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A NEW STOCHASTIC TIME OPTIMAL CONTROL PROBLEM*
U. G. HAUSSMANN{, W. J. ANDERSON} AND A. BOYARSKY$

Abstract. Consider a system described by the stochastic differential equation dx =
f(t, x, u) dt + o (t, x) dw where w is a Wiener process and u lies in a compact set. If solutions are defined
in the sense of Girsanov rather than of Itd, then it is natural to work not with the state at time ¢ but
rather with the distribution of x (¢). It is shown by an extension of the standard argument that if the state
reaches a target set, i.e. a specified set of probability distributions, in finite time then there is a first such
time. Next it is shown that if the system is linear in # and if —1 = u = 1, then the attainable distributions
arising from bang-bang controls are weakly dense in the set of attainable distributions. Finally some
geometric properties of the bang-bang attainable densities are discussed; for example, the exposed
points of the attainable densities are the bang-bang attainable densities.

1. Introduction. In this article we shall analyze some stochastic control
problems by manipulating not the actual physical state of the system, but rather
the probability distribution of the trajectories. These latter are defined by the
method of Girsanov. As the ‘“‘state” is now infinite-dimensional the general nature
of the problem becomes more function theoretic than probabilistic; for example in
section three we consider the problem of driving these densities to a target set (a
set of probability distributions) in minimum time. A method of proof analogous to
the one for the deterministic finite-dimensional time optimal control problem
yields the existence of an optimal control. It must be emphasized that we are not
minimizing the expectation of a random time, but rather a deterministic time and
our result does not overlap with any of the usual stochastic existence theorems [1],
[2], [3], [4]. Because the Girsanov solutions are used, we demand that the controls
be in feedback form.

The example (taken up in § 3 again) of driving the state x (¢) to lie in a closed
set B motivates us. If the system is deterministic this is the standard optimal time
problem, which has usually been stochastisized by minimizing E7“, the expecta-
tion of the first entrance time into B under the control u. However, the engineer
working with the system still has no idea when the system will hit the target; in fact
he may want to a confidence level, say a time ¢ such that P(r" >¢)<.05. Rather
than merely accept an upper bound on ¢ we shall look for the first such ¢. The
problem can be posed directly as min {¢: P(7" >¢)<.05, u admissible}. It is quite
possible that for some u P(7"* <00)>.95 and hence the optimal time is finite
(even if ET" = 0; cf. [5]).

If the system is linear in u, one would like to have the ‘“‘bang-bang” principle
that the bang-bang controls generate all the attainable densities; however this is
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false. But in § 4 we do show that for a Markovian system the densities generated
by the bang-bang controls, which we call the bang-bang densities, are weakly
dense in the set of attainable densities. In the last section we characterize the
bang-bang densities as the exposed points of the attainable densities. We also
conclude that if there is a time optimal control which drives the system to a closed
half-space (in L), then there is a bang-bang control which is also optimal. Optimal
controls which are bang-bang also arise from the stochastic maximum principle
[6], (but not [7] because there the optimal control must be differentiable in the
state) if one is minimizing EL[x( - )] where L is a functional of the trajectories.

2. The problem. b is an n-dimensional separable Brownian motion on
Q, %, Py). The system is described by

dx(t)=f@t, x,u(t,x))dt +o(t,x)db(¢),

O§t§T<OO, x(O)=X().

2.1)

Let € be the space of R" valued continuous functions defined on [0, T], under the
sup norm. Let &, be the o-algebra generated by {y € €: y(s)e B}, 0=s=t,B a
Borelsetin R". Let I' be a compact metric space of control points, with Borel sets
Br. U, the set of admissible controls is the set of all measurable functions
u: ([0, T1x €, Br @ #r)— [T, Br), adapted to {#,}. Br is the Borel algebra of
[0, T]. We stress that we are using feedback controls.

Assume

@) f(-,+,u) [0, T X €~ R" ismeasurable and {#,} adapted, and f(¢, y, - )
is continuous for each (¢, y)e [0, T X &,

(i) (¢, y,T)is convex for each (¢, y) in [0, T] X &,

(iii) a (-, ): [0, T]X€—~R"™" is measurable and {,} adapted,
(iv) [3 o, y)? dt=k <co forall y in €,

() o(t,y)™" exists for all (¢ y) in [0, T]X%, and |o(t, y) 'f(t,y, u)*=
K(1+]y]?) where K is a finite constant independent of ¢, y, u, and where
|yle = supo=s=: |y (s)|, with | - | denoting the usual Euclidean vector norm
or compatible matrix norm, as the case may be,

(vi) the equation

2.2) x(t)=x0+J”o~(s,x)db(s), 0=t=T,

has a solution adapted to %, = b~(,).
Sufficient conditions for (vi) to hold are discussed in [8, Thm. 5.6 and Cor. 3.2],
and in [9, Thm. 1].
We define

& (t, )= exp {L (065, ) (s, @)]* db s, w)—% L lo(s, @) (s, @) ds},

where we have set
os,w)=0a(s,x(-,@), fso)=fx(:,w),ulsx(-,))
with x and b as given by (2.2) and with u € %. a™* denotes the transpose of a. If E
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denotes expectation with respect to P,, then Ea”“(T,-)=1 according to [6,
Lemma 2.1]; hence (2, %, Pg, {x (¢)}), with dP3(w)= a“(T, w) dPo(w), is a weak
solution of (2.1) according to [10, Thm. 1]. In [11, Thm, 6.5], conditions are
given to ensure that this solution is unique in law, a property which we do not
require. The controls in % are of course feedback controls.

It is well known that a* satisfies

(2.3) a“(t,w)=1+ J ta“(s, o)[o(s, w) ' f (s, w)]* db(s, w),

and that (Q, %, Po, {a“(t)}) is a martingale since Ea"(T)=1. Moreover by [6,
Cor. 4.2], there exist p>1, Ky <0 such that forall u e U, t =T,

2.4) E{a“(tY}=Ko.

All of the above requires only the assumptions (i), (iii)~(vi).
As it will be convenient to work in the space (%, #r, Po°x ') we shall do so
from now on writing P for Py ° x~ ', and

2" y)=ep]{ [ 106, 3) 77611 dwis. )
) 3 | oy el as)

with f“(s, y)=f(s,y,u(s,y)) and with a new Brownian motion w(t y)=
foo™'(s, y)dy(s)= [, 07'(s, y) dx(s). Observe that x(t,y)=y(¢), and set dP* =
a*(T)dP, and w*(t)=w(t)= [, o~ (s, y)f“ (s, y) ds.

Define m,: € >R" by m,(y)=y(s), and S;: L,(€, P)—> . by

SaXB)=[ | aap

7w, B
where . is the Banach space of all regular signed measures on R" with variation
norm. Define the set of attainable densities at time ¢ by

D@)={a"(t):ucUt=L.(%,P)

and the attainable set at time ¢ by
A)=SD(t).

We remark that S92 (¢t)=82(v) for all v €[t, T)], and that w (- ) is in &£ (¢) if and
only if it is the distribution of x (#) under P* for some u in %. Henceforth we shall
write w (B t, u) for w(B)e (). Under (ii) 2 (¢) is weakly closed in L1(%, P). This
last result is contained in [12, Thm. 2], for the case o = I, but the proof can be
generalized to the case o # [ fairly easily. Theorem 6 of [1] also gives the result
when o =1.

We remark that one can also treat systems of the form

dx(0)= (;g fc) ut, x»>d’ (g 26% x>>d<2)
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where b is still n-dimensional, but x (t)e R™""; cf. [6]. This allows for (systems of)
higher order equations with noise in the forcing term.

3. Existence of time optimal controls. Our aim in this section is to give
conditions for the existence of a time { such that K(t)ND(t) (respectively
K(t)NL(t))is empty for t <7, but nonempty for ¢ = /. Here K (¢) is the target set at
time ¢, lying in L(%, P) (respectively ). We use the standard method of first
proving that 9 (¢) is compact and ¢t 9 (¢) is continuous. The existence follows
then as in the deterministic case. In this section we assume all the hypotheses
(D)~(vi).

Let Z be the space of probability measures on R", and let %" be the topology
of weak convergence; cf. [13, p.236]. Hence u, »>u in (Z, W) if and only if
(g @ dpn > [gnddu for all bounded continuous real functions ¢ on R".
Moreover [13, p. 239], W is a metric topology with the Prohorov metric p where

pu, v)=inf{e >0: u(B°)+e =v(B), v(B°)+¢e = u(B), all Borel sets B in R"}

with B being the open ¢ neighborhood of B.

Observe that Z < M = €§, where € is the dual of €,, the space of continu-
ous functions on R" which are zero at c0. Hence on / there are the weak topology
w and the weak * topology w*. Considering the induced topologies on Z, we have,
[14,V.3.9],

woOWow*.

LeMMA 3.1. For each fixed t =T, D(t) is weakly compact in L(%6, P), and
A(t) is compactin (Z, W).

Proof. 9(t) is bounded and uniformly integrable [(2.4)], and hence weakly
sequentially compact in L(%, P) [14, IV.8.11]. As remarked above 9(¢) is
weakly closed and so by the Eberlein—-Smulian theorem it is weakly compact.
Since S, is a continuous linear map of L(%, P) into ., it is continuous (L, w)~>
(#, w)[14, p. 422], and so S P (¢) = &L (¢t) is weakly compact. Asw > W, A (t)is W
compact and the result is established.

Z is a metric space so we can consider a Hausdorff metric d on the closed
subsets:

d(A, B)=max {do(A, B), do(B, A)}
where
do(A, B)=sup{do(x,B):x€ A} and do(x,B)=inf{p(x,y):y€B}.

Similarly we can define the Hausdorff metric on the closed sets of L(¥%, P) using
the norm of L, in place of p. This Hausdorff metric is used in the next result.
LEMMA 3.2. t—>9D(¢), t—> A(t) are continuous mappings on [0, T].
Proof. 9(t) is weakly closed, hence strongly closed. We shall show that
t>a"(t) is continuous in ¢, uniformly in «. This will establish the result for 9.
Consider

a"(t,y)—-a“(s,y)=au(t,y)[1—exP{j (e 'f )*dw——J lo1f lz }]

From (iv) and (v) it follows that the term inside the braces converges to zero in
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L,(%6, P) uniformly in u e U as s >¢t. Hence [1—a“(s)/a"“(t)]> 0 in probability
uniformly in %. This together with (2.4), the uniform integrability of a *, gives the
result.

Now we show the same result for > w (- ; t, u). For any bounded continuous
function ¢,

URn d(x)u(dx;t, u)—IR" é () (dx; s, u)l
= [16(my) - @ (mye(T, y; w)Play)

={[ 16t -smre@n) | [larpan)
=l (- )= b (s aKo

where p is given by (2.4). But |¢(m,y)| =sup; |¢(x)|, and so by the dominated
convergence theorem and the continuity of ¢ the result follows.

For the next theorem we need a new condition which we state first for the case
K(t)= L(%, P) and then K(t)< Z.

(H,) K(¢)is weakly closed in L (%, P) and l:lf;l do(K(s)ND(s), K(2))=0.
(H,) K(¢)is a closed setin (Z, %) and 1:1&1 do(K(s)N&L(s), K(t))=0.

We observe that if K(¢) is closed and if ¢ - K (¢) is right continuous then (H;) or
(H,) hold.

THEOREM 3.1. Assume (H;) (respectively (H.)) holds. If K(T)N%(T)
(respectively K (T)N A(T)) # &, then there is a smallest t = 0 such that K (1) D (t)
(respectively K(t) N (1)) # .

The proof is standard, along the lines of the result on p. 127 of [15]. We do
not attempt to answer the question of when K(T)N%(T)# J; the notion of
controllability for our systems should arise here; however we will give two
examples.

Example 1. A closed set B in R" is given, as well as a right continuous
decreasing function c¢(¢), 1=¢(¢)=0. The problem is to find the first time ¢ such
that P*(x(t)e B)=c(t). We set

Kt)={ueZ:u(B)=c(t)}, 0=t=1.

[For example if ¢(1)=0, c(t)=.9 for t <1, then we are trying to drive the system
to B with probability .9 as fast as possible, but at time ¢ = 1 the system is shut off.
The condition ¢(1)= 0 implies K(1)= Z, so that K(1) N /(1) # & hence control-
lability is not an issue here.]

K(t) is closed [13, Thm. 2.1]. We shall now show that ¢—> K (¢) is right
continuous. Since K (t)= K (s) for ¢t <s, then dy(K,, K,)=0. Now for u € Kj, if
uw(B)=c(2), set p=u, butif c(s)=u(B)<c(t)<1, take s >t so close to ¢ that
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c(t)=c(s)>c(¢t)* and set

_ C(t) 1 [c()/c(s)]u(B)
YA (B Hge

where B =R" —B and u|p is u restricted to B. Finally if c(s)= u (B)<c(t)=1,
set

i =[uB)] uls
Then g € K(¢) and if c(t)=.¢/(c(¢t)—¢), then

p(u, @)=e/(c(t)—¢)

and so do(K, K;)=¢&/(c(t)—¢). This establishes the required continuity. The next
example is less artificial.

Example 2. Again B is a closed set in R", One wishes to drive the state x (¢) to
the set B. Let 7(y) be the first entrance time of x (¢, y) into B, i.e.

7(y)=inf{t:y(¢)e B}.

A standard problem is to minimize

E*()= | r0)a"(T:y)dPO).

In general however this expression is not finite (see [3] for an example where it is
because 7 is the first exit time from a bounded set) so one replaces 7 by 7 A T rather
arbitrarily. Let us consider the problem slightly differently: suppose we are
satisfied if the state lies in B with a probability at least ¢ <1, but we wish to achieve
this as fast as possible. Hence we minimize over the set

A={=T:P‘(r=t)=c,ucU}.

If for some u, P*(7 <00)>c, then the set A.is nonempty for T sufficiently large.
Lyapunov conditions for a process to satisfy}’ (r <o0) =1 have been given in [5]
We define the target set K(¢) by

K(t)= {3 cL.(%, P): L LB dpgc}.

From the above discussion it follows (under conditions as in [3] or [5] assuming
unique weak solutions) that K(T) NP (T) # & for T sufficiently large.

Clearly K(¢) is weakly closed. It remains to show that for any ¢ >0, any
B e K(s)ND(s), there is a B € K (¢) such that if s is sufficiently close to ¢, s > ¢, then
|B—Bl<e. We set Bi={y:7(y)=t}, B,={y:t<7(y)Ss}, Bs=%—-B,—-B,. If
{8, BdP = c set B =p. Otherwise given & >0, choose s so small that P(B,)=
Plw:t<r(y)=s}<(eKo') Hence[BzﬁdP<s andc¢ > [p, BdP =c —e.Nowset

B(y)= B(Y)C(L, BdP) B ify e By,

B(y) otherwise.
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Then B € K(t). Moreover if B8 # 3 then

E|B—E|=‘1—c(Llﬁd )ﬂ LleP=c—L BdP=e.

Hence (H,) is satisfied and this time optimal problem has a solution.
Note that q is the index conjugate to p in (2.4) and K, is as in (2.4).

4. A weak bang-bang principle. In the deterministic linear theory the
bang-bang principle states that if a point 7 can be reached by the system using an
admissible control then it can be reached using a bang-bang control. It is well
known that this result fails in infinite dimensions (the case with any stochastic
problem), but we shall find a weak version of this principle. We define the
bang-bang controls %, for the case where

l"={ueRr;|u,.|§1,i=1,2,. oo}
by
Uy ={ueU:|ut y)l=1ae.dtxdP,i=1,2,---,rh

However we must restrict ourself to the Markov case, so we replace % by % and
U, by U, where

9% ={u:[0, TIxR" > T':u Borel measurable},
Up={ueclU:|u;(t,x)|=1ae.dtxdx,i=1,2,--,r}.

It is clear how to imbed 4 in U, %, in %, since P o 7; ' is absolutely continuous
with respect to Lebesgue measure for almost all ¢ [2, Thm. I114]. Note that Thm.
114 can be extended to unbounded drifts satisfying (v). We write @)=
{a“(@):uel}, Dp(t)={a"(@®):ucU}, A)=SD(t), 4s(T)=5Ds(t).

We shall show that for the system given by

4.1 dx(t)=[go(t, x @)+ g, x())u(t, x@))] dt +o(t, x(¢)) dw(2)

P, (¢) is weakly dense in 9(¢), and &, (¢) is dense in A (¢).

Proofs are only given for the case ¢ =1 since they are identical for all z. To
apply the results of [2], we assume (v), (vi), and we strengthen (i), (iii) and (iv) by
demanding

G) f(-,-,u): [0, TIXR" - R" is Borel measurable and f (¢, x, * )is continuous,
(iii) o:[0, T]XR"->R"™" is continuous,
(v) lo(t, x)| =K., V(t, x)e[0 T]XR".

The next lemma, due to R. S. Phelps, gives the essential denseness.
(X, B, m) is a measure space. A € B is an atom if m(A) >0 and if for any A € B,
AcA>{m(A)=0, or m(A)=m(A)}.

Let

l¢]lo = ess sup max |¢;(x)|
x 1=sisr

and put
Il = max [ 16,@lm (@),
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Assuming equivalent functions are identified, set
Lo={p:X>R’', ¢ is B measurable, ||| <},

and
1={¢: X >R, ¢ is B measurable, ||p||; < o}.

LemMa 4.1 (R. S. Phelps). Let (X, 8B, m) be a finite measure space. Let
S={¢peLei|dllo=1}
and let
S ={peLii|pi(x)|=1,ae.i=1,2,---,r},

ie.,S" is the set of extreme points of S. Then S~ is weak * dense in S if and only if
(X, B, m) has no atoms.
Proof. Assume that (X, 9, m) has an atom A € 8. Then

={¢eS: H ¢i1Adm|<%m(A),i=1, A ,,}
X

is a weak * neighborhood of 0. If e NN S~ then ¢;(x)=+1 on A, A and
#:(x)=—1onA—A; A; € B. Since A is an atom, m(A,)=m(A)orm(A —A,)=
m(A). In either case [[y ¢;14 dm|=m(A)hence ¢ N. Thus NN S " is empty and
$” is not weak * dense in S.

The proof in the other direction makes use of the bang-bang principle. Given
P ff et define T:S>R™ by

T@) = fitydm.

Since m is nonatomic, it follows from the bang-bang principle of LaSalle [16,
Thm. 8.2] with the use of the general proof of [17], that

T(S")=T(S)

for any 1, f%, - - -, f* in £%. Consider any ¢, in S and a weak * neighborhood N
given by

={¢GS:H f@-godm|<e,f e Lhi=1, - nl.

Let ¢ # ¢o be in N. Since T(S")= T(S) there exists ¢ in S~ such that
J f"-¢dm=J f-édm, i=1,2,- - ,n
X X

Hence ¢ e N and so NN S§"#0, or S~ is weak * dense in S. This completes the
proof.

Let X =[0, 1]XR", Xpr =0, 1]><{x € R":|x| =M}, let B be the Borel sets in
XM, let UM ={u - 1|x|<M ue}, UY'=u™ NU,. Lemma 4.1 now states that
U is dense in UM € (Loo(X,n, dt X dx), w*).

We give now an important continuity result which follows essentially from
the footnote on p. 500 of [8], a proof of which is supplied in [2, Thm. IV-3].
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THEOREM 4.1. The mapping u->a“ of (Lo(X,dtxdx),w*) into
(L+1(%, P), w) is continuous.
Proof. If ux > uo, weak * then the result follows from [8], cf. [2], provided

f(t, x, wi)=go(t, x)+g(t, x)u(t, x)

is bounded for each k, and converges to f(#, x, uo) in (Loo(X, dt X dx), w*). The
next lemma now completes the proof.

For N <o, set fx(t, x, ux)l,sn and write a; for a“, ay for the density
generated by fy (¢, x, ur).

LEmMa 4.2. (i) | fn(t, %, we)* = K1 Ko(1+N?),

(@) fn(:, -, ux) convergesto fn(-, -, uo)in (Lo, w¥*),

(iii) |lax — axlly = 0 uniformly in k as N - co.

Proof. Part (i) follows from assumptions (iv)' and (v). Part (ii) is obvious.

Now consider (iii).

Let

Exn={ye%:|yl;>N}.

Then a} = a, on the complement of Ey, and

Joc—el = [ la¥-alaP

En

=lak - el [P(EN " = 2K [PEN) "

by (2.4). Note that although a} € 2(1) in general, nevertheless (v) is still satisfied
so that a} also satisfies (2.4). But now P(Ex)->0 as N->0c0 and the result is
established. -

THEOREM 4.2. D, (2) is dense in D (t)e (L,(€, P), w).

Proof. For ugin 4, set u™ = uol,<n. Let {vg} < U} be a sequence converging
to u" in the weak * topology. Such sequences exist according to Lemma 4.1.
Define

0
Ue= Y UII:I’ (L=~ — 1|x|<N—1)'
N=1

Then u, €%, and in the proof of Theorem 4.1, fx (-, -, u)=>fn(", ", to) in
(Lo(X), w*) because

It x, we)= MIZZI [t x, o, X)) Lxj=m ()= Lixj<p—1(x)).

But now ak - a§ weakly according to [2, Thm. IV-3]. An application of Lemma
4.2 completes the proof.

COROLLARY. ,,(t) is dense in A (t) in (Z, W).

Proof. This follows because the map S, is continuous.

In [2] and [3] Theorem 4.1 is used to obtain existence of a solution to the
standard stochastic optimal control problem with cost E*I(y) where [ is in
L(%, P). Theorem 4.2 tells us (if f is linear in «) that there is an ¢ -optimal control
which is bang-bang. If the coefficients of the problem are sufficiently smooth, then
dynamic programming yields the existence of an optimal control which is in fact
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bang-bang, cf. [9]. The maximum principle [7] also gives the result formally, but
unfortunately the optimal feedback control must be differentiable to apply the
principle. The version in [6] can be applied rigorously to yield a bang-bang
control, which however is {#,} adapted, i.e. not Markovian a priori.

5. Bang-bang controls. We characterize here the bang-bang densities &, (¢)
in terms of the geometry of & (¢+) when the drift f is linear in u. We show thatif a* is
a support point of & (¢), then u is bang-bang except possibly on a (¢, x) set where
the support functional is “‘degenerate”. This leads to three conclusions: if &“ is an
exposed point of & (¢) then u is bang-bang (and conversely under added assump-
tions), if & minimizes El(y)a“(y) then there is a bang-bang control which also
gives the minimum, if we are considering the time optimal problem of § 3 with
K (¢) a closed half-space then there is a bang-bang control which is time optimal.
Again t =1 (the results hold for all finite ¢ by the same proofs). The equation is

5.1 dx =[go(t,x)+g(t, x)u(t, x)| dt+a(t, x)dw,

under assumptions (i), (iii)~(vi), T={u e R":|u;|=1,i=1,- - -, r}. We emphasize
that the first of the three conclusions states that the bang-bang densities, far from
being all the densities, are only the exposed points of the attainable densities in the
space L,(%, P) with p’' > 1 sufficiently small.

Let us now look at support points of (1), i.e. points a, such that for some
continuous linear functional [, lay=la, a € D(1). For | € L(%, P) and uge U if
ao(t) = a(t; uo) then lo = lao(l) € L1(<€, P) Define lo(t) = E{lao(l)l%} By
Theorem 3 of [18] there exists a unique measurable function A (¢, y) such that

1
P{j hzdt<oo}=1
0
and
lo(t) = E{lao(1)} +I h(s)* dw(s).
0
Since lo(t) = a (¢, uo)E*(I|%,) and since
da(t; uo) ' =—a(t; uo) 'a(t,y)f ot y) dw +a(t; uo) o (t, y)f o, y)I dt
=—a(t; uo) 'a(t; y) 'f*t, y) dw™
then from Itd’s lemma it follows that

E™(1|%,) =E“°(l)+Jt%(s, y)dw"“o(s)

with Z(s, y)=a(s, y; uo) '[A(s, y)—lo(s, y)o (s, y) " f (s, y)I*.
LEMMA 5.1. If ug and uo+v are in U, then
E{l[a(1; uo+v)—a(l; uo)l}
(5.2) 1
=Ela(liuo+o) | 20,906,986yt y) .
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Proof. This follows from the results of [6, §3] if we observe that
a(1; uo) 'a(1; u), the density of P* relative to P, also satisfies a bound as in
(2.4).

THEOREM 5.1. If l is a support functional of 9 (1) at ao= a(u,), then for all
ueU

(5.3) [h(t y)=1o(t, ), y) ' f ot y)*or(t, y) gt y)u(t, y) = uo(t, y)]
=0, ae.dtXxdP.
Proof. Set u — uy = v and consider the control ug+A 150 = u, where 0<A =1,
1 if max { J‘t \Z(s)|? ds, |y|2} =N?,
InGs, y)={ ’

0 otherwise.

Since 2 is convex, this control is admissible. From Lemma 5.1 we obtain
1
0= Ea(l; uy)A J Xo 'gvlndt.
0

We divide by A and let A »0. Since a(1, u,)—> a, with probability 1, since
a (1, uy)—ay is uniformly integrable, and since

1
J o 'guindt| =N[K(1+N?]V?,
0

then
1 1
0= Ea, I Zo 'gviydt=E I ao()Zo; g In () dt.
0 (1]

Since the integrand is measurable and {%,} adapted, and the inequality holds for
all v such that uo+v € %, then

aoZo 'gIn=0 a.e.dtxdP.

Since E [;|%|>dr <o and Ely|}<o it follows that 1y1 a.e. dtxdP. This
establishes the theorem.

It follows from (5.3) that each component of u, is bang-bang on the set where
the corresponding component of (o' g y* [ — loo~'f*] is not zero. If [ is a support
functional at ay, set

Si={(t,y)€[0, 11X 6:[(c"g)*(h —loo ™' f*)]; =0},
Si(uo)=NS;,  S(uo)=U Si(uo),

where the intersection is over all / which support 2 (1) at a (uo). We call S(u,) the
singularity set of uo, and we say that u, is singular if S (u,) has positive measure.
COROLLARY 5.1. If a(1; uo) is a support point of 2 (1) and if u, is not singular,
then uq is bang-bang.
We remark that all points of &(1) are support points with the support
functional [/ =1. However S; =[0, 1]X € for all i, so that if the point has no
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support functionals other than the constants, we can say nothing about whether its
control u is ever bang-bang. Corollary 5.1 is not very illuminating as we cannot
readily identify the nonsingular controls.

To characterize 9, more explicitly we proceed as follows. An exposed point «
of a set A is a point in A such that for some continuous linear functional /,
l(@)>1(a’) for all a' in A with a’ # a. We write exp [A], for the set of exposed
points of A, A < L,(%, P).

COROLLARY 5.2. &, (1) > exp [9(1)],J for 1=p'=2p/(p+1),pasin (2.4).

Proof. We need only show that if « is exposed, then u, is not singular. If a is
exposed, but [(o~'g)*(h — loo~'f*®)]; =0 on B, a set of positive measure, choose
v to have support on B with only v; #0. Note that now lo=1["'aoeL; with
leL,, q'=2q where q is conjugate to p. The factor 2 comes from [6] as used in
Lemma 5.1. By (5.2) with a(1) =a(1; ug+v),

E{lla(1)~ao(D)]}=0

and thus a(1)=a((1) and gv =0 a.e. We can now change u, on B to u;, which is
bang-bang, and a(1; ug) = a(1; u;), so that age Z(1).
Now assume
(vii) for all extreme points u of I', u +ker g(¢, y) is an extremal set of I" a.e.
dt X dP (ker g is the null space of g) (cf. [14] for extremal sets);
(viii) if g(t, y) is the pseudo inverse of g(¢, y)* then for some m <oo

lg(t,y)|= sup min {lal: g(s, y)'a = b}=K(1+ Iy[).

THEOREM 5.2. Under hypotheses (vii), (viii), @,(1)=exp [D(1)], for all
1<p'=2p(p+1)7"

Proof. We already know that 2, (1) > exp [92(1)]p Suppose now that uo € Us.
According to (viii) and [6, Lemma 3.1], E*(f, |Z]> df)* <o if we set &=
(uo—v)*g*o where v is the orthogonal projection of u, on ker g and where q' is
conjugate to p'. We set [ = jo & dw*o to obtain

(BN = [E*o(a(uo)™ P17 [E ell]*]"/*

1 aq'q1/aq
gK(q)E"o[(j |2 dt) ] <o
0
by (2.4) and the Burkolder inequality. Note that
_ _ 1
a” =exp {J —of -dw'o—> J o2 dt}, dw'o=dw—o " \fdt,

so that [6] implies that & " satisfies (2.4).
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Hence for u € U with the use of Girsonov’s transformation
El(a" —a")= Ela*

1
=Ea" J. X dw'o

0

1 1
=Ea“” %a'lg(u—uo)dt+J’ %’dw“}
0 0

1

=EC¥“(1)I (uo—v)*(u—uo) dat=0

where the inequality follows from (vii). Moreover we have equality if and only if
u—uockerg a.e. dt xXdP, hence if a(u)=a(uo). This shows that a(uo) is an
exposed point.

We observe that (vii) means that if ker g is a subspace of dimension d <r, then
ker g is parallel to a d-dimensional hyperplane which forms part of the boundary
of I'.

Although this description of the bang-bang densities cannot be extended to
(1), Corollary 5.2 can.

We say that uo in (1) is a W exposed point if there exists a bounded
measurable function ¢ such that for all u € (1), u # o,

J-R" ddu < J'R" éduo.

COROLLARY 5.3. W exp [ (1)] = £, (1).
Proof. Let uoe@U be such that w(a(l;ug))=mo and let [ug]=
{ueWU: u(a(l; u))=wo}. Assume wis a W' exposed point. Then

[, #lmoats dP=] glmlatisu)ap

with equality if and only if u € [uo]. Now (uo); is bang-bang except on S} where
= ¢ o . Choose v such that v; has support on S} and u°+v is bang-bang. By
(5.2), up+ve (1)

We have now characterized &, as the exposed points of & in L,. Let us next
use Lemma 5.1 to show that bang-bang controls are optimal for many problems.
First, if u, solves the problem of minimizing E“l(x) = El(x") over u in %, where
leL,,(%, P), and where the time interval is fixed, say 0=¢=1, then [/ supports
P (1) at ao. If u, is singular then we can change it to # where uo = if (¢, y ) € S (uo)
such that & € U,, and 4 is also optimal, i.e. E*°l = E*[; cf. (5.2). Hence the second
of the three conclusions also holds.

Finally we apply Theorem 5.1 to the problem of § 3 with the equation (5.1).
We assume
(C,) foreachtin|0, T], K(¢)is an at most countable union of closed half-spaces,

ie.

K= U {BeLi(6, Pyl =c')



14 U. G. HAUSSMANN, W. J. ANDERSON AND A. BOYARSKY

such that for each i

sup |l <00, lim sup |lia —lia|=0.
t s/t aeD(s)

LeMMA 5.2. Under hypothesis (C,) if there exists a time optimal control i, then
a(f; @) is a support point of D (f). ‘

Proof. By the weak compactness of 2 (f), sup {/;a:a € @ (f)} is attained, at say
a.

Given & >0 and i we can choose &' >0 so that for each s, f-8'<s=f,there
is an a, € D(s) with |la, — &, <e/sup, |l}jw, and with |l}a, — lja,| <e. Then

(5.4) l%o?=l;;(d—as)+(l§—li)as+lias§23+ sup lia.
aedD(s)

Since { is the optimal time, then there exists at least one i such that [;d =¢', and
SUP.eas) Ly <c' for s <t This fact together with (5.4) implies that

(5.5) ¢! c

A
A
IA

lig =lia
and so [} supports 2 (f) at &.

COROLLARY 5.4. Under condition C,, if there exists a time optimal control then
it can be chosen to be bang-bang.

Proof. The optimal density & lies in the hyperplanes {8 e L,:li8 =c'}, ieJ.
Hence # is bang-bang except on a (¢, y) set where each of these I} are “degener-
ate”, i.e. [(0'g)*(h' —lho~'f*)]; = 0, the same component j for all i € J. We can
change the values of # on this set to 1 without changing the values of / tajiel.

The analogous result holds in (Z, #’) using the half-spaces {u€
M:J o 1i(x) du(x) Z ¢’} with [; bounded, Borel measurable, because t—>s{(t) is
also continuous when $£(t) is considered in /, i.e. we take the Hausdorff metric
in M.

We can now consider the examples from § 3 again. By taking K(¢)=
{weM:[gn1pc(t)" du =1} in Example 1 we have not changed K ()N &£ (¢), the
major point. (H,) still holds. (C;) holds if ¢ is left continuous, inf, ¢ (t)> 0.

As for Example 2: [, =1,-, and

J' (L=, —1,=)a dP|=KY°P{s<r=t}"/*>0as s /t.
€

Hence (C,) again holds and in either example an optimal control can be taken
bang-bang. In fact from Lemma 5.2 it follows that if & is optimal then a.e. dt X dP

max H(&, t,y,u)=H&, 1y, d(t, y))
with H(Z, t, y, u)=%(t, y)o(t, y) 'g(t, y)u where for some i

=B+ [ #6y)awiy),
0

i.e. we have a maximum principle.



A NEW STOCHASTIC TIME OPTIMAL PROBLEM 15

REFERENCES

[1] V. E. BENES, Existence of optimal stochastic control laws, this Journal, 9 (1971), pp. 446-472.

[2] J. M. BisMuT, Théorie probabiliste du contréle des diffusions, Mem. Amer. Math. Soc., 4 (1976),
no. 167, pp. 1-130.

[3] K. YAMADA, Continuity of cost functionals in diffusion processes, IEEE Conference on Decision
and Control (Adaptive Processes), San Diego, 1973.

[4] H. J. KUSHNER, Existence results for optimal stochastic controls, J. Optimization Theory Appl.,
15 (1975), pp. 347-359.

[5] W. M. WONHAM, Liapunov criteria for weak stochastic stability, J. Differential Equations, 2
(1966), pp. 195-207.

[6] U. G. HAUSSMANN, General necessary conditions for optimal control of stochastic systems,
Proceedings of the 1975 International Symposium on Stochastic Systems, Lexington,
Kentucky; Mathematical Programming Studies, 5 (1976).

[7] H.J. KUSHNER, Necessary conditions for continuous parameter stochastic optimization problems,
this Journal, 10 (1972), pp. 550-565.

[8] D.STROOCK AND S. R.S. VARADHAN, Diffusion processes with continuous coefficients, Comm.
Pure Appl. Math., 22 (1969), pp. 345-400, 479-530.

[9] M. Ni1s10, On stochastic optimal control laws, Nagoya Math. J., 52 (1973), pp. 1-30.

[10] 1. V. GIRSANOV, On transforming a certain class of stochastic processes by absolutely continuous
substitution of measures, Theor. Probability Appl., 5 (1960), pp. 285-301.

[11] J. MEMIN, Sur quelques problémes fondamentaux de la théorie du filtrage, thése du troisiéme
cycle, U.E.R. Mathématiques et Informatique, I'Université de Rennes, Rennes, France,
1974.

[12] T. DUNCAN AND P. VARAIYA, On the solution of a stochastic control system, this Journal, 9
(1971), pp. 354-371.

[13] P. BILLINGSLEY, Convergence of Probability Measures, John Wiley, New York, 1968.

[14] N.DUNFORD AND J. T. SCHWARTZ, Linear Operators, Part I, Interscience, New York, 1966.

[15] E. B. LEE AND L. MARKUS, Foundations of Optimal Control Theory, John Wiley, New York,
1968.

[16] H. HERMES AND J. P. LASALLE, Functional Analysis and Time Optimal Control, Academic
Press, New York, 1969.

[17] J. A. LINDENSTRAUSS, A short proof of Lyapunov’s convexity theorem, J. Math. Mech., 15
(1966), pp. 971-972.

[18] J. M. C. CLARK, The representation of functionals of Brownian motion by stochastic integrals,
Ann. Math. Statist., 41 (1970), pp. 1282-1295.



SIAM J. CONTROL AND OPTIMIZATION
Vol. 16, No. 1, January 1978

THE OPTIMAL RECOURSE PROBLEM IN DISCRETE TIME:
L'-MULTIPLIERS FOR INEQUALITY CONSTRAINTS*

R. T. ROCKAFELLARY AND R. J-B. WETS#

Abstract. An optimal recourse problem is an optimization problem with both stochastic and
dynamic aspects, involving the interplay of observations and responses. In discrete time (with a finite
horizon), there are finitely many stages, at each of which a decision is selected on the basis of prior
observations of random events and subject to costs and constraints affected by these observations as
well as past decisions. The goal is to minimize expected cost, taking into account the known
distribution of future random events. This paper is concerned with the derivation of necessary and
sufficient conditions for optimality in the case of convex costs and constraints.

It is shown that if the recourse problem is strictly feasible and satisfies a new condition called
essentially complete recourse, optimal solutions can be characterized by a “pointwise” Kuhn-Tucker
property involving L '-multipliers. Applications to multistage stochastic programs with special struc-
tures are developed in the last two sections of the paper. In particular, the relation between the general
model and discrete-time stochastic control models is brought out by applying the basic results to a
linear stochastic problem with state constraints.

1. Introduction. For k=1, -, N, let & € R** and u; € R" represent the
observation and decision (control) associated with stage k of a sequential decision
process. The sequence of observations

§=(§1a 52, cee ,gN)GRVIXRV2X- . .xR"N=RV
and the sequence of decisions
u =(u1, u2, e ,uN)eRnlan2X' . ‘anN=Rn

determine a “cost” denoted fo(¢&, u). The objective is to find a recourse function (or
policy, or decision rule, or control law) & —u(¢) which minimizes the' expected
value of this cost subject to certain constraints, including a kind of nonanticipativ-
ity, i.e. the property that u, (¢) essentially depends only on &, - - -, &. This is an
optimal recourse problem in discrete time. Our aim here is to derive necessary and
sufficient conditions for the optimality of a recourse function in the case of a
problem satisfying convexity assumptions with respect to the decision variables.

To give a precise formulation, let (E, %, o) denote the sample space
associated with the random elements of the problem; E is a Borel subset of R”, #
is the Borel field on E, and o is a Borel probability measure on (£, ). The
corresponding expectation operator is denoted simply by E.

A function u: E->R" is said to be nonanticipative in the sequential
framework described above if it is of the form

u(€)=wi(é1), uaés, &2), - -, un(és, -+ -, €n));

it is essentially nonanticipative if it is measurable (with respect to %) and differs
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only on a set of measure zero (with respect to o) from some measurable
nonanticipative function.

It is useful, for purposes of comparison with other work in stochastic
optimization, to recognize that this concept of essential nonanticipativity can also
be formulated in terms of a nest of sigma-fields. Let %’ denote the class of all sets

in & of measure zero with respect to o, and for k=1, -, N let %, be the
sigma-field generated by &, - - -, & completed with respect to o, i.e. the class of
all sets of % of the form

((A X[R"™+1x- -+ XR"DNE)AB,

where A isaBorelsetin R X+ - - X R, Bisasetin ¥, and A denotes symmetric
difference. Then each %, is a sigma-field.

g’cglc...cgN=%

and a function u: E—R" is essentially nonanticipative if and only if for k =

1, -+, N the function u,: E— R"™ is ¥ -measurable.
In fact, everything that follows remains valid for an arbitrary choice of
sigma-fields %1, - - - , #n nesting as indicated, if the latter property is adopted as

the generalized definition of essential nonanticipativity. We therefore work
mainly in this notational framework.

For the conditional expectation given %, we write E*. This is taken to be a
regular conditional expection, i.e. representable as an indefinite integral with
respect to a regular conditional probability. (Such regular conditional prob-
abilities exist, even for a general choice of %, because ¥ is the Borel field on =
and o is a regular Borel probability measure.)

The optimal recourse problem considered here consists of minimizing the
expected cost

(1.1) Iy, () = E{fo(&, u(€))}

over all essentially nonanticipative functions u: E~» R" satisfying almost surely

(a.s.)
(12) f,(f,u(f))§0, i=1a' T,m,

and the abstract constraint u (¢)e U(¢). It is assumed that for every £ € E the set
U(¢) is closed and convex with nonempty interior, and the functions u — f; (€, u),
i=0,1,--,m, are defined for all u € U(¢) (finite, i.e. real-valued), convex and
lower semicontinuous. It is assumed further that for each u € R" the set

Ulu)={¢eEluecUE)}

is Borel measurable (i.e. belongs to %) and the functions £ — f;(¢, u) are all Borel
measurable relative to U~'(u). Setting

fil¢, u)=+00 if ugU(¢),

we obtain from these assumptions that each f; is a normal convex integrand on
EXR" [1, Lemma 2] and the multifunction U: E-> R" is measurable [2, Cor.
3.1].

It follows that f; (¢, u (£))is Borel measurable in £ € E when u (£) is measurable
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[1, Cor. to lemma 5]. Moreover, the multifunction
(1.3) D:¢->DE)={uc U@ u)=<0,i=1,--,m}

is measurable [2, Cors. 4.1 and 4.3]. This multifunction with closed, convex values
provides an abstract description of the constraint structure, and it is crucial in what
follows.

We assume that the sets D (¢) are uniformly bounded (i.e. their union for all
¢ € E is a bounded subset of R"). This enables us to restrict our attention in the
recourse problem to functions u belonging to the space L, =L*(E, #,0;R").
We suppose in addition that to each bounded set K < R" there corresponds a
summable function a: E-> R and a constant 8 € R such that

(1.4) [fol&, u)=a(¢) forallueU()NK,

(1.5) fi¢, w)=p forallueUE)NK, i=1,---,m.

These ‘“‘growth’ conditions imply that for every function u in the class
U={ueL,|u@eU¢)as}

the functions f; (-, u(-)),i =1, - - -, m, are essentially bounded, while fo( -, u(*))
is summable.

With these assumptions the optimal recourse problem introduced above is
well-defined and can be stated as:

P Minimize the functional (1.1) over all u € % NN, satisfying (1.2)a.s.,
where N represents the constraint of nonanticipativity:
No={u=y, - ,un)eLy|ux is F-measurable,k =1,---, N}
=Ly (B, F1, o)X Lo, Fo, )X+ - - XL (B, Fn, o).

Clearly ¥ is a linear subspace of #;,, while % is a convex set, as is the class of all
u € % satisfying (1.2)a.s. The functional (1.1)is convex and finite on 4. Thus we
are dealing with a convex optimization problem. In such a setting, it is typical to
find multiplier characterizations of optimality which are always sufficient but not
necessary without some ‘“‘constraint qualification.”

A natural constraint qualification to consider is that P be strictly feasible. This
is taken to mean that there exist & € /' and & >0 such that

(1.6) [ uE)=—¢ as. fori=1,--- , m,
and
1.7) UE¢)+eBcD(¢) as.,

where B is the closed unit ball in R". However, strict feasibility is not enough in
itself. What we need for our characterization of optimality, as it turns out, is for P
also to have the property of essentially complete recourse, in the sense that for
k=1,---,N the multifunction

D*: £>D*(€)={(u1, - -, w)u e D(¢)}

(1.8)
= projection of D(¢) on R™ X+ - - X R™
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is ,-measurable. (In this case, the constraint multifunction D is said to be
essentially nonanticipative.) Henceforth, we assume the problem P to be endowed
with both strict feasibility and essentially complete recourse, as well as all other
properties of U, f; and D already mentioned.

The optimality condition to be studied below involves the function

h:EXR"XRTXR" >R
defined by

(1.9) b€ 1,y,p)= folé, )+ ¥ yfil6 w)=u - p.

This acts much like the Hamiltonian in control theory.
The Lagrangian associated with the problem P is defined to be the function

(1.10) In(u, y,p)=E{h(& u(€), y(€), p(€))} for(u,y,p)e U XY XM,

where
Y={y=(yy, """, ym)eL,l,,Iyi(f)go as. fori=1,---,m},
Mi={p=(p1, - ,pn)eLIYE"{pi(&)}=0 as. for k=1,---,N}.

(Here pr(€)e R™.) The set % is convex, while ./ is a linear subspace. In fact, as is
easy to verify from the definitions, #; and ¥, are complementary to each other
with respect to the natural pairing between L, and L;;.

Mi=N% and Neo=JM7.

Our growth conditions on the functions f; imply that I, (i, y, p) s finite throughout
U XY XMy, and, of course, convex in u and affine in (y, p).

A saddle point of I, with respect to minimization in # and maximization in
(y,p) is an element (i, y, p) of U X Y X M satisfying

(111) Ih(ﬁ, yap)élh(lz’ y’ﬁ)élh(u’ )7,17) for all (u, Y7p)€0u ><@/x‘/ﬂl'

We shall prove in § 2 that the regularity conditions imposed on P ensure the
existence of such a saddle point (i, y, p), with i an optimal solution to P and (¥, p)
an optimal solution to an associated dual problem. (See [3] for a general
exposition of the relation between the saddle points of a Lagrangian and the
optimal solutions of the corresponding convex program and its dual.)

As is also shown in § 2, the saddle points (&, y, p) of I, are characterized by
the following Kuhn-Tucker conditions, whose satisfaction for some (3, p) is
therefore necessary and sufficient for the optimality of & in P:

(a) teNs and

(1.12) i(&)e U(€) almost surely

(1.13) fi&a)=0 fori=1,---,m almostsurely;
) =@, m)€Lmand

(1.14) yi(€)=0 fori=1,---,m almost surely,

(1.15) Vi i€ a()=0 fori=1,---,m almostsurely;
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(c) pey and
(1.16)  h(& a(€),y(€)pE)N= lim h( u,y(€),p(€)) almostsurely.

ueU(§)

The Kuhn-Tucker conditions show that if § and p, the multipliers associated
with P, are known or can be generated by an algorithmic procedure, a function
i € L}, is optimal for P if and only if it is nonanticipative and i (£) satisfies certain
constraints ‘“pointwise” for each £ € E, namely (1.12), (1.16), and (1.13) with
equality holding when y;(£) > 0. Moreover, if P is such that the pointwise minimum
in (1.16) is almost surely unique, as is true for example if fo(€, - ) is almost surely
convex on U (), then the function ii € L}, is optimal if it merely satisfies (1.12) and
(1.16), without regard to nonanticipativity and the other constraints. Indeed, these
other properties must then hold automatically for &, since according to the above
there does exist at least one optimal recourse function characterized by the
Kuhn-Tucker conditions. This is discussed further in a more specialized context in
§3.

Essentially complete recourse plays a vital role in the derivation of these
results. The importance of this kind of property was first brought out in [4] in
connection with our work on a special case of P. It was shown in [4] that if a
stochastic program with a two-stage constraint structure has relatively complete
recourse, the multipliers appearing in the Kuhn-Tucker conditions may be chosen
to be L'-functions; one has to rely on esoteric elements of (L )* when this
condition is not satisfied. It can be shown that essentially complete recourse is
implied by relatively complete recourse in that setting (see the remarks in § 3
following Theorem 6). Essentially complete recourse is a more general and
abstract condition demanding that at each stage k the set from which the decision
u, must be chosen, namely

Di( uy, - the—1)={ux € R™|(u1, *  * , th—1, )€ D* ()},

really depends only on past decisions and observations, and one therefore does
not have to restrict further to an intersection relative to all possible future
observations (an implicit constraint induced by the need to maintain availability of
recourse under all circumstances).

In a companion paper [5], essentially complete recourse was used exten-
sively, first in the justification of the dynamic programming technique for optimal
recourse problems, but then also to obtain a system of L -multipliers, in fact a
summable martingale, that can be associated with the nonanticipativity restriction
on the recourse functions. However, our concern in [5] was only with such
multipliers. The model was formulated directly in terms of the nonanticipative
constraint multifunction D; no structure of D in terms of inequality constraints
as in (1.3) was explicitly introduced, and hence there was no multiplier vector
y(£). The existence of multipliers associated with the nonanticipativity restric-
tion was first pointed out in [6].

2. Basic results. Our first theorem shows that the regularity conditions
imposed on the recourse problem P guarantee the existence of an optimal solution
i, and that such functions # correspond to saddle-points (&, y, p) of I,. We
proceed by observing that the question can be settled through reducing P to an
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equivalent problem without explicit inequality constraints. We then utilize the key
result of [5] to complete the proof. The second theorem demonstrates that the
saddle points of I, can be characterized by the Kuhn-Tucker conditions, and these
therefore furnish necessary and sufficient conditions for optimality. The third
theorem brings in the corresponding dual problem D.

THEOREM 1. The Lagrangian I, has at least one saddle point (i, y, p) relative
to U XY X M1. Moreover, the components i of such saddle points are precisely the
optimal recourse functions in P.

Proof. First observe that P consists of minimizing over /'« the functional

Ir(u)=E{f(& u(©) = E{fo(& u(€)+¥peu @)}

where p, is the indicator of D (¢). Since D is a measurable multifunction and fo
is a normal convex integrand, we know f is a normal convex integrand [2, Thm. 2
and Cor. 4.2].

According to our assumptions, D(£) is uniformly bounded and there is a
summable function a: Z- R such that

ueDE@>|fE uw)=a(f).

Furthermore, by strict feasibility there exist & € /', and & > 0 such that (1.7) holds.

These facts put us in the framework of [5, Thm. 2] and furnish not only the
existence of an optimal solution # to P but also the characterization of such a
function i as the first component of a saddle point (&, p) of the reduced Lagran-
gian

(2.1) L(u,p)=E{f& u@)—u) p&}=Iw)—(u,p) for(u,p)eL, X M.

The existence of an optimal solution is seen as follows. The subspace &', being
representable as

Mi={ueL[(u p)=0forallpe,},

is closed in the weak topology w(Ly, L). The functional I; on L is lower
semicontinuous in this topology, because it is representable as the conjugate of the
functional Iy« on L, where f* is the conjugate integrand ([1, Thm. 2] and [7, Thm.
2]). The sets

{ueNoll[w)=u}, neRr,

are therefore closed in this topology, in fact compact by the uniform boundedness
of D(¢), since

2.2) Lu)<+o>u¢)eD(¢) as.

The nonempty sets in this nest of compact sets therefore have a nonempty
intersection, and this consists obviously of optimal solutions to P.

The existence of the multiplier p in [5, Thm. 2] is obtained by a more subtle
argument, the details of which will not be repeated here. By our hypothesis, the
convex functional Iy is finite and norm-continuous at a certain point & of ¥, and
this furnishes by Fenchel’s duality theorem a norm-continuous linear functional ¢
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on L}’ such that ¢ vanishes on & and
Jnf Tr@w)= inf, {Ir(u)—e ()}

The property of essentially complete recourse enters in showing that ¢ can
actually be taken to be of the form ¢ ()= (u, p) for some p in L, (and hence in
M1 =Nx). This yields the existence of at least one saddle point (iZ, p) of L in (2.1),
and it follows then by the usual reasoning in minimax theory that such saddle
points characterize the optimal solutions & to P.

To complete the proof of Theorem 1, we must show that a pair (&, p) is a
saddle point of the reduced Lagrangian L if and only if there exists j € % such that
(@, y, p) is a saddle point of the Lagrangian I,. The sufficiency of this condition is
obvious from the fact that

(2.3) L(u,p)=sup Iy(u,y, p).
ye¥

(In view of (2.2), there is no loss of generality in replacing L} by % in discussing
saddle points of I;,).
Now consider any saddle point (&, p) of L. We have & € % and

(24) L(ﬁ’ 13)= sup L(”Z p)= sup SupIh(IZ’ Y, p))

peMy peMq ye¥Y

while on the other hand, using the fact already noted that the conjugate of I is I+
on L}, we have

@.5) L@@ p)=L,p)= inf, L p)= inf, {w)~(u, p}=—I(p),
where by definition
(2.6) —f & pE)= inf {fEw)—u pE}

In order to verify for some y € % that (i1, y, p) is a saddle point of I, it suffices in
view of (2.4) to establish that

I,(u,y,p)=L@@,p) forallue,

or in other words that

(2.7) E{h(&u@), &), pEMZE{f(& a(€)—a€) p()} forallue.
We know from (2.5) and (2.6) that
fE&a@)-a) p¢)= lean {f& u)—u-p&)} almost surely.
Thus @#(¢£) is almost surely an optimal solution to the convex programming
problem
minimize fo(&, u)—u - p(¢) overall u e U(¢)

(2.8)
satisfying f;(§, u)=0 fori=1,---,m.



THE OPTIMAL RECOURSE PROBLEM 23

However, this problem is strictly feasible almost surely, due to the assumed
existence of & € U and e > 0 satisfying (1.6), and it therefore has almost surely a
Kuhn-Tucker vector, i.e. a vector y € RY such that (cf. (1.9)):

Jnf (& u,y, BE)=infin 2.8)=(¢ #@)- 7€) H(€).
Let Y(¢) denote the set of all vectors y € RY such that
(2.9) R u,y, pENZSE a(€)—a(¢) pE) forallueU(¢).

As we have just seen, Y (£)# & almost surely. Let A denote a countable dense
subset of R". Since for each y e RT the function k(¢, -, y, p(£)) is finite, lower
semicontinuous (l.s.c.), and convex on U (¢) (a convex set with nonempty interior),
it is continuous on the interior of U(¢) and relative to all line segments in U(£),
and hence

L G uy, p@E)= inf  h(E uy,PE)

ueU(¢)NA

Thus U(£) can be replaced by U(£€)N A in (2.9) without affecting the nature of the
condition on y. This yields the representation

(2.10) Y€)= QA Ya(é),
where Y,(£¢) denotes the set of all y € RY satisfying
h& a,y,pE)NZfE aE)—u(€) pE),

or more specifically, is given for each £ in the (Borel measurable) set U~ '(a) by

£ vl 0216 1€)~fule. o)),

while for other ¢ € E simply Y, (¢)= RY. Each of the multifunctions Y,: & > Y,(£)
is close-valued and Borel measurable [2, Cor. 4.3], and hence so is Y as the
intersection of a countable collection in (2.10)[2, Cor. 1.3]. It follows that Y hasa
Borel measurable selection where it is nonempty-valued [2, Cor. 1.1]. Since
Y (¢)# J almost surely, we therefore have the existence of a Borel measurable
function y: E- R such that almost surely y(£)e Y(¢), i.e.

211)  hEu, 7€) PENZf(E a@)-a) p¢) forallueU().

We claim (2.11) implies y (¢) is summable in &, so that actually y € ¥. Indeed,
for the function # in our strict feasibiiity assumption we can set u = i (£¢) in (2.11)
to obtain (almost surely)

Yo©)={yeR?

folb,#€)=¢ £ 5.(O= @) O ol 7€)= 7€) PO+ . FONE 1(©)

ZfE a@)-u@) pE)
=folé, @(€)—a(€) p()
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and thus fori =1, - - -, m (almost surely)

(2.12) 0=¢y:(6)= fo (& d(©)~ fol&, a(£)— (@ (&)~ u(£)) - p(é).

The right side of (2.12) is, of course, summable in £, and hence so is y;(£).

We have thus established the existence of y € % satisfying (2.11). But (2.11)
implies (2.7) and therefore, as already argued, that (&, y, p) is a saddle point of I,
This ends the proof of Theorem 1.

COROLLARY. The restricted Lagrangian

(2.13) Ie(u, y)=E{€(& u(€), y()} for (u,y)e (UNN)X ¥,

where

(2.14) €€ uy)=fol& )+ T yfilg )

has at least one saddle point (i, y) relative to (U NNw)X¥. Moreover, the
components ii of such saddle points are precisely the optimal recourse functions in P.

Proof. Let (i, y, p) be a saddle point of I, relative to U X ¥ X.#,, as exists by
Theorem 1. Since p € M1 =Nx, we have

Ih(u’Yap-)'__It’(u, y) fOI'(u, Y)e(% n‘/v‘oo)x@,

and hence (&, y)is a saddle point of I, relative to (% NN») X #. The existence of at
least one such saddle point, together with the fact that P is equivalent to
minimizing the functional

L(u)=sup I,(u,y) forue¥U NN,
ye¥

yields the characterization of solutions # by the usual minimax considerations.

THEOREM 2. An element (i1, y, p) is a saddle point of the Lagrangian I,
relative to U X Y X M, if and only if the Kuhn—Tucker conditions (a), (b), (c) are
satisfied.

Proof. In either case we have 1 € U, y € ¥ and p e M. If (i, 7, p) is a saddle
point, then & is optimal for P by Theorem 1, and in particular & € A'w. Thus in
showing the equivalence we can limit attention to the case where also & € V.
Then (iZ, p)=0 for all p e M1, so that I,,(@, y, p) = I,,(&, y, p), and the saddle point
condition can just as well be expressed as

(2.15) sup Iu(@, y, p)=I(&, 3, p) = inf Lu(u, y, P).
The left half of (2.13) is trivially equivalent to

sup. k(& a(€),y,pE)=h(& a€), 7€), p(¢) as,
and this is identical to (1.13) plus (1.15).

It remains only to show that the second equality in (2.15) implies (1.16), the
opposite implication being immediate. Define the integrand j on EXR" by

J( u)=h(& u, 7€), p(£)),
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this value being interpreted as +00 for u g U(¢), so that
U)={ueR"|j(& u)<+oo}.

Our hypotheses say that j(£, u) is l.s.c. convex in u and Borel measurable in ¢,
hence (since int U(£) # &) j is a (Borel) normal convex integrand [1, Lemma 2].
Furthermore, the “growth” conditions on the functions f; imply for each bounded
set K < R" the existence of a summable function y: - R such that

& u)=y(¢) forallueUE)NK.
The right half of (2.15) thus can be regarded as the assertion that
(2.16) Li(@) = inf_IL;(u),

uelL,

where
Li(u)=E{j(¢ u(@))}

On the other hand, (1.16) can be restated as
(2.17) j€@©)= inf j€u) as.

The question is thus reduced to that of the equivalence of (2.16) and (2.17), which
is answered affirmatively by the theory of normal integrands and integral func-
tionals. (In particular, the two properties can be expressed in terms of 0 € al;(i7)
and 0 € dj (£, 4 (¢)), and then [7, Cor. 1B and Thm. 2] can be invoked.) Theorem 2
is thereby established.

We have mentioned in § 1 that the multipliers § and p for P solve a certain
dual problem. This will now be described. Define the function g on EXR™ X R"
by

igf(f)h(&u,y,p) if yeRY,
(2.18) g&y,p)=
-0 if yRY.

It will be shown below that —g is a normal convex integrand. Let
(2.19) L(y,p)=E{g(& y(€),p&))} for(y,p)eLnXLy,.
The dual problem associated with P is taken to be:
D Maximize I, (y, p)overall (y,p)e ¥ X M.
THEOREM 3. The functional I, in D is well-defined and concave, with

(2.20) L,(y,p)= inf I, (u,y,p) forall(y,p)e¥ XA

Thus optimal solutions to D exist, and they are precisely the components (3, p) of the
saddle points (4, y, p) of the Lagrangian I,. In particular,

min P=maxD.
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Proof. We begin by proving that —g is a (Borel-)normal convex integrand.
There exists in % a countable subcollection %' such that U (¢) is almost surely the
closure of the set {u(£)lu e U'}. (This follows from the measurability of the
multifunction U via Castaing’s theorem; cf. [2, Thm. 1].) Then by convexity

(2.21) g y,p)= inf h(§ u(é),y,p) as. foryeR?Z.

For each u € U’', define

h u(é),y,p) ifyeRT,
gu(¢, y,p)={_oo it yg R,

Then —g is a normal convex integrand by virtue of our regularity assumptions, and
we have from (2.21) the representation

g& y,p)= inf g.(§y,p) as.

Since the collection is countable, this implies —g is a normal convex integrand [2,
Cor. 4.1}

Normality ensures that g(¢, y(£), p(¢)) is measurable in ¢ whenever y(-)
and p(-) are. On the other hand, fixing any u € % we have for all y eL,, and
p € L), the bound

g y(©rpEN=1olé 14(43))+§1 i), u(@)—u@) p&),

where the right side is summable. Thus I, (y, p) is always unambiguously a real
number or —o0. The concavity of I, is obvious.

We establish (2.20) by fixing any (y,p) in ¥ X, and considering the
integrand

, k& u,y(€),p§) ifueclU(),
(2.22) 6 u=| ,

+00 if ug U(¢).
The situation is extremely close to the one at the end of the proof of Theorem 2; j

is a normal convex integrand, and we get from the theory of integral functionals
that

(2.23) sup {(q, u)—L;u)}=Inq) forallgeL,,

uel

where

i*€ a@)= sup {q(€) u—j(& w}.

Taking q = 0, we turn the latter into

—j*& 0)=g(& p(£), y(£))

by (2.22) and (2.18), and then (2.23) becomes the equation in (2.20).
The rest of Theorem 3 is evident from (2.20) and the existence of a saddle
point of I, in Theorem 1.
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3. Special structures. So far, it has been convenient and useful to endow P
with as little structure as possible. This level of generality is rarely, if ever, needed
in practice. The main purpose of this section, and the next one, is to consider
recourse problems that possess some of the structural characteristics most com-
monly encountered in applications.

An initial observation may be made about the differentiable case, i.e. where
U@)=R" and the functions u+ f;(&, u) are all differentiable with gradients
denoted by Vf;(&, u). Then (1.16) of the Kuhn-Tucker conditions becomes

(3.1) Vi 7€)+ 3 FOVAE AE)=PE) as.
and hence part (c) of the conditions asserts simply that
62 E*{Vie a@)+ £ 7@OVAEa@)} =0 as fork=1,-:,N,

A. The separable case. By SP we denote a version of P that satisfies all the
regularity conditions laid outin § 1 and is also separable, by which we mean that

) U©)= X Uie)
(i) flew= T fu@u) fori=0,1,--,m

where the multifunctions Uy : £ U, (€)= R" are %, -measurable, and the func-
tions & fi (&, uy ) are F,-measurable relative to the set

Ui (ur)={¢ € Elux € U (€ )} € Fu.

The function & (as defined by (1.9)) is also separable, in the sense that

(33) hEy,0)= % 16 o )=t pil
where
(3.4) 66,1 3)= for(6 )+ 3 yifu( )

and the functions &> €, (£, ux, y) are %,-measurable relative to U ' (ux ).

Since SP possesses all the properties of P, the problem is solvable and the
Kuhn-Tucker conditions (a), (b), (c) are necessary and sufficient for optimality.
We shall show that (c) can be replaced by:

(sc)fork=1,---,None has

(3.5) Cel& @ (€), E'5(€) = min 66 ue E(E)  as.

where

(3.6) (E*5)¢)=E*{5 (&)} (conditional expectation given F).
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Of course E ")7 is #-measurable by definition, so the process {E ")7, k=
1, -+, N} is nonanticipative. Note that everything in the expression (3.5) is
% -measurable, and therefore the ‘““almost surely” can be interpreted with respect
to the restriction of the probability o to ;. Thus the minimization is entirely in
terms of information pertinent to stage k and independent of the future. In
particular, for the nest of sigma-fields %, corresponding to the sequential notation
£=(£&, -, &) at the beginning of § 1, € can be replaced essentially by £&* =
(&1, * -+, &) throughout (3.5). The decision taken at stage k is then represented as
a solution i (¢*) to an optimization problem depending only on the past informa-
tion ¢* and a vector E*j(£¥) of expected “prices.”

THEOREM 4. A function ii solves the separable optimal recourse problem SP
if and only if there is a multiplier function y such that (G, y ) satisfies (a) and (b) of the
general Kuhn-Tucker conditions and (sc) above.

Proof. From the Corollary to Theorem 1, we know that & is optimal if and
only if & € U NN and there exists y € ¥ such that

(3.7) sup Le(@, y)=Te(@ y)= inf Ie(u,y).

The left half of (3.7) is equivalent to

sup €(£,d(£),y)=¢( a(£), (&),

yeRY

which means that (1.13) and (1.15) hold (and hence all of (a) and (b)). It remains
only to show that the right half of (3.7) is equivalent to (sc). But separability
implies

N
(3.8) L(u,y)= Y Ip(ur, y) forallu e U NN,
k=1

where
(3.9) I, (ur, 7) = E{€e (& ui(€), 7))} = E{l (€ ui(€), EF ()},

the last equality being true because the function u, is %, -measurable and ¢ is

affine in the multiplier y. Fork =1, - - -, N, define the integrand r, on Z X R " by
€€, i, EX5(£)) if uk € U (€),

3.10 , U )= { .

(3.10) e ) =] | o if ux Ui (£).

Then for functions u; € L,.(E, %, o) we have from (3.9)

I (u, y) if u(£)e Ur(é) as.,

+00 otherwise.

E{r.(&, w (&)} = {
Theright half of (3.7)is therefore identical to the assertion that fork =1, - - -, N:
the minimum of I, (u) = E{r. (¢, ur(£))} over all

(3.11)
ur € Lo (E, %, o) is attained at i,
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while condition (3.5) is the same as

the minimum of r, (£, u; ) over all
(3.12)

ux € R™ is attained at i, (¢) almost surely.
The equivalence of (3.11) and (3.12) follows from our regularity assumptions
exactly as did the equivalence of (2.16) and (2.17) in the proof of Theorem 2: each
1, is an %, -normal convex integrand. This completes the proof of Theorem 4.

The Kuhn-Tucker conditions in this ‘“‘decomposed’ form have a number of

significant features that render them attractive from a computational viewpoint.
Notably, if at stage k the multiplier function 7* is known and the minimum in (3.5)
is uniquely attained almost surely, then the minimizing points must be the values
Uy (&) of the unique optimal decision function &, associated with this stage. In
other words, the requirement of %, -measurability is automatically taken care of,
and there is no need to worry about the ultimate satisfaction of the constraints

fi€, u(€)=0.
We remark also that in the differentiable case, with U, (¢)=R"™ for all k,
condition (3.5) takes on the form

(3.13) Vo (6w €)+ X E“5ié)V fu & @c(€)=0 as.(F).
The structure of separability also leads to a special dual problem associated

with SP. For k =1, - - -, N, define the function g, on EXR™ by
(3.14) g(& y)= inf )fk(f, ur,y) ifyeRYT.

ure Uk (€
Then —g is an %, -normal convex integrand, and the functional

(3.15) L, (y)=E{gi(& y(€))} foryeL,

is well-defined, concave (with —o0 as a possible value) and satisfies

(3.16) L, (y)= . :2&( I, (ux, y) forall #.-measurabley e %,

where
3.17) Ui = {ux € L (8, Fr, o)ur () € Ui (€) as. (Fa )b
These facts are established almost exactly as they were for g and I in the proof of
Theorem 3.
As the special dual problem for SP, we introduce:
N
SD Maximize ¥ I, (E“y)overally e ¥.
k=1
The following result is then immediate from the decomposition

N
(3.18) L(u,y)= Y IL(u, E*y) for(u,y)eUx¥y
k=1

and the fact that the Kuhn-Tucker conditions (a), (b), (sc) in Theorem 4 charac-
terize the saddle points of this expression.
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THEOREM 5. The dual problem SD has optimal solutions, and they are
precisely the components y of the pairs (@, y ) satisfying the Kuhn—Tucker conditions
(@), (b), (sc). In particular,

min SP =max SD.

B. Linear recourse models. By LP we denote a version of SP that can be
formulated as follows:

N
MinimizeE{ T ¢ uk(g")}
k=1
LP |
]
subject to Y Ajuc(£¥)=b; as. forj=1,---,N,
k=1

where c,eR™, bjeR™, AjpeR™ ™ and & =(¢&, -, &) with &=
(¢ks Akks * * * » ANk, bi). Thus the vectors ¢, and b, and matrices Ay are random
variables whose values become known in stage k, and we are in the sequential
notational setting at the beginning of § 1 with & = (&5, - - -, év). Itisrequired that

(3.19) u. e Ln(B5, F*, o"),

where (B, #*, 0’*)is the marginal probability space of the random variable £, i.e.
of the random elements observed in the first k stages.

This formulation differs slightly from the previous pattern in having (3.19) in
place of the %, -measurability of u, as a function of E (with %, the “cylindrical
extension” of F* relative to =, as introduced in § 1 for the setting where
&= (&1, -, én)). In simpler terms, the recourse function is taken to be nonan-
ticipative, rather than just essentially nonanticipative. However, the two formula-
tions are equivalent as long as we are not concerned with the multipliers 5 (¢), and
this is justified in the present context by Theorem 3. (In introducing j € L ., we
need to regard the recourse function u as an element of L, and therefore must
admit, as negligible, alterations of u, (¢*) on a set of £-values of probability zero,
even if these involve &,.1, * - -, én.) Incidentally, in contrast to this equivalence,
one cannot change the ‘“‘almost surely” in the constraints of LP without risking a
disastrous effect on the problem. This is shown by counterexamples in [8], where a
condition on the probability measure o is also developed which ensures against
the discrepancy.

As with SP, we assume that LP satisfies all the regularity conditions we have
imposed on P. Actually, the convexity, lower semicontinuity and measurability
conditions are trivially satisfied; note that U, (¢)=R", while each f; is an affine
function of u; with random variables as coefficients. The uniform boundedness
assumption requires that for all realizations of ¢ the polyhedron generated by the
constraints of LP lies within a fixed ball. For the case where the matrices Aj are
nonrandom—or equivalently, have a degenerate distribution—a sufficient condi-
tion for uniform boundedness is given by Olsen [9, Lemma 2.4]; cf. also [10].
Various sufficient conditions for strict feasibility can easily be found. For example,
one such criterion can be derived from the results of Isofescu and Theodorescu
[11] for systems of stochastic linear inequalities.
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Problem LP has a block-triangular structure which makes it easy to see more
specifically when the property of essentially complete recourse is present.
Consider the following decision procedure. In the first stage (having observed
&1 =(c1, A11, by)) we choose u; satisfying A11u; = by. In the second stage (having
observed &,) we choose u; satisfying A,u, = b3, where b3 = b,— Ay u;. And so
forth: in the kth stage (having observed &) we choose u; satisfying

k-1
(3.20) A Zb), wherebj=b; — zl A,

i=
One says that relatively complete recourse is present if this procedure can almost
surely be continued to the end (i.e. to the choice of uy), or in other words, if with
probability one we will not encounter a stage where we are stymied by the
emptiness of the u,-polyhedron defined by the constraint system (3.20).

THEOREM 6. Relatively complete recourse implies essentially complete
recourse.

Proof. Let us denote by A*(¢¥) the set of all (41, - -, ux) which can be
generated by the first k stages of this procedure. Relatively complete recourse
means that each element of A*(¢) is contained almost surely (with respect to the
conditional distribution of (&x+1, - - + , &v) given (£q, - - -, &) in the set D*(¢) in
(1.8), which consists of all (¥, - - -, u,) such that the procedure can be continued
to the end when the total outcome of the random variable is ¢=
(€1, , & €kr1,  * + , €n). Representing A* (£¥) as the closure of a countable set,
to each element of which this fact can be applied, we see from the closedness of
D*(¢) that

A*(€*)=D*(¢)

almost surely (conditionally, given ¢*). But trivially, the opposite inclusion is
universally valid by the definition of D*(¢). Therefore, relatively complete
recourse is equivalent to the property that

(3.21) D*&)=A%¢%) as.

(in the sense of the overall distribution of ¢). Of course, (3.21) implies that D* (¢)
essentially depends only on £, which is the property of essentially complete
recourse.

Remark. The concept of relatively complete recourse, and with it Theorem 6,
can easily be extended to SP and even to the general context of P, thereby also
covering our use of the term in [4]. The multifunction U is itself assumed
nonanticipative (as is true for instance in SP): the projection U* (¢) consisting of
all components (i, -, u;) of elements u of U(£) is thus assumed -
measurable. The index set {1, - - -, m} is partitioned into subsets J; such that, for
iely, fi(& u) is Fr-measurable in ¢ and depends only on the components
(uy, - - -, u)of u. Let A* (&) consist of all elements (1, * - - , u ) of U* (£) satisfying
the constraints f;(£, u)=0 for all indices i€J;U - -+ UJi. Then A*(¢) is F-
measurable in £ Relatively complete recourse is the property that each element of
A* (¢) belongs to D* (¢) almost surely (conditional probability given %, ). This can
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also be expressed as above in terms of the almost sure feasibility of a ‘“block-
triangular” procedure for generating u,, - - -, uyx sequentially. The proof of
Theorem 6 remains valid in this case.

Our assumption of strict feasibility appears needed for the validity of the
Kuhn-Tucker conditions (a), (b), (sc) of Theorem 4 in the case of LP, despite the
linearities. This may be attributed to the (infinite-dimensional) constraint of
nonanticipativity, even though the corresponding multipliers are suppressed in
(sc).

The optimal recourse functions for LP, which exist according to Theorem 1
under the regularity conditions which have been imposed, are characterized as
follows.

THEOREM 7. In order that the function &= (i, - ,in) With Ui €
L (BF, #*, 0*) be an optimal solution to LP, it is necessary and sufficient that the
followi;tg c;'com,icitions be satisfied for some function = (J1,**,Jn) With yi €
L.EF 0", k=1,-
(3:22) At () ZbLE") as.,
(3.23) F(€)z0 as.,
(3.24) FeE*) - [bUE )~ At ()] =0 a.s.,
(3.25) T A = ci(€*) as.,
where
k-1 X
(3.26) bE)=be— T Auti(€),
iz
N
(3.27) cHE=c— T E*5)E)Aj.
i=

Proof. When conditions (a), (b) and (sc) of Theorem 4 are specialized to the
present context, we get something slightly different. Namely, each y, would
appear in (3.23) and (3.24) as a function of all of £, while the expression in (3.25)
would instead be (E "yk )(£%). However, these conditions on i really involve only
the latter expressions (and their expectations in earlier stages) Therefore, we can
just as well apply E* to (3.23) and (3.24), so that only E*j, is relevant throughout;
it is a mere change of notation to then call this function y,, instead of the original
function.

The dual problem in this context may be stated as:

N
Maximize E{ Y b yi(£ )} over all summable
k=1

LD k . .
ye(E)=0,k =1, -, N, satisfying
N .
(3.28) ) (E’}’k)(fk)Akj =¢; as. forj=1,---,N.
K=
Note that the function y = (y1, - - - , y~) may be called a nonanticipative element

of L. However, LD does not fit the same mold as LP, since in determining the



THE OPTIMAL RECOURSE PROBLEM 33

component y; for stage k we need consider the conditional expectations of the
future components y;, k <j=N. Looked at another way, LD involves certain
special chance constraints, in contrast to LP, because if the expected values of the
multipliers y; associated with future stages are treated as variables to be deter-
mined at stage k, then the decision which is taken poses a subsequent constraint on
expectations that y; must live up to.

THEOREM 8. The dual problem LD has optimal solutions, and they are
precisely the components y = (¥1, * - * , yn) of the pairs (i, y) satisfying the Kuhn—
Tucker conditions in Theorem 7. In particular,

min LP = max LD.

Proof. This follows as a specialization of Theorem 5 via a slight change in
notation as in the proof of Theorem 7.

Problem LD resembles the dual obtained by Eisner and Olsen [12] for linear
recourse models formulated in L”-spaces, 1<p <c0. The approach developed
here, however, yields a min =max duality theorem with corresponding Kuhn-
Tucker conditions, whereas [12] only allows for min = sup duality results.

4. A discrete time stochastic control problem. The purpose of this section is
to illustrate, by an example, the relations between the recourse model and certain
types of stochastic control problems in discrete time. The optimality conditions
developed here can then be used to characterize optimal solutions to these
stochastic control problems. The goal is not to give a description of the most
general stochastic control problem that can be handled in the framework of the
recourse model; it is easy to see how the problem described below can be
generalized in many directions and still fit our pattern.

While there are a number of substantial contributions to the theory of
necessary and sufficient conditions for stochastic control problems in discrete
time, e.g. [13] and [14], there does not seem to be a treatment that allows for the
inclusion of state-space constraints when seeking pointwise optimality conditions.
Several papers do deal with state-space constraints in the continuous case; see
[15],[16],[17] and [18]. The difference between the present approach and the one
taken by Kushner [15], Haussmann [16] and Ichikawa [17] is that they seek an
“expected maximum principle,” in which case the multipliers associated with the
state-space constraints (at a finite number of time periods) turn out to be elements
of R. It is when seeking pointwise optimality conditions that the difficulties do
arise, as illustrated in [18] where Bismut must rely on an (L °)*-multiplier rather
than L -multiplier. Even for continuous-time deterministic problems with state-
space constraints these exotic multipliers cannot always be avoided [19].

Let (§, k=1,--+,N) denote a vector-valued (discrete time) stochastic
process; fork =1, - - -, N, the realizations of € are elements of R” denoted ’by &k
The state of the system at time k is denoted by x;, also an element of R”. The
dynamics are given by the relations

(41) X1=f1
andfork=1,--- ,N—1,
(42) Xie+1=AXp +Buyg + €11,
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where A is a (v' X v')-matrix, B is a (v’ X n')-matrix, and u, € R" is the recourse
(or control) selected at time k. To be consistent with our earlier notation, we set
v =Nv'and n = Nn'. The recourse is selected on the basis of complete information
and fotal recall, by which we mean that the recourse decision u; is selected in
complete knowledge of the past history of the system, i.e. up to and including x;,
the state of the system at time k. (Note that a number of problems with incomplete
observation and partial recall can actually be cast as problems with complete
information and total recall, see for example [20], [21].) In this set-up, it is
equivalent to assert that the decision maker observes £, and recalls past observa-
tions and past decisions, since clearly from (4.2) it follows that knowledge of
earlier states and decisions, and observation of x; .1 uniquely determines & .1, the
“noise” of the system.

Moreover, the particular form of the dynamics of this system (4.2) allows us
to short-circuit the state component in the description of the model. Indeed,
combining (4.1) and (4.2) we obtain

k—1

k —
(4~3) Xk+1= Z Aq§k+1—q+ Z Buk~q’,
q=0 q=0

i.e. the state of the system is a linear function of the past recourse decisions and
realizations.

For performance criterion we take a real-valued functional ¢, defined on
R”XR"™ X R” such that for all £ € E the function (1, x )~ ¢o(&, u, x) is convex, and
for all (u,x)e R" XR"” the function ¢ ¢o(¢, u, x) is (Borel) measurable. The
problem in rough form is to minimize E{po(¢, u (£¢), x (£))} subject to (4.3) and the
further constraints that

4.4) u@elU() as.
andfori=1,---,m
4.5) @i u(€),x(€)=0 as.

The multifunction U is assumed to have closed, convex values with nonempty
interior. For i =1, -, m, the functions ¢; on R*XR" X R", are required to
satisfy the same assumptions as ¢.

Relation (4.3) allows us to formulate this stochastic control problem as a
problem of the type P. Let us write (4.3) (regarded as including (4.1)) in the form

x=86+Tu
and define
fi¢, u)=@i( u,SE+Tu) forallueUE) i=0,1,---,m.

Suppose in fact that ¢; (¢, u, S¢ + Tu)is (for each fixed u) summable in £ wheni =0
and essentially bounded in ¢ wheni =1, -+, m. It can be verified that fo, - - -, fn
and U satisfy all the conditions imposed on them in § 1, and the corresponding
optimal recourse problem P represents the present situation. If in addition P is
strictly feasible and the abstract constraint multifunction D corresponding to
fi,*++, fm and U is uniformly bounded and nonanticipative, all our general
assumptions are satisfied and the above results can be applied. In this way we
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obtain necessary and sufficient conditions for optimality from the basic Kuhn-
Tucker conditions (a), (b), (c).

Many of the regularity conditions in question are ‘“‘standard” for control
problems. For example, it is common to assume uniform boundedness of the set
{U(¢), £ € ), and this ensures the uniform boundedness of the multifunction D.
As far as nonanticipative feasibility is concerned, we have already explained its
relation to the notion of relatively complete recourse that has played an important
role in the literature devoted to stochastic programming [4]. This concept has also
recently surfaced in stochastic control theory [22], [23]. For a system without state
constraints, Striebel [22] introduced the concept of optimality from time t onward,
requiring essentially that for each control satisfying (4.4) and each time t—
whatever be the resulting state—there is a control which is optimal from time ¢
onward. Striebel and Rishel [23] use this condition in their study of optimality
criteria for continuous time stochastic control problems. Their motivation for
introducing “optimality from time ¢ onward” is quite different from ours but
seems to be required by technical considerations that are akin to those that lead us
to essentially complete recourse. In particular, Rishel shows that this condition
allows him to obtain an explicit form for the generator applied to the value
function.

Finally, we note that certain classes of stochastic problems yield separable
recourse problems. This is certainly the case if

N
(@) UE)= X Uc(¢) where Uy is #,-measurable,
k=1

N
(ll) for i =0’ 11 o, (Pi(fy u,x)= Z (Pik(ga uk)+x T,
k=1

where the functions ¢ — @i (€, ux) are ¥, -measurable and r; € R”. In this case we
can rely on the sharper results of § 3A, if not in fact 3B, in deriving optimality
conditions.
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PERIODIC SYSTEMS: CONTROLLABILITY AND
THE MATRIX RICCATI EQUATION*

S. BITTANTIL ¥ G. GUARDABASSI,t C. MAFFEZZONI} AND L. SILVERMANY

Abstract. Referring to recently published results, a few problems apparently playing a basic role in
periodic control theory are discussed in this paper. Specifically, the problems dealt with are the
controllability of linear periodic systems and the existence of periodic solutions for periodic matrix
Riccati equations.

Introduction. The existence of periodic solutions for a periodic matrix Riccati
equation has been recently considered in [1] by G. A. Hewer whose main purpose
was to prove the following statement.

For any w >0, let A(-), B(-)and H(-) be given w-periodic real matrices;
then, the matrix Riccati equation (MRE)

R(@)+A@R(t)+R(A()+H' () H(t)—R(t)B(t)B'(1)R(t)=0,
—00 < t < +00,
has one and only one positive semidefinite w-periodic solution such that
x(1)=(A(®)—B(")B'(OR(1))x(r)

is asymptotically stable if and only if (A(:),B(-)) is stabilizable and
(H(-), A(-))is detectable.

Unfortunately, the proof given in [1] is based crucially on a number of
preliminary results, some of which turn out to be wrong. Two of them play in fact a
fundamental role and are discussed in the following.

1. Controllability. Consider the linear w-periodic system
(1a) XO)=A@)x@)+B()u(),
(1b) y(1)=H()x(r)

where x(t)e R", u(t)e R™, y(t)e R” and A(-), B(+) and H(-) are w-periodic
matrices integrable over [0, w].

Brunovsky [2, Proposition 3] proved that (1a) is controllable if and only if it is
controllable on [0, nw]. Hewer claims [1, Thm. 2.15] that the following stronger
result is true: system (1a) is controllable if and only if it is controllable on [0, ]
(this proposition was also stated without proof by Kalman [3, Proposition 2.26]).

The proof given by Hewer is erroneous because the functional linear depen-
dence of the rows of any matrix L( - ) on some interval [0, T is not equivalent to

* Received by the editors July 21, 1976, and in revised form March 7, 1977. This work was
supported by Centro di Teoria dei Sistemi, Consiglio Nazionale delle Ricerche (CNR), and by the
National Science Foundation under Grant Eng. 76-14379.

T Istituto di Elettrotecnica ed Elettronica, Politecnico di Milano, Milano, Italy.

1 ENEL-Centro Ricerca di Automatica (CRA), Milano, Italy.

9 Department of Electrical Engineering-Systems, University of Southern California, Los
Angeles, California 90007.
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the existence of a (nonzero) vector z such that
L(t)z=0 fora.e.te]0, T),

as assumed in his proof of the preliminary Theorem 2.13. Moreover, a simple
counterexample shows that the statement itself is not correct. Assume that, in
system (1a), n =2 while the matrices A(- ) and B(- ) are given by

(2a) A()2A=diag(A), AeR", A #A, Vi#j VteR,
(2b) B(t)=B(t+k), V(t, k)eRX Z,
(2¢) B'(o)2]e MO0 oM sin e, Vo e]0, 1]

The 1-periodic system (1), (2) is controllable. In fact, its controllability matrix on
[0, n] is given by
C(0,n)=3V,V,
where
V. 2ol 0",
Ay g TRAs L R

vFLle

Since V,, is a Vandermonde matrix, the conclusion that C(0, n) is nonsingular
directly follows.

Nevertheless, system (1), (2) is generally not controllable on one period. In
fact, for any 7€ [0, 1),

C(r,r+1)= V,MV}

where
MA 1 O
0 M2 ’
1 T+1
w2 j sin? 7t dt, w2 j sin” 7t dt.
T 1
Hence

1, =0,
2, 7€(0,1),

so that system (1), (2) is controllable on one period if and only if » =2 and
7€(0, 1).

Finally, the above example enables one to point out that, in general,
Brunovsky’s result [2, Proposition 3] cannot be significantly strengthened.

As amatter of fact, it can be proved that system (1), (2)is controllable on (7, t)
if and only if j —i = n, where i and j are respectively the largest and the smallest
integers such that i = 7, j = ¢. Of course, when A (¢), B(¢) are also analytic it follows
from Silverman and Meadows [4] that the proposition is true since, in this special
case, controllability is interval independent.

rank (C(r, 7+ 1)) = {
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2. The Lyapunov differential equation. By the Lyapunov differential equa-
tion (LDE) reference is made to the equation

K@)+ A OK(@)+K@A@)+H )H()=0

which coincides, up to the linear terms, with the matrix Riccati equation dealt with
in the introduction. Apparently, the w-periodic solutions of the LDE are of
primary interest in the analysis of the w-periodic solutions of the MRE.

Let ®(¢) denote the (n X n) matrix solution of

d()=A@D)DP(), d0)=1
As is well known, ®(¢) can be expressed in the form
O()=F(t)e, Vi

where F( - ) is a nonsingular matrix of w-periodic functions while G is a constant
matrix.

Another result claimed in [1, Thm. 3.7] is the following: If, for each
eigenvalue y of G with Re [y] =0 and each associated nonzero eigenvector 7,

3) (H@®)F(t)n=0for ae. te[0,w])>n =0,

then the existence of a w-periodic solution of the LDE is equivalent to G being
Hurwitz.

However, the above proposition is not correct as the following simple
example shows. Precisely, the existence of a w-periodic solution of the LDE does
not imply that G is Hurwitz. With reference to system (1),letn 21, A(t)=a #0
and H(t)2sin t. Then, w =2, F(t)=1 and G = a so that (3) is trivially verified.
For any a # 0, the w-periodic solution of

K(t)+2aK(t)+sin® (1)=0

exists and is unique. However, if a >0, G is not Hurwitz.
To the best of the present authors’ knowledge, the most powerful condition
for the LDE to admit a unique w-periodic solution is given in [5, Remark 5.1].

3. Concluding remarks. The periodic solutions of the MRE play an impor-
tant role in periodic optimization theory [6]-[8] as specifically pointed out in [5]
and [9]. However, in view of the discussion carried on in § 1, it can be concluded
that in [1] detectability and stabilizability have been improperly defined (Defini-
tion 3.1 and Definition 4.1) so that the meaning of Hewer’s main result (Theorem
1.3) turns out to be ambiguous and, as such, cannot even be taken as an appealing
conjecture. So far, the only substantial results on the existence of periodic
solutions of the MRE are those given in [10], for the scalar case, and in [5], for the
general case.
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A MAXIMIZATION PROBLEM RELATED TO
PARAMETRIC LINEAR COMPLEMENTARITY*

IKUYO KANEKOf*

Abstract. The programming problem considered here is that of finding the maximal value of «
such that the solution z of g +ap+Mz =0, z=0 and z7(q+ap+Mz)=0 satisfies z = a. In this
problem, g, p, a are n-vectors such that g =0, a >0, M is an n X n P-matrix and « is a scalar. This
problem has an important application in structural mechanics. In this paper it is first explained that a
certain local optimum of the above problem can be obtained more easily than the global optimum, and
then necessary and sufficient conditions are determined under which the local and global optima
coincide. Relationships are examined between these conditions and those on the isotonicity of the
solutions of the parametric linear complementarity problem.

1. Introduction. For an n-vector r and n Xn matrix M, the linear com-
plementarity problem is that of finding an n-vector z such that

r+Mzz0, zz=0, z'(r+Mz)=0.

We shall denote this problem by symbol (r/M). A fundamental theorem in linear
complementarity due to Samelson, Thrall and Wesler [19] states that the problem
(r/M) has a unique solution for every r if and only if M is a P-matrix, i.e., it has
positive principal minors. In what follows, we shall denote by P(n)the setof n X n
P-matrices. When the order of a matrix is clear from context, we simply write P.
For n-vectors q, p and an n X n matrix M, the parametric linear complementarity
problem, (q/p/ M), is the family of linear complementarity problems of the form

0 {(@+ap/M): a 20},

where « is a scalar parameter. If M € P, then (1) has a unique solution for every a,
which we denote by z(a). We note that if, in addition, g =0, then z(0) = 0 and the
parametric principal pivoting algorithm (PPPA) which is a parametric version of
Graves’ algorithm [6] (see Cottle [1] for a description) generates z(a) for
increasing values of @ =0. Under the assumptions, the PPPA proves, construc-
tively, that z(a) is continuous and piecewise linear in a.

In this paper, we are concerned with the following programming problem:

Find

a*=max a
such that there exists z satisfying
2.1 q+ap+Mz=0,
(2.2) z =0,
2.3) azz,
2.4) zT(q+ap +Mz)=0.

* Received by the editors September 24, 1975, and in final revised form March 4, 1977.
t Department of Industrial Engineering, University of Wisconsin—Madison, Madison, Wiscon-
sin 53706.
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Here, g, p, a are n-vectors with ¢ =0, a >0, M € P(n), and « is a scalar. In what
follows, this problem will be referred to as the max problem (q/p/a/M). The
conditions (2.1), (2.2), and (2.4) give the parametric linear complementarity
problem which is said to be associated with the max problem. Under the
assumptions it is not difficult to show (see Kaneko [11]) that a* is nonnegative and
that a* is finite if and only if p2 0.

The max problem is a special case of a class of problems considered by
Kirchgéssner [14] and Ibaraki [7], [8] who described iteration procedures for
solving them. A more natural approach is by using the PPPA. Solution methods
for the max problem will be discussed in § 3.

Using the notation defined above, the max problem can be rewritten as:

Find a*=max{a:z(a)=a}.
We define & by
3) @ =max{a: z(§)=a, £€[0, a]}.

The reader can verify that & is a local optimum for the max problem. As will be
explained later (§ 3), a local minimum & can be obtained more quickly than the
global optimum a*. The purpose of the present paper is to determine necessary
and sufficient conditions on data g, p, a and M such that & = a* holds.

The max problem arises in a certain problem in structural mechanics
addressed by Maier [15], where the abovementioned assumptions on the data are
automatically satisfied. The problem may be explained very briefly as follows.
Every structure is designed so that it carries some reserve strength to allow for an
unexpected overload and errors. The safety factor is a measure for such a reserve
strength. Maier demonstrated that the problem of determining the behavior of a
certain fairly broad class of structures can be formulated as a linear complemen-
tarity problem with a P-matrix, and based on the formulation, showed that the
safety factor of such structures can be identified as the optimal solution of the max
problem. For the details, we refer to Maier [15], De Donato and Maier [5] and the
author’s report [13].

Let z(a) be the solution map of the problem (q/p/M) where M € P. We say
that the parametric linear complementarity problem has isotone solutions if z (a)is
isotone, i.e., monotone nondecreasing in a =0, componentwise. It is easy to see
that the isotonicity of the solutions of the associated parametric linear com-
plementarity problem provides a sufficient condition for & = a* to hold. In fact,
the isotonicity is necessary for the local optimum to be globally optimal in a certain
sense (see Property (22) in § 5). In [1] Cottle considered strong and uniform
monotonicity conditions on q and/or M characterizing the isotonicity of the
solutions of the problem (q/p/M). Analogously (but noting that the max problem
has an extra parameter a not present in (q/p/M)) we shall pose the following
questions:

(A-1) What are necessary and sufficient conditionsonq =0,a >0and M € P
such that & = @* holds in the max problem (q/p/a/M) for every p?

(A-2) What are necessary and sufficient conditions on ¢ =0 and M € P such
that & = a* holds in the max problem (q/p/a/M) for every p and every a > 0?



A MAXIMIZATION PROBLEM 43

(B-1) What are necessary and sufficient conditions on @ >0 and M € P such
that & = a* holds in the max problem (q/p/a/M) for every ¢ =0 and every p?

(B-2) What are necessary and sufficient conditions on M e P such that
@ = a™ holds in the max problem (q/p/a/M) for every q =0, every p and every
a>0?

Obviously, the first two correspond to the strong monotonicity and the last
two to the uniform monotonicity. A result in Cottle’s paper [2, p. 7] “almost”
answers (B-2). We shall explain it in § 4.

The organization of the rest of the paper is as follows. The remainder of the
present section specifies some notation and terminology to be used in later
sections. In the next section we summarize existing solution procedures to
compute & and/or a* and indicate that & may be obtained much more quickly
than a*. In § 3 we introduce the concept of convex directions by which we
characterize the situation where @ = a* for a given set of data, and using the
concept give an answer to (A-1) and (A-2). Questions (B-1) and (B-2) will be
answered in § 4. The final section relates the results obtained in the previous
sections to the isotonicity of the solutions of the parameteric linear complemen-
tarity problem. There, we also pose and give an answer to questions similar to
(A-1) and (A-2) but with the role of q and p reversed.

Euclidean n space is denoted by R", its nonnegative orthant by R:. By R"™",
we denote the space of real n X m matrices. We use I to denote the identity matrix
of appropriate order. A vector is regarded as a column and superscript 7'is used to
denote transposition. The symbol e denotes the summation vector (1, - - -, 1) of
appropriate size. For n-vectors x and y, x Ty is the usual inner product.

For positive integer n we define ((n)) to be the set of all (ordered) sequences

of integers y=(y1, ", ) such that 1=y, <---<y,=n and 1=¢t=n. For
Y= v)e((n)), we write y=(81,---,8) if and only if {yi, -, s
81, +,84=1{1,2,---,n}, n=s+t and ¥ € ((n)). Note that given y € ((n)), ¥ is

uniquely determined.

Let MeR™", ij,e{l,---,n}, §=(81, " -,8)e((n)) and y=(y1, ",
v:) € ((rn)). We denote the (i, /)th element of M by Mj; the ith row and jth column
of M, respectively, by M;. and M.;. Also we define

Ms,.
M,
M;. = R M'v=[M“mM"yz" ’ "M'Yr]

M,

and

Msy = (My)s

For matrices AeR™** and BeR™*' we denote by pos{A, B} the
polyhedral cone spanned by columns of A and B. Let M e R"*", For y € ((n)),

C(y; M)=pos {5, —M.,},
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where 8 = v is called a complementary cone (Murty [17]). It is easy to show that if
MeP(n), then C(y; M) has a nonempty interior (relative to R") for each
v € ((n)). Finally, S = R" is said to be star-shaped on T < S if for every re T and
every r'e S we have

A=-Mr+Ar'eS
for each A €[0, 1].

2. Solution procedures. As Maier [15] pointed out, the max problem is a
special case of the following programming problem

maximizecfx+c§y+c§u
subject to
Ax+Ay+Azu=b,
x=0, y=0, u=0,

xTy=0,

considered by Kirchgissner [14] who described a cutting plane algorithm for
solving the problem. Here, ¢, ¢, ¢3 are ny, n1, ny-vectors, respectively, A1, A,,
Aj are m Xny, mXn;, mXn, matrices, respectively, and b is an m-vector.
Independently, Ibaraki [7], [8] proposed branch-and-bound and hybrid
algorithms using cuts, for solving the same problem.

A more natural approach taking advantage of the special structure of the max
problem is by using the PPPA. As Cottle [2] suggested, we could use the PPPA to
generate z(a) for all @ =0 and determine a* by examining {z(a): @ Z0}. The
computational effort required by this approach is expected to be considerably less
than that by Kirchgéssner’s Ibaraki’s method, which may take solving a number of
linear programs of size at least n.

A motivation to examine conditions for @ =a* is that in the PPPA
approach, the local minimum & can be computed more quickly than a* by
furnishing the algorithm with a certain “optimality criterion”. Namely, one
generates z(a), @ =0 until

4) z(@)=a

is violated for the first time, when the algorithm is terminated. For the purpose of
reference, we shall call this the modified PPPA. Obviously, the original PPPA,
which requires z (a) for all « = 0, takes more (no fewer) pivots than the modified
version. In particular, if the upper bounds z = a are tight, then the first violation of
the bounds is expected to occur for a small value of @, which implies that the
modified PPPA takes considerably fewer pivots.

In the structural engineering application mentioned in the preceding section,
the upper bounds do tend to be tight. The following table (Table 1) demonstrates
the number of pivots needed to compute & and a* in the PPPA for two examples
of the max problem arising from the structural engineering situation (see Kaneko
[10], [13] for the details).
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TABLE 1
The order To compute To compute
of M é a*
Problem 1 10 4 10
Problem 2 34 17 34

Under the assumption that & = a*, there is another efficient method to solve
the max problem. Maier [15] mentioned that a subroutine used in Kirchgéssner’s
iterative procedure suffices to solve the max problem if the associated parametric
linear complementarity problem has isotone solutions. The statement is true
under a weaker assumption & = a*. The subroutine is essentially the simplex
method applied to a linear program

maximize

subject to
Iw—Mz—-ap=gq,
w=0, zz0, a=z=z,

with a restricted pivot choice to keep the complementarity condition w 'z = 0. the
subroutine is terminated when the objective value can no longer be increased
without violating the constraints.

Cottle [2] called this subroutine the restricted basis simplex method (RBSM)
and gave an example showing that the RBSM need not compute a* if @ # a*. If
d@ = a*, both the modified PPPA and RBSM solve the max problem and their
computational efficiencies are about the same. In fact it can be shown that it takes
the both algorithms exactly the same number of pivots to solve the problem
provided the upper bounding technique (Dantzig [4]) is used in the RBSM, and all
bases encountered are nondegenerate. This can be reasoned as follows. In both
the PPPA and RBSM, all constraints in the problem are maintained including the
complementarity. Since M is a P-matrix, there exists a unique solution to
(2.1)-(2.4) for each a € [0, &]. In both algorithms, the value of @ is monotonically
increased from 0 to &. A pivot occurs (in both algorithms) when the half line
{q +ap:a =0} passes from one complementarity cone to an adjacent one.

3. Convex directions and questions (A-1) and (A-2). Forae R", a >0 and
M e P(n), we define

R(a, M)={re R":the solution z of (r/M) satisfies z =a}.
By using this symbol, the max problem (q/p/a/M) can be restated as:
Find a*=max{a: q+apeR(a, M)}
and & defined by (3) is given by
d=max{a:q+&eR(a, M), £€[0, a)}.
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We say that p € R” is a convex direction of R(a, M) at q € R’} if the following
holds:

[q+a'p€%(a,M)] imolies [q+ape%(a,M)]
a'>0 p foralla [0, a'] ]’

The concept of convex directions characterized the situation where @ = a* holds.
The following result is direct from the definition.

(5) PrROPERTY. Letqe R, peR",acR",a>0and Me P(n). Thend = a*
if and only if p is a convex direction of R (a, M) at q.

Using the terminology and the above property, we can rephrase questions
(A-1) and (A-2) as follows.

(A-1) What are necessary and sufficient conditions on ¢ =0, a >0 and
M € P such that every p is a convex direction of R(a, M) at q?

(A-2) What are necessary and sufficient conditions on ¢ =0 and M € P such
that every p is a convex direction of % (a, M) at q for every a >0?

We give an answer to (A-1) and (A-2) stated this way after we prove the
following lemma.

(6) LEMMA. Let qe R:, aeR", a>0 and M € P(n) be given. Then every
p € R" is a convex direction of R(a, M) at q if and only if for each vy € ((n)), every
be R" is a convex direction of ®(a,, M,,) at q,.

Proof. The if part is trivial. To show the only if part, suppose there exist
y e ((n))and b € R™ such that b is not a convex direction of % (a,, M, ) at q,. Then
there exist 0 <a; < a, such that

@) qy+taibeé R(a,, M‘w)
and
8) qyt+azb e R(a,, M,,).

Let x(a)e R" be the solution of (g4 +ab/M,,) foreach @ € [0, @;]. Let 6 = ¥ and
let ¢ be a |8]-vector of the form

c =0e, 6>0,

where e is the |§|-dimensional summation vector. We can choose 6 sufficiently
large so that for every « in [0, a;],

qs +ac+Ms,x(a)=0.

This is possible since x(0)=0 and x(a) is continuous and piecewise linear. Let
p € R" be defined by

py=b and ps=c.
Then we have that z(a)e R" given by
) zy(a)=x(a)
and
(10) z5(a)=0
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is the solution of (q/p/M) for a € [0, a,]. From (7)-(10) we see that
q+apéR(a, M) and q+apeR(a, M),

which implies that the p defined above is not a convex direction of % (a, M)
atg. O
(11) THEOREM. Letqe RY,ac R",a>0and M e P(n). Then everyp e R" is
a convex direction of R(a, M) at q if and only if for every y € (n)),
(Mw)_l‘h = —a,

Proof. Assume that every pe R" is a convex direction of & (a, M) at q. Let
y € ((n)). By the preceding lemma we have that every b € R'"'is a convex direction
of ®(a,, M,,) at q,. From this we show that

(M'y'y)_lqv = —a,.
Define b by

b=~ qv— Mwav
and let

v
=)

r(a)=q,+ab, a
Since a,, >0, we have that
r(1)= ~M,,a, €int pos {— M, }
and hence for a sufficiently small 6§ >0,
r(1—6)epos{—M,,}.
This implies that
—(M,,)"'r(1-6)

is the solution of the problem (r(1—80)/M,,). Since b is a convex direction of
R (a,, M,,) at q, and since r(1) belongs to R(a,, M,,), r(1—8) also belongs to
R (a,, M,,). This implies that

~-(My,) 'r(1-60)=a,.
By using the definition of r(a), we then have
—(M,,) (=6b—M,a,)=a, or 6(M,) ' (~qy—M,a,)=0.
Since 6 >0, we have
M,,)'q, = —a,.

To show the converse, suppose there exists p € R" such that p is not a convex
direction of & (a, M) at q. Let r(a) = q +ap, a = 0. It follows from the supposition
that there exist 0 < a; < a; for which r(a;,) belongs to Z(a, M) but r(a;) does not.
We denote by z (a) the solution of (r(e)/M) for each @ = 0. Then we have that for
a = a1, there exists je{1, - - -, n} such that

Zj(a1)> a;.
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Choose a3 € (a1, as) so that

(12) Zj(a3)> a;
and
(13) zj(a)éz,(a3), a e [a3, a3+51]

for some positive number ¢;. Such a; and ¢; exist since a;<as, z;(@1)>a;
zi(az)=a; and zj(a) is continuous. Since M € P, there exists y € ((n)) such that
r(as)belongs to C(y; M). We shall note that y necessarily contains j since z;(a3)is
positive. Since M € P, every complementary cone has a nonempty interior. Thus,
we may assume without loss of generality that r(a) is in C(y; M) for a €
[as3, a3+ €3] for some positive &,. Let ¢ * be the minimum of &; and &,. From pivot
theory (see e.g., Parsons [18]) we have for a € [a3, a3 +&%],

zv(a)= év +aﬁw

where
gy = "'(Mw)_lqv and p,=-— (MW)_lp”'

By (13), p, must be nonpositive. From this, a3 >0 and (12), we have

a;<zj(as)=g;+asp; =g
or
((Mw)—lqv)j <- a;. 0

(14) CoroLLARY. Let qe R’} and M € P(n). Then every p e R" is a convex
direction of R(a, M) at q for every a >0 if and only if for each y € ((n))

(Mw)—lqv =0.

4. Questions (B-1) and (B-2). Let a € R", a >0 and M € P(n). By Property
(5) and by noting the condition that every p € R" is a convex direction of % (a, M)
at all g € R? is equivalent to the condition that % (a, M) is star-shaped on R, we
can rephrase questions (B-1) and (B-2) as follows:

(B-1) What are necessary and sufficient conditions on a >0 and M € P such
that R (a, M) is star-shaped on R%?

(B-2) What are necessary and sufficient conditions on M e P such that
R(a, M) is star-shaped on R’ for every a >0?

In [2], Cottle proved the following result which “almost’” answers (B-2).

(15) THEOREM (Cottle). Let M € P. Then R(a, M) is convex for every a > 0 if
and only if M has nonpositive off-diagonal elements.

Obviously, a convex set S is star-shaped on every T < S, but a set S which is
star-shaped on one particular T< S need not be convex. For the set &(a, M),
however, its convexity and star-shapedness on R} are in fact equivalent. Thus the
above theorem due to Cottle essentially gives an answer to (B-2). Moreover, the
convexity (or equivalently star-shapedness on R%) of & (a, M) is independent of
a>0. Hence M having nonpositive off-diagonal elements is a necessary and
sufficient condition answering (B-1) as well as (B-2). Formally we prove:
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(16) THEOREM. Let M € P. The following five statements are equivalent.
(17) M has nonpositive off-diagonal elements.

(18) For every a>0, R(a, M) is convex.

(19) There exists a >0 such that R(a, M) is convex.

(20) For every a >0, % (a, M) is star-shaped on R%.

(21) There exists a >0 such that & (a, M) is star-shaped on R".

Proof. By definitions and Theorem (15) we have the following implications:

19)
N
(17)=(18) 21).

N 7
(20)

It remains to show that (21) implies (17). Assume M has a positive off-diagonal
element. Since we are assuming M € P, every principal submatrix has the inverse.
Thus by Proposition 1 in Cottle and Veinott [3, p. 247] there exists y € ((n)) such
that

(M) 20,
or for some i and j
(M) <0.
We consider |y|-vector b of the following form
b = Ge, >0,

where ¢; is the jth unit vector of dimension |y|. Given a >0, we can choose 6
sufficiently large so that

(Alw)—lb2 —Qy.

If we let ¢, = b and g5 = 0, then by Theorem (11) there exists p such that p isnot a
convex direction of & (a, M) at this q € R}. Thus & (a, M) is not star-shaped on
R:. O

We refer to Kaneko [9], [12] for amplifications of the above result.

5. Relationships to isotone solutions. In this final section, we relate the
results obtained in the previous two sections to isotonicity properties of the
solutions of the parametric linear complementarity problem. We also consider a
strong monotonicity property of the solutions of the parametric linear com-
plementarity problem with respect to p<0 and M, and the corresponding
optimality conditions for the max problem.

We first prove the following.

(22) PropPERTY. Letqe R, pe R" and M € P(n). Then (q/p/ M) has isotone
solutions if and only if & = a* in the max problem (q/p/a/M) for every a > 0.

Proof. The only if part is straightforward. To show the if part, suppose
(q/p/M) does not have isotone solutions. Then there exist 0= a; > a, and j for
which

zi(a1)> zj(a2).
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where z(a) is the solution of (g +ap/M) for each a = 0. Define a; by
a;=3(z;(a1) + z;(@2)) > 0.

For k #j choose ay so that

ai >z (a)=0.
Then we have that a >0,

Z(a)Za and z(az)=a.

This implies that for this a

d<a;<a=a*

in the max problem (q/p/a/M). O

Comparing Corollary (14), Theorem (16) in this paper and Theorems 1, 2 in
Cottle [1], we have the following relationships.

(23) THEOREM. Let M € P(n).

(i) Every pe R" is a convex direction of ®(a, M) at q € R’} for every a >0 if
and only if (q/p/M) has isotone solutions for every p€ R".

(il) The set R (a, M) is convex (star-shaped on R%) for every (some) a >0 if
and only if (q/p/M) has isotone solutions for every q € R’ and everype R".

Clearly, (i) and parts of (ii) could be obtained by Theorems 1, 2 in [1] and
using Property (22).

The strong monotonicity property of the parametric linear complementarity
as stated in Cottle [1] is with respect to g € R} and M € P(n). It may be of interest
to consider a similar property with respect to p € R" and M € P(n), i.e., conditions
on pe R" and M e P(r) under which (q/p/M) has isotone solutions for every
q € R. This may be done by using a result appearing in Megiddo [16]. For g € R,
p€R" and M e P(n), define

I'(q, p, M)={y € ((n)): q +ap € C(y; M) for more than one a =0},

and

I'(p, M)= U0 I'(q, p, M).

q=
Lemma 3.4 in [16] implies':

(24) THEOREM. Letqe R, pe R" and M € P(n). Then (q/p/ M) has isotone
solutions if and only if

(M,,) 'py =0

! The proof given in [16] contains an error. Specifically, in the part (b) of the proof of Lemma 3.4
(p.9), it is stated that (for a given set of data {gq, p, M}) if p, belongs to pos {—M,,} and if vy is in
I'(q, p, M), then the problem (p/M) has a solution. This is certainly untrue for q = (0, n., p=
(=1, -1, M,=(@1,07, M,=(1,1)T and y = (1). Still, the assertion is true, at least under the present
assumptions, and can be proved easily. In fact, if g + ap belongs to C(y; M), then the corresponding
values of the basic z-variables are given by z,(a)= —(MW)_lq.,—a(Mw)_lp.,. The solutions of
(4/p/M) are isotone if and only if z,(a) is isotone for all a such that q+ape C(y; M), ie.,
-(M,,) 'p, 20 for all yeT(q, p, M).
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for every vy in I'(q, p, M).

An immediate consequence is:

(25) CoroLLARY. Let pe R" and M e P(n). Then (q/p/M) has isotone
solutions for every q € R if and only if

(Mw)_lpv =0

for every vy in T'(p, M).

The above characterization of the strong monotonicity with respect to p and
M is not satisfactory because I'(p, M) (or I'(q, p, M)) is not well represented. By
restricting the choice of p to negative vectors, we can have a sharper characteriza-
tion which is “‘symmetric’ to that of the strong monotonicity with respect to q and
M (Theorem 1 in [1]).

(26) THEOREM. Letpe R", p<0 and M € P(n). Then (q/p/M) has isotone
solutions for every q € R if and only if for each vy € ((n))

(M,,)"'p, 0.

Proof. Assume p < 0. It suffices to show that for every y € ((r)), v e I'(p, M).
Let v e((n)). Since M€ P, C(y; M) has a nonempty interior. Let x € R" be an
interior point of C(y; M). Then for 8 > 0 sufficiently small, we have that

x+6peC(y; M).

Since p <0, we can choose A >0 sufficiently large so that x —Ap is nonnegative.
Letting

q=x—-Ap=0
we have that
q+Ap=xeC(y; M) and q+(A+0)p=x+6pecC(y;M).

Thus y belongs to I'(p, M). 0

Restricting p to negative vectors corresponds to considering a special case in
the structural engineering problem. In fact, an important special case of the
engineering problem including reinforced concrete frame problems has p <0 by
its physical nature in addition to ¢ =0 and M € P. (See Kaneko [10], [13].) Just as
questions (A-1) and (A-2) correspond to the strong monotonicity with respect to
q=0 and M€ P, we could pose the following questions corresponding to the
strong monotonicity with respect to p >0 and M € P.

(C-1) What are necessary and sufficient conditionson p <0,a>0and M € P
such that @ = a™ in the max problem (q/p/a/M) for every q =0?

(C-2) What are necessary and sufficient conditions on p <0 and M € P, such
that @ = @* in the max problem (q/p/a/M) for every ¢ =0 and every a >0?

In the light of Property (22), it is clear that an answer to (C-2) is given by the
same conditions for the strong monotonicity with respect to p<0 and M€ P
proved in Theorem (26), i.e.,

(Mw)_lpv =0

for every v € ((n)). Interestingly, this same set of conditions gives an answer to
(C-1) also. In closing this paper we prove the following:
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(27) THEOREM. Let peR", p<0 and M e P(n). Then the following are
equivalent.
(1) There exists a >0 such that p is a convex direction of & (a, M) at every
qgeRY.
(ii) For every a >0, p is a convex direction of & (a, M) at every q € R;.
(iii) For every vy € ((n)),

(M,,)'py =0.
Proof. It suffices to show the equivalence between (i) and (ii). For a >0, we
define

P(a)={p <0:p is a convex direction of & (a, M) for every q =0},

and prove that % (a) is the same for every a > 0. To do so, let a >0 and assume
that pg P(a). Then there exists g =0 such that p is not a convex direction of
R (a, M) at q. Letting z (a) be the solution of (g + ap/ M) for each a =0, it follows
that there exist 0 < a; < a, for which

(28) z(ay)ZEa
and
(29) z(ar)=a.

Now let a’ > 0 be given. By considering cases, we show that there exists ¢’ = 0 such
that (the same) p is not a convex direction of Z(a’, M) at q'. i.e., p€ P(a’).

Case 1. a’=60a, 6>0. For a =0 let z'(a) solve (6q +ap/M). Clearly,
z'(8a)= 0z (a) for each a@ =0. Then by (28) and (29) we have

z'(6a))Za’ and z'(6az)=a’

which implies that p is not a convex direction of & (a’, M) at 6q. Thus pg P(a’).

Case 2. a’'Za, a’' # a. It is clear that we need consider only the case where
ai1>a; and ar=ay, k # 1. By (28), (29) and the continuity of z(a), there exists
a* e (ay, as] such that

(30) z(@®)=a
and
31 z(@)£a, acela;,a®).
Since a' = a, obviously
z(@®)=a'.
Thus, if
z(a)Za'

holds for some a in [a;, a*), then p is not a convex direction of & (a’, M) at (the
same) q = 0. So assume otherwise; i.e., assume

(32) z(a)=a', aclay, a*].
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It follows from (31), (32) and the fact that a; = a, for k # 1 that

(33) a1 <zi(a)(<ah), a€lag, a*).

This, together with (30) and the continuity of z(a) implies that

(34) zi(a*)=a;.

Since p <0, we can choose 6 > 0 sufficiently large so that
q'=q+(ai—a)(-M.1)—6p=0.

Our goal is to show that p is not a convex direction of % (a’, M) at this q'.
To this end we define z'(a), @ € [a; + 6, a™+ 8], by

(35) zi(@)=zi(a—0)+(ai1—ay)
and
(36) zi(a)=zr(a —0),

for k#1. We show that z'(« +6) is a solution of (q'+(a+8)p/M) for a €
[a1, a*]. Let a € [a1, @*]. By (35), (36) and the fact that z (a) solves (q + ap/M),
we have that

(37) Z'(a+6)=0
and
(38) q+(@+0)p+M'(a+0)=q+ap+Mz(a)=0.

From (33) and (34) we see that z,(a) is positive, thus by the complementarity
between z,(a) and (q +ap + Mz (a))1,

O0=(@+ap+Mz(a))1=(q'+(a+0)p+Mz'(a+80)).

From (36) and (38), the complementarity with respect to k # 1 is preserved. Thus
z'(a +0) solves (q' + (a +0)p/M). Now by (33) with a = a;, we have that

a;<zi(aq)
and so
a1 <zi(a;+0);
thus
Z'(a1+0)Za'.

On the other hand, by (34) and (35)
zi(@*+6)=aji,
and for k #1
zila*+60)=ap
by (32), (36) and the fact that aj = a; hence

Z'(@*+0)=a'.
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Case 3. a' = a, a' # a. We only consider the case where a} <a; and a; = ay,
k#1.Let =ai/a; and a”" = fa. Then by case 1, p& P(a"). Since 0>60>1, we
have a”"=a'. Then by Case 2 we have that p£ P(a’).

Now for an arbitrary a’ >0, let a,, = a;, and a; > a/, where £ = 7. Define a* by
a¥=a) and af = a;. Then we have

Thus by Cases 2 and 3 we conclude that pg 2(a’). 0O
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CUTTING-PLANES FOR
COMPLEMENTARITY CONSTRAINTS*

R. G. JEROSLOWTY

Abstract. A characterization is given of all the cutting-planes for a generalized linear com-
plementarity problem, in terms of rules whose repeated application yields exactly these valid implied
inequalities.

This report is a revision of our paper (1976), and our earlier proofs have been substantially
simplified.

Introduction. We provide a characterization of the set of all valid inequalities
for a constraint system (see (GLC) below) that simultaneously generalizes the
linear complementarity problem and bivalent integer programming. This
characterization is in terms of rules for generating cutting-planes, which are easily
proven to be valid rules. We also show that the repeated application of these rules
can obtain any valid cutting-plane.

Our characterization does yield a finite procedure for generating a set of
linear inequalities that define the convex hull of feasible solutions to the constraint
system, as does Balas’ result (1974) for facial constraints (see § 1), on which it is
based. When instead one feasible solution is desired, which maximizes a linear
form, there is the further issue of how to ‘‘activate” the cutting-planes “as
needed”’. We will discuss this issue in a later paper.

Our result is comparable to Chvéatal’s characterization of all valid cutting-
planes for a bounded integer program (1973), and it is essentially an extension of
Blair’s characterization of the cutting-planes for a bivalent integer program
(1976). All three characterizations are in terms of rules for generating cutting-
planes, and include the rule of taking nonnegative combinations of given
inequalities. They differ in the additional rule or rules.

Chvatal’s one additional rule involves translating a hyperplane; the addi-
tional rules of Blair, and those given here, involve certain kinds of ‘“‘simultaneous
rotations” of pairs of hyperplanes which are rotated until they coincide. Blair’s
additional rules, and ours also, can be sequenced, in that'each rule is applied once
to the set of previously derived cuts, in any fixed order of application of the rules.

Related work, in which cutting-planes are developed for a nonconvex
objective function, is in Konno (1976); here our emphasis is on certain nonconvex
constraints sets.

This paper is a revision of Jeroslow (1976). The formulations here, in terms of
sets of inequalities, as opposed to the proof trees used in Jeroslow (1976), were
prompted by the referee.

A point of terminology deserves mention: we use the term ‘“cutting-plane”
synonymously with ‘“valid implied linear inequality”.

* Received by the editors June 29, 1976, and in revised form April 4, 1977.

+ Department of Mathematics and Graduate School of Industrial Administration, Carnegie-
Mellon University, Pittsburgh, Pennsylvania 15213. Revised at the Center for Operations Research
and Econometrics, Université Catholique de Louvain, Louvain, Belgium.
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1. The main result. We first consider constraint sets over the reals of the
following nature, which involve logical constraints on linear inequalities:
Dx=d
andforeachh =1, - - -, ¢, atleast one of the constraints
d'x = d;o

holds forsome i € J,.

1)

In (1), each set J,, is a nonempty, finite set, and each d'x = d;, is a linear inequality;
x=(x1,"+,x.), DisapXr matrix, and d is a p X 1 vector.

The constraint set (1) is called facial (Balas (1974))if, foreach h=1,---,¢
and ielJ,, {x|d’x =di, Dx=d} is a face (possibly empty) of {x|Dx =d} (see
Rockafellar (1970) for terminology).

For example, the following constraint set is facial:

(GLO) Ay+Bz=d, y=0, z=0, y-z=0,

in which y =(y1,* -, ys) and z=(z4," -, z;) have s variables. One has D =
[A:B],x=(y,2),r=2s,t=s,J,={h, h+s}, and d"x = dyo is —x; = 0. Thus, the
requirement that at least one constraint d’x = d;o holds for i € J, is equivalent to
the requirement that either y, =0 or z, =0. Both inequalities yield faces of
{(y, 2)|Ay + Bz =d, y =0, z = 0} because of the nonnegatives y, z = 0; and for the
same reason this requirement is equivalent to y,z, = 0. Since such a requirement is
imposed for A =1, --,¢, we havey - z=0.

Note that (GLC) includes the linear complementary problem Cottle and
Dantzig (1968), Eaves (1971), Lemke (1965) and Lemke and Howson (1964) as a
special case. More general problems fit in the framework (GLC), for indeed the
special case of (GLC) given by

Ay=zd, y=z0, z=z0, y-z=0,
2)

yitzi=1 forj=1,---,s,
is clearly equivalent to the constraints of the bivalent integer program, specifically

(BIP) Ayz=d, y;j=0o0rl1l forj=1,---,s.

In what follows, clconv (S) denotes the closure of the convex hull of S (see
Rockafellar (1970)) and the convex hull of the empty set is empty.
Define inductively the convex polyhedra:

(3) Ko={x|Dx = d},

“) Knii=cleconv U (KxN{x|d’x =di}) for0=h=t—1.

ieJy

We shall need the following result of Balas.
THEOREM 1 (Balas (1974)). If K, is bounded and (1) is facial, then

) K, = clconv {x|(1) holds}.
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We shall first state our main result under a boundedness assumption, which
we will later remove in § 2. It may be worth noting that the hypothesis, that
{x|Dx = d'} is nonempty and bounded for some r.h.s. d’, implies {x|Dx = 0} = {0}.
Consequently, this hypothesis implies, that, for any d, {x|Dx = d} is bounded.

Our main result announced in Jeroslow (1976) is the following.

THEOREM 2. If

(6) {(6, 2)|Ay+Bz=d', y =0,z =0}

is bounded and nonempty for some d', then any valid implied inequality for (GLC)
is obtained by starting from the linear defining inequalities

)] Ay+Bz=d, y=0, z=0,

and applying, finitely often, the following two rules (the second forh =1, - -, s):
(i) Take nonnegative combinations of given inequalities, and possibly reduce
the right-hand side.
(ii), Having already obtained the two inequalities

(8a) ayi+ctuyp e Fagys Bzt izt + Bz T ag,
(8b) ay1+-- .+u’yh+. . '+asYs+Blzl+‘ . ‘+t'2h+' . '+Bszs§ao,
one may deduce

(8c) ayr1+-ctuyntectagys Bzt itz 4 Bz Z .

Conversely, any inequality thus obtained is valid for the complementarity
constraints (GLC).

Before proving the theorem, we give an example to fix the idea of the rule
(i), with s =3, h = 2. From the two inequalities

y1+2y2+3}’3+421+522+623§7
and

y1+8y2+3}73+421+322+623 =7
one may deduce

y1+2y,+3y3+4z,+32,+623=7.

In this example, we have made coefficients distinct whenever possible, e.g. the
coefficients of yi, ys, z1, and z3 in both inequalities, as well as the constant terms,
must agree.

Proof. First, we show that the rules (i), (ii), yield valid implied inequalities.
The validity of (i) holds in any ordered field; it suffices to show that (ii), is valid.

Suppose that (y, z) satisfies (GLC), and that (8a), (8b) are valid for all
solutions to (GLC). Since y - z =0, we have y,z;, = 0, hence either y, =0or z, =0.
If y, =0, then since (8b)is true, so is (8¢). If z, = 0, then since (8a) is true, so is (8c).
In either case, (8c) is true. Since (y, z) was an arbitrary solution to (GLC), we see
that (8c) is also valid for all solutions to (GLC). Thus the application of rule (ii)x
preserves validity, and hence any finite number of applications does also.
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Next, we must show that any valid cutting-plane can be obtained in finitely
many applications of (i), (ii), starting from (7). This is done by induction. First, we
show the ‘“‘ground step” that any valid inequality for K, is obtained via rule (i)
above. Second, we show the “inductive step”, that any valid inequality for K,
h =1, is obtained via one application of rule (ii), with two applications of rule (i),
to a suitable set of defining inequalities for K,—;. It then will follow that the
repeated application of rules (i) and (ii),, A =1, - - -, 5, with applications of (ii),-1
sequenced to precede those of (i), (h =1), yields any valid inequality of K. By
Theorem 1, our proof will then be complete.

To establish the “ground step”, we differentiate two cases, accordingly as
Ko # @ or Ko = @ .

If Ko # @, and

9) wy+oz =g

is a valid inequality for Ky, then the optimal value of the linear program

minimize 7y + o0z
(10) .
subjectto Ay+Bz=d, y,z=0
is 7o = o, and (10) is consistent. Hence the dual linear program to (10) has value
o, 1.€., there are A, 0, y =0 with

11 AM+0=7m AB+y=0, Ad=mo=m,.

Therefore, (9) arises by rule (i).
If Ko=, and (9) is any inequality, by the fact that (6) is nonempty and
bounded, reasoning similar to the case for K, # & obtains A, 6, y =0 with

(12) A +6=m, AB+y=o.

Since Ko = J, there are also A°, 6°, y° =0 with

(13) A’A+6°=0, A°B+4°=0, A%d>0.

Thus for all real scalars p =0,

(14) A+pAVA+(0+p0%) =7, (A +pA)B+(y+py°)=0

and for p = po large enough, (A +poA °)d = 7. Again, (9) arises by rule (i).
To establish the “inductive step”’, we proceed as follows. We suppose that
some defining set of inequalities for K, _; are given:

(15) Ky 1={(y,2)|A%y +B°z2=d° y, z=0}.
Regarding this defining set, we shall require that
(16) {9, 2)|A°y + Bz zd*,y, 2 2 0}

is bounded and nonempty for some d*. This is no restriction. If Kj,_; # & then the
fact that K;-; < K, and K is bounded (as (6) is bounded and nonempty by
assumption) shows that we can take d* = d°. On the other hand, if K;,_; = &, we
may assume that y =0 and z =0 are included in the defining inequalities for K, _;
in (15), and we may take d* =0.
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Suppose that (8c¢) is valid for K}, It suffices to show that, for suitably large ¢,
(8a)is valid for K}, —;, and that, for suitably large u’, (8b)is valid for Kj,—;. For then,
by the kind of reasoning used for K, (8a) and (8b) are obtained from the defining
inequalities of Kj,_; in (15) by rule (i), and (8c) is then obtained by one application
of (ii),. Without loss of generality, we show (8a) is valid for K}, for certain ¢; if
K, _1 = J we may take ¢t = ¢, so we also may assume Kj,_; # .

We distingusih two cases, accordingly as the minimum M of z, for (y, z)e
K, is zero or positive.

If M>0, let 6 be the minimum of the linear form I(y,z)=
aryi+- - tuyp+ o +asys+B1z1+ - +0- z,++ - -+ B,z subject to (y, z)e
K},—1. Then for (y, z)€ K-, we have for ap= 6,

'
ao—0

Zpte o+ Bz
M h Bss

" "
=(y, z)+(a(1)v! H)z;, = 0+(a3\4 H)Mzaé.

Hence with ¢ = (ao— 0)/M, (8a) is valid for K1, by taking a( = ao.

If M =0, let 8(v) denote the minimum of I/(y, z) subject to (y, z) € K;,—; and
zp =v. Recall that the perturbation function of a linear program is a convex
function with subgradients wherever it is finite (Rockafellar (1970)). Also note
that the validity of (8c) for Kj implies that 6(0)=a,, due to the fact that
K, N {(y, Z)|Zh = 0} c K.

Therefore there is a scalar ¢, representing the negative of the v-component of
asubgradient to the perturbation function at (d°, 0, 0, 0) (the last zero for z, = v at
v =0), such that

(18) 0(v)= 0(0)—1(v—0)= ao—tv

ayi+ctuyp+- o tagys+B1z1+ 00+
17)

for all v. From (18), if (y, z)€ K-, we have

(19) I(y, 2)Z0(z1) = ao—tzy,

and (19) shows that (8a) is valid for Kj,—_;.

This completes the “inductive step” of our proof. Q.E.D.

The construction in the proof of Theorem 2 shows somewhat more than is
claimed in the theorem, and we next state this additional information. To verify
Corollary 3, let S, for h =1, - - -, t+ 1 denote the set of defining inequalities in
(15)for K, -1, with the requirement given at that point of the proof, i.e., that (16) is
bounded and nonempty for some d*.

COROLLARY 3. Suppose that (6) is bounded and nonempty for some d'.

There are finite sets of linear inequalities Sy, - * - , S; with the following prop-
erties:

1. Sy consists of the inequalities Ay +Bz =d, y =0, z =0.

2. Any inequality in Sy, h =1, arises by two applications of rule (i) to the
inequalities of Sy-1, followed by one application of rule (ii);,.

3. Any valid inequality for (GLC) arises by an application of rule (i) to the
inequalities in S,.
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We remark here that Blair’s characterization (Blair (1976)) of the valid
inequalities for (BIP) can be obtained by an argument virtually identical to the
proof of Theorem 2. This comment serves to unify the two characterizations
conceptually, though a proof of Blair’s result by our methods would be longer than
the elegant proof in Blair (1976).

2. Generalizations. Somewhat more general results than Theorem 2 and
Corollary 3 can be obtained by the same methods.
Consider the constraint system

Ax=b, x=0,
(CMP) .
[ ¥ x=0.

h=1ieJ, keK(i)

This is of the form (1) with
(20) dx=- Y x din=0,

keK(i)

as x =0 is included in the constraints of (CMP), and for similar reasons (CMP) is
facial.

For each h=1, - -, t define the function A(j), where h(j)=i if i is the jth
element in some linear order in J,. The domain of A(j) is all integers j=
1, Y |]hl

The rule (CMC),, of Fig. 1 is clearly valid for (CMP), where the line means
that the inequality below it can be obtained from those above it. Indeed, if x

apxitectagXx, Zae,ccc, apxate Y apx=Zao, 0, Xyt tap X, 2 ao

(h'=1Jul)
a;x 1+ +ax,=Zag

where ap =a, if k€ K(h(}))

F1G. 1. The rule (CMC), for J,,

satisfies the constraints of (CMP), then for some i €J, we have x, =0 for all
k € K (i), and for some j we have h(j) = i. Supposing that all the inequalities above
the line in Fig. 1 are valid for (CMP), then a;1x; +* * - + a;X, = ao holds. Therefore
so does a1 x;+- + - +ax, = ao, since aj = ay if x, #0.

By an analysis similar to that in our proof of Theorem 2, the next result can be
obtained. Basically, one modifies primarily the inductive step of that proof, using
the linear form —d'x of (20) in place of z, in the argument concerning subgra-
dients.

THEOREM 4. Suppose that

(1) {x=0|Ax=b"}

is bounded and nonempty for some b'.

There are finite sets of linear inequalities So, - - , S; with the following prop-
erties:
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1. Sy consists of the inequalities Ax = b, x =0.

2. Any inequality in S,, h =1, arises by |J,| applications of rule (i) to the
inequalities of Si_1, followed by one application of the rule (CMC),.

3. Any valid inequality for (CMP) arises by an application of rule (i) to the
inequalities in S,.

In Jeroslow (1976) we discuss how the hypotheses, that (6) or (21) is bounded
and nonempty, can be removed. To summarize that discussion in the more general
setting of (CMP), one adds, to the inequalities Ax=b, x =0 in S, the new
inequality

(22) X1+ +x, =M

where M is literally an infinite quantity of the ordered field extension R (M) of M.

The boundedness assumption is then satisfied in R (M), and a close examina-
tion of suitable proofs of Theorem 4 will reveal that the theorem is true in any
ordered field (the existence of subgradients for linear programs is valid in any
ordered field). Then one applies Theorem 4 in R(M). See Jeroslow (1976) for
details.

Thus, while the “phantom” quantity M will appear among many inequali-
ties in the sets S,, M disappears, when a valid inequality for (CMP) involving
only real numbers is obtained from S, by rule (i).
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SUFFICIENCY THEOREM FOR DISCONTINUOUS
OPTIMAL COST SURFACES*

HAROLD STALFORDfY

Abstract. A V type function is introduced for the purpose of modeling the optimal cost surfaces
(OCS) of a very general class of optima] control processes, especially state-constrained processes. This
classification of the OCS builds from the assumption that the OCS is the countable union of disjoint
submanifolds. The V-type function is particularly suitable for handling OCSs that are discontinuous at
submanifolds of codimension 1 of the state space. A discontinuous nontransversality condition is
presented which keeps trajectories from entering any submanifold of the OCS from a discontinuous
edge. A sufficiency theorem utilizing the V-type function is given. This theorem states that if certain
conditions are met by a control policy, then it is optimal. The defining of these conditions, together with
the sufficiency theorem, provides a classification of the OCS for general optimal control processes with
state constraints. An example is provided to demonstrate the implementation of the results.

1. Introduction. The optimal cost surface (OCS) is the plot of the values of
the optimal value function above the state space. This surface is obtained as part of
the solution of an optimal control problem. Even though the properties of this
surface are dependent entirely on the given elements of the problem, researchers
have found it profitable to hypothesize about its properties in deriving results in
optimal control theory. For instance, current field-type sufficiency theorems
require that the OCS be continuous [1]-[8], [16]}-{18]. Additional discussion on
works [16]-[18] using Young’s approach to develop field-type sufficiency
theorems is given at the end of the paper. The derivation of the fundamental
partial differential equation of dynamic programming in [9] of Dreyfus are based
on the OCS having bounded second partial derivatives. These properties, how-
ever, are not always met, even in rather simple control problems, i.e., Pontryagin
[10]. Recent Lotka—Volterra models of prey predator control systems provide
simple examples where the OCS is discontinuous and has unbounded first partial
derivatives, e.g., Vincent [11], [12]. A discontinuous OCS arises particularly in
state-constrained optimal control processes, i.e., Litt [13].

An assumption which has survived all known examples is that the OCS is the
countable union of disjoint submanifolds. In this paper we examine the problem
of arranging these submanifolds in such a way that the properties of the resulting
OCS can be utilized in establishing optimality over a very general class of optimal
control processes, especially state-constrained processes. In particular, we model
the optimal value function with a V-type function. This function may be locally
discontinuous on submanifolds of codimension 1. A nontransversality condition
and a discontinuous nontransversality condition are presented. The latter condi-
tion keeps a trajectory of the control process from entering any submanifold of the
OCS from a discontinuous edge. These properties and conditions are formulated
in a sufficiency theorem which states that, if certain conditions are met by a control
policy, then it is optimal. The defining of these properties and conditions, together
with the sufficiency theorem, provides a classification of the OCS for general

* Received by the editors October 21, 1975, and in revised form March 28, 1977.
T Systems Analysis Department, Dynamics Research Corporation, Wilmington, Massachussetts
01887. The work of this author was supported by the Office of Naval Research.
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optimal control processes with state constraints. An example is given to demos-
trate the implementation of the results.

2. Definition of optimal control processes. The optimal control process
under investigation has its dynamical behavior governed by a system of ordinary
differential equations and has its evolution of state described by the motion of a
point in n dimensional Euclidean space E". The seven basic elements needed in
defining the optimal control process are four functions (f, U, fo, and go), two sets
(X and 0), and a function space (). These elements are described subsequently.

The dynamic behavior of the optimal control process is modeled by the state
velocity function f in the state equation

(1) Xx=f(x,v), xeE", veE",

where f is a function with domain E" X E™. We let ¢ (- ), an absolutely continuous
function, represent a solution of (1) when controlled by a control policy u(- ), a
Lebesgue measurable function of time. With initial time ¢, the initial state satisfies

2 @ (to) = xo.

The state space X is a subset of E". It is considered to be a topological space
possessing the induced topology from E". The terminal set ® is a closed subset of
X.

The controller of the process is equipped with the elements ) and U. The
control function space () is the space of all Lebesgue measurable functions of time
defined on bounded intervals with range in E™. Constraints on the control
functions in ) are given implicitly by the set-valued function

?3) U: X > powerset of E™.

Given x € X, the set U(x)is a set of control values available to the controller at the
state x. U(x) is nonempty for all x € X.

A solution of (1) for some control u € Q, u:[t, t;]->E™, and given initial
conditions is called a trajectory. A trajectory ¢:[to, t]-> E" is said to be admis-
sible if it lies entirely in the state space X for all times ¢ contained in [, #;]. An
admissible trajectory is said to be terminating if ¢ () is contained in ©. The time
t; is called the terminating or final time for a terminating admissible trajectory.
The time # belongs to the interval [ty, 0]. f does not have to be the same
terminating time for distinct trajectories unless it is constrained to be fixed by the
terminal set ®. For nonautonomous systems (that is, f an explicit function of ¢),
one component of ¢ is the time ¢ itself.

A control u e, u: [to, t] > E™ is said to be admissible if it has at least one
corresponding admissible trajectory ¢: [to, &] > X such that

4) u(®)e Ule(0)] Vielto, t].

Here, the trajectory ¢ corresponds to the control u if

5) ¢(t>—<p<zo>=[ flo (), u(r)] dr

for all ¢ € [¢to, #].
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Let x, be contained in X. Let C(x,) denote the set of all admissible controls
having at least one terminating admissible trajectory emanating from xo. For
u € C(xo), let T(xo; u) denote the set of all terminating admissible trajectories ¢
emanating from x,, corresponding to the control u, and satisfying (4). The
domains of u and ¢ coincide for all ¢ contained in T(xo; u).

DEFINITION 1. A denumerable decomposition D of a set X < E" is defined to
be a denumerable collection of pairwise disjoint subsets whose union is X. This is
written as D ={X;: jeJ}, where J is a denumerable index set of the disjoint
subsets.

Let B be a subset of E". A mapping F: B- R is said to be differentiable
locally Lipschitzian if and only if there is an open set W containing B such that F
may be extended to a function which is differentiable and locally Lipschitzian on
w.

DEFINITION 2. Let X be a subset of E” and D a denumerable decomposition
of X. A real-valued function V: X - E" is said to be piecewise differentiable locally
Lipschitzian with respect to D if, for j € J, the restriction V|X;: X; > E" is differen-
tiable and locally Lipschitzian; that is, there exists a collection {(W}, V}):jeJ}
such that Wj is an open set containing X;, V;: W, > E" is differentiable locally
Lipschitzian, and V;(x) = V/(x) for x € X;. We say the collection {(W}, V;): je J}is
associated with V and D.

If the process is in the state x, € X, then it is to be controlled during a transfer
of the process to the terminal set ® so as to render the criterion

©) T(xo, @, u) 2 golo (8] +1 'folo (), u(r)] dr

a minimum value, where go, a real-valued function, is continuous and piecewise
differentiable locally Lipschitzian with respect to a decomposition over a neigh-
borhood of the terminal set ®; f, is a real-valued bounded Borel-measurable
function with domain E" X E™; u € C(x,); and ¢ € T(xo; u).

In summary, the control process is represented by the septuple
(f, U, fo, g0, X, ©, }) where f is a function, U is a set-valued map, f, is bounded
Borel-measurable, g, is continuous and piecewise differentiable locally Lipschit-
zian, X is a subset of E”, ® is closed in X, and  is the space of Lebesgue
measurable controls. In particular, C(x,) represents the set of admissible controls
at xo€ X, and T(xo; u) denotes the set of all terminating admissible trajectories
emanating from x, due to the control u € C(x,). We will let I" denote this control
process.

DEerFINITION 3 (Optimality). Let xo€ X, u* € C(xo), and ¢* € T(xo; u*). The
pair (u*, ¢*) is said to be optimal at x, if and only if, for all u € C(x,) and for all
¢ € T(xo; u), the following inequality is satisfied:

@) J(xo, ©*, u*)=J(x0, @, u).

If the pair (u*, ¢*) is optimal at xo, then the value J(xo, ¢*, u*) is arbitrarily
defined to be V(x,). If an optimal pair (u*, ¢*) exists for every xo€ X, then we
have a real-valued function defined on X:

(8) V:X->E"
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It is for this function—the optimal value function (OVF)—that we want to
prescribe very general properties, those that will hold over a large class of optimal
control processes. We do this in the next section.

3. Formulation of discontinuous optimal value function. This section is
devoted to setting up some very general properties of the optimal value function
that are compatible with the dynamics of optimal control processes which admit
continuous or discontinuous optimal value functions.

LemMA 1 (A monotonicity lemma for a discontinuous optimal value func-
tion). Let D ={X;: j € J} be a denumerable decomposition of X. Let ¢: [to, t;] > X be
absolutely continuous and ho: [to, t] > E" be integrable. Let V: X - E" be piecewise
differentiable locally Lipschitzian with respect to D. Let {(W,, V;):jeJ} be a
collection associated with V and D. Let T; ={t €[t,, t]: ¢ (t) € X;} for j € J. Suppose
that

(i) foreachjelJ

ho(t)+%(V,~ °o@)(t)=0 almost everywhere in T;;

(ii) there exists a countable compact subset T of [to, t;] such that Vo ¢ is
continuous on the open set 6 = (to, t;)~ T);

(iii) iftis a point of discontinuity of V o @, then inf {sup {(Ve o)(7): 0<t —7 <
r, T€[to, k] r>01=(Voo)t)Ssup{inf{(Veo)(r):0<r—t<r, 71€lto, t]}:
r>0}. For the case t = ty or t = t; only one inequality is used.
Then the function

t
g0)= [ hotr)dr+(Vep)0)
to
defined for t € [to, t;] is monotone nondecreasing.
Proof. The set 6, being open, is the denumerable union of disjoint open
intervals

0=U{6::iel}

where I is the index set of these disjoint open intervals. For each i e I let the
interval (a;, b;) designate 6, Let [d,, e;]< (a;, b;). Since the function Voo is
continuous on [d, ¢], it follows from Theorem 3.1 of Stalford [6] that g is
monotone nondecreasing on [d,, ¢;]; an hypothesis of Theorem 3.1 requires V to
be continuous over X, but its proof only uses the continuity of V o ¢.

Consequently, it follows that g is monotone nondecreasing over (a;, b;). From
condition (iii) it follows that g is monotone nondecreasing over [a;, b;].

Suppose that the intervals (a;, b;) and (a;+1, b;+1) are such that b; = a;.1. Thus,
b; is an isolated point in 7. From the above analysis we know that g is monotone
nondecreasing over [a;, b;] and [b;, b;+1]. Thus g is monotone nondecreasing over
[a;, bi+1]. In this way, we can remove all isolated points of T. Every countable
compact subset of the real line contains an isolated point; i.e., see Stalford and
Leitmann [14]. Let I, be the set of all isolated points of T. Let Ty = T~ I,. Let
01= (to, t;)~ T1. The set T; is countable compact and 6, is open. Let I; be the
isolated points of T7.
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Let

=U (aix bix).
keK

From the above analysis we have established that g is monotone nondecreasing
over (@i, b1x), k€ K. If by, €1, then by evoking condition (iii), we have g
monotone nondecreasing over (aix, b1x+1) where by = a1.+1. By repeated use of
condition (iii), we establish that the monotonicity of g is extendable through all the
isolated points of T;. Let T, = Ty ~I; and 6, = (o, t;) ~ T». Let I, be the isolated
points of T,.

Using the process of transfinite induction as developed by Stalford and
Leitmann [14], we extend the monotonicity of g to the entire interval [#, ] by
removing, in the above fashion, the isolated points I; from T;. If T}, is nonempty
then it contains isolated points. Since points of T are being removed at each stage
and T is countable, the entire set T is evacuated by transfinite induction. This
completes the proof of the lemma.

In this section we speak of a manifold M to mean an embedded continuously
differential (n — 1) dimensional submanifold with boundary (the boundary may be
empty) of E" such that there exists a manifold M containing M where M is an
embedded, continuously differentiable, (n — 1) dimensional submanifold without
boundary of E". That is, M = M and the boundary of M, oM, is empty. For the case
that the boundary of M, M, is empty we take M = M. The formal definitions
of manifolds can be found in Munkres [15].

All neighborhoods are considered open.

DEFINITION 4 (§" and 7). Let xeM and let 8 be a sufficiently small
nelghborhood of x in E" such that M slices 6 into parts 6", 6, and MN 6. The
openset 6" is that part of § belonging to one side of M, and the open set # is that
part belongmg to the other side of M. In partlcular the intersections 8- N 4%,
6 "N(MN6),and 8 N (M N6) are empty and 6 =0 U NI NO)UG .

We say that two sets are Hausdor(ff separated if and only if they are contained
in disjoint open sets.

In the next two definitions, let X< E" and let V* denote a function
V¥ X>E"

DEeFINITION 5 (Locally discontinuous side). A manifold M« X hasatxe Ma
locally discontinuous side with respect to V* if and only if there exists a neighbor-
hood @ of x in E" such that the set {(y, V*(y)): ye MN 6N X} is Hausdorff
separated from either the set {(y, V*(y)): y € 8" N X} or the set {(y, V¥(y)): y e
6~ N X}. Moreover, we say that M has at x two locally discontinuous sides with
respect to V* if and only if the set is Hausdorff separated from both the latter two
sets." We call 6" the positive side and 8™ the negative side of M at x.

DEFINITION 6 (Locally continuous side). A manifold M has at x € M a locally
continuous side with respect to V* if and only if there exists a neighborhood 8 of x
in E" such that V* is continuous on either ("N X)U(MNONX)or (6-NX)U
(M N 6N X). That is, V* is continuous on either the plus side or the minus side of
M at x.

! V* is continuous over MN 6N X, restrictively.
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Let V*: X > E' be a function and let B < X. The function V* when restricted
to the subset B is denoted as V*|; that is,

V*g: B> E!
and
V¥p(x)=V*(x) VxeB.

DEerINITION 7 (V-type function). A function V*:X > E' is called a V-type
function if and only if there exist a denumerable decomposition D ={X: j € J} of
X and a denumerable collection of disjoint manifolds {M;: i € I} = D such that

(i) V*isapiecewise differentiable locally Lipschitzian with respect to D (let
{(W,, V;¥): j e J} be the associated collection);

(ii) V*|x~euu,., iscontinuousover X~OU UM,
(iii) V*|u,.m, is continuous over U, M;;

(iv) ®U U ;M is closed in X;;

(v) M,, i€l has at each x € M, either a locally continuous side and a locally
discontinuous side or two locally discontinuous sides, all with respect to V*.

The collections {X;: jeJ}, {M;:ieI}, and {(W,, V*): jeJ} are said to be
associated with the V-type function V*.

Note that each manifold M, i€l, is by definition a member of the
decomposition D. Here, I denotes the index set of the manifolds.

Remark 1. Property (iv) is needed in some of the proofs of the theorems and
lemmas contained in this paper. It is included so that the set X ~O U U;/M; is
open in the topology of X.

The next definition gives a condition for the impossibility of a trajectory
entering a point on a manifold. This is established in the lemma following it.

DeriNiTION 8 (Nontransversality condition). A manifold M satisfies at a
point xo€ M the nontransversality condition on the positive side (on the negative
side) with respect to the control process I' if and only if the following condition
holds:

NT condition. There exist a manifold M and a neighborhood 6 of x, in E"
such that, for every y € § N M N X, the inequality

9) N*(y) - f(x,»)=0 Vxed " NX, VreU(x)

holds, where N*(y) is the unit normal to M at y that points into 6. The
“negative side” version of this definition replaces 8" and N :'( y) with 6~ and
N7(y), the unit normal pointing into 8. If xoe M ~dM then M can be replaced
with M.

LemMA 2 (Nontransversality of trajectory). Let xo be contained in a manifold
M without boundary where M < X. Suppose the NT condition is satisfied, say, on the
positive side of M at x, with respect to the control process I'. Then there exists no
control policy u: [t1, t;] > E™ with corresponding solution ¢: [t1, t,]-> 6" U (M N 8)
of (1) satisfying (4) such that

(10) ‘P(tl)e 0+,
(11) @ (t2)= xo.
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Proof. Suppose, to the contrary, there exists such a control u with correspond-
ing trajectory ¢. Let t3€ (1, ;) be the first time that ¢(t3)e M N 6@. Denote
yo=¢(t3). Thus, ¢(t)€ 8" for all ¢ € (t1, t3). Note that the NT condition is satisfied
on the positive side of M at y, with respect to the control process I'. It then suffices
to show the impossibility of the control policy u: [t1, t3] > E™ with corresponding
trajectory ¢: [t1, t3]-> 07U (M N 8) of (1) satisfying (4) and

(12) (p(t)e 0" Vt€([1,t3),
(13) @(t3)=yo.

From (9) it follows that, for all ye § "M N X,

(14) N*(y)- ¢(t)=0 almost everywhere t € (t1, t3).

Integrating (14) over the interval (¢4, £3), t € (¢1, t3), we have, forallye 6 "M N X,
(15) N*(y)[yo—e®]Z0 Vre(n, ts).

Note that, in particular, (15) implies that

(16) N*(yo): [yo—@()]Z0 Vie(ty, t3).

This is a statement that the trajectory ¢ belongs to the closed (flat) half space on
the negative side of the tangent plane to M at y,. Denote this half space by
H(yo, yo)-

Forye 6 N M N X, let T,(M)represent the tangent plane to M at y. Translate
this tangent plane by the vector yo—y to the point yo and let H(y, yo) denote the
closed (flat) half space on the negative side of the translated tangent plane.
Equation (15) is a statement that the trajectory ¢ belongs to H(y, yo) for all
yedNMNX.

Define the cone H as

H=Nyconmnx H(y, yo).
Thus,

17 ‘ e(t)e H Vte(t,ts).

This is a contradiction, since the tip of the cone H (a sufficiently small neighbor-
hood of y, intersected with H) is contained in 8~ U (6 N M); see Lemma 3. That is,
it lies on the negative side of M at y, rather than on the positive side. This
completes the proof of the lemma.

LEMMA 3. The tip of the cone H is contained in 6~ U (0 N M).

Proof. Let B(yo, 8) denote an open ball in E" having center y, and radius
8>0. For what follows it is convenient to let z represent the vector
(x1, X2, * * , X,_1) of E"~". For a sufficiently small ball B(y,, 8) contained in § N X
and for a specially selected local coordinate system (x1, X2, * * * , X,,) the manifold
M N B(yo, 8) can be described by a C' mapping F: E"'-» E" where F(z)=
(z, f(z)) and where f: E" ' E' is a C" mapping. That is, given (z, x,) contained
in M N B(y,, 8) we have x, = f(z).
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Define the cone H, as
H1 = ﬂ H(y, yo)
y€B(y0,6)NM

The cone H, contains H since 6 (1 X contains B(y,, §). Consequently it suffices to
show that the tip of the cone H; belongs to 8~ U (8 N M).

For each y e MN B(yo, 8) and for each ze E"™" let g(y, z) denote the x,
coordinate value at z of the translated tangent plane of T,(M). This translated
tangent plane forms the boundary of H(y, yo). That is,

H(y,yo)={(z,x): z€ E"™', x, =g(y, 2)}.

For each y e M N B(yo, 8) and for each z € E" ' define
Gy, 2)={(z, x.): x» = g(y, 2)}-
Then
H(y.y)= U G 2).
Since the sets G(y, z1) and G (y, z,) are disjoint for z; # z, we can rewrite H; as
H,= U N Gy, 2).
zeE""! yeB(y0,8)NM

Suppose to the contrary of our assertion that there is some y*£ (z*, x7)
contained in 6" N H; N B(yo, 8). Note that x% > f(z*).

Let the (xi1, X2, "+, X,—1) coordinates of y, be denoted by z, and the x,
coordinate of yo by x*. Define the function 4:[0, 1]>E" " as

h(@)=(1—-a)zo+az*
Define

d(feoh)
da

where the derivative is defined from the right for « = 0 and from the left for & = 1.
Since

B=min{ (@): a €[00, 1]}

——d(g;h) (o) da

fe=fo+|

we have

fz")zf(z0)+B.

Consider the point y, of B(yo, §) N M where y, is defined as (h(a), (f c h)(a)).
Since y* belongs to H; we have

z*,xHe N Gya z¥).
a€[0,1]

By the definition of the function g we have
8(Var 2%) = f(z0) +df (h()) - (z* = z0)
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and this together with the definition of 8 gives

g(Yer 2¥) Z f(20) +B-
Therefore,

n G(YmZ*)={(Z*, xn): Xn éf(ZO)'|_B}»
ael0,1]
which implies that x% =f(z0)+B. This is a contradiction since x%>f(z*) and
f(z¥)=f(z0)+ B. This completes the proof that there is no y* belonging to the
intersection of 8" N B(yo, 8) and the tip of the cone H.

DEeFInITION 9 (Discontinuous nontransversality condition). A V-type func-
tion V*: X->E" is said to satisfy the discontinuous nontransversality (DNT)
condition with respect to the control process I' if and only if, for each xoe M, i € I,
where M; has at x, a locally discontinuous side in the positive direction (in the
negative direction) with respect to V*, the manifold M; satisfies at x, the
nontransversality condition on the positive side (on the negative side) with respect
to the control process I'.

LeMMA 4 (Countable compactness of discontinuities). Let xoe X. Let u e
C(x0), @ € T(xq; u), and t; be the terminating time for the trajectory ¢. Let V*: X >
E' be a V-type function satisfying the discontinuous nontransversality condition
with respect to the control process T'. Let S denote the set of all discontinuities of the
function V*o ¢: [to, ty]> E". Let T ={to}U{t;}US. Then T'is a countable compact
subset of [to, tr]. Moreover, V* o ¢ is continuous from the left except possibly att = t;.

Proof. We assert if ¢ is a point of continuity of V* o ¢ then there isa § >0 such
that V* o ¢ is continuous on (¢ — 8, t+8). This assertion is obviously true if ¢(¢)
does not belong to U,y M. Suppose ¢ (¢) belongs to M; for some i € I. Assume for
all 6 >0 there is some 7€ (¢ — 4, t +8) such that ¢(7) belongs to a discontinuous
side of M; at ¢(¢). Consequently, as such 7’s converge to ¢ the (V¥op)(7)’s
converge to (V¥ ¢)(¢) from a discontinuous side; recall ¢ is a point of continuity
of V*o¢. The “Hausdorff separated” part of Definition 5 implies that the
(V* 0 ¢)(7)’s cannot converge to (V* o ¢)(7) from a discontinuous side. Since the
above assumption results in a contradiction, we conclude there is some § >0 for
which ¢(7), 7 € (t — 6, t + 8), belongs to either M; or to a continuous side of M; at
¢(t), proving our assertion.

It now suffices to show that for each ¢t € S N (%, #) there exists § > 0 such that
V* o ¢ is continuous on (¢ —§, t). For, in this case we can write

[to, tf] = {to}U {tf}U{[ta(k), tk]Z ke K}

where K indexes the points of SN (%, #) and where #,«) represents the last
discontinuity before f; for k =0 we take t, )= to if 10 £ S and for k =1 we take
h=tif 4£8.

Since

U (tater t)
keK
is an open subset of the real line, it is the countable union of disjoint open

intervals. Since the intervals (Z.«), 2 ) are already disjoint it follows that the index
K is countable. Thus S and, therefore, T are countable.
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Let t € (to, )N S. That ¢(¢) belongs to U ;.; M; follows from the properties
(ii) and (iv) of Definition 7. Suppose ¢(t)€ M,. It follows from Lemma 2 that the
trajectory ¢ cannot enter M; at ¢ () from a discontinuous side since V* satisfies
the DNT condition. If M; has at ¢(¢) two locally discontinuous sides with respect
to V*, then there is § > 0 such that ¢(t;) € M, for all ¢, € (t — 8, t). Property (iii) of
Definition 7 states that V* is continuous over M;. Thus V* ¢ ¢ is continuous over
(t—6,1).

If M; has at ¢ (¢) only one locally discontinuous side with respect to V*, then,
according to property (v) of Definition 7, M; has at ¢(¢) a locally continuous side.
From Definition 6 it follows that there exists a neighborhood of 6 of ¢(¢) in E"
such that V* is continuous on, say, (8" N X)U (M; N 6 N X). There exists a § >0
such that 8(¢,) belongs to the latter set for all t; € (£ — 6, ¢). Consequently, V* o ¢ is
continuous over (¢ — 8, t). This shows that V* ¢ ¢ is continuous from the left except
possibly at ¢ = #.

4. Sufficiency theorem for discontinuous optimal value function. The suffi-
ciency theorem given below is designed to establish the optimality of a pair
(u*, ¢*) in a control process that may not have a continuous optimal value
function. A discontinuous optimal value function arises particularly in state-
constrained optimal control processes, e.g., Litt [13].

A function V*: X > E' is lower semicontinuous if and only if, for all xo€ X,

V*(xo)=sup {inf {V*(x): 0<|lx —xo|| <7, x € X}:r>0}.

For a V-type function, the V* lower semicontinuity, for each xe M;, i € I, is
equivalent to

(18) V*(x)éxlir_r}x {inf [V*(xx): k = m]}

for all sequences (x,,)< X converging to x.

THeoREM 1 (Sufficiency for discontinuous optimal value function). Let
xo€X. Let u*e C(xo) and ¢* € T(xo; u*). For the optimality in X of the pair
(w*, o*), it is sufficient that there exists a V-type function V*: X >E' with
associated collections {X;:jeJ}, {M;: i€}, and {(W,, V;*):jeJ} such that the
following conditions are satisfied

(i) V™ satisfies the discontinuous nontransversality condition with respect to
the control process T,

(ii) V* is lower semicontinuous;

(iii) for each ue C(xo) and each ¢ € T(xo;u) there exists a convergent
sequence (t) contained in [to, t;] of ¢ such that

19) gole ()= Jim V*{e(w))

*

) Vo) =gale D1+ | fule*r), ur(o)] ds
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where t} is the terminating time for ¢*;
) forallxe X, ve U(x), jeJ,

(20) fo(x, v)+grad V¥(x)- f(x, v)=0.

Proof. Let u e C(xo), ¢ € T(xo; u), and # be the terminating time for the
trajectory ¢. In view of condition (v) we want to show that

1) V*(x0)= gole (1] +L fole (), u(r)] dr.
Let
g()= j folo (), (@) dr+(V* o o)1)

for all z€ [to, t;— 8], where 8§ > 0. Condition (v) implies that

fole (@), u(®)] +g;( V%o@)(t)=0 almosteverywhereinT;, jelJ,

where T; ={t € [to, ]: ¢(¢t)€ X;}. Thus condition (i) of Lemma 1 is satisfied.

As a result of Lemma 4, condition (i) implies that T={t}U{4(}US is
countable compact where S are the discontinuities of V* o ¢. Condition (ii) of
Lemma 1 is, therefore, satisfied. Invoking Lemma 4 we have that V*o ¢ is
continuous from the left except possibly at ¢ = #. This satisfies the left inequality of
condition (iii) of Lemma 1 for ¢ € [#, #]. Condition (ii) of Theorem 1 together with
condition (ii) of Definition 7, implies that the right inequality of condition (iii) of
Lemma 1 is satisfied for ¢ € [#o, #;]. With all conditions of Lemma 1 met, it follows
that g: [to, t;— 8]~ E' is monotone nondecreasing for all § > 0.

Consequently, V*(xo)= g(¢) for all ¢ € [t, #) and, therefore,

22) Vs | fle), u)] dr+ Vo)
From condition (iii) of Theorem 1, we can write
(23) lim V¥ (tm)] = gole ()]

for some convergent sequence (¢,,).
Inequality (21) follows from (22) and (23). This completes the proof.

5. Control process with discontinuous optimal value function. Consider the
bilinear control process with state equations

(24a) X1=—v+x(1-v), vel0, 1],

(24b) X,=—x1(1-v)

with state space X = E> and terminal set ® ={(0, 0)}. For a given initial state
xo=(x}, x39), we desire to minimize the transfer time to the origin:

k¥

25) T(xo, o, u)=j dr.

to
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Thus, fo=1 and go=0. The set-valued function is given by
(26) U(x)=[0,1] VxeE>.

The control function space () is the space of all Lebesgue measurable functions of
time defined on bounded intervals with range in E'. An admissible control policy
u e C(xo), xo€ E?, with u: [to, t;]> E', satisfies the relation

27 u(t)e[0,1] Vee(to, t]

and has a terminating trajectory of ¢ € T(xo; u).

Let I'y represent the above control process.

We seek to find a pair (u*, ¢*), u* € C(xo), ¢* € T(xo; u) for each xo € E* and
to discover a V-type function V*:E*- E' with associated collections

{Xi:jet}, {Miiell and {(W, V7):jel}

such that conditions (i}-(v) of Theorem 1 are satisfied with respect to the control
process Io.

For this purpose we make the following definitions. Let J ={1,2, - - -, 5}and
I={1}. Define h: E*> E" with

X2 X1

xi4+x3 Vxi4xs

for all (xy,x,)e E*~{(0,0)} and with A(0,0)=0. Write p:{x,: x,<0 and
x,>—2}- E" such that

h(xl, X2)"—" 1+

(28) hlp(x2), x2]=0 Vx,<O0.

The solutions p(x,) of (28) for x, <0 are unique, and p is a smooth function. The
function p is plotted in Fig. 1 for p(x,)=2. Define

X1={(x1, x2): x1>0, x, =0}, X5 ={(x1, x2): h(x1, x2)>0},
X3={(x1, x2): h(x1,%2)=0, x2<0}, X4={(x1, x2): h(x1, x2)<O0},
X5={(0, 0)}, M;=X;.

Let Wy = Ws=E? W,=X,, Wy=X,, and W5 ={(xy, x,): x,<0}.
Define A: E*~{(0, 0)}-> E" as the arctangent function such that

tan'l(xz/xl), x1>0, x,=0,

(77/2)"" tan_l (—xl/xz), x1=0, x>0,
A(x1, x2)= 1

T +tan (—X2/“‘X1), X1<0, x2§0,

(3m/2)+tan"" (x1/—x2), x1=0, x,<0.
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F1G. 1. The curve of p

Define V%, j e J, as follows:

VE(x1, x2)=x1 V(x1, x2)€ E?,
VE(x1, x2) = Axy, x2) +Vxi+x3 V(xy, x2)eXo,

VE(x, 1) = A(x1, x2) VXl +x3 V(x1, x2)e Wi,
Vi(x1, x2)=x1—p(x2)+ Vi[p(x2), x2] V(x1, x2)€ X4,
VE(x1, x2)=0 V(x1, x2)e E%
We define a V-type function candidate V*: E*- E' as
V¥(x)=V%ix) VxeX, jel.

This function is plotted in Fig. 2. Note the orientation of the axes. The curve
defined by [p(x2), x2, V*(p(x2), x2)] is plotted in the surface; this is the intersection
of p with the optimal cost surface.

It is easily checked that V* is piecewise differentiable, locally Lipschitzian
with respect to D since the collection {(W;, V*): j € J} has the necessary properties
satisfied; the W,’s are open and the V;’s are smooth. Note that the restrictions

V¥eanuey and V¥,
are continuous. The set @ UM, is closed in E> Let N*(x)=(0,1) and
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F1G. 2. Optimal value function V*

N~ (x)=(0,—1) for all x € M;. It follows that M; has at each x € M; a locally
continuous side in the positive direction and a locally discontinuous side in the
negative direction. Actually, these two directions have the values of V*(x)
separated by the amount 7. This completes the proof that V*isa V-type function.

V* satisfies the DNT condition with respect to Iy, provided M satisfies at
each’ xo = (x9, x3)€ M; the NT condition on the negative side with respect to Ty.
Since 0M, is empty, we take M, = M;. Let 6 denote the open cube

X3 x?
{ (xl, xZ): |x(l)—x1| <'§" and |x(2)—x2| <7},
Let (y1,y2)€ 6NM. Let (x;,x,)e0 NE? and ve[0,1]. Since N (y1,y2)=
(0, —1), the inequality (9) becomes

(29) x1(1-»)=0.

This inequality holds since x;>0 and v=1. Consequently, condition (i) of
Theorem 1 is satisfied.

Since M has at each x € M alocally continuous side in the positive direction,
the inequality (18) is satisfied for all sequences converging to x from the positive
side. Let (x,,) be a sequence converging to x = (x;, 0) from the negative side. In
this case we have V*(x,,)= V¥(x1m, X2m) and, therefore,

V*(xm)= X1im _p(me)+ VﬂZ‘[p(xZM)’ x2m]:
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with
—Xom
Vi[p(X2m), X2m] = 7 +tan™" 2 +Vp(X2m ) + X2
p(x2M)
Verify that
p(X2,)>0 as x,-0,
tan 2" 50 as xpm 0.
p(x2m)
Consequently,
(30) m+x1=lim V*(x,).

Since V*(x)= x;, we see that condition (ii) satisfied.

For condition (iii) it suffices to show, for u € C(xo), ¢ € T(xo; u), that

(1) lim V(5] = 0
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for some sequence (# ) converging to ¢ where ¢(#)= (0, 0). It follows from the
dynamics (24) that the origin cannot be reached from the second, third, or fourth
quadrants. This implies that ¢1(#)>0 and ¢,(#)> 0 for all such sequences (#).
There is a 6 >0 such that ¢(¢) belongs to the first quadrant for all times
telt;—8, tr). From (24) we have ¢1(t)¢1(t)+ @2(t)@2(t) = —@1(t) — ¢2(t) almost

everywhere ¢ € [#o, #;]. Integrating this equation over [#, ] gives
i
P60+ e+ 20:0)=2[ ou(r) dr.
te

There exists a sequence () converging to # such that

i i
[" oy dr= o) ar;

consequently, these two expressions imply that

(32) 0100+ 25 0, (0)+ 2122~ 1)
o1(te)

for all # belonging to the sequence (). This implies that

. @2(t)
33 lim ——==0,
( ) "‘l_l;f}f ‘Pl(tk)

since the left-hand side of (32) is bounded above zero. In the first quadrant, we

have

e2(te)

V¥ e1(te), e2(t)]= tan_l(lpl(tk)

This inequality, together with V*=0 and (33), implies (31).

) +V[e1(t ) + @2t
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We show that condition (v) is met and then define (u*, ¢*) and show that (iv)
is satisfied.

Letj=1, xe€ X;, and v €[0, 1]. In this case x,=0 and grad V¥(x)=(1, 0).
The left-hand side of (20) reduces to 1 —». Thus (20) is met for j = 1.

Letj=2, x€X,, and v €0, 1]. In this case we have

3V§(x)= —X2 X1

(34a +

) dXx1 x%+x% \/x§+x§
and
(34b) Vi) _ X2

+ .
09X, x§+x§ \/xf+x§
The inequality (20) reduces to
(35) Vh(xh x2)§oa

which is satisfied for all (x;, x,) € X>.

Letj=3,x € X3,and v € [0, 1]. The partial derivatives of V% are given by (34)
with x; = p(x,). The left-hand side of (20) reduces to the left-hand side of (35),
with h[p(x,), x2] = 0.

Let j =4, x€ X4, and v €[0, 1]. Check that

oV

'axl
and
oV _ p(x2) X2

= + .
0xy [P’ +x3 V[p(x2)I’+x3
The left-hand side of (20) reduces to

1) 1+x,— x1p(x2) _ X1X2 )
( V)[ o [p(x2)P+x3 V[p(xz)]2+X§]

After adding and subtracting the term

P(xz)xz
VIp(x2)+x3

inside the above brackets and making use of A[p(x,), xo] =0, we obtain

e e[ 20 n
(6) L v e

For (x1, x2) € X4, we have

(37 p(x2)<x1.
In order for (20) to hold, it suffices then to have

38 __pba) L <o,
o b+
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For x,= -1, p(x,)=0, so that (38) holds. For x, <—1, (38) holds since it is always
true that

p(x2) <
VIp(x)I*+x3

Forj=35,x=(0,0), »€[0, 1] the inequality (20) holds since grad V%(0, 0)=
(0, 0). This completes the proof that condition (v) is satisfied.
Define the closed-loop control policy o: E*-[0, 1] as

1 ifxeXUX,,
0 if XEX2UX3UX5.

The trajectories resulting from this control are plotted in Fig. 3.
Let xo€ X;. Define the pair (u*, ¢™*) as

1 Ve[t &],
0, t=1t,

a(x)={

w*0)=|

eit)=x3—(t—t)) Vte[to, 1],
e3()=0 Vet t],

where
(39) tf—to=x?.
X2
>t bt b b b
= =
= o
= =
oi @%\ F— X
3 o =
-1 — [
- Ne -
= :>:5
-2 —|II||IIII|I|ll[IHI HII|IIII|IIII|IIII_
-2 -1 a 1 2

F1G. 3. Optimal trajectories
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Let xo€ X, U X;. Define the pair (u*, ¢*) as
u*(t)={0 if t€[to, 1) U{t},
1 if te[t, ),
oA {\/m cos (t—1) Ve[t 1),
VO +(3Y = (t—t) Veeln, gl;
¢§‘(t)={m sin (t1—1) Vte(to, ),

0 te(t, k],

where t; —to€ [0, 27) satisfies

cos (1~ to) = G (tr—to) 22

17 00) T  F—F/V—m— - =
VP +(x3) )R

and where

(40) f—to= A (63, x3)+ V(Y + (D).

Let xo€ X,. Define (u*, ¢*) as

1 if t€[to, 1)U [t 8),

0 if te[t, )U{t},

x3—(t—to) Vie([to, 1),

e ()= VIp (D +(x3)* cos (., —1)  Vie[t, 1),
VPGP + (3 —(ti—12)  Vie[ts, ],

u*(t)={

xg Vte [to, tl),

3O =\VIp()P+ (3 sin (l,—1)  Vre[n, 1),
0 Vite(t, t],

where ¢, satisfies

t=to+x3—p(x3)
and t, —t, €[0, 27) satisfies

o P&y Xy
COS (tz t1) [p(xg)]2+(x(2))2, sin (tz tl) [p(Xg)]2+(x(2))2,

with

1) tr=to=x1—p(x2)+ A[p(x3), 2] +V[p(x2)]* + (x2)’.

Since X is the terminal set, nothing needs to be undertaken there.
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From (39)-(41), the definitions of V*, u*, ¢*, it follows that condition (iv) is
met. Since all conditions of Theorem 1 are met, the pairs (u*, ¢*) defined above
are optimal. Equation (30) shows that the optimal value function V* is discontinu-
ous along the positive x; axis.

6. Discussion. The purpose of this discussion is to show that the works of
Young [16], Armstrong [17] and Hack [18] are only applicable to optimal control
problems having continuous optimal value functions. First, the precise work of
Hack takes the continuity of the optimal value function as a postulate in his
sufficiency theorems. Second, Young [16, p. 281] has established a sufficiency
theorem under suitable hypotheses for a concourse of flights that satisfies a
strengthened form of Pontryagin maximum principle. It is interesting to note that
the example of the previous section provides trajectories, controls and conjugate
vector functions (i.e. these are obtained by taking the partial derivatives of
V¥, -+, V¥) that form a concourse of flights satisfying Young’s strengthened
form of Pontryagin maximum principle. To be sure, Young’s sufficiency theorem
[16, p. 281] is based on this fundamental theorem which, in turn, is based on the
validity of equation (29.2) of [16]. Hack has shown in Lemma 2.14 of [18, p. 94]
that equation (29.2) of [16] holds if the optimal value function is continuous. That
equation does not hold for a discontinuous optimal value function; verify this by
taking a sufficiently short rectifiable curve having one endpoint at a discontinuity
of the optimal value function such that the composition of the rectifiable curve
with the optimal value function is discontinuous at that endpoint. The integral on
the left hand side of equation (29.2) of [16] goes to zero with the length of the
rectifiable curve; the right hand side will not converge to zero due to the
discontinuity. Consequently, Young’s fundamental theorem is premised on the
optimal value function being continuous.

Third, Armstrong [17, p. 652] has shown in Theorem 1 that the continuity of
the optimal value function follows from Young’s fundamental theorem. In
addition, Armstrong has shown under suitable hypotheses in Theorem 3 of [17]
that the optimal value function is continuous for problems having weak lines of
flight. His proof is based on the assumption that x;(t') converges to xo(¢') as i goes
to infinity; xo (- ) is a weak line of flight and x; (- ) is a line of flight satisfying
Young’s strengthened form of Pontryagin maximum principle. The time —¢* is the
transfer time from xo(¢') to the target, taken along the xo (- ) line of flight. The
point x;(¢t') is that point on the x; (-) line of flight requiring the same transfer
time —t". For the case that the optimal value function is discontinuous at xo(¢') a
sequence of flight lines (x; (-)) can be selected so that the sequence (x;(t'))
converges to some point other than xo(t"); that is, the points along x;( - ) that lie in
asmall neighborhood of x,(¢") have associated transfer times that do not belong to
a sufficiently small neighborhood of —¢'. Consequently the work of Armstrong
[17] is not applicable to optimal control problems having discontinuous optimal
value functions.
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LINEAR FEEDBACK—AN ALGEBRAIC APPROACH*
M. L. J. HAUTUSt aANp MICHAEL HEYMANN#

Abstract. The algebraic theory of linear input-output maps is reexamined with the objective of
accomodating the concept of (state) feedback in this theory. The concepts of extended and restricted
linear i/o maps (and linear i/s maps) are introduced and investigated. It is shown how “fraction
representations” of transfer matrices arise naturally in this new theoretical framework.

Conditions are given for when the change caused to a linear input-output map by an (open loop)
““cascade compensator” can also be accomplished by utilization of (closed loop) state feedback. In
particular, it is shown that the change caused to a linear input-output map by cascading (composing) it
with an input space isomorphism, can also be effected by feedback, provided the input space
isomorphism in ‘“bicausal”, i.e. it does not change the causal structure of the input-output map.
Further detailed characterizations of feedback are also given especially in connection with the newly
introduced concepts of degree chain and degree list.

1. Introduction. Probably one of the most important contributions to linear
systems theory since the introduction of the concepts of controllability and
observability, has been the discovery by R. E. Kalman (1965) (see also Kalman
(1968) and Kalman et al. (1969, Chap. 10)) that the theory of linear systems can be
naturally accommodated in classical module theory. This observation led to a
completely satisfactory theory of realization, i.e. the theory that links (external)
input-output descriptions with (internal) state space descriptions of systems, the
most recent complete discussion of which can be found in Eilenberg (1974, Chap.
16).

: Yet, despite the power of the module theoretic approach in attacking the
realization problem, there seemed to be no apparent contact between this theory
and even some of the most elementary control theoretic questions of linear
systems especially insofar as the concept of feedback is concerned.

Two, completely unrelated, approaches were used to study feedback prob-
lems: One is the so called ‘“‘geometric” approach, forwarded and promoted by
Wonham and Morse (see e.g. Wonham (1974)), which has been successfully
applied to solve such problems as decoupling, regulator design, design of model
following systems, and investigating feedback invariant structures, (see. e.g.
Wonham and Morse (1970), (1972), Morse and Wonham (1970), (1971), Morse
(1973), (1975), Wonham and Pearson (1974) and Wonham (1973)). The second
approach, which was widely used and was developed mainly by Rosenbrock
(1970) and by Wolovich (see, e.g., Wolovich (1974)), used polynomial matrix
techniques for the study of a variety of control theoretic questions. This latter
approach, whose primary power derives from the surprising usefulness of fraction

* Received by the editors May 21, 1976, and in revised form January 25, 1977. This work was
supported in part by the U.S. Army under Research Grant DAHCO4-76-G-0011 through the Center
for Mathematical System Theory, University of Florida, Gainesville, Florida.

+ Department of Mathematics, Technological University, Eindhoven, The Netherlands. This
work was completed while the author was on leave at the Center for Mathematical System Theory,
University of Florida, Gainesville, Florida.

t Department of Electrical Engineering, Technion—Israel Institute of Technology, Haifa, Israel.
This work was completed while the author was on leave at the Center for Mathematical System
Theory, University of Florida, Gainesville, Florida.
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representations of transfer function matrices, seemed to be especially successful in
providing convenient and quite powerful computational algorithms with a capa-
bility of yielding various abstract results. Also, fraction representations of transfer
matrices provide a convenient vehicle for studying such problems as minimal
realization (see e.g. Heymann (1972), Forney (1975) and Fuhrmann (1976)) and
feedback invariants as in Heymann (1972).

Probably the most striking paradox in this state of affairs is the fact that,
historically, the module theoretic approach to linear systems seemed to support
the prevailing viewpoint that transfer function matrices in the form H(z)/y(z)
(¢ (z) apolynomial) are the natural (and theoretically sound) concrete representa-
tions of linear input-output maps (see Kalman et al. (1969, Chap. 10)). The
representation of transfer function matrices as matrix fractions seemed therefore
to be nothing more than a useful technical trick. This discrepancy has been
recognized notably by Eckberg (1974) and by Fuhrmann (1976) who attempted to
reconcile the two representations within the module theoretic framework. Yet,
both of these attempts provide a rather ad-hoc accommodation. Specifically,
while both Eckberg and Fuhrmann make a very sound case for viewing transfer
matrices as matrix fractions, no successful contact is made with the theory of
input-output maps. More importantly, there is no satisfactory contact with
feedback theory. While in Fuhrmann (1976) there is no attempt in this direction,
in Eckberg (1974) the treatment of feedback is not very successful in that it fails in
exhibiting module theory as a powerful or even a convenient framework for
dealing with the feedback concept altogether.

The main purpose of the present paper is to reexamine the module theoretic
setting of linear input-output maps with the explicit objective of accommodating
the concept of “state feedback” within this framework.

In the theory of realization, the concept “canonical”’ (equivalently reachable
and observable) plays a very central and fundamental role in that it defines what is
essentially a unique state space. Yet, the property of being a canonical realization
is not invariant under feedback (i.e. a canonical state space can be modified by
state feedback to become noncanonical and vice versa). Since the input-output
map defines uniquely (or essentially uniquely) only a canonical state space, it is
clear why the concept of state feedback somehow seems incompatible with the
“classical”” module theoretic setting of linear input-output maps. It is easily seen
however that reachability is invariant under feedback. The importance of the
matrix fraction representation for the input-output maps derives from the fact
that the representation essentially fixes a reachable state space. Specifically, the
representation determines uniquely a reachable realization. As a consequence,
the concept of feedback (and especially its effects) can be studied at the level of
input-output maps without going through the process of constructing state space
descriptions first. Hence, in the study of feedback from an input-output point of
view, the process of (concrete) realization can essentially be bypassed.

It has been technically well known for quite some time that the modification
caused to the input-output map of a linear system by state feedback can be
accomplished by cascading the system with a linear device (sometimes called a
compensator). Conversely, the effect on a linear input-output map by cascading it
with certain types of linear “devices” can sometimes also be accomplished by a
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feedback implementation. Yet this converse problem is much less well understood
even on a purely “technical” (rather than theoretical) level.

In this paper we give necessary and sufficient conditions (in a module
theoretic framework) for a cascade ““‘compensator” to be realizable by a feedback
implementation. To formulate these conditions certain revisions in the way an
input-output map is viewed are necessary in order to accommodate feedback. We
shall adopt here a point of view that was already taken previously in the
unpublished notes of Wyman (1972) (see also Sontag (1976)).

The paper is organized as follows: In § 2 the concepts of extended and
restricted linear i/o maps are introduced and their relation is investigated (the
latter concept coinciding with the standard linear input-output map defined in
Kalman et al. (Chap. 10)). In §3 the concepts of abstract realization and
semirealization are discussed and the concept of linear i/s map associated with a
(reachable) semirealization is introduced and investigated. Theorems 3.5 and 3.9
give characterizations of linear i/s maps. In § 4 the results of § 3 are specialized to
the case where the input and output spaces are finite dimensional and in particular
for the case in which the realization or semirealization (i.e. the associated state
space) is finite dimensional. Specifically, it is shown that with every reachable
realization there is associated a concrete representation of the extended linear i/o
map in terms of a (matrix) fraction. This establishes the naturalness of fraction
representations and explains their usefulness in the study of feedback. In a similar
manner it is shown how linear i/s maps are concretely represented as matrix
fractions in association with reachable semirealizations of linear i/o maps. In § 5
the concept of feedback is abstractly introduced and its relation with linear i/s
maps is investigated. The notion of a bicausal isomorphism (in the extended input
space) is defined and investigated. It is seen that every feedback transformation
can be implemented in “open loop” through a bicausal isomorphism of the input
space. Conversely, conditions are found for the implementability of a bicausal
isomorphism of the input space as a feedback transformation (Theorems 5.7 and
5.10). The section is concluded with Theorem 5.13, which states essentially that if
the linear i/o map is rational (‘“‘rational” being appropriately defined) then every
bicausal isomorphism of the input space can be implemented as feedback in some
finite dimensional reachable (although not necessarily observable) state space.
This result has the intuitive interpretation that the change caused to a linear i/o
map by (externally) modifying its input structure can also be accomplished by
(internally) implementing feedback provided the external input change does not
alter the causal structure of the linear i/o map and is reversible. The paper is
concluded in § 6, where the study of feedback is further expanded. In particular, it
is noted that feedback can be investigated by studying the structure of the kernel
of a (restricted) linear i/s map. Since this kernel is a submodule of the input
module, the study of feedback is generalized by studying the structure of an
essentially general submodule. In this connection, the concept of the degree chain
of a submodule is introduced and investigated. The main result of § 6 is Theorem
6.10, which gives a complete characterization of “feedback equivalent” sub-
modules. This reestablishes from a new viewpoint the central role of certain
feedback invariants which have been introduced previously. In addition, it is
shown how certain previously known (but not well understood) facts find a natural
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accommodation within this new theoretical framework (in particular Forney’s
concept of minimal basis and Wolovich’s concept of column properness).

Throughout this paper it will be assumed that the reader is familiar with the
now classical module theory of linear systems as can be found for example in
Kalman (1968), and Kalman et al. (1969, Chap. 10).

2. Extended and restricted linear i/o maps. We shall begin by introducing
some notation. Throughout the paper K will denote a field and U and Y will
denote K-linear spaces. The space U will be referred to as the input value space
and Y as the output value space (of an underlying dynamical system X). We shall
make finite dimensionality assumptions on U and Y only when explicitly stated.

We let Z denote the set of integers. If S is a K-linear space (in particular U
and Y), we consider the set of all sequences s = (s;);cz=(""",5_1, S0, 51, * * *)
possessing the following properties: (i) s, € S for all ¢ € Z, and (ii) there exists to € Z
such that s, =0 for all ¢ <t,. These sequences will be identified with (formal)
S-Laurent series in z ', i.e. series of the form

e el

(2.1) s=Y sz7".
t=to

We shall denote the set of S-Laurent series by S((z ")) or alternatively by AS. It is
then well known that the set AK = K((z ")) of (scalar) K-Laurent series is a field
with convolution as scalar multiplication and the obvious (coefficientwise) addi-
tion. Also, with convolution as scalar multiplication and the usual addition, AS is a
AK-linear space. This, in particular, implies that AS is also K-linear and also a
K[z]-module (where K[z]is the ring of polynomials in z). For an element s € AS
given by (2.1), the order of s is defined by

min {t € Z|s, #0} if s #0,

(2.2) ords = {
0 if s=0.

Furthermore, for an element s € AS, multiplication by z results in a shift of the
sequence (s;) to the left, that is

(8)ecz—2 * (8t)rez = (St41)tez-

We now introduce the extended input space AU, and the extended output
space AY. If a map f:AU—>AY is K-linear, we say that f is time invariant
provided it satisfies

f(z -w)=zf(w) forallweAU.

The following elementary but important result then follows (see also Wyman
(1972)):

THEOREM 2.3. A K -linear map f: AU - AY is time invariant if and only if it is
AK-linear.

A K-linear map f: AU > AY is called causal if ord f(w)=ord w and strictly
causal if ord f(w)>ord w for all w e AU. We now introduce the following

DEFINITION 2.4. Amap f: AU - AY is called an extended linear input-output

map (or extended linear i/o map) if it is K-linear, strictly causal, and time
invariant.
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Theorem 2.3 provides an algebraic characterization of time invariance. In
order to complete the characterization of extended linear i/o maps we now turn to
the question of causality. Let us denote by L the K-linear space of all K-linear
maps U - Y and consider the space AL of all L-Laurent series. This space can be
identified with the space of AK-linear maps AU > AY as follows: We define the
K-linear maps

i,:U->AU:u—u (canonical injection),
P AY->Y:Y y,z_tl—-—>yk’

and for every AK -linear map f: AU - AY and every k € Z we define the K -linear
map Ax:U->Y by

(2.5) Ac=Ac(f)=profoin
The L-Laurent series associated with the map f is then given by
(2.6) Zi(z =Y Az

and s called the impulse response or the transfer function of f. Now,if Z=Y Az~
is any element of AL we define the action of Z on w =Y u,z '€ AU by

2.7 Zw =Y % (Axte—i)z "

If f: AU > AY is defined as the map whose action is given by (2.7), it is then easily
verified that

Z7(z Hh=Z.

We now have the following immediate characterization of causality: The map
f: AU~ AY is causal if and only if A, (f) =0 for k <0 and is strictly causal if and
only if Ax(f)=0 for k =0. The following is then proved:

THEOREM 2.8. A map f:AU > AYis an extended linear i/o map if and only if
itis AK-linear and A, (f)=0 for all k =0.

For a lmear space S we denote by S[z] or alternatively by QS the set of all
polynomlals Zk _oSkz" with coefficients s, in S. Obviously, QS is a subset of AS
and it is easily seen that it is also a K -linear subspace and even a K[z ]-submodule
of AS. It is not, however, a AK-linear subspace.

In the development of the module theoretic treatment of linear systems, one
of Kalman’s primary objectives was to provide a rigorous framework for relating
linear input-output maps to state space descriptions, (i.e. the problem of realiza-
tion). In his treatment Kalman considered the following “experimental” setup
(see e.g. Kalman (1968) and Kalman et al. (1969, Chap. 10)): All inputs terminate
(i.e. become identically zero) at ¢ = 0 and the outputs are observed only for ¢ = 1.
This special set of inputs QU will henceforth be called the restricted input space,
and elements w € QU will be called restricted inputs. Since in this setting outputs
are observed only for ¢ = 1, it follows that two outputs are indistinguishable if their
difference is in QY. Thus, if we introduce the notation

(2.9) 'S :=AS/QS
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for any K-linear space S, then according to the foregoing we define I'Y to be the
restricted output space. Let A 'Y denote the subset of AY consisting of all elements
of the form Y;-, y.z . It is readily verified that there is a bijective correspondence
between I'Y and A.Y with the property that with every y €I'Y is associated a
unique ¥ € A, Y satisfying wy =y where 7: AY > I'Y is the canonical projection.
Furthermore, I'Y induces a unique module structure on A.Y by the requirement
that the above bijection become a K[z]-module homomorphism. We shall
henceforth identify elements of I'Y with those of A, Y and refer to the latter as
restricted outputs. (It is precisely the module A, Y which was defined in Kalman et
al. (1969, Chap. 10) as the output module of a linear system.)

DEFINITION 2.10. Amap f: QU > T'Y is called a restricted linear input-output
map (or restricted linear i/o map) if it is a K[z ]-module homomorphism.

Remark 2.11. In the above definition of restricted linear i/o maps the
properties of causality and time invariance are automatically built in. Wyman
(1972) called the same a Kalman linear i/o map and it is, in fact, precisely the
input-output map derived in Kalman’s work (see e.g. Kalman et al. (1969, Chap.
10)). We shall later make extensive use both of extended and of restricted linear
i/o maps.

In addition to the extended and restricted i/o maps, we introduce the concept
of linear i/ o value map

(2.12) f:QU->Y
as follows: If f is an extended linear i/o map, we define f (associated with it) by
(2.13) fw)=pi1°f(w); weQU.
Alternatively, if f is a restricted linear i/o map, we construct the i/o value map f by
(2.14) f=pi°f
where (with I'Y identified with A,Y)
(2.15) p1:TY>Y: Y yz 'y,
t=1
Conversely, if f: QU - Y is any K -linear map, we can regard it as a linear i/o

map by associating with it the maps f and f which are constructed from f using the
conditions of time invariance and causality. In particular, we have

(2.16) fw)= g,o fz'w)z ™!
and
(2.17) flw)= teZZf(H’(z‘w))z"‘1

where the truncation operator ¥: AU - QU is defined by

(2.18) FQuz ™)=Y uz".

t=0
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(Compare also Kalman and Hautus (1972, formulas (2) and (4)).) It is easily
verified that the maps f and f as defined in (2.16) and (2.17) are, respectively, a
restricted and an extended linear i/o map and that the formulas (2.13) and (2.14)

hold. The relation between f, f and f is indicated in the following commutative
diagram:

where i is the identity map, j is the canonical injection, and 7 is the canonical
projection. The maps f, p1 and p, are K-linear, the maps j, = and f are
K[z]-homomorphisms and f is a AK -linear map. The maps f and f are called the
restricted and extended i/ o maps associated with f.

3. Linear i/s maps. Let F:QU>TY be a restricted linear i/0 map. By an
abstractrealization of f we refer to a triple (X, g, h) where X is a K[z ]-module and

g:QU-»X and h:X->TY are K[z]-module homomorphisms such that the
diagram

QU—LFY

S\X/h

commutes. For the system theoretic interpretation of an abstract realization, the
reader is referred to Kalman (1968) and Kalman et al. (1969, Chap. 10). The
module X is called the state space (and is sometimes regarded only as a K-linear
space).

If (X, g, h) is a given abstract realization of a restricted linear i/o map f, one
can construct from it a concrete realization of f (see Kalman et al. (1969, Chap.
10)). Such a concrete realization is uniquely determined by the abstract realization
(X, g, h) and we shall henceforth call (X, g, h) simply a realization of fIn keepmg
with standard systems terminology we then call a realization reachable if g is
surjective and observable if h is injective. A realization is called canonical if it is
both reachable and observable. .

Consider now a restricted linear i/o map f: QU >TY. Let X be a K[z]-
module and let g: QU - X be a K[z]-module homomorphism. The pair (X, g) will
be called a semirealization of f if it can be extended to a realization (X, g, h) with
some K[z ]-homomorphism h: X > T'Y. (X, g) will be called a reachable semireali-
zation if g is surjective, and canonical if every extension realization (X, g, h) of
(X, g) is canonical. The following characterization of reachable semirealizations is
easily verified:
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THEOREM 3.1. Let f :QU->TY be a restricted linear i/o map, let X be a
K[z]-module, and let g: QU - X be a surjective K [z]-homomorphism. Then
(i) (X, g) is a (reachable) semirealization of f if and only if ker g < ker f
(ii) If (X, g) is a reachable semirealization of f there is a unique h such that
(X, g, h) is a realization of f. . 3
(iii) (X, g) is a canonical semirealization of f if and only if ker g =ker f.
Consider now a K[z ]-homomorphism g: QU - X where X is a K[z ]-module.
If we refer only to the K-linear structure of X and regard g as a K-linear map
then, as in (2.16) and (2.17), we can construct the restricted and extended
linear i/o maps

(.2) g:QU-TX,
(3.3) g:AU>AX

associated with g. In view of the fact that X is a K[z]-module and not just a
K-linear space and g is a K[z]-homomorphism and not just a K-linear map, the
maps ¢ and g have properties that distinguish them from ordinary i/o maps. For
this reason we will call g and g, respectively, a restricted and an extended lineari/s
map (where i/s stands for input-state). More generally, a restricted linear i/o map
F:QU>TY and the corresponding extended i/o map f: AU - AY are called i/s
maps if Y can be endowed with a K[z]-module structure, compatible with its
K-vector space structure, such that the associated i/o value map

f=piofej=piof

is a K[z ]-module homomorphism. It is easily verified that if f is a restricted linear
i/s map and f the associated value map then

(3.4) ker f =ker f.

Indeed, for w € QU, f(w)=0 if and only if f(z'w)=0 for all =0 (see (2.16)).
However, in view of the fact that f is a K[z]-homomorphism, the latter is
equivalent to f(w) = 0 since f(z'w) =z 'f(w).

Assume now that f:QU ->TY is a (restricted) linear i/s map and that its
associated value map f is surjective. Then (3.4) and Theorem 3.1 imply that (Y, f)
is a reachable (in fact even a canonical) semirealization of f We shall henceforth
call a restricted linear i/s map f reachable whenever the pair (Y, f) is a reachable
semirealization of f or, equivalently, whenever the associated i/o value map f is
surjective. (The name i/s was adopted precisely for the reason that in these special
i/o maps the output value space qualifies as state space.)

Assume next that f: QU -»T'Y is a linear i/o map such that its associated i/o
value map f is surjective and that (3.4) holds. Then Y is isomorphic as a K-linear
space to QU/ker f which is a K[z]-module. This isomorphism induces a compati-
ble K[z]-module structure on Y and it is eas1ly seen that f is then a K[z]-
homomorphism. We summarize the situation in the following

THEOREM 3.5. Let f:QU - T'Y be a restricted linear i/ o map such that the
associated i/o value map f = p, o f- QU - Y is surjective. Then fis an i/s map if and
only if (3.4) holds.
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If H: X - Y is a K-linear map then it induces in a natural way a AK-linear
map

(3.6) HAX->AY:Y xz"'=Y (Hx)z™"

and also a K[z ]-homomorphism

(3.7) H:TX->TY:Y xz 'Y (Hx)z"
t=1 t=1

where we have identified A, Y with I'X and A, Y with I'Y. The maps defined by
(3.6) and (3.7) are called static maps and it will be convenient to denote them by
the same symbol H. We now have the following

THEOREM 3.8. Let f: QU > T'Y be a restricted linear i/o map, let g: QU - X be
a K[z ]-homomorphism and let § be the restricted linear i/s map associated with g.

G) I f ( (X, 8)i is a semirealization of f then there exists a K -linearmapH: X > Y
such that f = H - g (correspondingly f =H - §).

(i) Conversely, if g is surjective and there exists H: X - Y such that f =H-g,
then (X, g) is a semirealization of f

Proof. (i) Let h: X ->TY be a K[z]-homomorphism such that (X, g, h) is a
realization of f, and define

H:X->Y:x—pi°h(x),
where p; is defined in (2.15). Then, if f = p; o f, we have
f=plof=plohog=Hog
and consequently for w € QU we have by (2.16) and (3.7)

fow)= t;()f(z'w)z_’_1 = t;ﬂ Hog(z'w)z !

=Ho Y gz'w)z""'=H-§,
t=0
and the proof of (i) is complete.

(ii) The existence of H such that f=H - § implies that ker g = ker § < ker f
Hence, since g is surjective the result follows from Theorem 3.1. 0

The following result gives another characterization of the linear i/s maps
amongst all linear i/o maps.

THEOREM 3.9. Let §: QU »>TY be a restricted linear i/o map. Then § is a
reachable restricted linear i/s map if and only if the followmg condition holds: for
every restricted linear i/o map fQU-TS satisfying ker § c ker f (where S is a
K-linear space), there exists a unique K-linear map H:Y > S such that f = H - g.

Proof. Assume that g is a reachable restricted linear i/s map and that f
satisfies ker § < ker f. Then the existence of H such that f=H- g follows from
Theorems 3.1 and 3.8. Also, f = H - g where f =p, ° f and g = p; © §, and from the
surjectivity of g (the reachability of &) it follows that H is unique.

Conversely, assume the condition holds. Define $ := QU/ker g and let
f:QU > S be the canonical projection. Let fQu- > I'S be the restricted linear i/o
map associated with f. Then fis an /s map and ker f=ker f =ker §. It follows that
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there exists a unique K-linear map H: Y - S such that f =H - § or, equivalently,
f=H - g Hence ker g <ker f =ker § and, since ker § = ker g is obvious, it fol-
lows that ker g = ker g. From the uniqueness of H we have that g is surjective and
the result follows from Theorem 3.5. [0

We conclude this section with the following result (due to Wyman (1972))
which summarizes in a transparent way our current point of view.

THEOREM 3.10. Let f: QU - T'Y be a restricted linear i/o map. Then every
reachable realization (X, g, h) of f induces a unique commutative diagram

e

4. Finite dimensionality and matrix representations. Let f: QU >TY be a
restricted linear i/o map. Two reachable realizations (X1, g1, k1) and (X5, g2, h2)
of f are called isomorphic if there exists a K[z ]-isomorphism o : X; > X such that
the diagram

commutes. Let A < ker f be a submodule. There is associated with A (umquely) a
reachable realization (X4, ga, ha) of f where X, = QU/A, ga: QU > X, is the
canonical projection and hs: Xa—>TI'Y is defined via Theorem 3.1(ii). Suppose
now that (X, g, h) is any reachable realization of f and let A =ker g. It is easily
verified that (X, g, k) is then isomorphic to (X,, ga, ha). It follows that the class of
reachable realizations of f is in one—one correspondence (modulo isomorphisms)
with the class of submodules of ker f. Specifically, with every submodule A < ker f
is associated a state space QU/A, and the structural properties of all reachable
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realizations (X, g, h) for which A = ker g are essentially completely determined by
A. This fact will be particularly useful in our study of feedback where it will turn
out to be easier to deal with (the submodule) A than with (the quotient module)
QUY/A.

So far we have imposed no finite dimensionality conditions on either U, X or
Y. In this section we shall specialize our results to the finite dimensional case and
shall henceforth assume that U and Y are finite dimensional linear spaces. More
specifically, we let

U=K", Y=K"

sothat QU=K"[z]and 'Y =K”((z""))/K"[z].

Thus, in this case QU is a free K[z ]-module and has a basis of m elements.
Since K[z] is a principal ideal domain, every submodule A of QU has at most m
free generators and their number d, which we call rank A, is independent of their
choice (see e.g. Hartley and Hawkes (1970, Thm. 7.8)).

Our main interest is in the representation of finite dimensional linear systems,
and we are concerned with the case in which for a submodule Ac QU, QU/Ais a
finite dimensional K -linear space, or equivalently, a torsion module (see e.g. Lang
(1965, p. 388)). Thus we shall make use of the following standard but important
result (the proof of which can be found in Fuhrmann (1976)).

THEOREM 4.1. Let A< QU be a submodule. Then QU/A is a torsion module
(or equivalently a finite dimensional K-linear space) if and only if rank A=m.

Let Ac QU be a submodule of rank m and let dy, - - -, d,, be a basis for A.
Define the K[z]-homomorphism D:QU A by De; =d;, i =1, -+, m, where
e, '+, e, denotes the natural basisin K™, (aswell as in QU). We can view D also
as an m X m polynomial matrix (i.e. a matrix with entries in K[z]) by regarding
d; € K™[z] as the ith column of D. Conversely, if D = D(z) is an ! X m polynomial
matrix, we can regard D as a K[z]-homomorphism K™[z]->K'[z]:e;—>d;, i =
1, -+, m, where d; =d;(z) € K'[z] is the ith column of D. If in particular [ = m,
then dy, - -, d,, are elements of QU =K™[z] and are thus generators of a
submodule A= QU defined by

A=DQU = {Dw|w e QU}.

Clearly rank A =rank D (rank D being the matrix rank of D), and rank A =m if
and only if D is nonsingular (i.e. 0 #det D € K[z]).

Consider now the K[z]-homomorphism QU -» QU defined by an m xXm
nonsingular polynomial matrix D. It is easily verified that there exists a unique
AK-linear map D: AU - AU such that the diagram

J5;
AU — AU

17

D
QU — QU

commutes, where j, as usual, denotes the canonical injection. It is readily noted
that the transfer function of D is given by the (polynomial) matrix D. [We shall
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refer to a AK-linear map whose transfer function is a polynomial matrix as a
polynomial map.] Since D is nonsingular, it is obviously invertible over AK, and
thus D is an invertible map. We shall henceforth denote both the maps D and D
and their associated polynomial matrix by the single symbol D. The meaning will
always be clear from the context.

An m Xm polynomial matrix R is called unimodular if its determinant is a
nonzero constant, i.e. if its inverse is also a polynomial matrix. The following
theorem whose elementary proof is omitted and the corresponding immediate
corollary will be useful:

THEOREM 4.2. Let A, A*< QU be submodules given by A=DQU and
A*=D*QU where D and D* are nonsingular. Then A* < A if and only if there
exists a polynomial matrix R such that D* = DR.

COROLLARY 4.3. Under the conditions of Theorem 4.2, A* = A if and only if
there exists a unimodular matrix R such that D* = DR.

We now turn to the study of representations of linear i/o maps (and their
realizations). Let f:AU->AY be an extended linear i/o map, let f be the
associated restricted linear i/o map and let (X, g, h) be a reachable realization of f
with X a finite dimensional K -vector space (i.e. rank ker g =m). Letker g = A=
DQU and define the map

(4.4) N:AU->AY:w—f(Dw).

Since N is a composite of two AK-linear maps, it is clearly also AK-linear.
Let

Zn(z)=Y Nz™*
denote the transfer function of N. We observe that Zy is a polynomial matrix (i.e.
N, =0 for all t>0). Indeed, for w e QU
w(Nw) = o f(Dw) =f(Dw)=0,

with the last equality holding since Dw € ker g < ker f. It follows that Nw € K*[z].
Since w € QU was choosen arbitrarily, we see (compare (2.7)) that

Zn(z)= Y Nz -
t=0

as claimed. We shall now (just as we have done for D) identify (notationally) Zy
with N so that N will denote both the map and its associated polynomial matrix. In
view of the relation Nw = f(Dw) for every w e AU, and the fact that D is
invertible we obtain the following expression:

fw)=ND"'w (weAU).
Thus, the transfer function of f has the representation

4.5) Zi(z)= 3 Az =NGD ().

A AK-linear map f:AU->AY and its L-Laurent series Zj(z) are called
rational if and only if there exists a (nonsingular) polynomial matrix D(z) such
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that ZzD is a polynomial matrix. Thus we have proved the necessity part of the
following

THEOREM 4.6. A restricted linear ifo map f:QU >TY has a reachable
realization with finite dimensional state space if and only if f is rational.

Proof (sufficiency). If f is rational, there exist polynomial matrices N and D
such that f = ND~". Then (X, ga, ha), where A = DQU, is a reachable realization
of f with finite dimensional state space. [

Two matrices N and D are called right coprime if every m X m polynomial
matrix R satisfying N = N;R and D = DR for some polynomial matrices N; and
D, is necessarily unimodular.

THEOREM 4.7. Let (X, g, h) be a reachable realization of a restricted linear i/ o
map f. Let kerg=A=DQU and assume D is nonsingular. Let N = ZgD. Then
(X, g, h) is observable (i.e. ker f = ker g) if and only if N and D are right coprime.

Proof. Let D, be chosen such that ker f=D,QU. Then DQU =
ker g = ker f D;QU, and by Theorem 4.2 there exists a polynomial matrix R
such that D =D;R. D, is then nonsingular and if N, is defined such that
N1D7' = Zj, it is readily seen that N = N, R. If we assume that N and D are right
coprime, then the matrix R must be unimodular and by Corollary 4.3 ker g = ker f
and observability holds. Conversely, let N=N;R and D =D, R Then R is
nonsingular and Zf = ND ' = N; D7 . It follows that D, QU < ker f and we have

ker g =DQU < D,QU < kerf.

If (X, g, h) is observable, then ker g =ker f so that DQU = D,QU and by
Corollary 4.3 R is unimodular, whence N and D are right coprime. [

Remark 4.8. The representation Z; = ND ' of a transfer function is widely
known as a fraction representation. We have just seen how fraction representations
arise naturally from reachable (abstract) realizations (X, g, h) of an input-output
map. In fact, there is essentially a one—one correspondence between the class of all
finite dimensional reachable realizations of f and the class of fraction representa-
tions. It is important to observe that by writing Zr = ND ™' we essentially have
(modulo isomorphism) a specific reachable realization in mind. The observability
along with the associated right coprimeness is essentially of no consequence in our
study of feedback as we shall see later.

Let X=K". Assume X is also endowed with a module structure and let
g:QU->X be a surjective K[z]-homomorphism. Let ¢:QU->TX be the
restricted (reachable) linear i/s map associated with g. Then (X, g) is a canonical
semirealization of ¢ and there exists 4 : X - I'X such that (X, g, h) is a (canonical)
realization of g. According to the foregoing we can write

(4.9) Zz=SD7,

where Z; is the transfer function of g, with D being a (nonsingular) polynomial
matrix such that ker § = DQU, and S being an n X m polynomial map. In view of
the observability of (X, g, h) it follows from Theorem 4.7 that D and S are right
coprime, and moreover, deg det D = n.

If Zj is the transfer function of an extended linear i/o map f, then the strict
causality of f is equivalent to Z; being a strictly proper rational matrix; that is, each
entry of Zy is a fraction of polynomials with the degree of the denominator higher
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than the degree of the numerator. We now specialize Theorem 3.9 to the finite
dimensional case.

TueOREM 4.10. Let S and D be right coprime polynomial matrices with D
nonsingular, and assume that Z = SD ™" is strictly proper (or equivalently strictly
causal). Then Z is the transfer function of a reachable extended linear i/s map g if
and only if for every polynomial matrix N satisfying the condition ND ™" is strictly
proper, there exists a unique constant matrix H (with entries in K) such that N = HS.

Proof. Assume that Z = Z; where g is areachable extended linear i /s map. By
the coprimeness of S and D we have ker g= DQU and if fy is the restricted linear
i/o map associated with Zy= ' (ND™" strictly proper), then ker g =
DQU <ker fx. By Theorem 3. 9 there exists a unique H:X->Y such that
fN—H g€ so that if H also denotes the corresponding matrix we have N =
(ND YD = (HSD_I)D HS. Conversely, let f be arestricted linear i/o map with
kerg < ker f Then DQU < ker f and there exists a polynomial matrix N such that
F=ND"' (f denoting the extended linear i/o map associated with f). By
hypothesis there exists a unique constant matrix H such that N=HS, and
consequently f = H - § and by Theorem 3.9 the proof is complete. [

COROLLARY 4.11. Let D be a nonsingular m X m polynomial matrix and let
det D have degree n. The set X of m-row polynomial vectors v(z) such that
v(z)D~'(z) is strictly proper, is an n dimensional vector space over K. IfSisa
polynomial matrix such that SD™" is strictly proper, then SD™" is the transfer
function of areachable linear i/s map if and only if the rows of S form abasis of X.

Proof. That X is a K-vector space is obvious. Suppose SD ™' is the transfer
function of a linear i/s map. If v(z) € Xis any vector, then by Theorem 4.10 there
exists a (row) matrix H such that v = HS and thus, the rows of S generate X. The
uniqueness condition of H implies that the rows of S are linearly independent
(over K) and thus form a basis for X. Conversely, if the rows of S form a basis for X
then SD™' is a strictly proper matrix and for each matrix N whose rows are
elements of X there exists a unique K-matrix H such that N =HS whence, by
Theorem 4.10, SD ' is the transfer function of alinear i/s map. Since the number
of rows in S is equal to n, it follows that dmX=n. [

5. Feedback. Consider a restricted linear i/o map FQU->TY,let(X, g)bea
reachable semirealization of f and let §: AU > AX be the extended linear i/s map
associated with g. Suppose we modify g in the following way. For each w e AU
instead of letting g acton w we let g acton ¢ =V -w—L - ¢ where V:U~>U
and L: X - U are K-linear (static) maps with V invertible, and where ¢ is such
that ¢ = g(¢). Then w, ¢, and ¢ are related by the equations

(6.1 p=V-w-L-& £=3(p),
which schematically can be described by the following feedback block diagram:




LINEAR FEEDBACK 97

In line with the above block diagram we call the pair (L, V') a feedback pair. The
map L will be called a feedback map and V will be called a (static) input
transformation.

From (5.1) we can eliminate &, to obtain

(5.2) I+L-8) o=V -w.

Since L - g is strictly causal, it is easily verified that ord (I + Lg)¢ = ord ¢ for each
¢ € AU. This implies that ker (I +Lg) =0, from which it follows that I+Lg is
invertible. Thus, (5.2) has a unique solution for ¢ given by

e=1"w,
where

(5.3) I=1I_yv=U+Lg)"V.

Upon substituting for ¢ in the second formula of (5.1), we obtain the expression

(5.4) £ =fL,v(W),
where
(5.5) f-L,V = g o l_

The schematic interpretation of (5.5) is given by the block diagram

]

where [: AU - AU is regarded as a dynamic input transformation. It is readily
noted (see also Lemma 5.6 below) that the map [ has the following properties:
(i) [ is an invertible AK-linear map.

(ii) Both [ and ™" are causal maps.

We shall henceforth call a map I: AU - AU which satisfies both (i) and (ii) a
bicausal isomorphism on AU.

It is obvious that f; v is an extended linear i/o map. This follows immediately
from the fact that the composite of AK-linear maps is AK-linear, and that the
composite of a causal map with a strictly causal one is strictly causal. In fact, it will
be seen later that f, v is even a reachable linear i/s map.

We have seen that if we can construct f; y from g by feedback (as in our first
interpretation) then we can also construct it by cascading § with a bicausal
isomorphism [ = [,y (which is an “open loop” construction). We shall now turn
to the more difficult question: when can a AK-linear map [:AU->AU be
expressed as in (5.3) for some L and V. If this is the case we call I a feedback
transformation (corresponding to (L, V)).

LEMMA 5.6. Let I: AU - AU be a causal AK -linear map and let Zr(z™") =
Yoo Aw(D)z™* be its transfer function. Then I has a causal inverse if and only if
Ao(l): U~ Uis invertible, in which case Ao(I"") = (Ao(I))"".

The easy proof of Lemma 5.6 is by direct calculation and is omitted.
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_ THEOREM 5.7. Let §:AU - AX be a reachable extended linear i/s map. If
[:AU - AU is a AK -linear map, then there exists a feedback pair (L, V) such that
I =1 v (asin (5.3)) if and only if

() [is a bicausal isomorphism,

(ii) for weQU, gw)eQX implies [ '(w)eQU (equivalently,
I (ker §) = QU).

Proof. Assume first that I = I, v. The bicausality of [ has been noted before so
that (i) holds. Also, since I '= V™' + V" 'Lg itis readily seen that if w € QU, then
g(w)e QX implies that [ '(w)e QU so that (ii) also holds.

Conversely, assume [ satisfies (i) and (ii). Let V: U - U be defined by

V= Ao(l_)

By (i) and Lemma 5.6, V is invertible and V7 '=Ao["). Hence, the map
[7'— v ~! (where V' is regarded as a static map) is strictly causal and

(5.8) f=r'-v!

is an extended linear i/o map AU - AU. We claim that ker § < ker f (where f is
the restricted linear i/o map associated with f). Indeed g(w) =0 implies g(w) e
QX and by (i) I~'(w)e QU. By (5.8) it then follows that f(w)e QU so that
fw)=0. Upon employing Theorem 3.9, we conclude the existence of a K-linear
map H: X - U such that f=H - § (or equivalently F=H - §). Letting L: X > U
be defined by L = VH we obtain upon substituting into (5.8)

IM=v'+viLg

and the proof is complete. 0

COROLLARY 5.9. Let g: AU - AX be a reachable extended linear i/s map.
Then for every feedback pair (L, V) the map fL.v defined by (5.5) is a reachable
extended linear i/s map.

Proof. We shall prove the corollary by showing that frv satisfies Theorem
3.9.Letf: QU ~>T'S be any restricted linear i/o map such that ker fov<kerf. Let
f be the extended linear i/o map associated with f and define f,: AU - AS by

fr:AU>AS:w—fl ' (w).

If we can show that ker & < ker f1, then by Theorem 3.9 there exists a unique
H:X-S such that fy=H - § (or equivalently fi=H-g), whence f=f,01=
H-gol=H-f.y (or equivalently f=H -f;y) showing that f, , satisfies
Theorem 3.9. .

Hence, the proof will be complete upon showing that ker & <ker f;. If
w e QU and g(w) =0then g(w) € Q X and by Theorem 5.7(ii) w, = I'(w)eQU.
It follows that

fL,v(w1)=§ ° I_(W1)=g olo I__I(W)=g(W)EQX

and consequently fL,v(w 1) =0 from which f (w1) = 0 by assumption. Thus, f(w,) €
QS and

fiw)=FeT'(w)=F(w)eQs,
so that fi(w)=0 and ker § cker f;. O
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We shall now specialize our results to the finite dimensional case and assume,
just as in § 4, that U= K™ and Y = K”. Moreover, if f:QU-TY is a restricted
linear i/0 map, we shall assume that f is rational, i.e. that it has a realization with
finite dimensional state space.

First we have the following specialization of Theorem 5.7.

THEOREM 5.10. Let : AU - AX be a reachable extended finite dimensional
(i.e. X =K") linear i/s map, and let DQU =ker §. If [: AU > AU is a AK -linear
map, there exists a pair (L, V) such that [ =1,y (see (5.3)) if and only if l is a
bicausal isomorphism and Z;'D is a polynomial matrix (where Z; denotes the
transfer function of I).

Remark 5.11. The condition that Z7'D is a polynomial matrix is obvious
upon examination of (5.3). In the finite dimensional case we have Z; =SD™!
(compare Theorem 4.10), and consequently (5.3) implies that

Zi'D=V'U+LSD YD =V YD +LS).

It is interesting to observe that if f7 is given by g o I (where I = I, v), then
Zz;=S(D+LS)"'V and consequently

(5.12) ker fr=V (D +LS)QU.
Alternatively, (5.12) can also be written in the form
ker fr=V (D +Q)QU,

where Q is an arbitrary polynomial matrix such that QD "' is strictly proper (the
matrix L being of course uniquely specified through Theorem 4.10). The interest-
ing point in this alternate formulation is the fact that we have eliminated L from
explicit consideration.

It is also interesting to make explicit the possible i/o maps (or transfer
functions) obtainable by feedback. If f = ND~' where it is understood that the
factorization defines a realization of f, then the transfer functions obtainable using
feedback are given by

f-L,V=N(D+Q)_1‘/a

where Q is any polynomial matrix such that QD" is strictly proper (L being, as
before, specified through Theorem 4.10).

The reader should notice the similarity of the situation with the single input
single output case. _

Let f: QU -»TY be a rational restricted linear i/o map, and let [: AU - AU
be a rational causal AK -linear map. Let (X, g, h) be areachable finite dimensional
(X = K") realization of f and let § be the extended linear i/s map associated with
g. Theorem 5.10 then states that there exists a feedback pair (L, V) such that
I'=(I+Lg)~'V provided [ is a bicausal isomorphism and Z; 'D is a polynomial
matrix, where Z; is the transfer function of [, and D is a polynomial matrix
satisfying DQU = ker g. While the bicausality of [ is clearly a necessary condition
for its feedback implementation in a given realization, it is not sufficient. We shall
conclude this section by showing that there always exists a reachable realization in
which [ can be implemented by feedback if and only if [ is a rational bicausal
isomorphism.
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THEOREM 5.13. Let f: QU > T'Y be a rational restricted linear i/o map and let
I:AU~- AU be a rational causal AK-linear map. A necessary and sufficient
condition for the existence of a finite dimensional reachable realization (X, g, h) of f
such that

Zr=(I+LSD™)'V

for some feedback pair (L, V) (where SD ™" is the transfer function of the linear i/s
map associated with g) is that [ is a bicausal isomorphism.

Proof. The necessity of the condition is obv1ous from Theorem 5.10. We will
prove sufficiency. If f is rational, then Z; = ND " for polynomial matrices N and
D and DQU cker f Also if [ is a bicausal isomorphism, then it can be expressed
as [ =(I+PQ~ "'V (with PQ! strictly proper). Let R := det Q - I. Then Z7 =
NR(DR)™" and consider the realization (X4, ga, ha) where A=DRQU. Clearly
Zi'DR =V 'I+PQ~")D - det Q - I is a polynomial matrix satisfying the condi-
tion of Theorem 5.10. 0

Remark 5.14. Theorem 5.13 gives a complete characterization of those
dynamical compensators which can be implemented by “state feedback” in a
(possibly unobservable) reachable state-space. This characterization problem
received some attention in the literature and the reader is referred to Wolovich
(1974).

6. Chains and invariants. Throughout this section we shall assume that
U=K"™ and Y =K". Let Ac QU be a submodule of rank m and let (X,, g4) be
the (finite dimensional) reachable semirealization given by X, := QU/A and
ga: QU - X, the canonical projection. Let § = g, be the (restricted) linear i/s map
associated with g,. Then ker § = A and, as we have seen at the beginning of § 4, all
reachable realizations and hence also all reachable linear i/s maps whose kernel is
A are isomorphic. Thus, modulo state space 1somorphlsm g is uniquely deter-
mined by A. If feedback l is applied to g, then § is transformed into a new
reachable linear i/s map fr (see (5.5)) and correspondingly the submodule A is
transformed into a submodule A() = ker fr (see (5.12)). Two submodules A and
A" of QU of rank m will be called feedback equivalent if there exists a feedback r
such that if A =ker g, then A’ = ker f7. Clearly feedback equivalence is an equival-
ence relation and as we have just seen, each feedback equivalence class of
submodules characterizes a class of feedback equivalent linear i/s maps. In the
present section we study this equivalence relation of submodules.

For w e QU define the (polynomial) degree of w by degw := —ord w. Let A
and A’ be submodules of QU. A K[z]-homomorphism q: A A’ is called degree
preserving if for each w € A, deg q(w) =deg w.

LEMMA 6.1. Two submodules A and A' of QU of rank m are feedback
equivalent if and only if there exists a degree preserving K[z ]- zsomorphzsm q:A->A

Proof. If A and A’ are feedback equivalent then A=ker § and A'=ker fr
where fr=g o [ for a feedback transformation I. Let q denote the restriction of
™" to A. We see that ¢ maps A into A’. Indeed, if w € A, then g(w) e Q.X, and by
Theorem 5.7(Gi) we -also have v :=q(w)= I"'(w)eQU. Thus fr(v)=
golol '(w)=g(w)eQX, whence fr(w)=0and g(w)=v € A". From the bicaus-
ality of [, it is clear that ord I '(w) =ord w for all w € AU and consequently the
homomorphism q:A->A":w—[~'(w) is a degree preserving isomorphism.
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Conversely, assume that A and A’ are submodules of QU of rank m and thata
degree preserving q: A—> A’ exists. Let dy, - * -, d,, be a basis for A and denote
di=q(d), i=1,---,m. Let D and D’ be the polynomial matrices
D =[d,, - ,dn]and D' =[d}, - -, d,,). Then surely D is nonsingular and for
each w € Awe have g(w) = D'D~'w. By formally regarding the matrix D'D ' asa
transfer function, we see that g extends uniquely to a AK-linear map

G:AU>AU; Z;=D'D".

We will complete the proof by showing that g is a bicausal isomorphism and that
the map [ := q " is the desired feedback transformation such that A’ = A(). First
note that g (and hence also [ 1) is a bicausal isomorphism if and only if

(6.2) ordg(w)=ord w

for all w € AU. Recall that (6.2) holds for w € A by assumption. Since A is of rank m
(and hence QU/A is a torsion module) there exists a polynomial ¢ such that
yw € Aforall w € QU. Thus ord §(¢w) = ord yw for all w € QU and it follows that
(6.2) also holds for all w e QU. Next, for w e AU let k be an integer such that
wy = P(z*w) #0. Then w; € QU and ord §(w,) = ord w, = ord z*w. Since for k
sufficiently large ord §(w,) = ord q(z*w), it follows that (6.2) holds for all w € AU
and § is a bicausal isomorphism. Finally, to see that [ =g ' is the desired feedback
transformation we need to show (see Theorem 5.10) that Z; 'D is a polynomial
matrix. Indeed this is true since Z7 'D = Zr-\D = D'D~'D = D’ and the proof is
complete. [

In order to apply Lemma 6.1 in checking as to whether two submodules A and
A’ are feedback equivalent one has to verify the existence (or nonexistence) of a
degree preserving homomorphism q: A - A’. To this end we introduce the concept
of degree chain.

DEFINITION 6.3. Let A be asubmodule of QU and foreachi =0, 1,2, - -,let
A; < A be the submodule generated by the elements of A whose polynomial degree
is less than or equal to i. Let v; := v;(A) = rank A;. The sequence (A;)i~o of
submodules is called the degree chain of A and the sequent (v;);% is called the
degree list.

It follows immediately that Agc Ajc A, --cA, and vo=v;Svy ==
v = rank A. Since QU is Noetherian, it satisfies the ascending chain condition and
we have A, = A for some finite r. Hence

ApcAjc: - cA =A, O=vo=vi=---=v, =0

We also introduce the following notation. Let a #0 be a polynomial or a
polynom1al vector We denote by d the leading coefficient (vector) of a. That is, if
a= Z _oaiz' and a; # 0 then d = a. Also, if a = 0 we define d = 0. Recall that if
dy, "+ -, di are elements of a K[z]-module which generate a submodule M, they
are called free generators of M, or simply free if they are K[z ]-linearly indepen-
dent. We now introduce the following

DEFINITION 6.4. Let dy, - - -, di be elements of a finitely generated K [zl-
module (specifically of QU). Thendy, - - -, di are called properly free ifd, - - -, di
are K -linearly independent.
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LEMMA 6.5. If dy, + - -, di are properly free then they are free.

Proof. We prove the lemma by negation. If d4, - - - . di are not free, there exist
polynomials aj,* -+, ar, not all zero, such that Z:;l a;d;=0. Let r=
max deg (a;d;) and define

— {0 if deg (audi) <r,
1 ifdeg (audi) =r.
Adding the terms of degree r in ), a;d; yields

A
ga;d; =0,
1

I ™M &

i

implying thatd,, - - -, d;. are K -linearly dependentsince not all £;@; are zero. [

DEFINITION 6.6. Let A be a free K[z]-module. A basis dy, * -, dx of A is
called proper if dy, - - -, di. are properly free.

The following is an instrumental result.

LEMMA 6.7. Let A be a submodule of QU of rank v(>0). Then there exists a
proper basis d., - - - , d, of A such that

(6.8) degd;=i forvi_.1<j=v;andi=0,1,2,:--

where (v;)i~¢ is the degree list of A and v_, = 0.

Proof. First observe that if k =0 is the first integer such that v, # 0, we can
choose 0#d;€A, such that degd;=k. Then d, is clearly properly free and
satisfies (6.8). We proceed stepwise and assume that for />0, dq, - - -, d, are
properly free elements of A satisfying (6.8) and let S denote the submodule
generated by dy, - - -, d;. If [ #v (and hence S # A), then there exists an integer ¢
such that

At—l < S 9 Ap

Thus, there exists an element d;..; € A, such that d;..1 £ S and deg d;,; =t. Obvi-
ously dy, - - -, dyy satisfies (6.8) and we complete the proof by showing that this
set is also properly free. Assume to the contrary that d,. is a K-linear combina-
tionofdq, -+ ,d;:

A l A
di = .Z:] Aid;.

Consider the element
]
p=di1— > AiZSidi
i=1

where §; =t—degd;, i=1,---,l. Obviously p €A and it is easily verified that
degp =t—1. Thus peA,_; =S and we conclude that d;.; € S, a contradiction to
our assumption. [J

COROLLARY 6.9. Let A< QU be a submodule of rank v and let (A;)i~, arid
(vi)i2o be the degree chain and degree list of A respectively. There exists a proper
basis d, - - -, d, of A such that for each i satisfying v; #0 the setd,, - - - ,d,, is a
basis for A,.

Proof. The basis constructed in Lemma 6.7 satisfies the desired property. 0
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DerFINITION 6.10. Two submodules A and A’ of QU are called chain
isomorphic if there exists a K[z ]-isomorphism q:A- A’ such that q(A;) = A; for
i=0,1,2,---.

The following is the main result of the present section.

THEOREM 6.11. Let A and A’ be two submodules of QU of rank m. Then the
following statements are equivalent:

(1) A and A’ are feedback equivalent.
(i) There exists a degree preserving K[z ]-homomorphism q:A— A'.

(iii) A and A’ are chain isomorphic.

@iv) v,(A)=wv;(A") fori=0,1,2,---.

Proof. The equivalence of (i) and (ii) follows from Lemma 6.1. We prove the
remaining implications.

(i))=> (iii). If g:A—~>A' is a degree preserving K[z]-homomorphism then
q(A;) < Al Indeed, if w € A, then w =), a;w; with o; € K[z], and w; € QU satisfy-
ing deg w; =i. Hence q(w) =}, a;q (w;) € A; since deg q(w;) =deg w; =i. Similarly
we have that ¢ '(A]) < A; and hence q(A;) = A).

(iii) = (iv) is obvious.

(iv)> (ii). Suppose v;(A)=v;(A")=v; for all i=0,1,2,---. Letdy, - ,dn

and di, - -,d,, be bases of A and A’ respectively as in Lemma 6.7 (see also
Corollary 6.9). Define the K[z]-homomorphism q:A-> A’ by d;—d; for i =
1, -+ -, m. It is readily noted that this g is degree preserving. [

Remark 6.12. For a module A< QU of rank m, a sequence of submodules
which is essentially equivalent to our degree chain has previously been introduced
by Eckberg (1974) in his study of so called canonical matrices. Eckberg’s
motivation for the introduction of this chain was the construction of a certain
unique “‘canonical” basis for A (see also Remark 6.13 below). It is interesting to
observe that this chain was completely ignored in Eckberg’s study of feedback and
he apparently never recognized its feedback invariance properties.

Remark 6.13. As we have already mentioned earlier, fraction representa-
tions of the form ND ™' were used successfully over the past several years for the
study of a variety of technical problems associated with feedback. While it is
usually required (unnecessarily) that N and D be right coprime it was also
recognized correctly that it is useful to select D in a special form. Specifically, it
was first recognized by Wolovich that the matrix D should be taken to be “‘column
proper”, i.e. that the sum of the degrees of the columns of D equal the degree of
the determinant of D (see Wolovich (1974)). Similar requirements were subse-
quently made by others (see e.g. Heymann (1972, Chap. 6) and Popov (1970),
(1972). The requirement of column properness has been introduced upon the
technical observation that certain ‘“canonical” forms arise naturally provided the
matrix D is chosen to be column proper. However, there was no deep understand-
ing of the reasons for this fact since everything was “technique” oriented and
motivated. Eckberg (1974) tried to formulate the column properness in his
module theoretic study and had moderate success. Forney (1975) developed a
theory of minimal bases for rational vector spaces for the purpose of giving
respectability to what is essentially also nothing else but column properness. The
drawback in these approaches is that they depend on defining at the outset (and
without any prior motivation) certain ‘“canonical” structures. Yet, it is easily
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verified that the column properness property is essentially the same as the
property that the columns of D are proper basis for the submodule A=DQU. In
view of Theorem 6.11 it thus becomes clear that if D is chosen to be column
proper, then input isomorphisms are easily tested for the degree preserving
property. This explains (in a natural way) the usefulness of this construction for
the study of state feedback and it is precisely this important fact, that remained
obscure in previous investigations.
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CHARACTERIZATIONS OF SOME
VARIATIONAL PERTURBATIONS OF THE
ABSTRACT LINEAR-QUADRATIC PROBLEM*

T. ZOLEZZIt

Abstract. The coefficients of the plant are perturbed in an abstract linear quadratic problem on a
Hilbert space. Many characterizations are obtained about the perturbations that give strongly
convergent sequences of optimal controls. Some connections are shown to exist between this
continuous dependence problem and some modes of variational convergence for sequences of convex
functions, in particular Mosco’s convergence. Two applications are given to the classical linear-
quadratic problem, for ordinary and elliptic partial differential equations.

Introduction. The continuous dependence of the solutions of an optimization
problem from the data is one of the most important features of the given problem.
In this paper such a dependence is characterized for the abstract linear-quadratic
problem in a Hilbert space setting. We take as fixed the quadratic cost functional,
and we consider perturbations acting on the coefficients of the linear plant. In this
way a simple theory is obtained with many necessary and sufficient conditions for
strong convergence of optimal controls.

In the opinion of this author, the results presented here should be considered
as preliminary to a deeper study of variational stability of classes of optimization
problems, in that they answer the question for a relatively simple, yet very
important, example.

It turns out that such smooth optimization problems inherit many quite
strong variational stability properties. Moreover sequences of perturbations of
the considered minimum problem generate sequences of strongly convergent
optimal solutions if and only if Mosco’s convergence obtains, thus showing
interesting connections between this theory and the more abstract modes of
variational convergence of convex functions.

Two applications to the classical linear quadratic problem for ordinary and
elliptic partial differential equations are presented.

The results of this paper can be suitably extended to different or more general
and more abstract optimization problems; moreover they are related to well-
posedness properties. This will be shown in future works.

Proofs of some results are given here somewhat at length and in a detailed
form to show the structure of the problems and to present clearly the possible
generalizations.

Some classes of variational perturbations of optimal control problems have
been studied in previous work, see [8a, b, ¢] and [5]. This last paper contains a
study of the perturbations of the classical linear quadratic problem for ordinary
differential equations, but in a different (non-Hilbert) setting than here.

Notations. The norm of any Banach or Hilbert space in the sequel is denoted
by || - |l. In a Hilbert space X the scalar product between x and y is denoted by

* Received by the editors July 21, 1976, and in revised form February 7, 1977.
t Istituto di Matematica, Genova, Italy. This work was supported in part by ‘Laboratorio per la
Matematica Applicata del C.N.R. Genova”.
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(x, y)x, and simply by (x, y) if no confusion arises. The pairing between any
Hilbert space X and its dual X* is denoted by (-, - ). Strong convergence is
denoted by -, weak convergence by — . If X and Y are Hilbert space, then X® Y
denotes their direct sum equipped with the scalar product

((x1, y1), (x2, y2)xovr = (X1, X2)x + (¥1, y2)v

of the pairs (x1, y1), (x2, y2).
Given a bounded linear operator L: X - Y, its graph is denoted by

gph L={(z,L(2)): ze X}c X®Y.
L* denotes the Hilbert spaces adjoint of L, so that
(Lx,y)=(x,L*y), xeX, yeY,

and L* acts between Y and X. I denotes the identity operator (on a given Hilbert
space). Given a real-valued functional J on the Hilbert space X,

DJ: X->X*

denotes its Fréchet differential. A prime denotes the transpose of a matrix.
Subsequences are denoted as the original sequence.

Statement of the problem: Assumptions and preliminaries. We are given two
real Hilbert spaces X and Y, a a positive number ¢. We consider a given linear
bounded operator

Ly X->Y,
and sequences of linear bounded operators

L.:X-Y, n=1,2,---,
such that forany n=0,1,2,-- -,
1) ILAlI=c.

Given u®e X, y°c Y we set
Lw)=lu—-u’P+IL.)=yI’, ueX, n=0,1,2,---.

For easy notation no mention will be made of the dependence of I,, on u’, y°.
Let us remark that for any n, u°, yo, there exists exactly one absolute
minimum point

i, = +L¥L,) 'w®+L¥y°),  Itheidentity operator,
of I, on the whole space X (depending on u°, y®). We write
min I, = I,,(d,), n=0,1,2,---.

We shall consider the following problem; to characterize all sequences L,,
subject to (1), such that for all u°, y° we have

ﬁn -> 120.
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We need the following known definitions (in the Hilbert space setting). Let Z
be areal Hilbert space, K,,,n =0, 1,2, - - -, asequence of closed convex subsets of
Z. We say that K,, > K in the sense of Mosco, and write

K. 5K,
if and only if
n; asubsequence of the positive integers, x; € K,, for all i,
@ xi—xo implies xo€ Ko;
3) for every yo € K there exists a sequence y, € K, such that
Yn = Yo.

Let J,: Z > (-0, +0) a sequence of functions. We say that J,, > J, in the
sense of Mosco and write

J.5 T,

if and only if
) Xn—xo implies liminf J,(x,)=Jo(x0);

for every yo € Z there exists a sequence y, - yo such that
©) lim sup J,(y) = Jo(yo).
This definition is equivalent to that given in [4] (as remarked in [3]), where instead
of (4) the following was required:

n; asubsequence of the positive integers, z;— zo implies

lim inf J,,,(z;)= J(z0)

To show it, let as in (4'), z; — zo and n; be a subsequence of the positive integers.
Set x, =z; whevever n;=n <n;+;. Then x,—z¢ and by (4), liminf J,, (z;)=
lim inf Jn (x,, ) = Jo(Xo).

Given L, as above, we consider the closed convex subsets gph L, of X @Y.

)

Let
P X®Y->XOY
for any n, be the orthogonal projection over gph L,. We remark that
(ftny Lyitn)=pn(u®, y®) foralln, u®, y°,

by the definition of I, and p,.
We shall reach the desired results concerning a variational convergence of I,
(in fact Mosco’s convergence) by deriving a number of lemmas in the next section.

Results.
LEMMA 1. The convergence p,(z)~> po(z) for every z € X® Y implies

M
gph L, - gph L,.
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Proof. (See [5, prop. 3.2].) Let yo € gph Lo. Then p,(yo) € gph L,, and p,(yo) >
Po(yo) so that (3) is true. Let x; »xo with x; € gph L,,. The projection p,,(xo) is
characterized by [7, p. 104]

6) (x0=Pn;(X0), X —Pr,(x0))=0 for all xegphL,, any i.
Putting x = x; in (6) we get
M (X0= Pn,(X0), Xi = Pu,(x0))=0 for alli.
Letting-i >0 in (7) we find
(Xo=Po(x0), Xo—Po(¥0)) =0,
that is, xo€ gph Lo and (2) is valid. Q.E.D.

LeEmmMA 2. gph L, 5 gph L, implies L, (u) - Lo(u) for all u € X.
Proof. Mosco’s convergence of the graphs of L, is equivalent to the following

(see (2), 3)):
for any subsequence n; of the positive integers, u; — u,,
®) L,u; > yo implies yo= Louo.
for every up € X, there exist u,, - uo such that
®) L,u, - Louy.
Pick any uoe X. Let u, be as in (9). Then
L,(uo)=L,(uo—un)+L,(u,), and L,(u,—uo)~>0

by (1), Q.E.D.
THEOREM 1. The following conditions are equivalent:

(10) gph L, > gph Lo:

(11) forallue X, Lyu - Lou; u,— uo implies L,u, — Lou,.

Proof. Condition (10) implies pointwise convergence of L, to Lo as we saw in
Lemma 2. If u, — uo in X, then L,u, is bounded by (1), and for some subsequence
L,u,— yo; therefore by (8), yo= Louo. Then L,u, — Louo since the same conclu-
sion holds for any weakly convergent subsequence of L,u,. Conversely, for any uo
we can take u, = uo to get (9). If u; — uo and L, u; — yo then yo = Louo by (11) and
this gives (8). Q.E.D.

LemMA 3. For any n, u°, y° we have

(12) G, =T +L*L,)'u®+L%y°.

Proof. Fix n, u°, y°. By uniqueness of &, and the easily verified existence of
DI, we see that

(13) DI, (i1,)=0
characterizes the minimum. point of I,,. For every u, he X
L(u+h) =L, (u)= Al +2(u = u®, B)+|Lah|*+2Lau ~y°, Loh).
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Since
(DIL(u), h)=2(u—u® h)+2(L.u—y° L.h),
we get by (13)
(n—u®, h)=(y° = Luitn, Lah);
therefore

n+L¥Loi, =u®+L¥y°.

The conclusion follows from the well-known isomorphic character of I+
L¥L,. QE.D.
LEMMA 4. The convergences

14) Lu->Lu forallu, L¥x->L§x forallx
imply
(15) i, >t forallu®, y°.

Proof. We remark that for any n the operator I + L} L, has abounded inverse
on X. Moreover by (1), for any »n and x

(16) lx|?= (I +LELn)x, x)=[xIP(1+c?),

so that the norms of both I + L¥L, and (I +L¥L,) ™" are uniformly bounded. Since
by (1), [L¥|=c, we get by (14)

L¥(L.u—Lou)>0 and L¥Lou->LELu forallu.

This implies pointwise convergence of I+L}L, to I+L§L,. and the same holds
for (I +L¥L,)"" because of the uniform bound on their norms. Since

L¥y%->L§y°) forally®

by (14), the conclusion follows from Lemma 3. Q.E.D.
LEMmMA 5. If

17) i, o forallu® y°
then

L¥L.x->L¥Lox forallx, LEy->L&y forally.

Proof. Since for any u®, y°, by (12)
(18) (I+LALa) "' (u°+L7y%)> U +LELo) "’ +L3y°),
taking y° =0 we get
(I+LELY ' W)>T+LELo) "),  u'eX,
and by the uniform boundedness of the norms,
L¥L.x->L§Lox, xeX

Setting u° = 0 in (18), we find that

(I+L¥L)'LEy° > +LELo)'LEy°,  y°eY.
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By the uniform boundedness of I+L}L, and their pointwise convergence to
I+L§L, we get

L¥y°> L§y®, y’eY, Q.E.D.
THEOREM 2. The following facts are equivalent:
(19) G,~> o forallu®, y®;
(20) L.,x>Lox forallx, L¥y-L%y forally.

Proof. From (19) we get the pointwise convergence of the adjoints L} to L
andof L¥L, to L{L,(Lemma 5). Given x € X, for a subsequence L,x — %, so that

(Lnx’ y)=(x,Lfy)—>(i,.y)=(L0x, Y), er',
and L,x— Lox for the original sequence. Moreover
ILnx|? = (x, LELax)~> |Lox|.

This shows that (19)implies (20). The conclusion follows by Lemma4. Q.E.D.
THEOREM 3. Any of the conditions (10), (11), (19), (20) are equivalent to each
other, and moreover to the following:

(21) U, > o and Ly, Loio forallu®, y°.

Proof. It suffices to show the equivalence between (20) and (11). Given (20), if
U, — o then (Lottn, y)= (tn, LEy)~> (Louo, y) for any y, so that L,u, — Lou,. The
remaining half of (11) has been shown to hold in Theorem 2. Assume conversely
that (11) holds. Then for any y, z,

L7y, 2)=(y, Laz)~>(L3y, 2)
so that LYy ~L{y for all y. Moreover for all x
IL3xIP = (LaL¥x, x)>[|Lox|?

and the equivalence is proved. Q.E.D.

Up to this point the strong convergence of the optimal states and controls for
all desired pairs u°, y° has been characterized in terms of pointwise convergence
of both L,, L} to Lo, L respectively. Stated in different words, a condition
equivalent to strong convergence of the minimum points turns out to be the
pointwise convergence, and collectively weak convergence, of L, to Lo; see (11).
This last characterization, more topological in character, would be useful in that it
avoids any use of the adjoints L. We remark that (21) implies the following: for
all u°, yo, min I,, > min I,.

We go further in the analysis of the variational convergence of I,. In
particular we wish to relate the above conditions (11), (19), (20), to the con-
vergence of the values min I, for all u ° y°, and to Mosco’s convergence of I, to I.

THEOREM 4. The following conditions are equivalent: for all u°, y°,

(22)

M
In > IO,

(23) z?,, -> 120.
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Proof. Assuming (23), consider any sequence u,—uo in X. Then L,u, —
Louo by Theorem 3; therefore by weak sequential lower semi-continuity of the
norm

lim inf I, (u,) = Io(uo).

This meets condition (4), while (5) is verified since given uo we take v, = uo
constantly so that, by pointwise convergence of L, (Theorem 2) we get I,,(v,)~>
Io(uo). Assume conversely (22). Having fixed u°, y°, we remark, by (12) and (1),
that

sup |z, || < +co.

Taking some subsequence we have i, — uo. Any subsequence of I,, converges to
I, (in the sense of Mosco); see [4, p. 521]. Therefore along the above subsequence

Io(uo)=liminf I, (&,).
Pick any u € X. Consider v, - u such that
lim sup I, (v,) = Io(u).
Then
Io(uo)=liminf I, (&,) = lim sup I,(v,) = Io(u)

and by uniqueness of i, it follows o = u,. Since any weakly convergent subsequ-
ence of 7, behaves as above, we conclude that for the original sequence

(24) fin— ilo.

Moreover given w, - iio such that limsup I,(w,)=Io(iio), we get Io(iio)=
lim inf I, (i3, ) = lim sup I,(&,) = lim sup I,(w,) = Iy(i4o), that is,

min I, » min I,.

Now consider

(DL,(), u— i) =2(u—u° u—it,) + 2(L¥(Lu —y°), u—iz,)

=2((I+LaL¥)(u — ), u— 1,) = 2|lu — 1|,
for any n.

(25)

We use, in (25), Lemma 3 and a formula in its proof. (In passing, we remark that
(25) establishes the following noteworthy property of our variational problem.
Such problems are equi-well set in the sense of [8¢], where a more general class of
functionals is considered. In this case (25) relies on the uniform strong convexity
of the sequence I,,.)

For every n, by (25) and convexity,

_ @, +a 1 Uotio\ - _\_1,_ _
In(uO)—In( ) 0)§§<DI,,(—TP’>, uO—un>g§"u0—un"2'

It follows that

(26) lim sup ||iz, — /> = 2 lim sup (In (ﬁo)—ln(—u" -2+u0>)_
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Let us show that
(27) I, (o) > Io(io).
Consider v, - iio such that lim sup I,,(v,) = Io(iio). By writing
Iy(d@o)=liminf I, (v,) =lim sup I,,(v,) = Io(do)
we see that
(28) L,(v,)~> Lo(ido).
Given x, z, an easy computation gives
L(x)—L(z)=x|* = llzI* = 2(x = z, u®) + |Lux[* ~ Loz | = 2(Ln(x — 2), y°)
= cillx = 2|+ ealle =zl (2l + 1wl +ly°l)

for some constants c1, ¢, (depending on ¢ only). Therefore I, is a sequence of
equilocally Lipschitzean functions. In other words, given u°, y° and a number
r >0 there exists a number a >0 such that

L (x)-L@)=allx—z| if xl=r, lzI=r,

and ||x — z|| = 1. This implies I, (v,)— I, (o)~ 0. By (28), condition (27) is proved.
Thus by (26)

_—
lim sup |, — ifo||* = Io(tio) — lim inf I”(u 2 “0) =0

because of (4). This shows i, > ;. Q.E.D.

Very often (especially in the applications) no exact minimization is per-
formed on I,,, only an approximate one. The following definition will be useful in
this connection. Fix u°, y°. A sequence u, € X is called asymptotically minimizing
for the sequence I, if and only if

I, (uy,)—min I, > 0.

THEOREM 5. The following are equivalent facts:

(29)  forall u®, y°, any asymptotically minimizing sequence converges strongly
to Izo,
30) any of the equivalent conditions in Theorems 1, 2, 3, 4 hold.

Proof. Assume (30). Having fixed u°, y°, let u,, be an asymptotically minimiz-
ing sequence. Then for all large n

4 — 4 = I, ()= 1+ min I, = 1+ | + |y I,

so that there exists xo € X such that for some subsequence u,, — xo. From Theorem
4 and (4) we get (along the subsequence)

lim inf I, (u,) = Io(xo).

From (21) we know that min I,, » min Io. This implies xo = ilo and u, — i, for the
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original sequence. In the Hilbert direct sum X@® Y the pairs
(tny Lttn)— (tho, Lotio)
by (11), and their squared norms
letall* + | L e Il + | Lot

as easily verified by writing down min I,, > min I,. Therefore (29) is proved. The
converse implication is trivial. Q.E.D.

An extension of the approximate minimization of I, is considered now. This
includes a version of the epsilon technique for our problem, as will be shown in a
moment. Given u°, y° we set

Ju, y)=llu—u’P+lly -y, ueX, yeY.

THEOREM 6. Any of the equivalent conditions in Theorems 1,2,3,4,5 is
equivalent to the following: for any u°, y°, any sequence u*, y* such that

(31) Jwk, yH-minI,->0, ykX-Luk—o0,

then u - iy, y¥ > Loito.

The proof is similar to that of Theorem 5. As an application, consider the
following situation. Given u°, y°, and a sequence c, > +, we take an approxi-
mate minimization of

T, y)=lu—ulP+|ly =yl +cally = Loul?

on the whole space X @ Y. This represents an application of the epsilon technique.
The order of the penalization terms increases together with that of the approxima-
tion of L, to L.

Suppose that u}, y¥ are found such that

J.(u¥, y¥y—inf J, - 0.

This means that (1%, y*) is an asymptotically minimizing sequence for J,. Then
there exists a constant d such that

cally s —Lau P = Tk, y¥y=d +lu’+y°l.
Therefore
ly*—Lufl?~o0.

On the other hand suppose that any of the equivalent conditions in Theorems 1-5
hold. Then for some sequence ¢, = 0,

J¥, yH=J,(uk, y¥)=¢, +J,(fhn, Lait,) = ¢, +min I,
implying that
lim sup J(u}X, y¥)=min I,.

Aseasily seen, u} and y’% are bounded, and a u§ exists such that for a subsequence
u¥—u¥. Therefore

Lauf—Louf and yk—Loud;
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moreover
min lim J(u¥, y¥)=2 J(u¥, Loud)=min I,.

These facts show that (31) is satisfied in this case.

In the next steps we wish to characterize the convergence i, - i, for all u®, y°
by using information about min I,, and the values of I, in suitably selected points.
This will lead to a use of the following definition. Given u°, y°, we say that I, is
G-convergent to Iy, written

G
In -> IO
if and only if for every v e X
min (I, + (v, - ))>min (I + (v, - ));

the above minima are taken on the whole space X. For the notion of G-
convergence see [3], [6] and the references thereof. In [3] it is shown that the
definition above is in fact equivalent to G-convergence of I,, since for all n, u°, y°;
u.

e = ¥l = L ) = llu =+ 2¢*ull® + 2]y °I°

(see [3, p. 143, (6)]).
THEOREM 7. The following are equivalent facts: for all u®, y°,

(32) an -> ﬁo;

(33) I, g>Io and I,(x)->Ip(x) forallx;

(34) I, S Iy, and I,(#@o)~ Io(iio);

(35) liminf min I, Zmin I, and lim sup 7, (&o) = Io(do).

Proof. By Theorem 4, prop. 8, p. 149 and prop. 7, p. 143 of [3], (32) is
equivalent to (33). Moreover by remembering (26) we see that (32) is equivalent
to (35). Now I, (ido) > Io(iio) holds if and only if

ILntio— y°IFF > [|ILotio— y°IF  for all u°, y°.
This in turn is equivalent to
ILa(T+LELo) " (u®+ Ly ~2(Ln(T +LELo) ' (u°+ Loy®), y°)
>||LoI +LELoY '+ LEy )P —2(Lo(I + LELo) " (u°+Loy°), y°),
that is,
(36) |Lnz|? = 2(Lnz, y°)> ILoz | = 2(Loz, y°)

for all ze X, y°e Y, since (I+L¥Lo) " is a surjective map. By putting y°=0 in
(36), we get

ILnzll > |Loz]l;
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therefore by (36), L,z — Loz so that
L,z->Lyz, any z.

This shows that (33) follows from (34). Q.E.D.

Theorem 7 shows, among other things, the following fact. The strong
variational convergence (32), is equivalent to the seemingly less restrictive
variational condition (35). This condition in turn is an essentially weaker require-

ment than assumptions (1), (2) of Theorem 1, p. 248 in [8d], guaranteeing
variational convergence (in a general setting).

The following theorem relates the strong convergence to the weak one for
optimal states and controls.

THEOREM 8. Any of the equivalent conditions in theorems 1-7 is equivalent to
the following:

@, — o, Lnid,—Lotlg, limsupminl,=minl, forallu’ y°.
Proof. By weak convergence of i, and L,i, we get
lim inf min I, Z min I,
and therefore
Nt |* + | L it |* = min L, = 2w, )~ 2(y°, L)~ 4[> = [ly I > loll* + | L ool .
This shows @, » . Q.E.D.
We end this section with an explicit estimate of the error ||, — ii|.. Let us set

dn =|(L¥L,—LELo)LELy|.

THEOREM 9. Assume that L§L, is a compact operator, and that any of the
equivalent conditions in Theorems 1-8 hold. Then for any u®, y°, and for sufficiently
large n the following estimate holds:

g, — dol| = |IL¥y® - LEy°l+ (1= d,) (L ¥L, — LELo)(u°+LEy°)|
+d||lu’+ LEy°)).

Proof. Since pointwise convergence of an equicontinuous sequence is in fact
uniform on relatively compact sets, by the compactness of L& L, and the pointwise
convergence of LL, to L§L, we see that d, > 0 (see [2, prop. 1.7, p. 7]). By (12),
for every u*, y* and n we obtain

i — ol S| +LEL) " (L¥y°— L¥yO+ (T +LEL,)
—(I+LELo) " J(u®+LEyO).

From the last formula in the statement of Theorem 1.10, p. 9, of [2], and
remembering that for all n ||(I+L*L,)™"| =1, we get the conclusion. Q.E.D.

Applications. We consider perturbations of the standard linear-quadratic
problem described by

(37) i=A@)x+B,(t)u a.e.in(0,T), x(0)=0,

assuming a complete knowledge of the uncontrolled plant. For easy notation we
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denote simply by L?(a, b) the corresponding Lebesgue space over the compact
interval [a, b], consisting of vector-valued functions of the appropriate dimension.

We denote by x,(«) the unique solution of (37) for a given u € L*(0, T) (see

(38) below). Here the control u and the state x are of dimension &, m, respectively.
Given a fixed ¢* >0, we assume.

(38) AeL'0,T), JT|B,,|2 dt=c*.
The cost is given by
(39) L= L {(=u®Y QU ~u®)+[(xa(u) = y°Y P(xn(u) = y )]} dt,

where Q(t), P(t), are square symmetric matrices of respective dimension k, m. We
assume

(40) Q,PeL™(0,T); AQMAZalAl, w'P()u=alul
for all A € R*, u € R™ and some a >0.
THEOREM 10. Under the hypotheses (38), (39), (40) the following are equival -

ent facts:

41) Up —> o foralluo, y°eL*0, T);
(42) B,—Bo inL*0,T) and B,>B, inevery L*0,T—¢), 0<e<T.

Proof. Let F a fundamental matrix for the homogeneous system
x=A@)x.

Then obviously
t
(Lau)(t)=F(t) j F'Buds, ueL*0,T). 0=t=T.
0
Given u, v € L*(0, T) of the appropriate dimension we compute

(Lot, v) = JT (LYo dt = JT J [E()F " (s)Bo(s)u ()] dsv(t) dt

T

= I u’(s)BL(s)F'_l(s)I F'(t)v(t) dtds = (u, L¥v)
(1] s

T
= I w'L¥v ds.
(1)
Therefore
T
(L¥v)(t)=BLOF () I F'v ds.

By Theorem 2, the conclusion will follow if it can be shown that equivalence
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between (42) and the following two conditions holds:

43) Lau-Lou inL*0, T)forallueL*0, T);
(44) L¥v->L¥v inL*0, T)forallveL*0, T).
As a matter of fact, we show that (43) is equivalent to

(45) B,—B, inL*0,T),

and that (44) amounts to

(46) B,->B, inevery L*(0,T—¢), 0<e<T.

Clearly (45) implies (43). Denote by

J wds
0

the map ¢ - [, w ds. Let us denote briefly L*(0, T) by L>. Now let us assume (41).
Let u € L? be fixed. We see that

47 J F 'B,u ds—>J F'Bouds inL?
0 0
by remarking that v - Fv is a linear isomorphism of L* onto L’ Given ¢,

t"e [0, T] we see by (38) that

1/2

p v
2
“ F"lB,.udsléclj lul” ds
t t

for some constant ¢;. From (47) we find
J F'Buuds »J F'Bouds a.e.in (0, T)
0 0

for some subsequence (depending on u). By a.e. convergence and equicontinuity
we get

J F'B,uds ->J F 'Bouds uniformly on [0, T]
0 0
for all u € L? and the original sequence. In particular
t t
J F'Bouds- I F'Byuds, everytandu,
0 0

so that F'B,—F "B, in L?, hence (45) follows.
Let us denote by
[

the subspace of L? consisting of all functions fTw ds, we L? (with a notation
similar to that above), and by

Fl—l '[TLZ
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its image by the linear operator v > F'~'v on L. By considering the isomorphism
v > Fv on L? we see that (44) is equivalent to

T
(48) B'z->B)z inL”for allzeF"‘j L%

By integrating (0, -+, 0,1, 0, - - -, 0) (only one 1) between ¢ and T and using the
result in (48) we see that (48) implies

(49) (T-1)B,F > (T—-1)B4F'™" inL?
hence given ¢ such that 0<e < T we get
B.>B, inL*0,T-¢).

Conversely assume (46). Set b, = B,— B}. Given z e F'~' [TL? e with0<e<T,
we have

T T—-¢ T
(50) [ biaP =[Pt 1P
0 0 T—¢
Clearly
T—¢ T
I |bnz|? dt = (max |z|2)J. |b,)* dt>0 asn-0.
0 0

Moreover there exists a point f,, T —¢ =t, = T, such that

T T
sup J |buz? dt <|z(t.)]* sup I b, dt>0 ase~0.
n T-¢ n J0

The previous estimates combined with (50) show that (48) holds. Q.E.D.

In passing we remark that a necessary condition to (41)is a.e. convergence of
B, to By in (0, T), as easily seen by (49).

This example of variational perturbations, acting on A too, with uniformly
convergent optimal states, has been studied in [5] in a different setting. In such a
paper a sequence of perturbations is given as in (37) with A (¢) replaced by A, (¢),
and x(0) not necessarily 0. The cost is given by (39), and the constraint [u||= 1 is
added. Assuming boundedness of A, in L' and of B, in L?, then i, - i together
with uniform convergence of the optimal states, for all #°, y°e L* and all x(0), if
and only if A, —= A, and B, > B, both in L?. The relationship with Theorem 10 is
then clear from (42). Here the perturbations we consider belong to a more
restricted class than in [5] but a less stringent convergence is required on the
optimal states.

As afinal application we consider a linear quadratic problem for a distributed
control system governed by an elliptic Dirichlet problem. Here the perturbations
act on the uncontrolled plant only.

Given a >0, w >0, and an open bounded set {} < R” with boundary 4() we
consider sequences of functions

aj=ajelL™(Q), n=0,1,2,---, 1=i,j=p,
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ay given, such that the following uniform ellipticity assumption holds:

(51) altf= 5 ajx)ty=wltf, allteR”, ae. xefl
i,j=1
We denote by H' (Q) the Hilbert space of real functions z € L*(Q) whose distribu-
tional derivatives belong to L(Q2). Moreover Hy(Q) denotes the closure in H"(Q2)
of the space of smooth functions with compact support contained in ). Both
H'(Q) and H)(Q) are equipped with the usual norm. We shall denote by H'(Q)
the dual space of Hy(2). As well known, see [1], any element of H~'(Q) can be
represented as a sum of derivatives of functions in L*(Q). Given a control
u € L*(Q) we shall denote by z,(u)e H5(Q2) the weak solution of the following
Dirichlet problem:
P 4 ,0z

- Y —aj—=u in{),
iLj= 1ax| ax]

52
(52) z=0 onad.

The cost is given by
=] @-uP et [ G-yt | G-y ax
o o) o

u’e L*(Q), y° e Hy(Q). Here a dot denotes the gradient.

In the statement of the next theorem we denote by Hios(Q) the dual space of
Hio(Q). This last space is defined as follows z € Hio(Q) if and only if z and its
distributional derivatives belong to L*(K) for every compact K < Q).

THEOREM 11. Assume that (51) holds. A necessary and sufficient condition
such that i1, > i in L*(Q) for all u® e L*(Q), y° € Hy(Q) is that

al—a) inL*(Q)foralli,j,
14
i —a—a2}—> Y a—a-a?i in Hio)(Q) for allj.

i=1 0X; i=10X;

(53) and

Proof. For a given sequence a,’-}- as in (51) let us denote by

A=—Z au

ij= 18,

o, : Ho(@)>H ()
the corresponding sequence of elliptic operators. Then, for any n, A, is an
1somorphrsm between H(Q) and H '(Q), wrth an uniformly bounded inverse
A, Moreover by the symmetric character of aj, any A, is aselfadjoint operator.
Therefore L, is the restriction of A" to L*(Q). The space L*(Q2) is continuously
imbedded in H (), as well known (see [1]); hence by (51) the norms of

L,: L*(©@)> Ho(Q)

are umformly bounded. Moreover, L, =L} for all n. By Theorem 2, we see that
i, = fio in L*(Q) for all «°, y° if and only if L,u - Lou in H(Q) for all u € L*(Q).
This in turn is equlvalent to L,v » Lov in H(Q) for all v € H(Q) since L*(Q) is
densely imbedded in H~'(Q) and the norms of A" are uniformly bounded. But
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this is equivalent to strong operator convergence of A, to A, ([6, remark 10, p.
10]). By [6, remark 8, p. 10] we get the required equivalence between (53) and the
convergence of the optimal controls. Q.E.D.

REFERENCES

[1] R. A. ADAMS, Sobolev Spaces, Academic Press, New York, 1975.

[2] P. M. ANSELONE, Collectively Compact Operator Approximation Theory and Applications to
Integral Equations, Prentice-Hall, Engelwood Cliffs, NJ, 1971.

[3] P. MARCELLINI, Su una convergenza di funzioni convesse, Boll. Un. Mat. Ital., 8 (1973), pp.
137-158.

[4] U. Mosco, Convergence of convex sets and of solutions of variational inequalities, Advances in
Math.,, 3 (1969), pp. 510-585.

[5] G. PIERIL, Variational perturbations of the linear-quadratic problem, J. Optimization Theory
Appl., to appear.

[6] S. SPAGNOLO, Convergence in energy for elliptic operators, Proc. Symp. Numerical Solutions of
Partial Differentials Equations, Univ. of Maryland, College Park, 1975, to appear.

[7]1 G. STAMPACCHIA, Variational inequalities, Theory and Applications of Monotone Operators,
Proceedings of a N.A.T.O. Advanced study Institute, Venice, 1968, A. Ghizzetti, ed.
(Oderisi, Gubbio (Italy), 1969), pp. 101-192.

[8a] T. ZOoLEZzz1, Su alcuni problemi debolmente ben posti di controllo ottimo, Ricerche Mat., 21
(1972), pp. 184-203.

[8b] , Su alcuni problemi fortemente ben posti di controllo ottimo, Ann. Mat. Pura. Appl., 95
(1972), pp. 148-160.

[8c] , Condizioni necessarie di stabilita variazionale per.il problema lineare del minimo scarto
finale, Boll. Un. Mat. Ital., 7 (1973), pp. 142-150.

[8d] , On convergence of minima, Ibid., 8 (1973), pp. 246-257.

[8e] , On equiwellposed minimum problems, in preparation.




SIAM J. CONTROL AND OPTIMIZATION
Vol. 16, No. 1, January 1978

AN APPROXIMATION METHOD IN OPTIMAL
STOCHASTIC CONTROL*

JEAN-MICHEL BISMUTY

Abstract. The purpose of this paper is to prove that an approximation scheme can be defined for
the general problems of optimal stochastic control which we have solved in Théorie probabiliste du
contrdle des diffusions, Mem. Amer. Math. Soc., 1976 [2].

1. Introduction. Let us consider the stochastic differential equation

dx=b(t, x, u(t,x)) dt+o(t, x) - dB’,
(1.1)

Xs =X
where B° is a Brownian motion and where u is a control variable with values in U.
We then consider a criterion

T
12) Vals, )= Bl | L6 3, u(t x)) dr

which we want to minimize for all (s, x). We have used potential theory methods in
[2] to prove existence results for this problem under very general conditions. In
particular, it was proved in [2, (4.49)] that for a given control u, there is a Borel
function H, on R*x R? such that:

t t
(L.3) Vu(t, x)— Vi(s, )= —J' L(a, Xo, u(a, X)) do-+J‘ H, (o, x,) - dB".
Moreover, we found in [2] that there is a probability measure » on R x R?
such that for uo to be an optimum, it is necessary and sufficient that, v a.e.

L1, x, uo(t, x))+{(H, (1, x), o~ (t, x)b(t, x, uo(t, x)))
(1.4)
= uire){IL(t, x, u)+{(H,(t x), o7\ (t, x)b(t, x, u)).

Moreover, in [4] we applied the theory of duality to stochastic control
problems. In particular it appeared that it is possible to associate to each control
problem a dual variable which is itself an adapted right continuous process, and a
solution of a dual stochastic control problem.

Finally, we applied, in [6], the theory of duality to problems defined by
(1.1)~(1.2). Although duality did not give us existence results for this problem—
which had to be obtained by stronger methods in [1]—it appeared then in [5] that,
in a loose sense, the “real” controlled state variable is the Cameron-Martin—
Girsanov density of process (1.1) relative to the same process (1.1) with b = 0. This
problem is then handled by convex analysis methods. Equation (1.4) appeared
then to be a special case of the general extremality relations for two convex dual
problems, and process V, (¢, x,) is then the optimal dual process when u, is

* Received by the editors June 6, 1975, and in final revised form February 22, 1977.
1191 rue d’Alésia, 75014 /Paris, France.
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optimum for (1.2) This allowed us to reinterpret the results of Benes [1],
Duncan-Varaiya [8], Davis—Varaiya [7] in terms of duality.

It is then natural to ask if, from relation (1.4), it is possible to derive an
approximation scheme for the optimal control problem which would use the
duality features of the problem. More precisely, we start from a given control u;.
We find a control %, minimizing v a.e.:

(1.5) L(t x, u)+(H, (& x), 0~ '(t, x)b(t, x, u)).

This defines V,, and consequently, H,,. u; is then defined in the same way from
H,,- -, u, fromu,_;.

This is precisely the iteration procedure studied by Fleming in [9] with partial
differential equations techniques. When a = oo™ is Lipschitz continuous and
uniformly elliptic, Fleming considers the partial differential equation: ‘

(1.6) <bu, ﬂ) =L, Vi T)=0

Z i ox

as ii ax, ax,

to deﬁne the cost function V,. When (b,, L, ) stays uniformly bounded in Lo(R™* X
R?), Fleming uses results by Friedman and Gagliardo to prove that V,, and 9V, /dx
form a family of equi-continuous functions. Fleming can then prove the con-
vergence of (V,,,, 9V, /dx) to the optimal (V,, 4V,,/dx) by using a compactness
argument in the space of continuous functions.

Our approach will be different:

1. We use the results of Stroock and Varadhan [12]-[13] on diffusions, which
require only continuity and ellipticity on a.

2. Asin a previous work [2], we do not use any continuity argument on V,,
and 0V, /dx (3V,/ox is not always well defined). Moreover the techniques used
here apply to more general criteria of type:

TA
e”Efe J e P'L(t, x, u(t, x,)) dt
s

where A is a Borel set, and where T4 is the hitting time on A. In this case, the cost
function is generally not continuous, and compactness arguments do not work.

3. We use constantly a common feature of the Markov processes studied in
stochastic control [2], [5]: they have a common reference measure w, i.e. if L, is 0
w a.e.on R*XR* then V, is 0 everywhere on R* X R“.

4. The compactness argument is applied in the space of control functions £
where (b, L,) varies, and not in the space of cost functions.

The main result of the paper is that the sequence of functions V,,, decreases to
the optimal V,, and that H, converges in a L;-space to H,,. This result has
important consequences because by (1.4), H,, characterizes entirely the optimal
solutions of the problem. Moreover, it underlines the deep convex nature of the
problem of optimal stochastic control, to which we apply a ‘“classical’” approxima-
tion scheme. Finally, it can be applied as in [5, Part III] for more general processes
and problems, especially to the optimal stopping problem. This scheme may also
apply to all the criteria considered in [2], which are more general than (1.2). It can
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also be coupled with partial differential equation methods or with discretization of
the state space for computational purposes.

It should be noted that, under the assumptions of Fleming [9], H,, is
necessarily equal to 9V, o/dx. The result which we obtain on the convergence of
H,, to H is then weaker than the result of Fleming, which guarantees uniform
convergence of 3V, /dx to 9V, /ox. This is not unnatural, since the potentials for
the diffusions of Stroock and Varadhan are solutions in a weak sense of parabolic
partial differential equations, and do not always admit regular derivatives. How-
ever, if we apply our result under Fleming’s assumptions, we reobtain the result of
Fleming, since equicontinuity and convergence in an L; space of H,, to H,,
guarantees uniform convergence of H,, to H,.

All the main notation and techniques are taken from [2], to which we will
refer constantly. In § 2 we state the main results of [2] which we use in this paper.
In § 3 we prove a simple functional result. Finally, in § 4 the main result is proved.

2. Statement of the problem.
a is a function defined on R* X R¢ with values in R*® R which is

(i) continuous and bounded,
(ii) with positive definite values,
(iii) uniformly elliptic.

o is the positive square root of a.

b is a Borel bounded function defined on R* X R? with values in R“.

Qf’s,x) is the measure on the space of continuous function solutions of the
martingale problem of Stroock and Varadhan [12] associated to (a, b, s, x).

E?, ., is the expectation operator relative to Q).

K isaset-valued function defined on R* X R with values in R X R which is

(i) Borel measurable and uniformly bounded,
(ii) with nonempty compact values.

% is the set of dt ® dx classes of Borel selections of K, with the o (Lo(R ™" X
R%), Li(R*x R%)) topology.

T is a positive constant.

For 0=s=T and ¢ = (b, L)€ £ we consider the function V_:

T
2.1) Vils, x)= Ef;,x)j L(u, x.) du.
V?s,x) is the measure
T
L ‘*E?s,x) I L(“, xu) du.

w is a probability measure on [0, T] X R“. We consider the functional:

2.2) L(c)= I V.(s, x) dus, x).
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By (4.49) and (3.17) in [2], we know that for any bounded &', V_ (4, x,) can be
written as:

Vc(t, xt) = Vc(s, xs)_ j tL(ua xu) du +It<Hc(u’ xu), dﬂf)
23) , ' '
—j (H., o~ (b= b"))(u, x) du

B° being a Brownian motion for Q°, and H, being a Borel function such that for
(s, x)e[0, TIXR*

T
(2:4) El. I |H, (1, x,,)|* du <+,

By Theorem IV-5 of [2] we know that if ¢ € % and if ¢’ € & is such that, u V°
a.e.,

(2.5) L'(t,x)+{H.(t,x),c”'(t, x)b'(t, x)) S L (t, x)+(H.(t, x), ¢ (¢, x)b(t, x))
then

2.6) L(c"=L.(c).
If the inequality is strict on a non u V° negligible set,
2.7 L.(c)<I(c).

If such a choice of ¢’ is impossible, ¢ is a minimum for I,.
We then define an iteration procedure: ¢, is taken in £. H,, is the associated
element. ¢, is one of the elements of &£ such that

Losi(t, x)+(H, (t, x), 07 (t, x)bns1(t, X))
(2.8)
= inf L+(H,(t x), o (1, x)b), uV0ae.

N (b,L)eK(t,x)

If ¢c,+1 can be taken to be equal to c,, the iteration is stopped.

Then, we want to know if (c,, H,, ) converge. The answer will be positive for
H,_, which will be proved to converge in a strong sense to the optimal H defined in
[2, Corollary of Thm. IV-7] in the following way: if & is a probability measure
mutually absolutely continuous with the Lebesgue measure on [0, T]X R%, H is a
Borel function defined 4 V° a.e., which is such that if g is the function

(2.9) q=min Ve
then for any ¢ = (b, L) in £ such that g =V,

(2.10) q(, x,)=q(s,xs)—j L(u, xu)du+J’ H(u, x,)- dB5, Q% as.

3. A simple functional result. We give first a simple functional result which is
essential in the sequel.
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THEOREM 3.1. For any b'e Lo(R* X R%),
T
Bl [ 1Hetu x ) du

is finite and uniformly bounded when c and b' vary in a bounded set, and when (s, x)
varies in R* X R“.
Proof. By (2.3) we know that

T
G 05, ¥) = Elusy | 1HLG, 2P du

is uniformly bounded.
By the Markov property of Q°, we have:

T N T T
Efs,x)(J |H. (u, x.,))? du) =2E% ., J |H.(u, x,)* du J |H.(t, x,)|* dt
3.2) ’ .
= 2Bl | IH.G6 m)Pe 5 du

E? (T |H.(u, x..)/* du)” is then uniformly bounded. The density of Q(, ) relative
to Q¢s,xy On M can be written as

Zr=exp { J’t (B'=b)(u, x.), o (u, x,) dBY)

(3.3) ]
“%J' ('=b),a ' (b= b))(u, x.,)du}.

Necessarily, if in (3.3) we replace b'— b by 2(b' — b), (3.3) remains integrable with
mean 1. Then

(3.4) EQ | Zr* = (T~s)suplla™'(t, x)| sup ess b~ b|P.

It follows immediately that:
T
(35) Bl | 1He(u x)P du

stays uniformly bounded. O
Remark 3.1. The majoration of (3.2) can also be proved by the inequalities of
[11].

4, Convergence. We now prove the main result on convergence.

THEOREM4.1. I, (c,,) is a decreasing sequence converging to | q du. Any weak
limit of a subsequence of c, is such that I, (c) = | q du. Moreover H.,, converges to H
in Li(uV).

If w is mutually absolutely continuous with the Lebesgue measure on R* X R?,
the sequence {V.,} decreases to V., and H is entirely defined by the limit of H,., in
Li(n VO) R R

Proof. We consider the problem associated to K, where K(, x) is the closed
convex hull of K(¢, x). By the results of [2, Chap. IV, Part 5}, the optimization
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problem is not changed, and in particular H stays the same for the two problems,
while the two problems have the same minimal values.

Then & associated to K is compact. We take a subsequence c,,, converging to
c €2, such that c,, +1 converges to ¢’ € £. We rename these sequences {c,} and
{c.}. Then we have

4.1) L(cni)EL.(cr)=1.(cn).

The sequences I,,(c,) and I,(c,) are both decreasing, have a lower bound, and
then, by (4.1), have a common limit.
By Theorem IV-4 of [2], I,, being continuous on £, we find then

4.2) L.(c)=1L.(c").

Moreover, by the same referenced result, V., converges to V.. We then have
T

T
Ve.(s, x) =I Ln(u,xu)du—J H.,, - dB",
4.3) . i,
V.(s, x) =J L(u,xu)du—I H, - dB°.

By (2.3), we have:
T T
4.4) Vs, x)= I (L +{H., o~ (b= b))t x.) dt —J H, - dp’.
We now prove that for (s, x)€ [0, T]X R¢, when n -+,
T
4.5) K.(s,x)=El. J. (H,, 0 (bp— b))(u, x.,) du ~0.

Let p,(s, x) (resp. p(s, x)) be the transition density for Q(r,, (resp. QG ) (see
[12,§8)).

By Theorem IV-4 in [2], we know that if R, converges in the o (L, L)'
topology to R, then (p,(s, x), R,) converges to (p(s,x),R). Let R,.(ty)=
sgn (p, —p)(s, x, ¢, y) and let R, be a subsequence of R, converging weakly to R.
We have then

(46) |<pnk (S, X)"'p(S, JC), Rnk >| = |<pnk (S, JC), Rnk >-(pa R)I +|(P, R —Rnk )I'

Relation (4.6) implies that ||p,, (s, x) —p(s, x)||l, converges to zero, or equival-
ently that p,, (s, x) converges to p(s, x)in L. By reasoning on all the subsequences
of N, we find that p, (s, x) converges to p(s, x)in L;.

Moreover, by Theorem 3.1, we know that:

T
@) [ a] | putsx s G dy
stays uniformly bounded by a constant M.
We have the following situation for any (s, x):
pu(s, x)->p(s,x) inL4,

4.8) ) .
pn(s, x)|H|> and p(s, x)|H,|” are uniformly bounded in L.

YL=L(0, TIXR%).
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Then
(pn = P)(s, x)He |, = I(pn = P)(s, X)L e 1saHIL,

(4.9)
+[(pn = p)(s, )1 jry>aH L,

But we have by Schwarz’s inequality

(4.10) | 2n (s, £)1imr >0 HellL, = Ml/zllpn (s, x)1|H¢l>a“}-/12
and by Chebyshev’s inequality, it follows that

M
(4.11) | 2n (s, X)1 521> o Hel|2, =

By (4.9) and (4.11), it follows that p,(s, x)H. converges to p(s, x)H, in L,, and
necessarily,
4.12) K. (s, x)~>0.

We have as in (3.2)

T 2
Elio| [ (Ho o™, = b x.) du

4.13) .
—2El, I (H., o (bn = b))t % )Kn (1, 1) it

Knowing that p,(s, x)H. - p(s, x)H. in L,, that b, » b weakly, and that K, > K
simply, while staying uniformly bounded, we see that (4.13) converges to 0 and
stays uniformly bounded in (s, x). Similarly
2

-0

T
.14 Elro|[ @=Ly 2 du

while staying uniformly bounded.
Knowing that V., > V. simply, we find from (4.3) and (4.4) that

T 2
@15) Elio| [ (o~ How x) dB%| 0.
This implies

T
(4.16) Ef’;,x)j |H,, — H.|*(u, x..) du > 0.

But p,(s, x) > p(s, x) in Ly, and the measures p,(s, x) dy stay equivalent to the
measure V°(s, x). This implies that H, - H, in “probability” for the measure
wV? (i.e., from any subsequence of {H._}, one can extract a subsequence converg-
ing uV°a.e. to H,.)

Moreover, by Theorem 3.1, {H,,} stays bounded in L(u V°) and is then
uniformly integrable in L,(u V°). By Theorem II-21 of [10] H,, - H_ in L1(u Vo).
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But, we know that ¢}, is such that for any ¢ = (b, L)e &
@17) [ ot By 7506 1) A VS [ (E 4 (Fy 766 1) A V)
Then, with H,_ converging to H, in L;(xV°), we have
(4.18) J (L' +(H., o7 'b")(t, x) d(uV°)= J (C+(H, o' b))t, x) d(uV°).

This will imply immediately

(4.19) L'(t,x)+(H, o 'b')(t, x)= Eimiél L+(H.(t, x), 07 (t, x)D)uV° ae.
(b,L)eK(t,x)

If on a « V° nonnegligible set

(420) L,(t> x)+(Hc, a'—lbl)(t9 X)<L(t, x)+<Hc’ O'_Ib)(t’ x)
then
4.21) L.(c")<IL.(c).

But, by (4.2), this is impossible. Then, necessarily, uV° a.e.,

(4.22) L(t,x)+(H, o 'b)(t,x)= min L+(H.(t,x), o' x)b).
b,L)eR(t,x)

By Theorem IV-5 of [2], ¢ is an optimum for I, on £, By Remark IV-2 of [2],
if q is defined by

4.23 =inf V;:
(4.23) q=inf

if c € %, then V., —q is Q° p-excessive. But, ¢ being an optimum for I,,,
(4.24) V.=4q, W a.e.

The processes V. (¢, x,) and q(¢, x,) are then a.s. equal for the measure Qg. By (2.3)
and (2.10)

(4.25) H=H, uV%ae.

By reasoning on all the possible subsequences of the initial {c, } the result follows.
If w is mutually absolutely continuous with the Lebesgue measure on
R*x R? necessarily, by Theorem IV-5 of [2]

V., =V.

n—1°*

The sequence V., is then decreasing. For any weak limit ¢ of a subsequence {c,,},
(4.23) holds. V. and q being finely continuous, we have

(4.26) V.=q. O

Remark 4.1. The convergence of H,, to H is essential, even if ¢, does not
necessarily converge. Since the optimum solutions are obtained from H, the
determination of H is then fundamental.

If a is only elliptic, then it is possible to prove the convergence of H,, to H in
wV? probability.
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Remark 4.2. When a = [, it is possible to choose u =8(0, 0) to obtain the
whole optimal H.

Remark 4.3. The results are extendable to all the optimization problems
studied in [2].
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STABILIZATION OF BILINEAR CONTROL SYSTEMS WITH
APPLICATIONS TO NONCONSERVATIVE PROBLEMS
IN ELASTICITY*

MARSHALL SLEMRODY

Abstract. A criterion is presented which assures that a bilinear system may be stabilized with a
feedback control which yields the feedback system globally asymptotically stable. Applications to
stabilization of columns with follower load are presented.

1. Introduction. This paper deals with stabilization of bilinear control sys-
tems of the form

(RB) X(t)=Ax(t)+u(t)Bx(t)

where A and B are constant m Xm matrices, ¥ a scalar control. Feedback
stabilization of bilinear systems of this type has recently been considered in the
papers of Jacobson [1] and Jurdjevic and Quinn [2]. In [2] Jurdjevic and Quinn
have proven the following theorem.’

THEOREM. If A has a purely imaginary distinct spectrum and

span{Ax, ad%(A, B)x,ad'(A, B)x, - -}=R"™

for all x € R™ —{0} then (B) possesses a stabilizing feedback control u(x).

The proof of the theorem is based on an invariance argument using the
Lyapunov function V(x)=x"Qx; Q is the positive definite solution to matrix
equation A"Q + QA =0. This paper extends Jurdjevic and Quinn’s proof and
indeed the similar argument given in [1] to reach a further and more easily
applicable result (Theorem 2). The main idea is to partition the phase space R™
into a set Q) and its complement €’ such that {0} is the only subset of ()’ which is
invariant under the uncontrolled system (u = 0). It then suffices to check that

span{Ax, ad’(A, B)x, ad'(A, B)x, - - }=R"™

on (), rather than on R™ —{0} as in the above theorem.

Stabilization problems for bilinear control systems arise naturally in the study
of nonconservative elastic systems. In fact the control and stability of such systems
is an important problem in structural engineering (see [3] and [7]). It is for this
reason that a thorough discussion of two simple model problems is given in § 2.
The reader uninterested in applications may proceed directly to § 3 where the
stabilization problem is considered and the main results are given. Section 4
presents applications of the main stabilization result to the model problems. Also
the easy applicability of the main result (Theorem 2) is stressed. Section 5 restates

* Received by the editors September 2, 1976, and in revised form March 3, 1977.

1 Department of Mathematical Sciences, Rensselaer Polytechnic Institute, Troy, New York
12181. This research was supported in part by the National Science Foundation under Grant
MCS76-07012.

! See Notation below.
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the argument originally given by Jacobsen [1] on the optimality of the feedback
control. Finally an Appendix provides a simple proof of a result used in the
stability analysis.

Notation. For square matrices X, Y we use the notation

[X, Y]=XY-YX

to denote the standard matrix commutator. Also define ad(X, Y)=[X, Y],
ad“(X, Y)=ad(X, ad“"'(X, Y)), where ad’(X, Y)=Y.

2. Model problems. In this section, we formulate two simple model prob-
lems. Consider the system illustrated in Fig. 1. This system, consisting of two rigid
bars of length //2 and two elastic hinges, was introduced by H. Ziegler [3]. It has
been used by many investigators for various purposes; it is to be taken as an
approximation of a real deformable column. Assume the load P is to follow the
deflections with tangency coefficient n (P and n may be time dependent); ¢; are
the deflection angles of the bars (¢; are assumed to be small); ¢; are the elastic
constants of the hinges; m; are the masses of the bars fixed at the distances a/ and
¥l

The linearized equation of motion is
1 My+Cy+D(t)y =0
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Hhere _ [4’1] M= [(m1a2+%m2)12 smyyl® ]
y ¢’2 ’ %mzlz‘)’ mz‘)'zl2 ’
_[eite, —c2 _[2P®OL  P@In@)

C‘[ ] b® [ 0 —%P(t)l(l—n(t))]'

—C2 C2

M and C are positive definite matrices.

The case n =0 is a double pendulum model of the Euler column; the case
n = 1is a double pendulum model of a column with follower load. Also, it is easily
seen that when =0 and P is constant, all solutions A of the characteristic
equation

) detA\>’M+C+D)=0
are distinct, purely imaginary and nonzero if and only if
(2(:2+c1)—-\/4cz2 +ci

] .

Py is the critical Euler buckling load; P = P, yields the column Lyapunov unstable.
Similarly, when n =1 and P is a constant, all solutions A of the characteristic
equation (2) are distinct, purely imaginary and nonzero if and only if

P<P0=

¢ ((1+4ua) +4y*(1+¢) +4y —ayVuy
pep.-2| : |
l 2y +y

where w =m;/m,, ¢ =c,/cs. Py is the critical load; P =P,, yields the column
Lyapunov unstable. (See the paper of Zyczkowski and Gajewski [4] for a
derivation of P.)

We now formulate two stabilization problems:

(PI) Ifaconstantload P*,0<P*<P,isapplied for all t = 0, find a feedback
control law n(t) =n(y(t), y(t)) for the loading angle which yields the
zero equilibrium of (1) globally asymptotically stable. In order to
restrict the angle of loading to a symmetric sector, we require 0 =7 (¢) =
2. Also on physical grounds, we desire 1 () to be a continuous function
of t.

(PII) If n =1forallt=0,i.e., the column with follower load, find a feedback
control law P(t) = P(y(t), y(t)) for a nonnegative loading which yields
the zero equilibrium of (1) globally asymptotically stable. We require
the loading to be constrained to some region centered at some P* <P,
ie., |P(t)—P* =¢, P*>¢>0.

At first glance one might be tempted to try to resolve the above problems by
linear time invariant analysis. Such an approach is doomed to failure. The reason
is simple. To keep (1) linear and time invariant, one must have n and P constant
for all time. In this case, analogous to the special cases with n =0 and n =1, there
is a critical loading P(n) such that the system can have two types of behavior:

(i) P <P(n) (the critical loading) and (1) exhibits undamped oscillations,

(ii) P=P(n) and (1) is unstable.

(A formula for P(n) may be found in [4].)
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In either case (i) or (ii), the zero equilibrium is not asymptotically stable. The
choice of feedback mechanisms in the above problems will of necessity be
nonconstant and (1) will become nonlinear.

We now rewrite the problems in a more convenient form. Let

ni()=n@~-1,  v(t)=P@)—P*

-1 1 0 1
G‘_[ 0 0]’ Gz"[o 1]'

From (1) we see that the state equations for (PI) and (PII) are of the form

3) V() +Jy(t)+u(t)Hy(t) =0,
where
J=M"'C+3P*IM"'Gy,

u(t) satisfies constraints u; =u(t) =u,, (u; <0, u,>0). In (PI) we have

H=3iP*IM'G,, u(t)=v:@t),

u=-1, u,=+1.
In (PII) we have
H=%IM_IGI9 u(t)=U2(t)9

U= —¢, u,=-+e.

Also we note that since P* < P,,, J has distinct positive eigenvalues.

Remark 1. Problems (PI) and (PII) are presented as model probleims. This
does not mean, however, the study of these problems is of purely academic
interest. Such models have been proposed by McDonough [7] in his study of
stability problems arising in the control of launch vehicles.

3. Stabilization of bilinear systems. In the previous section, we derived a
state equation (3), with constrained scalar control, that described both (PI) and
(PII). In this section, we explore the stabilization problem for (3) in amore general
form. Assuming no confusion to the reader, we use the same notation for the
general problem as used in the previous section.

Let

(i) J be a diagonizable n X n matrix with positive eigenvalues;
(ii) H be an n X n matrix;

(iii) y(¢) be an n vector;

(iv) u(2) is a scalar control, u1=u(t)=u,, u1 <0, u,>0.

Remark 2. The obvious modifications of the subsequent theory will allow
consideration of unconstrained problems, i.e., u; = —00, and/or u, = +co.

Remark 3. Note that in this general form, distinctness of the eigenvalues of J
is not required, though in the model problems the eigenvalues are indeed distinct.

Our stabilization problem is as follows:

(P) Find a continuous feedback control law u(¢¥) =u(y(t), y()), u1=u(@t)=

U, so that the zero equilibrium of the bilinear control system

4) y@&)+Jy()+u(@®)Hy(t)=0
is globally asymptotically stable.
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Problems (PI) and (PII) are special cases of (P) with n =2,
We now write (4) as the first order bilinear system on R*"

®) X(t)=Ax(t)+u(t)Bx(t)

where

RS AR

Remark 4. The results of [2] are given in terms of (5) where it is assumed that
A has purely imaginary distinct spectrum. In this presentation assumption (i)
allows consideration of cases where the spectrum of A is not distinct.
The construction of the feedback control is the same one as given by Jacobson
[1] and Jurdjevic and Quinn [2], namely, we choose u(f) so as to make the time
derivative of a Lyapunov function negative-semidefinite. This is done as follows.
For J satisfying (i), we know there exists a positive definite matrix Q, so that
ATQ+QA =0. (A simple proof is provided in an Appendix.) Choose as a
Lyapunov function V(x(¢))= XT()0x (). Along solutions of (5), we have
V(x(t)) = u(t)x " (t)QBx(t). This suggests that we choose

Uy if —x"QBx <ui,
6) u(x)=<{ ~x"OBx if u;=-x"OBx =u,,
U, if —x"QBx >u,.

With u given by (6), system (5) possesses unique solutions for all t = 0. In fact,
since V(x(t)) =—u’(x(t)) =0, we know the zero equilibrium is stable.

To study asymptotic stability, we employ the well known invariance principle
of LaSalle [6]. In this case, LaSalle’s theorem asserts that all solutions of (5), with u
given by (6), will approach the set S. S is defined as the largest invariant set in the
set W ={x € R*"; x TQBx = 0}. Invariance of S, here, is understood to mean that
any solution of (5), with u given by (6), starting in S remains in S, for all time ¢,
—00 <t <00,

From the definition of S we immediately obtain the result

THEOREM 1. If S ={0}, then the feedback control (6) yields the zero equilib-
rium of (5) globally asymptotically stable.

While Theorem 1 is quite simple, it has a limitation in its present form. The
determination of the set S is dependent on the choice of Q. Since Q is not unique,
itis conceivable that a fortuitous choice of Q will yield S = {0} or a bad choice of Q
might result in a set bigger than {0}. We will try to develop a sufficient condition
that is (i) computationally practical in applications, (ii) independent of the choice
of Q.

From the definition of u in (6), we see that for a trajectory x (¢; xo), X0 € S, we
must have

(7) xT()OBx(1)=0, x(t)=Ax(2),

for all time ¢, —00 <t <00,
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It follows from (7) that for xo€ S
xoe*"QBe*x0=0
or, equivalently,
(8) x5Qe “Be*x0=0.

We now expand (8) in powers of ¢ and obtain the elementary, well known
identity

o (_1\k gk K
©) <5 ¥ (z1)"ad (4, B)t Jro=0

k=0 k!
Since (9) must hold for all time ¢, we see that for xo € S, the system
(10) x5Qad“(A,B)xo=0, k=0,1,---,
must be satisfied. In addition since QA = —A "Q, we must also have
xgQAx0=0.
In the bracket notation, S can now be written as
(11)  S={xoeR™;x3QAx0=0,x5Qad"(A, B)xo=0,k=0,1,- - }.

From this form of S, we easily obtain the result of Jurdjevic and Quinn [2],
which was stated in the Introduction.

While Jurdjevic and Quinn’s result is very neat, it is easy to see that its
hypothesis is stronger than that of Theorem 1. This is important. In examples we
shall see that it may be a difficult task to apply Jurdjevic and Quinn’s result.

Let us return to the definition of S as givenin (11). Itis often an easy matter to
compute a few brackets and see that

{Ax, ad’(A, B)x, ad (A, B)x, - - -, ad“(A, B)x}

spans R*" for all x in a set Q< R?*" —{0}. So if S has any nonzero elements, they
must be contained in the set (' (the complement of ). Hence if {0} is the only
subset of Q' which is invariant under e, we have S ={0}. We summarize this
argument in the main theorem:

THeOREM 2 (Sufficiency condition for stabilization). Assume there exists a
nonempty set Q< R*" —{0}, with the following two properties :

(i) for each x € Q) there exists an integer K such that

span{Ax, ad’(A, B)x, ad'(A, B)x, - - - ,ad“(A, B)x}=R?",

(ii) {0} is the only subset of Q' which is invariant under e, —00 <t <0,

Under these assumptions, the feedback control (6) yields the zero equilibrium of
(5) globally asymptotically stable.

We note three important features of Theorem 2. First, it requires K brackets
to be computed where K is chosen in examples as small as possible. Second, any
positive definite Q satisfying QA +ATQ =0 will work in the feedback law (6),
since Theorem 2 is not dependent on the choice of Q. Third, since the only
essential property of A is that there exist a positive definite matrix Q so that
QA +A7Q =0, we see that the following corollary holds.
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CoroOLLARY: If A is such that there exists a positive definite matrix Q so that
QA +A"Q =0 and if the hypotheses of Theorem 2 hold (where R*" is replaced by
R™), then u given by (6) yields the zero equilibrium of (B) globally asymptotically
stable.

In order to do some examples we need to compute a few brackets. Matrix
multiplication yields

[-H 0 , _[ 0 2}7
ad(A’B)_[ 0 H]’ adAB= iy o)
JH +3HJ 0
A =[ ]
ad(A, B) 0 —3JH—HJ

Computation of higher order brackets can, in general, become a very messy affair.
Fortunately to apply Theorem 2 to some examples the above brackets suffice.

4. Examples. We will give two examples. In both examples we fix m; =2,
my=1, =2, a=3, y=3%, c1=1, ¢;=1; since Po=3(7—2v2), P*=1 is an
allowable simple choice. We easily see

31 ~,_1[ 1 —1]

M_[l 1]’ M=3l-1 3l

2 -1 1r 2 -1

C"[—l 1]’ J“'z'[—4 3]'

(PI): For this problem, H =3P*IM ' G,, so we have

e[y 1)

If we use our previous bracket computations, we see that for x =col(a, b, ¢, d) e
R*,
det(Bx, ad(A, B)x, ad*(A, B)x, ad*(A, B)x) =

0 0 0 —3b
dot] 0 b —6a+6b | _b*
0 0 -b/2 3d 4

-b d —-2a+3b 2c-2d

Thus {Bx, ad(A, B)x, ad*(A, B)x, ad*(A, B)x} spans R* at every point x € R*
except at those points whose second component is zero. So Q' ={x e R*; b =0}.
Now we look for the largest set in {}' invariant under e . If (a, b, ¢, d) e Q' and
e™ (a, b, ¢, d) remains in (' for all ¢, then the system

X1(t)=x3, X2t)=xa4,
X3(t)=—Xx1+3%5,  Xa(t) =2x1-3%2

must be satisfied for all ¢, —o0o<t <00, with x1(0)=a, x3(0)=c, x4(0)=d and
x2(t) = 0. But by inspection of the above system, this means x(¢) = x»(t) = x3(¢) =
x4(t)=0 for all t, —0<t<o0, and (a, b, c,d)={0}. Hence the hypotheses of
Theorem 2 are the zero equilibrium is globally asymptotically stable with feed-
back law (6).
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Notice that it is not true that
{Ax, Bx, ad(A, B)x, - - -, ad’(A, B)x}

spans R* for every x € R*—{0}. As a matter of practical usefulness, then, it seems
that Theorem 2 is more advantageous than Jurdjevic and Quinn’s theorem since
fewer computations are needed.

(PII): In this case
1 —
w0

2L 1 -1

Anyone actually performing the matrix multiplications and determinant evalua-
tion in the previous example will readily see the advantage of having H sparse and
diagonal. It thus is convenient to make a change of variables in the control system
(4) of the form

1 -1
= h =
y=Tw where T [1 1]

is a similarity transformation which diagonalizes H. System (4) becomes, in the
new dependent variable w,

w+Jw+u@)Hw =0
where
Jp— __1_[ 0 2] Jp— __[0 O]
Jq TJT—2_1 5| H,=T HT 0 -1/

Now we can proceed as before to see if

0 I 0 0
A"[—Jl 0]’ B‘"[ ~-H, 0]

satisfy the hypotheses of Theorem 2.
We again use our bracket calculations to see that for x = col(a, b, ¢, d) € R,

det(Bix, ad(A1, B1)x, ad*(A1, B1)x, ad*(A1, B1)x) =

0 0 0 —b
0 —b —2d 3a—10b .
det 0 0 b 3d =—b".

b —d *a—5b —ic+10d

Thus again {Bx, ad(A;, B1)x, ad’(A,, By)x, ad*(A1, B1)x} spans R* at every
point x € R*, except at those points whose second component is zero. So (' =
{x eR* b=0}. Now we look for the largest set in Q' invariant under e**. If
(a,b,c,d)e, and e”*(a, b, ¢, d) remains in Q' for all ¢, the system

. . . .1 5
X1=X3, X2= X4, X3= X2, X4=2X172X2

must be satisfied for all ¢, —0o <t <00, with x1(0)=a, x3(0) =c, x4(0)=d, and
x2(t) = 0. Inspection of the above system shows x1(t) = x»(t) = x3(t) = x4(t) = 0.
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Again the hypotheses of Theorem 2 are satisfied. Thus for (PII), the zero
equilibrium is globally asymptotically stable with feedback control (6).

Once again we note that {A ,x, B1x,ad(Ay, B))x, - - -, ad’>(A, B1)x} does not
span R* for every x € R*—{0}. More computations will be needed to show the
applicability of Jurdjevic and Quinn’s theorem, if it is applicable at all.

5. Optimality. One further question may be posed regarding the feedback
control (6); i.e., in what sense does (6) provide an optimal control? The answer has
been provided by Jacobson [1] in the case when u is unconstrained. For complete-
ness we derive a result analogous to Jacobson’s for our constrained problem.

Define the cost functional

[ee]

I(x°, u)=I {qx)+u?ydt

0

where q(x) is positive definite function of x. For initial data x°, define

V(x% = min I(x° u).

Bellman’s equation of dynamic programming asserts that V must satisfy

min [VV(x) - Ax+uVV - Bx +q(x)+u*]=0.

A solution of the Bellman equation is provided by
Vix)=x"0x

where u = u*, where u* is given by (6). From Theorem 2 we know that the choice
u = u* yields the origin globally asymptotically stable. Also the Bellman equation
shows that q(x) satisfies

—2u(x"OBx)—u? if —x"QBx <u;,
(12) q(x)=9 x"QBx)* if uy=—x"OBx Su,,
—2u>(x"QBx)—u3 if —x"QBx > u,.
We now show that this choice of u * actually provides an optimal control. Let

u(t) be any control, u; =u(t) =u,, which causes x(¢t)>0 as t>00. For V(x)=
x"Qx we see that

0=2u*x"OBx +q(x)+u**=2ux"OBx +q(x)+u’.

Since
I(x% u)= V(x°)+J {2ux"OBx +q(x)+u?} dt
0

we find

I u®)=I(x° u),

so u™ is an optimal control. We summarize in the following theorem.
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THEOREM 3 (Optimality). If the hypotheses of Theorem 2 hold, then the
feedback control (6) minimizes the cost functional

16, u)=L fqG)+u? dt

where q(x) is given by (12) and u is in the class of control functions, u; =u = u,,
which causes x(t)->0 as t > 0.

Appendix. In this Appendix a simple proof is given of the following theorem
which was used in § 3.

THEOREM. For J a diagonizable n X n matrix with positive eigenvalues, there
exists a 2n X 2n positive definite matrix Q such that A"Q + QA = 0 where

0 J
A= .
L7 o]
The theorem was originally given in [5]. The proof given here is due to an
anonymous referee.

Proof. First observe that every symmetric solution Q of A"Q + QA =0 has
the form

X/ 0
(A1 Q= [ 0 X]’
where X is a symmetric n X n matrix satisfying
(A2) XI=J"X.

By hypotheses we know J = S~ DS, where D is a positive definite diagonal matrix.
Hence (A.2) is equivalent to

(A.3) YD=DY, X=S"YS.

(A.3) is satisfied for any positive definite diagonal matrix Y. Since X =S”YS and
XTI =STYDS are symmetric and positive definite, Q given by (A.1) is a symmetric
positive definite solution of A"Q + QA =0.
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ON EXISTENCE OF A NASH EQUILIBRIUM POINT IN N-PERSON
NONZERO SUM STOCHASTIC DIFFERENTIAL GAMES*

KENKO UCHIDATY

Abstract. Using the technique of Davis and Varaiya, we give an existence theorem for a Nash
equilibrium point in N-person nonzero sum stochastic differential games. It is shown that if the Nash
condition (generalized Isaacs condition) holds there is a Nash equilibrium point in feedback strategies.
Also we discuss two special cases where the Nash condition holds.

1. Introduction. Using the technique of Davis and Varaiya[1],[2], we give an
existence theorem for a Nash equilibrium point in N-person nonzero sum
stochastic differential games. It is shown that if the Nash condition (see Definition
2) holds there is a Nash equilibrium point in feedback strategies. Also we discuss
two special cases in which the Nash condition holds.

It is an essential point of the Davis and Varaiya technique that analogues of
the time derivation and gradient of the value function are constructed using a
martingale method. Consequently, we can obtain the optimal value directly by
optimizing the Hamiltonian at each point. So it is not necessary to discuss the
existence of the solution of the second order parabolic equations which are
satisfied by the optimal value functions (cf. [3]). These properties are attractive
from the differential game theoretic point of view. Recently, using this method,
Elliott obtained the good existence theorem of a saddle point in a two-person zero
sum stochastic differential game [4]. In this paper we discuss the nonzero sum case
by the same approach. In the zero sum case, the concepts of upper and lower values
play fundamental roles. On the other hand, in the nonzero sum game we can not
use these useful concepts, that is, we must construct an equilibrium point. This
makes the N-person nonzero sum game discussed here more difficult to solve.

Consider the following stochastic functional differential system:

1 dx,=f(t,x,u1, *+,un)dt+o(t,x)dB,

where ¢t € {0, 1], B, is a Brownian motion in R™. Let C be the space of continuous
functions from [0, 1] to R™. x denotes a member of C and x, denotes the value of
at . Initial value xo€ R™ is given to (1). It is noted that the system function f
depends on the past history of the process, i.e., {x;: s =¢}. The player i,i=
1, -+, N, chooses a feedback control u;(¢, x) with values in a compact metric
space U;. Then corresponding to this choice of control, player i incurs a cost of the
form:
1
@ P, un) = Elge)+ [ b xu, o, un) dif,
0
where
(i) g and h; are real-valued,
(ii) 0=g;=k and 0= h; =k for some constant k,

* Received by the editors September 9, 1976, and in revised form April 19, 1977.
t Department of Electrical Engineering, Waseda University, Tokyo, Japan.
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(iii) g; and h; satisfy the measurability properties described in the next
section.
It is the objective of each player to minimize his own cost.

2. Preliminaries. The situation treated below is similar to that of Davis and
Varaiya, and Elliott, so we continue their notations with slight modifications.

%, is the o -field of C generated by {x,: x € C, s =t}. The Brownian motion B,
is separable and defined on an underlying probability space (Q, &, n). & is the
o-field of subsets D of [0, 1] X C having the property that the section of D at time ¢
is in &, for each ¢ and the section of D at x is Lebesgue measurable for each x.

o(t, x) is an m X m matrix for each (¢, x)€[0, 1] X C whose elements o;;(Z, x)
are P-measurable and satisfy a uniform Lipschitz condition in x. The inverse
matrix o~ (¢, x) is assumed to exist and be bounded for (¢, x)€ [0, 1]X C. Then the
equation

dx' = 0'([, x) dBt, xO € Rm,

has a unique solution x, and it induces a measure P, on its sample space (C, %)
according to the formula

Py(A)=u{w: x(w)e A}, Ac%,.
Let @ denote the set of @ -measurable functions ¢: [0, 1] X C - R™ such that

lé (1, x)| = K (1 +]Jx])),

where || - || is the uniform norm in C. Write a, for the matrix o (¢, x)o”'(¢, x) and for
¢ € ® define

! _ 1! -
{(¢)=J; ¢t'atl’dxt—ajo ¢t'azl¢tdt,

where ¢, = ¢ (¢, x). Let the measure P, be defined by P4(A)= [4 exp ({(¢)) dP,
Ac \@—1.
Lemma 1 [6].
(i) Py is a probability measure
(ii) P, is mutually absolutely continuous with respect to Py;
(iii) {ws, t€[0, 1]} is a Brownian motion under P, where

dw,=a '(t, x)(dx,— ¢ (¢, x) dt).

Let %U; be the o-field of Borel sets of U;. An admissible feedback control for
player i is a measurable function

u;: ([0, 11X C, D)~ (U, U).

The set of such admissible controls for player i is denoted by ;. It is assumed that
the Borel o-field ®™ is always defined for each R™.
The function f is assumed to satisfy
@) f:[0,1]XCx U; X+ XxUxy->R™ is measurable with respect to the
o-field QU ®- - - ®Uy,
(ii) for each (¢, x)€[0,1]1XC, f(¢, x,+,- -, ) is continuous on U; X~ X
UN,
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(iii) there exists a constant K such that for all (¢, x, uy, -+, un)e
[0, 1]XCxU; X+ - - X U,

|f(t, X, U, * 7, uN)|§K(1+”x”)‘

The cost rate h;: [0, 1]X CX Uy X - - - X Uy~ R satisfies the same form of condi-
tions as (i)—(ii).
For (u1, -, un)eM1X- - X Mn and (¢, x)€[0, 1] X C, define

ful‘“uN(t, x)—_-f(t, X, ul(t, x), ey uN(t, x))’
BTN X)= i, %, (6 %), - U, )

Weseef“'"“Ne ®.Denoting P, ..., = Py1-n, Py,...unisthemeasure corresponding
to the solution of (1) in the sense that under P,,,...,p,

dx,=f(t, x, us(t, x), -+ -, un(t, x))dt + o (t, x) dB,,

where B, is the Brownian motion.

Let E,,,...., denote the expectation with respect to P,,...,. Then the cost for
player i, corresponding to (uy, * * +, un)€ M1 X+ + - X Mn, which was defined by (2)
formally, is now

1

Pi(uy, - -+, uN)"—"EuyuuN{gi(xl)‘*‘I hi(t, x, us(t, x), - - -, un(t, x)) dt}-
o

DErFINITION 1. Admissible controls (u¥, -+, uk)e M, X - - X My are said
to form a Nash equilibrium point if for each i =1, -+, N and for all u; € #,;,

(3) Pi(u;k, T, ulﬂfl)gpi(uf, T, u:k—b U;, u;k+1, Y ulﬂ:f)-

3. Nash equilibrium point. We start by quoting Theorem 3 of [5] in a form
adapted to our problem.

THEOREM 1. u*=(u¥, -+, uX)e M X - - X My is a Nash equilibrium point
if for each i there exist a constant J¥ and processes i and €, with valuesin R and R™
respectively, adapted to %, such that

(i) fol¢i? dr<oo  a.s. (Po),
(i) E [0 &1dx,=0, .

(i) gi(x))=JF+fonidt+[o€idx,  a.s. (Po),

and

n:+§: * f(t9 X, u>lk(t9 x)9 ) u:k—l(t’ x)9 ui(t, x)’ u;k+1(t’ x)’ tt Ty u;“l(t, x))
+hi(t’ X, u>1k(t, x)’ Y u;k—l(ta x)a ui(t, X), u;k+1(t, x)a Tt uﬂ;’([’ x))
=i+ & ft, x, u*(t, X))+ hi(t, x, u*(t, x))=0,

for almost all (¢, x) and all u; € M.
Consider the following auxiliary optimal control problem for player i. That is,
for each (w1, , Ui—1, i1, "+, UN)EM X - - XMiy X Mis1 X+ - - X MN,

P:k= inf Pi(uly e 9uN)'
u;eM;
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For this optimal control problem, the following lemma can be deduced directly
from the result of Davis and Varaiya [1], [2].

LEMMA 2. For each (U1,-:-,Ui—1, UWis1, ", Un)EMiX X Mi_1 X
Misy X+ - XMy there exist processes AV, and V'V, with values in R and R™
respectively, adapted to ¥, such that

1
j VVi*di<oo a.s. (Po),
0

1

EI AV dt <o,
’ 1 1
gi(x1)=Pf+ I AVidt+ I VVidx, a.s.(Po),
and for all u; € ;, ° ’
AVi+VVift, x, us(t, x), -+, un(t, x))

+hi(t, x, us(t, x), -+ -, un(t,x)) =0, for almost all (¢, x).

In particular, E [§ VVidx, = 0.

Now, for (¢, x, p;)€[0, 1] X CX R™, we introduce the Hamiltonian for each
i=1,2,---,N:

H(t’ X, Dit Uy, uN)
=plf(t’ X, U,y uN)+hi(t’ X, U, "0y uN)‘
DEFINITION 2. We say the Nash condition holds if there exists a function
u¥: ([0, 11X CXR™, 9®R™)> (U;, W),

for all i=1,2,---,N such that for each (¢, x,us, *,un, P1,***,PN)E
[0, 1]XCX Uy X+ - X UyXR™,

Hi(t’ X, pi: u;k(t, x’ P), Y u?:l(ty X, P))
SHi(t, x, pi uf(t, x, p), -+, ula(t, x, p), wi

ufat, x,p),- - -, uft, x, p)),
where p=(p1,* '+, Pn).
We can now state our main result.
THEOREM 2. If the Nash condition holds, there is a Nash equilibrium point.
Proof. Assume that there is no Nash equilibrium point; then, from Theorem
1, for each u=(uy, -, un)eM X+ XMy there exist ie{l,2, -+, N} and
ul e M; such that

Hi(t, x, £ u(t, x))
>}I'(t’ X, glt ul(t’ x)’ T ui_l(t’ x)’ u?(t$ x)’ ui+1(t’ x)’ Y uN(t$ X)),

for a set of (¢, x) of positive measure, and for each J¥ and each process niand &}
satisfying (i), (ii) and (iii) of Theorem 1 and the inequality: n; +&;f(t, x, u(t, x)) +
hi(t, x, u(t, x)) =0 for almost all (¢, x). Here note that the constant P¥ and the
processes AV, and VV, in Lemma 1 satisfy such hypotheses (i), (i) and (iii) of
Theorem 1andtheinequality justabove.So, takingJ* = P¥ ni = AViand¢, =VV},
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we have the following statement (we call it Statement A); that is, for each
ueMyX- - XMy there exist ie{1,2,- -+, N}, uleM; and VV! such that
Hi(t, x, VVi u(t, x))
>H(t; X, VV:: ul(t; x), T, ui—l(t’ x), u?(t’ x), ui+1(t, x)9 T, uN(t; x))’

for a set of (¢, x) of positive measure.

On the other hand, if the Nash condition holds, for each (¢ x) taking
pi = pi(t, x), where p; is an arbitrary &-measurable function with value in R™, and
uwi(t,x, p(t, x))=u"(t,x), p=(P1, - -, Pn) in the Nash condition, we have the
following statement (we call it Statement B); that is, there exists u* =
(Ui, -, uN)EMX XMy for each ie€{l,2,- -+, N}, each u; e M; and each
P -measurable function p; such that

Hi(t, x, pi(t, x): u™ (¢, x))
—S—Hi(t, X, ﬁi(t, X): ur(t’ X), T, u?-—l(t’ X), ui(t’ X), u:;'l(t’ X), T uﬁ(t, x))’

for all (¢, x).
Statement A is the negation of Statement B. Therefore, that Statement A
holds implies that the Nash condition does not hold. Thus we obtain the theorem.

4. On the Nash condition. We show two cases in which the Nash condition
holds. First, suppose

) ) fowun e u)= T filxw)

N
(ll) hi(t, X, U, * * uN)= Z h,’j([, X, u,-),
j=1

foreachi=1, - -+, N. In this case the Hamiltonian can be written in a form:
N

) Hi(t, x, pi s, -+, un)= Y Hy(t, x, pi: w;).
j=1

Consider inf, .y, H;(t, x, pi: u;). For each (¢, x, p;), H;; is continuous on the com-
pact metric space U, so the infimum is attained:

H¥(t, x, p;)= min H;(t, x, pi: w;).
uelU;
Let S; be a countable dense subset of U,. H;; is continuous in u; for each (¢, x, p;), so
that for any a € R,

{(t, x, pi): Hi(t, x, pi)< a}

= U {(t,x,Pi): I'Iii(t,x,Pi:ui)<a}~

ueS;

Hence H is measurable with respect to QR ™. An implicit function lemma of
Bene§ [7] shows that there is a measurable function u}: ([0,1]XCXR™,
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DROR™)-> (U, U;) such that
H:‘:(t’ X, Pz) = I{ii(t’ X, pi: u;k(t’ X, Pz))

5
( ) éI{ii(t’x’pi: ui)’

for all (¢, x, p;, u;). If we take the sum Yjv; Hy(t, x, p;: u¥(t, x, p;)) by using the
controls uf(t, x, pj)forallj=1, - - -, N, and add this sum to both sides of (5), then
we obtain the Nash condition from (4).

Next, suppose the case with following convexity:

(H,) (i) U;isaconvexsetforalli=1,:--:,N,
(ii) f is a convex function on U; for fixed (4, x,
Uy, * 5 Uj—1, Ujr1, -,uN)andallj=1,~- . ,N,
(iii) A, is a strictly convex function on U; for fixed
(t, x,us,**+, Uj—1, Ui+1,* **,uny)and alli=1,--- N.

In this case, using the Theorem of Nikaido and Isoda [8], we can show that there is
a point (4, -+, uR) in U; X - - X Uy such that for each i=1,- - -, N and each
(t7x’ ula et ,uN,p)G[O, 1]XC>< le' e X UNmeN,

Hi(t,x, pi: ul, -+, un)
6)

0 0 0 0
éHi(ty x’ pi: ul, trrty U1, U Uiyttt uN)'

Now write H{(t, x, p;)= Hi(t, x, pi: u3, - - -, u%). (6) can be interpreted as follows:

H?(t’ X, pl)= min I{l(ty X, pi: u(I)’ ttty, u?—l’ U;, u?+1’ trty, u?\l)
u;e U;
for each (¢, x, p;). Repeating the same argument as before, the implicit function
lemma of Benes shows there exists a DQR ™ -measurable function u (¢, x, p;) such
that

0
Hl' (t) X, pl)':I{t(t’ X, Di: u(l)y R u?—ly u:k(t’ X, Pi), u?+1’ ttty u?V)’

for each (t,x,p;). From the strictly convexity of h, Hi(t, x,pi:ul, -,
U 1, U1, LU is a strictly convex function on U; and the minimum is
attained by the unique point u}, so we obtain u{=u}(t, x, p;) for fixed (¢, x, p:).
Thus the Nash condition holds.

The above arguments are now summarized as follows:

CoROLLARY 1. Under either assumption (H,) or (H.), there is a Nash
equilibrium point.

5. Extension to other solution conceptions.’ The technique of the proof for
Theorem 2 can be extended to show existence for the other solutions dealt with in
[5]. According to [5], introduce the following solution conceptions.

DEFINITION 3. Admissible control u* = (u¥, -+, uf)e My X - - X My is

(a) efficient if there isno u = (uy, - - -, un)e M1 X+ - - X My such that

Pi(uly ttt, uN)<Pi(u’1k9 Y u"fil)’
forallie{l,2, -, N},

! The results of this section were suggested by the reviewer.
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(b) in the core if there is no S<{1,2,:-+,N} and no u=(uy,"*, un)€
MiX o X My such that
Pi(ug, us)<Pi(uf,- -, uX),

foralli e S, where u¥ ={u}, i € S}, us = {u, i € S}, and § is the complement of S.
THEOREM 3. There is an efficient point if there exist A = (A1, "+ +,An)€ R,
A =0, A #0 and a function
u¥: ([0, 1]X CxR™, DOR™) > (U;, Uy),

for all i=1,2,-+-+- N such that for each (t,x,us,***,uUn, p1,***,PN)E
[0, 11X CX Uy X+ +X UyXR™,

K4

AiIJi(t’ X, Pi3 u>1k(t, X, P), Tt ulﬂ:l(t, X, P))

1

'™

i
N

= '21 A;I'I,(t, X, Dit U, " * uN)
i=

where p=(p1,* * * , DN)

Proof. Assume that there is no efficient point. Then using part (a) of Theorem
4 in [5], it can be shown that this assumption contradicts the condition above as in
the proof of Theorem 2.

The following result is the combination of Theorem 2 and Theorem 3.

THEOREM 4. Suppose that the Nash condition holds and that there exists
A=y, " ,AN)ERY, A =0, A #0 such that

N
Z A,I{,(t, X, Di: u>1k(t, X, P), Tty uﬁ(t’ X, P))
i=1

N
= z A,}I,(t, X, Dii Uy, " uN)9
i=1
for each (t,x,u1, -, un, p1,*,pn)E0, 1]1XCX Uy X+ X Uy XR™; then
there is an efficient Nash equilibrium point.

Finally, using part (a) of Theorem 6 in [5], we can obtain the result for the
core.

THEOREM 5. Suppose that the Nash condition holds and that for each
Sc{1,2,- -, N} there exist constant A; =0, i € S, not all zero, such that for each
(t,x, U, " " UN, D1, " ’pN)e[O’ 1]XCXU1X. ' OXUNXRMN’

.ZSA;'SITL‘([, x, pi: uf(t, x, p), - -+, uX(t, x, p))
113

= .ZSA;'SI'Ii(t, x, pi: u§(t, X, p), us);
1€

then there is an admissible point in the core.
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RATES OF CONVERGENCE FOR SEQUENTIAL
MONTE CARLO OPTIMIZATION METHODS

HAROLD J. KUSHNERT

Abstract. Sequential Monte Carlo methods of the stochastic approximation (SA) type, with and
without constraints, are discussed. The rates of convergence are derived, and the quantities upon
which the rates depend, are discussed. Let {X,,} denote the SA sequence and define U, = (n + 1)%x,
for a suitable 8 >0. The {U,} are interpolated into a natural continuous time process, and weak
convergence theory is applied to develop the properties of the tails of the sequence. The technique has
a number of advantages over past approaches—advantages which are discussed in the paper. It gives
more insight (and is apparently more readily generalizable) than do other approaches—and suggests
ways of improving the convergence. The particular “dynamical’ nature of the approach allows one to
say more about the “tail” process—and to do more “decision” (or “control”) analysis with it.

1. Introduction. The subject of stochastic approximation (SA) for uncon-
strained systems has been well developed in many respects over the past 25 years.
See, e.g., the references in Wasan [1], and also Ljung[2],[3]. The treatment of SA
under constraints is relatively recent; see Fabian [4], Kushner [6], Kushner and
Gavin [5], Kushner and Sanvicente [7], [8], Kushner and Kelmanson [9], and
Kushner [10]. The SA problem (with or without constraints) occurs when one
wishes to choose a parameter x € R” (Euclidean r-space) of a system which (at
least locally) minimizes a scalar valued performance function f(x) (without or
under constraints), but where the form of f(-) is unknown (as it usually is in
complex control problems), and where only noise corrupted measurements of the
performance can be made, at various selected parameter settings. The algorithms
give a sequence of parameter values {X,,} which converges to a local minimum in
some statistical sense. The subject is a stochastic Monte -Carlo form of the general
computational problem of nonlinear programming, and has numerous applications
to control theory and practice in the areas of optimization, identification and
tracking.

All of the previous works on the constrained problem treat only the fact of
convergence. Here we give results on rates of convergence, and obtain some new
results for the unconstrained problem also. In particular, we will show that when
suitably scaled and interpolated, the SA process can be approximated by a linear
diffusion process, in the sense of weak convergence. The scaling and properties of
the diffusion give the rates of convergence, and much interesting additional
information as well. Some of the advantages will be made clear below.

In § 2, the unconstrained algorithm is introduced. Sections 3 and 4 introduce
a Lagrangian and augmented penalty function algorithms. The unconstrained
problem is further developed in § 5, and the theorem stated. Section 6 contains
some background on weak convergence of a sequence of probability measures on
certain metric spaces. This theory is a very natural tool for analyzing the

* Received by the editors August 17, 1976, and in revised form April 29, 1977.
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under N00O-14-76-C-0279, in part by the National Science Foundation under 73-03846-A01 and in
part by the Air Force Office of Scientific Research under AFOSR 76-3063.
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asymptotic properties of the interpolated process. In particular, it enables us to
exploit the statistical structure of the SA process, to enhance the rate of con-
vergence. The method of proof is new in SA, and seems to be more easily
generalizable (to other types of noise sequences and to other types of constrained
problems) than past approaches. relatively little is known concerning the statisti-
cal properties of SA sequences, considered as a process. Our approach seems to be
a useful tool for dealing with such properties for it emphasizes the ‘‘process’
aspects of the problem. See, also the remarks after the statement of Theorem 5.1.

2. The unconstrained case. Formulation. Let X, (with components
X!, -, X, denote the nth estimate of the local minimum, and let e; denote the
unit vector in the ith coordinate direction, and let {a,, c,} be null sequences, a,
being a positive definite matrix, and ¢, a (finite difference interval) positive scalar.
Define the “observation difference” 8Y, ={8Y,, - - -, 8Y%} and the observation
noises £5', £17 by

8Y, = (observation at parameter (X, +eic,))
—(observation at parameter (X, —e;c,))
=[f(X, +eica) + €= [f(Xn —eica) + €37,

Let &, =¢&n'— &2 and &, = (&5, - - -, €), and let 9B, denote the o-algebra deter-
mined by Xo, st ,Xm fo, Y gn—l‘ .
Define X,,+1 by (8fn = (8fn, - * -, 8fn), 8f n=f(Xa +eicn) = (X, —eicn))

an

(21) Xn+1=Xn—
2¢,,

Ofn | &n
0Y,=X,— ,,{——-+——}.
@ 2¢,  2cs
The w.p.1 convergence of {X,,} (when there is only one stationary point of
f()) has been the subject of most of the references in Wasan [ 1], and we mention
only some of the conditions usually assumed, namely:

2.2) Ez.&. =0 wp.l, Egé&ft,=M, alln,forsome matrix M.
(2.3) Y a, =00.

n

2.4) Y @nCn <00, Y |anl*/c2<o0.

The conditions were considerably relaxed in Ljung [2] and in Kushner [10],
although they required more smoothness on f(-) than the previous works did.
Also, [10] proved convergence to a stationary point of f(-), even when not unique.
The conditions required here will be given later.

By simple alterations in the calculations, it is possible to treat noncentral
difference and continuous time forms.

3. The constrained problem. A Lagrangian method. Now, suppose that we
wish to modify the problem so that f(x) is minimized under constraints g;(x) =0,
i=1,---,s, where each ¢;(*) is continuously differentiable. Let Q(x) denote the
matrix {g1,(x), - - *, g (x)}, where g; (") is the gradient of g;(), and let {b.},
i=1,---,s, denote positive null sequences and let A = A%, 1%, Af=0.
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Consider the Lagrangian algorithm.

(3.1 Ai=max[0,AL+bigi (X)),  i=1,---,s,
6Y,
(32) X=X = 22+ QX))

Suppose that there is a known number M such that the constrained minimum
6, and corresponding multipliers A satisty |9'| =M, X’ =M. Modify (3.1), (3.2) by
projecting on to the sets {x: |x'| <M}, {A: A'< M}, whenever the bounds are
exceeded. Then, under conditions (2.2)-(2.4), and convexity conditions on f(-) and
q(), [7] proved that {X,} converges w.p.1 to the constrained minimum 6.

It was not proved that A, converged to an optimal multiplier. Indeed, the
optimal multiplier may not be unique. Yet, let us note for later use, that in very
many of the examples which we simulated, it appeared that A, did converge to a A
such that the Kuhn-Tucker condition

(3.3) f:(6)+Q(0)A=0
held.

4. Equality constraints. An augmented penalty function method. Suppose
now that we wish to minimize f(-) subject to equality constraints ¢;(x)=0,
i=1,--,s,where ¢;() are continuously differentiable. An SA version of Mieles’
[11] augmented penalty function method was developed in [9]. Let 0 <k denote a
real number, define P(x) =3 ¥, |:(x)]* and ®(x) = {1, (x), - * -, Psx (x)}. let 7 (x)
denote the operator: (I —ar(x))v is the projection of v € R” onto the span
of {¢p1.(x), "+, dsx(-)}. The necessary condition. of the calculus for a local
stationary point at x is 7 (x)f,(x)=0.

Define the algorithm (P, (x) = ®'(x)d (x))

D)6 (X,) |
2Cn
Under essentially the conditions (2.2)-(2.4), bounded double differentiability of

f(-), and that ®'(x)¢ (x) = 0 implies that ®(x) is of full rank, reference [9] proved
convergence w.p.1 to a 6 such that w(0)f,(8) =0.

(41) Xn+l=Xn—an[7T(Xn)

5. Unconstrained problem. Theorem statement. Return to the algorithm of

§2. let a,=A/(n+1)%, ¢,=C/(n+1)", where C, @ and vy are positive real

numbers, a >, and A is a positive definite matrix. let us list the following

assumptions.

(A5.1) f(+) is continuous, and has bounded and continuous mixed second
derivatives.

(AS.2) Y.ai<o (ie.,a>1/2).

(A5.3) Y.a, =0 (ie.,a=1).

(A5.4) There is € R” such that X,, >0 w.p.1.

(A5.5) f(-) has continuous third derivatives f,,..(x) at x = 8. Define B(6) =
vector whose ith component is this third derivative ddivided by 3!

Tt is possible to treat the case where  is a random variable. Assumption (AS5.9) limits our
consideration to rates for the sequences which converge to a strict local minimum.
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(A5.6) Eg ¢, =0 wp.l.
(AS.7) There is a matrix 2(6) such that Eg, &£, - 2(0) w.p.1, as n -,
(AS5.8) For some >0, M, <0,

Eg|&.["*=M;  w.p.l,alln.

(AS5.91) Let a =1, B = a/3=2y. Define F(9) =Hessian matrix of f(:) at 6
Let the eigenvalues of AF(8)—BI =K, have positive real parts.

or

(AS.911) Leta <1, =2y=a/3,andlet the eigenvalues of AF(0) =F, have
positive real parts.

(A5.10) f:(8)=0.

Remark. The conditions are mostly self-explanatory. Assumption (AS5.9)
implies that @ is a strict local minimum. The w.p.1 convergence (A5.4) is assumed,
because we are concerned with rates of convergence. The actual convergence is
proved in the various cited references. Condition (AS5.6) is essentially a classical
condition in the subject. As discussed in § 11, the condition can be readily
weakened provided that we can still show that P{|U,|=N}->0 as N- oo,
uniformly in n, where {U,} is defined below. Indeed, the possibility of such
extensions is one of the advantages of our approach. See the note added in proof.

Let &;,, and &;, denote functions whose values may differ from usage to
usage, but which depend on X, and ¢,, and tend to zero w.p.1, as n »>00. (In § 9,
they may also depend on A,..) Define 6X,, =X, — 6. Then, using (A5.4, 5, 10), (2.1)
can be rewritten in the form

(5.1) Xus1=X, —a,[F(0)8X, +B(0)c2+ e 1.uCo+ £2,0Xn]— ankn/ (2cn).

The next step is to scale {6X,,}. For some 8 > 0 (to be selected below—we are
obviously interested in the largest 8 for which the process {U,} makes sense)
define U, = (n +1)?6X,. Then, using (n +2)® = (n + 1)’ (1+B/(n +1)+ O(1/n?),

(5.2) Uni1=UI+BI/(n+1)—a,F(0)—ané1.,)U, —a,(n+1)°c2B(8)
—an (n + I)Bgn/(zcn) +an8_m

where

En=(n+ 1)3[52,,,c,2.+—1—§,,0<l)].
2C, n
It turns out that all limits of {U,,} or of the interpolated {U,} introduced below do
not depend on the (asymptotically negligible—for the B to be selected) {£,}
sequence. To slightly simplify the development, we will drop the term henceforth,
although its presence would not affect any of the subsequent arguments—except
that an additional term would have to be carried.

Interpolation. Introduction. The next step in the formulation of the limit
theorem involves an interpolation of {U,} into a continuous parameter process.
The form of the interpolation is motivated by the following observation. Let {,}
denote a sequence of (zero mean) independent, identically distributed (for
convenience here) random variables with unit variance and E|y,[**” =M < oo for
some real y>0, M >0, and D be a matrix whose eigenvalues have positive real



154 HAROLD J. KUSHNER
parts. For each small A >0, define the sequence {V,} and function V2(-) by

Via=(I—-AD)Vi+VAY,,  Vb=x, fixed,

and V2(t)= V4 in [nA, nA+A). Then {V(-)} converges in several statistical
senses to the process solving

dV=-DVdt+dW,

where W(-) is a Wiener process.

Interpolation. Let D[0, ) denote the space of real valued functions on
[0, c0) which are right continuous and have left hand limits at each ¢. Suppose that
D[0, ) and its products are endowed with the Skorokhod topology (see Billing-
sley[16]for D[0, T], Lindvall[20] for D[0, 0).) We mention only that convergence
of a sequence {x" ()} to a continuous x(-) in that topology is equivalent to uniform
convergence on each finite interval, and that, under that topology, the space is
equivalent to a complete separable metric space, in that there is a metric,
generating the same topology, under which the space is complete and separable
(which we suppose henceforth).

Define At,=(n+1)% t,=Yr oA, =0, W,=(n+1"""¢,=
(n+ 1P VAL), W, =Z:’=_g 8W,, Wo=0. For each integer n, N, define
Wh'= Wnin— W, 8Wn' =8Wn4n, Uy = Un, and define U™ (-), WY (-) by:

U"(t) = Unsn, WN(‘) =Wnin—Wn=W, on [tn+n =ty EN4nt1—EN).

Note that a.&,(n+1/(2c.)=(A/2C))8W, and a,(n+1)°c:B(9)=

(AB(6)C?) At,(n+1)?"*". Also, the paths of W™ (-) and U™ (:) are in D"[0, o).
Dropping the a,, term, we have

A

Upsr= G,.U,.—(zc)JATn £.(n+ 172 = (AB(8)CHAtu(n +1)° 2,

(5.3)
where

G.=(I+BI/(n+1)—AAt,(F(0)+&1,)).

It is clear from (5.3) that unless y+B8—a/2=0, B —2y=0, E|U,|* will
diverge. We use, henceforth, the maximum B, namely B =2y = /3, with which
the exponents of (n +1) in (5.3) are all zero. _

Let W(-) denote a standard R’ valued Wiener process and U(-) the
(stationary process) solution to

(5.4) dU(t)=—KU(t) dt—AB(8)C? dt — (A/(2C))="*(0) dW (1),

where K = K; or K, (see (A5.9)).

The undefined terms (concerning weak convergence) in Theorem 5.1 will be
defined in the next section, and the proof given in § 7.

THEOREM 5.1. Under (A5.1)~(A5.10), {U™(-), WN(-)} is tight on D*[0, 0),
and {U"(-)} converges weakly to the U(-) of (5.4). (Le., any weak limit has the
probability law of U(-) on D'[0, 00) or on C'[0, ©).)
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Remarks. Clearly, we have the fastest rate of convergence when a=1 and
(A5.91) holds. The optimal normalization scaling 8, and asymptotic normalized
variance (lim,~ EU(¢)U'(t)) are not new; see Sacks [13] and Fabian [12], at least
for this unconstrained problem. Also, McLeish uses weak convergence methods
on the Robbins-Munro process [23].

The technique emphasizes the behavior of the asymptotic part of {U,},
considered as a dynamical process. The correlation structure of this process can
sometimes be exploited to yield (at time N) a function of the {Xn, Xn-1,* * ‘},
which is a better estimate of 6. See § 8. In practice, we observe the path
“dynamically”, and it is worthwhile to try to understand its dynamical behavior. In
certain cases, e.g., the Lagrangian method, the procedure often inherently
oscillates around 6, A, as it converges. The properties of this oscillation can be
deduced from the relevant results of § 9, and used to improve the estimate, or to
design a more suitable process. The approach may facilitate the use of SA in
control theory, where the interest is often inherently dynamical.

Extensions. By a slight change in the method of proof, we can also get the
extensions:

I. Assume the conditions of Theorem 5.1, but set 8 =min[2y, a/3]. If
2y <a/3, (resp. 2y >a/3) then noise (resp., bias) is relatively unimportant in the
limit and the theorem holds with dw (resp., B(6)) set equal to zero. If & = 1, and
0<b <pB and the eigenvalues of [AF(8)—bI] have positive real parts, then the
interpolation of {(n +1)°(X, — )} converges weakly to the zero process.

II. One-sided differences. Use the observation difference [observation at
(X, +cqe;) —observation at X, ]/c, instead of 8Y%. Then the theorem holds if
A/(2C),B;(#) and B =2y =a/3 (or B =min [2y, a/3]in I above) are replaced by
A/C, fix:(0)/2 and B =y =a/4 (or B =min [y, a/4]in I above), resp.

Theorems 9.1 and 10.1 can also be extended in the same way.

6. Weak convergence. The material is in Billingsley [16]. See, also Whitt
[17], Kushner [18, Chap. 2], Iglehart [19] or Lindvall [20], who gives the
extensions of weak convergence on D[0, T] (for some real T) to that on D[0, c0).
let {Z"} denote a sequence of random variables with values in a complete
separable metric space S, with associated o- algebra .

The {P"} sequence (and also {Z"}, here) is said to be tight if for each ¢ >0,
there is a compact K, € ¥ such that P"(K,) = 1—g, all n. If {P"} is tight, then any
subsequence has a further subsequence which converges weakly to some measure
P on (S, ¥). If {P"} converges weakly to P, then

jf(x)P"(dx)—) I f(x)P(dx)

for every bounded measurable f(-) which is continuous on a measurable set So < %,
such that P(So) = 1.

If P" > P weakly, and if Z is a random variable whose values are in (S, &) and
with measure P, we say that Z" > Z weakly also. In this sense, Theorem 5.1 is
understood to mean that the measures of the D’[0, c0) valued random variables
U™ (-) (or the measures that U™ (s), s <00, induce on D’[0, 00)) converge weakly to
the measure that U(-) induces on D'[0, ).



156 HAROLD J. KUSHNER

Let Z"(-) be a sequence of processes with paths in D[0, ©0)=S, w.p.1, and
induced measures P" on (S, &). Then, there is tightness of {P"} or {Z"(-)} on
D(0, 0), if the restrictions to D[0, T, ] are tight for some sequence T, - 0. We
sometimes use (without explicit mention) the fact (and similar facts) that if
E max,zr |Z"(t)|> 0 as n > oo for each T, and Z"(-) € D[0, ©) w.p.1, then Z"(*)
converges weakly to the zero element of D[0, ). We note for future use, that if
h(-, ) is a bounded continuous function, and Z"(-) > Z(-) weakly, where Z(-) has
continuous paths, then the processes defined by [, h(t,5)Z"(s) ds converge
weakly to the process defined by [, h(t, s)Z(s) ds.

7. Proof of Theorem 5.1. 1. Returning to (5.3) and using 8 =2y =a/3, we
first show that{U,} is tighton R". Define (neglecting a.,, as we can easily show is
legitimate) {v,} and U, by

Ons1=Gun —AB(6)C*At,, U,=U,—0a

Note that, if random functions Z, and Z;, take values in the same space for
each £ >0, and differ on at most an w set of measure g, and if {Z} is tight on some
space for each & >0, then {Z, } is tight. Thus, since £, > 0 w.p.1, if tightness (and
the theorem) is proved under the assumption that for each £ >0, there is an
integer N, <o such that £, .| =& forn ZN,, and |, ,|is uniformly bounded, then
they will be true in general. We make the assumption on £;,.. Under_this
assumption {v, } is bounded, hence tight on R". We only need to prove that {T,}is
tight. We have

0n+1 = Gnﬁn - (A/(ZC))\/—A_—tn én-

By (AS.6), (A5.8), and under cases (AS5.9I) or (AS5.91I), there are positive
constants M, M, such that, for large n,

Ea,|Unii?=|G, |0 >+ M, At, =(1— M, A1,)|U.[>+ M, At,,

from which boundedness of {EIU [}, hence tightness of {U,} follows.’

2. A representation for U™ (-). Define Ci=1 for i >j and Ci=G; - - - G; for
i =j. Then (5.3) is solved to get

N+n
Un+ns1=CN""Uxv— Y CmiilA/(QC)8W,, +AB(0)C? At,,],
m=N
or, equivalently, (a more convenient form for us)

(11) Uanes=CH™"Ux = 3 CHIA/QCN W1~ Wa)=(Won = W)
+AB(0)C*(tm+1—tn) = (tm —t))].

For the moment, let us consider only the sum in (7.1) involving the W,.

Denoting that sum by I N*"and rewriting it by collecting the coefficients of each W;

% It is precisely the difficulty of proving tightness of {U,,} when (A5.6) is relaxed, that forces us to
require (A5.6). See the last section, where relaxations of the condition are discussed. See the note
added in proof.
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yields

iNr= an [Co ™" = CiiNA/ QRO (Wi = Wh) +(A/O)(Wirsn1— Wa).

m=N

Using Cp""—Chit= Cﬁi’l‘(K At,, +¢3,, At,,), where K =K, or K, according
to the case of (A5.9), yields IN " = INT"+IN*"+(A/(2C))(Wn+n+1— Wx), Where

IN""= Z CX™™(CR) (=K At )(A/QRC) (W, — Wh),

= Z CN™(CR) ™ (—&3,m Btm)(A/(RCO)) (Wi = Wh).

Now, for each N, define Cx(+) on [0, c©) by
CN(t) N+n on [tN+n _tN, tN+n+1_tN+n)-

Since Z°°_N (At,)*>0 as N->00, we have that Cn(t)»exp (—Kt), as N - oo,
uniformly (w.p.1) on finite time intervals.
For each N, define the interpolations In(:), In(), In() of the sequences

(N, TN, (TN, by e.g.,
IN(t) IN+” on [tN+n =Ny INtn+1— tN)

It is not hard to show that {Ix(-)} is tight on D"[0, ®) and goes to the “zero”
process weakly, as N->00. Thus, we ignore it henceforth. Define

f~<t)=—[0 Cu(D)CRH )R (A/RC) W (s) ds +(A/RC)W™(0),

In(t) = —L exp (—K(t—s))K(A/QRC)W"(s) ds +(A/RC) W™ (¢).

It is not hard to show that
{jN(t) —JIn(®)}, {jN(t) —In(t)}

are tight on D'[0, o) and tend to the “zero” processes weakly as N->00. A similar
development can be made for the sum in (7.1) which involves the (#,. —t~). Putting
all the foregoing together and adding the neglected terms, we have

UN(t) = (exp (-Ke)) U™ (0) + L exp (—K(t—5))K(A/(RC)W"(s) ds

—(A/C))WN
72) (A/QCYW™ (1)

+jt exp (K (t—5))R(AB(8)C)s ds — (AB(8)CO)t + Enlt),
1]

where én(-) is a process which tends to the zero process weakly, as N - c0. Note
that if a subsequence of {UN(0), WN(-)} converges weakly, so does the subse-
quence of {U"(-)}, and the limit process has continuous paths w.p.1.

3. Suppose that W"(-) were tight on D"[0, ©) and that any weak limit is a
Wiener process with covariance 2(6)t. Then the limit of {U"™ (-)} corresponding to
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any weakly convergent subsequence of {W"(-), UN(0)} is equivalent (in law on
D'[0, 00)) to the process given by (7.2) with U™ (0), W™ () replaced by some U(0),
W( ), where W( )is a Wiener process with covariance Z(6)t. The theorem follows
from this, since the resulting right hand side of (7.2) solves (5.4) (as an integration
of (7.2) by parts will show).

4. Thus, we only need to prove the first sentence of 3. We use Theorem 2 of
Scott[14] with an appropriate change of notation. Scott’s result is the following.

Let {v5'} denote an array of scalar valued random variables where v}, i <n,
are &, measurable, for some sequence of o-algebras %5, which is nondecreasing
in n, for each N. Let 2 be a positive real number. Let Egvf = 0 w.p.1, and define
mx(t)=max{i: E ¥,_, (v;)>=rZ}, t [0, ), all N. Define

mp(t)

(7.3) O ;0 oM.

Let (condition B of Scott’s Theorem 2; the notation 5 means convergence in
probability)

mp(t)
(7.4) Y E{w!)’|8 3 3,
i=0
mN(t)
(7.5) Y E{0!)’Iyrze)| B} 50, alle >0,
i=0

as N -0, for each t<co. Then {V™(-)} is tight on D[0, ©), and the limit of any
weakly convergent subsequence is a Wiener process with covariance ¢ and mean
zero. Actually Scott deals with D[0, T] and =1, but his theorem is valid on
D[0, o) also (and for any >0, by a simple scaling).

Assume that 3(6)#0, for otherwise the result is trivially true. Let A € R"
be such that A'S(6)A > 0. Identify B with Bns, vi with A’8W?Y, and = with
A'2(6)A. Note that the convergence X, - 6 and (AS.7) imply (7.4). Condition
(A5.8) implies (7.5). Thus, by Scott’s theorem { V" ()} is tight and converges to a
Wiener process with mean zero and covariance (A'2(0)A)t, as N - 00, Note that

E 'Zo wM?=E 'Zo (A Eén+jén+ir) Atny;,
j= j=

and E§N+,§N+,—>E(0) as N, j>co. Thus, the result remains true if E]A"én+;|* =

E (v, )? is replaced by A'2(0)A in the definition of my(t). With this change, the

definition of V™ (-) is the same as that of A’ W~ (-); thus A' W™ (- ) converges weakly

to a Wiener process with mean zero and covariance A '2(6)At.

Since the result of the last paragraph is true for each A (if A'S(6)A =0, then
the W™ () converge to the “zero” process), we can conclude that {W”" ()} is tight
on D'[0, o), and that it converges weakly to the desired R" valued Wiener
process, with covariance 2(0), degenerate or not. Q.E.D.

8. Exploitation of the “correlation structure’ of the limit process. In order to
illustrate a possible useful application of the correlation properties of (5.4),
consider a simple scalar case with B(9)=0, 2C=1, B8 =a/3. Write F=F(9),
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3(0)=07; let a =1 and let K = AF — B >0. Then (in steady state)
EU(t)=0, EU@)U(t+s)=Vexp(—Ks), s>0,

8.1) V=A%?/(2(AF —-B)).

V is minimized by A =2B8/F = A,.

In practice, F is not usually known. In order to reduce the sensitivity of the
iterate sequence {X,} to ‘“large initial noises”, and to partially rectify the slow
convergence that occurs when A is too small, it is common for an A > A, to be
used (where, of course, F must be guessed). For similar reasons, an @ <1 is
sometimes used, and what follows also holds for the @ <1 case (in which case the
correlation (8.1) uses 8 =0 and K = AF). As A increases, K increases, and the
process {(n +1)° (X, —0)} ={U,} behaves more “wildly”. We will try to exploit
this.

Let b €[0, 1), 0<t <00 and define gn(t) = max {i: Z o Atin=t}, qn(0)=0.
Using the fact that n 3(x. —0) BN(O, V), together with the correlation structure
of (8.1) yields, for large N,

E[b(Xn—0)+(1—b)Xn+gny— )T

~v[ b* 2b(-b)exp(-Kr)  (1-b)° ]
N7 NN +qn(@)"” (N +qn(@) )

(8.2)

(Condition (8.2) holds as a limit relation if we multiply both sides by N*/*, and let
N->00.)
By definition of gn(:),

N+qn(t)

Y At=t=log[N+gn(t)]-logN,
i=N

and e '(N+qn(t))/N -1, as N > co. Then (8.2) is approximately (the ratios tend
to unity as N - 00)

(8.3) N‘z/—m[b2+2b(1 —b) exp (—(K+1/3)t)+(1—b)* exp (—2t/3)].
At b =0, the derivative of (8.3) with respect to b is
84 e exp (~1/)exp (K1) ~exp (~1/3)].

AtA =A, K=p=1/3,and (8.4) = 0. So, under “ideal” conditions (at least from
an “asymptotic” point of view), the linear combination inside (8.2) does not yield
an improved estimate. But if A > A,, then (8.4) is <0, suggesting that we can
improve the estimate of 6 atiterate N +gn(¢), by using some linear combination of
past iterates. Such ideas have a natural appeal, and such smoothing is sometimes
used in practice, irrespective of the value of A ; but, we see that it can be harmful,
unless A > A, (or @ < 1) and the weights are carefully selected.

An open, and interesting, question in the general vector case is whether A
can be selected (still guaranteeing X, > w.p.1), but such that K has some
complex eigenvalues— the {X,,} sequence would then exhibit “oscillations” on the
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average, which perhaps, could be exploited (via suitable smoothing of the {X,}) to
obtain better estimates of 6.

Calculations made on simple sample problems indicate tha complex eigen-
values (often corresponding to the eigenvalues with the smallest real parts) occur
quite frequently for the Lagrangian algorithm of §§ 3 and 9. Perhaps smoothing
can be usefully applied there.

It should be clear from the foregoing, that our “interpolated process”
analysis of {X,,} and {U,.} is rather natural and that it can yield much more insight
into the properties of the sequences, and smoothed functionals of the sequence,
than can the more standard analysis of only the random variables {X,, U,}.

9. Asymptotic rate for the Lagrangian method of § 3. The development is
close to that for Theorem 5.1, and only an outline will be given.
Assumptions. Assume (A5.1)~(A5.8) and
(A9.1)  Thereis a A such that A,, > A w.p.1.
(A9.2) If ¢;(8)=0, then suppose that X’ >0. (Of course, if g;(§) <0, then
X=0.)
(A9.3) Each g;(-) has continuous and bounded first and second derivatives
at 6.
(A9.4) Q(0) (see § 3) is of full rank.
Let @, ¢, be as in §5, and let b,=diag(b’, --,b")/(n+1)* =
diag (bn, - - -, b}), where b* >0, i =s. Define

Qi(0)={62qi(x)/8xk ol k,j=1,-+-,r} atx=0, i=1,---,s.
Define Ko=A(F(8)+Y,A'Q;(6)) and

G- [-—BIS(:(O) A%w)]

(A9.5) Let a<1 (a=1, resp.) and let the eigenvalues of K, (K;=K,—
BI, resp.) have positive real parts.
(A9.6)  Let 0 satisfy the Kuhn-Tucker condition f, (8) +Y, X'q;.(6) = 0.

Remark. The A, - X convergence was not proved in [7], but it appears from
our simulations that convergence of {A,} occurs quite frequently. Assumption
(A9.2) is often assumed in the deterministic case; it simply says that the
“economic price” of an ““active” resource is positive at the optimal point.

If :() <0, then ¢;(X,)~>q;(8) <0 and (3.1), the convergence X, - 6, and
divergence of Y, b, together imply that A}, = 0 for all large n. We will henceforth
ignore ¢; if g;(#) <0. We can and will assume that all s constraints are active at
0—with no loss of generality. The linear independence of the g;.(6) is also
commonly assumed in the analysis of deterministic algorithms.

If K, is positive definite and A and B are diagonal with the same constant
diagonal elements, then (using (A9.4)) Polyak [21, proof of Thm. 1] implies
(A9.5), for B =0.

Development of the algorithm. Owing to the remarks above and since we are
only concerned with large n, we can write (3.1) as AL, =AL+bLqi(X,), i =
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1,---,s. Define 6A, =A, —A. Then, using (A9.6), we can write
<8Xn+1) - (Ir —an(IZO"'El,n) _an(o(a) +£2,n))<6Xn)

8An+1 bn(oi(0)+83,n) Is 8An
_(an (B(0)c3+s4,nc?.)) _an (&)
0 2¢,\0)’

where I, = identity in R".
The terms ¢;,, all depend only on X,, and A,, and tend to O w.p.1 as n - 00, by
the convergence (of {X,,, A,}) and smoothness (on f(:), q(-)) assumptions.

Define U, =(n+ l)ﬁ(;o;i("). Following the method by which (5.2) was
obtained from (5.1), we get (the &;,, have the properties of the ¢;, above)
— B _ —a - ]
Upi1= [I+(n " 1)I (n+1)*(Ky+é1,) (U,
2+ -
9.2) —(n+1)"*(n+1)° _ZV(AB(O)E 82’”)

1)+ 1)‘“‘/2+"+’(A/(2C))(%)( 1+ o(%))

Define At, =(n+1)"%, t,, 6W, and W (-) asin § 5, let U™ (-) denote the
function which equals Un.+, on [tn-+n — N, tn-+n+1— tn) (analogously to the defini-
tion of WN(+)). Set B =2y =a/3. Then (9.2) can be rewritten as (K =K, or K,
according to whether @ =1 or a <1)

03) Upn=l1-86,&+2,010, -4 *PO) —as00(*}7)

+ Ay

Let W(-) denote a standard R” valued Wiener process, and let U(-) be the
(stationary process) solution to

(9.4) —’—4—21/2(0) dW(t))

2C

2
AB(6)C ) .

dU(t) = —RU(t) dt—( .

0

THEOREM 9.1. Assume (A9.1)-(A9.6), (A5.1)-(A5.8), and let a, =
A/(n+1)°, b,=B/(n+1)*, ¢,=C/(n+1)", where C>0, B is diagonal with
positive elements, and A is positive definite. let B = 2y = a/3. Then {U™(-), WY (")}
is tight on D> ™[0, ), and any weak limit of the {U" ()} has the law of the
(stationary process solution) U(-) in (9.4).

Remarks. The proof is almost the same as that of Theorem 5.1 and is
omitted.

Owing to the presence of the “multiplier dynamics” in (9.4), it is more likely
that K; will have some complex eigenvalues. The consequent oscillations (of the
correlation function) should be exploitable, viaideas such as those in § 7, to yield a
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smoothed sequence of estimators which are better than {X,}. Indeed, such a
possibility justifies our point of view concerning the advantages of studying weak
convergence of the processes U™ (-) to U(-), over the simpler convergence in
distribution of the R" valued sequence {U,}.

10. Asymptotic rates for the equality constrained algorithm of § 4. We will
need the assumptions:
(A10.1) The ¢;(+) have two continuous derivatives at 6.
(A10.2) The ¢, (0),i =1, - - -, s (the rows of ®(#)) are linearly independent.
Let v(y) (with components v4(y), - * -, v,(y)) denote the vector 7 (y)f,(y). let
(7f<(y))x denote the matrix

v1x(y) ovi(y)/oxy --- dvi(y)/ox,
ST =[wi(y), - w, ()]
vrk(y) | |ov(y)/oxy -+ dv.(y)/ox,
w“(y) er(y)
er(Y) wrr(Y)

Define
K, = (nf.(8))x + k' (6)D(6).

(A10.31)>  Let a=1, B=2y=1/3. Let the eigenvalues of K,=AKo—BI
have positive real parts.
or

(A10.3II) Let a<1, B8=2y=a/3. Let the eigenvalues of K, =AK, have
positive real parts.

(A10.4) 0 satisfies the necessary condition for a constrained minimum,
w(0)f.(6)=0.

Let 2 ,(X,) denote the covariance (given %, ) of the projection of &, onto the
orthogonal complement of the span of ¢1,(X.), -, d:.(X,). We use the
terminology of § 5, except that {X,} is given by (4.1). Under (AS5.7), and the
convergence (A5.4), there is a matrix 2,(0) such that cov [7(X,)£,|B.]>2.(0)
w.p.1, as n - 0.

THeorReEM 10.1. Assume (A5.1)~(A5.8) and (A10.1)-(A10.4). Define U,, =
(n+1)?(X, —6). Then {U"(-), W~ (-)}is tight on D*'[0, ), and there is a standard
Wiener process W(+) such that any weak limit of {U N(. )} has the (stationary process
solution) law of the U() in (10.1), where K =K, or K,, according to the case of
(A10.3).

(10.1) dU(t)=—-KU(t) dt —Amw(0)B(6)C* dt — (A/(2C)ZY*(0) dW(2).

Remark. The proof is very close to that of Theorem 5.1 and is omitted. We
remark only on the expansion of (4.1), and on the conditions. The &; ,, €; , have the

3 See the discussion after Theorem 10.1, and, in particular, the representation (10.8) for K.
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same meaning as in § 5. With X, —0 = 6X,, we can write
(10.2) 8X41= 80X, — an[m(X){f () +B(0)ca+ €1.4C i+ £2,16Xn
+&0/ ()} +kP'(0)D(0)8 X, + £3,,0Xa].
using (A10.4) and the smoothness assumptions on f(-) and ¢ (-), we get
(10.3) (X )fx (Xn) = (< (6))x0X, + €4,n0Xn.

Now, using (10.2), (10.3), the values of «, 8, ¥ in (A10.3) (Case I or II), and a
development of (n +2)® such as used in Theorem 5.1, we get (analogously to the
unconstrained case)

Un+1 = [I_Atn (IZ +§1,n)]Un ——At,.A7r(0)B(0)C2

(10.4) ~VAL(A/2C) 7 (0)E, —Atn(b’z»" +§"O( 1))

n
Using (10.4), the proof goes as it does for Theorem 5.1.

Remark on (A10.3). Without loss of generality, suppose that 8 = 0. Let T'(y)
denote the tangent line or hyperplane to the curve or surface {x: ¢ (x) =0} at y,
and To(y) the orthogonal complement to T(y). In general To(0)>
span {¢;,(0),i =s}. We make the additional assumption that To(0)=

span {¢; .(0), i =s}. Let x =(x, - - -, x,) denote the generic point in R". With no
loss of generality (and some gain in insight), we can assume that the basis is such
thatx,, * -+, xs and x,41, - * +, x, form bases for T(0) and T'(0), resp. Using the last

three sentences and (A10.2), we have that there is a nonsingular (s X s) matrix ®
such that

A |
(10.5) &'(0)®(0) = [-“i‘?_g.‘l],

Let N° denote an ¢-neighborhood of 0 R". There are differentiable func-
tions [;(+), - + -+, L, (-) on R"* such thatif x e N® N{x: ¢ (x) = 0} = N3, and ¢ is small
enough, then

X =li(xse1, 00, Xr), i=1,---,s.

Henceforth, assume that ¢ is “sufficiently”” small.

We will now develop a representation for (f, (0)),. Let  denote a small real
number. By the definition of the tangent plane or line T(0), L (e8) = O(67),
j=s+1,---,r. Consequently, for j =s, the smoothness of ¢(-), w(-) and f,(-)
implies that

(10.6) 7r<e,~6 +3 el (eja)) : fx(e,ﬁ + i;l il (eja)) = m(e)f(8) + O(5?).

By the definition of w;(0),
(10.7) lim w(e:6)f:(€:6)/6 = wi(0).

recall that 7 (0)f, (0) = 0. Note that for each i, the vector
w(8e;)f, (5e;) = [projection of f, (5e;) onto the tangent plane T'(8e;)]
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has components O(8) on T(0) and O (6 %)on To(0). Thus, by (10.7), w;(0) isin T(0)

0
and, hence, has the form w;(0) = [ ] for some r —s vector g;.
_ We will examine further the term Fy=[g+1," , 8] Define the function
f(-) on N°* N T(0) by

f(xs+1, vt ,xr)=f(ll(xs+1’ v '), T, ls(xs+1’ v '), Xs+1, " *° ’xr)-

Note that the vector of the last r —s components of the left side of (10.6) is the
gradient of f(-) at ¢;5 (modulo a term of order 0(82))._This fact, together with
(10.6) and (10.7) imply that F,, is the Hessian matrix of f(-) at 0. Finally, K, takes
the form

(10.8) Ko=

_ [ kdd |0 ]
gl,""gs:F¢ ’
Thus (A10.31I) holds if the eigenvalues of the Hessian F, have strictly positive
real parts and A =diagonal (a, a, - -), a>0. In any case, the representation
(10.8) clarifies the meaning of the condition (A10.3).
Remark on the value of k. If @ =1, we require that the real parts of the
eigenvalues of

AK,—BI
be positive. This requires that k =some minimum positive value. Certain deter-
ministic algorithms [15] also require a minimum value of k, for convergence.
Here, convergence occurs for any k. But, if & = 1, and k is too small, the rate (8)

will not be a/3 = 1/3, but something less, something which also seemed to hold in
our experiments.

11. Extensions. Assumption (A5.6) was used, because we were not other-
wise able to prove tightness of {U,} in any generality. Theorem 11.1 follows from
the proof of the previous theorems. Itis not toodifficult to findreasonable conditions
under which W"(-) converges weakly to a Wiener process. After the theorem
statement, we will comment on this. See the note added in proof.

THEOREM 11.1. Assume the conditions of Theorem 5.1 (or of (9.1, 10.1),
except for (A5.6), and suppose that {U,, W" ()} are tight, and {W"(-)} converges
weakly to a Wiener process with mean 0, and covariance Zo(0). Then the conclu-
sions of the theorems still hold.

Remarks. Our remarks will be confined to the unconstrained case, for the
others are treated similarly. The a,&, in (5.2) causes no problem; the difficulty in
proving tightness of {U,} on R" has been due to the £, term, althoughiitis “sure”
to be eliminated eventually. Indeed, if tightness of {U,.} can be shown, then even
(A5.4) can be replaced by the weaker convergence in the theorem of Kushner
[10].

Define gn(t) =0 on [0, Atn), gn(t) =i on [Aty+- - +Atnyiog, At +- - -+
AtN.H'). Then

N w1 1/2
W) = Z’o Envi(Btne) 7
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Tightness and convergence of {W"(-)}. Let us drop (A5.6)-(A5.8). We will
replace them by the “reasonable” conditions (A11.1) to (A11.3). According to
Billingsley [16, Thm. 15.5]if {W" (-)} satisfies a criterion “similar” to that used to
prove tightness* on C'[0, ), then it will be tight on D'[0, ©), and all limits will be
continuous w.p.1. In particular, by Theorems 15.5, 12.3 and 12.2 of [16] and the
definition of W™ (+), this holds if there is a real K such that

n+m—1

2
‘Z Atil, alln, m >n.

(11.1) E|W,im—W,|'=K

Equation (11.2) is equivalent to (11.1), where t5 = tn1n — tn.
n+m-—1 2
(11.2)  E|WN(Ehm)— WN(tnN)|4§Kl Y Ay ' , allN,n,m>n.

Just to simplify the notation in the following development, we assume that the &,
are scalar valued.

Let &, be the o -algebra determined by Xo, - * * , X 41, €0, * * + , €. Assume
(A11.1)  Thereis aninteger k =0 such that for all N, i |[Egnén+i| =(1+|EDai,

where o} are real quantities satisfying YO o NAtn1i) > >0 as N>
0, for each t, where we define En=Y,_, |En-1.
Let R(0, 1) and B} be real quantities such that
an(t)
LIR(6; )| <oo, > BZ‘(AINHAINﬂ)l/Z')O
1 ij=1
as N - o, for each t.
(A11.2)  |Ezén+ibn+in—R(6, D=1 +|En)Br+1 | 20, for some integer k =
0,and all N, i, l.
(A11.3) There is a bounded function R(-, -, +, -) and real number K such that
|E&EEE| =R, j, k, [) and (wheret, t + s are restricted to jump times of
L a0))
qn(t+s)—1
Y R(WN+i,N+j,N+k, N+1)(Atns; Atnj Atni Atniy) /> =Ks>.

Lik,l=qn(t)

Discussion of the conditions. The conditions can all be weakened, but we do
not know their “best” form. Assumption (A11.1) replaces (AS5.6). It describes the
type of mixing or summability condition that holds if the {£,,} were generated by
the solution to an equation such as

(11.3) bnvivitaobnritainrior - 4l = Y,

where the {,, } are independent, Gaussian, zero mean, and identically distributed,
and the roots of [A**'+aeA’ + - - - +a; = 0] are all strictly interior to the unit circle.

Similarly, (A11.2) holds for (11.3). If the noise {¢,.} were a stationary process,
with E&& 4 =R (1), then (A11.2) would read

|Egnén+i€n+ivt — Eénviyn+ivt| = (1+|E)B N+t

4 C[0, c0)=space of continuous functions on [0, c0) with the metric of uniform convergence on
finite intervals.
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The condition (A11.2) is a type of ““asymptotic’ stationarity (as X,, > ) combined
with a mixing condition. Conditions (A11.1)-(A11.2) are used to show that the
limit of {W"(-)} is a Wiener process, given tightness, and (A11.3), which implies
(11.2), also implies tightness. Also, it holds for (11.3).

Condition (A11.3) actually is not too restrictive. For example, it commonly
occurs that there are functions R(-,-) such that R @, [] k,)=R(, )Rk, 1)+
R, DR (k,j)+R(, k)R(], 1), and where R (i, ])<Ma ““I'for some a € (0, 1), and
real M. Then the sum in (A11.3) is bounded above by

an(t+s)—1 X 2
(11.4) 3M2< Z a 't—ll(AtN.ﬂ' AtN+,‘) /2)

ij=qnN(t)
and, in turn, the bound in (A11.3) can be verified from (11.4). Note that (A11.3)
implies that:

For eacht, there is an M(¢) <ocosuch that
E|W" (8)]* = M, (¢), all N.

Under (A11.3), (11.2) holds and {W" (-)} is tight on D[0, o), and the paths of
any limit process are continuous w.p.1. Assume that {Ux} is tight on R". Then,
{U"(-)} is tight also.

We will prove that the limit of {W" ()} is a Wiener process with covariance
Ry(0)=R(6;0)+2 Zfil R(6; i). First, some estimates are needed. let Bx(t) be
the smallest o--algebra which measures {W" (s), U™ (s), s =t}, and, for notational
simplicity, fix s, ¢, and set my = N +qn(¢).

By (A11.1), and the definition of W™ (¢ +5)— W™ (z),

(t+s)—

(116)  [Eao W'+ = WNOI="'F (Ats) a1+ En).

"qN(t

(11.5)

We can write

t+s)—1

qn(
Eany(WNt+5)—=WN0)) =" Y (Atwsi Atnj) Eanobnrién g

ij=qn(®)
qN(t+s)—1
(11.7) = 2 AtN+.EgaN(x)§N+.
i=qn(t)
qN(t+s)—1-1 12
+2 X > (Atn+i Atnsivt) ' “Egnnén+iénivr
IZ1  i=qn(0)

By (A11.2), we can rewrite (11.7) as

qn(t+s)—1
R(0;0) Y Atns
i=qn(1)
1 . qn(t+s)—1-1
( 1 8) +2IZIR(0;I) Z ) (AtN+i AtN+i+l)1/2+P‘N(t’ s)a
= i=gnN(t

where the coefficients of the R(6;0) or 2R (0' [) tend to s, as N - 00, and where

(11.9) IFN(t,s)|§2(l+|£mN|) z B,,(AtN+, Aty )2

i,j=qN(t)
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Let h(-) be a real valued bounded continuous function on some Euclidean
space R?9, with t,, - - - , t, arbitrary real numbers =t. Let {U™(-), W"(-)} denote a
weakly convergent subsequence. Let the limit process be denoted by U(:), W(-).
By (11.6) and the uniform integrability (11.5) and (A11.1),

(11.10) ER(WN (&), UN (), i =q)(WN (t+5)— WN(£)) >0,

By weak convergence, and the uniform integrability (11.5), the left side of (11.10)
also tends to

ER(W(), U®), i =q)(W(t+s)— W(1)),

which must thus equal 0. Similarly, (11.8), (11.9), (A11.2) and the weak con-
vergence and uniform integrability (11.5) yield that

Eh(W(t), U(t), i =q)[(W(t+s)— W())’—Ro(0)s]=0.

The last paragraph, together with the arbitrariness of h(:), ¢, s, ; =¢, and the
continuity of W(:), w.p.1, imply that W(-) is a continuous martingale with
quadratic variation Ro(8)s; hence it is the asserted Wiener process.

Note added in proof. Tightness of {U,,} and other recent extensions will appear
in a monograph (in preparation) by the author and D. Clark.
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