47], but there the support is assumed compact and thus much of the essence of
Theorem 4.2 is dropped.

Balder [40] presents an abstract version of this theorem. X is supposed to be a
topological space. The family is said to be of needle type at x0, if for each
neighborhood Wof Xo and for each r I and each qo , there exists a q s such that

(8.1) q(x) --<-- q(Xo) r for x W,

(8.2) 0 (x) =< 0o(X) for x W.
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Using the axioms (8.1), (8.2) it is now easy to show that for -being of needle type
at x0, every -bounded function 1.s.c. at Xo is -convex at Xo. A slightly weaker notion of
sharpness of was introduced by Lindberg [48] to prove an analogous result. In turn,
examples furnished in [40, Lemma 1] are generated by metric-like families.

The main effect of Theorem 4.2 and of the subsequent considerations was to
provide verifiable criteria for the needle type classes . Another important notion
introduced by Balder was that of flexibility. is said to be flexible at Xo, if for each
neighborhood W of Xo and for each q 1, 2 there is a q and a neighborhood W0 of Xo,

W0 c W, such that

(8.3) q(x)<-q91(x) forx Wo,

(8.4) q (x) -< q2(x) for x 6 Wo.
The flexibility enables a reasonable approximation of (7.1)xo by the problems

(7.18) and, together with some weak additional assumptions, guarantees the equival-
ence of (7.1)xo and (7.18). More research in this direction would be welcome.

In the case when c 1, Theorem 6.2 may be formulated for arbitrary Banach
spaces and it possesses a simple proof based on the Ekeland theorem [45].

For our applications it is essential to know under what assumptions on a constraints
multifunction F, the primal functional 0r is -covex (-subdifferentiable) for the
functions Q from a predetermined family F.

The main difficulty in view of Theorem 4.2, Proposition5.6 and Example 1.10 is to
check the lower semicontinuity and the /-calmness of Qr. These questions were
confronted in the recent papers [42], [43], [44]. For instance, it is shown in [44] that Or
is 1.s.c. at xo for each Q F, if and only if F is F-stable at Xo: for each Q F

(8.5) yo {x" rx c {u" O(u) > r + e}}
entails
(8.6) yo int {x" Fx c {u" Q(u) > r}}.

Special cases of this proposition were already observed in [11], [23].
F-stable multifunctions in case of F--the class of all 1.s.c. functions--are precisely

upper semicontinuous multifunctions. The r/-calmness is related to the upper Hausdorff
semicontinuity [42].

A thorough treatment of similar stability problems for global and local extremal
problems is given in [43].
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GRADIENTS GENERALISES DE FONCTIONS MARGINALES *

J . B . HIRIART - URRUTY t

Abstract . In this paper, we give different evaluations of generalized gradients of functions defined by :
(pF (x) = Inf { /lx, y )1)1 e F(x)}. In this expression, f is a locally Lipschitz function on X x Y and we examine
successively the cases : F(x) = Y, F(x) = Ffor all x, and Fan arbitrary set-valued mapping with closed graph .

1. Introduction . X et Y étant deux espaces vectoriels euclidiens de dimensio n
finie, considérons f: X x Y -* B et F une multiapplication définie sur X et à valeurs dans
les parties non vides de Y. On s'intéresse, de manière générale, à la fonction çoF défini e
sur X par :

(A)

	

(p F(x) = Inf {f (x, y )l y E F(x)} ~

c'est-à-dire des fonctions marginales à contraintes dépendantes .
Outre les problèmes de programmation stochastique, la théorie des jeux avec

transfert d'information, l'étude mathématique de modèles économiques, etc ., conduis -
ent à des problèmes d'optimisation où la fonction à minimiser a la forme indiquée e n
(A) . De nombreux articles ont été consacrés à l'étude des propriétés de 'pr ; des
conditions sur f et sur F ont été données assurant la continuité de 40F [12] ; de même
l'existence et l'expression des dérivées directionnelles de ppF ont été étudiées [2], [7] ,
[8], [9] . Les hypothèses habituellement faites sur f sont des hypothèses de convexit é
(partielle ou totale) et de diflérentiabilité ; les multiapplications F sont usuellement
définies sous la form e

\Ix EX, F(x) = {y E Yigi (x, y) 0, Vi E(1, m»}(1 Fo .

Dans notre étude, nous considérerons des fonctions f localement lipschitziennes .
Pour de telles fonctions, F . H. Clarke [4] a introduit la notion de gradient généralisé et
nous nous poserons le problème de la détermination (ou du moins d'une estimation) du
gradient généralisé de fonctions du type ppF décrit en (A) .

Après avoir, dans un premier paragraphe, rappelé la définition et les propriété s
essentielles du gradient généralisé, nous nous attacherons à donner des évaluations d e
gradients généralisés pour des fonctions marginales 'PF en allant de la situation la plu s
simple à la plus générale, c'est-à-dire que l'on examinera successivement les cas :
F(x) = Y, F(x) = F pour tout x, et F une multiapplication quelconque. Nous montre-
rons comment ces estimations généralisent les résultats (donnés sous forme d'égalité e n
général) connus dans le cas complètement (ou partiellement) convexe [12], [2] et dans l e
cas différentiable [2], [7], [8], [9] .

Les principaux résultats de cet article ont été annoncés dans un Compte Rendu d e
l'Académie des Sciences de Paris (t . 283, Série A, 1976, pp . 333-335).

2. Notations et préliminaires . Dans toute la suite, lorsqu ' on parlera d 'espaces X, Y
ou Z, il s'agira d'espaces vectoriels euclidiens de dimension finie (identifiés à un espace
I~p par exemple) munis du produit scalaire désigné par ( , • ) . Pour xo E X, V(xo) sera
le filtre des voisinages de xo et on notera L;ô c (X) l'espace des fonctions f localemen t
lipschitziennes sur X, c'est-à-dire telles que :

VxoEX, 3VoE 'V(xo), 2k>0, Vx, y e Vo, f(x)— f(y )I kllx — y II •

* Received by the editors October 20, 1976, and in revised form May 26, 1977 .
t Université de Clermont, Complexe Scientifique des Cézeaux, Département de Mathématique s

Appliquées, Boite Postale 45, 63170 Aubière, France .
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Pour f E LL (X) et xo E X, le gradient généralisé de f en xo, défini par F. H. Clarke
[4], est le convexe compact noté af (xo) dont la fonction d'appui est :

(2 .1 )

	

Vd E X, f ' ( x o ; d) = lim sup f(x
+")—f(x) .

..,xo

	

~
,k -.cc'

Similairement :

( 2 .2 )

	

bd E X,

	

xo•~ d) = —f (x•–d) = lim inf f(x +
Ad)—f(x )f,(o ,

	

•
x-.X0 /i
A -~0 +

Le lien avec la notion de sous-différentiel d'une fonction convexe et la F-dérivé e
(dérivée au sens de Fréchet) d'une fonction différentiable est explicité dans la proposi-
tion suivante .

PROPOSITION 1 . Si f: X -4 l est convexe, le gradient généralisé de f en xo est le
sous-différentiel de f en xo .

Si f est F-différentiable en xo de F-dérivée forte en xo [16, p. 71], alors

af(x o ) = {vf (xo)} .

Q étant un fermé non vide de X, F . H. Clarke définit la notion de cône normal à Q
en xo E Q par l'intermédiaire du gradient généralisé de la fonction distance do ;
rappelons cette définition, ainsi qu'une proprieté infinitésimale équivalente [4, Corol -
laire 1 .20] .

DEFINITION 1 . Le cône normal à Q en xo E Q est l'ensemble noté N(Q; xo) (ou
No (xo)) défini par l'une des propriétés équivalentes suivantes :

(i) N(Q ; xo) = cc adQ (xo) (enveloppe cônique fermée de adQ (xo)),
(2 .3)

(ii) N(Q; xo) = co {lim as -zoo An (xn – x n )} avec An > 0, x n --* xo et zn un point d e
Q à distance minimum de xn.

Si xo Q, nous conviendrons que N(Q; xo) = Q~ . Si Q est convexe, N(Q ; xo) est l e
cône normal de l'analyse convexe [18, p . 15] et si Q est une sous-variété C 1 de X,
N(Q ; xo) coïncide avec la normale au sens de la géométrique différentielle .

Les propriétés algébriques et topologiques du gradient généralisé sont étudiée s
dans [4] et [5] ; rappelons celles dont l 'utilisation sera constante par la suite .

PROPOSITION 2 . (i) a f est une multiapplication semi-continue supérieurement .(s.c .s )
et fermée sur X.

(ii) Si fi et f2 sont localement lipschitziennes sur X et xo E X,

a(f1 + f2)(xo) c a f1 (xo)+af2 (xo) .

3. Gradients généralisés de fonctions marginales. Rappelons au préalable
quelques notations et définitions relatives aux multiapplications .

Soit M une multiapplication de X dans Y à valeurs non vides sur un voisinage d e
xo E X. Dans toute la suite, on utilisera les notations suivantes :

LI(M; xo) =1im inf M(x),

LS(M; xo) =1im sup M(x) ,

c'est-à-dire, LI(M ; xo) et LS(M ; xo) sont respectivement la limite inférieure et la limite
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supérieure de la famille filtrée (M(x)1x E X ; V(xo)) [3, p . 126] . En d ' autres termes :

LI(M; xo) = {u E Y~ lim d(u, M(x)) = 0} ,

LS(M; xo) = {u e YI lim inf d(u, M(x)) = 0} .

x --~xo

Une application ÿ : X -4 Y sera appelée sélection de Mau voisinage de xo s ' il exist e
Vo E V(xo) tel que:

Vx E Vo, )7(x)EM(x) .
Si de plus on a :

Sup {II (x )II Ix E vo} < +00 ,

on dira que Ÿ est une sélection de M bornée au voisinage de xo. Si Si est une sélection de
M au voisinage de xo, on notera Yo l'ensemble des valeurs d'adhérence de 9(x) quand
x - xo .

3 .1 . Considérons f E Lt(X x Y) ; désignons par cp la fonction marginale défini e

Vx E X, cp(x)=Inf{f(x,y)1yEY }

et par M la multiapplicatio n

(3 .2)

	

M(x) = {y E YIf(x , y ) = (x)} .

Des hypothèses seront faites par la suite pour qu 'au voisinage du point xo ,
M(x) ~ 0 . Nous avons alors le théorème suivant :

THEOREME 1 . Soit f E Liôc(X x Y) et xo E X. Nous supposerons que :
(H 1 ) Il existe une sélection ÿ de M, bornée au voisinage de xo .

Alors, 'p est lipschitzienne au voisinage de xo et fo désignant l'ensemble des valeurs
d'adhérence de 9(x), quand x -4 xo, nous avons :

(3 .3)

	

x* E a cp(xo)(x*, 0)E co U a(x,of(xo, ÿo) •
ŸoE Yo

Démonstration . Considérons e > 0 et VE = {x E

	

—xojl El tel que :

Sup Illy(x)II IxE Ve}<+oo ,

où ÿ est une sélection de M.

Vx 1 , x2E

	

cp (x 1) — f(x l, 5)(x1)), cp (x2) f(x2, y (x2)) .

Supposons par exemple que : cp(x i ) (p (x2 ) ;

(p (x2) Ço (x i)
= f(x2, 9(x2)) — f(x l, y (x1)) Ç f(x2, 9(x1)) — f(x, .5(x l)) .

f étant localement lipschitzienne, on en déduit que :

p (x2) — p (xl) <
kllx1 — x21 1

Par conséquent, ci) est lipschitzienne au voisinage de xo .
Considérons x * E 4(10; on a :

(3 .4)

	

Vdl E X, (x *, d1) lim sup 4' (x
+Ad 1 )	 'p(x) .

~
x-+xo
Jl ~0+

par :

(3 .1)
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et

Si ÿ(x)EM(x), on a

(3 .5)

	

~c1d d2 E X, (x*, d1) ~lim sup f(x
+)'(x)+"2)- f(x,ÿ(x)) .

X--.X0
A ~0+

Au voisinage de xo, il existe, par hypothèse, une sélection ÿ de M qui est bornée .
Ainsi, l'ensemble fo des valeurs d'adhérence de )7(x), quand x - xo, n'est pas vide .

Il résulte alors de (3 .5) que :

f(x + Ad 1 , y + Ad2 ) -f (x, y)
d d 1 , d2 E X, x * , d1) sup [lim sup

Ÿo E Yo

	

x-xo

	

A
Y-> Ÿo
A,0+

En conséquence :

x* E acp (xo) (x *, 0) E co U a (x,Y )f ( xo, ÿo) .
)7oE vo

y étant bornée au voisinage de x o, fo est compact .
De plus, la multiapplication (u, v) -~ 8(x,Y)f(u, v) est s .c .s . et à valeurs compactes . En

conséquence:

U a(x, Y )f(xo, ÿo) est compact ,
Ÿo E Yo

d'où le résultat (3 .3).
Remarques . 1 . L 'hypothèse (H 1 ) a assuré que (p est lipschitzienne au voisinage de

xo et que LS(M ; xo) n 'est pas vide . De plus, la multiapplication M est fermée en xo [12 ,
Théorème 8] et par conséquent, pour toute sélection ÿ de M définie au voisinage de xo
et bornée, on a :

lim sup {ÿ (x )} = Ÿo c LS(M; xo) c M(xo )
x -~ x o

x* E a&p(xo) (x * , 0) E co U a (x,Y)f(xo, M.
ŸoEM(xo )

2. La multiapplication M étant à valeurs fermées, l'hypothèse (H 1 ) est équivalente
A :

(H1) L ' application x - d(0, M(x )) est bornée au voisinage de xo .
Cette hypothèse est évidemment vérifiée si M est bornée au voisinage de xo . Si M

admet une sélection ÿcontinue en xo, la formule (3 .3) prend une forme simplifiée et si an
note ÿo = lima-*xo 37(x), on aura :

(3 .3')

	

a cp (xo)c {x* E X l (x*, 0) E a (x ,Y)f(xo , ÿo)} .

Une telle situation apparaît, par exemple, lorsque M est à valeurs convexes et s .c .i . [15 ]

ou bien lorsque M(x) _ {m (x )} au voisinage de xo avec m localement bornée .
3. La relation (3 .3') est analogue à celle obtenue en analyse convexe, à savoir :

acP(xo)={x* E Xl(x* , 0) E a( X,v)Î(xo, yo)} ,

où yo est un élément quelconque de M(xo) . Cette propriété d'indépendance de
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l'élément yo E M(xo) est due à la convexité de f et n'est pas vérifiée dans le ca s
localement lipschitzien .

4. Si M(xo) = {ÿo} et si f est continûment différentiable en (xo, ÿo), alors, d'aprè s
(3 .3'), cf) est différentiable en xo et :

VRP (xo) = Oxf (xo, ÿo) .

3.2. Le Théorème 1 va nous permettre d'établir une relation du même type qu e
(3.3) lorsque la fonction marginale (PF est définie comme suit :

(3 .6)

	

q)F (x ) = Inf {f ( x, y hl E F} ,

oïl F est un fermé non vide de Y. MF désignera la multiapplication qui à x associ e
l'ensemble des éléments de F pour lesquels f(x, y) = (pF (x ) .

THEOREME 2 . Soit f E L1OC (X x Y) et xo E X. Nous supposons que :
(H 2) Il existe une sélection ÿ de MF, bornée au voisinage de xo .

Ÿo désignant l'ensemble des valeurs d'adhérence de )7(x ), quand x - xo, nous avons :

2k > 0 tel que x* E açpF(xo) (x*, 0) E co U {a (x,y)f(xo, )7o )

(3 .7)

	

90E Yo

+{0}x k adF(Ÿo)} .

Démonstration . Soit Si une sélection de MF, définie et bornée sur un voisinage de xo .
L'ensemble fo des valeurs d'adhérence de )7(x), quand x -> xo, est un compact de Y ; on
peut trouver C1 et C2 des ouverts contenant respectivement xo et Yo tels que :

(i) Vx E C 1 , y (x) E C2 ,

(ii) f soit lipschitzienne sur C1 x C2 .

Définissons sur C1 x C2 la fonction suivante :

g(x, y ) = f(x, y) + k dF(Y)

avec k, constante de Lipschitz de f sur C1 x C2 .

Si l'on désigne par HA la multiapplication qui à u associe IIA(u): ensemble de s
points de A à distance minimum de A, nous avons de façon évidente :

HXxF(x, y) _ {x} X HF(Y).

La multiapplication IIXXF est s .c .s . [3, Théorème 2, p . 122] et IIXXF ({xo} x fo) _
{xo} x Ÿo. En conséquence, on peut prendre C2 et C2 des ouverts contenant respective -
ment xo et Yo, vérifiant les conditions (i) et (ii) avec, en outre :

HF(C2) C C2.

Considérons (x, y) E C i x C2 et )7e IIF (y ) ; nous avons :

f(x, )7 ) — f(x , Y) ~ kIIY - ÿil = k dF(Y) ,

c'est-à-dire :

(3 .8)

	

f(x, )) g(x, y),

ce qui montre que la fonction f a été localement pénalisée ; le calcul de çpF revient à celu i
de cf)

(3 .9)

	

çp(x) = Inf {g(x , y )IY E C2} .
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Pour x E 6'1, ÿ(x) est solution du problème (3.9) et par conséquent :

x* E acpF(xo) (x * , 0)e co U a (x , y )g ( xo, )7o) .
90 EYo

En (xo, ÿo) : a(x,y) g (x o, Ÿo) c a (x,y)f(xo, )70)+ k a(x,y) dxxF(xo, ÿo) . Remarquant que :

a(x,y) dxxF(xo, ÿo) = {0} x a dF() o), on a le résultat (3 .7) .
Remarques . 1 . On peut écrire (3 .7) en faisant apparaitre le cône normal à F en x 0 :

	

(3 .10)

	

x * E acpF(xo) (x * , 0) E co U {a(x,y)f(xo, )7o)+{0} x N(F; ÿo)} ,
9o E Ÿo

c'est-à-dire, dans le cas où l'on peut se ramener à fo = {ÿo} :

(3 .11) x* E acpF (xo) 3u* tel que (x*, u *) E a(x , y)f(xo, )7 0 ) et —u* E N(F; xo).

2 . Il résulte, soit de (3.10), soit d'un calcul direct, une estimation de a(pF (x0)

indépendante de la contrainte F et qui est la suivante :

	

(3 .12)

	

a(pF(xo) c co U Ilxa(x,y)f (xo, )7o) ,
yo E -Vo

Hx désignant l'opérateur de projection sur X, parallèlement à Y .
Dans le Théorème 2, on a donné une évaluation de acpF (x 0) en fonction du gradien t

généralisé de f par rapport aux deux variables, ce qui suppose f E L ;ôc(X x Y). De faço n
plus classique, lorsque la fonction marginale cpF s'écrit sous la forme (3 .6) (ou bien sous
la forme d'un supremum au lieu d'un infimum dans (3 .6)), on a l'habitude d'exprime r
acpF (x 0) en fonction de axf (x0 , ÿo) . F . H. Clarke [5] puis L . Thibault [19] donnent de s
conditions permettant d'exprimer exactement acpF (xo) lorsque la famille If( , y)}y€F
considérée en tant que fonctions de x est une famille de fonctions quasi-différentiables
au sens de B . N. Pschenichnyi [17] . G. Lebourg . [14] donne une évaluation différente
de acp F(xo) en considérant axf (x, y) pour x E V (V E 1t(xo)) et y e ME (x) _
{y EFIcpF(x)~f(x, y)—s} .

Afin de compléter l'étude du gradient généralisé de cpF, nous allons démontrer un e
inclusion de acp F (x 0 ) dans co U,70E Yo a xf(x 0 , ÿo) sous des hypothèses voisines de celles d u
Théorème 2 .

THEOREME 3 . Soit f: X x Y -4 ll et xo E X. Supposons que :
(H 3 .a) V y E Y, la fonction x - f(x, y) est localement lipschitzienne sur X .
(H 3 .b) Il existe au voisinage de x 0 une sélection bornée Si de MF dont l'ensemble des

valeurs d'adhérence, quand x -* x 0, est noté Yo .
(H 3 .c ) La multiapplication : (u, v) - a xf(u, v) est bornée au voisinage de {xo} x fo et

fermée en tout point de {xo} x Y0 .

Alors cpF est lipschitzienne au voisinage de x 0 et :

	

(3 .13)

	

acp F(xo) c co U axf (xo, Ÿo) •
90 . Y0

Démonstration . Pour x appartenant à un voisinage borné Vo de x 0 , considérons
y(x)EMF(x) ; Vxi, x 2 E VO,f(x1, y(xl))=(pF(x1),,f(x2, 7(x2))=(pF(x2) .

Supposons par exemple que cpF(xl) = cpF(x2) :

	

(3 .14)

	

(WF(x2) (PF(xl)Ç f (x2, 7 (x1)) T f(x1, y (xi)) .

Grâce au théorème de la valeur moyenne pour gradient généralisé [14, Théorème 2 .11 :
3x E ]x 1 , x2[ et û E axf(z, Ÿ (x 1 )) tels que :

(3 .15)

	

Î x2, Ÿ~xi))—Î(xi, Ÿqxl)) = ( û, x z —xl)•
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D'après (H3 .b ), Yo est borné. Soit V2 un voisinage borné de fo ; on peut trouver un
voisinage V1 de xo tel que :

V x E V1 , )7(x) E V2 .

La multiapplication (u, v .) - > axf(u, v) étant bornée au voisinage de {xo} x fo, on dédui t
de (3 .14) et (3 .15) que (PF est lipschitzienne au voisinage de xo .

Pour d E X, considérons une suite {x n } de X qui converge vers xo et une suite {A n} de
l+ qui converge vers 0, telles que :

(3 .16)

		

' x • d = lira
(PF(xn+ And) - (pF(xn)

A n

En posant ÿn = )7 (xn), nous avons :

cpF(xn+And)_
(PF(xn)f(xn+ A nd, )7n)-f(xn,y n )

(3 .17)
A n

	

A n

et nous supposerons, sans perte de généralité, que lim„ )7n = O .

En utilisant le théorème de la valeur moyenne précédemment cité, nous avons :
~xn E ]xn, Xn + And [ et un E axf (xn, yn) tels que

f(X n + A nd, Yn)- f(Xn, yn) = A n(un, d) .

Par hypothèse, la multiapplication qui à (u, v) associe axf(u, v) est bornée au
voisinage de {xo} x Yo et fermée en tout point de {xo} E Yo . En conséquence, d 'après
(3 .16) et (3 .17) :

(Mx() ; d ) (ûo , d) avec ûo E axf (xo, ÿo) et y- 0 E Yo

Nid E X, (pF (xo ; d) sup Sa f( x o, vo)(d )
Ÿo E Yo

et

a(pF (xo) c co U axf (xo, ÿo).
ÿo EYo

Pour tout ÿo E Ÿo, la multiapplication axf est bornée au voisinage de (xo, 5)- o) et
fermée en (xo, ÿo) ; elle est donc s.c .s . en (xo, )7o) [1, p . 52, Théorème 1.1] . Elle est, de
plus, à valeurs compactes; par conséquent :

U a xf(xo, ÿo) est un compact,
Ÿo E Yo

d'où le résultat .
Remarques . Dans ce théorème, la condition de Lipschitz locale ne porte que su r

l 'application partielle fy : x - f(x, y) alors que la condition (H3 .c) porte sur axf en tan t
que multiapplication des deux variables .

. Signalons que si f e L;ô c (X x Y) et (xo, yo) E X x Y, nous avons :

(3 .18)

	

axf(xo, Yo) ~ Hx a (x,y)f(x o , Yo) ,

l ' inclusion inverse n'ayant pas lieu, en général . De même:

n ,00

D'où :

a (x,y)f(x o , yo) axf(x o , yo) x ayf ( xo, yo) a (x,y)f (xo, yo).(3 .19)
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Ces différentes considérations seront illustrées sur des exemples construits à parti r
d'une famille de fonctions localement lipschitziennes sur Be .

Pour o- >—_ 0, T 0, considérons fer, , définie sur X x Y = ll2 de la façon suivante :

Î

	

(
1

y—x
i
+v(1 —x)

	

si
~,T(x, y)

- 1i2x—y—1 I +Tlogx si

fr,T est localement lipschitzienne sur R2
et soit cpa,T la fonction marginale, c'est-à-dire :

(p(x) = Inf {f,,T (x , Y )l Y E Y} .

Nous avons :

_ a-(1— x) si x 1 ,
~~'T(x)r T log x

	

si x> 1

et

lx

	

si x1,
M(x) =1)7(x» avec 2(z) =

	

_
>2x1si x l .

Au point xo = 1, arpa,T (1) = [—a•, T] et en (xo, )7 o) = (1, 1), nous avons :

0 (x,y)fo,T( 1 , 1)=co{(—1--o-, 1), (1 — a-, -1), (2+T, -1), (--2+T, 1)} .

(E 1) Afin d 'illustrer la formule (3 .3), faisons o- = 2 et T = 0. Nous obtenons :

a(POE,T(1)= [—i, 0] ,

{x*I(x*, 0)Ea(x,y)f,.,T(1, 1 )} = [ - 4, 4] ,

et cela montre que .l'on ne peut espérer, en général, avoir l'égalité dans (3 .3) .
Le gradient généralisé partiel par rapport à x en (1, 1) est donné par :

a xf,.,T (1, 1) = [—(1 +a), T+2] ,

soit, dans l'exemple traité :

a xfo-,T( 1 , 1 ) = [ — 2, 2] .

D'autre part, pour le même exemple :

a y f~,T (1, 1) _ [—1, +1 ]

et

IIx a (x,y)fŒ,z (1 , 1) = [ —2, +2] .

Cela illustre les relations générales (3 .18) et (3 .19) .
(E2) Soit F le fermé de Y = ll déterminé par : F = {y E Rb, 11 et considérons (pF :

(PF (x) = Inf {f,T ( x, y )J y E F } ,

c'est-à-dire,

x 1,
x > 1 .

(PF(x)
1

z log x

	

si x > 1 .
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Faisons cr = T = 14 ; en appliquant la formule (3 .7) du Théorème 2 (ou simplemen t
(3 .11)), nous avons :

acpF(1) c {x*l(x*, 0)E a(x,y)fcr,T(1, 1)+{0}xN(F ; 1 )} = [ — 4, 2] .

Si on applique la formule (3 .13) de Théorème 3, nous avons :

a(pF(1 ) c axf,T(1, 1) _ [ — i, 4]

ce qui donne deux estimations différentes de a(pF(1) _ [ — i,

3.3. Soit F une multiapplication définie sur X (notée F: X 4 Y) et f une fonctio n
localement lipschitzienne sur X ; considérons

(3 .20)

e t

(3 .21)

cpF(x) = Inf {f(x, y hl E F(x)}

MF(x) _ {y E Fi x )kPF(x ) = Î(x , Y)} .

Une condition suffisante pour que cpF soit continue en xo E Xest que : F(xo) soit compact
et F soit s .c .i ., s .c .s . en xo [1, Théorème 1 .3, p . 55] . D'une autre manière, s'il existe une
sélection ÿ de MF continue en xo, alors SPF est continue en xo . Nous allons donner un e
condition suffisante pour que (pF soit localement lipschitzienne .

LEMME 4 . Soit f E Llo (X x Y), F : X4 Yet xo E X. Sous l'hypothèse suivante :
(H4) Il existe une sélection )7 de MF, lipschitzienne au voisinage de xo ,

la fonction cpF définie par (3 .20) est lipschitzienne au voisinage de xo .
Démonstration. Pour x i et x2 dans un voisinage borné Vo de xo, soient Sil = j(x 1 ) et

ÿ2 = ÿ (x 2 ). Nous avons :

(3 .22)
(pF( x l) = f( x 1, y1) et (pF( x 2) f (x2, y2),

(PF(x2) — pF(x1) = f(x2, Y2) — f(x 1, Ÿ2) + f (x i, y2) — f(x1, y1) .

La sélection ÿ est bornée au voisinage de xo ; f étant localement lipschitzienne :

f(x2, y2) — f(x 1, )72) Ç k oll x i —x 2ll ;

Vo étant choisi de sorte que ÿ soit lipschitzienne sur Vo, nous avons de même :

f(x 1, y 2) — f(x 1, y l ) koliy2 — yi ll k i(l x 2 — x 1 ll ,

d'où le résultat d'après (3 .22) .
Remarque . L'hypothèse (H 4 ) est relative à f et F; elle est équivalente dans le ca s

où MF est à valeurs fermées, à la suivante :
(H4) S(MF (x 1), MF(x 2 )) k Il x 1 — x 2 l l au voisinage de xo, S (A, B) désignant l a

distance entre A et B .
F étant une multiapplication de X dans Y, supposée fermée, on notera f le graph e

(fermé) de F dans X x Y. Pour (xo, yo) E N (xo, yo) et 3ry (xo, yo) désigneront
respectivement le cône normal à g en (xo, yo) et le cône tangent à en (xo, yo) .

Dans le cas particulier où F(x) = F, c'est-à-dire, _. X x F, une évaluation d e
acpF(xo) est donnée par la formule (3 .10) et l'on constate que :

{0} x N(F ; yo) = NxxF(xo, yo) •

Cela nous conduit à démontrer, dans le cas où F dépend de x, une formul e
analogue à (3 .10) avec Ngxo, yo) .
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La notion polaire de la notion de cône normal à un fermé est celle de cône tangent à
ce fermé . Nous allons en rappeler la définition et en donner différentes caractérisation s
utiles dans les démonstrations .

DÉFINITION 5 [5, Proposition 3 .6] . Soit Q un fermé non vide de Z et zo E Q ; on
appelle cône tangent à Q en zo et on note 3-(Q; zo) (ou JQ (zo)) le cône polaire de
N(Q ; zo) .

LEMME 6 .

(3 .23a)

	

Vd E X, d 'Q( zo ; d) = lim sup
dQ (z + Ad)

,
z-+ZO

	

A
ZE Q

A-~0 +

(3 .23b) d E J"(Q, zo) . lim
dQ (z + Ad)= 0 .

z-+ zo
Z E Q

A -~0+

Démonstration . Par définition ,

dQ(zo ; d) = lim sup
dQ (z + Ad)– dQ(z)

.
z,zo

	

A
A ,0+

En considérant z -4 zo, z dans Q, on a immédiatement :

d Q(zo ; d) lim sup
dQ(z + Ad)

.
z,zo

	

A
Z E Q

A,o +

Pour l'inégalité inverse, considérons z -4 zo et A ---> 0+ . En désignant par z une projectio n
de z sur Q, nous avons :

I dQ(z +Ad)– dQ(z + Ad)I I –il' = dQ(z) ,

soit

dQ(z + Ad)— dQ(z )_5.= dQ(z +Ad),

d'où le résultat (3 .23a).
Pour la caractérisation (3.23b), il suffit de remarquer que :

d E 3- (Q ; zo)<=>dQ(zo; d) = 0

d'où le résultat (3 .23a) .
Outre la définition et la caractérisation (3.23b) données précédemment, on peut

définir 3-(Q ; zo) à l'aide d'une caractérisation analogue à celles utilisées pour définir le s
différentes notions infinitésimales habituellement rattachées à Q et à zo .

LEMME 6 ' . d E J" (Q ; zo) si et seulement si la propriété suivante est vérifiée :

b{zn }, Zn E Q, lim zn - z0 ; V{An}, An > 0, lim An = 0 ,n ->oo

	

n ->oo

3{dn}, lien dn = d, 3u : N -~ I01 strictement croissante
n ..00

tels que : V n, Z,(n) + A,(n)d,(n) E Q.

(3 .24)
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Démonstration . Pour tout d e X, nous avons, d'après (3 .23a),

dQ (z + Ad)Qzo ; d) = lim sup

	

.
z-.zo

zE Q
A ,0+

Considérons {z n } une suite d'éléments de Q qui converge vers zo et {A n } une suite de
scalaires positifs de limite 0 telles que :

(3 .25)

	

d ' z • d = lim
dQ(zn +A n d)

A n

Supposons que d vérifie la propriété (3 .24) ; nous avons :

lim dn = d et dQ(Z,(n) + AQ(n)dQ (n)) = O .n ->oo

Ainsi :

do (zcr (n) + A cr(n )d)
< dcr (n )

	

II ,
A o-( n )

ce qui implique, d'après (3 .25), que : d6(zo; d) = 0, c'est-à-dire, d e 3-(Q, zo) .

Réciproquement, soit d E J (Q; zo) . Considérons {zn } une suite d'éléments de Q
qui converge vers zo et {A n } une suite positive qui converge vers O . D'après (3.23b) :

dQ (Zn + And )
(3 .26)

	

lim	 _ 0 .n -* oo

	

A n

Zn désignant une projection de zn +And sur Q, posons :

d -- Zn
Z n

n

	

An
•

Comme dn = (zn - (zn + A nd ))/A n + d, dQ (z n + A n d)/An = Ildn - 4, on a, d'après (3 .26) :

lim dn = d .n ->oo

et zn + A ndn = Zn E Q pour tout n . La propriété (3 .24) est donc vérifiée pour tou t
d E 3-(Q ; zo) .

Dans le but d'évaluer a&pF (xo), nous allons dans un premier temps donner une
majoration de la dérivée directionnelle généralisée de (pF dans la direction d 1 .

THEOREME 7 . Soit f E Liôc (X x Y), F une multiapplication fermée de X dans Y et
xo E X. On suppose que :

(H7 .a ) (pF est lipschitzienne au voisinage de xo ,
(H7 .b ) il existe une sélection ÿ de MF, bornée au voisinage de xo .
En désignant par fo l'ensemble des valeurs d'adhérence de Si(x) quand x - xo, o n

pose :

qi (d1) = {d2 E YI(d1, d 2 ) E

	

ÿo)} .

ŸoE Yo

Alors :

cf)F(xO ; d1)

	

I~f
dl)

Sup f(x,Y)(x0, y0 ; d1, d2).
d 2

Yo E Yo

n -.o0
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Démonstration . Si V(di ) _ 0, (3 .27) est trivialement vérifiée avec la convention
que l'infimum sur l'ensemble vide est +oo . Supposons donc que Glt(d 1)0 0 .

d 1 E X étant fixé, considérons une suite {xn } d'éléments de X et une suite {A n } de
scalaires positifs telles que :

lim xn = xo,

	

lim An = 0,
n -+oo

	

n -+oo

x0 , ' d1) =
fini (PF(xri +Ànd1)--(PF(xn)
n-+oo n

On pose ÿn = Ÿ (xn ) où ÿ désigne une sélection de MF, bornée au voisinage de xo .
Considérons ÿo E Ÿo une valeur d'adhérence de la suite {Ÿn} ; nous noterons comme
la suite originelle la sous-suite de {ÿn } qui converge vers ÿo . D'après (3 .28), on a :

(3 .29)

	

'F(xo,; d1) = lim
(pF(xn

+
And1)	

-	 f(xn'5'-n) et lim )7n =(p

	

Yo.n-.00

	

An

	

n ..00

Considérons d2 E (d 1 ) ; pour tout ÿo E Ÿo, nous avons (d 1 , d2 ) E 3-(xo, ÿo) et d'après l a
caractérisation (3 .24), on en conclut l'existence d'une suite d'éléments (d (in ), d2n)) de
X x Y telle que :

lim (dln), d2n)) = (d 1 , d2 )
n --.00

et

(xn, )7n ) +A n(d (In ) , 4n)) E 3 une infinité de fois .

Désignons par {n k } la sous-suite telle que :

Vk, (xnk + ~1 nkd Znk ), Y nk + A nkd 2k )) E g,

autrement dit :

(3 .30)

	

Vk, Yn k + An kdZnk) E F(xnk + An k dink)) .

Puisque lim k ,00 d ink ) = d 1 et que (p F est lipschitzienne au voisinage de xo ,

(3 .31)

	

Vk ko, (pF (xnk + A nk d1) (pF (xnk + ll.nkd (Pk ))+ 1 nk~ (Ici )

avec lim k .,o, E (kl) = 0 + . D'après (3.30) :

(3 .32)

	

Vk, (pF(xnk +Ankd 1nk
))

Ç
f(xnk + A nk d lnk), Ynk + Ankd2k)) .

f étant localement lipschitzienne au voisinage de (xo, )7o), on a :

11

	

,
(3 .33)

	

Vk k1, f(xnk + Ankdink) , Ynk + An k d2nk) ) f(xn k +An kd1, )7nk +Ank d2) + hn k E (k2 )

.
avec

	

(2) _limk~~ E k

	

0 -- .
Il résulte alors de (3 .31), (3 .32), (3 .33), que :

bk
(3 .34)

(pF(xn k +An kd1)- f (xnk,Y n k ) Cf(xnk +An kd1,Sin,+A nkd2) —f(xnk,)7n k )
+ E1

	

1

	

k
/l nk

	

A
n k

avec lim k,00 è-k = 0+ .

En conséquence, d'après (3 .29) :

(p F{xo ; d1) ~ f(x,y)(xo, ÿo ; d1, d2) .
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d 2 étant choisi tel que (d 1 , d2 ) E 5-g-(xo, )7o) pour l'élément ÿo E Ÿo considéré, on e n
conclut que :

cp '(xo; d1 )

	

Inf

	

Sup f(X,Y)(xo, ÿo ; d1, d 2) .
d2

	

YO EYO

Dans le cas où l'on peut se ramener à Ÿo = {ÿo} (sélection )7 de MF, continue en xo),
la formule (3 .27) se simplifie et conduit à l'estimation suivante de a 40F (xo) :

THEOREME 8. Soit f E LioC (X x Y), F: X4 Y fermée et xo E X. On suppose que 00F

est lipschitzienne au voisinage de xo et qu'il existe une sélection ÿ de MF, continue en xo .
Alors :

(3 .35) x* E a (pF (xo) (x* , 0) E a(x,Y)f(x o, )-Io)+ Ng-(xo, )7o) •

Démonstration . Nous avons :

021 (d1) = {d2E YI(dl, d 2 ) E ...7-(xo, Ÿo)}

et

40;40; d1)
d2

I~di) f(x,Y)(xo, ÿo ; d1, d 2 ).

Globalement :

(p .{xo ; d1) Ç f(x,Y)(xo, )70 ; d1, d2)+8%~(xo,yo)(d1, d2) .

_ *
Sg4(xo,Ÿo) SN~(o,Ÿo) •

En conséquence :

Vd 1 E X, (p F(xo ; d1) S*1(x0,Y0)( d1 , d2)

avec (D(xo, )7o) = a(x,Y )f (xo, ÿo)+Ng-(xo, )7o), d ' où l'inclusion (3 .35) .
Comme pour les formules précédemment établies, nous allons illustrer la formul e

(3 .35) à l 'aide d 'un exemple ; considérons la fonction f,,r (intrôduite plus haut) pour
a- = T = 2, c'est à dire :

f ,,(x,

	

'
si x1,

~'T(x'
y ) 12x- Y -11 2+1 log x si x>1.

Comme multiapplication F, nous choisissons celle définie par :

F(x)={yl2ex-1 -3+y5-0} si x 1 ,

F(x)={yl-3x-y-401

	

si x> 1 .

La fonction cp.,T définie par : ço,T(x) = Inf {f,, (x, y )13) E F (x )} est aisément déterminabl e
et a pour expression :

-2ex-1 -2x+2 si x 1 ,
cp,T(x) _ - 12 log x

	

si x>1 .

Par ailleurs, Y étant le graphe de la multiapplication F, au point (1, 1) nous avons :

N(1, 1) = (x , y )lx ..,.5. 0, 3 y x
2

.
3

En xo= 1, )7o =1,ona :

0(x,Y)f,,T(1, 1) = co 1(-i, 1), (2, -1), (2, -1)}

Or :
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ce qui fait que :

{x*l (x*, 0) E a(x,of,T(1, 1)+N (1, 1)}

= CommeacpŒ,T (1) = [ — ï, 2], on a un exemple d'inclusion stricte dans la formule (3 .35) .
Lorsque la multiapplication F a la structure suivante :

F(x)={y E Ylgi (x, y) 0, di E (1, m)},

c'est-à-dire :

37 = {(x,y)EX x Y lgi(x,y)~0, Vi E (1, ni» ,

l'explicitation de acpF (xo) dans (3 .35) à l'aide des gradients généralisés agi (xo, yo) passe
par la comparaison de N.gxo, yo) et de cc agi (xo, yo) et cela est possible sous certaines
conditions sur les fonctions g i [111 . Dans ce cas, on peut donner des condition s
d'optimalité pour la problème posé dans X sous la forme :

Min{cpF (x)Ix E QI}, Qi C X.

Il suffit d'appliquer les théorèmes de [11] ou [6] et la formule (3 .35) . La formule (3 .35) a
également d'autres applications intéressantes ; nous l'exploiterons sur deux exemples .

Si l'on fait la remarque (triviale) que pour F(x) = {y (x )} au voisinage de xo (i .e . un
singleton), cpF(x) n 'est autre que f (x, y(x)) et la formule (3 .35) peut répondre à l a
question : comment évaluer acpF(x) = ax f (x, y (x))?

Considérons y : X -* Y; on notera ' le graphe de y dans X x Y etjy (xo) la matric e
jacobienne de y en xo (lorsqu 'elle existe). Nous avons alors la propriété suivante :

LEMME 9 . Si y : X -4 Y est différentiable en xo E X, de dérivée forte en xo, alors :

(3 .36)

	

N4 (xo, y (xo)) c {(u, v )lu + [Iy (x o)1*v = 0} .

Démonstration . Considérons une suite d'éléments (xn, y n ) de X x Y et désignons
par (zn, y (Sen)) une projection de (xn, yn ) sur le graphe A On suppposera que :

(3 .37)
xn ~ xo, Yn -* Y (xo) .

Les éléments de N4(xo, y(xo)) appartiennent précisément à l'enveloppe convexe
fermée de l'ensemble des éléments vérifiant (3 .37) .

Soit u E X; (u, y (u )) e et puisque (x,,, y (xn )) est un élément de

	

à distanc e
minimum de (x,,, y n ), nous avons :

VU E X, 1I(xm Ÿn) — ( xm Y(xn» Il 2 ll(x n, Ÿn) — ( u , y (u ))II 2 .

En écrivant (x„—u, y„—y(u))=(xn—x,,, y„—y(x„))+(xn—u, y(xn)—y(u)), et en
développant l'inégalité précédente, on a :

2[(Xn — xn, u — .X n) + (y n — Ÿ (xn), Y C u J — Y (xn)) ]
(3 .38)

1 —zn 112+IIY(u)—Y(xn)I12 vu x.

{,t„} étant la suite définie en (3 .37) et d un élément quelconque de X, posons :

1

n

3{fin} An > 0 telle que An (xn - x n, yn — y (xn )) -* (u , v ),
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D'après (3.38), nous avons pour u = u n :

2 1 x—zn, d) +(Yn — Y(Xn), y (Î. + 21 d— Y (zn ))~2 ( n

	

A n

,ÿ(xn +—A1n d) ŸlxnÎ

2

Par hypothèse, y est différentiable en xo, de dérivée (représentée par jy (xo)) forte en xo .

Cela implique [16, p . 711 :

bE > 0, 3&(E) tlx i , i = 1, 2, llx i — xoll 3(E) ,

1
y(x2) — 1y(xo)(x 1 x 2)1) EIlx1 x 2ll •

Comme .xn -* xo et que An +oo, u n -4 xo . Ainsi :

VE > 0, 3no(E ) ,

Vn --. n0( E ), y ( .t-n + Al2 d— Y( )Zn) = Al2 jy ( x o) • d+ —:n2

n

avec llenll E ll d (l . En reportant dans (3 .39) :

1 (xn —z d) + \1 (Yn — Y (xn), (xo) . d) +
1

2

	

(On, Yn — Y (xn ) )2

	

n,

	

2~y 2
~n

	

1, n

	

/ L n

< 1

	

2

	

2

	

2 2118nll2
= 4 1ldll + 4 l y (xo)d ll +

	

4 ~
An

	

/~. n

	

~, n

ou encore :

(3 .40) ( A n (xn — xn), d) + (An [Jy (xo)] (* Yn — Y(xnA d) — (An (Yn — Y (zn)), ®n) + K1 .
A n

(a, d) +([jy(xo)]*v,_,d) EK2 ,

Vd EX, (a, d)+ ([jy(xo)]*v, d) 0,

u +[fy(xo)]* v = 0 .

PROPOSITION 10 . Soit f E Liô,(X X Y) et y : X -4 Y différentiable en xo E X, de
dérivée forte en xo . Alors, la fonction x --> cp (x) = f (x, y (x)) est lipschitzienne au voisinage
de xo et :

,~ acp(xo)~ 2 (x
T, x 2) E a(X,y)f(xo, Y (xo)),(3 .41)

	

x E

	

x* — x* + ['y ( x o)]* x *— 1

	

2

Démonstration . y ayant une dérivée forte en xo est lipschitzienne au voisinage d e
xo et d'après le lemme 4, cp est lipschitzienne au voisinage de xo .

D'après (3 .35) et le résultat du lemme précédent :

x* E açp(xo) (x*, 0) E a(x,y)f(xo, y(xo))+{(u, v )l u +['y(xo)]*v = 0} ,

d'où le résultat annoncé .

(3 .39 )

En passant à la limite

d'où, finalement :

c'est-à-dire :
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Remarque . Dans le cas particulier où f ne dépend que de la variable y, nous avons :

	

(3 .42)

	

T(x) = Î(Y(x))•

Le problème des moindres carrés est un cas spécial du problème général de la
minimisation de fonctions du type (3 .42) . En remarquant que :

a(z,r)f(u o, vo) = {o} x aYf( v o) ,

nous avons, sous les hypothèses de la Proposition 10 :

	

(3 .43)

	

a‘P(xo)~ [JÇ(xo)]* af(Y(xo)) •
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CONDITIONS NECESSAIRES D'OPTIMALITE
POUR UN PROGRAMME STOCHASTIQUE AVEC RECOURS*

J . B . HIRIART- URRUTYt

Abstract . Necessary conditions are derived for stochastic programs with locally Lipschitz objective an d
locally Lipschitz constraints . The problem consists in choosing x E X so as to satisfy the constraints x E FI ,
fi,i (x) 0, i E (1, m i ) and minimize the cost function fi, o(x) + E{ cp2,o(x ; w)}, where

q,2,0(x ; (0) = Inf {f2,o(x, y ; (0 )IY E Q2(x ; (0)} ,
Q2 (x ; (.0= F2 n {Y E Y If2,i ( x , y ; w) 0 i E (1, m 2)} .

It is shown that under regularity conditions, optimality conditions similar to those obtained in the conve x
case may be derived using the concept of generalized gradients .

1 . Introduction . Soient X, Y, Z des espaces vectoriels euclidiens de dimensio n
finie et (SZ, sa', P) un espace probabilisé abstrait ; dans la pratique, SI pourra être u n
borélien de Z et P la loi d 'un élément aléatoire auxiliaire . Dans cette étude, o n
considère le problème suivant :

Trouver x E X tel que :

g)1

	

x E FI , f1,i(x) . 0 Vi E (1, m 1 )

et minimisant fi,o(x) + E{ pp 2, o(x ; w)} .

Dans ce problème, cp2 , o(x ; w) est déjà le résultat d'un problème d 'optimisation ,
formulé de la façon suivante :

(P2,o(x ; w) = Inf {f2 , o(x, y ; w )l y E 02(x ; (0)1

avec Q2 (x ; w) = F2 n{y E . YIf2,i (x, y : w)0 di E(1, m 2 )} .

soient mesurables .
Le problème 91 et le problème auxiliaire g)2(x ; w) sont la modélisation de

problèmes d'optimisation stochastique à deux étages (ou problèmes de programmation
stochastique avec recours). Le processus de décision est explicité de la manière suivante :
le choix de x dans 91 (1er étage) doit être fait avant l'observation des éléments
aléatoires du problème modélisé, de façon à satisfaire certaines contraintes :

xEQ1 = F1n{x EXIf1 , i(x)O,Vi E(1, m1)}

(contraintes du 1 er étage)

et à minimiser une certaine fonction de coût . En ce sens, le problème P1 est un problème
déterministe . La décision du 2ème étage est prise lorsqu'on a observé une réalisation w
de l'élément aléatoire du problème ; celui qui prend la décision a la possibilité de
rectifier une situation résultant d'une décision antérieure x et de la réalisation w . Il faut

* Received by the/ editors October 20, 1976, and in revised form May 26, 1977 .
t Université de Clermont, Complexe Scientifique des Cézeaux, Département de Mathématique s

Appliquées, Botte Postale 45, 63170 Aubière, France .

F1 c X et F2 c Y sont des fermés non vides ; pour tout i E (0, mi) fLi est définie sur
X et à valeurs réelles ; de même, pour tout i E (0, m 2 ) les fonctions f2,i sont définies sur
X x Yx SZ, à valeurs réelles, et telles que :

V(x, y) EXx Y, w-*f2,i(x,y ;w )
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pour cela résoudre le programme de recours P 2 (x ; w), c'est-à-dire choisir un recour s
y E Y satisfaisant certaines contraintes :

	

y E Q2 (x ; cv)

	

(contraintes du 2ème étage )

et minimisant la pénalité encourue f2, o(x, y ; w ) . Naturellement, on supposera que pour
la décision x et presque sûrement (p .s .) en w un tel recours est possible .

Dans le cadre de la programmation linéaire stochastique, le problème I1 prend une
forme simplifiée du fait que l'on suppose :

F1 et F2 sont des polytopes ;

P .L.S .

	

fi,o(x) _ (c1, x ), f2,o(x, y ; w ) = (c2((o ), y) ,

Vi E (1, m 1 ), Vj E (1, m 2) f1,i et f2, ; sont des fonctions affines .

L'étude de tels programmes est l'objet d'une abondante littérature et on trouver a
dans R. J. B . Wets [18] une revue de résultats sur le programme déterminist e
équivalent, la région d'admissibilité, les caractérisations des différents recours possi -
bles, la possibilité de dualiser le problème primal, etc .

Dans une série d ' articles [12]-[15] R . T. Rockafellar et R . J . B . Wets ont considéré
le problème de programmation convexe stochastique, c'est-à-dire que l'on suppose que :

F1 et F2 sont convexes ;

V i (0, m1 ) f1,i : X--* R sont convexes ;
P.C .S .

	

Vi e 0 m 2 ), V (o E f les fonctions f2,i ( . ; co) sont

convexes (et finies) sur X x Y.

Plus précisément, le même processus de décision que celui qui a été explicité plu s
haut a été modélisé par une approche différente . Le programme stochastique était
formulé de la façon suivante :

Trouver x E X et y E eŸ tels que :

p o

	

xEQ 1 , y(w)EQ2(x ;w) p.s .

et minimisant f1,o(x) + E{f2, o(x, y (w ) ; w)}.

Ainsi le problème o se pose en termes d'optimisation dans X x .Ÿ et sous certaines
conditions [12] R. T. Rockafellar et R . J . B . Wets ont montré que les solutions e t
valeurs optimales de 1 o étaient reliées à celles de de la manière suivante : si xo es t
solution de P 1 , il existe ÿo E Ÿ tel que ÿo(w) soit p .s . solution de P2 (xo ; w) et telle que
(xo, )7o) soit solution de Po ; à l'inverse, un couple (xo, ÿo) solution de 90 fournit une
solution xo de 91 et ÿo(w) solution p .s . de Y2 (xo ; w). Ainsi, le programme stochastique
tel qu ' il est posé en 9o, c 'est-à-dire sous la forme statique, est susceptible d'être traité d u
point de vue de l'analyse convexe. En considérant des lagrangiens L sur (X x ~Ÿ) x U,
où U est un espace de perturbations approprié, la théorie de la dualité a en particulie r
permis de donner des conditions nécessaires et suffisantes pour que (xo, )7o ; u) soit un
point-selle de L [12]-[14] . Moyennant certaines hypothèses de régularité sur l e
problème, ces conditions (du type Kuhn-Tucker) sont aussi nécessaires et suffisante s
pour que (xo, ÿo) soit solution de g)o et u solution du problème dual associé .

Dans notre approche du problème stochastique, nous considérons les programme s
stochastiques modélisés sous la forme dynamique, c'est-à-dire g) 1 et P2 (x ; w) . On
considérera F1 X et F2 c Y des fermés non vides et on supposera que :

Vi E(0, m1),

	

X - ll ,

ViE(O,m 2), VwEfl,,f2i(•, • ;w):XxY- 4l
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sont des fonctions localement lipschitziennes . Pour de telles fonctions, F . H. Clarke [2]
a introduit la notion de gradient généralisé et nous exprimerons les condition s
nécessaires d'optimalité sous une forme analogue à celles établies dans le cas convex e
dans [14] ou [19], avec des gradients généralisés au lieu de sous-différentiels e t
gradients . Ces conditions nécessaires dans le cas stochastique seront dérivées de l'étud e
des conditions nécessaires d'optimalité dans le cadre déterministe [4], [6] . Toutefois, l a
structure particulière de la fonction (p 2, o(x ; w) intervenant dans la résolution d e
g) 2 (x ; w) pose le problème de la détermination (ou du moins d'une estimation) du
gradient généralisé de fonctions (PF de la form e

cpF(x) = Inf { f (x, y )l y E F(x)} ,

c'est à dire des fonctions marginales à contraintes dépendantes .
La considération des gradients généralisés de fonctions marginales (pF a fait l'objet

d 'une étude séparée dans le cadre déterministe [7] ; nous utiliserons de manièr e
extensive les résultats qui y figurent. Pour les notations et les rappels concernant l e
gradient généralisé d'une fonction localement lipschitzienne, le cône tangent et le côn e
normal à un fermé, on se réfèrera au § 2 de [7] . Les principaux résultats de cet article on t
été annoncés dans un Compte-Rendu à l'Académie des Sciences de Paris (t . 283, Série
A, 1976, pp. 943-946) .

2 . Conditions d'optimalité pour des programmes stochastiques avec recours .
2 .1 . Nous allons examiner successivement le cas des programmes stochastique s

sous la forme d'un modèle général et le cas des programmes où les contraintes d u
premier étage et du second étage sont explicitées à l'aide de fonctions données . Dan s
le modèle général, les contraintes du premier étage seront définies par Q 1 OE X (sans
autre précision sur la façon de définir Q 1 ) ; de même les contraintes du deuxième étag e
seront définies à partir de x, décision du premier étage, et de W(w) OE X x Y.

Les données du problème sont donc :

les fonctions de coût :

		

fl,o : X--> EI ,

f2,0 :XxYxIZ,-*R ;

les définitions des contraintes : Q 1 OE X,

x Y.

Le programme de recours se formule de la façon suivante : connaissant x E X et
ayant observé la réalisation w, il s'agit de choisir le recours y E Y satisfaisant certaine s
contraintes

( i )

	

(x, Y) E `? (w) ,

et minimisant le coût de pénalisation associé qui est : f2, o(x, y ; w ) .
Désignons par Q2 la multiapplication de X( x 1) dans Y dont le graphe dans X x Y

est W (w ), c'est à dire :

Q2(x ; w) = {y E YI(x, y ) E w(w)I .

Le recours choisi dépend de x et w ; nous le noterons )7(x ; w) (ou j(w) lorsqu'aucune
ambiguïté n'est possible), il doit être tel que :

P2(x , w )

	

f2,0(x, Y ; w) _ (p2 , o(x ; w) = Inf {f2,o(x, y ; w )I Y E Q2(x ; w)} .
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Nous désignerons par MQ2 (x ; w) l'ensemble des solutions du problème P2(x ; w) .
Dans le programme du premier étage, on cherche x X tel que :

(ii)

	

x E Q 1 ,

et minimisant le coût fi,o(x) + E{(p2,o(x ; w )}

	

gp 1

	

Inf (fi,o(x)+E{p2,o(x ; w)}) .
xEQ i

Concernant les contraintes et les fonctions de coût, nous ferons les hypothèses
générales suivantes :

Q I est un fermé non vide de X,

(S1)

	

W' est une multiapplication mesurable à valeurs fermées non vides de X x Y.

fl,o est localement lipschitzienne sur X,

(S2)

	

f2,0 :X x Yx fl R est localement lipschitzienne sur X x Y pour w E SZ

et mesurable en w pour tout (x, y) E X x Y.

Nous supposerons également que pour toute décision x E QI, il existe p .s . la
possibilité d'un recours y (x ; w), c'est-à-dire :

(R 1 )

	

Vx E Q 1 , Q2 (x ; w) est p .s . non vide

(ou équivalemment Q1 c IlxW(w) p .s .). Cela signifie en clair qu'il y a la possibilité d e
rectifier p .s . une situation résultant d'un choix antérieur x E Q1 et de la réalisation w .

Dans la mesure où pour tout x E Q1, il existe y (x ; •) E Y; tel que y (x ; w) E
Q2 (x ; w) p .s ., la condition (R 1 ) est la condition de recours relativement complet de R. T.
Rockafellar et R . J . B . Wets [131 .

LEMME 1 . Sous les hypothèses (Si ), (S2), (R 1 ), pour tout x E Q 1 , l'applicatio n
w cp2 ,o(x ; w) est mesurable à valeurs dans R U {—co} p .s . et la multiapplication w -~
MQ2 (x ; w) est mesurable.

Démonstration . x E Q 1 étant fixé, nous avons :

{x} x Q 2 (x ; w) _ ({x}X Y) fl w(w ),

et la mesurabilité de

	

entraine celle de la multiapplication w - Q2 (x ; w) [11 ,
Théorème 1 M] .

D'après l'hypothèse (R 1 ), cp2(x ; w) E (R U {—oo} p.s . L'application (y ; w) - +
f2, o(x, y ; w) est un intégrande de Carathéodory sur Y x SZ, donc un intégrande normal
sur Y x SI [11, p . 19] . La multiapplication w -4 Q2 (x ; w) étant mesurable, la mesurabil -
ité de l'application w --~ cp 2,o(x ; w) et celle de la multiapplication w -> MQ2 (x ; w) résul-
tent du Théorème 2K dans [11] .

Signalons également la propriété de mesurabilité des multiapplications : cône
normal et cône tangent à W(w) en (x (w ), y (w )) .

LEMME 2 . Soit (x, y) : fl --* X x Y une application mesurable telle que
(x (w ), y (w )) E W((O ) p.s. Alors les multiapplication s

N~ : w -5 Nç(w)(x(w), y ( w )) et Jw : w --> 3-ç(w)(x(w), y (w ))

sont mesurables .
Démonstration . Pour w tel que (x (w ), y (w )) W (w ), Nww) (x (ce)), y(w)) = 0 (voir l a

convention sur le cône normal [7, § 2]) et il est immédiat que :

dom Nw = {w E flI (x (w )), y (w )) E W (w )} est mesurable .
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La multiapplication ¶ étant mesurable, l'application w - dç (( , ) (x, y) est mesurable pou r
x, y fixés [11, Proposition 1A]. Ainsi, la multiapplication w -* 8(x,odç (w ) (x(w ), y (w )) est
mesurable [2, Corollaire 1 .17] . Or, Nww )(x (w ), y (w )) est le plus petit cône convex e
fermé contenant 0 (x,04(0) (x (w ), y (w )) ; la multiapplication Mg est donc mesurable [11 ,

Proposition 1H] . La multiapplication ,9--w qui n ' est autre que la polaire de la précédente
est également mesurable [11, Corollaire 2T] .

Sous les hypothèses du Lemme 1, il se peut que le programme de recours P2 (x ; w )
ne donne pas de valeur optimale finie (c'est à dire cp2,o(x ; w) = -0o et par conséquen t
MQ2 (x ; w) = 0 ). Il est plus habituel (et plus raisonnable) de supposer que le programme
de recours est résoluble (du moins 'au voisinage de la décision optimale xo), c'est-à-dire :

(R2 )

	

Vx E Q1, MQ2 (x ; w) est p .s . non vide .

Naturellement, cette hypothèse est plus forte que la condition (R 1 ) .
Le lemme suivant donne une condition suffisante pour qu'une fonctionnell e

moyenne Eçp (dont Ecp2,o est un exemple) soit lipschitzienne au voisinage d ' un point xo .
En outre, il permet de comparer le gradient généralisé de Ecp en xo à l'espérance de l a
multiapplication: w - app (xo ; w) . Rappelons, à ce sujet, que :

E{acp (x o ; w)} _ {E(X*)IX* EUX, X*(w) E acp(xo ; w ) p .s .} .

Le résultat qui suit a été démontré dans le cas où X est un Banach séparable dans [17] .
La démonstration en est aisée en pensant à la caractérisation de E{acp(xo ; w)} à l'aid e
des fonctions d 'appui et en appliquant l' inégalité de Fatou—Lebesgue aux fonction s
d'appui .

LEMME 3 . Soit cp : X x fi --> ll un intégrande et xo E X. On suppose que :

(i ) E{1 cP (x o ; w )I} < +oo ,

(S 3 )

	

(ii) il existe un voisinage Vo de xo et une fonction k E 2' tels que :

Vx, y E Vo, I

	

w ) — cp(y ; w )f k(w )II x — yIf p.s .

Alors, Ecp est lipschitzienne au voisinage de xo et on a :

(2 .1)

	

a (Ecp )(xo) c E{ 'Np (xo ; w)} .

Ce lemme permet aussi de donner une condition suffisante pour que aEcp (xo) soit
réduit à un seul élément (qui est nécessairement VEcp (xo)) . Pour xo E X, désignons pa r

Dxo les éléments w E fi pour lesquels app (xo ; w) n'est pas réduit à un seul élément . Nou s
avons alors le résultat suivant :

LEMME 4 . Soit cp et xo E X vérifiant les hypothèses du Lemme 3 alors :

(iii) Ecp est différentiable en xo et VEcp est continue
en xo relativement à l'ensemble où VEcp existe ,

(2 .2)

	

P(Dxo) = 0
(iv) VEcp(xo) =

	

Vcp(xo ; w) dP(w) .jDX o

Démonstration . La multiapplication w -~ acp (xo ; w) étant mesurable, pour tou t
d EX, la fonction d'appui dans la direction d: w cp' (xo ; d ; w) est mesurable . Ains i
l'épaisseur de acp (xo ; w) dans la direction d 0 0 qui est définie par :

w-->ed(w)=cp x o ; —d ;

	

—(p, (xo, dd , w

est mesurable .
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De même, la diamètre 0(w) de 0(p (xo ; w) est une fonction mesurable de w car :

Vp > 0,

	

(w)max ed (w) .
IIdII = p

En conséquence :

Dxo = {W E 111O(w)> 0} est probabilisable .

Comme

tJw E Dx o, acp(xo ; w) _ {V (p (x o ; w)} ~

il résulte de (2 .1) que aE(p(xo) est réduit à un seul élément, d 'où (iii) [2, Proposition
1 .10] et (iv) .

Remarque . Contrairement au cas convexe [1], on ne peut affirmer qu 'une condi-
tion suffisante que (iii) et (iv) aient lieu est que P(Dz o) = 0, où Dxo désigne les éléments
w E 11 pour lesquels (p( • ; w) n'est pas différentiable en xo .

Nous sommes en mesure à présent de donner une condition nécessaire pour qu e
xo E X soit solution du problème 9 1 . Nous serons amenés à faire l'hypothèse suivant e
sur la multiapplication MQ2 :

3 ÿ : X x fl - > Y mesurable en w tel que y (x ; w) E MQ2 (x ; w) p .s .
(S4)

	

au voisinage de xo et tel que y( ; • • w) soit p .s . continue en xo .

La mesurabilité de y (x ; •) peut être déduite des hypothèses précédentes . La
condition de continuité en xo est une hypothèse simplificatrice qui peut être affaibli e
(voir la Remarque 1 suivant le Théorème 5) .

THEOREME 5 . Soit xo E X; on suppose que (p2,o vérifie l 'hypothèse (S 3) et que
l'hypothèse (S 4 ) est vérifiée. Une condition nécessaire pour que xo soit solution du
problème P 1 est que :

(a) xo E Q 1
(b) il existe yo : f, -- Y, mesurable tel que (xo, yo(w )) E W(w) p .s. ;

(2 .3)

	

de plus, il existe p E £' tel que :
(c) v — Ep E af1,o(xo) et —v est normal à Q 1 en xo,

(d) (p(w), O) E a(x,y)f2,o(x o, y o((0 ) ; w ) + Nç(w)( x o ; y o((0 )) p.s .
Démonstration. Soit .f définie au voisinage de xo par :

Vx E X, f(x) =f1,o(x)+E{(p2,o(x ; w )} .

On écrira simplement :

f = f1,0 + E4p 2, o .

xo étant solution du problème

	

on a nécessairement [4], [6 ]

(2 .4)

	

0 E of(xo)+N(Q i ; xo) .

Les hypothèses faites assurent que f 1,o et Ecp 2,o sont lipschitziennes au voisinage de
xo et par suite :

af(xo) C a f1 ,o(xo) + aElp2 , o(xo) .

Ainsi, d'après (2 .4) :

(2 .5)

	

0 E af1, o(xo) + aEcp 2, o(xo) + N(Q1 ; xo) .
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Soient v 1 , v 2 , v X tels que :

v i e af1, o(xo), v 2 E aEcp 2, o(xo) ,

v l +v2 = v et —v EN(Q1 ; xo) .

D'après le lemme 3, aEpp 2,o(xo) Eacp 2, o(xo) . Par conséquent, il existe p E YX tel que :

V 2 = Ep ,

	

p (w) E a(p 2, o(xo ; w) p.s .

Par application du Théorème 8 de [ 7.] ,

P ((o)E 42,o(xo; (o) (P (w ), 0) E a (x,y)f2,0(xo, yo(w) ; w) + 14w)(x o ; Yo(w ))

avec yo(w) = ÿ(xo ; w) p .s . ; d'où le résultat annoncé .
Remarques . 1 . Les hypothèses du théorème sont des conditions suffisantes per-

mettant d 'assurer que &p 2,() existe et est lipschitzienne au voisinage de xo . L'hypothèse
de continuité p .s . de l'intégrande sélection ÿ est faite par souci de simplification ; dans le
cas où )7 serait seulement borné au voisinage de xo, une formule analogue à (2 .3) peu t
être établie avec Yo(w) =1im supx,xo 1)7(x ; w)} . Dans le cas linéaire, des conditions sur
les moments du second ordre des éléments aléatoires du problème suffisent dan s
certains cas à avoir une condition de Lipschitz sur Eep2,0 [8] . De la même manière, il es t
aisé de voir que, sous les hypothèses suivantes :

l'application sélection Ÿ de MQ2 lipschitzienne en x au voisinage de xo ,
de coefficient de Lipschitz k((o) ,

(S5)

	

f2,0 ( . , • ; w) lipschitzienne au voisinage de (xo, j)- (xo ; w)), de coefficient k (w ) ,

E{I (P2,o(xo ; (0)11 < + 00 ,

k et k EY+ ,

les hypothèses du théorème précédent sont satisfaites .
2 . La multiapplication w -* Nw (a, ) (xo ; y o (w )) étant mesurable (Lemme 2), la parti e

(d) des conditions d'optimalité peut prendre la forme décomposée suivante :

3Pi, p2 : fl - X, p 3 : fl -* Y, mesurables tels que :
(p 1 (w), P3(w)) E a (x,y)f2,0(xo, yo(w) ; w )

	

p.s .
(d)

	

—p3 (w)) normal à (w) en (xo, yo(w)) p .s .(p2(w) ,

P(w)=PI(w)+P2(w) p.s .

Au voisinage de xo, on a :

92,0(x ; w) = f2,o(x, Ÿ(x ; (0) ; w )

avec Si application sélection de MQ2 . Les propriétés de )7( . , w) en tant que fonction de x
ne sont pas, dans le cas général, facilement discernables . Cela dépend essentiellement
de la structure de MO2 ; un cas particulièrement intéressant est le cas où le programme d e
recours a une seule solution au voisinage de la solution xo, c'est-à-dire :

MQ2(x ; w) = {ÿ (x ; w )} au voisinage de xo .

Si j7(s ; w) est différentiable en xo, nous désignerons par J (xo ; w) la matrice jacobienne
de j ( . ; w) en xo ; il est clair que l'application w -> Jy (xo ; w) (ou [Jy (xo ; w)]*) est
mesurable . Comme précedemment, posons ÿ (xo ; w) = yo(w) . Sous des hypothèses d e
différentiabilité de ÿ ( . , w) en xo, la condition nécessaire d'optimalité prend la forme
suivante :
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THEOREME 6 . Soit xo E X ; on suppose que cp 2,0 vérifie (S 3) et qu ' il existe une
application sélection Si de MQ2, mesurable en w, telle que :

(S6)

	

p.s . ÿ (• ; w) est différentiable en xo, de dérivée forte en xo [9, p . 711

	

Alors, une condition nécessaire pour que xo soit solution de

	

est que :

(a) xo E Q1 ,
(b) 3p E

	

V E X tels que : v — Ep E af1,o(xo) et —v normal à Q 1 en xo ,
(c) 3 (pi, p 2) : SI -~ X x Y mesurable tels que :

(PZ((0 ), P2((0 )) E a (x, y )f2,0(x o, yo((o) ; (o) p .s .

P( (o) = p1((o )+ [Jyo(x o ; (0 )]*P2( (» ) •

Démonstration . Au voisinage de xo, nous avons :

cp2,o(x ; (0) = f2,o(x, )-i (x ; (0) ; (D) p.s .

On connait, d'autre part, l'existence de p E

	

et de v E X tels que :

v — Ep E af1 , o(xo),

	

—v E NQ1 (xo) .

De plus, (voir la démonstration de la Proposition 10 dans [7] )

(2.6) p.s. (p(w), 0) E a (x,y)f2,0(xo, Y (xo ; (.0 ; )+ {(u, v )114 + [J9 (xo ; w )]* v = 0} .

Y (xo; •) étant mesurable, la multiapplication w -4 a(x,y)f2,o(xo, )7 (xo ; w) ; w) est mesura -
ble. Il est facile de voir que la multiapplication 0 définie par :

0(w) = {(u, v )Iu + [J(xo ; w )] * v = 0}

est aussi mesurable . Considérons la multiapplication :

F : .w -* F(w) = [ 0(,)f2,o(xo, y (xo ; cf)), w)— (P (w), 0)] n [--Z(w )]

F est mesurable [11, Théorème 1M] et d'après (2 .6) :

F(w) 0 O p .s .

Soit (0 1 , o'2) une sélection mesurable de F [11, Corollaire 1C], nous avons :

Œ 1 (w)+ [Jy(xo ; w )]*a. 2( w ) = 0 p .s .

(cr1(w)+p(w), (72(w )) E a (x,y)f2, 0(x0 , )7 (x 0 ; (0) ; (0) p.s .

En posant :

P2((0 ) = Œ2(w),

	

PZ( (o ) = P(w)+o1((0),

et sachant que y(xo ; w) = yo((o ), on a le résultat annoncé .

2 .2 . Nous allons examiner à présent le modèle de programmation stochastique
avec recours où les contraintes du premier étage (contraintes explicites) et les con-
traintes du deuxième étage (contraintes induites) sont exprimées à l'aide respective -
ment de fonctions déterministes et de fonctions aléatoires . Ainsi :

(2 .7)

	

Q 1 =F1 n{XEXff1,t (x)0, iE(1,m1 »

et pour le programme de recours :

Q2(x ; w) = F2 n { y E Y1 f2,i(x , y ; w) ~0, i E(1, m2 )} .
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F1 est un fermé non vide de X et F2 un fermé non vide de Y ; on fait sur fl,i (resp .
h i ) les mêmes hypothèses générales que sur fi, o (resp . f2, o), c'est à dire (S2 ) .

Explicitons les conditions de Kuhn-Tucker de base lorsque Q 1 et Q2 (x ; w) ont l a
forme indiquée en (2 .7) et (2 .8).

CONDITIONS DE KUHN-TUCKER (forme du gradient généralisé )
(a) x0 E F1 , on a {A1 , i}i E (1 , m i ) tel que:

V i E (1, mi), A 1,i 0, f 1,i(xo) 0, A 1,i f 1 ,i (xo) = O .

(b) p

	

v E X tels que :

m l

v - Ep E af1 , o(xo)+ E

	

of 1,i (xo) ,
i 1

-v normal à F1 en x 0 .

(c) 3 w : SI --> Y mesurable, A 2,i : fl -+ R(i E (1, m 2 )) mesurables tels que :

p .s . (p(w), w ((o)) E a (X,y)f2,o( x o, yo(w) ; (0++

	

A 2,i (w )a(x,y)f2,i (xo, yo(w) ; w),
i= 1

V i E (1, M 2)9 A2,i ((0 ) 0, A2,i ((0 ) . f 2,i (xo) yo(w) ; w) = 0 ,

-w(w) est normal à F2 en yo(w).

On posera yo(w) = y(xo ; w) ; on désignera par Il (xo) (resp . I2 (xo, yo(w)) l'ensembl e
des contraintes actives en x 0 (resp . en (xo, yo(w)).

THEOREME 7 . On suppose que (P2,0 vérifie (S 3 ) et que l 'hypothèse (S 4 ) est vérifiée. Il
est supposé de plus qu e

(S7) 3d 1 E 3-(FI ; xo) Vi E It (xo), f 1, i(xo ; dl)<0,

(S8) 3(d 1 , d 2 ) : f1-~ X x Ymesurable tel que :

p.s. d 2 (w) E 3"(F2 ; yo(w)), f2,i(xo, yo(w) ; d1(w ), d2 (w) ; w) < 0 Vi E I2 (xo, yo(w)) .

Alors une condition nécessaire pour que x 0 soit solution de Pi est que les conditions de
Kuhn-Tucker soient vérifiées .

Démonstration . x0 étant une solution optimale de g)i, on a :

xo E F1 , fl,i (xo)~ 0 V i E (1, MI) ,

0 E of1,0 (x0)+ aEq;.2,0 (x 0 )+ N(Q1 ; xo) .

De par l'hypothèse (S7) et les résultats de [6], on a :

(2 .9)

	

N(Q1 ; xo) c N(F1 ; xo)+ R +a( Max f1, )(xo) .
iE(1,m 1 )

Soient v, v 1 , v 2 , V3 tels que :

V = v1+v2 +v3, — V E N(F1 ; xo) ,

V 1 E a f1, o(xo), V2 E aE(p2 , o(xo), v3 E R
+ a Max f{ , i )(xo) .

iE(1,m 1)

v 2 E aEEp 2, o(xo) et d'après le résultat du lemme 3, il existe p E ~X tel que :

v 2 = Ep , p (w) E acp 2, o(xo ; w) p.s .
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D'autre part [4, Proposition 9], [6, Lemme 11 ]

V3 =

	

af1,i (xo )
i= 1

Vi E (1, m1),

	

et A 1, i ' fl,i (xo) = 0 .

En résumé :

v —Ep = v 1 + v 3 E af 1,0(x0) + 1 A Li ' af1,i ( x o) ,
i= l

d ' où les conditions (a) et (b) de Kuhn—Tucker .
Soit W(w) le graphe dans X x Y de la multiapplication x ~ QZ (x ; w) défini en (2 .8) ,

c'est à dire :

	

(2 .10)

	

(w)= (XxF2)fl{(x, y)EXx Yif2,i (x, y ; w)0 Vi E(1, m 2 )} .

Rappelant que )7(xo ; w) = yo(w), nous avons grâce à l'hypothèse de régularité (S8) :

	

(2 .11)

	

p .s . Nç(w) c {0} x N(F2 ; yo(w)) + fe Max f2,i (xo, yo(w) ; w) .
i€(1,m2 )

Nous savons d 'autre part que :

	

(2 .12)

	

p .s . (p ((o ), 0)E a(x,y)f2,o(xo, yo(w) ; (0+ NN(w)(xo, yo(w), w)

soit

p.s . (p (w), 0) E {o} x N(F2 ; yo((o )) + a(x,y)f2,o(x o, yo(w) ; (û )
(2 .13)

+ (11 + a Max f2,i (xo, Ma)) ; w ) .

i€(1,m 2 )

Les multiapplications :

w -~ {0} x N(F2 ; y o(w)).,

w ~ a(x,y)f2,o(x o, yo(( o) ; w),

w -> R+a
Max f2,i (xo, yo(w ) ; w)

iE(1,m 2 )

sont mesurables et on déduit aisément de (2 .13) l'existence de w : -4 Y mesurable te l
que :

(2 .14)

(p(w), w ((o)) E acx,y)f2,0(x0, yo(w) ; w )+ R
+a Max f2 i (x0, yo(( o) ; w ) •

iE(1,m2 )

Considérons (pi, w l ), (p 2 , w2) mesurables tels que :

(Pi, 14, 0+ (p2, w2) = (p, w) ,

(2 .15)

	

p .s . (p2(w), w2(w)) E
R+a Max f2,i (xo, yo(w)) .

iE(1,m2 )

avec

p.s. (0, —w(w))E{0}xN(FZ ; yo(w)),
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Soit F la multiapplication définie par :

F(w) = (A
1,

.

	

, ~.m2 ) Vi E (1 , m2), Ai ~ 0, Ai . f2,i (xo, yo(w) ; w) = 0 ,

(p 2 (w), W 2(( O )) E

	

A i a(x,Y)f2,i (x0, yo(w) ; w) p .s .} .
i= 1

F est une multiapplication mesurable, à valeurs fermées et d'après (2 .15 )

F(w ) � 0 p.s .

On peut ainsi choisir (A 1 , • • • , ~1 m2) mesurables tels que :

p .s . (P2(w ), w2((o )) E

	

A 2,i(w )a (.x,Y)f2,i(x 0, yo(w) ; w)
i= 1

Vi E ( 1 , m2), A 2,i (w) 0, /1.2,i (w) f2,i (xo, Yo(w ) ; w) —

d'où la condition (c) de Kuhn—Tucker .
Remarques. 1 . Les hypothèses (S7) et (S 8) sont des hypothèses de régularité

relatives à la forme de représentation de Q1 et de Q2 (x ; w) ; elles peuvent être affaiblies
comme dans le cas déterministe [6] .

2 . Les conditions nécessaires du type Kuhn—Tucker (forme du gradient généralisé )
sont semblables aux conditions nécessaires (et suffisantes) établies dans le cas convex e
(forme du sous-différentiel, [14]) et dans le cas convexe différentiable (forme d u
gradient, [19]) . Les conditions (b) et (c) peuvent être particularisées dans le cas où les
fonctions fLi et f2,i sont C 1 et dans le cas où FI et F2 ont des structures particulières .
Nous allons en donner un exemple .

Soient Fl c X et F2 OE Y définis par :

F1 = {x E XIh l (x) = 0} ,

F2 = {y E Y1 11 2 (y) = 0} .

THEOREME 8 . On suppose que (P2 , 0 vérifie (S 3 ) et que l'hypothèse (S4) est vérifiée . Il
est supposé de plus que :
(S7)

	

h l est différentiable en xo, de dérivée forte V h 1 (xo) vérifiant :

Vi E I1 (xo), f i ,i(xo ; V h 1 (xo)) < 0 ,

(Sg)

	

h 2 est différentiable en yo(w) p .s ., de dérivée forte V h 2(yo(w )) et il existe d i : SZ - Y
mesurable tel que :

Vi E I2(xo, yo(w)), f2,i(xo, yo(w) ; di(w), Vh2(Yo((o)) ; w)<0 p.s .

Alors une condition nécessaire pour que xo soit solution de g) l est que :
(a) h 1 (xo) = 0 ; on a {A 1,i l ie(l,mi) tel que :

Vi E (1, m1), A 1,i 0, fl,i (xo) < 0 , A 1,i . fl,i (xo) = 0 ,

(b) 3p EUX, v E X tels que :

m i

(v, Vhl(xo)) = 0, v — Ep E af1 ,0(xo) + E /i l,i ' afl,i (xo),
i=1
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(c) 3w : SZ -~ Y mesurable, A 2, :

	

R (i e (1, m2)) mesurables tels que :

p .s. (Vh2( yo(w)), w(w)) = 0 ,

(p(co), w (w)) E a (x,y)h,o(xo, Yo((0 ) ; (0 )+ ~ ~2,i(w)a(x,y)f2,i(x o~ yo(w) ; w)
i – 1

Vi E ( 1 , m2), /1 2,i( w ) 0, A 2,i( (0 ) . f2,i(x 0, yo(w), (v) = O .

Démonstration . Elle est immédiate en remarquant que, sous les hypothèses qui on t
été faites :

%(Fl ; xo) = {A Vh 1 (xo)IA 0} ,

J(F2 ; yo(w )) = {AV h2(yo(w ))IA 0} .

Il suffit alors de transcrire les conditions de Kuhn—Tucker écrites sous la forme générale .
L'apparition, dans les conditions de Kuhn—Tucker, des multiplicateurs {A1,i}j E(l,m i )

et { A 2,i( . )}iE(l,m,2) était attendue du fait de la forme des contraintes du premier e t
deuxième étage ; ils sont interprétés usuellement comme des "prix d'équilibre" associé s
aux contraintes . L 'apparition du multiplicateur aléatoire p (qui ne correspond pas à un e
contrainte spécifique) a été mise en évidence dans le cas convexe par R . T . Rockafellar e t
R. J . B . Wets [14] ; son interprétation explicite en quelque sorte le fait que la décision xo
est déterministe pure : elle doit être prise avant l'observation des éléments aléatoires d u
problème .
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OPTIMALITY CONDITIONS FOR THE AVERAGE COST
PER UNIT TIME PROBLEM WITH A DIFFUSION MODEL*

H. J. KUSHNERf

Abstract. Defining the solution to a stochastic differential equation to be the solution to the martingale
problem of Strook and Varadhan, we obtain results on the existence of an optimal stationary control for the
average cost per unit time problem, a necessary and sufficient condition for optimality of a control, and a

number of other related results.

1. Introduction. The purpose of the paper is the development of a necessary and
sufficient "dynamic programming" like condition, for the average cost per unit time
problem. The condition is similar to those developed for other problems by Davis and
Varaiya [1] and Bismut [2]. In addition to its intrinsic interest, the criterion appears to
be useful for the problem of approximation and computation (see the corollary and
remark in 6). The main Theorems are 3.1 (characterizing the invariant measure), 4.4
(existence of an optimal stationary control), 5.1 (characterizing the auxiliary V(
function), and 6.1 (necessary and sufficient condition for optimality). Also, a number
of auxiliary results are obtained.

We will use conditions (A1)-(A5).
(A1) Let r(. ) denote a bounded uniformly continuous and uniformly positive

definite r r matrix valued function on the Euclidean space R r.
Let q/denote a compact convex set in some Euclidean space and which contains

the origin.
(A2) f(. ), b (.,.), k (.,.) are measurable R , R r, and R valued functions on R ,

R all and R all, respectively; b and k are bounded, and are continuous in their
second argument]’or each value of the first argument, and b (x, O) O. f(. ) is bounded on
bounded sets.

(A3) The set {b(x, a), k(x, a), a q/}-- (b(x, 0//), k(x, ql)) is convex and compact
for each x R .

Any measurable q/ valued function u(. on R is called an admissible control.
Functions b(.,.) and k(.,.) are said to be admissible if they satisfy (A2), (A3) and
have the form b(x, u(x)), k(x, u(x)) for admissible u(. ). We will often write bU(. )=
b (., u (.)), k (.) k (., u (.)). Our systems model is the stochastic differential equa-
tion

(1.1) dx(t)= [f(x(t))+ b"(x(t))] dt + r(x(t)) dw(t), x(0)= x,

where w(.) is a standard Wiener process. In particular, the process x(.) will be
defined to be the solution to the martingale problem of Strook and Varadhan [3];
hence w(. ) may be defined implicitly in terms of x(. ). As pointed out by Bismut [2],
there are a number of advantages to using the "martingale problem solution" defini-
tion of (1.1), particularly when questions of existence are of interest. Here, only
feedback (Markov)controls are considered.

* Received by the editors April 25, 1977.
f Lefschetz Center for Dynamical Systems, Divisions of Applied Mathematics and Engineering, Brown

University, Providence, Rhode Island 02912. This work was supported in part by the Air Force Office of
Scientific Research under Grant AF-AFOSR 76-3063, by the National Science Foundation under Grant
73-03846-A01 and by the Office of Naval Research under Grant NONR N000 14-76-C-0279.
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The cost functional is

1
O(u)= l  oo- E2 k(x(s), u(x(s))) ds k(x.

where /x,(. ) is the unique invariant measure for (1.1), which will exist under con-
ditions to be imposed. Also, E denotes expectation under control u(. ), and initial
condition x.

In order for the problem to be well defined, we need some sort of recurrence for
each control. In a sense, we will assume ((A4), (A5)) that the effects of f(. ) dominate
those of b(.,.) for large Ixl and all u(.). Assumption (A4) will be convenient, and
(A5), while avoidable, does provide a relatively simple method for obtaining some
required estimates. Both are satisfied by a large number of problems.

(A4) There is a nonnegative twice continuously differentiable real valued function
WI(" ) such that WI(X ) -’> O0 as Ix -, oo and for some e > 0 and compact K1,

(1.3) Wl(X)_<--e, x K, all admissible u(.),

where

02

" Y aq(x)
Ox,

+Z [])(x)+ b?(x)]
0

i,j OXj Xi
the differential generator of (1.1), and a (.) tr(. )r’(. )/2.

(A5) Let W2(x)= W(x). There are constants c2>0, a >0, such that for all
admissible u(. ),

(1.4) "W2(x)<=c2-q2(x), where q2(x)=>0,

and q2(x )/ W1(x ) >= ot 3> O. Let Kz denote a compact set such that q2(x ) >= Ca for x K2.
Remark. Suppose that/(x)= Ax and f(x) is asymptotically stable.. Then we

may use x’Px W(x), where P satisfies the Lyapunov equation A’P +PA =-O < O.
Also, (A5) holds.

For some additional motivation, let us consider a dynamic programming
approach. Suppose that there is a smooth function V(. ) and a constant 3’ such that

(1.5)
inf [UV(x)+k(x, u(x))-y]=0
u(x)

=-A(x)+ inf [V’(x)b(x, u(x))+k(x, u(x))-y]
(x) Cz

each x.

If the solution to (1.1) is well defined for u(x)= tT(x), the minimizer in (1.5), and if

EaV(x(t))/tO as too,

then

T._,Elim
If, in addition, E,V(x(t))/t-O as
gu(" )(pU(x, t, F)=-P(x(t) F)) strongly
k(x, u(x))lx,(dx).

kU(x(s)) ds y.

t, then y<=O(u). If pU(x,t,.)
(in variation) as too, then 0(u)=

In general, we do not know whether such a smooth V(. ) or an optimal control
exists. Part of our aim is to replace (1.5) by a local maximum-principle which does for

See Kushner [4] for a formal discussion.
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our problem what the work of Davis and Varaiya [1] or Bismut [2] did for the control
problem on a finite time interval or for the discounted control problem.

A one dimensional version---on a finite interval with reflectionmwas treated by
Mandl [5], and an incomplete development of the r-dimensional version of Mandl’s
result is given in [6].

In 2, the solution to (1.1) is defined, and some properties listed. Sections 3,.4, 5,
6 deal with the existence of an invariant measure for each u (.), with certain continuity
properties of the measure with respect to b (.) and with the existence of an optimal
control, with the existence and properties of an auxiliary V(. function, and with the
maximum principle, respectively.

2. The solution to (1.1). Let C, cg, and cg denote the space of R valued
continuous functions on [0, ), and the g-algebras induced by the coordinate pro-
jections x(s), s <- t, and x(s), s < oo, respectively, where x(. ) is the generic element of
C. Define fr(. ): fr(x)= f(x) if Ix <- N, and is zero otherwise. Then, for each x
there is a unique measure Q on (C, cg) such that {Qxu, x R} solves the martingale
problem of Strook and Varadhan [3]. There is also a standard Wiener process Wx’r (.)
defined on (C, cg, Qy), and adapted to the (completed with respect to Q) {cg’t} and
such that

dx(t)=fN(x(t))dt+o,(x(t))dWX’N(t), x(0)=x, w.p.1 QY.
Define &t {x" Ix =<M}. We will show that the solution is also well defined for

N oo. The stability condition (A4) yields the following result. In the lemma, suppose
(without loss of generality (w.l.o.g)) that K1 is in the interior of SM.

LEMMA 2.1. Assume (A1), (A2), (A4). Let x SM and N >=M. Define CM
inf {t: x(t) SM-K1}, o’(K1)= inf {t" x(t) K1}. Then (P, E, correspond to Qxu)

P{x(t) hits K1 before hitting OSM} >-- 1
W (x)

where kM inflxl=M W1(x),

(2.2) N <-

Proof. By It6’s lemma, for any < oo (o corresponds to u(. )= 0)

EW(x(t fq O’M))= Wx(x)+E Wx(x(s)) ds
aO

<= Wx(x)- eE(t 00"M).

NThis inequality implies EYWI(X(M))< Wx(x), Wl(X)>=eExcM, from which both
(2.1) and (2.2) follow. Q.E.D.

Since kM co as M o, it can be shown that (2.1) implies that

(2.3) lim sup PY{ sup Ix(t)[ _>-M} 0, for each x and T.
M--, N

By virtue of (2.3), there is a unique solution (p0) to the martingale problem for
coefficients (f, ), and each x R r. Similarly, since neither the r.h.s (right hand side) of
(1.3) nor K1 depend on u (.), there is a unique solution (P;) to the martingale problem
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for all x R and coefficients (f+ b", tr) where u(. ) is admissible. Furthermore,

(2.4a)

(2.4b) P:{suplx(t)i>--N}O
t<=T

E; corresponding to pu,

as N c, uniformly in u (.),

and in x in bounded sets,

P{x(t) hitsK before hitting OSN} >- 1-- W(x)/kN,
(2.4c)

if SN KI and X SN.
There is a Wiener process W’"(.), defined on (C, cO, p;) and adapted to {c}
(completed with respect to P’) and such that

(2.5) dx(t)= [f(x(t))+ b"(x(t))] dt + tr(x(t)) dW’U(t), w.p.1 (P).

For each real 0 < T<, define

IO
T IIoT0T(u) [O’-l(X(s))bU(x(s))] dWX’(s)-- .Itr-l(x(s))bU(x(s))[2 ds.

Then (the proof of (2.6) is the same as that of Theorem 6.2 in [3], where f(. )= 0; see
also Girsanov [7])

(2.6) dP:= exp ((u). dP, on (C, T).

Thus, (at least on each (C, CT)), for each x all the measures P are mutually absolutely
continuous, so that a.s. statements with respect to one are also a.s. statements with
respect to the others. Also2 (a.s. P)

(2.7) dWX’(t)-tr-X(x(t))b"(x(t)) dt dWX’"(t).

(See Girsanov [7] or Davis and Varaiya [1]).
By [3], the solution to the martingale problem with coefficients (f tr)or (fN +

b", tr), for admissible b" (.), is a strong Markov and a strong Feller process and in each
of these cases the measures of x(t) have densities with respect to Lebesgue measure
for all x x(0) and all > 0. Furthermore, these densities are positive almost every-
where. By the stability condition (A4) and (2.3), (2.4b), these facts are also true for the
solution with coefficients (f+b",r) for admissible b"(.). Define P{x(t)F}=-
P(x, t, F) and denote its density at y by p" (x, t, y).

The following lemma will be useful in the following sections.
LEMMA 2.2. Assume (A1), (A2) and (A4), (A5). Define

Then

r(Kz) inf {t: x(t) KE [A K1}.

(2.8) E;rE(KE) <-2[WE(x)+cWx(x)/e] x:K1 [_JK2.
EO

Proof. By It6’s lemma and (A5)

0 <= E;WE(x(t cr(KE))) <- WE(x)+E ftn(K2)
0

ds,

Whenever such differentials are equated, we mean to equate the corresponding integrals.
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from which we get (use Eo’(K2)<
’(K2)

0<= Wz(x)+E [cz-aWl(X(S))] ds.

The last inequality, (2.4a) and r(Kz)<-cr(K1)imply that

0 <- W2(x)+c2E2tr(gl)-ae Exlf,,(K2)>_s}Ex(s)o’(g2) ds.

The integrand equals

EI{,(K)>=,)(o’(K2)- s ).

2Hence, the integral equals Exo" (K2)/2, from which (2.8) follows. Q.E.D.

3. The invariant measure. Let G and G1 be spheres in R r, centered at the origin,
with radii 3 and 1, respectively, , < ’1, and boundaries F and F1 respectively, and
with G K1 t_J K2. Define -’= inf {t: x(t) F1}, ’1 inf {t: x(t) F}, -inf{t" t>’l,x(t)F1}, and define -, and -’,,, n>l, recursively by ’,,=

inf {t" > ’-1, x(t) F}, ",, inf {t: > ’,,, x(t) F1}. - will be used for ’2-’ ’2,

when x F. Define ,, x0"n). Then, if x F, {’n} is a (homogeneous) Markov chain
on the state space F, and Khazminskii [8] uses it to construct the invariant measure for
{x(t)}. Let ’(A) denote the amount of time (J Ixe)A dt) that x(t) spends in a Borel
set A during [0, ’2] [0, ’], when x(0)= x F (if x(0) F, then ’1 0).

THEOREM 3.1. Assume (A1), (A2), (A4). Then there is a constant c3:

(3.1) sup ExU’/"
xl-"

Both {),} and x (. have unique finite invariant measures (]’or each u (. )) 12u and
respectively, where ]’or each Borel set A (note that txu(R ) 1)

(3.2) /xu(A) Iu (A)/12 (Rr), /2u(A) Jr (dx)E’(A).
The measure tx has a density (with respect to Lebesgue measure) which is positive
almost everywhere and the value at the point y is given by

(3.3) I p"(x, t, y)/xu(dx).

For any bounded Borel ]’unction F(. ),

(3.4) F(x),(dx)= I,(dx)E F(x(s)) ds.

Also

(3.5) sup E’I _-< Wl(X)/e, x#_ G.

For each Borel set A and bounded measurable function F(. ),

(3.6) pU(x, t, A)- tx,(A), E,F(x(t))--> I F(x)lx,(dx), as t--> oo.
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Proof. Set r; inf {t: x(t) G1}. To prove (3.1), we first show that, for fixed > 0
and some real c < 1

(3.7) inf Px(z0 =< t} _-> 1 c.

Inequality (3.7) follows from the fact that there is a c < 1 such that

infP: {sup.[x(s)[>=T1}=infP {sup x+ (f(x(s))+b’(x(s))ds
x,u x,

+  (x(sllaw ’ (sl >-

_>- inf P2 sup o’(x(s)) dW’"(s) >- 3’l+lxl+gt
u,x G1 s-<---t

>=l-c,

where K is a bound on If+ b U[ in G1. Now

Px{’o>U nt}= EI{zb>(n-1)t}I{zb>nt

ExI{.b>(n_l)t}CEI,’o>(,_l)t}Ex(nt_t)I{.,o>t} <

__<--" <__Cn_

which implies that ,nntc -1=c4 is an upper bound to Exro. Hence, Exr <-Ca for
x F. Indeed, (to be used later)

(3.8) E(r’) <--E (nt)c-1< oo, x G.

Inequality (3.5) follows from (2.4a), since G K1 U K2. Thus, for x F,

for some real c, which gives (3.1).
In [8], Khazminskii proves that there is a unique invariant measure/2u under the

conditions (i): that P’ (x, t, A)> 0, all open A, all x and all > 0, and (ii)" that x (.) be
recurrent (Khazminskii’s definition of recurrence is implied by (3.5)) and (iii): that
x(. ) is a strong Feller and a strong Markov process. Under the additional condition
(3.1) (for fixed u(. )) there is a unique finite invariant measure u given by (3.2) ([8,
Thms. 2.1, 3.2 and 3.3]). Equations (3.3) and (3.4) follow by simple calculations.

Since x, and P’(x, t,. ) all have densities which are positive almost everywhere
(all x, and all > 0), they are mutually absolutely continuous. Condition (3.6) then
follows from [8, Thm. 3.41 or Doob [9, Thin. 51 (let his equal our x and his P1 0),
since x, and P" (x, t, ) are mutually absolutely continuous for > 0. Q.E.D.

4. Eeee t fil emM. Theorems 4.1 and 4.2 provide some preli-
minary results. Theorem 4.3 proves that, in a sense, the invariant measure is con-
tinuous in the function b (. ). This leads directly to the existence Theorem 4.4. Define
g(.,.l=(b(.,.,(.,.)).
ToM 4.1. Assume (AI(A3). Let {u( )} denote a sequence o admissible

controls, and write g (.)= (b(. ), k(. )). ff there is a bounded measurable Nnction
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such that

IA g"(x) dx - IA (X) dx, all Borel A,

then g(. ) is admissible in the sense that there is an admissible u(. ) such that g(. )=
(b" (.), k" (.)), for almost all x.

Proof. The theorem is a standard existence theorem. See Roxin [10] or McShane
and Warfield [11]. By an argument such as that used by Roxin [10], (x)e
{y: y g(x, a), for some a e ag}-___ g(x, all) for almost all x. We can assume that the
conclusion holds for all x. ’hen the theorem follows by the implicit function theorem
in [11]. Q.E.D.

A family {,,} of measures on R’ is said to be tight if for each e > 0, there is a
compact K, such that (R’- K)-<_ e, all a. Let l(. denote Lebesgue measure.

THEOREM 4.2. Assume (A1), (A2), (A4), (A5). Then {txu, u(.) admissible} is
tight. Also, tz,(A)--> 0 as l(A)--> O, uniformly in u(. ), A.

Remark. The theorem is true, but harder to prove, without (A5). Since (A5) will
be used later anyway, we use it now to simplify the proof.

Proof. Since /2,(R ) is bounded uniformly in u(. ) (by virtue of (3.1)) to show
tightness, we only need to show that (refer to the definition of/z, in (3.2))

Exr(S)O asN,sup
xl-"

where S= {y" [Yl =>N}. Recall that Gx gl I,.J g2, and assume that {y" lYl-<N} = G1.
(See (A4), (A5) for the definition of K1, K2.) Then, for x e F,

I 2(Ex’(S)) [Exz(S)
2 Px{’(SN)> MIM25 sup Er sup 0}

xeFx xeF

By (2.4c), MV=< supxrl Wl(x)/klv and by Lemma 2.2, M1 < cx3. The first assertion of
the theorem now follows, since kv as N az.

Fix e and. (by tightness) choose compact K such that/z,(K)-> l-e, all u(. ).
Then, for > 0,

IR u(dx)PU(x, t, A)+ IK txu(dx)P"(x’ t, A)/z,(A)
"-K.

_-< e + sup P’ (x, t, A).
xKe

Also, by (2.6) (recall that the superscript corresponds to u b 0),

[pu (x, t, a)]2 [E,I,)A exp sty(u)]2
<-- EI{xt)a}E exp 2sty(u) -< const. po (x, t, A).

The last assertion of the theorem follows from the last two inequalities since e is
arbitrary and po (x, t, A)- 0 uniformly in x K and in A, as l(A) O. Q.E.D.

THEOREM 4.3. Assume (A1)--(A5). Let b(. ) be a bounded measurable ]:unction,
and {b"-( )} admissible, such that (write sub- or superscript n for u,)

(4.1) b" (x ) dx --> b (x ) dx, all Borel A.
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Then (Theorem 4.1) there is an admissible u (.) such that b(. )= b u(. ) a.e. Also,

(4.2) exp ((u,,)--> exp sr(u)
weakly in L (with respect to P) as n --> oo, ]’or each x and > O. In particular,

(4.3) P"(x, t, A)P"(x, t, a),

E"F(x(t)) EF(x(t)), each x, > O, BoreI A, bounded
(4.4)

measurable F(. ),

(4.5) J I.z,.,(dx)F(x) J I.,(dx)F(x), F(" bounded and measurable.

Proof. The convergence (4.2) is proved by3 Bismut [2, Thm. IV-3], and (4.3), (4.4)
follow from that convergence and (2.6).

Since {,,} is tight, it is weakly sequentially compact, (Billingsley [12], p. 37]).
That is, each subsequence contains a further subsequence .{,,} such that, for some
probability measure

I F(x)tz,,(dx) I F(x)i(dx), all bounded continuous F(. )

(Billingsley [12, pp. 35-37]). Let n index such a convergent subsequence, with (weak)
limit .

Let F(. ) be bounded and continuous. Let e > 0 and define K as in Theorem 4.2
and write

I tz"(dx)F(x)= I tz,(dx)E,F(x(t))

I:. tz,(dx)E:F(x(t))+ fR’-r. ,,(dx)EZF(x(t)).

The second term is e sup IF(x)]. Since x(. is a Feller process under each control,
EF(x(t)) is continuous in x, for each v(. ). Then, the function E;F(x(t)) is continuous
in x and converges to the continuous function E;F(x(t)), by (4.4). This convergence
implies that, for each 6 0, there is a Borel set As = K, with l(As) 6, such that
[EF(x(t))-E;F(x(t))[ e for large n, and xAs, x K. Those estimates, Theorem
4.2, the arbitrariness of 8 and the weak convergence imply that the first term on the
right goes to r. (dx)E;F(x(t)), as n. Since the 1.h.s. (left hand side)converges
to (dx)F(x), and e > 0 is arbitrary, we conclude that

I (dx)F(x)= I (dx)E2F(x(t)).

This equation together with the arbitrariness of > 0 and F(. ), implies that is an
invariant measureunder control u (.). Thus, the uniqueness Theorem 3.1 implies that

u. Since the result does not depend on the selected subsequence, we have that, , weakly, as n , and (4.5) holds for bounded and continuous F(. ).
Let F(.) be bounded and measurable. Then, for t>0, the invariance of

implies

In [2], [ 0, but the proof is exactly the same.
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By the strong Feller property, E(F(x(t)) is continuous in x. Now, as in the proof of
(4.5) for continuous F(. ), the almost uniform convergence of F(x) to EF(x(t)),
Theorem 4.2 and the tightness and weak convergence of (/n imply

I I,(dx)FT(x)--> I I(dx)EF(x(t)),

which must also equal the limit of i(dx)F(x). This implies (4.5), since by the
invariance of/u, the above r.h.s, equals iu(dx)F(x). Q.E.D.

THEOREM 4.4. Assume (A1)-(AS). Then there is an optimal admissible control.
Proof. Let (u,(.))denote a minimizing sequence. Then _0=lim 0(u)-infu.)O(u).

Let u also index a weak* (o’(Lo,Ll) topology) convergent subsequence of
{b’( ), kn( )) with limit (b(.), k(. )), where we let n replace the index u,. There is an
admissible control u (.) such that (Theorem 4.1) (b (.), k (.)) (b (.), k (.)). If k (.)
does not depend on the control, then O(u) O(u) by (4.5). Hence, in this case there is
an optimal control.

Now let k(.) depend on the control. Let F,(.) be a sequence of bounded
measurable functions which converges to a function F(. ) in the weak* topology.
Then4 (Bismut [2, Proposition IV-4, p. 48])

F.(x(s)) ds --> F(x(s)) ds

in probability (P, each x), as n --> oo. Note that E exp 2((v) is bounded uniformly in
x and in the control v(.). Let Fn(.) be defined by F,(x)= k(x, u,(x)), and set
F(x)= k(x, u(x)). By the convergence in probability, the convergence (4.2) and the
boundedness of E exp 2r(u,) uniformly in n, x, we have

E2 F(x(s)) ds E exp ’(un) F,(x(s)) ds

(4.6)
E exp ’;(u) F(x(s)) ds 2 F(x(s)) ds

(a continuous function of x).

Integrating the left and right sides, respectively, of (4.6) with respect to x, and Xu,
respectively, and using the invariance of these measures yields the two equations

(4.7a) t0(u)= x,,(dx) E2k(x(s), u(x(s))) ds,

(4.7b) tO(u)= Iu(dx) E2k(x(s), u(x(s))) ds.

Now, (4.6) implies that the right hand integral in (4.7a) converges to that in (4.7b) for
each x. This, together with the tightness of {/z,}, the last part of Theorem 4.2, and an
argument like that used in the proof of Theorem 4.3 to show (4.5) yields that

O(u.)--> O(u). Q.E.D.

5. The auxiliary V(.) function. Our aim is to get a replacement for the V(. )
function in (1.5), which will play an important role in the sequel.

In [2], f-0, but the proof is exactly the same for our case.
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In this section the control u (.) is fixed, and we return to the Markov chain {,,} of
3. For a measurable set 3’ F, let 7ru(x, 3’)= PU{..l 3’}, x F, and recall that the

unique invariant measure for {’,,} is denoted by/iu. Let b be a finite measure on F.
The chain {’,,} is said to be uniformly qb recurrent if for each measurable 3’ F such
that 4(y)> 0,

(5.1) Y Px{X,,~ 3’, ’i 3’, < m} 1 uniformly in x F, as n - oo
m=l

(Orey [13, p. 26]). A sufficient condition for (5.1) is (Orey [13, p. 29]) that if b(3’)> 0
then there is an n < o and e > 0 (perhaps depending on 3’) such that

(5.2) ’i i< }>Px{X,, % % m e
m=l

for all x F. If the chain is uniformly b recurrent and a-periodic then there are
constants C and p (0, 1) such that

(5.3)

uniformly in 3’ and x F (a consequence of equation (6.2) in [13, p. 26], and the
invariance of/2). Thus, the n-step transition probability zrt,n)(x, converges to in
variation, at an exponential rate.

Define, for x R (see 3 for the definition of 7-i, 7" and/2u),

(5.4)

1

[kU(x(s))-O(u)] ds

"/’m+l

+ li.rn [Ex k" (x (s)) ds flu (dx)k (x)],

’ (x (s )) ds + li,rn Ex k (x (s )) ds,V" (x ) E, 1"
(5.5)

where/"(x)--k(x, u(x))-O(u).
THEOREM 5.1. Assume (A1), (A2), (A4), (A5). Then /"(x) and V"(x) are well

defined. There are constants Co, C1 such that

(5.6)
Iv (x)l <-- c0 +

The tail of (5.5) (E,L.".) goes to zero as n,moa, uniformly in x, and
E" you (x (s)) ds is bounded uniformly in n and x F.

Proof. Let b Lebesgue measure on F. zr,(x, 3")>0 if 3’ is open in F. Then
7r,(x, 3’)>0 if/(3’)> 0. Since 7ru(’, 3’) is continuous (by the strong Feller property--it
also follows from the assertion 6 of Khazminskii in [8], with a suitable definition of
U, F there), infr 7ru(x, 3’)>0. Thus, by the criterion (5.2), with n 1, {’n} is uni.
formly/-recurrent.

Let t6( be a bounded measurable function on F. By virtue of (5.3),

(5.7) , E,/(.,)-Ir Iu(dx)P(x) _-< const., x F.
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Let P(x)=E kU(x(s)) ds, which is bounded on F by (3.1). Note that

ExF(X,,)= E,E. k"(x(s)) ds E k"(x(s)) ds.
’l’rt

Then, by using (3.4) and (5.7), we get

(5.8)

This, together with E;. IkU(x(s))l ds sup Ik(x)[E2l, implies both that "(. is
well defined and also that the first line of (5.6) holds.

Now, redo the above argument with (x) E2, x F. Then

(5 9) 2

SinceS r (&)E2 (R), the convergence in (5.8) and (5.9) allows us to replace
(R)-in (5.8) by EN2r N,[’* ds, and still to get convergence. From this, we get
both that V(.) is well defined, and that the last bound in (5.6) holds. The last two
assertions of the theorem follow from (5.8) and (5.9). Q.E.D.

The next lemma gives some useful estimates. The constant C may have different
values in each usage.

LEMMA 5.1. Assume (A1), (A2), (A4), (A5). Then, or all admissible u(. ), v(. )
and all x, s 0, O, and Markov times N t.

(5.10)

(5.11a) (og(x(t+s))lC[l+ W(x(t))+s],

or any Markov time

(5.11c) E(o(x(t+s))NC[l + (x(t))+s] w.p.1,

(5.12)

(5.13) ,o(dx)[V(x)[<, ,(dx)[W(x)[<, each u, v.

eroo[. y (5.6),

E[ V(x(t))[ const. [1 +EEoZl].

By (A4), there is a constant el such that oW(x) ex, all x and v(. ). Thus, by an
application of It6’s lemma,

zW(x(t)) Wx(x)+

The last two inequalities and the bounds (3.5)and (3.8)imply (5.10). Inequality (5.11)
follows by similar calculations.

We prove (5.12) only for a t. The general proof is similar. Write

V(x(t)) c[ +;(,1] c[1 + Wx(x(t))].

Continuing, and using (5.11c) and (A5), we get

[ VU(x(t))l c[+ W(x(t))] Oil + W(x)+ t].
See (3.4), with F(x) 1.
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To prove (5.13), define rr =inf {t: Ix(t)l>-_N}, and for each integer M define
WY(x) min [WI(x),M], and note that (by (A5) and Itt’s lemma)

EW.(x(tr))<-_ W(x)+ [c-q(x(s))] ds.
oO

Thus, by bounding q(. ) and letting N m, we obtain

Divide the last equation by t, let m, and get (using (3.6), the convergence of
P(x, t,. ) to the invariant measure (.))

c2>lim
1 fo’

Hence, c2a o(dx)Wl(X). This, together with V"(x)C [1 + W(x)], implies
(5.13). Q.E.D.

Theorem 5.2 will be used to obtain the optimality criterion in Theorem 6.1.
THEOREM 5.2. Assume (A1), (A2) and (A4), (A5). Then V"( is continuous and

the process M? given by

M2 V(x(t)) V(x)+ (x(s)) ds

is a continuous square integrable martingale, adapted to {} and under P2, each x.
Pro@ First we note several facts. V(. ) does not depend on G. If < ’ < 1,

and G[ is a sphere with radius ’, then several cycles (F F’, etc.) of the process for the
GI case may be included in one cycle for the G case, but the values of V"( ) are the
same. Also, as , supper E2 0. Note also that

inf P2{, T} 1, as n m, each T< m.

Let nr denote the largest integer such that N T. Write (x(s)) as (s). It will
be shown that

(5.14) lira lira E2 (s) ds 0, uniformly in bounded x sets.

Equation (5.14) implies that
T

u (x)  (sl +

where e (T, x) 0 as T m, uniformly in bounded x sets. This and the strong Feller
property imply that V"(. ) is continuous.

Now, for some constants C, and any integer O,
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The first and third terms on the right can be made arbitrarily small (uniformly in
bounded x sets) by selecting large T and small (yl- y), and large T, respectively. The
central term can be made small, uniformly in x, by choosing Q large. This implies
(5.14).

It can be shown that

E%[VU(x(t + s))- VU(x(t))+ Its-’ U(x(v))dv]=O, all s =>0, t_->0,

where the conditional exp.ectation above exists by Lemma 5.1. The martingale pro-
perty follows from this. The continuity and square integrability follow from the
continuity of V" (.) and (5.12), respectively. Q.E.D.

6. The maximum principle. Let u (.) be admissible. It will be seen in Theorem 6.2
that there is a Borel function (an r-row vector) 4’"(" ) such that for each x R r,

M I d/(x(s))r(x(s)) dWX’U(s) w.p.1 P,
(6.1)

E2 I U(x(s))l ds <oo.

Let v(. ) be admissible. Then x(. ) satisfies (w.p.1 pv)

dx(t)= [f(x(t))+ b(x(t))] dt + o’(x (t)) dW’.

By (2.7), we can suppose that (w.p.1 P)

(6.2)
dW’(t)= dW’(t)-r-(x(t))bO (x(t)) dt

dW’" (t) + r-x(x (t))(b" (x (t))- b (x (t))) at.

Since po, pu and P are mutually absolutely continuous, all a.s. statements with
respect to one also a.s. statements with respect to the others.

Theorem 6.1 is the "maximum" or "Hamilton-Jacobi" principle, a natural
development for our problem, of some of the ideas in [1] and [2].

THEOREM 6.1. Assume (A1), (A2), (A4), (A5), and let u(. ), v(. ) be admissible. If

(6.3) e u’(x)= (k"(x)- k(x))+ U(x)(b"(x) b(x))> 0

on a set A of positive Lebesgue measure, then them is an admissible control (. ) such
that 0()< O(u). The condition e "’(x)<= 0 a.e. for each admissible v(. ) is necessary and
sufficient for u (.) to be optimal.

Proof. First, we derive the basic formula (6.5). Using (6.1), (6.2) and the definition
of Mt yields (a.s. P)

0 VU(x(t)) V"(x)+ l"(x(s)) ds

"(x(s))cr(x(s))[dW’O(s)-r-a(x(s))(b"(x(s))-b(x(s))) ds].

Define

rN =min {t: = as
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Then
tf-)trN

O=EVU(x(tno’lv)) VU(x)+Ex (x(s))ds
(6.4) tno’

0+F Z
.0

where the expectations exist by Lemma 5.1.
By the uniform integrability implied by (5.12), the first term on the r.h.s, of (6.4)

tends to EV(x(t))as NoD. Also, by (2.6) (use W’ in ((v-u)not WX’),

O(x(s))l ds N2 exp (;(v- u). O(x(s))l ds

M[E exp 2(v u )]/ E

AA.
A <, andA 0 as N by (6.1). Thus, we can replace n by throughout
(6.4). Setting 0 in the above equation yields

But

14 "(x(s))l _-<const. +t2}

=< const. { 1 + + W1(x)}2.
Then by the last inequality, Schwarz’s inequality, (5.11c), (A5) and (5.13),
E (x (s ))[b (x (s )) b (x (s ))] ds is integrable with respect to .

Furthermore, with set equal to t, the E can be put inside all the integral
signs in (6.4). Doing this and integrating each term with respect to , and using the
invariance of o (under control v(. )) yields o(dx)[EV(x(t)) V"(x)] 0 and

o= ds

Now subtract the zero quantity I (dx)((x)) from the above equation, and use the
invariance of (under control v(. )) to get

0= t/[ (dx)[((x)-v(x))+ (x)(b(x) b (x))],
J

or, equivalently

(6.5) 0= J tzo(dx)[eU’(x)+O(v)-O(u)].

Next, let A={x" e’(x)>O} and let/(A)>0. Define the admissible control
by" (x)= u(x) on Rr-A, t3(x)= v(x) on A. Since (6.5) holds for all u(.), v(.),
e .e (x) => 0 and

[- lze(dx)[e’e(x)+ O(e)-O(u)].0
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But e"’e(x)>O on A, and/zo(A)>0 by Theorem 3.1. Thus, 0()< 0(u), proving the
first assertion of the theorem. The second assertion follows easily by the same type of
argument on (6.5). Q.E.D.

Remark. The reason for inserting the corollary is discussed after the proof.
COROLLARY. Assume (A1)--(A5). Let .u(.) be optimal and v(. ) an admissible

control. Then

(6.6) 0(v)= O(u)- f tzo(dx)eU’V(x).

Let d/u( ) be bounded on bounded x-sets. For each e > O, let 4’8(" ) denote a (r-row
vector) Borel function such that

I:l(x)- (x O, set K, as e O,dx each bounded
(6.7)

sup Iq (x)[ <, each bounded set K.
e,xK

Let K denote a fixed compact set in R’, which is the closure of its interior. Suppose that
the function v (.) is calculated by

v (x) arg inf [k (x, a + ,(x)b (x, a)], for almost all x K,
(6.8)

v(x)= 0, xC:K.

Then v, (.) can be assumed to be admissible, and

(6.9) li---_.o O(v ) <- 0(u)- limzz_60 IR’-: tzv" (dx )[(kU (x )-k(x ))+ OU (x )bU (x )]"

Proof. Equation (6.6) is just (6.5). By the complete lattice property [14, p. 302] of
Lx(K), the inf in (6.8) can be assumed to be in LI(K). Then, by the properties of
q/, b(.), k(.) in (A2) and (A3), we get that the inf (evaluated at x) is in the set
k (x, 71)+, (x)b(x, ql), for almost all x K. Then, the implicit function theorem cited
in Theorem 4.1 can be used to show that there is an admissible control which attains
the inf almost everywhere. We call this control v (.).

Note that, if (x)- (x) for a fixed x K, then

(6.10) inf [k(x, a)+O(x)b(x, a)] inf [k(x, a)+t#U(x)b(x, a)], as e -0.

Also, the L1 convergence (6.7) implies that for each 6 > 0, there is an en > 0 and a set
A,nK with/(A)< for e <e and such that for x_A, e <e.
This, together with (6.10), implies that the difference between the sides in (6.10)
converges in LI(K) as e 0. Note that the r.h.s, of (6.10) equals kU(x)+4,U(x)bU(x)
(almost everywhere) by optimality of u(. ), and the theorem. Now, by (6.6),

(6.11)
0(v,) O(u)- Ir tz(dx)[(kU(x)- k’(x))+ 4’U(x)(bU(x)-b (x))]

--IR tz*(dx)[(kU(x)-k(x))+U(x)b"(x)]"

The integrand of the first integral of (6.11) equals [kU(x)+ 4’ (x )b (x )]
[kV,(x)+b(x)bO,(x)]-(OU(x)-O(x))bO,(x). The remarks below (6.10), and the fact
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that tzo(A)->O as l(A)-O uniformly in v(. ) and A (Theorem 4.2) imply both that the
first integral on the r.h.s, of (6.11) goes to zero, as e --> 0, and the theorem. Q.E.D.

Remark on the corollary. The corollary was given because it will probably be
useful when used in conjunction with a procedure for computing or estimating o ).
Usually, we would not be able to calculate u(. ) exactly, and the corollary asserts
that, even if the computation is approximate, its use to get a control may yield good
results, since the cost is "continuous in ,(.)", in a sense, provided that
R,_s,,v(dx)lg,U(x)l-O as N--> oo, uniformly in v(. ). We would expect that this latter
condition would hold quite often.

THEOREM 6.2. Assume (A1), (A2), (A4), (A5). Then M’ has the representation
(6.1).

Proof. By Theorem 2.3 of Davis and Variaya [1], and the square integrability of
M, there is a process g’(.) such that Eo I’(s)l: ds < o for each and such that

IoM"(s) x’" (s)r(x (s )) dWX’"(s), w.p.1

Let M denote the class of continuous random functions that are square integrable
martingales under P, each x, and are also homogeneous additive functions of the
Markov process x(. ), and which are adapted to {,}. If N(. )M", then the quadratic
variation (N, N), has a representation which is a homogeneous additive nondecreasing
function of x(. ). It does not otherwise depend on x(0)= x. (See, for example, Meyer
[15, Thm. 3, p. 126]. The result is also implied by Kunita and Watanabe [16, Appen-
dix].) The processes M (.) and

W’’ (t) o’-l(x(s))[dx(s)--(f(X(S))+ bU(x(s)))] ds

are in Mu. Also Wx’ (.)+M (.) are both in M". Then

(W’ +M", W’ +M)t-(W’-M, Wx’-M)t=4(WX’,M),
is a homogeneous additive process. But

io’WX’U,M)t ’(s )tr(x (s )) ds,

which must also have a representation as a homogeneous additive function of x(. ),
and which does not otherwise depend on x(0)=x. Thus, there is a Borel function
(.), not depending on x=x(0), such that u’(s)r(x (s )) $(x (s ))tr(x (s )), for
almost all s w.p.1 P, each x. Q.E.D.
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THE FREE BOUNDARY FOR VARIATIONAL INEQUALITIES
WITH NONLOCAL OPERATORS*

AVNER FRIEDMAN" AND MAURICE ROBINS

Abstract. It is well known that the solution of a stationary optimal stopping time problem correspond-
ing to a diffusion process is a solution of an elliptic variational inequality. In this paper we study the
corresponding situation for some other Markov processes whose paths are right continuous and whose
generator is a nonlocal operator. An existence and uniqueness of a solution of the variational inequality is
proved. Special attention is then paid to the shape of the free boundary. It is shown that the free boundary is
a curve y q(x) and 0(x) is piecewise monotone.

Introduction. In this paper we consider the variational inequality

-Au + au <- f,

u<=O,

(-au + ou f)u 0

where A is a nonlocal operator (the generator of a Markov process). We shall be
particularly interested in the properties of the free boundary. The variational inequal-
ity will correspond to an optimal stopping problem for some noncontinuous Markov
process. We shall first study ( 1-6) the case where

Au :Ou(x,Y---))+, (x, Y)[I0 g(x, y, dz)u(z, O)-u(x,
Oy

this corresponds to a 2-dimensional process (xt, Yt) where xt is called a semi-Markov
process. In 7, 8 we shall extend the study to a process which is the continuous
analogue of the process arising in the M/G/1 queuing system. Both processes are often
involved in applications to replacement problems and queuing control; see, for in-
stance, 1 ], 10].

The shape and smoothness of the free boundary for elliptic and parabolic varia-
tional inequalities have been studied by various authors (see, for instance, [3], [4], [5],
[6] and the references given there). However, it seems that results on the free
boundary for nonlocal operators have not appeared so far in the literature.

In 1 we introduce the semi-Markov process and the corresponding optimal
stopping time problem"

u (x) inf Jxy (7"),

where

J,y (7.) Exy e-’Sf(xs, ys) ds,

and 7" is any stopping time for the process (xt, yt).
In 2 we establish the existence and uniqueness of the solution of the cor-

responding variational inequality. In 3 we introduce an approximation procedure by
discretizing the x-variable. This procedure is needed in 5.
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In 4 it is proved that the free boundary is a y-graph, that is, u(x, y)< 0 if and
only if y < p (x), for some bounded function 0 (x).

In 5 we study the monotonicity of p(x); it is proved, under suitable assump-
tions, that q(x) is piecewise monotone. The continuity of q(x) is established in 6.

In 7 we construct a Markov process which is the continuous analogue of a queuing
process. Finally, in 8 we extend some of the results of 3-6 to this process.

1. A stopping time problem ior semi-Markov process. Roughly we say that
(xt, => 0) is a semi-Markov process if it is a right continuous, left limited jump process
and if, defining

t-sup {s; s < t, xs

we have that {(x,, y,), t => 0} is a Markov process. The process y, is called the age (at
time t) of the last jump of the component x.

It is clear that a semi-Markov process is a generalization of the pure jump
Markov process, where the x component alone is already Markovian.

We shall now give the precise definition of a semi-Markov process. We are given

E=[0, llxR/

and functions (x, y), q(x, y, F) defined for (x, y) E and for any Borel set F c [0, 1],
such that

(1.2) A(x, y) is continuous on E and 0<=A =<M (M constant);

q(x, y, F) is a transition probability from E into [0, 1] such that

(1.3) Io q(x, y, dz)q(z) C(E) for any g C[0, 1],

where C(E) is the space of bounded continuous functions on E.
It is well known (see [8], [12]) that one can associate with (A, q) a Markov process

x (a, 0,, (x,, y,), Px,),

such that X is a right continuous homogeneous process, xt is a jump process, and if u is
the time of the first jump then

(1.4)
Px, (v <_- t)= 1 -exp (x, or) d

.,y

P,(xer, v<-_t) ,(x,y+o-)exp a(x, n)dn q(x, y+r,r)do,.

Moreover, when [0, 1] is endowed with the discrete topology then X is a Feller
process and, therefore, it has the strong Markov property. From the construction
given in [8] follows the property (1.1).

The process (x,, >= 0) alone is called a semi-Markov process.
If h and q do not depend on y then the semi-Markov process reduces to a pure

jump Markov process. This can be seen either from the construction of X or from the
infinitesimal generator A of X, which is computed below.
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(1.10)

LEMMA 1.1. Under the conditions (1.2), (1.3), the semi-group (t) ofX satisfies
the following properties:

(1.5) (t)g C(E) for any g Cb(E),
(1.6) lim ((t)g)(x, y)= g(x, y) for any g C(E)

(that is, is a Feller semi-group when E is endowed with the Euclidean topology).
Moreover, if g and Og/Oy are bounded and continuous in y, then g belongs to the domain
of the weak infinitesimal generator A of dO, and

(1.7) Ag(x, y)=Og(x,Y+A(x, Y)[o q(x, y, dz)g(z, O)-g(x, y)].Oy

Recall [5, p. 50] that g belongs to the domain DA of the weak infinitesimal
generator A if the limit

(1.8) Ag(x, y)lim
((t)g)(x, y)-g(x, y)

t$o

exists in the sense of pointwise and bounded convergence.
Proof. Let g be bounded and Borel measurable on E. Then

(1.9) ((t)g)(x, y)= Exyg(xt, yt) EyI>tg(xt, yt)+EyI,g(x,, yt).

On { > t}, x x and yt y + Py a.s. Also, by the strong Markov property,

ExyLtg(xt, Yt)= ExyLt(t- v)g(x, y);

y 0 Pxy a.s. and the distribution of (x, u) is given by (1.4). Therefore, (1.9)
becomes

((t)g)(x, y)= exp A (x, ) g(x, y + t)

+ (x, y + s) (x,

Jo + s, 0) ds.

From this formula (1.6) follows immediately. In order to prove (1.5), we view
(1.10) as an integral equation for the function

By the standard technique of successively iterating the equation one can represent 6
as a uaiformly convergent series. By (1.2), (1.3), each term ia this series is a con-
tinuous function. Hence the same is true of 6.

Fiaally, the assertion (1.7) follows easily from (1.10), with the convergence in
(1.8) being pointwise and bounded convergence.

Remark. If g belongs to DA then Dynkin’s formula [5, p. 133] is valid. Therefore,
as a consequence of Lemma 1.1 we conclude that if g and g/Sy are bounded and
ctinuous in y, then

(1.11) N,e-’g(x,, y,)-g(x, y)=N, e-(Ag-ag)(x, y)ds

for any stopping time r.
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Let f C(E) and a > O, and define a cost function

(1.12) J,y(r) Exy e-’s]:(x, y) ds

for any stopping time -. We consider the problem of minimizing J,y(r) in the set M of
all stopping times r. Let

(1.13) u(x, y)= inf J,y(r).

By the standard formalization of dynamic programming one derives for u the
variational inequality

-Au + au <- f,

(1.14) u-<0,

(-Au + au f)u 0

in E, where A is given by (1.7).
This variational inequality was investigated in Chapter 1 of [11] in case E

[0, 1] [0=< y-< ] where 7 < oo and [0, 1] is provided with the discrete topology. It
was proved that there exists a unique solution of (1.14) in some class of functions and
that an optimal stopping time , exists, and it is given by

" inf {s u (Xs, y 0}.

For our purposes we shall need to work with E [0, 1] [0, oo) and with [0, 1]
provided with the Euclidean topology. The method we shall use to solve (1.14) is very
similar to the method of [11], [2].

2. Existence of a solution of the variational inequality. We begin with the
following "penalized problem" for a function u,"

(2.1) -Ou--2-A(X,oy y) q(x, y, dz)u(z, O)-u(x, y) +au+-ue =f inE,

for any e > 0.
THEOREM 2.1. Let the assumptions (1.2), (1.3) hold and let f C(E). Then there

exists a unique solution u(x, y) of (2.1) satisfying:

Ou--2 belong to C(E).u,
Oy

Pro@ We shall use the notation

(2.2)

Consider the equation

(2.3)

(Oo)(x, y)= Io q(x, y, dz)q(z, 0).

-Aw + aw f.

By the Feller property and [5, p. 24], this equation has a unique solution in
Oa fq C(E), given by

(2.4) v O(x, y) E,y e-’Y(Xs, Ys) ds.
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We are interested however in showing more, namely, that the solution satisfies"

O_w belong to C(E),w, or
so that Aw has the explicit form given by (1.7).

To prove this we introduce a sufficiently large positive number/x (to be deter-
mined below) and consider the equation

-0---v+(A +a+tz)v-AQv=f+txv=g inE.(2.6)

Since v o C(E), also g C(E).
We define inductively a sequence of functions v k by

Oy

It is clear that

,-@--y belong to C(E)

and

where [[zl[ denotes the supremum of [z] over E. Taking/x so that a +g > 2M, we
obtain a solution v lim v k of (2.6) satisfying:

0--V-V belong to C(E).V’oy
Since v DA we can rewrite (2.6) in the form

-Av + (a + Ix )v g =/+/xv.
Therefore

-A(v-v)+(a+tx)(v-v)=O, (V--v)DA.
It follows that v= v. We have thus proved:

LEMMA 2.2. For any f C(E) there exists a unique solution w of (2.3) satisfying
(2.5).

Consider now the equation

-u (x, y)dt.(2.7) u(x, y)= e-"’(t) f-e
Note that if u C(E) then, by [5, p. 24], u DA and therefore u is a solution of

1
(2.8) -Au +au +-u+ f,

8

which can be written

-Au +au f__l u =-- g C(E).
E
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Hence, by Lemma 2.2, OuffOy belongs to C(E). Thus in order to complete the proof
of Theorem 2.1 it remains to show that (2.7) has a unique solution in C(E).

Proof of uniqueness for (2.7). From (2.7) and the Markov property we get

u(x, y)=e-(t)u+ e-(s) -e
It is now easy to check, using again the Markov property, that

-u (x,,y,)dtg, e-’u(x,, y,)+ e

is a Py martingale. But then (by [15, Lemma 4.1]) the process

0- 0ds where O ds

is also a martingale for any nonanticipative integrable , and, in particular,

e-exp[ la dvd u(x,

+ e-exp vd [--u[+-vu dt

is a martingale for any v adapted to with values in [0, 1]. Therefore,

u(x, y)=E, e- exp vdr [--u2+-vu dr.

Using the fact that

--u =if --vu

we then get

(2.9) u (x, y) inf Jy(v)

where

I [ Io r](2.10) J,y(v) Ey e-’ exp
1

vrd [(xt, yt)dt.
E

Therefore, if there exists a solution u C(E) of (2.7), then it is given by (2.9); this
proves uniqueness.

Proof of existence [or (2.7). We introduce the nonstationary problem for u:
(2.11) uf(t, x, y)= e-’(s-t)dp(s t) f--

Define a mapping 1-I by

(IIw)(t, x, y)= e-(s-t)dp(s- t) f-e
for any w(s)=w(s,x, y) in Y=C([0, T]; C(E)). By the Feller property, Hw
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belongs to the same space Y. It is easy to check that Hk is a contraction if k is
sufficiently large. Therefore, (2.11) has a unique solution u in Y.

Let tt+h= O-lh, t 0-1 and let Ptxy be the probability in defined by

Etxyq O Exyq for any q bounded and measurable.

For any process v adapted to with values in [0, 1], define

Jtx’yT(v) Etxy e -a(s-t) exp v, d f(x, y) ds.
E

Analogously to the proof of (2.9) one can show (see [11, Chap. 1]) that

j’Tv(2.12) uf(t, X, y)= inf txy ).

We introduce the function

(2.13) w(x, y)= inf J;(v)

where J;,(v) is defined in (2.10) and v varies in the set of all v adapted to , with
values in [0, 1], and the function

(2.14) w(t, x, y)= inf Jtxy(V)

where v, is adapted to [ with values in [0, 1] and

(2.15) Jtxy(V) E,y e -’(-’ exp
1

v,._
E

Then clearly

(2.16) w(x, y)= w(t, x, y).

Now, from the stochastic interpretation of u[ and w(t, x, y) we get (cf. [11,
Chap. 1] or [21)

(2.17) [uf(t, x, y)- w(t, x, y)[ <--e-a(T-t)llf[
Therefore,

(2.18) uf(t, x, y)- w(t, x, y) uniformly in E as T

Recalling (2.16) we conclude that w(x, y) is continuous and bounded in E.
A simple application of the Markov property gives

[t+h [ f--! (U e’T(s))+] dsuf(t,x, y)=e-’h(h)uf(t+h,x, y)+ e-(-t)(s-t)
egt

for < + h < T. Taking T and using (2.17) and (2.16), we find that

W(X, y)= e-hO(h)w(x, y)+ e-O(s) f--e
Taking h we obtain the relation (2.7). Thus u w(x, y) is the solution of (2.7) in
C(E). This completes the proof of Theorem 2.1.

THEOREM 2.3. Under the assumptions of Theorem 2.1,

(2.19) u, u uniformly in E as e O,

where u (x, y) is defined by (1.13).
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Proof. We first show that

(2.20) u => u.

Define , inf {s" u (xs, ys) -> 0}.

Then, by Dynkin’s formula and (2.1),

rio Iu(x, y)=Exy e
e
u+ ds + u(x,, y,)

But since u(Xs, ys)<-0 if 0<-s-<,,, u: vanishes (in the integrand). Since also
u (x,, y,) >= 0, we get

u (x, y).

In order to estimate u-u from above, take any stopping time z and define

v(t)=
0 if t<r,
1 ift>=r.

Then

It follows that

J;,(v)-Jr(z)= Exy e exp --1 (s z) f(x,, ys) ds.
E

cIIfll (c constant).

Since z is arbitrary, we obtain the inequality

(2.21) u (x, y)- u (x, y) -< Cllfll,.
This completes the proof of (2.19).

We shall need the following condition:

E [01 ]2 f01(2.22) e-rA(x,y) q(x,y, dz)g(z) dxdyC g(z)dz (C>0,8>0)

for some constants C, 8 and for any continuous function g.
THOgZM 2.4. Let (1.2), (1.3), (2.22) hold. Then, for any fe C(E) there exists a

unique solution w C(E), uniformly Lipschitz with respect w y, of the variational
inequali

Ow
-+(h+a)w-AOwf foreachxe[O, 1] a.e. iny, yO,
Oy

(2.23) w 0 ink

-+(1+)w-1Ow- w=O oreachxe[0,1] a.e. iny, yO,

and w(x, y) u(x, y).
Pro@ From the stochastic interpretation of u,

[ 1
u(x, y)NJ(1)=E, e exp -s fds.
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Therefore

=l+ae
so that

(2.24)

From (2.1)we then conclude that

(2.25) Ou <_ C,

We also have

1

C a constant independent of e.

(2.26) Ou + <-f.Oy e

We can take a subsequence of u such that

u --> u uniformly (by Theorem 2.3),
(2.27) Ou Ou

--> in L weak* (by (2.25)).
Oy Oy

From (2.26) we then obtain the first inequality of (2.23). Obviously, u _-< 0. We shall
now prove that for each x [0, 1],

(2.28) (-Au + au -’)u 0 a.e. in y.

If u < 0 in some bounded open subset V of E then, by (2.19), u, < 0 in any open
subset W of V with closure in V, provided e is sufficiently small. Hence

-Au +au-f=O inW.

From (2.27) it then follows that, for any x0,

-Au + au -[= 0 for a.a. (Xo, y)s W,

hence for a.a. (Xo, y)s V. This completes the proof of (2.28). We have thus proved that
w u is a solution of (2.23) with the asserted regularity properties. It remains to prove
uniqueness. The proof, which uses the idea of Laetsch [9], is the same as in [11] with
minor changes. For completeness we describe it briefly.

Let q5 be the bounded solution of -AqS+cq5 =/-’o where fo is a positive
constant. If Vl, v2 are two bounded solutions of (2.23), then set

/i /-)i- (, min {inf ti 1, inf/2}, q9 (

The functions ui i--[ub are then nonnegative solutions of the variational inequality

(-Aw + aw, v w) >= (fo, v w) for any v <= q,
w_-<q,

w L(E) {z(x, y); z e -ny s LZ(E)}
for any fixed 6 > 0, where (.,.) denote the scalar product in LZ(E).
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Let 3’ be the largest number in [0, 1] such that 3’ul <= Uz. Assume that 3’ < 1. Let

fo+ o llu ll
(3’, 1) be defined by

where Ao is positive and sufficiently large. Then

y).

The function flu satisfies the variational inequality

(-A(u)+a(Ua)+Ao(Ua), v-ua)>-(fo+AoU, v-ua)
for any v =</;

and the function u. satisfies the variational inequality

(-Au2 + au2 + AoU2, v u2) => (fo + AoU2, v

(2.30)

Since

and

(2.29) the comparison lemma for variational
inequalities holds for -A + (a + Ao)L

thus we conclude /ul-<uz; a contradiction. It follows that 3’= 1, that is, ua_<-uz.
Similarly uz <- u a, and the proof is complete.

To prove (2.29), it suffices to establish the coercive inequality

(-Aw +(a +ho)W, w)>-tz(w, w) (tx >0).

(-Aw +(a +Ao)W, w)>-1/2lw(o)lE+(a +ho)lW[2-(hOw, w),

I(IQw, W)I " Iw(0)lL2(O,1),
where C is the constant appearing in (2.22), (2.30) follows provided ho > C.

3. Diseretization of the x-component. Later on we shall need an approximation
scheme for the x-component. For any positive integer n, let

1
h =-, Sn ={0, h, 2h,..., (n-1)h}.

n

(3.1)

We shall assume the following:

For any n we are given a transition probability
q" (i, y,/’) from S, x R+ into S, such that, for any
g C[0, 1], (Q"g)(i, Y)=Yjsn q’*(i, y, ])g(]h) belongs to
C(R+); (t"g)(i, Y)=-is. q"(i, y, ])g(jh) on
x [ih, (i + 1)h) (if n 1 then we take
x [(n 1)h, nh] [(n 1)h, 1]) converges to
(Qg)(x, y)= o q(x, y, dz)g(z) uniformly in compact
subsets of E.

If

for any v _-< q; U2 ------< q.
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Set

"(i, y)=(ih, y),

A"(x, y)= X"(i, y) if x [ih, (i + 1)h)

and define "(t) to be the semi-group of the Markov process (x, yt) corresponding to
A ", q in the state space S, R /. We denote the corresponding probabilities by Pi’.

If gi, g are functions in C(E) and if gi --> g uniformly in compact subsets of E,
then we write:

g -> g in CK.

For any function h (i, y) defined on S, R /, we denote by h (x, y) the function on
E defined by

h(x, y)= h(i, y) if x [ih, (i + 1)h),

with h(x, y)= h(n- 1, y) if x 1.
LEMMA 3.1. Let g" C(E), g C(E), g" --> g in CK. Then

(3.2) dp" (t)g" --> dp(t)g in CK.

Proof. Since g"(x, 0)--> g(x, 0) uniformly, O"g" --> Og uniformly in compact sets.
Now, by formula (1.10) and the paragraph following it we have that dp"(t)g" is the
unique solution of the integral equation

v. dP" (t)g" (i, y )

=exp A"(i,o-)d g"(i,y+t)

+ A"(i, y+s)exp A"(i,r)d O"("(t-s)g")(i, y+s)ds,

where

(O"o)(i, y)= E q"(i, y, i)o(i, 0).

The solution is obtained by iterations of the form

v+X(t,i, y)=exp A"(i,r)d g"(i, y+t)

+ 1"(i,y+s)exp A(i,o") (0%)(t-s,i,y+s)ds

and

v,(t, i, y)= lira v+ E (vi,,-v-1
k-->oo /=1

where v o__ v o is any initial function in C(E), and

TJ-1

IIv’ ) ill.- v. c(i 1 v -n"vll (0 =< _-< T).
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Therefore

(3.3) IIv,,-v kll <-- C-k, k --> 0 if k -> oo, uniformly with respect to n.

We next show that, for fixed k,
k k(3.4)

where vk is the kth iterate of v for the operator (t) and the function g. Using (3.1)
and gn -> g in CK, 3," --> A in CK, we readily obtain the conclusion (3.4) for k 1. The
proof for general k is obtained similarly by induction. The assertion (3.2) now follows
by combining (3.3)(and the corresponding estimate for v-v k) with (3.4).

THEOREM 3.2. Let

u (i, y) in,f Ei’ e-,f(x,, y) ds,

u(x, y)= u(i, y) ix e [ih, (i + 1)h),

u (x, y) inf E, e-’(x,, y) ds.

Then
Pro@ We begin with the proof that

u’(x, y)-> u(x, y) in C, if n ->,

where u2 is the unique solution of

u2(x, y)= e-O"(s) [-1(u2)+ ds, x S,.

We recall that u is obtained as a limit of uf (T-> oo). Similarly we can obtain u as a
limit of u’7" where

T

We can now proceed by the same method as is the proof of Lemma 3.1. We write, for
any compact set K c E,

+

J +J+Ja + J4 + Js.
where v is the kth iteration in the successive approximation for u’ (u[). We
have

J +Js
J4 N Cr, 0,

by the method of proof of (3.3); also

and

J0 ifn for fixede, k,
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by the method of proof of (3.4). The constants C, Cr, Cr, are independent of n.
Taking n - m and then k - c, we obtain, since T can be made arbitrarily large,

(3.5) lim Ilu2- ull: O.

In the proof of Theorem 2.3 we have shown that

Similarly

where C is a constant independent of n. Combining this with (3.5), we have the
assertion of Theorem 3.2.

Example. Let q(x, y, z)= (1/X)Iz<x dz. Then we take

q" (i,/’) =-1./.<i if >0,

q’ (0, j)= t$oi.

If we take ,(x, y) such that A(x, y)/x is bounded then also the condition (2.22) is
satisfied. (In this example we have an absorbing state x 0.)

4. The free boundary is a y-graph. In this and the following two sections we shall
always assume that the conditions (1.2), (1.3) and (2.22) are satisfied and that f
C(E), but f is not necessarily bounded. We shall need the following assumption:
there exist positive constants yo, m, e such that

(4.1)
f(x, y) >-- -m in E,

f(x, y)>-e+M(m/a) if0-<x-<l, Y->Yo.
This assumption is satisfied, for instance, if

(4.2) inf f(x, y) oe as y oe.
0_<--xl

LEMMA 4.1. If (4.1) is satisfied then there exists a solution u of the variational
inequality (2.23) which is bounded, continuous and uniformly Lipschitz continuous in y.
Further, (i) the solution is unique if either f is bounded or (4.2) holds; (ii) the solution u
has compact support.

Proof. For any R > 0, let

Jf(x,y) ify<R,
(x, Y f(x,R) ify>-R.

By Theorem 2.4 there exists a unique solution UR of (2.23) with f=fR. From the
stochastic interpretation (1.13) and from (4.1) it follows that

io(4.3) UR (X, y ) _--> inf Exy e (-m ) dx >-_ m.
Set

f=fR +AQUR.
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The function w UR satisfies the variational inequality

(4.4)

Ow
---+ +X )w <-g w <-_ o,
Oy

(ow w=0,

and, by (4.1) and (4.3),

(4.5) /r(x, y)-> e if y Yo.

For any y* -> yo, consider the function

It satisfies

Further,

i(y)= e(y*-y) for y* <y < y* +N,

if(y* +N)=-Ne =-m/a <- w(x, y* +N)

0i

0y
__+

By comparison with w we then get

N m/(ae).

(by (4.3)).

ify*<y <N.

ff,(y)<= w(x, y) if y* <- y -< y* + N.

In particular, w(x, y*)-> i(y*)= 0, so that w(x, y*)= 0. Since y* is any number =>Yo,

UR(x, y)=O ify_-->yo.

If we now take R > yo then u UR.iS a solution of (2.23) having all the properties
asserted in Lemma 4.1, including the compact support property. If further, f is
bounded, then uniqueness follows from Theorem 2.4. Thus it remains to prove
uniqueness in case (4.2) holds.

Suppose w is another bounded solution. Then w satisfies (4.4) with

In view of (4.2), there exists a 17 > 0 such that/_-> e > 0 if y _-> 17. Using the comparison
function i as before (with y* _-> 17) we find that w(x, y)= 0 if y _-> 17. Therefore w is a
solution of (2.23) with f fR provided R is sufficiently large. By the uniqueness part of
Theorem 2.4 for the bounded function fR it then follows (when R > y0) that w u.

Let

G {(x, y) E; u(x, y)< 0},

Fo=OGf’l{O<x <1},

F closure of Fo.
F is called the free boundary.

Recall that the optimal stopping occurs when (xt, Yt) hits the set E\G.
In this and the following two sections we shall study the shape and smoothness of

the free boundary.
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We shall need the additional assumptions:

Ay exists and is continuous in E, and Ay(x, y)= 0 at
(4.6) any point where A (x, y)= 0; hy/h is bounded on the set

where h # 0;

for any Borel set F c [0, 1], qy(x, y, F)exists and is
(4.7) continuous in E, and qy(x, y, F)-kq(x, y, F)-<_0

(k nonnegative constant);

(4.8) (a k)hy _<- 0;

(4.9) fy exists and is continuous in E and fy- kf> 0 at any point
where O, fy kf / >- 0 at any point when # 0.

THEOREM 4.2. Let the assumptions (4.2) and (4.6)-(4.9) be satisfied. Then there
exists a finite valued function y p (x ), 0 <- x <- 1, such that

u(x, y)<0 if y < q(x),
(4.10)

u(x, y)=0 ify >=p(x).

Proof. For a fixed x [0, 1], the set

I={y: y>0, u(x, y)<0}

is an open set, which is bounded, by Lemma 4.1. Hence I is a disjoint countable union
of bounded intervals (ai, bi). If we show that for any such interval (ai, bi), ai 0, then
the assertion of the theorem follows. Set a ai, b b.

We have

Ou
(4.11) -O--+(a+a)u-,tOu=f a.e. in (a, b).

Hence Ou/Oy is continuous in (a,b), (4.11) holds for all y and (by the regularity
assumptions in (4.6), (4.7), (4.9)) O2u/Oy2 is a bounded function.

Define a function w by u ekVw. Then

(4.12) -0w+(a +h -k)w-h e-kYOw =re-gy in (a, b).
0y

Differentiating this equation with respect to y and then substituting for (w- e-kyQw)
its expression from (4.12), we obtain a differential equation for =Ow/Oy. For the
function /- esr (y constant), the equation becomes

---+ (a + h k + hv/h + /)/= 3, e-ky+Y(-kQw + Qw)+e-k+’(--kf+fy -hy/h )f
Oy

+ ey (hy/h)(a k)w

at the points where h 0, the terms with hv/h do not appear. Taking y sufficiently
large and using (4.6)-(4.9), we see that cI)-> 0. Since also

w(x, y)<O ify<b, w(x,b)=O,

we have

hence rt(x, b-0)->0.
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It follows that r/(x, y)>-0 if a < y < b, so that e-kYu (X, y) is monotone increasing in y,
a < y < b. Therefore u (x, a)< 0, and this implies that a 0.

Remark. If the conditions (4.6)-(4.9) are satisfied for x in a subset J of [0, 1] then
the assertion of the theorem is also valid for each x in J.

5. The free boundary is an x-graph. We shall need the following assumptions:

(5.1) Ax exists and is continuous in E;

(5.2)
for any Borel set F c [0, 1], qx(x, y, F) exists and is
continuous in E, and Aq +Aqx-hq( hx(X, l)dr/) >- 0;

(5.3) f exists and is continuous inE, andf-f(J&(x, rt) dr/)_<- 0.

TI4EORZM 5.1. Let the assumptions (5.1)-(5.3) hold. Then there exists a function
x O(y) such that

u(x, y)< 0 //x > y_->0,
(5.4)

u(x,y)=O y>-0.

Proof. We introduce the discretized problem with

q" (i, y, j)=
i/-

q y’

The condition (3.1) is easily verified. Therefore, if the u"(i, y) are the solutions of the
variational inequalities

Ou"(i,y)L,,u" =- + (a + A (i, y))u "(i, y)
Oy

n--1

(5.5)
-A(i, Y) i=o2 q(i, y, i)u"(i, 0)<=[(i, Y),

un(i,y)<=O,

(Lniu"-f(i, y))u"(i, y)=0

and if t" is defined by

i+1
(5.6) t(x, y)= u(i, y) when--<x<,

n n

then, by Theorem 3.1,

(5.7) uniformly on compact subsets of E.

Set

(5.8) (i(y)=u"(i, y)exp Ai(r/)dr/ Ai(n )-" 1 (i, n ).

Then the sri satisfy

(5.9)
Mi Oy

-t- oli ti(Oi) exp /,i -<- fi exp Ai
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where

We want to show that

n-1

Qisr E q" (i, y, ])u (j, 0).
i=O

By comparing the variational inequalities for sri and 6Yi+1 we see that if

(5.11) fiexp[-Io A.,]>-f+lexp[-Io A+],
(5.12) A(Q,sr) exp Ai =>A+I(Qi+lSr) exp A+

then (5.10) follows. We now only have to observe that (5.11) is a consequence of (5.1)
and (5.3) and (since ( 0) (5.12) is a consequence of (5.1) and (5.2).

From (5.10) and (5.7) we deduce that the function

u (x, y) exp I (x, n) dn

is monotone increasing in x, and this yields the assertion of the theorem.
When the conditions of both Theorem 4.2 and Theorem 5.1 are satisfied, the

curve y (x) is monotone increasing.
The proof of Theorem 5.1 can be used also to prove, under suitable conditions,

that the curve y (x) is not monotone, but piecewise monotone. To prove such a
result, we impose the following conditions" Let 0 x0 <x <x <. <x 1, and let

k

Jo (x < x < x+l),
i=0

Ja (x2- < x < x2)
i=1

where m 2k + 1. Then

t Io(5.13) (--1) fx-f Ax(X, l)drl <-_0 ifx sJ (i=O, 1);

(5 14)
qx(x, y, F) exists and is continuous, for any Borel set F, and
(-1)i(Axq+Aqx-Aq(jAx(X, rl)drl))>=O ifx6Ji (i 0, 1).

THEOREM 5.2. Let the assumptions of Theorem 4.2 hold and assume that (5.1)
and (5.13), (5.14) are satisfied. Then

(5.15)
q(x) is increasing for x Jo,

q(x) is decreasing for x J1.

The proof is the same as for Theorem 5.1, except that when we take a partition of
[0, 1] into n intervals we choose x1,’’’, x,,, as points of the partition.

Example. If q(x,y,z)=dz, A(x,y)=G’(y)/(1-G(y)) where G(y) is strictly
increasing, G(-)=0, G(+o)<__ 1, then all the conditions of Theorem 5.2 are
satisfied if

(a k)Ay _-< 0, fy-kf-A>-O-- (f kf_-> 0 when A 0)
Y
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for some nonnegative constant k, and

(-1)ifx(x, y)>-O for x J/ (i =0, 1).

6. Further properties of the free boundary. We shall need the following condition
for a point Xo [0, 1]: for any continuous function O(z)>=O, O<=t<= 1,

(6.1) f(xo, y)-A(Xo, y) | q(xo, y, dz)O(z)O in any y-interval.
Jo

THEOREM 6.1. Let (4.1) or (4.2) be satisfied and denote by u the unique solution of
the variational inequality (2.23) established in Lemma 4.1. Assume that there exists a

function q(x), O<=x<= 1, such that (4.10) is satisfied. Then, for any x =Xo for which
(6.1) holds, the function q (x) is continuous at x Xo.

Proof. Suppose q(x) is discontinuous at x Xo. Then there exists a sequence xn
such that

x.-.xo, yo, yo

Since U(Xo, yo)= lim u(xn, q(x,,))= 0, it follows that yo> q(Xo).
For any y2<yo we have (x,)>y2 if n is sufficiently large. Consequently

u (x,, y)< 0 if y -< y2, so that

OU
---+(a+A)u-AOu=f if x x,, Y<-Y2.0y

Integrating this equation with respect to y, yl< Y < Y2, where q(Xo)< Yl < y2, and
noting that

0U
dr =-u(x., y2)+ u(x., yl)0,

IyY2 IyY2+ dy + (Xo, y))u (xo, y) dy 0,

we obtain the relation

ffyY2 IO[f(xo, yl-h(Xo, y) q(xo, y, dz)O(z)l dy =0

where 0(z)=-u(z, 0)=>0. Differentiating with respect to y2, we obtain a contradiction
to the assumption (6.1).

Example. Assumption (6.1) is satisfied if A, q, f are analytic in y and f(x, y) as
y oo, for each x.

Counterexample. We shall show, by a counterexample, that the condition (6.1) is
essential. Let h(x) be any continuous positive function for 0_-<x =< 1. Let A be any
closed subset of [0, 1] and let g(x) be a continuous function on [0, 1] such that g(x)= 0
if x A, g(x)> 0 if x Ac. Define

j" -g(x)(y h(x))2 if y < h(x),
U(X, y)=

0 ify>-h(x).

Then u and Ou/Oy belong to C(E) and the function

f =-Ou/Oy +(A +a)u -AQu

belongs to C(E). It is clear that u is the solution of the variational inequality (2.23)
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and (4.10) holds with

h(x) ifxAc,
p(x)=

0 if x A.

Thus q (x) is discontinuous at any boundary point of Ac. In this example, the condition
(6.1) is not satisfied.

Our next result is concerned with the starting point of the free boundary on y 0.
We shall assume:

(6.2) q (x, y, dz) 0 if z > x.

f(x,O)>O ifO-<x<2, f(x,O)<O if2<x=<l,(6.3) fx(2, O) exists,

(6.4) f(x, y) is monotone increasing in y.

THEOREM 6.2. Let the conditions of Theorem 4.2 hold and let (6.2)-(6.4) hold.
Then

(6.5)
q(x)=0 if O<=x <2,

(x)>0 /f<x-< 1.

Proof. From (6.3) it follows that for any x > 2 there is a $ Sx > 0 such that

f(x, y)<O if0<y<8.

From the probabilistic interpretation of u,

u(x, O)<=Jxo(6 ^ u)= Exo Jo e-’Sf(xs, ys)ds

where u is the first jump of xt. Since xs x, y s if s < u, it follows that u (x, 0)< 0, so
that q (x, 0) > 0.

To prove that u(x, 0)= 0 if x < 2, we employ the comparison function

-y(x 2) if x > 2 (y > 0),
w(x,y)=

0 ifx-<2.

We want to verify that

(6.6) -Ow+(h+a)w-AOw<f ifx>2,
0y

(6.7) -AQw<=f if x<-2;

for then it would follow that w =< u, so that u(x, 0) 0 if x < 2 and, therefore, q(x) 0.
Now, (6.7) is satisfied since the left hand side is equal to zero whereas, by (6.4) the

right hand side is =>0. As for (6.6), using (6.2) we see that it is sufficient to show that

(6.8) O<=f/y+a(x-2) if x >2.

Since

f(x, y)=>f(x, O)>=-c(x-2) (c positive constant),

(6.8) is valid if we take y > a/c.
We can establish a result as in Theorem 5.1 under the assumption that (6.2)

holds. (In this case q, generally does not exist, so that Theorem 5.1 cannot be applied.)
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Let us first assume that (6.3), (6.4)are satisfied, so that u(x, y)=0 if x-<$. We
also assume that

(6.9) q(x,y, dz)=q(x,y,z)dz, q(x,y,z)=O ifz>x;

for any continuous function O(z)>-O and x (, 1],

(6.10) -x q(x, y, z)O(z) dz q(x, y, x -O)O(x)+ qx(X, y, z)O(z) dz,

and

(6.11)

y

Ax(x, y)-A (x, y) Ax(x, ,/)dr/

+ A (x, y)[q(x, y, x -0)4 .qx(X, y_, _z.)O(_._z.)_ d_z]
-i y, z)O(z) dz J >-0’

provided the denominator does not vanish.
For example, if

07.
(6.12) q(x, y, z)O(z)= z O(z) dz

then (6.10) is satisfied, and (6.11) reduces to

(6.13) h(x, y)-h (x, y) h,,(x, rl)dn >-0,

which is certainly true if A (x, y) A (y) for x > .

(a-> 1),

x >g,

THEOREM 6.3. Let the assumptions (5.1), (5.3), (6.3), (6.4) and (6.9)--(6.11) hold.
Then there exists a function x 0(Y) such that (5.4) is valid.

Proof. We proceed as in the proof of Theorem 5.1. However, in contrast to the
preceding proof, we shall now establish (5.10) by induction on i, where 0 cor-
responds to x . Since (0 0, ’1 0, we have (1 (0.

Suppose next that (5.10) is true for all -<- 1. We shall prove that

’/’+ ’i.
It suffices to show that (5.11), (5.12) hold with =j. As before, (5.11) is a consequence
of (5.1), (5.3). As for (5.12) (with i=j), in view of the inductive assumption it is
sufficient to show that

((6.14) h(x,y)\ q(x,y,z)O(z) exp h(x,n)dw 0
Ox

for any function O(t) satisfying

O(t) 0 O(t) is monotone increasing for g x.

The left hand side of (6.14) is equal to- Axdn q(x, y,z)O(z)dz

+a(x, y) q(x, y,’x-o)o(x)+ q (x, y, z)O(z) z
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and since

IO(x)>= q(x, y, z)O(z) dz >= q(x, y, z)O(z) dz,

the inequality (6.14) is a consequence of (6.11).
Remark. Theorem 6.3 is valid when 0; in this case we may drop the conditions

(6.3), (6.4) and assume, instead, that A(0, y)-0 (so as to ensure that (1 <-- sro).

7. Another Markov process motivated by queuing. Let us consider the queuing
system MG1 with limit capacity N. his means that interarrival times are indepen-
dent random variables, exponentially distributed with parameter A. The service times
are i.i.d, random variables with a general distribution G. There is only one server and
if the total number of customers in the system reaches N then all the arrivals are
rejected.

Let Nt number of customers in the system at time t, Yt the elapsed time from
the beginning of the service time of the customers being served. It is known that Nt is
not a Markov process, but (Nt, Yt) is a Markov process and its generator has the form

Ag(n, y)= I>|z-+LOy/z(y)(g(n 1, 0)- g(n, O))J
+ I<nZ [g(n + 1, y)- g(n, y)]

(y)--
G’(y)
I- G(y)"

We are going to consider a similar generator with the first component in [0, 1]
instead of the discrete set {0, 1,..., N}, namely

(7.1)
Ag(x, y)=y+Z (x) ql(x, dz)g(z, y)- g(x, y)

+/z(x, Y)[I: q2(x, dz)g(z, O)-g(x, y)].
We begin with a lemma proving that one can associate a Markov process with the

generator (7.1). The following assumptions will be needed:

(7.2)

(7.3)

and

(7.4)

O=<A(x)<=M, A is continuous on [0, 1], A(1)= O,
0 -<_/z (x, y) =< M,/x is continuous on E,/x (0, y) O,

ql(X, F) is a transition probability from [0, 1] into [x, 1],
qE(X, F) is a transition probability from [0, 1] into [0, x],
qxx(1., F)= It(l), q:(O:F) It(O) for any F;,, qx(X, dz)g(z) and ]o q:(x, dz)g(z) are continuous on [0, 1],

I i e-’lz:(x, y)(J’ q2(x, dz)g(z)): dx dy <- C Io g2(z) dz,

I A2(x)qx ql(x, dz)g(z)): dx <= C I g:(z) dz
for some C > O, 3’ > O.
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LEMMA 7.1. Under the assumptions (7.2)-(7.4) there exists a right continuous, left
limited strong Markov process such that its semi-group is given by

(7.5)

dP(t)g(x, y)= e-x‘)’ exp Ix(x, r) d g(x, y + t)

+ h (x) e -x(x exp Ix (x, r/) dr/

Ix ql(X, dz)dp(t-o’)g(z, y+o’)do"

+ Ix(x,y+o’)e-(Xexp g(x,n)dn

q2(x, dz)dp(t- o’)g(z, O) do,

and is Feller in the Euclidean topology. Further, if g and Og/Oy are bounded continuous

functions on E then g belongs to the domain of the weak infinitesimal generator A and
Ag is given by (7.1).

Proof. Formally, the process we want to obtain is such that on a small interval
[0, h] the probability of an upward jump is h (x)h given that the present state is (x, y),
qx(x, F) giving the distribution of Xh, and the probability of a downward jump is
Ix(x, y)h, q2(x, F) giving the distribution bf Xh. The y-component increases like y +
between downward jumps of xt.

Now, such a process can be constructed by solving a martingale problem as in
Stroock [13] (who used the technique of [14])on f=D([0, oo); E), the space of
right-continuous, left limited functions. The only difference here is that instead of the
recursive definition of p(n+l) given in [13, p. 310] we now have the recursive formula

xy k" A)
xR+xE

(6,0 (R)t PCz))(A) Oxy (do dt dz drt) (n_->l)

where

(,y=8,,,y(w). A(x)e-X()texp Ix(x,r)d dt. ql(X, dz).

+ Ix(x, y + t) exp Ix(x, r) d e-( dr. q2(x, dz)o(rl

with ,x, mass one on the trajectory (in a) 0y(t)= (x, y + t) for _->0, and
means mass one on the point y + (0) in R +, and

p(l is the probability on induced by the
proection on f of the probability (on f x R+),

0, ,, x F,, F,([t, oo))= exp (, (x)+ Ix(x, y + o’))

Then one can construct a strong Markov process which is, of course, right
continuous and left limited.

As in 1 we can obtain the formula (7.5) and then complete the proof of
Lemma 7.1.
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Remark. One can show that for any compact subset K of E,

lim sup P(t, x, y, F)= 0
t0 (x,y)eK

where F is the complement of any neighborhood of (x, y). Therefore, by [5, Thm.
3.13], the process is quasi left continuous. It follows, by [11, Chap. 1] that there exists
an optimal stopping time for the problem (1.13), given by

inf {s: u(x, y)= 0}.

8. The stopping time problem. We consider the stopping time problem (1.13)
where Jxy(z) is defined by (1.12) and (xt, yt) is the process constructed in 7; the
conditions (7.2)-(7.4) are always assumed in this section.

Introduce

Qlg(x, y)= f,, ql(x, dz)g(z, y),

O2g(x) q2(x, dz)g(z, O)

and consider the variational inequality:

On

Oy
---b (A -b/./, +a)u-AOlU-tzO2u f

(8.1) u-<_O inE,

a.e. in y for each x,

ou
+ (, + + a)u ,Qu gQ:u -l:) u =0Oy

a.e. in y for each x.

The following theorem can be proved exactly as Theorem 2.4.
THEOREM 8.1. For any f C(E) there exists a unique solution u C(E) of (8.1)

which is uniformly Lipschitz continuous in y; u (x, y) is given by (1.13) (for the present
process (x,, y,)).

The results of 4 can also be extended. Analogously to Lemma 4.1 we have (with
minor changes in the proof):

LEMMA 8.2. Assume that for some positive constants e, m, y0,

f(x, y) >= -m in E,
(8.2)

f(x, y)>=e +(2m/a)M i/y->Yo.

Then there exists a solution u of (8.1) which belongs to C(E) and which is uniformly
Lipschitz continuous in y. Further,

(i) the solution is unique if either f is bounded or if

(8.3) inf f(x, y)--> as y --> oo.
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(ii) the solution has a compact support.
We now assume"

(8.4)

/zy and [y exist and are continuous;
at any point where/z 0 also/xy 0;
y => 0, and/xy//z is bounded on the set above/ 0;
fy-(2M+a)f-Qlf-(txy/tz)f>=O on the set where
fy (2M+ aif- Qlf => 0 on the set where/z 0.

THEOREM 8.3. Assume that (8.3) and (8.4) hold. Then there exists a bounded
function q (x ) such that

u(x, y)< 0 i[y < q(x),
(8.5)

u(x, y)= 0 i[y _-> (x).

Proof. We begin as in the proof of Theorem 4.2. Setting u =ekYw we get,
analogously to (4.12),

(8.6) -+(h +a +lz-k)w-hOlW-lze-kyO2w =re-ky.

Let sr Ow/Oy and differentiate (8.6) with respect to y. Then,

(8.7)
-+(A +a +tz-k)w +txy(w--e-kYQ2w)

,QI(- kl e-kYQ2w k e-kYf+ e-kYfr.
When/x =0 we have/zy =0, and when/x S0 one can substitute (w--e-kYQ2w) from
(8.6) into (8.7). We obtain

(8.8)

where the terms with/zy//z drop out when/x 0.
Notice that

01’(X, y)’- Ix ql(X, dZ)(Z, y)

and that the variational inequality for u (z, y) gives

st(z, y)>-_(A +a-k +ix)w-AOlW-lxe-krO2w-f(z, y)e -ky.

Applying Q1 to this inequality and substituting the result in the AQIr occurring in
(8.8), and then choosing

k=2M+a

we deduce, using (8.4), that r=> 0. We can now complete the proof as before.
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(8.9)

We shall next require the additional assumptions"

q(x, dz)=q(x,z)dz (i= 1,2);
Ax, xx, f and q, q2 are continuous;
for any continuous and positive function 0,

AxOlO+AOlxO+Aql(x,x + 0)0(x)-> 0,

OO+OO+xq(x,x-O)O(x)- (r) dr +Ay O0>-0

where

QlxO-- IO q2(x,z)O(z)dz, Q2xO= I,, q2x(X’z)O(z)dz;

L- (n)dn+ty <-0.

THEOREM 8.4. Assume that (8.3) and (8.9) hold. Then there exists a .function 0(Y)
such that

u(x, y)<O gx > (y),
(8.10)

u(x, y)= 0 i[x O(y).

Thus, if the condition (8.4) is also satisfied, then y (x) is a monotone increas-
ing curve.

The proof of Theorem 8.4 is similar to the proof of Theorem 5.1. It is based on
the approximation procedure of 3 which is valid also for the present case, with minor
changes.

An analogue of Theorem 5.2 can also be established, so that (under suitable
conditions) (x) changes the direction of monotonicity a given number of times.

Remark 1. The conditions made on f, A, q in Theorem 4.2 and throughout 5, 6
are actually only needed for y N y0, where y0 is such that u(x, y)0 if y y0. A similar
remark applies to 8.

Remark 2. In this paper we have considered only the constraint u N 0. However,
the more general case of u N with , y in C(E) can be immediately reduced to the
previous case with f replaced by f+A-a and u replaced by u- .

Remark 3. The results of this paper (except for the x-graph properties) can be
extended to the case where x varies in any fixed compact subset K R". The x-graph
properties can be extended in case K is rectangular.
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A NOTE ON WEAK STABILIZABILITY OF
CONTRACTION SEMIGROUPS*

CLAUDE D. BENCHIMOL’

Abstract. A recent result on weak stabilizability is that the system 2 Ax +Bu, where A is the
infinitesimal generator of a contraction semigroup over a Hilbert space H, and B is linear bounded, is
weakly stabilizable if: (i) A has a compact resolvent and (ii) (A, B) is (approximately) controllable. In this
note, we show that condition (i) is superfluous and (ii) can be weakened to (iii), the weakly unstable states
are (approximately) controllable, which actually turns out to be a necessary condition. Indeed, if (i) is
verified, (iii) is necessary and sufficient for strong stabilizability. Moreover, we give a simple, direct proof,
using semigroup theoretic techniques, in particular obviating the need to invoke the "LaSalle invariance
principle". The main tool is a decomposition applicable to all contraction semigroups which is derived from
results of Sz.-Nagy, C. Foias and S. R. Foguel.

1. Introduction. A standard result (see Wonham [9]) in finite dimension, is that
the time invariant system

(1.1) =Ax +Bu

is stabilizable by feedback

u =Kx

if and only if the unstable modes of the system are controllable. The extension of this
result to infinite dimensional systems, i.e., where A is the infinitesimal generator of a
Co semigroup, and B is linear and bounded has been the subject of many inves-
tigations recently [6], [8], [10], [11]. As may be expected, there are many
nonequivalent notions of stability, depending on the topology used. The notion of
"weak stability" would appear to be the weakest. Thus

DEFINITION 1.1. A Co semigroup T(t) over a Hilbert space H is weakly stable if
Vx, yell, (r(t)x, y)-0 as - +oo.

Slemrod [6, Thm. 3.5] shows that if A generates a Co contraction semigroup T(t)
over a Hilbert space H and B is a linear bounded transformation mapping a Hilbert
space into H, the semigroup generated by A-BB* is weakly stable provided:

(i) A has a compact resolvent (note that for some reason this condition is stated
in terms of A* in [6], although of course the two are equivalent);

(ii) (A, B) is (approximately) controllable.
In his proof, he uses the "LaSalle invariance principle". We shall show (Theorem 3.1)
that the assumption (i) is superfluous (and in fact is sufficient to yield strong stability)
and (ii) can be considerably weakened. Moreover, our techniques are simpler and
more directly semigroup theoretic, relying on a functional decomposition of contrac-
tion semigroups, following Sz.-Nagy-Foias. We also incidentally indicate the rele-
vance of the Sz.-Nagy-Foias theory [7] to the whole problem.

We begin with some results of interest on their own.

2. Canonical decomposition for contraction semigroups. In this section, we state
two decomposition theorems for Co contraction semigroups, and merge them into one
corollary. First, we recall some definitions:

* Received by the editors April 5, 1977, and in revised form June 29, 1977.
t System Science Department, University of California at Los Angeles, California 90024. This research

was supported in part by the United States Air Force Office of Scientific Research, Applied Mathematics
Division, under Grant 73-2492.
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DEFINITION 2.1. Let H be a Hilbert space, and V be a bounded operator in H.
We say that a subspace K reduces V if and only if

(2.1) VK c_ K and V*K
_
K.

DEFINITION 2.2. A bounded operator V in H is
(i) Unitary if

V* V W* I,

(ii) Completely non unitary (c.n.u.) if there exists no subspace other than {0}
reducing V to a unitary operator.

Remark. It follows from (2.1) that both K and K+/- reduce V and V*.
THEOREM 2.1 [Sz.-Nagy-Foias]. Let T(t) be a Co contraction semigroup in a

Hilbert space H. Then H can be decomposed into an orthogonal sum H HuHcnu
where Hu and Hcnu are reducing subspaces for T(t), such that

(i) The restriction Tu(t)= T(t)lHu of T(t) t Hu .is a unitary group’
(ii) The restriction Zcnu(t)= T(t)IHnu of T(t) to Hcnu is a c.n.u, semigroup.
(iii) This decomposition (where of course Hu or Hcnu can be trivial) is unique and

Hu can be characterized by

(2.2) Hu {x H; Vt >= O, [[T(t)xll [IT*(t)xll-- Ilxll}.

Moreover

(2.3) Hu Ku,

w.here Ku (A) f) Hu, and A denotes the infinitesimal generator of T(t).
Proof. For the sake of completeness we sketch a proof. For more details see

Sz.-Nagy and Foias [-7, pp. 9-10 and 136].
If we denote Dr(o I- T*(t)T(t) and Dr*(o I- T(t)T*(t), then [[T(t)x[[

[[T*(t)x[] [[x[[ is equivalent to

(2.4) (DT-(t)x, x) (DT-.(t)x, x) O.

Since T(t) is a contraction, DT(t) and DT*(t) are both self adjoint nonnegative definite.
It follows that (2.4)ax e(Dvr(,))fq(DT*(t)) where (. stands for the null space of
an operator. Therefore H, f’lt>0 [(DT,>) fq AC(DT*(t))] which shows that it is closed.
Using (2.2), it is easy to see that Hu is left invariant under T(s) and T*(s) for any s. To
show (2.3) (which is not specifically contained in [7]), we first note that since Hu is
closed,

(2.5) Ku=@(A)fqHHu.

Then, for any x in Hu, R(A, A)x e-XST(s)x ds is also in Hu, as easily proved by
checking that

T(t)T*(t)R(A, A)x T*(t)T(t)R(A, A)x R(A, A)x.

But R (h, A)x (A). Therefore /x Hu, AR (h, A)x Ku. But we know that
AR(A,A)xx as Reh -+o [1, p. 169]. Hence Hu_Ku, which finally implies Hu
Ku, associated with (2.5).

The following decomposition theorem is due to Foguel [4]. Here, we give a
simple proof, using mainly elementary properties of contraction semigroups; this in
turn shows the relevance of the contraction assumption to the stability problem.

THEOREM 2.2 [Foguel]. Let T(t) be a Co contraction semigroup ina Hilbert space
H. Let W {x H; T(t)x---0 (weakly) as t- +oo}. Then
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(2.6)

(i) W reduces T(s) for any s.
(ii) On W+/-, T(s) is reduced to a unitary group, that is W+/-

_
Hu.

(iii) Wcoincides with the subspace {x H; T*(t)x---O (weakly) as
Proof. First, note that W is a closed subspace of H.
Proof of (i). Let x 6 W. Then, for any s _-> 0,

T(t)T(s)x T(s + t)x--O (weakly) as t- +c,

and hence T(s)x W. In order to prove that T*(s)x W, we need an intermediate
result proved below.

T*(t) being a contraction, we have /x H, t2 ta

Ilr*(t2)xl[2 ]lT*(t2 tl)T*(tl)X][2.

Therefore, for any x, [IT*(t)x[[2 is a nonincreasing function of t, bounded from below
by O. Hence, it converges as - +oo. Therefore, for any fixed s

But

Z(t) llr*(t)xll2-1lr*(t + s)xll2-o ast+o.

Z(t)= (T*(t)x, T*(t)x)-(T(s)T*(t)x, T*(t)x)

([I- T(s)T*(s)]T*(t)x, T*(t)x)

I[[I- T(s)T*(s)]I/2T*(t)xI[2.
Hence x H, s _-> 0

(2.7) [I- T(s)T*(s)]T*(t)x - 0 as +.

Multiplying to the left by T*(s), we have

T*(s)[I- T(s) T*(s)]T*(t)x -[I- T*(s)T(s)]T*(t + s)x.

Therefore, it follows that Vx H, Vs >_-0

(2.8) [I- T*(s)T(s)]T*(t)x-O as to.

Next, we use the fact that if Y(t) is a bounded linear operator such that Y(t)x - 0 for
any x in H, then Y*(t)x 0 (weakly), for any x in H. Applying this to (2.7) and (2.8),
we get Vx H, s ->_ 0

(2.9) T(t)[I- T(s)T*(s)]x---O (weakly) as t- +o,
(2.10) T(t)[I- T*(s)T(s)]x--O (weakly) as t- +o.

Now, we are ready to complete the proof of (i). For, if we take x in W, we have
T(t)x-- 0 (weakly) as t +, and subtracting it from (2.9), we get

-T(t)T(s)T*(s)x -T(t +s)T*(s)x---O (weakly) as +o
(2.11)

T(t)T*(s)xO (weakly) as

Grouping (2.6) and (2.11), we have

T(s)x e W,
x W

T*(s)x W.

Therefore W and W+/- reduce T(s), for any s.
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Proof of (ii). Statements (2.9) and (2.10) can be interpreted as"

(2.12) Range [I- T(s)T*(s)]_ W,For any s y (Dr(s)) Range [I- T*(s)T(s)]_ W.

DT*(s) and DT(s) being self adjoint, we have

(DT*()+/-=W(DT.(),
(DT())z W(DT()).

Therefore (2.12) is equivalent to: Vs _->0

W+/- ,fif(DT(s)) I"l d(DT,(s)),or
W- _c (’1 [N(DT() f’l W(DT.())] Hu.

s=>0

This completes the proof of (ii).
Proofof (iii). Let x e W. Any y in H can be uniquely decomposed as y yw + yw"

where Yw W and ywle W+/-.
Then (r*(t)x, y)=(T*(t)x, yw+ywl)=(x, T(t)yw)+(x, r(t)ywi). Since W+/-

reduces T(t), T(t)yw e W+/- and (x, T(t)ywi)= 0. But since yw e W, T(t)yw---’O
(weakly) as t- +oo and (r*(t)x, y)= (x, r(t)yw)->O as t--> +oo and T*(t)xO (weakly)
as t-->+oo. Reversing the role .of T(t) and T*(t), we can show that T*(t)x--’O
(weakly)=)> T(t)x---,O (weakly), which completes the proof. We can unite the two
theorems into the following corollary.

COROLLARY 2.1. LetHbe a Hilbert space, and T(t) a Co contraction semigroup in
H. Then H can be decomposed into three orthogonal subspaces Hcnu, Wu and W-, all
reducing T(t) and T*(t), such that

WuW+/-=Hu,

WuHcnu W (with the above notations).
It follows that

On Hnu, T(t) is completely nonunitary, and weakly stable;
On Wu, T(t) is unitary and weakly stable;
On W1, T(t) is unitary, and Vx W’, T(t)x--O and T*(t)x-/-O as +o.

Proof. The proof follows immediately from the two theorems.
The above result motivates the following definition:
DEFIYITIOY 2.3. Let T(t) be a Co contraction semigroup over a Hilbert space H.

Then W {x; T(t)x0 (weakly) as t- +} is called the weakly stable subspace. W+/-

is called the "weakly unstable subspace" and elements of Wx are called "weakly
unstable states". [Of course T(t)x-O as +o does not imply that x W+/-’]

3. Necessary and sufficient condition for weak stabilizability of Co contraction
semigroups. In order to prove the main theorem of this section, we need some
preliminary results. First, we recall what is meant by "controllability".

DEFINITION 3.1. Consider the system

(3.1) 2 =Ax +Bu
where A generates a Co semigroup T(t) over a Hilbert space H and B is a linear
bounded operator mapping another Hilbert space into H. The set C of x in H, for
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which given any e >0, there exist a >0 and u(. in L2[(0,/);/-//] such that

(3.2) IIx- f T(t-tr)Bu(r) drll <e
is called the set of (approximately) controllable states. If C H, the system is approx-
imately controllable. See [1].

LEMMA 3.1. With the above notations, C is a closed subspace and can be charac-
terized by

(3.3) C 13 Range[T(t)B].
to

It follows that

(3.4) Cz= 71 f[B*T*(t)].
t_---O

C (resp. C1) is called the (approximately) controllable (resp. uncontrollable) subspace.
Proof. See 1, pp. 207-210].
Next, we state two perturbation results.
LEMMA 3.2. Let A be the infinitesimal operator of a Co semigroup T(t) in a Hilbert

space H, and D be a bounded operator in H. Then A +D generates a Co semigroup S(t)
in H. Furthermore,

(i) IfA and D are self ad]oint, so is S(t), for any >-O.
(ii) IfA and D are dissipative, S(t) is a contraction semigroup.
(iii) IfA has a compact resolvent, so does A +D.
(iv) If T(t) is compact, for any > O, so is S(t).
Proof. See [1, pp. 220-225].
LEMMA 3.3. Let K be any bounded operator mapping a Hilbert space H into H. Let

S(t) denote the semigroup generated by A +BK. Then Vt >-_ O, B*T*(t)x 0 if and only
if Vt >=0, B*S*(t)x =0. (The (approximately) controllable subspace of (A,B) coin-
cides with the one of (A +BK, B).)

Proof. Follows immediately from the identities

(3.5) S*(t)x r*(t)x + r*(t-tr)g*B*S*(tr)x dtr

and

(3.6) T*(t)x S*(t)x- S*(t-tr)K*B*T*(tr) do"

THEOREM 3.1. Let A be the infinitesimal generator of a Co contraction semigroup
T(t) in a Hilbert space H, and B a bounded operator mapping another Hilbert space
into H. Then, the system Y Ax +Bu is weakly stabilizable if and only if the "weakly
unstable states" of T(t) are (approximately) controllable, and K =-B* is a stabilizing
feedback gain.

Proof. Let C be the controllable subspace of (A, B), as defined above. Let W be
the weakly stable subspace of T(t), as defined in 2. Then the theorem can be
expressed as

(A, B) is weakly stabilizable :> W+/-_ C :> C+/-_ W.

(i) Necessity. Suppose there exists a bounded operator K such that A +BK
generates a weakly stable semigroup S(t). Then, let x C-. By definition of C+/-, we
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have Vt >= O, B*T*(t)x 0. Therefore, from (3.6), we get Vy eH

(T*(t)x, y)=(S*(t)x, y)=(x,S(t)y)O ast+oo,

by assumption. Therefore T*(t)x---O (weakly) as +oo, and since T*(t) is a con-
traction, we can use (iii) of Theorem 2.2 to prove that T(t)x 0 (weakly) as t +oo :ff
x W. So C-___ W. Q.E.D.

(ii) Sufficiency. Assume C
_
W. Let K -B* be the feedback gain. Then -BB*

is obviously a bounded dissipative operator, and by (ii) of Lemma 3.2, A-BB*
generates a contraction semigroup S(t). Then, applying Theorem 2.1 to S(t), we
obtain a decomposition of H into two orthogonal subspaces Hu, reducing S(t) to a
unitary group, and HcSnu, reducing S(t) to a c.n.u, semigroup. Then, by Corollary 2.1,
we have Vx Hnu,

S(t)xO (weakly) as t- +oo.

Therefore, it only remains to prove that S(t) is weakly stable on H. Define K as in
Theorem 2.1. Then, for any x in Ku_(A) we have Vt _->0

d
d-SIIs*(t)xll2 ((A*-BB*)S*(t)x, S*(t)x) + (S*(t)x, (A*- BB*)S*(t)x) O.

Since A* and -BB* are dissipative, the above equation implies that Vt>-0,
B*S*(t)x 0. But, by Lemma 3.3, this implies that Vt, B*T*(t)x -0 or equivalently
xC+/-. So

(3.7) x eK=), x C+/-.

But by assumption C+/-c_ W. Therefore

(3.8) xKx W.

Using (3.6) and (3.7), we get:

Vt >- O, Vx Ku, S*(t)x T*(t)x.

Since x W, T*(t)x---O (weakly) as t- +oo, by (iii) of Theorem 2.2. So does S*(t)x,
and so does S(t)x by the same argument. Therefore Vx eKe, S(t)x--’O (weakly) as
t- +oo. Since K is dense in H (Theorem 2.1), and IIs(t)ll-< 1, then, for any x in Hu,
S(t)x--0 (weakly) as t- +oo, by the triangle inequality. This completes the proof.

COROLLARY 3.1. If A generates a Co contraction semigroup and has a compact
resolvent, the condition of Theorem 3.1 is necessary and sufficient ]’or the strong stabil-
izability of (A, B). In particulat A-BB* generates a strongly stable semigroup.

Proof.
(i) Necessity. Follows from the fact that strong stability =) weak stability.
(ii) Suciency. From (iii) of Lemma 3.2, A-BB* has a compact resolvent

R(A, A-BB*) and generates a contraction semigroup S(t), which is weakly stable by
Theorem 3.1. Let A0 be a point in the resolvent set of A-BB*. Then, for any x in
N(A), there exist a y in H such that x=R(Ao, A-BB*)y. Then S(t)x=
S(t)R(Ao, A BB*)y R(Ao, A -BB*)S(t)y. Since /y H, $(t)y --0 (weakly) as -->

+oo; and since R (Ao, A-BB*) is compact,

Vxe(A), S(t)x-O as

Since (A) is dense in H, and IIs(t)ll 1,

VxeH, S(t)x-->O as t-->+oo Q.E.D.
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COROLLARY 3.2. If A generates a Co contraction self adoint semigroup, the
conditions of Theorem 3.1 are necessary and sufficient for the strong stabilizability of
(A, B). In particular A-BB* generates a strongly stable self adjoint contraction semi-
group.

Proof. (i) This is in Corollary (3.1).
(ii) Sufficiency. By (i) and (ii) of Lemma (3.2), A-BB* generates a self adjoint

contraction semigroup S(t) which is weakly stable, by Theorem 3.1. Therefore Vx
H, (S(2t)x,x)O as t+c; but (S(2t)x,x)=(S(t)S(t)x,x)=llS(t)xll2O as t
+o. Q.E.D.

COROLLARY 3.3. IfA generates a compact contraction semigroup, the conditions of
Theorem 3.1 are necessary and sufficient ]’or the exponential stabilizability of (A, B). In
particular, A-BB* generates an exponentially stable semigroup.

Proof. Necessity is as before. Sifficiency follows from the fact that for a compact
semigroup, weak stability=> exponential stability. See [3].

This corollary is also a consequence of the sufficient condition proven in [8].

4. Conclusion and remarks. Triggiani [8] has given a number of counterexamples
of systems which are (approximately) controllable (A.C.) but not strongly stabilizable
(S.S.). This paper shows that the A.C. of the weakly unstable states implies the weak
stabilizability (W.S.) of the system, provided T(t) is a contraction semigroup. In
particular, wave equations, which generate unitary groups in general, can be weakly
stabilized if (A, B) is A.C. and strongly stabilized if in addition, the domain happens to
be compact (thus insuring the compactness of the resolvent).

For further results involving semigroups other than contractions, we refer to [2].
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discussions on Sz.-Nagy and Foias’ theory.
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NONPARAMETRIC IDENTIFICATION
FOR DIFFUSION PROCESSES*

G. BANON?

Abstract. It is proved that under a specific condition (so-called condition G2) on the transition
probability operator of a measurable stationary Markov process, a recursive kernel estimate of the initial
density is convergent in quadratic mean.

Assumptions on the differential stochastic equations driven by Brownian motion are derived under
which the stationary solution satisfies condition G2.

The above results are applied to solve a class of nonlinear identification problems.

1. Introduction. An important problem in control engineering is the identifica-
tion of dynamical systems. In this paper we focus our interest on systems represented
by the It6 stochastic differential equation. Thus far, primary emphasis has been on
solving the identification problem for linear systems, and many techniques have been
proposed (e.g.: Kalman and Bucy (1961), Banon (1971), Aguilar-Martin (1974),
Alengrin (1974), Salut (1976)). In contrast, our interest is to develop an approach for
the identification of a class of non-linear systems.

More precisely, let {Xt, [0, )} be a stochastic process defined on a probability
space (12, M, ) and satisfying the It6 stochastic differential equation:

(1.1a) dXt m(X) dt + cr(Xt) dWt,

with initial condition

(1.1b) Xo X.

In (1.1a) W is the Brownian motion defined on the same probability space
(a, , ).

Henceforth we shall make the following assumptions relative to the problem
(1.1):

Am: The initial random variable X is defined on (, M, ) and is of second
order: EX2 < 00.

A2: m(. and 0-(. are Borel measurable functions on R satisfying, for x, y e
R, the uniform Lipschitz condition:

Im(x)- m(y)l--< Klx Yl,
(1.2)

[o’(x)- or(y)] =< K]x yl

and the linear growth condition"

(1.3)
Im(x)[ _-< K41 + x 2,

[o’(x)[-< K41 + x 2

where K is a positive constant.
Under A1 and A2 we know (Wong (1971, Prop. 4.1, Ps and P6, p. 150)) that the

solution of problem (1.1) is unique with probability one and is a measurable Markov
process.

Under some additional conditions the unique solution of problem (1.1) must have
a stationary transition density, say pxxo=a(" satisfying the forward equation of

* Received by the editors November 29, 1976, and in revised form June 24, 1977.

" Laboratoire d’Automatique et d’Analyse des Syst/mes du Centre National de la Recherche Scien-
tifique 31400 Toulouse, France. This research was supported by the National Science Foundation under
Grant 01P75-04371 and by the "Centre National de la Recherche Scientifique."
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Kolmogorov and PXXo=a(" must tend to a limiting density, say p(. as goes to
infinity.

A class of such Xt processes for which m (.) and 0.2(. ) are polynomials has been
constructed and some specific processes of this class are given in Wong (1964,
examples B and E).

For the identification of coefficients of. diffusion processes, Lipcer and yriaev
(1974) use maximum likelihood estimates.

In this paper, we propose a nonparametric procedure to estimate point by point
the function m(. when the function 0.(. is known or when 0.(. is unknown but
takes a constant value.

Considering the properties of the transition density of the Xt process, its limiting
density p(. can be explicitly related to the pair (m(.), 0.(. )) in the following way:

1/2(o"2p)’ mp.

So the techniques of nonparametric estimation used here to estimate point by
point the density function p(. appears to be a powerful tool in solving our initial
problem of nonlinear identification.

For the case of a stationary Markov process having an initial density p(. ), in 2,
we give a local (or point by point) recursive estimate of p(. and its derivative p’(. ),
for which we show quadratic mean convergence under a specific assumption on the
process itself. For the case of stochastic processes defined by problem (1.1) in 3, we
derive sufficient conditions on the pair (m(.), tr(. )) which imply the assumptions
made in the previous section.

Independently of the estimation of the density we give, in 4, a quadratic mean
convergent recursive estimate of tr

2 (assuming that the function r(. is constant).
Finally, in 5, applying the previous results, we give the solution to a class of

nonlin,ear identification problems by suggesting a local estimate of the function m (.).

2. Estimation of density probability or Markov processes. In the case of a
sequence X1, X2, Xn of independent and identically distributed random variables
whose distribution is absolutely continuous, many nonparametric estimates of the
density function have been proposed in the past. We may recall the Rosenblatt-
Parzen estimate (Rosenblatt (1956), Parzen (1962)), the Yamato estimate (Yamato
(1972)) and the Deheuvels estimate (Deheuvels (1973)). As far as we know, in the
case of a dependent sequence, relatively few results have been obtained. Under
specific conditions on the nature of the sequence it has been shown that the Rosen-
blatt-Parzen estimate is still convergent (Roussas (1969), Rosenblatt (1970)).

In this paper, instead of a sequence of random variables, we have to deal with a
stochastic process {X, [0, c)}. In this section we assume that the Xt process is a
measurable stationary Markov process whi6h has an initial density px(" or simply
p(. ), and we introduce an estimate of p(xo), where x0 is any point of R, which has the
same structure as the Deheuvels estimate. Such structure is "recursive" and seems to
be well adapted to our problem of estimating the function m(. (see 5). In order to
prove the convergence to zero of the variance of our estimate (see Theorem 2.1)we
have to impose a specific condition on the transition density of the stationary Markov
process.

For each 6 [0, o), we define the transition probability operator Ht of a sta-
tionary process Xt by:

(Htf)(a) E(/(x,)lx0 a) a R,

where f(. is any Borel measurable bounded function on R.
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A stationary process Xt with transition operator Ht is said to satisfy the condition
G2(s, a) (Rosenblatt (1970, p. 202) for the case of a sequence of random variables): if
there is some s > 0 such that

[H12 sup
{f Ef(X)=O}

E’/:(Hff)E(x)

The H, operator is in fact a contraction (for any [0, ): IHt[2 1).
For stationary Markov processes, the trahsition probability operator verifies the

semigroup property, i.e. for s, t => 0: Hs/t HsHt HtHs (Wong (1971, p. 183)). As
a consequence of the semigroup and contraction properties, the condition G. (s, a)
implies (Banon (1977, p. 79)) for s [0, ):

(2.1) [HtI2 < flt/a with/3 a/ < 1.

THEOREM 2.1 (quadratic mean convergence of pt(xo)). Let {Xt, [0, c)} be a
measurable stationary Markov process having a continuous and bounded initial density
p(. ) on R and satisfying condition G2.

Let K(. be a probability density function (i.e., nonnegative, Borel measurable
function such that R K y dy 1), and be bounded on R; and let h. be a bounded and
strictly positive function on R + such that, [0, ):

(2.2a) h, $ 0, --> c,

(2.2b) bt h ds < o,

and

(2.3)

For > O, let

b ---> cx3 -->

(2.4) p,(x0) K

then
q.m,

p,(xo)

Proof. To prove the convergence in quadratic mean it is necessary and sufficient to
show that:

(2.5) Ep,(xo) .p(xo)

and

(2.6) Var pt(x0) ,0.

Because we may write

1 1K(Xo_X)Ept(x) P(X) fo h(E- hs -p(xo))ds,
and because bt "-> oO as --> , a sufficient condition to show the asymptotic unbi-
asedness (2.5) is that E(1/h)K((xo X)/h) p(xo) converges to zero as s goes to
infinity.
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Using the same procedure as in Bochner (1955, Thm. 1.1.1., p. 2) or Rosenblatt
(1971, p. 1816) we have:

IE I__ xo-X) 1K(xo-

<= IR K(y)Ip(x hsy) p(xo)] dy.

We now split the region of integration in two:

f K(y)]p(Xo hsy) p(Xo)l dy <= 2sup p(x) f K(y) dy.R x.R d{
(2.7)

+ sup Ip(xo hsy) p(xo)l.
{y:

Because p(. is continuous on R, there exists an e > 0 such that the last term in
(2.7) is as small as desired; because p(. is bounded on R and h. is decreasing to zero
(condition (2.2a)), for every e (and in particular for the one chosen above), there exists
an s > 0 such that the first term is as small as desired, which proves (2.5).

Now we show the convergence to zero of the variance (statement (2.6)). We
denote:

hs -EK\, hs ]
forxR

and

(2.9) C(s1, $2) Jfsl(Xsl)fs2(Xs2) for sl, s2 [0, c);

we may write the variance of pt(Xo) as:

(2.10) Var p(xo) - C(s, s) ds ds.

With the use of the stationarity property of the X process, (2.9) becomes:

(2.11) c(sl, O.
In order to use later on condition G2 we introduce in (2.11) the transition probability
operator:

C(s1, $2) E(f,(Xo)(Hlsl_szlfsz)(Xo)).

By using the Schwarz inequality we get:

(2.12) 1/2 2 1/2 H 2 XC(S1, $2) E f,,(X)E (]Sl-S2lfs2) ().

Because Xt is a Markov process and Ef2(X) 0, and more specifically from (2.1),
(2.12) becomes

(2.13) C(s, $2) <
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By construction of L(" ), expression (2.8), we have for any s [0, c).

h--l Ef2(x) < --EK2(Xo-X)=hs IR K2(y)p(x hsy) dy

-< sup,,R p(x) IR K2(Y) dy,

which is bounded since K(. and K(y)dy are bounded. If we denote C
supper p(x) K(y) dy, (2.13) becomes:

and (2.10) becomes"

C(s,, s=) < (C/a)/h:lhs fll,,-,_l,

Var p,(xo) < --cbwhich may be written"

ab B’’-’2) ds ds2

<- h (’- ds ds (because h is a decreasing function)
b2

2

h, " ds ds2 (by change of variable)
b

ds

2C
n (/)"

Since 1 (see (2.1)), we must have In (1/) 0 and therefore the variance of
p(Xo) must tend to zero as b goes to infinity; this completes the proof of the
theorem.

We no study the properties of p’(x0) as an estimate of p’(Xo):
THeOreM 2.2 (quadratic mean convergence of p’(x0)). Let (X, [0, ) be a

measurable stationary Markov process haing a cominos and bon&d in#ial
p(. ) on R and satisfying condition G2. Let K(. ) be a cominos probability
fnction of bounded ariation on R and sch hat K’(. ) & bon&d on R. Le h be a
bounded and strictly positive fnction on R* sch that condition (2.2)
is

(2.14) h bt ------oo.
too

For > 0, let

(2.15) Pt() = - hs
If p’( is continuous and bounded on R, then

q.m.
p’,(xo) p’(Xo).
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Proof. As in the proof of Theorem 2.1 we first show that p’t(Xo) is asymptotically
unbiased; a sufficient condition is that:

E(1/hZ)K’((Xo X)/hs) p’(xo)

converges to zero as s goes to infinity. To show that point we use an argument similar
to that in Bhattacharya (1967) or Shuster (1969). Because K(.) is of bounded
variation, limlyl-,oo K(y) exist (Natanson (1955, p. 239)), and these limits must be zero
since R K(y)dy 1; therefore, integrating by parts, we get:

(2.16)
1 K,/Xo-X)= 1 (xoTXE-h- hs Is K\ hs ]p’(x)dx.

From (2.16), the abovementioned convergence to zero that we need follows by the
same argument as in the proof of Theorem 2.1 (see inequality (2.7)).

The convergence to zero of Var p’t(Xo) as m follows in the same way as we
have proved the convergence of Var pt(xo) but now under the stronger condition
(2.14)

h 2,b, oo, oo.

The only point which remains to be shown is that JR K’2(Y) dy is bounded.
This property follows from the fact that K’(. and R IK’ y>I ay are bounded, this

last integral being bounded since K(. is of bounded variation (Natanson (1955,
p. 259)). [1

Remark 2.1. Both estimates p,(xo) and p(xo) defined in Theorems 2.1 and 2.2
respectively are recursive, i.e., are respectively the solutions to (t > 0):

dpt(xo) ht 1 K(Xo Xt)dt -b p’(x) + g h,

and

dp’t(Xo) h,
dt bt

1 ( )---p;(xo) + tht K’
Xo Xt

The initial conditions of these two differential equations can be arbitrary (when no
a priori information is available); they do not affect the final value of both estimates.

3. Estimation of density probability for diffusion processes. In the previous
section we have shown the quadratic mean convergence of p(xo) and p’t(Xo) under the
assumptions that the Xt Markov process is stationary, measurable and satisfies condi-
tion G.

Indeed, the stationarity assumption is not essential here, since we are dealing with
asymptotic properties. A sufficient condition should be the existence of the limit of
px,(" as goes to infinity.

We now assume that the X process to be estimated is defined by problem (1.1)
under A1-A2 and has a transition density px,tXo=a( which converges, for all a R,
to a bounded limiting density p(. as goes to infinity.
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As we have seen in the Introduction, such process is a measurable Markov
process. More, the limit of px,(" must be equal to p(. since we have for all x R:

lim px,(X) lim IR px,lxo=c,(x)Pxo(a) da

I ,-.olim pxxo=,(x)Pxo(a) da

I p(x)pxo(a) da p(x).

Hence, to have the stationarity of the X, process defined by (1.1) under A1-A2
and the condition that the limiting density p(- exists, it is necessary and sufficient to
choose the initial density px(" equal to p(. ).

For the sake of simplicity, from now on we assume that the above X, process is
stationary.

In this section we derive sufficient conditions on the pair (m (.), tr(. )) to have the
transition density convergence and condition G2 satisfied.

Let us denote P(x, t]a,s)= (X, < x]Xs a) the transition function of the
unique X, process solution of problem (1.1) where a, x R and > s.

Under A1, A2 (see 1) and the additional condition:
A3: x 6R, o’(x)>=o’0>0,

we know (Wong (1971, Prop. 7.1, (a) and (e), p. 173)) that P(x, t[.,. is the unique
solution of the backward equation of Kolmogorov:

1 r(a) O2P(x, tla, s) + m(a)
OP(x, tla, s) OP(x, tla, s)

(3.1a)
Oa 2 Oa Os

with the terminal condition:

f

(3.1b) lim P(x, tla, s)
t0 otherwise

and is absolutely continuous; that is, P(x, tla, s) can be written as:

P(x, tla, s) op(y, tla, s) dy, a,x R, > s.

Because the functions m(. and o-(. do not depend on time, we see from (3.1a) that
p(x, t[a, s) depends only on s and not on and s separately. Let Pa(’," a R
denote the transition density on R R / of the Xt process satisfying (1.1). (We will
use the shorter notation Pa (X, t) instead of Px,+slxs=a(X); we can drop the s because of
the stationarity of the transition density.)

If in addition to A1, A2 and A3, we assume
An: m’(. ), o-’(. and o’"( satisfy the conditions of type (1.2) and (1.3),

then (Wong (1971, Prop. 7.1, (d), p. 173)) pa(", is the unique fundamental solution
of the forward equation of Kolmogorov (Fokker-Planck equation):

(3.2a)
1 02 0 0

2 0-2 (trZ(x)p"(x’ t)) -x (m(x)p,(x, t)) - p(x, t)
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with the initial condition

(3.2b) lim f f(X)pa(X, t) dx f(a)
t$o

(for any Schwartz function of rapid descent f(. )).
We now want to show that under sufficient conditions on the functions m (.) and

o-(. ), p(., ), the unique solution of problem (3.2), converges to a bounded limiting
density as t goes to infinity. In other words we want to find stability conditions of
problem (3.2). To find out these conditions we need the following lemma:

LEMMA 3.1 (expansion formula). Let Pa (’,") be the unique solution of problem
(3.2); then pa( can be writtenin the form for a, x R, [0, )

(3.3) pa(X, t) 7r(x) e -’ 2 4i(X,A)Ckk(a,A) dpk(A),
j,k=l

where zr( is any nonnegative solution of the equation

ld
(3.4)

2 dx
(’2(x)’tr(x)) m(x)Tr(x), x R,

1(’, A) and 42( , A) are solutions of the Sturm-Liouville equation

21 d(r(x)r(x) du
(3.5a) -x(X) + ATr(x)u(x) O, A R, x R,

and satisfy the conditions

(1(0,) 1, b(O,A) O,

4(0, A) 0, 4(0, A) 1,

(p( )) is the limiting matrix of the spectral matrix (p,k (A)) as / goes to oo, associated
with equation (3.5a) together with the boundary conditions (corresponding to the
reflecting barriers in the regular case ofproblem (3.2))

(3.5b) u’(-y) u’(y) 0 3’ e R

once 4)( A) and( are chosen as basis ]’or the solutions of (3.5a).
Proof. We shall give a proof by constructing a solution (see also solution of

Problem 9, Chapter 4, in Wong (1971, p. 178)). We can verify that any function
]’a(", t) of the form

zr( e -x’ eke(’, A )k (a, A) dpk (A)
j,k=l

is a solution of equation (3.2a) where r(. and b(., it), j 1, 2, are defined in the
same way as in Lemma 3.1, and O(", A), j 1, 2, are any function of the same class
as the b’s.

By setting t 0 in the above expression and using the expansion theorem
(Coddington and Levinson (1955, Thm. 5.2, p. 251)) the 0’s may be regarded as the
transform of fa (x, 0) by the means of the b’s, i.e.:

A) IR fa (X, O)i(X, A) dx, ] 1, 2, a e R.O(a,

If we now assume that fa (X, 0) satisfies the initial condition of problem (3.2), then we
get (., A) b( , A), 1, 2, which completes the proof of the lemma.
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Remark 3.1. We know (Coddington and Levinson (1955, Thm. 5.1, p. 251)) that
the limiting matrix (pjk(A)) defined in Lemma 3.1 always exists but could be
not unique (in the so called limit-circle case); actually we are not going to introduce
more conditions to have the uniqueness, because we only need here the existence
property.

The expansion formula (3.3) for the fundamental solution pa(X, t) seems to be
more convenient for our purpose than the approximate formula for appropriate
solutions of equation (3.1a) given in Cohen and Lewis (1967) or in Ludwig (1975).

Let A be the set of nonconstancy points of (pjk(A)).
The set A is called the spectrum of the problem (3.5) with 3’ --> oc. Despite the fact

that the spectrum could not b completely defined (since p could be not unique) we
can say something about the nature of the spectrum.

We know that there exists an increasing sequence of eigenvalues {hv,,} and a
complete orthonormal set of corresponding eigenfunctions {0v,,(. )} associated with
the Sturm-Liouvilie problem (3.5), n 0, 1, 2,.... Using the boundary conditions
(3.5b) we have:

,n 7r(z "’-=" dz,
2

which shows, since the integrand is nonnegative, that

Av,, =>0, n =0,1,2....

Letting 3’ c, we see that the spectrum A cannot lie on the negative part of the
real line.

Further, we can verify directly that for every 3’ R, A,o 0 and 0r,o(" is a
constant, say 0, such that:

f Or(z) dz 1.
.y

To say something about Av,o as 3’ goes to infinity, we must consider the inte-
grability of 7r(. ). If 7r(. is not integrable on R then zero cannot remain an eigen-
value as 3’ --> c since the square integrability with respect to 7r(. of the correspond-
ing solution of problem (3.5) cannot be maintained any more.

We can now state the following assumption under which we shall show the
convergence of the transition density to a limiting density"

As: The pair (m(.), (r(.)) is such that the solutions of equation (3.4), are
bounded and integrable on R.

For example, m(x)= Ax together with tr(x)= B, where A and B are two
constants such that A < 0 and B 0, satisfy

LZMMA 3.2 (convergence to a limiting density). Let {Xt, [0, co)} be the process
defined by problem (1.1) under A1-A4. Then under the additional assumption As, the
transition density Pa(’, t) Of the Xt process converges as --> oc for all a R to a
bounded and continuous limiting density on R, p(. ), which is a solution of (3.4).

Proof. Under As, we have seen that zero is an eigenvalue (A,o 0); in letting
t --> cc in expression (3.3) we have for all a, x 6 R:

limpa(X,/)= 7r(x)( 4,(x, 0)(h,(a, O)rr)t->o ], =1

where rrk is the jump of Pk (0).
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Since, by construction, the corresponding eigenfunction 0o,o( can be written
for x R:

Ooo,o(X) rlbl(X, 0) -k- rzqb2(x 0),

and because 0oo.o(" is constant on R (equals 0o as previously noted), taking into
account the conditions on the 4’s at x 0, we must have successively: rl 0, rz 0,
bl(X) 1 for every x R and finally rl 0o. The above limit can now be written:

Oor(x).lim Pa (X, t) 2

Since R 02zr(x)dx 1, the above statement shows that the limit is a density.
Because zr(. ) is a solution of equation (3.4), the limiting density can only be the
density p(. ) of the lemma and must be bounded on R.

Finally, since p(. is a solution of equation (3.4), p(. must be continuous on R
under A2. ["]

Indeed, under specific assumptions on m (.) and r(. we can say more about the
nature of the spectrum.

LEMMA 3.3 (nature of the spectrum). Let, ]’or x R:

mZ(x) m’(x) m(x)r’(x) O"2(X) O’(X)O’tt(X)(3.6) /x(x) 2rZ(x +
2 r(x) 8 4

If min (limx_,_o/x(x), lim_,o/z(x)) Ix for some Ix (-co, ], then A can only be
discrete in the interval (-c, Ix).

Proof. We shall give an outline of the proof. By using the standard transformation
(Birkhoff and Rota (1969, p. 296) or Titchmarsh (1946, p. 22)) we can rewrite the
equation (3.5a) in the form of the Schroedinger equation:

dev (y)/dy 2 + (h q (y))v (y) 0(3.7)

with

(3.8) y(x) Io /r(z) dz, x R,

and

(O" (X.)"/r(X),)1/2v(y(x))
4

u(x),

1 dZx/tr(x)’n’(x)
q(y(x))

",/o’(x)’n’(x) dY 2

Since the spectrum is unchanged in the transformation, we may study the nature of the
spectrum from equation (3.7). We know (Coddington and Levinson (1955, Prob. 2,
p. 255), Titchmarsh (1946, p. 113) or Schiff (1955, Chap. II, 8)) that if the potential
function q(y) is bounded from below say by/z, as y tends to either endpoint of its
domain then the spectrum is discrete in the interval bounded above by/z.

More precisely, if min (limx_,_oq(y(x)), limx_oq(y(x)))=/z for some /
[-c, ), then A can only be discrete in the interval oo, ). Using (3.4), (3.7) and
(3.8), we obtain (Banon (1977, pp. 145-148)) q(y(x))=(x) x R, where/x(x) is
given by (3.6), which completes the proof of the lemma, l-]

We now state the last assumption on m (.) and o’(. ).
m6: The pair (m(.), or(. )) is such that of the Lemma 3.3 is strictly positive.
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As an example of functions m(. and o-(. satisfying assumption A6 we can
mention the class of functions such that re(x) Ax and tr(x) Bx as Ixl c with
a,/3 0, 1, A < 0 and B 0. For this class of functions we may simplify the study of
/x (x) at the infinity by noting from (3.6) that" if a 0, 1;/3 0, then

A2 2

ifa =/3 1, then

ifa =0,/3 1, then

tz (x ) (1 /(2BZ))(A B2/2)2;

(x) B:/8.
We notice that the exponent in the first expression is even and the coefficients in the
three cases are always strictly positive and so is tz of Lemma 3:3.

Assumption A6, as it can be seen from Lemma 3.3, implies that the spectrum A
can only be discrete at the beginning of the interval [0, ). Such a result will allow us
to prove the following lemma:

LEMMA 3.4 (the condition G2). Let {Xt, t [0, )} be the process defined by
problem (1.1) under Aa-A5 (with px( )=--p(" )); then under the additional assumption
A6, the Xt process satisfies condition G2 (see 2).

Proof. Using expression (3.3) (with p(x) instead of 7r(x)) of Lemma 3.1 we may
write, for any function f(. on R which is Borel measurable, bounded and such that
El(X) 0, and any s > 0:

(Hsf)(a) j.k=a qbk(a,,) e-XS f(x)chj(x,A)p(x) dxdpk(A),

where Hs is the transition probability operator defined in 2.
Using the Parseval equality we get:

E(Hff)(X) IRe --2As
2

E g(A)g,() dpi,(,),
j,k=l

with

(3.9) gJ(’) JR f(x)rkj(x, , )p(x) dx i 1, 2.

Since, under As, zero is an eigenvalue and the corresponding jumps of pk (0) are 1 for
k 1 and zero otherwise, we have:

E(Hsf)2(X) (IRf(x)p(x) dx)
2

+

Since Ef(X) O, we have"

--2As
2

E
j,k=l

2

e-2 Y g(,)g, () dp, (a.).E(Hf)2(X)
-{0} j,k=l

Let A0 be the lower bound of A {0}; then

2

E(Hf)2(X) <= e-2X E g(A)gt,(A) dpt,(A).
j,k=l
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Markov processes
processes satisfy
condition G 2

ng

Stochastic processes

Processes defined by (I.I)
under A A6 with PX (") p (") )

FIG. 1. Consequence ofLemma 3.4.

Recalling expression (3.9) and using once more the Parseval equality we get the
following bound"

(3.10) E(H"f)(X) <= e-Zs IR f2(x)p(x) dx e-ZsEfz(x).

Inequality (3.10) implies"

(3.11)

Under A6, we have seen that the spectrum A can only be discrete at the beginning of
[0, oo), therefore the lower bound A0 of A {0} must be strictly positive, so that from
(3.11) condition G2 is certainly satisfied. [-1

Finally, using Lemma 3.4, we may rewrite Theorems 2.1 and 2.2 of 2 for the
special case of the Xt Markov process defined by problem (1.1).

THEOREM 3.1 (quadratic mean convergence of p,(xo)). Let {X, [0, oo)} be the
process defined by problem (1.1) under A1-A6 (with px( =- p( )). LetK( and h. be
the functions defined in Theorem 2.1. Let p(xo) be the estimate defined by (2.4).

Then:

pt(Xo) q’m’p(Xo).
t--

THEOREM 3.2. (quadratic mean convergence of p;(xo)). Let {X, e [0, oo)} be the
process defined by problem (1.1) under A1-A6 (with px( =- p( )). Let K( and h. be
the function defined in Theorem 2.2. Let p’t(Xo) be the estimate defined by (2.15).
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If p’(. is continuous and bounded on R, then"

q.
p’t(Xo) w’(Xo).

Remark 3.2. Assumptions A2-A6 are only sufficient conditions. The case m (x)
-sgn (x) and 0.(x) 1, for example, which does not satisfy the Az condition still
works on (see solution of Problem 12, Chapter 4 in Wong (1971, p. 179)).

From the above results (more specifically from Lemma 3.4) we may draw Fig. 1.

4. Estimation of r2. We now assume that the function 0.(. in (1.1a) takes a
constant value 0..

Recalling that 0.2(. may be characterized as the conditional expectation:

o-2(x) lim
1
E((Xt+s Xs)2lXs x), x R, s

t-*0 t

we suggest a recursive estimate of r2.
THFOFM 4.1 (quadratic mean convergence of 0.2,,). Let {Xt, t [0, c)} be the

solution to the stochastic differential equation (1. la) where m(.) satisfies (1.2) and
(1.3), and 0.(x) o x R. Let the initial condition satisfy EX4 <

Let {r}= be a bounded sequence of positive numbers such that"

(4.1) ri --> 0, -> oo,

and {t}= a sequence such that 0 <- t and t + r <-_ t+ 1, 2 .
Let, for n 1,2,...,

(4.2) 0"
2 1 1

(x,,+, x,,).
Fl i=l T"i

Then"
2 q.m. 2

O" --------O"

Because the proof would use the same arguments as those used by Wong and
Zakai (1965) to prove the property of quadratic variation of diffusion processes, it will
be omitted.

Remark 4.1. The estimate 0"2. defined in Theorem 4.1 is recursive, i.e., is the
solution to"

O" 0". --1 " Xtn+ Xt
n nT"n

with n 1, 2.... The choice of the sequence {ti} can be determined by practical
consideration (e.g. ti+l-ti is equal to the computational time of the above difference
equation).

5. Estimation of m(xo). Recall that m(. can be interpreted as the conditional
expectation"

m (x) lim 1_ E(Xt+s Xs IXs x),
to

x R, s [O, co);

one possible way to estimate m (.) (as we did for 0-2( constant) could be to estimate
directly the above conditional mean.
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We propose here another approach using nonparametric density estimation.
In 3 we have seen that the limiting density p(. ), when it exists, must verify

equation (3.4). So, we are able to express the function m(. ) in terms of p(. ). At any
point x0 of R such that p(xo) # 0 we have:

(5.1a) m(xo) 1/2(O’2’(X0) + O’2(XO)q(XO)),
where

(5. lb) q(xo) p’(xo)/p(xo).

Using the result of 3, we may find a procedure to estimate q(xo).
THEOREM 5.1 (convergence in probability of qt(xo)). Let {Xt, [0, oo)} be the

process defined by problem (1.1) under Ax-A6 (with px(" p(" )). Let e > O. Let
KI(" and K2(" be the functions K(. defined in Theorems 2.1 and 2.2 respectively.
Let h. be a positive function on R + satisfying conditions (2.2) and (2.14). For > O, let

o (1/hs)K2((Xo Xs)/hs) ds
(5 2) q,(xo) -eIo K,((Xo X)/h) ds + e

If p’( is continuous and bounded on R, then:

p
q,(xo) q(xo).

t-.-oc

Proof. Multiplying the numerator and denominator of (5.2) by 1/(b) > 0 and
using the estimates given by (2.4) and (2.15) we get"

qt(xo)
p’(Xo)

pt(xo) + e/bt"
Because the mean square convergence implies the convergence in probability, we may
apply the property of the latter relative to continuous functions (here to the quotient)
(Lukacs (1975, p. 43)).

Therefore, using the results of Theorems 3.1 and 3.2, we have:

p.
qt(xo) p’(xo)/p(xo),

which completes the proof by considering (5.1b). l-]

Finally we can state our last result which is relative to a local estimate of the
function m (.):

COROLLARY 5.1 (convergence in probability of m,(xo)). Let tr(. be the function
defined in 1 (which we assume known). Let, for > O,

(5.3) m,(xo) (1/2)(tr 2’(x0) + trZ(xo)q,(xo)),
where q,(xo) is given by (5.2).

Then under the conditions of Theorem 5.1

p.
mt(xo) ;m(xo).

Proof. The convergence in probability of m,(xo) follows from Theorem 5.1 and
from considering expressions (5.1a) and (5.3). U

In the case when the function tr(. is unknown but takes a constant value tr, we
may use the result of the previous section.
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COROLLARY 5.2 (convergence in probability of m,,,, (Xo)). Let or(x) tr /x R,
2(but tr unknown). Let EX4 < x3, and let o’n be the estimate defined by (4.2). Let, for

>Oandn 1,2...,

(5.4) m,,,,(Xo) (1/2)cre,,qt(xo),
where qt(xo) is given by (5.2).

Then under the conditions of Theorem 5.1:

p.
mt,,,(Xo) m(xo).

Proof. The convergence in probability of mt,, (Xo) follows by using the Theorems
4.1 and 5.1 and considering expressions (5.1a) and (5.4). l-1

Remark 5.1. The previous results are true under the specific condition that p’(.
is continuous and bounded (see Theorem 5.1). Actually we should introduce a last
assumption, say AT, on the pair (m (.), tr(. )) such that the above condition is satisfied.

When o-(. takes a constant value on R we can verify that under the following
condition:

min(lim m(x),- lim m(x))>0,

assumptions A5 and A6 are satisfied. Moreover, under A2 p’(" must be continuous
and bounded on R.

This can be seen in writing explicitly the solutions of equation (3.4)"

2m(z)
7r(x) C exp ---T- dz.

Many functions K(. satisfying conditions of Theorem 2.1 and 2.2 have been
proposed in the past (Parzen (1962), Rosenblatt (1971)). Perhaps the simplest choices
for Ka(. and K2(" in (5.1) would be, for y 6 R

K(y) 1/2I(-1,1](Y),
and

K2(y) (1 -lyl)I(_l,l(y);
i.e. K(y) -sgn (y)I(_,(y) -2 sgn (y)KI(y) where

{1 ifyA, { 1 if y=>0,
Ia(y) 0 otherwise

and sgn(y) -1 otherwise.

6. Conclusion. The main results in this paper are the introduction of a con-
tinuous and recursive density estimate, its convergence for a subclass of stationary
Markov processes satisfying an ergodicity condition (G2), and the derivation of
assumptions under which diffusion processes belong to such a subclass.

Actually, many questions remain unanswered. Among them, how the iden-
tification procedure proposed here could be extended to multidimensional stochastic
processes.

Could assumptions A5 and A6 be related to one another?
Under which additional assumptions can we prove the convergence to zero of the

integrated mean square error or the convergence with probability one of our esti-
mates? Can we say something about the rate of convergence to zero of the mean
square error?
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PERTURBED STOCHASTIC LINEAR REGULATOR PROBLEMS*

CHUN-PING TSAIt

Abstract. This paper is concerned with the approximate solution of stochastic optimal control problems
which arise by perturbing the stochastic linear regulator problem, through an additive term with a small
parameter 6 in the drift coefficient of the unperturbed dynamical equations. The system states are assumed
completely observable. Our main results concern expansions of solutions of the perturbed equation in

powers 6, 62, 63, of the small parameter 6.

1. Introduction. The problem of optimal control of Markov diffusion processes
has been the subject of a great deal of research over the past several years. See for
instance [5], [1]. However, it is a difficult matter to calculate optimal feedback control
laws, except for the linear regulator problem and a few other special cases. In this
paper, we consider a nonlinear perturbation of the stochastic linear regulator, which
takes the form of a small quantity 8 times a certain function, and develop a technique
for computing approximately the optimal feedback control. The system states are
assumed completely observable. Our main results concern expansions of solution of
the perturbed problem in powers 6, 62, 3,... and the validity of these expansions.
Part of this problem in a special case has been considered by Kolmanovskii and
Nishikawa et al. See [9], [10].

Consider a stochastic system whose state 8 (t) is an n dimensional vector, which
satisfies a stochastic differential equation

(1.18 ) d8(t)=(A(t)8(t)+t3g(8(t))+B(t)u(t))dt+tr(t)dw(t)
with initial data

(1.28 ) :8(s) x.

Here w is a Brownian motion process of some dimension d. The system state ’(t) is
assumed known to the controller. The control u(t) at time is a vector, of some
dimension k, chosen using a feedback control law Y:

(1.3) u(t)= Y(t, (t)).

The problem is to find among all Y 21(Rk), to be defined in 2, one for which the
following quadratic criterion of expected system performance is minimum.

T

(1.48) JS(s, x; u)= Es, fs L(t, 8(t), u(t)) dt

where T denotes the finite terminal time and L(t, x, u)= x’M(t)x + u’N(t)u. For
convenience, we use the notation

fs’u(t, x)= A(t)x + 6g(x)+ B(t)u.

When 6 0, this is the well-known linear regulator problem, for which the optimal
feedback control is a linear function of state. See [5, 6.5].

(1.5) Y*(s, x)= -N-l(s)B’(s)K(s)x

* Received by the editors November 30, 1976, and in revised form August 3, 1977.
f Lefschetz Center for Dynamical Systems, Division of Applied Mathematics, Brown University,

Providence, Rhode Island 02912. This research was supported by the Air Force Office of Scientific
Research under AFOSR 76-3063.
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and u* is given by (1.3) and (1.5). Here K(s) is the unique symmetric, nonnegative
definite matrix solution of the following matrix Riccati equation

dK (s.___) K(s)A (s ) a’(s)K (s )+K(s)B (s)N (s)B’(s)K (s ) M(s )
ds

with K(T)= 0. It has been proved that K(s) is bounded on any finite time interval.
Let &* (s, x) denote the minimum cost function and consider it as a function of the

initial data

(1.6’) &*(s, x)= inf J*(s, x; Y).
Y(Rk)

We want to show under certain conditions that 4* satisfies the partial differential
equation for all (s, x) [0, T] R

1(1.7’) 6+ tr {rr’6x}+ Ha(s, x, 6) 0

together with the data

(1.8’) 6*(T, x)= 0

where x e R and tr is the trace of a square matrix, i.e.,

Icrcr,,4, * .trt vx, ’. (o’cr’)i
i,j= OXi OX],, denotes the gradient of in the variables x (xx," ", x,)’, regarded as a row

vector

(1.9’) H*(s,x,P)= min [L(s,x, u)+P’ f*’"(s,x)]
uK=R

and the optimal feedback control Y** satisfies

(1.10) y’N(s)y + &(s, x). B(s)y min on R

when y Y**(s, x).
Thus, the completely observable optimal problem is in principle reduced to

solving the Cauchy problem (1.7’(1.8) for * and then minimizing the left-hand
side of (1.10) over R k for each (s, x) [0, T] x R". This is usually dicult to do in
practice. But for 0, it is well known that the solution is (see [5, Chap. VI.5])

6(s,x)=x’K(s)x+q(s), O6sT,

where q(s)= tr {’K} dt and the corresponding solution of (1.10) is just Y*(s, x)
as in (1.5).

We wish to find *, . (and hence also Y**) approximately in terms of quantities
computable from 0, . We show that the following type of expansions hold uni-
formly for (s, x) in any compact set:

(1.11) 8 0+01+202+"" "+kOk+o(k),
2x+ +0x +o().

The coecients in (1.11) have the property that klOk is the kth derivative of * with
respect to when 8 0. Hence they satisfy the equations found by formally differen-
tiating (1.7’) repeatedly with respect to and setting 0. These equations involve
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the partial derivatives of Ha and 4 of corresponding orders. Whether such expan-
sions are available will depend on smoothness properties of Ha which will be guaran-
teed by the assumptions in 2. Suppose we use the optimal unperturbed policy yO, in
the perturbed problem. We would like to know how close to the optimum is the
performance J(s, x; y0,) in perturbed problems. Our method will also answer this
question.

We begin in 2 by discussing assumptions on f,L, (k) and then get some
preliminary results about the existence, uniqueness, boundedness of the moments of
s and some properties of Ha. In 3, the existence and uniqueness of solutions of
dynamic programming equations are proved. Then we use a verification theorem to
show that the solution is b. In , we give the approximation method and prove that
it is valid and finally we discuss the goodness of y0, in the perturbed problem.

2. Assumptions and preliminary results. If F is an open set, we write g C (F) to
mean that the function g together with its partial derivatives of orders j 1,. ., are
continuous on F. If F is not open, then g C(F) means that g agrees on F with a
function h C(F’) where F’ is open and F c F’. Similarly, let C1’2(Q) be defined as
above except g is twice continuously differentiable with respect to x and continuously
differentiable with respect to t. Let C,(Q) denote the class of all continuous functions
6 which satisfy a polynomial growth condition on Q, i.e., for some positive constants
c, m, [(t,x)]<-c(1 +Ix[")when (t,x) Q. Let us also denote by C)(Q) the class of
functions in C(Q) which satisfy a polynomial growth condition on Q.

The following assumptions are made.
(AI) A(t), B(t), M(t) and N(t) are bounded C matrix-valued functions with

size n x n, n x k, k x k, respectively. M(t) is symmetric semi-positive and N(t) is
symmetric positive definite.

(AII) g C(e)(R) and gx(x) is a matrix-valued function with diagonal elements
bounded above and off-diagonal elements bounded.

(AIII) There exist positive constants M, M2, M3, constants a l, a2 independent
of 6 and a positive C function V(x)such that

(a) 1/2tr {r(t)r’(t)Vx(X)}+ Vx(x)" (A(t)x +3g(x))Ml(l + W(x)),
(b) (11 + Ix [)[ Vx (x)1 <-- MI(1 + V(x)),
(c) V(x) o as Ixl ,
(d) 1 -[- M21x[2 <-- V(x) <- a+M[xl2.

(AIV) There exist positive constants Cl, c such that
(a) [o’(t)l _-< c(1 + Ix[)

and for all u 6 R"
(b) Y’,.i=I (r(t)cr’(t))Wui >- c2[u

(AV) K=R ’.
Condition (AIV) (b) means that noise enters directly into each component of the
system. The corresponding dynamic programming equation is uniformly parabolic.
This enables us to apply results about parabolic partial differential equations.
However, uniform parabolicity does not hold for many systems of interest. In some
cases, we can still get the results by the method which involves approximating the
noise coefficient o- by r which has an inverse (r)-1 for each e > 0.

Under the assumptions of (AIII) and (AV), we have the existence and uniqueness
of the solution t(t) of the free-control system, i.e., let u 0 in (1.18). Moreover, for
any positive integer m, there exists a positive constant C,, depending on t, M1, M2,M
such that for all 6 > 0 (see [4], [7], [8])

(2.1) E ,x In (t)[" -< C. (a / Ix I’).
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If K is a compact subset of R k, then H8 is clearly well defined by (1.98). Let
u V(s, x, p) be the unique vector in K at which H8 is a minimum on K for every
(s, x, p) belonging to an open set F of R2"/1 where p is a vector of dimension n. Then if
F is a set such that V Ct(F), we have H8 e C/+I(F). Moreover, H L +Pf, H
L +Pf, Ho f; see [2]. When K R k, we can see easily that H8 is a C function and

(2.2) V(s,x,p)= -1/2N-1B’p ’.

Let K be any closed convex subset of R ’ containing 0 as an interior point. Let

O=[O, T] x R", O [0, T] x {Ix I-< r}, r=1,2,....

We define (K) as the set of all functions Y such that
(a) Y(s, x) K for all (s, x) Q,
(b) when (s, x), (s, y) Q, with 0-< s =< T’< T

(2.3) Y(s, x)- Y(s, y)[ _-< alx yl,

(c) for all (s, x)
The positive constants a,,/3 may be different for different functions Y, and a, may also
depend on T’.

LEMMA 2.1. Conditions (2.3) insure the existence and uniqueness of the process
8(t) in (1.18), given the control Y and the initial data (1.28).

Proof. Using the same V as in (AIII), we have

1
tr {o’(t)o"(t) V,,, (x)} + Vx(x). (A(t)x + 6g(x)+ B(t) Y(t, x))

=<M1(1 + V(x))+ fl(1 + Ix[)[ V, (x)l
_<-MI(1 +/3)(1 + V).

Hence the solution 8 of (1.1) with (1.28) exists. This follows a result of [4].
Uniqueness comes from (2.3) (b). O.E.D.

Furthermore, there exists a positive constant C such that

(2.4) Es,x max [:8(t)l C’(1 + Ixl ).
s<_t_l

The next lemma is an estimate on Esxl8(t)l. We utilize here the assumption on gx.
This lemma and the result about W following this lemma will be used in the proof of
Lemma 3.2.

LEMMA 2.2. Es.l8(t)l <--C (1 + Ixl) where C2, is a positive constant independent
o[K.

Proof. Since 0e K, by (1.68) we have
T

&8(s, x)<-Es.x f q’(t)M(t),l(t) dt

where r/(t) is the solution of free control system. Because M(t) is bounded, there
exists a constant/31 > 0 such that

T

$8(s’x)<=BlEs’ Is [r/(t)[ dt.

By (2.1) we have

& (s, x ) <-/3z(1 + Ix 12)
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for a positive constant 2. Let uS*(t) be the optimal control and :8, the corresponding
trajectory. From (1.68) and the positve definite of N(t) we have

(2.5) Es, lu*(t)lz dt<--- (1 +lxl2)

where the positive constant 3’ satisfies

l’N(t)lx >= 3"l/x z

for all/x R k.
Now subtract the equatibn governing the free-control system from (1.18) with

u u 8,. Using the mean value theorem, we obtain

with (:8, r/)(s) 0. Let

gx(xl=Gl(xl+G2(x)

where GI(X) is a diagonal matrix-valued function whose diagonal elements are those
of gx (x) and G2(x) is the same as gx except diagonal elements are all zero. Let

(,Al(t)=A(t)+6 GE(r/+A r/)) dA.

By assumption, A l(t) is still a bounded matrix-valued function. Let XE(t, v) be the
principal matrix solution of the following equation at initial time v,

dXl(t, v)=6 fo Gl(rl +A(8*-rl))dA Xl(t’ v)dt.

Since the elements of G1 are bounded above, Xl(t, u) is bounded for s -< v <- t. Using
the variation of constants formula, we get

T

(8"-- r/)(t)= f X(t, v)[A(v)(8*-rI)(v)+B(v)u S*(v)] dv.
as

Then
T

X(t, v)A x(v)(8*(v)-rl(v)) dr[ 2

+ 2 Xl(t v)B(v)uS*(v) dv

Taking expectation Es, and by (2.5), Cauchy-Schwarz and Gronwall’s inequalities,
we have

E,xla*(t)-w(t)[ =</3(1 +[xl=)
where/33 is a positive constant. Hence

E,x1*(t)l= < 2E,x I:8.(t)- r/(t)l= / 2E,x In (t)l =
--<-- fl4(1 + [Xl2)
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where f14 is a positive constant. Since (Es,xl8*(t)l")1/0 is nondecreasing as p increases,
we obtain

where Cff is positive constant not depending on K. Q.E.D.
Let X2(t, v) be the principal matrix solution at initial time v of

dX2(t, v)= Gl(*(t))X2(t, v) dt.

By assumption on G1, Xl(t, v) is bounded for s =< v _<- t. Let W be the solution of

dW(t)= (A(t)+ g(*(t)))W(t) dt

with W(s)= identity matrix. Again, using the same technique as before, we can show
that W(t) is bounded and the bound does not depend on x.

This next lemma, a modification of Lemma V.5.2 of [5], is concerned with the
probabilistic representation for solution (s, x) of a linear partial differential equation

1
0s+ tr {rr’}+ x" f+ g(s, x) + h(s, x)= 0.

LEMMA 2,3. Let be a solution of the above equation in [0, T] x R with 6(T, x)
q(x), suppose that O, h, belong to C’2(Q) and g is bounded and continuous on Q;
then

T

tO(s, x)= Es, Is D(u)h(u, (u)) du + Es,xD(T)((T))

where

D(u ) exp g(v, (v)) dv

Proof. Consider OD in the proof of the cited lemma. Q.E.D.

3. Dynamic programming equation. The goal of this section is to establish
Theorem 3.1 below. Let 0 denote the set of all nonnegative real-valued functions ff
on Q such that

(i) the partial derivatives 4,s, 4’,, ,,j, i, j 1,..., n are continuous on O and
satisfy a H61der condition on each compact subset of O,

(ii) Cp(O),
(iii) (T, x)= 0 for all x.

We seek a solution in 0 of

1
(3.1) s+ tr {rr’bx}+n(s, x, 0x) 0

with the Cauchy data 4,(T, x)= 0. If is such a solution, let Ys* be defined by (1.10).
Since the first term on the left-hand side of (1.10) is quadratic in y and the second
term is linear in y, (1.10) uniquely determines Y*. The function Y* clearly satisfies
(2.3) (a). By a similar proof as for Theorem 2.2 of [3] it satisfies (2.3) (b), we shall
prove later that (2.3) (c) holds.

The proof of Theorem 3.1 will proceed by approximation of the domain. The
following theorem is quoted from [5]. It tells us that the existence of each and Y*
implies a solution to the minimum problem. Let F be an open subset of O and 0*F be a
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closed subset of the boundary of F such that (z, ’8(z)) 0*F with probability 1, for
every choice of initial data (s, x) F and every admissible control, where z is the first
exit time. Let

J(s, x; Y)= Es.x L(t, 8(t), u(t)) dt.

Verification theorem. Let 0(s, x) be a solution of (3.1) with the boundary data
(s, x)= 0 for (s, x)e O*F such that is in C’2(F) and continuous on the closure ’,
then

(a) (s, x)<=J(s, x; Y)for any admissible feedback control Y and any initial data
(s,x)r;

(b) if Y* is an admissible feedback control such that (1.10) is satisfied when
Y Y*(s, x), then 0(s, x) J(s, x; Y*).

This Y* is optimal among all admissible feedback control laws, for all choices of
initial data (s, x) F.

Let us now show that there is a unique solution in o of (3.1). This will be done by
approximation in two stages. In the first step we assume K is a compact set containing
zero as an interior point. Let r, denote the first time t_-< T when [(t)[ r; if [’(t)] < r
for s -<_ -<_ T, we set ’r T, where (s) x and Ix < r. Let

(3.2) Jr’(S, X; Y) Es.x L(t, (t), u (t)) dt.

As r m, ’r increases to T. Since L is nonnegative, the monotone convergence
theorem implies that Jr(S, X; Y) tends to JS(s, x; Y). For r 1, 2,. ., let

,(s, x)= min Jr(s, x; Y);
Y(k)

then 0 <_- _-< <_-...; since 0 K, we have Cr < Jr’(S, X 0). From (2.1) and
Jr’(S, x; O)<-J(s, x; 0) we have

(3.3) a(l+lxl)

for some positive constants Pl. Let

(3.4) (s, x)= lim (s, x).

Clearly, satisfies (3.3) too. By Theorem VI 6.1 of [5] and the verification theorem,
for each r, is a solution of (3.1) with the boundary data 0 on

Zr ([0, T] x {Ixl r})U ({T} x {Ixl-<r}).

In order to show that also belongs to ,0, we need to establish a uniform bound on
any compact set for the gradients ()x.

LEMMA 3.1. Let B be a compact subset of Oro; then () is bounded on B
uniformly with respect to r > ro.

Proof. With in Lemma 5.3, of [2, p. 494], we have

(r)x(S,X)-’Es,x LxWdt+Es,x(r)x(’rr,8(r))W(’rr)
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where zr is the exit time from Qr with Y Y*, the optimal control law corresponding
to &. Since (&fl)x(T; :8(T))= 0, ILxI<=alL +a2 for suitable al, a2 and W is bounded,
we have

I(r)x(S, x)l o10(S, x)-]-- t2(T- S)-[" max ](f)lP{r < T}.
txl=r

Let Nr be a number such that

By (2.4), we have

P{- < T} <- r-XC (1 + Ixl),
where C( does not depend on r. If we take A 2 + and recall (3.3), this proves the
lemma.

whenever Ix[< r. Then

(3.6) 1(6Y) (s, x)l 011 r(S, x)+a2(T-s)+NP{r< T}.

In order to show that NP,{r, < T} is uniformly bounded with respect to r > r0, we have
to estimate Nr. Given x take x with Ixl=r, Ix-xl=r-lx]. Let ,=-x/r; we
construct a barrier 0 at (s, x) as follows"

O(s, x)= e T-s (1 e -kr (x-x))
where k, is the positive root of

ck2 Mrk 1 0

where Mr is a bound of IAt + 6g(x)+ BY’] whenever [xl-<-r and c2 is defined in (AIV).
By straightforward calculation, we have

1
0s + tr {tro"0xx} + Ox (Ax + 6g +BY*) <- 1

and 0 -> 0 on Or. By the maximum principle,

O(s’ x)<- ( max L Y*)
Moreover, since O(s,x)=O and r-Ix] Ix-xl,

O(s,x)<=(maxlOl)(r-[xl),
O(s,x)<-ek,(r-lx[).

Since K is compact, kr -<DI(1 + r) for some positive constant D1 and LY =<D2(1 + r)2,
therefore

6fl(s, x)--<-- O3(1 + r)2+

for some D3 > 0. We take Nr D3(1 + r)+. Finally,

-hP{’rr < T} <- r Es, max ]:8 (t)[x.
s<_t<__T
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Standard estimates for second order parabolic equations (see [5, pp. 60, 65,191])
and passages to the limit then imply the desired properties of 8. The technical details
of the argument are similar to the proof of Theorem VI.6.2, of [5].

We have shown that & 0 and Y* (K). Hence by the verification theorem,
(s, x) is the minimum values of J (s, x; Y).
The following lemma is a probabilistic representation of .
LEMMA 3.2. (s, x)= E, fLx(t, *(t), u*(t))W(t) dt, where W(t) is defined in

2.

Proof. By (3.6), NrPrO’r < T)0 as roo and limr_,, efx, we have

111 +a2(T-S).

Thus, using the boundedness of W, which was proved in 2, we obtain

Hence

E,x. Iex(r,:(r’)) W(r’)[ _-< const. (1 + r)2p(rr < T).

Es,x[xO" (,rr)) wo’r)l -> 0 as r-> .
By Lemma 5.3 of [2] on and r T as r oo, we have

,(s, x)= Es. L(t, ’*(t), u*(t))W(t) dt. Q.E.D.

From Lemma 3.2 and Lemma 2.2, there exists a positive constant v independent
of K such that

(3.7) [x(S, x)[-< v(1 + Ix[).

Let us now consider the case K R k For rn 1 2,. let

K

Consider the corresponding Hm in (3.1) and solution &" found by the previous
method. Then &l _>&2>... =>0. Let

8= lim ".
By (3.3) and (3.7), " and " are uniformly bounded on each compact set. Since
Ha" tends to Ha as rn--> oo, the same reasoning indicated right after the proof of
Lemma 3.1 shows that e o and satisfies (3.1). It remains to show the correspond-
ing optimal control policy Y* satisfies (2.3) (c) and hence belongs to Y(Rk). Let
Y"’= Ys"* be the optimal control function corresponding to &". Then Y" tends to
Y* as rn--> oo. We want to estimate Y"I. Given (s, x), let M(y)= y’Ny +. By.
Then M is minimum of K" for Y Y" Y" (s, x). Since 0 is an interior point of K,
we have

Mv(Y’). Y" d Y" < 0=zM(Z
Therefore,

2 Y"N(t)Y" +. BY’ <-_ O.
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Since B (t) is bounded, we have for some positive constants u2

By (3.5) then

Y l-< 3(1 + Ix[)
where u3 does not depend on Km. Therefore we obtain

THZORZM 3.1. The function qbS(s, x) defined by (1.68) belongs to o and satisfies
(3.1). The ]’unction YS*(s, x) defined by (1.10) belongs to (R*). Thus ys, is optimal.

Actually b8 is as smooth as we want (C), since H8 is C and we also have the
Cauchy data; see [6].

4. Asymptotic formulas for,.We are now ready to consider the expansions
of solution of the perturbed problem in terms of the solution of unperturbed problem.
At the end of this section we also indicate how the methods tell the goodness of the
policy y0, in the perturbed problem. Since A(t),B(t),M(t) and N(t) are C
functions, then b8, b, yS, and yO, are C functions too.

LEMMA 4.1. b8 (s, x)- b(s, x).
Proof. Let 8,, yO, be the controls corresponding to b 8, b, respectively, and

:8,, :o, be the corresponding Markov processes, respectively (given the same initial
data (s, x)). Let :, sr be the solutions of

d:(t) (a(t)(t)+ 8g((t))+ B(t) Y*(t, sc*(t))) dt + tr(t) dw(t),

d((t) (A(t)((t) +B (t) YS*(t, 8*(t))) dt + tr(t) dw(t)

with initial data ’(s)= sr(s)=x. Suppose X(t, v) is the principal matrix solution at
initial time v of dX/dt A(t)X; then we have

8, ( 8 Js S(t, v)g(8*(v)) dv

and it is easy to see :8, r in probability as 6 0. Similarly we have (o, in
probability as 8 0. By definition of b 8, bo we have

qb S (s, x JS (s, x yS,) <_ jS (s, x y0,),

ck(s, x) J(s, x; yO,) <_ jO(s x; yS,).

Here we use Theorem 3.1 in [3] that the nonanticipative control does not do better
than the optimal feedback control. Thus

(4.1)

jS(s,x; yS,)_jO(s,x; yS,)<_bs_bo<__jS(s,x; yO,)_jO(s,x; y0,),

T

Es, f [8*’(t)M(t)8*(t)- ’(t)M(t)(t)] dt <- t8 qb

T

<-- E,xf [’(t)M(t)(t)- *’(t)M(t)*(t)] dt.

Since E,,x(8*’M8*-(’M()2 and Es,x(’M-*’M*)2 are bounded and the
bounds do not depend on , we use Lebesgue dominated convergence theorem to get
the result, since we have convergence in probability of .8, ._> sr :._> o,. Q.E.D.

LEMMA 4.2. )(S, X)- 4,(S, X) uniformly on any compact set.
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Proof. Since in (3.7), t, is independent of 6, (3.7) implies that b is uniformly
bounded on any compact set. By Theorem 3.1, & o. Moreover, we know b C.
Hence b is equicontinuous on any compact set. By Ascoli’s theorem, there exists a
subsequence b- which converges uniformly to a limit sr. Let us show that sr bx.
Since

Xi IXx’i

qbx" dxi i dxi
Xoi Oi

and using Lemma 4.1, we obtain

(4.2) x,"dxi=cb"(s, xi)-n"(S, Xoi)b(s, xi)-c/)(S, Xoi).
Oi

Then using fundamental theorem of calculus, we have ’x, =4x, and hence the
lemma. Q.E.D.

LEMMA 4.3. :* :o, in probability as 6 O.
Proof. From (1.1 ), (1.1) we have

d(:, srO,)= (a(sc, :o,)+ 8g(,)+B(y,(t, ,)_ yO,(t ,)
+ Y*(t, sea*) Y*(t, so:*)))dt

with :*(s)-:*(s) 0. By (1.5)

y*(t, *)- y*(t, so*)= N-l(t)B’(t)K(t)(*(t)- *(t)).
Let X(t, v) be the principal matrix solution at initial time v of

dX (A(t)-N-l(t)B’(t)K(t))X dt.

Then

X(t, v)(6g(*(v))+B(Y*(v, s*(v))

Y*(v, :*(v))) dr.

Since E,lg(4r*(v))l, E,I Y*(v, sc*(v)) Y*(v, :*(v))l2 are bounded independent
of 6 and Y*(v, *(v)) approaches Y*(v, *(v)) almost surely,

E[:*-*[-0 as 60.

Thus

:, :o, in probability as 6 0. Q.E.D.

We now consider formula (1.11)with k 1.
LEMMA 4.4. C=+601+0(6) where 6-1o(6)0 as 60 uni]:ormly on any

compact set and 01 satisfies
1

(4.3) (0)+ tr {crr’(01)}+ (0)’/’v*+4" g=0

with the initial data 0 T, X O.
Proof. We can show 01(s, x) has the following form:

T

OI(S, X) Es, f Cx(t, s*(t)) g(s*(t)) dt.
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For 8 > 0, let

0=-(-).
By (1.78) and (1.7), 0x satisfies

(4.38) (0) +- tr {crr’(01)}+ (0) .f8"(Y*+Y*)/2+)O g=O.

Let (8 be the solution of

d(8 (t) fsxY*+ YO*)/2(t 8) dt + or(t) dw

with initial data ’8(s)=x..Since 1/2(yS,+ yO,), the solution r8 exists which is
unique in the usual sense and all of its moments are bounded. In a way similar to the
proof of Lemma 4.3, we can show that rso, in probability as 8 0. Also by
Lemma 2.3,

O(s, x)= E,x I o6(t, (t)) g((8(t)) dt

where bx .g satisfies polynomial growth condition, i.e., Es.xl(t, (8(t)). g(rs(t))]2 is
bounded independent of & Hence

(4.4) limso Es’x Is
T T

6o(t, 8 (t)) g(8 (t)) dt Es, 6x(t, sc(t)) g((t)) dt.

Thus 0- 01 as 8 0. The convergence is uniform on any compact set. Hence the
lemma is proved. Q.E.D.

Now we consider formula (1.12) with k 1.
LEMMA 4.5.8x=b+8(O)x +0(8) where 8-o(6)0 as 80 uniformly on any

compact set.

Proof. It is equivalent to show (0f), (01), as 8 0. Using (4.38), we find that
(0),, satisfies

1 08 8 + (o g)x, 0(4.58) (Ox,)+tr{crcr’( lx,)xx+(Olx,)x f&Y*+(O81)x fSxl Y*

with 0 lxi(T x)= 0. Let W8 be the principal matrix solution at initial time s of

dW8 fs’g*(t, 8*(t))W8 dt.

In fact, fx8,Y* A + 8g,-BN-B’K. Using a proof similar in technique to that for the
boundedness of W, we can show that W8 is bounded and the bound does not depend
on x. In a way similar to the proof of Lemma 3.2 we can show

(4.68) (O)x(S, x)= E.x I,T(x g)xW8 dt.

Since moments of :8*(t) are bounded and (b. g)xW8 Cp, then

(4.7)
T

8-,olim (O)x(s, x)= E., f, (6 g),Wlo.eo,o) dt

where W is the principal matrix solution at initial time s of

dW (A BN-1B’K)W dt.
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It is easy to see the right-hand side of (4.7) is just (Ox)x(s, x). Indeed, from (4.3) we
have

(Olxi)s "t" tr {o’o"(Ox,)x} + (Ox,)x. fo, vo. q-(01)x" f0/, yo* o g)x, O.+(6x

By a similar procedure
T

(01)x(S, X) Es fs ((DOx g) oW I(,eo.(o) dt.

Hence (O)x --> (0i)x as 6 --> 0 uniformly on any compact set. Q.E.D.
: :) :)LEMMA4.6.b=q+(01+ 02+O( where S-:o(8 ->O as S-O uniformly on

any compact set and 02 is defined by
1 1

(4.8) (02)s+-tr{cro"(O2)xx}+(O2)x "f’YO*+-OixUppOlx+(Oi)x. g=0
with initial data 02(T, x) 0.

Proof. Let
0-- (-1(016-- 01)--" (-2((3 (0_ (01).

Then the problem is equivalent to 0 3
2--) 02 as 6--) 0. By (4.33), (4.3), 02 satisfies

0 819 3
1 1

(01)xnpp(O1)x +(01)x g=0.)s + tr {(rr’(O)xx}+(O)x" f3,(vs*+vo*)/2 +2
Using Lemma 2.3, we obtain

T

(4.93) O(s,x)=Es, fs ( Olx(t, (3(t))HpOx(t, (3(t))
-6 01x(t, 3(t)) g(f3(t))) dt.

Since sr - :o. in probability as 6 0 and by (4.6), (4.6) we can see that both (01)
and (O)x belong to G,, i.e., the integrand of (4.9) also belongs to Cp; hence

lim O(s, x) Es, f O(t, *(t))HpOt(t, ’*(t))
3-0 s

+ Ox(t, *(t))" g(’*(t))] dt

and the right-hand side is just 02(s, x). In fact from (4.8),

02(s, x)= E,x 01x(t, *(t))H?pOlx(t, *(t))
(4.90)

+ Old(t, *(t)) g(*(t)))dt.
Therefore, 0--) 02 as 6 --)0 uniformly on any compact set. Q.E.D.

We can continue the procedure and finally we have
THEOREM 4.1. The expansions of (1.11), (1.12) are valid ]’or any k to and hold

uniformly on any compact set.
COROLLARY 4.1.

Y3*(s, x)= Y*(s, x)-(3/ 2)N-I(s)B’(s)(O1)x(S, x)

(6/2)N-X(s)B’(s)(Og )’ds, x)+ o(6)
where k <- 1.
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Proof. Use (2.2) and Theorem 4.1. O.E.D.
Now we consider the goodness of Y*(s, x) in the perturbed problem. By Corol-

lary 4.1 we know yo. gives approximately the optimal control policy in the perturbed
problem for small t. It is also plausible that yo. should give approximately the
optimum in the perturbed problem. The above lemmas and their method of proof put
this rough statement on a quantitative basis. Let

8(s, x) J8 (s, x; yO,).

In particular, (s, x) &(s, x). For t > 0, (s, x)- & (s, x) represents how much
yO. fails to be optimal in the perturbed problem. It is known that o and satisfies
the linear parabolic equation

1 ,(4.10) ()+ tr (rr x)+" fs.vO*+x,Mx + Y*’NY* 0

with initial data (T, x)= O. Let us write

(4.11) , 0-b /’1 + 2/’2 + 0 (2).
By the same procedure as before, we have for k 1, 2

1
(4.12) (gk)s +tr (rr’(gk)xx)+(gk)x" fO’Y*+(gk-1)x" g=0

where Xo=. Let gl 8-1(-),X 8-2(--8X1). Hence for k 1, 2

1(Xg)s +tr (crtr’(Xg)x)+(Xg)x" fs’v* + (X-i), g=0.

Then

/’1 191,
T

E, J Ox(t, :(t)) g((t)) dt.X2

By the same procedure, we can prove Xl-->h,1, gg-*g2 as 80 uniformly on any
compact set. By comparing with Lemma 4.6, we find that

1 2 r(4.13) (s,x)-(s,x)=-8 E, O(t,(t))HpO(t,(t))dt+o(82).

Formula (4.13) shows that y0. gives within order the square of the intensity of
perturbation 8 of the optimum.

Example. Let be the solution of the scalar It6 equation

d (_ $()3 + u(t)) dt-wdw

with (x)= x. The control set is R. The criterion of performance is

J(s, x u) E. J (2+ u 2) dt.

Here g(x)= 3x 2. It is bounded above so that Theorem 4.1 and Corollary 4.1 can be
applied. By [5, 6.5], we have

(s, x)= K(s)x 2 + q(s)
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where K(s) tanh (T s) and q (s) 0.2 In cosh (T s). By Theorem 4.1
T

01(S, X)= 2 Js k(t)Es’x4(t) dt

2(/31(s)x4 -I-/2(s)x 2 "+" i{3(s))

where

( 1 )fix(s)=l 1
cosh4(T-s)

60.2(T-s) ((s) 4cosh tanh (r s)(cosh4 (r-s)- 1)

_1 sin 4(7’- s)+ ,7’- s)8 2

3(S) 60.4(tanh2(T s)(cosh4 (T- s)- 1)

tanh (T s) g sin4 (r s)-
2

1 (1 -cosh2 (T- s)+
1

2 cosh2 (T- s)
(cosh4 (T s) 1)).

Then

4, (x, x)= 4,(s, x)+ O(s, x)+ o(),

Y*(s, x)= Y*(s, x)+ 6(41(s)x 3 + 2/32(s)x) + 0(6).
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A STOCHASTIC GAME MODEL OF A WEAPONS
DEVELOPMENT COMPETITION*

WAYNE WINSTONS"

Abstract. We model a weapons developmeht competition between two countries as a two person
zero-sum stochastic game. Conditions are given which ensure that each player’s optimal strategy is
monotone in the state, horizon length and discount factor. A non-zero-sum stochastic game model of a
weapons development competition is also discussed.

1. Introduction. In this paper we investigate the structure of optimal policies for
discrete and continuous time two person, zero-sum stochastic games which model a
weapons development competition between two nations. Utilization of mathematical
models to explain the dynamics of arms races began with Richardson [4]. To date,
however, very few arms race models have employed game theory, and those that do
have been deterministic models (see [7] and [8]). While our model has some defects,
we feel it does an adequate job of incorporating the effects of uncertainty on a nation’s
weapons expenditures.

In 2 we begin by developing a discrete time two person zero-sum stochastic
game model of an arms race. Optimal strategies for both finite and infinite horizon
models are characterized in 3. Finally, the arms competition between M nations is
modeled in 4 as a non-zero-sum M-person continuous time stochastic game. For a
special case of this model, a Nash equilibrium point is explicitly computed.

2. The model. We consider a weapons development competition between coun-
tries, country 1 and country 2. During any period (t 1, 2,... ) we let denote the
’state’ of the weapons development competition. If the state during a period is i, this
means that the difference between country l’s and country 2’s weapons level
(measured with reference to country 1) is given by i. It will be assumed that is an
integer, and the set of all nonnegative integers will be denoted by L Also, for any
positive integer k we let I; {1,..., k} and I {0,-1,...,-k}.

During each period both countries must decide how much to invest on weapons
development. Country l’s weapons development expenditures must be a member of
A1= {b(1), b(2), b(/)} (b(1)< b(2). < b(l))while country 2’s expenditures must
be a member of A2={c(1), c(2),..., c(rn)} (c(1)<c(2)... <c(m)). If the state
during a period is N* we assume country 1 has ’won’ the competition and country 2
must pay country 1 an amount R (N*) during each successive period. Similarly, if the
state during a period is N,, we assume country 2 has ’won’ the arms race and country 1
must pay country 2 an amount R (N,) (probably negative) during each successive
period. We allow for the cases where N* and N, do not exist by writing N*= c and

To give a possible interpretation of N* and N, suppose country 1 is the U.S.S.R.
and country 2 is the U.S.A. and we are concerned with nuclear weaponS. Then N*
might correspond to a level of nuclear superiority which would enable the U.S.S.R. to
launch a successful ’first strike’ which would result in a ’Pax Soviet’, while N, might
correspond to a level of American nuclear superiority which would enable us to ’make
the world safe for democracy.’

Consider a period during which the state is (N, < < N*) and country 1 spends
b(]) on weapons development and country 2 spends c(k) on weapons development.
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Then with probability h () the state during period + 1 will be + 1 (corresponding to
the development of a new weapon by country 1), with probability Ix(k) the state
during period + 1 (corresponding to the development of a new weapon by country 2)
will be 1, and with probability 1 h (j)- Ix (k) the state during period + 1 will be
[of course, we require h (/’) + Ix (k) <- 1]. Thus we are modeling the progress of an arms
race as a controlled random walk in which an upward transition corresponds to the
development of a new weapon by country I and a downward transition corresponds to
the development of a new weapon by country 2. In our model .at most one transition
per period is permissible. This will be a reasonable assumption if the length of a period
is chosen to be sufficiently small. If our state variable referred to absolute armament
levels rather than weapons dvelopment a random walk model would be less appro-
priate, since transitions into nonadjacent states would clearly be possible. Unfor-
tunately, no analytical results have been obtained for models in which transitions to
nonadjacent states are permissible. We also note that other random walk models
might be more appropriate. For example, the assumption that the probability of a
transition from to + 1 (resp. i- 1) is given by h (j)/[h (j) + Ix (k)+ z] (resp.
Ix (k )/[h (j) + lx (k ) + z ]), z >0, incorporates the fact that the effects of the expen-
ditures of one country are influenced by the action of the other country. Unfortunate-
ly, this interaction has made it impossible for us to obtain any results for this model.

Finally, during any period in which the state is country 1 receives a payoff of
R (i) from country 2. This R (i) is a measure of how a nation’s well-being depends on
their relative position in the weapons development competition.

This model will now be formulated as a two person, zero-sum stochastic game. As
defined by Shapley [6], a two person stochastic game is characterized by the following:

1. A state space S.
2. The finite set of actions A’ available to player v (v 1, 2) in state s e S.
3. The reward or payoff R(], k) which is paid from player 2 to player 1 during a

period in which the state is and player 1 chooses action/" and player 2
chooses action k. Rewards are discounted by a factor ft.

4. A set of transition probabilities {p(], k), i, s e S, ]A, k A2}, where
p(], k) is the probability that the state during period + 1 will be s given that
the state during period was i, player 1 chose action ], and player 2 chose
action k.

To formulate our problem as a zero-sum stochastic game we assume that each
country (player) wishes to maximize how they are doing vis vis their opponent. Then
our model is a zero sum stochastic game with state space S Iff. U I., action spaces
A-{b(1), b(2) b(/)} and A2= {c(1), c(2),..., c(m)}, transition probabilities
given by

p.+(b(j),c(k))=h(]), iN. orN*,

pi.i-x(b(]), c(k)) Ix(k), N, or N*,

p,(b(.i), c(k)) 1-Z (/’)- Ix(k), N, or N*,

pN.N.(b (j), c(k))=PN*N.(bq), c(k)) 1,

pij(b(]), c(k))= 0, otherwise,

and rewards
R,(b(.i), c(k)) R(i)-b(])+c(k).

Actually it would probably be more realistic to formulate our problem as a non-zero-
sum game in which the one period payoff to country 1 is R (i)- b(]) and the one period
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payoff to country 2 is-R(i)-c(k). Unfortunately, we have been unable to obtain any
analytical results for such a formulation except for the case in which R (i) is linear.

We define A(II) to be the set of stationary strategies for country 1 (country 2).
Then e A is a set of probability vectors of the form g(i)= (81(i),’’’, 81(i)} where
8j(i) is the probability that country 1 will spend b(j) on arms during any period in
which the state is i. Similarly 7r e H is a set of probability vectors of the form
(i)=(7r1(i), 7r2(i),’’ ", rr,,(i)), where rk(i) is the probability that country 2 will
spend c(k) on arms during any period in which the state is i.

A stationary strategy 817r] is a pure strategy if for each e S there exist F(i) IF(i)]
such that 8F(i)(i) l[zrp(i)(i)= 1]. Let V(i, , r) be the expected discounted payoff
received by country 1 during an infinite number of periods when country 1 follows
stationary strategy 8, country 2 follows stationary strategy or, and the initial state is i. If
the game is played for an infinite number of periods we seek stationary strategies e A
and .Tr e H (termed infinite horizon optimal)which satisfy

(1) V(i, 8., rr)>= V(i, 8., . )>= V(i, 8, . ), rr e H, 8 e A, e S.

We will write V(i, 8., .)= V(i) and call V(i) the value of the game to country 1 if the
initial state is i. For S finite, the existence of infinite horizon optimal strategies was
demonstrated by Shapley [6]. Shapley also proved that V(i) does not depend on the
choice of .8 and . Since the action spaces in our problem are finite, the results of
Denardo [2] show that if $ is finite and the game is played for an infinite number of
periods, our restriction to stationary strategies is without loss of generality. For infinite
horizon problems, we therefore restrict our attention to stationary strategies.

Suppose the game is to be played for T< periods. For any
TT X t= T T T1 TT ) t-- T r(sT1, { )e t=l A= A and 7/"-" (T/" ," qr )e t=l II II let

vtT(i, 6, rr) be the discounted expectedp_ayott accruing to country 1 during PTeriods t,
+ 1, , T when country 1 follows 8 during period k, country 2 follows zr during

r 1-iTperiod k and the state is at the beginning of period t. We seek
(termed T-period optimal) satisfying

v,T(i, 8. T, rr > V,T(i, 8. T, . >= V,T(i, 8 T, .
T(2)

8 r eAT
rr eIIT, eS, t= 1,2,...,t.

It is well known that T-period optimal policies exist and may be computed by
backwards induction. Since our game is zero-sum, Vr(i, .8 T, .rr r) is independent of the

T T.
choice of .a T and .rr We therefore write V, (t, .a T, .rrT) VtT(i). We define Vr+l(i)

T0. For T-period optimal strategies T and .zr define .Tt(i) (IT’(i), .t(i)) and
Tt Tt Tt Tt Tt

zr,, ( country)[.rr (t)] is the probability that 17r (i) tTr ), ,. )), where .i (t
(country 2) will spend b(f) (c(k)) during period given that country 1 (country 2) is
following T (.TTT), and the state during period is i. Finally, let A Vtr(i)
v,r(i + 1)-- vtr(i) and define for g= (81, ", 8) and

(3) ]=l k=m

w,T(i, g, 7) Z Z 8(])rr(k)W,T(i, ], k),
1=1 k=l

where

Wtr(i, ], k)= R(i)- b(/)+ c(k)
V,+l(i) -tz(k) h ,+1+/3{A(])A 7- V r (i-1)+ V(i)},

WtT(N,, ], k)- R(N,)-b(])+c(k)+BVtr+(N,),
wtT(N* ], k) R (N*)- b (])+ c (k ) + 13 vtT+ (N*).

N, < < N*,
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3. Structure of optimal policies: Discrete time. In this section we derive the
structure of optimal strategies when the game of 2 is played for T < o periods.
These results are then utilized to characterize the structure of infinite horizon optimal
stationary strategies. Our first result follows easily from (2) and (3).

THEOREM 1. For country 1 (country 2) there exists a T-period optimal strategy. T(I’T) SUC] that for t= 1, 2,..., T, CTt(. l"t) is a pure strategy.
Proof. Define jT(i) and k,T(i) by

(4) /3, [/,T(i)] A v,T+,(i) b[ ""i, O)]=max{(i)A,+(i)-b(i)},

(5) c[k,T(i)]--t[k,T(i)]av,T+(i--1)=min {c(k)--(k)AV,T+(i--1)}.

It follows from (2)-(5) that it is optimal for player 1 [2] to always choose i,T(i) [kT(i)]
when the state during period is i.

For the sake of definiteness we now let i,T(i) and kT(i) be the smallest values of i
and k attaining the extrema in (4) and (5). For all and T it is clear that/’T(N*)=
kT(N*)=i,T(N,) kT(N,) 1. We now characterize the dependence of these quan-
tities on t,/3, and i. Our results require that R (.), (.),/z(. all be nondecreasing
functions. Assuming this, we can now prove

THEOREM 2. For S and t= 1, 2,..., T- 1, jtT(i)>--_jtT+1(i) and kiT(i)>= ktT+l(i).
Proof. Together (2)-(5) imply that it suffices to show that for i2 >il and N, < <

N*,

wtT+l(i, j2, ktT+l(i))+ wtT(i, 1, ktT(i)) <- wtT+I(i, , ktT+(i))+ wtT(i, rE, kiT(i)),
and for k2 > kl,

w,r+(i, /,r+(i), k2)+ w,r(i, /.,r(i), k)>__ w,T+(i, /,r+(i), k)+ w,W(i, i,r(i), kz).

Both these inequalities will follow if A vtT(i)_> A TVt+l(i). Since R(i) is nondecreasing,
this inequality is clearly true for T- 1. We therefore assume that it is valid for / 1
and verify it for t. From (2) it follows that

A vtT(i)>__ wtT(i + 1, ]tT+x(i + 1), ktT(i + 1))-- wtT(i, fiT(i), ktT+(i)),
and

AvtT+I(i)_--< wtT+x(i + 1, jtT+l(i + l), ktT(i + 1))-- wtT+l(i, fiT(i), kt+l(t)).T
The desired result now follows from these inequalities, the induction hypothesis, and
(.)+t(. )=<1.

Our subsequent results require the following lemma:
LEMMA 1. For t= 1, 2,’’’, T and e $-{N*}, AVer(i)-_> 0.
Proof. The result is trivially true for T and T-1, so we assume it to be

valid for + 1 and verify it for t. From (2), the induction hypothesis, and the fact that
R (i) is nondecreasing it follows that

> wS( + 1, + 1))- wS(i, + 1))=> 0.

Let/’r(i), k,T(i), and vtr(i) indicate the dependence of these quantities on ft.
We can now prove

THEOREM 3. For 132 >, ]r(i)t2 >=.ir(i)tl and kr(i)t2 >= kr(i)t 1.

Proof. Reasoning analogous to that used to prove Theorem 2 shows that it suffices
to prove fl2Avr(i)t:>=fliAVtr(i)t. Since AvT(i)t=>0 the first inequality will
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follow if A vT(i)t2 >= A vT(i)tI. The last inequality follows from a line of argument
identical to that used to show that A Vf(i)=> A Vt+l(t).r.

Thus we see that the optimal arms expenditures of both nations are nondecreas-
ing functions of the length of their planning horizon and the importance they attach to
future developments (as reflected by the discount factor).

Our next result requires N* and N. =-c.
THEOREM 4. If R(i) is convex (concave), then both ][(i) and .k(i) are

nondecreasing (nonincreasing) functions of i.

Proof. We consider the case where R (i) is convex; that is,

AR (i) R(i + 1)-R(i)>-R(i)-R(i 1)= AR(i- 1).

Then the desired result follows if

W]’(i + 1, ]2, kT(i + 1))+ Wf(i, ix, kiT(i))
>= W,r(i + 1, ]a, kT(i + 1))+ Wf(i, j2, kT(i)),

and

]2 ]1,

Wtr(i + 1, ]T(i + 1), kz)+ Wf(i, It (t),

<= W,T(i + 1, ]T(i + 1), kl)+ Wf(i, It (t), k2>kl.

These inequalities reduce to A Vt+l(i + 1)>= A Vt+l(t)7" and A V,+l(i)>=7- AVe+iT"(i-1). It
therefore suffices to prove that VtT(i) is convex. For T the convexity of Vf(i)
follows immediately from the convexity of R(i). We therefore assume that Vr+l(i) is
convex and verify that VT(i) is convex.

If we define ]*l=]tr(i), k*= k(i + 1), and k2*= ktr(i 1), it follows from (2) that

AV]’(i)-> W]’( + 1,]’1,k’1)- Wt(i, ]* k

and

A V]’(i- 1) <= w7r(i, ], k2*)- Wtr(i 1,11,’* k).

After simplification the last two inequalities yield

(6)

A V,r(i) A V,r(i 1)

>-AR(i)-AR(i- 1)

+{A (j*l) A V,r(i + 1)+ (1 -/x (k*)- 2A (j*)) A V,r(i)
+ (/z (k *)+ A (]1")+/x (k2*)- 1)A vT(i- 1)-- z (kz*)h vT,(i- 2)} >_--0,

where the last inequality follows from the convexity of R(i), A(. )+/z(. )-< 1, and the
induction hypothesis.

The proof for the case where R (i) is concave is similar and is therefore omitted.
By a method of proof analogous to that used to prove Theorem 4 the following

results can be proven.
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THEOREM 5. IfN, --00 and R (i) is convex, then j(i) and ktr(i) are nondecreas-
ing functions of i.

THEOREM 6. If N*=+c and R(i) is concave, then j(i) and k(i) are
nonincreasing functions of i.

The hypotheses of Theorem 5 might be applicable to the U.S.S.R.-U.S.A. arms
race rivalry if we assume that the Russians would conquer the world if the state is N*
and that the U.S.A. does not derive any benefit from arms superiority. If this were the
case, then R(i)=0, i<N*, and R(N*)=M, for some large M, would reasonably
reflect reality.

We note that if R (i) is linear, Theorem 4 implies that/’f(i) and k(i) are constant.
Thus, if R (i) is linear each player has a state-independent T-period optimal strategy.

Unfortunately, it seems unreasonable for R(i) to be convex or concave (unless
R(i) is linear). For example, if we consider both countries to be identical, then
R (i)= -R(-i) should be valid. If R (i) is not linear, however, such a payoff structure
precludes R(i) from being convex or concave. We can, however, obtain interesting
results for the model described by the following parameters:

(7)

R(i)=-R(-i), i>-O,

0< N* -N,,
A1= Az= {b(1), b(2),’’’, b(/)},

a (i)=/x (i), i= 1, 2,..., I.

The model described by (7) represents weapons development competition between
two identical countries. As another example for which (7) is an appropriate model
consider two identical firms that produce the same product. Let denote the measure
of superiority of firm l’s product over firm 2’s product. We assume the two firms are
competing for a market of fixed size. If R (i) reflects the dependence offirm l’s sales
revenue less firm 2’s sales revenue on the relative merits of the two firms’ products,
then the assumption of R(i)=-R(-i) seems reasonable. In order to improve their
product each firm may spend money on research, with improvement in the quality of
their product being more likely if more money is spent on research. If each firm wishes
to maximize their expected discounted profits vis vis their opponent, then the
zero-sum stochastic game associated with (7) is a reasonable model of the problem
facing both firms.

For the model specified by (7) we now prove
THEOREM 7. If (7) is satisfied, then

(8) /’T(i) kT(--i), N* >-- >-- O,

(9) kT(i)= iT(--i), N* >-- >= O

and

(10) AvT(i)=AvT(--i--1), N*- 1-->-i =>0.

Proof. For T the result follows directly from (7). We therefore assume that
(8)--(10) are valid for + 1 and verify them for t. Combining (10) of the induction
hypothesis with (4) and (5) immediately yields (8) and (9). To prove (10) define
h=T(i+l), j2=/’T(i), k=kT(i+l), and k2=kT(i). Then for I_-<i_-<N*-I (7)-(9)
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imply

A V](i) AR (i)+ b(j)- b(k)- b (j2) + b(k2)

+fl{h(j)AVtr+(i+l)+(1 h(k) h (/2)) A Vt+10)r

+ (k2) A V(i- 1)}
--Wt+l(--I ,kl,(-i, ka, h)

[by (10)of the induction hypothesis]

Vf(-i 1) [by (7(9)].

For N*- 1 and 0 the result follows in analogous fashion.
We now prove the analogue of Theorem 4 for a model satisfying (7).
THEOREM 8. [f (7) and AR (i) AR (i 1) (i O) are satisfied, then for N* 1

i>_O

(11)

(12)

and

(13)

]r(i + l)>=]r(i),
kr(i + l ) >--__ k,r(i),

AV,r(i)>A r.V O- 1).

Proof. It is trivial to see that (11)-(13) are valid for t= T. We therefore assume
that (11)-(13) are valid for + 1 and demonstrate their validity for t. For > 0, (11) and
(12) follow from (4) and (5) plus (13) of the induction hypothesis; for =0, (12)
follows from (4) and (5), plus (10). Inequality (13) follows from (6), (10), AR(i)=>
AR (i 1), A (.)+ tz (") <= 1, and the induction hypothesis.

If AR (i) =< AR (i 1) (i => 0), then a proof that is virtually identical to the proof of
Theorem 7 shows that (11)-(13) are valid if ’greater than or equal’ is replaced by ’less
than or equal’. If R (i) is linear for => 0, Theorems 4 and 7 imply the existence of 1T
and/,T such that for => 0,

j,r(i)= k(-1)= ]-,r and k(i)= k(-i)= kS,r.
We now extend some of our results to the infinite horizon case. For technical reasons
we now assume N* < oo and N, >-00.1 Then the results of Denardo [2] imply

(14) lim vxT(i) V(i).
Too

Theorems 1 and 2 plus the finiteness of each player’s state and action space ensure the
=11 (t)and .k(i)= ./caT(i). Letexistence of To, ](i), and k(i) such that for T> To, ](i) .T.

.6(zr) be the pure stationary strategy for player 1 (player 2) for which player 1 (player
2) always takes action ](i) (.k(i)) whenever the state is i. It follows from (2) that for
T> To, 7r e II, and 6e’A, wIT(i, 6., zr)>= Wf(i, 6., 7)>= wT(i, 6, 7). Using (14) and let-
ting Too yields V(i, 6., 7r)>= V(i, 6., 7)>= V(i, 6, g). This proves that .6 and g are
infinite horizon opttmal strategies. The following results now follow directly from
Theorems 1, 3, 7, and 8.

The reason for the restriction to the finite state space is that (to the author’s knowledge) it is not
known if an optimal stationary strategy exists for a stochastic game with a countable state space and
unbounded payoffs.
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THEOREM 9. For each country there exists an infinite horizon optimal strategy that
is a pure strategy.

THEOREM 10. For 2> 1, j(i)o2 >- 1(i)1 andk. (i)o2 >- .k (i)1.

THEOREM 11. ff (7) is satisfied, then for N* >-i >=0, j(i)= .k(-i) and .k(i) j(-i).
THEOREM 12. If (7) and AR(i)>=AR(i 1) (i -->0) a’re satisfied, then for N’- 1 >-

i>-O,j(i + 1) >=j(i) and k. (i + 1) => .k(i).

4. A non-zero-sum game arms race model. We now develop a non-zero-sum
continuous time stochastic game model of an arms race. For a simple payoff structure
we give an explicit characterization of a discounted equilibrium point. The model
considered here is similar to a model discussed in [1].

We assume that M countries are competing in an arms race. At an instant during
which the arms level of country k is ik the state of the world will be specified by
(il, i2,’’’, iM). At any instant country k must spend money on arms at a rate
dk

E [d k, k] A k. If country k spends money at a rate d k, then the state changes to
(i1, i2,""", ik + 1,’" ", iM) according to an exponential distribution with rate Ak(dk).
At an instant during which the state is (il, i2,"’", iM) country k earns a payoff at a
rate ckl il + ci2 + ciM + b k. Payoffs and expenditures are continuously discounted
at a rate a. Let Fk be the set of all probability measures on B(Ak), the Borel subsets
of Ak. Then a stationary strategy t k for player k is a mapping from S=
{(il, i2,""", iM): ik I} onto Fk where the measure tk is a rndomized strategy for
player k; that is, for B B(Ak), tks(B) is the probability that country k will spend at a
rate dk B when the state is sS. Thus, Ak= XssFk is the set of all k and
1-I A x A2. AM is the product set of all country’s strategies.

For l-I, let Vk (s, t) be the expected discounted reward earned over an infinite
horizon by player k when all players follow 8 and the initial state is s. We seek a 6 1-I
that is stable in the sense that no player can benefit by a unilateral change in strategy.
More precisely, a stationary strategy .8- (.8 .8 2 6t) is said to be a discounted
equilibrium point (DEP) if

Vk(S, (1, 2 tk M k 1, 2 k M,...- ,... ))=>v (s,(. .,...,,...,. )),

kE{1,2,... ,M),

and sS.

The concept of a DEP for a non-zero-sum stochastic game was introduced by Rogers
[5] and Sobel [9].

Define .d k to be any value attaining the maximum in

(15) max (A (dk)c/a rig).

.6s(.d )=lforallsSandks{1,2,...,M}.Consider the strategy .6 for which
We will show that .6 is a DEP. Thus if each country always spends money on arms at a
rate .d no country can benefit by a unilateral shift to a different stationary strategy.
Before proving this result, we require the following lemma.

LEMMA 2. For k 1, 2, , Mand s S

(16) vk(. s, 6.)=(bk--.dk)/a + Y. A(.dr)crk/Og2- 2 irCrk/t"
r=l r=l



MODEL OF A WEAPONS COMPETITION 419

Proof. From Theorem 1 of Lippman [3] and the results of Denardo [2] it follows
that V(s, .) is the (unique) solution to the following denumerably infinite system of
equations.

otVk(S, .)’- irC--k +b + 2 A(dr) arvk(S, ),
r=l r=l

(17)

where

s (ix, it)s S,

Arvk (S, )--. Vk ((i, ir + 1,..., iM), .)

-V’((i, ir, iM), . ).

A direct substitution shows that V’(s, 13) as specified by (15) satisfies (16). We now
prove that .6 is a DEP.

THEOREM 13..6 is a DEP.
Proof. By Lemma 1 of Lipprnan [3], the results of Denardo [2], the definition of a

DEP, and Lemma 2, .6 will be a DEP if for k 1, 2, , M and s s S, .d attains the
maximum in

}max irCr -d’+b’+ Z A(dr) ArVk(s,c)’k’A(d.k)AkVk(s, )
dkA r=l r#k

By Lemma 2 and (16), .d k attains this maximum. Therefore . is a DEP and the proof
of the Theorem is complete.
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SEQUENTIAL DECISION PROBLEMS WITH EXPECTED UTILITY
CRITERIA. III: UPPER AND LOWER TRANSIENCE*

DAVID M. KREPS"

Abstract. This paper concerns sequential decision problems with expected utility criteria. A class of such
problems, which combines and extends the standard cases of transient, positive and negative dynamic
programming is proposed and analyzed. The principal results are characterizations of when conserving and
unimprovable strategies are optimal.

Introduction. This paper concerns sequential decision problems with expected
utility critieria. These are the problems of choosing actions at a discrete sequence of
times, thereby controlling a stochastic decision chain, so as to maximize the expec-
tation of a utility function defined on the complete history (or path) of the chain. Such
problems are analyzed in [9], [10], the former dealing with basic definitions and
analogues to positive and negative dynamic programming and the latter with sta-
tionarity. In this paper, a class of problems is identified and analyzed which extends
the standard case of transient dynamic programming (cf. [2], [6], [15]) and combines
this case with the cases of positive and negative dynamic programming. General
conditions are provided under which conserving and unimprovable strategies are
optimal in such problems.

Pertinent definitions and results from [9] are given in 1. (The reader is strongly
advised to read that paper before proceeding.) In 2, definitions of upper and lower
transient strategies and problems are given. These generalize negative and positive
dynamic programming respectively, but with conditions imposed jointly on thechain
being controlled and the utility function. Then mathematical analysis of such strate-
gies and problems is given. The principal results are" Conserving upper transient
strategies are optimal. If one strategy is a "one step improvement" on a second and
the first is upper transient, then the first is "better than" the second. (See 1 for
definitions of these terms.) Unimprovable strategies are "as good as" all lower
transient strategies--if the problem is lower transient, then unimprovable strategies
are optimal. Section 2 concludes with interpretations of the definitions. In 3, some
examples of upper and lower transient problems are given. Problems with upper and
lower convergent utility are upper and lower transient, respectively. The standard case
of transient dynamic programming, where utility is additive or multiplicative and there
is a single absorbing state (which absorbs "quickly enough") is shown to be both upper
and lower transient. This is generalized to problems with nonseparable utility and to
problems where there are absorbing classes of states. Examples of optimal stopping
problems (with and without separable utility) which have upper transient strategies
are also given. In 4, the regularity conditions upon which the analysis is based are
discussed.

In this paper, no mention is made of stationarity and no results are given concerning
the optimality or "almost optimality" of stationary strategies. Results of this sort for
upper and lower transient problems are given in [10]. To avoid measure theoretic
difficulties, only problems with countable state and history spaces are considered.
(Kertz and Nachman [7], [8] analyze problems with uncountable state spaces.)

* Received by the editors March 30, 1977, and in final revised form September 21, 1977.
f Graduate School of Business, Stanford University, Stanford California 94305. This work was

supported in part by a grant from the Atlantic Richfield Foundation to the Stanford Graduate School of
Business.
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Throughout, expected utility criteria are used. Analyses of sequential decision pro-
blems with other types of ordinal and cardinal criteria are given in [11], [12], [14].

1. Sequential decision problems with expected utility criteria.
DEFINITION. A (countable state) sequential decision problem with expected utility

criterion is a collection (Xt, Ho, At, pt, U) of
(a) countable state spaces Xt, with generic element xt, for t- 1, 2,...,
(b) a countable initial history space Ho, with generic ho,
(c) partial history spaces Ht, for 1, 2,. , recursively constructed from Ho and

the Xt by Ht:=Ht_l x Xt, with generic elements of Ht denoted ht (h0, Xl," ,
(d) sets of feasible actions At(.ht), with generic at, for each 0, 1,. and ht
(e) transition probabilities pt(ht, at, xt+l) for each t, h,, at and xt+, such that

at, Xt+l)0 and Yx,+l pt(ht, at, xt+a) 1, and
(f) an extended real valued utility function U defined on the space of complete

histories H:=HoXa Xz"" (with generic h =(ho, x, x2, )).
All random variables will be over H, and the notation for the sample point h will

usually be omitted. Projections from H onto Ht and Xt and from Ht to Xt will be
denoted ht(h), xt(h) and xt(ht) respectively. Functions on Ht will be written as
functions on H as well, where projection onto Ht is understood. For example, for a
function ft on Ht, ft(h) will be written for ft(ht(h)).

For the above problem, construct the strategy space II:=)toXh, At(ht ), with
generic r. For each r and ht, conditional probabilities P’[. Iht] and expectations
E’[ Iht] using r (at time and thereafter) given ht are constructed on H from the
transition probabilities in the usual fashion.
Throughout, one of the following two regularity conditions is assumed:

(1) lim sup E’[U. I({U > M})Jht] 0 for all t and ht,
M.cx3

or

(2) lim infE’[U I({U<M})lht]=O forall andht.
M->-cx:

(Throughout, I(G) for G a subset of H will denote the indicator function of G.) If (1)
or (2) hold, we can define for each r and ht

(3)

the expected utility using rr from time onward given hr. Note that if (1) holds,
vt(rr, ht) -o is possible, and if (2) holds, vt(Tr, ht) az is not ruled out. But (1) or (2)
ensure that U is at least quasi-integrable; thus the integral in (3) is well defined. Also
define

ft(h,) := sup vt(Tr, ht) and et(ht) := inf vt(zr,

ft(ht) is the optimal expected utility given ht and et(ht) is, for lack of a better term, the
worst expected utility given hr. Strategy 7r is optimal if vt(Tr, ht)= ft(ht) for all and

The fundamental functional equations of dynamic programming are

(4) vt(’n’, hi) E[vt+a(’n", ht+l)[ht]
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for all r, and hi, and

(5) ft(h,)= sup E’[ft+l(h,+l)lh,],

for all and hr. Equations (5), the optimality equations, must be proved: See the proof
in [9, proposition 1] for the general method. Note that the sup here replaces the max
in [9], as At(ht) is not necessarily finite. Also, the monotone convergence argument
needed in cases where (2) is assumed is valid because of (2)--cf. the lemma following.

Strategy 7r is conserving if ’t(h)= E’[f+l(h,+l)lht] for all and h,. Strategy zr is
Erunimprovable (in a single step) if v,(rr, h,)= sup,,n [v,+l(Tr, h,+a)lh] for all and

h,. Strategy zr is an (one-step) improvement on zr’ if E’[v,+l(zr ’, h,+l)lh,] > v,(Tr’,
for all and ht with strict inequality for some and hr. Strategy 7r is as good as zr’ if
v,(Tr, h,)-> v,(zr’, h,) for all and h,, and 7r is better than zr’ if, in addition, v,(Tr, h,)>
v,(Tr’, h) for some h,. By virtue of (4), if rr is as good as zr’ and r is an improvement on
zr, then 7r is better than zr.

From (4) and (5), optimal strategies are both conserving and unimprovable. Well
known examples (see e.g., [13]) show that the converse fails in general. So we seek
conditions under which conserving and/or unimprovable strategies are optimal. Also,
for purposes of strategy iteration, we seek conditions under which: 7r improves on
implies that zr is as good as (hence, better than) zr’.

Notational conventions which will be employed include: U/, if, etc., will denote
the positive part of U, f, etc., and U-, if, etc., will denote the negative part. (That is,
U-(h)-I U(h)A01.) Throughout, expressions such as limT-, will be abbreviated limT.

The results that will be given require a technical lemma concerning the "uniform
integrability" conditions (1) and (2) (in quotes because more than one probability
measure is involved).

LEMMA. If (1) holds, then for everyt, ht and e >0, there exists 8>0 such that for
each 7r and G c_ H, P’[G[ht] < implies that supret E’[fr I(G)lht] <- e and
E’[U+. I(G)lh] <- e. If (2) holds, then for every t, h and e > 0 there exists > 0 such
that for each 7r and G c_ H, P’[G[ht] < implies supr_>_t E’[er I(G)[ht] <- e and
E[U- I(G)lh,] <= e.

Proof. Suppose (1) holds. Fix t, h, and e. Then sup,E’[U+lh,]=B for some
B < oo. So by Chebyshev’s inequality, for every 7r, N and T->

P’[fT >-- N[h,] <- E’[fr[h,]/N <- sup E’’ U+Ih,I/N BIN.

Choose M sufficiently large so that sup,E’[U I({U>M})lh,]<e/6. For any r, if
P’[GIh,] < e/(6M), then

E’[U+ I(G)Ih,I <=E[U+ I(G {U <=MI)Ih,I + E’[U+ I({U > M})Ih,]

<=Me/(6M)+ el6 el3.
Thus, if N > 6BM/e, then for all zr and T

E’D’r I({fr > N})lh,]-< E’[sup E’’[U+lhr] I({fr > N})lht]

<=E’<[E’<[U+ I({fr > X})lhr]lh,]+ e/6

(where 7r" is r up to T and any e/6-optimal strategy thereafter)

E’"[U+" I({ > g})lh,] + e/6 <_- e/3 + e/6 e/2.
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So if 6=min{e/(6M), e/(2N)} and P=[GIh,]<6, then E’[U+.I(G)[ht]<=e (by
previous inequalities) and, for all T >=

E’[fr I(G)lht] <= E’[fr I(G f’l {fT N})lht] + Er[fT I({fT > N})lh,]

<-_Ne/(2N)+ e/2 e.

The proof for (2) follows similarly.

2. Upper and lower transience.
DEFINITIONS. For a given problem, define

and

H:={h ell" lim sup ft(h)> U(h)}

_/-/:={h H" lim inf e,(h)< U(h)}.

For problems for which (1) holds, a strategy 7r is upper transient if P’[ISIIh,] 0 for all
h. The problem is upper transient if all strategies are upper transient. For problems for
which (2) holds, a strategy 7r is lower transient if P’[_HIh,] 0 for all hr. The problem is
lower transient if all strategies are lower transient. A problem is transient if it is both
upper and lower transient.

Interpretation will follow the results. Note that the term upper transient is used
only when (1) holds, and lower transient is used only when (2) holds.

THEOREM. If 7r is an upper transient strategy, then ]’or all h,

(6) v,(r, h,)= lim E’[fr Ih,l
T

If 7r is lower transient, then ]’or all ht,

(7) v,(r, h,)= lim E’[erlh,].
T

Proof. Suppose 7r is upper transient. Let Hr={h supr>_rfr,(h)>(U(h)+l)/}
and let Gr be the complement of Hr. Then

lim sup E’[frlhr] -< lim sup E[fr I(Hr)lh,]+lim sup E[fr
T T T

Since 7r is upper transient, limr [Hrlht] 0; thus by the lemma,
lim suprE’[fr I(Hr)lh,]<=O. Since &. I(Gr)<=(U+ 1)+ and E’[(U+ 1)+lh,] < oe,
Fatou’s lemma yields

lim sup E[fr I(Gr)lh,] =< E’[lim sup &. I(Gr)lh,] <-E’[UIh,] v(r, ht),
T T

where the second inequality is due to 7r being upper transient, so that
P=[lim suprfr I(Gr) <- UIh,] 1. Of course, for all T, E’[frlh,] _->

E’[vr(r, )lh,] v,(zr, ht); thus limrE’[/’rlh,] v,(r, h,). The proof of (7)is similar
and left to the reader. ]

COROLLARY. (a) I]’ 7r is upper transient and conserving, then rr is optimal.
(b) I[ 7r is upper transient and 7r improves rr’, then 7r is as good as 7r’.
(c) I]’ 7r is unimprovable, then 7r is as good as any lower transient strategy.
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(d) If either the problem is lower transient, or if (2) holds and ft(ht)= sup vt(Tr, ht)
for every ht, where the supremum is over lower transient strategies, then any unimprov-
able strategy is optimal.

Proof. If 7r is conserving, then for T > t, E[fTIht] =ft(h). So if 7r is also upper
transient, then vt(Tr, ht)= limTE[fzlht] =ft(ht). If rr improves on 7r’, then for T>_-t,
E[VT(Tr’,hT)[ht]>=VT(rr’,ht). So if 7r is also upper transient, then vt(rr, ht)
limTE[fzlht]>=lim infTE[VT(Tr ’, hT)lht] >-_ vt(Tr’, ht). If 7r is unimprovable, then for
every T>-t and 7r’, v(Tr, h)>-_E’[VT(Tr, hT)[h]. So if 7r’ is lower transient, then
vt(Tr’, ht)= limTE’[eT(hT)lh] <--lira SUpTE’[VT(rr, hT)lht] <= vt(Tr, h). Part (d) is a
trivial consequence of (c).

Some paraphrase of the mathematics may be enlightening. The condition for a
strategy to be upper transient, P[ISIIht] 0, roughly means that 7r can safely be used
by an "optimist". An optimist would get into trouble if he didn’t avoid H, that being
the set of h where the optimistic prognostication of what may happen is better than
what eventually does happen (that is, limsupt ft(h) exceeds U(h)). Similarly,
P[_Hlht 0 means that 7r can be used safely by a "pessimist". Using a conserving
strategy is an exercise in optimism, as it conserves the optimal value, "hoping" for an
optimal strategy to eventually take over. If a conserving strategy is also upper
transient, then this optimism is warranted. Similar stories can be told about parts (b)
and (c)of the corollary.

In the corollary (which is the major result), only (6) and (7) are used. One might
therefore wish to redefine an upper transient strategy as one which satisfies (6) and a
lower transient strategy as one which satisfies (7). Then (1) and P[/-lht] 0 could be
given as a sufficient condition for upper transience, and (2) and P[H_Ih 0 could be
given as a sufficient condition for lower transience. Of course, if neither (1) nor (2) is
assumed at the outset, then some other regularity condition will be needed to ensure
that all integrals are well defined and that (4) and (5) hold.

With regard to this possible redefinition, note the following. The regularity
conditions (1) and (2) are not advanced as being necessary for the results; see the
discussion in 4. But under any regularity conditions where the integrals are well
defined and (4) and (5) hold, P[tlht] =0 is necessary for (6) and P[H_Ih] 0 is
necessary for (7). This can be shown as follows. To rule out trivial pathologies, assume
that vt(Tr, h) and f(h) are finite. Then {Vt+k(Tr," ); U} is a closed martingale and
{ft+k;U} is a closed supermartingale with respect to P[. Iht]. By the convergence
theorem P[limT VZ(Tr," )= Ulht] 1 and P[limzfT exists and is _-> UIh] 1 (see [1,
Theorem 9.4.6 and the corollary following]). Thus if P[I[ht] >0, then there exists
e > 0 such that limTP[fT- VT(Tr," )> e Ih] > e, which would contradict (6). A similar
argument works for (7) and P[H_Ih] 0. Since P[/-lh] 0 is necessary for (6) and
P[_Hlht] is necessary for (7), and since these conditions have more intuitive appeal
than (6) and (7), they are used to define upper and lower transience.

Condition (6) is clearly analogous to the well known "equalizing" property for
problems with additive utility (see, for example, [5, Definition 4.3]). Since part (a)of
the corollary relies only on (6) and since (6) is clearly necessary for an optimal
strategy, the result can be paraphrased" A strategy is optimal if and only if it is
conserving and equalizing.

3. Examples.
A. Problems with upper and lower convergent utility. For every h, let U(h)=

sup {U(h’)" h(h’)= h-(h)} and let _U-(h) inf {U(h’)" h-(h’) h(h)}. In [9], U was
said to be an upper convergent utility function if Oo(h)< and lim- O(h)= U(h) for
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all h, and U was said to be lower convergent if _Uo(h) > -oo and limT U_r(h) U(h) for
all h. Since U_r(h)<-er(h) and Ur(h)>-fr(h), it is apparent that a problem with upper
convergent utility is upper transient and one with lower convergent utility is lower
transient. (For (1), note that E[U I({U> [7o(h)})]h,] =0 for all r.) Very special
cases are U(h)=rt(xt): If rt<-O (the utility function of negative dynamic pro-
gramming), then U is upper convergent, while if rt _-> 0 (the utility function of positive
dynamic programming), then U is lower convergent. Hinderer’s [4] definitions of
essentially negative and essentially positive decision problems are likewise subsumed
by these categories. See [9] for further details and for several other special cases, with
emphasis on generalizations to nonseparable utility.

B. Problems with absorbingstates. The standard problem in transient dynamic
programming concerns a stationary Markov decision chain with an absorbing state
and undiscounted additive utility. That is H0 Xt--X for some set X, and A,(ht)
A(xt(ht)) and pt(ht, "," )=p(xt(ht), "," ) for functions A and p. There exists x* sX
such that p(x*,., x*)-- 1; and U(ho, xl," )= t--1 r(xt) for some function r with
r(x*)=0. If r is bounded and for each h0 there exists a<l and K such that
P’[xt # x*]ho] <K a t, then the problem is "transient". To get the bound on P’[xt #
x*[ho], it is helpful to specialize to the case where X and each A(x) are finite. Then K
and a as above exist if and only if P’[X,, # x*]h0] < 1 for every ho and stationary r,
where n is the cardinality of X. (See [12]. Note that in much of the literature, the
absorbing state x* is not explicitly modeled. Instead, the transition probabilities are
substochastic. It is necessary here to have transition probabilities which sum to 1,
however. This is beCause with nonseparable utility, the value functions must be the
expected utility of the entire history--it is meaningless to speak of the (incremental)
value of continuing. Thus, the absorbing state is explicitly mentioned.)

It is straightforward to show that this problem is transient in the sense, of 2.
Moreover, generalizations are easily obtained. Suppose that instead of a single state
x* there is an "absorbing set of states" X*X such that P’[xt+ X*lxt X*, ho] 1
for all r. If (i) r is bounded above on X, (ii) r =< 0 on X* and (iii) for every ho there
exists K and c < 1 such that sup, P’[xt X*lh0] <K a , then the problem is upper
transient. If r is bounded below on X, r _>-0 on X* and (iii) holds, then the problem is
lower transient.

It is more interesting to generalize to nonseparable utility functions. For example,
suppose that the chain is as in the original example and that U(h)= V(ho +Ytl r(xt))
for functions V and r with r(x*)= 0. If r is bounded and V is of less than exponential
order (that is, for all 3’ > 1, V(y)l o(,/11)), then the problem is transient. To accom-
modate multiplicative utility, V can be of exponential order but must "grow" more
slowly than the chain "dies". If V is nondecreasing and concave (which is natural in
economic applications), then the problem is upper transient, although lower tran-
sience may fail.

Problems as above but with unbounded r can also be accommodated. For example,
suppose that in the immediately preceding example, r is unbounded but satisfies
limM supho.sup,,E’[(r(x)-r(ho)) I({r(xl)-r(ho)>M})lho, Xl # x*]=0. Then if
either V is of less than exponential order or if V is concave and nondecreasing, the
problem is upper transient. (The messy details are left to the reader.) Analogous
results for lower transience follow from similar conditions. Compare with [3], where
the analogous condition is that sUpho* supE[lr(x)-r(ho)] [ho, xl # x*]< oo. (To
make the comparison, several superficial differences in setup must be disregarded.)

C. Optimal stopping problems. Consider the standard "house hunting" problem.
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The state spaces are (say) H0 Xt {0, 1,. , A}. From each x, e {0, 1, }, there are
two possible actions--"sample again", in which case X/l has some distribution on
{0, 1,. } independent of h, and "stop", in which case X,/l A with certainty. State A
is absorbing: p(ht, ", A)= 1 if x,(h,)= A. The utility function has the form U(h)=
Y.’=x r(x,-1, x,) where if x, e {0, 1,... }, then r(x,-1, x,)= c for c < 0 (there is a fixed
cost of sampling), if x_l e{0, 1,... }, then r(x,_, A)= s(x,_) for some bounded
nonnegative function s (if you stop, you get some positive reward based on the last
observed state), and r(A, A)= 0. It is trivial to show that (1) holds (as s is bounded) and
that if r stops with probability 1, then zr is upper transient. Thus, any conserving
strategy which stops with probability 1 is optimal.

Numerous generalizations-are possible. Among them are"

(i) Let U(h)= V, r(x,_,x,)) for r as before and V any nondecreasing
function.

(ii) Let U be as in (i), but with s unbounded above and with state dependent
sampling costs. It will, of course, be necessary to make some assumptions about the
function s so that (1) will hold.

(iii) Transition probabilities may be state or history dependent, and more than
one "sample again" action may be available. The former is natural if the "distribution
of house prices" is unknown and Bayesian inference is employed. For the latter,
compare with the general optimal control problems with additive utility which are
analyzed by Hordijk in [5, Chapts. 3 and 4].

4. Regularity conditions. Note that in the optimal stopping problems just dis-
cussed, condition (2) does not hold. Thus, we cannot conclude (on the basis of the
results in 2) that an unimprovable strategy is as ood as any strategy which stops with
probability 1. Indeed, if the transition probabilities for the ’stop" action are modified
so that, say, p(h, "stop", A)= .99, then the Strategy which always "samples again" is
unimprovable. This strategy is certainly worse than the strategy which always "stops"
(and which will stop with probability 1).

The roles played by (1) and (2) are technical in nature. Condition (1), for
example, allows the "pointwise optimism is safe" condition, P[ISIIh,]=O, to be
converted into a statement that "optimism is safe in the average", limTE"[f.[ht]
v(Tr, h). Certainly, some regularity conditions like (1) or (2) are needed, as the
following simple example indicates. Consider a three state Markov decision problem"
Ho Xt =-{0, 1, 2} for all t. States 0 and 1 are absorbing--from each there is only one
feasible action, and the next state is 0 or 1, respectively, with certainty. From state 2
there are two feasible actions. The first leads to the next state being 1 with certainty. If
the second action is used, the next state is either 2 or 0, each with probability 1/2. If
U(ho, xl,... )= ho’Xl’X2 it is easy to see that fo(ho) ho. The strategy which
always takes the second action in state 2 is conserving and leads with certainty to state
0, i.e., to h e H. But this strategy is not optimal. (Of course, (1) does not hold.) And if
U(ho, x,." )---ho’Xl"X2 then fo(2)=/o(0)= 0 while fo(1)=-1. All strate-
gies lead with certainty to h _H, and the strategy which always takes the first action in
state 2 is unimprovable, but this strategy is not optimal. (Of course, (2) does not hold.)

But it is not contended that (1) or (2) are necessary conditions for the results
given. For example, in the optimal stopping problem, suppose that 7r is unimprovable
and that ft(ht)-)t(Tr’, ht) is uniformly bounded in and hr. Since (1) holds, all integrals
are well defined and (6) holds. Also, r is clearly as good as any strategy or’ such that
v,(r’, h,)=-, so to show that 7r is optimal, we can assume that v,(Tr’, hi)>-o, and
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therefore that zr’ leads to stopping with probability 1. Then

v,(zr’, h,)= lim
T

lim E’[fr I({xr A})lh,] + lim E’[(fr Vr(r, ))" I({XT # A})lh,l
T

+ lim E’’[Vr(zr, )" I({XT #
T

E [vr(r, I({XT. A})lh,] + 0 +lim E=’[VrOr, I({x
T T

(since (i) if XT A, then &(hr) Vr(Tr, hr), (ii) &- Vr(zr, )
is uniformly bounded and (iii) P=’[XT alh,]- 0)

lim E’’[tJT(’rt", hT)lht] <- Vt(’rt’, h,),
T

since rr is unirnprovable. Thus rr is optimal (although (2)does not hold).
The point to be made is simply that at the "heart" of upper and lower transience

are P[Ilht] 0 and P[H_]ht] 0, respectively. Regularity conditions such as (1) or
(2) are required to get the desired results, and (1) and (2) are formally incorporated
into the definitions given here. But weaker regularity conditions can be used in
particular contexts.
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A SUFFICIENT CONDITION FOR FUNCTION SPACE
CONTROLLABILITY OF A LINEAR NEUTRAL SYSTEM*

HERNAN RIVERA RODAS" AND C. E. LANGENHOP"

Abstract. A proof is given for the following conjecture. When rank[b,A_lb,... ,A"__-Ib]=n, a
sufficient condition for function space controllability of (t)= A_(t- h)+ Aox(t)+Atx(t- h)+ bu(t) is
that K(A )((e-Xh) 0 for all complex A, where K(A) is a n x n polynomial matrix in A constructed from A_t,
Ao, A, b and r(S) is the transpose of [1, S,. , S"-1].

1. Introduction. Let h > 0, let A-l, A0, A1 be n n constant real matrices and
let b be an n x 1 constant real matrix. Function space controllability of

(1.1) (t) A_x(t- h)+ Aox(t)+Ax(t- h)+ bu(t)

was studied in [1] and [3]. Here x is real n x 1 and the control function is real. When
z > nh the question of controllability of (1.1)on [0, z] was reduced to the question of
whether or not there is a nontrivial solution a to a related boundary value problem

(1-.2) K(D)w(t)= O, [’- h, z],

(1.3) Vitoi(’r h) Vwi+(’r), O, 1,..., n 1 ] 1, , n 1.

(See [3, Remark 4.1].) Here K(D) is a certain n x n polynomial matrix in the
derivative operator D constructed from A-l, A0, A1 and b; w denotes the ]th
component of the n 1 function to. It was also shown in [3] (Corollary 4.6) when the
matrix C,,[A-1, b] [b, A-lb,’.., A"---ib] has rank n that a necessary condition for
controllability of (1.1) is that K(h)((e-’h)o for all complex numbers h where
((e-h) is the transpose of [1, e-’h, e-(-l)h]. In [2] it was shown that the
condition is also sufficient in case n 2 and in [3] it was conjectured that this was true
in case n _-> 3 (see [3, Remark 4.4]). We give a proof here of this conjecture.

2. Notation and definitions. In most instances we use the notation in [3] but for
the convenience of the reader we repeat some of the principal concepts here. If u is a
positive integer, W2()([a,/], R) denotes the space of functions X" [a, fl]--> R such
that D’-x is absolutely continuous on [a,/] and Dx is square integrable, i.e.,
Dx e L2([a, fl], R’). We use the convention WE()([a, fl], R’) L2([a,/], R’). For
any function whose domain of definition contains the interval It-h, t] we use xt to
denote the function O->xt(O)defined on [-h, 0] by xt(O)=x(t+O).

Given u e WE()([0, -],R") where ’>0, the value at of the function x e
W(Et([-h,-],R) satisfying (1.1) a.e. on [0,’] and the initial condition Xo=e
W2(([ h, 0], R ’) is denoted by x(t; , u). Controllability of (1.1) on [0, z] as defined
in [1] was shown to reduce to the condition that for every e W2(([ h, 0], R ") there
is a u e W2(([0, z], R) such that x(. 0, u)=O [3, p. 102]. Thus for studying control-
lability of (1.1), one may consider x and u to be zero on (-, 0] and replace (1.1) by

(2.1) O(D,S)x(t)=bu(t), t<-z,

where

(2.2) Q(D, S) ID A_DS Ao-A lS,
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W(V)tr RP) denotein which the shift operator S satisfies (Sx)(t)= x(t- h). That is, let 2.o,

the subspace of functions in W2(V)((-o, r], R p) which are zero on (-, 0] and let
t-+x(t, u) denote the solution (unique)in W(2o(r,R ") of (2.1) with u W(2,o(r,R).
Then controllability of (1.1)on [0, z] is equivalent to the condition that for every
0 s W2(1)([ h, 0], R") there is such a u so that x,(., u)= .

Interpreting D and S as scalar indeterminates and Q(D, S) as a matrix of
polynomials in D, S, one introduces the n x n polynomial matrix P(D,S)=
adj Q(D, S), the transposed matrix of cofactors of Q(D, S). With

c(s)

there is then a unique n n polynomial matrix K(D) defined by the relation

(2.4) K(D)((S)= P(D, S)b.

Since K(D) is at most of degree n 1, one may write

n-1(2.5) K(D)= E K,Dn--i
i=0

for some n n constant matrices Ki, 0, 1, ., n 1.
The following lemma is of fundamental importance in our consideration of

controllability conditions for (1.1).
LEMMA 2.1. Let w W(2")([a, fl], R") satisfy

(2.6) K(D)w(t)= O, [a, t3].

If rank C.[A-1, b] n, then

(2.7) p m,
w(t)= Y Y. Ciktke hit, [a, fl]

i=1 k=0

for some vectors Cik C" where hi,..., hp are the distinct zeros of det K(A)= 0 and
0 <= mi <- n- 1 with ni the multiplicity of hi, 1, 2, ., p.

Proof. It follows from Lemma 4.1 in [3] that K0 is nonsingular since

rank C,[A_x,b]=n. That w has the form (2.7) is then implicit in the proof of

Chrystal’s theorem given in [4 pp. 326-237]. To give a more complete derivation we

note that (2.6) may be written in the form

n-1

D"-lw , IiDn-l-ito
i=1

where/i -KIKi, 1," , n 1. This in turn is equivalent to

(2.8) DO=GO
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where f is 8 x 1 and G is 6 6 with 6 n (n 1), and these are given explictly by

LDn-2w_

0 i 0

0 0

in which I is the n n identity. If we ntroduce the n matrix E [/, 0,. , 0], then
by virtue of (2.8) we may write

w ) Ee’lo
for some fo Ca. Now let A 1, , A, be the distinct eigenvalues of G. It was shown in
[5, p. 270] that det P(A) det (AI G) where

n-1

P(A)= h"-lI,, E Ii/n-l-i KIK(h ).
i=1

Hence A 1, /p are also the distinct zeros of det K(A) with the same multiplicities as
in the characteristic polynomial of G. The expression (2.7) now clearly follows from
the known form of the matrix e ’. [3

3. Controllability conditions. If 03 Wz(,"o)(z, R), then

(3.1) x K(D)((S)

is in W(2o(z, R ). It follows from (2.4) that Q(D, S)x Q(D, S)P(D, S)be3
b det Q(D, S) so x defined by (3.1)satisfies (2.1)with

(3.2) u det Q(D, $).

The resulting u. is in W()q"2,or R). These relations were exploited in [1, Thm. 5.1] to
establish the following.

(0):THEOREM 3.1. Let " > nh. If 0 W2)([ h, 0], R ), there is a u wz,o, R) such
that the corresponding solution x W.otZ, R of (2.1) satisfies x, 0 if and only if
them is W2(")([ nh, z], R) such that

(3.3) K(D)((S)(t)=O(t-z), t[z-h, ’].

Remark 3.1. It should be noted that the condition here can be replaced by the
condition that there is we W(zn)([z-h, z],R")such that K(D)w(t)=O(t-z)for t
[z-h, z] and that the boundary conditions (1.3) are satisfied. One then defines 03 by
(t-(f-1)h)=w/(t), t6[--h,z], ]=l,2,...,n so that ((S)(t)=w(t) for t
[- h, 1.

If " > nh, then a function 03 Wz(")([ nh, ’], R) satisfying (3.3) can be extended
W,.(n):on (-oo, z- nh)so as to produce an 03 ,0 ’, R). The x and u in Theorem 3.1 are

then given by (3.1) and (3.2).
Under the condition that Ko in (2.5) is nonsingular it was shown in [3, Remark

4.1] that Theorem 3.1 leads to the following result.
THEOREM 3.2. Let z>nh. In order that (1.1) be controllable on [0, z] it is

necessary and sufficient that rank C,[A-l,b]=n and that the only solution o
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W ([z-nh, z],R) of
(3.4) K(D)((S)(t)= O, [-- h, z],

be the identically zero function.
The same condition is valid if instead we allow o3 e W2")([ nh, -], C) for the

matrix K(D)((S) has real coefficients as a polynomial matrix in D and S, so if 03 is a
complex valued solution of (3.4), then both Re a3 and Im 03 would be real valued
solutions. Since K(D)(S)et= K(A)((e-h)e’ it is clear then that under the hypo-
theses of Theorem 3.2 controllability of (1.1) implies

(3.5) g(A)((e-Xh)#o
for all complex numbers A. It was conjectured in [3, Remark 4.4] that the converse is
also valid and we prove this conjecture below. To this end we prove the following.

THEOREM 3.3. Let " > nh and rank Cn[A-1, b] n. If t W2Cn)([ nh, z], R)
satisfies (3.4) then

(3.6) p

t(t)= biktke ’’, e [’- nh, ’],
i=1 i=O

.for some complex numbers bik where h 1,""", ,p are the distinct zeros of det K(A)= 0
and 0 <-_ mi <= n 1, ni being the multiplicity of hi, 1,. , p.

(n)Proof. First extend a3 to (- o, z nh) so the resulting a3 W.o (z, R) and define
x W2(o)(Z, R") and u W2.o)0-, R) through (3.1) and (3.2), respectively, for this ex-
tended o3. Taking T -+ (n- 1)h, we now extend u to (z, T] by defining u(t)= 0 for

,,,(n)[> z. Let 03 be the unique solution in W.oT, R) of det Q(D, S)a3(t)= u(t), < T.
X,r (1)t,-r,Clearly o3(t)= a3(t)for t<-z. Then 2 =K(D)(S)$ defines a function in 2,o,,R )

which agrees with x on (-, z]. Moreover, for e(z, T] we have Q(D, $)2(t)=
bu(t)=O.. Since (t)=0 for [z-h, z] by (3.4), we conclude that (t)=0 for s
Jr-h, T]. Hence K(D)((S)(t)=O for ts[--h, z+(n-1)h]. For ts
[r-h, z+(n-1)h] we have S"-(t)=tS(t-(n-1)h)so it follows from Lemma 2.1
that a3 has the form given in (3.6) when s [-- nh, ’]. [q

Now let a, b and k be nonnegative integers and let Dx denote differentiation with
respect to A. Then

DiSb (tkeXt) DSbD eX, D (DSbeX,)
=O[A"(e-’h)be"]

Since

k(k) -Ah)b=i0 ]
t’eX’D -’[A (e

n--1 n--1

K(D)($)= Z E wa"Sb

a =0 b =0

for some vectors Wab R" it follows that if b C, k O, 1, , m, then

(3.7) K(D)(S) .. bktkex’= tieX’ E b D-i[K(A)(e-Xh)].
k =0 i= k =i

LEMMA 3.1. Let be given by

(3.8) (t)= b,te"’, te[,-nh, ,],
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forsomecomplexnumbersbikandlettfi(t)=
p i(t),t[’-nh, z] I/,l,’’" Aparei=1

distinct and if satisfies (3.4), then

(3.9) Z b,k [Dk-iK(h)’(e-Xh)]x=x, 0
k=j

for 1, 2,. ,p and/’=O, 1, , mi.

Proof. From (3.4) and (3.7) it follows that, , tie x’’ b,k [Dkx-iK(A)(e-ah)]-_x,=O
i--- i=O k =i

for [z h, z]. Since the functions tie x’’ are linearly independent the conditions (3.9)
must hold. El

We may now establish the following.
THEOREM 3.4. Let - > nh. Then for (1.1) to be controllable on [0, z] it is necessary

and sufficient that rank Cn [A_1, b n and K(A)(e-Xh) 0 for every A C.
Proof. The necessity was proved in [3, Cor. 4.6] and partly sketched above. To

establish the sufficiency suppose (1.1) is not controllable on [0, z] but rank
Cn[A_I, b]= n. By Theorem 3.2 there is then a nontrivial 03 W(2n)([z-nh, z],R)
satisfying (3.4). By Theorem (3.3) 03 must have the form given in (3.6) with some
bik 0 since 03 is not identically zero. We may take mi so that b,,, 0 for some i. It
follows from Lemma 3.1 that the conditions (3.9) hold. Taking m in (3.9) for the
such that bi,,, 0 we conclude K(hi)((e-X’h) O. El

4. Example. Let n 3 and

[A_I, Ao, Ax] 0 1 0 1 0 0 0
0 0 0 0 0 0 0

Then

FD(D- 1)
P(D, S)= [ O

0

D2S +2D-DS (D- 1)2S2q
D(D- 1) (D- 1):$ |.

0 (D-l)2 ]

Let e be the ith column of the identity matrix and consider the system
(0)(4.1) Q(D,S)x=eau, ue W.otr, R).

Note that rank C3[A-1, e3] 3. Denoting by KI(D) the operator K(D) corresponding
to this system, we obtain

KX(D) 0 (D 1): 0
(D 1) 0 0

and det K () (h 1)6. Since K (1) 0 then (4.1) is not controllable. We now
consider whether there is a b R 3 such that for B [e3, b l] the system

(4.2) Q(D, $)x Bu, u W(. )o(’r, R2),
is controllable. Let bl e so B [e3, e:]. Clearly C3[A-1, B] has full rank. From
Theorem 6, p. 86 of [6] we find that there is a c R: such that b Bc and rank
C3[A-1, b] 3. If C [Cx, C:] T, where T denotes transpose, then this is true if and only
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if C # 0. Moreover,

where

K(D)= ClKi(D)+ c2K2(D),

2D D(D- 1) ilK2(D) (D-l) 0
0 0

It follows that det K(A)= -c(h 1)6 and

#0

if and only if c2 # 0. We conclude that the system (1.1) with b [e3, e2]c is controllable
for any c [Cl, c2] r such that Cl # 0 and c2 # 0 and only for such c.

Although the analysis of this example can also be effected by the use of Theorem
3.2 with just elementary computations, the required calculations are much more
tedious than those used here. If one were to analyze the same questions for the system
above with A-1 replaced by

(4.3)
A_l 0

0

then the use of Theorem 3.2 would be nearly impossible. Indeed, in that case with
b [0, c2, Cl] T we find

2c2D c2D(D- 1) Cl(D- 1)2 q
K(D)= c2D(O-1) Cl(O-1)2 2c2D |.

c(D- 1)2 2c2D c2D(D- 1)
The circulant form of this matrix enables one to factor det K(D) and we find

det K(D) -(c +/3 + 3,)(a +o9/3 + wy)(a +wz/3 +o93,)

where ca is a complex cube root of unity and

Ol Cl(V 1)2, /3 c2D(D 1), ’ 2caD.

If c # 0 and ca # 0, then it is clear that the zeros of det K(A) are generally quite
complicated so use of Theorem 3.2 would be extremely cumbersome. On the other
hand, Theorem 3.4 could be much more readily employed with the aid of some
computer calculations.

For this modified example we might note some special cases. In particular, with
A_ as in (4.3)and b=[0,-c,c] we find that rank C3[A_,b]<3 whereas rank
C3[A-, b] 3 when b [0, 0, c]r and c # 0. However, for this latter b one still finds
the system (1.1) is uncontrollable since in this case K(1) 0 so K(1)sr(e -h) 0. With
b [0, c2, 0], c2 # O, one finds rank C3[A-i, b] 3 but now K(0)= 0 so again the
system (1.1) is uncontrollable by virtue of Theorem 3.4.
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DIFFERENCE APPROXIMATIONS ,TO CONTROL PROBLEMS
WITH FUNCTIONAL ARGUMENTS*

F. H. MATHISf AND G. W. REDDIEN:I:

Abstract. The midpoint difference method is analyzed as a method of discretizing control problems
with delays in the state equation. Attention is given to construction of mesh spacings so that O(h2)
convergence can be achieved. Several numerical examples are given and compared to recent numerical
results that have appeared for these problems.

1. Introduction. The purpbse of this note is to prove the convergence of a special
discretization for a family of optimal control problems with functional arguments, e.g.
a time lag, and to compare the method numerically with two new methods recently
proposed for these problems. The problems studied are nonlinear and in the linear
case include those recently studied by Banks and Burns [1, pp. 10-25], [2], Banks,
Burns, Cliff and Thrift [3] and also some of the linear problems of Banks and Manitius
[4]. The first three of these papers use a projection method with averaging projectors
while the fourth uses a projection series technique. We will analyze a finite difference
method and thus will generalize and improve some of the results of Budak, Berkovich
and Solov’eva [5]. However, the results here are more than a generalization of those
of [5] to the retarded case. We will use a different numerical method here, namely the
midpoint difference method, on the state equation as opposed to the Euler method
studied in [5], and we will use the midpoint integration rule on the cost functional.
With this specific method, our goal will be to establish a convergence rate, not just
convergence as in [2] or [5]. In order to obtain high order convergence, the mesh
points for our scheme will have to be selected carefully. In particular, O(h 2) con-
vergence (where h is the mesh norm) will be shown to be possible with only piecewise
smooth solutions. The solutions to control problems with delays typically have jump
discontinuities in low order derivatives which makes the development of high order
methods difficult. The results given here will apply to problems without functional
arguments, and so our method is a general one that can be used to achieve high order
convergence for control problems in the presence of jump discontinuities. Rates of
convergence for several finite difference approximations to control problems without
functional arguments are contained in Hager [8], but the scheme presented here is not
treated and the problem of piecewise continuous solutions is not examined. Euler’s
method as a discretization for problems with simple delays only is considered in
Lasiecka [12]. Our more accurate method is analyzed here for general functional
arguments. Also, the problem of discontinuities is not discussed in [12].

In 2, the problems treated and the numerical method are defined, and needed
assumptions are made. Section 3 contains the convergence results, and in 4 several
numerical examples are presented and compared with results reported in [4] and also
with some of the very extensive numerical results reported in [3].

2. Problem formulation. We shall adopt the following notational conventions
throughout. Let r and T be fixed positive numbers with T > r. Denote by C the space
of R k-valued continuous functions over I-r, 0] with the usual supremum norm, and
denote by L[0, T] the space of R-valued essentially bounded functions. Let l.
denote the maximum norm in R for any m, let I1" IIc denote the norm on C, let I1" I1=

*Received by the editors September 2, 1976, and in revised form August 1, 1977.
f Department of Mathematics, Vanderbilt University, Nashville, Tennessee. Now at Department of

Mathematics, Auburn University, Auburn, Alabama 36830.
$ Department of Mathematics, Vanderbilt University, Nashville, Tennessee 37235.
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denote the usual norm on L2[0, T], and let II" Iloo denote the essential supremum norm.
If x’[-r, TIeR k, denote by x, the element of C given by x,(s)=x(t+s), s in I-r, 0].

Let U be a nonempty subset of L[0, T] of the form {u L[0,
We will consider the problem to minimize the functional

(2.1)
j(u)= Ior g(x(s), u(s), s) ds +P(xr)

subject to the constraints

(t) f(x,, u (t), t) a.e.
(2.2)

Xo 4 with 4 in C,
and

for 0<- t_<- T,

uU.

Here i (t) denotes the time derivative, g" R k X R R - R, f" C x R x R -R k, and
P" C-R.

In order to define our finite difference method, we need to introduce a partition
of the interval [-r, T]. We want to do this to take into account the discontinuities of
the solution u* and x* of (2.1)-(2.2) so that high order convergence can be obtained.
Later, we will assume that x* is piecewise three times continuously differentiable and
that these points of discontinuity can be identified. This identification problem is
discussed later in this section. It may be the case that the assumed smoothness is
absent or that the points of discontinuity can not be found a priori. In such cases,
convergence for our method can be shown using the proofs given here, but without
any convergence rates. The case of guaranteed O(h 2) convergence only will be
explicitly studied here. We proceed as follows. Let {ti} be the set (assumed finite) of
discontinuities of the first three derivatives of x* and the first two derivatives of u* on
[0, T] plus the points 0 and T. Add the set (also finite) of discontinuities of the first two
derivatives of b and denote this basic partition as Y. {1/4}. All other partitions chosen
will be refinements of . Other restrictions on the meshes may need to be added. This
is discussed in 3. We will denote these partitions by E,’-r=t"--v<t"-zv+l < <,, f’l [0, T].t=0<t< <t,," T and define h’=t[’-ti_, h. =maxih? and .

Our approximation method will be to minimize the discrete functional

(2.3) J.(u.) Y h[’g((xi-a +xi )/2,

subject to the constraints

(2.4)
xi+l=xi +h 1,in+lf (x tr+l/2, /i+1, i+1/2), --0, 1, n

x’= q(t[’), =0,-1, ...,-N,
and

{u’:i=l,2,...,n} is inU,,

where we employ the following notations" The mesh function x? is to approximate x*
at t, u" is to approximate u* at ff-1/2 where ti-/2=--ti_in +h’/2, fl(i, n) is chosen so
that t(.,,) is the first mesh point less than or equal to ff+/2-r, x,"+i/2 denotes the set of
mesh function values {x(i,.)," 1}, x"xt(,,)+, x+ , denotes the set of mesh function
values {x,, x" ...,7(n.)+l, Xt} where y(n) is the index of the first mesh point less than
or equal to t,-r, and where f. and P. are discrete approximations to f and P
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discussed further below. The difference method in (2.4) is implicit, and in specific
examples is chosen so that the truncation error of (2.4) as an approximation to (2.2) is
order O((h?)2). Examples are given later in this section and in 4. The set un
{u?’i= 1, 2,..., n} is an element of Un if maxlu?l-<-K. The set U, is then simply a
discretization of U. The basic idea of the method is relatively simple, it is essentially
based on the midpoint integration rule which is a consequence of Taylor’s formula" if x
is in C3, then 0h (t) dt h(h/2) + O(h 3).

In many cases it is possible through the use of necessary conditions to locate the
discontinuities of u* and x* a priori. For example, suppose we wished to minimize the
unconstrained problem

T

(2.5) J(u)= I0 (xT(s)Wx(s)+uT(s)Vu(s)) ds

with

(2.6) (t) A l(t)x (t r) +A2(t)x (t) +B(t)u (t)

for O<-_t<-_T and x(t)=k(t) for -r<-t<-_O. Here AI, A2, B, W and V are smooth
matrix functions of the proper dimension with W symmetric positive semi-definite
and V symmetric positive definite. By a result of [6], if u* and x* are an optimal
solution to (2.5)-(2.6), then there is a constant r/o < 0 and an R-valued function r/(t)
so that

(2.7)

(2.8)

and

(t) =-r/(t +r)TAl(t +r)-q(t)TA2(t)-2loX*(t)rW for 0_-<t < T-r,

(t)=-rl(t)A2(t)-2loX*(t)W for T-r<-_t<-T, /(t)=0, t_-> T,

(2.9)
1 1Bu*(t) =--o V- (t)n(t).

From (2.6) we have that x* is continuous and from (2.7)-(2.8) we have r/ is con-
tinuous. Thus by (2.9), u* is continuous. Now returning to (2.6) we have that * is
continuous. We may continue in this "boot-strapping" fashion and locate possible
jump discontinuities for the third derivative of x* and the second of u* among r, 2r,
T-r and T-2r only, and then include them in our mesh. Further necessary con-
ditions are contained in the.paper of Jacobs and Kao [10].

Restricting u to a bounded set U is necessary for our convergence proof. The
identification of points of discontinuity for the constrained problem is a difficult one.
For an unconstrained problem, one can more easily locate these points as indicated
above. Also for the unconstrained problem, one can in many cases bound the control a
priori. Then one may artificially add the constraint u in U with U taken sufficiently
large to apply our theoretical results. This is the approach of [5].

We now make the following assumptions on the problem (2.1)-(2.2).
(a) There are constants M1 and M2 so that

I/(ff, u, t)-f(, v, t)l MII- 4,1lc +Mzlu -vl,
for all in [0, T], ’, in C, and u, v in U. Also we assume f has two continuous
derivatives with respect to each of its arguments.

(b) For any bounded set K in R k there are constants M3 and M4 so that

[g(x, u, t)-g(y, v., t)I<-M3Ix-yl +M4lu-v
for all t in [0, T], x, y in K and u, v in U.
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(C) For any bounded set K in C there is a constant M5 so that

for all " and in K.
(d) An optimal control u* exists with corresponding response x* defined by

(2.2). The first three derivatives of x* on [0, T] are assumed piecewise continuous with
the set of these discontinuities being finite and the discontinuities all being finite
jumps. The functions u* and b are assumed to have two piecewise continuous
derivatives with the set of these discontinuities finite and the discontinuities all being
finite jumps. Designate this set of discontinuities plus 0, T and -r by E.

Hypothesis (a) is satisfied by linear problems. It is also stronger than is actually
required for applications. Since controls are only considered in the bounded set U, if it
is assumed that solutions x(., u) to (2.2) are uniformly bounded, then hypothesis (a)
can be relaxed to a local Lipschitz assumption on f. The uniform boundedness of these
solutions can often be verified by a variety of devices, not just a global Lipschitz
condition. For certain delay problems, say f(xt, u, t)=f(x(t- r), u (t), t), an argument
analogous to the method of steps [7] can be used for continuous functions f to bound
x (t) in terms of f, u and b. Since u is restricted to a bounded set, it then follows that x
remains in a bounded set and so hypothesis (a) would be satisfied over the relevant set
of solutions x x (., u) with f continuously ditterentiable. See the last example in 4.

The differentiability condition on f need only be satisfied piecewise in in order to
later prove convergence. One simply puts mesh points at the discontinuities. This is a
well-known advantage of the midpoint method (see for example Keller [11]) as
compared to other difference methods including the trapezoid rule. We will not discuss
this further here but will simply assume f has two continuous derivatives. However, see
the third example in 4.

If g(x, u, t) has the scalar form a(t)x2(t)+b(t)u2(t), then

g(x, u, t)- g(y, v, t) a(t)(x(t) + y(t))(x(t)- y(t)) + b(t)(u(t) + v(t))(u(t)-v(t)).

Thus this quadratic g will satisfy hypothesis (b). Similar remarks hold true for P in
hypothesis (c) when P has the typical form P(b)= (b(T))2.

The mappings f, are taken to be defined for the discrete mesh functions
defined earlier, u, in U,, and t"i+1/2, =0, 1,.. n- 1, so that f,(xtr+l/2, u,,, i+1/2) is in
R k. Pn is taken to be a mapping from the discrete mesh functions x’ defined earlier to
the reals.

We assume that the approximations f and P, satisfy the following conditions:
(e) Let f,, be defined so that for any two mesh functions xn, y mapping n into

R k and for any u, in U, one has

If,(x+,/, U,+l, t,+l/)-f,(y,r+l/, u,+,

=<M6 max {Ix"(t,,,,+)- y i,+)l "0 <] <i + 1-fl(i, n)},

where M6 is independent of i, n, x,, y,, and u in U,,.
(f) If x(t) defined over I-r, T] has three piecewise continuous derivatives over

[0, T] and two piecewise continuous derivatives over I-r, 0] with only jump dis-
continuities all included in the points of E, then there is a constant M7 that depends
only on the maximum of the second or third derivative of x(t) so that

Xti%l/2, Ui+l, ti+l/2) (Xt+l/2, Ui+I, ti+l/2 =<M7(h/n+l)2

holds uniformly in i, n and u in U. where xtr+/2 {x(tt..)),’’’, x(ti+l)}.
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(g) Define K to be the set of mesh functions mapping ,, into R k so that
max Ix,, (t"(,)+j)l-<K "0 =<j <n-= y(n). We assume there is a constant M8 depending on
K so that for any two mesh functions x, and y,, in K,

IP. (x,".") P. (y t.")l =< M8 max (Ix,, (tv(.)+i) y. (t.)+)l" 0 j n (n)}

where Ms(K) is assumed independent of n. Finally,
(h) If x and x, are as in (f), then there is a constant M9 so that

IP(xt.) Pn (x,.)l <- M9h 2,
for all n, where M9 depends continuously on the maximum of value of the second or
third derivative of x on [0, T].

Typically, P has the simple form P(x)= (x(T))2. In such cases P,, would be taken
to be P itself and so (h) would be trivially satisfied. Hypothesis (e) can be relaxed to a
local condition in an analogous manner to the relaxation of hypothesis (a) as discussed
earlier. To simplify the exposition somewhat, we will simply use hypotheses (a) and (e)
as stated.

We next consider pairs f, , meeting the hypotheses (e) and (f).
Example 1. Suppose f(x,, u, t)= a(t)x(t)+b(t)x(t-r)+c(t)u(t) and one chooses

the mesh spacings to be uniform and so that if t? is a mesh point, then so is t?-r. Then
L(x"d’+a/z, Ui+l, ti+l/2) would be taken to be

a (ti"+ 1/2)(x i-r/h. + Xi"+ 1-r/h.)/2 + b (ti"+ 1/2) (x/" + x/"+1)/2 + c (ti"+ 1/2)u i"+ 1"
The Lipschitz assumption of hypothesis (e) will be satisfied and the truncation error
assumption of (f) can be seen to be met by an application of Taylor’s theorem since
f(x,l’+a/z, Ui+l, ti+1/2) a(ti+l/2)x(ti+l/2 r) + b(ti+l/z)x(ti+l/2) + c(ti+l/2)u[’+l.

Example 2. Consider the same example as Example 1 but suppose the mesh
spacings are not uniform. Then i+1/2 r will lie between two mesh points, namely
tt](i,, and tt]i,,)/l, but will not necessarily be their midpoint. In this case, a weighted
average need be taken i.e.

fn(xtT+a/2, Ui+l, ti+l/2) a(ti+l/2)(Oi Xt(i,n)q-(1--Oi )Xo(i,n)+l)-Pb(tin+l/2)
(xi +Xi+l)/2+c(ti+l/z)ui+l

where O?=(tai,.+l-(t+l/2-r))/(t,.)+l-ta,.)) and 0=<0 -<1. Hypotheses (e) and
(f) will then follow as in the preceding example.

Example 3. Suppose that f(x, u, t) has the form a(t)

_
x(s) ds + u(t). Suppose

the mesh spacings are as in Example 1. Then take

fn(X U ti+l/2)=a( i+1/2) hnx?+ui+l,t+/2 i+1
j=(i,n)+l

i.e., the midpoint integration rule. Again, hypotheses (e) and (f) will be satisfied.

3. Convergence. The convergence of the optimal values of (2.3)-(2.4) to the
optimal value of (2.1)-(2.2) is established by the following theorem, which is the main
result of this section. An additional technical hypothesis on the mesh, (i), is needed
and is discussed before Lemma 3.3 in this section.

THEOREM 3.1. Let assumptions (a) through (i) hold and let the sequence of meshes
{E,.} chosen be refinements of E and satisfy h, <-_ h/n for some constant h > 0 and all n
sufficiently large. Let u*, be an optimal control for (2.3)-(2.4) and let u* be an optimal
control for (2.1)-(2.2). Then

IJ (u )-J(u*)l O(h 2)
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The proof of this theorem will be established in this section through a sequence of
lemmas. We first give some continuity results about the problem (2.1)-(2.2). The first
lemma follows from results of Hale [9].

LEMMA 3.1. Let (a) and (d) hold. Then for any control u in L2[0, T], an absolutely
continuous solution to (2.2) exists and is unique.

LEMMA 3.2. Let (a) hold. Suppose that u and v are elements ofL2[0, T] and that x
and y are the corresponding solutions of (2.2) with the initial condition x0 y0 b. Then
there is a constant c independent of u and v such that

max Ix(t)- y(t)l  cllu -vll=t0,,
Ot<=T

Proof. Let r(t)= max-r_s__<t [x(s)-y(s)] and note that r is nonnegative and non-
decreasing. Choose t in [0, T]. Then using (a) and the Schwarz inequality, we have

]x(t)-y(t)l<= Io [f(x, u(s),s)-f(y,, v(s),s)] ds

<-_M IIx-yllcds+M lu(s)- (s)lds

Thus

and so by Gronwall’s inequality

r(t) <=Med-llu
where M max {M, M2} and the lemma follows.

The next lemma essentially establishes the stability of (2.4). However, we will
need one additional hypothesis on the mesh spacings and f. Denote the solution of
(2.2) corresponding to a piecewise constant function un over E’,, as x(t, un). We
additionally assume: (i) that x(t, u,) has three piecewise continuous derivatives with
discontinuities only at points of Z’,,, and that the first three deriatives of x(t, u,) are
bounded by a constant independent of n and u,, in U,,. Since --f(xt, Un, t), assump-
tion (i) says that discontinuities of x are generated only at points of discontinuity of u,
and also points that can be predicted based on the nature of the dependence of f on xt.
As an example, suppose f(xt, u,t)=ax(t-r)+bx(t)+u(t). Then differentiating the
equation f(xt, u,, t) shows that discontinuities in 5 and " will occur at points of the
form t[’, t;’ + r and t?+ 2r. Thus, in this case, our meshes Z,, {t?} should be such that
for 0 =< t, the points t? + r =< T and t?+ 2r =< T should also be in Z,,. The boundedness
of the derivatives of x follows from Lemma 3.2 and the form of the equation. As a
second example, suppose f(xt, u, t)=

_
x(s) dx + bu(t). Then differentiating shows

that discontinuities in Y and " are introduced at points of the forms t and t? + r.
We assume throughout the remainder of this section that the hypotheses of

Theorem 3.1 hold.
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LEMMA 3.3. Let x, x,(t, u,) denote the solution of (2.4) corresponding to u, in U,
and let x(t, u,) denote the solution to (2.2) corresponding to u, in U, where u,(t) u[’ on
(ti"-1, if]. Then there is a constant c independent of n and u, in U, so that

max Ix(t[’,
Oin

Proof. We first note that with hnM6 < 1 and assumption (e), a simple contraction
mapping argument showsthat x, x,(t, u,) is well defined. Define x(t)= x(t, u,). By
assumption (i), it follows using the midpoint rule that

(3.1) x (tin+ 1) X (t[’) + hin+ 1f(xtT+l/2, u+1, tin+ 1/2) q" Bi,1 (hi’+ 1)3

where Bi.1 depends on the third derivative of x. By use of (3.1), it follows that

X(tin+l) Xi+ln x(t[’)- xin "k- hi+lf(xt,+l/2,n Ui+l" t"i+ 1/2)
(3.2)

-hi+lfn (xt,+/2, Ui+l, ti+l/2)+Bi,l(i+1)3.
Define the function e(i) for i=-N, -N+l,...,0,1,...,n by e(i)=
maxi_<i [x(t?)-x?[. Note that x?= x(t[’)= 4(t?) for i= 0,-1, ...,-N so that e(i)= 0
for 0,-1, ...,-N. Now from (3.2) and using assumptions (e) and (f) we have

Ix (t?+1) X in+ 11 iX (if) x ?[ +M7(h’+ 1)3

3+M6hi+xe(i+ 1)+B(hi+l)

and so

e(i + 1)<e(i)+hi+lM6e(i + 1) +B2(h/"+l)3

where [Bi, ll B1 for all and n and B2- M7 q-B. Then an induction argument shows
that for n >_-no, no sufficiently large, and some constant a > 0

i+1 ) i+1 )(1 h’M6)-*h h 2 < ’hn h’ hB2e(i + 1) (/= ,,
<_ Te.*h 2.,B2 O(h 2.),

which completes the proof.
LEMMA 3.4. If U. ={U[’}={u*(t;’+I/2)} where u* is a solution to (2.1)-(2.2), then

there is a constant c independent of n so that

max Ix*(t?)-x?l <=ch
Oi_n

where xi x,(ti u).
Proof. By assumption (d), it follows that

tnx*(t+) x*(t/")+ h+f(x*tT//2, ui+, i+/2)+Bi*(h+x)3

where B* depends on the third derivative of x*. This is the same equation as (3.1),
and so the proof follows as in Lcmma 3.3 with no change.

LEMMA 3.5. There is a constant c > 0 so that

for all w. in U,, considered as step ]’unctions over
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Proof. Let x(t)= x(t, w.) denote the solution of (2.2) with w. treated as a step
function and let x. (t)= x. (t, w.) be the solution of (2.4). Then

IP(xr) Pn (xt)l <- IP(xr) P, (z)l + IP, (z) P, (x)l
where z x(ff). The first term on the right in this inequality is less than or equal to

M9h by assumption (h). By assumption (g) we have

IP,, (z) P,, (x)l =<M max 1=7- xTI,

and applying Lemma 3.3, we thus have a similar estimate for the second term.
Now for 0, 1,. , n- 1,

[Xi+l -l-Xig(x(t), t) dtti+1/2Ui+l, g Ui+l,
ti

IttT+l [ (x(t)+X(i+l) tnt"
(3.3) <-- g(x(t), Ui+l, t)-g U,+l, +1/2 dt

7 2
t7+i x(t’)+x(ti+x)-- g Ui+l, ti+l/2

Jr7 2

2
,ui+, +/. dr.

The first term on the right in (3.3) is O((h+O) since it may be estimated by using the
error term for the midpoint integration rule. The second term is O((hi+)) from
hypothesis (b) and Lemma 3.3. Since Y’.i__ O((h)) O(h,), the result follows.

We now may prove Theorem 3.1. First note that.(u.*)-(u*) -<.(w.)-(u*)
where Wi+l u*(t+l/2). Then

J. (w.)-(u *) ]. (w.)-(w.) +(w.)-J(u *)

Now
<-ch,+J(w,)-J(u*).

J(w.)-J(u*) (g(x(t, w.), w., t)-g(x(t, u*), u* t)) dt.
i=0

By two applications of the midpoint integration rule,
’"+

(g(x(t, w,), w, t)-g(x(t, u*), u* t)) dt
7

tin+l

J [g(x(t, Wn), u*(t+l/2), t)--g(x(tin+l/2, U*), u*(t+l/2) till dt

[t?+ *), *(t+l/z),ti+ -(x(t, *), *+ [g(x(ti+l/2, u u 1/) g u u t)] dt
t7

[g(x(t, w),u*(t+/),t)-g(x(ti/;,u*) u*(ff+/),ti/)]dt+O((h+))
ti%

[g(x(t, w.), u (ti+1/2), t-g(x(ti+x/2, w.), u*(tL/2), t+/2)] dt
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tP+l
+ [g(x(tin+l/2, W.), u*(t?+/z), t+l/2)--g(x(tin+l/2, U*), U*(t+l/2), t/n+l/2)] dt

-k- O((h/n+ 1)3

tin+a
t" *(ti+l/.), ti+l/z)] at[g(x(ti+l/2,n Wn), u*(t?+l/2), t/n+l/2) g(x( i+1/2, U*), U

?
d- O((hin+l)3).

Then using the Lipschitz continuity of g, we have that the integral on the right in this
last equality is less than or equal to

M3hin+llX(t?+l/2, Wn)--X(t?+l/2, U*)[ M3hin+l[X(t?+l/2, W,)--(X?(Wn)+X,"+I(Wn))/2[

+M3h?+l[(x’(wn)+X?+l(Wn))/2-X(t?+l/2, u*)[.
Using the triangle inequality, we have

x(ff+l/2, w) -x’(w")+x[’+l(w) < Ix(if+l w,) -x(ff’ w,)+x(ff+l, w)
2 2

x(t[’, wn)+x(ti+l, wn) xi (w)+Xi+l(W,)+
2 2

The first term on the right hand side of this inequality can be bounded by O(h2,) using
Taylor’s theorem and assumption (i). The second term can be similarly bounded by
use of Lemma 3.3. The expression I(x’] (wn)+ x+l (wn))/2-x(t’+i/2, u*)l is bounded by
O(h 2,) in a similar manner by the use of Taylor’s theorem and Lemma 3.4. We thus have

(3.4) J (u )-J(u*) <-_ O(h 2).
Now by Lemma 3.5,

J, (u J(u*) Jn (u *,) J(u *,) +J(u *,) J(u*) >- -ch +j(u J(u*).

But J(u*) <-J(u*) by definition of J(u*), so

(3.5) J,(u*)-J(u*)>-_-ch

Combining (3.4) and (3.5), we have proved the theorem.
Theorem 3.1 says that we have a minimizing sequence and so with the usual

convexity assumptions on g, one can in certain cases deduce L2-convergence of the
discrete controls u,* to u*. We omit statements of these results and refer the reader to
[5] for details.

4. Numerical examples. Consider first the scalar problem

min J(u) y[x (3)]z+ (u(t)) dt

subject to the constraints

2(t)=x(t- 1) + u(t), O<t <3,

x(t)= 1, 1_-<t-<0.

The optimal control, u*, which solves this problem is [3]
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6(-(t 2)2/2 1.5}, 0 =< t =< 1,
u*(t)= 6(t-3), 1 <t=<2,

-6, 2<t=<3,

where 6 =373,[6(1+3197/30)]. Note that u* is continuous on [0,3] but its first
derivative is discontinuous at 2 and its second derivative is discontinuous at 1.
The value J(u*) is .5(37/6)2/(1/3,+319/30). We solved this problem numerically
using a sequence of uniform mesh spacings with h 1 In. The discretization (2.3)-(2.4)
then leads to a quadratic programming problem with 6n variables. For our dis-

tcretization, we chose P, P and fn =L Thus ]’,.,(xt+l/., Ui+l, i+1/2) was in this case
taken to be (xi"--,,+x’_,,+l)/2 + u’i’+. Without the superscripts, (2.4) became in this case

Xi+ taxi Xi-n -I- Xi-n+ + ui+, 1, , 3n-l,
h 2

and (2.3) was taken to be

3n

1/23,(X3n)2"q" Z (ui)2h
i=1

The following table, Table 1, contains numerical results that we obtained for several
values of n. The parameter 3, was set to 3 and J(u*) 1.73379. The calculations were
done in single precision. Under the assumption that the error has the form C(1/n)t,
the observed value of/3 has been computed although the numbers are too accurate for
/3 to be correct to more than one digit. See also the second example.

TABLE

5 1.73460 8.1 10-4

9 1.73402 2.3 10-4 2.1
13 1.73388 0.9" 10-4 2.5

Table 2 reports values of u,* at several points.

TABLE 2

5*(t) u9*(t) 1"3(t) u*(t)

5 -1.47877 -1.47688 -1.47645 -1.47606
1.5 -0.84341 -0.84345 -0.84346 -0.84346
2.5 -0.56227 -0.56230 -0.56231 -0.56231

The following table, Table 3, contains numerical results for this problem reported
in [3] using the projection method of Banks and Burns [2]. Their discretization
involves a parameter n that leads to an approximating control system with an (n + 1)-
dimensional system of ordinary differential equations replacing the state equation and
a performance criterion in this case involving (n + 1) (n + 1) matrices. They produced
solutions by integrating the resulting necessary condition using two schemes, both
involving fourth order discretizations, and their computations were done in single
precision. Assuming their method behaves as C(1/n)t, we also computed an observed
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/3 for their results. Their method uses orthogonal projections into spaces of piecewise
constant functions over a mesh with spacing 1In to define their approximating
equations. If they had discretized both the state equation and cost functional directly
with a spacing of l/n, then our two methods would lead to nonlinear programming
problems of exactly the same size. Thus the n in Table 3 is the same as the n in Tables
1 and 2. We also integrated the necessary conditions using the midpoint rule and saw
no significant change in the values of our approximations.

TABLE 3

9 1.89 10-2

13 1.32" 10-2 .98
17 1.01" 10-2 1.00
20 8.60 10-3 .99

They also obtained u(1.5)=- 8240 and u2"0(1.5)=-.8309 to compare with our
Table 2. Their method appears to be linearly convergent whereas ours is second order.
In addition, our absolute error estimates are smaller.

As a second example, consider the problem

min J(u)----- y[y (2)] + (u(t)) dt

with

;(t) + 3)(t- 1)+ y(t)= u(t), 0<t<2,

y(t)-- 10, -l=<t=<0.

In order to treat this problem by our method, we need to rewrite the state equation as
a first order vector system by defining Xa(t)= y(t), x,.(t)= )(t) and then letting x(t)=
[Xa(t)x2(t)]T. As in the first example, we let h 1In. The dimension of the discrete
problem is 6n, 4n for the state variables and 2n for the control. The solution to this
problem is [3]

sin (2- t)+2(l-t) sin (t- 1),
u*(t)

8 sin (2- t), 1 <t--<2,

0<t<l,=

where y2.655625/(1 +%937378). Also J(u*)= 7.052344/2(1/3/+.937378). For
y= 10, J(u*) 3.39912 and we obtained the numerical results in single precision
shown in Table 4.

TABLE 4

5
9

13

3.27916 .12
3.36199 .04 1.99
3.38131 .02 2.00
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In this problem, the second derivative of u* has a discontinuity at t 1. We also
obtained the following values for the approximating controls.

TABLE 5

(t) u9 (t) 13(t) u*(t)

.5 2.20222 2.23300 2.24012 2.24670
1.5 1.20369 1.22003 1.22383 1.22730

The following table, Table 6, contains the results of [3] for this problem. They
also rewrite the second order state equation as a first order vector system, and so the
dimensions of the fully discretized approximating systems are the same.

TABLE 6

J, IJ,-J(u*)l

5 2.3391 1.06
9 2.7390 .66 .81
13 2.9205 .48 .87
17 3.0238 .38 .91
48 3.2587 .14 .95

A comparison of Table 4 with Table 6 shows that our value for n 13 is about a factor
seven better than their value for n 48. We also appear to have computationally
confirmed Theorem 3.1.

We applied our method to a problem with a target constraint on the response to
compare with an example of Banks and Manitius [4], where their new projection
series method was used. We have not as yet been able to extend Theorem 3.1 to this
class of problems. The problem is

2

min J(u)= | u2(t) dt
o

subject to

1 1
it(t) --x (t) +--x (t 1)+ u (t), 0<t <2,

and x(t)= 1 on [-1, 0], x(t)=0 on [1, 2]. The exact solution [4] J(u*) 4.3975, and
u* has a jump discontinuity at 1. We obtained the numerical results in the next
table, Table 7.

TABLE 7

5 4.41 10-4

10 1.11 10-4 1.98
20 2.79" 10-5 2.00
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We treated the target objective as additional constraints and so had 4n variables. The
method of [2] involves considering controls in an n dimensional space. If they used a
discretization with spacing 1In on the state equation, they would have a nonlinear
programming problem with 3n variables. They obtained the results in Table 8.

TABLE 8

5 6.45 10-2

11 3.45 10-z .79
21 2.05 10- .80
41 1.25 10 .74

Their method also appears to be linearly convergent at best. The midpoint rule is
necessary here in our numerical method since u* has a jump discontinuity. Using the
trapezoidal rule on both (2.3) and (2.4) produced the results in Table 9.

TABLE 9

5 4.71 10-2

10 2.11 10-2 1.16
20 1.00 10-2 1.07

As a final example, we considered the simple nonlinear problem
2

min J(u) I0 u2(t) dt + 5x2(2)

subject to

(t)=x2(t-1)+u(t), 0<t <2,

and x(t) 1 on [-1, 0]. The solution to this problem gives J(u*)= 3.094428 where

cke k‘ + (c 1)ke -k‘ 1,
u*(t)

-k2/2,

0=<t-__< 1,

l<t=<2,

and c=(2+2ke-k--k2)/(2k(ek+e-k)) and k2=1.76640557. We obtained the
numerical results in the following table, Table 10. The discrete problem was solved
using the method of steepest descent.

TABLE 10

5
9

13

3.33 10-3

1.02 10-3 2.0
49.10-3 2.0
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MODAL CONTROL OF CERTAIN FLEXIBLE DYNAMIC SYSTEMS*

MARK J. BALASf

This is dedicated to T. N. Edelbaum, my good friend and a great source o]: encouragement
in this and other work; his untimely death is an immeasureable personal and professional loss.

Abstract. Interest has increased in the active control of vibrations in mechanically flexible systems, e.g.
attitude control of flexible spacecraft, ride quality improvement of air andsurface transportation, and active
optics. To insure satisfactory performance of such systems, their distributed parameter nature must be taken
into account in control system design, ha this paper, we obtain feedback control of N nodes of a flexible
system and treat the problem of control "spillover" into the uncontrolled modes.

We consider the class of flexible systems that can be described by a generalized wave equation,
utt +Au F, which relates the displacement u(x, t) of a body 1 in n-dimensional space to the applied
control forces F(x, t). The operator A is a time-invariant, symmetric differential operator with a discrete
semibounded spectrum and the control forces F(x, t)=1 bi(x)]](t) are provided by M actuators with
influence functions bi(x). The displacements are measured by P sensors yj(t),/’ 1, 2,..., P, located at
various points along the body. This class of distributed parameter systems includes interior and boundary
control of vibrating strings, membranes, thin beams, and thin plates.

A feedback control is found by applying known state variable methods to a lumped parameter
approximation of the above system. Such a discretization can be obtained by expanding the system state in
the eigenmodes of the operator A and truncating the expansion. The N controlled modes are selected and
the resulting finite dimensional approximate system must meet certain controllability and observability
conditions which we display.

The feedback control so obtained will stabilize the N selected modes of the flexible system, and the
energy in the uncontrolled modes is usually ignored in the design. However, in all but some very special
situations, the actuators will excite these uncontrolled modes. In vibrating systems, such control "spillover"
can severely degrade the system performance. We prove a result that guarantees suitable system per-
formance with the above modal feedback control, provided that the controlled modes are controllable and
observable, the remaining modes are unobservable, and the control spillover meets an a priori bound
determined by the desired performance. This result justifies the use of a simple and direct modal feedback
control for flexible systems which satisfy the spillover condition, and it issues a warning for modal control of
systems which have excessive control spillover. To illustrate these results, a modal feedback control is
obtained for a simple beam with pinned ends and the performance is evaluated.

1. Introduction. Interest has increased in the active control of vibrations in
mechanically flexible systems, e.g. attitude control of flexible spacecraft [4], [11], ride
quality improvement of air and surface transportation [5], [7], [18], and active optics
[2]. To insure satisfactory performance of such systems, their distributed parameter
nature must be taken into account in control system design. In this paper we obtain
feedback control of N modes of a flexible system and treat the problem of control
"spillover" into the uncontrolled modes.

We consider the class of flexible systems that can be described by a generalized
wave equation

(1.1) utt +Au F

which relates the displacement u(x, t) of a body 1, a bounded open set with smooth
boundary 01) in n-dimensional Euclidean space R n, to the applied control forces
F(x, t). The operator A is a time-invariant, symmetric differential operator with
compact resolvent and lower semibounded spectrum. The domain @(A) of A is dense

* Received by the editors May 4, 1977, and in revised form August 18, 1977.

" Charles Stark Draper Laboratory, Cambridge, Massachusetts 02139. This work was supported by the
Advanced Research Projects Agency of the Department of Defense and was monitored by the Deputy of
Advanced Space Programs, Space and Missile Systems Organization under Contract FO-4701-76-C-0178.
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in the Hilbert space L2(f) with (.,.) denoting the usual inner product and II"
denoting the associated norm. The control forces

M

(1.2) F(x, t)= B[(t)= b,(x)](t)
i=1

are provided by M actuators with influence functions bi(x). The displacements are
measured by P averaging sensors

(1.3) y(/)= Cu(x, t)

where yi(t)= n cj(x)u (x, t) dx with/" 1, 2,. ., P. The actuator and sensor functions
bi(x), ci(x) are in L2(f) and normalized to have unit integral. When the support of
bi(x) is in a small neighborhood of a point xi, we say it is a point actuator and, similarly,
we define a point sensor. The point actuator and point sensor situation is of special
interest here. This class of distributed parameter systems includes interior and boun-
dary control of vibrating strings, membranes, thin beams, and thin plates.

It is well known [6, p. 277] that the spectrum of A contains only isolated
eigenvalues Ak with corresponding eigenvectors Sk such that

AI=<A2=<

and At#k Akt#k. Without loss of generality, we will assume that h is positive. Thus A
satisfies

(1.4) (Au, u)_-> llull=, >0,

and has a square root A 1/2. Every vector u e L2(O) has a unique representation

u(x)= 2
k=l

where Uk U4k dx and we define the orthogonal projections Po, Q0 by

(1.6) Pou= Ukqbk, Qou= E UkChk.
k=l k=n+l

Let H -= L2(f) x L2(f) with the usual inner product and let V be the domain of A and
W be the domain of A 1/2. A new operator , is defined in H by

(1..7a) (A)= V x W H1 where (A) denotes the domain of A,

-[wv] [ w ]foreveryvV,wW.(1.7b) A -av
The energy inner product (., )E is defined on H1 by

(1.8) ([ vwll], [ Vw])ts (vl,Av2)+(wl, w2)

for vl, /32 V and wl, W2 W. The associated energy norm is denoted by [l" lie and is a
measure of the total potential and kinetic energy in (u, ut) where u is a solution of
(1.1). Let v [u, u,] r and write (1.1), (1.2), and (1.3) as

(1.9)
vt Av +B_[,
y Cv,

V0 Hi,
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where/ [] and t [C 0]. It is easy to see that

(1.10a)
v= E

k= k
and

(1.15)

(1.16)

(1.17)

and

(1.10b) Ilvll E [xu?, + g]
k--1

and, in the energy norm, A generates a unitary group U(t) [23, p. 446] such that (for

(1.11) U(t)vo= ., cosot sin t/] u(0)]- sint cosset (0)J

for any vo=2 [u(0)](0)j in H. This means that, when no external forces are

present (i.e., [= 0), the energy in solutions of (1.9) is preserved"

(1.12) U(t)v011
for any vosHa. When [(t)is continuously differentiable for 0, the solution to (1.9)
is given by [6, p. 486]

(1.13) v(t)= U(t)Vo+ U(t-z)f(z) d,

for any Vo e H.
Recalling (1.6), we define the projections P, Q on H by

[Pov v(114) P[:] LP0w]’ O[w][ O0Vo0w]
and note that they are orthogonal in the energy inner product and that PHi, QHx
form A invariant subspaces of Ha. Consequently, from (1.9),

Pv, APv +P,
Qv, AQv +Q,

CPv + CQv

(1.18)

We refer to solutions Pv of the finite dimensional subsystem (1.15) as the controlled
modes of (1.9) and solutions Qv of the infinite dimensional subsystem (1.16) as the
residual (or uncontrolled) modes of (1.9). From (1.18), the total energy of a solution v
of (1.9) is the sum of the energies in the controlled and residual modes.

Control and controllability of the distributed parameter system (1.9) have been
studied in [3], [15], [16], [17], [21], [22], and [25]. In these papers, the intention has
been to control or stabilize the full state v assuming exact knowledge of it. It is our
intention to develop a feedback control [(t) based only on the sensor information _y(t).
Our philosophy is similar to R. Triggiani’s [24] with generalized heat equations, where
A generates a holomorphic semigroup, in that we will develop our control for the
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finite dimensional subsystem (1.15) instead of the full system (1.9). We must pay a
greater price for doing this with a flexible system since the residual subsystem (1.16)
does not have the strongly damped characteristic of the heat equation; however, we
intend to account for the effect of the residual system to determine what performance
can be expected from such a modal control. Modal control schemes similar to ours
have been developed in the past for particular flexible systems [8], [10], [11], [12].
Although the degradation of performance due to the residual system has been recog-
nized, it has not been analyzed or compensated. Two exceptions are [20] where
corrections are made to the state estimator to approximate the effect of the residual
system and [14] where analysis of the residual system effect is done on a class of
flexible satellites.

We call the effect of control [(t) entering the residual sub-system (1.16) through
the term OBfcontrol spilloverand the contamination of the sensor measurements
(1.17) with residual subsystem information through the term Qv--observation spill-
over. Both effects can be reduced by careful location and shaping of actuator and
sensor influence functions but this freedom is rarely available to the control system
designer; the locations are often already determined by structural considerations.
Also dependence on exact location and shape can lead to highly sensitive designs.
However, the effect of observation spillover can be reduced substantially by prefilter-
ing the sensor data to remove the residual system information [1]. Consequently, in
this paper, we restrict our attention to the effect of control spillover and assume no
observation spillover, i.e.,

(1.17’) y Pv.

The closed loop instabilities that arise when both control and observation spillover are
present are analyzed and illustrated in [1].

The modal control scheme is developed in 2 and the controllability and
observability requirements are presented there. The main results are estimates of the
system behavior with control spillover present; these are presented in 3 and 4. An
example of modal control of a simply supported thin beam is presented in 5 and the
results are ummarized with conclusions in 6.

2. Modal control. In this section, we develop the control [(t) for the finite
dimensional subsystem (1.15) using well known state variable methods [9]. This modal
control scheme consists of

1) a Luenberger observer which accepts the sensor measurements _y(t) and pro-
duces an exponentially convergent estimate of Pv,

2) a linear state variable feedback control law which multiplies the estimate of Pv
by constant gains to produce the actuator commands [(t).

The feedback gains can be obtained by pole allocation [19] or by optimal
regulator design.

From (1.6)and (1.14), we have

(2.1) Pv [ Uk]4kk= ak

and we define
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where UN=--[Ul, UN]T and tin [til, tiN] r. From (1.15) and (1.17’)

(2.3) -N A-N +BN[’
y_= C_N

where

AN /N-- G[CN 0]--AN BN

and

and

CN " -l(1.: 1) (C1, CN)]
(Cp, 61) (Cp,

THEOREM 2.1. The system (.N, B-N, N) is controllable and observable if and only
if (AN, BN, CN) is controllable and observable.

Proof. The proof is by direct examination of the controllability and observability
matrices; the ones for (AN, BN, CN) have rank 2N if and only if the ones for (AN,
CN) have rank N.

In the case of one space dimension where the eigenvalues Ak have unit
multiplicity, the conditions of Theorem 2.1 are satisfied if and only if each row of
and each column of CN have a nonzero entry. Consequently, controllability and
observability can be accomplished with one point actuator and one point sensor if they
are located away from the zeros of the N modes we wish to control. In the case where
an eigenvalue has greater than unit multiplicity, the conditions of Theorem 2.1 are
satisfied if the diagonal Jordan block of AN associated with such an eigenvalue and the
corresponding blocks of the BN and Cv matrices form a controllable and observable
subsystem; this will be true when the ranks of these corresponding blocks equal the
eigenvalue multiplicity. Thus a single point actuator and sensor cannot produce a
controllable and observable subsystem (2.3) in more than one space dimension.
Hereafter, we will assume that the conditions of Theorem 2.1 have been satisfied.

The modal control for the sybsystem (2.3) is given by

(2.4)
[=

with control gain matrix GN and estimator gain matrix KN. Let _eN =--_vN-vN, the
estimator error, and (2.3) becomes

(2.5)
_N (AN +BNGN)v_N + BNGNe_N,

e_,,(o)

Since (N,/N, v) is controllable and observable, pole allocation or optimal regula-
tor methods can be used to achieve any desired stability of the composite system (2.5).
Assume that (N, /N have been chosen so that the spectrum of the composite system
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(2.5) is to the left of a vertical line in the complex plane drawn through the point
(-o-, 0)where o, > 0. But

0(2.6) [] [ IN] [_]
is a nonsingular transformation and therefore the spectrum of the equivalent
composite system

N +B-NN INN
also lies to the left of the vertical line through (-o’, 0). Therefore, using t3N(0)= 0, we
obtain

with K2p(DrDN)p([DND}]-I). 1 where p(. ) denotes the spectral radius of a
matrix and DN is the nonsingular matrix that transforms the composite system (2.7)
into Jordan canonical form.

THEOREM 2.2. The_llowing inequalities hold for Vo Hi:

2)
where 8 max, (1, X) and min (1, X) and K is defined in (2.8).

Proof. From (2 1) and (1.10), we have Ilevll= =l (Au + a). By definition of
DTin (2.2), g_ Ilevll, Using (2.8), we obtain parts 1) and 2).

Note that, if no estimator is present (i.e., 0), then K can be defined by

K2 _=. P(DDN)19 ([DNDN*]-1)

where DN transforms AN +BNGN to Jordan canonical form.

3. Energy estimates with control spillover. In this section, we estimate the total
energy in the solution of v of the system (1.9) with the modal control _f(t) in (2.4).

THEOREM 3.1. Let Vo H; then
1) Ov U(t)OVo+ U(t- r)O_f(r) dr,
2) IIOvl[ --< IIOv011 / (K//o-)(1 e- ’)llPvoll .

where K, r are as in Theorem 2.2 and the control spillover coefficient fl is defined by

/x min___,zN (1, A).

Proof. By (2.4), [= _._*N and N is a linear function of the sensor data _y which is
continuous in from (1.3). Therefore, [ is continuously differentiable for >-0 and we
can apply (1.13) to (1.16) and obtain 1). Using the fact that U(t) is a unitary group, we
find that, from 1),

(3.1)



456 MARK J. BALAS

But QB
QoB

by definition of B in (1.9), and thus

k=N+l

k=N+l i=l

E (b,, k)2

i=1 k=N+l i=l

by the definition of B_fin (1.2) and the Cauchy inequality

i=1 i=1 \i

However, it_f_<p(tN) -<_ p(t)(K2 e-2t/lx)llPvoll from Theorem 2.2
part 2). Substitution of these inequalities in (3.1) gives 2).

THEOREM 3.2. Let K, , r be as in Theorem 3.1.
1) Let vosH1. Then, forKl=K(/t,)1/2 and 0,

for sufficiently large, i.e.,

( 1 1+ (fl/tr)=-> To -= max O, --r In 2(fl/cr) ]"

When O, the modal control [ produces a contraction for
_

(1 /r) in K1.
2) Let Vo PH, then, .for fl O,

for >-_ To and, in particular, forK/r <= 1 the modal control f_produces a contraction on
the subspace PH for >-_ To.

Proof. For part 1) use Theorem 2.2 part 1), Ilevll K e-’llevoll, K1 >- 1, and use
/3

2 .<(1,18), Ilvll-Ilevll/llQ I1., If -0 then from Theorem 3,1 part 2)IIQvll-
[IQvoIIE and therefore Ilvll<g-=’"P ’’= v = = =e vo, / IIO o11- Ilevoll / IIOvoll-Ilvoll for
>-(1/r) ln K >O.

If/3 #0, take e =(flK/er)(1-e-’t) for t>0. Then, from Theorem 3.1 part 2),

(3.2)

However,

Ilv[[ <g2 e-=’llevol[ + II(Ovol[. + Ilevo[l)=.

(a + b)2 <- a 2 + b2 + 2ab

=a2+ b2+ 2(ea)() (cont’d.)
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<=a2+ b2 + (ea)2+ ()2

( )b2 2)(a2(1 +ea)aa+ 1+ =(l+e +

since e # 0. Take a [IOVo[[E and b e[[Pv0[[E and (3.2) becomes

I111 <-- gx e-llPoll+ (1 + )(11o11
<= [KM(t)+ 1]]]Vo[], where M(t) e-t +,

because [[Pvoliv. =< Ilvol[E and tz/6 <- 1. Now, let z e -#‘ so that 0 =< z =< 1 and consider

M(t)-(B/r)2 z 2 + (/3/r):(1 z)-(Blg)
z([1 + (/3/g)]z- 2(/3/tr)2) <- 0

if and only if 0=<z-<min (1, 2(//0-)2/(1 +(/3/0-)2)). Consequently, M(t)<=(/0-)2 if
and only if t-> To; hence I111_-<[ /(gl/)=lllvoll as required in 1). For part 2), if
Vo PH1 then Qvo 0 and, repeating the above procedure for/ : 0, we obtain

when => To. El
In general only "dissipative" perturbations of A, the generator of the original

contraction group U(t), can lead to new contraction semigroup generators [13, p. 84].
Even with perfect feedback of the infinite dimensional state, it is not always possible
to achieve this with (1.2); e.g., see [16, p. 346]. Therefore, it is not surprising that, in
general, modal control does not produce a contraction because of control spillover
(/3 0) as seen in Theorem 3.2 part 1).

THEOREM 3.3. Let Vo Ha; then

lie <- OVollE +Kh (t)[lPvollE

where h(t)--e-t +(fl/0-)(1 -e-t) is decreasing ]’or ill0- < 1 and lim,_,oo h(t)=/3/0-
where K1, , 0- are as in Theorem 3.2.

Proof. Use the triangle inequality, Theorem 2.2 part 1), and Theorem 3.1 part 2)
to obtain

+gl3 l e-,)llevo[]

IIOvoll. + Klh (t)[lPvoll

because/x/8 =< 1. Since h(t)= (1-/3/o-) e-t + fl/0-, it is decreasing for 1 -/3/0- > 0 and
clearly limt_,oo h (t)= 13/0-. [

Note that using IIPVolIE--<--IlVoll and IIQvoll-<-Ilvoll in Theorem 3.3 does not give a
better estimate than Theorem 3.2 part 1) because, for ill0- < 1,

K_<(1+----, <(l+Klh(t))2.
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4. Extension of system response time due to control spiliover. In this section, we
will consider o in the initial set

0(a., ao)-=- {vo m HI Ilvoll--< Eo, IIPvoll =< aEo, IIOvoll =<
where ap, ao are in [0, 1], and we want to establish when (if ever) the modal control
of 2 will bring the system to a target set 07-=-{v[ Ilvll =<E}. We will assume

z<(4.1) aO<Eo min (1, ap+ao).

Then, without control spillover (/ 0), from Theorem 3.3,

(4.2) [IvllE -< Ho(t)=- [[Qvol]E + K1 e-’llnvollE
and hence v is in the target set 07- when

(4.3) T---
1
In

Ka/
(/o),-

since Ho(t)<=Ho(T)= Er/2 for => T, where T>0 because, due to (4.1) and K ->_ 1,

o Ki,7 <1.

The time T is the response time of the closed-loop system when no spillover is present.
Control spillover increases this response time by AT so that v OT for >= T + AT and
this extension of response time is given by

THEOREM 4.1. Let voO(ap, ao) and assume (4.1). When control spillover is
present (fl # 0), if fl/tr < e-, then v 0T for >--_ T + AT where

AT _1 In
1 -/3/o"

o" 1- (/3/or) e

and T is given by (4.3).
Proof. From Theorem 3.3,

Thus

(4.4)

o-T

fly [Iz <= Hs(t) =- Ho(t)+K1--- (1

Hz (T + AT) Ho(T)+ Kl[Pvo[l(h (T + AT) e-T).
If fl/tr < e -’rT, then/S/tr < 1 and h(t) decreasing; consequently,

n(t) IlOvollz + gxh (t)llevoll

is also decreasing and

Ilvllz<=n(t)<-_n(T+AT) for t>= T+AT.

But, if

where

AT=-ln
tr 1- (//tr) e o’T

1 (/o’) e’T
O< =<1

1-t/z
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then h(T + AT) (1 -/3/0-) e-r(T+aT)+ [/0- e -rT. Also AT is unique because h(t) is
decreasing. Therefore Ha(T + AT)= Ho(T) and for _-> T + AT

IlvllE <H(T+AT)= Ho(T) <-_ "/--T

by (4.3); hence v Or for >_- T + A T. V1
THEOREM 4.2. Let Vo O(1, 0) and assume O< ET/Eo < 1 and (Klfl/o’)2 <--ET/Eo.

When no spillover is present (fl 0), v O ]or >_- T -= 1/0- In (K1/(ET/Eo)I/2). When
spillover is present (fl # 0), v OTfOr =>min (T + AT, To) where

AT _1 h 1 /0-
-(Kx/)(Eo/E)/

and

1 + (//0-)
2(/3/0-)z

Proof. Since Vo 0(1, 0), we have voPHa. Applying Theorem 3.2 part 2)when
0, gives

[[V[[2E < [[Vo][ < (Eo) ET for > To In
1+ (/0-)2
2(/3/0-)2

because (/0-)2<=(Er/Eo)(1/K1)<1. Applying Theorem 4.1, gives the remaining
results. 121

5. Application: A simply supported beam. In this section, we consider control of
the transverse vibrations of a homogeneous Euler-Bernoulli beam:

(5.1) u,, + Uxxx Bf
where the beam constants have all been normalized to unity. The operator

(5.2) Au uxxxx

is defined on (A) containing all sufficiently ditterentiable functions on [0, 1] which
satisfy the boundary conditions for simple (pinned) support:

(5.3)
u(O,t)=u(1, t)=O,

Uxx(O,t)=Uxx(1, t)=O.

The operator A .has compact resolvent and the eigenvalues are

(5.4)

with corresponding eigenvectors

Ak (k’n’)4

(5.5) &k (x) sin kTrx.

We want to develop a modal control that will stabilize the first N modes of this system.
We will assume

1) no observation spillover,
2) no estimator error (this is for convenience and is not essential),
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3) Vo PH1 (i.e., none of the residual modes is initially excited)
4) b(x) is a single point actuator, e.g.,

/ 1

b(x)= 2e’ x e <x<x+e,

0 elsewhere,

5) the N mode system is controllable (i.e., (b, b) 0 for 1 =< k _-_. N by Theorem
2.1)

If we use the definitions of 2, the N mode system is

,.v +
(5.6)

[= G_
where _f is a scalar control. Define

JN =- [_NO._N +R[ dt

where

0
and RN >0.

Find the optimal steady state regulator for the system (N + crier,/N) where tr > 0.
This entails solving a steady state Riccati equation to obtain the appropriate N. Then
the spectrum of N+Bu will be to the left of the vertical line passing through
(-, 0) and thus guarantees K such that

(5.7) IIPvlIE gx e- IIPvollE
where IIell _,

From Theorem 3.1, the spillover coefficient is given by

(5.8) 2
Therefore, from Theorem 4.2, given Ilvoll Eo and 0 < Er/Eo< 1, if

(5.9)
K?p( iiOobllZ<

g Eo

then vOr for sufficiently large. Since IlQobll2=,k=r+l(b, 4,k)2O as Nc
because b L2(f), we will assume that N is large enough that (5.9) is satisfied. This
assumption may not always be satisfied since K1 and P(tN) depend on N as well.
However, it can be satisfied in the special case

(5.10) K p()<-_ o"2.
Therefore, N modes of the Euler-Bernoulli beam can be controlled with a single
point actuator if it is properly located. The effect of control spillover into the residual
modes will be to extend the response time for an initial disturbance v0 0(1, 0) to be
brought to the desired target set Or. But it will eventually arrive there, if the a priori
bound (5.10) is satisfied and if the number of controlled modes is sufficiently large. If
these conditions are not satisfied, no conclusions can be drawn from results about the
effects of control spillover.
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The situation is better when a distributed actuator is used instead of a point
actuator. In this case, the distributed actuator influence function b(x) may be well-
approximated by a few modes 4’k(X). Consequently, IIO0bll may be extremely small
when only a few modes are controlled. Then it would not be difficult for the system to
satisfy (5.9) and the spillover results would apply. In particular, if

N
(5. b (x) (b,

k=l

then the spillover coefficient/3 is zero if N modes are controlled. Hence, the closed-
loop system is a contraction by Theorem 3.2 and by Theorem 4.1 it takes T seconds
for an initial disturbance Vo (1, 0) to be brought to the target set 07- where

T=
l lnKI(E-ET) 1/2

6. Conclusions. For the class of flexible systems described by (1.1), (1.2), (1.3) we
have obtained stable feedback control of N modes using standard state variable
methods. We have examined the effect of control spillover from this controller into
the residual modes of the system when no observation spillover is present. The
instabilities present when both control and observation spillover occur are shown in
[1].

In Theorem 3.1, we have shown that control spillover can increase the energy
norm of the residual modes by as much as (KB/o’)(E)I/:z whereE is the initial energy
in the controlled modes and/3 is the spillover coefficient which depends on the/.,2
projection of the actuator influence functions onto the residual modes. Under special
circumstances, the closed-loop system eventually becomes dissipative but, in general,
from Theorem 3.2, the energy of the total system state is eventually less than
1 + (Kifl/o’)2 of the initial state energy.

The closed-loop system response time T to bring an initial disturbance to a
prescribed energy target set is obtained in (4.3) when no control spillover is present.
When the system meets the a priori bound of Theorem 4.1 or Theorem 4.2, the effect
of control spillover is only to increase the response time by AT which can be
calculated in advance. This result makes it possible to judge the performance of a
modal controller on a flexible system if the system satisfies the a priori bound on
control spillover. It also issues a warning to users of modal control in systems with
excessive control spillover.

These results are illustrated with a simply supported Euler-Bernoulli beam.
Distributed actuators can be made to perform very well under the hypotheses of the
theory presented here. On the other hand, the bounds obtained for control spillover
(in particular, Theorem 2.2) may be too conservative for point actuators and may
place an unnecessarily stringent spillover requirement on systems using them; for
example, the bound in (5.10) for the beam may be quite difficult to satisfy, in
particular applications these bounds can no doubt be substantially reduced.

Acknowledgment. I would like to thank Patricia Balas for many helpful con-
versations on this work.
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ON THE STABILITY OF THE EXISTENCE OF SINGULAR CONTROLS
UNDER PERTURBATION OF THE CONTROL SYSTEM*

DEBORAH REBHUHN"

Abstract. Here we discuss generic stability of certain properties under the perturbation of control
systems. The systems under consideration are nonlinear systems with scalar control appearing linearly. We
find that our results vary with dimension of the Euclidean space or manifold on which the control system is
defined.

i. introduction, if we consider the set of linear time optimal control systems on
i", an open dense subset of such systems which are controllable is known. For the
controllable systems, it is generically true that optimal controls are nonsingular and
piecewise constant with at most finitely many discontinuities. See [2], [3], [8].

Here we consider nonlinear systems with scalar control in the compact interval
[0, 1]. For these, and even for more general nonlinear systems, controllability is a
generic property. See [9], [11]. The question of the existence of piecewise constant
and bang-bang optimal controls or of the existence of optimal singular controls is a
harder one.

When a control system of the type we are interested in is defined on a two
dimensional manifold, we investigate whether it is generically true that optimal
controls are piecewise constant, bang-bang and nonsingular. For manifolds of dimen-
sion greater than two, we investigate the existence of strictly singular controls stable
under perturbation of the control system. We define strictly singular in II. The next
two theorems and the conjecture that follows summarize our conclusions.

I. 1. THEOREM. For any k >- 2, letM be the set ofC control systems in the Whitney
Ck topology on a two dimensional manifold M, (See [4] for a definition of the
topology.)

(1) For a M, subject to the hypothesis that a certain rank condition is satisfied, we
show the existence ofa ]’unction q M such that ifq (x 0 at some x M, then in a
sufficiently small neighborhood of x optimal controls are bang-bang, piecewise constant
and involve at most one switch.

(2) There is, an open dense subset o]’ sg such that if a M then the rank condition
mentioned in (1) is satisfied everywhere with the possible exception o1’ a closed embedded
curve depending on a. The set q- (0) is either empty or contained in a closed, embedded
curve in M. In particular, if a 7, a strictly singular control cannot be optimal unless its
trajectory lies in one of those two curves.

(3) if a 7, no control other than a bang-bang control can even satisfy the
maximum principle, a necessary condition ]’or optimality except along one of the curves
mentioned in (2).

(4) We show that it is possible ]’or strictly singular optimal controls ]’or a to exist
along q2(O) and that this property is stable under perturbation. That is, if a’ M is
sufficiently close to a in a Ca sense, then singular optimal controls ]’or a’ exist along
q’? (0) which is nonempty.

* Received by the editors May 13, 1976, and in final revised form May 24, 1977.

" Department of Mathematics, Vassar College, Poughneepsie, New York 12601. This research was
completed while the author was visiting Massachusetts Institute of Technology under the support of a grant
from the Radcliffe Institute, Cambridge, Massachusetts.
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1.2. THEOREM. LetMbe a three dimensional manifold andfor any k >- 3, be the
set of Coo optimal control systems on M in the Whitney Ck topology.

(1) Given b , subject to the hypothesis that a certain rank condition is satisfied,
strictly singular controls offirst order can exist on an open subset ofM. Under C3 small
perturbations of b, such strictly singular controls will also exist for the perturbed control
system. The singular control in question is unique when it exists, its existence and value
as a feedback control is completely determined by a certain Lie algebra determined by
the control system.

(2) There is an open dense subset of ql of such that if b all, singular controls of
second order or higher cannot exist except at the points of a (possibly empty) pair of
hypersurfaces that depend on b. Off the hypersurfaces, singular controls are completely
determined by the results of (1).

We remark that the main result of Theorem 1.2 is that when dim M-3, we
cannot guarantee as we did in dimension two that non bang-bang controls satisfying
the maximum principle cannot exist except on a hypersurface. We also remark that
the assumption that M and are Coo control systems is not really necessary. We could
have assumed they were both Ca and come to all the same conclusions.

1.3. Confecture. When dim M_->4, we will use the symbol cf to denote the Coo
control systems on M in the Whitney Ck topology. Here k will depend on dim M.
There is an open dense subset V of cg such that if c V, then there is an open dense
subset Uc of M such that for every x Uc there are infinitely many controls strictly
singular for c steering us through x.

We will give evidence to support the conjecture later.
There are statements made which are not as precise but which seem to be related

to 1.3, Theorems 1.2(2) and 1.1(3) in Johnson [5, Appendix]. We believe we have given
the first actual proof of these results.

II. Definitions and basic iacts. Given a Coo paracompact connected manifold M,
a control system on M is determined by a pair (X, Y) of C vector fields on M. For
the moment we will take (X, Y) to be autonomous but as we go along we will
comment on modifications in the arguments to be made when (X, Y) are
nonautonomous.

II. 1. DEFINITION. Given a control system on M, a trajectory of the control system
is a curve yu defined by the differential equation

d
(1) d---y,,(t)= u(t)X(y,(t))+(1-u(t)Y(y(t)) a.e.

here u: Jr, t"]- [0, 1] is a piecewise differentiable regulated curve. That is right and left
hand limits of u and its derivatives exist at each point. We call u a control, y its
trajectory and say that u steers x M to x"M if y(t)= x and yu(t")= x". When it is
clear what control u we are referring to, we will write 3’ instead of y.

II.2. DEFINITION. Let .f: M I .be a fixed positive Coo function. We define a
functional on trajectories by

(2) J(Y")= I, )e(Y"(s)) ds.

We say that a control u’ steering x to x" is optimal if J(y,,)<=J(yu) for any other u
steering x to x". When f 1, we say y,, is time optimal.
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11.3. The maximum principle. It is known that if the control u’ is optimal and y is
the associated trajectory then there is a curve

t-) (A (t), (t))e *

such that (A (t), (t)) satisfies a differential equation adjoint to (1), (A (t), ((t)) is never
zero at any point, A (t)<= 0, such that

A (t)[u’(t)X(y)(t)+ (1 u’(t)) r(y(t))] + (t)f(y(t))
(3)

max A (t)[uX(y(t))+ (1 u) Y(y(t))] + (t)f(y(t))= O.
ue[0,1]

If f= 1, we can take , (t)- 1. For details see [6], [7].
Note that if A (t)[X(y(t))- Y(y(t))] # 0, then u’(t)is determined by (3) and must

take the value zero or one.
11.4. DEFINITION. If a control u’ satisfies an equation of type (3)with

[ (t)[X(y(t))- Y(y(t))] 0 a.e. on an open interval, then we say u’ is singular on the
given interval. If u’ is singular on the given interval and takes values in (0, 1) a.e., then
we say u’ is strictly singular.

III. Proofs. Let us fix a positive smooth function f: M R. When we say a
control steers x to x" optimally, we mean that this f is used to define J(y). See
Definition II.2.

III.1. Proof of Theorem 1.1(1). Given (X, Y)e M, the set of C control systems
on M, let U ={x M: X(x), Y(x) are linearly independent}. We can define a one
form on U by

(to, X(x)> (to, Y(x)) f(x).

If y is a trajectory of the system (X, Y) lying completely in U, then

If yx, 3’2 are trajectories of (X, Y) such that

(1)

(i) both yx and 2 lie in U,
(ii) both Yl and Y2 start at x’ and end at x",
(iii) the closed curve 6 obtained by following first yx then the reverse

of T2 is simple and oriented counterclockwise,

then if A is the interior of by Stokes theorem

J(Yl)-J(Y2)= ItO= IadtO.
Now, since X(x), Y(x) are independent for each x e U, we can express the Lie

bracket [X, Y] in a unique way as [X, Y] aX + bY where a and b are smooth
functions on U. Clearly de h dx dy where

is a smooth function.
If UA is the component of U containing A, the orientation of any pair X(x), Y(x)

is the same on UA. Let us consider the case when this orientation is counterclockwise.
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The case when the orientation is clockwise is handled similarly. On Ua,

do(X, Y)= hk

where k > 0 is a smooth function on Ua.
Now, do(X, Y) X(o, Y)- Y(o, X)-o([X, Y]) Xf- Yf- (a + b)f. Thus

mo if a (x) + b (x) <
(Xf)(x)- (Yf)(x)

(X) g(x) on A, then J(3’1) --> J(3"2);

B. if a(x)+b(x)>=g(x)onA, thenJ(3’l)_<-J(3"2).

Now let x’s U. Choose e > 0 so small that the map F defined by (t, ’)--> X,Yt(x’)
is a diffeomorphism of the closed cube C, {(t, ): Itl_-< e, I,I--< e} onto a compact
neighborhood V U of x’. Here X,, Yt are the time r and flows of X and Y
respectively. The compact set C+={(t, r)s C,’t>_O, z=>0} is mapped by F to a
compact subset V/ of V. It is easy to see that V/ is precisely the set of points that can
be reached from x’ by a trajectory that stays within V.

This shows that if x’s U, then bang-bang controls of the form u(t)= 1 for
[t’, t’"], u(t)= 0 for s [t’", t"], henceforth called YX controls, suffice near x’ to

reach anything that can be reached from x’. Similarly, XY controls suffice. Also the
reachable set for small time is locally closed at x.

Now, assume g(x’)< a(x’)+ b(x’). We can choose a neighborhood V c U of x’ so
small that everything reachable from x’ within V is reachable by an XY control and
g(x)< a(x)+ b(x) for all x V. Then if x" V is reachable from x’ within V, let 3’2 be
the curve from x’ to x" that corresponds to a YX control, and let 3’1 be the curve from
another trajectory that goes from x’ to x" within V. The curves 3’1 and 3’2 satisfy
(1)(i), (1)(ii) and (1)(iii). We then conclude from A that 3’1 is the optimal trajectory
from x’ to x".

If instead we have g(x’) > a(x’)+ b(x’), we show in a similar way that XY controls
are optimal near x’.

Let q(x.v)(x) [Xf- Yf- (a + b)f](x). Clearly q(x, v) is defined on U the set
where X and Y are independent and if q(x,v)(x)#O, then g(x)# a(x)+b(x). Thus if
q(x,v)(x) O, in a neighborhood of x optimal controls are bang-bang and involve at
most one switch. This concludes the proof of Theorem 1.1(1). We remark that
everything could have been modified to account for the situation in which X and Y
were time dependent. Before we go on to prove Theorem 1.1(2) we will need two
lemmas.

Ill.2. LEMMA. There is an open dense subset 7’ ofM such that if (X, Y)s ’, then
X(x) and Y(x) are linearly independent at all x M with the possible exception of a
closed embedded hypersurface C that depends on (X, Y).

III.3. LEMMA. Let (f(, ’) be a control system on M defined by

X= Y=
f

There is an open dense subset of M such that if (X, Y)e7,, then
(x, t), IT(x, t), [’, IT’](x, t) are linearly dependent at every (x, t)eM unless
x is some element of a closed embedded hypersurface C in M.

We will need transversality theory to prove these. We will sketch the proof of
Lemma 111.2. The proof of Lemma 111.3 is similar. We also remark that if we take
f-1 and the vector fields (X, Y) are nonautonomous, then the results are still true
except that the hypersurfaces of M must be replaced by hypersurfaces in M x R.
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Proof ofLemma 111.2. Consider the bundle T2M over M whose fiber T2M over
x consists of (T,M)x(T,,M). It is clear that a control system can be considered a
section of T2M. We can partition T2M into three disjoint manifolds R0, R1, R2 as
follows: An element of T2M has the form (X1, X2)where X T,,M, X2 TxM. We
say (X, X2) Ri if the space spanned by X, X2 has dimension in TxM. Since a pair
(X, Y)M determines a section in T2M, which we will again denote by (X, Y), we can
use standard arguments to show that there is an open dense subset ’ of M such that if
(X, Y) (7’ the section it determines is transversal to Ro and R. Note that codimen-
sion Ro 4 and codimension R 1. In particular, if (X, Y) ’, then (X, Y)-I(Ro) is
empty and (X, Y)-I(R)=(X, Y)-(RoUR) the set of points x at which X(x) and
Y(x) are linearly dependent is a closed embedded manifold C of codimension one.
See [4], [10] for standard transversality arguments.

III.4. Proof of Theorem 1.1(2). Let ?=tTrf’)?’ where (Tr and 7’ are the sets
defined in the preceding lemmas. If (X, Y) , then with the exception of the points of
a (possibly empty) curve C, X(x) and Y(x) are independent everywhere. In particular,
qcx. Y) is defined except on C. Let us show that if qx. y)(X)= 0, then x must be a point
of the curve Cr along which ’, I7" and [3, I7"] are linearly dependent. If this is so, then
Theorem 1.1(2) is proven.

Note that

()) (Y)and;= ?=f,
are linearly independent at x M if and only if

I2=(), (’-1)=(X-Y)0 and

?]
\xf

are linearly independent with c (x) (1/f(x))(Xf- Yf)(x).
In particular, note that since f(x) 0, either of these is equivalent to the linear

independence of (X-Y)(x) and [X, Y](x)-c(x)Y(x). If qx,y)(x)=O, then c(x)=
a (x) + b (x). As a result,

[X, Yl(x)- c(x) r(x)= a(x)X(x)+ b(x) r(x)- a(x) Y(x)- b(x) Y(x)

a (x)(X Y)(x),

contradicting linear independence. If q<x.y)(x)=O, then x s Cr. As a result, if x
(C LI Ct), then optimal controls steering x to nearby points are bang-bang and involve
at most one switch.

111.5. Proofof Theorem I. 1 (3). If u is a singular control with associated trajectory
y, then along 3’ we have

(2) AY+fmO
(3) , (X- Y)=O. (See II.3.)

If we differentiate this last equation we find

d
(4) -;t (X Y) Y, X Y]- ? ( Yf XD O.

See [6]. If y(t) C Id Cr, then Y, X- Y] Y, X] aX- bY at y(t). Substituting
back into (4) and using (2) and (3), we find

a?[- b?f- Yf-Xf) O.
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In particular, if (t)#0, [Xf-Yf-(a+b)f](y(t))=O which contradicts the
hypothesis that y(t) Ct. If A(t)= 0, then h(t)# 0. Equations (2) and (3) then imply
that h (t)X(y(t)) A (t) Y(y(t))= 0. This is impossible unless X(y(t)) and Y(y(t)) are
linearly dependent which contradicts the hypothesis that y(t) C. We conclude that
any singular control must steer us in C U Cr for all time.

Again, we can prove this same result for nonautonomous (X, Y) if - 1.
III.6. Proof of Theorem 1.1(4). Let us fix (X, Y) and abbreviate q(x.Y) to q.

Assume x’ M is a fixed point such that the hypotheses

(5) q(x’)= O,

(6) (Xq)(x’)> O,

(7) ( Yq)(x’) < O

hold. By (6), dq 0 since (dq, X)(x’)#O. As a result the equation q(x)=0 defines
a hypersurface H through x’ in a neighborhood of x’. Thus there is a unique
a(x), 0<a(x)<l, such that a(x)(Yq)(x)+[1-o(x)](Yq)(x)=O. Let Z(x)=
o<.(x)X(x)+(1-a.(x))Y(x). Then Zq=O so Z is tangent to H. Let t-->y(t) be the
integral curve of Z through x’. Then

u(t)X(y(t))+ (1 u(t)) Y(y(t))

where u(t)= a(y(t)). That is 3’ is a trajectory of the system (X, Y) lying in H.
If we can show that u is optimal, then u must be a strictly singular control. It is

also clear that if (X’, Y’) is C3 close enough to (X, Y), then X’, Y’ and qx’,v, will
satisfy analogues of hypotheses (5), (6), (7) at some point near x and will also have a
strictly singular optimal control.

Let us show that u is optimal. Near x’, the hypersurface H divides the plane into
two parts, the side Hx towards which X points and the side Hy towards which Y
points. Let a trajectory of (X, Y) go from x’ to x" with x"H and assume 3; is
contained in Hx. Then (1)(i), (1)(ii), and (1)(iii) hold with 3’ yt and 3’2. Since q 0
on H and X >0 near x’, it follows that q >0 on Hx. Hence by A, J(3)=>J(y). A
similar argument shows J()=>J(y) if 7 is contained in Hy.

Finally, if /is an arbitrary trajectory from x’ to x" H, the preceding argument
shows that every piece of 3 between two consecutive intersections with H can be
replaced by a piece of 3’ in such a way that J will be decreased. This completes the
proof of Theorem I. 1.

Before going on to prove Theorem 1.2, let us recall that we now assume dimM
3. We will assume f--1 and prove everything under that assumption. It is not
fundamentally different from the general case but the computational details are much
simpler and this special case still demonstrates the basic idea of the theorem: in
dimensions above two we cannot guarantee that in the generic case singular controls
will occur only along a hypersurface.

III.7. Proof of Theorem 1.2(1). Again, if u is a singular control, we can use the
maximum principle to show that along y(t) the associated trajectory (see II.3)

(8) AY=-I,

(9) , (X- Y)--- 0,

(10)
d-a (X- Y)= -A[Y,X- Y]= -A[Y, X] 0,
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d2

(11) -h (X Y) h Y[ Y, X]] + uh [X Y[ Y, X]] 0.

If we know that

(12) (X- Y), Y, X], and Y[ Y, X]] are linearly independent

at xM and if x y(t), then in some neighborhood of y(t) we can find smooth
functions c, cz, c3 on M such that

[X- Y[Y, X]]=c(X- Y)+c2[Y, X]+c3[Y[Y, X]].

Substituting this last expression into the equation (11) and using (9) and (10) we find

(13) A[Y[Y, X]]+ ucah[Y[Y, X]] =0.

By hypothesis (12) since h (t) 0, we see that h (t) cannot take all three basis vectors of
T(t/" to zero. By (9) and (10), it takes (X- Y)(y(t)) and [Y, X](y(t)) to zero. So,
h (t)[ Y[ Y, X]](y(t)) is nonzero and by (13) 1 + uc3 0. In particular, the only possible
choice for u(t) is 1/c3(y(t)). If 1/c3(y(t)): [0, 1], then we see that u(t) cannot be
singular. Also note that 1/c3(x) is a singular feedback control determined by the Lie
algebra generated by the vector fields X and Y. Let us show

IIi.8. LEPTA. If 1/C3(X’) (0, 1), then the feedback control u(t)= 1/c3(y(t))
is a strictly singular control steering us through x’ provided that

(14) Y(x’), (X- Y)(x’) and Y, X](x’) are linearly independent.

Proof. Note that if hypothesis (21) holds at x’, then it holds for all x in a
neighborhood of x’. Let at) Y(x) X and let adY(x) Y, ad-1Y(x)] for _>- 1. With
this notation, along any trajectory y(t) of the system (X, Y) for any solution h of the
adjoint equation,

d
d--h ad2 Y(X)= -Z ad3 Y(X)- uA ad(X Y) ad2 Y(X).

If we express ada Y(X) and ad(X Y)ad2y(x) as linear combinations of the basis
vector fields in (12), then we can conclude that

dt
ad2 Y(X)= ax(t)h (X- Y)+ a2(t)h[Y, X] + a3(t)A[Y[ Y, X]].

In particular, if we define yl(t)= h (t)[X(),(t))- Y(),(t))], yE(t) h (t)[ Y, X](,(t))
and y3(t)= A (t)[ Y[ Y, Xl](y(t)), then

dt Y2 UCl UC2

Y3 al a2

0 1()Yl1-uc y2

a3 ! Y3

If u(t)= 1/c3(3,(t)), then the fundamental matrix for this system of linear equations
would have the form

(t)= ? 0.
? ?

In particular, if we could choose yl(0) y2(0)-- 0 and y3(0) 0, our feedback control
would be singular. Note that A (t) is any solution of an adjoint differential equation
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so we may choose h (0) as we wish. By (13), we may choose h (0) so that h (0) Y(x’) 1,
and h (0)(X- Y)(x’)= h (0)[ Y, X](x’) 0. This concludes the proof.

Note that this result implies that the existence of singular controls of first order on
open subsets of M is stable under C3 small perturbations of the control system. We
have not shown that if the singular control is optimal at all points of the open set then
the singular control for nearby perturbed systems is optimal. We conjecture that this
is true.

Theorem 1.2(2) follows immediately from the following two lemmas whose proofs
we omit because they are so similar to the proofs of Lemmas 111.2 and 111.3.

111.9. LEMMA. There is an open dense subset all’ of such that if (X, Y) oil, then
Y, X-Y and Y, X] are linearly independent at all points of M with the possible
exception ofpoints on a closed embedded hypersurface ofM that depends on (X, Y).

III.10. LEMMA. There is an open dense subset all" of such that if (X, Y) 0//,,,
then X- Y, Y, X] and Y[ Y, X]] are linearly independent at all points ofM with the
possible exception of points on a closed embedded hypersurface ofM that depends on
(X, Y).

if we set q/= //’ Iq q/", Theorem 1.2(2) follows from the proof of Theorem 1.2(1).
We remark that if we had taken to be the set of nonautonomous vector fields,

we would have had to replace X and Y and their brackets by

and their respective brackets. The hypersurfaces in M would have become varieties of
codimension one in M x .

Now let us discuss the case when dimM m _->4. Let (X, Y) . If adiY(X) are
linearly independent at x for i- 0,..., m-1, and if the vector fields Y, adiY(X)
are linearly independent at x for 0, 1, 3,.. , m 1, then if we use a similar proof,

m--1
an analogue of Lemma III.8 holds. That is, if [X-Y, [Y,X]]==o a adY(X)
for smooth functions ao,’",am-1 defined in a neighborhood of x, then
u(t)--1/aE(’y(t)) is a strictly singular control in a neighborhood of x whenever

1/(aE(x)) (0, 1). As a result singular controls of first order do exist on open sets
and their existence is stable under Ck small perturbations of the system (X, Y) for
k>-_m.

If m _-> 4, there is no guarantee that these are the only singular controls through x.
We conjecture the existence of a Ck open dense subset ’ of such that if (X, Y)
then with the possible exception of a closed set of positive codimension, there will be
infinitely many singular controls through each x M.

To support the conjecture, let us assume m 4. Let

1#= = 1.

be vector fields on M x I, let .o=. and let ad I7"(). If we are at a point where
the .i are linearly independent for 0,. , 4, we can make the following change of
coordinates in a neighborhood of y eM x I:

~0 ’1 "2 ~3(tl, t2, t5) + rtxxt2xtaxt4xts(y ).

Recall that the subscript indicates time flow of the given vector field.
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Identifying . and I7" with their new coordinate representations and using Tay-
lor’s theorem we find y -(0, 0, 0, 0, 0) and

1
0

17= 0 and
0
0

E1

l+e2
f(= tl+e3

2
tl + E4

gtl + e5

where ei(tl, ts) bil(tl, ts)tlt2 + bi2(tl, ts)tt3 + bi3(t, ts)t3t4.
If A0 is the set of all points in the coordinate neighborhood that can be reached

from the origin by moving forward in time along trajectories of (’, ’), and if u lies in
the boundary of Ao for all time, then u satisfies the maximum principle. See [1].

In particular, a control that minimized t4 would satisfy the maximum principle.
We would expect such a control to steer us in the hypersurface H defined by

0/12 )-"tl e40t12 + =0

where the derivative of t4 (the fourth coordinate of) is a minimum as a function of t
for t2," t5 fixed. It is not hard to check that the condition

1/a2(0, , 0)= 1/b41(0, ’, 0) (0, 1)

is the same as requiring ., I7, to point to opposite sides of H and if u(0)=
1/a2(0, , 0) then u(0)..(0, , 0)+ (1- u(0))IT"(0, 0)is tangent to H at the

origin.
Now if b51(0, 0) 0, we should be able to find a constant c 0 such that ’, I7

are transversal and point to opposite sides of the hypersurface H’ defined by

Ot--l -tl q-E4"[-C t+e5 =0.

Intuitively, the unique control steering us into H’ would minimize t4"b cts, thus
steer us into the boundary of Ao and be strictly singular. Since there are infinitely
many distinct c’s with these properties, we would expect the existence of infinitely
many singular controls through x whenever bs(0,..., 0) 0. Generically we would
expect this last inequality to occur on the complement of a set of positive codimension
in M.
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1. Introduction. The problem considered in this work arises in the design of
experiments in several fields and in mathematical programming as will be illustrated by
the following two examples:

A. Capability tests. A manufacturer produces a system which is composed of
several subsystems (or components). The system is so built that a failure of one of the
subsystems causes the whole system to fail. The manufacturer wishes to find the
maximal value of a certain crucial environmental condition (such as temperature) which
the system can tolerate. The usual procedure is to test the whole system as one block, at
several levels of the environmental condition. In the case of expensive or of destructive
testing it may be advantageous to test each subsystem separately and to perform the
tests sequentially. In this case there exists a problem of optimal sequential choice of the
environmental condition level for testing each subsystem, in order to determine, as
accurately as possible, the maximal level which can be tolerated by the whole system.

A similar problem of this type arises in testing a set of assets, each of them being
designed to perform the same mission, in order to choose the asset which has the
maximal capability. Experimental problems of this type also occur in medical .and other
fields. A list of such problems is presented in [6].

B. Mathematicalprogramming. A typical problem of this field is to find: min g(x)
subject to x e F where the "feasible set" F is defined by:

F {x g(x) <= O, l, k, x R"}.
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Several methods of minimization which are called "methods of feasible directions"
[5], [7], [8] and [9] use the following procedure: Starting from a nonoptimal point x0 F
they find (by methods which will not be discussed here) a direction b R such that for
some A >0: Xo+AbF and g(xo+Ab)< g(xo); such a b is called "feasible direction of
descent." Next these methods attempt to find the minimal point along the ray which
starts from Xo in the direction b; i.e. to find the point Xo +A0b where Ao is the maximal
number such that for all A, 0_-< A < A0,

(1) dg(x0+Ab)<0 and g(xo+Ab)<0, i=l,.., k.
A

Ao will be called "the optimal sfep size."
In the case when the constraints presented in (1) can not be easily solved or if they

are given as "black boxes," one has to find Ao by observing these constraints for several
values of A. In problems with many constraints one has to choose the observation points
efficiently because otherwise the optimization will use too much computer time. This
brings us back to problems of the type discussed in example A.

The same problem arises in several modifications of the feasible direction method
which are based on the following procedure" At each stage, one starts from an interior
point of the feasible set F and has to find the boundary point of F along the segment
which joins this feasible point to a certain infeasible point. Such a problem is discussed
in [1].

Problems of the type described above will be discussed in the following framework"
Let H {fl,""’, fk} be a set of functions defined on an interval (for convenience this
interval will be taken as [0, 1]). It is assumed that the functions fi, 1,..., k, satisfy
the following condition:

Either there exists a unique point zi, 0 < zi < 1 such that

fi(x)<O forO=<x<z and fi(x)>O forzi<x=<l

(2) or
f(x)< 0 for all 0 =< x =< 1.

The point zi will be referred to as "root." Our aim is to locate the minimal root z

(3) z min zi
lik

(if fi (x) < 0 for all 0 x < 1 and all 1 -< -< k then z is defined to be 1).
The interval [0, z ] is the maximal subinterval of [0, 1] where all fi (x) are negative

(or in other words, the maximal range of validity of all the constraints).
In order to locate z one may gain information by making observations on each of

the functions fi sH (one at a time) at points in the interval [0, 1] which are determined
sequentially, using the results of the previous observations. No regularity conditions
except (2) are assumed about the functions fi s H so that the only relevant information
for locating the minimal root z is the sign of the function fi at points where it has been
observed. Specifically, let Sk(n) denote the class of n-observation (nonrandomized)
procedures Sk (n); such an Sk (n) consists of a collection of n pairs,

(4) Sk (n) {(ji, xi), 1,..., n },

so that in the ith stage of Sk(n) one observes the sign of ]),(x,) where both j and x are
functions of the previous observations.



MAXIMAL RANGE OF VALIDITY 475

Before starting the observations, the only knowledge about z is that z (0, 1] but
the additional information obtained after applying Sk (n) can be used to assert that for
each i, 1 --< -< k, zi [Li, U], whereL is equal to the maximal point at whichf has been
observed and found to be negative (or to 0 if no such point exists). Similarly, U is equal
to the minimal point at whichf has been observed and found to be positive (or to 1 if no
such point exists), it would then be possible to assert that z [L, U] where

(5) L min L, U min U.
l<--i<--k lik

The interval [L, U] will be called the "interval of uncertainty." For each sk (n) let
V(sk (n)) be the length of this interval for the worst possible choice of fl," ’, fk (i.e. the
longest interval that can be obtained if one uses sk(n)). Thus, the procedure sk (n) can
assure us of locating z in an interval whose length does not exceed V(sk (n)) which will
be called the "value of Sk (n)."

The maximal achievable accuracy in locating z is given by

(6) Vk(n) inf V(Sk(n)).
sk(n)Sk(n)

gk (n) will be called a "minimax procedure" if

(7) V(gk (n )) Vk (n ).

An important property of search problems is the asymptotic behavior (as a function
of n) of Vk (n). Of special importance is the number rk defined by:

(8) rk lim [ Vk (n)]l/"

(if it exists). The number 1-rk measures the asymptotic proportion of reduction per
observation of the interval of uncertainty. It has been proved in 12] that for a wide class
of problems the right side of (8) does converge.

We shall also refer to the maximal achievable accuracy via a certain subclass
S(n) Sk(rt) Of search procedures. In this case the expression

Wk (n inf V(sk (n ))
sk(n)Slc(n)

will be referred to as the "minimax value of procedures of subclass S/,(n)." Similarly, we
shall use the expression

rk lim Vk (n)]l/"

for the same subclass S,(n) (the notation for Vk(n) and rk is identical to (6) and (8) since
no confusion is bound to occur).

2. General description of the results obtained in this work. Let us consider the
problem of locating .the minimal root z, as a function of the number of observable
functions, k. If k 1 then the minimax procedure is bisection so that Vl(n)= (1/2)" and
rl-.

Let us now consider k > 1" A naive procedure is to separately bisect the interval of
uncertainty for each zi (or alternatively to observe all the functions f, at 1/2 and then at 4

3- if
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fi(1/2) < 0 for all or 1/4 if fi(1/2) > 0 for at least one i, etc.). Procedures of this type have the
following value:

(9) V(s (n)) so that for the class of naive procedures r

Thus, if k is large then the amount of reduction per measurement, 1-()/, is very
small.

To be sure, this is a naive approach and one attempt to improve it is presented in 3
where we shall define a simple class of procedures, which will be referred to as
simplified procedures." e best one among them has an asymptotic behavior
V(Sk (n )) (rk )n where rk satisfies

(10) (rk)k +rk= l.

A similar result has been obtained in [1]. This is an improvement over (9) but still,
as k gets large rk approaches 1, which is an undesirable behavior for large k.

It is therefore very surprising that we were able to find procedures Sk (n) which have
the following property:

1
(11) [V(Sk(n))]1/" -.

Moreover, the procedures that we found satisfy a stronger condition:

(12) V(Sk(rt)) ()
n-lk(n)

where

(13)

(c being a constant).

lk(n)<--_(k- 1) log2 n +c

Since for one constraint Vl(n) (1/2)", it is natural to call lk (n) the "number of lost
observations" (relatively to the case: k 1). It follows from (13) that for large n, Ik (n)/n
rapidly approaches zero. Thus, by comparing the numbers of observations needed to
locate z very accurately for 1 versus k constraints it is seen that they differ only by a
small fraction, which means that in this case we do not expend much for checking
additional constraints.

Properties (12) and (13) are equivalent to:

(14) V(s(n))= l+e) wheree <-(k-1) lgn+c

and c’ is a constant.
Since any search procedure satisfies V(s(n))>(1/2) it is natural to refer to all

procedures which satisfy (11) as asymptotically optimal. However we shall use the term
asymptotically optimal procedures" only for those procedures which satisfy the
stronger condition (13). As can be expected, these procedures are quite sophisticated
and most of the paper is dedicated to their derivation.

In 4 we shall analyze the case of k 2. In this case it is possible to calculate
numerically the optimal (minimax) procedure using dynamic programming, as will be
done in 4.1. In 4.2 we shall find two asymptotically optimal procedures and prove
that their performance is close to the optimal even for small n. Numerical comparisons
will be made among the optimal, asymptotic optimal, and simplified procedures.
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In 5 we shall consider the case of k > 2. In this case it is practically impossible to
use dynamic programming in order to calculate numerically the optimal procedure;
however we were able to find asymptotically optimal procedures, which can be very
simply implemented, and to test them numerically. It turned out that these procedures
are effective even for a comparatively small number of observations n.

Actually, the numerical results which are presented in 5 and 6 show that if
k =< 20 then by using no more than n 2k + 20 observations one can be sure that the
interval of uncertainty will be about 10-5 or less, while if k 100 then 1.7k observa-
tions (i.e. only 1.7 observations per constraint!) are sufficient for this purpose.

In 7 we discuss the effect of randomization for a possible further reduction in the
interval of uncertainty. Finally, some problems for further research are presented in 8.

3. Optimization among simplified procedures.
3.1. Description oi the simplified procedures. Assume that each of the observable

functions fl, , fk has a unique root in the sense of (2) and that one wishes to locate
the minimal root z.

If at a point x, 0 < x < 1, ] (x) > 0 for some { 1, , k} then clearly z < x so that it
is reasonable to make all the subsequent observations only at points in the interval
(0, x). On the other hand if fi (x) < 0 for all 1,. , k then z > x and the subsequent
observation should be taken only to the right of x. If fi(x)_-<0 for = + 1,..., k and
/(x) > 0 then z < x and none of the functions /1," , fk possesses the minimal root so
that they can be ignored during the continuation of the search procedure. Thus a class of
reasonable procedures which will be called "simplified procedures" can be described as
follows:

Suppose that during the search procedure we have k’ (k ’-< k) current relevant
functions fl,"’, fk’, n’ (n ’<- n) remaining observations and no observation has yet
been made in the current interval of uncertainty (a, b). This situation will be referred to
as "starting point." The next observation is made at fk,(X) where a < x < b; if fk’(X) > 0
then the interval of uncertainty will become (a, x), the number of relevant functions k’
will remain the same, the number of remaining observations will be reduced by one, and
we will have returned to a starting point.

If, on the other hand fk,(X)<--_O then we next observe fk’-x(X) and continue to
observe the other functions at the same point x until one of the two following
possibilities occur: If f(x)_-<0 for i=] + 1,..., k’ and f.(x) >0, then the interval of
uncertainty will be (a, x), the relevant functions will befl,. , ] (that is, the new k’ is]),
the number of remaining observations will be n’-(k’-/" + 1) and we again shall be at a
starting point.

The other possibility is thatfi(x) 0 for all 1,..., k’. If for some ],(x) 0 then
we are in the trivial situation where we know that z x. If [i (x) < 0 for all 1, , k’
then the current interval of uncertainty will be (x, b), the number of relevant functions
will remain k’, the number of remaining observations will be n’-k’ and we-shall again
be at a starting point.

The search procedure is finished when we have used all the n observations.
Thus, in this class of simplified procedures one has to choose x as a function of k’, n’

and the current interval of uncertainty (a, b). Actually, it can be easily seen that the only
problem is to choose (x a)/(b a) as a function of k’ and n’ so that it can be assumed
that a 0 and b 1.

3.2. The optimal simplified procedure. It is easy to see that for any current number
of constraints k’ and current number of remaining observations n’, the value of the
optimal simplified procedure is proportional to the interval of uncertainty. This fact
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together with the description given in 3.1 implies that the following recurrence
relation holds for the minimax value of simplified procedures Vk (n):

(15) For O<=n <k, Vk(n)---- 1

and for n _--> k’

(16) Vk(n)= min max[xVk(n--1),XVk-l(n--2), ,xV(n-k), (1-X)Vk(n-k)].
O<x <--

In order to explicitly solve equation (16) wewill show"
PROPOSITION 1. For all 1 <-_ < k"

(17) 12k (n 1)_--__ Vk-, (n 1).

Proof. If n 1 < k then n- i- 1 < k -i and both sides of (17) are equal to one. If
n 1 = k then by (16)"

Vk(n 1) min max [XVk(n 2), , XVk-i(n --i-- 2), ,
xVl(n-k-1), (1--X) Vk(n--k--1)]

_--> min max [XVk-i(n --i 2),’’’, xV(n k 1), (1 -x) Vk (n k 1)]
X

Vk-i(n 1). Q.E.D.

It follows from Proposition 1 that (16) reduces to

(18) Vk(n)= min max[xVk(n- 1), (1-X)Vk(n-k)]
0x

(i.e. the worst case occurs when the number of relevant functions does not decrease).
Equation (18) with the initial condition (15) can be explicitly solved as follows: Let

x,* be the point where the minimum of the right side of (18) is obtained; then it readily.
follows that for all n _-> k

Vk(n) x* Vk(n 1) (1- x*,) Vk(n k);(19)

thus

(20) Vk (n Vk (n k
Vk(n-- 1) Vk(n-- 1)+ Vk(n-k)"

It follows from (15), (19) and (20) that Vk(n) satisfies the following recursive
relations"

(21)

(22)

l for 0=<n <k,

Vk(n)= Vk(n-1)Vk(n-k)
fork <n"

Vk(n-1)+ Vk(n-k)

Let Lk (n) 1/Vk (n); then it can be obtained from (21) that Lk (n) satisfies

1 for 0=<n <k
Lk(n)

Lk(n- 1)/Lk(n-k) for n _->k.
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Lk (n) can be interpreted as the largest initial interval of uncertainty which can be
reduced for sure to the unit interval, using n observations. It follows from (22) that
Lk (n) is always an integer.

The optimal searching point x*, is given by

(23) x*n Lk(n--1)
Lk(n)

The value of the optimal among simplified procedures will be denoted by SP.

3.3, Asymptotic behavior oi simplified lroeedures. Equation (22) can be solved
explicitly, Lk (n) being expressed as a combination of geometric terms. We shall use only
the fact that for large n:

V(n--- L(n) where a satisfies:

(24) 0 <i ak < 1 and (ak )k + ak 1.

Thus, for the class of simplified procedures rk lim,., [ Vk (n)]l_/" ak.
For k 2, L2(n) are Fibonacci numbers and a2 2/(1 +x/5)=.62 is the golden

section. For large k ak is close to 1 so that the asymptotic reduction per observation
1 ak is close to zero which shows that simplified procedures are not efficient for large k.
In the following sections we shall present methods for which the asymptotic reduction
per observation tends to 1/2 for all k.

A simple example which illustrates the difference between the optimal among
simplified procedures and the overall optimal procedure is presented in 3.4.

3.4. The case: k = 2, n = 4.
For simplified procedures. Using (22) we obtain" L2(2) 2, L2(3) 3 and L2(4) 5;

thus for simplified procedures V2(4)= 1/2, It follows from (23) that one should start by
observing f2 at x4* L2(3)/L2(4) =.

Ifh > 0 then next observe f2 at x 3* L2()3 x 4* etc.

If =<_ 0 then next observef at etc.

The final interval of uncertainty will not exceed 1/2.
For the overall optimal procedure. In the next section it will be shown how to obtain

the overall optimal procedure for k 2. If n 4 one can be assured of obtaining an
interval of uncertaintywhose length does not exceed . This procedure, which is quite
complicated, is presented in Table 1.

It should be noted that this table illustrates the difference between simplified and
overall optimal procedures only for very small n. The huge ditterence between the
performance of these procedures becomes significant when n or k is large. It should also
be noted that although the overall optimal procedure is very complicated and can be
practically calculated only for k 2 (and maybe also for k 3), the asymptotically
optimal procedures are relatively simple and can be used very easily by the searcher.
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First observation

>0

<0

TABLE
Optimalprocedurefork 2 and n 4.

Second observation

>0

>0

Third observation

>0

>0

>0

>0

Fourth observation

immaterial

>0

>0

immaterial

>0

<0

>0

<0

>0

>0

Interval uncertainty
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4. Overall optimization ior k = 2.
4.1. General description. Consider the problem of finding the minimal root z of

the two functions fl(x) and f2(x), each of which has a unique root in the sense of (2),
using n sequential observations. Each observation can be made on either fl or 2 at a
point chosen according to the results of the prior observations. Since no regularity
assumptions except (2) are imposed on fi, the only relevant information is the sign of fi
at the observed points.

In considering possible search procedures we shall have to describe the situations
encountered during each search. To this end we shall use the notion of "relevant
intervals" of the functions. Furthermore, we shall be interested in certain transforma-
tions which these intervals undergo during the process. To illustrate what is meant by a
relevant interval of a function f, let us look upon the following situation: Assume that
the first observation was made on fl at a point x, 0 < x < 1. If fl(x) > 0 then its root
satisfies 0 < z < x so that the relevant interval of fa at this stage is (0, x). Moreover, we
claim that, using a minimax procedure, it is not worthwhile to observe f2 at any point
y ix, 1] because if f.(y) > 0 then no further information for locating z will have been
obtained. (It is true that if f2(y) were negative then much would be gained by this
observation because this would imply that z z a, but we are interested in the worst
case.)

Thus, before starting the observations, the relevant intervals are (0, 1) and (0, 1).
After observing f at x then if [1 (x) > 0 the relevant intervals become (0, x) and (0, x)
while if [(x) < 0 then these intervals will be (x, 1) and (0, 1). it should be noted that in
any event, the right end of the relevant intervals for fl and f2 coincide. In general, if at
any stage the relevant intervals are (yl, b) and (y2, b) and fl is observed at a point x,
yl <x < b, then if [l(x)< 0, the relevant intervals become (x, b) and (y2, b). If fl(x)>0
then two cases are possible:

Case 1. If x > y2 then the relevant intervals will be (yl, x) and (Y2, x).
Case 2. If ya<x <y2 then it is known that/a(x)>0 while/2(x)<0 (because

f2(y2) < 0 and x < y_); thus z zl and [2 can be eliminated from the search. In this case
the subsequent observations should be made only on fl at points of the relevant interval
(y, x).

In 5.1 it will be proved by Proposition 2 that the optimal procedure always
observes the function fi which corresponds to the maximal current relevant interval;
thus if k 2 and the current relevant intervals are (yl, b) and (y2, b) where yl --< y2, it
may be assumed that at this stage one has to observe fl. The transformation of the
relevant interval after an additional observation is presented in Table 2.

TABLE 2
Transformation ofrelevantintervals after observing]’1(x ).

Results

fl(x)<0

f(x)>O
x >Y2

New relevant intervals

(x, b) and (Y2, b)

(ylx) and (y2, x)

(yl, x)

Table 2 will be used in the sequel when we establish recursive relations for the
relevant intervals obtained by using certain search procedures. It should also be noted



482 SHMUEL GAL, BORIS BACHELIS AND AHARON BEN-TAL

that the maximal relevant interval at the final stage of the search is equal to the final
interval of uncertainty.

4.2. Optimal procedure using dynamic programming. Assume that at a certain
stage of the search procedure, the relevant intervals for fl and [2 are (y 1, b) and (y2, b)
where y -< y2, and the number of remaining observations is m. Let a b-y1 and
a2 b y2; denote:

clef
G,. (a 1, a2) The length of the final (assured) interval of

uncertainty when the next m observations are
(25) executed optimally, given that the lengths

of the current relevant intervals are a 1, a2
with al ->a2.

Obviously, G.(1, 1)= V2(n) and Go(a1, a2)= al. It is also easy to see that

(26) G.,(al, a2) alGm(1 a-11) algm\al/

where

(27) g,,,(x) ’=-f G,,, (1, x).

The function g,,, can be calculated recursively as follows"
go(x) 1 and for m _-> 1:
if one has m + 1 remaining observations and wishes to make the next observation

at 1 d, then

(28)
g.,+l(x)=G.,+l(1, x)=min[ min max (Gm(1-d,x-d), Gm(x,d));

0<d<x

man max (2-,,,d, G,,, (d, x))];xNd<l

thus by (26), equation (28) is equivalent to:

(29)
g.,+l(x)=min min max (1-d)g., i-Ld ,xg.,

0<d<x

x=<main<lmax d, dg,.-d
The evaluation of the righthand side of (28), and similar expressions, which will appear
in the proofs of Theorem 1 and 2, is based on the following simple lemma"

LEMMA 1. Let fl, f2 be continuous decreasing functions and gl, g2 continuous
increasing functions on the interval [0, b and such that for a [0, b

(30) .fl(a) =re(a); gl(a) gZ(a).

Suppose further that

(31) ga(0) =<[1(0); gZ(b)>=fZ(b).
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g2 gl(a)>__f(a
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case 2

a t2* b

case 1: The minimized function is the dashed line
case 2: The minimized function is the dotted line

FIG.
Then

(32)

min {min max (fl(t), gl(t)); min max (f2(t), g2(t))}
Ota

where t* (i 1, 2) satisfies

=i’ll(t?) if gl(a)-->fX(a),
(]’2(t2") if gl(a)<fa(a),

(33) f’ (t ,*.) gi (t*).

The proof can be readily deduced from Fig. 1.
Turning back to equation (28) we see that the lemma can be used with b 1, a x,

f(d)=G,,(1-d,x-d), f2(d)=(1-d)/2", g(d)=G=(x,d) and
The condition gl(a)>-fl(a) becomes here x ->x* where

1 +2"gin(i)

and so

(34)

/x-dX ,< <(1 d)gm,lz-dl} if x x 1,

g"+l(X)
l-d2
2m

if 0---<X <X*,

where dl satisfies

and d2 satisfies

2"
d2gm
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Using equation (34) we wrote a computer program which calculates the optimal
procedure and its value V2(n) g, (1). Table 3 (see 4.3) presents the results and also
compares the performance of the optimal, the optimal among simplified procedures,
and the asymptotically optimal procedures which are presented in the next subsection.
it should be noted that 1/V2(n) is an integer, as can be expected.

We also obtained graphs of g,,(x) for n 1, , 17. Figure 2 presents the function
2"g,,(x), 0_-<x-< 1, for n =3, 6, 10, 17. By inspecting Fig. 2 it appears as if 2"g,,(x)
approaches a linear function of the form 1 + u,,x for n -> 10. The fact that g,, (x) behaves
"almost" as such a function will be proved rigorously in 4.3 where it will be used as a
tool for finding asymptotically optimal procedures.

4.3. Asymptotically optimal procedures. In this, and the following subsections, we
shall use the function G,,, (al, a2) defined by (25). To repeat" G,, (a 1, az) will denote the
length of the final interval of uncertainty where one can make m additional observa-
tions having the following information"/1(1-al)<0,/2(1-a2)<0 with al->a2 and
either[1 (1) > 0 or]2( 1 > 0. Actually, it can be assumed that bothfl andf2 are_positive at
1, for if f (x) < 0, x (1 ai, 1), then instead of fi (x) one could consider f (x) where
f (x) ] (x) for x (1 a, 1) and fi (1) > 0, and the results obtained would never be
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FIG. 3

improved (recall that we are interested in the worst case). This situation is depicted in
Fig. 3.

It can be assumed, as before, that a => a2 (remember that in this case we shall prove
in 5.1 that it is optimal to make the next observation onfl). The following theorem will
be used as a tool for finding an asymptotically optimal procedure.

TrEOREM 1.

(35) G,,,(al, a) <- a "+" urea2

where u,, satisfies
2+U"+lUm(36) Uo=0 and Urn+l= Um+ 1/2

Proof. We shall present an inductive construction of a procedure to be denoted by
SUE(m), which satisfies the following: Starting from the situation depicted in Fig. 3 and
using m additional observations this procedure assures us of obtaining the value

a -" Uma2(37) V(SUE(m))<- 2"
The procedure SU2(m) is based on the following principle: At any stage of the

search, if n + 1 observations are left, then the current observation point is so chosen as
to minimize the maximal value of the upper bound given in (35) where a and a2 are the
relevant intervals at the next stage.

The induction proof is constructed as follows: For m =0, Uo=0 and since
Go(a, a2) al, it follows that (35) holds. Next assume that (37) holds for all m _-<n.

Similar to the derivation of the recursion (28) we obtain

(38)

(39)

(40)

G,,+l(aa, a2)=min[ min max(G,,(al-d, a2-d), G,,(az, d));
LO--<da2

rain max 2" G.(d,a)
a2<da

_--<mini min max (.al.,d +u"(a-z"" d,., a +2u,,,d).,
LOda2

min max (ad;d+u"a)]
a<d_a 2 by the induction hypothesis

a2 + Undl

[. 2"

al +(Un- 1)az
if al <(2 + Un)az,where dl

2u. + 1
by Lemma 1

wheredz =aa-u’a2 if aa >(2+u,,)az2
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u,,,+l/2a+ azu +i/z

1-(a + unaz)

al q- Un+la2
2,+1 by (36). Q.E.D.

if al (2 + U,,)aE,

if at --> (2 + U,,)aE

It follows from (36) that

1 3/4
(41) u,,/ u,,++u,, + 1/2

this implies that

n+ IOge n(42) u,, "--
(because u,, >=n/2 so that u, + 1/2 <= u,+x <_u,, + 1/2+(3/2)/(n + 1) etc.)

In any case, numerical calculation shows that

n 3
(43) u, <+log n

for all n _-__ 5.
The search procedure SUz(n) constructed in the proof of Theorem 1, which

calculates the current observation point 1 d (where d da or dE according to whether
a is smaller or greater than (2 + u,,)az) satisfies inequality (37). Thus, it follows from
(37) and (42) that for large n

< 1 +u, <n/(2-e)(44) V(SU2(n))
21 2"

where e approaches zero as n becomes large; thus

(45) VE(SU2(n))= ()
"-’-(’

where the number of "lost observations" 12(n) satisfies

(46) 12(n) < log2 n log2 (2 e).

Actually, the procedure SU2(n) has a value V(SU2(n)) which is strictly less than
(1 + u,)/2". This value has been calculated numerically by using a recursion formula and
is presented in Table 3.

Although the procedure SU2(n) is simple to use, it is worthwhile to introduce
another procedure to be denoted by SN2(n). In this procedure too, the observation
point d is given by d dl or d d2 of (39) or (40), but here the weight u,, is equal to n/2
instead of being defined by the recursion formula (36). The reason for introducing
SN2(n) is that its extension for k > 2, which will be considered in 5, will be found
useful. It will also be shown there that this procedure is asymptotically optimal. In fact,
it is seen from Table 3 that SN2(n) is only slightly inferior to SU2(n).
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TABLE 3
The value V(SE(tl ofseveral search procedures.

Optimal
procedure

2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18

3O

50

SUE(n) SNE(n)

.50

.33

.17

.10
5.3E-2
2.9E-2
1.6E-2
8.8E-3
4.8E-3
2.6E-3
1.4E-3
7.4E-4
3.9E-4
2.1E-4
1.1E-4
5.9E-5
3.1E-5

.71

.53

.31

.17
9.8E-2
5.4E-2
2.9E-2
1.6E-2
8.5E-3
4.6E-3
2.4E-3
1.3E-3
6.8E-4
3.6E-4
1.9E-4
9.8E-5
5.1E-5

1.9E-8

2.7E-14

.75

.50

.31

.19
10.9E-2
6.2E-2
3.5E-2
1.9E-2
1.1E-2
5.9E-3
3.2E-3
1.7E-3
9.2E-4
4.9E-4
2.6E-4
1.4E-4
7.3E-5

2.9E-8

4.5E-14

Simplified
procedure

.50

.33

.20

.12
7.7E-2
4.8E-2
2.9E-2
1.8E-2
1.1E-2
6.9E-3
4.3E-3
2.6E-3
1.6E-3
1.0E-3
6.3E-4
3.9E-4
2.4E-4

7.4E-7

4.9E-11

Both SUE(n) and SNE(n) are asymptotically optimal procedures; they are better
than the simplified procedure for n > 8 and n > 10 respectively. Of course, the
difference is more significant for large n because the value of SUE(n) behaves like
(n/2)/2" while the value of the simplified procedure behaves like 0.62n. The difference
between the simplified and the asymptotically optimal procedures becomes more
significant for large k, as will be demonstrated in 5.

Since the procedure SUE(n) can be used simply while the optimal procedure is
quite complicated, it is interesting to compare the performance of these two procedures.
Table 3 shows that for all n _-> 4, the value obtained by using SUE(n) is better than the
one obtained by using the optimal procedure with n- 1 observations; i.e. by using
SUE(n), at most one observation is wasted. This is of course an experimental fact;
however, in the next subsection we shall prove a theorem which gives a lower bound for
the value of the optimal procedure. From this theorem it will follow that for any n, the
number of wasted observations in SUE(n) as compared to the optimal procedure cannot
exceed 2.

4.4. Lower bound tor the value o the optimal procedure. In the preceding
subsection we proved a theorem which presented a search method SUE(n) whose value
behaves like (n/2)/2"; we shall now show that any search procedure SE(n) satisfies

n/8
(47) V(S2(n)) > 2--g-.

Since the asymptotic amount of reduction (of the value) per observation tends to 1/2
and since the upper and the lower bounds differ by a factor of (1/2)2, it will follow that the
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number of wasted observations of SUE(n), in comparison with the optimal procedure, is
at most 2. Practically, no more than one observation is wasted as is shown in Table 3.

THEOREM 2.

(48) Gm (a 1, a2) >
a1/2 d- (m/8)a2

2"

(see definition (25)).
Proof. Inequality (48) clearly holds for rn 0; assume that it holds for rn -< n and

that one is faced with the situation described by Fig. 3 (i.e. the relevant intervals have
lengths a -> a2) having n + 1 additional observations. It will be proved in Proposition 2
of 5.1 that a -> a2 implies that for a minimax procedure the next observation should
be made on fl.

Now

(49)
G,,/(a, a2)=min [ min max (G,,(al-d, a2-d), G,(a2, d));

L0<d<a2

min max q2 G(d,a)
a2d<al

Since, for 0 < d < a2

al-d_ al --a2Gn(ax-d, aE-d)->---> 2"

it follows that

-a2Gn+l(al, a2)-->min 1.- 2, min
a2d<a

(50) (by the induction hypothesis)

The second minimand in the square brackets is equal to (a-d*)/2 where d* is
defined by

d* n
d*

2 n
(51) al-d*=-+-a2 i.e. al ---j-a2

provided d*-> a2. The latter holds if and only if

t n(52) a= + a2

which is also a necessary and sufficient condition for the second minimand in (50),
(ax-d*)/2", to be smaller than the first minimand (ax-a2)/2". Therefore, under
condition (52)

-d* l[a n ] 1 a+n+l ]G,+l(a,a2)>a12"--g--=’g[-+-a2= >-i[- 8 ag. (by (51)).
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If (52) does not hold we proceed as follows:

G,,+l(al, a2)=>min [ min max (G,,(a-d, a-d), G,,(a, d)); G,(a2,
LO<da2

(53) (by the induction hypothesis)

->2min min max
,- (-)

I..O<da2 2
+

8 ’- "+--
The first minimand in the square brackets is equal to a/2 + nd*/8 where

aa-d* n(az-d*) aa nd*_______+
2 8 2 8

i.e.

(54) d* (n 4)a2 +4a
2n+4

provided d*-< a2. The latter is equivalent to

(55) al-<(+ 2)a2
and this is implied by the negation of (52). Moreover, (55) implies also that the first
minimand in (53), a/2 + nd*/8, is smaller than the second minimand a2/2 + nail8.
Therefore

G,,+l(a l, aa) =--y[-+

21---r[ az+-n(n-4)a2+4a]2n+4 (by (54))

=+[( 1 ) nZ+4n+16 ]n+2 al- 8n+16 az

1 [al (/8+3/2) nZ+4+16 ]=>2"/ 2 n+2 a+ 8n+16 a (by (55))

1 ra, nZ+3n +4 ]+-[--’ 8(n + 2) a2

1 [al n+l ]->2,.+1[--+- 8- az

We conclude that (48) is valid for m n + 1 whether (52) or the opposite inequality
holds. Q.E.D.

Thus for any search procedure s2(n)

V(sz(n)) >n/8 + 1/2
2"

5. Optimization for k > 2.
5.1. General discussion. Consider k observable functions fl(X)," ", fk (X) which

have unique roots in the sense of (2). The notion of "relevant intervals" of the functions
during any stage of the search could be defined just as in 4.1.
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Thus, it can be assumed that at any stage of the search, the situation is as depicted in
Fig. 4, so that a => a2. => ak and for all i, 1 _-< _-< k, fi (1 ai) < 0 and fi (1) > 0.

The length of the final interval of uncertainty obtained by a minimax
(56) strategy starting with the situation depicted in Fig. 4 and having m

additional observations will be denoted by G,,, (al,. ", ak).

We shall use the following fact: If at the situation depicted by Fig. 4, one observesfl
at a point 1-d where d satisfies aj/l _-<d <aj for some {1,. ., k} (for convenience
we define ak/l to be zero) then: If/1(l-d) >0 the situation is transformed to the one
depicted in Fig. 5, while iffl(l d) < 0 then (after re-indexingf according to the lengths
of the relevant intervals) we obtain Fig. 6.

We shall now prove the following result which has been already used in 4:
PROPOSITION 2. For the situation depicted by Fig. 4 there exists a minimax procedure

which first observes fl.

Proof. Let Sk (m) be any search procedure. Suppose that Sk (m) first observes f,
> 1, at 1 d and then continues in an optimal manner. If d satisfies: a/ =< d < a; then

the value of Sk (m) (starting with the situation of Fig. 4) V(Sk (m)) is given by

V(Sk (m )) max [Gn,-x(a d, a2- d, a d),

G,,_(a, ai_, ai+l, a, d, a+a, ak)].

NOW let gk (m) be defined almost like Sk (m), the only difference being that gk (m)
first observes/1(l-d); then

V(gk (m)) max [G,,_a(a d, a2 d, a d),
(57)

Gm-l(az, ai, ai+, a, d, a+a, a)].

Since G,,-l(X, ., x) is monotonic nondecreasing in each of its arguments and
since a => az =>" => a it follows that

V(g, (m)) <= V(s (m)). Q.E.D.

Let us denote the right side of (57) by R(d); then the overall optimal search
procedure could be defined similarly to the case k 2 by

Note that

where

G,,(al,.. ", ak) min min R(d).
O<j<=k aj+ldaj

Rj(d) max (fi (d), gi (d))

/(d)f G,,-x(ax-d, az-d, ai-d)

and

def
g(d) G,,-a(a2, ai, ai+l,""", d, aj+l,’’’, ak)

and observe that f is a decreasing function while gi is an increasing function. These
observations enable one to evaluate G,,(ax,. , ak) by a straightforward extension of
Lemma 1. This extension is used in the proofs of Theorems 3 and 4,
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However, for k > 2 (or 3) it is not practical to use the recursion formula for
obtaining the optimal search procedure. Thus, we shall concentrate on finding asymp-
totically optimal methods which are easily computable and have good performance.

5.2. Asymptotically optimal solution. For the case k 2, asymptotically optimal
solutions were constructed by using a linear upper bound for G,,(a, a.) of the form
(1/2")(w,,a + w,,zaz) where Wl 1 and w was either defined recursively by (36)
(procedure SU(n)) or was chosen to be n/2 (procedure SN(n)).

At first we shall present an extension of SN(n) for k _-> 2. This procedure which will
be denoted by SN(n) is asymptotically optimal and can be easily implemented. It is
based on the following theorem:

THEOREM 3. For every natural number no there exists c c (no) and e e (no) (e -> 0
as no->) such that for all m >- no

(58)

where

C def
Gin(a1,"’, ak <=- Wmiai Om(al,""", a)

i=1

i-1

(59) win,
(i 1)!(2- e )i--1

Proof. By induction: Choose c such that (58) will hold for m no. Assume that it
holds for all m, no -< m _-< n and that we are in the situation depicted by Fig. 4 with n + 1
additional observations to make. For convenience define a/l as zero and denote"

(60) R +
j= ., w,,,(ai aj)

i=1

and

k

(61) R- ., w,, i-lai + w,,iai + Y’. w,,ia.
=:2 =j+l

Since ai > 0, Wni " 0 it follows that:

0=R +I<R]’.

Also, since al -->a2," >--ak, ak+l =0 and Wni >0 it follows that:

k k

k+l-- Z wniai > 2 Wn i- ai R-+.
i=1 i=2

Thus there exists j {1, 2,..., k} such that

(62) R + <Rj and

It follows from (60), (61) and (62) that there exists d > 0which satisfies:

(63) aj+ <=d <aj

and

k

(64) , Wni(ai d) Wni-lai 4r wnjd + Wniai
i=1 i=2 i=]+1



MAXIMAL RANGE OF VALIDITY 493

ioeo

(65) Q,.,(al-d, ", aj-d) Q,,,(a2, ", aj, d, a]+l, , ak)

where Q. is defined by (58).
Now, if one observes ]’1 at 1- d where d satisfies (63) and (64), then

G.+l(al, ak) <--max [Q.(al-d, a-d), Qn(a2, a, d, a+l,’’’, ak)]

Q.(a2,’’’ ,aj, d,a+l,.." ,ak)

Thus, we have to prove that

(66) w,,i-lai + w,d + Y w,,,ai <- 2nC+l Wn+l,ai.
i=+1 i=1

This can be proved by substituting d by the linear function of a 1, , ak obtained from
solving (64), and w.i by the value presented in (59). By this substitution, both sides of
(66) take the form of a linear combination of a1,’", ak where the coefficients are
rational functions of n. Now, it can be shown (by reducing the coefficients of ai in both
sides of (66) to a common factor) that the nominators of the left and the right side of (66)
turn out to be polynomials in n such that the highest power of n has the same coefficient
while the next power of n has coefficients

2 1 + 2/(2 e)
and respectively.

(2- e)i-l(i 1)! (2-e)-l(i- 1)!

Thus it is possible to choose an e so that the difference in the coefficient of the next
highest power of n will compensate for all the terms which correspond to lower powers
of n. It follows that a suitable choice of e can assure that the coefficients of a 1, , a of
the left side of (66) do not exceed those of the right side. It also follows that as no grows,
e can be chosen to be close to zero. This completes the proof.

The upper bound (58) can be used as a tool for finding a search procedure SNk (n)
which can guarantee that the final interval of uncertainty will not exceed this upper
bound. At each step of this procedure, the observed point 1 d is chosen by (64) where
the weights w,. are given by (59).

It follows from (58) that for n > no the value of SNk (n) satisfies

C k Fi,
i-1 cnk-1

V(SNk(n))<-’- ,=IL (i- 1)’(2-e)’-1.<
2--’a--

where c’ and c" are constants. Thus the procedure SN(n) is asymptotically optimal in
the sense of (13).

Let us now consider a procedure, to be denoted by SUb(n), which is the next
extension for k > 2 of the procedure SU(n). In this procedure which produces better
results than SN(n), the weights are not given explicitly but rather are defined
recursively. It is based on the following theorem:

TEOREM 4. Let G,,,(al, ", a) be defined by (56); then .for all m

(67) Gm(al, ak) <- Umiai
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where u,,i are defined recursively as follows:
(68) un 1 for all n >= 0;
and[or n >= 1, 2<=i <-<_k

(69)

where

U02 U03 UOk 0

(70) T,i u,, + u,,.

Proo[. The same principle used in proving Theorem 3 will also be used here. The
proof will be given by induction: Since Go(a, , ak) a it follows that (67) holds for
rn 0. Now assume that (67) holds for m =< n. if we are in the situation depicted by Fig. 4
with n + 1 additional observations to make, then similarly to (63) and (64) it can be
shown that there exist d > 0 and/" {1, 2, , k } such that:

(71) aj+l <=d <aj

and

k

(72) u,,(ai-d) , Uni-lai "+" u,qd + . uniai.
i=1 i=2 i=j+l

By solving equation (72) for d we obtain:

(73) d a + (u,,i u,,i-1)ai , u,,iai
=2 =j+l

where T. is defined by (70).
Now, it easily follows from (72) and the induction hypothesis that if one observes

at 1- d then:

G,+(a,..., a) <- u,,i-a +u,qd + , u,,ia (by (73))
---]+1

(74) 2.+----i’[’-. al + i=z L\
2- T.siU,,i_l +-. u,,ijai

+ , 2-
=j+l

It follows from (70) that

(75) -1 Un+11.

Also, for {2,..., j}, (69) implies that

u,,+l, >(2 u) u,Uni--1 + Yn
while for {j + 1,..., k} (69) implies that
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Thus it follows from (74) and (75) that

G,,+l(al,’’’, a) <- Y. un+liai. Q.E.D.

Theorem 4 can be used to define the procedure SUk(n) which is based on the
following principle" When n + 1 observations are left, one has to order the relevant
intervals of the functions in a descending order al=>a2’’’ => ak and to observe the
function which corresponds to a 1, at 1- d where d is given by (73), and the weights
are defined recursively by (68), (69) and (70). In order to find the suitable ] one can use
the process described at the beginning of the proof of Theorem 3.

Using the relations (68), (69) and (70) it will be proved in the Appendix that
Uni <=Cihi-1 where ci are constants, so that

k-1

(76) V(SUk(FI))<n Cirt
i-l cn

2i=1

which implies that SUk (n) is asymptotically optimal in the sense of (13).
It was found by numerical calculation (for k -< 100, n --< 300) that starting with the

initial conditions (68), the maximum in expression (69) has been always attained at] i;
thus Un+li can be defined more simply by

(77) Un+l [(2 u. Un-n Uni]-nini ] Un i_ "+"

where T,,i is given by (70).
If the recursive definition (77) is used for constructing the weights u,i then these

weights are independent of the total number of constraints k. Thus, for all ko and no one
can build a file of weights which has kono numbers and this file will be used by the
procedures SUk (n) for all k -< ko and n -_< no.

Theorem 4 presents an upper bound for Vk (n) to be denoted by SU.

SU= u,.
i=1

We now present two tables which compare SU to the value obtained by using
simplified procedures which will be denoted by SP. In Table 4 we compare SU to SP for
k 3, 5, 10, 20; and n 3k, 4k and 5k. It should be kept in mind that the values which
can be obtained by the naive procedure (separate bisection) for these case are , and
respectively. These tables demonstrate the fact that the advantage of the procedure
SUk (n) becomes much more significant as n or k grows. It should also be noted that SP

TABLE 4
A comparison between the upper bound given by Theorem 4mSUmand the simplified proceduresmSP.

4k

5k

SP SU SP

5.2E-2 3.0E-2 2.9E-2

1.7E-2 2.1E-3 7.1E-3

1.3E-4 1.8E-3

su sP

2.7E-3 1.1E-2

1.9E-5 1.8E-3

9.5E-8 3.0E-4 4.7E-14

1.7E-5

1.4E-9

SP

3.6E-3

4.0E-5
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gives the exact value for the simplified procedures while SU gives an upper bound for
the performance of SUk (n). The numerical experiments which were made using the
procedure SUk (n) show that its performance is better than the upper bound SU; these
experiments are described in the next section. In Table 5, SU and SP are compared for
k 100.

TABLE 5
Comparison between SU and SP]’or k 100.

SU SP

150 3.8E-2 1.9E-2
160 4.5E-3 1.6E-2
170 4.2E-4 1.4E-2
180 3.2E-5 1.3E-2
190 2.1E-6 1.1E-2
200 1.1E-7 9.7E-3
210 4.9E-9 5.6E-3
220 1.9E-10 2.8E-3
230 6.6E-12 1.6E-3
240 2.0E-13 1.0E-3
250 5.3E-15 6.8E-4

6. Numerical evaluation ot the asymptotically optimal procedures tor k> 2.
6.1. General discussion. For the two-constraints case, k 2, it was possible to

calculate numerically the values of the asymptotically optimal procedures, V(SUk (n))
and V(SNk(n)) by recursion formulas. This method is practically infeasible as k gets
bigger whereas the value SU based on Theorem 4 and presented in Tables 4 and 5 is
only an upper bound for V(SUk (n)).

In order to get a practical estimation for the performance of the procedures SUk (n)
and SNk(n), we used Monte Carlo methods where the roots zi, 1,..., k of the
observed functions were chosen as random variables. We used two models for produc-
ing Zl, Zk

Model I. zi, 1, , k were chosen to be k independent random variables each
of which is uniformly distributed in. (0, 1),

Model II. Zl z2 Zk Z where z is uniformly distributed in (0, 1).
The first model represents a "natural" case while Model II is an extreme case when

the number of relevant constraints does not decrease during the search process. In fact,
Model II contains configurations which correspond to.the worst case for the simplified
procedures as can easily be deduced from the analysis presented in 3.2.

Given k, n and the search procedure, (which was either SUk(n)or SNk(n)or
certain variations of them) fifty lotteries were executed for each of the modelsand both
the maximal and the average value of the interval of uncertainty were recorded. The
numerical results which appear in the tables in the next subsectionscorrespond to the
worst case among those two models; for SUk(n) this was always Model I, while for
SNk(n) the model which gave the more pessimistic results was normally Model II
(except for the.maximal length of the interval for K 5, n 15 and n 20).

In testing the search procedures SUk (n) and SNk (n) we used a simple modification
which is sometimes very useful: Before making the observations and while having in
mind an estimate of the desired accuracy needed for the location of the minimal root, we
find that it is advantageous to define a. tolerance interval, TOL, which is one or two
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orders of magnitude smaller than the desired accuracy. Then, if during the search
process, the relevant interval of one or several functions is smaller than TOL, we omit
these functions in the subsequent calculation. This modification increases the efficiency
of the search procedures when k is large. It is easy to see that if one uses this
modification and obtains a final interval of uncertainty (R 1, R2) then the minimal root z
must lie in (min (R1, R2-TOL), R2). Thus if R2-R1->TOL then the final interval of
uncertainty remains the same while if R2-R1 <TOL then the final interval of uncer-
tainty is (R2-TOL, R2). The numerical results are presented in the next subsection.

6.2. Numerical results. Table 6 presents the maximal (MAX) and average (AV)
value of the final interval of uncertainty for SUk (n) which were obtained by the lotteries
described in 6.1, for the number of constraints which correspond to those considered
in Tables 4 and 5; namely k 3, 5, 10, 20 and 100.

1.5k

2k

3k

4k

5k

MAX AV

5.4E-2 3.4E-2

1.1E-2 7.7E-3

1.9E-3 1.5E-3

TABLE 6
The intervalof uncertainty ofSUk (n ).

MAX AV

1.9E-2 1.0E-2

1.5E-3 1.1E-3

1.0E-4 8.0E-5

lO

MAX AV

1.4E-3 7.0E-4

1.2E-5 8.9E-6

6.8E-8 6.0E-8

7.8E-3

7.2E-6

8.1E-10

,2.5E-3

5.0E-6

7.0E-10

lOO

MAX AV

3.0E-4 1.5E-4

1.2E-8 6.7E-9

By comparing Table 6 to Tables 4 and 5 it is seen that SUk(n) usually produces
results which are better (and for large k even much better) than the upper bound of
Theorem 4.

As we have already noted before, the results are very satisfactory. For example, if
there are 100 constraints then by only 2 observations per constraint, it.is possible to
locate z in accuracy of order 10-8. The simplified procedure guarantees only 10-2 and a
naive approach only 0.25.

We shall now describe the results obtained by using procedures which are based on
Theorem 3. Recall that this theorem gives an asymptotic upper bound which need not
hold for small n. It does define a procedure SNk(n) which uses weights wni which are
approximately

i--1

(78) w,,i
(i-1)!2-1

and calculates the observation point 1- d using formula (64).
We made experiments with SNk (n) and several modifications of it. A modification

which was usually quite effective is described as follows: Instead of considering all the
weights w,,, we tried to concentrate on the four most significant weights. For n => 2k 2
it follows from (78) that Wnk > Wnk-1 >’’" > Wnl and thus these four weights were
chosen to be Wnk, Wnk-1, Wnk-2 and Wnk-3; for n _-<2k-2 the maximal weight is wnj

where J [(n + 2)/2]; thus in this case w,a, w,a-l, w,a-2 and w,a-3 were used. All the
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other weights were neglected (i.e. taken to be zero). The calculation of d in formula (64)
depends only upon relative weights which are in this case"

2(i- 1) 4(i- 1)(i-2) 8(i-1)(i-2)(i-3)
(79) 1, ------, 2 and 3n n n

where is equal to k or to J.
The advantage of using only a small number of weights (in this case four weights) is

that the calculations of the observation points are quicker. Also, since the weights are
given simply by (79), one does not have to keep the file of weights needed by the method
SUk (n ).

The reason for choosing only the weights corresponding to the intervals
ak, ak-1, ak-2 and ak-3 was the experimental fact that for k _<-20 the distance between
the observation point and 1, d satisfies in most cases d -< ak-3. It should be noted that
the intuitive reason for considering d only in the interval 0 < d =< ai, say k 3, instead
of 0 < d _-< a is that in the case where the optimal d is bigger than ak-3, if we choose
d ak-3 instead of the optimal d, then (as can be easily seen) the worst case would be
fl(ak-3) > 0, which means that even for this case this observation will eliminate the four
functions fk, fk-1, fk-2 andfk-3 in the subsequent stages of the search. The results for this
modification of SNk(n) are presented in Table 7.

TABLE 7
The interval ofuncertainty ofSNk (n (modified).

1.5k

2k

3k 6.5E-2 3.6E-2 2.0E-2 8.7E-3

4k 1.4E-2 6.3E-3 1.9E-3 6.0]E-4

5k 1.9E-3 1,2E-3 8.3E-5 4.8]E-5

MAX AV AV MAX AV

1.7E-3 1.1E-3

1.5E-5 4.2E-6

5.1E-8 2.1E-8

MAX AV

3.4E-2 1.5E-2

2.6E-5 1.0E-5

6.4E- 10 1.4E-10

lOO

MAX AV

2.0E- 6.7E-2

1.1E-3

By comparing Table 7 to Table 6 it is seen that SUk (n) almost always produces
better results in MAX than SNk(n). If k_-<20 and n =>3k then there is not a big
difference between the performance of the two methods. However, for k 100 the
performance of SUk (n) is much better than this version of SNk (n). Some other versions
of SNk (n) gave better results for k 100 but they too were inferior to SUk (n).

It should be noted that when evaluating the performance of search procedure sk (n)
one should also take into account the time required by sk (n) to calculate the observation
point. For example, a search procedure that takes into account only a small portion of
the (most significant) weights may be much quicker than the procedure SUk (n). Thus,
there is still more to be done in finding some variations of SUk (n) or SNk (n) which will
work quickly and will also perform satisfactorily for large k.

7. Randomized procedures. The search procedures considered so far were pure
procedures, that is" For each stage, the next observation point is a deterministic function
of the results obtained in the prior observations. The question which is now being
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considered is: Can randomization substantially improve the performance of the search
methods?

A randomized procedure is defined as the probabilistic mixture of several pure
procedures (of the type considered before). The performance of such a randomized
procedure is measured by the expected length of the final interval of uncertainty for the
worst possible choice of z 1, , Zk.

In the simple case of one constraint when one can make n observations then the
length of the interval of uncertainty guaranteed by bisection (which is the minimax pure
strategy) is (1/2)", and it can be easily seen that this value cannot be improved by any
randomization method.

Now let us look at the case k > 1. If one uses the naive approach of separately
bisecting each constraint, then in 2 it was noted that if a certain accuracy V is needed
and

(80) no--log2 V

then to get the same accuracy for k > 1 one has to make k.no observations. It is
possible to reduce this number by using the following randomization" Choose the first
function f. to be bisected randomly with probability of 1/k for each function and make
no observations on it. When this state is finished it is known that the root of f. lies in an
interval (x, x + V). Next choose randomly the next function] to be bisected and observe
f at x. If f(x)<= 0 then discard it and choose randomly one among the remaining
functions, while iff (x) > 0 make no observations on it. This process is continued until all
the functions have been observed at least once. It is easy to see that the procedure just
described uses an expected number of observation which is about ((k + 1)/2)n0 instead
of k no.

It turns out that the optimal search method for k > 1 can also be improved by
randomization as will be illustrated by the following simple example" Assume that k 2
and n 3. It is easily seen that the value guaranteed by a pure procedure is greater or
equal to 1/2. On the other hand it is possible to obtain an expected value of by the
following randomized procedure"

Choose the index of the first function to be observed jl (see (4)) such that
Pr (]1 1) Pr (jl 2) 1/2. Denote the chosen function by] and the other function by.. At first, observe- atx =o; if.(o)>0 then observe both. and ]., atx =o. (In the
notation of (4), j2 jl, x2 o, j3 3-jl, x3 o.)

If ]),()_-<0 then observe ). at o; if (o)>0 then next observe 4f() while if
)(0) -< 0 then next observe1(0). (Again, one could use the notation of (4) but it seems
unnecessary to write it explicitly.)

Call this procedure S (S is a mixture of two pure procedures each with probability
1/2) and denote its expected value of the interval of uncertainty by EV(S). Now consider
the three possible configurations for the roots Zl, z2 of fl and f2"

2. Z l, Z2 I-O"->
3. Zl <-io<Z2 or z2<I-<Zl-->EV(S)--1/2.1-q-1/2.14-o--o

it follows that randomization can improve the performance of the optimal pure
procedure. However, we do not know the amount which can be gained and whether it
substantially improves the asymptotic behavior of the interval of uncertainty. This is a
point for further research.
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8. Points for turther research. The methods presented in this paper for finding the
maximal range of validity of many constraints perform very satisfactorily. However,
some problems of theoretical or practical interest are still open. The problems that we
consider as important are listed below:

A. Lower boundfor k > 2. For k 2, Theorems 1 and 2 establish the fact that if the
interval of uncertainty is given by (1/2),,-2n then the number of "lost observations" 12(n)
behaves like log2 n. For k > 2, Theorem 3 shows that lk (n) =< (k 1) log2 n + const.; it
follows from Theorem 2 that lk (n) > 12(n) >- log2 n + const., but we could not prove that
l (n) => (k 1) log2 n + const.

B. Further research on the procedure SU(n). Theorem 4 establishes an upper
bound for the interval of uncertainty and presents the search procedure SU (n) which
was later found to be effective. It is of interest to investigate the behavior of the weights
u,,i defined by (69) and to show that starting with the initial conditions (68), it is sufficient
to use (77) for defining the weights. In addition, it may be important to investigate more
deeply the performance of the method SU (n) and try to further improve it (if possible).

C. Randomization. It remains an open problem to investigate the amount of
improvement which can be achieved by using randomized procedures.

In addition there are some further extensions which were not considered in the
paper such as:

D. The case of different prices of observations for each of the functions.
E. The case when one wishes to find the maximum of a function fo(x) 0 <= x <= 1

subject to: fi (x)=< 0, { 1,. ., k} without calculating the derivative of fo(x).
F. The case when the functions fi have additional regularity conditions besides (2).
G. The case when the statistical behavior of the roots z is known.
To conclude: It seems to us that a wide field of problems of both theoretical and

practical interest has yet to be investigated.

Appendix. The objective of this Appendix is to prove that the weights u,i, 1 =< =< k,
defined in Theorem 4 satisfy

(A. 1) u.i Cir/i-1
which would imply that the procedure SUk (n) is asymptotically optimal.

For convenience, we shall re-write the definition of these weights" The initial
conditions are given by

(A.2) u, 1 for all n ->_ 0 and /’/02 /’/03 UOk 0

and the recursion equation for n -> 1, 2 =< =< k, is

(A.3)

where

U"+li max[ max (2 u-.)=
l_---j<

Uni
<--J kmax ((2 --’n])Unj Un i-1 -[- U-n )

(A.4)
T,q un] --- Unl.

In order to show that (A.1) holds we shall prove the following proposition:
PRor’osi’rIor A. 1. There exist two positive sequences bi, B, 2 <- <= k, and a natural

number no (no no(k)) so that for all 2 <= <= k and n >= no

(A.5)
u,,i >_ Bin

Uni--1
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and

(A.6) Uni <= bin.
Uni--1

Proposition A.1 and (A.2) imply that for all n -> no:

Uni Un i--1 Un2
Uni ," ,--Unl b2, bin

Un i-- Un i--2 Un
i--1

which is equivalent to (A.1).
Proof of Proposition A.1. We shall use induction on i" If 2 then by (A.2), (A.3)

and (A.4)

(A.7) Un+12"- max Un2; max 2- +
2--ik Tni] niun2)

2
Un2 + Un2 + 1

u.2+ 1/2
Un2) U

2
n2>= 2--T-.z/ T.2

1,

thus u.. > n/2 which proves (A.5) for 2.
On the other hand it follows from (A.4) that 0 < u,]/T] <_- 1; thus (A.7) implies that

Un+l 2----<max (Un2, 1) + 1

so that u,2 =< n which proves (A.6) for 2.
Assume that (A.5) and (A.6) hold for =< I. This implies that there exist two positive

sequences ci and C such that for all -< and n >= no(l)
(A.8) fin i-1 <= Uni <=Cirt i-1.

We shall now prove (A.5) for + 1" Choose any e, 0 < e < 1 and an n 1, n >-- no(e)
so that for all n ->_ n

l-1

(A.9) Z u.] < eu.;
]=1

such an n exists by (A.8). It follows from (A.3) that
2

Un+ll+l 2-Tl+l’/Unl+Tnl+
zl+ll Un] + U

2
Unl j= +

Un + "-[- 1/2 2 Un]
3 y/(Unl+l’Af-1/2Unl)(Unl+l"JI-1/2 =l Un])"["Unl !=1Unl---Unl+12-"ll Un]

i=1 Unj
(by (A.9))

Thus, for all n _-> n

(A.10) l-1 (by (A.8)).
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Hence, there exists a positive number Cl+l SO that for all n =>nl

(A. 11) Unl+l >fl+lrl
It follows from (A.8) and (A.11) that

Unl+l Cl+l rtl
l--1 Bl+lrt

Unl ClEl

where B+I Ct+l/C so that (A.5) holds for n -> n 1.

At last we prove (A.6) for + 1. This will be done by induction on n. We choose
a large enough integer n2 => no.(l) so that for all n _-> n2

(A.12) f/2_] Un] Bl
Unl- 2

such an n2 exists by (A.8).
Next we choose a positive number bl+l which satisfies bl+l >- bl and also

(A. 13) Uml+.______l bl+lm
Uml

for m
Assume that (A.13) is satisfied for n2<-_m <-n; we shall show that it holds for

m n + 1 by considering the following three possible cases"

Case 1.

UnjUn+ll+l’-- 2--Tn]lUnl+Unl+l
Since ] -> it follows from (A.3) that

for some j, + 1 _--<j _-< k.

Un l-- 1-1- Unl.

Since 0-< Un/Tni --< 1 it follows that

Un+l /+1

Un+l \ Un l-- Unl

_-<max (bin, bl+ln)= bl+ln < b+l(n + 1).

(by (A.6) and (A. 13))

Case 2.

Unl+l

Since Un+l >=(2-u,/Tn])Un it follows that

for some/’, 1 -<] _<- 1-1.

Un+l/+1 Unl+l

Un+ Unl
<--bl+ln <bl+l(n + 1).

Case 3.

Un+ll+l--(2-- Unlunl+l.
Tn/
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Using (A.3) again we obtain u,,/l>--(2-u,./Tn)U_l +U2nl/Tnl SO that:

u.+1+1< (2T,.-u.)u.+l
gn+ll

2

Nnl+l
2

Un l- "[- U nl/..,j Unj
(by (A.4))

. Unl+
2

Unl-1 + Urd/(Unl +(1 +BI/2)Unl-1)

Unl+l 1
unt (Unl-1/Unl)+ 1/(l+(l+Bt/2)(Ul_l/Unl))

Unl+l 1

Unl (Unl-1/Unl) "- 1--(1 +Bl/2)(Unl-1/Unl)

Unl+l 1

Unl 1--(nl/2)(Unl-1/Unl)

Unl+l 1

unt 1- 1/2n

n + l ut+ n + l<=< bt+ln
n Unl El

=bl+l(n+l).

(by (A. 12))

(by (A.5) for 1)

(by (A. 13))

Thus (A.6) holds for + 1 and n -> n2. It follows that both (A.5) and (A.6) hold
for + 1 and n >=no(l + 1)=max (nl, n2). Q.E.D.
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ON A DIRECT ALGORITHM FOR
NONLINEAR COMPLEMENTARITY PROBLEMS*

G. J. HABETLER" AND M. M. KOSTREVAt

Abstract. We extend Murty’s scheme for solving linear complementarity problems to the generalized
nonlinear complementarity problem on an orthant of R". Reformulating to accommodate a type of
nonlinear function generalizing the P-matrices of Fiedler and Ptfik, we present an algorithm which is simple,
efficient and does not require monotonicity for convergence.

1. Introduction. In 1974, Murty [17] introduced a scheme for solving the linear
complementarity problem. He showed that the scheme would work when the matrix
involved in the problem was a P-matrix. In this paper we extend the scheme to
nonlinear complementarity problems, showing that the scheme will work when the
function involved is a nondegenerate P-function.

Given a function f: R R n, the complementarity problem associated with f is:
Find x sR" such that for each index isN={1, 2,..., n}

(1.1) xiO,

(1.2) /(x)-> O,

(1.3) Xi fi(X)-" O.

We refer to (1.1)-(1.3) by using the symbol CPf.
In this paper we will be interested in a direct algorithm for solving the comple-

mentarity problem (1.1)-(1.3) generalized to any orthant ’ in R" [6], [7] i.e.: Find
x s R" such that

(1.4) x s 7, f(x)s * , xtf(x)= O.

Condition (1.3) is referred to as the complementarity condition. Note that if x and
f(x) s 7, then the complementarity condition is equivalent to x tf(x)= O.

DZFNITION 1.1. If y f(x), CPf is nondegenerate if for each x s R", at most n of
the 2n variables (y, x) simultaneously vanish.

DEFINI3:ION 1.2. We say that s s R is a complementary point off if there exists an
x s R" satisfying the complementarity condition and s x +f(x). For an x satisfying
the complementarity condition we say s x +f(x) is the complementary point asso-
ciated with x. A subset ! N will be called an index set. We say that an index set I
leads to a complementarity point s if there exists an x satisfying the complementarity
condition such that xi =0 for sN-L/(x)= 0 for eL and s is the complementary
point associated with x.

By (1.3) there exists a maximal index set Ix
_
N so that/(x)= 0 for is Ix and

xi 0 for is N-Ix, and then s xi for is Ix and Si--fi(X) for is N-Ix. If CPf is
nondegenerate, so is (1.4), and Ix is the only index set associated with x.

In the algorithm discussed in 3 we move from index set to index set (and so from
complementary point to complementary point), until we find an index set I* which
leads to a complementary point s* in

* Received by the editors February 4, 1977, and in revised form August 4, 1977. This research was
supported in part by the National Science Foundation under Grant MCS 76-06958.

f Department of Mathematical Sciences, Rensselaer Polytechnic Institute, Troy, New York 12181.
: Department of Mathematics, University of Maine at Orono, Orono, Maine 04473.
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2. P-functions. Following Fiedler and Ptfik [5] we have
DEFINITION 2.1. An n n matrix is said to be a P-matrix if all its principal minors

are positive.
An extension to nonlinear functions was given by Mor6 and Rheinboldt [16]

when they defined P-functions.
DEFINITION 2.2. If f: R" --> R", then f is a P-function on a set S if for all x, y S

with x y, there exists an index i= i(x, y) such that (xi-yi)(A(x)-fi(y))>O.
Note that P-functions must be one-to-one, but need not be continuous. It should

be observed that the addition of any constant vector to such a function will not alter its
being a P-function on S. The foil.owing theorem contains an important geometric
insight for P-functions, which appeared for the special case R_ in Mor6 [14].

THEOREM 2.3. Let f: R"R" be a P-function on R . Then (i) each orthant
( R contains at most one complementary point s, (ii) for each complementary point s
there is a unique x such that s is the complementary point associated with x, (iii) if the
index sets 1(kl) and I(k2) lead to the same complementary point s, then Sg 0 for

Proof. For (i) assume two complementary points s and in (Y: s x +f(x) and
y +/(y). Note that from the complementarity condition x, y, f(x), and/(y) all lie in

6. Then, for each i6N, (xi-yi)(](x)-(y))=-xifi(y)-yi(x)<-_O. Since f is a P-
function we must have x =y and so s t. To prove (ii) let s x +[(x)=y +/(y).
Following the same proof as in (i) we find x y. To prove (iii) we note from (ii) that the
same x must be used with the two index sets. So xi 0 for (N-I(kl))U (N-I(k:))
and fi(x): 0 for I(k’) U I(k2). Thus Si Xi +fi(x)-- 0 for I) (3 (N-I(k2)) and
s I() f3 (N I) ).

DEFINITION 2.4. Let f: R" - R". Then for each index set I(k), k 1, 2, , 2",
we define f(k) by

(2 1) )(x) A(x), I(),
xi, N I().

It is obvious that x satisfies the complementarity condition if and only if there
exists a k such that

(2.2) 0 f(k)(x).

It is also fairly easy to see that a given index set does not necessarily lead to a
complementary point. For example, if we take f to be the P-function

(2.3)
XI-I-X2-- 1 )f(xl, x2, x3)= -exp (-x2)+ x3- 3

--XE+2X3--2

we find that CPf is nondegenerate, but that several index sets do not lead to comple-
mentary points. Thus there are fewer than 8 complementary points and so for some
orthants of R 3 there is no solution to (1.4). Thus we would like to restrict our attention
to a proper class of P-functions which we will call nondegenerate P-functions. The
terminology is in keeping with the use of the adjective nondegenerate [18] when
applied to a matrix (as opposed to a complementarity problem as in Definition 1.1)
meaning a matrix having all its principal minors nonzero.



506 G.J. HABETLER AND M. M. KOSTREVA

DEFINITION 2.5. Let f: R"--> R" be a P-function on R". Then if for each k
1,. , 2" the function f(k), given by (2.1), is a function from R" onto R" we say f is a
nondegenerate P-function.

For such a function, (2.2) will always have a unique solution and so I(k) leads to a
unique complementary point

(2.4) s (k)-" [f(k)]-l(o)+f([f(k)]-i(O)).

While discontinuous nondegenerate P-functions are impossible when n 1, the
following is an example for n 2. Let f(x, x2)- (-1, -2) + h(x, xz) where

//2(1 -l)(xx) ifxZ+xz2<l,
h(Xl, X2)

1 1 X2

(xx) ifx+xZ>l2"-"
X2

Because continuity is not required, the results we present generalize [4], [8], [9],
[131, [151.

TEOREM 2.6. Let ]’: R R be a nondegenerate P-]’unction. Then ]’or each
ff __. R ", (1.4) has a unique solution.

Proof. Theorem 2.3 says that there is at most one such solution. We must show
that there is at least one solution. Consider two cases:

Case 1 (Nondegenerate problem). We assume each complementary point of the
problem has no zero components, and so lies in only one orthant. Theorem 2.3(iii) and
our discussion above says that there are 2" complementary points. Theorem 2.3(i)
says that there is at most one per orthant. So a unique s lies in ff and the unique x that
leads to it (the unique solution x of (2.2) for the corresponding index set) is the
solution we seek.

Case 2 (Degenerate problem). We assume that there exists at least one comple-
mentary point s such that s 0 for some i. We will analyze the case of one such
degenerate complementary point. All of them can be handled in the same manner.

Suppose s is a degenerate complementary point with exactly r zeros, say s 0 for
{il,""", it}. Then s lies in 2 orthants.. Since ]" is a P-function on R", there are no

other complementary points in these orthants.
The complementary point s corresponds to at most 2 index sets. For if we take

any two of them they must agree on the set N-{i,..,, i} by Theorem 2.3(iii). That
is, any in this set must be either in both of the sets or in neither. Thus only the
presence or absence of elements from {ix, ’, ir} is possible in the index sets and this
leads to at most 2 index sets.

On the other hand, there are at least 2 index sets leading to s. There is at least
one since each complementary point corresponds to a solution of (2.2) for some index
set Ik). But then it is seen from the form of the equations (2.2) that once we find one
such index set we are free to add or subtract from it any {ix,..., i} without
changing the solution since s=0 for i{ix,...,i}, i.e. s=x=](x)=O for i
{ix,"" ", it}.

Thus 2 index sets lead to this single s which lies in exactly 2 orthants. Now
consider the remaining 2"-2 index sets. If there is no other degenerate complemen-
tary point, then by Theorem 2.3 they will lead to 2"-2 distinct complementary
points which will be distributed one to each of the remaining 2"-2 orthants. Thus
each orthant has a unique solution to (1.4). (Note that for the degenerate s each of the
2 index sets gives the same x).
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If there were another degenerate complementary point, it would be handled in
the same manner as the first. Thus the result for Case 2 is established.

In what follows we will show how Murty’s scheme can be extended to find the
solution shown to exist by Theorem 2.6. To do so we will need some results concern-
ing.such solutions. We establish these in the remainder of this section.

DEFINITION 2.7. Partition the f and x in (1.4) by

Denote by 71 the orthant of R n-1 corresponding to the first n- 1 components of 0’
and let h" Rn-lR "-1 be defined by

Then the following is a principal subproblem of (1.4): find y R n-1 such that

(2.5) Y ’1, h(y)6 61" 61, yth(y)= O.

One important property that nondegenerate P-functions possess in common with
P-matrices is the inheritance property. That is, principal subfunctions are also nonde-
generate P-functions.

THEOREM 2.8. Given a nondegenerate P-function f on R , then h, as defined in

Definition 2.7, is a nondegenerate P-function on R
Proof. The function h is a P-function on R "-1. To see this, suppose there are two

points yl : yZ in R "-1 such that

(y , y ,)(hk (y l)_ hk (y2)) =< 0,

Let

then x # X
2 and

2

(X lk X
2
k )([k (X 1) fk (X2))

k=l,2,...,n-1.

(y ,- y)(hk (y 1)--hk (yZ))<--O, k=l,2,...,n-1,
0, k n,

contradicting f being a P-function on R".
Next we show that h is a nondegenerate P-function on R "-1. Consider h (kl)

where I(kO is some index set from the power set of {1, 2,..., n- 1}. Then consider
f(k) where i(k)= i(k). Note that

h}k)(Y) =/k)(Yl, YZ, Y,,-1, 0), i= 1, 2,’’’, n- 1.

Since f(k) is a bijection of R",

[hk)]-l(Y) [k)]-l(Yl, Y2,""’, Y,,-1, 0), i= 1, 2,""", n- 1.

Thus we see that since fk) is a bijection of R", h eke) is a bijection of R "-1.
THEOREM 2.9. Let f be a nondegenerate P-function. Then:
(a) Suppose x,,=0 where x is the unique solution to (1.4). Then y=

(xl, x2, , x,,-) is the unique solution to the principal subproblem (2.5).
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(b) Let x =(yl,"" ", y,-1, 0) where y =(y,..., y,_) is the unique solution to
(2.5). Suppose ]:(x)s 7. Then x is the unique solution to (1.4).

Before we examine Murty’s scheme we will also need some information concern-
ing principal pivots of nondegenerate P-functions.

DEFINITION 2.10. We say g is a principal pivot of f: R n--> R if for some r s N,
gr: R" --> R is a unique map satisfying zr gr(x) if and only if x =fr(Xt,’", x-, z,
Xr+, ", X,) and for r we have gi(x)= fi(Xl, ., x,_, gr(X), x+, ", x,).

Note that principal pivots with respect to all r s N exist when/ is a nondegenerate
P-function since/r maps R onto R and is an increasing function of its rth component.
Thus as a function of its rth component it has an inverse.

To conclude our discussion of P-functions, we establish the following nonlinear
version of a result of Tucker [19]:

TI4EOREM 2.11. Supposef is a nondegenerate P-function. Then any principal pivot,
g, o]:f is also a nondegenerate P-function. Moreover, fand g have the same complemen-
tary points.

Proof. Let g be a principal pivot of f, and r s N be the subscript for which the
pivot is made as described in Definition 2.10. To show that it is a P-function, let us
define the bijection J :R" R by Jx (Xl," , x_, gr(X), Xr+l, In). Then we
see that for x and y in R"

((Jx),- (Jy)i)(A(Jx)-f(Jy)), r,
(xi- yi)(gi(x)-gi(Y))=

(fr(Jx)-fr(Jy))((JX)r-(Jy)r), i= r.

Since f is a P-function we see that if all of the quantities on the right are =0, we must
have Jx Jy. But then this says that x y. Thus g is a P-function.

To show that g is nondegenerate, consider g() for some index set I). Now if
r s I), it is easy to verify from the definition that

I](Jx), i(k)--{r},
gk) (X)

(Jx)i, (N I<k)) [.J {r},
and so g<k)(x)=f<r)(Jx) where - is such that I<)=i<k)--{r}. Since f<) and J are
bijective so is g<k). A similar argument holds if r N-I).

Finally, we wish to establish that the complementary points of f and g are the
same. Let s be a complementary point of f, and x and k N the unique vector and
index such that 0 =f(k)(x), $ f()(X) where rn is such that I(k)[_J I(m) N. From what
we’ve seen above this means g()(J-Ix)= 0 for some index set I(t) obtained from I(k)

by adding or dropping a member. But then it is easily verified that for rh such that
I(k)t_JI(’a)=N we have g(’a)(J-x)=f(")(x)= s and so J-tx leads to s which is thus
shown to be a complementary point of g. Thus all complementary points of f are also
complementary points of g. Since f is also a principal pivot of g, it follows that the set
of complementary points for f and g agree.

3. The direct algorithm. By a direct algorithm for the generalized CPf (1.4) we
mean a method for recursively determining a sequence (ik)),_ of index sets along
with some way of determining at each step whether or not ik leads to the desired
complementary point. We say that the algorithm is successful if the desired index set is
found (in which case some scheme for numerically solving (2.2) for that index set will
have to be employed) and no index set is considered more than once. Clearly one
successful direct algorithm in enumeration; i.e. list all the index sets and try them in
order. It is not a very efficient algorithm and so other schemes have been introduced.
We are interested in the following one:
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Murty’s scheme. Let 1(1)= . Then given I(k) determine I(k+l) as follows
Suppose I() leads to the complementary point s (). Let r min {/’[s) tj < 0} where
is some element in the interior of ?. (If no such r exists, the scheme terminates and s()

is the desired complementary point.) If sk =x), then I(+1) =I()-{r}. If s)=
fr(X(k)), then I(+1) I()U {r}.

Note that as we proceed we need only determine the sign pattern of s() (except
for the final step, of course). Note further the connection with principal pivoting. For
example, for k- 2, we are interested in the complementary point s (2) given by the x
satisfying 0--f(2)(X). But if we pivot on r, the r of the scheme, we find f(2)(X)"
g((J-lx). Thus we are interested in the complementary point of g that 1(1) leads to.
In this manner we see that Murty’s method can be interpreted as examining the
complementary points I(1} leads to for a sequence of functions, where each element of
the sequence is a principal pivot of the preceeding one. We can then establish the
following result:

THEOREM 3.1. Iff: R" -> R" is a nondegenerate P-function, then Murty’s scheme
will be successful when applied to the generalized complementarity problem (1.4).

Proof. For such an f, x (k and s(k are defined for any I(k
_
N and so the scheme is

well defined.
We proceed by induction on the size of the problem, as in Murty [17]. If n 1,

the algorithm terminates in at most one step. For if I( is not correct, the scheme tells
us to try I(2, which will have to be correct.

Now let n be greater than 1 and assume that the theorem holds for all problems
of order n 1 or less. Let be the unique solution of (1.4).

Case 1. n 0. By Theorem 2.9, - (21,’’’, 2,-1) is the unique solution to the
principal subproblem. When we apply the scheme to the original problem we see that
since the scheme never changes x, from 0 until the first n- 1 components of x agree
with the sign pattern in t, the scheme actually works on the first n 1 components as if
Murty’s scheme were being applied to the principal subproblem. But by our induction
hypothesis, Murty’s scheme on the principal subproblem will produce in a finite
number of steps. Thus the scheme applied to the original problem will produce

(), 0) in the same number of steps.
Case 2. 2 O. When we apply Murty’s scheme to our problem, our induction

assumption assures us that we will generate a sequence of index sets I(1, I(2, , I(p,
none of which contains n, and only the last of which has the signs of the first n- 1
components in agreement with . The last sign of this complementary point will not
agree with 7 since f(P)(x)= 0 will lead to x, 0 and so the x here will be of the form
(x, x2,’’ ", X,-x, 0). This cannot lead to the same s that leads to. Thus Murty’s
scheme will say to go on to i(p+l) where n e/(+1), making x, 0 and f, 0. But
interpreting Murty’s scheme by means of principal pivots, we see that we are now
investigating a function g, obtained from f by a sequence of principal pivots; where the
x leading to the complementary point we are after now has x, 0. This is because the
last bijection J accompanying that last principal pivot has (Jx), f,, (x). Thus starting
with I(p/2) we are back in Case 1 with g replacing f. Then our induction hypothesis
says we will succeed in finding the desired complementary point of g in t. By Theorem
2.11, this is also the desired complementary point of f.

4. Discussion. At first glance the above scheme bears some resemblance to an
earlier constructive method given in Cottle [4]. Both methods use principal pivot
operations and on certain examples both will execute the same sequence of principal
pivots. However, Cottle’s method requires f(x) to be continuously differentiable and
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CPf to be nondegenerate. We do not require the nondegeneracy assumption because
we do not need the concept of "critical value", which was used by Cottle to show that
the number of nonnegative basic variables monotonically increases during successive
iterations of the method. We do not get such monotonicity--index set I(k may lead to
S
(k) which disagrees with t in only one component, while i(k+l) leads to s (k+l) which

disagrees with ff in all but one component (the worst possible case on a P-function).
Kojima [10] has noted that solutions are difficult to calculate with Cottle’s method
unless the function f is affine. This difficulty arises because of the use of "critical
value" (a kind of nonlinear min-ratio rule). The scheme above avoids this compli-
cation.

Some experimentation [11] seems to indicate that Murty’s scheme is comparable
with other schemes for linear problems involving diagonally dominant P-matrices.
Thus it should be considered as a possible scheme for solving similar nonlinear
problems.

It should be noted that at each step of the scheme one only has to be sure that we
have the sign pattern of the computed complementary point correct before proceeding
to the next step. Using this fact, the less "degenerate" a problem is, the easier the
direct scheme can solve it. Theoretically, Murty’s scheme will solve even degenerate
problems, although some device should be incorporated to try to avoid index set
changes based only on roundoff effects on complementary points.

At the kth step of the process we have the nonlinear problem f(k(x)= 0 to solve
"approximately". Present means for the computer solution of systems of simultaneous
nonlinear equations should be adequate for producing appropriate approximations in
all but the most general cases. Our computer implementation for C functions has
used Brown’s method [2], starting with an initial guess of x-0 for each system
f(k(x) 0. Another likely method is that of Boggs [1], which is robust even when only
a poor initial approximation to the solution is known. Finally, the techniques of
simplicial approximations have recently provided homotopy methods [3], which con-
verge globally under mild restrictions generally satisfied by continuous nondegenerate
P-functions. Since numerical methods do not presently exist for discontinuous
systems, examples of such problems must be dealt with on an individual basis.

A recent paper [12] showed the equivalence of the complementarity problem CPf
to a system of n nonlinear equations. The scheme we outline in this paper seems, at
first glance, to involve more work than that in the cited paper, in that perhaps many
systems have to be solved. However, only one system, the final one, has to be solved to
high accuracy. Each system encountered can be reduced in dimensionality by substi-
tuting xi 0 for N-I(k. Hopefully, the form of the equations, preserving any
sparsity which is inherent in f(x), lends itself more readily to available nonlinear
methods.

Acknowledgment. The authors thank the referees for their valuable comments.
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WEAK TANGENT CONES AND OPTIMIZATION IN A BANACH SPACE*

J. BORWEIN-

Abstract. A general notion of a r-tangent cone is introduced and developed for optimization purposes.
This includes as special cases both the weak and strong tangent cones that appear in the literature.

First order conditions with and without constraint qualification are examined and particular examples
are provided to demonstrate that these conditions properly subsume those previously in the literature.
Emphasis is placed on weak Kuhn-Tucker sufficiency conditions.

1. Introduction. Suppose that X and Y are real Banach spaces and that f: X --> R,
g" X -> Y are Fr6chet differentiable at $. Let (P) denote the general program

(P) minimize f(x) subject to g(x) B, x C,

where B c X, C c Y are arbitrary sets. (P) is presumed when necessary conditions are
discussed for a program to assume a minimum at $.

This general programming problem, which includes the standard Kuhn-Tucker
program [17], has been studied by Varaiya [25], Guignard [12], Zlobec and Massam
[28] and others. These authors use the notion of a tangent cone, introduced by Abadie
[1], which extends the Kuhn-Tucker notion of a feasible direction.

In this paper the concept of a r-tangent cone is applied to produce first order
necessary and sufficient optimality conditions for (P) analogous to those in [4], [12],
[27]. Examples are given to show that in both directions these are stronger than
previous results. Fritz John conditions are also considered.

2. Preliminaries. For any two topological spaces X and Y, L[X, Y] will denote
the continuous, linear mappings between X and Y. For any locally convex real
topological vector space X, X’ denotes L[X, R] which will be given the weak*
topology tr(X’, X). When M is a subset of X or X’, M, and [M] denote respec-
tively the interior, closure and closed convex hull of M (in the appropriate topology).
Convergence in norm is denoted --> while convergence in another linear topology r is
denoted or -(r). N(T) and R(T) denote the null space and range of a linear
operator T. T* denotes the adjoint of T.

DEFINITION 1. C X(C’ X’) is a cone if for x C(x’ C’), ax C(ax’ C’) for
all a => 0.

DEFINITION 2. (i) For a cone C X, one defines

C/ {x’ X’ x’(x) => 0 for all x C}.

(C+ is called the dual cone of C and is always closed and convex.)
(ii) For a cone C’ X’, one defines

C’/ {x X x’(x) >= 0 for all x’ C’}.

C-- -(C/) (-C)+. Similarly (C’)- (-C’)+.
DEFINITION 3 [15]. Let f:X - R (.J {} be a convex function. The subgradient set

off at x, denoted Of(x), is the set of vectors in X’ satisfying

x* (y x) _-</(y)-/’(x) vy x.
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If we let i(x A) denote the indicator function of a set A (i(x A) 0 if x A,
i(x IA)= oo if x 6 A)we then have the relationship

oi(OiC)=C-.

PROPOSITION 1. Suppose C, D, are convex cones in a locally convex space X and
that C’ is a convex cone in X’.

(i) (C+)/= t3; (C’)/+ C’.
(ii) (0 710)+= C-+D/.
Proof. These are proved in normal spaces in [21]. The extensions offer no

problems. U
Remark. Guignard [12] claims (i)and (ii)with the norm topology on X’. This is

only true when X is reflexive. As an example consider X 11 and the sequence space
Co as a (closed) cone in . Then Co is norm closed in but Co is r(l, l) dense in .
Thus (Co)++= .

PROPOSITION 2. Suppose that C and D are closed cones is a locally convex space X
and that COD # . Then

(C fqD)+= C++D+.

Proof. This is a consequence of the subgradient relationship Of(x)+Og(x)=
(f+g)(x) applied to f(x)= i(X[C) and g(x)= i(X[D) which holds with the hypo-
thesis CO f3 D . The general relationship is proved by Rockafellar in [24].

Ritter has proved a similar result in [21] for normed spaces.
DEFINITION 4 [25]. h is tangent to A at 2 if there is a sequence {x,} in A with

x,,-->2 and a sequence {A,} of nonnegative real numbers with An(Xn--2)--> h. The set
T(A, 2) of all tangents to A at 2 is called the tangent cone to A at

DEFINITION 5 [12]. P(A, 2), the closed convex hull of T(A, 2), is called the
pseudotangent cone to A at 2.

Let r denote another locally convex (Hausdorff) topology on X which is (1)
coarser than the norm topology s and satisfies the property (2) that z-convergent
sequences are s-bounded. Property (2) is always satisfied by any topology of the dual
pair (X, X’) [22, Thm 1, p. 67] and so in particular by the weak topology tr. If X is the
dual of a Banach space it is also true of the weak* topology tr* [22, Cot. 1, p. 66]. We
can now introduce the following notions.

DEFINITION 6 [4]. We say the vector h is a z-tangent to A at 2 if there is a
sequence {xn} in A with Xn 2 and a sequence {An} of nonnegative real numbers such
that A, (x,, 2)--- (r)h. T,(A, 2)(= T,([A], g)) which will be called the z-tangent cone to
A at 2, consists of all such vectors h.

DEFINITION 7. P,(A, ) will denote the closed convex hull of T,(A, 2) and will be
called the r-pseudotangent cone to A at .

Remarks. (i) Thus T(A, x)= T(A, x) and P(A, x)= P(A, x). In this case we will
generally drop the subscript.

(ii) It is clear that if 2 fi then 0 T(A, 2), and that if 2 A then T(A, 2) X.
(iii) Since P,(A, 2) is norm closed and convex it is also weakly closed.
(iv) The tangent cone is always a closed cone, but need not be convex. T,(A,

need not, in general, be closed.
(v) It is clear that as r gets weaker the corresponding cones increase.
DEFINITION 8. A is said to be r-pseudoconvex with respect to A2 at 2 when

A1- P,(A2, 2). When A1 A2, A is simply said to be r-pseudoconvex at
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This final case with -= s corresponds to Guignard’s definition of pseudocon-
vexity. Again we will often drop the s. It is easy to verify that if there is some set $,
with A c S c A2, such that S is starshaped at then A is pseudoconvex with respect to
A2 at .. In particular, any closed convex set is pseudoconvex at all its members. The
set A {1/n}n=113 {0} is a simple example of a disconnected set which is pseudocon-
vex at 0. From now on it is supposed that 2 A.

PROPOSITION 3. Suppose " is a topology of the dual pair. Then
(i) T(A,) T,(A, 2) T,([A], ,f)= T([A], 2)= P([A], 2).

(ii) IfA is --pseudoconvex at 2 then P,(A, 2)= P([A], 2).
Proof. (i) The first two co.ntainments are immediate. The final equality follows

from T([A], ) o t([A] f) (see [25]). Moreover, since k.J __>o t([A] 2) is con-
vex, it has the same weak and norm closures, and thus T,([A],.f)= T([A],2). (ii)
When A is z-pseudoconvex at .f one has A-2 P,(A, ,). Since this last set is convex
and closed t_J =>o t([A]-2)= P,(A, 2). In conjunction with P,(A, 2) P([A], 2), this
proves (ii).

The next proposition generalizes a result in Rockafellar [24] from convex to
--pseudoconvex sets.

PROPOSITION 4. Suppose that - is a topology of the dual pair and that the following
conditions hold"

(i) [A] f3 [B] [A CI B],
(ii) [A]
(iii) A

Then P,(A, 2)
Proof. It clearly suffices to show that P,(A; 2)fqP(B,) P,(A f’lB, 2). By (i)

and Proposition 3 (ii)we have

P(A riB, )= P([A nB], )= P([A] n [B], 2).

However, P([A f-) [B ], 2) P([A], 2) f’) P([B ], 2) since (ii) holds. This is proved in R"
in [24] and the proof is unchanged. Since P([A], 2) contains P(A, 2) and P([B], 2)
contains P(B, )we have the required containment. E!

All the conditions are necessary, in that easy examples exist in R 2 which satisfy
any two of the hypotheses and not the conclusion.

Borwein and O’Brien [6] have examined a variety of tangent cone properties. In
particular, they have shown that a weakly compact set in a normed space which is
pseudoconvex at all its points is convex. This can be extended using a recent result of
Lau’s [18] to show that whenever A is a closed set in a reflexive space

(3) f3 (P(A, a)+ a" a A} star A,

where star A {/ A" tt/+ (1 t)a A for 0 =< -< 1, a A}. This, in conjunction with
requiring that A is pseudoconvex at all its members, now implies that A is convex.

In general the notion of r-pseudoconvexity is strictly weaker than that of pseu-
doconvexity as the next example shows.

Example 1. Let X C[0, 1], the continuous functions with sup norm. Then
A {f’f C[0, 1], [Ifll- 1, f(x)= 1 for some x [0, 1]} is weakly pseudoconvex at all
a A and is not pseudoconvex at some a A.

Proof. Obviously A is norm closed. To show that it is weakly pseudoconvex, we
fix f in A and show that for any other g in A, g-f is in T(A, f).

2Since for some x0 in [0, 1] f(x0) 1, there exist points x,,, x,, in [0, 1] with
2 2X.,<Xm, Xo= [X X ], X,.--> Xo and x,.--> Xo and such that f(y) > 1 (1 / rn) for all
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y[x 1,., X2m]. Set k,,(x)=((m-1)/m)f(x)+(1/m)g(x)and

h,,(x)

k(x)

+(-,)k(x)

A + (1-,)k.,(x2)

By construction h,, A and

2
lif-hmll<--, so h,,f in norm.

m

0__<h__<l,

0__<h__<l.

g’()(P,(A, ))c P,(B, g()).

is convex for all r R.
DEFINITION 10. f: X--> R is pseudoconvex on a set A at if f is Fr6chet

differentiable and if x cA, f’()(x-Y,)>-O implies f(x)>-_f().
The next proposition gives a simple relation between these two concepts. It

generalizes and observation of Guignard [12].
PROPOSITION 5. Suppose f: X -> R is quasiconvex on a convex set C and differen-

tiable. Suppose that, ]:or some y C, f’()(y -,f)> 0. Then f is pseudoconvex at on C.
Proof. Suppose f’()(x-)>-O tx C. Then, for 0<a =< 1, (1-a)f’()(x-)+

af’()(y-,f)>0 /xC. Since x,yC and C is convex x=(1-a)x+ayC and
f’()(x-)>0. Since f is supposed quasiconvex on C it follows easily that f(x)>
f() for 0 < a _<- 1. Since f is continuous, f(x)>-f().

Guinard uses this lemma in the case that C X and f’(,f) 0.
DEFINITION 11. g" X--> Y is rl-r2 continuous if it is continuous from the Zx

topology on the X to the r2 topology on Y. If rl cr and ’2 s we say g is completely
continuous.

The complete continuity of g implies that of g’() (on bounded sets) [26]. Since
g’() is linear and continuous it is completely continuous when it is compact (maps
bounded sets into compact sets). For simplicity in many of the following results one
may assume compactness of g’() in cases in which complete continuity suffices. This
in particular insures that g’() is r-s continuous whenever r is a dual topology.

3. First order optimality conditions. Consider (P). Following Guignard 12], let A
denote {x:g(x)B}, and let A denote the feasible set A C. The first proposition of
this section gives a z-tangent cone containment analogous to the one proven in [12].

PROPOSITION 6. Suppose that g’() is r-r2 continuous. Then

{x X :x C, f(x) <-_ r}

Also for any x: [x, x], m(k,,(x)-f(x))= g(x)-f(x) so m(h,,-f)--> g-f pointwise.
Since Jim(h,,-f)ll < 2 for all m, the Lebesgue bounded convergence theorem implies
Ix (m (h,, f))-> ix (g f) for any continuous linear functional tx on C[0, 1]. Thus
re(h,,-f) converges weakly to g-f and g-f T(A, f).

It remains to show that A is not pseudoconvex. It is easy to do this by showing
that if i(x)=x is the identity function on [0, 1], then P(A,i)c
{h(g-i):gsA, g(1)= 1}. Thus A is not pseudoconvex at i.

So at least in a nonreflexive Banach space, a bounded weakly pseudoconvex set
need not be convex.

DEFINITION 9. f: X R is quasiconvex on a convex set C if



516 j. BORWEIN

Proof. Suppose h is nonzero and belongs to T(A, ). Then there is a sequence
{h,}, h, A(x,- 2)---- (zl)h, with {x}c A, x, and A =>0 for all neN. Since h # 0,
one may assume that A,, o and A 1. g is supposed Fr6chet differentiable at 2. It
follows that

g(2 + tk ) g(2)
g (2)(x ) _) O(4)

uniformly on bounded sets in X, as 0. In particular, {h}, being a --convergent
sequence, is bounded by assumption (1)on z,. Thus

(5)
g(g +" AXh")- g(g)

A
-g’(g)(h.)O,

as n co. Moreover, g’(2) is, by hypothesis, z,-’2 continuous. It follows that A(g( +
A-’h,,)-g(2)) converges ’2 to g’(2)(h). (This uses assumption (2).)Since . +A-’h,,
x e A, and x one has g(x)e B and g(x) g(2). (g is continuous as it is Fr6chet
differentiable.) It follows that g’(2)(h)e T(B, g(2)).

Since g’(2) is continuous and linear, it preserves the closed convex hulls of sets
and g’(.)(P(a, )) P(B, g(2)).

COROLLARY 1. If g’(2) is compact then g’(2)(p(A, )) P(B, g()).
Remarks. (i) Note that g’(2), being a Fr6chet derivative, is always s-s continuous

and so, being linear, is always tr-tr continuous. Similarly if X and Y are dual spaces
and g’(2) is an ad]oint map it is (r*-o,* continuous.

(ii) These results hold true in locally convex spaces if one uses bounded deriva-
tives ([ 1]). This remains true for the rest of the development. If one is interested only
in strong cones one can replace Fr6chet derivatives by Gateaux derivatives of locally
Lipshitz functions.

The next result generalizes Theorem 1 of Guignard [12].
THEOREM 1. Suppose that f’(g) is z-continuous. A necessary condition for to

minimize f over A is that f’(g) P(A, )+. Iff is pseudoconvex over A at and A is --pseudoconvex at Xo, then the condition is also sufficient.
Proof. (i) Necessity: Suppose that h T(A, ). As in Proposition 6 there is a

sequence {x.}, x. A, x. and a sequence of positive real numbers {A.} with h.
A.(x,,-) and h.-, h. Again, as in Proposition 6,

(6) A,, (f(x,) f()) A,, (f( +A1h,, ) f()) --> .f’()(h),
because f’() is assumed r-continuous. By assumption x,, A so that f(x,)>-_f(g).
Since h, >_-0, one has f’(g)(h)>=O. This holds for all h T(A, ). By continuity and
linearity of f’(), one has in fact f’() P(A, )+.

(ii) Sufficiently: Suppose f’()P(A, )+. Then f’()(h)>=O for all h in P(A, ).
Since A is z-pseudoconvex at , f’()(x- )>-_ 0 for all x A. This in turn implies that
f(x)>-_f() for x A, because f is supposed pseudoconvex. Thus minimizes f over
A.

When - is a topology of the dual pair f’(g) is always --continuous. If X is a dual
space E the condition that f’() is tr*-continuous requires that f’() E not only that
E"= X’. By Corollary 5 of [2] this is true if f is a tr*-lower semicontinuous convex
function which is Fr6chet differentiable at .

Guignard proved Theorem 1 with P,(A,g) replaced by P(A,g) and, in the
sufficiency proof with A assumed pseudoconvex. Since P(A,g)P(A,g), it is
immediate that Theorem 1 is more general. Moreover, as the next example shows, in
some cases Theorem 1 gives more information.
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Example 2. (a) Let X=12(N) and A={(e,,+el)/n},,-_2{O}, where en is the
sequence with a one in the n th position and zeros elsehwere. Suppose f: X R has a
minimum at 0 over A. Now T(A, 0)= P(A, 0)- 0 while el To.(A, O)c P,(A, 0). Thus
Theorem 1 implies that f(0)(e)->_ 0 while Theorem 1 in [12] gives no information.

(b) Now consider the same example with X l(N). Again T(A, 0)= P(A, 0)= 0
while now T,(A, 0)= 0 since weak and strong sequential convergence agree in/I(N).
By considering X =c we can verify that in tr* =O’(/1, Co) we have e T,.(A, 0).
Thus if f’(2) Co we can get information from Theorem 1 again even though weak
tangent cones provide no information.

Let K(r)={hX g (x.(h)P,(B, g(2))} and let H(r) {h X" h u+g’(2),
+u P.(B, g(2))+}.

PROPOSITION 7. K(r)+=H(r). In addition when one has R(g’(2))
P,(B, g(2)) # , then K(r)+= H(-).

Proof. Suppose h K(-) and h’ H(). Then h’= u+g(2), with u + P,(B, g(2)),
and h’(h)=(u+g’())(h)= u+(g’()(h))>-_O. Thus K0")c H+0"). If hxK(,), there is,
by the strong separation theorem, some u+ P,(B, g(g))+ with u+g’(2)(hx)< O. Thus
hi H+(r) and H+(r) K(). Proposition l(ii) shows that K+(’)=H++(r)=H(r).
Suppose that the auxiliary condition is met.

Theorem 3 of [15, p. 5] guarantees that in a locally convex setting

(7) Of(x)= T* Od(Tx),

where d is a convex function, T is a continuous linear operator and f(x)= d(Tx). For
(7) to hold one needs d continuous at some point of R(T). One quickly verifies that
this is true for d(y)- i(ylP,(B, g(2))) and T g’(2). Apply (7) with x 0 and one has
(see the discussion below Definition 3)

K(,r)-=Of(O)= g’(2)* 0d(0) g’(2)*P.(B, g(2))-,

which clearly yields the desired equivalence. 71
Proposition 7 gives conditions which exclude the example given by Zlobec in [27]

which exhibits a case in which H is not closed but R(g’(2)) is. In his example the
interior condition is violated.

THEOREM 2 (The generalized Kuhn-Tucker conditions). Suppose that H(r2) is
closed and that G X is a closed convex cone with K(r2)f’) G P,(A, 2). Suppose that
K+(z2)+G+ is closed. A necessary condition ]’or 2 to minimize (P) when f’(2) is

+ +ri-continuous is that there exist u Pn(B, g(2)) with

f’(2)- u+g’(2)e G+.
This condition is also sufficient if (i) G is a closed convex cone containing A- 2, (ii)
g’(2) is 7"1-7’2 continuous, (iii) A is zl-pseudoconvex with respect to A at 2, and if (iv) f is
pseudoconvex over A at 2.

Proof. (i) Necessity" By Theorem 1 f’(2)eP,,(A, 2)+. Since K(z2)++G+ is
assumed closed and K(rz) G P,(A, ) one has

f’(2)e K(’r2)+ + G+ K(r2)+ + G+.
This uses Proposition l(ii). Proposition 7 and the assumption that H(’r2) is closed
mean that f’(g) P.I(A, 2)+ c H(’2)+ G+. This is the required result.

(ii) Sufficiency" Since A- c G one has

f’(2)(x-2)>-_u+g’(2)(x-2) Vx
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Since A P,(A, ) by assumption, and since g’()(P,rl(A, ,,)) is contained in
P,(B, g(()) by Proposition 6, g’()(x-Y)P,:(B, g()) for all x in A. Since u/
P,(B, g())+, this implies that f’()(x-)->O for all x in A. Because f is assumed
pseudoconvex over A, f(x) >-f() for x in A. I3

Let H(G, ’1, z2) denote the hypotheses that K+(z2)+ G+ and H(z2) are r(X’, X)
closed with K(’2) f) G c P,(A, ).

COROLLARY 2. H(G, za, z2) is satisfied when G f3 K(z2)= P,(A, 2) and
(i) GO f3 K(z2) or G f) K(z2) # ,
(ii) (Rg’(Y))fqP,(B, g())o .
Proof. This follows from Proposition 2 and Proposition 7.
THEORE 2’. The ,following conditions are also sufficient in Thdorem 2"

(i) A-YcG,
(ii) g(A) is -2-pseudoconvex with respect to B at g(),
(iii) the function f- u+g is pseudoconvex over A at .
Proof. As before we have

(f(2)-u+g’(Y))(x-2)>--_O Vx eA.

Since f-u/g is assumed pseudoconvex at we have

Or

(8)

f(x)-u+g(x)>-f(2)-u+g(2)>-O Vx eA.

f(x)-f(2)>-u+(g(x)-g()) Vx eA.

Hypothesis (ii) implies that g(x)-g(2)cP,2(B,g(2)) for each x eA. As u+e
P,2(B, g(2))/, (8) implies that 2 minimizes f over A. I1

Remarks. (i) Hypothesis (ii) is guaranteed when B is convex while hypothesis (iii)
is certainly weaker than asking for f to be convex and g to be concave. Indeed simple
examples can be created to show that (ii) and (iii) are not subsumed in Theorem 2
partially because these conditions make use of u

/ which the previous ones do not.
(ii) Example 1 and the discussion preceeding it shows that weak pseudoconvexity

is a good deal less restrictive a property than pseudoconvexity.
In finite dimensions polyhedralness of the various cones suffices to guarantee

closure in the corollary. Guignard has indicated in [12] how H(G, zl, z2) (H(G) in her
case) includes the standard Kuhn-Tucker conditions in finite dimensions where all
linear topologies agree. It is also easy to verify that the standard infinite dimensional
"constraint qualifications" are subsumed.

The asymptotic results of Zlobec [27] and Zlobec and Massam [28] can also be
proved correspondingly for z-tangent cones, as can the Pareto optimum results in [5].
Proposition 4 can be used to give conditions under which P,(A, 2)=
P(A, 2)f-)P(C, 2). This, in conjunction with the requirement that P(A, 2)=K(q-),
gives conditions for Theorem 2 to hold with G P(C, 2). In particular, p(A, 2)= K
when B is a closed convex cone with interior and g’(2)(/)+ g(2)e B for some/ e X.
This last condition also guarantees that Proposition 7 applies and H(z) is closed.

4. Fritz John conditions. In the case that H(G, "/7.1, ’/’2) does not hold one can still
often give a necessary condition for optimality. Such a condition is generally called a
Fritz John condition [16]. The theorem stated below is the --tangent cone analogue of
one in Nagahisa and Sakawa [20].

THEOREM 3. Suppose that 2 is minimal for (P) with B a closed convex cone with
interior. Suppose f’(x) is z-continuous and g’(2) is z-s continuous. For any closed convex
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cone M in T,(C, 2) them exist r+>- 0 and u + B+ with u+g(2) O, not both zero, such
that

r+f’(2)-u+g’(2)sM+.
Proof. As in [20], consider Sl={(r,z)[f’(2)(h)<-r, g’(2)(h)+g(2)-zB, for

some h M} and $2 {(r, z)l r <- 0, z B}. It suffices to show that $1 and $2 are convex
sets with $1 f’l S2 since then they can be separated and the separating hyperplane
+ +)z (r/, u has the requisite properties exactly as in [20]. Suppose, therefore that

S11") S02. There is then some /sM with f’(2)(/)<0 and g’(2)(K)+g(2)sB.
Since /M, there is a sequence {xn} in C with xn-->2, and An c R / with hn
hn(Xn-2)--- (-)h. Now g’(2)is --s continuous, so that there exists some nosN such
that g’(2)(hn)+ g(2)s B for n => no. Similarly, for n -> nl, f’(2)(hn) < 0. It follows from
(5) of Proposition 6 that for n large enough one has

An (g(2 + Alhn)- g(2))+ g(2) B.
An is positive so that

g(Xn) B + (1 A .1)g(2).
Since A-I") 0 and g(2)B one must have g(xn)B+B t for n sufficiently large.
A similar argument shows that f(x,)< f(2) for large n. Since Xn C this contradicts the
optimality of 2. Thus Sl (qS= . Since both Sx and S2 are convex they can be
separated and the proof proceeds as in [20].

Remark. (i) The requirement that g’(2) be z-s continuous can be replaced by the
condition that g’(2) be z-z2 continuous and B have interior in the z2 topology as one
can still separate S and S2 in that case.

(ii) If z is a dual topology one can require that g’(2) is compact, or, of course,
finite dimensional.

As a consequence of this result one can extend the theorems in Craven [8] and
Craven and Mond [9] on Fritz John conditions with equality constraints. Two defini-
tions are necessary.

DEFINITION 12 [8]. A continuous linear map B:X--> Z is said to be adequate if
(i) R (B) is closed in Z, and if (ii) R (B)= Z then there is a continuous projection of X
onto N(B).

DEFINITION 13. Let h" X-->Z be a Fr6chet differentiable map between two
Banach spaces, h will be called (G, z)-regular at 2 when R(h’(x)) is closed and when
R(h’(x))= Z implies N(h’(x))O G T(N(h), g) for some closed convex cone G with
G fq N(h’(2)) fz3.

In particular, it follows, from Flett’s results in [10], that a continuously Fr6chet
differentiable map with a surjective derivative at 2 is (G, z)-regular for G X, r s.
In general (G, ’)-regularity caters to the possibility that g’(x) is not continuous in x.

THEOREM 4. Suppose that in Theorem 3 C N(h where h is (G, z)-regular at 2.
Then there exist r+>_-0, u+eB+, z+eZ’, not all zero, such that r+f(2)-u+g’(2)
z+h’(2)e G+; u+g(2)=O. Moreover, when h’(2) is sur]ective, one of u +, r+ can be

Proof. In the case that R(h’(2))Z one can find some nonzero z/eZ with
z/h’(2) 0. Setting u/=0 and r/= 0, one is done. Suppose now that R(h’(2))= Z.
Then N(h’(2))f-lGc T,(N(h ), 2). Since N(h’(2))f’IG is a closed convex cone in
T,(C, 2), (with C N(h)) one can apply Theorem 3 to derive that r

/ >=0, u/e B/
with

u+g(2) 0 exist such that r+f’(2) u+g’(2) (N(h’(2))f’] G)+. Since GO (] N(h:(2))
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by hypothesis this can be rewritten as

r+f’() u+g’() N(h’($))+ G+

A simple application of the Farkas lemma [15] shows that any member y+ of
N(h’())+ can be written as z+h’($) with z+ Z’. This concludes the proof. ]

Craven and Mond’s Theorem 4 in [9] is essentially a corollary of the present
Theorem 4 and G- X. There it is proved for an adequate continuously differentiable
h. As has been seen such a mapping is G-regular with G X. This theorem is in itself
a generalization of the Fritz John results in [16]. Note that adequacy is entirely too
strong a notion.

Zlobec and Massam state Theorem 3 for (strong) tangent cones in locally convex
spaces with an erroneous formulation. Theorem 3 of this paper can also be extended
to locally convex spaces with bounded differentiation.

We conclude this section by observing that the condition in Theorem 3 and 4 that
B be a cone can be removed as follows"

THEOREM 5. Assume the hypotheses of Theorem 3 save that B need now only be a
closed convex set with interior. Then the conclusions hold except that now

+u (B -g($))+ P(B, g($))+.

Proof. Consider gl" X --> Y R given by gl(x) (g(x), 1). Let S {(x, r): x rB,
r => 0}. We can check that

g(x) B c:gl(x) S.

Moreover S is a closed convex cone with interior and so we may apply Theorem 3 to
deduce that

(9) r+f’()-s+g[()eM+ s+gl(.f) 0,

with r4" => 0, s 4" e S/ not both zero. By construction of S, s/= (b 4-, r) with

(10)

Also

(11)

b+(b)+r4">Ol= VbB.

b+g(g)+r s+gl(.) 0.

Together (10) and (11) show that b+ (B-g())+. From (11) it also follows that
4-implies b # 0. Finally, since

(12) s+g[(g) b+g’(g)+ r;O b+g’(g),

we obtain the desired conclusion by substituting (12) into (9). 71
Applications. We do not give an application of these results here. However,

Theorem 4 can be used to give an analogous application to optimal control to that
given by Craven and Mond [9]. One merely relaxes their condition of adequacy to
G-regularity. Similar remarks apply to the Kuhn-Tucker theorems for which exam-
ples (mainly finite dimensional) are given in [12].

5. On the necessity of the constraint qualification. Various technical results are
possible .when rl is a topology which makes the unit ball B(X) in X a compact set. It is
known in this case that X =E’ where E is a Banach space [14]. For simplicity we
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confine ourselves to the case in which X is reflexive and ’1 tr(X, X’). As in [4] we let

F(A, )= {f: f is Fr6chet differentiable at and achieves
a (local) minimum over A at },

M(A, 2)= {f’(2): f F(A, 2)}.
It is proved in [4], that when X is reflexive

(13) P(A, )+ c M(A, ).

(An inspection of the proof of (13) in [4] shows that if X E’ and ’1 makes B(X)
sequentially compact one in fact has P,I(A, )/ fqE c M(A, 2)fqE).

Consider the special case of (P) in which C X.

(P’) min {f(x) g(x) e B}.

(14)

THEOREM 6. Suppose X is reflexive and g’(x) is tr-- continuous and that

f(2)- u+g’(2)= O; u + e P.(B, g(2))+

holds for all f F(A, 2). Then H(X, or, z) holds. In other words the constraint qualifica-
tion is necessary in this case.

Proof. From (13) it follows that M(A, 2) H(z). Now

H(z) K(’)+ = P(A, )+,
where the first inequality follows from Proposition 7 and the second from Proposition
6. Since (14) holds we have

P(A, )+= n(z)= K(z)+,
which is H(X, r, z). U

This extends the corresponding results in [4], from the case in which B is the
orthant in R". A moment’s reflection on Example 2(b) and Theorem 1 shows that (13)
fails in a more general dual space since we may have P(A, 2)/=X while
P,(A, 2)/ X’. The latter will serve as a constraint on at least some members of
M(A, 2). One might hypothesize that (13) in fact characterizes reflexive spaces. In any
case the general question of necessity of H(G, ’, ’2) still remains open even for
G X and - or*. It would also be interesting to characterize the existence of a
bounded or compact set of multipliers along the lines of the work in 11].

Theorem 6 thus illustrates another reason for examining z-tangent cones. Clarke
[7] has defined and exploited a different tangent cone T,(x). It agrees with this notion
on convex sets but it is always convex and satisfies TE(x)= T(E, x). Thus in general his
normal cone NE(x) Tn(x)/ is strictly larger than T(E, x)+. It therefore constrains a
derivative less to blong to Nn(x) than to Tn(x)/. Clarke’s optimal condition applies
to all generalized derivatives [7] while this tangent cone approach requires something
close to Fr6chet derivatives to exist. The author intends to systematically explore the
comparisons between the two cone notions in an upcoming paper.
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ON DECOMPOSITION OF GENERATORS*

JERZY ZABCZYK5"

Abstract. Let be the infinitesimal generator of a strongly continuous semigroup on a Banach space g’.

Two classes of bounded operators on ’ are introduced for which the operators s and sg also
generate semigroups on g’. It is shown that many important operators can be decomposed into the form
s+ or sg + where is a generator of a simpler structure and Y is a bounded operator.
Applications of decompositions of this type to infinite dimensional system theory are discussed.

1. Introduction. If s is the infinitesimal generator of a strongly continuous semi-
group on a Banach space g’ and is a bounded operator on g’, then the operators
and s defined on -1@(s) and @(sO) respectively are not, in general, generators
on fg even if is an isomorphism. The simplest counterexample is probably
(identity): the operators sg and- generate semigroups iff the operator s generates a
group. On the other hand if the operator- has sufficiently small norm and
generates a holomorphic semigroup then and sg are generators of holomorphic
semigroups, as easily follows from [7, Thm 2.4, p. 497]. In 2 of this paper we give
different sufficient conditions which imply that s ands are generators.

From Theorem 1 of 2 we obtain a corollary of some significance in system
theory: if s generates a holomorphic semigroup and is an -compact operator
then also the operator s + o% generates a holomorphic semigroup. The results of 2
are applied in the next sections, the applications being of two types. In 3 we show
that some unbounded operators generate semigroups, by decomposing them into the
forms + ors+. This way we obtain simple proofs that Cauchy problems for
the heat equation with nonlocal or nonhomogenous boundary conditions are well
posed. We obtain also a "representation" theorem for delay equations in the .spirit of
the papers [1] and [4]. In 4 we show how it is possible to use the decomposition of
generators to solve or to simplify some problems in infinite dimensional system
theory.

The main contributions of the paper are the perturbation results contained in
Theorem 1, Proposition 1 and 2 and examples of decomposition procedures contained
in 4. The author hopes that decomposition of generators provides a method of
discussing in a unified way many concrete problems and examples scattered
throughout the control literature.

The present paper is a rewritten version of the report [12].

2. General results. Let g’ be a Banach space and s the infinitesimal generator of
a strongly continuous semigroup on g’. We prove in this section that, under certain
conditions
(1) the operator sg + with the domain -(s), and the operator sg + with

the domain @(s) generate semigroups on
The conditions imposed are of two types. We require that either a) the operator
5 - is compact or b) it is of a special structure. We also derive two corollaries

concerning finite dimensional perturbations and semigroups on product spaces.
Throughout the paper and are bounded operators.

* Received by the editors March 18, 1977.
t Control Theory Centre, University of Warwick, Coventry CV4 7AL, England, on leave from the

Institute of Mathematics, Polish Academy of Sciences, Warsaw, Poland.
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THEOREM 1. a) Define - and assume that is a reflexive Banach space,
then (1) holds provided

1) generates a holomorphic semigroup and is a compact operator or,
2) is an invertible operator and ()c (s4).
b) The property (1) holds also if

=x, =
y 0, B’ 0,

where X, Y are Banach spaces, A and B generators on X and Y respectively, and F a
bounded operator [rom X into Y..It is assumed that

(A)
()= x

(B)
Before proving the theorem we recall that an operator is a compact operator

(in narrow sense) if and only if there exists a sequence (,) of finite dimensional
operators such that I- ,l 0 as n . A semigroup (fft),0 is holomorphic, see [7,
p. 488], if and only if the resolvent set p() contains the set

" larg (A Ao) <+o, A Ao

for some o> 0 and Io e (-m, +) and for any e > 0 there exists a constant M such
that

M

Proo o the theorem, a) We can obviously assume that 0. Reflexivity of the
space implies that, see [11, p. 233], the operator * generates a semigroup on *
and thus that the set (*) is dense in *. Let us assume that 1) holds and that is a
finite dimensional operator, representable in a form"

= e., e, .*, ]=l, 2,...,m.
]=1

If now > 0 is any positive number then there exist functionals . e (*) such that
I-1 levi < . Therefore for x()

i=1 /=1

lxl + = I*1 Ixl.

This proves that the operator s has sO-bound zero and consequently by Corollary
2.5 in [7, p. 498] the operator s s-s generates a holomorphic semigroup. On
the other hand if the operator is invertible then s -l(sg) and we see also
that sg generates a holomorphic semigroup on g’. Since the domain @(s) is dense in

’ we can find a finite dimensional operator o into @()such that 1-0l < 1.
Consequently 5 (-o)-0 0-.o, o is invertible and s
SOlo-Sgo. Now since So is a bounded operator and0 generates, by the above
considerations, a holomorphic semigroup, the operator s is also a holomorphic
generator. Assume now that o% is a compact operator approximated by a sequence of
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finite dimensional operators qdn, n 1, 2, 3,. . Since

+ ( x)l

I xl +
the operator M has d-bound equal zero and consequently the operator d
d- is an infinitesimal generator on . Density of @() implies that there exists a
finite dimensional operator q3 into @(’)such that I-qdl< 1. Thus the operator-(- qd) is invertible and dq3 is a bounded operator and we see thatd is equal to
d(-(@-qd))-5d and generates a semigroup as well.

Suppose now that 2) holds, then by the closed graph theorem the operator is
bounded, therefore ’ d-M is generator. But then also the operator d is
generator because is an invertible operator.

b) As before put 0 and denote by (Tt),>__o and (S,)t__>0 semigroups generated
respectively by A and B. Let us define for every t->0 operators -, on by the
formula:

X’-t( y] (F’ty styTtFy + Ttx)"
Then it is easy to check that (3-,),_>o is a strongly continuous semigroup on g. From the
identity"

1

1(.()- (y))=x ((Sy y))+-[T(x-fy)-(x-fy)
(S,y y)

it follows that the generator of the semigroup (-)e0 is defined on the set
Y

y @(B), x -Fy @(A)/, which is equal to -@(s), and that it is equal to The

invertibility of the operator implies that the operator s also generates a semi-
group on g.

Remark 1. The reflexivity of the space g" was used only to ensure density of the
set (M*) in g* Thus the part (a) of the theorem remains true if the reflexivity
assumption is replaced by the continuity of the conjugate semigroup (*)_--o.

The following consequence of the Theorem 1 is of some significance in ap-
plications, see Remark 2.

PROPOSITION 1. Let M generate a holomorphic semigroup on a reflexive space
and let an operator defined on @() be M-compact then the operator M +r also
generates a holomorphic semigroup on .

Proof. Assume first that is a finite dimensional M-bounded operator and define
on the graph F(d) the operator (x, y)= (x) for all x (M) and y Mx. Since is
a bounded finite dimensional operator on closed subspace F(M) it has a continuous
finite dimensional extension to the whole ’, (by the Hahn-Banach theorem). This
extension is of the form (x, y)= 0x + ly where o and are finite dimensional
operators. Consequently for every x (M), (x) oX + lMX. Thus in the case of

finite dimensional, Proposition 1 follows from the part (a)of the theorem. If now
is an M-compact (in the narrow sense) operator then by choosing an appropriate
M-bounded finite dimensional operator the M-bound of the operator -can be made arbitrarily small and therefore, M + generates holomorphic semigroup.
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Moreover if the -bound of is less than 1 then is also continuous with respect to, + and thus s +, ’ + + generates also a holomorphic semigroup.
Remark 2. Many "systems" can be modeled by the equation 2 x + Nu where

is a generator of a holomorphic semigroup and 99 is a compact operator from U
into . Proposition 1 allows us to consider all feedback laws u Cx where C is any
-bounded operator.

Remark 3. In the course of the proof of the above Proposition 1 and Theorem 1
we have shown that if the set @(s*) is dense in * then every finite dimensional
-bounded operator has -bound zero. The special case of -bounded functional
q(x) o x(s)(ds) where/x is a delta measure on [0, 1], d/(ds) and g L"[0, 1],
p > 1, was proved in [7, p. 19.3] by means of specific properties of the operator d/ds.

Proposition 2 below will be used in the study of delay equations in the next
section. Recently A. Chojnowska-Michalik [2] applied a generalized version of the
Proposition 2 to investigate properties of a general class of stochastic delay equations.

In the formulation of Proposition 2 the operator ’ is defined on the set

by the formula

(3)
0 L 0,0 -t0A, 0t

where A, B generate semigroups (Tt),__>o, (St)__>o respectively on X and Y, F is a linear
bounded operator and C is, in general, an unbounded and nonlinear operator from
@(C)= {x X, x -Fy e N(A) for some y @(B)} into Y. It follows from Theorem 1, b)
that 1 generates a semigroup on

X
’=x

Y
provided that C is a bounded linear operator.

Polosrro 2. Let z (t)=
Y (t

>-0 be a continuously dierentiable solution of
the equation

2(t)= gz(t),

Then

t x)z(0)=
y

t=>O.

) (t) By(t)+ C\( Ttx -A T-sFy(s)()

In the proof we shall need the following lemma, which easily follows from [7, Thm
1.19, p. 486].

LZMMA 1. If g(t), >=0 is a continuously differentiable function, f(t), >=0 a
continuous function from [0, +) into X and

,(t) Ag(t)+f(t), >= O,
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then

Iog(t)= T,g(O)+ T,_f(s) ds.

Proof of Proposition 2. From the assumptions of the proposition it follows that
(t)= A(x(t)-Fy(t)) and consequently

d
-(x(t)-Fy(t))= A(x(t)-Fy(t))-F(t).

From Lemma 1

x(t)-Fy(t)= Ttx T,Fy Io Tt-sFp(s) ds.

But again, [7, Thm 1.19, p. 486] implies

d
Tt_sFy(s) ds A Tt_sFy(s) ds + Fy (t),

dt

d
r_,Fy (s) ds rFy + r_F(s) ds.

dt

Therefore finally we obtain

Ttx-A Io Tt_Fy(s)ds.

Example 1. Assume that Y is any B-space and X a B-space of functions from
f-h, 0] into Y satisfying the following two conditions:

a) all continuous functions from f-h, 0] into Y are contained in X,
b) the left shift semigroup T,: X X, T,y(s) y(t + s) if + s =<0 and 0 otherwise,

is a strongly continuous semigroup on X.
Then for any continuous function y: [0, +oe) Y, x X and => 0 the function x(t)(.
given by (4) is exactly the "segment" of y"

lx(t+s) if t+s<-_O,
x(t)(s)

y(t+s) if t+s>=O,

provided (F;)(s)= ; on [-h, 0], ; Y.

3. Examples of decomposition procedures. In this section we decompose some
unbounded operators into the form 10 +, where 10 is a generator on a Banach
space, proving this way that a given operator generates a semigroup. We start the
discussion with parabolic equations on [0, 1]. For more general examples we refer to
[13]. We show how Theorem 1 allows us to "perturb" the boundary conditions.

3.1. Heat equation on [0,1]. In Propositions 3 and 4 below W2’2=
W2’2[0, 1;R n] and the operator Ao d2/ds2 is defined either on

(a) (ao) {x e W2’2; x(O)= x(1)= O}
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or on

It is well known that Ao is a self-adjoint operator on L2[0, 1; R"] and generates a
holomorphic semigroup.

By (R ") we denote the space of all n n matrices. If f(. )L2[0, 1; (R")]
then f denotes the transformation fx f(s)x(s)ds from L2[0, 1; R "] into R ".

PROPOSITION 3. For every function fL2[0, 1; (R")] the operator M= d2/ds2

defined on

(a.1)

or

(M)=/x s W2’" x(O)= I fx, x(1)=O }

can be decomposed inw the form M Ao where @(Ao) is defined respectively by (a) or

(b) and - is a finite dimensional operator. Thus s4 generates a holornorphic semi-

group.
Proof. We consider, for instance, the case (b.1). Let us define e(s)=-sS +5

( identity matrix) and Y’x x + e fx. Then x @(A0) iff x + e fx W2’2 and
(d/ds)(x+efx)(O)=(x+eIx)(1)=O. Or equivalently if and only if xW2’2,
(dx/ds)(O)= (-de/ds) fx and x(0)- -e(1) [ fx. It is also obvious that

This finishes the proof.
Let us now put

where X L2[0, 1; R"] and

Ao(x + e l fx) dZx
ds 2.

X

Y

Assume also that Bia, i,/" 1, 2 are given n x n matrices and Ci, 1, 2 functions
belonging to L2[0, 1; (R")].

PROPOSITION 4. The operator sd defined by

d2x Xt(XxX) I(a.2) (0)=
(1)

Bx(O)+BI2X(1)+ C1
B21x(0)+ B22x(1)+ Czx]

(s) (0), x w’
(1)]

(b.2) M

d2x

(0 BI (0)+B12x(1)+I C1

\ x(1)/ B21dx(o)+B22x(1)+-s C:x/

X

x(1
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can be decomposed into the ]orm

0,t(Bll, B12 +, where
1,

\B21, B22]] O,

and F is a bounded operator. Thus generates a holomorphic semigroup on .
Proof. We consider only the operator d defined by (b.2). The case (a.2) can be

treated in an analogous way. Let us define the transformation F: Y-->X by the
formula

F(Y’](s) yls+y2-yl, s 6 [0, 1].
\Y2:

Then

X \y2/ @(mo) iff x e W’2 and y ss (0), y2 x(1).

It is also clear that

Remark 4. The nonhomogenous equation

(6) z’=sz+Nu, Zo6g’, u6L2[0, t0;u],

where s is given by (a.2)with B1,2--B2,1--0, and C1 -C2-=0 appeared in [5], in an
implicit way. The semigroup formulation presented here gives a simple proof that the
equation (6) has a unique weak solution, (this problem was treated in [5] in a classical
way). It enables us also to treat the regulator problem for (6) from the more general
point of view and write almost immediately the corresponding Riccati equations, see
4 of this paper. On the other hand, the study of the Riccati equation, which was

carried out in [5] needs a special effort and does not follow from the general theory.

3.2. Equations of nuclear reactor dynamics. Even decompositions of the form
d So + are sometimes of some practical use. This is, for instance, in the case of
the linearized version of the nuclear reactor dynamics equation. This equation is of the
form, see [6], [8]:

(7) d(x(t)=(Ao, Ro)(X(t)d-- y(t)] el, R2 y(t)/=d (t)}’
where

L2(f, R") X/|x(t)’ e g’ X X,
\ y(t)/ R" Y

R0, R1, R2 are bounded operators and Ao is an elliptic operator which generates a
semigroup on X. Thus

sg=\ O, 0
+
R,R2

and consequently s generates a holomorphic semigroup. In [6] this fact was proved
by checking coercitivity of s and in [8] by defining s through appropriate bilinear
form and checking that it satisfies Lion’s conditions.
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3.3. Delay equations. Let us fix the notations X L[-h, 0; R], Y R,
X

Y
The semigroup treatment of the delay equation

o

(8) ))(t) | N(ds)y(t + s), >= O,
d--h

in the space g’ was initiated in papers [1] and [4]. It was shown in [1] and [4] that,
under some condition on the matrix valued measure N, the operator

x
ds (s)= x(0) ;xe W’2(9) x(0)

I2 N(ds)x(s)
defines a semigroup t, 0 on , with the second coordinate satisfying (8). Under
the condition N has no atoms on f-h, 0), this result follows from the general results of
2 and is contained in Proposition 5 and Corollary 1. The decomposition obtained for

the general case in Proposition 6 will be used in the next section. The contents of
Proposition 5 and Proposition 6 can be summarized as follows"

Solutions of delay equations are linear images of trajectories of the left shift
semigroup. We recall that the left shift semigroup Tt, 0 on X is defined by the
formula" Tx(s)= x(t + s), if + s N0, and 0 otherwise. The generator of (T)teo is
Ao d/ds with the domain (Ao) {x e W1’2, x(0)= 0}. In the formulation below No
is an n x n matrix and Na L2[-h, 0; (R")]. Other notations are as in 3.1.

PaoposxIO 5. The operator defined by

(10)  x(0) ds on (d)= x(0)’xe
Nox(O)+ N x

can be decomposed into the form"

(Ao, O o, o
N1

and thus it generates a strongly continuous semigroup on .
Pro@ The proposition follows in an analogous way as Proposition 4 if we define

the "boundary" operator F by the formula:

(0,0)(Fy)(s) y, for all s f-h, 0] and
i N1, 0

COROLLARY 1. Let y (t), 0 be the second coordinate of the trajectory

X

of the semigroup generawd by (10), then
o

(t) Xoy(t)+ ] Xl(S)y(t + s) ds.
d--h

Pro@ The statement of the corollary follows from Example 1.
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Remark 5. As was pointed out to us by R. Vinter, the same approach "from
semigroups to delay equations" was carried out by G. F. Webb [9, Prop. 5.2, Prop.
5.3] for nonlinear delay equations. However our Proposition 2 applies also to
nonlinear delay equations, as follows from Example 1. Moreover our formulation,
which involves the boundary operator F, allows us to consider noncoercive operators
No, Banach spaces Y, and general operators C not treated in [9].

PROPOSITION 6. Let N be any finite measure with values in (Rn). Then the
operator s defined by

X
dx

0h N(ds )x (s
I(,) "--/ (X0)); X E W1’2 }

can be decomposed into the form

(11) =( I, )(Ao, 0 I,-IF)o,
where F and G are some bounded operators.

Proof. It is well known that if N is a finite measure on [-h, 0], g its distribution
function: g(s)= N[-h, s], s [-h, O] and x Wl’[-h, O] then:

o o

I_ I_
h h

Consequently

where

o

N(ds)x(s)= N{0}x(0)- I_ g(s)Ao(x -Fy)(s) ds
h

Fy(s)= y, s [-h, 01.
Therefore decomposition (11) holds with F: YX, Fy(s)=y for s[-h, 0] and
G: S Y, Gx gx h g(S)X(S) ds.

4. Applications to infinite dinensional system theory. In this section we illustrate
how the obtained results can be used to solve, or to simplify, some problems in system
theory.

4.1. Regulator problem. It is well known that the solution of the linear regulator
problem for the infinite dimensional system

(12)

can be expressed through the solution P P(t), >=0 of the inner product Riccati
equation, see [10]. If the operator s can be decomposed into the form s So or
s R0 then the Riccati equation can be written in the terms of the operator
and its domain @(s0) only. Let us take, for instance, into account the situation where
the "regulation" is implemented through a new dynamical system. This is the case of
the controlled delay systems and systems considered by M. Giurgiu in [5]. The state
space is then of the form

X
=x

Y
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and the generator s is given by

(A’ O( I’ -ib += \0, B/ 0,

compare Proposition 4 and Proposition 5.
After standard transformations we obtain the Riccati equation

Taking as (w, z) pairs

and

we derive three equations (a system of Riccati equations) which were obtained and
studied for delay case in [4] and for parabolic case in [5].

4.2. Conjugate systems. Assume that , 22 are bounded operators on g’, is an
invertible operator and sa closed, densely defined operator on g’. Then the following
proposition, see [7, p. 195], holds.

PROPOSITION 7. The domain of the operator (s)* is exactly (*)-1@(s*) and

(2sg)* *sg*2 *.

From this proposition it follows that if

I, O](A, 0 I,F")(0,’)’ y 6@(B)J’

then

/(x*) x* +G*y*6(A*)(*) y* y* (B*) "
Since the generator corresponding to the general delay equation (6) is of the above

form, see Proposition 6, we get
PROPOSn’ION 8. The conjugate operator to sg

(r)= x(O ,xW
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is given by the frmula

i d

y x(0)
(*)=

y x(-h)=Ny J"

Remark 6. The above proposition generalizes Theorem 5.2 of [10]. In [10] the
form of * was found under the condition that the measure N is a sum of a finite
number of atoms and of a measure with bounded density.

Remark 7. It is obvious that Proposition 8 holds if the space X L2[-h, 0; R"] is
replaced by X L[-h, 0; R"] and Wa’ by Wa’, p 1. The same Proposition 1 gives
form of the conjugate operators for all unbounded operators which were decomposed
in3.

4.3. Determination oI spectrum. If the decomposition of an operator in the
form o+ is known then it is possible to obtain some information about the
spectrum of provided that rather complete knowledge about 0 is available. For
instance the following proposition easily follows.

PROPOSITION 9. Ira P(o) and is an invertible operator, then A p(o + g
and only if the operator

+(---)R
is invertible, where Rx denotes the resolvent ofo.

In the case of operators on the product space

X

Y
more explicit conditions can be given. The proposition below covers generator intro-
duced in Proposition 4 and Proposition 5. In its formulation

(A, 0) = (I, = (0, 0)(3) = 0, n 0, c, 0

Details of the proof can be found in [12].
PROPOSiTiON 10. If operators o, , are given by (13) and A p(A) then

a p(o+) gand only g the transformation
I (B + CF aCR )

is invertible, where Rx denotes the resolvent of A.
Proposition 10 when applied to delay systems (see Proposition 5) gives a well

known result: X e p() iff the matrix A[-go-h eXN(s)ds is invertible. In [12]
applications to parabolic systems are discussed.

4.4. Stochastic systems. Generators introduced in the second part of Theorem 1
provide a good description (see 4.1)of systems whose "boundary conditions" evolve
according to evolution equations. The same is true if "boundary conditions" have
stochastic nature and are described by Ito’s stochastic equation. The simplest example
of such system is as follows:

Ox Ox
t>0, s(0, 1),

Ot Os’
dx(t, O)=Bx(t, O)dt+B:x(t, 1)dt+dbX(t),

(4)
dx(t, 1)= Bx(t, O) dt + Bx(t, 1) dt + db(t),
x(0,. )= x0(. ) L[0, ],
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where b 1, b 2 are Wiener processes. The solution of (14) is exactly the first coordinate
of the mild solution of the equation

dz sdz dt + dBt,

where s is the generator introduced in Proposition 4.
Now it is clear how the results of Theorem 1 can be applied to filtering and

stochastic and control problems. As we mentioned before, a generalization of
Proposition 2 enabled A. Chojnowska-Michalik [2] to prove that stochastic delay
equations of the form

0

h

with the state dependent martingale noise dM(y), can be also treated as the second
coordinate of the equation

dz sdz dt + @u(t) dt + dM(z),

where s is the generator corresponding to general delay equations.
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UNBOUNDED CONTROL AND OBSERVATION SYSTEMS
AND THEIR DUALITY*

A. J. PRITCHARD" AND A. WIRTH

Abstract. The paper considers some questions arising from a general theory of observation and control
by Russell and Dolecki.

For a distributed parameter system the observation may be restricted to the boundary or some other
subset, so the observation operator may be unbounded. If this operator satisfies certain conditions the dual
control system operator can be defined. If also there is an appropriate Green’s formula, the dual system is

interpreted as one of control on a subset. For systems associated with biorthogonal sequences it is shown
that the attainable sets cannot be fully characterized in terms of the sequence unless it is basic.

1. Introduction. For distributed parameter systems governed by partial differen-
tial equations there are severe practical restrictions on the positioning of sensors and
actuators. Usually the observation and control processes are restricted to subsets,
boundaries or even points of the region over which the distributed system is defined.
This often means that the observation and control operators are unbounded on the
state and control spaces. Dolecki and Russell [3] have developed a general theory for
such problems, and in this report we examine a number of questions which arise from
their work. In particular we assume that the system is determined by a semigroup and
derive a set of conditions on the observation operator in terms of an intermediate
space so that th dual control system operator can be defined. Then by means of a
Green’s formula we are able to associate the control problem with a controlled partial
differential equation. In 2, 3 and 4 we describe these duality results and also prove
a generalization of a theorem in [3] which gives conditions under which a semigroup
may be extended to a group. Dolecki and Russell also introduce the concept of a
reconstruction operator and derive sufficient conditions for the existence and unique-
ness of an optimal operator. Their conditions are not sufficient, but by adding an
additional one we find a sufficient set. Finally in 5, we examine biorthogonal systems
and boundary control for a special class of problems considered in [4] and [7]. We
show that not every control which steers the system from a given initial state to a
desired final state need be expressed in terms of the biorthogonal sequence; then we
determine conditions involving basic and minimal sequences for which this is the case.

2. Duality for unbounded systems. We consider the control problem which we
write formally as

(1) 2 Ax + Bu, x (0) Xo

where A is the infinitesimal generator of a strongly continuous semigroup Tt on a
Banach space X and B is a, possibly unbounded, operator from a control Banach
space U to X. The interpretation given to (1) will in fact be the integral equation

x(t) Ttxo + | Tt-sBu(s) ds.(2)
J0

If B e (U, X) and u s Lq (0, T; U), q > 1, such a solution is known as a mild solution
and we know x C(0, T; X) although in general we are not able to differentiate (2) to
obtain (1). We will generalize the concept of a mild solution to the case where B is an

* Received by the editors July 21, 1976, and in revised form May 24, 1977.
"r Control Theory Centre, University of Warwick, Coventry CV4 7AL, Warwickshire, England.
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unbounded operator. The problem of observation we write formally as

(3) 2 z, z(0)= z0,

(4) y Cz

where is the infinitesimal generator of a strongly continuous semigroup St on a
Banach space Z and C is a (possibly unbounded) operator with dense domain in Z
and range a Banach space Y. Then

y(t)= CStzo
where we need to interpret the operator CSt where C is unbounded. In fact in order to
exploit the duality between the controllability and observability problems we shall
assume

X Z*, Z reflexive, B C*, Tt S* and U Y*.

For the observability problem we make the assumptions:
(a) CSt can be extended for each t>0 to a bounded linear operator CSt in

(Z, Y)
and

(b) ][CS,]]ez, . <= g(t) for some g L (0, T), p > 1.
Now define %: Z - L’(0, T; Y) by (Cz)(t) CSt(z); then

(Z, Lv (0, T; Y)).

With the above assumptions it is possible to derive duality theorems as in [3]; see
also the next section. However, to interpret the solution of the controllability prob-
lem. not merely in terms of cg. but in terms of A and B it is necessary to make further
assumptions. We assume there exists a Banach space W such that W Z"

(o) Z =D(C)= W;
(/3) c (w, Y);
(’) St (Z, W) for all > 0;
() IIS,zlIw <- g(t)[[zllz for all z Z where g L’(0, T).

Clearly IICS,zl[y<-_llc[[ew,y)[[S,zl[w<-g(t)llcll[Izll, so conditions (a) and (b) are
satisfied.

Remark 1. Property (3’) is similar to the assumption that S is an analytic
semigroup for which StZ D(s), > 0. However we are not able to set W D()
with the graph norm since

[]MStl] <- M/t for some M> 0 if St is analytic

and (6) may not hold.
Remark 2. If f6 Lq(0, T; Z) with 1/p+ 1/q 1, then St-sf(s) W for almost all

s < t, and is Bochner integrable with respect to W, so since W is a Banach space, we have

The conditions (a)-(,) may seem strange but they become clearer when we
unravel the dual problem. In general unless we impose smoothness constraints on Z
trace operators onto boundaries or manifolds interior to the region are densely
defined on Z but are not closable. Hence if we do not assume (/), i.e. that St smooths
the space, then we are only able to conclude that

(CSt)* S*C* TtB.
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Moreover in this case B may have trivial domain so that it is not clear how to define
the control system x(t)= Ttxo + Tt-sBu(s) ds, with u Lq(0, T; U).

If (ce)-(8) hold we have

Be(U, W*),

Tt (W*, X) for all > O,

IlTtBullx <-- g(t)llu[It.
So (CS,)* T,B and (2) is well defined with x 6 C(0, T; X).

Let us illustrate assumptions (a)-(8) and the duality with the following:
Example 1. Consider the heat conduction Dirichlet problem

=ego, o(o)=Oo
where

O AO, O eD(),

D(s) H2(fl) f3 H0(f) and fl (0, 1) x (0, 1).

Then generates an analytic semigroup on L2(O) Z. So putting W H2(O) we
have S, (L2(O), H2(O)) for all > 0.

Suppose that we can observe grad 0; then we are able to associate an unbounded
closed linear C with this observation C" D(C)L2(O)xL(O) Y with H2(O)=
D(C)= Z. Also C 6 (H2(O), L(O) x L(O)). Moreover

M
Ilcs, tl <z,Y for some M> 0,

since IlfStzll2 En(m2 + n2)2 e-2(m=+n=)zt (M2/t)llzlle where Ilzll2
Thus g e L(0, T) for p <2 and the dual problem will be well-defined if the

control u e L"(0, T; L()x L2(O)) with q > 2.
Now suppose instead that we can observe 0 on x =Xl, 0<Xl<l, so that

CO(.,., t)=O(x,., t). Let y=L2(0, 1); then C e(H2(O), Y) and
for some M> 0, since

--2m22l]CStz12 e-2n2t 2, e =< [Izll2

by Cauchy-Schwarz. Thus g e L(0, T) for p < 4. If we consider C as a map from
dom C c L2(O) into L(0, 1) then C* is 6(x-Xl) the Dirac delta function. So we need
to interpret the control problem

x(t)= T,x0+ J0 T,_,C*u(s)ds

for u eLq(0, T;L2(0, 1)) with q>. It will be shown in Example 3 that we may
interpret (2) as the weak solution of the control problem

u (y, t).

3. Controllability and observability. We assume as in the previous section that

Z is reflexive, X=Z* U=Y* and Tt=St*
and (re)-(8) hold.
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We follow [3] in making the following definitions.
DEFINITION 1. (, C) is initially observable on (0, T) if ker {0}.
DEFINITIOn 2. (, C) is continuously initially observable on (0, T) if there exists
0 such that

DEFINITION 3. (M, C) is finally observable on (0, T) if

ker c c ker St.

DEFINITION 4. (M, C) is. continuously finally observable on (0, T) if there exists

0 such that

DEFINITION 5. (A, B) is approximately controllable on (0, T) if
T

DEFINITION 6. (A, B) is exactly controllable on (0, T) if
T

DEFINITION 7. (A, B) is approximately null controllable on (0, T) if
T

cl/f Tr-sBu(s)ds" u6Lq(O, T; U)} range Tr

DEFINITION 8. (A, B) is exactly null controllable on (0, T) if
T

{Io TT-sBu(s)ds" u 6L(O’ T; U)} range Tr

THEOREM 1 [3]. With the assumptions stated at the beginning of this section:
(i) (4, C) is initially observable if and only if (A,B) is approximately

controllable,
(ii) (, C) is continuously initially observable if and only if (A, B) is exactly

controllable,
(iii) (4, C) is finally observable if and only if (A, B) is approximately null

controllable,
(iv) (s4, C) is continuously finally observable if and only if (A, B) is exactly null

controllable,
all statements referring to the interval (0, T).

In general, initial continuous observability is not possible if St is only a semigroup,
as is indicated by the following generalization of Theorem 1.3 of [3] to unbounded
observation operators.

THEOREM 2. I) cl range St Z for some > 0 and (, C) is continuously initially
observable on (0, T) then {St: >-_ 0} has an extension to a strongly continuous group o]:
bounded operators

Proof. Since (, C) is continuously initially observable there exists > 0 such
that Ilzll <_-$llCStzll dt for all z Z. Suppose no St, t> 0, is bounded below; that is
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for each >0 and each e >0, there exists z, such that [Iz,ll- 1 and [[Stztll< e. Now if

T T

Io ]lCStz]]t’ dt<- Io IlCStllt’ dt+ Is
Let s->0 and choose Ilzs[I so that IISzII0. Then ollCS,zll dt-->O as s-->0,

but IlCS,z ll dt ->_ 1/: for all s > 0. Hence there exists to > 0, M> 0 such that IIs ozll-->
Mllzl[ for all z Z. Also there exists N such that IIs, ll-<- N for all [0, T]. If nto + tl
where 0tl<t0 then IIS,zlI>-_M IIS,lZII and Mllzll<-IIS,ozll<-IIS ,o_, llllS,lZll<-NIIS,lZll.
Hence [IS, zll so every St is bounded below.

By hypothesis S has dense range for some a > 0, and hence S is invertible. If
na + tl, 0 <- tl < a then StS,-,1)(S)(-n-1) L So range S, Z for each > 0 and

hence each S,, > 0 is invertible. The rest is as for [3].
Example 2. Suppose that Z is a Hilbert space with orthonormal basis

{4ni" n=l,2,. .;i=l," .,mn},

such that Stz =Y.,=l e-X"tYi"="l anidni where z= anibni, and hn’C. Suppose also
that lim sup ((log n)/An)) is finite and that mn --< exp (cA,,) for some e > 0. For example,
the solution of the diffusion equation in a region D. c R satisfies the above conditions
(see [6, p. 38] and [7]); in fact, then (log n)/An 0.

Clearly cl range St Z for all > 0. But the system is not continuously initially
observable for any C for which (Z, L (0, T; Y)). If it were, then by Theorem 2
we would have range St=Z for each t>0. Now choose t0>0 so that to-e>
limsup((logn)/hn); then the series ,e-x’(t-) is convergent [2]. Let z

Z Y e-X"t/Oni Z. So there exists Z1 E E amitni such that Stozt z. So e-X"tani
e -x’t/2 for each n and i. But {a,} is bounded, a contradiction.

We now assume, more generally, that we have a continuous linear-map "Z --> I7" where I7" is a Banach space, for example L" (0, T; Y).
The notions of initial and final observability can be both included in that of

F-observability [3], where F: Z - V is a bounded linear map into a Banach space V.
For initial observability F I and for final observability F 87, with V- Z. We say
(M, C) is F-observable if IlFzll<-mllgzll for some m>0. So clearly if we have F-
observability there exists 0" range cg__> V such that o is linear, continuous and
0c F.

Dolecki and Russell [3] ask whether there exists a ’reconstruction’ operator
: I7"- V such that extends q30, i.e. 3 F. If I111 is minimal we call an optimal
reconstruction operator. Such an operator minimizes the reconstruction error I[Fz-
(Cz + w)l[ =< ]l3[[llw[I, where w is the error in the observation. Russell and Dolecki [3]
state a resultabout sufficient conditions for the existence and uniqueness of an optimal
reconstruction operator. Their conditions are, however, insufficient. The following
conditions ensure uniqueness" ]lCgoWl[=y[[wll for some y>0, range ego= V, I7, is
smooth and reflexive. Y is said to be smooth if at each point of the unit sphere there is
only one supporting hyperplane of the unit ball. Equivalently (Day [1, p. 144]) the
norm is Gateaux differentiable at each point of the unit sphere, i.e. lim,,_,o (l/a)
{llx / cyll-llxll} exists for each Ilxll a, y. The result about uniqueness of the operator
follows from Lemma 5.2 of [3] and the following lemma.

LEMMA 1. Let "be a smooth reflexive normed vector space, Ma closed subspace. If
f M* then f has a unique extension to an element of ’* with same norm.
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Proof. Without loss of generality Ilfll 1, Since 17" is reflexive, so is M [6]. So there
exists Xo 6M such that f(xo) 1 and Ilxoll l, If ygM and if F is an extension of f with

IIFII Ilfll and F(y)= a then by the standard Hahn-Banach argument (Day [1, p. 10])

-[ItXo+ y[I-[[tXoll_-<a =<lltx0/ rll-Iltx0tl for all/>0

and

-Iltxo-yll+lltxo[l<=a <=lltxo-y[l+tltxol[ also for all t>0.

But by the existence of the Gateaux derivative,

lim (lltxo + yl[- II/xo[I) lim (-[Itxo y[[ +

so a is uniquely defined. Hence the extension is unique.
In particular if L (0, T; Y) with 1 < p < and Y a reflexive Banach space

then is smooth.

4. Green’s formula and weak solutions. In the previous sections we have inter-
preted (2) in the sense that B 6 (U, W*), and we now show how (2) can be related to
a specific partial differential equation. First we prove the following lemma.

LEMMA 2. If C(O, T; X) then x C(O, T; X) satisfies
T To (O(t)’x(t))xdt+o (C(t)’u(t))YY*+((O)’x)=O

where (t)= -S_,(s)ds g and only gx satisfies (2).
Proof. Substitute (2) into the left side of the above equation to obtain
T T T

fo <(t,, Xo+ fo Zt-sB(s) ds> dl+ fO <-Cft Ss-t(s)ds, U(t)> dt

T

since by assumption Cg_,(s) ds CS_,ff(s) ds, (see Remark 2) aria (cs,)*
TtB by (a)-(8). Conversely substitution for in the above equation yields

T

Io (4t(t)’x(t)-Ttx-Io Tt-sBu(s)dslx dt=O
for all O C(0, T; X).

Remark 3. If 0 C1(0, T; X) then 4; + s4 0, 4(T)= 0, so x defined by (2)
satisfies

T T

Io ((t)+b(t), x(t)>xdt + Io (C(t), u(t))c., dt +<b(0), Xo)= 0.

This suggests that x is a weak solution of a controlled partial differential equation. To
see how we can determine the equation we assume Y is a Banach space of functions
on a subset F1 of f where the operator s4 is defined on an open bounded set l. Z and
X are Hilbert spaces with X and Z identified, and the differential operator s4 is
defined on a space of functions on D, with appropriate conditions on F, the boundary
of II. Let s be formally the same operator but now defined on the same space of
functions restricted tO [I\F, with the same boundary conditions on F\F. Let A be the
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adjoint of and assume we have the following Green’s formula:

(Xl, AX2)x (,Xl, X2)X +(Cxl, Dx2)vv* + (Ex1, Fx2)vv*

for some linear operators D, E, F.
We now show that (2) is a weak solution of

(5) =Ax, Dx=u, Fx=0, x(0)=x0.

DEFINITION 9. A weak solution of (5) is a solution of
T T

(6) Io (k(t),x(t))xdt+ fo (C(t), u(t))vy, dt+(c(O),xo)=O

where +b ,, b(T) 0, 4’ 6 C (0, T; X).
To see that (6) is a reasonable definition let Xx =b and x2 x in the Green’s

formula:
T

0= f0 (b(t), A-/{x)xdt

(b (r), x(T))x -(4,(0), Xo)x
T t.T

T

Jo (Eqb(t), Fx)gy. dt.

But b(T)=0 and +Mb so we obtain (6). Lemma 2 and Remark 2 yield the
following

THEOREM 3. With the above assumptions x(t)= Ttxo+ Tt_Bu(s)ds is a weak
solution of x, Dx u, Fx O, x (0) Xo.

Example 3. Let =(0, 1),X=LE(f),D(M)=H2(f)fqH(f),
0x and COl=O(a)where 0<a<l. Since St is analytic and H2(f)c C(), C is
well-defined and in fact C6(HE(f),R). Now D(.)=HZ(f\{})fqH(\{a}),
02 A02,/2 02 and the Green’s formula is

I01 0202
Ox dx 02 dx + + (a)[02]

OX 2 OX 2 L-XJ "x
So

002]
+

andL F02 02]+DO2
Ox J

Hence the dual system is the diffusion equation on (0, 1) with 02(0)= 02(1)--0, 02
continuous at a but a discontinuity of OOz/Ox at a such that -[OO2/Ox] ’+=_ u.

Note that HZ(\{a})9 C(fi) since the open set f\{a} is not locally on one side of
its boundary.

Now let

D(M)= HZ(ll)f"l 0" xx r

and let CO 0(1). Then

D(A)= H2(n)f"l 0" (0)= 0
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The condition
O0
0- (1)=0

is not necessarily satisfied by 0: since now F {1}. Then

D0: x (1) and F 0.

5. Biorihogon! sysiems and boundary control. The following problem of
boundary control has been studied extensively by Russell and others [4], [7]. For the
sake of completeness we briefly summarize it.

Let f be a bounded open connected subset of R with piecewise smooth
boundary F. Let F FoLI Y’i such that F0iq F iZi, F0 is relatively open in F and the
relative interior of F is nonempty, also let (, El) be star-complemented.

Consider

Ow .. 02w
0--- i= 10x2 for all x 12, _-> 0,

w(x,t)--0 for allxFo, t=>0,

Ow
=g for allxF1, t->0,
0u

where u is the unit outward normal, gL2((0, T)F1), w H2(). Let {-A,},
be the eigenvalues with multiplicities m, and eigenfunctions of A with domain

z e He(n): Zlro 0,
F1

If

w( O)= E E a,i&,, e LZ(f) and w(.,T)=EEfl,,,,eL2(),
n=l i=1

then by an application of the divergence theorem it follows that

(7) .i- e-x",i (P,i, )L2((O,T)I)

where pni(t)=e-X"t&nirl and PniL2((O, T)@F1)and (x,t)=g(x, T-t). It can be
shown that there exist qieL2((O, T)Fa)such that (p,, q)=6,6i, i.e. {(p,, q,)}
is a biorthogonal system in L2((0, T)F).

So the control steering the state {a,} to {,} is

(8) g(x, T- t) 2 E (flni- e-X",i)q,i(x, t)

provided g t2((0, T)F1). Russell shows that ]]q,llM0 e" for some constants
M0, M1 thus providing sufficient conditions for the convergence of (8). He also shows
by a simple example for r 1 that the conditions he obtains are not necessary.

We show that either Russell’s bounds can be improved or there exist controls not
expressible in the form (8).

The problem of solving (7) may be stated abstractly thus:
Let X be a Hilbert space, let {p,}=X and let {a,}= R. Does there exist y 6X

such that

(9) (y, p,)= a, for all n ?
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We say that the sequence {pn} is minimal if dn >0 for each n, where dn
inf IIp -xll and Xn is the closed span in X of the set {pi" : n}. We say that (p,, qn) is
a biorthogonal system if (p,,, qn) 6,,n. It is well-known, (Singer [10, p. 54], that {pn} is
minimal if and only if there exists a sequence {qn} such that (pn, qn) is biorthogonal.
The sequence {pn} is said to be basic if {pn} is a Schauder basis in cl span {pn}, i.e. if for
every x e clspan {pn} there exists a unique sequence {an} such that x Y=I cnpn.
Every basic sequence is minimal (Singer [10, p. 51]).

LEMMA 3. If {Pn} is minimal then there exists {qn} such that (pn, qn) is a
biorthogonal system with minimum norm, IIq.[[= 1/dn and cl span {pn} =cl span {qn}.
The sequence {pn} is basic if and only if {qn} is basic and cl span {pn} cl span {qn}.

Proof. Since pn’cl span {pi" n} Xn, there exists a unique rn Xn, such that
Ilp.-r.ll-d.. Let qn=(pn-rn)d2z. Clearly (p,,,qn)=6,,n and if (Pn, tn) is also bior-
thogonal then (tn--qn)-l-q,. So IIt llZ-IIt.-q.ll=/llq.II Clearly by construction
cl span {p,} cl span {qn}. By Singer [10, Thm. 12.1, p. 112] if {pn} is basic then so is
{qn}. Also then x cl span {Pn} implies that x Y anpn for some {an}, so ten (x, q,)
0 for all n, if x _1_ qn. Hence cl span {Pn} cl span {qn}.

Conversely if el span {pn}=cl span {qn} and {qn} is basic then {pn} is basic by
Singer [10, Cor. 12.1, p. 113].

TI-IEOIEM 4. Suppose {Pn} is minimal.
If {p,} is basic then every solution of (y, pn) a, is of the form

(10) y anq, + z where z {cl span {pn}}+/-,

and so a necessary condition for (9) to have a solution is that [Ic.q.[I- 0.

If {Pn} is not basic then there exists y cl span {pn} such that Y (y, Pn)qn is diver-
gent, and hence not every solution of (9) is of the form (10).

Proof. If {pn} is basic, then by Lemma 3, if y is a solution of (9) y yl + z where

Yl cl span {qn}, z {cl span {pn}}+/-. Since now {qn} is basic, yl anq for some {an}.
Clearly in fact an

If {Pn} is not basic, then either {qn} is not basic or cl span {pn} 75 cl span {qn}. If
is not basic there exists yo6 cl span {qn} such that for no sequence {an} is Yo
So clearly (yo, Pn)qn is divergent, yet the system (y, Pn) (Y0, P,) is soluble.

If there exists y cl span {pn}\cl span {qn} then (ya, Pn)qn is divergent for
otherwise y2 Y (ya, Pn)qn cl span {qn} and (ya- Y2, Pn) 0 for all n. Hence yl y2, a
contradiction.

THEOREM 5. If {Pn} is basic then there exists M> 0 such that

1 M
Pn

IIq
p. for all n.

Proof. Apply Singer [10, Thm. 3.1, p. 20] to the space cl span {pn}.
Russell’s sufficient condition for (7) to be soluble, assuming for simplicity an 0,

is that I/3nil<-K e -(Ml+)’a-2" where M1 is the constant of the upper bound to Ilqni[[
(llqnll<-Moe MId") and K and e >0 are arbitrary. This condition is not necessary as
seen from Russell’s example- r 1, an 0, g 1, f (0, 1), F0 {0}, F1 {1}. Then

mn 1 for all n, An (n 1/2)27r2, Cn (x) v sin [(n 1/2)Trx] and/3nnZ- const., so clearly
for all :, M there exists n such that I/3nl e -M(n-/2). The point here is that {pn} is
not basic in L2((0, T)Fa), i.e. pn(t) v(- 1)n-1 e -(n-/z)22t is not basic in L2(0, T).

TI-IEOaEM 6. The sequence {Pn} defined above is not basic in L2(0, T).
Proof. By Schwartz [9, Theor6me II, p. 58], fcl span {pn} if and only if f6
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L2(0, T) and f(t)= a,p,(t) almost everywhere in (0, T). Now

Y (- 1)"(2n + 1)x "("+1)= 1-I (1-x2")3 for Ix] < 1
n=l n=l

by Hardy and Wright [5, Thm. 357, p. 285]. So

Y (- 1)"(2n + 1)x"("+)x 1/4= x 1/4 (1-x2")3 for [xl < 1.
n=l n=l

Now let x 1-. Then the right-hand side 0. Put x e So

)ml --(m--1/2)2ztf(t)= 2 (-1 (2m-1) e 0 ast0+.
m=2

Clearly f L2(0, T) and so f ecl span {p,}. But

1
f 2 (2m-1)p,

m=2

in the L2(0, T)sense, since

](2m-1)p]l2/O as m.
So the sequence {p,} is not basic.

Hence we cannot expect a necessary and sufficient condition for the solution of
the moment problem in terms of the convergence of

The results above imply that we have exact null controllability for the diffusion
equation with control on Fa. This is so because for exact null controllability it is
necessary and sufficient that the system

e".i (p.i, )

have a solution for each a,i,i in LZ(). By Russell’s estimate for ]]q,i[], it is
sufficient to have

[a.i e

for given M, and arbitrary u, e > 0. This is always the case since {]a,i[} is bounded. The
dual result is that the diffusion equation with w(x,t)=O for all x eF0, t0,
Ow/Ou(x, t) 0 for all x Fa, 0, and Cw(t) w(t)lr, is continuously finally observ-
able. Dolecki [2] discusses observation at a general point for the one-dimensional
case. Sakawa [8] also considers point observations in higher dimensions, but his
analysis via biorthogonal systems is void. In fact as we show one point sensor, even if it
suffices for observability in higher dimensions, can never yield continuous final obser-
vability.

Suppose that X is a Hilbert space with {,i} an orthonormal basis and

u(t)= 2 e -"’ Z a,i,i, where
n=l i=1

and
So u can be considered as the solution of fi Au where A is self-adjoint with

compact resolvent, densely defined on some Hilbert space of real-valued functions on
c R . Let x,(t)= e -"’, x, LZ(O, T). It is well-known (Schwartz [9, p. 54]) that x, is

minimal if and only if x.0 1/h, <. But for the operators that Sakawa considers,
lim (nZ/r/An) const., so x, is not minimal if r 2.
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If C" dom C X R with dom C dense in X and

C(20gnini ) OgniCni

provided the right-hand side exists, we do not have continuous final observability if
r _-> 2. Because for r => 2, {x.} is not minimal. Assume the system is observable, that is,
Cb. 0 for all n then there exist for each e > 0, a2, ", aN(e) such that

lX E oliCixi < e.
i=2 L2(0, T)

Let
N()

U(0) 1- E Oli(i
i=2

then Ilu(T)ll>-e -xlT but ioTllCu(t)[I2 dt <e, so we do not have continuous final obser-
vability. The positive results mentioned above for r >_-2 refer to observation on a
subset F1 with nonempty interior relative to F.
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THE EQUIVALENCE OF STRONG AND WEAK FORMULATIONS FOR
CERTAIN PROBLEMS IN OPTIMAL CONTROL*

RICHARD B. VINTERt AND RICHARD M. LEWlS

Abstract. It is shown that a wide class of control problems may be cast equivalently as convex
mathematical programming problems over a space of Radon measures. The particularly simple structure of
the equivalent problems will enable us to obtain new conditions for optimality, of dynamic programming
type, by application of convex analysis. These implications are pursued in a companion paper.

1. Introduction. This is the first of two companion papers which, together,
develop conditions for optimality for a wide class of terminally constrained control
problems. The conditions are of a flavor reminiscent of the earlier "sufficiency condi-
tions" literature [1], [3] which characterizes optimality through a partial differential
equation, the Bellman equationmthe novelty here is that, while dispensing with all a
priori assumptions concerning the optimal controls (such as existence of an optimal
feedback synthesis with some "admissible set of discontinuities"), our conditions are
necessary as well as sufficient for optimality. This is accomplished by replacing the
partial differential equation by a partial differential inequality, and requiring this to
hold only in a limiting sense.

Derivation of the results proceeds in two steps. We first cast the problem as a
constrained minimization problem over a certain set of Radon measures. The recast
problem is a convex mathematical programming problem. The final results emerge as
a statement of "strong" duality between this recast problem and its "Fenchel" dual.

In this, the first paper, we establish equivalence of the original (or "strong")
problem and the recast (or "weak") problem, thereby validating the development just
outlined.

Proof of the equivalence is carried out as follows: we embed elements feasible for
the strong problem in the class of elements feasible for the weak problem which in
turn are embedded in feasible elements for a "parametric" problem. The object here
is to make possible application of a refinement of a result due to L. C. Young
concerning density of "polygonal flows" in elements feasible for the parametric
problem; the result enables us to establish that a solution to the parametric problem
may be selected which under the inverse embeddings is feasible for the original strong
problem. Equivalence follows immediately.

Because of the introduction of the parametric problem, which plays no part in the
statement of results, the proof of equivalence may appear unnecessarily roundabout.
While acknowledging the desirability of a direct proof, we feel that such a proof would
necessarily be long and involved. The major task would be in obtaining an analogue
for nonparametric problems of Young’s density theorem. A density theorem for the
parametric problem presents considerable difficulties, even when we exploit Young’s
device of defining a linear space of "boundary conditions"; for the nonparametric
problem where the device is no longer available to us, the difficulties would be even
more severe. Our development may therefore be viewed as economizing on having to
prove a difficult density theorem at the cost of introducing indirect arguments to graft
Young’s results into our proofs.
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? Department of Computing and Control, Imperial College of Science and Technology, London SW7
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$ Department of Computing and Control, Imperial College of Science and Technology, London,
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Finally we mention that Rubio too has studied the weak problem [8], [9] for fixed
endpoints. The emphasis in these papers is on existence of solutions to the weak
problem (under rather more general conditions) and equivalence with the strong
problem, in the sense that it is required to set up optimality conditions as in the
companion paper [12], is not established.

Some generalizations of the results reported here and in the companion paper are
given in [6].

2. Notations. Let S be a compact space. Then C(S) denotes the Banach space of
continuous real-valued functions on S with the sup norm. In the case that S is a subset
of R k, CI(S) denotes the subset of C(S) comprising restrictions to S of continuously
differentiable functions Rk -.C*(S) is written for the (normed) dual of C(S). It is well known that each

f’ C*(S) has unique representation through a (signed) Radon measure / on (the
Borel sets of) S, thus

f’(g) Is g dx, all g C(S)

[11, p. 397]. In the sequel, we shall not distinguish between bounded, linear function-
als on C(S) and the measures which represent them, writing s g dtx for the action of

t?*(S) on g C(S).
P(S) denotes the subset of C(S) comprising functions taking only nonnegative

values, while P(S) is the positive polar cone of this subset, i.e.

P(S) {tx C*(S)llg dlx >_-0}, all g P(S).

I" denotes the norm over the linear space determined by context (we shall need
only in Appendix A to distinguish between different norms on the same linear space in
the notation). If this is Nk, then ]. is the Euclidean norm. C*(S) carries the dual norm

Itx[ =sup {I for C*(S).

We write

P"(S) {ix P(S)I Itxl 1}.

Finally, if f: S --> R is a measurable map between measurability spaces (S, 5), (R, )
and u is a measure on (S, 5), then u of-1 denotes the measure which u induces on
(R, ) under f.

3. Relaxed controls and admissible pairs. Let be given

Qcn,
(x, t, u)-l(x, t, U):IR"+m+I--> R;
(X, t, U)-f(X, t, U)’[n+m+l-’[
Xo IR";to, T N with T > to;

Fc Q X[to, T].
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The following assumptions are made:
(i) O, f, F are compact.
(ii) f, are continuous.
A C*(lq)-valued function {/xt; to =< <= tl}, [to, tl] c [to, T], defined modulo

(Lebesgue) null functions, will be termed a relaxed control in case
(i) /z, P"(f), a.e. [to,
(ii) t--n c(t, u),(u) is (Lebesgue) measurable for every b Cl([to, tl] f) (cf.

[13, Chap. 4] where relaxed controls are defined in a more general context).
Relaxed controls are of course an enlargement of the class of "ordinary" controls

{u(t); to<= <= tl} (Lebesgue measurable O-valued functions), ordinary controls being
embedded in the larger class thus

u( )--{6(u(t)); to<-_ <= tl}

(6(v), unit measure concentrated at v).
A couple {/x, x(t); to <= <= tl}, with {/x,; to<=t<=tl} a relaxed control and {x(t); to<=

t-< tl} absolutely continuous, taking values in O will be termed an admissible (control
trafectory ) pair in case

(i) X(to) =xo, (x(tl), tl)F, and

(ii) (t)= I l(x(t)’ t, u)dz(u) a.e. [to,(3.1)

Existence of an admissible pair is assumed in the sequel.

4. The control problem and its weak tornmlati0n. We shall be concerned with the
control problem (the Strong Problem)

Minimize (x (t), t, u dt(u) dt

(s)
over admissible pairs {tzt, x(t); to<= <=

Let A be a cube in " containing O, and write A A [to, T]. In the spirit of [14, p.
282ff], we view admissible pairs {t,x(t); to<-_ <= tl} as defining elements in C*(A
thus

(4.1) g- g(x(t), t, u) dlz(u) dt for g C(A f)

(simple verification that the mapping is well-defined, linear and bounded is omitted).
The Strong Problem (S) may then be cast as that of minimizing the value of a

functional

I _[ l(x, t, u) dlz(x, t, u)

over elements /z C*(Af), subject to the constraint that the/x’s have represen-
tation (4.1) for some admissible control trajectory pair {/x,, x(t); to<= <=tl}.

Let us explore in more detail the nature of elements C*(A D,) arising in this
way. Evidently

(i) /z P(A f).

We notice also that, for bC(A)and Lipschitz continuous {x(t),to<=t<=tl},
qb(x(t), t) is Lipschitz continuous and

b(x(t), t)= 4)(x(t), t)+ 4)(x(t), t)(x(t), u) d(u) a.e. e [to, t].
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In consequence,

tl d
gb(X(tl), tl)-qb(X(to), to) -(x(t), t) dt

(4)(x(t),t)+(x(t),t)[(x(t),t,u))dx(u)dt.

This imposes the requirement that there exists (xl, t) F with

(4.2) I (cbr + 4)xf) dlx qb(x, tl)- q(Xo, to), all b CI(A),

recalling that for admissible pairs, (X(/x), tx) 1-’. Equation (4.2) implies, in particular,
existence of some/3 P" (F) such that

(ii) I (qbt + Cxf) dlx f c d c(Xo, to), all gb CI(A).

Finally we remark that

(iii) I dist {x, O} d/x 0

(dist denotes Euclidean distance), for the left-hand side is none other than

tl
dist {x (t), Q} dt,

which is equal to zero since admissible trajectories take values in Q.
The weak formulation of the problem may now be given. This amounts to a

weakening of the constraints to require only (i), (ii) and (iii) to hold:

I d/z over/x P(A D.)Minimize

subject to f dist {x, Q} d/z 0
(w)

and there exists some fl s pn (F)

I I d,-O Xo, to).with CI(A).

The significance of this weakening of the constraints and of casting the problem
into this framework is that we thereby obtain a convex mathematical programming
problem. We remark that feasible elements for the Weak Problem (W) are constrained
to satisfy (ii), rather than (4.2) precisely to convexify the constraint set.

The machinery of convex analysis is now at hand to characterize solutions and to
supply lower bounds for the minimum value of the objective functional. Such a
development is pursued in a companion paper [12]. In the present paper we take the
crucial step of proving equivalence (in an appropriate sense) of the Strong and the
Weak Problems.

5. The main results on equivalence of the Strong and Weak Problems. We
introduce some terminology and notation. In the two problems (S) and (W) of 4,
elements (admissible pairs or measures) satisfying the constraints will be termed

feasible. The infimum of the values of the functional to be minimized over feasible
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elements will be termed the value of the minimization problem. The notation r/(S) (or
r/(W)) attaches to the value of (S) (or (W)).

We establish equivalence only under the following technical condition:
Condition 5.1. The function

(x, t, u)--min (l(x, t, w)]f(x, t, u)= f(x, t, w)}

mapping A 12 E is continuous.
THFORFM 5.1. Suppose that Condition 5.1 is met. Then the problems (S), (W) both

have solutions and

n(s)=n(w).

Further, if the admissible pair {ixt, x(t)[to <- <- tl} solves the Strong Problem (S), then the
element tx C*(A 11) defined by

(5.1) g- g(x(t), t, u) dixt(u) dt for g C*(A x a)

solves the Weak Problem.
The substance of the present paper is proof of this result. Of course existence of a

solution to the Strong Problem (S) is well-known under considerably more general
conditions than those applying here [10].

Some comments about Condition 5.1 are in place. While it is easy to construct
counterexamples in which the condition is violated, the condition clearly holds if
either

(i) u l(x, t, u)is injective, all (x, t)e A, or
(ii) there exists some g C(A x Nn) such that

l(x, t, u)= g(x, t, [(x, t, u)), all (x, t, u) A x 1

((ii) may be interpreted as penalization of the velocity, rather than the control, in the
cost). Thus the condition is seen to hold in many cases of interest.

Actually we may always arrange that Condition 5.1 is satisfied by augmenting the
state variables. Indeed consider the minimization problem over pairs
{(x(t),(t)),ixt(. ); to <-t<-tl} with {(x(t),Y.(t));to<-t<-tl} an absolutely continuous
n/’-valued function, {ixt( ); to -< -< tl} a relaxed control as above:

minimize la(x(t), (t), t, u) dix(u) dt

subject to ((t), (t))=fa(X(t), Y(t), t, U) dix,(u) a.e.,
(Sa)

Here,

(X(to), ](t0))= (x0, 0), (tl, X(tl), (tl)6 Fa, (x(t), x(t))6 A,

to-< -< tl, to fixed.

la(X, ,, t, U) l(x, t, U), fa(X, , U) (f(X, t, U), U), ra r
(,E a ball in ’ containing {T. ulu D,}), Aa--A x E. (S) and (Sa) are equivalent to
the extent that {x (t), Ixt(" ); to-< t-< tx} solves (S)if {(x (t), (t)), Ixt(" ); to-< t-< tx} solves
(Sa) and {(x(t),ttoudixs(u)),ixt(.);to<-t-<tl} solves (Sa)if {x(t),ixt(.);to<-t-<tl}
solves (S). The new problem satisfies Condition 5.1 (in addition to the assumptions
introduced in 3), because U--fa(X, t, U) is injective for all (x, t)Nn+’.
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Notice however that satisfaction of Condition 5.1 is achieved only at the cost of
increasing the dimension of the state space. By Theorem 5.1 r (Sa)= r/(Wa) ((Wa) the
weak problem corresponding to (Sa)); however we cannot conclude from this fact that
7(S) r/(W). As to whether Condition 5.1 can be dropped from Theorem 5.1 remains
an interesting open question.

Finally we remark that (in the absence of convexity assumptions) it is essential
that the Strong Problem be posed over relaxed controls. Indeed examples of control
problems with terminal constraints are well known [13], where the infimum of the cost
over ordinary controls is achieved and is strictly greater than the infimum over relaxed
controls. In such examples, equivalence of the Strong Problem (if posed over ordinary
controls) and the Weak Problem would fail.

6. Some results on the structure of generalized flows. We bring together here two
theorems which form the basis of establishing the equivalence of the Strong and the
Weak Problems. Again let A be a cube in n/l and let F A be a closed subset. We
write

Let {yl(cr), , y(o’); 0_-<or_-< 1} be a collection of Lipschitz continuous curves from a
fixed point y0 Sn to F taking values in A, and let a,. , c be positive coefficients.
The collection of curves and coefficients is termed a positive mixture of curves and
defines a bounded linear functional/x on C(A x B) through

g
.o

(the integrand takes value zero when ) (r)= 0).
We observe that

(6.1) y by)) d/x I b dB-b(yo), all CI(A),

when/3 is the measure with finite support:

/3 E ci 8(yi(1)).

The first result asserts that any element /., P*(AB) satisfying the "boundary
condition" (6.1) for some / P"(F) may be approximated by positive mixtures of
"polygonal arcs" from y0 to F and "closed polygonal arcs".

THEOREM 6.1 (Approximation of generalized flows with a prescribed boundary).
Take v P*(A B), and suppose that them exist yo A, B P(F) such that

I dv I (k d -b(y0), all C(A).

Then v is the weak* limit of a sequence {v} in C*(A B)where

(6.2) v,=E civ +E B,’r.

To motivate introduction of functionals defined in this way, observe that in parametric problems in
the calculus of variations we deal with integrands if(y, 3) defined on A I’, positively homogeneous in their
argument )L Positive homogeneity assures that ff is actually specified by its restriction g to A B and
Jo g(Y(o.), #(,)/1#(,)1)1#(,)1 d is nothing but the line integral ff(y(o.), 9(o.)) do" along the curve y.
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In (6.2), the number of terms in the summations is finite, but may depend on i. The

a s, s are positive with a} 1, each i, and ,} has the representation

(6.3) g->Io g(y(tr), ))(tr)/ly(tr)l)l))(tr)l do’, all gC(AxB),

for some continuous, piecewise linear function {y(r); 0-<_o’_-< 1} with values in A and
such that y(0)=y0, y(1)F. Finally, each r. has representation (6.3) for some
continuous piecewise linear function {y(o-); 0_-< o--< 1} with values in A and such that
y(0) y(1).

Theorem 6.1 is proved in Appendix A.
The second theorem concerns the structure of "generalized curves":
DEFINITION 6.1. U C*(A x B) is called a generalized curve in case it is the weak*

limit of a sequence {u i} in C*(A x B) where each /,i has representation (6.3) for some
Lipschitz continuous function {y(r); 0 -< tr =< 1} taking values in A.

THEOREM 6.2 (Representation of generalized curves). Let , C*(AxB) be a
generalized curve. Then there exists a Lipschitz continuous function {y(o’); 0 <_-cr <_- 1},
taking values in A and a family {/xo P(B); 0 _-< tr _-< 1} with Itx] uniformly bounded
such that:

(i) o’-- g(y (o’), 3)) dtz,,()) is (Lebesgue) measurable for each g C([0, 1] B),
(ii) g d/x g(y(tr), f) dtx(f) dr, for each g C(A B), and
(iii) 3 (tr)= 3 d/x00)) a.e. tr [0, 1 ],

where { (tr); 0 _<- r =< 1} is the derivative o[ y (.).
This result is proved in [14, p. 171].
7. The parametric problem. We shall cast the Weak Problem as a parametric

problem in order to apply the results of 6. We begin with a few informal comments
to motivate our particular choice of problem. Because Theorems 6.1, 6.2 are stated in
terms of trajectories, we treat the original Strong Problem as a minimization problem
over trajectories and introduce satisfaction of the differential equation (for some
control) as a side constraint.

If we take

as a ball containing f(Axfl), this translates into posing the Weak Problem over
elements u C*(A F) (rather than C*(A f)) subject to the constraints

(a) there exists some/3 pn (F) such that

I{&t + &xA} d,= I&d-&(Xo, to), & CI(A),
(b) dist {A, f(x, t, fl)} d, 0,
(c) dist {x, (2} dp O.

Of course (b) corresponds to the side constraint in the Strong Problem:

(t) f(x (t), t, ).

What is the appropriate, choice of objective functional when the minimization is
performed over trajectories rather than admissible pairs? It is natural to introduce

q (x, t, x) min {l(x, t, u)lx f<x, t, u)}

and, loosely speaking, to seek to minimize

(7.1) q(x(t), t, (t)) dt
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for one would hope that the value of this functional is the minimum of the values of
the cost of the original Strong Problem over all controls which correspond to a given
fixed trajectory. Unfortunately the function q is not continuous on its domain in
general. However we have:

LEMMA 7.1. Under Condition 5.1, q is continuous on its domain and may be
extended continuously to all o[ A xn such that the extension is uniformly bounded.

This result is proved in Appendix B.
Henceforth we assume Condition 5.1 to be in force and q denotes the extension

(which is of course not unique). (7.1) now translates into

I q (x, t, ) d,

in the corresponding Weak Problem. Finally we must adopt parametric form: a simple
change of variables would suggest replacing by /i and multiplying the integrands by
Ill. We need also to introduce an additional constraint to ensure that time is monotone
nondecreasing in the new parameter. Accordingly we study the Parametric Problem
(P):

j q(x, t, /i)[i[ du over u P(A B)Minimize

subject to: there exists/3 s P" (F)with

(7.2) CI(A),

I dist {2/i, f(x, t, fl)}li d, 0,(P)

dist {x, O}li[ O,d,

max {-i, 0} d/ 0.

Here A, F are the subsets of [,,+1 introduced in 3. Consistent with 6, B is
{(, i)e +]2+ 1}. In the sequel we shall find it convenient often to write couples
(x, t), or (, i) (in +’) as y, or

(y, f)-->q(x, t,

are assigned the values 0 and 1 respectively when 0. With this convention the two
functions become continuous on A xB (see Lemma B.1 in Appendix B), and
consequently well-define elements in the predual of C*(A x B). The other integrands
in (P) obviously share this property. We employ the shorthand q(y, ), d(y, )), s(y, )),
re(y, )) for q(x, t, 2/i)li I, dist {2/i, f(x, t, fl)}]i], dist {x, O}[i[ and max {-i, 0} respec-
tively.

8. Existence of solutions to the parametric problem. Our first result concerns
existence of a solution to (P). This proceeds by a standard compactness argument,
following development of two technical lemmas which supply a bound on elements
feasible for the Parametric Problem.

The first lemma gives some useful implications of the constraints:
LMMA 8.1. Suppose that u P(A x B) takes value zero on d, m e C(A x B); then

supp {v} {(y, )) AxBIi>- 0, if(x, t, )}

(supp denotes support of the measure).
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The lemma is proved in Appendix B.
In simple consequence of the above we have"
LZMMA 8.2. The subset of P*(A x B) comprising all elements v feasible for (P) is

(norm) bounded.
Proof. Let v be feasible for (P). By Lemma 8.1,

(for b (x, t) t).
By (7.2) then

(for some/3 P" (F)) whence

I Iil dr= I du= I (bti+ bxA)dv

I lil td-to

_-< -t0.dv T

Now since points (, i) in B are constrained by . + 2 1,

[vl I1 dr= I (.2-b i2)1/2 dr=< (l +1i[)dr

(1 + K) i d

(K, a bound on f(A, ), as in 7). The last inequality here follows from Lemma 8.1.
We have shown that feasible are bounded by (1 + K)(T-to).
PROPOSITION 8.1. (Under Condition 5.1), there exists a solution to the Parametric

Problem (P).
Proof. The constraint set for (P) is nonempty. Indeed by assumption there exists

some admissible pair {,, x(t); t0 t}. Define C*(A x B) as follows: for g
C(Ax B),

g g x(t), t,
(1 +1[2)1/2’ (1 +[12)a/2 (1 +1 21) dt

with (>,, x(t)) as above. We omit the simple verification that this is feasible for (P).
Let be a closed ball in C*(A x B) containing all feasible elements for (P) (see

Lemma 8.2). Equip with the induced weak* topology. Let us show that the set of
feasible elements is compact in . Since is compact, metrizable [2, p. 424], it
suffices to show that is sequentially closed. Accordingly let {v} be a sequence in ft.
Write fl for the unit measures associated with the "endpoints" of the v’s, and
suppose that

vi v (weakly*).

By weak* convergence and closedness of Pm(A x B) in C*(A x B), we have

I ddv=Isdv=Imdv=O, v e Pm(A B).

It remains to check (7.2). By weak* compactness of P"(F) we may extract a
subsequence such that

fli - 80 (weakly)* for some/30 e P"(F).
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Given arbitrary b CI(A) we have for this subsequence

I {4,y)} du li/rn I {4,y)} dui li/rn/I tdi-t(Xo, to)}
I &dBo-qb(Xo, to).

Thus (7.2) holds and/z . But this establishes that is compact in S. Now u q dv
is weakly* continuous on X. The problem therefore reduces to minimization of a
continuous function on a (nonempty)compact set; it has a solution by an elementary
result.

9. A generalized curve solution to the parametric problem. In this section the
approximation theorem of 6 is applied to extract a generalized curve solution to (P).
We shall require

LEMMA 9.1. Suppose that v C*(A x B) has representation

I gdu=i ai Io g(yi(o-), fi(o’))dtr forge C(AxB)

where the yi’s are a finite collection ofLipschitz continuous functions on [0, 1 satisfying
y(1)= y(0), and the real numbers ti are positive. Then

I dist {2/i, f(x, t,  )}1il / 2(g / 1) I max {-i, 0} dr ->

(K, bound on f(A, fl)).
The result is proved in Appendix B.
PROPOSITION 9.1. The parametric problem (P) has a solution which is a general-

ized curve with endpoints in {yo} x F.
Proof. Let u0 solve (P). Existence of such a u0, is assured by Proposition 8.1. Let

{7i} be a sequence of elements in C*(Ax B) of the special structure described in
Theorem 6.1, converging (weakly*)to 0. Thus

-iu =u +r, i=1,2,...,

with u a "unit mixture of polygonal arcs" from y0 (x0, to) to F,

Ei-ip il,,

and .i a "mixture of closed polygonal arcs",

By weak* convergence

di,
Now

It follows that

u, r P(A B)

By Lemma 9.1 then, Iril--> 0.

d d’r i,

s di, f m d -> O.

and d, mP(A B).
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We have therefore

and in consequence

(9.1)

(weakly*)P

Now for each i, the collection of real numbers

a s du, m dv, . d 1 d

defines a point in the convex hull of the set

{:E 5[:1--fq &7, 2= I d d7, s3= Is d, :4--ym d7, :s= I1 d7:, for some/’}.
By Caratheodory’s theorem [7, p. 153] there exist collections 6{cei}i=.l,.i 1, 2," , of
nonnegative coefficients summing to unity with the property: j=l oe.u, takes the same
value as v on q, d, s, m, 1 E C(A B). Here, {v} is a reordering of (at most six of the
components of) the -i{vj}, for fixed i. Since {av} c P(A B), d, s, m P(A B)

I I I(9.2) a ddv+O, a sdu + O a m du -+ O

as -+ oo, for j 1, 2,. ., 6.
By extracting subsequences, we may arrange that

(9.3)
a lim a exist,

j 1,..., 6, Evidently j ai 1, ai _-> 0, each j.
We assume without loss of generality that the nonzero entries occur first in

{a l,"’", a6}. We have

I(P)= li/m I q dR = lim a} I q

where the final expression is justified by (9.3) and.the summation is taken over/’s
corresponding to nonzero a.’s. Suppose, again without loss of generality,

li/m I q dp =<li/m I q dr}
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for j’s corresponding to nonzero ai’s. Then

(9.4)

> li/m q dr1r (P) >___ li/m q d, a

-li qd,l.

By (9.3), {u} is norm bounded and, in view of (9.2),

I I I(9.5) li/m ddul=0, li/m sd,l=0, li/m mdu=0.

By weak* compactness of closed balls in C*(A x B), we may extract a weak* convergent
subsequence of {u.} having some limit 9 C*(A x B). In view of (9.5), 7 takes value zero
on d, s, me C(A x B).

Now recall that each z, is a polygonal arc from yo to the closed set F. 5 then is a
generalized curve as the weak* limit of polygonal arcs. A standard argument, involv-
ing examination of particular "exact integrands" establishes that the curve has left
endpoint y0 and right endpoint in F. It follows that

qSy) d b dfl- b(Xo, to), all b CI(A),
where/3 is a concentrated unit measure with support in F. We have shown that 7 is
feasible for the Parametric Problem. It solves the problem in view of (9.4). The
proposition is proved.

By Theorem 6.2, we conclude:
COROLLARY 9.1. There exists a Lipschitz continuous function y(. )=

{(o’), t(o’); 0 _<- o- _<- 1} taking values in A, and a family {u P(B); 0 _-< o- _-< 1} satis-
fying properties (i)-(iii) of Theorem 6.2 such that , C*(A B) defined by

g g((r), t(r), , i) du(, i) dcr

solves problem (P).
10. Proof of the equivalence theorem. We present first of all a "change of

variables" lemma, a slight extension of [14, Lemma 69.1, p. 180].
LEMMA 10.1. Let be given real-valued [unctions t(r), (r), 0 <= o" <= 1, with t(O)

to, t(1)= tx. Suppose that t(. ) is monotone nondecreasing, absolutely continuous and
that (. is Lebesgue measurable, essentially bounded. Write

{or [0, 1][i(o’) 0} and r t(Z).

Then the map r- t(r) carries Lebesgue sets of full measure into Lebesgue sets of full
measure, t(. ) is one-to-one on Y., T is Lebesgue measurable with TI tl-to (1"
denotes Lebesgue measure), and defining (t), to <- <-ta, as

sg’(t)=f(") when t T, t(o’)=

(0 otherwise

we have that (. is essentially bounded, Lebesgue measurable on [to, tl] and

(10.1) (t) dt (o-)i(o-) dcr for any 6" [0, 1].
o

The lemma is proved in Appendix B.
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The crucial steps are taken in the next lemma of translating the "generalized
curve" solution to the Parametric Problem, obtained in 9, into a solution to the
Strong Problem.

LEMMA 10.2. Let {;(cr), t(o’), v; 0<tr=< 1} be a generalized curve solution to the
Parametric Problem (Corollary 9.1). Set to t(0), tl t(1).

We have that {x(t); to<= <- tl}, given by x(t)= (t-l(t)), well-defines an Nn-valued
function and x(. is Lipschitz continuous. Let the subset T of [to, tl] be defined as

T t(E), E {tre [0, 1]li(tr) # 0}.

t( ) is one-to-one on , T is Lebesgue measurable and TI tl- to.
Define t}-- t :[to, tl] C*(F.. ) by

g(2/)i d,(2, i),
(10.2) g() d;,

0

]’or g C*(F). Then, given ], e C([to, tl] F)

-* I ’
is Lebesgue measurable, essentially bounded, and

(10.3)

(10.4)

(10.5)

(10.6)

tT, t=t(o’)

otherwise

;,,P"(F) a.e.t[to, tl],

(t)= I du, a.e. [to, tl],

supp {tVt} c {[ 6 f(x(t), t, fl)} a.e. [to, ta],

Ittll I01Iq(x(t), t, ) dt() dt q((o-), t(r), /i)i d,(, i) do-.
O

Before supplying proof of this result we remark that continuous functions g on
the closed ball

(K, bound on f(A, )) are understood as extended to all of " as

g(x)=g

Notice that the extension so defined is continuous on N" and bounded by
max {[g(2)l Ix e F}. Continuous functions g on A xF are understood as extended to
A xN in similar fashion.

Proof. Observe that

(10.7)
i(tr) -> 0 a.e. tr e [0, 1 ],

I.(o’)1 <=Kli(r)[ a.e. tr [0, 1]

where as usual K is a bound on f(A, f). Indeed, arguing as in the proof of Lemma 8.1,
we have that

supp {,}c {(, i)B[i->_0, if((cr), t(cr), fl)}, a.e. cry[0, 1],
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whence

and

i(o.) I du >= O, a.e. o [0, 1]

[(o.)l I 2dv
K I dye K[i(o.)l, a.e.o, e [0, 1].

o’-- t(o.) is continuous on [0, 1] and.therefore assumes all values in [to, tl]. It follows
that t-l() is nonempty, each [to, tl], so that x(. ) is well-defined (as a set-valued
function on [to, tl]). For o.2 > o.1, write t"= t(o.2), t’= t(o.1). Then by (10.7)

(O.2)--(O.1) [J(O.)] do.<--K Ii()l d

i(o.) do" K(t"- t’),

which establishes that t-- x(t) is single-valued and Lipschitz continuous with constant
K.

Since the Lipschitz continuous function t(o") is monotone nondecreasing, the
asserted properties of the subsets T, E follow directly from Lemma 10.1.

Choose g C(F). With our extension convention (2, i)-- g(2/i) is continuous on
B and bounded by max {lg(2)112 F}. It follows that (10.2)well-defines a C*(F)-
valued function ut on [to, tl].

Now suppose g e C([to, t] x F). (r, , i) g,(t(r), 2/i)i is continuous on [to, hi x
B (again recall the extension convention), so that

o"- I , (t(o.), 2/i)i dye(2, i)

is Lebesgue measurable and essentially bounded.
The function :(. )on [0, 1] defined as

1 I g(t(o"), 2/i)i dv(2, i) when i(o") : 0,
(r)

0 otherwise

is Lebesgue measurable since gi du,,, i(o") are measurable. We see also that on the
subset of full Lebesgue measure I {o" [0, 1][J du i(o")}, (o") is uniformly boun-
ded. We may therefore apply Lemma 10.1 to {t(o"), ’(o-); 0-< o.-< 1}. Notice that

while

(o.)i(o.) I (t(o"), /i)i dye(i, i),

(t) f g(t, 2 dvt, T
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( as in Lemma 10.1). We have
(i) t--> g(t, ) d;t is measurable, essentially bounded on [to, tx] and, by (10.1),

(ii) o g(t(o.), 2/i)i d,(2, i) do" =to g(t, 2) dgtdt for [0, 1].

’t evidently takes values in P(F). Also, since i d,(2, i)= i(o"), a.e. o" [0, 1],
and since the map o.-->t(o.) carries sets of full (Lebesgue) measure into sets of full
measure (Lemma 10.1), we have from the definition of ’t,

dt =- dye(2, i)[r=t-l(t)= 1 a.e. e [to, tl].

This establishes (10.3). Set g(t, J)= 2; then (ii) gives

x("-x(t’= fo do.= Yo y2 d(2, i)do"

for t(6"), [0, 1]. It follows that

2(t)= / 2 dTt a.e.t[to, tx].

This proves (10.4). Next we set g dist {2, f(Y(t), t, f),)} in (ii). This gives

0 Jo J dist {2/i, f((o"), t(o"), f)}i d,do"

dist {2, f(x(t), t, a)} d, dr.

Since takes values in P*(F),

dist {2, f(x(t), t, l))} dt 0, a.e. [to, tl]

and arguing as in the proof of Lemma 8.1, we conclude

supp {;t} {2[2 6 f(x(t), t, )}, a.e. [to, tx].

Thus (10.5) is proved. Finally set g(t, 2)= q(x(t), t, 2) in (ii) to obtain

q((r), t(r), /i)i d,(, i) &r q(x(t), t, ) d;() dr.

This establishes (10.6) and completes the proof.
Proof of Theorem 5.1. We first show that

(10.8) r/(S) >- r/(W) >= r/(P).

Suppose that {txt, xt; to <- <-_ tl} is an admissible pair. Define/x C*(A f) by

g g(x(t), t, u) dx(u) dr,. g e C( x

We omit the simple steps in checking that x is feasible for (W) and

(10.9) dtz= l(x(t), t, u) dlt(u) dt.
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Thus an element, feasible for (S), defines an element, feasible for (W) and the value of
the functional to be minimized is unaltered; the first inequality is proved.

Now let/z be feasible for (W), that is P(A f); there exists/3 pn (F) such
that

and

f ck + ck f dlz I ck dfl ck Xo to), all 4’ C (A)

dist {x, Q} d/x 0.

Take [*(x, t, u)= (x, t,f(x, t, u)) on " " and set 7=/x of,-1. Now define ,
C*(A B) as

I ( 2 1 ) )1/2g -> g x, t,
(2 2 + 1)1/2, (2 2 + 1)2 (2 2 + 1 dr7

for g C(AB). Let us verify that , is feasible for the Parametric Problem. For
4, CI(A)

f (bti + qbd ) dp y (qbt + bx2i ) d I (bt + qbxf) dtx

[ 6 dt- 6(xo, to).
d

Furthermore

I dist {2/i, f(x, t, lq)}i d, I dist {2, fix, t, )} d/7

I dist {fix, t, u), f(x, t, f)} d 0,

I dist {x, O}id,= I dist {x, O}d;= I dist (x, Q} d 0,

I max {-i, O} du= I max {-1, 0} d=O.

This proves feasibility. We note also, in view of the manner in which q is defined

I q(x,t, ic/i)id,= I q(x,t,f(x,t,u))dl

<= I l(x, t, u)dl.

Thus corresponding to an element feasible for (W) is an element feasible for (P)
having not larger cost. We conclude the second inequality in (10.8).

Now consider the pair {x(t), t(t); to -< t-< ta} introduced in Lemma 10.2. Define
p(t), to <= <- tl, as

p(t)= q(xO’), r, ) dd’.
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Then [] ) is an absolutely continuous E"/l-valued function with

d [x](t) f [ 2 ] dTt(2) a.e. [to, tl].(10.10)

Select such that (10.10) holds and furthermore

supp {,}c {xl f(x(t), t, f)},

(in view of Lemma 10.2 such t’s comprise a set of full measure). Suppose for the
moment that t has finite support (this assumption will be removed). Then

d
-d7 p q(x(t), t, f(x(t), t, ui))

for some simplex {Ul, , Uk;al,’’’,

[ f(x(t), t, &) ]og

i q(x(t), t, f(x(t), t,

(with & {u l)ll(x(t), t, u) min {l(x(t), t, v)lf(x(t), t, v)=f(x(t), u)}}

[f(x(t), t, till] by definition ofZ, t, &
q,

(co denotes convex hull). Now, in view of the weak* density of unit measures with

finite support in P(F) and the closedness of co [l’](x(t), t, II)}
dd---7[](t) 6 co [ff](x(t), t, )}

without the restriction that Tt have finite support. By a well-known selection theorem
[14, p. 297], there exists a relaxed control {/xt; to -< -< tl} with

(t)= J f(x(t), t, u) dtxt(u) ! a.e. 6 [to, tl]
/(t) J l(x(t), t, u)dt,t(u)

and, taking note of (10.6), we have

q(Y(r), t(r), i/i)i du q(x(t), t, x) dt(:f) dt

(10.11)

It p(t)dt= It I l(x(t)’ t, u)dtxt(u)dr

x(. ) takes values in Q and has endpoints in {(Xo, to)}F. It follows that
{/zt, X(t); to-< -< tl} is a feasible.pair for the Strong Problem.

But the first integral in (10.11)will be recognized as the value of the Parametric
Problem; since the last integral is the cost of the Strong Problem for this feasible pair,

n (S) =< , (P).
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But then (10.8) implies

(10.12) n(S) /(W) v (P).

Taking {/.tt, x(t); to -< -< tl} a solution to (S), in view of (10.9) and (10.12), we have that
defined by (5.1)solves (W). The theorem is proved.
Comment. Suppose

\f(x, t, u)
e [n+llu e -is convex for each (x, t) Q [t0, T]. Then {/z,; to<-t-<tl} in the final sections of the

proof of Theorem 5.1 may be chosen an ordinary control [14, p. 297]. We conclude
that (under this extra assumption) the Weak Problem has a solution having represen-
tation through an ordinary control, trajectory pair, and that Theorem 5.1 still applies
with the Strong Problem posed over ordinary controls.

Appendix A. Proof of Theorem 6.1. Theorem 6.1 is a refinement of [14, Thm.
86.1, p. 201] and its proof requires introducing terminology and definitions from [14,
p. 194ff.] used in rather informal fashion at the beginning of 6.

As in 6 we take A to be a cube in R n+l, B the surface of the unit ball in Rn+l and
F a compact subset of A. In the present section it will be convenient to diverge from
previous notation and write the operation of u C*(A B) on g C(A B) as (u, g)
(rather than g du). We will need to introduce a number of norms on C*(A B) and
distinguish them in the notation. ]. is the usual "dual" norm. I" I’ and I1" will denote
respectively the "dashed" and "consistent" norms (introduced below).

Given p C*(A B), the restriction of p to elements of the form Cy)( C(A)),
so-called exact integrands, is the boundary of p, and is written 0p.

Elements in P(AB) are termed flows. A polygonal flow is a flow with
representation

ao

with the ai’S positive, and the {yi(o’); 0-<o’-< 1} a finite collection of directed line
segments. If the ai’s take value one and yi(1)= Yi+l(0), i--1, 2,’’’, then the poly-
gonal flow is a polygonal arc. If additionally the yi’s close, then the polygonal flow is a
closed polygonal arc. Boundaries of polygonal flows are called simplicial.

For b the boundary of an element in C*(A B)we write

(m.2) Ibl inf {Ipl(dual norm)[p 6 P*(A x B), b Op}

(any boundary of an element in C*(A B) is also the boundary of a flow, permitting us
to take the infimum over P [14, p. 171]). This defines a norm on the linear space of
boundaries [14, p. 200]. The norm of a simplicial boundary may be taken as given by
(A.2) where now the infimum is taken over polygonal flows [14, p. 200].

For p C*(A B), the consistent norm [[. is now introduced as

Ilpl[ max {Ip[’,

Here [. 1’, the dashed norm, is a norm on C*(AxB) consistent with weak* con-
vergence 14, p. 114ft.].

The completion of the class of polygonal flows with respect to the consistent norm
is termed the class of consistent flows. Consistent boundaries are boundaries of consis-
tent flows.
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LEMMA A.1. Suppose that v P*(A x B) has boundary

Ov &y# -> Ir & dfl qb(Yo)}
for some 6Pn(F), yo A. Then u is a consistent flow. Furthermore, them exists a
sequence ofpolygonal flows {pi} with

Opi Ov (with respect to boundary norm)

where each pi is a unit mixture (i.e., a positive linear combination with coefficients
summing to one) of line segments from yo to F.

Proof. By a standard construction we obtain a sequence of partitions into Borel
sets of the compact set F,

having the property

denotes diameter of Fq).
Pick yq Fq and set

By a well-known result

F F U" U Fu,

E aq6(yq)-/3

weakly* in C*(F).
We introduce the notation s(y, 7)for’the flow defined through the line segment

from y to in A. It is readily verified that, for fixed g C(A B),

Y - Xg(Y)

is a continuous functional. Here Xg(y)= (s(y0, y), g).
Now define the flow p0 by

Po I s(yo, y) dfl(y),

which for our purposes is taken to be the linear functional

g- fr Xg(y dfl (Y )

The functional is evidently positive and bounded, so defines a flow.
We see immediately that p0 has boundary

In other words, with as in the lemma statement, po and have the same boundary.
Now consider the sequence {p} in P(A x B) defined by

p, Z .s(yo, y.).
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Clearly each pi is a unit mixture of segments.
For g e C(A B),

(Pi, g)= i aqXg(Yq) fr Xr,(Y)d(, aq5(yii))

as oe. We have shown that

Xg(y) (p0, g)

(A.3) Pi Po (weakly*).

We now show that Opo-Opi-> 0 (w{th respect to the boundary norm). For the exact
integrand

(Po-Pi, b)) Iv (b(y)-b(yo))d8(y)-(aiicD(yi)-ck(yo))
Iv (6(Y)-6(Yu))dfl(y)=(:i,

ii

where/i is the flow defined by

s(yii, Y)d/3(Y), 1, 2,...
aFii

(we justify this is a flow as in the definition of p0). Let us examine the dual norm of

]/3i] (/3i, 1)= . I_ lYq- Y] dB(y)
I ii

=< max Ir, lY. max IFiI

Afortiori

(A.4) Opo-Op--> 0 (with respect to the boundary norm).

We conclude from (A.3), (A.4) that p0 is the consistent limit of a sequence of
polygonal flows and, as such, is a consistent flow. But then @0, and hence Or, is a
consistent boundary. We conclude that v is a consistent flow (flows with consistent
boundaries are consistent flows [14, Thm. 86.1, p. 201]). Along the way, we have
constructed a sequence of polygonal flows {pi} with the properties required to
complete the proof of the lemma.

Proof of Theorem 6.1. By definition, polygonal flows are dense in the class of
consistent flows (with respect to the consistent norm). We have shown (Lemma A.1)
that u is consistent, and accordingly there exists a sequence {q/} of polygonal flows
such that

qi "-> (with respect to the consistent norm).

The theorem will have been proved if we can exhibit a sequence of polygonal flows {ui}
such that

(A.5) /}i v (with respect.to the consistent norm)

(A.6) 0,i Opi, 1, 2, .
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For then in particular ui will converge to u (weakly*), while (A.6) ensures that each Ui

has the properties asserted in the theorem. (Here the pi are as in Lemma A.1.)
Set

pi cgpi cgqi, 1, 2, .
{p} is a sequence of simplicial boundaries. In view of the definition of norm on the
class of boundaries and foregoing remarks, we may choose polygonal flows r,
1, 2,. , such that

ari--pi,

whence, as the dashed norm is weaker than the dual norm,

But Ip, I- [0p,- aqil- o, since {api}, {oqi} have a common limit. So, taking

12i qi + ri

we have

al/i aqi + (api aqi ) Opi.

We have verified (A.6). Finally

lim b’ lim qi u (limits with respect to the consistent norm)

since Ilri[[- O. This establishes (A.5) and concludes the proof.

Appendix B. Here we prove a number of technical results needed in the main
development. (Recall y () denotes (x, t) ((2, i)).)

Proof ofLemma 7.1. Recalling that f is continuous and f is compact, we see that
D={(x,t, 2)eN2n+ll2 ef(x,t,f)} is compact. It suffices to show therefore that the
function q is continuous on D. For then the continuous function q is bounded on the
closed set D, and may be continuously extended to all of R2n+1 in such a way that it
remains uniformly bounded [4, p. 242].

Let {(xi, ti, i)} be an arbitrary sequence in D converging to (2, , 2). Let {ui} be a
corresponding sequence in lq such that

ui arg min {l(xi, ti, u)li f(xi, ti, U), U

and extract a subsequence such that ui- ti. By the continuity of f then

r, a)).

In view of the definition of q and Condition 5.1, it follows that for the
subsequence

q (Xi, ti, 3i ) min {l (xi, ti, v )lf(xi, ti, ui f(xi, ti, v )}

-> min {I(X, L v)lf(2, r, tT)=/(2, r, v)}

min {1(2, r, v)[)S f(2, , v)} q(2, , ).
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But the original sequence was arbitrary; it follows that

q(xi, ti, )’- q($, r, 2)
for the original sequence. The lemma is proved.

LEMMA B.1. The functions (y, 3))-q(y, /i)lil, (y, )))-dist {2/i, f(y, fl)}lil map-
ping A x B - introduced in 7 are continuous.

Proof. Continuity of the first function is almost immediate; it is continuous off
A x {(2, i)li= 0} by continuity of q, yet if {y, 1)} is a sequence in A x B with t-0,
q(yi, 2i/ii)liil-O (by uniform boundedness of q). Thus the function is continuous on
A x {(2, i)li 0} also, since it takes the value zero on this set.

Consider now the second function:
(a) We show that (p, y)-dist {p, f(y, f)} is continuous on [" xN"/. Indeed let

{(pi, yi)}-(P, y). By compactness of f(f, ), each 37+, we may choose ui’s in
such that

dist {p, f(y, D,)} IP-f(Yg,

Extract a subsequence {(pi, yg, u)} converging to (p, y, ti) for some ti . Let u0 f be
such that

dist {p, f(y, f)} IP-/(Y, Uo)].

By definition of the distance function

(B. 1) [p f(y, u0)[ -< le f(y, ti)]
and

dist {p, f(y, f)} [p-f(y, u)[ =< Ipi-f(y,, u0)l, 1, 2, .
Taking the limit for the subsequence (which is permissible since f is continuous), we
obtain

lim dist {p, f(y, f)} Ip-f(y, a)l_-< ]p -f(y, u0)] dist (p, f(y, f)}.-

By (B.1) then

dist {p, f(y, f)}-> dist {p, f(y, f)}.
But the limit is independent of the particular subsequence; it follows that the original
sequence was convergent, and the function is continuous as stated.

(b) We conclude the proof. By (a), (y, ))->dist {2i/t,f(y, f)}[i[ is continuous off
A x {(2, i)]i 0}. To complete the proof, suppose that {(y, ))}-> (y, (2/, 0)). Choose the
u’s in f, arbitrarily if i 0, and otherwise such that

[(2i/ii)-- f(yi, ui)[ ]ii] dist {(3i/ii), f(yi,

We have for each (with sgn {t} 1 (=- 1) when -> 0 (i < 0))

[(3i/ii)-- f(yi, Ui)[ lii] Isgn {ii}i f(Yi, Ui)]ii[ ].
It follows that

Ii]-Kliil <- dist {3i/ii, f(Yi, f)}li/I -< I/I /
where K bounds f(A, fl). Clearly

dist {(2/i), f(y,, o)}[i,[-
Since 121 1 (recall defining relation for elements in B), the lemma is proved.
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Proof of Lemma 8.1. We show that , has support in {(y, P)lm(y, 3))=0} or
equivalently in {(y, ))lm(y, P)<= 0} since m P(A x B). Write R for the complement of
this second set in A x B and define Re {(y, p)lm(y, )> e}. We have R LI >0 Re, e
rational. It suffices, in view of the sigma-additivity of u, to show that for any :
C(A x B), any e > 0, we have R d, 0. Suppose this were not the case. Then, with a
possible sign change, there exists some sc C(AxB) with R du>0. However,
choosing k sufficiently large

sc(y, )< k le for all (y, 3)) A x B.

Recalling that u P(A B), msP(A B), we have

xB

This contradiction proves the assertion above.
Substituting d for m throughout the foregoing, we have also proved that u has

support in {(y, ))[d(y, 3)) 0}. Combining the two results, we conclude u has support in
{(Y, 3))1 dist {(A/i), f(y, fl)}lil 0, i_>- 0}. But this set may be written {(y, )IA if(y, D),

_-> 0}, and the lemma is proved.
Proof ofLemma 9.1. Since u has the stated representation, du 0. This means

However

whence

Ii id,-Ii (-i) d,=0.
--0 <0

1Imax {-i, 0} du = Iil d.

From (B.2), then,

I dist {(A/i), f(x, t, / 2(g / 1) I max 0} d,

=> f lAI dr+ I lil dr>= ff (IA[2/lil2)1/2 dr= ]vl.

Proof of Lemma 10.1. Let us first prove that, for any Lebesgue measurable set
c [0, 1], t()is Lebesgue measurable and

(B.3) t()[ i() dm

By the monotonicity and absolute continuity of t(), (B.3) holds for all finite unions of
intervals and therefore, by a limiting argument, for any Borel set. Now take an

>= I IA du K I li[ du.

(B.2)

Also

[ dist {(A/i), f(x, t, a)}lil du >_- [ dist {(A/i), {21 [AI--< K}}]il dv
d
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arbitrary Lebesgue subset. Since Lebesgue measure is regular, there exist Borel sets, 6Co such that ,-i C2 C2 ’-0 and [o\6e/[ 0.
But by (B.3)

which implies that t(5o)\t() is a null set. It follows that t(5) A t() is a null set as a
subset of t(5o)\t(5). Thus t(6e) differs from a Borel set by a null set and is therefore
Lebesgue measurable. (B.3) then holds for Se any Lebesgue measurable set by
additivity.

It is clear from (B.3) that t(. carries sets of full measure into sets of full
measure. Also

which establishes that T is of full measure, t(tr) is obviously one-to-one on Y_,.
To test measurability of ’(.), since T is of full measure, it suffices to show that,

for K any interval, T f-)-I(K) is Lebesgue measurable. But

T f’l -I(K) t( f’l :-I(K))

and this is Lebesgue measurable since :-I(K) is Lebesgue measurable under the
assumptions and the property that t(. carries Lebesgue sets into Lebesgue sets. The
subset of [to, tl] on which I(/)[ >ess sup {11} is a subset of t(r[ [(r)[ >ess sup
which is a null set by (B.3). It follows that (. is essentially bounded.

By a well-known change of variables lemma [5, p. 155] applied to the integrable
function s( )we have

(t) at (t(tr))i(tr) dr sc(tr)i(tr) do- s(tr)i(tr) dr.
o

This proves the final assertion of the lemma.
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A NECESSARY AND SUFFICIENT CONDITION FOR OPTIMALITY
OF DYNAMIC PROGRAMMING TYPE, MAKING NO A PRIORI

ASSUMPTIONS ON THE CONTROLS*

RICHARD B. VINTER" AND RICHARD M. LEWIS

Abstract. A well-known sufficient condition for optimality in control theory, given in terms of a
solution to the Bellman partial differential equation, is considered. It is shown that if the equation is relaxed
to inequality, and if the resulting inequality is required to be satisfied only in a limiting sense, then the
condition becomes also necessary for optimality. In contrast to previous results of a similar nature, this is
accomplished without making regularity assumptions about optimal feedback controls. The results here are
obtained through application of convex analysis to the weak version of the control problem studied in a

companion paper.

1. Introduction. In this, the second of two companion papers, we build on our
earlier results [10] to obtain a new necessary and sufficient condition for optimality of
relaxed control trajectory pairs for a wide class of control problems.

Our condition modifies a well-known sufficient condition for optimality, given in
terms of a continuously differentiable solution, b, to the Bellman partial differential
equation (see e.g. [9, p. 192]). Other authors have supplied refinements of the
sufficient condition, with a view to enlarging the class of control problems whose
solutions may be characterized and to obtain necessary conditions of optimality ([1],
and in a slightly different setting [3]). These refinements require continuous differen-
tiability of b only in certain regions. These regions are required to satisfy certain
complicated conditions. In the case that the problem admits a feedback solution, and
that the optimal feedback function has certain regularity properties, the refined
conditions become necessary for optimality. Thus the condition is refined to the point
of becoming necessary for optimality at the cost of greater complexity and a severe a
priori assumption on optimal controls.

Our modification differs from those just described by characterizing optimality
through a sequence of continuously differentiable functions. It is perhaps remarkable
that our condition is both simply stated and, while making no a priori assumptions
about optimal controls (of a synthesizability nature or otherwise), is necessary as well
as sufficient for optimality. We permit general relaxed controls, and consequently
waive convexity assumptions. The cost function and dynamics are required merely to
be continuous.

The main result of the companion paper [10] was to establish equivalence
between a control problem and a related "weak" problem. The weak problem is a
convex mathematical programming problem. The new optimality condition is
obtained by setting up the Fenchel dual of this weak problem, and establishing that
the values of the two problems coincide. In the use of convex analysis, the
methodology here is strongly reminiscent of L. C. Young’s generalization of
"Huygen’s variational algorithm" in the specialized setting of parametric problems
in the calculus of variations; indeed our findings provide something of a control
counterpart of [11, Thm. 86.3, p. 202].

As is customary when duality ideas are brought to bear, we recover as subsidiary
results lower bounds on the value of the optimization problem as well as fresh
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" Department of Computing and Control, Imperial College of Science and Technology, London SW7
2BZ, England.

Department of Computing and Control, Imperial College of Science and Technology, London,
England. Now at School of Mathematics, University of Bath, Bath BA2 7AY, England.
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interpretations of earlier results. The earlier sufficient condition will be seen to
correspond to existence of a solution to a dual problem in a certain subset of the
feasible region.

We point out that characterization of optimal controls resembling that given here
to the extent that it is given through a sequence of continuously differentiable bi’s
underlies results in [2], [4], though with reference to a different class of control
problems. These results differ in spirit from our own in that the bi’s are smooth
solutions of a family of perturbed Bellman equations, rather than a single partial
differential inequality as here.

A familiarity with the technical details of [10] is not presupposed. The main
equivalence theorem of [10] is q.uoted; otherwise the present paper is largely self-
contained.

2. Preliminaries. We adhere to the notation and terminology of [10]. C(S) is the
Banach space of continuous (real-valued) functions on S with the sup norm (for $ a
compact space). In the case that ScNk, CI(S) is the subset of C(S) comprising
restrictions of continuously differentiable functions on [k to $. C*(S) denotes the
(normed) dual of C(S). We do not distinguish between elements/x in C*(S) and the
(signed) Radon measures that represent them, writing

g-- I g dl
for the action of on g C(S). P(S) is the usual closed positive cone in C(S), and
P(S) is its positive polar cone in C*(S). P’ (S) denotes points in P*(S) of unit norm.

denotes norm: the Euclidean norm in the case of Ek, and the dual norm in the case
of C*(S). Let be given

Q, cR";

[to, T] withT>to;

FQ[to, T], Xo;

(x, t, u)-)l(x, t, u): [] n+l+m’-’) [l

(x, t, u)"f(x, t, u):

We assume:
(i) Q, f are compact; I, f are continuous.
(ii) A denotes a cube in R,+I containing Q [to, T].
We need to impose additionally the technical condition introduced in 5 of [10]:
Condition 2.1. The function

(x, t, u)->min { (x, t, v )lf(x, t, u f(x, t, v)}:

is continuous.
Relaxed controls {/xt; to<=t-<tl}, [to, tl]C[to, T] are C*(fl)-valued functions

satisfying
(i)./xt Pn(fl) a.e. [to, tl],
(ii) t-> g(t, u) dlxt(u) is (Lebesgue) measurable for each g 6 C(fl x [to, t]).
Ordinary controls (measurable O-valued functions) are embedded in the class of

relaxed controls in an obvious way.
Admissible (control trajectory) pairs are couples {/xt, x(t); to -< -< tl} of relaxed

controls {/xt; to<=t<=ta} and absolutely continuous n-valued functions {x(t); tO<-_t<=



OPTIMALITY OF DYNAMIC PROGRAMMING TYPE 573

tl} satisfying: x(t) Q for all t [to, tl]; dx(t)/dt=f(x(t), t, u)dtxt(u), a.e. t [to, tl];
and the endpoint conditions X(to)= Xo, (x(tl), tl) 1-’. Existence of an admissible pair is
assumed.

The control problem (the Strong Problem) may now be stated:

Minimize l(x(t), t, u) dtzt(u) dt

(s)
over admissible pairs {tzt, x(t); to_-< =< tx}.

This is the Strong Problem introduced in [10].
Condition 2.1 is introduced to assure equivalence of the Strong Problem and its

weak formulation as given in [10] and restated below. Recall that the condition is met
if either

(i) u -f(x, t, u)is injective for all (x, t) A, or
(ii) there exists g C(A n) such that

l(x, t, u)= g(x, t, f(x, t, u)) for all (x, t, u) A f.

Finally we define the reachable set

Y {(x(t), t)"+[t[to, T]; {m, x(s); toS<=ta}, t<-tx},

is an admissible pair (except we do not require (x(h), tl) F)}. is a closed subset of
[n+l, as may be deduced from results in [6].

Evidently the class of admissible pairs {txt, x(t);to<-t<-tx} is unaltered by
strengthening the endpoint constraint to

X(to) to, (X (tl), tl) r i"].

3. Sufficient conditions for optimality and refinements. Let {/xt, x(t); to -< _-</1}
be an admissible pair. Suppose that there exists some & CI(A)with the following
properties:

(3.1) (i)

(3.2) (ii)

qbt(x, t)+ max {bx(x, t)f(x, t, u)- l(x, t, u)} 0, all (x, t) Q [to, T],

b(x, t)= 0, all (x, t) F;

dt(x(t), t)+ / {bx(x(t), t)f(x(t), t, u)-l(x(t), t, u)} dtxt(u)= 0,
.i a.e. [to, T];

then {tzt, x(t), to_-< t_-< tl} solves the Strong Problem. Indeed let {gt, (t); to_-< t_< ’1} be
any admissible pair. t-c(Y(t),t) is Lipschitz continuous and may be expressed
through the integral of its derivative to give

b(Xo, to) ) (.(’1),/’1)- )(Xo, to)

=Itil{qb((t),t)+I qb((t),t)f((t),t,u)dlY,t(u)}dt
<-- l((t), t, u) d/xt(a) dt

o

(we have used (3.1)).
On the other hand, in view of (3.2),

-b(Xo, to) l(x(t), t, u)dut(u)dt.
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These two assertions amount to a statement that {txt, x(t); to=<t<=tl} is a solution to
the Strong Problem.

We have in fact enunciated a sufficient condition for optimality very similar to, for
example, [1, p. 339] or [9, p. 192].

This sufficient condition admits certain refinements. Firstly in (3.1) we may relax
the partial differential equation to inequality; the boundary condition too may be
relaxed to inequality and be required to apply only on F 71 R; thus

max {b,,t- l} <= O, all (x, t) 0 x [to, T],

& (x, t) ->_ O, /dl (x, t) F f’) R.

Secondly, we may state the condition, not in terms of some & CI(A) satisfying
(3.1)’, but rather through a sequence of &i’s in CI(A) satisfying (3.1)’. Namely we
require of the admissible pair {txt, x(t); to=< t-< tl}

li {t--(&(x(t), t)+ I {O:(x(t), t)f(x(t), t, u)-l(x(t), t, u)} d/xt(u))} 0

(strong L (to, tl) limit),

pi(X(tl), tl)--’>0, as i-*oo.

Simple verification that any admissible pair satisfying (3.2)’ solves the problem is
omitted.

A desire to enlarge the class of control problems having solutions characterized
through conditions similar to (3.1), (3.2) motivates these refinements. The main
results of this paper is that (3.1)’, (3.2)’ in a sense provide the ultimate refinement, for
these conditions are also necessary for optimality.

4. The main results.
THEOREM 4.1. The Strong Problem has a solution. There exists a sequence {& i} in

CI(A) such that

&t(x, t)+sup {&x(X, t)f(x, t, u)- l(x, t, u)} =< 0, (x, t)6 O x [to, T],

&i(x, t)>=O, all (x, t)Ff’)N,

for 1, 2,..., and having the property: the admissible pair {/x,, x(t); to<= =< tx} solves
the control problem if and only if

li/m It-. (&(x(t), t)+ I {&(x(t), t)f(x(t)t, u)-l(x(t), t, u)} d(u)) } 0

(strong limit in Ll(to, h)),

lim&i(x(t),h)=O.

In addition we provide the following new, tight lower bound on the value rt (S) of
the Strong Problem.

THEOREM 4.2.

r/(S) sup {- &(Xo, to)}
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where the supremum is taken over 4) C1(A) such that

4,(x, t)+max {4x(x, t)f(x, t, u)-l(x, t, u)}<-_ 0,

b (x, t) >_- 0, all (x, t) 1" G iR.

(x, t) Q [to, T],

It is crucial for the above results that we admit relaxed controls. Indeed no
sequence {(bi} exists characterizing optimal controls (and trajectories) as in Theorem
4.1 over the class of ordinary controls when the minimum cost over ordinary controls
is achieved and is strictly greater than the minimum cost over relaxed controls; with
the endpoint constraints considered here, this may easily occur.

Characterization of optimal controls through a smooth solution to the Bellman
equation ( 3) assumed to exist, is actually supplied for a whole family of control
problems parametrized by the initial condition (x0, to). In contrast, the sequence {4i}
in Theorem 4.1 characterizes solutions for a particular initial condition. Notice
however that characterization is supplied here even in the case that the domain of the
value function (that is, the minimum cost as a function of the initial condition) has
empty interior. We observe also that, for the particular initial condition, the charac-
terization is of all solutions.

5. The Weak Problem and its formulation as a Fenchel problem. Corresponding
to the Strong Problem (S) of 2 we introduce the Weak Problem as in [10, 4]:

|ldx overxMinimize
(W)

subject to tx P(A x

Here

J//= {/x C*(A x D.)]there exists/3 Pn(F N)s.t. f(c/)t+$xf)dtx= f$ dB

-$(Xo, to), all $ e CI(A) }
l{x]f dist{x,O}dtx=O}

(dist{x, Q} denotes Euclidean distance from x [n to the set O Nn). Notice that the
"target set" in the Strong Problem has been taken as F N rather than F (recall the
concluding remarks of 2).

Problem (W) represents a weakening of the constraints on the Strong Problem.
Indeed feasible elements for (S), that is admissible pairs {/zt, x(t); to -< -< tl}, define
feasible elements/x for (W); thus

(5.1) g g(x(t), t, u) dtxt(u) dt

and

l(x(t), t, u) dlxt(u) dt

Define the U + oe}-valued function p on C*(A x) as

pox)= {I+ldu otherwiseiflgl<--(r-t)’xeP*(Axf)’
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and the O {- ee}-valued function q on C*(A x O.) as

q(/x)
0 /z

! -00 otherwise.

We have
LEMMA 5.1. Equip C*(A x f) with the weak* topology. Then p is lower semicon-

tinuous, convex, and q is upper semicontinuous, concave with

(5.2) {/x C*(A x D.)lp (/x) :
Proof. Let/x be feasible for (W). Taking b(x, t)= t, we see that

I/x] I1 d/x I tdfl-to (for some fl Pn(Ff3 )),

<-(T-to).

Thus we do not augment the constraints on the Weak Problem by imposing the
additional constraints [tx[-<(T-to). It follows that z C*(Af) is feasible for the
Weak Problem if and only if p(/x)-q(tz)< 00 and that, given/x feasible for the Weak
Problem,

I ldlx=p(Ix)-q(lz).

However there is an element feasible for the Weak Problem, given by the admissible
control trajectory pair, whose existence is assumed, through the embedding (5.1).
Condition (5.2) is proved.

Next we show that is weak* closed in C*(A x 12). Let {lp[p D} be a general-
ized sequence in converging in the weak* topology to/x0 e C*(A x 12). Evoking the
axiom of choice, we have a corresponding generalized sequence {/3pl p D
(D, the partially ordered set above). But Pn(F (’ll) is weak* compact, so {/3p} has a
weak* cluster point/30 P" [F f3 I].

Fix beC(A). Then, for given e>0 there exists pD with
P"(Ff3) lying in the neighborhoods {/x[ +bf) d(/z -/xo)[<e/2}, {ill 1 qbd(fl-
flo)l<e/2 respectively. It follows that to)l=
II(qbt + cbxf) d(Ixo- tZp)- cbd(flo- /3p)l < e. Evidently then

t + &,f) dtzo I q dflo- b (x0, to),

and this relation holds for all b CI(A). Since dist {x, Q} d/xo=0.(dist {/3, O} is
continuous on A), it follows that M is weak* closed in C*(A x

Thus q on its effective domain (points at which it is finite valued) is the restriction
of a linear function, continuous with respect to the weak* topology, to a weak* closed,
convex subset of C*(A x O.); likewise for p, since as is well known {/zl [/zl <--T- to} and
therefore <_- T- to} 0 ((q gP(Aa) {/x II g d/x _>- 0}) <_- T to} (’l P(A
is weak* closed. It is now a simple matter to show that q is convex, lower semicon-
tinuous, and that p is concave, upper semicontinuous.

Actually we have additionally shown:
PROPOSITION 5.1. If tx is feasible for the Weak Problem (and such a feasible

element exists), then

ritz p(lx)- q(tx).

Otherwise p (Ix)- q (Ix) + 00.
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Thus we may treat the Weak Problem as that of minimizing (p-q)(/.) over
C*(A D).
The main result of [10] may now be written as

THEOREM 5.1.

r/(S) inf {(p q)(z)l/x C*(A x D.)}

(r/(S), the value of the Strong Problem).

6. Computation of the dual functionais. C(A lq) with the topology of uniform
convergence, and C*(A f) with the weak* topology are topological linear spaces in
duality. It is natural therefore to introduce the dual functions p*, q* on C(A f),

P*(sc) sup/I sCdP" -P(/X)I/x C*(Ax f)}
q*(sc)= inf {f d/z-q(/x)]z C*(A x lq)}

for : C(A x D.).
We now give more explicit representation of these dual functions. Here and

subsequently we write g/ C(A x f), given g 6 C(A x f), for the function

+ { g(x, t, u) when g(x, t, u)>=O,
g (x, t, u)=

0 otherwise.

We also abbreviate the element dist {x, Q} in C*(A x f) as d. Fr denotes F (q [. It will
sometimes be convenient to write pairs (x, t) in Rn+a as y. In particular y0 denotes
(xo, to).

PROPOSITION 6.1. For s C(A 12)

p*(:) max {(:(x, t, u)-l(x, t, u))+[(x, t, u) AEI}. (T-to).

If we define

W { C(A f)[sC(x, t, u)= ,(x, t)+ Cx(x, t)f(x, t, u)+ a dist {x, O},

for some C (A), a R},

then

q*(sc)]</- foreclosure {W},
-o otherwise,

and given sequences {i} and {a i} in Ca(A), , respectively, such that

(x, t, u) lim {,(x, t)+ Ct(x, t)f(x, t, u)+ a dist {x, O}}

(strong limit in C(A )) exists, then q*() is well-defined as

q*(sC)=li/rn min i(x,t)-i(xo, to)}.
(x,
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Proof.
P*(sc)= sup If (-l)dtzltz P(A D.), ]tz[ <- T-to}

-<max {(-/)+(x, t, u)l(x, t, u)6AD.}. (T-to) I (-l)dlzo-<p*().

Here, tzo 0 if sc- l_-< 0; otherwise tzoe P(A x D.) has support in the nonempty set
arg max (-/), and is such that 1 dtzo T-to. This deals with p*.

We now turn to q*. For s e C(Ax), q*() is the infimum of Id over the
(nonempty) set

C*(A x )[there exists 3 P" (Fr)subject to [ {t + $xf} d

Take W. Then t+ff+d, for some C() some . We have

q*() inf {f d}-(yo)
where the infimum is over 3, the subset of pn (Fr) comprising elements corresponding
to which there exist tz C*(A lq) such that

j- (6, + qbxf) dlx =,f 6d qb (yo) for all 6 c l(/llk),
(6.1)

I ddx =0.

Evidently,

where/30 is a unit measure concentrated at a point y minimizing b over F Yl . But
/30 Y3 since Y ; indeed a/z satisfying (6.1), for/3 =/30, is given by an admissible
control trajectory pair with endpoints (yo, Y l) under the embedding (5.1).

We have then that

q*(sc)( f cdflo-(yo))=min b(y)- b(yo)
yF

for q bt + Cxf+ ad, b 6 C 1(!k), a .
q* has been characterized on W. Let us now examine q* on the complement of

W, the closure of W. Choose scg W. Then there is a closed hyperplane strictly
separating sr and the subspace W, that is, there exists fi 6 C*(A 1) with

dg=0, scoW,

[8, p. 186]. Choose Ix e (such an element exists by assumption). We readily check
that, for any real a,/x +aft e. But sCd(tz +a) may then be taken arbitrarily
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negative by appropriate choice of a. We have shown that

q*(:) -00, :dW.

It remains to examine the case when : e W. Let

i._> (strongly in C(A ))

with

1, 2,.... We have shown that

q*(:’) min
yFr

Let Yi achieve the minimum of i over Fr and let {/xi} be a sequence in C*(A fi)
defined through admissible pairs with right endpoints yi via the embedding. We have
then

q,(i) i(yi)_ el(No) I (i(6.2)

Now admissible pairs define elements in C*(A f) which are uniformly bounded in
the dual norm. By extracting a subsequence therefore, we can arrange that

/xi- o (weakly*)

for some e C*(A x ). Since /is weak* closed ( 5), poe.
Recalling that :i converges strongly to :, we have, for the subsequence,

and from (6.2)

i dt.zi -> I dtzo,

lim q*((’)= I dtxo.

But q*, as a concave conjugate functional, is upper semicontinuous so that q*()->
: d/zo. However, as we have observed,/zo //. Since q(:) is the infimum of :d over
/x 6 /, q*(:)<= d/o. It follows that, for the subsequence,

(6.3) q*(’)= I sOd/x: li/m {min i(Y)-- i(yo)}"
yF,

The limit is independent of the particular subsequence whence (6.3) applies for the
original sequence. The proposition is proved.

7. The Fenehei dual problem. The Fenchel dual of the Weak Problem (making
identifications of p and q as in 5) is given by

Maximize q *(:) F*(sc)
(D)

over C(A x ).

The following proposition gives a useful characterization of the value (D) of the
Dual Problem.

PROPOSITION 7.1.

r/(D) sup { (Xo, to)}
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where the supremum is taken over 4 CI(A) such that

ct(x,t)+4x(x,t)f(x,t,u)-l(x,t,u)<=O, (x,t,u)6O[to, T]f,

(Xl, tl)>= 0, (X1, tx)

Proof. In view of Proposition 6.1,

r/(D) sup {(q*- P*)(:)I C(A )}

=sup {.(b, a)l(4, a) cl(/) X []}
where

(7.1) (4,a)=minb(y)-c(yo)-(T-to). max{(ct+dpxf+ad-l)+lAxO}.
yF

(Notice that we use the continuity of the map max {+[A }: C(A ) to
justify takin the supremum here over W (W as in Proposition 6.1), rather than over
its closure.)

Let us write

m,(x, t, u) min (y)-(yo)-(T-to)" (+f+ad-l)+(x, t, u)
yFr

for (x, t, u) A x , so that

(, a) min {m6. [Ax }.
Evidently, a f(, a) is monotone nonincreasing, and we conclude that

sup lim e(, a)l C1().J(7.2)

For e 0, define

G ={(x, t, u) A[dist {x, O}e}

and G its complement in A . For arbitrary a

(7.3) (, a) min {m,o[Go}
because Go=A (d=0 on Go=O[to, T]). For e>0 and a
-(1 /e ). max {(, + ff-/)+A } however

(, a)= min {min {m,]G}, min {m,[}}
min {m,]G}

min {m,o]G}.
By the uniform continuity of the continuous function (x, t, u) m,o(X, t, u) on the
compact set A

min {m,o]G} min {m,o]Oo}
as e 0+. It follows that

lim (b, a)->min {m6,olGo}

whence, by (7.3)

lim (4, a)= min {m6,olGo}.
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By (7.2) then

where

r/(D) sup {z(b)14) CI(A)}

z(b) min b(y)- b(yo)- (T- to) max {(,+ckff-l)+lO[to, T] D.}.
yEFr

For given 4 CI(A), define as

4; (x, t) (x, t) min (x, t) for (x, t) A,
(x,t)EFr

where

4,(x, t)= 4(x, t)-max {(t + xf-/)+10 [to, T] D.}. (t- to),

We readily check that

and

(x, t)A.

It follows that

However, given b 6e, b defined by

satisfies

We conclude

4(x, t)= b(x, t)-min b(y)

-(Xo, to)->- -b(Xo, to), d V3 blmin b(y) 0}.
yFr

r/(D) sup {- 6(Xo, to) 6
This proves the proposition.

8. Proof of the main results.
PROPOSITION 8.1.

r/(W) r/(D).

Proof. We have shown that the Weak Problem may be formulated as

minimize pox)- q(x) over u

where p, q are respectively convex lower semicontinuous, concave upper semicon-
tinuous. Further the dual function p* has been computed as p*(:)=
max {(sc- I)+]A x }. (T- to), for " 6 C(A x f). We notice that this function is finite
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valued on C(Axf) and everywhere continuous (with respect to the topology of
uniform convergence). The dual function q* does not take value -oe everywhere on
its domain. It follows that q* is finite at some point in its domain where p* is
continuous. This implies that the values of the Weak and the Dual Problems coincide
[7].

Proof of Theorems 4:1 and 4.2. We have from Propositions 7.1, 8.1

rt (W)= sup {- b (Xo, to)[b e cl(/k) subject to b, + bxf- <_- 0 on

O x [to, T] xf and b(Xl, tl)=>0, (Xl, tl) Ff3N}.

However the values of the Strong Problem and the Weak Problem coincide (Theorem
5.1). Theorem 4.2 is proved.

Turning to Theorem 4.1, the Strong Problem has a solution [10]. To prove the
rest of the theorem, suppose that {b i} is a sequence in CI(A,) such that

) t(X, t)-[-(x(X, t)f(X, t, u)<= O,

(i(Xl, tl)=>O, (Xl, tl) 1-" (’] , (x,t,u)6O[to, T] x f,

and

r/(S) lim { (i(xo, to)}.

Existence of such a sequence follows from Theorem 4.2.
First let {txt, x(t):to<-_t<-tl} be an admissible pair solving the Control Problem.

Then

tl

r/(S) l(x(t), t, u) dlt(u) dt= lim {-bi(xo, to)}.

However because of the properties of admissible pairs,

i(x(tl), tl)-g)i(Xo, to)

(x(t), t)+ {b(x(t), t)f(x(t), t, u)} d/xt(u) dt, i=1,2,....

It follows that

li/m --i(X(tl) tl)+ q{(X(t), t)

But i (X(tl), tl)O and the integrands are everywhere nonpositive. In consequence

i(x(tl),tl)O,
t- I (4)+ 4)iff l)(x(t), t, u) dtx,(u)} - O (strongly in Ll(to, tl))
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Conversely, if an admissible pair {/.Z, Y(t); to -< t=< tl} satisfies the conditions of
Theorem 4.1, then

Ittl l l(Y(t), t, u) dlt(u) dt

li qb((t), t)+ Cx((t), t) f((t), t, u) dl2t(u) dt

lim {b’(X(tl), tl)-b" (Xo, to)} lim {-b’(x0, to)} r/(S).

Thus {/xt, x(t); to<=t<=tl} solves the Strong Problem and the theorem is proved.

9. Some concluding remarks. The simple sufficient condition of 3 (relaxing the
partial differential equation (3.1) to the partial differential inequality (3.1)’) may be
seen to apply to the special situation where the dual problem has a solution in the
subspace 7g" comprising (’s expressible as b, + bxf for some continuously differen-
tiable b. The "effective domain" of the dual proble/n is the closure of this subspace.
This situation is special indeed, for we cannot guarantee that the dual problem even
has a solution, let alone a solution in the subset

Under the further assumption that

\f(x, t, u)
ff’+ lu n

is convex, for each (x, t)6 O [t0, T], Theorem 4.1 applies for the Strong Problem
posed over ordinary control, trajectory pairs. Theorem 4.1 is a consequence of the
equivalence of the Strong and the Weak Problems and such equivalence also applies
with reference to ordinary controls under the extra assumption [10, 10].

For discussion of extensions of the results reported here to allow terminal costs,
explicit state constraints, etc., we refer to [5].

REFERENCES

[1] V. G. BOLTYANSKI, Sufficient conditions for optimality and the justification of the dynamic pro-
gramming method, this Journal (1966), pp. 326-361.

[2] T. F. BRIDGLAND, On the problem of approximate synthesis of optimal controls, this Journal (1967),
pp. 326-344.

[3] W. H. FLEMING AND R. W. RISHEL, Deterministic and Stochastic Optimal Control, Springer-Verlag,
New York, 1975.

[4] H. HERMES, The equivalence and approximation ofoptimal control problems, J. Differential Equations,
(1965), pp. 409-426.

[5] R. M. LEWIS, Problem Equivalence and Necessary Conditions of Dynamic Programming Type in
Optimal Control, Ph.D. thesis, Imperial College, London, 1977.

[6] E. J. MCSHANE, Relaxed controls and variational problems, this Journal (1967), pp. 438-485.
[7] R. T. ROCKAr:EItAR, Extensions of Fenchel’s duality theory ]’or convex functions, Duke Math J., 33

(1966), pp. 81-89.
[8] A. E. TAYLOR, Introduction to Functional Analysis, John Wiley, New York, 1958.
[9] P. P. VARAIYA, Notes on Optimization, Van Nostrand Reinhold, New York, 1972.

[10] R. n. WINTER AND R. M. LEWIS, The equivalence ofstrong and weak formulations ]:or certain problems
in optimal control, this Journal, 16 (1978), pp. 546-570.

[11] L. C. YOUNG, Lectures on the Calculus of Variations and Optimal Control Theory, W. ,B. Saunders,
Philadelphia, 1969.



SIAM J. CONTROL AND OPTIMIZATION
Vol. 16, No. 4, July 1978

Society for Industrial and Applied Mathematics

0363-0129/78/1604-0005 $1.00/0

A DISTRIBUTED FILTER DERIVATION
WITHOUT RICCATI EQUATIONS*

JON H. DAVIS?

Abstract. A Wiener-Hopf based solution of the stationary distributed Kalman-Bucy filtering problem
is presented. We derive an explicit representation for the optimal filter gains, from which both optimality
and stability of the resulting filter follow. The derivation is concise, and avoids entirely consideration of the

distributed Riccati equation.

1. Introduction. This paper considers "frequency domain" methods for the
derivation of Kalman-Bucy filters for a certain class of distributed systems.

These methods lead (as expected) to the usual form for the optimal filter. The
derivation, however, is quite short, and avoids entirely any consideration of a "dis-
tributed Riccati equation", or related operator valued differential equations. We
proceed instead from an explicit formula for the feedback gains of the optimal filter.
Under the usual [1], [2] assumptions of finite dimensionality of the observation space,
this requires calculation only of the "vectors" corresponding to the optimal gains.

Our interest in this approach arose from experience with a "dual problem"
involving a distributed least-squares controller [3]. The frequency domain calculation
used in [3] was found computationally efficient, while a Riccati equation truncation
method proved numerically difficult to handle. The optimal gain representation used
below is the result "dual" to that presented in [3]. Both results are motivated by the
work presented in [4, 26], and [5].

We consider the stationary estimation problem below. This is motivated largely
by the possibility of explicit frequency domain calculations for various distributed
systems, and the availability of algorithms for numerical spectral factorization [6].

2. Basic problem formulation. We consider a stationary estimation problem for
the It6 evolution equations [1], [2]

dxt Ax, dt +B dwi(t),
(1)

dzt Cxtdt + dwo(t), > -oo.

Here A represents the infinitesimal generator of a strictly stable strongly continuous
semi-group {St} of class Co in a separable Hilbert space H, with resolvent operator
R(.; A);

IIS, II--< Me -wt, for some w > 0.

We assume that B is a bounded linear operator from the separable Hilbert space H/to
H; {wi(t)} is an Hi-valued Wiener process [1] with (trace class)covariance operator Q.
C is a bounded linear operator from the Hilbert space H to the finite dimensional
Hilbert space H0.

Our standing assumptions are that the noise increments are independent, of mean
zero, and independent of past (and current) values of the state.

We consider the stationary estimation problem. Alternative formulations are to
consider (1) for > 0, and specify the "steady state" covariance operator as the initial

* Received by the editors July 6, 1977, and in revised form November 10, 1977.

" Department of Mathematics, Queen’s University, Kingston, Canada K7L 3N6.
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state covariance, or to specify the state directly as (the weak solution)

(2)
X*Xt I- x*St-.n dwi(’r)

lim x*St-.B dwi(’r),
tO’-> to

for each bounded linear functional x*.
We assume that the observation noise is full rank. Without loss of generality, we

take the incremental covariance of the observation noise as the identity operator on
Ho.

We seek the best linear estimate of the current state in the form of a mean-square
convergent integral

(3) , T(t-r) dz(r).

More specifically, we seek a weighting pattern (operator valued, from H0 to H;
hence effectively vector valued) such that

(4) IIT(t)ll

while for each bounded linear functional x*

E{[x*(x,-,)lz}
is minimized.

This, of course, is essentially the standard Wiener filtering problem, with the
assumption of an underlying Hilbert state space model generating the observed
process. By the standard arguments, then, we conclude that the optimal weighting
pattern must satisfy the classical Wiener-Hopf equation

(5) x*T(r)+x*[T,Ryy(r)]=x*R,,y(r), ’->0, for all x*H*.

(6)

In the above, Ryy(. ) is the output correlation, with Fourier transform

Syy(w) CR(iw; A)BQB*(R(iw; A))*C*;

x*R,y(. ) is the estimate-output cross correlation, with Fourier transform

(7) x*Sxy (w) x*R (iw A)BQB*(R (iw A))* C*.

Our assumptions suffice to guarantee that a matrix representation of the obser-
vation power spectral density operator possesses a spectral factorization

(8) I + S,y (o) F+(w)F-(w).
This follows from [7], once one establishes that the matrix elements in the represen-
tation are Fourier transforms of integrable functions. From the assumption that A
generates a stable semi-group, it follows that for y H0, v H, the scalar valued
function

y*Stt, >= O,
belongs to LI(0, ), with norm estimate

(9) Ily*,vll <Mllyll
W
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Hence its Fourier transform

y*R(iw;A)v
belongs to/21.

Since 0 is a trace class operator, BOB* has a spectral representation

(10) BOB*=
i=1

with Yi= 1Ai < oo. From these estimates it follows easily that (for each y Ho)

y*CR (iw A)BQB*[R (iw A)]*C*y

is the transform of an Ll(- co, oo) function.
From the usual method of solution of the Wiener-Hopf equation (5), it follows at

once that the (Fourier transform of the) optimal weighting pattern is given by

(11 x* l#(o P+{x*Sy(w )IF-(w)]-1}[F+(w )]-1.
In the above, the operator P+ represents projection onto functions of positive

support.
Of course, the advantage of the Kalman-Bucy approach over the classical Wiener

approach to this problem is that an automatic synthesis of the optimal filter is provided
by the former. That is, we expect that the optimal filter has a realization of the form

(12) d2 A2 dt + [PoC*l(dz -C2 dt).

We derive the above equation, however, without the introduction of a Ricatti equa-
tion for the error covariance. Our derivation is based on the classical spectral
factorization approach, and provides an algorithm for the direct computation of the
quantity represented as [PoC*], the filter gains. This approach bypasses the theoreti-
cal and computational difficulties associated with finite dimensional approximations to
a Riccati operator.

From the fact that the steady state solution to the Riccati equation is expected to
satisfy

(13) APoo + PooA * PooC*CPoo BOB*,

and using a method parallel to that of [3] (and having roots in [4, 26]) we produce an
integral representation for the required filter gains. This produces an expression of the
form

(14) [PC*I - R(iw; A)BOB*[R(iw; A)I*C*[F-(w)]-’ do.

Here F-(w) denotes the (anti-causal) factor of the power spectral density factorization

(15) I + CR (iw; A)BOB*[R (iw A)]*C* F+(w )F-(w ).

The Riccati equation (13)should be regarded only as an heuristic guide to the
derivation of (14). The right side of equation (14) is to be regarded as defining
(initially) a bounded linear mapping H0-H of (under our hypotheses) finite dimen-
sional range.

It remains to show, first, that the indicated integral in (14) is convergent, so that
the filter gains are well defined. It is further required to show that the filter (12) is
stable, and finally that the process generated by the filter is in fact an optimal estimate
of the state in the usual sense.
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3. Proof of the main result.
LEMMA 1. Suppose that the hypotheses of 1 hold, and that the finite dimensional

operator C has the form
p

(16) C= Y y;h*,..
/=1

Then the integral

(17) [PC*] - R(iw;A)BOB*[R(io;A)IC*[F-(o))]-1 do

is a strongly convergent operator-alued integral Ho --> Ha.
Remarks. Since H0 is a finite dimensional space, the above is essentially a vector

H-valued integral. As a practical matter, it is convenient in many cases to evaluate the
above as a Pettis integral. In the case of existence of a complete set of eigenvectors
associated with an A with compact resolvent, this leads naturally to evaluation of the
indicated integral by residues.

Proof. It is required to show the convergence of

(18) [PC*] y -- R(io;A)BOB*[R(ioo;A)]*C*[F-(o))]-ydoo,

where the H-valued integral on the right is convergent in the Bochner sense.
From the assumption of exponential decay of the semi-group generated by A we

obtain the estimates

and

(20) Iv,’[e(. A)]*hl

Using the spectral representation of BQB* we obtain the estimates

IIg (i,,; A)BQB*[R (ioo; A)]*C*[F-(o)

<-- AillR(io); A)vi[l IIv[R(ioo A)]*C*[F-I(oo)]-lyll
i=1

p

<- Y Aille(ioo; A)vill Y Ivi[e(ioo; A)]*hy[F-(o)]-y]
i=l

(21) _-<g llR(io;A)vll" 2 I;[R(io;A)l*h;

which show integrability of the norm, (using the Schwarz inequality).
LMMa 2. Let the optimal [eedback gain operator" [PC*] be defined as in

Lemma 1. Then the closed operatorA A [PC*]Cgeneraws an exponentially stable
semi-group in H.

Pro@ To establish the stability of the semi-group, we consider the abstract
differential equation

dx
(22) d {A -[PC*]CIx,
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with [PC*] the bounded operator defined by (14) above. From the usual pertur-
bation theory for semi-group generators, it follows that

a -[PC*]C
is a semi-group generator, and that the resolvents satisfy the relation [8]

(23) R(s; A-[PC*]C)= R(s; A)-R(s; A)]PC*]C. R(s; A-[PoC*]C).

Consequently, it follows that for an arbitrary Xo6 H, the unique solution to the
Cauchy problem

dx
(24) d--- {A-[PoC*]C}x, lim x(t)= Xo

t-0

satisfies the integral equation

(25) x(t) Stxo- St-,[PC*ICx(r) dr, > O,

where {S,} is the semi-group generated by A.
The "filter output" therefore satisfies the Volterra integral equation

(26) Cx(t) CStxo- Jo CSt_,[PC*]Cx(r) dr, > O,

in the finite dimensional Hilbert space Ho.
Assume for the moment that (26) (as will be shown below) has a unique square

integrable solution. Since we have assumed strict stability of the semi-group St, the
existence of a square-integrable solution [Cx (.)] to (26) for each x0 guarantees square
integrability of x(. ) defined by (25). By the result of Datko [9], this will establish
exponential decay of the semi-group generated by A- [PC*]C, the desred result.

The equation (26) is a standard Wiener-Hopf equation in a finite dimensional
space. By the results of Gohberg and Krein, this has an unique square integrable
solution Cx (.) if and only if the index of the Fourier transform

I + CR (iw; A)[PoC*]
is zero. [Strictly speaking, we refer here to the index of any matrix function obtained
from the above finite-dimensional operator through selection of a basis in the range of
C.] Of course, the usual means of computing the index in stability problems of this sort
is simply an application of the Nyquist criterion [10]. In this case, however, the fact
that the index is zero follows directly from the integral representation of the filter
gains (14).

By use of (14), the Laplace transform of the convolution kernel takes the form

(27) G(s)=CR(s;A).-- R(iw;A)BQB*[R(iw;A)]*C*[F-(w)]-1 dw.

Using the resolvent identity

[R(s;a)-R(iw;a)]
(28) R (s; A)R (iw A)

s io
we obtain

(29)

1 C[R(s;A)-R(iw;A)]
J_G(s)= -- s-tw

BOB*[R (iw A*)]* C*[F-(oo)]-I dw.
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The above is readily recognizable as the usual [11, p. 135] explicit formula for the
"frequency domain" calculation of the projection operator P/. Using the fact that

(30) b(w) CR(s; A)BQB*[R(ito; A)]*[F-(w)]-1

under our hypotheses represents the Fourier transform of a (essentially matrix valued)
function of negative support, we have

G(s) ---1 __I CR (iw; A)BOB*[Rs_ito(iW; A)]* C*[F-(w )]-1
do.

This identifies G(s) as the Laplace transform of the function with Fourier trans-
form

P+[CSxy (to)[F-(oJ)]-11.
Passing to boundary values to identify the corresponding Fourier transform, we

obtain

(31) CR(iw; A)[PC*]= P+[CSxy(w)[F-(to)]-I].
From the basic spectral factorization

(32) I + Syy (to) F+(to )F-(w ),
it follows that

[V-(w)]-1 + Syy(w)[F-(w)]-1 V+(oo).
Since (see [7]) the basic property of the spectral factorization is that

(33) [F-(w)]-a= I + W-(w),

where W-(. is the transform of a function of negative support, application of P+ to
(32) produces

(34) I + P+[Syy (to)[F-(w)]-] F+(to).

Combining this with (31) gives the (expected) result

(35) I + CR (iw A)[PC*] F+(w)
from which it follows immediately that

I + CR (iw; A)[PC*]
has zero index.

This establishes square integrability of the unique solution to (26), and hence
exponential stability of the semi-group generated by A- [PC*]C.

LEMMA 3. Let the "optimal feedback gain operator" [PoC*] be defined as in
Lemma 1, and let x* denote an arbitrary bounded linear functional on the Hilbert space
H. Define the (bounded-input-bounded output stable) dynamical system by the forced
evolution equation

dx
(36) d- [A -[PC*]C]x + [PooC*]u(t)

with output y(t)= x*x(t).
Define the weighting pattern of this system as

(37) x*T(t)=x*S,(t)[PoC*], t>=O,

where {S,(t)} is the semi-group generated by A- [PC*]C.
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Then this weighting pattern satisfies the Wiener-Hopf equation

(38) x*T(r)+x*[T*Ryy(r)]=x*Rxy(r), z>-O.

Proof. From the relation between the resolvent of the perturbed and unperturbed
semi-group, we obtain (for Re (s)-> 0)

(39) R (s; A [PC*]C) R (s; A)-R (s; A)[PC*]CR (s; A [PooC*]C).
From this relation, and the fact established in the proof of Lemma 2 that I + G(s) is
the Laplace transform of the function whose Fourier transform is the positive spectral
factor in the factorization

(40) I + Syy (w) F-(w)F+(w),
we obtain the result that the Fourier transform of the weighting pattern is simply

x*R (ioo A)[PC*][F+(o)]-.
Substitution of this into the transformed version of the Wiener-Hopf equation

shows that the weighting pattern satisfies the equation if and only if

(41) x*R (iw A)[PC* P+[x *Sxy (w )[F-(w)]-a]
This equality is easily verified by an argument identical to that used above to

establish the equality (31) of Lemma 2.
Combining the results above we obtain the following theorem.
THEOREM. Consider the distributed Wiener-filtering model given by the Hilbert

space process model

(42)
and observation process

(43)

dx Ax dt + B dwi(t)

dz Cx dt + dwo(t)

under the hypotheses detailed in 1 above. Then the feedback gains of the optimal filter
are well defined by the integral representation

(44) 17[PC*] R (iw; A)BQB*[R (iw; A)]* C*[F-(oo )1-1 dw.

Further, the closed operator A- [PC*]C generates an exponentially stable semi-
group in H, and the It6 equation

(45) d2 {A -[PooC*]C}2 dt + [PooC*] dz

is a state representation of the optimal filter.
4. An example. The calculation method suggested above is based entirely on

"frequency domain" representations of the systems involved. This amounts, of course,
to requiring either explicit or accurate approximate calculations of the resolvent of the
infinitesimal generator of the system model.

We outline below such a model which arises in the design of a controller for a
multi-locomotive powered train. Such trains are subject to coupler failure, due largely
to stresses generated by passage over terrain of uneven grade.

In [3] a distributed model was developed for longitudinal motion of such a train,
and a mean square stress minimizing controller was developed. Reference [12] dis-
cusses a "plane-wave" disturbance model capable of incorporation as a grade force
model in the train problem.
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(46)

The governing equation is

d

Ux

ut

-Ao 0 0 0

o Vo-- o o
Ox

0

dt +

Ut

0
0 0

Ox

0 02
P a-- a

Ox Ox 2

dw

in the Hilbert space R" L2[0, 1] L2[0, 1] L2[0, 1]/(0, 0, 0, 1). P in the above
represents projection onto the subspace orthogonal to the constant function.

The domain of the infinitesimal generator associated with the above is given by

dz
(47) D(A)= i,/y(x)[ v, y,z, d---, absolutely continuous,

(z(x)J

dv dy d2z dz }dx’ dx’ dx 2 E L2[0, 1], v(0)= C’oXo, and y +-x 0 at x 0, 1

The interpretation of the above is that it represents the motion of a visco-elastic
bar of zero mean velocity, subject to forces of the form

hoo (t x/ Vo),

where h,o (’) is a sample function of a stationary stochastic process with power spectral
density

(48) Sh(w) Ic;(Iioo- Ao)-lbol2.

It is a simple (but lengthy) calculation to produce an expression for the resolvent
of the above operator, as well as to compute the spectrum. Explicit formulas for this
problem in the case of an observation of the "inter locomotive distance" are given in
[12].

5. Conclusion. A derivation of the optimal distributed filter for a class of sta-
tionary distributed estimation problems has been given. The derivation and resulting
computational algorithm are based on an explicit representation for the optimal
feedback gains, and are based on a spectral factorization technique.

As well as providing what appears to be a computationally attractive method for
certain classes of problems, the derivation also provides simple proofs of stability and
optimality of the resulting filter.
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ON THE BOUNDARY BEHAVIOR OF SOLUTIONS TO ELLIPTIC AND
PARABOLIC EQUATIONS--WITH APPLICATIONS TO BOUNDARY

CONTROL FOR PARABOLIC EQUATIONS*

E. J. P. GEORG SCHMIDTf AND NORBERT WECK$

Abstract. It is shown tha for bounded domains with infinitely differentiable boundaries solutions of
second order elliptic equations (involving infinitely differentiable coefficients), and of the associated
parabolic equations, cannot vanish together with their normal derivatives on subsets of the boundary having
positive measure. This fact has multiple applications to the boundary control problem for parabolic
equations. The results obtained have previo’usly required an analyticity assumption on the boundary and on
the coefficients.

1. Introduction. In recent papers on boundary control for the heat equation by
Fattorini [4] and Glashoff and Weck [6], the authors needed to assume that the data
(i.e. the coefficients of the elliptic operator and the boundary of the domain under
consideration) were analytic, in order to derive the bang-bang property of solutions
to certain optimal control problems. Analyticity was used to justify the application of
several results from the theory of partial differential equations. Fattorini needed the
Cauchy-Kowalesky theorem, together with a theorem of Lewy ([7] and [8]; see also
Garabedian [5]) which allows one to extend solutions of Au + Au 0 across an analytic
boundary. Glashoff and Weck used a theorem of Mizohata [10], which states that for
solutions of second order parabolic equations the Dirichlet and Neumann data cannot
vanish simultaneously on an open subset of the boundary, as well as a result of Tanabe
[13] which is also concerned with analyticity.

The purpose of this paper is to point out that the bang-bang property of optimal
controls, together with some closely related results on controllability and obser-
vability, can be proved also when the data is infinitely differentiable--the condition
which is generally assumed for general treatments of the boundary control problem
for parabolic equations. This involves applying a theorem of Weck [14] on the
boundary values of solutions of elliptic equations (which in turn is based on a deep
unique continuation theorem due to Aronszajn, Krzywicki and Szarski [2]), to show
that the eigenfunctions of a second order elliptic operator (with self-adjoint boundary
condition) cannot vanish together with their normal derivatives on a subset of the
boundary having positive measure. This implies a result, related to that of Mizohata,
for solutions of parabolic equations. That result has multiple applications to control
theory.

2. The boundary behavior of solutions. Let f be a bounded open domain in R",
be the closure of f, 0 be the boundary, x (xl, ", x,) denote a point of R and

Oi O/Oxi. We consider uniformly elliptic operators of the form

Lu(x)= Y Oi(aii(x)Oiu(x))+ a(x)u(x),

* Received by the editors July 20, 1977.
t Department of Mathematics, McGill University, Montreal, Quebec, Canada H3C 3G1. This author’s
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where each of the coefficient functions is in C(fi), and the matrix [a0.(x)] is sym-
metric for each x, and satisfies Y aii(x)ii >-coll2 for all x in f and : in R -{0} (with
Co a positive constant). At a boundary point x near which the boundary is of class C 1,
the outward pointing unit normal n(x) is well defined. Let m.(x)= agi(x)n(x), and
O/Om=Y4mi(x)Oi. One associates with L the boundary condition Bu(x)=
a(Ou/Om)(x)+bu(x)=O (where a and b are nonnegative constants, not both zero);
thus we obtain a self-adjoint operator.

The following theorem was proved by Weck [14], when a -0 and b 1.
THEOREM 2.1. Let u be a nontrivial solution of Lu(x)= 0 in D. Suppose that for

some open set in R"
(a) F ’ 71 0f) is an n- 1 dimensional C manifold;
(b) Bu (x) 0 on r.

Then

N= x F -m (X)= O= u(x) has measure zero.

Proof. This involves only minor additions to the argument in [14]. Using the
change of variables described there, one can assume that 0 710O. lies in the half-space
x. < 0, that F is contained in the hyperplane x. 0, that for x in F and < n, a,, (x)= 0
while a.. (x) - 0 and that the boundary condition is a O.u (x) + bu (x) 0. Moreover
there is a point x* in F at which all derivatives of u vanish, so that for each integer
n>0 there is a positive constant with [u(x)l<=C.]x-x*l ". Let Xt--(Xl,’" ",Xn-1).
When a 0 (or b 0) one can extend u across F by setting u (x’, x.) u (x’, x.) (or
u(x’, xn)= u(x’, x.)). If one then extends the coefficients of L suitably one sees that
the extended function u is a solution of an elliptic equation whose principal part has
Lipshitz continuous coefficients; x* is an interior point of the domain and an infinite
zero of u. A theorem in [2] then implies that u 0. When both a and b are nonzero
one introduces a new function v (x) exp (- (b/a )x.)u (x). This satisfies the boundary
condition O.v(x)= 0 on F, as well as an elliptic equation ff.v(x)= 0, where/_S has the
same form as L. The previous argument then applies.

We remark that the theorem can also be proved for boundary operators of the
form Bu(x)=a(x)(Ou/Om)(x)+b(x)u(x), where a(x) and b(x) are nonnegative
infinitely differentiable functions on F, with a(x)2+b(x)20, and satisfying the
condition "for almost every x in F there exists a neighborhood N such that either
a(x)=-O in N, or a(x) 0 in N."

We have at once
COIOIXAR 2.2. Let f be a bounded domain in R whose boundary OO is a C

manifold. Then for any eigenfunction q of the self-adfoint operator in L2(f) associated
with L and the boundary condition Bu =--0 on Of one has that

N x 0) -n (x) 0 u (x) has measure zero.

This is what we need to prove
COIOLI.AI 2.3. Let D be a bounded domain in R whose boundary Of is a C

manifold. Let u (x, t) C(( x (0, T)) (with r > O) be a nontrivial solution of

(x, t)= Lu (x, t) for (x, t) in D. x (0, T);
Ot

Bu(x, t) 0 for (x, t) in Of x (0, T).
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Then

N: {(x, t)e 0x (0, T)] 0-nU (x, t):0= u(x, t)} has measure zero.

Proof. We need facts concerning the elliptic eigenvalue problem. It is well known
(see Agmon [1]) that one can find a complete orthonormal system {k} for L2(f)
satisfying

LqOk(X) --lkk(X ) for x in f;

Bqk (x) 0 for x in 0f.

One has Ak >--0, and asymptotically, Ak O(k2/"). Moreover each qk lies in C(fi)
and one has the estimate IDqk (x)l <- CrA k where D is any partial derivative of order r
and G, mr are positive constants. Let {/x/} denote the distinct eigenvalues, and Ml
{klAk d,l}.

Now suppose that N has positive measure. Pick e>O, such that N
{(x, t) Nit > e} has positive measure. It is not difficult to see that for > e

u(x, t)= Y e-X(’-)(u( e ), qk)qk(X)= 2 e-U’t’tIrl(X),
k

where (., denotes the inner product on L2(O), and ’tl(X)-"
eXk2kMt (U(’, e), qk), qgk(X) is an eigenfunction of L satisfying the boundary condi-

tion Bl 0. We shall show that the set {x e Ofll(X)= 0= (O/On )ql(X )} has positive
measure; it then follows from Corollary 2.2 that I’tl 0, and consequently that u ---0,
contradicting the assumption that u is a nontrivial solution and thus completing the
proof. Let S be the set of x in 0O, such that the corresponding section {t (e, T)l(x, t)
N} of N has positive measure. By Fubini’s theorem S itself has positive measure. For
fixed x in S, le-’txil"l(X) then vanishes on a subset of (e, T) having positive measure;
well known facts on Dirichlet series then imply that l(X)= 0 for each I. Thus each I’tl
vanishes on S, and one sees similarly that the normal derivatives also vanish on S.
Since S has positive measure the proof is complete.

We remark that a similar method of proof was used in MacCamy, Mizel and
Seidman [9].

We note finally that Corollary 2.3, together with the change of variable t- T- t,
yields the corresponding result for solutions of the adjoint equation

Ow
(x, t)+ Lw(x, t)-- 0

at

Bw(x,t)=O

This is what is needed in control theory.

in 1 x (0, T);

in 0f x (0, T).

3. Applications to control theory. Let L be an elliptic operator satisfying the
conditions of the previous section, and set b (the constant occurring in B) equal to 1.
Then one can show that given Uo in Le(f) and f in U L(af (0, )) the following
parabolic initial boundary value problem has a unique weak solution:

(x, t)= Lu (x, t)
at

for (x, t) in 1 (0, oo),

Bu(x, t)= f(x, t) for (x, t)in

u(x, O)= Uo(X) for x in f.
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That solution has the form

u (x, t) Vtuo(x + Stf(x ),

where { Vt},__>0 is an analytic semi-group on L2(f), with

Vtuo(x) I G(x, y; t)uo(y) dy,

and {St}t__>0 is a family of continuous linear operators from U (with the weak*
topology) to L2(f), given by

Stf(x) G(x, y; sg(y, s) ds dS,;

here

and

G(x, y; t)= E e-Xk’k(x)ok(Y),
k

G(x, y;t)= E e-Xk’qk(x)qv(Y),
k

with p= (a:+ 1)-l(ao-OqffOm). When a>0, Le(I)can be replaced by C(). This
can all be proved along the lines of Fattorini [4], Glashoff/Weck [6] or the unified
treatment in Schmidt [11]. With u0 kept fixed it is convenient to denote the above
solution by ur. The boundary control f may be restricted to certain subclasses of U.
Let M be a positive real number, and P be a measurable subset of 0O (0, ). Then
define

Ulvt {f Ulf(x, t) <-M a.e.};

U7 {f Ulf(x, t) 0 a.e. outside P};

u u’ uT.

We now sketch the proofs of several results which are well known in case the
coefficients of L and the boundary 0f are analytic. For U U and T > 0, let

RT(Uo; U)= {ur(’, T)lf U}.

THEOREM 3.1. Suppose P 0f x (0, T) has positive measure. Then RT(uo; U is
dense in L2(D,) (in C(f) if a > 0).

Proof. Suppose not. Then RT(0; U)={STfIf U} likewise is not dense in
L2(D0. Then there is a function v in L2(f), v : 0, such that for each f in U

(s*v, f)= (v, sf o.
Now one can verify, for the adjoint operator S’r, that

ST)(X, t)"- VT--tV]3(X),
Thus, letting w(x, t)= VT_v(x), we have that

T

| | w(x, ,)f(x, t)dtdSx :0, for each fin U,
Jo
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and hence that w(x, t)= 0 almost everywhere in P. But w(x, t) is a solution of

Ow
+Lw=O infx(0, T)
Ot

Bw 0 in 019, x (0, T).

Now Bw =0 and w(x, t)=0 on P imply together that (Ou/On)(x, t)=0= u(x, t) on
P. From the last remark of 2 it then follows that w -= 0, contradicting the assump-
tion that v 0.

In the special case that a > 0 and L2() is replaced by C(D), v is replaced by a
measure of f, but the argument is otherwise unchanged.

THEOREM 3.2. Let 6 > 0 be specified and u be a given target function in L2(’).
Suppose that there exists T > 0 and f in U such that Ilus( T)- u111 <- 6. Let

T* =inf{T>0[ there exists fin Ue with flus(., T)-Ul]l_<-5}.
Then there exists a unique f* in U, such that Ilus,(., T*)-u all 6, and moreover,
If*(x, t)l M almost everywhere in P.

Proof. One can assume that P has positive measure. The existence of a minimizing
control f* is standard and depends on the continuity properties of the operators St.
That [f*(x, t)l M almost everywhere in P (from which the uniqueness also follows) is
more subtle. Note that f* is also a solution of the minimization problem" minimize
]lus(", T*)-Ull] for f in U. Hence applying a separation argument to the open ball
of radius 6 about Ul and to the compact convex set RT-,(Uo; U), one finds v in L2(),
v : 0, such that

Consequently

(v, us*(", T*))_-> (v, us(’, T*)), for each f in U.

(St*v, (f*-f)) >_-0 for each f in Ut.
If we let w(x, t)= VT--tv(x), this becomes

T

f w(x, t)o( f*(x, t)-f(x, t))dtdSx >= 0, for any fin Ut.
ao

Since w(x, t) is a nontrivial solution of the adjoint parabolic equation with Bw 0, it
follows that w(x, t) 0 almost everywhere in P, so that f*(x, t)=M sgn w(x, t), from
which the result follows.

We remark that this theorem also holds in C(f), if a > 0.
For the exact time optimal problem (i.e. the problem treated in Theorem 3.2, but

with 6- 0) the bang-bang property can also be proved under certain circumstances.
Such a result is due to Fattorini [4], for the heat equation with an analytic boundary.
We do not recall the details but simply state.

PROPOSITION 3.3. Theorem 4-1 of Fattorini [4] holds if the boundary isinfinitely
differentiable.

Finally we make a few comments concerning observability for parabolic equa-
tions (see also Dolecki and Russell [3] and Seidman [12]). This involves reconstruc-
ting, preferably in a continuous way, the solution of a parabolic equation from
knowledge of the Dirichlet and Neumann boundary values on all or part of the
boundary. Consider the following version of this problem. Let u(x, t)= Vtuo(x) denote
the solution with Uo given, f= 0, and (for convenience) a > 0. From Corollary 2.3 it
follows at once that the map Uo--> u(x, t)[, is injective. Thus u0(x), and hence u(x, t),
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are uniquely determined by knowledge of u(x, t) on any subset of 0D, x (0, oo) having
positive measure. It would be nice to know that the map u(x, t)le u(x, T) (with
T>0, fixed) was continuous. This seems difficult, as does the related question
concerning exact controllability with controls in U.

Acknowledgment. E. J. P. Georg Schmidt acknowledges the hospitality of the
Institute for Applied Mathematics and Statistics at the University of Wiirzburg.
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FUNCTION SPACE CONTROLLABILITY OF
LINEAR RETARDED SYSTEMS: A DERIVATION
FROM ABSTRACT OPERATOR CONDITIONS*

A. MANITIUS’ AND R. TRIGGIANI:

Abstract. Controllability of linear retarded systems is investigated by using the abstract representation
of such systems given by x +/u, where x belongs to Hilbert space R" L2([-h, 0], R n) denoted as
M2, and /[ generates a C0-semigroup. It is shown that useful, practically verifiable conditions can be
obtained by this approach.

The following problems are investigated: approximate controllability in the space M2 and its subspace,
L2, exact Euclidean (R ’) controllability, spectral controllability, feedback stabilizability and a relation
between pointwise degeneracy and function space controllability. Starting from the abstract functional
analytic framework, the analysis is carried down to the matrix theory level, through the crucial intermediate
role of the theory of entire functions.

1. Introduction and preliminaries. Recent years have witnessed a good deal of
research focused on abstract linear control systems, modeled by differential equations
in a Banach space, within the framework of the theory of strongly continuous semi-
groups of bounded linear operators. One good reason for using such models is that
they make it possible to treat, in a mathematically unified manner, a variety of
different dynamical systems, including those governed by integrodifferential equations
(IDE), partial differential equations (PDE) of both parabolic and hyperbolic type, as
well as functional differential equations (FDE). This approach, however, could appear
to be sterile unless it produced, for whatever problem under investigation, "useful"
conditions in terms of the operators entering the abstract model.

We label a condition "useful" when, once specialized to particular classes of
operators arising in physically significant dynamical systems, it yields verifiable tests.
The translation from abstract results into verifiable results for concrete classes of
dynamical systems is a point we wish to stress with a particular strength.

Regarding the controllability problem of such abstract systems, general results for
approximate controllability extending the familiar finite dimensional rank condition
are given in [61], [64] while results of negative type establishing lack of exact
controllability in finite time are given in [61], [63], [66]. However, successful appli-
cations and/or illustrations of such general criteria for approximate controllability
have been so far done only for some classes of IDE [61] and PDE of both parabolic
and hyperbolic type [64], but not yet for FDE.

The present paper is intended to fill this gap and to carry out, for a class of
retarded FDE, an analysis of controllability properties leading from general abstract
conditions to practically verifiable conditions based on the matrices defining the
original FDE.

The class of retarded FDE systems under study is described by

(1.1) ))(t) Aoy(t)+Axy(t- h )+ Bu(t)

* Received by the editors August 3, 1976, and in revised form July 14, 1977.

" Centre de Recherches Math6matiques, Universit6 de Montr6al, Montr6al, Qu6bec, Canada H3C 3J7.
This research has been supported in part by the National Research Council of Canada under Grant A9240
(1975-76) and in part by the Ministre de l’Education du Gouvernement du Ou6bec under Grant FCAC
1975-76.

f Department of Mathematics, Iowa State University, Ames, Iowa 50010. This research has been
supported in part by the U.S. Air Force under Grant AFOSR-76-3038.

599



600 A. MANITIUS AND R. TRIGGIANI

where y eRn, u Rm, A0 and A1 are n xn matrices, B is an n x m matrix. This
relatively simple model was chosen to preserve clarity of exposition of the main ideas,
but the methods used in the paper apply equally well to systems with several com-
mensurate delays. An extension of our results to more general retarded systems is
described in [45].

As is known, e.g. [9], [12], [4], [7], the equation (1.1) can be transformed into an
abstract equation

(1.2) =,x +u
where x belongs to the Hilbert space Rnx L2([-h, 0], R) denoted shortly as M2, or
M2([-h, 0], R). The operator A is the infinitesimal generator of a strongly continu-
ous semigroup of bounded linear operators, and/ is a suitable bounded operator
from R into M2. Details of this representation will follow later. Here we wish only to
point out that if y(t) denotes a solution of (1.1) with the standard notation [21]
yt=yt(0) y(t+O), O e[-h, 0], and if x(t) denotes a solution of (1.2), with x=
(X 0, X1), X 0 R ’, x e La([-h, 0], R") [12], then yt and x(t) are related by x(t) y(t)=
yt(0), xl(t)(O) y(t + 0), 0 e [-h, 0]. Consequently, the task undertaken in this paper is
to consider some controllability properties for the system (1.1) that can be analyzed by
general methods applicable to (1.2) and then use the available results for systems of
class (1.2) to obtain some verifiable conditions involving parameters of Ao, A 1, B and
h of (1.1).

To date, nearly all of the work on controllability of FDE’s concentrated on (1.1).
Summaries of earlier work on controllability of retarded and/or neutral systems are
contained in [5], [25], [39]. The concept of ME-approximate controllability in connec-
tion with the abstract equation analogous to (1.2)was stated in [12]. Zmood [69]
analyzed the equation (1.1) directly, and derived some algebraic tests for LE-approx-
imate controllability; the test obtained [69, Thm. 3.4.1] appears to be manageable
only in the special case Ao 0; otherwise it is complicated to the extent that "even for
quite a modest problem the matrices that have to be handled soon become enormous"
[69, p. 92], and even simple examples with n m 2 are not practically solvable [69,
Example 3.5.2]. Popov [57] derived a criterion for exact controllability to C
functions on the interval [-h + e, 0] for any e > 0 (a concept called C-reachability; see
Remark 2.1); his arguments were an important factor in our investigations; it is,
however, not clear a priori under what conditions the C reachability is preserved in
the limit e - 0. A similar approach involving controllability to smooth functions on the
interval [-h + e, -el was described by Korytowski [29], who obtained a new algebraic
condition. Banks et al. [5], Kurcyusz and Olbrot [30], Jacobs and Langenhop [25]
derived criteria for controllability in the space Wl([-h, 0],R n) for retarded and
neutral systems respectively; work in the same direction was done by Pandolfi [55].
The controllability in eigensubspaces of the operator/ was discussed by Osipov [53],
Banks and Manitius [6] and others: recently, Pandolfi [54] and also Bhat and Koivo
[8] derived a criterion for this type of controllability (an improvement of their
criterion is contained in this paper). In spite of all the research effort mentioned
above, to our knowledge there has been no significant attempt to obtain the control-
lability conditions directly from the abstract representation (1.2).

The price to pay for the mathematically unifying treatment of FDE’s within the
framework of semigroups of operators is that the system (1.2) can never be exactly

In a recent paper [51] Olbrot discussed the relations between various approximate controllability
concepts.
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controllable in the space chosen (i.e. M2 or even L2) (see [63] and also [12]). Thus we
are left with the concept of approximate controllability. However, this concept turns
out to be satisfactory for many significant control problems in which the controllability
plays a key role, among them for feedback stabilizability with an arbitrary preassigned
exponential decay rate 14], [54] and for the infinite time linear-quadraticoptimal control
problem [14]. As a matter of fact, we believe that our results contain explicitly verifiable
conditions for the solvability of both problems mentioned above.

Notation and terminology used in the paper are as follows. The letter C denotes
the set of complex numbers. R" denotes the Euclidean n-dimensional space. The
space M2 (see also [12]) used in the paper is an abbreviation for the product space
R"XLz([-h,O],R"), that is the. space of pairs (x, X1)-"X, xR", xl
L2([-h, 0], R")endowed with the norm

Ilxll ,= IIx
and the inner product

o
0T 0 / IT(1.4) (x, Z)M2 X Z + X (O)z(O) dOJ_h

where the letter T denotes vector transposition. Symbols Ylo and Yla will denote the
projections of M2 onto its component spaces R" and L2([-h, 0], R"), respectively.
Thus xi=Ylix, i=0,1. Occasionally we will also use the Sobolev space
W2a) ([-h, 0], R ") defined in the same way as in [4] or [25].

The operators and/ appearing in (1.2) are as follows (see e.g. [9], [4], [7]).
The domain D(fi)c M2 is characterized by

(1.5) D() {x mz[x W(21) ([-h, 0], R") and xl(0)- x 0}

and

(1.6)

(1.7)

Ax= Aox+Aaxa(-h), x

o).

The operator is the infinitesimal generator of the strongly continuous semigroup
S(t), t-->0, on M2, which is defined by (y(t), y,)=$(t)(y(0), y0), where y(t) is the
solution of (1.1) for u 0. The semigroup S(t) is differentiable and compact for _-> h.
More details on the use of M2 space for FDE’s can be found in [14], while the
relationships between the FDE’s and the semigroup theory in the space M2 are
discussed in [4], [9], [7], [67]. The original account on linear FDE’s within the
framework of strongly continuous semigroups in the space C([-h, 0], R") is given in
the monograph by Hale [21].

The unique strict solution of (1.2) initiating at x 0 and 0 is

(1.8) x(t, u)= Io S(t-’)Ju(’)dr
at least when u(. is smooth, say C [28, p. 486]. For any u(. )s Loc we shall refer to
the well defined Bochner integral at the right hand side of (1.8) as the mild solution ol
(1.2). See [4] for details on the connection between (1.2) andthe solution of (1.1).

The symbol Kt will denote the set of attainability at time t, generated by (1.8)
using either C controls for the strict solution, or Loc controls for the mild solution.
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By M2-approximate controllability at time (respectively, in finite time)of (1.2)--
or, equivently, of (1.1)--we mean

(1.9) /, M2([-h, 0], R") (respectively K,= M2([-h, 0], R")]
\ t>0 /

where the closure is taken in the M2-topology.
Similarly, by L2-approximate controllability at time (respectively, in finite time)

of (1.2)--0r, equivalently, of (1.1)--we mean

(1.10) H1Kt L2([-h, 0], g") (respectively H1Kt L2([-h, 0], g)]
/t>0

where the closure is taken in the L2-topology. Note that according to recent results
[63], neither of the relations (1.9), (1.10) can be satisfied without the sign of closure,
even for the mild solutions, since the operator B is compact.

By Euclidean controllability of (1.2) at time tor, equivalently of (1.I)---we
mean

HoK, R".

Note that in the literature on finite dimensional systems these concepts of "control-
lability" would often be referred to as "reachability".

We remark that according to recent results [5, Cot. 5.1] the set of attainability for
(1.1) increases with for <= nh and remains constant thereafter. Consequently, the
concepts of approximate (or Euclidean) controllability at time and at finite time are
equivalent for >- nh. We will therefore assume that >- nh and refer succinctly to M2 orL2
approximate controllability and to Euclidean (or R") controllability.

The main results of this paper are" 1) criteria for M2- and Lz-approximate
controllability stated in terms of the system transfer function and a certain finite
Laplace transform (Propositions 2.5, 2.6); 2) necessary conditions for L- (and M2-)
approximate controllability stated in terms of the rank of a certain polynomial matrix
P(A), which is easily computable from the original system matrices (Theorem 3.1); 3)
criteria for L2- and M2-approximate controllability that reduce to a question on
whether a system of linear homogeneous equations has a nonzero solution (Corollary
4.6, Theorem 4.8); 4) sufficient conditions for Mz-approximate controllability for all
delays h > 0, stated directly in terms of the original system matrices (Theorems 5.3,
5.4); 5) simple criteria for spectral controllability and feedback stabilizability, which
do not require knowledge of eigenvalues of A (Theorem 7.2, Remark 7.1); 7) an
explanation of the role of pointwise degeneracy in the function space controllability
problem (Theorem 8.1). The results are illustrated by several examples. We also point
out relations between our results and those on Euclidean controllability and some
other algebraic controllability conditions (Propositions 6.1, 6.3, Remark 6.1).

Further extensions of these results are given in [44], [45], [46]. Some of the
details that were omitted in this text can be found in [43].

We remark that the results of this paper apply also to the observability problem.
A known result on the duality between observability and approximate controllability
(see e.g. [64]) says that the pair (fi,/) is approximately controllable if and only if the
pair (fi*,/*) (* denoting the dual operators) is observable. For a detailed discussion
of observability and duality for retarded systems see [45].

2. Functional characterization of M2- and L2-approximate controllability. On
the basis of the definitions given in 1 it is obvious that the M2-approximate control-
lability implies both the R"-controllability and the L2-approximate controllability.



LINEAR RETARDED SYSTEMS 603

That the converse is not true will be shown by examples in 4 (Example 4.3). Also a
doubt about whether the class of Mz-approximately controllable systems is not empty
will be dissipated by examples in this and following sections.

The general characterization of approximate controllability for abstract systems
in Banach space, as applied to (1.2)-(1.7), is as follows:

THEOREM 2.1 ([17, Prop. 2.3]; [61, Thm. 3.1.1]). The following statements are
equivalent:

(i) LI K,= M2([-h, 0], R");
0<t

(2.1)

rl M2, (rl, S(t)U)t: O, Vt >= 0
(ii) {=> r/= O;

r/eM2, <rt, R(a,)/U)t2---0,
(iii)

::>r/=0;

nM2, (I,R(Ao, fi,)IU)M2=O, k=O, 1,...,aoep(fi)
(iv)

=>rt =0;
where R (., ) is the resolvent operator, p(.) the resolvent set of, Ao a fixed arbitrary
point in o() andU is the range o[.

A sketchy explanation follows: equivalence (i)=(ii) is a straightforward
consequence of the solution formula (1.8), via a corollary of the Hahn-Banach
theorem; equivalence (ii):(iii) relies on the fundamental fact that the resolvent
operator is the strong Laplace transform of the semigroup for

def In IIs (t)[[
Re A -> w0 lim<+co

plus an analytic continuation argument carried over p() (we use here the known fact
that the spectrum r(A)of is given by a countable set of eigenvalues [21]);
equivalence (iii):(iv) is an immediate consequence of the fact that the resolvent
operator is an analytic function in O(-) and its derivatives are [60, p. 257]

(2.2)
dkR(a,A) k+l

dA k (-1)kk!R (a, ), k=O, 1,...

Condition (iv) can be written in an equivalent way, reminiscent of the classical finite
dimensional rank condition, as

(2.3) span {R k (0, )/U, k 0, 1,...} Mz([-h, 0],

where the closure over the ’span’ sign is taken in the M2-topology.
Similarly, for L2 approximate controllability we have
COROLLARY 2.2. The following statements are equivalent"

(i) LI IIIK,= LE([-h, 0], R");
O<t

(2.4)
(ii)

=>r/=0;

r/ L2,
(iii)

rl=0;

’17 L2,(iv)
=>rt =0;

(n, IIIS(t)U)=- O, Vt->O

(n, IIIR(A, fii)U)L:=O, VA ep(.,)

(/, HIR k(Ao, fi.)/U)z.: O, k O, 1,. , ho e p(fi)
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where, as before, ho is a fixed arbitrary point in p(.). The analogue of (2.3) for
L2-approximate controllability is now

(2.5) span {IIaR (ho, )/U, k 0, 1,...} L2([-h, 0], R ")

where the closure over the ’span’ sign is taken in the L2-topology.
The present paper uses (2.3) and (2.5) as starting points for investigating the M2-

and, respectively, L2-approximate controllability of (1.2), i.e. of (1.1). There are
indeed [64] characterizations of approximate controllability in Banach spaces directly
in terms of the operators appearing in the differential equations; i.e. the operator
acting on the state (as opposed to its resolvent) as well as the operator acting on the
control, but these apply [64, Remark 2.3] when either the semigroup is analytic for
>0 (as for parabolic PDE) or the semigroup is a group (as for hyperbolic PDE).

Either of these two conditions fails in the case of retarded FDE. Moreover, a general
sufficient (only) condition [64, Thm. 2.1] with no extra assumption on the semigroup
fails to hold for the operators . and/ defined by (1.5)-(1.7). Thus, one has to resort
to the characterizations involving the resolvent operator.

A natural program to investigate, say, the L2-approximate controllability would,
therefore, be the following: (i)compute I-IIR(Ao, A)/U at some arbitrarily chosen,
convenient point Aop(); (ii) compute either the powers HIR(Ao,)/U, k=
0, 1, 2, or, the derivatives

d I-l R , ft lg
dAk A=o

(iii) test for completeness in LE[-h, 0], R") of either the powers or--equivalently by
(2.2)--of the derivatives in terms of the original matrices Ao, A 1, B, and the delay h.

It is worth recalling that a similar program for normal operators with compact
resolvent was employed successfully in [64], applications including parabolic and
hyperbolic PDE on finite spatial domains and classical boundary conditions. In the
present case, however, the outlined program runs into serious difficulties at stage (iii).
To see this, compute the resolvent R(A,). Let (/(0), f(. ))D(), A p(), and
(gO, gl)M2([_h 0], R"). Consider the relation (AI-.)(/(0),/(0))= (gO, gl), i.e.
(f(0), f(O)) R (A, )(gO, g) 0 I-h, 0], A 0(). Using the definition of . given
by (1.6) yields a differential equation which, once integrated, gives, after some standard
computations

[II1R (A,/)(gO, gl)](0 f(O)= eXA-l(A ) gO +A1 (s) ds
h

(2.6) ,o
| eX-S)g(s) ds
o

and
o

where

e-XhA(2.8) A(A) (AI-Ao- 1)

In view of the definition (1.7) of Bu, we finally obtain from (2.6) and (2.7)

(2.9) [nR (A, fi.)/ul(0) ex A-’(A)Bu,
(2.10) [noR (A, )/u] A-x(a )Bu.
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Now, successive differentiations of (2.9) in A require computation of derivatives of
A-a(A), which quickly become very complicated functions of Ao, Aa, B. For this
reason formula (2.9) appears to be unsuitable for the purpose of deriving criteria for
completeness in L2([-h, 0],R) of dkHR(Ao,,)Ju/dA k, k=0, 1, 2,..., A0 p().

We therefore resort to an alternative but equivalent route. Instead of using (2.4)
(iv) ((2.1)(iv) respectively) which led to (2.12), we employ its equivalent formulation
(2.4) (iii) ((2.1) (iii) respectively). In order to do this, we introduce the following:

DEFINITION 2.3. An n-vector valued function q(A) is said to be of class
FLT2([0, h ], R ") in case

h

)= f e-XS](s) ds
Jo

where fEL2([0, h],R") and A C (complex plane). In other words, q(A) is a finite
Laplace transform (FLT) of an n-vector valued L2-function, over [0, h].

Note the following properties of q(A) of which we will make frequent use.
PROPOSITION 2.4. (i) q(A) can be alternatively written as

o

q(A)= | eXn(0) dO, r/6 L2([-h, 0], R’*),
d--h

where r/(0) =/(-0), 0 6 f-h, 0];
(ii) q(A is an entire transcendental function of the exponential type;
(iii) q(a ) can be differentiated infinitely many times under the integral sign

dkq(A ) IfdA k Okeq(O) dO, k 0, 1," ";
h

(iv) in view of the completeness of the sequence {O k} in L2[-h, 0], q(A ) can never
be a polynomial, except for the trivial (null) polynomial;

(v) q(A)-=0 in C if and only if l(O)=-O a.e. in [-h, 0].
Example 2.1. For future reference, a few examples of FLT functions are given

below:
o 1 e -xh

f(O)= 1; j_ e dO=,
h I
o -Ah -Ah

f(0)= O; I_ Oe;’ dO
e + Ahe 1

h 2
2 A 2h :2 e-Xh 2Ah e -xh 2 e

f(0) 02. 02ex dO
h A3

-Ah

Note that the singularities at A 0 are canceled by the numerator. Other examples of
finite Laplace transforms can be found in [1], [2].

Note also that given an entire function of the exponential type one can use the
Paley-Wiener theorem [15], in its form given below as Theorem 2.8, to test whether a
function belongs to the class FLT2.

Conditions (2.4) (iii) and (2.1) (iii) can now be rewritten in the following form:
PROPOSITION 2.5. The system (1.2)--i.e. (1.1)--is L2-approximately controllable if

and only if
q(A)6FLT2([O,h],R"), qT(A)A-a(A)B=-O, VA 6p()
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PROPOSITION 2.6. The system (1.2)i.e. (1.1)--is M2-approximately controllable
if and only if

c6R", q(A)FLT2([O,h],R"), [cT+qT(A)]A-(A)B=--O, Vaep()
and q(A)--O.

Proof. Starting from (2.4) (iii) and using the form of IIIR, and IIoR, given by (2.9),
(2.10) and the properties (i)-(v) above, we obtain Propositions 2.5 and 2.6 immedi-
ately. Q.E.D.

Remark 2.1. There is an interesting analogy between the characterization given
by Proposition 2.5 and the result of Popov [57], on C reachability. We recall that a
system is said [57] to have the C teachability property if there is an integer r > 0 and a
time such that for any e >0 (e<h)and for any function q6Cr([-h+e, 0]; R n)
there is a control u(.) such that the corresponding solution of (1.1) satisfies yt(0)=
0(0), 0 [-h + e, 0]. Now, according to [57] the system (1.1) with m 1 is C reach-
able if and only if

C T(A A-I(A)B --= 0 implies c (h)---- 0

for all n-vector polynomials c(A )= iN=ociA (N arbitrary).
A quick algebraic condition, exploiting the functional characterization of Pro-

position 2.6, is given next in a special case.
COROLLARY 2.7. Let rank B =n. Then the system (1.2)--i.e. (1.1)--is M2-

approximately controllable.
Proof. Let/ be an n n submatrix of B with rank/ n. (/ B, if m n). Then

the identity [C T +qT(A)] A-I(A)/----0, VA e p(), multiplied on the right by #-1A(A)
yields cT=o and q(h)0, since q(A)- 0 as h real- +oe for q(A)FLT2([O,h],Rn).
(A more complete description of the growth properties of an FLT2[0, h] function is
given in the subsequent Lemma 4.2). Q.E.D.

Remark 2.2. The above result is hardly surprising in view of known results [5],
showing that rank B n implies that for each 0, 4’ W2 (I-h, 0], R) there is a control
u L2([0, t], R’) such that xt(’, , u)- 4’, > h. (The important result that the con-
verse holds has been also demonstrated in [5]). Therefore, if rank B n, the evolution
equation (1.2) in R L2([-h, 0],R ") steers the initial zero vector (0, 0) to any
point of the subspace {(f(0), f(. )), f(.) W([-h, 0],R")}. But this subspace is
precisely the domain D(/) of the generator , which is dense in R x LE([-h, 0], R)
and so (1.2) is M2-approximately controllable. Notice that our derivation of
Corollary 2.7 is independent of the results cited above, and will be considerably
extended in 4 and 5.

We now quote the Paley-Wiener theorem (mentioned before) in the form that
will be useful later.

THEOREM 2.8 ([15, pp. 238, 241]; [27]). Let f(A) be an entire .function of
exponential type, i.e. ]f(A )[ _-< ae bill for all h e C, a > O, b > O. Then there exist constants
H’, H and an L2 function F(t), R, such that F(t)= 0 for t [H’, HI and f(h)=,e-XtF(t) dt, if and only if

_
I[(i,o)[2 d,o <. Moreover if we take

1
H’= lim sup -log If<u)l

uo,ueR U
and H lim sup 1_log If(- u)l

uo,uR U

then the interval [H’, HI cannot be replaced by a smaller one.

3. Algebraic necessary conditions tor L2-approximate controllability. This
section is devoted to deriving preliminary necessary conditions for L2- (hence also
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approximate controllability, which are algebraic consequences of Proposition 2.5,
stated in terms of matrices Ai, B. Let A(h, ) denote the matrix (hi A0 IxA 1), while
A(A) will still denote A(A, e -hx) as in (2.8).

Similarly as in [57], [10], [42], [5], we introduce a special representation of
A-1(,/x). Let adj A(h, ) denote the algebraic adjoint of A(h,/x), that is the transpose
of the corresponding matrix of cofactors. Obviously

(3.1) A-I(/,/z)B 1
adj A(A,/)B

det A(A, z)

for all complex h and/x for which the determinant does not vanish. Since A(h,/x)
Ih -Ao-A1, by the properties of determinants one has

adj A(A,/z)= Y O(h)i
/=0

where Q.(A denotes an n n matrix polynomial in h of degree at most n 1 -j.
Thus, adj A(A, )B can be written as

(3.2) adj A(A,/x)B= E P,-x-(h )/z
j=0

where

P,,--i(h )= Qi(h )B

is an n m matrix polynomial in A of degree at most n- 1-f.
Define now the n mn polynomial matrix

(3.3) P(A )= [Pn-I(A ),""", P,(A ), Po(h )1

where Po(h)= Po const., and the mn m polynomial matrix

I. 1

(3.4) v(tz) I,,tz tz (R)I,

where I,, is the m m identity matrix and the symbol (R) denotes the Kronecker
product. Formula (3.1) takes now the form

1
P(h)v ().(3.5) A-’(A,/x)B

det A(A,/x

For m 1, this formula reduces to the one introduced in the paper by Popov [57]. An
important aspect of the formula is that the numerator is factored into a product of
polynomials in h and in/x. The matrix P(A) will play a crucial role in our develop-
ments. Notice that P(A) depends only on A0, A 1, B but not on delay h.

We say that a polynomial matrix P(A) has rank n if there is a h0 C such that the
numerical matrix P(ho) has rank n. This will be written subsequently as rankc P(A)= n
to distinguish from rank P(A ), which will denote the rank of the numerical matrix P(A )
at a specific (fixed) point h. Note that rankc P(h)= n implies that rank P(A)= n for all
h C except possibly a finite number of points (which in case m 1 are the roots of
the polynomial det P(A)). Equivalently, rankc P(A)= n means that P(. has rank n
over the ring of polynomials.
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THEOREM 3.1. A necessary condition for L2-approximate controllability of (1.2)-
i.e. of (1.1)--is that the n x nm polynomial matrix P(a satisfies rankc P(A )= n.

Remark 3.1. For m 1, the condition rankc P(A)= n has been proved by Popov
[57] to be necessary and sufficient for C reachability mentioned in 1. Hence, in case
m 1, L2-approximate controllability implies C reachability. As will be seen later
(Corollary 4.6), the converse is also true for n-< 2 but need not be true for n->3
(Examples 3.1 and 4.1). Also notice that for n 1 one has P(h)= B.

Proof. The proof of Theorem 3..1 will be split into two lemmas of independent
interest.

LEMMA 3.2. Let rank P(A )< n for all h C. Then there exists an n x 1 polynomial
vector p(h not identically zero (in fact p(O) O) such that pr(h )P(h )=- 0, h C.

Proof. The proof follows the one given for m 1 by Popov in [57], and is reported
here in detail mainly because Popov’s report does not seem to have been published in
the literature. We use the canonical form for a polynomial matrix 18], [3] according to
which we have

N(h )P(A )M(A )= D(A)

where
N(A) n n polynomial matrix with constant, nonzero determinant
M(h )- m n m n polynomial matrix with constant, nonzero determinant
D(h) n mn canonical matrix of the form

D(A)=

,(a) o

\d.(A)

0

0

where di(A) are polynomials such that each of them is divisible by the
preceding one.

From

rank N(A)= n, rank M(A)= ran, rank P(A)< n, VA C,

it follows that rank D(h)< n, for all h 6 C, since the rank of the product of rectangular
matrices does not exceed the rank of each factor [18, p. 12]. Hence, some of the di(h)
must vanish identically. Then, as pr(A) in the conclusion of the lemma one can take
the row of N(A) corresponding to a zero row of D(A). This yields in fact
pr(A)P(A)M(A)=-O and hence pr(h)P(a)--0, /h C, since M(A) is nonsingular.
Also pr(0) 0, otherwise one would have det N(0)= 0, a contradiction. Q.E.D.

LEMMA 3.3. Given an arbitrary n 1 polynomial vector p(A ), p(0) 0 such that

pr(A)P(A)--O, Va C,

there is a nonzero n xl function q(,) of class FLT2([0, h],R"), i.e. q(a)=
ean(O)dO for some nonzero r/(’)e L2([-h, 0], R"), such that qT(A)P(A)=--O, VA
C.

Proof. 1. Let f(.) be a scalar function in L2[-h, 0], and define (Kf)(O)=
_hf(O") do’, where K is a (Volterra) operator on L2[-h, 0]. Integration by parts then
yields the following implication"

0 0t’

(Kf)(O) 0 implies] e*f(O) dO -a | (I(f )(O )eo dO.
,1_-h d-h
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By repeating the above argument one concludes that: if

(3.6) (Kf)(O) O, /=l,2,...,j,

then

(3.7)
o oI_ e"f(O) dO (-a Y I_ (Kif)(O)e dO.
h h

Remark 3.2. Notice that, since [60, p. 291]

1 If )’-(-0 lf(o)dO, 1=1,2....,(Kf)(:)=
(l- 1)! h

the condition (3.6) for f(.) is equivalent to the solvability for f(.) of the following
moment problem"

0

(3.8) I_ o’-lf(o) dO O, 1, 2,..., j.
h

The moment problem (3.8) always has a nonzero solution in L2([-h, 0], R).
2. Next, write an arbitrary n x 1 polynomial p(1) as

p(h)= Y’, aiA. i,
i=0

and consider the L2([-h, 0], R") function rt(" )

(3.9) r/(0)= E (-1)’ai(Ki-’f)(O),
i=0

ai R n,

-h <_O<_O,

for some nonzero f(.) satisfying (3.6), i.e., (3.8). Then one verifies, by a repeated
application of the implication (3.6)=> (3.7), that

(3.10)

o

q(’)= I_ ert(0) dO (-1)’a, (Ki-7)(O) e dO
h i=0 h

0

(-1)iai(-1)iaiI_ (Kif)(O)ea dO
i=0 h

=( =oai eXOg(O)dO
h

def

with (Kif)(O)= g(0)0 and g(.)eL2[-h, 0]. We have thus constructively proved
that, given an arbitrary n 1 polynomial vector, there is an L2([-h, 0], R")-function
(.)---given in fact by (3.9)--such that the corresponding q() contains such poly-
nomial as a factor.

3. We are now in the position to prove the lemma. If p() is a polynomial as in
the assumption, then

with g(O) and q(,) as in step 2, ,q(a) 0. Q.E.D.
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Proof of Theorem 3.1.2 If, by contradiction, rank P(A)< n, VA E C, then Lemmas
3.2 and 3.3 imply that there is a nonzero nl function q(h) of class
FLT2([0, h], R")--given in fact by (3.9)--such that qT(A)P(A)=-0, VA E C. But then,
because of (3.5) with tx e -xh,

q T (,,.)A-1 (1)B 0, va e

which contradicts Proposition 2.5, since q(h) is nonzero. Q.E.D.
The next theorem exhibits an algebraic condition directly in terms of Ao, A 1, B,

for rank P(ho) to be full for some ho.
THEOREM 3.4. The following conditions are equivalent:
(i) rank P(ho)= n for some ho C
(ii) rank H(A1) n for some h lo-(Ao) (spectrum of Ao), where H(A) is an

n x m (n 1) matrix defined by

(3.11)
H()= [G(h ), F(h )G(),..., Fn-l(A )G (A)],

G(A )-- (AI-Ao)-IB, F(h)= (I Ao)-A 1, o’(Ao).

In particular, if ho_ r(Ao), we can take A i0.
Remark 3.3. Obviously we have" rank H(A)= rank H(A), VA o(A0), where

(/)"- [0(/ ), P(/ )0(/),""", pn--l(/ )0 (a)],

G(A)= adj (AI-Ao)B, F(A adj (aI Ao)A1

and H(A) makes sense also for A r(Ao). Notice, however, that rank H(A1) n,
A1 g r(Ao), need not imply rank H(A2) n for any A2E o’(Ao)

( [1for example take Ao
0

Proof. We prove, equivalently that

(3.12) rank P(A )< n,

] [-11
A1-"2’ 0

1

rank H(A)< n, VA r(Ao).

:::>" There is a nonzero n-column vector p,, depending on A such that parP(h )= 0,
VA E C (we know, in view of Lemma 3.2, that we could take for px a polynomial vector
p(h), with p(0) 0, but this will not be needed). By (3.5)one obtains

(3.13) pr A-I(/, Ix)B =0

for all A, Ix such that det A(A, Ix) g: 0. Let h be an arbitrary point not in o’(Ao) so that
det A(A 1, 0) : 0. Then det A(A 1, Ix) 0 for all Ix suitably small in modulus, say IIx[ < 6,
for some 6 > 0. Differentiating the identity A-1 (h 1, Ix)A(A 1, Ix) I, one has

dA-I(A 1, Ix)B]dix =o
--A-I(/. 1, IX)

dA A-I(A 1, Ix)B[ F(A 1)G(A 1).
dix , =0

By induction

(3.14) d A-I(A, Ix)B]dix ,. =o
k Fk (al)G (/.1), k=0, 1,2,....

It was pointed out by one of the referees that Theorem 3.1 can also be derived from Theorem 5.2
o [51.
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Then (3.13) and (3.14) imply

PIFk(AI)G(AI)=O, k=0, 1,2,...,

with Phi 0, and the right hand side of (3.12) follows.
(=:" There is a nonzero n-dimensional column vector px, depending on h, such

that pH(h)=- O, VA o’(A0). Let h h be an arbitrary point not in r(Ao) so that, as
before, det A(A 1, it) e 0 for all [txl < 6. Then

(3.15) prxlFk(A1)G(A1)= 0, k 0, 1,..’, n- 1,

and by the Caley-Hamilton theorem applied to the matrix F(. ), (3.15) holds for all
k 0, 1,.... Then (3.14)implies

PAx (A 1,

in view of the analyticity of A-I(A 1," and, by (3.12) and (3.5)

(3.16) p,e(h I)V (1.)--- O, V. C,

where the extension to all tt C is obtained by analytic continuation Equation (3.16)
repeated for n-distinct values/xl,/x2," ,/zn yields

(3.17) pTxlP(h l) V O

where
1 1 1

/-/,1 /d,2 /d,n

(3.18) V= [/-)(/-’(’1), /)(/.2),""", V(/A,n)] : (R)I

n-1 n-1
/-/,2

and (R) denotes the direct (Kronecker) product of two matrices [34], [56]. By the
nonsingularity of the Vandermonde matrix for distinct/xi and by the fact that for any
two square nonsingular matrices A, B the direct product A(R)B is also nonsingular
[34] one has that the mn x mn matrix V is nonsingular. Thus (3.17) implies

(3.19) PxrlP(A 1)"- 0 while PAl 7{: 0.

Now, suppose that rank P(A)= n at some A hoe C. Then there exists a minor of
P(h), of order n, which is nonzero at 0. Since P(A) is a polynomial matrix, this
minor is nonzero everywhere except at a finite number of isolated points. Thus, rank
P(h)= n almost everywhere in the complex plane, but then one must have p 0
almost everywhere, which contradicts (3.19) (where /1 is arbitrary except that
/ r(Ao)), and proves the theorem. Q.E.D.

Remark 3.4. The relation between the matrix functions A-(A,/x)B, G(A), F(A)
can also be obtained by interpreting A-I(A, ) as a perturbation of the resolvent
(IA-Ao)-1. In fact, the matrix Ao+A1/x can be treated as a matrix operator Ao
perturbed by A 1/x. Using the so called second Neumann series for the resolvent [28, p.
66-72] one obtains, for h such that det A(A, 0) 0,

)-1 (IA Ao)-[I +/xA 1(I/ Ao)-1(IA Ao-A ltx

2A (Ia A0)-IA (IA Ao)-1-}-/d, + etc.]
where the series converges for z such that [Ix[ is sufficiently small [28, p. 67]. Thus

2F2(A)G(Z) +i-1 (/, /d, )B G(A )+/xF(A )G(A )+ z
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which is an alternative way of stating (3.14).
Remark 3.5. Notice that, when Ao and A commute, we can write more simply

rank H(A)= rank [A’-XB, (AI-Ao)A’-2B, (AI-Ao)"-2AIB, (AI-Ao)"-IB].
We explicitly note two important special cases.

COROLLARY 3.5. rankc P(A)= n is equivalent to:
(i) rank [B, A 1B, A-IB] n, when Ao aI, for any constant a
(ii) rank [B, AoB, , A-IB] n, when A aL for any constant a O.
A simple algebraic necessary condition for rankc P(1)= n follows.
THnORnM 3.6. The condition rankc P(A )= n implies

rank [A

Proof. Otherwise, there is a nonzero column vector v R" such that v r[A 1, B]
0. Let hoe p(Ao) and define r/= (h0I- Ao)rV. Then r/ 0, v T r/ r(Aoi_Ao)-i and
r/T(AoI-Ao)-*[A1, B] rtr[F(Ao), G(Ao)] 0 with F(h) and G(A) defined in
Theorem 3.4. But then there is a , in fact 0, such that

rank [I-F(10), G(lo)] < n, V1op(A),

and a known result [23] implies rank H(10)< n with H(1) defined in Theorem 3.4.
The conclusion now follows from Theorems 3.1 and 3.4. Q.E.D.

COROLLARY 3.7. If the system (1.2)--i.e., (1.i)---is L2-approximately controllable,
then rank [A 1, B] n.

We terminate this section with an example of a system for which rankc P(1)= n,
but for which the L2-approximate controllability does not obtain.

Example 3.1. Let n 3, m 1, arbitrary h > 0, and

Ao 2 0 0 A1 0 B=
0 -1 0 0

A straightforward calculation shows that P(1), defined by (3.3)-(3.5), is given by

P(1) 21 212 -21 0

2+21 -I 2 2 0

so det P(I)=413 and the necessary condition rankc P(A)= 3 of Theorem 3.1 is
satisfied. We have, moreover, det A(1)= 13 (independent on h !) and

2Xh7
(A )B a 21 21 21 e -xhA-1

-2 + 21 12 + 2e-Xh _J

Now, notice that for h 1 the second and third rows r2(1) and r3(1) of the above
matrix are of class FLT2([0, 1], R), because by using Example 2.1 one obtains

r2(1)

r3(1)

2(I-12-I e-x)
13

0

I_ eX[-2(0 + 1)] dO,

-2+21 -12+2e-x

13
0

xo 2e (-0-20-1)dO.

Hence, the vector function qT(a )-- [0, --r3(1), r2(1)] is a nonzero member of class
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FLT2([0, 1], R 3) annihilating A-I(A)B" qT(A ) A-I(A)B =0. In view of Proposition 2.5,
the L2-approximate controllability does not obtain for the present system with h 1.
The system will be reexamined in more depth in Example 4.1.

This example shows that the necessary condition given by Theorem 3.1 (or,
equivalently, by Theorem 3.4) is not always sufficient for L2- (let alone M2-) approx-
imate controllability. This is hardly surprising since the matrix P(A) involves only the
matrices Ao, A1, and B but not the delay h. This motivates further study of Pro-
positions 2.5 and 2.6 in search of some additional conditions that together with
rankc P(A)= n would guarantee the sought-after controllability properties. Before
proceeding to do that, however, we would like to point out that the example given
above is a result of quite an artificial construction, in which we used some results on
pointwise degenerate systems (this will be explained in 8). One may, for instance,
observe that the above functions ri(A) will not be of class FLT:([0, h], R) unless h
equals exactly 1. (See further analysis in Example 4.1.) The failure of rankc P(A)= n
to guarantee (at least) L2-approximate controllability will be shown later to be some
sort of a singular case.

4. Necessary and sufficient conditions ior M2- and L2-approximate control-
lability. In this section we show that the necessary and sufficient conditions for M2-
and Lz-approximate controllability given by Propositions 2.5 and 2.6 reduce to a
purely algebraic test on whether a certain system of linear (algebraic) homogeneous
equations has a nonzero solution.

The main idea underlying our considerations will be to characterize the elements
c R" and q(.) FLT2([0, h], R") which annihilate the transfer function A-(A)B.
This characterization will be obtained by making use of an interesting, but not widely
known, result of Hardy on entire functions, and of the Paley-Wiener theorem. As a
result, the annihilating q(. ) will be expressed by a simple formula with unknown
coefficients which satisfy the system of linear equations mentioned above.

In view of Propositions 2.5 and 2.6 and of identity (3.5) with tz e-h we shall
consider the relations

(4.1) qT(A)p(A)v(e-Xh) 0, VA C,

and

(4.2) [c T + qT (A )]P(A )v(e-Xh) 0, A C,

where c e R", q(. )e FLTe([0, h], Rn). First observe that if one could prove that (4.1)
implies, for q(. )e FLT2([0, h], Rn), that

(4.1’) qT(A)P(h)O, Yh C,

then the necessary condition rankc P(A)= n would also be sufficient for L2-approxi-
mate controllability, since (4.1’) would imply q(A)=0 as desired. Similarly, if one
could prove that (4.2) implies

(4.2’) [c r + qW()]p(A )= 0, ’A C,

then rankc P(A ) n would yield c r
__
q T(/) 0, hence c 0 (by letting A real -see subsequent Lemma 4.2 (i)) and q(A)=0. Notice that in case n 1 both (4.1’) and

(4.2’) are true. In general, however, the left hand sides of (4.1’) and (4.2’) are given by
some nonzero expressions that will be derived below.

Remark 4.1. Note also that in case of C’ reachability investigated by Popov [57]
(see Remark 2.1) the function q(. in (4.1) and (4.2) is replaced by a vector polymial,
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in which case the implication (4.1)::> (4.1’) is always true. Indeed, it is not difficult to
prove by elementary means that for any polynomial in two variables p(h, Ix), the
relation

{p(h, e -xh) --0 for all h such that Re h _>-a, (with arbitrary a)}

implies p(A, Ix)=0 for all A and all Ix. Consequently, (4.1), with q(A) being a poly-
nomial vector, implies qr(h)P(h)v(ix)= 0, /h, tx C; this and the arguments leading
from (3.17) to (3.19) yield (4.1’) in the case of C reachability.

In the case of L2-approximate controllability, q r(h) is an entire transcendental
functon which can never be a nonzero polynomial, so the arguments above cannot be
applied. The main tool we shall employ instead is a result on entire functions due to
Hardy.

LEMMA 4.1 (Hardy [22]). Let/(A) be a scalar entire function satisfying
(i)/(h )= O(Ih I"elq), a > 0, for large Ih I;
(ii) f()= O(:"e-e), for large (real) positive .

Then/(A )= p, (A)e -’a, where p, (A) is a polynomial of degree at most n.
In order to apply Hardy’s lemma, we compute some growth estimates for q(h),

which are collected in the lemma below.
LZMM 4.2. Let qi(A ) denote the ith component of q(h), where

0

qi(A )’- I_ eX’oi(O) dO,
h

Then, for each 1,..., n, we have

li (" ) Le[-h, 0].

(i) IRe ]1/ Re A > 0,

(4.3) (ii) Iqi(x)l --< const. IIilk, Re h 0,

(iii) [[ni[[= Re h < 0.

Since (1- e-eh)/2 h as O, the estimate for Re h 0 can be replaced by
O(elXlh).

Ifp (h) is a polynomial of degree k, then we can write

(i) [O(]A] e Ixlh) for large, C,
(4.4) [p()qi(Z)[

(ii) O() for real +;

(i)
(4.5) [e

(ii) 0( e for real +.

We also have the following lemma.
LZMM 4.3. Let q(h) be as in Lemma 4.2 and suppose, moreover, that [q()l

O(ke-h) for large positive and some nonnegative integer k. Then q(h) 0.
Proof. By Hardy’s lemma, we have q(h )= p(h )e -xh, i.e.,

e ( h)d p(A).

Differentiate in A the above identity infinitely many times (under the integral sign, as
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in (iii) in Proposition 2.4), and use the completeness of {0i}, j 0, 1,. , in L2[0, h to
obtain that rt(0)0 a.e. in I-h, 0]. Q.E.D.

Recalling the definition of P(A given by (3.3), equation (4.1) can be now written
as

E [c T + qT(A )]P._(A )(e-X)i-a O, A C,
i=l

or

(4.6) [c r + qr(A)]Pn-1(A)= [c r + qr(A)]Pn_i (A)(e-Xh)i-1.
i=2

The left hand side of identity (4.6)is O(IA In-le hlxl) for large [A 1, by (4.4) (i), while
by (4.5) (ii), the right hand side of (4.6) with A : is O(n-Ze-h) for large positive .
These estimates and Hardy’s lemma applied componentwise yield that

(4.7) [C T + qT(A)]en-l(A )= Pn-l(A )e -xh, A C,,

where p,,_(A) is an 1 x rn polynomial vector with entries all of degree at most n- 1.
Substituting (4.7) into (4.6) gives

(4.8) P,,_x(A)+ [c r + qr(A)]P,_2(A)= --e-Xh[cT + qT (A)] E en-i(/)(e-xh)’-3.
i=3

Now, the above reasoning can be repeated. The left hand side of (4.8) is
O(IA [-ZehlXl) for large IA I, while the right hand side of (4.8) with A is (r’-3e-he)
for large positive . By using again the Hardy’s lemma one obtains

(4.9) p,_a(A)+ [c r + qr(A)]Pn-2(A )= p,-2(A )e -’h

where p,-2(A is an 1 x rn polynomial vector with entries all of degree at most n 2.
Continuing in this manner, we obtain the last term from

(4.10) p2(A)’k’[c T +qT(A)]PI(A)=--e-Xh[cT +qT(A)]Po, A 6C,

where p2(A) is an 1 rn polynomial vector with components all of degree at most 2.
The left hand side of (4.10)is O(IA]e hlxl) for IAI large, while the right hand side with
A : is O(e-he) for large positive . Application of Hardy’s lemma then gives

(4.11) p:(A)+[c T +qT(A)]P(A)=pI(A)e -’h

with pa(A) being an 1 rn polynomial vector with components all of degree at most 1.
Substituting (4.11) into (4.10) yields

(4.12) [c r + qr(a)]e0 -p(A ).

The results obtained through the above procedure are collected below:

[C r + qT(A)]Pn_l(A)= pn-x(A)e -xh (from (4.7)),

(4.13)

[c r + qr (, )lP,,_2(, )= -p,,_a(, )+ p,,_2(A )e-xh (from (4.9)),

[c T +qT(A)IP(A) =-p2(A)+pl(A)e-xh (from (4.11)),

[c T + qT(A)]Po -pl(A ) (from (4.12)).

This result can be further improved, namely it will be shown that"
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Claim (i): in the case of M2-approximate controllability the maximal degrees of
the polynomials pj, j 1,. , n 1 appearing in (4.13) are actually lower by one unit;

Claim (ii): in the case of L2-approximate controllability (c 7"= 0 in (4.13)) these
degrees are actually lower by two units (p-I(A) is a null polynomial).

Consider first the identity

(4.14) [c r +qr(A)]Pn_k(A)=--Pn_k+l(A)+Pn_k(A)e-Xh k =2,... ,n-l,

where

n-k n-k+l

Pn-k (A ) Dk,iA and Pn-k+ (A ) dk,iA
=0 =0

and Dk,i, dk.i are n m and 1 m matrices, respectively. To prove Claim (ii), set
Tc 0 and divide both sides of (4.14) by A -k. This gives

(4.15)
q (A)

A -k Dk,O + +-D,,,,-,+I "]" Dk,,,-k

An’-kdk,o + +dk,n-k -t-Adk,n-k+l +Pn-k(A)e-Xh/A -k

k=2,... ,n-1.

For A real positive, A +00, (4.3) (i) yields that the left hand side of (4.15) tends to
zero; similarly does the second term on the right hand side. This implies dk.,,-k
dk.,,-k+l 0, k 2,. , n- 1. The cases k 1 and k n are handled similarly. Thus,
all the polynomials pj(A) of degree/" appearing in (4.13) with c7"= 0 can be replaced
by the polynomials pi-z(A ), of degree j- 2, 2, , n 1, (and pl(A) is replaced by
p_l(A)=-0) and Claim (ii) is established.

To prove Claim (i), one divides both sides of (4.14) by A "-k+l and proceeds
similarly, to conclude that, in this case, dk.,,-k+l O.

With both claims taken into account, (4.13) becomes

(4.16) [ca, + qa, (A)]P(A )= WM(A

where WM(A) is a 1 mn row vector function given by

(4.17) WM(/ ) [Pn-2(A )e -xh, -Pn-2(A ) -Jr- Pn-3(A )e-h, --Pl (A ) q- poe -xh, -Po].

Similarly, in the case of L2-approximate controllability, (4.13) becomes

(4.18) q
a, (A )p(A wL(A)

where

(4.19) wt.(A )= [Pn-3(A )e -xh, --Pn-3(A )+Pn-4(A )e-h, --Pl(, )q-poe -xh, --po,0].

To simplify the notation, let 0m denote a row of m zeros, and define the
1 (n- 1)m polynomial vectors

(4.20) y(A )= [p,-z(A ), p,-3(A ),’’’, PI(A ), Po],

(4.21) (,)= [p,-3(A),’’’, pa(a), po, 0,,].

Now, wt(A) can be simply written as

(4.22) wt(,)= ’),(A ), Om]e -xh -[0m, y(A )]

and a similar notation can be obtained for w(A),.with (A) replacing y(A).
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We have proved above that (4.1) and (4.2) imply (4.18) and (4.16) respectively.
Since, on the other hand, wt(h)t(e-Xh)--= 0 and WL(A)v(e-Xh)= 0, the reverse impli-
cation also holds. We have, therefore, proved the following result.

THEOREM 4.4. Let c e R n, q(.) FLTE([0, h], Rn), P(A) and v(Ix) be given by
(3.3) and (3.4), respectively, y(h ) and ,( be given by (4.20) and (4.21) respectively.
Then

(a) the following two identities are equivalent:

(i) [C T -t- qT (A)]P(A )t (e-Xh) 0, VA G C

(4.23) and

(ii) [c v + qV(h)]P(h [y(h ), 0,, ]e -xh [0m, "y(A )],

(b) similarly, the following two identities are equivalent:

(i) qT(A)P(A )t (e-Xh) 0,

(4.24) and

(ii) qT(A )P(A )= [3(Z), Om]e -xh --[0m, (A)],

VAEC,

VA C.

Putting together Propositions 2.5 and 2.6 as well as Theorem 4.4, one then has, via

COROLLARY 4.5. The system (1.2)---i.e., (1.1)---is:
(i) ME-approximately controllable if and only if (4.23)(i)--or equivalently,

(4.23)(ii)---with c e R" and q(h) FLTE([0, hi, R") implies c =0 and q(A)--- 0.
(ii) L2-approximately controllable if and only if (4.24)(i)---or, equivalently,

(4.24)(ii)--with q(h) FLTz([0, h], R) implies q(h )=-0.
Note that under the assumption rankc P(A)= n, which implies the invertibility of

an n x n minor of the matrix P(A), Theorem 4.4 characterizes the class of c r and
qr(A) that annihilate A-l(h )B. For instance, if m 1 and det P(A 0, the statement (b)
of Theorem 4.4 implies that any entire function q(h) FLTE([0, h ], R ") that annihilates
A-I(A)B is of the form QT(A)= WL(A)P-X(A), where wL(A) contains yet unspecified
constants and can be null. Thus, at this stage, the test for LE-approximate controllability
can consist of computing w(A)P-X(A) and checkinge.g., via the Paley-Wiener
theorem reported as Theorem 2.8whether there is a nonzero function w(A )P-I(A )of
class FLTE[(0, h], R n). A similar technique can be used to test for ME-approximate
controllability.

Example 4.1. Consider the system given in Example 3.1. Since n 3, m 1 one
has we(A)= [poe -xh, -po, 0] where p0 is a scalar. The inverse of P(A) is

-2 + 2A I -2A + 21P-(1)= , -A3-4A+41-2 -313+4A-2&j
For the product w(A)P-I(A) one obtains

Po[ -2+2A-A2+2e-xh 2(A -A2-Ae-Xh)]WL(A )p-l(A )- -- 0, A3 A3
which, except for the arbitrary constant po, coincides with the qT (A) given in Example
3.1. But for h 1 that qT(A) was shown to be of class FLT2([0, 1], R3). This means
that the present system is not L2-approximately controllable for h 1. However, we
may also observe that for all delays h # 1 the function w(A)P-I(A) written above is
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not entire (unless Po 0), thus not of class FLTE([0, h], R 3) (the triple zero at A 0 of
the denominator is not canceled by the numerator, unless h 1), so that the present
system is indeed LE-approximately controllable for all delay values h 1. So, the
value h 1 turns out to be an isolated pathological case for the system in question.
Further analysis of this example is given in 7.

Example 4.2. Consider the system (1.1) with rn 1, Ao aL -oo < c < oe and
A 1, b in the controllable canonical form [35, p. 105]. Computing P(A), we find

(4.25) P(A)=

so that rankc P(A)= n. Theorem 4.4(a) gives for this example

c+ql(h)=--po,

1 (_pl(A)+poe_Xh),C2 + qE(’A)
,A --a

1
)n-2 (-p,,-z(A)+ p,,-3(A )e-Xh),Cn-l-t-qn-l(A )=

(A _C

1
)n-lPn-2(A )e -xhc. + q.

Considering the last row and taking A real +oo, we obtain c, 0; hence

p,,-2(A) -,hq,,(A)
(A _OZ)n-1 e

Since this function has a singularity at A a unless Pn-2(A)=0, we conclude that
qn (A) =-- Pn-E(A ) 0. Proceeding to the next-to-last row we face the same situation with
n replaced by n-1. Thus c,_ =qn-(A)=pn-a(A)=-O. After n steps we obtain cr=0
and q r(A)__0, which proves that the present system is Mz-approximately control-
lable. Since ME-approximate controllability does not depend upon the choice of
coordinates in R ", we have in fact proved that: every system (1.1) with m 1, Ao aI,
-oo<a <oo, and with the pair (A1, b)controllable [35, p. 105] is ME-approximately
controllable for any value of h > 0. This result will be extended to more general classes
of systems in 5.

Conversely, if the system (1.1) with Ao=aI, -oo<ce <oo, and re.arbitrary is
LE-approximately controllable for some value of h >0, then the pair (A1, B) is
controllable. This follows from Theorem 3.1 and Corollary 3.5(i).

The above examples illustrate that one can use directly Theorem 4.4 and Corol-
lary 4.5 as a test for controllability. However, generally speaking, the inversion of the
polynomial matrix P(A) may represent an unpleasant obstacle. In view of this, we will
use Theorem 4.4 and Corollary 4.5 as a basis for subsequent investigations aimed at
deriving simpler conditions. We begin with some immediate consequences of
Theorem 4.4.
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CorotLAR 4.6. Let n <--2. Then the condition rankc P(h)= n is sufficient (as
well as necessary by Theorem 3.1)]’or L2-approximate controllability of the system
(1.2)--i.e., (1.1)---, for all values of the delay h > O.

Proof. For n-<2, we have qT(h)p(h)= wL(h)=O. For n 1, this was already
observed at the beginning of 4, after (4.2’). From n 2, this follows from (4.18) and
(4.19). Since there is a o such that rank P(ho) n, one then has rank P(h)= n for

Ih o[ < 6, for some 6 > 0, but then q(h)= 0 for 1 hol < 6, and, by analytic continu-
ation, q(A) 0. Q.E.D.

Example 4.3. This is the example in which both the Euclidean and the L2-
approximate controllability hold, but the M2-approximate controllability does not
obtain.

Let n 2, rn 1, and

[1A= 0

We obtain

AI= 0 3"

A(A)= [A l+e-Xh --1 ]0 2-- e -xh

det A(, )= (A 1 + e-Xh)(A 2- e-xh)
1 [-2-e- 1 1m-1(/)=

detA(A 0 1 + e-xh

[ +1 -1] detP(A) 6.P(A)=
[3(-1) 3

The necessary condition rankc P(A)= 2 is satisfied. Since n 2, by Corollary 4.6 we
obtain that the system is L2-approximately controllable for all h > 0. It is also easy to
verify that the system is Euclidean controllable (see, e.g., 6).

Consider now the M2-approximate controllability property. By Theorem 4.4(a)
we have (m 1)

[cT + qT(A)]P(A )= [poe -xh, --Po] or c T + qT(A)= Pole -xh, 1]p-I(A ),

which gives

T Po[ 1-,e
-xh 1 ---xhjC +q’()=--- 3--3

Since the function (1-- e-Xh)/A is of class FLT([0, h],R) for all values of h, (see
Example 2.1), then we can always choose po 6, c 7" [3, -1] and

-Ah
T [ 1-e-h 1-e ]q (I)=- 3

i i

This shows that even though the present system is both Euclidean controllable and
L2-approximately controllable for all h > 0, it is not M2-approximately controllable
for any value of h > 0.

COROLLARY 4.7. Let the n nm matrix P(A) contain an n n submatrix Pnn( )
with determinant identically equal to a nonzero constant , so that rankc P(A )= n. Then
the system (1.2)--i.e., (1.1)--is M2-approximately controllable for all values of the delay
h>0.
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Remark 4.2. That the class of systems of type (1.1) satisfying the assumptions of
Corollary 4.7 is nonempty can be seen from Examples 5.1, 5.3 and Theorem 5.4.

Proof of Corollary 4.7. From (4.16) we have

Twt(h ) adj P (h)- ac
(4.26) qV(A)=

where wt(A) denotes the 1 n subvector of wt(A) in (4.17) corresponding to the
submatrix P,, (A). But the right hand side of (4.26) is a polynomial in A and e -xh and,
by the Paley-Wiener Theorem, it must be identically zero in A C in order to be an
FLT2([0, hi, R")-function. So qV(A)=0. It then follows from (4.23)(i) with qT(A)=0
that c rP(h)v(#)=O, /h, tz s C (see Remark 4.1). Hence c T= 0, as it follows by
employing the argument leading from (3.16) to (3.19). So M2-approximate control-
lability is established by virtue of Corollary 4.5(i). Q.E.D.

We now proceed to show that Theorem 4.4 and Corollary 4.5 reduce to a test
involving a system of linear homogeneous equations. For simplicity of notation we
consider first the case of m 1; the extension to the case m > 1 is straightforward.

From (4.23)(ii) one obtains

(4.27) c T + qV(h)= Wt(h) adj P(a )/det P(A ).

Let F(A) and g,(A) denote the n n polynomial matrix and the scalar polynomial,
respectively, obtained from adj P(A) and det P(A) by deleting all possible common
divisors. Let N denote the degree of (A). Obviously N _-< deg det P(A)_-< n(n- 1)/2
(see 5) and adj P(A )/det P(A )= F(A)/(A ). From (4.27) we now have

1T

(4.28)
1 IgOr;t)+ )e

where, from (4.22), gV(A) are 1 n row vector polynomials given by

(4.29) g T(A )= --[0, ,(A )]F(A )-c TC(A ),

(4.30) g(A )= [,/( ), 0]F(A ).

In order that qT(A) given by (4.28) be of class FLT2([0, hi, R") it must be (i) entire,
that is all the zeros of 4’(,) must be canceled by zeros of g(a)+ g(a)e-"h; also, by
the Paley-Wiener Theorem 2.8, it must be (ii)square integrable on the imaginary axis,
which implies that the polynomials g(h) have-degrees at most N-1. Therefore, we
must have

N-1

(4.31) gl(A)-- Oi/ i,
i=0

(4.32) g2(A)-- iAi
i=o

where Oti, i R are vectors of unknown coordinates, which must satisfy the cancel-
lation conditiorrs mentioned above.

Conversely, any entire function of the form given by (4.28), (4.31"), (4.32) is of
class FLT2([0, h], R"), because (i)it is o(a/IAI)on the imaginary axis for large I 1; (ii)
the constants H and H’ referred to in Theorem 2.8 are, in this case H’= 0, H h; (iii)
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the inverse Laplace transform of (4.28) (see, e.g., [1]) for [0, h] is a combination of
functions tie txk, 0=< =< lk, k 1, 2... (where Ak denote zeros of 0(,) and lk their
multiplicities), so it certainly is in LE([0, h], R n).

We have, therefore, obtained a general formula for q()t) with as yet unknown
coefficients ci,/3i. Similarly, the n- 1 row vector polynomial ,(,) in (4.20) can be
characterized by a finite number of unknown coefficients, for letting

Pk (A ) Yk,il k O, 1,. ., n 2,
i=0

where Yk, are scalar coefficients, one obtains from (4.20)

(4.33)
=0 =0

Substituting (4.28) into (4.23)(ii) and making use of Remark 4.1, one obtains the
following system of polynomial equations

(4.34) {cTp(A )+ [O, /(A)]}O(A)+ g(A)P(A) O,

(4.35) IT(A), 0](A)- gf(A)P(A)= 0, VA 6 C.

In addition, the cancellation condition mentioned before gives, for a single root
/k of t#(A), the equation

(4.36) gx(Ak)+ gE(Ak)e -xkh 0

while for a root/k of b(h)of multiplicity Ik it gives the equations

d
(4.37)

dA
[g(h)+ g(h)e-Xh]x=x 0, 0, 1,..., lk 1.

In the above equations, the unknowns are c R", g (h), 1, 2, characterized by
(4.31), (4.32), and y(h)characterized by (4.33), while the matrix P(A), the polynomial
(h) and its roots ,k are presumed known.

Generalization of this procedure to the case m > 1 requires only minor
modifications; in particular, P(A) should be replaced by any nonsingular n x n
submatrix of P(A), and the unknown coefficients Tk, become 1 m row vector
valued.

We summarize our development below.
THEOREM 4.8. 1) A necessary and sufficient condition that the system (1.1) be

ME-approximately controllable is that (i) rankc P(A)-n, (ii) the system of equations
(4.34)-(4.37) with unknown c R and unknown polynomials g(h), gE(h ), 3,(h ) of the
form (4.31) (4.32) (4.33), respectively, has only the null solution c 0, g(A)=-g(h)=-
0, /(h)0. 2) A necessary and sufficient condition that the system (1.1) be LE-
approximately controllable is obtained following the same procedure described in 1),
except that the vector ,(h in (4.20) is replaced by vector 3(h ) in (4.21) and the vector c
is set a priori equal to zero.

A few comments about using this theorem are in order. The system of equations
(4.34) to (4.37) can be rewritten as a system of algebraic linear homogeneous equations
with respect to unknown coefficients cg, 1,. , n,
k 0,. , n- 2, 0,.. , k. Therefore the necessary and sufficient condition given
by Theorem 4.8 reduces to a test on the rank of the numerical matrix corresponding to
the system of homogeneous equations. The system (1.1) is ME-approximately
controllable if and only if the rank of this matrix is full.
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The dimensions of such matrix in case rn 1 are as follows. The number of
unknowns is 2nN + n(n + 1)/2 (n coefficients ci, 1 +. + n 1 coefficients Yk.i, 2nN
coefficients of the vector ai,/3i). The number of equations is 3nN+n 2 ((4.34) is
equivalent to nN+n(n+ 1)/2 algebraic equations, (4.35) and (4.36) give nN+
n(n-1)/2 and nN equations respectively). The matrix is thus (3nN+n2)
(2nN + n(n + 1)/2). Since N ranges between 0 (case of Corollary 4.7) and n(n 1)/2
(see 5), the dimensions of the matrix can be of order n 3, especially if N n(n 1)/2,
which will be seen to correspond to the case where (A 1, b) is a controllable pair.

The procedure for testing M2-approximate controllability is summarized below
(for rn 1)

Step 1. Compute P(A)
Step 2. Check rankc P(A)= n and compute det P(A). Reduce det P(A) to 4’(A),

or set directly O(A )= det P(A) (the reduction is not mandatory).
Step 3. Compute the roots k of ,(A).
Step 4. Write the system of linear homogeneous equations corresponding to

(4.34)-(4.37).
Step 5. Test whether the matrix of this system has full rank.

The same procedure in which the vector c is set a priori equal to zero and the vector
y(A) in (4.20) is replaced by the vector 3(A) in (4.21) gives the rest for L2-approxi-
mate controllability.

Example 4.4. This example illustrates the use of Theorem 4.8 and also shows a
nontrivial function wt(A).

Ao 0 A1 0 B
1 0

h is arbitrary.
Step 1. Computation of P(A) gives

P(1)= 2 I 1

(i 1) -A

Step 2. det P(A)= -A 2. However, adj P(A) contains as a factor

adj P(A)= -A (A 1) 0 A
+ z

Therefore, we take O(A)= A (one can avoid the computation of adj P(A) and take
O(A) det P(A); this merely would increase the number of unknowns and equations).

Step 3. The only root of O(A) is A1 0.
Step 4. N 1, therefore the maximum number of unknowns and equations is

2nN + n(n + 1)/2 12, 3nN + n= 18, respectively. Both numbers will turn out to be
smaller, due to the sparsity of the equations.

gl(A)’--O0 t R 3 g2(A)-- it E R3;
--Ah

qi (A)= 1, 2, 3,

where c0, /3 denote the coordinates of a0, /30. Now, using (4.36) we obtain ao +
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fle= 0, 1, 2, 3, which gives/30 =-ao and eliminates 3 unknowns. Since y(h)=
2 3[’Y10+’11h, ’YO0], there are 9 unknowns: c, c, c3, ao, ao, ao, 3’1o, yx, yoo. Writing

(4.34) and (4.35) in detail and equating coefficients of powers of I to zero, one obtains
2

O0 C3 "-0 and the following system of equations"

-0 2 1 -1 0 0 0-
0 -1 0 -1 1 0 0
0 -1 0 0 0 0 1
1 0 0 1 0 0 0

0 1 0 0 0 1 0

0 0 1 -1 1 0 0

0 0 0 -1 0 0 1
_0 0 0 1 0 1 0_

C2

3;ao =0.

!310

]’Wll

)/oo_

Step 5. The 8 x 7 matrix of this system has rank less than 7, so that there is a
nonzero solution and the system is not M2-approximately controllable.

Computing a solution corresponding to yoo 1, one obtains

and

-Xh
T T [ 1- e-xh l e

c +q ()= -1-
h

,1,

WM(A )= [(2- A )e -xh, -(2- A )+ e -xh, -11.
The latter formula shows that the degrees of polynomials pk(h) appearing in y(h) in
Theorem 4.4 cannot be further reduced. The computations involved in solving this
example also show that many of all possible 3nN+ n :z equations are just identities
0 0, so that the actual effort involved in using Theorem 4.8 is significantly smaller
than the maximum number of equations would indicate.

One can check that the present system is L2-approximately controllable for all
values of h > 0.

5. Algebraic sufficient conditions for M2- and L2-approximate controllability for
all values of h > 0. The purpose of this section is to show that a further study of results
obtained in 4 leads to some sufficient conditions involving directly the matrices A0,
A 1, B, which guarantee the M2- or L2-approximate controllability for all values of the
delay h > 0. These conditions, based on some triangularity properties of P(A), show an
interesting role played by canonical forms and invariant subspaces of the matrices A
in the function space controllability problem.

Since the reasoning leading to conditions that involve A0, A, B is based on
linear algebra methods and is quite technical, only a summary of the main results will
be presented here, while the detailed proofs are deferred to another paper [44] (see
also [43]).

At the beginning of this section we discuss the .role of triangularity properties of
P(A) [Theorems 5.1 and 5.2], and later we show that these properties are enjoyed by
quite large classes of systems. For the sake of clarity of exposition we shall mostly
consider the case m 1.

Remark 5.1. Observe that a change of coordinates in R", y Tz, with T an n x n
nonsingular matrix, transforms the matrices A0, A1, B and P(A) into TAoT-,
TA T-, TB and TP(A) respectively; this means that the coordinate transformations
amount to constant (independent of A operations on rows of P(A ) or, in other words,
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to a premultiplication of P(A) by a constant nonsingular n n matrix T. On the other
hand, if we define 7‘ c 7‘T, 7- (h) q 7- (h)T the coordinate transformations amount
to modifications of c and q (h) by a linear transformation. In particular, when we apply
Corollary 4.5, row permutations in P(A) correspond to reindexing the components of
yi(t), ci and qi(h). Note also that the properties of function space controllability are
unaffected under coordinate transformation.

THEOREM 5.1. Let m 1 and assume rankc P(A)= n. Suppose, further, that the
n x n matrix P(A ) can, by a premultiplication by a constant nonsingular n n matrix T,
be transformed inw either (a) a right-triangular matrix or (b) a left-triangular matrix.
Denote TP(A by P(A ). Then in case (a) the system (1.1) is M2-approximately controll-
able for any value of the delay h > 0, and, in case (b), the system is L2-approximately
controllable ]’or any value of h > 0 and it is actually M2-approximately controllable ]’or
any value of h > 0 if, in addition, the diagonal elements of/5(h are all constant. 3

Proof. We have, by assumption

p()= 0

0 0 flo
in case (a), and

in case (b).

P(A)=

Also, according to the general properties of P(A) the diagonal entries
fl,-l(h),’’’, fl(h), /30 are scalar polynomials of degree at most (n- 1),..., 1, 0
respectively. Similarly for the scalar polynomials a.,_(h),..., al(h), ao.

Case (a)" First, the assumption rankc P(A) n implies fl(h) 0, 0, 1,. , n
1. The first column of/5(A ), premultiplied by c7‘ +qT‘(A )= [c +ql(A ),’’’, c, +q,(A )]
gives, in view of (4.16) and (4.17)"

Pn-2(A) -Ahcl+ql(h)=e
Letting A be real + oo we obtain c 0 (Lemma 4.20)), and by Lemma 4.3, it follows
that ql(h)--0. Hence p,_2(h)=0. In general, we have from (4.16)

(5.1) ci + q,(*)
P,-(+a)(* -An

n-i(A)
e i=2,...,n-1,

since p,_i(h)--0 from previous inductive step. Repetition of the above argument
yields ci 0 and qi(h)=-0 and hence p,,-(i+I)(A)= 0, 2,..., n- 1. The last term is

where p0 0 from previous inductive step. Hence cn 0 and qn (h)= 0. We have thus

In agreement with Corollary 4.7’ see also Remark 4.2.
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shown that (4.16) implies c 0 and q(A)=0. In view of Corollary 4.5(i), M2-approx-
imate controllability is established in case (a), for all h > 0.

Case (b): By the assumption rankc P(A) n we have ai(A) 0, 0, , n. Let
us compute now qT- (A)/5(A ): the last column of/5(A premultiplied by qT(A) gives, by
(4.18) and (4.19): qn(A)a0=0 and hence qn(A)=0. The next to the last column in
(4.18) then becomes

qn_l() P0
O1(/ )"

Hence q,-l(A)=0 and so po=0, otherwise q.-l(A) would fail to be of class
FLT2([0, h],R). In general, from (4.18)we have

(5.2) q.-i (A)cei (A) -Pi-I (A ), oi(A ) O, 2,’’’, n 2,

since Pi-2(A)-=-0 from the previous inductive step, while the last term is

(5.3) ql(A)Cen-l(A) O, On-l(A) O.

Identity (5.2) implies q,-i(A )= 0 and p-l(h )= 0, since otherwise q,-i(A would have at
least one pole and could not be of class FLT2([0, h ], R), 2,. , n 2. Finally, (5.3)
gives q ()= 0. We have thus shown that (4.18) implies q(h )= 0. In view of Corollary
4.5(ii), L2-approximate controllability is established in case (b), for all h >0. It remains
to show that if, in addition, ai(h) are all constants ai(h)= ai, 0, , n 1, then the
system (1.2) is actual M2-approximately controllable for all values of h >0. This can be
done either directly, with the use of (4.23)(ii), Lemma 4.3’and a suitable adaptation of
the above argument (see [43, Appendix B]), or it follows from Corollary 4.7. Q.E.D.

Remark 5.2. We wish to stress that Theorem 5.1 provides only a sufficient
condition which may in fact fail if the ’off’ triangular terms are present in the matrix
P(A) (see Example 3.1 for h 1).

Example 5.1. Consider the system (1.1) with m 1, A1 aL a 0 and the pair
(Ao, b) is in the controllable canonical form [35, p. 105]. We then compute only the
last column of the matrix adj (I-A0-A ltZ), so that P(h) is given by

P(A)=

1
h

and Theorem 5.1(b) applies. Since M2-approximate controllability as well as the
above matrix A do not depend upon the choice of coordinates in R n, we have proved
that:

every system (1.1) with m 1, A aL a O, and with the pair (Ao, b)controllable
is M2-approximately controllable for any value of h >0. Conversely, if (1.1) with
A aL O, m arbitrary is L2-approximately controllable ]’or some h > O, then
(Ao, B) is controllable.

This follows from Theorem 3.1 and Corollary 3.5(ii).
An extension of Theorem 5.1 to the case m > 1 is indeed possible, but cumber-

some to treat in full generality. Therefore, for sake of clarity, we confine ourselves
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here to only two concrete cases, which turn out to be typical of entire classes of
systems. They will exhibit all the essential features needed in the sought after general-
ization. For more details see [43].

Example 5.2. An illustrative case for m > 1. Motivated by the case m 1 in
Example 4.2, we let

(i) Ao aL -c < a <o
(ii) the pair (A 1, B) be controllable.

Then, by operating a preliminary change of coordinates on R n, which leaves Ao
unaltered, we may assume that A and B are in the canonical form (7), (8), (9) of [38,
p. 291]. For the sake of clarity of exposition, take:

(iii) n 8, m 3 and the blocks occurring in the canonical form of size 11 13 3
and I2 2.

Claim: The system (1.1)defined by the triple {Ao, A1, B} satisfying (i)-(iii)is
M2-approximately controllable for any value of h > 0.

Indeed, we first compute the n nm matrix P(A) corresponding to Ao, A1, B
with A1, B in said canonical form from its definition: P(h)v(/z)=
adj (AI-Ao-txA1)B (only the first, third and fifth column of adj ((h-a)I-tzA1)
need be computed). Tedious but straightforward computations yield4 the matrix P(A)
given by

P()=

(A--a) + 1.o.t. 0 0 *
0 0 0 (h-- 006 + 1.o.t.

0 0 0 0

0 (A-a) + 1.o.t.
0 0

0 0

0 0

0 0

0 0
0 0

(A O) + 1.o.t.

0

0

0

0

0

0

0

0 0

0 (A a)5 + l.o.t. 0 0

* 0 0 * 0

(A a)6+ l.o.t. 0 0 * 0

0 * 0 0 *
0 (A a)6 + 1.o.t. 0 0 *
0 0 0 0 ( a)5 + l.o.t.

where only the first 9 columns of P(A) out of 24 have been reported. An denotes a
possibly nonzero term and 1.o.t. stands for ’lower order term in h’. It is plain that
rankc P(A)= n. A suitable adaptation of the same argument used in the proof of
Theorem 5.1(a) will be now given to substantiate the claim. Denote by pi,1 (h), Pi,E(h )
and pi,s(A) the three scalar components of the 1 3 polyno,: al vectors pi(A) of degree
occurring in (4.17). Computation of the first three columns of (4.16) for P(A) gives

[ci + qi(h )][(Z a)7 + 1.o.t.] p6.k (a)e -xh

with j k 1; ] 4, k 2;/" 6, k 3. Hence, as in the proof of Theorem 5.1(a), it

4 A more rational method of computing P(A) is available and is based on the general structure of P(A)
discussed later in this section.
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follows that C,1=C4=C6=0 (by taking h->+oo) and ql(A)=q4(A)=q6(A)=O (by
Lemma 4.3), so that P6,k(A) 0. The next three columns of (4.16) then become

[c + qi(A )][(A -a )6 _1_ l.o.t.] Ps,k (A)e -xh

with/" 2, k 1;/" 5, k 2; ] 7, k 3. Again, this implies ca c5 c7 0, q2(A)=
q7(A)=-0 and hence ps.k(h)=0. Finally the seventh and ninth columns of (4.16)
become

[Cj q- qj(l )] [(/ --O )5 q_ 1.o.t.] P4,k(l )e -xh

with j 3, k 1; j 8, k 3. Hence c3 c8 0 and q3(A ) qs(h)= 0 so that c 0 and
q(A)--0. By Corollary 4.5(i), the claim is established. Q.E.D.

Example 5.3. Another illustrative case for rn > 1. Motivated by the case m 1 in
Example 5.1, we let

(i) AI=aL a #0;
(ii) the pair (Ao, B) be controllable. Again, by operating a change of coordinates

in R" (which leaves A unaltered), we may assume that Ao and B are in the canonical
form (7), (8), (9)of [38, p. 291]. Take again the concrete case:

(iii) n 8, rn 3, It 13 3 and l 2, as before.
Claim: The system (1.1)defined by the triple {Ao, A,B} satisfying (i)--(iii)is

Me-approximately controllable for any value of h > 0.
Indeed, using the abovementioned canonical form for Ao and B, compute the

8 x 24 matrix P(A from adj (hl-Ao- IzA)B P(h)v() to arrive at the matrix P(A)
given below, where only the last 9 columns of P(A) were reported.

7"I (5)(-a)sh 0 0 (76/(-a)6h

P(A)=

65) (--O)5/ 0 0 (--O)

(-c) 0 0 0

0)(-a)sh 0

0 (75)(-a)5 0

0 (65)(-a)5 0

0 (-a) 0

7 66)(-a) A

(--0)6

0
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From this structure of P(A), it is plain that P(A) contains a full minor with
constant determinant. Application of Corollary 4.7 then yields the claim. Q.E.D.

In the two illustrative examples with m > 1 given above, the structure of the
corresponding matrix P(A) ’generalizes’ respectively the right triangularity and left
triangularity form needed in Theorem 5.1 for m 1, in the sense that the idea used in
the proof of such theorem still works. For more details see [43].

We now describe an algorithm generating the columns of P(A). An analysis of the
structure of P(A) based on this algorithm and described in detail in [44] gives
conditions for triangularization of P(A) stated directly in terms of A0, A1, B. The
results are given in Theorems 5.2 and 5.4 below. By using the Faddeev [18] algorithm
to compute adj (IA- A) one can obtain the following formulas characterizing P(A).
Let Pi,k denote n n matrices defined recursively by

(5.4) i+l,k AodPi,k +A lOi,k-1 + Oi,kI 1, n 1,

1
(5.5) Oi,k ---r tr [AoO,k +A l(I)i,k-1] k 0,. , n 1,

/, k =0,
(5.6) Ol’k= 0, otherwise,
and O,k 0 for k < 0. Define

Zi,k i,B (n x m matrix).

Note that the formulas (5.4) to (5.7) are easily programmable on a computer.5 Once, are computed, Z, can be obtained via (5.7). Note also that, because of the latter
formula-, the matrices Zi, satisfy

(5.7)

Zi+1,k AoZi,k +A Zi,k- + Oi,kB,

(5 9) Zl k 0,

Now, the matrix P(A)is given by

i= 1,... ,n-l,

k=O,
otherwise.

k=0,...,n-1

[f(5.10) P(A)= h n-Z,o, n--izi,1,’’’,
i=2 i=n--1

Remark 5.3. By using (5.10) we make the following observation. If m 1 then
the coefficient of the highest power of A in det P(A), that is the coefficient of A u,
N n(n- 1)/2, is equal to det [Z1,0, Z2,1,’’’, Zn,,-1] and, by (5.10) is equal zero if
and only if det [b, Alb,..., A’-lb] =0. For m > 1 a similar observation is valid [43].
The controllability of the pair (A 1, B) is, therefore, sufficient (but not .necessary, see
Theorem 3.6) to have rankc P(A)= n.

Let Im AB, 0, 1, denote the image of AB. In the remaining part of this
section we will state the controllability conditions in terms of Im AiB, which can be
then easily translated into rank-type conditions. Instead of doing this for each result,
we just remind the reader that if A and B are arbitrary matrices having the same
number of rows, the condition ImB =ImA can be equivalently stated as rank

A computer program in language APL that generates columns of P(A) for given matrices A-l, A0,
A1, b of a neutral equation 2(t)-A_2(t-h)=Aox(t)+AlX(t-h)+Bu(t), with A_, b in control
canonical form, was given in [24].
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A rank [A, B]. Note also that all the conditions given below in the present section
are preserved under coordinate transformations.

We now give a result that completely characterizes the properties of P(A)
required by the Theorem 5.1.

THEOREM 5.2. Let m 1, B b. A necessary and sucient condition that the
matrix P(A) can, by a premultiplication by a constant nonsingular n n matrix T, be
transformed into a right triangular matrix, and that it satisfy rankc P(A )= n is

(5.11)
(i) rank [b, Alb," ", AT-lb] n,

(ii) AolmABc y ImAB, /’=0,1,...,n-1.
i=0

The interpretation of the condition (5.11)(ii) is that all the subspaces
span {b, Alb, ,Ab}, f =0,. , n- 1, be invariant under Ao.

We now state our first main algebraic sufficient condition,.
THZORZM 5.3. Let m >= 1. If the system (1.1) satisfies the conditions

(5.12)
(i) rank[B,AB,...,AT-B]=n,

(ii) AolmAilBC ImAB, f=0,...,n-2,
i=0

then it is M2-approximately controllable for any value of h > O.
Remark 5.4. Theorem 5.3 is a substantial generalization of a result by Zmood

[69, Thm. 3.12], who, in the special case of Theorem 5.3 with Ao=0, pair (A1, B)
controllable, h 1, claims only L2-approximate controllability.

If the pair (A 1, B) is not controllable, but rank [A 1, B] n, (the necessary condi-
tion of Theorem 3.6), one can try another sufficient condition based on Theorem 5.1.
This will assume controllability of the pair (A0, B).

THEOREM 5.4. Let m 1. Consider the following conditions

(i) rank [b, A0b,.. ",A-lb]= n,
k

(5.13) (ii) AaAob ImA0b k =0,..., n-l,
i=0

(iii) rank [b, A1Aob, ,AiA)-ab]= n.

Then (i) and (ii) imply that (a) the matrix P(h can, by a premultiplication by a constant
nonsingular n n matrix T, be transformed into a left-triangular matrix and (b)
det P(, a const. Furthermore, under assumptions (i) and (ii), a # 0//" and only if
condition (iii) holds. Consequently, i[ (i) (ii) and (iii) hold simultaneously, the system is
M2-approximately controllable for any value of h > O.

6. Euclidean and algebraic controllability conditions. In this section we discuss
briefly the relations between the function space controllability conditions described in
3 and some other types of controllability conditions encountered in the literature.

First of all, we remark that the Euclidean controllability (see, e.g., [20], [36], [39],
[40], [41], [70]) is obviously necessary for both M2- and Lz-approximate control-
lability. Criteria for Euclidean controllability can be obtained entirely via the
abstract approach presented in this paper; by analogy to (2.1)(ii) and (2.4)(ii), a
necessary and sufficient condition of Euclidean controllability is that for r/ R" the
statement ’IIoS(t)U =- O, >-_ O, implies t 0; this is equivalent to t X(t)B =- O,
>-_0 implies 0, where X(t)= fundamental matrix of (1.1). The latter condition is

precisely the usual starting point [20], [40] to derive the Euclidean controllability
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criteria via an analysis in time domain. On the other hand, by using the former
condition and the Laplace transform one can characterize the Euclidean control-
lability by conditions stated in the A-domain. Some of the conditions given below have
not appeared before in the literature.

PROPOSITION 6.1. Each of the following conditions is equivalent to Euclidean
controllability for the system (1.1) (on the interval [0, tl], tl >-nh):

R.(i) :: "q 0;
,r Rn,

(ii) ,q=0;

r/R,
(iii) =), rt 0;

r/R",
(iv) => n =0;

r/R
(v) => n 0.

n a-’()B--O, va

rl TP(A )V (e -h* )= O, [* C

n P(, )v (. =- o. w.,ec

’1
T A-I(A,/z)B -= 0, Vh,/z C, such that det A(A,/z) # 0,

ne(;)--0, v; ec

Proof. Condition (i) isin view of (2.10)---equivalent to
T k

/ 1-IoR (ho,/)/U=O, k=O, 1,...,/R
=), rt 0 A0 a fixed point in p(A)

and is the analogue of Propositions 2.5 and 2.6 for L2- and M2-approximate control-
lability, respectively. The equivalences (i):(ii) as well as (iii):> (iv) follow from (3.5).
That the negation of (ii) implies the negation of (iii) can be seen in an elementary way,
since lTP(h)v(e-Xh), for 0 # e R" is a polynomial row vector in A and e-Xhsee
also Remark 4.1. The implication: negation of (iii) =), negation of (v) follows by
choosing n distinct values Xl,’" ,x, and arguing as in going from (3.16) to
(3.19). Negation of (v) obviously implies negation of (ii). Q.E.D.

Remark 6.1. In view of (v) in Proposition 6.1, one sees that the condition rankc
P(h)- n is sufficient (but generally not necessary, unless n 1) for Euclidean control-
lability. An example for n_->2 of a Euclidean controllable system for which the
condition rankc P(A)= n is violated is given by the scalar difference-differential
equation written in vector notation. In view of Remark 3.1 and Theorem 3.1, it
follows that L-approximate controllability implies Euclidean controllability, in
agreement with the very definitions.

By using Proposition 6.1(iv) one can obtain (see [43]) all the known Euclidean
controllabilty conditions [20]; also one can obtain the following result (proof is
omitted; see [43]).

TI-mORM 6.2. The system (1.1) is Euclidean controllable if and only if for any
R (independent of z) the relation

(6.1) qT[B,(Ao+All,t)B, (Ao+A1/.t,)"-IB] 0, V/.t 6 C

implies O.
In the recent literature on algebraic system theory, the controllability of retarded

systems has also been studied by purely algebraic methods [32], [49], [59], [68]. By
treating tz as a delay operator, and defining A()= A0 +A 1/x as a matrix over RItz ],
the ring of polynomials in z with coefficients in the field of real numbers, the system
(1.1) can be represented by

)(t) A(x)y (t) + Bu(t).
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The system is called "weakly controllable" (in the algebraic sense [49]) if

(6.2) rankc [B,

Denote [B, (Ix)B,..., n-l(Ix)B] by (Ix). The failure of (6.2)implies that there is
a nontrivial n 1 polynomial vector d(Ix)such that

d()I-()=O, VC
(in general d(Ix)d=const.). Thus (6.2) is stronger than the Euclidean control-
lability. We point out below a relationship between condition (6.2) and the approach
adopted in this paper.

Define the n mn polynomial matrix M(Ix) by the following identity:

(6.3) adj A(A, Ix )B M(Ix )v(A

where v(A)=(1, A,... ,An-1)r(R)I,,; compared to (3.5), equation (6.3) is just an
alternative way of factoring adj A(A, Ix)B into a product of polynomial matrices. We
then have:

PROPOSITION 6.3. rankc ffI(Ix )= n if and only if rankc M(Ix)= n.

Proof. (Only if). If rankc M(Ix) < n, there is a nonzero n-vector p,, depending on
Ix such that

(6.4) pM VIx e. (t,)-- 0, c.
Multiplying by v(h), one obtains

(6.5) r zx-(;t t)B 0P#

for all h, Ix such that det A(A, Ix) : 0. Fixing Ix, differentiating (6.16) with respect to h,
and using the relation [28, Chap. I, 2]

dk

dA k A-a(A, Ix)= (--1)kk! A-(g+I)(A, IX), k=O, 1,. .,
one obtains

(6.6)
T A-k )B 0,p, (h, t

k=l,2,..., h, Ix such that det A(A, Ix) -= 0
and hence

(6.7) p,Y Ak(h, Ix)B =0, k 1, 2," ,
which for h 0 gives rankc (Ix)< n.

(If). There is a nonzero p, annihilating/-(Ix), so (6.7) holds for all . Fixing Ix
and restricting A to the set {A] det A(1, Ix) # 0}, all the steps from (6.7) to (6.5) can be
reversed while the step from (6.5) to (6.4) follows by taking n distinct values
hi,’" ", An and using arguments analogous to those in the last part of the proof of
Theorem 3.4. Q.E.D.

COROLLARY 6.4. The system (1.1) is Euclidean controllable on [0, tl], tl >- nh ifand
only iffor any q R (independent of Ix)

rlTM(Ix)=--O, VIx C

Example 7.3 given in the next section is an example of a system which is
Euclidean controllable but not controllable in the sense of condition (6.2). In fact, in

r (1--Ix, O).that example each of H(Ix), M(Ix) is annihilated by p,
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Remark 6.2. rankc M(/x)= n does not imply rankc P(A)= n. For instance, any
system with (A0, b) controllable has rankc M(/z)= n regardless of Aa, i.e. even for
A 0, when obviously rankc P(A)< n (if m < n). On the other hand, controllability
of the pair (A a, B) guarantees both rankc P(A n (Remark 5.3) and rankc M(/z) n.
We have noticed for many other examples that rankcM(/x)=n whenever
rankc P(A )= n. One can prove for n 2 that rankc P(A) n implies rankc M(/x) n,
but it is an open question whether this implication is true in general.

7. Spectral controllability and stabilizability. The conditions presented in the
previous sections involved values of A belonging, to the resolvent set p(). Further
insight into the problem can be obtained by studying the spectral points A o-().

The spectral analysis of retarded systems within the framework of the space
C([-h, 0], R ") has been developed by Hale [21]. It can be verified that most of these
results have their counterparts in the framework of the space M2. In particular, since
the resolvent operator R(A, ) is compact, the spectrum of reduces to point
spectrum [28, Thm. 6.29], and is given by

(7.1) r() { det A(A )= 0}.

This set coincides with the spectrum of the infinitesimal generator of the semigroup in
space C. Properties of that spectrum are well known [21]; in particular, they satisfy the
assumptions needed for the spectral decomposition [65, 4] of the equation (1.2).

Let Aj tr() and let Ker (IAj -)kJ denote the generalized eigenspace (of some
dimension d.) of the operator ., with the basis x, D(). Similarly as in [21], [6], the
projection 1-lxj of x(t)onto Ker (IAi-)k’ is given by

(7.2) n.,x (t)=/ R (A, .,g,)x(t) dA x,(t)

where F. is a rectifiable, simple, closed curve containing only the eigenvalue Ai and
’(t) is an dj dimensional vector of coefficients. As a function of t, .:(t) satisfies an
ordinary differential equation

(7.3) (t) Ai:(t) + Ku(t)
where Ai is a di x dj matrix whose only eigenvalue is Ai, and Ki is an di x m matrix such
that rb;,,Ki H,B.

We shall say that a spectral mode associated with Ai is controllable, if the equation
(7.3) is Euclidean controllable in R a, i.e. if the pair (Ai, K.) is controllable.

The system (1.2) will be called spectrally controllable if all its spectral modes are
controllable.

PROPOSITION 7.1. A necessary condition ]’or the system (1.2) to be Mz-approxi-
mately controllable is that the system be spectrally controllable.

Proof.6 The statement

t M2, e > 0 =it =lu e LI([0, t], R’) such that

II0- x(t; u)ll=<
implies

6 Additional results on relations between spectral controllability and approximate controllability are
contained in [45], [46]; it is shown in [45] that a property called F-controllability (weaker than M2-
approximate controllability) implies spectral controllability.
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Moreover, due to the invariance of Ker (Ihi- e{)kj under , hence under the motion
of (1.2), the above statement implies that the system (7.3) is approximately controll-
able in R aj. But since (7.3) is finite dimensional, the approximate controllability of
(7.3) is equivalent to exact controllability. Q.E.D.

The matrices Ai and K obtained by using spectral projection in the space M2 are
identical to those obtained via projections in space C[6]. Direct testing of control-
lability of (Ai, Ki) as suggested by Osipov [53] is, in most cases, not practically feasible.
Recently, Pandolfi [54], and also Bhat and Koivo [8], have proved that the control-
lability of (Ai, Ki) is equivalent to

(7.4) rank [A(,i); B] n.

This is a generalization of a well known Hautus condition [23]. Since p(fi.) implies
rank A(,)- n, one has that the system (1.2) is spectrally controllable if and only if

(7.5) rank [A(A), B] n for all h e C.

The conditions reported above7 have an advantage over those of Osipov in that
they do not require computing of projections IIx, but they. also have the essential
shortcoming of requiring the computation of eigenvalues of A. Since usually has an
infinite spectrum, verification of condition (7.4) for all 2 r(fi.) usually is not feasible.

Out next result overcomes this difficulty.
TnzoazM 7.2. If rank B 1 then (7.5) implies

(7.6) P(A)v(e -xh) 0 for all , e C.

The converse (7.6):=> (7.5) holds for any rank B >- 1.

Proof. 1. Suppose that P(h)v(e -xh) 0 at some , ,o. By (3.5) this means that

(7.7) adj A(Ao)B 0.

Hence rank [adj A(ho)] is less than n (otherwise there would be no column of B
orthogonal to all rows of adj A(ho)), and so rank A(h0)<n; i.e. by (7.1) o is an
eigenvalue of A]. There are now two possibilities

(7.8) (a) rank h(,o)= n 1 rank [adj h(,o)] 1,

(7.9) (b) rank A(,o)< n 1 adj A(Ao)= 0

(these equivalences follow from the properties of the determinants). In case (a) the
rows of [adj A(A0)] are all aligned, and at least one of them, denoted by r/r, is nonzero,
r/r 0. Then from [adj A(,0)] A(Ao) I det A(A0) one has r/r A(A0) 0, and, by (7.7),
r/rB =0, which gives rank [A(,0),B]<n. In case (b) if rank B 1, one can still
conclude that rank[A(Ao),B]<n. If rankB>l, one can only say that
rank [A(Ao), bi] < n for each column bi of B, 1, , m. This proves the first part of
the theorem.

2. Suppose that condition (7.5) fails at ,o. Thus, there is a nonzero r/e R", such
that

(7.10) "0
T A(O)’-" 0

and

(7.11) r/rB =0.

These conditions were recently generalized to systems with delays in control [52].
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(7.10) implies that rank A(Ao)=<n-1, so that again either (a) or (b) holds. In case
(b) the result obtains trivially. In case (a) all the rows of adj.A(Ao) are collinear,
and the dimension of the nullspace of AT(Ao) is 1. Since one has both (7.10) and
[adj A(Ao)] A(ho)=0, all the rows of [adj A(Ao)] are collinear with , so by (7.11)
they annihilate B

0 adj A(Ao)B P(ho)v(e-Xh). Q.E.D.

COROLLARY 7.3. Let m 1. A necessary and sufficient condition for spectral
controllability is

(7.12) P(h)v(e -xh) # O, h C.

For m > 1 the condition is sufficient only.
COROLLARY 7.4. Let m 1. A necessary condition ]:or M2-approximate control-

lability is

(i) det P(A)0
(7.13)

(ii) P(A)v(e -xh) 0,

We note here that a condition analogous to (7.12)was first stated in [24] as a
necessary condition for exact controllability in the space W21) ([-h, 0], R") of linear
neutral differential-difference equations; that condition was also proved to be
sufficient for n 2, or under some other additional hypotheses; however, the condi-
tion was derived independently of spectral notions. The sufficient part of Corollary 7.3
for neutral systems is contained in Remark 5.1 of [25]. Also, a result analogous to
Theorem 7.2 (but in a less general form) can be found in Corollary 5.1 of [25].

Remark 7.1. Observe that the condition (7.12) have a distinct advantage over
(7.5). If m 1 and rankc P(A)= n, det P(A) is a nonzero polynomial. The roots of this
polynomial are the only points at which the rank P(A) is less than n, that is at which
the condition

P(A)v(e-Xh)o
(hence, equivalently, the condition rank [A(A), B] n) can possibly fail. By computing
those roots and checking at them the condition (7.12) one can check the spectral
controllability without a prior knowledge of eigenvalues ofA!

In other words, in case rankc P(A)= n and m 1 the roots of det P(A)= 0 are the
only potential candidates for the eigenvalues associated with uncontrollable eigen-
modes (all such eigenvalues must satisfy det P(A)= 0 and P(A )v(e-Xh) 0).

Example 7.1. Consider again the system of Example 4.3.

h 1 -1]P(A)=
3(A-l) 3

The polynomial det P(A)= 6A has only one root A 0. Checking the condition (7.12)
we find

p(A )v(e_,h) [ A + 1
L3(a-1)

which for A 0 equals

1 1
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Now, the reason for which the system of Example 4.3 was not M2-approximately
controllable has become clear" A 0 is an eigenvalue whose associated eigenmode is
not controllable. This can be confirmed by inspecting

A(A)= [h 1 +e-Xh --1
0 A 2- e-xh

which, for h 0, gives det A(0)= 0 and

0 -1
rank [A(0), B] =rank

0 -3 1]=1<2,3

regardless of value of h. One can also verify that a slight perturbation of B (replace 3
by 3 + e, e > 0) yields (7.12), thus the spectral controllability.

Example 7.2. The reader can verify that for the system of Example 3.1 and 4.1
one has

P(A)v(e-X)=O for A=0 (h=l)

d
(7.14) -[P(A )v(e- )]x=o 0

and

d2

dh 2 [P(A )v (e -x)lx =0 0.

Since in this example det A(A)= A 3, one sees that

P(a)v(e-)A-I()B

has, in fact, no singularity at A 0, so that all the spectral modes of the system are
uncontrollable. This extremely pathological situation is related to the phenomenon of
pointwise degeneracy, as discussed in the next section.

A problem closely related to spectral controllability is that of stabilizability. The
stabilizability is understood here in the same sense as in [65], that is that there exists a
bounded linear operator K"MR" such that the semigroup $p(t), >=0 in M2,
generated by ft. +//" D(ft.) D()-->M satisfies

IIS(t)xoll,=- 0 as -, Vx0 M.
By [65, Cor. 6.2, plus 7, item 3] the linear retarded systems are stabilizable if all the
spectral modes corresponding to eigenvalues satisfying Re A => 0 are controllable. By
using the space decomposition as in [65, 4] it turns out that this condition also is
necessary. See the Appendix. Furthermore, for, retarded systems, stabilizability is
equivalent to exponential stabilizability

(7.15) Ils(t)x0ll,=--< C e-’llx0ll, > 0, => 0.

From these remarks and from Theorem 7.1 we obtain
CorOLLAR 7.5. Let m 1. A necessary condition ]’or stabilizability ol (1.2) is

P(A )f)(e -xh) O, [A such that Re A >= 0.

This condition is sufficient ]:or any m >= 1.
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Example 7.3. Consider the system [49]

(t) Xl(t) + Xa(t- h),

i (t)

23(t)=u(t).

An elementary computation gives

(I 1)2
which vanishes for 1. The system is not stabilizable (which confirms the statement
made in [49]), and is not L2-approximately controllable (rankc P(A )= 2 < 3).

In the literature, the stablizing feedback has often been described as an operator
involving integrals of y(t + 0) over 0 [-h, 0], which is believed to be inconvenient in
implementation. We indicate below how a stabilizing feedback for the system (1.1)
can be realized by using a lumped parameter system with y(t) and y(t- h) as its inputs.

Suppose that Re hi >- 0, 1, , N and Re . < 0 for/" > N, and furthermore,
that all the systems (7.3) corresponding to ] 1,..., N are controllable. Then the
system can be stabilized [53], [54], [65] by a feedback of the form

N

(7.16) u(t)= Fii(t
i=l

where F/are m x di matrices, and, as is well known [21], [6], the i(t)satisfy

0(7.17)
:i(t) qx,(0)y(t)+ I_ x,(h + O)Aly(t + O) dO

h

where g%(0) is a ki x n matrix function satisfying

,(0) e-A’x,(0), 0,(0) A(ai) 0.

Define
0

vi(t) I_ *x,(h + O)A ly(t + 0) dO I *x,(h +s -t)Aly(s) ds.
h -h

Differentiating vi(t), one obtains

(7 18) ti(t) e-A’hatt,, (0)Ay(t)- I%(0)A y(t- h)+ Aivi(t)

the stabilizing feedback becomes

N N

(7.19) u(t)=Foy(t)+ Y F.vi(t); F0 Z F.Oxj(0)
/=1 /=1

where vi satisfy the differential equations (7.18). Theoretically, therefore, the realiza-
tion of the stabilizing feedback could be done just by using the dynamical feedback
given by (7.18), (7.19). Practically, a system with such a feedback might be sensitive to
errors in parameters. Design of "insensitive" feedbacks is an interesting area for future
study.

We note that using Theorem 4.4 one can, in some cases, prove that the spectral
controllability along with the condition rankcP(A)= n implies M2-approximate
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controllability. A discussion of such results is given in [46]. Here we report only the
following result.

PROPOSITION 7.6. Let n 2, rn 1. A necessary and sufficient condition for
M2-approximate controllability is

det P(A) 0 and P(A)(eXh) 0, VA E C,

i.e., spectral controllability and rankc P(A)= n(=2) are equivalent to M2-approximate
controllability.

It is also interesting to note that for n 2, m 1 the condition (7.13)(ii) is
equivalent to null function space controllability [26]. Therefore, for two dimensional
systems with rankcP(A)= n, rn 1 one has that M2-approximate controllability,
spectral controllability and null function space controllability are all equivalent.

8. Relation between pointwise degeneracy and lack of Lz-approximate control-
lability. In this section we show that there is an interesting relation between the
pointwise degenerate systems and the systems which are not L2-approximately
controllable.

Suppose that the system

(8.1) ,(t)=Aoz(t)+Alz(t-h), z ER n,
is pointwise degenerate with respect to bER at >= lh, an integer >-2 (see [58]), that
is brz(t)=O t>=lh for any solution z(. ).

The following observation of Kappel [27], which we now recast in the framework
of Co semigroups, plays an important role. Let r/EM2, ri (ri0, 0), rl

o
E R arbitrary

and consider for Re A > w0 [wo defined above (2.2)]

b A-l(A)ri=bTI-loR(h,)ri (by(2.5))
lh

Io -Xtb fo -Xtb TX(t)rio On
e l-IoS(t)ri dt e dt, /ri E R

where X(t) fundamental matrix; this shows that bT A-(A) is an FLT2([0, lh],R n)
function. Suppose further that among the components of b A-I(A) there are at least
two which belong to the class FLT2([0, h ], R), so that b 7- A-x(A) can be written as

bT A-x(A)= [,,,,...,,, ri(A),*,...,*, rk(A),*]

where denote irrelevant elements, and both rj(A) and rk(A) denote the components
of class FLT2([0, h ], R), appearing at/’th and kth place respectively.

Consider now the system

(8.2) )(t) Aoy (t) +Ay(t- h)+ bu(t).

Its transfer function is AT-I(A)b, and one easily sees that it is annihilated by q(. )E
FLT2([0, h], R n) given by

(8.3) qT(A)= [0, 0,..., 0,-r,(A), 0,..., 0, rj(A),...

where the nonzero elements -r(A), ri(A) appear at jth and kth place respectively.
Thus (8.2) is not L2-approximately controllable.

From now on, a system with matrices Ao, A1, B such that the system with
matrices Aft, A is pointwise degenerate with respect to B (all columns of B), will be
called a transpose of a pointwise degenerate system.
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The system described in Examples 3.1 and 4.1 is for h 1 (and for this value
only), a transpose of the pointwise degenerate system given by Popov [58]. A
nontrivial fact in that example is that, for h 1 the transfer function A-l(1)b does
indeed have two components which are finite Laplace transforms over the interval
[0, 1] (the third one is an FLTe over [0, 2]). Furthermore, as said before, the system is
Le-approximately controllable for all h 1. (However, by application of Corollary 7.4
one obtains that the system is not Ms-approximately controllable for any h > 0).

Example 8.1. Consider the system

Ao -3
-1

Computing zx-l(1)b, we obtain

Hence

(8.4)

AI= 0 b=
1

i 2_ 1 -I- 2 2e -xh

2A e + Ae-Xh
2A e -xh + 2Ae-xh + e

/
2_ +2 -2

P()t) 2. 2 h.

-2a -1+2a

Now, the necessary condition of Theorem 3.1 is fulfilled, because detP(A)=
A 3 + 3A 2 + 2A 0 (we observe that in this example det P(A) det A(A)). The roots of
det P(A) are 0, -1, -2. The first and the second elements of A-I(A)b are

A 2 A -t- 2 2e -xh 2A 2 + Ae-Xh
rl(A)= and r2(A)=a (a + 1)(a + 2) a (a + 1)(a + 2)"

We easily find that all the zeros of the denominator are canceled by the zeros of both
numerators, if and only il h In 2, in which case the system is the transpose of
Zverkin’s pointwise degenerate example [71]. Thus for h In 2 both rl(a) and r2(a)
are entire functions (as they should, by the degeneracy of Zverkin’s example) of
exponential type. Computing the constants H and H’ appearing in Theorem 2.8, we
find H’= 0, H h. Since both rl and r2 are O([a 1-1) when a iw, w -+ oo, they indeed
satisfy all the conditions of Theorem 2.8 and, therefore, belong to the class
FLT2([0, h],R). Consequently, qr(a)=[-r2(a), rl, (), 0]eFLT2([0, h],R 3) anni-
hilates A-l(a)b, which proves that the system is not Lz-approximately controllable
only for the isolated value of h In 2. However, since P(a)v(e-’) 0 for )t 0, the
system is not spectrally controllable, let alone M2-approximately controllable, for any
value of h > 0.

We now show that the situation arising in the transposed Popov example and in
the transposed Zverkin example is not accidental.

TttEOREM 8.1. Every system of the form
(8.5) 1)(t) A0y (t) +Aly(t- h)+ Bu(t)

such that the system

(8.6) 2(t) Az(t)+Az(t- h)

is pointwise degenerate with respect to B on [2h, oo) is not Le-approximately controllable.
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Before proving the Theorem, we make the following observation.
Remark 8.1. Let X(t) denote the n x n fundamental matrix of system (8.5). By

using the known property of commutativity of the semigroup operator S(t) with its
infinitesimal generator A

(8.7) .S(t)x S(t).x, Vt >= O, Vx D(fi,)
one can prove the following relation:

(8.8) AoX(t)+A1X(t- h)= X(t)Ao +X(t- h)A a, /t >- O.

Proof of (8.8) using (8.7), for systems more general than (1.1), can be found in [7]; the
same relation can also be proved.without using (8.7) [41].

Proof of Theorem 8.1. Let (8.6) be pointwise degenerate with respect to B (all
columns of B), =>2h. This means that BTz(t)=O for =>2h for every solution z(t)of
(8.6). By virtue of (8.8), XT (t) is a fundamental matrix for (8.6), i.e.

(8.9) ---dxT (t)= AffXT(t)+AIXr(t- h), Xr(0)= I.
dt

Degeneracy implies, as seen before [27]"

(8.10) BTxT(t)----O, >=2h.

Differentiating and substituting (8.9), we obtain

d
BTXr(t)= B TAffxT(t)+ B TA"XT(t- h ), >= 2h,O=-dt

(8.11)
BTxT(t)A+BTxT(t-- h )A T, >= 2h,

where the last step obtains by (8.8). Now (8.10) and (8.11) imply

BrXr(t-h)A(=-O,
or

X(t)B Ker A a, for >= h.

At this point we recall the result of Popov [58, Cor. 1] saying that if the system (8.6) is
degenerate, then rank A => 2. Thus the dimension of Ker A is not greater than n -2.
By a suitable change of basis in R (which does not affect the L.-approximate
controllability) one can always arrange that all vectors in KerA have form
(al, a2,’", an-2, 0, 0)r. In such a modified system of coordinates, related to the
original one by some transformation zt Mz, z M-lzt, we will have

t>-2h,

M-X(t)MM-B defxM(t)BM

al,l(t)

Ol,n-2(t)

0
0

On,l(t)

,_(tl t>-h,

which means that (at least) two coordinates of Xlvt(t)Blvt go to zero

[0;"hi. Since for system (8.5) A-x(A)B is just the Laplace transform of X(t)B, in the
modified system of coordinates we will have that A(A)Bt contains at least two
components of the class FLT2([0, h], R). Q.E.D.
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As the matrix P(A) is not involved in the proof above, the statement of Theorem
8.1 is independent of rankc P(A ). Examples 3.1, 4.1 and 8.1 show that the intersection
of the class of systems for which rankcP(A)-n with the class of transposes of
pointwise degenerate systems with respect to B on [2h, ) is not empty.

We also have the following result.
LEMMA 8.2. Let m 1 and rankc P(A)= n. Suppose that A-X(A)b is an entire

function. Then the spectrum of A is finite, and det A(A) is a polynomial that divides
det P(A ).

Proof. If 1A-(A )b [adj A(A )]b
det A(A)

is an entire function, the zeros of [adj A(A)]b must coincide with those of det A(A).
But [adj A(A)]b P(A)v(e -xh) can have zeros only at those points at which rank
P(A)< n. The assumption implies that there are only a finite number of such points,
each of them satisfying det P(A) 0. In other terms, all zeros of det A(A) are also zeros
of det P(A). Q.E.D.

Examples 3.1, 4.1 and 8.1 are of the type described in the lemma.
We next show that the class of systems having rankcP(A)= n and yet not

LE-approximately controllable is not limited to transposes of pointwise degenerate
systems on [2h, ). Starting from the latter class, we shall construct a class of
augmented systems which has the same features as before, i.e. qr(A A-I(A )B =0 with

Tnonzero q (A), rankc P(A)= n, except that now A-I(A)B will not be entire.
To be specific, consider a system of dimension n given by A0, A 1, b, h, (m 1),

such that
(i) it is a transpose of a pointwise degenerate system on [2h, ), so that the.

function A-I(A)b [rx(A),. , r,,(A)]T has its n coordinates ri(A) of class
FLT2([0, 2h ], g);

(ii) at least two of the functions rl(A),. , rn(A), say ri(A) and rj(A), j > i, are of
class FLT2([0, h ], R);

(iii) The matrix P(A) satisfies rankc P(A)= n.
Note that systems given in Examples 3.1 and 8.1 satisfy the above requirements.
Next, construct an augmented system of dimension (n / 1) defined by

IA-90 FAI-b- B(8.12) A= --- AI= [-- I--1J’ --Define (A def(IA-- --O--{ le-h). Inverting z(A by partitioning (e.g. [3, p. 56]),
we obtain

det (A )= det A(A )(A e -h)
and

rl (A)A e -xh

r,, (A )
A e -x-------’ff

1
c a --e-Xh

P(A)v(e -xh)
det A(A -Ah

-Xh
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Because of the factor 1/(1-e-’h) the transfer function ,-l(A)o# is not entire, so that
the augmented system is not a transpose of a pointwise degenerate system. From the
formula above it follows that the matrix/3(A) of the augmented system is given by

)= tdet A(A) --O--J
so that det/(A (-1) det A(A det P(A - 0, hence rankc/6(A n + 1.

Now, the following nonzero function of the class FLT2([0, h], R "+1) annihilates

qT(A)= [0,." .,-ri(A),..., r,(A),..., 0].

ith place ]th place

Indeed

q T(/)- () [-- r. (A)ri(A )+ r,(A )r(A)1
-Xhe
-Ah 0o

A-e

Consequently, the augmented system is not L2-approximately controllable; we sum-
marize this result below.

TRANSPOSES OF POINTWISE
DEGENERATE SYSTEMS ON [,h,oo]

>_.2

SYSTEMS WITH
FINITE SPECTRUM

TRANSPOSES OF POINTWISE
DEGENERATE SYSTEMS ON [2h,]

NOT L2-APPROXIMATELY CONTROLLABLE

SYSTEMS WITH RANKP() n

NOT L2-APPROXlMATELY CONTROLLABLE

FIG.
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THEOREM 8.3. If the n-dimensional system (1.1) with m I satisfies the conditions
(i)-(iii) above, the augmented (n + 1)-dimensional system defined by (8.12) satisfies
rankc P(A)= n + 1, is not a transpose of a pointwise degenerate system, yet is not
Lz-approximately controllable.

The facts obtained can be illustrated by Fig. 1.

Appendix. We now complement Corollary 6.2 of [65], with the following con-
verse. In what follows, it will be expedient to refine the notation of [65], by adding the
explicit dependence on the number 6 > 0 for which the space decomposition of 4.1
in [65] holds. We shall therefore write Au(6), As(6), Xu(6), Xs(6), P(6), etc. for the
quantities denoted in [65] simply by A, As, X, Xs, P, etc. corresponding to such 6.

THEOREM (Converse of Corollary 6.2 of [65]). Let assumptions (i) and (iii) of
Theorem 6.1 hold, as in Corollary 6.2 of [65], i.e., let the spectrum tr(A) ofA satisfy the
spectrum decomposition assumption of 4.1 in [65] for some 6 > O, and let the cor-
responding operator As(6) satisfy the spectrum determined growth assumption of 2 in
[65] on the subspace Xs(6). Assume further thatX(6) is finite-dimensional. Then, if the
pair (A, B) is stabilizable (as defined in 1 in [65]), it follows that there exists a number
p, 0 < p <- 6, such that the corresponding pair (A (p), Bu (p)) with B, (p) P(p)B is
cottrollable on X(p ).

Proof. The finite-dimensionality of X(6) implies that the space decomposition
holds also for all 0 < p -<_ 6. The only nontrivial case to prove is when the set

tr(A) f’) {h Re h >_- 0}

is nonempty. In this case assume, by contradiction, that for all p, 0<p_-<6, the
corresponding pairs (A,(p), B,(p)) are not controllable. Since Xu(p) is finite dimen-
sional, it is known (e.g., [35, p. 93]) that X,(p) can be further split into two subspaces,
Xu,x(p) and Xu,2(p), invariant for A,(p) and that the system (A(p), B,(p)) can be
written as

[-ul] [Aul(p)Au,2(p)]lXu, x] ]Bu(p)],u 2 0 mu,3(p Xu,2 0

with x [xu,1, x,2] (In fact Xu,(p) is given by

X,I(p) span {Bu(p)U, Au(p)B(p)U, AL(p)B(p)U}

for some nonnegative integer r r(p), not greater than the dimension of X(p)). Since
o(mu,3(p) tr(Au(p)), then for sufficiently small p there is a h tr(A,3(p)) with Re h ->

0, which is an eigenvalue of Au,3(p) by the finite-dimensionality of Xu(p). Hence

does not converge to zero as o. Since the control u (t) does not influence x,(t), the
pair (A, B) is not stabilizable, which is a contradiction. Q.E.D.

Remark. Applying Corollary 6.2 of [65], we see in fact that the stabilizability
postulated in Theorem 2 above for the pair (A, B) is in fact exponential stabilizability.
As for classes of physically significant dynamical systems to which Theorem 2 above is
applicable we refer to [65, 7].
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NUMERICAL ASPECTS OF RECURSIVE REALIZATION ALGORITHMS*

LIEUWE SYTSE DE JONGt

Abstract. The known recursive algorithms for the minimal realization problem are numerically
unstable. The reasons for the numerical instability are explained for Rissanen’s algorithm. It is shown how
the algorithm may be "stabilized". Finally, a numerically stable algorithm is assessed with respect to
efficiency, capability (i.e. which problems can be dealt with on the available computer) and with respect to
suitability for finding approximate minimal realizations.

1. Introduction. An internal description of a discrete, linear, dynamical system
with p input and q output termirals is given by

x(t + 1)= Ax(t)+ Bu(t),
E.(A B, C)=-

y(t)-- Cx(t).

The number n is called the order of the system. A, B and C are respectively n x n,
n x p and q n matrices with elements from a field F (say). The vectors x(t), u(t) and
y(t) are respectively n-, p- and q-dimensional vectors with elements from F, called
state, input and output vectors. The time is denoted by t.

We consider the system at times t-0, 1, 2,.... If at t-0 the system is at rest
(x(0) 0) and an impulse u(0) is applied as an input, then the impulse response is

y(t)= CAt-IBu(O) (t 1, 2,... ).

The (complete) minimal realization problem MRP reads: given a sequence of q p
matrices (Si)i=l with elements from F, to determine a system Y_,,, (A, B, C) of minimal
order that has the impulse response

y(t)- Stu(O) (t 1, 2,...).

Hence, A, B and C are to be determined such that A has minimal dimensions and
St CAt-IB (t 1, 2,...). A solution E,(A,B, C) of the MRP is called a minimal
realization of the impulse response (S)= 1.

The MRP is classical in the single-input, single-output case (p q 1) and with F
the field of reals; for historical details we refer to de Jong [4]. Yet it lasted till the mid
1960’s before algorithms were proposed capable of solving the MRP without
unnecessary restrictions on the impulse response (Ho, Kalman; Youla, Tissi;
Silverman [3]; [12]; [10]). All these algorithms determine a minimal realization from a
decomposition or a factorization of the Hankel matrix

Sl S2 Sl

Hk,
S2 S3 Sl+

Sk+l Sk+l-
where k and should be large enough; if a and/3 denote controllability and obser-
vability indices (assuming that these exist), then it is a precondition that k _-> fl, _-> a,
k +l>a +ft. The algorithms do not prescribe how the decomposition should be
obtained.

In 1971 Rissanen proposed an algorithm where the decomposition is found in a
recursive way: it is obtained by repeatedly updating the decomposition of a smaller

* Received by the editors March 7, 1977, and in revised form August 17, 1977.
t Computing Center, Eindhoven University of Technology, Eindhoven, The Netherlands.
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Hankel matrix to the decomposition of a larger Hankel matrix [9]. The advantage of
such an approach is that it is appropriate for solving the partial minimal realization
problem (find a system that realizes a first finite part of (Si)i= 1). Besides, this approach
is suitable for computing approximate minimal realizations in case the given impulse
response contains noise. Last but not least, recursive algorithms are by a factor n more
efficient than nonrecursive algorithms in case the order n is not a priori known.

Prior to the work of Rissanen, Massey gave an efficient recursive solution for the
single-input, single-output case [8]. He used an algorithm, which was developed by
Berlekamp for the decoding of BCH codes [1]. The algorithm is not based upon a
Hankel matrix approach but it may be formulated in that way. In 1974, Dickinson,
Morf and Kailath generalized the Massey/Berlekamp algorithm to the multiple-input,
multiple-output case [2].

If, however, F is an infinite field, then these recursive algorithms are numerically
unstable in the sense that became customary in numerical analysis. The inexact
minimal realization as it is supplied by a computing machine with finite arithmetic
might not be a "numerical neighbor" of a minimal realization that corresponds with a
"numerical neighbor" of the given (Si)7= 1. This is caused by some malicious round-off
errors that may gain in importance and destroy all accuracy. Because all recursive
algorithms mentioned above are based upon the same principles (see de Jong [4]), we
shall investigate only Rissanen’s algorithm and show where such malicious round-off
errors may occur. We shall elucidate how .the algorithm may be stabilized and,
eventually, assess a numerically stable algorithm.

A seeming simplification in this article is that only the single-input, single-output
case is discussed. However, with respect to the numerical properties of the algorithm,
this implies no restrictions.

2. Rissanen’s algorithm. From now on we assume that p q 1 and that F .
We suppose that (Si)il has a minimal realization of order n. Before formulating the
algorithm we state two basic results due to Kalman et al. [6], [7].

LEMMA 1. The impulse response (Si)i has a minimal realization of order n if and
only if

rank (Hn+ 1,j) rank (Hn,j) n (j=n,n+l,.. .).

LEMMA 2. Any solution of the MRP is unique up to a similarity transformation: if
E,(A, B, C) is a solution, then all other solutions are obtained by choosing a regular
n x n matrix Mand forming

Z,, (MAM-1, MB, CM-1).
The following corollary is an immediate consequence of Lemma 1.
COROLLARY 3. If (S/)= has a minimal realization of order n, then there exists a

unique vector x such that (x , -1)H,/,i Or (j 1, 2,...). A minimal realization of
(Si)=1 is then

0 1 0 0 Sl 1 T

0 0 1 0 S2
E?I 10 0 0 Sn-1

Xl X2 X3 Xn Sn .A
The condition of Lemma 1 is known as the "rank condition". It expresses that the

last row of the Hankel matrix Hn/l,. is a linear combination of the other rows of
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nn+l,,. The vector x of Corollary 3 contains the coefficients of this combination.
Because rank(I-In/l,n)=rank(Hn,n)=n, the vector x is uniquely determined by
Hn/l,,. Hence, a minimal realization of (Si)il may be computed from the first 2n
elements of (Si) 1. Therefore, a realization algorithm needs only to investigate a finite
number of elements of (Si)i= 1. However, it is necessary that n or an upper bound for n
is known. Otherwise, the algorithm cannot decide when enough elements were
investigated.

Let us suppose that N is an upper bound for n. First, we given an outline of
Rissanen’s algorithm.

The algorithm starts out with a pair (k, l) such that

(2.1) rank (Hk+ 1,1 ) rank (Hk,l) k

and a decomposition of nk+l, from which rank (nk+l,l) and the vector x such that
=0T(x , -1)H/l,t may be easily obtained. If k + >= 2N, then enough elements of

(S)=1 were investigated and the algorithm may terminate, otherwise there are two
possibilities. Either (2.1) holds for all values of l<-2N-k, which is verified by
investigating the decomposition for H/I,ZN-k (obtained by gradually extending the
decomposition of H/l,t) and in this case the algorithm may terminate. Or there exists
an l’> such that rank (H/l,r) k + 1 and then k’> k is determined such that

rank (Hk’+l,l’)"-rank (Hk’,l’)-- k’,

which is the starting point again and the procedure may be repeated. The decom-
position for Hk,+X,l, is obtained by first extending the decomposition for /-//l,t to
nk/l, l’ and, thereafter, to Hk,/l,r. The process is finite because k’+ l’> k + I. At the
end a minimal realization based on Corollary 3 is constructed. The vector x is
deducted from the final decomposition.

THE ALGORITHM (in pseudo-Aoo).
0. {a decomposition for H+l,t is known; (2.1) is satisfied};
1. while k + < 2 N do
2. begin := + 1; {update the decomposition};
3. while rank (H+1,t) k + 1 do
4. begin k := k + 1; {update the decomposition}
5. end
6. end;
7. {print a minimal realization}
We shall prove that the algorithm is correct; viz., if N is an upper bound for n,

then the algorithm is finite and at the end it supplies in k the value of n. The finiteness
follows from the observations that in each cycle the sum of k and increases at least by
one (line 2) and that the loop in line 3 due to the properties of the rank can be
executed at most (l- k) times.

Next, let us show that finally k n. If just before execution of the loop in line 3
we have rank (H,,t)= k, then this is also true just after execution of the loop. Using
this, it is easy to verify that (2.1) is an invariant relation for the loop in line 1.
Consequently, if at the beginning of the algorithm (2.1) holds, then (2.1) also holds at
the end when k + => 2 N.

The final value of k cannot be greater than n, because then rank (H,,/)<k
(Lemma 1). On the other hand, k cannot be smaller than n, since that would mean
=>N => n; the rank condition of Lemma 1 then implies that rank (H,/I,I) k + 1,

which contradicts (2.1). So at the end we must have k n.
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Let us now turn to the decomposition of Hk/l,. Theorem 4 describes a decom-
position for Hk+l,l from which rank (Hk+l,) and the vector x of Corollary 3 (if it
exists) can be determined, and which can be readily updated in case k or are
increased.

THEOREM 4. If rank (Hk,t)= k, then Hk+ 1,! has a decomposition

Mk+l,k+lHk+l,IP

of the following kind"
Mk+1,k+ is a (k + 1)x (k + 1) regular matrix, P is a permutation matrix and Rk+ 1,1

Rk+l,l

has upper trapezoidal Corm"

0 0 *

The last row Of Rk+l,l is zero if and only if rank (nk+l,l)’-- k.
We shall not prove this elementary theorem. Instead we assume that k and are

known such that (2.1) holds and, moreover, that for Hk/l,l a decomposition as in
Theorem 4 is available; we shall show how the decomposition is updated whenever k
or increase as in the algorithm (note that in case $1 # 0, one may take k 1).

Updating the decomposition after l:=l + 1; (line 2). A decomposition for Hk+l,/-1
is available. Since rank (nk+l,l-1) k, the last row of Rk/l,-i is zero. We have

(2.2)
Mk+l,k+lHk+l,l -+-1 Rk+l,l-1 Mk+l,k+l

+1

If the last row of the right-hand side matrix is zero, then the updating process finishes.

Otherwise the new permutation matrix is adapted such that Mk+l,k+l becomes

+l

the (k + 1)th column of the right-hand side matrix.
Updating the decomposition after k := k + 1; (line 4). A decomposition for Hk, is

available and we know that the last row of Rk, is not zero, since rank (Hk,l) k. We
have

Mk,kHk,P

Let (m l, m2," ", mk) denote the last row of Mk,k. Then

(2.3)
Mk,k 0 Jnk+l,le

ml... mk-ll mk

Due to the Hankel structure of Hk+l,l, the use of the shifted last row brings about
that at least (l 1) components of c r are identical to (l 1) components of the last row
of Rk, g. Hence c 7- has at least (k 2) components zero. Investigating the structure of P,
it can even be shown that the first (k- 2) components of c 7- are zero.

If the right-hand side matrix of (2.3) has not upper trapezoidal form then it is
brought into that form by premultiplying (2.3) at the left and the right by elementary
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transformation matrices

-1
0

(2.4) Ti:= 1 --i (l=<i_<k)"
0

/xi 1

The multipliers/xi are chosen such that

Since the first (k- 2) components of c r are zero, only/x and /,1,--1 are nonzero. If
rank (H/I,) k, then the last row of the transformed R is zero and the updating
process finishes. Otherwise, the permutation matrix P is adapted such that the trans-
formed matrix R has upper trapezoidal form and nonzero diagonal.

Remarks. 1. The presentation of the algorithm differs from Rissanen’s presenta-
tion.

2. By analyzing the updating process in detail one can show that only 2Nn + 1/2n
operations (counting multiplications and divisions) are necessary. The main reason for
this very small number is the use of the shifting trick.,Due to this trick one needs only
two transformation matrices in (2.3) and, moreover, one needs only to compute the
last two components of

M+l,k+l
S+1

in (2.2).

3. Without loss of generality we may assume that the (k + 1, k + 1)st element of
any matrix Mk+,+l that occurs in the computational process is equal to 1. This
follows from the observation that the transformation matrices of (2.4) do not affect
the last column of the matrix

0 m’’’ll m
after premultiplication by the this matrix still has m as (k + 1, k + 1)st element.

4. If in (2.4) it holds that I>l N 1, then the elementary transformation matrix is
called stabilized, else unstabilized (compare Wilkinson [11]).

5. If a vector has to be transformed into the form
0

as in the updating

process of the algorithm of Rissanen, then there are two elementary transformation
matrices with which this can be achieved"

a1 0 a a 1 1][b]=[]l][bJ=[0] or

Either the left or the right transformation matrix is stabilized. Rissanen’s algorithm
always employs the left transformation matrix.

"-[al into the form [;] is by means of a6. Another way to transform a vector
b

plane rotation matrix or a Givens matrix. Let be the (rotation) angle with 0 N ] N
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rr/2 such that sin b b/r, cos b a/r, where r (a 2 + b2)1/2. Then

[ cosb sinb]S:=
e-sinb cos$

is called a plane rotation matrix and

r

Note that S is an orthogonal matrix and that the product of any number of orthogonal
transformation matrices is again an orthogonal matrix.

3. Te erelsit Nsse’slg. The computations (multipli-
cations, additions) performed by a digital computer are aicted with round-off
errors. Since the real numbers are replaced by a finite set of machine numbers, it is a
coincidence if the exact result of an operation (addition, multiplication) applied to
machine numbers is again a machine number. If it is a g0od" machine then either it
supplies the machine number, which is the closest to the exact result, or it breaks the
computational process down in case of underflow or overflow. However, even though
the computer does the best one may expect for one operation, a machine number
resulting from a series of operations may deviate prohibitively from the exact result. A
much quoted example concerns the computation of the roots of a quadratic equation
ax + 2bx + c 0 via the formula

y( )= (-b (b- ac)//a.
If [ac[ << b and b > 0, then the computed approximation for y (+) is very bad, due to a
loss of accuracy when computing -b + (b- ac)/2. Because -b + (b2- ac)/2 is much
smaller than (b2- ac)/2, the round-off error made when computing (bZ-ac)/2 gains
very much in importance when (b2- ac)/2 is diminished with b. The obvious remedy
is to compute y(+) by means of the formula

y(+ )= -c/(b +(bZ-ac)/2.
One should be well on one’s guard against this phenomenon of numerical instability.
It is inadmissible that round-off errors made somewhere in the computational process
can gain in importance and eclipse the final result.

Elaborating on this it is possible to give concrete definitions of numerical stability
and instability and to prove that Rissanen’s algorithm is numerically unstable (see 41).
Here we restrict ourselves to a heuristic approach.

The following demands should be met for numerical stability.
1. The last row of the computed M+I,+x should deviate little from the last row

of the exact M+,+1.

2. The computed matrix R+l,l should enable trustworthy statements concerning
the rank of H+a,l.

The first demand is necessary because the minimal realization is based upon the
last row of M+1,+1. The second demand requires some explanation. The rank of
H+l,l is determined by investigating R+,l" if the bottom row is zero, then the rank is
equal to k; otherwise it is equal to k + 1. However, 0nly a perturbation +1,1 is known.
If R+l,l has a zero bottom row then R+.l will probably have a nonzero bottom row.
It is essential then that this row is small compared to the rest of R+,l. Otherwise the
wrong conclusion about rank (H+I,/) and, finally, about the order of a minimal
realization is drawn. We shall show that both demands may be violated.



652 LIEUWE SYTSE DE JONG

The first demand. Let us consider the multiplication of Mk+l,k+l and an elemen-
tary transformation matrix at line 4 of the algorithm. Omitting the insignificant parts
of the transformation matrix and the irrelevant rows of Mk+x,k+l we have essentially
the resulting transformation

i1 [:fl,(
/z 1 n-- fl(/za +m(3.1)

The notation fl indicates that the operations are performed by a (floating point)
computer. By (a r, 0) we denote one of the first k rows of /O/l,/l and (m r, 1)
corresponds with the last row of Mk/,k/l. We have

fl(Iza r + mT) (lzaT(I +El)+ mr)(I +E2)-(tza r + mT)(I +E2)+ lzarE,

where E1 and E2 are diagonal matrices with elements in the order of the relative
machine precision. The round-off error aTE may eclipse the last row in case/z is
large but/xa r + m r is not.

Given an impulse response sequence, it is impossible to give a priori bounds for
the multipliers/x; these numbers can be unpredictably large. So the first demand is not
satisfied.

Remark 5 in 2 indicates that the use of unstabilized elementary transformation
matrices (I/x] > 1) may be avoided. Doing so the (k + 1, k + 1)st element of/rk+X,k+
may become arbitrarily small, because then it is the product of a number of multi-
pliers, which all have modulus less than 1. So then the following situatio.n may arise at
line 4 of the algorithm:

([0 11[ ar ]) [-fl mr i-fl--(e-lx-]fl
1 I m T

a r + #m

with I/x I<_- 1 and [el<< 1. By (a r, 0) we denote again one of the first rows of/k+l,k+l
and (m r, e)denotes the last row. We have

fl(a r + lzmr) (a r + ptmr)(I + E2)+ lzm

where as before E1 and E2 denote diagonal matrices with elements of the order of the
relative machine precision. The round-off error/xm TE may eclipse the last row of
/lrk+ 1.k+l in case a r and m r are of the order of 1 but a r +/xm

r is of the order of e. So
the use of stabilized matrices does not help. If the shifting trick is eliminated then the
(k + 1, k + 1)st element of Mk+a,k+l is the product of at most k multipliers, which is
better than before, but also then it is possible that a similar situation arises. The
fundamental reason that all three variants fail is the following. If a matrix is premul-
tiplied by elementary transformation matrices, then its columns are transformed, not
its rows. Hence, all one may expect is that the columns have a good accuracy; there is
no reason why the rows should have small relative errors. However, if it were a priori
known that the transformations preserve the length of the rows ofM (as it would be in
the case of orthogonal transformations without employing a shifting trick), then one
may also expect a good accuracy in the rows.

The conclusion is that either the use of elementary transformation matrices be
abandoned or that the minimal realization be based upon another formula.

The second demand. Let us suppose that for the computed Mk+l,k+a and Rk+l,l
we have

Mk+l,k+lHk+l,lV Rk+l,l q- ARk+l,l.



RECURSIVE REALIZATION ALGORITHMS 653

Let tr(A) denote the distance of a matrix A to the nearest matrix of lower rank in the
matrix norm that is subordinate to the Euclidean vector norm. Then we can show that
(omitting the subindices and denoting this norm by [[. 1[)
(3.2)

and that both sides of this inequality may be sharp.
Estimates for both bounds should be computed. If the upper bound is of the order

of the machine precision times [IHII, then one should conclude that rank (H)= k.
Otherwise, if the lower bound is large with respect to the machine precision times [[HI],
then one should conclude that rank (H)= k + 1. This strategy is successful provided
that

1. the machine precision is small enough,
2. lIAR is of the order of the machine precision times
3, II rll II -Xtl (=fond ( ))can a priori be bounded

(see de Jong [4]). The first point is natural for all computational problems. As in (3.1)
one may show that the second point may be violated due to the use of unstabilized
elementary transformation matrices. Also the third point may be violated if unstabil-
ized transformations are employed. If only stabilized transformations are used then
the second point is not violated, but then the third point may be violated due to the
shifting trick of (2.3):

Cond ([0 1
1 el) "1 but

(e is not bounded away from zero).

Cond 1 e 0 --e

0 1 e

-1

The conclusion is that the use of unstabilized transformation matrices as well as
the shifting trick be abandoned.

Let us summarize. If we want to stabilize the algorithm of Rissanen maintaining
the companion form realization, then the use of elementary transformation matrices
as well as the shifting trick must be avoided. Instead, the decomposition of the
successive Hankel matrices should be updated with orthogonal transformation
matrices. On the other hand, if we are prepared to employ another formula for a
minimal realization, e.g. based upon the matrix Rk+x,l, then we may use (stabilized)
elementary transformation matrices provided that the shifting trick is abandoned.
With respect to the number of operations (which is of the order of n 3) it is not possible
to have a preference for one of the methods, even if in the orthogonal transformation
method the minimal realization is based upon Rk+x..

The reason for this somewhat surprising fact is that in the elementary trans-
formation method one needs to compute estimates for IIM-111 whereas in the other
method M is orthogonal implying that then JIM-Ill 1. Orthogonal transformation
matrices are numerically more stable than elementary transformation matrices.
Moreover, they lead to sharper bounds in (3.2). Therefore we prefer the orthogonal
transformation method with a minimal realization, which is based upon Rk+x,t; a
companion form matrix is a bad starting point for further computations, for instance,
of the eigenvalues of the realization matrix.

4. Some aspects of a numerically stable realization algorithm. We shall from
now on consider the minimal realization algorithm that employs orthogonal trans-
formation matrices and that delivers a minimal realization based upon Rk/l,l. We shall

r(A) is the smallest singular value of A.
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not give proof of the numerical stability of the algorithm (which has been done in [4]),
but discuss and assess some important features of the algorithm.

4.1. The numerical stability of the decomposition. The matrix Hk+l, of which
the algorithm finally delivers a decomposition is transformed a number of times (to be
precise" -k2 (1 +k) times) by orthogonal transformation matrices

T(2,1); T(3,1),T(3,2); ...; T(k+l, 1),...,T(k+l,k).

A matrix T(i, ) corresponds with a rotation in the (i,/’) plane. Each T(i, ) is deter-
mined by one parameter: the rotation angle O. In practice it is more convenient to use
the parameters cos (&) and sin (&) or possibly some other set of parameters depending
on how the transformation is actually arranged (see de Jong [4]). Anyway, it is not
necessary to evaluate the resulting transformation matrix Mk+l,k+l explicitly; it can be
stored in "product" form. In [4] it is shown that (for any occuring value of k and l)

(4.1) Mk.+l,k+lHk+l,lP Rk+l,l + ARk+l,/

where Mk+1,k+1 is the exact product of the exact plane rotations, Rk+ 1,1 is the matrix as
it is obtained on a floating point computer with the following upper bound for ARk/,g"

(4.2) [lARk+ a,/ll C" k (1 + k )" ,. link+ 1,/ll.
C is a constant whose value depends on the actual arrangement of the transformation
and r/is the relative machine precision. Note that this result is the best one can expect.

4.2. The determination of the rank. We wish to determine rank (Hk+l,l) from the
decomposition (4.1). We shall omit the subscripts (k + 1) and in this section. From
the regularity of M and P it follows that

rank (H)= rank (R + AR),

and from the orthogonality of M and P it follows that

r(H) o- (R + AR ).

A singular value decomposition of R would supply r(R)with an accuracy of the order
of nllRII, Because of (3.2)we have

o’(R )- 6 _-< o’(H) _-< o’(R + 6,

where :--IIARll is also of the order of nllRll. Hence we would find a value for o’(H)
that with respect to accuracy cannot essentially be improved upon by any other
numerical method. This shows that a singular value decomposition of R enables a very
trustworthy statement about rank (H).

Such a decomposition however would involve O(lk 2) operations, which would
make the algorithm of Rissanen on the whole an O(n4) process; the rank of a matrix
H has to be determined at least n times.

Another possibility would be to determine rank (H) directly from a singular value
decomposition of the matrices H itself. However, the construction of a singular value
decomposition in a recursive way is also an O(n4) process. Therefore, we investigate
whether there is another way to determine rank (H).

Let

R12]R Rk+l,l
0T R22J’

where R 11 denotes the (k x k) upper triangular part of R. If all computations are exact
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then R22 is a zero row if and only if rank (H)= k. In the presence of round-oil e.rors
we expect that if rank (H)= k, the row R2. approaches zero if the relative machine
precision *7 approaches zero. It may be shown that

Hence we arrive at the following bounds for tr(H):

( -R-R12(4.3) IRII I

We shall say that rank (H)< k + i if the upper bound IIRII + is small with respect to
a tolerance e and that rank (H)= k + 1 if the lower bound for (H) is large with
respect to e.

In de Jong [4] it is shown that the upper and lower bound may be estimated in
O(k) operations. We shall show that this strategy delivers the correct rank provided
that a good choice for e is made and the relative machine precision is small enough.
Such a choice for e is

(4.4)
I

If H has full rank, then the lower bound in (4.3) is bounded away from zero, but e
approaches zero if approaches zero. Hence, if is less than 0 (say), then e is
smaller than the lower bound in (4.3). Rank (H) is then correctly determined. If H has
not full rank and is small enough, then the last row of R +R is linearly dependent
on the remaining rows. Hence

-AR21(R 11 -I- AR, 1)-’(R 12 + AR12)+ (R22 + AR2) 0T

or

R22-- (AR21, AR22)[-(Rll - ZRll)-I(R12I -- AR12)J
Consequently, if /is small enough,

I

We see that in this case the upper bound in (4.3) is by a factor two smaller than e.

Hence also then rank (H) is correctly determined. This analysis showed that the
determination of the rank is an 0@2) process (globally) provided that the relative
machine precision r/is small enough.

Remark. The following definition of numerical rank is currently used by Golub et

al.: if 8 > e > 0 and if in an e- as well as a 8-neighborhood of the matrix A the lowest
occurring matrix rank is r then

rank (A, & e)= r.

The advantage of such a definition is that a neighborhood of A can be found in which
this numerical rank is stable: Let 8 > e > 0 such that rank (A, 8, e) r. If A is pertur-
bed by a matrix E with []EI] 3’ < (8 e)/2, then there exists a matrix B with rank r in
an (e +/)-neighborhood of A +E. Moreover, in a (8-/)-neighborhood of A +E
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there cannot be a matrix B with rank less than r. Hence, if rank (A, 6, e)= r then also
rank (A + E, 6- I1 11, / IIEII)-r, where obviously I1 11 <

In practice one chooses for e a number that is related to the resolution of the
computer and one is satisfied if 6/e is greater than 2 (say). In the Jong [4] the e-stable
rank r (A) is introduced. One may show that r (A) r(A, 2e, e).

If in (4.3) we denote the lower and upper bound by lb and ub respectively,
then we have, if rt is small enough,

rank (Hk/a,l, e, ub) k if rank (Hk/l,) k

and

rank (H+I,, lb, e)= k + 1 if rank (H+I,)= k + 1.

In the first case we have e/(ub)---2 and in the second case lb/e >> 2. So, if r/ is small
enough, we have

rank H+1,, e, rank (H/,),

which shows that our definition of rank is stable in an (e/4)-neighborhood of H/,.
The number e is related to the distance of the matrix R from the matrix R that would
have been obtained with exact computations.

4.3. Capability of the algorithm. From 4.2, it follows that, if all computations
may contain round-off errors of the order of rt, the algorithm supplies the correct
dimension of a given impulse response provided that r/ is small enough. Here we
investigate how small r/ actually should be given a particular impulse response and e
given by (4.4). The number e is obviously of the order of magnitude of
r/fond (nk,). IIn+x,tll; fond (nu,l) is here defined by Cond (n,,t):-[ln,,lll IIHLII
where Hk+, denotes the pseudo-inverse of H, (H, is not a square matrix). If
rank (H/a,) k, then the lower bound in (4.3) is of the order of magnitude of
fond-a (H,,l)[IH,+l,t[I. Hence the demand that e should be substantially smaller than
the lower bound in (4.3) leads to the condition

r/Cond2 (Hk,l) << 1.

This condition should of course be true for all k and such that rank (Hk,l)= k.
Therefore, we find

(4.5)
r/ max fond2 (Hk,/)<< 1.

k + <- 2N; rank (H,)= k.

It is difficult to connect this condition to properties of the system to be realized. Let
E(A,B, C) be the system and let A have n different eigenvalues al, a2,"’,

Then Hn, has the decomposition

1 1 1 0 1 011 01,-1
0ll 012 01n C2 012 012

0 Cn 01n 01

n-1 n-1 -1
011 012

If max ]cil" min-1 Ici] is large, but the ai are well separated, then fond (Hn,n) will be
large. On the other hand, if all c have the same order of magnitude then fond (H,,n)
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will also be large if for some and the eigenvalues ci and aj are close to each other.
These arguments show that one may not expect a relation between the eigenvalues of
A and Cond (Hk,l). Given a computing machine, then (4.5) determines which impulse
responses can be treated successfully with the algorithm.

Remark. If the decomposition of the matrices nk+l, is made with the singular
value decomposition, then the algorithm is also numerically stable; it requires globally
O(n4) operations, but the demand (4.5) is relaxed to

r/ max Cond (Hic, t) << 1.

k + -< N; rank (Hic,t)= k.

4.4. The construction of a minimal realization triple. Let us suppose that at the
end of the algorithmic process we have

(4.6) Mk+l,k+lnk+l,le Rk+l,l + ARk+l.l
with k n, l>n and the estimate (4.2) for /XRic+a,t. In this section we omit the
subscripts k + 1 and I.

Let

S1
Ha :=

S

Sl-1 $2 Sl
and H2:=

SIC+l-2 Ic+l Sic+l-
If C denotes the companion matrix of Corollary 3, then it holds that CHa H2. Since
Ha has full row rank and therefore has a right-inverse Hr), we find C H2Hr).
Consequently

E,(H2H, (S, S), e)
is an alternative formula for the minimal realization of Corollary 3 (el is the. first unit
vector in N"). Taking L:=MrT-1 and U:= T(R + AR)Pr where T is defined by

[ i 0]T:=
-AR21(Rll+ARll)-1 1

we obtain from (4.6) the decomposition for H:

H =LU

where L is a regular (k + 1)x (k + 1) matrix and U has zero bottom row.
Let Lal and Ull denote the matrices that are obtained by removing the last row

and the last column of L and U; let U12 denote the matrix that one obtains by
removing the last row and the first column of U. Then it can be shown that

H1 Lll Ull with Lal regular, Ual of full row rank,

H2-- L11U12,
(r) r(r)-IH2/-/1 Laa Ua2- a111.

Using Lemma 2 we obtain the minimal realization

(4.7) ’Y_.n(UI2 r(r) TLll ).11, Ullel, e

r(r)In practice we choose the matrices L + AL:=MT" and U + AU:= RPr. For we
take the pseudo-inverse U1+1. The realization (4.7) is based upon R. We prefer this
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realization to the one of Corollary 3, because it has no companion form and because it
contains information of all elements of {Si}/_-+l/.

The errors, which are introduced in (4.7) by choosing L + AL and U + AU are
harmless. It can readily be shown that

I[(aU)l,II II(RpT)III <= Constant. Ilnlln,

I[(+/- u)1211-11(RpT)1211 <-- Constant. Ilull,,
Constant. Cond (H). ’0,

where, as before, rt denotes the relative machine precision.

4.5. The efficiency of the algorithm. Counting only multiplications one can show
that the decomposition method as well as the computation of U12U-l need on the
order of lk2 operations. All other computations, including the determination of the
rank, can be arranged such that they are asymptotically insignificant. If N n (N is
the a priori given upper bound for n), then n3 operations are needed. This compares
favorably with the n 3 operations that are necessary for the inversion of an n n
matrix. For details we refer to [4].

4.6. Approximate minimal realizations. In practice only a perturbed impulse
response (S-/)]= is known. The algorithm can then find the correct order of a minimal
realization and an approximate minimal realization of the unperturbed impulse
response if

(4.8)
W" max Cond2 (nk,l) << 1.

k + <_- 2N; rank (Hk,l)= k.

W is a measure for the noise on (Si)7=1. The effect of the round-off errors of the
computer should of course be negligible with respect to W. The number e of formula
(4.4) should be adapted to account for the noise in nk+l,l. If e is situated between the
lower and upper bound of (4.3), then the condition (4.8) is not satisfied and the
algorithm cannot determine the order of the unperturbed impulse response.

One may wonder if (4.8) is not satisfied, whether the algorithm may be used to
determine the minimum order of all impulse responses in a certain neighborhood of a
given, noisy impulse response. For this to be possible, one should be able to com,pute
for a given Hankel matrix Hk+l,l of full row rank the nearest Hankel matrix Hk+l,l
such that rank (/-)k/a,l) < rank (Hk/l,l). We shall restrict the discussion to a theorem
from which such a computation may be derived.

THEOREM 5. Let Hk+l,l (Si+]--1) have full row rank and let IIk+l,l--(i+j--1) be
the Hankel matrix such that rank (Hk+l,l)< k / 1 and yki-+__ (Si- i)2 is minimal. Then

kl 1/2

i=1
(Si gi)2) min {[IX+H,+lxll, x  k+l, Ilxll- 1},

where X is the x (k + 1) matrix

If x is the minimizing vector, then

Xk+l

X1 Xk+l

(Sl, S’+l)=(Sl,’’’, Sk+l)(I-X+X).
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Proof. Let x k+l have Euclidean length 1. Let H,+I,/be a Hankel matrix such
that xrH,+l,t =0r (such a matrix does exist; its rank is necessarily less than k + 1).
Define

We have

Fk+ l,l’.-- nk+ l,l Htk+ l,l

fi:=Si-Si (l<-i<-k+l).

xTFk+l,l xTHI+I.I or Xf Xs,

where X is defined as in the theorem. Considering Xf Xs as a system of linear
equations in f, the solution with mifiimal Euclidean length is given by

f X+XS X+Hl,l+lX.
Minimizing f over all x N+ supplies the matrix/+1,1. The final assertion of the
theorem is now readily obtained. 71
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ESTIMATION AND FILTER STABILITY OF
STOCHASTIC DELAY SYSTEMS*

RAYMOND H. KWONGt AND ALAN S. WILLSKY

Abstract. Linear and nonlinear filtering for stochastic delay systems are studied. A representation
theorem for conditional moment functionals is obtained, which, in turn, is used to derive stochastic
differential equations describing the optimal linear or nonlinear filter. A complete characterization of the
optimal filter is given for linear systems with Gaussian noises. Stability of the optimal filter is studied in the
case where there are no delays in the observations. Using the duality between linear filtering and control,
asymptotic stability of the optimal filter is proved. Finally, the cascade of the optimal filter and the
deterministic optimal quadratic control system is shown to be asymptotically stable as well.

1. Introduction. In recent years, the control of delay differential systems has
received considerable attention. Optimal control problems for both linear as well as
nonlinear delay systems have been studied intensively. In particular, there is a rather
well-developed theory for the optimal control of linear delay systems with a quadratic
criterion [1]-[4]. In contrast, optimal filtering for delay systems has not yet received an
in-depth study. There is very little literature on the filtering of nonlinear stochastic
delay systems which takes into account the structure of such systems. The linear
filtering problem on a finite interval has been studied by Kwakernaak [5], Lindquist
[6], Mitter and Vinter [7], and recently by Bagchi [8]. Kwakernaak’s derivations in [5]
were formal; Lindquist [6] did not characterize the covariance of the optimal filter;
and Mitter and Vinter [7] restricted their considerations to time-invariant systems and
excluded point delays in their observation equations. Bagchi [8] recently gave a
rigorous derivation of the filter equations for linear systems with only point delays,
using martingale theory and functional analytic methods very different from those in
this paper. Stability of the linear filter was also studied recently by Vinter [9],
independently of our work. He used infinite dimensional filtering methods, again quite
different from our approach. In this paper, we shall study the filtering problem for
both nonlinear and linear delay systems. We give a representation theorem which
characterizes conditional moment functionals of nonlinear delay systems. Under
certain conditions, stochastic differential equations for conditional moment function-
als can be derived from the representation theorem. We then specialize these results
to obtain the filtering equations for general linear delay systems. We study the stability
of the optimal filter in the case of time-invariant systems with no delays in the
observations. Under suitable stabilizability and detectability assumptions, we prove
that the optimal filter is asymptotically stable. Finally, we combine the linear deter-
ministic control results and the linear filtering results to show that the closed-loop
linear stochastic control system is also asymptotically stable.
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2. Stochastic delay differential systems. We shall study the filtering problem for
stochastic delay differential systems of the form

(2.1)
dx(t) f(x,, t) dt + F(t) dw(t),

x(O)=xo(O), 0[-,0].

The observation equation is given by

(2.2)
dz(t)= h(xt, t) dt + N(t) dr(t),

z(t)= 0, t-<0.

[0, T],

[0, T],

and

Unless otherwise stated, we shall let the process xt take values in , the space of
Rn-valued continuous functions on [-z, 0]. For simplicity, we take w(t) and v(t) to be
standard Wiener processes in R" and R p respectively, completely independent of
each other. The initial function x0 is taken to be some random function on I-z, 0],
independent of w(t) and v(t). The maps f and h are respectively R" and RP-valued
functionals defined on c[0, T]. The maps F(t) and N(t) are n m and p p
matrix-valued continuous functions respectively. Furthermore, N(t) is assumed to be
nonsingular. We shall also write F(t)F’(t)= Q(t) and N(t)N’(t)= R (t).

In order for our estimation problem to be well defined, we need conditions which
guarantee existence and uniqueness of solutions to the stochastic functional differen-
tial equations (2.1) and (2.2). Such questions have been studied by various authors
[10]-[12]. Following their work, we assume that the following conditions are satisfied:

(A1) f(, t) is Borel measurable on oC x [0, T];
(A2) there exists a bounded measure F on [-z, 0] and a positive constant K such

that for & and in
0

I/(, t)-f(O, t)l <= K I_ I(s)- (s)l dF(s)

o

(A3) on the interval [-z, 0], x(t) is continuous with probability 1 with Elx(O)l4 <
o, -z<__ O<_O;

(A4) h(, t) is Borel measurable on c [0, T];

(A5) T

Io E[h(x,, t)’h(xt, t)] dt <

Under these assumptions, (2.1) and (2.2) can be shown ([10]-[12]) to have a solution
which is continuous w.p.1 and has bounded second moment. Furthermore xt is a
Markov process.

Since linear stochastic delay systems admit a much more complete theory, we
shall, for greater clarity in our exposition, use a different notation for such system. We

x,(0) x(t + 0), 0 6 [-’, 0].

All stochastic processes are defined ielative to a given probability space (f, ow, P) and
on an interval of the form [0, T]. The system process x(t) takes values in R", the
observation process z(t) in R p. The process x, is a function on I-z, 0] derived from
x(t) and is defined by
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write

(2.3) dx(t)= a(xt, t) dt + F(t) dw(t),

(2.4) dz(t) c(xt, t) dt + N(t) dr(t),

where a(x,, t) and c(x,, t) are given by the Lebesgue-Stieltjes integrals
ot"

a(xt, t)= | doA(t, O)x(t + 0),

o

c(x,, t)= / doC(t, O)x(t + 0).

Here A(t, O) is a function on R R jointly measurable in (t, 0), continuous in t, of
bounded variation in 0 for each t, with Var-,,0 A(t,. )<-re(t), a locally integrable
function on R ". Furthermore A(t, O) 0 for 0 ->_ 0, A(t, O) A(t, -’) for 0 -< -’, and it
is continuous from the left in 0 on (--, 0). The function C(t, O) is assumed to satisfy
similar conditions.

It is not difficult to show (see e.g. [6], [13]) that the linear stochastic delay system
(2.3)-(2.4) has a unique solution (up to almost everywhere equivalence) given by the
formula

0

(2.5) x(t): ,(t, 0)Xo(0)+ f_. do {fo ,(t, s)A(s,-s)ds}xo(B)+ fo ,(t, s)F(s)dw(s)

where (t, s) is the fundamental matrix associated with the homogeneous delay
differential system

(see e.g. [14]).

3. A representation theorem for conditional moment functionals. In filtering
problems for stochastic differential systems, one is usually interested in estimating
some function of the system process x(t) given the observations z(s), O<-s <-t. It is
well known that the optimal estimate with respect to a large class of criteria is the
conditional expectation E{(x(t))/z’} where z’ denotes the or-algebra generated by
the observations z(s), O<=s<-t. We shall also write E{$(x(t))/z’} as E’{$[x(t)]}, and
we shall omit the qualification of almost sure equivalence for conditional expectations.
Fujisaki et al [15] have given a stochastic differential equation for the evolution of
Et[ck(x(t))] for rather general stochastic systems, which include our delay model.
Specifically, they showed that for the delay system (2.1) and (2.2)

dE’[ck(x(t))] Ett#(x(t))] dt +{E’[ck(x(t))h’(x,, t)]-E’[ck(x(t))]E’[h’(x,, t)]}

R-X(t)[dz(t)-E’(h(xt, t)) dt]

where is a differential operator (see (4.7)). However, the right hand side of (3.1)
contains terms of the form E[g(x, t)], which we shall call conditional moment
functionals. It is not clear how one can obtain an equation for these conditional
moment functionals from (3.1). Equation (3.1), therefore, does not constitute a
complete solution. It appears that the fundamental quantities we need to calculate are
the conditional moment functionals E[&(x)] (see also 4 and 5). In this section, we
will derive a representation theorem for E[$(x)].

Our derivation is based on the work of Kunita [16]. Kunita obtained a represen-
tation theorem under the assumptions:
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(i) The signal process is a stationary Markov process with compact state space,
and the functional h is independent of time and continuous.

(ii) The functional b: ( R is bounded.
We shall extend his results by making only the assumptions:

(A6)
T

(A7) | El,t)(x,)h(x,, t)l2 dt < 00.
.o

THEOREM 3.1. Suppose (A1)-(A7) hold. Then we have the following represen-
tation for the conditional expectation of b given z’:

(3.2) Et[qb(xt)] E[,Tb(xt)]+ ES{E[,Tb(xt)lxsl[h’(xs, s)-ES(h’(xs, s))]}R-I(s) de(s)

where e(t)= z(t)-’oES[h(xs, s)] ds is the innovations.

Proof. We follow the approach of Kunita [16]. First suppose that (h is bounded.
Let qd denote the g-algebra tr{x(s), v(s); s -< t}. Clearly z’c qd’. Moreover, by the
Markov property of xt and the independence of the x and v processes, E[O(xt)[q]
E[qb(xt)[Xs], for >_- s.

By the assumptions of the theorem, all terms in (3.2) are in L2(fL z ’, P). Thus,
just as in [16], it is sufficient to verify that

E{[E (cD (xt ))-E(6 (xt ))] Yt}
(3.3)

I0E{ E[E(qb(xt)lx,)[h’(x, s)-E’(h’(x, s))]]Rrl(s) de(s)Yt

for all Yt represented as g’de(s), with g a jointly measurable and zt-adapted
process such that Elg, )

ds <.
Using the independence of the x and v processes, we conclude, on following the

same argument as Kunita [16], that

(3.4)
Io E{6(xt)g;[h(xs, s)-E(h(x, s))]} ds

E{E[6(xt)[]g’s[h(x, s)-E(h(x, s))]} ds

Io E{E[6(xt)[x]g’[h(x, s)-ES(h(xs, s))]} ds.

Since

E E[E(6(x,)]x)[h’(x, s)-ES(h’(x, s))]]R-I(s) de(s) g’ de(s)
(3.5)

E{[(x)lxl[h’(x, s)-(h’(x, s))l} ds

we obtain, on combining (3.4) and (3.5), the desired equation (3.3). Thus the theorem
is true if 4 is bounded.
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In the general case, let qbN(X,) qb(x,)XN, where ,N 1 if I&(X,)I----< N, and XN 0 if
I(x,)l> N. Clearly Elu(x,)-(x,)l-0 as N 0o. Since bN is bounded, the above
development yields

Et[6N(x,)] E[6(x,)]

(3 6) I0+ ES{E[qbu(xt)]xs][h(xs, s)-ES(h(x, s))]’}R-l(s) du(s).

By assumption (A7), the last term on the right hand side of (3.6) converges in
probability to

fo .E{E[(x,)lx][h(x, s)-E(h(x, s))]’}e-a(s) de(s)

(see, for example, [17]). Hence, on letting N -0o in (3.6), we finally obtain (3.2). The
proof is completed.

The following corollary is immediate.
Coo,r 3.1. The smoothed estimate Et[x(t + 0)], -- -< 0 < 0, is given by

Et[x(t + 0)] Et/O[x(t + 0)]

(3.7) + E{x(t + O)[h (x s) -E (h (Xs, s))}R-I(s) dt,(s).
+0

Remark 3.1. Theorem 3.1 remains true if we merely assume that the signal
process is a Markov process with state space a separable complete metric space. The
same proof goes through for this more general case. Theorem 3.1 corresponds to the
special situation where the signal process is the Markov process xt generated by the
stochastic delay equation (2.1). Similar remarks also apply to Theorem 4.1 in the next
section on stochastic differential equations for the nonlinear filtering problem.

4. Stochastic differential equations for nonlinear filtering of delay systems. While
Theorem 3.1 gives an abstract representation for the optimal estimates, it is
completely nonrecursive in the sense that knowledge of E[b(xt)/z’] is of no use in
determining E[qb(xt/a)/zt/a]. In fact, for every t, we must completely reprocess our
past observations. For implementation and approximation purposes, one would like to
obtain a stochastic differential equation for the evolution of E[b(xt)/zt]. In this
section, we shall give conditions on b under which we can obtain a stochastic
differential equation for F_.[qb(xt)/zt]. As we shall see, these conditions are intimately
related to the (extended) infinitesimal generator of the Markov process xt [15].

DErNITION. A family of linear operators At, [0, T] defined on the space of
real-valued measurable functions on is called an (extended) infinitesimal generator if

(4.1) E[6(xt)/Xs]-6(xs)= Js E[Au6(Xu)/Xs] du

is satisfied for all 0=<s <t -< T. We use the notation D(A) to denote the space of all
functionals b satisfying El(x,)l < o, EIA,6(x,)I at < oo, and (4.1).

Define the process eh(t) h(xt, t)-Et[h(xt, t)]. Then we have
THEOREM 4.1. Let the conditions of Theorem 3.1 be satisfied. In addition, let qb

belong to D(A) and suppose that
TIo El[Atqb(xt)]h(xt, t)] 2 dt < 0o.
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Then the functional E[(x,)lz’] satisfies the stochastic differential equation

(4.2) dE[(x,)[z’] E[ad(xt)/z’] dt + E[(x,)e’a(t)/z’]R-l(t) du(t).

Proof. For any 6 [0, T] and e > 0, we have, by a simple calculation,

E[(x,+)/z ’+ E[(x,)/z’]

(4.3) =E[(x,+)-(xt)]+ E{E[(x+)-(x)/x]e’h(S)/z}R-(s)dv(s)

+ I E{E[(x,+)/xle’a(s)/zS}R-l(s) dv(s).

Using (4.1), we get that

Io E{E[$(xt+ )- (xt)/xs]e’a(s)/zS}R-l(s) dr(s)

Ic E{E{ I‘+*

du/xs}e (s)/z}R-E[A,&(x,)/x,] ’ (s) dr(s)
(4.4)

E E[A,(x,)/Xsle’(s)/zS}R-a(s) du dr(s)

t+

with the last equality justified in view of the assumptions of the theorem. Similarly

E{E[(x+)/x,]e(s)/z}R-l(s) d(s)

(4.5) =[ [(x)e(s)/z]R-(s)d.(s)

t+ t+

Finally, using the representation theorem for A(x), we find that

(4. = [(xl/zlu

+

0- {[A.(x.)/xle(s)/z}R-(s) d(s) du.

Adding up (4.4) to (4.6) yields

[(x.)/z* -[(x)/z’l

which is precisely (4.2).

665

t+

E[Au&(Xu)/zl du + [ E[da(x)e’(u)/z UlR-l(u) dv(u)
at
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Remark 4.1. Theorem 4.1 is a generalization to systems with delays of the usual
formula for conditional moments of ordinary diffusion processes. While the form of
the stochastic differential equation is exactly the same as that for diffusion processes,
here we need to know the structure of the infinitesimal generator of the xt process. We
know from (4.1) that functionals of the form d[x(t + 0)], 0 (-’, 0) do not belong to
D(A), since x(t) is not in general differentiable. Hence it is not possible to derive a
stochastic differential equation for a functional of the form 4[x(t+ 0)]. Indeed, a
complete characterization of the operators At is not known, although certain special
classes of functionals which are in the domain of At have been stated in Kushner [12].
We mention these results to illustrate Theorem 4.1.

Case 1. Suppose the functional d(xt)=cb[x(t)], and is twice continuously
differentiable in its argument. Thn

(4.7) A[x(t)] =--?[x (t)] f(xt, t)’cx[x(t)] + 1/2 tr O(t)x[x(t)]
where b is the n-vector whose ith component is (04/Oxi)[x(t)]. In particular

(4.8) dEt[x(t)] E’[f(xt, t)] dt +{Et[x(t)h’(xt, t)]-Et[x(t)]Et[h’(xt, t)]}R-l(t) du(t)

In this case, (4.2) reduces to the well-known results of Fujisaki et al. [15].
Case 2. Let b(xt) _o3- O(O)g[x(t + 0), x(t)] dO, where is continuously differen-

tiable on [--, 0], and g is twice continuously differentiable in its second argument.
Then

Ab(x,) d/(O)g[x(t), x(t)]- 4t(-’)g[x(t-’), x(t)]
(4.9) o t,o

I d/(O)g[x(t + 0), x(/)] dO + I (O)tg[x(t + 0), x(/)] dO

where t is the operator defined in Case 1. and acts on g as a function of x(t) only.
Case 3. Let cb(xt)=D[F(xt)] where D is a twice continuously differentiable

real-valued function, and F(xt)= i_03- O(O)g[x(t + 0), x(t)] dO is the type of functional
described in Case 2. Then

Ab(xt) D(t)[,=F(x,)AtF(xt)+ 1/2D(a )I==F(x,) G

where

0 o

G= I_ I_ d/(O)d/(rl) " gt’[x(t + O)’ x(t)]g’[x(t + O)’ x(t)]Qii(t) dO drt

and go, denotes partial differentiation of g with respect to the ith component of the
second argument.

From the above special cases, we can see that basically we need twice continuous
differentiability of b with respect to the dependence on x(t), and Fr6chet differen-
tiability with respect to the dependence on the piece of the trajectory xt. As discussed
before, this rules out functionals of the form [x(t+O)], 0e[--, 0). Hence for
nonlinear systems with point delays, any attempt in deriving stochastic differential
equations for conditional moment functionals will have to face the difficulty of
functionals not being in the domain of the generator of the Markov process xt. For
example, if the observation process is of the form

dz(t)= {h[x(t)] + h2[x(t-’)]} dt + dr(t)

O[x(t)]h2[x(t-’)] will not be in the domain of At. On the other hand, in order to
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analyze (4.2), we do need to calculate the conditional expectation for

49 [x (t)]h2[x (t ’)]

Of course, there are many physical problems (for example, radar problems with
read targets [23]) where the observations are of the form h(xt)
4(O)H[x(t+O),x(t)] dO. Moreover, one can approximate point delays by dis-

tributed delays of the above form. This will allow us to write a stochastic differential
equation for cb[x(t)]h(xt). However, we will then get the unknown Ae4)[x(t)]h(xt) in
our equation for 4)[x(t)]h(xe). If O(-’)#0, A[x(t)]h(xe)will contain a term with
point delay (see Case 2 above), and we are faced with the same problems as before. In
general, if the functionals involved are in the domain of At, 1,. , n, we can write
n coupled stochastic differential equations involving the moment functionals, just as in
the diffusion process case. It should be clear from the above discussion that this puts
rather severe restrictions on the functionals involved.

There is, however, one special case where the optimal filter can be completely
specified even when there are point delays in the system. This is the linear case with
Gaussian distributions and will be treated next.

5. Optimal filtering of linear stochastic delay systemS.. Consider the linear sto-
chastic delay system defined by

dx(t)= a(x,, t) dt + F(t) dw(t),

x(O)=xo(O),

(5.2) dz(t) c(x,, t) dt + N(t) dr(t)

where a(.,. ) and c(.,. ) are as described in 2. Also, we take Xo to be a Gaussian
process on [-r, 0] with mean o(0) and cov [Xo(0); Xo(:)] Yo (0, so). By an argument
similar to the case without delays, it is readily seen that the conditional distribution of
x(t+O), for any 0 I-z, 0], given z(s), O<=s<-t, is Gaussian. We shall write 2(t+O/t)
to denote E(x(t + O)/z’}, 0 [-z, 0]. Using (4.8), we immediately obtain the following
stochastic differential equation for the conditional mean

o

d(t/t)= I doA(t, O)(t + O/t) dt

o

+ [I_ E’(x(t)x(t + 0)’) doC’(t, O)

0I_ (tlt)(t + OIt)’ doC’(t, 01] R-l(t) d,(t)

with the innovations u(t) given by
0

,(t) z(t)- fo I_, do C(s, O)2(s + O/s)ds.

Define the "smoothed" conditional error covariance as

P(t, O,()=Et{[x(t+O)-2(t+O/t)][x(t+()-2(t+(/t)]’}, -z<__O, <-_0.

Then (5.3)can be rewritten as

(5.4) d2(t/t)= doA(t, O)2(t + O/t) dt + P(t, O, O) do C’(t, O)R-l(t) d,(t).
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To evaluate the unknown terms on the right hand side of (5.4), we use (3.16) to write
the smoothed estimate as

ro
(5.5) (t + O/t)= (t + O/t + O)+ I I P(s, + 0 s, ) de C(s, )’R-I(s) du(s)

at+0 J-’r
for 0 [-’, 0 ].

An inspection of (5.4) and (5.5) shows that the optimal linear filter is completely
characterized by (t + O/t),-r <-0 _-<0, and the "smoothed" error covariance function
P(t, 0, ). It remains only to derive appropriate equations for P(t, 0, ). Since the
processes x and z are jointly Gaussian, the error process x(t+O)-(t+O[t) is
independent of z(s), s -<_ (see, for example, Bagchi [8]). Hence P(t, 0, sc) is indepen-
dent of the observations and equals E{[x(t + O)-(t + O[t)][x(t + )-(t + ]t)]’}. This
fact will enable us to simplify the derivations of the equations for P(t, 0, so). The next
theorem summarizes the complete structure of the optimal filter.

THEOREM 5.1. The optimal filter for the system (5.1)-(5.2) is characterized as

follows:
(i) The conditional mean (t/t) satisfies (5.4).
(i) The smoothed estimate (t + O/t) satisfies (5.5).
(iii) The smoothed error covariance P(t, O, ) satisfies the equations

-P(t, O, 0)= P(t, O, O) doA’(t, 0)+ doA(t, O)P(t, O, O)
(5.6) o o

| | P(t, O, O) do C’(t, O)R-(d) d, C(t, Oe(t, , 0)+ O(t),

o o 0

:)R-l(t)

d C(t, a)P(t, a, 0),
0 o

x/P(t, O, so) I_ I_ P(t, O, ) d C’(t, /3)R-l(t) d C(t, a)P(t, a, )

where 1 is the unit vector in the (1,-1, 0) direction, tr the unit vector in the (1,-1,-1)
direction, and Pn(t, O, O) and P(t, O, ) are the directional derivatives of P(t, O, O) and
P(t, O, ) in the directions rl and tr respectively. The initial conditions are given by

(0/0) o(0), 0 [-, 0],

P(O, O, )= Eo (0, ), --<_0, _<-0.

Proof. See Appendix A.
Remark 5.1. Equations similar to those of (5.6)--(5.8) for P(t, 0, ) were formally

derived by Kwakernaak in [5], and rigorously rederived by Bagchi in [8], for systems
with point delays only. Instead of directional derivatives, they used partial derivations
with respect to the variables 0 and :. In the general case, however, P(t, O, ) will not be
continuously differentiable in (t, 0, :). This is why directional derivatives have to be
used. A similar situation has already been noted in the quadratic optimal control
problem for linear delay systems [20].

In the special case where x0-=0, a(xt, t)=Ax(t)+Bx(t-z), c(x,, t)=Cx(t), Q, R
constant matrices, it can be shown directly or by exploiting the connection between
linear optimal filtering and optimal control with quadratic criterion (see 6) that
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P(t, 0, :) is in fact continuously differentiable in (t, 0, ’). When we compare the
solutions to the linear optimal control and optimal linear filtering problems in our
study of filter stability, it will be helpful to use the notation P0(t) P(t, O, 0), Pl(t, O)=
P(t, 0, 0), and Pz(t, O, )= P(t, O, ). In this case, the optimal filter is given by the
equations

(5.9) d(t/t)=a(t/t)dt+B(t-z/t)dt+Po(t)C’R-l[dz(t)-C(t/t)dt];

(t-z/t)= (t-z/t-z)+ Pl(S, t-z-s)C’R-[dz(s)-dx(s/s) ds],

(5.10) (0/0) 0, - =< 0 <= 0;
d
eo(t) APo(t) + eo(t)A’- eo(t)C’R-CPo(t) + 0 + BPI(t, )

(5.11) +P (t, --)B’;

P(t, O)=P(t, O)[A’-C’R-CPo(t)]+P2(t, O,-r)B’;

(5.13) (0 0

Ot O0 0)P2(t, 0, :)=-P(t, O)C’R-aCP (t, );

with

(5.14)

P0(0) PI(0, 0)--- P2(0, 0, )= 0,

P(t, 0)= Po(t), P2(t, O, 0)= Pa(t, 0),

Po(t) P,(t), P(t, O, )= P’(t, , 0).

Notice that in this special case where there are no delays in the observations,
(t/t) depends only on ;(s/s), t-r<-s<=t, and from (5.9) and (5.10), we can obtain
the following explicit stochastic delay equation for 2(t/t):

d(tlt)= [A(tlt)+B(t-[t-r)] dt +Po(t)C’R-[dz(t)-C(tlt) dt]

+| BPI(S, t-r-s)C’R-[dz(s)-C(sls) ds] dr,
at

(olo)=o, -_-<o<-o.

This will not be true if we have delays in the observations (see the discussions in
[18] and [24]).

6. Stability of linear optimal filters and control systems. In this section, we study
the stability of optimal linear filters and stochastic control systems for linear delay
systems. We shall concentrate on the filters defined by (5.9)-(5.13). The extension to
the case with multiple delays in the system dynamics is straightforward. However, the
situation for systems with delays in the observations is much more complicated and
will be treated separately in a forthcoming paper. In our analysis, we make essential
use of the duality between optimal filtering of linear stochastic delay systems and
optimal control of linear delay systems with quadratic cost. These results complete the
extension of the well-known linear quadratic Gaussian theory to systems with delays in
the dynamics.



670 RAYMOND H. KWONG AND ALAN S. WILLSKY

We begin by summarizing the results for the optimal control of linear delay
systems with quadratic cost [1]-[4]. Consider the system

dx
Ax(t)+ Bx(t-z)+ Cu(t),

dt
(6.1) x(0)= Xo(O), 0 [-z, 01.
In previous sections, we have used the space as our state space. For this system,
however, we may allow the initial function Xo to lie in the larger space R L2 (see [4]
or [20]). The admissible control set U is the set of R’-valued L2 functions on [0, T].
The cost functional is given by

T

JT(U, Xo) Jo [x’(t)Mx(t)+ u’(t)Su(t)] dt

where M and S are symmetric matrices of appropriate dimensions, M-> 0, S > 0.
When T < oo, the optimal control is given by

o

(6.2) u*(/)= -S-1C’Ko(t)x(t)-S-1C | Kl(t, O)x(t + O) dO.

The feedback gains satisfy the following coupled set of partial differential equations"

d
(6.3)-Ko(t)=-A’Ko(t)-Ko(t)A + Ko(t)CS-1C’Ko(t)-M KI(t, O)- K’x (t, 0),

(6.4) --- Kl(t, 0)=-[A’-Ko(t)CS-IC’]KI(t, o)-g2(t, O, 0),

(6.5) (00-t ,9 ()K2(t, 0, so) K’I (t, O)CS-IC’KI(t, :),
00

with

(6.6)

Ko(T) KI(T, 0) K2(T, 0, :)= 0 --7" < 0,

K(t, --r)= Ko(t)B,

K2(t, -7", 0) B’Kx (t, 0),

Ko(t) K’o (t), K2(t, 0, :)= K2(t, , 0)’.

The optimal cost can be expressed as

(6.7)

0

J-(x0) X’o(O)Ko(O)xo(O)+ I_ x)(0)KI(0, O)Xo(O) dO

o o o

+ I_ X’o(O)K’ (0, O)xo(O)dO + I_ I_ X’o(O)K2(O, O, sC)Xo(s) dO d.

We now consider the infinite time control problem, i.e., T c. To discuss this
problem, we need some condition to ensure that the optimal cost will be finite. The
relevant concepts are those of stabilizability and detectability. These definitions for
the case of delay systems are given below.

DEFINITION 6.1. The system

(6.8) (t) Ax(t)+Bx(t-z)+ Cu(t)
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is said to be stabilizable if there exist matrices Lo, L1, and L2(0), 0 E [-’/’, 0], with L2
strongly measurable and bounded, such that

0

(6.9) (t):(A+CLo)x(t)+(B+CL1)x(t-r)+I_ CLz(O)x(t+O)dO

is asymptotically stable. We then also say that (A, B, C) is stabilizable.
DEFINITION 6.2. The system

(t)= ax(t)+ Bx(t-r),
(6.10)

z(t)= Cx(t)
is said to be detectable if there exist matrices Ko, Ka, and K2(0), 0 E f-r, 0], with K2
strongly measurable and boundec, such that

o

(6.11) 2(t)=Ax(t)+Bx(t-r)+Koz(t)+KlZ(t-r)+I_ K2(O)z(t+O)dO

is asymptotically stable. We then also say (A, B, C) is detectable.
The following proposition can be easily proved from the above definitions [18].
PROPOSITION 6.1. The system (6.10) is detectable if and only if the "adfoint"

system (which runs backwards in time)

(6.12) 3) (t) -A’y(t)-B’y(t +z)-C’u(t)
is stabilizable.

The properties of stabilizability and detectability, and their relationships to
controllability and observability, are further discussed in [18], [25], [26], to which the
reader is referred.

We can now state the result concerning the infinite time quadratic control
problem. Let M H’H.

PROPOSITION 6.2 ([19], [20], [21]). Assume that (A, B, C) is stabilizable and (A,
B, H) is detectable. Then the gains Ko(t), Kl(t, 0), and Kz(t, O, ), for each fixed < T,
converge to Ko, KI(0) and K2(O, ) respectively as T-oo in the following sense:

Kl(t, ")-+Ka(’) strongly in L2[-’r, 0],

K2(t, "," )- K2("," strongly in L2[-z, 0] x L2[-r, 0].

The optimal control law for the infinite time problem is given by
o

(6.13) u*(t) -S-1C’Kox(t) I_ S-aC’gl(O)x(t + O) dO

where Ko, Ka(O) and K2(0, :) satisfy the following set of equations
(6.14) A’Ko+KoA-KoCS-aC’Ko+M+K’ (0)+KI(0) 0,

d
(6.15)

dO
KI(0) [A’-KoCS-1C’]KI(O)+ K2(0, 0),

(6.16)

with

+ K2(0, )= -K’I (O)CS-1C’KI(),

Kl(-’r) KoB,
(6.17)

Ko K’0,

K2(0,-r) K (0)B,

K(O, )=K (, 0).
Furthermore, the optimal closed-loop system is asymptotically stable with the optimal
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cost given by
o

j* (X)= x(O)Kx(O) + I x(O)Kl(O)x(O) dO

(6.18) o o 0

/ I x’o(O)iCx (O)xo(O) o / I I e)xo(e) o

Remark 6.1. Proposition 6.2 is an extension of the result of [19] and [20] where
the matrix M is assumed to be positive definite. One of the authors first proved in [18]
that the condition M> 0 can be relaxed to (A, B, H) observable. Subsequently, the
work of Zabczyk [21] became known to the authors and the present conclusions,
assuming the still weaker condition of detectability, can be obtained from the results
of [21].

To connect the optimal control result of Proposition 6.2 with those of optimal
filtering, we need the following duality theorem which can be deduced from the work
of Lindquist 13 ].

PROPOSITION 6.3. Consider the optimal filtering problem over the interval [0, T]
for the system

(6.19) dx(t)= [ax(t)+Bx(t-z)] dt +Fdw(t),

x(0)= 0, 0_-<0;

(6.20) dz(t) Cx(t) dt +Ndr(t).

Define the dual control system by

(6.21) 3) (t) -A’y(t)- B’y(t + ’)- C’u(t)

with

(6.22) y(T)= b, y(s)=0, s>T.

The dual control problem is defined to be to minimize
T

(6.23) Jr(b, u)= Jo [y’(t)Oy(t)+ u’(t)Ru(t)] dt

where O FF’>- 0 and R -NN’> O. Let the optimal linear least squares estimate o[
x(T) be (T/ T), and let the optimal control [or the dual problem be ur. Then b’(T/ T) is
related to ur by

T

(6.24) b’(T/T)= Jo u’(s) dz(s).

We now have two representations of b’(T/T), one directly from (5.9)-(5.13),
the other indirectly from (6.24). Our strategy is to compare the two representations
and identify the control and filter gains appropriately. This will enable us to exploit the
known results of the optimal control problem to conclude filter stability. We begin by
stating the following lemma.

LEMMA 6.1. The conditional mean o[ x (T), denoted by (T/ T), is given either by
T

(6.25)
min(,r, T-s)

+ I *(T,s + O)BPI(s, 0 -’/’)C’R -1 dO} dZ(S)
aO I
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or by

(6.26)

T

(T/T)= Io Y’(t, T)Io(t)C’R -1

+ f
min(,T-t)

a0
Y(t + O, T)’Il(t, O)Cte -1 dO} dz(t).

Here Po(t), P(t, 0), and P2(t, 0,) are given by (5.11)-(5.14) and (t,s) is the
.fundamental matrix [14] associated with the delay equation

(6.27)
(t) [A Po(t)C’R -1 fix (t) + Bx (t r)

o

-B I_yl(t-- 0,-0 -,l-)CtR-afx(t q- O)dO.

The ]’unctions Io(t), /l(t, 0) and/2(t, 0, sc) satisfy the equations

(6.28) /o(t) AIo(t)+ Io(t)A’-Io(t)C’R-CIo(t)+ 0 + Ia(t, 0)+ I’1 (t, 0),

(6.29) --]---d /l(t, 0)= [A-to(t)C’R-1C]II(t, 0)+/2(t, 0, 0),

(6.30)
0t 00 0)/2(t, 0, so) " CI(t, )-K (t, O)C’R-

with

(6.31)

/0(0)=/1(0, 0)=/2(0, 0, so)=0, 0<--0, <--z,
/(t, r)= Io(t)B’,

/2(t, r, so) Bill(t, ),
/o(t) "Ko (t), R(t, O, ) R’2 (t, , O)

and Y(t, s) is the fundamental matrix associated with the system

dy ,R_X y Io(6.32) -=-[A’-C CIo(t)]y(t)-B (t+r)+ C’R CI(t, O)y(t+O)dO.

Proof. This simply involves solving for (T/T) explicitly from (5.9)-(5.13) and
from (6.24) and making appropriate changes of variables. For details, the reader may
consult 18].

Next, we relate the various quantities involved in (6.25) and (6.26) in
LEMMA 6.2. The optimal filter gains (5.11)-(5.14) are related to the optimal

control gains (6.28)-(6.31) for the dual problem by

(6.33) Po(t) go(t),

(6.34) P’ (t, 0-r)B’= I(t, 0),

(6.35) BP2(t,O-z,-’)B’=Iz(t,O,), O<=t<-T, 0<-_0, <-r.
The systems (6.27) and (6.32) are ad]oints of each other [14] so that

(6.36) (I)(t, s)= Y’(s, t).
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Proof. For proving (6.33)-(6.35), we simply verify that they satisfy the same
equations and boundary conditions. By uniqueness of the optimal control and optimal
filter, we conclude that (6.33)-(6.35) hold. Substituting these results into (6.32), we
see that Y(t, s) is the fundamental matrix of

(t) -[A’- C’R-1CPo(t)]y (t)- B’y (t + -)

(6.37) I+ C’R-1CP’(t,-O--)B’y(t-O)dO.

But (6.37) is precisely the adjoint equation [14] to (6.27), and it is well-known [14]
that (t, s)= Y’(s, t).

We are now ready to prove asymptotic stability of the optimal filter.
THZOREM 6.1. Consider the system defined by (6.19)--(6.20). Suppose (A, B, C) is

detectable and (A, B, F) is stabilizable. Then the gains of the optimal filter defined by
(5.7)-(5.11) converge, and the steady state optimal filter is asymptotically stable.

Proof. Proposition 6.1 shows that the dual system (A’, B’, C’) defined by (6.21) is
stabilizable and (A’, B’, F’) is detectable. Proposition 6.2 then shows that the gains
/o(t), /l(t, 0,), 2(/, 0, f)for the dual control problem, as given by (6.28)--(6.31)
converge to Ko, KI(O), K2(O, ) respectively as oo. By Lemma 6.2, we conclude that
as co, Po(t)- Po, BPI(t, 0) BPI(O), and BP2(t, O, )B’ - BP2(O, )B’, where

(6.38) APo+PoA’-PoC’R-CPo+O+P(-)+P’I(-)n’=O,
d
BPI(O)= -BPx(O)[A’- C’R -1CPo]- BP2(O, --)B’(6.39) d--

(6.40)

with

+ BP2(O, )B’= BPI(O)C’R-1CP’a )B’

PI(O) Po, P2(O, O) PI(O),
(6.41)

Po P’o, P2(O, )= P’ (, 0).

In view of (5.9) and (5.10), stability of the steady state filter is then governed by the
stability of the equation

0d
,R_ I_(6.42) -x(t)=[A-PoC C]x(t)+Bx(t--)-B e(-O-r)C’R-Cx(t+O)dO

But the adjoint to (6.42) is given by

(6.43) (t)=-[A’-C’R-1CPo]y(t)-B’y(t+-)+ C’R-1Cp’(O-r)B’y(t+O)dO.

By Lemma 6.2 again, this corresponds to the closed-loop optimal system for the dual
control problem. Proposition 6.2 then shows that (6.43) is asymptotically stable.
Hence, the system defined by (6.42), being the adjoint of that of (6.43), is asymp-
totically stable as well.

Remark 6.2. Theorem 6.1 is not the most general form of the filter stability
result for delay systems. Generalization to cases where we can have delays in the
observations, random initial conditions, etc., will be treated in a forthcoming paper
(see also [24]).
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Remark 6.3. Vinter [9] has independently obtained a similar filter stability result
using infinite dimensional filtering methods quite different from ours. In addition to
the conclusion given in Theorem 6.1, he also proved that II ,,oll- 0 as t c, where t,s
is the evolution operator connected with the error process for the time-varying filter
(5.9)-(5.14). His arguments can be readily adapted to our setting to prove the same
result.

7. Stochastic control of linear delay systems. We can now combine the results for
optimal control with quadratic cost and optimal linear filtering to obtain a stochastic
control scheme which is asymptotically stable. To that end, we define the stochastic
control problem as that of minimizing the cost functional

(7.) (u, xo)= E Io [x’(t)Mx(t)+ u’(t)Su(t)] dt

for u in some set of admissible control laws, subject to the constraint

(7.2) dx(t)= [Ax(t)+Bx(t-’)] dt + Gu(t) dt +Fdw(t),

(7.3)

x(O)=xo(O), 0[-,0],

dz(t) Cx(t) dt +Ndv(t).

We can evidently write

(7.4)

Define the set U0 consisting of the class of processes u(t) satisfying the following
conditions"

(i) u(t) is measurable with respect to tr{z(s), O<=s<=t}, i.e., there is a Borel
measurable function II such that u(t)= I-l(t; z(s), O<=s <- t).

(ii) For each u U0, the feedback system, obtained by using II(t; z(s), O<-s <= t)
for u(t) in (7.2) and (7.3), has a unique solution.

(iii) Elu(t)l2 dt <.
(iv) For each u U0, o’{z (s), 0 -< s -< t} tr{Zo(S), 0 <= s <= t}.
We shall take U0 to be the set of admissible controls. For a discussion on this

choice, see [18], [22].
The following result has been proved by Lindquist [6].
PROr’OSITION 7.1. The problem of determining u Uo so as to minimize (7.1) has

the following solution

o

u*(t)=-S-1G’Ko(t)(tlt)-S-1G’ I_ Kl(t, O)(t+Olt)dO

where Ko(t) and gl(t, 0) are the optimal gains ]or the deterministic optimal control
problem and are given by (6.3)-(6.6), and (slt), t-<=s <= t, is the conditional expec-
tation o] x(s) given z(tr), O<-_ tr <= t.

We now give the expression for the optimal cost, obtained in [18].
LEMMA 7.1. Corresponding to the optimal control (7.5), the optimal cost associated
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with the stochastic control problem (7.1)-(7.4) is given by

T

J* EV(xo)+ fo tr FF’Ko(t) dt

T

+ fo tr{K(t)GS-lG’K(t)P(t)
o

(7.6) + I_ K (t, O)GS-1G’Ko(t)P’I (t, O) dO

o

+ I_ K(t)GS-IG’KI(t’ O)Pl(t, O) dO

o o
-[- I-- I-- Ki (t, O)GS-IGtKI(t, )P2(t, , O)dO d} dt

where

(7.7)

0

V(xt) x’(t)Ko(t)x(t)+ I_ x’(t)Kl(t, O)x(t + O) dO

o o o

i I_ I_ o, .o

Proof. See Appendix B.
We turn our attention now to the stochastic control system defined by using the

steady state version of (7.5). The behavior of the closed-loop system under this law is
summarized in the following theorem.

THEOREM 7.1. Let M H’H. Suppose (A, B, G) and (A, B, F) are stabilizable,
and (A, B, C) and (A, B, H) are detectable. Then the control law

o

(7.8) u(tl= -S-1G’Ko(tlt)-S-IG’ I_ K(Ol(t + Oltl dO

where (t + OIt), - <- 0 <- O, is generated by the steady state filter of Theorem 6.1, and
Ko, KI(O) are given by the deterministic stationary control law of Proposition 6.2, gives
rise to an asymptotically stable closed-loop system. Furthermore, the cost "rate"

(7.9) J lim E [x’(t)Mx(t)+ u’(t)Su(t)] dt
r

associated with the above law is given by

(7.10)

J tr FF’Ko + tr KGS-1G’KP
0

+ I_ K’x (O)GS-1G’KoP’I (0) dO

o
/ I_ KGS-1G’Kx(O)PI(O) dO

o o
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Proof. Stabilizability of (A, B, G) and detectability of (A, B, H) ensure that Ko,
KI(O), K2(O, ) are well defined and that the solutions of the system

o

(7.11) 2(t)=(A-GS-IG’Ko)x(t)+Bx(t-r)-I_ GS-IG’KI(O)x(t+O)dO

are asymptotically stable (see Proposition 6.2). Detectability of (A, B, C) and stabil-
izability of (A, B, F) guarantee that the steady state filter is well defined and asymp-
totically stable (see Theorem 6.1). The closed-loop system is defined by the coupled
set of equations

dx(t)= lax(t)+ Bx(t-r)] dt- GS-G’Ko2(tlt) dt

(7 12) If GS-aG’Kl(O)(t+O[t)dOdt+Fdw(t),

d;(tlt)= A;(tlt) dt + B;(t-’[t-r) dt

(7.13)
+PoC’R-[dz(t)- C(tlt) dt]

I+B P(t-s-r)C’R-[dz(s)-C2(s/s) ds] dr.

Let the estimation error e(t+O/t),
x(t+O)-(t+O/t). We then get

-r=<0_-<0, be defined as e(t+O/t)=

(7.14)

and

(7.15)

dx(t)= (A- GS-1G’Ko)x(t) dt + Bx(t-r) dt
o

f_ GS-1G’Kl(O)x(t+O)dOdt+Fdw(t)
0

+GS-1G’Koe(tlt) dt + I_ GS-IG’K(O)e(t + Olt) dO dt

de(tit) (A PoC’R -1C)e(tlt) dt + Be(t tit- r) dt
0

+ I_ BPl(-O-r)C’R-1Ce(t+OIt+O)dOdt

+Fdw(t)-PoC’R- dv(t)-B I-, Pa(t-s-’)C’R-I dv(s)dt.

Since (7.15) is decoupled from (7.14), the stability properties of the closed-loop
system are precisely those of (7.11) and the steady state optimal filter. Since both of
these are asymptotically stable as a consequence of our assumptions, the closed-loop
stochastic control system is asymptotically stable as well. The expression for J follows
readily from Lemma 7.1.

$. Concluding remarks. We have treated the problem of filtering and control for
stochastic delay systems. The general filtering problem is studied for both linear and
nonlinear stochastic delay systems. A representation theorem for conditional moment
functionals is given, which forms the basis for derivations of stochastic differential
equations describing the optimal linear or nonlinear filter. For linear systems with
Gaussian initial conditions and noises, the optimal filter is completely specified by the
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equations derived for the conditional mean and covariance functions. The linear
time-invariant case with delays in the system dynamics is investigated in detail, with
particular emphasis on the stability of the optimal filter and stochastic control system.
These results, together with those on deterministic optimal control or linear delay
systems with quadratic cost, give a rather complete linear-quadratic-Gaussian theory
for this class of delay systems. In a forthcoming paper, we will extend this theory to
systems with delays in the control and delays in the observations.

Appendix A.
Proof of Theorem 5.1. It is only necessary to derive the equations for P(t, O, ).

For systems with point delays only, Bagchi [8] derived the equations for P(t, O, )
using properties of the innovatio/as and martingale theory. Although our approach is
different, we shall use some of his results to simplify our derivations (a more compli-
cated proof was given in [18]).

It is easy to see that

(A.1) P(t, O, :)= E[x(t + O)x’(t + so:)]-E[2,(t + Olt)(t + :lt)’].

Using (5.5), we obtain

(A.2)

E[(t + OIt)(t + 1t)’l
0

E{ [2(/+ Olt+ 0)+ It I_ P(s, t+O-s, )doC(s,/)’R-I(s) d,(s)J
+0

0

+

For any e such that -- <_- 0 + e <- 0, - <_- 5 + e <- 0, we get, using (A. 1) and (A.2),
that

P(t, O, ’)- P(t- , 0 + , +
0

-E{ (t + OIt + O) P(a, +-, a)d,C(e, a)’R-(e) du()
0

+0

p(.t+-..)ac(..),-()a()
+

t-e 0

+0

+
Using the fact that E[u(t)-u(s)lz]=0 as in [8], we see that the first two terms
in (A.3) vanish. By the same argument, the last two terms can be easily simplified to
yield
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(A.4)

P(t, O, )-P(t , 0 + e, tj + e )
0

0

o o

=-I- f-, P(s, t+ O-s, t)deC(s, /3)’R-l(s) . dC(s, c)P(s, c, t+ (-s) ds.

Since P(t, O, ) is clearly continuous in (t, 0, :), we may divide (A.4) throughout by e
and let e go to 0. This gives (5.8). The same arguments apply to the derivations of
(5.6) and (5.7). Finally, the initial conditions follow immediately from the properties
of conditional expectations.

Appendix B.
Proo[ o[ Lemma 7.1. We apply the Its5 differential rule to the function V(xt)

defined in (7.7). We calculate the first and second terms to illustrate the computations
involved"

d[x’(t)Ko(t)x(t)] [dx’(t)]Ko(t)x(t)

+x’(t)[dKo(t)]x(t)+ x’(t)Ko(t)[dx(t)] + tr FF’Ko(t) dt

x’(t-’)B’Ko(t)x(t) dt + u’(t)G’Ko(t)x(t) dt

+dw’(t)F’Ko(t)x(t) dt + x’(t)Ko(t)Bx(t-’) dt

+x’(t)Ko(t)Gu (t) dt + x’ (t)Ko(t)Fdw (t)- x’(t)Mx (t) dt

+x’(t)Ko(t)GR -1G’Ko(t)x(t) dt- x’(t)K’l (t, O)x(t) dt

-x’(t)Kl(t, O)x(t) dt + tr FF’Ko(t) dt,
0

dt[f_ x’(t)ga(t, O)x(t+ O)dO]

o

{[x’(t)A’+ x’(t r)B’ + u’(t)G’l dt + dw’(t)F’} | g(t, O)x(t + O) dO

+x’(t)g(t, O)x(t) dt-x’(t)g(t, --)x(t--) dt

+ x’(t) | dtK(t, o.- t)x(o.) do" dt
at

0t"

[x’(t)A’ + x’(t-r)B’+ u’(t)G’] I K(t, O)x(t + O) dO dt

o

+dw’(t)F’ I Ka(t, O)x(t + O) dO + x’(t)gx(t, O)x(t) dt

-x’(t)gx(t,-r)x(t-r)dt+x’(t) --- K(t, O) x(t+O)dOdt.
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Similar calculations for the last two terms on the right hand side of (7.7) yield the
following expression

dV(x,)- V(t) dt+ dw’(t)F’Ko(t)x(t) dt + x’(t)Ko(t)Fdw(t)

(B.1)

o

+tr FF’Ko(t) dt+ dw’(t)F’ I_ Kl(t, O)x(t + O) dO

o

+ I_ x’(t+O)K’l (t, O)dOFdw(t)-x’(t)Mx(t)-u’(t)Su(t)dt

where

(B.2)

0

Vl(t)-- [u(t)/ S-lG’Ko(t)x(t)+ I_ S-IG’KI(t’ O)x(t + O)dO]
o

S[u(t)+ S-XG’go(t)x(t)+ I_ s-la’gl(t’ )x(t+ )d].
Using the boundary conditions at T for Ko(t), Kl(t, O) and K2(t, O, t), we see that
V(xr) 0. Therefore, integrating (B.1) from 0 to T and taking expectations, we get

T t’T t"T

(B.3) E | [x’(t)Mx(t)+u’(t)Su(t)] dt :EV(xo)+E | Vx(t)dt+ | trFF’Ko(t)d,.
Jo o o

Now
T T T

by the use of Fubini’s theorem and properties of conditional expectations. Substituting
the control law in (7.5) into (B.2), we get that

E[ Wl(t)/z t] tr Ko(t)GIR -1G’Ko(t)Po(t)
o

+ I K’ (t, O)GR -1 G’Ko(t)P (t, O) dO

(B.4) ot"

+ I K(t)OR-1O’Kl(t’ O)Pl(t, O) dO

0 0

E{Vl(t)/z } is now seen to be a deterministic function and hence equal to EVI(t).
Substituting (B.4) into (B.3) yields the conclusion of the lemma.

Acknowledgments. We would like to thank the referees for drawing our atten-
tion to the work of Kunita [16] and Bagchi [8], and for helpful suggestions which led
to general improvements in the presentation. The above references, in particular,
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the simple forms here in this paper.
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ON THE POLYHEDRALITY OF THE CONVEX HULL OF THE
FEASIBLE SET OF AN INTEGER PROGRAM*

R. R. MEYERf AND M. L. WAGE:

Abstract. Polyhedrality is established for convex hulls of sets defined by systems of equations in
nonnegative integer variables. This property is useful for certain existence, duality, and sensitivity results in
integer programming. The structural theorems obtained also shed light on the relationship between the
convex hull and the relaxation obtained by deleting integrality constraints.

1. Introduction. A number of results dealing with existence [7], duality [1], and
sensitivity analysis [2] for integer programming have been established for integer
programs whose feaSible sets have convex hulls that are polyhedral (i.e., the intersection
of a finite number of closed half-spaces). This is due to the fact that, given a set S

_
R

and a linear function cx, if the convex hull of S (denoted conv S) is polyhedral, then the
problem sup cx subject to x S has the same optimal value as the linearprogram max cx
subject to x conv S (including the infeasible case in which the optimal value is set to
-, and the unbounded case in which the optimal value is taken as /), and,
moreover, every optimal extreme point of the linear program is an optimal solution of
the problem over S. In this report, polyhedrality is established for the convex hull of an
arbitrary set S of the form

(1) S =- {x lAx b, x >= O, x integer}, where x (Xl," Xn)T R ,
A is a given m x n matrix of real numbers, and b is a given element of R ’. While it
might be thought that the polyhedrality of the convex hull of the feasible set of an
integer program could be taken for granted, it has been shown that in the inequality
constrained case, the convex hull may be quite complex [4], [5], [12] and, in fact, need
not be polyhedral [3]. In the case of rational coefficients (for both inequalities and
equations), polyhedrality was previously proved in [7]. Here we will show that this
rationality hypothesis is not required in the equality-constrained case.

2. A rational representation. In this section it will be shown that the set S defined
by (1) always has an equivalent representation as {x[A’x b’, x >= 0, x integer}, where
A’ and b’ are rational. Once this result is established, polyhedrality of conv S follows
directly from Theorem 3.9 of [7]. (However, a more compact and geometrically
motivated proof is possible due to absence of the continuous variables allowed in [7],
and this alternative method of proof is given in 3.)

Theorem 1 employs the concept of rational independence: a set of real numbers
{yl,’’’, yk} is said to be rationally independent if "ylr+’’’+ykrk =0, where
r,..., rk are rational, implies rl rk 0. Rational independence of a set of
n-vectors is similarly defined. (It is easily seen that rational independence and integral
independence, i.e., independence with respect to integer weights, are equivalent, but
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A vector or matrix is termed integer or rational if all its elements are respectively integer or rational.
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due to the mechanics of the proofs to follow, rational independence is more con-
venient to work with. Note that while linear independence clearly implies rational
independence, the converse is not true.)

THEOREM 1. Let S {x lAx b, x integer}. Then there exists an m’ x n matrix A’
of rationals and a vector b’ of rationals such that

S {x ]A’x b’, x integer}.

Proof. If Se , then we may take m’ 1, A 0, b 1 and achieve the required
rational representation, so we may assume Se . We will first consider the case in
which the system Ax b consists of a single equation, since a similar analysis per-
formed equation-by-equation will yield the desired result in the general case. Denote
the single equation by

(2) 01X1 -}- O2X2 -}-" q- OlnXn .
If all ai 0, then feasibility implies/ 0, so no transformation is needed. Thus, we
may assume that not all ai are 0, and, for notational convenience, we also assume that
the variables have been ordered so that a 0 (in dealing with a system of equations, a
different ordering might be required for each equation, but this causes no problems).
If n 1 then / =alx* for some integer Xl*, and the data may be rationalized by
dividing through by a 1.

If n >- 1, we replace coefficients by rational combinations of "previous", "indepen-
dent" coefficients whenever possible. Thus, if a2=alrl,2, where rl,2 is rational, we
rewrite (2)in the form

(3) Ol(Xl-b r1,2x2)q""

Continuing this procedure, we end up with an index set I
_

{1,. , n} such that (2) is
equivalent to

(4) it (ai ri,ixi) ,
i=1

where the ri,j are rational, and the ai for I are rationally independent. Since Se
* and by carrying out the same conversionaix/* =/ for some integers x 1"," , Xn,

as above we have

(5) it (ai ri,jxf) .
j=l

By subtracting (5) from (4)we have

(6) i, ai ri,i(xi- x) O.

We will now show that

(7) Se x ri,ixi Y. ri,ixf for i L x integer

Clearly, if x is integer and satisfies the equations of (7), then x 6’; so suppose that
x Se, but that = ri,ixj := ri,ix for at least one i.

From (6) it would follow that the a with I were not rationally independent,
which is a contradiction of the way in which they were constructed. Thus in the single
equation case, the set Se has an equivalent representation of the form (7).
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When Ax b consists of more than one equation, an analogous procedure may
be performed for each equation in the system, so that Se may be represented in terms
of the collection of the corresponding systems of the form (7). Alternatively, we could
express A and b in terms of a "basis" of rationally independent columns of A, and
carry out a proof analogous to that of the scalar case.

Example. Let Se ={x[-1. Xl-1/2/-x2+" x3 =--4, x integer}.-1 and-1/2x/ are
rationally independent, but - 1 ---1/2x/. 0, so the equation in Se may be written
as -1. (xl-34-x3)-1/2x/ (x2) 35--x/. Since setting xl 1, x2 2, x3 2, yields a point
in Se, we may write 35--4=-1 (1)-1/2x/. (2)+34-. (2). Substituting for the original
RHS (right-hand side), we can write the equation in Se as -1. (xl-x3)-1/24" (x2)
-1. (1)-1/2x/. (2)+. (2)=-1.(-3s-)-1/242 (2). From the preceding theorem we
conclude that Se may be written as {XlXa-X3---, x2- 2, x integer}.

An example may be found in [9, p. 5] of the application of the conversion
procedure in a 2-constraint case, along with a discussion of the difference between
doing the conversion equation-by-equation and doing it for the entire system by
working with the columns of A.

Note that ifthere exists anumber 3’ such that all ofthe quotients
are rational, then (assuming a 7 0) (Ogj/’}/)l (Ol 1/’Y) Ol.jlo is rational for/" 2,. , n, so
the conversionprocedure inTheorem i yields I { 1}, and, in fact, thatprocedure is simply
equivalent to dividing through by y. (In fact, if there exists a 3’ such that the quotients
Ol/’y, Ol.n/3/are all rational, then there exists a 3’ such that ax/’y’, Ol.n/’y’ are all
integer, and in this case integrality of//y’ is clearly a necessary condition for the existence
of an integer solution. Under this divisibility assumption, a necessary and sufficient
condition for the existence of an integer solution is that the "generalized greatestcommon
divisor" (see [8]) of al," , a,, "divide" fl in the sense of giving an integer quotient.)
However, as the numerical example found in [9, p. 5] shows, the coefficients need not have
this divisibility property, and in such a case I { 1} and a single equation will be converted
into an equivalent system of equations.

Corollary 1 below gives two additional results easily obtained from Theorem 1
and an analysis of its proof.

COROLLARY 1. If Se {x lAx b, x integer} and She {x[Ax b, x rational}, then
there exist integer 3 and such that Se {xlfi,x , x integer} and She {xlfi,x , x
rational}.

Proof. By use of Theorem 1, Se may be written as {x [A’x b’, x integer}, where
A’ and b’ are rational, and by multiplying each equation of A’x b’ by a suitable
integer, conversion to integer data is achieved. Inspection of the proof of Theorem 1
shows that all of the steps go through if the xg are assumed rational rather than
integer.

In 3 the rational representation of S is used to prove polyhedrality of cony S;
however, it might also be noted that other useful structural properties (see [6])can
also be derived from the rational representation.

3. Structural properties. In establishing the polyhedrality of conv S, we may
assume by Theorem 1 that S is represented in the form

(8) S {x [A’x b’, x >= O, x integer},

where A’ and b’ are rational.
In order to state structural properties of conv S in a compact form, we introduce
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the following definitions:

E {x Ix is an extreme point of

K’ =- {x IA’x O, x >- 0},

K, {x Ix K’, x rational},

K {x Ix K’, x integer},

Z =-{x Ix R", x integer}.

LEMMA 1 (dominance lemma). Every infinite sequence from the nonnegative
integer points of R admits an infinite subsequence for which each of the n infinite
sequences of components is separately either strictly increasing or completely constant.

Proof. Select a subsequence whose first components are strictly increasing or
constant. Select a subsequence of the result whose second components are strictly
increasing or constant, etc. 71

LEMMA 2. IE[ is finite.
Proof. If the result were false, by the dominance lemma, there would be two

extreme points x’ and x" satisfying x’_-<x" with x’# x". However, x’+2(x"-x’) is
easily seen to be in S, and the equation x"=1/2x’+a1-[x’+2(x"-x’)] contradicts the
hypothesis that x" was an extreme point of S. El

Lemma 2 was proved in [7], but the above proof is more compact and offers more
geometric insight. The next result was also established in [7].

THEOREM 2. S __c conv E +Kh.
It might be noted that the structural result S=(convE+K’)fqZ is easily

obtained from Theorem 2 simply by checking that the linear constraints of S are
satisfied. On the other hand the result cannot be sharpened fo S G conv E +K- as is
seen from the following example: consider the set determined by the constraints

Xl+X2--> 1, 1-->Xl--X2=>--I,

and x integer; by adding the appropriate slack variables it may be seen that
(1, 1, 1, 1, 1) is a feasible solution of the resulting system of equations but is not in
conv E +K.

The proof of the following result is straightforward and may be found in [9],
which is an expanded version of this paper.

LEMMA 3. K’ =conv K =conv K,.
THEOREM 3. conv S =conv U + K’.
Proof. From Theorem 2 it follows that S

___
conv E +Kh

___
conv E + K’. Since

conv E + K’ is convex, conv S
_
cony E + K’. To get the opposite inequality, note that

by Lemma 3, conv E +K’ =conv E +conv K, so that conv E +K’ conv (E + K)___
conv S, since (E + K,)___ S.

Since the sets cony E and K’ are polyhedral, Theorem 3 establishes the poly-
hedrality of S.

Theorem 3 also allows an interesting comparison to be made between cony S and
the linear programming relaxation T’ of S defined by T’ {x IA’x b’, x >= 0}. Since T’
is polyhedral and line-free, we have (see 11]) T cony E’ + K’, where E’ is the set of
extreme points of T’. Comparing this with Theorem 2, we note that, roughly speaking,
cony S and T’ "coincide" in their asymptotic parts and "differ" only in their extreme
points. (From a computational point of view, however, this difference is crucial, since
the extreme points of T’ have a nice algebraic characterization (as basic feasible
solutions) and have a cardinality that is bounded from above by (,,), whereas these
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properties do not carry over to the extreme points of S.) This property is not the case,
however, for the linear programming relaxation T defined in terms of the original
constraints by T={xlAx b, x =>0}, as may be seen by considering the following
example: if the constraints Ax b are given by Xl-X/x2 1-, then T consists of
the ray {x[x1-4x2- 1-x/, X1 0, X20}, whereas T’={XIXx 1, x2 1}={(1, 1)}.
Of course if A is rational, then T and T’ coincide, but without hypotheses on A, it is
only possible to conclude that T_ T’ and that K =-{xlAx =0, x _->0} _K’ (that A’x
b’ implies Ax b and that A’x 0 implies Ax 0 are easily seen from (7)). These
results are summarized in the following theorem, where E* denotes the set of extreme
points of T.

THEOREM 4. cony S =conv E + K’
_
conv E’ +K’= T’

___
T =conv E* +K and

K’ _K.
Proof. Since S

___
T’ and T’ is convex, conv $

___
T’. The other relations have been

previously discussed. I-q

Note also that Theorem 4 implies that if T is a bounded set, then K’= K {0}
and conv E

___
conv E’

___
conv E*. However, if T and T’ are unbounded, then no

ordering relations need hold between E, E’, or E* (or between their convex hulls), as
may be seen by considering the example of 2 in which the corresponding sets are
E {(1, 2, 2)}, E’= {(0, 1/4, 2)}, and E* {(0, 0, 0)}, where 0 (-- x/)/(34-).

Polyhedrality of conv S may also be demonstrated directly without resorting to
the rational representation of Theorem 1. Defining KR =--{x[Ax O, x >= O, x rational}
we may prove along the lines of the proof of Theorem 3 that conv S=
conv E + conv KR, so that polyhedrality of conv S will follow from the polyhedrality of
conv KR. Polyhedrality of conv KR is established by consideration of span KR, i.e. the
set of all linear combinations of elements of KR, and use of the following lemma:

LEMMA 4. If X span KR 1 R _, then there is a rational span KR R

_
with

i 0 if and only if xi 0 (i 1,. , n).
Proof. First note that since span KR is the span of rational vectors, any maximal

independent subset of KR forms a rational basis for span KR. Fix such a maximal
independent set and let B be the matrix whose ith column is the ith vector in this
independent set. Then

span KR {Ba ]a R k}.
Fix x span KR fqR /. Then there exists an a such that Ba x. Let / be the

matrix consisting of those rows, bi, of B for which x 0. Since/ is rational, {fl[fl
0} has a rational basis matrix, C. Hence a Cy for some y. Perturb 3’ slightly to get a
rational y’. Then a’= Cy’ is rational,/a’= 0, and with a small enough perturbation
is sufficiently close to a so that Ba’ has positive components where Ba has positive
components. Let - Ba’.

THEOREM 5 conv KR span KR IN R
Proof. Since span KR (qR is convex, it suffices to show that conv KR

span KR 0 R 7-. Fix x span KR (q R _. We simply drive each coordinate of x to zero by
subtracting appropriate multiples of rationals in span KR

Specifically, using Lemma 4, choose a rational rl span KR fqR that has the
same zero coordinates as x. Then there exists a number, 3’1, such that X-Tlrx is
nonnegative and has more zero coordinates than x. Continue choosing r’s and y’s so
that at each step, , x-Yi<i yiri is nonnegative and has more zero coordinates than

X--i<i-1 "yiri. This process must stop at some/’0<= n with x-i<jo yiri 0, i.e. x

Yi<o yri, where the weights y are nonnegative. By adjusting the weights and r as in
the proof of Lemma 3, it may be shown that x
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In closing, it should be reiterated that in the inequality constrained case, if we
define St ={xlAx <-b, x >-0, x integer}, it need not be the case that conv Sx is
polyhedral. This may be seen from the following problem considered in [7]:

maximize -aXl+ x2

subject to -axl+x2<_-0

(9) X1 -> 1

x_->0

Xx, Xa integer.

It was shown that the problem (9) does not have an optimal solution if a is any
positive irrational, even though it is feasible and not unbounded. This phenomenon
could not occur if the convex hull of the feasible set were polyhedral, since that
property would guarantee the existence of an optimal solution. (In this particular
example, it may be shown that the corresponding Sx actually has an infinite number of
extreme points (see [3] for related work). Moreover, by replacing a by rationals
suitably close to a, and by replacing the variable X by x -xl-1, it may be shown
that, in the equality-constrained case, the number of extreme points of S can be made
arbitrarily large if n _-> 3, i.e., if the number of variables is at least 3. This contrasts with
the equality-constrained cases in which n 1 and 2, where from the geometry of S it is
clear that maximum number of extreme points is 1 and 2 respectively. (For related
complexity results in the inequality-constrained case see [3], [4], [5], [12].) However,
if the matrix A is rational, then the constraints of S may be converted into an
equivalent set of equations in integer variables, so that the results above may be
applied to prove that conv $ is polyhedral in the rational coefficient case.
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RELAXED CONTItOLS AND THE DYNAMICS OF CONTROL SYSTEMS*

ZVI ARTSTEINS

Abstract. The relationship between relaxed controls and the family of processes or flows generated by
ordinary controls is studied. We find that the flows generated by the relaxed controls form a completion of
the space of flows generated by ordinary controls. With the aid of this completion we study the asymptotic
and limiting behavior of the dynamics of the control system. Invariance properties of the to-limiting sets of
admissible solutions are established. Stability, eventual stability and finite time stability properties of
solutions with respect to ordinary and relaxed controls are investigated.

1. Introduction. Relaxed controls were designed primarily to provide generalized
solutions to optimal control problems, when ordinary solutions fail to exist, see Warga
[13] and Young [14]. There are two basic schemes. One is to complete the space of
ordinary controls by the relaxed ones; within the completion the existence of an
optimal solution is guaranteed by compactness arguments. The second one is to
complete the space of possible trajectories, thus obtaining generalized solutions, or
generalized curves. Further study was devoted to the characterization of optimal
solutions, necessary conditions, approximation by ordinary controls, etc., see Warga
[13] and the references therein.

In the present paper we study ordinary and relaxed controls from a different
anglemthe relation to the dynamics of the system. The consideration of the dynamics
of the control system is fundamental in the investigation of attainability and control-
lability. The dynamics also plays an essential role in the discussion of stability
properties of the system and in its limiting behavior. We shall discuss the relation of
relaxed controls and the global analogue of generalized curves, namely generalized
processes, to these problems.

We use the relaxed controls and the generalized processes in the same way as was
originally introduced by Warga and by Young; they form a completion of the cor-
responding spaces of ordinary controls and ordinary processes. To each ordinary
control a process is associated, this process describes the dynamics of the system under
that particular control. We introduce generalized processes as limits of ordinary
processes. Under appropriate compactness assumptions the generalized processes are
generated by relaxed controls.

We shall see how the limiting behavior of the control system is described in terms
of the generalized processes and the relaxed controls. This includes invariance
properties of to-limit sets, stability and asymptotic stability properties. We are dealing
in this paper only with open loop controls, i.e., controls which are functions of time
only. Stabilization of systems via synthesis is not treated.

The paper is organized as follows. In 2 we set our notations and state our
assumptions.

The processes generated by ordinary controls are introduced in 3. The space of
processes is then completed, in an appropriate metric, and the generalized processes
are formed. Under an appropriate compactness stated in this section we show how the
generalized processes are generated by relaxed controls.

Invariance properties of to-limit sets for autonomous and nonautonomous
systems are treated in 4 and 5 respectively. The invariance in the autonomous case

* Received by the editors August 3, 1976 and in revised form July 25, 1977.
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is basically a restatement of Peng’s original work [9] in terms of generalized processes
or relaxed controls. In the nonautonomous case we incorporate the recent develop-
ments by Wakeman [12], Dafermos [4], [5], and others (see the survey [2]) and modify
them to suit the special structure of control systems.

Finite time stability (see Infante and Weiss [6]) is the subject of 6. We discuss
the preservation of finite time stability under perturbations in the control.

Stability is treated in 7. We are interested to see how stability, uniform stability
and attractivity are maintained under perturbations in the controls. In particular, the
perturbations allowed show that if one of the properties holds for a general (relaxed)
control, then it holds for a certain ordinary control as well.

2. Notations and assumptions. The control systems in this paper have the form

(2.1) =f(x,t,u),

where x 6 R" the n-dimensional Euclidean space, R the real line and u denotes an
element in a fixed metric (not necessarily compact)space U.

Measurability is understood to be in the Lebesgue sense; equalities are always
"almost everywhere" and solutions are absolutely continuous functions. The norm of
x R" is denoted by Ix and denotes differentiation with respect to time, i.e.,
=(dx/dt).
A family 0-// of measurable functions u from R to U is given. These are the

admissible controls.
We assume that f is continuous in x and u and measurable in t. We also assume

that for every admissible control u u(t) in 0-// and every (Xo, to) R"R the initial
value problem

=fix, t, u(t)), x(to) xo,

has a unique solution, which we denote by x(t, to, Xo; u), and which is defined for all t.
This solution is then continuous in (t, to, Xo).

3. Generalized processes and relaxed controls. A study of processes and their
relation to nonautonomous differential equations was done by Dafermos [4] and Sell
[10], [11]. Following Dafermos [5] we have the following definition.

DEFINrrION 3.1. A process on R" is a mapping q" R R R" --> R" such that
(1) q is continuous,
(2) q(0, to, Xo) Xo,
(3) q(t + ’, to, Xo)= 0(t, to + ’, q (’, to, Xo))

for all t, ’, to and Xo. A process q is a dynamical system if q does not depend on to, i.e.
q =q(t, Xo).

We want to promote the following interpretation. The process describes the
evolution of a (generally time-dependent) system. The pair (to, x0) is the initial data,
(initial time to and initial state Xo). The mapping q(t, to, Xo) gives the motion as a
function of time t, relative to to, and the initial data. Notice that measures the time
passed from the initial time to. Thus condition (2) states that if no time passed, 0,
the motion is still at Xo. An example of a process is given in the following proposition.

PROPOSITION 3.2. Let u be an admissible control. Let x(t, to, Xo; u) be the solution
of =fix, t, u(t)), X(to) Xo. Then qg(t, to, Xo) x(t + to, to, Xo; u) is a process.

Proof. Obvious from the continuity of x and from x being a solution.
The processes given in the preceding result are defined by admissible controls.

The adjective "generalized" of the generalized processes indicates that these are not
in general generated by admissible controls, but rather in a limiting procedure. As a
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matter of fact, a generalized process might not be governed by an ordinary differential
equation at all. (We shall see later how they are generated by relaxed controls.) Before
introducing the generalized processes we need the following definition.

DEFINITION 3.3. The sequence qk of processes on R converges to the process
if qk (t, to, x0)- q (t, to, x0) in R uniformly on compact subsets of R x R x R".

Remark 3.4. The convergence of processes given in the previous definition is a
metric convergence. A metric can be given as follows. Let Bj be an increasing
sequence of compact subsets of R x R x R ", with union equal to R x R x R n. Define

O(q, 4’)= E 2-" min (1, sup {[q(t, to, Xo)- 4,(t, to, Xo)l" (t, to, Xo) Bi}).
/=1

Then qk --> q if and only if O(qk, q)-> 0.
DEFINITION 3.5. The process q is a generalized process (relative to (2.1)) if there

is a sequence Uk of admissible controls in a// such that qk q(t, to, Xo; Uk) converges
to q.

A natural question arises, namely whether the family of processes generated by
admissible controls has a compactness property. I.e., is it true that each sequence of
such processes has a subsequence converging to a (generalized) process. If the system
possesses this compactness property we shall say that it is dynamically compact.

We shall now introduce the relaxed controls and their relation to the generalized
processes. For notational convenience we shall work under quite restrictive condi-
tions.

On several occasions in the sequel we shall use the following set of assumptions
(therefore we give it a name).

Assumption L. The function f is locally bounded and locally Lipschitz in x, i.e., for
every bounded BcRR a constant K exists such that .If(x,t,u)l<-K and
If(x, t, u)-f(y, t, u)l<-KIx-yl for every (x, t), (y, t) in B and u U. The set U is
compact and the family consists of all the measurable functions u: R - U.

We shall see now that under Assumption L the system is dynamically, compact,
and furthermore the generalized processes are generated by relaxed controls. To this
end we merely have to employ standard material (which appears in detail in [13],
[14]). Therefore our presentation will be brief.

Throughout the rest of this section we assume that Assumption L holds.
We denote by M the metric space of probability measures on U endowed with

the metric generated by weak convergence. I.e., k ’’)/J’ in M if cr g d[Jbk converge to

cr g d/x for every continuous g" U R.
An admissible relaxed control is a measurable function v: R M. The family of

admissible relaxed controls will be denoted by .
We consider as a metric space. The formal definition of the metric can be

found in Warga [13; Chap. IV]. What we actually need to know is that c is a
compact space and the convergence of Vk to V in qg is equivalent to

(3.6) IT. Itg(t’ u) dvk dt + IT. Ier g(t’ u) dv dt

for every bounded interval T and a real-valued function g which is continuous in u,
measurable in and such that re(t)= max {]g(t, u)l: u 6 U} is integrable over T.

An ordinary control u is considered as an element of 9c by viewing the value
u(t) as being the Dirac measure concentrated at the point u(t)e U, (i.e., the measure
of {u(t)} is 1). An important information is (see Warga [13; Chap. IV]): the ordinary
controls are dense in
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It is also worth noting that the restriction of the convergence in c to ordinary
controls is equivalent to the local convergence in measure, i.e., if Uk and u0 are
ordinary controls, then Uk U0 in c if and only if for every bounded T and every
e >0 the Lebesgue measure of {t 6 T: d(Uk(t), Uo(t))>--e} tends to zero as kc (here
d(.,.) denotes the metric in U). Equivalently, for every T the integrals
7-d(Uk(t), Uo(t)) dt converge to zero. The sufficiency of this is obvious. The necessity is
provided by considering the special function g in (3.6) given by g(t, u)=d(u, Uo(t)).

Following Young [14] we define f(x, t, v) for a measure v in M by

f(x, t, v)= Iv d(x, t, u) clv.

(Clearly, f(x, t, u) is not affected if u U is viewed as the corresponding Dirac
measure.) With an element v= v(t) in we associate the ordinary differential
equation

=f(x, t, v(t)).

Our assumptions imply that f(x, t, v(t)) is continuous in x and measurable in t;
moreover the Lipschitz condition is preserved by the integration. A classical result
(see Young [14; 33]) implies that for every (to, Xo) in R R" there exists a unique
solution of f(x, t, v(t)) satisfying X(to) Xo. We denote this solution by x(t, to, x0; v)
and assume that x(t, to, Xo; v) is defined for all t, i.e., the solution exists on the entire
line. Clearly, if v is a relaxed control then q(v) defined by q(t, to, Xo;V)=
X(to + t, to, x0; v) is a process.

The following result establishes the relations between relaxed controls and the
generalized processes, and summarizes the information we shall need in the sequel.

THEOREM 3.7. The mapping v- q(v) is a continuous mapping from c to the
space ofprocesses (see Definition 3.3). Therefore the compactness ofC implies that the
system is dynamically compact. Furthermore, each generalized process is generated as
q(v) ]:or a certain relaxed control v; and the density of the ordinary controls in c
implies that each relaxed control generates a generalized process.

Proof. The key statement is the opening one. This is an old result on continuous
dependence on parameters. It follows directly from the characterization of con-
vergence in c given in (3.6). For details consult [13] or [1].

As we noted before there is a similarity between our construction of generalized
processes and the construction of generalized solutions in Warga [13] or Young [14].
There is one procedure which does not generalize to processes. A well known result is
that the solutions of the differential equation f(x, t, v(t)) where v v(t) is a relaxed
control are identical with the solutions of the differential relation F(x, t) where
F(x, t) is the convex hull of {/(x, t, u): u U}. The analogous statement for processes
does not hold. A process q can be generated by the differential relation,_ i.e., satisfy it,
without being a generalized process. Berkovitz [3] introduces relaxed controls as
functions v(t) with values being purely atomic measures concentrated at n / 1 points
in U. This definition does not suit our purposes either since not every generalized
process is generated by such a relaxed control (although any generalized solution is
generated in this way).

4. Invariance for time-independent systems. Among other invariance properties
we shall reproduce Peng’s invariance results [9] in terms of generalized processes and
relaxed controls. Illustrative examples will be given at the end of this section; for
various other applications see Peng [9], Wakeman [12] and LaSalle [7].
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In this section we treat time-independent control systems

(4.1) 2 =f(x, u);

but notice that for a particular control function u(t) the associated equation 2
f(x, u(t)) is nonautonomous. An admissible trajectory x= x(t) is a solution of (4.1) for
an admissible control u= u(t), i.e., (t)=f(x.(t), u(t)). Recall that x(t, to, Xo; v)denotes
the solution of 2 =f(x, v(t)), x(t0)-Xo.

Let y y(t) be an Rn-valued continuous function defined on an infinite interval
[to, c). The to-limit set l)(y) of y is the set of vectors z for which an increasing
sequence of times t. exists such that z lim y(ti).

We say that the family of admissible controls is translation invariant if for every
u u(t) in //and for every o- the translation u of u by tr, defined by u(t) u(cr + t),
is also in 0//. Notice that under Assumption L the family is translation invariant.

THEOREM 4.2. Assume that is translation invariant and that the system is
dynamically compact. Let x x(t) be an admissible trajectory of (4.1). Then D,(x) has
the following invariance property. For each z D,(x) there is a generalized process q such
that (t, O, z) lq(x) for every t.

Proof. Let u= u(t) be the admissible control for which x is the solution of
=f(x, u(t)). Letoz lim x(t.) where t.- . We shall write u for u t, i.e., the trans-
lation of u by ti. Notice that q(t, ti, x(ti); u)=(t, 0, x(ti); ui). Since the system is
dynamically compact the sequence (uj) has a subsequence converging to a general-
ized process . We shall show that q(t, 0, z) is in l)(x) for every t. To this end notice
that q(t, 0, z) is the limit of (t, 0, x(ti); u i) which is equal to q(t, ti, x(ti); u)= x(t + ti).
Since + ti c for any fixed the desired relation follows. This completes the proof.

COROLLARY 4.3. Suppose that Assumption L holds. Let x x(t) be an admissible
solution for (4.1). Then for every z fl(x) there exists a relaxed control v such that
q (t, 0, z; v) i2(x) for every t.

Proof. Follows from Theorem 4.2 together with Theorem 3.7.
COROLLARY 4.4 (Peng’s quasi-invariance [9]). Suppose that Assumption L

holds. For each z [2(x) there is a sequence ui of ordinary controls such that the uniform
limit on bounded intervals of x(t, O, z; ui) exists and belongs to fl(x) ]:or all t.

Proof. This follows from Corollary 4.3 and the density of the ordinary controls in
c; indeed, any sequence of ordinary controls u which converges to v will do.

COROLLARY 4.5 (Peng’s invariance [9]). Suppose that Assumption L holds. If
F(x) {f(x, u): u U} is convex for every x, then for each z (x) an ordinary control u
exists ]:or which q(t, O, z; u)s l)(x) ]:or all t.

Proof. This is implied by the Filippov lemma; see Warga [13] or Young [14].
Another type of invariance properties is concerned with changing the role of the

quantifiers in Theorem 4.2 as following. (Compare [2; Theorem 7.3]).
THEOREM 4.6. Assume that all is translation invariant. Let u u(t) be an admis-

sible control and assume that fl(x) is compact where x=x(t) is a solution of 2
f(x, u (t)). Then f(x) has the following invariance property" if q is a generalized process
obtained as a limit of q(ut) for a certain oo then a point z D(x) exists such that
q9 (t, 0, z) 6 D,(x) ]:or every t.

Proof. Since f(x) is compact it follows that x(ti) has a converging subsequence,
say X(tk), with a limit z f(x). We claim that this is the desired z. Indeed, q(t, 0, z) is
by definition the limit of q(t, O, X(tk); Uk) which is equal to qg(t, tk, X(tk); U)= x(t + tk).
Since / tk tends to infinity it follows that q(t, 0, z) D,(x). This completes the proof.

COROLLARY 4.7. Suppose that Assumption L holds. Let u u(t) be an admissible
control and let v be the limit of ui for a certain tioo, ff ]:or a solution x= x(t) of
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2 =f(x, u(t)) the to-limit set D,(x) is compact, then a point z f(x) exists such that
(t, 0, z;v) is in D,(x) ]:or every t.

We shall now discuss two examples illustrating the previous results and their
possible applications.

Consider first the controlled damping harmonic oscillator

+g(u)i+x=0

where u takes two values, Ul and//2, and g(ul) 1 (positive damping), and g(//2)----1
(negative damping). Suppose that under the control Uo Uo(t) the eventual behavior of
the oscillator is a periodic one, i.e., in the (x, 2) plane the motion tends to a circle, say
F {(X, )): X 2 +.2 1}. The relaxed controls Yt are functions v0 Vo(t) associating
with each a probability distribution on {u l, u2}. The only such control which
generates a motion which leaves F invariant is the control which is concentrated
equally on u and u2. From Theorem 4.6 we can conclude that u) converges to v0 in. The latter convergence means in this case that for any fixed - the measure of
{S ://0(S) b/1, <- s _-< + z} tends to

Consider now the system

with u {0, 1}. Suppose we want to locate those points Zo (Xo, yo)such that z0
limt_ q (t, 0, z; Uo) for certain Uo and z. Our Theorem 4.2 tells us that {Zo} is invariant
with respect to a certain process generated by a relaxed control. A singleton being
invariant means that it is a rest point of the process. Namely, the right hand side of the
equation should vanish identically. The value of the relaxed control Vo at is deter-
mined by a distribution between 0 and 1, say with weights /x and 1-/x, where
0_-</x -<_ 1. It is therefore easy to see that if (Xo, y0) is a limit point as before, then for a
certain/x e [0, 1]

Yo -/

Xo- t(1- t).
The latter equations give in a parametrized form the location of the possible limit
points. It is not hard to see (using phase portraits of the equations generated by the
two controls 0 and 1) that each such point (Xo, y0) is indeed obtained as a limit point
for an ordinary control.

5. Limiting control systems and invariance for nonautonomous systems. The
invariance properties of the w-limit sets, given in the previous section, do not hold for
time dependent systems =f(x,t, u). (Obviously the key equality q(t, ti, Xo;U)=
p(t, 0, x0; u i) uses strongly the time-independence of the equation.) A possible
generalization is as follows. Given the admissible control u we are facing a nonau-
tonomous equation =f(x,t,u(t)). Limit sets of solutions of this equation have
invariance properties with respect to the limiting equations of the system. Peng’s
results were generalized in this direction by Wakeman [12]. Further developments
concerning nonautonomous equations are described in Artstein [2]. Here we want to
discuss another type of limiting behavior and the related invariance properties,
namely, the limiting behavior of the entire control system 2 f(x, t, u) at infinity. A
comparison with the former approach will be done below.

For convenience we will use in this section assumptions on f slightly stronger than
Assumption L. We require that the Lipschitz constant in Assumption L is uniform in t,



DYNAMICS OF CONTROL SYSTEMS 695

i.e., for every bounded W R" a constant K K(W) exists such that If(x, t, u)-
f(y, t, u)]-<_ K[x- Y whenever x, y W and for all and u.

DEVINITION 5.1. The translate by z of the function f is denoted by f" and given by
ff (x, t, u)=f(x, t+-, u).

DEFINITION 5.2. A control system 2’ g(x, t, u) is a limiting system of 2’ f(x, t, u)
if there exists a sequence -.- o such that for every x, and u

IO g(X’ S’ U ds lim_, IO ff (X’ S’ U ds

We then say that f’J converges to g.
Before presenting the applications we want to describe some structure properties

of the limiting systems.
PROPOSITION 5.4. The family of limiting systems is closed under translations, i.e., if

2’ g(x, t, u) is a limiting system then 2. g’(x, t, u) is a limiting system for every ’.

Proof. Notice that f" converges to g implies f’+" converges to g’.
PROPOSITION 5.5. For any sequence ’i - o there is a subsequence ’i ]’or which f5

converges.
Proof. For a triplet (x, t, u) the sequence of mappings/(x, s + ’i, u): f-t, t] - R is

weakly precompact in Ll([-t, t], R n) and has a weak limit g(x, s, u). Let (Xk, tk, Uk) be
a dense sequence in R"x R x U. A simple diagonal argument enables us to find a
subsequence -. of - such that for each k, f(xk, s + ’, uk) converge weakly to g(xk, s, uk)
on [--tk, tk]. In particular

Io g (Xk’ t’ Uk ) limj_ fo f(xk’ s + Ti’ uk ds

for every t. We claim that this g, so far defined on a dense sequence, has an extension
to the entire space R nx R x U. To this end notice that on the dense sequence g is
Lipschitzean in x and uniformly continuous in u, so an extension exists. Furthermore
it is not hard to see (compare Artstein [1; 4]) that the extension, which we again
denote by g, satisfies the same estimations for boundedness and the Lipschitz constant
as f. Having these estimations it is easily seen that (5.3) holds. This will complete the
proof.

We want to analyze the limiting behavior of the processes under translations.
Since we compare processes generated by different systems (the original system, its
translations and its limiting systems), we will add one argument to the notations,
namely, we denote by

qg(t, to, Xo; v, g)

the process generated by applying the control v to the system 2’ g(x, t, u). We denote
by v and " the translations by - of the functions v and respectively, i.e.,

v(t) v(t + -) and q’(t, to, Xo) qg(t, to + ’, Xo).

The following equality is easily checked

q(t, to, Xo; v, g)= q(t, to, Xo; v, g).

LEMMA 5.6. Suppose that u’ converge to v in and that if’ converge to g. Then
q’ (u, f) converge as o to q (v, g).

Proof. This is again (see the proof of Theorem 3.7) a result on continuous
dependence on parameters, here the parameters (u, f). It is easy to check that under
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the assumptions on f the convergence f’ to g and u’ to v imply that f’(x, t, u(t))
converge weakly in L1 to g(x, t, v(t)) for any fixed x and on any bounded interval of
times. Then we can apply the continuous dependence results, for instance in Artstein
[1] or one of the references therein.

THEOREM 5.7. Let u be an admissible control and let x= x(t) be a solution of
=f(x, t, u(t)). Then for every z fl(x) there is a limiting system g(x, t, u) and a

relaxed control v such that q (t, O, z; v, g) fl(x) for every t.

Proof. z is the limit of x (’) for a certain sequence r oe. Let -. be a subsequence
such that f’ has a limit g, and u" has a limit v. By the lemma (t, 0, z; v, g) is the limit
of q (t, 0, x (-.); u, fJ). The latter is equal to q (t, %., x (rj); u, f) x (t + 5). Since
+ rj- oe it follows that q(t, 0, z.; v, g) l)(x). This completes the proof.

The previous theorem supplies a class of equations--2 g(x, t, v(t)) for limiting
systems ,2 g and all relaxed controls vmwith respect to which fl(x) has the invariance
property. If the control u which is used in generating x is known, we can limit the class
of equations above to those generated by the limits v-limu’ for a sequence ’i- oo.
(This can be seen in the proof of the theorem.) The family can be even further limited
by considering the limiting equations of 2 f(x, t, u(t)), i.e., the equations obtained as
limits

h (x, t) "-’OtO lim Io f(x, s + % u (s + ’i ))ds

for every fixed pair (x, t). Compare Artstein [2] or Wakeman [12]. The conceptual
disadvantage of the latter approach is that limiting systems of 2 =f(x, t, u) can be
computed a priori, while for the computation of the limiting equations we need the
precise control function which was used.

6. Stability considerations and finite time stability. We fix initial state x l, initial
time tl and a time interval [tx, tlh-T]. Let be a process. We want to examine the
stability of the trajectory through (t,x) over the finite interval with length T.
Following Infante and Weiss [6], we define

DEFINITION 6.1. The trajectory o(t, tl, X) is stable (over [h, tl+ T] and with
respect to 0) with respect to (a,), 0<a-</3, if lyl--Xll--<a implies [q(t, tl, y)-
q (t, h, x 1)] =</3 for 0 =< _-< T. The fllowing result follows directly from the definition
of the convergence in the space of processes.

PROPOSTIO 6.2. If o(t, h, x) is stable with respect to (a, ) then t#(t, tl, x) is
stable with respect to (a’,/3) if a’< a and is close to o in the sense provided by
Definition 3.3 (see Remark 3.4).

The preceding result can be applied to control systems. It implies that if a certain
generalized process, say generated by a relaxed control, possesses a certain modulus
(a,/3) of finite time stability then this modulus can almost be obtained_ by using an
ordinary control. Compare Proposition 6.2 to Definition 3.5 and Theorem 3.7. This
might affect the choice of control when stability of the solution enters into the
considerations, as the following example shows.

Example 6.3. We want to illustrate the significance of maintaining the finite time
stability estimates under perturbations in the control. Consider the following opti-
mization problem"

Minimize 0 Ix(t)l dt where x(t) is an admissible solution of the control system

2 u + (1 u2)x, x(O) O,
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(x and u are scalars) and the control u takes values in the set U {-1, 0, 1}. It is easy
to see that there is a unique optimal ordinary control, namely Uo- 0. However, there
are other optimal controls which are relaxed; for instance the constant-valued control
Vo concentrated equally on 1 and -1. It is easy to see that the stability estimates are as
follows: (t, 0, 0; Uo) is stable with respect to (a, a e T) while q(t, 0, 0; Vo) is stable with
respect to (a, a) for any a > 0. This immediately affects the optimal cost. if there is a
perturbation up to a in the initial condition then if Uo is used, the maximum cost
guaranteed is up to a(e T- 1) while if Vo is used the cost does not exceed aT. Thus,
although the performance of Vo cannot be realized by an ordinary control it might be
preferable (if perturbations are expected and T is large) to use an ordinary approxi-
mation of v0 and maintain almost the same stability, rather than use the less stable
control Uo.

7. Stability. We assume that f(0, t, u)= 0 for all and u. We are interested in the
preservation of stability properties of the origin under perturbations in the controls. In
particular we will be pleased to find that stability properties of 0 which hold when a
certain generalized process or a relaxed control is used, are valid also for close enough
ordinary controls. As before q(t, to, Xo; v) denotes the process generated by the
control v (see 3). The assumption above implies that (t, to, 0; v)= 0 for all t, to and
v. We are interested in the stability over the positive ray [0, c).

The origin 0 is stable with respect to a process p if for every e > 0 there exists a
6 > 0 such that lYo[ =< implies Iq(t, 0, Yo)l =< e for all 0. (The stability is stated with
respect to initial time 0, but it clearly implies stability for any initial time.) The origin is
uniformly stable with respect to q if for every e >0 a 6 > 0 exists such that ly01---
implies I0(t, to, yo)l -< e for all t, to -> 0. The origin is a uniform attractor with respect to
q if there is a 60>0 and a positive function p(t) on [0, ) such that p(t)O as
and [q(t, to, yo)l<-p(t) whenever [yo[_-<ao and for all t, to->0. We shall say that the
origin is stable (or uniformly stable, or a uniform attractor) with respect to a control v
if the origin is stable (resp. uniformly stable or a uniform attractor) with respect to the
process generated by v.

In Remark 3.4 we presented the metric which generates the concept of con-
vergence of processes, which has the uniform convergence on compact sets. But
stability is a global property of a process. We shall therefore modify the consideration
of a distance between processes. For each n > 0 we define

p,,(q, 0) 2-j min (1, sup {Iq(t, n, xo)-O(t, n, xo)l’lxol<-_], o<-t<-_ 1}).

Thus p,, measure the distance between q and 4’ operating on the interval [n, n + 1]. In
particular q converges to q in the meaning of Definition 3.3 if and only if p, (q, q)
0 for each fixed n.

In a similar way we modify the consideration of a distance in Yt. Recall that the
restriction of the functions in Yt to a unit interval I In, n + 1] belong to a bounded
set in Lo(L C(U)*) and that the weak* topology on the latter induces a metric on the
restrictions (see 3). We denote this metric by d, (., ), this for every integer n. In this
way with any two relaxed controls v and u a sequence of distances d,(u, v) is
associated. Notice that v v in Ytc if and only if d,(v, v) 0 as k c, for any fixed
n. (In fact, an explicit form for the metric in Yt could have been given by
y 2-1"ld, (1 + dn)-l.)

Even a uniform bound on d, (u, v) is not enough to preserve stability. An example
is the scalar equation lulx. Here 0 is stable with respect to the identically zero
control, but it is unstable for any u(t)= c if c # 0.
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We shall state and prove the following result in terms of processes. The appli-
cations to control system are given as corollaries.

THEOREM 7.1. Suppose that 0 is stable with respect to the process q. Then there is a
sequence of positive numbers bo, bl, b2,"’, such that 0 is stable with respect to any
process 4’ provided 0 is a rest point of 4’ and p, (q, )<- b, for n O, 1, .

Proof. We proceed in two steps. First let e > 0 be fixed. There is a 6 > 0 such that
lyol_-<, implies Iq(t, 0, yo)l-<_ e for all t->_0. Let B(t)={q(t, O, yo)" [yol <_- 6} and let S(t)
be the boundary of B(t). Notice that B(t) is homeomorphic to the ball {yo" lyo[-<8},
and that S(t) is the image of {yo" lyol } by the mapping yo q(t, 0, yo). We shall
define by induction a set-valued mapping C(t). Let C(0)= {yo: lyol--<} where 0<
11 <1 is fixed. Suppose now that C(n) is defined, compact, included in B(t) and
disjoint from S(t). Let C(t) for n_<-t<n+l be given by C(t)=
{((t-n, n, yo): yo C(n)}. Since C(n) is disjoint from $(n) there is a positive number
rt, such that z C(t) implies inf {[z y[" y S(t)} -> 2ft,. The definition of the distance
p, implies that a number a, exists such that if p, (q, )-< a,, yo C(n) and n -< =< n + 1
then ]q(t-n,n, yo)-g(t-n,n, yo)]<=,l,. We define C(n+l) to be the closed
neighborhood of {q(1, n, yo): yo6 C(n)}. The estimation above shows that C(n + 1) is
included in B (n + 1) and disjoint from $(n + 1); this completes the induction step. The
construction implies that if yo C(n) and p(tp, d/)<-_ ai for >_-n then 10(t, n, Yo)l <- e for
all _-> 0.

Let now ek ----k -1 for k 1, 2,.... For each k the construction above gives us a
sequence a,,k Of positive numbers and a set-valued mapping Ck(t) such that if
yoCk(n) and Pi(q, O)<--ai.k for i>=n, then ]4,(t,n, y0)lN ek for all t>-0. Define b,=
min {a,,k" k <= n}. We claim that b, is the desired sequence of positive numbers.

In order to prove the claim let 4’ be such that O,,(q, O)=<b, for n =>0. Let ek be
fixed. The continuity of q in the initial conditions and ,(k, 0, 0) 0 imply that a 61 > 0
exists such that [y0l < tl implies 4,(k, 0, yo)e C(k). Now O,(q, O)<--b, <=an,k for n ->_k

implies that [b(t, 0, Yo)l -< ek for all t-> 0. This completes the proof.
COROLLARY 7.2. Suppose that Assumption L holds. Suppose that 0 is stable with

respect to a control v in . Then there is a sequence of positive numbers bo, bx,"
such that 0 is stable with respect to any control u in c provided d,(v, u)_-< b, ]:or
n- 1,2,....

COROLLARY 7.3. If the origin is stable with respect to a certain generalized process,
then it is stable also with respect to a certain ordinary control.

Proof. Given a generalized process q and positive numbers b, for n _-> 0, there is
no problem in constructing an ordinary control u such that p, (q, q(u))_-< b, for n _-> 0.

Although the details of the construction in the proof of Theorem 7.1 might
appear complicated, the geometrical idea is simple. The same is true with respect to
the proof of the next two results.

THEOREM 7.4. Suppose that 0 is uniformly stable with respect to q. Then a
sequence ofpositive numbers bo, b 1, exists, such that p, (q, ) -< b,.for all n >-_ 0 and 0
being a rest point of imply 0 is uniformly stable with respect to O.

Proof. We proceed in two steps. First let e >0. Then a 8 > 0 exists such that
lyo[ <3 implies I(t, to, yo)l <_- e for any t, to_->0. Let Bk(t)={p(t, k, y0)" [yo]_-< 8} and let
Sk(t) be its boundary. Let I be 0< t < I. We successively define sets Ck(t). We let
Ck(0)= {Y0: lYo[--<--x}. Suppose that Ck(n)is defined, compact, included in Bk(n) but
disjoint from Sk(n). Let Ck(t)={p(t--n, n +k, Yo): Yo Ck(n)} for n <=t<--n + 1. Since
Ck(n) is disjoint from Sk(n) it follows that a positive number r/k,, exists such that
z Ck(t) for n _--< < n + 1 implies that inf {[z y[" y Sk(t)} >-- 2r/k,,. By the continuity
of q in the initial data a number ak,, > 0 exists such that Ok+, (q, 4’) -< ak,, implies that
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[o(t-n,n+k, yo)-q(t-n,n+k, yo)l<=k,n. Also let Ck(n+l) be the closed
neighborhood of {o(1, n + k, yo): yo Ck(n)}. Then Ck(n + 1) is compact, contained in
Bk(n + 1) but disjoint from Sk(n + 1). This completes the induction step. It also follows
that if lyol--< and Pk+i(qg, J) ak,i for => 0 then Io(t, k, yo)l -< e for all t. The uniform
stability of 0 with respect to q also implies that a 62>0 exists such that IZo[ <-82
implies [q(t, to, Zo)[ <= (1/2)81 for all t. Then the continuity of implies that for each
interval In, n + 1] a positive number cn exists such that p,,(q, 4,)=<cn; n <=to<=n + 1
and Izol -<82 imply that [,(n + 1-to, to, Zo)[-<-81. Define now a,.=
min {cn, an,o, an-l,1,""", ao,n}. It is easy to check that pn(q, )=< an for n >-0 and
IZ0[ <-- 62 imply that IO(t, to, Zo)l <-- e for all t, to _-> 0.

Let now ek k -1. For each k.a 8k > 0 exists and a sequence of positive numbers
bk,o, bk,1,’’’, such that O,(q, 4’)<--bk, for all n, and IZol<-Sk imply 14,(t, to,
Define b, min {bk,," k <-_ n}. We claim that this is the desired sequence. In order to
prove it let O be such that 0n(q, 0)--< b, for all n. Let ek be fixed. Then On(q, 0) <-
for n->_ k, which means that [Zol <- 6k implies IO(t, to, z0)[--< ek for all t>_-0 and to_-> k.
For the finite interval [0, k] a number 8, exists such that Izo]<-_6’ and to<-_k imply
IO(k to, to, Zo)[ <- 8k. (Only now we use the assumption that 0 is a rest point of 0.) The
min (Sk, 8,) will establish the uniform stability of O. This completes the proof.

COROLLARY 7.5. Suppose that Assumption L holds. If 0 is uniformly stable with
respect to a control v in yc, then a sequence of positive numbers bo, bl, exists such
that d, (v, u) <-_ b, for all n >-_ 0 implies that 0 is uniformly stable with respect to u.

COROLLARY 7.6. If 0 is uniformly stable with respect to a certain generalized
process then an ordinary control exists with respect to which 0 is uniformly stable.

It is implicit in the proofs of Theorems 7.1 and 7.4 that if 8(e) is the modulus of
stability of q then for a fixed e almost the same modulus can be maintained by the
approximation O. In terms of the corollaries this means that if 6(e) is the modulus of
stability of a generalized process, then for a fixed e, almost the same modulus can be
maintained by using an ordinary control.

Another interesting problem is how to construct the sequences bk and how to
verify whether an ordinary control, or the generated process, satisfies the inequalities
required in the results. In principle the proofs are constructive. Namely, the estimates
bk, and the estimates used in constructing bk, are concerned with estimates of
continuous dependence on parameters, and can all be checked and computed. This
however might be very complicated if, the geometry of the solutions funnel is compli-
cated. If there are good estimates concerning the solutions funnel of the process, the
estimates can be determined rather easily. We shall illustrate this using an example.

Consider the equation

2-=ulxl+(1-u2)x

where, say, u {-1, 0, 1}. The origin is a rest point for any admissible control, but it is
not a stable rest point for any constant control. The origin is a stable rest point if the
constant relaxed control v0, which is distributed identically on 1 and -1, is used: Then
the equation is simply 2 0. It is clear that an approximation to v0 is any ordinary
control uo which takes values 1 and -1 on alternating small intervals. Given such an
ordinary control o Uo(t), the distance d, between Vo and Uo has the representation

(7.7) dn (Vo, Uo) max Uo(o.) do’.
nt<=s<--_n+l
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It is also easy to check then that I(t,S, Xo; Uo)[-<_[x01+d.(vo, Uo)if Ix01-<_1. This
estimate is the desired estimate of the continuous dependence needed for the con-
struction of the sequence bn. Indeed, if bn is summable, i.e., Y. bn < oo, and if Uo takes
only the values 1 and -1 and dn(uo, .v0) <- bn for every n, then 0 is uniformly stable
respect to Uo.

THEOREM 7.8. Suppose that 0 is a uniform attractor with respect to the process q.
Then there is a sequence o]positive numbers bo, bl, such that pn(, 4,) <- bn for n >= 0
implies that 0 is a uniform attractor with respect to .

Proof. Let 8o and p(t) be given by the definition of a uniform attractor. Let
0 < 81 < 80. We proceed in two steps. First we fix an integer k -> 0. For k -< to <= k + 1
and t_->0 we define B(t, to)=.{(t, to, yo): lyo]-< 6o}. Then z B(t, to)implies
We inductively define sets C(t, to) as follows. Let C(0, to) {Y [Yl <= 61}. Suppose that
C(n, to) are defined (k-< to<= k + 1), contained in B(n, to) but disjoint from its boun-
dary. Let C(t, to) be defined for n <= < n + 1 by C(t, to)=
{q(t-n, to+n, yo): yo C(n, to)}. Then C(t, to) is included in B(t, to) but disjoint from
its boundary. Let r/n > 0 be a number such that an r/n-neighborhood of C(t, to) is still
disjoint from the boundary of B(t, to). Then two positive numbers an, Cn+l exist such
that Pk+n(,)<=an and [gk+n+X((49,l)<=Cn+l imply that ]q(t-n,n+to, yo)-
4,(t-n, n +to, yo)[_-< n. for Yo C(n, to). Let C(n + 1, to) be the closed r/n-neighbor-
hood of {(1, n + to, yo): yo C(n, to)}. This completes the induction step. In particular
we get that if bn=min(an, cn) and Pn+k(q, b)<=bn for n =>0 then Izol_<-  implies
]4,(t, to, Zo)[ =< p(t) for -> 0 and k <= to <= k + 1.

In order to complete the proof notice that the numbers bn obtained in the first
step really depend on k, so denote them by b,,k. Define b, min {bn-k,k: k -< n}. This
sequence bo, bl," is clearly the desired one.

COROLLARY 7.9. Suppose that Assumption L holds. Suppose that 0 is a uniform
attractor with respect to a control v in qg. Then there is a sequence of positive numbers
bo, b1,’" such that dn(u, v)<= bn ]’or n >= 0 implies that 0 is a uniform attractor with
respect to u.

COROLLARY 7.10. If 0 is a uniform attractor with respect to a certain generalized
process, then an admissible ordinary control exists with respect to which 0 is too a

uniform attractor.
Our previous remark concerning the preservation of the range of stability is valid

also for the range of attractivity. Namely, the proof of Theorem 7.8 shows that if
determines the region of attraction of the process then for any 31 < go, the estimates
bn can be chosen so that 61 determines a region of attraction of a process if
pn(, 4)<=bn for every n. In particular, the region of attraction of a generalized
process, or a relaxed control, can almost be maintained by an ordinary control. The
same sort of preservation holds with respect to the rate of convergence to 0, which is
estimated by the function p(t). This is also clear from the proof.

How the rate of convergence enters into the considerations of choosing the
controls is demonstrated by the following example. Consider the scalar equation

u + (1 u)x ax,

where a >0 and lu(t)[-< 1. It is quite easy to choose a control Uo Uo(t) which
stabilizes the origin, i.e., which makes the origin a uniform attractor. Furthermore, it is
easy to make the rate of convergence an exponential one. However, the best con-
vergence rate will be achieved by the relaxed control Vo, which is constant and equally
distributed between 1 and -1. (The reason is clear, such a control annihilates the
unstable part (1- u2)x and makes the asymptotically stable part -ax dominant.) In



DYNAMICS OF CONTROL SYSTEMS 701

order to maintain almost the same rate by an ordinary control, the latter should be
close in the sense of Corollary 7.9 to v0. If this control takes only 1 and -1 as values,
then (7.7) is valid and can be used as the basis of estimating the rate of convergence.

Acknowledgment. I want to thank the referee for his constructive criticism and
for suggesting the examples closing 4 and 7.
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A STOCHASTIC CONTROL MODEL WITH
CHANCE CONSTRAINTS*

NORBERT CHRISTOPEIT"

Abstract. In this paper a control system governed by a linear stochastic differential equation is

considered. In the class of all feedback controls which are linear in the state the expected value of an

integral performance index is to be minimized subject to the additional condition that with a prescribed
minimum probability the terminal point lies in some fixed target set. An equivalent nonlinear deterministic
control problem is derived together with an existence result and necessary optimality conditions.

1. Introduction. The system dynamics are represented by the linear stochastic
differential equation

(1.1) dx =A(t)x(t)dt+B(t)u(t)dt+C(t)dw, O<=t <- T,

with initial condition

(1.2) x(0)= Xo.

Here w is a d-dimensional Brownian motion defined on some probability space
(f, , P), and x0 is a random or deterministic n-vector.

Our problem is to find a control u in some class of functions to be specified below
that minimizes the performance index

T

subject to the constraints (1.1), (1.2) and

(1.4) P(x(T)S)>=I-a.

Here S is a given set in [" and a is a fixed number between 0 and 1 determining the
significance (or confidence) level. In applications a will be chosen near 0. This last
constraint requires that the target set is attained at least with probability 1- a.

The model bears some relation to the so-called chance constrained programming
problem of Charnes and Cooper [4], [5]; in our case, however, the variable x is itself
stochastic rather than the data as in chance constrained programming.

Results concerning the existence of optimal controls in problems like (1.1)-(1.3)
have been obtained in [2], [7] and [10]. In our case, however, the sets in which the
controls u are allowed to varysee (1.5) belowwill not be compact and in general
not convex. An additional difficulty comes from the constraint (1.4), which cannot be
expressed as the expected value of some continuous function of the final state.

As feasible controls we admit all feedback control laws u that are linear in the
state variable, i.e.

(1.5) u(t)- U(t)x(t)+ v(t)

with nonstochastic rn r-matrices U(t) and m-vectors v(t) taking on values in fixed
sets q/(t) and F(t), respectively, for almost all t. Inserting (1.5) into (1.1) we get

(1.6) dx [A(t)+ B(t)U(t)]x(t) dt + B(t)v(t) dt + C(t) dw.

* Received by the editors February 1, 1977.
f Institut fiir Okonometrie und Operations Research, University of Bonn, D-53 Bonn, West Germany.
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If the initial data Xo is normally distributed (possibly degenerated) the solution of (1.6)
is itself a Gaussian process, its mean and covariance satisfying the ordinary differential
equations

(1.7) /.i. (t) [A(t) + B(t)U(t)]tz(t)+ B(t)v(t)

and

(1.8) Z(t)= [A[t]+B(t)U(t)]E(t)+,(t)[A(t)’ + U(t)’B(t)’]+C(t)C(t)’

with initial data

(1.9) /z(0) =/o E(xo)

and

(1.10) E(0) Eo E((xo -/zo)(Xo -/zo)’),

respectively. Since x(t) follows a N(/z(t), E(t))-distribution, (1.3) and (1.4), too, are
uniquely determined by the means and covariances. With the normal density

/,’(/.1,, Z; :)= (27l’)-n/21,1-1/2 exp
we can write

(.11) P(x(T) S)= ((T), E(T); :) d:= g(g(T), ,(T)) >-
as

and
T

J(x, u)= Io E{l(t, x(t), u(t))} dt

(1.12) --I0
T

dt I l(t, , U(t)+v(t))(iz(t), Y_,(t); :)d

TIo L(t, tz(t), E(t), U(t), v(t)) dt F(/z, .E, U, v),

provided that E(t) is nonsingular for all > 0 and the interchange of the integrals is
justified. It should be noted that the functions g(/z, E) and L(t, tz, E, U, v) are defined
only for regular matrices E.

Let us introduce the following classes of functions:
1 ={U: [0, T]R’*n: U measurable, U(t) (t) a.e.},
-2"--{): [0, T]o R": v measurable, v(t)e (t)a.e.},
o lX o2,
s4 {(/x, E): [0, T] N" x N"": (/x, Y_,) is a solution to (1.7)-(1.10) for some pair

(u, v) }.
Control laws (U, v will be called feasible controls, corresponding responses feasible
paths or trajectories.

We can summarize the above considerations by stating that minimizing (1.3)
subject to the constraints (1.1), (1.2), (1.4) and (1.5) with (U, v)6 o--which will be
referred to as problem (P)--is equivalent to finding the minimum of (1.12) among all
feasible pairs (U, v)subject to the constraints (1.7)-(1.11)--which will be referred to
as problem (P’). Thus a deterministic equivalent to the original stochastic control
problem has been found, the optimal solutions (U, v) and u, respectively, being
related by (1.5).
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2. Existence of Optimal solutions. Let us make the following assumptions"
(A) The matrix functions A(t), B(t) and C(t) are continuous. C(t) has rank n for

almost all s [0, T].
(B) The initial value x0 is normally distributed (possibly degenerated) and

independent of wt- Wo for all s [0, T].
(C) 07/(t) and 7/’(t) are compact convex sets for all s [0, T] varying continuously

with (in the Hausdorff metric).
Assumptions (A) and (B) guarantee that for every pair (U, v)s , (1.6), (1.2) has a
unique solution which is a Gaussian process with mean and covariance function
satisfying (1.7)-(1.10). To make the relationship clear we shall sometimes write
(ixtzv, Et,v) for the solution of (1.7)-(1.8) corresponding to (U, v). Further it is well
known (compare Arnold [1]) that the solution of (1.8) can be written in the form

,E(t)=(t)(,E0+ Cb(s)-lC(s)C(s)’((s)-l) ds (t)’

where (t) is the matrix of fundamental solutions to the homogeneous equation

(2.2) /2 (t)= [A (t) + B(t)U(t)]ix(t).

For an arbitrary nonzero n-vector a it follows that

I0a’(t)a >- a’(t)dp(s)-lC(s)C(s)’(Op(s)-e)’(t)’a ds

Io [C(s)’(Op(s)-)’op(t)’al’[C(s)’(Op(s)-)’op(t)’a] ds.

By the rank condition in (A) the integrand is positive for almost all s, hence a’.(t)a >
0 for all > 0. So we find that for solutions of (1.6) and (1.12) Y_.(t) is positive definite
for > 0 and thus g and L are well defined along feasible paths.

A feasible control law (U, v) will be called admissible if (IXc,(T),Y-.c,(T))
satisfies (1.11). We require"

(D) The class " of admissible controls is nonempty.
(E) The real-valued function l(t, x, u) is defined on I x R x R’, where I is some

open interval containing [0, T]. It is continuous in (t, x, u), convex in u and
satisfies the polynomial growth condition

II(t, x, u)l C(1 + [xl2p + lul2p)

uniformly in s I for some constant C and some integer p.
Condition (E) ensures that J(x, u) is finite for all feasible (x, u) and that the integrals
may be interchanged.

Our existence proof will be based on the following result from [3, Thm. 5.1],
which we shall state here in a specialized version adapted to our problem (P’).

PROPOSITION 1. Suppose that assumptions (A), (C) and (D) hold. Assume further
that them exists a region (=open connected set) in (t, ix, )-space together with a
compact subset Yo c such that (t, Ix (t), (t)) Yo for all (ix, )s sO, [0, T], and
such that the following conditions hold:

(i) The target set -= {(ix, Z): 2, positive definite, g(ix, Y_.)_>- 1 -a} is compact.
(ii) The function L is lower semicontinuous on fg x "" x ’.

Then problem (P’) has an optimal solution (IX*, *, U*, v*).
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It is plain to see that (i) is not true for problem (P’) as it stands. But it will be
shown in the next three lemmas that 3- may be replaced by a compact set 3-’ without
changing the problem.

LEMMA 1. Let be a bounded set in and let q be the family of all measurable
matrix functions W: [0, T]"" with values in a.e. Denote by w the unique
solution of the homogeneous differential equation

(t)- W(t)(t), so(O)- o.
Then for all [0, T] the correspondence W-w(t) defines a mapping - which is
continuous with respect to the weak topology on as a subset of L" (the space of
square integrable n n-matrix functions on [0, T]).

Proof. The matrices W admitting a uniform bound

W(t)[-<Mx a.e. on [0, T] for all W6

we obtain the estimate

fI’w(t)l--< I ol / Ao w(s) w(s)l as <-I ol / nMl [w(S)l ds,

from which we get

I’w(t)l-< I 01 e’’ --< I 01 e "M1T Mz for all e [0, T] and all W e

by Gronwall’s inequality. Now take a sequence of matrices {Wk} from cg converging
weakly to some W e . This means in particular that the functions

converge to zero for every [0, T] as k goes to infinity. Moreover they are bounded
by the constant 2nMMT uniformly in k and t. We have the estimate

Iw(t)- sCw (t)l I (W(s)w(S)- Wk(s)w (S)) ds[

<--]fo (W(s)- W,(s))w(s)ds +nM1 ,w(S)-w(S), ds

for all [0, T]. By the Gronwall-Bellman inequality (Fleming and Rishel [8])

[w(t)- wk (t)[ <- h(t)+M1 Io h(s) e1’(‘- ds.

By Lebesgue’s theorem on dominated convergence the last integral approaches zero
as k tends to infinity.

LF.MMA 2. Under assumption (C) the class is weakly closed in 2 x L’.
Proof. is strongly closed and convex, hence weakly closed. Iq

Define the attainable set K(T)= {(/z(T), E(T)): (z, E) }. Then we have the
following result"

LZMMA 3. Under the assumptions (A) and (C), K(T) is compact.
Proof. By the continuity assumption in (C) the sets ?/(t) and //’(t), 0-< <- T, are

contained in some bounded set of R"n and R", respectively. Hence is bounded in
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the L2-norm and by Lemma 2 weakly compact. With t denoting the fundamental
matrix of (2.2) it results from Lemma 1 that the correspondence U--u(t) is weakly
continuous for all t. By formula (2.1) and the variation of parameters formula for the
solution of (1.7) this is also true for the correspondence (U, v)-(ixt.v(T), Eu,v(T)).
Hence K(T) is the continuous image of a compact set. [21

The constraint (1.11) may be written in the form

(ix (T), E(T)) 3-

with the target set,= {(ix, E):E positive definite, g(ix, E)=> l-a}. 3- is closed in the
cone ffg’={(IX, E):E positive definite}. From the relation K(T)c?7{, Lemma 3 and
assumption (D) it follows that

3-’ -f3 K(T)

is a nonempty compact set. But obviously problem (P’) remains unchanged when
(1.11) is replaced by the condition

(1.11’) (IX(T), (T)) 3".

So far we have made no assumptions concerning Y-,0. In order to obtain continuity
properties of L let us first deal with the case that Y-,0 is positive definite, i.e. x0 follows a
nondegenerate normal distribution. Then for all trajectories (IX, E) the point
(t, Ix (t), E(t)) lies in the open region I Y{ for all [0, T]. In fact the following is
true.

LEMMA 4. Suppose that o is positive definite. Then under assumptions (A) and
(C) there exists a compact subset o of t such that (t, ix(t), Z(t)) to for all [0, T]
and all (ix, E) .

Proof. An estimate similar to (2.3) and application of Gronwall’s inequality show
that ix(t) is uniformly bounded for all [0, T] and all feasible ix, i.e. ix(t) Yg’l for
some compact set Yg’I.

Next, consider a sequence {Ek (tk)}, where E is the response to a feasible U and
the t’s are points in [0, T]. Since the controls U belong to 1 we can select a
subsequence {Uk,} converging weakly to some U 1 with response Y_,. Denoting by
{t,,} a subsequence of {t,} converging to some [0, T], we arrive at a sequence
{E,,(t,,)} which will be shown to converge to E(t). For notational simplicity let us use
the old index k for this sequence. Then Y_,k converges pointwise to E, as was shown in
the proof of Lemma 3. On the other hand the Y_, are uniformly bounded on [0, T]
(this may be shown in the same way as for the ix), hence

I(t)-(t’)l 2 I’ [IIAII / I1 11 IIU II]II  II ds / I’ IICIl= ds

=< const.. It- t’l for all k.

Here l" ]denotes Euclidean matrix norm and I1" the corresponding essential supre-
mum on [0, T]. Combining these two facts we obtain

-<_ const.. It tl + leg (t)- Y_,(t)l,

which shows that E(tk)-Y_,(t). Hence the set Y{’2={E(t)’E feasible, t[0, T]} is
compact. The set Yt0 [0, T] ff{’l x ,{’2 then satisfies our requirements. I-]

Next we will show that the function L satisfies the assumption (ii) of Proposi-
tion 1.
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LEMMA 5. Let q(t, p., E, U, v; ) be a function from "" " " to the
reals which is continuous in (t,/,, , U, v) and satisfies the growth condition

(2.4)

for all (t, U, v) in a bounded set. Hence C is a constant, p a positive integer and r a
continuous function defined on the halfspace ofpositive definite matrices.

Then the function

(2.5) O(t, ,, , U, v)= fs q(t, d

is continuous on "" x ".
Proof. Consider a sequence {(t,

ft. Using the abbreviating notations O O(t, >, , U, v), O O(t, >, , U, v)
and similarly q(), q(), v(), v(), we obtain

I1+I2.

As to the first term, qk() converges pointwise to q() and is bounded uniformly in k
by the function

c( +g"

with fi SUpk Itzkl, ?= SUpk (r(Ek)), which is integrable with respect to the N0z, )-
distribution. Hence, by Lebesgue’s theorem, I1 "-> 0.

To obtain an estimate for 12, let us first show that the family {qkVk} is uniformly
integrable, i.e. for every e > 0 there exists a c > 0 such that

(2.6) Iel> [qk()lVk(S) ds< e for all k.

To this end, write Nk for the distribution N’(k, ’k), Pk and Ek for the corresponding
probabilities and expectations, respectively, and consider the estimate

el>c

Iqk (:)l dNk()

<_- C(1 +2p + lel2p +fi2pl2p fdN()
[>c C

C

=C (l+fi 2p) mk;,
C i=l

where m,;i stands for the qth moment of the ith component of the Nk-distribution, i.e.
m,;i ’] dNk(). Since the moments of a multivariate normal distribution are poly-
nomials in the elements of/z and , convergence of (/*k, k) implies convergence of
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the moments. Hence the sum of the moments is bounded uniformly in k. By Che-
byshev’s inequality

P(ll>c)<-- E tn,;.
i-’l

So we find that (2.6)converges to zero uniformly in k as c tends to infinity.
The same argument shows that the family {qv} is uniformly integrable. Now we

obtain the following estimate for I2:

I2<=]Isn[ll>cl n
q,(s)

n[ll_-<c]

x [(:)- ()1 d:].
By uniform integrability the first two terms can be made arbitrarily small for all k if c
is chosen large enough. The last term tends to zero for k oo by Lebesgue’s theorem
on bounded convergence. F!

COROLLARY 1. Under assumption (E), L(t,
Proof. The only thing to show is that satisfies the growth condition (2.4). But this

is easily derived from the growth condition in (E).
Collecting all the results obtained so far, we find that the hypotheses of the

existence Theorem 5.1 in [3] hold.
THEOREM 1. Suppose that the distribution of the initial value is nondegenerate

normal. Then under assumptions (A)-(E) problems (P) and (P’) have an optimal
solution (x*, u*) and (ix*, E*, U*, v*), respectively, the control laws u* and (U*, v*)
being related by u*(t) U*(t)x*(t)+ v*(t).

For degenerate initial data x0 the covariance 0 is singular, and feasible paths
(t, Ix (t), Z(t)) start from the boundary of the region . We are faced with the problem
of finding some open region ’ containing [0, T] cl (Y/’)--all of the points in this set
may a priori lie on some feasible path--such that L can be extended continuously to

all of ’=’[m, Rm. Working with the distributions N(IX, Y_,) themselves instead
of the densities does not lead any further because N(IX, Y_,) is defined only for
positive semidefinite matrices Z. We shall indicate how to overcome these difficulties in
the special case where l(t, x, u) is a polynomial in the components of x and u with
time varying coefficients: l(t, x, u)= P(t, x, u). If P is of degree r in x and of degree s in

u then for (t, Ix, E) [0, T] x cl (Y{)

L(t, Ix, E, U, v)= _1 P(t, , U+ v) dN(ix, ; :)

is a linear function of the mixed moments of N(IX, E) up to the (r + s)th order with
coefficients depending on and (U, v). As these moments are in turn polynomials in
the components of Ix and E, it turns out that L is a polynomial in (ix, , U, v) with time
varying coefficients. If the coefficients vary continuously with time we find that
L(t, Ix, E, U, v) is defined and continuous on ’ with ’= I R" "". Requiring
l(t, x, u) to be convex in u the existence result obtained in Theorem 1 is still valid
under assumptions (A)-(D).

Let us finally remark that the case just considered covers quadratic performance
criteria l(t,x, u)=x’M(t)x +u’N(t)u with nonnegative definite symmetric matrices
M(t), N(t) varying continuously in time.

We have dealt here only with the case of a fixed time interval [0, T]. Free initial
and end time problems can be included in our analysis if the feasible time intervals
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[tl, t2] are constrained to lie in some compact interval and to satisfy the condition
t2 ,tl + t for some fixed positive number 8. However, the formulation of the assump-
tions and the results becomes a bit more complicated.

3. Necessary optimality conditions. In order to obtain necessary optimality
conditions in form of a maximum principle we shall convert problem (P’) into a control
problem in standard form by substituting an appropriate vector valued variable for the
matrix valued variable . For an arbitrary k n-matrix M with column vectors mi let
vec (M) denote the kn-vector (m’,..., m’)’. For two matrices M and N define the
Kronecker product

M(R)N

m11N"" mlnN

m.iN mknN

(compare [12]). It is easy to verify that (1.8) is equivalent to

(1.8’) vec(,)=[I(R)(A+BU)+(A+BU)(R)I]vec(N,)+vec(CC’),
where I denotes the n n unit matrix.

Next we introduce functions H and G defined on the space X=
Cnx C"2xL xLo (where Ck [L] denotes the space of continuous [essentially
bounded measurable] functions from [0, T] to N) with values in C"x C"2 and N,
respectively, by setting

H(/x, vec (Y_,), vec (U), v)(t)

x(t)-lxo- [(A(s)+B(s)U(s))Ix(s)+B(s)v(s)] ds

vec (Y_,(t))-vec (Y-,o)- Jo {[I(R)(A(s)+B(s)U(s))

+(A(s)+ B(s)U(s))(R)I] vec (Y_,(s))

+ vec (C(s)C(s)’)} ds

and

G(Ix, vec (Y), vec (U), v)= (1-a)-g(lx(T), Z(T)),

where g is the same as in (1.11)for (/x, Y)grg" and defined arbitrarily--say zero--
elsewhere. Further, by abuse of notation, we shall consider F (see (1.12)) as defined
on X by setting it equal to some constant for all (/x, Y,) for which Z(t) is not positive
definite for all > 0.

Now (P’)can be written as an abstract optimization problem"

minimize F (x)

subject to

G(x)<=O, H(x)= O,

x (/x, vec (E), vec (U), v) X, (U, v)e o.
Necessary optimality conditions will be derived on the basis of a multiplier rule proved
in [6] which involves convex approximations of the functions F, G and H at the
optimal point. It can be shown that for satisfying (E) and Zo positive definite or for
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which is a polynomial in x and u with continuously time dependent coefficients these
convex approximations are given by the Fr6chet differentials of G and H at the
optimal point x* (ix*, vec (E*), vec (U*), v*) and by the function

[L*Ix,vec(:)(t)(ix (t)’, vec ((t))’)’

+ L(t, tx*(t), E*(t), U*(t)+ U(t), v*(t)+ v(t))

-L(t, Ix *(t), E*(t), U*(t), v*(t))] dt,

where L*.,vec()(t) is the Fr6chet differential with respect to (ix, vec ()) evaluated along
x*(t), x (ix, vec (E), vec (U), v). To see what the differentials of G and L look like
we calculate the partials derivatives of u(ix, E; ) with respect to the components of Ix
and vec () at points (ix, F.)s {’. Making use of the formulas

Oa i]

0 vec (A)
IAl(vec (A-l))’,

_aialJ, A (akl)k,l, A-1 (aiJ)i,j
Oal

for the differentiation of the determinant and the inverse of a nonsingular matrix
(compare [12])we obtain

/}vec(Y,.) (IX, ’" )"-" 1/2/2(IX, ._.; :)(vec (E-I(:- Ix)(:- IX)’E-1- E-l))’.

It is easy to see that for Ix and ranging in a bounded subset of Y{" the components of
u,, Uvec() and of l(t, , U+v)u,(ix, E; ), l(t, , U+v)Uvec<)(ix, E; ) are bounded
uniformly in Ix and E, respectively, by integrable functions of . Hence integration and
differentiation may be interchanged, and we obtain the following vectors of partial
derivatives"

(3.1) (gix, gvec(:)) fs (vix, lvec(.))() d:,

(3.2) (Lix’ Lvec()) I l(t, , V,+v)(uix, Pvec(E))() d.

The components of (3.1) and (3.2) are of the form (2.5) for fixed and (U, v) with

qi E (S Ix )i0’’’ and
/’=1

Qkl-’1/2[ (--ix)i(--ix)]o’iko’l]--o’kl],
i,]=l

respectively, and are easily seen to satisfy (2.4). Hence the partial derivatives are
continuous throughout Y{, and (3.1) and (3.2) are in fact Fr6chet differentials of g and
L with respect to Ix and vec (). The Fr6chet differential of G at the optimal point x*
applied to x (ix, vec (E), vec (U), v) is then given by

VG(x*)(x)= -Is [(:- IX*(T))’E*(T)-IIx(T)

+ 1/2(vec (*(T)-1( Ix* (T))(sc- Ix*(T))’*(T)-1

-E*(T)-I)) vec (E(T))] dN(ix*(r), E*(T);
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and

L*.,vec(x)(t)(ix(t)’, vec (E(t))’)’

f l(t, , U*(t) + v*(t))[(:- tx * (t))’*(t)-lix (t)

+ 1/2(vec (E* (t)-1(: Ix* (t))(:- Ix* (t))’E* (t)-1

--*(t)-l)) vec (Z(t))] dN(ix*(t), X,*(t); :).

Applying the multiplier rule cited above we obtain right continuous row vector valued
functions p(t)= (pl(t),"’, pn(t)) and q(t)= (qx(t),’’’, q.2(t)) of bounded variation,
p(T)= 0, q(T)= 0, and nonnegafive numbers r, s such that (p, q, r, s)#0, s(1-a)=
s, g (Ix*(T), E*(T)) and

T

fo dp(t){ tz(t)- fo [(A(s)+ B(s)U*(s))tx(s)+ B(s)U(s)*(s)+ B(s)v(s)] dsl
T

+ fo dq(t){vec (X(t))-fo [[I(R)(A(s)+B(s)U*(s))

+ (A(s)+ B (s)U*(s))(R) II vec (X(s)) + (I (R) B(s)U(s)

(3.3) +rio
r

+ B(s)U(s)(R)I) vec (X*(s))] ds}
[Lg,vec(x)(t)(ix(t)’, vec (E(t))’)’

+ L(t, Ix*(t), X*(t), U*(t)+ U(t), v*(t)+ v(t))

-L(t, Ix *(t), X*(t), U*(t), v*(t))] dt

+ sVG(Ix*, vec (Y.*), vec (U*), v*)(ix, vec (X), vec (U), v)>=O

for all (ix, vec (X), vec (U), v) with (U, v)6 off-(U*, v*). Integrating by parts and
setting (U, v)= 0 we obtain

(3.4)

T

x (- Ix*(t))’E*(t)-1 dN(ix*(t), X*(t); sc)Jix(t)-p(t)li(t)} dt 0

for all absolutely continuous Ix satisfying Ix(0)= Ix(T)= 0 and

TIo [q(t)(I(R)(A(t)+B(t)U*(t))+(A(t)+B(t)U*(t))(R)I)

(3.5) +- l(t,, U*(t)+v*(t))(vec(Y*(t)-(-ix*(t))(-ix*(t)) *(t)-
5:*(tl-ll dN(.*0l, *(; Ol vec (X(tll q(l vec (;(tll/ 0

for all absolutely continuous ; satisfying X(0)= Y_,(T)= 0. By the fundamental lemma
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in the calculus of variation (see [10]), (3.4) and (3.5) imply

(3.6)

and

/ (t) -p(t)[A(t)+ B(t)U*(t)]

r f l(t, , U*(t) + v*(t))(- Ix*(t))’E*(t)-1 dN(ix *(t), Z*(t); )

O(t) -q(t)[I@ (A (t) + B(t)U*(t))+ (A(t)+ B(t)U*(t))@ I]

r I U* *(t))(vec (Y_,*(t)-1 Ix*(3.7) l(t, , (t) + v (- (t))

x (-ix*(t))’E*(t)-1- E*(t)-l)) dN(ix*(t), Y_,*(/); ).

If we go back to matrix notation, (3.7) may be written in the form

((t) -[A(t)’ + U*(t)’B(t)’]Q(t)- Q(t)[A(t)+ B(t)U*(t)]

r I(3.8) l(t, , U*(t)+ v*(t))[E*(t)-l( Ix*(t))

x ( Ix *(t))’E* (t)-1 E*(t)-1 dN(ix *(t), E*(t); ),

where O(t) is the matrix such that q(t)’ vec (O(t)). Setting (ix, Z)= 0 in (3.3), we find
that

(3.9)

TIo {P(t)B(t)[ U(t)ix *(t)+ v(t)] + q(t)[I(B(t)U(t)+ B(t)U(t)( []

vec (Z*(t))+ rL(t, Ix*(t), Z*(t), U(t), v(t))} dt
T

>= Io {p(t)B(t)[U*(t)ix *(t)+v*(t)]+q(t)[I(R)B(t)U*(t)+B(t)U*(t)@I]

vec (*(t)) + rL(t, tx*(t), Y*(t), U*(t), v*(t))} dt

for all (U, v) . If we assume in addition that the sets -//(t) and F(t) do not depend
on time, i.e. that //(t)= and 7/’(t)= U for all t[0, T], a pointwise maximum
principle can be obtained (compare [3]). Performing some straightforward cal-
culations on the Kronecker product we find that

p(t)B (t)[ Uix *(t) + v]

+tr[Q(t)(B(t)UE*(t)+ E*(t)U’B(t)’)]

+ r I l(t, , U + v) dN(ix*(t), *(/); )

>=p(t)B(t)[U*(t)ix *(t)+ v*(t)]

+ tr[ Q(t)(B (t)U*(t)E*(t) + E*(t)U*(t)’B (t)’)]

+ r f l(t, , U*(t) + v*(t)) dN(ix *(t), Z*(t); )
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a.e. on [0, T] for all (U, v) q/ 7/’. Finally, inserting functions/x of the form

i(t) ={(t-T+e)
/A, i,i " 0 for - f

for T-e <-t<-_ T,

for O<=t<_- T-e,

and similar functions for vec (E) into (3.3) and passing to the limit e ’0, it turns out
that

(3.10) p(T)= -s Is (sc-/x*(T))’Z*(T)-I dN(tx*(T), E*(T); so),

(3.11) O(T)=-s Is[Y-’*(T)-I(:-/x*(T))
x (-/z *(T))’E*(T)-1- E*(T)-1] dN(tz *(T), ,E* (T); :),

where p and Q have been redefined to be equal to the left-handed limit at T.
Let us collect these results in
THEOREM 2. Assume that

(i) (A) holds,
(ii) q/and 7/" are convex sets with nonempty interior,
(iii) satisfies condition (E) and Y-,0 is positive definite or
(iii’) is a polynomial in x and u which is convex in u and has coefficients varying

continuously with time.
Then a necessary condition for (l*, E*, U*, v*) to be an optimal solution of (P’) is the
existence of absolutely continuous functions p, Q and of nonnegative numbers r, s,
(p, Q, r, s)O, s(1-a)=s, g(lz*(T), E*(T)), such that the ad]oint equations (3.6),
(3.-8), the maximum principle (3.9)and the transversality conditions (3.10), (3.11) hold.

If A, B, C and are continuously differentiable with respect to it can be shown
by means of a time transformation (compare [9]) that condition (ii) is dispensable.

Under assumptions (A), (B) and (E), problems (P) and (P’) are equivalent,
hence the above conditions are also necessary for (P).

Acknowledgment. The author wishes to thank the referees whose comments
helped to reduce some of the proofs and to improve the paper.

Note added in proof. If E0 is positive the rank condition on C(t) can be dispensed
with.
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LIE ALGEBRAS OF VECTOR FIELDS AND LOCAL APPROXIMATION OF
ATI’AINABLE SETS*

HENRY HERMESS

Abstract. Consider an analytic, n-dimensional control system described by dx/dt= X(x)+ u(t)Y(x),
x(0) p and let sg(t, p) denote the set of states attainable at time by use of all admissible control functions
u, which we take as measurable functions with values lu(t)l<-_ 1. Our goal is to derive second order
conditions to determine if the reference solution, (exptX)(p), corresponding to u(t)=0, lies on the
boundary or interior of s(t, p) for small t>0. If tl >0 and pl =(exp qX)(p) the approach is to use the
Campbell-Baker-Hausdorff formula to obtain second order tangent vectors to sg(t, p) at/91. These involve
elements of the Lie algebra generated by J2 and Y having an arbitrary number of X factors and two Y
factors. With certain hypotheses, for n 2, 3 relatively complete results are obtained.

Introduction. Let M be a real, analytic, n-dimensional manifold, TMp its tangent
space at p, and V the linear space of analytic vector fields on M considered as a Lie
algebra with product the Lie product [X, Y], X, Y V. For c V we let L()denote the
Lie subalgebrageneratedbythe elementsofC andL()(p) c TM, denote the elements of
L()g) evaluated at p. For real s, (exp sX)(p)denotes the solution, evaluated at s, of the
differential equation dx/dt X(x), x (0) p, or equivalently, the solution at time 1, of
dx/dt sX(x), x(0)= p. One may also view (exp sX)(. )"M M as a diffeomorphism.

For a positive integer, qi a positive rational and ci real, an expression of the form

i=1

will be called a rational polynomial. If all ci >-_ 0 we will call this a positive rational
polynomial. To illustrate the type of questions considered, let e > 0, and X, Y V be
given. Define ge c L(X, Y) to consist of those vector fields W for which there exists an
integer k and rational polynomials rl, , rk, sl, , sk "[0, e) 1 such that

(.exp rt,(t)X)o (exp s(t)Y)o (exp r_(t)X)o (exp rl(t)X)
(2)

(exp s(t) Y)= exp (tW + o(t))

where o(t) denotes terms which approach zero faster than t, as 0. The problem is to
characterize g’. Since the rational polynomials ri, si may take both positive and
negative values, it is not difficult to show (and will be shown in 1) that g’ L(X, Y).
This may loosely be interpreted as stating that L(X, Y) may be considered as the Lie
algebra of the group of ditteomorphisms with elements given by the left side of (2) if
this group is provided with the proper analytic structure.

A more interesting, and difficult, question is to characterize . c L(X, Y) where
W g implies that for some integer k, there exist positive rational polynomials
o-2, r2k, , ra, rl such that

(exp o’2(t)X) (exp rz(t)(X + Y))o (exp rz_a(t)X) (exp rz_(t)(X- Y))

(3) (exp O-l(t)X)o (exp rl(t)(X- Y)) exp (ri(t)+ri(t))

exp (tW + o(t)).
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To see the application of this to control, consider a control system on M of the form

(4) dx/dt=X(x)+u(t)Y(x), x(O)=pM

where an admissible control u is piecewise continuous with lu(t)l -<_1. For tl > 0 we let
’(tl, p) denote the "attainable set" at time tl, i.e., y (t, p) implies there is a
control u for which the corresponding solution of (4), evaluated at time t, is y. In
controllability problems (optimization problems) one must know if the reference
solution, which we assume corresponds to u =0, has value pa= (exp taX)(p) in the
interior of 4(tl, p), denoted int4(tl, p) (on the boundary of (tl, p), denoted
O(tl, p)). Suppose W ge,, i.e., say (3) holds, and denote the left side of (3) by q(t).
Then a moments reflection shows that q(t)pl(ta, p) if t>-0 and satisfies 0-<

k (o-j(t) + rj(t)) < tl. Since q(0)p pl and

lim
dq(t)p

,+-o dt

we can interpret W(p) as a tangent vector to (tl, p) at pl. We shall show is
convex, (a result obtained by Krener in [1]) hence if elements of the form ai Wi(p ),
ai->0, Wi ’x generate R", one can conclude p int ’(t, p). In general We
does not mean -W e.. Also, it is important to note that since the "perturbation
data" tri(t), ri(t)-O as 40, the perturbation described in (3)can be made at any
point exp tlX, t > 0, along the X trajectory. The resulting tangent vector W may be
viewed as a tangent vector based at (exp tlX)p resulting from a perturbation made at
time ta.

Notationally, let (ad X, Y)= [X, Y] and inductively (adkX, Y)=
IX, (adk-lx, Y)]. In 2 we give a simple proof that

,_1 {+(adiX, y): j O, 1, 2,... }

is contained in ’. This result was obtained by Krener, [1], in an ingenious (but more
difficult) manner. The elements in spana(p 1) therefore are tangent vectors to
4(t, p) at p and are, in fact, those tangent vectors which are obtained for the system
(4) by use of "Pontryagin-McShane variations", i.e. span l(pl) is the "first order"
tangent cone to sC(t, p) at p as shown in [2].

In 3 we make the simplifying assumption that X(p)= 0 and dim span l(p)=
n- 1. The main result is Theorem 1 which yields a computable sufficient condition
that p int (t, p) for all >0 and a necessary condition that p Os4(tl, p) for small
ta>0. The condition is "second order" and related to the high order maximal
principle of [1] but obtained in a different manner. For dim n 2 computations
are simple and results agree with those obtained in [3]. With n 3, computa-
tional difficulties increase; however several general results are obtained. For the
system (4) with n 3, X(p)= 0 and dim span 6e(p) 2, we show (see Propositions
3.5, 3.7 and 3.8 for specific hypotheses) that if the smallest integer r such that
[(adrX, Y), Y](p) span l(p) is 1 or 3, the necessary condition that p O(t, p) for
small > 0 is satisfied. However, if r 5, p 6 int (t, p)k/t > 0. These results illustrate
the applications of Theorem 1 and also the difficulty which can be expected in a
general theory.

1. Characterization of . For X, W analytic vector fields on M, the Baker-
Campbell-Hausdorff formulae state

(1.1) (exp tlX)(exp t2 W)(exp- tlX)-- exp (X, W),
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where

:(X, W)= t2 \--./(adX, W),
u=0

(exp tlX)(exp t W)= exp r/(X, W),

(tat2)][X, W]+(tat)][[X, W], W]r/(X, W)=tlX+t2W+( 2 ] 12 ]

(ttz) (t21t2l)[x, [W, IX, Wll] +...-( 12 If[X, W],X]-(24 ]

To illustrate the use of (1.1), (1.2), we show [X, Y] e $. Indeed, in the expression
(2) choose k 2, r2(t)= v/, s2(t)=x/, rl(t) --/, Sl(t) --V obtaining (exp x/X)
(exp x/ Y)(exp-x/X)(exp-v/ Y)= exp (t[X, Y]+o(t)), a well known result., which
shows X, Y e g.

To further illustrate how (1.1) and (1.2) will be used, we shall show g L(X, Y).
This is an equivalent statement to Theorem 1 of Brockett, [4], and as remarked in this
reference, closely related to a basic theorem of Chow.

PROPOSITION 1.1. g is convex.
Proof. Let c e [0, 1] and Wa, W2e g, say (exp r:l(t)X).., (exp s{(t)Y)=

exp (tW + o(t)) and (exp r2= (t)X)o (exp s21(t) Y) exp (tW2 + o(t)) with the r],
s], r, s all being rational polynomials. Then

(exp rx (ct)X)o...o (exp s (at)Y)o exp (r, ((1 -o)t)X)o...o exp (s21 ((1 -a)t)Y)
exp (cetwl+ o(t)) exp ((1- c)tW2 + o(t))

exp (otW + (1 c)tW2 + o (t));

hence (cW +(1-o)W2) g’.
PROPOSITION 1.2. L(X, Y).
Proof. First note that for any real c, /3, (expatX)(exptY)=

exp (crtX +tY + o (t)); hence cX +/3 Y , specifically -X, Y
We will show W e g’ implies [X, W] e , and hence also -[X, W], +[ Y, W]

This means W implies any product of the form
+(adk"y, (adk"-lX, (..., (adk2Y, (adklx, W)... belongs to . Dynkin, [5], shows
elements of this form span L(X, Y); hence from proposition 1.1, we obtain the desired
result.

Suppose W g, i.e. there exist rational polynomials rl,"" ", rk, S,’’’, Sk such
that (exp rk(t)X)o’’’o (exp sx(t)Y)=exp (tW+O(t))where we may assume ce > 1 is
rational. Choose/3 rational, 0 </3 < 1, a/3 > 1. Then

(exp ta-OX) exp (tOW + O(to)) exp (-ta-OX) exp (-tOW + O(to))
=exp (to Y,=o ((tl-O)/v!)(adX, W)+ O(to))o exp (-tOW + O(to))
exp (tOW + t[X, W] + (tz-o/2)(ad2X, W)+.. )o exp (-tOW + O(to))
exp (t[X, W] + (tz-o/2)(ad2X, Y)+... + (t2/2)[ W, (adZX, W)] +... + O(to))
exp (t[X, WI + O(tr))

where 3’ > 1, specifically 3" min {a,/3, 2 -/} showing [X, W] e g. Iq
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An argument of the type used to show W g’ implies [X, W] g’ will be needed
several times. When convenient, we shall merely refer to the method used above,
rather than repeat it.

2. The set g’-. As mentioned in the Introduction, the set x has implications on
problems of controllability and optimality associated with the control system (4).
Notationally, for k an arbitrary integer, tr2k,’’’, rl, r2k,’’’, rl positive rational
polynomials, we denote by 7r the "perturbation data" {tr2k,""", trl, r2k,’’’, rl} and
let a(Tr, t) denote the corresponding left side of (3). We shall call a an admissible
variation and if W g, there will exist an admissible variation, denoted aw(rr, s)
such that aw(Tr, s)= exp (sW + o. (s)).

Let pa= TX(tl)p where tl>0. Since all ri(s), tri(s)O as s 0, for sufficiently
small s >-O, aw(Tr, s)p M(tx, p) and lims+_,o(d/ds)aw(Tr, s)p 1= W(p a) showing
W(p 1) is a tangent vector to sO(t1, p) at pl. We shall refer to aw(Tr, s) as an admissible
variation with tangent vector W.

Much of this section amounts to rederiving results obtained by Krener in [1]. Our
method is to use fractional powers of the independent variable (usually denoted s), the
Campbell-Baker-Hausdorff formulae and first order derivatives of variations. Krener
uses integer powers of the independent variable and higher derivatives. The methods
differ only in computational ease.

LEMMA 2.1 (Lemma 3.3, [1]). Let We g’: and aw(Tr, s)= exp (sW+o(s)). Then
for any positive rational polynomial tx (s),

(*) (exp tx(s)S)aw(rr, s)(exp- lx(s)S)= exp (sW + o(s)).

Proof. From (1.1)

(exp ix(s)X)o exp (sW+o(s))o (exp -x(s)X)= exp (s E=o (ix(s))/v!(adX, W)+o(s))

exp (sW + o (s)). 71

In words, this states that if the perturbation data 7r, in aw(Tr, s), was {o’i, ri "]
1,..., 2k} and we define new perturbation data 7r’ by merely replacing O’2k with
O’k O’2k +/, then the left side of (*) is merely a (zr’, s) and a (zr’, s) is an admissible
variation which also has W as a tangent vector. The introduction of/x (s) will allow us
to form the composition of admissible variations.

LEMMA 2.2. If W1, W2 : and B, 3’>0= then (WI +,yW2) .
Proof. Let awl(Zr, s) be an admissible variation with tangent vector W1"

2aw2(zr2,s) an admissible variation with tangent vector W2 and zr
{o’, r "] 1, , 2k} the perturbation data. Define /x (s) y2k (r (s) +r (s)). If
r ={o’i, ri’]= 1,..., 2h} is the perturbation data of awl(zr, s), let zr be obtained
from r by replacing O’2h (S) with O’2h (S) +/x (S). By the remarks following lemma
2.1, a(zr 1, s) is an admissible variation with tangent vector W1, which we now
denote awl(zr 1, s). Then aw2(zr2, s)o (exp tx(s)X)o awl(Zr, s)o exp (-/x(s)X)=
aw2(zr2, s)oawl(Zr, s) is an admissible variation, i.e., the (exp/z(s)X) assures
aw(zr2, s)o(exptx(s)X) does not involve traversing a trajectory "backwards" in
time (equivalently the perturbation data of the composition aw(zr2, s)o awl(zr 1, s)
consists of positive, rational polynomials). Now aw2(zr2, s)o awl(zr l, s)=
exp (sW2 + o(s)) exp (sW + o(s)) exp (s(W + W2)+ o(s)) while aw(zr2, ys)
aw(zr,/3s) exp (s(/3W +yW2)+o(s)) showing (/3W + yW2)6

COROLLARY 2.1 (Lemma 3.4, [1]). fg: is convex.
PROPOSITION 2.1. If + W cg: then +(adiX, W) cg: for ] O, 1,.
Proof. (Induction on ].) For/" 0 we have hypothesized + W 6 g’. Now assume

+(ad"X, W)6 g’,; for notational ease let W+, W- denote respectively, (ad’X, W),
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-(ad"X, W) and let aw/(Tr+, s), aw-(r-, s) be admissible variations with tangent
vectors W/, W- respectively. Then there exists a rational a>l such that
aw(Tr+, s)=exp (+/-s(ad"X, W)+O(s)). By Lemma ...1, we may with no loss of
generality, assume the composition aw/(zr/, s)o aw-(r: -, s) is an admissible variation.
Now let fl be a rational such that 0 </3 < 1, aft > 1. Then

(2.1)

aw+(Tr+, s o exp (sl-tX)aw-(Tr-, s t3 exp (-s 1-/3X)
=exp (s(ad"X, W)+ O(s)) exp (sl-X)

exp (-s t (ad"X, W)+ O(s)) exp(-sl-OX)

exp (s(ad"*+lx, Y)+ o(s)),

with the last step following as in the proof of Proposition 1.2. Since
compose, clearly the left side of (2.1) is an admissible variation with tangent vector
(ad"/iX, W). Interchanging aw+, aw- in (2.1) gives -(ad"/iX, W) 6 g’- and the
induction is complete.

COROLLARY 2.2 [1, pp. 270--272]. +(ad’X, Y)e g for j O, 1,....
Proof. We note exp (s(X+ Y)) exp (-sX)= exp (+sY+o(s)). The left side is an

admissible variation showing +Y g. The result now follows from Proposition
2.1. [3

COROLLARY 2.3. With 51 as defined in (5), span QI C .
Example 2.1. [[S, Y], Y] g’ but-[[X, Y], Y]
From (1.1) and (1.2) one obtains

exp t(X- Y) exp t(X + Y) exp (-2tX)
(2.2)

=exp(t2[X, Y]+()[[X, Y], Y]+2t3[X,[X, Y]]+o(t3,).
Combining (2.2) with the similar result obtained by replacing Y with -Y and using
Lemma 2.1 to insert exp 2ta/3X and exp-t/3X without changing tangent vectors
generated gives
exp ta/3(X- Y) exp ta/3(X + Y) exp (-2t/3X) exp (2t/3X)
exp tl/3(X q- Y) exp tl/3(X Y) exp (-2tl/3x) exp (-2ta/3X)

exp ((2t/3)[[X, Y], Y] + o(t))
showing [[X, Y], Y] e g-.

To see that -[[X, Y], Y] g it suffices to produce an example with attainable
set to which this cannot be a tangent vector. Let M N2, P 0, X(x)= (x, x),
Y (1, 0) where all vectors are written as row vectors for notational ease. Since
.l2(t) X2(t), 2 dx/dt, it follows that ’(t, p) lies in the half space X2 0 for all => 0.
Pick any tl >0, then p- (exp tlX)(p)-p. Computing shows [X, Y](x)= (1, 2Xl) so
[X, y](pl)= (1, 0) is a tangent vector to (tl, p) at pl. Next, -[[X, Y], Y] (0,-2)
hence since sC(h,p) lies in the half space x2_->0, there cannot be a smooth map
y: [-1, 1] - (tl, p) with y(0)=p and 3(0) (0, -2). Since any W gc is a tangent
vector to ’(tl, p) at p, -[[X, Y], Y]

Remarks. 1. An interesting problem, not pursued here, would be to characterize
g+X.

2. One can translate elements of c along the X trajectory, again getting
tangent vectors to the attainable set. Specifically, let 0tl <t2, "y t2-t, p2=
(exp t2X)(p) and aw(rr, s) an admissible variation with tangent vector W. Define
fl(y, aw, s)= (exp yX)o aw(rr, s)o exp(-yW)p. Then /3(7, aw, 0)= p2 while for
small s->_0, fl(y, aw, s)sg(t2p); hence, using (1.1), generates a tangent vector
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lims+_o(d/ds)(y, aw, s)= v=l (yV/u !)(adX, W)(p9) to M(t2, p) at p). One may view
this tangent vector as a "y translate" along exp tX, of W.

Let t2 > 0, p2 (exp t2X)(p), 0 <- yk <= yk-1 <=" <= yl < t2, aw,(Tr’, s) be an
admissible variation with tangent vector W and fl(yi, aw,, s) be defined as above.
One may easily show that for any constant Cl,...,c>=O, fl(y,awk, cs)
..o/3(T1 aw1, ClS)p2Es(t2, p) for sufficiently small s >=0 arid generates the tangent

vector

,.
2),= C, =v"0 (-.)).(adX, Wi)(p

This was used in [2, 1] with Wi= +Y to show span oq’(p 2) is contained in the
tangent cone to (t2, p) at p2. In the next section we shall have occasion to make 3’
translates along exp tX.

3. Nigher order tangent vectors. If ce(rr, s) is an admissible variation, pa=
(exptlX)(p) with tl>0 and lims+_,o(d/ds)a(Tr, s)(pX)=O then lims+_,o(d/ds2)
a(Tr, s)(p 1) is a tangent vector to sO(h, p) at pl. This tangent vector can also be
obtained by reparametrizing in a and taking a first derivative, i.e. consider
a (Tr, vs)(p x), etc., as illustrated in Example 2.1.

In this section, we will deal with the n-dimensional system (4) with the additional
assumption

(3.1) X(p)= 0.

This assumption, mainly, simplifies computations. Our first goal will be to construct
variations c (Tr, s) such that lims+_o(d/ds)c (Tr, s)(p) 0 thereby making possible the
generation of "higher order" tangent vectors. Our notation will be to use ow2 to consist
of elements which are a product of a pair of elements in 5e; thus W E ow2 implies
W [(adiX, Y), (adX, Y)], i.e. two factors Y. If/" + k r, we may also write W 6 6e2’r;
thus r determines the number of X factors.

Define

where s, y, di 0, e {--1, 0, 1}. Let tl 3>0, k be a positive integer and

tl > Yl 3> ’1/2 >" ]> Y3k > 0.

Then if 0 i= (dis + di+tcs 2 + di+2lcs 3) <= tl "Y1 it follows that

(3.2)
q(s)= :3k (S3)O... :2k+,(S3) 2k (S2)O... k+l(s2) k (S) I(s

(
k

exp tl- Y’, (dis + di+kS2 + di+2kS 3 p
i=1

belongs to se(tl, p) for sufficiently small s ->0 while q(0)= p. The assumption X(p)= 0
leads to the simplification

q (s) 73k ($3) 72k+1($3) 2k ($2) l(s)p.
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For notational ease, when the product diei occurs, we will denote it Ci noting that

ci may assume any value in
Let

=o \--.] (adX’ Y))
so i (s) exp (sVi). Then, using (1.2),

q(s)=exp (sV)o...oexp (sVa+)o exp (sV)o...
exp (s V) exp (sV)p

=exp s V + s 2 Vi+ 2 V, Vi]
i=1 i=k+l li<jk

3k 1 k+i, V(3.2y + s 2 vi + 2 IV
i=2k+l li,jk

1
-[-- l<=i<i<k

([IV/, vii, vii-[IVj, vii, VJ])

"- 2 Vl, v], ]] " 0 (S 3) p.

Now q’(0) lims+-,0 dq(s)/ds is a tangent vector to sg(tl, p) at p. If q’(0) 0, then q"(0)
is a tangent vector. Our goal is to expand q in powers of s and choose the constants ci,

3’i to make certain terms (for example the coefficient of s) vanish. Expanding q(s), as
given in (3.2y, to order two in s gives

q (s) exp s i1 diX + t=a’E Ci EO= j
+s &X+ E c

i= i=k+l

1 ((/,)(3.3) +- E dici E \---7-]( Y)
l<=i<j<=k ,=0

1 {(
li<ik 1=o2=ok ]

Our next goal is to simplify the last term on the right in eq. (3.3), specifically the
coecients of elements in :.

PROPOSITION 3.1. Let X, We aalytic vector fields ad p M (we eed at hae
x(p) 0). g w((exp cx)(p)) span ’((exp cx)(p)) for 0 n 1, > 0,
(adX, W)(p) span (p) far O, 1, 2,.

Praaf. For any t[0, tl], (exp tX):MM is a diffeomorphism, let (exp
denote the induced denote the induced tangent space isomorphism. First note that

(o) (exp- tX)," span 1((exp tX)(p)) span 1().

Indeed, for any integer j g 0,

(exp tX),(ad*X, Y)((exp tX)(p)) 2 (ad+X, Y)(P).
=0
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Thus (exp- tX), W((exp tX)(p))= Z (t/’!)(ad"X, W)(p) span 6el(p) since
W((exp tX)(p)) span 6el((exp tX)(p)) by hypothesis. Since t6[0, tl] is arbitrary, it
follows that (adX, W)(p) span 6el(p), , 0, 1,. . [-l

PROPOSITION 3.2 ([1, pp. 279--280]). For any integers ,, 12 with ,+ t,E=r

[(ad2X, Y), (admiX, Y)](p)=(-1)l[(adrX, Y), Yl(p)+ W(p) where V(p)6span
x(p) and r is the smallest integer such that dim span (6 (p) U 6e2’r (p)) n.

Proof. If Ul=0 there is nothing to prove so assume v1>-_1. The Jacobi
identity yields [(ad2X, Y), (admiX, r)] [(ad2+lX, Y), (adl-X, Y)]+
IX, [(ad2X, Y), (ad’-lX, Y)]]. From the definition of r and Proposition 1, we have
IX, [(ad2X, Y), (ad’-XX, Y)]](p)span 6el(p). We can now proceed inductively on
the term [(ad+lX, Y), (adl-lx, Y)], above, to obtain the result. l

Returning to the last term on the right in equation (3.3), using Proposition 3.2,
and V(p) to represent an arbitrary element in span 6eX(p), we obtain

!
cci ,, E /(Y)l{(%)[(adX, Y), (ad,X, Y)I(P)

2 lNi<iNk m=O Vl+V2=m Pl[ ] k P2[ ]

(3.4)
2 li<i=k =o =o (m_l)][(adX, Y), Y](p)+ V(p)

( 1 )2 (1/m)[(adX, Y), Y](P) cc(w-) +V(p).
m=l 1Ni<jNk

Using (3.4) to simplify the right side of (3.3) we are now in a position to examine
derivatives of the function q(s) as given in (3.3). We first make an additional

Assumption" dim span)= n 1 while dim span ( 2)= n. The integer r
will be used throughout to denote the smallest integer such that dimspan(
")(p) n.

Again using X(p)= 0 we compute

(3.5) q’(O)=
= c o= (adX’ Y)(P)"

Since dim span (p)= n 1 we may choose, in succession, integers 1 < p2 <" <
,-1, each as small as possible, so that the set {(admiX, Y)(p),..., (ad--’X, Y)(p)} is
linearly independent. With this choice equation (3.5) can be rewritten as

(3.6)
i=1 i=1

Let M(y) denote the k x (n 1) matrix with entries

(3.7) mii (’)i)’i/Pj!, 1,. ., k; j 1,. ., n 1,

and A/(y) the k x (n 1) matrix with entries

( (’]/i)ui

Then M(3,) has rank (n 1) and for tl > 0 sufficiently small (hence all yi > 0 are small)
rank/l]/(y) n 1. Thus

PROPOSrrION 3.3. For k > n 1 there exists a nonzero vector c (c 1, , Ck such
that c//(3,)=0 (notationally c s(ff/(3’)), the null space of 1(4(/)), i.e. such that
q’(O)= O.
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Since k represents the number of "switches" from the reference control, without
loss of generality we may consider k > n- 1 and c chosen so q’(0)= 0. Returning to
equation (3.3) and using (3.4) we have

2k

q"(0)
i=k+l

ci E \----)(adX, Y)(P)+ V(p; Cl,""", Ck, 3’1,""", /k)
i).-.0

1+- , (1/m!)[(ad"X, Y), YI(p) Y’. cici(/i-/i
m=l l<=i<i

where V(p; ca,’", ck, ’1,’"", ’k) span 6e(p). Again, let r be the smallest integer
such that [(adrX, Y), Y](p)span (p). One may then choose (it will be assumed
done) c+, , ca so that for any choice of c,. ., c, ,. , ,

E ci E ](ad"X, YI(P)+ V(p; c,,"’, Ck, rl,’’’,
i=k+l v=O

1+- Y’, (1/m!)[(admX, Y), YI(p)
m=l

Then for tl (and hence all 3’i) sufficiently small

1
(3.8) q"(0)=[(adrX, Y), Y](p)

l<_i<i<__k

Let

Y, cci(l’i /)" O.
l<-i<j<=k

(1/r!)cici(’yi -/i) + o(t ).

l<_i<j<_k

j<=i<=k

so the coefficient of [(adX, Y), Y](p) in (3.8) is a quadratic form involving a
nonsymmetric matrix with elements aii. Form the k x k symmetric matrix A A(3,)
with entries , l <=i <j <=k
(3.9) aii= (1/r!)(/i_/i) l<=j<i<= k

and let c (ca,’’’, c) be such that ch//(r) 0. Then

q"(0) (1/4)(cA(/)cr)[(adX, Y), Y](p)+o(t] ).

THEOREM 1. Assume, for system (4), thatX(p) 0, dim span 6ea(p) n 1 and r
is the smallest integer such that dim span (6 (p ) LJ 2.(p)) n. A sufficient condition
that (exp tX)(p)=peints(t,p)Vt>O is that given any tl>0 there exist /a,"’, /
with ta > 1 ) 2 )" > k ) 0 and k-dimensional vectors c a, c e JV’(M(,)) such that
caA(/)(ca)r > O, c2A(/)(c))r < O.

Remark. With the assumptions of Theorem 1, if (exp tX)(p)e Os(t, p) for 0 < <=
tx one cannot have both [(adX, Y), Y](exp tX)(p) and its negative as tangent vectors
to s(t, p) at (exp tX)(p). Thus one can establish the existence of a nonzero vector
valued function, I (t), which geometrically can be considered as an outer normal to
s(t, p) at (exp tX)(p), such that the pair (exp tX)(p), ,(t), satisfy the Pontryagin
maximum principle while the inner product (t)[(ad’X, Y), Y](exp tX)(p)<-O (or >--0)
holds for O<=t<=ta. This is one form of the high order maximal principle; see
1, Theorem 5.1].
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Proof. It is well known that if p int 6d(tl, p) for some tl > 0 then this holds for all
=> ta. We first show that for e >0 and sufficiently small the hypotheses imply the

existence of e3, (e3,a,’’’, e3,k) with eta >e3,a >"" >e3,k >0 and da, d2 6 (3/(e3,))
such that daA(e3,)(a)7" >0, 2A(e3,)(2)7" <0. Assume for given ta >0, 3’ and c (say
]cal 1) are as stated in the theorem. Thus for any e > 0, eta > e3, >" > e3, > 0 while
c (M(3,))implies c (M(e3,)). Also A(e3,) erA(3,). Now the Hausdorff metric
distance between the closed unit discs in Y(M(e3,)) and Y()/(e3,)) is o(e) as e - 0;
hence there exists a k dimensional vector v(e)with [v(e)l=o(e)such that if
c +v(e) then a(e) (//(e3,)). Computing, .(e)A(e3,)((e))r=

rcaa a)T r+l)clA(e3,)(cl)T +2caA(e3,)vT(e)+v(e)A(e3,)vT(e) e (3,)(c +o(e which is
positive for sufficiently small e > 0. A similar argument applies for 2.

Corresponding to 8a and 82 there are maps, as in (3.3), denoted respectively
+ +q (s), q-(s) with q+/-’(0)=0, q+"(0)=+[(adX, Y), Y](p). Then if /x(s)=q (4s),

/’(0) (1/2)q +"(0).
Now choose integers va, , u,-a with , < v+a, and each as small as possible, so

that (ad’X, Y)(p),..., (ad--xX, Y)(p) are linearly independent. From Corollary 2.3,
for each there exist admissible variations denoted a+(s) such that
lim+_.o(d/ds)a , (s)= +(ad’X, Y)(p). Define

{i+ (s) if s >0,= {q+(4-s) if s>0-
c (s)

(Is I) if s < 0,
q (s) q-(4) if s < 0.

Modifying variations by use of Lemma 2.1 to form compositions if necessary, but
n-1retaining the above notation, cr (Sl)O. cr (s.-1) q(Sn)G ’(tl, p) if s/ is

sufficiently small. Furthermore the map (Sl,’’’, s,)-->a (sa) a -a(s,_a)o q(s,)
takes zero to p and is differentiable with differential of rank n at Sl Sn 0 since
(admiX, Y)(p),... (adV--1X, Y)(p), [(adrX, Y), Y](p) are linearly independent. Thus
the image of a neighborhood of 0 " under this map covers a neighborhood of p in
/(tl, p). [-]

For ease in later use we state the contrapositive of Theorem 1 as
THEOREM 1’. Assume, for the system (4), that X(p)= 0, dim span 5el(p)= n

and r is the smallest integer such that dim span ((p U 2"(p )) n. A necessary
condition that ::i a ta > 0 such that p Tx (t)p 0M(t, p) for 0 <= <= tl is that for all
3,a, , 3,k with tl >3,1 >’’" >3,k >0 and allc /V(M(3,)), cA(3,)c be semi-definite.

Remark. A(3,) is a symmetric matrix with zero trace thus has both positive and
negative real eigenvalues. Thus cA(3,)c 7" cannot be definite on k but it may well be
definite on (M(3,)) as will be illustrated in examples to follow.

The case n 2.
PROPOSITION 3.4. If n 2, X(p)= 0 and dim span 5el(p) 1 then Y(p) 0 and

dim span (l(p) LI 2(p)) 2 if and only if (ad2 Y, X)(p) span l(p).
Proof. If both X and Y vanish at p so do all elements in L(X, Y); hence one could

not have dim span 5ca(p) 1. Thus Y(p) O.
If (ad2 Y, X)(p) span ff,l(p) clearly dim span (Sea(p) U ff,2(p)) 2. For the con-

verse we show (ad2 Y, X)(p) span ql(p) implies all elements in 5e2(p) belong to
span Sea(p). This will be done by induction on k, the number of X factors in an
element. For k= 1 we have (ad2y, X)(p)spanSea(p). Now assume [(adiX, Y),
(adiX, Y)](p) span Sea(p)if i+ j-< k- 1. Then for i+j k we note (adX, Y)(p)
cY(p), (adiX, Y)(p)=iY(p) for some a, /3i; hence i(adiX, Y)(p)
a(adiX, Y)(p)= 0. Using this, computation shows

(**) [(adX, Y), (adiX, Y)](p)=Bi[(adX, Y), Y](p)-a[(adX, Y), Y](p).
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If both i,/" < k the induction hypothesis shows the right side of (**), hence the left
side, is in span 5el(p). If, say, i= k, then ] 0 and we consider [Y, (adkX, Y)]
[IX, Y], (ad-lx, Y)](p)+[X, [Y, (ad-X, Y)]](p). But [[X, Y], (ad-lx, Y)](p)
has i= 1, /’= k-1 hence is in span oWl(p) from (**), i.e. the case i,/’<k. Also,
[Y, (adk-ax, Y)](p) span 51(p)by the induction hypothesis; thus by Proposition 3.1,
since X(p)= 0, [X, [Y, (ad-X, Y)]](p) span 5Ca(p) hence so is [Y, (adkX, Y)]
(p).

;Example 3.1. If n 2, X(p) 0, dim span 0l(p) 1 and dim span (5a (p) LI
2(p))= 2, we shall show the necessary condition of Theorem 1’ is always satisfied
(i.e. the sufficient condition of Theorem 1 that p int s(t, p) is never satisfied. This is
expected, i.e. see [3, Theorem 1 and Ex. 1].).

With the above assumptions, from Proposition 3.4 we must have [adX, Y), Y](p)
span a(p), i.e. r= 1 in Theorem 1’. Since Y(p)0 (Proposition 3.4), the integer

,1 0 in the definition of M(y) and for any k (i.e. any number of switches), M(y) is the
k x 1 matrix M(y)= col (1, , 1). It follows that an arbitrary element in (M(y)) has
the form c(a) (aa, a2--1, 3--a2,""", Olk-l--Olk-2, k-1) where c

(c1,’’’, ak-a) N-a is arbitrary. Since r 1,

0 (]/2--1) (3--1) (k--’l)

A(V)

(’k --1) (k "k-1) 0

as above, c(a)A(y)cr(a)Computation now shows with c (a)
2a 2(,2 ,,’1)- 2a 22(,3 )’2) 2a ,_a(yk--y_a)>0 since yl>yZ>’’’>yk >0

This shows that with the assumptions of this example the necessary conditions of
Theorem 1’, i.e. that p Osg(t, p) for small > 0, are satisfied. In [3], it is shown that in
this case, p Osg(t, p) for small >0.

Extending the ideas in Example 3.1 gives
PROPOSITION3.5. Let n>--2 be an arbitrary integer, X(p)=0 and dim

span 01(p) n 1. If [IX, Y], Y](p) span (p) the necessary condition that p
Osg(t, p) for small > 0 of Theorem 1’ is satisfied.

Proof. Again, as in the proof of Proposition 2.4, we conclude Y(p) 0 so ’1 0
and the first column of M(y)=col (1,..., 1). Denote this k x l matrix by
Then (M(y)) c (MI(y)) which has arbitrary element c(c) as given in Example 2.1.
The hypothesis [[X, YI, YI(P) span oWa(p) implies r 1 and A(,) is as in example
3.1. Since c(a)A(y)cr(a)>-O for all c(a)ed(Ml(T)), the same holds for c e
(M()).

Example 3.2. Let X(x)= (x2, 0, 0), Y(x)= (0, 1, Xx), p 0. Then IX, Y](x)=
(1, 0,-x2), (adX, Y)(x)=0 so dim span owl(p) =2. Next, [IX, Y], Y](p)=
(0, 0,-2) span a(p) and the second order necessary condition of Theorem 1’ is
satisfied.

For the general system (4), a nessary and sufficient condition that int sO(t, p) 0
Vt > 0 is dim L(5a)(p) n. (See [6, Th. 3.2] or [2, prop. 1.5].) If n 2, X(p)= 0 and
dimL(a)(p)=2 so Y(p)0, a necessary and sufficient condition that
intg(t,p)Vt>O is that the smallest positive integer r such that (adY,X)(p)
span ,./91 (i0) be odd.

The case n >2. Throughout this section we shall assume n >2, X(p)=0,
dim span oWa(p) n 1 and dim span (oql(p) oqZ(p)) n. This means dim L(oWl)(p)
n so int sO(t, p) if t>0 and also that there exists a smallest positive integer,
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denoted r; such that dim span (,_l(p)I,.J O2’r(p)) n. We next show that r must be odd
which is analogous to a result obtained in [1, Theorem 5.1].

PROPOSITION 3.6. If r is even, say r 2m, then [(ad2"X, Y), Y](p)6 span 91(p)
if [(adJX, Y), Y](p)e span SeX(p) for j < 2m.

Proof. [(ad2"X, Y), Y](p)=[[X, (ad2"-lx, Y)], Y](p)=[[X, Y], (ad2"-X, Y)].
(p)+[X, [(ad2"-lX, Y), Y]](p). The second term on the right is in span 5el(p) by
Proposition 3.1 and the assumption [(ad2"-lx, Y), Y](p)e span 6el(p). Thus we need
only compute, for the first term on the right, [[X, Y], (ad2"-lX, Y)]
(p)=[[X, V], [X, (ad"-2X, V)]l(p)=-[(adX, V), (ad"*-X, V)](p)+[X, [[X, V],
(ad"-X, Y)]](p). Again, the second term on the right belongs to span oqX(p) and we
continue with the first term on the right as before. Inductively, since r 2m, at the
(m 1)st step the process yields

[(adm-xx, Y), (adm+xx, Y)](p)=[(adm-lx, Y), [X, (ad"*X, Y)]](p)

[(ad"X, Y), (ad"X, Y)](p)+ W(p)= W(p)

where W(p) span 6el(p). [3
Proposition 3.6 shows that the first case in which one might expect an interesting

result would be n =3, the number of switches k=>3>n-1 and r=3, i.e.
[(ad3X, Y), Y](p) span 5el(p). To illustrate the computations involved, we take k 4
and assume Y(p), (adX, Y)(p) are linearly independent so Pl 0, P2-- 1 while

1 ,)/1

1 ,)/2(3.10) M(3")=
1 ")/3

1 ")/4

Then

(3.11)

(c (,:- ,/3)
W(M(3")) =/\ 11,- ,-a + 1 (3"3 3"4)

(’)/2- ")/4)

0- (3"1 3"2) (3"2 3"3), }(’)/2-- 3"4) i2’/- ]
0, ( []

Let c(a, fl) denote the element in W(M(3")) obtained for parameter choices a,/3. We
wish to compute

0 (’)/2--’)/1)3 (’)/3--’)/1)3 (,)/4--,)/1)3t
(,)/2--,)/1)3 0 (,)/3--,)/2)3 (3"4 3"2)3

(3.12) c(a, )(3"3 3"1)3 (,)/3_,)/2)3 0 (3"4- 3"3)3} c
T (O!’ )

\(’)/)/4--,)/1)3 (,)/4--,)/2)3 (,)/4--,)/3)3 0

and see if this could change sign for some a, fl R and ,)/1 > ,)/2 > ,)/3 > ,)/4.>0 with ,)/1
small. If m is a large integer and one chooses ,)/1 =4/m, ,)/2-- 3/m, ,)/3 2/m, ,)/4 1/m,
i.e. evenly spaced switches, for arbitrary a,/3 R, the form (3.12) has value -4(2a 2 /

a/3 + 2fl 2) 0. We next resolve the sign of this form in the case k -> 3 is arbitrary and the
spacing of the k switching times is also arbitrary.

PROPOSITION 3.7. Let n 3, X(p)=0, dimspan l(p)= 2 (assume Y(p),
[X, Y](p) are linearly independent) and [(adax, Y), Y](p)cspanSl(p) while
[(adJX, Y), Y](p)6 span 51(p) for j 1 (and hence for j 1, 2 by Prop. 3.6). Then for
arbitrary k >- 3 and 0 < 3"k <" < ,)/1, cA(3")c <- 0 for all c (M(3")).
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Proofi We have shown, above, that with four equally spaced "switches" (i.e. k 4)
we can generate -[(ad3X, Y), Y](p). It suffices to produce a single example satisfying
our hypotheses for which [(ad3X, Y), Y](p) is not a tangent vector to (t, p) at p for
small > 0. This implies, for this example and hence for all such systems, cA(y)c T <-0
for c (M(y)). Consider X(x)=(x2, O,-x2), Y=(0, 1, 0), p =0. Clearly 23(t)=
-xZ(t)<-O so p O(t, p)for all _->0. Computation shows that fad X, Y)(p) (1, 0, 0),
(adiX, Y)(p)= 0 if i _->2 so,Y(p), fad X, Y)(p) generate span 91(p) which has dimen-
sion 2. Next, [(adX, Y), Y](p)=[(adZX, Y), Y](p)=0 while [(ad3X, Y), Y](p)=
(0, 0, 2) span 5el(p). This completes the proof. 71

Geometrically, above, we see that. all points in ,’(t, p) have third coordinate
nonpositive; hence since [(ad3X, Y), Y](p)= (0, 0, 2) we would expect, as is the case,
that -[(ad3X, Y), Y](p) is a tangent vector but [(adX, Y), Y](p) is not.

PROPOSITION 3.8. Let n 3, X(p)=0, dim span a(p)= 2 (assume Y(p),
(ad X, Y)(p) are linearly independent) and [(adSX, Y), Y](p)spanS(p) while
[(adlX, Y), Y](p)e span 5e(p) ]:or ] 1, 3 (and hence ]or i 1, 2, 3, 4). Then p
int (t, p) Vt > 0.

Proofi Here we have r 5, n 3, /1 0, /72 1. Let t >0 and m be such that
0<4/m <tl. We will show that with k =4, and switching times ya =4/m, 3,2 3/m,
ya 1/m we can generate both [(adSX, Y), Y](p)and its negative as tangent vectors to
(t, p) at p.

With k 4, M(y) is as in (3.10) while for yl," , 3’4 as above, the general element
in (M(y)), as given in (3.11), has the form c(a,/3) (1/(2m))(c, -2a +, a 23, ).
Also for our choice of the yi, and r 5;

1
A(7)

5!m
1

-1 -25 -35

0 -1 _-2
_2 -1 0 10-3 -25 -1

Computing shows 5!c(a, )A(T)cT(tx, )=(1/(4m7))(-56az-244afl-56132). If one
chooses a >0 and/3 a this yield 356a2/(4m7)>Owhile should we choose/3 -a we
obtain -132az/(4mS)<O. Theorem 1 applies to show pint g(t,p)/t>O. [3

Example 3.3. Let M 3, X(x)= (x2 +Xl, Xl, XlX2), Y(x)= (1, 0, 0), p 0.
Then [X, Y](p)= (1,1, 0), dim spanSeX(p)=2 and Y(p), IX, Y](p) generate
span Sel(p ). Calculation shows [(adX, Y), Y](p)spanga(p) if 1<_-/’-<4 while
[(adSX, Y), Y](p) span 5t’i(p); hence Proposition 2.8 shows p int sg(t, p)/t > 0.
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SURVEY OF MEASURABLE SELECTION THEOREMS:
RUSSIAN LITERATURE SUPPLEMENT*

A. D. IOFFEf

Abstract. This is a brief survey of results on measurable selection obtained in the U.S.S.R. and
published mainly in Russian journals.

1. Introduction. These comments were intended to be an addendum to the
survey of D. H. Wagner (D. H. Wagner, Survey of measurable selection theorems,
this Journal, 15 (1977), pp. 859:-903). Unfortunately, the idea of including such an
addendum came up too late to be added in proof to the survey.

It was Wagner’s suggestion that the comments should be published separately.
Conversations with and materials presented by I. Evstigneev and especially V. Levin
were very helpful for this work. R. T. Rockafellar and D. H. Wagner made many
useful remarks concerning the first version of the comments. I have pleasure in
expressing sincere thanks to all of them.

I have tried to retain as many usages of Wagner’s comments as possible. This
concerns terminology and notation as well as coding references. Thus (T, //) will be a
measurable space with r-algebra ; X, Y, Z will denote the range spaces for
set-valued mappings on T; 6(F) will denote the collection of -measurable selec-
tions for the set-valued mapping F. The few discrepancies in bibliographic coding with
that of Wagner’s survey will be specially stipulated. Where necessary, we shall refer to
the survey of Wagner as "Wagner."

All the results presented are divided into two groups, the first containing general
results on measurable selection and certain related results and the second dealing with
Borel measurable selection theorems. The presentation is substantially chronological
within each group. As far as achievements of a particular national school are consi-
dered here, this way to present the results seems to be natural though it differs from
that accepted in Wagner.

2. General results. The problem of uniformization was being discussed in the
U.S.S.R., mainly in the Moscow descriptive set theory school headed by Lusin, since
the early thirties. The discussion was initiated by Lusin’s work [LS] (cited in Wagner’s
addendum as [LSZ]; see also Sierpinski, [SP1] in Wagner, for the same result) which
appeared as a reply to a question posed by J. Hadamard in connection with the
Zermelo choice axiom.

In works which followed, the situation T X R and Gr F being complemen-
tary Souslin was mainly considered. (In fact, in the pre-War literature no set-valued
mappings were explicitly mentioned, only sets in the product space.) Sometimes
additional assumptions were imposed on F such as F being closed-valued or finitely-
many-valued, etc. (see Novikov [NO1], Lyapunov [LP1]-[LP3]). The main interest
lay in studying projective properties of selections (uniformizations), and the typical
result was that under certain conditions, there is a selection belonging to certain
projective class, usually CA or PCA.

It is in the work of Yankov [YN] ([JN] in Wagner) that the case where Gr F is
Souslin was first considered and other properties of selections were investigated. His

* Received by the editors November 7, 1977.
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result, which became known in Russian literature as the Lusin-Yankov, or merely
Yankov, theorem, is stated in modern terms as follows.

THEOREM 1. Let T X R, l being the r-algebra of Lebesgue measurable sets,
and let GrF be $ouslin. Then there is f (F) whose graph has the Baire property and
belongs to (Ao), where Ao is the collection of differences of $ouslin sets.

The result of Yankov is known in the West mainly by the French translation ([JN]
in Wagner). As noted by Wagner, a confusing discrepancy between the original and
translated versions is that in the theorem statement of [YN] "measurable curve"
appears, whereas "measurable" is omitted in the French translation. A particular
consequence of this error was that Wagner (and probably many other Western
mathematicians) concluded wrongly that Yankov did not in his theorem obtain a
measurable function selection, although Wagner recognized that Yankov did so in his
proof.

Another minor confusion may arise from the fact (also indicated by Wagner in
the discussion preceding this supplement) that Yankov uses the term which translates
into "unification" in English while the French translation uses the convenient word
"uniformisation". Wagner thinks that this discrepancy results from a mistranslation by
Yankov of French works (like [LS]), which opinion I would rather share.

Several years after the work of Yankov had appeared, Rokhlin [RK1] observed
that Yankov’s theorem immediately implies the following result: if T is a Lebesgue
space (i.e., (T,) is isomorphic to (0, 1)U N, N being the natural series, with the
r-algebra of Lebesgue measurable sets of (0, 1) plus points of N as atoms), X is a
Polish space and the graph off is $ouslin (rood 0) (which is to say, Gr F can be turned
into a Souslin set after changing a set whose projection on T has measure zero), then
(F) .

In [RK1], Rokhlin also stated and proved (though not absolutely correctly) a
result which became later known as the theorem of Kuratowski and Ryll-Nardzewski.
(For a thorough discussion, see Wagner’s addendum (iii).) A couple of months later,
this fact with the same proof was repeated in [RK2].

The Yankov theorem, chiefly in Rokhlin’s form, gained diverse and numerous
applications: ergodic theory [RK1], [RK2], integral representation of linear operators
[NA], calculus of variations and control theory [AK], [IT1], [ARL3], Markov pro-
cesses [DY] and others.

It is quite probable that, to a certain extent, the fact that Yankov’s theorem had
appeared sufficient for so many applications, resulted in the underestimation of the
second result of Rokhlin as well as the works of Kuratowski and Ryll-Nardzewski and
Castaing. The most characteristic for the attitude is that Fillippov’s implicit function
lemma, which proved to be so influential, attracted little attention in the U.S.S.R.
surely because it is a direct corollary of Yankov’s theorem. Anyway, a new interest in
the subject arose in the U.S.S.R. several years later. First brief surveys on the theory
of measurable set-valued mappings were presented in [IL] and [IT2]; these surveys
contain some new proofs but no new results. Among the works where new selection
theory was applied in an effective way, we mention [DY], [DE], [EV1], [EV2]
(probability and dynamic programming), [ER] (measure theory), [ILl (convex analy-
sis), [VL] (partial differential equations).

Work contributing to a selection theory itself was resumed quite recently.
Independently of Leese, Levin established the following result.

THEOREM 2 (Levin [LV2]). Assume thatX is weakly $ouslin and Gr F belongs to
the $ouslin family generated by l (R) (X). Then there is a selection f of F which is
measurable relative to the minimal r-algebra containing all sets F-(A), where A is a
$ouslin subset of X.
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Levin also proved that the projection on T o]: any element o]’ the $ouslin [amily
generated by (R) (X) belongs to the $ouslin family generated by (this fact, in a
somewhat less general setting can be found in the book of Dellacherie and Meyer
[DM]; Levin’s proof is essentially the same); hence Theorem 2 implies a result close to
that of Leese (Theorem 13.1 in Wagner).

Assuming the continuum hypothesis, Evstigneev [EV3] extended Levin’s result
to the case where X is a compact Hausdorff space (not necessarily metrizable) and
(X) is replaced by the o-algebra of Baire subsets of X.
Decomposition (or representation) theorems were studied by Ioffe ([IF2]). It was

shown that in certain important cases when a measurable selection exists, it is possible
to define the set-valued mapping by way of a Carath6odory mapping. More precisely,
the following two theorems are true.

THFORM 3. LetX be a Polish space, and let F be measurable closed-valued with
F(t) for all T. Then there are a Polish space Z and a Carathdodory mapping
f: T x Z -*X such that f(t, Z) F(t) for any T.

The structure of Z and f can be further specified. For instance if X is linear and F
is convex-valued, then Z can be considered a closed subset in a Frech6t space and f
can be taken linear in z.

THEOREM 4. Assume that X is a (weak) Souslin space and Gr F belongs to the
Souslin ]amily generated by (R) (X). Then there are a Polish space Z and a mapping
f: T x Z --> X such that

(a) f is a Carathdodory mapping with respect to the minimal r-algebra containing
the Souslin family generated by 5l;

(b) f(t, Z)= F(t) for every T.

3. Borel measurable selection theorems. All of the foregoing results are more
or less connected, technically or conceptually, with Yankov’s theorem. Meanwhile,
another remarkable result was proved shortly before World War II.

TI-IZORZM 5 (Novikov [NO2]). Assume that T X R and Gr F is Borel. Then
the set {t TIF(t) is closed and nonempty} is complementary Souslin. In particular ifF is
closed-valued then F-(A) is Borel whenever A is closed. Hence in this case there is a
Castaing representation ofF by Borel functions.

This statement is compiled from Novikov’s theorem and corollary. (Certainly,
Novikov used different terminology.) Note also that in the French translation "B" is
omitted in the title.

Novikov’s theorem generalized an earlier result of Kunugui, who required that
Gr F be Fs. Novikov, however, gave a new proof based on a construction which
appeared to be an essential element in proving further extensions of his theorem.

Arsenin [AS1] proved that F has a Borel measurable selection if Gr F is a Borel set
and every F(t) is congruent to one of countably many Borel sets E, E2,’" ". It is
interesting that in this theorem "congruent" cannot be replaced by "similar" (i.e.
equivalent under certain subsequent congruence and homothety), as seen from an
example also given by Arsenin. In another paper [AS2], Arsenin proved that under the
assumption of Novikov’s theorem, the set {t TIF(t) is a nonempty F} also is
complementary Souslin. But he did not prove the corresponding selection theorem.
This was done by Stschegolkov [ST1]. (loban, [CB3] in Wagner, found an error in
the proof of Stschegolkov’s theorem given in [AL] in Wagner and produced a
counterexample. But this error can be corrected by slightly redefining what is meant
by an elementary CA set.) Later Stschegolkov strengthened this result: [ST2], [ST3]:
F has a Borel measurable selection if Gr F is Borel and each F(t) has a portion which is
an F. (A portion of a linear set is the..intersection of the set with an open interval.)
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All these results can be extended to the case when T is a Polish space and X is a
union of countably many compact metrizable spaces (a remark of V. Levin).

A very general result was announced by (oban ([CB3] in Wagner). But the proof
of this result seems not to be correct (the application of Baire’s theorem is not
sufficiently justified). Dellacherie [DL] proved a less general result, in fact, equivalent
to that of Brown and Purves ([BP] in Wagner), and attributed this result to Stsche-
golkov. According to a personal communication of Levin, the result of Dellacherie
can indeed be deduced from Stschegolkov’s theorem.

Arkin and Levin [ARL2] (see also [ARL1])studied convex-compact-valued
mappings F from a Polish space into R . They showed that Gr/ is Borel if Gr F is
Borel. (if" is the set of extreme points of F.) Together with the theorem of Novikov, this
result enabled them to describe the set of extreme points of certain sets of functions of
many variables and to establish new convexity theorems on integrals.

The role of Novikov’s theorem is in particular that it allows one to prove
graph-conditioned selection theorems without assuming that the measurable space is
complete or a Souslin family, etc. (see [ARL3], [IF1]). A theorem of this sort was also
established by Evstigneev [EV1], without invoking Novikov’s theorem, as follows.

THEOREM 6. Let X and Y be Polish spaces, and let f: T X Y-. R be
( (X)@ 3(Y)-measurable and such that the level set {(x, y)6X

Ylf(t, x, y)=<c} is compact for each t6 T and c 6R. Then there is a mapping u
u (t, x), from T X into Y which is ( 3 (X)-measurable and such that

min f(t, x, y):f(t, x, u(t, x)).
yY

Here /denotes the completion of J/.

REFERENCES

[AK] V. I. ARKIN, On an infinite dimensional analogy to the nonconvex programming problem, Kibernetika,
2 (1967), pp. 87-93.

[ARL1] V. I. ARKIN AND W. L. LEVIN, Extreme points of certain sets of measurable vector-functions of
several variable and convexity of ranges of certain integrals, Dokl. Akad. Nauk USSR, 199 (1971),
pp. 1223-1226.

[ARL2] Convexity of ranges of convex integrals, measurable choice theorems and variational
problems, Uspehi Mat. Nauk, 27 (1972), no. 3, pp. 21-77.

[ARL3], Variational problems with functions of many variables and a resource distribution model, in
Mathematical Economics and Functional Analysis, B. S. Mityagin, Ed., Nauka, Moscow, 1974, pp.
7-34.

[AS1] V. YA. ARSENIN, On projections orB-sets, Izv. Akad. Nauk USSR, (1939), no. 2, pp. 233-240.
[AS2] , The nature of projections of certain B-sets, Izv. Akad. USSR Serija Mat., 4 (1940), pp.

403-410.
[DL] C. DELLACHERIE, Ensembles analytiques" Thorkmes de sparation et application, Stm. de Prob-

abilit6 IX, Lecture Notes in Mathematics, Springer, New York, 1975.
[DM] C. DELLACHERIE ET P.-A. MEYER, Probabilites et Potential, Hermann, Paris, 1975.
[DN] E. B. DYNKIN, Probability and concave dynamic programming, Mat. Sb., 87 (1972), pp. 490-503.
[DE] E. B. DYNKIN AND I. V. EVSTIGNEEV, Regular conditional mathematical expectation of cor-

respondences, Teor. Verojatnost. Priloz., 21 (1976), pp. 334-343.
[DY] E. B. DYNKIN AND A. A. YUSHKEVITCH, Mark,ov Control Processes and their Applications, Nauka,

Moscow, 1975.
[ER]" M. P. ERSHOV, Extensions of measures and stochastic equations. Teor. Verojatnost. Prilo., 19

(1974), pp. 457-471.
[EV1] I. V. EVSTIGNEEV, Measurable choice and dynamic programming, Mathematics in Operations

Research, (1976), pp. 267-272.



732 A.D. IOFFE

[EV2], The space 2x and Markov fields, Dokl. Akad. Nauk USSR, 230 (1976), pp. 22-25.
[EV3] ., Methods o]: random sets, Second Vilnius Conference on Probability and Statistics Abs-

tracts, Vilnius, 1977.
[IF1] A. D. IOFFE, On lower semicontinuity o]: integral ]:unctions II, this Journal, 15 (1977), pp. 991-1000.
[IF2] ., Representation theorems ]:or multifunctions and analytic sets, Bull. Amer. Math. Soc., 84

(1978), pp. 142-144.
[IL]’ A. D. IOFFE AND V. L. LEVIN, Subdifferentials o]: convex functions, Trudy Mosk. Mat. Obvs., 26

(1972), pp. 3-73 Trzns. Moscow Math. Soc., 26 (1972), pp. 1-72.
fIT1 ]" A. D. IOFFE AND V. M. TIKHOMIROV, Duality o" convex functions and extremal problems, Uspehi

Mat. Nauk, 23 (1968), no. 6, pp. 51-116 Russian Math. Surveys, 23 (1968), no. 6, pp. 53-125.
fIT2]’ , Theory o]: Extremal Problems, Nauka, Moscow, 1974; English translation, North-Holland, to

appear 1978.
[LV1] V. L. LEViN, On subdifferentials and continuous extensions preserving measurable dependence on

parameter, Funktional Anal. priloL, 10 (1976), pp. 84-85.
[LV2], Measurable selections o]’ set-valued mappings and projections o]’ measurable sets, Ibid., to

appear.
[LP1] A. A. LYAPUNOV, On some uniform analytical complements, Izv. Akad. Nauk USSR, (1937), no. 2,

pp. 286-304.
[LP2] On the unitormization o]plain CA- and A-sets, Ibid., (1937), no. 1, pp. 41-52.
[LP3] On the uniformization o]’ analytical complements, Mat. Sb., 3 (1938), pp. 219-223.
[LS] N. N. LUSIN, Sur la problkme de J. Hadamard d’uniformisation des ensembles, Matematica (Cluj), 4

(1930), pp. 54-56.
[NA] M. A. NAIMARK, Normed Rings, Nauka, Moscow, 1968.
[NO1] P. S. NOVlKOV, Les projections des complgmentaires analytiques uniformes, Mat. Sb. 2 (1937), pp.

3-16.
[NO2], On projections ol certain B-sets, Dokl. Akad. Nauk USSR, 23 (1939), pp. 863-866.
[RK1] V. A. ROKHLIN, Decomposition of a dynamical system into transitive components, Mat. Sb., 25

(1949), pp. 235-249.
[RK2] , Selected topics from the metric theory ot dynamical systems, Uspehi Mat. Nauk., 4 (1949), no.

2, pp. 57-128 Amer. Math. Soc. Transl., 49 (1966), pp. 171-240.
[ST1] E. A. STSCHEGOLKOV, On the uniformization o]’ certain B-sets, Dokl. Akad. Nauk USSR, 59

(1943), pp. 1065-1068.
[ST2], On the uni]’ormization and decomposition o] certain sets, Ibid., 124 (1959), pp. 783-785.

pp. 783-785.
[ST] Unitormization ol sets of certain classes, Trudy Mat. Inst. Akad. Nauk USSR, 133 (1973), pp.

251-262.
[VL]" m. M. VERSIK AND O. A. LADYZENSKAJA, On the evolution ol measures defined by the Navier-

Stokes equation and on the solvability o]’ the Cauchy problem ]’or Hop]"s statistical equation, Dokl.
Akad. Nauk USSR, 226 (1976)= Soviet Math. Dokl. 17 (1976), pp. 18-22.

[YN] V. YANKOV, On the unification o]’A-sets, Ibid., 30 (1941), pp. 591-592.



SIAM J. CONTROL AND OPTIMIZATION
Vol. 16, No. 5, September 1978

1978 Society for Industrial and Applied Mathematics

0363-0129/78/1605-0005501.00/0

SOME REMARKS ON CONTROLLABILITY
FOR DISTRIBUTED PARAMETER SYSTEMS*

TOSHIHIRO KOBAYASHIt

Abstract. The purpose of this paper is to present a constructive procedure to obtain an approximate
optimal control of the controllability problem for a distributed parameter system of parabolic type. The
problem of optimal control determination is formulated as the problem of minimizing a functional J(f)
which measures the distance between the terminal state u(T) and a given one ur. Controllability is not

sufficient for the existence of a minimizing solution of J(f). It only assures inf,J(f)= 0. For a given rt > 0
the elements which satisfy J(f)<=,l generate the closed convex subset X, It is natural that the optimal
control sequence is defined by the sequence such that each element has minimum norm in X, for each r.
An approximation method by regularization is presented to obtain constructively the optimal control
sequence. The method gives uniquely the elements of the optimal control sequence depending continuously
on the initial data Uo and the terminal one ur.

1. Introduction. Before entering into a discussion of a distributed parameter
system, it may be useful to review the known facts for a finite dimensional system:

(1.1) -du- Au(t)+ Bf(t), u(t) E, f(t) E
dt

The controllability problem is the following [4]" given T > 0 and points Uo, u 6 E",
find f L(0, T) such that the solution of (1.1) satisfies the .initial condition

(1.2) u(0)= Uo

and also satisfies the terminal condition

(1.3) u(T)=ur.

The solution of (1.1) is given by

(1.4) u(t)= eAtuo + IO eA(t-S)Bf(s) ds.

When such a control exists, it is not unique. It is natural that we seek the optimal
control [o having minimum norm in L;(0, T). Let us define an operator W by

T

(1.5) Wf Io eA(r-OBf(t) dt.

Then W f(L;(0, T); En) (the space of continuous linear operators from L;(0, T) to
En). We denote the adjoint operator of W by W*. Solvability of the controllability
problem is equivalent to an n x n matrix WW* being positive. In this case, we can
determine the unique optimal control [o having minimum norm by

(1.6) f0 W*(WW*)-I(RT eATuo).

In the case of a distributed or infinite-dimensional system, the range of W is in
general not closed [5]. Thus we cannot explicitly determine the unqiue optimal control
by (1.6) [6]. Our purpose in this paper is to investigate a constructive method which
gives an approximate optimal control depending continuously on the data (Uo, ur).

* Received by the editors March 9, 1977, and in revised form November 16, 1977.
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2. Distributed parameter systems. We consider the class of distributed parameter
systems described by parabolic partial differential equations [5]. Let V and H be
Hilbert spaces with V, H and V’ (the dual space of V) satisfying the inclusion relation

(2.1) V cH H’ c V’

with each space dense in the following with continuous injection. We denote by
(’, )v (respectively, (., )n) and II’llv (respectively, I1"11 ,) the scalar product in V
(respectively H) and the norm on V (respectively, H). If f V’, v V, (f, v) denotes
their scalar product; if f H, it coincides with the scalar product in H.

We are given a continuously bilinear form a (u, v) on V such that

(2.2) la(u, v)ltllu[Iv Ilvllv,

where L is a constant independent of u and v. For fixed u in V, the linear form

va(u,v)

is continuous on V; therefore it can be written

(2.3) a (u, v) (Au, v), Au V’.

We also deduce from (2.2) that

(2.4) IIAullv,<=L[[ullv for any u V,

where "11’ is the dual norm of I1’ I1,,. Let the family of operators A (V; V’) be
coercive; that is,

(2.5) there exists c > 0 such that

a(u, u)->-ll u I[, u V,

If F, the control space, is a Hilbert space, we may define the following differential
equation on V:

du(t)
(2.6) +Au(t)= B(t)f(t), e (O, T), ]eL2(0, T; F),

dt

with initial condition

(2.7) u (0) u0 e H,

where u(t) is the state vector, f(t) is the control vector, and B(t) is a continuous linear
operator from F into V’. u’= du/dt is taken in the sense of a distribution on (0, T).

Remark 1. L2(0, T; F) denotes the space (equivalence class) of functions f
defined on [0, T] with values in a Hilbert space F such that

T

dt < 00.f(t)

Remark 2. In physical situations, the control space F is finite dimensional.
For the equation (2.6) with (2.7) we have the following existence and uniqueness

lemma.
LZMMA 1 [5]. Under the assumptions (2.2)and (2.5), the system (2.6)and (2.7)

has a unique solution u such that u Lz(O, T; V) and u’ L2(0, T; V’). Furthermore,
the solution u depends continuously on Uo and f.
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From Lemma 1, there exists an operator U(t)e (H; H) and the solution of the
system (2.6)and (2.7)is given by

(2.8) u(t; f)= U(t)Uo + U(t- s)B(sff(s) ds.

Remark 3 [5]. The family of operators U(t) constitutes a semigroup of H. -A is
the infinitesimal generator of a semigroup. However, there exist operators A with -A
being the infinitesimal generator of a semigroup in a Hilbert space H without (2.5)
being true.

3. Controllability. In this section, we investigate the controllability of the
dynamical system described by (2.6) and (2.7) [1], [2], [5], [8].

We start with the following definition.
DEFINITION 1. The system (2.6) and (2.7) is said to be controllable at time T if

u(T; f) generates a dense subspace, R (T), of the space H as f is varied without any
constraints.

Remark 4. As the space R (T) is not closed in the parabolic case, the above
definition is natural. The definition says that for every h e H, there exists a control f
which steers the system arbitrarily close to h.

Now let us define an operator W e (L2(0, T; F); H) by
T

(3.1) Wf= | U(T-t)B(t)f(t)dt, fL2(O, T;F).
30

The following theorem is immediate.
THEOREM 1. The following are equivalent:

(i) the system (2.6) and (2.7) is controllable at time T;
(ii) the null space of W* is {0};
(iii) WW* is positive.
Proof. For any h H

(3.2) Wf, h )n (f, W*h )t_2(O,T;F).
From this, the subspace which u(T; f) generates is dense in H if and only if the null
space of W* is {0}.

On the other hand, since
2(3.3) IlW*hllL (O,T;F)=(WW*h,h)H, heH.

the null space of W* is {0} if and only if the self adjoint operator WW* on H is
positive, that is, for any h H

(3.4) (WW*h, h)n >- 0 and (WW*h, h)n 0 implies h 0.

We have proved the theorem.
The explicit conditions of controllability were given by Kobayashi [3] for various

types of systems with distributed, pointwise, scanning and boundary controls.
Now we can state the controllability problem for the distributed parameter

system (2.6) and (2.7) as follows: given T>0 and a terminal state UT H, find an
optimal control sequence {fo,} such that for any rt > 0

(3.5) u(T; o.)-- UT II n,

and for each fixed rt each element f0, has minimum norm of all elements satisfying
(3.5).
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We suppose that the system (2.6) and (2.7) is controllable at time T. By virtue of
the definition, for any r/>0 there exists a control f. such that Ilu(T; ,)- u[l,-<- .

We may formulate our controllability problem as that of minimizing a functional
J(f) defined by

(3.6) J(f)-Ilu(T; f)- UTIle,
with respect to f, subject to the constraints (2.6) and (2.7). From (2.8) and (3.1), J(f)
becomes

(3.7)
J(f)-II U(T)uo / Wf UT

where ud U(T)uo-ur and ud H. If the system (2.6) and (2.7) is controllable at
time T,

(3.8) inf J(f) 0, / L2(0, T;F).
f

However the infimum may never be realized.
Let X, be the set of elements[ L2(0, T; F) satisfying J([)<-_ rl, rl >0. The set X,

is a closed subset of L2(0, T; F). Since J([) is a convex functional, for [, [2 X, and
q(0, 1)

J((1 q)fl + qf2)-< (1 q)J(fl) + qJ(f2)<- rl,

from which we get (1- q)f + qf2 X,. Therefore for any r/> 0 X, is a closed convex
subset of L(0, T; F). Thus for each r/> 0 there exists a unique element fo, having
minimum norm in X,. The existence of an optimal control sequence {f0,} has been
shown.

The problem of concern here is to seek the optimal control sequence {f0,}. For a
finite-dimensional system, we can obtain the desired optimal control by (1.6) in the
case of r/=0. This is because the range of the operator W is closed. For the
distributed parameter system even if the system is controllable at time T, the range of
W is not closed in H. Therefore we should investigate a method which constructively
gives the optimal control sequence {fo,}.

4. Construction of the optimal control sequence. This chapter presents a con-
structive method using regularization [5], [7] which explicitly determines the elements
of the optimal control sequence. From a different point of view, this method cor-
responds to approximating the nonnegative operator G W*W by a family of posi-
tive definite ones.

Let us introduce a regularized functional, J (f), corresponding to J(f) defined by

We can see that there exists a unique minimizing solution f of J(f). Since the
operator W is continuous, J(f) is differentiable and convex. Hence the necessary
condition for optimality is that

(4.2) J’ ([). [ 0 for every f L:(0, T; F).

That is,

(4.3) (W*(Wf, ua), f)L:(O.T;I)+ e(h, f)L:(O,T;.) 0
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for every f L2(0, T; F). From this is follows that

(4.4) ((W*W + eI)f W*ua, f)Lz(O,T;F)-- O.

Here I is the identity operator on L2(0, T; F). Consequently the unique minimizing
solution f is determined by

(4.5) f (W*W + eI)-1W*Ud G-21W*Ud.
Since the operator G is positive definite, its inverse G- is continuous. Thus f
depends continuously on the data Ud.

Under the assumption that the system (2.6), (2.7) is controllable at time T we
shall first prove the following theorem.

THEOREM 2. LetJ(fe "rl, *’l > O. Then f is an element with minimum norm in Xn.

That is, IIf, -< Ilfl[, f x.
Proof. For every f e X,

that is,

Since J(f) N J(B) n and e > 0,

(4.6) IlL N Jill] for any f X,.
It follows from this theorem that f is an element of the optimal control sequence

{o}.
LEMMA 2. Suppose the system (2.6), (2.7) is controllable at time Z For any given

n > O, them exists e (n) such that J(L) n for e e (n).
Proof. It is sufficient to show that we can determine e() such that J(f)N

Since the system (2.6), (2.7) is controllable at time T, we can choose g e L2(0, T; F) so
that J(g)N for any >0. Then

from which we obtain J(f)N by taking

(4.7) e(n)llgll

The lemma has been proved.
From this lemma we may use the sequence {[} as the optimal control sequence

{[o}. Moreover, from the proof of Lemma 2 it is sufficient to choose one element
g e L2(0, T; F) for the determination of e(). The element g must satisfy the condi-
tion J(g) N {. This becomes

1.
Since we may take g L2(0, T; F) such that Wg Ii u II, we obtain

1,
from which

1
Ilu t1- Wg[l 11 wll. IIg II.
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Thus it is sufficient to choose the element g satisfying

(4.8) u I1, -(1/x/)x[- <- g II.Ilwll
Next we only determine e(r/)so that

(4.9) e

If IlUalIH > (1/x/),,/-, it follows from (4.8)that

} 11 [ ]
ei)llgl2"

Then we can determine e(rt)such that

1/2nllwll
(4.10) e (r/)_-<

(llu I1, 
If IlUdlIH<=(1/4)’C-, we can arbitrarily take e(r/)>0. Consequently we have the
following theorem.

THEOREM 3. Suppose the system (2.6), (2.7) is controllable at time T. If we take
e(rl) which satisfies (4.10) for any rl >0, then we have J(f)<- q for all e <-e(rl).

This theorem shows that we can explicitly seek the control f which satisfies

IIu(T;L)-UTII<=n
for any given r/> 0.

The problem which remains is to investigate the limiting properties of the optimal
sequence {f}.

LEMMA 3 [7]. (i) For any e > 0 the function &(e)= J(f) is continuous, increases
monotonically and

lim (e)=

(ii) For any e >0 the function y(e)= IlL is continuous and decreases mono-
tonically and

lim y(e O.

(iii) For any e > 0 the function p(e J(f) is continuous, increases monotonically
and its values cover the interval [0,

The proof of this lemma will be given in the Appendix. By virtue of Lemma 2 and
Lemma 3, we obtain the following theorem.

THEORFM 4. If the system (2.6), (2.7) is controllable at time T, then

(4.11) lim J(f) 0.
-0

Since f depends continuously on the data Ud and satisfies the condition (4.11),
the sequence {f} is the desired optimal control sequence. We can use some f as an
approximate solution of our controllability problem.

Now we notice that the data (u0, UT) are known only through measurement.
Hence the data Ud has errors which may be very small. Suppose u be the true data
with
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We should minimize the functional J*(f) defined by

(4.12) J*(f

We have the following theorem.
THEOREM 5. Suppose the system (2.6), (2.7) is controllable at time T. Then

(4.13) lim J*(f)= 0.

Proof. It follows from (4.12) that

--< (11 wf u I1, / )2,
If the system (2.6), (2.7) is controllable at time T, Theorem 4 gives

lim wf Ud I1, 0,

Consequently we get

739

(i) lim IIf -f* 0
8--}0

If e and 8 are chosen with 8 o(e) (8 has a higher order than e), then

(ii) lim IIf -f 0,

Proof. We obtain from (4.5)

(4.15)

Similarly we have

(4.16)

Gf W*ua.

Gf* W*Ud.
It follows from (4.15) and (4.16) that

(4.17) G(f -f*)= W*(Ud U).
This equation means that the element f -f* realizes the lower bound of the following
functional

(4.18)

Thus

I(f)= Wf- uu +u I1+ Ilfll=.

inf I(.f) I(.f: -f*),
f

lim J*(f)= 0.
e,8O

Moreover let f* be the minimizing solution of the functional J* (f) such that

(4.14) J* (f)-II wf-u I1,/ Ilfll:.
Then we have

THEOREM 6. Suppose the system (2.6), (2.7) is controllable at time T. Then for any
fixed e
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from which

(4.19)

That is,

Therefore we have

This inequality gives (i)and (ii)immediately.
Lastly we are going to give the following theorem corresponding to Theorem 3.
THFORFM 7. Suppose the system (2.6), (2.7) is controllable at time T. We have

J*(f)<-? for all e <=e*(rl),

if we choose e’01) to satisfy the inequality

." wll(4.21) e*(rt)_-<

for any q > O.
Proof. From Theorem 3, if we take e*(rt) such that

1/2." wll=
(4.22) e*(r/)=<

(ll u a* I[n (1/x/) c-)2’

J*(f)<-rl holds for all e <_-s*(r). We now have the inequality

(4.23) [lull.-llull.l<-Ilu-ul[. <-.
It follows from the statement (iii) of Lemma 3 that

(4.24) J*(f)<= lu* II.
Therefore it is sufficient to take r/such that _-< u II,, Since from (4.23)

u I- -< u II. + ,
we obtain

(4.25) Ilwll2 < =" wll2

(l[ ua I[- + 6 (1/"v/)G)2 (ll U d IIH (1/"/)/)2"
Therefore the theorem has been proved.

It follows from the preceding discussions that we may use some f as an approx-
imate optimal control for our controllability problem.

(1)

Appendix. Proof of Lemma 3 [7].
(i) Let e and El be such that 0<e0-<e, 0<e0<el. Then obviously b(e)=
J (f) =< J (fl) and, consequently

t (e ) (e ) Je (fel)- Jel (fex (e el)]lL 2.

If e -< el it follows from (1) that (e)-< (el), i.e. the function b(e)increases. Also

e>0,
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and consequently

8 -+ 00

that is lime_.oo f 0.
But then

and since

we have

lim W[ ull- lim 4 (e) Ilull,

It remains to prove the continuity of the function b(e). It follows from (2) that for
e -->eo>O

IlL a < u IIG 2
0o

0

Interchanging e and e in (1) and taking into account the evaluation obtained we have

i.e. the function b(e) is continuous for any e > 0.
(ii) From (2) it follows that lim_. y(e) 0. We now show that the function y(e)

decreases. Interchanging e and e in (1) and assuming that e > e , we obtain

(3) ,y(e)=]lf,lla<=Ck(e)-’15(e1)<llf112= T(e 1),
8 81

which was to be proved. The continuity of T(e) follows from the calculations below, in
which we make use of the convexity of the functional J(/);

fe --fel [12 8 8 IIfe q" ftl 2

2 -11LII2/1[f1[12- 2

=1/24)(8)+1/2(/)(81) Je fe fel q..
2

-:.(g)

--J(fgl)+J ft?" +f81)2

Since

we have

e
2

1/24: (81) 1/2 (8) q"
2



742 TOSHIHIRO KOBAYASHI

If e => eo > O, e ->-eo> 0 it follows from the inequality obtained that

IIf-,ll=-< [(ex)- ()]/ ( )c --0, E1 "-

(by virtue of the continuity of the function &(e)). But then

and it also approaches zero as e e.

(iii) The continuity of the function o(e) follows from the continuity of the
functions (e) and e(e) and the relation

o()= ()-er().

Also if e e , using the statement (ii) we obtain

w[, u+ I

and consequently p (e )N p (e), e N e. Moreover, since

we get

0o()llull.
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APPLICATIONS OF ALGEBRAIC GEOMETRY TO SYSTEMS THEORY:
THE McMILLAN DEGREE AND KRONECKER INDICES OF

TRANSFER FUNCTIONS AS TOPOLOGICAL AND
HOLOMORPHIC SYSTEM INVARIANTS*
CLYDE MARTIN’ AND ROBERT HERMANN:I:

Abstract. It is shown that every rational transfer function determines a mapping from the sphere S
into the Grassman manifold G" (c,,,+). Based on this embedding, it is proved that the McMillan degree of
a multivariable rational transfer function can be defined using mixed algebroo geometric and algebro-
topological methods. The pullback of the map from S into G"(’’+) associates a vector bundle on S
with each such transfer function. The Grothendieck invariants of this bundle are shown to be feedback
invariants of the transfer function. A complete systems theoretic interpretation of these invariants is
obtained by relating the pullback bundle to the kernel bundle of a pencil of matrices associated with a
minimal realization of the rational transfer function.

1. Introduction. Consider two linear, time-invariant multivariable systems, writ-
ten in state space-form"

(1.1)

--=Ax +Bu, y Cx,
dt

A’x + B’u,
dt

(1.2) y=C’x.

Here u", yCCP, xn: A, B, C, A’, B’, C’ are complex matrices of the
appropriate degree. The transfer functions of (1.1) and (1.2) are:

(1.3) T(s)=C(sI-A)-B,
(1.4) T’(s)=C’(sI-A’)-B ’.

These two systems are said to be feedback equivalent if there is a matrix F and
invertible matrices a, y,/ such that

A’ a(A ByFC)a -1,
(1.5)

B’= ceBy, C’= t3Ca -1.
The matrix F alters the system by feedback and the matrices a, 3’, and/3 correspond to
changes of basis in the states, input and output spaces, respectively. One can verify
that, if the relation is satisfied, the transfer functions are related as follows

(1.6) T’= Tv(I-FTv)-1.
Now, the transformation T T’ given by 1.6 is a linear fractional transformation

[8]. This suggests that the natural setting in which to study feedback is a Grassman
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manifold, since the Grassman manifolds are the homogeneous spaces of the group of
linear fractional transformations. In fact we will show that one can associate to each T
a map

(1.7) &: S-> G’("+")

which is holomorphic. G’("+p) is the Grassman manifold of m-dimension
subspaces of m+p dimensional complex space. We shall see that feedback
equivalence of two systems means that the mappings & and 4/are transformable into
each other under the action of the group Gl(p + m, c) acting on G"("/P).

One would like to attach "invariants" to the mapping &, which will determine
when two of them are in the same feedback class. In this paper we will study two kinds
of invariants. The first is related to the transfer function and its relation to its
state-space realization.

Consider the general case: let s denote a complex variable and let T(s) be a p m
matrix of complex valued rational functions of s such that

(1.8) lim T(s)= 0.

Then, the McMillan Degree 6(t) is an integer with the following properties:
(a) It is defined by algorithms, involving the "pure" algebra of rational functions.

(b) It is equal to the state-space dimension of a minimal realization of T as the
transfer function of a linear, time-invariant system with m inputs and p
outputs.

(c) If Tand T’ are transfer functions of two linear, time-invariant systems that
are in the same feedback equivalence class, then

6(T) 6(T’).

Each of these properties reflects fundamental systems-theoretic phenomena,
which are discussed in great detail in the standard treatises, e.g., Brockett [2];
Kalman, Arbib and Falb [11]; and Rosenbrock [14].

Let r be the binomial coefficient -(P+m’.- Let be the space of complex
\ P !

variables, and let P-I() be the projective space for which is the space of
homogeneous coordinates. Our main result about the McMillan degree can be
described as follows:

Let T(s) be a transfer function. It determines a rational map

S2 "-> Pr_l(),

i.e., an "algebraic curve" in Pr-x(), such that

6(T) intersection number of this algebraic curve
(1.9) with a hyperplane of Pr-l().

This property relates the McMillan degree, in a very fundamental way, to both
topology and algebraic geometry. The embedding is obtained by using the classical
Pliicker embedding of G"(-,/v) into projective space.

The second type of invariant with which we are concerned involves the definition
and properties of certain holomorphic vector bundles associated with linear systems.
Since G" (c,-+v) has a canonical vector bundle structure, we can use & to construct a
vector bundle, the pullback, on S2. We show that feedback equivalent systems
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determine isomorphic vector bundles. Since a complete classification of holomorphic
vector bundles on the sphere is known,.we obtain a set of feedback invariants. We also
give a complete interpretation of what the vector bundle isomorphism means in terms
of the transfer functions. In so doing we show that the complete set of isomorphism
invariants correspond to the well-known Kronecker invariants of the minimal realiza-
tion of a transfer function.

2. Transfer functions. In this section we construct the basic object of this paper"
the mapping induced by the transfer function from the Riemann sphere S to the
Grassman manifold G"(V). Let T(s) be a pm matrix of rational functions of a
complex variables s and assume T(s.) satisfies (1.8). The following theorem (which is
basically found in Rosenbrock [14]) is essential to this section. The theorem has an
algebraic proof that we are unable to present here because of lack of space.

THEOREM 2.1. Let T(s) be a matrix of rational functions of a complex variable s.
Then there exist matrices N(s) and D(s) ofpolynomial functions of s such that

1. T(s)= N(s)D(s)-,
2. there exist matrices of polynomials X and Y such that X(s)N(s ) + Y(s)D (s

L
3. N(s) and D(s) are unique up to multiplication on the right by a unit of the ring of

polynomial matrices.
We can proceed with the construction of the desired map. Define, for each

complex number s,

(2.1) &T(S) {(T(s)u, u): u ’}.

Now the function & is defined whenever the matrix T(s) is defined, except at the poles
of s. Using Theorem 2.1, we can extend the definition of &T as follows:

(2.2) &T(S) {(N(s)u, D(s)u): u "}.

Now &T is defined for all s e c and (2.2) agrees with (2.1) whenever D(s)-1 exists. The
set &T(S) is a linear subspace of c,,, x P and when D(s)-1 exists the dimension is m.
The dimension is constant for all s unless N(s)u =0 and D(s)u =0 has a nonzero
solution. However, by part 2 of Theorem 2.1, the only solution is u 0; thus, the
dimension is constant. By (1.8) we can extend the definition to s oo by

(2.3) 6() {(0, u): u }.

Thus, T is defined on all s in the Riemann sphere and takes values in G" (c-,+p). The
transfer function T is then identified with the function

(2.4)

The general linear group acts naturally on G"("+0) since a nonsingular linear
transformation preserves dimension of subspaces. The action in local coordinates is
given by linear fractional transformation (1.6). This motivates the use of Grassman
manifolds. Consider the matrix

acting on &T(S). A calculation shows that

(2.6) (6(s)) {(T(s)u, (VT"(s)+ t)u): u U}.
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Whenever (I +FT(s))-1 exists, we have a(br(s))= br,(s)where

(2.7) T’ T(I +FT)-.
Feedback is determined by a linear action on the Grassman manifold. Actually,
change of basis in the input and output space can also be realized by such a linear
action. Section 3 studies properties of 4r that are invariant under continuous changes
in T and 4 studies properties of &r that are invariant under action by the general
linear group acting on G"

3. McMillan degree. In this section we show that the McMillan degree of a
rational transfer function is the intersection number of 4(S2) with an appropriately
chosen submanifold of G"(cCp-"). The main tools used are the theory of intersections
of manifolds (see Appendix A), the classical projective embedding of the Grassman
space constructed by Pliicker and Grassman, and the identification of the transfer
function with a subset of the Grassman manifold.

Let a be the classical Pliicker [9] embedding of G"("+") into the projective
space of one-dimensional subspaces of /"("+) where A"(V) is the space of
elements of degree m of the exterior algebra of V.

We can now define a hyperplane of PS[A"("+")] by using exterior algebra. Let
wx,’", w" be elements of V*, the dual space to "+0. It defines a linear map:
/,("+’)--> as follows

(3.1) (,A.’. A,,,)(VlA...Av,,)

(-O1(/91) (.O1(/9")

tom (/21)’ "’to"()")

Notice that this is multilinear and skew-symmetric in Vl, ’, v" (which is in turn
a fundamental property of determinants), hence defines a linear function on/k"(V).
Setting (3.1) to zero determines a hyperplane N in PS[A"(V)].

Now apply this to c03c4". Let 4r be the map from S2 into G"(c"/) as
constructed in 2. Let to,. ., to,. be the elements of V* defined as follows:

(3.2) toi(uy)=ui for l<-i<-m,

i.e., toi(u 03 y) is the ith component of the vector u. Thus, we have

(3.3) (O)lA Ao,,)[ 4,(s)= det [D(s)].

In particular, 4(s) touches the hyperplane N if, and only if,

(3.4) det [D(s)] 0.

Here is the main result of this section.
THEOREM 3.1. The intersection of b[Pl(C)] with the hyperplane N is equal to the

degree of the determinant ofD(s).
Proof. We proceed by first assuming that det [D(s)] has no multiple roots. It

follows from (3.4) that at each intersection of 4[P(C4)] with N they are in general
position. Hence, there are exactly 8 intersections where 8 equals the degree of
det [D(s)]. Hence, the intersection number of 4[P1(C)] with N is equal to 8, which
proves Theorem 3.1.

To handle the general case, i.e., the case where the roots of det [D(s)] are
multiple, we can perturb D(s) to D(s), with D(s) having no multiple roots, and
det [D(s)] having the same degree. The proof for this case again follows by the
invariance of the intersection number under continuous deformations.
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THZORF.M 3.2. Let (A, B, C) be a linear, time-invariant system (i.e., (A, B, C) are
(n n, n m, p n) complex matrices), and let

T(s)= C(s-A)-IB
be its transfer function. Suppose that the system is controllable and observable. Let
&: P(q)- G"("+’) be the rational map constructed above using T, and let 6 be the
intersection number of O with the hyperplane N. Then, n dimension of the state-
space. In particular, 6 is the McMillan degree of T, i.e., the dimension of a minimal
realization of T as a transfer function.

Proof. Again, we can reduce to the case where: A has simple eigenvalues. (The
general case can be reduced to this by deformations of A, under which 6 and n remain
unchanged.)

Continue to identify 0+" with " f, i.e., the set of ordered pairs (u, y) with
u " --input vectors, y 6 o output vectors. Let

’o {u (R) y 0+": u 0}.

3’0 is an n-dimensional linear subspace of +’. It is readily seen that:

N {3" G (+’): 3"0 f-) 3" # (0)}.

In words, the intersection of G"(’n+n) with the hyperplane in the projective space in
which it is embedded is the set of p-dimensional linear subspaces which do not meet
the m-dimensional subspace 3’0 in general position. In particular, T(s)&(So) meets N,
for a value So , if (and only if) T(s) has a pole at s So.

Let us now prove that the poles o] T(s) are the eigenvalues ofA. To prove this fact
let us write A in terms of its eigenvectors. This means writing

A sA 1-4- -[- shAh,

where A 1,"" ", An are the projective matrices onto the eigenvectors and s1,’’ ", sn
are the eigenvalues of A. Then,

In particular, we have

Ai=Ai for l <-_i<-n,

AAi 0 for 1 _-< #/" -_< n.

T(s)=C(s-A)-IB
CA1B
S --Sl

CA.B

It is obvious from this formula that the poles of T(s) are eigenvalues of A. Let us
suppose that an eigenvalue of A--say s 1--is not a pole of T. This requires that

CAIB O.

Hence, also

CAB 0

for all integers k. Let xl be the eigenvector of A with eigenvalue sl. Then,

Ax1 six1 A1x1
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since the system (A, B, C) is controllable, there are input vectors (u, Ul, Ur)E
such that

x Buo +ABu + +ArBur.
Thus, for each integer k,

CA x s kCx1 CA Buo + CA ABU +
0 + CAklABu + ".

Now,

CAABu CA (s1A + )Bu,

CAkl+SxBU O.

Continuing this way, we see that

CAkx 0

for all integers k.
Observability of the system (A, B, C) now implies that x =0, which is a

contradiction.
Thus, we have shown that the points of intersection of & (s) with the submanifold

N are the eigenvalues of A. In particular, there are n of them, and 8 _-> n. Suppose that

Again write

t>n.

T(x)=N(s)D(s)-,
where N(s), D(s) are relatively prime. We know that 6 is the degree of the deter-
minant of D(s). We can also write

CA1B(s-s2). (s-sn)+
T(s) (s-s)...(s-s.)

This is a contradiction to the way D is constructed [14], and finishes the proof of
Theorem 3.2.

Remarks. That the McMillan degree is equal to the degree of the determinant of
D(s) was pointed out to us by M. Clark. He also remarked that the result can
essentially be considered as being proved in Rosenbrock’s book [14], although it does
not seem to be explicitly stated there.

4. Vector bundles. In 2 we have shown how a transfer function T(s) induces a
function from S2 into G (%"/P). In this section we show that there is a natural vector
bundle on S2 associated with T(s). We also show that a minimal realization of T
determines a vector bundle on S2 and we show that the two bundles are isomorphic.
Certain known results about this vector bundle allow us to give a systems theoretic
interpretation of bundle isomorphism classes of transfer functions. We make
considerable use of the following theorem, which is basically found in [5].

THEOREM 4.1. Every holomorphic vector bundle on S2 is isomorphic to the direct
sum of line bundles. The isomorphism classes are in one-to-one correspondence with sets

of positive integers k <- <- kr and the ki’s are the degrees of the line bundles in the
decomposition.
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Let bT be the map induced from S2 to G" (c,,+p) by T. Recall that the canonical
vector bundle on G"("/p) is the set of points {(3,, v); 3’ G"(c’/P), v 3"}. Define a
vector bundle ET- on S2 by the pullback of bT- as follows: (s, sr) ET- itt sr br(s). It is
well-known that the resulting bundle is holomorphic. We can alternatively describe
as

(4.1) {(s, y, u): y cp, u ’, y T(s)u}.

We have immediately the following result.
THEOREM 4.2. Let T(s) be a rational transfer function and let be its McMillan

degree. Then there are positive integers

81 ":: p ’ O, 1 q"

which characterize the complex analytic isomorphism class of the vector bundle
Now consider vector bundles associated with a controllable system

(4.2) Ax + Bu.

Let a (s) be the pencil of matrices

(4.3) a (s ) (A sI, B ).

Let V(s)={(x, u): (A-sI)x +Bu =0}; if s=oo let V(s)= {(0, u): u c,-}. Thus V(s)
consists of the kernel of a(s). We can now define a bundle EA,B, which we call the
kernel bundle of a(s) on $2, as (s, x, u) EA,B iff (X, U)E W(s). The following theorem
connects bundles of the type Er and EA.B.

TrIEOREM 4.3. Let (A, B, C) be a controllable, observable realization of a rational
transfer function T(s). Then ET-is isomorphic to EA,B.

Proof. Define a map C* from EA.U to ET- as follows. C* on the fiber at s is
defined as

(4.4) C*(x, u) (Cx, u ).

We prove first that C* is one-to-one. Suppose C*(x, u)= 0; then Cx 0 and u 0.
However, this implies by the definition of EA,B, that (A- sI)x 0. Multiplying by C
gives CAx 0 and, inductively, CAk/lx 0. Since (A, C) is an observable pair, x 0
and C* is one-to-one. Now, if s is not an eigenvalue of A, it is obvious that the
dimension of the fiber at s in EA. is the same as the dimension of the fiber in Er; so,
C* is an isomorphism, except possibly at those points. We show that the dimension of
the fibers of EA. is constant. For, suppose that x’a(s)=O for some fixed s. Then
x’(A- sI)= 0 and x’B 0. Multiplying on the left by B we have

(4.5) x’AB sx’B x’AB O.

Continuing, we have x’AkB 0 for all k and hence, by controllability, x’= 0. Thus,
the rank of a (s) is n and the dimension of the kernel is rn for all s. Therefore, the map
C* is a bundle isomorphism.

Now two systems (A, B) and (A’, B’) are said to be feedback equivalent if they
are related as follows. There exist nonsingular matrices P1 and P2 and a matrix F such
that

(4.6) A’ PI(A + BF)P-( 1, B’ PIBP2.

Now, Kalman [10] and Wonham and Morse [16] have given canonical forms and a

complete set of invariants for systems under this group. Recall that these invariants
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are sets of integers such that kl -->-- >----km __-> 0 and

kl+"" +km=n.

The following theorem relates feedback equivalence to bundle equivalence.
THEOREM 4.4. EA,B is isomorphic to EA,,B, iff (A, B) is feedback equivalent to

(A’,B’).
Proof. If (A, B) is feedback equivalent to (A’,B’) then there exist P1, P and F

such that

[ p-l 0 ] (A’- sL B’).(4.7) PI(As-L B)[Fp_I P2
Let

p=[ p-l O]I-FP-( P2
and suppose (A sL B)z 0; then (A’- sI, B’)P-lz PI(A sI, B)PP-lz 0 and
p-1 is the desired bundle isomorphism.

The converse is more subtle. Let (A, B) be given in canonical form with invari-
ants kl,’’’, km. Then

(4.8) A= A2 and B=
0 Am

where

(4.9) Ai

B1

-0 1 0 0-

0 0 1 0

0 0 1

_0 0 0 0_

has ki rows and ki columns. B has k rows and m columns and is zero except for a 1 in
the ith column and last row. We show that the canonical form induces a decomposition
of EA,n as the direct sum of line bundles. It is clear that a(s) is the direct sum of
pencils a(s) where ai(s) is determined by the pencil (Ai-sI, B). B is unit vector
with 1 in the last position, 0 elsewhere. It suffices to show that the kernel of a(s) is one
dimensional. Since (Ai, B) is controllable, the rank of the pencil is ki; hence, the
dimension of the kernel is 1. The kernel is given by

(4.10) V(S) el + se2 + + s k’ek,+X,
and hence the degree of line bundle is k. Thus, we have a decomposition of EA,n as
the direct sum of line bundles. Since the decomposition into line bundles is unique (up
to ordering) [5] the feedback invariants are the same as the Grothendeick invariants.
Now, if EA,n is isomorphic to EA’,B’, then the two bundles have the same Grothen-
deick invariants; hence, (A, B) and (A’, B’) have the same feedback invariants and are
feedback equivalent. This finishes the proof of the theorem.

This theorem gives a means of determining when two transfer functions have
isomorphic bundles.
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COROLLARY 4.5. ET is isomorphic to Er, ifffor a minimal realization (A, B, C) of
T and a minimal realization (A’, B’, C’) of T’, (A, B) is feedback equivalent to
(A’,B’).

Corollary 4.5 reveals a lack of symmetry in this theory with respect to the way
controllability and observability have been treated. It is not understood how this can
be effectively done in this context.

In particular, if T and T’ have isomorphic bundles, we can construct an explicit
isomorphism by factoring through the realization. Consider EA,B and ET. The iso-
morphism is given by a bundle map that, restricted to fibers, is

C 01

0 IJ"

We construct its inverse. Given (u, y)e Er(s), we need to determine (x, u)e EA,n(s).
We have Cx =y and Ax sx-Bu; multiplying by C we have CAx- sy + CBu;
continuing we find CAkx S

k k-1 k-i-lBuy-i=o siCA By observability, the matrix

C
CA

(4.11) CA2

CA"

is left invertible and hence

(4.12) x Cl(S)y + C:z(s)u.

Thus, the inverse bundle isomorphism is given by

[Ca(S) C2(s)]0 1

Also note that Cx(s)(T)(s)+ C(s)= (s-A)-IB and so has the same McMillan degree
as T(s). We have the following corollary.

COROLLARY 4.6. IfEr is isomorphic to Er,, then there is an isomorphism given by

(4.13) [C O Pa 0 [Cl(S) Cz(is)]0 I][FP1 P2]’- 0

where all three maps are isomorphisms. The matrices are constant except for Ca and C2.
Although the Grothendeick results require complex isomorphisms, we have the

stronger result that if T, T’ are real transfer functions and ET is isomorphic to ET,, then
there is a real isomorphism from ET to ET,. Thus, complex feedback is not necessary
to achieve equivalence.

5. The McMiilan degree as a Chern number. We have assigned to each transfer
function T(s) a holomorphic vector bundle E whose base space is S2. One can, of
course, describe the basic topological invariants of the bundle in terms of charac-
teristic classes [13]. Since these bundles have complex vector spaces as fibers, the
relevant objects are called Chern classes [3]. Since the base is the two-dimensional
sphere, the only nonzero one is the fiber Chern class C1, an element of H2(S2, Z), the
second cohomology group of S2 with integer coefficients. The value of C1 on the
generator of H2(S2, Z) is an integer called the Chern number. In fact, it can be proved
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using the fact that C1 is the pullback of a cohomology class on the Grassman manifold,
that the Chern number is equal to the integration number as defined above, i.e., to the
McMillan degree.

We have seen that the bundle E can be split up as a direct sum EI( (Em of
"line bundles," i.e., bundles with one-dimensional complex vector spaces as fibers. By
Whitney duality, the first Chern class of E is the sum of the Chern class of these line
bundles. Again, it can be proved, by going back to the definitions [13], [3] that the
Chern numbers of these line bundles are equal to the Kronecker indices.

Appendix. The theory of intersections of manifolds. Our basic reference for
topology is Greenberg [4]; for manifold theory, Boothby [1], Hermann [6], and
Loomis and Sternberg [12]. A sketch of how differential forms can be used to define
the needed topological ideas is given in [7, Chap. 4].

Let M be a connected compact manifold. Assume it is orientable. For each
integer n, let

H"(M,R), Hn(M,R)

denote the cohomology and homology vector spaces (with the real numbers R as
coefficients). They are dual vector spaces. It follows from the orientability hypothesis
that H’(M, R) (m =dimM) is a one-dimensional vector space. The orientation
determines a generator of H"(M, R), which enables it to be identified with R itself.
This can be seen in two ways. First, in the usual topological setting--for example, the
homology defined by singular chains, cohomolgy by (ech cochains--one can prove
that H,,(M, Z) (the homology with integer coefficients) is isomorphic to Z itself.
(Z =the integers.) Then, there is a unique element of H,,(M, Z), which generates it
and is positively oriented. The image of the generator in H,,(M, R), defined by the
coefficient inclusion map Z R, is the distinguished generator of H,,(M, R), which
enables it to be identified with R. The second method is to work with cohomology
defined in the manner of de Rham, i.e., with differential forms as cochains. Chains and
homology are defined as the duals of the cochains. If an orientation is chosen for M,
differential forms of degree m can be integrated over M. This defines an m-chain,
which is the distinguished generator of H,,(M, R).

For each pair (f, k) of integers, there is.a bilinear mapping

(A. 1) H (M, R xHk (M, R Hi+k (M, R )

called the cup product. If o91e Hi(M, R), (02eH(M, R), the image of ((01, (02) in
Hi/I(M, R) under this map is denoted by

(01 [,--J (02.

In particular, for k rn- ], it maps

(A.2) Hi(M,R)xH’-i(M,R)H"(M,R)=R.

POINCARg DUALITY TI-IEOREM. The bilinear mapping (A.2) is nondegenerate. In
particular, it identifies H"-i(M, R) with the dual vector space of Hi(M, R), and
identifies H"-i(M, R) with Hi(M, R ).

The cup-product (A.1) on cohomology then transforms (under this Poincar6
duality isomorphism between homology and cohomology) into an algebraic operation
on homology--this is the intersection operation. It defines a bilinear map:

(Hi H’-i) x (H H’-) (H’’-i- Hi+k-,,).
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In particular, if

j+k=m,

and Ho(M) is identified with R also, the intersection operation defines a bilinear map

I-I.(M, R ) xH M, R)- R.

For a H.(M, R ), H(M, R ), the real number

(,t)

assigned to (a,/3) by the operation is called the intersection number of the two
homology classes a, ft. We have shown in the main text that the McMillan degree can
be obtained by specializing M to be a complex projective space;/" 2; a a homology
class determined by a transfer function; and/3 the homology class determined by a
hyperplane of complex projective space.

The above definitions of "intersection number" are conceptually very simple,
once one understands basic homology theory. To be useful, it must be supplemented
by a method of computing it in more familiar geometric terms, for a suitably "generic"
situation. Differentiable manifold theory offers such a possibility. (Note that every-
thing we have dealt with up to now holds for topological manifolds; the differentiable
structure has not been used.)

Let N, N’ be compact orientable manifolds, such that

dimM dim N + dim N’.

Fix orientation of N and N’. This determines generators of Hn(N, R), Hn,(N’, R)
(n dim N, n’= dim N’), which are called the fundamental homology classes of the
manifolds, denoted by hr, hN,. Let

4): N M, 4)’: N’ M

be two continuous maps. Let

cb.(hre)H,(M, R), 4).(hN,)6H,,(M, R),

be the image of these fundamental cycles in the homology of M(4, denotes the
induced linear map on homology). The intersection

[4.(hr), 4.(hN’)]

is called the intersection number of the maps b, b’, denoted by

(, ’).

Now suppose that 4, 4’ are C maps. Let p N, p’ e N’ be two points such that

(p)= ’(p’),

i.e., 4(N) and b’(N’) intersect at the point d(P). The maps are said to intersect in
general position at this point if

(A.3) M,(,) dcb (N,) d4) (N’, ).

(Mq denotes the tangent vector space to M at q; d4 denotes the induced linear maps
on tangent vectors.)

Now, fixing an orientation for N means that it makes sense when a basis for each
tangent space is "positively" or "negatively" oriented. Let us say that b(N) and
4’(N’) meet at 4(P) in a positive way if (A.3) is satisfied, and if putting together a
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positively oriented basis for Np and N, provides a positively oriented basis for
Otherwise (and if they meet in general position) they are said to meet at $(p) in a
negative way.

Now, suppose that $(N) and ’(N’) meet in general position at each point of
intersection. Then, we have:

THEOREM A. 1:

(A.4)
e(, ’)= Y + 1.

Here, the sign + or is chosen according to whether the submanifolds meet in a
positive or negative way.

The left side of (A.4) involves topology; the right involves differential geometry.
Their identity is a major link between differential geometry and topology.

Determining the orientations of the intersections is often an obstacle to deter-
mining the intersection number using formula (A.4). Working in the categories of
complex analytic instead of real manifold removes this obstacle. The manifold M has
a complex manifold structure if a set of coordinate charts is given, setting up co-
ordinates in m, with the transition maps between the charts given by complex
analytic functions. A map &:N-->M between complex manifolds is complex if it is
given, in terms of complex charts, by complex analytic functions. A submanifold

" N -->M is said to be complex if the map is complex.
Such a complex structure on manifold M determines an orientation for the

manifold M. In terms of this orientation, two complex submanifolds always meet with
positive orientation. Thus, the sum on the right-hand side of (A.4) only involves plus
signs. In particular, (&, ’) is equal to the number of intersections of the submanifolds
&(N), ’(M’), provided they meet in general position.

Here is the situation of greatest importance in algebraic geometry.

M=P,(),

the" complex projective space, of real dimension 2n. It is the quotient of "+1-(0)
under the dilatation group. (N), (N’) are subsets determined by nonsingular,
irreducible algebraic subsets of M. P,() is a complex manifold, and the algebraic
subsets are complex submanifolds. The intersection number can, in this case, be
defined by purely algebraic methods [15]. These algebraic methods also extend to
algebraic subsets with singularities, although we make no use of them here.
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NEAR-OPTIMAL FEEDBACK STABILIZATION OF A CLASS OF
NONLINEAR SINGULARLY PERTURBED SYSTEMS*

JOE H. CHOW? AND PETAR V. KOKOTOVICt

Abstract, A new series expansion method is developed for a class of nonlinear singularly perturbed
optimal regulator problems. The resulting feedback control is near-optimal and can stabilize essentially
nonlinear systems when linearized models provide no stability information. The stability domain is shown to
include large initial conditions of the fast variables. The control law is implemented in two-time-scales, with
the feedback from the fast state variables depending on slow state variables as parameters. The coefficients of
the formal expansions of the optimal value function are obtained from equations involving only the slow
variables.

1. Introduction. Compared with the rich literature on linear regulator theory,
publications dealing with feedback design of nonlinear systems are a small minority.
Realistic approaches to the difficult nonlinear feedback control problem usually
exploit properties of special classes of systems to develop approximate methods [1],
[2]. The approach in this paper exploits multiple time scale properties of a class of
nonlinear singularly perturbed systems [3], [4] to achieve stabilization and near-
optimality. The stabilization results obtained are essentially nonlinear in the sense that
they also apply to the critical case when linearized models provide no stability
information. Due to a separation of time scales, the proposed design procedure is
applicable to higher order systems.

The problem considered is to optimally control the nonlinear system

(la) =a(x)+A(x)z q-Bl(X)U, X(0) X0,

(lb) tzz" a:(x)+ A:(x)z + B:(x)u, z(0)= z0,

with respect to the performance index

(2) J= Io [p(x)+s’(x)z +z’O(x)z +u’R(x)u] dt,

where x > 0 is the small singular perturbation parameter, x, z are n-, m- dimensional
states, respectively, u is an r-dimensional control and the prime denotes a transpose.
It is assumed that there exists a domain D c R containing the origin such that for all
x e D and z e R" the problem satisfies the following assumptions:

I. The functions al, az, A1, A2, B1, Be, p, s, q and R are differentiable with
respect to x a sufficient number of times and ax, a2, p and s are all zero only
at x-0.

II. The matrices Q(x) and R(x) are positive definite, that is, Q(x)> 0, R(x)> 0.
Furthermore, the scalar function p + s’z + zQz of x and z is positive definite
in both x and z.

III. For every fixed x D

(3) rank [B2, A2B2, A-B2] m
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supported in part by the National Science Foundation under Grant ENG 74-20091, in part by the Energy
Research and Development Administration under Contract U.S. ERDA E(49-18)--2088, and in part by the
U.S. Air Force under Grant AFOSR 73-2570.

" Coordinated Science Laboratory and Department of Electrical Engineering, University of Illinois,
Urbana, Illinois 61801.
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and hence A2(x) is assumed to be nonsingular. (If not, then using u t +
K(x)z such that A2 +B2K is nonsingular we redefine the problem.)

Assumptions I and II establish that the origin is the desired equilibrium of (1).
Assumption III and Q(x)> 0 simplify the derivations. Alternatively a less restrictive
stabilizability-detectability condition can be used.

Finite time trajectory optimization problems for the same class of systems have
been treated in [3], [4].via singularly perturbed two point boundary value problems
originating from necessary optimality conditions. The resulting controls are open-loop
and require boundary layer correction terms at both ends of the interval. For the
infinite time regulator problem considered here the Hamilton-Jacobi-Bellman
sufficiency condition is more suitable since it readily incorporates stability require-
ments and leads to feedback solutions. Using this condition we obtain near-optimal
stabilizing controls in feedback form and avoid explicit treatment of boundary layer
phenomena.

Our procedure is based on a nested power series expansion of the optimal value
function in z and . An advantage of this procedure is that it uses lower order
equations involving only the slow variable x. In applications truncated series are of
interest. Stabilizing properties of various truncated designs are discussed and an
explicit estimate of the stability domain is given. It is of practical importance that this
domain encompasses large initial disturbances of z(0). Furthermore, near-optimality
of these truncated designs is established in terms of O(/x), O(/x2), etc. A particularly
useful result is that an O(/x) near optimal feedback control can be implemented
without knowing the value of the small parameter

The paper is organized as follows. In 2 a reduced order problem is formulated
for the slow variable x. The crucial assumption is that the properties of its solution are
known. Using a truncated expansion of the optimal value function the so-called
composite control is introduced in 3. Since the leading term in the series is the
optimal value function of the reduced problem, the original problem is well posed. In
4 it is shown that the composite control guarantees a finite domain of stability for the

resulting feedback system. In 5, a formal expansion of the optimal value function is
proposed and near-optimality results are discussed. An example is discussed in 6.

2. The reduced control. In singular perturbation techniques [5], a problem for
the full order system (1) where/x > 0 is interpreted as a perturbation of a reduced
problem

(4a) 2=al(x)+Al(X)z+Bl(x)u, x(0)= Xo

(4b) 0= az(x)+A:(x)z + B2(x)u,

in which 0. Due to assumption III, z can be solved from (4b) and eliminated from
(4a) and (2). Then the reduced problem is to optimally control the system

(5) 2 ao(x)+ Bo(x)u, x(0)= Xo

with respect to

(6) Jo Io [po(x)+ 2S’o(X)U + u’Ro(x)u] dt,

where

(7)

ao=a-A1Ala2, Bo=B1-AxAaB2,
po=p-s’alaz+aA-aoaaz, so=Ba’-l(OAa-1/2s),
Ro R +B’2A ’-I QA-IBz.
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The origin x 0 is the desired equilibrium of the optimally controlled reduced system
(5) for all x D, since, in view of assumption II, a0(0)= 0 and

(8) po(x + 2S ’o (X )U + u’Ro(x )u

is positive definite in x and u.
The reduced problem (5), (6) is considerably simpler than the original problem

(1), (2) because of the elimination of the fast variables and the reduction of the system
order. One of the tasks of the singular perturbation analysis is to establish whether the
full problem is well-posed in the sense that its solution tends to the solution of the
reduced problems as Ix 0. If so, then the next task is to deduce the properties of the
original problem from the properties of the reduced problem. Finally these properties
are to serve as a basis for a simplified design procedure.

To formulate our basic assumption about the properties of the solution of the
reduced problem we use the optimality principle

(9) 0 min [po(x)+ 2S’o(X)U + u’Ro(x)u + Lx(ao(x)+ Bo(x)u)],
where L is the optimal value function and Lx is its partial derivative with respect to x.
This yields the minimizing control

(10) Uo R-d (So + B’oL,,)’
whose elimination from (9) results in the Hamilton-Jacobi equation

(11) O=(po-s’ogiso)+Lx(ao-BoR-lSo)-1/4LxBog-lB,oL,, L(0)= 0.

Note that, due to (8), Po-soR-lso is positive definite in D. Our crucial assumption is
then stated as follows.

IV. The unique positive definite solution L(x) of (11) exists in D and is differen-
tiable with respect to x a sufficient number of times. Furthermore the level
surface L Co constant is taken to be the boundary of the set D.

In the special case considered in [1], where the linearization of (5-) at x =0 is
stabilizable and its states are observable in the quadratic approximation of Jo, our
assumption IV is automatically satisfied for all x near the origin. It follows from
assumption IV that Uo is the unique optimal feedback control for the reduced problem
and L is a Lyapunov function of the optimally controlled reduced system

(12) ao-BoR-d (So+1/2B’oL’)= ao(X),
establishing that the origin is asymptotically stable and the set D belongs to its domain
of attraction.

3. The composite control. The optimal value function V(x, z, Ix) of the full
problem (1), (2) satisfies the equation

(13)
0=min, [p+s’z +z’Qz +u’Ru+ Vx(al+Al:Z +BlU)

+--G(a2+A2z+B2u)

where Vx, Vz denote the partial derivatives of V with respect to the variables x, z,
respectively. The minimizing control of (13) is

L ),1 -1 BV’ + .V’z(14) u -R Ix
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and its substitution into (13) yields the Hamilton-Jacobi equation

1
O=p+s’z +z’Oz + Vx(al+AlZ)+--Vz(ae+Az)

(15)
1

VxB1 +-- VzBe R B’ V’ +--B’z V’z V(O, O, ix) O.

Since system (1) is linear in z and J is quadratic in z, and since 2 is multiplied by
ix, we seek a solution of (15) in the form

V(x, z, ix)= lT"o(X)+ Ix I7" (x)z +ixz’f’e(X)Z + Ixq(x, z, ix)
(6)

-= 9(x, z, )+ q(x, z, ), 90(0)= 0

where

(17) 3q/Ox O(1), 3q/Oz O(ix).

We shall investigate the expansion of q in a later section. The partial derivatives of V
with respect to x, z are

(18)
Vx= Vox+O(g),

Vz 9i + 2gz’ V: + o().
Substituting (18) into (15) and neglecting the ix-dependent terms, we obtain the
equation

0=p+ roxa+ -’rlae-1/4(roxBl+ Q"xBe)R-I(BI Q"ox +BI)
(19) + [s’+ 2alT"e+ ox(A1-B1R-1B.C/’:z)+ ?i (Ae-BeR-iBfZe)]Z

+ z’(O + fZ:A: + A& f’:- fz:n:g-ln, f’:)z.
In order to satisfy (19) identically for all z, we require that-

(20) 0 p + I,S’oa + I?’lae- 1/4(lT"oB1 + "IBz)R-I(B’I ""o, + B. 91), fr0(0)-" 0,

(21) 0 s’+2ar2 + ox(A1-BIR-1B’2Q2)+ ’1 (A2-BeR-IB’2Q2),
(22) 0 Q + Q2A2 +A I7"2- QeB2R-IB
At each fixed value of x, (22) is an algebraic Riccati equation for V2. In view of (3) and
O(x)> 0, the unique positive definite solution V2 exists such that for all x D, the real
parts of the eigenvalues of fi2=A2-BzR-XB’2r2, denoted by Re (,(fi,2)}, are less
than a negative constant. Thus A2 is nonsingular and V can be expressed in terms of
Vox and Ve as

(23) 121 =-[s’+2alT"2+ ox(A-BIR-1B2)],-a.
It is of crucial importance that the elimination of V1 from (21) results in an equation
involving only V0. For the well-posedness of the full problem it is necessary that the
leading term Vo of (16) be identical to the solution L of the reduced problem.

LEMMA 1. If assumptions III and IV are satisfied, then the unique positive definite
solution Vo(x) of (20)--(22) exists in D and is identical to the solution L(x) of the reduced
problem (5), (6).

Proof. It is shown in the appendix that eliminating V1 from (20), we obtain the
Hamilton-Jacobi equation (11) with V0 in place of L, and hence Vo(x)=-L(x) with
properties as in assumption IV.
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By virtue of Lemma 1, Vo and V2 are solved independently from (11) and (22).
This is the separation of time scales in the design of nonlinear regulators, analogous, to
the linear time-invariant design in [7].

Using V, we derive the control

(24) -1/2R-[B (Z’o, +B (rl
=-u+OOz),

whose main part uc is defined as the composite control. Eliminating V1 from (24) using
(23) and following the derivation in [7], we can write uc as

u -R (So+1/2B’o g’o)-R-B’z9z[z.+a(a2 BoR (So+Bo fZ’o))]
(25)

where

(26a)

uo-R-IB.CZz(z

fi.
_
(x ) A:z B:zR B ’ Q2(26b) az(x) az-1/2BzR-a(Bi (Z’ox + B’2 if’l), az(0) 0.

Hence the composite control uc consists of a slow control Uo which optimizes the
reduced system (5) and a fast control -R-1B’ (Zz(z +.,-)which optimizes the fast
part (z +A a2) of z in the sense that f’2 satisfies (22). Note that when z is not
penalized in (2), that is when O(x)= 0, but Re {A (Az)}< 0, then V2 is identically zero
and uc reduces to Uo of (10). Stabilizing properties of the composite control u are
established in the next section.

4. Stabilizing properties. System (1)controled by u is

Yc=a+Az +Bu--d(x)+A(x)z, x(O)=xo,
(27)

I.z- a2 + AzZ + B2uc =- g2(x)+ A2(x)z, z(0)= Zo,

where

ll al-1/2BIR-a(B Qx +B Qa), al(0) 0,
(28)

gx=AI_BR_B.Q2"

With the change of variables

(29) =z+8
exhibiting as the fast part of z, system (27) becomes

(30a) ao +A xn, x(0)= Xo,

(30b)
M(x)+[X(x)+F(x)]n, n(O)=o+X(xo)aa(xo).

Since the right-hand side of (30b) is an O() perturbation of Xa(x) and Re { (Xa)} <
0 in D we expect that will rapidly decay to an O() quantity. This motivates the
introduction of

(3) v(x, n; )= Vo(x)+ v(x)n.
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as a tentative Lyapunov function for (30). Here 8’ is a small positive scalar to be
determined. From assumptions III and IV, Vo(x) is positive .definite and V2(x)> 0 in
D. Hence U is positive definite for all xD and r/R". Furthermore, since
Vo(x) Co > 0 for all x on the boundary of D, the surface

(32) S(x, n; )= (x, n" U(x, n; ’)= Co}

is closed in the (n + m)-dimensional domain x D, r/ R". We define Sin to be the
domain in the interior of $.

Let D1 be a set strictly in the interior of D, that is, the boundary of D1 does not
intersect the boundary of D, and let E be a bounded set in R". The presence of 8’ in U
extends S to encompass (x, z) for all x D and for z in any prescribed set E. This
crucial result is stated as follows.

LEMMA 2. If assumption III and IV are satisfied, then there exists an > 0 such
that the domain Sin contains all x D, q E.

Proof. At each point , D, the projection S onto the rt subspace is the ellipsoid

(33) n’fz2()n (Co- I7o())/,

implying that r/ extends to O(1/x/). Hence for every , there exists an (.)
sufficiently small such that the ellipsoid (33) includes all r/ E. (Note that we must
exclude the boundary of D because from (33) the projection of S at any point on the
boundary of D is a single point r/= 0.) Hence if we choose * to be the smallest of such
’(), the domain Sin contains all x D, r E for any (0, g*].

By virtue of Lemma 2, the initial condition rt(0) of (30b), and hence z(0) of (27),
can be as far away from zero as O(lx/) and still be enclosed by S. We now examine
the relationship between 8’ and

Using (11), (22) and rearranging, we obtain the time derivative of U with respect
to (30) as

---’Q(x)- --*I’M(x,(34) /3= -g(x, , /x)-2/z
where

g gx-x-Tgy’Q y, gl Po s’oR-So + 1/4 (’o,BoR-IB’o Vow,-’

(35) y A Q’ox + 2 geQ2f q -Q y,

M=+ V2B2R

Since f’2F2 +/’ f’2 and I’2 are bounded for all x, r/in Si,, and since Q(x)> 0 in D, it
follows that there exists a g > 0 such that M> 0 for all x, in Si. and for g (0, g ].
Thus the last two terms in are positive definite. To ensure that g(x, , ) is positive
definite, we assume that the reduced problem also satisfies

V. The limit

lim Y’Q-Y= k()<(36)
Ixlo gl

exists for all fixed > 0.
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Note that k ->_ 0 because y,O-ly is positive semidefinite and gl is.positive definite. The
limit (36) implies that there exists a domain/) about x 0 such that

(37) y,O-ly _< (1 + k)gl,

that is, such that for/z < 2/(1 + k), g is positive definite in/); see (35). Let/(’)> 0 be
the minimum value of gl on the boundary of D. Hence in the domain

(38) /)l(X) {x’g(x)< },

g is positive definite. On the other hand, since D is bounded, there exists a k()>0
such that y’Q-ly < kl for all x D, that is, such that g is positive definite when x is not in
the domain

(39) /(x) {x’g(x)</xkl/2’}

about the origin. But for < 2kk1, c 1, implying that g is positive definite in D.
Thus is negative definite for all x, contained in Sin. We now conclude that U is a
Lyapunov function for (30) guaranteeing that x 0, 0 is asymptotically stable for
all x D1, E and for (0, *], where

(40) *=min l+k’

Returning from the variable to the z variable via z -g, we obtain for
all x e D, E a corresponding bounded domain N for z. We summarize the above
discussions on the asymptotic stabilizing property of uc in (24) as follows.

THEOREM 1. Iassumptions I-V are satised, then there exists a * > 0 such thator
all (0, *] andor all x D and z in any prescribed bounded seres, the origin x 0,
z 0 o[ the [eedback system (1) controlled by the composite control u is asymptotically
stable.

Theorem 1 can be applied in two different directions. As outlined above, for any
given D and N1, we first find * such that S of (32) contains all x e D1, z N. Then
we find * from (40). This direction is suitable when is a parameter at the designer’s
disposal, such as a gain factor [9]. In the other direction, if represents some given
physical parameters, such as time constants, we use its value to determine the smallest

such that of (34) is negative definite, that is we find the largest D and N.
As a special case of assumption V, consider that the origin x 0 of the reduced

system (12) is exponentially stable. Then near the origin, Po- sRso, o grow as Ixl,
and I0, la01 grow as xl, and we can find positive constants k,. , k9 and such
that

klxl2po-s;elsoka[x[, /4[x]0 ksIx[2
(41)

k6[x] k lx I, k lxl laol k lxl
for all Ix]< 8. It follows from (41) that there exists a fixed ko()> 0 such that

(42) y’Q-y k olxl=
and the limit (36) is bounded by

lim
Y’Q-Y kl0lX[= kl0(43)

I1o gl -Ilkl]=k2
satisfying assumption V.

In this case a claim stronger than Theorem 1 can be made.
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COROLLARY 1. If assumptions I-IV are satisfied and the origin x =0 o[ the
reduced system is exponentially stable, then the conclusion of Theorem 1 holds and
moreover the origin x 0, z 0 o[ (27) is exponentially stable.

Proof. The first part of the corollary follows from Theorem 1. The second part
follows from the linearization of (27) at the origin

(44) [66] / ----The system matrix of (44) has one group of nsmall eigenvalues O() close to those
of and another group of m large eigenvalues O(1)
close to those of (1/)(0) [8]. But and (Sao/SX)[=0
(88/Ox)-(Sa/Sx)x=o as a(0)= 0. Thus the real parts of the eigenvalues of
the system matrix of (44) are all negative and x 0, z 0 is exponentially stable.

If the origin x 0 of the reduced system is only asymptotically stable but not
exponentially stable, then in general g need not be positive definite for all x e D. This
situation includes the critical case when the linearized model does not provide any
stability information as clarified by the example in 6. For this situation the system is
now shown to possess a weaker stability property, that is, its trajectories tend to a
small sphere around the origin. Define the domain in R

(45) p(x)= {x. g(x; , u)-<_ 0},

which is contained in the domain/5 of (39). Due to the presence of/ in (34), f may
be positive only if x p(x) and /= O(/,). Otherwise, tff is negative. If we define the
surface

(46) (x, z)= {x, z "x eo(x; t,), z -A(x)a(x)}
about the origin in R "+", uc defined by (24) is a stabilizing control in the following
sense.

THEOREM 2. If assumptions I-IV are satisfied, then there exists a *> 0 such that
for all tz e (0, *], the feedback control (24) steers all x DI, z E1 of the full system
O(tz) close to the surface r(x, z).

Proof. Since U > 0 and < 0 except for x p(x) and r/= O(/z), x converges to
O(x) and r/decays to an O(tx) quantity. Thus in the x, z variables, (x, z) converges to
an O(tz) neighborhood of the surface 7r(x, z).

In the case where the fast transients of z in (1) are exponentially stable, that is,
A2(x) is stable for all x D, and we are only concerned with the optimality of the
reduced system (5), then the z-independent reduced control u0 of (10) stabilizes the
full system (1) with essentially the same stabilizing properties as uc of (24). We shall
not repeat the argument.

An attractive feature of the controls Uc and Uo is that they do not require the
knowledge of the actual value of tz provided that it is sufficiently small. When
appropriately implemented, these controls stabilize the full system (1) and achieve
optimality of the reduced system, and in the case of uc, also.optimality of the fast part
of z. The above results also answer the question of well-posedness by giving the
conditions under which the same optimal reduced order system is obtained when tz is
set equal to zero either when system (1) is uncontrolled or when it is controlled by u
or Uo. In contrast to many other singular perturbation results which require tz to be
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sufficiently small, this section provides a method to compute an estimate of allowable
values of ix given a stability domain or vice versa.

5. A formal expansion and near-optimality. The equation (16) only satisfies the
Hamilton-Jacobi equation (15) to O(ix) order. We now propose to solve (15) by
expanding V formally as a nested infinite power series. If this power series is con-
vergent, then the optimal solution V of (15) exists. For x, z near the origin, it has been
shown in [1] that the optimal solution exists and possesses a power series expansion
when system (1) after linearization at the origin is stabilizable and the state in the
quadratic approximation of J is observable. Here we are interested in a power series
of V which satisfies (15) to any. order of ix.

Since system (1) is linear in z and J is quadratic in z, the optimal value function
can be expanded as a power series in the components of z [2]. In addition, since z is
the fast variable, the z terms in the optimal value function are multiplied by appro-
priate powers of ix [5]. In view of these two characteristics, we seek a solution of (15)
in the form

(47)

where Vim2...h is the (jl, h,"’ ", ]i) element of the completely symmetric generalized
matrix V/of dimension rn and z. is the ]th component of z. The summation signs in
(47) and in other equations in the paper will be omitted when there is no confusion as
to which indices 1,2,’",i are being summed. The partial derivatives
V,,, Vzl," ", Vz,,. expressed in terms of the vector x and the scalars z 1," ", z,, are

(48a)

(48b)

Vx Vox q- ix V1]xZ] q- ix V2]kxZ]Zk +

Vz, ix Vii + 2ix V2,zi + 3ix:’ V3ijkZjZk "" 1, 2, , m,

where the summation signs over ], k are omitted.
For the series (47) to satisfy (15) as an identity, we first rewrite (15) in terms of

the vector x and the scalars z 1," , z,,,

(49)

1
O p -l- sizi q" Qijzizj + Vx(al q-A liZi)q--- Vz,(a2i + A2ijzj)-- VxB1 +--V,Bz, R B’ Vx +IB,V,

where Si, a2i are the ith components of the vectors s, a2, respectively, A li is the/th
column of the matrix A 1, B2i is the ith row of. B2, Q,, A2i are the (i,/’) elements of Q,
A2, respectively, and the summation signs over the indices i,/" are omitted. Then, upon
substituting (48) into (49) and equating the coefficients of the like powers of zi, we

The (/’x,/’2," ", h) elements of V/are identical for all permutations of the indices/1,/2," h [6].
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obtain

O=p+ Vo,a+ Vlia2i-1/4(VoxB + V,,Bz,)R-(B V’ox +B.,Va),
(50a)

Vo(0, tz)= 0,

0= si + Vo,Ali + lzVli,al + VljA2ji + 2 V2ija2j-1/2(Vo,B1 + VliBi)
(5o)

R-(BVx + 2B&iV2i), 1, 2,..., m,

0 O, + V:,,a +g(V,A) +2(VAi) +3V3ia2
-(VoB + VB:)R-(B Vijx +3BVs)

(50C)
( VlixB1 + 2 V2ikB2k )R (B Vix + 2BkV2k/),

i,]=l,2,. .,m,
20= Vaiika + VEiiAk) +42V4ika2 + 3 VsiioA:k)

(50d)2 -(VoxB1 + VlqB2q)R-(2B Viikx + 42BqV4iikq)
--((VlixB1 + 2 V2iB2q)R-I(B Vikx + 3B.V3ik )),.

i,j,k=l,2,...,m,

where the right-hand sides of (50a), (50b), (50c), (50d), , are the coecients of the
z-independent terms and of the zi, ziz, ZZiZk,’’’, terms, respectively. Because of
symmetry, there are re(m+ 1)/2 equations in (50c), m(m + 1)(m +2)/6 equations in
(50d) and in general, k=O (m + k))/i, equations when the coefficients of ZilZ=" zh,
h, j2,’" ", j 1, 2,..., m, are equated.

For a simplified treatment of these equations we now exploit the presence of the
small singular perturbation parameter g. We expand each coefficient of (47) as a
power series in g"

() (x, g)= E g V,(x), i=0, , 2,...,
i=0

where the boundary condition of V is V (0)= 0, j 0, 1, 2,.... The expressions
(51) substituted into equations (50) are to satisfy them as identities in g. Equating the
coecients of the like powers in g, we generate sets of equations for V{, i, j
0, 1, 2, .. The first set of equations obtained by equating the g-independent parts in
(50a), (50b), (50c), are precisely equations (20), (21), (22), respectively. Hence from
the uniqueness of solutions to (20), (21), (22), conclude that

(5) v o L, V 1, V :,
and V thus consists of the leading terms of V.

The second set of equations in matrix form

(3a) 0 Vo,al+ vl’:, v (0)= 0,

(3b) 0 V,g, + V’, + Vl’g: + V,
0

(3c) 0= V:,a,+(v,gl+g;vL)+ vg:+gv + 3(v:),

2 The subscript s denotes the symmetrization operation of generalized matrices [6]. For example,

(VEikAEk4)s (V2ikA2ki "F V2jkA2ki

Vsii,A 2,k )s V ii,A2ilk "t- V3i,A2qk "4[- V3ik,A2qi + V3ki,A2q] nu V3jkttA2qi "Jt- V kittA 2qi ).
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(53d) 0= 3(W/2)s-t-(Wxttl)s,
obtained by equating the/z terms in (50a), (50b), (50c), (50d), respectively, involve
only the unknown terms Vox, VI, V and V. In (53)the multiplication of an

nl n2n3 matrix by an n3n4 matrix results in an nlxn2xn4 matrix. For con-
V2xal) andvenience we suppress the last dimension of the m x m x 1 matrices o

and regard them as m x m matrices. Since A2 is stable, (53d) and (53c) can be solved
sequentially for V and V, respectively. Then VI can be solved from (53b) and its
substitution into (53a) results in the partial differential equation

(54) 0 Va0 (al V’ + 2a’2V )1a2, V (0)= 0.

In general, in equating the terms we obtain the (i+l)st set of equations
i--l, W+2. The terms W+l,involving the unknown terms V0, V, V2, V3
V-V,..., are solved for sequentially and then is to be solved from an

equation similar to (41).
The main accomplishment of the nested expansions is that the first set of equa-

tions (20(22) can be solved independently for the first three zeroth order terms V,
V, and V. Similarly, (53) and the subsequent sets of equations can be solved
independently for V, V,. ., V+2. These equations are dependent only on x and
not on z or . A further simplifying property is that at the first stage the equations
(11), (22) for V and V are decoupled.

The approximation obtained by expanding V of (47), (51) to the ith set of
equations is stated in the following theorem..

THEOREM 3. Suppose that the solutions to the i-th set of equations of V exist and let
V be the truncated series of (47), (51) including all the terms V{ up to the i-th set. Then
the control

(55) u=- nVx+ &v;’

is near-optimal in the sense that V satisfies the Hamilton-Jacobi equation (15) to an
0( ) error.

Proof. Substituting the V{ terms into (15) and using the first set of equations of
V, the coecients of terms, k < i, in the resulting equation vanish, implying O()
near-optimality.

Thus Theorem 3 implies that u of (24) is an O() near-optimal control because
it is an O() approximation of u which achieves O() near-optimality. In general,
retaining only the i terms, k <i, in u, the resulting control also is O() near-
optimal in the sense of Theorem 3.

Repeating the derivation in 4, we can show that u stabilizes the full system (1)
with similar stabilizing properties as u of (24). We first introduce the x, z +
variables and consider U in (31) as a tentative Lyapunov function. The analysis is
more cumbersome but results similar to Theorems 1 and 2 and Corollary 1 can be
established.

6. Discussion and example. The computational advantage of the proposed pro-
cedure is that all the terms of V in (47), (51) are obtained from equations involving
the slow variable x only. Moreover V and V are solved for independently. Explicit
consideration of the initial boundary layer is avoided and it is optimally stabilized by
the z variable feedback. Furthermore using the x, variables an estimate of the
domain of stability is easily obtained. Alternatively, for a stability domain to encom-
pass a prescribed bounded set e E c R a bound for can be determined.
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Several aspects of the design procedure and the stability properties of the resul-
ting feedback system are now illustrated by considering the optimal control problem
of the second order system

(56) A xz, tz, -z + u,

with respect to the performance index

Y Jo (x’ + 1/2z + 1/2u )

Solving the reduced problem we obtain L Vo x: and Uo -x:. The optimally
controlled reduced system (12) is -x 3 and its unique asymptotically stable equili-
brium is x 0. Note that the linearization of the reduced system fails to provide any
stability information at x 0. Let D be the interval [-1, 1], that is, L Co 1 at
x + 1 by assumption IV.

The pair (A2, B2)-- (- 1, 1) satisfies (3) and we can solve (22) for V2 1/2(x/- 1)
such that t2 --. Then the substitution of Vo L x 2 and V2 into (23) yields the
following expressions for (24) and (16):

(58) uc -(4x2 + (4- 1)z ),

(59) 9= x:+ xx/xZz + tx1/2(/- 1)z 2.
The resulting feedback system is

(60) xz,

This result is essentially nonlinear since the linearization of (60) at x 0, z 0
does not provide any stability information. After the change of variables r/= z + x 2,
system (60) becomes

(61) --X
3 + xr/, /x --2/xX4- (x-- 2/xx 2)/.

Since we require Ix[--< 1, x is restricted to be less than 1/x/. The tentative Lyapunov
function (31) is

(62) U(x, rt; g) x 2 + 1/2(’]- 1)grt 2.
If we require that the initial conditions of (61) be in Ix[ -< .8, In[ --< 5, then we must set
to be less than .0695 in order for the ellipse

(63) S(x, rt; g)= {x, rt" U xZ+1/2(x/- 1)grt := 1}

to enclose these initial conditions. Plots of S in the x, rt coordinates and the x, z
coordinates for g’ .06 are shown in Fig. 1. The time derivative of U with respect to
(61) is

(64)

where

(65)
gl 2X4 y 2(1- g(’,/- 1)x:)x

2x 7: r --- y, M -,]- 2x(/- 1

Since limx-,o y2/gl 2, assumption V is satisfied. For all x, rt in the interior of $ and
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x, r/coordinates

x, z coordinates

10

-1 -5
I111

0

I1

.5
X

FIG. 1. Plot of $ in (63).

.06, is negative definite for all (0, .03]. Hence x 0, z 0 is asymptotically
stable for all Ix[ -< .8, Iz + x2l <= 5 and/z (0, .03]. Furthermore, I7" satisfies the Hamil-
ton-Jacobi equation (15)with an error of 2x/x2z 2.

If we are only interested in the optimality of the reduced problem and consider
the z-part as due to "system parasitics," we can apply the reduced control Uo to (56) as
A2 1 is stable. System (56) controlled by Uo is

(66) xz, tz, x 2 z.

Transforming z to r/= z + x, system (66) becomes

(67) x 3 + xr/, /x2 2txx 2 (1 2/xx 2)r.
We use U in (62) as a Lyapunov function for (67) and the time derivative of U with
respect to (67) is

/x2(,/- 1)(q+ 1 gx2)2] 40=- 2- x

(68)
x-l[ (’,/+1 X2)X2]/x 2 7 -2
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Thus for all x, rt enclosed in S and g .06, r is negative definite for all tx e (0, .02].
Hence x =0, z =0 of (66) is asymptotically stable for all [xl-<.8, Iz +x21=<5, tz
(0, .021.

To obtain an O(2) approximation of V in the sense of Theorem 3, we solve (5 3)
for higher order terms of V and obtain

(69) u2 uc tx 2x2z,
4

X 2X2Z 2(70/ Vz= " + t+tz

System (56)controlled by u2 becomes

(71) 2 xz, 12 4-x (4- + Ix 2x2)z,
or, in the x, rt z + x 2 variables,

(72)

which is globally asymptotically stable for all tx >0. Furthermore, V2 satisfies (15)
with an error of/x2(8x4z2 + 2x 2 z3).

7. Conclusions. A nested power series expansion method has been proposed for
solving the optimal control problem of a class of nonlinear singularly perturbed
systems. The terms in the expansion V are obtained from equations involving only the
slow variable x. In addition, V0 and V are solved for independently. Explicit
consideration of the initial boundary layer is avoided and it is optimized by the z
variable feedback. Sufficient conditions are obtained such that feedback controls using
truncated series stabilize the nonlinear systems and the stability domain can encom-
pass large initial conditions of z. These truncated controls can achieve near-optimality
of O(tx), 0(2), etc. In particular, an O(tz) near-optimal feed-back control can be
implemented without knowing the value of the small parameter/z. The results apply
to essentially nonlinear problems.

Appendix. Substituting (23) into (20) and rearranging yields

o x + VoX-1/4 VoX3 V’o,
where

Xl p --(S’-[" 2a’2 V.)fi,;aa2 (1/2s’ +a V2)fi,aBzR-aB ’2A- z’-a (a s + Vzaz),

X2 2 -b" JoR-aB x,-a
2 (s + V2a2), X3

o=a-(A-BIR-BVz)a2, o=B-(A-BaR-BVz)B,
Az-BzR-1B V2,

and the superscript 0 in V and V has been dropped. Let H I +R-aBVzIB.
Then H-=I-R-BVzABz and H’-RH=R+BA-OAXBz=Ro. Thus
B’ BaH-AIB2 Boll. Hence X3 BoRXB. Also,

X=ao+BoRI[(R +BA OA;IB)g 1BVA;+BA V]a

B R- -1+ o oBA s

ao +BoRIBA-a(AV2 + QA]aBzR-B V2 + VzAz- VzBzR-XBVz)
+Sogsa-s

ao-BoRlso.
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Furthermore, fiIB2R-1B’ X’-I -1H -1 IB’ ,-1
22 AIB2HR ’B’eA AIB2R- 2A2 and

a AI +AB2R-aB2 V2/d-i

a +ABzRB(Vz +A-OABzR-B&V2)
a1- AaBzRIBA-aoaa-AXBzRaBA-1V2.

Thus X becomes

X1 p s’Ala ,-1 s2+s’AIBzR BzA2 OA -s’AIBzRIBA-+aVzAaBzRaBA-a Vzaz_ a(V2a +-1Vz)a2.
But

V2 +-1V2 VzA-A-aV2+ VzABzRaBA-OA
+A-aOABzRIBA V2

+ 2VzABzRBA- V2

A-OA _A- VzBzR-aB VzA]
+ (Vz +a-aO)ABzRBA-1 (V2 + oa)
+ VzABzRaBA-Vz-A-OABzRBA-OAXand

A’a- V2B2R-B’V2A [-(V2 +A’-O2)A-
+A-V2B2R-BV2AI]B2R-1BV2A1,

that is,

A- V2B.R-IBV.A (V2 +A-O2)AB2R-BV2
V2 +A’-O)AIB2R-IB’A’2-1(OA+

implying X po-s’oRso. Hence elimination of V from (20)yields the Harnilton-
Jacobi equation (11)of the reduced problem.

REFERENCES

[1] D. L. LUKES, Optimal regulation of nonlinear dynamical systems, this Journal, 7 (1969), pp. 75-100.
[2] Y. NISHIKAWA, N. SANNOMIYA AND H. ITAKURA, A method for suboptimal design of nonlinear

feedback systems, Automatica, 7 (1971), pt. 703-712.
[3] P. SANNUTI, Asymptotic series solution of singularly perturbed optimal control problems, Ibid., 10 (1974),

pp. 183-194.
[4] R. E. O’MALLEY, JR., Boundary layer methods for certain nonlinear singularly perturbed optimal control

problems, J. Math. Anal. Appl., 45 (1974), pp. 468-484.
[5] P. W. KOKOTOVIC, R. E. O’MALLEY, JR. AND P. SANNUTI, Singular perturbations and order reduction

in control theorymAn overview, Automatica, 12 (1976), pp. 123-132.
[6] R. L. BISHOP AND S. I. GOLDBERG, Tensor Analysis on Manifolds, Macmillan, New York, 1968.
[7] J. H. CHOW AND P. V. KOKOTOVIC, A decomposition ofnear-optimum regulators for systems with slow

and fast modes, IEEE Trans. Automatic Control, AC-21 (1976), pp. 701-705.
[8] P. V. KOKOTOVIC AND A. H. HADDAD, Singular perturbation of a class of time-optimal controls, Ibid.,

AC-20 (1975), pp. 163-164.
[9] K.-K. D. YOUNG, P. V. KOKOTOVIC AND V. I. UTKIN, A singular perturbation analysis of high gain

feedback systems, Ibid., AC-22 (1977), pp. 931-938.



SIAM J. CONTROL AND OPTIMIZATION
Vol. 16, No. 5, September 1978

1978 Society for Industrial and Applied Mathematics

0363"--01.29/78 1605-0008$01.00/0

DUALITY METHODS IN THE CONTROL OF DENSITIES*
JEAN-MICHEL BISMUT

Abstract. The purpose of this paper is to show the relation between the Davis and Varaiya maximum
principle for controlled diffusions and the maximum principle previously obtained by the author.

1. Introduction. The purpose of this paper is to prove that the extremality
relations obtained by Davis and Varaiya in [6] may be derived, under certain condi-
tions, from the maximum principle previously obtained by the author in [2] (Theorem
V-l).

Let us consider the stochastic.differential equation:

(1.1)
dx b(to, t, u(to, t)) dt + o’(t, xt) d,

x(0)=x
where (f, , P) is the space of continuous functions endowed with the increasing
family of tr-fields t (xlO<=s<-_t), U is a compact metrizable space, b(to, t, u) a
bounded measurable function on D, R/ U, nonanticipating in (to, t) versus t and
continuous in u, and /3 is a Brownian motion. We want to find a nonanticipating
function u0 defined on lq R /

with values in U minimizing:

(1.2)
T

E Io L(to, t, u (to, t)) dt

where L satisfies the same assumptions as b.
To simplify the exposition we assume first that L does not depend on u. Then

T

Io L(to, t) dt

is a bounded T-measurable function, which we call
If o- is sufficiently regular-continuous on R+Rd, bounded and invertible, we

know by [10] that there is one and only one probability measure Qxbu on the space
such thaf on (D,, bOu), (1.1) holds.

b 0Moreover, on each t, Qxb has a density Zt relative to Qx given by:

ztbu
(1.3)

2
{b(to, t, u(to, t)), a-(t, xt)b(to, t, u(to, t))) dt

where 30 is the Brownian motion generating x in (1.1) for b-0, and a is the
function o-o-*.

Then (1.2) may be written as:

(1.4) E(ATZbT, ).

But Zb" is the unique solution of:

dZ Z(o’-l(t, xt)b(to, t, u(to, t)),
(1.5)

Z(0)= 1.

* Received by the editors July 21, 1975, and in final revised form June 23, 1977.
Y 191 rue d’A16sia, 75014 Paris, France.
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Then (1.5) is an equation which has a unique solution in the sense of Ito.
Moreover, in (1.1), u was a function of the past values of x, i.e. in closed-loop form
relative to x. Now in (1.5), u is in stochastic open-loop relative to to.

This fact is extremely important to the understanding of the power of the
Girsanov transformation and to the use of the maximum principle.

We can apply the maximum principle given in [2, Thm. V-l] to equation (1.5) and
criterion (1.4). Let be defined by:

(1.6) =z(n, tr- b).

The maximum principle can then be written"

dp -- at +H d+dM

(1.7) pT -AT-

max
uU

where p0 is square integrable and o-measurable, where H is a predictable process
such that

T

(x.8) Io du <

and where M is a square-integrable martingale such that M/3, , M/3,, are martin-
gales. Moreover (1.7) may be written as"

(1.9)

dp =-(Ht, tr-l(t, xt)b(to, t, u(to, t))) dt +Ht dfl+dM
PT --AT
max (H, tr-i(t, x)b(to, t, u)).
uU

Let us remember that, as indicated in [2], the process p, is adapted to the tr-fields
{,}t---_0, and that (1.9) is a functional equation, which must be solved by finding
p0, H, M. General backward stochastic equations with a terminal condition have been
studied in [4].

In this paper we prove that it is feasible to apply the maximum principle because
of the deep convex structure of the problem, and we prove the relation of (1.9) to
Davis and Varaiya’s necessary and sufficient conditions given in [6].

In 2, the problem is rigorously defined. In 3, the problem is put in the standard
form of [2], and a dual problem is defined. In 4, sufficient conditions are written for
the solutions of the primal problem and of the dual problem. In 5, using a result of
Bene, existence results are given for both problems. In 6, a convexity assumption
used in the previous sections is removed.

2. Definition of the problem, in what follows (fl, , P) is a complete probability
space endowed with an increasing family {t}t__>0 of complete sub-tr-fields of which
is right-continuous, i.e., for any t, fq,>tt. We also assume that / is a m-
dimensional Brownian motion defined on (fl, , P) and adapted to t.

Furthermore, - is the or-field of well measurable sets in fl [0, +[ (see [7, VIII,
D14]), 5r* is its completion relative to dP (R) dr, and T is a positive constant.



DUALITY METHODS 773

The space L21 (resp. L22) consists of the equivalence classes for the measure
dP (R) dt of the *-measurable processes x such that:

E( Ixl d <+oo(2.1)

(resp. E(lx 2) dt < +oo); Lzl and L22 are endowed with the corresponding norms.
Also L is the space of square integrable s-measurable random variables, and

W is the space of square-integrable martingales orthogonal to/3, null at time 0, and
stopped at time T; W may be identified as a subspace of Lr.

The set-valued function K is defined on f x [0, T] with values in R, and has the
following properties:

(i) K has nonempty compact values,
(ii) K is ff*-measurable,
(iii) K is uniformly bounded.
The set consists of the ff*-measurable selections of K. Theorem 1 of [8] proves

that is nonempty.
For m in , let Z be the solution of

dZ Zm d,
(2.2)

Z(0)= 1.

By the Appendix of [4], (2.2) has a unique solution, and Z, is a square-integrable
martingale. It can be written as:

(2.3) Z=exp m d- m ds

Suppose Ar 6 L.
DEFXYIWIOY 2.1. Problem (P) is the minimization of

(2.4) E(ATZT)

3. General duality tormulation. We assume in 3, 4 and 5 that K has convex
values. This assumption will be removed in 6.

Let F be the set-valued function:

(3.1) (, t) {(x, s, xk)eR x R xR; x 0, s =0, k K(o, t)}.

By Theorem 2 of [8], F is ff*-measurable. It has, moreover, convexvalues, because K
has convex values.

Let L be the normal convex integrand (in the sense of [8]) which is the indicator
of F, i.e.,

0 if (x, y, H) F(w, t),
(3.2) t, H)=x, y, + elsewhere.

The functionals l0 and lT are defined respectively on L2 and L by"
a) 10 is the indicator of 1, i.e. lo(Z) is 0 if Z 1, + elsewhere,
b) lr is the linear function ZT E(ArZT).
Now, let Z be written as a general process

f3.3) Z Zo+ , ds + H dBo
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with

(Zo, , H)eL x L21 X L22.

(3.6)

Let p be the function defined by

(3.7) q(to, t, H’)=

Then

kK(to,t)

(3.8)

Similarly, we have"

We then have:

Then ()l,L(Z)< +(3(3 if and only if =0 and H Zm with m. We then have:
PROPOSITION 3.1. Problem (P) is equivalent to the minimization of
Problem (P) is then in the form given in [2, Definition 11.2].
Let L* be the dual function of L, i.e., L* is defined by:

(3.5) L*(w,t,s,p,H’)= sup {(s,x)+(p, y)+(H’,H)-L(to, t,x, y, H)}.
(x,y,H)RxRxR

L*(to, t, s, p, H’)= sup {(s, x)+(H’, xk)}
x>O

kK(to, t)

=supx(s+ sup (H’,k)).
x>=O keK(to,t)

sup (H’, k).

L*(to, t, s, p, H’)=
0 if s + p (to, t, H’)<- 0,
+oo elsewhere.

l*o (po)= E(po),
(3.9)

l.r(pr) 0 if Pr At,
+oo elsewhere.

We now define the dual problem (P’) associated with problem (P) by Definition 11.2
of [21.

PROPOSITION 3.2. The dual problem (P’) consists of the minimization of E(po)
over all processes p which satisfy

Io; Io ’’dBs+Mt(3.10) p=Po+ psds+ Hs

(Po,/0, H’, M)6 L2XL21XL22x W-L,
(3.11) p+o(w,t,H’)<-O (dP(R)dt a.e.),

PT --AT.

Pro@ By [2, Definition II.2], the dual problem consists of the minimization of
T

E J, L*(o), t, ,, p,, H) dt + 13 (po)+ I*T(--pT).

subject to (3.10).

We then define t,L(Z) by"

(3.4) St,L(Z) E Io L(to, t, Z, ,, H) dt + lo(Zo) + IT(ZT).
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By (3.8)-(3.9), we must then have (3.11) and the criterion to minimize is E(po).
Remark. It must be noted that the process p is adapted to the family of o--fields

{t}t_->0, and is nonanticipating.

4. Coextremality conditions. We are now going to write sufficient conditions for
Z to be a solution of problem (P) and for p to be a solution of problem (P’).

THEOREM 4.1. A sufficient condition for Z (associated with m :l by (2.2)) to be a
solution of problem (P) and for p (given by (3.10)) to be a solution of problem (P’) is
that:

PT --AT,

(4.1) Ot --O(w, t, H’t ) (dP(R)dt a.e.),

(H’t, mt)= q (oo, t, H’t ) (dP (R) dt a.e.).

Moreover, if such a couple (Z, p) exists, then if Z’ is any solution ofproblem (P), and p’
any solution for problem (P’), they verify the corresponding relations.

Proof. We are to verify that (4.1) is nothing else than the coextremality relations
given in [2, Definition IV.I], which are:

(t, Pt, H ) OL(w, t, Zt, t, Ht) (de(R)dt a.e.),

(4.2) Po Olo(Zo),

Pr -Olr(Zr).

This is equivalent to

L(w, t, Zt, , Ht) dt + L*(w, t, ,, p,, n ) (Zt, 0,) + (-, P,) + (H, Ht)
PT --AT.

(dP(R)dt a.e.)

(Z, Zm) and (/i, H) must be such that:

(4.3) Zp+Z(H’, m)=O.

But by (2.3), Z > 0. Then, (4.3) implies

(4.4) /i -(H’, rn ).

The definition of q, (4.4) and (3.11) imply (4.1). The remaining part of the theorem
follows from Theorem IV.2 in [2].

$. Existence results. We give now existence results for problems (P) and (P’).
THEOREM 5.1. IfK has convex values, problem (P) has a solution.
Proof. This is a result of Bene [1].
THEOREM 5.2. IfK has convex values, problem (P’) has a unique solution p, and p

is the unique adapted solution of

(5.1)
dp -q( ,., H’) dt + H’ dB + dM,

pr -At
with (po, H’, M)eL x L22 W-.

For Z to be a solution of problem (P), it is necessary and sufficient that

(5.2) (H’t, rn,) o(w, t, H’t ) (dP(R)dt a.e.),

and then

(5.3) pt
E’ATZT
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Proof. Let Z be a solution of problem (P) and m the associated element in ell By
Theorem 2.2 of [4], equation

dO -(I, m) dt+ F-I dB + d3,
(5.4)

T --AT
constrained by the condition (/50,/-r,/r)L x L22 x W, has a unique solution. By
Proposition 1.1 in [2], ffZt is a martingale. Then

E’ATZT
z,

In particular,

(5.5) E(o)+E(ATZT)= O.

If on a dPdt nonnegligible set:

(5.6)

one modifies m into m’ on this set in order to have

(5.7) (t, re’t)= (, t, t).
Let Z’ be the process corresponding to m’ e by (2.2). Then, by Proposition 1.1

in [2],

(5.8) p, ,-ff0Z0+ Z(,, m,) at- Z(,, m,) dt

is a martingale null at the origin. This implies:
T

But Z > 0, so (5.5)-(5.9) imply

(z)<(z).

Then Z would not be optimal. Hence

(5.10) (, m)= (, t,) (dPNdt a.e.).

If p is a solution of (5.1), it is possible to find Z" such that Z" and p are
coextremal" it is sucient to choose m" in such that

(dP(R)dt a.e.),

and this is possible by the compactness of K(o, t). But then Z and p are coextremal,
and p is also a solution of (5.4). Hence p ,6.

Remark. In this case where the dual state has dimension 1, equation (5.4) may be
interpreted via the Girsanov transformation. If Z is the solution of (2.2), then under
the probability measure dP’= ZTdP, ,-- rods is a Brownian motion/3".

Equation (5.4)may then be rewritten as

d I d" + d.l,

However AT is generally only integrable relative to the new measure P’ and not
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square-integrable. In the case where we may write

(5.11) E’;’AT =/J0+ /-. d/" +//,,

where H is a predictable process such that oTItlds < +oo a.s. and where is a
martingale for P’ such that M/3 ’, , M/3 are local martingales, it is not obvious
whether H is in L22. We must then use Theorem 2.2 of [4] to give a precise meaning to
(5.4). Only if AT is in Loo can we easily pass from one approach to the other.

6. The general result. In this section we remove the convexity assumption on the
values of K.

THEOREM 6.1. Problem (P) has a solution, even ifK is not convex-valued.
Proof. Let/ (w, t) be the closed convex hull of K (w, t). By Corollary 3.3 of [8],/

is *-measurable.
Let q(w, t,. be the support function of K(w, t), which is also the support

function of (w, t). By Theorem 5.2, equation (5.1) has a unique solution. The sets
K(w, t) and/(w, t) have the same extremal points, so that by Theorem 2 of [8], m can
be taken in such that

(H’, m,)= o(w, t, H’ ) (dP(R)dt a.e.).

By Theorem 5.2, problem (P) has then an optimal solution.
We reobtain partly the result of Davis [5], when L does not depend on u. In the

case where L depends on u, we can use the method of Bene [1], which gives then an
optimal randomized strategy, by going back to the problem previously solved. To
obtain a nonrandomized optimal control, we would have to use the method of
Davis [5].

As noted in [3], convexity is generally an intermediary step in the problem of
control of diffusions. Conditions (4.1) may be satisfied even when K does not have
convex values.

7. Conclusion. Duality methods are not as strong as potential theory methods as
used in [3]. Bench’ existence result gives us only "mixed" optimal control. Neverthe-
less, it is interesting to see how, in a loose sense, general problems of optimal
stochastic control are problems of control of the martingale of densities.
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FUNCTIONALS DEFINED ON FUNCTIONS OF BOUNDED VARIATION
IN R AND THE LEBESGUE AREA*

FRANCESCO FERRO"

Abstract. Let BVb(Rn) be the space of all functions T such that T Lloc(l and VT is a vector-valued
measure of finite total variation on ". In [1] we considered the functional

J(T)=min lirninf L(x, u,,(x), Vuo,(x)) dx’ uo, TBVb("),

w*
where L is a proper normal integrand u,, Loc (["), Vu,, (Ll(ln)) and u T if and only if u
T and n, GVu,,, n" GVT for every continuous vector-valued function G with compact support in R".

In this paper we give some results about the w* topology defined on BVb() and derive new properties of
the functional J. Afterward we carry on a comparison with the functional defining the Lebesgue area of a

nonparametric surface.

1. Introduction. Variational problems concerning functions of bounded varia-
tion in one dimension have been studied in [2], [3] and [4]. In [2] results are obtained
about the characterization of optimal arcs in terms of a so called "generalized
Hamiltonian condition", while in [3] and [4] sufficient conditions for the existence of
an optimal arc are given. As to the n-dimensional case we recall that in [1], given an
integral functional Iz defined on the Sobolev space WI’I(fl), we introduced a
functional J on the space BVb(Rn) (see 2 for a precise definition) of the functions of
bounded variation in Rn, so that Iz and J have the same infimum; moreover we gave
sufficient conditions for the existence of a minimum for J.

Section 2 of the present paper is devoted to summarize the definitions and main
results given in [1].

In 3 we study some properties of the suitable topology defined on BVb(Rn),
which lead to a deeper understanding Of the structure of J.

In 4 we consider the functional J corresponding to some special types of
integrands L and prove that its values may be obtained by a limit of values of Iz on
certain integral averages.

Finally in 5 we carry on a comparison between J and the functional defining
the Lebesgue area ([5] and [6]) for nonparametric surfaces and improve an existence
theorem contained in [6].

2. Functional spaces, integrands and variational functionals. Throughout this
paper fl is an open, bounded and connected subset of the Euclidean space R" whose
boundary 0fl verifies the local Lipschitz condition (in the sense of [7]).

In what follows, we often use the nonreflexive Banach spaces Ll(fl), LI(R"),
W"(fl), W’(R"); their definition and main properties are well-known [8], [9], [7].
C0(R") is the space of all continuous functions which have compact support in R"; if

f Co(R") we set

]lfllcocZ-)- max {If(x)l" x

So Co(R") is a normed space;let 0(R") be its completion. The dual space of C0(R")
(and of (’o(R")) will be denoted Mb(R") and consists of all measures which have a

* Received by the editors July 20, 1977.

" Istituto di Matematica, Universit di Genova, Italy. This work was supported in part by Laboratorio

per la Matematica Applicata del C.N.R., Italy.
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finite total variation on R" [10]. If v (/)1,""", Vn)E (Mb(R"))" we define

Ilvll((."r
i=1

where

[[v[ltb(n-) sup {IR.f(x)v(dx): fE Co(R"), If(x)[ 1}.
Now we consider the space

L tRnBVb(R") {T-: T ,oct ), VT (Mb("))"},

L rnxwhere o is the space of all functions which are locally summable in ". BVb(")
is a subspace of the space BV(") of the functions of bounded variation in the sense of
Cesari (see [11]). If T BVb(") we set

We proved in [1] that BVo("), endowed with the norm (1), is a Banach space.
Let us consider the map

i: BV(n")n(M(n"))"
such that

Obviously establishes an isometric isomorphism between BVb(Rn) and a subspace of
R O) (Mb(R" ))". Since R O) (Mb (R" ))" is the dual space of RO(0(R"))", it may be
endowed with the weak topology of the dual space, that is with the so-called w*
topology. We may identify BVb(R")with its image in the following sense" if {T,} is a
net (i.e. a generalized sequence) in BVb(R") we shall say that {T,,}w*-converges to

W*
T BVb(R") (and we shall write T - T) if

and

for every f (C0(R"))";

this convergence defines a topology in BVb(Rn) which will be called the w* topology
of BVb(R"). In [1] it is proved that the image of is a w*-closed subspace of
R(Mb(R"))"; therefore, recalling the well-known Alaoglu theorem, we may assert
that all closed balls of BVb(R") are w*-compact. Also, since R 0) (t0(R" ))" is separ-
able, the w* topology of BVb(R") is metrizable on all closed balls [12]. As in [1] we
p6t

w’s-,o (")= {u. u Lo("), Vu L(")}.
1,1Ws-loc (R) is strongly closed in BVb(Rn), but it is w*-dense in BVb(Rn) [1, Theorem

1.10].
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In what follows let

L" 1), x I x I"--> I U {+oo}

be a proper normal integrand [13]; that is:
(i) L(x,. ,. ) is lower semicontinuous for every x
(ii) L(x, .,. )+ for every x f,
(iii) EL(x)= {(u, v, a): L(x, u, v)<=a} is a measurable multifunction.

Condition (iii) means that

EZ (C)= {x" EL(x)I"I C #

is Lebesgue measurable for every C c l, x R"x R, C closed. It is known (see e.g.
[13]) that if L is a proper normal integrand and if u and v are measurable then
L(x, u(x), v(x)) is measurable. Let us define

L(x,u,v), xf,[,(x, u, v)=
O, x "-f.

/2 is a proper normal integrand [1].
Given the integrand L we define the functional

(2) IL(u) f. L(x, u(x), Vu(x))dx, u W"1(12).

IL(u) is well-defined by (2) if L(x, u(x), Vu(x)) is a summable function; otherwise we
put IL(U)=--C if there is a summable function greater than L(x, u(x), Vu(x)) and
IL(U)=+ in every other case. Throughout this paper we always suppose that there
exists u e WX’(12) such that IL(u)e . We may define also

I:(u) IL(r(u)), u e W1’1.,o(n"),

r(u) being the restriction of u to lq. Finally, if T BV(") we put

S(T) {{u}. {u}= s-loc (N"), {u,,} is a net, u -> T}
and define

(3) JC(r) min lim,,inf I;(u,): {u,,} e S(T)I, r BVb(R").

The functional J; has been defined and studied in [1]. However we think it is useful to
recall what follows"

Jr: is w*-lower semicontinuous;
1,1]c(u)<-.rc(u), u w.oo (");

inf {J(T): T e BVb(I")} inf {I(u): u e Ws-loc (")};

(4) Jg,(T1) J(T2) if T1 T e E,

where E is the w*-closure of all functions in BV/,($n) vanishing in a neighborhood of
f. Moreover in [1] we proved that if the level sets of IL (i.e. the sets of the form
{u" u e W’a(12), IL(U)<= a}) are bounded then J attains a minimum.

The space E in (4) will be characterized in the next section.

3. w*-convergence and the functional Jr:. It will be useful to have the following
lemma.
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LEMMA 3.1. Let G be an open set in ff and v a function in L(G); then

IIV]]LIo, sup Iofv" f Co(G), If(x)l<- 1, x G},

where Co(G) is the space of all continuous functions in G vanishing in a neighborhood of
OG.

Proof. We have

>-sup IIfv" fe Co(G), If(x)l <= 1, xe G}.
Now we consider a sequence {/.} C (G) (=space of all infinitely differentiable
functions with compact support in G)such that

lim f,, (x) (sgn v)(x) a.e. in G,

and

we have

If(x)l 1, x e G;

[Ivll-l)= ,,,-.+oolim If,,v <-sup yofv" f e Co(G), If(x)l <= l, x e O}.
The following proposition emphasizes the relation between w*-convergence in
BVb(I") and strong convergence in LI(f).

w*
PROPOSITION 3.1. Let {T,,,} be a sequence in BVb(In);/f Tm ,; T e BVb(R")

then lim,,,_.+ r(T,,) r(T) in L (f).
Proof. From [1, Theorem 1.10] it is enough to consider the case when {T,,,}c

wl,s-lot ("). By the uniform boundedness theorem, there exists a constant Cl such that

IITllsv.-c, for every m.

By Lemma 3.1 and (5) we obtain

i=1

and, by Poincar6’s inequality [7], there exists a constant c_ such that

Hence there exist a subsequence of {T,,} (we shall write {T,,} again) and To e Ll(f)
such that

lim r(T,,)= To in

hence

lim V(r(T.,))=VTo in ’(f) (=distributions in f).
+oO
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But we have also

lim V(r(Tm))=V(r(T)) in ’(l));

so we obtain To r(T) a.e. in f. Now it is easy to deduce that the whole sequence
{r(T,,)} converges to r(T) in La(f). [3

It is well-known (see [9]) that there exists a map

p" LI()-> LI(Rn)
which is linear, continuous and such that p(u) WI’I(R ’) whenever u wl’a(fl);
moreover in this case we have

(6) lip (U

for a suitable constant c independent of u. w*
PROPOSITION 3.2. Let {T,,} be a sequence in BVb(Nn); if Tm T BVb(N’)

W*
then p(r(Tm)) p(r(T)).

1,1Proof. As in the proof of Proposition 3.1 we may assume {T,,,} c Ws-loc (N"). We
put T’ =p(r(Tm)) and T’=p(r(T)); by Proposition 3.1 we obtain limm-+oo r(Tm)
r(T) in La(); hence limm-,+oo T’ T’ in LI(N") and

(7) lim T’m T’ in @’(R").

By (1), (6) and Lemma 3.1 there exist two constants ca, C2 such that

IIT’m IIBv(") < rill rm [Igv(") < CaC2.

Then there exists a w*-convergent subsequence of {T’ }; by (7) its limit will be T’. As
in the proof of Proposition 3.1 it is easy to deduce that the whole sequence {T’m}
w*-converges to T’. [3

LEMMA 3.2. Let T be a function in Bgb(n); then

(8) T-p(r(T))E

and

(9) Jr(T)= J(p(r(T))).

w*
Proof. Let {Urn} C Ws-’loc (n)and Um T. By Proposition 3.2 we have

w*
u p(r(Um)) T p (r(T));

now (8) and (9) follow by [1, Proposition 2.6]. [3
Now we can prove the following theorem which gives a simple characterization of

the space E (see (4) and what follows) and an interesting property of J.
THEOREM 3.1. Let T1 and T2 be functions in BVb("). Then

(10) T1- T2 E if and only if T1- T2 0 a.e. in ,
(11) T2-T2 0 a.e. in 12 implies J(Ta) J(T2).

Proof. If T1-T2 e E, then T1-T2 --0 a.e. in I) by the definition of E and
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Proposition 3.1. Conversely if T1- T2 0 a.e. in f we may write

TI- T. Tl-p(r(T1))+ p(r(T))-p(r(T2))+ p(r(T2))- T2
T1-p(r(Tt))+ p(r(T2))- T2.

Hence we obtain T1-T2E by (8) and Jf_(T)=J(T2) by (4). So (10) and (11) are
completely proved. I1

Let us define

Az(IL) {u" u e wl’l(a), It.(u) <- z},

A:(’L) ={u ueWa’(O),IL(u)z,[au=O},
11S(T)= {u}" {u} c W:o (N), {u} is a sequence, u

where T BV(N).
The following theorem states that in certain cases the functional J does not

change if in (3) we write S(T) instead of S(T) (i.e. if we consider only sequences
instead of nets).

THEOREM 3.2. Iffor every z e the level setA(Ic) is bounded (or empty), then

(12) Jc(T)= min lim inf I(u): {u} c g(T), T e BVb(’).
J

IThe same is true gL L(x, v) and Az() is bounded (or empty) for every z
Proof. Let us denote J(T) the right hand side of (12); since S(T) S(T) we have

J(T)](T). It follows that if Jc(T) + (12) holds. Now we consider T e BVb(")
such that Jc(T) < +. Let {u} be a net in S(T) such that [1]

Jc(T) lim I(u).

If L (x, v) we may assume a u 0.
In every case, if z is a constant such that z > Jc(T) there exists a subnet of {u},

which we denote {u}, such that I(u) z. Hence

&(r(u))z

and by hypothesis there exists a constant M> 0 such that

[[r(ua)llw.(,M.
Moreover we have

for a suitable constant c. We have also

Jt;(T) lim If(p(r(uo))).

Therefore the value Jf(T) does not change if in (3) we consider only nets contained in
a suitable (depending on T) closed ball in BVb(Nn); but, as we observed in 2, the
w* topology is metrizable on all closed balls; then (12) holds. 1-1

COROLLARY 3.1. If there exists 0 LI(I)) and K > 0 such that

L(x, u, v)g([u]+lvl)-O(x), a.e. in
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then A(IL) is bounded (or empty) for every z N and (12) holds. Moreover if L=
L(x, v) and them exist 0 L(O) and K > 0 such that

L(x, v)>=K[vl-O(x), a.e. in 1),

then A’(IL) is bounded (or empty) for every z and (12) holds.
Proof. The proof is trivial; however see [1].

4. Approximation by integral averages. In this section we prove that, if some
conditions of regularity are fulfilled by L then Jz(T) limh-,O/ IL(r(Th)) where Th are
the integral averages of T [7], [9], [1], [14].

Let A and Ix be nonnegative continuous functions defined on [0, +co) such that

(0)= (0)= 0;

moreover we suppose that there exists a constant c such that tx (t)_-< ct for large t.

LEMMA 4.1. Let L: satisfy

L C(x x N"),

L(x, u, is convex for every (x, u)

(13) L(x, u, v)>-_ -O(x), for every (x, u, v)E

where O(x)>=O and ]&(x)-O(xl)l<-A(Ix-xll) if x, xl

IL(x, u, u,

If {u,} is a sequence in Wa’a(t)), T La() and

lim um T in L (),

then

(14) lim sup | L(x, Th(x), VTh(X)) dx <_-lim inf Iz(u,,,),
h-O dIl(h) m+oo

where f(h) {X X D,, d (x, 0I)) > h }.
Proof. We set ’(x, u, v)= L(x, u, v)+ &(x). Then " satisfies the hypothesis of [14,

Lemma 2] (see also [14, Lemma 1]) and (14) is proved. 1-1
Remark 4.1. The hypothesis of Lemma 4.1 assures that L is a proper normal

integrand. Moreover if L: N"- N (i.e. L L(v)) is convex and nonnegative then (13)
holds; in this case we have [14, Lemma 1]

In L(V Th (X )) dx <_-lim inf Ir(U, ).
-F

In what follows, if T BVb([") we denote [VT[ the total variation measure of the
vector-valued measure V T.

THEOREM 4.1. Let L satisfy the hypothesis ofLemma 4.1; let us suppose also that
(12) holds and that there exist a constant A and g L() such that

(15) L(x, u, v)A(g(x)+lul+lvl).

If T BVs(") and

(16) IVTl(oa) O,
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then

(17) Jt:(T)= lim IL(r(Th)).
h0

Proof. We put

’(h)= IL(r(Th.))-- In L(X, Th(X), VTh(x)) dx.

W*
Recalling that Th T and, using Proposition 3.1, limh--,o/ r(Th)= r(T) in Ll(f), we
obtain from Lemma 4.1

lim inf IL(r(Th))
hO

_-< lim sup I(r(Th)
h-O

sup ’(h)+ lim sup | L(x, Th (x), VTh (x)) dx
hO+ hO+ dfl

=< lim sup ’(h)+ Jr,(T)
hO

_-< lim sup ’(h)+ lim inf I(r(Th)).
h0 hO

If we prove limh-,o/ ’(h)= 0 then (17) holds. By (13) and (15) we have

-In 4(x) dx <= ’(h)<=A(Ia g(x) dx + Ia ITh(x)l dx

(18)
+ I_,, ’v (x )l x)

The limit of the left hand side of (18) is zero; then we use the properties of integral
averages and obtain

(19) -(h)<- a(Ia g(x) dx+ Ia IT(x)l dx+ Ia [VTl(dx))
--’(h) (h)--[’(2h (h)_0,(2

where fl(h)= {x" d (x, )< h}. Since IV TI is a regular measure and by (16) the left hand
side of (19) tends to zero.

We recall that the elements of BVb(Rn) are class of equivalent functions. In what
follows we shall say that T s BVb(Rn) is continuous at a point (or on a set) if in the
equivalence class of T there is a function which is continuous at such a point (or at
each point of such a set).

THEOREM 4.2. Let L satisfy the hypothesis of Theorem 4.1. If T BVb(") and T
is continuous on Ofl then (16) and (17) hold; the same is true if T WI’I(G), G being
an open neighborhood of

Proof. In the former case we have a IVT[ (dx)=0 (see [15, Thm. 2.6] and [6,
III]); hence (16) and (17) hold. In the latter case we know that VT is an absolutely
continuous measure in G and the theorem is proved.

Let T s BVb(n); in what follows we shall say that r(T) is continuous on 01q if in
the equivalence class of T there is a function whose restriction to is continuous on
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011. As in 3 we put T’= p(r(T)) and let T, be the integral averages of T’.
TI-IEOREM 4.3’ Let L satisfy the hypothesis of Theorem 4.1. If" T e BVb(R") and

either r(T) is continuous on Of or r(T)e Wl’l(fD then

Jt;(T)= lim Ic(r(T’h)).
h-0

Proof. We observe that either T’ is continuous on 0f or T’ WI’(Rn); then by
(9) and Theorem 4.2 we have

J(T) J(T’)= lim IL(r(T’h )). [
h0

5. A comparison with the Lebesgue area. Let J be the functional defining the
Lebesgue area of a surface (see [5], [6]). We recall that

(20) J(T)= min lim inf fn (l + lVUm[2)l/2}
where the minimum is taken over all sequences {U,n} of piecewise linear functions
which converge to T uniformly in f. J(T) is defined and finite if and only if
T BVb(II) C(II), BVb(fD being the space of all functions T whose derivatives are
measures such that IVTI(f)<+o. If T eBV(N") we have r(T)eBV(f); if re
BV(f)fq C(fi) there exists T1 e BV(II") such that r(T1) T[6, III].

THEOREM 5,1, IL(v)-(1 / Ivl=)1/-, T BV(N") and r(T)e C(), then

J(T)= J(r(T)).

Proof. We observe that L satisfies the hypothesis of Lemma 4.1 and Theorem
4.3. Let {urn} be a sequence of piecewise linear functions in fl; if T BVb(N") verifies
r(T) C([I) and lim,_,+ Um= r(T) uniformly in f we have lim,_,+o Um= r(T) in
LI(o) and, by Theorem 4.3 and the proof of Theorem 4.1, we obtain

J;(T) lim IL(r(T’h))_--<lim inf It(u,,);
h0 m+oo

hence

J(T)<-_J(r(T)).

Since J is lower semicontinuous with respect to uniform convergence and
limh-,0+ r(T’h)= r(T) uniformly in f, we have

J(r(T)) <- lim Ic(r(T’h ))= J(T)
hO

and the theorem is proved.
In [6] the following definition ,is given.
DEFINITION 5.1. is uniformly convex if there exist a positive constant k and for

every x 0f a hyperplane 7rx in N" such that x rx, 7r f-1 f is empty and

sup {Ix y 12/d (y,

The following theorem is proved in [6].
TZOR,M 5.2. Let be uniformly convex and d) C(O). Then there exists

To BVb()f3 C(D,) such that

To 6 on On, J(To)<=J(T),

for every T BV() f3 C(F) such that T
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Now we shall prove a simple generalization of Theorem 5.2. In what follows we
denote y(T) the value of r(T) on (912 if r(T) is continuous on 0f and the trace of r(T)
on 012 if r(T) WI"I(f). It will always be L (1 + ]/312)1/2.

THEOREM 5.3. Let f be uniformly convex and C(OFD. Then there exists
Toe BVb(R") such that r(To) C(), y(To) & and

J:(To) =< J:(T),

where T BVb(["), y(T)= & and either r(T) is continuous on Of or r(T)6 W1’1().
Proof. By [6, Thm. 7.1], if r(T) is continuous on 0f, for h >0 there exists

Th,oBVb(Rn)fq C(") such that J(r(Th,o)) is the minimum of J in the class of the
Lipschitz functions whose trace on 0f is y(r(T’h)); moreover there exists iVo in
BVb()f3 C(f) such that limh-,O+ r(Th,o) To uniformly in f. Hence we have by
Theorem 4.3

J(T)= lim J( h)= lim J(r(T’h))_>- lim J(r(Th,o))>-_J(To)=Jf(To),
h0 h0 h0

where To p(iP0). If r(T)s W’(f), by [8] there exists t7 W’(E)(3 C() such that
T(a)= O; we have y(r(T)-a)= 0. Then there exists a sequence {v,,,}c C(O) such
that

lim v,=r(T)-a in

Therefore we have

lim (v, + a)= r(T) in wl’l("),

p(v., + Yt)e BVb("), v,.+aeC(f).

Hence [6, Prop. 8.1]

J(To) J(r(To))<= lim J(v. + rT)= J(r(T))= J(T).

We note that the result of Theorem 5.3 is contained in [16, Thm. 1], and [17] (see
also 18]).

If verifies the local Lipschitz condition, it is proved in [6] that

(21) J(T)= sup (T div g + g,,+l), g (gl, , g.), E g -<- 1, gi C (f)
i=1

The right hand side of (21) is finite if and only if T BVb(); then J may be defined by
(21) for every T BVb(). The following theorem improves the result of Theorem
5.1.

THEOREM 5.4. If T BVb([n) we have

(22) J(T)=J(r(T))

where J is defined by (21).
1,1 w*

Proof. If {T,,,}c Ws-oc(") and T, ; T then r(T,,)--> r(T) in LI(f) and by
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(21) we have

Hence

Tm(gi)x,-b gn+l), gi as in (21)< lim,,_,+ooinf sup -i

lim inf sup gi(Tm)x, + gn+x gi as in (21)
rno+oo

limm_,+ooinf Ia (1 + [VTm[2)1/2.

J(r(T))<-_J(T).

Now let/x be the (n + 1)-dimensional measure whose last component is the Lebesgue
measure and the other components are the components of V T; we obtain (see
e.g. [11])

and so

if (16) holds we have

Ih llzl Ia Ilxl J(r(T)),

and (22) is proved. Otherwise we may consider an extension T of r(T) such that
BVb(R") and [Vl(0f)=0; hence we obtain (22) because Jc()=J(T). We
remark that P exists; e.g. we may take W’(R -fi) in such a way that the trace
(in the sense of Sobolev spaces) of T on 0f is equal to the inner trace (in the sense of
BV functions; see [15], [16], [17], [18], [19])of T. I-].

A more general definition of the trace of a function of bounded variation is given
in [20].
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A SUFFICIENT CONDITION FOR
LOCAL CONTROLLABILITY*

HICTOR J. SUSSMANN"

Abstract. A system S of vector fields is locally controllable at point p if, for every positive time t, the set
of points reachable from p by an S-trajectory in time _-< contains p in its interior. Let K be the convex hull
of the values X(p) of those X S for which X(p) 0. It is well known that $ is l.c. at p if 0 interior (K),
and that $ is not 1.c. at p if 0 K. We prove that these are the only cases in which it is possible to determine if
S is 1.c. at p by just looking at the values at p of the elements of S. We prove a sufficient condition for local
controllability which gives new information for the case when 0 K but 0 interior (K).

1. Introduction. This paper is a first step towards the determination of high
order conditions for local controllability at a point. Consider a finite set S of vector
fields. An S-trajectory is a continuous curve which is a finite concatenation of integral
curves of vector fields in S. A point q is said to be S-reachable from p if there is an
S-trajectory 3’, defined on the closed interval [0, t], for some >= 0, such that 3"(0) p,
3"(t) q. If <- T, then we say that q is S-reachable from p in time <= T. We call S locally
controllable (1.c.) at p if, for every T > 0, the set of points S-reachable from p in time
=< T contains p in its interior.

We emphasize that, in the definition of "S,trajectory", an integral curve of a
vector field X is a mapping 3’ defined on some time interval I, such that 3(t)= X(3"(t))
for I. In particular, an integral curve of X run backwards in time is no longer an
integral curve of X. Hence an S-trajectory run in reverse is not an S-trajectory except
in the special case when S is symmetric (i.e. when S has the property that, if X S,
then -X S).

For symmetric real analytic S, it is easy to give a necessary and sufficient condition
for local controllability. Let L(S) be the smallest Lie algebra of vector fields that
contains S. Then S is locally controllable at p if and only if the set L(S)(p) of values at
p of the elements of L(S) linearly spans the set of all tang,ent vectors at p (cf. fok
instance Lobry [3]). For nonsymmetric S, purely Lie algebraic conditions no longer
suffice, and the relevant conditions involve inequalities and convexity arguments. Yet,
in any case, it is clear that local controllability at a point p is a property of the germs at
p of the elements of S. In the real analytic case, these germs are characterized by their
Taylor series at p. Hence it is natural to seek to characterize local controllability at p in
terms of conditions involving the values at p of the vector fields in S, and of their
derivatives. One should expect a situation somewhat resembling what happens in the
search for conditions for a point to be a local minimum of a function, i.e. that, for each
k, one would be able to partition the possible sets S into three classes Ck, Nk, D k

where
a) the decision whether $ belongs to Ck or to Nk or to Dk only depends on the

derivatives at p of order <= k of the elements of S,
b) if S is in Ck then it is locally controllable at p,
c) if S is in Nk then it is not 1.c. at p, and
d) if S is in Dk then it is not possible to tell whether of not S is 1.c. at p by just

looking at the derivatives of order =< k at p.

* Received by the editors July 8, 1977, and in revised form November 14, 1977.

" Department of Mathematics, Rutgers University, New Brunswick, New Jersey 08903. This work was
partially supported by the National Science Foundation under Grant MPS73-08524 A03.
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Let us call S k-determined for local controllability at p if it is possible to tell
whether or not $ is 1.c. at p by just looking at the derivatives at p or order -< k of the
elements of S. In this paper, we describe the zero-determined sets, and give a sufficient
condition A for local controllability which involves first derivatives and is of interest
when $ is not zero-determined for 1.c. at p. It turns out that the important object to
look at is the convex hull K of the values X(p) of those X $ for which X(p) 0. If 0
is in the interior of K, then $ is 1.c. at p. If 0 K, then $ is not 1.c. at p. Finally, if 0 is in
K but not interior to K, we are in the nonzero-determined case, and we need
derivatives to decide if $ is 1.c. at p.

Remarks. 1) That 0 interior (K), 0 K imply, respectively, that S is 1.c. at p and
that $ is not 1.c. at p, are well known facts.

2) Our definition of local controllability is one of many possible "controllability"
conditions that can be studied. Another interesting condition is "controllability at p"
defined as follows: S is controllable at p if the set of points that are S-reachable from p
contains p in its interior. The study of this condition is likely to be much harder, since
the condition does not only depend on the germs at p of the X S.

3) The technique utilized here is inspired by Krener’s work on the high order
maximum principle (Krener [2]). Problems concerning controllability along a
reference trajectory have been studied by Hermes [1].

2. Zeroth order conditions. If S is a set of vector fields on an open region f of
R n, and if p 6 D,, we use S(p) to denote the set of all values at p of the elements of S,
i.e.

s(p)= {x(p): x s}.

The convex hull of a set A of vectors is denoted by co A. If W is a linear subspace
of R n, and A a subset of W, then the interior of A relative to W will be denoted by
intwA. The absolute interior of a subset A of R" (i.e. intR-A) will be denoted by
int A.

We say that a set S of vector fields satisfies condition CO at p if 0 int co S(p). We
say that S satisfies condition NO at p if the origin does not belong to the convex hull of
the values X(p) that correspond to those x S f6r which X(p) : 0.

THEOREM 1. Let S be a finite set of vector fields on an open set f
_
R , and let

p f. Then:
(1) If CO holds at p, the set S is locally controllable at p.
(2) IfNO holds at p, then S is not l.c. at p.
Proof. Part (1) is well known (and follows easily from, e.g., the lemma of 4

below).
Now suppose that NO holds at p. Let S S’LI S" where

s’ {x: x s, x(p)= o}, s" {x: xs,x(p)o}.

Then S"(p) is a compact convex set which does not contain 0. Hence there is an affine
function f: R"R such that f(p)= 0 and f(q)>0 for all q S"(p). It follows that
Xfwthe directional derivative of f in the direction of Xmis positive at p, for each X in
S". Since S" is finite, we can find a neighborhood U of p and a constant a > 0 such that
Xf(q) >= a for all q u, X S".

Moreover, each X S’ satisfies [[X(q)[[<=c]lq-p[I for q in some neighborhood of
p, where c is some positive constant. Hence we can, by shrinking U if necessary,
assume that both bounds Xf(q)>=a for X S", and IIX(q)ll<-cllq-pll for x s’, hold
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throughout U. Also, we may assume that [[X(q )II <- D for XS", q U, and that
Igflq)[ -< Ellq p for q U, g S’.

Now let t>0 and let sx(s), O<=s<=t be an S-trajectory, with x(0)=p. If
S’={X1,.",Xr}, $"={Y1,"’, Yr’}, then the curve s-x(s) is the solution of a
system

dx ’u(s)S(x)+ Y v(s)r,.(x), x(0)=p
ds i=1 i=1

where ui, vj are suitable characteristic functions of unions of intervals. Then we have
the bound

i.e.

<- D vj(s)c u,(s) lx p]/
i=1 i=1

where u ui, v Y vi, y x-p.

cu (s)lly (s)[I + Dv (s),

Since y(0)= 0, Gronwall’s inequality gives

foIly(s)ll_-<D e cI’u()a v(r) do-.

Now v(o-)do- r(s) is the time between 0 and s during which our curve is an
S"-trajectory, whereas u(o-) do" rt(s) is the time during which it is an S’-trajectory.

Let h(s)=f(x(s)). Then, because Xflq)>=a for X S", we have dh/ds >-_a as long
as s is a point where our curve is an S"-trajectory. On the other hand, we have

dh

as long as s is a point where the curve is an S’-trajectory. Hence, if s is such a point, we
have

-s <-DEe (s),

and therefore

dh>_ DE e’(r(s),
ds-

Since h(0)= 0, we conclude that

h (s) >- at(s) DE e’()z(s)r/(s)
[a DEn (s) e ’()]’(s).

If is chosen so small that

DEt ea < ce

then DErl (s) e cn(s) <= DEt ea < a for 0 -<_ s >- t, so h (s) >_- O. Hence, as long as is small
enough, all S-trajectories defined for 0 <_-s <_-t stay in the half-space {q" f(q)>-_f(p)}.
This shows that S is not locally controllable at p. Q.E.D.
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The preceding theorem does not completely solve the problem of deciding when
S is 1.c. at p, since there is a gap between conditions CO and N. However, Theorem 1
is the best result that can be obtained by using only the values at p of the components
of the elements of S. To see this, let us call a finite set S zero-determined ]or local
controllability at p if, whenever S’ is any other finite set such that S’(p)= $(p), then S
is locally controllable at p if and only if $’ is. (Intuitively, $ is zero determined for 1.c.
at p if it is possible to decide whether $ is 1.c. at p by looking at the values at p of the
elements of $.)

THEOREM 2. Let S be a finite set of vector fields on f, and let p 1). Then S is
zero-determined for local controllability at p if and only if $ satisfies CO or NO at p.

Proof. If S satisfies CO at p, then every $’ such that S’(p)= $(p) will also satisfy CO

at p. Hence every such S’ is locally controllable at p, so S is zero-determined for local
controllability at p. A similar reasoning applies if $ satisfies NO at p.

Now assume that neither CO nor NO hold for S at p. We have to find sets S’, S"
such that S’(p)=S"(p)=S(p), and that S’ is 1.c. at p, but S" is not 1.c. at p. The
construction of S’ is easy. For each X $, let " be the constant vector field on R
whose value is X(p). Let f: R" R be a nonzero linear functional such that f(v)>=O
for all v co S(p) (such an f exists, because 0 int co S(p)). It is easy to see that, if V is
a constant vector field, and if V(x)--v, for x R", then Vf=f(v) (where Vf is the
directional derivative of f in the direction of V). Therefore Vf>= 0 for all V S’, so
that f(q)>=f(p) for all q that are reachable from p by a trajectory of S’. It follows that
all such q are contained in a half-space determined by a hyperplane through p. Hence
$’ is not 1.c. at p.

Now let us construct S". It is clearly no loss of generality to assume that p is the
origin of R". Let S {X1," , X,}. Let bi Xi(O), 1, , r. Since we are assuming
that No does not hold, we can express 0 as a convex combination of the nonzero bi. By
reordering the X, if necessary, we can assume that, for some r’ such that 1 _-< r’=< r:

0= aibi,
i=1

b - 0, ag > 0 for 1, , r’.
Since the b are nonvanishing, it follows that r’_> 2. So bl 0, b2 0. Now choose

a square matrix A such that the linear system

.f Ax + ub

is completely controllable, i.e. that bl, Abl,. , A"-Ib span R".
Define vector fields i by

)i (x Ax + bi, 1," r.

Let $"= {’, , ’r’}. It is clear that S"(0) $(0). We will show that S" is locally
controllable at 0 by proving that the (possibly) smaller set

is 1.c. at 0.
Let be the canonical simplex of dimension r’-1, i.e. the set of those points

(s, St’} in R r’ such that 0 s for 1, ., r, and that Sl +" + St’ 1.
Let R (t) denote the set of points that are S’"-reachable from 0 in time t. Then

x R (t) if and only if

(*) x= e(-’a ui(r)bi d
i=1
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with u (Ul,""", Ur’) PCt(E(r)), where E(r) is the set of vertices of the simplex r
and, for any set F, PCt(F) denotes the set of piecewise constant F-valued functions
defined on the closed interval [0, t].

Let/ (t) denote the set of all x that are of the form (.), with u BMt(cr), where
we use the notation BMt(F) to denote the set of all bounded measurable F-valued
functions defined on [0, T]. Let /(t) be the set of all x of the form (.) with u
BMt(Rr’). Then /(t) is a linear subspace of R n. By taking u(s)=(1, 0,..., 0) for
0<_-s<_-z, r being any number <-t, we see that etA[e-’Abx ds is in /(t). If we
differentiate k times with respect to z, and then set z 0 we conclude that etAAkb
/ (t). Since this is true for all k, we conclude that/ (t)= R ". If x / (t), it is clear that
ax t (t) for some a > 0. Hence he compact convex set/ (t) contains 0 in its interior.

Let S* be the set {-21, , --r’}, i.e. S* is obtained by replacing the elements
of S"’ by their negatives or, equivalently, by replacing the bi: A by -bi, -A. Define
R*(t), /*(t) in a way similar to the definition of R(t), -(t). Fix t>0, 0<-<t.
It follows from [4, Thm. 3.3] that R(r)_closure (interior R(-)), the interior being
taken relative to the maximal integral manifold I of S’" through 0. Since/ (z)_c_ I, we
conclude that I is n-dimensional, so the interior of R(-) referred to above is the
absolute interior of R (z). Let Z interior (R (z)). Since the closure of R (r) is/ (r), it
follows that the open set Z is dense in/ (z). Hence Z meets every set that contains a
neighborhood of 0, since 0/(z). In particular, Z meets t*(t-z). Since Z is open
and R*(t-r) is dense in 1*(t-r), it folloOws that Z meets R*(t--). Let pc
Z f3R*(t--). Then p is reachable from 0 in time t-z by an S* trajectory. So 0 is
reachable from p by an S’"-trajectory in time t-z. Let u be the corresponding
controller. Then u steers the open set Z to an open set containing 0, in time t-z.
Since Z

_
R (z), it follows that R (t) contains a neighborhood of 0. Q.E.D.

3. A sufficient condition for local controllability. Let S be a finite set of vector
fields on an open set f

_
R n. For each point p f, if the convex hull co S(p) contains

the zero vector, then there is a unique linear subspace L(S, p)_ R of maximum
dimension with the property that

0 int(s,) [co S(p) L(S, p )].

Let Sdenote the set of all vector fields x S such that x(p) L(S, p). We can
characterize S as the largest subset T of S such that 0 can be written as a linear
combination of the X(p), X T, with strictly positive coefficients. Let S denote the
set of all vector fields of the form IX, Y], with X S, Y S.

We say that S satisfies condition A if the zero vector belongs to the interior of the
convex hull of S(p)tA Sv (p).

We are now ready to state our sufficient condition"
TI-IOM 3. Assume that S satisfies condition A. Then S is locally controllable

atp.
Example 1. Let S consist of two vector fields X and Y in the plane. At a point p,

the set S, is clearly empty if X(p) and Y(p) are linearly independent, or if one of these
two vectors vanishes and the other one does not, or if both are nonzero and multiples
of each other with a positive coefficient. In the remaining cases, S,- {X, Y}. So
S b if and only if a) X and Y both vanish at p, or b) X(p) and Y(p) are both
nonzero and X(p) cY(p), with c > 0.

In case a) the Lie bracket of X and Y will also vanish at p. In case b), condition

A will be satisfied if and only if [X, Y](p)is linearly independent from X(p). So we
conclude that A holds if and only if b) holds and the vectors X(p), IX, Y](p) are
linearly independent. As an example, let X and Y be given, in coordinates, by (1, 0)
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and (-1, x), respectively. Then L($, 0)= {X, Y}, [X, Y] (0, 1) and therefore condi-
tion Ao holds. Hence S is locally controllable at 0.

Condition b) has a simple geometric meaning. It says that the integral curves of X
and Y at p are tangent, and that their tangent vectors point in opposite directions.
When this is so, and X and Y are analytic, it is not hard to completely determine the
necessary and sufficient condition for local controllability at p. Defining, as usual,
(ad X)(Z)= [X, Z], we find that $ is locally controllable at p if and only if b) holds and
if there is an odd k such that (ad x)k(y)(p) is linearly independent from X(p) but
(ad X)J(Y)(p) is a multiple of X(p) for/" <k. (If (ad X)k(Y)(p) is a multiple of X(p)
for all k, and if b) holds, then the integral curves of X and Y through p coincide as
sets, an S is not locally controllable at p. Otherwise, let k be the first positive integer
such that (ad X)k (Y)(p) is not a multiple of X(p). Then k is even if the curves cross
each other, and odd if they do not.) Condition A holds when the local controllability
condition stated above is satisfied with k 1.

Example 2. In R 3, with the usual x, y, z coordinates, let the four vector fields A,
B, C, D be given by (1, 0, 0), (- 1, be, 0), (0, 1, 1) and (0, 1, 1), respectively. Then, if
p is the origin of R 3, and S {A, B, C, D}, it is easy to see that S {A, B}. So S
consists of the vector fields E and F, where E [A, B] (0, 1, 0) and F [B, A]
(0, -1, 0). The convex hull of the values at 0 of the six vector fields A, B, C, D, E and
F contains the origin in its absolute interior. Therefore the system S is locally
controllable at p.

Remark. In the statement of condition A, the set $1 consists only of the brackets
[X, Y], for X and Y in S. No higher order brackets such as [X, [X, Y]] are included.
To see why this restriction is necessary, let us suppose that, in analogous fashion to
what has been done above, we were to define $2 to be the set of all triple brackets of

2 S(p) [,.J Spl(p) U S2p (p). Then Theorem 3 would not beelements of S, and then let Ao
true if condition AI is replaced in its statement by condition Ap.2 To see this, consider
the system $ of three vector fields A, B, C in the plane, given in local coordinates x, y
by (1, 0), (- 1, x2), and (0, 1), respectively. Then [A, B] (0, x) and [A,-[A, B]]

2 holds, if p is the origin of R 2 But it is easyis not satisfied, but Ap(0, 1). Therefore, A
to see that $ is not locally controllable at p, and therefore A does not imply local
controllability at p.

4. Proof of Theorem 3. For the purpose of the proof, we shall assume that p 0.
Therefore S is a finite set of vector fields, defined in a neighborhood of 0 R n. We can
think of a vector field X on fl

_
R as a smooth vector-valued function X: lq- R ".

Then OX/Ox is a well defined matrix-valued function. The rows of OX/Ox are the
gradients of the components of X. We use x to denote the flow of X, so that

gtX(x )

is the integral curve of X which goes through x when 0. It follows that

(1) L(,X(x)) x(f(x))
at

and therefore

(2)
02

))=
Ot2 OX
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In particular

(3)

and

c] x(, (x)),=o X(x),
ot

02 OX
(4) -(*X(x))r=0 -x (X lX(x ).

Therefore,

2

cOX(x*tX(x) x 4- tX(x)+- -x )X(xl+o(t2),

the o being uniform in x as x varies in a compact set.
If X and Y are two vector fields, we recall that the Lie bracket of X and Y has

the expression

OY(x)X(x)-OX(x(6) [X, Yl(x)=
Ox -x )Y(x).

(The reader who is not familar with other definitions of the Lie bracket may take (6) to
be the definition of IX, Y].)

Successive applications of (5) give:

20g(xcI)X*Y(x)=cI)X(x + Y(x ) +- -x )Y(x ) + o

2 0 Y(x 20X(x=x +tY(xl+--x )Y(xl+tX(x +tY(xll+--x )X(xl+(t2)

t2(OY OX(x OX ) 2).=x +t(X+ Yl(x)+- -x (X)Y(xl+--x )X(xl+2-x (XlY(x) +o(t

The identity

(OX OY) OXx OY OX
(7) x +-x (X + Y)=0x +Ox Y+ 2Ox Y + IX, Y]

enables us to conclude that

20Z 2

(8) *tx*S(x) x + tZ(x)+- -O-x(X)Z(x)+-[ Y, X](x)+ o(t2)

where Z X + Y.
More generally, suppose that (X’,..., Xk) is a finite sequence of vector

fields, and let Z Xl+ +Xk. A reasoning similar to the one used to establish (8)
enables us to conclude that

(9)

where

2 OZ t2
U (x)+ o(t2)cI)X%I)x-’ *X’(x)= x + tZ(x)+ -x(XlZ(x)+-

(lO) us:= E [x’,x;].
l<=i<j<=k
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Indeed, we have already proved (9)when k 2. The general case follows by
induction. If (9) holds for an integer k, let Za= Z +Xk/a, and let U’ be defined in
the same way as u ?, with k replaced by k + 1. Then U?= U +[Z, xk/l]. Applying
(9) and then (5)we get

k+lko tXl(X) Xk+ oN
U (X)+ o(t2), x + tZ(x)+ (x)+

t2(OZz) t2uXx + tZ(x)+ (x)+ (x)

t2 Ox+

)+ tx+(x + tZx))+(, x+1 (x)+ o(t)

t: [OZz OXk+l

] t2
x + tZ(x)+ +x’+lox (x)+ ux(x)

.OX+I
+ tx’+l(x)+ t( ox z)(x)+ o(tb
x + tzl(x)+l ox z (x)+ (t),

where in the last step, we have used (7). Since U2 +[Z, X+1] U2, it follows that
(9) is indeed valid for k + 1.

Now suppose that

(11) (XI+ +X)(0) 0.

Let w be a permutation of {1,..., k}. Define

(1) u 2 Ix(, x],

and

(13)

Then (9) gives

fir(k) x’rr(k--1) X-rr (1),5=, ,, ...(R),

2

(14) t2"(0) U(0)+ 0(t2).

Now suppose that 7ra and 7r2 are two permutations. Put h =@t’"(0). Then
by (9)

0,,0,,(0) ,,(h)
20Z 2

(15) h + tZ(h)+- -x (h )Z(h)+-U (h)+ o (t2).

On the other hand, by (14), h=(t2/2)U(O)+o(t2). Moreover, Z(O)=O.
Therefore

so that

Z(h) O(t2),

tZ(h)= o(t2).
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The third term of the right side of (15) is also o(t2). Moreover

U (h)- U (0)+o(1)

so that
2 2-U (h)= -U(0)+ o (t2).

Therefore, we can conclude from (15) that

h (0)+

so that

(16)
2

(I)t"ttlO"tr2(0)--- --[ U-trI (0) -[- U,tr2 (0)] + o(t2).

It follows easily by induction that, if tr (T/’I,"’’, 7/’m) is a sequence of permu-
tations of {1,..., k}, and if we define

(17)

then

(18)
2

E U :).It’’(O) "- ri(O)-[-o(t

We will apply (18) for a particular choice of the sequence tr. Let A be the set of
all the permutations rr such that rr(1) 1 and rr(2)= 2. Similarly, let A2 be the set of
those zr for which rr(k- 1)= 1 and rr(k)= 2. Let A A (.J A2. Let the sequence t
consist of the elements of A (in any order). To apply (18), we must compute the sum

E
-rrA

ij i]
71"

i]Now g=i<.e[Xi,xi] where e=l if zr- (i)< (/’) and e=-i if
7r-1(i)> /’- O’). Therefore

where

E E x
A <

i/ -, i]

"rrA

If i> 2, let r be the transposition (ij). Then rr A iff rrr A, and e i, =-e,.
i] i]Therefore a ii-- O. If 2 then e, 1 for r s A1 and e, -1 for r s A2. Since A1

and A. each have (k- 2)[ elements, it follows that O ii --O.
Similarly, if 1, j > 2, then C

ii --0.
Finally, if 1, j 2, then e 1 for all zr s A, so that a ii

Ck, where

(19) ck =2. (k-2)! if k >2,
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Therefore we have shown that

Then (18) gives:

Z U Ck[Xl, X2].
,n-cA

(20) xlt’o(0) =ckt2--[X1, X2](0) + o (t2).

Now let E be a finite set of vector fields, with the property that

Z x(0)= 0.
XE

Let X E, Y E. Order the elements of E in an arbitrary fashion into a sequence
X=(X X2, Xk) in such a way that XI=X and. X2=Y. Then define as
above. Write r/t

x’ v for the map xlttx’ defined above. We then have

Ckt
2

(22) rt tx’v(0) -IX, rl(O)+o(tZ).

Now let (X1, Y1), (X2, Y) be two pairs of elements of E. Then

X,Xl’Yl(o)+ (’0 (0) h+o(lhl).xl Y(h) ’Or1 t(23) r/,1

XI" Y1 Y1Let J(tl, x) denote the Jacobian matrix O/OX(’t )(X)o Since ’0XI’ (X)--X it
follows that J(0, 0) is the identity matrix L Then J(tl, 0)= I + o(1) as tl 0. Substitut-
ing this into (23), we get

(24) Xl’Yltl (h)= r/ Xl’Y’(o)-t-h O ([h 1).
x2’v2(O), and apply (22) twice. The result is:Now let h

ck(t[X Yx]+t22[X2, Y2])(O)+o(t21)+o(t)+o(1) 0(t22)Xx’ X2, Y2 (0)tl YITIt2
so that

XI’Y1 X2"Y2 ck(t2[X1 rl]+t[X2, r2])(O)+o(t+t22).(25) t

Formula (25)can be generalized, by an obvious induction, to

XI,Y1X2Y2 Xr, Vr(o).--Ck((26) ft. ’/t ""llt -\i=1 t2i[Xi’ Y/] (0)+0
i=1

t/2

For s >0 let t(s) /2s/ck, and put rx’v x,v
=/t(. Then we get from (26):

(27) $X11’Y1’sX222’Y2 (srXr’Y’(O) ,
si[Xi, Y/I(0)-[- o($1 -[-"" ’[- St).

i=1

Formula (27) is valid for Sl >= 0, , s _-> 0 and X1, , X; Y1, , Y arbitrary
sequences of elements of a set E for which (21) holds.

We are now ready to complete the proof of our theorem. We are given a finite set
$ of vector fields defined near 0, and we are assuming that condition (Ao1) holds. Let
denote the family of all subsets Fc__S such that 0 can be expressed as a linear
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combination .,XFaxX(O) with ax > 0 for all X F. It is clear that, if F1 and F2 are in, so is F1 LI F2. Therefore, if we let S FF .it follows that So F. It is clear that
this definition of So is equivalent to the one given in 3. We have

(28) 0= Z xX(O),
XSo

where ax > 0 for all X $.
Clearly, both conditions (A) and local controllability at 0 are unchanged if each

X S is replaced by a multiple AX, where h > 0 is a constant which may depend on X.
After making such a change, we may assume, instead of (28), that

(29) Y X(0)= 0.
XS

Let S be the set of all brackets IX, Y], X So, Y S. Condition (a)implies that
there exist elements V1,"’, Va of S and pairs (X1, Y1)," , (X,, Y,) of elements of
S such that the convex hull of the V(0) and the [X., Y.](0) contains 0 in its absolute
interior.

We now apply the theory developed above. Take E to be $. Let b d + r, and let
Rb+ denote the set of points (tl," tb)R b such that tl >--0," tb 0. Define

/(S1 Sb ) f Vslllff Vszz fD Va]’XI’ Y1 X Y,.:,+, (o)."X-Sd $d+l

Then is defined provided S1,""", Sb are nonnegative and sufficiently small. There-
fore

I) /x maps U (’1R b+ into R ", for some neighborhood U of 0 in g b.
Moreover, it is clear from the definition that

II) /z is continuous and/z (0)- 0. Formula (27) tells us that, if we put

then

Now let

Then

(30)

pO(Sd+l, Sb)-- sa+]’X"Yx (sX"Y’(O)

p0(Sd+l,""", Sb)’- Sd+i[Xb Yi](0)+O(Sd+I+"" "’Jr’Sb).
i=1

pl(Sd, Sb)’- sa pOSd+l," Sb).

pl(Sd, S)’-(DsVdd(O)+-X((DsWaa)(O)" p0(Sd+l,""", Sb)+O(po(Sd+l, Sb)).

By (5), we have

(31) d(0) saVa(O)+ o(sa).

Also, the Jacobian matrix (O/Ox)(O(O) equals (O/Ox)()(O)+o(1) as sa-->0.
Moreover, (O/Ox)(VoO(O) is the identity matrix. Since po(sa+l,"" ,so) is O(Sd+l+

+ S0), we get

0
(32) ---(")(0)" P0(Sd+l,"’’ ,Sb)=PO(Sd+l, ,$b)+O(Sd+l +’" "+$b).
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Finally we remark that

(33) o(o(s/, , s)) o (s/ +... + s).

If we substitute into (30) the results of (31), (32) and (33) we get

(34) o(s, s)= sV(o)+ s+,[x,, Y,l(O)+ o(s +. + s).
i=1

More generally, we can define Ok recursively by

(s+_, s) ,,,v/,__ (s+_, s)"Sd+--k [k--

and prove by induction that

d

(35) o(s+-,"’, s)=
]=d+l-k

Define/xo" R b _.> R by

s]Wl.(O)-- Sd+i[Xi, Yi](O)Jr-O(Sd+l_k Jr’’’ q-Sb).
i=1

d

o(s,... ,So)= X sV(0)+ s+,[Xi, Y,](0).
]=1 i=1

Then (35) can be applied for k d (so that pa ) and we conclude that

III) /(S1,""", SO) itLO(S1, ", Sb)+ O(SI +" "+ Sb).

Let ex,. , eb be the canonical basis of R b. Then o(ei) V(0) for 1 _-< <_- d, and
/xo(ea+i) IX/, Y.](0) for 1 _<-] <-r. It follows from the way the V/, X., Y/were chosen
that

IV) the convex hull of/xo(el), ’,/zo(e0) contains 0 in its absolute interior.
Conditions (I) to (IV) imply (by a well known result which is stated as a lemma

and proved below) that the image of U fq R b+ under/ contains a neighborhod of 0.
Moreover, the construction of Iz is such that tx (s1,..., so) is in the positive orbit of S
from 0, for all (sx,..., Sb)eR+ such that/z(s,..., so) is defined. Since U can be
shrunk as much as desired, we conclude that $ is locally controllable at 0, completing
the proof.

LEMMA 4. Let U be a neighborhood of 0 in R , and let Ix" U R b+ --> R be a
continuous map such that I (0)= O. Assume that there is a linear map/xo: R o

--> R such
that

i) lz(t, to)=lzo(tl, to)+o(tl+" "+to) ]’or (t, tb) converging to
zero in U ORb+.

ii) the convex hull of the vectors /xo(el),’’ ’, txo(eo) contains 0 in its absolute
interior (where el,"’, eb is the canonical basis ofR).

Then Iz U (q R b+ ) contains a neighborhood of 0 in R ".
Proof. Select n +1 vectors Vo,’", v, in R", such that each vi is a convex

combination of the./zo(ei), and that the vi are the vertices of an n-simplex tr in R
which contains 0 in its interior. Then select/o,""", f, in R , convex combinations of
the ei, such that/xo(fi) Vi. Then the fi are affinely independent (i.e. if .Y.h. 0 and
’. Ai 0 then ho hk O) because the vi are. Therefore fo, , f,, are the
vertices of an n-simplex z c_ R b+, and/zo maps - homeomorphically onto tr. For e > 0
define a map/z z --> R" by ix (f)= e-llx(ef). Then/x is well defined for e sufficiently
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small (e.g. for e such that er

_
U). Moreover

-1 -1

-1tzo(f) + e o (e) tzo(f) + o (1),

where [1" denotes any norm in R b and the o’s are uniform in f for f e r.

Therefore/x (f)- o(f) as e - 0, uniformly for f r. Then the map/x/x r
R converges uniformly to the inclusion map from r to r", as e- 0. By a standard
argument using degree theory, it follows that/x/x (o’) contains a neighborhood of 0,
if e is small enough. Therefore x (r) contains a neighborhood of 0, and so does
e/x (’). But z(e’)= e/x(") and for small e, ere_ U. Therefore/x(U f’l R+) contains a
neighborhood of 0. Q.E.D.
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CONTROLLABILITY AND A MULTIPLIER RULE FOR
NONDIFFERENTIABLE OPTIMIZATION PROBLEMS*

J. WARGA"

Abstract. Let K be a compact subset of a normed vector space , C a convex body in a Banach space, koK, (49, ): K-R"x continuous, and (ko)C. We introduce the concept of a "directional
derivate container" A (49, )(ko) for (49, ) at ko whose definition is equivalent to that of a directional
derivative in the special case where (49, ) is "finitely C1, that is, all the restrictions of (49, ) to
finite-dimensional convex subsets of K are continuously differentiable. In general, (49, ) admits a
(nonunique) directional derivate container at ko if it can be uniformly approximated by finitely C functions
(49i, i) whose directional derivatives in some "neighborhood" of ko in K, viewed as functions on K to
1" , form a bounded and equicontinuous subset of C(K, l" x od). For a given A (49, )(ko) we define
the corresponding "scalar directional derivate container" SfA(49, , C)(ko) as the collection of all (l, A) such
that (11, 12) is a weak star limit of l’ (l, l) i" x *, I1+ Itl , l;y 0 if the closed ball in of
center y and radius 1/i is contained in C-b(ko), # O, and A is a pointwise limit of functions Mi: K l
with MiA/i(49, )(ko). We then prove a "controllability-multiplier rule" alternative which states
(defining SF(0, K) as the closed ball of center 0 and radius K) that either there exist >0 and a
finite-dimensional subset K* of K such that koK* and {49(k)lk K*, (k)+ SF(O, r)c C} contains a
neighborhood of 49(k0) in I" or there exists (l, 12, A) A(49, q, C)(ko) such that Ako MinkK Ak,
/2(ko) Maxcc 12c. These results will be used elsewhere to study optimal control problems defined by
hereditary functional-integral equations involving nondifferentiable functions of state variables.

1. Introduction. We shall consider a general optimization problem defined by
continuous functions

and a convex body C 0, where m {L 2,. .}, K is a convex and compact subset of
a real normed vector space , and is a real Banach space. We shall say that a point
ko K is a minimizing point if it yields the minimum of on the set

{k e K](k)= O, q(k) e C}.

We shall say that a function h: K 1 is (, C)-controllable at k0 if there exists > 0
such that

SF(h (ko), ) {h (k)lk K, ap(k) + SF (0, ) C},

where SF(a, ) denotes the closed ball of center a and radius t in the appropriate
space.

A large class of optimization problems, including those of optimal control theory,
-can be described in terms of the above problem. For example, K may represent an
appropriate collection of relaxed control functions combined with control parameters,
(k) may be the solution of a differential or functional-integral equation involving the
control k, &o may be the cost functional, & (k)= 0 may describe the "isoperimetric"
restrictions, and (k) C may describe unilateral or other functional restrictions.
Because K is compact and (o, & , ) continuous, the existence of a minimizing point
ko is assured if the admissible set {k Kl&(k)=0, (k)C} is nonempty. If the
function (&o,&,) is (m+l)-differentiable at ko, that is, if the restrictions of
(& o, 4, , ) to all sufficiently small convex (m + 1)-dimensional neighborhoods of ko in

* Received by the editors August 18, 1977.
f Department of Mathematics, Northeastern University, Boston, Massachusetts 02 5. This work was

supported in part by the National Science Foundation under Grant MCS 76-06756.

803
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K are differentiable at ko (as is the case in "standard" problems of optimal control),
then we have the "multiplier rule" (see, e.g. [4, V.2.3, p. 303]): for every minimizing
point ko there exists a nonzero functional (lo, 11, 12)e R x Rmx o/j. such that lo_-> 0
and

(1) lD(d, c 1, )(ko; k-ko)>-O (k eK), /2(ko)= Max 12c,
cC

where 0, is the topological dual of 0 and DX(ko; k-ko) denotes the directional
derivative lim_,o+ a-l[,t’(ko + a[k ko])- l’(ko)].

The arguments used in deriving this rule can be modified to show that if ko K,
(4, 4 1, ) is n-differentiable at ko for n 1, 2, and there exists no 0 satisfying
(1) then (4, 4 1) is (, C)-controllable at ko. In the context of optimal control,
relation (1) yields various generalizations of the Pontryagin maximum principle and of
the transversality relations that are applicable, in particular, to the optimal control of
functional-integral equations with unilateral restrictions [4, Chaps. VII, VIII] (and
thus also to ordinary differential and functional-differential equations and certain
partial differential equations).

If the assumption that (4, 4 1, ) is (m + 1)-differentia.ble no longer holds (as is
the case with optimal control problems involving differential or functional-integral
equations whose defining functions are not differentiable with respect to the state
variable) then the multiplier rule cannot even be formulated because D(4, 4 1, )
(ko; k-ko) need not exist. However, new types of multiplier rules (generalizing
Pontryagin’s principle) have been derived in the last few years by Kuguev [3], Clarke
[1], [2], and Warga [5]-[8] for different categories of optimal control problems
involving ordinary differential equations and defined by functions that are Lipschitz
continuous in the state variable. In these extended multiplier rules, the (nonexistent)
derivatives with respect to the state variable are replaced by elements of certain
set-valued "derivatives" (such as Clarke’s "generalized derivative" or our "derivate
container").

In the present paper, we shall extend the "controllability-multiplier rule alter-
native" [either (4,, 4 1) is (, C)-controllable at ko or there exists 0 satisfying an
analogue to (1)] to the case where (4, 4 1, ) need not be n-differentiable at ko for
any n but admits a "directional derivate container at ko". The latter is the case,
essentially, if (4, 4 1, ) can be uniformly approximated by continuous functions ,g
whose restrictions to sufficiently small convex finite-dimensional "neighborhoods" of
ko in K are continuously differettiable and such that the collection of functions
kD,g(k’; k-k’), for k’ "near" k0, is a bounded and equicontinuous subset of
C(K, N x’ x oj). We shall show elsewhere [9] that our present results are applicable,
in particular, to optimal control problems involving hereditary functional-integral
equations and defined by functions that are Lipschitz-continuous with respect to the
state variable.

2. The controllability-multiplier rule alternative. We denote by M[c the restric-
tion of a function M to K, by ’r the simplex

o (o, o’)e ’1o_-> o, 2 o -<-
]=1

by f(U, V) the collection of linear operators from a vector space U to a vector space
V, and by C(K, ) the Banach space of continuous functions on K to a Banach space
N with the sup norm. (We use the terms "vector (Banach) space" to mean "vector
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(Banach) space over R" and "linear" in the algebraic sense; thus elements of (U, V)
need not be continuous even if U and V are normed.) We write & for equal by
definition, A for the interior and co A for the convex hull of a set A, d[b, A] for the
distance from a point b to a set A, and SF (A, K)for {bid[b, A]-< K}. The term "convex
body" means "a closed convex set with a nonempty interior". For a function X defined
on a convex subset P of RN we use the term "differentiable at p" to mean "differenti-
able at p relative to P"; specifically, if X: P Lr then X’(P) is a linear operator on NN
to N such that

lim lq-pl-llx(q)-x(p)-x’(p)(q-p)l=o as q-p, q P--{p}.

DEFINITION 2.1. Directional derivate containers. Let (b, @): K-l"x be
continuous. A collection {A(, dP)(ko)le >0} of nonempty subsets of (, "x ),
also referred to as A" (b, )(ko), is a directional derivate container ]’or (4, d) at ko if
there exist continuous functions (bi, @i): K -" x (i 1, 2, .) such that

(1) lim (&i, @i)= (b, ) uniformly;

() A" (6, )(ko) A (, )(ko) (e’ > e);

(3) for every e >0 the set {MIclM A(b, @)(k0)} is a bounded and equicon-
tinuous subset of C(K,’);

(4) for every choice of Ne{1, 2,...}, kl, ",kNK and e >0 there exist S >0,
i* {1, 2,. .} and a corresponding set

K*’X ko+ toi(k ko) tO (tOx,"’,o
i=l

such that the functions

N

to(bi,i)(ko+ to(kJ-ko)): SffN’ (i=1,2,’’’)

are continuously differentiable, and for every k’K* and i->i* there exists M
A (b, )(ko) satisfying

P(bi, i)(k’; k-k’)=M(k-k’) (k K).

For every directional derivate container A (b, )(ko) we define a corresponding
set A(b, , C)(ko), the scalar directional derivate container for (c, , C) at ko, as the
collection of all triplets (l, 12, A) such that (11, 12) [" x *, 0, A
is continuous, and there exist sequences (/i)= ((l ,

1, 12)) in and (Mi) with
M A1/ (b, )(ko) satisfying

lim l Ix, lim lz 12 (Z e ), II11+1121=1,

lim lMk Ak (k K),

Zy<-O ify+(ko)+SF(0,1/i)C.

THEOREM 2.2. Let A(b, , C)(ko) be a scalar directional derivate container ]’or
(4, , C) at ko. Then either there exists (l, 12, Z) A(4, , C)(ko) such that

Ako Min Ak, 12cb(ko) Max lc
kK cC
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or there exist :, 8 > 0, a positive integer N, points k 1,..., kN K and a corresponding
set

K* = ko+ Z to](k]-ko) to i>0,= Z o<8=
]=1

such that

sF(&(ko),) {&(k)lk eK*, (k)+ sF(o, X) C}.

As an easy corollary of Theorem 2.2, we shall derive
THEOREM 2.3. Let ko yield the minimum of 49(k) on the set {k KI4(k)=0,

(k)C}, and let A((4,dl),,C)(ko) be a scalar derivate container for
((4, 49 1), cb, C) at ko. Then there exists ((lo, ll), 12, A) A((&, tb 1), , C)(ko) such
that

lo--0, Ako Min Ak, /2(ko)= Max 12C.
kK cC

3. Prools. For elements x (x 1, x a) and y (y!,... ya) of [, we shall
write Ix[ for the Euclidean norm, IXll for i=llXil and x. y for the scalar product. We
use the superscript T to denote transposition. All elements of R are treated as column
vectors.

In order to prove Theorem 2.2, we first establish an auxiliary result.
THEOREM 3.1. Let koK, cb(ko) C and assume that there exist continuous

functions (bi, cI)i): K -" (i 1, 2,. .), a number / (0, 1], a positive integer N
and points k 1, kN K such that, setting

K* ko+ Z o(k ko) (o ,...,to T’N

&co {ko, k 1,... kN},
we have

(1) lim (ti, (I)i)--(t, (I)) uniformly;

(2) ]’or every (1, 2,. }, the function
N

,o - (,, ,)(ko + E ,o(k- ko)): ,r, -"
is continuously differentiable
(3) for every {1, 2,. .} and k’ K*,

sF(o, y)c {D4(k’; k-k’)lk I, Ddi(k’; k-k’)+sF(o, y)c C- (ko)}.
Then there exists K > 0 such that

sF(cb(ko),) {4,(k)lk g*, cb(k)+Sr(O,) C}.

Proof. Step 1. For to (to1,..., toN)e -N, we shall write

N

h(to)&ko+ E to](k]-ko).

Since is uniformly continuous on the compact set K and lim uniformly, we
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can determine r e (0, 3,/2] such that

Ii(k0)-i(h (w’))l < 3,/2

Thus, in view of assumption (3),

(i 1, 2,’’’ I0)’11=< r).

SF (0, r)c {D4,(k’; k k’)lk I, SF(D,(k’; k k’), r)c C -,(k’)}
(4)

(k’= h (w’), Iw’l 1-’-
< r).

1N.Let Cl 2mr- We shall first show that, whenever

ie{1,2,...}, neR, In[=1, erffu, =h(), Y=r-Ila, q,q20,
(5)

Sv(,(), Min (ql, r/4)) c S (C, q2)

then for every b e [0, c71 there exist k e K* and w ru satisfying the relations

(6) [w-[cb, k h(w),

(7) &(k) ,()+ bn,

(8) Sz(, (k), Min (ql + b/8, r/4)) S (C, q2).

Let (5) be satisfied, and let denote the collection of all b’ e [0, c7 such that
for every b e [0, b’] there exist k e K* and e rff satisfying relations (6)-(8). The
number b 0 belongs to and corresponds to (k, )= (, ). The set is closed
because C is closed, rff compact and (&, )continuous. Now let e ,0<cF,
and let (b, k, )= (b, k, ) satisfy (6)-(8). We shall show that there exists > 0 such
that + e which will prove that [0, c 7.

Since c1<= r-Il, we have g r-ll>0, and relation (4)is valid
for each k’= h(’) with We can select points 1,""", = eR such that

(9) I ,l r, i l 0 (j # l), m-1/2rn m -1 2 i.

Then, by (4), there exist points Wl," , w,,, TN and kl h(wl)," , k,,, h(w,,,)
such that

(10) Db,(/; k/-/) =sci, SF(Di(,;ki-,),r)C-dPi() (j=l,... ,m).

Now let

(g’, qt)(a)& (4,, i) kS+ E ai(ki -. (a -,,,),
/’=1

and let [1,""", :,,,] denote the matrix with columns 1," ", :,,,. Then, by assumption
(2), (4’, ) is continuously differentiable near a 0 and, by (9) and (10),

’(0) [:1,..., sCm], ’(0)-= r-2[l,..., :m] T,
(11)

I o’(o)1 r, IO’(o)-Xl r-,
and there exists 8 > 0 such that, for A 6’,,, we have

(2m)-/2rSne g,’(O)A, I’(0)-[ < 2r-,
(12)

S(W’(O)a, [alr/2)c la[l[C-(0)]
For each x R=, let s(x) denote the unique point in that is closest to x (in the

sense of the Euclidean distance), and let X(x)&’(s(x)). Then X is continuous and
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nonsingular, and the differential equation

u(0)= 0

has a continuously differentiable solution u=(u 1, u’): [0, a]N for some
a >0. By (9) and (11), we have

I (o)1- r-a.
We may choose a sufficiently small so that (in view of the first relation in (12)),

(13) (2r)-Xs<=[u(s)l<=2r-ls, ]U(S)I1N1, U(s)E A

We thus have

(14) /(u(s)) O(0)+ O’(u (o.))i (o.) do" 4,(0)+ sn

Next we observe that, for 0 <- s =< a,

(u(s))=,I,(0)+ Jo do"

and, by (12) and (13),

’t’(ru(s))u(s)/S(O, lu(s)llr/2)=
Since C is closed and convex, these last two relations imply that

(15) *(u (s))- (0)+ Sv(0, [u(s)llr/2)c lu(s)ll[C-(O)l.
We set

/x Min (ql +/;/8, r/4),

and recall that (b, k) satisfies (8); hence

(0) + SF (0, tx) = C + SF (0, q2)

and therefore

(1 t)(0)+ Sv(O, (1- t)/x) c (1- t)C + SV(0, (1 t)q2) c (1 t)C + SV(0, q2).

Combining this last relation with (15), we obtain

T(u(s))+ Sv(O, tr/2 + (1- t)/x) c (1-t)*(0)+ tC

+ SF(0, (1 t)tz)= tC + (1 t)C + SF (0, qz)c SF (C, q2)

and, since/z <= r/4, this yields

(16)

By (13),

and therefore

Thus, by (16),

(17)

qt(u(s))+ SF (0, tx + tr/4)c SF (C, q2).

lU(S)]I e lU (S)I e (2r)-ls

Ix + tr/4 >- Ix + s/8 ->Min (ql + (b + s)/8, r/4).

SF((u(s)), Min (ql + (/+ S)/8, r/4)) c S (C, qz).

(O<-s<-a).

(o" E [0, 11).
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If, for b b + s [b, b + a ], we set

w=oS+ 2 ui(s)(ooj-), k=h(w),
j=l

and observe that [w’ w"l1=<N for all w’, w" 3u, then it follows from (13) that

(-0 11 (-0 (ll -" [( ll glu(s)ll + c16 2mr-iNs +Cl
=cx(b+s)=cb

and thus k and o) satisfy relation (6). Furthermore, relations (14) and (17), both valid
for s e [0, a], show that

k h(w)=/+ 2 ui(s)(ki-)
/=1

satisfies (7) and (8). Thus/+a N, and therefore [0, c-lr’].
Step 2. Let e {1, 2,...}, z R be the endpoint of a polygon originating at

bi(ko) and of (Euclidean) length c[lr, and q2&d[rbi(ko), C]. We initially set ql =0,
/ k0, o3 0 and choose for n a unit vector in It directed as the first side of the
polygon. Then relations (5) are satisfied. If the length of the first side is L1 then
L1 <-c-lr and, for b L1, there exist w =o31 and k =/1 h(031) satisfying relations
(6)-(8). Thus qbi(/l) is the endpoint of the first side of the polygon and

SF ((I)i (/1), Min (Lx/8, r/4)) SF (C, q2).

We now repeat the process for each side, choosing n as the unit vector in the
direction of that side, setting q =L/8, where L is the sum of the lengths of the
preceding sides, and selecting o3 and/= h(a3) so that bi(/) be the endpoint of the
previously considered side and

SF (()i(), Min (L/S, r/4)) SF(C, q2).

We then conclude that there exists ’i s K* such that

(18) ii (i) z, li(fi)-- SF (0, to)= S (C, di),

where t a_ Min (c-ar, 2r) and di Ad[i(ko), C].
If z SV(c/)(ko), c-(r/2) then, for sufficiently large i, z is the endpoint of a polygon

originating at i(ko) and of length c-r, and there exists i satisfying (18). We can
determine a sequence J (1, 2,...) such that (li)i converges to some -6 K*, and
then it follows from (18) that

b (’) z, (-)+ SF(0, K) c C. Q.E.D.

Proof of Theorem 2.2. Step 1. Assume that there exists no (11, 12, A) as described
in the theorem, and observe that the convex body C contains some ball SF(yo, r) with
r>0. We shall first prove that there exists /3>0 such that, for every (f,F)s
At (b, )(ko), there exists -s K satisfying

(1) /(-ko)= O, *(ko)+F(x-ko)+Sv(O, fl)C.
Indeed, assume the contrary. Then there exists a sequence ((fi, Fi))i>=io, with

io>2/r and (fi, F)A/i(,)(ko), such that for each i>=io the nonempty closed
convex set

Si A---{0} X {y t 0l(I)(/0)-[- y -sF(o, 1/i)c C}c N" x oj
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has no points in common with the nonempty compact convex set W/ (fi, F/)(K ko).
Thus there exist 1, 12) such that

We may assume (choosing otherwise appropriate subsequences) that there exists

’= (1, 2)e R" * such that

lim 1 ’1, lim ly [2y (y e ).

Since 0 e W/, relation (2) yields

(3) lis 2S2 =< 0 (S (0, S2) Si)

and, since io> 2/r and S(yo, r) C, this implies that

l(yo-(ko)+Z)<=O

Thus
r

112 [--< 12 (*(ko)- yo)

(z SF (0, r/2)).

which together with the first relation of (2) yields

r/’2((ko)- yo) >-- (1
This shows that /’= (’1,/’2) 0. Furthermore, if c C then (0, c-(ko)) Si for all
sufficiently large and therefore, by (3), l(c-(ko))<-O; hence [2C [2cI)(k0). This
shows that

(4) [2(I)(ko) Max ’2c.
cC

Since the collections {(f.F)11,:li>=io} and {liii>=io} are equicontinuous and
bounded, there exist J c (1, 2,...) and a linear functional h on the linear hull of K
such that

(5) lim io (fi, F/)(k) (k) (k s K)
iJ

and ,(IK is continuous. We may arbitrarily extend ; as a linear functional to the vector
space and we may assume that the sequence ((/, F/)) was chosen so that J
(1, 2,...). Furthermore, since (k0)s C and C # , we can select from each set Si a
point si so that limi [sil- 0. It follows then from (2) and (5) that

;(k ko) --> 0 (k K).

This relation, (3) and (4) show that (1, ’2, ;) has all the properties of (/1, 12, h), thus
contradicting our first assumption.

Step 2. Let fl be as defined in Step 1. If there exists no a (0,/] such that, for
each (f, F) A (4, cI))(ko),

(6) SF (0, a) f(K ko) I

then there exists a sequence ((fi, F/)) such that (fi, Fi) A1/i(ck, )(ko) and each convex
and compact set fi(K- ko),contains a boundary point wi with limi wi- 0. There exist,
therefore, l R’ such that [/[= 1 and

lfi(k ko)>- l wi (k K).
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The same argument as in Step 1 shows that there exists (’1, 0, ;)A(b, , C)(ko)
such that

,(k ko) _-> 0 (k K).

Thus (,1, 0, ;) has the properties of (ll, 12, ,) again contrary to assumption. Therefore
there exists ce > 0 satisfying relation (6).

Step 3. Let a be defined as in Step 2, (f, F) A (b, )(ko) and - be defined as in
(1). Since K is compact, there exists c’> 0 such that

IF(k’- k")l <- c’ (k’, k" K).

We set fl’ & 1/2(c’+ a)-la and observe that, if z SF(O, a) I" then there exists/ K
such that f(/- ko) z. We let/-a-/3’/ + (1 -/3’)- and observe that

f(/- ko) f(/3’/ + 1 -/3’1/ ko) =/3’f(/ ko) =/3’z
and

cI)(ko) +F(- ko)+ SF (0, a/2) O(ko) +F(’- ko)+/’F(/- -)+ SF (0, a/2)
c O(ko)+ F(r ko)+ SF (0, fl)c C.

This shows that

SF(O, fl’a c {f(k ko)lk K, F(k ko)+ SF(O, ce/2) c C- cP(ko)}
(7)

[(f, F) e A (, cI))(ko)l.
Step 4. We can determine points bo, , b, SF (0, fl’ce) and e 1, e2 > 0 such that

s(0, 2.) co {b, , b’}

whenever Ib b,I --< e (/- 0,. m). Furthermore, by assumption (3) in the definition
of the directional derivate container, all the elements of A"(b, )(ko) are equicon-
tinuous when restricted to K. It follows therefore from (7) that there exists a finite
subset {k 1,..., kN} of the compact set K such that, for every (f, F) A"(b, )(ko)
and every/" {0,. , m}, there exists - {k 1, , kN} satisfying

[f(- ko)- bl < e , F(fc ko)+ SF (0, a/4) C -dP(ko).

This implies that

SF (0, 2e2) co {f(k- ko)l] {1,..., N}, F(k- ko)+ SF (0, c/4) C cI)(ko)}

and therefore, setting/ & co {ko, k 1, k N},
(8) SF (0, 2e2) {f(k ko)lk I, F(k ko)+ SF (0, a/4) C cI)(ko)}.

Now let e -a and let 8, i* and K* be correspondingly defined as in assumption
(4) of Definition 2.1. Because of the equicontinuity of (f, F) e A" (b, cI))(ko)when
restricted to K, we may sufficiently reduce 8 so that, for all such (f, F) and for all
p’, p" K*,

If(p’-p")l+lF(p’-p")l <=min (e, a/8).

Then, for every k’ K* and -> i*, there exists (//) A" (b, )(ko) satisfying

D(i, cPi)(k’; k k’)= (/ P)(k k’) (1 P)(k ko)+ (/ P)(ko- k’) (k e K)

and therefore, by (8),

(9) S(0, e2) {Di(k’; k-k’)lk, Ddpi(k’; k-k’)+sF(o, a/8) C-(ko)}.
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If we set 3/&min (a/8, e2, 6, 1) and replace the sequence ((1i, IX)i)) by ((i, (i))ii*,
then it follows from (9) that the assumptions of Theorem 3.1 are satisfied. The second
alternative of the present theorem then follows from Theorem 3.1, with 3/renamed as
6. Q.E.D.

Proof of Theorem 2.3. Let

’=xN, /&Kx[O, 1], c-(k,a), ko(ko, O),

(, )(k) (b 1, )(k), (k)& bo(k) + a.

Then it is clear that we can define a directional derivate container for (o, a, ) at ko
by

A(,, )(/o) (h, h’, H)l(hX, H)(x, y) (g, G)(x) and

h(x, y)= g(x)+y (x 6F, y 6N), (gO, gX, G) A(bo, ba, )(ko)}.
We may apply Theorem 2.2 to the problem in which (4’, ), K and ko are replaced by
((4o, 1), ),/ and/o, respectively. Then the second alternative of Theorem 2.2 is
invalid because/o minimizes 4 on the set

Therefore there exists ((Io, 11), 12, A) A((b, 1), (I), C)(ko) such that

Ako Min Ak, I2(ko) Max 12C
kK cC

and

O= Min loa <-lo. Q.E.D.
a[O,1]
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CONTROLLABILITY OF NONDIFFERENTIABLE HEREDITARY
PROCESSES*

J. WARGA

Abstract. We derive a "controllability-multiplier rule" alternative for control problems defined by
hereditary functional-integral equations of the form

y(t)= J f(t, ’, :(y)(z), u(’))tx(dz) (t T)

and by associated "isoperimetric" and unilateral constraints. Our assumptions are weaker than customary
because f(t, ,., u) and the functions of state variables that define the constraints and the cost functional
are assumed to be Lipschitz-continuous but not necessarily differentiable. The arguments are based on a
controllability model of a general nondifferentiable optimization problem developed in a companion paper.

1. Introduction. We shall derive a "controllability-multiplier rule" alternative
for a class of optimal control problems defined by functional-integral equations of the
form

(1) y (t) f ]’(t, r, (y)(r), u (’))tz (dr) (t 6 T)

and by associated "isoperimetric" and unilateral constraints. The problems we
consider are to some extent similar to those previously studied in [6, Chap. VII] but
they differ in four respects: (a) We shall consider only "p-hereditary equations"
(which can be thought of as generalizations of Volterra-like functional-integral equa-
tions to higher-dimensional domains T), and (b) we shall only study relaxed controls u
while both relaxed and ordinary controls were studied in [6, Chap. VII]. On the other
hand, (c) we shall investigate the case where f(t, r, , u) is Lipschitz continuous while in
[6, Chap. VII] necessary conditions were derived only for functions f(t, ’, , u) in C 1.
Finally, (d) we shall consider the controllability aspects of the problem as well as the
"alternative" necessary conditions for minimum.

Our approach to these nondifferentiable hereditary processes is based on a
general model of nondifferentiable optimization problems investigated in a
companion paper 13]. That paper owes much, in turn, to the more specialized studies,
in [7]-[ 11], of the controllability and optimal control of ordinary differential equations
without smoothness or convexity assumptions. The latter problem was also studied,
using other methods, by Kuguev [5] and Clarke [1] (see also the references listed in
[31).

There is a fairly large and growing body of research on the optimal control and
controllability of functional-integral equations, expecially in the form of functional-
differential equations, much of it apparently inspired by applications. However, aside
from the applications, the present paper is also motivated by methodological con-
siderations. It seems to us to demonstrate the usefulness of the general controllability
model developed in [13] and of the concept of a directional derivative container which
underlies it. We thus view the present paper and [13], as well as the previous more
specialized studies in [7]-[11], as contributions to "Nonsmooth Analysis." The latter
subject is also being investigated, by different methods and often on different terrains,
by F. H. Clarke [3], [4] (see also the references listed in [3]) and by H. Halkin [14].
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2. Assumptions and results. Let T and R be compact metric spaces,/x a positive
nonatomic Radon measure on T, and R (t) (t T) nonempty closed subsets of R such
that the set (t TIR(t)fq G f) is/x-measurable for every open GR. We denote
by frm (R) the collection of the Radon measures on R, by frm/ (R) resp. rpm (R) the
set of those that are nonnegative resp. probability measures, and by 6 the set of
relaxed controls, that is, of functions tr: T-rpm (R)such that tr(t)(R(t)) 1/x-a.e.
and t- 4(r)tr(t)(dr) is /x-measurable for every continuous b: R-. For any s
frm (R)and continuous b: R -Ra, we write &(s)= qb(r)s(dr), the symbol meaning
"equal by definition".

We assume given a point ta T, a convex body A c R,-2 (i.e. A is closed, convex
and its interior A is nonempty), and functions

f=(fa,. ,f,): TxTx VxR_N, (hO, ha): W._)m, h2: Thx W__>m2,

: C(T, W)L(/x, V),

where k, n, m, m2 1 - {1, 2, "}, Th is a compact subset of T, Vand W are open
subsets of Rk and n, respectively, C(T, W) is the subset of the Banach space C(T, n)
with elements whose values are in W, and L(/x, V) is the subset of the Banach space
L(/x, k)whose eleents are functions with values/x-a.e, in V.

We shall say that : is p-hereditary, where p: T- [0, 1] is a given function, if

:(Yl)(’t’) :(Y2)(q’) for/x-a.a, r with p(-)_-< a

w.henever yl(-) y2(z) for p(’)=< a. Our arguments will be based on
ASSUMPTION 2.1. There exist ClaN, /,: T x T x TR and a /x-measurable

p: T- [0, 1] such that, for all (f, t, t’, z, v, r)e Thx Tx Tx Tx Vx R,
(1) the function a -/x(p-([0, a])): [0, 1] is continuous;
(2) : has a continuous (Fr6chet) derivative :’,

[:’ (y)] -< ca (y C(T, W)),

and : is p-hereditary;
(3) f(t, r, to, r)=0 if p(’)>p(t);
(4) the functions f(t, r,., ) and h 2 are continuous, f(t, ’,., r), h, h and h2(/’,
Lipschitz-continuous with a common bound and Lipschitz constant Cl, and
f(.,., v, r) Borel measurable;

(5) lim f (t, t’, r)/x(dr)= 0;
t’-

(6) ]f(t’, ’, v, r)-f(t, ,, v, r)l--< (t, t’, r),

Iv- vz[-l[f(t’, , va, r)-f(t’, r, vz, r)]- If(t, ’, va, r)-f(t, r, v2, r)]l--< ,(t, r, )
(v, v V, v v:)

If E and F are real Banach spaces, B (E, F) will represent the real-Banach space
of continuous linear operators on E to F, with the usual norm. In particular, with each
a being treated as a euclidean space, B(,) will be identified with the space of
real b a matrices with the corresponding norm. We saall require the concept of a
derivate container [7], [10], [11] for h a, (h, h a) and h z as defined in [10].

DFINTION 2.2. A bounded collection

{Ah2(t, v)le >0, (t, v)6 Th V}

of nonempty closed subsets of B(R", "2), also denoted by Ah2, is a derivate
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container for h 2 (with respect to v) if

Ah 2(t, v) A’h 2(t, v) (t >)

and for every compact V* V there exist a neighborhood I7’ of V* in V and a
sequence of functions h 2. Th r Rm2(i ) such that each h 2 has a partial derivative
2hi2 (with respect to the second argument of h2), both hi2 and @2hi2 are continuous,
limihi2= h 2 uniformly on Th V*, and for every e >0 there exist i(e, V*) and
8(e, V*)>0 such that

2hZ(t, v)Ah2(t, ) [i>-i(e, V*), (t, ) Th V*, Iv-3l<=6(e, V*)].
We write

AhZ(t, v)& Ah2(t, v),
e>0

and define derivate containers for (h, h a) or h similarly, dropping all references to
the dependence on t. We shall also use a special kind of a derivate container for
f(t, r,., r), defined, as in [10, pp. 16, 19], by

Of(t, ’, v, r) & -6-6 {3/(t, ’, t, r)[t V, I-vl <= e, 3f(t, r, , r) exists},

Of(t, ’, v, r)= O’f(t, "r, v, r),

where -6 denotes the convex closure. (The set Of(t, -, v, r) coincides with Clarke’s
generalized Jacobian of f(t, ’,., r) [2]).

For any r e St, we shall denote by y (o-) the unique solution of the equation

Y(/)= I f(t, ’, sC(y)(’), o-(-))/x (d-) (t 6 T)

if such a solution exists. Our results will be formulated in terms of the concept of a
relaxed extremal.

DErINITIOY 2.3. Let tro e 6e* be such that y(ro) exists, let A’h and Ah2 be
derivate containers for h and h2 (with respect to v),

f & (f, , h , A’h a, h 2, Ah2, A),

F(t, -) g Of(t, -, ’(y (o’0))(’), tro(r)),

and let denote the collection of all g" T x TB(N,N") such that g(t,.) is

/x -measurable,

g(t, -) F(t, r), ].g(t’, r)-g(t, -)[ <= ,(t, t’, -)

(t, t’ T,/x-a.a. rE T).

We say that Oo is a relaxed extremal relative to f if

(1) h2(t, y(o’0)(t)) 6 A (t Th)
and there exist

g c, Ha Ah a(y (O’o)(ta)), H2" Th - B(", )

la ", to frm+ (Th), (1," st,, frm (T)
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such that H2 is bounded and Borel measurable,

H2(t) s h-6 LIL21Llh2(t, y (o’0)(t)) maXasA tla,
(2)

ILlel, L2 Y) -d U Ah2(r,y(o’o)0"))} o-a.e.,
e>0 d(z,t)e

l[+(rh)>o, ({t Thh2(t, y(o)(t)) A}) 0,
(3)

Ayi(t)fi(dt)= llrSl(Ay)(tl)+ H2(t)(Ay)(t)w(dt)
j=l

lay (ay , ay")e C(T, ")1,

where (Ay) C(T, N) is the (unique) solution Ax of the equation

Ax(t) f g(t, r)(’(y(0))Ax)()(d)+ Ay(t) (t, Th),

f(t, ,, e(y (o))(,), 0(,))C(dt)
/=1

(4)
min f(t, , ’(y(ro))ff), r)j(dt)
rR (’r) j=

for x-a.a. - T.

We can now state our basic results. The symbol S(x, a) (SF (x, a)) denotes the
open (closed) ball with center x and radius a in an appropriate metric space, while
S(B, a), S(B, ) represent the open respectively closed a-neighborhoods of B.

THEOREM 2.4. Let troeY’* be such that y(tro) exists and h2(t,y(tro)(t))
A (t Th ), and let f be as in Definition 2.3. Then either cro is a relaxed extremal relative

2 Nto D or there exist , 8 > 0, N N, points cr (r , tr and a corresponding set

j=l /=1

such that

sF (h l(y(o’o)(tl)), K)c hl(y(o’)(tl))lo" e *, h2(t, y(r)(t))+ sF(o, )A (re Th)}.
THEOREM 2.5. Let ro yield the minimum of h(y(r)(tl)) on the set

{o" 5*]h 1(y(o’)(/1)) 0, h2(t, y(o’)(t)) A (t Th)},

and let be defined as D in Definition 2.3 except that h 1, Ah are replaced by (h, h ),
A (h, h ), where the latter is a derivate container ]’or (h, h ). Then ro is a relaxed
extremal relative to with (/o,/)eNxN" replacing 11 and with lo>-O.

Remark 1. In the special case where Nho, Nh , N2h 2 and N3f(t, z, exist and

are continuous, Theorem 2.5 yields the same results as [6, VII.3.2, p. 421].
Remark 2. If T is an interval [to, t] c N then the choice of the cost functional

h(y(o-)(tx)) and of the "isoperimetric" constraint h X(y(o’)(tx))=0 appears quite
natural. However, in other cases, one would expect a cost functional and an "iso-

perimetric" constraint of the form h(z), h (z)- 0, where

z f (, (y())(), ,())g(&) e.
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The problem considered in Theorems 2.4 and 2.5 will be of this new type if the
function p" T--> [0, 1] achieves its maximum at some point tl. We then set

y(z, v, r) [p(’)_<-p(t)]
r)--

0 [p(’)>p(t)],

)=(f,)), )3=(y, 37), h"(w, 3)=h’(ff) (i=0, 1),

and consider our original problem, with f, y, h 0, h replaced by ], , nr, nr 1.
3. Auxiliary constructions and definitions.
3.1. The functions and ft. Our main purpose is to prove Theorem 2.4,

from which Theorem 2.5 will follow as a corollary. We shall assume henceforth (unless
otherwise specified) that o’0 and fl are as described in Theorem 2.4. We choose fixed
compact sets V*, W* such that V*= V, W*c W,

y(o’0)(t) (W*) (t T), :(y(o’o))(t) (V*) tz-a.e.

and select ao> 0 such that SV(V*, 3ao) V. As in our study of controlled ordinary
differential equations [7]-[ 11], our present arguments are based on the construction of
"nice" approximations to f, h 1, h 2 on T T x I7’ x R, I$z, T x If, respectively, where
17, are appropriate open neighborhoods of V*, W* in V, W. Such approximations
(h1) and (h2) ::o h and h are inherent in the definition and choice of the derivate
containers Ah and Ah2. The approximations (f) to f will be defined (as in [10, pp.
23, 30]) to fit our choice of Of(t, z, v, r) as the derivate container for f (with respect to
v).

Specifically, let I7 & $(V*, ao), let q" - (i N) be a nonnegative C function
vanishing outside the ball Si = S(O, ao/i) and such that s qi(v)m(dv)= 1, where m
denotes the Lebesgue measure on N, and let

fi(t, "r, v, r) A [ f(t, , v w, r)qi(w)m(dw)
aS

(t, ’ T, v V, rsR).

By a known theorem of H. Rademacher, the Lipschitz continuous function f(t, ’, , r)
is differentiable m-a.e. We can verify (as in [10]) that, for each and (t, r, v, r)s
T x T x x R, 3fi(t, "r, v, r) exists,/(., , v, r) is Borel measurable, fi(t, , ", ) and
3fi(t, ’, ", ) are continuous,

z, v, r)= f_ f(t, ’, v w,3fi(t, r)qi’(w)m(dw )
as

I_ @3f(t, z, v- w, r)qi(w)m(dw),
aS

[fi(t, ’, v, r)[<--c, 13f(t, , v, r)l<--c,
and for every e > 0 there exist, (e) and (e) > 0 such that

(1) 3f(t,z,v,r)cgf(t,’,v,r) [t,zT, ,rR,i>=i(e),lv-[<=8(e)].
Furthermore, by Assumption 2.1 (6),

sup Ifi(t’, "r, v, r)-fi(t,

(2)
-<_ sup [f(t’, ’, v, r)-f(t,
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and

(3)

sup l3fi(t’, 7., v, r)-3fi(t, 7., v, r)[

sup Is 13f(t" 7", V W, r)- 3f(t, 7., V W, r)[qi(to)m(dw)
t),/"

<-- d/(t, t’, 7.).

For a separable metric space S and a separable Banach space , we define
Y3(/X, S;) as the real normed vector space of (/x-equivalence classes of) functions
: T x S --> such that &(., s) is/x-measurable, (t, ) continuous and t--> I&(t, )lsup
/x-integrable, with the norm [&(t, )lsup/x(dt) [6, 1.5.25, p. 135]. We have shown
that the functions

t- fi(t, ", ", and t- 3fi(t, ", ", (i )

are elements of

C(T, (/x, V* g R")) and C(T, (/x, V* R, B (Rk, ,))),
respectively.

3.2. The normed vector space ’. The space of relaxed controls is defined [6,
Chap. IV] as a convex and compact subset of a real normed vector space W in the
following manner: By a variant of the Dunford-Pettis theorem [6, IV.1.8, p. 268], the
vector space LI(/X, C(R))* (where C(R) - C(R,) and * denotes the topological
dual) is isomorphic to the space W of functions ,: Tfrm (R) such that t-

&(r)v(t)(dr)is/x-measurable for every continuous : R -R and/x-ess sup Iv(t)l(R)<. This space W is endowed with "weak" norm I" Iw [6, p. 272] such that any
sequence (,j) in W, with ],j(t)[(R)<- 1/x-a.e., converges in [. Iw to , if and only if

limi /x(dt) &(t, r)[i(t)- ,(t)](dr)= 0

for every L (/x, C(R)).

4. Auxiliary lemmas.
LEMMA 4.1. For all y, yl, Y2 C(T, W), :’(y) is p-hereditary and

](yl)(t)- tS(y2)(t)] <-- ncl sup [Yl(7.)- Y2(7.)1 for/x-a.a, T.
,()_-<t(t)

Proof. Let y C(T, W), a[0 1], x C(T, It;n) and x(7.)=O (p(7.)<.a). Since is
differentiable at y, we have

+ t x)-

and therefore

 i.m + 0

for/x-a.a. 7. T with p(7.)<-_ a, thus showing that ’(y) is p-hereditary.
Now let yl, Y2 C(T, W), yi

_a (yi, yn) and a [0, 1]. It is easily seen that we
can construct functions z 1, z2 C(T, W) such that

zi(t)= y,(t) (i 1, 2, p(t)<-_a), sup IZli(t)-z.(t)l sup IZlJ(t)-z2i(t)l.
t T p(t)a



NONDIFFERENTIABLE HEREDITARY PROCESSES 819

By 2.1 (2), sup {I:’(Y)I Y C(T, W)} -<_ c and therefore, by the mean value theorem,

[(y)(t)- (ye)(t)l <-I:(z)- :(z2)] _-< C llZl- z2l
-< n sup {[yli(q’) y2i(r)l / 1,..., n, p(r)<= }

for/x-a.a, with p(t)<-_. Q.E.D.
LEMMA 4.2. For each e > O, let

F (t, r) S (Of(t, r, ’(y (O’o))(’), cr0(r)), e ),

and let be the collection of all g" T T-B(, ") such that g(t, ) is ix-measur-
able,

g(t, r)e F (t, r),

Ig(t’, r)-g(t, r)[ <-(t, t’, ’) (t, t’ e T, tx-a.a, r T).

Then, for each g fg, the relation

Gg(z)(t)= j g(t, r)z(r)lx(dr) (z 6L(lx, Rk), te T)

defines an element Gg B(L(Ix, ), C(T, ff")), and for every sequence (gi) in there
exist g and J c (1, 2,. .) such that

lim Gg,(z) Gg(z) (z eL(tx, Rk)).

Furthermore, there exists Co>0 such that, for each g (o and y C(T, W) with
ly-y(o’o)[-<eo, the mapping I-Gg’(y): C(T, R") C(T, ") is a homeomorphism
and {[I-Gg’(y)]-l]ge,]y-y(ro)[<=eo} is a bounded subset of B(C(T,R"),
C(T,N")).

Proof. Step 1. Let l. I1, [’ I denote the norms of L(/x, a), L(/x, N), respec-
tively. Let L(1 denote the vector space L(/x, N) endowed with the norm 1. I1. We
observe that, for every z e L(tx, ), we have [z] =</z(T)lz[.

For t, t’ e T, z e L(/x, [), e > 0 and g e d, we have

IG(z)(t’)-a(z)(t)[ I ]g(t’, r)-g(t, r)l Iz(z)[lz(dr)

<=lzloo f (t, t’, r)lz(dr)

and

sup IGg(z)(t)l<=sup J Ig(t, r)l Iz(r)lt(&)<=(c +e)lzll
tT tT

--< (cl + e )lz Ioo/x (T).
This shows that, for each s > O, the family

a {6,(z)]g e z e 1}

is an equicontinuous and bounded subset of C(T, ), and the family {Gglg } is a
bounded subset of both B(L(1), C(T, N)) and B(L(, ), C(T, )).

Now let s>O, g (iN) and G&Gg,, and let S be the set
{z Izl 1} with the relative topology of L(, ). If we restrict each G,
to the separable set S, then these restrictions form a subset of C(S, C(T, N")) whose
elements have a common Lipschitz constant and whose values are contained in the
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compact set/5. Thus, by a variant of the Arz61a-Ascoli theorem [6, 1.2.18, p. 25],
there exist J c (1, 2,’ ") and Goo C(S, C(T, IR")) such that, for each z S,

(1) lim Gi(z) Go(z).
iJ

If we extend Goo to all of L(1) by setting

Goo(z) Iz IooG(zllz I) for I Ioo > ,
then it is clear that Goo is linear and bounded and relation (1) remains valid for all
Z L(1)

For each T, the function.z G(z)(t): L( N is continuous and linear and
thus there exists g(t, ) L(g, B(N, N)) such that

L Nk() ()()= g(, )()(&) [ (, )].

Relations (1) and (2) imply that

[g(t’, r)-g(t, r)]z(r),(dr)l
=li [ [gi<t’, r)-gi<t, ,)]z<r,,<dr,lN I O<,, ,’,

from which we deduce that

(3) Ig(g’, r)-g(t, r)l O(t, t’, r) (t, t’e T, >-a.a. re T).

Now let a(., ) denote the distance in B(N, N") when it is identified with the
euclidean space N and let e denote the corresponding scalar product and g[O, q]
the corresponding distance of a point q to a set O. We shall complete the proof of the
first part of the lemma by showing that g(t, r)e F(t, r) for all e T and r e T’,,
where > (T T,’)= 0. Indeed, otherwise there exist some fe T, B > 0 and E c T such
that g,(, r)e F(, r) (i eN, teE),

.(E)> 0. e(r)gW(L r).g(L .)]> (teE).

For each r e T, let s(r) be the unique point in the compact convex set F (, r) that
minimizes the dZdistance to g(, r). The function r + e(r): T+ N is >-measurable
because F (, and g(, are >-measurable and (0, q) d[O, q] continuous (with
the topology in the space of nonempty compact subsets of N" defined by the Hausdorff
metric). Since he function r + s(r)satisfies the relation

(4) a(s(,), g(< ,))= e(,) ( e r),

it follows from the Filippov-Castaing theorem [6, 1.7.10, p. 153] that there exists a

>-measurable rf(r) satisfying (4) with s(r) replaced by g(r). This shows that r + s(r)
is >-measurable because, for every re T, s(r) is the unique point satisfying relation
(4).

Since F (F, r) is convex and

we have

g(r, -) r (r, -) (i e [N, r E),

[g,(, r)-goo(, r)] . Is(r)-g(, r)]
>-- [s(r)- goo(t, r)] . Is(r)- goo(t, r)] >/32 (ieN, reE).
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On the other hand, relations (1) and (2) imply that

lim, I [gi(i-, z)-g(i’, z)]z(z)/x(dz) 0

for every z 6 L(tz, lk), which contradicts (5).
Step 2. Let e > 0, g cg, and y C(T, W). We have shown in Step 1 that Gg is a

compact operator in B(L(Iz, Rk), C(T, I")) and it follows therefore that Gg:’(y) is a
compact operator in B(C(T,"), C(T, ")). Furthermore, by Lemma 4.1, ’(y) is
p-hereditary, and we have g(t, -)= 0 if p(z)> p(t) because f(t, z, v, r)= 0 if p(z)> p(t).
It follows now from [6, I1.5.6, p. 210] that I Gg’ (y) is one-to-one and therefore, by
Riesz’s theorem, it is a linear "homeomorphism of C(T,I) onto itself. Thus
[I Gg:’ (y )]-I exists and is bounded.

If the last assertion of the lemma is invalid then there exist sequences (ei), (gi),
(vi), (xi) and (yi) such that (ei) decreases to 0, gi e,, l)i, Xi, Yi C(T, ["), [yg- y (cr0)[ _-<

ei, limi xi O, Ivi[ 1 and

O (i ).(6) v, g,: (yi)vi + xi

The set {’(yi)vili E N} is a bounded subset of L(/x, Nk) and therefore

g,: (yi)vili NI) o[e6l

for some a > 0, where PE1 is as defined in Step 1. Since PI is an equicontinuous and
bounded subset of C(T, ) and we have proven the first part of the lemma, we may
assume that the various sequences were chosen so that the sequence (Gg,’(yi)vi)
converges to some w C(T, 1") and

lim Gg,z Ggz [z e L(/z, Itk)]
for some goe d’. Furthermore, since all Gg, belong to a bounded subset of
B(L(/z, R), C(T, ")), we also have

lim Gg,z Ggzo whenever lim zi Zo in L(/x, Nk).

It follows now from (6) that

w lim v lim Gg,’(yi)vi Ggt(y (o’0))w

and therefore w 0 since I-Gg:’(y(o’0)) is one-to-one. This cotradicts the relations

lim vi w, Ivil 1. Q.E.D.

In addition to ordinary (Fr6chet) derivatives, we shall also use the more general
concept of a derivative with respect to a set. For our present purposes, we can limit
ourselves to the case of a function X: B F, where E and F are Banach spaces and B
is a subset of E which is either open or convex with B . We say that ,v’(b0) is the
derivative of ,V at boe B if ,v’(bo) B(E, F) and

lim [b bol-llx(b)- X(bo)- x’(bo)(b bo)l 0 as b -> bo, b B {bo}.

Clearly, when b0 B, this definition coincides with that of a Fr6chet derivative.
If E and F are vector spaces, B a convex subset of E, b0 B and ,V" B F, we

represent the directional derivative of &, at b0 in the direction of b B by
--1Dx(b0; b- b0) lim a [,V(bo+a(b bo))-x(bo)].

a0+
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LEMMA 4.3. Let fo & fi There exist io N and o> 0 such that
(1) the equation

y(t)= J f(t, r, sr(y)(r),

has a unique solution yi(tr) for each io, io + 1,. ., c and each

r o - {o+ #(r’- r) r’ *, 0-<# --<#o};

(2) each of the functions - y(): o- c(r,

(t e T)

(i io, io + 1,. , m)

is continuous;

(3) lim yi(cr)= y(o’)= y (o’) uniformly for o- 5to;

(4) Nfor every choice ofN N, r ,..., cr o, io, io + 1," (i < oo) and for

ff’N A {0)=(0)1, ,0)

N }
/’=1

the functions
u
( o-o))0)->Yi O’0+ 0)

are continuously differentiable and

where

Dy (o-’; tr tr’) It Gv:’(yi (o"))1-1 (tr’)(tr o")

y(t, r) @3fi(t, r, (yi(tr’))(z), tr’0")),

(o")(v)(t) f f(t, z, (yi(tr’))(z),

and Gg is defined as in the statement ofLemma 4.2.
Proof. Step 1. Let t l (A {}, C(T, ["), a’> 0 be such that

SF (yo(tro), a’)c Y’ & S(yo(tro), 2a’)c -’(L(/z, V)),

and set

F(y, tr)(t) & J (t, z, (y)(r), tr(z))lx(d’) (i ),

G,(y) F/(y, tro) (i t),

0 & {y dlly[ =< cltx(r), ly(t)-y(t’)] <-- j (t, t’, r)t(dr) (t, t’ T)}.

By the Arzla-Ascoli theorem, the set Q is compact. For each (y, tr) Y’x *, t
and t, t’ T, we have

IFi(y, o-)(t)-F(y, tr)(t’)l <= j Ifi(t, ’, sO(y)0"), o’0-))-fi(t’, ’, s(y)(z), tr(r))ltz(dz)

<-_ [ /(t, t’, z)i(dz),

Iri(y, o’)(’)1 _<-- Cl/X (T).
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Thus, for each N, we can define the function

(y, tr)--> Fi(y, or): Y’ 6e* O

and, by [6, VII.2.1(5), p. 414], F is continuous and, for # 00, Gi _a F(., ro) is C 1. By
[6, II.5.8, p. 212], we have

(G’i(y)Ay)(t)= ] 3f(t, "r, :(Y)0"), cro0"))(:’(y)Ay)(’)/z (d’)

(Ay , T, ).

Now let and eo be as defined in Lemma 4.2. Then there exists c > 0 such that
[[I-Olj’(y)]-l<-c for all gecko and yeSV(yo(tro), co). Since : is continuous, it
follows from 3.1(1-3) that there exist ix N and a e (0, min leo, a’]) such that g qd"
whenever

i<--_i<oo, ySF(y(o’o),t), g(t,’)=3fi(t,%C(y)(’),tro(’)) (t,’T).

This shows that I[I-G’(y)]-x[<-_c for i <-i <oo and y SF(yo(o’o), a).
We next observe that if /30 & min {[4ccxtx(T)]-xa, 1}, /3 e [0, Bo], tr’ 6e* and

y e Y & S(yo(tro), 2c) then

cro +/3 (r’- cro))- Foo(y, Cro)[

sup f(t, ’, ’(y)(’), cr’(’)- cro0")) (d’) 2BCl(T)-<_ctr

and that

lim F(y, o-)= F(y, tr) uniformly for y Y, cr 6eo.

Furthermore, by Lemma 4.1 and [6, 11.5.4, p. 206], for each o" o and e N, the
equation

y(t)= / f,(t, , (Y)0"), cr(r))tx(d’) (t T)
d

can have at most one solution y in C(T, W). Thus all the assumptions of [12, Thm. 1]
are satisfied (with X & Yo and K & Q) and that theorem yields statements (1)--(3).

NStep 2. LetNt, o-, tr,...,cr 6oandi=io, i0+l,.... For eachtor,
z (to) a__

yi (tr’ + Y’.i to (tri tr’)) is the unique solution of the equation

N

y F,(y, ,’)+ Y ,o;F,(y, /-’)
j=l

and, by 3.1 and [6, I1.5.8, p. 212],

(lF(y, tr)Ay)(t) ] 3f(t, ’, se(y)(’), tr(’))[sC’(y)Ay](z)/x(d")

It T, r 6e, y C(T, W), ay C(T, ")].
We can show, by the same argument as in Step 2 of the proof of Lemma 4.2, that for
every y C(T, W) and tr 6e*, I-IF(y, tr) is a linear homeomorphism of C(T, Rn)
onto itself. It follows thus from a variant of the classical implicit function theorem
[6, II.3.8, p. 176] that to - z (to) is continuously differentiable and that, for N 1 and
r tr z (to)= Dyi(cr’; r-or’) has the form indicated in statement (4). Q.E.D.
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LEMMA 4.4. Let mz 1,

o9, o) frm+ (Th), o)i(Th)<= 1 (i eN),

li/m (z(t)toi(dt) f z(t)w(dt) [z C(Th)],

(t) & fq E6 U A’h 2(7", yc(O’0)(7")) (t Th, e > 0),
rl>e d (’r,t)<- rl

HE C(Th, B(n, R)), Hzi(t) 7l/i(t) (t Th, ).
Then there exist a bounded Borel measurable HE: Th-B(n,R), and J c (1, 2,...)
such that

H2(t)6 f’) o (t) w-a.e.,
e>0

lim f H2’(t)Ay(t)w(dt) f H2(t)Ay(t)o)(dt) [Ay e C(Th, I")].
iJ

Proof. We can identify B (N", N) with N" and choose some compact subset X of
N" that contains Ah2(t, v) for all Th and v e V. We also verify that if

e >0, A(t)c X (t Th), B(t) f’l closure LJ A(7")
rl > d (’r, <<_ "O

then the set {(t, x)l Th, x B (t)} is closed and, as a consequence, the set

{(t, x) Zh, x B (t)}

is also closed. It follows that the set

{(t, x) rh, x (t)}

is closed for every choice of e >0. Our conclusion then follows from .[11, XI.3.5,
p. 582] which remains valid, together with its proof, when Th is an arbitrary compact
metric space instead of being a compact interval as postulated in the
reference. Q.E.D.

$. Proofs of Theorems 2.4 and 2.5. It will be sufficient to prove Theorems 2.4
and 2.5 in the special case where rn2 1 and A (-eo, 0]. Indeed, if this is not the
case, we can choose an arbitrary point Xo e A, set B - A- x0,

and

3"(x) - inf { a > 0 Ix}B (x

/2(t, v)= 3"(hZ(t, v)-xo)- 1 (t Th, v V).

It is well known that 3’ (called the "gauge function of B") is Lipschitz continuous and
that x belongs to the interior (boundary, exterior)of B if and only if 3"(x)< 1 (3"(x)= 1,
3"(x) > 1). Thus the statement

"there exists K >0 such that h2(t, v)+SF(O, K)A"

The statement and proof of [11, XI.3.5, p. 582] contain a few typographical mistakes which can be
corrected by replacing T by Th everywhere. The arguments of [11, XI.3.5, p. 582] are similar to those in [8,
Lemma 3.2, p. 30].
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is equivalent to the statement

"there exists K’>0 such that 2(t, t)+t’ E (-oo, 0]".

This shows that we may replace h2 and A by/2 and (-o, 0], respectively, without
changing our problem. When we do this and establish the corresponding versions of
Theorems 2.4 and 2.5, these results can then be translated into terms involving h2 and
Ah2 directly, yielding the general form of Theorems 2.4 and 2.5. We shall not go
through the details of this procedure because they are identical with the arguments in
[10, 6.1, p. 31] or [11, XI.3.3, p. 578].

In view of the above remarks; we shall assume henceforth that m2= 1 and
A (-, 0]. We shall also continue using the notation of the previous sections and
shall refer, in particular, to eo, Gg and q3 as defined in Lemma 4.2 and to
’N, o, 0, O" yi(O’) (i io, io + 1,"’, oo) and (or’, v)- /(o")(v) as defined in
Lemma 4.3. We shall assume that io 1 which can be done by replacing the sequence
(fi) by (fi)i-io and renumbering the indices. We next set

d)o ( E , r 9o, Th).

For each e (0, eo] we define the set A ($, )(O’o) as the collection of all linear (but
not necessarily continuous) operators M (M1, M2) on into 1" C(Th) of the
form

Ml(v) nlx(p)(tl), M2(v)(t) H2(t)x(v)(t)

where

Ha Ah (yoo(O’o)(tl)), /-/2 C(Th, B(", )),

H2(t) fq U6 AhZ(r, y(o)(t))
e>O d(,t)

x(v)= [I- Gg’(y,(’))]-(’)(v),
g, i, il/e, ’o, ]Y,(g’)-Y(0)le.

For e > eo, we set A (, )(go) & A(, )(go).
We next establish certain properties of (,) and A (, )(go).
LEMMA 5.1.

I. (,, ,) C(yo, x C(Th)) (i ),
lim (&i, i)= (&, ) uniformly on o.

I. h (6, )(o) A"(6, )(o) (e’> e).

III. For every e > O, the set

(M]zoIM (M, M2) A (6, )(go)}

is a bounded and equicontinuous subset of C(o, x C(Th)). (Here M[ represents
the restriction of M to o).

(t Th),
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/vFor every choice of N s, o- ,..., o- o and e > 0 there exist 6 > 0,IV.
i* t and the corresponding set

&* ro+ Z o -r0) l(o ,"’,o e

such that the functions

w(i, i) o+ Z (-o) 8xC(Th) (i N)

are continuously differentiable and for every ’* and N, i*, there exists
M A (, )(@o) satisfying

D(i, ,)(’; g-’)=M(-g’) ( e o).

Proof. Step 1. Statement I follows from Lemma 4.3 and statement II from the
definitions of Ah 1, Ah2 and . We next prove statement III.

Let t be endowed with the relative topology of R (the compact metric space of
extended real numbers). By Lemma 4.3, the functions tr’ yi(tr’)" 6e0 C(T, R") (i
t) are continuous and lim. y.(tr’)= y(o") uniformly for all o-’ e 6eo; by Assumption 2.1
and by the construction in 3.1, limif- =fo uniformly, all fi(t, r,., r) have a common
Lipschitz constant cl, all (o")(tr)(. ) are equicontinuous, and all functions o--
(o")(o’): St* C(T, ") are continuous. Thus, if, lira tr tr’ in So, lim tri tr in 5o,

then

li I x(r, re(r)-o’(r))/x(dr)= 0

whenever X(", r) is/x-measurable, X(t, ) continuous and X bounded, and therefore

lim [i (tr’)(tr)- (tr’)(tr)l

=<lin suptT

lip C I I’(y(o’/))(r)- (y,(o"))(r)l (dr) 0

and

lim .(cr/)(o’/)-

_-<lipa suptT

+ ]I f(t, ,, ,(y(’))(r), i(r)-(r)).(dr)[}= O.

This shows that the function

(tr’, o’, i)+ (tr’)(tr): 6#o x 6Co x l-+ C(T, ")
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is continuous. Since 6to and are compact, this implies that the collection

{(cr’)( )li 1, cr’ 6eo}

in C(SFo, C(T, R")) is equicontinuous. By 3.1, I(t, z, v, r)l c1 for all i, t, z, v, r and
thus (’)() are uniformly bounded.

By Lemma 4.2, [i_g,(y)]-I are uniformly bounded for go and y
C(T, W), with [y- y(o)l co. It follows that, for each e (0, Co], the collection

{[I-Gg’(Yi(’))]-x(’)( g , ,’ o, y(’)- y(o) e}

is an equicontinuous and bounded subset of C(0, C(T, R")). Since Ah X(yo(o)(t))
and Ah2(t, yo(o)(t)) are uniformly bounded subsets of B(R",R) and B(",),
respectively, the conclusion of statement III follows.

Step 2. It remains to prove statement IV. By statement (4) of Lemma 4.3,

(,) o+ (-o) NxC(Th)

are continuously differentiable for N and we have

D(i, i)(’; g-’) ((-’),(-’)) (, g’ e o)
with

jrl (/,,)= HlX(V)(tl), /r.(v)(t) Hg_(t)x(u)(t) (u W),

H1 h l(yi(o-’)(t)), Ha(t)= 2h2(t, y,(,r’)(t))

x(v) [l- GgsC’(yi (o-’))]-1 /(o-’)(v),

g(t, r)= 3fi(t, ’, (yi(cr’))(z), o"(’)).

Since r’-y(cr’) are continuous, limy(r’)=yo(cr’) uniformly on 6eo and
[3fi(t, r, v, r)[ <=c, we may choose 8(0, flo] and i*t such that, for o-’=

N
cro +i= o) (o.i ro) * and i* =< < oo, we have

ly,(cr’)-yo(cro)[<-e, HAh(yo(cro)(tl)), H2(t)Ah2(t, yoo(cro)(t)),

g(t, ’)= 3f/(t, z, :(yi(cr’))(z), cr’(r))
N

3f/(t, z, (yi(cr’))(r), O’o(’))+ E oi3fi(t, , :(yi(o-’))(r), o-i(-)- o-o(z))
j=l

S(af(t, ’, se(y(cro))(’r), cro(’r)), s).

It follows then that (/rl, 2r2) A (b, )(o’0). Thus statement IV is valid. Q.E.D.
Properties IIV of A" (b, )(ro) as stated in Lemma 5.1 are precisely those that

define a directional derivate container for (b, (I)) at ro [13, Def. 2.1]. We shall next
find a representation for the elements of the corresponding scalar directional derivate
container A(4, cI), C)(ro) for (b, , C) at ro, where

C a_ {z c(rh)lz(t)<=O (t

These elements are triplets (l,/2, X) such that =(/, 12)’ C(Th)*, 0,
(W’, ), A [Seo is continuous, and there exist sequences (/i)= ((l i, 12i)) and (Mi) with
12 C(Th)* and M A1/ (b, cI))(O-o), satisfying

II ’l / II’l 1, lim 11 ’= l, lim 12’z 12z (z C(Th)],

lim lM’(r) X (or) ((r 6Co), 12z<-O ifz+Cb(O,o)+SF(O, 1/i)cC.
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LEMMA 5.2. Let (11, le, A) A(b, , C)(tro). Then there exist

g cg, H1 Ah l(y(cro)(tl)), He: Th
"-> B(Rn, ), to frm/ (Th)

such that He is bounded and Borel measurable,

(1) [l[+to(Th)>o,
(2) H2(t) f"l E-6 LI Ah2(", y(tro)(r)) to-a.e.

e>O dO’,t)e

(3) Is(z) I z(t)to(dt) [z C(Th)],
(4) A (tr)= ll Hx(tr.)(tl)+ J He(t)x(cr)(t)to(dt) (tr 6o),

where
x(v) & [I- Gg’(y(tro))]-(ro)(v)

Proof. Let ((li,/2i)) and (Ms) be sequences corresponding to (/1, le, A) as in the
definition of A(, , C)(o’o). By the Riesz representation theorem, le, le C(Th)*

Th
can be represented by some to, to e frm ) such that

(5) 12iz I z(t)toi(dt)--> I [z C(Th)]"

Since 12iz <-- 0 if z + (tro) + SF (0, 1/i) c C, i.e. whenever

z(t)+h2(t, y(tro)(t))+l/i<=O (t Th),
it follows from (5) that to and each toi are nonnegative measures. We also have
toi (Th)<= 1 because ]llil + l/izl- 1.

By the definition of

a/’(, )(o)
there exist j(i), H1 i, H2i, gi, F.(), o’i’, r/i and xi such that

j(i) {i, + 1,...}, Hi A/’h l(y(tro)(tl)), H2i C(Th, B(I", )),

H2i(t)e f3 L.J A1/ih2(r,y(tro)(r)),
rl > d (’r. -- "O

0"i’ ,-/90, gi (l/i, "Oi Y](i)(O’i’), [i- y(tro)l<= l/i,

Xi l) I Ggi’ (’li )]- 1.(i)(o’i’)(l ) (/

M1 (1’) HliXi(1,,)(tl), M2 (,)(t) H2 (t)xi(t)(t) (t rh, /’).

By Lemma 4.2, there exist g s (= >o cg) and J c (1, 2,. .) such that

lim G,w Gw in C(T, ") [w L(lx, k)].
iJ

Since limi r/i y(o’o) in C(T, ), ’ is continuous, and gi(t, r) are uniformly bounded,
we have

(Gg,’(ri)Ay)(t)= lim I g,(t, r)(’(ni)Ay)(r)(dr)lim
iJ iJ

lim f .gi(t,
iJ 3

f g(t, r)(:’(y(ro))Ay)(r) (dr)
.1
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uniformly for all T andall Ay in the unit ball of C(T, R"); hence

lim Gg,:’(r/i)= Gg:’(yoo(o’0)) in B(C(T, In), C(T, In)).
iJ

We verify that

lim ](i)(0"i’)(/2)"-" ::oo(0"0)(/2 in C(T, g") (v

and therefore

lim x,(v)= x(v) in C(T, ") (v

We may choose J so that (Hli)ij converges to some H1 Ah l(yoo(O’o)(tl)) and, by
Lemma 4.4,

limij I H2i(t)Ay(t)wi(dt)= I Ha(t)Ay(t)o(dt) [Ay C(Th, In)]

for some bounded Borel measurable Ha: Th-->B(l",l) satisfying relation (2).
Because Ha are uniformly bounded, it follows that

h (o’) lim (tl i, 12’)M’ (o’)

liTHx(cr)(tl)+ [ Ha(t)x(cr)(t)w(dt) (r o)

which proves relation (4). Relation (3) follows from (5), and relation (1) from (3) and
(l,la)#O. Q.E.D.

5.3. Proof of Theorem 2.4. Assume that the second alternative of the theorem is
Ninvalid. Then, a fortiori, a similar statement to that alternative, with r ,..., cr

restricted to 6eo, also remains invalid. Ifwe set K & 0, K* & 6e*, ko & O’o, then it
follows from Lemma 5.1 and [13, Thm. 2.2] that there exists (/,/a,A)
A(, , C)(ro)such that

(1) A (ro)= Min A (r), lacP(ro) Max lac.ro cC

By Lemma 4.3, y (o’)= yoo(o’) (o" 6e0) and therefore, by Lemma 5.2, there exist

g C , Ha Ah (yo(O’o)(tl)), Ha: Th
"> n(ln, ), o) frm/ (Th)

such that Ha is bounded and Borel measurable and relations 5.2(1)-(4) (that is,
relations (1)-(4) of Lemma 5.2) are valid. The second relation of (1) and 5.2(3) yield

/a(O-o) f ha(t, y(ro)(t))w(dt)

Max I c(t)w(dt) c(t)<-O (t e T), c e C(Th)}
which implies that

o({/e Th[ha(t, y(o’o)(t))<0})=0, ha(t, y(ro)(t))=0 o-a.e.

We can now deduce from 5.2(1)--(2) that relation 2.3(2) and the first two relations of
2.3(3) are satisfied (with Lx 1).
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(2)

Since relation 2.3(1) is valid by assumption, it remains to prove the last relation of
2.3(3) and 2.3(4). To do so, we observe that, by (1) and 5.2(4),

h (ro)= 11TH1x(ro)(tl)+ I H2(t)x(cro)(t)o(dt)

=Min {llTHlx(o’)(tl)+ f .H2(t)x(tr)(t)to(dt)}=MinA(tr),Seo o

where

(3)
x(o’) [I- Gg:’(y (O’o))]-loo(o’0)(r)

’o(O’o)(O’)(t) J f(t, ’, (y (O’o))(’))/x (dr)

By Lemma 4.2, the function

ay -. (ay). C(T, )-, c(r,)

( e Seo),

(t e T, cr e 6o).

which yields the last relation of 2.3(3).
By (3), x(o-) (oo(O’o)(O’)) and therefore (2), (3).and (4) yield

I (o(dt) I (t)rf(t, Z, ’(y(o’0))(r), O’o(r))/z(d’)

Min[ sro(dt) (t)rf(t, z, (y(o’0))(’), cr(’))lz(dz).
S’o d

Since o"= tro +/o(tr- fro)e 9o for every choice of tr e 9*, the above relation yields

where (t, ’, r) - f(t, z, :(y(o’o))(r), r). It follows, by [6, VII.3.1, p. 419], that

I (dt) I (t)T[(t’ r, r)ro(’)(dr)= Min I (t)r[(t’ r, r)o(dt)
rR (-r)

which, together with (4), implies the validity of 2.3(4). Q.E.D.

Proof of Theorem 2.5. Let

O(o. &_ hO(y(o.)(h)), 1(o.) a__ h l(y(o’)(tl)),

and let be defined as before. By [13, Thm. 2.3], there exists ((lo, 11),/2, A)
37A((o, 1), dp, C)(ro)such that

lo 0, A (O’o) Min A (o’), /2(ro) Max 12c.
So C

Then the conclusion of Theorem 2.5 follows exactly as in the proof of Theorem
2.4. Q.E.D.

for/z-a.a, r T

(4) Z(Ay)= (t)TAy(t)(o(dt)= AyJ(t)(i(dt) [Aye C(T, I")],

(as defined in 2.3(3)) is continuous and linear and therefore the function

ay --, Z(+/-y) & 11TH(Ay)(h)+ 1 H2(t)(hy)(t)o(dt): C(T, Rn)->R

is a continuous linear functional on C(T, ). Thus, by a variant of the Riesz
representation theorem [6, 1.5.9, p. 117], there exist st1, ,sr, efrm (T), sroe
frm+ (T) and e L (sro ,,) such that
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MULTI-AGENT LINEAR-QUADRATIC-GAUSSIAN SYSTEMS
WITH "POOR" OBSERVATIONS*

J. F. RUDGE]

Abstract. Very few solutions are available for multi-agent control problems which have a nonclassical
information structure. This is due to the fact that the agents can use their control actions not only for control
itself, but also to pass information to other agents. We consider decentralized control situations in which
information transfer is comparitively difficult because of large noise on some of the observation variables.
By obtaining appropriate limits to this information transfer, linear control laws derived by disregarding the
"poor" observations are shown to be "close" to optimal. It is then possible to derive other linear laws, from
a similar situation again with static information structure, which are an order of magnitude closer, both in
respect of the laws themselves and the optimized costs. It is shown however that iteration of this process in a
natural way does not produce substantially better results.

1. Introduction. The extension of classical control theory to multi-agent situa-
tions is still only in its early stages despite the initial advances made by Radner [3] as
long ago as 1962. The Linear-Quadratic-Gaussian (LQG) formulation, which is so
successful for classical theory, does not have the same impact for decentralized control
although no better framework has yet been found. Problems due to interaction
between communication and control lie at the heart of multi-agent control whereas
they are completely absent in single agent situations.

By introducing the important concept of partial nesting, Ho and Chu [2],
classified many cases in which linearity of optimal control still held (as for classical
theory). Witsenhausen [9], [10], [11] has considerably extended and generalized
concepts of this nature in many papers which give a rigorous and very broadly based
foundation to the subject. However, very few nonclassical problems have been solved.
The Radner, and Ho and Chu papers, [3] and [2], mentioned above, together with
Sandell and Athans [6], give examples classified by Witsenhausen [11] as quasiclassi-
cal. Radner’s work was followed up in [4], which showed that the certainty
equivalence principle has a natural extension to multi-agent situations in the form of
repeated estimates or "second guesses"; a notion that had been accepted intuitively
for some time; see, e.g. Chu and Ho [1]. Whittle and Rudge [7] considered a problem
which was not quasiclassical but in which it was possible to separate the com-
munication and control aspects. This enabled the two parts to be solved separately
using communications theory and rate distortion theory.

Nonlinearity of optimal control occurs in general when it is possible for one agent
to pass information to another by means of his control action. This information
transfer will typically take place through an observation by the second agent of the
first’s action. The aim of this paper is to investigate the optimal control laws when this
observation is badly distorted in a sense to be made precise later, so that intuitively,
:ommunication is difficult compared to control. One might expect the optimal control
and the optimized cost both to approach those which hold when no such observations
are allowed. By quantifying the amount of communication that can take place, we are
able to state order of magnitude results for the differences between them in the two
situations.

2. Problem definition. We suppose that the uncertainties of the external world or
"states of nature" are represented by Gaussian random vectors : and r/ which are
defined on some underlying probability space (D,, -, P). There are N agents (or

* Received by the editors June 7, 1977, and in revised form January 20, 1978.

" Sheffield, S10 5PE England. This work was carried out at Cambridge University.
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controllers or players) and each agent k (1 _-< k -<_ N) has available to him information
Wk before choosing his action Uk (an rk column-vector which must be a measurable
function of Wk). Wk is assumed to be separated into two parts Yk and Zk respectively,
where Yk is a linear function of : only and Zk is linear in , r/, and some of the control
actions of the other agents. Specifically,

N

(1) Yk Hk s Zk Gks + E Dkiuj + rtk
]=1

where (r/r, rt’, "’, rt) is a partition of rt; e is an n-vector, and the vectors r/i, Y/, Zi
and matrices Hi, Gg, Dgi have consistent dimensions for all and j. We assume that, rtl, ", r/r are all mutually independent and that

:---N(0, t2,), 7Qi N(O, dPi), <-- <- N,

where

,’ ,’.T > 0 (I)i (I)f> O.

We require causality of the system in that if the control action of player ] affects
the information of player k, i.e. Dki O, then Uk cannot affect Zi. Thus, in this case,
there cannot exist l, rn,. , n such that

If we denote:

Dlk 7 0, Dml T O, Din T O.

N

u =(ur’u2 u and r=E ri
i=1

then the problem is to minimize the Bayes expected loss"

y(u)= (1/2u Ou +  Su)

where 0 0r > 0 is an r x r matrix and $ is an n x r matrix. We partition 0 into ri x rj
blocks Oi and S into n x ri blocks S. J is considered as a function of u merely to
emphasize its dependence on the control law chosen.

Note that if Dk 0 /k, ], then the situation described is simply that of the static
team. Our problem is to evaluate the nature of the solution to this more general
problem as 8 becomes small, although it should be noted that the term "solution" is
used loosely here since it is not clear that an optimal control law does indeed exist. We
obtain results relating given control laws to any others which may be candidates for
optimal laws. The case of small corresponds to the situation in which the depen-
dent part of Zk is poorly observed for each k. It is identical in principle to the case
where the plant noise : is considered constant while the observation noise r/become
large, and we can transform the problem simply by considering :/ and r//.

Before proving results for the above case, which we shall call "problem A", we
need some notational conventions and essential lemmas.

3. Notation and background, It is convenient to work in the various Hilbert
spaces , say, of all m-vectors whose components are real valued, measurable,
square integrable functions on fl. The inner product on ,,, is defined by

(x, Y)m F. (xi, Yi)l 2 xi(t)yi(t) diP(t)= [Exry
i=1 i=1
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and the associated norm by [[. [[,,. Subscripts will generally be omitted in cases where
the space in question is clear.

Suppose that is a subsigma field of and that A/denotes the set of functions
that are measurable with respect to . Then is a subspace in 1 and Vf 6 o1, : (f])
is the projection from f onto . In particular, for information denoted by W, say,
we shall have constant use for a projection operator P defined by Px (E(xklW)), for
all x (Xk) in the appropriate space. We shall not in general distinguish between
the vector W and the information subfield associated with it.

As stated above, we aim to quantify the amount of communication that can take
place between agents. Each controller may use his control action u to pass informa-
tion about : (and possibly rt) to other agents in order that their controls are more
effective. It is not surprising therefore that statistical communications theory can play
a large part in solving some of the problems arising in this context. This theory
includes the situation where a stationary sequence or stochastic process {ut} is input to
a channel, which after distortion by noise gives an output sequence {yt}. For any
specified channel with input power restriction, a capacity may be defined by con-
sideration of the number of input values that can be distinguished from the output,
when the channel is operated over a long period of time. This capacity gives a limit to
the information transfer that is possible between input and output.

Another branch of the theory, namely rate distortion theory deals with the case in
which we wish to transmit information about some process {:t} through a channel of
known capacity in such a way that the output {Yt} may be "decoded" to give another
sequence {wt} and some function L of {:} and {wt} is thereby minimized. Typically,
and in the present context, {wt} will be an estimate of {:t} and L will represent a
function of the estimation error. The relevant parts of this theory are considerably
expanded in Whittle and Rudge [7]. We require two lemmas which are essential for
the main results of this paper. The proofs of these lemmas will not be given in full
partly for reasons of brevity, and partly because from., the outlines presented, the
details may be inserted by reference to [7]. These details do appear in [5].

For fixed constants h, 6 define

LEMMA 1. Let N(O, 62y_,) where . > 0 and is n x n. Let rl N(O, V) with V > 0
and m x m, and let , 1 be independent with

y

for some Borel measurable function f. Then 3k such that for all such f()e

II ( ly)ll. --<
Proof. In a communications theory setting of this problem, all the random vari-

ables would refer to single points in stationary processes.
However, any suitable function f gives an allowable input to the associated

channel and so the capacity of the channel operated in this way (repeated inputs of
f(:)) will not exceed the capacity using general stationary processes. Similarly, if we
define a distortion measure L on the channel output by;

L IE{(s IE(s[ y ))T (S [E(’I y))} -II’ y)ll

then because we have an upper bound to the capacity, we shall obtain from rate
distortion theory, a lower bound to L (since as the capacity increases more informa-
tion can be transmitted and L decreases). For the special case Z I,,, V I,,,, the upper
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bound to the capacity is given by

1/21Oge (1 + h 282)m
when the input power is restricted to h282 (i.e. fE Fro). For this capacity the minimal
distortion is

Since this is a lower bound we have

(1 + h282)re

n8a

<= n8a- aSa),,,/, <= nmh284
(l+h

The general result is obtained from this by using the transformations

w =-1/2, e= V-I/2rl, g()= V-1/2f(), h(w)= g(ZX/2w)= g(),

so that

_(ly)=Z1/a-(wly)=Z/a-(wlh(w)+e ). [3

LEMMA 2. Let , 7, f, Y, be as above, with f having the form
f() c+ h ()

]’or some m n matrix C and measurable .function h. Let IIh()[[,,, a or some
constants a, ] with ] > 1. Define

6C (V +6CCr)-.
Then

II:(:[y)-yll- O(6+3)/z) as - O.

Remark. Note that if z C+ 7, then :([z) z.
Proof. We shall give the proof only for the scalar case with V E 1 and C .

In this case the capacity of the channel and the lower bound on L are actually attained
when the input is linear in . The vector version is more involved but essentially
requires a transformation to simultaneously diagonal variance/covariance matrices
and consideration of the channel as n parallel scalar channels.

Denote

g(Y) :(:IY).
Let Ty be the best linear estimate of given y in that 7 minimizes [1-/yll2 over

/3. Then

(, f(sc)) b82 + (sc,

where (., denotes the Hilbert space inner product as before.
Now

Jig(y)- ffyl]a I[g(y)l[a + e21lyl]2- 2e(y, g(y))

]]g(y)]l2 + 2l[yl[2- 27(y, :)
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by the projection property of .g(y)

iig(y)ll2 + ,21[y 112_ 2ff(f(’), s:)

IIg (y)112 211y 2.
By definition, I1(011z <_-28=/ 2a&6i+1 + 0(62i), so that, using the linearity of optimal
control for the scalar memoryless Gaussian channel [7], we have,

IIg(y)ll2_-< (4,2 / 2a63i-)6"
1 + (4, + 2a4,6-), + O(a;+-)

124
1 + &26----+ O(6i+3)"

Also

Finally

and

6211y[12_ (662+ (, h))2 6264-2a66+3
1 + ]]fl]z -->

1 +6262+2a6i+ +0(62i+z)

1 + 262 + 0(6i+3).

1&62+(:,h) &6 ck62-2a&6i+ &62le-l= iilfll
O(a*+) o(a ’+3}/2) for ] > 1,

which completes the proof.

4. Main results. Returning to problem A, we show initially that any control law
which gives a nonpositive value for J must be "small". Precisely we have

LEMMA 3. If a control law u gives a nonpositive cost then as 6 O,

[[u[[ O(8) and lJ(u)[ 0(62).
Proof. If u gives a nonpositive cost, then

0 e(u)=(u, Ou)+(s, u)

llO/=ul[(llOa/=ut[-2[[O-1/=[[ ItsTI[),
Since (N(0, 6E), IIsl[ o() and thus

Also

I/(u)l IIO-a/211 [Ioa/2ull IIsll
Note that the control law u 0 trivially gives zero cost so that any candidates for

an optimal law must obey the condition of this lemma.
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We now consider two (suboptimal) linear control laws. Firstly suppose that the
players disregard the r/ dependent part of their observations so that player k’s
information is now effectively W, Yk. Since the information structure is now static
in nature the optimal control u, say, for this restricted problem which we call A, is
linear and is defined by (see [4]) the solution of

(2) POu+Pw O, Pu u,
where

and

w (w)= (s[)

qx ex ((x w)) ((x Ivy)).

Note that (2) merely states the stationarity and measurability conditions, and that u is
a possible control law for problem A. The first result is

THEOIEM 1. For problem A defined above, all control laws u giving cost less than
u satisfy

(3) Ilu ull
Moreover,

J(u)-J(u) O(i4).
Remark. Control laws are defined as maps from the information subfield asso-

ciated with the information structure, to an appropriate Euclidean space. However,
since for any given control law, the information Wk, say, is a map defined on tq, we
shall use u to denote the function defined both on W and on fl. For example in (3)

Ilu ull--[[u[ w(, n)] u[ Y()]II.

Then

where

Proof. For any u, let

u(W,) u Yk + h W).

r(u)= 1/2(u, Ou)+(w, u)

zl-(u , Ou)+(w, u)+1/2(h, Oh)+(Ou+ w, h)

J(u)+ 1/2 (h, Oh )+ (z, h ),

l<k<N.

z=Ou+w.
Define the operator P, which depends on u, by

ex (-(xk Wl)) Vx r.
Because of the measurability requirements on u, viz. Pu u, we require also Ph h.
Hence, since P is Hermitian,

(z, h)= (z, Ph)= (ez, h).

For each k, the distribution of : conditional on Yk is Gaussian with mean , say, and
var/cov matrix 62F where

’u. EHf(HEH[)-’ Y’k, r E-EH[(H.EH[)-’HE.
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Note that from Lemma 3 for each k,

Thus, using the causality condition, which implies that j DkjUi is independent of r/k,

and Lemma 1, we have

I1(:1 w)-11 o(a), 1 -< k =< N.
Now z is linear in : and Pz= 0 by (2). Hence

k

_-< const. Y II(l w)- 11 O(4)
k

As in lemma 3 we have

J(u)<J(u)o> 1/21101/=hll{llO1/=hll 2110-1/=1111Pz 11}
Ilhll const. [IPz 11 O(a=)

i.e.

Also
Ilu ull o(=),

J(u)-J(u) II01/=hll I)O-’/=ll IIPz )l- O(4),
which completes the proof. Iq

Next we derive a linear control law which may be regarded as a first order
approximation to the best linear law. Consider the static information structure W
say, defined by

w
N

Z Gk+ Y DkU(Yi)+ nk Jk + rtk

for some matrix Jk. Let problem A be that of minimizing J subject to this information
structure. The optimal control law u say, is again linear and is defined by the solution
to

(4) plOua +Paw =0, Paua= u a,
where

Vx r Pax (-(Xk W )).

LEMMA 4. The control law u has the form
u(W)= u(Yk)+ 82NkZ + rk(Wk ), l <=k <--N,

where the r are linear in W for each k, llrk(W)l[= O(83) and the matrices N are
constant in .

Proof. Using the notation of Theorem 1 for the conditional distribution of given
Y, we have for each k,

The functions k defined in this lemma are not to be confused with the dimensions rk of the controls uk.
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SO that

()

Let ., (w.)= u(w)- .O(y)
when from (2) and (4) it follows that

(6) elOv + (pa pO)zO O.

But as stated above, z is linear in :, and so using (5), we have

(7) (P1-P)z=x + yl

where Xk MkZ for some constant matrices Mk (1 =< k =<N), and [lyll o(3).
Now let

(8) v v + v

with

and let

(9)

v l<_k<_N,

2_.el 2y Ov +6x

so that
From (6)--(9)we have

paQu2 + Y + y2 O, pl132 2

therefore

so that

(p10132,/)2)= (Q132, 132)= _(132

l<_k<_N,

(11) IIs,, (, n)ll lie Dki62NiZ 0(62)

N

(10) k =Gk+ E Dkiai(ff’’)+rtk=A+Sk(, rt)+rtk
/=1

w {v, z},

a ff’ u (r)+ a N2,
where

Putting Nk -O-Mk and rk V for 1 _--< k _-<N gives the result. The linearity of rk is
assured by that of u

Returning to the original problem A, consider the control law ti and associated
information structure W defined by
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THEOREM 2. For any control law u giving cost less than ]’or problem A,

Ilu(W)- a(ff’)ll o() and J(a)-J(u)= O(6).
Proof. As before, let u be a control law, with associated information structure W,

which gives cost less than tT. Denote by t2(W) the vector of functions k(Wk)
(1 =< k =< N) given by

(12) ak(Wk)= U(Yk)+ 2NkZk.
Note that whereas a(W) denotes a well defined control law, a(W) denotes only the
functions given above with W defined by the specific control law u under considera-
tion. Let

(13) fk(Wk) Uk(Wk)-- ak(Wk), 1 <= k <=N,

and suppose that 3’ is such that

max IIf(w)ll o() as 6 0.
k

We show initially that 3’ -> 2. Thus

[If(W)[I Ilu (W)- a

--<llu(W)- u(Y)ll+llu(Y)-t(w)ll.
If we assume without loss of generality that J(u)<=J(u), the first term has order

2. Since the second term has subvectors 2NkZk, we have that 3" _-> 2. Substituting for
u from (13) in the cost function gives

](u)=1/2(a(w), Oa(w))+(w, a(w))+1/2(L O)+(Oa(w)+ w, f)
(14)

J(7)+1/2(a, Oa)+(Oa(ff’)+ w, +/-)+1/2(/, Of)+(O(W)+ w, f)
where

Corresp6nding to (10) but with a replaced by u, we obtain using (12) and (13):

Zk=Jk+tk(, rl)+rlk, l <-k <--_N,

where

(15)

Thus for each k,

tk (, rl ) E Dkj(82NZj +5)

o(am,, t, ,)= o(a).

(l<=k-<N)

IIA, I1, .=IIN, (Z, Z)II
a=IIN, (t, s,.)ll

82liNk Z Dki[821V(Z-j)+g][I

0(") with the use of (11) and (15)



MULTI-AGENT LINEAR-QUADRATIC-GAUSSIAN SYSTEMS 841

where

It follows that

a min [6, 2+ 3"].

Also, from Lemma 4 we have

(17) =ll-82Nt+r(W)]] (lkN)

=o().
Thus

(18)
[(Oa(W), f)-(Ou(W), f)[- IIO(a(W)-u l(wl))l[ [[fll

o(a+).
Now using (16) and (18) with (14), we deduce that

(19)

with

Define

ly(u)-:(a)-1/2( Of)-(Ou(W)+ w, f)l o(a)

/ min [7, 3 + 3’].

z =Qu(W)+w

and note that Pf f, where by definition

Px ff_(x w)) Vx .
Suppose that IIPz 111 O(t’r) for some " as 6 0. We need to establish a relationship
between - and 3". Lemma 4 gives

Zk (Oul + W)k Rk+ a2 ., Skjrlj, l <-_ k <- N,

for some Rk, Ski whose elements are O(1) in 8. By repeated substitution for tk from
(15) we have

z Jd+ r (,) + (n)+ n, k -< N,

where

(20)

and

The causality condition implies that the summations involve only finitely many terms
and that (using the independence of the r/i) k and r/k are independent. Clearly k is
zero mean Gaussian. Suppose that its var/cov matrix is 82Ek where the elements of
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’’k are O(1) in 8. Note that from (20);

It follows from Lemma 2 that

where

E r(+E+r)-.
Also if we use arguments similar to those in Lemma 2 (in that in the scalar case,
posterior variance is maximized when the noise is Gaussian) it follows that

II(n w)--Fk(Zk --Jkk )[I O(6+v)/2)
where

Fk k(62Ek + 62JkFkJ + k)-.
Finally it is clear that j k,

I1(1 w)ll o(2),
Hence

II(zlw)It II(R +=SnW)11 + O(4)

O(+)/2)+ [IR& +2(RE +&F)(& J&)11 + O(),
But

Thus

i,eo

for 1 _-< k =< N

=>R’ +g[RFJ[ +S(I)1( + 8:JFJ[)-(Z J) 0

lIu- + (R,E, + &a,Fk )(Z, J,),)[I 0(I4)

II(z lw)ll O(min[4’(3+’y)/2]),

r => min [4, (3 + 3,)/2].

Considering the terms in (19)we have

1/2(L Of) O(a’)
and

(21)

Hence

)(Z1 f)l- l(zl, Pf)l- I(Pz 1, f)l IIPz 111 Ilfll--

J(u)<=J(a) 23, >= fl or 23, => 3, + min [4, (3 + 3,)/2]

=> /> min [3x=2, (3+ /)/21 or 3’=> min [4, (3 + 3,)/2]

=>,/_>-- 3.
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It follows that

Ilu (w)- a()11 Ilu (w)- a(w)ll + Ilall
Ilfll + o(a) o()

and from (19) and (21) that

(a)-](u)= o(a6),
which completes the proof.

The proof may be considered in a recursive fashion. Thus if y 2, the estimation
of z is such that IlPz all 0(65/=) implying that

o < 1/2(f, Of)+ (z , f)= o(a4).
For this expression to be negative we require y ->_ - but this gives [[Pz ll O(8/4) and

0 < 1/2(f, Of)+(z 1, f)= 0(65).
This argument clearly leads to the conclusion that -> 3 as above.

At first sight it appears that a second approximation u 2 say to the optimal linear
control law, found in the same way as u , might achieve even better order of
magnitude results. To see that this is in fact not so in general, define

W ={Yk, Z}, l <--k <--N,

Z Gk+ Dkiu] (W] )+ k

Ykj +E Dki(6=NZ + ri(W] ))+ nk.

The rj terms which have order 63 in norm remain an "unknown" limiting factor as
shown by (17). These could be evaluated by further consideration of problem A but
the result of (16), which is essentially due to the f terms, still leads to the conclusion of
(19). The results established do not mention the optimal linear control and it would
indeed be interesting from a theoretical viewpoint to know how this compares with a)
the linear sub-optimal laws considered and b) the "optimal" law. However, the
optimal linear law would usually be extremely difficult to find since it involves the
solution of nonlinear equations (a general feature of dynamic and nonnested
information structures), whereas the controls considered above can in many cases be
readily computed. It is important to note that application of the control rule g does
not require the solution to the static team problem A1. All that is required is the
solution A, which must be regarded as a starting point for any good sub-optimal law,
and the set of matrices {Nk}, which may easily be found from (7) and (8).

5. Examples.
1. Static Team. This is the case where Dki 0

optimal control and that W1-- if’. Suppose that
ou AY,

Vk, ]. It is clear that u is the

l<=k<_N,

so that

z Y’, OkiAiY. + sT (l<-k=<N)

’k, which defines Ok.
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From the proof of Lemma 4, noting that in this case Jk =- Gk, we have

Nk --Q- ’),k FkGk’1, l<_k<=N,

and

Ok Ak Yk + 32Nkk.
Theorem 2 asserts that J(O)<J(ul)+ 0(36). Hence by the calculation of u alone we
are immediately able to determine a control law a which gives a cost within order 86
of the optimal. This becomes important when the dimension of the vector (:T: r/T)T
is appreciably greater than the dimension of :. In such cases the determination of u

0may be unpractical or at least very time consuming, while the determination of u
could be straightforward.

2. Witsenhausen’s Counterexample. This classic demonstration of nonlinearity of
optimal control is described in [8], and in the present formulation is defined by

n=l, N=2, rl=r2=l,

o=(l+k
2

-1)- s (-k, 0),

Y , Zl 0; Y2 0, Z2 u -l--

where $ N(0, 2), r/--- N(0, 1).

Thus w (S[’)= (_2:)- and from (2)we obtain

0 (ff) zO=( 0 ) j(uO)=1/2?32, wheret?=k2/(l+k2).u
0 -’

As in the static team case we calculate using the proof of Lemma 4 that N1- 0 and
N=t72, i.e.

)
It follows that J(a)--1/2(t?82-484+686). The optimal control law is unknown but
we can find the optimal linear law u L, say, which is given by

uL ( A ) where 6212/(1 + 6212)
.(z+n)

and A is a root of

(1 --A )(1 + A 232)2-- A/k2 0.

For small 3, we have for some a,

A ff + 2ff3(1 if)3 2 + a34 + O(6)
and

J(uL) ivy2 4a’ + 66__ 4(1 e)e661 + 0(8),
verifying that up to order 6, a is as good as u L. If we define successive approxima-
tions a (j 1, 2,.. .) to u by assuming the static information structures Zi2
a- + , we obtain

(+n)
j=1,2,...
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where

k2

fl 82,yi3,i_1/(1 ..}. 82 2
2e,2x, "}/0 0.yj-1 ), yj+l

k 2 + 1/(1 + yio

Suppose that for some j > 0, yi 7 + 0(82). Then for some constants ai we have

’]/j+l 1 -}"/r3(1 --{if)82 d- O;j84 q- 0(86).
Thus, since 3’ t, this holds V] > 0, implying that

J(J) 1/21182-1484 -+- 686 3(1

We see that these approximatioris improve the term in 86 but do not achieve any
better order of magnitude results than a. The same results hold if we put

6. Discussion. Many results for LQG systems hold when some of these condi-
tions are relaxed. It is clear that in the present case, all three conditions are required
unless substantially more work is done. The Linear-Gaussian character is essential to
Lemmas 1 and 2 while the quadratic cost function lends itself naturally to the Hilbert
space formulation as in Lemma 3. It is possible, however, to relax some of the
independence conditions on : and r/. Consider a subset of controllers who are in
reality a single player effecting controls at different points in time. If this player has
perfect memory as is often supposed, then the ’0k corresponding to his various controls
will be nonindependent subvectors of r/. This nonindependence does not affect the
results established because there is no communication problem in such situations and
we merely need to take more specific account of some of the rh in the section of
Theorem 2 between (20) and (21). It is reasonable to suppose that the independence
of the ’Ok can be relaxed in a more general fashion but this would require proof of the
results of Lemmas 1 and 2 for such cases.

The generality of the above theory is limited by the specification of the informa-
tion pattern described by (1) and it is of interest to consider to which other situations
similar results might apply. Suppose that there are two controllers, the first of whom
has information as in (1) while the second has the following information.

where

(HI) Z2 G2+D21U + e

8.’-.N(0,820), 0>=0.

If player 1 neglects his "poor" observation 21 then his control can be deduced by
player 2 and there is no need for communicationmthe optimal control law being linear
as a result. One would expect Ilu(Yl)- Ul(Yl, Z)II to be small, leading perhaps to
results as before. However, this small change in control by player 1 may lead to a
relatively large change in player 2’s information if, for example, we have the limiting
case G2 0,/9 0. A lower bound on the optimal cost can be obtained by including Z1
in player 2’s information (leading to linear optimal controls) but while in this way a
result such as Theorem 1 may be shown, it appears that iterative procedures along the
lines considered above, are inappropriate here.
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ON THE RELATIONSHIP BETWEEN FIRST AND SECOND
CONTROLLABLE SYSTEMS IN BANACH SPACES*

ROBERTO TRIGGIANI"

ORDER

Abstract. Approximate controllability properties of the ’abstract wave equation’ 6: , Ax + Bu on
X X and of the ’abstract heat equation’ ;: Ax +Bu on X are compared. It is shown that there exists a
dense subspace Xo of X, explicitly exhibited, such that, with BU Xo, 6e is approximately controllable on
any finite time interval [0, T] if and only if so is . Moreover, this is the case if and only if a suitable
extension of the familiar finite dimensional rank condition holds.

1. Introduction and summary of results. Consider the abstract control systems

" Ax +Bu (5m AX + biui, bi X, ui scalar),
i=1

;" Ax +Bu (@,, Ax + biui, bi X, ui scalar).
i=1

(0 and - stand for second order and first order system, respectively), where both X
and U are separable Banach spaces and B is a bounded linear operator from U into
X. Unless otherwise stated, X is always infinite dimensional. 6e,, and , refer to the
case when dim U m, or more generally, dim BU m, BU range of B. When
m 1, we shall write b instead of b l. We shall also employ the notation
5(A,B),,,(A, (bl,... ,b,,)), etc. to emphasize a particular pair (A,B) and
(A, (b,..., b,,)) under consideration. The operator A is assumed throughout to
satisfy the following assumption.

H1. A is (closed, linear, with domain D(A) dense in X and range in X and) the
infinitesimal generator of a strongly continuous cosine function C(t) of bounded linear
operators in X,

Such assumption is necessary and sufficient for the homogeneous second order
system to be uniformly well posed on the real line and of type -< o0 [5, I, Thm. 5.9, p.
91]. See, e.g., [5], [10]-[12], [16] and the references cited therein for the necessary
background on the theory of abstract cosine functions.

A main theme of the present paper is a comparison between controllability
properties of ow and , (for precise definitions see 2), which was already carried out
in [4] by Fattorini. He showed the following results (using our terminology):

1) approximate controllability in finite time for 6e is always stronger than
approximate controllability in finite time for ’, while these two properties are
equivalent if a certain assumption H2 (below) regarding the spectrum of A holds. The
assumption in question is

H2. There exists a simple closed curve F entirely contained in p0(A)---the
connected component of p(A) that contains the half plane Re A > to’o--suCh that the
origin is contained in the interior of F.

* Received by the editors February 25, 1977, and in revised form January 30, 1978.
f Mathematics Department, Iowa State University, Ames, Iowa 50011. The first draft of this paper was

completed during a one-month stay (August 1975) at the Mathematics Research Center, University of
Wisconsin, Madison, supported by United States Army under contract DAAG29-75-C0024. Preliminary

versions of this paper were presented at, and have appeared in, the Proceedings of the 7th IFIP Working
Conference held at the University of Rome, Italy, June 21-24, 1976 and at the 14th Allerton Conference
(special session on Infinite Dimensional and Time Delay Systems) of the University of Illinois of Urbana-
Champaign held on September 29, 30, 1976. See [23].
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2) If H2 is not satisfied, the above equivalence may fail to hold. In fact, Fattorini
provided the following example" Let X L2[-, ]; A be the self-adjoint operator
defined by (A[)(:) "(:)+ r/(:) with D(A) {f X :f’ X} (f’ understood in the
sense of distributions), r>=0; bl(’)= e -I1, and b2(:)= bl(’+ 1). Then, (i) assumption
H2 is not satisfied for the spectrum tr(A) of A is r(A) (-, r]; (ii) ff2(A, (bl, b2)) is
approximately controllable in finite time, while (iii) 6e2(A, (bl, b2)) is not,

On the basis of the above results of Fattorini, therefore, one may be led to
conjecture that assumption H2 is a necessary condition for the implication: "approximately controllable in finite time :6e approximately controllable in finite
time" to hold.

As the present paper will show, however, it turns out that Fattorini’s result is
crucially related to his approach, which is based on the intermediary action between
and 6e played by the resolvent operator R (A, A) of A, and it is expressed by

(1.1) R(A 2,A)x=- e (t)xdt= e (t)xdt, ReA>to0, x6X.

Here S(t) is the semigroup associated with A (see 2).
In the present paper we take a different approach, i.e., we work in the domain

rather than in the A-domain, and we obtain new results which complement Fattorini’s.
In particular, we show (Theorem 2.3) that, regardless of assumption H2, there is a
dense subspace Xo of X, in fact X0 0<, S(t)X, such that, with the range BU of B
restricted to lie in X0, the system 6e(A, B) is approximately controllable on an
arbitrary interval [0, T] if and only if the same property holds for (A, B). Moreover,
this is the case if and only if a suitable extension of the familiar finite dimensional rank
condition holds.

After the first draft of the present paper was completed (during a one-month stay
in August 1975 at the Mathematics Research Center, University of Wisconsin,
Madison), H. O. Fattorini kindly brought to our attention reference [19] by Tsujioka,
which tackles a similar problem with a slightly different terminology from ours. While
an instructive comparison between Tsujioka’s results and those of the present paper is
carried out in [23], it suffices to say here that: (1) in the present paper we treat the
most general operator A for which the problem under consideration makes sense on
an arbitrary Banach space (i.e. an operator A satisfying H1); in [19] instead, A is a
self-adjoint operator on a Hilbert space; (2)our approach--which appears to us more
natural--leaves the second order equation as such and employs the cosine operator
theory; in [19] instead, the second order equation is rewritten as first order equation in
a suitable cross product space, and the theory of group ofoperators is employed.

2. Comparison between approximate controllability oi S’ and ’. In what
follows, we shall take for both and 6e zero initial conditions without further
mention.

The mild solution of the Cauchy problem associated with the system 6e is, by
definition,

(2.1) xs(t, u)= C(s)Bu(-) ds dr,
tO,

(. ,(t, ul= c(t-,lu(l,,

which make sense for any Bochner integrable (locally L) abstract function u(.). In
particular, if u (.) is C, the mild solution is indeed the strict solution (twice strongly
continuously dierentiable) of [4]. It is a fundamental factwhich will be exploited
throughout in the sequelthat an operator A satisfying assumption H1 automatically
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generates a strongly continuous (Co) semigroup S(t) of bounded linear operators on
X, >-0, which may be extended analytically into the half-plane Re > 0. Moreover,
$(t) is given explicitly for >0 by

(2.3) S(t)x e dr, > O, x X

[5, Eq. (5.17)], [11]. Hence the mild.solution of the Cauchy problem associated with
the system is by definition

t"

(2.4) xf(t, u)= | S(t-’)Bu(r) dr, >=0,
J0

for any Bochner integrable u(. ). In particular, if u(. is H61der continuous, the mild
solution is indeed the strict solution (strongly continuously differentiable of , [9, p.
491]. As in Fattorini [4], we wish to compare the controllability properties of and ow
according to the following definitions. Let Kt(6e) [resp. K,()] be the set of attainabil-
ity from the origin of ow [resp. @] i.e., the linear subspace of X xX[resp, of X]
consisting of mild solution pairs (xs(t, u), 2s(t, u)) [resp. mild solution point xf(t, u)]
when u runs over LI[[0, t], f]. The space X xX of all pairs (xl, x2) of elements of X
is endowed with pointwise operations and with norm [(x 1, X’2)l {llx 111z / ilx21tz} /z, so
that [9, p. 164] (X X)* X* X* (as Banach spaces).

We then say that 5e is approximately controllable on [0, T], 0< T < eo (respec-
tively, in finite time), in case /r(ow) X X (respectively, o<, K,(oW) X X).
Similarly, we say that o% is approximately controllable in [0, T] in case Kr()= X. It is
plain from (2.1) and (2.4) that the closure of the set of attainability Kt(.) does not
change if, instead of taking L1[[0, t], U]-control functions, one restricts to any other
linear class of control functions which are dense in L1[[0, t], U]).

It is a standard fact (deducible from (2.5) below) that, since S(t) is analytic for
> 0, we have Kr(o%) U0<t Kt(o), with T arbitrary, 0 < T < oe, so that approximate

controllability in [0, T] and in finite time are the same concept for . We shall
therefore often omit the time length specification ]:or and talk only about its approxi-
mate controllability. This need not be true for 5", for, in general, we only have
(,) u o_, ,().’

Finally, we notice that exact controllability in finite time" U 0_-<, K(6e)= X xX of
the strict solution of ow is out ,of the question, when A is unbounded. This is so since
the strict solution always lies in D(A), which is never all of X, by the closed graph
theorem. Similarly for . However, even exact controllability in qnite time of the mild
solution of 9 and can be excluded when the operator B is compact. This in particular
applies to the systems 5e,, and ,,, for any finite m. The proof for 5e follows along the
same lines developed in [20, Remark 3..32] or [22] for , and is therefore omitted.

We now collect below a series of elementary but important results to be used in
the sequel.

Claim (i). It follows easily, via (2.4) and a direct application of a standard
consequence [8, p. 31] of the Hahn-Banach theorem, that (resp. m) is approxi-
mately controllable in [0, T] if and only if: x* X*

(2.5)
x*(S(t)BU)=- O, ,
O<=t<=T,

:x =0; resp,.
x*(S(t)bi)--O, =x. 0).O<-_t<=T;i=l,.. .,m,

For an equivalent formulation see [6, Prop. 2.1].

E.g. use the proposition of [25] to select a vector b such that, in the notation of [25], b e X,,, (T), butb X,,,.
A specific example for X =L2(R),A =d2/d and T is/(o9) 1/(1 +wz).



850 ROBERTO TRIGGIANI

Remark 2.1. It is plain from the characterization (2.5) that (A, B) is approxi-
mately controllable if and only if (A, S()B) is approximately controllable for any
t_>_0.

Claim (ii). Similarly, via (2.1) and (2.2) 6e(resp. 6e,) is approximately controllable
on [0, T], or else in finite time, if and only if: x l*, x* X*

(2.6) f!’x<= (C(’)BU) d" + x’ (C(t)BU)=- O’

___- T, or else ->_ 0,

tX’ (C(r)b,) dz +x (C(t)b,)=-O,
resp"

[0-<t <- T, or else >-0,

i=l,’",m;i
imply x 1" x ’ 0.

For an equivalent formulation see [4, Lemma 2.1]..
Before illustrating the use of the above characterizations, we need a definition.

Throughout this paper, a crucial role will be played by the set Xo de___e o<t $(t)X. Xo is
a subspace dense in X [8, p. 208]. That b Xo means therefore that b $(’)/, for
some r > 0 and/ X.

Two motivating illustrations on infinite spatial domains on the direct use of
characterization (2.6). We wish to show that characterization (2.6) can be profitably
used to derive in turn easy-to-check-tests in nontrivial, physically significant cases.

Example 2.1. Consider the same space X and the same operator A as in
Fattorini’s example reported in the Introduction. However, this time we choose the
vectors bi in a quite different way. Let us impose that the vectors bi lie in the dense
subspace Xo defined above, i.e., let bi $(ri)/i for some ’i>0 and fli X, i=
1,. , m. By using characterization (2.6) we shall now show that:

(a) The minimal number m of scalar controls which make the system 6e,,
(A, (bl,’’ ", bin)) approximately controllable on an arbitrary interval [0, T] is two;
moreover,

(b) with m 2, this is the case for 6e2(A, (bl, bz)) if and only if

(A) /,(w)/z(-w)-/l(-W)/z(w) 0, a.e. in o ->0,

which is equivalent to, (w)82(-w)- oel (-w)’:(w) : O, a.e. in a => O,

where

[(w) 1.i.m. (2zr)-1/2 f ei’ef(se) dN .111

is the Fourier-Plancherel transform (isometric isomorphism of L2[-, ] onto itself
[26, Cor. Vl, 2, p. 154]).

For bi=S(zi)Bi as assumed, we have oi(w)=e-’"i(w), so the above stated
equivalence is checked directly.

Let us apply the Fourier-Plancherel transform with respect to the space coor-
dinate to the homogeneous second order system with initial position equal to [ and
zero initial velocity, whose solution is therefore x(t)=C(t)[, when feD(A). Since
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(Af)(o.,) -0, /(0,), standard computations yield [](to cos (g(w)t)/(to )_ where,
for convenience, we set 4r-w= g(w). [Notice that for r=0, we get [(to)=
cos qot)flqo)]. Then

[Io it sinhg()t().C(r)fdr ()= [C(r)f](o) dr
g()

Since the Fourier-Plancherel transform defines an isometric isomorphism of X onto
itself, the characterization (2.6) is equivalent to" , 2 X

21, C(r)b d +(2, ) 0, m, ri= 1 Ot :=0,

i.e. to

I_ [(to)sin h g(to)ti(to)+-2(to)cs h g(w)tfi(to)] do=-O
g(to)

21()0 and 22() 0 a.e. in-<<,

i=l,...,m, ONtNT,

Split I f+ and change into - in , so that the above identity can be
written as

fo e-"{[sin h g(w)ti1(w)+cOs h g(w)tiz(-w) i(-w)
g(m)

Differentiating in under the integral sign (which is legal by [24, p. 59]) and setting
0 at each stage yields

o(X/r--Z-)2"e-O2"[],l(-to)[,(-to)+]l(OO)i(to)]

dto =0, =0, 1,. ,
as well as

fo (X/r w2)2" e-O’2"[]2(-to)i(-to)+ x2(to),(to)] dto =’0.

These identities, by virtue of the completeness of {" e -e} in L2[0, co] imply (modulo a
change of variable), respectively,

(#) l(-to)/i(-to)-te]l(to)/i(to)=0 and ,,2(-to)/i(-to)+,2(to)/(to)=0,
a.e. in to >-0,

[18, p. 107] (the particular value of r > 0 is immaterial). Summing up and subtracting
yields for 1,. , m"

(i) [)1 (--to) "+" -2(--to )]i (--to) "4- [)1 (to) "4- .--2 (to)]i (to) 0
a.e. in to ->0.(B)

(ii)

It is now readily seen that, for m 1, the above identities (B) do not imply x (to) -= 0 and
Xz(to)-- 0 a.e. in -oo < to < oe. However for m 2, (B) (i) and (B) (ii) (each written as a
system) imply, respectively

x(to)+Xz(to)=O, Xz(to )- Xz(to )=- O, a.e. in -oo.< to < oe
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if and only if (A) holds. Therefore, the desired conclusion X ((.O)-- 0 and x2(to)---- 0 a.e. in
-oe < to < oe is achieved if and only if (A) holds. By virtue of characterization (2.6),
claims (a) and (b) are thus proved. Q.E.D.

Example 2.2. Let now X =L2[0, eel, and A be the self-adjoint [3, p. 1384]
operator defined by

(Af)(4)=f"(f)+rf(f); D(A)={fX’f"X, f(0) 0}

with r -> 0. The spectrum or(A) of A is again (A) (-, r], and so assumption H2 is
again violated. We choose a vector b to again lie in the dense subspace X0 defined after
Claim (ii), i.e., we let b S()fi for some 0 and X.

We shall now show by means of the characterization (2.6) that" the system (A, b)
is approximately controllable on an arbitrary interval [0, T] if and only if"

(w)#0 a.e. in w 0 or, equivalently" fi(w)#0 a.e. in 0, where (w)=
1.i.m.N.(2/)/2 jsin wf() d

is the Fourier sine transform (isometric isomorphism of L2[O, ] onto itself [3, p.
1388]). A proof is through a parallel development of the previous Example 2.1. Apply
the Fourier sine transform with respect to the space coordinate to the same homo-
geneous second order Cauchy problem; since (f)() -wlso for the Fourier sine
transform [3, p. 1388] for fD(A), one finds again [C(t)f]()=cosh (g(w))t(w)

2with g(w)= r w as in the previous example. Since the Fourier sine transform
defines an isometric isomorphism of X onto itself, the characterization (2.6) is
equivalent to- d, d2 X

(, C(r)bd +(22, C(t)b)0, ONtNT, 2=2=O.

For b S()fi as assumed, we have (w)= e-’fi(w) and the above identity becomes

)sinh ]g()

By proceeding exactly as in the previous example one arrives at

;1()()0 and ()()0 a.e. in 0,

which are the analogous counterpart of () in Example 2.1. The above identities imply
1() 0 and 2() 0 a.e. in 0 if and only if fi() 0 a.e. in 0. Our claim is
proved. Q.E.D.

Comments on Examples 2.1 and 2.2. These two examples, while indicating a
general procedure on how to make direct use of characterization (2.6), show something
more. In fact, the necessary and sucient conditions for approximate controllability of
these two second order systems on any [0, T] (as well as the minimum number of
scalar controls needed) turn out to be exactly the very same for approximate control-
lability of the corresponding first order systems. (Results for these first o.rder systems
were first derived in [6] by means of the ordered representation theory of a Hilbert
space, and then rederived in [2.1, 3.1] by using a suitable extension of the familiar
rank condition for controllability of finite dimensional systems. The approach
followed above in analyzing these second order systems is in the spirit of the deriva-
tion as in [21]). In other words: with the vectors b restricted to the subspace
Xo UoS(t)X, dense in X, the wave equation (A, (bl,’’’, b))is approximately
controllable on an arbitrary interval [0, T] in both examples if and only if the
corresponding heat equation (A, (bl,""", bm)) is also approximately controllable
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on [0, T], despite the fact that the operator A in both cases fails to satisfy Fattorini’s
assumption H2. That this behavior is not a coincidence pertaining only to a few
examples will be shown in Theorem 2.3, part (b), below. Its proof will be the abstract
analogous version of the procedure employed in the two special cases above. We
begin with a lemma.

LEMMA 2.1. Under assumptionH 1, the following holds for any y Xand Tarbitrary
and finite"

s-- {C(t)y, -o < <} - {S(t)y, 0 <- <} g- {S(t)y, 0 -< -<_ T},

where here and herealter sp denotes ’span’.
Proof. C(t)is an even function of t[5], [12]. By a consequence of the Hahn-Banach

theorem, [8, p. 31], all we have to show to justify the first equality is that if x* X* and
x *(S (t)y) 0, _-> 0, then x *(C(t)y) --- 0, _-> 0, and conversely. Both implications follow
from (1.1) (or (2.3)) by virtue of the uniqueness of the Laplace transform [3, p. 626].
The second equality is due to the analyticity of S(t). Q.E.D.

For later reference we label another condition" x* X*,

(2.7) x*(C(t)BU)=O, 0-< <oo, zx* 0.

Now, let - fail to be approximately controllable in [0, T], hence in finite time. Then, by
claim (i) above, $*(S(t)BU)=-O, >-0, for some nonzero J?* X*. By Lemma 2.1,
$*(C(t)BU)--O, >= 0 and therefore $*(C(’)BU) dr =-O, >-0 and the left hand side
of implication (2.6) is violated with x l* x z* $* 0. We have thus established the
following result, whose part a) was already proved in [4] in the A-domain (i.e. using
R(A, a)).

THEOREM 2.2. LetA satisfy H1. a) If9 is approximately controllable in finite time,
then is approximately controllable in any [0, T], 0< T<. In symbols" LJ
0<-< Kt(S) X +X/-() X. b) The reverse implication also holds, ifstatement
(2.7) implies statement (2.6).

Remark 2.2. Statement (2.6) always implies statement (2.7) for any T, while the
converse is not always true. However, since C(t) is even and therefore C(’)y d" is odd
on (-, ), one also has that (2.7) implies (2.6) for ->_ 0, provided (2.6) valid for _>- 0
can be extended to hold also for all negative values of t. This is the case, e.g., when A is
bounded on X or in the physically significant case when A is normal and has compact
resolvent (see 3).

Before stating the next result, we define D(A)= f3 D(A") and recall that, for
an operator A generating a C0-semigroup, hence afortiori for A satisfying H1, D(A)
is a subspace and is still dense in X[1, p. 12]. Also, with Xo LJo<,S(t)X (the dense
subspace of X defined before), we have Xo Do(A) for any semigroup satisfying
S(t)X D(A) for >0, i.e., for any differentiable semigroup, hence a tortiori for the
analytic semigroup generated by A satisfying H1. The general result showing that
condition H2 is not necessary for the approximate controllability of -(A, B) to imply
the same property for 5(A, B) is contained in Corollary 2.4 below. To this end, we shall
focus our attention on smooth vectors ofX contained in D(A). The next result is in the
spirit of the extension, as given by the author in [21, 2], of the classical rank condition
for controllability of finite dimensional systems, of which it is a generalization.

THEOREM 2.3. Let A satisfy H1.
a) With BU=D(A) (resp. with bi6D(A), i= 1,..., m), the condition

sp {A"BU},=o X (resp. {a bi, 1, 1,..., m},=o X)
is sufficient ]’or approximate controllability on any [0, T], 0 < T < oo, o]’ (A, B) (resp.
St’re(A, (bl,’’’, b,,))), hence of(A, B) (resp. ,,,(A, (bl, b,,))). Such condition is
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however not even necessary for approximate controllability of ,,,(A, (bl," b,,)).
b) With BU Xo (resp. with bi Xo, 1, ., m), the condition

sp {A"BU},=o X (resp. - {A"b,, 1,..., m},,=o X}

is necessary and sufficient [or approximate controllability on any [0, T], 0< T < c
of both Y(A,B) (resp. 5,,(A,(b,..,,b,,))) as well as :(A,B) (resp.
,,(A,(bl,. ., b,,,)>).

COROLLARY, 2.4. Let A satisfy HI. With BUcXo (resp. with biXo, i=
1,’", m), approximate controllability on any [0, T], 0< T <o, of (A, B> (resp.
,,(A, (bl, , b,,))) implies the same property forS(A, B) (resp. 5,,<A, (b, , b,,))).

Remark 2.3. If the operator B of the original approximately controllable system
(A, B) does not satisfy BU c X0 and perturbations are allowed, reference to Remark
2.1 is useful. This program is carried out in Remark 2.4. For the computability of the
above tests to physically significant classes of systems, refer to [21] and also to the
subsequent Remark 2.8 in the present paper.

Proof of Theorem 2.3. Part a). That the stated condition is not necessary for
approximate controllability of ,,,(A, (b,..., b,,)) was already pointed out by the
author in [21, Remark 2.4] by means of an example with m 2 (Example 2.3 of the
present paper, in fact). As for the sufficiency in part a) for 6e,,, by contradiction let there
exist ,1", $2" X*, not both zero, such that (see Claim (ii))

(2.8) Y.’ (C(-)bi) dr +’ (C(t)b) =- O, 0 <= <-_ T, 1,..., m.

Recall now, e.g. [10], that for n 1, 2,. ,
d2"C(t)Y "C(2.9) -,dt2,. =A (t)y=C(t)A y, yD(A), -c<t<,

(2.10) C(O)x =x, xX and dC(t)x] =0, x D(A).
dt ,=o

Setting 0 in (2.8) yields $ (b)= 0. Differentiate (2.8) successively using (2.9), and
set 0 at each step using (2.10) to show, by induction, that

(2.11) *(A"b)=0, and $2*(A"b)=0, n=0,1,...,

But in view of the Hahn-Banach theorem, this contradicts the hypothesis, since 1" and
$’ are not both zero. Similarly for 6e. Since Xo Do(A), as was previously observed, it
remains to show necessity for part b). To this end, let b X0, i.e., b $(zg)/3i, for some
’i > 0 and/3i X and let

*(A "b, =-=- *(A "S (r, ), =- O, i=l,...,m, n=0,1,...,

for some nonzero * X*. Then, by the analyticity of S(t)which implies [1, pp. 15-16]
AnS(t) bounded on X and

d"S(t) A"S(t), > O,(2.12) ,at.,-,=
it follows that $*(S(t)B)==--O as well as Y*(S(t)bi)=O, 0=<t<oo. By Lemma 2.1, one
also has $*(C(t)b)==O, -<t <oo. Applying the previous claims (i) and (ii)yields
easily a contradiction to the assumptions, since $* is nonzero. Q.E.D.

Necessity in part b) for O can also be proved through a property of C(t)Xo which is
treated in appendix 1 of [23]; i.e., the map C(t)x, x Xo is entire with infinite radius
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of convergence. See [25] for more details" These show in particular that Xo is not the
largest subspace of Do(A) containing BU for which pp {AnBU} X is a necessary
condition for approximate controllability in finite time of 6(A, B). The largest subspace
with this property is denoted in [25] by X,,.

Remark 2.4. Recall Fattorini’s example from 1. Writing Ar A+ rI, we haVe
SA,(t)=er’SA(t)with

(2.13) (Sa(t)f)()=

[1, p. 2]. Then bl()=e -le) and b2(’)=bl(’+l) do not belong to the subspace
Xo tA o<, SA, (t)X in agreement with our Theorem 2.3. In fact, they do not even belong
to D(A) as one sees quickly by Plancherel-Fourier transform methods. However, for
any e > 0, there is t > 0 such that the perturbations/3 SA,(t)hi satisfy 1[/3- b[I < e,

1, 2 and makeA approximately controllable on any [0, T] for the first order system
[see Remark 2.1] and also for the second order system [see Theorem 2.3b]. Finding a
suitable t, is most easily done by Plancherel-Fourier methods" e.g.

==Remark 2.5. When BU D(A), the following inclusion is contained in the proof
of Theorem 2.3a) and in Lemma 2.1"

(2.14) - {a"BU},=o c g {S(t)BU, 0 <- <-- } - {C(t)BU, -az < < }.
The next example with m 2, illustrates the case when the inclusion (2.14) is proper,
with the set on the right hand side being the entire space.

Example 2.3. Let X L2[-, o], Af d2f/d2 (in the sense of distributions with
D(A)={):[ and f"L2[-o3, o]}. Take bl() to be a C function with compact
support. Say: bl(:)=exp(-(’2-1))-a, -1<:<1, and bx()=0 for Il---1. Define
bz(lj)=bl(-h), h 0. Then b(.) and b2(’) belong to Do(A), and, moreover, they
vanish identically together with all their derivatives outside [-1, 1 +hi for h >
0([-1 + h, 1] for h < 0). Hence in this ease we have {A"b, 1 1, 2},,=o X and
there is a nonzero $*X* such that Y*(A "b O, i= 1, 2; n =0, 1,.... Yet the
identity x*(S(t)b) 0, 0 _-< <, implies x* 0 in view of the previous claim (i) since, as
was shown in [5, Ex. 1], [21, Ex. 3.], the present system .2(A, (bl, b2)) is indeed
approximately controllable. Notice that b Xo, in agreement with Theorem 2.3b).

Remark 2.6. On the other hand, Theorem 2.3b) and Lemma 2.1 show that, if in
particular BU Xo, then

(2.15) pp{a"BU},, =o {S(t)BU, 0 <- <} ’ {C(t)BU, -< < oo}.
COROLLARY 2.5. Let A be bounded on X. Then Sf(A, B) is approximately

controllable in [0, T] if and only if (A,B) is approximately controllable, and this
happens lust in the case

(2.16) s-- {A"BU},=o X.

Remark 2.7. When A is bounded on X (in which case assumption H2 is certainly
satisfied), then

At A "t" Ant2n
S(t)=e =,=o n!

and C(t)=,,=oE (2n)l’.
-az<t<,

and the above argument leading to Corollary 2.5 simplifies, by making direct use of the
explicit power series expansions for $(t) and C(t). Also, the characterization (2.16)was
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already given in [20, Th. 3.1.1] for 0%, and one can deduce from it the corresponding
statement for 5 of CorollaLv 2.5 by rewriting as first order system on X x X:

;=Ay+Bv, ye Y=XxX, ve V=UxU, with
(2.17)

0 0

bounded operators on Y and V Y, respectively. The powers "V, n 0, 1, are
then

and they span X xX if and only if (2.16) holds. Q.E.D.
The next corollary is a comprehensive statement incorporating previous known

results for first order systems ([6, Prop. 2.3] and [20, Th. 3.1.1]) together with
Theorems 2.1 and 2.3 above as well as [4, Th. 2.3] for second order systems.

COROLLARY 2.6. Let A satisfy H1 and consider the following four systems

(A, B.)" 2 Ax + Bu, (R (o, A), B }" R (o, A)x + Bu,

5(A, B)" 2 Ax + Bu, 5(R (Ao, A ), B )" :f R (Ao, A)x + Bu,

where ho is a fixed but otherwise arbitrary point in po(A ) (defined in the statement of H2 in
1). Then

a) either the systems (A,B)I @(R(Ao, A),B) and (R(Ao, A),B) are all simul-
taneously approximately controllable on any [0, T], 0 < T < co, or none of them is; the
first alternative occurs if and only if
(2.18) s- {R" (o, A)BU},=o X.

b) Equation (2.18) is a necessary condition for approximate controllability in finite
time of 5(A, B), and it is also sufficient in the following two cases:

(i) either A satisfies Fattorini’s assumption H2
(ii) or (with no assumption on A except H1) the range of B is contained in

Uo<S(t)X.
Remark 2.8. Equation (2.18) represents another version of the extension of the

finite dimensional rank condition, as distinct from those in the statement of Theorem
2.3. We emphasize once more that all such versions are computable, and in fact they
have been used by the author to derive in a systematic way easy-to-check-tests for large
classes of physically significant dynamical systems [see 21]. See also [13] for an
important case (delay differential equation) of an operator which generates a Co
semigroup but not a cosine function.

Remark 2.9. We finally remark that Russell proved in [15] that a type of exact
controllability in finite time of the wave equation, using boundary controls, implies the
same property for the corresponding heat equation, on the same region and with
controls of the same type. Although the problem in the present paper and the problem
in Russell’s are closely related (approximate controllability with distributed controls
versus a type of exact controllability with boundary controls) the mathematical methods
employed areand appear to be bound to becompletely different.

3. The case when A is normal with compact resolvent. Throughout the present
section, X will be specialized to be a Hilbert space and the operator A is assumed to
satisfy, in addition to H1, the following assumption.
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H3. A is normal and its resolvent R (/xo, A) is (normal) and compact as an operator
on X for some /x0 (hence, for all/x in p(A) [9, p. 187]).

The reason for singling out this special case lies in its importance in physical
applications" the compactness of the resolvent is in fact automatically satisfied if the
partial differential equation is defined ona bounded spatial domain [3 pp. 1739-40; p.
1330], [7, Remark 2.2], [14, Chap. 7], while the normality assumption covers all
classical boundary conditions. Notice that assumption H3 certainly implies assumption
H2 (see below) and hence the present special case is covered by Fattorini’s result,
reported in 1: under H1 and H3, either and 5" are both approximately controllable
in finite time, or neither of them is. However, we feel that precisely because of the
relevance of the present class of differential systems in mathematical physics, it is
instructive to give a direct, ad hoc proof of the above results. Such proof, which is given
below, will make use of the particular structures of the cosine function C(t) and its
corresponding semigroup S(t), as implied by assumption H3.

In view of assumption H3, the following holds (for background see [9, p. 277], [14,
p. 487], [3, p. 1330], etc.). The cosine operator C(t) and the semigroup $(t) are given by

(3.1) C(t)x= E cos/---.t (X, Xik)Xik --oO<t<oO, x6X,
j=l k=l

(3.2) S(t)x E e x’’ E (x, Xik)Xik, >-- O, X X,
/’=-1 k=l

respectively. Here the {A.} are the distinct isolated eigenvalues of A,
with corresponding finite multiplicity 5. The {Xik} are the complete orthonormal set of
eigenvectors of A, k 1,.. , 5. As a consequence of H1, such {A.} are contained in a
parabolic sector [5, Remark 5.6]

(3.3) {,2" Re, < wo} {," Re , < (Im ’)--2 20}=- 4wg +w

Now, let Claim (ii) in 2 be violated, i.e., let

ri
(3"41 , sin/---t

2 (BU, xi,12*a(xi,)+ 2 cos--it 2 (BU, xit,12"(xi,)=O,
k=l /’=1 k=l

t->0,

for *, 2" X* not both zero. Since the hi’s are in a parabolic sector as described in
(3.3), it follows that Jim x/--.]-<K uniformly in ], so that both [cos (/--. t)[ 2 and
[sin (x/. t)]2 are uniformly bounded above by 1/2[cosh 2Kt + 1]. It follows that each
series on the left hand side of (3.4) is uniformly convergent on any interval [-T, T],
since it is unconditionally convergent, i.e., independent of the order of the index ].
Therefore, the left hand side of (3.4) is an almost periodic function on (-c, c) [2, Thm.
1.6, p. 12]. Since it is identically zero for 0, by Bohr’s definition [2, Property B, p.
14], (3.4) is identically zero also for < 0. But the first series on the left hand side of (3.4)
is an odd function of t, while the second series in an even function of t. Therefore, both
series must be identically zero on (-, c) (refer to Remark 2.2), i.e.,

’ (C(t)BU)-- 0 and * (C(z)BU)

and hence also * (C(t)BU)--0 in (-c, oe), the integrand being continuous. Since *and are not both zero, we have therefore proved that under assumptions H1 and H3,
condition (2.7) implies condition (2.6). In view of Theorem 2.2b), this iustifies the if’ part
of the following Theorem 3.1. Its only if’ part is contained instead in Theorem 2.2a).
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Moreover, the subsequent characterizations (3.5) and (3.6) are already known for the
system [5, Example 4, for A self adjoint], [21, 3.2]. In [21], they were derived using
e.g., characterization (2.18) as applied to the present case.

THEOREM 3.1. LetA satisfy H1 and H3. Then 6(A, B is approximately control-
lable in finite time it" and only if (A, B} is approximately controllable on an arbitrary
[0, T]; this is the case if and only if
(3.5) PiBU X., j 1, 2, , BU range of B.

For 6, and ,, the above characterization (3.6) becomes

(3.6) rank

(bx, x#,),
which in turn implies" sup r _-< m.

(b,, x)
(b,x)

(b, x#,)

=r, y=,2,...,

Moreover, (A, B) (resp. (’)(A, (bl,’’’, b,,)) is approximately controllable in an
arbitrary interval [0, T], 0 < T < eo, if, in addition BU c Xo (resp. bl X0: this is
equivalent to having bi of the form"

bi S(ri)Bi Y e’’ (Bi, Xik)Xik
1=1 k=l

for some i -X and zi > 0).
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ERRATA: NONPARAMETRIC IDENTIFICATION
FOR DIFFUSION PROCESSES*

G. BANONt

1. Assumption A2 (p. 380) should read: "m(. and tr(. are real-valued
functions on R satisfying, for x, y e R, the Lipschitz condition..."

2. The last sentence on p. 385 should read: "... which converges pointwise, for
all a R,...

3. The statement of Lemma 3.2 (p. 388) should be altered to be: "... of the Xt
process converges pointwise as c

4. The text following the first display on p. 389 should be as follows: "... have
successively: rl 0, r2 0, bl(x, 0)= 0 for..."
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OPTIMAL CONTROL OF FUNCTIONAL
DIFFERENTIAL SYSTEMS*

F. COLONIUSt AND D. HINRICHSENt

Abstract. This paper presents a unified approach to diverse optimal control problems for hereditary
differential systems (HDS). An abstract local maximum principle is established via the Dubovitskii-Milyutin
method. It yields necessary conditions for the optimal control of HDS towards surfaces in R" and towards
target sets in function spaces. Nondegeneracy criteria are included. It is shown that the necessary conditions
are sufficient in the case of linear HDS with convex cost functionals. Analogous results are obtained for
systems described by Fredholm equations with general control action. For Fredholm systems with targets in
function spaces, the attainability space is investigated, criteria for to be closed are established and full
attainability is characterized.

Introduction. This paper is mainly concerned with the optimal control of heredi-
tary differential systems (HDS) with finite memory h =>0 described by functional
differential equations of the form"

(1) (t)=f(x,, u(t), t), a.e. [to, t],

where for every [to, tl]

(2) x,: s--) x(t + s), s [-h, 0],

is the past history of x(. corresponding to the moving time-interval [t-h, t].
Throughout the text, [to, tl] is a fixed time interval. We suppose that an initial datum
X,o=q is given which describes the motion of the system during the time interval
[t0- h, to]. Then, under suitable assumptions on ]’1, the trajectory x (.)= x, (.) of the
system is completely determined by the control function u: [to, ll]’),r. Pertinent
existence, uniqueness and continuity results are to be found in [19].

Mathematical models of this type play an important role in every field of science
where causes do not produce their effects immediately but with some time delay (see
[14] for a brief survey).

Our purpose is to establish a unifying framework in order to derive maximum
principles for the following optimum control problems"

(P1) optimal control of HDS towards a given point Xl e Rn’

X(tx)=X1,

(P2) optimal control towards a given target function 1: [-h, 0]--> R":

Xtl 1.

For a discussion of these two problems and a survey of the results obtained as well.as
the abstract optimization methods employed up to 1973, we refer the reader to [2],
[7], [8]. While the abstract variational theory of Neustadt has been efficiently used to
derive necessary optimality conditions for problem (P1) (cf. [1], [8]), it encountered
severe difficulties, when applied to problem (P2). More recently, some new ideas have
been introduced into this context which seem to be quite promising [10], [28] (cf. 3).
The present paper, however, follows the alternative general theory of extremals, the
theory of Dubovitskii-Milyutin (cf. [18]). More detailed bibliographical information
will be given in the following sections.

* Received by the editors November 30, 1976, and in final revised form December 1, 1977.
f Fachbereich Mathematik, Forschungsschwerpunkt Dynamische Systeme, Universitit Bremen, 28

Bremen 33, West Germany.
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The problems considered jointly in this paper are usually studied separately in the
literature. In order to give a comprehensive account we also include some known
results or minor generalizations.

In 1 we establish an abstract local maximum principle that covers the optimal
control problems (P1) and (P2). It is shown that the necessary conditions in their
nondegenerate form (A0 1) are also sufficient for optimality in the case of linear
systems with convex cost functional. Conditions for nondegeneracy are included in
order to clear up the relationship between necessary and sufficient optimality criteria.

A similar maximum principle has been obtained by Kurcyusz [22], as a necessary
condition for the optimal control of systems with operator constraints. However, our
assumptions are more readily verified. They easily admit the application to HDS with
distributed lags and delays in the control, as well as to more general systems described
by Fredholm equations.

In 2 we briefly summarize the results which may be obtained by application of
the abstract maximum principle to problem (P1).

In 3 we apply the results of 1 to problem (P2), confining ourselves to linear
HDS and more generally to Fredholm systems with general control action. We obtain
a maximum principle which states necessary and sufficient conditions for optimality.
Possible generalizations to nonlinear systems are briefly indicated. Problem (P2) still
has been treated by relatively few authors. To our knowledge, all attempts to establish
a corresponding maximum principle for general nonlinear functional differential
systems have failed up to now (cf. 3)..

Since the maximum principle obtained in 3 depends essentially on the assump-
tion that the attainability space M is closed, we investigate this subspace in 4. Our
results generalize some of the theorems obtained in [6], A conjecture of Banks-
Jacobs-Langenhop [6, p. 619] concerning the necessity of their condition (H3) for M
to be closed is partially confirmed (Prop. 4.2). The known criteria for M to be closed
still remain rather unsatisfactory. Only full attainability iscompletely characterized.

Notation and terminology. Let X be a Banach space and let X* denote its
topological dual space. We define the symbol (x*, x)B by (x*, x)B := x*(x), where the
right-hand side is the value.of the linear form x* at the point x. Let F: X1 X2 +X be
a map, X1, X2, X B-spaces. Then DF(x)= D1F(xl, x2)+D2F(Xl, x2) denotes the
Fr6chet derivative of F in x (Xl, x2) X1 X2. (X1, X2) is the space of continuous
linear operators, mapping X1 into X2. A* denotes the adjoint of a continuous linear
operator A, while Im A and Ker A are its range and kernel, respectively; cl Q is the
topological closure of a set Q, int Q its interior.

For any subset Q ItS, 10 denotes the characteristic function of Q on I.

1. An abstract local maximum principle. We consider the following abstract
control problem (ACP) which reflects the general structure of concrete control prob-
lems without presupposing the controls and trajectories to be functions of time"

(ACP) Let X, U, Z be Banach spaces, Q c U, F0: X U + lt, FI: X U X,
F2: X.-+ Z.
Minimize

(1.1)
subject to

Fo(x, u ),

x F(x, u),

(1.2) F:(x)=0,

(1.3) uO.
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Later on, X will be interpreted as the space of trajectories, U as the space of control
functions, O as the set of admissible control functions and Fz(x)=0 as the end
condition, x =Fl(X, u)corresponds to the equation of motion of the dynamical
system.

THEORZM 1.1 (Local maximum principle). Let (x, u)X x U be a solution of
(ACP) and suppose the following conditions:

(a) Fo is Frdchet-differentiable in (x, u), F1, F2 are continuously Frdchet-
differentiable in a neighborhood of (x, u), resp. x.

(b) D1Fx(x, u) is a compact operator that satisfies
Ker (Id.x-DiFl(X, u)) 0.

(c) The "attainable subspace" eg of the linearized system

:={DF2(x)x I::lu’ U’x DFl(X, u)(x, u)}

is not a proper dense subspace of Z.
(d) O is convex and contains interior points.

Under these assumptions there exist o >- O, x* X*, z* Z*, not all zero, which satisfy
the following two conditions"

(i) x*= AoD1Fo(x, u)+ DIFl(X u)*x * + DF2(x)*z * (ad]oint equation)"
(ii) [AoDzFo(x, u)+DzFl(X, u)*x*][u-u]<-O for all u Q

(minimum condition).
Nondegeneracy condition" Ao is nonzero if the following additional assumptions are

satisfied"
(e) There exist U, X such that u + int Q and

DFI(X, u)(, t), 0 DF2(x)(.).
(f) All the points in Z are attainable, that is, Z.
Proof. Construct local approximations of the objective function and the con-

straints by convex cones, and apply the theorem of Dubovitskii-Milyutin in order to
establish the generalized equation of Euler-Lagrange for our problem [18]. Then,
show that this equation is equivalent to (i) and (ii). For details see [12]. 1-1

Remark 1.1. In this remark we comment on some of the assumptions of the
preceding theorem.

1) Assumption (b) is generally satisfied for ordinary and hereditary differential
systems.

2) The most critical assumption of the theorem is (c). It is always satisfied, if we
deal with pointwise end conditions (Z finite dimensional). However, it is difficult to
verify, if Z is a function space.

3) If the closure of s is a proper subspace of Z, ,0 may be chosen to be zero and
hence we get necessary conditions which are independent of the objective functional.
In this case the theorem tells us something about the "system" (1.1) and its relation to
the constraints (1.2), (1.3), but nothing about the optimal control problem: Every
solution (x, u) of (1.1)-(1.3), for which the assumptions (a), (b)are met and cl ()
Z, satisfies conditions (i), (ii) with A0 0. The stronger assumption (f) excludes this
possibility. It means that the system linearized at (x, u) is completely attainable. This
implies that the differential of the function X UX Z defined by the equality
constraints (1.1), (1.2)is surjective. Hence the theorem of Lyusternik may be applied
to compute the corresponding tangent cone [12].

4) If both (e) and (f) are satisfied it follows that A0 0. We have just seen that
only the nondegenerate version of the local maximum principle yields pertinent
information for the solution of the optimal control problem. This explains the
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theoretical interest of sufficient conditions for nondegeneracy which should be
included in maximum principles whenever possible. One of the strong points of the
Dubovitskii-Milyutin method is that, in many cases, it yields conditions for nonde-
generacy without much additional effort.

5) Halkin [20] has shown that for finite dimensional terminal conditions (i.e. Z
finite dimensional) the assumptions concerning Q and theFr6chet-differentiability of
F0, F1, Fz can berelaxed.

We now consider the following linear version of the abstract control problem:

Let X, U, Z, 0, F0 be as before and A e S(X, X), B 5(U, X), C e
(x,z),z Z.
Minimize

(LACP)

subject to
Fo(x, u)

(1.4) x Ax + Bu,

(1.5) Cx z,

(1.6) uO.
We shall see that in the linear case the nondegenerate maximum principle is not only a
necessary but also a sufficient condition for optimality.

Furthermore, the nondegeneracy assumptions may be weakened. It now suffices
to require that the attainability space s is closed in Z (instead of Z). To see this,
we simply regard the map u -F2(xu), where xu is the solution of x Fl(x, u), as a map
from U onto sO.

THEOaZM 1.2. Let (x, u)eX x U satisfy the constraints (1.4)-(1.6) and suppose
that the following assumptions hold:

(a) Fo is Frgchet-differentiable in (x, u) and convex.
(b) A is a compact linear operator satisfying

Ker (Idx A) 0.

(c) {Cx [Zlu U" x Ax + Bu} is closed in Z.
(d) O is convex and contains interior points.
(e) There exists (, )X U such that

2 A27 + Bt, C z, t int O.

Then (x, u) is a solution of (LACP) iff the following conditions are satisfied"
There exist x* X*, z* Z* such that
(i) x* DFo(x u)+A’x* + C’z*
(ii) (D2Fo(x, u)+B*x*)(u-u)<O= for all u O.
Proof. Let T: U X be the linear mapping which associates with every u U the

corresponding solution xu of x Ax +Bu. (LACP) may be reformulated as follows:

(LACP’) Minimize Fo(Tu, u)

subject to (C T)u z, u O.
C T is a continuous, linear, surjective operator from U onto the Banach space
(continuity of T follows from Banach’s inverse theorem). It is now easy to derive the
sufficiency and necessity of conditions (i) and (ii) from the corresponding theorem of
Dubovitskii-Milyutin [18, p. 115]. 71



OPTIMAL CONTROL OF FUNCTIONAL DIFFERENTIAL SYSTEMS 865

Remark 1.2. G" u--Fo(x, u)+x*(Ax+Bu) is a convex functional on O.
Condition (ii) expresses that the Fr6chet derivative of G in u is a support functional
of O at u. Since G is convex this means that u is a minimum of G on O. Hence the
local minimum condition (ii) is equivalent to the following global minimum condition"

(ii’) Fo(x, u)+x*(Ax+Bu)<=Fo(x, u)+x*(Ax+Bu) for all u O.
Remark 1.3. With regard to the necessity of (i) and (ii), the central assumption of

Theorem 1.2 is (c). However, here it is not needed for calculating the cone of tangent
directions (because of linearity, this is a trivial problem). But it is needed in order to
determine the dual cone. Kurcyusz [22], [23] has shown the following interesting
result: If s is not closed in Z and Q U, then an objective functional F0 exists such
that the unique optimal solution of the corresponding problem (LACP) does not
satisfy the maximum principle ((i), (ii)).

Remark 1.4. According to Remark 1.1 only the nondegenerate maximum prin-
ciple can be expected to yield a suf]icient criterion for optimality. Assumptions (c) and
(e) are used to establish the nondegenerate version of the maximum principle as a
necessary criterion. These assumptions become redundant for the sufficiency part of
the theorem which presupposes 0 1. This corresponds to the well-known fact that
Slater’s condition is only needed in order to prove the necessity of the saddle point
condition for convex programs (see [18, p. 116], [25, p. 216]).

The following reasoning shows that the conditions (c), (e) and int Q : in (d)
can be dispensed with in the proof of sufficiency. Suppose (i) and (ii). Then, by
definition of T and the adjoint equation we have for u Q"

(B*x*)u =(x*o (Idx-A)o T)u =(DiFo(Tu, u) T)u +(z*o C T)u.

This and the analogue equation for (B*x*)u show that (ii) implies

(D2Fo(Tu, u)+DiFo(Tu, u)o T)(u- u)<= O

for all u e O with (C T)u z.

Since u Fo(Tu, u) is convex on the convex set {u Q; (C T)u z}, we conclude as
above that u is an optimal solution of (LACP’).

This remark again illustrates the theoretical significance of conditions for
nondegeneracy" They specify assumptions under which the maximum principle can be
established as a necessary condition in such a form that it becomes sufficient for
optimality, if certain convexity conditions are satisfied.

Remark 1.5. Clearly, Theorems 1.1 and 1.2 may also be applied to optimal
control problems without end condition. In this case F2 0 and s Z {0}, assump-
tion (c) is trivially satisfied; and the second Lagrange multiplier z* is zero.

Remark 1.6. Existence of an optimal solution follows, if we assume, e.g., that U
is reflexive and O is closed and bounded. In this case, O {u U (C T)u z} is
weakly compact and F0 is weakly lower semicontinuous. Unicity of the optimal
solution is guaranteed if F0 is strictly convex.

2. Optimal control of hereditary differential systems towards target sets in ".
Since a large number of papers has been published on this problem (cf. [8]), some of
which expose similar optimality conditions, we only briefly indicate the kind of results
which can be derived from 1:

Consider a nonlinear HDS of type (1) which is to be guided from an initial datum
o towards a surface {x e Rn; g(x)= 0}, g: R" N" within a fixed time interval [to, tl].
Suppose that an integral cost criterion Fo(x, u)= ,’, fo(X(t), u(t), t) dt and a convex set
D,c Nr, intf of admissible control values are given. In order to apply the
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theorems of 1, choose the function spaces X and U of the trajectories and the
control functions, respectively, as"

X := ([to- h, tl], Rn) and U := L([to, tl],

Then the following results are obtained by translation of Theorems 1.1, 1.2 into the
present context"

RESUL’r 2.1. Under the standard differentiability assumptions for fo, f and g, a
pointwise local maximum principle is derived which generalizes the local maximum
principle for ordinary differential systems (cf. [18]).

RESULT 2.2. Nondegeneracy of the maximum principle is established under the
following assumptions"

(a) The set of admissible controlfunctions Q {u(. ) U; u(t) f a.e.} contains in
its interior a variation u( )+ (. of the optimal control u( such that the
trajectory of the linearized system corresponding to ti(. ):

(t) Dlfl(x , u(t), t) +D2fx(xt, u(t), t)t(t) on [to, tx],
(2.1)

--0
satisfies Dg(x(tl))(t)= O.

(b) The linearized system (2.1) is output controllable at time t in the following
sense"

/d m 3u U 3x X" (x, u) solves (2.1) and

Dg(x(tl))(X(tl)) d.

RESULT 2.3. For linear HDS with convex cost functional and affine end condition
it is shown that the nondegenerate maximum principle is a necessary and sufficient
optimality cr.iterion, if condition (a) in Result 2.2 is assumed. Furthermore, the maxi-
mum principle may be extended to linear HDS with pointwise and distributed lags in the
control as in 11 ].

These results differ only in nuances (e.g. the conditions for nondegeneracy) from
those in the literature (e.g., see [1], [3], [11], [27], [31]). The reader interested in
explicit formulations and proofs is referred to [12].

However, it should be recognized that the optimal control problem with finite
dimensional end condition cannot claim the same importance for HDS as for ordinary
differential systems" Problem (P1) neglects the hereditary effects which may force the
system to leave the desired value x(t)=x after reaching it. Therefore, in the
following section, we shall treat in more detail problem (P2) which does conform with
the infinite dimensional character of HDS.

3. Optimal control of functional differential systems with function space terminal
condition. In this section we consider optimal control problems with linear system
equation and function space boundary condition. See Remark 3.2 (below) for the
treatment of partially nonlinear systems.

We start with the following problem for HDS which will be generalized later to
include systems governed by Fredholm equations.

Problem 3.1. Minimize tto fo(X(t), u(t), t)dt subject to the constraints:

A(t)= A(t)xt + B(t)u(t), [to, tx],
(3.1)

x(t)= 0, [to- h, to],

(3.2) x(t + s)= z(s), s [-h, 0],
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where h >-0, f0: R" xR [to, tl]---) , A(t)’c([-h, 0], Rn)Rn is continuous linear,
B(t) for [to, tl], and z(. )’ [-h, 0] " is a fixed target function.

Following the suggestion of Jacobs-Kao [21], we choose for Z a $obolev space

where

Z W"’([-h, 01, R"), l<=p<=,

wl,p([o, ], [n)_.. {X AC([a, /3], [")[ Lp}.

This is a Banach space with respect to the norm

IIx := Ix ()[ + II IILo,

The Lagrange multiplier corresponding to the terminal condition is an element of
(WI’p)*. While (WI’")* Wl’q for 1 _-< p < c, p-1 + q-1 1, the space (W’)* cannot
be identified with a space of real valued functions (cf. [17, IV, 8.6]). Hence we exclude

Kurcyusz-Olbrot [24] analyzed linear systems with constant lag assuming that the
coefficient matrices depend analytically on time. Supposing that the control functions
are taken from L, they showed that the attainable subspace ’ is closed in W1’0

(/5>-p>_-1) only if p=,6. Hence it is not possible to choose /=, i.e. U=
L([to, tx], ’), since we have excluded p c. Therefore we shall treat the control
problem in the spaces

(3.3) X := _wX’P([to, tl], n), U := Lo([to, ta], Rr), Z := wX’p([-h, 0],

where 2 =< p < c and

_wl’P([to, tx]0n):={x wX’p([to-h, tx], n) x[[to-h, to]=O}.
The choice of Lo instead of Lo entails that pointwise constraints for the controls be
excluded since the abstract maximum principle requires that the set of admissible
control functions has nonempty interior. {u Lolu(t)f a.e.} may not have any
interior point although int f in I’. Therefore we are only allowed to consider
control restrictions referring to the whole function, for example energy restrictions of
the form tt ]U(t)[ 2 dt <= a (a > 0).

Let us analyze (3.1) in some more detail. We regard A(s) as a continuous linear
map of X _W ’’ ([ to, tx], n) into R" defining

(3.4) A(S)X := A(s)Xs, x X, s [to, tx].

Identifying (_WI’p)* with _Wl’q, p-1 + q-x 1, we may assume A(s) _wX"([to, tl],
for all s [to, tx].

LEMMA 3.1. For every A L([to, tx], _W"([to, t], ,,)) there is a unique n xn
matrix function 1 L,([t0, tl] [to, tx], nn) such that

(3.5) A(s)x r(s, t)2(t) dr, x X, s [to, t].

IA is defined by (3.4), r satisfies

0.6) A(s)x n(s, t)(t) clt.

The condition p 2 is needed to guarantee Frchet-differentiability of the cost functional.
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Proof. The derivation operator D" _WTM - Lq, Dx 2, is a linear isometry of _Wl’q

onto Lq. Let Ai(s) _wl’q([to, tl], (")*) be the ith row-vector function of the matrix
function A(s) (i 1,...., n). Then D AiLq([to, tl],Lq([to, tl], (N")*)). Reasoning
as Dunford-Schwartz [17, III. 11, Lemma 16 and Thm. 17], we obtain uniquely
determined functions r/i e Lq([to, tl] x [to, tl], (Nn),) (i 1,. , n), satisfying rli(s,"
D Ai(s) for a.e. s [to, tl], i.e.

(3.7)
Ai(s)x (Ai(s), x) _w,’ (Do Ai(s),

(rli(s,t),2(t))n. dt.

If we define r/(s, t) to be the matrix composed of the row vectors 7Oi(s t) (s, [to, tl]),
r/ evidently satisfies (3.5). If A(s)x depends only on the values of x on [s-h,s]
according to (3,.4) it follows from (3.7) that ri(s, t) is zero for > s. [3

The following conclusion is immediate: x X is a solution of (3.1) iff is the
solution of the following Volterra equation of the second kind [39]:

(3.8) v(s)= )(s, t)v(t) dt + B(s)u(s), s [to, tl].

We see that the HDS (3.1) may be described by a Volterra equation. It seems natural
to generalize our analysis to systems described in the same way by Fredholm equations.
These Fredholm systems are noncausal (anticipatory), if we continue to interpret as
time. Dynamical systems involving both retarded and advanced effects are employed
as models in classical relativistic mechanics [35] and electro-dynamics [16]. Better
known is the use of Fredholm equations for the study of tWO point boundary problems
in mathematical physics [13] (e.g. deformation of an elastic rod). In this case has to
be interpreted as a spatial variable and the control is some stationary external force.

In the following, we shall deal with Fredholm systems described by an equation of
the form

(3.9) 2(s)= A(s)x + y(s), s [to, tl],

where y Lp([to, tl], N") and

(3.10) A 6 Loo([t0, tl], _Wa’([t0, tl],

or equivalently, by the Fredholm equation

(3.11) 2(s)= n(s, t)2(t) dt + y(s), s [to, t],

where r is uniquely determined by A according to Lemma 3.1. While (3.8) always has
a unique solution v L,([to, ta], N) for every u e Lp([to, t], N), we need an additional
assumption to assure unique solubility of (3.11).

The linear operator " Lp([to, tl], n)_ Lp([to, tl], ln), defined by

(3.12) (Av)(s)= r(s, t)v(t) dr, s [to, tl], v L,

is compact (cf. 17, VI.9.5 3]).
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According to Fredholm’s alternative, equation (3.11) has a unique solution
2(. ) Lp for every y(. ) Lp iff the following condition is satisfied:

(3.13) The homogeneous Fredholm equation

v(s)= n(s,t)v(t)dt, s[to, tl]

has only the trivial solution v 0 in L,([to, tl], [n).

If we assume (3.13), the Fredholm operator IdL,- is injective and of index 0, hence
bijective. Therefore the solution operator

(3.14) (D-A D)-. L,([to, t], ")- _W’O([to, tl], ")
of the equation 2(s)= A(s)x + y(s), Xto =0 is well defined; it is continuous by the open
mapping theorem.

We now generalize Problem 3.1 in order to include Fredholm systems with
retarded controls:

Problem 3.2. Minimize tt fo(x(t), u(t), t)dt subject to the constraints

2(t)= A(t)x + Bi(t)u(t- hi)+ Bo(t, s)u(s) ds, [to, tl],
i=1

(3.15)
xl[a, to] 0,

(3.16) C(xl[b, tl])=z,

(3.17) uO,

where a <= to < b <- tl, fO: R" Rr [to, tl] R,
A 6 L([to, tl], _Wl’q([to, tl],
Bi L(R, ,,r), Bi 0 outside [to, tl] for 1, , k,
Bo L([to, ta] [to, tx],
C 6 (Wl’([b, t], "), wl’([b, ta], i")),
z W’O([b, t],
O c L,([to, tx], Ir) are fixed.

We assume u 0 outside [to, ta].
The following theorem is obtained by application of Theorem 1.2 to Problem 3.2.
THEOREM 3.1. Let (x, u)e W’O([a, /1], in) Lp([to, tl], [) satisfy the con-

straints of Problem 3.2 and assume the following conditions:
(a) fo(X, u, t) is continuously Frgchet-differentiable and convex with respect to

(x, u), measurable in and for every K >0 there exist m(. )eLl([to, tl], ),
m2 +, m3(" ) Lq([to, tx], ) such that

Ifo(x, u, t)l + IDfo(x, u, t)l < ml(t)+ m2[u],
ID2fo(x, u, t)l <= m3(t)+ m21ul-for all x ", Ix[ <= K, all u ff" and a.e. [to, tl].

(b) Condition (3.13) is satisfied with 7 defined as in Lemma 3.1.
(c) M :={C(x l[b, tx])[:lu s L,([to, t], Rr): (X, U) satisfies (3.15)} is a closed linear

subspace of W’([b, ], ").
(d) O c Lt,([to, tl], Rr) is convex and has nonernpty interior.
(e) There is (, ) WI’p([a, tl], R")x Lo([to, tl], Rr) satisfying (3.15), (3.16) and

5 int O.
(f) Im C is closed.
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Then (x, u) is optimal iff there exist O, psLq([to, tl], Rn), p
constant such that

-l+q-l= 1, pl[to, b]

(3.18)

(3.19)

’ (s),s n oO(t) Dlfo(X(S), u ds + (s, t)*(s) ds + (t)
a.e. on [to, tl]

it ( k

D2fo(X(t), u(t), t)+ , Bi(t + hi)*O(t + hi)
i=1

+ Bo(s, t)*O(s) ds, u(t) u(t) dt <-_ 0 for all u Q.

(3.20) The function p (b + p (s ds, 6 b, t], is orthogonal to KerC.
Proof. Let S := _Wl’P([t0, tl], [ n), U := tp([to, tx], r), Z := wl’O ([b, /1], n), and

define

Fo(x, u)= fo(x(t), u(t), t) dt,

(Ax)(t) := I A(s)x ds, [/o, tl],

(/u)(t):= Bi(s)u(s-hi)+ Bo(s, r)u(’)dz ds,
i=1

x := C(x l[b, ta])

t[to, t],

for x X, u U.
Then Problem 3.2 is equivalent to

Minimize

subject to

Fo(x, u) on X U
x Ax + Bu,
Cx z,
u i.

Using (a) we have to prove that F0 is well-defined and Fr6chet-differentiable in (x, u).
By use of Lebesgue’s theorem on dominated convergence, it may be shown that F0 is
continuously differentiable in x. It remains to prove continuous differentiability in u.
This is much more difficult (see [34, Thm. 21.1]) and requires application of a theorem
of .Gavurin. The operators A" X-X, /" U X and t. X Z are well-defined,
continuous and linear. =D-lo A D is a compact linear operator on _W’ (cf.
(3.12)) satisfying Ker (Id _wl.p -fl)= 0 by (b).

The other conditions of Theorem 1.2 follow immediately from (c)-(e).
Thus (x, u) is a solution of Problem 3.2 iff there are x* e X*, z* e Z* with

(3.21)

(3.22)

X* D1Fo(x, u)/,*x* + *z*,
[D2Fo(x, u)+J*x*](u- u) <- O for all u Q.

(_WI’)* and (LP)* are identified with _WTM and L, respectively (p-l-bq-l" 1).



OPTIMAL CONTROL OF FUNCTIONAL DIFFERENTIAL SYSTEMS 871

Computation of the operators in (3.21) and (3.22) yields

I I’ (s),sD1Fo(x, u)(t) Dfo(x(s), u ) ds dz,

(*x*)(/) I.
(*z*)(t) {(t-to)(C*z*)(b),(b -to- 1)(C*z*)(b)+(C*z*)(t),

D2Fo(x, u)(t)= D2fo(X(t), u(t), t),

dx* Itl dx*(/*x*)(t) B,(t + hi)*-(t + hi)+ Bo(s, t)*-’s (S) ds,
i=1 o

Define

t[to, tl];

rl(s, ’)*x*(s) ds dr, [to, tl];
O

t6[to, b],
t[b, tl];

t6[to, tl];

t[to, tl].

d , [to, tl],(t) := -]x (t),

p(t) := tt(’*z*)(t)=
Id-(C*z*)(t),

t[to, b],

Then (3.21) and (3.22) yield (3.18) and (3.19). The transversality condition (3.20) is a
consequence of the definition of and p.

Conversely (3.18)-(3.20) imply the existence of x*, z* satisfying (3.21) and
(3.22), because by (f): Im C*= (Ker C)+/-. 1!

Remark 3.1. Convexity of fo and condition (f) are needed only for_ sufficiency,
while conditions (c), (e) and int Q are needed only for necessity.

Remark 3.2. It is possible to generalize Theorem 3.1 to nonlinear systems by
application of the abstract maximum principle (Theorem 1.1); but the control u must
appear linearly in the system’s equation to ensure Fr6chet-differentiability of F1 (see
[22], [33]). In fact, suppose the system’s equation is given as in (1) by

(t)=fl(x,,u(t),t), t.[to, tl].

If FI" _W’"xL.-->_W’, defined by Fl(X,U)(t)=ttofl(X.,U(7"),’r)d’r, is Fr6chet-
differentiable, then for any fixed x(. ) _W’ the map

Lp([to, t], r)...> _wl,,([to, tl),

and hence the map

u -(t--f(x,, u(t), t))

Lo([to, t], Rr) L,([t0, t],

must be Fr6chet-differentiable.
Now the latter mapping is a superposition operator for which Vainberg [33, pp.

90-91] has proved (for p 2, r n 1) the following:

t(b, tx].
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LEMMA. Suppose G: Lp([to, tl], Rr) --> Lp([to, tl], [n) is given by

G(u)(t)= g(u(t), t), a.e. [to, tl]

where g: [to,/1] ’’> n. Then G is Frgchet-differentiable iff g(., t) is affine for a.e.
te[to, tl].

Thus F1 may be expected to be Fr6chet-differentiable onl if it is linear in u.
Therefore, necessary conditions analogous to Theorem 3.1 may be derived from
Theorem 1.1 only for Fredholm systems described by equations of the following form
(neglecting delays in the control):

(t)= f(x, t)+ g(x, t)u(t)

where f: Wa’p [to, tl]-> n, g: WI,p )< [to, tx]-> nr.
Conditions on f, g which are sufficient for F to be continuously Fr6chet-

ditterentiable can be found in [22], [40].
Remark 3.3. Comparison of Theorem 3.1 with the maximum principle known for

-targets (cf. 2)shows the following differences:
in Theorem 3.1 the minimum condition can be established only in integral form as

distinguished from the usual pointwise form;
in the case of "-targets, the solution , of the adjoint equation is known to be of
bounded variation on [to, tl], left continuous on (to, t], continuous at to. The
corresponding function 4’ in Theorem 3.1 is only in L. But suppose that for
s s[to, t], A(s): _Wl’([t0, tl],R’)->" can be extended to a continuous linear
function on ([t0, t], "). Then r/(s,. is of bounded variation and thus, since
p [to, b] is constant, g is of bounded variation on [to, b].
Remark 3.4. For HDS the adjoint equation (3.18) has the form

b(t) Dlfo(x(s), u(s), s) ds + rl(s, t)*,(s) ds + p(t)

because r/(s, t)= 0 for s < t.
Problem 3.2 includes also problems with lagged controls, where hi >-0 for

1,..., k and B0-0.
Remark 3.5. The terminal condition C(xl[b, tl])=z is rather flexible and

includes the following cases:
1) C 0 and z 0: no terminal condition.
2) b tx: finite dimensional terminal condition as in 2.
3) suppose, it is required that x vanishes in fixed time points t<)[b, t],

1,. ., 1. Let p 2, so Z W1’ is a Hilbert space, and define

V {y G wl’2([b, tl], Rn): y(t(i)) 0, 1,..., l}.

V is a closed subspace of W’2 with finite dimensional orthogonal complement
V+/-. If we take C as the projection of Z onto V+/-, the desired terminal
condition is described by

C(x[[b,t])=O.
4) C Idwl.,([b, tl], Rn): fixed target function as in Problem 3.1.

In the first three cases ’ is clearly a closed subspace of W’p. In the fourth case is
closed only under additional assumptions which will be studied later.

The work we know which has been done on control problems with function space
terminal conditions is restricted to HDS, which are sometimes allowed to be of neutral
type, i.e. have delays in , too.
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It is easy to show that the adjoint equation (3.18) coincides with those in [3], [4],
[7], [10], [21], [22] for the corresponding classes of HDS (cf. [8]). We remark that the
maximum principle in [21] is true only under the additional assumption that the
control u appears linearly in the system’s equation (cf. Remark 3.2 above).

The necessary conditions derived by Banks-Kent [7] for quite general neutral
HDS are not totally satisfactory, because nontriviality is not guaranteed; however,
assuming nondegeneracy, they established sufficiency. Theorem 3.1 gives conditions,
which imply nondegeneracy. Bien [10] has tried to solve Problem 3.1 by transforming
the functional end condition into a mixed control-phase variable equality constraint
plus a finite dimensional end condition. He then applied the Neustadt-Makowski
theory [26]. But in order to get Lagrange multipliers, which can be identified with
functions on [to, tl], a rather strong regularity condition is needed.

For a discussion of results on optimal control problems involving integral equa-
tions of Volterra type compare [8], [27]. See also [36], [37], resp. [38], for a treatment
of dynamical systems described by functional integral equations and Fredholm
integral equations. In [38], it is shown that under additional assumptions, it is not
necessary to assume unique solubility (3.13). However, all these papers on integral
equations only apply to problems with finite dimensional end conditions.

The crucial assumption of our Theorem 3.1 is (c): 4 has to be closed in the
infinite-dimensional B-space Z wl’"([b, h], "). The counterexample (cf. 1)of
Kurcyusz [22] shows that this assumption may not be weakened. If 4 is not closed
(resp. dense and not closed), a quadratic real function f0 exists, so that the unique
solution of the corresponding optimal control problem, Problem 3.2, does not satisfy
the nondegenerate maximum principle (3.18)-(3.20) (resp. only satisfies the trivial
form of the maximum principle with A0 0, =- 0, p 0).

The next section will be concerned with the problem of finding necessary and-or
sufficient conditions for 4 to be closed or to equal Z. The equality g-Z which
represents a very restrictive attainability condition (Proposition 4.3 below), is neces-
sary in order to derive a nondegenerated maximum principle for nonlinear HDS (see
Theorem 1.1).

4. Analysis ot the attainable subspace. We exclude time-delays of the control
function and consider the system

2(t)= A(t)x + B(t)u(t), [to, tl],
(4.1)

xl[a, to]=0

where u 6 U LP([to, tl], gr), 1 < p <, a <-_ to < b <- tl.
In order to simplify the analysis, we assume

--{x lib, tx]llu U, (x, u)satisfies (4.1)},

that is, we regard the problem of control towards a fixed target function in Z. We
presuppose (3.10), (3.13) and B L([t0, tl],Pnr). Hence (4.1) has a unique solution
for each u U.

We decompose the operator A(s), s [to, tl], into two additive components (cf.

b

AX(s): _Wl’P([t0, b], R") [", Al(s)x f rt(s, t)2(t) dt,
at

Ib
ta

(s,t)2(t)dt.A2(s): WI’p([b, tl] n) [n, A2(s)x rt

Then A(s)x A(s)(x I[/o, b])+A2(s)(x I[b, tx]), for x X= _WI’P([/o, tx], n).

Lemma 3.1)
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Throughout the rest of this section we assume that A 1, B satisfy the following two
conditions"

(4.2) (t IIB(t)+A l(t)ll)6 Lp([b, tl], ),

where B(t)/ is the generalized inverse of the matrix B(t) (Penrose [30]) and

I[B(t)+Al(t)ll:=sup {IB(t)+Al(t)xl x W_’, I[xll-< 1}.

(4.3) The equation

(s)=Al(s)xl[to, b]+.w(s), s[to, b], x[[a, to]=O

has a unique solution x for each w Lp([to, b], ").

The following hypotheses will be referred to in the sequel:
(H1) For all d E there is v Lp([t0, b], E r) such that the solution y of

y I[a, t0] 0, (t)=AX(t)y+B(t)v(t), t6[to, b],

satisfies
y(b)= d.

(H2) Im Al(t)c Im B(t) for a.e. [b,/1].
(H3) B(t)/ is bounded a.e. on [b, t].
(H4) Rank B(t)= n for a.e. [b, tl].

Some comments on these hypotheses are appropriate" (H1) is equivalent to

complete pointwise attainability at time b for HDS. (H2) is equivalent to

(4.4) Al(t)x B(t)B(t)+Al(t)x for all x e _wl’t([t0, b], n), a.e. e [b, tl],

i.e. A(t) factors through B(t) for a.e.t.
Condition (4.2) implies that

(t-’B(t)+Al(t)x)Lp([b, tl], r).

Thus (H2) admits the following intuitive interpretation: The hereditary effects on
][b, tl], produced by the values x(s), s[to, b] via A 1, can be compensated by
suitable control functions in Lo.

If B(. is continuous, Kurcyusz-Olbrot [24] have shown that (H3) is satisfied iff
Rank B(t) is constant on [b, tl].

(H4) is a very strong condition, requiring in particular that the dimension r of the
control space is not less than the dimension n of the phase space. Evidently (H4)
implies (H2).

For HDS, (H1)-(H3) correspond to the hypotheses (H1)-(H3) in [6], letting
b=t-h.

PROPOSrrION 4.1. ff the hypotheses (H1), (H4) are valid, is dense in
W’P([b, t], Rn). Conversely, if 1 is dense in Wa’O([b, tl], ), (H1) must be valid.

Proof. If is dense in W’P([b, t], ) and d [", a sequence (Uk) exists in
L,([t0, tx], ’) such that the corresponding solutions (Xk) of (4.1) converge to the
constant function z(t)=-d in W’P([b, tl], "). Hence by (3.10)

’1
(t, S)k(S) ds 0(4.5) Xk(b) d and A2(t)Xk I[b, tl] q
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uniformly in [b, tl], if k-->c. Let T be the solution operator of the equation in
(4.3). Then

Xk lit0, b] T(A2( )Xk I[b, tl] +B(" )Uk(" )).

Since T is continuous (cf. (3.14)), we obtain for zk := T(B(. )uk(. )) by (4.5)

}{z-xk 1[/o, bill=lIT(A2( )x }[b, tx])[[ 0

where the norm is taken in Wl’P([to, b], ").
Hence lim_, z(b)= d. (H1) follows, because the only dense linear subspace of

" is the whole space.
Now assume (H1) and (H4) and let z W’P([b, tx], [n). We shall construct a

sequence (xk, u)e _W’O([t0, tl], [") Lo([t0, tl], r), satisfying the system’s equation
such that (x [[b, tx]) converges to z.

Condition (4.3) implies the existence of 37 with

371 [a, to] 0, }(s)=AX(s)+A2(s)z, se[to, b].

By (H1) there are , v with

I[a, to] O, }(s)=A(s)+B(s)v(s), s[to, b],

and

(b)=z(b)-(b).

Define y 3 + 7. Then
y [[a, to] =0, f(s)=A(s)y+B(s)v(s)+A2(s)z, s6[to, b]

and y(b)= z(b).
Define x 6 X := _wl’’([to, tl], n) by

/Y(s) fors6[a,b],
z(s) for S [b, tx],

and a measurable, not necessarily integrable function w by

s6[to, b),
W(S)= B(s)*[B(s)B(s)*]-I[(s)-A(s)x], s [b, ta].

w is a.e. defined by condition (H4). By definition we get B(. )w(. )6.Lp([to, tl],
and

i(s)= A(s)x + n(s)w(s), s [to, tl].

Let M := {s [to, t]" lw(s)[ < k} and

w(s) forsM,
w(s):=

0 for S [to, tl]Mk.

Then wg Lo([to, tx], r) and B(. )w(. converges to B(. )w(. ) in Lo([to, tx], N") if

The solutions x e X of

x[[a, to]=O, 2(s)=A(s)x+B(s)w(s), s[to, ta],

converge to x in X, since the solution operator of this equation is continuous by (3.14).
Hence the sequence (x lib, tx]) converges to z in wl’([b, tl], N").
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PROPOSITION 4.2. Let (H2) be satisfied. Then sg is closed in wl’p([b, tl], R") iff
(H3) is valid.

Proof. We define the continuous multiplication operator/ from Lp([b, tl], Rr) to

Lp([b, tl],n)by
(/u)(t): B(t)u(t), [b, tl].

Kurcyusz-Olbrot [24] have shown that (H3) is satisfied (i.e. B(. )+ L([b, tx], m)),
iff Im/ is closed. Suppose that (H3) is not valid. Then there exists a function
w cl (Im/)\Im/. Define x as solution of

0, t[to, b),xl[a, t0] 0,- Yc(t)=A(t)x +
w(t), [b, /1].

Since w cl (Im/) and the solution operator is continuous by (3.14), we get x [[b, tl]
cl. Let us suppose for a moment that x l[b, t]. In this case there is a pair
(y, u)X U with

y I[a, t0] 0, (t)=A(t)y+B(t)u(t), t[to, t],

and y I[b, t] x I[b, tx]. Then a.e. on [b, t],

A (t)xl[to, b]+A2(t)xl[b, t] + w(t)= (t)= (t)

A l(t)y [to, b] + A:(t)yl[b, t] + B(t)u(t).

By (4.4), we obtain for a.e. [b,/1]"

w(t) A (t)(y x)] [/o, b] + B(t)u(t)

B(t)[B(t)/A l(t)(Y x)l [to, b] + u (t)].

Condition (4.2)implies that

B(. )+AX( )(y-x)l [t0, b]Lt,([b, tl], ),

and thus w Im/. This contradiction shows that x [[b, tx] cl ()\ and hence is
not closed.

Suppose now, conversely, that (H3) is satisfied and define for p > 0

o := (x lib, t]lu eL," Ilull <-- and (x, u)satisfies (4.1)}.

Let (x k lib, t]) be a sequence in oZ corresponding to a sequence (u k) in
{u u. Ilullo =,} and converging to z Z. Since the spheres in Lp are weakly compact,
there is a subsequence (u k’) of (u k) converging weakly to an element u of U. By the
continuity of the solution operator (3.14) x(u k’) converges weakly to x(u). Hence
z =x(u)[[b, t], because the limit is unique.

In the general case a sequence (xl[b, t]) in converging to z W’ does not
necessarily correspond to a bounded sequence of control functions. But, by appro-
priately generalizing Lemma 3.3 in [6] it is possible to derive, from (H2) and (H3),
that there exists a bounded sequence of control functions yielding the same end
functions x k I[b, tl]. Thus the general case may be reduced to the one just analyzed
and the proposition is proved. I-!

PROPOSITION 4.3. wl’O([b, tl], ") iff (H1), (H3), (H4) are valid.
Proof. Suppose (H1), (H3)and (H4)are satisfied, Then is dense by Proposition

4.1 and closed by Proposition 4.2 since (H4)implies (H2).
Conversely, suppose ’- Wa’p. Then (H1) is satisfied. If (H4) is valid, (H3)

follows by Proposition 4.2. It remains to prove the rank condition (H4).
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For each z WI’p there is (x, u) X x U satisfying

(4.6) z" (s) 2(s)= A(s)x + B(s)u(s), s [b, tl].

We assume now that there is a compact subset M [b, tl] of positive measure, such
that Rank B(s)< n for s M. Then there exists a measurable map s e(s) from M
into the unit sphere of I" such that B (s)B (s)*e (s) 0 and hence B (s)*e (s) 0 a.e. on
M (cf. [32]). The map A: [t0, tl]- _Wl’q([to, tl],nn) is measurable by assumption
(3.10). Hence by Lusin’s theorem (cf. [9]), there is a subset N cM of positive measure
such that e IN and A IN are conti0uous.

Let a be any function in Lp(N, ). Define f Lp([b, tl], n) by

f(s)=
o,
a(s)e(s)

for s [b, l]\g,
for s N

and z e wl’t([b, tl], n) by

z(s)= .t’(’) d’r.

The scalar product of both sides of (4.6) with e(s) yields, for a.e. s N,

((s)e(s), e(s))n. (A(s)x, e(s))n. +(B(s)u(s), e(s))n.

a(s)= (A(s)x, e(s))n. +(u(s), B(s)*e(s))w

=(A(s)x,e(s))n..

This means that a is a.e. equal to a continuous function. This is a contradiction,
because it may be shown that there is a function in Lo(N, ) which is not almost
everywhere equal to a continuous function. 71

COROLLARY. 6 is a dense proper subspace of wl’’([b, tl], ["), /f (H1), (H4) are

satisfied and (H3) is not.
Proposition 4.3 yields a full attainability criterion for HDS. In particular, we learn

from it that it is impossible to steer hereditary differential systems from 0 to arbitrary
target functions in Z W’([tl-h, tl], N") if the number of input components r is
smaller than n, the number of state components. Since the condition r_>-n is rarely
satisfied in practice, the concept of full attainability does not seem to be very practical.
Evidently, the demand to hit exactly any target function in W’O([tl h, tl], ), by
choosing appropriate control functions in Lp([t0, tl], r), is tOO strong. Alternatively,
the concept of approximate attainability (controllability) may be pursued (cf. e.g. [15],
[29]). However, this concept means that M is dense in Z, and it is just this case which is
difficult to handle by the maximum principle (see Theorem 1.1). Therefore Olbrot
replaced the equality end constraint by the condition that the final state lies in a ball in
a function space. Unfortunately it seems that his approach in [28] is not generalizable
to systems with time-varying lag.

While Proposition 4.3 completely characterizes full attainability, there remains
some distance between the necessary and the sufficient conditions for the closedness
of M. In particular, the rather strong assumption (H2) is not necessary, as is shown by
the following result of Kurcyusz-Olbrot [24].
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PROPOSITION. Consider

(t)=Alx(t-1)+A2x(t)+Bu(t), t6[to, tl],

x It0- 1, to] 0

where A 1, A2 ,m, B nr, tl 1 > to, A O, and u Lp([to, tl], ).
Then the attainable set sg is closed in W’P([tl 1, tl], ") iff Im A1AizB Im B,

i=0,1,...,n-1.
Propositions 4.1-4.3 improve the results which have already been presented in

the literature, expecially by Banks-Jacobs-Langenhop [6]. We generalize established
results from HDS to Fredholm systems. Furthermore, Proposition 4.2 shows that (H3)
is not only a sufficient [6, Thm. 3.3] but also a necessary condition for to be closed
(if (H2) and (4.2) are assumed). This enables us to substitute (H3) by the weaker
assumption (4.2) as premise in the characterization of full attainability (compare
Proposition 4.3 and [6, Thm. 3.1]).
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DEADBEAT FUNCTION OBSERVERS
FOR DISCRETE-TIME LINEAR SYSTEMS*

HIDENORI KIMURA’

Abstract. A deadbeat function observer is an estimator that estimates exactly a linear function of the
state of a deterministic discrete-time linear system via an incomplete state observation. In this paper
structural properties of deadbeat function observers are studied by a geometric approach. The main result is
the derivation of the minimal order of deadbeat function observers, which has been a longstanding open
problem. The result reveals a fundamental relation between the observer order and the number of
exogenous data required for exact estimation. An upper bound for the minimal order, which is at the same
time the minimal order for generic cases, is derived in terms of the observability indices of the plant. A
simple design algorithm of a minimal-time minimal-order function observer is also derived. Some numerical
examples are also discussed.

1. Introduclion. The discrete-time version of the Luenberger observer [6] has an
advantage, compared with its continuous-time counterpart, of being capable of esti-
mating exactly the current state vector of the plant within a finite length of time. Such
observers were called deadbeat observers by Tse et al. [8]. They provided an algorithm
for constructing minimal order deadbeat observers for time-varying systems from the
viewpoint of statistically optimal construction [8], which was further improved by
Yoshikawa et al. [11] and Leondes et al. [5].

Sometimes, we only need to estimate a linear function of the state vector rather
than the state vector itself. This is usually the case where we are to implement a linear
feedback control law via an incomplete state observation. Such observers are called
function observers. Function observers for continuous-time systems have been studied
by many authors (e.g., 1], [2]). However, the most fundamental problem of finding its
minimal order still remains unsolved. As for the deadbeat observer, there is another
facet of the problem, that is, a question of time-optimality. A desirable deadbeat
observer is the one that estimates the function as fast as possible. Such an estimator is
called a minimal-time function observer [7]. Nagata et al. [7] gave a design algorithm
of minimal-time function observer. Their algorithm, however, does not lead to a
minimal-order observer. The question may arise: How is the order-minimality related
to the time-optimality? Putting it differently, is it possible to reduce the order at the
cost of increasing the estimation time? The present paper gives the complete answer
to this question. The results are summarized as follows:

(i) An explicit form for the minimal order of deadbeat function observer is
derived.

(ii) The minimal order is shown to be independent on the estimation time. In
other words, the minimal order of the minimal-time observer is the minimal order of
any deadbeat observers.

(iii) An upper bound for the minimal order is derived in terms of the obser-
vability indices of the plant, which provides the generic minimal order.

(iv) A simple sequential algorithm for designing a minimal-time minimal-order
function observer is derived.

In 2 a fundamental preliminary result is derived. Based on a property of
nilpotent matrices, we introduce a concept of L-chain which is an alternative

* Received by the editors June 17, 1977, and in final revised form December 29, 1977.
Department of Control Engineering, Faculty of Engineering Science, Osaka University, Toyonaka,

Osaka, Japan.

880



DISCRETE-TIME LINEAR SYSTEMS 881

representation of deadbeat function observers ( 3). In 4 an explicit form of the
minimal order of deadbeat observers is derived by using properties of L-chain. Some
consequences of this result are discussed. The final section is devoted to the derivation
of a design algorithm and the discussions of examples.

Mathematics is mainly developed on the dual space. A matrix W is always
associated with its row space (the subspace spanned by its row vectors) that is denoted
by the corresponding script letter gV and vice versa. We use a notation kVA-I=
{z" zA ?g’}. We denote (ClA) + CgA +. + A"-I. The notation (1, 2, , i)
is used throughout.

2. Problem statement and preliminaries. Consider a linear system described by a
difference equation

(1) x(i+l)-=Ax(i)+Bu(i), y(i)-=Cx(i),

where x 6 9", u 6 r and y " denote the state, input and output vectors, respec-
tively, and A,/3, and C are constant matrices of appropriate dimensions. We assume
that a system (1) is controllable.

Now a linear function of the state

(2) =Lx, Lp" ’is given. Our problem is to construct an estimator

(3) z(i+l)--Fz(i)+Gy(i)+Tu(i), z6,
(4) (i) Hz(i) + Jy(i)

such that the output so(i) estimates (i)= Lx(i) exactly after a finite number of steps,
i.e.,

(5) (i) so(i), i= 7r, 7r + 1,...

for some integer r starting at i= 0. The estimator (3)(4) evaluates sC(Tr) based on the
27r+ 1 exogenous data (y(0), y(1),.-., y(Tr), u(0), u(1),-.., u(Tr-1)). We call this
estimator an (L, r)-observer. The integer rr represents the estimation time. Of course
it is desirable to design an (L, rr)-observer with 7r as small as possible. This leads to a
minimal-time observer [7]. On the other hand, the dimension O of z, that is, the order
of the observer, represents the complexity of the estimation scheme. From various
practical reasons, the observer with the simplest scheme, the minimal order, is pref-
erable among those exhibiting the same performance. Thus the problem has the two
main aspects: To attain the quickest response (the minimal time) and to give the
simplest estimation scheme (the minimal order). In what follows we shall show that
the simplest scheme is always realized in the observer of the quickest response.

To begin with, we derive some fundamental matrix relations. Their continuous-
time versions were, with a slight additional restriction, found in [1].

LEMMA 1. An estimator (3)(4) is an (L, 7r)-observer ]:or (1)(2) if and only if there
exists a matrix W on such that the quintuple (W, F, G, H, J) satisfies

(6) HFk WA FW- GC) 0,

(7) HF=+k 0

(8) HFk WB T) 0,

(9) L=HW+JC.

for each k >- O,
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Proof. Assume that (6)-(9) are satisfied for some W. From (1)-(3), we have

(k + r)- sC(k +r)= HF=+’(z(O)- Wx(0)) 0

for each k -> 0. Thus the sufficiency part has been proved.
Assume that a system (3)(4) is an (L, r)-observer. Due to (5),

Hz (" + k)= (L 7-JC)x(’q’. + k)

for each k -> 0. A straightforward algebraic manipulation yields

HFiz(’n") Mix(’rr) + Y’. (Mj-lB HF1-1T)u(’n" + i-j)

where M is a matrix defined sequentially by

(10) Mo L JC, M+ IVIA HF GC.

Since u(i) and x(r) are arbitrary (note the controllability assumption on (1)), we
conclude that

M,B HF’T
and there exists a matrix W such that

11 HF’W M,

for each k. These relations obviously imply (8). From (11), we have

HF"WA M,+ +HF"GC HF"+ W+HF’GC.
This implies (6). Letting k 0 in (11) shows (9). On the basis of (6)(8)(9), we have

(r+ k)= (r+ k)+HF=+’(z(O)- Wx(O)).

Therefore HF=+’(z(O)- Wx(O))=O, for each k, z(0) and x(0). This implies (7). Thus
the proof has been completed.

In the above lemma, we can assume, without loss of generality, that the pair
(H, F) is observable, since otherwise, we can find another (L, r)-observer of lower
order by picking up the observable mode of the system (3)(4). In this respect the
relations (6)(7) and (9) are written as

(12) WA FW+ GC, L HW+JC, F" 0

and (8) as

(13) T= WB.

The relations (12) represent the fundamental relations that should be satisfied by an
(L, 7r)-observer. The relation (13) is concerned with the input and is of secondary
importance because the matrix T is readily obtained once W is found. The matrix

relation (12) is simply denoted by (W, F, G, 14, J) (A, C), implying that a

quintuple W, F, G, 14, J) represents an (L, 7r)-observer.

3. L-chain. In this section we shall introduce a concept of L-chain that is an
alternative characterization of (L, 7r)-observers and is much easier to work with than
the matrix relations (12). We begin with an important property of a nilpotent matrix.
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LEMMA 2. Let F oo be a nilpotent matrix with nilpotency index zr. If a pair
(H, F) is observable, then them exist subspaces Ygi (i r) of Y( such that

(14) o 1 "}" YgzF +" + YCF
(15) YgF c Ygi+lF. +... + yg=F"-1, 0, 1, , zr- 1,

Proof. Let h =’, h =2,..., -k(zr zrl => 7/"2 2" T/k, 7/" q- 77"2 q"" q- 7Fk p) be
invariant factors of F, where k is the cyclic index of F. The observability assumption
on (H, F) implies [10, p. 16] that k _-<rank H and there exist vectors hi e _Y((i k) such
that

o span {hi, hF, ..., hlF’-, h2,’" ", hzF2-1, ", hkFk-l}.
Let oi {number of for which zr _-> i}. Define

Ygi span {

Then,

o 01 + aq(zF +" + rF’r-1.
It is well known that there exists vectors z such that

(16) o =span {zl,zF,..., ZlF’rrl-l, Zk,""" 2kF’a’k-1},

ziF’ O, k.

Let span{zi,a k}. From (16),
Y( c +F+. + G’F-1

Since F"= 0, we have, for each

17 YgF F + Y;F + +... +YF 1.
Therefore,

(18) Yg,.+IF + Ygi+zFi+x +. + Yg,F"-1 eF +. +F"-1.
Since dim (Ygi+xF +. +,F"-x) dim (F +. +F
we conclude that "" in (18) can be replaced by "=". This, together with (17), shows
the validity of (15).

Now we introduce another characterization of (L, zr)-observer.
DEFINITION 1. A sequence of subspaces (/1, 0/2, .n. is called an L-chain

of length zr if the following conditions hold:

(19) /V,, /.n.- " 11,

(20) /T’,A c , /4/’iA C i+ ’q- %9, r- 1.

The integer p dim /g’l is called the chain dimension.
Note that L-chain is a restricted type of (A, C)-invariant subspaces [10, p. 91].

The significance of L-chain is demonstrated in the following result.
THEOREM 1. There exists an (L, 7r)-observer of order p if and only if there exists an

L-chain of length zr with dimension p.
L,

Proof. Let (W, F, G, H, J) (A, C). Due to Lemma 2, there exist subspaces
c W satisfying (15). Define (YF- +. + Y(,rF’-I)w. We have, from (12),

lg’A c ,F=-X WA oF-I(FW + GC) c,
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and due to (15),

W,A (o,iFi-1 +...-+- rFr-1)(Fw + GC
C (i+lF .-t-. .-k YgF’-I)w + cg

which establishes (20). The relation (19) follows immediately from (12) and the
observability of (H, F). Thus the "only if" part has been established.

Let (W1, W2,. , o/.,) be an L-chain of length rr. Define subspaces /i (i err) as
satisfying o/= V@ o/4/.i+1, ie=-l, and 7/’, 0/4/’,. We have, from (19) and (20).

?,’,A (//+1{ /i+2(""" e /rr)-I (-, ?,,A, (Z (c-/’l (,,
or representing in the matrix form,

1=i+1 i=1

(L, rr)
It is easily seen that (W, F, G, H, J)- - (A, C) with

I/, 0 0 0

W= F= G=

I)2 0 k.’. _]

Thus the proof has been completed.
The above lemma implies that each (L, rr)-observer is associated with an L-chain

of length rr and vice versa. Thus the problem is reduced to finding the minimal
dimension and/or the minimal length of L-chain.

Now we make the following assumptions:

(A) A is nonsingular,

(A2)

If the system (1) is a discretization of a continuous-time system, then the matrix A is
theexponential function of a matrix and the assumption (A) is satisfied. Hence, (A)
is by no means a strong restriction on discrete-time system. The assumption (A2) is
always satisfied if (C, A) is observable. As will be shown later, it is a necessary
condition for the existence of (L, rr)-observer.

Now we choose subspaces iC ( (i 0, 1, ", n 1) as satisfying

<glA-l> otlA-l@...@Cn_lA-(n-1)

The existence of such cg is exhibited by the following procedure" Let {Cl, ", Crn} be
an arbitrary basis of cg. Consider the following sequence of vectors:

el, C2, Cm, C1 A-l,
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Let ki be the smallest integer j such that ciA is contained in the subspace spanned by
the preceding vectors in the above sequence. The integers (kl,’", k.,) are the
so-called observability indices for (C, A-l). Obviously,

(c ]A -I) span {cim -i+l, m, j ki}

and the subspaces ci given by

% span {cj; for all j satisfying k => + 1}

satisfy the above conditions.
Define the subspaces di and as

O’i (ffO( (. A-1 (... ( ciA-i c +A-1 +... at. A-i,

,i ci+lA-(i+l)(" " cn-lA-(n-1).
Then we have the decomposition

(21) C A-1) i (.,i.

We denote by Pi the projection operator on Yi along )-J with the domain (lA-).
Since the subspaces i and Yi depend on the choice of c, the projection operators Pi
also depend on the choice of c6’i. For later use, we define

i A-I + CA-2 +" + CA-g.

The following lemma states some useful properties of Pi[" ].
LEMMA 3. For each and j,

(22)

(23) Pj[Pi[" ]Ai] e Pi+j[" Ai.

Proof. The relation (22) is an immediate consequence of an obvious fact P-I[
Pi[" + ccA-i. Note also that Pi[" ]Pi+[" ]+CA-+1)+""" + CA-+i). This implies
that Pi[" ]A Pi+i[" ]A +l-Ji. On the other hand, Pi+i[" ]Aii+iAi mi. These two
relations establish (23).

Now we single out a particular L-chain of central importance in what follows.
LEMMA 4. Let us define, for each n- 1,

(24) /4/" ’ Pi_l[.o]m i-1 +... 4r- P,_:[IA "-2.
Then, (W W, *..., 14/’,_1) is an L-chain.

Proof. Due to (A2), P,-I[] {0}. Therefore, due to (22),

l*n_xA en_2[]A

Analogously,

SV’A Pi_l[,,o]A +... + P,,_2[.o]A
c Pi[,]Ai +’’" + P,-2[]A"-2 + c
/*+1+ .

Thus we have established (20). From the definition (24) and the obvious fact that
cP0[] + c, we can easily show the validity of (19) for (74/’1", W’,. , W,_I).*
Thus the proof has been completed.

In view of (20), each L-chain (W1, , 74/’,,) satisfies Wi c =-i+1, 6 r. There-
fore, the second relation of (19) implies c ,,. On the other hand, if c =,
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Pi[] {0} for each -> 7r. This implies that 7,V* {0} for each ->_ 7r + 1. This obser-
vation immediately leads to the following result.

LEMMA 5. There exists an L-chain of length 7r, if and only if c .
A direct consequence of this lemma is the following characterization of the

minimal estimation time, which was first established by Nagata et al. [7] by a different
approach.

COROLLARY 1. The minimal estimation time 7r* (the minimal number of steps for
exact estimation of sc in (2)) is given by

(25)

4. Minimal-dimensional L-chain. In Lemma 4 we showed that the subspaces 74/’,.*
given by (24) constitute an L-chain. Using 7r* defined by (25), we can write (24) as

(24’) o//ff,/, ei-l[,]A i-14-... 4- er,_l[]A r*-I

because P.[] {0} for j => 7r*. In this section, we shall show that this L-chain is of
minimal dimension by proving that the subspace (24’) is contained in any L-chain.
Towards this end, we need some preliminary result.

LEMMA 6. Let (1, 2 .n.) be an L-chain. Then, for each and j,

ei[14/’i]A c P_l[ Wi+l].

Proof. Obviously, Pj[74/’i] t4/’i + . Therefore, Pi[74/’i]A 74/’iA + iA c 74/’i+1 +
-1. On the other hand, since P[’i]c , Pj[34#i]A iA -1. Therefore,

p opl/’i A p p ol4f A P ]4/’i +

which was to be proved.
LEMMA 7. For any L-chain (7/V1, We, , 74/’ ),

(26) 74/’ *
for each r, where 74r.*, is given in (24’).

Proofi From the second relation of (19), we have Pi[] P.[W1] for each/" 0, 1,
., 7r- 1. The successive application of Lemma 6 yields

Pi[]A Pi[74/’l]A pi_l[14/’2]A i-1 . . p0[///f.+ 1] /.+

In view of the first relation of (19), the above relation obviously implies (26).
Let us call the L-chain (W 1", W, , W*. ) of length 7r* defined by (24’) a basic

L-chain. The above lemma demonstrates the significances of the basic L-chain. Any
L-chain of arbitrary length contains the basic L-chain, or (if we define a subchain in a
usual way) any L-chain contains a basic L-chain as a subchain. Recall that the
projection operators Pi depend on the choice of i in (21). However, Lemma 7
implies that the basic L-chain is unique. Indeed, if (74/’1", 74/’2",..., 7g’*) and
/z*, , o/,) are two basic L-chains, the relation (26) implies both 7g’* c 7,*. and

W*, which are equivalent to W* /’*. Thus we have established the main

result of this paper.
THEOREM 2. Under the assumptions (A) and (A2), the minimal order p* of

deadbeat function observer is given by

(27) p* dim 7g’1" =dim (Po[L]+PI[L]A +’’’ 4-er,-l[c_,LO]Ar*-I),
where 7r* is the integer in (25). There exists a minimal-time observer ((L, 7r*)-observer)
with order p*.
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Remark. The estimation time or (the length of the L-chain) is at our disposal
under the condition or=>0r*. The above result implies that the minimal order is
independent on the choice of or. The minimal order of the minimal-time observer is
also the minimal order of any deadbeat observer.

5. Upper bound for the minimal order. In this section we discuss the result
further and derive an upper bound for the minimal order (27) in terms of the
observability indices of the plant. This upper bound turns out to be the minimal order
for generic L.

LEMMA 8. Let Izl >- lz2 >--" >- [d,m be the observability indices of the pair (C, A). If
k tzs for some 0 < s <= m, then

dim ((lA))-dim (c + CA +...+ Ak)= (li-k- 1).
i=1

The proof is straightforward from the existence of ci , m, satisfying

(ClA)=span {cl, cA, ClA"’-l, c,,, c,,Am-}.
THEOREM 3. Assume that A is nonsingular and let tx >=12 >-"" >- tZm be the

observability indices of the pair (C, A). Then, ]’or each L6Y!. v", the minimal order p*
given in (27) satisfies
(28) p*_-< (/x,- 1), s =min (p, m).

i=1

Moreover, the equality in (28) holds for generic L.
Remark 1. The nonsingularity assumption on A is always satisfied for usual

discrete-time systems, because A is always an exponential function of a matrix.
Remark 2. Although the word "generic" is now popular in the control literature

(e.g. [10, p. 26]), we state its precise meaning in the present context. The theorem
asserts that the equality in (28) holds for all matrices L5v" except those whose
entries lq satisfy a finite number of nontrivial algebraic equations, the coefficients of
which are some algebraic function of A and C.

Proof. Let p _-> m. In the decomposition (21), we have

dim (N0)= dim ((lA-))-dim (0)= dim ((lA))-dim (c)= 2 /x- m.
i=1

Here we assumed that rank C m in order to avoid the triviality. Since we can easily
show that 7,V* c0, we obtain 0*=dim(74/’*)_-<= (/z-l), which implies (28).
Now we assume p < m. Write k txo- 1. Due to Lemma 8,

dim (NA) dim (([A-)A)- dim (A)
P

E (,-k-).
i-----1

Note that 74/’1" Po[] +PI[]A +. +P-I[]A-1 + (P [Z’] +. + P,,-lX
[]A’*-)A c Po[&#] +... +P_[]A-+NA. Since dim (P[])_-< p .for each i,

P

dim (/g/’)-< dim (P0[Z’]+’’’ +P-I[Z’]A-I)+ (/xi-k- 1)
i=1

P P
<- kp + E (, k ) E (, ).

i=l i=1

Thus the first part of the theorem has been proved.
If we fix a basis of ( IA-}, the basis of Pi[] constitutes a matrix whose entries

are algebraic functions of L. Hence p* in (27) is represented by a rank condition of a
matrix of this type. Since the rank condition of a matrix is reduced to determining
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whether its minors vanish or not, the second assertion will be proved if we can show
the existence of at least one L L0 for which the equality in (27) holds. We construct
such an Lo as follows. Since the observability indices of (C, A-i) are equal to those, of
(C, A), we can find ci (i s) such that, for each j <

ciA- 0"1o[_
Define

li Cim-(’-l), S, t’O span {/i, e S}.

From the selection of c, we can easily show that the vectors {Vl, , v,-x, v2," ,
veu.-,"’,Vx,’",v,-} are linearly independent, where vii=Pi_l[li]A-=
c,A-"’-i. Obviously, v0 span Polio] +P[o]A +. + P,,,-I[o]A"-. If s p(p <=
m), we.set o 5o and if s m (p > m) we take an arbitrary subspace o o of
dimension p. From what has been shown above, the equality in (27) holds for o. Thus
the proof has been completed.

We write

(m 1),(29) pg
i=1

indicating the generic minimal order. If p-> m and the pair (C, A) is observable, then
p g* Y.= /x-m n- m. This coincides with the well-known result on the minimal
order of observers for estimating the whole state (p n) [6]. If p 1 (the observer for
estimating single linear function), pg* -1. This again coincides with the well-
known minimal order of functional observers [6]. These observations provide a good
reason to bring forward a conjecture that the integer pg* in (29) is the generic minimal
order of function observers having an arbitrary set of poles.

If we are interested only in the generic L, the expression (29) is much simpler
than (27). However, this does not reduce the value of the exact expression (27) of the
minimal order. The word "generic" only means that the minimal order is given by (29)
with probability one, if the entries of the matrix L in (2) are chosen at random. From
the standpoint of control system design, however, nongeneric cases are of great
importance because a function observer of lower dimension is desirable. Furthermore,
the expression (27) gives an insight into the complicated relation among A, C and L.

6. Design algorithm. The geometric arguments developed in 4 gives in principle
a design algorithm of a minimal-time minimal-order function observer. However,
their straightforward translation into the language of matrices may lead to an observer
containing redundancy or unnecessarily complicated estimation scheme. In this
section we shall derive a simple sequential design algorithm of a minimal-time mini-
mal-order function observer which results in the simplest estimation scheme in the
sense that the number of the nonzero entries of the coefficient matrices F and H in
(3)(4) is minimal. Moreover, it does not require the inversion of A.

ALGORITHM.
Step 1 (Construction of a matrix Vlmlnitialization.) Find the integer rl such that

(30) 7r min {]" WA + CgA +. +A .A}.
Note that the integer 7r is equal to the minimal estimation time 7r* in (25). Choose
ll - for which

(31) llA iA,
for each/" < 7r1. From the definition of zrx, there exist vectors Cxo, cxx,’’’, c,
such that

(32) IxA clo "" ClIA +" "4" Cl.lA r.



DISCRETE-TIME LINEAR SYSTEMS 889

Define vectors v, j ’1 as

(33) Clj cj+a crAq-j

=(Co+cA +" "+c_Ai-)A-i.

Obviously,

(34) vA=clo, vi+A=vq+ci, jrl-1, l=Vl,,+ci..
The vectors v in (33) are obtained by multiplying A -i in the right hand side of (32)
and discarding all the terms with nonnegative powers of A. The actual calculation of

v does not require the inversion of A. In geometric terms, we can write

(35) l.)ij P,,_i[I]A"’-j.

T T TSet W =[o1TI /-)12 Vlrr
Step (Construction of a matrix V.) Assume that matrices V1, V2," , V-I have

already been constructed. Find the integer rri such that

(36) rri rain {j" A c (i +//’1 +"" + i-1)Ai}.
Choose li such that, for each j < rri,

(37) A : OdJ + t/" +" + l/’i -1)A

From the definition of ri, we have

liA ’ ziA’ + wiA’, wi 7/’i-1, wi: o?yi, j < "n’i.
(38)

ziAr’--Cloq-CilAq-" "+cimA?YmA’, cii-.
Analogously to Step 1, we define vectors vii, j i, as

(39) vii (l wi)A’-- cq Cq+lA ci,A

We have

(40) viA

(41)

In geometric terms, we can write

(42)

j ’tri--1,

Vii-- P,-i[zi]A "n’i-.

Set V [v viT2 )iTi] T. If i= p, stop. Otherwise, let i= + 1 and repeat the step.
After concluding the abov. algorithms, we have a matrix W-

Vr Vf... Vpr]T y(=,+,2+...+=p)xn. The relations (34)(40) are summarized as

(43) WA FW+ GC,

where G is the matrix representing cq and F is of the form

F blockdiag [A,, A=2 A.,],

0 0 0 0
0 0
1 0 ex,.

0 1
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An inspection of (40) proves that I)iiE O-loll. This shows that the vector Wi in (38) is
contained in span {vjk, j--< i-1, k > 7ri}. Therefore, the relations (41) are summarized
as

(44) L HW+ JC,

where J is the matrix representing ci,l and

hii O O 1) ’

(45) H hij (0" 0 0) =J, < j,
hp2

Since zrl => 37"2 ’’" > 37"p, we easily see that F"rrl 0. Therefore the relations (43)(44)
(L,

implies that (W, F, G, H, J) -(A, C) (recall the fundamental relations (12)).
Since r zr*, the above algorithm generates a minimal-time deadbeat observer. The
structured forms of F and H obtained above are schematically illustrated in Fig. 1, in
which exogenous data passes are omitted in order to emphasize the internal dynamics.
The longest string of the delay elements specifies the minimal estimation time. Other
shorter strings accommodates the information from longer strings, instead of storing
the incoming data via delay elements.

" 3--- 13X

FIG. 1. An example of dynamic structure of a deadbeat function observer with p=3 and
(q’/’l, 7r2, "/’r3)"-- (5, 3, 2).

It remains to show that the above algorithm generates a minimal-order observer.
Towards this end we investigate the algorithm from the geometric view point.

LEMMA 9. Let Vi, p be matrices constructed in the algorithm. Then,

(46) Wi gx* P0[Le] + P[Le]a +... + P,,-1 []a’-l.

Proof. From (35), (46) is evident for i= 1. Assume that (46) is valid up to i-1.
Due to (38),

P,[z,la ’ P,[I,IA ’ + Pu.[w,la ’ e P,[]A ’ +P[TT’I* ]a .
From the definition of W* and (23),

el[zi]A t EP,[,P]A t + e/+a[oq]A TM +... +P,1_1 []A’’-.
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In view of (42), the above relation implies (46) for i. Thus the proof has been
completed.

LEMMA 10. Let V, p, be matrices constructed in the above algorithm. Then,

rank W rank VIT vpT]T Tgl "+" 7T2 +

Proof. If rank W< 7rl + 7r2 +" + 7rp, there exist integers and k such that

Vk tl + t2, span {Vil, Vik-1},

Since vii e 0yj, ek-l[tl] 0. Due to (23) and (42), Pk_l[Vik]Ak-l= Prr,-1 [zi]A ’’-1 e -1,

Since Pk-l[tz]A -1 7/’1 +" + 7/’i-1, we conclude that P,,-1 [zi]A "’-I o211
(1 +" + 7/’i-1) span {v11, v21,." , v-11} c (7/’1 +" + 7/’-1 + ,,-1 A’’-I. There-
fore, from (38), P,,-1 [/i] e :/’1 -I-. + %-1 or equivalently, li e Y,,_ + //" "-" "- //’i--
This obviously contradicts the selection of l indicated in (37). Thus the proof has been
completed.

(L,

Since (W, F, G, H, J) >(A, C), Lemma 7 implies that 74/’=
7/’ +. + T’ 4/’*. Therefore, from Lemma 9, 74/" 7,V’*. This, together with Lemma
10, establishes the following result, which not only verifies that the algorithm
generates a minimal order deadbeat observer but ’also provides another charac-
terization of the minimal order.

THEOREM 4. Let the integer rri, i.6 p, be defined via (30) and (36). Then

p: TI" q-’Tl’2-l"" "+Tip.

Remark 1. This result implies that the integers rr (obviously, 77" 77"2 2" 7Tp)
do not depend on the choice of l, , 1_. It is not difficult to see that rr --</xi- 1 and
the equality holds for generic L.

Example 1. Consider a linear system (1) with

-0 0 0 0 0 1-
1 0 0 0 0 i 0

0 0 0 0 1 0 0

0 0 1 0 0 0 1

0 2 1 1 0 1 0

0 0 0 0 0 0 1

0 1 0 -1 0 0 0

0
0
0

B-- 0,
0

0
1

1 0 0 0 0 0 ilC= 0 1 0 0 0 0
0 0 1 0 0 0

0 0 0 1 0

(Step 1.)Wehave 7r=2. Takel=(0 0 0 1 0 0
yields a relation corresponding to (32),

la2 1/2c2 1/2c3 c A + c3A +c a2.

The relations (33) define

w,,=llA+1/2cl-c3-1/2ca=(1/2 0 0 -1/2 0

W12--I,--1/2Cl--(--1/2 0 0 0 0 0).

0). Simple calculation

o 1/2),
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We have

wlla--1/2(c2-c3), w12A-Wll-1/2c1+c3, 11 Wl2"+’1/2C1
(Step 2.) We have r2 1. The relation corresponding (38) is calculated to be

12A-- -cl +2c2+2c3+1/2clA+c2A-w12A.
We set

w21=12-1/2cl-c2+w12=(-1 -1 0 1 1 0 0),

which gives rise to

w21A=-cl+2c2+2c3, 12=w21+1/2cl+c2-w2
Since p 2, the algorithm has been carried out.

(L, 2)
We have thus constructed a quintuple (W, F, G, H, J) - (A, C) as

w
oo oo} ooo
0 0 1 0 0 F= 0

-1 0 1 1 0 0

0
0 1 0 0

G 0 H= J=
2

0 -1 1 1

From this we have a minimal-time minimal-order observer

zl(i + 1)=1/2Y2(i)-1/2Y3(i)+1/2u(i),
z2(i + 1)= zl(i)-1/2yl(i)+ y3(i),

z3(i + 1)= -y,(i)+2yz(i)+2y3(i),

1(i) zz(i)-1/2yl(i),

2(i) z2(i)+ z3(i)+1/2y,(i)- y2(i).

Now that (ix1,/x2,/z3) (3, 2, 2) and /.1,1 -t"/d,2- 2 3. Therefore, the above observer is
of generic case.

Example 2. We construct a minimal-time minimal-order observer for a system
treated by Nagata et al. [7]. The coefficient matrices are given by

-0100000-
0 0 1 0 0 0 0
1 0 0 1 0 0 0

A= 0000100,
0001010
1000001
0000001

(Step 1.) We hae rl 1, and takin ll (1

IA c -- C2-- C3--(C + c2)A,

0 1 0 1 0
C= 1 0 0 0 0

0 0 0 1 0

1 2 1 2 1 0 1]L=
0 1 2 1 2 0 1

2 1 2 1 0 1) yields

Wll-- ll--Cl--C2=(1 1 0 2 oo),

wIA Cl q-c2-Jrc3
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(Step 2.) We have 7"/’2 1, and taking 12 (0

12A c3 + 2ClA + c2A,

W21 12-- 2cl c2 (0 0 0

1 2 1 2 0 1) yields

0 0 l), w21A- c3.

(L, 1)

The resulting quintuple (W, F, G, H, J) - (A, C) is given as

W=
0 0 0 1 0 0 1

[1 1 1] H=[10 ] j__[12 1 00]G=
0 0 1 1

Thus we have constructed a minimal-time minimal-order observer

zl(i + 1)= y,(i) + y2(i) + y3(i) + u(i),

z2(i + 1)= y3(i)+ u(i);

1(i) zl(i) + yl(i) + y2(i), ’2(i) z2(i) + y3(i).

In [7] a fourth order observer was constructed. The order of the above observer is
2 < 4. Thus the present algorithm provides a much simpler configuration.

7. Conclusion. The structural properties of deadbeat function observers have
been studied by a geometric approach. An explicit form of the minimal order of
deadbeat function observers has been derived which turns out to be independent on
the choice of the estimation time. The minimal order of the minimal-time observer is
shown to be the minimal order of any deadbeat function observers. An upper bound
of the minimal order, which provides the generic minimal order, has been found in
terms of the observability indices of the plant. A simple sequential algorithm for
designing a minimal-time minimal-order observer has been devised accompanied by
some numerical examples. Extension of these results to time-varying systems is
straightforward by the approach in [9].

The results resolve completely the question of the minimal dimension of function
observers for a special class. The present approach seems to be promising for attack-
ing the same problem for other types of function observers. Moreover, the results
throw a new light on the dual version of the problem, the problem of deadbeat control
[3], [4].
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CONVEX CONTROL PROBLEMS AND HAMILTONIAN SYSTEMS
ON INFINITE INTERVALS*

VIOREL BARBUf

Abstract. This paper presents results on optimal control problems over [0, +[ associated with a linear

process in a Hilbert space and with convex cost criterion. Results on synthesis of optimal control and
necessary conditions for optimality in Hamiltonian form are obtained.

Corollaries to the main result include the behavior of Hamiltonian systems of the form: x’-Ax
OpH(x, p), p’ + A*p -OxH(x, p), in a neighborhood of a saddle point.

Introduction. This paper considers a convex control problem over R+= [0, +[
associated with time invariant systems whose input-state dynamics are described by
linear evolution equations in a Hilbert space. The optimal control problem will be
defined in terms of an integral convex cost criterion.

The main results are Theorem 1, in which we prove that the optimal control can
be synthesized via a nonlinear feedback law of subgradient type, and Theorem 2, in
which the necessity (and in a certain sense the sufficiency) of Euler-Lagrange condi-
tions for optimality are established. The basic hypotheses for the development include
a controllability assumption and some boundedness.assumptions for the Hamiltonian
function associated with the convex cost criterion. Under somewhat stronger assump-
tions, Theorem 1 has already been established in [1]. For linear control system with
quadratic criterion a great deal of work has been done in this direction. We cite the
works of Lukes and Russell [11], R. Datko [7], [8], Curtain and Pritchard [6], M. C.
Delfour, C. McCalla and S. K. Mitter [9] (for linear hereditary systems) and in
particular the book of J. L. Lions [10]. Our results extend those of the above-
mentioned authors, in that we allow for a more general cost criterion which in general
does not require any differentiability assumption.

The main results are proved in . 3 and 4. These results are used in

_
5 to study

the "saddle point" behavior of a general class of Hamiltonian systems. In this context
Theorem 3 partially extends the results of Rockafellar 16] and those of [2] in that the
space is infinite-dimensional and the Hamiltonian is unbounded. Two examples are
considered in 6.

For the basic facts in convex analysis relevant to this paper we refer the reader to
the books [3], [5], [14] and the survey by R. T. Rockafellar [15].

1o Problem statement. The basic assumptions which will be in effect throughout
our work w]]l be set forth in this section. Later, in order to prove the main results, we
shall make further hypotheses.

Let E and U be real Hilbert spaces whose norms are denoted [and I1" II-The
inner product in E and U will be denoted by (., and (., respectively. We assume
that A is a (possibly) unbounded closed and densely defined linear operator in E
which generates a continuous semigroup S(t): R+- L(E, E). (L(E, E) denotes the
algebra of linear continuous operators on E.) Then the adjoint operator A* generates
the dual semigroup S*(t).

Our control system is

(1.1) x’(t)=Ax(t)+Bu(t); x(0) x0,

* Received by the editors July 20, 1977.
t" Faculty of Mathematics, University of lai, Iai, Romania.
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where B is a linear continuous operator from U to E, u: R+--> U is a given locally
summable function and x0 is a given element of E. In the sequel we shall be concerned
with "mild" solutions of the Cauchy problem (1.1), i.e., with continuous functions
x: R + - E satisfying

(1.2) x(t)= S()x0+ S(t-s)Bu(s) ds, for =>0,

where u Loc(R /; U). By Loc(R /; U) we denote the space of all strongly measurable
functions u: R/- U which are "square integrable" on every finite interval [0, T]. It is
well known that every (strong) solution of (1.1) can bewritten as (1.2); the differential
equation (1.1) itself may not be satisfied by the "mild" solution (1.2), however.

In the sequel we shall denote by x(; xo, u) the "mild" solution (1.2) of equation
(1.1) corresponding to a given control u() and with initial value xo.

Let x0 be a given element of E and let u Loc(R +; U) be a given control. On the
trajectories of system (1.1) we define the cost functional

(1.3) G(u, Xo)= L(x(t, Xo, u), u(t)) dt.

The extended real valued function L: E U-[0, +oo] is assumed to be convex,
lower-semicontinuous and nonidentically +oo. We shall also assume that there exist
real constants Ci, 1, 2, 3; C1 > 0 such that

(1.4) L(x, 1,1) Clll/,/ll2 + C21xI2 -[- C3 for all (x, u) E U.

It should be recalled that the conditions imposed on L imply that L(x(t), u(t)) is a
Lebesue measurable function of whenever x and u are Lebesgue measurable. Since
L->_ 0 we may infer that G(u, Xo) is well-defined (unambiguously either a real number
or +oo).

Let x0 be arbitrary but fixed in E. The optimal control problem we shall to work
with is the following:

(P) min {G(u, x0); u 6 L(oc(R+; U)}.

A function u where the infimum in (P) is attained will be referred to as optimal
control of problem (P) while the corresponding function x (given by (1.2)) will be
called the optimal arc. The pair (x, u) will be called optimal pair of problem (P).

One of our main purposes here is to synthesize the optimal controls u and to
characterize the optimal pairs (x, u) in terms of the operator A and function L. To this
aim we introduce the function

(1.5) th(Xo) inf {G(u, x0); u Loc(R+; U)}.

The next lemma may be viewed as an existence result for problem (P).
LEMMA 1. For every xo E the infimurn defining ck(xo) is attained. Moreover, the

]:unction d) is convex and lower-semicontinuous on E.
Proof. Since the argument is standard, the proof will be only outlined. Let

xo D(4) {y E, 4(Y) < +oo} be fixed and let {un} c Loc(R +; U) be such that

(1.6) ch(Xo)<-G(u,,xo)<-cb(Xo)+l/n, n= 1,2,. ..
Denote by x, the corresponding solution of (1.2). We fix any T> 0. By a simple

calculation involving (1.2), condition (1.4) and Gronwall’s lemma, it follows that the
sequence {u,} is bounded in L2(0, T; U). Thus extracting a subsequence, if necessary,
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we may assume that for each T > 0,

u,, u weakly in L2(0, T; U),
(1.7)

xn x weakly in L2(0, T; E)

where u6Loc(R+; U) and x(t)-- S(t)Xo+ S(t-s)Bu(s) ds, for t_->0. On the other
hand the lower-semicontinuity of L implies by a standard argument that for every
T> 0 the convex function

T

(y, v)- | L(y(t), v(t)) dt

is lower-semicontinuous (equivalently, weakly lower-semicontinuous) on
L2(0, T;E)L2(O, T; U). The latter combined with (1.6) shows that JrL(x(t),
u(t))dt<-cb(Xo) for each T>0. Hence G(u, xo)=Ch(Xo) as claimed. A similar
argument involving Fatou’s lemma may be used to verify that the function 4) is
lower-semicontinuous. The convexity of 4 is an immediate consequence of the cor-
responding property of L.

2. Synthesis of optimal controls. To begin with, we recall for easy references
some concepts and notations.

Given the convex and lower-semicontinuous function L: E x U[0, +oo] we
denote by H: E U [-oo, +oo] the corresponding Hamiltonian function, i.e.,

(2.1) H(y; q) sup {(q, v)- L(y, v); v e U}.

By OH {-OyH, OqH} we shall denote the subdifferential of H [14], [15], i.e.,

(2.2) OyH(y,q)={y*eE;H(y;q)>-_H(yl, q)+(y-yl, y*)forall yleE},

(2.3) OqH(y, q) ={v* e U; H(y, q)-<H(y, ql)+(v*, q-q) for all q e U}.

A continuous arc y: R/E is said to be feasible in problem (P) if there exists a
control u L2oc(R /’, U) such that

y(t) y(t; y(O); v)= S(t)y(O)+ S(t-s)Bv(s) ds

for t_--> 0 and L(y, v) L(R +).
We shall need the following assumptions:
Assumption A. The Hamiltonian function H is everywhere finite on E U.

Moreover, one has

(2.4) H(x, 0) <- 0; H(x,q)<CA(IXl2+IIq]]2)+C2 forall(x,q)EU

where C, i= 1, 2, are real constants.
Assumption B. There exists R > 0 such that:
(a) For each Xo S(0; R) there is at least one feasible arc y in problem (P) such

that y(0)= Xo.
(b) For each Xoe S(0; R) there exists a sequence Tn -->oo and the controls

L(0, T,,; U) such that x(T,; Xo, u,,) S(0; R).
Here S(0; R) denotes the open ball {Xoe E; [Xol < R}.
Next we shall discuss the meaning and some circumstances in which the above

assumptions are satisfied.
First of all it should be noted that the condition that -oo<H< +oo on E x U

implies that H is separately continuous on E x U (see, e.g., 15]).
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The condition that H >-oo on E U in Assumption A requires that for each
yE the function L(y, .) is nonidentically +oo. The rest of the assumption (i.e.,
condition (2.4)) implies that L=>0 on E x U and condition (1.4). This follows by a
standard argument involving the conjugacy formula (see (2.1))

(2.5) L(y, v) sup {(p, v)-H(y, p); pc U}.

So Assumption A precludes the existence of state constraints into problem (P)
but allows implicit control constraint of the form

u(t) Uo a.e. t>0

where U0 is a closed convex subset of U.
Assumption B may be viewed as a controllability condition relating system (1.1)

and the function L. Part (a) simply requires that S(0; R)c D(4) for some R. We shall
present in Lemma 2 below some important cases in which it is satisfied.

LEMMA 2. Assume that the controlled system (1.1) is stabilizable and that L
satisfies the following conditions

(2.6) L(0, 0) 0,

(2.7) (0, 0) int D(L).

Then Assumption B holds. If either D(L)= E x U or the uncontrolled system (1.1) is
asymptotically stable and

(2.8) L(0, 0) 0; L(y, 0) <+ for all y E,

then Assumption B is satisfied with R +.
Here D(L) denotes the effective domain of L i.e.,

D(L) {(y, v) E x U; L(y, v) < +co}.

Proof ofLemma 2. By condition (2.7) there exists r > 0 such that

(2.9) L(y, v) < +oo for lY[ =< r and Ilvll
while the stabilizability hypothesis means that there exists a bounded linear operator
K: E--> U such that every "mild" solution of the closed loop system

(2.10) y’(t) (A + BK)y(t), R +,

is exponentially stable, i.e., there exists y > 0 and M> 0 such that

(2.11) [y(t)l<-M exp (-yt)ly(0)[ for all t->0.

We take R inf {r/M, [[K[[r/M} where [[K[[ denotes the operatorial norm of K.
Then estimate (2.11) together with relation (2.9) imply that

(2.12) (y(t), Ky(t))int D(L) for all t_->0

for each solution y to system (2.10) with initial value xo y(0) in S(0; R). Since the
subdifferential OL of L is locally bounded on int D(L) we deduce from (2.11) and
(2.12) that

(2.13) Iz,(t)[+llz(t)ll<-C for t->0

where (z(t), z2(t)) is any section of OL(y(t), Ky(t)). Estimates (2.11) and (2.13)
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combined with condition (2.6) and definition of OL, yield

L(y(t), Ky(t))<-(z(t), y(t))+(z2(t), Ky(t))

-< C exp (-yt) for all t_-> 0

and therefore L(y, Ky)L(R+). Hence Assumption B, part (a) holds with R defined
above. As for part (b), it follows from estimate (2.11) that for all T=> To, with To
sufficiently large, y(T) e S(0, R).

If in particular D(L) is all of E U then r +oo and therefore Assumption B
holds with R +oo. This also happens if the uncontrolled system (1.1) is asymptotic-
ally stable and condition (2.8) holds bgcause in this case each y(t) S(t)Xo is a feasible
arc in problem (P) corresponding to null control. The proof of Lemma 2 is thereby
complete.

Remark 2.1. It is apparent from the preceding proof that part (b) of Assumption
B automatically holds if the system (1.1) is stabilizable. Sufficient conditions for
stabilizability in the framework developed here may be found in the paper [13] of
Pritchard and Triggiani.

We are now ready to formulate the first theorem.
THEOREM 1. Let Assumptions A and B be satisfied. Let (x, u) be any optimal pair

for problem (P) with x(0)-Xoe S(0; R). Then the optimal control u is expressed as a
function of x by the feedback law

(2.14) u(t)OqH(x(t),-B* 84)(x(t))), a.e. t>0.

Here 8b" E- E denotes the subdifferential of 4.
It is noted that in particular Theorem 1 implies that each optimal arc x of

problem (P) is a "mild" solution to the closed loop system

(2.15) x’ Ax +B OqH(x, -B* Off)(x)), R +.
Remark 2.2. If the function L is quadratic then 0b is a linear, self-adjoint

continuous and positive operator from E into itself and so Theorem 1 reduces to some
earlier results by Lukes and Russell [ 11] and Datko [8]. Furthermore, in this case 0b is
the solution of a Riccati operational equation (see, e.g., [6], [10]).

Let us assume that each "mild" solution x(.) to closed loop equation (2.15) with
x(O) D(A) is a strong solution. This happens, for example, if A generates an analytic
semigroup or if the function x B OqH(x,-B* Oqb(x)) is Fr6chet differentiable (in
particular, if L is quadratic).

For the sake of simplicity we shall also assume that 0b is single valued and for
every Xoe E, problem (P) has a unique solution (x, u). We have (see (3.3) below)

(b(x(t)))’ + L(x(t), u(t)) O, a.e. > 0

while conjugacy formula (2.1) and relation (2.14) yield

L(x(t), u(t))+ H(x(t),-B* Och(x(t)))=-(u(t), B* Och(x(t))), a.e. t>O.

Using the well-known formula

(cb(x(t)))’=(O4,(x(t)),x’(t)), a.e. t>O,

and remembering that x(t) is a strong solution to (1.1), we get

H(x(t), -B* O4)(x(t)))-(Ax(t), Och(x(t)))=O for t_->0.

Inasmuch as x(0) can be taken arbitrary in E we find that K 04 satisfies the
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operational equation

(2.16) H(x, -B*Kx) (Ax, Kx) 0 for all x D(A).

Parenthetically, we note that in the special case in which L is quadratic, equation
(2.16) can be brought into the form of a stationary Riccati operator equation asso-
ciated with the given system. Equation (2.16) is hard to solve even in simple cases. In
this sense, (2.16) is of theoretical rather than of practical interest. However, it can be
used to gain some insight into the nature of 04 as well as to construct appropriate
suboptimal feedback law for given problem.

3. Proof of Theorem 1. We fix x0 in S(0; R) and consider an optimal pair (x, u)
for problem (P) corresponding to x0 (the existence of a such pair was proved in
Lemma 1).

Let b be the function defined by (1.5). It is noted that for every T> 0, (x, u) is
also a solution of the following control problem on the interval [0, T]

T

min l| L(y(t), v(t)) dt+ck(y(T));

y(t) S(t)Xo + S(t- s)Bv(s) ds, v L2(0, T; U)

Here is the argument. Let vL2(0, T; U) and let y(t)= S(t)Xo+ S(t-s)Bv(s)ds,
0-< t-_< T. As mentioned earlier the infimum defining 4) is attained. Thus there exists
w Loc(0, ; U) such that 4(y(T))= L(z(t), w(t)) dt and z(t)= S(t)y(T) +
S(t- s)Bw(s) ds for _-> 0. We observe that the pair 07, ) defined by

y(t), O<-_t<-_T, (t)={v(t), O<-t<-T,
7(t)=

z(t-T), T<t<, w(t-T), T<t<,

satisfies (1.2). Hence

(3.2)
T

Io L(y(t), v(t)) dt+ch(y(T)).

In particular, it follows that

ch(x(T)) >= L(x(s), u(s)) ds.

Since the converse inequality is obvious, we may infer that

ch(x(T)) L(x(t), u(t)) dt.

Comparison of relations (3.2) and (3.3) shows that (x, u) is an optimal pair of problem
(3.1), as claimed. Incidentally we have proved also that the value of (3.1) is 4(x0).

Let {Tn} be the sequence arising in Assumption B.
By Assumption A, -o < H(x, q) <+ for all (x, q) E U while Assumption B

implies that for n sufficiently large there exists an admissible control u(t) on [0, Tn]
such that XT x(T,,, x0, u) int D(th). Thus we may apply Theorem 1 in [4] concerning
necessary and sufficient condition for optimality in problem (3.1) to deduce the
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existence of a continuous function pT-.: [0, Tn]E (the dual extremal arc) which
satisfies the equations

(3.4)

(3.5) B*pr.(t) q2(t), 0 <- <- T
and transversality conditions

(3.6) pr. (T,) -4,(x (T,)).

Here (ql, q2)L2(O, T,;E)L2(O, T,; U)are defined by

(3.7) (ql(t), q2(t)) OL(x(t), u(t)), a.e. ]0, Tn[.

As pointed out earlier OL: E U- E U denotes the subdifferential of function
L. Since the Hamiltonian H is the partial conjugate of L, we deduce from (3.7) that

ql(t)-OH(x(t),B*p.(t)), a.e. t]0, T[,(3.8)

and

(3.9) u(t)OqH(x(t),B*pT-.(t)), a.e. t]0, T,[.

Let h be arbitrary in E and let v6L(oc(R/; U) and y(t) S(t)h+ S(t-s)Bv(s) ds,
->0, be such that 4(h) ff L(y (s), v(s)) ds. Let be arbitrary but fixed on the interval

[0, T,,] and let yt(s) y(s- t), vt(s) v(s- t), < s < +c. It follows from (3.7) that

L(x(s), u(s))L(yt(s), ),(s))+(x(s)- yt(s), ql(s))+(u(s)- l)t(s), q2(s)), a.e. s>0.

We integrate the latter on the interval It, Tn] to obtain after some calculation involving
(3.4) and (3.5) that

-(pT-. (t), x(t)- h) + (pT-(T,), x(T,)- y(T,, t))

>- L(x(s), u(s)) ds- L(y(s), v(s)) ds

ck(x(t))- ch(x(T,))- ok(h) + ch(y(T, t)).

(Here we have used, in particular, (3.3).) Combining the latter with (3.6) we get

-(pT-.(t), x(t)- h) >= ck(x(t))- oh(h).

As h is arbitrary we may infer that

(3.10) -p.(t)Ock(x(t)) for every t[0, Tn]

and therefore (see (3.9)),

(3.11) u(t)OpH(x(t),-B* Ock(x(t))), a.e. t>0,

which completes the proof.

4. The Hamiltonian condition for optimality. We shall say that given continuous

arcs x" R/E and p" R+E satisfy in the "mild" sense the Hamiltonian system

(4.t)
x’(t) Ax(t) B OqH(x(t), B*p(t)),

p’(t) + A*p(t) -OxH(x(t), B*p(t))
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over R+ if there exist two functions qi Loc(R +’, E), i= 1, 2, such that

x(t)= S(t)x(O)+ S(t-s)Bq(s) ds, forallt_->O,

(4.2) T

p(t) S*(T- t)p(T) I S*(s t)qz(s) ds, for all 0 < t_--< T < +oo

and

(4.3) q,(t)OqH(x(t),B*p(t)), qz(t)-OxH(x(t),B*p(t)) a.e.t>0.

We note that system (4.3) can be brought into the following form:

(4.4) (q2(t), B*p(t)) OL(x(t), ql(t)), a.e. > 0.

In the sequel, we shall require at times the following assumptions:
(i) H(x, q) is strictly concave in x for every q U.

(ii) H(x, q) is strictly convex in q for every x e E.
(iii) H(x, q) is Gfiteaux differentiable in x and the pair (A, B) is "controllable",

i.e., if B*S*(t)po--O, over some interval [0, T] then p0=0.
(iv) (0, 0) is a saddle point of H and H(0, 0)= 0.
(v) For each r > 0, inf {-H(x, 0); Ix r} > 0.
(vi) For each r>0 there exists a real positive function to such that lim,_.o to(O/t

0 and

(4.5) H(x, q) <= to(llq[I) for all Ix[ <- r and q U.

THEOREM 2. Let x(t) be an optimal arc o]:problem (P) with Ix(O)] < R. Then under
Assumptions A, B and (ii), (iii) there exists an unique function p satisfying along with x
the Hamiltonian system (4.1) (in the "mild" sense). Furthermore, one has

(4.6) p(t) -Och(x(t)) for every t >- O.

Further, suppose that assumptions (iv) up to (vi) hold. Then

(4.7) lim x(t)=0 and [p(t)] is bounded over R +.
t-

If in addition, assumption (i) is satisfied then the function ch is Gteaux differentiable on
S(O, R) and

(4.8) lim p(t)= 0 weakly in E.

Furthermore, for each Xo E there is at most one solution (x, p) to (4.1) satisfying the
initial value condition x(O)-- Xo and either (4.6) or (4.7).

In particular, Theorem 2 shows that under assumptions (ii)-(vi) the feedback
control law (2.14) stabilizes system (1.1). Moreover, p +Och(x) 0 is an invariant
manifold for the Hamiltonian system (1.1) in which the origin is asymptotically stable.
Theorem 2 also implies that the motion in the manifold projects as the optimal closed
loop motion x.

Remark 3.1. It should be noted that under assumptions A and (v), part (b) of
Assumption B is implied by part (a). Here is the argument. Let Xo S(0; R) and let y
be a feasible arc in problem (P) satisfying y(0)= Xo. Then the conjugacy formula (2.1)
implies that -H(y, O) L(R +), which in conjugation with assumption (v), implies that
y(T,,) 0 for a sequence Tn +c.
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Proof of Theorem 2. Let (x, u) be any optimal pair of problem (P) with x(0)= Xo
S(0; R). Let Tn - +oo be the sequence which arises in Assumption B, part (b).

As seen in the proof of Theorem 1 for each n there exists a continuous function
p, PT." [0, T,]- E satisfying together with x equations (3.4), (3.5), (3.8) and (3.9)
over [0, Tn]. We shall prove that for each n there exists at most one such function p.
Assume the contrary, and let pn be another solution to this system. We set q,(t)
p(t)-p,(t) and notice that (3.8) implies that B*q,(t)=-O over [0, T,], because by
virtue of the strict convexity of H(x, .)OqH(x, q)fOqH(x, q2) Q unless ql--q2.
Then (3.9) and first part of assumption (iii) yield

q,(t)= S*( T, t)q( T,) for all t[0, T,].

Thus by virtue of controllability of the pair (A, B) we conclude that qn---0 over
[0, T,], as desired.

Hence the continuous function p(t)" R+- E defined by

p(t) PT. (t) for 6 [0, T,]

satisfies together with x(t) (in the "mild" sense) the system (4.1) and relation (4.6).
The uniqueness of p(t) follows by the same argument. It remains to prove under
assumptions (iv)-(vi) relations (4.7) and (4.8). To this end we need the following
lemma.

LEMMA 3. There exist real numbers Io > 0 and tz such that

(4.9) L(y, v) >=/z0(ly[ +llvll)+/zl for all (y, v) E U.

Proof. Denote by M: U E- ]-oo, +oo] the function

M(p, q) sup {(p, v)+(q, y)-L(y, v); (y, v)E U}
(4.10)

sup {(q, y)+ U(y, p); y 6 E}.

Since H(., p) is concave and by virtue of assumption (iv),

(4.11) H(y, 0) _-< 0 _-< H(0, 0) for all (y, p) E H,

we get

H(y, p)=< [y]H(y/]y[, p) for ]y[ => 1.

We set w y/]y] and use the definition of OpH to obtain

(4.12) H(y,p)<=]y]H(w,O)+ly]]]pl]llz,,]] for all ]y[_-> 1, p U,

where z OpI4(w, p). By assumption (v), H(w, 0)_-<-,<0 for all Iwl-1. Further-
more, since OH is locally bounded on a neighborhood of the origin (as mentioned
earlier, this is a consequence of condition (1.5) and of Assumption A, we may also
suppose that IlZw]l<= C for all Iw[ 1, and ]/Pl] sufficiently small. Applying this to (4.12)
we obtain

H(y, p)<=-yly[/2
for all [y]---1 and ]]p]l<=6, where 6 is sufficiently small. We deduce from this and
formula (4.10) that

(4.13) M(p, q) <=sup {(q, y)-y]y]/2; y 6 E}< +oo

if ]q] =< "),/2 and ]lP]l -< 6. By the theory of conjugate convex function, we have

(4.14) L(y, to)= sup {(p, v)+(q, y)-M(p, q); (q, p)6 E U}
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and therefore

L(y, Ilwll= [wll=
for all (y, v)eEx U and p >0. Applying (4.13), we obtain (4.9), as claimed.

Proof of Theorem 2 (continued). From inequality (4.9) we see that
t+k

([x(s)[+llu(s)[I)ds<-_C(h+l) forall t,h>=O,

while formula (1.2) yields
t+h

(4.15) Ix(t+h)l-C(Ix(t)t+f Ilu(s)llds) for t_>0, /[0, 1],
at

and therefore

(4.16) Ix(t+h)[<=C(Ix(t)[+l) forallt=>0, he[0,1].

(We shall denote by C several positive constants independent of t and h.)
On the other hand, as remarked earlier, the conjugacy formula (2.1) yields

L(x(t), u(t))>-_-H(x(t), O) a.e. t>0,

which implies that -H(x, 0) Ll(R+). Hence

-H(x(t), O) <= 6(T) for e T, +O0[\ET

where 8(T) and the Lebesgue measure m(Ew) of ET tends to zero as T- oo. From this
and assumption (v) we conclude that

(4.17) Ix(t)[<-n(T) for te[T, +oo[\Ew

where limw_ rt(T)=0. Combining (4.16) and (4.17), we deduce first that Ix(t)l is
bounded over R +. Next, we use the inequality

L(x, u) >= (q, u)- H(x, q) for all q 6 U

to get

pll ll =< L(x, u) + H(x, pw)

where p > 0 and w q/llqll. Thus assumption (vi) yields

Ilu(s)ll ds < L(x(s), u(s)) ds + w(o)h for all T, h > 0
,T -’ aT

where limo_,o o(0)= 0. Inasmuch as L(x, u)e L(R+), we obtain
T+h

(4.) Ilu(s)ll ds<--x(T) for all T>0 and he[0, 1]

where limr_, x(T) 0. We deduce further from (4.15) and (4.18) that

Ix(,+h)l<-_C(Ix(t)l+x(,)) for t=>0and he[0, 1]

where C is independent of and h. Then, making use once again of inequality (4.17),
we deduce that lim,_oo x(t)= 0. On the other hand 04, is locally bounded at 0 because
by Assumption B, D(4) (and therefore D(OO)) contains the ball S(0; R). Then we see
from (4.7) that Ip(t)l is bounded over R +. Next we shall prove the uniqueness of the
pair (x, p) satisfying the system (4.1), the condition x(0)= Xo and (4.7). Let (,/5) be
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another solution to (4.1) satisfying (4.7) and let 1, 2 be the corresponding functions
arising in formula (4.3). Invoking formula (4.4), we get, after some calculations
involving equations (4.2),

T T

y(T)-2(T))

for all TO, yeLlow(R+; U) and y(t)=S(t)Xo+jS(t-s)Bv(s)ds. Assume further
that lim y(t)= O. Then the latter inequality yields

L(2, 0) dt L(y, v) dr.

Since assumption (i) implies the strict convexity of L, taking y (x +2)/2 and v
(u + 1)/2 in the preceding inequality we see that x- 2 and u- 1 as claimed. The
uniqueness of solution (x, p) to (4.1) satisfying (4.6) and the initial condition x(0)= Xo
follows by a parallel argument by observing that if the arc x(t) satisfies these condi-
tions then for every T> 0 it is optimal in the control problem,

T

(4.19) min/f L(y(t, x0, v), v(t))dt+ch(y(T)); v L2(0, T; U)/.
t J0

Let T be a positive number with the property that there exists a control u
L2(0, T; U) such that y(T; Xo; u)S(O, R). (Since part (b) of Assumption B holds,
such numbers always exist.)

Denote by A c E x E the set of all pairs (Xo, Po) with the property that there is a
solution ("mild") (,/5) to system (4.1) satisfying

(4.20) (0) Xo, /5(0) Po,

(4.21) tS(T) -O(2(T)).

By virtue of equivalence between problem (4.19) with [Xo] < R and the system (4.1)
and transversality condition (4.21) and 2(0)= Xo (here we use again Theorem 1 in [4])
we deduce that Axo for each Xoe S(0; R). Furthermore, by uniqueness of such
solution (2,/5) we see that 2 x and/5 p over [0, T] where (x, p) denotes as above
the unique solution to system (4.1) satisfying (4.7) and initial condition x(0)= Xo. Thus
A can be equivalently defined as

AXo p(0).

In particular we deduce that A is single valued and -Axo e Ock(Xo) for all Xo S (0; R).
We shall prove that -A Ob on S(0; R). To this end, first we shall show that -A is
maximal monotone on E x E, i.e. R(I-A)= E. Let Yo be any fixed element of E.
Consider the equation

(4.22) Xo- Axo yo

and the differential system over [0, T]

2’-A B OqH(., B*),
(4.23)

’ +A* -OxH(2, B*)
with boundary value conditions

(4.24) /5(0)- 2?(0) yo, /5(T) -0b(2(T)).
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Here [0, T] is an arbitrary finite interval. Again invoking Theorem 1 in [4] we deduce
by virtue of Assumptions A and B (part (a)) that system (4.23), (4.24) represent the
Hamiltonian conditions for optimality in control problem

T

(4.25) min tao/f L(y(t; y(0); v), v(t))dt+ch(y(T))+1/2ly(O)-yol2; t E L2(0, T; U)},
which by virtue of condition (2.4) admits a solution (, fi). We conclude therefore that
system (4.23) and (4.24) has a solution (,/3). Recalling the definition of A we finally
deduce that Xo (0) satisfies equation (4.22) as claimed. Hence -A is a maximal
monotone single valued operator from E into itself which agrees with 04 on S(O, R).
We have therefore shown that for each XoE S(0, R), 0tk(Xo) is singleton. This fact
implies that b is Gteaux differentiable at every point Xo S(0; R) and Ock(Xo)=
V4(Xo) (the gradient of b at Xo). On the other hand, -A is demicontinuous on S(0; R)
(i.e., strongly-weakly continuous) because it is maximal monotone single valued and
everywhere defined on S(0; R). Since A =-0b on S(0; R) we see from relations (4.6)
and (4.7) that

p(t) 0 weakly in E as +

thereby completing the proof of Theorem 2.
COROLLARY 1. The conclusions of Theorem 2 remain valid if instead of condition

(iii) we assume that N(B*)= {0}.
Proof. A glance to the preceding proof reveals that assumption (iii) was used only-

to prove the uniqueness of a function p which satisfies together with a given function x
the Hamiltonian system (4.1) over a given interval. If the kernel N(B*) of B* consists
only of the zero element, then as seen earlier this fact is implied by the strict convexity
of H(x, q) as a function of q.

5. The "saddle point" behavior of Hamiltonian systems. In this section the
conclusions of Theorem 2 are restated in a form which resembles the classical
behavior of ordinary differential systems in a neighborhood of a saddle point.

The differential system studied here is

x’(t)- Ax(t) OpH(x(t), p(t)),
(5.)

p’(t) + A*p(t) -OxH(x(t), p(t))

where as before, A is the infinitesimal generator of a continuous semigroup S(t): R +

L(E, E) and H is a concave-convex function on E E. Of course it will be assumed
that the function H satisfies Assumptions A and (i) up to (vi) (by virtue of Corollary 1,
assumption (iii) will be superfluous) and, in addition:

(v)’ For each r > 0, inf {H(0, P); IP[ r} > 0.
(vi)’ For each r >0 there exists a real positive function such that limt_o O(t)/t 0

and

(5.2) -H(x, q)<= O(Ix [) for Iq[ --< r and all x E.

Let A denote the set of all pairs (Xo, Po) E E E such that the Hamiltonian system
(5.1) has a "mild" solution (x(t), p(t)) over R + satisfying

(5.3) x(0) x0, p(0) P0,

(5.4) lim x(t) 0, lim p(t) 0
tcx3 tcx3
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where the above limits are taken in the strong topology of E. A is the graph of an
operator (possibly multivalued) which will be identified with A by setting po e Axo iff
(xo, po)A. We shall denote with D(A) the domain of A, i.e. D(A)=
{Xo E; Axo #- }. In general A is not everywhere defined on E. However, one has

THEOREM 3. Let H satisfy assumptions (i), (ii), (iv)-(vi) and (v)’, (vi)’. Then:
(a) For each (Xo, Po)6 A the solution to (5.1) satisfying (5.3) and (5.4) is unique

and remains in A.
(b) There is an open neighborhood V of 0 such that V D(A) and A is single

valued, injective and demicontinuous on V.
(c) There exists a convex lower-semicontinuous function ck on E which is Gdteaux

differentiable on V and whose G&eau.x differential Vch agrees with -A on V.
Proof. Let L be the Lagrangian function associated with H, i.e.,

(5.5) L(y, v) sup {(p, v)- H(y, p); p E}, (y, v) E E.

By the theory of concave-convex functions (see, e.g., [15]) L is convex and lower-
semicontinuous on E E. Moreover, the minimax inequality (4.11) in the proof of
Theorem 2 yields

(5.6) L(0, 0) 0; L(y, v) >- 0 for all (y, v) E E.

We have in mind applying Theorem 2 in the special case U E, B I and L defined
by formula (5.5). To this purpose we need to verify Assumption B in this particular
case. Since the system (1.1) with B I is obviously stabilizable, by Lemma 2 it suffices
to show that (0, 0) int D(L). This is carried out in the following lemma.

LEMMA 4. The function L is finite on a neighborhood of the origin.
Proof. The argument of the proof is based on conjugacy formula (5.5) and it

closely resembles that used in the proof of Lemma 3 for proving inequality (4.13).
Note, however, that in this case assumption (v)’ is used instead of (v).

We are now in a position to conclude that Assumption B is satisfied for some R
suitably chosen. We set V S(0; R).

Thus, we can place ourselves in the context of Theorem 2, according to which for
each x0 V there exists a solution (x(t), p(t)) to (5.1) over R+ satisfying x(0)= x0,

limt_oox(t)=O limt_, p(t)=0 weakly in E. Since the assertions (a) and (c) of the
theorem about the uniqueness and the Gteaux ditterentiability of 4’ are covered by
Theorem 2, we confine ourselves to prove that

(5.7) lira p(t) 0 strongly in E.
t--

Keeping in mind the definition of A we could then conclude that V D(A) thereby
completing the proof of (b). The proof of convergence of p(t) closely parallels the
proof of convergence of x(t) but with some simplifications.

To this end we consider again the conjugate function M (see (4.10)) and note that
the Hamiltonian system (5.1) can be equivalently written as

L(x(t), ql(t))+M(p(t), qz(t))=(p(t), q(t))+(x(t), q2(t)), a.e. t>0

where ql and q2 are the functions arising in (4.2) and (4.3). Integrating the latter over
[0, T] we find that

T

L(x(t), ql(t)) dt + Io M(p(t), q2(t)) dt-- (x(T), p(T))-(Xo, Po).
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Since
M=>0 onEE and lim (x(T),p(T))=0,

Teo

we infer that M(p, q2) LI(R +) and therefore the inequality

M(p(t), q2(t))>-(q2(t), y)+H(y, p(t)) for all yE

implies that H(O, p) Ll(R+). Then assumption (vi)’ yields

(5.8) [p(t)[-< 6(T) for T, +oo[\Er

where the Lebesgue measure of Er and 6(T) tends to zero as T
On the other hand, by definition of "mild" solution one has

t+h

p(t)=S*(h)p(t+h)-f S*(s-t)q2(s)ds, for all t, h =>0
,t

and therefore
t+h

(5.9) [p(t)[<=C(Ip(t+h)[+f ]qz(s)lds) forallt_->0andh[0,1]

where C is independent of and h.
Next we see from formula (4.10) that

M(p, q2)--> 01q2[ / S(ow, p) for all p > 0

where ]w]= 1. Invoking assumption (vi)’ and recalling that M(p, q2)e LI(R+) we get
that

t+l

Iq2(s)[ ds <-_ X(t) for all t_-> 0

where limt_o X(t)= 0. Substituting the latter in (5.9) we see that

]p(t)] _-< c([ p(t + h)] + X(t)) for all 0, h [0, 1 ],

which in conjunction with (5.8) implies that p(t) approaches zero as tends to +oo.
The proof of Theorem 3 is, therefore, complete.

Remark 5.1. One might ask whether A is a homeomorphism of V onto another
neighborhood V of the origin. This happens, for example, if A is bounded (see [2])
and it is easy to see that this fact requires that limlxol_o da(Xo)/lxol _->/3 > 0. However,
the results established by A. Pazy [12] show that this does not hold unless A is the
infinitesimal generator of a continuous group of linear bounded operators.

6. Examples. In this section we shall illustrate the general theory with two
specific examples.

Example 1. Consider the distributed control problem; Minimize

(6.1) g(x, y(x, t), u(x, t)) dx dt

in y(x, t)" l)x R+ R and u e L2oc(R+; L(a)) subject to the constraints

(6.2) Oy/Ot-Ay Bu for x f, t> 0,

(6.3) y(x, t)=0 forxF, t>0,

(6.4) y(x, 0)= yo(x) for x

(6.5) 0 <= u(x, t) =< 1 for x f, > 0,
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where is a bounded and open subset of R" with a sufficiently smooth boundary F, B
is a linear continuous operator from t2() into L2() and y0cL2() is a given
function. As for the function g: R R R - R, it is assumed measurable in x, convex
in (y, u) and g(x, 0, 0)= 0, a.e. x

Further suppose that there exist a R and/3 LI(I’) such that

(6.6) g(x, y, 0) alYl2 + fl(X) a.e. x for all y R.

To formulate (6.1) as a problem of type (P) we set E= U= L2(-), A--A (the
Laplace operator) with D(A)= H(I)f’)H2(gl) and L(.,-) defined by

(6.7) L(y, v)= In go(x, y(x), v(x)) dx for (y, v)c E E

where

v)__Jg(x,y,v) if0vl,
go(x, Y, +oo otherwise.

Obviously Assumption A of Theorem 1 is implied by condition (6.6) and the fact
that for every y L2() the effective domain of L(y, .) reduces to {v L2("); 0
v(x)<= 1 a.e. x fl}. As for Assumption B, it is implied by the condition that L(y, 0)= 0
and the fact that the semigroup generated by A is exponentially stable (see Remark
2.1). Thus, invoking Theorem 1, we see that any optimal control u(x, t)of problem (6.1)
is expressed as a function of optimal state y(x, t) as

u(x, t)= 0 if (B* 0b(y))(x, t)-Ovg(x, y(x, t), 0)=< 0,

u(x, t)- 1 if (B* Ock(y))(x, t)-Ovg(x, y(x, t), 1)_>-- 1,

u(x, t)= (Ovg(x, y(x, t),’))-l(B* Ob(y)(x, t))

if 0 < (Og(x, y(x, t),. ))- (B* O4(y)(x, t)) < I,

where Og stands for the subdifferential of g(x, y, v) as a function of v and
R+ is the function defined by (1.5). Under obvious additional assumptions on the
function g, Theorem 2 is also applicable but the details are left to the reader.

Remark 6.1. According to (2.16) and comments preceding it, we may say that the
operator K 04 satisfies the equation

(6.8) I(ht,(x, y(x), -(B*K)(y)(x))-Ay(x)K(y)(x)) dx 0

for all y H() f3 H2(fl) where

ho(x, y, p)=sup{pv-g(x, y, v); 0 v =< 1}

for all x c gl and y, p e R.
Example 2. We present an example illustrating Theorem 3 on a mixed boundary

value problem involving hyperbolic systems in two variables. Specifically, we are
concerned with a system of the form

(6.9)
OY-Al(X)x -A2(x)y y’ z),

Oz 0

Ot Ox
-----(A*I (x)z) +A(x)z -OyG(x, y, z)
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where the unknown n-dimensional functions y and z are to be found in {(x, t); 0-< x -<
1, t->0} and A(x), Ae(x) are n n matrices which satisfy

(6.10)

(6.11)

Al(x) is symmetric for each x [0, 1]

A C1([0, 1]; R Rn), Ae C([0, 1]; R" R").

Further, suppose that foreach x[0, 1], A(x) has eigenvalues x(x),..., x,,(x)
satisfying

(6.12) p,(x)<-. .<-p,p(x)<O<p,p+(x) <-.. .<=p,,,(x), forx[0, 1]

and

/xj =/xj+ if/xi(Xo) =/X+l (Xo) for some xo [0, 1].

It will be convenient to write the vectorial functions and z in the form

y z +

where

y-, z- Rp and y+, z + Rq;

We impose the boundary conditions

p+q=n.

(6.13) y-(0, t)-Doy+(0, t)=0, y+(1, t)-Dy-(1, t)=0,

D(Aa(O)z(O, t))-+(A(O)z(O, t))/ 0,
(6.14)

D*(A(1)z(1, t))+ +(A(1)z(1, t))- 0

where the matrices Do and D have the dimensions qp and p q, respectively.
Making an orthogonal transformation (see, e.g., [17]) we may reduce the problem to
the case in which the matrix A has the form

A(x)= (A-(x)0 Al+0’x))
where A-[(x)=diag(lx(x),..., Ixp(x)) and A+(x)=diag(lxp+l(x), la,,,(x)). Then
the boundary conditions (6.14) may be rewritten as

D*oA-(O)z-(O, t)+ A((O)z+(O, t)=0,
(6.15)

D*A(1)z/(1, t)+A-;(1)z-(1, t)-0.

As for the function G, it is assumed to be measurable in x, continuous in (y, z),
strictly concave in y and strictly convex in z for each x [0, 1]. Further, assume that

(6.16) G(x, y, O) <-_ G(x, O, O) 0 <- G(x, O, z),

(6.17) -(x)ly[q =< O(x, y, z) <- o(x)lz[p

for all x e[0, 1] and y, z in R. Here a,/3 are positive L functions on [0, 1] and
p, qe[1, 2].

It is easily seen that under these conditions the concave-convex function

H: L2(0, 1;R")x L-(0, 1; R")- R
defined by

H(y, z)= f G(x, y(x), z(x)) dx
.M
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satisfies assumptions A, (i), (ii), (iv)-(vi), (v)’ and (vi)’.
Furthermore, if we assume that

(6.18) Az(x)+A(x)-A’(x)<-O for x el0, 1]

and

(6.19) A- O +D A- O Do >- O A- (1) +D A-(1)D --> 0

it follows that the operator A: L2(0, 1; Rn)->L2(O, 1; R ") defined by (Ay)(x)=
Ay’(x)+Azy(x) a.e. x]0, 1[ with domain D(A)={yL2(O, 1); y’L2(0, 1), y
satisfies (6.13)} is maximal dissipative and therefore generates a strongly continuous
semigroup on LZ(0, 1; R"). Thus, in terms of H and A, the system (6.9) with boundary
value conditions (6.13) and (6.14) can be expressed in form (5.1). Then, invoking
Theorem 3, we may infer: Under assumptions (6.10)-(6.12), (6.16)-(6.19), them exists
a neighborhood V= {y0 t2(0, 1; R"); IlyOIIL2(O,1;R ") R} of the origin and a demicon-
tinuous dissipative operator A: V--> t2(0, 1;R ") such that for each yo V the system
(6.9) with boundary value conditions (6.13), (6.14) has a unique solution
(y(x, t), z(x, t)) satisfying

(6.20) y(x, O)= yo(x), z(x, 0)= Ayo(x) a.e. x e ]0, 1[,

(6.21) lim y(., t)= 0, lim z(., t)= 0 in L2(0, 1; Rn).
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MARTINGALE PROJECTION AND LINEAR FILTERING IN HILBERT
SPACES. I: THE THEORY*

JEAN-YVES OUVRARDI

Abstract. Using a theorem on the projection of Hilbertian martingales and a Hilbertian theorem of the
Girsanov type, previously established by the author, to study the filtering problem for systems governed by
linear evolution equations in Hilbert spaces, we show that if the observation is a function of the state
through an unbounded operator and with values in a Hilbert space (under some hypotheses on the
observation noise), the filtered stateis obtained as the solution of a differential stochastic equation, the
coefficients of which are given by a solution of an operator differential Ricatti equation. We show that the
linear filtering problem can be solved only if the solution of this equation is unique.

If the observation is made through a bounded operator, we find again, with the innovation method,
results from A. Bensoussan (1971) in the partial differential equation context, and from R. F. Curtain
(1975) and S. K. Mitter-R. Vinter (1974) in the linear hereditary equation context; the application to the
linear hereditary equation will be presented in another paper.

Introduction. We study a linear filtering problem in Hilbert spaces. The state
(xt)tLo.7-1 is a process with values in a real separable Hilbert space H, the solution of a
linear stochastic differential equation; the linear operators (At)Lo,Tq which appear in
this equation are unbounded on/-/. Though the formulation adopted, here is different,
we recall that an investigation of such filtering problems has already been made fairly
extensively (cf. e.g. [2], [3], [5], [11]). In some papers, even more general evolution
systems are considered, since we consider here only systems having a strong solution.
But, what is new, is that we consider an observation process (y)tto.7- related with the
state through a family of unbounded operators (Ct)t0.7-j. on H, and also that the
observation takes its values in an infinite dimensional space K (which allows us to
consider observations on the boundary of a domain).

The method used is quite original for studying infinite dimensional systems" we
have used the innovation approach, well known in the finite dimensional-case (cf. e.g.
[1]). The principle consists in exhibiting two martingales Z0 and Zs related with the
state and observation processes respectively. But, contrary to the finite dimensional
case, we do not know how to solve the famous problem of the equality of the o-fields
generated by the observation and innovation processes. So we have used a measure
transformation method for using a representation theorem for an Hilbertian martin-
gale adapted to the family of the o--fields generated by a Gaussian Hilbertian martin-
gale. This idea proved to account successfully for the one dimensional case (M.
Fujisaki, G. Kallianpur and H. Kunita [7]). This idea is equally effective in the infinite
dimensional case, but in the linear context. This way, we obtain the filtering equations
of the Kalman-Bucy type. To have a complete solution for this filtering problem, we
have to make sure that the solution of the Ricatti equation is unique--its existence
being proved by the method used for solving the problem. We have given a sufficient
condition for the uniqueness--it seems difficult to obtain a general answer and we
have approached the uniqueness problem by a duality technique" we introduce a
"dual" linear deterministic control problem, the solution of, which is unique and is a
function of a solution of the Ricatti equation. Thus, we can prove the unicity of the
solution of this Ricatti equation.

* Received by the editors July 13, 1977.
f I.R.M.A. Universit6 Scientifique et Mdicale de Grenoble, B.P.53, F-38041 Grenoble-Cedex-France.
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1. Description of the system. D, H, K, L are Hilbert spaces such that D is a dense
subspace of H. The canonical injection from D to H is continuous and dense.
(At)tto,rl is a family of linear operators in/-/, the state space, with domain containing
D, such that Atlo(D,H) and, VhD, A.h is continuous from [0, T] to H.
Elsewhere, let us have a family (Ct)tto.rl of linear operators from H to K, the state of
the observations, with domain containing D and such that Ctlo (D, K) and that,
’h D, the application C.h is measurable and bounded from [0, T] to K.

We consider a Wiener process W on L relative to the process basis
(lq, o%(),to, rl, P) that satisfies the customary conditions, (ll, ) being moreover a
Blackwell space; the covariance operator of W is the nuclear operator W 5FI(L).

Let B and D be two operator valued functions satisfying:
B ([0, T]; (L, H)) and D ([0, T]; (L, K)).
We make the following hypothesis about the observation noise" if Ot DtWD*,

Vt [0, T], we suppose that:
(i) rg C rg Or, Vt [0, T];

(ii) Vh D the set {lIOTChlll [0, T]} is bounded in g where Ot+ is the pseudo-
inverse (unbounded, with domain containing rg O)for a definition see [13].

(iii) rg DttJ/’B*t @(0 ), Vt [0, TI.
Remarks. 1) The hypothesis about the independence of noises on the state and

the observation is equivalent to the following condition" D,ld/’B*t =0, Vte[0, T];
condition (iii) is then obviously fulfilled.

2) Hypothesis (iii) is automatically satisfied in the finite dimensional case; indeed,
in this case, we have rg D,TgB* rg O, In the infinite dimensional case, we can only
show that we have rg Dflg/’D*t rg 0,.

Now we make the following hypothesis on the family (A,),[O,T. We suppose that
a Green kernel is associated with this family, i.e. a family of operators {G(t, s)
(H)]0 _-< s _-< _-< T} such that:

1) G(t, t)= ln, Vte [0,
2) G(u, s) G(u, t) G(t, s) if 0 _-< s _-< -< u -< T,
3) /h H, G(., s)h is continuous from [s, T] in H,
4) ’h D the Cauchy problem

dxt Atxt
dt s<-t<= T

has a unique solution in L([0, T])f’/CH([0, T]) given by x, G(t, s)h (i.e. x, h +
Auxu du ).

The Green kernel G and B are supposed to have extra properties assuring the
existence and unicity of the stochastic differential equation"

dxt Axt dt +BdW
(1.1)

x(0)= Xo

(see, for example, [4] and [10] for different theorems about existence and unicity). A
solution of (1.1) is a process with values in H, such that any trajectory is almost
everywhere (for the Lebesgue measure on [0, T]) in D and which satisfies (1.1).
Moreover, the family (A,)to,rl is supposed to be such that the solution of (1.1) is in
L([0, T] x fl, dr(R)P)(cf. [10] for such a condition).
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The state xt is subjected to the observation y,, a process with values in K, related
with the state through the equation"

(1.2)
dyt Ctxt dt + Dt dW,
y(0)=0.

The two equations (1.1) and (1.2) constitute the filtering system.
Let 9, o’(ys[s t) be the o-field generated by the observation up to time t.
We intend to establish equations giving the filtered state E’x, recursively, that is

to establish the equations of the Kalman filter and this, by the innovation approach
(see [1] in the finite dimensional case).

2. Martingales related to the state and observation--innovation process.
LEMMA 2.1. There is a (,)tto.rl predictable process with values in H, the

trajectories of which are almost everywhere in D so that:

where satisfies"

P(t E’xt)= 1 Vt [0, T]

T

(2.1.1) E Io I1 ,11 dt < +.

Proof. This property results from the corresponding property in the finite dimen-
sional case (cf. e.g. [8, proposition 2.2, p. 55])since D is separable and dense in the
separable space H and since we have xL([0, T]xO, dt(R)dP). Then, (2.1.1)
follows from the fact that we have, when applying the Banach-Steinhaus theorem to
the family of linear bounded operators from D to H, (AID)ttO,TI:

sup {llA,Iolleo,m[t [0, Z]} < /oo.

DEFINITION 2.2. The two processes Zs and Zo with values respectively in H and
K are defined by:

’t [0, T]
Z(t) t- Auudu

Zo(t) y,- Io C, du.

Zo is called an innovation process.
Remark. These two processes are well defined by virtue of (2.1.1) and of the

boundedness of the operator families (Ado)t[O,T and (CID)ttO.T1. Moreover, we
have:

(2.2.1)

(2.2.2)

T

E Io IIAuII2H du < +co

T

E Io IICu"II2K du < +oo.

DEFINITION 2.3. We call error the process e with values in H defined by:

e, x,-, Vt e [0, T].
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Remark. The trajectories of e are almost everywhere in D; the process e satisfies

(2.3.1) Eue, O if O <= u <= <= T
T

(2.3.2) E Jo Ile’ll at < +c.

PROPOSITION 2.4. Zs and Zo are square integrable martingales with values in H
and K respectively, with respect to the process basis (lq, , (t),t0,Tl, P).

Proof. It will be given only for Zs, since it is the same for Z0. First, it is obvious
that these processes are adapted to the family (,),0.T. Further, by virtue of (2.1.1),
(2.2.1) and (2.2.2), we have:

EllZ(t)ll< +c and EllZo(t)l[< +o /t e [0, T].
Let u =< t. We have:

Eu(Z(t)-Z(u))=E’(’t-u)-E" Iu Aoodv.
Now

Since we have

we have

E-(, .) E(E.x, E.x.)
E-(x,-x.)

E[Iaoxv dv + I/ Bo dWv].

E BvdW,=E E B,,dW, =0

E"(Z(t)-Z(u)) E Ao(xv -) dr.

Since Ax and A have dt(R)P-square integrable norms, we can apply the Fubini
theorem; so

Eu Av (xo ) dv EAo(x ) dv.

But x and belong to L([0, T] x , dtP) and A,ID belongs to (D, H), so we
have

EAo(x -)=E[A(E(xo -o))] if u v

=0.

Finally

Eu(Zs(t)-Z(u))=O.
PROPOSITION 2.5. Zo is a martingale a.s. with continuous trafectories in K; its

natural process (Zo) is given by

(.5.1) (ZOO, au t e [o, rl.
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Remark. If A I(K), we write ft, the element of the projective tensor product
K (R)1K corresponding to it by the canonical isometry from I(K) to K @1 g. Con-
versely, if u K @IK, we write t7 the operator of I(K) associated with it.

Proof. The continuity of the trajectories of Zo results from those of y and from
(2.2.2). Notice th’at Z0 can be written

(2.5.2) Zo(t) Cueu du + Du dW,.

So, by means of Ito’s formula [9], we can write

Zo(t)(R):Zo(t) Zo(u )(R): (C,e du + (C,e, )(R):Zo(u du

(2.5.3) +
Jo
Zo(u)@DudW + (OudW)@Zo(u)

But, by virtue of (2.3.2) and of the uniform boundedness in (D, K) of the family
C.I, we may apply Fubini’s theorem; so, for u N

(2.5.4)
E" Zo(v)(R): (Coev) dv E"[Zo(v)(R): (CoEev)] dv

--0.

The latter equality holds by virtue of (2.3.1). Moreover, the stochastic integral
’o Zo(U)(R):DdW, is well defined by application of the existence theorem by M.
Metivier ([10, 3, th. 2]). More precisely, let X be a process with values in
(L, K (R)2 K) defined by"

V(t, o))e [0, T]x,Q X(t,o))=Zo(t,o))@K(Dt.).
2Then, X e Le(r..c (R)2 )([0, T] x , , tr dt@P) where is the predictable -field on

[0, T] x . In fact, we have

IIx(t, 2

D. being bounded on [0, T] by e > 0, we have"
T T

E [IXt[[(L,K) tr dt N tr a2

But as []Zol] is a sub-martingale, we obtain

X,1,)tt t TIIZo(T)II< +.

Then the stochastic integral fXdW is well defined; it is written ffZo(v)(DdWo).
Moreover, if 0 s T, we have

(2.5.5) E’ Zo(V)(R)K (Do dWo) E’E;" Zo(V)(R)K (Do dWo).
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Then it results from (2.5.3), (2.5.4) and (2.5.5) that

(2.5.6) Ea"(Zo(t)@KZo(t)-Zo(U)(R)KZo(u))=

This proves (2.5.1) since the right member of (2.5.6) is predictable.
We do not know--and it may perhaps be wrong (as in the finite dimensional case;

see e.g. [1]the equality of the o--fields and the one generated by the innovation
process Z0 up to time t. However, by using an idea of Fujisaki [7] in the case of
nonlinear filtering of one-dimensional systems, we establish a representation theorem
for a square-integrable martingale as a stochastic integral with respect to Z0. The basic
tool is a Oirsanov theorem [12].

We shall prove the following fundamental result:
REPRESENTATION THEOREM 2.6. Any separable centered square integrable

martingale M on the process basis (f, o, (?t)tfO, T], P) can be written ’o dZo, where
q XZo; K, H).

First, we must define X(Zo; K, H).
DEFINITION 2.7. Let A(Zo; K, H) be the set of predictable processes X on the

process basis (f, 0% ()0,T, P), with values in (K, H) satisfying:
1) Vk K, Xk is strongly predictable with values in H.
2) [IX]]2A E [" tr XtOtX*, dt < +oo.

A(Zo; K, H) is a pre-Hilbertian space for the semi-norm I1" [lAg. Let A2T* be the Hilbert
space obtained by completeness of A(Zo; K, H) with respect to this semi-norm. The
space (Zo; K, H) is the closure in A* of the space g of the uniformly predictable
step-processes with values in (K, H). The stochastic integral with respect to Zo of
any X (Zo; K, H) is then defined by isometry [10].

Remark. Remember that in 7k2T{Zo;K,H) there are processes with values
unbounded linear operators from K to H [10].

Proof ofRepresentation Theorem 2.6. The idea is to use a theorem of the Girsanov
type [12], then a representation theorem for a martingale adapted to the family of
or-fields generated by a Hilbertian Gaussian martingale [13]. Here, the hypotheses (i)
and (ii)on the observation noise are used in a crucial way.

Let q be the K-valued process defined by:

Cuxu Vu[0, T].

This process is well defined since 2 takes its values in D c@(Cu)dt(R)P--almost
everywhere and as we have rg (Cu)c rg O c @(O+). It is a (t)-predictable process;
indeed, (C2u)O,T] is (Nt)-predictable; now, we have [13]

I0Vh rg O O+h lim exp [(s-n)O21u ds Oh

and, for n N, the process (52 exp [(s n)O2] ds OC2)u[O,TI is (N,)-predictable
therefore q is also predictable.

Elsewhere, for u [0, T], O+C,ID (D, K). Indeed, by virtue of hypothesis (i),
@(O+C) D’, so, it is sufficient to show that O+CulDu is a closed operator. To do so,
let us consider a sequence (x,,), c D such that

D
lim x, x

(2.6.1) lim O+C,x,, y.
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By using the continuity of O, and properties of the pseudo-inverse, we may write

lim QuQ+, C,x,, lim C,x,, Q,y.

So, as C belongs to 5F(D, K) we have

Cx Oy.

But Cux belongs to @(0 +u ), so

(2.6.2) O+,C,x O+O,y.u

However, Q+Q,
rg Qu, y belongs to rg Q,; then from (2.6.2) we get

Q+C,x y.

Thus, we have proved that Q+uC,ID (D, K).
Elsewhere, by using the Banach-Steinhaus theorem and hypothesis (ii), we see

that the set {I]Q+Cul].ZtD.K)IU [0, T]} is bounded in K. Then it results from (2.1.1) that
T

1/2(2.6.3) E Ilou <

Since the natural process of Z0 is absolutely continuous with respect to the Lebesgue
measure on [0, T], we can show, as in the finite dimensional case, that A(Z0; K, R) is
identical with the set of progressive processes with values in K verifying (2.6.3)
(where u takes the place of q). Thus, the stochastic integral o (-Q+C,2,, dZo(u))K
is well defined.

Let a be now the process with positive values defined by

[ fot 1 for 1/2+(2.6.4) Vt [0, T] a, exp (Q+

For any n e N, we define the (,)-stopping-time T, by

(2.6.5) r, inf [0, T]I n

where we set inf Z By virtue of (2.6.3), the sequence (T,), converges almost
surely towards T when n goes to infinity.

For any n N let us consider PT. aT,P, where aT. is the process a stopped in T,.
In view of [12], P, is a probability measure on (, ), and the process U", defined by

rATa
(2.6.6) U7 Zo(t)+ Q,Q+C,,, du Vt [0, T]

is a continuous, centred, square integrable martingale with values in K with respect to
the process basis (O,, -, (#t)tto.v];/5,,); its natural process is O, du. Moreover,

tA Tn
(2.6.7) U’ Zo(t)+ Cu, du Vt [0, T].

Let us consider now a martingale M verifying the properties mentioned in Theorem
2.6 and let fiT/be the process defined by:

(2.6.8) 2rt ol?lMt Vt [0, T].
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It is a classical property that//.^T, is a square integrable martingale with respect to
the process basis (l), , (9 t^ T.),tO,TI, Pn). Elsewhere

U",^r. Zo(t ^ T.)+ Io Cu;u du

y (t ^ Tn)- C.;u du + C. du

whence

(2.6.9) UtnTn y(t ^ T,,).

Since (, ) is a Blackwell space, we may thus write the following equalities of
o’-fields"

(2.6.10)

where the g-field r(U’ls <= t) will be designate by c,. So,/9/.^7. is a/5,-martingale
adapted to the family of g-fields (cCt"r.)t10,rl and consequently adapted to the family
(c[’),0,r. Then, the representation theorem for Hilbertian Gaussian martingales
[13] assures the existence of a unique process " belonging to .U" K, [) such that

(2.6.11) lt^T, d Vt [0, T]

Then we can write, by using the localization properties of the stochastic integral and
the formula (2.6.9),

(2.6.12) )I7/t r,, dy

or

r" . Io^(2.6.13) //^ r. dZo+ ,C.;.du.

Elsewhere, by using Ito formula, we can prove the classical exponential formula

(2.6.14) (a.O+. c.;., dZo(u

and, from the equality (2.6.8), we may write

(2.6.15) Mt^ r. Ot t^ T,,Mt^ T,,.

The equalities (2.6.13), (2.6.14) and (2.6.15) allow us to write, by use of the Ito’s
formula applied to the process (Lt+ V,, ,),to.rl with values in H[ and to the
function f from H to H defined by f(h, a) ah for any (h, a) H ,
(2.6.16)

M,^r. ff,(L, + Vt)

Io’ fo’ Io’(Ls+ V)dl,s + OsdVs + OdL,+- d(L,
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where we have set

’^,Lt dZo

"r.
V, Cx du

O O TB"

From (2.6.14) and (2.6.16) it results that

Io’. Io(2.6.17) Mr^ T. dZo + 0, du

where [o O’du is a process with bounded variation with values in H and
_(Zo; K, H). It results from (2.6.17) that 0 du is a continuous martingale; by use
of the separability of H, a classical result on the one-dimensional.continuous martin-
gale shows that o 0 du is a vanishing process; so

t
(2.6.18) M,r, dZo(u).

Then, for n N m, we have

’ dZo(2.6.19) M,r, =M(,r>r,

Combining (2.6.18) and (2.6.19), we obtain

tT"
(2.6.20) E ll*2-* )01/ ll u au=0.

Then, we define the process by

Plr,,r,+:.
p=0

In view of (2.6.20), we have for any n _-< m

l o T. Xlt O 1/2 l o T. aYlt o 1/2

So,

Consequently,

n-1

i),p 1/2l]o,T.]q’rO 1/2 1]]T,,T,+I]]-- O
p=o

n-1

i),n 1/2E 1]]T.,T.+I]] Q
p=0

(2.6.21) 11]O,T,,l]atyQ 1/2 l]]o,T.l]xIt"Q1/2.
Then in view of (2.6.18)we have

T"
EIIM,^ T,, lib E i1, :o a /2 du

If S<=T are two stopping times, we designate by ]iS, T]] the stochastic interval {(s,w)e
[0, Tlxnls(,,.,)<s<-_ T(o)}.
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and by using (2.6.21)

(2.6.22) EIIM,^r,12,=E II,uOlu/211 du.

IIM.^r I1 is a sub-martingale, so we have
T T"

E IIuO/211 du <=EIIMTII2I-I<

Then, by using the Beppo-Levi lemma, it follows that
T

E Io" III)’uO 1/2 du < +oe

By virtue of (2.6.18) and (2.6.21) we have

IoMr^ Tn k dZo VneN.

The proof of Theorem 2.6 is complete.
COROLLARY 2.8. Zs is a (3t)-martingale almost surely with continuous trajectories

and there is a process Zo; K, H) such that

(2.8.1) Zs(t)= dZo Vt [0, T].

Proof. It follows directly from Proposition 2.4 and Theorem 2.6. I-1
We shall show now that the covariance of the error e is deterministic; then we

shall compute the process with bounded variation (Z0, Zs) associated with the two
martingales Zo and Zs. To do so, we establish two preliminary lemmas.

LEMMA 2.9. For any ]0, T], let us call (), the o’-field generated by the random
variables

Let us set

Yt/2", Y2t/2", Y(2"-l)t/2", Yr.

0. (t) E"’[(x,-E"’x,)@ (xt-E"’x,)].
Then, ]:or any ]0, T], 0, (t) is an almost surely constant random variable with values
in H@xH.

Proof. Since the process x may be written as

xt xo + Io G(t, s)Bs dWs

it results from (1.2) that the random vector

(Xt, Yt/2"," Y(2"-1)t/2", Yt)

is a Gaussian vector with values in H x (K)2. Then, the property results from the same
property for the finite dimensional Gaussian vectors (take a dense sequence in the
dual space of H (R)1H).

LEMMA 2.10. (a) The r-field,generated by the increasing sequence olaf-fields },,I
is equal to ,.

(b) For any [0, T] we have

lim E"[x, E"x,](R) E’ [xt E’xt](R).
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(c) There is a unique predictable pocess (’with respect to the family (Ydt)t[o.rl with
values in I(D, H)) such that

(2.10.1) p[jat E,e,(R)D.He,] 1 Vt [0, T].

This process is undistinguishable from a deterministic process.
Proof. (a) The announced property results from the almost-sure continuity of the

trajectories of the process y.
(b) Since x takes its values in the separable Hilbertian space H, it follows from (a)

and convergence theorems of strong Hilbertian martingales that

(2.10.2) lim E"x E’x
the limit being an almost-sure strong limit in H. In the same way, H(R)IH being the
separable dual space of a Banach space, we may write

(2.10.3) lim E"’ xV"= ,x

the limit being an almost-sure limit in H (R)1 H. Now, for any n N

(2.10.4) E?’[x, E " E" (R)x,V"* x7- (E" x,)

It follows that

limE[x,- E’E x,]= E ’x"- (E’x,)% [x,- E’x,]%

where the limits are taken in H@IH.
(c) First, notice that we have

T

(2.10.5) E J0 Ilet(R)o.z.Ie,lll dt < +oo.

Then, by using analogous results in the finite dimensional case ([8, Proposition 2.2, p.
55]) and the fact that D@IH is the separable dual space of a Banach space, we show
that there exists a predictable process/3 with values in D ()1 H such that

P[ E’et(R)o.He,] 1 f.a.e, [0, T].
The process mentioned in Lemma 2.10 is then the process with values in
1(D, H) associated with by the canonical isometry from D@H onto (D, H). It
follows from Lemma 2.9 and from the assertion (b)of this lemma that the process P is
a predictable version of the deterministic process Ee, @o.ne,. Since this process is
measurable, Fubini’s theorem makes sure that P is in fact undistinguishable from this
process.

Remark. Condition (2.3.2) shows that, for almost every e [0, T], we have rg P, c
(D), P-almost surely.

PROPOSITIO 2.11. The predictable process with bounded variation associated with
the two martingales Zo and Z,, with values in K@H is written as

(2.11.1) (Zo, Z,),= du

where P is the process introduced in Lemma 2.10(c) and where C (K, D) is the
adjoint operator of C (D, K).
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Proof. For u < t, we have

(2.11.2) Zs(t)= Aoev dv + Bv dWo et.

Now, from (2.3.1), we have

E" [Z0(t)(R)c,nZs (t)- Zo(u (R)g:.nZ, (u)1
(2..3)

E"[Zo(t)@r,n (t)- Zo(u)@.n

where we have set

t=Z(t)+e,.

Let us apply the Ito formula to the process (Zo, ) with values in K x H and to the
function F from K xH to K@H defined by F(k, h) k @ h for any (k, h) K x H;
from (2.5.2)and (2.11.2)we get

Zo(t),nt
jo
Zo(v)(Aoeo) v + Zo(V)(BoW)

(2.11.4) + (Ceo)@odv + (DodW)@o

+ Do@Bod(W).

Taking into account (2.3.1), (2.2.1) and (2.2.2), the linearity of A and Bo and the fact
that Z0 and Z are adapted to the family (t)tto,rl, we obtain, by using Fubini’s
theorem, that

E [Zo(t) z, (t)- Zo(u)z(u)1

E (Ceo)@ dv + D@Bo() dv

Now, by virtue of the Fubini theorem

(Coeo)Bv EEo[(Coeo)@] dv

E[(Coeo)Z(v)+Eo{(Coeo)eo}] dr.

.So, we have from (2.3.1)

Eu i (Coeo)@Bodv i EuE[(Coe)@eo] dv;

and, using the usual identifications of tensor products and linear operators, we have

E (Coeo)Bo dv E PoC dr.

In view of (2.11.5), we see that the process

(Zo(t)@Z(t)- (PoC*v +BD)dv)tto,r
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is a (9t)-martingale; since the process

(Iotdv)te[O,Tl
is adapted to the family (Nt),lO,Tl and continuous, then predictable, the proof is
complete.

Remark. The martingales Zo and Zs having almost all their trajectories continu-
ous are still martingales with respect to the family (3,/)I0,T.

THEOREM 2.12. Let us consider now the two martingales Zo and Zs with respect to
the family of r-fields (Ya,/)tt0,Tl; the process appearing in (2.8.1) for the represen-
tation of Z, as a stochastic integral with respect to Zo is unique in .(Zo;, K, H);
moreover, for almost every u [0, T], u is an extension to rg (DuTg’D*u)lie of the
operator (PuC* + B,Tg’C*u )(DukV’D* )/. We shall write

(2.12.1) Z(t) (PC* +BuTg’D* )(DuTg’D*u + dZo(u).

Proof. It follows immediately from the martingale representation [13], from
Corollary 2.8 and Propositions 2.5 and 2.11.

COROLLARY 2.13. There exists a continuous version of the process with values in
H; it is the unique solution of the stochastic differential equation

(2.13.1) t= Jo
Au2, du + (PC*u +BuOICC* )(D,tgZD* + dZo(u ).

Remark. We give the same meaning to the word "solution" as for equation (1.1).
Proof. It is a direct consequence of the Zo definition and of Theorem 2.12. Notice

that the method used before assured the existence of a solution of (2.13.1), that is 2;
elsewhere, the unicity of the solution is guaranteed by the unicity of the deterministic
Cauchy problem connected with the family (A,),0,TI (cf. 1).

PROPOSITION 2.14. Let II be the covariance function of the error e, with values in
..ol(D, H), defined for.almost every [0, r] by

lI, Ee,

Almost all trajectories of the process P coincide almost everywhere with the function II;
they satisfy the Ricatti equation

dP.___= A,P* + P,A +
(2.14.1) dt

-(P,C*t +B,’D*t )(D,VD*, )+(PtC*t +Bfl,ffD* )*

Po Ee o.l(U, U).

Proof. By virtue of Lemma 2.10, almost all trajectories of P coincide with the
function rl. So we shall show that II satisfies equation (2.14.1). Let us first introduce
the function/ with values in H (R)1H defined by, E(x, ,)(R)

EE’[x-xt @H2t-t @HXt "3V .? 2t-I]
=E[E,x?-f?].

So,

(2.14.2) t, E[x, b- 2, bl.
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Note that we have, in view of the classical identification of tensor products

(2.14.3) /, lI,/* in,*.

Then, applying the Ito formula to the process x and to the function F from H to
H@IH defined by

we have, if s <

(2.14.4)

Vh H F(h h (R)nh (cf. [6 bis]),

xt-x:= i (A.xu)(R)nxdu + Is Xu(R)n(Ax)du
+ I (A.x.)(R) (B. dW.)

We easily verify that the process (Ax)(R)(B.) with values in (H, H@2H) belongs to
2L(n.n(R)2m([0, T] x f, , tr Wdt(R)P); then the process ( (Auxu)(R)n (Bu dWu)) is a

martingale with values in H@2H. So

(2.14.5) E(xt-x)=E (Axu)(R)nxdu + x(R)n(Axu)du

+ BuI4eB* du.

Elsewhere, let us recall that we have, by virtue of the definition of the process

(2.14.6) ’ Io A2 du + Zs(t)

and that Zs is a (Nt/)-square integrable martingale. Then applying the Ito formula [6
bis] to the process ,f and to the same function F, we obtain

(2.14.7) -2 (A,,,)(R)H, du + ,, (R)H (A,u du

So,

(2.14.8)

+ (A,,)(R)ndZs(u)+ dZs(u)(R)n (A,,,2,,,)+ d(Zs)u.

E[, ’] E (Ax)(R)n du + u (R)n (A du +E

Using the classical identifications of tensor products, then remembering that x and ,
are dt (R)P-almost everywhere with values in D and finally using the Fubini theorem--
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applicable by virtue of (2.1.1) and (2.2.1)--we obtain

(2.14.9)

(2.14.10) +Z P,C* +B ?4/’D * D WD* (PuCk, + B WD ) du

Combining the relations (2.14.2), (2.14.3), (2.14.5), (2.14.8), (2.14.9) and (2.14.10),
and then using the fact that P is undistinguishable from the deterministic process II,
we obtain

(2.14.11) (l-I, II)i* [II,A*, +A II*+Bu?/I/’B*

+ (1-IuC* + B,?4/’D* )(D,?,C/’D* )+(II,C* + B,?g’D* )*] du.

By virtue of the hypotheses and the relation (2.10.4), the integrand appearing in
(2.14.11) is integrable on [0, T]; this completes the proof.

LEMMA 2.15. The natural process (Zs) associated with the martingale Zs is given
by

(2.15.1) (Z) |---- * * (P,C, +B,WD. du.(P,C +BuWD )(DTg’D* + * * )*
.o

Proof. Remember that there exists a process (which is in fact deterministic)
.S.(Zo; K, H) such that the following relation holds"

Io(2.8.1) Z(t)= dZo Vt [0, T].

Elsewhere, from [13], there exists a sequence (On), c Le,(K([0, T]) such that

(2.15.2) O,,
Zo; K, H)_

where

(2.15.3) PC* + Bt?,V’D*t Vt [0, T].

This may be written (which makes sense in view of the properties of the process
proved in Theorem 2.12)

z 0...1/2L2(KH)([ T]) i)1/2"(2.15.4) cpJ,,tj
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Using the usual properties of nuclear and Hilbert-Schmidt operators, we obtain

(2.15.5)

We shall prove that, under hypotheses (ii) and (iii), we have

(2.15.6) (O/a)(O/)* OO+O* h-a.e.

where h is the Lebesgue measure on [0, T].
For some time we shall be working with a fixed [0, T], and so shall omit the

index (e.g. Ot will be written Q) until stated otherwise. First notice that, for any k
and k’ belonging to (O+), we have, since the operators O, and Q+ are symmetrical,

(2.15.7)

But, by virtue of the properties of pseudo-inverses and of the approximating sequence
(O.). (cf. [13] for memory) we have

(2.15.8) lim (O. O+)k 0 Vk (O+).

Since N(O+) is dense in K, we have

(2.15.9) lim (O. O+)O(O. O+)k 0 weakly Vk e (O+).

Taking into account hypotheses (ii) and (iii) we obtain

(2.15.10) lim (Q. Q+)Q(Q. Q+)dp*h 0 weakly Vh E H.

In particular

(2.15.11) lim ((O-O+)O(O-O+)*h, *h’)c =0 VheH, Vh’6H.

This may be written

(2.15.12) lim ((Q, Q+)Q(Q,- Q+)*h, h’)n 0 Vh H, Vh’ H.

Henceforth we shall no longer work with a fixed t. In view of (2.15.5), at least for a
sub-sequence, we have

(2.15.13) limQ,QQ,* (xltQI/2)(QI/2)* A-a.e.

Since it follows from (2.15.8) that, for any e [0, T],

(2.15.14) lim (,(Q,(t)-Q)Q,Q+,*th, h’)n =0 VhEH, Vh’eH,

if follows from (2.15.12)

(2.15.15) lim (,Q,(t)Q,Q,(t)*h, h’)n. (do,Q[Q,Q[ *t h, h’)n VhEH, Vh’EH.

Taking into account (2.15.13), we obtain (2.15.6).
Then let Z, be the (Ya,),t0,rl-martingale with square-integrable norm with values

in H defined by

(2.15.16) Z,(t)= OO,, dZo Vt [0, T].
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By virtue of [9], we have

(2.15.17)

So, by use of (2.5.1)

(2.15.18)

(z,,), Io (’0")(R)= d(Zo).

(Z,,), O,,OO,,cb* da.

Then, let 0 _-< u < _<- T; we have

(2.15.19) Eu(Z(R)2(t)-Z2(u))= qO,,OO,@* dl

But the definition of the stochastic integral and the relations (2.15.2) and (2.15.16)
allow us to write

(2.15.20) lim Eu(Z (t)-Z (u))=E(Z (t)-Z (u)).

By virtue of (2.15.5), (2.15.6) and (2.15.19), we obtain

(2.15.21) E"(Z (t)-Z (u))= O+* d,.

The proof is complete.
Remark. Proposition 2.14 shows the existence of a solution of equation (2.14.1);

it is evident that the filtering problem will be solved completely if we make sure of the
unicity of this solution. The following section will be devoted to investigating this
unicity.

3. About the uniqueness of the solution of the Ricatti equation (2.14.1). Let us
first determine what we mean exactly by a solution of (2.14.1); the announced
uniqueness will then be a uniqueness within the class of these solutions.

DEFINITION 3.1. By a solution of (2.14.1)we understand any absolutely
continuous and A-integrable function from [0, T] to I(D, H) satisfying the equation
(2.14.1) for almost every [0, T] and such that

Pti* iP*,
(3.1.1)

P,(D)ci(D)
for almost every [0, T].

We shall examine the uniqueness of this solution by introducing a "dual" deter-
ministic control problem associated with the studied filtering problem. By this duality,
well known in the finite dimensional case, and studied by certain authors also in the
infinite dimensional case (cf. e.g. [2] and [10]), we want to reduce the uniqueness
problem for (2.14.1) to the uniqueness problem of the dual control problem. Sufficient
conditions for the uniqueness of the control problem will yield sufficient conditions for
the uniqueness of the solution of (2.14.1).

Later on, we make the following hypothesis"

(3.1.2) O, > 0 Vt e [0, T].

Notice that the pseudo-inverse O,+ is then the unbounded inverse 071 of O.
An easy computation shows that the equation (2.14.1) is equivalent to the
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equation

(3.1.3)

where we have set

(3.1.4)

dt

P(O) Po e (D, H)

R,

E, B,IB

In the second section, we have seen that (3.1.3) has at least one solution.
Then, let us introduce the deterministic control problem defined by the two

relations (3.1.5) and (3.1.6)"

di’iz(T)
(3.1.5) dt

-sg,tz (t)- Ctu,

(3.1.6)

iz(T)= a H;
T

J(u) (iz(O), Poi*iz(O))H + fo [(iz(t), E,iz(t))H +(ut, I,U,)K] dt

inf {J(u)lu Lc([0, T])}.

Remark. The "prime" sign denotes the dual operator whereas the "star" sign
denotes the adjoint operator of the same operator.

We suppose that (3.1.5) has a unique solution in

W(0 T)-- f L([0, T]3Idi’if LZD,([0, T])}.,dt
for any u e L([0, T]).

We recall that, with a modification on a zero-measure set, it belongs to C([0, T]),
the set of continuous functions from [0, T] to H. So iz(T) H is well defined.

Otherwise remark that, under hypothesis (3.1.2), the cost function J is strictly
convex on L([0, T]). So, if there exists a solution of the control problem (3.1.5)-
(3.1.6), it is unique.

PROPOSITION 3.2. For any u Lc([0, T]), we have

(3.2.1)
J(u)= (iz(T), Pwi*iz(T)).

T

-’CP* iz(t)+u(t))Kdt+ (0,[0, C,P*tiz(t)+ u,], O,

where z W(O, T) is the solution of (3.1.5) associated with the control u Lc([0, T])
and P is a solution of (3.1.3).

Proof. Let us define the function F on [0, T] by

(3.2.2) F(t)= (iz(t), iP*t iz(t))H Vt [0, T].
F is differentiable almost everywhere, with its derivative being given, for almost every
t, by

’iz(t) P*iz(t) + iz(t),--i*iz(t) + iz(t),Pt(3.2.3) F’(t)= (di dt D’.D H
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In fact, for any h R* such that + h [0, T], we have

F(t + h)-F(t)= /i(z(t + h)-z(t)) iP*t/hiz(t + h)\
h \ h /

(3.2.4)

+(iz(t), (iP*t+- iP*t
iz(t + h))h

+(iz(t), iP*t ( iz(t + h)-iz(t)))h H"
Let us study separately the three terms of the right member of (3.2.4). We have

(3.2.5) ( h iP*t+hiz(t+h)lt-i =(i’i(z(t+h)-z(t))h P*t+hiz(t+h)lD..D"
Now

(3.2 6a) lim i’i
(z(t + h)-z(t))o__’di’iz(t)_

-,o h dt

and

(3.2.6b) lim e*t+h(iz(t + h ))
o
=P*iz(t)

hO

since P* is a solution of (3.1.3) and so is absolutely continuous and integrable on
[0, T], and since iz is continuous on H. Thus

( I ’iz(t) P*iz(t))(3.2.7) lhirn
(z (t + h)- z (t))

iP*t+hiZ (t + h) (di dth u D’D"
Let us study now the second term; by virtue of (3.1.1), we have

iP*t+h iP* .(u)diP* dPti*
(3 2 8) lim

h-,O h dt dt

Since iz belongs to C([0, T]), we get

dPti* (t))H.(3.2.9) lhirno (iz(t)’iP*t+h-iP*t iz(t+h))t4=(iz(t)’
dt

iz
h

As for the third term, we have by virtue of (3.1.1)

(3.2.10)
lhirn (iz(t), iP*t (iz(t+h)-iz’t))),h =lhimo-" (iz(t),Pt i*iz(t +

h )-i*iz(t)\
h /H

(iz(t), ptdi*iz(t------))H.dt

Combining (3.2.7), (3.2.9) and (3.2.10), we get (3.2.3). Then, in view of .(3.1.3) and
(3.1.5), (3.2.3)allows us to write

T

F(0)= F(T)- Io [(-4’tiz(t)- C’tut, P*t iz(t))o,,o

(3.2.11) + (iz(t), 4tP*tiz(t)+ Psg*iz(t))H + (iz(t), Etiz(t))H

-(iz(t), P,C*, O-;C,P*, iz(t))u +(iz(t), -PC*, iz(t)-P,C*, u,)u] dt.
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Therefrom we obtain
T

(3.2.12) F(O)=F(T)- I [(iz(t),E,iz(t))H-2(u,, C,P*,iz(t)):

-(iz(t), P,C*t O71C,P* iz(t))H] dt.

Putting (3.2.12)into (3.2.6), we get

J(u)= (iz(T), Pri*iz(T))H
(3.2.13)

io
r

+ [(u,, O,u,): + 2(ut, C,P*iz(t))g

+(iz(t), P,C*t O-[XC,P* iz(t))H] at.

Taking into account hypothesis (i), the relation

(3.2.14) O,O-Xy y Vy (O-
and the fact that Q is self-adjoint, we see that the relation (3.2.13) yields immediately
(3.2.1).

PROPOSITION 3.3. Let P be a solution o]: (3.1.3). If there exists a unique solution
P,a

Z op belonging to W(O, T) o]: the homogeneous equation

di’iz(t)= (_ + C,tQ_C,p. )iz(t)
(3.3.1) dt

iz(T)=aei(D)
P,and if we define the control U oo by

(3.3.2) u oP/, (t) -O-1 C,P*,iz P’aoo(t) Vt6[O,T]
P P,athen the pair (Uop, Zoo ) is an optimal solution of the control problem (3.1.5)-(3.1.6).

Moreover, ifS is another solution of (3.1.3) such that there exists a unique solution z So’p of
the equation (3.3.1’) obtained by changing P into S in (3.3.1), we have

(3 3.3) Q-I ,. P,a -1C,P, tZop (t)= Q CS*iz s’’op (t)

for almost every [0, T].
Proof. The first part of the proposition is a consequence of Proposition 3.2. The

second part results directly from the uniqueness of the solution of the control problem
(3.1.5)-(3.1.6).

PROPOSITION 3.4. The hypotheses of Proposition 3.3 being satisfied, we suppose
moreover that, for almost every [0, T], the set {tZo, (t)[a i(D)} is dense in H; then
the solutions P and $ of (3.1.3) considered in Proposition 3.3 satisfy

(3.4.1) C,P* CtS* for almost every [0, T].

Proof. By virtue of (3.3.1), (3.3.1’) and (3.3.3), we may write for any a i(D)

di’i(z P,a s.a(t))op Zop
-’,i (z oPt, (t)- z op (t))

(3.4.2) dt

i(ze. s.
op (T) z op (T)) 0.

Taking into account the uniqueness of the solution of the equation (3.1.5)with
u 0---we have

P,a(3.4.3) Zop (t)= zoS,a(t) /t [0, T].
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So, using the relation (3.3.3), we get

(3.4.4) o-l ct(et S*t )iz e,aoo (t)= 0 for almost every [0, T].
PaThen, the relation (3.4.1) results from the density hypothesis on the set {tZo, (t)la s

(D)}. 71
We give now a sufficient condition bearing only on the operator families A, B, C,

D, assuring the uniqueness of the solution of (2.14.1). In fact, this condition is a
perturbation hypothesis and was suggested by [5].

PROPOSITION 3.5. We suppose that a Green kernel { cg(t, s) (H)10 <-_ s <- <- T} is
associated with the operator family (sft)tto.r satisfying, besides its definition properties
(see 1) the following hypotheses:

(i) Vh H, the mapping (s, t)-- c(t, s)h is continuous from {(s, t)10 <- s <-_ <= T} to

(ii) Vs < t, cg(t, s )(H) D and (t, s) (H, D).
2(iii) sup0__<t__<T ; [](t, S)II..(H,D)ds <

(iv) For any [0, T] and a < t"

sup I,(t, S)II(H< /o0.

Then, for any solution P of (3.1.3), the equation

dizt
(3.5.1) dt

StZt PtC O? Ctzt

iz (0)= b H

has a unique solution z e’b belonging to W(0, T).
Proof. For any [0, T], let us define

-1Ut -PtC*t Or Ct (D, H)

and let z be the unique solution in L2D([S, T]) ("1C,([s, T]) of the integral equation

(3.5.2) zt (t, s)zs + Js c(t, a)Uz da.

In fact, this equation has a unique solution in LD([S, T]) since, by virtue of (iii) and of
the boundedness of the family (Ut)tto,rl, we have

sup lied(t, a)U,,ll(o)da <= sup IId(t, a)lJ.z(n,o)da sup IIsll(D,m)=.
stT stT

Moreover, its solution belongs to Cn([s, T]); in fact we have for any u > 0

(3.5.3)

cg(t + u, a )Uz,, da (t, a )U,,z da
H

f
t+u

--< II(t + u, ,- (t, , llgz,,ll, + II(t + u, , lgzll,-i d,.

But, for almost every a, it reSults from (3.1.1) that U,z, D, so for almost every a

H
(3.5.4) lim (g(t + u, a )- c(t, a ))U,,z, O.

u0
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Moreover, we have

(3.5.5) [l(G(t + u, a)- (t, a))Uzll <- 2 ( sup
O<o<=t<T

By virtue of the integrability of Uz, we may apply the Lebesgue theorem and show
that the first term of the right member of (3.5.3) tends to zero with u. This is also true
for the second term, since we have

II(t+ u, )gzllH <= sup (t, )l(,lgzllH.

So, (3.5.2) has a unique solution in Lo([s, T])f-I C,([s, T]). Then we shall show that
this solution is the solution of (3.5.-1). In fact, by virtue of the hypotheses made on
(.,.), we have for a <t

d
(t, a)h st(t, a)h Vh D.(3.5.6) d--

Taking into account hypothesis (iv), the solution z of (3.5.1) satisfies, for almost every
t[O, T]

fg(t, s)z + q(t, u)Utz, + I ddizt_ d
dt dt

sgt(t, S)Zs + Utzt + J s4tq(t, a)Uzda

sgt[(t, s)z + J, c(t, a)U,,zda]+

(s, + U,)z,.

So, z is a solution of (3.5.1).
Conversely, if z is a solution of (3.5.1) it is the solution of the integral-equation

(3.5.2). In fact, from the relation

(3.5.7) m(t,s)d=-(t,s)sgsd YdD, O<-s<t<-T
Os

which is true in view of the hypotheses made on (.,. ), we get

0

Os
(t, s)zs (t, s)dszs + (t, s)(ds + Us)zs

(t, s)Uszs

which yields the announced result, since the application s--(t, s)Uszs is square
integrable in D. The existence and uniqueness of the solution of (3.5.1) result from
this.

PROPOSITION 3.6. We suppose that, [or any a i(D), the equation (3.1.5) has a
unique solution z in W(O, T) and that the mapping a - z is continuous from H to

W(O, T). Then a Green kernel {(t,s)(H)lO<-s<-t<-T} is associated with the
operator family (-s4’t)o,r, the solution of (3.1.5)for u 0 satisfying

(3.6.1) iz(t)=ll(t,s)izs ifO<-_sNt<-T.

We make the following hypotheses" There exists a real separable Hilbert space V such
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that

Dc VcH V’D’

with continuous and dense injections, and such that
(i) t [0, T], Ctlv (V, K) and the set {llctll.v.t)lt [0, T]} is bounded by

c>0.
(ii) For any O<-s<t<-T, there exists an operator (t,s)LP(V’,D) such that

(t, s)lH all(t, s), the family {(t, s)[O<-s <t <- T} satisfying
(a) for any a [0, T] and k K, the mapping t--i’(t, a)C’k is a differentiable

mapping from [a, T] to D’ satisfying

(3.6.2)

(b)

O--i’(t, a)C’k =-sg(t, a)C’k,
Ot

sup
O<--tT

Then, for any solution P of (3.1.3), the equation (3.3.1) has a unique solution
belonging to W(O, T).

Proof. Let z be the function of L([0, T]) verifying for 0 -< s -< -< T

(3.6.3) iz(t)= all(t, s)iz(s)+ l(t, a)C2u, da.

The last integral makes sense, since we have tried by virtue of hypotheses (i) and (ii) (b)

(Is t (Io’ /(Io’(3.6.4) II(t, )C’uilDd <=C II(t, )llw’,D)d Ilu[ldc.

Then, we have almost everywhere

(3.6.5)

di’iz,= o
i’ all t, s izs + - i’ ll t, a )C’ u, da + Ctut

dt Ot

f’ ’(t, alC’-’(t, s)iz + --t aUa da +

-tz + Cu.
The first equality is true by virtue of hypothesis (ii). This shows that z is the solution of
(3.1.5) in W(0, T). Then, if P is a solution of (3.1.3), for any L([0, T]), the
equation

di’iz(t= -’,iz, +
dt

iz(T)= a H

has a unique solution z W(0, T) satisfying, for 0 -< s _-< _-< T

(3.6.6) iz(t)= (t, s)iz(s)+ (t, o)F da

where we have set

(3.6.7) Ft=CtQ- C,P*t (H, V’).
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Elsewhere, from hypotheses (i) and (ii)(b), the integral equation

(3.6.8) (t, s)= all(t, s)+ all(t, a)F(a, s) da

2has a unique solution in L(V’,D)([S, T]) for any s [0, T]. Then, since we have
(t,s)lH e//(t, s), it results from (3.6.6) and (3.6.8) that we have for any d D,
(., s)d LD([0, T]) and that this application is the unique solution of the equation
(3.6.5) where is taken as the application defined by t i(t, s)d. This shows that
(3.3.1) admits (., s)d W(O, T) as a solution.

This solution is unique; in fact, if zJ(f 1, 2) are two solutions of (3.3.1), the
mapping u =-o-l.c.P*.iz belongs to L2([0, T]) and so, by the hypothesis, the
equation

di’iz (t._._) -’,iz (t)- C’tu
(3.6.9) dt

iz(T) a H

has a unique solution for f 1, 2. But z(/" 1, 2) satisfies (3.6.9), so we have z z2.
PROPOSITION 3.7. Under the hypotheses of Propositions 3.5 and 3.6, the

conclusion of Proposition 3.4 is true.

Proof. It is sufficient to show that the hypothesis appearing in Proposition 3.4 is
satisfied. So, let P be a solution of the Ricatti equation (3.1.3); the equations (3.5.1)
and (3.3.1) evolving in the time interval [s, T] may be written respectively:

dizt tZt(3.7.1) dt [s, T],

iz(s)=bH

di’ip,
tlCpt

(3.7.2) dt [s, T],

where we have set

iq(T)= a H

These equations have a unique solution z b and qa respectively, for any a and b
belonging to (D) c H. Then, we have

d b d b(t) + iq (t),-iz(3.7.3) -(ip (t),iz (t))H= -i’ip (t),z
D’,D H"

So

(3.7.4)

We obtain

(3.7.5)

(iq(T), iz(T))n--(iqga(s), iz(s))n
T T

f (--"iqa(t)’izb(t))o"dt+ Is (iq(t)’ tzt)dt.

(b, iq(s))n (a, izb(T))H.
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Then, let b be orthogonal to the set {iq’(s)la i(D)}. It results from (3.7.5) that

(a, izb(T)), 0 Va i(D),

that is, i(D) being dense in H

izb(T)=O.
It results from this that b =0, which shows that the set {iqa(s)la i(D)} is dense in H;
the proof is complete.

Remark. If, for any [0, T], Ct is a bounded operator on H, we may take the
space V equal to H. In this case, we obtain the uniqueness of the solution of the
Ricatti equation in the sense of Proposition 3.4. We must remark that the introduced
space V serves to measure the "unboundedness degree" of the operator Ct and.that
the hypotheses made in Proposition 3.6 will a priori be more difficult to realize as V
will be "nearer" D.

Conclusion. We have shown how we can approach linear filtering problems in
Hilbert spaces with unbounded observation and with a possibly infinite dimensional
observation space by a Hilbertian martingales projection theory. An example of
application to the smoothing problem for hereditary systems will be treated in another
paper. Although we have given a sufficient uniqueness condition for the solution of
the Ricatti equation, it seems nevertheless difficult to give a total answer to the
uniqueness question. In the case of nonuniqueness, it would be interesting to find a
characterization of the solutions of the Ricatti equation which, when substituted in the
stochastic differential equation giving the filtered state, would give the same filter--
could it be connected with the notion of minimal solution of a Ricatti equation
introduced by L. Tartar?

Acknowledgment. It is a pleasure for me to thank Professor M. Metivier for the
discussions we have had on the subject of this paper.
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LINEAR FILTERING IN HILBERT SPACES. II: AN APPLICATION TO
THE SMOOTHING THEORY FOR HEREDITARY SYSTEMS WITH

OBSERVATION DELAYS*

JEAN-YVES OUVRARD

Abstract. An example is given where the linear filtering theory in Hilbert spaces [8] is applied to solving
a smoothing problem for hereditary systems with observation delays. As a particular case, we find again the
new results from A. Bagchi (1976). This problem is transposed into a filtering problem in Hilbert spaces,
using the formalism introduced by M. C. Delfour and S. K. Mitter (1975) in their investigations of
hereditary systems. The filter equations then yield a system of equations--stochastic linear equations and
Ricatti integro-differential equations--which allows us to find the smoothed state.

Introduction. Recently A. Bagchi [1] has solved the smoothing problem for delay
systems with observation delays by the innovation method. We shall show how we can
find the equations yielding the smoothed state for hereditary systems with hereditary
observation as a direct application of the filtering theory in Hilbert spaces [8]--we
thus find again the results of [1] as a particular case. To do so, we transpose the initial
problem into a filtering problem in Hilbert spaces by using the formalism introduced
by M. C. Delfour and S. K. Mitter [5] in their investigations of hereditary systems. The
results of the abstract theory [8] only need to be expressed in terrhs of the initial
problem. Note that this functional approach of investigating the filtering problem of
hereditary systems has already been used by R. F. Curtain [2] and S. K. Mitter and R.
Vinter [7]; however these latter two papers exclude the delays in the observation.

(1.1)

1. Description of the system. We intend to establish the equations giving the
smoothed state of the following hereditary system evolving during the time interval
[0, T].

k {X(t-Oi) if t-0i_->0}dtdX(t) Ao(t)X(t) dt + ,E Ai(t)
a(t-Oi) ift-0i<0

f]’ {X(t+O) if t+O>-O}dodt+B, dW+ M(t,O)
b a(t+O) if t+0<0

x(0)=(0);

(1.2)

,[X(t-O)
dr(t)= Co(tlX(t) dt +

i=1
Citt), a(t Oi)

if 0 >_-- 0 dt
if 0 < 0

,[X(t + O)
+ N(t’O)ka(t+O)

if t+O>-_O)ift+O<O dOdt+DtdWt

Y(0)=0
where X is the state of the system with values in the finite-dimensional Euclidean
space E, and Y is the observation with values in the finite-dimensional Euclidean
space K. We suppose that the coefficients satisfy the following hypotheses:

A,(E)([0, T]) Vi=0,1,...,k

C/6 cSzem.:)([O, T]) Vi O, 1,..., k

0-’-00<01 < <Ok =b.

* Received by the editors July 13, 1977.

" I.R.M.A. Universit6 Scientifique et M6dicale de Grenoble, B.P. 53, F-38041, Grenoble-Cedex-
France.
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The kernels M and N verify:
M e (E)([0, T] x [-b, 0]) and M(. 0) is continuous with values in ’(E) for any

0 [-b, 0].
N e e(E.K)([0 T] X [-b, 0]) and N(. 0) is continuous with values in (E, K) for

any 0 e [-b, 0].
Otherwise, W is a Wiener process defined on a standard process basis

(D,, -, (’t),[0.T], P) with values in a separable real Hilbert space L. Its covariance
operator is the nuclear operator e I(L). We suppose that:

B. cL,E) ([0, T])

and

D. e(.K)([O, T]).

We write Ot DflT’D*t for any [0, T]. We make the following hypotheses on the
noises (they are automatically satisfied if Ot is invertible for any [0, T]):

rgC(t)crgQ, Vi=O, 1,...,k}(i)
rgN(t, 0)rgOt VOe[-b,O]

Vt[0, T]

(ii) rg D,Ig’B* rg Q, Vt e [0, T].

(This latter hypothesis is obviously satisfied if we suppose the independence of the
noises on the state and on the observation).

(iii) Ve e E, Vi 0, 1,. , k the sets {O+tC(t)elt [0, T]} and
{ON(t,a)el(t,a)e[O,T]x[-b,O]} are bounded in K, where Or+ designates the
pseudo-inverse of the positive operator Q, e (K).

Finally, the "thick" initial condition ce is a Gaussian centered random variable
with covariance Po, independent from the Wiener process W, with values in the
separable Hilbert space D (cf. [5]) which we shall define again below. The differential
stochastic equation (1.1) giving the state X has a unique solution (cf. [2], [3], [7]).

Following the theory developed in [2] and [7], we introduce an abstract evolution
system the solution of which allows us to find the solution of (1.1). Thus the smoothing
problem is naturally transformed into a filtering problem in this functional context.

DEFINITION 1.1. Let Y( be the set of the applications from [-b, 0] to E with
square integrable norm. It is provided with the pre-Hilbertian semi-norm defined by

o

dO.
b

The quotient space H of Yg by this semi-norm is a Hilbert space which is
isomorphic to E x L2E([-b, 0)] (cf. [5]).

DEFINITION 1.2. Let D be the set of the elements h of Y( being absolutely
continuous on [-b, 0], with a derivative belonging to ([-b, 0]). We provide D with
the Hilbertian norm defined by

Vh 6D Ilhl[,= [[h(-O,)ll+ IIh(0)[l+ h(O) dO.
i=o b E

(Remark that this norm is equivalent to the one introduced in [2] and [7], in the case
where b is finite.)

The space D provided with this norm is then isomorphic to the space E
H2 (]-b, 0[), where H1’2

E (-[b, 0D is the Sobolev space of the functions belonging to
LZ(]-b, 0[)with a first derivative in LZ(]-b, 0D.
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Let be the mapping from D to H defined by

(h(O),h(.))D (h(O),h(.))6H.
Any h D such that i(h)= 0 is identically zero (use the absolute continuity of h(. )).
So the mapping is an injection from D to H. Moreover, this injection is continuous;
in view of properties of Sobolev spaces, i(D) is dense and is a compact injection.

Now, we shall define operator families A., B., C..
DEFINITION 1.3 (operator families A., B., C.). For any [0, T], we define the

linear operators At (from D to H), Ct (from D to K) and ]t (from L to H) by

A(t)h(-O)+ M(t, a)h(a)do if 0 =0
i=0 b

(1.3.1) Vh 6D At(h)(O)
dh(O)

if 0 f-b, 0[,
dO

(1.3.2) VhD C(h)= C(t)h(-O)+ N(t, )h(o)do,
i=o b

if0=0
(1.3.3) Vl L t(l)(O)=

0 if 0 f-b, 0[.

LEMMA 1.4. ’(a) Vt [0, T], At (D, H).
(b) Vh D, A.h is continuous from [0, T] to H.
Proof. (a) For any h D, we have

o

IlA,hll2n IlA,fh)(0)ll+ f_ IIA,(h)(0)[l dO
b

i=0 E

0 0 2

+2 f_ ]lM(t,a)h(a)da,l+ f_ IId-(0)l] dO
b b E

and in view of the fact that the operators Ai and the kernel M are uniformly bounded
in t, there is a constant K > 0 such that

2

i=0 b

-gllhll2o.

(b) For any h D and t, t’ , we have

Ila’h -A"hll2= ,=o (ai(t)-ai(t’))h(-Oi)]l
0

+ f_ II(M (t, a M(t’, a))h (a)ll da
b

k

<-- IIAi(t)-Ai(t’)ll211h(-Oi)ll2E
i=0

.0

+ J_ IlM(t, a)- M(t’, a)llallh (a)ll da.
b
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If t’ tends towards t, the first term of the right member of this inequality tends towards
zero by virtue of the continuity of the operators Ai(" ); this is true, too, for the second
term by virtue of the Lebesgue theorem which we may use by virtue of the hypothesis
made on M.

LEMMA 1.5. ’qt [0, T], Ct (D, K) and Vh D, C.h is continuous from [0, T]
toK.

Proof. It is analogous to the preceding one.
LEMMA 1.6. We have for all [0, T]:

(1.6.1)

(1.6.2)

(1.6.3)

rg Ct rg Ot

{]IQ,+Cth]] [0, T]} is bounded in Kfor any h e D.

Proof. (a) The relation (1.6.1) is a direct consequence of hypothesis (i) and of the
definition of G.

(b) First, let us compute/t* e (H, L): for any h e H and e L we have from the
definition of/

(:tl, h )u (Bd, h (0))u

which shows that

(1.6.4)

So, for any h H

(1.6.5)

(l, B*t h(O))z,,

Vh 6H * h =B* h(O).

DtW h D,W’B h O).

Then (1.6.2)results from hypothesis (ii).
(c) The property (1.6.3) is a direct consequence of hypothesis (iii).
Next we consider the following filtering problem in H:

dx, Atxt dt +, dWt
(1.3)

XO--

dyt Gxt dt +DdW
(1.4)

yo=0.

The equation (1.3) has a unique solution x almost all trajectories of which are

continuous in H and with values almost everywhere in D; this solution satisfies
T

E Jo II/,ll dt <(1.5)

(cf. e.g. [6] for an existence and unicity theorem of the solution of (1.3)). Moreover (cf.
e.g. [7]), X =x.(0) is the unique solution of (1.1) and there is a version of x, still
written x, such that

(1.6) Vt [0, T] x,(O) {X(t + O) if + 0 _-> 0 almost surely.a(t+O) if t+0<’0

If @ is the o--field generated by the observation y up to time t, the filtered state

.t E’xt will give the smoothed state

(t, 0)- E’X(t + O) for any 0 6 [-b, 0].
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The filtering theory in Hilbert spaces ([8]-[9]) shows that is the solution of the
differential stochastic equation

(1.7) A= u)(D.Tf’D, dZo(u)

where Zo is the innovation process defined by

(1.8) Zo(t) y, Cuudu.

The mapping Pt I(D, H) is a solution of the Ricatti equation

(1.9)

dPti*
dt
=AtP*t +PtA*r +ltgf’*t -(PtC* +,14/D* )(Dflg/D*r )+(PtC*t +flg’D* )*

Po Ea (R)D,HOI.

2. Solving the smoothing problem by using the filtering problem in Hilbert
spaces.

LEMMA 2.1. The innovation process Zo satisfies

(2.1.1)
Io’Zo(t) yt-

i=o
G(u)\ t(u,-Oi)

N(u,O)
O)

where we write

if u 0i _-> 0 du
if u 0i < 0

if u+0 >-0) dO) du
if u+0<0

c(t, 0)= E’a (t + 0) if -b<t+O<O.

Proof. It is a direct consequence of the relation between x and X and of the
definition of C, Note that the observations y and Y coincide.

Then it is sufficient to transcribe the filtering equations (1.7), (1.9) in order to
establish the smoothing equations. To do so, we shall compute all the operators
appearing in these equations.

LEMMA 2.2. For any [0, T], the dual operator A (H, D’) of At is given by:

Vh D such that h(-b)= 0"

if 0=0

if0=-0i, i=l,"’,k

if 0 6 [-b, 0[, 0 -0.

(A;h)(O)=(2.2.1)

A’h(O)+ h(O)

A* h(O)

dh
M*(t, O)h(O)--(O)

Proof. First notice that the space V Ek+l L2([-b, 0[) is included in D’ and that
for any dD and v V we have

(2.2.2) (d, V)D.D (d(-O,), v(-O,))E + (d(O), v(O))E dO.
i=0 b

If u D@IH, the projective tensor product of D and H, we designate by t7 the nuclear operator
isometrically associated with u.



LINEAR FILTERING II 943

Then let h e D such that h (-b)= 0 and d e D; we have

(Act, h)H Ai(t)d(-Oi)+ M(t, u)d(u) du,h(O) + h(u) du
b E b \ du

(2.2.3) (d(-Oi),A* (t)h(O))E+ (d(u),M*(t, u)h(O))Edu
i=0 b

+ d(u),--;-h(u) du + (d(0), h (0))E.
b E

So, if A’t is defined by (2.2.1), the relations (2.2.2) and (2.2.3) show that A’th belongs
to D’ and that A’tlo, the restriction of A’, to D provided with the topology of H, is
continuous, since we have

IIm;hllo,- sup I(d, A’h>o.o,
Ildll<_--I

sup I(Atd, H)H[
[Idll-<_l

<= ]]At [(D,H) ]h IIH.
Then it is obvious that A’t is the dual operator of At.

IJEMMA 2.3. For any [0, T], the dual operator C’t L(K, D’) of Ct is given by"

VkK

(2.3.1) (C’k)(O)=l C(t)kN*(t, O)k
ifO =-Oi, =0, 1," ", k,

if 0 I-b, 01, 0 # --0i.

Proof. For any k e K and d D, we have

(Cd, k)K (Ci(t)d(-Oi), k)K + (N(t, O) d(O), k)K dO
i=o b

(d(-Oi), C (t)k)E + (d(O), N*(t, O)k)E dO
i=o b

(d, C’tk>D.D’

where C’tk belongs to V D’ and is defined by (2.3.1).
LEMMA 2.4. For any [0, T], the operator :fllAJ*t l(n) is given by"

BtT#’B* h (O) if O O(2.4.1) VhH [/,W/*h](0)=
0 if O e [-b, 0[.

The operator J,7D*, e (K, H) is given by"

’D*k ifO=O(2.4.2) Vk eK [l$4D*k](O)
0 ifOe[-b, 0[.

The operator Dt74#* (H, K) is given by"

(2.4.3) Vh H Dfl4/’ h D W/’B h O).
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Proof. It is a direct consequence of the definition of the operator/t and of the
relation (1.6.4) giving the expression of the operator/t*.

Now we introduce a kernel and study its properties; then we represent the
nuclear operator Pt by means of this kernel.

DEFINITION 2.5. For any [0, T], we define the kernel p(t,. ,. on [-b, 0] 2 with
values in (E) by

(2.5.1) p(t, 01, 02)-" E(xt(O1)-(Ol))(xt(O2)-,t(02)).
PROPOSITION 2.6. For almost every [0, T], we have for any h H and any

01 I-b, O]
o

(2.6.1) [P* h](O)=p(t, 01, O)h(O)+ | p(t, 01, 02)h(O2)d02.
J_b

Moreover, for almost every 02 and for 02 =0, p(t,., 0) is an absolutely continuous

function with its derivative belonging to ’2([-b, 0]). Likewise, for almost every O1 and
for 01 O, p(t, 01, is an absolutely continuous function with its derivative belonging to

2([-b, 0]).
Remark. From the definition of p, we have: p(t, 02, 01)=p*(t, 01, 02). So, the

properties of p will be the same in each variable 01 and 02.
Proof. It is not difficult to prove that if X is an integrable random variable with

values in D, then the application OE[X(O)] belongs to D and that, for any 0
[-b, 0], we have

[Ex](o)= E[X(O)].

We recall (cf. [9]) that, for almost every e [0, T], P,* e I(H, D) is defined for any
h6Hby

D
(2.6.2) P,* E[(x,-,, h)(x,-,)].

So we may write for any 01 e [-b, 0]

[e,*l(O) el(x,-,, ),(x,(o)-,(Ol))l

E[(x,(Ol)-,(Ol))(x,(O)-,(o))*l(O)]
(2.6.3) o

-+EI_ (xt(O1)-.t(O1))(xt(O2)-.t(O2))*h(02) dO2.
b

Remembering that we have for almost every [0, T]

EI[xt- ,ll<(2.6.4)

we obtain in particular
o

(2.6.5) E f I[x,(O)-,(O)]]2 dO +oo.
b

So, when applying the Fubini theorem in (2.6.3), we obtain (2.6.1). Otherwise, since
P,* belongs to - (H, D), there are orthonormal bases (h,), and (d,),, of H and D
respectively and a sequence of positive numbers (h,), verifying Y., h, < +oo, such
that

O

(2.6.6) VhH e*t h E a,(h,, h)ud,.
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Particularly, for any h H and 01 [-b, 0], we have

(2.6.7) [P*h](O) E , (h,(0), h(0))z+ (h,(O), h(O))dO d,(O).
n=O b

But as the sequence (",=oh,h,) converges in H, there is a subsequence
(,=o h,h,) which converges absolutely almost everywhere in I-b, 0]. Moreover,
for this sub’sequence, taking into account the fact that d, is absolutely continuous, we
obtain when applying the Schwarz inequality

(2.6.8)

In view of the integrability of the right member and of the almost-everywhere
convergence of the sequence (,,=o ,.(h.(O), h(O))d.(01)),, we obtain by using the
Lebesgue theorem

Y. , (h,(O), h(O))d,(O) dO
n=0 b

(2.6.9)

ff_O
k

Pk
lim 2 h[d(O1)h(O)*]h(O)dO.

b n=O

Then it results from (2.6.1), (2.6.7) and (2.6.9) that

(2.6.10) p(t, 0, 0)= lim A[d(O1)h(O:)*] for almost every 0.e [-b, 0[
k n=O

and

(2.6.11) p(t, 01, 0)= Y’. h,[d,(Ox)h,(O)*].
n----0

That proves the second part of the lemma.
PROPOSITION 2.7. For any [0, T] and h H, we have for almost every 01 and 02

belonging to ]-b, 0[

p(t, 01, O:)h(O:) dO:= -O-p(t, 01, Oa)h(Oa) dOa(2.7.1)
b b

p(t, 0, Oa)h(O) dO1 p(t, 0, O2)h(O1) dO.
00

Proof. Note first that, in view of (2.6.10), p(t,., .) is a measurable mapping.
Moreover, we have for almost every 02 e ]-b, 0[ and for all 0a e ]-b, 0[

(2.7.3) Ip(t, 0, 02)1--< Alh(02)[.
n=0

Since the right member of (2.7.3) is integrable (see the proof of Proposition 2.6),
p(t, .,.) is likewise integrable. Otherwise, for all e e E, the sequence YoA,d,(’)
(h,(02), e) is a sequence of functions of D which converges in D, since we have, for
any n N

(2.7.4)

since the right member of (2.7.4) is the general term of a convergent series for almost
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every 02. The limit of the studied function sequence is thus an absolutely continuous
function and

P P d
(2.7.5) 001 limk n=02 hndn(O1)(hn(O2), e)E likm nY’,o= An dn(O1)(hn(02), e).

Then, (2.6.10) shows that (O/O01)p(t, .,. is a measurable and integrable mapping.
Then, let be a function belonging to (]-b, 0[), the space of infinitely differen-

tiable functions with their support in I-b, 0[. The definition of distributional deriva-
tives and the double application of the Fubini theorem allows us to write

p(t, 0, O)h(O2) dO2 (01) dOx

o o

=--if__ [ff__ p(t, Ol, O2)h(O2)dO2]@’(Ox)dOx
b b

0 0

b b

bP(t, 01, 02)(O1)dO h(O2) d02

p(t, 01, Oe)h(O) dO (0) dOi.

Since, in view of Proposition 2.6, the mapping 01bp(t, Ox, O)h(O)dOe is

absolutely continuous, Proposition 2.7 is completely proved.
We shall now express the operators appearing in the Ricatti equation in terms of

the kernel p.
LEMMA 2.8. For almost every e [0, T], we have for any h H and 0 e f-b, 0]

Ag(t)p(t,-0. O)h(O)+ 2 A(t) p(t,-0, v)h(v) dv
i=o i=o b

0

+ [ M(t, u)p(t, u, O)h(O) du
b

r0 0

(.a.1)
J- X-b

p(t, o, Olh(Ol

+ p(t, O, v)h(v) dv g 0 f-b, 0].
b

Proof. In View of (1.3.1)we have
o

A,(t)(P*th)(-O,)+I_ M(t, v)(P*th)(v)dv
i=0 b

(2.8.2) [AtP*t h](O)= -o (P* h )(O)

The formulae (2.6.1) and (2.7.1) yield the announced result.

if 0-0

if 0 f-b, 0[.
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LEMMA 2.9. For almost every [0, T], we have for any h D such that h (-b)= 0
and for any 0 [-b, O]

[PtA* h](O) p(t, O,-Oi)A*(t)h(O)+ p(t, O, v)M*(t, v)h(O) dv
i=0 b

(2.9.1)
+ b-v p(t, O, v)h(v)dv.

Pro@ We recall that we have for any d e D

(2.9.2)
H

PA "E[(xt- ,, d)D(X,

Then we may write by virtue of (2.2.1) and (2.2.2)
H

Pta h E[(x, 2t, ah )D.D’(X, 2.,)]

(2.9.3) =E <x,(O)-,(O),A’h(O)+h(O))+ Y’. (x,(-Oi)-$,(-Oi),A’*, h(O))
i=1

0+I_ (x’(O>-’(O>’M’(t’O)h(o>-dh(O))dO] ‘x’-.)}
b dO

Then the formula (2.9.1) results from (2.9.3) by use of the definition and the pro-
perties of the kernel p(t,., and by the fact that we have chosen h such that

(2.9.4)
dh I o

p(t, O, v)-v(V dv p(t, O, 0)h(0)- --vP(t, O, v)h(v) dr.
b b

LEMMA 2.10. For almost every [0, T], we have for any k K and any 0 f-b, 0]

(2.10.1) [PtC*t k](O) p(t, O,-Oi)C (t)k + p(t, O, v)N*(t, v)k dr.
i=o b

Proof. By virtue of (2.2.2), (2.3.1) and (2.9.2) we have

H

(2 10.2) =E . (x,(-O,)-t(-O,), C* (t)k)
i---b
,0

By using the definition and the properties of the kernel p(t, .,.), we obtain the
formula (2.10.1).

LEMMA 2.11. For almost every [0, T], we have for any h H

CtP*t h Ci(t)p(t,-0, 0)h(0)+ Ci(t) p(t,-0, v)h(v) dv
i=o i= b

(2.11.1) .o o o

+ J_ N(t, u>p(t, u, 0>h(0> du+ I_ N(t, u>(I_ p(t, u, v)h(v> dr)du.
b b b

Proof. It is a direct consequence of (1.3.2) and (2.6.1).
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LEMMA 2.12. For almost every [0, T], we have for any h H and any 0
I-b, O]

o

(2.12.1) [iP*h](O)=[Pti*h](O)=p(t,O,O)h(O)+I_ p(t,O,v)h(v)dv.
b

Proof. It is a direct consequence of the definition and the properties of the kernel
p(t, ., .).

Before exploiting all these results, we shall compute the quadratic term of the
Ricatti equation (1.9).

DEVINIa’ION 2.13. For any [0, T] and h H, we define the vectors of H, Fi(t)h
(i 0, 1,..., 4), by

(2.13.1)

(2.13.2)

(2.13.3)

(2.13.4)

(2.13.5)

Remark. We have

(2.13.6)
4

Fo(t)h E Fi(t)h.
i=1

LEMMA 2.14. For almost every [0, T], we have for any h H and 0 [-b, 0]

[Fl(t)h] E p(t, O,-Oi)C (t)OTC(t)p(t, -0, u) h(u) du
b i,i =0

(2.14.1)

+ I_ [ p(t, O,-Oi)C (t)Qf N(t, u)p(t, u, v)du h(v)dv
b i=0 b

o o

]
b b i=0

0 0 0

+f_ [I_ I_ P(t’O’v)N*(t’v)QN(t’u)p(t’u’a)dudvlh(a)da"
b b b

Proof. It is a direct application of Lemmas 2.10 and 2.11.
LEMMA 2.15. For almost any [0, T], we have for any h H and 0

_
[-b, 0]

(2.15.1)

k

[F2(t)h](O) 2 p(t, O,-Oi)Ci (t)DtTg’B* h(O)
i=0

0

+ I_ p(t, O, v)N*(t, v)ODfi/UB*th(O) dr.
b

Proof. It is an immediate consequence of (2.10.1) and (2.4.3).
LEMMA 2.16. For almost every [0, T], we have for any h H

(2.16.1) [F3(t)h](O)=O ifO[-b, O[
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I ][F3(t)hl(O)=(Bflg/’D* )Q]- Y C(t)p(t,-Oi, 0)h(0)+ N(t, u)p(t, u, O)h(O)du

(2.16.2) +(BtYT’D*t )O[ C(t) p(t,-0, v)h(v)dv
i=0 b

0 0

+I_ N(t,u)(f_ p(t,u,v)h(v)dv) du].
b b

Proo] It is an immediate consequence of (2.4.2) and (2.11.1).
LEMMA 2.17. For almost every ’[0, T], we have ]’or any h H

’D*)O (Dfl4/’B*)h(O) if 0 0
(2.17.1) [F4(t)h](O)=

0 if 0 6 [-b, 0[.

Proof. This results from (2.4.3) and (2.4.2).

3. Smoothing equations. We shall transcribe the filtering equations (1.7), (1.9) in
H into a functional form and in this way obtain the smoothing equations for the state
X, the solution of (1.1).

PROPOSITION 3.1. The smoothed state P(t, 0), where 0 I-b, 0] and [0, T], is
the unique solution o] the stochastic integro-partial differential equation (3.1.1) subject
to the boundary condition that Y(t, O) is the unique solution of the equation (3.1.2) with
the initial condition J(0, 0)= 0 ]’or any 0 [-b, 0].

(3.1.1)

(3.1.2)

2(t,O)
d(t, O)

p(u, O, v)N*(u, v)dv Q+ dZo(u) + Bu74/’D*Q+ dZo(u).
b

Remarks. 1) 2(t, 0) is the filtered state of the system (1.1)-(1.2).
2) For solving the smoothing problem, we must first compute (for <-0) an

estimation c of the thick initial condition (cf. (3.1.1)).
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3) We recall that the innovation process Zo is given by (2.1.1); so, the stochastic
integrals appearing in (3.1.1) and (3.1.2) can be in fact computed by means of Stieljes’
integrals as we can see by using a stochastic formula of integration by parts.

Proof. We recall that

(3.1.3) ,(0) E’[x(O)] 2(t, O) if + 0 -> 0
d(t,O) ift+0<0.

The equations (3.1.1) and (3.1.2) are thus obtained directly from the equation (1.7) by
use of Lemmas 2.4 and 2.10 and the formula (1.3.1).

PROeOSlTION 3.2 (Ricatti equations). The kernel p(.,.,.) is the solution of the
following Ricatti system (3.2.1), (3.2.2), (3.2.3), (3.2.4):

0 0 0
p(t, u, v) -uP(t, u, v)+-vP(t, u, v)

k

2 p(t, u,-O)C (t)Q]-C(t)p(t,-0, v)
i,j=O

(3.2.1) p(t, u, -Oi)C’ (t)O +, N(t, a)p(t, , v) da
i=o b

p(t,u,a)N*(t,a)da OG(t)p(t,-O,v)
i=0 b

-(_ p,t, u, )N*,t, )d)O N,t, )p(t, , v)d
b b

in the domain [0, T] x ]0, b]2,

p(, u, 0)= uP(t, u, 0)+ p(t, u,-O)A*(t)+ p(t, u, a)M*(t, ) da
i=0 b

k

2 p(t, u,-Oi)C (t)O[C(t)p(t, --Oi, O)
i,j=O

k, p(t, u,-O,)C* (t)07 (D,lf’B*)
i=0

p(t, u,-Oi)C (t)O[ N(t, ce)p(t, a, O)dee
,i=0 b

(3.2.2) (\ p(t, u, a)N*(t, a) , C(t)p(t, -0, O)
b i=b

o o

-(I_t, p(t, u, a)N*(t, ce)da)O+t (ib N(t, )p(t, t3, O)d)
o
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in the domain [0, T] x ]0, b ],

(3.2.3)

o

in the domain [0, T] ]0, b],

(3.2.4)

O---P (t, O, 0)= A,(t)p(t, -0,, 0)+ M(t, a)p(t, a, O)da
0t i=o b

+ 2 p(t, O,-O)A*(t)+ p(t, O, a)M*(t, a)da
i=0 b

k, p(t, O,-O)Cf (t)O-Ci(t)p(t,-Oi, O)
i,j=O

p(t, O,-OilC (tlQ2 N(t, a )p(t, a, O)da
/=0 b

( p(t, O, a)N*(t, a) d 0[ 2 Ci(t)p(t, -Oi, O)
b i=0

0 0

-(I_ p(t, O,a)N*(t,a)da)O+t (I N(t,a)p(t, a, O)da)
b b

k

Y’, p(t, O,-O)C*i (t)O+t (Dtlg/’B*t)
i=0

0

-(I_ p(t, 0, a>N*(t,
b

(B,W’D *, )0- (D,74/’B**).

The initial condition is given by

p(0, u, v)= Ea(u)a(v*) V(u, v) [-b, 0]2.
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Remark. The kernel p is thus a solution of a very complicated system of integro-
partial-differential equations; the equations (3.2.2), (3.2.3), (3.2.4) are boundary
conditions.

Proof. These equations are only the translation.of the abstract Ricatti equation
(1.9) by use of Lemmas 2.8, 2.9, 2.12, 2.14, 2.15, 2.16, 2.17 and the formula (2.4.1).

To obtain the equations (3.2.1) and (3.2.3) it suffices that the abstract Ricatti
equation (1.9) be satisfied for any h e H such that h(0)-0; to obtain the equations
(3.2.2) and (3.2.4), we write that (1.9) is satisfied for any h e H such that h(0)=0
/0 e [-b, 0[. The initial condition (3.2.5) is obtained by expressing the initial condition
P0 of the abstract Ricatti equation by means of the kernel p(0,., ).

Conclusion. We find again the results of [1] as a particular case: lack of integrated
delays (N=0 and M=0), nonrandom and null thick initial condition (a =0).
Moreover, contrary to [1], we do not suppose the independence of the noises on the
observation and the state. Finally, we allow the noise on the observation to be
degenerate; however in this case, we are not sure of the unicity of the solution of the
Ricatti systemmwhen this noise is nondegenerate we do have the unicity (cf. [9]). The
method used here has the advantage over [1] of really obtaining the properties of
absolute continuity with respect to each variable of the kernel p(t, .,.); that is not
demonstrated in [1]. Otherwise, remark that we find again the classical results of the
filtering and smoothing theory by taking the coefficients Ai(t)--O and Ci(t)O for any

[0, T] and 1, , k, and the initial condition a D such that ce (0) is a Gaussian
random variable in E and a(0)= 0 for any 0 [-b, 0[. Finally, let us recall that the
filtering theory presented in [2] and [7] corresponds to the case C(t)=O for any
t [0, T] and 1,..., k and that the results are given only in the Hilbert context
without translating them into terms of initial data, as we have done by establishing a
kernel theorem (Proposition 2.6).
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ALTERNATIVE THEORETICAL FRAMEWORKS FOR FINITE
HORIZON DISCRETE-TIME STOCHASTIC OPTIMAL CONTROL*

STEVEN E. SHREVE- AND DIMITRI P. BERTSEKAS

Abstract. Stochastic optimal control problems are usually analyzed under one of three types of
assumptions: a) Countability assumptions on the underlying probability spacemthis eliminates all
difficulties of measure theoretic nature; b) Semicontinuity assumptions under which the existence of optimal
Borel measurable policies can be guaranteed; and c) Borel measurability assumptions under which the
existence of p-optimal or p-e-optimal Borel measurable policies can be guaranteed (Blackwell [3], Strauch
[31]). In this paper we introduce a general theoretical framework based on outer integration which contains
these three models as special cases. Witflin this framework all known results for finite horizon problems
together with some new ones are proved and subsequently specialized. An important new feature of our
specialization to the Borel measurable model is the introduction of universally measurable policies. We
show that everywhere optimal or nearly optimal policies exist within this class and this enables us to
dispense with the notion of p-optimality.

1. Introduction. Consider a stochastic optimal control problem with cost
function

N-1

(1) J g(Xk, Uk, Wk), N: positive integer or +,
k=0

subject to the system equation

(2) Xk+l f(Xk, Uk, Wk), k 0, 1,...,

where xk, u are the state and control of the system and w is a random object with
probability distribution parameterized by x and u. We wish to choose a policy, that
is, a sequence of functions {/xk} from the state space $ to the control space C so that
when u (x) the expected value of J is minimized. (A precise definition of the
problem will be postponed for later.)

The equation

(3) J+(x)=inf E{g(x, u, w)+J,[f(x, u, w)]lx, u}

with Jo(x)=-O, and its limiting form

(4) J*(x)=inf E{g(x, u, w)+J*[f(x, u, w)]lx, u}

are the Dynamic Programming (DP for short) equations related to the problem above.
In the case where w takes a single value and the problem is deterministic (more
generally, where w can take a countable number of values), the functions in these
equations exist in a well-defined mathematical sense and the theory of_ DP is well
developed (see e.g. [1]). When w can take uncountably many values, acute difficulties
arise from the need to impose a proper measure theoretic structure on the problem so
that the expected value of the cost J of (1) and the expected values in (3) and (4) are
well defined. A related difficulty stems from the need to balance the measurability
restrictions on policies (necessary so that the expected cost corresponding to a policy is
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well defined) against a desire to admit enough policies to consideration so as to be able
to find one which.selects at or near the infimum in (3).

The measurability, questions described above have been dealt with by a number
of authors under the assumption that all spaces underlying the problem are Borel
spaces (Borel subsets of complete separable metric spaces). There have been two main
approaches. In the first approach, semicontinuity and compactness assumptions are
imposed on the data of the problem (see 5). Under these assumptions, the functions
Jk in (3) can be shown to be semicontinuous and there exists a Borel measurable
function/Xk such that Uk [.k (X) selects at or near the infimum in (3) for every x. For
results in this direction see Maitra [15], Schil [24]-[25], and Freedman [9]. Much of
the work in stochastic programming (see Olsen [18]-[20], Rockafellar and Wets [22],
[23] and the references quoted therein) also utilizes assumptions of this type. Some of
this work employs additional convexity assumptions and is geared toward convex
programming type results, i.e., duality and Kuhn-Tucker conditions for optimality,
rather than resolution of the measure theoretic questions.

The second approach was introduced by Blackwell [3] and further refined by
Strauch [31], Dynkin and Juskevic [8], Hinderer [12] and others. No assumptions
other than Borel measurability of the data of the problem are made, and admissible
policies are required to be Borel measurable. Under these conditions it is possible to
prove the universal measurability of the optimal cost function and the existence for
every e >0 and probability measure p on S of a p-e-optimal policy (Strauch [31,
Thms 7.1 and 8.1]). A p-e-optimal policy is one which leads to a cost which differs
from the optimal cost by less than e for p-almost every initial state. Even over a finite
horizon the optimal cost function need not be Borel measurable, and there need not
exist an everywhere e-optimal policy (Blackwell [3, Example 2]). The difficulty arises
from the inability to choose a Borel measurable function /xk’S- C which nearly
achieves the infimum in (3) uniformly in x. The nonexistence of such a function
interferes with the construction of optimal policies via the DP algorithm (3), since one
must first determine, at each stage k, a measure Pk with respect to which it is
satisfactory to nearly achieve the infimum in (3) for pk-almost every x. The difficulties
in constructing nearly optimal policies over an infinite horizon are more acute.
Furthermore, from an applications point of view, a p-e-optimal policy, even if it can
be constructed, is a much less appealing object than an everywhere e-optimal policy,
since in many situations the distribution p is unknown or may change when the system
is operated repetitively, in which case a new p-e-optimal policy must be computed.

In view of the undesirable features of p-optimality, Blackwell, Freedman and
Orkin [4] have considered analytically measurable policiesa class that properly
contains Borel measurable policies (see 6). Their work deals with a special type of
problem, that of minimization when the cost per stage is nonpositive. They show that a
history remembering policy which is everywhere e-optimal exists, and if the optimal
cost functions J, k 1,..., N, are everywhere finite, this policy can be taken to be
Markov. We relax the assumption of a nonpositive cost per stage and show the
existence in Corollary 5.1 of an analytically measurable e-optimal Markov policy
under the assumption that the functions J, k 1,..., N, are everywhere finite.
However we have been unable to show the strongest possible existence results for
finite horizon problems within an analytically measurable policies framework
(compare Corollaries 5.1 and 5.2). For this reason we have extended the class of
admissible policies to include all universally measurable policies (a class properly
containing the analytically measurable policies). A key fact here is that the composi-
tion of two universally measurable functions is universally measurable, while the
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composition of two analytically measurable functions need not be analytically
measurable [2]. In this paper we admit only Markov nonrandomized policies and,
within this framework, cannot prove the result of Blackwell, Freedman and Orkin
mentioned earlier for the case where J (x) can be -c for some x and k. It is shown
elsewhere [2], [29], however, that under the assumption of Corollary 5.2(b), there
exists for every e >0 a nonrandomized semi-Markov and a randomized Markov
universally measurable e-optimal policy. We do not know whether such a policy can
be taken to be analytically measurable rather than universally measurable. The fact
mentioned earlier relating to composition of two analytically measurable functions
interferes with the construct.ions involved in the proofs of [29.

The present paper has two main objectives. The first is to provide a general
framework for finite horizon stochastic optimal control that includes as special cases
the formulations described earlier. The second is to demonstrate that when universally
measurable policies are admitted in the Borel space framework of Blackwell, ther all
basic results for stochastic problems can be shown to hold in a form that is as strong as
for problems where measurability questions are of no essential concern. In particular,
the existence of everywhere e-optimal policies is assured as opposed to policies which
are e-optimal p-almost everywhere. Thus the notion of p-optimality can be dispensed
with.

The paper is organized as follows. Section 2 formulates a general stochastic
optimal control problem without any topological assumptions. The formulation is
based on a notion of outer integration developed in Appendix A. The main results
regarding the validity of the DP algorithm and the existence of optimal and nearly
optimal policies are provided in 3. These include all results known for special cases
together with a new result [Proposition l(b)] relating to the existence of a sequence of
policies exhibiting what is referred to as {en} dominated convergence to optimality.
The results of 3 are applied to special cases in 4 (model without topological
assumptions) and in 5 (Borel space models with semicontinuity assumptions). Slight
extensions of results by Freedman [9] are given in Corollaries 4.1 and 4.2. Section 6 is
devoted to general Borel space models. We consider both analytically and universally
measurable policies and prove an extended version of a measurable selection theorem
by Brown and Purves [5]. Using this theorem weshow that all the results of 3 carry
over to the Borel space model when universally measurable policies are allowed.

We note that some of the ideas and analysis in this paper (particularly the
employment of universally measurable policies) have infinite horizon and imperfect
state information counterparts described elsewhere [2], [28], [29]. Also, this paper
considers exclusively nonrandomized Markov policies. Existence results relating to
randomized and semi-Markov policies may be found in [2], [27], [29].

2. Problem formulation. Our notation will be as follows. For a set X we denote
by Fx the set of all functions J: X- [-0, +]. For J1, J2 Fx we write J1 J2 if
Jl(X)-J2(x) Vx X, and J1--<J if J(x)<-J2(x) Vx X. If J(x)>-e(J(x)<-e) Vx X,
where e is a scalar, we write J>-e (J<-e). If a sequence {Jk}CFx increases
(decreases) monotonically to J Fx, we write JkJ (JkSJ). If {Jk} converges pointwise
to J we write Jk - J. If J1, J Fx, e is a scalar, and J(x)<-JE(X)+ e /x X, we write
J1 J / e. We adopt the usual conventions regarding ordering and arithmetic in the
set of extended real numbers [-c, /], except that we take

-c / cx3 /c- cx3 /cx3.

The Cartesian product of sets A1, A2,"’, An is denoted by AaA2""An. If X and Y
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are sets, then projx is the projection mapping from XY to X. If E is a subset of some
space X, we denote by ,t’ the indicator function of E [X(x)= 1 if x E, X(x)= 0 if
x El. For any function f: X - [-eo, +oo], where X is some space, we use the notation
f+(x) max {0, f(x)}, f-(x)-max {0,-f(x)}. The infimum over the empty set is taken
by convention to be +oe (inf +oo).

The stochastic optimal control model we consider consists of the eight elements
listed below:

S--State space. A nonempty set.
CmControl space. A nonempty set.
(W, )mDisturbance space. A measurable space.
p(dw lx, u)mDisturbance kernel. For fixed (x, u) SC, p (. Ix, u) is a probability

measure on (W, o).
f(x, u, w )--System function. A mapping from SCW to S.
g(x, u, w)--One-stage cost function. A mapping from SCW to [-oe, +oe].
MmControl function space. A nonempty set of mappings from S to C.
NmHorizon. A positive integer.

The model is stationary in that the data does not change from one stage to the
next. There is no essential loss of generality in this assumption, since a nonstationary
model can be reduced to a stationary one by state augmentation ([24, 8], [1, 6.7]).
We impose no assumptions for the time being on the set of control functions M.
However, specific results will assume explicitly or implicitly various conditions on M,
and in fact our line of analysis is geared toward demonstrating the type of properties
of M that are essential for specific results to hold. In particular special cases the set M
could be as large as the set of all functions Ix" S C or as restricted as the set of all
linear functions Ix: $ C (S, C assumed to be linear spaces). We shall use the letter x
to represent an element of $, and the letter u to represent an element of C. Denote by
1-IN the Cartesian product of N copies of M and define

(5) F {(x, u): x S, u =/x (x) for some/x M}.

We denote by F the cross-section {u: (x, u) F}. We refer to an element of IIN as a
policy.

We have in mind a system operating as follows. A policy
is chosen. The system begins in some initial state Xo and subsequent states are
specified by the system equation

(6) Xk+l f(Xk, Uk, Wk), k 0,. ., N 2,

where

(7) Uk tXk (Xk ), k 0," ", N 1,

and Wk is random with distribution p(dwk Xk, Uk). The cost incurred at each stage of
the operation is g(Xk, Uk, Wk), SO the total cost is

N--1

2 g(x, u, w).
k=0

The expected total cost corresponding to the policy r is obtained by taking the
expectation of the total cost with respect to the appropriate probability measure. If the
integrals can be defined, this can be represented by

(8) g(Xk, Uk, Wk)p(dWN-1lXN-1, UN-1)" p(dwolxo, Uo),
k=O
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where (6) and (7) hold. But we have not yet imposed sufficient structure for the
integrals to be defined, so we specify the cost corresponding to each policy and initial
state by means of outer integration.

Given a probability space (X, Y3, p) and a function f Fx with f=> 0, the outer
integral of [ with respect to p is defined in Appendix A as

fdp inf g dp" f <-_ g, g is N-measurable

Given an arbitrary f Fx, we define its outer integral with respect to p by

(9) [dp dp [- dp.

Since we take- to be +, the outer integral of [ is defined for every [ Fx. If [ is
measurable with respect to the -algebra , we write [dp in place of * [dp. Note
that for such an [ and (-, +], we have

(10)
a + f fdp (a +f) dp.

For each M, we define the mapping T:Fs Fs by

(11) T.(J)(x)= {g[x,(x), w]+J[(x,(x), )]}p(dlx,(x)) Jfs,

We also define the mapping T: Fs Fs by

(1) r(J)(x)= inf {g(x,u, w)+J[(x,u, w)]}p(dwx,u) VJfs,
uF

Note that since we have by definition F {u C: u (x) for some M}, it follows
that (12)can be replaced by

(13) T(J)(x) inf T. (J)(x) Vx S.

For any/1,. ", gk M, we denote by (T.1. T.) the composition of the mappings
T.1,. ., T,. Similarly, we denote by T the composition of T with itself k times. For
convenience we also use To to denote the identity mapping on Fs.

The cost function corresponding to the policy r is defined by

(14) Ju.,, (o N_I)(J0),

where Jo(x)= 0 for every x S. The optimal cost function is given by

(15) J*u(x)= inf Ju.=(x) Vx S.

If measurability assumptions are made so that reference to the outer integral is
unnecessary and finiteness assumptions are imposed to allow the interchange of
summation and integration, then (14)reduces to the more traditional definition of
expected cost corresponding to a policy given by (8). One type of measurability
assumption is to assume W is countable and is the power set of W, so that
integration reduces to summation. No measure structure need be imposed on S and C.
A less trivial set of assumptions is obtained by letting S have a r-algebra 5, C have a
or-algebra , and assuming f is (,3, 5) measurable and g is (,) measurable,
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where 6e( is the product o-algebra and is the Borel g-algebra in [-0o, +0o]. One
must also assume p(BIx, u) is 9c measurable for fixed B . If all mappings in M
are (6, () measurable, then whenever tz M and J is (9, ) measurable, T,(J) is
also. Despite these assumptions, it may still occur that (8) and (14) do not agree, but if
the possibility of +0o- 0o occurring is limited, agreement can be guaranteed. This can
be accomplished by requiring that g(x, u, w)>-0o x S, u C, w W (see (10)), or
by requiring that for each 7r (/xo, ,/./N-1) 1-IN and each Xo S,

(16) g (Xk, Uk, Wk)p(dWN-1 ]XN-1, UN-1)’’" p(dwolxo, Uo)< +0o,
k=0

where (6) and (7) hold. If (16) holds for each zr 1-IN and Xo S, one can in fact show
by Fubini’s theorem that

Ju.=(x)= E=.. g(x, u, w,)
k=0

where (6) and (7) hold and the expectation is with respect to the product measure on
W... W generated by rr from Xo x. This is also the case if for each rr I-IN and
Xo S, (16) holds with g/ replaced by g-.

We now introduce various notions of optimality. Let x $ and e > 0 be given. A
policy 7r 1-IN is e-optimal at x if

jN(X)<_(J(x)+e if J*N(X)> --0O,

-1/e if J*c(x) -0o.

If 7r I-IN is e-optimal at every x S, we say 7r is e-optimal. A policy 7r 1-IN is optimal
at x if

u.=(x) r(x).
If rr 1-IN is optimal at every x S, we say rr is optimal.

Let {en} be a sequence of positive numbers with end,0. A sequence of policies
{rrn} c HN is said to exhibit {e,,} dominated convergence to optimality if

and

r,=.(x) <__ r*(x)+ . if Jv(x) > -0o,

Ju,=,,(x)<-Ju.,,,_l(x)+e,, if J(x)=-0o.
If {Tr.} exhibits {e.} dominated convergence to optimality and J*N(X)>--0O for every
x S, then by definition rr,, is e.-optimal.

3. Main results. For our results we shall need some regularity assumptions on
the model. We list them here for convenience and shall refer to them explicitly when
we wish to include them in the hypotheses of a proposition.

Assumption A: There is a subset F of Fs such that Jo F and whenever J F,
then T(J) F.

Assumption B" If J e F as given in Assumption A and e > 0, then there exists

/x M such that

T, (J)(x)<=
(T(J)(x)+ e

-l/e

if T(J)(x) > -0o,

if T(J)(x)= -.
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Assumption C: If JF as given in Assumption A and the infimum in (12) is
achieved for every x $, then there exists Ix M such that

T, (J)(x) T(J)(x) Vx S.

Assumption D: For J 6 F as given in Assumption A, define

A(J)= {(x, u)6 F: p*({w: J[f(x, u, w)] =-oo}lx, u)> 0},

where p*(. Ix, u) represents outer measure. For each J F, there is a Ixj M such that
(x, Ixj(x))A(J)whenever x projsA(J). Furthermore if Ix M and Ixj is as above,
then t2 defined by

if x 6 projs A (J),

otherwise,

is in M. Also if J 6 F and Ix 1, IX2 M, then/2 defined by

IXl(X) if T/Z (J)(X T/ (J)(X ),

otherwise,

is in M.
Assumption A will be used to show properties of Tu (J0), which is often identical

to J*u. By choosing F to be the set of functions having measurability or continuity
properties and showing that Assumption A holds, we can immediately deduce
properties of TU(Jo). We will find it very important to be able to choose
a control function which nearly achieves the infimum in the definition of T(J) for
J F. This is the condition given in Assumption B. Assumption C states that M is rich
enough to allow exact selection of this infimum if it is achieved. This is necessary in
order to construct an optimal policy. Assumption D states that M contains enough
functions to allow certain constructions necessary for the proof of Proposition 1
below.

The following lemma provides some properties of the mappings T, and T that we
shall need.

LEMMA 1. (a) If J1, J2GFs and J <=J2, then T(J1)=< T(J2), and for all Ix M
Tg (J1) <- Tg (J2).

(b) If J1, J2Fs and Je<=J+e for some e >0, then T.(J2)<=T.(J)+2e for all
tz M.

(c) If Jx, J Fs and for some e > 0 we have

(17) J2(X)<JI(X)+ E if JI(X) >--0(3,

then for all Ix M

(18) r(J2)(x)<= rw(J1)(x).+2e if rtz(J1)(x)>-oo.

Proof. (a) and (b) follow directly from Lemma A.3(a), (b), so we concentrate on
proving (c). Let x e S be such that T,(J1)(x)>-oe. Then either T,(J1)(x)= +oo, in
which case (18) is trivial or else from Lemma A.3(g) we obtain

(19) p*(A Ix, ix(x))= O,

where A {w [Jl[f(X, IX(X), W)] --013}. From (17) we obtain for all w_A

g[x, IX(x), w]+J2[f(x, Ix(x), w)]<-g[x, IX(x), w]+Jl[f(x, IX(x), W)]+E

and (18) follows from Lemma A.3(b), (e) and (19). O.E.D.
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We now arrive at our first main result:
PROPOSmON 1. Let Assumptions A and B hold.
(a) If J*k (x >-oo for all x $ and k 1, 2,... N, then

* r (o),

and for every e > 0 there exists an e-optimal policy,
(b) If Assumption D holds and Jk,,(x)< +oo ]:or all x S, 7r rI and k

1, 2,. ., N, then

J Tu (Jo),

and for every sequence {e.} with e. > O, n 1, 2,..., e.,O, there exists a sequence of
policies exhibiting {e,,} dominated convergence to optimality.

Proof. (a) For any rr (txo," ",/Z-l) rI,

J, To T,_ T_ )(Jo

>= (T.o" T.k_2T)(Jo) (by Lemma l(a))

=> T (o).
Hence

(20) J --> Tk (Jo), k 1, 2,. ..
We conclude the proof by induction. Assumption B and (20) guarantee that when
N 1, (a) holds. Suppose (a) holds for N-1. Then for e >0 there exists rr IIN-1
such that

JN-l,.x Jg-1 + e/4.

From the induction assumption and Lemma l(a), (b),

T (Jo)= T(J-I

>= T(Ju_l,= e/4)

>= T(JN-I,.)-- e/2

Combining this with (20) we obtain

inf T (JN-l,-n’)--

Jr TN (Jo).

Use Assumptions A and B to find/x M for which

r.(Jv-1 )<- r(J-i )+ e/2.

With rr as above, we have

JN,(.. T,.

<-T.(J_l)+e/2
<- T(Y_ )+ e

=J*N+e,
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so (/x, r) is an e-optimal N-stage policy.
(b) The proof proceeds by induction. Let {e.} be a sequence with e. > 0, e.$0. For

N 1, Assumptions A and B imply the existence of a sequence of policies r. (/x;)
Ha for which

T.;(jo)(X)<_T(Jo)(X)+ e. if T(Jo)(X)>-oe,
(21)

1 / e. if T(Jo)(X) -oo.

By the last part of Assumption D we can assume without loss of generality that

(22) T,,(Jo)(X),l,-oo if T(Jo)(X)=-oo.

This implies J*l <- T(Jo), which together with (20) establishes

(23) Jl* T(Jo).

From (21)-(23)we see that {rr,} exhibits {e,} dominated convergence to optimality.
Suppose the result holds for N-1. Let rr, (/x a,"" ", xv-1) be a sequence of

(N- 1)-stage policies exhibiting {e,/4} dominated convergence to optimality, i.e.,

(24)

(25)

(26)

JN_I,rrn(X)JN-1 (X)-[-e,/4 ifJN_l

JN-l.-tr,(X)JN-1.... l(X)-[- e./4 if JN-1 (X)-- --OO.

We assume without loss of generality that Y,= e, < oo. By the induction hypothesis
and Assumption A

(27) J’N-1 TN-I(Jo)G F,

so by Assumption B there is a sequence {/x n} c M such that

Tv(yo)(x)+ e,/2 if TN(Jo)(x)> --cX3,
(28) Tu’"(J*N-1 )(x)<=

-2/e,, if Tr(Jo)(x) -oo.

By the last part of Assumption D we can assume without loss of generality that

(29) Ttxn(JN_I ) Ttxn-I(JN_I ), F/ 2, 3," ".

By Assumption D there is a /xM such that (x,t.z(x))A(J*N_I) whenever x e
projs a(J*u-1 ), i.e.,

(30)

whenever for some u e Fx
p*({W" J’N-1 If(x, Ig, W)I---oo}lx /g)> 0.

Define

/2.(x) =//z Ix) ifxprojsA(J*N_l),

(x) otherwise.

Then {2"}cM by Assumption D and
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For x projs A(J*N- ), we have

lim sup J,. (x)

lim sup T. (J_,,.)(x)

--lim sup {g[x, x(x), w]+J_,,[flx, x(x), w)]}p(dw Ix, x (x))

{g[x, t.(x), wl+J*u-1 [fix, z(x), w)]}p(dw Ix, (x))

by (24)-(26), the fact that Ju.l(x) < +c for every x $, and Corollary A.1.1. Relation
(30) and Lemma A.3(g) imply that T,(J-I )(x)= +. But T,(J_I )(x)<=Ju.,(x)<
+o0, SO

lim sup J,,. (x) T (J*_l)(x)

(31)

<= T (Jo)(X ).

For x

(32) p*({w JN-I If(x, u, w)] --oo}lx u)--- 0.

If u =tx"(x)satisfies (32), then denoting E={w" J_[f(x, u, w)]=-}, we have
from Lemma A.3(e)

JN,C. (X) Tz.(JN-l,.)(x)

03) I*
(by (25) and Lemma A.3(b))

T,.(J*-I )(x)+ e,/2.

Inequality (33)implies for x projsA(J_

lim sup JN., (x) <_-- lim sup T,- (J*_ )(x)
(34) "- "-’

Tu(Jo)(x) by (28).

Combining (31) and (34) we have

(35) lim sup Ju., (x Tu (Jo)(X

for every x S, and this proves

(36) J Tu(Jo).
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Combining (36) and (20), we obtain J*u Tr (Jo) and (35) can be replaced by

(37) lim JN,s, (x)= J*z,,r(x)

for every x e S.
To see that the convergence to optimality given in (37) is {en} dominated, note

that if Tr (Jo)(X) > -oe, then Tr,,,(J}-I )(x)> -oe for every n. By Lemma 1(c) and (25)

(38) Ta"(Ju-.,.)(x)<= Ta"(Jr-1 )(x)+ e,/2 if Tu(Jo)(x)>-m.
If x projs A(Jr-1), then

Ta. (J_, )(x) T,. (JN-1)(X
(39) ----< Tu(Jo)(x)+ e,/2 if Tu(Jo)(x)>-c by (28)

=J*u(x)+e,/2 if J*u(x)>- by the fact TU(Jo)=J*.
Combining (38)and (39), we have for xC_projsA(J*u-a

(40) Ju..(x)<-J*u(x)+e,, ifJ*u(x)> -.
If x e projs A(J_ ), then it is clear from (31) that

J/r (x) T(J4-1)(x
and so (40) is true for all x e S. If x projsA(J-i ), (33) and (29) can be used to show
for n _-> 2

:u,o (x)<_- ro (,_1)(x)+ ./2
Ttn-,(J4_ )(x)-[’-

<= T,.-(Ju-1.,._1)(x + e,/2

Jz.._ (x + e,/ 2.

If x e projs A(J*u-1 ),

J,(x)= {g[x, (x), w]+J-,,[t’(x, (x), w)]}p(dw Ix, (x))

<-_ {g[x,(x), w]+J_,,_[1(x,(x), w)]}p(dwlx,(x))+e/2

(by (25), (26) and Lemma A.3(b))

so for every x e $

Jr., (x <-_ Jr,,_(x) + e,,/2. O.E.D.

To see that an assumption such as J (X)>--oO or j,(X). +o for all x, r and k
is necessary in order for J T (Jo) to hold, consider the following example"

Nxample. Let N=2, $={a,}, C=(-o,+oo), W={I,2,...}, M=
{z" z(a), (/3)e (-, +)}, p(w k Ix, u)= 1/(k 2 2i=1 1/i2), k 1, 2,. .,
f(a, u, w)= f(, u, w)=/3 u e C, we W, g(a, u, w)= w, g(, u, w)= u, /u e C, we
W. Here there are two states, a and/3, and we always have x =/3 so that the cost of
the second stage is 21(/3) and can be made arbitrarily small. On the other hand,



964 STEVEN E. SHREVE AND DIMITRI P. BERTSEKAS

jw dp= +oe, so that Je.,(a) {g [a, /x0(a ), w]+/-/l(fl)} dp
for all zr He. We have by a straightforward calculation J* (a)
while Te(Jo)(a)=-cc, Te(Jo)(fl)=-oo.

Despite the need for various assumptions in order to show the equality J*N
TN(J0), the following result, which establishes the validity of the DP algorithm as a
means for obtaining optimal policies, requires none of the assumptions of Proposition
1. We say that a policy 7r (/xo,"" ", N-1)I-IN is uniformly N-stage optimal if for

kk 1," ", N, 7r (N-k," ",/XN-1) is optimal in the k-stage problem of minimizing
Jk,, over IIk.

PROPOSITION 2. (a) If there exists a uniformly N-stage optimal policy then

(41) J =Tk(Jo), Vk=I,...,N.

(b) A policy 7r (/xo, ",/Xs-1) I-IN is uniformly N-stage optimal if and only if
(42) (T,_T-a)(Jo) Tk (Jo), Vk 1,..., N.

Proofi (a) Let rr (/xo," ",/zu-1) be uniformly N-stage optimal. Then

(43) T(Jo)= J* Tla,N_l(Jo)

by definition. For every M,

(r.r)(Jo) (r.r._l)(Jo).

which implies

T2(jo) inf (T,T)(Jo) inf (Tl.l, Tl.l,N_l)(Jo)J2 --(Tbt,N_2TIN_I)(Jo) - Te(Jo).
M txM

Therefore

(44) Te(Jo) J* (T,,_eT)(Jo) (T,,_eT,N_I)(Jo).

Replace (43) by (44) and continue. This proves (41).
(b) This follows from (a) and (20). Q.E.D.
It follows from Proposition 2(b) that when M is rich enough so that Assumption

C holds, then existence of a uniformly N-stage optimal policy is equivalent to
attainment of the infimum in the DP algorithm. We state this as a separate pro-
position.

PROPOSITION 3. Let Assumption C hold. A uniformly N-stage optimal policy
exists if and only if the infimum in

(45) inf {g(x, u, w)+ Tk-l(jo)[f(x, u, w)]}p(dw Ix, u)
uel"

is achieved for every x S, k 1,. ., N.

4. The model without topological assumptions. The simplest special case of our
model is when we take F Fs in Assumption A and place restrictions on M only as
follows. A subset F of SC is given with the property projs F S and M is taken to be
the set of all mappings from S to C whose graphs lie in F. Note that F and M
correspond as in (5). It is easy to see that Assumptions A, B, C, and D hold when F
and M have been so chosen. Hence the results of Propositions 1-3 apply.

It is not customary to use outer integration in connection with Dynamic Pro-
gramming, so the model outlined here is somewhat unusual. A special case of this
model often considered is the case of a countable disturbance space [1]. As mentioned
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earlier, integration reduces to summation in such a model. The countable disturbance
space model is more restrictive than the Borel space model of 6 in that a countable
disturbance space is a special case of a Borel space. It is more general in that S and C
are not required to have a Borel structure. The model described in the first paragraph
of this section is, of course, more general than both. The main advantage that it offers
is simplicity--there is no need to introduce elaborate topological assumptions in order
to ascertain the validity of the DP algorithm. There are, however, inherent limitations
centering around the pathologies of outer integration (Appendix A) in the nontop-
ological model. Topological assumptions also play an important role in the treatment
of problems with imperfect state information (see [2], [29]).

5. Borel space models with semicontinuity assumptions. We first introduce some
notation and definitions. For any topological space Y we denote by y the Borel
o--algebra generated by the open sets. A Borel space X is a topological space such that
there exists a complete separable metric space Y and a homeomorphism q of X into
Y with q(X) r.

It follows that a Borel space X is metrizable and separable. Note that if X and Y
are Borel spaces, then the product space XY equipped with the product topology is
also a Borel space and Nxr equals the product o’-algebra Nxr on XY [21, Chap.
1]. Also, every Borel subset of a Borel space becomes a Borel space when endowed
with the relative topology. The extended real line [-oo, +co] with the topology
generated by the open real intervals together with the sets
real, is a Borel space. In what follows we implicitly assume that every Borel subset of
I-co, +eel is endowed with the corresponding relative topology and is thus a Borel
space. If X and Y are Borel spaces and f" X- Y is such that f-I(B)Ex for each
B 6 Ny, then we say that f is Borel measurable.

If X is a Borel space, we denote by P(X) the set of probability measures on Nx.
We take the topology on P(X) to be the weakest with respect to which all mappings of
the form p fdp are continuous, as f ranges over the set of bounded continuous
real-valued functions on X. With this topology P(X) becomes a Borel space [21,
Chap. 2]. Let X and Y be Borel spaces and for each x6X, let q(dylx) be a
probability measure on Ny. If the mapping x - q(dy ]x) is continuous from X to P(Y),
we will say that q (dy x is a continuous stochastic kernel on Y given X.

We now define two special cases of the model of 2. In both cases, S, C and W
are Borel spaces, = w, p(dw Ix, u) is a continuous stochastic kernel on W given
$C, and f(x, u, w) is continuous from SCW to S.

Lower semicontinuous model. Here C is compact, and g is lower semi-continuous
and bounded below. A subset F of SC is given and is assumed to be of the form

F= U Fi,
/’=1

where for all/’, F/’ c Fi+I, F/’ is a closed subset of SC, and for all (x, u)e SC

(46) lim inf

(By convention the infimum over the empty set is +ee. Thus we allow the possibility
that for some/’, F/’ Fr for all j ->_ ].) It is also assumed that projs F S. The set M of
admissible control functions is taken to be the set of all Borel measurable functions
fom S to C whose graphs lie in F. (Notice that if the sets F/’, j 1, 2,. ., are compact
then there is no loss of generality in assuming that C is compact. This is true because if
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C is not compact, it can be homeomorphically embedded in a compact Borel space
[7, Chap. 9, Cor. 9.2] and the images of F. are compact and hence closed in $C. There
is no need to extend f and g to $W nor p(dw Ix, u) to S for the proof we give of
Proposition 4.)

Upper semicontinuous model. Here g is upper semicontinuous and bounded
above. An open subset F of SC is given and it is assumed that projs F S. The set M
is the set of all Borel measurable functions from S to C whose graphs lie in F.

By selecting an appropriate subset F Fs for each model, we show now that
some of the Assumptions A, B, C and D are satisfied. This in turn will allow
application of some of the results of 3.

PROPOSITION 4. (a) Irt the lower semicontinuous model Assumptions A, B and C
are satisfied with F being the set of lower semicontinuous functions J" S
which are bounded below.

(b) In the upper semicontinuous model Assumptions A and B are satisfied with F
being the set o upper semicontinuous functions J: S [-oe, +oe) which are bounded
above.

Proof. (a) If J" S - (-oe, +oe] is lower semicontinuous and bounded below, then

H(x, u)= {g(x, u, w)+J[(x, u, w)l}p(clw Ix, u)

is also [25, Lemma 3.4]. Condition (46) guarantees that {(x, u)F: H(x,u)<=c} is
closed for each real c. The result follows from a simple modification of Lemma 3.4
and the Selection Theorem of [15].

(b) This follows from (17) of [9] and the fact that projs is an open map-
ping. Q.E.D.

By combining Proposition 4 with the results of 2, we obtain the following"
COROI_ARY 4.1. In the lower semicontinuous model, we have Jr Tr (Jo) and

there exists a uniformly N-stage optimal policy.
COROLLARY 4.2. In the upper semicontinuous model, if J’ (x >-oe [or all x S

and k 1, 2,..., N, then Jr Tu(Jo), and ]’or every e > 0 there existsan e-optimal
policy.

David Freedman [9] has proved results quite similar to Corollaries 4.1 and 4.2 by
placing control constraints, not directly on the control u as we have done by requiring
(x, u) F, but rather on the pair (x, P), where P is the distribution of the subsequent
state. Since the mapping (x, u)- (x, P) is continuous in the semicontinuous models,
requiring (x, u) to be in an open set (our upper semicontinuous model) is slightly more
general than requiring (x, P) to be in an open set (Freedman’s model), while requiring
(x, u) to be in the union of an increasing sequence of closed sets (our lower semicon-
tinuous model) is significantly more general than requiring (x, P) to be in a closed set
(Freedman’s model). Our lower semicontinuous model does not require a compact
state space. For example, we can take $ R", C to be the one point compactification
of R ",

r; {(x, u): u’u <--i}, g(x, u, w) x’Ox + u’Ru,

where O is a positive semidefinite and R is a positive definite matrix of appropriate
dimension.

6. General Borel space models with perfect state information. For the models of
this section we shall need the notions of analytic sets, universally measurable sets and
related facts. For more detailed treatments we refer the reader to [2], [6], [11], [14],
[161, [21].
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Let N be the cross product of countably many copies of the positive integers. Let
the set of positive integers have the discrete topology and N the product topology. A
separable metric space A is analytic if there is a continuous function f mapping
onto A. In what follows the empty set will also be considered analytic.

We list some properties of analytic sets that we shall be using:
(a) Every Borel space is analytic but in every uncountable Borel space there exist

analytic subsets which are not Borel spaces [14], 38VI.
(b) The countable union, intersection, and cross product of analytic sets is analy-

tic [21, Chap. 1, Thms. 3.1 and 3.2].
(c) If X and Y are Borel spaces, A c X and B Y are analytic sets, and f is a

Borel measurable function from X" to Y, then f(A) and f-l(B) are analytic [21, Chap.
1, Thm. 3.5]. As a consequence, if D is an analytic subset of XY, then projxD is
analytic.

In addition to the Borel g-algebra, we are interested in two more g-algebras that
arise naturally in a Borel space X. The analytic r-algebra, denoted Sfx, is the
g-algebra generated by the analytic subsets of X. The universal or-algebra, denoted
x, is the intersection of all completions with respect to finite measures of the Borel
o--algebra Nx. We have

and if X is uncountable both inclusions are strict. In fact, it is possible to prove that if
X is uncountable, then under the continuum hypothesis /x has a larger cardinality
than both Nx and S4x. (We are indebted to Professor J. Doob for pointing out this fact
to us.)

Let X and Y be Borel spaces, D be a subset of X, and f: D - Y. If D S4x and
f-x(B)x for all B Nv, we say that f is analytically measurable. If D x and
f-l(B) /x for all B Nv, we say that f is universally measurable. If D is analytic,
y [-co, +co] and the set {x D: f(x)< a} is analytic for every real a, we Say that f is
lower semianalytic. For a lower semianalytic f, the sets {x D:f(x)<-a} are also
analytic for every a [-co, +co]. Note that a lower semianalytic function is analytic-
ally measurable and hence also universally.measurable, the sum of two lower semi-
analytic functions is lower semianalytic, and a Borel measurable function from X to

[-co, +co] is lower semianalytic.
If X is a Borel space and p P(X), then p has a unique extension to a probability

measure on ?/x. We denote this extension by p also, and we write p(E) instead of
p*(E) when E ?/x. Likewise, if f: X[-co, +co] is a universally measurable
function we will write fdp in place of * f dp. Under these circumstances fdp obeys
the rules of classical integration, provided we take care in handling the expression
+co-co.

If X and Y are Borel spaces, q(dy Ix) is a probability measure on Nv for each
x X, and the function q(B]. is Borel measurable from X to [0, 1] for all B Nv, we
say that q(dy x ) is a Borel measurable stochastic kernel on Y given X. The stochastic
kernel q(dy Ix) is Borel measurable if and only if the mapping x- q(. Ix) is Borel
measurable from X to P(Y).

We now specify the two special cases of the problem of 2 to be considered in
this section. In both cases, S, C and W are Borel spaces, = Nw, p(dw Ix, u) is a
Borel measurable stochastic kernel on W given SC, f is Borel measurable, and g is
lower semianalytic. In both models an analytic subset F of SC is given with prois F
$. The models differ only in the specification of M.
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Borel model with analytically measurable policies (BAP for short): Here M
consists of all analytically measurable functions from $ to C whose graphs lie in F.

Borel model with universally measurable policies (BUP for short): Here M
consists of all universally measurable functions from $ to C whose graphs lie in F.

Our main result of this section is the following’
Prto,osIa’ION 5. (a) In BAP Assumptions A and B are satisfied with F being the

class of lower semianalytic functions J: S - [-, +].(b) In BUPAssumptions A, B, C and D are satisfied with F being the class of lower
semianalytic functions J: S - [-c, +c].

We postpone the proof of Proposition 5 until we develop some further
machinery. By combining Proposition 5 with the results of 3 we obtain the following"

COOLAr 5.1. In BAP if Jd (x)>-oo for all x S and k 1,..., N, then
Jv T (Jo) and for every e > 0 them exists an e-optimal policy.
COOIL 5.2. Consider BUP.
(a) IfJ (x) > -oo ]’or all x S and k 1,. ., N, then Jv Tu (Jo) and for every

e > 0 there exists an e-optimal policy.
(b) If J,,(x)< +oo for all x S, 7r II and k 1,. ., N, then J T (Jo) and

]’or every sequence {e,}, e, >0, n 1, 2,..., e,+0, there exists a sequence of policies
exhibiting {e,} dominated convergence to optimality. If in addition J*N(X)>--00 for all
x S, then for every e > 0 there exists an e-optimal policy.

(c) If the infimum in

inf {g(x, u, w)+ T-(Jo)[(x, u, w)]}p(dw Ix, u)

exists a uniformly N-stage optimal policy.
We now provide two results that are crucial in our development. The first is often

attributed to von Neuman [17], but was also proved by Jankov [13]. A proof of the
version given here may be found in Blackwell, Freedman and Orkin [4]. Part (a) of the
second result is contained in a proof given by Blackwell, Freedman and Orkin [4,
Thm. (43)]. Part (b) is an extension of a selection theorem of Brown and Purves [5,
Thm. 2] in that f is allowed to be lower semianalytic rather than Borel measurable.
Our proof parallels the proofs of [4] and [5].

JANKOV-VON NEUMANN LEMMA. Let X and Y be Borel spaces and A XY be
an analytic set. Then them exists an analytically measurable )unction q projxA- Y
such that (x, q(x)) A for every x projx A.

SZ.CTION THZOM. Let X and Y be Borel spaces, D XY be an analytic set,
and f: D [-oo, +oo] be a lower semianalytic function. Define g: projxD - [-, +c]
by

(47) g(x) inf ]’(x, y),
Dx

where Dx {y: (x, y) D}. Then g is lower semianalytic. Furthermore:
(a) For every e > 0 there exists an analytically measurable function q: projxD Y

such that ]or all x projxD

fix, (x)]_-< g(x)+ ifg(x)>-,

1
fix, q (x)] _-< if g(x -c.
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(b) The set

I {x e projxD: for some y0 e Dx, f(x, yo) g(x)}

is universally measurable, and for every e >0 there exists a universally measurable
function : projxD Y such that for all x projxD

f[x, q(x)] g(x) ifx I,

f[x, q(x)]<=g(x)+e ifxI, g(x)>-,

1
f[x, q(x)] <- ifxI, g(x) -.

E

Proof. (a) Since {x: g(x)<a}=projx{(X, y)D:f(x, y)<a}, g is lower semi-
analytic. For k 0, +1, +/-2,... define

A(k)={(x, y)V: f(x, y)< ke},

B(k)= {x projxD: (k- 1)e <= g(x)< ke},

B (-c) {x projxD: g(x) -},

B(+c) {x projxD: g(x)- +}.

The sets A(k), k 0, +/-1, +/-2,... and B(-o) are analytic, while the sets B(k), k
0, +/- 1, +2,. and B(+) are analytically measurable. By the Jankov-Von Neumann
Lemma there exists, for each k =0,+1,+/-2,. .,an analytically measurable
k: projxA(k)-C with (x, k(x))A(k) for all x projxA(k), and an analytically
measurable qS: projxD C such that (x, qS(x)) D for all x projxD. Let k* be an
integer such that k* =< 1/e 2. Define q: projxD - C by

(x) ifxB(k), k=0,+1,+/-2,...,

(x) gS(x) if x B(+c),
!
l, .(x) if x B(-).

Since B (k) c projxA (k) and B(-) c projxA (k) for all k this definition is possible.
Then has the required properties.

(b) Denote by O the set of rationals and let O* O kJ {-o, +c}. Denote also by
R* the extended reals. Consider the set E XYR* defined by

E {(x, y, b): (x, y)D, f(x, y)<=b}.

Since

E= U (x, y,b)" (x, y)D,f(x, y)<=r,r<-b+
k=l rO*

it follows that E is analytic in XYR* and hence the set

A projxR. (E)

is analytic in XR*. The mapping T" projxD XR* defined by

T(x) (x, g (x))

is analytically measurable and

I= {x: (x, g(x))A}= T-I(A).
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Since the inverse image under a universally measurable function of a universally
measurable set is universally measurable, I is universally measurable.

Since E is analytic, by the Jankov-Von Neumann Lemma there is an analytically
measurable p: A Y such that (x, p (x, b), b) E for every (x, b) A. Define : I Y
by

(x)= p(x, g(x))= (pc, T)(x) Vx I.

Then is universally measurable and by construction

(48) f[x, (x)] g(x) Vx L

By part (a) there exists an analytically measurable " projxD -> Y such that

(49) fix, (x)]_-< g(x)+ e if g(x)>-co,

(50) fix, (x)]<=-l/e if g(x)=-co.

Define : projxD- Y by

(x) if x 6/,
q(x)=

[(x) ifx 6projxD-L

Then ( is universally measurable and, by (48)-(50), it has the required pro-
perties. Q.E.D.

Suppose X and Y are Borel spaces, [: XY [-co, +oe] is universally measurable
(i,e., measurable with respect to //x.), and q(dy Ix) is a Borel measurable stochastic
kernel. Then it can be shown that g(x)= f(x, y)g(dylx) is universally measurable. If f
is actually Borel measurable, so is g. If f is lower semianalytic, then g is also lower
semianalytic. This last fact can be obtained by modifying Lemma (29)of [4] (see [29]).

We are now ready to prove Proposition 5.
Proof of Proposition 5. Let J: S-, [-co, +co] be lower semianalytic. Then the

function H: SC - [-co, +co] defined by

H(x, u)= I {g(x, u, w)+J[f(x, u, w)l}p(dw Ix, u)

is lower semianalytic. It follows that

T(J)(x)= inf H(x, u),
uFx

is lower semianalytic. Since J0 is lower semianalytic, Assumption A is satisfied for
both BAP and BUP.. The Selection Theorem guarantees that Assumption B is
satisfied for BAP, while Assumptions B and C are satisfied for BUP. It remains to
verify Assumption D for BUP. We first show that the function

(51) (x, u)-p({w: y[f(x, u, w)] =-}lx, u)

is lower semianalytic whenever J is. Define t(dx’ Ix, u) by

t(Elx, u)=p({w: f(x,u, w)E}lx, u) VEYds.

We will show that t(dx’lx, u) is a Borel measurable stochastic kernel. Clearly for fixed
(x, u), t(. Ix, u) is a probability measure on S. We need to show that p(B(x.u)lx, u) is
Borel measurable for each Borel subset B of SCW [B(x,u) is the cross section
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{w: (x, u, w)e B}]. It is easy to show that the sets B Nscw for which p(B(x.,)[x, u)is
measurable form a Dynkin system, so that by the Dynkin system theorem, we need
only verify that p((BIB2B3)(x,u)Ix, u) is measurable for all B1 Ns, B2ec, B3e 3w.
But

p((BIB2B3)(x,u)]x, u)--{(B31X’ u) if (x, u) BIB2,

otherwise,

and this is measurable since p(B3[x, u) is measurable. Hence t(dx’[x, u) is a Borel
measurable stochastic kernel. We have for all (x, u) SC

-p({w: J[f(x, u, w)] =-c}[x, u)=-t({x’: J(x’):-oo}lx, u)
(52)

} -X=-t(dx’[ x, u).

The function -h’=- can be easily seen to be lower semianalytic. It follows from the
remark preceeding the proof that the function of (51) is lower semianalytic. Hence the
set

A(J)={(x, u)F: p({w: J[f(x, u, w)] =-}lx, u)>0}

is analytic, and by the Jankov-Von Neumann Lemma there is a jM such that
(x, txj(x))6A(J) whenever x 6projsA(J). If/xM and/2 is as in Assumption D, it

follows from the fact that projs A (J) is analytic and hence universally measurable that

/2 M. If 1,/.2M, then T,I(J and T,2(J can be easily shown to be universally
measurable. Hence if is as in Assumption D it follows that g M. Q.E.D.

Remark. In the models in which C is equipped with a r-algebra, one can speak
of randomized policies 7r=(0,’" ",/xN-1), where k(dUklXk) is an appropriately
measurable stochastic kernel on C given $. Control constraints can be introduced by
requiring that/xk (F Ix)= 1 for every x 6 S, k 0,. ., N- 1, where F {(x, u): u 6 F}
is some prescribed subset of SC. The cost corresponding to such a policy is

:u,= (T.o. T._)(Jo),
where

u, u, ix,()(x)=

It is clear that Ju.= is bounded below by Tu (J0), so if J Tu (J0), the admission of
randomized policies to the models considered does not alter the optimal cost function.
Note however that in the example of 3 if randomized policies are admitted, then the
optimal cost function becomes J ()=J ()=- and is different from the one

corresponding to nonrandomized policies. Furthermore an optimal randomized policy
exists.

Remark. There is the -algebra of "C-sets" studied by Selivanovskij [26]. This
-algebra, which we call the limit -algebra, is contained strictly between the analytic
and universal -algebras in Borel spaces and has the property that all the results of
this section remain valid if the words "universally measurable" are replaced by "limit
measurable". This -algebra is the minimal acceptable -algebra for DP in the sense
that the composition of limit measurable functions is limit measurable and every
analytically measurable function is limit measurable, but no smaller -algebra has
these two properties. The limit -algebra is discussed more fully in [2], [30].

Appendix A: The outer integral. Throughout this appendix, (X, , p) is a pro-
bability space. Unless otherwise specified f, g, and h are functions from X to

[-, +].
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DEFINITION A. 1. If f_--> 0, the outer integral of f with respect to p is defined by

(A. 1) f dp inf g dp" f <- g, g is N-measurable

If f is arbitrary, define

(A.2) f dp f/ dp - dp.

If * [+ dp < +m, we say is ouwr summable above. If [* [- dp < +, we say [ is
ouwr summable below. If is outer summable above or outer summable below, we say

is ouwr summable. In the following discussion, simple proofs are omitted.
LEMMA A.1. I[ O, then there exists a N-measurable g win g [, such Nat

I*(A.3) fdp g dp.

LEMMA A.2. Iff >= O, h >-O, then

(A.4) (f + h ) dp <= lap+ h dp.

If either f or h is N-measurable, then equality holds in (A.4).
We provide an example to show that strict inequality can occur in (A.4), even if

f + h is -measurable. For this and subsequent examples we will need the following
observation: For any E c X,

(A.5) xzdp p*(E),

where p*(E) is the p-outer measure defined by

(A.6) p*(E)=inf {p(B): E cB, B eN}.

This follows from the fact that for any set E there exists a set A e such that E c A
and p (A) p*(E).

Example A.1. Let X [0, 1], be the Borel g-algebra, and p be Lebesque
measure restricted to a. Let E c X be a set for which p*(X-E)= 1 [10, 16, Thm.
E]. Then

I (Xe +Xx-e) dp f 1 dp= 1, I* Xe dp + Xx-z dp 2,

and strict inequality holds in (A.4).
Lemma A.2 cannot be extended to (possibly negative) bounded functions even if

h is N-measurable, as the following example demonstrates.
Example A.2. Let (X, N, p) and U be as before. Let f XE-Xx-E, h 1. Then

I* (f+h) dp 2,t’e dp= 2,

fdp + h dp xe dp Xx-e dp + l l.
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LEMMA A.3. (a) If <= g then * dp <- * g dp.
(b) If e > 0 and f <- g <- f + e, then

(A.7) dp <-_ g dp <- dp + 2e.

(c) If]: is outer summable, then

(A.8) (-f) dp f dp.

(d) If A, B are disjoint, then for any f

(A.9) x,,u,d@ x,d@ + xdclp.

(e) IfE c X satisfies p*(E)= 0, then for every f

I* f@
(f) If p* ({x" f(x) +oo})> 0 then, ]:or every g, * (g +f) dp +oo.

*(g) I[ p*({x" [(x) -oo})> 0 then, for every g, either * (g +f)dp +oo or (g +
f) @ -.

Pro@ (b)In light of (a), it remains only to show that

(A.IO) I* (f+ e dp <= f dp + 2e.

For gl f+, gl N-measurable and

I* f+ dp I g dp,

we have
4-(f +e _<--gl+e

so

(A.11) (f+e dp <- gl dp+e dp+e.

For g2 >- (f + e )-, g2 Ya-measurable and

(A.12) (f 4- e )- dp g2 dp,

we have

g2+8 >=(f+8)-+8

max {f- e, 0} + e
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SO

(A.13) I (g2+eldp

>= f- dp by(a).

Combine (A.11) and (A.13) to conclude (A.10).
(f) We have (g +f)+(x)= +c if f(x)= +c, so that p*({x: (g +f)+(x)= +c})> 0.

Hence * (g +f)+ dp + and it follows that * (g +f)dp +c.
(g) Consider the sets E {x: f(x) -c} and E, {x: f(x) -oc, g(x) < +co}. If

p*(E,) 0 then we have

(A.14) p*(E Ee,) p*(E Eg)+p*(Eg) _-> p*(E) > O.

Since we have f(x)+ g(x)= +co for x E-Eg, it follows from (f) that * (g +f) dp
+. If p*(Eg)>0, then p*({x: (g+f)-(x)=+})>=p*(Eg)>O and hence, by (f),

* (g +f)-dp= +. Hence if * (g+ f)/ dp=+ then i* (g+f)dp= +c, while if

* (g +f)/ dp < +c then * (g +f)dp =-c. Q.E.D.
The bound given in (A.7) is the sharpest possible. To see this, let f be as defined

in Example A.2, g f+ 1 and e 1. Despite these pathologies of outer integration,
there is a monotone convergence theorem, which we now prove.

THEOREM A.1. If {f. } is a sequence of nonnegative functions and f. $f, then

(A.15) fn dp’ f dp.

If {fn } is a sequence of nonpositive /’unctions and fn, f, then

f*f. dp$ I*fdp.

Pro@ We prove the first statement of the theorem. The second follows from the
first by Lemma A.3(c). Assume f,_->0 and f,’f, Let {gn} be a sequence of
measurable functions such that g,, _->f and

(A. 16) f,,dp= g,,dp.

If for some n, g, dp * f, dp +oo, then (A. 15) is assured. If not, then for every

(A. 17) I g" dp <

Suppose (A.17) holds for every n and for some n,

p({x g(x)> g,,+l(X)}) > 0.

Then since g+a ---[,+a ==fn, we have that g defined by

g(x)= J" g.(x) if g.(x)<= gn+l(X),

gn+l(X) if gn(x)> gn+x(X),
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satisfies g, >-g>=f, everywhere and g<gn on a set of positive measure. This
contradicts (A.16). We may therefore assume without loss of generality that
gx -< g2 -<" Let g limn_, g,. Then g ->f and

lim f,, dp lim g dp g dp >- [ dp.

But f,, =<f for every n, so the reverse inequality holds as well. Q.E.D.
One might hope that if {fn} is a sequence of functions which are bounded below

and fn’f, then (A.15) remains valid. This is not the case, as the following example
shows.

Example A.3. Let X [0, 1), be the Borel tr-algebra, and p be Lebesque
measure restricted to . Define an equivalence relation on X by

x y x y is rational.

Let Fo be constructed by choosing one representative from each equivalence class. Let
O {qo, ql," "} be an enumeration of the rationals in [0, 1) with qo 0 and define

Fk F0 + qk [mod 1], k 0, 1,. ..
Then Fo, F1," is a sequence of disjoint sets with

(A.18) LI F -[0, 1).
k=0

If for some n<eo we have p*(U=,Fk)<l then E=Uk_ Fa contains a @-
measurable set with measure 6 > 0. For k 1,. ., n 1, let q r/s, where rk and sa
are integers and r/s is reduced to lowest terms. Let {pl, p2,’" "} be a sequence of
prime numbers such that

max s <pl <p2 <
l<=kNn-1

Then the sets E, E+p]-l[mod 1], E+pl[mod 1],... are disjoint, and by the
translation invariance of p, each contains a -measurable set with measure 6 > 0. It
follows that [0, 1) must contain a -measurabie set of infinite measure. This contradic-
tion implies

(A.19) p*( F)=I
for every n. Define

f,, -Xu7., n O, 1,.

Then f, ’0, but (A.5) and (A.19) imply that for every n

By a change of sign in Example A.3, we see that the second part of Theorem A. 1
cannot be extended to functions which are bounded above unless additional condi-
tions are imposed. We impose such conditions in order to prove a corollary.

COROLLARY A.I.1. Let {e,,} be a sequence of positive numbers with ,=1 e, <.
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Let {f,,} be a sequence with

(A.20)

(A.21)

(A.22)

(A.23)

(A.24)

Then

(A.25)

and

lim f,, f,

[-<[,, n=1,2,...,

f,(x)<-f(x)+ e,, iff(x)>-c,

L(x)<-L_l(X)+ e, //’fix)=-c, n 2, 3,...,

I* dp < +o.

I*lim f. dp= f dp.

Proof. From (A.20) we have limn_o f,+ f+ and lim,_f f-. Now

as n . By the theorem

SO

inf f _-<f <_-f-
k>=n

f- dp lim inf f dp <- lim f- dp <- f- dp,
k

I*(A.26) lim f dp f- dp.

Let A {x’f(x)= -oo}. If p*(A) 0, then (A.21), (A.22), (A.24) and Lemma A.3(b)
and (d) imply

*
f+ dp < [+, dp <= 2e, + dp < +oo,

SO

(A.27) lim f+ dp= dp < +.

Combine (A.26) and (A.27) to conclude (A.25). If p*(A)> 0, then * f- dp -c and
(A.26) will imply (A.25)provided that

(A.28)

and

(A.29) lim sup f+ dp< +oo.
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Conditions (A.21) and (A.24) imply (A.28). Conditions (A.21), (A.22) and (A.23)
imply for every x X,

fn(X)<---l(X)q-Sn, /’/ =2,3," ’,

SO

I* f.+ dp <-2e,, + f.+_, dp

and

f+ dp "-< 2 ek + fi dp.

The finiteness of k=2 ek and (A.24) imply (A.29). Q.E.D.

REFERENCES

[1] D. P. BERTSEKAS, Dynamic Programming and Stochastic Control, Academic Press, New York, 1976.
[2] D. P. BERTSEKAS AND S. SHREVE, Stochastic Optimal Control: The Discrete Time Case, Academic

Press, New York, 1978.
[3] D. BLACKWELL, Discounted dynamic programming, Ann. Math. Statist., 36 (1965), pp. 226-235.
[4] D. BLACKWELL, D. FREEDMAN AND M. ORKIN, The optimal reward operator in dynamic pro-

gramming, Ann. Probability, 2 (1974), pp. 926-941.
[5] L. D. BROWN AND R. PURVES, Measurable selections of extrema, Ann. Statist., (1973), pp.

902-912.
[6] C. DELLACHERIE, Ensembles Analytiques, Capacites, Mesures des Hausdorff, Springer-Verlag, New

York, 1972.
[7] J. DUNGUNDJI, Topology, Allyn and Bacon, Boston, 1966.
[8] E. B. DYNKIN AND A. A. JUSKEVIC, Controlled Markov Processes and their Applications, Moscow,

1975. English translation to be published by Springer-Verlag.
[9] D. FREEDMAN, The optimal reward operator in special classes of dynamic programming problems,

Ann. Probability, 2 (1974), pp. 992-994.
[10] P. R. HALMOS, Measure Theory, Van Nostrand, New York, 1950.
[11] F. HAUSDORFF, Set Theory, Chelsea, New York, 1957.
[12] K. HINDERER, Foundations of Nonstationary Dynamic Programming with Discrete Time Parameter,

Springer-Verlag, New York, 1970.
[13] B. JANKOV, On the uniformisation ofA-sets, Doklady Acad. Nauk. SSSR, 30 (1941), pp. 591-592 (in

Russian).
[14] K. KURATOWSKI, Topology L Academic Press, New York, 1966.
[15] A. MAITRA, Discounted dynamic programming on compact metric spaces, Sankhya Ser. A, 30 (1968),

pp. 211-216.
[16] P. A. MEYER, Probability and Potentials, Blaisdell, Waltham, MA, 1966.
[17] J. YON NEUMANN, On rings o[ operators. Reduction theory, Ann. Math., (1949), pp. 401--485.
[18] P. OLSEN, Multistage stochastic programming with recourse: The equivalent deterministic problem, this

Journal, 14 (1976), pp. 495-517.
[19] ., When is a multistage stochastic programming problem well-defined? this Journal,_14 (1976),

pp. 518-527.
[20] , Multistage stochastic programming with recourse as mathematical programming in an L, space,

this Journal, 14 (1976), pp. 528-537.
[21] K. PARTHASARATHY, Probability Measures on Metric Spaces, Academic Press, New York, 1967.
[22] R. T. ROCKAFELLAR AND R. WETS, Stochastic convex programming: Relatively complete recourse

and induced feasibility, this Journal, 14 (1976), pp. 574-589.
[23] , Stochastic convex programming: Basic duality, Pacific J. Math., 62 (1976), pp. 173-195.
[24] M. SCHA,L, Conditions ]’or optimality in dynamic programming and ]’or the limit of n-stage optimal

policies to be optimal, Z. Wahrscheinlichkeitstheorie und Verw. Gebiete, 32 (1975), pp. 179-196.
[25] , On dynamic programming: Compactness of the space of policies, Stochastic Processes Appl., 3

(1975), pp. 345-364.



978 STEVEN E. SHREVE AND DIMITRI P. BERTSEKAS

[26] E. SELIVANOVSKIJ, Ob odnom klasse effektivnyh mnoY.estv (mnoestva C), Mat. Sbornik, 35 (1928),
pp. 379-413.

[27] S. SHREVE AND D. P. BERTSEKAS, A new theoretical framework for finite horizon stochastic control,
Proc. 14th Annual Allerton Conf. on Circuit and System Theory (Univ. of I11., Urbana, 1976), pp.
336-343.

[28] , Equivalent stochastic and deterministic optimal control problems, Proc. 1976 IEEE Conf. on
Decision and Control, Institute of Electrical and Electronics Engineers, Inc., New York, 1976, pp.
705-709.

[29] S. SHREVE, Dynamic programming in complete separable spaces, Ph.D. thesis, Dept. of Math., Univ.
of II1., Urbana, IL, 1977.

[30] Probability measures and the C-sets of Selivanovski.i, Pacific J. Math., to appear.
[31] R. E. STRAUCH, Negative dynamic programming, Ann. Math. Statist., 37 (1966), pp. 871-890.



SIAM J. CONTROL AND OPTIMIZATION
Vol. 16, NO. 6, November 1978

1978 Society for Industrial and Applied Mathematics

0363-0129/78/1606-0007 $01.00/0

EXACT BOUNDARY CONTROL FOR SOME EVOLUTION EQUATIONS*

THOMAS I. SEIDMANt

Abstract. It is verified that Russell’s results [19], [20] on exact boundary control of the wave and heat
equations (//= Ati, ti Au, respectively) can be extended to a class of second order hyperbolic and parabolic
equations with spatfally variable coefficients. For the diffusion processes a characterization is given of the
’optimal control manifold’ I L2([0, T] x 0R) and a continuity result is obtained for the dependence of the
optimal exact control on the coefficients of the equation and the boundary operator.

1. Introduction. After some preliminary abstract material, the structure of this
paper falls naturally into two parts: exact null-controllability for certain classes of
wave and diffusion processes and, assuming such controllability, a demonstration for
diffusion processes of the continuous dependence of the optimal controls. For the first
of these parts, consisting of 3 and 4, the principal ideas are largely taken from work
of Russell’s [19], [20] in the specific context of the wave and heat equations: //=

Au, ti Au, although there are some differences of exposition. Essentially, we need
only verify, here, that no new considerations are introduced by the generalization and
then refer to the literature in scattering theory (e.g., [28]) for relevant results on decay
rates. The second part, consisting of 5 and 6, generalizes the discussion in [24], [25]
of the dependence of the optimal null-control (for ti Au)on the length of the
available time interval.

In some sense the principal justification for developing the material of the earlier
sections, as is done here, is to ensure that the results of the second part are not
vacuous, i.e., it is possible to speak of varying the coefficients of the governing
diffusion equation and boundary conditions within a reasonably general class for
which one has exact controllability. The one new idea which arises is that of "(locally)
uniform controllability\observability" for a family of systems.

The significance of the continuity result Theorem 6.3 which concludes the paper
is perhaps most pointed in the context of (numerical)computation of the optimal exact
boundary control (see [29]): no approximate procedure could be considered appro-
priate without some hold on the variation of the desired result with variation of the
parameters of the problem. Indeed, it would seem desirable to investigate the sensi-
tivity of the control of perturbations of the systems by considering the derivative of
this control with respect to the coefficients r. The characterization of the optimal
control manifold 9Yd given by Theorem 5.3 is used in the proof of Theorem 6.3 but is of
independent interest on two grounds. It provides a suggestive result toward a possible
t.heory of vector-valued Dirichlet series generalizing results of [21]. More concretely,
it provides a means of obtaining regularity for the optimal control, again a desidera-
tum for computation especially with the use of finite element methods.

2. Abstract preliminaries. We begin by presenting, in rather abstract forms, some
results which will subsequently be applied in the more concrete contextof the title.

DErqNIWIOr. An abstract linear control system (briefly, a system) S denotes
specification of

(2.1) E := (Ex, E) , ->

* Received by the editors April 29, 1977, and in revised form February 14, 1978. This research was
partly supported by the U.S. Army Research Office under ARO grant DAAG-29-77-G-0061.

5" Department of Mathematics, University of Maryland, Baltimore County, Baltimore, Maryland 21228.
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where Y, 0, are reflexive Banach spaces and E is a continuous linear map. Let 92 be
the nullspace of E in 3 9, let 920, be the nullspace of E in 0 and let c be the
projection on Y of 92, i.e.,

c := {x Y" (x, Y) for some y 0} ElY (E).

Let in )* be the closure of the range o of E. * --> )*
We now give the basic duality theorem; see [4], but also the earlier [22] for the

more special context of parabolic boundary control.
THEOREM 2.1 Assume that the range of E is dense in . Then the range of E* is

the graph of a linear map Po Ydo--> Y*. The following are equivalent:
(a) c=Y (i.e., 5(Ex)c(E)), for each xY there is a y such that

E(x, y)= 0),
(b) there is a (unique) bounded map C: 3--> 1 := )/92 such that E(x, y)=0 for

yCx,
(c) the map Po extends to a bounded map P: sT)2--> *.

If (a), (b), (c) hold, then, on identifying 2f* with 1 := 0/+/-
one has C -P*. If is a

Hilbert space, then 1 is identified with 92 and in this caseweven if (a), (b), (c) do not
hold--whenever z in "3 is reachable from x in Y (i.e., when (z-E.x) is in (E0)) the
optimal (minimum -norm control y is in ffYd and is uniquely determined by that.

Proof. If Y(E)is dense, then (E)={0}. Thus, (x,y)=Ez*"1 and
(x2*, y2*):= E*zz* with y* y imply Zl* z2* so Xl* x2* and Po: y* -> x* is well-defined.
The linearity of Po follows from that of E. Now c is the set of x 3 for which
E(x, y)=0 has a "solution" y 0 so there is always a unique map C: c->1 with
[E+EC]=0" Y-->. Here E0 is the factorization of E through the quotient
map" 0-->01:=)/:V(E). Note that Eb is well-defined and bounded since E is
continuous. The graph of C is closed, being the nullspace of the bounded operator,
E’ := (Ex, E,). Thus (a) implies (b) by the closed graph theorem. That (b) implies (a) is
trivial. If x* =Poy* with y* rYdo (i.e., if (x*, y*):= E’z* for some z* ’.*), then

(2.2) x*x + y*y (E’z*) (x, y) z* (E.x + E0y).

Thus, if x is in c and y is in the coset Cx so E.oy =-Ex, one has

(Poy*)x + y*(Cx) z*. 0 0.

Formally, then, -Po and C are adjoint. It follows that if either -Po or C is continuous
then so is the other and C -P* with IICll []Pl[. The set (Sx,z of controls y taking x to z,
if nonempty, is a translate of the closed supbspace (E9). If ) is a Hilbert space then
the norm is minimized in (S,,.,. for y orthogonal to V(E), i.e., for y in since

(E*(E) Clearly ,, must then be singleton: the optimal control.
DEFINITION. We call S nullcontrollable if (aand so also (b), (chold.
DvyIWIOy. A system S’ will be called an extension of a system S if there is a

surjection f: Y’ Y, a map h: ’ with h (0)= 0 and a map g: Y’ ’ such that
the diagram"

(2.3) f + g ; h

commutes, where ’x ’ x : (x’, y’) (f(x’), g(x’, y’)). Note that no requirements
of linearity or continuity are imposed on f, g, h, although those would typically obtain
in practice.
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THEOREM 2.2. If S’ is an extension of S then f(’c)Cc. Thus, since f is
sur]ective, S is nullcontrollable if it has any nullcontrollable extension.

Proof. Let x’e[o. Then there exists y’e Y’ for which E’(x’,y’)=0. Let
x:=f(x’),y:= g(x’,y’) and note that E(x,y)e is h(E’(x’,y’))= h(0)=0 so Xec. I-1

THEOREM 2.3. Let S be a system for which there exist maps f:
such that:

(2.4) Ilg(x)[I--< gtlxll, IV(x)ll--< 011xll (0 < 1),

(2.5) E[f(x)- x] Eg(x).

Then S is nullcontrollable and

(2.6) IICII- IIPII-<- K/(1 0).

Proof. For any x Xo s Y, recursively define the sequences:
Xk+l := f(xk), y := g(x). By induction.

IIxll--< 0llxoll, Ilyll <-- K0llxoll (k 0, 1, 2,... ).

Set y := E Y the series converges absolutely with IlYll--< gllxoll/(1 0). Observe that

Ey E Egy E Eg(xk)= E E,[f(x)-x
o

[E.xk+ Exk -EXo.
o

Thus E(xo, y)= 0 so Xo
Let be a reflexive complex Banach space and suppose a specified sequence

A {(Ai, wi): j 1, 2,. } is given in N+ x 9". We will consider [9" valued Dirichlet
series, i.e., functions given on intervals [0, T] by (finite) sums of the forms:

(:2.7) t(t)

and, with 0 < w := /,
ito(2.8) g(t)= E (c[ ei"t+c-[ e )wi.

We introduce the Lq type norm
1/q

for (strongly measurable) [9*-valued functions. It is known (cf., e.g., [5]) that, with 29
reflexive and 1 < q < co, the indicated Banach space Lq ([O, T] 29*) is reflexive with
dual space L,([0, T] 233) where 1/p + 1/q 1.

THEOREM 2.4. Given T > O, p > 1 and k, suppose there is a constant tx such that

(2.10) (all g as in (2.8)).

Then, for any T’ > O, there is a function dO in C ( 29) with support in [0, T’] such
that

T’

(2.11) Ck Io (+(t), i(t)) dt ( as in (2.7)).

Further, for j O, 1, and any p’ >- 1, there is a constant Kimdepending on p, T, p’, T’
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and .i but not on 2, A,/x or kmsuch that

(2.12) Ildo)llp,,T,<-Kjtz exp [1/2T’Ak].
In particular, (2.11) and (2.12) with ] 0 give

(2.13) Icl-<g0z exp [T’AIlIII.,., ( as in (2.7)).

+/-" (for (2.8))in someThis asserts that continuity of the linear functionals 3"k g-Ck

Lq(0, T) norm implies continuity of 3"k" f--Ck (for (2.7)) in every Lq,(O, T’) norm
(indeed, in every W-J’q’ (0, T’) norm) with the estimate (2.12). For the proof of the
theorem it is convenient to note the following lemma.

LEMMA 2.5. For any or, " thbre is an entire function R R,, such that
(a) R is even and of exponential type with IR (z )<-_ e 11,
(b) on the imaginary axis R is real and R >- 1,
(c) on the real axis, R(x)e.xp [lxl 1/21 is bounded.
Proof. The construction is due to Redhetter [18]" choosing a > eo-2 and n so large

that k>, k-2 < "r/a, set

(2.14) R(z):= II 0 -5 0(( := r
Note that 0 is even with 4’->-1 on the imaginary axis and IO(r)[-<_ 0(i1’1) e Icl from
which (a), (b) follow. Property (c) is obtained in the proof of Lemma 6.2 (with/3 2)
of [6]. 71

Proof. (of Theorem 2.4). We have, from (2.10), that 1[3"/l[-<tx where 3"/ is here
viewed as extended to be a functional on Lq(R-253) with (2.8) taken to define
functions vanishing outside [0, T]. Consider the 23-valued function 3’(" on C defined
by

v(z): w- (-+, (,(z)- (-z))w>.(.) w z 3"

where e(z) is e iz’ for in [0, T] and vanishes outside. Note that 3"(w.)wi 6i,k and that
analyticity of 3"(. follows easily from the continuity of 3"+ (2.10). We also have

e-qyT" 1/p1
} ) 2gT1/q Tlzll (ZP- +iy).(2.15) II(z)ll_-< 2 _-< e x

Choosing r <T and o-> T, let

(2.16) $(z) := R,.,(z)3"(i[izll/2).
Note that $ is entire (as 3"(. is even) and of exponential type with

(2.17) $(z) 7(exp [z[z[ + Tizll/2])=o(el/2r’lzl),
by (2.15) and Lemma 2.5(a). On the real axis

(2.18) [,(x)l =< 2txT1/q IR (x) exp [rlx 11/211 exp [((r- T)lxl 1/21
from (2.15). By Lemma 2.5(c), this and (2.17) show that the inverse Fourier transform
of is a -valued function ok0 with +0(t) definable, e.g., as a Bochner integral
(convergent by (2.1 3)).

By (2.17) and the Paley-Wiener Theorem [14], +0 vanishes outside [-1/2T’, 1/2T’].
It is infinitely smooth with I1+0;)11, estimable from (2.18)---indeed, the constant K. of
(2.12) can be taken to be 2T1/ sup {IR(x)] exp [r]xlX/z]} times an estimate obtained
from exp [-e]x[ 1/2] with e := (or-T) and otherwise depending only on/" and p’. We
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finally take

exp [1/2 T’Ak(2.19) b(t) := d)o(t-1/2T’)
R(ia,)

which has support in [0, T’] and satisfies (2.12), using (2.18) as noted and Lemma
2.5(b). Now

T’Io (d(t), e -’’t wi) dt
exp [1/2T’A] exp [-1/2T’Ai]

R (iA,)
(d)(iAi), w.)

R(iai)

i, tc,

which gives (2.11). [--1

3. Concrete consequences. We now consider systems in which the maps E of
(2.1) are constructed in terms of partial differential equations of wave or diffusion
type. Let Yg be a (smoothly) bounded region in JR"; for T > 0 let := [0, T] x and
5e := [0, T] x 0Z. In (but extending smoothly to JR" ) specify coefficients a > 0, q >= 0

2 2and A := ((aii)) positive definite; on O specify functions c,/3 with a +/3 1. Set

(3.1) Lu:=V’Au-qu inR,

(3.2) Bu := cru +/3u on 5e

where u := Ou/Ov := An. Vu (n is the unit outward normal to O).
First consider the diffusion equation

(3.3) a =Lu

with initial/boundary conditions

(3.4) u(0,. )= x, Bu=y.

Here the initial state x is to be taken in a Banach space , of functions on Yt and the
boundary data y in a Banach space of functions on 5. Quite generally, (3.4)
determines a unique solution u of (3.3) and so determines the terminal state
z:= u(T,. )--i.e., the trace on the "face" {t= T} of --in an appropriately chosen
space . We require that , , be such that the linear map E: (x, y)--> z defined in this
way by (3.3), (3.4) is continuous from 3 0 to . To be able to apply Theorem 2.1 we
compute E" -*--> 9". It is convenient to take the Y- Y* and -* dualities in the
forms

(, x). := a(0,. )x(. )(. )
(3.s)

(, := a(r,. )(. K("

If v is the solution of the ad]oint equation

(3.6) -(av Lv,

(3.7) v(T, )=i, By=0

(x Y, Y*),
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with 1 Lq*, we consider the complementary data ,q := B’v where

(3.8) B’v := v
By the divergence theorem, we then have the identity:

uv uv =- (Bu)(B’v)-(B’u)(Bv).

Using this identity and (3.3)-(3.7), one then has

(3.9) yil.

This gives E’ 1 in )* and, imilarly, t := v (0, )= E:I; in *. This shows that is
the closure in 9" of

(3.10) 0 {1 := B’v: (3.6), (3.7) with l; in ,q*} c 9".
Note that the map P of Theorem 2.1 just determines 1 in * from ’observation’ of

:= B’v (given (3.6) and By 0).
Next, consider the ’corresponding’ wave equation

(3.11) (aa Lu

with the initial/boundary conditions

(3.12) u(0,.

Here, the ’initial state’ x:= [Xo, Xl] is to be taken in a Banach space J := oX1 of
C2-valued functions on with, as before, y e . Again require that , , be such that
the linear map

E: ([o, Xl], y)-z [u(T,. ), fi(r,. )1 := [Zo, Zl] ( :-- 0 X ’1
is continuous from x to . The dualities are now taken in the forms

(, x)." := Io a (0,.)[Xl0 XoI]
(3.13)

If fi is a solution of (3.11) with

(3.14) 3(T, )= i;0, 3(T, )= 1, nt3 0

and 1 := B’t3, one again has the same identity (3.1)--with, of course, a new inter-
pretation. Again EI; 1, EI; 1 [3(0, ), t3"(0, )] and P" xl-tj in terms of (3.11),
(3.14).

We shall be considering control spaces which restrict the support of the control y.
Let 0 be a specified active portion of the boundary (0, c 0), and let the passive
portion of the boundary be the complement, 0,* := 0R \0. We impose constraints
by taking ) to be the space of (generalized) functions on 9a := [0, T] x 0, extended
to be zero on the passive portion 9’,, := 6e\ Se [0, T] x 0,*. In this case the dual
space * will also consist of functions on ,. Thus B’ is given by the restriction of (3.8)
to 9 and the integral on the right of (3.9) is taken over ,..

In the present context Theorem 2.1 takes the form:
THEORZM 3.1. Let S be a system given by (3.3), (3.4) using .T, , L] (respectively,

3 a system given by (3.11), (3.12) using , , .). Then a nullcontrol y exists ]:or
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each x Y (i.e., for each initial state x there is a y such that the solution u of (3.3), (3.4)
has final state u(T, O) if and only if there is a constant C(= Ill’ll) such that

(3.15a) IIv(0, )11,*--< CIIW
for every solution v of (3.6), (3.7). (Similarly, is nullcontrollable if and only

(3.15b) I1[(0," ), (0,. )111.,-<

]:or some c(-II’ll) and every solution of (3.11), (3.14)). In this case the nullcontrol y
may be chosen such that IlYlI--< CIIxll. rq

We now focus attention on the autonomous case--all the coefficients a, A, q, a,
independent of t--for which, following Russell [19], [20] (but see, also, Triggiani
[27]), we wish to show that nullcontrollability for (3.11) implies that for (3.3). The
falsity of the converse is known already for the heat equation [25].

Introduce the eigenpairs {(-A/, e/(. ))} and the corresponding complementary
boundary data {wi(. )} given by

(3.16) Le/= -A/aei, Be/= 0; w. := B’e/.
We have Aj >= 0 and {ej} orthonormal in L2.,(Y) (i.e., using an a-weighted L.-norm for
functions on Y). The {w.} are (generalized) functions on 0, extended as zero on
0,. Note that ei, wi will be smooth under suitable smoothness assumptions on the
coefficients and on 0Y. The (formal) general solutions v, 3 of (3.4), (3.11), respectively,
are now given by the series

(3.17) v(t,. )= E cje -’T’-’ ej(. ),

(3.18) (t, )-’-E [C" e iit nt-c- e-i’’*]ei(

with to A.. We set

(3.19) f(t) := B’v(T’-t,. ), g(t) :=B’e(t, .)

for solutions v, of (3.4), (3..11), respectively. Note that, from (3.17), (3.18), these are
given by (2.7), (2.8). In each case the functions w.(. are viewed as elements w. of a
reflexive complex Banach space 2i*. Thus f and g are to be viewed as elements of
1" := Lq,([0, T] --> 29*) and * := L,([0, T] -->.233"), and we take

(3.20) 0 := L,,([0, T’]--> 233), := Lp([0, T]--> 2).

THEOREM 3.2. Let g be a hyperbolic system given by (3.11), (3.12) using
Suppose *o, ’ each contain {ek} and the coefficients of (3.18) satisfy

(3.21) Ic :1_-< d’llll.* ( [(o,. ), (o,.)1

[or each k. Suppose has the form (3.20) ]’or some p > 1 and some rejqexive complex
Banach space ]’or which SJYd* contains {w. := B’ei}. Let S be a parabolic system given
by (3.3), (3.4) using 3, , 3. Suppose * contains {ei} and has the ]orm (3.20)]’or
some p’> 1 and with the same space J3 as ]’or . Finally, suppose there exists T’> 0
such that

(3.22) 2 e-(l/2)’llell.*--’C’ <
k

Then if is nullcontrollable, so is S.
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Proof. By Theorem 3.1, nullcontrollability of g implies (3.15)^; i.e., I[ll],t,_-<
IIllllgll.. Combining this with (3.21) gives (2.10) with /x := dllll and we may apply
Theorem 2.4 to obtain (2.13). Since B’v(t,. )=t(T’-/) we have IIB’II*-IIII’’,
Combining this with (2.13) and (3.17) gives

I1<0, )11.. E levi e-T’*llet[*

E (g0011ll e
k

which has the form of (3.15). Another application of Theorem 3.1, now in the reverse
direction, completes the proof that S is nullcontrollable. Fl

Remark 3.3. Note that the proof above shows that

(3.23) IIlll KodC’l[Oll
where (, C’ are given by the conditions (3.21), (3.22), and Ko depends only on the
choices of p, T (such that is nullcontrollable) and p’, T’. Thus, suppose {,g} is a family
of such settings (e.g., with varying conditions: region , coefficients of L or of B,
specification of 0, etc.) with the same p, T used in defining the {} and the spaces
{} and suppose that the same bound -’ may be used in (3.21) for each. Suppose, also,
that the corresponding settings {S} use the same p’, T’ throughout in defining the { Y}
and that a fixed C’ can be used in (3.22). Suppose the family {g} is uniformly
nullcontrollable (i.e., a uniform bound on {11’11}, corresponding to a requirement that
the nullcontrol y for each initial state x and each g in the family can be so chosen as to

have {llll/llxll} uniformly bounded). Then we conclude from (3.23)that the cor-
responding family {S} is also uniformly nullcontrollable. [3

Remark 3.4. The elements {ek} are orthonormal in L2.,() so {lle[I,()} is
bounded. For L given by (3.1) with Bv 0 (using (3.2)) one has (cf., e.g., [3]):

(3.24) Ak Ck/.

With the choice Y := L2(I) (or any ’stronger’ space so ,* norms would be smaller), it
follows that (3.22) holds for any T’> O. While the constant C in (3.24) depends on, L, B, one has local uniformity in these for (3.22) under quite mild conditions.

From (3.18) we have := [0, a] given by

o E (c + c; )e, E iwi(c [ c-( )e.

Setting q: :=1/2[(rl:i/OJk)ek, ek] and recalling (3.13), one has c: (t, q:), and " in (3.21)
is any bound for {llqll.}. Suppose one were to use, for o and 1, the norms

Ilxoll.o :- I [rxo, AVXo + q ]Xo[2],
(3.25)

IIxll. :- I alxll2"

Then

I)q:[I. 1/2(lle II.o/A / Ile II.,)/= 1/2,/,
and we may take 7 1/,f. Note that (3.25)just gives the energy norm for " I111-
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g’(v; 0, ) where

(3.26) (v, t, y)= I[Vv
It is easily seen that if q : 0 the norm above for ,o is equivalent to that of H1(5)
W1’2 (5); if q 0, the ’norm’ given for .0 in (3.25) vanishes for constants and must, in
any case, be modified (e.g., in a fashion relevant to the boundary conditions, especially
if c =0). One may take . := H()H(). The norm equivalence is such that one
still has local uniformity of (3.21) under quite mild conditions. 1-]

Remark 3.5. No conditions are imposed on , in either Theorem 3.1 or
3.2--except the implicit requirement that the terminal state depend continuously on
the initial state and boundary control. The specific choice is essentially irrelevant to
the observation problem (l--j) and, for the control problem, may be taken as
indicating the sense in which the terminal constraint is imposed. 71

4. Scattering theory and control of wave equations. The aim of this section is the
application of Theorem 2.3 to obtain controllability results for certain hyperbolic
equations (3.11), (3.12)in energy norm (3.26). (Later, by Theorem 3.2, this will imply
controllability results for corresponding parabolic equations (3.3), (3.4).) An essen-
tially similar argument was developed by Russell [19], [20] for the wave equation
//= Au. The principal innovation here, other than in exposition, is that the reference
to [12] is replaced by reference to Zachmanoglou’s 1966 paper [28]. This enables us
to obtain a class of equations with spatially variable coefficients for which one has
controllability. Indeed, the controllability is (locally) uniform in its dependence on the
coefficients--this uniformity being relevant to the arguments of Theorems 5.3 and 6.4
below.

Suppose we are given a region c " and coefficients as in the preceding section
but autonomous. (As the available results (e.g., [28]) are primarily for Dirichlet
conditions, we will work only with that case but note that suitable generalizations of
[28]--cf. Remark 4.6--would lead to corresponding generalizations of our arguments
here.) Now introduce an ’obstacle’ f in the complement of Y, though possibly sharing
some boundary, and assume that the coefficients a, A, q are appropriately extended to
all of 5 := " \ D,. We consider lnite energy solutions u of

(4.1) aii=Lu:=.Au-qu in :=+,
(4.2) u Ip 0 where := N+ x 0.
These are solutions for which

(4.3) (u):= g’(u, t, 5):=

is finite. Note that is independent of for solutions u of (4.1), (4.2).
DEFXNTON. For c , a decay rate for is a function r: N+ N+ such that

(4.4) q(u, t, )-< ((t)(u) ((t)(u, O,

for every solution u of (4.1), (4.2)such that u(0,. ), ti(0,. )vanish outside some
arbitrary but fixed bounded set I with Y 1 .

In connection with the choice of YI in this definition we introduce the space
.o,:-{xna()’xl\--O, xlon-O} with the norm given as in (3.25), by
[x Ax / qlxl2] a/2. We henceforth assume the following technical condition:
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(G1) There is a bounded embedding (extension map)Co:Yo-Yo,, i.e., each
function Xo in 30:={x eHl():xlonon=O} (the norm of .o is given by
(3.25)) is the restriction to Y of a function in Yo..

(We remark that a sufficient condition on , f for the existence of YI satisfying (G1)
is that 0 and 0D. be piecewise C with 0 U f satisfying a cone condition. Note also
that, since the norm of Y0, is equivalent to that of HI() for functions with fixed
bounded support, the existence (and choices) of 1 and e0 as in (G1) are of purely
geometric significance, independent of the particular coefficients, although the
number [[eo[I will, of course depend on the particular norm.)

DEFINITION. We say that waves are not trapped in if there is some choice of
f, 1 and the extensions to of the coefficients a, A, q for which there is a decay rate
with sr(t) 0 as t

THEOREM 4.1. Let (3.11) be autonomous and suppose waves are not trapped in
Let 0 O (q Of so 0 O\0. Then there are positive T, K1 (depending only
on , 1, Ileoll, the decay rate , and the norm equivalence of Yo with HI())such that
S is nullcontrollable with IIPII <= K1. Here S is the system defined by (3.11), (3.12) with
Y= YoXYl, Yo as in (G1), Yl := Lz,a(Y), ]= Y, and ) L2([0, T]xOY).

Proof. Let 81 be the obvious embedding of L2.a() in L2,a() I1xl vanishes on
\ and coincides with xl on . Let e := e0 x 81: Y Y0, x L2(’) and choose T > 0

such that

(4.5) sr(T)llell2 =: 0 < 1.

For x= [Xo, xl] in Y, let u be the solution in T := [0, T]x of (4.1), (4.2) with the
initial conditions

(4.6) u(0,. )= e0x0, tJ(0, )=

Next, let x* be the restriction to of [u(T, ), ti(T, )] and let y* be the trace of u on
ow:= [0, T] x aye, i.e., y*(t, )= u(t, )la. Note that x* will be in L Y and also that the
map X--U --)y* eL2(o’) is continuous (indeed, y* will be in L2([0, T]H1/2(OI)))
with y* vanishing on 5e, := [0, T] x O, so y* is in 0. Similarly, with "reversed time"
obtain a new solution u* in T of (4.1), (4.2) with data ex* at T. Then let x, be the
restriction to of [u*(0,. ), ti*(0,. )] and let y. be the trace of u* on

For application of Theorem 2.3, set /C(x):= x. and g(x)=y*-y.. Note that
time-reversibility of the autonomous equations (4.1), (4.2) gives

(u*, t, )<- ((T-t)$(u*) ((T-t)$(ex*).(4.7)

Thus,

IIx*l12 (u, T,)(T)$(u)- (T)(x) 011xll2,
IIx, 2 (u*, o,)((T)(ex*) o211xll2,

T 1/2 T 1/2

where is the trace operatoru := ul. This gives (2.4). By uniqueness for (3.11),
(3.12) one has

E.x +Ey =: x* E.x, + Ey,

which gives (2.5). Nullcontrollability of S is then given by Theorem 2.3 with

(4.8) IIPII I1,11 I111 1 0



EXACT BOUNDARY CONTROL 989

Observe that II"rl[ and Ilell depend on the coefficients through the use of the norms given
by (3.25). For any class of problems for which the norm-equivalences of ,o with
HI(/), 1 with L2(), etc., is uniform and for which a decay rate can be chosen
uniformly, one may choose T uniformly (so, e.g., 0 =1/4) and then there will be a
uniform bound K1 on the right hand side of (4.8).

Remark 4.2. Note that the control y constructed by Theorem 2.3 (not, in
general, the minimum norm control) is given by the series Yk with
yk:=g(Xk),Xk+l:=f(Xk),Xo:=X. Thus, each step is associated with a solution k of
(3.11) and (3.12) using yk (= y * y,k). Thus k := Uk U’ where Uk is the restriction to
t of the solution of (4.1), (4.2) with data rXk at t=0 and, similarly, u is the
restriction of the solution with data rXk* at T. From (4.4), (4.7) we have (0_-< _-< T)

g"(dk, t, <_-- r (t)lieXk 2 + ( T )liexll
Hence, as IIxll_-< 0llx/I, Ilxll_-< 0’/llxll, one has

g’(u, t, )--< IIll[’(t)+ O/-(T-/)]llxll/(1-0),
where u is the solution of the controlled problem: (3.1 1), (3.12) using y. This choice of
control gives a ’state trajectory’ with finite energy at the intermediate times: 0 < < T;
cf., the comment following Theorem 1.1 of [8] [--1

Remark 4.3. The use of 0 L(,) for 3 ,3 as here depends on the use of
Dirichlet boundary conditions so that the relevant trace "r is continuous where needed.
If the boundary conditions involved u one would have to take, e.g.,
) with 233 := H-1/ (0.) to employ essentially the same argument as here. Russell,
[19], [20], treated such conditions (u 0 on ow,, u controlled on 5",) with g):= L(Se,)
but was then forced to work with smoother (initial) states: u(0,. in H2(), ti(0,. in
HI().

we also remark that the argument presented here remains valid in the ame-
dependent case provided one has both a forward and a backward decay rate on [0, rl,
i.e., sr for which (T)llell=: 0< 1 and both (4.1) and (4.7). As an example of such
results, see [2].

We now wish to identify, following [28], a class of problems for which the
’non-trapping’ hypothesis of Theorem 4.1 is known to be satisfied. To this end, we
introduce besides (G1), a number of conditions on the geometry and on the
coefficients, as extended to .

(*) There exists a constant y such that any finite energy solution u of (4.1), (4.2)
with initial data vanishing outside satisfies

]Iaufil<-Y(u) (t > 0).

It is observed in [28] that the condition (*) is known to follow from the conditions
(G), (Ca), (Cg) belowat least for n _->3 and moderately smooth coefficients: A in
CZ() and q in C(). The argument given there rests on the existence, for each x in
L() vanishing outside 1, of a solution with ]a= 0 and
oo of the elliptic equation: V AV -q axa.

The significant conditions which we now state, are (G)on the geometry and (Ca),
(Cg) on the coefficients: (Cg) represents global conditions on a,A, q while (Ca)
represents asymptotic conditions (r := Irl--’

(G) The pair Y, 0, is star-complemented: i.e., there exists an obstacle D as
above such that (G1) holds and such that (shifting the origin appropriately
into D.) r. n-<_ 0 on 0D 0 (note that n is the normal out of , into f).
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Having chosen 13,, 1 as in the geometric conditions (G), (G1), we now assume the
coefficients a, A, q--initially only defined in mcan be extended to all of :=
["\1 so as to satisfy a > 0, A > 0, q _>-0 and also"

(Cg) There exists c c(r) with 0<a(r)<min {a0, r-X-S}< 1 for which
(a) -r Va <= aa,
(b) r. VA <=aA,
(c) (2 re)q =< -r.

THEOREM 4.4. Let the conditions (G), (Ca), (Cg) and (*) be satisfied. Then for
0 < e < 1 ao there is a constant , depending only on e, n, to, a0, 8, 3’, a := max {a } and
a0:=max {lla-all}, such that st(t)-< min {1, dt-} in (4.4).

Remark 4.5. The theorem’is stated in [28] only for smooth solutions u of (4,1),
(4.2) but, obviously, extends to all finite energy solutions by continuity in L([0, T]
3).

The asymptotic condition (Ca) is only mildly restrictive for our purposes as rather
general coefficients in can be so extended (retaining (Cg)) to provided they are
’fairly flat’ with A/a ’not far’ from 1 in . One must be careful to preserve the (local)
uniformity of the norm-equivalence (3o()with Hlx H), of a and ao, and of
and 3".

The most restrictive conditions are (G) and (Cg). (Note that (G) may, on occasion,
be evaded through the use of a spatial transformation, such as inversion with respect
to a point outside , but this is likely to lead to compensating "infringement" of (Ca).)
While these conditions may be weakened somewhat (see, e.g., [1], [26], [13] or, for a
time-dependent result, [21]), it is known [16], [13] that some such restrictions are
necessary if waves are not to be trapped (to avoid, e.g., the possibility of infinitely long
[recirculating] ray paths in ). This seems an essential restriction as it is also known
[15] that Theorem 4.1 is, to a considerable extent, reversible; see, also, the comments
in 4 of [24]. For application to (3.3), (3.4) by Theorem 3.2, the conditions (G), (Cg)
seem much too strong (indeed, see the discussion in [25]) but, while some additional
flexibility is available (e.g., through altering q by a constant, replacing u by e-Ctu in
(3.3)), this seems not to be useful [17]. It seems possible that a quite different choice of
3 involving "microlocal" considerations might lead to a different decay rate result for
(4.1), (4.2), thus permitting more general application of Theorem 3.2, but at present
this is conjectural. 71

5. Control of diffusion equations. In this section we apply the results above
(Theorems 2.1, 2.2. 3.2, 4.2, 4.4) to obtain controllability results for a class of
diffusion equations of the form

(5.1)
at . Au -qu =: Lu in := (0, T] x ,
y au +An. u =: Bu on 5 := (0, T] x 0Yt,

and then proceed to characterize more conveniently the optimal control space
g := o for autonomous settings.

It will be convenient to denote by w := (a, A, q, a,/3) the set of coefficients for
(5.1). We assume, of course, that a > 0, A > 0, q => 0 (this last can be achieved with no
loss of generality by substituting eC’u for u), that a2+/32= 1 and that the usual
initial/boundary value problem is well-posed. With no confusion we alternatively
view as defined on Yt, 0Yt in the autonomous case with which we are here principally
concerned. We introduce, as a condition on Yt, , the ’smoothing’ property:

(5) For every interval [s, t] c [0, T] there is a constant such that for every
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solution v of

(5.2) -(av) Lv, By 0

in [s, t) one has

IIv (s,")ll.=<) -< llv(t,"

LEMMA 5.1. Let 0, r be sufficiently smooth (for simplicity we also assume
non-vanishing) and autonomous. Then () holds. The smoothness required of 0,
depends on v and, topologizing {r} in C2-2 (), C2-1 (05), the bound K depends
locally uniformly on r.

Proof. Let A: w+[-(1/a)Lw; Bw] for functions w defined on and let {(et,
be the eigenpairs: Let -ahiej, Bej 0 with A > 0 and {ei} orthonormal in 3 := L2.a (9),
using positivity and selfadjointness of -L in L2() with the given boundary condi-
tions). For a solution v of (5.2)we have the expansions:

v(t, )= Y. ciet(" ), v(s,. )= Y ci e-X’ei( ),

kA,v(s, )= Y ct[e %htk]e( ),

where z := s, A, := -(1 /a )L. Thus,

(5.4) max a,

With suitable smoothness, the formal operator induces bounded and (see, e.g., [10,
Th. 5.2] boundedly invertible operators. ()H-()xg-/ (0), 1, , .
Thus, for each k we may interpret A as the solution operator for the elliptic
problem: -Lw af, Bw 0 with f in H2k-2(5) giving w in H2k (); we have Akw
[f 0] SO IIWII [I/tkX[[ I[f[[" Combining this with (5.4) gives the desired estimate (5.3) with

[max {a}] 1/2

(5 5) :=
eminJ t, e (t s)-llA’ll

It is easily verified that each Ak depends continuously in operator norm on a, A, q
and their derivatives of order up to 2k- 2 topologized in Loo() and on a,/An and
their derivatives of order up to, say, 2k- 1 in Loo(O). Thus, (5.5) shows that K can
be taken continuously dependent on the coefficients r topologized in
C2u-2 (I), C2t’-I (0) as appropriate. Note that if one were to specify Dirichlet
conditions (/3-=0) instead, then one would take Ak:H2k(y)H2k-2(y)X
H2k-/2(O) and proceed accordingly with continuously dependent on a, A, q in
C2’-2( ).

With this lemma in hand we proceed to obtain the desired controllability/obser-
vability result.

TI-IZORZM 5.2. Let ,0 satisfy (G); let a, A, q be autonomous with --0 on
0, and satisfying the conditions (Ca), (Cg) and (*). Then for any T>0 the system
S Sr(r) with . - := L2(), 9 := L2([0, T] 0,gg) is exactly nullcontrollable.
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Further, as varies (topologized by, e.g., cl(?), cl(0a.) subject to the conditions
imposed) the controllability is locally uniform.

Proof. By the conditions assumed on the geometry and , we can apply Theorem
4.4 to assert existence of a decay rate sr st( ) for the corresponding wave equa-
tion. By Theorem 4.1, then, one has exact nullcontrollability for that wave equation
for large enough T. Observe that as the coefficients a, A, q vary Cl-continuously the
parameters lie011, r0, a0, 6, y of the conditions will vary continuously. Thus, the bound
on ((., ,y) depends continuously on and so, therefore, do T, K1 of Theorem 4.1.

Select a bounded region R’ such that R1 c ’ c (recall that 1 may be chosen
for (G1) independently of r) and such that 0 lies in the interior of the closure of
(relative to the closure of f); let S’= Sr) be the system defined for 0 <= _-< T by the
original parabolic equation extended to R’ with Dirichlet conditions. Observe that S’
is an extension of S in the sense of (2.3): (i) take f, h to be given by restriction from
to R, (ii) given x’ in .’ := Lz,a(?’) and y’ in 0’, let w be the solution of: ab Lw in
[0, T] x R’ with w y’ on [0, T] x 0R’ and w(0,. )= x’, (iii) let g(x’, y’) be the trace of
w on [0, T] x 0R. Note that commutativity of the diagram (2.3) follows by uniqueness
of the initial/boundary value problem for (5.1) in [0, T] x . The trace in step (iii) is in
:=L2([0, T]xoR) since (cf., [11]) w is sufficiently regular to give an L2 trace (for
other than Dirichlet boundary conditions on OR one might employ here a trick used
earlier, for the same purpose, in [23] to obtain suitable smoothness) and since 9’ is
such that y’ vanishes on [0, T] x O,’ [0, T]

Applying Theorem 3.2 now gives (locally uniform in v) nullcontrollability of
Sr)--and so of S Sr(r)---for every T > 0.

As noted in 2, the optimal control for a given initial state u (0,.)= x must lie in
the subspace := o ) given by (3.10): 9Jo consists of the complementary boun-
dary data :- B’v for solutions v of the adjoint equation (5.2) for which is in L2(Se)
and v(T, is in * := L2,a(R). We wish to characterize the closure 3 :=o directly as
given in the same fashion but omitting the requirement that v(T,.) be in -*. I.e.,
letting

(5.6) 9:= {1 B’v" 1 e L2(Se), v satisfies (5.2) on [0, T) },

we wish to show that 9J f)2. This alternate characterization of will be applied in
the final section. Note that we no longer restrict ourselves to Dirichlet boundary
conditions.

THEOREM 5.3. Let r be autonomous and sufficiently smooth; let r, R, OR be such
that for arbitrarily short intervals (as [0, 7.] for any 7. > O) the system S ST given by
(5.1) with , := L2,a(?), . := L2([0, 7"] 0,R) is null controllable. Then, with ,
given as above in := L2([0, T] 0,R), one has 93=, i.e., the optimal control space
9J consists precisely o]" the complementary boundary data B’v ]:or solutions v of (5.2).
Further, ’or every q B’ v in 9J J one has K 1, 2 (locally uniformly bounded in their
dependence on r--as in Lemma 5.1) such that

(5.7) Itv(t," )[[n)<-- l[[’]lz.:t,. Ta,), (O=<t< T)

and

Proof. We proceed to construct a function v on [0, T] x for given 1 in 332, next
obtain (5.7), and then show that this v satisfies (5.2) and 1 B’v whence (5.8); this
shows c 3. To show f)2 c we need only show, finally, that )o is dense in 9.
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Let 1 be in 9Y0, so l=B’v for a unique solution v of (5.2) with v(T,.) in

* 3 . := L2.a(). Define

(5.9) Ptl := v(t, (0 <- < T, 1 o).

The nullcontrollability assumption of the Theorem (with z := T-t) implies, by the
Duality Theorem 2.1 and by translating the autonomous system S, from [0, z] to
[t, T], that each such P, is bounded:

(5.1 0)

Thus, each P,(0 =< < T) extends by continuity to all of . For any 1 in 9 we now
define a function v on [0, T) Y (actually, v" (0, T)--> 3) by setting

(5.11) v(t,.):=[Pxl](t):=P,xl (0<--/<T; 1 ),

reversing (5.9).
Now define Ps., for 0 -< s < < T by letting

(5.12) P.m:=v,(s,.) (O<=s<t<T, ,)

where v, is defined as the solution of (5.2) on [0, t) with

(5.13) vt(t, ") P,I (0<t< T,

Using (5.4) with k 0 and (5.10) gives

so each Ps., is bounded. On the other hand, for 1 B’v in 930 and 0-< s < < T we
have Ps.tl=Pl--each equals v(s, .) by the semigroup property of the solution
operator for (5.2). By continuity we have PI P.t for any in (s, T) and any 1 in
93. It follows that v(s,.):=[P,tl](s) coincides with v,(s,.) for O<=s<t<T and so
satisfies (5.2) there. As can be arbitrary in (0, T), this shows that v P satisfies
(5.2) on [0, T). Further, by (5.10) and Lemma 5.1,

(5.14) Ilv(/,"

for any convenient choice of s in (t, T). This proves (5.7).
Next, for 0 < r < T and 1 in define llr by

[Rrl](t) := B’P,I B’v(t) (0 <= <- r < s < T).

We have B’ continuous from H2() to L2(0,)--indeed, as/3 =0, to n3/2 (O)---
and, using that norm for B’, (5.14) gives

1/2

(5.15)
<IIB’II

This shows ll," Lz([r, T] x 0,)--> L2([0, r] 0) is continuous. Since RI just gives
the restriction of 1 to [0, r] for in 9Y0, this must also be true, by continuity, for
all 1 in 9J. Thus, B’v(v := PI) coincides with on [0, r] and, since r is arbitrary
in (0, ’), this shows 1 B’v in 0. We have shown that
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The inequality (5.8) is obtained from (5.7) much as was the special case (5.15).
We consider Hr’s ([0, t] x 0Yt) as Hr([0, t] - H (OYt) and observe that (5.2) gives
Ok/Otk B’Av. We only consider r, v integral (s 2u -) for simplicity. For 0 -<_ r -<_
< g < T one has

Now (5.8) follows by integrating over [0, t] with respect to t. (Note that lIB’It< oo is
here the norm of B’: H2()H’(O,)). The locally uniform dependence on o" is
shown as in the proof of Lemma 5.1.

Finally, we wish to prove that Yd0 is dense in , i.e., that for q B’v in one can
find qi B’vi in Jo for which 1/ 1 in . Let T/ T (so ei := T T/ 0+) and let vi
be the solution of (5.2) in [0, T) Y with vi(T," ):= v(T/,. in . Clearly each qi is in
Jo. Extending v and q B’v to -co-<- < 0 by (5.2) and using the time-independence
of (5.2), we have

vi(t," v(t- ei," ), i(t,. )= q(t- ei," (0_<-- <_-- T)

SO

(5.17)

Here 1 is just l(t, for -e -<_ < T. and vanishes elsewhere on JR. A standard result
(see, e.g., [9 Th. 13.24] for the case of scalar-valued functions; the result is obvious for
simple functions in Lz(N-+L2(Ogl)) and those are dense) now gives"
1(" -ei)ll 0 as ei 0 and this completes the proof.

Remark 5.4. Note that the choice of r in (5.8) does not affect the required spatial
smoothness of the coefficients but, rather, follows from the assumed time-indepen-
dence. Indeed, (see, e.g., [7]), solution semigroups for such problems are actually
analytic whence v(t, (and so also l(t, ):= B’v(t, )) are analytic in for Re < T.
Although not done in quite that way above, it is easily seen that the spatial smoothness
of the estimates (5.7), (5.8)can be reduced to finding comparable boundary estimates
for the eigenfunctions {ei(" )}. Note, also, that the Sobolev embedding theorem can be
used to obtain pointwise estimates for 1 (and its derivatives) away from T--provided
r, s can be taken large enough.

Remark 5.5. A careful look at the proof of Theorem 5.3 above shows that the
major portion of the proofwthat c $) together with the estimates (5.7), (5.8)--goes
through with only minor alterations if the coefficients are time-dependent. In that case
we must have (5) and must now require nullcontrollability for arbitrarily short
intervals [r, T] so that each P exists as a bounded operator: L2([r, T]x0Yt)-+
L2.a0..)(gt). The particular argument used above to show c, however, seems to
depend intrinsically on the autonomy of the equation.
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6. Continuous dependence. In this section we investigate the dependence of the
optimal control on the set of coefficients r. We begin by noting that Theorem 5.3
resolves a question raised in Remark 11 of [25].

COROLLARY 6.1. Let the hypotheses of Theorem 5.3 hold. For T > 0 and 0 x in
let y(T) in T:--L2([0, T]xo,) be the minimum norm nullcontrol (u(0,.)=

x, Bu y(T), u(T, )=0). Then [T-Ily(T)II] is strictly decreasing.
Proof. Following Remark 11 of [25], we note that if Ily(T’)ll=lly(T)ll forsome

0 < T’ < T one must have y(T’) y(T), i.e., as a function" [0, T] Lz(O), one would
have y(T) vanishing for T’< < T. Now, y(T) in 92 Yd(T) has the form y(T)= B’v
for some solution v of (5.2). The analyticity in of the solution semigroup for (5.2) and
so of this v implies similar analyticity of y(T). Thus, y(T) vanishing on the interval
(T’, T) would imply y(T)=-0. However, this is impossible for x : 0 by the backward
uniqueness property of the (autonomous)equation (5.2). 71

For the discussion of the dependence on r of optimal controls we introduce a new
topology for 0. First make a choice of u determined by the smoothness of the
coefficients r to be considered as in the proof/discussion of the estimate (5.8) and
noting Remark 5.4. We assume u-> 1. Introduce the seminorms

U(y) := U(y; ’,/’, s):=

for 0 < " < T, 0 _-< s _-< 2 u (if/3 0, then s < 2 u 1/2) and ] 0, 1,. . Finally, let be
the subset of 0 := L2([0, T] X O#?) for which these are all finite, topologized by these
together with the weak topology of 0. We now fix , O, (with O suitably smooth)
and let Z be the set of suitably smooth r for which the hypotheses of Theorem 5.3
hold, topologized as in Lemma 5.1i.e., in C2v+2 () for a, A, q and in C2- (O)
for c,/3A. We write, as necessary, S(r) for the system defined using (5.1) with the
coefficients r in . Before proceeding to the continuity theorem itself, we need a
lemma regarding certain continuous dependence on r for solutions of the usual
initial-boundary value problem which we take in the adjoint form (5.2).

LEMMA 6.2. Let " with O, r, r sufficiently smooth and rir in the
sense" ai a, qi q in C2( ), A A in C3(), ai a, iAi BA in C2(O ). For fixed

in C () let z, zi be the solutions, respectively, of
(6.1) -a2 Lz, Bz =0, z(T,. )=,

(6.2)

(of course, Lix := ’.
z(O, in L2,,() and Bzt.- B’z in L2(5,).

Proof. Let At.:=(1/ai)Lt. and let Yt.:={xH4():Bix=O, BiAt.x=O} with the
norm

1/2

Since At. A :=-(1/a)L and Bt.- B suitably, we have, as in the proof of Lemma 5.1, a
bound C (uniform in iMi.e., locally uniform in its dependence on r) such that

(6.3)

Without confusion we also use A,t. to denote the "same" operator as densely defined:

i = Yi ffi with domain t. := {x Yt."/kix t.}. It is easily verified that the inner
product of Yt. has been taken just so as to make/t, selfadjoint (using the selfadjoint-
ness of L in L2()). Further, A is negative semidefinite (as ai, At. >0, qi>_ 0). It
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follows that ]A (A A/)-I]] _-< 1 for A >0 so A/ is the infinitesimal generator of a Co
contraction semigroup on ,t. Thus,

(6.4)

uniformly in j and t-< T, noting that l is in each .:t. Using (6.2)we also obtain uniform
bounds on {z’t}, {k’i} in H2(),L2() respectively. Indeed we have boundedness
(uniformly in j and for <= T) for {zt}, {Tz/}, {2/}, {r2/}, respectively, in the spaces
n4(?), h3(?), n2(), nl(?) and, taking,.traces, in H7/2(0), nS/2(Org), H3/2(0.),
H1/2(0). We now introduce

(6.5) / := (ai a )z/ + (L Lt)z (a a )2/+ (A/ A)z/ (qi q )z/,
gt := (Bi B)zt (at a )z/ + (3tA 3A )n z/.

Observe that ft-0, Tf/0 in L2(?) uniformly in (so ft0 in m2"1 (), in the
notation of [11]) provided a/a in C2(), At-A in C3(), q/q in C2(5).
Similarly, gt-O in H2’1 (if’) provided ata and 3tAtnAn in C2(0). Each
w/:= z z/satisfies

(6.6) -afft Lw/+:/, Bwt g/, wt(T," )= 0.

We may apply, e.g., Theorem 6.2 of [11] with r just less than 43- (to avoid the
anomalous half-integral case for 2r) to show that wt 0 in n7/2-’7/4- (0) and Twt 0
in n5/2-’5/4- (). Taking traces, we have wt(0," )0 and B’w :=03wt-aAn.wt)O
in L2.a() and L2(Se,), respectively, with smoothness to spare. Note that {zt(t,’)} is
bounded in H4(), uniformly in j and t(0 <- -_< T) and that we have B B in operator
norm" Hn(lg)L2(O,l) as o’t--> r. Since B’z-Bjzt=B’wt+(B’-B)zt, we have the
desired result. [3

If we had topologized the coefficients as multipliers on appropriate Sobolev
spaces, the smoothness required in the sense of rt- r could be reduced, say, replac-
ing t Ha, r -- by ,t n3, r 1/2. Independently, the required smoothness can be
reduced if it happens that (pointwise) the direction of {/3rAin} is fixed: 13tAtn At/3An
with at/A a--e.g., if A, A are scalar.

We come now to the desired result on the continuous dependence of the optimal
nullcontrol on the coefficients involved.

THEOREM 6.3. Let {rt} be in , with r r in ,. (Assume v large enough for
Lemma 6.2 to apply.) Suppose for each T’(O<= T’< T) the systems Str,. rl(o’t) are
uni[ormly (in ]) nullcontrollable. Let Yt in := L2() be the optimal control associated
in St := S(rt) with the fixed initial state x in := L2() and terminal states z --’z in

3 := L2(). Assume {Yt} is bounded in (this is automatic if these are nullcontrols:
z 0 z noting the uniform nullcontrollability assumption above). Then x is controll-
able to z in S := S(o’) with an optimal control y and Yt Y in .

Proof. The proof both uses and resembles those of Theorems 5.3 and 6.2. We
show, first, that a subsequence of {y.} converges in to y, Next that y is a control
from x to z in S (so there does exist an optimal control y) and, finally, that y is in
g )2(r) so that it must be the (unique) optimal control y and y/ y in .

By Theorem 2.1, each Yt is in the appropriate optimal control space
lt := 9Y(o’t)c 0 so, by Theorem 5.3, there is a (unique) solution vt of

(6.7) -a/f:t L/vt, B/v/ 0

for which Yt Bv/. There is no difficulty in extending (6.7) to := [-6, T)x and so
extending each Yt to y in 0 := [-6, T)x 0,. The arguments for (5.7), (5.9)continue
to be valid for -6 <-t-< 0 as well as on [0, T]. Thus we may conclude from (5.8) that
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the extended data y is in 9 :: L2() for each ] and, indeed, that {y} is bounded in

For 0 <_--<_- T and suitable k, s (depending on v) there will be a constant K such
that, uniformly in/’.

(6.8) N(y;
where N is defined on 5 as N was on 5e and C := sup/{IlY/II}. To see this we choose
conveniently in (-, .T) and use (5.8), noting the local uniformity of 2 over Y., and the

assumed uniform nullcontrollability of
As {y} is bounded in 0 we may extract a weakly convergent sequence y/i)--" y.

Clearly, yi(i)--"Y( := the restriction o’f y to ). Since we will show yoo y(y y) for
any such sequence, it will follow that the full sequence {yf} converges to y so there is
no loss of generality in taking {y,)} {y}, i.e., in writing for convenience y---
To obtain convergence in we now use (6.8) and show N (y/-yoo; r,k,s)-O for
any specified -, k, s. Take k’> k, s’> s and observe that {N (y; ’, k’, s’)} is bounded
by (6.8). By compactness of the map: Hk’([-6, r]-HS’(o))-H([-&’]
H ()), a subsequence converges strongly in Hk ([-& T)] -H (O)) to say, y.. As
we already have y--- yoo, this y, must be the restriction of y to [-& r] x O,Y. As this
is true for each subsequence, we have y -y in the sense of N (.; ’, k, s). Varying
-, k, s, this gives convergence of {y} to y in .

Next we show that y is actually a control in S, steering the fixed initial state x to
the terminal state z. Let u, u/be the "trajectories," i.e., the solutions, respectively of

(6.9) ai Lu, Bu yoo, u (0, )= x,

(6.10) a/a/ Liui, Biu yi, ui(O, x.

For in * L2(), one has, by (3.9) and noting (3.5), etc., that

(6.11) Is au T, Is axz (O, + Ise yoo(B’z),

(6.12) fsa/z/=fsa/xz/(O,.)+Ise y/(Bz/),

where z, zi are the solutions of (6.1), (6.2), respectively. Thus,

Is a[u(T,.)-z]= -Is a(z-z/,-Is (a- a/)z/l + Is a[z(O")-zi(O")]x
(6.13) +Is(a -ai)z/(O,. )x+ Ise (y.-y/)(B’z)

+ Ise y/(B’z

Numbering the integrals on the right side of (6.13) from [i] to [vi], we consider this as
] oe for 1; in C (). We have [i] - 0 as z. z in L2(Y); [ii], [iv] 0 since ri r and
{z.}, {z.(0,. )} are bounded in L2(); [v]0 since y/----y in 9; [i/i], [vi] 0 by Lemma
6.2, as we note that {y.} is bounded in 0. Thus, I[u(T,.)-z]l= 0 for all lj in C ()
whence u (T, )= z, so that y is, indeed, a suitable control from x to z in S.

Finally, we wish to show that yoo is in g (r). For any e (0 < e < 6, T), let be
the translation by e of y viewed as an element of 9"
(6.14) y (t,.):=y(t-e,.) for 0<t< T.
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We observe much as in the argument following (5 17), that y in 9 as e
Since is closed, we have y in 9) once it is shown that is in for (small) e > 0.
Fixing e, we define from y as in (6.14). As noted earlier, the constant K1 of (5.7)
may be taken uniform in j and {y} is bounded in L2([ T-e, T] x 0). By (5.7), then,
there is a constant C such that the solutions v. of (6.7) with B’vj y satisfy

(6.15) IIv(T-,. )IIH( <-- C.
We can then select a subsequence (again denoted by {, vj,... }) for which {vi(T-
e,.)} converges weakly in H4(), i.e., vi(T-e,.)---v,. Let v, b.e the solution in
f-e, r-e)x of

(6.16) -a6, Lv,, By, 0, v,(T- e,. )= v,,

then define t, 3 by translation, as in (6.14), and let wi := v,-vi. Then wi satisfies
(much as with (6.6))

(6.17) -ai Lwi+ Bw g, wj(T, .) w.
where ., g. are defined as in (6.5):

]}:=(ai-a) +r. (Ai-A)-(qj-q) inR,

g. := (a a) + (fliAi flA)n V7 on .
and

wi:=v,-vj(T-e, ").

As in the proof of Lemma 6.2, we have (t, bounded, uniformly in j and (0 <- <-

T). Thus, as try. tr in ,V,, we have . 0 in H2’1 () and gi 0 in H2’ (6e). Since w--- 0
in H4(), we have, by the compactness of the embedding, w.0 in, e.g., n3(/).
Once again we apply Theorem 6.2 of [11] with r 1/4- and conclude, as there, that

B’z3 in 9 asj-->oo. Since Biv yi-> y, this shows thatBivi B v, and so is in
9J0(tr). Thus y, being lim_,0/, is in the closure gJ= g)(tr) and so must be the
unique optimal (minimum g)-norm) control y in S steering x to z. I-!

Remark 6.4. If Theorem 5.3 could be modified to cover time-dependent equa-
tions (note Remark 5.5), then a somewhat more cumbersone construction (along the
lines of the proof that 9)2c for Theorem 5.3)could have been used in the last
portion of the proof above to show yoo is in 99? and so, therefore, is in for
time-dependent diffusion equations as well. l-I
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EXACT BOUNDARY VALUE CONTROLLABILITY OF A CLASS OF
HYPERBOLIC EQUATIONS*

JOHN LAGNESEI

Abstract. Let c(t) be a real-valued function which is analytic for t_>-0 and be a bounded, open set in

R" with smooth boundary. Sufficient conditions are given which insure that control processes modeled by
partial differential equations of the form

02U 02U
tgt i=l OX2i +c(t)u 0

in the cylinder f [0, ) are exactly controllable in any finite time T which exceeds the diameter of f by
control forces applied on the wall of the cylinder.

1. Introduction. This paper is concerned with exact boundary value control of
solutions of equations of the form

02u
L.u - A.u + c t)u O,

(.)

A":Y’9/2’,:1x.
n=>2’

where c(t) is a real-valued analytic function for => 0. Let be a bounded, open set in
R" with smooth boundary. Initial conditions

Ou
(1.2) u(O, x)= f,,(x), -aT(O, x)= go(x),

are given, and a solution of (1.1), (1.2) is allowed to evolve in a cylinder [0, T]
subject to a boundary control

Ou
(.3)

(O2.__./2 >0, /2---outward unit normal). The object is to select the control function F
such that, after a specified time T and for a specified state (fl, gl), it will be the case
that

c’)bl
(.4) u(T, x)= f,(x), -g(T, x)= g,(x), x e a.

If, for arbitrarily chosen initial data (fo, go) and final data (fl, gl) taken from some
specified dense subset (the set of controllable states)of (L2(’))2, a control F exists
such that (1.4) is satisfied for some finite time T, the operator L, is said to be exactly
controllable in time T.

The pioneering work on problems of this type was done by D. L. Russell
[13]-[16] who considered the question of boundary control (both exact and approxi-
mate) of ordinary wave operators. For a general region 11, Russell proved in 16] that
the wave equation is exactly controllable in some finite time T exceeding the diameter
of 12 and that the set of controllable states includes H2(-) Hl(-). T is unspecified if
n is even but, if n is odd, exact control is possible in any time T>diam 12. In the

* Received by the editors October 13, 1977.
Department of Mathematics, Georgetown University, Washington, D.C. 20057.
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special case when f is a sphere and a 0 in (1.3), Graham and Russell [5] proved that
exact control is possible in any time T> diam f regardless of the parity of n, and that
the set of controllable states includes Hi(D.) L2(D.).

For certain hyperbolic operators other than the ordinary wave operators, exact
boundary control was established in [10]. The class of operators consisted of those of
the form (1.1) having the property that LN satisfies Huygens’ principle in the sense of
Hadamard’s "minor premise" for some N. In addition to the ordinary wave operators,
examples are the EPD (Euler-Poisson-Darboux) operators in self-adjoint form,
defined by

A02//
An//+ )20t

(1.6) A m(m+ 1), m--1,2,-- ..
(1.5), (1.6) do not exhaust the class of admissible operators (see [8]). For such
operators, and for a general region , it was proved that the set of controllable states
includes H2(D) HI() and that exact control can always be achieved in any time
T> diam D., regardless of the parity of n.

In this paper we will extend the results of [10] to a much larger class of operators.
This class is identified in terms of the asymptotic behavior as t-*+ of the fundamen-
tal solution of Ln. We will show that the set of controllable states includes H2(-)
HI(D.) and that exact control can be efected in any time T>diam f. Example 4.1 will
show that the class of operators under consideration includes those treated in [10].
Addition examples are

A,u + cZu, c const >0,
Ot

and the EPD operators (1.5) for general values of A >-1/4, A - m2--1/4, rn 0, 1," .
The method of proof consists of first establishing exact controllability in some

finite time T, and then using analytic continuation to show that this implies exact
controllability for any T>diam. It is the second part of the proof where the
analyticit of c(t) is essential, since we have to effect an analytic continuation of the
fundamental solution of L,. The method used to establish exact controllability in some
finite time T is similar to that introduced by Russell in [16] and later utilized in [17],
but with one significant difference: In [16], [17], it was necessary to establish that the
energy

E(u, t, S)= (t, x) +i=a (t, x) dx

converges to zero as t-+ for each bounded set S and each solution u on [0,)R
having finite initial energy. We make no such assumption and, in Example 4.4, show
that our results apply to operators for which E(u, t, S)- 0 as

We should also mention the work of Russell [17] in which the control F acts on
only a portion of the boundary. If this portion is "star-complemented," then the wave
equation is exactly controllable in some finite time T. How large T must be is not
determined, but it is likely that there is no simple connection between T and D as in
the case when the control acts over the entire boundary. (See also Fattorini [3] for an
interesting example concerning the "star-complemented" condition.)

Our main results are stated and proved in 3, and examples are discussed in 4.
Section 2 is devoted to preliminary material dealing with fundamental solutions and
representation of solutions.



1002 JOHN LAGNESE

2. Preliminaries. We set R+ [0, ), Rn++ R+ R n. Under the assumption
that c(t) is analytic on R+, (1.1) admits a fundamental solution (in the sense of
Hadamard [6])of the form

UF p n even,
v(t,x;’,r/)= UF_p+WlogF, nodd,

where p (n- 1)/2 and

i=1

U and W are analytic functions of (t, x; ’, r/) on (R2+1 )2. They admit expansions of
the form

(2.1) U
2 u (t, n even,

p-I_, U(t, "r)F", n odd,
’=0

(2.2) W= Wv(t, -)F.
v=0

The coefficients in the expansions are analytic on (R+)2 and are determined as the
unique solutions of

OU 1
L.U-IUo-- 1, (t-r)---+ vU =4(p- v--

(2.2a)

(2.2b)

l=<,</’ neven,
p, n odd,

0Wo
")--+pWo 1/4L, Up_

OW. 1
LnW-I v > 1(t- ’)----+ (p + ,)W -4--

which are smooth at -. If K is any compact subset of Rn++ the expansions (2.1),
(2.2) converge at least for all (t, x; ’, r/) K x K satisfying IFI < g for some 6 > 0
depending only on K. Note that v(t, x; ’, rl) depends on x, rt only in terms of x-

We shall later consider U(t, x; O, rl), U(O, x; t, 1), W(t, x; O, rl) and W(0, x; t,
for complex values of t. Because of the analyticity cited above, for each compact
K c R these functions may be analytically continued as functions of (t, x, rt) (possibly
complex valued) to a region Y-,ox K x K, where Y_.0=Zo(K) is an open set in the

complex st-plane containing the half-line Re " t-> 0, Im "- 0. The same is true, of
course, of any derivative of U and W. We also note that if T>diam K and sr St,
where

then for all (x, r/) K x K,

Re ((2 Ilx r/ll2) (1 12)T2
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where 0<A < 1 satisfies AT=>diam K. It follows that (t2-l[x-nll2)-p has an analytic
continuation from [T, )x K K into ST K K. (When n is even, so that p is half
an odd integer, we choose that value of ((2-][x-  112) which has positive real part.)
Thus the functions v(t, x; O, rt) and v(0, x; t, rt) have analytic continuations from
T, )x K x K into a region ZT x K x K, where ET(K) is an open set in the complex

st-plane containing the half-line Re "-- => T, Im --0. The same is true of any deriva-
tive of v.

With the aid of the fundamental solution for Ln, one can write down the solution
to the Cauchy problem

(2.3) Lnu 0 in Rn+l

Ou(2.4) u(0, x)---f(x), --(0, x)= g(x) in R .
Case I. n even. In this case the solution is given by [6]"

(2.5) u(t, x)
7TO)n-

x; x; o.

provided f and g are sufficiently smooth (depending on n). o,_ denotes the surface
area of the unit sphere in R- and p.f. denotes the "finite part" of the divergent
integral [2, p. 306].

Suppose that f and g have support in a bounded, open set D. and that > diam
For each x( the set {rtl ][x-rt[]-<- t} then contains 1). Thus for such and x the
integral in (2.5) is convergent and (2.5) becomes

(2.6) u(t,x)=
(-1)"/2 Ia [ )Or
77"O)n-1

f(n r-r(t, X; 0,

-g(rl)v(t, x; O, rt)] dr/, xf, t>diam

It follows that u is analytic on (d, oo)x where d diam ft.
We shall also have to solve the backwards Cauchy problem

(2.7) L,,t 0 in [0, T] x R ",

(2.8) a(T, x)=f(x), - (T, x)= (x), xR.
If ), are sufficiently smooth, the unique solution is

(2.9) fi(t, x)
7roOn_ x_nll<= T_t

If f and 08 have support in a bounded, open set 11, if T> diam and < T-diam lq,
and if x f, then (2.9) becomes

(2.10) (t,x) (--1)n/2+11 [ 0V
x; T, n)

7"l’OO -1

-,(rl)v(t, x; T, r/)] dr/,

hence fi is analytic on [0, T-d), d diam II.

xl), t<T-diam,
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Case II. n odd. The solution u(t, x) of (2.3), (2.4) satisfies [4]

(-1)(n-’)/2wn_lu(t,x)
(2.11)

f(n)-g;(t, x; o, n)-g(n)w(t, x; o, n) an

-P.1. I [f(rt)Ov(t,x;O, rt)-g(rt)v(t,x’O rt)] drt
x-nll<=t Oq’r

provided f and g are sufficiently smooth, p.1. denotes the "logarithmic part’ of the
divergent integral. It is important to remark that the p.1. of a divergent integral
depends on the values of the integrand only in an arbitrarily small neighborhood of
the boundary of the region of integration. Thus if f and g have support in a bounded,
open set [, then the p.1. of the divergent integral vanishes whenever > diam f and
x . In this case

u(t,x)
(--1)(n-I)/2 I [ OW

f(rl)-r (t, x; O,
(-.On-

(2.12) ]-g(rt)W(t,x;O, rt) drt, xl), t>diam,

and u is analytic in (d, oo)x
Similarly, for the problem (2.7), (2.8), assuming f and have support in D. and

T> diam

fi(t, x)(--l)(n+l)/2 I [ )OWf(r --r (t, x; T, r)
(-On--

(2.13) -i
g(v) W(t, x; T, rt)J drt, x 12, < T-diam f.

The representations (2.5), (2.11) are valid only if the data (f, g) is sufficiently
smooth. However, we shall have to solve the Cauchy problem for data in H2(R")x
H (R"). One has the following existence-uniqueness theorem (see, e.g. [1, p. 669] or

[18, p. 2001).
THEOREM. Assume f 6 H’(R"), g6 H-I(R"), where r>=2 is an integer. There is a

unique function u defined on R_+ such that
(i) (Oiu)/(3tJ)6L2([O, t],H’-J(R")) forevery t>0, j-0, 1,..., r.

(ii) The map t-.(u(t,.), (Ou/Ot)(t,.)) is continuous from R + to H(R")x
H-’(R").

(iii) u satisfies (2.3), (2.4).
In addition, for each T>0 there is a constant K K(r, T) sach that for 0<= t<= T,

ii-(t,j=O r--j,R

II-I1, .. d note norm in

If f, g have support in a bounded, open set D. then, by approximating (f, g) in
Hr(R")x Hr-l(R ") with functions in C ()xC (D.) and then passing to the limit
using the energy inequality (2.14), one sees that the function u of the Theorem
satisfies (2.6) or (2.12), depending on the parity on n, and is therefore analytic in
(d, oo)x l), d diam
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Clearly analogous results hold also for the backwards Cauchy problem and, in
particular, (2.10), (2.13) are valid if (] ) H’(R") x H’-(R n) has support in .

3. Results and proofs. Let v(t, x; r, rl) be the fundamental solution for Ln. We
introduce a family of functions {v lT->0/defined on (R_+1 )2x R by

v(T, ; r, )-r(t, x; T, )--(T, ; r, )v(t, x; T, ), n even,

vr(t, x; r, ; )=
OW OW

W(T, ; r, n)(t, x; T, )-( ; , )W(t, x; T, ), n odd.

The basic hypothesis for the main results of this section is"
(H) Let Di O/(Oxi). There is an integer k __->0 and a bounded, open set 1 D f

such that, if gv, g denotes any one of the functions

D -if,
02VT 1 2 ’’’, n,or Dk ot Or’

then

lim In IVrg(O’x;O’;g)12dxdrldg=O"

THEOREM 3.1. Let (fo, go), (fl, gl) be given in Hr([)XHr-l(’).), r>-2. Suppose
c(t) is analytic for >- 0 and that (H) is satisfied. Let T be any number greater than the

3diameter of 12. Then there exists a control function F6HS([0, T]x0f) (s= r-2 /f
tiC0, s=r-1/2 if fi=0) such that the unique solution of (1.1)-(1.3) in [0, T]xf
satisfies (1.4). Moreover, there is a constant K K(r, T) such that

(3.1) IIFIkto. K 11 f,:,llr.- + flllr,a + ][gollr-,,a + IIg’llr--’,")"

The idea of the proof is to ignore the boundary conditions and to solve the initial
value problem (2.3), (2.4) where (f, g) is some extension to R" of (f0, go). One then
tries to find an extension so that the solution satisfies (1.4). The control F is obtained
as the restriction to [0, T] x 0f of this solution. This idea for proving exact control-
lability was introduced by Russell 16] in connection with the ordinary wave equation.

Theorem 3.1 will be deduced from the following result.
PROPOSITION. Suppose that c(t) is analytic for >-0 and that (H) is satisfied. Let

d diam fL There is an at most countable set E c (d, oo) having d as its only possible
limit point such that the following holds: for each T (d, oo)/E and each initial state
(fo, go) and final state (fl, gl) in Hr()xHr-l([’), there is an extension (f, g)6
Hr(R") H’-(R ") of (fo, go) such that the unique solution to the Cauchy problem
(2.3), (2.4) satisfies (1.4). Moreover, there is a constant K K(r, T) such that

(3.2) fllr," + I[gllr-1,R- K(II foil,... + f, llr,-- + Ilgollr-1,fI + Ilglllr--’,a)"

Remark. The exceptional set E arises from our method of proof, and we are
unable to rule out the possibility of such exceptional points or to show that values of T
may exist for which there is no such extension.

Proof of Theorem 3.1. We set

vr() Hr(n) x H’-’ (f), V; (f)= H; (n)x g)-1

If T is not one of the exceptional points, we may obtain the control F as the restriction
to [0, T] x 0fl of au + (Ou/Ov) where u is the solution given by the proposition. The
inequality (3.1) is obtained from (2.14), (3.2) and the trace theorem [12, p. 39].
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Suppose that T is one of the exceptional values; and let e(d, T)/E. Let
(, ,) Vr(R ") be an extension of (fl, gl) which satisfies

(3.3) I]]r.R"+ I]][r-’,/" const. ([Ifll[r,a + ][gl[Ir-,,.),

and let fi be the solution to the backwards Cauchy problem (2.7), (2.8). Let (fo,
Vr() be the restriction to 1) of (t(0,.), (O/Ot)(O,.)). There is an extension (f, g)
W(R) of (fo-fo, go-0)such that

(3.4)

and such that the solution fi of/he Cauchy problem (2.3), (2.4) satisfies

0/
(3.5) a(, )=7(L x)=O, x ea.

By repeatedly ditterentiating the equation (2.3) with respect to we can, in fact,
conclude from (3.5)that

(3.6)
a
OtJ(T, x)-O,

Define

u(t, x)=
;’(t, x)

0
in [0, 1 x a,
in [, r]xa.

(3.6) implies that u H([0, T]x). Set v fi + u and let F be the restriction of
av+(Ov/Ov) to [0, T]xOfL Then v satisfies (1.1)-(1.4) in [0, r]xO. From (3.3),
(3.4), and the energy inequalities (2.14) applied to the backwards Cauchy problem, it
follows that, for 0 N t_-< T,

II)(t )llr,ll " 7(t
r--l,11

lla(t, .)11,,-+ (t,.) + II(t, .)[1,,+ II-(,., )
r-l,R

<-- K(r, T)lllfqb,,,.+ IIllr- ,,R q- fll,’,R" + Ilgllr- l,R"l
<--__ K(r, T)[llfoll,. + Ilgoll,-,,. + IILIIr. +llgllr-l,a].

1,e

It follows from the trace theorem that F satisfies (3.1).
Proof of Proposition. We assume that k >0 in (H). The proof if k 0 is similar

(and simpler; of. [10], [16]). Also, by using an argument entirely analogous to that
used in the proof of Theorem 3.1, we need only consider the case fl ga 0.

Let To > diam 11 and 8 > 0 be such that

a {x e R"I e a with IIx 11 < 8}

satisfies 1) c D.1 and diam < To. There is a linear operator E e(VP(O), Vg(I))),
every p 1, 2,..., r + 2k, such that E,(Uo, Vo) (Uo, Vo) a.e. in D. for every (Uo, Vo)
Vl(l)) [12, p. 38]. Let (Uo, Vo) vr+Zk (l)) and set

(3.7) (us, v)= E(Uo, Vo).
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Then z Hr+zk ([0, T] x R") satisfies

L,,z=O in[0, T]xR"

z(O,x)=uo(x)-ao(X),

OZ
z(r, x)=-(T, x)=O

OZ- (o, x) o(X)- vo(X)

satisfies

We now introduce the elliptic operator

A=(-1)k Dk,
i=1

and set u Az Hr([0, T] R"). Since the coefficients in L, are independent of x, u

L,,u 0 in [0, T] x R", u(0, x)= Auo(x)- Afio(X) in ,
OuOU(o, x) Avo(x)-Ao(X) in 12, u(T, x)=-0--(T, x)=0 in .

Ot

We are going to prove that there is a finite set Eroc[To, c) such that, for each

T6[To, o)/Ero and each (fo, go)e vr(), it is possible to choose (Uo, Vo)6 vr+Zk()
such that Auo- Afio [o, Avo-Ao go, and

(3.1 O) IlUol[r+2, + Ifvolfr+2-,--< K(r, T)(llfollr, + Ilgollr-,,).

Once this is proved, the extension ([, g)can be obtained as

Ou
f(x)= u(O, x), g(x)= (o, x),

CONTROLLABILITY OF HYPERBOLIC EQUATIONS

Extend (us, v) by 0 to R ". Then

(3.8) Ilull,,--< Clluoll,, p 0, 1,..., r+2k,

(3.9) IIllp-l,R" <-- Clloll-,,, p 1, 2,..., r+2k,

where C only depends on r, k, and 6.
Let w(t, x) be the solution of the Cauchy problem

L,w =0 in R

Ow
w(0, x)= us(x), -0-(0, x)= v(x) in

weH+Zk([o,t]xR"), every t>0, and is analytic on [To, o)xfi. Let 4 C(D)
satisfy th-= 1 in , let T_-> To and v denote the solution of the backwards problem

Lv=O in[0, T]x
Ov Ow

v(T, x) ch(x)w(T, x), -(T, x)= ch(x)--(T, x) in R".

Then v C([0, T] R") and is analytic on [0, ’o] fi, ’o < T-diam D.. Let (rio, 3o)
be the restriction to of (v(0,.), (Ov/Ot)(O,.))and set

z(t,x)=w(t,x)-v(t,x).
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and one has

,,o, II<--{lw(O, )llr+2k, R"-l’ll-gT( -Jr’{ltJ(Om )llr+2k,Rn-Jt
r+2k-l,R" r+2k-l,R"

__-<lluallr+2k, R./llval/r+2k_l,R./ g(r, T) IIw(T, )llr+2k,R./ (T,
r+2k-l,R"

in view of (3.8)-(3.10). The set E is given by U=I Erm where
In order to establish the existence of (uo, Vo), we are going to obtain an explicit

representation for (rio, ,3o). This is done using (2.6) and (2.10), or (2.12) and (2.13),
depending on the parity of n. In either case we find, after a lengthy but straightforward
calculation, that

x’O,

1
)2 ua(r/)OtOrO2r (0, x; 0, r/)- va(r/)--{,o, x, 0, r/) dr/, x 6 fl,/30(X)

7./y.o. la

(3.12)

where

r(t, X; r, r/)= Ia dp()vr(t, x; r, r/; ) d.

According to our discussion of 2, ,3r(0, x; 0, r/) and its derivatives appearing in
(3.11), (3.12) are analytic functions of (T, x, r/) on [To, oo)x K x K for any compact
K c R and can be analytically continued into a region ETo x K x K, where ETo
ZTo(K) is an open set in the complex ’-plane containing the half-line Re " T_-> To,
Im sr 0. We choose K fll and imagine that such an analytic continuation has been
carried out. Then (3.7) and (3.11), (3.12), with T replaced by st, define a family of
linear mappings

from every VP(f) into A(D,), the set of pairs of functions analytic on D.
LFMMA 3.1. {Kclsr Yro} is a holomorphic family of compact operators from VP(f)

into V(Ut), p, s 1, 2,.... Furthermore,

Ilao{[.,. + {[<{I.-,,. -< C(s, +

where C(s, () is continuous in T,,.
Proof. Setting
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one has for x

IDao(X)l <=
’T/’On )4 D7 O, n)

+ [)(rl drl IDxv(O, x O, r/)l 2 dr/

so that
2 2 2

U
2 2<- C(s, c)(ll o11o,. /

and similarly for [l30lls_l.a. Thus K is a bounded linear map from VP(f)into
for arbitrary p, s 1, 2,..., and is therefore compact.

To verify that {Kclsr ET-o} is holomorphic, we note that K is the composition
K RLcE where L is the bounded linear operator from V (D,) into
defined by (3.11), (3.12) for x D, and R (V (12), V (D,)) is the restriction to
of functions in VS(12a). To show that {LcIC :o} is holomorphic, it suffices to prove
that this family is weakly holomorphic, that is,

E | D(x)Du(x) dx+
Il_-<s J

E | D(x)Dv(x) dx
I,l__<s-1 .

is holomorphic in Ero for each (u, v) V(I)) and each (u, v) VS(), where
(,)=Lc(u,v). However, this is immediate because of the analyticity of
D73c(0, x; 0, r/), etc., in Ero 121 D,1.

Let (u0, Vo) VP(f), (rio, 30) K(uo, Vo). Define the family {AKI Ero} by

AKc(uo, Vo)= (Aao, Ao).

It follows from Lemma 3.1 that {AKc} is also a holomorphic family of compact
operators from Vp(D,) into Vs(12) for p, s 1, 2,. , and that

IIAaolls,a + IIAoll_,.a <= C(s, sr)(ll Uollo,a + I1 o110,.).

{AK} converges to zero in (vr+2k(), vr()) as’ along the positive real axis,
as we shall now prove.

LEMMA 3.2. Let (Uo, Vo)6 vr/2k(D-) and set (o, 3o) Kr(uo, Vo). Then

where a(r, k, T) 0 as T- +o.
Proof. The proof is given for n even. The proof for n odd is the same except for

the notational change v(t, x; ’,
For any a with ]a -< r and for x f,

I{ a2kOTtt"(--l)k+’
Daao(X) (7rw,,_1)2,=,

(3.13)
-v(rt)DTDr(O, x; O, rt)} drt.
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Let/3 a + k e i, e (0, O, 1, O, ,0), the 1 appearing in the ith place. One has

vr(0, x, 0, rt) 4)() v(T, ; O, )D D
Ov

(0, x, T, )

Since v(0, x; T, ) depends on x, only as x-, we may replace D in the above
integral by (-1)Df. We can then integrate by parts, apply Leibniz’ rule and use

) D.Z ; O, W). There results

DD ( ) "Ia D-’()Dvr(O, x" O, ,; ) d.

We substitute this expression, and a similar one for DD"(Or/Or)(O, x; O, ), into
(3.13). Differentiations with respect to may be transferred to ua and va, and we
obtain

i= Y

Therefore, for r,

Ds(D)Ia dn Di,_, x" O, n, ) dx dn d

+ Iov()l
Hence

N const.[[[Dvr(O, "; O, .;.

+ Ds,,’;O,’;’)

where a(r, k, T)O as T +. Similarly,

Ot

+0 VT(0,. 0,-;’)

The proof of the proposition is completed with the proof of the following result.



CONTROLLABILITY OF HYPERBOLIC EQUATIONS 1011

LEMMA 3.3. Let (fo, go) vr() For each T>= To, with the possible exception of a
finite number of values, there is a unique (uo, Vo)6 vr+2k() (H ())2 such that

(3.14) (Auo, Avo)-AKr(uo, Vo) (fo, go).

Moreover,

(3.15)

Proof. Let (rio, 3o) Kr(uo, Vo). (3.14) is equivalent to

Auo-Ao fo, uo e Hr+2k (D.) H (f),
Av,,-A o= g,,, v,,e g

,,(o) (o)Let ,o vo =-0 and define (u", vm)), rn _--> 1, recursively by

auo"+’=Ao"+fo, u’+’H+:()H(),
Av"+’) a(om) + go, v’+1) Hr+2’-’ ())H()).

These equations have unique solutions since the bilinear form

B(u, v)=
i:1-" II Dku okay dx

associated with A satisfies

2 Hok (f)
for some constant c > 0. We apply the a priori inequality

(3.16) I[lglIp+2k,ll----< cIlnull,a, u Hp+2k (f)

to Uom+ ) and vm+) to obtain

v0m+’)[Ir+2-,,a ----< C([IA fi(o )llr--1,g - gllr-1 ,g)"

C depends only on , r, k and n. We next apply Lemma 3.2 and suppose that T is so
large that p Ca(r, k, T)< 1. For such T we have

C
-1-p

We may therefore extract a subsequence of (u, v) which will converge weakly in
V+2() to some (Uo, Vo)e V+2"() (H (a))2. We keep the same notation for the
subsequence. We have (Auy, Av)) (Auo, Avo) weakly in V() and, since AKr
is compact from V+2() to V(), (Afi, Am))(Afio, Ao) strongly in V().
Hence (au, av)) (afio, ao)+ (fo, go) strongly in V(), (u), v)(Uo, Vo)
strongly in V+2()and (Auo, Avo)=(Afio, Ao)+(fo, go). The inequality (3.15)
follows from (3.17) and clearly is valid for any solution in V+2() (H())2 of
(3.14) provided T is sufficiently large (Lemma 3.2 and (3.16)). Lemma 3.3 is therefore
proved for such values of Z
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To obtain the result for other values of T we define an operator s in vr() by

D(s)= {(u, v)e vr(a)l(u, v)e

sd(u, v)= (Au, Av), (u, v)6 D().

(3.16) implies that s is a closed operator in vr(D,). Consider the family {s=-AKlsr6Y_,ro} of closed operators. Since {AKlsr6Ero} is a holomorphic family of
compact operators from Vr+2k(f) into Vr(Ft), {s:} is a holomorphic family of type
(A) in the sense of [7, p. 375], that is D(s)=-D(sd)is independent of sr and
sdu sdu AKcu is holomorphic for every u 6 D(s) and sr Ero. From the first part
of the proof we know that sgc has a compact inverse (hence compact resolvent) for all
sufficiently large real, positive values of sr. Thus s has compact resolvent for all
sr 6 Y_,, and hence s has a bounded inverse for all values of sr Y_,, with the possible
exception of a finite number of values in each compact subset of Y-,to ([7, Thms.
VII-2.4 and VII-1.10]). In particular, sCr has a compact inverse for all T_-> To except,
possibly, for a finite number of exceptional points. Assuming that T is not one of these
points, we have the existence of a unique (u0, v0)e D(s) satisfying (3.14) and

The inequality (3.15)follows from (3.14), (3.16), (3.18)and Lemma 3.1, and the proof
of Lemma 3.3 is complete.

4. Examples.
Example 4.1. Suppose the series expansions for U (n even) and W (n odd) contain

only finitely many terms. This occurs exactly when L, has the property that LN satisfies
Huygens’ principle in the sense of Hadamard’s "minor premise" for some (necessarily
odd) N. The complete class of such operators has been explicitly determined in [8], 11 ].

Assume first of all that n is odd. Since its series expansion terminates,
W(t, x; ’, ) is a polynomial in x and the same is therefore true of vr and any of its
derivatives. Thus for a sufficiently large integer k we will have VT.k(O, X;0, r/; sO)-- 0
in (H).

If n is even we will have

q n-I
v(t, x; n)= ?2 u (t, p

.=o 2

for some integer q. We need the fact that

(For the class of operators under consideration in this example, it is known, in fact,
that U(t, r) is a symmetric, rational function which is O(t-") as +oo for each fixed
r. See [9].) It then follows, for example, that

IDly(O, x" T, ), D Or(O, x; T, )
07-

O(T2q-2p-’) as T- +oo,

uniformly for x, s: in a bounded set in R ". Thus

IDvT(O, x; O, n; )1 O(T4q-4p-k)
as T +oo, uniformly for x, s, r/in a bounded set in R". Similar growth estimates are
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easily seen to hold for (OVT/Ot), (OVT/Or), and (02VT/Ot 0"r), and so (H) is satisfied for a
sufficiently large integer k. The conclusions of Theorem 3.1 therefore apply to the
class of operators L, having the property that LN satisfies Huygens’ principle for some
N. This result was first obtained in [10] by a completely different method.

Example 4.2. We consider the operator defined by

2u
(4.1) L,u -- A,,u + cZu

where c is a positive constant. We are going to construct the fundamental solution
v(t, x; ’, q) explicitly.

Case 1. n even. The coefficiehts U} in (2.1) are calculated to be

Uo 1 U(p)
1

u!(p-1)(p-2)...(p-u)’
v=1,2,...; p=

(4.2)

Thus

v(t, x; , n)-- v(r.) Z=o
F (t 7-)2 (x 7/i )2.

i=l

If n 2, so that p , then

(4.3) v(t,x; ,e):r.=o i.’ r=r-CS C2.
The fundamental solution for n 4, 6,-.., is now constructed in a recursive manner.
From (4.2) we see that

U(p+ 1) (1-) U(p).

Set

We have

v(r)= Z U(p)F".

Fp+l 1- U(p)F

1 F

p dF F’ p dF

Thus the relation between the fundamental solutions v,+l(F+).) and vp(F,) is

1 d(4.4) vp+x(r,+2) [v(r)]lr=r..
p dF +2
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Case 2. n odd. From (2.2a), (2.2b) we calculate

U(p)
u!(p- 1)(p- 2)-.- (p- v)’

W.(p)
(p 1)-------5. !(p + ,)!

Therefore

(4.5)

w(t, x; -, )=- we(v)

(p )! =,, !(p +

(p- 1)!
Jp(c/),

where F Fn and Jp is the Bessel coefficient of order p. We recall that [19, p. 362]

-<1, zreal, 1=0,1,--.

It follows from (4.3), (4.4), (4.5) and (4.6) that (H) holds with k 0, and therefore the
conclusions of Theorem 3.1 apply to the operator (4.1).

Example 4.3. We consider the general EPD operator in the form

02 h
Ln O--- An (t+l)2

for real values of h. We are going to prove that (H) holds for every value of h >-4
with the possible exception of the values h m2-, m 1, 2,-

Case 1. n even. From (2.2a)we calculate for u 1, 2,. ,
(4.7) Uo-=l, U,(t, r)

[h, v] 1
v!(p- 1)(p-2). (p- v) (t+ 1)"(z+ 1)"’

where

[A, u] =-A(1.2-A)(2.3-A)... (u(u-1)-;t), v__> 1.

If we now set

a(c- 1), a>1/2,

we obtain

r%(t, x; , n) Z u(t, )r

F(a, l-a; l-p; z),

where

(4.8) z
4(t+ 1)(z+ 1)

and F is the hypergeometric series. This series converges if [zl< 1 and may be

analytically continued to all z such that larg (-z)] < r. For ]z[>l and ]arg (-z)[< zr,



CONTROLLABILITY OF HYPERBOLIC EQUATIONS 1015

one has [19, p. 289]

(4.9)
1{ r(a-p)v(2- 1) (v(t,x; r, rt) --ff F(1 a)F(a +p 1)(-z)-"F a,p+a; 2a;-z

r(1 p)r(1-2a)
r()r(p -c) (-z)-F(1 a,p+ 1-a;2-2a;-1)}Z

provided a 1, , 2, , . (The case a 1, 2,. , is included in Example 4.1.) Since,
as T+,

it follows from (4.9) that as T +,

v(T, so; O, r/)= O(T’-2e-’ ),
31)

Ta_2p_2(T, ; O, n)= O( ),

Dv(O, x; T, so) O(T’-2p-k-’ ),
31)

T_2p_k_2O--z (0 x; T, 1= O( 1,

and therefore

DVT(O, x; 0, r/; so) O(T2’x-4p-k-3

uniformly for x, r/, is bounded sets in R". Similarly

k 31)T{1 T2-4p-k-4Di---,,,, x, O, "q, )-- O( ),

as T- +c, uniformly for x, r/, sc in bounded sets in R n. Therefore (H) is satisfied for
all h >-4,

A #4(2 rn 1 )(2 rn + 1),

Case 2. n odd. The coefficients U are given by (4.7) for v 0, 1,. ., p- 1, and
from (2.2b) we calculate

(-1) [h, p + v])p+W(t, z)= ---s-, (p_ 1)!(p+ v)!v!(t+ 1 (+ 1)v+’
v=>O.

Again we set h a(a- 1), a > _. Then
(4.11) W= E W.F"=

[,, p]
1)pF(p+a,p-a+ 1;p+ 1; z)

4’(p- 1)!p!(t+ ly(z+

provided Iz[< 1, where z is given by (4.8). For [zl> 1, larg (-z.)[< 7r, one has the
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analytic continuation

F(p+c,p-a+ 1;p+ 1, z)

F(p + 1)F(2c 1) ( 1)(4.12) (-z)-"-F p+a, a"
r(p-c + 1)F(c- 1)

+ r(p+l)r(l-2)(-z)’-’-’F(p-a+IF(p+a)r(-a
l-a’, 2- 2a )

provided a # 1, ., 2, ,- . As in Case 1, one may conclude from (4.10)-(4.12) that
(H) is satisfied for sufficiently large k.

Example 4.4. We give an example of an equation satisfying (H) and having the
property that the energy in bounded sets does not necessarily tend to zero as t-- +oo,
even for solutions having compactly supported initial data. The equation is

O2u 20
(4.13) Lu =--- A3u-- (t +1)------- u =0.

The energy in a set S at time associated with a solution of (4.13) is

E(u, t, S)= -g(t, x) x) ax.

The fundamental solution for L is
1

v(t, x; r, r/)=+ W logF

where

W Wo+ WF+ W2F+ W3F3

(t+ 1)(r+ I)
(1-9z+21z2-14z3),

and where z is given by (4.8). Let u be the solution of (4.13) in R4+ satisfying

OU
(4.14) u(0, x)--0, -2"7(0, x) g(x), x R 3,

Ol

and assume g has support in a bounded, open set . If x is in a bounded, open set S
and if is sufficiently large (depending on diam f, diam S and dist (S, D.)) the solution
of (4.13), (4.14)is given by (2.12):

where

Thus

u(t, x) --- g(r/)W(t, x; O, r/) dr

5 g(r/)(l_9y+21y2_14y3)dr/
2r(t+ 1)

4(t+ 1)

Ou
(t, x)=

15 InOx--- 47r(t + 1)2
g(r/)(xi r/i)(3- 142,+ 14y2) dr/, x6S, tlarge,
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hence

lim O--U-U(t, x)= 105 Ia,+oo ox, g(,)(x,-,) d,, x s,

and so lim,++oo E(u, t, s) cannot be zero for arbitrary g e C ().
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