SIAM J. CONTROL AND OPTIMIZATION © 1982 Society for Industrial and Applied Mathematics
Vol. 20, No. 1, January 1982 0363-0129/82/2001-0001 $01.00/0

A REMARK ON CONTROLLABILITY FOR SYMMETRIC HYPERBOLIC
SYSTEMS IN ONE SPACE DIMENSION*

N. WECKT

Abstract. In a recent survey paper [SIAM Rev., 20 (1978), pp. 639-739] D. L. Russell reports (among
other things) on controllability results for symmetric hyperbolic systems in one space dimension. Russell
explicitly gives two numbers T, and T; such that the system in question is exactly controllable in times
T = T, but not even approximately controllable in times T < Ty,. It is remarked that there must exist some
T, such that the same results hold if both Ty and T are replaced by T.. In the present paper we want to
show what this *critical time” T is.

1. Notation and formulation of the problem. Consider the symmetric hyperbolic
system

1) aw(t, x)=Ax)ow(t, x)+B(x)w(t, x),
where
(t,x)eR=[0, T]x[0, 1],
w:R-> [RN,
A, B are N X N-matrices.
Under mild assumptions (1) can be normalized such that
A(x)=diag (A7, *, A AL, "+, AL),
(2 L+K =N,
Ag(X)= - SAT(H)<0<AT(X)S - SAL(x),
which we shall assume from now on. Accordingly we put
A*i=diag AT, "+, A resp.1)
and decompose
w=[wy -, wn]eRY
into
wi=[wy, -, wg] €eRK,
whi=[wgit, o, wra) €RE,

thus identifying w e RY with (w~, w")e RX x R". The boundary conditions are gov-
erned by two matrices D, (of type K XL) and D; (of type L XK). Now we can
formulate an initial boundary value problem
IBVP: Given woe L*(0, 1), u € L*(0, T) find w solving (1) and satisfying

(3) W(Oa * ) = Wo,

4) w™(t,0)=Dow (¢, 0)

. . te[0, T).

(5) w (ta 1)=D1W (t’ 1)+u(t)

* Received by the editors October 20, 1980, and in final form February 25, 1981.
t Universitidt Essen-Gesamthochschule, Postfach 6843, 4300 Essen 1, W. Germany.
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2 N. WECK

Remark. We write woe L*(0, 1) instead of woe L*((0, 1), RY), etc., since it will
be clear from the context what the appropriate number of components is.

The corresponding adjoint problem is a terminal boundary value problem of the
same type

TBVP: Given vre L*(0, 1) find v satisfying

1) aw(t, x)=A(x)d,0(t, x)+B(x)o(t, x),
3" o(T,*)=vr,
' *(t,0)=Cov (1,0
(4" v™*(t,0) = Cov (¢ )} relo.T]
(5" v (t,1)=Cv(t,1)
where
s . d
Bi=-B'+—-A,

Co=—(A"(0))'DyA™(0),
Ci:=—(A7(0))"'DIAT ().

Existence and uniqueness of solutions to IBVP and TBVP in a suitably generalized
sense are guaranteed by semigroup arguments (see [2] for details). The function
ueL*0, T) in the IBVP is thought of as a boundary control. This explains

DerFINITION 1. The IBVP is said to be exactly controllable if given w, there exists
u such that w(T, -) =0. The IBVP is said to be approximately controllable if given wg
and £ € R" there exists u such that

lw(T, HIL?*0, 1) <e.

DEFINITION 1'. The TBVP is said to be observable if there exists I'e R such that
for all v* we have

(6) Tllo (0, L0, 1) =[lo™ (-, DIEL*O, T)).
The TBVP is said to be distinguishable if, for all v,

v orxw=0 >  vlomo1=0.

Using the duality between controllability and observability [1] and considering
the general case as a perturbation of the “diagonal case” (where B is a diagonal
matrix) Russell obtains the following results:

(i) Distinguishability < approximate controllability.

(ii) Observability < exact controllability.

(iii) Nondistinguishability in the diagonal case implies nonobservability in the

general case.

(iv) Observability in the diagonal case implies observability in the general case

(provided the system generates a group and the perturbation is “small”’).
These motivate the study of the observability problem for the simple case where B
is diagonal.

2. Characteristics. Characteristic curves cr(f,xo;*) (k=1,--:,K) through
(to, x0) € RX[0, 1] are defined as the unique solutions (in RX [0, 1]) to the initial value
problems

x'(t)=—Ar(x(t)), x (o) = xo.
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We define c; (to, xo; - ) analogously. Let T, resp. T, be the unique positive numbers
such that
c(0,0; Ty)=1,
resp.
¢ (0,0;-T7)=1.

(T, resp. T7, is the time it takes the corresponding characteristic to cross the interval
[0, 1].) By (2) we see that

) Tiz - - =T >0, Tiz:---=Tk>0.

For fixed TeR"*, k{1, - - -, K} and any (¢, xo) € R =[0, T]1x [0, 1] there exist unique
(tI, XI) € BR, (t]:', XF) € dR such that

tlétoétp or I <t0§tp,
ck (to, Xo3tr) = xp,
ci (to, X0 tF) = XF.

It is convenient to introduce the maps

I, :R->9R

(to, x0)—>(tr, x1) (“initial point’’),
Fr :R->9R

(to, x0) > (tr, XF) (“final point”).

I] and F; are defined analogously. From standard theorems on ordinary differential
equations it is clear that these maps are continuous and even differentiable with
bounded derivatives if differentiability is interpreted properly where boundary points
or even corner points of R are involved. If B is a diagonal matrix and v is a solution
of the TBVP, the functions t—> vy (ck (fo, Xo;t)) and t—>vi(ci(-, ;")) satisfy
homogeneous linear ordinary differential equations. It is pointed out in [2, p. 657]
why for the following considerations we may as well assume that v, and vi are
constant along the corresponding characteristics (the case B =0). So from now on we
shall assume B =0 (but formulate our results for diagonal matrices B ).

3. The critical time. To determine T, let us try to find solutions v of the TBVP
such that v|jo,71x(1; = 0. This can be achieved in two ways.
(a) “Activating” some characteristic ¢ (T, x7;-) or ¢; (T, xr;-) such that
I (T, xr) or I} (T, xr)€{0}x (0, 1) and putting all the other components of v equal
to zero.
(b) “Activating” characteristics
C(t0,0;+) forxe{l,---,k},
Cxto,0;-) forae{l,- -, 1}
such that
F; (tO’ 0) € {T} X [0’ 1),
Ij\_ (tO’ 0) € {0} X [0, l)a

again putting all the other components of v equal to zero.
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Whether method (b) is feasible for given k, [ will be determined by the boundary
condition at (¢, 0), i.e., by the matrix C:=C,. Let us define (with the convention
Py:=0, Q.=0)

P.:RX>RX,  OQ;:R'->RY

vy 0
vy : v
:l > U; ’ :1 > 0
. 0 vr+l
Uk UL :
0 U
For ke{l,---,K}letl(k)e{l,- - -, L}be the first integer such that the kernel of CP;
is different from the kernel of Q,CP;, i.e.,
(8 ker (CPy)= -+ =ker (Qu)-1CPi) g ker (Quu)CPr),
and put
9) T.:=max{Tx + Tiw|l =k =K}.

I(k) is not well defined by (8) if CP, = 0. In this case we put /(k):=L +1 and introduce
an artificial transition time T7.1 =0 so that (9) still makes sense. (This corresponds
to method (a) using a ¢~ -characteristic.) The other half of method (a) yields the largest
time of nondistinguishability if the slowest ¢ -characteristic (i.e., ¢1) is used. So we
modify T, and put

9" T, :=max{T,, T1}.

THEOREM 1. Let B be a diagonal matrix. Then for T<T, the TBVP is not
distinguishable and the IBVP is not approximately controllable.

Proof. Choose k such that T < T} + T, and CP; # 0. (The special cases T < T{
or T<Tj and CP, =0 are treated similarly using method (a).) Choose ¢y € (0, T) such
that

T:
Ti

v

. ET;>T—‘t0,

v

= T_;(k) >t
and therefore

0<c1(0,te; T)= -+ =ck(0,10; T)<1,

0<ci(0,20;0)= """ =ciu)(0,;0)<1.
Hence, for sufficiently small ¢ and ke {1, -, k}, Ae{l,---,Il(k)},

F. =F_ ((to—¢, to+e)x{0}) = {T}x(0, 1),

I3 =I5 ((to— &, to+€) X{0}) = {0} x (0, 1).
Choose v~ e ker (Qy)CPi)\ker (Qix)-1CP;) and define vr by

v7=0,

v, ifxk=kand(T,x)eF,,
o=

0 otherwise.
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The corresponding solution v of the TBVP must then be zero on [0, T]x{1} and
different from zero on {0} X I'7(x), which is nonvoid and relatively open in {0} < (0, 1). O
For the corresponding observability result we shall need the following
LEMMA. There exists y >0 such that, foreachke{l,--- K}, le{l,---,l(k)—1}
and each (v™,v") e R® xR satisfying v* = Cv~, we have

lo*Il(R") = v{I(I — Pe)o [(R¥) +|Qu *[(RF)}.

Proof. Assuming the contrary we get a sequence (v (n), v*(n)) satisfying

(10) v'(n)=Cv (n),
(11) lo™ (m)|> r{l = P)o™ (m)]|+|Quw ™ (n)]}.
Decomposing

v (n)=w"(n)+u"(n)e (ker (CP.))* ®ker (CPy)

and replacing v (n) by Pw (n)+ T —P,)v (n) we see that (10) and (11) remain
unchanged. Therefore without loss of generality we may assume

(12) P~ (n)e (ker (CP))*.

Dividing by ||v"(n)|| and choosing convergent subsequences we get (v, v*) e R* x R"
such that

(10" v'=Cv,

(117 (I-P v =0,
(11") Q" =0,

(129 P~ € (ker (CPY))*,
(13) lo7ll=1.

This implies

v~ eker (QICPy) =ker (CPy),

contradicting (11), (12') and (13). O
THEOREM 2. Let B be a diagonal matrix. Then for T = T, the TBVP is observable
and the IBVP is exactly controllable.

Proof. Let le{l,:--+,L} be fixed. Then for ke{l,: -, K} there are two
possibilities:
Case 1. There exists a (unique) xx €[0, 1) such that

Fi (Fi (0, x) =(T, 1).

Case 2. For all xe€[0, 1)
F (FT(0,x)e[0, T)x{1}.
Defining xi := 1 in case 2 we have in either case

{T}x(0,1) if x>xx,

(14) FZ(FT(O,x))e{[O’ T)x{1} ifx<x.

Furthermore because of (7)

O0=xp=x1=x= " SXxg SEXg+1= 1.
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Therefore

K L
lo(0, HIF@(0, 1) = X lloic (0, IFL*©, 1+ ¥ lloi (0, )IPL*(0, 1)

K L K
= X ok FL*O0, D+ X X llo7 (0, )IPL (e, xe).

Hence to obtain the observability estimate (6) we have to estimate

(a) lok (0, )IPL*(0, 1)
(b) llo7 (0, HIPL*(0, x1)
(c) loF 0, IMPL*Gxir Xes1), k=1,-+-,K

by lo* (-, DIF(L*(0, T)) or equivalently (because of (5')) by |Ju(-, D|*(L*(0, T)).
Consider (c). Let x € (xi, xx+1), kK =1. Then for A = /(k) we must have

(15) I3 (F{(0,x))€(0, T)x{1}.
For suppose to the contrary that

F{(0,x)=(5,0), I (£0)=(0,y)e{0}x[0,1].

This implies T = ¢. We also have

Fi (F{(0,x)=Fi(1,00e{T}x (0, 1),
which implies T, > T — 1. Thus we reach a contradiction by
T.2T, +Tiw =Tk +Tx >T.

Therefore (15) holds. Using this and (14) we have maps for A €{/(k),---,L} and
kelk+1,--- K}

gr (X, Xi+1) > (0, T)

x>t G IX(F7(0,x) = (1, 1)),
hue 2 (X1 Xic+1) > (0, T)

x—>t  (fF.(F[(0,x)=(,1)).

By what has been said in § 2, g, and h, are injective differentiable maps which together
with their inverse maps g\ © and A\ " have uniformly bounded derivatives. For
x € (X, Xi+1) put (¢, 0):=F7 (0, x). Then by (4')

v™(t,0)=Cv (¢, 0).

Therefore we may apply our lemma to get
+ 2 2 X 2 L 2
pi60P=2 T iGOP+ T loie o)
k=k+1 A=1(k)

Since the components of v are constant along suitable characteristics, this implies

K L
07 O, 0P =27 T Jorth(e, D+ T o (o), D).
+1 A=Ul{k)

k=k
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Thus (with S = (xz, xr+1))

K
loi ©, L 9=2v 3 [ Jors 1P
h,.(S)

k=k+1

4, -y |
dth" (©)] dt

L
+ 3 P
e (S)

A=I(k)

L) ar}
= yillo (-, DIPL*O, T)
In order to estimate (a) and (b) we use the facts that for any k
Fi(0,x)e(0, T)x{1} ifxe(0,1),
and
Fi (F(0,x))e(0, T)x{1} if x<€(0,x1),
and proceed similarly as in case (c).

4. Examples. Let the coupling at the boundary [0, T]x {0} be accomplished by

1 +1
c= [-1 1]‘
Then
1 0
CP, = [a . o]’ ker CP; =lin {e*},
0 0
01CP1=[_1 O], ker Q1CP1=ker CPl,
Q,CP,=0, ker Q,CP,=R’#ker Q,CP;,
11)=2,
1 +1
CP2=C=[~l 1], ker CP, ={0},
00 s, (@)
Q.CP;, = _1 1], ker Q:CP,=lin{e"’+ e~} #ker CP;,
12)=1.
Therefore

T.=max{T7{ +T>,T> +T1}.
The times Ty, T; given in [2] would be
To=T7+T5>, T.=T7+T1.

(Note that in [2] the A, are in reverse order.) Thus if, e.g., T1 =2, T, = T; =1,
T1 =3, we find

To=3<T.=4<T,=35.

This can be generalized: If K =L =N/2 and all Qg_CPx (k=1,---,K) have
maximal rank k, then

I(k)=K+1-k;
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thus
T.=max{Tr +Tks1-«lk=1,-++,K};
whereas

To=Ti + Tk T,=T7 +T;.

Acknowledgment. The author is indebted to the referee for a simplification in
the proof of Theorem 2.
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ADAPTIVE CONTROL WITH A COMPACT PARAMETER SET*

P. R. KUMART*

Abstract. We consider the problem of the adaptive control of a Markov chain with unknown transition
probabilities. We suppose the transition probabilities {p(i,j; u, )} to be dependent on an unknown
parameter a. At each time instant ¢, a maximum likelihood estimate &, of the unknown parameter is made,
and a control input u, = ¢(x,, &,) is applied, where, for each a, ¢( -, @) is a good feedback control law. It
is shown that if @ ranges over a compact set A, then {d&,} may diverge with probability one. In the event,
however, that the parameter estimates converge, or more generally just the control laws {¢( -, d,)} converge
to some ¢, then under ¢ the closed-loop transition probabilities for the true model are indistinguishable
from those of any limit point of the parameter estimates.

1. Introduction. Let X and U, both finite, be respectively the state-space and
control-set of a Markov chain. For each « belonging to a compact metric space A of
possible models, we are given a set of transition probabilities {p (i, j; u, a): (i, j, u) € X X
X x U}, where each p(i, j; u, @) is the probability of transfer of the state of the system
from i to j under the action of u in model a. We do not know the true model a°,
which however belongs to A.

For each model a € A, we have a feedback control law ¢( -, @): X -» U which is
“good” for model a. We analyze the behavior of the following simple adaptive control
scheme. At each time ¢, we make a maximum-likelihood estimate

t—1
(1) a,:=argmax [| p(xs Xs+1; Usy @)
acA s=0

of the unknown parameter, and then apply the control input
(2) U= (xy @).

Here x; and u, are the values of the state and control at time s. To avoid ambiguity
of choice in (1) we may impose some priority ordering of elements of A such that, if
more than one element of A maximizes (1), then we can unambiguously choose the
particular maximizer which is highest in the priority ordering. We assume

@) p(-,-;-,)and ¢(-, *) are continuous.

(ii) For each (i, j)e X X X,

3) either p(,j,u,a)>0 forall(u,a)e UXA
or pl,j;u,a)=0 forall(u,a)eUXA.

(iii) For every (i, j) € X X X, there exists a sequence i = iy, i1, " * *, i, = such that
pis—1,is; us, )>0 foralls=1,2,---,r

The problem considered is therefore more general than the one considered by
Borkar and Varaiya [1], where A is restricted to be finite. In turn [1] is a relaxation
of the identifiability condition of Mandl [2].

In § 2 we provide a counterexample to convergence of the parameter estimates.
This shows that the results of [1] cannot be extended without further hypotheses. In
§ 3 we show that, if either the parameter estimates converge or more generally the

* Received by the editors December 26, 1979, and in final form March 11, 1981. The research reported
here has been supported by the U.S. Army Research Office under contract DAAG-29-80-K0038.

+ Department of Mathematics, University of Maryland Baltimore County, 5401 Wilkens Avenue,
Baltimore, Maryland 21228.
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control law (-, &;) converges to some ¢, then under ¢ the closed-loop transition
probabilities of a® coincide with those of every limit point a* of {&,}.

2. A counterexample to convergence. We now provide an example where the
parameter estimates diverge with probability one.

Throughout, let (Q, %, ) be the underlying probability space, with # the proba-
bility measure induced on the trajectories of the system by the adaptive control law
(1)-(2). Define
_ (@), xe+1(w); uw), a)
lt(a, (l)) o . 0y?

p(xi(w), xr1(@); u(w), a”)

t—1
L(a, w)= 1] l(a, w).
s=0
From (1),
4) L/(&(w),w)=L, (¢, w) forallaeA.
Example 1.
X ={1,2}, U ={a, b},

— 31 15 7 3 113715 31
A_{_]-".'a 7732 T 165 ~ 8 T 45 T 25254585 165325 "’ "1},

a foralla<O

b foralla> ()} irrespective of /,

Bl )=

1-2" 1-2"
p(l,l,a,—zn )_1—p(1,1,b,——2,, )
2" -1 2"—1y 2"-1
“top(i e ) =p(1 0 5) <
p(l’1;a,_1)=1_P(1,1;b,_1)
=1-p(1,1;a,+1)=p(1,1; b, +1) =3,
p(2,1;a,a)=p2,1;b,a)=1 forallacA.

Let a’=1 be the true model and the priority ordering on A simply the natural
ordering of the real line.
Define

. t—1
na)=Y 1x,=1,x41=10, us =a)
s=0
for i=1, 2, n.(t)= ni(t)+n3(t) and similar quantities with subscript b. Using
p(1,1;b,a)=1—-p(1,1;a, a) gives

p(L,1;a,0)" 1 —p(1, 1; @, @)]"s b0
(0 5)”a(t"")+”b(t"") .

Li(a, w)=

Clearly &,(w)>0 if and only if ni(t, @) +nj(t, @) =it 0)+n5 (L, ).

Suppose that for some wd,(w) converges to a positive value; then &,(w)=>0 for
every t larger than some finite 7. But then ¢ (1, &,(w)) = b and hence nh(t, w)=nk(r, )
for t = 7. As a consequence, ni(t, w)—np(t, @) =n(t, w)—nu(t, @) = constant for t = 7.
But this is a zero probability event since ni(t, w)—np(t, w) denotes the position of a
random walk since p(1,1; b, a®) =p(1, 2; b, ) =3. Similarly, convergence of &, to a
negative value is also a zero probability event, thus showing the almost sure divergence
of &,
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Remark. Note that « =+1 and a = —1 are for all intents and purposes identical
and &,->{+1, —1}. However identifying a+1 and a« =—1 as one single point would
violate the continuity assumption on ¢ (-, @). More hypotheses are clearly needed
before one can expect to extend the results of [1].

3. Asymptotic properties of estimates. Motivated by the example of the preced-
ing section, we study the properties of the limit points of {&,}.

DEFINITION, Let7,(i, w):=inf {t: t>7,_1(i, w), x,(w) = i}, where inf ¢ = + 0. For
fixed w € Q, the regulator is said to converge to ¢ if lim, o U, ) () = ¥ (i) for every
i € X for which x,(w) = i infinitely often. ¢ will be called the limiting regulator along w.

The main result of this section is:

THEOREM 2. There exists a null set N < Q, P(N) =0 such that, if for some w e N°
the regulator converges to ¢, then

pG, j; w(i), a*)=p(, j; ¢(i), a®) forevery (i, j)e X x X

and every limit point a* of {d.(w)}7=1.

Noting that if & (w)->a™* then the regulator converges to ¢ (-, a*) along w, we
obtain the following important corollary of Theorem 2.

COROLLARY 3. There exists a null set N<Q, P(N)=0 such that, if for some
w € N° lim,,e @(w) =a®, then

p(,j; @G, a*), a*)=p(, j;¢ 3, a*),a®) forevery (i, j)e X X X.

Remark. If A is a connected set, then the continuity assumptionon ¢ (i, -): A-> U
would render it a constant function since U is a finite (hence discrete) set, and so
Theorem 2 would trivially follow. Our results are therefore addressed to those
situations where A is not connected.

The proof of Theorem 2 rests on the following nonprobabilistic result.

LeEmMMA 4. LetB ={b,, " -, by} = (0, ) and suppose that for each i, z; € B satisfies
17 1
lim— Y z;=1 and limsup— ) Inz; =0.
n-oo N i=1 nooo N i=1
If
P ,
d;=lim mf; 1(z;=b;)>0 forsomeje{l,: -, m},
n-»00 i=1
then b; = 1.

Proof. Letd} =(1/n)¥i-1 1(zi = b;) andnote that z; =Y~ 1(z; = b;)b;andIn z; =
Y1 1(zi = b;) In b;. Now

1 n 1 -r m
1=Ilim — z zZ;= lim — z [ 1(2,' =bj)b,‘]
1

n-oo N i=1 n-soo N i=1Lj=

= lim ¥ E;l l(zi=bj)]b,~

n—->o j=1

n->o j=1

=1lim ¥ d} exp (In b;)

n->o j=1
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n-»oo

= lim sup exp [ Y diln b,]
i=1

=exp Lllmsup }: dj lnb]

n—-»>o00 j=

=exp hm sup — " Z (gl 1(z; =b;) In b,-)]

L n-»00

" {
=exp Llim sup— Y, In z,-]

n»0 M i=1

=exp (0)=1.

The inequality above follows because }.;-1 dj =1, d} =0 and the exponential function
is convex. Since equality holds throughout,

5) 1=lim ¥ d}'bj=limsup[exp(§ d’ln bj)].
j=1

n->00 j=1 n-»00

Now we can pick a common subsequence {n;} such that limy.« [Y;21d}* In b;]=0
and, for each j, d"« converges to some d;. From (5) we get0=1n Y./~ d;b; =¥./~0 d; In b;.
But from the strict concavity of In (+), if d;>0 then b; = 1, proving the lemma. 0
Now we can prove Theorem 2.
Proof of Theorem 2. By using the stability theorem of Loeve [3] on the random
variable /,(a) for each a in a countable dense subset A of A, we conclude that

(6) llmt Z L(a,w)=1 forallweN P(N)=0

t—>00 s=
and all acA. By using the Ascoli theorem on the equicontinuous family
{1/ T20 L(+, w)}i21 we can extend (6) to all @ € A. By the concavity of In (-), it
follows from (6) that

7 hmsup Z Inl(a,w)=0 forallweN° acA.

t—->00 §=
Fix w € N¢ and let a* be a limit point of {&,(w)}/=1, obtained in particular by taking
the limit along the subsequence {#.}. Since (1/1) S oIn (-, w) is continuous in a
uniformly in ¢, for every € >0, there exists K, such that

1

-1 t—1

Z In (&, (w), @) — Z Inli(a*, w)|<e fork=K,

and hence from (4) that

(8) kZ Inl(a*, w)=—¢ foreveryk =K.
k s=0

From (7) and (8),

9) lim sup }: In(a*, w)=

t—>00

for every w € N° and every limit point a* of {d,(w)}/=:. Additionally, by considering
a hypothetical long-term average cost problem with one stage cost equal to —1(x, =1,
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xs+1=]), we conclude from Theorem 4 of Mandl [1] that

t—1
(10) liminf-l-z 1(xs(w) =i, Xx;+1(@) =j)>0 foreverywe N¢, P(N)=0
=0

ts0 L

and (i, j) such that p(i, j; u, «) >0 for all (u, «). Now suppose w € N° is such that the
conditions of the theorem hold. By the finiteness of U and X, there exists 7 <00 such
that w,(w) = (x(w), &(w))=y¢(x(w)) for t=7. Hence 1(x,(w)=1i x1(w)=j)=
1(x(w) =1, X1 1(w) =], u(w) = (i) for t =, and so from (10)

1 t—1
liminf— ¥ 1(xs(w) =i, xs+1(w) = j, u(w) = ¢(i)) >0,
t—>00 s=0
and therefore
N =t pG, j; ¢(i), a™)
(11) lim inf l(ls(a*,w =%—)>0
mint7 2 )= G 1 6 00), a)
for every (i, j) such that p(i, j; u, @) >0 for all (u, ). Now let B ={/(a*, w): t =1}
and note that B is finite since X and U are. A comparison of (6), (9) and (11) with
Lemma 4 shows that
PG, js ¥(i), @*) _
pG,j; (@), a®)
On the other hand, from (3), if p(i,j;u,a)=0 for some (u,a) then again
pG, j; w(@), a*) = p(i, j; ¥(i), a°), proving the theorem. O

1 if p(i,j;u,@)>0 forall (4, a).

4. Concluding remarks. This paper clearly shows that a priority ordering of
elements of A, even with the true parameter highest in the ordering, is not enough
to eliminate oscillatory behavior of the parameter estimates when the parameter set
A is compact. Hence additional hypotheses are needed to guarantee convergence of
the parameter estimates. This makes the compact case different from the finite case
treated in [1].

However, if the parameter estimates do converge or, more generally, even if only
the control laws converge to some feedback law ¢, then under ¢ the transition
probabilities under any limit point of the parameter estimates are the true transition
probabilities. Thus, subject to convergence, closed-loop identification takes place just
as in the finite case [1].

Acknowledgments. The author is grateful to A. Becker, A. Pittenger and T.
Seidman for useful discussions.
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HEDGING AND MAXMIN*

ELLIOT WINSTONY

Abstract. A continuous game is discussed in which two opposing players move in turn, and an algorithm
is developed which finds an optimal strategy for the player moving first. The algorithm is characterized by
a fictitious sequence of alternating plays in which the first player selects his strategies by hedging against
all his opponent’s strategies played up until that time.

1. Introduction. We consider a game consisting of a single play by each of two
opposing players in turn. In particular, the x-player is assumed to select his strategy
first, followed by the y-player who responds with full knowledge of his opponent’s
choice of play. This type of game is frequently encountered in models of military
conflicts, which typically allow each opponent only one chance to select a strategy.
Military planning, which is naturally conservative, seeks that strategy which provides
the best overall protection against all opposing strategies. In this presentation, the
role of the military planner is assumed by the x-player. The x-player tries to maximize
the payoff function, f(x, y), which the y-player tries to minimize. If y(x) represents
an optimal response by the y-player to an x-strategy, that is,

flx, y(x)) = min f(x, y),
then the x-player must try to determine a strategy, x*, which satisfies
fx*, y(x*)) = max f(x, y (x)) = max min f(x, y).
If y' is any admissable y-strategy, then
flx*, y) Zmin f(x*, y) = f(x*, y(x¥)) = max min f(x, y),

which is the usual definition of an optimal x-strategy. The order of the players’ turns
is important because no assumptions are made about the existence of a saddle point,

thereby allowing the possibility that max, min, f(x, y) is unequal to, and hence strictly
less than, min, max, f(x, y).

The algorithm developed to find an optimal strategy, x*, is motivated by the
notion of hedging. We visualize a series of plays of the game in which the players
respond to each other alternately. Suppose the x-player initiates play with the strategy

xo. The y-player responds optimally with y; = y(xo). The x-player then counters against
y1 with x;, determined by

f(xh Yl) = mxaxf(x9 y1)9

and the y-player responds with y, = y(x;). Now the x-player hedges against y; and
y»; that is, he plays x, determined by

min f(x2, yi) = max min f(x, yi).
The play alternates in an analogous manner, with x, and y,., being determined by

min f(x,, y«) =max min f(x, y)
k=1,",n x k=1,+.n

* Received by the editors April 17, 1980, and in revised form March 18, 1981.
t Naval Surface Weapons Center, Silver Spring, Maryland, 20910.
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and
f(Xpy Yns1) = myin f(xn, y)

respectively. In the next section, we give conditions under with any accumulation
point of {x,} is an optimal x-strategy.

We illustrate the algorithm with the simple “seesaw’’ example originally discussed
by Danskin [2] in his work dealing with an alternate approach to the problem. The
payoff function is defined by

f(x,y)=ysinx

for —m/2=x =w/2 and —1 =y = 1. The x-player chooses the angle the seesaw makes
with the horizontal, and the y-player chooses a point somewhere between the left
end, y = —1, and the right end, y = 1. The payoft is the height of the point chosen by
the y-player above the horizontal. Suppose the x-player begins with some x, between
0 and 7/2. Since the objective of the y-player is to minimize the payofi, his response
is y;=—1. The x-player counters with x; =—m/2, and the y-player responds with
y2= 1. In choosing his next strategy, the x-player hedges against y; and y,, and thus
plays x, =0, the point corresponding to the maximum of min—1 f(x, yi) = —[sin x|.
See Fig. 1. The value of the game is now equal to 0, and remains equal to 0 regardless
of how the y-player responds. Thus, the algorithm has converged, and x*=0. The
same conclusion is obtained if —7/2=x,=0.

- ++1 -
~ P
\\ //
h v
N 7
AN
/
AN
/
N\
\ /

/
—m/2 /2
y = —|sin x|

1-1

FiG. 1

The difficulty of calculating the y-responses {y,} and the hedged x-strategies {x,.}
varies with the particular game under consideration. In § 3, we discuss an example
arising from an anti-submarine warfare (ASW) model which, happily, is endowed with
a rich structure, thus enabling these sequences to be easily determined.

2. Results. X and Y are assumed to be subsets of a pair of arbitrary metric
spaces throughout this section. The following lemma is a well-known, elementary
result, and is therefore stated without proof.

LEMMA. Letf: X XY - R be a continuous real-valued function, where Y is com-
pact. If {y,} < Y, then h(x) =inf, f(x, y,) is continuous on X.
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THEOREM. Let f: X XY > R be a continuous real-valued function, where X and
Y are compact. For x € X, let y(x) satisfy

flx, y(x))=myinf(x, y).

Let xo€ X and define the sequences {x,} and {y,.} by y, = y(x,-1) and
hn (xn) = max h, (x),
where
ha(x)= min f(x, yi).

If x* is an accumulation point of {x,}, then

lim A, (x,) =f(x*, y(x*)) = max f(x, y (x)).

n—->00

Proof. We first note that {x, } exists because each A, (x) is continuous. Also, {A,, (x)}
is a monotonic decreasing sequence of functions because

hpa(x)= _min  flx, y)= min fx ye)=ha(x).

If h*(x) denotes the limit function of {A,(x)}, the lemma implies that A*(x) is con-
tinuous. By Dini’s theorem [1], the convergence is uniform.

Let x* be an accumulation point of {x,}. Then there is a subsequence {x,,} such
that x,, -» x*. We next make the estimate

Ihnk(xnk) _h*(x*)l = |hnk(xnk) - h*(xnk)l + |h*(xnk) - h*(x*)l-

The first difference on the right is small for large k£ by uniform convergence, and the
second is small by the continuity of #*(x). Hence

Lim R, (xn,) = B*(x).

However, {h,(x,)} itself converges because it is monotone,

hn+l(xn+1) = hn (xn+1) = hn (xn)~

Therefore
Lim Ay (xn) = B*(x*).
For all n,
b (x) = h(x,)
implies
h*(x)Sh*(x*),
that is,

h*(x*)=max h*(x).
Next we apply the lemma to obtain

min f(x,,, y) > min f(x*, y),
y y
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or

[ ¥ () = F(x*, y(x*)).

Since Y is compact, there exists a convergent subsequence of {y(x,,)}, say y(x ,,,q) > 7.
Thus

f(xnk,s Y(xnk,))_)f(x*a ¥)
>fx*, y(x*) =f(x*,y),
and
fOe*, y(xn, ) > fx*, §)
$ir:ff(x*, )’(xn))éilllff(x*, Y(xnk,))éf(x*, y(x*)).

However, the definition of y(x*) implies

fOx*, y(x*) = f(x*, y(xn))
for all n, and thus

f&x*, y(c*) =inf f(x*, y(x,)).

Therefore

fx*, y(x*)) = inf fGe*, y(xn)) = h*(x*) = lim hy,(x,).
Finally,

fx, yx) =f(x, yn)
> f(x, y(x)) = h*(x)
:>m3xf(x, y(x))émfx h*(x)=h*(x*) = f(x*, y(x™)),

which implies that, in fact, equality holds, and the theorem is proved. O
The pair (%, 7) is a saddle point of f(x, y) if

fG, 9)=f(x, y)=f(%, y)
for all x € X and all y € Y. Note that, if (%, y) is a saddle point, it follows that

f(%, y) = max min f(x, y) = min max f(x, y).
x y y x

Sufficient conditions for f(x, y) to have a saddle point are that f(x, y) is continuous,
concave in x for fixed y, convex in y for fixed x, and that X and Y are convex (see
(3, p. 28)).

COROLLARY. If f(x,y) has a saddle point and the y-response to x*, y(x*), is
unique, then (x*,y(x*)) is a saddle point.

Proof. Let v =max min f(x, y) and let (%, y) be a saddle point of f(x, y). Then
f(x, ¥) = v for all x. In particular, f(x*, y) = 0. But f(x*, §) = v because x* is optimal.
Hence f(x*, ) = v, which implies that y is an optimal response to x*. By uniqueness,
7 = y(x*) and the result follows. 0
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3. An application. We study the problem of optimally assigning submarines to
patrol zones in such a way as to maximize the number surviving an attack by
“hunter-killer” ASW aircraft. To begin, suppose a single submarine is patrolling an
area A, and comes under attack by y aircraft at time ¢ =0. The aircraft are assumed
to search the area randomly, and the submarine is destroyed if it is detected. The
motion of the submarine is approximately stationary compared to that of the aircraft
over a small instant of time A¢, so that the probability of detection over this interval

is SyAt/ A, where S is the area sweep rate of one aircraft. If p(¢) denotes the probability
that the submarine survives at time ¢, then

_ _ SyAt p(t+At)—p(t)__§X
p(t+a0=p(1 A)=> V10

>50=-2p(0)
Sp(t)=e 54,

We now introduce the following notation:
N; =number of patrol zones inocean j,j=1,2,---,J;
X; =number of submarines assigned to ocean j;
Y = total number of aircraft;
A, =areaof patrol zone i inocean j,i=1,2,- - -, N;;
T;; = amount of time for search by aircraft in zone i, ocean j;
B,; = logistical bound on number of submarines allowed in zone i, ocean j;
x;; = number of submarines in zone i, ocean j;
yi; = number of aircraft in zone i, ocean j.
The quantity of interest is the expected number of submarines surviving the attack.
The statement of the optimization problem is

J N

maxmin Y, Y x;e ‘¥4,
x Yy j=1i=1

where a;; = ST;;/ A;;, subject to the constraints

xl'i=X1'7 j=1’2"”,J’

0= Xij §Bij, all i, j’

0= Yijs all i, ]

Since the payoff function is concave in x and convex in y, it has a saddle point. In
fact, f(x, y) is a strictly convex function of y defined on a convex set, and hence
optimal responses are unique. Therefore, (x*, y(x*)) is a saddle point. The reader
should keep in mind that our algorithm finds continuous solutions, although the model
is, strictly speaking, discrete.



HEDGING AND MAXMIN 19

The Kuhn-Tucker conditions may be used to find the optimal ASW response,

y = y(x), to a given submarine distribution, x. Specifically, there exists a scalar A such
that

y,»,~(a,-,x,-,~ e-a,iy,., - A) =0.
Thus

1 ayxy
yl]>0$yll =_a';ln_'i—l.
Substitution into the conservation constraint for Y leads to consideration of the
function
1 a;x;
A)= —In—=,
g) )\<az,,:<x,, aij A
We note that g(A) is defined on (0, 00), continuous, strictly decreasing, lim, .o+ g(A) =
00, and lim, .« g(A) =0. (In fact, g(A) = 0 for A =Zmax;; a;;x;.) Hence, for any positive
Y, g(A)=Y has a unique root. Moreover, g(A) is convex and differentiable except
on a finite set of points, so that Newton’s method may be applied to quickly calculate
the root.
The problem of finding the hedged submarine distribution, x, against the first m
ASW responses, {y}i_,, may be formulated as the following linear program:

max z

such that

0= Xij = Bij.

The dual simplex algorithm is the preferred method of solution because each successive
hedge adds one additional constraint. It is interesting to note that this sequence of
hedging problems resembles the sequence of linear programming problems associated
with cutting plane algorithms.

Numerical experiments have been performed on problems consisting of two
oceans, each containing ten zones. To maintain sufficient accuracy, the basis matrix
of the linear program was reinverted every twenty pivots. The algorithm generally
converged within 65 hedges and had an execution time of about 10 seconds on a
CDC 6600.
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SECOND-ORDER SUFFICIENCY CONDITIONS FOR
NONDIFFERENTIABLE PROGRAMMING PROBLEMS*

R. W. CHANEY*

Abstract. Second-order conditions are given which are sufficient for a point to be a local minimizer
for a finite-dimensional nonlinear programming problem with a finite number of constraints. In the most
general theorem, the functions which comprise the problem are required only to be locally Lipschitz. The
sufficiency conditions are given in terms of Clarke generalized gradients. These conditions assume a
somewhat more familiar form when the functions in the problem are assumed to be both semismooth and
subdifferentiably regular.

Introduction. We shall give sufficient conditions for optimality for nonlinear
programming problems comprised of locally Lipschitz functions. Since the functions
of the problem are not differentiable everywhere, we must have suitable replacements
for gradients and for Hessians. We shall use the Clarke generalized gradients as the
necessary replacement. The properties of generalized gradients are set forth in [3]
and [2]; also, see [19] for a comprehensive account. The Clarke generalized gradient
of a function f reduces to the subdifferential 3f when f is convex and to the set
consisting of the gradient Vf alone when f is continuously differentiable. The definitions
and results concerning generalized gradients which we shall use are given below.

We now state the problem of interest more explicitly. Let W be an open set in
n-dimensional real Euclidean space R". Let go, g1, &2, * * * , & be real-valued functions
on R" which are locally Lipschitz (as defined below) on W. Next, let

a) S=N {xeR™ g(x)=0}N N {xeR": g(x)=0}
i=1

i=m+1
In much of this paper, we shall consider the problem
P: Minimize go(x) over x in SN W.
We shall also consider the unconstrained problem
P*: Minimize F(x) over x in W

here, F is assumed to be a real-valued locally Lipschitz function on W.

Clarke [2, Thm. 1] has given first-order necessary conditions for a point x* in
SN W to be optimal for problem P. Clarke’s theorem will play an important role in
the results presented here. Hiriart-Urruty [6, Thm. 6] has given a different result of
comparable generality. The theorems of Clarke and Hiriart-Urruty are expressed in
terms of generalized gradients. Ioffe [8] has also given first-order necessary conditions
for certain nondifferentiable problems, stating them in terms of Levitin—-Miljutin—
Osmolovskii approximations. Much of the work of these authors has been carried out
for problems in which R" is replaced as the domain by a general Banach space. As
noted above, we shall consider here only problems in R".

The classical second-order sufficiency conditions for problem P are of course
given in terms of the gradients and Hessians of the functions g;; see, e.g., Hestenes
[4, p. 37] or McCormick [14]. Extensions of these results to Banach spaces have been
treated by a number of authors, including Borwein [1], Ioffe [9], Ioffe and Tikhomirov

* Received by the editors April 23, 1980.
+ Department of Mathematics and Computer Science, Western Washington University, Bellingham,
Washington 98225.
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[10], and Maurer and Zowe [13]. In [9], Ioffe considers certain nondifferentiable
problems of type P*, where F =g G, with g being sublinear and G being twice
continuously differentiable.

The first sufficiency theorem for problem P in this paper is given in terms of
auxiliary functions H and M. Thus, suppose that x* belongs to SN W and that r >0
and m*=0. For x in W, we put

@) Hx) =max {go0)=goe)+r 3 gl gi(x) for 15 m)

=m

and

M(x) = max { go(x) ~ go(x*) = (n*/ Dl =x*+r % g

(3)
gi(x)fori=1,---, m}.

Notice that the functions H and M depend upon x* and r and that M also depends
upon m*. The function H is a slight variant of a function employed by Ioffe [9, Thms.
2, 7] through the use of his “reduction’’ theorem [7, Thm. 1].

The general second-order conditions given here are based on the functions H
and M, and therefore make no direct reference to any specific Lagrange multiplier
vector for problem P. As we shall see, the function / in Theorem 2.14 can be adapted
to recover the classical theorem for a specific multiplier. And, we shall state one
theorem directly in terms of a specific Lagrangian. But this theorem is awkward, partly
because it still contains a reference to the function H. Nevertheless, it does extend
one version of the classical result for problem P for twice continuously differentiable
functions.

Finally, we must set some notation. If x and y belong to R" and if 6 >0, then
|x| denotes the Euclidean norm of x, x - y denotes the usual inner product of x and
y, and we set B(x, 8)={ze R": |x —z|=6}.

1. Generalized gradients. Let W be an open set in R". Suppose that f is a
real-valued function defined on W. Then f is said to be locally Lipschitz on W in case
each point x in W admits a neighborhood V(x) and a number K(x) such that
|f(z)—f(y)|=K(x)|z — y| whenever z and y belong to V' (x).

Throughout this paper we shall be dealing with locally Lipschitz functions on W.

DerINITION 1.1 [3, p. 248]. Suppose that f is locally Lipschitz on W. According
to Rademacher’s theorem [20], f is differentiable a.e. on W. We denote by Vf(x) the
gradient of f at x (when it exists). Let E be the set of all points z in W for which f
is differentiable at z. Now, suppose that x belongs to W. The generalized gradient of
f at x, denoted by df(x), is the convex hull of the set of all limits of convergent
sequences {Vf(x;)}, where {x;}%-1 is a sequence in E convergent to x.

The generalized directional derivative of f at x in the direction d is defined by

£l d)=1imsupf(x+v+td)—f(x+v).

v->0;tl0 t

Remarks 1.2. We list here several facts about generalized gradients which we
shall use in the sequel.
(a) [3, Prop. 1.4]. It is true that

fﬂ(x;d)=max{v -d: Ueaf(x)}9



22 R. W. CHANEY

for all x in W and d in R"; in other words, f°(x; *) is always the support function of
the convex set 8f(x).

(b) [3, Cor. 1.9]. Given x in W, the function f°(x; -) is convex on R".

(c) [2, Prop. 7]. The multifunction x - df(x) is upper semicontinuous on W ; thus,
if {x;} and {v.} converge respectively to x in W and v in R" and if vy is in 8f(xx) for
each k, then v belongs to 3f(x).

(d) Lebourg’s mean value theorem (see [12] or [11, Thm. 1.7]). Suppose that x
and y are in W. Suppose that the line segment L joining x and y lies in W. Then
there exist z in L and v in df(z) such that z # x, z # y and

fx)—fy)=v-(x—y).
(e) [3, Cor. 1.10]. If for some v of R" and for all d in R" we have

flx+ta)—f(x)
t ’

v - d =lim sup
t->0

then v belongs to af(x).

DEeFINITION 1.3. Let {x.} be a sequence in W which converges to x in W and
suppose that x, # x for all k. Let d be a nonzero vector in R". Then {x;} converges
to x in direction d in case it is true that {(x; —x)/|x. — x|} converges to d/|d|.

DEFINITION 1.4. Let x be in W and let d be a nonzero vector in R". We define
d4f(x) to be the set of all v in R" for each of which there exist sequences {x;} in W
and {vc} in R" such that

(@) {xi} converges to x in direction d;

(b) {v«} converges to v;

(c) v belongs to af(x;) for each k.

(Observe that, in view of Remark 1.2(c), we have d4f(x) =of(x). One may think
of 8,f(x) as the set of those generalized gradients at x which ‘“‘arise” from the
direction d.)

2. Sufficiency theorems. Let the functions go, g1, 2, * - , 8¢ be locally Lipschitz
on W and form the set S as in (1). Next, we define

Si=N {xeW:gkx)=0}
i=1
and define a function f, on W by

q
fl)=go@)+ X rlgl, xeW.

THEOREM 2.1. Let x* belong to the set S N\ W and form the function M as in (3).
Suppose that the following hypotheses hold

(a) We have v - d =0 whenever d is a nonzero vector in R" and v is in d,M (x*).

(b) We have lim sup vx * (x —x*)/|xc —x*[>>0, provided the sequences {x;} and
{vi} and the vector d in R" satisfy the conditions

(i) {x«} converges to x* in direction d with x, in S, for each k;

(ii) {vi} converges to 0 with v, in dM (x;) for each k;

(iii) there exists vy in d4fo(x*) such that vo - d =0.

Then there exists a positive number & such that go(x) = go(x*)+ (m*/2)|x —x"‘l2
whenever x belongs to B(x*,8)N S.

Proof. Suppose that the conclusion is false. Choose a sequence {8i} of positive
numbers decreasing to zero. Then, given k, there exists z; in B(x*, ;)N S such that
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go(zi) — go(x*) < (m*/2)|zi — x*|*. Observe that M (z;) =0 =M (x*), and so M admits
a minimizer x; on B(x*, 6;) which is different from x*. Let t, = |x; —x*| and define d,
by di = (x;. — x*)/t.. We may assume that {d; } converges to a unit vector d.

It follows from Clarke’s theorem on first-order necessary conditions [2, Thm. 1]
that there exists vy in dM (x;) such that —v, belongs to the normal cone to the convex

set B(x*, 6;) at x (see [17, p. 15]). But then we have —v;, = c;d for some ¢, =0, and
SO

4) v +cdi =0 forall k.

We may assume that {v;} converges to v in 9,M (x*), in view of Remark 1.2(c) and
Definition 1.4; and we may assume that {c,} converges to ¢ =0. We obtain v +cd =0.
Hence, |v]*+¢(d * v) = 0. By hypothesis (a), we have d - v =0, and so we infer v = 0.

By Lebourg’s mean value theorem (Remark 1.2(d)), there exist zor and vor such
that zo. is in the ““interior” of the line segment joining x, and x*, vo, belongs to
dfo(zox) and fo(xi) — fo(x*) = vor * (xx —x*). As before, we may assume that {vo, } conver-
ges to vo in d4fo(x™). Since

*

Folor) = fol*) = M xe) + (5) b = x*F

we obtain vo* d =0.
Hence, it follows from hypothesis (b) that we may assume

(5) lim (29 - g,
U

here, we allow +0o0 as a possible value for the left side of (5). From (4), we get
Uk * di + ci|di|* = 0 and so vy * di =0 for all k. This last conclusion gives a contradiction
of (5). The proof is complete.

We now obtain a sufficiency theorem for problem P* as a corollary to Theorem
2.1.

COROLLARY 2.2. Suppose that x* belongs to W and that F is a real-valued locally
Lipschitz function on W. Suppose

(@) v+ d=0 whenever d is a nonzero vectorin R" and v is in 9,F(x*);

(b) there exists m*=0 such that lim sup vy * (xi —x*)/|xi —x*|*>m* whenever
{x«} is a sequence in W convergent to x* for which x. # x* for all k and {v.} is a
sequence in R" convergent to 0 with vy in 0F (x;) for all k.

Then there exists a positive number & such that

*:
F(x)-F(x*)=z= (212—) |x —=x* forallxin B(x*, ).

Proof. Define a function F* on W by F*(x)=F(x)—(m*/2)|x —x** for x in W.
We shall apply Theorem 2.1 to M =F* OQObserve that, by Definition 1.1,
aF*(x)={v—m*(x —x*): vedF(x)}, for x in W. Hence, it follows that aF*(x*)=
OF (x*) and 04F*(x*)=94F (x*) for each nonzero vector d in R". Furthermore, if x
belongs to W and if v* = v —m*(x —x*) for some v in 3F (x), then we have

¥ (x—x*)=v - (x—x*)—m*|x —x*.

The corollary now follows from Theorem 2.1 and the observations just made.
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Example 2.3. Define a function F on R' by setting F(x)=max {x? 2x —x?%} for
all x in R". It is clear that x* = 0 minimizes F(x) over all x in R'. Note that F is not
convex on any neighborhood of 0 and that F fails to be differentiable at x =0 and
x =1. We wish to show that x* =0 satisfies hypotheses (a) and (b) of Corollary 2.2.

For condition (a), note that if d >0 then v - d =2d >0 for all v in 8,F(0), while
if d <0 then v - d =0 for all v in 3,F(0). Next, suppose that {x;} converges to 0 with
xi # 0 for each k and that {v,} converges to 0 with v, in dF (x;) for each k. Therefore,
x, <0 for all large k and so v * xi/|xk|* = 2xi - xi/|x|>=2 for all large k. Hence,
hypothesis (b) of Corollary 2.2 is satisfied.

Remark 2.4. We wish now to examine hypothesis (a) of Theorem 2.1 in the
presence of additional assumptions about the functions g;.. We shall assume that each
g: is both “semismooth” and ‘“‘subdifferentiably regular” at x*.

DEFINITION 2.5 [16, Def. 1]. Suppose that f is locally Lipschitz on W and suppose
that x belongs to W. Then f is semismooth at x in case it is true that the sequence
{vr - d} has exactly one accumulation point whenever d is a nonzero vector in R" and
{6:} and {v} are sequences in R", {t} is a sequence in R" such that

(1) {t.} decreases to 0;
(ii) {6k/tc} converges to 0 in R";

(iii) vy is in of (x + td + ;) for each k.

Remark 2.6. Mifflin [16] has shown that, if f is semismooth at x, then, for each
nonzero vector d in R", the directional derivative f'(x; d) exists and equals lim vy - d,
where {v.} is any sequence chosen as in Definition 2.5 above. Mifflin [16] has also
shown that convex functions are semismooth and that continuously differentiable
functions are semismooth; moreover, so are certain marginal functions (i.e., functions
which are pointwise maxima of certain continuously differentiable functions).

(Mifflin [15] has developed an algorithm for finding solutions to problems of type
P, provided the functions are semismooth at the points of their domains.)

DerINITION 2.7 [18]. Suppose that f is locally Lipschitz on W and suppose
that x belongs to W. Then f is subdifferentiably regular at x in case the directional
derivative f'(x; d) exists for all d in R" and fo(x; d)=f'(x;d) for all d.

(Actually, Rockafellar [18] gives a definition for a more general case. The
definition is equivalent to the one just given when f is locally Lipschitz on W. Earlier,
Clarke had used the term ‘“regular” in place of ‘“‘subdifferentiably regular’’ and Mifflin
[16] has used the term “‘quasidifferentiable.”)

Remark 2.8. Convex functions and continuously differentiable functions on W
are subdifferentiably regular at all points of W, and Clarke’s theorem on marginal
functions [3, Thm. 2.1] shows that certain marginal functions on W are subdifferenti-
ably regular at all points of W. Note that we always have f°(x; d) =Zf'(x; d) when the
latter exists.

PROPOSITION 2.9. Let f and g be real-valued functions on W and let x belong to
W. Let a be a number.

(a) If f and g are semismooth at x, then so are f + g and af.

(b) If f and g are subdifferentiably regular at x, then so are f + g and af (provided
a=0).

Proof. (a) The assertion for af is immediate from the fact that d(af)(x) = a(3f(x))
(see Definition 1.1). Suppose that f and g are semismooth at x and let h =f+g. Let
d be a nonzero vector in R", and suppose that the sequences {v.}, {6«} and {#} are as
in Definition 2.5 (i)-(iii), except with f replaced by k. According to [3, Prop. 1.12],
dh(y) = of(y)+0g(y) for each y, and so there exist vy in 9f(x +txd +6i) and vai in
3g(x + trd + 6;) such that vi = vy + v2. By assumption, the sequences {v1x - d} and
{v2x + d} both converge; hence so does {v; - d}.
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(b) Suppose f and g are subdifferentiably regular at x and let & = f + g. We always
have h'=h° if the former limit exists; hence, by use of [3, Prop. 1.12] again, we have
h'(x; d)=h%(x; d)=f(x; d) +8°(x; d)
=f(x;d)+g'(x;d)=h'(x; d).
Next, if a =0, we have d(af)(x) = a(3f(x)) and so (af)' = (af)° follows from Remark
1.2(a).

THEOREM 2.10. Suppose that x* is in SN\ W and that H and M are defined as
in (2) and (3). Suppose that the functions go, g1, " * * , 84 are semismooth at x* and that
the functions go, 81, * * » &ms |8m+1l,* * * » |8ql are subdifferentiably regular at x*. Then
hypothesis (a) of Theorem 2.1 holds if and only if dH (x*) contains the zero vector.

Proof. It follows from Clarke’s theorem on marginal functions [3, Thm. 2.1] that
the maximum of a finite number of subdifferentiably regular functions is subdifferenti-
ably regular. It follows from a theorem of Mifflin [16, Thm. 6] and [2, Prop. 9] that
the maximum of a finite number of semismooth functions is again semismooth. Thus,
since |g;| = max {g;, —g:}, it follows that |g;| is both subdifferentiably regular and semi-
smooth at x*. It now follows from Proposition 2.9 that f, is both subdifferentiably
regular and semismooth at x*. The remarks above show that H and M have the same
properties. Furthermore, it follows from Clarke’s theorem on marginal functions [3,
Thm. 2.1] that 8H (x*) = oM (x*).

Now suppose that hypothesis (a) in Theorem 2.1 holds. By Remark 1.2(a) and
Definition 1.4, we have H°(x*;d)=M°(x*;d)=0 for all d in R", hence, by [17,
Thm. 13.1], the zero vector belongs to dH (x*).

Conversely, suppose that 0 belongs to dH (x*). Since aH (x*) = oM (x*), we have
M'(x*; d)=M°(x*; d)=H’(x*; d)=0. It follows from Remark 2.6 that hypothesis
(a) in Theorem 2.1 must hold in this case.

Remark. To guarantee that |g;| is subdifferentiably regular at x*, it is enough to
assume that g; is C' near x* (since |g;| = max {g;, —g}).

Example 2.11. Suppose now in Corollary 2.2 that the function F is twice con-
tinuously differentiable at x*. We wish to show that hypotheses (a) and (b) of Corollary
2.2 reduce to the usual sufficiency conditions in this case.

First, note that, in view of Theorem 2.10, hypothesis (a) amounts to VF(x*) =0;
one must recall that the generalized gradient consists of the gradient alone in this
situation. Now, let V2F(x) denote the Hessian of F at x. Hypothesis (b) becomes the
statement that “lim sup VF (x;) - (xc —x*)/|xx — x*[>> m* for every sequence {x} con-
vergent to x*.” Since we have

VF(xi) - (xx —x*) ={VF (x;) = VF (x*)} - (xx —x*)
= (xx —x*) - VZE(x*) (% — x*) + 0 (|xi — x*?),

we find that hypothesis (b) becomes the statement that “lim sup (x; —x*) - V2F(x*)
(¢ — x*)/|xi — x** > m* for every sequence {x.} convergent to x* (with x; # x*).” But
this last condition is equivalent to the requirement that d - V2F(x*)d > m* hold for
all unit vectors d in R".

DEFINITION 2.12. Let x be in S W. The tangent cone T'(S, x) of S at x is
defined to be the set of all d in R" for each of which there exist sequences {x;} in
SN W and {#.} of positive numbers such that {x,} converges to x and {(xx —x)/t}
converges to d. (This notion of “tangent cone” is that used by Hestenes [4, p. 25].)

Remark 2.13. The theorem which follows applies to problem P, just as Theorem
2.1 does. It is of interest because the second-order conditions are given in terms of
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an auxiliary function A rather than in terms of M. This can be an advantage when
the structure of 4 is simpler than that of M. Several illustrations are given below.

THEOREM 2.14. Suppose that x* belongs to S N\ W and that M and f, are defined
as in Theorem 2.1. Suppose that h is a real-valued locally Lipschitz function defined
on W for which

(a) h(x*)=M(x");

b) h(x)=M(x) forallxin SNW,;

(c) we have limsup vy - (xi —x*)/|xi —x*|*>0 whenever {x.} is sequence in W
which converges to x* in direction d in T(S, x*) for which vo:d =0 for some v in
dafo(x*) and {v.} is a sequence in R" for which vy is in dh(x;) for each k.

Then there exists a positive number 8 such that

*

go(x)—go(x™) = (Tz——) |x —=x** forallxin B(x*, 8)NS.

Proof. Suppose that the conclusion is false. Choose a sequence {5i} of positive
numbers decreasing to 0. Then, given k, there exists z; in B(x*, 8;)NS such that
go(zi) — go(x*) < (m*/2)|zi — x*°. Let s =|zie —x*|>0 and let di = (zx —x*)/s) for
each k. Now define C; to be the smallest convex cone containing d,. We may assume
that the sequence {d.} converges to a unit vector d in T(S, x*). Notice also that
fo(zi) = fo(x*) < (m*/2)|zi — x*|* and so we may use Lebourg’s theorem as in the proof
of Theorem 2.1 to show that vg - d =0 for some v in d4fo(x*).

By hypotheses (a) and (b), we have h(zx)=M(z,)=0=M(x*)=h(x*) and so h
attains its minimal value on the set B(x*, 8;) N (Ci + x*) at a point x; which is different
from x*. Let t, =|x, —x*|>0. Notice that (x, —x*)/t. =d, for each k and so {x;}
converges to x* in direction d.

According to Clarke’s theorem on necessary conditions [2, Thm. 1], there exists
vr in 8k (xi) such that —v; is normal to the convex set B(x*, 8;) N (Ci +x*) at x,. We
apply [17, Cor. 23.8.1] to obtain a nonnegative number ¢, and a vector u; normal to
Cy +x* at x, such that

(6) v +edi +u =0.

Since both xi + tid) and x; — tid; belong to Cy + x*, we have uy - d;, = 0. Therefore we
get from (6)

U+ di +Ck|dk|2 =0.
From this we infer

@) lim sup vy, - di/t, =0.

Since (7) contradicts hypothesis (c), the proof is complete.
Remark 2.15. Suppose x* belongs to W. If F is any real-valued locally Lipschitz
function on W, put

K(F)={deR": F°(x*; d)=0}.

It follows from Remarks 1.2(a) and 1.2(b) that K (F) is a closed convex cone.

THEOREM 2.16. Suppose x* belongs to S N W and that M and f, are as in Theorem
2.14. Suppose that the functions go, g1, * * * , 84 are all semismooth at x* and that the
functions go, |gm+1l, - * * , |g4] are all subdifferentiably regular at x*. Then it is true that
vo - d =0 for some vo in dafo(x™) if and only if d belongs to K (fo).

Proof. We show that f, is semismooth and subdifferentiably regular just as we
did in the proof of Theorem 2.10. Thus, by Remark 2.6, we have fo(x*; d) = fo (x*; d) =
vo - d, if vo belongs to d4fo(x*). The desired conclusion follows from this fact.
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Example 2.17. Suppose that x* belongs to SN W and that the functions g; are
all twice continuously differentiable near x*. We shall suppose that the standard
second-order sufficiency conditions hold at x* and we shall show that the hypotheses
of Theorem 2.14 are then satisfied. Thus we assume that numbers y;, y, - -+, ¥, exist
so that y; =0 and y;g;(x*)=0fori=1"-- m, so that

® Veox®)+ ¥ Ve =0,

and so that, if we set L(x) = go(x)+y1g1(x)+* - +y,g4(x) for x in W, then we have
d - V’L(x*)d > m* whenever d is any unit vector in T(S, x*) for which Vg;(x*) - d =0
foralliinI={i: 1=i=m and y; > 0}.

To see that Theorem 2.14 applies in this situation, we must first choose r>0.
Let r=1 if there are no nonzero numbers among {ym«i,'**',y,} and r=
max {ly:i=m+1,--+,q} otherwise. Define h on W by h(x)=L(x)—go(x*)—
(m*/2)|x —x*|?, x € W. Then, conditions (a) and (b) of Theorem 2.14 hold, since
h(x*)=0and, for x in SNW,

m*

B0 = L) = golx™) — () be =¥

égo(x)‘go(x*)‘(‘r%‘) It —x*P = M(x).

Now suppose that {x.} is a sequence in W which converges to x* in a direction d in
T(S, x*), suppose that vo - d =0 for some vy in 94fo(x*), and suppose that vy is in
dh(x;) for each k. As in the proof of Theorem 2.10, we see that f, is both semismooth
and subdifferentiably regular at x*. By Theorem 2.16, d belongs to K (f,). Therefore
we have

0=1lim {fo(xk) _fo(X*)}
b

q
=Vgo(x*)-d+ Y r|[Vg(x*)-d|
i 1

i=m+

Since VL(x*) =0 and since Vg;(x*) - d =0 for each i in I, we have

0= ¥ yVax®) d=-Vgox® -d— ¥ yVg(x* d
i=1 1

i=m+

q
=-Vgolx*)-d— ¥ rlVg(x*) d|=0.
i=m+1
Since Vg;(x*) - d =0 and y; >0 for each i in I, we infer Vg;(x*) - d =0 for each i in I,
and so we have d - V2L(x*)d > m*.
Now v, =VL(x;)— m*(x, —x*) for each k. Set t, =|x;, —x*| and di = (x —x*)/
for each k. We obtain

Uk - di =VL(xk)  dy —m*tkldk|2
={VL(xx)—VL(x*)}* di —m*t.

Hence, lim sup vy - di/t =d * V’L(x*)d — m*>0. Thus the hypotheses of Theorem
2.14 are fulfilled.

COROLLARY 2.18. Suppose that F is a real-valued locally Lipschitz function
defined on W and that x* belongs to W. Suppose that h is a real-valued locally Lipschitz
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function defined on W for which

(@) h(x*)=F(x*);

(b) h(x)=F(x) forallx in W,

(c) there exists m*=0 such that lim sup v * (xi —x*)/|x — x*|>> m* whenever
{x«} is a sequence in W which converges to x* in a direction d for which vo* d =0 for
some vg in 94F(x*) and {v.} is a sequence in R" for which v, belongs to dh(x;) for
each k.

Then there exists a positive number § such that F(x)—F(x*)= (m*/2)|x —x*|* for
all x in B(x*, 8).

Proof. We define functions h* and F* on W by F*(x) = F(x)—(m*/2)|x — x*|?
and h*(x)=h(x)—(m*/2)|x —x** for x in W. We now proceed as in the proof of
Corollary 2.2, applying Theorem 2.14 to F* and h*.

3. On lofte’s sufficiency theorem.

Remark 3.1. Suppose that g is a sublinear function defined on R™; thus, g is
convex, positively homogeneous, and subadditive on R™. Suppose that the real-valued
functions G4, G,, - - -, G, are twice continuously differentiable on an openset W < R"
containing the point x*. Let G be defined by G(x) =(G1(x), G2(x), " * -, Gm(x)) for
x in W. Let f = g o G and consider the problem

P**. Minimize f(x) over x in W.

This is the finite-dimensional version of the problem over Banach spaces considered
by Ioffe [9]. Since problem P** is plainly a special case of problem P*, it is natural
to ask whether the sufficiency conditions given in Corollary 2.2 reduce to those of
Ioffe [9, Thm. 2] when applied to problem P** A straightforward application of
Corollary 2.2 to the function f produces a theorem which seems to be slightly weaker
than that of Ioffe. But, we can get Ioffe’s theorem from Corollary 2.18. Apparently,
the latter approach takes proper advantage of the special structure of f.

Remark 3.2. The generalized gradient of f can be expressed in terms of the
Jacobian J of G and the subdifferential dg of the convex function g. It follows from

a theorem of Rockafellar [18] that f is subdifferentiably regular at every point of W
and that

) )= (x)Ty:yeag(Gkx))}, xeW;

here, the superscript T stands for transpose.

Mifflin [16, Thm. 5] has shown that the composite function of two semismooth
functions is again semismooth. It follows from Remark 2.6 that f is semismooth at
every point of W.

Several facts about g, which are consequences of its sublinearity (see [17, Cor.
13.2.2]), are listed below:

(10) g(0)=0.
11 If y belongs to dg(u), then g(u)=y - u.
(12) For every u in R™, we have ag(u) < 0g(0).

It follows from (10) and (12) that
(13) If u belongs to R™ and y belongs to dg(0), then y - u = g(u).
DEFINITION 3.3 [9]. Given f and x* as above, put

Q(x*)={y €9g(G(x*)): J(x*)Ty =0},
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and
Ke={deR": g(G(x*)+tJ(x*)d) = g(G(x*)) for some ¢ > 0}.
Finally, we define a function L* on W xR™ by
L*(x, y) = y1G1(x) + y2Ga2(x) ++ + + + y, G (x),

for x in W and y in R™. (Ioffe [9] shows that K is a closed convex cone.)
Next, we state and prove loffe’s sufficiency theorem.
THEOREM 3.4 [9, Thm. 2, finite-dimensional version]. With f and x* as above,

suppose that the set Q(x*) is nonempty. Assume that positive numbers m, and m, exist
so that

(i) given d in R", there exists z in K¢ such that
ld —z| = mao{g (G (x*) + T (x*)d) — g (G (x*))},
and
(ii) given d in K, there exists y in Q(x™*) such that
d - ViL*(x*, y)d zm|df*.

Then there exists a positive number & such that
% my %2 : %
fx)—f(x )2(7) |x —x*|° forevery x in B(x*, 8).

Proof. Since the set ((x*) is nonempty, we can define A on W by
h(x)=max{y - G(x):yeQ(x*)}, xeW.

We wish to apply Corollary 2.18. First, note that, since Q(x*) is nonempty, it follows
from (9) that 8f(x*) contains the zero vector. It follows from (11) and (13) that

h(x*)=f(x*)and h(x) = f(x) for all x in W, By Clarke’s theorem on marginal functions
[3, Thm. 2.1], we have

h(x)={T(x)Ty:ye Qx*)and h(x)=y - G(x)}.

(In particular, it is clear that 8k (x*) = {0}.)

In order to appeal to Corollary 2.18, it remains only to verify that hypothesis (c)
of Corollary 2.18 holds. Thus, suppose that {x.} converges to x* in direction d in
K(f) (here, we are using Theorem 2.16) and suppose that v, belongs to 8k (x;) for
each k. For each k, there exists y§ in Q(x*) such that v, =J(x;) "y} and h(xg) =
y% - G(x). Since f is semismooth and subdifferentiably regular at x*, we have (with
t = |x —x*| and di = (x; —x*)/ t,)

0=f(x*; d) = lim sup {g(G (x«)) — (G (x*))}/ tx.

From Taylor’s theorem, we get, since g is Lipschitz,

i 8(Gx) — g(Gt(x*) 6 (i} _
k
and so

{8(G(x™*) + ] (x*)di) — g(G(x™))}

0=lim sup ;
k
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According to hypothesis (i), there exists for each k a point z in K¢ such that
|z — tedic| = mo{g (G (x*) + i J (x*)di) — g (G (x™))}.

Let ex = zi/t for each k. It follows that the sequence {d; — e} converges to 0. We have
2

t
Vi Glx)—yi Gx*)=yi - T(x*)teds +(§'5) di - VL*(x*, y¥)di +o(t2)
(14)

2
t
= (5") ex * VL*(x*, y¥)ew +o(t2).
For each k, let y, be a member of Q(x*) such that
ex - Vi L*(x*, Yi)ex §m1|0k|2-

Since yx + G(xx)=h(xi)=y¥ - G(x) and y, - G(x*) =y¥ - G(x*) = h(x*), we have
yi - Gx) =y - Gx*)Zyi - Gxi)—yi - G(x¥)
2
= (525) ex - VRL*(x*, yo)ew +o(tk)
(15)

2
k

t
= (5) milexl + o ().

Next, we observe that
Uk * di =J(xk)Ty;lc‘ “di
=) =T (¥ Wk - du
=V2L*(x*, yi)tudi * dic +0(t)
=VPL*(x*, y)teer * ex +o(te).
From (14) and (15), we get

U * dk
b

= m1|ek|2 + 0(1),

and so

Uk * di

lim sup =m|d]* = m.

4. A sufficiency theorem for Lagrangians. If the functions go, g1, - -, g, in prob-
lem P are twice continuously differentiable at x*, then the classical second-order
sufficiency conditions for problem P (see [4, p. 37] or [14]) are given in terms of a
Lagrangian. In view of [2, Prop. 9] and [3, Prop. 1.12], any generalized gradient of
M does involve multipliers. But, there is no reference to any specific Lagrange
multiplier.

We shall present a sufficiency theorem in terms of a particular set of multipliers.
This effort is not wholly successful, because additional hypotheses are required on
the g; and because there is still a reference to H in the most general result.

Remark. In order to introduce a Lagrangian for problem P, we shall recall a
special case of Clarke’s theorem on necessary conditions [2, Thm. 1]; we have already
used a different special case in the proofs of Theorems 2.1 and 2.14.



NONDIFFERENTIABLE PROGRAMMING PROBLEMS 31

THEOREM 4.1. [Clarke, special case]. Suppose that x* in W is a local minimizer

for problem P. Then there exist numbers aF and vectors v fori=0,1, - -, q such that
(@) af is nonzero for at least one in {0, 1, - - -, q};
(b) a¥*=0fori=0,1,---,m;
© afg(x*)=0fori=1,--+,m;

(d) vf belongs to 3g:(x*) foralli=0,1,---,q;
(e) 0=agvy +afof+ - -+alovlk.
(We shall assume (a)—(e) below and we shall also assume

) af=1.

If, for example, there are no equality constraints and if the problem P is “calm” (see
[2, p. 172)), then it is not a serious restriction to assume (f).)

Remark 4.2. Suppose that x* belongs to W, that the functions g; are all semi-
smooth at x*, that the functions go, * * * , 8m» A +18m+1,* " * » a;"gq are all subdifferenti-
ably regular at x*, and that Theorem 4.1(a)—(f) hold. (We must emphasize that we
do not assume that x* is a local minimizer.)

Now we define a real-valued function L on W by

L(x)= i’, afg(x), xeW.

It follows from Proposition 2.9 that L is semismooth and subdifferentiably regular at
x*. Rockafellar [18] has shown

(16) aL(x*)= i af agi(x™®).

It follows from Theorem 4.1(e) and (16) that 0 belongs to dL(x*). Proceeding as in
Remark 2.15, we can introduce the closed convex cone

K=K(L)={deR": L°(x*,d)=0}.

THEOREM 4.3. Suppose that x* is in S N W, that the functions g; are all semismooth
at x*, and that the functions go, 81," " * » m» Aim+18m+1, * * * » A1 84 are subdifferentiably
regular at x*, where we are assuming that x*, a*, and v§, v¥,- - -, v} satisfy Theorem
4.1(a)-(f). Define I ={i:1=i=m and a’¥ >0}. Next, suppose that lim sup vy - (x; —
x*)/|x — x*[>> 0 whenever the sequences {x.} and {v.} satisfy these conditions:

(i) {xx} converges to x* in direction d with x; in S for each k;
(ii) {vi} converges to O with v, in dL(x;) for each k;

(iii) gi(x*;d)=0foralliinI.

Then if C is a closed cone for which C < int (K')U{0} there exists a positive number
8 such that go(x) > go(x*) whenever x belongs to B(x*,8)N(C+x*)NS and x # x*;
here int (K) denotes the interior of K.

Proof. Suppose that the conclusion is false. Choose a sequence {5} of positive
numbers decreasing to 0. To each positive integer k, there corresponds x; in B(x*, 8,) N
SN (C +x*) such that x, # x* and

(17) golxi) —go(x*)=0.

Let # =|x —x*|>0, and let d; = (x, —x*)/#. Each d, belongs to C and so we may
assume that {d,} converges to a unit vector d in C. We apply Lebourg’s mean value
theorem to obtain points z, and zy; in the interior of the line segment joining x; to
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x* and vectors vy in dL(z) and vy; in dg;(xx;) such that

(18) L(xi)—L(x*) = vy * tidy, k=1,
and
(19) gi(x) — 8i(x™) = vis * tidy, k=z1, i=0,1,---,q.

As before, we may assume that {v, } converges to v~ in d,L(x*), and that {v;} converges
to vy in dagi(x*) (for i=0,1,- -+, q).
Since each x; belongs to S, we have, by Theorem 4.1(b), (c), L(x;)—L(x*)=
go(xi) — go(x*). It follows from (17), (18) and (19) that, for all k,
Uk dk§0k0 . dk §0,
(20) Vki +di =0 foriinl,
Ui+ dr=0 form<i=q.

From (20), we get v~ - d=0,v; -d=0for i in TU{0}, and v; -d=0for m<i=gq.
Since L is both semismooth and subdifferentiably regular at x*, since v~ belongs to
d4L(x*) and 0 belongs to dL(x*), we have v~ - d = L'(x*; d) = L°(x*; d) = 0. We infer
v -d=0.

Now we wish to show that v~ =0. Since d is in C, d must be in int (K). If v~
were nonzero, it would follow from Remarks 2.6 and 1.2(a) that, for positive ¢,

L(x*;d+tw ) zv™ - (d+tw”) =t ?>0.

It follows that d +tv~ cannot belong to K (for t>0). Hence, d cannot belong to
int (K), a contradiction. So, we have shown v~ =0. In view of (20), we have

v - di

21) lim sup =0.

te
Thus, if we can show that g} (x*; d) =0 for all  in I, then (21) will yield a contradiction.
Since v~ =0, we have

q
0=0v"-d=3Y af(vi -d)=Y af(vi - d)+ai(vo - d).
i=0 iel

Inasmuch as v; - d =0 for all i in I U{0}, we infer v; - d =0 for all i in I. Because
each g; is semismooth and each v; belongs to dag:(x*), we get 0=v; - d = gi(x*; d)
for all i in L.

Remark 4.4. Suppose that, in Theorem 4.3, the functions g; are all continuously
differentiable at x*. Then Theorem 4.1(e) becomes VL(x*) =0 and we have K =R".
In this case, we may choose C =K = R" and thus obtain a sufficiency theorem.

If the functions g; are all twice continuously differentiable near x*, we can proceed
as in Example 2.11 and recover from Theorem 4.3 one version of the classical
second-order sufficiency conditions.

Remark 4.5. In some sense, Theorem 4.3 gives sufficiency conditions for certain
directions (i.e., those directions which lie in C). A somewhat similar first-order theorem
can be proved, where we allow directions d in a closed cone D; here, D is required
to be included in the union of the complement of K and the set {0}. This result can
be regarded as a variant of [13, Thm. 5.3] or of [5, Chapt. 4, Thm. 6.3]. Using this
first-order result and Theorem 4.3, we can employ the method of proof of Theorem
2.1 to obtain the following theorem:
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THEOREM 4.6. Suppose that the hypotheses of Theorem 4.3 are in force, except
for the one concerning the cone C. Let H be as in (2) and let b(K (L)) be the boundary
of the cone K (L). Suppose also that
O+ (X —x%)
——— =">0

ka -X *Iz

whenever the sequences {x.} and {v.} satisfy not only contitions (1)-(iii) of Theorem
2.1, but also, the additional condition that d belong to the set b(K (L)).

Then there exists a positive number 8 so that go(x)> go(x*) whenever x belongs to
B(x*,8)NS and x # x*.

We shall omit the proof of this theorem, because the theorem itself is unappeal-
ingly awkward and because we shall make no application of it.

lim sup
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A LEARNING MODEL FOR ROUTING IN TELEPHONE NETWORKS*
P. R. SRIKANTAKUMAR? AND K. S. NARENDRAT

Abstract. The aim of this paper is to develop a theory of adaptive routing in telephone networks using
learning methods. A mathematical model of the network with slow-learning algorithms distributed at various
nodes is presented. The algorithms update the routing probabilities on the basis of network feedback
information (like call blocking or completion) only. Convergence of the routing strategies is established. Two
linear updating algorithms, under certain conditions, are shown to have desirable equilibrium behavior like
load equalization and minimum blocking probability for the entire network.

1. Introduction. The adaptive routing of traffic in large networks is currently a
problem of great interest. While approaches to this problem through mathematical
programming [12]-[14] exist, the one that has recently gained attention uses learning
techniques. The suitability of learning methods has been demonstrated in the extensive
simulation studies [1] of telephone traffic routing. The principal aim of this paper is to
develop a mathematical model to explain the simulation results, and to provide a theory
of network routing using learning methods.

A telephone network is a finite set of nodes connected by links or trunk groups of
finite capacity. Calls (traffic) originate at the nodes of the network destined for other
nodes. The routing control systems located at various nodes direct the arriving calls to
subsequent nodes by attempting the call on alternate trunk groups at that node. If the
call reaches the destination, it is connected (or set up) for communication, occupying
a trunk on each link along the path it is routed; otherwise, the call is lost (or blocked)
at some intermediate node failing to find a free trunk. Many paths for the connection
of the call being generally available, the routing problem is to determine the decisions
(e.g., routing probabilities for the various alternatives) that the nodal controllers have
to make so that some network performance criterion like blocking probability is
minimized.

The routing problem when the traffic and the network conditions are stationary
and known has been well studied [9], [16]. Seldom do stationary situations prevail.
Routing in the face of nonstationarities is the adaptive routing problem. In the approach
to adaptive routing via learning methods, the traffic parameters are assumed to be fixed
but unknown. The nodal controllers select the available alternatives to route a call with
certain routing probabilities, and based upon only feedback (e.g., call block or comple-
tion) from the network update these probabilities. Thus, the controllers evolve to or
“learn” some desired routing parameter. Being iterative, such routing algorithms
provide adaptation to varying traffic and network conditions. (Any a priori knowledge
of the traffic can be used to compute the initial routing parameters).

Central to the adaptive routing problem are questions concerning the adequacy
of traffic models, the decision space of the routing controllers, the learning algorithms
used by each controller and the network feedback information needed for updating.
Questions related to convergence, speed, and adequacy of adaptation of the algorithms,
and the overall performance of the network system are also important. While the
investigation of the adaptive routing problem, in all its generality, is in its initial stages,

* Received by the editors November 16, 1979, and in revised form October 1, 1980. This work was
supported by the National Science Foundation under grant 03664.
+ Department of Engineering and Applied Science, Yale University, New Haven, Connecticut 06520.
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an attempt is made in this paper to characterize and study some of its main aspects.
Specifically, we formulate a mathematical model of the network using a class of learning
algorithms, and study the convergence and asymptotic performance of the network and
the nodal controllers. Conditions under which the algorithms employed are optimal
are also discussed.

The learning algorithms for the nodal controllers have the following general form:

(1.1) p(r+1)=p(m)+aU(p(n),a(n),x(n)), 0<a<l, n=0,1,2,---,

p(n) is the vector of probabilities for the choice of various alternatives at n, U(+) is the
updating function which depends upon the network state x(n).

Algorithms of the form (1.1) have been studied in the context of learning models
[3], [4]. In a typical learning model, an automaton (or algorithm) has a set of actions
to choose from in an unknown stationary random environment, and at each state » it
does so with certain action probabilities p(n). For each action chosen the environment
gives an output x(n) (e.g., reward or penalty) from a stationary probability distribution.
The automaton, then, updates the action probabilities depending upon the output at
that stage, and evolves to some desired final behavior.

In the adaptive routing problem {x(n)}.=o is nonstationary. In a recent paper by
Narendra and Thathachar [2] an attempt was made to model this behavior. In this
model when an action is performed its penalty probability increases by a fixed amount
while the penalty probabilities of all others are decreased by fixed amounts. However,
as indicated in [2] this model of a single automaton-environment combination could
not be adequately analyzed using techniques normally used in the study of learning
automata. To circumvent this difficulty an alternative approach was suggested by the
authors in [15], wherein the penalty probabilities were assumed as functions of action
probabilities. It is this feature which enables the resulting model to be extended to the
adaptive routing problem. Extensions of some results of [15] are also in [2].

Norman [4] has studied ‘‘slow-learning” in a Markovian framework in terms of
the asymptotic properties (a - 0, n > 0) of the sequence {p(n)},.=0, Where {x(n)},z0 is
a stationary random sequence. In view of the nonstationarity of x(n) in the adaptive
routing problem, the powerful methods of Norman cannot be directly applied.
However, the specific assumption of the model suggested in [15] that x(n) depends
only on the probability iterates p(n) enables slow-learning results to be extended, and
incorporated into the routing problem.

In § 2 the network model comprising the traffic assumptions and the nodal routing
schemes is developed. Two particular linear algorithms for U (-) are employed and are
shown to result in desirable properties. We isolate, in § 3, one nodal algorithm to gain
insight into its behavior in the network. An abstract nonstationary environment is
postulated and the algorithms are analyzed in this environment. Section 4 contains
some preliminaries about the network. In § 5.1, we prove the convergence in distribu-
tion of the network and the controllers by showing that the process {x(n), p(n)},=o0 on
the product space has some random contraction properties. The steady state analysis
is given in § 5.2, where results of § 3 are found to be useful. A quadratic approximation
of the network blocking probability is derived in § 5.3 and it is shown that one of the
linear algorithms, in steady state, is ‘‘near” the optimal for this approximation. The
conclusions are stated in § 6.

2. Model of telephone network with learning routing.

Telephone network model. The telephone traffic system, for our purpose, has three
constituents: (i) a network connecting source-destination paris, (ii) a routing system,
and (iii) a process for generating calls.
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The network consists of a finite set of nodes /': {1,2, -+, N},andaset L= N XN
of trunk groups (or links). The link (i, j) has capacity /; trunks. Calls are generated
randomly at source node i, destined for node j (i, j € #). Calls have a random holding
time (or duration of communication of the call). The routing systems are distributed at
various nodes. A call, in general, is processed through a sequence of nodal routing
systems before it either reaches destination (completion) or gets blocked (loss); the
time for this processing is the setup time. If a call is completed, it remains in the network
for the duration of the holding time, after which the call is disconnected (or hung up)
making free all the trunks it occupied.

A call with source i and destination j, when it arrives at node k is routed by the
controller Af located at k. (If the calls are not distinguished with respect to their
source’, the controller is designated Af). A chooses a set of actions (alternatives)
attempting to route the call to the subsequent node. The decision space determines the
type of routing. For example, in the so called “fixed rule” routing [1] the call is
attempted on a sequence of links (k, [,), (k, I5), - - -, (k, l,), i.e., only if all the links (%, [;),
i=1,---,a have no free trunk, the call is attempted (or overflows) on (k, l,+1),
a=1,---,r—1. Asis clear, the fixed rule has only a single choice and hence no scope
for adaptation. In practice, the decision may take many forms, e.g., choosing from a
set of links or from a set of sequences of links, or if all the links are busy placing the
call in a waiting line. We restrict ourselves to the first two cases, i.e., either choosing
from a set of links, or a set of sequence of links, at k. The alternatives are chosen with
constant probabilities in fixed probabilistic routing; in adaptive routing these prob-
abilities vary with time.

The following assumptions are made about the nature of the generated calls and
their routing:

(i) Calls from node i to node j follow an independent Poisson process with
parameter A; (i.e., A; calls/unit time).

(ii) The holding time of any call is an independent random variable with exponen-
tial distribution having mean time 1/u. For convenience’, we take u = 1.

(iii) The setup time of each call is negligible.

(iv) No call is deliberately blocked®.

(v) The alternatives for AZ‘,- are so restricted that routing is cycle-free (i.e., the
call does not get trapped in a loop of nodes without either getting blocked or
connected).

(Assumptions (i) and (ii) are quite standard in traffic theory.) A call is of type
t=(i,j) e %, if it has origin i and destination j. We write Ak for A,!‘,- (or A}‘, if no source
distinction).

Learning routing schemes. Controllers A¥ are learning algorithms (2.1). AF has
r« choices. At instant n (see § 4), if a call arrives for A¥, the actions are chosen with
probabilities (p:"1 (n), p:"2 (n), -, p:‘""‘ (n))= pi‘(n), Z:‘;l pf’i(n) = 1. The call is either
sent to the next node or blocked, and this depends upon the state of the network x(n),
at n, and the action chosen. The ‘‘state”” of the network at n is the configuration of calls
which are connected at n. The state gives the pattern of free and occupied trunks in
the network (§ 4).

The general structure of updating for A is as follows:

2.1) pi(n+1)=pf(n)+aU(p; (n), a(n), x(n)),

! As in the AT & T network [1].
2 All our results hold for the case of different wi;’s. For relaxation of (i) & (ii) see § 4.
3ie., making no attempt to send it to the next node. Such a policy has been studied for fixed routing in [9].
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0<a<1. a(n) is the action at n. “a” is the step size. More generally, the updating
could have the form

(2.2) pr(n+1)=pt(n)+aU(pi(n), z(n)),

where z(n) 2 (a(m), x(m)), 0= m = n, is the history of AF. For any call, Ak updates iff
the call is of type ¢ and is routed through node k.

Since x(n) describes the state of the entire network, in large networks it is
impractical to provide A¥ with complete state information. The question of how much
information is needed for optimal decision making, or the trade-off between state
information and optimality, in general, appears to be difficult. In the linear updating
algorithms (2.3) we employ, the updating depends only on the state of the path along
which it is routed. Specifically, updating is only a function of the call blocking or
completion, which depends only upon whether the call counters a blocking state or
not. Such a simple overall routing scheme, wherein the nodal algorithms act indepen-
dently without transferring any state information (except block/completion), has
desirable and optimal (with respect to network blocking probability, defined in § 4)
asymptotic behavior. While the techniques of the following sections are applicable to
any algorithm of the form (2.1), attention is focussed on the linear algorithms (2.3).
Algorithms which use average rather than instantaneous blockings and completions,
and which have the form (2.2) are discussed towards the end of the paper.

Linear updating rule. At instant n let a call of type ¢ arrive for A¥ which has
alternatives {a1, a3, * *, a,, }. If the action chosen a(n) for routing this call is a; the
updating is given by the following.

Define Ap¥(n)2 pf(n+1)—pf‘(n). Let £(n) be the indicator of blocking, i.e.,
£(n)=1/if call is blocked. 0<a, b <1.

—ap:('j(n)’ f(n) =0,

j*i Ap =l

~bpr'(n),  £(n)=1,

(2.3) w1
’ Kig N a(l-prin), £(n)=0,
Aps (")‘{—bp:‘-‘(n), 2n)=1.

The probabilities are conserved at every instant. The following two cases will be the
focus of study:
(i) a = b, the symmetric case, named Lg_p algorithm [5].

(ii)* b =o(a), named Lg_.p algorithm (also [6], [2])*.

The analysis of (2.3) follows in the subsequent sections. As a first step, we isolate
one nodal algorithm for study of its probabilistic behavior. In § 3, the nonstationary
environment abstracted from network considerations results in a novel automaton
model. The asymptotic properties of the action probabilities in this model are analyzed.
Li_pattempts to equalize average penalty rates from its action, whereas Lr_.p attempts
to equalize average penalty probabilities from its actions [2]. The accuracy of this
equalization is O(a). As a - 0, in steady state, action probability is Gaussian. Approxi-
mations to the asymptotic variance are derived. The analysis of the algorithm in the
network is dealt with in § 4 and § 5. After showing the convergence of the algorithms
and the network to a unique stationary measure, it is proved that the steady state
behaviors of Lg_p and Lr_.p resemble their behaviors in the automaton models of § 3.

4 o(a) implies o(a)/a -0 as a > 0. O(a) is =Ka, where K is constant.
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(Transient behaviors in the two situations are different.) Lz_p, thus, has a ‘“load
equalizing”’ effect, a desired attribute in traffic engineering. Lr_.p, for small “‘a’’, is near
optimal of a quadratic approximation of the network blocking probability.

3. New learning automata models. A learning automaton may be represented by
a feedback loop containing an automaton and an unknown random environment. At
stage n, the automaton (algorithm) chooses action a(n)=a; from a finite set
{a1, as, - -+, a,} with probability p;(n). ¥;_, p:(n) = 1. In response to this action, the
environment gives an output x(n): reward (0) with probability c;(n), and penalty (1)
with probability d;(n) 2 1—c;(n).

¢ci(n)=Pr[x(n)/a(n)=a;l, i=1,---,r

The automaton, then, updates its action probability according to the rule (2.1).

Norman [4] and others [3] have studied the behavior of different algorithms, but
mostly in stationary environments, i.e., ¢;(n) =c;, a constant. Below, we postulate a
novel nonstationary environment derived from network considerations, and analyze
the updating scheme of (2.3) in this environment. In this environment ¢;(n)i=1, - -, r,
are specific functions of p(n)=(pi(n), - -,p.(n)). {p(n)}l.=o arising from the
automaton-environment interaction is a homogeneous Markov process, and is ergodic.
The steady state behavior, as will be shown in § 5, is similar to the behavior of the
routing algorithm (2.3) in the network.

Environment. If p(n) = p, we write ¢;(p) for ¢;(n). The following are the assump-
tions on the environment.

Al. ¢i(p1,p2, -, p,)iscontinuousinp;, i,j=1,---,r.
A2,
ac (- . ac;(+) aci(: ,
3.1) 9l)o 0 vi ana 20360 oy
op; op; ap;

A3. ¢;(+) is continuously differentiable in all its arguments.

A4. ¢;(+) and dc;(+)/dp; are Lipschitz functions of all their arguments.

While some of the assumptions are subsumed by others (e.g., A1 by A2, A3 and A4)
we state them separately since not all the results stated later require the stricter
assumptions.

Remarks. As will be seen in § 5, in the network ¢;(+) corresponds to the blocking
probability from action @, The blocking probability will, in general, satisfy the
smoothness conditions (A1), (A3) and (A4). (see § 4). Assumption (A2) is motivated
by the network situation: at a node, the amount of traffic attempted on different links
is governed by the routing probability p, and increasing the traffic on a link increases
the blocking probability along that link. The cross-derivatives being small in (A2)
implies that the overflow (from one link to another at the same node, § 2) traffic is
small. (In § 5.3, the cross-dependence results from merging traffic downchain, and
could be large).

The probability with which the automaton receives a penalty at time » from action
a; 18

pi(n)ci(p(n)) 2 fi(p(n)).

We refer to f;(p) as the average penalty rate. (Note that f;(p) is the average rate of
penalty seen by an outside observer, whereas c;(p) is the average rate of penalty given
the action chosen is a;.)
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Algorithm.

3.2) The algorlthm for updating is the same as in (2.3) without the indices ¢ and k;
ie., p, ‘=p, re=r, £ of (2.3) is the binary output x of the environment.

Analysis. In this section we present the convergence and steady state analysis of
both Lg_p and Lg_.p algorithms with r-actions in the environment (3.1).

THEOREM 1. The Markov process {p(n)}.=o is ergodic and converges in distribution
as n - o to a unique stationary probability, for any distribution of p(0). O

The proof of Theorem 1 follows from Norman’s results [4] for Markov distance
diminishing operators, and is in [15]. The proof is omitted here since it is not central
to the theme of the paper.

Steady-state analysis. We will first consider the two-action case, which is illustra-
tive of the type of results for r-action Lg_p and Lr_.p considered later.

Two-action Lg_p. In the analysis, the constant vector p* = (p¥, p%), p¥ +p5 =
satisfying f1(p*)=f2(p*) is of importance. Assumptions (A1) and (A2) assure the
existence and uniqueness respectively of p*. The two penalty rates from the actions
are equal at p*.

PROPOSITION 1. If (A1) is satisfied by c;(p), i =1, 2, then there exists p* such that

fl(P*) P1C1(P1) chz(Pz) fz(P*)

Further, if (A2) holds, then p* is unique.
Proof.
c2(0, 1) if pr=0,
—1(1,0) ifp,=0 or p=1.
f2(p)— f1(p) is continuous in p;, and hence p¥ and p5 exist such that fo(p*)—f1(p*) = 0.
Uniqueness follows since the derivative with respect to p; is strictly decreasing. 0O

Let Api(n)2pi(n+1)—p;(n). The conditional expectation of Api(n) in the
algorithm (3.2) may be expressed as

(3.3) E[Api(n)/p(n)=pl=pidi(p)lap2]+ p2d2(p)[—api]

—pic1(p)[bp1]+ pac2(p)bp2],

d; =1—c;. The four terms on the right-hand side of (3.3) are due to the four possible
events at n.

Since, in the Lr_p algorithm, a = b, (3.3) becomes

(3.4) E[22 /o) = p] = o)~ () 2 w(p)

and

Fap)~Fulp) =

Let

A 2
(3.52) sl(p)éE[piT(n)/p(n) =p] =p1di(p)p3 + prc1(p)p + paca(p)p3 +p2da(p)p3

and
(3.5b) §1(p) 2 s1(p) —w?(p).

Similarly, s,(p) and §>(p) are defined.
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In the steady state
(3.6) E[Ap:]=0 or E[w(p)]=0.

The zero of w(p) is p* and, in general, E[w(5)]= 0 need not yield p*. However, if the
parameter a is chosen sufficiently small, the difference between these two values may
be made small, as indicated in the following theorem.
THEOREM 2. Let p(0) have stationary measure p.
(a) Under assumptions (A1)-(A3)
3.7) Elpi(n)—p¥T =0(a).
(b) Under assumptions (A1)—(A4) if z, is defined as
(n)—np*
Z; épl(n)_ Pz
Va

as a -0, z, is normally distributed with mean zero and variance

fori=1,2

2 _ 5;‘(!’*)

7 2|GW(p*)
ap;

.

Proof. See Appendix 2.

Comment. Since [E(p:(n)—pF)P = E[p;(n)—p¥T, part (a) of Theorem 2 implies
that

(3.8) E[p:(n)]-p¥ =0(Wa)

and further as a - 0, E[p:(n) —p# 1> > 0 with p;(n)-> pF with probability 1.
From (3.4) and (3.6) we have E[w(p(n))]=E[f2(p(n))—fi(p(n))]>0asn >0, or

(3.9) E[f2(p)]= WIf1(P)].

From this,

(3.10) E[£f2(p)1-f2(p™*) = E[£1(P)] - f1(P¥).
Since f;(-) is Lipschitz bounded, from (3.10) and (3.8) we get
(3.11) E[f(p)]~fi(p*) = OWa).

Hence, for small values of “a”, it can be concluded from (3.9) and (3.11), that the
asymptotic behavior of the Lrg_p automaton can be approximated by

f2(p*) = f1(p™).

In other words, the two-action automaton asymptotically attempts to equalize the
average penalty rates from the two actions.

Two-action Lg_.p algorithm. In this case, b =o(a). Equation (3.3) can now be
written as

612 E[*2 [pin)=p] = pipilex(p) -1+ 0(@) 2 w () + 0(a).

If ¢;(p) =0 for p; =0, along with the assumption (A1) and (A2) we have a unique p*
such that c1(p*) = c2(p*). (The proof is along the lines of Proposition 1). Otherwise,
w(p)>0 (or <0) for all p; € (0, 1). If so, let p¥ =1 (or p¥ =0). With s;(p) and §(p) as



LEARNING MODEL FOR ROUTING IN TELEPHONE NETWORKS 41

defined in (3.5a) and (3.5b), the statement of Theorem 2 holds for the Lz _.p. Hence

the two-action Lg_.p attempts to equalize the penalty probabilities from the two
actions [2].
Multi-action case. We can write, for algorithm (3.2), the following.

E[(pi(n+1)—pi(n))/p(n)=pl=E[Ap:(n)/p(n)=p]

(3.13) =pdip)|a T p]+peip)|-b+5 3 p]

j#i
b
+ 3 pd(p-apd+ I pe(p) =5~ b
i=i j#i r—1
Lr_p automaton. Since a = b, we can write (3.13) as

1
Elap(n)/p(n) = p)=—a| f(p)+— £ fi(p)]
(3.14) !
éaWi(P)-

Let p*=[p¥,p3,-+-,pFl, i, pFf=1and
filpH=£fp*, §j=1,2,---,r

The existence of such a p* is shown using Brouwer’s fixed point theorem [7] in
Appendix 1. The following proposition is a generalization of Proposition 1.

ProPOSITION 2. If ¢i(p), i =1, - -, r satisfy the assumption (Al), there exists a
p* such that

A(p*)=fa(p*)="=£(p.

Further, if (A2) is satisfied then p* is unique. 0
Proof. Refer to Appendix 1.
Let

Ap(n) =[Api(n), Apa(n), - - -, Ap:(n)),
w(p)=[wi(p), wa(p), - - -, wi(P)],

the conditional covariance matrix of Ap(n)

(3.15) A ([ ()][M—w(p)]')/p(n)w]és"(p),
zi.é—(—n\;T&, Zo=[zmzi 20l

and let A be the r X r matrix, A = (d/dp)w(p)|,=p*.
The following theorem completes the generalization to the r-action case.
THEOREM 3. Let p(0) have stationary measure p. Then
(@) Ellp(n)—p*|"1=O(a) (|- || denotes the norm) and E[p(n)]—p* = O(Va).
(b) z,, as a >0 is normal with mean zero and covariance 3 which is the unique
solution of AS+2A+§(p*)=0. O
The proof is in Appendix 2.
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Lg_.p automaton. For the case b =o0(a), (3.13) reduces to

Elapi(n)/p(n)=pl=a ¥ pipile;(p)—ci(p)]+o(a)
(3.16) "
2 awi(p)+o(a).

If we assume that ¢;(p) =0 for p; =0, then along with assumptions (A1) and (A2) we
have, through Proposition 2, a unique p* such that

(3.17) C1(P*)=CZ(P*)=' ’ '=Cr(l7*)-

With Ap(n), w(p), A and z, as in (3.15), and the conditional covariance of Ap(n)
defined as §(p)+o(a), Theorem 3 holds for the case of Lg_.p automaton. However,
if any of the penalty probabilities, ¢, (p), dominates (or is dominated by) others; i.e., if
ck(p)>ci(p) (or <c;(p))forallp,andfori=1,2, - - r,then p, (n) will be asymptotically
concentrated near 1 (or 0). All this is summarized in Theorem 4.

THEOREM 4. Let p(0) have stationary measure p.

(@) If (3.17) holds, then E[p(n)]—p* = O(\/Z), and z, is normal with mean zero

and variance X, the unique solution of A2+2A+§(p*)=0asa->0.
(b) If ci(p)>ci(p) forall p, i #k,

Elpc(n)—1=0(a),
or if c,(p) <ci(p) forall p, i #k,
E[p«(n)]= 0 a). a

Remarks. The proof (Appendix 2) to show that the variance of § around p* is
O(a), rests on demonstrating that (p*—p)w(p)> R > 0 for almost all p # p*, in all the
cases of Lg_p and Lg_.p. The normality result for the stationary measure follows as an
application of Norman’s results.

4. Network preliminaries. To understand the exact nature of the nonstationarity
arising from the network in (2.3), and the dependence between the state and the routing
probabilities, we first consider the case where A{ routes with fixed probabilities without
any updating.

The state of the network is defined as the configuration of calls in progress (or
currently connected). It can be characterized by a vector, each component of which
gives the number of calls in progress on a particular type of a particular path. State
transition occurs when a call in progress hangs up or a new call is connected. Blocking
results in self transition. Due to assumptions (i)-(v) of § 2 the network can be described
by a finite, homogeneous Markov chain [8]’.

Let

S ~set of all possible states of network={1,2, -, v},
h, ~set of all states with one call hung up from state x,
ay, ~set of all states with one additional call type ¢
connected along path 7 from state x,
n, ~number of calls in progress in state x,

FéZrl‘, X':ZA,'J‘.
tk ij

s Assumptions (i) and (ii) of § 2 can be relaxed as long as the state evolves according to a homogeneous
Markov chain.
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The transition matrix Q can be described as follows [8]. Let x(n) be the state
immediately after the nth transition. Let x(n)=x, and x(n+1)=y. Let p be the
F-vector of the fixed routing probabilities: if y € Ay, gy, =1/(A + 7). f yea T, qeu =
piAi/ (A +m,), where py is the probability of call type ¢ = (i, j) being routed along r,
upon its arrival (p7 can be computed from p), and if y =x,

qxx = 1-Pr {Y € hx}_ Z Pr {y € av:t}'
L

If p;(n) A Pr{x(n)=jes},and p(n)=(p1(n), - -, p,(n)), the state evolves according to
4.1) p(n+1)=Q(p)p(n).

The transition matrix depends upon p, as well as upon A, u and [;;. Q(p) s, in fact, an
ergodic matrix (whose ergodic sets® may be functions of p), since any state could be
reached from every other state. As n—>00, p(n)->p = Q(p)p, a unique probability
independent of p(0); the limit p itself depends upon p. (The chain does not have any
cyclical subsets.)

Blocking probability. A call arriving at any link or a node either gets blocked or
completed, and hence has a certain blocking probability. Different arrival processes in
the network, i.e., at different nodes and links, have different blocking probabilities.
Formally, we define the blocking probability P, and completion probability P, for an
arbitrary arrival process. (Though these notions are the same as in the literature [8],
[17], the development here which is convenient for our purposes is somewhat
different.)

Letm=0,1, 2, - be the arrival instants. Let S, =S be the set of states in which
these arrivals can be completed; S, =S — S, the set of blocking states. If x(m ™) is the
state of the network immediately preceding m,

P4 lim Pr {x(mHeS,, PA lim Pr {x(m7)eS.}.

The above limits exist, and can be calculated from p. Let n =0, 1, 2, - - - be the state
transition instants of the chain (4.1), which are instants of connections, blockings and
hangups. If I, is the indicator of blocking of the arrival process,

Pr{l..,}= Y Pr{arrival of the process/x(n —1)=x}p.(n —1),

x€Sp

and P, =lim, .« Pr{I,,}. For example, if blocking probability is calculated for calls
with source i and destination j,

Ai. A 54 A
(4.2) Py=3 '—p,2 Y P, and P.,= Y p.
xeSb A + nx xESb XGS,;

P, and P, are calculated from (4.2) with P, + P, =Y _sp.=1.

Example. For the simplest case of a network with just one link of M trunks, and
arrivals A, §={0,1,2, - - -, M}, and S, ={M}. The vector p satisfies po=p:-1/(A +1),
Pn=Pn-1'A/A+n—-1)+p, A/(A+n), and for i=1,--,n—-1, pi=pi_1-A/
A+i=1)+piq-i+1/(A +i+1). With p, =[A/(A +x)]p,, these equations reduce to
PA =Pisp, for i=1,-++, n—1. Since ¥, pi=1, P, =A™/M (XM, A'/i!), which is
Erlang’s loss formula [17].

68'c S, is an ergodic set for a process {x(n)}.=o, if x(n)eS'>x(m)eS w.p.l, for all m=n. Ej,
E,, - - -, E4 are cyclical subsets of some ergodic set if x(n)e E, >x(n+1)€ Eq+1 w.p.l. (Eg+1=E;).
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If g is the average rate of arrivals at a link (or any process), and P, its blocking
probability, then we refer to f 2 gP, as the (average) blocking rate (as seen by an outside
observer) at this link.

Blocking probabilities and blocking rates can be computed from p, at various links
and nodes, for various call types, and for the entire network.

5. Learning routing in the network. In this section, we first prove the convergence
of the network together with all the learning schemes at various nodes (§ 5.1). Then
we derive the equilibrium behavior of the linear routing algorithms, and show that they
have optimal properties (§8 5.2 and 5.3). Updating using averaged blockings and
completions is discussed in § 5.4.

5.1. A convergence theorem. We consider here the convergence of learning
algorithms (2.1) in the network. We show that for any ‘‘distance diminishing” updatirig
scheme, the network system converges to a unique stationary measure. The conver-
gence for the linear updating schemes (2.3) follows from its distance diminishing
property.

DEFINITION. Let e denote an event—either a hangup or arrival accompanied by
blocking or completion. Let us assume that algorithm (2.1) maps p¥(n)=p to
pf(n+1)=U(p, e), under event e at instant n. The algorithm A¥ is called distance
diminishing if

|T(p", &)~ T(p? )| =vlp" - p|

for all action probabilities p* and p® of A, with y=1 for all ¢, and y <1 for some e
which has nonzero probability. (For a weaker notion see [4, § 2].)

Let n=0, 1, 2, - - be the instants of network state transitions. Equations (2.1)
and (4.1) together govern the evolution of the network and the nodal controllers. The
learning schemes face the Markovian nonstationarity of the network. The routing
probability of a single algorithm {pf(n)},,;o is not Markov, and hence Theorem 1 or
the methods of its proof are not directly useful. Thus the convergence of the system
cannot be established by showing the convergence of the individual algorithms. We
show convergence of the entire network system by considering the process {y (1)}.=0

y(n) 2 (x(n), p(n))

(p(n) is the F-vector of routing probabilities), which is a homogeneous Markov
process on the product space S x[0, 17". This process is a compact Markov process
(definition and details in Appendix 3) which possesses random contraction properties
when the nodal updating schemes are distance diminishing. The proof of Theorem 5
and the following corollary are in Appendix 3.

THEOREM 5. If the nodal algorithms Af are distance diminishing the process
{y(n)}nzo has a stationary distribution. If the algorithm is such that this process has a
single ergodic set with no cyclical subsets, then y(n) converges (exponentially fast) in
distribution to a unique stationary probability ¥, independent of the choice of y(0).

COROLLARY. The linearscheme (2.3) is distance diminishing. Hence if Af employs
this linear scheme, y(n) converges (exponentially fast) in distribution to a unique ¥, for
any y(0).

Remarks. The distance diminishing criterion is helpful in designing algorithms. If
care is taken to avoid multiple ergodic sets and cyclical subsets, a unique statistical
equilibrium is assured.

We now turn to characterizing the equilibrium behavior of the algorithms.
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5.2. Equilibrium analysis of linear algorithms. Let j* be the marginal distribution
of the routing probability of A evaluated from y. Let p, be the marginal steady state
probabxhty of x € S, again computed from j. Attention is focused on one algorithm
Ak , with ry = 2. Generalization to ry >2 is stralghtforward Let I be the indicator of
x € § a success (or call completion) state for action i; and I the indicator of blocking
state x.

Let m=0, 1, 2,--- be the arrival instants for A¥ (m~ denotes immediately
preceding m). Let A¥ be the Lg_p algorithm. Then, if p;(m) is the probability for action
a;, and Ap;(m) £ p;(m +1)—p;(m),

E[Api(m)/p(m)=p, x(m™)=x]

(5.1)
=pi(ap)I" +pa(—ap)IS? +pi(—ap)I2" +paap)I2?,
since
E[Api(m)/p(m)=p]= EE[Api(m)/p(m)=p, x(m™) = x]
(5.2)

=a[p:Pi(p)—p1Ps(p)],

where P, (p)&Pr{I x(m)} Since x(m) has distribution J; in steady state, P}, (p) is the
blocking probability of action a;, for Af. Equation (5.2) is the same as (3.4), of the
two-action Lr_p in the environment of § 3. P,(-) satisfies the smoothness conditions
A3) and (A4), and increases with increase in p;. If the assumption (A2) on cross-
derlvatlves also holds then the statement of Theorem 2 ho]ds for the sequence
{p: ¥ (n)}nzo, With p! 0) having the stationary measure p ;. Hence, if g, is the average rate
of arrivals for A}, for small a, the blocking rates satisfy

(5.3) g¥p.P(p) = constant for all i,

under equilibrium conditions. Thus the Lg_p algorithms attempt to equalize the
blocking rates at various parts of the network, achieving ““load equalization”, a desired
attribute in traffic engineering.

If Lg_.p algorithms are used for Ak an equation similar to (3.12) can be derived
following argument used earlier. Lg_.p algorithms, for small a, achieve in equilibrium

(5.4) P.(p) = constant for all i.

This behavior (5.4) of equalizing the blocking probabilities is shown in § 5.3 to be
optimal for a quadratic approximation of the network blocking probablllty

If p, 1s the routing vector which achieves (5.3) or (5.4), then E [" k*| 1=Ka,
and (p p, - p, ")/ Va is normal as a - 0 for all ¢ and k. The variance a-f‘ of this normal
distribution is calculated (e.g., by Theorem 2) using the second order driving terms.
Thus of and K (Appendix 2) can be computed as functions of A;, u and [;. If these
traffic and network parameters are known to lie within a certain set, the value of “‘a”
for the worst case values of the parameters can be computed yielding specified
asymptotic accuracy K and fluctuations o¥. In general, the choice of a is crucial for
proper adaptation. Larger values result in faster convergence but with larger fluctu-
ations; smaller values in greater accuracy and slower speed of convergence. Different
values can be chosen for different A}, depending upon the traffic conditions in various
parts of the network.
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5.3. A quadratic approximation of blocking probability and optimality. In this
section, we make assumptions about the link blocking rates and blocking probabilities
as specific functions of the routing probabilities’. It will be shown that under these
assumptions Lr_.p algorithms operating at all nodes, for all types of calls, in a
decentralized and independent manner minimize the global blocking rate for the entire
network.

We assume that the blocking probability at a link is a linear function of the rate
at which calls attempt that link. For call type ¢ = (i, j), if 7 is a path through which calls
can arrive at node n, we also assume that the rate at which calls arrive at node n,
attempting some link at n, through path 7 is

(5.5) 1. X product of the routing probabilities along 7 X A;;,

1=1,=0. We take the probabilities of attempting the various available trunk groups
(instead of the sequence of trunk groups)® at any node as the routing probabilities at
that node. These assumptions of linearity are reasonable under “low’ and ‘““average”
traffic conditions.

The total rate gi of arrivals for A} is the sum over all possible paths .

g¢ =Y L. X product of routing probabilities along 7 X A,

fu=Y,grp is the rate of attempts on link (n, /) at node . Similarly we can compute
fin (#fu1), the rate of attempts on (n, I) at node I. f,; + fi. is the total attempt rate for
(n, I). The blocking probability at (n, [), then, is given by K[ fu: + fin ], where 0 < K,,; <1
is a constant for the link (n, /). The blocking rate at n for (n, l) is fur  Kul fu +fin]. We
focus attention on A/, and derive the expression for the total network blocking
probability and individual blocking probability of actions.

Let aq, as, - -, a, be the actions of Af; p;, the action probability of a; Let
p'=(p1, - ,p). We say node m is “reached” by a,, if calls from a; can get routed
through m. Let N; be the set of nodes reached by a;.

From here on, we drop the scripts ¢ and n, without ambiguity. Let

N1={m: m is reached by some «;},

N, ={m: m is not reached by any a;}.

Let l,.pig denote the rate of arrivals (of type ¢) at me Ny, 0=l;m=1. l;n can be
computed from the I,’s defined in (5.5). If S, ={k: k € /1 and (m, k) is a link for A7},
then the total block rate, B, for action «; is

(5.6) B = D) hinkak[( > hink) +fmk]’
meN; keS,, i=1
where iy 2 Lnpigp mk is the rate at which calls through action a; attempt (m, k). fmk

is the sum of the rates of all types of calls other than ¢t which attempt (m, k) either at
m or at k. Hence, the blocking probability c;(p) for «; is,

(5.7 alp)= X X liml’i!’:"kak[(é‘.1 hfnk) +ka]-

meN,; keS,,

7 Exact expressions for block probabilities (§ 4) are complex, and approximations are frequently made.
8 Or if actions are sequences, then oP;/ ap;=0,j#1L
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Let L be the (r X w1) matrix of I,

O the (w2 X u1) matrix of p™*,  m, ke Ny,

and K the diagonal (i, X w») matrix of K., where @1 is the number of nodes in N,
and w, the number of links (m, k) such that m, k € ;.
The total network blocking rate Bg can now be written® as

(5.8) Br=[f+gp'LQIK[gQ'L'p +f1+7F,

where f is the vector of fmk, and f is the total block rate in the subnetwork . f
and f are the functions of the routing probabilities other than p.
PROPOSITION. The quadratic minimization problem

min Br(p), subjectto Y p;=1, p;=0
=1

has optimal solution p*, and ¥;_, p¥ = 1.

Remark. ¥,_, p¥ =1, says that no call should be “deliberately” blocked at any
node of the network.

Proof of Proposition. Bg(p) is continuous on a compact set, hence attains minimum
p*. From (5.8), we get

(5.9) 9Br(p) ;;p )

=2gLQK[Q'L'pg +f]
(5.10) =2gc(p),

where c(p) =[c1(p)c2(p) * - + ¢.(p)], the vector of blocking probabilities (5.7).
The Kuhn-Tucker necessary conditions for optimality [10] yield

dBr(p)

+u~vi=0, i=19""r’
Bpi

pi=p*

u(§1 p¥— 1) =0, vpF =0.

(5.11)

Suppose ¥Y/_, p¥ <1; we get u = 0. This gives either dBr(p)/dpi|p=p* =0 for p¥ # 0, or
p¥ =0 for all i. The latter cannot be true if calls are to be accepted at all. The former
also cannot be true: if p; # 0, the block rate for «; B}}(p), is quadratic in p; and
dBR(p)/op:>0. Also dBx(p)/dp;=0 for j#i. This implies 0Bg(p)/opi|p=p+>0 if
p¥ #0. Hence we must have ¥;_, p¥ =1. 0O

Since A £ (gLQ)K (gLQ)' is positive definite (p'Ap is the block rate for A}, when
there are no calls which do not go through A}; p’Ap >0, for p #0), condition (5.11)
is also sufficient for optimality.

9" denotes matrix transpose.



48 P. R. SRIKANTAKUMAR AND K. S. NARENDRA

We now have the optimality condition translated as

[¢)
9Br(p) =y forp¥#0,
op: pi=p*
zu forp¥=0,
or
ci(p*)=u forp¥ #0,
(5.12)

=zu forpf=0.

If f is assumed to be constant (see (5.9)), we get a unique p*. However when we
consider the simultaneous optimality of all automata A}, p* might be nonunique; p*,
in this case will be on a convex set, since it satisfies a set of linear inequalities like (5.12).

There is a dynamic programming nature of the minimization of Bg for each call
type t which is clear from the following:

min Br(p, /) =min { 7-+min {7 + ' LORIQ'L'pg +11}},
p.p p p

where p are the routing probabilities of automata in the subnetwork A,. Every A{
must, for optimality, attempt to equalize c¢;(p) from its actions «;. The proof of the
following theorem is in Appendix 2.

THEOREM 6. In the network with blocking probabilities as given by (5.7), for the
L g_.p routing schemes

E[lp - p*[*1= O(a),
where p* satisfies (5.11), and p the equilibrium routing probability. O

5.4. Updating using averaging. The use of averaged completions and blockings,
and its effect on the performance of the routing system is considered here. As an
example, we discuss Lg_.p updating using its past history of completions averaged as

£i(n)=(1-B)Ei(n—1)+ B, O0<B<L.
Since £;(n) € [0, 1], algorithm (2.3) for b = o(a) is modified as follows:
Leta(n)=a; and 1 -%;(n)=a.
(5.13) If pi(n)#1, for j # i, Apj(n +1) = —aap;(n) and Ap;(n +1) = aa[1 - pi(n)].
If pi(n)=1,pi(n+1)=1-b,and p;(n +1)=b/r—1,forj#i.

Algorithm (5.13) has the form of (2.2).

The convergence Theorem 5 holds for the above algorithm too, considering the
process y'(n)=(x(n), £(n), p(n)). In equilibrium, for small a, this also equalizes
the blocking probabilities, as in (5.4). However, the variances of are different. In
equilibrium,

var £; = (1—B)* var %; +B%var I,
or

var £; = var I,

2-B

Decreasing B results in smaller values of second order driving terms, and hence also
of o¥. K (Appendix 2) is also reduced resulting in increased accuracy.
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6. Conclusions. A mathematical model of telephone traffic routing using learning
algorithms at the various nodes is developed in this paper. It is shown that if the nodal
algorithms are randomly contractive the network system attains statistical equilibrium.
Equilibrium behavior is derived for slow-learning algorithms. Under certain assump-
tions it is demonstrated that the decentralized linear updating algorithms result in
optimal routing in terms of the overall blocking probability.

The choice of the parameter a in the learning algorithms, inclusion of realistic
constraints (e.g., desired node to node blocking probability), use of nonlinear
algorithms and transfer of state information among nodes to improve performance and
speed of convergence remain to be investigated in the future.

Appendix 1. Proof of Proposition 2.
1a. We notice that the following conditions hold:
@ fi(p1,p2,**+, p2)=0for p;i=0,

(1) (ii) fi(p)=0 p es” {where s" is the simplex in r-dimensions},
(iii) f;(+) is continuous.
Let
1
(2) wi(p) & ~fip)+-—7 L fi(p)
jEi
and

wi (p) =max {w:(p), O}.
We construct the following map G:s"»>s". If G(p)=p'=[pi ‘- p.],

r

" _ Px"'W:-(P) .
3) P ey Wi (o)

clearly ¥;_; pi =1, and G is a continuous map. Hence we have, from Brouwer’s
fixed-point theorem, p* € 5", such that G(p*) =p*.

Since Z7=1 w;(p*) =0, from (2) there is at least one i, 1 =i =r, such that w; (p*) =
0. From (3) we get

@) p?‘[j‘él w;‘(p*)] -0,

p¥ =0 only if equality holds in condition (ii), in which case f;(p*) = 0 for all i. Otherwise
from conditions (i) and (ii), and (2), p¥ # 0. Hence we get Y./_; w; (p*) = 0. This along
with Z;=1 w;(p*) =0gives w;(p*) = 0, foralli. Itimmediately follows that f;(p*) = f;(p*),
foralli,j. O

1b. Uniqueness. Let p*, q*es’, p* # q* such that w;(p*) = w;(q*) for all i. Let
w(p*)=[wi(p*), -+, wra(p™)], p*=[pt, -+, p1] and §*=[q¥,q3 - - 7]
Since pf¥ =1-Y,_, p¥, we write w,(p) for w;(p), where p =[ps, - - -+, p,—1]. Considering
the line p(A) =Ap*+(1—A)g* A €[0, 1],

dw(pA)) _dw(PA) - .y .
where
2 dW(BA))

is the (r —1) X (r — 1) matrix of partial derivatives. From (2) and assumption (A2), the
diagonal terms of A(p(A)) are dominated by —afi/dp;—(1/r—1)(8f,/dp,), and the
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off-diagonal terms, by (1/(r — 1))of;/dp; — (1/(r — 1))of./dp,. Hence A(p(A)) can be writ-
ten-as BD + C, where D is a diagonal matrix of —df;/dp;, C is the matrix of identical
terms — (1/(r — 1))df,/dpr, and B is the following (r — 1) X (r — 1) circulant matrix,

PR S SN B
r—1 r—1 r—1
1 1
- 1 -
B r—1 r—1
1 1
L -1 |

The (r — 1) eigenvalues of B are given by [11]1—(1/(r—1))[x +x24+ - +x"7%], where
x; is a root of x" ' =1. Since |x +x>+- - -+x"?|<r—1, and B is real and symmetric,
the eigenvalues are real and positive. Hence, A(p(A))=BD + C is negative definite,
for of;/ap; > 0.

We have from (5),

1 Al A
Av A A
[ LA 4y — (5~ (a9 =0 = A" -4,
o dA
Since A = ]; A(p(r)) dA is negative definite, p* = §*. This implies p* = g*, and unique-
ness follows. 0O

Appendix 2. ‘

2a. Here, p® denotes p'p, if p is a vector. We write p, for p(n). K denotes a
constant. p,.1=pa+Ap. E[(Ap./a)/p.=pl=w(p)+O(a). E[(Ap:/a®)/p.=pl=
§(p)+o(a).

LEMMA. Let p(0) have stationary measure. If p* is such that w(p*)=0, and

4)) (p*-p)w(p)>R(p-p*)?,  R>0,

for all probabilities p, then E[p(n)—p*)* = O(a).
Proof of lemma. (pn+1—p*)> = (pn—p*)*+2(p. —p*)Ap, + Ap>. Taking expecta-
tions on both sides, and cancelling E(p, — pf)z,
0= E[(p.—p*)Ap.]+3E[Ap;]
or

0= El(pu—p*w(pa) 1+ SETS o1+ 22,

Since, we have only bounded random variables, §(p,) is bounded and o(a)/a = Ka.
Hence

(2) E[(p*~p.)w(p.)]=Ka.

The lemma follows from (1) and (2). ad
To derive the results (Theorems 2, 3, 4 and 6) of § 3 and § 5.3 for the two- and

multi-action Lg_p and Lg_.p schemes we merely show that (1) holds. The proof for the
normal approximation is given in Appendix 2b.
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Proof of Theorem 2. (two-action Lg_p) Though this is a special case of Theorem 3,
the proof is given here for the sake of continuity and follows [4, pp. 154]. Let p = p;, and

(p)=(;<(f;), p#p*,
__aw(p) N

= B p=p.
dp lp—p*

Because of assumption (A2), w(p) <0 when p >p*, and w(p)>0 when p <p*. So,
g(+) is positive and continuous on [0, 1]. Hence there is a R >0 such that g(p)=R.
Thus,

(p*=pa)w(pa) = (p*—pa)g(p) ZR(p.—p*)*. O
Proof of Theorem 3. (r-action Lg_p). Let p=(p1,p2, "', Pr-1), and w(p)=

(wi(p), -, weei(p).pr =1 —Z:;; pi. Ifp(A)=Ap+(1—A)p*, A €[0, 1], going through
the arguments of Appendix 1b, we have

(p*=pu)w(pa) Z(p* —pu)A(Pn—p*)
=ZR (pn _p*)2a
where A is negative definite, and R is the minimum eigenvalue of —A. Hence, we have

E[(p.—p*)*1=O(a).

(3)

Also,
E[(pi(n)-p¥)1=El(p.-p*)*1=0(). O

Two-action Lg_.p. Let p =p;.

Case 1. Suppose p*€(0,1). w(p)=0for p=0 or 1. But for p # 0 or 1, equation
(4) holds for this situation. However, consider the regions R =[¢, 1—¢], R =[0, 1]-R
with 0< e <1. If Er[(p, —p*)*] denotes the integral over R, we have

E[(p.—p*)*1= Er[(pn —p*)’1+ Ez[(p. — p*)],

Er[(p.—p*)*]= O(a) from (4) and (3). For every a, we can have ¢ sufficiently small so
that the stationary measure p on R is O(a). This can be done because j cannot assume
a nonzero measure on a point set. (Notice that the algorithm moves away from any
point with probability 1, in the next instant.)

Case 2. If p* =1, then c¢1(p) <ca(p) for all p. Then w(p)>0 for all p. If p*=0,
then w(p)<Oforallp. O

Proof of Theorem 4. (r-action Lg_.p). Let p;e[e, 1 —¢], for small £ >0 as in the
two-action Lg_,p case. p=[p1,p2,* * *, Drl-

Wi(P) =Di E.Pi[cj(P)* Ci(P)]
g[r?g? pj]pi(r—1>wi<p)

= [n?gix p,]pi(r = Dwi(p),
where

#(p) = —ci(p)+—— ¥ ¢/(p).
r—1;z
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Now, if (pf' —p)>0, (p¥ —p)wi(p) Zmip:(r—D)p} —pIw:(p) and if (p¥ —p;) <0,
(p¥ =p)wi(p) = mapi(r = D[ pf — p:]W:(p), where min,; p; = m;, >0, max;.; p; = my>
0, it follows that Y ,(pF —p)wi(p)>k X, (p¥—p)wi(p) with k>0,
Since ¢;(p)=0 for p; =0, c;(+) and fi(-) [of Theorem 3] have similar properties.
From (3),

é (p¥ —p)Wwi(p)ZR(p—-p*?, R>0. 0

The cases of ¢, (p)(=)c;(p) for j#k, is similar to Case 2 in the proof for two-action
LR—eP-

Proof of Theorem 6. (network). p;, i=1,---,r is the action probability of A7.
Let p =[P1, Pz, tT pr—l]-

w(p)=—B[Ap+b],

where B is the positive definite circulant matrix defined earlier in the appendix,
A2 gILQKQ'L'g is positive definite, and b = gLQKF. p* is such that Ap*+b=u-1
(u is a scalar constant, and 1 is a (r—1)-vector of 1’s), w(p*) =0.

w(p)=w(p)—w(p*)=-BA(p—p*).

Hence, (p*—p)w(p)=R(p —p*)?, where R >0 is the minimum eigenvalue of
(—BA).

p* may not be unique. though there is a unique stationary measure, asymptotically
the sequences have large correlation, for small “‘a”. This could be seen from

2
a
E(prn+1pn) = V—Ts(pn)a

where » £ E(plp.,), and since 2E[Ap2p,]= E[Ap2:]=a’s( p»). Hence, every realization
of the process asymptotically gets clustered at one of the p*.

2b. In order to prove the normal approximation of the stationary measure, as
a—>0, (Theorems 2, 3 and 4 and § 5.2) we establish the following claim. This claim
verifies the conditions of Lemma 2.1 [4, pp. 156] whose application yields the normal
approximation. The claim is proved for the two-action case, here. Arguments for the
multi-action case are similar and can be found in [15].

We write p, for p;(n). Let

_ %
(1) zné@n_fm_), wi(p) =20 2),
a op

Cram. (1) E[Az,/z,]=aw'(p*)z,+o0(a),
(2) E[Az}/z,]=as(p*)+0(a),
(3) EllAz.]’/z.]=0(a),
where o(a) is such that E[o(a)/a]>0 as a > 0.
Proof. Let

{ =E[Az,/2,]/Va=Elzns1~ 2./ 2.)/Va =E[-Aaﬂ zn] =w(pn).
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we write
() {=w(p.)—w(p®)
so that
3) |¢|=KValzl,
since w(-) is Lipschitz (assumption (A4)). K denotes a constant.
Let
n=E[Az}/z,]/a=s(p.)=5(pa)+ %
we have

ln—§(p*)| =15(pn) = 5(p*) + 7|
=|5(pa)—5(p*)+1¢7]
§K~/2|z,,|+Ka|z,,|2
=K|p. —p*|+K|p. —p*/’,

4)

since §(-) is also Lipschitz (A4).

Elp.—p*’=Ca and E[p,-p*]=C+a. This and (4) imply that |n—3§(p*)|=
o(a). Hence claim (2) follows.

To prove claim (1), let

AA)Y=wkx+A(y —x)), A el0,1],
R0 ABA a0y - ),

where A’ is continuous (assumption (A4)). By the fundamental theorem of calculus,

!

W)= W) =h(D=hO) = [ W +A(y-x) dAly-x].

0

Hence,
W) == W@ =)= [ DAy —x) =W @] ALy —x]
so that
®) |w<y>—w(x)—w'(x)(y—x)léﬁ,
where w(x) is Lipschitz bounded by 8 (A4). From (5), we have
(6) lw(pn)—w(p*)—w'(p*)(ps —p*)| =Kalz}|

Claim (2) follows from (6), (1) and (2).
The proof of claim (3) follows readily by observing that

Ap.|?
E[l—l;—|/pn=p]=v(p)<y<°0,

and hence E[lAzn|3/zn]=E[(|Apn|3/~/2)/z,,]<y ca*?*>0asa-0. O
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Appendix 3. To prove Theorem 5, we first consider the case when there is only
one algorithm with two-actions in the network. (Other nodal algorithms may be thought
of as having fixed routing probabilities.) Extension to the general case is easy and is
discussed later. Let p;(n) be the probability of action a;, i = 1, 2. We focus attention on
pi(n), and write p, for p;(n). The equations governing the process are

ﬁn+1 = Q(pn)ﬁna
Pn+1=DPn + aU(pm xn)é U(pm xn)'

We can write the state transformation as:

Xn+1 w Xn W
: S o A A
() y+1 pn+1 U pn y U

Y =9 %[0, 1] is the state set. The event set E has five objects E ={h, (g, a;, £)}, which
are hungup (k) and arrival (g) followed by action (a;) and completion or blocking (£).

Remarks. Each network state x€S can be viewed as a separate stationary
environment for the algorithm. The algorithm faces these stationary environments
which are switching in a Markov manner, the transitions being governed by Q(p). The
essence of the proof of Theorem 5 lies in the dependence of Q(p) on p being smooth
(which it is in the network), and in the distance diminishing of U (-).

Before we present the proof, we give some preliminaries concerning compact
Markov processes [4, § 3] and their convergence. Let Y be the state space, and E the
event space; B and ¢ Borel classes on Y and E respectively. Let Y be compact in
metric d. Let the homogeneous Markov process {y,}.=o0 be generated by

oy

Yn+1= T(Yn’ en+1)a
and for Ae!l

(3) Pr (en+1 GA/Ym en, Yn—la tt ') = Pr (en+1 EA/Yn) ’A_Pr (en+la Yn)-
Define for f: Y » R (reals)

m(f)2 sup %fy_(zy)z_)'

DEFINITION. {y(n)},=, is a compact Markov process if Y is compact in metric d,
and if

4) m(Eif)sym(f)+RIfl, v<1l, R<o,

where Eif(y)2E[f(y1)/yo=y] and f is any bounded Lipschitz function, |f|£
SUpyey |f(Y)|

LeMMA. [4, §3). If {y.}n=0 is compact Markov, then {y,}.=0 has a stationary
distribution. If in addition there is a single ergodic set with no cyclical classes, then y,
converges, exponentially fast, to a unique stationary distribution independent of the choice
of yo.

Proof of Theorem 5. We write ye Y as y = (x, p), x€ S and p €[0, 1]. Define the
metric d as

d(y1, y2) 2 di(p1, p2)+da(x1, x2) fory,=(x,p), i=1,2,

where d1(p1, p2) = |p1—p2l| and da(x1, x2) = T, — J,|. J,, is real and 0<J,, # J,, for all
i #j. Y is compact in d. From here on, our goal is prove (4) for the process of equations
(1) and (2).
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Consider y; # y,

Eif(y1)— Eif(y2) = EE Pr (e, yOf(T(y1, €)) = f(T (y2, e))]

(5)
+ EE [Pr (e, y1) —Pr (e, y2)1f(T(y2, €)].

In (5), X, Pr (e, y1)f(T(y2, e)) has been added and subtracted.
CLAaM 1. Suppose

(6) [Pr (e, y1) —Pr (e, y2)| <K d(y1,y2), K <oo,
and
(7 ZE Pr (e, y)Lf(T(y1, €)) = (T (y2, e))1| = ym(f)d1(p1, p2) + R|f],

where y>1 and R > . Then (4) holds.

Proof of Claim 1. Taking || on both sides of (5), and dividing by d(y1, y2), y1 # V2,
we have

~_ ym(H)di(pi1, p2) R|f]
® m(E:f)= di(p1, p2) +da(x1, x2) * di(p1, p2) + da(x1, x2)
9 = ym(f)+RR.|f.

R, =1/min,, »,, d(x1, x2). Note that with RR, <00, (9) is the same as (4). Claim 1 is
now proved. If we now show that (6) and (7) hold, the theorem is proved.

CrLam 2. Equation (6) holds.

Proof of Claim 2. Note that matrix Q(p) is continuously differentiable in p € (0, 1).
(At the boundaries 0 and 1, the derivatives are the left and right limits.) Note also that
Pr (e, y1) =Pr (e, x1, p1) is an element of the matrix Q(p;). Now
10 I 2|Pr (e, x1, p1) — Pr (e, x2, p2)|

=|Pr (e, x1, p1) —Pr (e, x1, p2)| +|Pr (e, x2, p2) —Pr (e, x1, p2)|.

The first term in (10) is <K1d,(p1, p2), since every element of Q(p) is continuously
differentiable. The second term is the difference of two elements of Q(p,) which is less
than 1, and hence the second term <K>,d>(x,, x1) since x; # x». (x; — x, implies second

term = 0). Hence I =max (K, K>)d(y1, y») for all e. Claim 2 is proved.
CrLamM 3. Equation (7) holds.
Proof of Claim 3. We first note that

(11) |f(x1’ p)—f(x2, P)' =2 mlax lf(xi’ P)l = 2|f|R2d(x1, X2) §-R1|f|d(xl, X2).

R;=2R, <. Going back to the left-hand side of (7), we have, (note T =[W, U])
I2|f(T(y1, €)= f(T(y2 e))|
(12) =[fIW(y1, e), Ulyr, e)1=fIW (y2, €), Ulys, e)]l
+fIW(y2, €), Ulys, e)1=fIW (y2, ), U(yz, e)].
From (11), the first term in the right side of (12) is
= Ri|fldi[W (y1, €), W(y2, e)]=R|fl,

where R =R;max,x, d _(x,~, x;). The second term in the left side of (12)
=ym(f)di(p1, p2), since U(+) is a distance diminishing algorithm. Thus (12) holds for
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every e. This proves Claim 3, and hence Theorem 5 holds for the case of one automaton
in the network.

The proof for the general case is as follows. y =(x, p), and now p is a F-vector
of p' where t = (m, n) and p' is the routing probability of A’.. Let y; = (x;, p;) € S X [0, 17,
i=1, 2. We define d as,

(13) d(y1, y2) 2 da(x1, x2)+ ¥ di(pi, p2)-

d, and d, are as defined earlier. It can be observed that for every y € Y, there is a

nonzero probability of some call arrival, and hence at least one of the algorithms gets

updated, while others do not change. Hence the total routing system—all the algorithms

taken together—is distance diminishing in metric (13). This fact along with the

arguments given for the one algorithm case, proves Theorem 5 for the general case.
Proof of corollary. For the linear scheme (2.3), with two-actions

d(O(p',e), U(p* e)) _

TS 1 for e = h,
=1-a fore=(g, a;,0),
=b fore=(g, a1, 1),
=a for e =(g, a3, 0),

=1-p fore=(g, as, 1)’

y&max{l—a,b,a,1-b}<1 for e # h, which has nonzero probability. Hence U(-) is
distance diminishing. (The proof for multi-action is similar with state space as simplex.)
The corollary is proved after noting the fact that y, process has only one ergodic set
S %[0, 177 which does not have cyclical subsets. (Note that the network chain and the
algorithm, by themselves, do not have cyclical classes.) 0
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OPTIMAL CONTROL OF STOCHASTIC INTEGRALS AND
HAMILTON-JACOBI-BELLMAN EQUATIONS. I*

PIERRE-LOUIS LIONSt AND JOSE-LUIS MENALDI#

Abstract. We consider the solution of a stochastic integral control problem and we study its regularity. In
particular, we characterize the optimal cost as the maximum solution of

VveV, A@u=f(v) in2'(0),
u=0 onao0, ue wh(0),

where A(v) is a uniformly elliptic second order operator and V is the set of the values of the control.

1. Introduction
1.1 General introduction. In this paper we are interested in the following prob-
lem. We consider a stochastic system governed by the stochastic differential equation

dy(t)=a(y(t),v(t)) dW,+g(y(1), v(2)) dt, t=0,
(1.1)
y(0)=x eR",

where W, is a Wiener process, g, o, are given functions and v(¢) is a ‘“‘continuous”
control taking values in some set V < R™. We want to minimize the cost function.

(1.2) TG0 )= B L’f(y(,), v(e) exp (- jo'c(ym, o(5)) ds) dr}

over all admissible controls v(t). In this formula f and ¢ are known, given functions
and 7 is the exit time of the process y(¢) from a given domain 0. Let us denote
u(x)=inf,,J (x, v(+)).

At least formally, by the argument of dynamical programming, one can derive
the following equation satisfied by u:

sup{A(v)u(x)—f(x,v)}=0 inO,
veV

(1.3)
u=0 onos0=T,

where A(v) =300 (x,v) - Dz——g(x, v) - D+ec(x,v)!

Thus the initial stochastic control problem is connected to some nonlinear second
order elliptic problem with Dirichlet boundary conditions; problem (1.3) is called the
Dirichlet problem for Hamilton-Jacobi-Bellman equations.

In the following, we are going first to build a nonlinear semigroup whose generator
is essentially the nonlinear operator defined by (1.3). The optimal cost function u(x)
appears then to be the unique fixed point of this semigroup: this fixed-point formulation
can be viewed as a weak formulation of (1.3) or as the mathematical expression of
dynamical programming. These results are in the spirit of those of M. Nisio [24].

* Received by the editors June 13, 1980, and in revised form January 30, 1981.

+ Laboratoire d’Analyse Numérique, Université Pierre et Marie Curie, 4 Place Jussieu, 75230 Paris
Cédex 05, France.

1 INRIA, Domaine de Voluceau, Rocquencourt B.P. 105, 78153 Le Chesnay Cédex, France.

! a7 o is the adjoint of o.
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Next we prove under very general assumptions that u lies in W§™ (0) and that
u is the maximum element of functions w € W¢™ (0) satisfying A(v)w =f(v) in 2'(0)
for all v € V. Of course this is a characterization of u, and it seems very useful since
in some degenerate cases it is known that (1.3) does not hold (cf. Genis and N. V.
Krylov [10]).

Here in part I, after giving some general results in the construction of this nonlinear
semigroup, we essentially treat the case of nondegenerate stochastic integrals (A (v)
is uniformly elliptic) under mild regularity assumptions. In Part II [26] (this issue,
pp. 82-95) the general case is considered.

The main results of this study were announced in [21]; we also proved a result
on the verification of (1.3) (including [21]) which was also proved by different methods
at the same time by L. C. Evans and A. Friedman [6]. Concerning the verification of
(1.3) more general results were obtained by P.-L. Lions [15], L. C. Evans and P.-L.
Lions [7] (in the case of nondegenerate diffusions), P.-L. Lions [16], [17] (in the
general case). Below we will recall briefly their main results. We emphasize that we
give here a different characterization of the optimal cost, requiring less regularity of
0 and of the coefficients and fewer assumptions on the nondegeneracy of o(x, u);
this must be so for an approach to be valid while the verification of (1.3) is no longer
true.

Finally, we recall that this kind of problem is introduced in the book of W. H.
Fleming and R. Rishel [8], and that the first general results on this problem were
obtained by N. Krylov [11], [12], [14].

1.2. Summary. Our results are organized in the following way:
Section 2 Construction of a nonlinear semigroup.

Section 3. A stochastic characterization of u(x).

Section 4. An analytical characterization of u(x).

In § 2, following some techniques of M. Nisio [23], we build a nonlinear semigroup
whose generator is related to the operator appearing in (1.3). In § 3 we give a stochastic
characterization of u(x), the precise way to supply dynamical programming. Finally
in §4 we prove a characterization of u(x), in terms of a maximum solution of
inequalities. In § 4, we shall suppose that o(x, v) are nondegenerate matrices. The
generalization to the case of degeneracy will be developed in Part II, together with
results concerning other boundary conditions, the case of optimal stopping and the
case of nonhomogeneous diffusions and parabolic equations.

1.3. Assumptions and notation. We now give notation and assumptions which
will remain valid in §§ 2, 3 and 4.

Let O be a domain in R", and let V be a convex closed set in R™. We call an
admissible system aset = (O, F, F,, P, W, v(t), y.(t)), where (Q, F, P) is a probability
space, F; is a nondecreasing right continuous family of sub o-algebras F; of F, W, is
a Wiener process with respect to F,, v(¢) is a measurable adapted process taking values

in some compact subset V, of V' (V, of course may depend on v(-)) and y,(¢) is a
solution of

dy(t) = o (y:(2), v(t)) dW, +g(y.(t), v(2)) dt,
(1.4)

Yx(o) =X.
We suppose that o, g satisfy
(1.5) lp(x,v)—@p(x', v)|=Clx—x'|+p(v—0"]) Vx,x'eRY, Vv, v'eV,
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where ¢ =0;;(1=i, j=n), g(1=i=n) and p is a given continuous function from R,
into R, with p(0)=0.
We assume also that we have

(1.6) lo(x, v)|+]gx, v)|=C VxeRY, VveV.

Now for an admissible system &/ we define a cost function

AT,

" Fya(s), p(s)) exp(—I c(y: (1), (1)) dA) ds

0

J(x, b, t, h) =E{L

(1.7)

AT

+hiyeltaTy)) - exp (—L “e(yuls), o5 ds) ),

where h is an arbitrary measurable bounded function, 7, is the first exit time from 0

of y,(¢), and f(x, v), c(x, v) are given and are assumed to satisfy (1.5) with ¢ =¢, (1.6)
and

(1.8) If(x, v)=f(x', v)|=p(x—x'|+|lv=v) Vx,x'eRY, Vop,v'eV,
(1.9) c(x,0)=co=0 VxeRY, VveV.
Finally we define for each h, an optimal cost function

(1.10) Qt)h(x)=infJ(x, A, t,h) VO=t<+o0.

Let us collect our assumptions:
(1.5) |o(x, v)—(x', v)|=Clx—x'|+p(v—v')Vx, x' e RY, Vv, v'€ V, V¢ =03, g, c.
(1.6) |o(x,v)|=CVd=0y8,¢fVxeR",Vve V.
(1.8) |f(x,v)—f(x', v)|=p(x —x'|+|v—2v')Vx, x'eRY, Vv, v' € V.
(1.9) c(x,v)Zcoz=0VxeR",VYve V.

We shall denote by B, the set of bounded functions from 0 into R which are
upper semicontinuous; B; is a closed convex cone of the Banach space B of bounded
measurable functions equipped with the supremum norm (|}l = sup |2 (x))).

2. A nonlinear semigroup
2.1. The semigroup property. In this section we prove that Q(¢) acting on B is
a nonlinear semigroup. This result generalizes [23] (cf. also [1]), where 0 = R™. We

need, in addition to (1.5-6-8-9), a technical assumption: the set of regular points is
closed, i.e.,

@1 V£, admissible I'o(f) ={x e '/ P(7, > 0) =0} is closed,
" Wxel, Ply(r)eTo(f)]=1.

We shall see below that in the nondegenerate case this assumption becomes
obvious, and that in many cases one can give conditions for (2.1) to be satisfied.
THEOREM 2.1. Assume (1.5-6-8-9) and (2.1). Then (Q(t), t =0) satisfies:

(2.2) Q():B;>B,, Q0)=1I, Q(t+s5s)=Q(t)° Q(s)=Q(s) > Q(1),
(2.3) |Q(t)h — Q(s)h|lo=>0 ast—s if his uniformly continuous on 0,
2.4) |lQ@®)h1—Q(t)hollw=|lh1—h2llo YA, hy€ B, Yt=0,
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2.5) Q(Yr,=Q(t)hs if hy=h,.
_Remark 2.1. We shall see below that, in the case of nondegenerate o, Q(¢) leaves
C,(0) invariant.

Remark 2.2. Let us give a heuristic justification of Theorem 2.1. By the dynamical
programming argument A (t) = Q(t)h is the “solution” of

%(s)+sup{A(v)h(s,x)-—f(x,v)}=0 Vse(0,t], VxeO,
veV

h(0)=h, h($)ry=hlr, Vs,

where? A(v) = —a; az/ax,-axf +b;0/dxi+c and a;(x,v)= S o oi(x,v), bi(x,v)=
—8i (x’ U).

Now (2.2) appears as a classical result for some Cauchy problem, and (2.4) and
(2.5) are easy consequences of the maximum principle.

The proof will be divided in several parts. First we prove some lemmas.

LEMMA 2.1. For all h € B,, we have

(2.6) Q(h(x)= i&1¢1f J(x, A, t, h) (resp. = igf J(x, oA, t, h)),

where the infimum is taken over all admissible systems such that v(t) is right continuous
with left-hand limits (resp. is continuous).
Proof. Let o be an admissible system. We define

+

l t
2.7) belt) =7 L_W o(A) dA +(1 —é) v (withvoe V)

and let &f; be the same system as &/ with v(f) replaced by v, (t). Assuming Lemma
2.2 below for the moment,

J(x, Ay t, h) > T (x, 4, t, h) ask->0", VheCy(0).

Thus the equality (2.6) is proved if & is continuous. But if & € B;, there exists
ho€ Cy(0), ha(x) | h(x)Vx e @. As (2.6) is true for h, and Q(¢) h,(x) | Q(t) h(x), inf
A J(x, Ao, 1, ha) | infy, J(x, Ao, t, h) and inf g J(x, , ¢, h) |infq, J(x, &, t, h), we
deduce (2.6) for h.

LEMMA 2.2. Let o be an admissible system and let ) be the system defined

above. We have
klirg+ J(x, i, t, h)=J(x, 54, t,h) VheC,(0), Vxel, Vt=0.
Proof. Letting y,(t) be the solution of (1.4) corresponding to v, (f), we have
ye(®)—y() = L' {o(yw vi) —o(y, v)} AW, + _[: (8(yw> vic) = g(y, v)) dis.

Thus for all 0=¢ =T there exists a Cr such that

E{lyc() -y} s CrE{ | |y —y[*+p°(lvx —v)) ds}.
0

2 We shall always use the usual convention for sums.
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By Gronwall’s lemma and by a classical martingale technique, we deduce
T
2.8) E{ sup_lyu(H)—y(n)[}= C%"E{I p*(|ve—vl) ds}.
== 0

But there is a Vo<V, V, compact, such that v(t, w)e Vy; thus v, (t, w)e
conv (Vy, vo), which is also compact. Now v, - v a.e. (¢, w), and this implies
T

E{j p>(loe —vl) ds} >0 ask->0,;
0
from (2.8) we have

(2.8) lim E{ sup |y«(t)—y(®)[}=0.
0=t=T

k>0,
Finally, as in the proof of the Lemma 2.3 below, we have

(2.9) Jim P{TA7m.—Tr7|Ze}=0 Ve>O0,

where 7, is the exit time corresponding to the process yi(¢); because of (2.8') we can
extract a subsequence y,, 7, such that

Vi, (t)>y() inC(0, T, RY) as.,
Tare,»TAT as.

Thus by the Lebesgue theorem we have proved the lemma. 0
LEMMA 2.3. We have all admissible systems

lim P{TAr,~T A7y|Ze}=0 Vxo€0, Ve>0, VT>0.

x—>Xxo
xe0

Proof. We define 7'=7,=inf(t=0y,(t)¢0-To) and N. ={wecQ/7.<T,
y:(7x) € To}. By assumption (2.1), we have
(2.10) P(NDY=0 Vxef, VT>0,
(2.11) Tarn(w)=Trr(w) VYoeQ-NT.

The lemma is proved if we show that, for all x,, > x¢ in G,

A ={w e Q/lim|T A 7, (0)|>0}
(2.12) .
<B=( U NI)U fweq/iim sup, [y, o)ysls )|>0),
n=1 n O0=t=T

since from (2.10) and (2.8') (same proof) P(B)=0.

In order to show (2.12), let w £ B. First we prove lim, T A7, (w) =T A 7, (w). We
can suppose 7,,< T: For all § > 0 there is a 55 < 7,(w) + 8 such that y, (s5, ) & 0; hence
Vi, (55, @) € @ if n is large enough and 7, (0) = 55 = 7, () + 6.

Next we prove lim, T A7}, (w) = T A7}, (w). We may suppose 74, (w) >0, and we
define, for 0< 6 <75, (w), K, ={yx(t, w)/t€[0, 75, (w)—8]}. K,, is a compact set such
that K, NIy = &. Now, by the choice of w, we obtain for n large enough

K& ={y.(t ®)/t€[0, 73 (w) -8} NTo= O,

and this implies 7}, (w) =75, (w) = § for n large enough. 0
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Proof of Theorem 2.1. We remark first that properties (2.4), (2.5) are immediate.
The steps of the proof are the following:

i) Q(t)h e B, if h e B,.
ii) Proof of (2.3).
iii) Q(t+s)=Q(t)° Q(s).

i) We begin by proving that if ];l € Cy(0) then Q(¢) h € B,. Indeed, Lemmas 2.2
and 2.3 imply that J(x, &, ¢, h) € C,(0); thus

Q(t)h=inf J(x, A, t, h) € B,.

Furthermore, if h € B,, there exists h, € C,(0), h,(x) | h(x) for all x € @; therefore
Q(t) hy(x) | Q(t) h(x) and Q(t)h € B,.
(ii) To prove (2.3), it is enough to prove that for all uniformly continuous

sup E{{h(y,(t A 7)) —h(yc(s A7)} >0 (as t>s) uniformly in x.
o

First, remark we have E{|y,(t A 7.) — y«(s A 7,)]*} = C|t —s| (C is independent of & and
x); thus

t_
Pllys(t A1) —yu(saT)|Ze]l= Cl—zs| Ve >0.
E

Let 4 >0. Then e, Vx,x'€ 0, |x —x'|=e > |h(x)— h(x")| = u. We have
Cllhlloo2|t—sl N

2

sup E{[h(yx(t Am)) —h(yx(s AT} =

and the conclusion follows easily

iii) We want to prove the semigroup property Q(t+s)=Q(t)°> Q(s). Because
of Lemma 2.1, we can restrict ourselves to admissible systems with continuous v(¢).
We can also restrict our attention to admissible systems where ({1, F, F,) is the canonical
space Q= C([0, +oo[, R"™™) (just take image measures). But at this point the proof
of this property is exactly the same as the one given in [2, Thm. 5.1]. The proof
depends heavily on a theorem of regular conditional probabilities proved by D. W.
Stroock-S. R. S. Varadhan [25] and N. V. Krylov[11]. 0O

2.2. The generator of Q(t). We are going to prove that the “generator’” of Q(¢) is

an extension of the operator ¢ € C*(0) > sup,cv {A(v) ¢ (x)—f(x, v)}. _
THEOREM 2.2. Under the assumptions of Theorem 2.1, we have for all h € Cj (0)

(2.13) %{Q(t)h(x)—h(x)}»—sup{A(v)h(x)—f(x,v)} ast—>0,. VxeO.
veV

Moreover the convergence in (2.13) is uniform on compact subsets of 0.
Proof. The proof is very similar to the proof of M. Nisio [23] (see also the
presentation in [2, Thm. 5.2]). We define

K(x, 0, 1, h) = j F(3a(5), 0(8) — A (5) h(y<(s)) ds,
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and we prove easily (see for example [1]) that

Ve>0, 36=6(s, h)>0, V=5, Iw_

inf E{lK(x, A, t, h)}| =g,
K4 t

inf E{%K(x, o, 1, h)— inf [f(x, v)~ A(v) h(x)]} > —c(1—igf E{”‘t""}).

On the other hand, if &, is an admissible system corresponding to v(f) = vo€ V,

inf E{ K (5, 4, 1, )~ inf [/(x, 0)~ A@)h(0)]}

S B[ K (s, oo, 1, 1) inf (70, v) - A (2]
cf1-5{=7))
=c(1-igrE(27))

Thus we have obtained

A

iz [QUIEHE)

lég{/[f(x, v)—A(v) h(x)]

To conclude, we just need to prove that if K is a compact subset of O then

< .
iggKP(Tx t) :OO

Letting v be y =d(K, I') >0, we have

1
2

A — =
Vxe0, Plr.<t]=P(sup |y.(s) xlév)—y

E{sup |yx(s)—x[*.

Since E{supos=: |y« (s) — x|’} = CE|y. () — x| = C1t + Ca1?, where C, C,, C; do not
depend on &, x and ¢, (2.13) is easily proved. 0O

Remark 2.3. If we introduce

l"1={x eT lim sup E('3 ”") =0}, F2={xel"1in(1)ing(€ ”") =1},

e=>04+ o . E £
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for h € Ci (0) we have, as t > 0.,

i QW) h(x)~hx)

p 0 ifxel,,

i) gt)L(’:)__h_(x_)—)—sup {A®) h(x)—f(x, 0)} ifxely.

Remark that 'y < T;.

Remark 2.4. In the particular case of nondegeneracy, i.e.,
(2.14) a>0, a;(x,v)égzalt]® VEERY, Vxel, VveV,

we shall see that I'g(&f) =T for all admissible systems (if some regularity condition on
I' is assumed); hence, for all x€ 0, as t >0

Q(t) h(x)—h(x)

. > —1o(x) ggg{A(v) h(x)—f(x, v)}.

Remark 2.5. We shall see below a result more precise than Theorem 2.2.

2.3. The nondegenerate case. In this section in addition to (1.5-6-8-9), we assume
(2.14) and O has a uniform exterior sphere; i.e.,

(2.15) Ip>0, Vxel, FyeRY -0, {z/ly—z|=p}N0={x}.

We are going to prove that under these assumptions Q(¢) leaves X invariant,
where X ={h € C,(0), h is uniformly continuous on 0}. Before doing so or even stating
the precise result, we prove a lemma which will be useful.

LEMMA 2.4. Under assumptions (1.5-6-8-9) and (2.14-15), we have:

(2.16) 1If O is bounded, Au >0, 3C >0, Vx € O, VA admissible, E[e"™=]1=C;
(2.17) VA admissible, T =To(A).

Remark 2.6. It is clear that even if (2.14) is satisfied, O has to be ‘“smooth” in
order to make (2.17) true. Indeed, if N =1, V ={vo}, y:(t) = x + W(¢), a(vo) = V2,0=
10, 1LU, 2[, we have E[r,]=3%,s0 1eT'~T,.

Proof of Lemma 2.4. First we consider w(x)=1—exp (—k|x|*) (we may always
assume that 0e®). We have A(v)w(x)={4a;(x, v)ka,«xi —2ka;(x, v)—
2kxbi(x, v)} exp—k|x |2. Thus we can choose k large enough to insure that A(v) w(x)=
a >0 for all x € 0 (because O is bounded), where A=A—-c.

Now we take u = a/2, and we have

(2.18) Av)w—puwzu>0 Vxel.

Using Ito’s formula with w, it is easy to deduce (2.16) from (2.18).
Now we prove (2.17). We introduce

(2.15) w(x, &) =exp (—kp®)—exp (— k|x — &%),

where p is given by (2.15), £€T and ¢ is associated to ¢ by (2.15), xe & and k> 0.
By calculation similar to the above, one shows that for k large enough

(2.19) A@)w(x, &)Za>0 VxeO.
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Applying Ito’s formula, we have

T, t

0=w(e. &)= E{wiretre + | “a exp ([ ctvets),vis) ds)

0

Te
= aE” e dt];
0

thus P[7,=0]=1and ¢ eTo(f) for all ¢eT. O

The first result concerning the regularity of Q(#) & when A is smooth will be the
following.

THEOREM 2.3. We assume (1.5-6-8), (2.14-15) and

(2.20) If(x, v)—f(x', v)|=Clx—x'| Vx,x'€0,
(2.21) c(x, V) ZC>[pol,

where ug is given by

_ {lT (@@, v) =o', )" (x,0)~0" (x',0))
T 12T x—xT

(2.22)

e —x')- (g(x)—g(x’))}
lx —x'|? '
Then, if h € W>*(0), we have

(2.23) Q@) h(x)— Q) h(x)|=C|x—x'| Vx,x'e0,

where C is independent of t.

COROLLARY 2.1. If we assume (1.5-6-8-9) and (2.14-15-21) then, for he X,
Q(t)h € X. Furthermore, (Q(t)h, t Z0) is uniformly equicontinuous.

Proof of Corollary 2.1. By a simple approximation (uniform in ») of the function
f(v), one can always assume that (2.20) is satisfied and that & belongs to W>(0);
then the result is obvious in view of Theorem 2.3. 0O

Remark 2.7. We shall see below (§ 3.1, Remark 3.5) that Corollary 2.1 is valid
without assuming (2.21), and (§ 4.3) that Theorem 2.3 remains true without assuming
(2.21).

Remark 2.8. If assumptions (2.14-15) are dropped, one can nevertheless prove
Theorem 2.3 (and thus Corollary 2.1) with the same method if we assume

Apoe W'2(0), polr,=0, VveV, A(v)poeL™(0),
3a0>0, VYve ‘/, A(U)p0§ —ap in 0.

(2.24)

For example suppose that g =c =0, o(x, v) =0 (v) and that there exists Bo>0 such
that det (o (v) o (v))=Bo>0. Furthermore, assume that 0= {p(x) <0} with 90 =
{p(x) = 0} and that p € W>®(0) and

2

det( Ip (x)) Zae>0 Vxel
ax,-axj

Then the results above remain true. This example generalizes a result of B. Gaveau
[9].

Other generalizations to the case of degenerate o are treated in Part II.
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Remark 2.9. One can generalize Corollary 2.1 to the case where sup,.v |f(x, v)| €
L™ (0). Indeed, this comes easily from a result of N. V. Krylov [13].

Proof of Theorem 2.3. The proof is divided into several steps:

1) Construction of a subsolution.

2) Two lemmas.

3) Conclusion.

1) We consider the function w(x, ¢) defined in Lemma 2.4, and we introduce
w(x) =infzer w(x, £). Obviously w(x) e W'®(0), w=0in 0, w =0 onI. Now applying
Ito’s formula to w(x, &) for fixed £ in I', we have (in the proof of this theorem, we
shall take c(x, v)=co> uo for the sake of simplicity) that

AT
w(y:(t AT, ‘f)e_°°'“’*+aJ- e °ds
0

is a submartingale bounded and continuous.
Then, taking the infimum over all ¢ in I', we have that

tAT,

(2.25) wyc(tErT)) e O +a I e °ds

0

is a submartingale bounded and continuous.
2) LEMMA 2.5. Under the assumptions of Theorem 2.3, we have

—CQnHT. —CoT,+ 2C 1
(2.26) E[|e 0™ —¢ 0™ l]_S_—-a—(-)"VwHoo lx —x'|.
Proof. Applying (2.25) between 7, A 7, and 7, we have
E[w(y«(7)) e ™ = w(ye(rc A7) €] 2 —aEU T ds];

thus

a —CaT, AT —CnT. —CnT AT,
Z'E[e o7 — @O ZVWlE {|yx(Tx A Ta) = yxr(Tx ATe)| €O
0

and we deduce (2.26) from the following lemma. 0

LEMMA 2.6. Under the assumptions of Theorem 2.3, we have for all stopping
times 6

(2.27) E{ly«(6) = ye(0)] e ™} =[x —x'|",
Proof. We apply Ito’s formula between 0 and 6 A T to the function (£ -|¢|*) for
the process y,(#) — y.(¢), and obtain

E{|y<(6 A T) =y A T)f? e 20" T}
AT

=he=xF +E{J. Tr {(e(yx() = a(ye(t)) - (@ (yu(8) =" (yo ()} € "

0

+ 20y (8) =yl ) - (8(y: () — g (yx(1))) e *0' dt
ant
—2po j lyx (£) =y (£)]* € 724" dt}.
(0]
Thus, by definition of wo, we have

Elly(0AT)—y (0 nT)* e 2" T]=|x —x'|".
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3) Conclusion. Letting x, x' € 0, we have
|Q(t) h(x)— Q1) (x| ST+,

where

I =sup IEU
A 0

T AL N

F3:(5), o(s)) €™ s —E[LT Fy2(5), (5)) €™ ]

and

J= sup IE[h (Yx(Tx A t)) e—co‘rx/\t _h(Yx'(Tx' A t)) e—co-rx,r\t]L
2
First, because of Lemma 2.5 and (2.20), we easily have I = Clx —x'|.
Next,
T =sup (Bt (ya(t A7) €7 — h(ya(t Ay A7) €S0
£

+ IE{h (yx'(t A Tx')) e“Co"‘xr/\f _ h(yx’(t ATye A Tx')) e—cot/\‘rxl\‘rx,}l
+|E{h(ye(t AT ATe)) = h(ye(E AT A T)| @O )

26‘0

=sup 1A @) Allo - == VWl [x = x'| +[[V Ao |x — x|

o
(here we have applied Ito’s formula and (2.26), (2.27)). O

3. A stochastic interpretation of the minimum cost function
3.1. A stochastic control problem. We consider the optimal cost function

60 uw=inf B[ 0.0, 00 exp (- cx(6), o ) ay).

We have the following;
THEOREM 3.1. Under assumptions (1.5-6-8), (2.1) and

(3.2) c(x,v)=co>0 Vxel, VveV,

or under assumptions (1.5-6-8-9), (2.14-15) if O is bounded (the nondegenerate case),
we have

(3.3) u(x)= lim Q) h(x) inB, YheBy hluryss=0

(in the nondegenerate case Yh|r=0),
u € By, Qu=u Vt=0.

Furthermore the equation of dynamical programming is satisfied

OAT,

wt =ing E{[ 0, o) exp (= [ c(32(6), 060 as) a

0o

(3-5) onr
+uly(6 n 7)) exp —L e, v(0) at)

where 0 is a stopping time with respect to F'.
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Finally, if To(f) is independent of A, To(d)=T¢ for all s{ admissible (in the
nondegenerate case I'o=T), then u(x) is the unique solution of

(3.6) ueB,ulr,=0,Q()u=u Vt=0.

Remark 3.1. Equality (3.5) shows that the optimal cost function u(x) satisfies in
some general integral sense the Bellman equation: sup,cv {A(v)u —f(v)}=0in 0.

Remark 3.2. i) If for all x and for all v, f(x,v)=0 and I'; = UTo(), then it is
easy to prove, by the same methods as those which follow, that u(x) is the unique
solution of

(3.6') ueB, ulr,=0, Q(t)u=u Vt=0.

Such a case will be considered in Part II.

ii) If we assume that for each &, I'o(f) =Ty, where I'y is closed in I, then we can
prove that P[y,(r,)€To]=1 for all x € 0.

COROLLARY 3.1. Under assumptions (1.5-6), (2.14-15-20-21), the optimal cost
function belongs to W¢™ (0).

Proof. Since u(x)=lim,no Q(#)0(x) in B,, and by Theorem 2.3 we have
|Q(#)0(x)— Q(¢)0(x")|=C|x —x'|, where C is independent of ¢ the result is
immediate. 0O

Remark 3.3. If we define (cf. Dynkin [5]) the closed subset B, of B,

Bo={heB,Vxe0,Q(t) h(x)->Q(s) h(x) as t > s, hlr,= 0},
we can consider instead of (3.6)
(3.6") u € By, Qu=u Vt=0.

Remark 3.4. Let ¢ be given, where ¢ is the trace on I" of some ® € B;; then we
have u4(x)=Q(0) ®(x)= Q(®) h(x), he B, such that h|r,=¢ (under the same
hypotheses as in Theorem 3.1). Moreover, u, is the unique solution of the non-
homogeneous problem uy € By, ug|r, = ¢, Q(t) uy = uy for all t=0 and we also have
the corresponding equation of dynamical programming.

Proof of Theorem 3.1. We prove (3.4) only for the case of nondegeneracy
(hypothesis (2.14-15)) and (3.5); the other statements are obvious.

1) We know by Lemma 2.4 that there exists some u > 0 such that (€ is assumed
to be bounded)

3C, Vx, Vo, E[e"™]=C;
thus

Q) —ussup E[ [~ supllfts, o)l ds] +sup Elilelccs]

ATy VEV o

But supy P, >t]=Ce ™ and supy E[7, — 7x At]=supy E[1, 1(.>n]=C' e ™.
2) In order to prove (3.5) we need only consider admissible systems such that
v(t) is a continuous process (cf. Lemma 2.1). Now we define, for fixed x in 0,

@)= J: f(yx(s), v(s)) exp (—J; c(yx(A), v(r)) dA) dt

Fu(ya(tnr)) exp (—L e(yuls), v(s))ds).



70 P.-L. LIONS AND J.-L. MENALDI

We want to prove that £(¢) is a F'-submartingale satisfying to the property
3.7 £(0)=E{£&(0+1)/F°}, where 6 is a stopping time and ¢ = 0.

But the proof of that fact is exactly the same as in RY (cf. [1, Thms. 5.1, 5.3]), from
ulro(&g) =0 and thus P[u(yx(Tx)) = 0] =1.
Therefore taking ¢t > +00 in (3.7) we prove that

E[j:”xf(yx(t), o(0) exp - j (y.(s), v(s)) ds) dt
U8 n ) exp( - j cOx(0), 0(0)) di) |

<E LTX £ (0, 00 exp (- j c(x(5), 0(s)) ds) .

To conclude, we have to prove that

u(x)éE“o

OnT,

F3:(0), 0(0) exp —L (yu(s), v() ds) dt

+u(ye(6 n ) exp - j (), 0(e)) d) .

But £(¢) is a submartingale and this inequality is satisfied if @ is replaced by 6, a
discrete approximation of @ such that 6, > 6 (a.s.) as k »> 0.

Since u is upper semicontinuous, the inequality remains true for 6. 0

COROLLARY 3.2. Under the assumptions of Theorem 3.1, we have for all A =0

uw)=inf E[ [ 7020, 0(0)+ A0}
(3.8)

 exp ( —Lt ((ye(s), v(s))+A) ds) dt].

Proof. The proof is immediate in view of the following lemma, due to N. V.
Krylov [14].

LEMMA 3.1. Let z(s), £(s) be two bounded measurable adapted processes and
assume that z(s)+[o&(r)dr is a submartingale. Then for all AZ0 z(s)e ™+
fo (£(r)+Az(r)) e ™" dr is a submartingale.

COROLLARY 3.3. Under assumptions (1.5-6-8-9) and (2.14-15), u(x) belongs
to X: {h € C,(0), h is uniformly continuous}.

Proof. If we add the assumption (2.21), then by Corollary 3.1 u(x)e X. Now
let A >0 be such that c(x, v)+A =co> o is given by (2.22), and let us consider the
following application T defined on B;: if v € B;, w = Tv is given by

w() =int E | [ 0.0, o)+ Ao 00}

- exp ( - Lt (c(y<(s), v(s))+A) ds) dt].

Then, by Corollary 3.2, u is a fixed point of T. To conclude, we just need to prove
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that T is a strict contraction on B;. But
1Tv1— Toallo= SlallpE[l —e "] lv1~vallw
and by Jensen’s inequality
[Tv1 = Tvallo = (1—€7*) o1 — vallo,

where C =supy E[7.]< +00, by Lemma 2.4. 0O

Remark 3.5. With the techniques developed above, it is easy to extend Corollary
2.1 to the case where (2.21) is replaced by (1.9) (i.e., c¢(x, v) =0 instead of c(x, v) = co>
o).

3.2. Application to the generator of Q(f). We now prove a local version of
Theorem 2.2, concerning the generator of the nonlinear semigroup Q(#).

THEOREM 3.2., Under assumptions (1.5-6-8-9) and (2.1), if 0' is a bounded open
set included in O and if h e CZ(G"), then

w 2 31511‘)/ (A)h(x)—f(x,v)) Vxel'
and the convergence is uniform on compact subsets of 0.

Proof. Let B be an open ball strictly included in 0'. We consider two open balls
Bi1, B, such that B,< B,< B;< B, B< B < 0' and we show the convergence in Bj.
We denote by 75 the exit times of B;, Q;(¢) the corresponding semigroups, u,(s, x) =
Q(t—s) h(x) for 0=s =t. First, we remark that

s, ¥) =int £ j £, 00 exp (- j e W), 0(A) dn) dr
3.9

O'x'

+h(yloe exp (-

0

s c(y«(r), v(r)) dr)},

where o, ; is the exit time of the set 0 x ]0, ¢[ for the (N + 1)-dimensional process

Zes(r) = (y,(r)) (r=0).

r+s
Remark that T'g(sf) for this process is I'o(&f) and that (2.1) is satisfied. Now by the
equation of dynamical programming (3.5) we have

T NAONL

u, (0, x)= igf E{j

0

f(y«(s), v(s)) exp ( - L c(y,(A), v(A)) dA) ds
3.9)

T AONL

+u (T NOAL Y (T AOAL)) exp(—J c(y.(s), v(s)) ds)}.

Now we take 6 = 74, and find °
Q(t) h(x)=inf EU ' f(yx(s), v(s)) exp(—j c(y«(1), v(A)) dA) ds
K 0 0

t

(3.9" + 1(7,1‘<t)ut(7)1c’ Yx (T:lc)) €xXp (_I

0

(y(5), 0(s)) ds)

+ 1120 h(yx(1)) exp ( - J‘O' c(yx(s), v(s)) ds) }
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Thus for all x € B,, as h € C*(B) we have (cf. proof of Theorem 2.2)
|Q(t) h(x)—h(x)|=|Q(t) h(x)— Q'(t) h(x)|+|Q(t) h(x)—h(x)|

= sup E{lu(r", yx(r)) = B (yu(r)) 1 ix<n} + Cit

= sup ||Q(s)h —hllwo.z, * supP(T <t)+Cit.

O=s=t

Now, as in_the proof of Theorem 2.2, we can show that there exists C,>0 such
that for all x € B, supy P(r% <t)= Covt.
Thus we have finally

sup lQ()h— —hllw,3,= CaVt Sup Q) = hllw5,+ Cit.

=s=t

By a similar argument we have

sup |Q(s)h —hllo.s, = Ca Ve sup I|Q(s)h hllwo.5+ Cst;

O=s=t

hence for ¢t =ty we deduce

sup "Q(S)h h"oo B2_Cst

0=s=¢
Finally taking 6 = 72 in (3.9'), we have

Q(Mh(x)—h(x) Qat) h(x)—h(x)
t t

Vxe §2,

1

=- sup |Q(s)h —h|w.5, sup P(r:<1t)
t o=s=¢

and we can conclude easily with the help of Theorem 2.2 and remarking that for all

x € B3 a closed set < B,, there exists Ce such that sup g P[ﬁri <t]l= CeVt. O

4. Analytical interpretation of the optimal cost function and Hamilton-Jacobi-
Bellman equations. In this section we shall always assume (1.5-6-8-9) and (2.14-15-
20), i.e., the nondegenerate case, and that O is a regular domain. In every statement
in the following, we shall call this group of hypotheses assumption A.

The main result of this section is the following. Under assumption A, u € Wy (0)
and u is the maximum element of the set {ii € W5 (0), A(v)d = f(v) in 2'(0),Vv e V}.

We will also recall the main result concerning the solution of

4.1) sup{A(v)u—f(v)}=0 a.e.in0, u=0onT.
veV

This result is obtained in L. C. Evans and P.-L. Lions [7] (see also [15]) under
more smoothness assumptions on o, b, ¢, f and 0 than A.

The results which we prove are organized in the following way.

§4.1. A first result of maximum solution.

§ 4.2. Approximation by systems of QVI.

§ 4.3. Final result for the maximum solution.

§ 4.4. Verification of H-J-B equation.
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4.1. A first result of maximum solution.
THEOREM 4.1. Under assumption A and if we assume in addition (see (2.21))

c(x,v)=c=po, where wo is given by (2.22),
then the optimal cost function u(x) belongs to Wo™ (0) and is the maximum element
of the set s,
s={ie W§*(0),Yve V, A(v)i =f(v) in D'(0)}.

Remark 4.1. The optimal cost function u(x) given by (see (3.1))

) =int B[ e, o) exp (= [ a6, 0650 ) ]

appears to be the solution of (3.1) in some weak sense: u(x) is the upper envelope
of all subsolutions of (4.1). Of course u(x) itself is a subsolution.
Proof. The proof will be divided into several steps:

1) u(x) belongs to s.
2) A general lemma. _
3) If i s then #(x)=u(x) for all x € 0.

1) In view of Corollary 3.1, we know that u e W™ (0). We have to prove that
forallve V, A(v)u =f(v) in 2'(0). To do this, we use a technique due to N. V. Krylov
[11] (see a simplified version in [1]). Let ve V and let us consider an admissible
system corresponding to v(#, w)=v; because of Corollary 3.2 we have

u() SE| j: {F(2(5), 0)+ A5} exp ( —jos (), v) di-As) ds]

Now if we introduce u,, the solution of

A@)ur+Auy=u in0, urlr=0,

we know that

ur(x)=E [J.: u(y.(s), v) exp ( —Lsc(yx(t), v) dt—As) ds].

Thus

T

Fonts), 0 exp (- [

()

s

A@u,=E ”

0

c(ya(t), v) dt—As) ds] — £ ()

or A(v)(Aun) =Afi(x).

To conclude, we note that Au, is bounded in L(0) and that Au, —u = A(0)u, =
(1/A) A(v) (Aup) >0, as A > +00, in D'(0); Af, > f(v), as A > +00, (in fact for all x € O
because f is continuous) and we have in conclusion that

VYveV A@u=f(v) in2'(0).

Remark 4.2. Let us remark that even in the degenerate case (if we assume only
(1.5-6-8) and (3.2)) the preceding proof remains valid, and thus we have

4.2) AWusfv) inDO) VveV.
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2) Let us make precise the notation of the following lemma. Let y(¢f) be a
continuous process on the canonical Wiener space (Q, F, F,, P, W,) such that

t t

(43) 1[01(w),02(w)[(t) )’(t) = {j g()’(t)) dt}l[ﬂl(w),oz(w)[(t),

01

o (y(0) Wi+ |
[
where 6; = 6, are two stopping times.
Let B be the differential operator
a2
B=—}0uop——

+c.
axiaxj

—g a
LEMMA 4.1. Assumethato, g, c € Wb*(0), that c is nonnegative and o is uniformly

nondegenerate. Let y(t) be a process satisfying (4.3), let fe C(0) and let iie Wy™ (0)
such that

Bi=f in2'(0).

Then if M belongs to Fy,, and if 6 is a stopping time such that 61 = 6 = 6, we have
forall xeO

E{(a(y(a1 AT)) exp ( —l[:l” c(y(®)) dt)

(4.4) ~aly(@nm) exp - j ey (1) ) ) 1ns (@)}

OAT

éE{lM(w)J'

61nT

f @) exp - [ e(y(s)) ds) .

where 7 is the exit time from O for the process y(t).

Proof of Lemma 4.1. We extend &, which is zero on RY —0;then Bie W ""(R")
for all p < +00. We introduce a regularizing positive convolution kernel p, ( - ) € 2. (R")
and we consider #., a solution of

Bu, =(p.+Bii)l¢ inO0,

u.=0 onT.

Then u, € Cz(@’_) and u, o i forall p<+00;in particular, u, > u.
W) c©®
Now if 0 is an open set such that 0’ < @' = 0, the existence of an & = ¢, implies
that Au, =p,. *f in 0’ (indeed, if 0’ —supp p. < 0, the inequality is true). Let 7’ be the
exit time of 0'; then by Ito’s formula we have (4.4) with i replaced by #., 7 by 7'
and f by p, *f. Thus when ¢ - 0, we have (4.4) with 7 replaced by 7'. But 0’ is arbitrary
(with the condition 0’ < 0); hence we deduce (4.4). O
3) Let e S. By Lemma 1.1 it is sufficient to prove that d(x)=J(x, &, oo, 0) for
all admissible systems such that v(¢) is continuous. By taking image measure we can
also assume that (), F, F,, P, W,) is the canonical Wiener space. Let & be such an
admissible system. We introduce
. k
On(t, @) =§. U(?:, w) Liks2n, Gevvy7271(8),

dN, P(N)=0, VwgN, Vi v, w)>v(t,w) asn->oo.
Now for k, n fixed v((k/2"), w) =a.s. lim v " 14,(w), where vF"eR™, A e F/2". Thus
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there exists N such that P(N') =0 and
v(t, w)=1lim5,(f, ») VweN', Vi
and

Ou(t, ) = 2:.( Uik 1a, (@) 1io, 6,42,
i

where 6; =j/2", 6;.1=(j +1)/2", vy € R™, Ay € Fy, and, for fixed j, A, are disjoint sets.

On the other hand there is a V; compact =V, such that v (¢, w)e Vy. Let W, be
the convex envelope of Vy; W, is convex compact included in V. Let Py,be the
Euclidean projection onto Wy, and let us finally consider

v (t, w)= }—.;.c Pw,(vjk) 14, (@) 114,6,.,(t) = Pwy (v, (2, ®)).

Then
weéN', Vi 0"t w)>v(t,w) asn->o0, v"(t, w) € Wy compact of V.

If we denote by yy(¢) the process corresponding to v"(t), we have thus defined
a sequence &, of admissible systems on the canonical Wiener space, and by Lemma
2.2 it is sufficient to prove that

u(x) éE[LT" Fly2(e), o™ (1)) exp (—j c(y2(5), 0™(s) d) ]

or

Vi, Yk B 1ay@) a0 nr) exp (- [ 2,0 0) i)
(.5) = B[ 1,(@) @20 1) exp - j c2(0), 0" (1) i)

9i+l AT, t
[ 020,y exp (- [ e026), 0050 ds) ar].
i ATy 0
But Lemma 4.1 implies this inequality and we conclude. 0

Remark 4.3. The preceding proof shows that if we do not assume (1.21), and if
we know that u(x)e W™ (0), then u is the maximum element of S.

4.2. Approximating systems of QVI. We are going to investigate in this section
the approximation of (4.1) by different systems. Following an idea of L. Tartar,
introduced independently in [6], we introduce the following penalized problem P.:
Find u',- -+, u" solutions of

Aju'+B, (u'—ud)=f" in0, u'=0 onT,

Aru’+B. (u*-u’)=f> in0, u>’=0 onT,
(P.)

A u"+B, W"—u)=f" in0, u"=0 onT,

where A;=A(v;), f;=f(v;) and (v',-++,v") is a fixed subset of V, and B.(f)=
B(t/&). Here B is a continuous convex nondecreasing function on R, such that 8(t)=0
ift=0, B(t)>0if t>0.
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We also introduce the following system of quasivariational inequalities (in short
QVI,; see [2], [3], for example)

Aluléfl, u'se+u? (Alul—fl)(ul—-e—u2)=0 in 0,
u'=0 onT,

Q.)
A u"=f, u"se+u’, (A u"—f)u"—e—u')=0 in0,
u"=0 onT.

In this section we solve problems (P.), (Q.) (actually we shall prove just some
obvious, nearly classical results which are sufficient for our goals) and we shall also
give the stochastic interpretation of (Q,). In the next section we are going to prove
that (u’, -+, u")>u, as € >0, in C(0) which is the optimal cost function.

THEOREM 4.2. Under assumption A and if we assume in addition (see (3.2))

if O is unbounded, c(x, v)Zco>0 Vx, Vo,

and that T is regular, then there exists a unique solution (u*,- -+, u") of (P.) in C**(0)
(Va < 1) (resp. CE2(0)N Cy(O) if O is unbounded).

Proof. We prove just a priori estimates in the case of a bounded domain 0. First,
we remark that W7 (0) (and hence C**) estimates follow easily from L(0) estimates.
But A; u' =f°, for all i, and this implies that u’ = const.

Now we consider w(x)=w(x, &) =exp (— kp2) —exp (k|x —-£1|2), where ¢ is fixed
in T, &, is associated to £ by (1.15) and k > 0. We have seen that for k = k,>0 (see
(2.19))

A@)wx)=Za>0 VxeO VveV.
Thus, for A large enough, we have
(4.6) AAw(x)<f Vxe0, Vi (—Aw)|r=0.
Let xobe in 0, ip be in {1, - - -, n} such that

Uip(x0) +Aw (xo) = min u;(x) + Aw(x).

If xoe T, u;(x)+Aw(x) = Aw(xy), and we conclude that u;(x)=0.
If xo € 0, by the maximum principle we have

A (Uip(x0) + AW (x0)) = cio(Uig(x0) + AW (x0));

since one may assume u;,(xo)+Aw(xo) <0 and A, u;,(xo) = fi(x0), by (4.6) we have a
contradiction and this contradiction gives the L™ estimate. Uniqueness is proved by
similar arguments. 0

Remark 4.4. Actually uniqueness may be proved in the class WZE(0)N Cy(0).
Remark 4.5. If B, is smooth then u; are smooth.

THEOREM 4.3.  Under assumption A and if O is bounded, there exists a maximum
weak solution of (Q.) in the following sense:

ai(ui,v—ui)z(f,v—u‘), ve Hy(0), v=e+u't?
u'eHy(0), u'=se+u'"!

'=u', and a;(u, v) = (A, V) - xm}

Q.) ’

where u™"*
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Furthermore u' € C(0) and u’ = lim, 0 ui,, where (ui,) is the solution of
e cul ut—e—uh=f in s ul = onT.
(R...) Aty +By(un =f ino f=0 r

Remark 4.6. The existence of (ui,) is obtained in the same way as the existence
of the solution (u;) of (P.).
THEOREM 4.4, Under the assumptions of Theorem 4.3, we have

ey =igt B{ [ 1.0, v exp (= etrats), o660 ) at

+e L exp (-J-:HC(yx(S), v(s)) dS)},

nzl
where 0 = (0,)ncn is a sequence of stopping times such that 6o=0< 6, <6, <nv(t, w)=
Ui Lo (w)st<br.i(@)s J =i +k—1 (mod - n), and y,(t) is the solution of
dyx(1) = o (yx(1), v(¢)) AW, + g(y« (1), v(1)) dt,
yx(0)=x
(in the canonical Wiener space).
Proofs of Theorems 4.2 and 4.3. As these results are just variations of results

given in [2], [3], we just give hints on the proofs.
Let u*™ be the solution of

Ai ui,m §fi, ui,m § £ +ui+1,m—1’ (Aiui,m _fi)(ui,m —€ _ui+1,m—l) - 0 in 0,
ui""lr=0
(see [19] for the solution of this VI), and u*° are given by Au®=f in 0, u*°=0
onT.

One easily proves as in [2] that u"™ | ..
An argument similar to the one given in the proof of Theorem 4.2 gives

u'mz=-aw(x) Vi, Vm.

Thus || "™ ||~ = const.
Now, since there exists A such that a;(u, u)+A|u|}20) = v|ul}ie), we deduce
easily from

a;(u™", —Aw—u"™z=(f, —Aw—u"")

that ||u""|| e = const.
The proof of the first part of Theorem 4.3 follows the one given in [3], for example.
Next the proof of the continuity of u‘ and of Theorem 4.4 is easily obtained by
methods similar to those in [3] and in [22].

Finally, by a method similar to the one given in the proof of Theorem 4.2, we
prove that

uihl whenu 0, |ulllL=@) =const., and
ui,(x)g—/\w(x) Vi, Vu, VxeO.

Then we prove easily that u} | u', which is a weak solution of (Q.), and thus
u =u'. To conclude, we introduce u5™, the solution of

Aiutm B (Ui —e—ut ") =f ino, u;"=0 onT;
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we have

up™ L owt o wit L oun, uh L ow, ut™ |
nl0 nfoo nl0 m1too
thusu'=4’. O ‘ ‘
Remark 4.8. We have also that if u. is the solution of (Q.), u"" is the solution
of (P,), and u;" is the solution of (R, ,),

4.7 ul=ul™ V¥n>0, ul=Ilim|u:",
nl0
(4.8) utT=ut" Ye>0, utn = li?g Lutm ad

4.3. Final result for the maximum solution.
THEOREM 4.5. Under assumption A, and if we assume (see (3.2))

if 0is unbounded, c(x,v)=c>0 Vxe0, VveV,

then the optimal cost function u(x) belongs to Wo™ (0) and is the maximum element
of the set S.

Proof. The proof will be divided into several parts.

1) Lipschitz estimates on u"".

2) U Lnto Uny tn Lntrco  if (X, ©) Z Co> po.

3) Conclusion.

1) We prove that ||u""|| w1~ = const. (independent of i, n). ‘
o First, we remark that, if @ is bounded, we already know that ||u""|| <), = const.

In the case of an unbounded domain, one proves by a simple limiting process (0, - O,
0, bounded) that

i

| o0y = SUp = —1=(0).

o

e Next we prove that |u’, (x)|=A|w(x, &)| for all £€T and for all x € B(¢, p'),
where A, p' do not depend on i, n, & and w(x, £) is-given by (2.15'). The proof is
immediate if we recall that, if k is large enough,

Aw(x, &)= a exp—k|x —fllzéﬁ >0 onsome B(¢ p')=B.
Now on (dB)N O w = y > 0; thus there exists A >0 such that

Aidw(x, £)>sup |fillL=@) on B,

Aw|emyno> n}ix ™"l o), Aw|Bnso=0.

From an application of the maximum principle similar to the one given in the proof
of Theorem 4.2 we deduce

W) =Alw(x, &)l VxeB(p), Véer,

and this implies |[Vu " (£)| = const. for all £€T.

e Finally we consider (as in [18]) the auxiliary function w;(x)=
IVu’" (x)P+A(C —u*"(x))* (we shall forget about the n subscript in the following
proof), where A >0 and C Zmax;,,u""(x). We shall assume in the proof to the



HAMILTON-JACOBI-BELLMAN EQUATIONS I 79

theorem that B € C*(R); thus u'e C*(0). Differentiating (P,) with respect to Xj, We
obtain (i will denote du/dx;)
— i1 (x) whg () + bt uig(x)+c ub+ B (' —u (i -uith)
=fi(x)+ @k, (x) uiy —biju —cju’,

and a simple calculation shows that for all i
Aiwi()+B' (' —u™) 2(uiui—ui uh)

—2v(u};,)2(f}:+a'}(1,i(x) Uks —bi,i uk —cj u)?2 u§

F2C—u )~ f+BW —u™")]+Cr— 2w ()
Thus we have, choosing A large enough, for all i,

A wi(x)+B' (' —u™) 2iui—uit uj)
B —u"H2A(C -u') = Cr—awi(x);
as (C—u')=0, B(0)=0 and B is convex we have
=B’ —u"2M(C—u')Z20(C—u') B'(u’ —u"H(C - u') —(C—u'™M)}.

Finally suppose O is bounded, and let ip—x, be such that w; (xo) = max,, w(x) if xo
belongs to I'; we concluded that because of the above estimate if x, belongs to 0, at
this point we have A;, w;,(x¢) =0 and

B'(u' —u" N 2l 2(iui—ul u) - B —u 20 (C - u')
ZB'(u' —u""") (Wi —wir) ZO0.

Hence we deduce w;(x) = C;/a.

The case of an unbounded domain is obtained by a limiting process, taking 0, a
sequence of domains converging to 0(0, 1 0).

2) Next, we suppose that c(x, v)Zco>uoforallxeO and allve V.

We know (by the preceding estimate) that u*" | u, € W§™ (0), as n >0

Furthermore for all i=n A;u,=f; in 2'(0). Now if we let n go to +00 such

that (v, i € N) is dense in V, we see easily that u*" | as n 1 c© we have u, | ue whe0),
as n - o (by the preceding estimate, which is independent of n) and for all ie N

A;usf, in92'(0).
Thus
VoeV, A(w)u=sf(v) in2'(0).

Now if we suppose that c¢(x, v) =co> uo then by Theorem 4.1, u(x)< u(x). But
by remark 4.8 u; | u, as € | 0, and from the stochastic interpretation of u;, we see that

VYveV, A@)u=f(v), in 2'(0).

Hence, if we suppose c(x, v)=co>puo u(x)=u(x), and in the general case u(x)e
W™ (0), belongs to S and u(x) = u(x) for all x € 0.

3) In the general case, we consider A >0 such that c¢(x, v)+A = o> o, and we
introduce a mapping T, defined by: if we C,(0), T, AW = (Te .w); is the solution of
(Q.) where A, is replaced by A; + A, f' by f' +Aw.
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From the stochastic interpretation, we have easily

| T e,n wi—Ten wollL=y= ||w1 wallL=@), if O is unbounded,

A+
1 —AT,

é}‘— up E[1—e" "] if O is bounded,
1-

AC
—e”

A

by Jensen’s inequality (cf. Lemma 2.4).
Now for any w € C(0), T..w | Tw € C,(0), and by step 2)

A

where C >0

T =int B] [ 4020, 000+ AwaDhexp (- [ c(ru(6), o0 as) ]

From these two facts, we deduce that the fixed point of T, in C,(0) converges
to the fixed point of T, i.e., ut > u(x), in Cy(0). Thus u e Wy (0) and u =i. To
conclude, we remark that the proof of Theorem 4.1 now applies, and thus u is the
maximum element of S. 0

COROLLARY 4.1. Under the assumptions of Theorem 4.5, we have

() =ing B [ 19, o) exp (- [ etru(6), 0069 ) ]

where the infimum is taken over all admissible systems such that (Q), F, F,, P, W,) is
the canonical Wiener space, and there exists 6 = (0,)n=0, a sequence of stopping times
such that 0=0<6,<6,<-:+-<6, 1+ and v(t, x)=v; if t€[0;(w), Oj+1(w)[, where
(Vn)n=zo is a sequence of elements of V.

Proof of Corollary 4.1. Immediate in view of Theorem 4.4 and the proof of
Theorem 4.5. O

4.4. Verification of H-J-B equations. We now recall a result due to L. C. Evans
and P.-L. Lions [7] concerning the solution of (4.1). We will assume in this section
that 0 is smooth and we have

(49) (b(' ) U) € Wz,co(O) and SUI‘)/ ||¢(' ’ U)" W2"'°(¢7’)<CD V¢ =0, b9 [ f

THEOREM 4.6. Under assumptions A and (4.9), we have that u € W2>2(0) is the
unique solution in W>*(0) of (4.1):

sup{A(v)u—f(v)}=0 a.e. in0, u=0onT.
veV

Remark 4.9. This result extends previous results due to H. Brezis and L. C.
Evans [4], P-L. Lions [20], L. C. Evans and A. Friedman [6], P-L. Lions and J-L.
Menaldi [21], P-L. Lions [15].
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OPTIMAL CONTROL OF STOCHASTIC INTEGRALS AND
HAMILTON-JACOBI-BELLMAN EQUATIONS. IT*

PIERRE-LOUIS LIONSt AND JOSE-LUIS MENALDI#

Abstract. We consider the solution of a stochastic integral control problem, and we study its regularity.
In particular, we characterize the optimal cost as the maximum solution of

YoveV, A@u=f(v) in D'(0),
u=0 ondd, ueW > (0),

where A(v) is a uniformly elliptic second order operator and V' is the set of the values of the control.

1. Introduction

1.1. General introduction. In this paper, we extend the results of part I [14]
(this Journal, this issue, pp. 58-81) to the degenerate case (see also [15]).

We consider a stochastic system governed by the stochastic differential equation

dy(H)=o(y(),v() dW,+g(y(®), v()) dr, =0,

1.1
(-1 y(0)=xeR",

where W, is a Wiener process, g and o are given functions, and v(¢) is a ““continuous”
control taking values in some set V < R™.
We want to minimize the cost function (with notational change from part I)

(1.2) 1) = £ ‘[:x Fy(6), () exp (—IO' e(y(s), o(s)) ds) ]

over all admissible controls v(¢). In this formula f and ¢ are given functions and 7, is
the first exit time of the process y(t) from a given domain 0. Let us denote

(1.3) u(x)=inf {J,(v)/v = v(+) admissible control}

the optimal cost function.

In part I (see also [15]), under suitable assumptions containing an assumption of
nondegeneracy,

(1.4) go*(x,v)Za>0 Vxel VoeV,

we proved that the function u(x) is the maximum element of the set of functions &
satisfying & € W¢™ (0) and

(1.5) A@)a=f(v) in2'(0) VoveV,

where A(v) = —3Tr (go*(x, v)D?*) —g(x, v)D +c(x, v).
We give here results where (1.4) is relaxed and where nevertheless this approach
may still be carried out.

* Received by the editors June 13, 1980, and in revised form January 30, 1981.
+ Laboratoire d’Analyse Numérique, Université Pierre et Marie Curie, 4 Place Jussieu, 75230 Paris
Cédex 05, France.

1 INRIA, Domaine de Voluceau, Rocquencourt B.P. 105, 78153 Le Chesnay Cédex, France.

! o* denotes the adjoint of o. The inequality has to be understood in the sense of symmetric matrices.
2 D denotes the gradient operator (we will also use the notation V).
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In view of the principles of dynamical programming, one could expect u to solve
(in a convenient sense)

sup{A(@)u—f(v)}=0 a.e.in0.

Results in this direction (with operators A(v) eventually degenerate) are given
in N. V. Krylov [5], [6], [7], M. V. Safonov [18], [19], P.-L. Lions [9], [10], [11], [12],
[13] (in the nondegenerate case the most general results are given in L. C. Evans
and P.-L. Lions [2], P.-L. Lions [8]).

But the counterexample of I. L. Genis and N. V. Krylov [3] shows that the
equation may not be satisfied (even in the weakest sense); therefore it seems useful
to have a different characterization of u. Our goal here is to propose as one such
characterization the superior envelope of sub-solutions. We remark that some results
in this direction, for the deterministic case, are given in R. Gonzalez [4].

1.2. Summary. The results are organized in the following way:

Section 2. The degenerate case.

Section 3. The Cauchy problem.

Section 4. The obstacle problem.

In § 2, using some techniques of N. V. Krylov [7] and [8] and M. Nisio [17], as
in [14], we build a nonlinear semigroup whose generator is related to the operator
appearing in (1.5). Next, we give a stochastic characterization of u(x), which is the
precise way to apply the dynamical programming argument. Finally, we prove a
characterization of u(x) in terms of the maximum subsolution.

In § 3, we briefly develop the parabolic case. In §4, we consider the obstacle
problem. The case without ‘“‘continuous” control was studied in J-L. Menaldi [16].

1.3. Assumptions and notation. We now give notation and assumptions which
will remain valid in §§2, 3 and 4. Let 0 be a domain of RY and let V be a convex
closed set in R™. We call an admissible system a set o =(Q, F, F,, P, W, v(t), y:(t)),
where (Q, F, P) is a probability space, F, is a nondecreasing right-continuous family
of complete sub o-algebras of F, W, is a Wiener process with respect to F,, v(¢) is a
measurable adapted process taking values in some compact subset V, of V' (V,, of
course, may depend on v(-)) and y,(¢) is a solution of Ito’s equation

dy.(t) = o(y«(1), v(2)) AW, +g(y«(2), v(2)) dt, t=0,
Yx(o) =X,

(1.6)

where o (x, v) and g(x, v) are uniformly continuous and bounded functions from RV xV
into RN ® R" and R" respectively which are uniformly Lipschitz continuous in x. This
regularity and boundedness assumption will not be recalled in what follows (and may
be relaxed in some of the results which follow).

Now, for an admissible system &, we define a cost function

AT

Fn(s), 005 exp (= (), 0(0)) dn) ds

0

T(x, 4, 1, h) =E”

(1.7) +h(y.(t AT.)) exp (__ J‘O'Afx c(yx(s), v(s)) ds)},

where A is an arbitzary measurable bounded function, 7, is the first exit time of the
process y,(?) from O and f(x, v), c(x, v) are given uniformly continuous and bounded
functions from R™ X V into R, R, respectively.
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Finally, we define, for each h, an optimal cost function

(1.8) QWh(x)=infJ(x, o, t,h) VO=t<co.
oA

Let us collect our assumptions:
o (x, v) =@ (x', )= Clx —x'| +p (v —v')
Vx,x'eRY, Vo,0'eV, Vo= i 8, G, f.
lp(x,v)|=C VxeR", VveV, Vé=048,cf
c(x,0)Zco>0 VxeRY, VveV,

where p is a given continuous function from R, into R, such that p(0)=0.

We shall denote by B; the set of bounded functions from @ into R which are
upper semicontinuous and by B; the subset of B, of nonnegative functions. B, and
B are closed convex cones of the Banach space B of bounded measurable functions
equipped with the supremum norm (||l =sup {|h(x)|: x € O}).

Throughout this paper, we use an assumption which will replace the non-
degeneracy assumption (1.4). We suppose that there exists a subsolution which is
Lipschitz continuous, i.e.,

(1.9)

(1.10)

(1.11) there exists a i € Wo™ (0) such that for all v € V we have for
some e>0Aw)a=-1in2'0,), i=—a<0in 0 -0,

where 0, ={x € 0, dist (x, ') > ¢}, and the operator A(v) is defined by

a2
. = — i'_——+ i_+ s
(1.12) A(v) a; o, %, b o, c

with a;(x, v) = %o-;ka',-k(x, v), bi(x, v) =—gi(x, v).
It is easy to prove, using barrier functions as in part I or [8], that if for some
a>0T =3 satisfies (n is the unit exterior normal to I')

I'={xel'/Vveuy,|o(x, v)n(x)za}
(1.13) U{xeT/veV,2rg(x, v)n(x)>Tr[oo*(x, v)]+a},
r is the radius of the uniform exterior sphere associated with O,
and
(1.14) 0 is bounded, regular (i.e., the exterior uniform sphere property holds),

then assumption (1.11) is satisfied for ¢, large enough.
We may also replace (1.11) by

(1.15) fx,v)=0 VxeRY, YoveV,
(1.16) there exists v(x) continuous on @ such that (1.13) is satisfied for v = v(x).

2. Degenerate case. This section is divided into three sections. First, we study
the nonlinear semigroup Q(¢). Next, we give a stochastic interpretation of the optimal
cost. Finally, we establish an analytical interpretation.

3 . .
We will always use the usual convention for sums.
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2.1. Nonlinear semigroup. In this section, we first prove that Q(¢) acting on B,
or B is a nonlinear semigroup. Next we consider the generator of Q(t).
THEOREM 2.1. Assume (1.9), (1.10) and (1.15). Then (Q(t), t = 0) satisfies

(2.1) Q(1):B; »B;, Q(0)=I, Q(t+s)=Q(1)°Q(s)=Q(s)°Q(1),
(2.2)  lQ(t)h—Q(s)hlo>0 ast->s if his uniformly continuous in R",

(2.3) lQ()h — Q($)hllw=llh1—hollo Vhi, hye B, Vtz0,
(2.4) QWh=0Q(th, ifhi=h,.

Proof. We penalize the domain 0. Let p(x) be the distance to 0, i.e.,
(2.5) p(x)=inf{ly—x|: ye 0},
and consider the following operator (¢ >0):

Q°(Hh(x)

(2.6) —int E”otf(yxm’ v(s) exp (_Ls (C(”*(")’ ”(A))+;1'p(yx(A))) dA) ds

t

+h(yeo) exp (-

0

(c(yx(S), v(s))+%p(yx(s))) ds)}.

Clearly, Q°(t) leaves invariant the space C,(R") of continuous and bounded
functions. From Theorem 2.1 in part I, we obtain that Q¢ (¢) satisfies (2.1)-(2.4).
Finally, using the fact that, for all =0, for x € R" and 4 € B},

2.7 Q¢ (t)h(x)> Q(t)h(x) decreasing as ¢ {0,

it is easy to conclude. [
Remark 2.1. Under assumptions (1.9), (1.10) and (1.11), the semigroup (Q(z),

t = 0) satisfies (2.1)-(2.4) with B, instead of B;. Indeed, we need to observe that,
defining

(2.8) To(A)={xeT/P(r,>0)=0},
we deduce from (1.11) (using a lemma of [8])

Io(f)=T V4 admissible systems,
P(y«(ro)eTo(A) if 7, <0)=1 Vxe0,

(2.9)

so we can use Theorem 2.1 in part 1.
We set

(2.10) X ={h € C,(0), h is uniformly continuous}.

We have the following:

THEOREM 2.2. If we assume (1.9), (1.10) and (1.11), then for each he X
Q(t)h € X. Furthermore (Q(t)h, t =0) is uniformly equicontinuous.

Proof. We first consider the case where c(x, v) satisfy

(2.11) cx,v)Zco>pno VxeO, VceV,

4 We extend % by zero outside 0.
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where wo is given by

1
Mo = Sup {—Tr [

(o(x,v)—0o(x', v))(ox, v)—a(x/, v))*]
2

lx —x']?
(2.12)
+(x —x')-(g(x,v)—g(x', v))

e —x'?

x,x'e0,ve V}.

By a density argument, it is enough to prove Theorem 2.2 for smooth f(x, v) and
h(x). By the same argument as in part I, we only have to prove that u(t, x) = Q(t)0e X
(and is uniformly equicontinuous). Let us assume that under assumption (2.11) we
have proved that |u(t, x)—u(t, x')|=C|x —x'|, for all x, x' in @ and all t=0. We
conclude remarking that, using the dynamical programming property as in [14], we
have

IAT

u(t, x) = inf E{j “LF(ye(s), 0(s)) + kus, yx(s))]
A 0
(2.13)

- exp <~J: c(y,(A),v(A)) dAr —ks) ds},

for all k =0.

Thus u(t, x) is a fixed point of the mapping which transforms u(s, x) into the
right-hand side of (2.13); but we have

Tue W™ ifue W™,
(2.14)

ITu - Twlle = et = wlleo,

Co + k
choosing k large enough. This proves Theorem 2.2.
Now, there just remains to prove that under assumption (2.11), we have |u(t, x) —
u(t, x")| = C|x —x'|. We first remark that in view of the arguments given in part I, if
Co>> Wo, then

q

() exp - j e(ye(s), o(s) ds)

—y.(6) exp (— Ioec(yx:(s), v(s)) ds) ] =Clx—x',

for all x, x' in 0, and all stopping times 6.
Let us assume for the moment that u satisfies

(2.15) lu(t, x)|=Cla(x)| Vxin0.

Then, using the equation of dynamical programming as in the proof of Theorem
3.1 in part I, it is easy to deduce

)=t )| = CE] |35 a7 exp - J " e(uls), o)) ds)

(2.16) — @yt a7 exp (- j e (s), ols)) ds)

]

using the inequality above (see also part I); this argument will be detailed further on.

= C|Villc=)lx —x'| + Clx = x|,
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Now to prove (2.15), we argue as follows. As in part I, we denote u,(s, x)=

Q(t—s)0 (where ¢ is fixed). Using the dynamical programming property, we obtain
(see also [14])

(e, ) =inf B [ S b e(s), 0(6) exp (—j: (1), (1) d) ds

0

Funtets o) exp (= 7 a0, 0060 ds) 1z,

where 7 is the first time y, () reaches 0 —0..
For all x in 0., we deduce that

uteol=sup B{[ T 1704, ol exp (= [ enh), 00 d) s
4 0 0

+Catytrim exp ([ e((5), o) ds) 1z .

Now, using a method due to [13]}, we deduce from (1.13) that

(—i(x)) ésgjp E“‘Tim exp (— jz c(y(A), (1)) dA) ds

0 0

+ (—a(y«(t2))) exp (—f c(yx(s), v(s)) dS) 1<T;<n] ;

thus, if we choose C large enough, (2.15) is proved.
For the generator of Q(¢) we have

THEOREM 2.3. Under assumptions (1.9), (1.10) and (1.11) (or (1.15)), we have
for any h e C*(0)

2.17) %[Q(t)h(x) —h(x)]»>—sup{A(@)h(x)—f(v,x)} ast->0,, VxeO.
veV

Moreover, the convergence in (2.17) is uniform on compact subsets of O.
Proof. 1t is similar to that of Theorem 2.2. in part . 0

2. Stochastic interpretation. Let us consider the optimal cost function
(2.18) ulx)= igf E{ fof(yx(t), v(t)) exp (— Lz c(y.(s), v(s)) ds) dt}.
We set
(2.19) Io={x e '/« admissible such that P(r, >0)=0}.
Remark that if we assume (1.11), then I’y =T". We have the following:
THEOREM 2.4. Under assumptions (1.9), (1.10) and (1.15) (resp. (1.11)) the

function u(x) defined by (2.18) is the unique solution of the problem

(2.20) ueB? (resp. By), ulr=0, Q(®)u=u, t=0.
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Moreover, the equation of dynamical programming is satisfied :

- u(x)=i3fE{L f(yx(r),vm)exp(—joc(yx(s),v(s))ds) dt

+ul(@rm) exp (- L cOx (0, o)) dr)}

where 0 is an arbitrary stopping time.

Furthermore, if we suppose (1.11) and (2.11), the optimal cost u defined by (2.18)
belongs to Wy (0).

Remark 2.3. Equations (2.20), (2.21) show that the optimal cost function
u(x) satisfies in some integral sense the Hamilton-Jacobi-Bellman equation:
sup,ev {A(v)u —f(v)}=0in 0.

Proof. The proof of the first part is similar to that of Theorem 3.1 in part I. We
will prove that under assumptions.(1.13) and (2.11), u belongs to Wy (0). To
simplify notation we assume c(x, v) = co.

We first prove that there exists some constant C > 0 such that

lu(x)|=Cl-a(x)| VxeO.

Indeed, if we choose C large enough, this inequality is obvious if x € 0 — 0,. Now
if x € 0., writing (2.21) with 0 = 7 where 75 is the first time y, () reaches I'. we deduce

AT
|u(x)| =sup EH Ce ' dt+ C(—=a(y« (T (e <ryy e—cof;].
K 0
Now, using (1.13), we have
—i(x) Zsup EU PR dt+(—b-l(}’x(7'fc)))1(,.;<_rx)e“’o"i],
oA 0

and we conclude.
We are now able to prove that u € W& (0). Let x, x' € 0; we have, using (2.21)
with @ =7, A 7y,

Iu(x)-—u(x')|§sup CE{J. |Yx(t)_yx'(t)l e—cotdt}
A 0

+Stl¢p E{lu(yx(fx A7) = u(ye(Te A Txf))l e o= Tx}

Because of (2.11) the first term is bounded by |x — x|, while the second term is
bounded by

C sgp [1(1',51,')Iﬁ(}'x’(7x))| e—co‘rx +1 (rx>1xv)llz()’x (Tx’))l e—co-rx.]'

Since i1 € W¢'™ (0), this quantity is less than

C sup E[|y. (7x A ) = YT A Ty)| € 0" 1= C|x — x|,
K]

and the theorem is proved. 0

We also have

THEOREM 2.5. Assume (1.9), (1.10), (1.15), (1.16) and that inf, , c(x, v) is large
enough. Then the optimal cost function u given by (2.18) belongs to W¢* (0).
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Proof. From (1.18), we may define i(x) by
(2.22) i(x) = EU Nflko =" dt},
0

where the admissible system considered & is given by the feedback v(x) appearing
in (1.16), which by a density argument may be assumed to be Lipschitz continuous.

Using barrier functions as in [14] or [18], it is easy to prove that Ci(x)=
C dist (x, 80). Then, if ¢, is large enough, this implies by a proof similar to that of
Theorem 2.4 that i € Wg™ (0). We have

(2.23) O=ulx)=da(x).
Next, using dynamical programming, we have

u(x)—u(x)=Clx —x'|+sup E{{u(y.(mx A 7)) — tu(yu (7 A 7))| € 0",
o

Hence, (2.23) gives (since u = i on 30)

(224)  u(x)—u(x")=Clx —x'|+sup E{|a(y. (s A 7)) = (pe(re A 73))| €7 0"7)
£

and since i € Wg™ (0), we deduce the result. 0O

CoOROLLARY 2.1. Assume (1.9), (1.10), (1.15) and (1.16). Then the optimal cost
u given by (2.18) is uniformly continuous in 0. Moreover, for each h e X (given by
(2.10)) Q(1)h e X, so Q(t) is a semigroup acting on X.

Proof. 1t is similar to that of Theorem 2.2. O

Remark 2.4. Clearly, under assumptions (1.15) and (1.16), we have I'y=T.

Remark 2.5. Using Theorem 2.4, we can prove a local version of Theorem 2.3
as in part I.

2.3. Analytical interpretation. In all of what follows, # will be the optimal cost
function defined by (2.18). We have already seen that, under some assumptions, u
belongs to W"(0). Then, we are able to show that u is the maximum subsolution
of (1.5), and that is u is the envelope (sup) of all w in W™ (0) satisfying

(2.25) A)w=f(v) in2'(0).

This result may be viewed as a notion of a generalized solution of (1.5) (as is
done for Monge-Ampére equations). We thus give the following result (generalizing
our previous one in part I).

Throughout this section we assume

(2.26)  ¢(-,v)e W**(0), and ¢ (-, v) remains bounded in W**(0)
asveVforal y =0y b, f.

THEOREM 2.6. Assume (1.9), (1.10), (2.26) and (1.11) (or (1.15)). Then, for all
w satisfying w e Wise (0)N C(D), w|r=0 and A(v)w =f(v) in D'(0), for all v in V,
we have w=u in 0.

COROLLARY 2.2. Assume (1.9), (1.10) and either (1.11) and (2.11) or (1.15),
(1.16) and co large enough. Then u is the maximum element of the set of functions w
satisfying w € WL N co), w|r=0 and

AWWwW=fv) inD'(0), YvinV.

Remark 2.6. If we assume that @ is regular and (1.13), (1.14) hold, Theorem
2.6 is still valid.
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Proof of Theorem 2.6. The proof of Theorem 2.6 is very similar to the one given
in part I, provided we use a lemma due to [9]. Indeed, if w satisfies the conditions
listed in the above theorem, we have (using part I and [9])

w(x) Sinf E[jfh F3:(0), 0(0) ex - jot e(yels), o(s)) ds)dr

(e exp - jf 00, 0(0) i) |

where 7! is the first exit time of 0" ={x € 0, dist (x, §0) = h}.
Then, if we take 1 >0, 'ri' 1 oy, where o, is the first exit time of 0. Thus,

w(x) Sint E”:‘ F(ye(®), (1)) exp (— jot c(ye(s), 0(s) ds) dt].

Now, if we assume (1.11), o, = 7, a.s. and we conclude.

On the other hand, if we assume (1.15), as o, =7, by definition, we also deduce
w=u. 0O

Corollary 2.2 is immediately deduced from Theorem 2.6 as in part I. [

3. The Cauchy problem. We now consider the optimal control of time-dependent
diffusions (or solutions of stochastic differential equations). We consider coefficients
aii(x, t,v), bi(x, t, v), c(x, t, v), f(x, t, v) Which, for the sake of simplicity, will be assumed
to belong to W2b*(0 x 10, T]) for some T >0, and for all v in V. In addition ¢ (x, ¢, v)
remains bounded in W*"*(0 x]0, T]) as ve V, and &(x, ¢, v) is continuous in ve V
uniformly in (x, t)e 6 x[0, T]. These assumptions may be considerably relaxed but
we will not consider such generalizations here.

We will denote Q =0 % ]0, T[. We define the optimal cost function

ThAT,,

u(t, x) = inf EL[ F(yru(s), s, v(s)) exp (—I

t

e (3ey @), A, (1) ar) ds
3.1)

T

+uo(yx(T)) exp (—I c(yx0)(s), s, v(s) dS) 1 <r<u_,)],

t

where the infimum is taken over all admissible systems &, and where an admissible
system is defined exactly as before except for y, ,, which is the solution of:

Ay, (s) =0 (yx(s), s, v(s)) AW, —b(yx.(s), s, v(s)) ds, se[t, T],
Yxe(t) = x.

(3.2)

Obviously 7, denotes the exit time from @ of the process y, (s), and u is a given
function in W>>(0) satisfying u = 0 on 30.

Of course this time-dependent problem may be reduced to the general case of
degenerate stochastic integrals by looking at the ‘“‘space-time” diffusion (y,.(s), s)
starting at the point (x, t) of Q; then (., A T) is just the first exit time from Q of this
process. Instead of considering both situations (time independent and time dependent)
in a same general context (and defining in particular a set I'y of regular points) we
prefer to give just the case of time-independent stochastic integrals and to indicate
how the preceding results may be adapted to the above situation.

We will not give any proofs in this section, since they are only trivial adaptations
of the methods introduced above. We only give some examples of our results.
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THEOREM 3.1. Assume either

—i—l:+A(v)ﬁ§—1 in @'(0.x10, T[) VveV,

(3.3) i€ C(Q), alx, T)=uo(x), |Vii(x,t)|]=C V(x,t)eQ,

u=—-a<0 on (0.)x[0,T];
or
fx, t,0)=0 V(x,t0v)e@x[0, TIXV,

Ju(t, x) continuous on T' X [0, T] such that 3a >0 such that

(3.4) 'x[0, T1=4{(x, t)/|o(x, t, v)n(x)| = a}
U{(x, £)/-2rb(x, t,v)  n(x)>Tr[oo*(x, t, v)]+ a},

where r is the radius of the uniform exterior sphere associated to O.

Then

i) we have the dynamical programming property :

OAT AT, ,

u(t,x)= il;f E[Jt F(yr.(s), s, v(s)) exp (—— r c(yr:(A), A, v(A)) dA) ds

t

T
o) exp (= [ €0ai(s), 5 0(5)) ds) - Lercruunn

]

+u(raa(8) ex0 (= [ craals), 5 0(5) ds) Tony |

t
where 0 is a stopping time.
ii)
ue W°(Q), u=0 onTx[0,T], u=uoon®x{T},

—%+A(v)u§f(v) in?2'(Q) VveV.

iii) u is the maximum element of the set of functions w satisfying

weC(Q), w=00nTx[0,T], w=uoon0x{T}, V.weL®(Q),

—%+A(v)w§f(v) in@'(Q) VveV.

This result is only one example of how the results of the preceding sections adapt
to this problem of control of time-dependent stochastic integrals and to this Cauchy
problem for Hamilton-Jacobi-Bellman equations.

Let us also mention that a general result concerning the verification of H-J-B
equations is given in P.-L. Lions [13].

4. The obstacle problem. This section is divided into two parts. First we give a
stochastic interpretation of the optimal cost. Next, we establish an analytical interpre-
tation.
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4.1. Stochastic interpretation. Let ¥(x) be a function from R" into R satisfying
[T(x)~¥(x)=p(x—x') Vx x'eR",
4.1) V(x)=0 Vxel, (given by (2.19)),
[¥x)=C Vxe RY,

where p is a given continuous function from R* into R* such that p(0)=0.
In some results, we will also assume

4.2) Y(x)=0 VxeR"

Let us define the cost function

OAT,

T.(s4, 0) =EU

0

FO(), 0(0)) exp (- jo (3uls), 0(s)) ds) di
4.3)

+1o<,, V(y<(0 A 7y)) exp (— J:MX c(y«(2), v(1)) dt) }

where & is any admissible system and 6 is a stopping time with respect to F..
The optimal cost function is given by

(4.4) u(x)=inf {J. (o, 6)/, 6}.

We have the following:
THEOREM 4.1. Under assumptions (1.9), (1.10), (1.11) and (4.1) (resp. (1.9),

(1.10), (1.15) and (4.2)) the function u defined by (4.4) is the maximum solution of
the following problem :

ueB; (resp.BY), ulr,=0,
4.5) usv in0,
u=Q()u Vt=0,

where Q(t) is the semigroup (1.8).
Proof. Let 6(t, w) be an adapted process such that 0=6(¢)=1 for all t=0.
Let us define for £ >0:

Tx

72, 8) = E{ | (7020, @)+ 2600w 00)]

(4.6) ¢

-exp (—L (c(y«(s), v(s))+—::-6(s)) ds) dt}
and
4.7) Ue (x) = inf {5 (L, 8)/ L, 5.

From Theorem 2.1 we have

(4.8) u.€B, (resp.B;) and u.|r,=0.

First, we prove that

o) =int B{ [ [ #3200, 00) ~ L, - ¥ 0.0
(4.9) e ¢

- exp (-— '[: c(y.(s), v(s)) ds) dt}.
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Indeed, from (4.7) and the dynamical programming used for the function u., we
deduce that the process

tAT

e

0

(706, o)+ 86) W50 5))]

s

ool

+u.(y(t A7) exp (—J:M (c(y(s), v(s)) +%6(s)) ds)

is a submartingale for each admissible system . Setting

(e, oy +—5)) ) ds

N

T 1 1
£(00) = j [10/5), 0650 +2 8570y 5) ] exp (—j (co0), 0N +-50) ) ds
we obtain from (4.8) for n(f) = EF£(00) — £(2)

t

(4.10) Oén(t)ECexp[—j

0

(co+;1:-8(s)) ds] Vt=0.

The process £(¢) + n(¢) is a Fi-martingale, so the process

t

z@m=nwex (-

0

éa(s) ds) +u.(y(t A7) exp (_ L‘” c(y(s), v(s)) ds)

+ j [70/6), o)~ 8(6) e~ 010551 exp (- f cly (1), 000) ) ds

1! $q
——j n(s) 8(s) exp (—I —8() dA) ds
€ Jo o €
is a F,-martingale too. Since EZ(0) = EZ(¢t) and n(t) =0, choosing

1 if U(y(s))<u.(y(s)),
0 if W(y(s))=u.(y(s))

and taking the limit for ¢ » 00 we deduce, using (4.10),

6(s)={

u s H LT [70/65), 059 L - )]

€

(4.11) .
*exp (—_[ c(y(d),v(r)) dA) ds} \Z7A
0
Next, given a constant k > 0, there exists & = &, , such that

En(0)=k.
Hence, using the fact that EZ(0) = EZ (), we have

uez—k{1451) = Ce™ 0 int EU (160,00 -L -0 ey)]

€

- exp (—J'Otc(y(s), v(s)) ds) dt},

where C is a constant independent of 1 =0.
Thus, with ¢ - oo this proves (4.9).
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Now, in a classical way (cf. A. Bensoussan-J.-L. Lions [1]), we deduce from (4.9)
that

(4.12) u.>u ase->0 uniformlyin @

and

u(x)= ue(x)éE{J'O £y (0), 0(6)) exp (—L (ruls), 0(s)) ds) d
(4.13)

OAT
+un@rmen (-] cow, 000 )] vae
0
Hence, we show that u(x) is a solution of problem (4.5).

Finally, the same arguments as above prove that u is the maximal solution 0.
In order to obtain some results of regularity of the optimal cost u(x) we assume

(4.14) [¥(x)- ¥ =Clx—x'| Vx,x'eR",
we have

THEOREM 4.2. Assume (1.9), (1.11), (2.11), (4.1), (4.14) and
(4.15) Ci(x)=V¥(x) in0, forsomeC >0,

or assume (1.9), (1.14), (1.15), (1.16), (4.1), (4.2), (4.14) and co large enough in (1.10).
Then the optimal cost function u belongs to W§> (0).

Proof. As in [14] or [1] (and using the proof of Theorem 4.1) we have that u
satisfies the dynamical programming property, i.e.,

() = int E[f’w”f(yxm, o(1)) exp (—jotc(yx(s), o) ds) di

0

(4.16) +uly() exp (- j 00, 0(0) d1) L<onny

@) exp (+] 400,000 ) o2 ],

where 7 is any stopping time.
Now using (4.15), we deduce as before (in similar situations)

lu(x)=Cla(x)|.

Then the same methods as before give the Lipschitz character of u. 0

COROLLARY 4.1. Under assumptions (1.9), (1.10), (1.11), (4.1) or (1.9), (1.10),
(1.14), (1.15), (1.16) and (4.1), the optimal cost function u is uniformly continuous on
0.

The proof of this result uses the same argument as in Theorem 2.2.

4.2. Analytical interpretation. We will in this section just state some results
which are proved with the same techniques as in § 2. These are examples of how our
techniques apply to the obstacle problem.

We first prove that under fairly general conditions u is a ‘“‘generalized solution”
of

sup [sup{A@)u—f(v)}, u—¥]=0 a.e.in0,
4.17) vev
u=0 inT'=290.



HAMILTON-JACOBI-BELLMAN EQUATIONS II 95

THEOREM 4.3. i) Under assumptions (1.9), (1.10), £2.26), (4.1) and (1.11) (or
(1.15) and (4.2)), for all w satisfying w € WL ()N C0), wlr=0, A()w =f(v) in
D'(0), forallvin V, w=V in 0, we have

w=u in0O.

ii) Under the assumptions of Theorem 4.2 and if we assume in addition (2.2§),
then u is the maximum element of the set of functions w satisfying w € Wi (0)NC(0);
w Ir =0 and

AWWw=f(v) in2'(0) VveV, w=V¥ in0.
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LINEAR SYSTEMS WITH INDIRECT CONTROLS:
THE UNDERLYING MEASURES*

ZVI ARTSTEINT AND GILEAD TADMORY

Abstract. The control decisions in our model are functions defined on a measurable space. They affect
the evolution of the linear system in an indirect and nonlocal manner. A delayed control is one example.
We introduce the notion of an underlying measure of such a system. Mere existence of an underlying
measure yields information concerning the set of attainability, bang-bang and optimal solutions. We study
the underlying measures, provide tools to compute them and relate their properties to the structure of the
control system.

1. Introduction. The action of the control function u= u(¢) on the linear system
(1.1) x=A)x+B)u(t)

is direct in the sense that the local behavior of the evolution x(¢) is affected only by
the local behavior of the control u(¢) at the time ¢ Natural applications give rise to
mechanisms of indirect actions, where the decisions in the control function u are
shifted, twisted or combined before affecting the evolution. An example which is
treated in the literature is the delayed action. An appropriate model for a finite number
of pure delays is

k
(1.2) x=AM)x+ Y B;(t)u(t—hi(r)),
i=1
with h;(t) = 0. More general delayed terms can also be incorporated, e.g., in the model
t
(1.3) x=A(t)x +J' u(s)d;H(t, s).
t—a

Here the integration is in the Stieltjes-Lebesgue sense with respect to the matrix-valued
function of bounded variation H(¢, s). A systematic analysis of the systems (1.2) and
(1.3) and of more general equations can be found in Banks and Jacobs [1970], Banks,
Jacobs and Latina [1971], Chyung and Lee [1970], Lee [1968], [1969] and the
references therein.

This paper contributes to the understanding of systems (1.2) and (1.3), but the
analysis relates to a more general situation. The control decisions in our framework
are functions u which are defined on a space which might be different from the time
scale. The entire choice u then affects the evolution in a linear and clearly indirect
mechanism. It is easy to construct meaningful examples, and one is given in Example
5.9. An abstract model which incorporates such behavior is

(%) $=A)x+ L u(s) dua(s),

where S is a measurable space and for each ¢ the integration is done with respect to
the measure w,. The technical assumptions of the model are presented in § 2. (A more
general situation might be considered where u is not necessarily a function. This case
is not covered in the paper.)

* Received by the editors October 24, 1980, and in revised form March 18, 1981.
t Department of Theoretical Mathematics, Weizmann Institute of Science, Rehovot, Israel. This

research was supported by a grant from the United States-Israel Binational Science Foundation, Jerusalem,
Israel.
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The following is a very useful observation concerning equation (1.1). Consider
the bounded and measurable controls on an interval [¢,, ;] as elements of the Banach
space Lo(A), A being the Lebesgue measure. Suppose the initial condition x(¢o) is
fixed; then for any control u there is a unique solution x (¢, u) of (1.1). The observation
is that x (¢, u) is affine in u, and continuous when the collection of controls u is endowed
with the weak™ topology of L(A). The advantage of this observation is twofold.
Bounded sets are precompact in the weak® topology. The continuity then yields
existence results for optimal controls. The affine character of the mapping together
with the continuity imply maximal principles and the existence of bang-bang controls;
see Hermes and LaSalle [1969, Part II], or Lee and Markus [1967, Chapt. 2] (the
latter text employs the weak topology of L,(A) instead of the weak* topology of
Lo(A)). The second aspect of the continuity is that it indicates a concept of smallness
for which small perturbations of the control u result in only small perturbations of
the outcome x(¢, w). In particular a change on a set of Lebesgue measure zero would
not change the outcome at all.

The machinery just described is not available a priori when the systems (1.2), (1.3)
or (*) are considered. It is trivial to show that x(z, u) is an affine mapping, but, since
for each ¢ the action of u on () is governed by a different measure, u,, there is no
clear candidate for the role that the Lebesgue measure plays in (1.1). The main
contribution of this paper is to prove the existence of such a measure and to supply
means to compute it. We call such a measure an underlying measure for (*). We also
prove existence of a minimal underlying measure, relative to the partial order of
absolute continuity. A minimal underlying measure yields a coarser topological struc-
ture on the controls u, hence stronger results. These subjects are dealt with in § 3.

Since a continuum of measures participates in (*) the only available, a priori,
well-defined controls are the bounded ones. However, the construction of the minimal
underlying measure in § 2 provides a larger class of admissible controls; namely all
the controls integrable with respect to that underlying measure. This is discussed in § 4.

Various properties of the underlying measures, and a few examples, are listed in
§ 5. The particular properties of being atomless or being absolutely continuous with
respect to a prescribed measure, are discussed in § 6.

The mere existence of the underlying measures enables us to derive a variety of
results following techniques which are common in the analysis of the ordinary systems
(1.1). However, this approach yields further results typical to indirect controls. Such
is the bang-bang principle of § 7 which takes into account atomic points. In § 8 we
analyze the set of attainability, which lays the foundation for the geometric approach
to optimization. Further applications are due in a forthcoming paper.

The entire presentation of the text is with regard to the system (*). In particular
the uncontrolled part is governed by an ordinary differential equation, this is done
for simplicity of presentation. All the results can be applied to more general equations.
In the final section we show how to handle delays in the states and discrete systems,
and how to incorporate a nonlinearity into the model.

‘2. Notation, terminology and standing hypotheses. We set first our measure
theoretic notation and terminology, then present the model and discuss some examples.
A measure on a measurable space (S, X) is a countably additive set-function from X
into a normed space. The variation of a measure (or a set-function) » is an extended-real
measure (or a set-function), denoted by |v| and defined by |»|(E) =sup Z|v(E;)| where
the supremum is taken over all disjoint unions E = UE,, with E; € 2. Here |v(E;)| is
the norm of v(E;). Where we encounter matrix-valued measures, the norm of a matrix
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will be arbitrarily specified. The spaces L. and L, are the Banach spaces of equivalence
classes of the essentially bounded functions and the integrable functions, respectively.
Both are determined if the domain (S, X), the measure » on it and the range space
of the functions, are specified. In the text we indicate which is which (e.g., write
Li=LyS, »,R"))if necessary, but suppress either of the indicators when the meaning
is transparent.

The control system

(%) x=A(t)x +Lu(s) du(s)

is defined for ¢ €[t, #;], and solutions are assumed to satisfy a given initial condition
x(¢9) = xo. Here x € R" the n-dimensional Euclidean space, and % denotes the deriva-
tive with respect to time. The demand from the uncontrolled part is as described in
the following assumption.

Assumption 1. A(t) is an n X n matrix-valued function integrable over [fo, #;].

The control functions u=u(s) are defined on a measurable space (S, X). An
admissible control is a bounded measurable mapping from S into R™. The action of
an admissible control u on (*) is determined by w,, for ¢ €[t, #1]. Each u, is an n X m
matrix-valued measure. The integration fsu(s) dp,t(s) produces a vector in R" whose
ith coordinate is Z, 1 s ui(s) du ' (s). Here u; and u"’ denote the jth and the (i, j)th
entries, respectively. (A more rigorous notation would be [sdu.(s)u(s), but we are
accustomed to the other way.) We have the following standing hypothesis (see also
Remark 2.2):

Assumption I1. For each E € = the mappings ¢ - u,(E) and t - |, |(E) are measur-
able, and ¢ - |u.|(S) is integrable.

In the three systems (1.1)—(1.3), the space (S, X) is the real line with its Borel or
Lebesgue structures. The measures u, related to (1.1) are atomic measures, concen-
trated on {¢} and having the matrices B(¢) as values. Each of the measures u, related
to (1.2) has k atoms, concentrated at t—h;(¢), i =i, -, k, and with values B;(¢),
respectively. For (1.3) the measures u, are determined by H (¢, s). It is clear how the
regularity expressed in Assumption II translates into terms of (1.1), (1.2) or (1.3). In
particular, if H(¢, s) is measurable in the two variables simultaneously (as assumed,
e.g., by Banks and Jacobs [1970, page 463]), then the measurability part of Assumption
IT is met.

If Assumption II is fulfilled, then for every admissible control u=u(s) the
expression [g u(s) du.(s) is well defined and forms an integrable function from [#o, #1]
into R". Equation (*) then has a unique solution which we denote by x(z, u). It is
clear that x (¢, u) is an affine function of w, but so far no structure of equivalence classes
is available for the family of bounded and measurable controls.

DEFINITION A. A nonnegative scalar measure u on (S, X) is an underlying measure
for () if x(¢, u) is well defined on the equivalence classes Lo(u, R™) and furthermore,
if for each fixed ¢, x(¢, w) is continuous in u with respect to the weak™® topology of
Lo(u, R™). The underlying measure yu is minimal if it is absolutely continuous with
respect to any other underlying measure.

The previous definition requires continuity of x (¢, u) for each ¢ separately. It is
sometimes desirable to have uniform continuity in ¢, i.e., continuity of the entire
trajectory x (-, u) as a mapping into C([#, t;], R"), the space of continuous functions
with the sup norm. Simple examples, e.g., ¥ = u for scalar x, show that as a mapping
of u with the weak™® topology the solution is not uniformly continuous in ¢ on the
entire space of controls u. The reason is that the range is infinite dimensional but
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open sets in the weak™ topology contain unbounded cones of finite codimensionality.
However, if u is restricted to bounded sets (a situation often encountered) the desired
result holds, as follows.

ProrosITION 2.1. If w is an underlying measure for (*) then on norm-bounded
sets of controls w € Lo(u) the continuity of x(t, u) in w (with respect to the weak ™ topology)
is uniform in t.

Proof. Solutions x (¢, u), for u in a bounded set, are equicontinuous in ¢. This is
easily seen from (*). Thus uniform continuity in ¢ follows from separate continuity
for each .

Remark 2.2. We want to elaborate on the measurability condition of Assumption
I1. This is a measurability demand of the mapping ¢ - u,, namely a mapping into the
space of matrix-valued measures. The demand ¢ - u,(E) is measurable for every E,
is weaker than the weak measurability, and certainly weaker than the strong measura-
bility of the vector-valued mappings (see, e.g., Hille and Phillips [1957, p. 72]). Notice
that the mapping ¢ - u, related to (1.1) is never strongly measurable. The measurability
of t-|u.|(E) does not follow in general from the measurability of ¢ > u.(E) for every
E. Example 3.6 below provides a counterexample. If, however, £ is countably gener-
ated then ¢ - u,(E) measurable for every E implies that ¢ - |u,|(E) is measurable. The
proof of Lemma 3.5 below contains a comment on this matter.

3. The underlying measures. The following two theorems display our main results
concerning existence and calculation of the underlying measures. The system is (*)
with the assumptions of the previous section. For convenience, we choose the operator
norm as a norm for the space of n X m matrices; that is, |B| = max {|Bz|: |z| = 1}. The
norms |z| and |Bz| on R™ and R" are arbitrarily specified.

THEOREM A. Consider the set-function M which associates with E € 3. the function
on [to, t1] given by M(E)(t) = u,(E). Then M is a measure of bounded variation into
the space of integrable matrix-valued functions on [to, t;] with the L1-norm. Its variation
|M| is a minimal underlying measure for ().

THEOREM B. The set-function @(E)=|,!|w.|(E) dt is an underlying measure for
(). If X is countably generated then @ is a minimal underlying measure.

The proofs follow some observations which are needed later on.

LEMMA 3.1. The set-function g is a real, nonnegative finite measure.

Proof. g is well defined in view of Assumption II and the trivial inequality
| (E) = || (S). Additivity of & is obvious. If E; is a sequence of mutually disjoint
sets in 2 then |u.|(U;=« E;) converges monotonically to |u,|(U E;) as k - 0. Since the
latter is integrable it follows that the integrals ],'0‘ |w:|(Ui= Ei) dt converge to

. |uc|(U E;) dt. This establishes the countable additivity of 4.

LEMMA 3.2. The set function M is countably additive and with bounded variation.
Furthermore |M|(E) = i (E) for every E€ 3.

Proof. Additivity of M is obvious. The variation |M|(E), with respect to the
L,-norm in the range, is the supremum of the expressions

k h
5[ lwtB) s

i=1Jdgg

taken over all disjoint unions E = U¥_1 E.. The displayed expression is less than or
equal to

k 3}
ZJ I:U'tl(Ei) dt

i=1 Jtg
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and the latter is equal to & (E). This proves that |M|(E) = i (E). Since by Lemma 3.1,
@ is a finite and countably additive nonnegative measure, it follows that M is also
countably additive.

Once it is established that M is a vector measure with bounded variation into
the space of integrable matrix-valued functions, the integral of a function u:$->R"™
with respect to M can be performed; see, e.g., Dunford and Schwartz [1958, IV.10].
(The latter text treats integration of scalar functions; here we have a vector u=u(s)
of scalar functions but there is no essential difference.) The value [ u(s) dM(s) is a
function in L,([t, #1], R"), which we denote by M (u). Thus M can be viewed as a
linear bounded operator from L:(S, M, R™) into L([to, t1], R") with norm 1. In
particular, M is now a linear bounded operator from L«(S,|M|,R™) into
Li(t, 1], R").

LeMMA 3.3. M (u)(t) =[5 u(s) du.(s) for every admissible control u= u(s).

Proof. The equality for step functions follows immediately from the definition of
M. The additivity of the two expressions together with Lemma 3.2 imply equality for
any admissible control.

LEMMA 3.4. Consider the equation % =A(t)x+h(t), x(to)=xo with h=h(t)e
L((to, t1], R"). For a fixed t the solution x(t, h) is continuous in h with respect to the
weak topology of L;.

Proof. For the ordinary differential equation in question, the result follows from
the variation of parameters formula, see, e.g., Lee and Markus [1967, p. 65]. We
shall provide an independent proof which generalizes easily to other equations. The
solution x (7, h) is the unique fixed point, in C([#, t:], R"), of the operator

3.1) T(e, h)=xo+ItA(T)(p(T) dT+I h(r) dr.

Let hi converge to ho in the norm of L,. If ¢ ranges over a bounded set then all the
values T (¢, h;) are contained in a compact set of C([to, #1], R"). It is easy to see then
that if ¢; is a fixed point of (3.1) with h=h; then any cluster point of the ¢; is a fixed
point of (3.1) for h=h,. Since the solution is unique it follows that x (-, h;) converges
in C([to, 1], R") to x(+,ho). In particular the affine mapping x(, h), for ¢ fixed, is
continuous with respect to the norm topology of L;. Since, for a fixed ¢, the mapping
x (¢, w) is into a finite dimensional space, it follows that the continuity holds with respect
to the weak topology on L;. This completes the proof.

Proof of Theorem A. Lemma 3.2 (actually the discussion following it) and Lemma
3.3 imply that, if u; and u, differ only on an |M|-null set, then the controlled part of
() is the same for uw; and u,. This proves that x(¢,u) is indeed well defined on
Lo(M|,R™).

The operator u- M (u) is bounded, hence continuous, from L,(M|, R™) into
Li([to, 1], R"), hence continuous also with respect to the weak topologies in the two
spaces (see, e.g., Hille and Phillips [1957, Thm. 2.11.11]). Convergence in the weak*
topology of L, implies convergence in the weak topology of L, hence u—> M (u) is
continuous from the weak* topology of Lo(|M|,R™) into the weak topology of
Li([to, t:], R"). The desired continuity of x(¢, u) in u follows now from Lemma 3.4.

It remains to check the minimality of |M|. Let v be a real nonnegative measure
such that |M]| is not absolutely continuous with respect to ». Then an E € I exists with
v(E)=0, but |[M|(E) # 0. For a certain subset E; of E we have M(E;) # 0. Let uo be
a vector in R" such that M (E;)u, # 0. Define uo by uo(s) = u, if s € E;, and uo(s)=0
otherwise. Then M (uo) is not the zero function. In particular x (¢, uo) is not equal to
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x (2, 0) in spite of the fact that u, differs from 0 only on a v-null set. Therefore x(¢, u)
is not well defined on L(v), and v is not an underlying measure. This completes the
proof.

The following result is actually the main step in the proof of Theorem B. It is
isolated here for future reference.

LEMMA 3.5. If  is countably generated then |M|(E) =} |u.|(E) dt.

Proof. The inequality |M|(E) = (E) holds without the countability assumption,
and is proved in Lemma 3.2. Let X, be a denumerable subfamily of ¥ which generates
3. Without loss of generality, X; is an algebra. The variation of any measure with
bounded variation, say », is then obtained as follows. The number |v|(E) is the
supremum of all Z|v(E;)|, where E=U E; is a disjoint union and E;=F;NE with
F; € 3,. This follows for instance from Halmos [1950, p. 168]. We denote the partition
E,, - -+, E; by € and the value 2|v(E;)| by v(&). Since X, is denumerable there is a
sequence &; of partitions such that |¢|(E) = lim »(%;) no matter what v is. In particular
|we|(E) is the pointwise limit of u,(&;) as i - c0. (This, incidentally, proves the claim in
Remark 2.2.) For a fixed € >0 we can fix i, such that
31

we(&;) dt+¢e for any i =i,.

21
J‘ IM:'(E) dth'
to to
The right-hand side of the inequality is equal to M(%;)+¢, and as i - 00 it tends to
|M|(E)+ €. Since ¢ was arbitrary, it follows that

31
[ e de s o),
to

and this completes the proof.

Proof of Theorem B. The inequality |M|(E) =i (E) (which implies the absolute
continuity of |[M| with respect to (&) was established in Lemma 3.2, and this together
with Theorem A implies that & is indeed an underlying measure. If X is countably
generated, Lemma 3.5 states that |M| =, hence /& is a minimal underlying measure.

Example 3.6. We wish to show that if 3 is not countably generated, then & might
not be a minimal underlying measure. Let S be the interval [-1, 1] but £ be the
o-algebra of the sets which are either countable or the complement of a countable
set. Let [fo, 11]1=[0, 1] and let the system (%) be x =u(t)—u(¢—1). An admissible
control must be constant, except for a denumerable number of points. In particular
M (u)=0. However |u,(E) is the cardinality of E N{¢, t—1}. Therefore i is exactly
the Lebesgue measure. (If we consider the system x = a (¢)(u(¢) —u(t—1)) with a(f)
not being Lebesgue measurable we get an example where ¢ > u,(E) is measurable for
every E €3, in fact it is the zero function, but where ¢->|u,|(E) is not measurable.
Such an example was promised in Remark 2.2.)

The o-field in Example 3.6 is not as artificial as it might seem. The measurability
with respect to the o-field structure I represents, in general, information available
when planning. If the structure is that of the o -field in Example 3.6 then the planner
is restricted to choosing constant controls with perturbations only at a countable
number of points.

4. Integrable controls. The admissible controls were defined in § 2 as bounded
measurable mappings u:S > R™. A larger class, say mappings which are integrable
with respect to a natural measure, could not be used since there was no such natural
measure and since [gu(s) du.(s) ought to be well defined for the continuum u, of
measures. The construction of the underlying measure in the preceding section allows
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us to extend the family of admissible controls. We summarize the information in the
following theorem. The set-function M and its variation |M| were defined and discussed
in § 3.

THEOREM C. If u:S->R™ is measurable and |M|-integrable then the expression
s u(s) du.(s) defines an integrable R"-valued mapping on [to, t]. The solution x(t, u)
of () is then defined, is affine in u and for a fixed t, is continuous in u with respect
to the weak topology of Li(|M|). On subsets of L, which are sequentially compact in
the weak topology, the continuity of x(t,u) is uniform in t (i.e., there is continuity into
the space C([to, t;], R").

Proof. As is borne out by Lemma 3.2 and the discussion following it, the integral
M (u) is well defined for |M|-integrable functions u. Lemma 3.3, with the same proof,
is also valid for |M|-integrable controls. This verifies the first part of the statement.
To check that x(¢, u) is an affine mapping in u is trivial and the continuity for a fixed
t follows from Lemma 3.4, since M is continuous from Ly(S,|M|,R™) into
Li([to, t1], R") with their weak topologies (e.g., Hille and Phillips [1957, Thm.
2.11.11]). By the continuity, the image by M of a weakly sequentially compact subset
of controls is a weakly sequentially compact subset in L,([¢o, t;], R"). Therefore it is
uniformly integrable (see e.g., Dunford and Schwartz [1958, p. 292]). It is easy to see
then that the solutions x (¢, u), for u in a weakly compact set, are equicontinuous. The
uniform continuity in ¢ follows now from the continuity in each ¢ separately. This
completes the proof.

It should be noted that the conclusion of Theorem C fails if |M]| is replaced there
by an arbitrary underlying measure. Example 5.1 below will demonstrate this.

COROLLARY 4.1. Let v be an underlying measure for (*) such that the Radon-
Nikodym derivative d|M|/dv is bounded (in particular if v = 1). Then (%) is well defined
for any v-integrable control u, and x(t, ) is continuous when u is endowed with the
weak topology of Li(v).

Proof. The Radon-Nikodym derivative is well defined since |M| is absolutely
continuous with respect to any underlying measure (Theorem A). If d|M|/dv is
bounded, then L,(») is contained in L;(|M|) and the weak topology of L,(v) is finer
than that of L,(|M|). The conclusion follows then, from Theorem C. The boundedness
of d|M|/dj (in fact d|M|/dgi = 1) follows from Lemma 3.2.

It is worthwhile to note that the boundedness of d|M|/dv is also necessary for
the inclusion L,(v) = L;(|M|). We leave out the details.

We finally note that integrability of u with respect to L;(|M|) is not necessary for
(*) to be well defined. Consider the extreme case where m =2 and n = 1. Then w, is
a 2-vector, say (ul, u?), and we suppose that u; = 0. The first.coordinate of u would
not make any difference in the evaluation of [g u(s) du.(s).

5. Some examples and comments. We collect, not necessarily in a logical order,
some examples demonstrating various aspects of the underlying measures, and some
facts which ought to help in detecting the underlying measures and their properties.
We employ, in some cases without references, the notation and results of previous
sections.

Example 5.1. Consider the system

(5.1) x=A(t)x +B(t)u,

with (S, 2) being the interval [, t;] with Lebesgue measure A. The minimal underlying
measure |[M| = g is clearly & (E) = [ |B(t)| dt. The Lebesgue measure A is an underlying
measure, but unless B(¢) # 0 for almost every ¢ the measure A is not minimal. A
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[ -integrable control u is admissible in the sense of Theorem C. This amounts to
|B()|u(t) being A -integrable. In general, a A -integrable control might not yield a well
defined system.

Example 5.2. Consider the system of type (1.2) given by
(5.2) x=At)x+B{)u(t—h(2))

with h(¢f)=t-a. The minimal underlying measure & is concentrated at one point,
namely a. The value {a} is |;! |B(¢)| dz.
Example 5.3. Consider the real system of type (1.2)

(5.3) x=A()x+u(g))

defined on [0, 1], with strictly increasing g(t), and mapping a set of full measure in
[to, t1] into a set of Lebesgue measure zero. (For instance, let g(¢t) be the minimal
element in {6: ¢(0) =t}, where ¢ is the Cantor function. See Halmos [1950, p. 83].
(The function g can be made continuous.) The controls u are defined on [0, 1] with
the Borel structure, but the minimal underlying measure & is atomless and concen-
trated on a set of Lebesgue measure zero, i.e., singular with respect to the Lebesgue
measure. (For g defined above, g is generated by the Cantor function, i.e., @ ([61, 62]) =
(62)—¢(61).)

In Theorem A we showed that |M]| is absolutely continuous with respect to any
underlying measure. The following is a converse. (As noted in § 4, the analogous
statement does not hold if integrable controls are sought.)

PROPOSITION 5.4. If v is a real nonnegative measure and if |M| is absolutely
continuous with respect to v, then v is an underlying measure for (*).

Proof. The absolute continuity implies that the expression ¢ u(s) du.(s) defines
a function in L[#o, t;] for every control in Lo(»). The continuity with respect to the
weak™ topology of L. (») follows from the observation that convergence in the weak™
topology of Lo(r) implies convergence in the weak* topology of L.(|M|). (To see
this, notice that the net u; converges in weak*-L(|M|) exactly when [ ¢ (s)u(s) d|M|
converges for every ¢ € L;(|M|, R™). This indeed holds if u, converges in weak*-Loo(v),
since the integral can be written as [ ¢ (s)ui(s)f(s) dv, with f(s) = d|M|/dv being the
Radon-Nikodym derivative, and, by definition, ¢ (s)f(s) is in L;(», R™).)

On certain occasions the inhomogeneous term in (*) is given as a sum of several
terms. For these circumstances the following additivity results might be useful.

PROPOSITION 5.5. Suppose that S is a disjoint union S = U2, S;. Then the restriction
of an underlying measure of (*) to S; is an underlying measure for the system

(5.4) i = AD)x +L’ 1(s) dyaa(s).

In particular, the restriction of |M| to S; is the minimal underlying measure of (5.4) as
constructed in Theorem A. Conversely, if v; is an underlying measure for (5.4) and if
v, defined by v(E)=3v;,(ENS;), is a finite measure, then v is an underlying measure
for ().

Proof. The statement concerning M follows from the construction of M. The
other statements follow from Proposition 5.4.

PROPOSITION 5.6. Suppose (+) has the form

(5.5) X =A(t)x+§1 Su(s) dui(s).
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Letv;fori=1,2,- -+, be underlying measures for the systems generated, respectively,
by fsu(s) dui(s). If Z?o:l v; is a finite measure, it is an underlying measure for (5.5).
It might not be minimal even if each v; is minimal.

Proof. The measure M associated with (5.5) is the sum of the measures M;
associated with the system generated by ¢ u(s) du i(s). Therefore [M| =Y, |M;|. The
result now follows from Proposition 5.4. An example for the last claim is provided
by ui =—pui.

The following two results relate properties of u, with properties of the underlying
measures.

PropoOSITION 5.7. If each w. is absolutely continuous with respect to a given real
nonnegative measure v, then v is an underlying measure for (*).

Proof. The proof is obvious.

Simple examples, e.g., Example 5.1, show that the extent to which the previous
proposition can be applied is quite limited. It applies however to some examples.
Chyung and Lee [1970] consider a delay system whose control part is essentially

(5.6) J B(t, s)u(s) ds + ZI B;(Hu(t—hy),
t—7 i=0

with A; constants. Propositions 5.6 and 5.7 imply that the Lebesgue measure is an
underlying measure for it. (Notice that for the left side term, u, is essentially the
restriction of the Lebesgue measure to [t —1, t].)

The support of the minimal underlying measure is certainly of interest; outside
this support the values of the controls do not matter. (Recall that the support of » is
defined when S is topological with the Borel o-field, and is the smallest closed set D
such that |»| vanishes on S\D.) We denote the support of » by supp ». If E is a set
such that |u,](E) =0 except for a set of ¢ of Lebesgue measure zero, then & (E)=0.
Hence, by Lemma 3.2, |[M|(E) =0 and if E is open, then E < S\supp |[M|. Therefore
supp |M| is contained in

(5.7) C=Nclosure U supp |u,

N teT\N
with T =[t,, t;] and where N ranges over all subsets of T of Lebesgue measure zero.
Example 3.5 shows that supp |M| might be strictly contained in C.

PrOPOSITION 5.8. C =supp . If £ is countably generated, say S is a separable
metric space, then supp |M|=C.

Proof. We shall show that C =supp 4. When the Borel o-field X is countably
generated it follows from Lemma 3.5 that C =supp |M|. The inclusion supp g < C
was explained earlier. If E = S\supp & is open, then clearly |u,|(E) = 0 for almost every
t€[to, t1]. This follows from the definition of &. The construction of C then implies
that E < S\C. Hence C < supp . This completes the proof.

We turn now to the example promised in the introduction. It is a combination
of a problem of growth and a problem of location, both treated extensively in the
economic literature. For other models utilizing the measure theoretic aspects of
location, see Faden [1977].

Example 5.9. A farmer owns a piece of land § (=R?). At the beginning of the
season he decides what types of crops he wants, say out of m possibilities, and where
to plant them. This decision cannot be reversed during the season. Let us denote the
farmer’s decision by u; here u=u(s):S-> R™, where u;(s) represents the density of
the jth type of crop.
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The revenues arrive during the season. In many practical situations the revenue
obtained from one part of the field S does not depend on what happens in the other
parts. This amounts to the mathematical assumption that revenue is an additive
function of subsets of S. A less reasonable assumption is that earnings are linear in
the decision u. We shall dispense with this assumption shortly, but if both additivity
and linearity are adopted, we can conclude that the rate at which income (or expen-
diture) arrives is

[ u) duats),
S

where w, is the appropriate vector of measures, which clearly depend on the time .
Suppose that ¢(¢) is the amount of cash our farmer has at time ¢. Then

(5.8) c'(t)=rc(t)+Lu(s) dus),

with r being the interest rate, which might vary with time. We see that (5.8) is of the
form (*). If the control decision u is subject to some constraints we encounter an
optimization problem, say how to maximize c¢(¢) at the end of the season.

A reasonable assumption concerning the system (5.6) is that the minimal underly-
ing measure |[M| would be absolutely continuous with respect to the Lebesgue measure
on S. Such an assumption expresses the fact that one cannot earn money from a piece
of land of measure zero.

A possible constraint on the decision u is that at every point s all but one
coordinate of u(s) are zero (i.e., two sorts cannot be planted at one point). The
bang-bang principle § 7 (see Theorem D) addresses itself to such situations, and implies
that whatever can be achieved with ‘“‘mixed” plants can be achieved with pure plants
as well.

A nonlinear dependence of revenue on the planted quantity u(s) is more reason-
able. To this end we may introduce a function h(s, u(s)) which indicates that the
output which grows is not a linear function of the input u(s), and might also depend
on the point s in the field. (In our agricultural example A (s, u) probably has a maximum
at a finite ».) With this modification the model becomes

(5.9) ¢(t) = re(t) + L h(s, u(s)) dui(s).

We show in § 9 how such nonlinearities can be incorporated into the analysis.

6. Atomless and absolutely continuous underlying measures. For several reasons
it is desirable to know whether the minimal underlying measure |M| has atoms, or
whether it is absolutely continuous with respect to a given measure. For instance, the
bang-bang principle, which is given in the next section, is sharper if no atoms are
present. In this section we provide some criteria for checking the two properties.

Recall that an atom of a measure » on a space (S, X) is a set E € X such that
v(E)#0 and if F< E, F eX then either v(E\F)=0 or »(F)=0. An atom E might
or might not contain a singleton {e} which is itself an atom. In some spaces, e.g.,
Euclidean spaces, such a singleton always exists. We shall formulate the condition for
an atom which is a singleton, and then comment on the general case.

PROPOSITION 6.1. A singleton {s} is an atom of the minimal underlying measure
|M| if and only if the set {t: u{s}# O} has positive Lebesgue measure. In particular, if
no w. has an atomic singleton then |M| has no atomic singleton.
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Proof. M{s} is not zero if and only if the set {¢: u,{s}# 0} has positive Lebesgue
measure. See the definition of M.

Remark 6.2. For an arbitrary atom the criteria is not as neat as for a singleton.
In the system (1.1) the interval [fo, t;] is an atom for every w, yet it is not an atom
for |M|, which might be the Lebesgue measure, see Example 5.1. If (S, 2) is the
interval [—1, 1] with the o-field generated by the denumerable sets (compare with
Example 3.5) and if w, is concentrated on —¢ and ¢ with equal values, say 1, then S
is an atom for |[M| but it is not an atom for either of the w.. A positive result is: Let
T <[to, t1] be a set of positive Lebesgue measure and let E € 2 be such that M (E) # 0.
If |u.|(E)=0 for 7¢ T, and if whenever F < E then either |u,|(F)=0 for all te T or
|w:/(E\F)=0 for all te T then E is an atom of |M|. This is easily verified. On the
other hand it might happen that each w, is atomless but that |[M| has an atom. (The
latter cannot be a singleton, in view of Proposition 6.1.) To construct such an example
we modify slightly Example 3.5. Let S be the unit square [0, 1]%[0, 1] with the
o-algebra generated by the Borel sets which contain all but a denumerable family of
intervals {(¢&, n): 0=n =1}. Let u, be the Lebesgue measure on{(¢, n): 0=7n =1}. Then
each u, is atomless but S is an atom for |M|.

The following is an application.

COROLLARY 6.3. Suppose that the structure of S is such that an atom always
contains an atomic singleton. Suppose that (x) has the form

6.1) =AW+ T BOWOO)+ | us) dn(s)
i=1 S

with 0;: [to, t1]-> S measurable. Suppose that v, is atomless and that for every i the interval
[to, t1] is a union of a countable number of sets, on each of them 0; is one-to-one; then
|M | is atomless.

Proof. By the last statement of Proposition 6.1 the atomless part of (6.1) does
not contribute (see Proposition 5.6) atoms for |[M|, and according to the first statement
of Proposition 6.1 the atomic parts of (6.1) do not generate atoms either. This completes
the proof.

Notice that since any measure u, has at most a countable number of atoms, the
system (*) can always be written in the form (6.1). Without the extra assumption on
S the nonatomicity does not follow. See the example in Remark 6.2.

A particular case of the previous condition is assumption A, in Banks and Jacobs
[1970, p. 469]. The system there is a delay system, hence in (6.3) 6;(¢): [0, t1]~> R.
The assumption of Banks and Jacobs is that each 6; is strictly increasing.

A result concerning the absolute continuity of |M| with respect to a given measure
is presented in Proposition 5.7. The following is another result which copes also with
the atomic part of the measures.

PROPOSITION 6.4. Let v be a given nonnegative measure on (S, 2). If for every
null set E of v the Lebesgue measure of {t: w,(E)# 0} is zero, then |M| is absolutely
continuous with respect to v.

Proof. The proof is obvious.

COROLLARY 6.5. Suppose that (S, X) is the real line R with the Borel structure.
Consider the system

6.2) A=A+ S B,-(t)u(o,-(t))+j u(s) di(s),
i=1 S

with 6; :[to, t1]-> R measurable. Suppose that each v, is absolutely continuous with respect
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to the Lebesgue measure A, and that each 0; is continuously differentiable, with 6;(t) #0,
except for a set of measure zero. Then |M| is absolutely continuous with respect to the
Lebesgue measure.

Proof. Let E < R be of Lebesgue measure zero. We shall see that the measure
of {t: u,(E) # 0} is zero, where u, = v, +Z;x;1 B;(t)8¢,. (Here & is the Dirac measure.)
By the assumption, each »,(E) =0, hence it is enough to show for each index i that
the Lebesgue measure of {t: 6;(¢) € E} is zero. There is a closed set of measure zero
on which 6(¢) = 0 and the rest is a union of a countable number of open intervals on
which 6;(¢) #0. Since @ is a diffeomorphism on each closed subinterval of these open
intervals the result follows.

A particular case of the previous example is studied by Chyung and Lee [1970,
p. 400], where 6(¢) is assumed to be differentiable with 6(t)=¢ for a certain & >0.
The previous result fails if (S, X) is higher dimensional, as follows. '

PROPOSITION 6.6. Suppose that (S, ) is a Euclidean space R* with k = 2. Consider
the system

(6.3) £=ADx+ 3 BOw(6.0),

with 0;(t) :[to, t1]1-> S continuously differentiable. Then the minimal underlying measure
is singular with respect to the Lebesgue measure.

Proof. The image of 6;(t) for te[to, t1]and i =1,2 - - - is one-dimensional, hence
has Lebesgue measure zero. The minimal underlying measure clearly vanishes outside
this image.

7. Bang-bang for convex constraints. In this section we generalize the bang-bang
principle (see, e.g., Hermes and LaSalle [1969]) to systems with indirect controls. To
this end we restrict the admissible controls u = u(s) to those satisfying u(s) € Q(s) for
a prescribed (). The following is a standing hypothesis for this section.

Assumption 7.1. Foreach s theset Q(s) = R™ is closed and convex. The set-valued
function s - Q(s) is measurable in the sense that Q (B)={s: Q(s)N B # J} is in X
for every closed B = R™. There exists an |M |-integrable real function %(s) such that
z € Q(s) implies |z| S h(s).

For any measurable u = u(s) satisfying u(s) € Q(s) the equation (*) is well defined
(see §4). If Q is bounded (i.e., & in Assumption 7.1 is bounded) then any such
measurable selection is admissible in the sense of § 2. In either case, we call such a
control u= u(s) an ()-admissible control.

The set of attainability /(¢,) is defined to consist of all the vectors x(¢;,u) in R"
for ()-admissible controls u.

LEMMA 7.2. The set s{(t,) is convex and compact.

Proof. The family of (2-admissible controls is convex and compact in the weak
topology of L,(|]M|). The set s£(t;) is a continuous image of this set under the affine
mapping x(¢1, u) (see Theorem C). This completes the proof.

THEOREM D. For every z in (t1) there is an Q-admissible control v=v(s) such
that x(t1, v) =z and v(s) is an extreme point of (s) for all points s, with the exception
of at most n atoms of |M|. In particular, if |M| is atomless v(s) is an extreme point of
Q(s) for every s.

Proof. We know from Theorem C that x(t1, u) is well defined for ue L,(|M|) and
is affine and continuous with respect to the weak topology. Using the technique in
Artstein [1980, Thms. 3.2 and 5.1] the result follows. For completeness we state here
the main steps of the argument. Consider the set L ={u:u is (-admissible and
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x(t1,u)=z}. Since x(¢;,u) is a continuous affine mapping, the set L is convex and
closed, hence compact. Let v be an extreme point of L, (guaranteed by the Krein—
Milman theorem). We claim that v is the desired control. To see this, notice that the
facial dimension of v (namely the largest number of linearly independent controls
u, * * +, U such that v+u; is )-admissible) is at most n. Otherwise x(¢1, -) on their
span is not one-to-one, which violates the extremality of v. Finite facial dimensionality
implies that v(s) is an extreme point of |M| for almost every s in the atomless part
of |M|. Facial dimensionality n implies that v(s) is not an extreme point of Q(s) for
at most n atoms.

8. Nonconvex constraints. In this section we examine the properties of the set
of attainability for nonconvex constraints, and derive a simple existence theorem for
optimization. The following will be our hypothesis.

AsSUMPTION 8.1. For each s the set Q(s) = R™ is closed. The set-valued mapping
s - Q(s) is measurable and there exists an |M|-integrable function h(s) such that z € Q(s)
implies |z| = h(s). ,

Notice that this assumption modifies that of § 7 only by dropping the convexity.
The measurable functions u : s - Q(s) will still be called Q2-admissible controls and the
set of attainability &f(¢;) is as in the previous section.

THEOREM E. The set (t,) is compact. If |M | is atomless, then s4(t,) is also convex.

The mapping x(¢;, u) is affine and continuous in u and therefore can be written
as x(t1,u)=2zo+[/(u), with /(u) linear and continuous. If Sy, S;, -« is a partition of
the measure space, and u; denotes the restriction of u to S; (i.e., u;(s) = u(s) for s€ S;
and u;(s) =0 otherwise) then /(u) =Y I(u;). Therefore, if of; ={l(u): u(s) =0 if s¢ S;}
then we get that

.94([1) =Zo+z A = ZO+{Z a;. a,~e.sz¢,~}.

The boundedness of &/(¢;) implies that for any choice a; € &; the summation converges.
Moreover, if we succeed in showing that each of the &f; is compact, then the compactness
of &(t,) follows. We choose now Si, Sz, * - - to be the atoms of |M]|, and S, to be the
part of S on which |M]| is nonatomic. Now the compactness of sf; for i =1 follows,
since ()(s) is constant almost everywhere on atoms and closed; and the compactness
of &f, follows from Lemma 7.2 and Theorem D. This completes the proof.

For delayed systems the theorem was proved by Banks and Jacobs {1970, Thms.
3.1, 3.2], where the convexity is derived from their assumption A,. As we saw in
Corollary 6.4, this assumption indeed implies that the underlying measure |M| is
atomless. An even stronger condition implies the convexity of the set of attainability
in Lee [1968].

It is worthwhile to note that the estimate »n of the nonextreme values of u in
Theorem D, is false in the nonconvex case. It is easy to construct an example where,
in order to reach a given z € &(t,), the values u(s) are not extreme on any of the
atoms of |M]|.

The compactness of &f(¢;) yields existence of optimal controls in some situations.
For instance, if a continuous cost functional ¢(z) ought to be minimized on z € &(t,)
then there is always an optimal control.

9. Extensions

9.1. Delays in the states. The analysis in this paper employed very little of the
specific structure of the ordinary differential equation (ODE) x = A(¢f)x in (*). In
fact, the ODE appears in only two places. The first is in Lemma 3.4, where the
property which is proved is: x = A(¢t)x + h(t), x(t) = xo has a unique solution which
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is affine in h and continuous with respect to the weak topology of L;. The proof of
Lemma 3.4 applies to other systems as well, and at any rate whenever this property
holds, the rest of our analysis applies. (Proposition 2.1 is the second place where the
structure of the ODE is used. The conclusion there holds with greater generality, e.g.,
for the delay systems, and was not used throughout.)

We present here another example.

Example 9.1. Consider the delay equation

t

9.1) =] xndFe r)+jsu(s) dud(s).

An initial condition is a bounded measurable function ¢(7) on [, — a, to] and an initial
vector x(fo) = xo.

Banks and Jacobs [1970], Banks, Jacobs and Latina [1971] and Chyung and Lee
[1970] analyze a similar system with delayed controls, i.e., S is a real interval. A
situation explored in these papers is that the values of ¢(7) can also be controlled.

Suppose that F(¢, 7) is measurable in the two variables, with bounded variation
in 7 for a fixed ¢ and that the variation is integrable in ¢. (Compare with Banks and
Jacobs [1970, p. 463].) Then for a fixed ¢ and a given u there is a unique solution
to (9.1) and it moreover depends continuously on k(t) = [ u(s) du.(s). Our methods
are therefore applicable and all the results for the underlying measures and the
consequences hold. When the initial function ¢ is also controlled then we simply
regard [fo—a, to] as part of the control space S. In particular, an underlying measure
is then defined on [£,— a, %], and all the consequences hold.

9.2. Discrete systems. The techniques and results of this paper can be applied
also to discrete time systems of the form

02 X+ = AGDX()+ [ 06) dun (),

Here j=0,1, - -, T. The vectors x(i) are in R", the control is a mapping u(s): S>R™
and the u; are n X m matrix-valued measures. We assume that a fixed initial condition
x(0) = xo is satisfied.

An admissible control is a bounded and measurable function. It is clear that if u
is an admissible control then (9.2) has a unique solution x (7, w). We use Definition A
as stated to define an underlying measure for (9.2).

THEOREM F. The measure i = Z,'T=o |u;] is @ minimal underlying measure for (9.2).

Proof. 1t is clear that the vector h; = [ u(s) du,(s) for j=0,- - -, T, is affine and
depends continuously on u when the latter is endowed with the weak* topology of
Lo(@). The solution x(j, h) of x(j+1)=A(j)x(j)+h; depends continuously on and
is affine in h. This implies that & is an underlying measure. If i is not absolutely
continuous with respect to a certain measure v then there is a v-null set E such that
w;(E) # 0 for a certain 0=j = T. In particular for a certain u which is zero outside E,
fs u(s) dv =0, while fsu(s) du; #0. Then x(j, 0) # x(j, u) although u is equivalent to
the zero function in L (). This prevents » from being an underlying measure.

Once an underlying measure is identified for (9.2) the rest of the analysis of this
paper follows almost automatically. We leave out the details. Notice however that
the bang-bang principle (Theorem D) holds, and if Z,T:O |u;] is atomless then a
bang-bang control u can be used—this in spite of the discreteness of the time variable.
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9.3. Nonlinearities. A particular form of nonlinearity can be easily incorporated
into our theory; namely if the control part in (%) (or in (9.1), (9.2)) has the form

9.3) L h(s, u(s)) du(s),

with A measurable. Such nonlinearities are desired in applications (see Example 5.9).
The analysis in Banks and Jacobs [1970] with regard to the delay version of (9.1)
incorporates such nonlinearities.

The method for coping with such nonlinearity goes back to Filippov. We shall
sketch the idea. Although u=u(s) is the control variable, we pretend that we choose
the value y(s)=h(s, u(s)). The term (9.3) is then linear in y=y(s) and the entire
theory of underlying measures can be applied when the control part is [¢ y(s) du.(s).
Then the interpretation of the results in terms of u can be done. The following is a
useful conceptual observation.

ProrosITION 9.1. If v is an underlying measure with respect to y(s) = h(s, u(s))
then x(t,u) is well defined for Lo(v).

Proof. A change in u on a v-null set causes a change of y(s)=h(s, u(s)) on a
v-null set.

The solution x (¢, u) might not be continuous when u is endowed with the weak™
topology. This is due to the nonlinearity of 4.

LEMMA 9.2. Suppose that h(s, u) is continuous in u. Let Q be a constraint set
satisfying Assumption 8.1. Let y(s) be measurable and such that for every s the value
y(s) is in the range h(s, Q(s)). Then an Q-admissible control w= u(s) exists such that
y(s)=h(s, u(s)).

This is the well-known Filippov lemma; see, e.g., Jacobs [1968].

We demonstrate now how to use this technique, and get the analogue of Theorem
E for the nonlinear case. Let the system be

9.4) x=A(t)x +J h(s, u(s) du.(s),
s

with /4 continuous in u. Let Q) satisfy Assumption 8.1 and suppose that the set-valued
function A(s, Q(s)) is bounded by an |M|-integrable function, where |[M]| is the underly-
ing measure for ¥ = A(t)x + {5 y(s) du.(s).

THEOREM G. The attainable set (t1) of (9.4) is compact. If the underlying measure
|M | is atomless then 4(t,) is also convex.

Proof. By Theorem E the attainable set related to ¥ = A(t)x + [¢ y(s) du.(s) with
the constraint Q,(s) = A (s, Q(s)) is compact, and if |[M| is atomless then this set is also
convex. This attainable set certainly contains #(#;), but according to the Filippov
lemma (Lemma 9.2) it is actually equal to &/(¢;). This completes the proof.

Note added in proof.

We overlooked an important reference. It is the paper Optimal controls with
pseudodelays by J. Warga, this Journal, 12 (1974), pp. 286-299. The goals, hence
the technique and the results in this reference are different from ours; however, Warga
sets and analyzes a model for indirect control action which overlaps with the present
paper. Our terminology, namely indirect controls, was used earlier in a different
technical context, but with the same spirit, for instance in connection with the Lurie
problem (see, e.g., S. Lefschetz Stability of Nonlinear Control Systems, Academic Press,
New York, 1965).
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SYSTEMS OVER A PRINCIPAL IDEAL DOMAIN.
A POLYNOMIAL MODEL APPROACH*

G. CONTEt AND A. M. PERDON}

Abstract. The polynomial model approach to linear dynamical systems over a field was developed
principally by P. A. Fuhrmann, starting in 1976 [J. Franklin Inst., 305 (1976), pp. 521-540]. In this paper
an analogous approach is proposed for systems over a principal ideal domain.

When the concept of extended linear i/o map is introduced, fractional representations of transfer
function matrices arise naturally in this theoretical framework. A correspondence between fractional
representations of the transfer function matrix of a given i/o map and its reachable or observable realizations
is established. The McMillan degree of a linear i/o map is proved to be equal to the degree of the
determinant of the matrix appearing as ‘‘denominator’” in a coprime fractional representation of the
associated transfer function matrix.

Introduction. The polynomial model approach to linear systems over a field was
principally developed by P. A. Fuhrmann in [11] and subsequently used in a series
of papers [8], [12], [13], [14], [15], [16] by various authors.

The aim of this paper is to develop a polynomial model approach to linear systems
over a principal ideal domain A. Systems over a p.i.d. arise as a natural generalization
of systems over a field and their study is of interest in many cases (see [6], [9], [17],
[21], [23], [27]).

The fundamental tool of the polynomial model approach is essentially the charac-
terization of the quotient A[z]-modules QU/M (dually, of the A[z]-submodules of
I'Y) which are free finitely generated over A. A complete characterization of these
modules is given in Proposition 4.1 and Corollary 4.7. It generalizes the results already
known when A is a field, but it cannot be obtained with the same techniques used in
that case.

Recently a more general result in the same direction has been independently
obtained in [22]. In that paper a characterization is given of the quotient A[z]-modules
QU/M which are finitely generated and projective over A, for A a commutative ring.
This result specializes to ours when A is a p.i.d..

The paper is organized as follows. Section 1 contains notations and some results
about the closure of a submodule. In § 2 systems and i/o maps are defined. Section
3 deals with realizations of i/o maps, in particular with free finite dimensional
realizations. Some general results contained in [5 Chapt. 16] are recalled.

Reachable free realizations and observable free realizations of an i/o map f are
determined respectively by quotient modules of the form QU/M such that M < Ker (f)
and by the submodules of I'Y containing Im(f) which are free finitely generated over
A. Such modules are characterized in § 4 and a correspondence between them and
the regular matrices of appropriate size is established. This fact, with the techniques
of [16] and [4], gives us a correspondence between right fractional representations of
the transfer function matrix Z; of f and reachable free realizations of f, and between
left fractional representations and observable free realizations. The correspondence,
as in the case where A is a field, is one-one for reachable realizations and right
fractional representations. Moreover, in this case canonical realizations correspond
to coprime representations. This is not true for observable realizations, more precisely,

* Received by the editors June 9, 1980, and in revised form November 20, 1980.
T Istituto di Matematica Applicata, Univ. di Padova, Via Belzoni 7, 35100 Padova, Italy.
f Istituto di Matematica, Univ. di Genova, Via L. B. Alberti 4, 16132 Genova, Italy.

112



SYSTEMS OVER A PRINCIPAL IDEAL DOMAIN 113

the correspondence is not one-one and coprimeness corresponds only to minimality.
This led us to study i/o maps whose minimal realizations are canonical. We obtain
that when Im (f) is an A-closed submodule of I'Y, then any minimal realization of f
is canonical (the converse also is true). In such a case observable free realizations are
in one-one correspondence with left fractional representations.

Finally we prove that the McMillan degree of an i/o map f whose transfer funétion
matrix has the coprime fractional representation Z;=ND ' or Z;=Dj'Nj is equal
to the degree of the determinant of D or D;. When A is a field this result has been
obtained in [18] by making use of algebro-geometric techniques which the polynomial
model approach allows us to avoid.

1. Algebraic preliminaries. Throughout this paper A will denote a commutative
principal ideal ring (p.i.d.), and U and Y will denote respectively the free finitely
generated A-modules A™ and A”. We will assume that the reader is familiar with
the theory of modules over a p.i.d. as can be found in [2].

We shall begin by introducing some notation. We denote by A[z] the ring of
polynomials in the indeterminate z with coefficients in A. We remark that A[z] is a
p.i.d. if and only if A is a field. We denote by A[[z 1] the ring of formal power series
in z7'. The set $={1,z"", 272 -} is a multiplicatively closed subset of A[[z ).
We denote by AA the ring of fractions S "' A[[z']]. It is the minimal ring containing
A[[z '1]in which z " is a unit. The ring AA will be referred to as the rmg of generalized
Laurent series. Any element a € AA is of the form a =Y. o @z with t€Z, a, e A.
A[z] will be identified with the subring of AA consisting of all the elements ¥ ;. 0z
such that a, =0 for +>0. We denote by 'A the quotient A[z]-module AA/A[z].
Any element a €T A is of the form a=Y,., az ' with a,€ A. The A[z]-module
structure is given by

o0
z- ( y a,z_') Z a1z "
t=1 t=1
ProrosiTION 1.1. Let a =Zf°=,o aiz”'€ AA. Then a is a unit in AA if and only if
a,, is a unit in A. In particular, a polynomial is a unit in AA if and only if its leading
coefficient is a unit in A.
DEFINITION 1.2. Given the A-module U = A™, we denote by

QU the A[z]-module U[z]=A"[z],
AU the AA-module S~ U[[z ']1=8""A"[[z!]].

We consider QU as an A[z]-submodule of AU and we denote the inclusion by
J:QU - AU. We remark that the natural basis e, -+, e,, of U over A is also the
natural basis of QU over A[z] and of AU over AA. We denote by

T'U the quotient A[z]-module AU/QU.

If we denote by m: AU ->TU the canonical projection, then for any ye['U there
exists a unique element in 7 '(y) of the form Zzl u,z~"'. By abuse of notation we
will write y € AU, identifying y with Zc,il u,z”'. With the same convention, given
x € AU, w(x)e AU makes sense.

Denoting by i: U->QU the inclusion by p:I'U > U the projection given by
p(zc:i1 u.z~") = uy, we have the following proposition.

ProposITION 1.3. Let X be a A[z]-module. For any A-morphism g:U ->X
(respectively h: X - U) there exists a unique map g : QU - X (respectively h : X >T'U)
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such that

(i) g (h)isan ALz]-morphism;

(i) g =gi (h =ph).

Proof. Define §:QU->X by g quz')=Y, 2z g(u) (respectively define
h:X->TU by R(x) =Z:°=1 h(z"'x)z™"). In the above definition(s) the properties (i),
(ii) are automatically built in. Uniqueness follows by (i), (ii).

Given the A-module Y = A”, any A[z]-morphism between QU and QY is given
by a p X m polynomial matrix D. The same matrix defines a AA-morphism between

AU and AY and an A[z]-morphism between I'U and I'Y such that the following
row-exact diagram commutes:

Qu AU ->T'U

D D D
Qy ——> AY ->TY
] ™

If x is an element of QU or of AU, the action of D is given by the product. If x
belongs to I'U, the action of D is given by the product followed by 7. In general a
AA-morphism between AU and AY is given by a p X m matrix Z with entries in AA.
If Z is polynomial we say that the morphism is polynomial.
DEFINITION 1.4. A square polynomial matrix D is said to be regular if and only
if det (D) is a unit in AA (by Proposition 1.1 this is to say that the leading coefficient
of det (D) is a unit in A). D is said to be unimodular if and only if det (D) is a unit
in A.
DEFINITION 1.5. Let Z be a matrix with entries in AA. Z is said to be rational
if and only if there exists a pair (N, D) of polynomial matrices such that D is regular
and either Z=ND 'or Z =D"'N. Any pair (N, D) such that Z = ND ™" (respectively
Z =D7'N) is called a right (resp. left) fractional representation of Z.
Given an A-module M we denote by T4(M) the torsion submodule of M, i.e.,
the submodule Ta4(M)={x € M such that ax =0 for some nonzero a € A}. We recall
that any f.g. A-module M is the direct sum of a free A-module and of T (M).
DEFINITION 1.6. Let M =P be A-modules. The A-closure of M in P is the
A-module cls(M, P)={x € P such that ax € M for some nonzero a € A}. If no con-
fusion arises we will denote the closure shortly by M.
M is said to be A-closed in P if and only if M = M and M is said to be A-dense
in P if and only if M = P.
ProPOSITION 1.7. Let M, N, P, be A-modules such that M < P and N < P. Then:
(i) M is A-closed in P and M is dense in its closure;

(ii) if both M and N are A-closed in P, M N N is A-closed in P;

(iii) TAo(P/M)=0 if and only if M is A-closed in P;

(iv) if Pis free f.g., M is A-closed in P if and only if it is a direct summand of P;
(v) if M is free f.g., M and M have the same dimension over A,

(vi) if M is free f.g. and M = N, dims M = dima N implies N < M

Proof. (i), (ii), (iii) are trivial; (iv) follows from (iii).

(v) Since A is a p.i.d. there exists a basis x1, -, x, of M and a1, - -, ax
elements of A such that a;xq, -+, awxx is a basis of M. Moreover k = n; otherwise,
for instance, axx.; cannot belong to M for any nonzero a € A.
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(vi) By tensoring the exact sequence 0> M - N -> N/M -0 with the quotient
field K of A we get that N/M is a torsion A-module. Hence for any x € N there
exists a nonzero a € A such that ax e M and so N < M.

ProposiTION 1.8. Let f: N - P be an A-module morphism. If M < P is A-closed,
then f"l(M) c N is A-closed.

Remark 1.9. We recall that, given an A-module homomorphism f, a factorization
of f is a pair (p, m) of homomorphisms such that f = mp. Any f has a factorization (p, m),
where p is surjective and m is injective. Moreover, this factorization is unique up to
isomorphisms. If p is a surjective homomorphism and Ker (p) < Ker (f), then there
exists a uniquely determined homomorphism m such that f=mp. Dually, if m is
injective and Im (m) > Im (f) there exists a uniquely determined p such that f = mp.

2. Systems over a p.i.d. and i/o maps. We give the definition of the systems to
be studied.

DEFINITION 2.1. A constant, discrete time, (free) linear dynamical system X over
A consists of a triple (F, G, H) where F, G and H are matrices of size n Xn, n Xm,
p X n with entries in A.

We have the following dynamical interpretation in mind. Denote by X, U and
Y respectively the free f.g. A-modules A", A™, A”. Then F: X->X, G:U->X,
H :X > Y are A-module maps and Definition 2.1 defines a system whose state, input
and output modules are given by X, U, Y and which evolves according to

x@+1D)=Fx(t)+Gu(t),
y () = Hx(¢).

Systems over p.i.d.’s are a natural generalization of systems over fields. The main
illustration here will be given by systems over the ring Z of ordinary integers (see
[23] and [27]). Various motivations for the study of systems over p.i.d.’s or over more
general rings are given in [20], [24], [26]. The main application areas we outline are
the following.

As pointed out in [23], the theory of systems over Z is of particular interest since
one might hope for applications similar to the use of integer programming. A second
motivation may be found in the study of 2D-systems. As is shown in [6], [7], [26],
[28], it may be useful, in realization problems, to consider a 2D-system as a system
over a p.i.d.. Moreover it is possible to see a system over a ring as a family of systems
over the spectrum of the ring (see [17]). In this way one can study global properties
of families of systems depending on a single parameter. It has to be remarked that
our approach does not apply to the study of delay-differential systems over a field K.
When all the delays are multiples of a fixed one denoted by o, a system of this kind
is defined (see [20], [21], [27]) by a triple of matrices with elements in K[o] (which
is a p.i.d.), but the state, input and output space of the system are assumed to be
finite dimensional K-vector spaces and so they cannot have (owing to the finiteness
condition) a structure of free K[o ]-modules. What is different from this point of view
is the dynamical interpretation of the triple of matrices which defines the system.
More precisely, using the terminology of [20, §1.3], a delay-differential system over
K can be viewed as a ‘‘system over the ring of operators K[o]” (the delay o acts on
the function x(¢) with values in the state space) while the objects of our study are
“systems over a ring of scalars” (the elements of the ring act on the elements of the
state space).

So the realization of a delay-differential system defined by a triple of matrices
with elements in K[o] must be done on K and not on K[o].
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Following [29], Definition 2.1 allows us to carry out the following construction.
Remark that F: X -» X induces on X an A[z]-module structure given by zx = Fx.
Then any system X = (F, G, H) gives rise to the following commutative diagram:

f
QU > Y
i p
b
U — X >Y
G f O H

where Xr means the A-module X prov1ded with the A[z]-module structure induced
by F, G and H are given by 1.4 and f = HG.
DEFINITION 2.2. A map f: QU -»>T'Y is called a linear input/output (i/o) map if
and only if it is A[z]-linear. In the situation above we say that f is the i/o map of X.
Any A[z]-linear map f: QU »>TY is determined by f(ey), -, f(e.), where
e1," '+, enm is the natural basis of U. Writing f(e;) as a column vector, we denote by
Zs the p X m matrix f(e1) * - * f(em). By Definition 1.2, Z; can be seen as a matrix with
entries in AA. Then it defines a AA-morphism f AU > AY such that the following
diagram commutes: i
/

AU > AY

] ™

QU —> Y
f

DEFINITION 2.3. A AA-linear map f:AU>AY i is called an extended linear i/o
map if and only if all the entries of the matrix defining f are of the form a = =y =10 MZ -,
with a, =0 for +=0. In the situation above we say that f is the extended i/o map
associated to f and we call Z; the transfer function matrix of f.

Remark 2.4. The definition of extended i/o map is built in such a way that it
preserves the property of causality. A map f :AU - AY which is AA-linear is said
to be causal if and only if given two input sequences u and u' in AU such that u, = u;
for t=t,, then f(u), f(u'), fort=t+1.

Defining, for u € AU, ord (u) =min {¢ such that u, # 0} we may express causality
by ord ( f(u)) <ord (u). It is easy to see that f verifies the above condition if and only
if it is an extended i/o map in the sense of Definition 2.3 (see also [16 Def. 2.4]).

Summarizing, we have that any system X = (F, G, H) gives rise to the following
commutative diagram (see [29] and [16] for the case A =field):

AU f —>AY

y

] T
|

QU ! > 'Y

1 -~ ~

G H

! p
y

U > Xk —->Y
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3. Realizations of i/o maps. Assume that f is a given i/o map. To realize f means
to find a system X = (F, G, H) such that f is the i/o map of X.

We begin by giving the definition of an abstract realization. It will be shown in
Remark 3.3 that abstract realizations which verify a certain finiteness condition actually
define a concrete realization, namely a system X with the desired property (see also
[5, Chapt. 16] and [24]).

DEeFINITION 3.1 Let f: QU »>TY be an i/o map. An abstract realization of f is
a triple (X, g, h) where X is an A[z]-module and g: QU > X and h: X ->TY are
A[z]-morphisms such that f = hg.

DEerINITION 3.2 Let (X, g, h) be a realization of an i/o map f. (X, g, h) is said
to be

(i) reachable if and only if g is surjective;
(ii) observable if and only if & is injective;
(iii) canonical if and only if it is both reachable and observable;
(iv) finite dimensional if and only if X is a f.g. A-module;
(v) free if and only if it is f.d. and X is free over A;
(vi) minimal if and only if it is free and given any other free realization (X', g’,
h') then dims X =dim4 X'.

Remark 3.3. (i) Suppose that A is a field. Then finite dimensional realizations
are also free. Moreover, minimal realization are canonical.

In general, R being a ring, canonical realizations of an i/o map over R are not
free. This is true for f.d. canonical realizations over a p.i.d. A (see 3.7). In this case
we have also that f.d. canonical realizations are minimal among free realizations. The
converse is not true (see [27 § 3]).

(ii) Let (X, g, h) be a free realization of f. Then f is the i/o map of the system
2= (F, G, H), where F: X » X is defined by Fx = zx, G: U » X is defined by G = gi,
H:X ->Y is defined by H = ph.

DEFINITION 3.4. An i/o map f is said to be realizable if and only if it has a free
realization (X, g, k). In such a case the system X = (F, G, H) defined by means of (X,
g, h) as in (ii) above is said to realize f.

Remark 3.5. There is no difference between the concept of factorization reviewed
in Remark 1.9 and the concept of realization given in Definition 3.1. The second is
used instead of the first to point out explicitly the state module X.

We will say that two realizations (X, g, h) and (X', g', h') of the same f are
isomorphic if and only if the corresponding factorizations are so; i.e., if and only if
there exists an isomorphism q: X' - X such that g =qg' and h' = hq.

PROPOSITION 3.6. Any i/o map f: QU ->T'Y has a canonical realization which
is unique up to isomorphism.

Proof. By Remarks 1.9 and 3.5. We remark that a canonical realization of f is
given by X = QU/Ker (f)=Im (f), g = canonical projection, & = canonical inclusion.

PrROPOSITION 3.7. Let (X, g, h) be an observable realization of the i/o map
f:QU->TY. Then Ts(X)=0.

Proof. Since To(T'Y) =0 and since h is A-linear, we have h(T4(X))=0. Hence,
h being injective, TA(X)=0.

ProroSITION 3.8. Assume that the i/o map f:QU > TY has a f.d. realization.
Then f is realizable.

Proof. See [5, Chapt. 16, Prop. 3.1].

ProOPOSITION 3.9. Assume that the i/o map f:QU ->TY has a f.d. realization.
Then f has a free canonical realization.
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Proof. See [5, Chapt. 16, Prop. 5.2]. We remark that given the free realization

(X, g, h) of f then (Im (g)/(Im(g) N Ker (h)), g', h'), where g' and h' are defined in
the obvious way, is canonical.

4. A[z]-modules which are free f.g. over A. Let f:QU >T'Y be an i/o map.
Any reachable realization of (X, g, h) of f is uniquely determined by g: QU - X, and
analogously any observable realization is uniquely determined by 4 : X > T'Y (Remark
1.9). Conversely, from Remark 1.9 again, any surjective map g: QU - X such that
Ker (g) = Ker (f) determines a unique reachable realization of f and any injective map
h:X ->TY such that Im (h) > Im (f) determines a unique observable realization of f.

Since we are interested in free realizations, this led us to study quotient modules
X =QU/M and the submodules X = T'Y which are finitely generated and free over
A. Such modules are characterized in Propositions, 4.1 and 4.7.

PROPOSITION 4.1. Let M be an A[z]-submodule of QU. Then X =QU/M is a
free f.g. A-module if and only if M = DQU for a regular m X m matrix D.

Proof. Sufficiency. Assume that M =DQU and let d(z)=det(D). Since
e, ,en generates QU, every element x of X is a sum of terms a;(z)[e;]. The
leading coefficient of d(z) being a unit, we can reduce each «a;(z) modulo d(z) without
altering the sum. Hence x € X is determined by m polynomials of degree less than
deg(d(z)) and X is generated over A by the mXdeg(d(z)) elements [e;],
[ze], - -, [29¥ @ Ve fori=1,-+-,m.

Now let ue QU and suppose that aue DQU for some nonzero a € A. This
implies au = Du' for some u'e QU and, denoting by D* the adjoint of D, we obtain
aD*u=d(z)u'. Since a cannot divide d(z) unless it is a unit in A (in such a case
ue DQU), a divides each component of ¥’ and u’' = au”". Then u = Du"e DQU, DQU
is A-closed in QU and X is free over A by Proposition 1.7 (iii).

Necessity. Let us first establish the following lemma:

LEMMA 4.2. Let A be a p.i.d. Given the exact sequence of Alz]-modules and
morphisms 0> M > A" [z]> X >0 where X is free over A, then M is free over A[z].
Moreover, if X is also f.g. over A, then dim o, ;M = m.

Proof of Lemma 4.2. A and A[z] are Krull rings by [3, § 1, # 3, Example, and
# 9, Proposition 13]. Let Ass (X) ={p, p < A[z] a prime ideal such that p = Ann (x)
for some x € X}, and let P be the set of prime ideals of A[z] of height one, i.e., the
set of the minimal nonzero prime ideals of A[z]. Our aim is to prove that Ass (X)c P U
{{0}}. Let p € Ass (X) be a nonzero ideal and consider the extended ideal p° < K[z]
where K is the quotient field of A. Since K[z]=S"'A[z] where S = A —{0} and since
X is free over A, we have pNS=. Hence p° is a prime ideal of K[z] and
p=p“=p°NA[z] by [1, Props. 3.11 and 1.17]. Therefore peP by [3, §1, # 9
Remark 2]. In the considered exact sequence, A™[z] is a reflexive module since it is
free and, as we have shown, Ass (X)<= PU{{0}}. Then [3, § 4, # 2, Prop. 7] implies
that M is a reflexive A[z]-module.

Moreover, M is f.g. and the global dimension of A[z] is 2. Therefore M is
projective f.g. over A[z] (this result is due to Bass, see [10, Prop. 8.25B]) and hence
it is free over A[z] by [25].

Now assume that X is also f.g. over A. Denoting by F : X > X the A-lirtear map
defined by Fx = zx and by d(z) the determinant of (zI — F), we have d(z)X = 0. This
implies that X is a torsion A[z]-module. Tensoring the above exact sequence with
the quotient field Q of A[z] we have the exact sequence 0> M ® 4,;Q > Q™ 0.
Hence the vector spaces M ® 41,1 Q and Q™ are isomorphic and dim 4;,;M = m. By
the lemma we have M =QU and X = QU/DQU where D, by Definition 1.4, is an
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m X mpolynomial matrix. Moreover d(z)e;e DQU fori=1, -+ ,m. Thend(z)I = DS
for a suitable matrix S, and D must be regular.

We remark that when A is a field any nonsingular polynomial matrix is regular
and Proposition 4.1 coincides with [11, Thm, 3.6].

Moreover any torsion f.g. A[z]-module is automatically free f.g. over A when
A is a field. In our case this is not true. For instance Z[z]/2Z[z] is easily seen to be
not free f.g. over Z, since 2 is not a unit in Z.

PROPOSITION 4.3. Let D, D, be m X m regular matrices. Then DQU < D,QU if
and only if there exists a regular m X m matrix S such that D = DS. Moreover DQU =
D.QU if and only if S is unimodular.

Proof. Obvious.

PROPOSITION 4.4. Let X be an A[z]-submodule of T'Y. Then the following cond-
itions are equivalent:

(1) There exists a p X p regular matrix D such that X =Ker (D)cTY.
(ii) X is free f.g. over A and X is A-closed in T'Y.
Proof. Let D be regular. Applying the snake lemma to the row-exact diagram:

id
ay—=—ay

L 2
=)

m(z) m(z) m(z)| >

QY —> 77 14(X) —> X
J ™

we have that Ker (D) is isomorphic to QY/DQY, which is free f.g. over A by
Proposition 4.1. Moreover, if yeT'Y and a€ A, a #0, D(ay)=a(Dy) =0 implies
y € Ker (D) since 'Y has no torsion over A.

Conversely, let F: X - X be the A-linear map defined by Fx = zx and denote
by m(z) the minimal polynomial of F. m(z) is monic and m(z)X =0, hence
m(z) (7 (X)) = QY. Applying the snake lemma to the row-exact diagram:

j w
Qy ->AY > Ty

D D D )

QY ——— > AY >TY

] m

we have the exact sequence 0->X >QY/m(z)QY > QY/m(z)(m (X))~ 0. Since
QOY/m(z)QY is f.g. over A, QY/m(z) (7 1(X)) is also f.g. over A. Moreover, by
Proposition 1.8 7 '(X)is A-closed in AY since X is A-closed in T'Y.

We claim that also m(z)(m (X)) is A-closed in QY. In fact, let ue QY, ac A,
a #0 and au = m(z)y for some y € 7~ '(X). Since a cannot divide m(z) unless it is a
unit in A (in such a case uem(z)(w (X)), a divides y in AY. Then y=ay’,
yer '(X)and u =m(z)y' e m(z)(7w 1(X)).

By Proposition 1.7 (iii), QY/m(z)(# (X)) is free over A. Then there exists a
p X p regular matrix D; such that m(z)(7 (X)) = D:QY. So we have QY c 7 }(X) =
(m(2))"'D1QY. It follows that there exists a p X p regular matrix D such that I =
(m(z))"'D.D and 7 '(X)=D'QY. Now it is easy to check that X =Ker (D).
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We remark that when A is a field any submodule of T'Y is A-closed and
Proposition 4.4 coincides with [4, Prop. 1]. In our case this is not true. For instance,
227 'Z is not Z-closed in I'Z since 2z €2z 'Z but z ' ¢227'Z.

The proof of Proposition 4.4 is based on an alternative proof of [4, Prop. 1]
suggested to the authors by M. Hautus in a personal communication.

PROPOSITION 4.5. LetD, D, be p X p regular matrices. Then Ker (D) <= Ker (D;) <
I'Y if and only if there exists a p X p regular matrix S such that D, = SD. Moreover,
Ker (D) =XKer (D) if and only if S is unimodular.

Proof. Let Ker (D)< Ker (D;). Then 7~ '(Ker (D))=D"'QY = =~ (Ker (D,)) =
D7’ QY. Therefore there exists a matrix S such that D' = D7'S. Then D, = SD and
S is regular. Conversely, if D; =SD obviously Ker (D)< Ker (D). The second part
is obvious.

PROPOSITION 4.6. Let X be an A[z]-submodule of TY. If X is free f.g. over A,
then cla(X,T'Y) is free f.g. over A.

Proof. Denote by F: X » X the A-linear map defined by Fx = zx and denote by
d(z) the determinant of (zI —F). We have X < Ker (d(z)I), which is free f.g. over A
and A-closed in I'Y by Proposition 4.4. Hence cla(X, I'Y) is contained in Ker (d(z)I)
and as a consequence it is free f.g. over A.

COROLLARY 4.7. Let X be an A[z]-submodule of T'Y. X is free f.g. over A if and
only if there exists a p X p regular matrix D such that X =Ker (D).

Proof. Obvious by Propositions 4.4 and 4.6.

PROPOSITION 4.8. Let X T'Y be free f.g. over A and let Ker (D)=X. If D, is
a p X p regular matrix such that X c Ker (D;), then there exists a p X p regular matrix
S such that D, = SD.

Proof. By Proposition 4.4 Ker (D;) is A-closed; hence, by Proposition 1.7 (ii),
X =Ker(D) < Ker(D;) and the thesis follows from Proposition 4.5.

Example 4.9. Let A=Z and X =2z"'Z. As we have already seen X is not
Z-closed in TZ. We have X =z~'Z =Ker (z) = 'Z. Moreover, any polynomial p(z)
such that X < Ker (p(z)) must have the constant term equal to zero. Therefore,
according to Proposition 4.8, p(z) is a multiple of z.

5. Realizations and fractional representation. In the previous section we proved
that any quotient A[z]-module X = QU/M (equivalently, any surjective homorphism
g:QU - X) determines, when X is free f.g. over A, a unique, up to unimodular
factors, m X m regular matrix Dx defined by DxQU =M (resp., DxQU =Ker (g)).
Conversely, any regular m X m matrix D determines the free f.g. A-module Xp =
QU/DQU. In this case we denote by gp : QU - Xp the canonical projection. More
explicitly, we have a one-one correspondence between quotient modules of the
previous kind and regular matrices (modulo unimodular factors).

On the other hand, any A[z]-submodule X of T'Y (equivalently any injective
homomorphism 4 : X »T'Y) determines, when X is free f.g. over A, a unique, up to
unimodular factors, p X p regular matrix xD defined by Ker (xD) =cla(X,T'Y) (resp.
Ker (xD) =cla(Im (h), T'Y)). Conversely any p X p regular matrix D determines the
free f.g. A-module pX =Ker (D) which is A-closed in I'Y. In this case we denote
by ph:pX > TY the canonical inclusion.

Here the correspondence is one-one only between A-closed submodules of the
previous kind and regular matrices.

As we already remarked at the end of Proposition 4.4 the two situations are
duals of each other when A is a field.

Remark 5.1. Quotient modules and submodules are defined up to isomorphisms.
Since no confusion arises in our’ case, we will not take account of this fact and in the
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following, given an injective homomorphism 4 : X > T'Y, we will identify, by abuse of
notation, X with Im (k).

The following propositions are stated with the notation above.

PROPOSITION 5.2. Letf:QU »>T'Y be an i/ 0o map and let Z; be its transfer function
matrix. Any free reachable realization (X, g, h) of f determines a right fractional
representation of Z; given by Z; = NDX'. If (X, g, h) is canonical then N and Dx are
left coprime (i.e., N = N1T and Dx = D1 T implies that T is unimodular).

Conversely, any right fractional representation Z; = ND ™" determines a free reach-
able realization (Xp, gp, hp) which is canonical if N and D are left coprime.

Proof. Assume that (X, g, h) is a free reachable realization. By f = hg we have
Dx QU =Ker (g) < Ker (f). This implies that fDx : QU > T'Y is the zero map and that,
as a consequence, fDx :AU > AY is a polynomial map. Denoting by N the polynomial
matrix associated to fDx, we have ZDx =N. Hence Z; = NDx'.

Now assume that (X, g, &) is also canonical and let N =N, T and Dx =D, T. We
have Zf=N1DI1; therefore fDI:AU > AY is polynomial and, as a consequence,
D QU <Ker (f). By Proposition 3.6 X is isomorphic to QU/Ker (f), so Ker (f) =
DxQU and D, = DxS by Proposition 4.3. Now Dx = DxST implies that T is uni-
modular.

Conversely, let Zf=ND—1 be a fractional representation. As above we have
DQU <Ker (f) and defining hp: Xp>T'Y by means of Remark 1.9 we obtain a
realization (Xp, gp, hp) of f which is free and reachable by construction.

Now assume that N and D are left coprime and consider the canonical realization
of f determined by X = QU/Ker(f). Since (Xp, gp, hp) is in particular f.d., Proposition
3.9 assures that Ker ( f) = D;QU for a regular matrix D, and by DQU < Ker (f) and
Proposition 4.3 we have D = D, T. Denoting by N; the polynomial matrix associated
to fD1 :AU > AY, we obtain N =N;T. Hence T is unimodular and (Xp, gp, hp) is
canonical.

ProrosITION 5.3. Letf: QU -»T'Y be an i/ o map and let Z; be its transfer function
matrix. Any free observable realization (X, g, h) of f determines a left fractional
representation of Z; given by Zy= xD 'N. If (X, g, h) is minimal then N and xD are
right coprime.

Conversely any left fractional representation Z; = D' N determines a free observable
realization (pX, pg, ph) of f which is minimal if N and D are right coprime.

Proof. Assume that (X, g, h) is a free observable realization. By f = hg we have
Im (f)ch(X)ccla(h(X), TY)=Ker (xD). This implies that xDf: QU >TY is the
zero map and that XDf~ :AU - AY is a polynomial map. Denoting by N the polynomial
matrix associated to xDf, we have xDZ;= N. Hence Z; = XD_lN.

Now assume that (X, g, &) is also minimal and let N = TN, and xD = TD;. We
have Zf=D1_1N1', therefore le :AU->AY is polynomial, which implies Im (f) <
Ker (D) and Im (f) = Ker (D;). Consider the canonical realization of f determined
by Im (f), which is free and minimal by Proposition 3.9 and Remark 3.3(i). We have
Im (f) < h(X) and dim 4 Im(f) = dim4 A (X) by the minimality of (X, g, #). By Proposi-
tion 1.7 (vi), h(X)<Im (f); therefore h(X)=Ker (xD)<Im (f)=Ker (D;). Then
by Proposition 4.8 D, = SxD and xD = TSxD implies that T is unimodular.

Conversely, let Zf=D—1N be a fractional representation. As above we have
Im (f) = Ker (D), and defining pg: QU - pX by means of Remark 1.9 we obtain a
realization (pX, pg, ph) of f which is free and observable by construction.

Now assume that N and D are right coprime and consider the canonical realization
of f determined by Im (f). Since (pX, pg, () is, in particular, f.d., Proposition 3.9
assured that Im(f)=Ker(D;) for a regular matrix D;. Then Im(f)=
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Ker (D)< Ker (D) and D = TD;. Denoting by N; the polynomial matrix associated
to D1f: AU > AY we have N = TN;. Hence T is unimodular and by Proposition 4.5
Ker (D) =Ker (D). Therefore by Proposition 1.7 (v) dims (pX)=dima (Im ( f)) and
(pX, pg, ph) is minimal.

Propositions 5.2 and 5.3 establish a correspondence between reachable or observ-
able realizations of an i/o map and right or left fractional representations of its transfer
function matrix. The analogous result for the case where A is a field was proved in
[16] for reachable realizations and in [8] and [4], with different techniques, for
observable realizations. A well-known consequence of this fact is the equivalence
between rationality and the realizability property.

The correspondence is one-one in the case of free reachable realizations and
right fractional representations. For free observable realizations and left fractional
representations the situation is slightly different. Consider, for instance, the i/o map
f:QZ->TZ defined by f(¥,_, aiz") =2aoz"", whose transfer function matrix is Z; =
[2z7"]. Im (/) is the submodule 227'Z of TZ which we have already considered, and
a canonical realization of f is given by (Z, g, h), where g:QZ~>Z is defined by
g¥r oaz')=ao and h:Z->TZ by h(a)=2az"' (equivalently by the system I =
(0,1, 2)). By Example 4.9 and Proposition 5.3, (Z, g, h) determines the fractional
representation Z; = [z]7'[2], which in turn gives us the realization (Z, g', h') where
gl oaz")=2ao and h'(a)= az~' (equivalently, the system ' = (0, 2, 1)). The two
realizations are not isomorphic since the second is minimal but not reachable.

To have a one-one correspondence also in the case of free observable realizations
we must restrict ourselves to considering only free observable realizations (X, g, &)
such that A(X) is A-closed in I'Y. In this way we lose a large class of minimal
realizations, except when Im (f) is itself A-closed in I'Y. In this case, in fact, the
following proposition holds:

PROPOSITION 5.4, Letf:QU -»T'Y be a realizable i/ o map and assume that Im (f)
is A-closed in T'Y. Then any free minimal realization of f is canonical.

Proof. Consider the canonical realization of f determined by Im (f) and let
(X, g, h) be a free minimal realization of f. We have dima X =dima Im(f) by the
minimality and, since h(X) is free over A as it is f.g. and without torsion, also
dimaX =dim4 h(X). Moreover, by Im (f) c h(X), dima h(X)=dim4 Im (f). Hence
dims A (X)=dima Im (f) and A(X)=1Im (f) by Proposition 1.7 (vi). Using again the
equality dim, X =dim4 A (X), we have that % is an isomorphism onto its image. Now
it is easy to check that 4 is actually an isomorphism between (X, g, #) and the canonical
realization given by Im ( f).

For a p.i.d. A, in particular for a field, the state module X of a free canonical
realization of a realizable i/o map f is determined up to A-isomorphisms by its
dimension, as was proved in [19]. Dim4 X is referred to as the McMillan degree of
f. The following propositions relate the McMillan degree of f to the degree, as a
polynomial in z, of the determinant of D, where D is a regular matrix in a coprime
fractional representation of Z;.

PROPOSITION 5.5. Let D be a regular m X m matrix and let Xp and pX be as
described at the beginning of this section. Assume that n =deg (det (D)); then dima
(Xp) =dim4 (pX)=n.

Proof. The first equality follows from the snake lemma isomorphism between Xp
and pX obtained in the proof of Proposition 4.4, so we have only to prove that

dima (Xp) = n. For this purpose consider the exact sequence 0> QU f))Q.U ->Xp->0
D
as a sequence of A-modules, and write it as 0> A™[z] >A™[z]> A" - 0. Tensoring
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with the qgotient field K of A we get the exact sequence of K-vector spaces
0->K™[z]>K™[z] 3K*>0.Now D is K [z]-linear, hence this last sequence may be
viewed as an exact sequence of K[z]-modules, where K* is endowed with the
K[z]-module structure induced by p. In this way, since D has not been changed and
dim4(Xp) = dimg (K*), we have to prove our assertion only for the case A = field.

In this case A[z] is itself a p.i.d. and we have D = PD;Q, where D, is diagonal,
det (D) =det (D) up to units and P, Q are unimodular (see [2, §4 # 5, Cor. 1]).
Then by the commutativity of the diagram

D
0 - QU — QU Xp >0
o P!
> —> —> X - ()
0 QU D, QU 1

we have that there exists an isomorphism between X and X;. Hence dim, (X) =
dim,4 (X31). Let Dy =diag (p1(z), * * + , pm(2)) With n; =deg (p;(z)); then X; is generated
over Abyl[e;],[ze1), -+, [z "e1), - - -, [em]), [zem], -+ + , [z e, ], which are exactly
ni+nz+- - +n, =n linearly independent elements.

PROPOSITION 5.6. Let f be an i/o map and let Z;= ND ™" (resp. Z;=D7'Ny) be
a coprime fractional representation of its function matrix. If n =deg (det (D)) (resp.
n =deg (det (D1))), then the McMillan degree of f is n.

Proof. By Propositions 5.2 (5.3) and 5.5.

That the McMillan degree is equal to deg (det (D)) was proved, in the case
A =field, in [18], using algebro-geometric techniques. Our proof generalizes this result

and it is based only on the possibility of reducing any matrix over a p.i.d. to diagonal
form.
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BOUNDARY CONTROL PROBLEMS WITH NONLINEAR
STATE EQUATION*

VIOREL BARBUf*

Abstract. First order necessary conditions of optimality are obtained for boundary control problems
governed by parabolic equations with nonlinear boundary value conditions.

1. Introduction. We are concerned here with first order necessary conditions of
optimality for convex control problems governed by nonlinear boundary-value prob-
lems of the form

Y+ Ay =0 inQ=0x]0, T,
e}

(1.1) 5{-+Bi(y)aBiu,~+fi inS, =T,x10,T[, i=1,2,
y(x, 0) = yo(x) in Q.

Here () is a bounded and open subset of the Euclidean space R™, A is a second order
elliptic and symmetric operator on () and B; are maximal monotone graphs (in general
multivalued) in R X R. The controls u; are taken from the Hilbert spaces U; and B; are
linear continuous operators from U; to L*(2)), i =1, 2. The functions yo and f; are fixed
in L*(Q) and L*(Z), i =1, 2, respectively.

The boundary I' of €} consists of two disjoint parts I'y and I',, i.e., =T, UTI'; and
F1 ﬂ Fz = @ .

To make what follows more meaningful, let us briefly describe some classical
diffusion problems of the form (1.1) (see [7], [9] for further examples and complete
references).

Newton’s law of heat conduction is described by (1.1), where B; are continuous and
nondecreasing functions.

The Stefan—Boltzman heat radiation law. The functions B; are of the following
form:

a(r—c)* ifrze,
1.2 ,. ={
(1.2) BN =1o ifr<c,
where a;>0,i=1, 2.
Natural convection.

34 itr=0,

>0, i=1,2.
ifr<o, ¢ !

(1.3) pin={7

Enzyme diffusion (the Michaelis—Menten law) is described by (1.1) where I'=T
and B = B, is given by

r

for r>0,

r+m
(1.4) B(r)=)1-00,0] forr=0,
(%] for r<0.

* Received by the editors December 8, 1980, and in final form May 15, 1981.
+ Faculty of Mathematics, University of Iasi, Iasi 6600, Romania.
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The thermostat-control process. I'1 =T and

01(7—01) if —oo<r<6,,
(1.5) Bl(r) =<0 if 01 =r= 02,
asx(r—86,) if ,<r<co.

Here a; and «, are positive numbers.
The Signorini problem. The graph 8(I' =T, and B, = B) is given by

0 if r>0,
(1.6) B(r)=41}-,0] ifr=0,
10} if r<O0.

The contents of this paper are outlined below. In § 2 we shall study existence and
approximation of solutions for the boundary control system (1.1). In § 3 we give the
main results, Theorems 1 and 2, which are concerned with necessary conditions for
optimality in a control problem with a convex cost criterion governed by (1.1) in two
typical cases: B; locally Lipschitzian functions and the Signorini problem (1.6).

The proofs are presented in detail in §§ 5, 6. The main idea of our approach consists
of approximating the control problem by a family of smooth problems for which the
optimality equations are immediate, and then passing to a limit in the approximating
equations. In § 4 we study the convergence of this approximating control process.

The results as well as the approach used here are similar to those in other efforts by
the author [1], [2], [3]. For comparison with other literature on necessary conditions for
boundary control problems the works [13], [14] are most closely related to the present
paper. In particular, Theorem 1 includes and refines the results of [13].

The following notation will be used in the sequel. Given a real Banach space E, and
[0, T] a real interval, we shall denote by L?(0,T;E), 1=p=co the space
of all p-integrable E-valued functions on ]0, T[ and by C([0, T]; E) the Banach
space of all continuous functions from [0, T'] to E. By C,, ([0, T]; E) we shall denote
the space of all functions continuous from [0, T] to the space E endowed with the
weak topology.

Given a lower semicontinuous convex function ¢ : E > R =]—00, +00] we shall
denote by d¢(x) € E' ( E’ is the dual space of E) the set of all subgradients of ¢ at x, i.e.,

1.7 dp(x)={x*eE";o(x)=o(y)+(x* x—y) for all y € E}.

If ¢ is Giteaux differentiable at x, then d¢(x) consists of a single element, namely the
gradient Vo (x) of ¢ at x. The mapping d¢ : E - E' is called the subdifferential of ¢. If f is
alocally Lipschitzian function on the real axis R, the generalized gradient of B, 3B (in the
sense of Clarke [6]) is defined by

(1.8) 9B(r)=conv{yeR;y=1im B'(r.)}, reR,

where VB = B’ denotes the ordinary derivative of 8. For other concepts and results in
convex analysis relevant to this paper we refer the reader to [4], [5], [8], [12].

Let k, r, s be real numbers. We shall denote by H*(Q), H k), H*(Q) and H™ ()
the usual Sobolev spaces on Q, I, Q and I, respectively (see, e.g., [10, p. 14]). By L*(Q),
L*(I), L*(Q) and L*(Z) we shall denote the corresponding spaces of square integrable
functions. Finally we shall denote by W(Q) the space of all functions ye
L*(0, T; H'(Q)) such that (d/dt)y e L*(0, T; (H'(Q))). (Here (H'(Q)) is the dual
space of H'(Q) and dy/dt denotes the derivative of y(t) in the sense of (H 1(Q))'-valued
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distributions on ]0, T[.) W(Q) is a Banach space with the natural norm

ay|

dt
and it is well known that W(Q) < C ([0, T]; L*(2)), algebraically and topologically.

2. The boundary control system. Let ) be a bounded and open subset of R™ with
a sufficiently smooth boundary I'. We shall assume that I'" consists of two smooth and
disjoint parts I'; and I',, where meas (I';) > 0 (except for the case N =1 and Q =]a, b[
when I'y ={a} or I, ={a}U{b}).

Let A be a second order differential operator on Q of the form

2

(1.9) Iyl = Uylizo.r: mi@n+ R s
L20,T; (H'(@))

Ay = - 'Zl (aii(x))’xi)x,» +a(x)y9

L=

where a; € C'(Q), a € L*(Q), a; = a;; for all i, j and, for some w >0,

N
a=0, Y aitgi=|¢é ae.onQ, £eR"
1

ij=
(Here y,, denotes the partial derivative of y with respect to x.)
For yoe L*(Q) and v; € L*(3,), i =1, 2, consider the system
ye+Ay=0 in Q,
d

2.1) a—y+Bi(y)3v,~ iny, i=1,2,
14

y(x, 0)=yolx) xe€Q,

where y, stands for the partial derivative dy/dt while dy/dv is the outward normal
derivative associated with A.

Here B;,i=1,2 are two maximal monotone graphs in R X R which satisfy the
conditions

(2.2) B:(0)30, i=1,2.

Let us now give a precise meaning to system (2.1).
DEeFINITION 1. A function y € W(Q) is a solution to (2.1) if there exist functions

wie L*(2,), i =1, 2, such that
(2'3) W,'(O', t) € B-(Y(O', t)) a.c. (0'9 t) € 2,’, i = 19 2

and

T 2
(2.4) —J Ythxdt“"j a(y,«)dt + % I (wi-v,-)xdtrdt=J- yo(x)« (x, 0) dx,
Q 0 i=1J3; [9)

for all k € W(Q) such that «(x, T)=0. Here a:H (Q)xH 1(O.)—>R is the bilinear
functional

N

(2.5) a(y,z)= Y L (@ijyxzx, +ayz) dx, y, ze H(Q).

Lj=1
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Condition (2.4) can be equivalently defined as

2
20,0 +abO, 9+ 3 [ w-o)pdr=0 ac.rel0, TL
i=1Jr,

(2.6)
Y(O) =Yo,

foralye H 1(Q). Here (-, -) is the usual inner product in L*(Q), and will be also used to
denote the pairing between H Q) and (H'(Q))..

Let p be a Cg -function on R satisfying p(r) >0 for re ]-1, 1[, p(r) =0 for |r|> 1,
p(r)=p(=r) for all re R and [*, p(r) dr = 1. We define, for £ >0,

0

@.7) Bi0=[ Bur—colp(®)ds, i=1,2, reR
where
(2.8) Bi(N=e‘r—(1+eB)'r), i=1,2.

It should be recalled that 8; are monotonically increasing infinitely differentiable
functions. Moreover, 87 are Lipschitzian with Lipschitz constant ¢, and in a certain
sense which will be explained below they approximate B; for ¢ » 0.

For each ¢ >0 consider the approximating system

y.+Ay=0 in Q,
0y | e . ,
(2.9) a_+Bl(y)=Ul lnzi’ l=13 2,
14
y(-,0)=yo in Q.

Let o, : H'(Q) > (H'(Q))' be the operator defined by

2
(2.10) oy, 0)=aln )+ X [ Biwdo, v ueH' O,

and let fe L*(0, T; (H'(Q))') be given by

2
2.11) (F0,0=3 [ vwds, weH'Q)
Then, in the sense of Definition 1 (see (2.6)), (2.9) can be written as
Dscty=s,  telo,T,
(2.12)
y(0) = yo.

Since &, is continuous, monotone, coercive and sublinear from H'(Q) to (H'(Q)),
according to a standard existence result due to Lions (see, for instance, [4, p. 64]), (2.12)
(and therefore (2.9)) has a unique solution y, € W(Q).

Letji:R->R,i=1,2be two convex and lower semicontinuous functions such that
8j; = B; (it is well known that such functions always exist).
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PROPOSITION 1. Let yoeLz(Q) and v;e L*(Z,) be given such that ji(yo)eLl(Q),
i =1, 2. Then the system (2.1) has a unique solution y € W(Q). Furthermore, for ¢ >0,

ye=>y strongly in C([0, T); L*(Q)NL*0, T; H'())
and weakly in W(Q).

(2.13)

There exists C >0 independent of v; such that

2 2
(2.14) IWhwiort % 18Oy =C( X lolere+1)

(If B; are multi-valued we mean by B;(y) the single-valued section w; which occurs in
(2.3).)

Proof. We take the inner product of (2.12) (where y =y, ) with y,, and integrate
over [0, ¢t]. By (2.10) and (2.11) it follows that

t
(2.15) |y Oll2e + L e )i ds = Cloill7zey +lvall72sy + 1), te(0, T],

where C is independent of «.

Next, we take the inner product of (2.12) with 87 (y.). Inasmuch as a (¢, 87 (¢)) =0,
for all ¢y € H'(Q), we find, after some calculations,

2
016) [ itode+ 3 [ B00-0)Bi) dodi = [ jiGodx fori=1,2,
I i=1Js, a
where
if(r)=I Bi(s)ds, i=1,2.
0

Along with assumption (2.2), (2.16) yields

2 2
X 187Gl S C( 3 lolze)+ 1),
and by (2.12) and (2.15) we see that

2 2
(2.17) llyelliviar + z I8 (yellzze) = C( 1+ ~§1 ||v.~||1??(2.»))

where C is independent of ¢.
Now, using (2.12) once again, for £, A >0 we get

lye (£) — ya (t)"iz(ﬂ) +lye - Y/\"iz(o,r; HY(Q))
2
+C ¥ [ (810:)-BL0)0. =) do dr 0.

If we take into account (2.7), (2.8), (2.17) and the monotonicity of B,, the latter implies
by a standard procedure that

(2.18) Iye = yallEqo, 73 L2can +1ye = yallZ20,7: iy = C (e +A).
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Hence y=lim.,oy. exists in the strong topology of L*0, T; H'(Q) N
C([0, T); L*(Q)). In particular, this implies that
ye >y strongly in L*(0, T; H*(I))c L*(3).
and by (2.17) we may assume that

(2.19) Bi(y.)»>w; weaklyin L*(Z;), i=1,2.
According to Definition 1, to prove that y is a solution to (2.1) it suffices to show that
(2.20) w;eBi(y) ae.onX, i=1,2.

For this purpose, we set

zL = Bi(ye — €6).
By (2.7) and (2.19) it follows that on some subsequence ¢ -» 0 we have

(2.21) zi 527" weaklyin L*(Z;x]-1,1)), i=1,2.

On the other hand, since z: € B;((1+¢B;) " (y. —€6)) and by (2.19), (1+£8:) " (y. — £6)
is strongly convergent to y in L (3; x]—1, 1[) we may infer that

z(a, ¢, 0)eBi(y(o,t)) a.e.onX;x]-1,1[.

Along with (2.7) and (2.21) the latter implies (2.20) as claimed. The uniqueness of y is
immediate from Definition 1. To obtain (2.13) and (2.14) we let A tend to zero in (2.18)
and € >0 in (2.17).

Let us denote by K:L*(Z;)X L*(Z,)»> W(Q) the operator defined by
y = K (v1, v2), where y is the solution to (2.1). By K, we shall denote the corresponding
operator associated with (2.9).

PROPOSITION 2. Under the conditions of Proposition 1, the operator K is weakly
continuous from L*(21) x L*(£,) to W(Q) and compact from L*(21) x L*(Z,) to L*(Q).
Furthermore, if for € - 0 the sequence {(v§, v5} is weakly convergent in L*(3,) X L*(Z,) to
(v1, v2), then on some subsequence, again denoted €, one has

(2.22) K. (v}, v3)> K(vy, v2) weakly in W(Q) and strongly in L*(Q).
If (v5, v5) - (vy, v2) strongly in L*(31) X L*(3,) then
(2.23) K.(v§,v5)>K(vy,v2) strongly in C([0, T]; L*(Q))NL*0, T; H()).

Proof. Let {(v],v5)} be a sequence of L*(Z;)xL*(E;) weakly convergent to
(v1, v2). By estimate (2.14) it follows that {y, = K (v, v3)} is weakly compact in W(Q).
Hence, for some subsequence again denoted y,, we have

(2.24) y.—>y weakly in W(Q) and strongly in L*(Q).

As a matter of fact, since {y.} is bounded in L*©, T; H'(Q)) and {dy./dt} in
L*0, T; (H'(Q))) according to a well-known compactness theorem, {y,} is a pre-
compact subset of some L*0, T; H*(Q)) where 3<8 <1.

Thus by the trace theorem we may conclude that {y,} is precompact in L*(Z).
Hence without loss of generality we may assume that
(2.25) y.—>y strongly in L*(Z).
Selecting a further subsequence wé have by (2.14) that

(2.26) Bi(ys)>w; weaklyin L*(Z;), i=1,2.
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Since B; are maximal monotone it follows by (2.25) and (2.26) that w; € B;(y) a.e.on X,
i=1,2. Along with (2.24) this implies that y = K (v1, v,) as claimed.
Now let {(vi, v5)} be such that for e >0

(2.27) vi>v;, weaklyin L*(Z), i=1,2.

Then in virtue of estimate (2.17) we may assume that

j. =K. (vi, v3)>z weaklyin W(Q)

(2.28) , , .

and strongly in L“(0, T; H°(Q)), 2<é<1
and
(2.29) Bi(§.)»w:; weaklyin L*(Z,), i=1,2.

Since the sequence of traces of {K, (v}, v5)} converges strongly in L*(Z) to the trace
of z, arguing as in the proof of Proposition 1 we may infer by (2.29) that w; € B:(z)
a.e.on;, i =1, 2. Hence z is a solution to (2.1) corresponding to v, v, and theréfore
z =K(vy, 02).

If (vi, v3)- (v1, v2) strongly in L*(2,) X L*(Z,), then arguing as in the proof of
Proposition 1 we deduce (2.23). This completes the proof of Proposition 2.

Remark. It must be emphasized that more general systems of the form

ytAy=F inQ,
ay o . ,
(2-30) a_V+Bi(y)avi 1n2is l=1a 2,

y(0)=yo inQ,

where F e L*(Q) and v} € L*(3;), can be put into the form (2.1), where v; = v? —dz/ov
and z € H*'(Q) is the solution to

ZI+AZ =F in Q,
(2.31) z=0 inx,
z(0)=0 in Q.

Since T'; are smooth parts of I and 9z/dv € L*(Z), it follows that the restrictions of dz/d»
to I'; belong to L*(3,) and therefore v; € L*(3;), i = 1, 2. Thus Propositions 1 and 2 are
applicable and therefore their conclusions remain true for general systems (2.30).

3. The main results. We shall study the following control problem:
Minimize

(3.1) L h(x, Dy (x, £) = ya(x, ) dx dt +¢1(u1) + 2 (u2) + @ (y(T))

N =

on the class of all ;e U;, i =1, 2 and y € W(Q) subject to state system (1.1).
We shall assume that the following conditions are satisfied.
1° U, i =1, 2 are real Hilbert spaces with norms |- ||; and inner products (-, - ).
2° The functions ¢;: U;> R =]-00, +0], i=1,2 are convex, lower semicon-
tinuous and s +00.
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3° The function ¢ : L*(Q}) > R is convex and continuous on L*(Q).

4° he L™(Q) and y, € L*(Q) are given; h =0 a.e. on Q.

As regards the control systems (1.1) we shall assume that

5° A is the elliptic symmetric operator presented in § 2 and B, i =1, 2, are two
maximal monotone graphs in R X R which satisfy condition (2.2).

6° B;:U,~>L*3,), i=1,2, are linear continuous operators.

7° f;e L*(%)), i =1, 2, and yoe L*(Q) satisfies the assumptions of Proposition 1.

The solution to (1.1) is meant in the sense of Definition 1, and, according to
Proposition 1, under our assumptions for every pair (u;, u,)€ U; X U, the control
system (1.1) has a unique solution y € W(Q).

We shall say that the state y* € W(Q) and the controls u¥ € U, i =1, 2 are optimal
in problem (3.1) if the infimum of the functional (3.1) is attained for y = y* and u; = u¥.

The first optimality result is given in the case in which B; are single-valued and
satisfy the following condition:

8° The functions B,, i = 1, 2 are monotonically increasing and locally Lipschitzian
on the real axis R. Moreover, there exists C >0 such that

(3.2) Bi(N=C(B:(N|+|r|+1) ae.reR, i=1,2.

THEOREM 1. Let y*e W(Q) and (u¥, u%)e U, X U, be optimal in problem (3.1).
Assume that conditions 1°-8° are satisfied. Then there exists pe
C,.(0, T); L*(Q))NL*O0, T; H L(Q)) with ap/ov e L'(Z) which satisfies, along with y*
and u¥, u3, the system

(3.3) pi—Ap=h(y*—ys) inQ,

(3.4) gi—’+a/3,~(y*)p 30 inX, i=1,2,
3.5) p(T)+3o(y*(T))20 in L*(Q),
(3.6) B¥pieagi(u¥), i=1,2.

Here we have denoted by B¥ :LZ(E,-)—> U; the adjoint of the operator B; and by
p,-eLz(Ei) the restriction of p to X, We have also denoted by d¢; and d¢ the
subdifferentials of ¢, ¢ and by 9B; the generalized gradient of B; (see (1.8)). The
boundary value problem (3.3)-(3.5) must be interpreted in the following weak sense:

T

J'pK,dxdt+J' a(p,x)dt+j ,uIKdadt+j Mok do dt
Q (1] 2T 3.

2

3.7
+I h(y*-—yd)dxdt—j (k(x, T)dx =0
fo} o

for all k € W(Q) satisfying « (x, 0) =0, a.e. x € Q0. Here the functions u; € L*(2;), i =1, 2
and (€ L*(Q) satisfy the equations

(3'8) l"i(a" t) € 831()7*(0-3 t)) a.e. (0', t) € zia l = 1’ 2’
(3.9) C(x)+ae(y*(-, T))(x)50 ae. xe.

It should be emphasized that Theorem 1 covers most of the physical problems
presented in the Introduction. For instance, in the case I'y =I" and 8; = B8 given by (1.5)
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(the thermostat-control problem), (3.4) becomes

—a1p if y* <6,

o =[0,a:]p if y* =6,

b_v= 0 if 91 <y*<6,in 3,
—[0,a2]p ify*=6,,
—ap if y*> 6,.

Now we shall consider the particular case of problem (3.1) where 'y =T"and 8, =8
is given by (1.6). In this case (1.1) reduces to the unilateral problem (see, e.g., [7])

y.+Ay=0 inQ,

d ] .
(3.10) y(—X—Blul—fl)=0, y =0, —y—Blul—fléO in3,
v v
y(0) = yo.

We shall assume that conditions 1°-7° are satisfied (for i = 1), and note that in virtue of
7° we must assume that yo(x)=0 a.e. x € Q.
Under these assumptions we shall prove the following optimality theorem.
THEOREM 2. Let y*€ W(Q) and u¥ € U, be optimal in problem (3.1) with state
system (3.10). Then there exists p € C,, ([0, T]; L*(Q))NL*(0, T; H'(Q)) with dp/ov e
M () which satisfies, along with y* and u¥, the system

(3.11) pi—Ap=h(y*—ys) inQ,

(3.12) (2—5) =0 ae. in{o, NeZ; y*o, £)>0},

a *
(3.13) p=0 a.e.{(o-,t)eZ;y*(O',t)=0}ﬂ{(a,t)eE,Blui‘—-a—);}——f1>O},

(3.14) p(T)+dp(y*(T)30 inL*(Q),
(3.15) Bi(yop) € d¢(ut).

Here (dp/dv), denotes the absolutely continuous part of the measure dp/dv € M (Z)
and M (2) in the space of 41l bounded Radon measures on X. In (3.15) we have denoted
by yop € L*(2) the trace of p at 3.

Postponing the proofs of these theorems until §§ S and 6 we shall discuss now a

particular case of Theorem 1. We shall consider the following special case of problem
(3.1):

(3.16) h=0, U=L*0,T;%), B;=1I i=1,2,
(3'17) ‘!’i(ui) =j gi(o" ui(o-, t)) dO' dt’ u; € lJi, i= 1’ 2’
3
where g;:I'y X R - R is defined by
( r)_{O if |r|=p,
8180 +00 otherwise,

and g,: I', X R > R is a normal convex integrand on I'; X R [11].
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In other words, we consider the following control problem:
Minimize

(3.18) L g2(0, us(o, 1)) do di + @ (y(T))

onallye W(Q) and (u1, us) € L*)XLA(Z,), subject to (1.1) (where U, and B; satisfy
(3.16)) and to the control constraint

(3.19) lui(o, t)|=p ae. (o,1)e3;.

In addition to the assumptions of Theorem 1, we shall suppose that the boundary I' and
the coefficients of the operator A are analytic and

(3.20) 0€ap(y*(T)).

COROLLARY 1. Let y* and u¥, u? be optimal in problem (3.18). Then uf is a
bang-bang control on 24; i.e.,

(3.21) luf (o, t)|=p a.e.(o,t)eZ;.

Proof. Since Theorem 1 is applicable in the present situation, it follows by (3.6) (for
i=1) that

(3.22) u¥(o,t)epsgnplo,t) ae. (o, t)e3.

where sgn r =r/|r| for r #0 and sgn 0 =[-1, 1].
Now let

3o={(o, t)eZ1; p(o, t) =0}

By (3.4) we see that dp/dv =0 a.e. on Xy. Then by a well-known result due to Mizohata it
follows that m(Zo) =0 unless p =0 (m denotes Lebesgue measure). Since by (3.5) and
(3.20) p= 0, we may infer that p #0 a.e. on X;. Then by (3.22) it follows that (3.21)
holds, thereby completing the proof.

4. The approximating control process. Let y*e W(Q) and (u¥, u%)e U, x U, be
optimal in problem (3.1).
For & >0 consider the following optimal control problem:

Minimize
1 2 2 1 * 2

4.1) 3 L hly =yal"dxdi+ T W) +5luf ~ulli +e. (3(T)
over all ye W(Q) and u; € U,, i =1, 2, subject to the state system

yt+Ay =0 in Q,

0y | e . .
4.2) 5—+B,~(y)=Biu,-+f,~ inX, i=1,2,

14

y(0) = yo.

Here ¢ :U; >R, i=1,2 and ¢. : L*(Q) > R are defined by (see, e.g., [4 p. 107])
2

(4‘3) wie(u)=inf{%+wi(v);ve Ui}’ i=1a 2a

(4.4) ¢.(y) =inf {HY;%+¢(Z);ZGL2(Q)}.
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Now let
1
F,(uy, us) =5.[ h|K.(Biui+ f1, Bauz + f2) — yal|* dx dt
Q
2 1, . s
(4.5) +‘§1 (‘//ie(ui)+§”ui —uill?)
+ @ (K (Biuy + f1, Boux + 2)(T))
and
1
F(uy, uy) =§j h|K (Biui + f1, Boua + f2) — ya|* dx dt
(4.6) N

2
+ Z.l Uie (u:) + @ (K (Bruy + f1, Bous + 5)(T)),

where K, : L*(Z,) X L*(Z,) > W(Q) and K :L*(21) X L*(2,) > W(Q) have been defined
in § 2.

In terms of F,, problem (4.1) may be written as

4.1) min {F, (u1, uz2); ur€ Uy, us € U},
while by (3.1) we have
4.7) F(uf, u¥)=min {F (u1, uy); ur€ Uy, u€ Uy}.

Since the functions ¢, and ¢, are weakly lower semicontinuous and by Proposition
2 the operator K, is weakly continuous, we may infer that the functional F, is weakly
lower semicontinuous on U; X U,. Hence problem (4.1) (equivalently (4.1)") has
at least one solution (y., Uie, Usz.)€ W(Q)X U; X U,. On the other hand, since
the functions ¢, i = 1, 2 and ¢, are Fréchet differentiable on U; and L*(Q)) respectively
(see, e.g., [4, p. 107])), it follows by a standard device that there exists some function
p. € W(Q) which, along with y. and u} satisfies the following system (the Euler—
Lagrange system associated with problem (4.1)):

(pe)t_Apls:h(YE—'Yd) in Qa
ape ENI . .
(48) P +(Bl)()’s)ps=0 lnE;, l=1,2,
14
Pe(T)+3¢.(y.(T))=0 in Q,
(4.9) Bipe; =i (u¥)+ue —u¥ in%, i=1,2,

where p.; is the restriction of p. to L*(2,). The solution p. is meant in the sense of
Definition 1, and the symbol (p.), € L*0, T; (H'(Q))) is used for the derivative of p, in
the sense of (H'(Q)) - valued distributions on 10, TT.

LeEMMA 1. For € >0 one has

(4.10) ui.>uf stronglyinU, i=1,2,
ye>y*  weakly in W(Q)

(4.11) ) . 5
and strongly in L~(0, T; H (Q)) N C([0, T]; L*(XY)),

*
4.12) B%(ye)~ fi— Bu* —%y; weakly in L2(3,), i=1,2.
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Proof. We have

1 2
Fulte uz) S5 | hle, = yalf dedi+ T diow?) +u(z(T),
Q i=1

where z. = K. (Byu} +f1, Boui +f2).
According to Proposition 1, we have

(4.13) ze>y* strongly in C([0, T'1; L*()).
Since ;. = ¢; and ¢, = ¢, it follows that
(4.14) lim sup F. (41, u2e) SF(uf, uf).

In particular, it follows that {u;} are bounded in U, i =1, 2. Thus without loss of
generality we may assume that

(4.15) u.->a¥ weaklyin L*(U;), i=1,2.

Then, according to Proposition 2, we have

(4.16) Ye = ¥* =K (Bt +f1, Boti5 +f,) weakly in W(Q)
) and strongly in L*(Q).

On the other hand, since the functions ¢; and ¢ are weakly lower semicontinuous, and
(see [4,p. 107])

i () = llowic W17 + wi((L+ £3¢) '),

@:(y) = ello@. VT2 + @ (1 +3¢)"y),
it follows by (4.15) and (4.16) that

lim ionf (/,ie(uis)g'\l’i(ﬂ;k), l= 1’ 2’
lim inf @, (y.(T) Z @ (F*(T)).

Along with (4.7) and (4.14) the latter imply (4.10). Finally (4.11) and (4.12) follow from

Proposition 2, thereby completing the proof.
LEMMA 2. There exists C >0 independent of € such that-

4.17) lpe Ollc2 + | pellLzo.m; 1@y = C, tel0, T,
(4.18) [ 1styoopldeaisc  i=12,

=
(4.19) I(pe)ell 20,73 @y = C.

Proof. Without loss of generality we may assume that p, is a regular solution to
(4.8), i.e., p.e H »2(Q). Then multiplying equation (4.8) by p. and integrating on
Q,=Qx1t, T[, by the Green’s formula, we have

T
%“Ps (t)”iz(ﬂ) + j a(psa pe) ds
t

(4.20)
=3pe(T)lI720 + L hly. —yal|pc|dxdt,  te[0, T].
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Let { be a C! approximation of the function sgn. We multiply (4.8) by ¢(p.) and
integrate over Q. Using once again the Green’s formula and letting { tend to sgn, we get

2
@20 % [ B)Cpldodr = [ Kly-yd dede+ [ Ip.te Tl d.
3 Q Q

On the other hand, since y.(T)-> y*(T) in L*(Q) and

9@ (Yl L2y = inf {lwll 2y w € 3 ()}

it follows by (4.8) that { p. (T')} is bounded in L*(€2). (Here we have also used the fact that
d¢ is locally bounded on L*(Q2).) Then by (4.20) and (4.21) we get (4.17). Next by (4.8)
we get estimate (4.19), thereby completing the proof of Lemma 2.

It follows by (4.17) and (4.18) that {p.} is precompact in L*(0, T'; H®({2)), where
3<8<1. Hence there exists p e L*(0, T; H'(Q)) with p. € L*0, T; (H'(Q))' such that
for some sequence ¢ - 0 one has

p.—>p weaklyin L*(0, T; H'(Q)),
(4.22) strongly in L*(0, T'; H®()),

weak star in L0, T; L*(Q)),

(4.23) (pe)e~>p:. weakly in L*(0, T; H ().

Here p, denotes the derivative of p(¢) in the sense of (H'(f2))'-valued distributions on
10, T[. Then it follows that p(¢) is absolutely continuous from [0, T'] to H (), and by
(4.22) we see that p(¢) is weakly continuous from [0, T'] to L*(Q), i.e., p € C,,([0, T];
L*(Q)).

In particular, we may infer that

(4.24) p.(t)>p(t) weaklyin L*(Q) for every te[0, T].

Since {9¢. (y.(T))} is bounded in L*(Q) and y,(T)- y*(T) strongly in L*(Q), it
follows by (4.8) that

p(T)+de(y*(T))0 in L*(Q).
Next by (4.22) and the trace theorem it follows that

(4.25) pe~>p strongly in L*(3),
which along with (4.9) and (4.10) implies
(426) B:kp, € at//i(u?‘), i= 1, 2,

where p; is the restriction of p to ¥, i = 1, 2. Finally, it follows by (4.18) that there exist
two bounded Radon measures w, € M(Z;) on X;, i =1, 2, such that

(4.27) (BY) (ye)pe > mb weak starin M(Z;), i=1,2.
Thus, letting € tend to zero in (4.8), we see that p is a solution of
pi—Ap=h(y*—ys) inQ,

9 .
(4.28) 5§+u;,=0 ins, i=1,2,

p(T)+o@(y*(T))30 in Q.
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Equation (4.28) must be interpreted of course in the following sense (see (3.7)):
T 2 .

I pK,dxdt+I a(p,k)dt+ Y j upK do

. Q 0 i=1Js,

(4.29)

+I h(y* = o)k dx dt—I e, T) dx = 0.
Q Q

for all k € C*(Q) such that k(x, 0) =0, x € Q. Here ¢ is an element of L*(Q) satisfying
(3.9).

Summarizing, we have proved the following intermediate result:

PROPOSITION 3. Let y*, u¥, u¥ be optimal in problem (3.1). Then under assump-
tions 1°-7° there exists a function

pe C.([0, T; LX(Q)NL*0, T; H'(Q),

with p,e L*(0, T; (H"(Q))"), which satisfies the system (4.28) and (4.26). Moreover, p is
the limit in the sense of (4.22), (4.23), (4.24), (4.25) and (4.27) of the sequence {p.} of
solutions to (4.8).

5. Proof of Theorem 1. We begin with a technical result concerning generalized
gradients. Let 8 be a locally Lipschitzian function on the real axis and let 8° be the
function defined by (2.7), i.e.,

(5.1) B"'(r)=J B:(r—€06)p(0) db, reR, &£>0,
where B, = 8—1(1 -1+ sﬁ)—l).
By 38 we shall denote the generalized gradient of 8 (see (1.8)).
LEMMA 3. LetE be alocally compact space and let v be a positive measure on E such
that v(E) <. Let {y.}<= L'(E) be a sequence such that, for € >0,

(5.2) ye>y strongly in L'(E),
(5.3) (B°) (ys)»>g weaklyin L'(E).
Then

(5.4) g(x)edp(y(x)) wv-a.e.xeE.

Proof. By LI(E ) we have denoted the space of all real-valued v-measurable
functions y(x), defined v-a.e. on E, such that |y(x)| is »-integrable over E.
Selecting a subsequence of {y.} we may assume that

(5.5) ye(x)>y(x) v-a.e.xeE.
Next, by (5.3) and the Mazur theorem, it follows that

(5.6) g= }3_1)130 gm strongly in L'(E),

where {g..} = L'(E) are of the form
(5.7) gmn= X al, (B (ve,)-

j€lm

Here I, is a finite subset of natural numbers in the interval [m, o[ and o}, =0,
Yjer, @m = 1. According to (5.6) we may also assume without loss of generality that

(5.8) gm(x)>g(x) v-a.e. xekE.
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We fix x € E such that (5.5) and (5.8) hold, and consider a sequence {z, } of real numbers

such that B'(z,) exist and z, - y(x) for n > 00. We set y; = y,,(x) and notice that by (5.1)
we have

(5.9) @) =er [ Buly—e)e'(6) do.

On the other hand, we have

B(z))=B((1+£,8) " (y;—£8)) +B'(z))(z;— (1 +£;8) ' (y;—£;6))
+w;(0)(z;— (L +¢;8) " (y;—£;9)),
where w;(8) >0 for §; = z;— (1 +¢;8) ' (y; — £;6) > 0. Along with (5.9), the latter yields

B (y) =B'(z)~B'(z) j B.,(y,— &,0)p'(8) d6
(5.10) -

e[ )z -1+ e8) (- e0))0'(0) do.
Since B is locally Lipschitzian, it follows by (5.5) that B.,(y; —€;8) - B(y(x)) uniformly
in @ on[-1,1].
On the other hand, z; can be chosen sufficiently close to y; in such a way that
ly; — zil
£j
Thus §; > 0 for j» 00, and (5.10) yields
I(B%Y(y))—B'(2))| >0 for j>co.

Along with (5.7) and definition of 88, the latter yields g(x) € 08 (y(x)) as claimed.
Now we continue the proof of Theorem 1 by observing that, by condition (3.2),
after some calculations involving (5.1), we have the estimate

(5.11) BYW=C(BIWI+lyl+1), i=1,2, yeR,

where C >0 is independent of .
For each £ >0 and natural number n, we set

E; ={(o,)€Z; ly(o,)|=n},

where y. are defined as in § 4.
Let {y.}<= W(Q) and {p.} = L*(0, T} H'(Q)) be the sequences defined in § 4.
Since, as proved in Lemma 1, {8; (y.)} is weakly convergent in L*(),i=1,2and
{p.}is strongly convergent in L*(2), we may infer that the sequence { p.3{ (y.)} is weakly
convergent in L*(3)) for € » 0. Inasmuch as, by (5.11),

(5.12) B e)pel=C(B; (ylpe| +|yelpe| +lp) ae.on3, i=1,2

we may infer that the family {(87)'(y.)p.} is equicontinuous and bounded in L',

i =1, 2. Thus by the Dunford-Pettis criterion {(87)'( ye)D.} is weakly compact in L'(Z).
Then by (4.27) we see that u, eL*(3;) and

(5.13) (B (ye)pe>mp weakly in L'(Zy).

On the other hand, it follows by (4.11) that {y.} is strongly convergent in
L*0, T; H*(D)) for £ > 0.

>0 forj—»o0.
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Thus, selecting a subsequence if necessary, we have
(5.14) Ve(x, > y*(x, 1) ae. (x, )3, i=1,2

and, by Egorov’s theorem, for each n > 0 there exists a measurable subset E L =3, such
that m(Z\E,)=n, {y.} is bounded on E,, and

(5.15) ye(x, t)>y*(x,t) uniformly on E,, i=1,2.
Next, since {(B87)'(y.)} are uniformly bounded on E, we may assume (extracting a
further subsequence) that
(5.16) (B)(ye)>g weaklyin L'(E})
(actually weak star in L™(E i,)). Then by Lemma 3 it follows that

gi(x, )edBi(y*(x, 1) ae. (x,t)eEn i=1,2.
Now by (4.22) and Egorov’s theorem we may assume that p. > p uniformly on E -
Along with (5.15) and (5.16) the latter implies that u, = g;p on E;,. Hence

wp(x ) ep(x, NIBi(y*(x, 1) ae.(x,)eEn

Since m(S;\E%,) can be made arbitrarily small, we conclude that
(5.17) wo(x, ) ep(x, )B:(y*(x, 1)) ae.(x,t)eZ, i=1,2.

Thus the conclusions of Theorem 1 follows by Proposition 3.
Proof of Theorem 2. If B is the graph defined by (1.6) then B(r)=—e""r =
¢ 'inf (r, 0) for re R, and

lfﬁ(r)=z-:—1-|‘_1 (r—e0)p(0)dd, reR,

respectively (we set 8° = (8°)),

gin=c"[  p0)do.

€

Hence

IYaBs(ys)ps “PeBE(Ye)l =

b [ o0 do
€ Ve

éeIBE(ye)pel.
On the other hand, arguing as in [1], [2] we find that

(6.2) 1B (yo) =2¢1B° (ye)pe|(Le + € 7 Myelye) ae.onZ,
where
0 ifly.(o, t)|>e,
E ’t =
Ll 1) {1 if|ye(o, 1) =¢,

and

0 ify.(o,t)>—¢,
1 ify. (o, t)=—e.

Ye (o, t)={

Inasmuch as by (4.12), {8°(y.)} is bounded in L*(2), and by Lemma 2{B°(y.)p.} is
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bounded in L'(X), we see by (6.2) that on some subsequence £ > 0 we have
(6.3) pB°(y:)>0 a.e.on3.

On the other hand, we know that B°(y.) > Byuf —f,—dy*/ov weakly in L*(Z) and
. = p strongly in L*(Z). This implies that the sequence {p.8° (y.)} is weakly convergent
in L'(2) to p(Biuf —ay*/av —f1). Now by (6.3) it follows that

*
(6.4) p(Blu;k —%— f1> =0 ae.onZ,

and therefore
pB°(y.)>0 strongly in L'(3).
Then by (6.1) we see that

6.5) YeB°(ye)p. >0 strongly in L'(Z).

Next, by Egorov’s theorem, for each n > 0 there exists E,, a measurable subset of 2 such
that m(2\E,) =, y. » y* uniformly on E,, and y* is continuous on E,,. Along with (6.5)
the latter yields

(6.6) lin(l) y*B°(y:.)p =0 strongly in L'(E,)):
Denote by E,, s the following subset of X:
E,s={(o, t)e E,; |y*(o, t)| = 8}.

Next, by Proposition 3, it follows that there exists a measure w € M (Z) such that
(see (4.27))

(6.7) peB°(y.)>u weak star in M(2).

Let u = (u)a + ()5 be the Lebesgue decomposition of u into the absolutely continuous
part (u), and the singular part (u),. By (6.6) and (6.7) we see that w =0 on E,, 5. By the
definition of singular part we deduce that the support of (u), is concentrated in
E,N{(o, ) eX; y*(o, t)>0}. Since m(2\E,)-> 0 for n > 0, we may conclude that

(w)a=0 on{(a,1); y*(o, t)>0}.

Along with (4.26), (4.28) and (6.4), the latter completes the proof of Theorem 2.
Remark. Let us consider problem (3.1) with the state system

y:+Ay=0 inQ,

<]
Y(a_l}/i+30()’)‘31u1“f1>=0, y =0,

(6.8)
ay .
£+30()’)_B1u1 —f120 inZ,
y(0)=1yo

where u;€ U; and A, B1:U1—>L2(2), f1, yo satisfy conditions 1°-7°. Here Bo is a
differentiable, monotonically increasing Lipschitzian function on R. System (6.8) can be
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written in the form (1.1) where I'y =T and

Bo(r) if r>0,
(6-9) Bl(r) = ]—w, O] ifr= O,
%] if r <O0.

The prototype of this problem is the enzyme diffusion problem (1.4). In order to obtain
necessary conditions for optimality in this case, it is more convenient to replace the
approximating system (4.2) by

yi+Ay=0 in Q,
d

(6.10) £+ﬁ0(y)+ﬁe(y)=B1u1+f1 in3,
y(0) = yo.

Obviously, Lemmas 1, 2 as well as Proposition 3 remain valid and p. is in the case the
solution to

(pe)t_Ape=h(YE_yd) irlQ,
p. , ey )
(6.11) ai"‘ﬁo()’e)Pe"’(B)(Ya)Pe:O in3,

Pe(T)+ 3¢ (y:(T))=0.
Then passing to the limit we have from the preceding proof that p is the solution to

pi—Ap=h(y*—ys) inQ,

(6.12) (g%) +Bo(y*)p=0 a.e.in{y*>0},

a *
p=0 on{y* =0}ﬂ{B1u’1k —gyy—"ﬂf)(y*)l’_fl>0}-

with (3.14) and (3.15) still satisfied.
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THE CIRCLE CRITERION AND THE L° STABILITY OF FEEDBACK
SYSTEMS*

S. MOSSAHEB*

Abstract. It is shown that under certain mild assumptions the circle criterion of Sandberg and Zames
implies the L” stability of a broad class of linear time-varying feedback systems for 1 = p =0, Moreover,
it is proved that if the input to the feedback configuration tends to zero then so does the output. The
results are extended to the case of certain open-loop unstable systems as well as sector bounded nonlinear
feedback gains. Finally it is pointed out that all the results apply to any system whose open-loop transmittance
is given by a finite dimensional linear time-invariant element with a strictly proper rational transfer function.

1. Introduction. Nonlinear equations of the form

t
M £ =)= [ gt=s)n(s, x(5)) ds

0
arise in the study of many control systems. For example, the input-output equation
defining the feedback connection of a linear time-invariant system with impulse
response g and a time-varying nonlinearity with characteristic n(¢, x(¢)) may be written
as

t
@) x(0)= (g »u)0)= [ g(t=s)n(s, x(s)) ds,
which is a particular form of (1).

A celebrated L? stability theorem for (1) is the circle theorem of Sandberg and
Zames [7], [11], [12]. Using the technique of exponential weighting Zames has
obtained an L™ stability result in the case when e“g(¢f)e L' N L? for some a >0 and
has given a criterion based on the shifted Nyquist diagram of g [13]. On the other
hand, Sandberg has shown that if (1 + t)? gt)e L' N L? then the circle criterion in itself
gives the L™ stability of (1) and the shifted Nyquist diagram of g need not be used.
He has also shown that under the same conditions if f is bounded and tends to zero
then so does any solution of (1) [8], [9].

Our aim is to prove some L stability theorems for (1) under somewhat weaker
conditions. Using the notion of the resolvent kernel of Volterra integral equations,
we prove that if in (1) n(s, x) = k(s)x, i.e., the case of linear time-varying feedback
gains, then the assumption (1+t)g(t)eLlﬁL2 together with the circle condition
implies L? stability of (1) for all p, 1=p =00. Moreover, if p=2 and fe L’ tends to
zero then so does x. We then use this result to prove that under the same assumption
on g the satisfaction of the circle criterion implies the L” stability of the nonlinear
equation (1) for all p=2 and of (2) for all 1=p =oo. If in addition p=2 and feL’
tends to zero, then so does any solution x of (1). The above results will be extended
to accommodate a class of open-loop unstable systems which includes all finite
dimensional systems with strictly proper transfer functions.

2. Notation and background material. .
2.1. The Laplace transform of a function f on [0, ) is denoted by f. We shall
write A, for the set of functions g on [0, o) such that (1+¢)g(t) eL'NL? Similarly,
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A, is the set of those functions g on [0, ) such that g =g, + g, where g€ A; and
g» is such that its Laplace transform is a strictly proper rational function. We write
N for the set of functions n (¢, x) defined and measurable on R, XR such that n is
continuous in x for almost all ¢. N(a, b) is the subset of N consisting of those »n such
that a =x'n(t, x) < b for x # 0 and almost all ¢.

2.2. For ease of reference we state the following version of the circle criterion
[6, p. 302]. Let g L'(0, ) and n € N(a, b). Let

3) 7=b;asgp

gim(1+25%m) |

If ¥ <1, then whenever f is locally square integrable so is any solution x of (1) and
for any T >0 |x||=c(y)|/fll, where c(y) depends only on y and |-|| is the norm in
L*©, T). In particular, if feLz(O, o0) then any solution x of (1) is in L? and lxll.=
(NI

2.3. Resolvent kernels. For a concise account of the following results the reader
is referred to [6, Ch. iv]. Let a(t, s) be a locally integrable function on Ry X R, such
that a(¢, s) = 0 whenever s > t. The formal resolvent equation associated with a(t, s) is

(4) rit,s)=—a(ts) +J r(t, u)a(u, s) du.

It is easily seen that (¢, s) =0 if s > ¢. It may be proved that, when a(t, s) = g(t —s)k(s)
with geLl(O, 00) and k € L*(0, ), the above equation has a unique solution r(, s)
which is locally integrable and also satisfies

(5) r(t, s)=—a(t,s) +J'ta(t, u)r(u, s) du.

The function r above is called the resolvant kernel of a (¢, s). If a(¢, s) has a unique
locally integrable resolvent r(t, s), then the equation

()= f(t) + j a(t, $)x(s) ds

has a unique solution in x which is given by
t

(6) x(t)=f(t) -—J‘ r(t, s)f(s) ds.
0

The above property of the resolvent is reminiscent of that of the state transition matrix
R(t, s) of the differential equation x = A(f)x in the sense that the solution of x =
A(t)x +f(t), x(to) =xq iS

x(t)=R(t, to)xo+j R(t, 5)f(s) ds

to

(see, e.g., [1, Thm. 1, p. 40)).

2.4. We shall need the following result, known as Young’s inequality [10, p. 178].
Let p, q and r be not less than 1 and 1/g=1/p+1/r—1. Then if geL" and feL”
then g * fe L? and ||g * fll; =||gl- fll,- In particular, if g is integrable then g * fe L for
all 1=p=coand fe L’ and|lg * fll, = |igllll fll,-
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2.5 [5,p. 141]. Let ¢(¢) be a real-valued measurable function on (0, ©) such
that p(0)=1and 0= (t1 + )= (t1)d(t)). Let L(¢p) ={f: fd € L"}. Then, with convol-
ution as multiplication and under the norm ||f||= [5 |f(¢)|¢(¢) dt, L(¢) is a commutative
Banach algebra. Let A(¢) be the algebra obtained from L(¢) by joining a unit to it.
Every element of A(¢) may be written in the form ¢8 +f, where § is the Dirac unit
mass at the origin, ¢ is a real number and fe L(¢). Let wo=lim . ¢~ ' log ¢ (t). Then
wy exists, and if 7 € A(¢) a necessary and sufficient condition for the existence of an
inverse in A(¢) for h is that inf {|{4(z)|: Re z = wo}>0.

3. L” stability of linear time-varying systems. Consider (1) with the following
assumptions.

(H1) n(s, x) = k(s)x, where k € L*(0, c0) and there exist two constants a and b
such that a = k(s) = b for almost all s.

(H2) ge A; and with y as in (3) we have y <1. Note that in view of (H2) the
conditions of the circle criterion are satisfied. We have the following theorem.

THEOREM 1. If in (1) (H1) and (H2) hold, then for any p, 1 =p = the linear
map f - x is bounded on L” so that there exists a constant c, independent of f and x
such that |x||, = ¢, | fll,-

 Proof. Let a(t,s)=—g(t—s)k(s) and let r(¢, s) be the resolvent kernel of a(t, s).

By §2.3, r(t, s) exists as a unique locally integrable function on R, X R, and (1) has
a unique solution given by (6). It follows, therefore, that the map f - x is a well-defined
linear map, and it suffices to show that the map (77)(¢) =If) r(t, s)f(s) ds is bounded
on L. Now, as is well known [2, pp. 109-112], T is bounded on L' if and only if
ci=sup; fo |r(t,s)|dt<o, and T is bounded on L* if and only if ce=
sup, g |r(t, s)| ds <oo. Suppose for the moment that both ¢; and c« are finite. By a
well-known interpolation theorem of Marcinkiewicz [10, p. 183], it follows that T is
bounded on L” for all p, 1 =p =00 and the result follows (cf. [2, pp. 109-112]). The
proof of the finiteness of ¢; and ¢« is given in the following two steps.

Step 1. ¢;<00. In (5) let a(t, s)=—g(t—s)k(s) and ¢t =s +v. Since g(v) and k(s)
vanish for v <0 and s <0 respectively, we have r(s + v, s) =0 for v <0 or s <0. Thus,

without loss of generality we may assume that v 20 and s =0. A simple change of
variable in (5) gives

r(s+v,s)= g(v)k(s)—jov go—uw)k(s+u)r(s+u,s)du.

Fix s=0 and let R(v)=r(s+v,s), ko=k(s) and K(u)=k(s+u). From the above
equation we have

™ R(v)= kog(v)—jo g0 — 1)K ()R () du.

From (H1), (H2) and § 2.2 we have R € L*(0, ) and |R|l. = c(y)|ko|llg|l., where c(y)
is independent of s. Let S(v)=(1+v)R(v). On multiplying (7) by 1+ v and noting
that 1+v=1+u+v—u, we have

®) S(v)=h(v>—j0 o0 —w)K (u)S(u) dus

where

) h(v)=ko(1+v)g(v) —r (v—u)g(v —u)K(u)R(u) du.
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By (H2) (1+v)g(v)eL2. Moreover, by the same assumption fg(f)e L', and since
R eL? and K is bounded the integral in (9) is the convolution of an integrable and
a square integrable function. Using § 2.4 a simple calculation gives

Inll.=d(l(1+ g+ IR LN (O,

where d =max (|a|, |b|). From the estimate for ||R|, it follows that ||k|,=M for a
constant M, depending on d, c(y) and g only and independent of s. Now apply the
circle criterion to (8) to obtain S L” and ||S|, = c(y)M. From the Cauchy-Schwarz
inequality we now have

L IR (v)] do =L I(1+0) 18 (0)| do =[Sl S c(y)M.

Thus, R e L' and ||R||; = C for some constant C independent of s. Since r(t, s) =0 for
s >t, we have

J |r(2, )| dt = I |r(s+v,s) dv=C,
0 0

and hence ¢y <00,

Step 2. co<00. This follows in much the same way as in step 1 except that we
use the representation (4) for r(¢, s). Thus, for each ¢ fixed and for 0= v =¢, putting
Ri(v)=r(t, t —v) we obtain

Ri(0) = g(0)k(t=0) ~k(t=0) | g0 =)Riw) du
Similarly, putting S;(v) =(1+v)R:(v) we have
(10) Sl(v)=h1(v)—k(t—-v)_[0 g(v—u)S:1(u) du,

where

hi(v)=1+0v)g)k(t—v)—k(t—v) Lv (v—u)g(v—u)R(u) du.

Now trivial modifications of the arguments in step 1 give a bound C; for the norm
of Ry in L'(0, t) with C; independent of ¢. Since r(t, s) =0 for s >t we have

o] t t
I |r(t, s)| ds =J- |r(t, s)| ds = I |r(t, t—v)| dv =Gy,
0 0 0

so that ¢ = C,. This completes the proof of the theorem.
THEOREM 2. With the assumptions of Theorem 1 let p=2, fe L’ and suppose
that lim,,« f(t) =0. Then lim,.. x(¢)=0.

Proof. By (6) of § 2.3 it suffices to show that I = ]'(', r(t, s)f(s) ds tends to zero as
t->00. Let € >0 be given and choose M >0 such that | f(¢)| = ¢ whenever t =M. Keep
M fixed and for t =M let I =1, +1,, where

M t
I1=I r(t, s)f(s) ds, 12=I r(t, s)f(s) ds.
0 M

With the notation of Theorem 1 |I,|=cwe¢, so that it suffices to show that I; >0 as
t-> 00, To this end consider r(¢, s). By examining the proof of step 2 of Theorem 1,
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we can find two constants D; and D, independent of ¢ such that |R4|| = D; and ||S,4||= D,
where the norms are taken in L(0, ¢). Using these estimates and the Cauchy-Schwarz
inequality in the equation defining h;, we have

|hi(v)| = d|(1+v)g(v)|+dDlltg (1),

where d = max (|al, |5|). The same argument applied to (10) with the above estimate
for A, gives

1S1(0)| = d|(1+v)g(v)|+ dD\|ltg(t)|l. + dD2|g ..
From the definition of S; it follows that
(11) |R1(v)|=d|g(v)|+Ds(1+v)~"

for some constant D5 independent of ¢.
Going back to I;, we have

t

r= [ r o) ds = |

t—

r(t, t—v)f(t—v) dv =I R, (v)f(t —v) dv.
M t—M

Hence, from (11),

Hlsd| |g@Ilfe-vldo+Ds | (140 Ife-0)ldo

If p=2 and q is its conjugate, i.e., 1/p+1/q=1,then 1=q=2.Sincege L'NL?
by [4, Thm. 13.19, p. 196], ge L? for all 1 =q =2. Hence, by Holder’s inequality

|1 = dllgllill fllo + Dall(L + o) el £l

where || ||; denotes the norm in L(t — M, t). As far as g is concerned we have

o

1/q
||g||£,§(I Mlg(v)l"dv) =0(1) ast-»o, 1=q=2.
—

The same sort of estimate applies to |[(1+v)7Y||, if 1<q =2, while if ¢ =1 we have
1 +v) Yi=log (1+1)/(1+t—M)=0(1) as t > . Thus, all the || ||,-norms appearing
in the final estimate for I; tend to zero as ¢ » o0, so that I; > 0. This completes the proof.

Remarks. (i) The idea of multiplying (7) by 1+ v and applying the circle theorem
twice is due to Sandberg [8]. (ii) In step 1 of Theorem 1 it was observed that by the
Cauchy-Schwarz inequality integrability of R follows at once from (1+?)R(f)e
L?. This simple observation has been used to great effect in feedback theory in the
form that if R (jw) and its derivative are in L> then R is integrable. For an interesting
example in assessing stability via multipliers see [3, Lemma 2].

We now extend Theorem 1 to a class of equations with unstable g. In doing so
we shall need the following proposition which is similar to the usual stability criterion
for linear time-invariant systems.

PrROPOSITION 1. Let g€ A, and suppose that §(z) = g:1(z)+p(z)/q(z), where g, €
A1, p and q are relatively prime polynomials in z and deg p <deg q. A necessary and
sufficient condition for the existence of a real number ¢ and an fe A, such that
(86 +f) * (8 +g)=8is that inf {|1 + £(z)|: Re z = 0}> 0. If this condition holds then c = 1
and (5+f)xgeA,.

Proof. If such ¢ and f exist then, since ¢ + f(z) is a bounded continuous function
for Re z =0, the stated condition follows on taking Laplace transforms. To prove the
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converse let n = deg q and let g, be the coefficient of z” in q(z). Write (1+(z)) ' =
hi(z)(ha(2))7", where hi(z)=q(z)(z+1) " =qo+ Q(z)(z +1)™", with Q(z) a poly-
nomial of degree at most n —1 and

h2(z) = (p(2)+q(2) +q(2)g:1(2)(z+1)™"
=qo+(p(2)+ Q(2))(z +1)™" + h1(2)81(2).

Since p and q are relatively prime and g€ L', it follows immediately from the
assumption that inf {|h2(z)|: Re z=0}>0. In §2.5 let ¢(¢t)=1+¢ By elementary
properties of Laplace transforms and since L(1+¢) is an algebra, A»(z) is the Laplace
transform of an element of A(1+¢), and since lim,.« (1/¢) log (1+¢) =0 the inversion
theorem of § 2. 5 leads to the existence of a real number ¢; and ¢; € L(1+¢) such that
(hz(z))' =c +¢1(z) Again by elementary properties of Laplace transforms hi(z)=
qo+ ¢2(z), where ¢oeL(1+¢). Thus, (1+ g(z)) =140 +f(z), where f=
G1+¢r+ ¢ *pre L(1+1¢). By the umqueness of the Laplace transform it follows that
(c1qod +f)*(8 +g) =4, and since (c1q0 +f(z))(1 +£(z))>c1q0 as Re z > 00 we have
c1qo=1.

To complete the proof it has to be verified that (1+7)f(f)e L* and (§ +f) * g€ A,.
From (6+f)*(6+g)=8 we have (§+f)*g=—f, so that it suffices to show that
6+f)*geA..

In general, let xe L(1+¢) and y € A;. Since L(1+1¢) is an algebra under convol-
ution we have x * y € L(1+¢). Moreover,

t t
A+ =y)) = I (t=s)x(t—s)y(s) ds +j x(t—s)(1+5)y(s) ds.
0 0
Each of the above integrals is the convolution of an L' and an L? function, so that
by § 2.4 (1+1¢)(x * y)(t)€ L?, and thus x * y € A;. Going back to (8 +f) * g we have
(B+1) *8) (2)=§(2)1+£(2) " = hs(2)(ha(2)) 7",

where

p(z)  qog(z) Q(z)g:(2)
b= T e T )

The first two terms in h3(z) are the Laplace transforms of two elements of A;, while
the last term is that of the convolution of two elements of A;. Hence, h3(z)= ¢;3(z)
for some ¢p3€ A;. Thus, (§+f) * g =¢3 * (c186 + ¢1) =c1d3+ P3 * P; and since Pp3€ A,
and ¢1€ L(1+1¢) we have (§ +f) * g€ A, as required.

Using the above proposition we can now give an extension of Theorems 1 and 2.

(H3) Let ge A,, and with y as in (3) we have y<1.

THEOREM 3. Suppose that in (1) (H1) and (H3) hold with the further assumptions
that if § has any pole z with Rez=0 then (a+b)/2#0 and inf{1+
((a+b)/2)g(2)|: Re z=0}>0. Then the conclusions of Theorems 1 and 2 hold.

Proof. If g has no poles in the closed right-half plane, then g € A; and by Theorems
1 and 2 there is nothing to prove. Otherwise, let ¢ =(a +b)/2 and K(s)=k(s)—c,
and write (1) as

t

x(t)+c L g(t—s)x(s)ds=f(r) —L g(t—5)K(s)x(s) ds.

By Proposition 1 there exists h€ A; such that (§+h)*(§+cg)=6 and m=
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(86+h)*ge A,. Hence,

t
12) x(t)=(8+h)*f—J- m(t—s)K(s)x(s) ds.

0
Since h€ Ay, we have (§+h) * fe L” whenever fe L?, 1 =p =co. It is now trivial to
verify that the hypothesis of Theorem 1 applies to (12), so that the conclusions of the
said theorem hold. To complete the proof we need only verify that if p=2, feL”
and lim,.« f(t) =0 then lim,.» f1(t) =0, where f; = (6 + k) * f. To this end note that
since he A, we have h(t)=(1+1)""n(¢t) with ne L' N L?. Given &£ >0 choose M >0
such that |f(¢)| <e for t = M. Then

M t
h *f(t)=j A+t—s5)n(t—s)f(s) ds+I h(t—s)f(s) ds,
0 M
so that

M
I F(O|= (L+1 - M)~ j In(t—5)f(s)| ds +ellhls.

As in Theorem 2, since n € L'NL* we have neL? with 1/q+1/p =1, so that by
Holder’s inequality

b+ fOl =1+t =M) " |nlall fllo + el
Thus, & * f(¢) and so f1(¢) tend to zero as ¢ - o0 and the result follows.

4. Application to nonlinear equations. Using the above theorems we can now
prove our promised L” stability results for nonlinear equations of the form (1) and
(2). Assume that the following hypothesis holds.

(H4) n(t, x)eN(a, b).

THEOREM 4. In (1) suppose that (H2) and (H4) are satisfied. Then for any p =2
and any fe€ L’ any solution x of (1) is in L® and there exists a constant c, independent
of f and x such that ||x||, = c,||fll,- Moreover, if lim,. f(t) =0 then lim,. x(¢) =0.

Proof. Since p=2, by [4, Thm. 13.17, p. 196] if fe L” then f is locally square
integrable. The hypothesis implies that § 2.2 is applicable, and hence any solution of
(1) is locally square integrable. Let x be an arbitrary solution. By the above remark
the function k(¢t) = n(t, x(¢))/x(¢) if x(¢) # 0 and k(¢) =0 if x(¢) =0 is well defined, and
in view of (H4) k(t) satisfies (H1). Thus,

(13) x(1) =f(t)—L g(t = 5)k(s)x(s) ds.

Clearly, the assumptions of Theorem 1 hold for (13), so that it has a unique solution
which is x itself. The conclusions of the theorem now follow from Theorems 1 and 2.

The above proof does not apply in the case 1=p <2, for then we have no a
priori knowledge of the existence of local solutions to (1) and so cannot define k(¢)
as in the proof of Theorem 4. If the existence of solutions as locally integrable functions
could be assumed, then the same proof would extend to this case. On the other hand,
we can obtain an L” stability result for a class of nonlinear equations which arise in
the study of feedback systems. Thus, if g is the impulse response of a linear time-
invariant system and n (¢, x) is the characteristic of a nonlinearity, then the input-output
equation for the feedback connection of these two elements is given by

x(t)=(g=*e)t), e(®)=u(t)—n(tx(1),
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where e is the input to the linear system and x is the output of the feedback system.
It follows that x satisfies an equation of the form (2). Using Young’s inequality we
can partially extend Theorem 4 to (2) for 1=p =00,

THEOREM 5. In (2) suppose (H2) and (H4) are satisfied. Then for any 1=p =0
and ueL® any solution x of (2) is in L" and there exists a constant ¢, such that
llxll, = cpllull,. Moreover, if p=2 and lim;. u(t) =0 then lim,. x(t) =0.

Proof. 1f p=2, then geL" and ueL® imply that g xueL?, |lg * ull, =|glllul,
and Theorem 4 applies. Suppose, therefore, that 1=p <?2. Since ge L'NL* by [4,
Thm. 13.19, p. 196] for any r, 1 =r =2, we have ge L". The equation3=1/p+1/r—1
has the solution r=2p/(3p—2) which lies between 1 and 2. Thus, by Young’s
inequality, § 2.4, g * u e L? and ||g * ul,=||g||.|lu/l,- The proof of Theorem 4 may now
be repeated word for word to give the existence of a constant d, such that |x||, =
d,llg * ull, =d,|lglillul, for any solution x of (2). Hence, the theorem holds with
cp = dylglls.

Each of Theorems 4 and 5 has an extension to the class of unstable systems
considered in Theorem 3. The precise statements are given in the following corollary.

CoROLLARY 1. Suppose that (H3) and (H4) are satisfied together with the further
assumptions of Theorem 3. Then the conclusions of Theorems 4 and 5 hold.

Proof. If § has no poles in the closed right-half plane, by Theorems 4 and 5 there
is nothing to prove. Otherwise, with the same notation as in Theorem 3, transform
(1) and (2) to

t

x(t)=(6+h) *f(t)—J m(t—s)N(s, x(s)) ds

0

and

t
x(t)=m * u(t)—I m(t—s)N(s, x(s)) ds
0
respectively, where N (s, x) =n(s, x)—((a +b)/2)x. The required result follows from
Theorems 4 and 5 as in the proof of Theorem 3.

Concluding remarks. (i) The above stability results have the same graphical
interpretation of the circle criterion in terms of the Nyquist diagram of g and the
encirclements of a critical disk [2, p. 141].

(i) When g is the impulse response of a finite dimensional linear time-invariant
system with a strictly proper transfer function, then by elementary properties of the
Laplace transform g € A,. Thus, all the above theorems apply to such systems.

Acknowledgment. We are grateful to the reviewer of the paper for his valuable
comments which have lead to a clearer presentation.
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CORRIGENDUM: THE OPTIMAL STRATEGY IN THE CONTROL
PROBLEM ASSOCIATED WITH THE HAMILTON-JACOBI-BELLMAN
EQUATION*

AVNER FRIEDMANY AND PIERRE-LOUIS LIONS#

It was pointed out to us by Professor L. C. Evans that in this paper, there is a
mistake in the proof of Theorem 1.2 (i.e., the derivation of (2.22) is not justified).
We give here an alternate proof based on the following representation of a solution
of the H-J-B equation (1.5):

Let
é.(t)=0 ifr=0, d.(t)=1 ift=e,
0=ol()=1, ¢. € C” and convex in ¢.
Let
Fe(tl’ t2) =h +¢e(t2_t1)s
Ff—:v(tly t2’ trty, tN)=Fe(tls Fgl_l (t2’ Y tN))'
Obviously
N N
oF .
0= <y, ¥y,
at; at;
FY is convex and increasing in .
Consider
1) FIeV(Alue"fl, Azus—fz,‘ c ,ANuE—fN)=0’

with A; uniformly elliptic. By a recent result of P. L. Lions (Comm. Pure Appl. Math.,
34 (1981), pp. 121-147) and L. C. Evans (to appear) there exists a unique solution
0042

(2) ut>u, Awu->Au

uniformly in compact subsets.
To prove Theorem 1.2 we may assume without loss of generality (as before) that
A; are uniformly elliptic, and

3) Aifnz=c>0 if|x|>R.

(We take f; = 0; otherwise consider u — u;, where Au; = f; in R".) Suppose there exists
an Xxo,

(4) A1!4(Xo)<0, |x0l>R1.
We wish to derive a contradiction with R; sufficiently large. From (2), (4) we get
5 Au(xg)=—a <0

for some small ¢ and large N, o independent of ¢, N. Applying A, to (1) we obtain
(6) YL F()[Ai(Awu)-Afi]20.

* This Journal, 18 (1980), pp. 191-198.
T Department of Mathematics, Northwestern University, Evanston, Illinois 60201
i Laboratoire d’ Analyse Numérique, Université de Paris VI, 4 Place Jussieu, Paris 5°, France.
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Let
z2(x)=Aqu(x)+y|x —xof

and choose y >0 small enough that
g =vAilx —xo|* + A/f; ;% for|x|ZR, |x|ZR,

p large enough that z =0 on 3B, (x,), and R; large enough that B, (xo) < {|x|> R}.
Let

z(yo) = lgn(ixx:)Z(y), Yo€ B,(xo).

Since z(x0) <0, also z(yo) <0, and therefore yo € B,(xo) and
Au(yo)=A1u(xo)=—a.
Notice that

oF B, _
M =1 FY (e )=t =0 HFY T (6, )~ 2
1

Now, from (1) and (5),
¢ (FN HAsu—fa, - )—Awu)=—AuzZa atyo,
and thus for ¢ small enough
FN" Y Ayu—fs, -+ )—Au=e atyo.
It follows from (7) that

%?f(Alu(yo),F”“(Am(yo)—fz(yo),- L)) =0.

Hence (6) gives
(8) ,22 Fi(-)(Aiz—g)=0 aty,.

Since
i C
Aiz(yo) =c'z(yo) <0, _gi()’o)§~§<0,

the left-hand side of (8) is <0, a contradiction.
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ON NECESSARY AND SUFFICIENT CONDITIONS FOR
REGULATION OF LINEAR SYSTEMS OVER RINGS*

E. EMRE®

Abstract. Necessary and sufficient conditions are given for regulation of linear systems over rings using
observers and causal dynamic state feedback systems with the polynomial fractional representation property.
The results are then used to obtain stabilizability conditions for systems over integers, delay-differential
systems, systems over polynomial rings, and to obtain conditions to make a 2-D system nonrecursive.

1. Introduction. Regulation of linear systems over rings has been considered by
several authors. (See Pandolfi [1975], Morse [1976], Sontag [1976], Byrnes [1978],
[1979], Kamen and Green [1980], Emre and Khargonekar [1980], Hautus and Sontag
[1980] and the references therein.) The first solution to the regulation problem using
observers and causal dynamic state feedback for finite free split linear systems over
arbitrary commutative rings was given in Emre and Khargonekar [1980], where a
theory of observers and coefficient assignment by causal dynamic state feedback was
developed. Although the split condition is necessary for regulation via coefficient
assignment, it is not necessary for regulation.

The purpose of this paper is to replace the split condition by stabilizability and
detectability, which are (as we will show) necessary and sufficient conditions for
regulation by observers and causal dynamic state feedback systems satisfying the
fractional representation property (a system (F, G, H, J) is said to satisfy the fractional
representation property if and only if its transfer matrix can be expressed as PQ7,
where P, Q are polynomial matrices such that det Q =det (zI — F)).

Recently the concept of detectability has been extended to systems over finitely
generated algebras by Hautus and Sontag [1980]. In § 2 of this paper we extend the
concepts of stabilizability and detectability to linear systems defined over arbitrary
commutative rings and prove that these are necessary and sufficient conditions for
regulation by using observers and causal dynamic state feedback systems satisfying
the polynomial fractional representation property. (For details of this scheme the
reader is referred to Emre and Khargonekar [1980] and also to § 2.) Then in § 3, we
use the results of § 2 to obtain stabilizability (also detectability) conditions for systems
over polynomial rings, delay-differential systems and systems over integers, we also
obtain conditions which make a 2-D system nonrecursive. We also discuss the fact
that for the first two cases our detectability result is (essentially) the same as that of
Hautus and Sontag [1980].

For general properties and formulations concerning linear systems over commuta-
tive rings, the reader is referred to the survey papers Sontag [1976] and Kamen [1978].

2. Stabilizability and detectability. In this section we introduce some notation
and other preliminaries, and then give necessary and sufficient conditions for regulation
using observers and dynamic causal state feedback systems satisfying the polynomial
fractional representation property, namely, stabilizability and detectability. We will

* Received by the editors October 9, 1980, and in revised form January 9, 1981.

+ Department of Electrical Engineering, Texas Tech University, Lubbock, TX 79409. The initial part
of this research was done when the author was at the Center for Mathematical System Theory, University
of Florida, Gainesville, Florida 32611, and was supported in part by the U.S. Army Research Office under
grant DAA29-77-G-0225 and the U.S. Air Force under grant AFOSR 76-3034 Mod. B through the
Center for Mathematical System Theory, University of Florida.
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first assume that the state is available and concentrate on causal dynamic state feedback.
Then we will explain how the case where the state is not available can be solved using
these results (which concern stabilizability) and using observers (detectability).

Throughout the paper, k denotes an arbitrary but fixed commutative ring with
identity. k” denotes vectors of size p with entries in k. For a given set S, S[z] denotes
polynomials in z with coefficients in S. §°** denotes p X q matrices over S. S((z ™))
denotes formal power series of the form

where [ is an integer and g; is in S. A power series a in S ((z_l)) is causal (strictly
causal) if and only if /=0 (/ >0). 27 S[[z"!]] denotes the set of strictly causal power
series with coefficients in S. For a p X p nonsingular matrix Q over k[z], ko is defined
to be the k-linear module of polynomial vectors x in k°[z] such that Q 'x is strictly
causal (as a power series).

The k-linear maps Il and 1o are defined as follows:

I: k?((z7")» 2z 'k"[[z7']],  x+~>the strictly causal part of x,
Mo: kP[z]~ ko, x> QII(Q 'x).

For a p X r polynomial matrix ® with the ith column ¢;, we define I1o(®) to be
the p X r matrix whose ith column is I1o(¢;). For a k-linear map M : X; -» X,, where
X1, X, are k-linear modules, Im M denotes the image of X; under M as a k-linear
module, and ker M denotes the kernel of M. If P is a p X m polynomial matrix whose
ith column is expressed as

Y; .
pi= ) aiiZ]’
ji=0
where a;,, # 0, we say that P is column proper if and only if a1,,, * - -, @mo,, is a set of

generators for the k-module k°. P is row proper if and only if its transpose is column
proper.

Throughout the paper we assume that there exists a multiplicatively closed set
of monic polynomials P, in k[z], called the set of stable polynomials. A rational
function p/q, where p, q are in k[z], is stable if and only if q is in P,. A rational
matrix is stable if and only if all of its entries are stable.

A finite free linear system over a commutative ring k is the triple (F, G, H),
where F is in k"", G is in k"™, and H is in k**". Throughout the paper we will be
concerned with such systems only. An equivalent representation is in terms of k-linear
maps with a finite free state module. For a detailed introduction to linear systems
over rings we refer to the survey papers Sontag [1976] and Kamen [1978].

For a given pair (F, G), we define

Wi=ImG+---+ImF'G, i=0,1,---.

For a matrix A, det A denotes the determinant of the matrix A.
A system (F, G1, H1, J1) is said to have the polynomial fractional representation
property if and only if its transfer matrix Hy(zI —F) "G, +J; can be expressed as

P.Q:',
where P,, Q, are polynomial matrices (over k[z]) such that det Q. =det (zI —F}).
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For a matrix A, SpiA denotes the k-linear module generated by the columns of
A. For a polynomial matrix P, §.;(P) denotes the degree of the ith column of P.
Now we state the main results of this section.

DEerFINITION 2.1. Let F bein k"™, and let G be in k"™™. Then (F, G) is stabilizable
if and only if there exist stable rational matrices V7, V; such that

22) (=1 -F, G “2] ~I.

Remark 2.3. We will call (H, F) detectable if and only if (F', H') is stabilizable.
(For a matrix A, A’ denotes the transpose of A.)
THEOREM 2.4. There exist polynomial matrices P,, Q. such that
(i) Q. is column proper;
(i) P.Q. Yis well defined as a power series, and is causal, and has a realization
(F1, Gy, Hy, J1) such that det Q. =det (zI — Fy); and
(iii) the determinant of

(2.5) b:=(zI-F)Q.+GP,

is a stable polynomial if and only if (F, G) is stabilizable.
Proof. Necessity. Postmultiply both sides of (2.5) by &'

Sufficiency. If (F, G) is stabilizable, then there exist stable polynomial matrices
V1, V, satisfying (2.2). Express Vi, V; as

Vi=Ni(d-I)"', V,=Nyd-I)},

where N;, N, are polynomial matrices and d is a stable monic common multiple of
the denominators of the entries of V; and V5. (Such a d exists as V; and V, are both
stable.) Then we have

(zI -F)N1+GN,=d - L

Let v be the smallest integer such that W,_; = W, _;. Let r be the degree of d. Let
v; be the smallest integer such that

(2.6) vi=Ilrzv

for some integer / = 1. Define

2.7 di=d', Ny=d"'-N,, Ny=d"' N,
Then we have

(2.8) (zI -F)N;+GN,=d; - L.

Note here that, as P, is multiplicatively closed, d; is stable.
Equation (2.8) implies that

(2.9) Ner-p(di - e W, 4.

Then, by Emre [1980, Thm. 3.1], there exist polynomial matrices P., Q. such that:
(i) Q. is column proper with the ith column degree y; — 1, and with the highest
degree column coefficient matrix I (which ensures that Q. ! is well defined).
(ii) P.Q;" is well defined and causal, and has a realization (Fy, G1, H1, J1) such
that det Q. =det (zI — F;). (The fact that this system has the polynomial fractional
representation property is seen from the results of Emre and Khargonekar [1980].)
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(iii)

(zI-F)Q.+GP.=d; - L
As di =det (d; - I) is stable, the proof is complete. [

The next theorem shows that stabilizability is a necessary and sufficient condition
for regulation of the system (F, G, I') by causal dynamic feedback with the polynomial
fractional representation property.

THEOREM 2.10. Let F, G be given. Then there exists a finite free dynamic feedback
system (Fy, Gy, Hy, Jy) over k such that

(i) Hy(zI —F,)"'Gy+J; can be expressed as P.Q." for some polynomial matrices
P., Q. with the property that det Q. =det (zI — F1), and

(ii) the characteristic polynomial of the closed loop system obtained by taking the
state as the external direct sum of the states of the open loop system and the feedback
system is stable if and only if (F, G) is stabilizable.

Proof. Under the hypotheses of the theorem the characteristic polynomial of the
closed loop system can be easily shown to be equal to

det ((zI - F)Q. + GP.).

The rest follows from Theorem 2.4. 0O

The next theorem provides a criterion to determine the stabilizability of (F, G)
in terms of [zI — F, G].

We consider k[ z, z1], and its maximal ideals which we denote as {m, },.4 for some
index set A.

For a matrix A = (a;;) over k[z, z1], A, denotes the matrix which is obtained from
A by replacing a; with the residue class of a; modulo m,. For a detailed description
of these concepts, the reader is referred to an algebra book (e.g., Bourbaki [1972,
Chapt. 2]). Let {m i} be the set of maximal ideals of k[z, z;] such that

(2.11) rank [z - F, G]x<n.

After these preliminaries, we have:

THEOREM 2.12. (F, G) is stabilizable if and only if there exists a stable polynomial

q such that
qx=0x
for each my.

Proof. Necessity. If (F, G) is stabilizable, by Theorem 2.4 there exist polynomial
matrices P,, Q., ®, with det ® stable, such that (2.5) is satisfied. Then evaluating both
sides of (2.5) at each m,, we have from (2.11) that det ® evaluated at each m ; must
be zero.

Sufficiency. It follows from Bourbaki [1972, Chapt. 2] that a matrix M over
k[z, z1] is right invertible over k[z, z;] if and only if M, is right invertible over
k[z, z1]/m, for each maximal ideal m,. Now define

M =[zI-F,G,(z:q—-1) I].

From (2.11), the only maximal ideals such that rank of M, can possibly be less than
n are {mx}. But, for each myx, we have g5 =0. Hence for each m,, we have

rank M, =n.

Thus M is right invertible over k[z, z;]. That is, there exist polynomial matrices
M(z, z1), Ma(z, z1), M5(z, z1) such that

(ZI_F)M1+GM2+(2161'—1)M3=I.
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But then, letting z; = 1/q, we obtain

Mi(z,1/q)
I-F,G [ ] =T
[ N atiz, 1/4)
As q is stable, by definition, (F, G) must be stabilizable. [
Remark 2.13. If k =K[s1, - - -, sn], where K is a field, evaluations at the maximal
ideals of k[z,z:] become evaluations of the polynomials at the points
(s¥, -+, s% z*, zF) of KN*?, where K is the algebraic closure of K. For a detailed

discussion of this the reader is referred to Hautus and Sontag [1980], and for further
details to Bourbaki [1972, Chapt. 2]. In this case our definition of detectability becomes
the same (essentially) as the one developed in Hautus and Sontag [1980]. We should
note here that Theorem 2.12 remains valid when zI —F and G are replaced by
arbitrary polynomial matrices of compatible dimensions.

Based on Theorems 2.4, 2.12, we obtain the following corollary:

CoROLLARY 2.14. If k =K[s1, -, sn], then (F, G) is stabilizable if and only if
there exists a stable polynomial q in k[z] which vanishes at the points of K N+ where
[zI —F, G] loses rank.

Proof. If we note that evaluating a polynomial in k[z] at the points of K~ is
the same as evaluating it at the points of K~ *', the result follows from Theorem 2.12
and Corollary 2.14, 0O

REMARK 2.15. If a system is given in the form (F, G, H) (i.e., the state is not
available), then one can use observers and dynamic feedback compensators together,
as shown in Emre and Khargonekar [1980], to achieve regulation. It is seen from the
formulations given in that paper, and in Hautus and Sontag [1980], that an observer
exists if and only if (H, F) is detectable. Furthermore, in such a scheme, the characteris-
tic polynomial of the closed loop system is the product of the characteristic polynomial
of the observer and det ((zI —F)Q, + GP,), where Q., P, are as defined in this paper.
Hence, regulation can be achieved by using observers and causal dynamic feedback
systems having the polynomial fractional representation property if and only if (F, G)
is stabilizable and (H, F') is detectable, and this result is valid for systems over arbitrary
commutative rings with our definitions here.

As for the polynomial fractional representation requirement of the feedback
systems, this is not a big restriction as far as known results are concerned because,
for example, nondynamic (constant) state feedback satisfies this property trivially.
One advantage of this property is that it allows the consideration of internal stability
in terms of the polynomial equations arising in stabilizability and detectability and
immediately guarantees the realizability of the feedback system. For a natural realiz-
ation that can be used to implement P.Q. ! the reader is referred to Kalman, Falb
and Arbib [1969], Fuhrmann [1976] and Emre [19805].

3. Stabilizability of some specific classes of systems. In this section, using the
results of § 2, we obtain stabilizability (detectability) criteria for certain specific classes
of linear systems over rings.

1) Systems over integers. These systems are discrete time systems (F, G, H) over
integers. The problem is to construct dynamic compensators with integer coefficients
such that the closed-loop system is regulated. In this case the set of stable polynomials
is of the form z" for some r = 0. From the definition, (F, G) is stabilizable if and only
if [zI —F, G] has a right inverse whose entries have denominators of the form z" for
some integer r =0, or if and only if there exist polynomial matrices N1, N, with integer
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coeflicients and some integer r = 0 such that

3.1 (zI-F)N1+GN,=2z"- L
We see that (3.1) is possible if and only if
(3.2) F'cImG+ - -+ImF"'G,

for some r=0.

2) 2-D systems. In this case, k = the ring of proper rational functions over a field.
Here the problem is to find a causal dynamic feedback system such that the characteris-
tic polynomial of the closed loop system becomes z" for some r = 0. This problem will
have a solution if and only if (F, G) and (F', H') satisfy the condition (3.2).

3) Systems over a polynomial ring K[s1, -+, sn]. In this case we obtain the
following theorem.

THEOREM 3.3. (F, G) is stabilizable if and only if at every point (s, -, s%, z*)
of KN where [zI —F, G loses rank, the real part of z* is negative.

4) Delay-differential systems. This is the same as systems over polynomial rings
except that the set of stable polynomials is different. We have Corollary 2.14.
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ON THE LOCAL CONVERGENCE OF QUASI-NEWTON METHODS
FOR CONSTRAINED OPTIMIZATION*

PAUL T. BOGGS*, JON W. TOLLEf AND PYNG WANG#$

Abstract. We consider the application of a general class of quasi-Newton methods to the solution of the
classical equality constrained nonlinear optimization problem. Specifically, we develop necessary and
sufficient conditions for the Q-superlinear convergence of such methods and present a companion linear
convergence theorem. The essential conditions relate to the manner in which the Hessian of the Lagrangian
function is approximated.

1. Introduction. In this paper we consider means of solving the equality con-
strained nonlinear optimization problem

Minimize f(x)

subject to g(x) =0,

(NLP)

where it is assumed that f: R" > R and g:R" » R™ are smooth functions.

After two decades of experimentation with penalty function techniques, aug-
mented Lagrangian functions, gradient projection methods and other procedures,
research on numerical methods for solving NLP has recently centered on implementing
some form of a quasi-Newton technique for this constrained problem. The preeminence
of quasi-Newton methods for solving unconstrained nonlinear problems and good
experimental results to date lead one to believe that this approach is sound. However,
there remain numerous questions concerning convergence, rates of convergence,
update formulas, and implementation that are as yet unanswered. It is the purpose
of this paper to shed light on some of these questions, in particular, on the local and
Q-superlinear convergence of these methods.

We define a quasi-Newton method for NLP as an iterative scheme which generates
sequences {x*}, {A*}, and {B.} from formulas

(1.1) A= A5, A%, By),

(1.2) Bidy = —L(x*, A%,

(1.3) = xk +aksk,

(1.4) Bis1=B(x5, x5 A By,

where x° A° and B, are given, A and & are appropriate update functions and
I(x,A)=f(x)+ATg(x) is the standard Lagrangian function. The step lengths a® are
obviously important, but for local convergence theory a* =1 is the optimal choice
and a* will be taken to have this value throughout.

* Received by the editors February 6, 1980 and in final revised form March 27, 1981. This work was
supported in part by the U.S. Army Research Office under grant DAAG29-79-G0014.

+U.S. Army Research Office, Research Triangle Park, North Carolina 27709 and Curriculum in
Operations Research and Systems Analysis, University of North Carolina, Chapel Hill, North Carolina
27514,

} Department of Mathematics and Curriculum in Operations Research and Systems Analysis, University
of North Carolina, Chapel Hill, North Carolina 27514.

§ Bell Laboratories, Whippany, New Jersey 07981.
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Much of the recent work on quasi-Newton methods for NLP can be put into this
framework. Powell [8], [9], following the work of Han [6], obtains 8§ by solving a
quadratic program

Minimize Vf(x*)7s% +15% "B.s*

subject to Vg(x*)78% = —g(x"),

and chooses A “** to be the optimal multiplier vector for this program. B, is a standard

rank two update approximation to [, with a modification which assures that the By
remain positive definite.

Tapia [10], [11] shows that Powell’s choices of 8% and A**' can be obtained by
applying a structured quasi-Newton method to the system

1.5) L(x,A)=0, L(x,A)=0.

That is, x**" and A**" are obtained from the equations

(1.6) [0 B VB2,
Vg(x") 0 8x —g(x")

(1.7) A=k 185,

with x**' given by (1.3). Here again By is an approximation to L, so that the
(n +m)x(n+m) matrix in (1.6) is a structured approximation to the Jacobian matrix
for the system (1.5). It is easily seen that the solutions to (1.6), (1.7), given by

(1.8) AKT = (Ve (x) B! Ve (x ) g (x") ~ Ve (x“) "B VF(x )},
o 8¢ =—Bi ' {I-Vg(x")(Vg(x*) By Vg(x ) 'V (x*) "B WVf(x )
42 ~Bi' Vg(x")(Vg(x) B Vg (x*)) g (x"),

also satisfy (1.1) and (1.2). In addition to the formula (1.8), Tapia presents a number
of other possible updates for A, preferring, for theoretical reasons, a double update
of A.

In [1] the authors have considered a variation of the system (1.5) in which the
Lagrangian function /(x, A) is replaced by a more general Lagrangian M (x, A) which
is quadratic in A. The purpose for introducing this generalization was to obtain better
convergence from poor starting points. Locally, however, the quasi-Newton equations
derived from M (x, A) are nearly identical to those of (1.6).

The local convergence of these methods has been investigated by a number of
authors. Before reviewing their results, we point out the distinction between Q-
superlinear and R-superlinear rates of convergence and the difference between the
convergence rates of the vector {(x*, A*)} and its component {x*}. Recall that a vector
sequence {v*} converges R-superlinearly to v* if and only if the sequence {|v* —v*|}
is bounded by a sequence which converges Q-superlinearly to zero. Because an
R-superlinearly convergent sequence need not be even Q-linearly convergent, R-
superlinear convergence by itself is computationally meaningless. It is also the case
that the Q-superlinear convergence of {v*} implies only the R-superlinear convergence
of its components. (See Tapia [10, section 8] for a more detailed discussion.) Since
A**! depends only on x* and not on A¥, to be most effective the structured quasi-
Newton method should yield Q-superlinear convergence of the sequence {x*}.

The major convergence analyses center on how well and in what sense the B
generated by (1.4) approximate the Hessian of the Lagrangian function at (x*, A *),
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the optimal solution pair. These analyses are based on similar studies of the uncon-
strained problem. In the latter case extensive use is made of the Broyden-Dennis—Moré
analysis of the quasi-Newton update formulas and the Dennis—Moré characterization
of Q-superlinear convergence. (See Dennis and Moré [4] for a survey of these results.)
This characterization shows that Q-superlinear convergence in the unconstrained case
occurs if and only if

(B —V?(x*))8"|
K ->
6%
wherg V2f(x*) is the Hessian of the function to be minimized, 8 is the step generated,
and B, is the approximate Hessian.
For the constrained case Powell [9] develops a procedure for updating the By
and shows that, under the second order sufficiency conditions, the resulting method
is at least R-superlinearly convergent in x. He also provides a condition related to

(1.10) which is sufficient for “2-step” superlinear convergence. In particular, for the
projection matrix

(1.10) 0,

P(x)=I-Vg(x)(Vg(x)"Vg(x)) 'Vg(x)",

Powell shows that

|P(x*) (B — L (x*, A¥))P(x*)8%]
|6%]

(1.11) -0

is sufficient for

|xk+1 __x*l

m ->0.
Powell was not able to show that his method satisfies this condition, however.

Also under the second order sufficiency conditions, Han [6] demonstrates the
Q-superlinear convergence of {(x k A%)} when a form of Greenstadt’s update is used
in (1.4). However, Han requires the stronger assumption that I, (x*, A*) be positive
definite in order to obtain the Q-superlinear convergence in (x, A) for the BFGS
update. It should be noted that Greenstadt’s method is not computationally attractive,
since it almost always performs poorly in spite of its theoretical properties. To
guarantee that [, (x*, A*) is positive definite requires the addition of a penalty term
to the Lagrangian, a computationally unattractive option.

Tapia [10], [11] and Glad [5] obtain Q-superlinear convergence in (x, A) for
L. (x*, A*) positive definite. Tapia [10] obtains the stronger result of Q-superlinear
convergence in x but at the cost of an additional update of A at each step.

In this paper we first characterize Q-superlinear convergence in x for these
methods (Theorem 3.1). The characterization is a natural generalization of the Dennis—
Moré result (1.10). Simply put, it states that Q-superlinear convergence in x occurs
if and only if

[POc) (B = bin (x*, A%))83]

1.12
(1.12) I5%]

0,

where P(x) is the projection matrix given above. Note that (1.12) does not contain a
post-multiplication of By — I, (x*, A*) by P(x*) as does (1.11), and hence, it takes into

account the action of By — [, (x*, A*) off of the null space of Vg(xk)T, which (1.11)
does not.
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Using the characterization (1.11), we then show (Theorem 3.2) that Q-superlinear
convergence in x is obtained when [, (x*, A*) is positive definite. This is a slightly
stronger result than those previously published and reviewed above. Finally, a sufficient
condition for Q-linear convergence in x is established (Theorem 3.3). This theorem
also makes use of the matrices P(x*)(By — L« (x*, A*)), requiring that they be small in
norm for all k. Hence it provides a complementary result to Theorem 3.1.

2. Basic notation and assumptions. For the problem NLP considered here we
assume f and g are at least three times continuously differentiable and that the gradient
Vg(x) has full rank for all x. In addition we assume that NLP has a (local) solution
x* at which the second order sufficiency conditions hold. That is, there exists a unique
vector A * € R™ such that

(i) L(x*1%)=0,
(ii) Vg(x*)Ty =0, y #0 implies y "L (x*, A*)y > 0.

For functions 4:R" > R? we denote the Jacobian and Hessian matrices by VA (x)
and V?h(x), respectively. Here, for notational convenience, Vh(x) is always written
as an n X q matrix. For functions of x and A, we denote derivatives with respect to x
or A by subscripts; hence, I, (x, A) = Vf(x) +Vg(x)A, La(x, A) =Vg(x), etc.

Vectors are always column vectors unless transposed, the transposition operation
for vectors and matrices being indicated by a superscript 7.

In the theory of constrained minimization, the projection of vectors onto the
tangent space of the level sets of the constraints plays an important role. For a given
£, the matrix

P(#)=[I-Vg(#)(Vg(£)"Vg(£)) 'Vg(£)"]
projects vectors onto the tangent space of the smooth manifold

{x:g(x)=g(x)}

at x = £. The projection onto the orthogonal complement of this tangent space will
be denoted by Q(£). Thus

Q)=I-P(%).

|-| will everywhere denote the l,-norm. In § 3, it is necessary to use the Frobenius
norm for matrices. The Frobenius norm weighted by the matrix M is denoted by |- ||as.

3. Necessary and sufficient conditions for superlinear convergence. We consider
the algorithm obtained by applying a structured quasi-Newton method to the system
(1.5), thus obtaining the formulas given in (1.6) and (1.7) with solutions (1.8) and

(1.9). This algorithm has the important property that & satisfies the linearized
constraints, i.e.,

g(x*)+Vg(x*)Tsk = 0.

Extending the analysis by Powell [9], we obtain a necessary and sufficient condition
for Q-superlinear convergence in x, given linear convergence and a few basic assump-
tions on the approximating matrices B,. The essential condition is that the matrix B,
must approximate the Hessian matrix /., (x*, A*) in the sense of Dennis and Moré [3]
but only when projected onto the tangent hyperplane to the surface {z: g(z) = g(x")}.

We assume in the remainder of this section that the B, are symmetric, nonsingular,
and uniformly bounded. In addition, we assume that the matrices B, are uniformly
positive definite on the null space of Vg(x*)”. That is, there exists a 8 >0 such that
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whenever y # 0 and Vg(x*)Ty =0,
y Buy 2 Bly[?

for every k. Thus we require the B, to satisfy the second order sufficiency condition
satisfied by [, (x*, A *) (see § 2). This assumption is slightly weaker than that of Powell
who assumes that the By are positive definite on R" and uniformly positive definite
on the null space of Vg(x*)".

Note that with the above assumptions on the matrices B, the matrices
Vg(x*)"Bi' Vg (x*) are nonsingular. For if Vg(x*)"Bx' Vg(x*)z =0, then B Vg(x*)z
is in the null space of Vg(x*)", and hence, z #0 implies the contradiction 0<
(Bx'Vg(x*)z)"Bi(Bx' Vg(x*)z) =z "Vg(x*) "B ' Vg(x*)z =0. It follows that (1.8)
and (1.9) are well-defined for x* sufficiently near to x*.

Our first result is a generalization of a result of Powell [9].

LEMMA 1. The value of 8% is invariant under the transformation

Bk—)Bk +Vg(xk)UTEﬁk,

where U is any n X m matrix such that both B, and Vg(x")Tl';‘;1 Vg(xk) are nonsingular.
Proof. 1t follows from (1.9) that the lemma is true if the matrices

A =B Vg(x")[Vg(x*) B Vg(x)]™!

Ar=Bi' B Vg(x")[Vg(x*) B Vg (x )] 'Vg (x*) B!
are independent of U. The assumptions on U allow the use of the Sherman-Morrison-
Woodbury formula (see, e.g., Ortega and Rheinboldt [7, p. 50]) to express B ' as

Bi' =Bi' —Bi'Vg(x" ) I-U"B:'Vg(x")]'UBx".

Substitution of this expression into A, yields

and

A1=B'Vg(x")Vg(x*)"Bi' Vg(x)] ",
‘which establishes the result for A;. For A,, note that
Ar=[I-AVg(x")BL".

Again using the expression for Bi! yields the desired result.

It follows from the assumptions made on the B, that if U = yVg(x*), where vy is
a sufficiently large positive constant, then the hypotheses of the lemma are satisfied.
It should also be noted that the value of A**' is not invariant under the given
transformation in By. Thus, a variety of choices of A**! give rise to the same value
of 8% (as demonstrated by Tapia in [11]). However, it is easily seen that the first order
necessary conditions and equation (1.8) imply that if {x*} > x* then {A**'} > A*.

For convenience, we now write (1.9) in the form

(3.1) —Bi8¥ = V,VF(x") + Wig(x").

We note that the two vectors on the right-hand side are conjugate with respect to
Bi'; in fact, ViBi' W, =0. Letting P, be the projection matrix at x* defined in § 2,
we see that

(3.2a) PV, =P,
(3.2b) ViPi = Vi,
(3.2¢) PW, =0.
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The next lemma is also a modification of the results of Powell. Two positive
sequences, {s*} and {r*}, which converge to zero are said to be of the same order if
there exist positive constants c¢; and ¢, such that for k sufficiently large,

—éc

s“|
LEMMA 2. Suppose {x*} - {x*} with a linear rate of convergence. Then the sequences
(85D, {Ix* —x*|}, and {|g(x")|+|PVf(x*)|} converge to zero and are of the same order.
Proof. Using Lemma 1 and the propertles of the By, we see that by choosing y
sufficiently large we may replace the B, by By for which B, and B;' are uniformly
bounded and positive definite. The change does not affect the value of 8% or the
relations (3.2). Now using (3.2b) and (3.1) there exists an «; >0 such that

6% = ai{lg(x")| +|PVF( )

(3.1), (3.2a), (3.2¢), and the linearized constraint equation yield the existence of an
a5, >0 such that

{lg( )+ [P VF(x )} = aal85].
Thus, {{6%[} and {|g(x*)| + [P VF(x")|} are of equivalent order. That {|5%[} and {|x* —x*[}
are of the same order follows from the consequence of linear convergence

|ax]

1-‘r§|xk

l_1+r
where r < 1. This completes the proof.
Now let {G,} be any sequence of matrices satisfying
(@) Gids = L(x* "1, A = L (x*, A<,
(ii) Gk _)lxx(x*’ /\*)-

For example, G, could be chosen as
1

G =I L.(x*+e85 A% Yy dr.
0

LEMMA 3. Assume {x*}> x* linearly. Then there exists an a >0 such that
| ! —x*| = a[|85] +|Pc (Gi — Bi)8 %1

Proof. By Lemma 2 there exists an n >0 such that

(3.3) | = x*¥| = n{lg |+ P VAT
Now
(3.4) gx* ™ =g(x*)+Vg(x") 85 + 01651 = O(8%).

From (i) above and (1.3),
(Gi— B85 = L (x* "1, %),

Using the fact that P, Vg(x“*") = 0, we obtain the identity

(3.5) (Pr+1—Pi)(Gi —Bk)al:: +P (G —B,)d% = Pk+1Vf(xk+1).
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The smoothness assumptions on g(x) assure that
(3.6) Pi.1— P = 0(5%))

and the lemma follows from (3.3)-(3.6) and the uniform boundedness of the G, and
the Bk.

We can now state and prove the necessary and sufficient conditions for Q-
superlinear convergence for the structured quasi-Newton method as applied to the
system (1.5).

THEOREM 3.1. Let (8%, 8%) satisfy (1.6) where the matrices B, satisfy the conditions
stated at the beginning of the section. Suppose {x*}->x* linearly. Then {x"*}-x*
Q-superlinearly if and only if

P, - lxx *y A * t
k—>oc0 ‘6)( I
where P, =I —Vg(x*)(Vg(x*)TVg(x*)'Vg(x*)".
Proof. Let {G,} be a sequence of approximations to I,, (x*, A*) as defined above.

Clearly Gy can replace [, (x*, A*) in (3.7). Now suppose (3.7) holds. Then by Lemma
3

0,

Ix* 1 —x*| = 0(|6%)).
But by Lemma 2 {|5%[} and {{x* — x*|} are of the same order; hence there is a constant
a >0 such that

k+1 K+l

|x
|x*—x

x*|

_ e o(et)
= |1 831
which demonstrates Q-superlinear convergence.

For the converse, suppose s{x} » x* Q-superlinearly. Using Lemma 2 and (3.5),
we have that, for some n>0,

|Pi(Bi — G)8% + (Prs1 — P)(Bi — G )8 5| + g (x* ) = m|x* ' —x¥|,
which, together with (3.4) and (3.6), imply that
|P(Bi —Gi)8%| _  [x*" - x*|
|65] RN

Again using Lemma 2, we have

+0( 8.

k+1 *l

|P(Bi = Gi)dy| _  [x“" —x*| - x
|6%] - 16%] " — x|
Letting k - (and hence |6%| - 0) gives the desired results.

We note that if f(x) is augmented by the penalty term cg(x) g(x) with ¢ a large
positive constant, then the second order sufficiency conditions imply that the Hessian
of the augmented Lagrangian is positive definite at (x*, A*). Moreover, it is easily
shown that the formula (1.9) is unchanged by this added term; thus the only effect is

in the update formula (1.4). If, as is common, the B, are chosen to approximate
L. (x*, A*) in the sense that

(3.8) Bk+16’;=ykElx(xk+l,Ak+l)—lx(xk,Ak+1),

then the assumption that [, (x*, A*) is positive definite makes the update formulas
which preserve positive definiteness, such as the DFP or BFGS, natural candidates

+O(85)=1 - +0(8%)).
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for use in this scheme. The next theorem shows that Q-superlinear convergence is
achieved in these cases (cf. Han [6], Tapia [11], and Glad [5]). The following lemma
is important for our proof.

LEMMA 4. Let By be derived from B, by either the DFP or the BFGS update
with y* given by (3.8). Assume that l.(x*, A*) is positive definite and {x*} converges
linearly to x*. Let B, be generated from B, using the same update formula as for
Bi.1 but with y* replaced by y*, where

Y* = lx(xk+19 A*)_ lx(xk’ A*)'
Then

(3'9) |Bk+1~B;lc<+l‘§aa-((xk+19 Ak+1)9 (xk9 Ak))a
where a is a constant independent of k and
a(( A, (%, 2%) = max {{(x, A7) = (x*, A%)|: j =k, k +1}.

Proof. We prove the lemma for the BFGS update. The proof for the DFP update
is similar but more laborious. From the definitions of y* and y* we have

y =y = (Vg(x*) - Vgx N " —a"),
and thus, there is a constant 81 such that
ly*—y*|=Bil8xlla " =%
From the assumptions there exist positive constants 11, 17, such that for large k
T8 zmlesl, Iy [=malsil,
¥ 8czmleil,  Iy*|=malsil.
For the BFGS update,

PR N (V.9 O Ml (Va0 KoM VA S
(y*)T85)(y*)T6%) ;

from which it follows that

3ly“ly*I8x]ly* —y*| _
"8l sl
Inequality (3.9) follows immediately.

THEOREM 3.2. Assume L. (x*, A*) is positive definite. If the B are obtained by
either the DFP or BFGS formulas with y* defined by (3.8) and if {x*} converges to x*
linearly, then the convergence is Q-supetlinear.

Proof. The proof follows the lines of argument used in unconstrained optimization.
Let y* and B, be as defined in Lemma 4. From our assumptions x* is an uncon-
strained minimum of /(x, A *) and hence the results of Broyden, Dennis and Moré [2]
for the unconstrained case can be applied to obtain the fundamental inequality:

|Bicv1— B |= 3B1(n2/m1)’ A K =A%,

IBXr1 = L (x*, A®)llar S{(1 = c07)"* + @16 (x* ™, x| Bie — L (x*, A%)||as

+ aZ&(xk+1’ xk)’

(3.10)
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where a; and a, are constants independent of k,

G(x 1, x*) = max {{x**" —x*|, |x* —x*|},
0k _ IM(Bk - lxx(x*) A*))6’J§I

1B = L (%, A |na|M 85
M= xx(x* A*)_l/z’

and the M-norm, ||Q|lx;, stands for the Frobenius norm of the matrix MQM. The
triangle inequality can now be used with (3.9) and (3.10) to establish

“Bk+1 - xx(x*, A*)"M é{(l —cOi)1/2+a3é"(xk+1, xk)}“Bk - xx(x*a A*)“M

3.11
(3.11) Fagar (644, A7), (x5, A4,

where By . is the DFP and BFGS update of B, and o is defined as in Lemma 4.
Since {x*} converges to x* (and hence {A*} converges to A*) it follows that {||B, —
L (x*, A*)|lar} has a limit (Dennis and Moré [3]). If the limit is not zero, then (3.11)
implies 6 - 0; if the limit is zero then ||Bx — L (x*, A *)||as = 0. In either case we have

lim I(Bk - lxx(x*’ A*))al;l -

k->o0 |8’;|

0.

Since the projection matrices P(x*) are bounded, Theorem 3.1 can be applied to
establish the Q-superlinear convergence.

Theorem 3.2 rests heavily on the assumption that [, (x*, A*) is positive definite.
In theory, [y (x*, A*) need only be positive definite on the null space of Vg(x*)™.
Nevertheless, most implementations of the quasi-Newton approach use updates (such
as BFGS) which maintain positive definiteness of the B, (with some ad hoc scheme
to assure that (y*)78% is positive). It remains an open question as to whether Q-
superlinear convergence can be guaranteed with these approaches.

In the previous theorems, linear convergence of the {x*} is assumed. However,
if the bounded deterioration inequality (3.11) holds, then linear convergence can be
achieved by requiring |x°—x*| and |Bo— L., (x*, A*)| to be sufficiently small. As shown
above, (3.11) holds when I, (x*, A *) is positive definite. Without the positive definite
assumptions the usual conditions for linear convergence require that | By — L, (x*, A *)|
be small for all k. (See Han [6] and Tapia [10] for the relevant results.) In the next
theorem we relax this restriction by showing linear convergence under the requirement
that [P(x*)(Bi — Lx (x*, A**))| be small for all k. This theorem further illustrates the
significance of the projection operator in the quasi-Newton theory for constrained
minimization.

THEOREM 3.3. Let the By satisfy

IB'|=n
for some n > 0. Then there exist positive constants € and & such that if
(i) ¥ —x*<g,
(ii) |P(x*)(Bi — L (x*, A*))| <&  forall k =0,

then the sequence {x*} generated by

(3.12) = x* — B (x%, Ar(x")),
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where
(3.13) Ax(x)=(Vg(x)"Bx'Vg(x)) '(g(x)—Vg(x)"Bx' Vf(x)),

is well defined and converges linearly to x*.

Remark. The iteration (3.12)—(3.13) is equivalent to (1.6)—(1.7), but this form
makes the proof easier.

Proof. As demonstrated earher it follows from the assumptions that for some
£>0 and |x — x*|<§, (Vg(x)™Bi'Vg(x))™! exists and is uniformly bounded. Thus,
for |x° ~x*| <& x'is well defined. Since A (x*)=A* for all k, we have

x'=x*=x"—x*—Bo'L(x° Ao(x®)
0 {Bo— Lo (x*, A*) = Vg (x*)VAo(x*) " }x® — x*) + h°(x°),

where VAo(x*) denotes the Jacobian of Ao at x =x* and |h°(x%)|=a’x’—x*]*, a°
constant. From (3.13) we see that

VAo(x*)T = (Vg(x*)"Bo ' Vg(x*) ' Vg (x*)"Bo" (Bo— L (x*, A ¥)).
Therefore,
lx!—x*=|Bo'|- KT - Vg(x*)(Vg(x*) "By Vg (x*)) 'Vg(x*)"B5"}
< (Bo— L (x*, A)| + [x® = x*| + 2 °|x® — x*|°.

Let Vi =I-Vg(x*)(Vg(x*)"Bx'Vg(x*))'Vg(x*)"B%' and note that as in (3.2b),
V¥P(x*)= V¥. Thus

Ix"—x*|=[B5" |- [VE |- |P(x*)(Bo— L (x*, A¥))| [x° —x*|+a |x* —x*]".

From our assumptions, it now follows that the [VE| will be umformly bounded by,
say, B>O We now choose ¢ and ¢ small enough so that nBe +a’¢=p<1, and
therefore, |x' —x*|=p|x®—x*|. The desired result can now be proven by induction
since the sequence {a*} can be uniformly bounded.

We observe that in the above theorem, condition (ii) could be replaced by

IP(xk)(Bk - xx(x*, A*))‘ < g,
which is consistent with the form in Theorem 3.1.

Acknowledgment. The authors would like to thank R. A. Tapia for his helpful
comments.
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ON MATRIX FRACTION REPRESENTATIONS FOR
LINEAR SYSTEMS OVER COMMUTATIVE RINGS*

P. P. KHARGONEKART

Abstract. This paper deals with the problem of existence of polynomial matrix fraction representations
for transfer matrices of linear systems over rings as well as the related realization theory. These represen-
tations are then used in establishing new results for various classes of systems including split systems. The
relevance of these results to the regulation of various “nonclassical” classes of linear systems (for example,
delay-differential systems, two-dimensional systems, etc.) is also discussed.

1. Introduction. Linear systems over arbitrary fields (and in particular, over the
field of real numbers) have been investigated extensively over the last 20 years. As a
natural generalization of linear systems over fields, linear systems over commutative
rings were first considered by Rouchaleau [1972] and Rouchaleau, Wyman and Kalman
[1972]. It was shown by Kamen [1975] that a large class of infinite dimensional
continuous-time systems (including delay-differential systems) can be represented as
vector differential equations over a ring of operators. Some other applications of linear
systems over commutative rings are in coding theory (see Johnston [1973]), two-
dimensional digital systems viewed as linear systems over the ring of proper rational
functions (see Sontag [1978a], Eising [1978], and Eising [1979]), families of systems
(see Byrnes [1979], Hazewinkel [1980]), discretized partial differential equations (see
Brockett and Willems [1974] and Sontag [1976]), large scale systems (see Kamen
[1978]), etc. The reader is referred to Eilenberg [1974, Chapt. 16], Sontag [1976],
Kamen [1978] and the references given there for further details of linear systems over
commutative rings. The reader is referred to Byrnes [1978] for an algebro-geometric
approach to a class of linear systems over rings.

Consider for example a delay-differential system X defined by

x£1(8) =2x(t — 1)+ u(s),
X20)=x1(t =)+ x2(t —m)+u(t—-1),
y (1) =x1(0).
If we introduce the delay operators o; and o, defined by
o)) =x(t-1),  o2(x)(O) = x(t—m),

we can rewrite the delay-differential system £ in matrix form as

x 0 2 X 1 X
s P Y P RN Y
X2 gy o2 lLx; (251 X2
We thus see that the delay-differential system X can be expressed in a form very similar
to the ordinary finite dimensional constant linear systems, except that the entries of the

coefficient matrices belong to the ring of polynomials R[o, 02]. The reader is referred
to Sontag [1976] and Kamen [1978] for several other examples.

* Received by the editors August 18, 1980, and in final form April 18, 1981.
+ Center for Mathematical System Theory, University of Florida, Gainesville, Florida 32611. This
research was supported in part by the U.S. Army Research Office under grant DAAG29-80 C-0050 and the

U.S. Air Force under grant AFOSR 76-3034 Mod. D through the Center for Mathematical System Theory,
University of Florida.
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It is well known that the polynomial matrix approach to linear systems is very
useful in studying several system and control theoretic problems such as realization
theory, dynamic compensation, output regulation in the presence of disturbances, etc.
The reader is referred to Rosenbrock [1970], Wolovich [1974], Fuhrmann [1976],
Rosenbrock and Hayton [1977], Cheng and Pearson [1978], Antsaklis [1979], Desoer
etal.[1979], Emre [1980a], Emre and Silverman [1981] and the references given there
for applications of polynomial matrix methods to various system and control theoretic
problems.

In this paper we consider, for the first time, the existence and the realization theory
of matrix fraction representations for linear systems over commutative rings. In § 2 we
give definitions and some preliminary results that we will need in the later sections. In
§ 3 we obtain polynomial matrix representations for finitely generated projective
modules with endomorphisms. This also leads to a natural definition of characteristic
polynomial of an endomorphism of a finitely generated projective module over an
arbitrary commutative ring. Our results generalize several results obtained by
Fuhrmann [1976] and [1977] for fields, to arbitrary commutative rings.

In § 4 we establish a correspondence between realizations of an input-output map
with a finitely generated projective state module (referred to as projective realizations)
and matrix fractions representations of the transfer matrix in the form PQ'R. We also
obtain conditions for strict system equivalence which are similar to those obtained by
Fuhrmann [1977]. We then establish a one-to-one correspondence between reachable
projective realizations (modulo state module isomorphism) of an input-output map and
matrix fraction representations of the transfer matrix of the form PQ~' (modulo
multiplying P and Q on the right by unimodular matrices). This result generalizes a
similar result in Hautus and Heymann [1978, Remark 4.8] proved for the field case.

It is well known that if f is a realizable input-output map over a field, and Z; is the
transfer matrix of f, then there exist right coprime polynomial matrices P and Q, and left
coprime polynomial matrices Q; and R; such that

(1.1) Z;=PQ '=Qi'R;.

Also, in the field case, the coprimeness conditions on P, Q and Q;, R; are well known to
be equivalent to the existence of polynomial matrices Y3, Y3, Y3, and Y, such that

1.2) Y\ P+Y, Q=1
and
(1.3) Q,1Y,+R1Y;=1

However, for polynomial matrices over an arbitrary commutative ring coprimeness
conditions and (1.2), (1.3) are not equivalent in general. Two polynomial matrices P
and Q (Q, and R;) are said to be right (left) Bezout if and only if there exist polynomial
matrices Y; and Y, (Y3 and Y,) such that (1.2) ((1.3)) is satisfied. A factorization
Z;= PQ! (Zs= Q7'R,) where P and Q are right Bezout (Q; and R, are left Bezout)
will be called a right (left) Bezout factorization.

In § 5, based on some results developed by Sontag [1978], we will establish a
necessary and sufficient condition on an input-output map f for the associated transfer
matrix Z; to have a right or left Bezout factorization. In particular, it will be seen that
the following conditions are equivalent:

1) Z; admits a left Bezout factorization.

2) Z; admits a right Bezout factorization.

3) fis a split input-output map. (See § 5 for the definition of a split input-output

map.)
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We will also show how the existence of Bezout factorizations can be checked using
some tests on the associated behavior matrix of the input-output map f. Existence of
Bezout factorization has been assumed in approaches to some control theoretic
problems. (See, for example, Antsaklis [1979], Desoer et al. [1980], Emre [1980b].)
We remark, however, that the dynamic compensators obtained by Antsaklis [1979]and
Desoer et al. [1980] are not necessarily proper. For finite-free split systems, (i.e., the
canonical state module is finitely generated and free and the system is split), over
arbitrary commutative rings, proper dynamic compensators can be obtained using the
results of Emre and Khargonekar [1980]. (In fact, the results in Emre and Khargonekar
[1980] can be used for detectable and reachable systems as well. For the concept of
detectability, see Hautus and Sontag [1980].) Our results on existence of Bezout
factorizations establish a clear connection between the approaches taken by Emre and
Khargonekar [1980] and Antsaklis [1979] and Desoer et al. [1980].

In this paper we restrict our attention to polynomial matrix fraction represen-
tations. For the case of matrix fraction representations over the rings of stable rational
functions and stable proper rational functions, the reader is referred to Khargonekar
and Sontag [1981].

The framework developed in this paper can now be used to attack some of the
control problems for linear systems over rings. In fact, some of the results of § 5 have
been used by Emre [1980b] in an approach to the output regulation problem in the
presence of disturbances for linear systems over commutative rings.

The split condition given in this paper is not very restrictive in general. For
example, in the case of delay-differential systems, recent results of Lee and Olborot
[1980] indicate that the system is generically split if the number of input and output
channels each exceed the number of noncommensurate delays.

2. Definitions and preliminary results. In this section we will give some
definitions, notation, and preliminary results that we will need in the later sections.

Let A denote an arbitrary but fixed commutative ring with identity. We will denote
the tensor product of A-modules by ®, and direct sum of A-modules by @. If A is an
integral domain then K will denote the quotient field of A. Let A[z] denote the ring of
polynomials in the indeterminate z, and let A(z) denote the ring of formal Laurent
series in z ', with coefficients in A (i.e., the elements of A(z) are of the form
Z;o:_n a;z”’, where a; is in A for each j). Similarly, for an A-module X, let X[z] denote
the natural A[z]-module of polynomials in z with coefficients in X, and let X (z) denote

the natural A(z)-module of formal Laurent series in z " with coefficients in X. Define a
projection map

7 X(2z)»X(z): ¥ xiz_j»—> Y, xiz—f.
i=1

j=-n

We also denote 7(x) by (x)- for any x in X (z). Define the set
27 ' X[[z7 '] = (X (2)).

For an element x in X (z), x is said to be strictly proper if and only if 7 (x) = x, 7 (x) is
called the strictly proper part of x, and x is said to be proper if and only if x is of the form
x =Z;°=0 x;z . Define (x), to be the coefficient of z™" in the formal Laurent series
representation of x in X(z).

If p in A[z]is such that the leading coefficient of p is invertible in A, then we define
p~" to be the (unique) formal Laurent series q in A(z) such that pg = 1. (¢ is unique
since the leading coefficient of p is invertiblein A.) p " can be obtained, for example, by
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carrying our formal division of 1 by p. For x in X(z) and p in A[z] with invertible
leading coefficient, we define p~'x := gx, where ¢ in A(z) is such that pq=1.

Let S be a set. We denote by S and $7*™ respectively the set of p length column
vectors, and the set of p X m matrices with entriesin S. If f: $” - T is a function, and Q is
in $7™, then f(Q) denotes the m length row vector with f(g;) as its ith entry, where g; is
the ith column of Q.

DEFINITION 2.1. An m input, p output linear, time-invariant, causal input-output
map f is an A[z]-module homomorphism

f:A™(z)> A%(2),
wz” in A™(2)
(f(u)) =0, k=-n.

Let I,, be the m X m identity matrix. Then the p X m strictly proper matrix

0o
j=-n

such that for u =Y,

2= fln)= £ Az

is called the transfer matrix associated with f, and (A;)i=, is called the impulse response
sequence of f. A linear system X = (F, G, H, X) over A consists of a finitely generated
A-module X, and A-module homomorphisms F: X > X, G:A™ > X, and H: X > A°.
A system X = (F, G, H, X) is called a realization of an input-output map f if and only if

A, =HF''G,

for all positive integers i. An input-output map f is said to be realizable if and only if
there exists a least one realization of f.

By a discrete-time dynamical interpretation of a system X = (F, G, H, X) we mean
the equations:

Xee1=Fx,+ Gu,, y,=Hx,

where ¢ is an integer, the states x(¢) are in X, the inputs u(¢) are in A™ and the outputs
y(¢) are in A”. For further details concerning these definitions, the reader is referred to
Kalman, Falb, and Arbib [1969, Chapt. 10], Eilenberg [1974, Chapt. 16], and
Wyman [1972].

Let f be a given input-output map with the transfer matrix Z; The restricted
input-output map induced by f is the A[z]-module homomorphism

A A™z]-> 2 ARz N us m(Zu).
Let £ = (F, G, H, X) be a realization of f. Define an A[z]-module structure on X by

z - x = Fx,for all x in X. Further, if A[z]-module homomorphisms g and h are defined
as

g:A"[z]->X: Y uz'— Y F'Gu,
t=0 t=0
h:X->z'A%[[z7]:x— Y HF 'xz 7",
t=1

then the A[z]-module homomorphism f* can be written as f* = hg. Conversely, given
an A[z]-module X and A[z]-module homomorphisms

g:A"[z]-X, h:X->z'A’[[z7']]
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such that f* = hg, then we can obtain a realization 2 = (F, G, H, X) of f by defining
F:X->X:x—z'x, G:A">X:u—g(u), H:X->A":x—(h(x))_1.

Thus, there is a one-to-one correspondence between realizations of f and A[z]-module
factorizations of the map f* as f* = hg. A system 2 = (F, G, H, X) is said to be reachable
if and only if g is surjective, is said to be observable if and only if & is one-to-one, and is
said to be canonical if and only if it is reachable and observable.

We will now give some definitions and results that will be useful in the following
sections for examining matrix fraction representations for linear systems over com-
mutative rings.

Let Q be an r X r polynomial matrix over A. (i.e., Q isin A”'[z].) Q is said to be
admissible if and only if there exists a polynomial s and a monic polynomial p such that

(2.2) p=1Qls,

where |Q| denotes the determinant of Q. Note that |Q| is not a zero divisor since p is
monic. In particular, if A is an integral domain then Q is admissible if and only if the
leading coefficient of |Q| is invertible in A. It is obvious that if A is a field then Q is
admissible if and only if Q is nonsingular. For an admissible r X r matrix Q, we define

(2.3) Q ':=p'sadjQ,

where p and s are as in (2.2) and adj Q denotes the adjoint of Q. Note that Q" is well
defined, since if p1, p, are monic polynomials and s, s, are polynomials such that

P1= |Q|S1, pP2= Ilez,
then
|Ql(p1'si—p3'ss)=0.

As |Q| is not a zero divisor, it follows that pi's;=p3's,. Thus for an admissible
polynomial matrix Q, Q" is well defined. It is easy to verify using classical formulas
concerning adjoints that

Q'0=00Q7'=I

It is not difficult to prove that Q is invertible as a formal Laurent series if and only if
it is admissible.

Let Q be an r X r admissible polynomial matrix. Define an A-module
Ao = {x in A"[z]: Q 'x is strictly proper}.
Define an A-linear projection map
mo:A[z]> Ag: x> Qm(Q 'x).

Clearly, ¢ is surjective. Further, if p is a monic polynomial such that Q '=p7'S for
some polynomial matrix S, then

mo(px) = Qm(Q 'px) = Qm(Sx)=0.
Let n be the degree of p. Let ¢; be the ith column of the r X r identity matrix. Then it is
easy to verify that a set of generators for the A-module Ag is given by
{ma(Ze):j=0,1,-+,n=1;i=1,2,--,r}
Thus, Ao is a finitely generated A-module.
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Let f be an input-output map and P, Q, R be polynomial matrices such that Q is
admissible, and

Z;=PQ'R.

The following lemma, first proved in Fuhrmann [1976] for the case A = a field, gives a
natural realization of f in terms of the polynomial matrices P, Q, and R. It can be easily
checked that the proof given by Fuhrmann [1976] remains valid for arbitrary com-
mutative rings with identity. The reader is also referred to Emre [1980c] for a simple
proof of this result.

LEMMA 2.4. Let P, Q and R be p Xr, r Xr, and r X m polynomial matrices such that
Q is admissible. Let f be an input-output map such that the associated transfer matrix

Z;=PQ'R.

Then 2o =(Fo, Go, Ho, Ag) with

Fo:Ao->Ag:x—mol(zx),

Go: A" > Ag:u—mo(Ru),

Hg:Ag->AP:x—(PQ 'x)_,
is a realization of f. Further, g corresponds to the factorization

f*=hogo
of the restricted input-output map, where for x in Ag and u in A™[z] we have
z - x=mo(zx), go(u)=mo(Ru), ho(x)=m(PQ 'x).

Finally, we have some standard definitions from commutative algebra. For details
concerning these definitions the reader is referred to Rotman [1968], Knight [1971],
and Bourbaki [1972].

DEeFINITION 2.5. An A-module X is said to be projective if and only if one of the
following (equivalent) conditions holds:

(i) If Z is an A-module and y:Z - X is a surjective A-module homomorphism
then there exists an A-module homomorphism 7: X - Z such that y7 is the identity map
on X.

(ii) There exists an A-module Y such that X® Y is a free A-module.

A system 2 = (F, G, H, X) is said to be a free ( projective) system if the state module
X is a free (projective) A-module.

DEFINITION 2.6. Let X be an A-module. The dual X' of X is the A-module
consisting of all .A-module homomorphisms X > A. If y:X > Y is an A-module
homomorphism then x': Y' > X' is the A-module homomorphism given by x': 17— 7x
for each 7: Y > A. x' is called the dual of y. For a system X = (F, G, H, X), the dual
system X' is defined as X' == (F', H', G', X').

Let B: A™ > AP be an A-linear map. Then there exists a unique p X m matrix B
such that

B:A™ > A": x> Bx.

It is well known (see, e.g., MacLane and Birkhoff [1967]) that 8’ can be identified with
the map

B':AP>A":x—>B'x,
where B’ represents the transpose of B. Now, if = = (F, G, H, X) is a given system with
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input-output map f, then the input-output map of ' = (F', G', H', X") is denoted by f'.
It is not difficult to see that

Zf' = Z]If

3. Polynomial representations for finitely generated projective modules. In this
section we will establish polynomial representations for finitely generated projective
modules with an endomorphism. In particular, we will show that for any finitely
generated projective module X with an endomorphism F:X - X, there exists an
admissible polynomial matrix Q and an A-module isomorphism x: Ao - X, such that
xFo = Fy. (i.e., x is an intertwining map.) We will also obtain necessary and sufficient
conditions on the given admissible polynomial matrices Q and O for Ao and Ap to be
isomorphic. Our results also lead to a natural definition of the characteristic polynomial
of an endomorphism of a finitely generated projective module. These results will be
used in the following sections in examining matrix fraction representations for linear
systems over commutative rings.

The following simple lemmas will be useful in establishing the main results of this
section.

LEMMA 3.1. Let X be a finitely generated projective A-module. Then X[z] is a
finitely generated projective A[z]-module.

Proof. Since X is a finitely generated projective A-module, there exists a free
A-module W of rank r, and an A-module Y such that W=X®Y. Since W is a free
module of rank r, W[z]is a free A[z]-module of rank r. Further, it is not difficult to see
that

W(z]=X[z]®Y[z].

Hence X[z] s a finitely generated projective A[z]-module. 0
LEMMA 3.2. Let Q be an r X r admissible polynomial matrix. Then

A'[z]=Ao®QA'[z]

as A-modules.
Proof. For any u in A'[z], there exists a unique p in A"[z]and q in z 'A"[[z7']]
such that

Q lu=p+q.
Since Qq = u — Qp is polynomial, it follows that Qq is in Ao. Hence,
u=Qp+Qq

is in Ag + QA'[z]. Further, if u in A'[z]is in Ap and QA[z], then there exists p in
A'[z]and q in z *A"[[z']] such that

As Q is admissible, u = 0. Thus
A'[z]=A0® QA [z]. O
The following theorem is one of the fundamental results of this paper.
THEOREM 3.3. Let X be a finitely generated projective A-module with an endo-
morphism F: X > X. Let
g:ATz]>X: ¥ uz'> ¥ Flg(u)
t=0 t=0

be a surjective A-linear map. Then there exists an r X r admissible polynomial matrix Q
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such that
ker g = QA'[z].

Further, if x is the restriction of g to Ao then x: Ag > X is an A-module isomorphism such
that

xFo = Fy.
Proof. Let g; be the A[z]-module homomorphism
g A'[z]-> X[z]: ZO uz'— Y z'gu).
t= t=0
Consider the A[z]-module homomorphism

Y A'[Z]®X[z]> X[z]:u+ x> zx —F(x) —g1(u),

where
F( y x,z') =Y Z'F(x,).
t=0 t=0
We will first prove that ¢ is surjective. For this, it is enough to prove that X is contained

in the image of . Since g is surjective, for any x in X, there exists u = u,,z" +- -+ upin
A'[z] such that

x=glw)= ¥ Fglu).

We now have

Y(—u+0)= é’,o z'g(u)=x+ é‘o (z'—F"g(u).
For any j =1 we also have
(' —Fhg(u)=(z—F)z' "+ 2" ?F+- - -+ F Yg(u;) = zx; — Fx;,
where
xi ="+ TPF 4+ F g ().
Let us define
£= =+ xa+ - +x,).
It now follows that

o +;€)+t‘=20 (2 = FYg(u) +(z —F)% = x = g(u).

Thus ¢ is surjective. By Lemma 3.1, X[z] is a finitely generated projective A[z]-
module. It follows that A'[z]®X[z] is A[z]-module isomorphic to

ker ¢ ®X[z].

We will now show that ker ¢ and ker g are A[z]-module isomorphic. Consider the
A[z]-module homomorphism

0:kery->A"[z]:u+tx—u
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To show that 6 is one-to-one, it is enough to show that if 0+ x belongs to ker # then
x =0. Now, if

YO+x)=zx—F(x)=0,

then by comparing coefficients it is easy to see that x = 0. So, we need to show that image

of @ isker g. If u is in ker g, as in the proof of surjectivity of ¢ we can find £ in X[z]such
that

Yu+x)=g(-u)=0,
and

O(u+15)=u.

Thus ker g is contained in image of 6. Conversely, let u =u,z" ++ - -+ upin A'[z] and
X=xmz" +++++x0in X[z] be such that

Yu+x)=zx—F(x)—gi(u)=z é:o xz" —F(éﬂ x,z') -g (tgo u,z') =0.

Since ¢ (u + x) is the zero polynomial in X[z], it is easy to see that

F Z tht_F ZOthy_ ZOth(u,)= ZOth(u¢)=0.
t= t= t=

t=0

Therefore,

glu)= 5‘.0 F'g(u)=0.

Hence im 6 =ker g.

It now follows that ker g and ker ¢ are A[z]-module isomorphic, and A [z]®
X[z] and ker g@® X[z] are A[z]-module isomorphic. Since X[z] is finitely generated,
projective A[z]-module, there exists an A[z]-module Y such that

X[z]®Y =A"[z]

for some n. Therefore, A [z]® X[z]® Y is A[z]-module isomorphicto ker g® X[z]®
Y. Consequently, ker g®A"[z] and A'[z]®A"[z] are A[z]-module isomorphic.
Hence, ker g is a stably free (and, of course, projective) A[z]-module. As ker g is a
quotient of a finitely generated module it must be finitely generated. Thus ker g is a
finitely generated projective A[z]-module.

We will now show that ker g is a free A[z]-module. Since X is a finitely generated
A-module, it follows from Cayley—-Hamilton theorem (see Atiyah and MacDonald
[1969, Chapt. 2, Prop. 2.3]) that there exists a monic polynomial

n—1

a=z"+a,_1z" +: +ay,

such that
(F*+an 1 F" '+ +agx=0

for all x in X. If ¢; represents the ith column of the r X r identity matrix then ae; belongs
to ker g. Let Agr(z) denote the localization of A[z] at the multiplicative set consisting of
all monic polynomials in A[z] (i.e., Ar(z) is the ring of rational Laurent series with
coefficients in A). Now, since ae; belongs to ker g, and a is a monic polynomial, e;
belongs to A,(z) ® ker g for each i. Hence, Ar(z) ® ker g is isomorphic to Az(z). As
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ker g is a finitely generated projective module, and since Ag(z) ® ker g is isomorphic
to A(z), and hence is a free Ag(z)-module, it follows from the global affine Horrocks
theorem (see Lam [1978, Chapt. 5, Suppl. 2.3]) that ker g is a free A[z]-module.
Further, as Ag(z) ® ker g is isomorphic to Ak(z), it follows by the invariant basis
property of commutative rings (see Lam [1978, p. 25]) that ker g is isomorphicto A'[z].
Thus ker g has r generators. Let g1, g, * - + , ¢- in A'[z] be a set of generators of ker g.
Let Q be the r X r polynomial matrix with g; as its ith column. Then we have

ker g = QA'[z].

We will now show that Q is admissible. Since ae; belongs to ker g for each i, there
exists an r X r polynomial matrix S such that al, = QS, where I, is the r X r identity
matrix. Multiplying both sides by adj Q we get

a adj Q =|Q|S.

Thus, Q is admissible.

Since g is surjective, ker g = QA'[z], and by Lemma (3.2)

A'[z]=Ac@QA'[z],
it follows that
x(Ag)=X.
Also, as Ao N QA'[z]=0, yx is one-to-one. Finally, for any u in Ag we have
Fo(u)=m(zu)= Qm(Q 'zu) = (zu — Qc)

for some ¢ in A'[z]. Therefore

(XFo)(u) = x(zu — Qc) = g(zu — Qc) = g(zu) = (Fx)(u).
Thus xFo=Fx. O

The following result is an immediate consequence of Theorem 3.3. This result
provides polynomial representations for arbitrary finitely generated projective modules
with an endomorphism. This result will be very useful in developing existence and
realization theory for matrix fraction representations for linear systems over com-
mutative rings.

THEOREM 3.4. Let X be a finitely generated projective A-module with an endo-
morphism F: X - X. Then there exists an integer r, an r X r admissible polynomial matrix
Q, and an A-module isomorphism x: Ag - X such that xFq = Fx. Conversely, if Q is an
r X r admissible polynomial matrix then Ag is a finitely generated projective A-module.

Proof. Since X is finitely generated, there exists an integer r and a surjective
A-module homomorphism

g:Az]1>X: Y uz'— Y F'g(u).
t=0 t=0

Then by Theorem 3.3 there exists an r X r admissible polynomial matrix Q and an
A-module isomorphism x:Ag - X such that

xFo = Fx.
Conversely, for any r X r admissible polynomial matrix Q,

Ac®QA'[z]=A"[z].



182 P. P. KHARGONEKAR

As A'[z]is a free A-module, Ao is a projective module. Also, from the remarks made
in § 2, Ao is finitely generated. O

Remark 3.5. Let us define an A[z]-module structure on X by z - x = Fx, for all x
in X. Similarly, let an A[z]-module structure on Ao be defined by

z - u=Fo(u)=mo(zu).

Then x: Ao - X is an A[z]-module isomorphism. Also, with this module structure on
Ay, it follows that

mo:A'[z]>Ag:u—>mo(u)

is a surjective A[z]-module homomorphism with QA'[z] as its kernel. Thus A is
A[z]-module isomorphic to the quotient module A'[z]/QA’[z], and the induced map
.. Alz]
7 ~
QA’[z]

>Ao:u+QA[z]~>mo(u)

is an A[z]-module isomorphism. In what follows, we will assume that X and A, have
the A[z]-module structure mentioned above. The reader is referred to Fuhrmann
[1976] for further details in the field case.

Let Q and Q be any r X r and [ X [ admissible polynomial matrices. We will now
give necessary and sufficient conditions on Q and O for Ao and A to be A[z]-module
isomorphic. In case A is a field, results on this problem were obtained by Fuhrmann
[1976, Thm. 4.7]. It will be seen that our results constitute a natural generalization of
the results obtained by Fuhrmann [1976]. We remark that certain polynomial matrix
equations that arise here also arise in certain system and control theoretic problems.
Our results indicate that there is a close relation between certain control theoretic
problems and A[z]-module isomorphisms. (See Remark 3.17 and § 5.)

THEOREM 3.6. Let Q and Q be rxr and | x | admissible polynomial matrices. A
map x:Ao—> Ao is an Al[z]-module isomorphism if and only if there exists IXr
polynomial matrices C and D, and there exist polynomial matrices Y1, Y2, Y3, and Y,
such that for any f in Ag

(3.7 x(f) =mo(Cf),
(3.8) CQ = 0D,

(3.9) CY,+0Y,=1,
(3.10) Y:D+Y.,Q=1I.

Proof. Suppose that y: Ag > Ag is an A[z]-module isomorphism. It follows from
Remark 3.5 that y induces an A[z]-module isomorphism

. ATzl A'lz]
X: r > 27 ’
QA’[z] QA'[z]
such that x(f) = ms(g), where g is such that
R(f+QA'[z]) =g+ QA'[z].

Let ¢; be the ith column of I, and let ¢; in A’[z] be such that

R(ei+ QA'[z]) =+ OA'[2].
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Let C be the [ X r polynomial matrix with ¢; as its ith column. Then we have
X(f+QA'[z])=Cf+QA'[z]

for f in A"[z]. Consequently, for any f in Ag

(3.7 x(f) = ma(Cf).

Let é; be the ith column of the [ X [ identity matrix. Since ¥ is surjective, there exists
y; in A'[z] such that

X+ QA'[z]) = ¢+ QA'[z].
But we also have
R(yi+ QA'[z]) = Cy; + QA'[2].

Let Y, be the r X[ polynomial matrix with y; as its ith column. Then there exists a
polynomial matrix Y5 such that

(39) CY1+éY2=I.

We will now show the existence of D such that (3.8) holds. Let g; be the ith column
of Q. Then

X(q:+QA'[z])=0.
But we also have
%(q:i+QA'[z) = Cq;+ QA'[z).
Therefore, there exists a polynomial matrix D such that
(3.8) CQ=0D.
Now, as ¥ is an isomorphism, £ " is also an A[z]-module isomorphism. Therefore
X7N@+ QA z) =y + QA'[z].
Consequently, for any f in A'[z], we have

R(f+0A2)=Yif+QA'[z].
Further as

e+ QA'[z]) =ci+ OA'[z],
it follows that
X i+ QA'[z]) = Yici+ QA'[z] = e+ QA'[z].
Therefore, there exists a polynomial matrix Y, such that
(3.11) Y,.C+QY,=1
Furthermore, if §; represents the ith column of O then we have
271 @+0A[z) =0+ QA[z],

and also

%714+ QA'[2) = Y14+ QA'[z].
Consequently, there exists a polynomial matrix Y3 such that

(3.12) Y:0 = QY.
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Multiplying both sides of (3.8) by Y3, we get
Y:CQ =Y, 0D.
Now using (3.11) and (3.12), it follows that
QYD =Y,CQ=Q-QY,Q.
As Q is admissible, it is clear that
(3.13) Y:D+Y,Q=1

Conversely, suppose (3.7), (3.8), (3.9), and (3.10) hold. It is clear that y is an
A[z]-module homomorphism. We will first prove that y is surjective. Let f be in As.
Now using (3.7) we have

CY.\f+QYzf=F.
Let fi1, f> in A'[z] be such that
mo(Y1f)=f1=Y1f - Qfa.
Consequently
x(f1) = mo(Cf1) = mo(CY 1 f — CQf2) = w6 (f — QY2 f — ODf2) = f.

Thus y is surjective.

To show that y is one-to-one, we will first show that there exists a polynomial
matrix Ys such that

Y:0 = QYs.

Equations (3.8), (3.9), and (3.10) can be rewritten as

A AT M
Y -Y.JLY, -D Ys 1)
for some polynomial matrix Ys. Define

Y; = Y3—YsC, Ys =Y.+ Y6é

We now have

A

v, Sl Sl ol

v S5 S0 )
Y. -DILY; -Y; 0 1N
Rewriting the above equations we get

(3.14) Y10 =QYs,

(3.15) Y. C+QY,=1L

Now suppose x(f) =0, for some f in Ag. Then 75(Cf) =0. Consequently, there
exists f> in A'[z] such that

It now follows that

Cf = Of>.
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Multiplying on the left by Y; we obtain

Yle= Ysz = Qstz.
But we also have
Y 1Cf =f-QY+f.
Thus
f=0(Y:f+Ysfo).
Asfisin Ag, f=0. O

Remark 3.16. In the result by Fuhrmann [1976, Thm. 4.7] for the field case, the
equations (3.9) and (3.10) are replaced by the conditions that C and O be left coprime,
and D and Q be right coprime. In case A = a field, it is well known (see, for example,
MacDuffee [1957, Chapt. 3, Thm. 23.1]) that (3.9) and (3.10) are equivalent to the
coprimeness conditions on C and Q, and D and Q. However, in case of polynomial
matrices over arbitrary commutative rings, the coprimeness conditions are not neces-
sarily equivalent to the Bezout conditions (3.9) and (3.10). Our results thus constitute a
natural generalization of the results obtained by Fuhrmann [1976, Thm. 4.7] for the
field case. Furthermore, our results also show that Bezout conditions play an important
role in A[z]-module isomorphism.

Remark 3.17. Polynomial matrix equations (3.8) through (3.13) arise frequently
in several system and control theoretic problems such as dynamic compensation,
stochastic control, output regulation and stabilization, etc. Polynomial matrices C and
Q that satisfy (3.11) are called internally skew prime. The reader is referred to Roth
[1952], Kucera [1975], Rosenbrock and Hayton [1977], Wolovich [1978], Cheng and
Pearson [1978], Antsaklis [1979], Emre [1980a], Emre and Silverman [1981], Desoer
et al. [1980], etc., for other results concerning these equations. Our results show that
there is a close relation between these polynomial matrix equations and A[z]-module
isomorphism. In § 5, we will relate these equations to factorizations of transfer matrices
and a class of linear systems known as split systems.

The next result is an immediate corollary of Theorem 3.6 and gives a relation
between |Q| and |Q| whenever Ao and Ao are A[z]-module isomorphic.

COROLLARY 3.18. Let Q and Q be r x rand | x | polynomial matrices such that Ag

and Ao are A[z]-module isomorphic. Then there exists an invertible element a in A[z]
such that

|0l=1Qla.
Proof. We follow the notation of Theorem 3.6. Equation (3.13) implies that

=[5, S

is invertible in A[z]. Furthermore,

A

[y, S S1-LS T

alo|=|0|. 0

Some of the ideas in the proof of Corollary 3.16 are adapted from Antsaklis [1979].
Theorems 3.3, 3.6, and Corollaries 3.4 and 3.18 constitute our polynomial charac-
terization of finitely generated projective modules with an endomorphism. These

Therefore we have
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results will be used in the later sections in examining matrix fraction representations for
linear systems over rings.

Remark 3.19. Let X be a finitely generated projective A-module with an
endomorphism F:X -» X. Then by Theorem 3.2, there exists an rXr admissible
polynomial matrix Q such that X and Ao are A[z]-module isomorphic. We can now
define the characteristic polynomial of F to be |Q|. This definition is unambiguous in the
sense that if Q is another admissible polynomial matrix such that As and X are
A[z]-module isomorphic, then|Q| and | Q| are related by a unit in A[z] (i.e., |Q| and ||
are associates in A[z]). In case A is a field, it was shown by Fuhrmann [1976, Thm. 4.8]
that |Q| is the characteristic polynomial of F. In case Q is row proper, which implies that
Ay is free, it was proved in Emre and Khargonekar [1980] that | Q| is equal to |z; — F|
for a matrix representation of Fq. In general, if X is a free module then we can find a
matrix F; such that X and A,;_f,) are A[z]-module isomorphic. If Q is another
admissible polynomial matrix such that Ap and X are A[z]-module isomorphic, then
|Q| and |zI — F| are associates in A[z]. Further, if A is an integral domain, then the
invertible elements of A[z] are the same as the invertible elements in A. Then if Q and
O are such that Ao and Ag are A[z]-module isomorphic, then the degrees of |Q| and
|O| are the same, and |Q| and |Q| are the same up to a unit in A. Thus, our results
naturally lead to a definition of the characteristic polynomial of an endomorphism of a
finitely generated projective module over an arbitrary commutative ring with identity.

4. Matrix fraction descriptions for linear systems over commutative rings. In this
section we will consider existence and realization theory of matrix fraction represen-
tations for linear systems over commutative rings. Matrix fraction representations have
been found very useful in solving several control and system theoretic problems such as
dynamic compensation, observers, stochastic control, output regulation and tracking,
etc. The reader is referred to the references given in Remark 3.17. In this section, we
will show that there is a correspondence between projective realizations of an input-
output map f and matrix fraction representations of the transfer matrix Z;. We will also
show that there is a one-to-one correspondence between reachable projective realiza-
tions (up to state-module isomorphism) and right matrix fraction representations (up to
multiplication by unimodular matrices). Finally, we will also derive necessary and
sufficient conditions for Q-realizations to be canonical for integral domains. These
conditions are a natural generalization of previously known results for the field case
obtained by Fuhrmann [1976].

The following theorem establishes a correspondence between projective realiza-
tions and matrix fraction representations.

THEOREM 4.1. Let f be an input-output map and Z; be the p X m transfer matrix of f.

(a) If 2 =(F, G, H, X) is a projective realization of f, then there existp X r, r Xr, and
r X m polynomial matrices P, Q, and R such that Q is admissible, Z;=PQ_1R, and
30 = (Fo, Go, Ho, Ao) is isomorphic to £ = (F, G, H, X).

(b) If P, Q, and R are p Xr, rXr, and r X m polynomial matrices such that Q is
admissible, and Z; = PQ™'R, then 2o = (Fo, Go, Ho, Ao) is a projective realization of f.

Proof. Since X is a finitely generated projective A-module with the A-linear map

F: X - X, there exists an integer r and a surjective A-module homomorphism G,: A" >
X. Let

g:A[z]-X: Y uz'— Y F'Gi(u,)
t=0 t=0

be the associated A-module surjective homomorphism. We are now in the setup of
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Theorem 3.3. Hence, there exists an r X r admissible polynomial matrix Q such that
ker g =QA'[z].
Also, the restriction of g to Aq,
X:Ao~>X:u—>g(u),

is an A-module isomorphism such that yFo = Fy.
Let us define a p X r input-output map f; by the impulse response sequence

fi=(HF'G)2,.
Let

Z,=3 (HFi—lGl)Z_j
j=1

be the transfer matrix of f1. Then, we have a factorization of the restricted input-output
map f7 through X as ff = hg, where h is the output map associated with the pair (H, F).
Now, since the columns of Q generate ker g as an A[z]-module, it follows that
f1(Q) =0. Therefore, there exists a p X r polynomial matrix P such that Z;Q = P, or
equivalently, Z, = PQ .

Let e; be the ith column of I,.. Since G, is surjective, there exists r; in A" such that
G1(r;)= G(e;). Let R be the r X m matrix with r; as its ith column. It is clear that

Gi(R)=G(I,).
We now have

PO'R=ZR=Y (HF'Gy)z '(R)= ¥ (HF'"'G)z7(I,) =2,
i=1 i=1

1

Further, 2o = (Fo, Go, Ho, Ap) is a realization of f, and y: Ao - X is such that
xFo = Fx. Also, for any x in Ao, we have

Ho(x)=(PQ"x)-y = (Hgi(x)) = (Hx)(x).
Therefore Hg = Hy. Finally, for any u in A™, we have
G(u) = G1(Ru) = g1(Ru) = (g1m0)(Ru) = (xGo)(Ru),

since QA'[z]=ker g,. Thus xGo=G. It follows that £, and X are isomorphic
realizations of f.

Suppose P, Q, and R are such that Q is admissible, and
Z;=PQ 'R.

Then, by Lemma 2.2, 2o = (Fo, Go, Ho, Ag) is a realization of f. Also, by Lemma 3.2,
Ag is a finitely generated projective A-module. Thus, 3o is a projective realization of
fa

Remark 4.2. Theorem 4.1 shows that there is a correspondence between pro-
jective realizations of f and matrix fraction descriptions of Z;. In general, there may
exist several matrix fraction representations of Z; having isomorphic Q-realizations. In
particular, if

Z;=PQ 'R=PO'R

are such that Q and O-realizations of f are isomorphic, then Q, 0] satisfy conditions
(3.7) to (3.11). This is closely related to the problem of strict system equivalence. The
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reader is referred to Rosenbrock [1970] and Fuhrmann [1977] where the problem of
strict system equivalence is considered for the field case. In fact, using Theorem 3.6, the
result obtained by Fuhrmann [1977, Thm. 4.1]immediately generalizes to the following
theorem.

THEOREM 4.3. Let Z; be a strictl)i proper transfer matrix. Let P, Q, R, 13, O, R be
polynomial matrices such that Q and Q are admissible, and

Z;=PQ'R=PO'R.

Then Q and O-realizations of Z; are isomorphic if and only if there exist polynomial
matrices C, D, Y1, Y,, Y3, Y4, Ys, and Y such that

P R I A
CY;+QY,=1, Y;:D+Y, Q=1

Proof. Using Theorem 3.6, it can be easily checked that the proof of Theorem 4.1
by Fuhrmann [1977] remains valid for our case, with coprimeness of C, Q and é, D
replaced by the existence of Yy, Y3, Y3, and Y, satisfying the above conditions. [

Let f be a given input-output map. In case A is a field, it is shown in Hautus and
Heymann [1978, Remark 4.8] that there is a one-to-one correspondence between
reachable realizations (up to state-space isomorphism) of f and factorizations of Z; of
the form PQ " (modulo multiplication of P and Q on the right by unimodular matrices).
We will now generalize this result to arbitrary commutative rings with identity in the
following theorem.

THEOREM 4.4 Let f be an input-output map and Z; be the p X m transfer matrix of f.

(a) If 2= (F, G, H, X) is a reachable and projective realization of f, then there exist
p X m and m x m polynomial matrices P and Q such that Q is admissible, Z; = PQ ", and
the Q-realization 2o = (Fo, Go, Ho, Ao) of PQ " is isomorphic to X = (F, G, H, X).
Further, if B,Q are pxm, mxm polynomial matrices such that Q is admissible,
Zi= PO, and the Q-realization $6 = (Fo, Go, Ho, Ag) of PO is isomorphic to
3 =(F, G, H, X), then there exists an m X m polynomial matrix N such that |N| is an
invertible element of A[z] and

ON=0, PN=P.

(b) If P and Q are p X m and m X m polynomial matrices such that Q is admissible,
and Z;=PQ™", then the Q-realization 3o = (Fo, Go, Ho, Ao) is a reachable and
projective realization of f.

Proof. Since X = (F, G, H, X) is reachable, it follows that the input map
g:A"[z]>X: Y uz'— Y F'G(u,)
t=0 t=0

is surjective. Since X is a finitely generated projective A-module, it follows from
Theorem 3.2 that there exists an m X m admissible polynomial matrix Q such that

ker g=QA™[z],

and the restriction y of g to Ag, x: Ao~ X, is an A-module isomorphism such that
xFo = Fx. Since f* = hg, and the columns of Q generate ker g, it follows that 3 (Q) = 0.
Hence, there exist a p X m polynomial matrix P such that P = Z;Q, or equivalently,
Z;=PQ~"'. As in the proof of Theorem 4.1, it can be easily checked that the
Q-realization 2¢ = (Fo, G, Ho, Ag) of Z; is isomorphic to £ = (F, G, H, X).
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Let P and O be as in (a). Since 3¢ = (Fo, Go, Hp, Ao) is isomorphic to S =
(F, G, H, X), it follows that

ker g =ker m¢.

Further, ker mg = OA"'[;Z], and ker g = QA™[z]. Therefore, there exist m X m poly-
nomial matrices N and N such that

0=0N, Q=0N.
Consequently,

Q=0ON=QNN.

Since Q is admissible, NN = I. Therefore, |[N| is an invertible element of A[z]. Also,

P=20=2ZQN =PN.

To prove (b), we note that 2o = (Fo, Go, Ho, Ao) is a projective realization of f.
Since mo: A™[z]-> Ag is surjective, 2 is reachable as well. Thus 2, is a reachable and
projective realization of f. [

Thus, we see that there is a one-to-one correspondence between reachable
realizations (up to state-module isomorphism) of f and factorizations of Z; and PQ "
(up to multiplication by unimodular matrices). This result also constitutes a natural

generalization of the corresponding result in the field case. (See Hautus and Heymann
[1978, Remark 4.8].)

We will now consider conditions under which a given Q-realization is canonical.

These results generalize the corresponding results in the field case obtained in
Fuhrmann [1976].

THEOREM 4.5. Letf be an input-output map with the p X m transfer matrix Z;. Let P,
Q, and R be p Xr, rXr, and r X m polynomial matrices such that Q is admissible, and

Z;=PQ"'R.

Then 2o = (Fo, Go, Ho, Ag) is reachable if and only if there exist polynomial matrices
Y, and Y, such that

RY1+QY2=I.

If A is an integral domain, then g is observable if and only if there exist Y3 in K"”?[z]
and Y, in K™'[z] such that

Y3P + Y4Q =1,
Proof. By definition ¢ is reachable if and only if

g0:A"[z]> Ag:u—>mo(Ru)

is surjective. Let Y5 be a polynomial matrix such that 7o (I') = Ys. Then there exists a
polynomial matrix Y suchthat I = Y5+ QY,. Now, if go is surjective, then there exists
U1, Uz, * * , Um in A™[2], such that go(y;) is the jth column of Ys. Consequently, if Y; is
the m X m polynomial matrix with u; as its jth column then

7TQ(RY1) = Y5 =]— QY6
There exists a polynomial matrix Y, such that

RY1=I—QY5—QY7.
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If we define Y, = Y4+ Y5, then
QY,+RY =1
Then for any x in Aq,
x=RYx+QY>x.
It is clear that
go(Yix)=mo(RY1x)=1x.

Thus, go is surjective.
Now, let A be an integral domain. 2 is observable if and only if the map

ho:Ao->z 'AP[[z7']]: x— 7 (PQ 'x)
is one-to-one. Consider the map
ho:Ko-z 'K*[[z7']: x —>m(PQ 'x).

Since K is the quotient field of A, it is clear that if ﬁo is one-to-one then ho is also
one-to- one Conversely, if ﬁ is not one-to-one, then there exists x in Ko such that
m(PQ 'x)=0. By clearing denominators, we can write x as ax; where « is in K and x;
isin Ao. Then ho(axl) 0. Since ﬁo is K-linear, it follows that ﬁQ(xl) 0. Thus, ho is
one-to-one if and only if ﬁo is one-to-one. It is known (see Fuhrmann[1976, Thm. 6.1])
that /o is one-to-one if and only if P and Q are left coprime over K[z]. But, this is
equivalent to the existence of Y3 in K”*?[z] and Y, in K"'[z] such that

Y3P+ Y4Q=I D

Remark 4.6. Conte and Perdon [1982] have (independently and simultaneously)
obtained somewhat similar results for the particular case of systems over a principal
ideal domain. Our results are considerably more general and apply to arbitrary
commutative rings with identity. Further, the concepts of Bezout factorizations and
split systems considered in § 5 have not been exmined by Conte and Perdon [1981].

Remark 4.7.We have restricted our attention to matrix fraction descriptions of the
form PQ'R. However, it is easy to check that most of the results can be appropriately
extended to descriptions of the form PQ 'R +8§.

5. Bezout factorizations and split systems. Let f be a realizable input-output map
with the transfer matrix Z;. In case A is a field, it is well known (see, e.g., Rosenbrock
[1970]) that there exist left coprime polynomial matrices Q; and R, and right coprime
polynomial matrices P and Q such that the transfer matrix

(5.1) Z;=Qi'R,=PQ".

Furthermore, the coprimeness conditions on the polynomial matrices P, Q and Q;, R,
are well-known to be equivalent to the existence of polynomial matrices Y3, Y», Y3 and
Y, such that

(5.2) Y P+Y,Q=],
(53) R1Y3+01Y4=I.

The existence of these coprime factorizations and (5.2) and (5.3) play an important role
in the polynomial matrix approach to several system and control theoretic problems.
The reader is referred to the references given in Remark 3.17. (Also, see Remark 5.10.)
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In this section we will establish a necessary and sufficient condition on a realizable
input-output map f over an arbitrary but fixed commutative ring A with identity for the
associated transfer matrix Z; to admit Bezout factorizations of the form (5.1). Recall
that a factorization Z; =PQ" (respectively, Z= Q1'R)) is said to be right (respec-
tively, left) Bezout if and only if there exist polynomial matrices Y, Y, (respectively,
Y;, Y,) satisfying (5.2) (respectively, (5.3)). We will show that Z; admits right and/or
left Bezout factorizations if and only if the input-output map f is split. The concept of a
split input-output map was first introduced by Sontag [1978, Def. 1.8] which is as
follows.

DEFINITION 5.4 (Sontag[1978, Def. 1.8]). Asystem X = (F, G, H, X ) is said to be
split if and only if the following conditions hold:

(a) X is a (finitely generated) projective module,

(b) X is reachable,

(¢) ¥=(F',H', G', X') is reachable.

An input-output map f and the associated transfer matrix Z; are said to be split if and
only if f can be realized by a split system.

The concept of a split system was introduced for application to the problem of
regulation of linear systems over commutative rings. A complete solution to the
regulator problem for free split systems (i.e., the state-module is free), has been given by
Emre and Khargonekar [1980] using a construction of observer and dynamic state-
feedback. The existence of Bezout factorizations of transfer matrices has been assumed
by Desoer et al. [1980] in their study of some control theoretic problems. Our results in
this section establish a link between the approaches developed by Emre and Khar-
gonekar [1980] and Desoer et al. [1980].

Using the results developed by Sontag [1978] we will also obtain some alternative
criteria for checking the existence of Bezout factorizations.

We will first establish two simple results which will be useful in establishing the
main results of this section.

LEMMA 5.5. An input-output map f is split if and only if ' is split.

Proof. Suppose fis split. Let 2 = (F, G, H, X) be a split realization of f. Since X is a
finitely generated projective A-module, it follows from Jans [1964, Chapt. 5, p. 66] that
X' is a finitely generated projective A-module, and there exists an isomorphism
x:X - X" such that yF =F"y, and yG = G". Since X is reachable, there exists an
integer n such that the n-step reachability map

n—1 .
gn: A" > X (uo, g, * 5 Up1)—> Y, F'G(y;)
i=0
is surjective. Further, (A"™)" is isomorphic to A"". Also, we have

n—1 .
g A" > X" (uo, ur, vy un-1)=> X (F")Y'G"(wy).
j=0

Since

n—1 1

L (F6"w)=x( 'S F'Gw),

i=0 j=0
and g, is surjective, it follows that g}, is surjective. By assumption, 2' = (F', G', H', X')
is reachable. Since g, is surjective, 2" = (F", G", H", X") is also reachable. Thus, X' is
split. Now, since X' is a realization of f, f' is split.

Conversely, if f' is split then, by the first part of the proof, f" is split. But the

input-output map f” is the same as f. Therefore, f is split. O



192 P. P. KHARGONEKAR

We will now establish another characterization of reachability of X'. In what
follows, for a system X = (F, G, H, X), let h, denote the n-step observability map

Hx
he: X>A" x> fo
HF" 'x

LEMMA 5.6. Let 3 = (F, G, H, X) be a projective system. Then X' is reachable if and
only if there exists an integer n and an A-linear map

e: A" X

such that oh,, is the identity map on X.
Proof. Suppose X' is reachable. Then, there exists an integer »n such that

n—1 X
it A > X (o, iy« s ) > X (F'YH ()
=

is surjective. It now follows from Bourbaki [1962, Chapt. 2, §2, Prop. 12] that
h,: X > A" splits; i.e., there exists an A-linear map ¢: A" - X such that ¢h, is the
identity map on X.

Conversely, suppose there exists an A-linear map ¢: A"™ - X such that ¢h, is the
identity map on X. Then, h,¢' is the identity map on X'. Hence, h,:A™ > X' is
surjective. But k,, is the n-step reachability map of ¥'. Thus, ¥’ is reachable. U

We now have the main result of this section.

THEOREM 5.7. Let f be an input-output map, and Zf=}:;°=1 A;z7" be the pxm
transfer matrix of f. Then the following statements are equivalent.

(a) There exist polynomial matrices P, Q, Y1, and Y, such that Q is admissible, and

Z;=PQ"', YP+Y,0=1I

(i.e., Zp admits a right Bezout factorization).

(b) There exist polynomial matrices Q1, R, Y3, and Y4 such that Q1 is admissible,
and

Z;=Qi'R;, R Y3+Q,Y,=1I

(i.e., Zs admits a left Bezout factorization).

(c) Fis a split input-output map.

Proof. We will show that (a) and (c) are equivalent, and (b) and (c) are equivalent.

(a) implies (c). Let 2o = (Fo, Go, Ho, Ag) be the Q-realization of PQ™. By
Theorem 4.3, it follows that 2, is a reachable, projective realization of f. We will now
show that X4 is reachable. Consider the map

e1:2 ' A”[[z7']]> Ao :q—> mo(Qm(Y19)).),
where, for x in A?(z),
(x)+ = x—m(x).
Since ¢ is composition of A-linear maps, ¢; is A-linear. We have
Y, P+Y,Q=1,
which can be rewritten as

Y. PQ '+Y,=Q ..
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It follows that for any x in Ag, we have
Y PQ 'x+Yx=Q 'x.
Since x is in Ap and Y3 is a polynomial matrix,
Q7 'x =m(Y1PQ 'x).

Therefore, we have
x=QQ 'x =Qm(Y1PQ 'x),

(01h)(x) = mo((Qm(Y1m(PQ™'x))).) = mo(Qm (Y1 PQ ™ 'x)).).
Thus

x = Qm(Y1PQ 'x) = mo((Qm(Y1PQ ™ 'x)).) = (¢1ho) (x).

It is thus clear that ¢1ho is the identity map X. Since Ag is a finitely generated
A-module, it follows from Atiyah and MacDonald [1969, Chapt. 2, Prop. 2.3] that
there exist a monic polynomial a such that a (Fp) = 0. Let n be the degree of a. Now, if

h, represents the n-step observability map of 2o, then it is easy to see there exists an
A-linear map

A" >z APz 71

such that ho = ¢h,,. Let ¢ = ¢ 1¢. Then ¢h, is the identity map on X. Now, by Lemma
5.6, 2 is reachable. Thus, 2o is a split realization of f. Therefore, f is a split
input-output map.

(c) implies (a). Let £=(F, G, H, X) be a split realization of f. Then, X is a
reachable projective realization of f. By Theorem 4.3, there exist polynomial matrices
P and Q such that Q is admissible, Z;= PQ7', and the Q-realization of 3o =
(Fo, Go, Ho, Ag) of PQ ' is isomorphic to 2. Hence X is split. It follows that 2 is
reachable. Now by Lemma 5.6, there exists an integer n, and an A-linear map
@: A" > Ao, such that if h, represents the n-step observability map of 2, then ¢h,, is
the identity map on Aq. Let 6 be the A-linear map

0:Ag>A": x—>(Q 'x)_;.

Then, (6¢h,)=0. Furthermore, 6¢p:A™ > A™ is A-linear. Therefore, there exist
Vo, Vi, +, Va_1in A™? such that

n—1
@) =T Vivs
. j=0
Yn—l

where each y; is in A”. We also have

PQ~'zh_, A
ha(mgte'y = | PO 702 | | A2
PO 2N A,
Further,

| 8(mo(z'D) = (2'Q7) 1.
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It now follows that

Bpha)(moe' D=8, ViAr.in=0(malz'D),

It is clear that

77_(Q~—1) — E (ZIQ—I)-12~(I+1).
!

=0

Therefore
7 Q N=Vo L Az '+ Vi Y Az 4+ Vg Y Apeaz!
=1 =1 =1

= VOZf+ VldT(sz)+ et Vn—lﬂ'(zn_lzf)
= 7T((V0+ Vlz 4004 Vn—~lzn—1)Zf)_
Let us define

Y3 = nil Viz g
i=0
Then there exists a polynomial matrix Y, such that
Y:Z;=Q '-Y..
Since Z; = PQ™", it follows that
Y;P+Y,Q=1

Thus, we have proved that (a) and (c) are equivalent.

(c) implies (b). Since f is split, by Lemma 5.5, f' is split. Also, the transfer matrix of
f'is Zp. As (c) implies (a), it follows that there exist polynomial matrices Q}, R}, Y3,
and Y such that Q; is admissible, and

Z;=Ri(Q))', YiR,+Y,Q\=1I

(b) follows immediately by taking matrix transposes.
(b) implies (c). By taking transposes we have

Z;=Ri(QY)', YiRi+Y,Qi=1

As (a) implies (c) and Z} is the transfer matrix of f}, f' is split. By Lemma 5.5, f is split.
Thus (b) and (c) are equivalent. 0O

Thus, it is seen that the existence of Bezout factorizations of Z; is equivalent to the
condition that the input-output map that f be split.

If A is a Noetherian integral domain, a useful condition for checking whether f is
split is given by Sontag [1978, Thm. 2.1]. In what follows, let H, be the n xn block
behavior (Hankel) matrix

Al A2 . An
| A A
An An+1 et A2"—1

of the input-output map f.
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THEOREM 5.8 (Sontag [1978, Thm. 2.1]). Let A be a Noetherian integral domain
and K be its quotient field. Let f be an input-output map over A and let n be the dimension
of a canonical realization of f over K. Then f is split if and only if the ideal generated by all
(n X n) minors of the n X n block behavior matrix H, of f is A.

We will now state a classical result from commutative algebra which gives a
necessary and sufficient condition for a finitely generated ideal in a polynomial ring A to
be A.

THEOREM 5.9 (the Hilbert Nullstellensatz, Zariski and Samuel [1958, Chapt. 7,
Thm. 14]). Let L be a field and A be L[ Ty, T,, « - -, T, ], the ring of polynomials in the
indeterminates Ty, Ts, - - -, T, over the field L. Then p1,ps,* **, pm in A generate the
ideal A if and only if there do not exist c1, ¢, * * * , Cn in an algebraic closure of L such that

pf(cl,CZ,".acn)zoa ]‘=1a2a..‘,m

(i.e., the polynomials p1, p2, * * * , Pn dO not have a common zero in an algebraic closure
of L).

We note that the results from classical elimination theory can be used to check
whether a given finite set of polynomials in several unknowns have a common zero in an
algebraic closure of L. The reader is referred to Hodge and Pedoe [1968, Chapt. 4, § 7]
for a discussion of these techniques. Thus, using Theorems 5.8, 5.9 and results from
elimination theory, we can check the existence of Bezout factorizations for linear
systems over polynomial rings in several variables. This has immediate applications to
delay-differential systems with a finite number of noncommensurate delays. Kamen
[1975] established that such a delay-differential system can be viewed as a system over a
polynomial ring of delay operators. These results are also applicable to systems with
parameters where the parameter variations are modeled as polynomials.

Another special case arises if A is a principal ideal domain. Then it follows from
Theorem 5.8 that a given input-output map f is split if and only if a greatest common
divisor of all n X n minors of the (block) n X n behavior matrix H,, is the multiplicative
identity of A.

Remark 5.10. Let f be a split input-output map. Then (5.1)-(5.3) hold. In
particular, (5.1) can be rewritten as

(5.11) R.Q=Q,P.

Now, (5.11), (5.2), and (5.3) are exactly the equations in the set up of Theorem 3.6.
With the above notation, (3.13) becomes

(5.12) Y3R1+QY7=I, PY5+ Y4Q1=I,

for some polynomial matrices Ys and Y. These equations are closely related to the
concept of skew prime polynomial matrices, which plays an important role in the
polynomial matrix approach to certain control-theoretic problems such as output
regulation with internal stability, (see Wolovich and Ferreira [1979]), and stochastic
control, (see Kucera [1975]). Two polynomial matrices Q;, P(Q, R,) are said to be
externally (internally) skew prime if and only if there exist polynomial matrices Y, and
Y5 (Y3 and Y5) such that

(513) PY5+ Y4Ql=I, (Y3R1+QY7=I).

Equation (5.13) has been considered in several papers. The reader is referred to Roth
[1952], Wolovich [1978], Gustafson [1979], Emre and Silverman [1981] and the
references given therein. It has been shown by Wolovich [1978] that in case A is a field,
the polynomial matrices Q;, P are externally skew prime if and only if there exist
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polynomial matrices R;, Q, Y}, Y3, Y3 and Y, such that (5.11), (5.2) and (5.3) are
satisfied. Our results show that for arbitrary commutative rings with identity, if R;, Q,
Y1, Y, Ysand Y, exist such that (5.11), (5.2) and (5.3) are satisfied, then Q;, P(Q, R;)
are externally (internally) skew prime. Using the results of Theorem 5.7, skew-
primeness and related questions have been considered in Emre [1980, Lemma 3.4] for
arbitrary commutative rings with identity. Our results indicate that there is a close
relation between split systems and these polynomial equations.

Remark 5.14. In a personal communication, C. Byrnes has indicated that the
algebro-geometric methods developed by Byrnes [1978] can be used to prove Theorem
5.6 for systems over a ring of polynomials in several variables over the field of complex
numbers. Our results, however, are for arbitrary commutative rings with identity and
are obtained by a purely algebraic approach. It may be interesting to examine in detail
the connections between the results of this paper and the algebro-geometric approach
to the theory of linear systems.

Acknowledgment. The author wishes to thank Dr. E. D. Sontag for several
valuable discussions concerning the research reported here. The author is also grateful
to the reviewer for his constructive comments.

REFERENCES

P. J. ANTSAKLIS [1979], Some relations satisfied by prime polynomial matrices and their role in linear
multivariable system theory, IEEE Trans. Automatic Control, AC-24, pp. 611-616.
M. F. ATiYAH AND 1. G. MACDONALD [1969], Introduction to Commutative Algebra, Addison-Wesley,
Reading, MA.
N. BOURBAKI [1962], Algebre, Hermann, Paris.
[1972], Commutative Algebra, Addison-Wesley, Reading, MA.
R. W. BROCKETT AND J. L. WILLEMS [1974], Discretized partial differential equations: examples of control
systems defined over modules, Automatica, 10, pp. 507-515.
C. 1. BYRNES [1978), On the control of certain deterministic infinite-dimensional systems by algebro-geometric
techniques, Amer. J. Math., 100, pp. 1333-1381.
[1979], On the stabilizability of linear control systems depending on parameters, Proc. IEEE Con-
ference on Decision and Control, Florida.
L. CHENG AND J. B. PEARSON, JR. [1978), Frequency domain synthesis of multivariable linear regulators,
IEEE Trans. Automatic Control, AC-23, pp. 3-15.
G. CONTE AND A. M. PERDON [1982], Systems over a principal ideal domain. A polynomial model approach,
Facolta’ di Ingegneria, Universita’ di Padova, 1980, this Journal, 20, pp. 112-124.
C. A. DESOER, R. W. LiU, J. MURRAY AND R. SAEKS [1980], Feedback system design: the fractional
representation approach to analysis and synthesis, IEEE Trans. Automatic Control, AC-25,
pp. 399-412.
S. EILENBERG [1974], Automata, Languages, and Machines, Vol. A, Academic Press, New York.
R. EISING [1978], Realization and stabilization of 2-D systems, IEEE Trans. Automatic Control, AC-23,
pp. 793-799.
[1979], 2-D Systems, an algebraic approach, Mathematisch Centrum, Amsterdam.
E. EMRE [1980a], The polynomial equation QQ,+ RP,.=® with applications to dynamic feedback, this
Journal, 18, pp. 611-620.
[1980b], Output regulation in the presence of disturbances of linear systems over rings, Center for
Mathematical System Theory, University of Florida.
[1980c] On a natural realization of matrix fraction descriptions, IEEE Trans. Automatic Control,
AC-25, pp. 288-289.
E. EMRE AND P. P. KHARGONEKAR [1980], Regulation of linear systems over rings: coefficient assignment
and observers, Center for Mathematical System Theory, University of Florida.
E. EMRE AND L. M. SILVERMAN [1981], The equation XR + QY = ®: a characterization of solutions,
Center for Mathematical System Theory, University of Florida, this Journal, 19, pp. 33-38.
P. A. FUHRMANN [1976], Algebraic system theory: an analyst’s point of view, J. Franklin Inst., 301,
pp. 521-540.




POLYNOMIAL MATRICES AND SYSTEMS OVER RINGS 197

[1977], On strict system equivalence and similarity, Internat. J. Control, 25, pp. 5-10.

W. H. GUSTAFSON [1979], Roth’s Theorem over commutative rings, Linear Algebra and Appl., 23,
pp. 245-251.

M. L. J. HAUTUS AND M. HEYMANN [1978], Linear feedback—an algebraic approach, this Journal, 16,
pp. 83-105.

M. L. J. HAuTtus AND E. D. SONTAG [1980], An approach to detectability and observers, Dept. of
Mathematics, Memo. COSOR 70-08, Eindhoven University of Technology, Eindhoven, the
Netherlands, also to appear in Algebraic and Geometric Methods in Linear Systems Theory, C. I.
Byrnes and C. F. Martin, eds., American Mathematical Society, Providence, RI.

M. HAZEWINKEL [1980], A partial survey of the uses of algebraic geometry in systems and control theory, in
Sym. Math. INOAM (Severi Centennial Conference), Academic Press, New York.

W. V. D. HODGE AND D. PEDOE [1968], Methods of Algebraic Geometry, vol. 1, Cambridge University
Press, Cambridge.

J. P. JANS [1964], Rings and Homology, Holt, Rinehart, and Winston, New York.

R. JOHNSTON [1973), Linear systems over various rings, Ph.D. dissertation, Massachusetts Institute of
Technology, Cambridge, MA.

R. E. KALMAN, P. L. FALB AND M. A. ARBIB [1969], Topics in Mathematical System Theory, McGraw-
Hill, New York.

E. W. KAMEN [1975], On an algebraic theory of systems defined by convolution operators, Math. Systems

Theory, 9, pp. 57-74.

[1978], Lectures on algebraic system theory: linear systems over rings, NASA Contractor Report 3016.

P. P. KHARGONEKAR AND E. D. SONTAG [1981], On the relation between stable matrix fraction
factorizations and regulable realizations of linear systems over rings, Department of Mathematics,
Rutgers University, New Brunswick, NJ.

J. T. KNIGHT [1971], Commutative Algebra, London Mathematical Society, Lecture Note Series 5,
Cambridge University Press, Cambridge.

W. KUCERA [1975], Algebraic approach to discrete stochastic control, Kybernetic, 11, pp. 114-119.

T. Y. LAM [1978], Serre’s Conjecture, Lecture Notes in Mathematics 635, Springer-Verlag, Berlin.

E. B. LEE AND A. W. OLBOROT [1980], On reachability over polynomial rings and a related genericity
problem, Proc. 17th Conference on Information Science and Systems, Princeton, NJ.

C. C. MACDUFFEE [1956], The Theory of Matrices, Chelsea, New York.

S. MACLANE AND G. BIRKHOFF [1967], Algebra, Macmillan, New York.

H. H. ROSENBROCK [1970], State Space and Multivariable Theory, John Wiley, New York.

H. H. ROSENBROCK AND G. E. HAYTON [1977], The general problem of pole assignment, Control Systems
Center Report no. 288, University of Manchester, England.

W. E. ROTH [1952), The equations AX — YB = C and AX — XB = C in matrices, Proc. Amer. Math. Soc., 3,
pp- 392-396.

Y. ROUCHALEAU [1972], Linear, discrete-time, finite-dimensional dynamical systems over some classes of
commutative rings, Ph.D. dissertation, Stanford Univ., Stanford, CA.

Y. ROUCHALEAU, B. F. WYMAN AND R. E. KALMAN [1972], Algebraic structure of linear dynamical
systems. III. Realization theory over a commutative ring, Proc. Nat. Acad. Sci. USA, 69,
pp. 3404-3406.

E. D. SONTAG [1976], Linear systems over commutative rings: a survey, Richerche di Automatica, 7,

pp. 1-34.
[1978], On split realizations of response maps over rings, Information and Control, 37, pp. 23-33.
[1978a), On first-order equations for multi-dimensional filters, IEEE Trans. Acoustics, Speech, and
Signal Processing, ASSP-26, pp. 480-482.

W. A. WOLOVICH [1974), Linear Multivariable Systems, Springer, New York.

[1978], Skew prime polynomial matrices, IEEE Trans. Automatic Control, AC-23, pp. 880-887.

W. A. WoLOVICH AND P. FERREIRA [1979], Output regulations and tracking in linear multivariable
systems, IEEE Trans. Automatic Control, AC-24, pp. 460-465.

B. F. WYMAN [1972], Linear systems over commutative rings, Lecture notes, Stanford Univ., Stanford, CA.

O. ZARISKI AND P, SAMUEL [1958], Commutative Algebra, Vol. 2, Van Nostrand, New York.




SIAM J. CONTROL AND OPTIMIZATION © 1982 Society for Industrial and Applied Mathematics
Vol. 20, No. 2, March 1982 0363-0129/82/2002-0004 $01.00/0

LOWER CLOSURE PROBLEMS WITH WEAK CONVERGENCE
CONDITIONS IN A NEW PERSPECTIVE*

E. J. BALDERTY

Abstract. A transparent approach is taken towards the class of (lower) closure problems with weak
convergence conditions for the ‘‘derivatives”. A deparametrization procedure is formulated for the abstract
lower closure problem of this class, as well as for its variant in a control problem of Lagrange type. It is
shown that, if one follows this procedure, the solution of the lower closure problem merely lies in proving
that a certain ‘“‘modified Lagrangian” is a normal integrand. A lower closure result is obtained that
generalizes, in itself, all comparable results of [2a], [6e—f], [7a], [21]. For control problems of Lagrange
type with uniform boundedness conditions on the ‘“controls,” a special approximate Lagrangian can be
formulated by which the deparametrization procedure yields results that are superior to those obtained
previously [2b], [7b—c]. An important novelty in deriving the measurability properties of Lagrangians is

also introduced here: it consists of the employment of the Kunugui-Novikov-Stchegolkov projection
theorem [4].

1. Introduction. Consider the following so-called deparametrization procedure,
an approach to solve a lower closure or closure problem with weak convergence
conditions for the ‘“‘derivatives”:

(i) Construct a suitable so-called modified Lagrangian from the basic com-
ponents of the problem and show it to be a normal integrand.

(i) Apply a standard lower semicontinuity theorem on the integral functional
having the modified Lagrangian as its integrand, with ‘‘trajectories” and
“derivatives” as its arguments.

(iii) Apply a standard measurable implicit function theorem (only when dealing
with optimal control problems).

Because steps (ii), (iii) of this procedure are routine, the solution of the (lower)
closure problem by means of the above procedure lies in demonstrating the measurabil-
ity and semicontinuity properties of the modified Lagrangian. As will be made clear,
this simplifies and standardizes the solution method to a considerable extent.

It would seem that the above deparametrization procedure can only be successful
for the class of closure problems with weak convergence conditions. In contrast with
the situation at present, this class was for some time overshadowed in importance by
those problems where weak convergence conditions are avoided by strengthening the
degree of seminormality (for instance by requiring Cesari’s property (Q) to hold);
this is evident from L. Cesari’s earlier work (cf. [6a—d]). That could possibly account
for the undeserved absence of the deparametrization procedure from the literature
on (lower) closure problems thus far (although the procedure was mentioned in passing
in a remark [18, p. 15]).

As indicative of this situation one can observe—and we shall cite only two
instances—that the results of [2a] can be obtained, straightaway and under essentially
weaker conditions, from the lower semicontinuity result in [2¢] by the deparametriz-
ation procedure. Also, [6f, Statements (51), (6i)] can be shown to follow directly (and
at least Statement (51) under significantly weaker conditions) from the semicontinuity
result of [6f, Statement (1iii)] by the same procedure.

* Received by the editors March 5, 1980 and in revised form April 6, 1981.
+ Mathematical Institute, University of Utrecht, Budapestlaan 6, P.O. Box 80 010, 3508 TA Utrecht,
the Netherlands.
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On the other hand, for some optimal control problems of Lagrange type whose
compactness conditions (e.g., compactness of the space of control points) completely
overshadow the importance of seminormality, the deparametrization procedure has
been used quite succesfully; cf. [9], [10], [14], [19]. As mentioned above, the procedure
has been discussed very briefly by C. Olech in [18], but his remarks go without proof,
bear only on the case where the upper set property (7) holds, and do not apply to
lower closure problems without seminormality conditions, such as considered in [7b—c].
(It would seem that Olech did not return to the subject elsewhere.) The purpose of
this paper is to present a systematic exposition of the use of the deparametrization
procedure for (lower) closure problems with at most weak seminormality conditions.
At the same time, quite new lower closure results are obtained for control problems
of Lagrange type with uniform boundedness conditions on the “controls” (e.g.,
Li-bounds [2b], [7c]). For these special problems we shall introduce another
Lagrangian, the approximate Lagrangian, whose semicontinuity property is proven in
line with the proofs of [9], [10], [14] for the classical Lagrangian.

The organization of this paper is simple. The technical aspects of the first step
receive due consideration in §2. After this, the deparametrization procedure is
followed through for abstract (lower) closure problems in § 3 and for optimal control
problems of Lagrange type in § 4.

2. Lagrangians and normal integrands. The first step of the deparametrization
procedure is studied in this section. Along the way, a large part of the basic framework
of this paper is described in notation similar to that used in [6a—f]. However, we shall
allow the setting to be substantially more abstract than in the above references.

Let (G, %, u) be a finite measure space whose o-algebra ¥ is either countably
generated or the completion of a countably generated o-algebra. Let X be a metrizable
Lusin space [8] (also known under the name of standard Borel space) with given
metric d, equipped with the Borel o-algebra. Let B be a measurable closed-valued
multifunction from G into X and denote its graph by %; this graph is a measurable
subsgt of G x X[5, II1.10, I11.13]. Further, let r be a prescribed natural number and
let Q be a multifunction from % into R™*' with closed values and measurable graph.
(From now on, every Euclidean space is supposed tq be equipped with its Borel
o-algebra, unless stated otherwise.) We shall say that Q has property (K) with respect
to B(t) at a point (¢, x°) € B if

(1) A1, x%) = n AdU{O(t, x): x e B(t), d(x, x°) <y},

where cl denotes closure. This property is classical in the existence theory for opti-
mal control problems (cf. [6], [7], [11]).

Let us also agree to say that (3 has property (K) with respect to B it Q has property
(K) with respect to B(¢) at every (¢, x°) € .

Remark 1. In case the set B(¢) is a singleton for every ¢t € G, property (K) with
respect to 93 will hold vacuously,

Remark 2. Let us say that Q has property (K,,.) with respect to B ;t) at (¢, x*) e B
if there zexists No >0 such that for every N E No the multifunction Qy satisfies (1),
where Ox (¢, x) denotes the intersection of Q(¢, x) with the closed ball with radius N
around 0 in R, (#, x) € B. Then it is not hard to see that at every point (¢, x% e B,
the properties (Kio.) and (K) with respect to B(t) are equivalent.

Remark 3. It should be noted that we do not follow [6], [7] in the custom of
introducing additional exceptional u-null sets where the assumptions are allowed not
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to hold. For instance, one could introduce a u-null set N such that B(¢), introduced
above, is allowed to be nonclosed whenever ¢ € N. It is easy to see that the inclusion
of such provisions does not lead to more general results, since our results will always
be such that they hold modulo w-null sets.

Consider the modified Lagrangian | on G x X xR™*" defined by

-4
@) It x, £ 1) = {inf MmeR:(&n)eQt,x),n=A} if (¢, x) e AR,
+00 otherwise,
it being understood that the infimum over the empty set equals +00, (¢, x, & A) €
G x X xR*'. Note that the classical Lagrangian corresponds to the improper choice
A = —00 and is well known [6c], [9], [10], [14], [18], [19]. A very important aspect of
this definition is the following.

Remark 4. Observe that for every (¢4, x, £, A)e GxX xR’“, finiteness of the
number I(¢, x, & A) implies that (¢, x) € # and that the inﬁmun; in (2) is attained; the
latter fact follows immediately from the closedness of the set Q(t, x).

We need additional conventions. The multifunction Q is said to have the (upper
sgt) property (7r) if for every (t, x) € B, (&, m) € Q(t, x) and n' =Zn we have that (¢, n') e
Q(t, x); cf. [6], [7]. Also, we shall say that condition (M) holds if G is a metrizable
Lusin space having ¥ as its Borel o-algebra. A version of the following result was
announced in [18, p. 15]. Cf. the appendix for a different approach.

THEOREM 1. Suppose that condition (M) holds or that the multifunction Q has
property (). Then

(i) the modified Lagrangian | is measurable on G x X xR,
(i) the modified Lagrangian | is a normal integrand on G x (X X R™*") if and only
if Q has property (K) with respect to B.

Proof. (i) To begin with, suppose that G is metrizable Lusin having ¥ as its
Borel o-algebra. For a given yeR, define F to be the set of those
(t, x, & X)e G XX xR such that I(£, x, & L) = y.

By Remark 4, (t, x, , M) e F if and only if A =4, (£, x) € B and (&, n)eO(t x) for
some neR, A=nZy. Consider the set E of all (t,x, & A, )€ G x X xR"*? such that
(t,x)eB, (&1 )eO(t x) and A =n =v. Since the graph of Q is measurable, E is
obviously measurable. zAt every (t x&EA)eG XX X R, the section of E, i.e., the
set {n €[A, v]: (& 1) € Q(t, x)}, is compact. In view of the suppositions, we may apply
the Kunugui-Novikov-Stchegolkov projection theorem [4, Theorem 1, Remark 2],
[8, I11.21b] to conclude that the projection F of E onto G X X X R is measurable.

Alternatively, suppose that Q has property (7). Let v € R be arbitrary and define
E, F as above. With property () we now have that (¢, x, & A) e F if and only if A =+,
(t, x)€ B and (& y) € Q(4, x). Thus F, being now the section of E at v, is measurable.

(ii) If. The question of measurability has been settled in (i). Fix te G and let
{(x*, £, 1")}3 be an arbitrary sequence in X x R such that x* > x°, £ > ¢°, A* > °.
To prove lower semicontinuity of /(¢ -, -, -) it will be enough to consider only the
nontrivial case where B8 =Ilim inf, (¢, x*, £, 1%) is finite. Rather than extracting a
suitable subsequence, we may suppose w.l.o.g. that the numbers nk= l(t, xk, £ 05
are all ﬁmte and that n* > 8. By Remark 4 we now have &, n")e 0t x"), x* e B(r)
and 7 k= \* for every k € N. By closedness of B(t), x%e B(t) it follows from the above
that for every y>0, there exists kocN such that (¢ 7% e U{Q(t x): xeB(1),
d(x, x°) < v} for every k =k, But then (£°, B) will 11e in the closure of the
above union. Our supposition implies that (§ B) € Q(t x%). Also B =lim,n*=
lim A% =A%, It is now clear from (2) that I(z, x°, £€°, A°) =B, so lower semicontinuity
of I(t,-, -, -) has been proven.
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Only if. Fix (t, xo)e% arbitrarily. Only the nontrivial inclusion in (1) deserves
proof. Suppose &, n%er™! belongs to the right s1de of (1). For every k €N the ball
with radius k! around (§ n°) contains, for some x eB(t) with d(x*, x%) <k~ 1, an
element (§ n%)e Q(t x5). Clearly, (% &5 2%->x%&%1%. By (2), n*=
I(t, x*, £, ") for every k eN. Thus, the supposition yields nozl(t, x% & 7=z7n°
By Remark 4 we have now (¢°, n°) € Q(t, x°). This finishes the proof.

The usual representation of Q to be found in optimal control problems of
Lagrange type is as follows. Let () be a measurable closed-valued multifunction from
A into a o-compact metric space U, equipped with its Borel o-algebra. Also, let
fE (£, f°) be a measurable function from H ={(t, x, u)e Bx U: u € Q(t, x)} into R™""*
and such that, for every t € G, f(t, -, +) is continuous on the section of H at t. Suppose
now that for every (¢, x) € %,

3) Ot x) = {(f(t, x, u), m) e R p = £2t, x, 1), u € U1, x)},

with the implicit understanding that the set on the right-hand side is cloged.

LEMMA 2. Suppose that Q allows the representation (3). Then Q is measurable,
closed-valued and has property ().

Proof. Because () is measurable and has complete values, there exists a sequence
{w;}* of measurable functions from % into U such that for every (f, x)e B Q(t, x) =
cl {wi(t, x)}T whenever Q(t, x) is nonempty (Castaing representation, [5, I11.9]). Fix
(1, x) € B and suppose (¢, x) is nonempty. Then by the continuity property of f

(4) Ot x) = cl{(f(t, x, ity %), £2(t, x, @it ) +1,): iy j €N}

Here {r;}7 denotes a denumeration of the nonnegative rationals. By supposition é(t, x)
is closed, so the converse inclusion in (4) holds too. Because f is measurable on H,
a Castaing representation of Q has been obtained, which is equivalent to saying that
Q is measurable (s, JL 9]. The other statements are trivially true.

Note that if Q allows representation (3), the modified Lagrangian can be
specified by

(5) I(t, x, & A) = inf {max (f°(t, x, u), A): u € QUt, x), f(t, x, u) = £},

for (f, x)e B, (&, A)eR™, .In analogy to Remark 4 we have the following.
Remark 5. In case Q has representation (3), for every (¢, x, §,A)e G X X X R,
finiteness of (¢, x, & A) implies that (¢, x) € & and that the infimum in (5) is attained.
In control problems with uniform boundedness conditions on the controls, the
following alternative Lagrangian will prove to be very useful. Let & be a nonnegative
measurable functional on G X U such that A(¢, +) is inf-compact on U for every t € G.
Define for every ¢ =0 the approximate Lagrangian I, on G x X xR™*" by

6)  L(t,x, & A) =inf {max (f(, x, u), )+ eh(t, u):u e U, x), f(t, x, u) = £},

for (1, x)e B, (£, A)e R, Elsewhere, set I, equal to +00.

Note that the modified Lagrangian [ of (5) is equal to /o. Note also that convexity
of the set Q(t, x), (t, x)€ B, in (3) does not imply that /. (¢, x, -, ) is convex, unless
e =0and h(t, -) is convex.

Let us say that () has property (K) with respect to 93 if (1) holds at every (z, x% e B,
with Q replaced by ().

In anticipation of what is to follow we urge the reader to distinguish carefully
between normal integrands on G x (X xR"™") and normal integrands on (G x X) xR™*';
cf. [S, VII].



202 E. J. BALDER

LEMMA 3. Suppose that condition (M) holds and that é has representation (3).

The following statements hold for every € >0:
(1) The approximate Lagrangian I, is measurable on G x X X R
(ii) The approximate Lagrangian |, is a normal integrand on G X (X xRYif Q
has property (K) with respect to A.
Also, for ¢ =0 (cf. Theorem 1(ii))

(iii) The modified Lagrangian | is a normal integrand on (G X X)X R

Proof. (i) Fix £ >0 arbitrarily. To start with, note that for every (t x, &AN)e
G x X xR finiteness of (1, x, & A) implies that (¢, x) € .5/3~ and that the infimum is
attained in (6) (by inf-compactness of k(¢ +), continuity of f(¢ x, -) and closedness of
Q(t, x)).

Let yeR be given. It is easy to check that for every (4 x,&A)e
GXXXR ™. (t,x,& A)=1y if and only if A =, (t, x) € B and there exists u € Q(t, x)
such that h(t,u)=e '(y—A), f(t,x,u)=¢ and max (f°(x, t,u), A)+eh(t, u) =7y,
observe that the set of u € ()(¢, x) satisfying these three relations is compact. The rest of
the argument runs entirely parallel to that used in proving Theorem 1(i) by means of the
Kunugui-Novikov-Stchegolkov theorem. We shall omit the details.

(i) Let £ >0 be fixed. From (i) we know that /. is measurable. Let t€ G be
arbitrary. We will show that /. (¢, -, -, -) is lower semicontinuous. Consider an arbitrary
given sequence {(x*, £, A*)}¥ such that x* > x° &*>£° A*¥>A° Without loss of
generality we may assume that 8 =lim inf, [ (¢, x*, 5", A%) is finite and that nk -8,
where nk =1(1, x*, &, A*)is finite, k € N. Thus, for every k € Nthere exists u*eQt, x*)
such that

r+1

r+1

n* =max (f°(t, x*, u*), A*) +eh(t, u*),  ft, x*, u")=¢*

Because h(f, u®)=e '(n*—A%), it is easy to see that a subsequence of {u*}e will
converge to some i € U. Without loss of generality we may assume u - i. Since
dec UT Q1 x*) we conclude from the supposmon that zeQ(t, x ) Also, by
continuity of f(t ,'), We ﬁnd f(t x°, i) =¢° and B Zmax (f°(, x°, @), A% +eh(t, a).
In all, we find now that . (¢, x ,§ A )Sﬁ

(iii) In view of Lemma 2, measurability of [/ is assured by Theorem 1(i). Let
the element (1, x) € B and the sequence {(£5, A“)}3 be arbitrary, £ > £°, A* > A°. As
usual we may suppose w.l.o.g. that all numbers n*=1(s, x, £, A*) are finite and
converge to the finite number 8 =lim inf, n*. Rather than using the representation (5)
for I, we shall keep to the orlgmal deﬁmtlon given in (2). By Remark 4 we have that for
every keN &, n" e O, x), n =k By closedness of Q(¢, x) we thus have that
&% B)e Q(t x). Also B=1° so from (2) we conclude that I(t, x, £°, A°) =B. This
finishes the proof.

We now turn to the description of the only tool used in the second step of the
deparametrization procedure: a lower semicontinuity result for integral functionals.
Before doing so, we again introduce a part of the basic framework, namely a sequence
{x«}o of measurable functions from G into X such that

(7 Xk f’ X0,

" . . . .
where — denotes convergence in measure u. In this section we shall also consider a

sequence {Ek};;" belonging to the collection L;(G)™"" of measurable, w-integrable
functions from G into R"*" such that

y O o
gk_)§0’

where > denotes convergence in the weak o(L1(G)™*"!, Lo(G) *")-topology. A lower
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semicontinuity result for integral functionals will now be stated. Variants of it appear in
[2c], [6f], [10], [14], [18], to mention just a few references of this venerable result.
THEOREM 4. Suppose m is a normal integrand on G x (X xR™™") such that
(@) the sequence {m (-, xx(+), & (Y is uniformly integrable,
(b) for every t € G the functional m(t, xo(t), ) is convex on R
Then

lim inf, L mt, 3 (0), £ () (dD) = L m (1, xolt), Eo(t))a(d1).

Proof. For finite-dimensional G, X the result is practically contained in [13,
Theorem 1]. Stated as is, the result follows directly from combining [16, Theorem 5,
Remark 2, Case 1].

Remark 6. Note that the inf-compactness result in [19] follows immediately—and
under weaker conditions—from Theorem 4. (The so-called ‘‘basic growth condition”
imposed upon the Hamiltonian in [19] implies the weak convergence of the derivatives
in a far more direct way than might appear from that paper. It is enough to note that
the growth property for the Lagrangian implied by the basic growth condition (cf.
[19, p. 321)) is such that the derivatives involved are equi-absolutely continuous.)

3. The abstract (lower) closure problem. The deparametrization procedure intro-
duced in § 1 will now be implemented. Thus we follow through with the first step,
worked out in the previous section. We obtain a quite general lower closure and
closure result. We shall also discuss how these results and those of the following
section generalize comparable results in [2a-b], [6e—f], [7a—c], [21].

Let G, X, r, {x«}o be as in the previous section (with (7) holding). The multifunction
B will be specialized as follows from now on:

(8) B(t) =cl {xk(8)}, teG.

with this proviso, %, (5 and [ are supposed to be as before. Also, a sequence {&:}o
in L1(G)’, with

9) & > &,

will be part of the basic framework from now on. The main lower closure result is
now as follows.

THEOREM 5. Suppose that condition (M) holds or that é has property (). Also,
suppose

(10) for every t € G the set Qz(t, xo(2)) is convex,
11) 5 has property (K) with respect to R.

Let {m«}T be a sequence of measurable functionals on G and suppose there exists a
sequence {(8, S2)}Y of measurable functions from G into R™*', converging in measure
W to zero, such that

(12) foreveryte G, keN, (&(0)+8c(0), m(0)+8%(1) € O, x(1)).
Suppose further that there exists a uniformly integrable sequence {\,} in L1(G) such that
(13) foreverykeN, mn =

Then, if i =lim inf, [ 7 du <+ 00, there exists 1 € L1(G) such that
(i) for u-a.e.t, (&(t), n*(1)) € Q(1, xo(t)), xo(t) € B(1),
(i) fon*du=i.
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Proof. Instead of taking a suitable subsequence twice, we may suppose w.l.o.g.
that i =lim, [; m du and that there exists Aoe L;(G) such that A, 3 Ao (by the
Dunford-Pettis compactness criterion [8, 11.22, 25], [10, VII.1.7]). We claim that

n*=1(-, xo(*), &(-), Ao(+)) satisfies (i), (ii), where ! denotes the modified Lagrangian
defined in (2). We have for every t€ G, k eN,

(14) 1, xic(8), (& +81)(2), (A +83)(1)) = 85 (£) = Awc(0).

Because of the initial assumption and (11), / is a normal integrand on G X (X X R
by Theorem 1. Therefore

m(t, x,8,8% e, EM)=1(t, x, £E+8,A +8%) —¢,

defined for te G, xeX, 6, £€R, 60, g, A €R, gives a normal integrand m on G X
(X xR**?). From (2) and (10) it follows directly that /(z, xo(¢), -, +) is convex on R
for every t € G. Thus, as for every t€ G, (£ 1) e R,

(15) m(ta Xo(t), 09 Oa 03 gaA)=l(ta XO(t), gaA)’
m satisfies condition (b) imposed in Theorem 4. Further, by (14) we have forevery k e N
my = )\k,

where m (¢) is defined to be the left side of (14), t € G. Hence, the uniform integrability of
the sequence {A, } implies the uniform integrability of the sequence {max (—my, 0)}7".So
condition (a) of Theorem 4 holds as well. If we apply Theorem 4, and take into account
(15), we find easily

lim inf, J my du éj n* du.
G G

This implies (ii), since for every k e N, m; = n, by (2), (8), (12) and (13). Clearly, n*
is measurable. In view of (2), we also have n* = A,. Since i <+ 00, we conclude that
n* € L1(G). Since a fortiori n* is finite u —a.e., (i) follows by definition of n* and
Remark 4.

Remark 7. It deserves attention that Theorem 5 remains valid in case the
assumption 85 % 0isreplaced by {6%}T = L,(G)and 8% 3 0. This is seen by redefining
A=A +8% nmk=mni+8% keN in Theorem 6 and observing that A 3 Ao, i=
lim inf, ;i du and ni = A for every k e N. Mutatis mutandis, the same can be
said for {8;}5. Conversely, the <ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>