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A REMARK ON CONTROLLABILITY FOR SYMMETRIC HYPERBOLIC
SYSTEMS IN ONE SPACE DIMENSION*

N. WECK

Abstract. In a recent survey paper [SIAM Rev., 20 (1978), pp. 639-739] D. L. Russell reports (among
other things) on controllability results for symmetric hyperbolic systems in one space dimension. Russell
explicitly gives two numbers To and T1 such that the system in question is exactly controllable in times
T->_ T1 but not even approximately controllable in times T < To. It is remarked that there must exist some

Tc such that the same results hold if both To and T1 are replaced by To. In the present paper we want to
show what this "critical time" T is.

1. Notation and formulation of the problem. Consider the symmetric hyperbolic
system

(1)

where

Otw(t, x) A(x)Oxw(t, x) + B(x)w(t, x),

(t, x) R := [O, T] [0, 1],

w "R v,
A, B are N N-matrices.

Under mild assumptions (1) can be normalized such that

A(x) =diag (A-,..., A:, Ax,.. ",

(2) L+K =N,

+(x),; (x) =< <= x (x) < 0 < ;t + (x) <= =< x
which we shall assume from now on. Accordingly we put

A := diag (h +/-

’ K resp. L)

and decompose

into

w-:= [wx," ’, wr]’ e,
w+ := [wr+, ., w+]’ e,

thus identifying w RN with (w-, w+) Rr IL. The boundary conditions are gov-
erned by two matrices Do (of type K L) and Dx (of type LxK). Now we can
formulate an initial boundary value problem

IBVP: Given woLZ(0, 1), u L2(0, T) find w solving (1) and satisfying

(3)

(4)

(5)

w(0,.)= Wo,

w-(t’ O)=Dw/(t’ }w (t, 1) DlW-(t, 1) + u(t)
t[O, T].

* Received by the editors October 20, 1980, and in final form February 25, 1981.
t Universit/it Essen-Gesamthochschule, Posffach 6843, 4300 Essen 1, W. Germany.
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Remark. We write wooL2(0, 1) instead of wooL2((0, 1), RN), etc., since it will
be clear from the context what the appropriate number of components is.

The corresponding adjoint problem is a terminal boundary value problem of the
same type

TBVP: Given VT L2(0, 1) find v satisfying

Otv(t, x)= A(x)Ov(t, x)+ B(x)v(t, x),(1’)

(3’)

(4’)

(5’)

where

v(T, .) v,

v (t, O)= Cov-(t, O)
-t-v (t, 1)= ClV (t, 1)

t[0, T],

B :--Bt +dx
Co:= -(A+(O))-IDtoA (0),

C1 :=-(A-(O))-DA+(1).
Existence and uniqueness of solutions to IBVP and TBVP in a suitably generalized

sense are guaranteed by semigroup arguments (see [2] for details). The function
u L2(0, T) in the IBVP is thought of as a boundary control. This explains

DEFINITION 1. The IBVP is said to be exactly controllable if given Wo there exists
u such that w(T,. )= 0. The IBVP is said to be approximately controllable if given Wo
and e R+ there exists u such that

IIw(T,. )llt(0, 1) < e.

DFINITON 1’. The TBVP is said to be observable if there exists F + such that
for all v we have

(6) wily(0,. )[I(L(0, 1)) <_-Ilv/(., 1)II(L(0, T)).

The TBVP is said to be distinguishable if, for all VT,
q-

v ]o,=0 vloo,=0.
Using the duality between controllability and observability [1] and considering

the general case as a perturbation of the "diagonal case" (where B is a diagonal
matrix) Russell obtains the following results"

(i) Distinguishability <: approximate controllability.
(ii) Observability : exact controllability.
(iii) Nondistinguishability in the diagonal case implies nonobservability in the

general case.
(iv) Observability in the diagonal case implies observability in the general case

(provided the system generates a group and the perturbation is "small").
These motivate the study of the observability problem for the simple case where B
is diagonal.

2. Charaeterist|es. Characteristic curves c(t, Xo; ") (k 1, , K) through
(to, Xo) x [0, 1] are defined as the unique solutions (in x [0, 1]) to the initial value
problems

x’(t) -h - (x(t)), x(to) Xo.
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We define c- (to, Xo; analogously. Let T{, resp. T-, be the unique positive numbers
such that

resp.

c(O, O; T)= 1,

q-

c (0, 0;-T-)= 1.

(T, resp. T-, is the time it takes the corresponding characteristic to cross the interval
[0, 1].) By (2) we see that

(7) T > > T+
=’’" L>0, T-_>-... _->T:>0.

For fixed T R+, k {1,. , K} and any (to, Xo) R [0, T] x [0, 1] there exist unique
(ti, xi) OR, (tv, XF) OR such that

t <--_ to <-- tF or t < to <= tF,

C- (to, Xo;t) X,

C (to, Xo; tF) XF.

It is convenient to introduce the maps

I- R OR

(to, Xo)-(tt, xt) ("initial point"),

F- R OR

(to, Xo)--(tF, XF) ("final point").

I- and F are defined analogously. From standard theorems on ordinary differential
equations it is clear that these maps are continuous and even differentiable with
bounded derivatives if differentiability is inte.rpreted properly where boundary points
or even corner points of R are involved. If B is a diagonal matrix and v is a solution

+ (C +of the TBVP, the functions t-Vk(C-(to, Xo;t)) and t--Vl 1(’,’;’)) satisfy
homogeneous linear ordinary differential equations. It is pointed out in [2, p. 657]
why for the following considerations we may as well assume that v k and V are
constant along, the corresponding characteristics (the case B 0). So.from now on we
shall assume B 0 (but formulate our results for diagonal matrices B).

3. The critical time. To determine Tc let us try to find solutions v of the TBVP
such that V]to.T]I 0. This can be achieved in two ways.

(a) "Activating" some characteristic c (T, xT-; or c- (T, XT; such that
I (T, XT) or I-(T, xT-) {0} x (0, 1) and putting all the other components of v equal
to zero.

(b) "Activating" characteristics
c-(to, O;.) forK{1,...,k},

q-
cxto, O;’) forhe{1,...,l}

such that

F- (to, O) e {T} x [0, 1),

I (to, O) e {0} x [0, 1),

again putting all the other components of v equal to zero.
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Whether method (b) is feasible for given k, will be determined by the boundary
condition at (to, 0), i.e., by the matrix C := Co. Let us define (with the convention
Po := 0, O :=0)

Pk K - K, Ol’ L ... L,

[_v

For k {1,... ,K} let/(k)e{1,... ,L} be the first integer such that the kernel of CPk
is different from the kernel of Q(k)CPk, i.e.,

(8)

and put

ker (CPk) ker (O(k)-lCPk) ker (Ol(k)CPk),

(9) Tc := max {T +Tl(kll<--k<--_K}.
l(k) is not well defined by (8) if CPk 0. In this case we put l(k):= L + 1 and introduce
an artificial transition time T4"

L4.1 := 0 SO that (9) still makes sense. (This corresponds
to method (a) using a c--characteristic.) The other half of method (a) yields the largest

4-time of n.ondistinguishability if the slowest c 4"- characteristic (i.e., c is used. So we
modify Tc and put

(9’) T := max {, T }.

THEOREM 1. Let J be a diagonal matrix. Then for T < T the TBVP is not
distinguishable and the IBVP is not approximately controllable.

4.Proof. Choose k such that T < T- + T(k and CPk O. (The special cases T < T1
or T < T and CPk 0 are treated similarly using method (a).) Choose to (0, T) such
that

and therefore

T- ->_ ->_ T > T-to,

T- >- >- Tk >to

0<c-(0, t0; T) <- <--c(0, t0; T)<I,
4.0<C1 (0, t0; 0)<= <----C(k)(O, to;O)<l.

Hence, for sufficiently small e and : e {1,..., k}, h e {1,...,/(k)},

F- :=F- ((to-e, to+e)x{O})={T}x(O, 1),

I :=I ((to-e, to+e)x{O})={O}x (0, 1).

Choose v-eker (Q(kCPk)\ker (Ql(k)-CPk)and define /)T by
4.

/)T :" 0,

fv if <- k and (T, x) F-,
v,(x):=

0 otherwise.
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The corresponding solution v of the TBVP must then be zero on [0, T]{1} and
different from zero on {0} ! l+(k), which is nonvoid and relatively open in {0} (0, 1). l-I

For the corresponding observability result we shall need the following
LEMMA. There exists 3/>0 such that, for each k {1,. ., K}, {1,. , l(k)- 1}

and each (v-, v +) RK RL satisfying v / Cv-, we have

IIv +11(L) --< v{ll(z P v-II(’) /

Proof. Assuming the contrary we get a sequence (v-(n), v/(n)) satisfying

(10)

(11)

Decomposing

v+(n Cv-(n ),

IIv +(n)ll > n {ll(/- Pk)v-(n)ll / Ov +(n)ll).

(10’)

(11’)

(11")

(12’)

(13)

This implies

v-(n) w-(n + u-(n) (ker (CPk))"ker (CPk)

and replacing v-(n) by PkW-(n)+(I--Pk)V-(n) we see that (10) and (11) remain
unchanged. Therefore without loss of generality we may assume

(12) PkV-(n) e (ker (CPk))-.
Dividing by IIv-(n)ll and choosing convergent subsequences we get (v-, v +) NK X Nc
such that

V
+ Cv-,

(I Pk )v- O,

Ov+ =0,

Pv- (ker (CP))+/-,

v ker (OtCP) ke,r (CP),

contradicting (11’), (12’) and (13). 1-1
THEORrM 2. Let B be a diagonal matrix. Then ]’or T >= Tc the TBVP is observable

and the IBVP is exactly controllable.
Proof. Let /{1,...,L} be fixed. Then for k{1,...,K} there are two

possibilities"
Case 1. There exists a (unique) xk e [0, 1) such that

F- (F[ (0, x,)) (T, 1).

Case 2. For all x [0, 1)

F (F[ (0, x)) [0, T) x {1}.

Defining x := 1 in case 2 we have in either case

{T}x(0,1) ifx>xk,
(14) F- (F[ (0, x)) e

[0, T) x {1} if x < x.

Furthermore because of (7)

O=:xo<--_x.<--x2 <-_ <=XK <--XK+:= I.
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Therefore
K L

IIv(0, .)ll=(t=(0, 1)) IIv (0,.)llt=(0, 1) + Y IIv? (0,.)ll=t=(0, 1)
k=l /=1

K L K
y IIv;(0,.)ll=L=(0,1)/ Y. Y
k=l /=1 k=O

Hence to obtain the observability estimate (6) we have to estimate

(a) IIv; (0,.)IIL(0, 1)

(b) live- (0,.)112L2(0, x)
(c) []v-(0,. )]]2L2(xk, Xk+), k 1,""’, g

by IIv+( 1)112(L2(0, T)) or equivalently (because of (5’)) by IIv(’, 1)]12(L2(0, T)).
Consider (c). Let x e (x, Xk+), k _-> 1. Then for A _--> l(k) we must have

(15) I- (F- (0, x)) e (0, T) {1}.

For suppose to the contrary that

F (0, x) (/, 0), I- (/, 0) (0, y) e {0} [0, 1].

This implies T- -> . We also have

F; (F-(0, x))= F; (, 0) e {T} (0, 1),

which implies T > T- t. Thus we reach a contradiction by

T _-> T; + T) ->_ T; + T > T.

Therefore (15) holds. Using this and (14) we have maps for A e{/(k),... ,L} and
e{k+l,... ,K}:

gx (Xk, Xk +) --> (0, T)

x -> (if I- (F- (0, x)) (t, 1)),

h "(x, x+1) -’ (0, T)

x (if F2 (F;- (0, x)) (t, 1)).

By what has been said in 2, ga and ha are injective differentiable maps which together
with their inverse maps g(-x) and h(- a) have uniformly bounded derivatives. For
x (x, x+a) put (t, 0):= F- (0, x). Then by (4’)

+v (t, O)= Cv-(t, 0).

Therefore we may apply our lemma to get

[v-(t, 0)12_--<2,2 Y Iv2(t,o) + Y Iv(t, 0)l2
=k+l X =/(k)

Since the components of v are constant along suitable characteristics, this implies

+ 2Iv-(0, x)lZ--<2Ye E Iv(h(x), 1)1/ Y Iv (gx(x), 1)1
=k+l A =l(k)
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Thus (with S (Xk, Xk+l))

and

Ilv?(o, .)llZt=(S) 2 Iv-(t, 1)[2 -h (-
=k+l ,,(S)

+ [v x (t, 1)12[-gx (t)
X =l(k) x(S)

<= 3’,,llv(’, 1)IIL(O, T)

In order to estimate (a) and (b) we use the facts that for any k

F;(0, xle(0, T){1} ifxe(0,11,

1) (t) dt

dr}

Therefore

1 0] ker CP1 lin {eCP1
_1 0

0
QCPx

-1

Q:zCP1 O,

/(1) 2,

[1CP C
-1

Q1CP1 CP1,ker ker

ker Q2CP1 R2 # ker O1CP1,

+11], ker CP2 {0},

[oQICP:
1

ker Q1CP2 lin {e (1) + e (2)} # ker CP2,

/(2) 1.

Tc max {T- + T-, T + T- }.

The times To, T1 given in [2] would be

To T- + T-, T1 T- + T-.
(Note that in [2] the { are in reverse order.) Thus if, e.g., T-= 2, T] T- 1,
T- 3, we find

To= 3 < Tc =4 < Tl= 5.

This can be generalized: If K L N/2 and all Q_,CP, (k 1,..., K) have
maximal rank k, then

l(k)=K+l-k;

Then

F; (F? (0, x))e (0, T) {1} if x e (0, xl),

and proceed similarly as in case (c).

4. Examples. Let the coupling at the boundary [0, T] {0} be accomplished by

C :=
-1 1"
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thus

whereas

Tc =max{T +T+l_klk 1,... ,K};

To T- + T:, T1 T- + T-.

Acknowledgment. The author is indebted to the referee for a simplification in
the proof of Theorem 2.
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ADAPTIVE CONTROL WITH A COMPACT PARAMETER SET*

P. R. KUMARS"

Abstract. We consider the problem of the adaptive control of a Markov chain with unknown transition
probabilities. We suppose the transition probabilities {p(i,/’; u, a)} to be dependent on an unknown
parameter a. At each time instant t, a maximum likelihood estimate dt of the unknown parameter is made,
and a control input ut 4(xt, t) is applied, where, for each a, 4( ", a) is a good feedback control law. It
is shown that if a ranges over a compact set A, then {tt} may diverge with probability one. In the event,
however, that the parameter estimates converge, or more generally just the control laws {b(., ct)} converge
to some 0, then under 0 the closed-loop transition probabilities for the true model are indistinguishable
from those of any limit point of the parameter estimates.

1. Introduction. Let X and U, both finite, be respectively the state-space and
control-set of a Markov chain. For each a belonging to a compact metric space A of
possible models, we are given a set of transition probabilities {p (i,/"; u, a (i,/’, u) X
X U}, where each p(i, ; u, a) is the probability of transfer of the state of the system

0from to under the action of u in model a. We do not know the true model a

which however belongs to A.
For each model a A, we have a feedback control law b(., a):X U which is

"good" for model a. We analyze the behavior of the following simple adaptive control
scheme. At each time t, we make a maximum-likelihood estimate

t--1

(1) dt := arg max I-I p(xs, xs+l; us, a)
A sO

Of the unknown parameter, and then apply the control input

(2) u, &(x,, k,).

Here xs and us are the values of the state and control at time s. To avoid ambiguity
of choice in (1) we may impose some priority ordering of elements of A such that, if
more than one element of A maximizes (1), then we can unambiguously choose the
particular maximizer which is highest in the priority ordering. We assume

(i) p(., .;.,. and b(.,. are continuous.
(ii) For each (i, ]) X X,

either p (i, ]; u, a) > 0 for all (u, a) U A
(3)

or p (i,/"; u, a) 0 for all (u, ct) U x A.

(iii) For every (i, ]) X x X, there exists a sequence io, il," , ir ] such that

p(is-, is; us, a)> 0 for all s 1, 2,. ., r.

The problem considered is therefore more general than the one considered by
Borkar and Varaiya [1], where A is restricted to be finite. In turn [1] is a relaxation
of the identifiability condition of Mandl [2].

In 2 we provide a counterexample to convergence of the parameter estimates.
This shows that the results of [1] cannot be extended without further hypotheses. In
3 we show that, if either the parameter estimates converge or more generally the

* Received by the editors December 26, 1979, and in final form March 11, 1981. The research reported
here has been supported by the U.S. Army Research Office under contract DAAG-29-80-K0038.

"t Department of Mathematics, University of Maryland Baltimore County, 5401 Wilkens Avenue,
Baltimore, Maryland 21228.
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control law O(., ct) converges to some 0, then under 0 the closed-loop transition
oprobabilities of re coincide with those of every limit point re* of {ct}.

2. A counterexample to convergence. We now provide an example where the
parameter estimates diverge with probability one.

Throughout, let (12, , ) be the underlying probability space, with the proba-
bility measure induced on the trajectories of the system by the adaptive control law
(1)-(2). Define

p (xt ((.o ), Xt+l ((.o) ut(o),
t,(, ,o):= o),,

p(x,(o), x,+(o); u,(o), c )

From (1),

(4)
Example 1.

t-1

Lt re, o) := 11 Is(re, oo
s=O

Lt(kt(w), o))>--Lt(re, oo) for all re

X ={1, 2}, U={a,b},

=_t , 3 s 7 3 3 7 s 3 tA 32 16 8 4 2 2 4 8 16 32

b for allre>

p 1,1"a,,
2"

=l-p 1,1"b,1-2",2"

irrespective of i,

( 2"-1) ( 2-1 2"-1
=l-p 1,1;a,

2.
=p 1,1;b,

2. ]=2.+1,

p(1, 1; a,-1)= l-p(1, 1; b,-1)

l-p(1, 1; a, +1) =p(1, 1; b, +1) =1/2,

p(2, 1; a, re) =p(2, 1; b, re) 1 for all
oLet re 1 be the true model and the priority ordering on A simply the natural

ordering of the real line.
Define

t--1

(t):= Y l(x 1, Xs+In i, Us a)
s=0

for i=1, 2, na(t):=nl(t)+n(t)a and similar quantities with subscript b. Using
p(1, 1; b, re)= l-p(1, 1; a, re) gives

Lt(re, to)=p(1, 1; a, re)n(t’’)+n’(t’’)[1--p(1, 1; a, re)] n2a(t’t)+rt(t’t)

(0.5),(,.,)+ (,,o

Clearly c,(o) > 0 if and only if n (t, o) + n (t, o) >_- n 2 (t, o) + n (t, o).
Suppose that for some wc,(o)) converges to a positive value; then c,(o)>0 for

every larger than some finite r. But then & (1, ct(o)) b and hence n (t, a)) n(r, o)
for > r. As a consequence, nb(t, to)-- nb(t, tO) > n 2 (t, to)- n
But this is a zero probability event since n(t, to)--nb(t, to) denotes the position of a

o) o) 1/2.random walk since p(1, 1; b, re =p(1, 2; b, re Similarly, convergence of ret to a
negative value is also a zero probability event, thus showing the almost sure divergence
of
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Remark. Note that a + 1 and a =-1 are for all intents and purposes identical
and ct-{+l,-1}. However identifying a+l and a =-1 as one single point would
violate the continuity assumption on b(., a). More hypotheses are clearly needed
before one can expect to extend the results of [1].

3. Asymptotic properties of estimates. Motivated by the example of the preced-
ing section, we study the properties of the limit points of {t}.

DEFINITIOrq. Let zn(i, to):= inf {t: > rn-l(i, to), x,(to) i}, where inf b := +. For
fixed to f, the regulator is said to converge to if limn_ un(i.o, (to) 0(i) for every
X for which xt(to) infinitely often. will be called the limiting regulator along to.

The main result of this section is:
THEOREM 2. There exists a null set N f, (N) 0 such that, iffor some to N

the regulator converges to , then

p(i,/; (i),a*)=p(i,; d/(i),a) forevery(i,)XX

and every limit point a * of {dr(to)}t 1.

Noting that if t(to)a* then the regulator converges to b(., a*) along to, we
obtain the following important corollary of Theorem 2.

COROLLARY 3. There exists a null set N I, (N)= 0 such that, if [or some
to N limt_,o &t(to) a*, then

p(i, f; qb(i, a*), ce*)=p(i, f;d(i, a*), ) forevery (i, j)X X.

Remark. If A is a connected set, then the continuity assumption on b (i, :A U
would render it a constant function since U is a finite (hence discrete) set, and so
Theorem 2 would trivially follow. Our results are therefore addressed to those
situations where A is not connected.

The proof of Theorem 2 rests on the following nonprobabilistic result.
LEMMA 4. LetB {bl," b,,,} (0, ) and suppose thatfor each i, z B satisfies

1 _" 1
lim Y zi=l and limsup- Y. lnz=0.
n-, n i=1 noO n i=1

dj := lim inf -1 l(zi bj) > 0 for some {1, ..., m},
neO F/ i=1

then bi 1.

Proof. Let d] := (1 In) Yi"-- 1 (z hi) and note that z i l(z hi)hi and In z= l(zi hi) In hi. Now

1 lim -1 zi lira l(zi bi)b
nm n i=1 nm n i=1

lim 2 l(zi bi
nm i=1

lim dbi
n ]=1

lim 2 d] exp (In hi)
nm 1=1
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>- lim sup exp d In b
n-,oo

[=exp limsup Y dlnb
n-,c 1=1

exp lim sup Y. 1 (zi bj) In b
n-.oo n i=1 j=l

=exp [limsup 1.- lnzi].-. n i=1

exp (0) 1.

The inequality above follows because Y._-1 d 1, d’ _-> 0 and the exponential function
is convex. Since equality holds throughout,

(5) i=lim Y dbi" =limsup exp dlnb
n--,oo j=l n--,oo

Now we can pick a common subsequence {nk} such that limk-,oo [Y.--1 d In bi]= 0
and, for each , d "k converges to some di. From (5) we get 0 In Y4% dibi Y4%o dj In bi.
But from the strict concavity of In (.), if dj > 0 then bi 1, proving the lemma. I-I

Now we can prove Theorem 2.
Proof of Theorem 2. By using the stability theorem of Lo6ve [3] on the random

variable It(a) for each a in a countable dense subset A of A, we conclude that

(6) lim
1 t-

l(a, to)=l for all toN, (N)=O
ta3 s=O

and all a fi. By using the Ascoli theorem on the equicontinuous family
{(l/t) Ys--ot-t Is(’, to)}t= we can extend (6) to all c A. By the concavity of In (.), it
follows from (6) that

1 t--1

(7) lim sup - Y. In Is (a, to) -< 0 for all to Nc, a A.
t-oo s=O

Fix to N and let a* be a limit point of {c’t(to)}=, obtained in particular by taking
the limit along the subsequence {tk} Since (l/t)
uniformly in t, for every e > O, there exists K, such that

1 k

’. ln/s(tt(to),to)- ln/s(a*,to) <e fork=>K,
tk s=O s=O

and hence from (4) that

(8)
1 tl In Is (a*, to) >_- e for every k ->_ K.
tk s=O

From (7) and (8),

1 t-1

(9) lim sup Y In ls(a*, to) 0
t--,oo s=O

for every to N and every limit point a* of {dt(to)}=. Additionally, by considering
a hypothetical long-term average cost problem with one stage cost equal to -1 (xs i,
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xs/l ]), we conclude from Theorem 4 of Mandl [1] that

(10) lim inf
1 ’-

1 (xs (to) i, xs+ (to) ]) > 0 for every to Nc, (N) 0
t-+oo s=0

and (i,/’) such that p(i, ]; u, c)>0 for all (u, a). Now suppose to N is such that the
conditions of the theorem hold. By the finiteness of U and X, there exists r < eo such
that u, (to 4 (x, (to ), dt (to )) g, (x, (to )) for t>=r. Hence l(x,(to)=i, x,+x(to)=])=
l(xt(to) i, x,+(to) =], u,(to)=O(i))for t>= r, and so from (10)

lim inf
1 ’. l(x(to)=i,x+(to)=], u,(to)=$(i))>O,

t--, s=0

and therefore

1 ’* l(/,(a*, to)=p(i, ]; 4’(i), a*)(11) limt-.ooinf -=0 p(i, ]; g,(i)i) >0

for every (i,]) such that p(i,]; u,a)>0 for all (u, a). Now let B :={/,(a*, ): tl}
and note that B is finite since X and U are. A comparison of (6), (9) and (11) with
Lemma 4 shows that

p(i, ]; $(i), a*)
p(i,];O(i),o)-I ifp(i,];u,a)>O for all (u, a).

On the other hand, from (3), if p(i,];u,a)=O for some (u,a) then again
p(i, ]; 0(i), *) p(i, ]; (i), ao), proving the theorem.

4. Concluding remarks. This paper clearly shows that a priority ordering of
elements of A, even with the true parameter highest in the ordering, is not enough
to eliminate oscillatory behavior of the parameter estimates when the parameter set
A is compact. Hence additional hypotheses are needed to guarantee convergence of
the parameter estimates. This makes the compact case different from the finite case
treated in [1].

However, if the parameter estimates do converge or, more generally, even if only
the control laws converge to some feedback law 0, then under $ the transition
probabilities under any limit point of the parameter estimates are the true transition
probabilities. Thus, subject to convergence, closed-loop identification takes place just
as in the finite case [1].

Acknowledgments. The author is grateful to A. Becker, A. Pittenger and T.
Seidman for useful discussions.
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HEDGING AND MAXMIN*

ELLIOT WINSTON"

Abstract. A continuous game is discussed in which two opposing players move in turn, and an algorithm
is developed which finds an optimal strategy for the player moving first. The algorithm is characterized by
a fictitious sequence of alternating plays in which the first player selects his strategies by hedging against
all his opponent’s strategies played up until that time.

1. Introduction. We consider a game consisting of a single play by each of two
opposing players in turn. In particular, the x-player is assumed to select his strategy
first, followed by the y-player who responds with full knowledge of his opponent’s
choice of play. This type of game is frequently encountered in models of military
conflicts, which typically allow each opponent only one chance to select a strategy.
Military planning, which is naturally conservative, seeks that strategy which provides
the best overall protection against all opposing strategies. In this presentation, the
role of the military planner is assumed by the x-player. The x-player tries to maximize
the payoff function, f(x, y), which the y-player tries to minimize. If y(x) represents
an optimal response by the y-player to an x-strategy, that is,

f(x, y (x)) min f(x, y),

then the x-player must try to determine a strategy, x*, which satisfies

f(x*, y (x*)) max f(x, y(x)) max min f(x, y).
y

If y’ is any admissable y-strategy, then

f(x*, y’)>=min f(x*, y)=f(x*, y(x*))=maxminf(x, y),
y y

which is the usual definition of an optimal x-strategy. The order of the players’ turns
is important because no assumptions are made about the existence of a saddle point,
thereby allowing the possibility that maxx miny f(x, y) is unequal to, and hence strictly
less than, miny max f(x, y).

The algorithm developed to find an optimal strategy, x*, is motivated by the
notion of hedging. We visualize a series of plays of the game in which the players
respond to each other alternately. Suppose the x-player initiates play with the strategy
Xo. The y-player responds optimally with y y (Xo). The x-player then counters against
y with x, determined by

f(X 1, Y 1) max f(x, y ),

and the y-player responds with y: y(xx). Now the x-player hedges against y and
y2; that is, he plays x. determined by

min f(x:, yk) =max min f(x, Yk).
k 1,2 k 1,2

The play alternates in an analogous manner, with x and Yn+X being determined by

min f(x,,, yk)=max min f(x, Yk)
k=l,...,n k=l,...,n

* Received by the editors April 17, 1980, and in revised form March 18, 1981.

" Naval Surface Weapons Center, Silver Spring, Maryland, 20910.
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and

f(x,,, yn+l)= min f(x,,, y)

respectively. In the next section, we give conditions under with any accumulation
point of {x,} is an optimal x-strategy.

We illustrate the algorithm with the simple "seesaw" example originally discussed
by Danskin [2] in his work dealing with an alternate approach to the problem. The
payoff function is defined by

](x, y) y sin x

for -,n’/2<-x-< r/2 and -1-< y <-1. The x-player chooses the angle the seesaw makes
with the horizontal, and the y-player chooses a point somewhere between the left
end, y =-1, and the right end, y 1. The payoff is the height of the point chosen by
the y-player above the horizontal. Suppose the x-player begins with some x0 between
0 and zr/2. Since the objective of the y-player is to minimize the payoff, his response
is yl=-l. The x-player counters with x =-r/2, and the y-player responds with
y2 1. In choosing his next strategy, the x-player hedges against y and y2, and thus
plays x2 =0, the point corresponding to the maximum of mink_-l,2i(x, Yk)=-Isin x[.
See Fig. 1. The value of the game is now equal to 0, and remains equal to 0 regardless
of how the y-player responds. Thus, the algorithm has converged, and x*= 0. The
same conclusion is obtained if -7r/2-< x0-< 0.

\
\
\

\

+1

/
/

/
/

FIG. 1

The difficulty of calculating the y-responses {y,} and the hedged x-strategies {x}
varies with the particular game under consideration. In 3, we discuss an example
arising from an anti-submarine warfare (ASW) model which, happily, is endowed with
a rich structure, thus enabling these sequences to be easily determined.

2. Results. X and Y are assumed to be subsets of a pair of arbitrary metric
spaces throughout this section. The following lemma is a well-known, elementary
result, and is therefore stated without proof.

LEMMA. Let X Y--> R be a continuous real-valued function, where Y is corn-
pact. If {yn} c y, then h (x)= infn f(x, y,) is continuous on X.
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THEOREM. Let f" X x Y R be a continuous real-valued function, where X and
Y are compact. For x X, let y (x) satisfy

f(x, y (x)) min f(x, y).
Y

Let xoXand define the sequences {xn} and {yn} by y,, y(x,-l) and

hn (X,) max hn (x),

where

h, (x) min f(x, Yk).
k l,...,n

If x* is an accumulation point of {x,}, then

lim hn(x,)=/(x*, y(x*))=max f(x, y(x)).

Proofi We first note that {x,} exists because each h, (x) is continuous. Also, {h, (x)}
is a monotonic decreasing sequence of functions because

h,+(x) min f(x, Yk) min f(x, Yk) h,.(x).
k=l,...,n+l k=l,..;,n

If h*(x) denotes the limit function of {h,(x)}, the lemma implies that h*(x) is con-
tinuous. By Dini’s theorem [1], the convergence is uniform.

Let x* be an accumulation point of {x,}. Then there is a subsequence {x} such
that x, x*. We next make the estimate

[h. (x.)- h*(x*)l [h. (x.)- h *(x,)[ + [h *(x,)- h *(x*)[.
The first difference on the right is small for large k by uniform convergence, and the
second is small by the continuity of h*(x). Hence

lim h,(x) h*(x*).
k

However, {h, (x)} itself converges because it is monotone,

Therefore

For all n,

implies

that is,

lim h(xn)= h*(x*).

h,,(x)<-h,,(x,)

h*(x)<-h*(x*),

h*(x*)=maxh*(x).

Next we apply the lemma to obtain

min f(x,,k, y - min f(x *, y ),
Y
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or

/(x,,, y(x,))-/(x*, y(x*)).

Since Y is compact, there exists a convergent subsequence of {y (x,k)}, say y (x 37.nk

Thus

f(x*, y (x *)) /(x *, ),

and

/(x*, y(x ))-,/(x*, ;)

::> inf f(x* y(x,)) < inf f(x* y(x )) < ]’(x* y(x*))lk

However, the definition of y(x*) implies

for all n, and thus

/(x*, y(x*))<-/(x*, y(x,))

f(x*, y(x*)) <- inf f(x *, y(x,)).

Therefore

f(x*, y(x*)) inf f(x*, y(xn)) h*(x*) lira hn(xn).

Finally,

/(x, y (x )) -<_ /(x, y,)

=> f(x, y(x)) <--_ h*(x)

=>max/(x, y(x)) <-max h*(x) h*(x*)=f(x*, y(x*)),

which implies that, in fact, equality holds, and the theorem is proved.
The pair (, ;) is a saddle point of f(x, y) if

f(x, ;)<-f(z, ;)_<-f(, y)

for all x X and all y s Y. Note that, if (, 37) is a saddle point, it follows that

f(, )7) max min f(x, y) min max f(x, y).
y y

Sufficient conditions for f(x, y) to have a saddle point are that [(x, y) is continuous,
concave in x for fixed y, convex in y for fixed x, and that X and Y are convex (see
[3, p. 283).

COROLLARY. If f(x, y) has a saddle point and the y-response to x*, y(x*), is
unique, then (x*,y(x*)) is a saddle point.

Proof. Let v =maxminf(x, y) and let (:L 37) be a saddle point of f(x, y). Then
f(x, )<-v for all x. In particular, f(x*, )<-_ v. But f(x*, )>= v because x* is optimal.
Hence f(x*, )= v, which implies that )7 is an optimal response to x*. By uniqueness,
37 y(x*) and the result follows. [-1
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3. An application. We study the problem of optimally assigning submarines to
patrol zones in such a way as to maximize the number surviving an attack by
"hunter-killer" ASW aircraft. To begin, suppose a single submarine is patrolling an
area A, and comes under attack by y aircraft at time 0. The aircraft are assumed
to search the area randomly, and the submarine is destroyed if it is detected. The
motion of the submarine is approximately stationary compared to that of the aircraft
over a small instant of time At, so that the probability of detection over this interval
is Sy At/A, where S is the area sweep rate of one aircraft. If p(t) denotes the probability
that the submarine survives at time t, then

p(t + At) p(t)(1 Sy At-AI
p(t+At)-p(t) Sy

At --- p(t)

Sy::> p(t) --- p(t)

::> p(t) e -sy’/A.

We now introduce the following notation"
Ni number of patrol zones in ocean/’, 1, 2, , J;
X/= number of submarines assigned to ocean j;
Y total number of aircraft;
Aii area of patrol zone in ocean , 1, 2, , N.;
Tii amount of time for search by aircraft in zone i, ocean ];
Bq logistical bound on number of submarines allowed in zone i, ocean j;
xq number of submarines in zone i, ocean j;
yii number of aircraft in zone i, ocean .

The quantity of interest is the expected number of submarines surviving the attack.
The statement of the optimization problem is

J

max min Y’. Y’. xie -a’’y",
Y ]=1 i=1

where aii STiffAii, subject to the constraints

E xi]--Xl’,
i=1

j=l,2,... ,J,

E EYi =Y,
i= i=

0 <- xq <= Bii, all i, j,

0-_< yq, all i, j.

Since the payoff function is concave in x and convex in y, it has a saddle point. In
fact, f(x, y) is a strictly convex function of y defined on a convex set, and hence
optimal responses are unique. Therefore, (x*, y(x*)) is a saddle point. The reader
should keep in mind that our algorithm finds continuous solutions, although the model
is, strictly speaking, discrete.
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The Kuhn-Tucker conditions may be used to find the optimal ASW response,
y y(x), to a given submarine distribution, x. Specifically, there exists a scalar h such
that

Thus

yij(aijxij e -a’:’’ h) 0.

1 aijxij
yi > 0:: yq =--In

ai h

Substitution into the conservation constraint or Y leads to consideration of the
function

g(X) 1__ In aixii
x <a,t<x, aq A

We note that g(h) is defined on (0, oo), continuous, strictly decreasing, lima_0 g(h)=
c, and limA-,oo g(A) 0. (In fact, g(h) 0 for h >-- maxa aixi.) Hence, for any positive
Y, g(h)= Y has a unique root. Moreover, g(h) is convex and ditterentiable except
on a finite set of points, so that Newton’s method may be applied to quickly calculate
the root.
The problem of finding the hedged submarine distribution, x, against the first rn

ASW responses, {y(k)},k=l, may be formulated as the following linear program:

such that

max z

Y’. xj =X, /’= 1,2,... ,J,
i=1

(k)

Z <= 2 2 e-a"’ " Xii,
j= i=

k=l, 2,...,m,

O <- xi <- Bi.
The dual simplex algorithm is the preferred method of solution because each successive
hedge adds one additional constraint. It is interesting to note that this sequence of
hedging problems resembles the sequence of linear programming problems associated
with cutting plane algorithms.

Numerical experiments have been performed on problems consisting of two
oceans, each containing ten zones. To maintain sufficient accuracy, the basis matrix
ofthe linear program was reinverted every twenty pivots. The algorithm generally
converged within 65 hedges and had an execution time of about 10 seconds on a
CDC 6600.
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SECOND-ORDER SUFFICIENCY CONDITIONS FOR
NONDIFFERENTIABLE PROGRAMMING PROBLEMS*

R. W. CHANEY-

Abstract. Second-order conditions are given which are sufficient for a point to be a local minimizer
for a finite-dimensional nonlinear programming problem with a finite number of constraints. In the most
general theorem, the functions which comprise the problem are required only to be locally Lipschitz. The
sufficiency conditions are given in terms of Clarke generalized gradients. These conditions assume a
somewhat more familiar form when the functions in the problem are assumed to be both semismooth and
subdifferentiably regular.

Introduction. We shall give sufficient conditions for optimality for nonlinear
programming problems comprised of locally Lipschitz functions. Since the functions
of the problem are not differentiable everywhere, we.must have suitable replacements
for gradients and for Hessians. We shall use the Clarke generalized gradients as the
necessary replacement. The properties of generalized gradients are set forth in [3]
and [2]; also, see [19] for a comprehensive account. The Clarke generalized gradient
of a function f reduces to the subdifferential Of when f is convex and to the set
consisting of the gradient Vf alone when is continuously differentiable. The definitions
and results concerning generalized gradients which we shall use are given below.

We now state the problem of interest more explicitly. Let W be an open set in
n-dimensional real Euclidean space R n. Let go, gl, g2, , gq be real-valued functions
on R" which are locally Lipschitz (as defined below) on W. Next, let

q

(1) S= f’) {x R"" gi(x)<=O}("] {x R"" g,(x)--0}.
i= i=rn+

In much of this paper, we shall consider the problem

P: Minimize go(x) over x in S fq W.

We shall also consider the unconstrained problem

P*" Minimize F(x) over x in W;

here, F is assumed to be a real-valued locally Lipschitz function on W.
Clarke [2, Thm. 1] has given first-order necessary conditions for a point x* in

S fq W to be optimal for problem P. Clarke’s theorem will play an important role in
the results presented here. Hiriart-Urruty [6, Thm. 6] has given a different result of
comparable generality. The theorems of Clarke and Hiriart-Urruty are expressed in
terms of generalized gradients. Ioffe [8] has also given first-order necessary conditions
for certain nondifferentiable problems, stating them in terms of Levitin-Miljutin-
Osmolovskii approximations. Much of the work of these authors has been carried out
for problems in which R is replaced as the domain by a general Banach space. As
noted above, we shall consider here only problems in R".

The classical second-order sufficiency conditions for problem P are of course
given in terms of the gradients and Hessians of the functions gi; see, e.g., Hestenes
[4, p. 37] or McCormick [14]. Extensions of these results to Banach spaces have been
treated by a number of authors, including Borwein [1 ], Ioffe [9], Ioffe and Tikhomirov

* Received by the editors April 23, 1980.- Department of Mathematics and Computer Science, Western Washington University, Bellingham,

Washington 98225.
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[10], and Maurer and Zowe [13]. In [9], Ioffe considers certain nondifferentiable
problems of type P*, where F =g G, with g being sublinear and G being twice
continuously differentiable.

The first sufficiency theorem for problem P in this paper is given in terms of
auxiliary functions H and M. Thus, suppose that x* belongs to S f3 W and that r > 0
and m*>_-0. For x in W, we put

(2)
q

H(x) max go(x)- go(x*) + r Y.
i=m+l

Igi(x)l; gi(x) for 1 _-< <_- m}
and

q

M(x)=max go(x)-go(x*)-(m*/2)lx-x*12+r E Ig(x)l;
i=m+l

(3)

gi(x) for 1,. , m}.
Notice that the functions H and M depend upon x* and r and that M also depends
upon m*. The function H is a slight variant of a function employed by Ioffe [9, Thms.
2, 7] through the use of his "reduction" theorem [7, Thm. 1].

The general second-order conditions given here are based on the functions H
and M, and therefore make no direct reference to any specific Lagrange multiplier
vector for problem P. As we shall see, the function h in Theorem 2.14 can be adapted
to recover the classical theorem for a specific multiplier. And, we shall state one
theorem directly in terms of a specific Lagrangian. But this theorem is awkward, partly
because it still contains a reference to the function H. Nevertheless, it does extend
one version of the classical result for problem P for twice continuously differentiable
functions.

Finally, we must set some notation. If x and y belong to R and if 6 > 0, then
Ix denotes the Euclidean norm of x, x. y denotes the usual inner product of x and
y, and we set B (x, 6) {z R Ix z =< 6}.

1. Generalized gradients. Let W be an open set in R". Suppose that f is a
real-valued function defined on W. Then f is said to be locally Lipschitz on W in case
each point x in W admits a neighborhood V(x) and a number K(x) such that
If(z)-f(y)l<-K(x)lz-yl whenever z and y belong to V(x).

Throughout this paper we shall be dealing with locally Lipschitz functions on W.
DEFINITION 1.1 [3, p. 248]. Suppose that f is locally Lipschitz on W. According

to Rademacher’s theorem [20], f is differentiable I.e. on W. We denote by Vf(x) the
gradient of f at x (when it exists). Let E be the set of all points z in W for which f
is ditterentiable at z. Now, suppose that x belongs to W. The generalized gradient of
f at x, denoted by Of(x), is the convex hull of the set of all limits of convergent
sequences {Vf(Xk)}, where {Xk}k%1 is a sequence in E convergent to x.

The generalized directional derivative of f at x in the direction d is defined by

fO(x d)=limsupf(X +v +td)-f(x +v).
v-,0;t$0

Remarks 1.2. We list here several facts about generalized gradients which we
shall use in the sequel.

(a) [3, Prop. 1.4]. It is true that

f(x d) max {v d: v Of(x)},
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for all x in W and d in R"; in other words, f(x; is always the support function of
the convex set 0f(x).

(b) [3, Cor. 1.9]. Given x in W, the function f(x;. is convex on R ".
(c) [2, Prop. 7]. The multifunction x - 0f(x) is upper semicontinuous on W; thus,

if {Xk} and {Vk} converge respectively to x in W and v in R" and if Vk is in cff(Xk) for
each k, then v belongs to Of(x).

(d) Lebourg’s mean value theorem (see [12] or [11, Thm. 1.7]). Suppose that x
and y are in W. Suppose that the line segment L joining x and y lies in W. Then
there exist z in L and v in Of(z) such that z x, z y and

[(x) -/(y) v. (x y).

(e) [3, Cor. 1.10]. If for some v of R" and for all d in R" we have

f(x + ta) f(x
v d <- lim sup

t-,0

then v belongs to Of(x).
DEFINITION 1.3. Let {x} be a sequence in W which converges to x in W and

suppose that x x for all k. Let d be a nonzero vector in R ". Then {x} converges
to x in direction d in case it is true that {(x-x)/lx-xl} converges to d/ldl.

DEFINITION 1.4. Let x be in W and let d be a nonzero vector in R ". We define
Oaf(x) to be the set of all v in R" for each of which there exist sequences {x} in W
and {v} in R such that

(a) {x} converges to x in direction d;
(b) {v} converges to v;
(c) v belongs to Of(x) for each k.

(Observe that, in view of Remark 1.2(c), we have Oaf(x) Of(x). One may think
of Oaf(x) as the set of those generalized gradients at x which "arise" from the
direction d.)

2. Sftieiency theorems. Let the functions go, g, g-," ’, g be locally Lipschitz
on W and form the set S as in (1). Next, we define

S {x w. g(x)-<_0}
i=1

and define a function fo on W by

fo(X) go(x)+ , rlgi(x)l, x W.
i=m+l

THEOREM 2.1. Let x* belong to the set S fq W and form the function M as in (3.).
Suppose that the following hypotheses hoM

(a) We have v d >-0 whenever d is a nonzero vector in R" and v is in OaM(x*).
(b) We have lim sup Vk" (Xk--X*)/IXk--X*I2>O, provided the sequences {Xk} and

{Vk} and the vector d in R" satisfy the conditions
(i) {x} converges to x* in direction d with x in Sx for each k;
(ii) {Vk} converges to 0 with Vk in OM(Xk) for each k;
(iii) them exists Vo in Oafo(X*) such that Vo d <-O.
Then them exists a positive number 6 such that go(x)>-go(x*)+(m*/2)lx-x*l2

whenever x belongs to B(x*, 6)f’)S.
Proof. Suppose that the conclusion is false. Choose a sequence {6k} Of positive

numbers decreasing to zero. Then, given k, there exists Zk in B(x*, 6k)f’)S such that
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gO(Zk)--gO(X*)< (m*/2)lZk--X*l2. Observe that M(Zk)<-O=M(x*), and so M admits
a minimizer Xk on B(x*, 8k) which is different from x*. Let tk [Xk --X*I and define dk
by dk (Xk --X*)/tk. We may assume that {dk} converges to a unit vector d.

It follows from Clarke’s theorem on first-order necessary conditions [2, Thm. 1]
that there exists Vk in OM(Xk) such that --Vk belongs to the normal cone to the convex
set B(x*, k) at Xk (see [17, p. 15]). But then we have --Vk =Ckdk for some Ck >=0, and
so

(4) Vk + Ckdk 0 for all k.

We may assume that {Vk} converges to v in daM(x*), in view of Remark 1.2(c) and
Definition 1.4; and we may assume that {c} converges to c -> 0. We obtain v + cd O.
Hence, [vl2+ c(d. v)= 0. By hypothesis (a), we have d. v->_0, and so we infer v 0.

By Lebourg’s mean value theorem (Remark 1.2(d)), there exist Zok and Vok such
that Zok is in the "interior" of the line segment joining Xk and x*, Vok belongs to
O]’o(Zok) and/o(xk)--/0(x*) VOk (Xk X*). AS before, wemay assume that {V0k} conver-
ges to Vo in Odfo(X*). Since

fo(Xk)--fo(X*) <----M(Xk) + (--) IXk X*I2

we obtain Vo" d <= 0.
Hence, it follows from hypothesis (b) that we may assume

(5) lim
(1)k dk_______) > 0;

tk

here, we allow + as a possible value for the left side of (5). From (4), we get
l)k dk 4- Ck [dk 2 0 and so 13k dk <- 0 for all k. This last conclusion gives a contradiction
of (5). The proof is complete.

We now obtain a sufficiency .theorem for problem P* as a corollary to Theorem
2.1.

COROLLARY 2.2. Suppose that x* belongs to Wand thatF is a real-valued locally
Lipschitz function on W. Suppose

(a) v d >-_ 0 whenever d is a nonzero vector in R and v is in OaF(x*);
(b) there exists m*>=O such that limsupvk" (x-x*)/Ix-x*l=>m* whenever

{Xk} is a sequence in W convergent to x* for which Xk X* for all k and {Vk} is a
sequence in R convergent to 0 with Vk in OF(xk) for all k.

Then there exists a positive number such that

F(x)-F(x*)>-_()lx-x*l2 forallxinB(x*,).

Proof. Define a function F* on W by F*(x)= F(x)-(m*/2)lx-x*l2 for x in W.
We shall apply Theorem 2.1 to M=F*. Observe that, by Definition 1.1,
OF*(x)={v-m*(x-x*): vOF(x)}, for x in W. Hence, it follows that 0F*(x*)=
OF(x*) and OaF*(x*)=OF(x*) for each nonzero vector d in R". Furthermore, if x
belongs to W and if v* v-m*(x -x*) for some v in OF(x), then we have

v*’ (x-x*)= v (x-x*)-m*lx-x*l.
The corollary now follows from Theorem 2.1 and the observations just made.
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Example 2.3. Define a function F on R by setting F(x) max {X 2, 2X--X 2} for
all x in R 1. It is clear that x* 0 minimizes F(x) over all x in R 1. Note that F is not
convex on any neighborhood of 0 and that F fails to be differentiable at x 0 and
x 1. We wish to show that x*= 0 satisfies hypotheses (a) and (b) of Corollary 2.2.

For condition (a), note that if d > 0 then v d 2d > 0 for all v in aF(O), while
if d < 0 then v d 0 for all v in aF(O). Next, suppose that {Xk} converges to 0 with
Xk 0 for each k and that {Vk} converges to 0 with Vk in OF(Xk) for each k. Therefore,
Xk < 0 for all large k and so Vk" Xk/IXkl2= 2Xk" Xk/IXkl2= 2 for all large k. Hence,
hypothesis (b) of Corollary 2.2 is satisfied.

Remark 2.4. We wish now to examine hypothesis (a) of Theorem 2.1 in the
presence of additional assumptions about the functions g. We shall assume that each
g is both "semismooth" and "subditierentiably regular" at x*.

DEFINITION 2.5 [16, Def. 1]. Suppose that is locally Lipschitz on W and suppose
that x belongs to W. Then is semismooth at x in case it is true that the sequence
{Vk d} has exactly one accumulation point whenever d is a nonzero vector in R" and
{gk and {Vk are sequences in R n, {tk} is a sequence in R such that

(i) {tk} decreases to 0;
(ii) {Ok/tk} converges to 0 in
(iii) Vk is in f(x + tkd + Ok) for each k.
Remark 2.6. Mifflin [16] has shown that, if/ is semismooth at x, then, for each

nonzero vector d in R n, the directional derivative/’(x; d) exists and equals lim Vk d,
where {Vk} is any sequence chosen as in Definition 2.5 above. Mifflin [16] has also
shown that convex functions are semismooth and that continuously ditterentiable
functions are semismooth; moreover, so are certain marginal functions (i.e., functions
which are pointwise maxima of certain continuously differentiable functions).

(Mifflin [15] has developed an algorithm for finding solutions to problems of type
P, provided the functions are semismooth at the points of their domains.)

DEFINITION 2.7 [18]. Suppose that f is locally Lipschitz on W and suppose
that x belongs to W. Then f is subdifferentiably regular at x in case the directional
derivative f’(x;d) exists for all d in R and f(x;d)= f’(x;d) for all d.

(Actually, Rockafellar [18] gives a definition for a more general case. The
definition is equivalent to the one just given when f is locally Lipschitz on W. Earlier,
Clarke had used the term "regular" in place of "subditierentiably regular" and Mifflin
[16] has used the term "quasidifferentiable.")

Remark 2.8. Convex functions and continuously ditterentiable functions on W
are subdifferentiably regular at all points of W, and Clarke’s theorem on marginal
functions [3, Thm. 2.1] shows that certain marginal functions on W are subdifferenti-
ably regular at all points of W. Note that we always have/(x; d)>-f’(x; d) when.the
latter exists.

PROPOSITION 2.9. Let f and g be real-valued functions on W and let x belong to
W. Let a be a number.

(a) If]: and g are semismooth at x, then so are f+ g and af.
(b) If f and g are subdifferentiably regular at x, then so are f+ g and af (provided

a>-O).
Proof. (a) The assertion for af is immediate from the fact that (af)(x) a(f(x))

(see Definition 1.1). Suppose that f and g are semismooth at x and let h f+ g. Let
d be a nonzero vector in R n, and suppose that the sequences {Vk}, {Ok} and {tk} are as
in Definition 2.5 (i)-(iii), except with/ replaced by h. According to [3, Prop. 1.12],
Oh(y)_Of(y)+Og(y) for each y, and so there exist /)lk in Of(x q-tkdq-Ok) and /.)2k in
Og(x + tkd + Ok) such that /)k-" /-)lk "/32k. By assumption, the sequences {Vlk" d} and
{VEk d} both converge; hence so does {Vk d}.
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(b) Suppose f and g are subdifferentiably regular at x and let h f+ g. We always
have h’_-<h if the former limit exists; hence, by use of [3, Prop. 1.12] again, we have

h’(x d) <-_ h(x d) <-_ f(x; d) + g(x; d)

f’ (x d) + g’(x d) h’(x d).

Next, if a >-0, we have O(af)(x)=a(Of(x)) and so (af)’=(af) follows from Remark
1.2(a).

THEOREM 2.10. Suppose that x* is in S W and that H and M are defined as
in (2) and (3). Suppose that the functions go, gx, ", gq are semismooth at x* and that
the functions go, gl, g,, Ig,,+al,’"’, Igq[ are subdifferentiably regular at x*. Then
hypothesis (a) of Theorem 2.1 hoMs if and only if OH(x*) contains the zero vector.

Proof. It follows from Clarke’s theorem on marginal functions [3, Thm. 2.1] that
the maximum of a finite number of subdifferentiably regular functions is subdifferenti-
ably regular. It follows from a theorem of Mifflin [16, Thm. 6] and [2, Prop. 9] that
the maximum of a finite number of semismooth functions is again semismooth. Thus,
since Igil max {gi, --gi}, it follows that Igil is both subdifferentiably regular and semi-
smooth at x*. It now follows from Proposition 2.9 that f0 is both subdifferentiably
regular and semismooth at x*. The remarks above show that H and M have the same
properties. Furthermore, it follows from Clarke’s theorem on marginal functions [3,
Thin. 2.1] that OH(x*)= OM(x*).

Now suppose that hypothesis (a) in Theorem 2.1 holds. By Remark 1.2(a) and
Definition 1.4, we have H(x*; d)=M(x*; d)>=O for all d in R n, hence, by [17,
Thm. 13.1], the zero vector belongs to OH(x*).

Conversely, suppose that 0 belongs to OH(x*). Since OH(x*)= OM(x*), we have
M’(x*; d)=M(x*; d)=H(x*; d)>=O. It follows from Remark 2.6 that hypothesis
(a) in Theorem 2.1 must hold in this case.

Remark. To guarantee that igil is subdifferentiably regular at x*, it is enough to
assume that g is C near x* (since Igl--max {gi,-g}).

Example 2.11. Suppose now in Corollary 2.2 that the function F is twice con-
tinuously differentiable at x*. We wish to show that hypotheses (a) and (b) of Corollary
2.2 reduce to the usual sufficiency conditions in this case.

First, note that, in view of Theorem 2.10, hypothesis (a) amounts to VF(x*)= 0;
one must recall that the generalized gradient consists of the gradient alone in this
situation. Now, let V2F(x) denote the Hessian of F at x. Hypothesis (b) becomes the
statement that "lim sup VF(xk)" (Xk X*)/[Xk X*]2 > m* for every sequence {Xk} con-
vergent to x*." Since we have

VF(Xk) (Xk--X*)= {VF(Xk)-VF(x*)}" (Xk--X*)

(xk -x*)" V2F(x*)(xk -x*)+ o(Ix x*[a),
we find that hypothesis (b) becomes the statement that "limsup (x-x*)" V2F(x*)
(xk-x*)/lxk- x*[2 > m* for every sequence {x} convergent to x* (with x # x*)." But
this last condition is equivalent to the requirement that d. VaF(x*)d > m* hold for
all unit vectors d in R n.

DZFINITION 2.12. Let x be in S fq W. The tangent cone T(S,x) of S at x is
defined to be the set of all d in R for each of which there exist sequences {xk} in
S W and {t} of positive numbers such that {xa} converges to x and {(x-x)/t}
converges to d. (This notion of "tangent cone" is that used by Hestenes [4, p. 25].)

Remark 2.13. The theorem which follows applies to problem P, just as Theorem
2.1 does. It is of interest because the second-order conditions are given in terms of
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an auxiliary function h rather than in terms of M. This can be an advantage when
the structure of h is simpler than that of M. Several illustrations are given below.

THEOREM 2.14. Suppose that x* belongs to S f’) W and that M and fo are defined
as in Theorem 2.1. Suppose that h is a real-valued locally Lipschitz function defined
on Wfor which

(a) h(x*) =M(x*);
(b) h(x)<-M(x) forallx in Sf’) W;
(c) we have limsupvk" whenever {xk} is sequence in W

which converges to x* in direction d in T(S, x*) for which Vo" d <-0 for some Vo in
Oafo(X*) and {Vk} is a sequence in R for which Vk is in Oh (Xk) for each k.

Then there exists a positive number 3 such that

go(x go(x*) >-- (--) [x x*l2 for all x in B (x*, 6) (q S.

Proof. Suppose that the conclusion is false. Choose a sequence {6k} of positive
numbers decreasing to 0. Then, given k, there exists Zk in B(x*, 6k)fqS such that
gO(Zk)--gO(X*)<(m*/2)lZk--X*[2. Let Sk=[Zk--X$[>O and let dk-’(Zk--X*)/Sk for
each k. Now define Ck to be the smallest convex cone containing dk. We may assume
that the sequence {dk} converges to a unit vector d in T(S, x*). Notice also that
fo(Z)-fo(X*) < (m*/2)lz -x*l2 and so we may use Lebourg’s theorem as in the proof
of Theorem 2.1 to show that v0" d <-0 for some Vo in Oafo(x*).

By hypotheses (a) and (b), we have h(zk)<=M(zk)<-O=M(x*) h(x*) and so h
attains its minimal value on the set B(x*, 6k) f’) (Ck + X*) at a point Xk which is different
from x*. Let tk =lx -x*l>0, Notice that (Xk--X*)/tk =dk for each k and so {Xk}
converges to x* in direction d.

According to Clarke’s theorem on necessary conditions [2, Thm. 1], there exists
v in Oh(xk) such that --Vk is normal to the convex set B(x*, 6k)f’l(Ck +X*) at Xk. We
apply [17, Cor. 23.8.1] to obtain a nonnegative number Ck and a vector Uk normal to

Ck + x* at Xk such that

(6) Vk 4- Ckdk 4- Uk O.

Since both Xk 4- tkdk and xk tkdk belong to Ck + x*, we have Uk dg 0. Therefore we
get from (6)

Vk dk + Ckldkl2 0.
From this we infer

(7) lim sup Vk dk/ tk <= O.

Since (7) contradicts hypothesis (c), the proof is complete.
Remark 2.15. Suppose x* belongs to W. If F is any real-valued locally Lipschitz

function on W, put

K(F)={dR" F(x*; d) <-0}.

It follows from Remarks 1.2(a) and 1.2(b) that K(F) is a closed convex cone.
THEOREM 2.16. Suppose x* belongs to S fq Wand thatMandfo are as in Theorem

2.14. Suppose that the functions go, g1,"’, gq are all semismooth at x* and that the
functions go, [g,,+l[,""’, Igl are all subdifferentiably regular at x*. Then it is true that
Vo d <= 0 for some Vo in Oafo(x*) if and only if d belongs to K (fo).

Proof. We show that fo is semismooth and subditterentiably regular just as we
did in the proof of Theorem 2.10. Thus, by Remark 2.6, we have f(x*; d) f’o (x*; d)
Vo" d, if Vo belongs to Oafo(x*). The desired conclusion follows from this fact.
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Example 2.17. Suppose that x* belongs to S fq W and that the functions gi are
all twice continuously ditterentiable near x*. We shall suppose that the standard
second-order sufficiency conditions hold at x* and we shall show that the hypotheses
of Theorem 2.14 are then satisfied. Thus we assume that numbers yl, y2," , y exist
so that yi >- 0 and yigi(x*)--0 for 1... m, so that

q

(8) Vgo(X*)+ E YiVgi(x*) =0,
i=1

and so that, if we set L(x)=go(x)+ylgl(x)+’’. +yqgq(x) for x in W, then we have
d V2L(x*)d> m* whenever d is any unit vector in T(S, x*) for which Vg(x*) d =0
for all in I {i: 1 _-< _-< m and yi > 0}.

To see that Theorem 2.14 applies in this situation, we must first choose r > 0.
Let r=l if there are no nonzero numbers among {y,/l,...,y} and r=
max {lyi[: m + 1,. ., q} otherwise. Define h on W by h(x) L(x)-go(x*)-
(m*/2)lx-x*12, x W. Then, conditions (a) and (b) of Theorem 2.14 hold, since
h(x*) 0 and, for x in S f’) W,

h(x) L(x)-go(x*)-(-) [x -x*[2

<- go(x) go(x*) (-) lx x*12 <- M(x).

Now suppose that {xk} is a sequence in W which converges to x* in a direction d in
T(S, x*), suppose that Vo" d-<_0 for some v0 in aafo(x*), and suppose that Vk is in
ah (xk) for each k. As in the proof of Theorem 2.10, we see that f0 is both semismooth
and subdifferentiably regular at x*. By Theorem 2.16, d belongs to K (/Co). Therefore
we have

q

O>--lim
{f(xg)-f(x*)}

Vgo(x*)’ d+ X rlVgi(x*) "dl.
tk m+l

Since VL(x*)= 0 and since Vgi(X*) d <-_ 0 for each in L we have

q

,)0>= ., YiVgi(x*)" d =-Vgo(x*)’ d- , yiVgi(x d
i=1 i=m+l

q

>=-Vgo(x*)" d- E rlVgi(x*) dl>=o.
i=m+l

Since Vgi(x*)" d <-0 and yi>0 for each in L we infer Vg(x*) d =0 for each in L
and so we have d. V2L(x*)d > m*.

Now v=VL(xk)-m*(x-x*) for each k. Set t--Ix-x*l and dk=(Xk--X*)/tk
for each k. We obtain

Vk" dk =VL(Xk)" dk--m*tkldk[2

{VL(xk)-VL(x*)}" dk m*tk.
Hence, lim sup Vk dk/tk d V2L(x*)d m* > 0. Thus the hypotheses of Theorem
2.14 are fulfilled.

COROLLARY 2.18. Suppose that F is a real-valued locally Lipschitz function
defined on Wand that x* belongs to W. Suppose that h is a real-valued locally Lipschitz
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function defined on Wfor which
(a) h(x*)=F(x*);
(b) h(x)<-_F(x) for all x in W;
(c) there exists m*>-O such that limsupvk" (Xk--X*)/.IXk--X*I2>m * whenever

{Xk} is a sequence in W which converges to x* in a direction d for which Vo d <-0 for
some Vo in OaF(x*) and {Vk} is a sequence in R for which Vk belongs to Oh(xk) for
each k.

Then there exists a positive number i such that F(x)-F(x*)>-(m*/2)lx-x*[2 for
all x in B(x*, t).

Proof. We define functions h* and F* on W by F*(x)=F(x)-(m*/2)[x-x*l2

and h*(x)= h(x)-(m*/2)[x-x*[2 for x in W. We now proceed as in the proof of
Corollary 2.2, applying Theorem 2.14 to F* and h*.

3. On Ioffe’s sufficiency theorem.
Remark 3.1. Suppose that g is a sublinear function defined on R"; thus, g is

convex, positively homogeneous, and subadditive on R". Suppose that the real-valued
functions G1, G2, , G,, are twice continuously differentiable on an open set W

_
R

containing the point x*. Let G be defined by G(x)= (G(x), G2(x),’’’, G,,,(x)) for
x in W. Let f g G and consider the problem

Minimize f(x) over x in W.

This is the finite-dimensional version of the problem over Banach spaces considered
by Ioffe [9]. Since problem P** is plainly a special case of problem P*, it is natural
to ask whether the sufficiency conditions given in Corollary 2.2 reduce to those of
Ioffe [9, Thm. 2] when applied to problem P**. A straightforward application of
Corollary 2.2 to the function f produces a theorem which seems to be slightly weaker
than that of Ioffe. But, we can get Ioffe’s theorem from Corollary 2.18. Apparently,
the latter approach takes proper advantage of the special structure of f.

Remark 3.2. The generalized gradient of f can be expressed in terms of the
Jacobian J of G and the subdifferential 0g of the convex function g. It follows from
a theorem of Rockafellar [18] that f is subdifferentiably regular at every point of W
and that

(9) Of(x) {J(x)ry y Og(G(x))}, x W;

here, the superscript T stands for transpose.
Mifflin [16, Thm. 5] has shown that the composite function of two semismooth

functions is again semismooth. It follows from Remark 2.6 that f is semismooth at
every point of W.

Several facts about g, which are consequences of its sublinearity (see [17, Cor.
13.2.2]), are listed below:

(10) g(O) =0.

(11) If y belongs to Og(u), then g(u)=y, u.

(12) For every u in R ", we have Og(u)_. Og(O).

It follows from (10) and (12) that

(13) If u belongs to R and y belongs to Og(O), then y u <- g(u).

DEFINITION 3.3 [9]. Given f and x* as above, put

12(x*) {y e Og(G(x*)): J(x*)ry 0},
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and

Kc {d R"" g(G(x*) + tJ(x*)d) <- g(G(x*)) for some > 0}.

Finally, we define a function L* on W R by

L*(x, y)= ylGl(X) + y2G2(x) +" + y,G,, (x),

for x in W and y in R"*. (Iotte [9] shows that Kc is a closed convex cone.)
Next, we state and prove ioffe’s sufficiency theorem.
THEOREM 3.4 [9, Thm. 2, finite-dimensional version]. With [ and x* as above,

suppose that the set f(x*) is nonempty. Assume that positive numbers mx and m2 exist
so that

(i) given d in R n, there exists z in Kc such that

Id zl <-- m2{g(G(x*) +J(x*)d)- g(G(x*))},

and

(ii) given d in Kc, them exists y in fl(x*) such that
2 ,d" V**L (x*, y)d > rnldl.

Then there exists a positive number 8 such that

f(x)-f(x*) >--_ ( m__) Ix X*l2 for every x in B (x*, 8).

Proof. Since the set l)(x*) is nonempty, we can define h on W by

h(x) max {y G(x)" y f(x*)}, xW.

We wish to apply Corollary 2.18. First, note that, since lq(x*) is nonempty, it follows
from (9) that 0f(x*) contains the zero vector. It follows from (11) and (13) that
h(x*) ]’(x*) and h(x) <-[(x) for all x in W. By Clarke’s theorem on marginal functions
[3, Thm. 2.1], we have

Oh(x) {J(x)Ty" y f(X*) and h(x)= y. O(x)}.

(In particular, it is clear that h(x*)= {0}.)
In order to appeal to Corollary 2.18, it emains only to verify that hypothesis (c)

of Corollary 2.18 holds. Thus, suppose that {Xk} converges to x* in direction d in
K(]’) (here, we are using Theorem 2.16) and suppose that Vk belongs to h(xk) for
each k. For each k, there exists y in ll(x*) such that Vk J(xk)Ty and h(Xk)--
y G(Xk). Since f is semismooth and subdifferentiably regular at x*, we have (with
tk IXk --X*I and dk (Xk --X*)/tk)

0 =]’O(x*; d) >--lim sup {g(G(x))-g(O(x*))}/t:.

From Taylor’s theorem, we get, since g is Lipschitz,

{g(G(Xk))- g(G(x*) + tkJ(x*)dk)}
lim O,

tk

and so

0 >- lim sup
{g(G(x*) + tkJ(x*)dk)- g(G(x*))}
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According to hypothesis (i), there exists for each k a point Zk in Kc such that

Iz tdl <- m2{g(G(x*) + tkJ(x*)dk)- g(G(x*))}.

Let ek Zk/tk for each k. It follows that the sequence {dk ek} converges to 0. We have

y G(x)-y G(x*)= y" J(x*)td +() d V2L*(x *, y*)dk +o(t)
(14)

k 21
e VL*(x*, y)e + o(t).

For each k, let y be a member of O(x*) such that

2
e" VL (x*, y)e > mlel.

Since y G(x) N h(x)= y G(x) and y. G(x*)= y G(x*)= h(x*), we have

y G(x)-y G(x*) e y G(x)- y G(x*)

21
e VL*(x*, y)e + o(t)

(5)

(mlel +o(t)
2]

Next, we observe that

From (14) and (15), we get

and so

v. d J(x)ry d

{J(x)r -J(x*)r}y d

V2L*(x *, y’)tkd" d +o(t)

=V2L*(x *, y)tek e +o(t).

v d_ mxlel + o(1),

v dk 12lim >=mld =m.sup
tk

4. A sufficiency theorem for Lagrangians. If the functions go, gl, , gq in prob-
lem P are twice continuously differentiable at x*, then the classical second-order
sufficiency conditions for problem P (see [4, p. 37] or [14]) are given in terms of a
Lagrangian. In view of [2, Prop. 9] and [3, Prop. 1.12], any generalized gradient of
M does involve multipliers. But, there is no reference to any specific Lagrange
multiplier.

We shall present a sufficiency theorem in terms of a particular set of multipliers.
This effort is not wholly successful, because additional hypotheses are required on
the gi and because there is still a reference to H in the most general result.

Remark. In order to introduce a Lagrangian for problem P, we shall recall a
special case of Clarke’s theorem on necessary conditions [2, Thm. 1]; we have already
used a different special case in the proofs of Theorems 2.1 and 2.14.
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THEOREM 4.1. [Clarke, special case]. Suppose that x* in W is a local minimizer

for problem P. Then there exist numbers a*i and vectors v*i for O, 1, ., q such that
(a) a*i is nonzero for at least one in {0, 1,..., q};
(b) a*i >=0 for i=0, 1,..., m;
(C) a*i gi(x*)--0 for i= 1,..., m;
(d) v*i belongs to Ogi(x*) for all =0, 1,..., q;
(e) O=a*ov*o +av*l +...+aqVq.
(We shall assume (a)-(e) below and we shall also assume

(f) ao*=l.
If, for example, there are no equality constraints and if the problem P is "calm" (see
[2, p. 172]), then it is not a serious restriction to assume (f).)

Remark 4.2. Suppose that x* belongs to W, that the functions gi are all semi-
smooth at x*, that the functions go, g,, a* *.+1g.+1, , aq gq are all subdifferenti-
ably regular at x*, and that Theorem 4.1(a)-(f) hold. (We must emphasize that we
do not assume that x* is a local minimizer.)

Now we define a real-valued function L on W by

q

L(x) E a*i gi(x), x W.
i=0

It follows from Proposition 2.9 that L is semismooth and subdifferentiably regular at
x*. Rockafellar [18] has shown

q

(16) OL(x*)= E a*i Og,(x*).
i=0

It follows from Theorem 4.1(e) and (16) that 0 belongs to OL(x*). Proceeding as in
Remark 2.15, we can introduce the closed convex cone

K=K(L)={d eR": L(x*; d) 0}.

THEOREM 4.3. Suppose that x* is in S f’) W, that the functions gi are all semismooth
at x*, and that the functions go, gl," gin, a*m+lgm+l, a q*gq are subdifferentiably

* satisfy Theoremregular at x*, where we are assuming that x* a*, and V*o, v*, , v q

4.1(a)-(f). Define I--{i" l<-i<-_m and a/* >0}. Next, suppose that limsup Vk" (Xk--
X*)/[Xk X*I2 > 0 whenever the sequences {Xk} and {Vk} satisfy these conditions:

(i) {Xk} converges to x* in direction d with xk in S for each k;
(ii) {Vk} converges to 0 with Vk in OL(Xk) ]:or each k;
(iii) g (x*; d)- 0 for all in I.
Then if C is a closed cone ]:or which C

_
int (K) 1.3 {0} there exists a positive number

such that go(x)>go(x*) whenever x belongs to B(x*,8)fq(C+x*)fqS and x x*;
here int (K) denotes the interior of K.

Proof. Suppose that the conclusion is false. Choose a sequence {k} of positive
numbers decreasing to 0. To each positive integer k, there corresponds Xk in B (x*, k
S f3 (C + x*) such that Xk X* and

(17) go(xk go(x*) <- O.

Let tk IXk--x*l > O, and let dk --(Xk--X*)/tk. Each dk belongs to C and so we may
assume that {dk} converges to a unit vector d in C. We apply Lebourg’s mean value
theorem to obtain points Zk and Zki in. the interior of the line segment joining x to



32 R.W. CHANEY

X* and vectors Vk in OL(Zk) and Vki in Ogi(Xki) such that

(18) L(Xk)-L(x*) vk tkdk, k >--_ 1,

and

(19) gi(Xk)--gi(x*)= Vki tkdk, k >--_ 1, O, 1," , q.

As before, we may assume that (Vk converges to v- in OaL(x*), and that (13ki converges
to v in Oagi(x*) (for i=0, 1,...,q).

Since each Xk belongs to S, we have, by Theorem 4.1(b), (c), L(Xk)-L(x*)<-_
go(Xk) go(X*). It follows from (17), (18) and (19) that, for all k,

Vk dk <= VkO" dk <----O,

(20) Vki dk <- 0 for in L
Vk dk O form<i--<q.

From (20), we get v-. d _-< 0, v - d _-< 0 for in 1 CI {0}, and v d 0 for m < _-< q.
Since L is both semismooth and subditterentiably regular at x*, since v- belongs to
OaL(x*) and 0 belongs to OL(x*), we have v-. d L’(x*; d)=L(x*; d)>=O. We infer
v-.d=O.

Now we wish to show that v-= 0. Since d is in C, d must be in int (K). If v-
were nonzero, it would follow from Remarks 2.6 and 1.2(a) that, for positive t,

L(x*; d + tv-) >-_ v -. (d + tv-)

It follows that d + tv- cannot belong to K (for > 0). Hence, d cannot belong to

int (K), a contradiction. So, we have shown v-= 0. In view of (20), we have

Vk dk
(21) lim sup <= 0.

tk

Thus, if we can show that g (x*; d) 0 for all in L then (21) will yield a contradiction.
Since v.-= 0, we have

q

0=v-’ d= E a* (v’f" d)= E a(v.’f d)+a*o(V d).
=0 iI

Inasmuch as v - d _-< 0 for all in ! {0}, we infer v d 0 for all in L Because
each g is semismooth and each v belongs to Oag(x*), we get 0= v- d g(x*; d)
for all in L

Remark 4.4. Suppose that, in Theorem 4.3, the functions gi are all continuously
differentiable at x*. Then Theorem 4.1(e) becomes VL(x*)= 0 and we have K R n.
In this case, we may choose C K R and thus obtain a sufficiency theorem.

If the functions g are all twice continuously ditterentiable near x*, we can proceed
as in Example 2.11 and recover from Theorem 4.3 one version of the classical
second-order sufficiency conditions.

Remark 4.5. In some sense, Theorem 4.3 gives sufficiency conditions for certain

directions (i.e., those directions which lie in C). A somewhat similar first-order theorem
can be proved, where we allow directions d in a closed cone D; here, D is required
to be included in the union of the complement of K and the set {0}. This result can
be regarded as a variant of [13, Thm. 5.3] or of [5, Chapt. 4, Thm. 6.3]. Using this
first-order result and Theorem 4.3, we can employ the method of proof of Theorem
2.1 to obtain the following theorem:
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THEOREM 4.6. Suppose that the hypotheses of Theorem 4.3 are in force, except
for the one concerning the cone C. Let H be as in (2) and let b(K(L)) be the boundary
of the cone K(L). Suppose also that

v (x x*)
limsup

Ixk-x*l2
>0

whenever the sequences {Xk} and {Vk} satisfy not only contitions (i)-(iii) of Theorem
2.1, but also, the additional condition that d belong to the set b(K(L)).

Then there exists a positive number 8 so that go(x)> go(x*) whenever x belongs to
B(x*, 8)fqS and x x*.

We shall omit the proof of this theorem, because the theorem itself is unappeal-
ingly awkward and because we shall make no application of it.
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A LEARNING MODEL FOR ROUTING IN TELEPHONE NETWORKS*

P. R. SRIKANTAKUMARS. AND K. S. NARENDRAS.

Abstract. The aim of this paper is to develop a theory of adaptive routing in telephone networks using
learning methods. A mathematical model of the network with slow-learning algorithms distributed at various
nodes is presented. The algorithms update the routing probabilities on the basis of network feedback
information (like call blocking or completion) only. Convergence of the routing strategies is established. Two
linear updating algorithms, under certain conditions, are shown to have desirable equilibrium behavior like
load equalization and minimum blocking probability for the entire network.

1. Introduction. The adaptive routing of traffic in large networks is currently a
problem of great interest. While approaches to this problem through mathematical
programming [12]-[14] exist, the one that has recently gained attention uses learning
techniques. The suitability of learning methods has been demonstrated in the extensive
simulation studies [1 of telephone traffic routing. The principal aim of this paper is to
develop a mathematical model to explain the simulation results, and to provide a theory
of network routing using learning methods.

A telephone network is a finite set of nodes connected by links or trunk groups of
finite capacity. Calls (traffic) originate at the nodes of the network destined for other
nodes. The routing control systems located at various nodes direct the arriving calls to
subsequent nodes by attempting the call on alternate trunk groups at that node. If the
call reaches the destination, it is connected (or set up) for communication, occupying
a trunk on each link along the path it is routed; otherwise, the call is lost (or blocked)
at some intermediate node failing to find a free trunk. Many paths for the connection
of the call being generally available, the routing problem is to determine the decisions
(e.g., routing probabilities for the various alternatives) that the nodal controllers have
to make so that some network performance criterion like blocking probability is
minimized.

The routing problem when the traffic and the network conditions are stationary
and known has been well studied [9], [16]. Seldom do stationary situations prevail.
Routing in the face of nonstationarities is the adaptive routing problem. In the approach
to adaptive routing via learning methods, the traffic parameters are assumed to be fixed
but unknown. The nodal controllers select the available alternatives to route a call with
certain routing probabilities, and based upon only feedback (e.g., call block or comple-
tion) from the network update these probabilities. Thus, the controllers evolve to or
"learn" some desired routing parameter. Being iterative, such routing algorithms
provide adaptation to varying traffic and network conditions. (Any a priori knowledge
of the traffic can be used to compute the initial routing parameters).

Central to the adaptive routing problem are questions concerning the adequacy
of traffic models, the decision space of the routing controllers, the learning algorithms
used by each controller and the network feedback information needed for updating.
Questions related to convergence, speed, and adequacy of adaptation of the algorithms,
and the overall performance of the network system are also important. While the
investigation of the adaptive routing problem, in all its generality, is in its initial stages,

* Received by the editors November 16, 1979, and in revised form October 1, 1980. This work was
supported by the National Science Foundation under grant 03664.

5" Department of Engineering and Applied Science, Yale University, New Haven, Connecticut 06520.
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an attempt is made in this paper to characterize and study some of its main aspects.
Specifically, we formulate a mathematical model of the network using a class of learning
algorithms, and study the convergence and asymptotic performance of the network and
the nodal controllers. Conditions under which the algorithms employed are optimal
are also discussed.

The learning algorithms for the nodal controllers have the following general form:

(1.1) p(n+l)=p(n)+aU(p(n),a(n),x(n)), 0<a<l, n=0,1,2,...,

p(n) is the vector of probabilities for the choice of various alternatives at n, U(. is the
updating function which depends upon the network state x(n).

Algorithms of the form (1.1) have been studied in the context of learning models
[3], [4]. In a typical learning model, an automaton (or algorithm) has a set of actions
to choose from in an unknown stationary random environment, and at each state n it
does so with certain action probabilities p(n). For each action chosen the environment
gives an output x (n) (e.g., reward or penalty) from a stationary probability distribution.
The automaton, then, updates the action probabilities depending upon the output at
that stage, and evolves to some desired final behavior.

In the adaptive routing problem {x(n)}no is nonstationary. In a recent paper by
Narendra and Thathachar [2] an attempt was made to model this behavior. In this
model when an action is performed its penalty probability increases by a fixed amount
while the penalty probabilities of all others are decreased by fixed amounts. However,
as indicated in i-2] this model of a single automaton-environment combination could
not be adequately analyzed using techniques normally used in the study of learning
automata. To circumvent this difficulty an alternative approach was suggested by the
authors in [15i, wherein the penalty probabilities were assumed as functions of action
probabilities. It is this feature which enables the resulting model to be extended to the
adaptive routing problem. Extensions of some results of [15] are also in [2].

Norman [4] has studied "slow-learning" in a Markovian framework in terms of
the asymptotic properties (a - 0, n c) of the sequence {p (n )}n__>0, where {x (n )}__>0 is
a stationary random sequence. In view of the nonstationarity of x(n) in the adaptive
routing problem, the powerful methods of Norman cannot be directly applied.
However, the specific assumption of the model suggested in [15] that x(n) depends
only on the probability iterates p(n) enables slow-learning results to be extended, and
incorporated into the routing problem.

In 2 the network model comprising the traffic assumptions and the nodal routing
schemes is developed. Two particular linear algorithms for U(. are employed and are
shown to result in desirable properties. We isolate, in 3, one nodal algorithm to gain
insight into its behavior in the network. An abstract nonstationary environment is
postulated and the algorithms are analyzed in this environment.. Section 4 contains
some preliminaries about the network. In 5.1, we prove the convergence in distribu-
tion of the network and the controllers by showing that the process {x (n), p(n)}__>0 on
the product space has some random contraction properties. The steady state analysis
is given in 5.2, where results of 3 are found to be useful. A quadratic approximation
of the network blocking probability is derived in 5.3 and it is shown that one of the
linear algorithms, in steady state, is "near" the optimal for this approximation. The
conclusions are stated in 6.

2. Model of telephone network with learning routing.
Telephone network model. The telephone traffic system, for our purpose, has three

constituents: (i) a network connecting source-destination paris, (ii) a routing system,
and (iii) a process for generating calls.
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The network consists of a finite set of nodes At: {1, 2,. , N}, and a set Ar x
of trunk groups (or links). The link (i, ) has capacity lij trunks. Calls are generated
randomly at source node i, destined for node (i,/" A;). Calls have a random holding
time (or duration of communication of the call). The routing systems are distributed at
various nodes. A call, in general, is processed through a sequence of nodal routing
systems before it either reaches destination (completion) or gets blocked (loss); the
time for this processing is the setup time. If a call is completed, it remains in the network
for the duration of the holding time, after which the call is disconnected (or hung up)
making free all the trunks it occupied.

A call with source and destination , when it arrives at node k is routed by the
controller A located at k. (If the calls are not distinguished with respect to their

ksource1, the controller is designated A). A ij chooses a set of actions (alternatives)
attempting to route the call to the subsequent node. The decision space determines the
type of routing. For example, in the so called "fixed rule" routing [1] the call is
attempted on a sequence of links (k, 11), (k,/2),’ ’, (k, It), i.e., only if all the links (k, l),

1,..., a have no free trunk, the call is attempted (or overflows) on (k, l+),
a 1, , r- 1. As is clear, the fixed rule has only a single choice and hence no scope
for adaptation. In practice, the decision may take many forms, e.g., choosing from a
set of links or from a set of sequences of links, or if all the links are busy placing the
call in a waiting line. We restrict ourselves to the first two cases, i.e., either choosing
from a set of links, or a set of sequence of links, at k. The alternatives are chosen with
constant probabilities in fixed probabilistic routing; in adaptive routing these prob-
abilities vary with time.

The following assumptions are made about the nature of the generated calls and
their routing"

(i) Calls from node to node follow an independent Poisson process with
parameter h (i.e., h calls/unit time).

(ii) The holding time of any call is an independent random variable with exponen-
tial distribution having mean time 1//. For convenience2, we take/ 1.

(iii) The setup time of each call is negligible.
(iv) No call is deliberately blocked.

k(v) The alternatives for A are so restricted that routing is cycle-free (i.e., the
call does not get trapped in a loop of nodes without either getting blocked or
connected).

(Assumptions (i) and (ii) are quite standard in traffic theory.) A call is of type
(i, ) , if it has origin and destination . We write A kt for Aik (or A, if no source

distinction).
Learning routing schemes. Controllers Ak are learning algorithms (2.1). Ak has

l’tk choices. At instant n (see 4), if a call arrives for Ak, the actions are chosen with
k,r,(n)) pk (n) y,.,,, k,ik’2 (n), P, i=a

k, (n), p p (n) 1 The call is eitherprobabilities (p
sent to the next node or blocked, and this depends upon the state of the network x(n),
at n, and the action chosen. The "state" of the network at n is the configuration of calls
which are connected at n. The state gives the pattern of free and occupied trunks in
the network ( 4).

kThe general structure of updating for A is as follows’

k(n)+aU(pk (n), a(n) x(n))(2.1) pk(n+l) p

As in the AT & T network [1].
All our results hold for the case of different ij’s. For relaxation of (i) & (ii) see 4.
i.e., making no attempt to send it to the next node. Such a policy has been studied for fixed routing in [9].
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0 < a < 1. a(n) is the action at n. "a" is the step size. More generally, the updating
could have the form

k(n)+ aU(pk(n), z(n)),(2.2) pk, (n + 1) p,

where z(n) =a (oz(m), x(m)), 0 <= m <= n, is the history of A k,. For any call, Atk updates itt
the call is of type and is routed through node k.

Since x(n) describes the state of the entire network, in large networks it is
impractical to provide Ak with complete state information. The question of how much
information is needed for optimal decision making, or the trade-off between state
information and optimality, in general, appears to be difficult. In the linear updating
algorithms (2.3) we employ, the updating depends only on the state of the path along
which it is routed. Specifically, updating is only a function of the call blocking or
completion, which depends only upon whether the call counters a blocking state or
not. Such a simple overall routing scheme, wherein the nodal algorithms act indepen-
dently without transferring any state information (except block/completion), has
desirable and optimal (with respect to network blocking probability, defined in 4)
asymptotic behavior. While the techniques of the following sections are applicable to
any algorithm of the form (2.1), attention is focussed on the linear algorithms (2.3).
Algorithms which use average rather than instantaneous blockings and completions,
and which have the form (2.2) are discussed towards the end of the paper.

Linear updating rule. At instant n let a call of type arrive for A kt which has
alternatives {al, O2,""", Olrtk}, If the action chosen a(n) for routing this call is ai the
updating is given by the following.

k(n). Let (n) be the indicator of blocking, i.ek(n A k(n + l) PtDefine Apt P
(n) 1 if call is blocked. 0 < a, b < 1.

(2.3)

-apka(n), (n) O,
ka(n)

b
Apt

rtk_l-bP’i(n), (n)= 1,

k’i(n), (n) 0,Ap.(n) a(1--p,
"i (n), ,(n) 1-bpt

The probabilities are conserved at every instant. The following two cases will be the
focus of study:

(i) a b, the symmetric case, named LR-p algorithm [5].
(ii)* b o(a), named LR-p algorithm (also [6], [2])4.
The analysis of (2.3) follows in the subsequent sections. As a first step, we isolate

one nodal algorithm for study of its probabilistic behavior. In 3, the nonstationary
environment abstracted from network considerations results in a novel automaton
model. The asymptotic properties of the action probabilities in this model are analyzed.
LR-p attempts to equalize average penalty rates from its action, whereas LR-p attempts
to equalize average penalty probabilities from its actions [2]. The accuracy of this
equalization is O(a). As a - 0, in steady state, action probability is Gaussian. Approxi-
mations to the asymptotic variance are derived. The analysis of the algorithm in the
network is dealt with in 4 and 5. After showing the convergence of the algorithms
and the network to a unique stationary measure, it is proved that the steady state
behaviors of LR-p and LR-p resemble their behaviors in the automaton models of 3.

4 o(a) implies o(a)/a 0 as a 0. O(a) is <=Ka, where K is constant.
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(Transient behaviors in the two situations are different.) LR-p, thus, has a "load
equalizing" effect, a desired attribute in traffic engineering. LR-ep, for small "a ", is near
optimal of a quadratic approximation of the network blocking probability.

3. New learning automata models. A learning automaton may be represented by
a feedback loop containing an automaton and an unknown random environment. At
stage n, the automaton (algorithm) chooses action c(n)=ai from a finite set
{al, a2, , Cr} with probability pi(n). ,i= pi(n) 1. In response to this action, the
environment gives an output x(n): reward (0) with probability ci(n), and penalty (1)
with probability di(n a__ 1 ci(n ).

ci(n) Pr[x(n)/a(n) ai], 1,..., r.

The automaton, then, updates its action probability according to the rule (2.1).
Norman [4] and others [3] have studied the behavior of different algorithms, but

mostly in stationary environments, i.e., ci(n)- ci, a constant. Below, we postulate a
novel nonstationary environment derived from network considerations, and, analyze
the updating scheme of (2.3) in this environment. In this environment ci(n) 1, , r,
are specific functions of p(n)=(pl(n)," ",pr(n)). {p(n)},o arising from the
automaton-environment interaction is a homogeneous Markov process, and is ergodic.
The steady state behavior, as will be shown in 5, is similar to the behavior of the
routing algorithm (2.3) in the network.

Environment. If p(n)= p, we write ci(p) for ci(n). The following are the assump-
tions on the environment.

A1. ci(pl, P2," Pr) is continuous in pj, i, j 1,. , r.
A2.

oc(.)
(3.1)

OCi( )>0 Vi and
Oci( )<< for] i.

Opi Opi Opi

A3. ci(" is continuously differentiable in all its arguments.
A4. ci(" and Oci(’)/Opi are Lipschitz functions of all their arguments.

While some of the assumptions are subsumed by others (e.g., A1 by A2, A3 and A4)
we state them separately since not all the results stated later require the stricter
assumptions.

Remarks. As will be seen in 5, in the network ci(’ corresponds to the blocking
probability from action ai. The blocking probability will, in general, satisfy the
smoothness conditions (A1), (A3) and (A4). (see 4). Assumption (A2) is motivated
by the network situation" at a node, the amount of traffic attempted on different links
is governed by the routing probability p, and increasing the traffic on a link increases
the blocking probability along that link. The cross-derivatives being small in (A2)
implies that the overflow (from one link to another at the same node, 2) traffic is
small. (In 5.3, the cross-dependence results from merging traffic downchain, and
could be large).

The probability with which the automaton receives a penalty at time n from action
O is

pi(n)ci(p(n)) a--A fi(p(n)).

We refer to fi(p) as the average penalty rate. (Note that f(p) is the average rate of
penalty seen by an outside observer, whereas ci(p) is the average rate of penalty given
the action chosen is a.)
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Algorithm.

(3.2) The algorithm for updating is the same as in (2.3) without the indices and k;
k,ii.e., p pi, rtk -= r, of (2.3) is the binary output x of the environment.

Analysis. In this section we present the convergence and steady state analysis of
both LR-e and LR-e algorithms with r-actions in the environment (3.1).

THEOREM 1. The Markov process {p(n )}no is ergodic and converges in distribution
as n o to a unique stationary probability, for any distribution of p(O). [3

The proof of Theorem 1 follows from Norman’s results [4] for Markov distance
diminishing operators, and is in [15]. The proof is omitted here since it is not central
to the theme of the paper.

Steady-state analysis. We will first consider the two-action case, which is illustra-
tive of the type of results for r-action LR-e and LR-e considered later.

Two-action LR-e. In the analysis, the constant vector p* (p*, p2*), P* +P* 1
satisfying fl(p*)=f2(p*) is of importance. Assumptions (A1) and (A2) assure the
existence and uniqueness respectively of p*. The two penalty rates from the actions
are equal at p*.

PROPOSITION 1. If (A1) is satisfied by ci(p), 1, 2, then there exists p* such that

:C * *f(p*) pcl(p) p2 2p2)=f2(p ).

Further, if (A2) holds, then p* is unique.
Proof.

c2(0, 1) if pl 0,
f2(P)-fl(P)=-c1(1,0) if p2=0 or p=l.

f2(p) -fl(p) is continuous in p, and hence p’ and p2* exist such that f2(p*)-f(p*) O.
Uniqueness follows since the derivative with respect to p is strictly decreasing. [3

Let Api(n) a----p(n+l)-p(n). The conditional expectation of Apl(n) in the
algorithm (3.2) may be expressed as

E[Apl (n )/p(n p] pdl(p)[ap2] + p2d2(p)[-apl]
(3.3)

pcl(p)[bp] +p2c2(p)[bp2],

di 1- ci. The four terms on the right-hand side of (3.3) are due to the four possible
events at n.

Since, in the LR-p algorithm, a b, (3.3) becomes

(3.4) E[ApI(n)./ ]p(n)=p =f2(p)-f(p)A w(p)
a

and

Let

(3.5a)

Ap2(n)/ ][ =-w(p).

s(p) a E
p (n), p(n)=p =pdx(p)p +pc(p)pl +pzc2(p)p2 +p2d2(p)p

and

(3.5b) ,(I(P) A Sl(p)- w2(p).

Similarly, s2(p) and (p) are defined.
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In the steady state

(3.6) E[Api] O or E[w(p)] O.

The zero of w(p) is p* and, in general, E[w(/)] 0 need not yield p*. However, if the
parameter a is chosen sufficiently small, the difference between these two values may
be made small, as indicated in the following theorem.

THEOREM 2. Let p(O) have stationary measure .
(a) Under assumptions (A1)-(A3)

(3.7) E[p,(n)-p* 2 O(a).

(b) Under assumptions (A1)-(A4) if z i is defined as

a pi(n)-p*i
for 1, 2

as a O, z is normally distributed with mean zero and variance

2 i(p*)

2lOw(p*Opi

Pro@ See Appendix 2.
Comment. Since [E(p(n)-p*)] <-_E[p(n)-p*], part (a) of Theorem 2 implies

that

(3.8) E[p(n)]-p 0()
and further as a 0, E[p(n)-p]O with p(n)p with probability 1.

From (3.4) and (3.6) we have E[w(p(n))] N[h(p(n))-(p(n))] 0 as n m, or

(3.9) N[h()] W[()].

From this,

(3.10) E[h()]-h(P*) E[()]-(P*).

Since f(. is Lipschitz bounded, from (3.10) and (3.8) we get

(3.11) E[f(ff)]-f,(p*) 0(4.).
Hence, for small values of "a", it can be concluded from (3.9) and (3.11), that the
asymptotic behavior of the LR-p automaton can be approximated by

rE(p*) fl(p*).

In other words, the two-action automaton asymptotically attempts to equalize the
average penalty rates from the two actions.

Two-action LR-ep algorithm. In this case, b- o(a). Equation (3.3) can now be
written as

(3.12) E[APa(n)/p(n =p] =plp2[c2(p)-c(p)]+o(a) a-- w(p)+o(a).

If ci(p)= 0 for p- 0, along with the assumption (A1) and (A2) we have a unique p*
such that cx(p*)= c2(p*). (The proof is along the lines of Proposition 1). Otherwise,
w(p) > 0 (or <0) for all pl (0, 1). If so, let p* 1 (or p* 0). With s(p) and g(p) as
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defined in (3.5a) and (3.5b), the statement of Theorem 2 holds for the LR-ep. Hence
the two-action LR-ep attempts to equalize the penalty probabilities from the two
actions [2].

Multi-action case. We can write, for algorithm (3.2), the following.

(3.13)

U[(pi(n + 1)-pi(n))/p(n) p] E[Ap(n)/p(n) p]

+ Y pidi(p)[-api]+ . pici(p)[ b -bpi].
j#i ji r 1

LR-I, automaton. Since a b, we can write (3.13) as

(3.14)

1
EEAp,(n)/p(n)=p]=-a fi(p)+_ 1

a-awi(p).

Let p* [px*, p:, ", P*], Y.,=l P* 1 and

fi(P*) fi(P*), i,j=l,2,...,r.

The existence of such a p* is shown using Brouwer’s fixed point theorem [7] in
Appendix 1. The following proposition is a generalization of Proposition 1.

PROPOSITION 2. If ci(p), i= 1,’’’, r satisfy the assumption (A1), there exists a
p* such that

fl(P*) f2(P*) fi(P*).

Further, if (A2) is satisfied then p* is unique.
Proof. Refer to Appendix 1.
Let

Ap(n) [Apx(n), Ap2(n),’’’ Apt(n)],

w(p) [wl(p), w2(p),’"", w,.(p)],

the conditional covariance matrix of Ap(n)

(3.15) E[([ Ap(n)a w(P)][APn) w(p) p(n) p a__ g(p),

2
Zn Zn, Zn, Zn J,

and let A be the r x r matrix, A (d/dp)w(p)lp=p,.
The following theorem completes the generalization to the r-action case.
THEOREM 3. Let p(O) have stationary measure p. Then
(a) E[llp(n)-P*ll]= O(a) (ll denotes the norm) and E[p(n)]-p* O(x/rda).
(b) z,, as a 0 is normal with mean zero and covariance E which is the unique

solution ofA. +ZA + (p*) O.
The proof is in Appendix 2.
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LR-ep automaton. For the case b o(a), (3.13) reduces to

(3.16)

E[Api(n)/p(n)=p]= a Z Pipi[cj(p)-ci(p)]+o(a)

Aawi(p)+o(a).

If we assume that ci(p)= 0 for pi 0, then along with assumptions (A1) and (A2) we
have, through Proposition 2, a unique p* such that

(3.17) cl(p*) c2(p*) Cr(p*).

With Ap(n), w(p), A and zn as in (3.15), and the conditional covariance of Ap(n)
defined as (p)+ o(a), Theorem 3 holds for the case of LR-p automaton. However,
if any of the penalty probabilities, Ck(p), dominates (or is dominated by) others; i.e., if
Ck(p) > ci(p) (or <ci(p)) for all p, and for 1, 2,. r, then pk(n) will be asymptotically
concentrated near 1 (or 0). All this is summarized in Theorem 4.

THEOREM 4. Let p(O) have stationary measure p.
(a) If (3.17) holds, then E[p(n)]-p*= O(x/-a), and zn is normal with mean zero

and variance , the unique solution ofAZ +ZA + g(p*) 0 as a O.
(b) /f Ck(p) > ci(p) for all p, k,

E[pk (n l O(x/-da),
or if ck(p) < ci(p) ]:or all p, k,

E[p (n)] o(4-da).
Remarks. The proof (Appendix 2) to show that the variance of p around p* is

O(a), rests on demonstrating that (p* -p)w(p) > R > 0 for almost all p p*, in all the
cases of LR-p and LR-p. The normality result for the stationary measure follows as an
application of Norman’s results.

4. Network preliminaries. To understand the exact nature of the nonstationarity
arising from the network in (2.3), and the dependence between the state and the routing

kprobabilities, we first consider the case where At routes with fixed probabilities without
any updating.

The state of the network is defined as the configuration of calls in progress (or
currently connected). It can be characterized by a vector, each component of which
gives the number of calls in progress on a particular type of a particular path. State
transition occurs when a call in progress hangs up or a new call is connected. Blocking
results in self transition. Due to assumptions (i)-(v) of 2 the network can be described
by a finite, homogeneous Markov chain [8]5.

Let
S---set of all possible states of network={1, 2,. , u},
h.---set of all states with one call hung up from state x,

a.,t set of all states with one additional call type t,

connected along path rr from state x,
r/. number of calls in progress in state x,

t,k i,i

Assumptions (i) and (ii) of 2 can be relaxed as long as the state evolves according to a homogeneous
Markov chain.
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The transition matrix Q can be described as follows [8]. Let x(n) be the state
immediately after the nth transition. Let x(n)= x, and x(n + 1)= y. Let p be the
-vector of the fixed routing probabilities" if y hx, qxy 1/(+ r/x). If y a x.t, qx,
pTAii/(A + r/x), where p7 is the probability of call type (i,/’) being routed along r,
upon its arrival (p 7 can be computed from p), and if y x,

qxx 1 -Pr {y e hx}- Y Pr {y
t,

If/3i(n) --a Pr {x(n) j s}, and/(n) (/31(n), ",/:3v(n)), the state evolves according to

(4.1) (n+l)=O(p)(n).

The transition matrix depends upon p, as well as upon hii,/x and li. Q(p)is, in fact, an
ergodic matrix (whose ergodic sets6 may be functions of p), since any state could be
reached from every other state. As n oo, (n)=Q(p), a unique probability
independent of p(0); the limit/ itself depends upon p. (The chain does not have any
cyclical subsets.)

Blocking probability. A call arriving at any link or a node either gets blocked or
completed, and hence has a certain blocking probability. Different arrival processes in
the network, i.e., at different nodes and links, have different blocking probabilities.
Formally, we define the blocking probability Pb and completion probability Pc for an
arbitrary arrival process. (Though these notions are the same as in the literature [8],
[17], the development here which is convenient for our purposes is somewhat
different.)

Let m 0, 1, 2, be the arrival instants. Let Sc S be the set of states in which
these arrivals can be completed; Sb S--So, the set of blocking states. If.x(m-) is the
state of the network immediately preceding m,

Pb a__ lim Pr {x (m-) s S), Pc __a lim Pr {x (m-) Sc }.

The above limits exist, and can be calculated from/3. Let n 0, 1, 2,... be the state
transition instants of the chain (4.1), which are instants of connections, blockings and
hangups. If Ix(’,) is the indicator of blocking of the arrival process,

Pr {/(’,)} Y’, Pr {arrival of the process/x(n 1) X}x(n 1),
xSb

and Pb lim’,_,oo Pr {Ix(,,)}. For example, if blocking probability is calculated for calls
with source and destination j,

(4.2) Pb-- y. hq x =a y x and Pc Y. fix.
xeSb h + "fix xe&, xeSc

Pc and Pc are calculated from (4.2) with Pb + Pc -xSx 1.
Example. For the simplest case of a network with just one link of M trunks, and

arrivals h, S {0, 1, 2,..., M}, and Sb {M}. The vector/3 satisfies/30 =/31" 1/(h + 1),
/’, fi’,_l" h/(h + n 1) +/3", h/(h +n), and for i= 1,... ,n-l, i--i--l"h/
(h +i-1)+i+a’i+ 1/(h +i+1). With /x =[h/(h +x)]/3x, these equations reduce to
/gh =fig+l/Z, for i= 1,. ., n-1. Since i=/g 1, Pb=AM/M!( hi/i!), which is
Erlang’s loss formula [17].

6S’cS, is an ergodic set for a process {x (n )},, o, if x(n)S’x(m)S’ w.p.l., for all m>-n. Ea,
E2, , Ea are cyclical subsets of some ergodic set if x(n) E x(n + 1) E,+ w.p.1. (Ea+ Ea).



44 P. R. SRIKANTAKUMAR AND K. S. NARENDRA

If g is the average rate of arrivals at a link (or any process), and Pb its blocking
probability, then we refer to f--a gPb as the (average) blocking rate (as seen by an outside
observer) at this link.

Blocking probabilities and blocking rates can be computed from/, at various links
and nodes, for various call types, and for the entire network.

5. Learning routing in the network. In this section, we first prove the convergence
of the network together with all the learning schemes at various nodes ( 5.1). Then
we derive the equilibrium behavior of the linear routing algorithms, and show that they
have optimal properties ( 5.2 and 5.3). Updating using averaged blockings and
completions is discussed in 5.4.

5.1. A convergence theorem. We consider here the convergence of learning
algorithms (2.1) in the network. We show that for any "distance diminishing" updatidg
scheme, the network system converges to a unique stationary measure. The conver-
gence for the linear updating schemes (2.3) follows from its distance diminishing
property.

DEFINITION. Let. e denote an event--either a hangup or arrival accompanied by
blocking or completion. Let us assume that algorithm (2.1) maps p k(n)t p to

kk(n / 1)--(p, e), under event e at instant n. The algorithm At is called distancePt
diminishing if

IO(p x, e)- O(p2, e)l <-- /IpX-p21

for all action probabilities p and p2 of Ak, with y <-1 for all e, and y < 1 for some e
which has nonzero probability. (For a weaker notion see [4, 2].)

Let n 0, 1, 2,... be the instants of network state transitions. Equations (2.1)
and (4.1) together govern the evolution of the network and the nodal controllers. The
learning schemes face the Markovian nonstationarity of the network. The routing
probability of a single algorithm {pk (n)},0 is not Markov, and hence Theorem 1 or
the methods of its proof are not directly useful. Thus the convergence of the system
cannot be established by showing the convergence of the individual algorithms. We
show convergence of the entire network system by considering the process {y(n)},__-o

y(n) a=(x(n), p(n))

(p(n) is the ?-vector of routing probabilities), which is a homogeneous Markov
process on the product space $ [0, 1]. This process is a compact Markov process
(definition and details in Appendix 3) which possesses random contraction properties
when the nodal updating schemes are distance diminishing. The proof of Theorem 5
and the following corollary are in Appendix 3.

THEOREM 5. ff the nodal algorithms Ak are distance diminishing the process
{y(n)}no has a stationary distribution. If the algorithm is such that this process has a
single ergodic set with no cyclical subsets, then y(n) converges (exponentially fast) in
distribution to a unique stationary probability , independent of the choice of y (0).

COROLLARY. The linear scheme (2.3) is distance diminishing. Hence ifA employs
this linear scheme, y(n) converges (exponentially fast) in distribution to a unique , ]:or
any y(0).

Remarks. The distance diminishing criterion is helpful in designing algorithms. If
care is taken to avoid multiple ergodic sets and cyclical subsets, a unique statistical
equilibrium is assured.

We now turn to characterizing the equilibrium behavior of the algorithms.
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5.2. Equilibrium analysis oi linear algorithms. Let p,k be the marginal distribution
of the routing probability of Ak evaluated from 7. Let/x be the marginal steady state
probability of x S, again computed from 37. Attention is focused on one algorithm
A kt, with rtk 2. Generalization to rtk > 2 is straightforward. Let Ic’ix be the indicator of
x $ a success (or call completion) state for action i; and Ib’, the indicator of blocking
state x.

Let rn =0, 1, 2,... be the arrival instants for Ak (m- denotes immediately
preceding m ). LetA be the Ln-e algorithm. Then, if p(m) is the probability for action
ai, and Ap(rn) a__ p(m + 1)-pi(m),

E[Apl(m)/p(m) p, x(m-) x]

p(ap2)I" +p2(-apl)I"2 + p(--av)Ibx" + p2(ap2)Ib"2,

since

E[Ap(m)/p(m) p] EEx[Ap(m)/p(m) p, x(m-) x]

a[p2P(p)-pxP(p)],
b,iwhere P(p) a Pr {Ix,, }. Since x(m) has distribution p in steady state, P(p) is the

blocking probability of action c, for Ak,. Equation (5.2) is the same as (3.4), of the
two-action LR-e in the environment of 3. P(’) satisfies the smoothness conditions
A3) and (A4), and increases with increase in p. If the assumption (A2) on cross-
derivatives also holds, then the statement of Theorem ,2 holds for the sequence

k (n)}n_>o, with p k (0) having the stationary measure/k. Hence, if g k is the average rate{p,
of arrivals for A kt, for small a, the blocking rates satisfy

(5.3) kg PPb (P) constant for all i,

under equilibrium conditions. Thus the LR-p algorithms attempt to equalize the
blocking rates at various parts of the network, achieving "load equalization", a desired
attribute in traffic engineering.

If LR-p algorithms are used for Ak, an equation similar to (3.12) can be derived

following argument used earlier. LR-p algorithms, for small a, achieve in equilibrium

(5.4) P(p) constant for all i.

This behavior (5.4) of equalizing the blocking probabilities is shown in 5.3 to be
optimal for a quadratic approximation of the network blocking probability.

If pk. is the routing vector which achieves (5.3)or (5.4), then E[llffk --pk,*ll2]<=ga,
kand (/k, _ptk.)/x/ is normal as a-.0 for all t and k. The variance tr, of this normal

distribution is calculated (e.g., by Theorem 2) using the second order driving terms.
Thus tr

k and K (Appendix 2) can be computed as functions of Aj,/ and lj. If these
traffic and network parameters are known to lie within a certain set, the value of "a"
for the worst case values of the parameters can be computed yielding specified
asymptotic accuracy K and fluctuations cr k,. In general, the choice of a is crucial for
proper adaptation. Larger values result in faster convergence but with larger fluctu-
ations; smaller values in greater accuracy and slower speed of convergence. Different
values can be chosen for different A k, depending upon the traffic conditions in various
parts of the network.
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5.3. A quadratic approximation of blocking probability and optimality. In this
section, we make assumptions about the link blocking rates and blocking probabilities
as specific unctions of the routing probabilities7. It will be shown that under these
assumptions LR-eP algorithms operating at all nodes, for all types of calls, in a
decentralized and independent manner minimize the global blocking rate for the entire
network.

We assume that the blocking probability at a link is a linear function of the rate
at which calls attempt that link. For call type (i, ), if zr is a path through which calls
can arrive at node n, we also assume that the rate at which calls arrive at node n,
attempting some link at n, through path zr is

product of the routing probabilities along

1 ->_ l, -_> 0. We take the probabilities of attempting the various available trunk groups
(instead of the sequence of trunk groups)8 at any node as the routing probabilities at
that node. These assumptions of linearity are reasonable under "low" and "average"
traffic conditions.

The total rate g7 of arrivals for A7 is the sum over all possible paths zr.

g’ Y. l product of routing probabilities along 7r Aij,

fnl 2t gP71 is the rate of attempts on link (n, l) at node n. Similarly we can compute
fin ([nl), the rate of attempts on (n, l) at node I. fnl "’fln is the total attempt rate for
(n, l). The blocking probability at (n, l), then, is given by K,t[f,l +ftn ], where 0 < K,t < 1
is a constant for the link (n, l). The blocking rate at n for (n, l) is f,. K,l[fn +f, ]. We
f0cus attention on A’, and derive the expression for the total network blocking
probability and individual blocking probability of actions.

Let Cx, c2,’", a, be the actions of A’; p, the action probability of ci. Let
p’= (px,""’, P,). We say node m is "reached" by ai, if calls from ai can get routed
through m. Let N be the set of nodes reached by a.

From here on, we drop the.scripts and n, without ambiguity. Let

cx {m: m is reached by some ai},

c2 {m: m is not reached by any ai}.

Let l,pg denote the rate of arrivals (of type t) at rn cx, 0_-< l,, <_-1. li, can be
computed from the l=’s defined in (5.5). If S,, ={k: kx and (m, k) is a link for A’},
then the total block rate, BR, for action a is

(5.6)
mNi kS,n i=1

where h A ,k,,k li,pgp is the rate at which calls through action c attempt (rn, k).
is the sum of the rates of all types of calls other than which attempt (m, k) either at
rn or at k. Hence, the blocking probability c(p) for c is,

(5.7) ci(p) Z Y’. li,pip’kK,k h,,,k +k.
mNi kSm i=1

Exact expressions for block probabilities ( 4) are complex, and approximations are frequently made.
Or if actions are sequences, then OPb/OpjO, ] i.
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Let L be the (r x/x 1) matrix of li,,

Q the (itZ2 X 1) matrix of p k,

and K the diagonal (/x2 x/z.) matrix of Kink, where/zl is the number of nodes in
and/-2 the number of links (m, k) such that m, k e

The total network blocking rate BR can now be written9 ,as

(5.8) BR [’ + gp’LO]I[gO’L’p +"] + f,

where ff is the vector of ,k, and f is the total block rate in the subnetwork c2./
and f are the functions of the routing probabilities other than p.

PROPOSITION. The quadratic minimization problem

minBR(p), subject to i pi <= 1, pi->_ 0
t=l

has optimal solution p*, and Zi= pi 1.

Remark. ,i=1P/* 1, says that no call should be "deliberately" blocked at any
node of the network.

ProofofProposition. BR (p) is continuous on a compact set, hence attains minimum

p*. From (5.8), we get

(5.9)
OBn(p)

Op
2gLOg[Q’L’pg +]

(5.10) 2gc(p),

where c(p)= [c(p)c2(p)" Cr(p)], the vector of blocking probabilities (5.7).

The Kuhn-Tucker necessary conditions for optimality [!0] yield

(5.11)

OBR p
"- U l) 0 i= 1, r,

Opi pi=o*

u p*-I =0, iPi --0.

Suppose Zi=I P/ <,1; we get u 0. This gives either OBR(p)/Opilp,=t,* 0 for p/* 0, or
p/* 0 for all i. The latter cannot be true if calls are to be accepted at all. The former
also cannot be true’ if Pi 0, the block rate for oi, BR(p), is quadratic in Pi, and
OBR(p)/Opi>O. Also OBR(p)/Op>--O for ji. This implies OBR(p)/OPilp,=p.>O if
p/* 0. Hence we must have i= P/* 1. [3

Since A a__ (gLQ)I((gLQ)’ is positive definite (p’Ap is the block rate for A, when
there are no calls which do not go through A’; p’Ap >0, for p 0), condition (5.11)
is also sufficient for optimality.

9, denotes matrix transpose.
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or

(5.12)

We now have the optimality condition translated as

OBR(P)
=U forp/*0,

Opi pi=p*

--_>u for p/* 0,

ci(p*) u forp/* 0,

_-->u forp/*-0.

If 1 is assumed to be constant (see (5.9)), we get a unique p*. However when we
consider the simultaneous optimality of all automata A’, p* might be nonunique; p*,
in this case will be on a convex set, since it satisfies a set of linear inequalities like (5.12).

There is a dynamic programming nature of the minimization of BR for each call
type t which is clear from the following:

minBR(p,/) min If+ min (/’ +gp’LQ[Q’L’pg
p,, p

where/ are the routing probabilities of automata in the subnetwork df2. Every A’
must, for optimality, attempt to equalize ci(p) from its actions ai. The proof of the
following theorem is in Appendix 2.

THEOREM 6. Ir the network with blocking probabilities as given by (5.7), for the
LR-eP routing schemes

EEll p*ll2] O(a),

where p* satisfies (5.11), and the equilibrium routing probability.

5.4. Updating using averaging. The use of averaged completions and blockings,
and its effect on the performance of the routing system is considered here. As an
example, we discuss LR-p updating using its past history of completions averaged as

b,i.i(n)=(1-).i(n-1)+I,,), 0</3<1.

Since .’i(tl) E [0, 1], algorithm (2.3) for b o(a) is modified as follows:

Let c (n) ai, and 1 i(n) oz.

(5.13) If pi(n) 1, for j # i, Ap.(n + 1) -aapi(n) and Api(n + 1) ac [1-- pi (n )].

If pi(n) 1, pi(n + 1) 1 b, and pi(n + 1) b/r- 1, for/" i.

Algorithm (5.13) has the form of (2.2).
The convergence Theorem 5 holds for the above algorithm too, considering the

process y’(n)=(x(n),(n),p(n)). In equilibrium, for small a, this also equalizes
the blocking probabilities, as in (5.4). However, the variances tr are different. In
equilibrium,

var )i (1 )2 var i ""2 var Ibx"i,
or

var )i var Ibx’i.
2-/3

Decreasing fl results in smaller values of second order driving terms, and hence also
kof trt. K (Appendix 2) is also reduced resulting in increased accuracy.
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6. Conclusions. A mathematical model of telephone traffic routing using learning
algorithms at the various nodes is developed in this paper. It is shown that if the nodal
algorithms are randomly contractive the network system attains statistical equilibrium.
Equilibrium behavior is derived for slow-learning algorithms. Under certain assump-
tions it is demonstrated that the decentralized linear updating algorithms result in
optimal routing in terms of the overall blocking probability.

The choice of the parameter a in the learning algorithms, inclusion of realistic
constraints (e.g., desired node to node blocking probability), use of nonlinear
algorithms and transfer of state information among nodes to improve performance and
speed of convergence remain to be investigated in the future.

(2)

and

Appendix 1. Proof of Proposition 2.
la. We notice that the following conditions hold"

(i) fi(Pl, P2, ", P2) 0 for Pi O,
(ii) fi(P) >= 0 p

_
s" {where s is the simplex in r-dimensions},

(iii) fi(’) is continuous.
Let

1
w,(p) __a _f,(p) +... y f(p)

r 1

w" (p) max {wi(p), 0}.

We construct the following map G" s --> s r. If G(p) p’ [p p’r ],

p,+ wi (p)
(3) P l+Zi=xw;(p)
clearly =1 p 1, and G is a continuous map. Hence we have, from Brouwer’s
fixed-point theorem, p* e s’, such that G(p*)= p*.

Since= w,(p*) 0, from (2) there is at least one i, 1N N r, such that w (p*)
0. From (3) we get

p 0 only it equality holds in condition (ii), in which case [(p*) 0 for all i. Otherwise
lrom conditions (i) and (ii), and (2), p 0. Hence we get w[ (p*) 0. This along
with w(p*) 0 gives w(p*) 0,tor all i. It immediately follows that(p*) .(p*),
for all i,

1. Uniqueness. Let p*, q*e s , p* q* such that w(p*)= w(q*) for all i. Let
W(p*) [Wl(p*),’’’, Wr-I(P*)], * [P,’ ;’, P-] and * * * *=[q,q q_].
Sincep* 1 - *-LP, we write w(p) lor w(p where p [p, , p_]. Considering
the line/(A) A/* + (1 X)4* a [0, 1],

(5)
d(/(a)) d(/(a))[/, 4,],

dA

where

A(p(A)) d((a))

is the (r-1) (r-1) matrix of partial derivatives. From (2) and assumption (A2), the
diagonal terms of A(p(A)) are dominated by -OfJOp-(1/r-1)(OfJOpr), and the
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off-diagonal terms, by (l/(r- 1))Ofi/Opi- (l/(r- 1))Of,.lOp,. Hence A(p(h)) can be writ-
ten. as BD + C, where D is a diagonal matrix of -Ofi/Opi, C is the matrix of identical
terms (1/(r- 1))Of,./Opr, and B is.the following (r- 1) x (r- 1) circulant matrix,

1 1
1

r-1 r-1

1
1

r-1

The (r 1) eigenvalues of B are given by 11] 1 (1/(r 1))[x + x 2 +. + xr-2], where
xi is a root of x"-1= 1. Since [x + x2+ + xr-2[ < r--1, and B is real and symmetric,
the eigenvalues are real and positive. Hence, A(p(A))- BD + C is negative definite,
for Ofi/Op > O.

We have from (5),

dh (/3")- (#*) 0 A(/3* #*).

Since A= o A(p(h)) dh is negative definite,/* *. This implies p* q*, and unique-
ness follows. 1

Appendix 2.
2a. Here, p2 denotes p’p, if p is a vector. We write p, for p(n). K denotes a

constant, p,+l=p, +Ap.. E[(Ap/a)/p, =p]= w(p)+O(a). E[(Ap/aE)/p, =p]=
g(p)+o(a).

LEMMA. Let p (0) have stationary measure. If p* is such that w (p*) O, and

(1) (p*-p)w(p)>R(p-p*)2, R>0,

for all probabilities p, then E[p(n)-p*]2= O(a).
Proof of lemma. (p,+ _p,)2 (p, _p,)2 + 2(p, -p*)Ap, + Ap]. Taking expecta-

tions on both sides, and cancellingE(p, _p,,)2,
0= E[(p.-p*)Ap,]+1/2E[Ap2

or

0 E[(p. -p*)w(p.)]+E[g(p.)]+o(a)

Since, we have only bounded random variables, g(p,) is bounded and o(a)/a <=Ka.
Hence

(2) E[(p*-p,,)w(p,,)]<=Ka.

The lemma follows from (1) and (2).
To derive the results (Theorems 2, 3, 4 and 6) of 3 and 5.3 for the two- and

multi-action LR-p and LR-p schemes we merely show that (1) holds. The proof for the
normal approximation is given in Appendix 2b.
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Proofof Theorem 2. (two-action LR-p) Though this is a special case of Theorem 3,
the proof is given here for the sake of continuity and follows [4, pp. 154]. Let p pl, and

w(p)
g(P)=(p,_p), PEP*,

dw(p)
dp v=v*

P =p*

Because of assumption (A2), w(p) < 0 when p > p*, and w(p) > 0 when p < p*. So,
g(.) is positive and continuous on [0, 1]. Hence there is a R >0 such that g(p)>-R.
Thus,

(p*-p,)w(pn) (p*-p,))g(pn) >- R (p, -p*)

Proof of Theorem 3. (r-action LR-p). Let p =(Pl, P2,’’’, Pr-1), and w(p)=
r-1(wt(p)," ", wr-t(p)), pr 1 -Ei= Pi. If p(A) Ap + (1 A)p*, A [0, 1], going through

the arguments of Appendix lb, we have

(3)
(p* -pn)w(p,) >-_ (p*-pn)A(pn -p*)

>-R(p, _p,)2,
where A is negative definite, and R is the minimum eigenvalue of -A. Hence, we have

E[(p, _p,)2] O(a).
Also,

E[(p,(n)_p,i )2]<=E[(pn _p,)23 O(a).

Two-action LR-p. Let p p.
Case 1. Suppose p* (0, 1). w (p) 0 for p 0 or 1. But for p 0 or 1, equation

(4) holds for this situation. However, consider the regions R [e, 1 e ],/ [0, 1 R
with 0 < e < 1. If ER[(p, _p,)2] denotes the integral over R, we have

E[(p, p*)2] ER [(p, p*)2] +E[(p,, p*)2],
ER[(p, _p,)2] O(a) from (4) and (3). For every a, we can have e sufficiently small so
that the stationary measure p on R is. O(a). This can be done because p cannot assume
a nonzero measure on a point set. (Notice that the algorithm moves away from any
point with probability 1, in the next instant.)

Case 2. If p* 1, then c(p)< c2(p) for all p. Then w(p)>0 for all p. If p* 0,
then w(p)< 0 for all p.

Proof of Theorem 4. (r-action LR-p). Let pi e [e, 1-e ], for small e > 0 as in the
two-action LR-ep case. p [Pl, P2," ", Pr].

wi(p) Pi Y’. Pi[Ci(P)-- ci(p)]
ji

>= [ min 1)i(p)

<= [ max pj]pi(r--1)rPi(p)ji

where

1
li(p)----ci(p)+_ 1

’. ci(p).
ji
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Now, if (p* -p,) > O, (p* -p,)wi(p) >- mxpi(r- 1)[p* -p](p) and if (p* -p) < 0,
(p*i -p)wi(p) >-_ m2pi(r- 1)[p* -Pi](p), where minji Pi mx > 0, maxis/pi m2 >
0, it follows that Y=I (P* -p)wi(p)>kl=l(p* -Pi)i(P) with kl>0.
Since ci(p)=O for p =0, ci(’) and ]’(.) [of Theorem 3] have similar properties.
From (3),

(P*i -P)(P) >---- R (p _p,)2, R > 0.
i=1

The cases of Ck(p)()ci(p) for # k, is similar to Case 2 in the proof for two-action
LR-eP.

Proof of Theorem 6. (network). p, 1,..., r is the action probability of A’.
Let p [p, P2," ", Pr-1].

w(p)=-B[Ap+b],

where B is the positive definite circulant matrix defined earlier in the appendix,
A A gLQQ’L’g is positive definite, and b gLQ. p* is such that Ap* + b u. 1
(u is a scalar constant, and I is a (r-1)-vector of l’s), w(p*)- O.

w(p) w(p)- w(p*)= -BA(p-p*).

Hence, (p*-p)w(p)>-R(p-p*)2, where R>0 is the minimum eigenvalue of
(-BA).

p* may not be unique, though there is a unique stationary measure, asymptotically
the sequences have large correlation, for small "a". This could be seen from

2a
E(p’,,+lp,,)= u--s(P,,),

where u
A E 2(p,p,), and since 2E[ApE,,p,] E[Ap2,] a s(p,,). Hence, every realization

of the process asymptotically gets clustered at one of the p*.

21. In order to prove the normal approximation of the stationary measure, as
a - 0, (Theorems 2, 3 and 4 and 5.2) we establish the following claim. This claim
verifies the conditions of Lemma 2.1 [4, pp. 156] whose application yields the normal
approximation. The claim is proved for the two-action case, here. Arguments for the
multi-action case are similar and can be found in [15].

We write p, or pl(n). Let

(1) z,,
(p’-p*x Ow(p)

x/- w’(p)
Op

CLAIM. (1) E[AZn/Zn] aw’(p*)z,, + o(a),
(2) E[Az2,,/z,,] ag(p*) + o(a),
(3) E[iAz,,Ia/z,] o(a),

where o(a) is such that E[o(a)/a]O as a 0.
Proof. Let

= E[Az,/z,,]//-= E[Zn+l-Zn/zn]/x/-- E[-/z,] w (p,,).



LEARNING MODEL FOR ROUTING IN TELEPHONE NETWORKS 53

we write

(2) (=w(p,,)-w(p*)

so that

(3) I1 <-- g4lz. I,

since w(. is Lipschitz (assumption (A4)). K denotes a constant.
Let

rt E[Az22,/z.]/a s(p.) (p,,)+ .2;

we have

(4)

since g(. is also Lipschitz (A4).
E[p,-p*]2<-Ca and E[p,.,-p*]<-Cx/da. This and (4) imply that

o(a). Hence claim (2) follows.
To prove claim (1), let

h (A) w (x + A (y x)), A e [0, 1],

h’(A) a-Oh(A) w’(x + A (y x))[y x],

where h’ is continuous (assumption (A4)). By the fundamental theorem of calculus,

w(y)-w(x)=h(1)-h(O)= w’(x+A(y-x))dA[y-x].

Hence,

w(y)-w(x)-w’(x)(y-x)= [w’(x +x(y-x))-w’(x)]dx[y-x]

so that

(5) Iw(y)-w(x)-w’(x)(y-x)l <
2(y -x)2’

where w(x) is Lipschitz bounded by fl (A4). From (5), we have

(6) Iw(p.)- w(p*)- w’(p*)(pn -P*)I <- galzl
Claim (2) follows from (6), (1) and (2).

The proof of claim (3) follows readily by observing that

pn=p =y(p)<y<,
I. a

and hence E[lAz, 3 13 3/2I/z.]=E[(lap. /)/z.]< v" a 0 as a 0.
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Appendix 3. To prove Theorem 5, we first consider the case when there is only
one algorithm with two-actions in the network. (Other nodal algorithms may be thought
of as having fixed routing probabilities.) Extension to the general case is easy and is
discussed later. Let pi(n) be the probability of action at, 1, 2. We focus attention on
pl(n), and write pn for p(n). The equations governing the process are

(1)
/n+i O(P")/’

P.+I P. + aU(pn, x.) a_ t(p., x).

We can write the state transformation as:

W Xnx+ y, T(2) Y+=kp+ o P O
Y S x [0, 1] is the state set. The event set E has five objects N {h, (g, , 2)}, which
are hungup (h) and arrival (g) followed by action () and completion or blocking ().

Remarks. Each network state x e S can be viewed as a separate stationary
environment for the algorithm. The algorithm faces these stationary environments
which are switching in a Markov manner, the transitions being governed by O(p). The
essence o the proof of Theorem 5 lies in the dependence of O(p) on p being smooth
(which it is in the network), and in the distance diminishing of U(. ).

Before we present the proof, we give some preliminaries concerning compact
Markov processes [4, 3] and their convergence. Let Y be the state space, and N the
event space; B and Borel classes on Y and N respectively. Let Y be compact in
metric d. Let the homogeneous Markov process {y}o be generated by

y,+ T(y,, e,+),

and for A e

(3) Pr (en+x A/y, e, Yn-1, ") Pr (e+ e A/y) A Pr (en+l, Yn).

Define for f: Y R (reals)

re(f) sup [f(yx)-f(y2)[.
y,ey: d(y,, y2)

DEFINITION. {y(n)}ev is a compact Markov process if Y is compact in metric d,
and if

(4) m(,) vm() +R Il, < , R <,
where Ef(y)AE[f(yl)/yo=y] and f is any bounded Lipschitz function,

LEMMA. [4, 3]. If {Y}o is compact Markov, then {y}o has a stationary
distribution. If in addition there is a single ergodic set with no cyclical classes, then y
converges, exponentially fast, to a unique stationary distribution independent of the choice
ofyo.

Proof of Theorem 5. We write y e Y as y (x, p), x e S and p e [0, 1]. Define the
metric d as

d(yx, y2)&dl(p,,p)+d2(x,,x2) for y=(xi, p), i=1,2,

where d,(pl, p2) [p,-p2[ and d2(xl, xa)= ]J,-Jx[. J, is real and 0<J, J for all
]. Y is compact in d. From here on, our goal is prove (4) for the process of equations

(1) and (2).
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Consider y :# Y2,

Exf(y)-Ef(y2) Y Pr (e, yl)[f(T(y, e))-f(T(y2, e))]
()

+ [Pr (e, yx)-Pr (e, yE)]f(T(y2, e)].
eel

In (5), Pr (e, y)f(T(y2, e)) has been added and subtracted.
CLAIM 1. Suppose

IPr (e, y) Pr (e, y)l <gd(y, y2), g < o,(6)

and

(7) . Pr (e, y)[f(T(y, e))-f(T(y2, e))]l <=’),m(f)d(p, p2)+RIfl,
eE

where y > 1 and R >. Then (4) holds.
Proofof Claim 1. Taking I. Ion both sides of (5), and dividing by d(yl, y2), yl # y.,

we have

ym(f)d(p, p2) RIll(8) m (E[) +
dl(pl, p2)+ d2(xl, x2) da(px, p2)+ dE(X, x2)

(9) Vm () + RRzlf].

R2 1/minx,x d(Xl, x2). Note that with RR2 <, (9) is the same as (4). Claim 1 is
now proved. If we now show that (6) and (7) hold, the theorem is proved.

CLAIM 2. Equation (6) holds.
Proofof Claim 2. Note that matrix Q(p) is continuously differentiable in p (0, 1).

(At the boundaries 0 and 1, the derivatives are the left and right limits.) Note also that
Pr (e, y) Pr (e, Ix, p) is an element of the matrix Q(px). Now

I & lPr (e, x x, px) Pr (e, x2, p2)[
(0)

IPr (e, xa, pa)- Pr (e, Ix, Pz)l + IPr (e, xz, P2)- Pr (e, x, P2)[.
The first term in (10) is <K1d P1, P2), since every element of Q(p) is continuously

differentiable. The second term is the difference of two elements of Q(p2) which is less
than 1, and hence the second term <K2d2(x2, Xl) since xx # xz. (Ix-X2 implies second
term 0). Hence I max (K, KE)d(yl, y2) for all e. Claim 2 is proved.

CLAIM 3. Equation (7) holds.
Proof of Claim 3. We first note that

(11) lf(xx, p)-f(xE, p)]2maxlf(x,p)lElflREd(X,XE)Rxlfld(xx, x2).

R 2R2 <. Going back to the left-hand side of (7), we have, (note T W, U])

I If(T(ya, e))-f(T(y2, e))l

(12) {/[W(ya, e), O(ya, e)]-f[W(y2, e), O(yl, e)]l

+ I[W(y2, e), O(yx, e)]-[W(y=, e), O(yz, e)][.
From (11), the first term in the right side of (12) is

gallda[W(ya, e), W(yz, e)]gll,

where R=Ramax,,**d(x,xi). The second term in the left side of (12)
ym(f)dx(pa, P2), since U(. is a distance diminishing algorithm. Thus (12) holds for
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every e. This proves Claim 3, and hence Theorem 5 holds for the case of one automaton
in the network.

The proof for the general case is as tollows, y (x, p), and now p is a -vector
of pt where (m, n) and pt is the routing probability ofA. Let yi (xi, p) S x [0, 1]e,

1, 2. We define d as,

(13) d(yl, y2) a-- d2(xl, x2) +Y. dl(p, p2).

d and d2 are as defined earlier. It can be observed that for every y Y, there is a
nonzero probability of some call arrival, and hence at least one of the algorithms gets
updated, while others do not change. Hence the total routing system--all the algorithms
taken together--is distance diminishing in metric (13). This fact along with the
arguments given for the one algorithm case, proves Theorem 5 for the general case.

Proof of corollary. For the linear scheme (2.3), with two-actions

d(O(p I, e), O(p2, e))
d (pX, p2) 1 for e h,

1 a for e (g, a 1, 0),

b for e (g, a 1, 1),

a for e (g, O2, 0),

1 b for e (g, a2, 1),

3’ & max {1 a, b, a, 1 b} < 1 for e # h, which has nonzero probability. Hence (. is
distance diminishing. (The proof for multi-action is similar with state space as simplex.)
The corollary is proved after noting the fact that y, process has only one ergodic set
S x [0, lie which does not have cyclical subsets. (Note that the network chain and the
algorithm, by themselves, do not have cyclical classes.) [3
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OPTIMAL CONTROL OF STOCHASTIC INTEGRALS AND
HAMILTON-JACOBI-BELLMAN EQUATIONS. I*

PIERRE-LOUIS LIONS+ AND JOSI-LUIS MENALDI:I:

Abstract. We consider the solution of a stochastic integral control problem and we study its regularity. In
particular, we characterize the optimal cost as the maximum solution of

Vv V, A(v)u<=f(v) in ’(6),

u 0 on 06, u W1’(6),

where A(v) is a uniformly elliptic second order operator and V is the set of the values of the control.

1. Introduction
1.1 General introduction. In this paper we are interested in the following prob-

lem. We consider a stochastic system governed by the stochastic differential equation

(1.1)
dy(t) o’(y(t), v(t)) dWt + g(y(t), v(t)) dt,

y (0) x N,
where Wt is a Wiener process, g, o-, are given functions and v(t) is a "continuous"
control taking values in some set V c R". We want to minimize the cost function.

(1.2) J(x, v(. ))= E{I f(y(t), V(t))exp (- fo c(y(s), v(s))ds)dt}
over all admissible controls v(t). In this formula f and c are known, given functions
and r is the exit time of the process y(t) from a given domain 6. Let us denote
u(x) infv.)J(x, v(. )).

At least formally, by the argument of dynamical programming, one can derive
the following equation satisfied by u"

sup(A(v)u(x)-f(x, v)}=0

(1.3)
u =0 on0?=F,

T D2where A(v)=- trtr (x, v) -g(x, v) D /c(x, v)

Thus the initial stochastic control problem is connected to some nonlinear second
order elliptic problem with Dirichlet boundary conditions; problem (1.3) is called the
Dirichlet problem for Hamilton-Jacobi-Bellman equations.

In the following, we are going first to build a nonlinear semigroup whose generator
is essentially the nonlinear operator defined by (1.3). The optimal cost function u(x)
appears then to be the unique fixed point of this semigroup: this fixed-point formulation
can be viewed as a weak formulation of (1.3) or as the mathematical expression of
dynamical programming. These results are in the spirit of those of M. Nisio [24].

* Received by the editors June 13, 1980, and in revised form January 30, 1981.

" Laboratoire d’Analyse Num6rique, Universit6 Pierre et Marie Curie, 4 Place Jussieu, 75230 Paris
C6dex 05, France.

INRIA, Domaine de Voluceau, Rocquencourt B.P. 105, 78153 Le Chesnay C6dex, France.
10.T tr is the adjoint of
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Next we prove under very general assumptions that u lies in W" ((7) and that
u is the maximum element of functions w W’ ((7) satisfying A(v)w <-f(v) in ’((7)
for all v V. Of course this is a characterization of u, and it seems very useful since
in some degenerate cases it is known that (1.3) does not hold (cf. Genis and N. V.
Krylov 10]).

Here in part I, after giving some general results in the construction of this nonlinear
semigroup, we essentially treat the case of nondegenerate stochastic integrals (A(v)
is uniformly elliptic) under mild regularity assumptions. In Part II [26] (this issue,
pp. 82-95) the general case is considered.

The main results of this study were announced in [21]; we also proved a result
on the verification of (1.3) (including [21]) which was also proved by different methods
at the same time by L. C. Evans and A. Friedman [6]. Concerning the verification of
(1.3) more general results were obtained by P.-L. Lions [15], L. C. Evans and P.-L.
Lions [7] (in the case of nondegenerate diffusions), P.-L. Lions [16], [17] (in the
general case). B’elow we will recall briefly their main results. We emphasize that we
give here a different characterization of the optimal cost, requiring less regularity of
7 and of the coefficients and fewer assumptions on the nondegeneracy of o-(x, u);
this must be so for an approach to be valid while the verification of (1.3) is no longer
true.

Finally, we recall that this kind of problem is introduced in the book of W. H.
Fleming and R. Rishel [8], and that the first general results on this problem were
obtained by N. Krylov [11], [12], [14].

1.2. Summary. Our results are organized in the following way:
Section 2 Construction of a nonlinear semigroup.
Section 3. A stochastic characterization of u (x).
Section 4. An analytical characterization of u (x).

In 2, following some techniques of M. Nisio [23], we build a nonlinear semigroup
whose generator is related to the operator appearing in (1.3). In 3 we give a stochastic
characterization of u(x), the precise way to supply dynamical programming. Finally
in 4 we prove a characterization of u(x), in terms of a maximum solution of
inequalities. In 4, we shall suppose that tr(x, v) are nondegenerate matrices. The
generalization to the case of degeneracy will be developed in Part II, together with
results concerning other boundary conditions, the case of optimal stopping and the
case of nonhomogeneous diffusions and parabolic equations.

1.3. Assumptions and notation. We now give notation and assumptions which
will remain valid in 2, 3 and 4.

Let ? be a domain in R, and let V be a convex closed set in R’. We call an
admissible system a set s (II, F, Ft, P, Wt, v(t), yx (t)), where (II, F, P) is a probability
space, Ft is a nondecreasing right continuous family of sub g-algebras Ft of F, Wt is
a Wiener process with respect to Ft, v(t) is a measurable adapted process taking values
in some compact subset V0 of V (V0 of course may depend on v(. )) and yx(t) is a
solution of

dy,c(t) cr(yx(t), v(t)) dWt + g(y,c(t), v(t)) dt,
(1.4)

y (0) x.

We suppose that o-, g satisfy

(1.5) I(x,,.,)-e,(x’,,’)l<-Clx-x’l+o(I,-v’l) vx, x’ Vv, v’ v,
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where b rij(1 _-< i, ]-<_ n), gi(1 _-< i-<_ n) and p is a given continuous function from
into R+ with p(O)= O.

We assume also that we have

(1.6) Ir(x,v)l+lg(x,v)lC x v V.

Now for an admissible system M we define a cost function

(1.7)

J(x, M, t, h)= E{If^

where h is an arbitrary measurable bounded function, Zx is the first exit time from Y
of yx(t), and [(x, v), c(x, v) are given and are assumed to satisfy (1.5) with b c, (1.6)
and

(1.8) If(x, v)-f(x’, v’)l<-,(Ix-x’l/lv-v’l) Vx, x’gC, Vv, v’ v,
(1.9) c(x,v)>=Co>=O Vx, VvV.

Finally we define for each h, an optimal cost function

(1.10) Q(t)h(x)=inf J(x, M, t, h) /0<__t< +oo.

(1.5)

(1.6)

Let us collect our assumptions"

I(x, v)-,(x’, v’)l<-clx-x’l/,(Iv-v’l)Vx, x n, Vv, v’ v, v, =o,,,, e,, c.

I,(x, v)l _-< c v,, ,,, g,, c, f, Vx n"r, vv v.
(1.8) If(x, v)-f(x’, v’)l<-_o(lx-x’l/lv-v’l)vx, x n’’,vv, v’ v.
(1.9) c(x,v)>=Co>-OYx,lv V.

We shall denote by Bs the set of bounded functions from 7 into ! which are
upper semicontinuous; Bs is a closed convex cone of the Banach space B of bounded
measurable functions equipped with the supremum norm (llhlloo sup Ih (x)l).

2. A nonlinear semigroup
2.1. The semigroup property. In this section we prove that O(t) acting on B is

a nonlinear semigroup. This result generalizes [23] (cf. also [1]), where 7 Rv. We
need, in addition to (1.5-6-8-9), a technical assumption: the set of regular points is
closed, i.e.,

(2.1)
V, admissible Fo(M) {x e F/P(’x > 0) 0} is closed,

Vx , P[yx(’x) ro(M)] 1.

We shall see below that in the nondegenerate case this assumption becomes
obvious, and that in many cases one can give conditions for (2.1) to be satisfied.

TIaEOnEM 2.1. Assume (1.5-6-8-9) and (2.1). Then (O(t), >=0) satisfies"
(2.2)

(2.3)

(2.4)

O(t) Bs - B, O(O) L O(t + s) O(t) O(s) O(s) O(t),

IlO(t)h O(s)hl[oo--, 0 as s if h is uniformly continuous on ,
IlQ(t)h-Q(t)h2lloo<-_llh-h2[Ioo Vhx, h2.Bs, Vt>----O,
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(2.5) Q(t)h <- Q(t)h2 ifh <- hE.

Remark 2.1. We shall see below that, in the case of nondegenerate tr, Q(t) leaves
Cb ((7) invariant.

Remark 2.2. Let us give a heuristic justification of Theorem 2.1. By the dynamical
programming argument h(t)= Q(t)h is the "solution" of

dh
(s)+sup {A(v)h(s, x)-[(x, v)} 0

dt v
Vs[0, t], x,

h(0) h, h (S)lro h Iro Vs,

where2 A(v)=-aii 02/OxiOxj+bi O/Oxi+c and aij(x, V)=1/2triktrik(X, V), bi(x, v)=
-g(x, v).

Now (2.2) appears as a classical result for some Cauchy problem, and (2.4) and
(2.5) are easy consequences of the maximum principle.

The proof will be divided in several parts. First we prove some lemmas.
LEMMA 2.1. For all h e Bs, we have

(2.6) Q(t)h(x) inf J(x, dct, t, h) (resp. inf J(x, , t, h )),
cl c

where the infimum is taken over all admissible systems such that v(t) is right continuous
with left-hand limits (resp. is continuous).

Proof. Let be an admissible system. We define

(2.7) 13k(t) - t-k)
13( dA + 1

+

Vo (with Vo V)

and let k be the same system as with v(t) replaced by k(t). Assuming Lemma
2.2 below for the moment,

Y(x,lk, t,h)-*J(x,d,t,h) asks0+, VheCb().

Thus the equality (2.6) is proved if h is continuous. But if h e Bs, there exists
h, Cb(), h,(x) J, h(x)Vx . As (2.6) is true for h,, and Q(t) h,(x) $ Q(t) h(x), inf
SZcl J(x, ,Scl t, hn) info,J(x, , t, h) and inf J(x, 1, t, h) , infc, J(x, , t, h), we
deduce (2.6) for h.

LEMMA 2.2. Let be an admissible system and let dk be the system defined
above. We have

limJ(x,Ck, t,h)=J(x,C,t,h) VheCb((7), Vx?, Vt>_--0.
k-O

Proof. Letting yk(t) be the solution of (1.4) corresponding to Vk(t), we have

yk(t)-y(t) {o-(y, v)- tr(y, v)} dW + (g(y, v)-g(y, v)) ds.

Thus for all 0-< _<- T there exists a CT such that

E{ly(t) y(t)12}<-_CrE ly-yl=+o Iv-vl)ds

We shall always use the usual convention for sums.



62 P.-L. LIONS AND J.-L. MENALDI

By Gronwall’s lemma and by a classical martingale technique, we deduce
T

But there is a Vo c V, Vo compact, such that v(t,o) Vo; thus Vk(t,w)
conv (Vo, Vo), which is also compact. Now Vk - V a.e. (t, o), and this implies

E
t
/ --, 0 as k --, 0/;

from (2.8)we have

(2.8’) lim E{ sup lye(t)- y(t)l} 0.
kO+ O<--t<--T

Finally, as in the proof of the Lemma 2.3 below, we have

(2.9) lim P{[ T ^ r, T ^ rl--> e } 0 e > 0,
kO+

where - is the exit time corresponding to the process y(t); because of (2.8’) we can
extract a subsequence Yk,,,, 7"k such that

yk.(t) y(t) in C([0, T], lr) a.s.,

T ^ rk. T ^ r a.s.

Thus by the Lebesgue theorem we have proved the lemma.
LEMMA 2.3. We have all admissible systems

limP{IT^r,-T^r,ol>=e}=O VXoe, ’de>0, VT>0.
x

Proof. We define r’=r’x=inf(t>-Oyx(t)e-Fo) and Nx={Wl/rx<T,
Yx (rx) Fo}. By assumption (2.1), we have

(2.10) P(NT)=o Vx6, VT>O,

(2.11) T ^ rx(W) T ^ r’(o) Vo f--NT..
The lemma is proved if we show that, for all x. x0 in ,

A {to f/liml T ^ r,. (w) > O}
(2.12)

cB U Nr U {o en/lim su ly(t, )Yo(t, )l>01,
n=l ONt_T

since from (2.10) and (2.8’) (same proof) P(B)= O.
In order to show (2.12), let B. First we prove lim Tr()N T ro(). We

can suppose ro < T" For all > 0 there is a s < ro() + such that yo(s, ) if; hence
Yx. (s, if n is large enough and rx.( N s rxo(W + 6.

Next we prove lim, T A z.(w) T A o(). We may suppose o()> 0, and we
define, for 0<6 < o(),K {Yxo(t, w)/t [0, Zo(W)-6]}. K is a compact set such
that K Fo . Now, by the choice of w, we obtain for n large enough

K2 {yx. (t, )/t [0, o(W)- 6]} n ro ,
() 6 for n large enough.and this implies .(w) xo
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Proof of Theorem 2.1. We remark first that properties (2.4), (2.5) are immediate.
The steps of the proof are the following:

i) Q(t)h B if h B.
ii) Proof of (2.3).
iii) Q(t + s)= Q(t) Q(s).

i) We begin by proving that if h Cb(?) then Q(t) h B. Indeed, Lemmas 2.2
and 2.3 imply that J(x, , t, h) Cb(); thus

O(t)h inf J(x, , t, h) Bs.

Furthermore, if h Bs, there exists hn Cb(), hn(x) h(x) for all x ; therefore
Q(t) h,(x) $ Q(t) h(x) and Q(t)h B,.

(ii) To prove (2.3), it is enough to prove that for all uniformly continuous

sup EIlh(yx(t ^ rx))-h(yx(S ^ rx))l} 0 (as t- s) uniformly in x.

First, remark we have E{lyx(t ^ rx)-yx(S ^ ’x)12} -< clt-sl (c is independent of M and
x); thus

P[[yx(t^x)-yx(S^x)l>=]<=clts]
le >O.

E

Let >0. Then le, fx,x’, Ix-x’l<-=>lh(x)-h(x’)l<-. We have

sup E{Ih(yx(t ^ Zx))- h(yx(S ^ < cllhll It-sl
2 +/x,

and the conclusion follows easily
iii) We want to prove the semigroup property Q(t + s)= Q(t)o Q(s). Because

of Lemma 2.1, we can restrict ourselves to admissible systems with continuous v(t).
We can also restrict our attention to admissible systems where (l), F, Ft) is the canonical
space .lq C([0, +[, Rn/m) (just take image measures). But at this point the proof
of thi property is exactly the same as the one given in I-2, Thm. 5.1]. The proof
depends heavily bn a theorem of regular conditional probabilities proved by D. W.
Stroock-S. R. S. Varadhan [25] and N. V. Krylov [11].

2.2. The generator of Q(t). We are going to prove that the "generator" of Q(t) is
an extension of the operator b C(ff) supv {A(v) 4(x)-f(x, v)}.

THEOREM 2.2. Under the assumptions of Theorem 2.1, we have for all h C ()

1
(2.13) -[{Q(t)h(x)-h(x)}-sup{A(v)h(x)-f(x, v)} as t0+ Vx ’.

vW

Moreover the convergence in (2.13) is uniform on compact subsets of
Proof. The proof is very similar to the proof of M. Nisio [23] (see also the

presentation in [2, Thm. 5.2]). We define

K(x, C, t, h)= Io’^ f(yx(S), v(s))-A(v(s)) h(yx(s)) ds,



64 P.-L. LIONS AND J.-L. MENALDI

and we prove easily (see for example [1]) that

re>0, lS=8(e,h)>0, Vt -<&
Q(t) h(x)-h(x)

-inf E{K(x, t, h)}
infE{ 1 } ( E{"t ^ "rx})-[ K(x, M, t, h)-inf [f(x, v)-A(v) h(x)] _->-C 1-inf

vV

On the other hand, if M0 is an admissible system corresponding to v(t)= Vo V,

inf E{{ K(x, t, h)- ovinf If(x, v)-A(v)h(x)]}
{1<-E K(x, Mo, t, h)- inf If(x, v)-A(v)h(x)]

Thus we have obtained

Vt--<8,
Q(t) h(x)-h(x)

inf []’(x, v)-A(v) h(x)]

To conclude, we just need to prove that if K is a compact subset of 7 then

sup P(’x<t) 0.
zff, K tO

Letting 3, be 3’ d(K, F)> 0, we have

P[z < t]<=P(oS<_UtlYx(S)-X >- 3,) __<1_ E { sup
3, O_s_t

Since E{supo_s_, ly(s)-xl2} =< CEly(t)-xl <- Cxt + c2t2, where C, C1, C2 do not
depend on M, x and t, (2.13) is easily proved.

Remark 2.3. If we introduce

FI={xF lim sup E(e ^z) =0},e--}O+ g .E F={xFliminfE(e ^z/= 1}0 a \ E /
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for h C () we have, as 0+,

Q(t) h(x)-h(x)
0 if x Fx,

ii) Q(t) h(x)-h(x)
-sup {A(v) h(x)-f(x, v)} ifx F2.

Remark that F0 c F1.

Remark 2.4. In the particular case of nondegeneracy, i.e.,

(2.14) !>0, aq(x,v)-[lz V, Vx, VvV,

we shall see that Fo() F for all admissible systems (if some regularity condition on
F is assumed); hence, for all x (7, as 0

Q(t) h(x)-h(x)
-l(x) sou {A(v) h(x)-f(x, v)}.

Remark 2.5. We shall see below a result more precise than Theorem 2.2.

2.3. The nondegenerate ease. In this section in addition to (1.5-6-8-9), we assume
(2.14) and t? has a uniform exterior sphere; i.e.,

(2.15)

We are going to prove that under these assumptions Q(t) leaves X invariant,
where X {h Cb(), h is uniformly continuous on }. Before doing so or even stating
the precise result, we prove a lemma which will be useful.

LEMMA 2.4. Under assumptions (1.5-6-8-9) and (2.14-15), we have"

(2.16) If ? is bounded, :lix >0, ::IC>0, tx 7, t admissible, E[e"’x]<-C;

(2.17) tM admissible, F F0(M).

Remark 2.6. It is clear that even if (2.14) is satisfied, 7 has to be "smooth" in
order to make (2.17) true. Indeed, if N 1, V {Vo}, yx(t) x + W(t), tr(Vo) x/, (7

]0, 1[ U ]1, 2[, we have E[zl] 1/2, so 1 F- Fo.
Proof of Lemma 2.4. First we consider w(x) 1.-exp (-klxl) (we may always

assume that 0). We have A(v)w(x)>={4aii(x, v)k2xixj-2kaii(x, v)-
2kxib(x, v)} exp- klxl. Thus we can choose k large enough to insure that A(v) w(x) >=
a > 0 for all x 7 (because 7 is bounded), where A A c.

Now we take Ix a/2, and we have

(2.18) fi,(v)w-ixw >=Ix >0 Yx.
Using Ito’s formula with w, it is easy to deduce (2.16) from (2.18).

Now we prove (2.17). We introduce

(2.15’) w(x, :) exp (- kp2) -exp (- klx 61),

where t9 is given by (2.15), F and 1 is associated to : by (2.15), x 7 and k >0.
By calculation similar to the above, one shows that for k large enough

(2.19) A(v)w(x, )>-_a >0 x 7.
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Applying Ito’s formula, we have

0 w(:, :)= E w(y(’))+

Ol. e-ct

thus P[re 0] 1 and Fo() for all : F. I-]

The first result concerning the regularity of Q(t) h when h is smooth will be the
following.

THEOREM 2.3. We assume (1.5-6-8), (2.14-15) and

(2.20) If(x, v)-f(x’, v)[ <= CIx x’l Vx, x’ 7,

(2.21 c (x, v >-_ C > [tz0]+,
where tzo is given by

.o--
X,X

(2.22)

((x, v) (x’, v))((x, v) rr (x’, v))

(x-x’)" (g(x)-g(x’))}
Then, if h WZ’(ff), we have

(2.23) [O(t) h(x)-O(t) h(x’)l<-_CIx-x’l Vx, x’e7,

where C is independent of t.
COROLLARY 2.1. If we assume (1.5-6-8-9) and (2.14-15-21) then, for h X,

O(t)h X. Furthermore, (O(t)h, >= O) is uniformly equicontinuous.
Proof of Corollary 2.1. By a simple approximation (uniform in v) of the function

f(v), one can always assume that (2.20) is satisfied and that h belongs to W2’(7);
then the result is obvious in view of Theorem 2.3. [-I

Remark 2.7. We shall see below ( 3.1, Remark 3.5) that Corollary 2.1 is valid
without assuming (2.21), and ( 4.3) that Theorem 2.3 remains true without assuming
(2.21).

Remark 2.8. If assumptions (2.14-15) are dropped, one can nevertheless prove
Theorem 2.3 (and thus Corollary 2.1) with the same method if we assume

:lpo wl’(), Po[ro=0, fv V, A. (v)poc:.L(ff),
(2.24)

Ela0>0, /ve V, A(v)po<--ao in7.

For example suppose that g=c =0, o-(x, v) r(v) and that there exists/3o>0 such
that det(r(v)rr(v))>-_o>O. Furthermore, assume that ={p(x)<0} with
{p(x) 0} and that p e W2’(6) and

( 02p )det\oxiOxi(x) >-_ao>0 ’x6.

Then the results above remain true. This example generalizes a result of B. Gaveau
[9].
Other generalizations to the case of degenerate r are treated in Part II.
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Remark 2.9. One can generalize Corollary 2.1 to the case where supv v If(x, v)l
Lv (tT). Indeed, this comes easily from a result of N. V. Krylov [13].

Proof of Theorem 2.3. The proof is divided into several steps:
1) Construction of a subsolution.
2) Two lemmas.
3) Conclusion.

1) We consider the function w(x, ) defined in Lemma 2.4, and we introduce
w(x) infer w(x, ). Obviously w(x) wl’e(l), w 0 in 6, w 0 on F. Now applying
Ito’s formula to w(x, ) for fixed in F, we have (in the proof of this theorem, we
shall take c (x, v) Co >o for the sake of simplicity) that

W(yx(t ), ) e-%t + a e- ds

is a submartingale bounded and continuous.
Then, taking the infimum over all in F, we have that

(2.25) w(y(t )) e-t + a e- ds

is a submartingale bounded and continuous.
2) LZMM 2.5. Under the assumptions of Theorem 2.3, we have

(2.26) [le- -e-C’l]2C2llVwl[ Ix-x’l.

Proof. Applying (2.25) between Zx A Zx, and z, we have

E[w(yx(Zx)) e-’ W(yx(z A Zx,)) e-’ ’’] -aE e- ds
ATx’

thus

aft_ E[e_COx^x, _e_Co,x]<=llVw[[E {lyxO’ ^ x,)-yx,O ^ x,)l e -’x ^’’
Co

and we deduce (2.26) from the following lemma.
LZMMA 2.6. Under the assumptions of Theorem 2.3, we have for all stopping

6rues 0

(2.27) E{lyx(O)- yx’(O)]2 e-2"} IX X’] 2.

Proof. We apply Ito’s formula between 0 and 0 T to the function ( ]2) for
the process yx(t)-yx,(t), and obtain

E{Iy(O A T)- y,(O A T)12e-2"T}
OAT

Tr{((y(t))-(y,(t))). (r(y(t))- (y,(t)))}e

+ 2(y(t)- y,(t)) (g(y(t)-g(y,(t)))

2.o lye(t)- y,(t) e dt

Thus, by definition of o, we have

[ly(o r-y,(o
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3) Conclusion. Letting x, x’ iT, we have

IO(t) h(x)-Q(t) h(x’)l<-I+J,
where

and

I sup E ]’(yx(S), v(s)) e-s ds -E f(yx,(S), v(s)) e-s ds

J sup IE[h (yx (z ^ t)) e-*^t- h (y,,,(rx, A t)) e-*’^t][.
First, because of Lemma 2.5 and (2.20), we easily have ! <- Clx -x’[.
Next,

J <=sup{lE{h(yx(t ^ r)) e -ct^*x h(y(t ^ ’x ^ z,)) e -c’^*x ^*’}

+[E{h(y,(t ^ r,)) e-*’t-h(y,(t r A z,)) e-’*’}l
+[E{h(yx(t r z,))-h(yx,(t rx A rx,)[ e-’’}[}

sup [[a(v) hlL" 2c IlVwlL Ix x’l + I[Vh[[
vV

(here we have applied Ito’s formula and (2.26), (2.27)).

3. A stochastic interpretation of the minimum cost function
3.1. A stochastic control problem. We consider the optimal cost function

(3.1) u(x)=if E f(y(t), v(t)) exp c(y(s), v(s)) ds dy

We have the following;
THEOREM 3.1. Under assumptions (1.5-6-8), (2.1) and

(3.2) c(x,v)co>O Vx, Vv V,

or under assumptions (1.5-6-8-9), (2.14-15) if is bounded (the nondegeneram case),
we have

(3.3) in B Vh B, h[ro 0u(x) lim O(t) h(x)

(in the nondegenerate case Vhlr 0),

(3.5)

uBs, Q(t)u=u Vt>-_O.

Furthermore the equation of dynamical programming is satisfied"

inf

+ U(yx(O A ’x)) exp ( Io^%
where 0 is a stopping time with respect to Ft.

c(yx(t), v(t)) dt) },
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Finally, if Fo() is independent of , F0()= F0 for all admissible (in the
nondegenerate case Fo F), then u(x) is the unique solution of

(3.6) u Bs, ulro= O, O(t) u u Vt >-_ O.

Remark 3.1. Equality (3.5) shows that the optimal cost function u(x) satisfies in
some general integral sense the Bellman equation: supov {A(v)u-f(v)} =0 in

Remark 3.2. i) If for all x and for all v, f(x, v)>-O and F1 LIFo(), then it is
easy to prove, by the same methods as those which follow, that u(x) is the unique
solution of

(3.6’) u Bs, UIFI= 0, O(t)u u Vt >-- O.

Such a case will be considered in Part II.
ii) If we assume that for each , Fo()= Fo, where Fo is closed in F, then we can

prove that P[yx(’x) F0] 1 for all x 7.
COROLLARY 3.1. Under assumptions (1.5-6), (2.14-15-20-21), the optimal cost

function belongs to W" ().
Proof. Since u(x)=limt_, O(t)O(x) in Bs, and by Theorem 2.3 we have

IO(t)O(x)-O(t)O(x’)l<-flx-x’l, where C is independent of t, the result is
immediate. 71

Remark 3.3. If we define (cf. Dynkin [5]) the closed subset B0 of Bs,

B0={h Bs[Vx , O(t) h(x)--> O(s) h(x) as t--> s, h[ro 0},

we can consider instead of (3.6)

(3.6") u Bo, O(t)u u Vt >-_ O.

Remark 3.4. Let b be given, where b is the trace on F of some B; then we
have u(x)= Q(m) (x)= Q(m) h(x), h eB, such that h[ro=b (under the same
hypotheses as in Theorem 3.1). Moreover, u is the unique solution of the non-
homogeneous problem u B,, u, lro , O(t) u, u, for all >-0 and we also have
the corresponding equation of dynamical programming.

Proof of Theorem 3.1. We prove (3.4) only for the case of nondegeneracy
(hypothesis (2.14-15)) and (3.5); the other statements are obvious.

1) We know by Lemma 2.4 that there exists some/z > 0 such that (7 is assumed
to be bounded)

:lC, Vx, V, E[e]<-_C;
thus

IO(t)h(x)- u(x)l _<-sup E sup Ilf(x, v)ll ds +sup E[llhllool,<,)].
^x vV

But sup P[’x > t]=< Ce-"t and sup E[-x -- ^ t]-<_ sup E[’ l<x>,)] <- C’ e -"t.
2) In order to prove (3.5) we need only consider admissible systems such that

v(t) is a continuous process (cf. Lemma 2.1). Now we define, for fixed x in 7,

(t) f(y(s), v(s))exp c(yx(A), v(A)) dA dt
,0

iO+ U(yx(t ^ )) exp c(y(s), v(s))ds).
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We want to prove that so(t) is a Ft-submartingale satisfying to the property

(3.7) tj(O) <= E{(O + t)/F}, where 0 is a stopping time and O.

But the proof of that fact is exactly the same as in RN (cf. [1, Thms. 5.1, 5.3]), from
Ulro--< 0 and thus P[u (y,(’x)) --< 0] 1.

Therefore taking +c in (3.7) we prove that

[io
o^ x

(io ,)E f(yx(t), v(t))exp c(y(s), v(s)) d dt

u(y(0 r)) exp (
k

c(y(t), v(t))+

(Io’E f(yx(t), V(t))exp C(yx(S), v(s)) d dt.

To conclude, we have to prove that

u(x)NN /(y(t), v(t))exp c(y(s), v(s)) dt

u(y(0 r)) exp (k- c(y(t),+

But (t) is a submartingale and this inequality is satisfied if 0 is replaced by 0 a
discrete approximation of 0 such that 0 0 (a.s.) as k m.

Since u is upper semicontinuous, the inequality remains true for 0.
CooA 3.2. Under the assumptions o[ Theorem 3.1, we have [or all 0

(3.8)
u(x)=inf E {f(y (t), v(t))+AU(yx(t))}x

Proof. The proof is immediate in view of the following lemma, due to N. V.
Krylov 14].

LEMMA 3.1. Let z(s), (s) be two bounded measurable adapted processes and
assume that z(s)+(r)dr is a submartingale. Then for all A_->0 z(s) e-XS+
0 (:(r)+ Az (r)) e -xr dr is a submartingale.

COROLLARY 3.3. Under assumptions (1.5-6-8-9) and (2.14-15), u(x) belongs
to X" {h Cb(?), h is uniformly continuous}.

Proof. If we add the assumption (2.21), then by Corollary 3.1 u(x)X. Now
let A >0 be such that c(x, v)+A -->Co>o is given by (2.22), and let us consider the
following application T defined on Bs" if v Bs, w Tv is given by

w(x)=inf E {f(yx (t), v(t))+Av(y(t))}

Then, by Corollary 3.2, u is a fixed point of T. To conclude, we just need to prove
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that T is a strict contraction on Bs. But

I[TVl- TVEI]<= sup El1-e-x IlVl- vE]l
and by Jensen’s inequality

[[rvl- rv2[[ < (1-e -ha) ][Vl v2][c,
where C sup E[%] < + c, by Lemma 2.4. [3

Remark 3.5. With the techniques developed above, it is easy to extend Corollary
2.1 to the case where (2.21) is replaced by (1.9) (i.e., c (x, v) >_- 0 instead of c (x, v) >_- Co >

3.2. Application to the generator of O(t). We now prove a local version of
Theorem 2.2, concerning the generator of the nonlinear semigroup Q(t).

THEOREM 3.2., Under assumptions (1.5-6-8-9) and (2.1), if tT’ is a bounded open
set included in t7 and if h C2(t7’), then

O(t)h(x)-h(x)
sup (A(v) h(x)-f(x, v)) Vx 6’

t-O V

and the convergence is uniform on compact subsets of ’.
Proof. Let B be an open ball strictly included in if’. We consider two open balls

B1, B2 such that BE BE B1 B1 B c B c if’ and we show the convergence in BE.
We denote by zx the exit times of Bi, Qi(t) the corresponding semigroups, ut(s, x)=
Q(t- s) h (x) for 0 _-< s _-< t. First, we remark that

ut(s, x) inf E f(y(r), v(r)) exp c(y(/), v(h)) dh dr

(3.9)

+ h(yx(tr,s)) exp c(y,(r), v(r)) d

where O’x, is the exit time of the set t x ]0, t[ for the (N + 1)-dimensional process

(y, (r) (r__> 0).Zx,(r)=
r+s/

Remark that F(s4) for this process is Fo(4) and that (2.1) is satisfied. Now by the
equation of dynamical programming (3.5) we have

Ix^^t
f(y (s), exp ( Io )E v(s)) c(y(A), v(h)) dh dsut(O X) inf

(3.9’)
+ ut(% ^ 0 ^ t, y(% ^ 0 ^ t)) exp (- c(y(s),

Now we take 0 r, and find

"rlxAt
O(t) h(x)=infE{I f(Y(S)’ V(s))exp(-Io C(Y(h)’ v(h)) dh) ds

-[-l(.rlx<t)Ut(’rlx, yX(7"lx))exp (--Io c(yx(s), v(s))ds)
+l(,>=t) h(y(t))exp(-Io c(y,(s), v(s)) ds)}.
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Thus for all x B2, as h C2(/) we have (cf. proof of Theorem 2.2)

IQ(t) h(x)-h(x)l<-IQ(t) h(x)-QX(t) h(x)l+lQl(t) h(x)-h(x)l

<_-sup E{[ut(", yx (z)) h(y(zx ))[ 1 (.l,,<t} + Clt
s

<_- sup IlQ(s)h hll,s, sup P(’r < t) + Ct.
O<--_s<=t sd

Now, as in the proof of Theorem 2.2, we can show that there exists C2 > 0 such
that for all x /2 sup P(zlx < t) -_< CEX/.

Thus we have finally

sup IlO(t)h -hll,a -< C2 sup IlO(s)h -hlloo,a, +fit.
O_st

By a similar argument we have

sup IIO(s)h hlloo,a, C2 4) sup IlO(s)h hill,a+ C3t;
O_s<-t O_s<--t

hence for t-<_ to we deduce

sup IIO(s)h hll,a= Cst.
O_s<_t

Finally taking 0 z2 in (3.9’), we have

Vx :2, ]O(t)h(x)-h(x)t O2(t) h(x)-h(x)

1
_-<- sup IIO(s)h h[oo.2 sup P(-x2 < t)

O<_st M

and we can conclude easily with the help of Theorem 2.2 and remarking that for all
x B3 a closed set c B2, there exists C6 such that sup P[zEx < t] -< C6x/.

4. Analytical interpretation of the optimal cost function and Hamilton-Jacobi-
Bellman equations. In this section we shall always assume (1.5-6-8-9) and (2.14-15-
20), i.e., the nondegenerate case, and that (7 is a regular domain. In every statement
in the following, we shall call this group of hypotheses assumption A.

The main result of this section is the following. Under assumption A, u W’ ((7)
and u is the maximum element of the set { WXo" (7),A(v)t <=f(v) in ’(7), ’qv V}.

We will also recall the main result concerning the solution of

(4.1) sup {A(v)u -f(v)} 0 a.e. in iT, u 0 on F.

This result is obtained in L. C. Evans and P.-L. Lions [7] (see also [15]) under
more smoothness assumptions on tr, b, c, f and Y than A.

The results which we prove are organized in the following way.
4.1. A first result of maximum solution.
4.2. Approximation by systems of QVI.
4.3. Final result for the maximum solution.
4.4. Verification of H-J-B equation.
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4.1. A first result o| maximum solution.
THEOREM 4.1. Under assumption A and if we assume in addition (see (2.21))

c(x, v)>-_ c >-o, where Izo is given by (2.22),

then the optimal cost function u(x) belongs to W" (7) and is the maximum element

of the set s,

s={ae W0’ (7), Yv e V,A(v)a<-_f(v)in ’(7)}.

Remark 4.1. The optimal cost function u(x) given by (see (3.1))

u(x) inf E f(y(t), v(t)) exp c(y(s), v(s)) d d

appears to be the solution of (3.1) in some weak sense" u(x) is the upper envelope
of all subsolutions of (4.1). Of course u (x) itself is a subsolution.

Proof. The proof will be divided into several steps:

1) u (x) belongs to s.
2) A general lemma.
3) If t e s then t7 (x) _-< u (x) for all x e .
1) In view of Corollary 3.1, we know that u e W0’ (7). We have to prove that

for all v e V, A(v)u <-_f(v) in ’(). To do this, we use a technique due to N. V. Krylov
[11] (see a simplified version in [1]). Let v e V and let us consider an admissible
system corresponding to v(t, w)=-v; because of Corollary 3.2 we have

u(x)<-E {f(yx(s),v)+Au(yx(s))}exp c(yx(t),v)dt-As ds

Now if we introduce ux, the solution of

A(v)ux +Aux u in (7, Ux[r 0,

we know that

u(x)=E u(yx(s),v)exp c(y(t),v)dt- ds

Thus

A(v)u, NE f(y(s), v)exp c(y(t), v) dt-A ds =B(x)

or A(v)(Aux)<-Afx(x).
To conclude, we note that Aux is bounded in L((7) and that Aux-u A(v)ux

(I/A) A(v) (Au)--> 0, as A +, in ’(7); Afx -->f(v), as A -, +oo, (in fact for all x
because f is continuous) and we have in conclusion that

Iv V A(v)u <-f(v) in ’(7).

Remark 4.2. Let us remark that even in the degenerate case (if we assume only
(1.5-6-8) and (3.2)) the preceding proof remains valid, and thus we have

(4.2) A(v)u <-f(v) in (7) Vv e V.
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2) Let us make precise the notation of the following lemma. Let y(t) be a
continuous process on the canonical Wiener space (f, F, Ft, P, Wt) such that

(4.3) l[ol(o),oz(o)[(t) y(t)= {I0 r(y(t))dW,+ Io g(y(t))dt}l[ol(),o2(o,)[(t),
where 01 < 02 are two stopping times.

Let B be the differential operator

02
B - O’ik O’]k g + c.

LEMMA 4.1. Assume thattr, g, c Wl’(t), that c is nonnegative and tris uniformly
nondegenerate. Let y(t) be a process satisfying (4.3), let f C() and let W’ (7)
such that

B f in ’().

Then ifM belongs to Fo, and if 0 is a stopping time such that O 0 0, we have
for all x

c(y(t))d

0

where r is the exit time rom or the process y(t).
Proo[o[Lemma 4.1. We extend a, which is zero on N -if; then Ba e W-’(N)

for all p < +m. We introduce a regularizing positive convolution kernel p( e +(N)
and we consider a, a solution of

Bu (p.Ba)[e in ,
u=0 onF.

Then u C2(6) and u --> t for all p < +; in particular, u --> u.
Wo’P(v) c(6)

Now if 7 is an open set such that ’c 7’c , the existence of an e _-< eo implies
that Au <-p f in ’ (indeed, if ’-supp p , the inequality is true). Let r’ be the
exit time of ’; then by Ito’s formula we have (4.4) with
and f by p *f. Thus when e --> 0, we have (4.4) with - replaced by z’. But ’ is arbitrary
(with the condition ’ ); hence we deduce (4.4).

3) Let eS. By Lemma 1.1 it is sufficient to prove that (x)<-](x,, oo, 0) for
all admissible Systems such that v(t) is continuous. By taking image measure we can
also assume that (, F, Ft, P, Wt) is the canonical Wiener space. Let be such an
admissible system. We introduce

t.(t, w)=Y v(k-, to)l[k/2",(k+l)/2"](t),
k

:IN, P(N)=0, VeoN, Vt, v,(t,w)-->v(t,w) as n-->c.

Now for k, n fixed v((k/2"), w) a.s. lim v’" 1A/(eO), where v’" R", A Fk/2". Thus
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there exists N such that P(N) 0 and

v(t, o9) lim Tn (t, 09)

and

VO9N, Vt,

n(t, co)= E Vik 1,%k(o9) l[oi, Oi+lt(t),

where 0j =1/ ,0+1 (] + 1)/2n, vik R ,Aik Foj and, for fixedj, Ai aredisjointsets.
On the other hand there is a Vo compact c Vo such that v (t, o9) V0. Let Wo be

the convex envelope of V0; Wo is convex compact included in V. Let Pwobe the
Euclidean projection onto Wo, and let us finally consider

v"(t, w)= Pwo(V1) 1A,k(O9) l[oi,Oi+lt(t)=Pwo(Vn(t, o9)).
i,k

Then

ogN1, Vt, v"(t, og)-->v(t, og) asn-->, v"(t, og)eWocompactofV.

If we denote by yT(t) the process corresponding to v(t), we have thus defined
a sequence n of admissible systems on the canonical Wiener space, and by Lemma
2.2 it is sufficient to prove that

u(x)<=E f(yx(t), v (t))exp C(yx(S), v"(s))d d

or

V/’, Vk, E !A,k(og) 6(Y"(0jx ^ ’x))exp c(y"(t)x v"(t)) d
a0

_-<E la,() a(y(0. r)) exp c(y(t), v(t)) d

+r (Io’C ,),]./(y(t) v)) exp (y(s), v(s)) d d
0i rx

But Lemma 4.1 implies this inequality and we conclude.
Remark 4.3. The preceding proof shows that if we do not assume (1.21), and

we know that u(x) W’ (if), then u is the maximum element

4.2. Approximating systems of QVI. We are going to investigate in this section
the approximation of (4.1) by different systems. Following an idea of L. Tartar,
introduced independently in [6], we introduce the following penalized problem P"
Find u ,...,u solutions of

A u+[3 (ul--u2)--f in , u =0 onF,

(P)
A2 u

z + (uz- u 3) f in7, u=0 onF,

A,u"+ (u-ul)=f in, un=0 onF,

where Ai--A(IJi), fi=f(vi) and (V 1, v ) is a fixed subset of V, and fie(t)=
(t/e). Here/3 is a continuous convex nondecreasing function on R, such that/ (t) 0

if t-<0,/(t) > 0 if t>0.
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We also introduce the following system of quasivariational inequalities (in short
QVI; see [2], [3], for example)

A1 u --<fl, u < E -[- U
2 2(AlU -fl)(u -e-u )=0 in,

u =0 onF,

(O)

An u < fn, U < e + U

u =0 onF.

(Anu"-fn)(u"-e-ul)=O in,

In this section we solve problems (P), (Q) (actually we shall prove just some
obvious, nearly classical results which are sufficient for our goals) and we shall also
give the stochastic interpretation of (Q). In the next section we are going to prove
that (u, ., un)- u, as e 0, in C(?) which is the optimal cost function.

THEOREM 4.2. Under assumption A and if we assume in addition (see (3.2))

if7 is unbounded, c (x, v) _-> Co > 0 /x, v,
and that F is regular, then there exists a unique solution (u, ., u) of (P) in C2’ (7)
(a < 1) (resp. Cloc (7) fq Cb() if 7 is unbounded).

Proof. We prove just a priori estimates in the case of a bounded domain iT. First,
we remark that W2,p (7) (and hence C2’) estimates follow easily from L(7) estimates.
But Ai u <- fi, for all i, and this implies that u -<_ const.

Now we consider w(x)= w(x, s) exp (-kp2)-exp (klx -s12), where s is fixed
in F, sex is associated to : by (1.15) and k > 0. We have seen that for k -_> ko > 0 (see
(2.19))

A(v) w(x)>-_a>O Vxt7 VvV.

Thus, for h large enough, we have

(4.6) Ai(Aw(x))<f Vx, Vi, (-xw)lr-<0.
Let x0 be in 7, io be in {1,. ., n} such that

Uio(Xo)+ hW(Xo) min Hi(X)+ hw(x).
x,

If xoeF, u(x)+hw(x)>=hW(Xo), and we conclude that ui(x)>-O.
If Xo 7, by the maximum principle we have

Aio(Uio(Xo) + h W(Xo)) <- Cio(Uio(Xo) + hw (Xo));

since one may assume Uio(Xo)+ hw(x0)< 0 and Aio Uio(Xo)=fi(Xo), by (4.6) we have a
contradiction and this contradiction gives the L estimate. Uniqueness is proved by
similar arguments.

Remark 4.4. Actually uniqueness may be proved in the class Wl2,; (7)f’)Cb().
Remark 4.5. If/ is smooth then u are smooth.
THEOREM 4.3. Under assumption A and if 7 is bounded, there exists a maximum

weak solution of (Q) in the following sense"

ai(u 13 u i) > (f, 13 Hi), 13 Ho (7), v < e + u i+

(Q)
u Hlo (gY), u < e + u i+

where u+ u, and ai(u, v) (Aiu,
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where (UFurthermore U . C() and U lim,+o $ u,, o) is the solution of

+fln(u i+a fi =0 onF.(Re,n) Ai un , e u, in 6, u,

Remark 4.6 The existence of (u ,) is obtained in the same way as the existence
of the solution (ui) of (P).

THEOREM 4.4. Under the assumptions of Theorem 4.3, we have

u (x) ifE f(yx(t), v(t)) exp c(y(s), v(s)) dt

e exp(.- c(y(s),+

here 0 (0) is a sequence o[smpping times such that 0o 0< O < O< n v(t, )
v 1(o(o.(,]i + k- 1 (rood. n), and y(t) is the solution o

dye(t) (y(t), v(t)) dW + g(y(t), v(t)) dr,

(in the canonical Wiener space).
Pro@ o[ Theorems 4.2 and 4.3. As these results are just variations of results

given in [2], [3], we just give hints on the proofs.
Let u’ be the solution of

A u’ =<, u’ < e + u+’-, (Au’ -)(ui’ -e u+’-) O inff,

(see [19] for the solution of this VI), and u i’ are given by Au’=f in (7, u
on F.

One easily proves as in [2] that u ’’’ +
An argument similar to the one given in the proof of Theorem 4.2 gives

U
i’m --AW(X) i, m.

Thus const.
Now, since there exists A such that a,(u,u)+;tlulL2w)=ullu> 112nw), we deduce

easily from

ai u i,m Aw u i,m i,m,- )>-(f’,-w-u

that Ilui,"llt4w)<- const.
The proof of the first part of Theorem 4.3 follows the one given in [3], for example.
Next the proof of the continuity of u and of Theorem 4.4 is easily obtained by

methods similar to those in [3] and in [22].
Finally, by a method similar to the one given in the proof of Theorem 4.2, we

prove that

l[/.w < const., and$ when/x $ 0 [lunU

i(x)>-Aw(x) Vi, Vlx,Ur

Ui, which is a weak solution of (Q’), and thusThen we prove easily that u,
i.,, the solution ofu _-< u i. To conclude, we introduce u,

i,m i,m + l,m--1 i.m 0 on F;Ai u, + [3,(u, e u, )=f in7, u
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we have

Un Un
n$0 nto

thus u u
Remark 4.8. We have also that if u is the solution of (Q), u i’r’ is the solution

of (P,), and u i’’ is the solution of (Re,n),

(4.7) ui Urt V > O, uie lim $ u",
n$0

(4.8) U
i’rl <-- u2

4.3. Final result for the maximum solution.
THEOREM 4.5. Under assumption A, and if we assume (see (3.2))

if ff is unbounded, c (x, v) >- c > 0 Vx , Vv V,

then the optimal cost function u(x) belongs to W’ () and is the maximum element
of the set S.

Proof. The proof will be divided into several parts.
1) Lipschitz estimates on u i’E.
2) U

i’rt rl,O Un, bin nt+oo U if c(x, v)_->Co >/xo.
3) Conclusion.

1) We prove that Ilui"llw,.e)<=const. (independent of i, r/).
First, we remark that, if t is bounded, we already know that Ilui’ll)_-< const.

In the case of an unbounded domain, one proves by a simple limiting process (6, --> iT,
(7, bounded) that

Ibill

Next we prove that [U i, for all :r and for all xeB(,p’),
where h, p’ do not depend on i, r/, :, and w(x, ) is.given by (2.15’). The proof is
immediate if we recall that, if k is large enough,

Aiw(x, )>-oz exp-k[x-:l]2_>-/3>0 on some B(,p’)=B.

Now on (OB) (’l w -> y > 0; thus there exists h > 0 such that

Ai Aw(x, ) >sup [iIIL=W) on B,

max Ilui"[[cw),
i, rt

From an application of the maximum principle similar to the one given in the proof
of Theorem 4.2 we deduce

lui"(x)l<-AIw(x,)l VxeB(,p’), VeF,

and this implies [Vui"(:)l _-< const, for all F.
Finally we consider (as in [18]) the auxiliary function wi(x)=

[Vui"(x)12+A(C-ui"(x))2 (we shall forget about the r/ subscript in the following
proof), where A>0 and C>=maxi,,uim(x). We shall assume in the proof to the
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theorem that/3 C2(R); thus ui C3(7). Differentiating (P) with respect to xj, we
obtain (Uk will denote OU/OXk)

(X) U
i+1 i+1

--akl kj(x)+bkUki(X)+C Ui+C]’(U --U )(Ui--U

=.f’(x)+ak.i(X) Uka --bk.iUk--CiU

and a simple calculation shows that for all

i+1Ai wi(x)-b[3’(ui-ui+l) 2(u’u] u] ui)
< -2u(u,i)2(f.+a (x) u iu) 2 ukl,i kl --bk,iUk--C]

+2.(C-u’)[-[ +(u’-u’+I)]+Ca-2Au(u)2.

Thus we have, choosing A large enough, for all i,

i+1
Ai wi(x)+fl’(ui-u i+l) 2(uuj ui ui)

-/3(ui- ui+a)2 A(C-u i) <=C2-awi(x);

as (C- u)->0,/3(0)=0 and/3 is convex we have

-B(ui-u+)2A(C-u)>__2.(C-u ’) O’(u-ui+){(C-u’)-(C-ui+)}.

Finally suppose 7 is bounded, and let io-xo be such that Wio(Xo)- max,x w(x) if Xo
belongs to F; we concluded that because of the above estimate if Xo belongs to 6, at
this point we have Aio Wio(Xo) >- 0 and

’(u i- u i+) 2(uu) 2(u u- u+ u)-3(u i- u i+) 2A (C- u i)
>-’(u-u’+) (w- w+)>-O.

Hence we deduce wi(x) <- C2/a.
The case of an unbounded domain is obtained by a limiting process, taking (7n a

sequence of domains converging to ?(6n ’ 7).
2) Next, we suppose that c(x, v)->Co >o for all x e7 and all v e V.
We know (by the preceding estimate) that u ’’ $ u. e Wo’ ((7), as r/ 0
Furthermore for all i-< n A u.-<]’i in N’(gY). Now if we let n go to +m such

that (v, e N) is dense in V, we see easily that u i’’ as n ’ m we have u. $ u e Wa’(g7),
as n az (by the preceding estimate, which is independent of n) and for all e N

Aiu<-.fi in

Thus

Iv c: V, A(v) u <-_f(v) in 9’(6).

Now if we suppose that c(x, v)>-Co >/Xo then by Theorem 4.1, u(x)-< u(x). But
by remark 4.8 ui ,I, u,, as e $ 0, and from the stochastic interpretation of u , we see that

Vv V, A(v) u <=.f(v), in 9’(6).

Hence, if we suppose c(x,v)>-Co>lXo u(x)=u(x), and in the general case u(x)
Wo’ (7), belongs to $ and u(x) -> u(x) for all x ft.

3) In the general case, we consider A > 0 such that c(x, v)+ A _-> Co > tzo, and we
T.,,w)i is the solution ofintroduce a mapping T defined by if w c= Cb(t) T ,,w

(Q) where A is replaced by A + A, f by [ + Aw.
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From the stochastic interpretation, we have easily

IIT , IIw - if is unbounded,
A +Co

1
_--<-- sup El1 e-X*x if is bounded,

-AC1-e
6 whereC>0

by Jensen’s inequality (cf. Lemma 2.4).
Now for any w C(), T,,,w Tw C(), and by step 2)

(Io’Tw(x)=if E (y(t), v(t))+AW(yx(t))}exp c(y(s), v(s)) d

From these two facts, we deduce that the fixed point of T in C() converges
to the fixed point of T, i.e., u, u(x), in C(). Thus u W’ () and u a. To
conclude, we remark that the proof of Theorem 4.1 now applies, and thus u is the
maximum element of S.

COaOLLAV 4.1. Under the assumptions of Theorem 4.5, we have

u(x) inf E /(y(t), v(t)) exp c(y(s), v(s)) d d

where the in,mum is token over all admissible systems such that (fl, E F, P, W) is
the canonical Wiener space, and there exists 8 (8),o, a sequence HI stopping times
such that e0=0<e<e2<...<#, ? + and v(t,x)=vi i[t [#i(o.), #i+(o)[, whet
(v,)o is a sequence HI elements HI V.

Proo[ HI Corollary 4.1. Immediate in view of Theorem 4.4 and the proof of
Theorem 4.5. U

4.4. Verification of H-J-B equations. We now recall a result due to L. C. Evans
and P.-L. Lions [7] concerning the solution of (4.1). We will assume in this section
that is smooth and we have

(4.9) e(’, v) WZ’(e) and sup lie(’, < b, c, .
vV

THEOREM 4.6. Under assumptions A and (4.9), we have that u W2"() is the
unMue solution in W2’(e) HI (4.1)"

sup {A(v)u -f(v)}= 0 a.e. in 7, u 0 on F.
oEV

Remark 4.9. This result extends previous results due to H. Brezis and L. C.
Evans [4], P-L. Lions [20], L. C. Evans and A. Friedman [6], P-L. Lions and J-L.
Menaldi [21], P-L. Lions [15].
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OPTIMAL CONTROL OF STOCHASTIC INTEGRALS AND
HAMILTON-JACOBI-BELLMAN EQUATIONS. II*

PIERRE-LOUIS LIONS AND JOSI-LUIS MENALDI

Abstract. We consider the solution of a stochastic integral control problem, and we study its regularity.
In particular, we characterize the optimal cost as the maximum solution of

/v V, A(v)u <=f(v) in ’(),

u 0 on 0, u

where A(v) is a uniformly elliptic second order operator and V is the set of the values of the control.

1. Introduction
1.1. General introduction. In this paper, we extend the results of part I [14]

(this Journal, this issue, pp. 58-81) to the degenerate case (see also [15]).
We consider a stochastic system governed by the stochastic differential equation

(1.1)
dy(t) cr(y (t), v(t)) dWt + g(y (t), v(t)) dt,

y (0) x ,
where Wt is a Wiener process, g and tr are given functions, and v(t) is a "continuous"
control taking values in some set V c R".

We want to minimize the cost function (with notational change from part I)

(1.2) Jx(v) E /(y(t), v(t)) exp c(y(s), v(s)) d at

over all admissible controls v(t). In this formula f and c are given functions and rx is
the first exit time of the process y(t) from a given domain 7. Let us denote

(1.3) u(x) inf {Jx(v)/v v(" admissible control}

the optimal cost function.
In part I (see also [15]), under suitable assumptions containing an assumption of

nondegeneracy,

(1.4) o’r*(x,v)>=a>O Yx, /v V,

we proved that the function u(x) is the maximum element of the set of functions
satisfying t W’ (?) and

(1.5) A(v)fi <=f(v) in @’((7) Vv V,

where A(v)=-1/2 Tr (trtr*(x, v)DZ)-g(x, v)D +c(x, v).2

We give here results where (1.4) is relaxed and where nevertheless this approach
may still be carried out.

* Received by the editors June 13, 1980, and in revised form January 30, 1981.

" Laborat6ire d’Analyse Num6rique, Universit6 Pierre et Marie Curie, 4 Place Jussieu, 75230 Paris
C6dex 05, France.

$ INRIA, Domaine de Voluceau, Rocquencourt B.P. 105, 78153 Le Chesnay C6dex, France.
tr* denotes the adjoint of tr. The inequality has to be understood in the sense of symmetric matrices.
D denotes the gradient operator (we will also use the notation V).
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In view of the principles of dynamical programming, one could expect u to solve
(in a convenient sense)

sup {A(v)u -f(v)} 0 a.e. in 7.
vV

Results in this direction (with operators A(v) eventually degenerate) are given
in N. V. Krylov [5], [6], [7], M. V. Safonov [18], [19], P.-L. Lions [9], [10], [11], [12],
[13] (in the nondegenerate case the most general results are given in L. C. Evans
and P.-L. Lions [2], P.-L. Lions [8]).

But the counterexample of I. L. Genis and N. V. Krylov [3] shows that the
equation may not be satisfied (even in the weakest sense); therefore it seems useful
to have a different characterization of u. Our goal here is to propose as one such
characterization the superior envelope of sub-solutions. We remark that some results
in this direction, for the deterministic case, are given in R. Gonzalez [4].

1.;1. Summary. The results are organized in the following way"
Section 2. The degenerate case.
Section 3. The Cauchy problem.
Section 4. The obstacle problem.
In 2, using some techniques of N. V. Krylov [7] and [8] and M. Nisio [17], as

in [14], we build a nonlinear semigroup whose generator is related to the operator
appearing in (1.5). Next, we give a stochastic characterization of u(x), which is the
precise way to apply the dynamical programming argument. Finally, we prove a
characterization of u (x) in terms of the maximum subsolution.

In 3, we briefly develop the parabolic case. In 4, we consider the obstacle
problem. The case without "continuous" control was studied in J.-L. Menaldi [16].

1.3. Assumptions and notation. We now give notation and assumptions which
will remain valid in 2, 3 and 4. Let 7 be a domain of n and let V be a convex
closed set in I’. We call an admissible system a set g (fl, F, F, P, W, v(t), y(t)),
where (fl, F, P) is a probability space, Ft is a nondecreasing right-continuous family
of complete sub r-algebras of F, Wt is a Wiener process with respect to F, v(t) is a
measurable adapted process taking values in some compact subset V0 of V (Vo, of
course, may depend on v(. )) and y(t) is a solution of Ito’s equation

dye(t) r(y(t), v(t)) dWt + g(y(t), v(t)) dt, >= O,
(1.6)

y(0)=x,

where r(x, v) and g(x, v) are uniformly continuous and bounded functions fromn V
into n (R) t and r respectively which are uniformly Lipschitz continuous in x. This
regularity and boundedness assumption will not be recalled in what follows (and may
be relaxed in some of the results which follow).

Now, for an admissible system g, we define a cost function

(ioJ(x, M, t, h) E f(yx(s), v(s)) exp c(yx(A), v(A)) dA ds

(.7)
+h(y(t ^ r)) exp c(y(s), v(s)) ds

where h is an arbitrary measurable bounded function, r is the first exit time of the
process yx(t) from ff and [(x, v), c(x, v) are given uniformly continuous and bounded
functions from Nr x V into N, N+ respectively.



84 P.-L. LIONS AND J.-L. MENALDI

Finally, we define, for each h, an optimal cost function

(1.8) O(t)h(x)=infJ(x,M.,t,h) 0<-t<.

(1.9)

Let us collect our assumptions:

I(x, v)-(x’,
Vx, x’

_
Ir, Vv, v’

_
V, l trij, gi, c, f.

14,x. )1 <- c Vx a, vv v. v4, ,. gi. c. ,
c(x,v)>-_co>O Vxl, VvV,

where p is a given continuous function from R+ into R+ such that p (0)= 0.
We shall denote by Bs the set of bounded functions from (7 into which are

upper semicontinuous and by B+ the subset of Bs of nonnegative functions. Bs and
B+ are closed convex cones of the Banach space B of bounded measurable functions
equipped with the supremum norm (llhlloo-- sup {Ih(x)l’ x )).

Throughout this paper, we use an assumption which will replace the non-
degeneracy assumption (1.4). We suppose that there exists a subsolution which is
Lipschitz continuous, i.e.,

(1.11) there exists a t Wo’ (7) such that for all v V we have for
some e >0 A(v)a -<-1 in ’(7), t7 -<-a <0 in 7- ’,

where (7 {x (7, dist (x, F) > e }, and the operator A(v) is defined by

02 0 3+bi +c,(1.12) A(v) =-aij
cxi cgxi

with ai(x, v) trktrik(X, V), b(x, v)=-g(x, v).
It is easy to prove, using barrier functions as in part I or [8], that if for some

a > 0 F 0e satisfies (n is the unit exterior normal to F)

(1.13) t.J{x F/v V, 2rg(x, v)n(x)>Tr[trtr*(x, v)]+a},

r is the radius of the uniform exterior sphere associated with (7,

and

(1.14) t7 is bounded, regular (i.e., the exterior uniform sphere property holds),

then assumption (1.11) is satisfied for Co large enough.
We may also replace (1.11) by

(1.15)

(1.16)

f(x, v) >-_ 0 Vx I, Vv V,

there exists v(x) continuous on t7 such that (1.13) is satisfied for v v(x).

2. Degenerate ease. This section is divided into three sections. First, we study
the nonlinear semigroup Q(t). Next, we give a stochastic interpretation of the optimal
cost. Finally, we establish an analytical interpretation.

We will always use the usual convention for sums.
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2.1. Nonlinear semigroul. In this section, we first prove that Q(t) acting on Bs
or B+ is a nonlinear semigroup. Next we consider the generator of Q(t).

THEOREM 2.1. Assume (1.9), (1.10) and (1.15). Then (Q(t), >-O) satisfies
(2.1) Q(t)’B + /-B, Q(O) =I, Q(t+s) Q(t)oQ(s)= Q(s)oQ(t),

(2.2) [[Q(t)h Q(s)hlloo 0 as s if h is uniformly continuous in ,
(2.3) [Q(t)hl-Q(s)hz]iJlhl-h2[]. Mhl, h2B, MtO,

(2.4) Q(t)hlQ(t)h2 ghlh2.

Proof. We penalize the domain . Let p(x) be the distance to , i.e.,

(2.5) p(x) inf {ly-xl" y

and consider the following operator (e > 0)"

Q(t)h(x)

inf E f(y(s), v(s)) exp c(y(h), v(h)) +-p(yx(h)) dh ds
(2.6)

e

+h(y(t)) exp c(y(s), v(s))+p(y(s)) ds

Clearly, O(t) leaves invariant the space C(N) of continuous and bounded
functions. From Theorem 2.1 in part I, we obtain that O(t) satisfies (2.1)-(2.4).

Finally, using the fact that, for all N 0, for x N and h B,

(2.7) O(t)h(x) O(t)h(x) decreasing as e ;0,4

it is easy to conclude.
Remark 2.1. Under assumptions (1.9), (1.10) and (1.11), the semigroup (O(t),

0) satisfies (2.1)-(2.4) with B instead of B2. Indeed, we need to observe that,
defining

(2.8) r0() {x e r/P(r > 0) 0},

we deduce from (1.11) (using a lemma of [8])

Fo(M) F M admissible systems,
(2.9)

P(yx(z)

so we can use Theorem 2.1 in part I.
We set

(2.10) X {h Cb(), h is uniformly continuous}.

We have the following:
THEOREM 2.2. If we assume (1.9), (1.10) and (1.11), then for each h X

Q(t)h X. Furthermore (Q(t)h, O) is uniformly equicontinuous.

Proof. We first consider the case where c (x, v) satisfy

+(2.11) c(x,v)Co>o x, c V,

4 We extend h by zero outside
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where/x0 is given by

{1 [(tr(x, v)-tr(x’, v))(tr(x, v)-tr(x’, v))*.]0 sup Tr Ix -x’l2
(2.12)

(x-x’) .(g(x, v)-g(x’, v))/ q+ -x,I ,’

By a density argument, it is enough to prove Theorem 2.2 for smooth f(x, v) and
h(x). By the same argument as in part I, we only have to prove that u(t, x)= Q(t)OX
(and is uniformly equicontinuous). Let us assume that under assumption (2.11) we
have proved that lu(t,x)-u(t,x’)l<=flx-x’l, for all x, x’ in and all t->0. We
conclude remarking that, using the dynamical programming property as in [14], we
have

(2.13)

for all k ->_ 0.

u(t, x)=inf E{Io
t^r"

[/(yx(s), v(s)) + ku(s, y.(s))]

s) }exp (- c(yx(a), v(a)) da k ds

Thus u(t, x) is a fixed point of the mapping which transforms u(s, x) into the
right-hand side of (2.13); but we have

Tu e W1" ifueW1’

(2.14) kIITu rwlloo <= Ilu wlloo,Co+k
choosing k large enough. This proves Theorem 2.2.

Now, there just remains to prove that under assumption (2.11), we have lu(t, x)-
u(t,x’)l<=CIx-x’l. We first remark that in view of the arguments given in part I, if
Co >/xo, then

E[ yx(O) exp (- foC(y(s), v(s)) ds)
o

for all x, x’ in if, and all stopping times O.
Let us assume for the moment that u satisfies

(2.15) lu(t, x)l cla(x)l Vx in -.
Then, using the equation of dynamical programming as in the proof of Theorem

3.1 in part I, it is easy to deduce

lu(t, x)- u(t, x’)l <- CE a(y.(r. ^ r.,)) exp c(y.(s), v(s)) d

(2.16) a(y,,(r, r,,)) exp c(y,’(s), v(s)) ds

cIIvall)lx-x’l+ CIx-x’l,
using the inequality above (see also part I); this argument will be detailed further on.
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Now to prove (2.15), we argue as follows. As in part I, we denote ut(s,x)=
Q(t-s)O (where is fixed). Using the dynamical programming property, we obtain
(see also [14])

u(t, x) inf Et/ f(yx(s), v(s)) exp c(yx(A), v(A)) ds

+ ut(r, y,(r)) exp C(yx(S), v(s)) d 1

where r: is the first time y(t) reaches -,.
For all x in 7, we deduce that

[u(t, x)l <- sup E{ Io I/(y(s), v(s))[ exp (- C(yx(A), v(A)) dA ds

+C(-tT(y,(r))) exp c(y,(s), v(s)) d l(<t)

Now, using a method due to [13], we deduce from (1.13) that

(-iT(x)) >_-sup E exp C(yx(A), v(A)) dA ds

+(-tT(yx(t))) exp c(y(s), v(s)) d l(:,<t)

thus, if we choose C large enough, (2.15) is proved.
For the generator of Q(t) we have
THEOREM 2.3. Under assumptions (1.9), (1.10) and (1.11) (or (1.15)), we have

for any h C2(’)

1
(2.17) [Q(t)h(x)-h(x)]-+-sup{A(v)h(x)-f(v,x)} as t-+0+,

vV

Moreover, the convergence in (2.17) is uniform on compact subsets of .
Proof. It is similar to that of Theorem 2.2. in part I. [3

2. Stochastic interpretation. Let us consider the optimal cost function

(2.18) (x)=infE ((t), (t)) xp c((s), (s)) t

We set

(2.19) F0 {x e F/Rag admissible such that P(r, > 0)= 0}.

Remark that if we assume (1.11), then F0 F. We have the following:
THEOREM 2.4. Under assumptions (1.9), (1.10) and (1.15) (resp. (1.11)) the

function u(x) defined by (2.18) is the unique solution of the problem

+ (resp. Bs), Ulr O, Q(t)u u, t>-O.(2.20) u B
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Moreover, the equation of dynamical programming is satisfied"

u(x) inf E f(yx(t), v(t)) exp c(yx(s), v(s)) d dt

(2.21)

+ u(yx(O ^ r)) exp (- I ^’x
c(y(t), v(t)) dt) }

where 0 is an arbitrary stopping time.
Furthermore, if we suppose (1.11) and (2.11), the optimal cost u defined by (2.18)

belongs to W" (6).
Remark 2.3. Equations (2.20), (2.21) show that the optimal cost function

u(x) satisfies in some integral sense the Hamilton-Jacobi-Bellman equation:
supov {A(v)u -/(v)} 0 in

Proof. The proof of the first part is similar to that of Theorem 3.1 in part I. We
will prove that under assumptions.(1.13) and (2.11), u belongs to W’(). To
simplify notation we assume c(x, v)=-Co.

We first prove that there exists some constant C > 0 such that

Indeed, if we choose C large enough, this inequality is obvious if x 7-7. Now
if x ff, writing (2.21) with 0 z where r is the first time y (t) reaches F we deduce

lu (x)l _-<sup E Ce-ct dt + C(-t(y (’x))) 1 (,<x) e

Now, using (1.13), we have

-t (x) >_- sup E e -ct dt + (-t7 (yx(’)))l (<,)e

and we conclude.
We are now able to prove that u e Wo’ (if). Let x, x’ e if; we have, using (2.21)

with 0 ’, ^ Zx,

+sup E{lu(yx(Z ^ z,))- u (yx,(rx ^ r,))[ e-’^’x’}.

Because of (2.11) the first term is bounded by Ix- x’l, while the second term is
bounded by

C sup [1 (,_,,)[t(yx,(Z))l e-’x + 1 (,>,x,)lt (y(z,))[ e-’’].

Since fi W0’ (’), this quantity is less than

c sup E[Iy( ^ ,)- yx,(x ^ ’x,)[ co,=^,]_<_ fix

and the theorem is proved.
We also have
TI-IZORZM 2.5. Assume (1.9), (1.10), (1.15), (1.16) and that infx, c(x, v) is large

enough. Then the optimal cost function u given by (2.18) belongs to W" (7).
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Proof. From (1.18), we may define t(x) by

(2.22) t7 (x) E IlflL e-’ dt

where the admissible system considered is given by the feedback v(x) appearing
in (1.16), which by a density argument may be assumed to be Lipschitz continuous.

Using barrier functions as in [14] or [18], it is easy to prove that Cfft(x)<-_
C dist (x, 07). Then, if Co is large enough, this implies by a proof similar to that of
Theorem 2.4 that t e Wo’ (). We have

(2.23) 0 <_- u (x) <- t7 (x).

Next, using dynamical programming, we have

u(x)-u(x’) <- Clx-x’l+sup E{[u.(yx(x ^ ’))- u(y,( ^ r’))l e-^’’}

Hence, (2.23) gives (since u 7 on 06)

(2.24) u(x)- u(x’) <-_ CIx -x’l +sup E{[t (y (r, ^ ’)) t7 (y,(’ ^
and since t e Wo’ (7), we deduce the result.

COrOLLArY 2.1. Assume (1.9), (1.10), (1.15) and (1.16). Then the optimal cost
u given by (2.18) is uniformly continuous in 7. Moreover, for each h eX (given by
(2.10)) Q(t)h X, so Q(t) is a semigroup acting on X.

Proof. It is similar to that of Theorem 2.2.
Remark 2.4. Clearly, under assumptions (1.15) and (1.16), we have F0 F.
Remark 2.5. Using Theorem 2.4, we can prove a local version of Theorem 2.3

as in part I.

2.3. Analytical interpretation. In all of what follows, u will be the optimal cost
function defined by (2.18). We have already seen that, under some assumptions, u
belongs to W’(). Then, we are able to show that u is the maximum subsolution
of (1.5), and that is u is the envelope (sup) of all w in Wo’ (7) satisfying

(2.25) A(v)w <=f(v) in ’().

This result may be viewed as a notion of a generalized solution of (1.5) (as is
done for Monge-Ampre equations). We thus give the following result (generalizing
our previous one in part I).

Throughout this section we assume

(2.26) 4’(’, v) W2’(tT), and 4’(’, v) remains bounded in
as v e V for all 4 crii, bi, c, f.

THEOREM 2.6. Assume (1.9), (1.10), (2.26) and (1.11) (or (1.15)). Then, for all
w satisfying we W; (iT) CI C(), wit-<0 and A(v)w<=f(v) in ’(t?), ]or all v in V,
we have w <= u in .

COROLLARY 2.2. Assume (1.9), (1.10) and either (1.11) and (2.11) or (1.15),
(1.16) and Co large enough. Then u is the maximum element of the set of functions w
satisfying w W:, CI C(), wit=< 0 and

A(v)w <-f(v) in ’(7), v in V.

Remark 2.6. If we assume that t7 is regular and (1.13), (1.14) hold, Theorem
2.6 is still valid.
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Proof of Theorem 2.6. The proof of Theorem 2.6 is very similar to the one given
in part I, provided we use a lemma due to [9]. Indeed, if w satisfies the conditions
listed in the above theorem, we have (using part I and [9])

w(x)<-infE f(yx(t), v(t))exp C(yx(S), v(s)) d dt

+ w(y,(zh)) exp (-- v(t)) d

where z is the first exit time of h {X , dist (x, O) h }.
hThen, if we take h O, r g, where gx is the first exit time of . Thus,

w(x)infE f(y(t),v(t))exp- c(y(s),v(s))d d

Now, if we assume (1.11), O’x ’x a.s. and we conclude.
On the other hand, if we assume (1.15), as rx <-’ by definition, we also deduce

w<-u. [3
Corollary 2.2 is immediately deduced from Theorem 2.6 as in part I. U

3. The Cauchy problem. We now consider the optimal control of time-dependent
diffusions (or solutions of stochastic differential equations). We consider coefficients
rij(x, t, v), bi(x, t, v), c(x, t, v), f(x, t, v) which, for the sake of simplicity, will be assumed
to belong to W2’1’( x ]0, T[) for some T>0, and for all v in V. In addition b(x, t, v)
remains bounded in W2"1’(7 x ]0, T[) as v V, and b(x, t, v) is continuous in v V
uniformly in (x, t) [0, T]. These assumptions may be considerably relaxed but
we will not consider such generalizations here.

We will denote Q x ]0, T[. We define the optimal cost function

u(t, x)= inf E f(yx,t(s), s, v(s)) exp c(y.y(h), h, v(h)) dh ds

T

+uo(Yx,t(T))exp(-It C(yx,t)(s),s, v(s) ds)l(i.<....)1’
where the infimum is taken over all admissible systems M, and where an admissible
system is defined exactly as before except for yx.t, which is the solution of"

dy.t(s) r(yx.t(s), s, v(s)) dWx b(yx.t(s), s, v(s)) ds, s It, T],
(3.)

y,t(t)=x.

Obviously ’,t denotes the exit time from of the process y.t(s), and u0 is a given
function in W2’(7) satisfying u 0 on

Of course this time-dependent problem may be reduced to the general case of
degenerate stochastic integrals by looking at the "space-time" diffusion (yx.,(s), s)
starting at the point (x, t) of Q; then (zx, ^ T) is just the first exit time from O of this
process. Instead of considering both situations (time independent and time dependent)
in a same general context (and defining in particular a set Fo of regular points) we
prefer to give just the case of time-independent stochastic integrals and to indicate
how the preceding results may be adapted to the above situation.

We will not give any proofs in this section, since they are only trivial adaptations
of the methods introduced above. We only give some examples of our results.
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THEOREM 3.1. Assume either

(3.3)

---+A(v)tT-<_-I in’(]O, T[) ’qve V,
0t

gt C(O), a(x, T) <= Uo(X), IVxt(x, t)[ <- C V(x, t) Q,

u<---a <O on ()[0, T];

or

(3.4)

Then

f(x,t,v)>--O t(x,t,v)6[O,T]V,

:Iv(t, x) continuous on F [0, T] such that :la > 0 such that

r[0, r]= {(x, t)/[x, t,

[O {(x, t)/-2rb(x, t, v)" n(x)>Tr [o-o-*(x, t, v)]+ a},

where r is the radius of the uniform exterior sphere associated to C

i) we have the dynamical programming property"

u(t, x) inf E f(yx.t(s), s, v(s)) exp c(y,,(A), A, v(A)) dA ds

T

+ uo(yx,t(T)) exp (- It C(yx,t(s), $, v(s)) ds) l(T<-,.t^O)

where 0 is a stopping time.

ii)

u WI"(Q), u =0 on F[0, T], u Uo on 7 {T},

OU
-+A(v)u <-f(v) in ’(0) Vv e V.

Ot

iii) u is the maximum element of the set offunctions w satisfying

weC(O), w<-Oon F[0, T], w<-_uoon6x{T}, Vxw6L(Q),

OW
-+A(v)w <=f(v) in ’(0) tv V.

Ot

This result is only one example of how the results of the preceding sections adapt
to this problem of control of time-dependent stochastic integrals and to this Cauchy
problem for Hamilton-Jacobi-Bellman equations.

Let us also mention that a general result concerning the verification of H-J-B
equations is given in P.-L. Lions [13].

4. The obstacle problem. This section is divided into two parts. First we give a
stochastic interpretation of the optimal cost. Next, we establish an analytical interpre-
tation.
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4.1. Stochastic interpretation. Let (x) be a function from RN into R satisfying

I,x) ,x’l <_- lx x’l) x, x’ ,
(4.1) (x)=>0 x sFo (given by (2.19)),

l,I,x)l <-- c Vx

where p is a given continuous function from + into / such that p(0)= 0.
In some results, we will also assume

(4.2) (x) >- 0 ’qx N.

(4.3)

Let us define the cost function

where is any admissible system and O is a stopping time with respect to Ft.
The optimal cost function is given by

(4.4) u(x) inf {J(M, O)/M, 0}.

We have the following"
THEOREM 4.1. Under assumptions (1.9), (1.10), (1.11) and (4.1) (resp. (1.9),

(1.10), (1.15) and (4.2)) the function u defined by (4.4) is the maximum solution
the following problem"

u Bs (resp. B /), u Iro 0,

(4.5) u <-

u<-O(t)u ’q’t _> O,

where O(t) is the semigroup (1.8).
Proof. Let 6(t, to) be an adapted process such that O<=6(t) <- 1 for all t_->O.
Let us define for e > O:

(4.6)

and

J(M, 6)=E f(yx(t), v(t))+16(t)(yx(t))

exp (c(y(s), v(s))+-6(s)) d dt
E

(4.7) u,(x) inf {J (sO, 6)/M, 6}.
From Theorem 2.1 we have

(4.8) uB, (resp. B+) and Ulro=0.
First, we prove that

u(x)-intE f(y (t), v(t)) -1-(u )+(y (t))
(4.9)

e

exp(-fo’C(yx(S), v(s))ds) dt}.
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Indeed, from (4.7) and the dynamical programming used for the function u, we
deduce that the process

(t) f(y(s), v(s))+-(s)(s)I,(y(s))
E

(ion( 1))exp c(y(h), v(h)) +-8(h) dh ds

tAT

is a submartingale for each admissible system . Setting

()= f(y(s), v(s))+-8(s)(y(s)) exp c(y(A), v(A))+ (A) dA ds

we obtain from (4.8) for (t) E’()-(t)

(4.10) 0 n(t) N C exp co +(s) ds Vte O.

The process (t)+ (t) is a N-martingale, so the process

+. /(y(s), v(s))--(s)(u -)(y(s)) exp c(y(1), v(1)) dl ds
o0

n(s)(s)exp (a dl ds

is a N-martingale too. Since Z(O)=EZ(t) and n(t)N0, choosing

if (y(s))<u(y(s)),
(s)

0 if (y(s))Nu(y(s))

and taking the limit for m we deduce, using (4.10),

u{ (y(sl, v(sll --(4.
(- ), v(a )) d ds .,exp

Next, given a constant k > 0, there exists , such that

n(0) .
Hence, using the act that EZ(0)= EZ(t), we have

1 -ou -k 1+- -Ce +infE y(t), v(t)) -l(u-)+(y(t))

where C is a constant independent of >-0.
Thus, with t- this proves (4.9).
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that
Now, in a classical way (cf. A. Bensoussan-J.-L. Lions [1]), we deduce from (4.9)

u(x)<-u(x)<-E f(yx(t),v(t))exp- c(yx(s),v(s))d dt

(4.13)

Hence, we show that u (x) is a solution of problem (4.5).
Finally, the same arguments as above prove th u is the maximal solution
In order to obtain some results of regularity of the optimal cost u (x) we assume

(4.14) I*(x) -*(x’)l Clx x’l Vx, x’ e

we have
TnORZM 4.2. Assume (1.9), (1.11), (2.11), (4.1), (4.14) and

(4.15) Ca(x) (x) in , for some C > O,

or assume (1.9), (1.14), (1.15), (1.16), (4.1), (4.2), (4.14) and Co large enough in (1.10).
Then the optimal cost [unction u belongs to W’ ().

Proofi As in [14] or [1] (and using the proof of Theorem 4.1) we have that u
satisfies the dynamical programming property, i.e.,

u(x) =infE /(y(t), v(t)) exp c(y(s), v(s)) d dt
0

(4.16) + U(yx(z)) exp (- f C(yx(t), v(t)) dO l(,<o,x)

o

where r is any stopping time.
Now using (4.15), we deduce as before (in similar situations)

lu(x) Cla(x)l.
Then the same methods as before give the Lipschitz character of u.
COROLLARY 4.1. Under assumptions (1.9), (1.10), (1.11), (4.1) or (1.9), (1.10),

(1.14), (1.15), (1.16) and (4.1), the optimal cost function u is uniformly continuous on

The proof of this result uses the same argument as in Theorem 2.2.

4.2. Analytical interpretation. We will in this section just state some results
which are proved with the same techniques as in 2. These are examples of how our
techniques apply to the obstacle problem.

We first prove that under fairly general conditions u is a "generalized solution"
of

sup[sup{A(v)u-f(v)}, u-]=0 a.e. in ,
(4.17)

u=O inF=06.

(4.12) uu ase0 uniformly in
and
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THEOREM 4.3. i) Under assumptions (1.9), (1.10), (2.26), (4.1) and (1.11) (or
(1.15) and (4.2)), for all w satisfying w WI1/, () fq C(t), W[r_-<0, A(v)w <-_f(v) in
’(’), for all v in V, w <- in , we have

=u in.

ii) Under the assumptions of Theorem 4.2 and if we assume in addition (2.26),
then u is the maximum element o] the set o][unctions w satisfying w Wll,; (’) fq C();
w [r <- 0 and

A(v)w <=f(v) in ’(6) klv V, w <-_ in 6.
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LINEAR SYSTEMS WITH INDIRECT CONTROLS:
THE UNDERLYING MEASURES*

ZVI ARTSTEINf AND GILEAD TADMORt

Abstract. The control decisions in our model are functions defined on a measurable space. They affect
the evolution of the linear system in an indirect and nonlocal manner. A delayed control is one example.
We introduce the notion of an underlying measure of such a system. Mere existence of an underlying
measure yields information concerning the set of attainability, bang-bang and optimal solutions. We study
the underlying measures, provide tools to compute them and relate their properties to the structure of the
control system.

1. Introduction. The action of the control function u u(t) on the linear system

(1.1) A(t)x + B(t)u(t)

is direct in the sense that the local behavior of the evolution x(t) is affected only by
the local behavior of the control u(t) at the time t. Natural applications give rise to
mechanisms of indirect actions, where the decisions in the control function u are
shifted, twisted or combined before affecting the evolution. An example which is
treated in the literature is the delayed action. An appropriate model for a finite number
of pure delays is

k

(1.2) k A(t)x + Y, Bi(t)u(t- hi(t)),
i=1

with hi(t)>= O. More general delayed terms can also be incorporated, e.g., in the model

(1.3) 2 A(t)x + u(s)dH(t, s).

Here the integration is in the Stieltjes-Lebesgue sense with respect to the matrix-valued
function of bounded variation H(t, s). A systematic analysis of the systems (1.2) and
(1.3) and of more general equations can be found in Banks and Jacobs [1970], Banks,
Jacobs and Latina [1971], Chyung and Lee [1970], Lee [1968], [1969] and the
references therein.

This paper contributes to the understanding of systems (1.2) and (1.3), but the
analysis relates to a more general situation. The control decisions in our framework
are functions which are defined on a space which might be different from the time
scale. The entire choice then affects the evolution in a linear and clearly indirect
mechanism. It is easy to construct meaningful examples, and one is given in Example
5.9. An abstract model which incorporates such behavior is

(,) 2 A(t)x + Is u(s) dl(s),

where $ is a measurable space and for each the integration is done with respect to
the measure . The technical assumptions of the model are presented in 2. (A more
general situation might be considered where is not necessarily a function. This case
is not covered in the paper.)

* Received by the editors October 24, 1980, and in revised form March 18, 1981.

" Department of Theoretical Mathematics, Weizmann Institute of Science, Rehovot, Israel. This
research was supported by a grant from the United States-Israel Binational Science Foundation, Jerusalem,
Israel.
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The following is a very useful observation concerning equation (1.1). Consider
the bounded and measurable controls on an interval [to, tl] as elements of the Banach
space Loo(A), A being the Lebesgue measure. Suppose the initial condition X(to) is
fixed; then for any control u there is a unique solution x(t, u) of (1.1). The observation
is that x (t, u) is aftine in u, and continuous when the collection of controls u is endowed
with the weak* topology of Loo(A). The advantage of this observation is twofold.
Bounded sets are precompact in the weak* topology. The continuity then yields
existence results for optimal controls. The affine character of the mapping together
with the continuity imply maximal principles and the existence of bang-bang controls;
see Hermes and LaSalle [1969, Part II], or Lee and Markus [1967, Chapt. 2] (the
latter text employs the weak topology of L2(A) instead of the weak* topology of
Loo(A)). The second aspect of the continuity is that it indicates a concept of smallness
for which small perturbations of the control u result in only small perturbations of
the outcome x(t, u). In particular a change on a set of Lebesgue measure zero would
not change the outcome at all.

The machinery just described is not available a priori when the systems (1.2), (1.3)
or (,) are considered. It is trivial to show that x(t, u) is an affine mapping, but, since
for each the action of u on (.) is governed by a different measure,/x,, there is no
clear candidate for the role that the Lebesgue measure plays in (1.1). The main
contribution of this paper is to prove the existence of such a measure and to supply
means to compute it. We call such a measure an underlying measure for (.). We also
prove existence of a minimal underlying measure, relative to the partial order of
absolute continuity. A minimal underlying measure yields a coarser topological struc-
ture on the controls u, hence stronger results. These subjects are dealt with in 3.

Since a continuum of measures participates in (.) the only available, a priori,
well-defined controls are the bounded ones. However, the construction of the minimal
underlying measure in 2 provides a larger class of admissible controls; namely all
the controls integrable with respect to that underlying measure. This is discussed in 4.

Various properties of the underlying measures, and a few examples, are listed in
5. The particular properties of being atomless or being absolutely continuous with

respect to a prescribed measure, are discussed in 6.
The mere existence of the underlying measures enables us to derive a variety of

results following techniques which are common in the analysis of the ordinary systems
(1.1). However, this approach yields further results typical to indirect controls. Such
is the bang-bang principle of 7 which takes into account atomic points. In 8 we
analyze the set of attainability, which lays the foundation for the geometric approach
to optimization. Further applications are due in a forthcoming paper.

The entire presentation of the text is with regard to the system (,). In particular
the uncontrolled part is governed by an ordinary differential equation, this is done
for simplicity of presentation. All the results can be applied to more general equations.
In the final section we show how to handle delays in the states and discrete systems,
and how to incorporate a nonlinearity into the model.

2. Notation, terminology and standing hypotheses. We set first our measure
theoretic notation and terminology, then present the model and discuss some examples.
A measure on a measurable space (S, Y) is a countably additive set-function from
into a normed space. The variation of a measure (or a set-function) z, is an extended-real
measure (or a set-function), denoted by Iz,] and defined by I I E)= sup where
the supremum is taken over all disjoint unions E Ei, with Ei. Here I’(E)I is
the norm of ,(E). Where we encounter matrix-valued measures, the norm of a matrix
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will be arbitrarily specified. The spaces Loo and L are the Banach spaces of equivalence
classes of the essentially bounded functions and the integrable functions, respectively.
Both are determined if the domain (S, E), the measure u on it and the range space
of the functions, are specified. In the text we indicate which is which (e.g., write

LI L(S, ,, Rk)) if necessary, but suppress either of the indicators when the meaning
is transparent.

The control system

A(t)x + f u(s) dlt(s)(,)
Js

is defined for [to, tl], and solutions are assumed to satisfy a given initial condition
x (to) x0. Here x R the n-dimensional Euclidean space, and denotes the deriva-
tive with respect to time. The demand from the uncontrolled part is as described in
the following assumption.

Assumption I. A(t) is an n n matrix-valued function integrable over [to, tl].
The control functions u= u(s) are defined on a measurable space (S,E). An

admissible control is a bounded measurable mapping from S into R m. The action of
an admissible control u on (.) is determined by/xt, for [to, t]. Each/xt is an n m
matrix-valued measure. The integration s u(s) dt(s) produces a vector in R whose

idi’i(s). Here ui and/z denote the/’th and the (i, ])thith coordinate is Y.i= sUi(S)dlx,
entries, respectively. (A more rigorous notation would be sdt(s)u(s), but we are
accustomed to the other way.) We have the following standing hypothesis (see also
Remark 2.2):

Assumption II. For each E the mappings - I.t,t(E) and I/xtl(E) are measur-
able, and [/x,[(S) is integrable.

In the three systems (1.1)-(1.3), the space (S, Z) is the real line with its Borel or
Lebesgue structures. The measures/xt related to (1.1) are atomic measures, concen-
trated on {t} and having the matrices B(t) as values. Each of the measures/xt related
to (1.2) has k atoms, concentrated at t-hi(t), i,..., k, and with values Bi(t),
respectively. For (1.3) the measures/xt are determined by H(t, s). It is clear how the
regularity expressed in Assumption II translates into terms of (1.1), (1.2) or (1.3). In
particular, if H(t, s) is measurable in the two variables simultaneously (as assumed,
e.g., by Banks and Jacobs [1970, page 463]), then the measurability part of Assumption
II is met.

If Assumption II is fulfilled, then for every admissible control u= u(s) the
expression s u(s) dlxt(s) is well defined and forms an integrable function from [to, t]
into R". Equation (.) then has a unique solution which we denote by x(t, u). It is
clear that x(t, u) is an aftine function of u, but so far no structure of equivalence classes
is available for the family of bounded and measurable controls.

DEFINITION A. A nonnegative scalar measure/z on (S, E) is an underlying measure
for (.) if x(t, u) is well defined on the equivalence classes Loo(/z, R ") and furthermore,
if for each fixed t, x(t, u) is continuous in u with respect to the weak* topology of
Lo(/x, R’). The underlying measure/x is minimal if it is absolutely continuous with
respect to any other underlying measure.

The previous definition requires continuity of x(t, u) for each separately. It is
sometimes desirable to have uniform continuity in t, i.e., continuity of the entire
trajectory x(., u) as a mapping into C([to, tl], Rn), the space of continuous functions
with the sup norm. Simple examples, e.g., : u for scalar x, show that as a mapping
of u with the weak* topology the solution is not uniformly continuous in on the
entire space of controls u. The reason is that the range is infinite dimensional but
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open sets in the weak* topology contain unbounded cones of finite codimensionality.
However, if u is restricted to bounded sets (a situation often encountered) the desired
result holds, as follows.

PROPOSITION 2.1. If IZ is an underlying measure for (,) then on norm-bounded
sets ofcontrols u L() the continuity o[x(t, u) in u (with respectto the weak* topology)
is uniform in t.

Proof. Solutions x(t, u), for u in a bounded set, are equicontinuous in t. This is
easily seen from (,). Thus uniform continuity in follows from separate continuity
for each t.

Remark 2.2. We want to elaborate on the measurability condition of Assumption
II. This is a measurability demand of the mapping /zt, namely a mapping into the
space of matrix-valued measures. The demand t(E) is measurable for every E,
is weaker than the weak measurability, and certainly weaker than the strong measura-
bility of the vector-valued mappings (see, e.g., Hille and Phillips [1957, p. 72]). Notice
that the mapping - txt related to (1.1) is never strongly measurable. The measurability
of t- [IxtI(E) does not follow in general from the measurability of it(E) for every
E. Example 3.6 below provides a counterexample. If, however, E is countably gener-
ated then -/zt(E) measurable for every E implies that [/xt[(E) is measurable. The
proof of Lemma 3.5 below contains a comment on this matter.

3. The underlying measures. The following two theorems display our main results
concerning existence and calculation of the underlying measures. The system is (,)
with the assumptions of the previous section. For convenience, we choose the operator
norm as a norm for the space of n m matrices; that is, IBI max {IBzl" Izl 1}. The
norms Izl and IBzl on R and R are arbitrarily specified.

THEOREM A. Consider the set-function Mwhich associates with E , the function
on [to, tl] given by M(E)(t)- Izt(E). Then M is a measure of bounded variation into
the space of integrable matrix-valued functions on [to, tl] with the Ll-norm. Its variation

IMI is a minimal underlying measure for (,).
THEOREM a. The set-function fi (E)= tt2 I ,I(E)dt is an underlying measure for

(,). If , is countably generated then is a minimal underlying measure.
The proofs follow some observations which are needed later on.
LEMMA 3.1. The set-function 12 is a real, nonnegative finite measure.

Proof. is well defined in view of Assumption II and the trivial inequality
[t,[(E) <= ]tztl(S). Additivity of/2 is obvious. If Ek is a sequence of mutually disjoint
sets in E then Ei) converges monotonically to as k -, Since the
latter is integrable it follows that the integrals tt, Ilztl(t_Ji<__kEi) dt converge to

Jttlo I[tl((.J Ei) dt. This establishes the countable additivity of/2.
LEMMA 3.2. The set function M is countably additive and with bounded variation.

Furthermore [M[(E) <= fi (E) for every E Z.
Proof. Additivity of M is obvious. The variation IMI(E), with respect to the

L1-norm in the range, is the supremum of the expressions

taken over all disjoint unions E t.J= Ei. The displayed expression is less than or
equal to
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and the latter is equal to/2 (E). This proves that IMI(E)<= (E). Since by Lemma 3.1,
/2 is a finite and countably additive nonnegative measure, it follows that M is also
countably additive.

Once it is established that M is a vector measure with bounded variation into
the space of integrable matrix-valued functions, the integral of a function u:S-R
with respect to M can be performed; see, e.g., Dunford and Schwartz [1958, IV.10].
(The latter text treats integration of scalar functions; here we have a vector u u(s)
of scalar functions but there is no essential difference.) The value s u(s)dM(s) is a
function in L([t0, t], R), which we denote by M(u). Thus M can be viewed as a
linear bounded operator from L(S,M,R ") into L([to, t],R") with norm 1. In
particular, M is now a linear bounded operator from Loo(S, IMI, R ") into
L([to, t],R").

LEMMA 3.3. M(u)(t) s u(s) dl,(s) for every admissible control u u(s).
Proof. The equality for step functions follows immediately from the definition of

M. The additivity of the two expressions together with Lemma 3.2 imply equality for
any admissible control.

LEMMA 3.4. Consider the equation Y =A(t)x +h(t), X(to)=Xo with h=h(t)
L([to, t], R"). For a fixed the solution x(t, h) is continuous in h with respect to the
weak topology ofL1.

Proof. For the ordinary differential equation in question, the result follows from
the variation of parameters formula, see, e.g., Lee and Markus [1967, p. 65]. We
shall provide an independent proof which generalizes easily to other equations. The
solution x(z, h) is the unique fixed point, in C([t0, t], R), of the operator

(3.1) T(q, h) x0 + A(-)q(-) dr + h(’) dr.
0 0

Let hk converge to h0 in the norm of Lx. If p ranges over a bounded set then all the
values T(p, h) are contained in a compact set of C([to, tx], R"). It is easy to see then
that if p is a fixed point of (3.1) with h h then any cluster point of the p is a fixed
point of (3.1) for h h0. Since the solution is unique it follows that x(., h) converges
in C([to, tx],R ) to x(., ho). In particular the affine mapping x(t, h), for fixed, is
continuous with respect to the norm topology of Lx. Since, for a fixed t, the mapping
x(t, u) is into a finite dimensional space, it follows that the continuity holds with respect
to the weak topology on Lx. This completes the proof.

Proof of Theorem A. Lemma 3.2 (actually the discussion following it) and Lemma
3.3 imply that, if u and u2 differ only on an IMl-null set, then the controlled part of
(.) is the same for u and u2. This proves that x(t, u) is indeed well defined on
L(IMI, Rm).

The operator uM(u) is bounded, hence continuous, from L(iM[, R ") into
L([t0, t], R"), hence continuous also with respect to the weak topologies in the two
spaces (see, e.g., Hille and Phillips [1957, Thm. 2.11.11]). Convergence in the weak*
topology of Loo implies convergence in the weak topology of L, hence u-M(u) is
continuous from the weak* topology of Loo(IMI, R ") into the weak topology of
L([t0, t], R). The desired continuity of x(t, u) in u follows now from Lemma 3.4.

It remains to check the minimality of IMI. Let u be a real nonnegative measure
such that ]MI is not absolutely continuous with respect to u. Then an E exists with
u(E) 0, but IM[(E) 0. For a certain subset E1 of E we have M(EI) O. Let Uo be
a vector in R such that M(E1)uo O. Define Uo by Uo(S) Uo if s E, and Uo(S) 0
otherwise. Then M(uo) is not the zero function. In particular x(t, Uo) is not equal to
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x(t, 0) in spite of the fact that u0 differs from 0 only on a u-null set. Therefore x(t, u)
is not well defined on Loo(u), and u is not an underlying measure. This completes the
proof.

The following result is actually the main step in the proof of Theorem B. It is
isolated here for future reference.

LEMMA 3.5. If , is countably generated then [MI(E)= tt I/zt[(E) dt.
Proof. The inequality ]MI(E)_<- (E) holds without the countability assumption,

and is proved in Lemma 3.2. Let E1 be a denumerable subfamily of E which generates
E. Without loss of generality, 5:1 is an algebra. The variation of any measure with
bounded variation, say u, is then obtained as follows. The number Igl(E) is the
supremum of all ,lu(Ei)[, where E [.J Ei is a disjoint union and E =F/fqE with
F 5:1. This follows for instance from Halmos [1950, p. 168]. We denote the partition
Et,..., Ek by and the value E[u(E)[ by u($’). Since E is denumerable there is a
sequence 8’ of partitions such that II(E) lim u(8’) no matter what u is. In particular
Iz,l(E) is the pointwise limit of/xt($’i) as --> . (This, incidentally, proves the claim in
Remark 2.2.) For a fixed e > 0 we can fix i0 such that

IItl(E) dt <-_ It() dt + e for any >_- i0.
0

The right-hand side of the inequality is equal to M()+ e, and as i-,o it tends to
[MI(E) + e. Since e was arbitrary, it follows that

I ,I(E) -< IMI(E),dt
0

and this completes the proof.
Proof of Theorem B. The inequality [MI(E)<= (E) (which implies the absolute

continuity of IMI with respect to fi) was established in Lemma 3.2, and this together
with Theorem A implies that/2 is indeed an underlying measure. If E is countably
generated, Lemma 3.5 states that IM =/2, hence/2 is a minimal underlying measure.

Example 3.6. We wish to show that if E is not countably generated, then/2 might
not be a minimal underlying measure. Let S be the interval [-1, 1] but E be the
it-algebra of the sets which are either countable or the complement of a countable
set. Let [to, t]=[0, 1] and let the system (.) be u(t)-u(t-1). An admissible
control must be constant, except for a denumerable number of points. In particular
M(u)--0. However I,I(E) is the cardinality of E {t, t-1}. Therefore fi is exactly
the Lebesgue measure. (If we consider the system a(t)(u(t)-u(t-1)) with a(t)
not being Lebesgue measurable we get an example where t--> t(E) is measurable for
every E e :, in fact it is the zero function, but where t--> [,I(E) is not measurable.
Such an example was promised in Remark 2.2.)

The or-field in Example 3.6 is not as artificial as it might seem. The measurability
with respect to the it-field structure E represents, in general, information available
when planning. If the structure is that of the it-field in Example 3.6 then the planner
is restricted to choosing constant controls with perturbations only at a countable
number of points.

4. Integrable controls. The admissible controls were defined in 2 as bounded
measurable mappings u" S R ". A larger class, say mappings which are integrable
with respect to a natural measure, could not be used since there was no such natural
measure and since sU(S)dtz,(s) ought to be well defined for the continuum/t of
measures. The construction of the underlying measure in the preceding section allows
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us to extend the family of admissible controls. We summarize the information in the
following theorem. The set-functionM and its variation IMI were defined and discussed
in3.

THEOREM C. If u:S R" is measurable and IMI-integrable then the expression
Js u(s) d/z,(s) defines an integrable Rn-valued mapping on [to, tl]. The solution x(t, u)
of (.) is then defined, is affine in u and for a fixed t, is continuous in u with respect
to the weak topology of L(IMI). On subsets of L which are sequentially compact in
the weak topology, the continuity of x(t, u) is uniform in (i.e., there is continuity into
the space C([to, t], R ).

Proof. As is borne out by Lemma 3.2 and the discussion following it, the integral
M(u) is well defined for IM[-integrable functions u. Lemma 3.3, with the same proof,
is also valid for IM[-integrfible controls. This verifies the first part of the statement.
To check that x(t, u) is an affine mapping in u is trivial and the continuity for a fixed

follows from Lemma 3.4, since M is continuous from L(S, IMI, R ’) into
L([t0, t],R) with their weak topologies (e.g., Hille and Phillips [1957, Thm.
2.11.11]). By the continuity, the image by M of a weakly sequentially compact subset
of controls is a weakly sequentially compact subset in Ll([t0, t], R). Therefore it is
uniformly integrable (see e.g., Dunf0rd and Schwartz [1958, p. 292]). It is easy to see
then that the solutions x (t, u), for u in a weakly compact set, are equicontinuous. The
uniform continuity in follows now from the continuity in each separately. This
completes the proof.

It should be noted that the conclusion of Theorem C fails if IM is replaced there
by an arbitrary underlying measure. Example 5.1 below will demonstrate this.

COROLLARY 4.1. Let u be an underlying measure for (.) such that the Radon-
Nikodrn derivative d[M[/du is bounded (in particular if u ). Then (.) is well defined
for any u-integrable control u, and x(t, u) is continuous when u is endowed with the
weak topology ofL (u).

Proof. The Radon-Nikod,m derivative is well defined since IMI is absolutely
continuous with respect to any underlying measure (Theorem A). If dlMI/du is
bounded, then L(u) is contained in L(IM[) and the weak topology of Ll(u) is finer
than that of L ([M[). The conclusion follows then, from Theorem C. The boundedness
of d[MI/dl2 (in fact dlMI/d <-_ 1) follows from Lemma 3.2.

It is worthwhile to note that the boundedness of d[M[/du is also necessary for
the inclusion LI(U) LI(IM[). We leave out the details.

We finally note that integrability of u with respect to Lx([M[) is not necessary for
(,) to be well defined. Consider the extreme case where m 2 and n 1. Then/x, is

2a 2-vector, say (/x t,/xt ), and we suppose that/xt 0. The first.coordinate of u would
not make any difference in the evaluation of s u(s) dtx,(s).

5. Some examples and comments. We collect, not necessarily in a logical order,
some examples demonstrating various aspects of the underlying measures, and some
facts which ought to help in detecting the underlying measures and their properties.
We employ, in some cases without references, the notation and results of previous
sections.

Example 5.1. Consider the system

(5.1) =A(t)x+B(t)u,

with (S, E) being the interval [to, tl] with Lebesgue measure h. The minimal underlying
measure [MI- z is clearly/2(E) E In(t)l dt. The Lebesgue measure h is an underlying
measure, but unless B(t)# 0 for almost every the measure A is not minimal. A



LINEAR SYSTEMS WITH INDIRECT CONTROLS 103

/2-integrable control Il is admissible in the sense of Theorem C. This amounts to
IB(t)lu(t) being A-integrable. In general, a A-integrable control might not yield a well
defined system.

Example 5.2. Consider the system of type (1.2) given by

2 =A(t)x +B(t)u(t-h(t))

with h(t)= t-a. The minimal underlying measure /2 is concentrated at one point,
namely a. The value/2{a} is tt In(t)l dt.

Example 5.3. Consider the real system of type (1.2)

(5.3) 2 A(t)x + u(g(t))

defined on [0, 1], with strictly increasing g(t), and mapping a set of full measure in
[to, tl] into a set of Lebesgue measure zero. (For instance, let g(t) be the minimal
element in {0: (0)= t}, where ff is the Cantor function. See Halmos [1950, p. 83].
(The function g can be made continuous.) The controls u are defined on [0, 1] with
the Borel structure, but the minimal underlying measure/2 is atomless and concen-
trated on a set of Lebesgue measure zero, i.e., singular with respect to the Lebesgue
measure. (For g defined above,/2 is generated by the Cantor function, i.e., ([01, 02])
()-().)

In Theorem A we showed that IMI is absolutely continuous with respect to any
underlying measure. The following is a converse. (As noted in 4, the analogous
statement does not hold if integrable controls are sought.)

PRO’OSITIOrq 5.4. If v is a real nonnegative measure and if IMI is absolutely
continuous with respect to v, then v is an underlying measure for (.).

Proof. The absolute continuity implies that the expression s u(s)dlzt(s) defines
a function in Ll[to, tl] for every control in Loo(v). The continuity with respect to the
weak* topology of Loo(v) follows from the observation that convergence in the weak*
topology of Loo(v) implies convergence in the weak* topology of L(IMI). (To see
this, notice that the net Ill converges in weak*-to(lMI) exactly when Is ((S)Ul(S) dlMI
converges for every q L(IMI, R’). This indeed holds if Ill converges in weak*-Loo(v),
since the integral can be written as Is q(S)Ul(S)f(s) dr, with f(s)= dlMI/dv being the
Radon-Nikodym derivative, and, by definition, o(s)f(s) is in Ll(v, R").)

On certain occasions the inhomogeneous term in (.) is given as a sum of several
terms. For these circumstances the following additivity results might be useful.

PROPOSITION 5.5. Suppose that S is a disfoint union S U i-_ Si. Then the restriction

of an underlying measure of (.) to Si is an underlying measure for the system

(5.4) 2 A(t)x + f u(s) dtxt(s).
s

In particular, the restriction of IMI to S, is the minimal underlying measure of (5.4) as
constructed in Theorem A. Conversely, if vi is an underlying measure for (5.4) and if
v, defined by v(E)= Evi(E (-I Si), is a finite measure, then v is an underlying measure

for (.).
Proof. The statement concerning M follows from the construction of M. The

other statements follow from Proposition 5.4.
PROPOSITION 5.6. Suppose (*) has the form

,21 (s)(5.5) 2 A(t)x + u(s) dlt
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Let ui for 1, 2,. , be underlying measures ]’or the systems generated, respectively,
i(s). If Ei=tby s u(s) dl.e, ’i is a finite measure, it is an underlying measure for (5.5).

It might not be minimal even if each ui is minimal.
Proof. The measure M associated with (5.5) is the sum of the measures Mi

associated with the system generated by Is u(s) dtz (s). Therefore [M[ <-i= [Mil. The
result now follows from Proposition 5.4. An example for the last claim is provided

2by/.e =-/.e.
The following two results relate properties of/z with properties of the underlying

measures.
PROPOSITION 5.7. If each It is absolutely continuous with respect to a given real

nonnegative measure u, then u is an underlying measure ]or (,).
Proof. The proof is obvious.
Simple examples, e.g., Example 5.1, show that the extent to which the previous

proposition can be applied is quite limited. It applies however to some examples.
Chyung and Lee [1970] consider a delay system whose control part is essentially

ft(5..6) B(t, s)u(s) ds + E Bi(t)u(t- hi),
=0

with hi constants. Propositions 5.6 and 5.7 imply that the Lebesgue measure is an
underlying measure for it. (Notice that for the left side term, /zt is essentially the
restriction of the Lebesgue measure to [t-r, t].)

The support of the minimal underlying measure is certainly of interest; outside
this support the values of the controls do not matter. (Recall that the support of u is
defined when S is topological with the Borel g-field, and is the smallest closed set D
such that [u[ vanishes on S\D.) We denote the support of u by supp u. If E is a set
such that ]/z,[(E)= 0 except for a set of of Lebesgue measure zero, then/2(E) 0.
Hence, by Lemma 3.2, IMI(E)- o and if E is open, then E = S\supp ]MI. Therefore
supp IMI is contained in

(5.7) C ffl closure (.J supp I/x,I,
N t T\N

with T [to, tl] and where N ranges over all subsets of T of Lebesgue measure zero.
Example 3.5 shows that supp [MI might be strictly contained in C.

PROPOSITION 5.8. C --supp . If E is countably generated, say S is a separable
metric space, then supp IMI C.

Proof. We shall show that C supp/2. When the Borel g-field is countably
generated it follows from Lemma 3.5 that C- supp IM[. The inclusion supp/2 c C
was explained earlier. If E c S\supp/2 is open, then clearly [/ztI(E) 0 for almost every

[to, tl]. This follows from the definition of/2. The construction of C then implies
that E c S\C. Hence C supp/2. This completes the proof.

We turn now to the example promised in the introduction, it is a combination
of a problem of growth and a problem of location, both treated extensively in the
economic literature. For other models utilizing the measure theoretic aspects of
location, see Faden [1977].

Example 5.9. A farmer owns a piece of land S (R2). At the beginning of the
season he decides what types of crops he wants, say out of m possibilities, and where
to plant them. This decision cannot be reversed during the season. Let us denote the
farmer’s decision by u; here u u(s):S- R ", where uj(s) represents the density of
the h type of crop.
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The revenues arrive during the season. In many practical situations the revenue
obtained from one part of the field S does not depend on what happens in the other
parts. This amounts to the mathematical assumption that revenue is an additive
tunction ot subsets ot S. A less reasonable assumption is that earnings are linear in
the decision u. We shall dispense with this assumption shortly, but if both additivity
and linearity are adopted, we can conclude that the rate at which income (or expen-
diture) arrives is

s
U(S) dix,(s),

where Ix, is the appropriate vector of measures, which clearly depend on the time t.
Suppose that c(t) is the amount of cash our farmer has at time t. Then

(5.8) (t) rc(t) + Is u(s) dix,(s),

with r being the interest rate, which might vary with time. We see that (5.8) is of the
form (.). If the control decision u is subject to some constraints we encounter an
optimization problem, say how to maximize c(t) at the end of the season.

A reasonable assumption concerning the system (5.6) is that the minimal underly-
ing measure [M[ would be absolutely continuous with respect to the Lebesgue measure
on S. Such an assumption expresses the fact that one cannot earn money from a piece
of land of measure zero.

A possible constraint on the decision u is that at every point s all but one
coordinate of u(s) are zero (i.e., two sorts cannot be planted at one point). The
bang-bang principle 7 (see Theorem D) addresses itself to such situations, and implies
that whatever can be achieved with "mixed" plants can be achieved with pure plants
as well.

A nonlinear dependence of revenue on the planted quantity u(s) is more reason-
able. To this end we may introduce a function h(s, u(s)) which indicates that the
output which grows is not a linear function of the input u(s), and might also depend
on the point s in the field. (In our agricultural example h (s, u) probably has a maximum
at a finite u.) With this modification the model becomes

(5.9) t(t) rc(t)+ Is h(s, u(s)) dix,(s ).

We show in 9 how such nonlinearities can be incorporated into the analysis.

6. Atomless and absolutely continuous underlying measures. For several reasons
it is desirable to know whether the minimal underlying measure IMI has atoms, or
whether it is absolutely continuous with respect to a given measure. For instance, the
bang-bang principle, which is given in the next section, is sharper if no atoms are
present. In this section we provide some criteria for checking the two properties.

Recall that an atom of a measure , on a space (S, E) is a set E E such that
,(E) 0 and if F c E, F then either ,(E\F)= 0 or ,(F)= 0. An atom E might
or might not contain a singleton {e} which is itself an atom. In some spaces, e.g.,
Euclidean spaces, such a singleton always exists. We shall formulate the condition for
an atom which is a singleton, and then comment on the general case.

PROPOSITION 6.1. A singleton {s} is an atom o] the minimal underlying measure
[MI i[ and only if the set {t: Ix,{s} 0} has positive Lebesgue measure. In particular, if
no Ix, has an atomic singleton then IM[ has no atomic singleton.
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Proof. M{s} is not zero if and only if the set {t: tzt{s} # 0} has positive Lebesgue
measure. See the definition of M.

Remark 6.2. For an arbitrary atom the criteria is not as neat as for a singleton.
In the system (1.1) the interval [to, tl] is an atom for every t, yet it is not an atom
for IMI, which might be the Lebesgue measure, see Example 5.1. If (S, ) is the
interval [-1, 1] with the r-field generated by the denumerable sets (compare with
Example 3.5) and if tx is concentrated on -t and with equal values, say 1, then S
is an atom for IM[ but it is not an atom for either of the z. A positive result is" Let
T c [to, tl] be a set of positive Lebesgue measure and let E be such that M(E) O.
If [g[(E)= 0 for r T, and if whenever F c E then either [/xtl(F)---0 for all t T or
[Ix,[(E\F) 0 for all t T then E is an atom of IMI. This is easily verified. On the
other hand it might happen that each tzt is atomless but that IMI has an atom. (The
latter cannot be a singleton, in view of Proposition 6.1.) To construct such an example
we modify slightly Example 3.5. Let S be the unit square [0, 1Ix[0, 1] with the
o.-algebra generated by the Borel sets which contain all but a denumerable family of
intervals {(:, r/): 0 _<- r/_-< 1}. Let tzt be the Lebesgue measure on {(t, rt): 0 _-< rt -< 1}. Then
each tz, is atomless but S is an atom for IMI.

The following is an application.
COROLLARY 6.3. Suppose that the structure of S is such that an atom always

contains an atomic singleton. Suppose that (.) has the form

(6.1) =A(t)+ Bi(t)u(Oi(t))+ u(s) dvt(s),
i=1

with 0i: [to, tl] S measurable. Suppose that v, is atomless and thatfor every the interval
[to, tl] is a union of a countable number of sets, on each of them Oi is one-to-one; then
IMI is atomless.

Proof. By the last statement of Proposition 6.1 the atomless part of (6.1) does
not contribute (see Proposition 5.6) atoms for IMI, and according to the first statement
of Proposition 6.1 the atomic parts of (6.1) do not generate atoms either. This completes
the proof.

Notice that since any measure [2, has at most a countable number of atoms, the
system (.) can always be written in the form (6.1). Without the extra assumption on
S the nonatomicity does not follow. See the example in Remark 6.2.

A particular case of the previous condition is assumption A2 in Banks and Jacobs
[1970, p. 469]. The system there is a delay system, hence in (6.3) 0(t): [to, tl] R.
The assumption of Banks and Jacobs is that each 0 is strictly increasing.

A result concerning the absolute continuity of IMI with respect to a given measure
is presented in Proposition 5.7. The following is another result which copes also with
the atomic part of the measures.

PROPOSITION 6.4. Let v be a given nonnegative measure on (S, ). If for every
null set E o[ , the Lebesgue measure of {t:/xt(E) 0} is zero, then [MI is absolutely
continuous with respect to ,.

Proof. The proof is obvious.
COROLLARY 6.5. Suppose that (S, ) is the real line R with the Borel structure.

Consider the system

(6.2) Y =A(t)x + Y B(t)u(Og(t))+ u(s) dut(s),
i=1

with O :[to, tl]-) R measurable. Suppose that each ut is absolutely continuous with respect
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tO the Lebesgue measure , and that each Oi is continuously differentiable, with i(t) 0,
except [or a set of measure zero. Then IMI is absolutely continuous with respect to the
Lebesgue measure.

Proof. Let E c R be of Lebesgue measure zero. We shall see that the measure
of {t" t(E) 0} is zero, where/zt ’t + "-i=1 Bi(t)to,t). (Here 6 is the Dirac measure.)
By the assumption, each ut(E)= 0, hence it is enough to show for each index that
the Lebesgue measure of {t: Oi(t)s E} is zero. There is a closed set of measure zero
on which O(t)= 0 and the rest is a union of a countable number of open intervals on
which i(t) O. Since 0 is a diffeomorphism on each closed subinterval of these open
intervals the result follows.

A particular case of the previous example is studied by Chyung and Lee [1970,
p. 400], where O(t) is assumed to be differentiable with (t)=> e for a certain e > 0.
The previous result fails if (S, 5;) is higher dimensional, as follows.

PROPOSITION 6.6. Suppose that (S, 5;) is a Euclidean space R k with k >- 2. Consider
the system

(6.3) Y =A(t)x + Y, B,(t)ui(O(t)),
i=1

with Oi(t) :[to, tl]--> S continuously differentiable. Then the minimal underlying measure
is singular with respect to the Lebesgue measure.

Proof. The image of Oi(t) for e [to, tl] and 1, 2. is one-dimensional, hence
has Lebesgue measure zero. The minimal underlying measure clearly vanishes outside
this image.

7. Bang-bang for convex constraints. In this section we generalize the bang-bang
principle (see, e.g., Hermes and LaSalle [1969]) to systems with indirect controls. To
this end we restrict the admissible controls u u(s) to those satisfying u(s) l(s) for
a prescribed fl. The following is a standing hypothesis for this section.

Assumption 7.1. For each s the set l(s) c R" is closed and convex. The set-valued
function s-->fl(s) is measurable in the sense that I-(B)={s: f(s)fqB } is in 5;

for every closed B = R". There exists an IMI-integrable real function h(s) such that
z I)(s.)implies Izl--< h(s).

For any measurable u u(s) satisfying u(s) f(s) the equation (,) is well defined
(see 4). If fI is bounded (i.e., h in Assumption 7.1 is bounded) then any such
measurable selection is admissible in the sense of 2. In either case, we call such a
control u u (s) an f-admissible control.

The set of attainability 4(tl) is defined to consist of all the vectors X(tl, u) in R
for l)-admissible controls u.

LEMMA 7.2. The set s4(tl) is convex and compact.
Proof. The family of O-admissible controls is convex and compact in the weak

topology of L(IMI). The set s4(tl) is a continuous image of this set under the affine
mapping x(tl, u) (see Theorem C). This completes the proof.

THEOREM D. For every z in 4(ta) there is an f-admissible control v v(s) such
that x(ta, v)= z and v(s) is an extreme point of f(s) for all points s, with the exception
of at most n atoms of IM[, In particular, if IMI is atomless v(s) is an extreme point of
fl(s) for every s.

Proof. We know from Theorem C that x(t, u) is well defined for u L(IMI) and
is affine and continuous with respect to the weak topology. Using the technique in
Artstein [1980, Thms. 3.2 and 5.1] the result follows. For completeness we state here
the main steps of the argument. Consider the set L {u: u is f-admissible and
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x(tl, u)= z}. Since x(tl, n) is a continuous affine mapping, the set L is convex and
closed, hence compact. Let v be an extreme point of L, (guaranteed by the Krein-
Milman theorem). We claim that v is the desired control. To see this, notice that the
facial dimension of v (namely the largest number of linearly independent controls
Ul,"" ", Uk such that v+u is O-admissible) is at most n. Otherwise x(t, .) on their
span is not one-to-one, which violates the extremality of v. Finite facial dimensionality
implies that v(s) is an extreme point of IMI for almost every s in the atomless part
of IMI. Facial dimensionality n implies that v(s) is not an extreme point of iq(s) for
at most n atoms.

8. Nonconvex constraints. In this section we examine the properties of the set
of attainability for nonconvex constraints, and derive a simple existence theorem for
optimization. The following will be our hypothesis.

ASSUMPTION 8.1. For each s the set fl(s)c R is closed. The set-valued mapping
s --> fl(s) is measurable and there exists an [Ml-integrable[unction h(s) such that z fl(s)
implies [z[ <_- h(s).

Notice that this assumption modifies that of 7 only by dropping the convexity.
The measurable functions u :s --> fl(s) will still be called O-admissible controls and the
set of attainability (t) is as in the previous section.

THEOREM E. The set M(t) is compact. If [MI is atomless, then M(t) is also convex.
The mapping x(tl, u) is affine and continuous in n and therefore can be written

as x(t, n)= Zo+/(n), with /(u) linear and continuous. If So, Sx,. is a partition of
the measure space, and n denotes the restriction of u to S (i.e., u(s)= u(s) for s S
and ui(s) 0 otherwise) then/(u) /(ui). Therefore, if Mi {/(u): u(s) 0 if s Si}
then we get that

(t)= Zo+.i= Zo+{,ai: aiesi}.

The boundedness of s(tl) implies that for any choice ai i the summation converges.
Moreover, if we succeed in showing that each of the is compact, then the compactness
of (t) follows. We choose now Sl, S2," to be the atoms of IM[, and So to be the
part of S on which [M[ is nonatomic. Now the compactness of i for i-> 1 follows,
since fl(s) is constant almost everywhere on atoms and closed; and the compactness
of 0 follows from Lemma 7.2 and Theorem D. This completes the proof.

For delayed systems the theorem was proved by Banks and Jacobs [1970, Thms.
3.1, 3.2], where the convexity is derived from their assumption A2. As we saw in
Corollary 6.4, this assumption indeed implies that the underlying measure IMI is
atomless. An even stronger condition implies the convexity of the set of attainability
in Lee [1968].

It is worthwhile to note that the estimate n of the nonextreme values of u in
Theorem D, is false in the nonconvex case. It is easy to construct an example where,
in order to reach a given z (t), the values u(s) are not extreme on any of the
atoms of IMI.

The compactness of (t) yields existence of optimal controls in some situations.
For instance, if a continuous cost functional c(z) ought to be minimized on z (t)
then there is always an optimal control.

9. Extensions
9.1. Delays in the states. The analysis in this paper employed very little of the

specific structure of the ordinary differential equation (ODE) =A(t)x in (.). In
fact, the ODE appears in only two places. The first is in Lemma 3.4, where the
property which is proved is: : =A(t)x + h(t), X(to)= Xo has a unique solution which
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is affine in h and continuous with respect to the weak topology of L1. The proof of
Lemma 3.4 applies to other systems as well, and at any rate whenever this property
holds, the rest of our analysis applies. (Proposition 2.1 is the second place where the
structure of the ODE is used. The conclusion there holds with greater generality, e.g.,
for the delay systems, and was not used throughout.)

We present here another example.
Example 9.1. Consider the delay equation

(9.1) (t) x(z)d,F(t, z)+ u(s) d/x,(s).

An initial condition is a bounded measurable function q(z) on [to-a, to] and an initial
vector x (to) x0.

Banks and Jacobs [1970], Banks, Jacobs and Latina [1971] and Chyung and Lee
[1970] analyze a similar system with delayed controls, i.e., S is a real interval. A
situation explored in these papers is that the values of q(r) can also be controlled.

Suppose that F(t, r) is measurable in the two variables, with bounded variation
in r for a fixed and that the variation is integrable in t. (Compare with Banks and
Jacobs [1970, p. 463].) Then for a fixed q and a given u there is a unique solution
to (9.1) and it moreover depends continuously on h(t)= s u(s)dlz,(s). Our methods
are therefore applicable and all the results for the underlying measures and the
consequences hold. When the initial function q is also controlled then we simply
regard [to-a, to] as part of the control space S. In particular, an underlying measure
is then defined on [to-a, to], and all the consequences hold.

9.2. Discrete systems. The techniques and results of this paper can be applied
also to discrete time systems of the form

(9.2) x(] + 1)= A(j)x(]) + Is u(s) dtxi(s).

Here j 0, 1, , T. The vectors x(i) are in R n, the control is a mapping u(s):S --> R
and the/xj are n x m matrix-valued measures. We assume that a fixed initial condition
x (0) x0 is satisfied.

An admissible control is a bounded and measurable function. It is clear that if u
is an admissible control then (9.2) has a unique solution x(j, u). We use Definition A
as stated to define an underlying measure for (9.2).

TTHEOREM F. The measure Y’-i=0 I/zil is a minimal underlying measure for (9.2).
Proof. It is clear that the vector hi s u(s)dtzi(s) for ] 0,. , T, is affine and

depends continuously on u when the latter is endowed with the weak* topology of
Loo(/2). The solution x(], h) of x(]+ 1)=A(])x(])+ hi depends continuously.on and
is affine in h. This implies that/2 is an underlying measure. If/2 is not absolutely
continuous with respect to a certain measure v then there is a v-null set E such that
/xj(E) # 0 for a certain 0 _-< -<_ T. In particular for a certain u which is zero outside E,
s u (s) dv O, while s u (s) d/zi 0. Then x (], 0) x (, u) although u is equivalent to
the zero function in Loo(v). This prevents v from being an underlying measure.

Once an underlying measure is identified for (9.2) the rest of the analysis of this
paper follows almost automatically. We leave out the details. Notice however that
the bang-bang principle (Theorem D) holds, and if ir=0 I/zil is atomless then a
bang-bang control u can be used--this in spite of the discreteness of the time variable.
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9.3. Nonlinearities. A particular form of nonlinearity can be easily incorporated
into our theory; namely if the control part in (,) (or in (9.1), (9.2)) has the form

(9.3) Is h(s, u(s)) dlx,(s),

with h measurable. Such nonlinearities are desired in applications (see Example 5.9).
The analysis in Banks and Jacobs [1970] with regard to the delay version of (9.1)
incorporates such nonlinearities.

The method for coping with such nonlinearity goes back to Filippov. We shall
sketch the idea. Although u u (s) is the control variable, we pretend that we choose
the value y(s)= h(s, u(s)). The term (9.3) is then linear in y= y(s) and the entire
theory of underlying measures can be applied when the control part is s y(s) dlzt(s).
Then the interpretation of the results in terms of u can be done. The following is a
useful conceptual observation.

PROPOSITION 9.1. If U iS an underlying measure with respect to y(s)= h(s, u(s))
then x(t, u) is well defined for L(u).

Proof. A change in u on a v-null set causes a change of y(s)= h(s, u(s)) on a
u-null set.

The solution x(t, u) might not be continuous when u is endowed with the weak*
topology. This is due to the nonlinearity of h.

LEMMA 9.2. Suppose that h(s, u) is continuous in u. Let l) be a constraint set
satisfying Assumption 8.1. Let y(s) be measurable and such that for every s the value
y(s) is in the range h(s, f(s)). Then an 12-admissible control u= u(s) exists such that
y(s)=h(s,u(s)).

This is the well-known Filippov lemma; see, e.g., Jacobs [1968].
We demonstrate now how to use this technique, and get the analogue of Theorem

E for the nonlinear case. Let the system be

(9.4) k A(t)x + Is h(s, u(s) d,(s),

with h continuous in u. Let. fl satisfy Assumption 8.1 and suppose that the set-valued
function h(s, l(s))is bounded by an IM]-integrable function, where Iml is the underly-
ing measure for =A(t)x +s y(s) d,(s).

THEOREM G. The attainable set M(t) of (9.4) is compact. Ifthe underlying measure
IMI is atomless then s(t) is also convex.

Proof. By Theorem E the attainable set related to k A(t)x +s y(s) dtxt(s) with
the constraint f/l(S)-- h(s, lq(s)) is compact, and if IMI is atomless then this set is also
convex. This attainable set certainly contains M(tx), but according to the Filippov
lemma (Lemma 9.2) it is actually equal to M(t). This completes the proof.

Note added in proof.
We overlooked an important reference. It is the paper Optimal controls with

pseudodelays by J. Warga, this Journal, 12 (1974), pp. 286-299. The goals, hence
the technique and the results in this reference are different from ours; however, Warga
sets and analyzes a model for indirect control action which overlaps with the present
paper. Our terminology, namely indirect controls, was used earlier in a different
technical context, but with the same spirit, for instance in connection with the Lurie
problem (see, e.g., S. Lefschetz Stability ofNonlinear Control Systems, Academic Press,
New York, 1965).
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SYSTEMS OVER A PRINCIPAL IDEAL DOMAIN.
A POLYNOMIAL MODEL APPROACH*

G. CONTE AND A. M. PERDON*

Abstract. The polynomial model approach to linear dynamical systems over a field was developed
principally by P. A. Fuhrmann, starting in 1976 [J. Franklin Inst., 305 (1976), pp. 521-540]. In this paper
an analogous approach is proposed for systems over a principal ideal domain.

When the concept of extended linear i/o map is introduced, fractional representations of transfer
function matrices arise naturally in this theoretical framework. A correspondence between fractional
representations of the transfer function matrix of a given i/o map and its reachable or observable realizations
is established. The McMillan degree of a linear i/o map is proved to be equal to the degree of the
determinant of the matrix appearing as "denominator" in a coprime fractional representation of the
associated transfer function matrix.

Introduction. The polynomial model approach to linear systems over a field was
principally developed by P. A. Fuhrmann in [11] and subsequently used in a series
of papers [8], [12], [13], [14], [15], [16] by various authors.

The aim of this paper is to develop a polynomial model approach to linear systems
over a principal ideal domain A. Systems over a p.i.d, arise as a natural generalization
of systems over a field and their study is of interest in many cases (see [6], [9], [17],
[21], [23], [27]).

The fundamental tool of the polynomial model approach is essentially the charac-
terization of the quotient A[z ]-modules fU/M (dually, of the A[z]-submodules of
F Y) which are free finitely generated over A. A complete characterization of these
modules is given in Proposition 4.1 and Corollary 4.7. It generalizes the results already
known when A is a field, but it cannot be obtained with the same techniques used in
that case.

Recently a more general result in the same direction has been independently
obtained in [22]. In that paper a characterization is given of the quotient A[z ]-modules
fU/M which are finitely generated and projective over A, for A a commutative ring.
This result specializes to ours when A is a p.i.d..

The paper is organized as follows. Section 1 contains notations and some results
about the closure of a submodule. In 2 systems and i/o maps are defined. Section
3 deals with realizations of i/o maps, in particular with free finite dimensional
realizations. Some general results contained in [5 Chapt. 16] are recalled.

Reachable free realizations and observable free realizations of an i/o map f are
determined respectively by quotient modules of the form fU/M such thatM c Ker (f)
and by the submodules of FY containing Im (f) which are free finitely generated over
A. Such modules are characterized in 4 and a correspondence between them and
the regular matrices of appropriate size is established. This fact, with the techniques
of [16] and [4], gives us a correspondence between right fractional representations of
the transfer function matrix Zr of f and reachable free realizations of f, and between
left fractional representations and observable free realizations. The correspondence,
as in the case where A is a field, is one-one for reachable realizations and right
fractional representations. Moreover, in this case canonical realizations correspond
to coprime representations. This is not true for observable realizations, more precisely,

* Received by the editors June 9, 1980, and in revised form November 20, 1980.
5" Istituto di Matematica Applicata, Univ. di Padova, Via Belzoni 7, 35100 Padova, Italy., Istituto di Matematica, Univ. di Genova, Via L. B. Alberti 4, 16132 Genova, Italy.
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the correspondence is not one-one and coprimeness corresponds only to minimality.
This led us to study i/o maps whose minimal realizations are canonical. We obtain
that when Im (f) is an A-closed submodule ot F Y, then any minimal realization of f
is canonical (the converse also is true). In such a case observable free realizations are
in one-one correspondence with left fractional representations.

Finally we prove that the McMillan degree of an i/o map f whose transfer funetion
matrix has the coprime fractional representation Zr ND-1 or Zr D-IN is equal
to the degree of the determinant of D or Dx. When A is a field this result has been
obtained in [18] by making use of algebro-geometric techniques which the polynomial
model approach allows us to avoid.

1. Algebraic lreliminaries. Throughout this paper A will denote a commutative
principal ideal ring (p.i.d.), and U and Y will denote respectively the free finitely
generated A-modules A and Ap. We will assume that the reader is familiar with
the theory of modules over a p.i.d, as can be found in [2].

We shall begin by introducing some notation. We denote by A[z] the ring of
polynomials in the indeterminate z with coefficients in A. We remark that A[z] is a
p.i.d, i and only if A is a field. We denote by A[[z-]] the ring of formal power series
in z-. The set S {1, z -1, z-2, .} is a multiplicatively closed subset of A[[z-]].

-1 -1We denote by AA the ring of fractions S A[[z ]]. It s the mlmmal nng contamng
A[[z-]] in which z- is a unit. The ring AA will be referred to as the ring of generalized
Laurent series. Any element a AA is of the form a Y-tto atz-t with Z, at A,
A[z] will be identified with the subring of AA consisting of all the elements Y-t---to atz
such that at=0 for t>0. We denote by FA the quotient A[z ]-module AA/A[z].
Any element a FA is of the form a =Y’.t=l atz-t with atA. The A[z ]- module
structure is given by

Z" atz- at+lZ -t.
t=l t---

PROPOSITION 1.1. Let a ,t=to atz AA. Then a is a unit in AA if and only if
ao is a unit in A. In particular, a polynomial is a unit in AA if and only if its leading
coefficient is a unit in A.

DEFINITION 1.2. Given the A-module U A", we denote by

flU the A[z]-module U[z] A"[z],
AU the AA-module S-1U[[z-]] S-A’[[z-I]].

We consider 12U as an A[z]-submodule of AU and we denote the inclusion by
]’ flU--> A U. We remark that the natural basis e,..., e, of U over A is also the
natural basis of fU over A[z] and of AU over AA. We denote by

FU the quotient A[z ]-module AU/IqU.

If we denote by zr" A U--> FU the canonical projection, then for any y e FU there
exists a unique element in r-(y) of the form ,t= utz-t By abuse of notation we
will write y e A U, identifying y with t= utz- With the same convention, given
x e AU, zr(x) e AU makes sense.

Denoting by i" Uflu the inclusion by p" F U--> U the projection given by
p ,_ utz Ul, we have the following proposition.

PROPOSITION 1.3. Let X be a A[z]-module. For any A-morphis g" U-X
(respectively h" X --> U) there exists a unique map , fU --> X (respectively h "X --> FU)
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such that

(i) (/) is an A[z]-morphism
(ii) g i (h ph).

Proof. Define " flU X by (Z,0 utz’) Y,=0 z’. g(u,) (respectively define
/’Xo FU by/(x) =t h(z’-lx)z-’). In the above definition(s) the properties (i),
(ii) are automatically built in. Uniqueness follows by (i), (ii).

Given the A-module Y Ap, any A[z]-morphism between flU and I) Y is given
by a p m polynomial matrix D. The same matrix defines a AA-morphism between
AU and A Y and an A[z]-morphism between FU and FY such that the following
row-exact diagram commutes:

flU AU FU

D D D1
lqY AY ,- FY

If x is an element of lU or of A U, the action of D l’s given by the product. If x
belongs to FU, the action of D is given by the product followed by 7r. In general a
AA-morphism between AU and AY is given by a p m matrix Z with entries in AA.
If Z is polynomial we say that the morphism is polynomial.

DEFINITION 1.4. A square polynomial matrix D is said to be regular if and only
if det (D) is a unit in AA (by Proposition 1.1 this is to say that the leading coefficient
of det (D) is a unit in A). D is said to be unimodular if and only if det (D) is a unit
in A.

DEFINITION 1.5. Let Z be a matrix with entries in AA. Z is said to be rational
if and only if there exists a pair (N, D) of polynomial matrices such that D is regular
and either Z ND-1 or Z D-1N. Any pair (N, D) such that Z ND-1 (respectively
Z D-1N) is called a right (resp. left) fractional representation of Z.

Given an A-module M we denote by TA(M) the torsion submodule of M, i.e.,
the submodule TA(M)= {x M such that ax 0 for some nonzero a A}. We recall
that any f.g. A-module M is the direct sum of a free A-module and of TA(M).

DEFINITION 1.6. Let McP be A-modules. The A-closure of M in P is the
A-module cla(M, P)= {x P such that ax M for some nonzero a A}. If no con-
fusion arises we will denote the closure shortly by M.
M is said to be A-closed in P if and only if M M and M is said to be A-dense

in P if and only if M P.
PROPOSITION 1.7. Let M, N, P, be A-modules such thatM P and N P. Then"

(i) M is A-closed in P and M is dense in its closure;
(ii) if both M and N are A-closed in P, M f’) N is A-closed in P;

(iii) TA(P/M)= 0 if and only ifM is A-closed in P;
(iv) if P is free fig., M is A-closed in P if and only if it is a direct summand of P;
(v) ifM is free fig., M andM have the same dimension over A;
(vi) ifM is free f.g. andM N, dimA M dimA N implies N M;
Proof. (i), (ii), (iii) are trivial; (iv) follows from (iii).
(v) Since A is a p.i.d, there exists a basis x1,"’, x, of M and a l, "’’, ak

elements of A such that alxl," , akXk is a basis of M. Moreover k n; otherwise,
for instance, aXk+l cannot belong to M for any nonzero a A.
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(vi) By tensoring the exact sequence 0-->M --> N --> N/M--> 0 with the quotient
field K of A we get that N/M is a torsion A-module. Hence for any x N there
exists a nonzero a A such that ax M and so N c M.

PROPOSITION 1.8. Let f" N --> P be an A-module morphism. IfM c p is A-closed,
then f-l(M) N is A-closed.

Remark 1.9. We recall that, given an A-module homomorphism f, a factorization
of f is a pair (p, m) of homomorphisms such that f rap. Anyf has a factorization (p, m),
where p is surjective and rn is injective. Moreover, this factorization is unique up to
isomorphisms. If p is a surjective homomorphism and Ker (p)c Ker (f), then there
exists a uniquely determined homomorphism rn such that f-rap. Dually, if m is
injective and Im (m) Im (f) there exists a uniquely determined p such that f= mp.

2. Systems over a p.i.d, and i/o maps. We give the definition of the systems to
be studied.

DEFINITION 2.1. A constant, discrete time, (free) linear dynamical system E over
A consists of a triple (F, G, H) where F, G and H are matrices of size n x n, n x m,
p x n with entries in A.

We have the following dynamical interpretation in mind. Denote by X, U and
Y respectively the free f.g. A-modules An, A ’n, Ap. Then F:X->X, G: U-> X,
H :X--> Y are A-module maps and Definition 2.1 defines a system whose state, input
and output modules are given by X, U, Y and which evolves according to

x(t + 1) Fx(t) + Gu(t),

y(t) Hx(t).

Systems over p.i.d.’s are a natUral generalization of systems over fields. The main
illustration here will be given by systems over the ring 7/ of ordinary integers (see
[23] and [27]). Various motivations for the study of systems over p.i.d.’s or over more
general rings are given in [20], [24], [26]. The main application areas we outline are
the following.

As pointed out in [23], the theory of systems over 7/is of particular interest since
one might hope for applications similar to the use of integer programming. A second
motivation may be found in the study of 2D-systems. As is shown in [6], [7], [26],
[28], it may be useful, in realization problems, to consider a 2D-system as a system
over a p.i.d.. Moreover it is possible to see a system over a ring as a family of systems
over the spectrum of the ring (see [17]). In this way one can study global properties
of families of systems depending on a single parameter. It has to be remarked that
our approach does not apply to the study of delay-differential systems over a field K.
When all the delays are multiples of a fixed one denoted by tr, a system of this kind
is defined (see [20], [21], [27]) by a triple of matrices with elements in K[cr] (which
is a p.i.d.), but the state, input and output space of the system are assumed to be
finite dimensional K-vector spaces and so they cannot have (owing to the finiteness
condition) a structure of free K[tr]-modules. What is different from this point of view
is the dynamical interpretation of the triple of matrices which defines the system.
More precisely, using the terminology of [20, 1.3], a delay-differential system over
K can be viewed as a "system over the ring of operators K[tr]" (the delay o- acts on
the function x(t) with values in the state space) while the objects of our study are
"systems over a ring of scalars" (the elements of the ring act on the elements of the
state space).

So the realization of a delay-differential system defined by a triple of matrices
with elements in K[tr] must be done on K and not on K[cr].
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Following [29], Definition 2.1 allows us to carry out the following construction.
Remark that F’XX induces o:n X an A[z ]-module structure given by zx =Fx.
Then any system E (F, G, H) gives rise to the following commutative diagram:

fU FY

U XF Y
G H

where XF means the A-module X provided with the A[z ]- module structure induced
by F, ( and are given by 1.4 and f =/-)(.

DEFINITION 2.2. A map f:fU FY is called a linear input/output (i/o) map if
and only if it is A[z ]- linear. In the situation above we say that f is the i/o map of E.

Any A[z ]-linear map f:tUFY is determined by f(el)," ,f(e,), where
el,’’ ", e, is the natural basis of U. Writing f(ei) as a column vector, we denote by
Zr the p m matrix f(el) f(e,). By Definition 1.2, Zr can be seen as a matrix with
entries in AA. Then it defines a AA-morphism : AU AY such that the following
diagram commutes"

AU )AY

fU ; FY

DEFINITION 2.3. A AA-linear map ’ AU AY is called an extended linear i/o
map if and only if all the entries of the matrix defining/ are of the form a Y.t=to atz-t,
with at 0 for <_-0. In the situation above we say that f is the extended i/o map
associated to f and we call Zr the transfer function matrix of f.

Remark 2.4. The definition of extended i/o map is built in such a way that it
preserves the property of causality. A map f" AU- AY which is AA-linear is said
to be causal if and only if given two input sequences u and u in AU such that ut u
for < tl, then f(u)t f(u’) for < + 1

Defining, for u eAU, ord (u) min {t such that ut #0} we may express causality
by ord (f(u))< ord (u). It is easy to see that f verifies the above condition if and only
if it is an extended i/o map in the sense of Definition 2.3 (see also [16 Def. 2.4]).

Summarizing, we have that any system : (F, G, H) gives rise to the following
commutative diagram (see [29] and [16] for the case A field)"

AU

lU FY

U -XF -Y
G H
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3. Realizations of i/o maps. Assume that f is a given i/o map. To realize i means
to find a system (F, G, H) such that ]" is the i/o map of E.

We begin by giving the definition of an abstract realization. It will be shown in
Remark 3.3 that abstract realizations which verify a certain finiteness condition actually
define a concrete realization, namely a system E with the desired property (see also
[5, Chapt. 16] and [24]).

DEFINITION 3.1 Let f :flU-> FY be an i/o map. An abstract realization of is
a triple (X, g, h) where X is an A[z ]- module and g:flU-->X and h :X->FY are
A[z]-morphisms such that f hg.

DEFINITION 3.2 Let (X, g, h) be a realization of an i/o map . (X, g, h) is said
to be

(i) reachable if and only if g is surjective;
(ii) observable if and only if h is injective;
(iii) canonical if and only if it is both reachable and observable;
(iv) finite dimensional if and only if X is a f.g. A-module;
(v) free if and only if it is f.d. and X is free over A;
(vi) minimal if and only if it is free and given any other free realization (X’, g’,

h’) then dimA X -< dimAX’.

Remark 3.3. (i) Suppose that A is a field. Then finite dimensional realizations
are also free. Moreover, minimal realization are canonical.

In general, R being a ring, canonical realizations of an i/o map over R are not
free. This is true for f.d. canonical realizations over a p.i.d. A (see 3.7). In this case
we have also that f.d. canonical realizations are minimal among free realizations. The
converse is not true (see [27 3]).

(ii) Let (X, g, h) be a free realization of f. Then f is the i/o map of the system
E (F, G, H), where F :X --> X is defined by Fx zx, G U --> X is defined by G gi,
H :X --> Y is defined by H ph.

DEFINITION 3.4. An i/o map f is said to be realizable if and only if it has a free
realization (X, g, h). In such a case the system ,S., (F, G, H) defined by means of (X,
g, h) as in (ii) above is said to realize f.

Remark 3.5. There is no difference between the concept of factorization reviewed
in Remark 1.9 and the concept of realization given in Definition 3.1. The second is
used instead of the first to point out explicitly the state module X.

We will say that two realizations (X, g, h) and (X’, g’, h’) of the same f are
isomorphic if and only if the corresponding factorizations are so; i.e., if and only if
there exists an isomorphism q: X’ --> X such that g qg’ and h’= hq.

PROPOSITION 3.6. Any i/o map f :I’U FY has a canonical realization which
is unique up to isomorphism.

Proof. By Remarks 1.9 and 3.5. We remark that a canonical realization of f is
given by X- fU/Ker (f) Im (f), g canonical projection, h- canonical inclusion.

PROPOSITION 3.7. Let (X, g,h) be an observable realization of the i/o map
f fU F Y. Then TA(X) O.

Proof. Since TA(FY)=O and since h is A-linear, we have h(TA(X))=0. Hence,
h being injective, TA(X)= O.

PROPOSITION 3.8. Assume that the i/o map f :fU FY has a rid. realization.
Then f is realizable.

Proof. See [5, Chapt. 16, Prop. 3.1].
PROPOSITION 3.9. Assume that the i/o map f :fU- FY has a f.d. realization.

Then f has a free canonical realization.
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Proof. See [5, Chapt. 16, Prop. 5.2]. We remark that given the free realization
(X, g, h) of f then (Im (g)/(Im(g)f’)Ker (h)), g’, h’), where g’ and h’ are defined in
the obvious way, is canonical.

4. A[z]-modules which are free f.g. over A. Let f:flU FY be an i/o map.
Any reachable realization of (X, g, h) of f is uniquely determined by g: f/U X, and
a.nalogously any observable realization is uniquely determined by h :X FY (Remark
1.9). Conversely, from Remark 1.9 again, any surjective map g" IqU-X such that
Ker (g) c Ker (f) determines a unique reachable realization of f and any injective map
h :X FY such that Im (h) Im (f) determines a unique observable realization of f.

Since we are interested in free realizations, this led us to study quotient modules
X IU/M and the submodules X c FY which are finitely generated.and free over
A. Such modules are characterized.in Propositions, 4.1 and 4.7.

PROPOSITION 4.1. Let M be an A[z]-submodule of fU. Then X I)U/M is a

free fig. A-module if and only ifM DlUfor a regular m m matrix D.
Proof. Sufficiency. Assume that M=DfU and let d(z)=det(D). Since

ex,..., e,,, generates IU, every element x of X is a sum of terms a(z)[e]. The
leading coefficient of d(z) being a unit, we can reduce each a(z) modulo d(z) without
altering the sum. Hence x X is determined by m polynomials of degree less than
deg(d(z)) and X is generated over A by the mdeg(d(z)) elements [ei],
[zei],. ", [z(deg(d(z))-l)ei] for 1,. ., m.

Now let u flU and suppose that au DflU for some nonzero a A. This
implies au -Du’ for some u’ flU and, denoting by D* the adjoint of D, we obtain
aD*u d(z)u’. Since a cannot divide d(z) unless it is a unit in A (in such a case
u DflU), a divides each component of u’ and u’= au". Then u Du" DflU, DIU
is A-closed in D,U and X is free over A by Proposition 1.7 (iii).

Necessity. Let us first establish the following lemma:
LEMMA 4.2. Let A be a p.i.d. Given the exact sequence of A[z]-modules and

morphisms OM-A"[z]-XO where X is free over A, then M is free over A[z].
Moreover, ifX is also fig. over A, then dimAtaM m.

Proof of Lemma 4.2. A and A[z] are Krull rings by [3, 1, # 3, Example, and
# 9, Proposition 13]. Let Ass (X) {p, p A[z] a prime ideal such that p Ann (x)
for some x X}, and let P be the set of prime ideals of A[z] of height one, i.e., the
set of the minimal nonzero prime ideals of A[z ]. Our aim is to prove that Ass (X)
{{0}}. Let p Ass (X) be a nonzero ideal and consider the extended ideal pe K[Z]
where K is the quotient field of A. Since K[z] S-XA[z] where S A -{0} and since
X is free over A, we have p fqS= . Hence pe is a prime ideal of K[z] and
p=pe’=pef’)A[z] by [1, Props. 3.11 and 1.17]. Therefore pP by [3, 1, # 9
Remark 2]. In the considered exact sequence, A"[z] is a reflexive module since it is
free and, as we have shown, Ass (X) P t_J {{0}}. Then [3, 4, # 2, Prop. 7] implies
that M is a reflexive A[z ]- module.

Moreover, M is f.g. and the global dimension of A[z] is 2. Therefore M is
projective f.g. over A[z] (this result is due to Bass, see [10, Prop. 8.25B]) and hence
it is free over A[z] by [25].

Now assume that X is also f.g. over A. Denoting by F :X -X the A-linear map
defined by Fx zx and by d(z) the determinant of (zI- F), we have d(z)X 0. This
implies that X is a torsion A[z ]- module. Tensoring the above exact sequence with
the quotient field Q of A[z] we have the exact sequence OM @A[z]Q’)(mO.
Hence the vector spaces M (R)Atzl Q and Q" are isomorphic and dimaEzlM m. By
the lemma we have MiqU and X 12U/DIqU where D, by Definition 1.4, is an
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m mpolynomial matrix. Moreover d(z)ei DIqU for 1, .., m. Then d(z)I DS
for a suitable matrix $, and D must be regular.

We remark that when A is a field any nonsingular polynomial matrix is regular
and Proposition 4.1 coincides with [11, Thm, 3.6].

Moreover any torsion f.g. A[z ]-module is automatically free f.g. over A when
A is a field. In our case this is not true. For instance 7/[z]/2Z[z] is easily seen to be
not free f.g. over 7/, since 2 is not a unit in 7/.

PROPOSITION 4.3. Let D, D be m m regular matrices. Then DfU DalqU if
and only if there exists a regular rn m matrix S such that D D S. Moreover Dl)U
D lqU if and only if S is unimodular.

Proof. Obvious.
PROPOSITION 4.4. Let X be an A[z]-submodule of FY. Then the following cond-

itions are equivalent"
(i) There exists a p p regular matrix D such that X Ker (D) F Y.

(ii) X is free fig. over A and X is A-closed in F Y.
Proof. Let D be regular. Applying the snake lemma to the row-exact diagram:

id
flY ,, Y - 0

m(z)1 rn(z)1 re(z)1
flY 7r-(X) )X

we have that Ker(D) is isomorphic to IIY/DflY, which is free f.g. over A by
Proposition 4.1. Moreover, if yFY and aA, aO, D(ay)=a(Dy)=Oimplies
y Ker (D) since FY has no torsion over A.

Conversely, let F :X--> X be the A-linear map defined by Fx zx and denote
by re(z) the minimal polynomial of F. re(z) is monic and m(z)X=O, hence
m(z)(rr-l(X)) flY. Applying the snake lemma to the row-exact diagram:

77"

flY- AY -, FY

flY ; AY > FY

we have the exact sequence O-->X->flY/m(z)flY-->lIY/m(z)(rr-l(x))-->O. Since
flY/m(z)flY is f.g. over A, flY/m(z)(r-(X)) is also f.g. over A. Moreover, by
Proposition 1.8 r-l(X) is A-closed in AY since X is A-closed in F Y.

We claim that also m(z)(r-l(x)) is A-closed in fl Y. In fact, let u fl Y, a a A,
a 0 and au m(z)y for some y 7r-l(x). Since a cannot divide m(z) unless it is a
unit in A (in such a case u am(z)(vr-(X))), a divides y in A Y. Then y=ay’,
y’a vr-(X) and u rn(z)y’ e m(z)(r-(X)).

By Proposition 1.7 (iii), flY/m(z)(q’r-(X)) is free over A. Then there exists a
p xp regular matrix D1 such that rn(z)(rr-l(x))=DillY. So we have fly 7r-(X)=
(rn(z))-IDflY. It follows that there exists a pp regular matrix D such that I
(m(z))-DD and r-(X)= D-ill Y. Now it is easy to check that X Ker (D).
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We remark that when A is a field any submodule of FY is A-closed and
Proposition 4.4 coincides with [4, Prop. 1]. In our case this is not true. For instance,
2z-lZ is not Z-closed in FZ since 2z -1 2z-lZ but z -1 2z-lZ.

The proof of Proposition 4.4 is based on an alternative proof of [4, Prop. 1]
suggested to the authors by M. Hautus in a personal communication.

PROPOSI:ION 4.5. LetD, D1 be pp regularmatrices. Then Ker (D)c Ker (D1)c
FY if and only if there exists a p p regular matrix S such that D1 SD. Moreover,
Ker (D) Ker (D1) if and only if S is unimodular.

Proofi Let Ker (D) Ker (D1). Then zr-l(Ker (D)) D-lfY r-l(Ker (D1))
D-I f Y. Therefore there exists a matrix S such that D-1= D-(1S. Then D1 SD and
S is regular. Conversely, if D1 SD obviously Ker (D)c Ker (D1). The second part
is obvious.

PROPOSI:ION 4.6. Let X be an A[z]-submodule ot FY. ff X is ]ree f.g. over A,
then ClA(X, F Y) is free ].g. over A.

Proof. Denote by F"X -X the A-linear map defined by Fx zx and denote by
d(z) the determinant of (zI-F). We have X Ker (d(z)I), which is free f.g. over A
and A-closed in FY by Proposition 4.4. Hence ClA (X, F Y) is contained in Ker (d (z)I)
and as a consequence it is free f.g. over A.

COROLLARY 4.7. LetX be an A[z]-submodule of FY. X is free fig. over A if and
only if there exists a [ p regular matrix D such thatX Ker (D).

Proof. Obvious by Propositions 4.4 and 4.6.
PROPOSITION 4.8. Let X FY be free fig. over A and let Ker (D) X. If DI is

a p x p regular matrix such that X Ker (D1), then there exists a p p regular matrix
S such that D SD.

Proof. By Proposition 4.4 Ker (D1) is A-closed; hence, by Proposition 1.7 (ii),
X- Ker(D)c Ker(D1) and the thesis follows from Proposition 4.5.

Example 4.9. Let A Z and X 2z-lZ. As we have already seen X is not
Z-closed in FT/. We have . z-lZ Ker (z) FZ. Moreover, any polynomial p(z)
such that X=Ker (p(z)) must have the constant term equal to zero. Therefore,
according to Proposition 4.8, p(z) is a multiple of z.

5. Realizations and fractional representation. In the previous section we proved
that any quotient A[z ]-module X fIU/M (equivalently, any surjective homorphism
g" IIU-> X) determines, when X is free f.g. over A, a unique, up to unimodular
factors, m m regular matrix Dx defined by DxfIU M (resp., DxfIU Ker (g)).
Conversely, any regular m m matrix D determines the free f.g. A-module Xo
IIU/DfIU. In this case we denote by go" I’IU--> Xo the canonical projection. More
explicitly, we have a one-one correspondence between quotient modules of the
previous kind and regular matrices (modulo unimodular factors).

On the other hand, any A[z]-submodule X of FY (equivalently any injective
homomorphism h" X--> F Y) determines, when X is free f.g. over A, a unique, up to
unimodular factors, p p regular matrix xD defined by Ker (xD) cla(X, F Y) (resp.
Ker (xD)=cla(Im (h), FY)). Conversely any p p regular matrix D determines the
free f.g. A-module oX Ker (D) which is A-closed in FY. In this case we denote
by oh "oX --> FY the canonical inclusion.

Here the correspondence is one-one only between A-closed submodules of the
previous kind and regular matrices.

As we already remarked at the end of Proposition 4.4 the two situations are
duals of each other when A is a field.

Remark 5.1. Quotient modules and submodules are defined up to isomorphisms.
Since no confusion arises in our" case, we will not take account of this fact and in the
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following, given an injective homomorphism h"X F Y, we. will identify, by abuse of
notation, X with Im (h).

The following propositions are stated with the notation above.
PROPOSITION 5.2. Letf: flU FYbe an i/o map and let Zr be its transferfunction

matrix. Any free reachable realization (X, g, h) of f determines a right fractional
representation of Zr given by Zr ND1. If (X, g, h) is canonical then N and Dx are

left coprime (i.e., N NIT and Dx DxT implies that T is unimodular).
Conversely, any right fractional representation Zr ND- determines a free reach-

able realization (Xo, go, ho) which is canonical ifN and D are left coprime.
Proof. Assume that (X, g, h) is a free reachable realization. By f hg we have

DfU Ker (g) c Ker (f). This implies that fDx lqU FY is the zero map and that,
as a consequence, fDx" AU AY is a polynomial map. Denoting by N the polynomial
matrix associated to Dx, we have ZrDx N. Hence Zr ND1.

Now assume that (X, g, h) is also canonical and let N =NIT and Dx DIT. We
have Zr=NID-(1", therefore D’AUAY is polynomial and, as a consequence,
DlflU Ker (f). By Proposition 3.6 X is isomorphic to 12U/Ker (f), so Ker (f)
DxfU and D DxS by Proposition 4.3. Now Dx DxST implies that T is uni-
modular.

Conversely, let Zr=ND- be a fractional representation. As above we have
DflU Ker (f) and defining ho :Xo FY by means of Remark 1.9 we obtain a
realization (Xo, go, ho) of f which is free and reachable by construction.

Now assume that N and D are left coprime and consider the canonical realization
of f determined byX fU/Ker(f). Since (Xo, go, ho) is in particular f.d., Proposition
3.9 assures that Ker (f) =DIfU for a regular matrix D and by DFIU Ker (f) and
Proposition 4.3 we have D DT. Denoting by N the polynomial matrix associated
to fDx:AU A Y, we obtain N NT. Hence T is unimodular and (Xo, go, ho) is
canonical.

PROP..OSITION 5.3. Letf: flU FYbe an i/o map and letZr be its transferfunction
matrix. Any free observable realization (X, g, h) of f determines a left fractional
representation of Zr given by Zr xD-N. If (X, g, h) is minimal then N and xD are
right coprime.

Conversely any leftfractional representation Zr D-XNdetermines a free observable
realization (oX, og, oh) off which is minimal ifN and D are right coprime.

Proof. Assume that (X, g, h) is a free observable realization. By f hg we have
Im (f) h(X)CclA(h(X), FY) =Ker (xD). This implies that xDf:lqU FY is the
zero map and that xD: AU- AY is a polynomial map. Denoting byN the polynomial
matrix associated to xDf, we have xDZr N. Hence Zr xD-N.

Now assume that (X, g, h) is also minimal and let N TNI and xD TD1. We
have Zr=D-(IN; therefore DI:AUAY is polynomial, which implies Im(f)
Ker (D) and Im (f) Ker (D). Consider the canonical realization of f determined
by Im (f), which is free and minimal by Proposition 3.9 and Remark 3.3(i). We have
Im (f) h (X) and dima Im(f) dima h (X) by the minimality of (X g, h). By Proposi-
tion 1.7 (vi), h(X) Im (f); therefore h(X)= Ker (xD) Im (f) Ker (D). Then
by Proposition 4.8 D SxD and xD TSxD implies that T is unimodular.

Conversely, let Zr=D-IN be a fractional representation. As above we have
Im (f) Ker (D), and defining og :flU oX by means of Remark 1.9 we obtain a
realization (oX, og, oh) of f which is free and observable by construction.

Now assume that N andD are right coprime and consider the canonical realization
of f determined by Im (f). Since (ok’, og, h) is, in particular, f.d., Proposition 3.9
assured that Im(f)=Ker(D1) for a regular matrix D1. Then Im(f)=
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Ker (D1) Ker (D) and D TD1. Denoting by N1 the polynomial matrix associated
to D1]r’ AU AY we have N TN1. Hence T is unimodular and by Proposition 4.5
Ker (D)= Ker (D1). Therefore by Proposition 1.7 (v) dimA (oX) dimA (Im ([)) and
(oX, og, oh) is minimal.

Propositions 5.2 and 5.3 establish a correspondence between reachable or observ-
able realizations of an i/o map and right or left fractional representations of its transfer
function matrix. The analogous result for the case where A is a field was proved in
[16] for reachable realizations and in [8] and [4], with different techniques, for
observable realizations. A well-known consequence of this fact is the equivalence
between rationality and the realizability property.

The correspondence is one-one in the case of free reachable realizations and
right fractional representations. For free observable realizations and left fractional
representations the situation is slightly different. Consider, for instance, the i/o map
f" 1-17/-> FT/ defined by f(t=O atZt) 2aoz -1, whose transfer function matrix is Z
[2z-1]. Im (f) is the submodule 2z-lZ of FZ which we have already considered, and
a canonical realization of f is given by (7/, g, h), where g :flZ--> 7/ is defined by
g(,7=oatzt)=ao and h "Z-->FT/ by h(a)=2az -1 (equivalently by the system =
(0, 1, 2)). By Example 4.9 and Proposition 5.3, (Z, g, h) determines the fractional
representation Z=[z]-l[2], which in turn gives us the realization (Z, g’, h’) where
g’(t=0 atzt) 2ao and h’(a) az -1 (equivalently, the system E’= (0, 2, 1)). The two
realizations are not isomorphic since the second is minimal but not reachable.

To have a one-one correspondence also in the case of free observable realizations
we must restrict ourselves to considering only free observable realizations (X, g, h)
such that h(X) is A-closed in F Y. In this way we lose a large class of minimal
realizations, except when Im (f) is itself A-closed in F Y. In this case, in fact, the
following proposition holds"

PROPOSITION 5.4. Letf fU - FYbe a realizable io map and assume that Im (f)
is A-closed in F Y. Then any free minimal realization off is canonical.

Proof. Consider the canonical realization of f determined by Im (f) and let
(X, g, h) be a free minimal realization of f. We have dimAX--dimA Im(f) by the
minimality and, since h(X) is free over A as it is f.g. and without torsion, also
dimAX-->_dimA h(X). Moreover, by Im (f)c h(X), dimA h(X)>-dimA Im (f). Hence
dimA h (X)= dimA Im (f) and h(X)= Im (f) by Proposition 1.7 (vi). Using again the
equality dimAX dimA h (X), we have that h is an isomorphism onto its image. Now
it is easy to check that his actually an isomorphism between (X, g, h) and the canonical
realization given by Im (f).

For a p.i.d. A, in particular for a field, the state module X of a free canonical
realization of a realizable i/o map f is determined up to A-isomorphisms by its
dimension, as was proved in [19]. DimAX is referred to as the McMillan degree of

f. The following propositions relate the McMillan degree of f to the degree, as a

polynomial in z, of the determinant of D, where D is a regular matrix in a coprime
fractional representation of Zr.

PROPOSITION 5.5. Let D be a regular m m matrix and let Xo and oX be as
described at the beginning of this section. Assume that n deg (det (D)); then dimA
(XD) dimA (oX) n.

Proof. The first equality follows from the snake lemma isomorphism between XD
and oX obtained in the proof of Proposition 4.4, so we have only to prove that

D

dimA (XD) n. For this purpose consider the exact sequence 0 12U i2U Xo 0
o

Akas a sequence of A-modules, and write it as 0oA"[z] A"[z] 0. Tensoring
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with the quotient field K of A w get the exact sequence of K-vector spaces
D

0- K"[z] K"[z] -Kko. Now D is K[z]- linear, hence this last sequence may be
viewed as an exact sequence of K[z ]- modules, where gk is endowed with the
K[z]-module structure induced by p. In this way, since D has not been changed and
dimA(Xo) dimr (Kk), we have to prove our assertion only for the case A field.

In this case A[z] is itself a p.i.d, and we have D- PD1Q, where D1 is diagonal,
det (D)=det (D) up to units and P, Q are unimodular (see [2, 4 # 5, Cor. 1]).
Then by the commutativity of the diagram

D
0 - fU - flU Xo

0 fU fU - XD

0

we have that there exists an isomorphism between X and X1. Hence dimA (X)=
dimA (X). LetD diag (pl(z)," , p,(z)) with ni deg (pi(z)); thenX is generated
over A by [eli, [zel], ", [znl-el], ", [e,,], [ze,,],..., [z nm-le, ], which are exactly
/’/1 +/’2 -[’" +/’/m n linearly independent elements.

PROPOSITION 5.6. Let f be an i/o map and let Zr= ND- (resp. Zr D-(N1) be
a coprirne fractional representation of its function matrix, ff n deg (det (D)) (resp.
n deg (det (D1))), then the McMillan degree off is n.

Proof. By Propositions 5.2 (5.3) and 5.5.
That the McMillan degree is equal to deg (det (D)) was proved, in the case

A field, in 18], using algebro-geometric techniques. Our proof generalizes this result
and it is based only on the possibility of reducing any matrix over a p.i.d, to diagonal
form.
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BOUNDARY CONTROL PROBLEMS WITH NONLINEAR
STATE EQUATION*

VIOREL BARBU-

Abstract. First order necessary conditions of optimality are obtained for boundary control problems
governed by parabolic equations with nonlinear boundary value conditions.

1. Introduction. We are concerned here with first order necessary conditions of
optimality for convex control problems governed by nonlinear boundary-value prob-
lems of the form

y +Ay 0 in Q l’t ]0, T[,

(1.1) OY+i(y)Biui+fi inY.i=Fix]0, T[, i=1,2,
Ov

y (x, 0) yo(x) in

Here l’/is a bounded and open subset of the Euclidean space R% A is a second order
elliptic and symmetric operator on fl and/3i are maximal monotone graphs (in general
multivalued) in R x R. The controls ui are taken from the Hilbert spaces U and Bi are
linear continuous operators from U/to L2(), 1, 2. The functions y0 and fi are fixed
in L2(I) and L2(E), 1, 2, respectively.

The boundary F of fl consists of two disjoint parts F1 and F2, i.e., F F1 [.J F2 and
F1 f]F2= Q.

To make what follows more meaningful, let us briefly describe some classical
diffusion problems of the form (1.1) (see [7], [9] for further examples and complete
references).

Newton’s law of heat conduction is described by (1.1), where/3i are continuous and
nondecreasing functions.

The Stefan-Boltzman heat radiation law. The functions/3 are of the following
form:

ai(r- c)4 ifr>=c,
(1.2) i(r)

0 if r < c,

where ai > 0, 1, 2.
Natural convection.

ar /4 if r->0,
(1.3) /i(r)=

0 ifr<0,
a>0, i=1,2.

Enzyme diffusion (the Michaelis-Menten law) is described by (1.1) where F F
and/ =/31 is given by

(1.4) /(r)

r
for r > 0,

r+m, 0] for r 0,
for r < O.

* Received by the editors December 8, 1980, and in final form May 15, 1981.- Faculty of Mathematics, University of Iai, Iai 6600, Romania.
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The thermostat-control process. F1 F and

Ilo(r-O)

if-re<r< 0,

(1.5) fl(r) 0 if 191 r _--< 02,

a2(r- 02) if02<r<oo.

Here c and a2 are positive numbers.
The Signorini problem. The graph/ (F F1 and/3 =/3) is given by

(1.6)
0 if r>0,

fl(r)= ]-,0] ifr=0,
if r<0.

The contents of this paper are outlined below. In 2 we shall study existence and
approximation of solutions for the boundary control system (1.1). In 3 we give the
main results, Theorems 1 and 2, which are concerned with necessary conditions for
optimality in a control problem with a convex cost criterion governed by (1.1) in two
typical cases:/3i locally Lipschitzian functions and the Signorini problem (1.6).

The proofs are presented in detail in 5, 6. The main idea of our approach consists
of approximating the control problem by a family of smooth problems for which the
optimality equations are immediate, and then passing to a limit in the approximating
equations. In 4 we study the convergence of this approximating control process.

The results as well as the approach used here are similar to those in other efforts by
the author [1], [2], [3]. For comparison with other literature on necessary conditions for
boundary control problems the works [13], [14] are most closely related to the present
paper. In particular, Theorem 1 includes and refines the results of [13].

The following notation will be used in the sequel. Given a real Banach space E, and
[0, T] a real interval, we shall denote by LP(0, T;E), l<=p<-_c the space
of all p-integrable E-valued functions on ]0, T[ and by C([0, T]; E) the Banach
space of all continuous functions from [0, T] to E. By Cw([0, T]; E) we shall denote
the space of all functions continuous from [0, T] to the space E endowed with the
weak topology.

Given a lower semicontinuous convex function q" E--> R ]-, +c] we shall
denote by Op (x) E’ E’ is the dual space of E) the set of all subgradients of q at x, i.e.,

(1.7) 0p(x) {x* E’; p(x)<-p(y)+(x*,x-y) for all y E}.

If q is Gfiteaux differentiable at x, then Op(x) consists of a single element, namely the
gradient Vg,(x) of q at x. The mapping Oq" E --> E’ is called the subdifferential of . If f is
a locally Lipschitzian function on the real axis R, the generalized gradient of/3, OB (in the
sense of Clarke [6]) is defined by

(1.8) OI3(r) =conv {y R y lim/3’(r)}, r R,
rn

where V/3 =/’ denotes the ordinary derivative of/3. For other concepts and results in
convex analysis relevant to this paper we refer the reader to

Let k, r, s be real numbers. We shall denote by/-/ (f),/-/ (F), Hr’ (O) and/-/’ (X)
the usual Sobolev spaces on fl, F, O and ’., respectively (see, e.g., [10, p. 14]). By L2(f),
L2(F), L2(O) and L2(X) we shall denote the corresponding spaces of square integrable
functions. Finally we shall denote by W(O) the space of all functions
L2(0, T;/-/z(f)) such that (d/dt)y EL2(0, T; (HZ(fl))’). (Here (HZ(f)) is the dual
space of/-/1 (fl) and dy/dt denotes the derivative of y(t) in the sense of (HZ(f))’-valued
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distributions on ]0, T[.) W(Q) is a Banach space with the natural norm

and it is well known that W(Q) C([0, T]; L2(’)), algebraically and topologically.

2. The Iountlary control system. Let f be a bounded and open subset of RN with
a sufficiently smooth boundary F. We shall assume that F consists of two smooth and
disjoint parts Fa and F2, where meas (Fa) > 0 (except for the case N 1 and f ]a, b[
when Fa {a} or Fa {a} {b}).

Let A be a second order differential operator on f of the form

N

Ay Y’. (aii(x)yx,)x, + a(x)y,
i,j=

where aii C (), a L(f), ai =aii for all i, and, for some to > 0,

N

a->0, Y a,:d -I:l2 a.e. on II, : R".
i,j=l

(Here yx, denotes the partial derivative of y with respect to x.)
For y0 L2() and vi LE(Ei), 1, 2, consider the system

yt+A y =0 in Q,

0__y_y+/3(y) v in Ei, 1, 2,(2.1)
0v

y(x, 0) yo(x) x e f,

where yt stands for the partial derivative Oy/Ot while Oy/Ov is the outward normal
derivative associated with A.

Here/3i, 1, 2 are two maximal monotone graphs in R x R which satisfy the
conditions

(2.2) fl,(0) 0, 1, 2.

Let us now give a precise meaning to system (2.1).
DEFINITION 1. A function y W(Q) is a solution to (2.1) if there exist functions

Wi -L2(i), 1, 2, such that

(2.3) w,(cr, t) /3(y(tr, t)) a.e. (tr, t) ,, 1, 2

and

(2.4) -Ioyxtdxdt+Io a(y,K) dt + (wi-vi)Kdtrdt= yo(x)r(x,O)dx,
i=1

for all e W(Q) such that (x, T)=0. Here a "HI(f)xHI(I)R is the bilinear
functional

(2.5) a(y, z) Y’. (aiyx,z, + ayz) dx, y, z
i,i=l
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Condition (2.4) can be equivalently defined as

(2.6)
d--- (y(t), $)+a(y(t), ) + (w,-v,)$dcr=O

i=1

y(O) yo,

a.e. ]0, T[,

for all 4 Hi(f/). Here (.,.) is the usual inner product in L2(’), and will be also used to
denote the pairing between Ha(12) and (Ha(12))’.

Let p be a C-function on R satisfying o(r) > 0 for r ]-1, 1[, p(r) 0 for Irl > l,
p(r) p(-r) for all r R and _oo p(r) dr 1. We define, for e > 0,

(2.7) /3(r)=I_ i(r-eO)p(O)dO, i=1,2, rR

where

(2.8) /3i (r)= e-l(r- (1 + eBi)-lr), =.1, 2.

It should be recalled that /3. are monotonically increasing infinitely ditterentiable
functions. Moreover, arc Lipschitzian with Lipschitz constant and in a certain
sense which will bc explained below they approximate for - O.

For each 0 consider the approximatin system

(2.9)

yt+Ay =0 in O,

m+Bi(y)=vi inZi, i=1,2,
0v

y(., 0)=y0 inf/.

Let M HX(fl)-, (Ha(f/)) be the operator defined by

(2.10) (y, $)= a(y, )+
i=1

and let f e L2(0, T; (H(fD)’) be given by

(2.11) (f(t), )= Z v,Odo’, OeHa(12).
i=1

Then, in the sense of Definition 1 (see (2.6)), (2.9) can be written as

(2.12)

dy+ My =f,

y(0) y0.

e [0, T],

Since is continuous, monotone, coercive and sublinear from Ha(12) to (Ha(12))’,
according to a standard existence result due to Lions (see, for instance, [4, p. 64]), (2.12)
(and therefore (2.9)) has a unique solution y e W(O).

Let ]i" R -> R, 1, 2 be two convex and lower semicontinuous functions such that
0] =/3 (it is well known that such functions always exist).
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PROPOSITION 1. Let yoL2([’) and viL2(Xi) be given such that k(yo)eLl(fl),
1, 2. Then the system (2.1) has a unique solution y W(Q). Furthermore, for e -->0,

(2.13)
YY strongly in C([0, T]; LZ(f))f’lL2(O, T; H(f))

and weakly in W(O).

There exists C > 0 independent of vi such that

(2.14) Ilyllv(o)/ IIe(y)ll=(,,)c IIv, ll=(m,)+l
i=1

(If/3i are multi-valued we mean by/i(y) the single-valued section wi which occurs in

(2.3).)
Proof. We take the inner product of (2.12) (where y y) with y, and integrate

over [0, t]. By (2.10) and (2.11) it follows that

(2.15) Ily(t)l[r?-(a) + I[y(s)lil(n) ds c(llvll,.(, +.llvll( + 1), t [0, T],

where C is independent of e.
Next, we take the inner product of (2.12) with/ (y). Inasmuch as a (,/3 (4J)) ->- 0,

for all J e H(I2), we find, after some calculations,

/=1

where

(s) ds, i= 1,2.]i(r)= Bi

Along with assumption (2.2), (2.16) yields

2E IIi (Ye)112 < C I[vill. (,) + 1L2(.i)
i=1 i=1

and by (2.12) and (2.15) we see that

(2.X7) z z < C l +, E Ilvill(,)
i=1 i=1

where C is independent of e.
Now, using (2.12) once again, for e, A > 0 we get

22 2

+C I. (flT(y)-/3(y))(y-Yx) dtrdt<-O.
i=1

If we take into account (2.7), (2.8), (2.17) and the monotonicity of/i, the latter implies
by a standard procedure that

2(2.18)
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Hence y lim,_,o y exists in the strong topology of L2(0, T; HI(l),))
C([0, T]; L2([I)). In particular, this implies that

y --> y strongly in L2(0, T; H1/2(F))c L2(E).
and by (2.17) we may assume that

(2.19) /3 (y)--> wi weakly in L2(Ei), 1, 2.

According to Definition 1, to prove that y is a solution to (2.1) it suffices to show that

(2.20) wi /3(y) a.e. on Ei, 1, 2.

For this purpose, we set

By (2.7) and (2.19) it follows that on some subsequence e - 0 we have

(2.21) z --> z weakly in L2(i ]-- 1 1[), 1, 2

On the other hand, since zi /3i((1 + ei)-l(ye -e0)) and by (2.19), (1 + efli)-l(ye
is strongly convergent to y in L9-

(i x ]- 1, 1D we may infer that

Z (tr, t, 0) fli(y(tr, t)) a.e. on ,i x ]- 1, 1[.

Along with (2.7) and (2.21) the latter implies (2.20) as claimed. The uniqueness of y is
immediate from Definition 1. To obtain (2.13) and (2.I4) we let h tend to zero in (2.18)
and e 0 in (2.17).

Let us denote by K:L2(,I)xL2(,2)W(Q) the operator defined by
y K(v, v2), where y is the solution to (2.1). By K, we shall denote the corresponding
operator associated with (2.9).

PROI’OSITION 2. Under the conditions of Proposition 1, the operator K is weakly
continuous from L2(1) L2(2) to W(Q) and compact from L2(,1) L2(,2) to L2(Q).
Furthermore, iffor e 0 the sequence {(v, v[} is weakly convergent in LE(,v_,) L2(2) to
(v, v2), then on. some subsequence, again denoted e, one has

(2.22) K(v, v[)-K(vx, rE) weakly in W(Q) and strongly in LE(Q).

ff (v, v[) (vl, rE) strongly in LE(.,x)x LE(E2) then

(2.23) K(Vl, v[)K(vx, rE) strongly in C([0, T]; LE(Iq))f’)L2(O, T;H(I)).

Proof. Let {(v, v)} be a sequence of L2(El)XL2(Zl) weakly convergent to
(Vl, rE). By estimate (2.14) it follows that {y, K(vT, v.)} is weakly compact in W(Q).

Hence, for some subsequence again denoted y,, we have

(2.24) y, - y weakly in W(Q) and strongly in LE(Q).
As a matter of fact, since {y,} is bounded in L2(0, T;HI(f)) and {dy,/dt} in
L2(0, T; (HI([))’) according to a well-known compactness theorem, {y,} is a preo
compact subset of some L2(0, T; H([)) where 1/2< 6 < 1.

Thus by the trace theorem we may conclude that {y,} is precompact in LE(E).
Hence without loss of generality we may assume that

(2.25) y. --> y strongly in LE(E).
Selecting a further subsequence we have by (2.14) that

(2.26) /i(y,) - wi weakly in L2(Ei), i=1,2.
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Since/3i are maximal monotone it follows by (2.25) and (2.26) that wi

1, 2. Along with (2.24) this implies that y K(vl, v2) as claimed.
Now let {(v, v)} be such that for e 0

(2.27) v7 vi weakly in L2(Xi), 1, 2.

Then in virtue of estimate (2.17) we may assume that

=K(v, v.) z weakly in W(O)

(2.28)
and strongly in L2(0, T; Ha (’),)),

and

1/2<<1

(2.29) /(37,)- ff weakly in L2(E), 1, 2.

Since the sequence of traces of {K(v, v)} converges strongly in L2(E) to the trace
of z, arguing as in the proof of Proposition 1 we may infer by (2.29) that ff /3(z)
a.e. on Xi, 1, 2. Hence z is a solution to (2.1) corresponding to vl, v2 and ther6fore
z=K(vl, v2).

If (v, v)(v, v2) strongly in L2(Xl)L2(X2), then arguing as in the proof of
Proposition 1 we deduce (2.23). This completes the proof of Proposition 2.

Remark. It must be emphasized that more general systems of the form

y, +Ay F in Q,

0y
+ B(y) 9 v inXi, i=1,2,(2.30)

0v

y (0)= Yo in ,
where F L2(Q) and v. L2(Xi), can be put into the form (2.1), where vi vi
and z Hz’(Q) is the solution to

zt+Az=F inQ,

(2.31) z =0 inX,

z(0) 0 in f.

Since 1-’i are smooth parts of F and Oz/Ov L2(E), it follows that the restrictions of Oz/Ov
to Fg belong to L2(Xi) and therefore vi L2(i), 1, 2. Thus Propositions 1 and 2 are
applicable and therefore their conclusions remain true for general systems (2.30).

3. The main results. We shall study the following control problem:
Minimize

(3.1) 1__2 Io h(x, t)ly(x, t)-- yd(x, t)l2 dx dt +4q(u) + d/2(u2) + q(y(T))

on the class of all u Ui, 1, 2 and y W(Q) subject to state system (1.1).
We shall assume that the following conditions are satisfied.
1 Ui, 1, 2 are real Hilbert spaces with norms I1" II, and inner products (.,.).
2 The functions O" U R ]-oo, +oo], 1, 2 are convex, lower semicon-

tinuous and
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L2 L23 The function (I))- R is convex and continuous on (f).
4 h L(Q) and ya LE(Q) are given; h _->0 a.e. on Q.
As regards the control systems (1.1) we shall assume that
5 A is the elliptic symmetric operator presented in 2 and/3i, 1, 2, are two

maximal monotone graphs in R R which satisfy condition (2.2).
6 Bi" Ui L2(,i), l, 2, are linear continuous operators.
7 f L2(Ei), 1, 2, and y0 L2(-) satisfies the assumptions of Proposition 1.
The solution to (1.1) is meant in the sense of Definition 1, and, according to

Proposition 1, under our assumptions for every pair (u l, u2) U1 U2 the control
system (1.1) has a unique solution y W(Q).

We shall say that the state y* W(Q) and the controls u* Ui, 1, 2 are optimal
in problem (3.1) if the infimum of the functional (3.1) is attained for y y* and u --" u *.

The first optimality result is given in the case in which/3 are single-valued and
satisfy the following condition"

8 The functions/3i, 1, 2 are monotonically increasing and locally Lipschitzian
on the real axis R. Moreover, there exists C > 0 such that

(3.2) [(r)<=c(li(r)l+lrl+l) a.e. rsR, i=1,2.

THEOREM 1. Let y* W(Q) and (u’, u’) U U2 be optimal in problem (3.1).
Assume that conditions 1-8 are satisfied. Then there exists p
Cw([0, T]; LE(f)) fqL2(0, T; H(f)) with Op/O, L(E) which satisfies, along with y*
and U’l, u’, the system

(3.3) pt-Ap h(y*- y) in Q,

(3.4)

(3.5)

(3.6)

-+Oflg(y*)p 90 inE, 1 2,
0’

p(T) + 0(y*(T)) 0 in LE(f),
Bpi Od/(u), 1, 2.

Here we have denoted by B/* "L2(i) Ui the adjoint of the operator B and by
pL2(E) the restriction of p to E. We have also denoted by 4 and 0 the
subdifferentials of ffi, q and by / the generalized gradient of/ (see (1.8)). The
boundary value problem (3.3)-(3.5) must be interpreted in the following weak sense"

(3.7) Io Ptt dx dt + Io
7"

a(P, K) dt + Iv txK dtr dt + Iv Iz2x dtr dt

+ Io h(y* ya) dx dt- l, ((x, T)dx =0

for all W(Q) satisfying (x, 0) 0, a.e. x II. Here the functions/-/’i t L2(y_.i), 1, 2
and r L2(II) satisfy the equations

(3.8) i(tr, t) O/i(y*(tr, t)) a.e. (tr, t) El, 1, 2,

(3.9) r(x)+0q(y*(., T))(x) 90 a.e. x 1).

It should be emphasized that Theorem 1 covers most of the physical problems
presented in the Introduction. For instance, in the case F1 F and/ =/ given by (1.5)
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(the thermostat-control problem), (3.4) becomes

-clp if y* < 01,

-[O, al]p if y*=01,
Op

0 if 01 < y* < 02 in
tg/

--[0, Ce2]p if y* 02,

--ctEp if y* > 02.

Now we shall consider the particular case of problem (3.1) where F1 F and/31
is given by (1.6). In this case (1.1) reduces to the unilateral problem (see, e.g., [7])

yt+Ay=0 inQ,

(3 10) y -Blul-fl =0, y>0, ---Blul-fl>-O inX,

y(O) yo.

We shall assume that conditions 1-7 are satisfied (for 1), and note that in virtue of
7 we must assume that yo(x) ->_ 0 a.e. x f.

Under these assumptions we shall prove the following optimality theorem.
THEOREM 2. Let y* W(Q) and u U1 be optimal in problem (3.1) with state

system (3.10). Then there exists p Cw([0, T]; L2(fl)) f’l L2(0, T; HI(fl)) with Op/Ov
M(,) which satisfies, along with y* and u, the system

(3.11)

(3.12)

Pt Ap h (y* ya) in Q,

(o) =0 a.e. in {(o., t)E; y*(o., t)>0},

(3 13) p 0 a.e. {(o., t) ; y*(o., t)= 0} {(o., t) , Blu* _Oy*_ }0,
f>O

(3.14) p(T)+Oq(y*(T))O inL2(fl),
(3.15) Bl(yop)4,1(u* ).

Here (Op/Ov)a denotes the absolutely continuous part of the measure Op/Ov M()
and M(E) in the space of tll bounded Radon measures on E. In (3.15) we have denoted
by yop L2(E) the trace of p at E.

Postponing the proofs of these theorems until 5 and 6 we shall discuss now a
particular case of Theorem 1. We shall consider the following special case of problem
(3.1):

(3.16) h 0, U/-- L2(0, T; ), Bi I, 1, 2,

(3.17) Ii(Ui) I.. gi(o., Ui(0", t)) do" dt,

where g :F1 x R R is defined by

g(o’, r) { 0

ui.Ui, i= 1, 2,

otherwise,

and g2:1-’2 R -> R is a normal convex integrand on Fz x R [11].
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In other words, we consider the following control problem"
Minimize

(3.18) f g2(cr, u2(r, t)) dcr dt + o(y(T))

on all y W(O) and (ul, u) L2(:1) L2(), subject to (1.1) (where Ui and Bi satisfy
(3.16)) and to the control constraint

(3.19) lu(r, t)l_<-t a.e. (r, t).

In addition to the assumptions of Theorem 1, we shall suppose that the boundary F and
the coefficients of the operator A are analytic and

(3.20) 0 0q(y*(T)).

COROLLARY 1. Let y* and u*, u’ be optimal in problem (3.18). Then u’ is a

bang-bang control on X,1; i.e.,

(3.21) lUl* (r, t)[ p a.e. (r, t)

Proof. Since Theorem 1 is applicable in the present situation, it follows by (3.6) (for
i= 1) that

(3.22) u * (r, t) O sgn p(o’, t) a.e. (r, t) .
where sgn r r/lr] for r # 0 and sgn 0 [-1, 1].

Now let
Z0 {(r, t) E1; p(o’, t) 0}.

By (3.4) we see that Op/Ou 0 a.e. on E0. Then by a well-known result due to Mizohata it
follows that m (E0) 0 unless p =- 0 (m denotes Lebesgue measure). Since by (3.5) and
(3.20) p0, we may infer that p #0 a.e. on El. Then by (3.22) it follows that (3.21)
holds, thereby completing the proof.

4. The approximating control process. Let y* W(Q) and (u, u2*) U1 x U2 be
optimal in problem (3.1).

For e > 0 consider the following optimal control problem:
Minimize

ii
2 1

(4.1) - hly-yl= dxdt+,=X (O,(u,)/ Ilu,*-u, =; + q(y,(T))

over all y e W(O) and u e U, 1, 2, subject to the state system

yt+Ay =0 in.O,

(4.2) OY+BT(y)=B,u+f inX,, i=1,2,

y(0) yo.

Here 4’i, "Ui-->R, 1,2 and q," L2(Iq)- R are defined by (see, e.g., [4 p. 107])

(4.3) Oi(u) inf {flu 2evll----z + Oi(v)’v, Ui}, i= 1, 2,

(4.4) (y)=inf
2e



BOUNDARY CONTROL PROBLEMS, NONLINEAR STATE EQUATION 135

Now let

(4.5)

F(Ul, U2)=- hlK(BlUl+fl, B2u2+f2)-yd dxdt

2 1

and

(4.6)

+ q(K(BlUl +fl, B2u2 +f2)(T))

F(u, u2) hlK(BUl+fl, B2u2 +f2)- Yd dx dt

2

+ Y Oi(ui)+(K(Bxu+fx, BzUE+[z)(T)),
i=1

where K," L2(Z1) x L2(y_,2) W(Q) and K" L2(Xl) x L2(X2)-* W(Q) have been defined
in2.

In terms of F, problem (4.1) may be written as

(4.1)’ min {F(ua, uz); ua e Ua, u2_ Uz},

while by (3.1) we have

(4.7) F(u’, uz*) min {F(Ul, uz); Ul U1, U2 C= g2}.

Since the functions 0i, and q are weakly lower semicontinuous and by Proposition
2 the operator K is weakly continuous, we may infer that the functional F is weakly
lower semicontinuous on U x U2. Hence problem (4.1) (equivalently (4.1)’) has
at least one solution (y, Ul,, u2)e W(Q)x U1 x U2. On the other hand, since
the functions 0i, 1, 2 and q, are Fr6chet differentiable on Ui and L2(f) respectively
(see, e.g., [4, p. 107]), it follows by a standard device that there exists some function
p W(Q) which, along with y and u* satisfies the following system (the Euler-
Lagrange system associated with problem (4.1)):

(p)t-Ap h(y ya) in Q,

(4.8)
Op
+(/3)’(y)p 0 inZ, 1,2,
0v

p, T) +Oq (y T)) O in D,,

(4.9) *ni P,i Oi(u*i)+ui,-u*i inEi, i=1,2,

where p,, is the restriction of p to L2(Xi). The solution p is meant in the sense of
Definition 1, and the symbol (Pe)t L2(0, T; (nl(l’).))’) is used for the derivative of p in
the sense of (H(f))’-valued distributions on ]0, T[.

LEMMA 1. For e 0 one has

(4.10)

(4.11)

u, u strongly in Ui, 1, 2,

y y* weakly in W Q

and strongly in L2(0, T; Hl(f)) f’) C([0, T]; L2(f)),

(4.12) /3,(y)f B,u; Oy*
weakly in L2(Zi), 1, 2.
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Proof. We have

F(ul, u2)<=- h[z-ya dxdt+ Y. q,(u{)+q(z(T)),
i=1

where z =K(BIu’ +fx, Bzu’ +f2).
According to Proposition 1, we have

(4.13) z y* strongly in C([0, T]; Lz(I))).
Since Oi -<-0i and p _-< q, it follows that

(4.14) lim sup F(Ul, u2) <=F(u’, u’).
e--0

In particular, it follows that {u} are bounded in Ug, 1, 2. Thus without loss of
generality we may assume that

(4.15) ug t* weakly in L2(U), 1, 2.

Then, according to Proposition 2, we have

(4.16) Y "* 37*= K(BI*I +fl, B2t’ +f2) weakly in W(O)
and strongly in L2(Q).

On the other hand, since the functions Oi and 0 are weakly lower semicontinuous, and
(see [4, p. 107])

it follows by (4.15) and (4.16) that

lim inf Oi (ui) -> 4(t*),
e--0

i=1,2,

lim inf q(y (T)) >_- q (37" (T)).
e--*0

Along with (4.7) and (4.14) the latter imply (4.10). Finally (4.1 1) and (4.12) follow from
Proposition 2, thereby completing the proof.

LEMMA 2. There exists C > 0 independent of e such that.

(4.17) lip(t)il,.(.+llpl[=(o.;(.)<-_c, t[0, T],

(4.18) [ I(t37)’(Y)PI do- dt <- C, 1, 2,

(4.19) C.

Proof. Without loss of generality we may assume that p is a regular solution to
(4.8), i.e., p HI"2(Q). Then multiplying equation (4.8) by p and integrating on

Ot I) It, T[, by the Green’s formula, we have

22 fit
T

&llp )11,. (.) / a (p, p) ds

(4.20)
_<-IIp(T)[[2=(,)+ 1_ h[y-ya[lpldxdt, t[0, Z].
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Let sr be a C approximation of the function sgn. We multiply (4.8) by sr(p) and
integrate over (2. Using once again the Green’s formula and letting r tend to sgn, we get

(4.21) Ix [(flT)’(y,)p] do-dt < Io h[y,-ya] dx dt+ fn ]p(x, T)[ dx.
i=1

On the other hand, since y(T)-> y*(T) in L2(I)) and

it follows by (4.8) that (p (T) is bounded in L2(). (Here we have also used the fact that
0 is locally bounded on L2(fl).) Then by (4.20) and (4.21) we get (4.17). Next by (4.8’)
we get estimate (4.19), thereby completing the proof of Lemma 2.

It follows by (4.17) and (4.18) that {p} is precompact in L2(0, T; HS(fl)), where
1/2 < t$ < 1. Hence there exists p L2(0, T; HI()) with pt L2(O, T; (H()) such that
for some sequence e 0 one has

p p weakly in L2(0, T; H(f)),
(4.22) strongly in L2(0, T; H8(12)),

weak star in L(0, T; L2(f)),

(4.23) (P)t pt weakly in L2(0, T; H-(I))).
Here pt denotes the derivative of p(t) in the sense of (Hl(fl))’-valued distributions on
]0, T[. Then it follows that p(t) is absolutely continuous from [0, T] to H-I(o), and by
(4.22) we see that p(t) is weakly continuous from [0, T] to L2(I2), i.e., p Cw([0, T];
L2(12)).

In particular, we may infer that

(4.24) p (t) p(t) weakly in L2(I-) for every [0, T].

Since {0q(y(T))} is bounded in L2(I2) and y(T) y*(T) strongly in L2(I2), it
follows by (4.8) that

p(T)+q(y*(T))90 in L2(12).
Next by (4.22) and the trace theorem it follows that

(4.25) p p strongly in L2(E),
which along with (4.9) and (4.10) implies

(4.26) B*i Pi Oti(U*i ), 1, 2,

where Pi is the restriction of p to Ei, 1, 2. Finally, it follows by (4.18) that there exist
two bounded Radon measures/zp M(E) on E, 1, 2, such that

e)t weak star in M(i), 1 2.(4.27) (fli (y,)P ->/z p

Thus, letting e tend to zero in (4.8), we see that p is a solution of

pt-Ap h(y*- ya) in Q,

--0 ini i=1 2,(4.28) OP + txp
Ou

p(T)+tgo(y*(T)) 90 in f.
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Equation (4.28) must be interpreted of course in the following sense (see (3.7)):

fo frO
r 2 I,pKtdx dt + a(p, K) dt + Y’. ia, t,K do"

i=1(4.29)
+ fo h(y*-- yd)K dx dt fa ((x, T)dx =0.

for all e C1(() such that (x, 0) 0, x e f. Here is an element of L2() satisfying
(3.9).

Summarizing, we have proved the following intermediate result"
PROPOSITION 3. Let y*, u*, u be optimal in problem (3.1). Then under assump-

tions 1-7 there exists a function
p Cw([0, T]; L2(f)) f’) L2(0, T; HI(I-I)),

with pt L2(0, T; (H1(12))’), which satisfies the system (4.28) and (4.26). Moreover, p is
the limit in the sense of (4.22), (4.23), (4.24), (4.25) and (4.27) of the sequence {p} of
solutions to (4.8).

5. Proof of Theorem 1. We begin with a technical result concerning generalized
gradients. Let/3 be a locally Lipschitzian function on the real axis and let fl be the
function defined by (2.7), i.e.,

(5.1) (r) I_ fl (r eO)p(O) dO, r e R, e > O,

where/3 e-a(1-(1 + 8[)-1).
By 0/3 we shall denote the generalized gradient of/ (see (1.8)).

LEMMA 3. LetE be a locally compactspace and let u be a positive measure onEsuch
that u(E) < oo. Let {y } c L (E) be a sequence such that, for e --> O,

y y strongly in L(E),(5.2)

(5.3)

Then

(5.4)

(/3)’(y)g weakly in L(E).

g(x)eOfl(y(x)) u-a.e, x

Proof. By L(E) we have denoted the space of all real-valued u-measurable
functions y(x), defined u-a.e, on E, such that ]y(x)[ is u-integrable over E.
Selecting a subsequence of {y} we may assume that

(5.5) y(x)y(x) u-a.e, x E.

Next, by (5.3) and the Mazur theorem, it follows that

(5.6) g lim gm strongly in La(E),

where {gin} C LI(E) are of the form

(5.7) gm=

Here I, is a finite subset of natural numbers in the interval Ira, [ and a >0,
1 According to (5.6) we may also assume without loss of generality that

(5.8) g,(x)-g(x) u-a.e, x eE.
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We fix x e E such that (5.5) and (5.8) hold, and consider a sequence {zn} of real numbers
such that fl’(zn) exist and zn --> y(x) for n --> c. We set Yi yj(x) and notice that by (5.1)
we have

(fl ’)’(Yi) e fl,(yi- eiO)p’(O) dO.

On the other hand, we have

(zi) ((1 + ei)-’(Yi eiO)) +’(zi)(zi (1 + ei8)-’ (Yi eiO))

+ o(O)(z-(1 + /3)-’(y 0)),
where ai(0) 0 for ti = zi-(1 + ei8)-l(yi-eiO)->O. Along with (5.9), the latter yields

(fli),(yi) fl’(zi) fl’(zi) J_ /i(yi e10)p’(O) dO

(5.10)
-e o)(O)(zi (1 + e/)-l(y efl))o’(O) dO.

Since B is locally Lipschitzian, it follows by (5.5) that (y-efl) (y(x)) uniformly
in 0 on [-1, 1].

On the other hand, zi can be chosen sufficiently close to y in such a way that

[Yi-Zi]-’->O for ]-->o.

Thus 8.--> 0 for ]--> o, and (5.10) yields

1(/3’)’(yi)-/3’(zi)[-",0 for ]

Along with (5.’7) and definition of /3, the latter yields g(x)eOfl(y(x)) as claimed.
Now we continue the proof of Theorem 1 by observing that, by condition (3.2),

after some calculations involving (5.1), we have the estimate

(5.11) (fl 7)’(y) =< C([/3 (y)[ + [y] + 1), i= 1,2, yR,

where C > 0 is independent of e.
For each e > 0 and natural number n, we set

ET, {(o’, t)e E; ly (o’, t)l <= n},

where y are defined as in 4.
Let {y}c W(O) and {p}c L2(0, T; H(II)) be the sequences defined in 4.
Since, as proved in Lemma 1, {/37 (y,)} is weakly convergent in La(E), 1, 2 and

{p} is strongly convergent in Lz(E), we may infer that the sequence {pfl (y)} is weakly
convergent in L(Ei) for e -* 0. Inasmuch as, by (5.11),

(5.12) I(7)’(y)pl<-C(l7(y)llpl+lyllpl+lpl) a.e. onE, i=1,2

we may infer that the family {(/37)’(y)p} is equicontinuous and bounded in L(E),
1, 2. Thus by the Dunford-Pettis criterion {(/37)’(y)p} is weakly compact in L(Z).
Then by (4.27) we see that/x, L2(Ei) and

weakly in L(,Ei).(5.13) (fli )’(y)p tzp

On the other hand, it follows by (4.11) that {y} is strongly convergent in
L(0, T; Hx/2(F)) for e 0.
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Thus, selecting a subsequence if necessary, we have

(5.14) ye(x, t)--> y*(x, t) a.e. (x, t)Ei, i= 1, 2

and, by Egorov’s theorem, for each r/> 0 there exists a measurable subset E/n c Ei such
that m(\E)<-rl, {ye} is bounded on En and

(5.15) ye(x, t) y*(x, t) uniformly on En, 1, 2.

Next, since {(flT)’(ye)} are uniformly bounded on E, we may assume (extracting a
further subsequence) that

(5.16) (/3i)’(ye) g weakly in L(E,)
(actually weak star in L(E,)). Then by Lemma 3 it follows that

gi(x,t)OB(y*(x,t)) a.e.(x,t)E, i=1,2.

Now by (4.22) and Egorov’s theorem we may assume that Pe--> P uniformly on E/,.
Along with (5.15) and (5.16) the latter implies that/.t o gp on E.. Hence

(x, t)p(x, t)Oi(y*(x, t)) a.e. (x, t)Ei.
Since m(,\Ei,) can be made arbitrarily small, we conclude that

(5.17) lzp(x, t)p(x, t)Oi(y*(x, t)) a.e. (x, t)Ei, i= 1, 2.

Thus the conclusions of Theorem 1 follows by Proposition 3.
Proof of Theorem 2. If / is the graph defined by (1.6) then fle(r)=-e r

-1
e inf (r, 0) for rR, and

-1 Ie(r) e (r- eO)p(O) dO, r R,

respectively (we set/e (/3e),),

1 (r)= p(O) dO.
--1

Hence

_-< el(y)pl.
On the other hand, arguing as in [1], [2] we find that

(6.2)

where

tre (tr, t) t
1

and

0 if ye (or, t)>-e,
(, t)

1 if ye (tr, t)<_--e.

Inasmuch as by (4.12), {/e(ye)} is bounded in LE(E), and by Lemma 2{/e(ye)pe} is
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bounded in LI(E), we see by (6.2) that on some subsequence e 0 we have

(6.3) pd3(y)0 a.e. on E.

On the other hand, we know that B(y,)-BlU* -fl-0y*/0v weakly in L2(,S-,) and
p p strongly in L2(,S.,). This implies.that the sequence {pfl (y)} is weakly convergent
in LI(E) to p(BlU* -0y*/0v-ft). Now by (6.3) it follows that

(6.4) p(Btu’ -oy----*- )Ov f =0 a.e. on,

and therefore

Pd (Y) 0 strongly in L(E).

Then by (6.1) we see that

(6.5) yd (y,)p --> 0. strongly in L (E).

Next, by Egorov’s theorem, for each r/> 0 there exists En a measurable subset of E such
that m(E\E,) -< r/, y y* uniformly on E. and y* is continuous on E,. Along with (6.5)
the latter yields

(6.6) lim y*/(y)p =0 strongly in LI(E,),
e--0

Denote by E,. the following subset of E:

e., {(r, t) E. ly*(r, t)l > a}.

Next, by Proposition 3, it follows that there exists a measure/z M(X) such that
(see (4.27))

(6.7) pd*(y)-->/x weak star in M(E).

Let/z (/X)a -I- (/./,)s be the Lebesgue decomposition of/x into the absolutely continuous
part (/x)a and the singular part (/x)s. By (6.6) and (6.7) we see that/x 0 on E,,. By the
definition of singular part we deduce that the support of (/x) is concentrated in
E, f’l {(tr, t)X; y*(tr, t)> 0}. Since m(X\E,) 0 for r/--> O, we may conclude that

(6.8)

(/z)a 0 on {(or, t); y*(tr, t) > 0).

Along with (4.26), (4.28) and (6.4), the latter completes the proof of Theorem 2.
Remark. Let us consider problem (3.1) with the state system

yt+Ay=0 inQ,

y +Bo(y)-Bu-fl =0, y _->0,

Oy
m+flo(y)-Bui-fi>-_O inX,
Ov

y(O) yo

where u U1 and A, B U-L(X), f, yo satisfy conditions l-7. Here /o is a
ditferentiable, monotonically increasing Lipschitzian function on R. System (6.8) can be
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written in the form (1.1) where F1 F and

/3o(r) if r > 0,
(6.9) ill(r) ]-, 0] if r 0,

if r<0.

The prototype of this problem is the enzyme diffusion problem (1.4). In order to obtain
necessary conditions for optimality in this case, it is more convenient to replace the
approximating system (4.2) by

y, +Ay =0 in O,

(6.10) OY+/3o(y)+/3 (y)=Bu+f inE,

y(0) yo.

Obviously, Lemmas 1, 2 as well as Proposition 3 remain valid and p is in the case the
solution to

(p)t-Ap h(y Yd) in Q,

(6.11) OP+’o(y)p +(fl)’(y)p =0 inE,

p T) + Oq y T)) O.

Then passing to the limit we have from the preceding proof that p is the solution to

pt-Ap h(y*- Yd) in Q,

12) (O___.(6. +/3o(y*)p=O a.e. in {y*>O},

-, /;(y*)p -f > 0

with (3.14) and (3.15) still satisfied.

REFERENCES

[1] V. BARBU, Necessary conditions ]:or nonconvex distributed control problems governed by elliptic varia-

tional inequalities, J. Math. Anal. Appl., 80 (1981), pp. 566-597.
[2],Necessary conditions for distributed control problems governed by parabolic variational inequali-

ties, SIAM J. Control Optim., 19 (1981), pp. 64-86.
[3 ,Necessary conditions for boundary controlproblems governed by parabolic variational inequalities,

An. St. Univ. A1. I. Cuza, T XXVI fasc. 1 (1980), pp. 47-66.
[4] V. BARBU AND TH. PRECUPANU, Convexity and Optimization in Banach Spaces, Sijthoff &

Noordhoff-Publishing House of Romanian Academy, 1978.
[5] H. BRgZIS, Opdrateurs maximaux monotones et semigroupes de contractions dans les espaces Hilbert,

Math. Studies 5, North-Holland, Amsterdam, 1973.
[6] H. F. CLARKE, Generalized gradients and applications, Trans. Amer. Math. Soc., 205 (1975), pp.

247-262.
[7] G. DUVAUT AND J. L. LIONS, Inequalities in Mechanics and Physics, Springer-Verlag, Berlin-

Heidelberg-New York, 1976.
[8] I. EKELAND AND R. TEMAM, Analyse convexe et problmes variationnelles, Dunod, Gauthier-Villars,

Paris, 1974.
[9] B. KAWOHL, On nonlinear parabolic equations with abruptly changing nonlinear boundary conditions,

preprint, Technische Hochschule Darmstadt, June, 1980.
10] J. L. LIONS AND E. MAGENES, Non-Homogeneous Boundary Value Problems and Applications, vol. II,

Springer-Verlag, Berlin-Heidelberg-New York, 1980.



BOUNDARY CONTROL PROBLEMS, NONLINEAR STATE EQUATION 143

[11] R. T. ROCKAFELLAR, Integral functionals, normal integrands and measurable selections, nonlinear
operators and measurable selections, in Nonlinear Operators and the Calculus of Variations, J. P.
Gossez, ed., Lecture Notes in Mathematics 543, Springer-Verlag, New York, 1976.

12] -------, La thdorie des sousgradients et ses applications l’optimization, Les Presses de l’Universit6 de
Montr6al, 1978.

[13] E. SACHS, A parabolic control problem with a boundary condition of the Stefan-Boltzman type, ZAMM
58 (1978), pp. 443-450.

14] CH. SAGUEZ, Conditions necessaires d’optimalitpour des problmes de contrle optimale associes des
inquations variationnelles (to appear).



SIAM J. CONTROL AND OPTIMIZATION
Vol. 20, No. 1, January 1982

1982 Society,for Industrial and Applied Mathematics

0363-0129/81/2001-0011 $01.00/0

THE CIRCLE CRITERION AND THE L" STABILITY OF FEEDBACK
SYSTEMS*

S. MOSSAHEBt

Abstract. It is shown that under certain mild assumptions the circle criterion of Sandberg and Zames
implies the L stability of a broad class of linear time-varying feedback systems for 1 <_-p-<. Moreover,
it is proved that if the input to the feedback configuration tends to zero then so does the output. The
results are extended to the case of certain open-loop unstable systems as well as sector bounded nonlinear
feedback gains. Finally it is pointed out that all the results apply to any system whose open-loop transmittance
is given by a finite dimensional linear time-invariant element with a strictly proper rational transfer function.

()

1. Introduction. Nonlinear equations of the form

x(t) =f(t)- g(t-s)n(s, x(s)) ds

arise in the study of many control systems. For example, the input-output equation
defining the feedback connection of a linear time-invariant system with impulse
response g and a time-varying nonlinearity with characteristic n(t, x(t)) may be written
as

(2) x(t) (g * u)(t)- g(t-s)n(s, x(s)) ds,

which is a particular form of (1).
A celebrated L2 stability theorem for (1) is the circle theorem of Sandberg and

Zames [7], [11], [12]. Using the technique of exponential weighting Zames has
obtained an L stability result in the case when eatg(t)L f3L2 for some a >0 and
has given a criterion based on the shifted Nyquist diagram of g [13]. On the other
hand, Sandberg has shown that if (1 + t)2g(t) L fqL2 then the circle criterion in itself
gives the L stability of (1) and the shifted Nyquist diagram of g need not be used.
He has also shown that under the same conditions if f is bounded and tends to zero
then so does any solution of (1) [8], [9].

Our aim is to prove some Lp stability theorems for (1) under somewhat weaker
conditions. Using the notion of the resolvent kernel of Volterra integral equations,
we prove that if in (1) n(s, x)= k(s)x, i.e., the case of linear time-varying feedback
gains, then the assumption (l+t)g(t)Lf’lL2 together with the circle condition
implies L stability of (1) for all p, 1 <-p <-c. Moreover, if p >-2 and f L tends to
zero then so does x. We then use this result to prove that under the same assumption
on g the satisfaction of the circle criterion implies the L" stability of the nonlinear
equation (1) for all p >-2 and of (2) for all 1 <-p <=o. If in addition p _2 and f L"
tends to zero, then so does any solution x of (1). The above results will be extended
to accommodate a class of open-loop unstable systems which includes all finite
dimensional systems with strictly proper transfer functions.

2. Notation and background material.
2.1. The Laplace transform of a function f on [0, c) is denoted by/ We shall

write A for the set of functions g on [0, c) such that (1 + t)g(t)L f’lL2. Similarly,

* Received by the editors September 10, 1980, and in revised form March 24, 1981.
:r Postgraduate School of Control Engineering, University of Bradford, Bradford, BD7 1DP, England.
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A2 is the set of those functions g on [0, oo) such that g gl+ g2, where gl A1 and
g2 is such that its Laplace transform is a strictly proper rational function. We write
N for the set of functions n (t, x) defined and measurable on R/ R such that n is
continuous in x for almost all t. N(a, b) is the subset of N consisting of those n such
that a<-x-ln(t,x)<=b for x 0 and almost all t.

2.2. For ease of reference we state the following version of the circle criterion
[6, p. 302]. Let g LI(0, oo) and n N(a, b). Let

b-a
(3) Y= 2 SUwP

-1

(jw)( l +
2

(jw

If 3/< 1, then whenever f is locally square integrable so is any solution x of (1) and
for any T>0 [Ixll<=c(y)l[f[I, where c(y) depends only on y and I[’1] is the norm in
L2(0, T). In particular, if fL2(O, ) then any solution x of (1) is in L2 and
c(,)llfll=.

2.3. Resolvent kernels. For a concise account of the following results the reader
is referred to [6, Ch. iv]. Let a(t, s) be a locally integrable function on + x+ such
that a(t, s)=0 whenever s > t. The formal resolvent equation associated with a(t, s) is

(4) r(t, s)= -a(t, s)+ r(t, u)a(u, s) du.

It is easily seen that r(t, s) =0 if s > t. It may be proved that, when a(t, s) g(t-s)k(s)
with gLl(O, oo) and k L(0, oo), the above equation has a unique solution r(t, s)
which is locally integrable and also satisfies

(5) r(t, s)= -a(t, s)+ a(t, u)r(u, s) du.

The function r above is called the resonant kernel of a(t, s). If a(t, s) has a unique
locally integrable resolvent r(t, s), then the equation

x(t)- f(t) + Jo a(t, s)x(s) ds

has a unique solution in x which is given by

(6) x(t) f(t)- r(t, s)f(s) ds.

The above property of the resolvent is reminiscent of that of the state transition matrix
R(t,s) of the differential equation =A(t)x in the sense that the solution of =
A(t)x +f(t), X(to)= Xo is

x(t) R (t, to)Xo + ! R (t, s)f(s) ds

(see, e.g., [1, Thm. 1, p. 40]).

2.4. We shall need the following result, known as Young’s inequality [10, p. 178].
Let p, q and r be not less than 1 and 1/q= 1/p+ 1/r-1. Then if g.L and fL"
then g f Lq and Ilg */ll <- [Igllrl[fll.. In particular, if g is integrable then g f Lp for
all 1 _-< p _-< and f L" and Ilg * fll. <--Ilglllllfllp.
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2.5 [5, p. 141]. Let b(t) be a real-valued measurable function on (0, c) such
that b(0) 1 and 0_-< b(tl + t2)<-_qb(h)qb(t2). Let L(b) {f: fb L}. Then, with convol-
ution as multiplication and under the norm Ilfl[ 0 If(t)ld(t) dt, L(c) is a commutative
Banach algebra. Let A(b) be the algebra obtained from L(b) by joining a unit to it.
Every element of A(&) may be written in the form c8 +f, where 8 is the Dirac unit
mass at the origin, c is a real number and fL(qb). Let Wo limt_,o - log b(t). Then
tOo exists, and if h A(&) a necessary and sufficient condition for the existence of an
inverse in A(b) for h is that inf {I/(z)l: Re z _-> w0}> 0.

3. Lp stability of linear time-varying systems. Consider (1) with the following
assumptions.

(H1) n(s,x)=k(s)x, where k eL(0, o) and there exist two constants a and b
such that a _-< k (s)<_-b for almost all s.

(H2) g AI and with 3’ as in (3) we have y < 1. Note that in view of (H2) the
conditions of the circle criterion are satisfied. We have the following theorem.

THEOREM 1. If in (1) (H1) and (H2) hold, then ]:or any p, 1 <-p <- the linear
map f x is bounded on Lp so that there exists a constant cp independent of f and x
such that

Proof. Let a(t, s)=-g(t-s)k(s) and let r(t,s) be the resolvent kernel of a(t, s).
By 2.3, r(t, s) exists as a unique locally integrable function on R+ R+ and (1) has
a Unique solution given by (6). It follows, therefore, that the mapf- x is a well-defined
linear map, and it suffices to show that the map (Tf)(t)= r(t, s)f(s)ds is bounded
on Lp. Now, as is well known [2, pp. 109-112], T is bounded on L if and only if
c=supslr(t,s)ldt<c, and T is bounded on L if and only if co-
supt o It(t, s)l ds < c. Suppose for the moment that both cl and co are finite. By a
well-known interpolation theorem of Marcinkiewicz [10, p. 183], it follows that T is
bounded on L" for all p, 1 <_-p __<c and the result follows (cf. [2, pp. 109-112]). The
proof of the finiteness of c and co is given in the following two steps.

Step 1. c<c. In (5) let a(t,s)=-g(t-s)k(s) and t=s+v. Since g(v) and k(s)
vanish for v < 0 and s < 0 respectively, we have r(s / v, s) 0 for v < 0 or s < 0. Thus,
without loss of generality we may assume that v >_-0 and s _-> 0. A simple change of
variable in (5) gives

r(s + v, s) g(v)k(s)- g(v u)k(s + u)r(s + u, s) du.

Fix s>_-0 and let R(v)=r(s+v,s), ko=k(s) and K(u)=k(s+u). From the above
equation we have

(7) R(v) kog(v)- g(v u)K(u)R(u) du.

From (H1), (H2) and 2.2 we have R e L(0, o) and IlNll <-c( ,)lkolllgll , where c(y)
is independent of s. Let $(v)= (l+v)R(v). On multiplying (7) by l+v and noting
that 1 + v 1 + u + v u, we have

(8)

where

(9)

S(v) h(v)- g(v u)K(u)S(u) du,

h(v)=ko(l+v)g(v)- (v-u)g(v-u)K(u)R(u)du.
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By (H2) (1 + v)g(v) L2. Moreover, by the same assumption tg(t) Lx, and since
R L2 and K is bounded the integral in (9) is the convolution of an integrable and
a square integrable function. Using 2.4 a simple calculation gives

lihll <-- d(ll(1 / t)g(t)[12 /llRii21itg(t)ll),

where d max (lal, Ibl). From the estimate for IIRII= it follows that Ilhll--<M for a
constant M, depending on d, c(y) and g only and independent of s. Now apply the
circle criterion to (8) to obtain S eL2 and IIS[I:<-c(/)M. From the Cauchy-Schwarz
inequality we now have

f [R(I.))[ do f [(1-+-v)-ls(D)[ at)
ao ao

Thus, R L and [[RII -<-C for some constant C independent of s. Since r(t, s)=0 for
s > t, we have

and hence cx <.
Step 2. coo < o. This follows in much the same way as in step 1 except that we

use the representation (4) for r(t, s). Thus, for each fixed and for 0 -< v _-< t, putting
Rx(v) r(t, t-v) we obtain

R(v)=g(v)k(t-v)-k(t-v) g(v-U)Rl(U) du.

Similarly, putting Sx(v)= (1 + v)Rx(v) we have

(lO)

where

Sl(v)=hl(v)-k(t-v) g(v-u)Sx(u)du,

hx(v) (1 +v)g(v)k(t-v)-k(t-v) (v-u)g(v-u)Rx(u) du.

Now trivial modifications of the arguments in step 1 give a bound Cx for the norm
of Rx in LX(0, t) with Cx independent of t. Since r(t, s)=0 for s > we have

]r(t, s)l ds Ir(t, s)l ds Ir(t, t-v)l dv <= C,,

so that coo-< Clo This completes the proof of the theorem.
THEOREM 2. With the assumptions of Theorem 1 let p >-2, f Lp and suppose

that limt_,oo f(t) O. Then limt_,oo x(t) O.

Proof. By (6) of 2.3 it suffices to show that I J r(t, s)f(s) ds tends to zero as-. Let e > 0 be given and choose M> 0 such that If(t)] -<- e whenever _>- M. Keep
M fixed and for ->M let I Ix + I2, where

M

Ii fo r(t, s)f(s) ds, I2 fvtr(t, s)f(s) ds.

With the notation of Theorem 1 1121 -< cooe, so that it suffices to show that Ix 0 as
t--> oo. To this end consider r(t, s). By examining the proof of step 2 of Theorem 1,
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we can find two constants D1 and D2 independent of such that [[R 111 <-- D1 and 11Sl1[ <-- D2
where the norms are taken in L2(0, t). Using these estimates and the Cauchy-Schwarz
inequality in the equation defining h 1, we have

Ih(v)l <= dl(1 + v)g(v)l + dDlltg(t)ll2,

where d =max (lal, Ibl). The same argument applied to (10) with the above estimate
for hi gives

Is(v)l-<_ dt( + vg(vl + dOlltg(t)l[2 / do=llgll2.

From the definition of $1 it follows that

(11) IR(v)l<--dlg(v)l+O(l +v)-
for some constant D independent of t.

Going back to I1, we have

/1=/ r(t, s)f(s) ds | r(t, t-v)f(t-v) dr | Rl(V)f(t-v) dr.
.o . -M dt--M

Hence, from (11),

[Ill<=d lt-M [g(v)llf(t-v)ldv /D I,-
If p >- 2 and q is its conjugate, i.e., 1/p + 1/q 1, then 1 -< q _-< 2. Since g L f3 L2

by [4, Thm. 13.19, p. 196], g Lq for all 1 _<-q _-< 2. Hence, by H61der’s inequality

where I1" denotes the norm in Lq(t M, t). As far as g is concerned we have
1/q

-M

The same sort of estimate applies to I1(1 + v)-lll if 1 <q <_-2, while if q 1 we have
I1( + vl- lll log (1 + t)/(1 + t-M) o(1) as o. Thus, all the II;-norms appearing
in the final estimate for I1 tend to zero as c, so that I1 - 0. This completes the proof.

Remarks. (i) The idea of multiplying (7) by 1 + v and applying the circle theorem
twice is due to Sandberg [8]. (ii) In step 1 of Theorem 1 it was observed that by the
Cauchy-Schwarz inequality integrability of R follows at once from (1 +t)R(t)
L. This sim[le observation has been used to great effect in feedback theory in the
form that if R (jw) and its derivative are in L2 then R is integrable. For an interesting
example in assessing stability via multipliers see [3, Lemma 2].

We now extend Theorem 1 to a class of equations with unstable g. In doing so
we shall need the following proposition which is similar to the usual stability criterion
for linear time-invariant systems.

PROPOSITION 1. Let g eAa and suppose that ,(z)= ,l(z)+p(z)/q(z), where gl

A 1, p and q are relatively prime polynomials in z and deg p < deg q. A necessary and
sufficient condition ]’or the existence of a real number c and an leA1 such that
(c8 +f) (8 + g) is that inf {11 + (z)l" Re z _>- 0} > 0. lf this condition holds then c 1
and (t +f) geA1.

Proof. If such c and f exist then, since c +/(z) is a bounded continuous function
for Re z -> 0, the stated condition follows on taking Laplace transforms. To prove the
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converse let n deg q and let q0 be the coefficient of z" in q(z). Write (1 + (z))-1=
h(z)(h2(z))-, where hl(z)=q(z)(z + 1) =qo+O(z)(z + 1)-n, with O(z) a poly-
nomial of degree at most n- 1 and

h2(z) (p(z) + q(z) + q(z),(z))(z + 1)-"

=qo+(p(z)+O(z))(z + 1) +h(z),l(Z).

Since p and q are relatively prime and gl eL1, it follows immediately from the
assumption that inf {[h2(z)l" Re z->0}>0. In 2.5 let (t)= 1 +t. By elementary
properties of Laplace transforms and since L(1 + t) is an algebra, h(z) is the Laplace
transform of an element of A(1 + t), and since lim_.o (I/t) log (1 + t) 0 the inversion
theorem of 2.5 leads to the existence of a real number Cl and 1 e L(1 + t) such that
(h2(z))- Cl -F tl(Z). Again by elementary properties of Laplace transforms hi(z)--
qo+2(z), where &2eL(l+t). Thus, (l+,(z))-=clqo+f(z), where f=
1 +2+ * 2 e L(1 + t). By the uniqueness of the Laplace transform it follows that
(cqo$+f).(+g)=8, and since (clqo+f(z))(l+,(z))cxqo as Re zoo we have
cqo 1.

To complete the proof it has to be verified that (1 + t)f(t)sL2 and (8 +f) g A.
From (8 +f) (8 + g) 8 we have (8 +f) g -f, so that it suffices to show that
(8 +f) * g eA.

In general, let x e L(1 + t) and y e A 1. Since L(1 + t) is an algebra under convol-
ution we have x y e L(1 + t). Moreover,

(1 + t)(x * y)(t) (t- s)x(t- s)y(s) ds + x(t- s)(1 + s)y(s) ds.

Each of the above integrals is the convolution of an L and an L2 function, so that
by 2.4 (1 +t)(x y)(t) L, and thus x y A1. Going back to (8 +f) g we have

((8 +f) * g)"(z) (z)(1 + (z))-1 h3(z)(h2(z))-,
where

p(z) qo,,(z) O(z)P,,(z)
h3(z)

(z+l)" (z+l)" (z+l)"

The first two terms in h3(z) are the Laplace transforms of two elements of A1, while
the last term is that of the convolution of two elements of A1. Hence, h3(z)= t3(z)
for some b3 A1. Thus, (8 +f) * g=b3 * (c18 "q- tl) Clt3 q-3 * tl and since b3 A1
and &x e L(1 + t) we have (8 +f) g s A as required.

Using the above proposition we can now give an extension of Theorems 1 and 2.
(H3) Let g sA2, and with 3’ as in (3) we have , < 1.
THEOREM 3. Suppose that in (1) (H1) and (H3) hold with the further assumptions

that if if, has any pole z with Rez_->0 then a + b /2 # O and inf{[l+
((a + b)/2),(z)l" Re z _->0}>0. Then the conclusions of Theorems 1 and 2 hold.

Proof. If has no poles in the closed right-half plane, then g s A and by Theorems
1 and 2 there is nothing to prove. Otherwise, let c =(a +b)/2 and K(s)= k(s)-,
and write (1) as

x(t) + c g(t- s)x(s) ds =f(t)- g(t- s)K(s)x(s) as.

By Proposition 1 there exists hAx such that (8+h).(8+cg)=8 and rn
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(8 + h) * g A 1. Hence,

(12) x(t) (8 + h) f- m(t-s)K(s)x(s) ds.

Since h A 1, we have ( + h) f Lp whenever f L", 1 <= p =<. It is now trivial tO
verify that the hypothesis of Theorem 1 applies to (12), so that the conclusions of the
said theorem hold. To complete the proof we need only verify that if p >-. 2, f Lp

and limt_, f(t) 0 then limt_, fl(t) 0, where fl (8 + h) f. To this end note that
since hA we have h(t)=(l+t)-n(t)with nLfqL2. Given e >0 choose M>0
such that If(t)l < e for t>-M. Then

M

h. f(t)= | (1 +t-s)n(t-s)f(s)ds+| h(t-s)f(s)ds,
Jo

so that
M

[h ,f(t)l(1 +t-M)- Io In(t-s)f(s)l ds+ellhll.

As in Theorem 2, since n eLI fqLa we have n eLq with 1/q+l/p= 1, so that by
H61der’s inequality

Thus, h f(t) and so f(t) tend to zero as and the result follows.

4. Application to nonlinear equations. Using the above theorems we can now
prove our promised L stability results for nonlinear equations of the form (1) and
(2). Assume that the following hypothesis holds.

(H4) n(t,x)N(a,b).

TEOREM 4. In (1) suppose that (H2) and (H4) are satisfied. Then for any p 2
and any f L any solution x of (1) is in L and there exists a constant c, independent
off and x such that Ilxllp 6 c.llfll.. Moreover, if lim,o f(t) 0 then limt., x(t) O.

Proof. Since p 2, by [4, Thm. 13.17, p. 196] if fL" then f is locally square
integrable. The hypothesis implies that 2.2 is applicable, and hence any solution of
(1) is locally square integrable. Let x be an arbitrary solution. By the above remark
the function k(t) n(t, x(t))/x(t) if x(t) 0 and k(t) 0 if x(t) 0 is well defined, and
in view of (H4) k(t) satisfies (H1). Thus,

(13) x(t)=(t)- g(t-s)k(s)x(s) ds.

Clearly, the assumptions of Theorem 1 hold for (13), so that it has a unique solution
which is x itself. The conclusions of the theorem now follow from Theorems 1 and 2.

The above proof does not apply in the case 1 N p < 2, for then we have no a
priori knowledge of the existence of local solutions to (1) and so cannot define k(t)
as in the prool of Theorem 4. I the existence of solutions as locally integrable functions
could be assumed, then the same proof would extend to this case. On the other hand,
we can obtain an L stability result or a class of nonlinear equations which arise in
the study of feedback systems. Thus, if g is the impulse response of a linear time-
invariant system and n (t, x) is the characteristic of a nonlinearity, then the input-output
equation for the feedback connection of these two elements is given by

x(t)=(g . e)(t), e(t)= u(t)-n(t,x(t)),
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where e is the input to the linear system and x is the output of the feedback system.
It follows that x satisfies an equation of the form (2). Using Young’s inequality we
can partially extend Theorem 4 to (2) for 1-< p _-<

THEOREM 5. In (2) suppose (H2) and (H4) are satisfied. Then ]’or any 1 <-p <-oo
and u Lp any solution x of (2) is in Lp and there exists a constant cp such that
Ilxllo -< collullo. Moreover, ifp >-_ 2 and limt_,oo u(t) 0 then limt_, x(t) O.

Proof. f p >-2, then g L and u L imply that g. u L, [[g. ullo <--Ilglllllullo
and Theorem 4 applies. Suppose, therefore, that l<-p <2. Since gL fqL2 by [4,
Thm. 13.19, p. 196] for any r, 1 _-<r-<2, we have gLr. The equation 1/2= I/p+ I/r- 1
has the solution r=2p/(3p-2) which lies between 1 and 2. Thus, by Young’s
inequality, 2.4, g u Lz and IIg * ul12--< [Igll llull , The proof of Theorem 4 may now
be repeated word for word to give the existence of a constant do such that Ilxllo <--
d llg * ullo<-dollgll llullo for any solution x of (2). Hence, the theorem holds with

Each of Theorems 4 and 5 has an extension to the class of unstable systems
considered in Theorem 3. The precise statements are given in the following corollary.

COROLLARY 1. Suppose that (H3) and (H4) are satisfied together with the further
assumptions of Theorem 3. Then the conclusions of Theorems 4 and 5 hold.

Proof. If if, has no poles in the closed right-half plane, by Theorems 4 and 5 there
is nothing to prove. Otherwise, with the same notation as in Theorem 3, transform
(1) and (2) to

and

x(t)= (8 + h) */(t)- I0 m(t-s)N(s, x(s)) ds

x(t)= m u(t)- m(t-s)N(s, x(s)) ds

respectively, where N(s, x)= n(s, x)-((a + b)/2)x. The required result follows from
Theorems 4 and 5 as in the proof of Theorem 3.

Concluding remarks. (i) The above stability results have the same graphical
interpretation of the circle criterion in terms of the Nyquist diagram of g and the
encirclements of a critical disk [2, p. 141].

(ii) When g is the impulse response of a finite dimensional linear time-invariant
system with a strictly proper transfer function, then by elementary properties of the
Laplace transform g A2. Thus, all the above theorems apply to such systems.

Acknowledgment. We are grateful to the reviewer of the paper for his valuable
comments which have lead to a clearer presentation.
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CORRIGENDUM: THE OPTIMAL STRATEGY IN THE CONTROL
PROBLEM ASSOCIATED WITH THE HAMILTON-JACOBI-BELLMAN

EQUATION*

AVNER FRIEDMANt AND PIERRE-LOUIS LIONS$

It was pointed out to us by Professor L. C. Evans that in this paper, there is a
mistake in the proof of Theorem 1.2 (i.e., the derivation of (2.22) is not justified).
We give here an alternate proof based on the following representation of a solution
of the H-J-B equation (1.5):

Let
(t)=0 ift0, &’(t)=l if

Let

Obviously

0=<’ (t) =< 1, and convex in t.

F(tl, t2) tl + &(tz- tl),

FY(tl, t2, tr)=F(t,FY-1 (tz,’’’, tN)).

OFN
0<-<1 Y =1
=Oti--

F is convex and increasing in t.

Consider

(1) FT(Au’-f,AEU -rE,"" ,Au -f) 0,

with Ai uniformly elliptic. By a recent result of P. L. Lions (Comm. Pure Appl. Math.,
34 (1981), pp. 121-147) and L. C. Evans (to appear) there exists a unique solution
0042

(2) u - u, A U -A u

uniformly in compact subsets.
To prove Theorem 1.2 we may assume without loss of generality (as before) that

Ai are uniformly elliptic, and

(3) Af,>-c>O if Ixl>R.
(We take fl -0; otherwise consider u ul, where AUl f in Rn.) Suppose there exists
an Xo,

(4) A u (go) < 0, Ix01 > R 1.

We wish to derive a contradiction with R sufficiently large. From (2), (4) we get

(5) A u (x0) -a < 0

for some small e and large N, a independent of e, N. Applying A1 to (1) we obtain

(6) . F(. )[A(A u) Afi >- 0.

* This Journal, 18 (1980), pp. 191-198.

" Department of Mathematics, Northwestern University, Evanston, Illinois 60201
$ Laboratoire d’Analyse Num6rique, Universit6 de Paris VI, 4 Place Jussieu, Paris 5e, France.
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Let

z (x) A1u (x) + Vlx Xo[2

and choose 7 > 0 small enough that

C
gi =-- /Ailx Xol2 +A lfi >--- for [xl >-- R, IXol >-- R,

p large enough that z >_- 0 on OBo (Xo), and R large enough that Bo (Xo) {Ix >R}.
Let

z (yo) min z (y), Yo Bo (Xo).
Bo (xo)

Since Z(Xo)< 0, also z(yo)<0, and therefore yoBo(xo) and

A u (yo) -< A u (Xo) <- -c.

Notice that

(7) =OF 1 b’ (FV-l(t2, ’, tr)- t) 0 if FlV-(t2, ’’’, tr)- t >= e.
Ot

Now, from (1) and (5),

b(Fr-(A2u-f2, ")-Au)=-Au >-a at yo,

and thus for e small enough

FV-X(AEU-f2, .)-Au >-e at yo.

It follows from (7) that

OFa. (A u (yo), FN- (A2u (yo) f2(yo),"" )) O.

Hence (6) gives

(8) . FI )(Aiz gi) >- 0 at yo.
i_-->2

Since

C
Aiz(Yo) <- ciz(yo) < 0, -gi(Yo) -<- -< 0,

the left-hand side of (8) is <0, a contradiction.
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ON NECESSARY AND SUFFICIENT CONDITIONS FOR
REGULATION OF LINEAR SYSTEMS OVER RINGS*

E. EMRES

Abstract. Necessary and sufficient conditions are given for regulation of linear systems over rings using
observers and causal dynamic state feedback systems with the polynomial fractional representation property.
The results are then used to obtain stabilizability conditions for systems over integers, delay-differential
systems, systems over polynomial rings, and to obtain conditions to make a 2-D system nonrecursive.

1. Introduction. Regulation of linear systems over rings has been considered by
several authors. (See Pandolfi [1975], Morse [1976], Sontag [1976], Byrnes [1978],
[1979], Kamen and Green [1980], Emre and Khargonekar [1980], Hautus and Sontag
[1980] and the references therein.) The first solution to the regulation problem using
observers and causal dynamic state feedback for finite free split linear systems over
arbitrary commutative rings was given in Emre and Khargonekar [1980], where a
theory of observers and coefficient assignment by causal dynamic state feedback was
developed. Although the split condition is necessary for regulation via coefficient
assignment, it is not necessary for regulation.

The purpose of this paper is to replace the split condition by stabilizability and
detectability, which are (as we will show) necessary and sufficient conditions for
regulation by observers and causal dynamic state feedback systems satisfying the
fractional representation property (a system (F, G, H, J) is said to satisfy the fractional
representation property if and only if its transfer matrix can be expressed as pQ-1,
where P, Q are polynomial matrices such that det Q det (zI- F)).

Recently the concept of detectability has been extended to systems over finitely
generated algebras by Hautus and Sontag [1980]. In 2 of this paper we extend the
concepts of stabilizability and detectability to linear systems defined over arbitrary
commutative rings and prove that these are necessary and sufficient conditions for
regulation by using observers and causal dynamic state feedback systems satisfying
the polynomial fractional representation property. (For details of this scheme the
reader is referred to Emre and Khargonekar [1980] and also to 2.) Then in 3, we
use the results of 2 to obtain stabilizability (also detectability) conditions for systems
over polynomial rings, delay-differential systems and systems over integers, we also
obtain conditions which make a 2-D system nonrecursive. We also discuss the fact
that for the first two cases our detectability result is (essentially) the same as that of
Hautus and Sontag [1980].

For general properties and formulations concerning linear systems over commuta-
tive rings, the reader is referred to the survey papers Sontag [1976] and Kamen [1978].

2. Stabilizability and detectability. In this section we introduce some notation
and other preliminaries, and then give necessary and sufficient conditions for regulation
using observers and dynamic causal state feedback systems satisfying the polynomial
fractional representation property, namely, stabilizability and detectability. We will

* Received by the editors October 9, 1980, and in revised form January 9, 1981.
Department of Electrical Engineering, Texas Tech University, Lubbock, TX 79409. The initial part

of this research was done when the author was at the Center for Mathematical System Theory, University
of Florida, Gainesville, Florida 32611, and was supported in part by the U.S. Army Research Office under
grant DAA29-77-G-0225 and the U.S. Air Force under grant AFOSR 76-3034 Mod. B through the
Center for Mathematical System Theory, University of Florida.
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first assume that the state is available and concentrate on causal dynamic state feedback.
Then we will explain how the case where the state is not available can be solved using
these results (which concern stabilizability) and using observers (detectability).

Throughout the paper, k denotes an arbitrary but fixed commutative ring with
identity, k" denotes vectors of size p with entries in k. For a given set S, S[z] denotes
polynomials in z with coefficients in S. Spq denotes p q matrices over S. S((z-1))
denotes formal power series of the form

aiz_i
i=l

where is an integer and ai is in S. A power series a in S((z-)) is causal (strictly
causal) if and only if _>-0 (l > 0). z-lS[[z-1]] denotes the set of strictly causal power
series with coefficients in S. For a p p nonsingular matrix Q over k[z], ko is defined
to be the k-linear module of polynomial vectors x in kP[z] such that Q-x is strictly
causal (as a power series).

The k-linear maps H and 1-Io are defined as follows:

I-I: k p ((z-l)) --) z -1 kt[[z-1]],
IIo: k’[z] ko,

x the strictly causal part of x,

x -.>OII(O-x).

For a p r polynomial matrix with the ith column pi, we define IIo() to be
the p r matrix whose ith column is IIo(pi). For a k-linear map M :X X2, where
X1, X2 are k-linear modules, Im M denotes the image of X under M as a k-linear
module, and kerM denotes the kernel of M. If P is a p m polynomial matrix whose
ith column is expressed as

p Y. az,
]=0

where air, 0, we say that P is column proper if and only if a lvl,’" ", a,o. is a set of
generators for the k-module k ’. P is row proper if and only if its transpose is column
proper.

Throughout the paper we assume that there exists a multiplicatively closed set
of monic polynomials Ps in k[z], called the set of stable polynomials. A rational
function p/q, where p, q are in k[z], is stable if and only if q is in Ps. A rational
matrix is stable if and only if all of its entries are stable.

A finite free linear system over a commutative ring k is the triple (F, G, H),
where F is in k "’, G is in k"m, and H is in k’. Throughout the paper we will be
concerned with such systems only. An equivalent representation is in terms of k-linear
maps with a finite free state module. For a detailed introduction to linear systems
over rings we refer to the survey papers Sontag [1976] and Kamen [1978].

For a given pair (F, G), we define

V := Im G +. + Im FiG, O, 1, .
For a matrix A, det A denotes the determinant of the matrix A.

A system (F, G, H, J) is said to have the polynomial fractional representation
property if and only if its transfer matrix HI(zI-F)-IG1 +J can be expressed as

pcQ-1,
where P, Q are polynomial matrices (over k[z]) such that det Q det (zI-F1).
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For a matrix A, SpkA denotes the k-linear module generated by the columns of
A. For a polynomial matrix P, 8ci(P) denotes the degree of the ith column of P.

Now we state the main results of this section.
DEFINITION 2.1. LetF be in k"", and let G be in k"m. Then (F, G) is stabilizable

if and only if there exist stable rational matrices V1, Vz such that

(2.2)
[zI-F, G][ VV] I,.

Remark 2.3. We will call (H, F) detectable if and only if (F’, H’) is stabilizable.
(For a matrix A, A’ denotes the transpose of A.)

THEOREM 2.4. There exist polynomial matrices Pc, Qc such that
(i) Qc is column proper;
(ii) PcQ- is well defined as a power series, and is causal, and has a realization

(F1, GI, Hx, J) such that det Qc =det (zI-Fa); and
(iii) the determinant of

(2.5) := (zI- F)Oc + GP
is a stable polynomial if and only if (F, G) is stabilizable.

Proof. Necessity. Postmultiply both sides of (2.5) by -1.
Sufficiency. If (F, G) is stabilizable, then there exist stable polynomial matrices

Va, V2 satisfying (2.2). Express V, V2 as

V1--: Nl(d I)-1, V2--: N2(d I)-a,
where N, N2 are polynomial matrices and d is a stable monic common multiple of
the denominators of the entries of V1 and V.. (Such a d exists as V1 and V2 are both
stable.) Then we have

(zI- F)N1 + GN2 d L

Let v be the smallest integer such that W_x Wn-x. Let r be the degree of d. Let
yi be the smallest integer such that

(2.6) y := Ir >-_ v

for some integer _-> 1. Define

(2.7) dl :- d l, 11 := d 1-1 N1, /2 :-- d l-1 N2.

Then we have

(2.8) (zI-F)N / GN2 dl I.

Note here that, as P is multiplicatively closed, d is stable.
Equation (2.8) implies that

(2.9) 1-I(zt-F)(dl I) W,_I.

Then, by Emre [1980, Thm. 3.1], there exist polynomial matrices Pc, Qc such that"
(i) Qc is column proper with the ith column degree y- 1, and with the highest

degree column coefficient matrix I (which ensures that Q-a is well defined).
(ii) PcQ- is well defined and causal, and has a realization (F1, G1, Ha, J1) such

that det Qc =det (zI-F1). (The fact that this system has the polynomial fractional
representation property is seen from the results of Emre and Khargonekar [1980].)
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(iii)
(zI-F)Qc + GPc dl L

As d det (da I) is stable, the proof is complete.
The next theorem shows that stabilizability is a necessary and sufficient condition

for regulation of the system (F, G, I) by causal dynamic feedback with the polynomial
fractional representation property.

THEOREM 2.10. Let F, G be given. Then there exists a finite free dynamic feedback
system (F1, GI, Hi, Ja) over k such that

(i) Hl(zI-Fa)-lGa +Jl can be expressed as PcQ- for some polynomial matrices
Pc, Qc with the property that det Qc det (zI-Fa), and

(ii) the characteristic polynomial of the closed loop system obtained by taking the
state as the external direct sum of the states of the open loop system and the feedback
system is stable if and only if (F, G) is stabilizable.

Proof. Under the hypotheses of the theorem the characteristic polynomial of the
closed loop system can be easily shown to be equal to

det ((zI-F)Qc + GPc).

The rest follows from Theorem 2.4. [-I

The next theorem provides a criterion to determine the stabilizability of (F, G)
in terms of [zI-F, G].

We consider k[z, Zl], and its maximal ideals which we denote as {mx}xA for some
index set A.

For a matrix A (aij) over k[z, z a], A, denotes the matrix which is obtained from
A by replacing aij with the residue class of ai modulo mx. For a detailed description
of these concepts, the reader is referred to an algebra book (e.g., Bourbaki [1972,
Chapt. 2]). Let {m}x be the set of maximal ideals of k[z, Zl] such that

(2.11) rank [zI- F, G]< n.

After these preliminaries, we have:
THEOREM 2.12. (F, G) is stabilizable if and only if there exists a stable polynomial

q such that
q=0

for each m.
Proof. Necessity. If (F, G) is stabilizable, by Theorem 2.4 there exist polynomial

matrices Pc, Oc, , with det stable, such that (2.5) is satisfied. Then evaluating both
sides of (2.5) at each ma, we have from (2.11) that det evaluated at each rn 7 must
be zero.

Suciency. It follows from Bourbaki [1972, Chapt. 2] that a matrix M over
k[z, z a] is right invertible over k[z, z a] if and only if M is right invertible over
k[z, Zl]/mx for each maximal ideal m. Now define

M := [zI-F, G, (zaq 1). I].

From (2.11), the only maximal ideals such that rank of M can possibly be less than
n are {mx}. But, for each m f, we have q 0. Hence for each rex, we have

rank Mx n.

Thus M is right invertible over k[z, za]. That is, there exist polynomial matrices
MI(Z, z 1), M2(z, z 1), M3(z, z a) such that

(zI-F)M1 + GM2 + (zlq 1)M3 =/.
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But then, letting z l/q, we obtain

..,rM,(z, l/q)][zS-F, OJ[Mz(z, llq)J
L

As q is stable, by definition, (F, G) must be stabilizable. 71
Remark 2.13. If k K[sl, , sN ], where K is a field, evaluations at the maximal

ideals of k[z, zl] become evaluations of the polynomials at the points
(s*,..., s*, z*, z*) of/N+2, where/ is the algebraic closure of K. For a detailed
discussion of this the reader is referred to Hautus and Sontag [1980], and for further
details to Bourbaki [1972, Chapt. 2]. In this case our definition of detectability becomes
the same (essentially) as the one developed in Hautus and Sontag [1980]. We should
note here that Theorem 2.12 remains valid when zI-F and G are replaced by
arbitrary polynomial matrices of compatible dimensions.

Based on Theorems 2.4, 2.12, we obtain the following corollary"
COROLLARY 2.14. If k K[sl, su], then (F, G) is stabilizable if and only

there exists a stable polynomial q in k[z] which vanishes at the points of 1+1, where
[zI-F, G] loses rank.

Proof. If we note that evaluating a polynomial in k[z] at the points of/r/2 is
the same as evaluating it at the points of/U/l, the result follows from Theorem 2.12
and Corollary 2.14.

REMARK 2.15. If a system is given in the form (F, G, H) (i.e., the state is not
available), then one can use observers and dynamic feedback compensators together,
as shown in Emre and Khargonekar [1980], to achieve regulation. It is seen from the
formulations given in that paper, and in Hautus and Sontag [1980], that an observer
exists if and only if (H, F) is detectable. Furthermore, in such a scheme, the characteris-
tic polynomial of the closed loop system is the product of the characteristic polynomial
of the observer and det ((zI-F)O + GP), where O, Pc are as defined in this paper.
Hence, regulation can be achieved by using observers and causal dynamic feedback
systems having the polynomial fractional representation property if and only if (F, G)
is stabilizable and (H, F) is detectable, and this result is valid for systems over arbitrary
commutative rings with our definitions here.

As for the polynomial fractional representation requirement of the feedback
systems, this is not a big restriction as far as known results are concerned because,
for example, nondynamic (constant) state feedback satisfies this property trivially.
One advantage of this property is .that it allows the consideration of internal stability
in terms of the polynomial equations arising in stabilizability and detectability and
immediately guarantees the realizability of the feedback system. For a natural realiz-
ation that can be used to implement PO-2, the reader is referred to Kalman, Falb
and Arbib [1969], Fuhrmann [1976] and Emre [1980b].

3. Stabilizability of some specific classes of systems. In this section, using the
results of 2, we obtain stabilizability (detectability) criteria for certain specific classes
of linear systems over rings.

1) Systems over integers. These systems are discrete time systems (F, G, H) over
integers. The problem is to construct dynamic compensators with integer coefficients
such that the closed-loop system is regulated. In this case the set of stable polynomials
is of the form z for some r->_ 0. From the definition, (F, G) is stabilizable if and only
if [zI-F, G] has a right inverse whose entries have denominators of the form z for
some integer r _-> 0, or if and only if there exist polynomial matrices N1, N2 with integer
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coefficients and some integer r _-> 0 such that

(3.1) (zI-F)N1 + GN2 z L

We see that (3.1) is possible if and only if

(3.2) F Im G +. + Im F"-1 G,

for some r _-> 0.
2) 2-D systems. In this case, k the ring of proper rational functions over a field.

Here the problem is to find a causal dynamic feedback system such that the characteris-
tic polynomial of the closed loop system becomes z for some r _-> 0. This problem will
have a solution if and only if (F, G) and (F’, H’) satisfy the condition (3.2).

3) Systems over a polynomial ring K[Sl,’", sr]. In this case we obtain the
following theorem.

THEOREM 3.3. (F, G) is stabilizable if and only if at every point (S*l, ", S’N, Z*)
Of ,N/I where [zI -F, G] loses rank, the real part of z* is negative.

4) Delay-differential systems. This is the same as systems over polynomial rings
except that the set of stable polynomials is different. We have Corollary 2.14.
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ON THE LOCAL CONVERGENCE OF QUASI-NEWTON METHODS
FOR CONSTRAINED OPTIMIZATION*

PAUL T. BOGGS+, JON W. TOLLE.I: AND PYNG WANG

Abstract. We consider the application of a general class of quasi-Newton methods to the solution of the
classical equality constrained nonlinear optimization problem. Specifically, we develop necessary and
sufficient conditions for the Q-superlinear convergence of such methods and present a companion linear
convergence theorem. The essential conditions relate to the manner in which the Hessian of the Lagrangian
function is approximated.

1. Introduction. In this paper we consider means of solving the equality con-
strained nonlinear optimization problem

(NLP)
Minimize f(x
subject to g (x) O,

where it is assumed that f: R" R and g:" -’ are smooth functions.
After two decades of experimentation with penalty function techniques, aug-

mented Lagrangian functions, gradient projection methods and other procedures,
research on numerical methods for solving NLP has recently centered on implementing
some form of a quasi-Newton technique for this constrained problem. The preeminence
of quasi-Newton methods for solving unconstrained nonlinear problems and good
experimental results to date lead one to believe that this approach is sound. However,
there remain numerous questions concerning convergence, rates of convergence,
update formulas, and implementation that are as yet unanswered. It is the purpose
of this paper to shed light on some of these questions, in particular, on the local and
Q-superlinear convergence of these methods.

We define a quasi-Newton method for NLP as an iterative scheme which generates
sequences {xk}, {h k}, and {Bk} from formulas

(.)

(1.2)

(.3)

(1.4)

Ak+l A(xk, Ak, Bk),

Bkk =--lx(Xk, A k+l)
k+l k k k

X =X +c x,
Bk+I Y3(X k, X k+ A k, A k+l Bk)

where x, A and Bo are given, A and are appropriate update functions and
kl(x, A)= f(x)+ rg(x) is the standard Lagrangian function. The step lengths cr are

obviously important, but for local convergence theory a 1 is the optimal choice
and a will be taken to have this value throughout.
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Much of the recent work on quasi-Newton methods for NLP can be put into this
framework. Powell [8], [9], following the work of Han [6], obtains 6xk by solving a
quadratic program

kT kMinimize f(xk)T6kx +6x B,6x

subject to 7g(xk)T3 =--g(xk),
and’ chooses A k+a to be the optimal multiplier vector for this program. Bk is a standard
rank two update approximation to lxx with a modification which assures that the Bk
remain positive definite.

Tapia [10], [11] shows that Powell’s choices of 6 and A k+l can be obtained by
applying a structured quasi-Newton method to the system

( .5) (x, 0, t (x, X 0.

That is, x k+l and A k+l are obtained from the equations

(1.6)
Vg(x )r 0 6i -g(x

(1.7) ak+l =Ak +6,
with x k+a given by (1.3). Here again Bk is an approximation to Ix,, so that the
(n + m) x (n + m) matrix in (1.6) is a structured approximation to the Jacobian matrix
for the system (1.5). It is easily seen that the solutions to (1.6), (1.7), given by

(1.8) A k +1 (Vg(x k)TB -{1Vg(xk))-l{g(x k) Vg(x k TB-1Vf(xk)},
6kx -B-X {I Vg(xk)(Vg(xk)TB-l Vg(xk))-lVg(xk)TB-I }Vf(x k)

(1.9)
B1Vg(x k)(Vg(xk)TB -1 Vg(xk))-lg(xk),

also satisfy (1.1) and (1.2). In addition to the formula (1.8), Tapia presents a number
of other possible updates for A, preferring, for theoretical reasons, a double update
of A.

In [1] the authors have considered a variation of the system (1.5) in which the
Lagrangian function l(x, A) is replaced by a more general Lagrangian M(x, A) which
is quadratic in A. The purpose for introducing this generalization was to obtain better
convergence from poor starting points. Locally, however, the quasi-Newton equations
derived from M(x, A) are nearly identical to those of (1.6).

The local convergence of these methods has been investigated by a number of
authors. Before reviewing their results, we point out the distinction between Q-
superlinear and R-superlinear rates of convergence and the difference between the
convergence rates of the vector {(x k, A k)} and its component {xk}. Recall that a vector
sequence {v k} converges R-superlinearly to v* if and only if the sequence
is bounded by a sequence which converges Q-superlinearly to zero. Because an
R-superlinearly convergent sequence need not be even Q-linearly convergent, R-
superlinear convergence by itself is computationally meaningless. It is also the case
that the Q-superlinear convergence of {v k} implies only the R-superlinear convergence
of its components. (See Tapia [10, section 8] for a more detailed discussion.) Since
3, k+l depends only on x k and not on A k, to be most effective the structured quasi-
Newton method should yield Q-superlinear convergence of the sequence {xk}.

The major convergence analyses center on how well and in what sense the Bk
generated by (1.4) approximate the Hessian of the Lagrangian function at (x*, A*),



LOCAL CONVERGENCE OF QUASI-NEWTON METHODS 163

the optimal solution pair. These analyses are based on similar studies of the uncon-
strained problem. In the latter case extensive use is made of the Broyden-Dennis-Mor6
analysis of the quasi-Newton update formulas and the Dennis-Mor6 characterization
of Q-superlinear convergence. (See Dennis and Mor6 [4] for a survey of these results.)
This characterization shows that Q-superlinear convergence in the unconstrained case
occurs if and only if

(. 0)
I( vf(x*))1

where 72f(x *) is the Hessian of the function to be minimized, 8
g

is the step generated,
and Bk is the approximate Hessian.

For the constrained case Powell [9] develops a procedure for updating the Bk
and shows that, under the second order sufficiency conditions, the resulting method
is at least R-superlinearly convergent in x. He also provides a condition related to
(1.10) which is sucient for "2-step" superlinear convergence. In particular, for the
projection matrix

P(x) I-Vg(x)(Vg(x)Vg(x))-Vg(x)
Powell shows that

(1 11)
IP(x)(B -lx,(x*, h*))P(x)8[ +o

is sufficient for

->0.

Powell was not able to show that his method satisfies this condition, however.
Also under the second order sufficiency conditions, Han [6] demonstrates the

O-superlinear convergence of {(x k, h k)} when a form of Greenstadt’s update is used
in (1.4). However, Han requires the stronger assumption that l,,,,(x*, h*) be positive
definite in order to obtain the O-superlinear convergence in (x, A) for the BFGS
update. It should be noted that Greenstadt’s method is not computationally attractive,
since it almost always performs poorly in spite of its theoretical properties. To
guarantee that l,,,,(x*, h*) is positive definite requires the addition of a penalty term
to the Lagrangian, a computationally unattractive option.

Tapia [10], [11] and Glad [5] obtain Q-superlinear convergence in (x, A) for
l,,,,(x*, h*) positive definite. Tapia [10] obtains the stronger result of O-superlinear
convergence in x but at the cost of an additional update of h at each step.

In this paper we first characterize O-superlinear convergence in x for these
methods (Theorem 3.1). The characterization is a natural generalization of the Dennis-
Mor6 result (1.10). Simply put, it states that Q-superlinear convergence in x occurs
if and only if

(1 12)
[P(x)(B l,,x(x*,

where P(x) is the projection matrix given above. Note that (1.12) does not contain a
post-multiplication of B -lx,(x*, h*) by P(x k) as does (1.11), and hence, it takes into
account the action of Bg l** (x *, h *) off of the null space of Vg(x)T, which (1.11)
does not.
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Using the characterization (1.11), we then show (Theorem 3.2) that Q-superlinear
convergence in x is obtained when lxx(X*, h*) is positive definite. This is a slightly
stronger result than those previously published and reviewed above. Finally, a sufficient
condition for Q-linear convergence in x is established (Theorem 3.3). This theorem
also makes use of the matrices p(Xk)(Bk- lxx(X*, h*)), requiring that they be small in
norm for all k. Hence it provides a complementary result to Theorem 3.1.

2. Basic notation and assumptions. For the problem NLP considered here we
assume f and g are at least three times continuously differentiable and that the gradient
Vg(x) has full rank for all x. In addition we assume that NLP has a (local) solution
x* at which the second order sufficiency conditions hold. That is, there exists a unique
vector h* " such that

(i) Ix(x*, A *) O,
(ii) Vg(x*)y 0, y 0 implies yTlxx(X*, h*)y > 0.

For functions h: n- tq, we denote the Jacobian and Hessian matrices by Vh (x)
and V2h(x), respectively. Here, for notational convenience, Vh(x) is always written
as an n q matrix. For functions of x and h, we denote derivatives with respect to x
or h by subscripts; hence, lx(x, h) Vf(x) + Vg(x)h, lxa (x, h) Vg(x), etc.

Vectors are always column vectors unless transposed, the transposition operation
for vectors and matrices being indicated by a superscript T.

In the theory of constrained minimization, the projection of vectors onto the
tangent space of the level sets of the constraints plays an important role. For a given, the matrix

P() [I-Vg(,)(Vg(,)VVg(.f))-lVg(.f)T]
projects vectors onto the tangent space of the smooth manifold

{x: g(x) g()}

at x--. The projection onto the orthogonal complement of this tangent space will
be denoted by Q(). Thus

Q()=I-P().

I" will everywhere denote the /2-norm. In 3, it is necessary to use the Frobenius
norm for matrices. The Frobenius norm weighted by the matrix M is denoted by II. I1 ,,

3. Necessary and sufficient conditions tot superlinear convergence. We consider
the algorithm obtained by applying a structured quasi-Newton method to the system
(1.5), thus obtaining the formulas given in (1.6) and (1.7) with solutions (1.8) and
(1.9). This algorithm has the important property that ;k satisfies the linearized
constraints, i.e.,

g(xk) q- Vg(xk)TSkx =0.
Extending the analysis by Powell [9], we obtain a necessary and sufficient condition
for Q-superlinear convergence in x, given linear convergence and a few basic assump-
tions on the approximating matrices Bk. The essential condition is that the matrix Bk
must approximate the Hessian matrix lxx(X*, *) in the sense of Dennis and Mor4 [3]
but only when projected onto the tangent hyperplane to the surface {z" g(z)= g(xk)}.

We assume in the remainder of this section that theB are symmetric, nonsingular,
and uniformly bounded. In addition, we assume that the matrices Bk are uniformly
positive definite on the null space of Vg(x*) r. That is, there exists a fl >0 such that
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whenever y 0 and 7g(x*)Ty O,

for every k. Thus we require the B to satisfy the second order sufficiency condition
satisfied by l(x*, A*) (see 2). This assumption is slightly weaker than that of Powell
who assumes that the B are positive definite on " and uniformly positive definite
on the null space of 7g(x*)T.

Note that with the above assumptions on the matrices B, the matrices
Vg(x*)B Vg(x*) are nonsingular. For if g(x*)rB Vg(x*)z 0, then B Vg(x*)z
is in the null space of Vg(x*) and hence, z #0 implies the contradiction 0<
(BVg(x*)z)rB(BtVg(x*)z)=zVg(x*)TBVg(x*)z=O. It follows that (1.8)
and (1.9) are well-defined for x suciently near to x*.

Our first result is a generalization of a result of Powell [9].
LEMMA 1. The value of is invariant under the transformation

B B +g(x)U ,
where U is any n x m matrix such that both and Vg(X)T Vg(X) are nonsingular.

Proof. It follows from (1.9) that the lemma is true if the matrices

A Vg(x)[Vg(x)r Vg(x)]-and
A2 1 1Vg(xk)[Vg(xk)TlVg(xk)]-lVg(xk)T-lk

are independent of U. The assumptions on U allow the use of the Sherman-Morrison-
Woodbury formula (see, e.g., Ortega and Rheinboldt [7, p. 50]) to express{ as

N -Vg(x)[-ue Vg(x)]-UB1.
Substitution of this expression into A yields

A1 B-Vg(xk)[Vg(xk)TB1Vg(xk)]-l,
which establishes the result for A 1. For Az, note that

A2 [I -a1Vg(x k)]/{1.

Again using the expression for/{1 yields the desired result.
It follows from the assumptions made on the Bk that if U yVg(xk), where y is

a sufficiently large positive constant, then the hypotheses of the lemma are satisfied.
It should also be noted that the value of A TM is not invariant under the given
transformation in Bk. Thus, a variety of choices of A k+l give rise to the same value
of 6xk (as demonstrated by Tapia in [11]). However, it is easily seen that the first order
necessary conditions and equation (1.8) imply that if {xk} X* then {A k+l} ,,.

For convenience, we now write (1.9) in the form

(3.1) -B vVf(x) + wg(x).

We note that the two vectors on the right-hand side are conjugate with respect to
B1" in fact, VB- W 0. Letting P be the proection matrix at x k defined in 2
we see that

(3.2a) Pk Vk Pk,

(3.2b) VPk Vk,

(3.2c) PkWk =0.
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The next lemma is also a modification of the results of Powell. Two positive
sequences, {s k} and {rk}, which converge to zero are said to be of the same order if
there exist positive constants ca and c2 such that for k sufficiently large,

Irk[
C1 -- N 2.

LEMMA 2. Suppose {xk} {X*} with a linear rate ofconvergence. Then the sequences
{[Sxl}, (Ix k -x’l}, and {Ig(x)l/leW(x)l} converge to zero and are of the same order.

Proof. Using Lemma 1 and the properties of the Bk, we see that by choosing y
sufficiently large we may replace the Bk by k for which k and {a are uniformly
bounded and positive definite. The change does not affect the value of 6 kx or the
relations (3.2). Now using (3.2b) and (3.1) there exists an a >0 such that

(3.1), (3.2a), (3.2c), and the linearized constraint equation yield the existence of an

a2 > 0 such that

Thus, (l I and {[g(xk)[ + IPVf(x )l} are of equivalent order. That {6} and {Ix k- x*}
are of the same order follows from the consequence of linear convergence

<l+r,

where r < 1. This completes the proof.
Now let {G} be any sequence of matrices satisfying

(i) G l(x*, *)- l(x ,
(ii) G l(x*, *).

For example, Gk could be chosen as

Gk fo Ixx(xk + t3k h k+l) dt.

LEMMA 3. Assume {xk} x* linearly. Then there exists an ce >0 such that

Pro@ By Lemma 2 there exists an r > 0 such that

(3.3)

Now

(3.4) g(x k+) g(xk)+ Vg(xk)Tsk +

From (i) above and (1.3),

(G -B) l(x+ +)

Using the fact that ek+lVg(xTM) 0, we obtain the identity

(3.5) (Pk+l-Pk)(Gk --Bk) kx +Pk(Gk --Bk) kx Pk+Vf(xk+).



LOCAL CONVERGENCE OF QUASI-NEWTON METHODS 167

The smoothness assumptions on g(x) assure that

(3.6) Pk+,--Pk

and the lemma follows from (3.3)-(3.6) and the uniform boundedness of the G and
the B.

We can now state and prove the necessary and sufficient conditions for
superlinear convergence for the structured quasi-Newton method as applied to the
system (1.5).

THEOREM 3.1. Let (6k, 6k) satisfy (1.6) where the matrices Bk satisfy the conditions
stated at the beginning of the section. Suppose {xk}-)X * linearly. Then {xk}-)X *
Q-superlinearly if and only if

IPk(Bk Ixx(X*, h*))l
(3.7) lira 0,

where Pk I--Vg(xk)(Tg(xk)TVg(Xk))-lVg(xk)T.
Proof. Let {Gk} be a sequence of approximations to lxx(X*, h*) as defined above.

Clearly Gk can replace Ixx(X*, h*) in (3.7). Now suppose (3.7) holds. Then by Lemma
3

But by Lemma 2 {[6kl} and {Ix k -x’l} are of the same order; hence there is a constant
a > 0 such that

o(1  1)

which demonstrates Q-superlinear convergence.
For the converse, suppose s{xk}--) x* Q-superlinearly. Using Lemma 2 and (3.5),

we have that, for some n >0,

IPk (Bk Gk )6kx + (Pk+l--Pk)(Bk Gk )6kx + Ig(xk+ l)l <---
which, together with (3.4) and (3.6), imply that

IPk(Bk--Gk)tkx]< ]xk+i--xl k

Again using Lemma 2, we have

+ o(la,l)<,,i Ix+l-x*l +o(la l).

Letting k --)cc (and hence 0) gives the desired results.
We note that if f(x) is augmented by the penalty term cg(x)g(x) with c a large

positive constant, then the second order sufficiency conditions imply that the Hessian
of the augmented Lagrangian is positive definite at (x*, h*). Moreover, it is easily
shown that the formula (1.9) is unchanged by this added term; thus the only effect is
in the update formula (1.4). If, as is common, the Bk are chosen to approximate
lxx (x*, A*) in the sense that

(3.8) Bk+16 kx Y’ =- Ix(x ’+1, A k.+)_ Ix(X k, h k+l),
then the assumption that /xx(x*, h*) is positive definite makes the update formulas
which preserve positive definiteness, such as the DFP or BFGS, natural candidates
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for use in this scheme. The next theorem shows that O-superlinear convergence is
achieved in these cases (cf. Han [6], Tapia [11], and Glad [5]). The following lemma
is important for our proof.

LEMMA 4. Let Bk/l be derived from Bk by either the DFP or the BFGS update
with yk given by (3.8). Assume that lxx(X*, A*) is positive definite and {x k} converges
linearly to x*. Let B’+I be generated from Bk using the same update formula as for
Bk/ but with yk replaced by y*, where

y* l(x/1 x *)- l(x , x *).

Then

(3.9) IBk+I-B+ <-ceo-((x k+, A k+a), (X k, A k)),

where a is a constant independent of k and

o’((x k+, h k+l), (X k, h k)) max {l(x i, hi)- (x *, A *)["/" k, k + 1}.

Proof. We prove the lemma for the BFGS update. The proof for the DFP update
is similar but more laborious. From the definitions of yk and y* we have

* -Vg(x))(x -xY -Y =(Vg(xk+) k k+l ,)

and thus, there is a constant/31 such that

From the assumptions there exist positive constants rtl, T/2 such that for large k

(y)x > ,11x lyl <= ,.lx I,

For the BFGS update,

Bk+I-B+I
((y*)rs)yk(yk)W ((yk)rskx)y*(y*)r

((y*)Ws)((yk)Wsk
from which it follows that

IBk+I--B*+I
31yIlY*[ISIlY-Y*I )zlA +a<-_ ;,)r6xl[(y-i’Txl _-<3/3(r/2/r/ -A

Inequality (3.9) follows immediately.
THEOREM 3.2. Assume Ixx(X*, h*) is positive definite. If the Bk are obtained by

either the DFP or BFGS formulas with yk defined by (3.8) and if {x k} converges to x*
linearly, then the convergence is Q-superlinear.

Proof. The proof follows the lines of argument used in unconstrained optimization.
Let y* and B:+I be as defined in Lemma 4. From our assumptions x* is an uncon-
strained minimum of l(x, h*) and hence the results of Broyden, Dennis and Mor6 [2]
for the unconstrained case can be applied to obtain the fundamental inequality"

(3.10)
IIB+I lx(X*, A *)11 < {(1 cO2) ’/2 + al-(x k+l, x )}IIB t (x*, ;t *)11

+ ad(x/, x),
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where a and O2 are constants independent of k,

(x k+1, x k) max {Ix k+l- x*l, Ix k x*l},
[M(Bk l,,x(x*, A *))Skx

M l,,,,(x*, A*)-1/2,

and the M-norm, IIQIIM, stands for the Frobenius norm of the matrix MQM. The
triangle inequality can now be used with (3.9) and (3.10) to establish

(3.11)
IIBk +1 Ixx (X *, A *)IIM <= {(1 cO)1/2 + a33"(x k + 1, x")}llB,, l,,,, (x *,

_1_ O40.((X k+l, / k+l), (X k, i k)),

where Bk+l is the DFP and BFGS update of Bk and tr is defined as in Lemma 4.
Since {x k} converges to x* (and hence {Ak} converges to A*) it follows that {IlB-

A*)II } has a limit (Dennis and Mor6 [3]). If the limit is not zero, then (3.11)
implies Ok 0; if the limit is zero then IIBk- Ixx(X*, A*)II-0. In either case we have

lim
](Bk lxx(X*, A *))6xk]

0

Since the projection matrices P(x k) are bounded, Theorem 3.1 can be applied to
establish the Q-superlinear convergence.

Theorem 3.2 rests heavily on the assumption that lxx(X*, A*) is positive definite.
In theory, l(x*,A*) need only be positive definite on the null space of Vg(x*)r.
Nevertheless, most implementations of the quasi-Newton approach use updates (such
as BFGS) which maintain positive definiteness of the Bk (with some ad hoc scheme
to assure that (yk)Ttxk is positive). It remains an open question as to whether Q-
superlinear convergence can be guaranteed with these approaches.

In the previous theorems, linear convergence of the {xk} is assumed. However,
if the bounded deterioration inequality (3.11) holds, then linear convergence can be
achieved by requiring Ix-x*l and [Bo-Ix(X*, h*)l to be sufficiently small. As shown
above, (3.11) holds when lxx(X*, *) is positive definite. Without the positive definite
assumptions the usual conditions for linear convergence require that IB lxx (x*, x *)1
be small for all k. (See Han I-6] and Tapia [10] for the relevant results.) In the next
theorem we relax this restriction by showing linear convergence under the requirement
that [p(xk)(Bk--lxx(X*, h**))] be small for all k. This theorem further illustrates the
significance of the projection operator in the quasi-Newton theory for constrained
minimization.

THEOREM 3.3. Let the Bk satisfy

for some l O. Then there exist positive constants and such that if
(i) Ix-x*l <s
(ii) Ie(x*)(B,-l**(x*,;t*))l<e forallk>=O,

then the sequence {x k} generated by

(3.12) xTM x k -B-llx(x k, Ak(xk)),
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where

(3.13) Ak(x) (Vg(x)TB-I Vg(x))-l(g(x)_ Vg(x)TB-I Vf(x)),

is well defined and converges linearly to x*.
Remark. The iteration (3.12)-(3.13) is equivalent to (1.6)-(1.7), but this form

makes the proof easier.
Proof. As demonstrated earlier, it follows from the assumptions that for some

>0 and|x-x*[<, (Vg(x)TB-lVg(x))-1 exists and is uniformly bounded. Thus,
for [x’1-x < , x is well defined. Since Ak (x*) h* for all k, we have

0 1 0x -x =x -x -B l,(x ,Ao(x))
B {Bo- lx(X*, X*)- Vg(x*)VAo(x*)}(x- x*) + h(x),

where VAo(x*) denotes the Jacobian of Ao at x x* and Ih(x)[<aix=_x,[,
constant. From (3.13) we see that

VAo(x*)r (Vg(x*)B Vg(x*))-XVg(x*)B (Bo-lx(x*, A *)).

Therefore,

Ix -x*l IBI [{I-VgCx*)CVgCx*)TB VgCx*))-’VgCx*)TB1}
(Bo-lxx(X*, A*))I’ Ix-x*l+ ix-x*l=.

Let V =I-Vg(x*)(Vg(x*)TBlVg(x*))-Vg(x*)TB and note that as in (3.2b),
VP(x*) V. Thus

IX’-- X* [Bll IVan" IP(x*)(Bo- lxx(X*, h *))[. Ix- x*[ + alx-x*[a.
From our assumptions, it now follows that the [V[ will be uniformly bounded by,
say, fl>0. We now choose e and small enough so that fle+a <p<l, and
therefore, [x-x*px-x*l. The desired result can now be proven by induction
since the sequence {a k} can be uniformly bounded.

We observe that in the above theorem, condition (ii) could be replaced by

Ip(xk)(Bk Ixx(X*, A *))[ < e,

which is consistent with the form in Theorem 3.1.

Acknowledgment. The authors would like to thank R. A. Tapia for his helpful
comments.
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ON MATRIX FRACTION REPRESENTATIONS FOR
LINEAR SYSTEMS OVER COMMUTATIVE RINGS*

P. P. KHARGONEKAR

Abstract. This paper deals with the problem of existence of polynomial matrix fraction representations
for transfer matrices of linear systems over rings as well as the related realization theory. These represen-
tations are then used in establishing new results for various classes of systems including split systems. The
relevance of these results to the regulation of various "nonclassical" classes of linear systems (for example,
delay-differential systems, two-dimensional systems, etc.) is also discussed.

1. Introduction. Linear systems over arbitrary fields (and in particular, over the
field of ral numbers) have been investigated extensively over the last 20 years. As a
natural generalization of linear systems over fields, linear systems over commutative
rings were first considered by Rouchaleau 1972] and Rouchaleau, Wyman and Kalman
[1972]. It was shown by Kamen [1975] that a large class of infinite dimensional
continuous-time systems (including delay-differential systems) can be represented as
vector differential equations over a ring of operators. Some other applications of linear
systems over commutative rings are in coding theory (see Johnston [1973]), two-
dimensional digital systems viewed as linear systems over the ring of proper rational
functions (see Sontag [1978a], Eising [1978], and Eising [1979]), families of systems
(see Byrnes [1979], Hazewinkel [1980]), discretized partial differential equations (see
Brockett and Willems [1974] and Sontag [1976]), large scale systems (see Kamen
[1978]), etc. The reader is referred to Eilenberg [1974, Chapt. 16], Sontag [1976],
Kamen [1978] and the references given there for further details of linear systems over
commutative rings. The reader is referred to Byrnes [1978] for an algebro-geometric
approach to a class of linear systems over rings.

Consider for example a delay-differential system Y_, defined by

l(t) 2x2(t- 1)+ u(t),

2(t) Xl(t- 1)+x2(t-zr)+ u(t- 1),

y(t)=x(t).

If we introduce the delay operators 0"1 and 0"2 defined by

0"1(x)(t) := x(t-1), 0"2(x)(t) := x(t-r),

we can rewrite the delay-differential system X in matrix form as

o rxl

We thus see that the delay-differential system X can be expressed in a form very similar
to the ordinary finite dimensional constant linear systems, except that the entries of the
coefficient matrices belong to the ring of polynomials R[0", 0"2]. The reader is referred
to Sontag [1976] and Kamen [1978] for several other examples.

* Received by the editors August 18, 1980, and in final form April 18, 1981.
5" Center for Mathematical System Theory, University of Florida, Gainesville, Florida 32611. This

research was supported in part by the U.S. Army Research Office under grant DAAG29-80 C-0050 and the
U.S. Air Force under grant AFOSR 76-3034 Mod. D through the Center for Mathematical System Theory,
University of Florida.
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It is well known that the polynomial matrix approach to linear systems is very
useful in studying several system and control theoretic problems such as realization
theory, dynamic compensation, output regulation in the presence of disturbances, etc.
The reader is referred to Rosenbrock [1970], Wolovich [1974], Fuhrmann [1976],
Rosenbrock and Hayton [1977], Cheng and Pearson [1978], Antsaklis [1979], Desoer
et al. [1979], Emre [1980a], Emre and Silverman [1981] and the references given there
for applications of polynomial matrix methods to various system and control theoretic
problems.

In this paper we consider, for the first time, the existence and the realization theory
of matrix fraction representations for linear systems over commutative rings. In 2 we
give definitions and some preliminary results that we will need in the later sections. In
3 we obtain polynomial matrix representations for finitely generated projective

modules with endomorphisms. This also leads to a natural definition of characteristic
polynomial of an endomorphism of a finitely generated projective module over an
arbitrary commutative ring. Our results generalize several results obtained by
Fuhrmann [1976] and [1977] for fields, to arbitrary commutative rings.

In 4 we establish a correspondence between realizations of an input-output map
with a finitely generated projective state module (referred to as pro]ective realizations)
and matrix fractions representations of the transfer matrix in the form PQ-1R. We also
obtain conditions for strict system equivalence which are similar to those obtained by
Fuhrmann [1977]. We then establish a one-to-one correspondence between reachable
projective realizations (modulo state module isomorphism) of an input-output map and
matrix fraction representations of the transfer matrix of the form PQ-I (modulo
multiplying P and Q on the right by unimodular matrices). This result generalizes a
similar result in Hautus and Heymann [1978, Remark 4.8] proved for the field case.

It is well known that if f is a realizable input-output map over a field, and Zr is the
transfer matrix of f, then there exist right coprime polynomial matrices P and Q, and left
coprime polynomial matrices Q1 and R such that

(1.1) Zr= PQ- Q-RI.
Also, in the field case, the coprimeness conditions on P, Q and Q1, R are well known to
be equivalent to the existence of polynomial matrices Y1, Y2, Y3, and Y4 such that

(1.2) YP+ Y2Q I,

and

(1.3) QI Y4 + RI Y3 I.

However, for polynomial matrices over an arbitrary commutative ring coprimeness
conditions and (1.2), (1.3) are not equivalent in general. Two polynomial matrices P
and Q (QI and R) are said to be right (left) Bezout if and only if there exist polynomial
matrices Y1 and Y2 (Y3 and Y4) such that (1.2) ((1.3)) is satisfied. A factorization

Zr PQ-I (Zr Q-(R) where P and Q are right Bezout (Q and R are left Bezout)
will be called a right (left) Bezout factorization.

In 5, based on some results developed by Sontag [1978], we will establish a
necessary and sufficient condition on an input-output map ] for the associated transfer
matrix Zr to have a right or left Bezout factorization. In particular, it will be seen that
the following conditions are equivalent:

1) Zr admits a left Bezout ]actorization.
2) Zr admits a right Bezout factorization.
3) f is a split input-output map. (See 5 for the definition of a split input-output

map.)
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We will also show how the existence of Bezout factorizations can be checked using
some tests on the associated behavior matrix of the input-output map f. Existence of
Bezout factorization has been assumed in approaches to some control theoretic
problems. (See, for example, Antsaklis [1979], Desoer et al. [1980], Emre [1980b].)
We remark, however, that the dynamic compensators obtained by Antsaklis [1979] and
Desoer et al. [1980] are not necessarily proper. For finite-free split systems, (i.e., the
canonical state module is finitely generated and free and the system is split), over
arbitrary commutative rings, proper dynamic compensators can be obtained using the
results of Emre and Khargonekar [1980]. (In fact, the results in Emre and Khargonekar
[1980] can be used for detectable and reachable systems as well. For the concept of
detectability, see Hautus and Sontag [1980].) Our results on existence of Bezout
factorizations establish a clear connection between the approaches taken by Emre and
Khargonekar [1980] and Antsaklis [1979] and Desoer et al. [1980].

In this paper we restrict our attention to polynomial matrix fraction represen-
tations. For the case of matrix fraction representations over the rings of stable rational
functions and stable proper rational functions, the reader is referred to Khargonekar
and Sontag [1981].

The framework developed in this paper can now be used to attack some of the
control problems for linear systems over rings. In fact, some of the results of 5 have
been used by Emre [1980b] in an approach to the output regulation problem in the
presence of disturbances for linear systems over commutative rings.

The split condition given in this paper is not very restrictive in general. For
example, in the case of delay-differential systems, recent results of Lee and Olborot
[1980] indicate that the system is generically split if the number of input and output
channels each exceed the number of noncommensurate delays.

2. Definitions and preliminary results. In this section we will give some
definitions, notation, and preliminary results that we will need in the later sections.

Let A denote an arbitrary but fixed commutative ring with identity. We will denote
the tensor product of A-modules by (R), and direct sum of A-modules by 03. If A is an
integral domain then K will denote the quotient field of A. Let A[z] denote the ring of
polynomials in the indeterminate z, and let A(z) denote the ring of formal Laurent
series in z -1, with coefficients in A (i.e., the elements of A(z) are of the form
Yj---n aJz-j, where ai is in A for each j). Similarly, for an A-module X, let X[z denote
the natural A[z ]-module of polynomials in z with coefficients in X, and let X(z) denote
the natural A(z)-module of formal Laurent series in z -1 with coefficients in X. Define a
projection map

r" X(z)--,X(z)" E xiz- E xz -.
]=-n ]=1

We also denote 7r(x) by (x)_ for any x in X(z). Define the set

z-X[[z-]] := r(X(z)).

For an element x in X(z), x is said to be strictly proper if and only if r(x) x, 7r(x) is
called the strictly proper part of x, and x is said to be proper if and only if x is of the form
x Y-i=o xiz-i Define (x)n to be the coefficient of z in the formal Laurent series
representation of x in X(z).

If p in A[z is such that the leading coefficient of p is invertible in A, then we define
-1p to be the (unique) formal Laurent series q in A(z) such that pq 1. (q is unique

since the leading coefficient of p is invertible in A.) p-1 can be obtained, for example, by
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carrying our formal division of 1 by p. For x in X(z) and p in A[z] with invertible
leading coefficient, we define p-ix := qx, where q in A(z) is such that pq 1.

Let S be a set. We denote by St" and St’" respectively the set of p length column
vectors, and the set of p m matrices with entries in S. If f: St" T is a function, and Q is
in St’", then f(Q) denotes the m length row vector with f(qi) as its ith entry, where qi is
the ith column of Q.

DEFINITION 2.1. An m input, p output linear, time-invariant, causal input-output
map f is an A[z ]- module homomorphism

f:A’(z)-> At,(z),

such that for u Yi=_. uiz in A (z)

(f(u)) o, k <--n.

Let I, be the m m identity matrix. Then the p x m strictly proper matrix

Z: := f(I,, E Ajz -/

j=l

is called the transfer matrix associated with f, and (Ai)oo= is called the impulse response
sequence of f. A linear system E (F, G, H, X) over A consists of a finitely generated
A-module X, and A-module homomorphisms F:X- X, G" A X, and H"X At,.
A system E (F, G, H, X) is called a realization of an input-output map f if and only if

mi HFi-1 G,

for all positive integers i. An input-output map f is said to be realizable if and only if
there exists a least one realization of f.

By a discrete-time dynamical interpretation of a system E (F, G, H, X) we mean
the equations"

Xt+l Fxt + Gut, yt Hxt,

where is an integer, the states x(t) are in X, the inputs u(t) are in A and the outputs
y(t) are in A t’. For further details concerning these definitions, the reader is referred to
Kalman, Falb, and Arbib [1969, Chapt. 10], Eilenberg [1974, Chapt. 16], and
Wyman 1972].

Let f be a given input-output map with the transfer matrix Z. The restricted
input-output map induced by f is the A[z]-module homomorphism

f*" A[z - z-IA t" [[z-l]]: u "rr(Z,u).

Let E (F, G, H, X) be a realization of f. Define an A[z]-module structure on X by
z. x := Fx, for all x in X. Further, if A[z]-module homomorphisms g and h are defined
as

g" Am[ziPS" UtZ t-’) FtGut,
t=0 t=0

h" X z-At’[[z-]]" x - E HFt-lxz-t,
t=l

then the A[z]-module homomorphism f* can be written as f* hg. Conversely, given
an A[z ]- module X and A[z]-module homomorphisms

g" A"[z]-- X, h" X-- z-aAt’[[z-]]
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such that f* hg, then we can obtain a realization E (F, G, H, X) of f by defining

F’XX’x--z x, G’A X’u--g(u), H’X-AP’x-(h(x))_l.

Thus, there is a one-to-one correspondence between realizations of f and A[z]-module
factorizations o.f the map f* as f* hg. A system E = (F, G, H, X) is said to be reachable
if and only if g is surjective, is said to be observable if and only if h is one-to-one, and is
said to be canonical if and only if it is reachable and observable.

We will now give some definitions and results that will be useful in the following
sections for examining matrix fraction representations for linear systems over com-
mutative rings.

Let Q be an r r polynomial matrix over A. (i.e., Q is in Arr[Z ].) Q is said to be
admissible if and only if there exists a polynomial s and a monic polynomial p such that

(2.2) p=lQ[s,

where [Q[ denotes the determinant of Q. Note that Ioi is not a zero divisor since p is
monic. In particular, if A is an integral domain then Q is admissible if and only it the
leading coefficient of [QI is invertible in A. It is obvious that if A is a field then Q is
admissible if and only if Q is nonsingular. For an admissible r r matrix Q, we define

(2.3) Q-1 := p-ls adj Q,

where p and s are as in (2.2) and adj Q denotes the adjoint of Q. Note that Q- is well
defined, since if px, p2 are monic polynomials and Sl, s2 are polynomials such that

pl=lQIs, p2=lQls2,
then

IQl(p-(Sx-p-s2) O.

As IQI is not a zero divisor, it follows that p-iSl =ps2. Thus for an admissible
polynomial matrix Q, Q- is well defined. It is easy to verify using classical formulas
concerning adjoints that

Q-Q=QQ-I=I.

It is not difficult to prove that Q is invertible as a formal Laurent series if and only if
it is admissible.

Let Q be an r r admissible polynomial matrix. Define an A-module

Ao := {x in Ar[z ]" Q-x is strictly proper}.

Define an A-linear projection map

zro" A’[z] Ao x Qr(O-x).

Clearly, 7to is surjective. Further, if p is a monic polynomial such that Q- p-S for
some polynomial matrix S, then

7ro(px) OTr(O-lpx) OTr(Sx) O.

Let n be the degree of p. Let e be the ith column of the r r identity matrix. Then it is
easy to verify that a set of generators for the A-module Ao is given by

{ro(ziei): ] O, 1,. , n 1; 1, 2,. , r}.

Thus, Ao is a finitely generated A-module.
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Let f be an input-output map and P, Q, R be polynomial matrices such that Q is
admissible, and

Zf=pO-R.
The following lemma, first proved in Fuhrmann 1976] for the case A a field, gives a
natural realization of ] in terms of the polynomial matrices P, O, and R. It can be easily
checked that the proof given by Fuhrmann [1976] remains valid for arbitrary com-
mutative rings with identity. The reader is also referred to Emre [1980c] for a simple
proof of this result.

LEMMA 2.4. Let P, 0 and R be p x r, r x r, and r x rn polynomial matrices such that
0 is admissible. Let f be an input-output map such that the associated transfer matrix

Z,=pQ-1R.
Then ,o (Fo, Go, Ho, Ao with

Fo Ao -Ao x -- ro(zx ),

Go A Ao u -- zro(Ru),Ho:Ao AP:x-(PQ-lx)-I

is a realization off. Further, ,o corresponds to the factorization

f* hogo

of the restricted input-output map, where for x in Ao and u in A’[z we have

z x 7ro(zx), go(u) ro(Ru), ho(x) 7r(ei-lx).
Finally, we have some standard definitions from commutative algebra. For details

concerning these definitions the reader is referred to Rotman [1968], Knight [1971],
and Bourbaki [1972].

DEFINITION 2.5. An A-module X is said to be projective if and only if one of the
following (equivalent) conditions holds:

(i) If Z is an A-module and X" Z X is a surjective A-module homomorphism
then there exists an A-module homomorphism z:X Z such that h’" is the identity map
onX.

(ii) There exists an A-module Y such that X 03 Y is a free A-module.
A system E (F, G, H, X) is said to be a free (profective) system if the state module

X is a free (projective) A-module.
DEFINITION 2.6. Let X be an A-module. The dual X’ of X is the A-module

consisting of all .A-module homomorphisms X-A. If x’X-* Y is an A-module
homomorphism then X’: Y’X’ is the A-module homomorphism given by X’:z-- z,V
for each z: Y A. X’ is called the dual of g. For a system E (F, G, H, X), the dual
system E’ is defined as E’ := (F’, H’, G’, X’).

Let fl:A"-,A be an A-linear map. Then there exists a unique p x m matrix B
such that

B A’ AO x .-Bx.

It is well known (see, e.g., MacLane and Birkhoff [1967]) that/’ can be identified with
the map

’ A -A’ x --B’x,where B’ represents the transpose of B. Now, if Y_, (F, G, H, X) is a given system with



178 P.P. KHARGONEKAR

input-output map f, then the input-output map of Y_,’= (F’, G’, H’, X’) is denoted by f’.
It is not difficult to see that

zr=z;
3. Polynomial representations for finitely generated projective modules. In this

section we will establish polynomial representations for finitely generated projective
modules with an endomorphism. In particular, we will show that for any finitely
generated projective module X with an endomorphism F:X->X, there exists an
admissible polynomial matrix Q and an A-module isomorphism X: Ao-> X, such that
gFo FX. (i.e., X is an intertwining map.) We will also obtain necessary and sufficient
conditions on the given admissible polynomial matrices Q and ( for Ao and A0 to be
isomorphic. Our results also lead to a natural definition of the characteristic polynomial
of an endomorphism of a finitely generated projective module. These results will be
used in the following sections in examining matrix fraction representations for linear
systems over commutative rings.

The following simple lemmas will be useful in establishing the main results of this
section.

LEMMA 3.1. Let X be a finitely generated projective A-module. Then X[z] is a
finitely generated projective A[z]-module.

Proof. Since X is a finitely generated projective A-module, there exists a free
A-module W of rank r, and an A-module Y such that W X Y. Since W is a free
module of rank r, W[z] is a free A[z ]- module of rank r. Further, it is not difficult to see
that

W[z]=X[z](R)Y[z].

Hence X[z] is a finitely generated projective A[z]-module.
LEMMA 3.2. Let O be an r x r admissible polynomial matrix. Then

A"[z Ao QAr[z

as A-modules.
Proof. For any u in Ar[z], there exists a unique p in A’[z] and q in z-lA’[[z-1]]

such that
O-lu =p+q.

Since Qq u-Qp is polynomial, it follows that Qq is in Ao. Hence,

u Op + Qq

is in Ao + OAr[z]. Further, if u in Ar[z] is in Ao and OAr[z], then there exists p in
A[z] and q in z-IA[[z-]] such that

u Op

As (2 is admissible, u 0. Thus

Ar[z Ao OA’[z ].

The following theorem is one of the fundamental results of this paper.
THEOREM 3.3. Let X be a finitely generated profective A-module with an endo-

morphism F" X X. Let

g" A’[z3--> X" u,zt-- Ftg(u,)
t=O t=O

be a surjective A-linear map. Then them exists an r x r admissible polynomial matrix Q
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such that

ker g QAr[z].

Further, ifx is the restriction ofg to Ao then x" Ao X is an A-module isomorphism such
that

xFo FX.
Proof. Let gx be the A[z ]- module homomorphism

Ar[z] X[z]’L u,z’--L z’g(u,)gl ")

t=O t=O

Consider the A[z ]-module homomorphism

’.Ar[Z](X[z]--> X[z] u + x zx -F(x)-

where

F( xtztl-- ztF(xt),
t=o t=o

We will first prove that is surjective. For this, it is enough to prove that X is contained
in the image of O. Since g is surjective, for any x in X, there exists u unz +.. + Uo in
At[z] such that

We now have

x g(u)= Ftg(ut).
t=O

(--U +0)= z’g(ut)= X + (z’-F’)g(ut).
t=0

For any j->_ 1 we also have

(z Fi)g(u) (z F)(z-1

where

Let us define

It now follows that

t=O

+ zi-2F +" + Fi-)g(ui) zxi- Fxi,

x (z-1 + zi-2F +. + Fi-)g(ui).

3 :-- --(Xl d- X2"+’’ q" Xn).

(-u +) + (z -Ft)g(ut) + (z -F) x g(u).
t=O

Thus 0 is surjective. By Lemma 3.1, X[z] is a finitely generated projective A[z]-
module. It follows that Ar[z]O)X[z] is A[z ]- module isomorphic to

ker 4’ (X[z ].

We will now show that ker and ker g are A[z]-module isomorphic. Consider the
A[z]-module homomorphism

O" ker 0 --> Ar[z] u -+- x -> u.



180 P.P. KHARGONEKAR

To show that 0 is one-to-one, it is enough to show that if 0 + x belongs to ker 0 then
x 0. Now, if

#J(O+x)= zx-F(x)=O,

then by comparing coefficients it is easy to see that x 0. So, we need to show that image
of 0 is ker g. If u is in ker g, as in the proof of surjectivity of #J we can find in X[z ] such
that

and

6(u +) g(-u) 0,

O(u+)=u.

Thus ker g is contained in image of 0. Conversely, let u u,,z" +. + Uo in At[z] and
x x,,z" +. + Xo in X[z] be such that

#J(u +x) zx -F(x)- gx(u) z Y’. x,zt-F x,z gl u,z O.
t=O

Since O(u + x) is the zero polynomial in X[z], it is easy to see that

F , Ftxt-F Ftxt E Ftg(ut) E Ftg(ut) =0.
t=o t=o t=o t=o

Therefore,

g(u)= Y. F’g(u,)=O.
t=0

Hence im 0 ker g.
It now follows that ker g and ker #s are A[z]-module isomorphic, and At[z]

X[z] and ker gX[z] are A[z]-module isomorphic. Since X[z] is finitely generated,
projective A[z ]-module, there exists an A[z ]-module Y such that

X[z] Y a"[z]

for some n. Therefore, At[z]X[z] Y is A[z]-module isomorphic to ker gX[z]
Y. Consequently, ker gA"[z] and At[z]A"[z] are A[z]-module isomorphic.
Hence, ker g is a stably free (and, of course, projective) A[z ]-module. As ker g is a
quotient of a finitely generated module it must be finitely generated. Thus ker g is a
finitely generated projective A[z ]- module.

We will now show that ker g is a free A[z]-module. Since X is a finitely generated
A-module, it follows from Cayley-Hamilton theorem (see Atiyah and MacDonald
[1969, Chapt. 2, Prop. 2.3]) that there exists a monic polynomial

n--1
ot z + otn-lZ +" + 00,

such that

(F" + a,,_F"- +. + ao)x 0

for all x in X. If e represents the/th column of the r r identity matrix then ae belongs
to ker g. Let AR (z) denote the localization of A[z at the multiplicative set consisting of
all monic polynomials in A[z] (i.e., AR(Z) is the ring of rational Laurent series with
coefficients in A). Now, since ae belongs to ker g, and a is a monic polynomial, ei

belongs to At(z) (R) ker g for each i. Hence, AR(Z) (R) ker g is isomorphic to ArR(z). As
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ker g is a finitely generated projective module, and since AR (z) (R) ker g is isomorphic
to A(z), and hence is a free AR (z -module, it follows from the global affine Horrocks
theorem (see Lam [1978, Chapt. 5, Suppl. 2.3]) that ker g is a free A[z ]-module.
Further, as A(z)(R) ker g is isomorphic to A(z), it follows by the invariant basis
property of commutative rings (see Lam [1978, p. 25]) that ker g is isomorphic to Ar[z].
Thus ker g has r generators. Let ql, q, ’, qr in A[z] be a set of generators of ker g.
Let Q be the r x r polynomial matrix with q as its ith column. Then we have

ker g QA[z].

We will now show that Q is admissible. Since ce belongs to ker g for each i, there
exists an r x r polynomial matrix S such that aL QS, where L is the r x r identity
matrix. Multiplying both sides by adj Q we get

a adj Q IQIS.
Thus, Q is admissible.

Since g is surjective, ker g QAr[z], and by Lemma (3.2)

Ar[z Ao OAr[z],

it follows that

x(Ao)=X.

Also, as Ao CI OAr[z ] O, X is one-to-one. Finally, for any u in Ao we have

Fo(u) 7r(zu) Qzr(O-azu) (zu Oc)

for some c in Ar[z]. Therefore

(xFo)(u) X(zu -Oc)= g(zu -Oc)= g(zu)= (Fx)(u).

ThusxFo=Fx. [-]

The following result is an immediate consequence of Theorem 3.3. This result
provides polynomial representations for arbitrary finitely generated projective modules
with an endomorphism. This result will be very useful in developing existence and
realization theory for matrix fraction representations for linear systems over com-
mutative rings.

THEOREM 3.4. Let X be a finitely generated projective A-module with an endo-
morphism F:X --> X. Then there exists an integer r, an r x r admissible polynomial matrix
Q, and an A-module isomorphism X: Ao -> Xsuch that xFo FX. Conversely, if Q is an
r x r admissible polynomial matrix then At) is a finitely generated projective A-module.

Proof. Since X is finitely generated, there exists an integer r and a surjective
A-module homomorphism

g" Ar[z] X" utz t-) Ftg(ut).
t=0 t=o

Then by Theorem 3.3 there exists an r x r admissible polynomial matrix O and an
A-module isomorphism X: Ao X such that

xFo FX.

Conversely, for any r r admissible polynomial matrix Q,

AoOAr[z]= Ar[z].
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As A’[z ] is a free A-module, Ao is a projective module. Also, from the remarks made
in 2, Ao is finitely generated.

Remark 3.5. Let us define an A[z ]-module structure on X by z x Fx, for all x
in X. Similarly, let an A[z ]- module structure on Ao be defined by

z u Fo(u)= ro(zu).

Then x:Ao-->X is an A[z]-module isomorphism. Also, with this module structure on
Ao, it follows that

7ro A z ] --> Ao u --> 7ro u

is a surjective A[z ]-module homomorphism with QA[z] as its kernel. Thus Ao is
A[z]-module isomorphic to the quotient module Ar[z]/QA[z], and the induced map

A’[z]
QA’[z]

-’> Ao u + QA’[z]-->Tro(u)

is an A[z]-module isomorphism. In what follows, we will assume that X and Ao have
the A[z ]-module structure mentioned above. The reader is referred to Fuhrmann
[1976] for further details in the field case.

Let Q and 0 be any r r and ll admissible polynomial matrices. We will now
give necessary and sufficient conditions on Q and 0 for Ao and AO to be A[z]-module
isomorphic. In case A is a field, results on this problem were obtained by Fuhrmann
[1976, Thm. 4.7]. It will be seen that our results constitute a natural generalization of
the results obtained by Fuhrmann [1976]. We remark that certain polynomial matrix
equations that arise here also arise in certain system and control theoretic problems.
Our results indicate that there is a close relation between certain control theoretic
problems and A[z ]-module isomorphisms. (See Remark 3.17 and 5.)

THEOREM 3.6. Let Q and be r r and admissible polynomial matrices. A
map x:Ao-Ao is an A[z]-module isomorphism if and only if there exists lr
polynomial matrices C and D, and there exist polynomial matrices Y, Y2, Y3, and Y4
such that for any f in Ao
(3.7)

(3.8)

x(f) o(c[),

co Oo,
(3.9) CYa + QY2 I,

(3.10) Y3D + Y4Q I.

Proof. Suppose that X" Ao AO is an A[z ]-module isomorphism. It follows from
Remark 3.5 that X induces an A[z ]-module isomorphism

Ar[z] At[z]

" QA’[z
--> OA l[z ]’

such that x(f)= ro(g), where g is such that

(f+ OA’[z]) g + OA
Let e be the ith column of.L and let c in Al[z] be such that

(e + OA[z]) c + (A t[z].
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Let C be the r polynomial matrix with ci as its ith column. Then we have

(f+ OA"[z]) Cf+ OAt[z]
for f in A’[z]. Consequently, for any f in Ao
(3.7) x(f) fro(Of).

Let ?i be the ith column of the identity matrix. Since , is surjective, there exists
Yi in A’[z such that

,(y, + OAr[z])= i + OAt[z].
But we also have

)(yi + OAr[Z])= Cyi 4- OAl[z].
Let Y1 be the r polynomial matrix with y as its ith column. Then there exists a
polynomial matrix Y2 such that

(3.9) CY + (Y2 L

We will now show the existence of D such that (3.8) holds. Let q be the ith column
of O. Then

But we also have

(q + OAr[z]) O.

,(q, + OA’[z]) Cqi + (A[z].
Therefore, there exists a polynomial matrix D such that

(3.8) CQ

Now, as , is an isomorphism, ,-1 is also an A[z ]- module isomorphism. Therefore

)--1(i + OAl[z]) Yi 4- OA’[z].

Consequently, for any f in Al[z], we have

,-(f+OAl[z]) Yaf+OA"[z].
Further as

(ei 4- OAr[z])= ci 4- OAt[z],
it follows that

,--l(c, 4- OAl[z])- Ylci + OAr[Z] ei + OAr[z].

Therefore, there exists a polynomial matrix Y4 such that

(3.11) Y1C +QY4= I.

Furthermore, if 0 represents the ith column of 0 then we have

2-1 (qi + (Al[z ]) 0 4- OA"[z ],

and also

2-1(gli + {Al[z]) Y,q, + OA[z].

Consequently, there exists a polynomial matrix Y3 such that

(3.12) Y(= OY3.
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Multiplying both sides of (3.8) by Y1, we get

glCO glID.
Now using (3.11) and (3.12), it follows that

QY3D Y1CO Q-ON40.

As O is admissible, it is clear that

(3.13) Y3D + Y40 L

Conversely, suppose (3.7), (3.8), (3.9), and (3.10) hold. It is clear that X is an
A[z ]-module homomorphism. We will first prove that X is surjective. Let f be in AO.
Now using (3.7) we have

CYd+OY2f =f.
Let fl, f2 in A[z] be such that

fro Yf) f Ylf Of2.

Consequently

x(fl) fro(Cfl) fro(CYlf CQf2) fro(f- (Y2f ODf2) f.
Thus X is surjective.

To show that X is one-to-one, we will first show that there exists a polynomial
matrix Ys such that

YO OY.

Equations (3.8), (3.9), and (3.10) can be rewritten as

C ( Y I[Y3-Y4][Y2 ?D]=[Y6
for some polynomial matrix Y6. Define

We now have

It now follows that

Ys:= Ya+ Y6Q.

Jr1 QD][ C
Rewriting the above equations we get

(3.14) YIt)= OYs,

(3.15) YIC + QY7= I.

Now suppose g(f)= 0, for some f in Ao. Then fro(Cf)= 0. Consequently, there
exists f2 in A[z] such that

C[ Qh.

IC 0 Jig1 D]--[0 ]Y7 -Y5 Y2
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Multiplying on the left by Y1 we obtain

Y,Cf Ytf2 OY5f2.
But we also have

Thus
Y1Cf f OgTf

Asf is in Ao, f=0.
Remark 3.16. In the result by Fuhrmann [1976, Thm. 4.7] for the field case, the

equations (3.9) and (3.10) are replaced by the conditions that C and 0 be left coprime,
and D and Q be right coprime. In case A a field, it is well known (see, for example,
MacDuffee [1957, Chapt. 3, Thm. 23.1]) that (3.9) and (3.10) are equivalent to the
coprimeness conditions on C and Q, and D and 0. However, in case of polynomial
matrices over arbitrary commutative rings, the coprimeness conditions are not neces-
sarily equivalent to the Bezout conditions (3.9) and (3.10). Our results thus constitute a
natural generalization of the results obtained by Fuhrmann [1976, Thm. 4.7] for the
field case. Furthermore, our results also show that Bezout conditions play an important
role in A[z ]- module isomorphism.

Remark 3.17. Polynomial matrix equations (3.8) through (3.13) arise frequently
in several system and control theoretic problems such as dynamic compensation,
stochastic control, output regulation and stabilization, etc. Polynomial matrices C and
Q that satisfy (3.11) are called internally skew prime. The reader is referred to Roth
[1952], Kucera [1975], Rosenbrock and Hayton [1977], Wolovich [1978], Cheng and
Pearson [1978], Antsaklis [1979], Emre [1980a], Emre and Silverman [1981], Desoer
et al. [1980], etc., for other results concerning these equations. Our results show that
there is a close relation between these polynomial matrix equations and A[z]-module
isomorphism. In 5, we will relate these equations to factorizations of transfer matrices
and a class of linear systems known as.split systems.

The next result is an immediate corollary of Theorem 3.6 and gives a relation
between [QI and 101 whenever Ao and A0 are A[z ]- module isomorphic.

COROLLARY 3.18. Let Q and be r r and polynomial matrices such thatAo
and AO are A[z]-module isomorphic. Then there exists an invertible element a in A[z]
such that

Proof. We follow the notation of Theorem 3.6. Equation (3.13) implies that

Y7 -Y5
is invertible in A[z]. Furthermore,

c 0

Therefore we have

Some of the ideas in the proof of Corollary 3.16 are adapted from Antsaklis [1979].
Theorems 3.3, 3.6, and Corollaries 3.4 and 3.18 constitute our polynomial charac-
terization of finitely generated projective modules with an endomorphism. These
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results will be used in the later sections in examining matrix fraction representations for
linear systems over rings.

Remark 3.19. Let X be a finitely generated projective A-module with an
endomorphism F:X--> X. Then by Theorem 3.2, there exists an r r admissible
polynomial matrix Q such that X and Ao are A[z]-module isomorphic. We can now
define the characteristic polynomial of F to be IQI. This definition is unambiguous in the
sense that if ( is another admissible polynomial matrix such that AO and X are
A[z]-module isomorphic, then IQI and 101 are related by a unit in A[z] (i.e., IQI and
are associates in A[z]). In case A is a field, it was shown by Fuhrmann [1976, Thm. 4.8]
that IQI is the characteristic polynomial of F. In case Q is row proper, which implies that
Ao is free, it was proved in Emre and Khargonekar [1980] that IQI is equal to Izx -FI
for a matrix representation of Fo. In general, if X is a free module then we can find a
matrix F1 such that X and A(zx-ll) are A[z ]-module isomorphic. If Q is another
admissible polynomial matrix such that Ao and X are A[z ]- module isomorphic, then
IQI and IzI-F l are associates in A[z]. Further, if A is an integral domain, then the
invertible elements of A[z] are the same as the invertible elements in A. Then if Q and
( are such that Ao and AO are A[z ]- module isomorphic, then the degrees of [Q[ and
101 are the same, and IQI and I(l are the same up to a unit in A. Thus, our results
naturally lead to a definition of the characteristic polynomial of an endomorphism of a
finitely generated projective module over an arbitrary commutative ring with identity.

4. Matrix fraction descriptions for linear systems over commutative rings. In this
section we will consider existence and realization theory of matrix fraction represen-
tations for linear systems over commutative rings. Matrix fraction representations have
been found very useful in solving several control and system theoretic problems such as
dynamic compensation, observers, stochastic control, output regulation and tracking,
etc. The reader is referred to the references given in Remark 3.17. In this section, we
will show that there is a correspondence between projective realizations of an input-
output map f and matrix fraction representations of the transfer matrix Zf. We will also
show that there is a one-to-one correspondence between reachable projective realiza-
tions (up to state-module isomorphism) and right matrix fraction representations (up to
multiplication by unimodular matrices). Finally, we will also derive necessary and
sufficient conditions for Q-realizations to be canonical for integral domains. These
conditions are a natural generalization of previously known results for the field case
obtained by Fuhrmann 1976].

The following theorem establishes a correspondence between projective realiza-
tions and matrix fraction representations.

THEOREM 4.1. Letfbe an input-output map and Zf be the p x m transfer matrix off.
(a) If E (F, G, H, X) is a projective realization off, then there existp x r, r r, and

r m polynomial matrices P, Q, and R such that Q is admissible, Zr PQ-IR, and
Eo (Fo, Go, Ho, Ao) is isomorphic to E (F, G, H, X).

(b) If P, Q, and R are p x r, r r, and r x m polynomial matrices such that Q is
admissible, andZr PQ-R, then Eo (Fo, Go, Ho, Ao) is a proective realization off.

Proof. Since X is a finitely generated projective A-module with the A-linear map
F:X X, there exists an integer r and a surjective A-module homomorphism GI" A
X. Let

g’Ar[z]->X" utz’> Z FtGl(Ut)
t=0 t=0

be the associated A-module surjective homomorphism. We are now in the setup of
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Theorem 3.3. Hence, there exists an r r admissible polynomial matrix O such that

ker g OAr[z].

Also, the restriction of g to Ao,

x:Ao X: u-g(u),

is an A-module isomorphism such that xFo FX.
Let us define a p r input-output map fl by the impulse response sequence

’1 := (HFJ-IG)].
Let

Z (HF-G)z -]

]=1

be the transfer matrix of f. Then, we have a factorization of the restricted input-output
map f* throughX as f* hg, where h is the output map associated with the pair (H, F).
Now, since the columns of O generate ker g as an A[z ]- module, it follows that
f* (O)= 0. Therefore, there exists a p r polynomial matrix P such that ZO P, or
equivalently, Z PQ-.

Let ei be the ith column of Ira. Since G1 is surjective, there exists ri in A such that
Gl(ri) G(ei). Let R be the r m matrix with r as its ith column. It is clear that

G(R)=G(I,,).

We now have

PO-1R ZIR E (HFi-G1)z-i(R) E (HFi-IG)z-i(Im) Z,.
]= j=

Further, Xo (Fo, Go, Ho, Ao) is a realization of f, and X: Ao-X is such that
xFo Fx. Also, for any x in Ao, we have

Ho(x) (PQ-lx)-I (Hg(x)) (Hx)(x).

Therefore Ho HX. Finally, for any u in A", we have

G(u) GI(RU)= g(Ru)= (gTro)(Ru)= (XOo)(Ru),

since QAr[z]=ker g. Thus xGo=G. It follows that Eo and E are isomorphic
realizations of f.

Suppose P, O, and R are such that O is admissible, and

Z=pQ-IR.
Then, by Lemma 2.2, Eo (Fo, Go, Ho, Ao) is a realization of f. Also, by Lemma 3.2,
Ao is a finitely generated projective A-module. Thus, o is a projective realization of
f. 3

Remark 4.2. Theorem 4.1 shows that there is a correspondence between pro-
jective realizations of f and matrix fraction descriptions of Zr. In general, there may
exist several matrix fraction representations of Zr having isomorphic O-realizations. In
particular, if

Zr PQ-1R PO-I
are such that Q and 0-realizations of f are isomorphic, then Q, 0 satisfy conditions
(3.7) to (3.11). This is closely related to the problem of strict system equivalence. The
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reader is referred to Rosenbrock [1970] and Fuhrmann [1977] where the problem of
strict system equivalence is considered for the field case. In fact, using Theorem 3.6, the
result obtained by Fuhrmann [1977, Thm. 4.1] immediately generalizes to the following
theorem.

THEOREM 4.3. Let Zr be a strictly proper transfer matrix. Let P, Q, R, 15, t, I be
polynomial matrices such that Q and Q are admissible, and

Zr pQ-1R 15t-1.
Then Q and Q-realizations of Zr are isomorphic if and only if there exist polynomial
matrices C, D, Y, Y2, Y3, Y4, Ys, and Y6 such that

_/3-p

cY + 0Y I, YD + Y40 L

Pro@ Using Theorem 3.6, it can be easily checked that the proof of Theorem 4.
by Fuhrmann [1977] remains valid for our case, with coprimeness of C, O and (, D
replaced by the existence of Y, Y, Y, and Y4 satisfying the above conditions.

Let " be a given input-output map. In case A is a field, it is shown in Hautus and
Heymann [1978, Remark 4.8] that there is a one-to-one correspondence between
reachable realizations (up to state-space isomorphism) of " and factorizations of Zr of
the form PO- (modulo multiplication of P and O on the right by unimodular matrices).
We will now generalize this result to arbitrary commutative rings with identity in the
following theorem.

THEOREM 4.4 Letfbe an input-output map andZr be the p x m transfer matrix off.
(a) If , (F, G, H, X) is a reachable and projective realization off, then there exist

p m and m rn polynomial matricesPand Q such that Q is admissible, Zr PQ-X, and
the Q-realization o (Fo, Go, Ho, Ao) of PQ-I is isomorphic to . (F, G, H, X).
Further, if if’, are p m, m m polynomial matrices such that is admissible,
Zr=-, and the O-realization ,o (Fo, Go, Ho, Ao) of- is isomorphic to
E (F, G, H, X), then there exists an m m polynomial matrix N such that IN[ is an
invertible element ofA[z and

ON=O,
(b) IfP and Q are p x rn and rn m polynomial matrices such that Q is admissible,

and Zr=PQ-, then the Q-realization o =(Fo, Go, Ho, Ao) is a reachable and
projective realization off.

Proof. Since E (F, G, H, X) is reachable, it follows that the input map

g" A"[z] X" , u,z’- F’G(ut)
t=0 t=0

is surjective. Since X is a finitely generated projective A-module, it follows from
Theorem 3.2 that there exists an m m admissible polynomial matrix Q such that

ker g QA"[z],

and the restriction X of g to Ao, X" Ao- X, is an A-module isomorphism such that
xFo FX. Since/* hg, and the columns of Q generate ker g, it follows that* (Q) 0.
Hence, there exist a p rn polynomial matrix P such that P ZrQ, or equivalently,
Zr=PQ-. As in the proof of Theorem 4.1, it can be easily checked that the
Q-realization Eo (Fo, Go, Ho, Ao) of Zr is isomorphic to E (F, G, H, X).



POLYNOMIAL MATRICES AND SYSTEMS OVER RINGS 189

Let / and 0 be as in (a). Since XO (Fo, GO, HO, At)) is isomorphic to X
(F, G, H, X), it follows that

ker g ker zro.
Further, ker zro 0A"[z], and ker g QA"[z]. Therefore, there exist m m poly-
nomial matrices N and N such that

0 ON, O

Consequently,

o ON r.
Since O is admissible, N]Q L Therefore, [NI is an invertible element of A[z]. Also,

ZrO =ZtON PN.

To prove (b), we note that o (Fo, Go, Ho, Ao) is a projective realization of f.
Since ro" A"[z] Ao is surjective,o is reachable as well. Thuso is a reachable and
projective realization of fi V1

Thus, we see that there is a one-to-one correspondence between reachable
realizations (up to state-module isomorphism) of f and factorizations of Z and PO-(up to multiplication by unimodular matrices). This result also constitutes a natural
generalization of the corresponding result in the field case. (See Hautus and Heymann
[1978, Remark 4.8].)

We will now consider conditions under which a given O-realization is canonical.
These results generalize the corresponding results in the field case obtained in
Fuhrmann [1976].

THEOREM 4.5. Letfbe an input-output map with the p m transfer matrix Z. LetP,
O, and R be p r, r r, and r m polynomial matrices such that 0 is admissible, and

Zr=pO-lR.
Then Xo (Fo, Go, Ho, Ao) is reachable if and only if there exist polynomial matrices
YI and Y2 such that

RYI +QY2=I.

IfA is an integral domain, then o is observable if and only if there exist Y3 in Kr[z
and Y4 in Kr[z] such that

Y3P + Y40 I.

Proof. By definition o is reachable if and only if

go" A’[z] Ao" u -rro(Ru)

is surjective. Let Y5 be a polynomial matrix such that fro(I)= Ys. Then there exists a
polynomial matrix Y6 such that I Y5 + QY6. Now, if go is surjective, then there exists
Ul, u2,’’’, u,, in A’[z], such that go(uj)is the ]th column of Ys. Consequently, if Y1 is
the m m polynomial matrix with uj as its/’th column then

"rro(R Y1) Ys I- OY,.

There exists a polynomial matrix Y7 such that

R YI I- QY6- QY7.
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If we define Yz := Y6 + Yv, then

Then for any x in Ao,

It is clear that

Thus, go is surjective.

OY+RY =L

x RYlx +QY2x.

go(YlX) 7ro(RYlx) x.

Now, let A be an integral domain. Eo is observable if and only if the map

ho Ao z-IAO[[z-1]] x - 7r(PO-Ix

is one-to-one. Consider the map

o" Ko z-lK[[z-1]]" x -Tr(PO-lx).

Since K is the quotient field of A, it is clear that if ho is one-to-one then ho is also
one-to-one. Conversely, if hq is not one-to-one, then there exists x in Ko such that
zr(PO-ax) 0. By clearing denominators, we can write x as aXl where a is in K and xl
is in Ao. Then Jo(aXl) 0. Since/o is K-linear, it follows that to(xl) 0. Thus, ho is
one-to-one if and only if o is one-to-one. It is known (see Fuhrmann [1976, Thm. 6.1])
that/o is one-to-one if and only if P and O are left coprime over K[z]. But, this is
equivalent to the existence of Y3 in K"P[z] and Y4 in Krr[z] such that

Y3P + Y4( I. [-]

Remark 4.6. Conte and Perdon [1982] have (independently and simultaneously)
obtained somewhat similar results for the particular case of systems over a principal
ideal domain. Our results are considerably more general and apply to arbitrary
commutative rings with identity. Further, the concepts of Bezout factorizations and
split systems considered in 5 have not been exmined by Conte and Perdon [1981].

Remark 4.7.We have restricted our attention to matrix fraction descriptions of the
form PO-R. However, it is easy to check that most of the results can be appropriately
extended to descriptions of the form PO-IR + S.

5. Bezout factorizations and split systems. Let f be a realizable input-output map
with the transfer matrix Zr. In case A is a field, it is well known (see, e.g., Rosenbrock
[1970]) that there exist left coprime polynomial matrices O1 and R and right coprime
polynomial matrices P and O such that the transfer matrix

(5 1) Zf Q-IR po-1

Furthermore, the coprimeness conditions on the polynomial matrices P, Q and Q1, R
are well-known to be equivalent to the existence of polynomial matrices Y1, Y2, Y3 and
Y4 such that

(5.2) YIP + Y2( I,

(5.3) RI Y3 + Ol Y4= I.

The existence of these coprime factorizations and (5.2) and (5.3) play an important role
in the polynomial matrix approach to several system and control theoretic problems.
The reader is referred to the references given in Remark 3.17. (Also, see Remark 5.10.)
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In this section we will establish a necessary and sufficient condition on a realizable
input-output map f over an arbitrary but fixed commutative ring A with identity for the
associated transfer matrix Zr to admit Bezout factorizations of the form (5.1). Recall
that a factorization Zr pQ-1 (respectively, Zr= Q-IR1) is said to be right (respec-
tively, left) Bezout if and only if there exist polynomial matrices Y1, Y2 (respectively,
Y3, Y4) satisfying (5.2) (respectively, (5.3)). We will show that Zr admits right and/or
left Bezout factorizations if and only if the input-output map f is split. The concept of a
split input-output map was first introduced by Sontag [1978, Def. 1.8] which is as
follows.

DEFINITION 5.4 (Sontag [1978, Def. 1.8]). A system 5; (F, G, H, X) is said to be
split if and only if the following conditions hold:

(a) X is a (finitely generated) projective module,
(b) E is reachable,
(c) E’= (F’, H’, G’, X’) is reachable.

An input-output map f and the associated transfer matrix Zr are said to be split if and
only if f can be realized by a split system.

The concept of a split system was introduced for application to the problem of
regulation of linear systems over commutative rings, A complete solution to the
regulator problem for free split systems (i.e., the state-module is free), has been given by
Emre and Khargonekar [1980] using a construction of observer and dynamic state-
feedback. The existence of Bezout factorizations of transfer matrices has been assumed
by Desoer et al. [1980] in their study of some control theoretic problems. Our results in
this section establish a link between the approaches developed by Emre and Khar-
gonekar [1980] and Desoer et al.. [1980].

Using the results developed by Sontag [1978] we will also obtain some alternative
criteria for checking the existence of Bezout factorizations.

We will first establish two simple results which will be useful in establishing the
main results of this section.

LEMMA 5.5. An input-output map f is split if and only if f’ is split.
Proof. Suppose f is split. Let E (F, G, H, X) be a split realization of fi Since X is a

finitely generated projective A-module, it follows from Jans 1964, Chapt. 5, p. 66] that
X’ is a finitely generated projective A-module, and there exists an isomorphism
x:XX" such that xF=F"x, and xG=G". Since E is reachable, there exists an
integer n such that the n-step reachability map

n-1

gn:A"mX:(uo, L/l,"" ", L/n-l) -’’ E FiG(ui)
/=0

is surjective. Further, (An")" is isomorphic to A"’. Also, we have

n-1

g :A X": (u0, Ul, ", u,_)-- , (F")JG"(uj).
]=0

Since

(F")iG"(ui) X FiG(ui)
/=o

and g, is surjective, it follows that g is surjective. By assumption, 2,’= (F’, G’, H’, X’)
is reachable. Since g is surjective, E"= (F", G", H", X") is also reachable. Thus, E’ is
split. Now, since .E’ is a realization of f’, f’ is split.

Conversely, if f’ is split then, by the first part of the proof, f" is split. But the
input-output map f" is the same as f. Therefore, f is split, lq
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We will now establish another characterization of reachability of E’. In what
follows, for a system Y_.- (F, G, H, X), let h, denote the n-step observability map

I HFx
h. .X AP .x-

HF"-x
LEMMA 5.6. Let (F, G, H, X) be a projective system. Then ,’ is reachable ifand

only if there exists an integer n and an A-linear map

such that oh, is the identity map on X.
Proof. Suppose E’ is reachable. Then, there exists an integer n such that

n-1

h’,, A "t’ - X" (Uo, Ul, Un-1) ’) E (F’)iH’(ui)
/’=0

is surjective. It now follows from Bourbaki [1962, Chapt. 2, 2, Prop. 12] that
h, :X-A" splits; i.e., there exists an A-linear map :A" X such that h, is the
identity map on X.

Conversely, suppose there exists an A-linear map "A"" X such that h, is the
identity map on X. Then, h’ isq is the identity map on X’. Hence, h’’A"" X’
surjective. But h’ is the n-step reachability map of E’. Thus, E’ is reachable. ]

We now have the main result of this section.
THEOREM 5.7. Let f be an input-output map, and Zr ,i=1 Aiz-i be the p x m

transfer matrix of f. Then the following statements are equivalent.
(a) There exist polynomial matrices P, Q, Y1, and Y2 such that Q is admissible, and

Zr po-1, YIP + Y2Q I

(i.e., Zr admits a right Bezout factorization ).
(b) There exist polynomial matrices Q1, R 1, Y3, and Y4 such that Q1 is admissible,

and

RI Y3 + QI Y4 I

(i.e., Zt admits a left Bezout factorization).
(c) F is a split input-output map.
Proof. We will show that (a) and (c) are equivalent, and (b) and (c) are equivalent.
(a) implies (c). Let o (Fo, Go, Ho, Ao) be the O-realization of PO-1. By

Theorem 4.3, it follows that .Eo is a reachable, projective realization of f. We will now
show that Eb is reachable. Consider the map

(491 z-IA"[[z-1]]- Ao q-Tro((Orr( Ylq))+),

where, for x in AP(z),
(x)+ := x ’(x).

Since 1 is composition of A-linear maps, 1 is A-linear. We have

YIP + Y2Q I,

which can be rewritten as

Y1PQ- + Y2 O-1.
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It follows that for any x in Ao, we have

YIPQ-Ix + Y2x Q-Ix.

Since x is in Ao and Y2 is a polynomial matrix,

Q-Ix .tr y1pQ-Ix ).

Therefore, we have

X QQ-ix Q’rr YIPQ-Ix ),

(lho)(x zro((Qzr( Ylzr(PQ-x )))/) zro((Qr(YiPQ-x))/).

Thus

x QTr(YPQ-x) zro((QTr(YIPQ-x))+) (qvlho)(x).

It is thus clear that qlho is the identity map X. Since Ao is a finitely generated
A-module, it follows from Atiyah and MacDonald [1969, Chapt. 2, Prop. 2.3] that
there exist a monic polynomial a such that a (Fo) 0. Let n be the degree of a. Now, if
hn represents the n-step observability map of Eo, then it is easy to see there exists an
A-linear map

4" Ano - z-A’[[z-]]
such that ho tPhn. Let q := 14’. Then hn is the identity map on X. Now, by Lemma
5.6, b is reachable. Thus, Y--o is a split realization of f. Therefore, f is a split
input-output map.

(c) implies (a). Let E (F, G, H, X) be a split realization of f. Then, is a
reachable projective realization of f. By Theorem 4.3, there exist polynomial matrices
P and O such that O is admissible, Zr=PQ-, and the Q-realization of o
(Fo, Go, Ho, Ao) of PQ- is isomorphic to E. Hence Eo is split. It follows that Eb is
reachable. Now by Lemma 5.6, there exists an integer n, and an A-linear map
p" Anp Ao, such that if hn represents the n-step observability map of Eo, then Chn is
the identity map on Ao. Let 0 be the A-linear map

O.Ao Am. x-(Q-lx)_I.

Then, (Ohn)= 0. Furthermore, Oq’AnpA is A-linear. Therefore, there exist
Vo, Vx,.. , Vn-x in Am such that

yo

(0,) Y Z Viyi,

y-

where each y is in A. We also have

Further,

-lzl)-,l [A,+Il
hn (ro(zI))

(PO

L(PO-iz l)_.J

O(Tro(z tI)) (Z/()-1)_1.
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It now follows that

It is clear that

n-1

(8qh,,)(zro(zI)) ., VA++ 8(,’a’o(zI)).
i=0

7r(O-1) E (zO-1) -(+)
-1z

1=0

Therefore

7/’(0 -1)= Vo Z Alz -l + V1 ’, Al+Iz -I +’’" + V’n-1 Z Al+n-lZ
/=1 /=1 /=1

VoZf + VlTT(zZf -Jr "Jr- Vn_l,77,(zn-lzf
"IT((Vo + VlZ +’"" + Vn_lzn-1)Zf).

-1

behavior (Hankel) matrix

Ax A2 A. ]

A2: A3 A+I
A,, An+ A2n- l.J

of the input-output map f.

Let us define

n--1

Y3 := Z Vizi.
i=0

Then there exists a polynomial matrix Y4 such that

Y3Zf= Q-1- Y4.
Since Z PO-, it follows that

Y3P + Y40 I.

Thus, we have proved that (a) and (c) are equivalent.
(c) implies (b). Since f is split, by Lemma 5.5, ’ is split. Also, the transfer matrix of

f’ is Zr. As (c) implies (a), it follows that there exist polynomial matrices O, R
and Y such that O is admissible, and

Z} R (Qi)-1, Y’aR + Y’4Q’ I.

(b) follows immediately by taking matrix transposes.
(b) implies (c). By taking transposes we have

Z R Q’ )-, Y’3R + Y’4Q’ L

As (a) implies (c) and Z} is the transfer matrix of [, f’ is split. By Lemma 5.5, f is split.
Thus (b) and (c) are equivalent.

Thus, it is seen that the existence of Bezout factorizations of Zf is equivalent to the
condition that the input-output map that f be split.

If A is a Noetherian integral domain, a useful condition for checking whether f is
split is given by Sontag [1978, Thm. 2.1]. In what follows, let H, be the n x n block
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THEOREM 5.8 (Sontag [1978, Thm. 2.1]). Let A be a Noetherian integral domain
andK be its quotient field. Letfbe an input-output map overA and let n be the dimension
ofa canonical realization offover K. Then f is split ifand only if the ideal generated by all
(n n) minors of the n n block behavior matrix Hn off is A.

We will now state a classical result from commutative algebra which gives a
necessary and sufficient condition for a finitely generated ideal in a polynomial ringA to
be A.

THEOREM 5.9 (the Hilbert Nullstellensatz, Zariski and Samuel [1958, Chapt. 7,
Thm. 14]). Let L be a field and A be LIT1, T2, ", Tn], the ring of polynomials in the
indeterminates TI, T2," T, over the field L. Then pl, p2," Pm in A generate the
idealA ifand only if there do not exist c 1, c2, ", c, in an algebraic closure ofL such that

p(c, c:, c,)= O,

(i.e., the polynomials pl, p2, Pn do not have a common zero in an algebraic closure

We note that the results from classical elimination theory can be used to check
whether a given finite set of polynomials in several unknowns have a common zero in an
algebraic closure of L. The reader is referred to Hodge and Pedoe [1968, Chapt. 4, 7]
for a discussion of these techniques. Thus, using Theorems 5.8, 5.9 and results from
elimination theory, we can check the existence of Bezout factorizations for linear
systems over polynomial rings in several variables. This has immediate applications to
delay-differential systems with a finite number of noncommensurate delays. Kamen
1975] established that such a delay-differential system can be viewed as a system over a
polynomial ring of delay operators. These results are also applicable to systems with
parameters where the parameter variations are modeled as polynomials.

Another special case arises if A is a principal ideal domain. Then it follows from
Theorem 5.8 that a given input-output map f is split if and only if a greatest common
divisor of all n n minors of the (block) n n behavior matrix H, is the multiplicative
identity of A.

Remark 5.10. Let f be a split input-output map. Then (5.1)-(5.3) hold. In
particular, (5.1) can be rewritten as

(5.11) RIQ=Q1P.

Now, (5.11), (5.2), and (5.3) are exactly the equations in the set up of Theorem 3.6.
With the above notation, (3.13) becomes

(5.12) Y3R + OYT L PYs + Y401 =/,

for some polynomial matrices Y5 and YT. These equations are closely related to the
concept of skew prime polynomial matrices, which plays an important role in the
polynomial matrix approach to certain control-theoretic problems such as output
regulation with internal stability, (see Wolovich and Ferreira [1979]), and stochastic
control, (see Kucera [1975]). Two polynomial matrices Ol, P(O, R1) are said to be
externally (internally) skew prime if and only if there exist polynomial matrices Y4 and
Y5 (Y3 and YT)such that

PY5+ Y401 =/, (Y3RI+OY7=I).

Equation (5.13) has been considered in several papers. The reader is referred to Roth
[1952], Wolovich [1978], Gustafson [1979], Emre and Silverman [1981] and the
references given therein. It has been shown by Wolovich [1978] that in case A is a field,
the polynomial matrices O1, P are externally skew prime if and only if there exist
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polynomial matrices R1, Q, Y1, Y2, Y3 and Y4 such that (5.11), (5.2) and (5.3) are
satisfied. Our results show that for arbitrary commutative rings with identity, if R 1, Q,
Y1, Y2, Y3 and Y4 exist such that (5.11), (5.2) and (5.3) are satisfied, then QI, P(Q, Ra)
are externally (internally) skew prime. Using the results of Theorem 5.7, skew-
primeness and related questions have been considered in Emre [1980, Lemma 3.4] for
arbitrary commutative rings with identity. Our results indicate that there is a close
relation between split systems and these polynomial equations.

Remark 5.14. In a personal communication, C. Byrnes has indicated that the
algebro-geometric methods developed by Byrnes [1978] can be used to prove Theorem
5.6 for systems over a ring of polynomials in several variables over the field of complex
numbers. Our results, however, are for arbitrary commutative rings with identity and
are obtained by a purely algebraic approach. It may be interesting to examine in detail
the connections between the results of this paper and the algebro-geometric approach
to the theory of linear systems.

Aeknowletlgment. The author wishes to thank Dr. E. D. Sontag for several
valuable discussions concerning the research reported here. The author is also grateful
to the reviewer for his constructive comments.
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LOWER CLOSURE PROBLEMS WITH WEAK CONVERGENCE
CONDITIONS IN A NEW PERSPECTIVE*

E. J. BALDERI

Abstract. A transparent approach is taken towards the class of (lower) closure problems with weak
convergence conditions for the "derivatives". A deparametrization procedure is formulated for the abstract
lower closure problem of this class, as well as for its variant in a control problem of Lagrange type. It is
shown that, if one follows this procedure, the solution of the lower closure problem merely lies in proving
that a certain "modified Lagrangian" is a normal integrand. A lower closure result is obtained that
generalizes, in itself, all comparable results of [2a], [6e-f], [7a], [21]. For control problems of Lagrange
type with uniform boundedness conditions on the "controls," a special approximate Lagrangian can be
formulated by which the deparametrization procedure yields results that are superior to those obtained
previously [2b], [7b-c]. An important novelty in deriving the measurability properties of Lagrangians is
also introduced here: it consists of the employment of the Kunugui-Novikov-Stchegolkov projection
theorem [4].

1. Introduction. Consider the following so-called deparametrization procedure,
an approach to solve a lower closure or closure problem with weak convergence
conditions for the "derivatives""

(i) Construct a suitable so-called modified Lagrangian from the basic com-
ponents of the problem and show it to be a normal integrand.

(ii) Apply a standard lower semicontinuity theorem on the integral functional
having the modified Lagrangian as its integrand, with "trajectories" and
"derivatives" as its arguments.

(iii) Apply a standard measurable implicit function theorem (only when dealing
with optimal control problems).

Because steps (ii), (iii) of this procedure are routine, the solution of the (lower)
closure problem by means of the above procedure lies in demonstrating the measurabil-
ity and semicontinuity properties of the modified Lagrangian. As will be made clear,
this simplifies and standardizes the solution method to a considerable extent.

It would seem that the above deparametrization procedure can only be successful
for the class of closure problems with weak convergence conditions. In contrast with
the situation at present, this class was for some time overshadowed in importance by
those problems where weak convergence conditions are avoided by strengthening the
degree of seminormality (for instance by requiring Cesari’s property (Q) to hold);
this is evident from L. Cesari’s earlier work (cf. [6a-d]). That could possibly account
for the undeserved absence of the deparametrization procedure from the literature
on (lower) closure problems thus far (although the procedure was mentioned in passing
in a remark [18, p. 15]).

As indicative of this situation one can observe--and we shall cite only two
instancesmthat the results of [2a] can be obtained, straightaway and under essentially
weaker conditions, from the lower semicontinuity result in [2c] by the deparametriz-
ation procedure. Also, [6f, Statements (5i), (6i)] can be shown to follow directly (and
at least Statement (5i) under significantly weaker conditions) from the semicontinuity
result of [6f, Statement (lift)] by the same procedure.

* Received by the editors March 5, 1980 and in revised form April 6, 1981.
I Mathematical Institute, University of Utrecht, Budapestlaan 6, P.O. Box 80 010, 3508 TA Utrecht,

the Netherlands.
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On the other hand, for some optimal control problems of Lagrange type whose
compactness conditions (e.g., compactness of the space of control points) completely
overshadow the importance of seminormality, the deparametrization procedure has
been used quite succesfully; cf. [9], [10], [14], [19]. As mentioned above, the procedure
has been discussed very briefly by C. Olech in [18], but his remarks go without proof,
bear only on the case where the upper set property (zr) holds, and do not apply to
lower closure problems without seminormality conditions, such as considered in [7b-c].
(It would seem that Olech did not return to the subject elsewhere.) The purpose of
this paper is to present a systematic exposition of the use of the deparametrization
procedure for (lower) closure problems with at most weak seminormality conditions.
At the same time, quite new lower closure results are obtained for control problems
of Lagrange type with uniform boundedness conditions on the "controls" (e.g.,
Ll-bounds [2b], [7c]). For these special problems we shall introdtace another
Lagrangian, the approximate Lagrangian, whose semicontinuity property is proven in
line with the proofs of [9], [10], [14] for the classical Lagrangian.

The organization of this paper is simple. The technical aspects of the first step
receive due consideration in 2. After this, the deparametrization procedure is
followed through for abstract (lower) closure problems in 3 and for optimal control
problems of Lagrange type in 4.

2. Lagrangians and normal integrands. The first step of the deparametrization
procedure is studied in this section. Along the way, a large part of the basic framework
of this paper is described in notation similar to that used in [6a-f]. However, we shall
allow the setting to be substantially more abstract than in the above references.

Let (G, ,/z) be a finite measure space whose -algebra is either countably
generated or the completion of a countably generated o--algebra. LetX be a metrizable
Lusin space [8] (also known under the name of standard Borel space) with given
metric d, equipped with the Borel or-algebra. Let B be a measurable closed-valued
multifunction from G into X and denote its graph by ; this graph is a measurable
subset of G x X[5 III 10, III 13]. Further, let r be a prescribed natural number and
let Q be a multifunction from into Rr/l with closed values and measurable graph.
(From now on every Euclidean space is supposed to be equipped with its Borel
r-algebra, unless stated otherwise.) We shall say that Q has property (K) with respect
to B(t) at a point (t, x) 3 if

(1) Q(t,x) f’] clk.J{Q(t,x)" xB(t),d(x,x)<y},
3,>0

where cl denotes closure. This property is classical in the existence theory for opti-
mal control problems (cf. [6], [7], [11]).

Let us also agree to say that O has property (K) with respect to Y3 if O has property
(K) with respect to B(t) at every (t, x) 3.

Remark 1. In case the set B(t) is a singleton for every G, property (K) with
respect to Y3 will hold vacuously

Remark 2. Let us say that O has property (Koc) with respect to B.t) at (t, x) 3
if there xists No > 0 such that for every N => No the multifunction ON satisfies (1)
where ON(t, x) denotes the intersection of O(t, x) with the closed ball with radius N
around 0 in Rr/l, (t, x) Y3. Then it is not hard to see that at every point (t, x) ,
the properties (Koc) and (K) with respect to B(t) are equivalent.

Remark 3. It should be noted that we do not follow [6], [7] in the custom of
introducing additional exceptional/x-null sets where the assumptions are allowed not
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to hold. For instance, one could introduce a/-null set N such that B(t), introduced
above, is allowed to be nonclosed whenever N. It is easy to see that the inclusion
of such provisions does not lead to more general results, since our results will always
be such that they hold modulo -null sets.

Consider the modified Lagrangian on G xX x [r+l defined by

(2) l(t,x,,A)={inf{nR" (’ n)Q(t,x), /->A} if(t,x)Y3,
+ oe otherwise,

it being understood that the infimum over the empty set equals +oo, (t, x, :,
G xX x [r+a. Note that the classical Lagrangian corresponds to the improper choice, =-oe and is well known [6c], [9], [10], [14], [18], [19]. A very important aspect of
this definition is the following.

Remark 4. Observe that for every (t, x, , ) e G xX x Nr+a, finiteness of the
number l(t, x, , ,) implies that (t, x) Y3 and that the infimum in (2) is attained" the
latter fact follows immediately from the closedness of the set O(t, x).

We need additional conventions. The multifunction O is said to have the (upper
set) property (Tr) if for every (t, x) , (, rl) O(t, x) and r/’ _-> r/we have that (, r/’)
Q(t, x); cf. [6], [7]. Also, we shall say that condition (M) holds if G is a metrizable
Lusin space having c as its Borel tr-algebra. A version of the following result was
announced in [18, p. 15]. Cf. the appendix for a different approach.

THEOREM 1. Suppose that condition (M) holds or that the multifunction Q has
property (or). Then

(i) the modified Lagrangian is measurable on G X r+l,
(ii) the modified Lagrangian is a normal integrand on G (X r+a) if and only

if Q has property (K) with respect to .
Proof. (i) To begin with, suppose that G is metrizable Lusin having as its

Borel tr-algebra. For a given y, define F to be the set of those
(t,x, , A) GX Rr+a such that l(t,x, , A)<_-y.

By Remark 4, (t, x, :, A) F if and only if A <_- y, (t, x) and (c, r/) Q(t, x) for
some r/ , A -<_ r/< 3’. Consider the set E of all (t, x, , A, rt) G xX x /2 such that
(t,x) , (, rl) Q(t,x) and A <_-r/_-<3/. Since the graph of Q is measurable, E is
obviously measurable. .At every (t, x, :, A) G X Nr/, the section of E, i.e., the
set {r/ [A, 3’]: (, r/) Q(t, x)}, is compact. In view of the suppositions, we may apply
the Kunugui-Novikov-Stchegolkov projection theorem [4, Theorem 1, Remark 2],
[8, III.21b] to conclude that the lrojection F of E onto G X / is measurable.

Alternatively, suppose that Q has property (Tr). Let 3’ R be arbitrary and define
E, F as above. With property (r) we now have that (t, x, c, A) F if and only if
(t, x) and (, y) Q(t, x). Thus F, being now the section of E at y, is measurable.

(ii) If. The question of measurability has been settled in (i). Fix G and let
{(X k, k, t k)}x be an arbitrary sequence in X x+ such that x k - x k o, A k A 0

To prove lower semicontinuity of l(t,.,k. ’)k, it will be enough to consider only the
nontrivial case where /3 =-lim infk l(t, X A k) is finite. Rather than extracting a

k k k, ksuitable subsequence, we may suppose w.l.o.g, that the numbers r/ l(t, x A
k k k kare all finite and that r/ -/3. By Remark 4 we now have (k, rl ) Q(t,x ), x B(t)

Ak B(t) it follows from the aboveand r/ >_- for every k 6 N. By closedness of B(t), x
kthat for every y>0, there exists ko6N such that (k, rl ) {((t,x)’xB(t),

d(x,x)<y} for every k_->k0. But then (,/3) will lie in the closure of the
kabove union. Our supposition implies that (c,/3) 0(t, x). Also /3 limk r/ _-->

limk A k A 0. It is now clear from (2) that l(t, x o, o, Ao) <=/3, so lower semicontinuity
of l(t, , , .) has been proven.
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Only if. Fix (/, x) arbitrarily. Only the nontrivial inclusion in (1) deserves
0) r+lproof. Suppose (:o, r/ e belongs to the right side of (1). For every k the ball

0) k anwith radius k- around (o, r/ contains, for some x B(t) with d(x , x)< k-(t,x ). Clearly, (x r/ (x ,:,rt By (2), rtelement (:,rt)c , , ) 0 0) >
k 0 0) 0l(t, x k, , rl for every k N. Thus, t.he supposition yields r>-_ l(t, x :0, r >_- r

0)By Remark 4 we have now (:o, r/ 0(t, x). This finishes the proof.
The usual representation of O to be found in optimal control problems of

Lagrange type is as follows. Let f be a measurable closed-valued multifunction from
Yd into a r-compact metric space U, equipped with its Borel r-algebra. Also, let
(f, fo) be a measurable function from H=-{(t,x, u)@x U’u fl(/, x)} into Nr+l
and such that, for every G, f(l,. .) is continuous on the section of H at t. Suppose
now that for every (t, x) ,
(3) O(t, x)= {(f(t, X, b/), ’i)C r+l. ’ >_fo(t x, u), u c l)(t, x)},

with the implicit understanding that the set on the right-hand side is closed.
LEMMA 2. Suppose that Q allows the representation (3). Then Q is measurable,

closed-valued and has property (r).
Proof. Because fl is measurable and has complete values, there exists a sequence

{co} of measurable functions from @ into U such that for every (t, x)e Y3 f(t, x)=
el {co(t, x)}] whenever f(t, x) is nonempty (Castaing representation, [5, III.9]). Fix
(t, x)e @ and suppose f(t, x) is nonempty. Then by the continuity property of 1
(4) Q(t, x) = el {(f(t, x, toi(t, x), f(t, x, toi(t, x)) + ri)" i, j e N}.

Here {r.}’ denotes a denumeration of the nonnegative rationals. By supposition Q(t, x)
is closed, so the converse inclusion in (4) holds too. Because f is measurable on H,
%Castaing representation of Q has been obtained, which is equivalent to saying that
Q is measurable [5, III.9]. The other statements are trivially true.

Note that if Q allows representation (3), the modified Lagrangian can be
specified by

(5) l(t, x, :, ) inf {max (f(t, x, u), )" u c f(t, x), f(t, x, u) },

for (t, x) Y3, (:, A) e r+x. In analogy to Remark 4 we have the following.
Remark 5. In case Q has representation (3), for every (t, x, :, A) e G xX x +,

finiteness of l(t, x, , A) implies that (t, x)e @ and that the infimum in (5) is attained.
In control problems with uniform boundedness conditions on the controls, the

following alternative Lagrangian will prove to be very useful. Let h be a nonnegative
measurable functional on G x U such that h (t, .) is inf-compact on U for every e G.
Define for every e >_- 0 the approximate Lagrangian I on G xX x +1 by

(6) l(t, x, , A)=inf {max (f(t, x, u), + eh(t, u)" u c f(t, x), f(t, x, u)= :},

for (t, x) c , (, ,) c r+l. Elsewhere, set I equal to
Note that the modified Lagrangian of (5) is equal to 10. Note also that convexity

of the set O(t, x), (t, x), in (3) does not imply that l(t, x,., .) is convex, unless
e -0 and h (t, .) is convex.

Let us say that 1) has property (K) with respect to if (1) holds at every (t, x)
with O replaced by

In anticipation of what is to follow we urge the reader to distinguish carefully
between normal integrands on G x (X x +) and normal integrands on (G x X) x r+l.
cf. [5, VII].
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LEMMA 3. Suppose that condition (M) holds and that 0 has representation (3).
The following statements hold for every e > 0:

(i) The approximate Lagrangian l is measurable on G xX x N+a.
(ii) The approximate Lagrangian l is a normal integrand on G x (X x N+i)if f

has property (K) with respect to .
Also, for e 0 (cf. Theorem l(ii))

(iii) The modified Lagrangian is a normal integrand on (G x X) x +.
Proof. (i) Fix e >0 arbitrarily. To start with, note that for every (t, x, ,)

G xX x N+ finiteness of l (t, x, :, ) implies that (t, x) and that the infimum is
attained in (6) (by inf-compactness of h(t, .), continuity of f(t, x, .) and closedness of
n(t, x)).

Let ye be given. It is easy to check that for every (t, x, :, A) e
r+lG X l (t, x, :, A) <- y if and only if A -< % (t, x) Y3 and there exists u (t, x)

-1such that h(t,u)<-e (y-A), f(t,x,u)=$ and max(f(x,t,u),A)+eh(t,u)<-y;
observe that the set of u e l(t, x) satisfying these three relations is compact. The rest of
the argument runs entirely parallel to that used in proving Theorem 1 (i) by means of the
Kunugui-Novikov-Stchegolkov theorem. We shall omit the details.

(ii) Let e >0 be fixed. From (i) we know that l is measurable. Let G be
arbitrary. We will show that l (t,.,., .) is lower semicontinuous. Consider an arbitrary
given sequence {(x , :, A )}o such that x --> x 0, : --> :0, A -> A o. Without loss of

kgenerality we may assume that /3 lim inf l (t, x , :, A ) is finite and that -->/3,
k k, k) k kwhere rt l (t, x :, I is finite, k N. Thus, for every k N there exists u 6 l(t, x

such that
k k k k k k k.rt =max(f(t,x u ), )+eh(t,u ), f(t,x,u

-1 k kBecause h(t, u) <-e (q - ), it is easy to see that a subsequence of {u} will
converge to some i e U. Without loss of generality we may assume u- t. Since
a e cl U l(t, x) we conclude from the supposition that t7 e l)(t, x). Also, by
continuity of (t,., .), we find f(t, x, a)=o and fl _->max (f(t,x, gt),,)+eh(t, t).
In all, we find now that l(t, x, o, A o)<= ft.

(iii) In view of Lemma 2, measurability of is assured by Theorem l(i). Let
the element (t, x)e Y3 and the sequence {(, )}o be arbitrary, - :o, ,_ o. As
usual we may suppose w.l.o.g, that all numbers rt =- l(t, x, , are finite and
converge to the finite number fl---lim inf rt Rather than using the representation (5)
for l, we shall keep to the original definition given in (2). By R.emark 4 we have that for
every k N (ck, r/ O(t,x), >- By closedness of t(t,x) we thus have that
(,[3)Q(t,x). Also /3->I, so from (2) we conclude that l(t,x,,A)<fl= This
finishes the proof.

We now turn to the description of the only tool used in the second step of the
deparametrization procedure" a lower semicontinuity result for integral functionals.
Before doing so, we again introduce a part of the basic framework, namely a sequence
{Xk}’ of measurable functions from G into X such that

(7) Xk Xo,

where denotes convergence in measure/. In this section we shall also consider a
sequence {k} belonging to the collection La(G)+1 of measurable, /x-integrable
functions from G into R r+a such that

--) 0
where denotes convergence in the weak tr(Ll(G)r+x, Lo(G)+x)-topology. A lower
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semicontinuity result for integral functionals will now be stated. Variants of it appear in
[2c], [6f], [10], [14], [18], to mention just a few references of this venerable result.
THEOREM 4. Suppose rn is a normal integrand on G (X Er/l) such that

(a) the sequence {m-(., xk(’), k(’))} is uniformly integrable,
(b) for every G the functional m(t, Xo(t), is convex on r+l,

Then

lim infk Io m(t, xk(t), (t))ix(dt)>= I m(t, Xo(t), o(t))ix(dt).

Proof. For finite-dimensional G, X the result is practically contained in [13,
Theorem 1]. Stated as is, the result follows directly from combining [16, Theorem 5,
Remark 2, Case 1].

Remark 6. Note that the inf-compactness result in [19] follows immediately--and
under weaker conditions--from Theorem 4. (The so-called "basic growth condition"
imposed upon the Hamiltonian in [19] implies the weak convergence of the derivatives
in a far more direct way than might appear from that paper. It is enough to note that
the growth property for the Lagrangian implied by the basic growth condition (cf.
[19, p. 321]) is such that the derivatives involved are equi-absolutely continuous.)

3. The abstract (lower) closure problem. The deparametrization procedure intro-
duced in 1 will now be implemented. Thus we follow through with the first step,
worked out in the previous section. We obtain a quite general lower closure and
closure result. We shall also discuss how these results and those of the following
section generalize comparable results in [2a-b], [6e-f], [7a-c], [21].
Let G, X, r, {Xk} be as in the previous section (with (7) holding). The multifunction
B will be specialized as follows from now on"

(8) B(t) cl {Xk(t)}, G.

with this proviso, 5, Q and are supposed to be as before. Also, a sequence {}
in L (G)r, with

(9) - o,
will be part of the basic framework from now on. The main lower closure result is
now as follows.

THEOREM 5. Suppose that condition (M) holds or that Q has property (Tr). Also,
suppose

(10) ]’or every G the set Q(t, Xo(t)) is convex,

(11) Q has property (K) with respect to .
Let {r/k} be a sequence o] measurable functionals on G and suppose there exists a

sequence {(3k, 3)} Of measurable ]:unctions from G into +, converging in measure

Ix to zero, such that

(12) ]’or every G, k , (Ck(t) + 3(t), rl(t) + 6(t)) O(t, Xk(t)).

Suppose further that there exists a uniformly integrable sequence {Ak} in LI(G) such that

(13) for every k , rlk >= Ak.
Then, if -lim infk r/k dIx < +00, there exists rl* 6LI(G) such that

(i) for Ix-a.e. t, (:0(t), r/*(t)) 60(t, Xo(t)), Xo(t)B(t),
(ii) o r/* dIx =< i.



204 E.J. BALDER

Proof. Instead of taking a suitable subsequence twice, we may suppose w.l.o.g.
that i=limk IGrlkdtz and that there exists AoLI(G) such that Ak- AO (by the
Dunford-Pettis compactness criterion [8, II.22, 25], [10, VII.1.7]). We claim that
r/*--l(., Xo(" ), o(" ), A0(" )) satisfies (i), (ii), where denotes the modified Lagrangian
defined in (2). We have for every G, k

(14) l(t, xk(t), (k +k)(t), (Ak +Ok)(t))--Ok(t)>--Ak(t).
Because of the initial assumption and (11), is a normal integrand on G (X Rr/l)
by Theorem 1. Therefore

m(t,x,,8,e, sc, A)=-l(t,x,+8, A + 8)- e,

defined for G, x X, 3, : W, 8, e, A , gives a normal integrand tn on G
(X 2r+3). From (2) and (10) it follows directly that l(t, Xo(t), ",. is convex on r+
for every G. Thus, as for every G, (:, A) W+,
(15) re(t, Xo(t), O, O, O, , A)= l(t, Xo(t), sc, A),
tn satisfies condition (b) imposed in Theorem 4. Further, by (14) we have for every k

mk - Ak,

where mk (t) is defined to be the left side of (14), G. Hence, the uniform integrability of
the sequence {Ak} implies the uniform integrability of the sequence{max (--mk, 0)}. So
condition (a) of Theorem 4 holds as well. If we apply Theorem 4, and take into account
(15), we find easily

lim infk fG mk dlz >-- I rl* dtx.

This implies (ii), since for every k M, mk <_- by (2), (8), (12) and (13). Clearly,
is measurable. In view of (2), we also have /*_-> 3,0. Since < +oo, we conclude that
q*L(G). Since a fortiori /* is finite /x-a.e., (i) follows by definition of /* and
Remark 4.

Remark 7. It deserves attention that Theorem 5 remains valid in case the
0assumption t 0 is replaced by {g}l L(G) and ; 0. This is seen by redefining

3,,----Ak+8, :/k+, kM in Theorem 6 and observing that A -Ao,
lim infk /, d/x and / _->A: for every k M. Mutatis mutandis, the same can be
said for {3k}. Conversely, the assumption Sk s0 can be replaced by Sk -% so, in
which case assumption (10) can be omitted.

The main closure result follows immediately from Theorem 5. Let Q be a
multifunction from into Rr with closed values and measurable graph.

We shall say that Q has property (K) with respect to if (1) with Q substituted
o)for Q, holds at every point (t, x .

THEOREM 6. Suppose that

(16) for every G the set Q(t, Xo(t)) is convex,

(17) Q has property (K) with respect to .
Also, suppose that there exists a sequence {8} of measurable functions from G into
W, converging in measure tx to zero, such that

(18) foreverytG,kt, k(t)+Sk(t)Q(t, xk(t)).

Then for/z-a.e, t, o(t) Q(t, Xo(t)) and Xo(t) B(t).
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Proof. Define the multifunction O by

O(t, x) O(t, x) +, (t, x)

It is easy to see that Q inherits measurability, closedness of its values, (10) and (11)
from Q (by (16), (17)). The result now follows from applying Theorem 5 with Ak --= 0,
r/k --0, =-0 for all k e 1.

Remark 8. As was explained in Remark 7, the assumption 6k 0 can be replaced
by {6k} c LI(G r) and tk 0.

Remark 9. A simple auxiliary Lagrangian can be formulated for the closure
problem itself by defining for (t, x, :) e G xX x R

l’(t, x, )---- dist (, O(t, x)),

where dist denotes Euclidean distance. One could paraphrase Theorem 1 for l’ and O.
Let us compare the abstract lower closure results of [6e-f], [7c], [21 with Theorem

5. In all of these references, G and X are finite dimensional, 3 is the Lebesgue
tr-algebra and/x the Lebesgue measure. A remarkable aspect of the framework used
there is that the multifunction O is not required to be measurable. (The arguments
involving this multifunction are held pointwise as a rule.) Of course, if one keeps the
nature of the applications in mind, the loss of generality involved in our taking Q to
be measurable, is negligible indeed. The following statements all follow from Theorem
5 above; for each result we briefly sketch the principal differences with Theorem 5.
In [6e, Statement (5i)] property (Q) with respect to x is required; further, 6k =0,
6 0o Also, Statement (5ii) follows by Remark 7. In [6f, Statement (6i)], boundedness
and convexity conditions imposed on the classical Lagrangian l(.,.,-,-c) imply
directly that T/kO +/11 for certain constants a,/316f, p. 392], so that (13) certainly
holds. Also, property (Tr) has been imposed and 6k =0, 6 =0. In [7c, Theorem 4.1]
one has Xk Xo, SO that (11) holds vacuously by (8) and Remark 1. In [21, Theorem
3.1], property (Q) with respect to x is avoided by using a condition whose unnaturalness
is already evident from [21, Remarks 3.1, 3.2]. Besides, property (Tr) has been used
and the convergence Ak- A0 takes place in L1-norm (cf. [21, Remark 3.5]). Also,

=0, 0.
In the same vein we could elaborate on the claim that Theorem 6 generalizes

[6e, Statements (4i-iii)], [6f, Statement (5i)], [7c, Theorem 3.1] and [21, Theorem
3.2]. This will be left to the reader, however.

4. Closure problems of Lagrange and Mayer type. In this section we shall deal
with the lower closure problem in case the representation (3) is valid, as happens in
optimal control problems of Lagrange type. Let G, X, r, {Xk}, B, o be as before
(with(7), (8) holding). From now on we shall assume that the representation (3) holds
for Q. Also, we shall include in the framework a sequence {Uk} of measurable
functions from G into U such that

(19)
for/z-a.e, t, Uk(t)e f(t, Xk(t)),

{f(’,Xk(’),Uk(’))}7 CLI(G)r, f(" Xk(" ), Uk(" )) "-> 0.

We shall state two immediate consequences of Theorem 5.
THEOREM 7. Suppose assumptions (10), (11) regarding Q are valid. Also, suppose

that

(20) ]:or every G, k , Uk(t) fl(t, Xk(t)),
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and that there exists a uniformly integrable sequence {/k}7 in LI(G) such that

(21) ]:or every k e N, fo(., xk (’), uk (’)) >-- Ak.
Then, if i--lim infk Jf(t, Xk(t), Uk(t))lx(dt) < +o0, there exists a measurable function
u* from G into U such that fo(., Xo(" ), u*(. )) e LI(G) and

(i) for/x-a.e, t, Xo(t)e B(t), u*(t)e fl(t, Xo(t)), o(t)= f(t, Xo(t), u*(t)),
(ii) f(t, Xo(t), u*(t)) tx(dt) <= i.

Proof. By Lemma 2 we may apply Theorem 5 with (k, qk)=--f(’, Xk(’), Uk’)),
6k =0, 6 =0, k eN, because assumption (12) holds by (3), (20). So there exists

l* eLl(G) for which conclusions (i), (ii) of Theorem 5 hold. In view of Remark 5,
the result now follows from invoking a standard measurable implicit function result
[12, Theorem 7.1] (cf. [22, p. 876]).

THEOREM 8. Suppose that assumptions (10) and (20) hold, that

(22) for every e G, k e , lq(t, Xk(t)) fl(t, Xo(t)),

and that

(23) 0,

where g(t)=-[(t, Xo(t), uk(t))-(t, x(t), u(t)), e G, k e N.
Suppose further that there exists a uni[ormly integrable sequence {,}]o in LI(G)

such that (21) holds.
Then the conclusions of Theorem 7 are true.

Pro@ Let denote xk as used in Theorem 5 and set =Xo, keN. So
assumption (9) of Theorem 5 is satisfied (by Remark 1). By (22), (23) assumption
(12) will hold with (c, r/))(., x(.), u(.)). Now apply Theorem 5 and finish the
proof exactly as described in the previous proof.

Remark 10. Regarding the mode of convergence of {6}, the same can be said
as in Remark 7.

In [Tb] (cf. [2a, 20]) a number ol conditions of Lipschitz and growth-type were
formulated, all of which guarantee that 0 in the L-norm (hence certainly imply
(23)). Later, it was recognized that all conditions of [7b] involving a uniform L-bound
for {u}] can be relaxed substantially [2b, 7c].

We shall say more on this, but not before having stated an obvious relaxation of
the only conditions in [Tb] that do not impose a uniform L-bound on {uk}], viz.
conditions (F), 1 <_- p _-<

PIOPOSITON 9. Suppose that has the following uniform continuity property (F)"
o

]’or every e G, every sequence {x} in B(t), x x

(t, x k, u)-(t,x, u)O uniformly in u ell(t, Xo(t)).

Then we may suppose w.l.o.g, in Theorem 8 that (23) holds.
Pro@ Because of (7), it is enough to extract a subsequence of {x}] which

converges to xo tz-a.e., and to invoke property (F). It is obvious from the proof of
Theorem 5 that the argument now runs as if (23) were valid for the whole sequence

Let us next turn to conditions involving uniform bounds for {u}. Rather than
taking the winding path of formulating more and more intricate analogues of "Nemit-
sky’s theorem" [7c, Theorem 2.2], 16, Lemma 2.1], we shall follow the avenue lined by
the approximate Lagrangian l of 2. Thus, we can reach substantial generalizations of
the results in [2b], [7c].
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Let h be as in 2, i.e. a nonnegative, measurable functional on G x U such that
h(t,.) is inf-compact on U for every 6 G. The result below can replace Theorem 7
in the presence of uniform bounds.

THEOREM 10. Suppose that condition (M) holds and that assumptions (10) and
(20) are valid. Also, suppose that

(24) there exists y >-0 such that Ia h(t, uk(t))tx(dt) <= y for every k N,

(25) has property (K) with respect to Yd.

and that there exists a uniformly integrable sequence {Ak} in LI(G) such that assumption
(21) holds.

Then the conclusions of Theorem 7 are true.

Proof. Let e > 0 be arbitrary and l be as in (6). By (6), (20), (21), (24) we find
for every G, k N

(26) Ia f(t, Xk (t), Uk (t))lx (dt) + ey >-- I l (t, xg (t), jk (t), A (t))lx (dt),

where (t)--f(t, x(t), uk(t)). Also, for/x-a.e, and every k N, by nonnegativity of
h and (2).

(27) l(t, x(t), : (t), A (t)) _-> l(t, xk(t), k(t), 1(t)) >=A(t).

By assumption (25) and Lemma 3(ii) we have that l is a normal integrand on
G x (X x Rr+l). By Lemma 3(iii), is a normal integrand on (G xX)xNr+l. Let us
define for (t, x, , ) G xX x Rr+l

gj, A)
m(t, x, :, A)----

l(t, Xo(t), , A)
if x Xo(t),
otherwise.

Since l->_ l, it follows from the above that m is a normal integrand on G x
(X x Nr+a). Assumption (a) of Theorem 4 is valid by (27) and assumption (b) holds
by (10), in view of (2) and the definition of m. By (7), (19) we may apply Theorem
4. In conjunction with (26), (27) this gives

(28) lirninf If(t, x(t), uk(t))pt(dt) >--_ I l(t, xo(t), :0(t), Ao(t))l(dt)- ey.

In view of the arbitrary choice of e, (28) holds with e 0. We can now proceed
exactly as in Theorems 5, 7, making use of Remark 5 and the cited implicit measurable
function result.

Remark 11. The above result shows that, und..er the uniform boundedness
assumption (24), the seminorma!ity condition (11)for O in Theorem 7 can be replaced
by a seminormality condition for l. In [2b], [7c] and related work, the following
assumption is always imposed"

for every G, x, x’ B(t), (t, x) =(t, x’).

Under this extra assumption and the boundedness assumption, Theorem 10 also entails
Theorem 8. Indeed, (20) follows now trivially from (22), and the extra assumption
implies (25), so actually assumption (23) is then dispensible.

The lower closure results for optimal control problems of Lagrange type derived
in this section can automatically be turned into closure results for optimal control
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problems of Mayer type by setting f0= 0, hk 0, k N. We shall not spell out this
conversion of statements.

Let us compare the above theorems with similar results obtained in [2a-b], [6e-f],
[Tb-c] (these include all relevant results recapitulated in [Ta]). Modulo a/z-null set,
the basic condition (C) used in these references is easily seen to imply our basic
conditions involving and . (Invoke the Scorza-Dragoni theorem and use [5, III.30];
cf. Remark 3.) An exception to this is made by [2a-b], where fo is supposed to be
lower semicontinuous and f continuous. In that case Lemmas 2, 3 can be shown to
hold by making use of the o--compactness of U; the details of this are left to the
reader. [6e, Statements (7.i), (7.ii)] follow from Theorem 7. Note that property (Q)
with respect to x is used in (7.i); cf. Remark 7. Also [6f, Statement (6.ii)] follows
from Theorem 7 by the observations we made when discussing [6f, Statement.(6.i)].
[2a, Theorem 1] also follows from Theorem 7. There assumption (21) is satisfied by
the expression [2a, (5.3), p. 33]. Theorem 2 of that reference follows from Theorem
8 and Proposition 9, since f has property (F) there. [2b, Theorem 3.1] is easily seen
to be a consequence of Theorem 10. Also, the various substatements in [Tb, Theorem
8.1] all follow from Theorem 8 together with Proposition 9 or from Theorem 10.

Finally, [7c, Theorem 4.1] practically coincides, for the simpler setting of [7c],
with Theorem 8.

Along the same lines, these comments could be repeated for the closure results
in control problems of Mayer type, whose presence here can be considered implicit
by what was said above.

5. Epilogue. The main tenet of this paper states that (lower) closure results for
the class of closure problems with weak convergence conditions upon the derivatives
are basically all the manifestation of a single lower semicontinuity result, viz. Theorem
4. In [lb] it was demonstrated that Theorem 4 can be obtained in a very direct way
by a compactification-relaxation approach, entirely in the spirit of L. C. Young’s work;
cf. [la], [3], [17], [23]. (In the light of these references, observe that, by de la Vall6e
Poussin’s theorem, the weak convergence condition characterizing the class of closure
problems studied here, involves an implicit compactness condition.) In view of this,
we hope that the above efforts may contribute to the unification of the existence
theory for optimal control problems.

Appendix. In case the measure space (G, 3,/z) is complete, it is possible to take
another approach to proving that modified and approximate Lagrangians are normal
integrands. By now this approach, mainly due to R. T. Rockafellar, is entirely standard
(e.g., cf. [19] and its references). It gives the following alternatives to Theorem 1 and
Lemma 3"

THEOREM 1’. Suppose that (G, , t) is complete, that X is a Polish space and
that Q has property (K) with respect to . Then the modified Lagrangian is a normal
integrand on G (X /).

LEMMA 3’. Suppose that (G, , I) is complete, that X is a Polish space, that Q
has representation (3) and that has property (K) with respect to . Then for every
e 0 the approximate Lagrangian l is a normal integrand on G (X /). Also, the
modified Lagrangian is a normal integrand on (G X) /.

We shall only sketch a proof of Theorem 1’, since that of Lemma 3’ is quite
similar and equally standard (e.g., cf. [19, p. 317]).

Consider the functional n on G X /2 defined by

/)___J/ if (t,x), (, l)Q(t,x),
n(t, x, , h

+ otherwise,
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for (t, x, s, I, r/)e G x X X Rr+2. It is easy to see that n is a normal integrand on
G x (X x Rr+2) by our suppositions; cf. the proof of Theorem 1 (ii). By the completeness
of (G, cg, Ix), our notion of a normal integrand on G x (X x Nr+2) coincides with the
one used by Rockafellar. That is to say that the epigraphic multifunction of n from
G into X x Nr+2 is measurable; cf. [19, Proposition 2] and note that this result continues
to hold in our more general framework. Now in

l(t, x, , I inf {n(t, x, , I, r/): r/e N}

the infimum is attained when it is finite (Remark 4). Hence, for every e G the
(possibly empty) epigraph of l(t,.,., is the projection of the epigraph of n(t,.,.,.,
onto X x N+I. It follows directly from the Castaing representation of the epigraphic
multifunction of n that the epigraphic multifunction of is measurable. Hence, is
a normal integrand in the sense of Rockafellar. This means that is a normal integrand
in the sense used here.

The above comment implies that Theorems 5 and 10 continue to hold if we
interpret condition (M) there as follows: either G is metrizable Lusin with Borel
o--algebra or X is Polish and is the Ix-completion of a countably generated
o--algebra.

When reading the comparison of our results with those available in the literature
( 3, 4) these observations should be kept in mind.

Acknowledgment. The author is indebted to an unknown referee for suggesting
the use of the functional m in the proof of Theorem 10. (The original proof went by
way of relaxation.)
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ON LOCAL CONTROLLABILITY*

HENRY HERMES,

Abstract. Let X, Y be real analytic vector fields on a real analytic n-dimensional manifold M. Consider a

control system on M with dynamics described by

(1) dx/dt=X(x(t))+u(t)Y(x(t)), x(0) =p,

where an admissible control is Lebesgue measurable with values lu(t)l <-- 1. The relationship between the map

(2) (sl,’’’, sn) (exp sx Y) (exp sn(adn-lX, Y))o(exp tX) (p)

being one-one on a neighborhood of 0 n for each 0 < < e and other known necessary conditions for local
controllability are studied. In dimension n 2, many necessary conditions are equivalent, and also sufficient.
For n >_- 3, the map (2) being locally one-one implies many necessary conditions are satisfied, but these need
not be sufficient. Examples which illustrate what occurs geometrically are given.

Introduction. Let M be a real analytic n-dimensional manifold and X, Y real
analytic vector fields on M. We study the nonlinear control system (2 dx/dt),

(1) 2(t) X(x(t)) + u(t) Y(x(t)), x(O) p M,

where an admissible control u, is Lebesgue measurable with values lu(t)l<= 1. The
attainable set at time t, where >-0, is denoted by (t, p) and defined as the set of all
points in M which can be attained at time by solutions of (1) corresponding to all
admissible controls. The solution of (1), at time t, corresponding to control u 0 is
denoted (exp tX)(p). Our goal is to find necessary and sufficient conditions to insure
that (exp tX)(p) belongs to the interior of s4(t, p), denoted int s4(t, p), for all >0.
When this holds, the system (1) is said to be locally controllable along the reference
solution (exp tX)(p) at p.

Let V(M) denote the vector space of all real analytic vector fields onM considered
as a real Lie algebra with product the Lie product IX, Y]. For c V(M) let L()
denote the Lie subalgebra generated by , TMp the tangent space to M at p
and (p)={W(p)TM,: W}. Let (adX, Y)=Y, inductively (ad+X, Y)=
IX, (adX, Y)], and

S {(adX, V):u O, 1,...}.

A necessary and sufficient condition [1], [2] that ints4(t,p) for all t>0 is
that dim L(Sel)(p) n. A sufficient condition (the first order, or linear, test) that
(exp tX)(p) int s4(t, p) for all > 0 is that dim span 51(p) n. (See [3].) If dim span
6(p) < n, one may show ([2, Prop. 2.6]) that for small > 0, dim span 5l((exp tX)
(p)) < n and (exp tX)(p) is called a singular solution of (1). In [2], [4], [5], higher order
tests were given to determine when, in the singular case, one still has local control-
lability. These sufficient conditions essentially depend on a Taylor series expansion in
which the coefficients involve elements of L()(p) other than those of 5el(p). The
complexity of these coefficients make a general result from this approach seem unlikely.
A different type of sufficient condition was given in [6]. This condition was derived by a
method which depended on the dimension n being two and can loosely, geometrically,
be stated as follows.

* Received by the editors November 25, 1980, and in final form April 21, 1981.
t Department of Mathematics, University of Colorado, Boulder, Colorado 80309. This work was

supported in part by the National Science Foundation under grant MCS-79-26316 at the University of
Colorado and grant MCS 77-18723 A03 at the Institute for Advanced Study, Princeton, New Jersey.
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THEOREM 1. Let n 2 and X(p), Y(p) be linearly independent. Then a necessary
and sufficient condition that (exp tX)(p) int 4(t, p) ]:or all > 0 is that for some e > 0
and all - (0, e) the integral curves of Y and IX, Y] through (exp zX)(p) cross each
other.

Note that if Y(p) and IX, Y](p) are linearly independent, their integral curves will
cross at p, but we will also have dim span 6el(p) 2; hence the linear test applies. The
interesting case is when (exp tX)(p) is a singular solution, so the integral curves of Y
and IX, Y] through (exp rX)(p) are tangent at (exp zX)(p), and the linear test is
inclusive.

The geometric condition that the integral curves of Y and IX, Y] cross can be
replaced by requiring that the map

(2) (s, sz) (exp sx Y)o (exp s2 [X, Y])o (exp tX)(p)

be one-one on some neighborhood of 0 e R2. (Then, by the invariance of domain
theorem, this map will take every neighborhood of 0 e R2 onto a neighborhood of
(exp tX)(p).) The natural extension of the two-dimensional condition to n dimensions
would consider the map

(3) (Sl," Sn)--) (exp sx Y) (exp s,(ad"-X, Y)) (exp tX)(p).

Example 2 will show that for n 3 one may have the map (3) being one-one for
s (sl, ’, sn) in some neighborhood of 0 e Nn and each (0, e), e > 0, yet not have
(exp tX)(p) int (t, p) for all > 0. On the other hand, the map (3) being one-one will
be shown to imply that many of the standard necessary conditions for higher order tests
of local controllability are satisfied. The geometry involved is intriguing. Indeed,
Example 2 and the geometric implications of the necessary conditions not being
sufficient may be considered the main results in this paper.

1. The geometry of local controllability. We begin by showing the relationship
among the various results known in dimension n 2. The methods motivate those of
the n-dimensional case.

The proof of Theorem 1, as given in [6], used the Green’s theorem techniques; i.e.,
one examines the sign of a two-form, to, in a neighborhood of the reference solution
(exp tX)(p). In particular, if (exp tX)(p) is a singular solution on some interval [0, tl],
then to ((exp tX)(p)) 0 for 0 -< =< tl. The stated necessary and sufficient condition that
(exp tX)(p) int s4(t, p) for all > 0 follows if for some e > 0, to has the same sign on
"both sides" of (exp tX)(p), 0 < < e.

Next, with the assumptions of Theorem 1, for each > 0 the map

(4) s q(s, t)= (exp sY)o (exp tX)(p)

takes a neighborhood of 0 R1 to a one-dimensional submanifold (the orbit of Y
through (exp tX)(p)) which we denote by Lt. The "leaves" Lt, 0 -< -< tl, form a foliation
of codimension one for a neighborhood of the reference solution (exp tX)(p), 0 <- <= tl.
Thus, given x in this neighborhood, it belongs to a unique leaf Zt; i.e., we have a
real-valued function f defined onM by f(x) if x L,. This function has the following
properties"

(i) f((exp tX)(p))= t, so (d/dt)f((exp tX)(p))=-(Xf)((exp tX)(p))= 1.
(ii) If is any solution of (1) with (z)L, (note tz in general), then

(d/dt)f((t))[,== (Xf)((z)).
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This second property follows from the fact that the vector field Y is tangent to each
leaf Lt; i.e., f is constant on integral curves of Y. Geometrically, (Xf)(q(s, t)(p))
measures the "speed" with which a solution of (1) can cross Lt at q(s, t)(p). Let
tl, 8 > 0, p (exp qX)(p) and {(s, t): Is[ < 8, 0 -<_ <-_ tx}. Suppose (Xf)(q(s, t)(p)) >-

1 (or _-< 1) for (s, t) W. Then any solution O of (1) which joins p to pa, say O(t2) p 1, and
has orbit in q(W)(p) satisfies

t2
tl f(O(tz)) (Xf)((t)) dt;

hence t2<=tx (or t2tl) showing (exp tX)(p) extremizes time to reach pl; i.e.,
(exp tX)(p) belongs to the boundary of (t, p) for 0 <_- -<_ tl. This shows the following.

PROPOSITION 1. A necessary condition that (exp tX)(p) int s4(t, p) for all > 0 is
thatfor some e >0, ((Xf)(q(s, t)(p)) 1) changes sign as a function ofs for each (0, e ).

Finally, the third condition for local controllability in dimension n 2 is that for
some e > 0 the integral curves of Y and [X, Y] through (exp tX)(p) cross at (exp tX)(p)
for 0 < < e. Assume a Riemannian metric on M, and let (V(p), W(p)) denote the inner
product relative to this metric. Then for any vector field W, (Wf)(q(s, t)(p))=
(grad f(q(s, t)(p)), W(q(s, t)(p))) where grad f is, by construction, orthogonal to Y.
Thus the crossing of the integral curves of Y and [X, Y] is equivalent to that

(5) (grad f(q(s, t)(p)), IX, Y](q(s, t)(p)))

does not change sign as a function of s in some neighborhood of 0 1 for each 0 < < e.
Our first goal is to relate the signs of the two-form to, (Xf- 1), (grad f, IX, Y]) and

the map (2) being locally one-one.
PROPOSITION 2. Let the dimension n 2, X(p), Y(p) be linearly independent, and

for any e, 8 > 0, aV’= {Is[ < 8, 0 < < e}. The following are equivalent.
(a) There exists a neighborhood3fsuch thatforeach (0, e) the map (2) is one-one

Isl <
(b) There exists a neighborhood in which <grad f(q(s, t)()), IX, Y](q(s, t)(p)))

does not change sign and is zero at most when s O.
(c) There exists a neighborhood in which w(q(s, t)(p)) does not change sign and is

zero at most when s O.
(d) ((Xf)(q(s, t)(p))- 1) has opposite signs for s > 0 and s < 0 in A.
Any one of the above is a necessary and sufficient condition that (exp tX)(p)

int (t, p) for all > O.
Proof. It is easiest to show (a) <= (b) <= (c) and (d)<=(b).
For (a)<= (b) one notes that if <grad f(q(s, t)(p)), IX, Y] (q(s, t) (p))> changes sign,

with s, in every neighborhood of zero, the integral curve (exp s[X, Y) through
(exp tX)(p) is tangent to the integral curve of Y at (exp tX)(p) and remains, for small
Isl, on one side of this latter curve. Thus the map (2) is not one-one. The converse
(b) ==> (a) is straightforward.

For the relationship between (b) and (c), choose local coordinates such that
Y=(1, O) and, say, X(x)=(a(x), a(x)). Then X(p), Y(p) linearly independent
implies a(x)O near p. In these coordinates, gradf(x)=(0, a(x)) with
(x)O, a(x)w(x)=-a(x)/x, while IX, Y](x) (a/x, a/Ox). Thus
-a(x)a (x)w(x)= <grad f(x), IX, Y](x)>, and the desired result follows.
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The equivalence (d),(b) is more subtle. Let (exp s Y), denote the tangent space
isomorphism induced by the map p - (exp sY)(p). Since f(q(s, t)(p))=- t,

(6)

d
1 - f(q(s, t)(p)) (exp sY),X((exp -sY)oq(s, t)(p))

Thus (see [7, p. 108])

E (-s)
v=O

(adY, X)(q(s, t)(p)).

(_s)
(adY, IX, Y])(q(s, t)(p)))((X]’)(q(s, t)(p))- 1)= s grad [(q(s, t)(p)), Eo= (, + 1).

(7) s(grad f(q(s, t)(p)),

d-- ((exp (-sY))o(exp (sY-o-[X, Y]))(q(s, t)(p))l_-o

A moment’s reflection shows that the integral curves of [X, Y] crossing those of Y for
all s in a neighborhood of zero; i.e., (grad f(q(s, t)(p)), IX, Y](q(s, t)(p))) not changing
sign, is equivalent to

grad f(q(s, t)(p)),--- ((exp (-sY))o (exp (sY-cr[X, Y]))(q))l=o

not changing sign (i.e., (exp(-sY))o (exp (sY-o-[X, Y]))(q) will be on the "same side"
of the orbit of Y through q for s in a neighborhood of zero and, say, tr > 0. The factor s,
in the right side of (7), now gives the sign change of (Xf- 1).

The final statement in Proposition 2 is now a consequence of Theorem I as stated in
the introduction. ?l

Remark 1. If one uses (6) directly in the expression Xf-1, one obtains
((Xf)(q(s, t)(p))- 1)= (grad f(q(s, t)(p)), .=l(-S)/,!(adY, X)(q(s, t)(p))). It is not
at all clear from this that the term for , 1 determines the sign of Xf- 1.

Remark 2. Let (t, p) denote the attainable set for (1) when the control values
are bounded by a > 0, i.e., [u (t)l <-- a. It is possible to have a two-dimensional system for
which given any tl > 0 there is an a > 0 such that (exp tlX)(p) int (tl, p), yet the
system is not locally controllable along (exp tX)(p) at p.

Remark 3. In Proposition 2, part (a), one cannot replace the map (2) with a map
(Sl, s2)- (exp sa Y)o(exp sE(adkX, Y))o(exp tX)(p) for integer k _->2. The need for
k 1 in the proof occurs at (6), (7). Specifically, in (6) one writes (ad Y, X)=
-(ad-1 Y, IX, Y]), and here it is essential that IX, Y] be the element whose exponen-
tial is used in the map (2). This, together with Remark 2, is illustrated in the following.

Example 1. (All vectors will be written as row vectors for printing ease.)
Let M=R2, X(x)=(1-x,x2), Y(x)=(x, 1) and p be the origin. Since
1(t)=l-xE(1-u(t)), for lu(t)l_-<l certainly kl(t)=<l, and (exptX)(p)=(t,O)
belongs to the boundary of (t,p) for all t>0. Computing gives (adX, Y)(x)=
(-2x-2x2, 1), (ad2 X, Y)(x)= (4x, 1) while dim span l(p)= 1; so (exp tX)(p)
is a singular solution. The map (s, s2)- (exp s Y)o(exp s2(ad X, Y))o(exp tX)(p)=

3 2 R2.(((S1 / $2)3/2) $2 $2 / t, $1 / $2) is not one-one on any neighborhood of 0 The
integral curves of Y and (ad X, Y) through a point (exp tX)(p) do not cross (see Fig. 1).
On the other hand, the map (sl, sa)-(expslY)o(expsa(ad2X, Y))o(exptX)(p)-
(t + s + (s / s3)3/3, Sl + s3) is locally one-one; the integral curves of Y and (ad2 X, Y)
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FIG.

through (exp tX)(p) do cross at (exp tX)(p), but as noted in Remark 3 this is not a
sufficient condition for local controllability along (exp tX)(p) at p.

In this example, the two-form o of the Green’s theorem approach is w(x)=
--Xz(3X2 + 2)/(x + x2 1) which, as expected, does change sign on opposite sides of the
reference solution. However, it again changes sign at xz -, and one may easily show
that given any tl>0 there is an a>0 such that with [u(t)l<=a, (exp tlX)(p)
int ’ (tl, p).

We next proceed to n dimensions and compare, mainly, the condition that the map
(3) be locally one-one with a necessary condition of the form "Xf- 1 must change sign."
One could as well replace the map (3) with

(Sl,’"", Sn)"e’ (exp Sl Y)o (exp s2(adkX, y))o.., o(exp s, adk"x, Y)o (exp tX)(p)

where (k2," kn) is any permutation of the integers (1,. ., n 1). For the sake of
exposition we will consider only the identity permutation, i.e., the map (3).

Let e > 0 be given, and assume that for each e (0, e) the map (3) is one-one for s in
some neighborhood of 0 Rn. As remarked previously, if dim span l(p) n, the first
order theory yields (exp tX)(p)int s4(t, p) for all t>0. Thus we assume dim span
5t’l(p) < n and that X(p) is linearly independent of span a(p). (This is equivalent to
X(p), Y(p) linearly independent in dimension two.) For each integer i= 2,..., n
define the map (Sl," , si-1, si+l, , s,)--> qi(s, t)(p) where

(8)
qi(s, t)(p) (exp sl Y) (exp si_a(adi-2 X, Y))

o(exp Si+l(adi X, Y)) (exp s,(adn-X, Y)) (exp tX)(p).

The assumption that the map (3) is locally one-one implies that each of the maps
s - qi(s, t)(p) is locally one-one for s in some neighborhood of 0 R"-. Let the image of
such a neighborhood be denoted LI. The Lt are leaves of a codimension one foliation of
a neighborhood, , of {(exp tX)(p)" 0 < < e} since the reference solution is transverse
to the LI for small > 0. For any x s 3r and each i= 2,..., n, we may define a real
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valued map fi on W" by fi (x)= if x LI. As in the case of dimension two, we have
(i’) fi((exp tX)(p))=-t or (d/dt)fi((exp tX)(p))= (Xf)((exp tX)(p))= 1.
(ii’) If is any solution of (1) with @(z)Li, then (d/dt)f(b(t))l,= (Xfi)(O(r)).

Again, (ii’) follows since (exp s Y) was the "leftmost" factor defining each of the maps
q, thereby assuring fi is constant on trajectories of Y. Analogous to Proposition 1, we
have

PROPOSITION 3. A necessary condition that (exp tX)(p) int sO(t, p) for all > 0 is

thatforsome e >0 and all (0, e), 2,. ., n, ((xfi)(qi(s, t)(p))- 1) change sign as a

function of s in every neighborhood of 0 R"-1.
THEOREM 2. Assume that for some e > 0 and all (0, e) the map (3) is locally

one-one. Then int sg(t, p) # ( for all > O. If (exp tX)(p) is a singularsolution andX(p)
is linearly independent of span 51(p), the necessary condition ofProposition 3 is satisfied
for each {2,. , n} for which (adi-a X, Y) is not identically tangent to, or point to
opposite sides of, LI along the integral curve of (adi-2 X, Y) through (exp tX)(p).

Proof. If the map (3) is locally one-one for any t(O,e), the vector fields
Y, , (ad"-1 X, Y) cannot have an integral manifold of dimension less than n through
any point (exp tX)(p), [8]. This implies dim L(a)(exp tX)(p))= n for every >0,
which, by the Sussmann-Jurdjevic theorem [1, Th. 3.2], gives int sO(t, p)# for all
t>0.

Next, let {2,. , n}, define

ki(s)(fl) (exp s y)o.., (exp Si_l(adi-2 X, Y))o (exp 8i+1 (adi X, Y))

(exp s,(ad"-1 X, Y))(/),

(S) denote the tangent space isomorphismso q(s, t)(p) ki(s) (exp tX)(p), and let k,
induced by the map p - ki(s)(p). Since f(ki(s) (exp tX)(p))=- t, we have the identity

(9) (grad fi(qi(s, t)(p)), k (s)X((k’(s))-(q,(s, t)(p)))) 1.

Thus

(10)
(Xf)(q,(s, t)(p))- 1

(grad f(q(s, t)(p)),X(qi(s, t)(p))-k, (s)X((k (s))-l(q(s, t)(p)))).

Now s (sx, , si-x, Si+l, Sn); set all sj 0 except Si-1, and for ease of notation,
let q(si-1) q(O, ., S-l, 0,. , O, t)(p). Then, in (10),

(xfi)(q(si_l))- 1

(grad fi (q(si-)), X(q(s,_))

-(exp s,_x(adi-x, Y)),X((exp-si_(adi- X,

grad f (q(s_a)), 2
(-S-l)V

(ad (ad-2 X, Y) X)(q(s_l))
(11)

v=l b’!

( (-si-)(v+si-i grad fi(q(Si-l))’
=o
y

)i(ad. (adi- X, Y), (adi- X, Y))(q(si-x))

si- grad f (q(si-1)), - ((exp (-si_(adi-zX, Y)))

(exp (si_t(adi-:, X, Y)- cr(adi-a X, Y)))(q(s-)))l=o3.
/
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From our hypothesis, (adi-1 X, Y) is not identically tangent to and does not point
to opposite sides of the leaf LI along the solution of (adi-2 X, Y) thru (exp tX)(p). This
means (grad fi(q(si_)), (adi-X, Y)(q(si_))) is not identically zero and does not
change sign, as a function of s_ in some neighborhood of zero. Thus we may argue that
(Xf)(q(si_l))- 1 changes sign with si_x in precisely the same manner as in the proof of
Proposition 2. [3

Remark 4. The condition that (ad-1 X, Y) is not identically tangent to and does
not point to opposite sides of the leaf L along the solution of (adg-2 X, Y) through
(exp tX)(p) is merely convenient, but not necessary, to conclude a sign change of
(Xf- 1), as will be illustrated in Examples 2, 3. Indeed, if this condition holds for 2,
((Xf2)(q(sl))- 1) changes sign with s along the integral curve of Y through (exp tX)
(p), and I would conjecture that this provides a sufficient condition that (exp tX)(p)
int (t, p) for all > 0.

Another, seemingly reasonable, conjecture is that the map (3) being locally
one-one implies (Xf(qg(s, t)(p))-l) does change sign, as a function of s, in every
neighborhood of 0 Rn-x (but not necessarily does this change sign with si_). I have
been unable to show this.

We now turn to the heart of the problem in dimension n >_-3; i.e., the necessary
conditions of Proposition 3 are no longer sufficient. In Example 2, we show that for
n 3, the map (3) can be locally one-one, the necessary conditions (Xf- 1) changing
sign for 2, 3 are satisfied, but (exp tX)(p) is not in the interior of 4(t, p) for small
t>0.

With reference to Remark 4, for 3 the hypothesis of Theorem 2 is satisfied and
((Xf3)(q3(s2))-l) does change sign with s2; however, for i=2 the hypothesis of
Theorem 2 is no longer satisfied and (Xf2)(q2(sl)- 1) does not change sign although
((Xf2)(q2(s, t)(p))- 1) does change sign for s (s, s3) in every neighborhood of 0 R2.

Example 2. Let M 3, X(x) (0, xl + x2, 1 + xz + x2 ), Y= (1, 0, 0) and p be
the origin. Then (exp tX)(p) (0, O, t) while (ad X, Y)(x) (0, 1, 2x),(ad2X, Y)
(x)=(0, 1,3x) and dim span 6el(p)=2, so (exptX)(p) is a singular solution.
We also have X(p) linearly independent of span (p). The map (3) is (s, s2, s3)-->
(exp Sl Y) (exp s2(ad X, Y)) (exp s3(ad2X, Y)) (exp tX)(p)= (Sl, s2-F s3, s --t),
which for any tx > 0 and (0, t) is locally one-one for s in a neighborhood of 0 R3.

We first show, by direct calculation, that (exp tX)(p) is not in int (t, p) for small
> O. For any admissible control u let U(t) u(tr) dtr. Then letting x(t, u) denote the

solution of our system at time for control u, we have

Xl(t, U)-- U(t), xz(t, u)= Io et-U(tr)

3

x3(t, u)=t+Io(I e-U(tr) dtr) dr + Io U2(tr) dtr.

We will show x3(t, u) >- for small > 0. Using, in order, the Cauchy-Schwarz inequal-
ity, a change of order of integration and elementary estimates for small > 0, yields

3

e e-U(o-) do- dr

3/2

Io  (f (Io<= e e d U(o-) d
3/2



3/2

<- Ior3/: e3"([ U2(o-) dcr) dr
0

U() d r3/ e3 d e () d.

The latter expression is less than or equal to JU() d if 0 is small. This shows
x3(t) t; hence (exp tX)(p) is on the boundary of (t, p) for small > 0.

We next show, geometrically, why the necessary conditions (Xf 1) changing sign
need no longer be sucient.

First, q3(S, t)(p) (exp sx Y)o(exp s(ad X, Y))o(ex tX)(p) (s, sz, t); hence the
leaves L3 are planes parallel to the plane x3 =0. (See Fig. 2.) Here f3(x)= x3, SO

(Xf3)(q3(s, t)(p))- 1 s + s while (ad X, Y)(q3(s, t)(p))= (0, 1, 3s) which is
tangent to a leaf L along an integral curve of Y but not along an integral curve
of (ad X, Y). As Theorem 2 implies, and the direct computation above verifies,
(mf3)(q3(O, 82, t)(p))- 1 does change sign with s at s 0.

If one could construct a solution 6- with orbit remaining in the region Xf3 ( 1 as
pictured, one could prove (exp tlX)(p)eint M(tl, p) for any tl>0. Indeed, since
Y((exp tX)(p)), [X, Y]((exp tX)(p)) are linearly independent, linear theory gives, for
each t, the existence of a two manifold, /2t, contained in g(t, p), having (exp tX)(p) as a
relative interior point and tangent space at (exp tX)(p) spanned by Y((exp tX)(p)) and
[X, Y]((exp tX)(p)). Thus if one can show that for some 8 > 0 an interval of the form
{(exp tX)(p): It txl < 8} c M(tl, p), it would follow that (exp hX)(p) int M(tl, p). The
existence of such an interval would be straightforward if one could construct solutions
/, - joining p to points of the reference solution other than p, with orbits,
respectively, in regions where Xf3> 1, Xf3< 1. The point is that no such solution ,-
exists! Indeed, the cusp of the curve s . + s 0 is sufficiently sharp to require the orbit
of any solution -, such that 6-(-) is a point of the form /5-
(exp (-s2(ad X, Y)))o (exp tX)(p)eL3 with s2>0, be in the region Xf3> 1 enough so
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that r < t. This must be considered somewhat unexpected since in [9, Lemma 3] or [4] it
is shown that for any integer m 0, 1,. one can construct controls + u for (1) having
corresponding solutions 0(’, +u) satisfying

(12)0 O(t, :t:u) (exp t(X + co Y))(p), Co 1,

while for m 1, 2,...,

O(t, +u)=exp (tX +cmt2m(admx, Y)+ o(t2"))(p)
(2)

exp (:l:c,tE"(admX, Y) + (t2’))o (exp tX)(p),

where c,- 2-m(l+3m)/2. Thus one can certainly reach a point such as/ e Lt, but not
necessarily in time t; however, the orbit of a solution which does this cannot remain
"inside" the cusp of s +s 0.

Finally, we compute the second necessary condition, i.e., that (Xf2-1) must
change sign, and show a similar cusp is involved. Here q2($, t)(p)=
(exp sl Y)o (exp sa(ad2 X, Y))o(exp tX)(p) (sl, s3, s33 + t). If x (xl, x2, x3) L2 one
needs Xa-X so rE(x)= xa-x3 and (xfE)(q2(s, t)(p))- 1 (grad fE(q2(s, t)(p)),
X(qE(s, t)(p)))- 1 -s(3s +2s3) + s. Thus (Xf- 1) does change sign in every
neighborhood of zero, indeed (Xf2(q2(O, $3, t)(p))-1) changes sign with $3; however,
(ad X, Y)(q2(s))= (0, 1, 2s) which points to opposite sides of Lt2 for s positive and
negative. Thus the conditions of Theorem 2 are not satisfied for 2 and indeed
(xfE(qE(Sl)) 1)= ((xfE)(q(s, O, O, t)(p))- 1)- s2 does not change sign with sl.

Again, in any leaf Lt2, the curve s32 (3$1 + 2$3) s2 which determines the sign change
of (Xf2-1) has a cusp. See Fig. 3.

FIG. 3

Example 3. The purpose of this example is twofold. First, we again show the
conditions of Theorem 2 are not necessary for a sign change in (Xfi- 1). Secondly, we
conjecture that if the sign change of (Xfi- 1) on LI occurs on a smooth curve through
(exp tX)(p), then the necessary condition of Proposition 3 is sufficient.
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3 3Let M R3, X(X) (X2, X1, 1 / X2X / 2X2/ ), Y (1, 0, 0) and p be the origin.
Then (adX, Y)(x)=(0, 1,2xlx2), (ad2X, Y)(x)=(1, 0,-x2), dimspanl(p)=2,
so (exp tX)(p)=(O, 0, t) is a singular solution, and X(p) is linearly independent
of span 6(p). Computing the map (3) gives (expsY)o(expsE(adX, Y))o
(exp s3(ad2 X, Y))o (exp tX)(p) (s + s3, s2, SaS -s]/3 / t), which is locally one-one
for each >-0. qa(s, t)(p)= (exp s Y)o (exp sE(ad X, Y))o (exp tX)(p)= (sl, s2, t), so the
leaves L3 are planes parallel to the coordinate plane x3- 0. Here (ad2 X, Y)(qa(s, t).
(p))=(1,0,-s2) is tangent to a leaf L3 along the integral curve s2-
(exp sE(ad X, Y))o (exp tX)(p) (0, s2, t); i.e., the method used in (7) to determine the
sign of (X/3-1) does not suffice. On the other hand, direct calculation shows ((X/3)
(qa(s, t)(p))- 1) SE(S + s2/3). On each leaf, ((X/e3) 1) changes sign along the curve
s2 0, which is smooth (without cusps). It seems reasonable to conjecture that in this
case solutions +, - with orbits (respectively) remaining in the regions Xf3> 1 and
Xf3< 1 can be constructed, and local controllability should follow by the method
discussed in Example 2.
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PROJECTED NEWTON METHODS FOR OPTIMIZATION
PROBLEMS WITH SIMPLE CONSTRAINTS*

DIMITRI P. BERTSEKASt

Abstract. We consider the problem min {f(x)lx->O}, and propose algorithms of the form xk+x
[xk--akDkVf(Xk)]+, where [. ]+ denotes projection on the positive orthant, ak is a stepsize chosen by an
Armijo-like rule and Dk is a positive definite symmetric matrix which is partly diagonal. We show that D
can be calculated simply on the basis of second derivatives of f so that the resulting Newton-like algorithm
has a typically superlinear rate of convergence. With other choices of Dk convergence at a typically linear
rate is obtained. The algorithms are almost as simple as their unconstrained counterparts. They are well
suited for problems of large dimension such as those arising in optimal control while being competitive
with existing methods for low-dimensional problems. The effectiveness of the Newton-like algorithm is
demonstrated via computational examples involving as many as 10,000 variables. Extensions to general
linearly constrained problems are also provided. These extensions utilize a notion of an active generalized
rectangle patterned after the notion of an active manifold used in manifold suboptimization methods. By
contrast with these methods, many constraints can be added or subtracted from the binding set at each
iteration without the need to solve a quadratic programming problem.

1. Introduction, We consider the problem

(1)
minimize f(x
subject to x ->_ O,

where f" RnR is a continuously differentiable function, and the vector inequality
x > 0 is meant to be componentwise (i.e., for x --(x 2 n),x ,...,x eR ,wewritex=>0
if x i>- 0 for all 1,..., n). This type of problem arises very often in applications;
for example, when f is a dual functional relative to an original inequality constrained
primal problem and x represents a vector of nonnegative Lagrange multipliers corres-
ponding to the inequality constraints, and when f represents an augmented Lagrangian
or exact penalty function taking into account other possibly nonlinear equality and
inequality constraints. The analysis and algorithms that follow apply also with minor
modifications to problems with rectangle constraints such as

(2)
minimize f(x
subject to b -< x _-< b2,

where ba and b2 are given vectors. Problems (1) and (2) are referred to as simply
constrained problems, and their algorithmic solution is the primary subject of this paper.

In view of the simplicity of the constraints, one would expect that solution of
problem (1) is almost as easy as unconstrained minimization of f. This expectation is
partly justified in that the first order necessary condition for a vector Y (yl,... ,)
to be a local minimum of problem (1) takes the simple form

(3a) Of()-x >=0 di= l, n,

* Received by the editors August 26, 1980, and in final revised form April 22, 1981.
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79ET29243.
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(3b) 0f(g), --0 ifx i>0, Vi-1,...,n.

Furthermore the direct analog of the method of steepest descent takes the simple form

(4) Xk+=[Xk--aVf(x)]+, k =0, 1,’’’,

where a is a positive scalar stepsize and for any vector z (z , , z ") R" we denote

max {0, zl}}l[z]+

Lmax (0, z

The stepwise a may be chosen in a number of ways. In the original proposal of
Goldstein [1] and Levitin and Poljak [2], a is taken to be a constant d (i.e., a --5,
for all k), and a convergence result is shown under the assumption that c7 is sufficiently
small and Vf is Lipschitz continuous. In general a proper value for c7 can be found
only through experimentation. An alternative suggested by McCormick [3] is to choose
a by function minimization along the arc of points x (a), cr _-> 0, where

(5) x, (o) [x o Vf(x)]+, _-> 0.

Thus a is chosen so that

(6) f[x (ak )] min f[Xk (0 )].

Unfortunately the minimization above is very difficult to carry out, particularly for
problems of large dimension, since f[x(a)] need not be differentiable, convex, or
unimodal as a function of a even if f is convex. For most problems we prefer the
Armijo-like stepsize rule, first proposed in Bertsekas [4], whereby ak is given by

(Ta) Olk [mk$,

where mk is the first nonnegative integer rn satisfying

(Tb) f(Xk f[Xk(ms )] - o’Vf(Xk )’[Xk Xk(ms)].

Here the scalars s, fl and cr are fixed and are chosen so that s >0, /3 e (0, 1) and
r (0, ). In addition to being easily implementable and convergent, the algorithm
(4), (7) has the advantage that when it converges to a local minimum x* satisfying
the standard second order sufficiency conditions for optimality (including strict com-
plementarity) it identifies the binding constraints at x* in a finite number of iterations
in the sense that there exists k such that

(8) B(x*) B(x,) Vk > k,

where, for every x R’, B(x) denotes the set of indices of binding constraints at x,

(9) B(x) {ilx’ O, 1,..., n}.

Minor modifications of the proofs given in [4] show that the results stated above
hold also for the algorithm

(1 O) xk+ [Xk a,DkVf(Xk)]+,
where Dk is a diagonal positive definite matrix, and tk is chosen by (7) where now
Xk(a) is given by

(11) x, (a) [Xk aDkVf(Xk)]+.
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For this it is necessary to assume that the diagonal elements d k, i=l,..’,n of the
matrices Dk satisfy

i< ’i=1,’’’ n, k=0,1,_d<=dk ...,
where _d and d are some positive scalars.

While it is often possible to achieve substantial computational savings by proper
diagonal scaling of 7f as in (10), the resulting algorithm is typically characterized by
linear convergence rate [4], [22]. Any attempt to construct a superlinearly convergent
algorithm must by necessity involve a nondiagonal scaling matrix Dk which is an
adequate approximation of the inverse Hessian V2f(Xk)-1, at least along a suitable
subspace. At this point we find that the algorithms available at present are far more
complicated than their unconstrained counterparts, particularly when the problem has
large dimension. Thus the most straightforward extension of Newton’s method is given
by

(12) xk+l xk + ak (fk -xk),

where gk is a solution of the quadratic program

minimize Vf(xk)’ (x Xk) + (X Xk)’V2f(Xk)(X Xk)
(13)

subject to x _-> 0,

and Ok is a stepsize parameter. There are convergence and superlinear rate of conver-
gence results in the literature regarding this type of method (Levitin and Poljak [2],
Dunn [5]) and its quasi-Newton versions (Garcia-Palomares and Mangasarian [6]);
however, its effectiveness is strongly dependent upon the computational requirements
of solving the quadratic program (13). For problems of small dimension problem (13)
can be solved rather quickly by standard pivoting or manifold suboptimization
methods, but for large-dimensional problems the solution of the quadratic program
(13) by standard methods can be very time consuming. Indeed there are large-scale
quadratic programming problems arising in optimal control, the solution of which by
pivoting methods is unthinkable. In any case the facility or lack thereof of solving the
quadratic program (13) must be accounted for when comparing method (12) against
other alternatives.

Another possible approach for constructing superlinearly convergent algorithms
for solving problem (1) stems from the original gradient projection proposal of Rosen
[7] and is based on manifold suboptimization and active set strategies as in Gill and
Murray [8], Goldfarb [9], Luenberger [10] and other sources, (see Lenard [11] for
up-to-date performance evaluation of various alternatives). Methods of this type
are quite efficient for problems of relatively small dimension, but are typically unattrac-
tive for large-scale problems with a large number of constraints binding at a solution.
The main reason is that typically at most one constraint can be added to the active
set at each iteration, so if, for example, 1,000 constraints are binding at the point of
convergence and an interior starting point is selected, then the method will require
at least 1,000 iterations (and possibly many more) to converge. While several authors
[8], [10] have alluded to the possibility of bending the direction of search along the
constraint boundary, the only specific proposal known to the author that has been
made in the context of the manifold suboptimization approach is the one of McCormick
[12] and it does not seem particularly attractive for large-scale problems. (The
quasi-Newton methods proposed by Brayton and Cullum [13] incorporate bending
but simultaneously require the solution of quadratic programming subproblems.)
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Manifold suboptimization methods require also additional computation overhead in
deciding which constraint to drop from the currently active set. For the apparently
most successful strategies (Lenard [11]) which attempt to drop as many constraints
as possible this overhead can be significant and must be taken into account when
comparing the manifold suboptimization approach with other alternatives.

The algorithms proposed in this paper attempt to combine the basic simplicity
of the steepest descent iteration (4), (7) with the sophistication and fast convergence
of the constrained Newton’s method (12), (13). They do not involve solution of a
quadratic program thereby avoiding the associated computational overhead, and there
is no bound to the number of constraints that can be added to the currently active
set thereby bypassing a serious inherent limitation of manifold suboptimization
methods. The basic form of the method is

(14) Xk+l=Xk(ak),

where

(15) x(a)=[x-aDVf(x)]+ Va >=0.

Da is a positive definite symmetric matrix which is partly diagonal, and a is a stepsize
determined by an Armijo-like rule similar to (1) that will be described later. The
convergence and rate of convergence properties of this method are discussed in 2.
A key property of the method is that under mild assumptions it identifies the manifold
of binding constraints at a solution in a finite number of iterations in the sence of (8).
This means that eventually the method is reduced to an unconstrained method on
this manifold and brings to bear the extensive methodology and analysis relating to
unconstrained minimization algorithms.

In 3 we discuss how the method (14), (15) can form the basis for constructing
algorithms for general linearly constrained problems of the form

minimize f(x
(16)

subject to bl <-Ax <= ha.

The main idea here is to view problem (16) locally as a simply constrained problem
via a transformation of variables. For example, if the matrix A is square and invertible
problem (16) is equivalent to the problem

minimize h(y) &f(A-y)

via the transformation

subject to bl _<- y <_- b2,

y =Ax.

A similar approach based on an active set strategy is employed when A is not square
and invertible. The ideas are similar to those involved in manifold suboptimization
methods where a linear manifold is selected as a "local universe" for the purposes of
the current iteration. In our algorithms we take a suitably chosen rectangle (i.e., a set
described by upper and lower bounds on the variables) as a "local universe" instead
of a manifold.

Finally in 4 we provide results of computational experiments with large scale
optimal control problems some of which involve several thousand variables.

Throughout the paper we emphasize Newton-like methods as prototypes for
broad classes of superlinearly converging algorithms that fit the framework of the
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paper. We often make positive definiteness assumptions on the Hessian matrix of f
in order to avoid getting bogged down in technical details relating to modifications
of Newton’s method such as those employed in unconstrained minimization [14]-[16]
to account for the possibility that V21 is not positive definite. Quasi-Newton, approxi-
mate Newton and conjugate gradient versions of the Newton-like methods presented
are possible but the discussion of specific implementations is beyond the scope of the
paper. More generally it may be said that the nature of the algorithms proposed is such
that almost every useful idea from unconstrained minimization can be fruitfully adapted
within the constrained minimization framework considered here; however, the precise
details of how this should be done may involve considerable further research and
experimentation.

The notation employed throughout the paper is as follows. All vectors are
considered to be column vectors. A prime denotes transposition. The standard norm
in R" is denoted by I" I, i.e., for x (x 1, x n) we write Ixl [Y-I (xi)2]1/2" The
gradient and Hessian of a function f" R R are denoted by Vf and vEf respectively.

2. Algorithms for minimization subject to simple constraints. We consider first
the problem min {f(x)[x -> O} of (1). Any vector ->_0 satisfying the first order
necessary condition (3) will be referred to as a critical point with respect to problem
(1). We focus attention at iterations of the form

Xk+1 [Xk akDaVf(xa )]+,
where Dk is a positive definite symmetric matrix and ak is chosen by search along the
arc of points

xa(a)=[xa-aDkVf(xa)]+, a >=0.

It is easy to construct examples (see Fig. 1) where an arbitrary positive definite choice
of the matrix Dk leads to situations where it is impossible to reduce the value of the
objective by suitable choice of the stepsize a (i.e., f[Xk(a)]>=f(Xk), Va =>0). The

X

XK+V’(XK)

XK-DKVT(XK)] *

!(x K)

CONTOURS OF.

FIG.
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following proposition identifies a class of matrices Dk for which an objective function
reduction is possible. Define for all x -> 0,

(17) I+(x)= {ilxi=O Of(x) }OX

We say that a symmetric n n matrix D with elements d ii is diagonal with respect to
a subset of indices I {1, 2,. , n } if

(18) dii--O Viii, j=l,2,...,n, ji.

PROPOSITIOr 1. Let x >= 0 and D be a positive definite symmetric matrix which is
diagonal with respect to I/(x) and denote

(19) x(a)=[x-aDVf(x)]+ Va >=0.

(a) The vector x is a critical point with respect to problem (1) if and only if
x =x(a) Va_->0.

(b) If x is not a critical point with respect to problem (1) there exists a scalar ff > 0
such that

(20)

Proof. Assume without loss of generality that for some integer r we have

I+(x)-{r+l, ,n}.
Then D has the form

(21) D

where E5 is positive definite and di> 0, r + 1,. , n. Denote

(22) p DVf(x).

(a) Assume x is a critical point. Then using (3), (17)

Of(X)=o Vi 1, r,
3X

Of(x): > 0 if X O, Vi r + 1, , n.

These relations and the positivity of d i, r + 1,. , n imply that

p =0 Vi=l,...,r,

p >0 Vi=r+l,...,n.

Since x () [x opi]+ and x 0 for r + 1, ., n it follows that x (c) x for all
i, and a >= 0.

Conversely assume that x x(a) for all a ->_ 0. Then we must have

p =0 Vi=l,...,n withx >0,

p ->0 Vi=l,...,n withx =0.
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Now by definition of I+(x) we have that if X --0 and ieI+(x) then Of(X)/OX 0. This
together with the relations above imply

iOf(X)
P

i:l X

Since by (21), (22),

of(x)
i)x

of(x)
OX

and / is positive definite we have i:lpiOf(x)/cx >=0, and it follows that

Of(X)
-0 ’i 1, ,r.P Ox

Since for r + 1, , n, 8f(x)/Ox > 0 and x 0, we obtain that x is a critical point.
(b) For i=r+ 1,. ,n we haveOf(x)/Oxi>O, xi=O, and, from (21), (22), p/>0.

Since x (a Ix api]+ we obtain

(23) x =xi(a)=0 Va>-0, i=r+l,’’’,n.

Consider the sets of indices

11 {i[x > 0 or x =0 andpi <0, 1,. , r},

[2 {ilx i: 0 and pi >: O, 1,..., r}.

(24)

(25)

Let

(26) O( sup {or IX cep O, Vi /1}.

Note that, in view of the definition of I1, c is either positive or +oo. Define the vector
p with coordinates

{Po’ ifiI2,
(27) pi

if 12 or I+(x)

In view of (23)-(27), we have

(28) x(a)--- X --Op Ce ( (0, 01).

In view of (25) and the definition of I+(x), we have

f(x)
(29) xx _-<0 Vie12,

and hence

(30) E f(x)
ip<:O.

I:z x
Now using (27) and (30), we have

(31)
Of(x) Of(X)

Vf(x)’p= E p >= p
iI OX i=1 OX
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Since x is not a critical point, by part (a) and (28), we must have x x(a) for some
HHa > 0 and hence also, in view of (23), pg 0 for some {1,. ., r}. In view of the
positive definiteness of D and (21), (22) it follows that

It follows from (31) that

Of(x)
i=1 OX p >0.

Vf(x)’p>o.

Combining this relation with (28) and the fact a > 0 yields that/5 is a feasible descent
direction at x and there exists a scalar c > 0 for which the desired relation (20) is
satisfied. Q.E.D.

Based on Proposition 1 we are led to the conclusion that the matrix Dk in the
iteration

x+ [x aDVf(x)’!+

should be chosen diagonal with respect to a subset of indices that contains

I+(Xk) Xk O,
OX

Unfortunately the set I/(Xk) exhibits an undesirable discontinuity at the boundary of
the constraint set, whereby given a sequence {Xk} of interior points that converges to
a boundary point the set I/(Xk) may be strictly smaller than the set I/(). This
causes difficulties in proving convergence of the algorithm and may have an adverse
effect on its rate of convergence. (This phenomenon is quite common in feasible
direction algorithms and is referred to as zigzagging or jamming.) For this reason we
will employ certain enlargements of the sets I+(Xk) with the aim of bypassing these
difficulties.

The algorithm that we describe utilizes a scalar e >0 (typically small), a fixed
diagonal positive definite matrix M (for example the identity), and two parameters
/ (0, 1) and r (0, ) that will be used in connection with an Armijo-like stepsize
rule. An initial vector x0 => 0 is chosen and at the kth iteration of the algorithm we
have a vector Xk >- O. Denote

w ix -[x -MW(x)]+I, e min {e, Wk}.

(k + 1)st iteration of the Algorithm. We select a positive definite symmetric matrix
Dk which is diagonal with respect to the set I given by

(32)

Denote

(33)

(34)

Then xk/l is given by

(35)

I 0<x<ek, >0x:

Pk DkTf(x),

Xk(a)=[Xk--apk]+

x+ x(a),

Actually the results that follow can be shown also for the case where M is changed from one iteration
to the next in a way that its diagonal elements are bounded above and away from zero.
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where

(36) ak

and mk is the first nonnegative integer m such thatz

{ cOf(Xk)...i cOf(Xk) m}(37) f(Xk)--f[Xk(")]>--cr " Y "oX’ Vk+ E [Xk--X,( )]

The stepsize rule (36), (37) (see Fig. 2) may be viewed as a combination of
the Armijo-like rule (7) and the Armijo rule usually employed in unconstrained
minimization (see, e.g., Polak [18]) When k is empty the right-hand side of (37)
becomes crl3"Vf(xk)’pk and is identical to the corresponding expression of the Armijo

_o

SET OF ACCEPTABLE
STEP SIZES ACCEPTABLE / LINSUCCESSFUL
/ STEP SLZE /J/TRIAL STEP SIZES

\ O,"(XK) ..
\ +x (x)rx-x

FIG. 2

rule in unconstrained optimization, while if I {1, 2,..., n} then inequality (37) is
identical with (7). Note that for all k we have

I I+(xk)
so the matrix Dk is diagonal with respect to I+(Xk). It is possible to show that for all
m _-> 0 the right-hand side of (37) is nonnegative, and it is positive if and only if xk is
not a critical point. Indeed since Dk is positive definite and diagonal with respect to

I we have

(38) E af(Xk)p,>O Vk=O, 1
l- OX

while for all l;, in view of the fact af(xk)/aX > 0, we have p > 0 and hence

(a)> 0 Va >0, ieI+Xk--Xk k, k =0, 1,...,

af(Xk) [X k X k (Ol)] > 0 Va > O, I+k, k-O, 1,’".(39) ax

This shows that the right side of (37) is nonnegative. If Xk is not critical then it is
easily seen (compare also with the proof of Proposition 1 (b)) that one of the inequalities

2The results that follow can also be proved if ,i,z-(Of(Xk)/OX )Pk is replaced in (37) by
Vk Y.it (Of(Xk)/OX’)p’, where Yk =min{1, &k} and &k =sup{alXk--apk=O, Vi=Ik}. This modification
makes (37) easier to satisfy.
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(38) or (39) is strict for a > 0 so the right side of (37) is positive for all m -> 0. A slight
modification of the proof of Proposition l(b) also shows that if xg is not a critical
point then (37) will be satisfied for all m sufficiently large so the stepsize a is well
defined and can be determined via a finite number of arithmetic operations. If xg is
a critical point then, by Proposition 1 (a), we have Xk Xk () for all x -> 0. Furthermore
the argument given in the proof of Proposition l(a) shows that

i f(X/i=1’ OX" pk=O

so both terms in the right side of (37) are zero. Since also Xk Xg(a) for all a => 0 it
follows that (37) is satisfied for m 0 thereby implying that

x/ xg (1) Xk if Xk is critical.

In conclusion, the algorithm is well defined, decreases the value of the objective
function at each iteration k for which Xk is not a critical point, and essentially terminates
if Xk is critical. We proceed to analyze its convergence and rate of convergence
properties. To this end we will make use of the following two assumptions"

(A) The gradient Vf is Lipschitz continuous on each bounded set of R"; i.e., given
any bounded set S c R there exists a scalar L (depending on S) such that

(40) IVf(x) Tf(y)l -< Llx y[ Vx, y S.

(B) There exist positive scalars A 1, A2 and nonnegative integers q, q2 such that

(41) lWZ*[zl=<-z’Dz<-,2wZ=[zl2 Vz R, k-O, 1...,

where

Assumption (A) is not essential for the result of Proposition 2 that follows, but
simplifies its proof. It is satisfied for just about every problem likely to appear in
practice. For example it is satisfied when f is twice ditterentiable as well as when [ is
an augmented Lagrangian of the type used for inequality constrained problems
involving twice ditterentiable functions. Assumption (B) is a condition of the type
commonly utilized in connection with unconstrained minimization algorithms. When
q qz 0, relation (41) takes the form

(42)  xlzl2<-z’O z<-X=lz[=
and simply says that the eigenvalues of D are uniformly bounded above and away
from zero.

PROPOSITION 2. Under Assumptions (A) and (B) above, every limit point of a
sequence {x} generated by iteration (35) is a critical point with respect to problem (1).

Proof. Assume the contrary, i.e., that there exists a subsequence {x}: converging
to a vector : which is not critical. Since {/(x)} is decreasing and [ is continuous it
follows that {f(x)} converges to f(:) and therefore

0.

Since each of the sums in the right-hand side of (37) is nonnegative (cf. (38), (39)),
we must have

Of(x )
(43) a E X p,0,
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d(x)[x,(44) k --Xk(a)]0.
ilk OX

Also since S is not critical and M is diagonal we have I$-[$-MVf(S)]+I 0, so
(41) implies that the eigenvalues of {Dk}K are uniformly bounded above and away
from zero. In view of the fact that Dk is diagonal with respect to I, it follows that
there exist positive scalars A a, A2 such that for all k K that are sufficiently large

Of(Xik < V(Xk) .(45) 0<hi oX P <2 Ox
Vielk,

(46)

We will show that our hypotheses so far lead to the conclusion that

(47) lim inf Ok 0.
koo

Indeed, since $ is not a critical point there must exist an index such that either

(48) $i>0 and Of(S)O
Ox

or

(49) .i 0 and OX < O.

If iI for an infinite number of indices k K then (47) follows from (43), (46), (48)
+and (49). If Ik for an infinite number of indices k e K then for all those indices

we must have Of(Xk)/OX >0 SO (49) cannot hold. Therefore from (48)

(50) $i>0 and
0f(i)
Ox

Since we have [cf. (39)] for all k K for which I+k

Of(Xk)[xiE of(x) [x x()] _-> ()] > o,
ie OX OX

k --Xk

it follows from (44) and (50) that

lim [xk-x(a)] 0.

kK

Using the above relation, (45) and (50), we obtain (47).
We will complete the proof by showing that {a}K is bounded away from zero

thereby contradicting (47). Indeed in view of (46) the subsequences {x}, {Pk}K and
{x(a)}c, a [0, 1] are uniformly bounded so by Assumption (A) there exists a scalar
L > 0 such that for all [0, 1], a [0, 1] and k K we have

(51) [Vf(Xk) Vf[x t[x Xk (a )]]l -<- tL[x x( )1.
We have for all k K and a [0, 1]

f[x (, )] f(x + Vf(x )’[x,, (,) x,

+ fo {7f(Xk)--Vf[Xk--t[x--Xk(a)]]}’ dt [Xk--Xk(a)],
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SO

d(x)-flx()]

V/(x)’[x x()]- Jo ivflx -t[x -x()]]-v(x) dtx x()l,

and finally by using (51)

L
(52) f(x)-f[x()] Vf(x)’[x x()]- [x x()[.
For I we have x (a) Ix k X k and p k 0, SO 0 X k X k k.

It follows using (45) that

’()1< ’Ix’ ’()]<; E [x-x(53) E Ix-x = E p -x

Consider the sets

Ia ixk >O,i_I- I2 <0 i:Ia
OX

For all iIi,a we must have x a >ea for otherwise we would have iI. Since
I-[-MVf()]+I#O we must have lirna-,o,a.a:inf ea>O and ea>O for all k. Let
e >0 be such that g <--ek for all k K, and let B be such that Ipkl<=B for all and

i(ol) Xk6K. Thenforallo6[O,g/B]wehavexk k--Opk foralli6Ii,ksoitfollowsthat

Of(xi)[xi (Ol)] C 2 XX: VO O,(54) .,
Ox’ k --Xk

il,k iI,k

Also for all a _-> 0 we have x k--X k ap k, and since Of(Xa)/3x <- 0 for all I2,k, we
obtain

o[(x,, o[(x,,
(55) Z xi (Ol)] >"

iI2,k Oxi k--Xk --Ol iI2,kZ Oxi Pk"

Combining (54) and (55), we obtain

(O)] >(56) Y cfcxki k--Xk =a Y. Pk O,
i ir 3X

For all a _-> 0 we also have

Ix-x(a)l<-a[pik[ Vi= l, n.

Furthermore it is easily seen using Assumption (B) that there exists A > 0 such that

Of(xi )p
i,l il’ oX

Combining the last two relations we obtain for all 0

(12 < 2A Of(Xk)(57) IXk--Xk ]1 : ----i Pk Vk sK.
OX
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We now combine (52), (53), (56) and (57) to obtain for all a e [0, (g/B)] and k e K

(58) ( o f( + 1- f(xk)[xif(Xk)--f[Xk(a)] >- a--
OX

k--Xk

Suppose a is chosen so that

g ahL ceh2L----->r, l--->r, a < 1(59) Oa, 1
2 2

or equivalently

2(1-tr) 2(1-
(60) 0_-<a<_-min

B’ AL ,2L

Then we have from (58), (59) for all k e K

f(x)-f[x(a)]>=r a , ox Pk
i Ox

)[x-xk
This means that if (60) is satisfied with =a, then the inequality (37) of the
Armijo-like rule will be satisfied. It follows from the way the stepsize is reduced that
ak satisfies

(61) ak>min{ 2(1-) 2(1-)1} keK.
AL AzL

This contradicts (47) and proves the proposition. Q.E.D.
It is interesting to note that the argument of the last part of the proof above shows

that if the level set {x If(x) =< f(x0), x -> 0} is bounded, then there exists a scalar 5 > 0 such
that, for every a e (0, 5], the constant stepsize algorithm Xk/l =Xk(a) generates
sequences {Xk) the limit points of which are critical points with respect to problem (1).

We now focus attention at a local minimum x* satisfying the following second
order sufficiency conditions. For all x->0 we denote by B(x) the set of indices of
binding constraints at x, i.e.,

(62) B(x)={ilxi=O} Vx>=0.

(C) The local minimum x* of problem (1) is such that ]’or some 6 > 0, f is twice
continuously differentiable in the open sphere {x]]x-x*l<6}, and there exist positive
scalars ml, mz such that

(63)
mllzlz z’VV(x)z - mzlz[z

Yx such that Ix-x*l and z #0 such that zi=0, Yi B(x*).

Furthermore

f(x*____A) ,)(64)
Ox

>0 YiB(x

The following proposition demonstrates an important property of the algorithm,
namely that under mild conditions it is attracted by a local minimum x* satisfying
Assumption (C) and identifies the set of active constraints at x* in a finite number of
iterations. Thus if the algorithm converges to x* then after a finite number of iterations
it. is equivalent to an unconstrained optimization method restricted on the subspace of
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binding constraints at x*. This property is instrumental in proving superlinear conver-
gence of the algorithm when the portion of Dk corresponding to the indices iI is
chosen in a way that approximates the inverse of the portion of the Hessian of f
corresponding to these same indices.

PROPOSITION 3. Let x* be a local minimum ofproblem (1) satisfying Assumption
(C). Assume also that (B) holds in the stronger form whereby, in addition to (41), the
diagonal elements d of the matrices Dk satisfy for some scalar 1 > 0

(65) l-<-d ’qk=0,1,..., iI.
Then there exists a scalar 6 > 0 such that if {xk} is a sequence generated by iteration
(35) and for some index k we have

(66) [x-x*[ <- ,
then {xk} converges to x* and we have

(67) I B(x) B(x*) /k >-+ 1.

Proofi Since ]" is twice differentiable on {xlx-x*[ < 6}, it follows that there exist
scalars L >0 and 61 (0, 6] such that for all x, y with Ix -x*l <-- 6, lY -x*l <- 61 we have

IVf(x) Vf(y)[-<_ L[x y[.

Also for x, sufficiently close to x* the scalar

w [x [xk MVf(x)]+[
is arbitrarily close to zero while, in view of (64), we have

iOf( 1+
Xk--tx Xik ] =0 li B(x*),

j

where Ix is the ith diagonal element of M. It follows that for Xk sufficiently close to
x* we have

< /i s B(x*),Xk--Wk --Ek

while

x>ek ViB(x*).

This implies that there exists t2 G (0, tl] such that

(68) B(x*)=I- Vk such that IXk-X*l<-_S2.

Also there exist scalars g > 0 and 83 (0, 82] such that

,)xk>g i_B(x and k such that

By essentially repeating the argument in the proof of Proposition 2 that led to (61),
we find that there exists a scalar 6 > 0 such that

(69) ak : /k such that ]Xk-x*l83.

By using (65) and (68) it follows that

(70)
of(x) < pO<A1 Oxi--

Vi B(x*) and k such that [xk-x*l<-63,
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while there exists a scalar A > 0 such that

I; It,’ l= <=x 2
iB(x*) iB(x*)

Vk such that ]Xk X*I <= 83.

Since Of(x*)/Ox > 0 for all B(x*) and Of(x*)/Ox 0 for all i: B(x*) it follows from
(68)-(71) that there exists a scalar 84 e (0, 83] such that

(72) B(x*)=B(Xk+l) Vk such that [Xk--X*I84

and

(73) +1- x*l =< 83 Vk such that IXk x*[-- 84.

In view of (68) we obtain from (72), (73)

(74) B(x*) +=I+ Vk such that Ix-x*l<-64.
Thus when IXk-X*l4 we have [Xk+l-X*l3, B(x*)-B(Xk+x), and the (k +1)st
iteration of the algorithm reduces to an iteration of an unconstrained minimization
algorithm on the subspace of binding constraints at x*. From known results on
unconstrained minimization algorithms (cf. [19, Proposition 1.12]) and Assumption
(C) it follows that there exists an (open) neighborhood N(x*) of x* such that
IX --X*[(84 for all x sN(x*) and with the property that if Xk+ sN(x*) and B(Xk+I)
B(x*), then Xk+2 N(x*) and, by (74), B(Xk/2) B(x*). This argument can be repeated
and shows that if for some k we have

xf N(x*), B(x) B(x*),

then {xk} x* and

Xk N(x*), B(xk) B(x*) Vk >- k.

To complete the proof it is sufficient to show that there exists 8 >0 such that if
Ixk -x*] _-< g then Xk+l N(x*) and B(Xk+l) B(x*). Indeed by repeating the argument
that led to (73) and (74), we find that given any 8 >0 there exists a 8 >0 such that
if Xk X*[ g then

Ik+l B(x+I) B(x*)

By taking g sufficiently small so that

{xlx-x*l g} U(x* 

the proof is complete. Q.E.D
Under the assumptions of Proposition 3 we see that if the algorithm converges

to a local minimum x* satisfying Assumption (C) then it reduces eventually to an
unconstrained minimization method restricted to the subspace

(75) T {x[x 0, Vi e B (x*)}

Furthermore, as shown in Proposition 3, for some index k we will have

(76) I B(x*) Vk >- k".

This shows that if the portion of the matrix Dk corresponding to the indices iI is
chosen to be the inverse of the Hessian of f with respect to these indices then the
algorithm eventually reduces to Newton’s method restricted on the subspace T.
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More specifically, by rearranging indices if necessary, assume without loss of
generality that

(77) I {r + 1,..., n},

where rk is some integer. Then Dk has the form

tS o
(78) Dk d+’ 0

0
0 dk

where d, >0, rk + 1,..., n and Dk can be an arbitrary positive definite matrix.
Suppose we choose Dk to be the inverse of the Hessian of f with respect to the indices

1,..., rk, i.e., the elements [5{ ]0 are

By Assumption (C), V2/(x *) is positive definite on T so it follows from (76) that this
choice is well defined and satisfies the assumption of Proposition 3 for k sufficiently
large. Since the conclusion of this proposition asserts that the method eventually
reduces to Newton’s method restricted on the subspace T a superlinear convergence
rate result follows. This type of argument can be used to construct a number of
Newton-like and quasi-Newton methods and prove corresponding convergence and
rate of convergence results. We state one of the simplest such results regarding a
Newton-like algorithm which is well suited for problems where f is strictly convex
and twice differentiable. Its proof follows simply from the preceding discussion and
standard results on the unconstrained form of Newton’s method so it is left to the
reader.

PROPOSITION 4. Let f be convex and twice continuously differentiable. Assume
that problem (1) has a unique optimal solution x* satisfying Assumption (C), and that
there exist positive scalars m l, m2 such that

mllzl <_ z’V:f(x)z <= mz[zl, Vz e

Assume also that in the algorithm (32)-(37), the matrix Dk is given by

Dk H-1,

where Hk is the matrix with elements H given by

O if ], and either I or ] e I,
H= Of(Xk)

{_ -x-x otherwise.

Then the sequence {Xk} generated by iteration (35) converges to x* and the rate of
convergence of {Ixk x’l} is superlinear (at least quadratic if V2/is Lipschitz continuous
in a neighborhood of x*).

Note that by making use of the result of Proposition 3 it follows that when f is
a positive definite quadratic function, the algorithm of Proposition 4 solves problem (1)
in a finite number of iterations provided the unique solution x* satisfies Assumption (C).

The algorithm of Proposition 4 also has the property that, for all k sufficiently
large, the initial unity stepsize will be accepted by the Armijo rule. Our computational
experience suggests that the unity stepsize is also acceptable for the great majority
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Of iterations even before the binding constraints at the solution are identified. We did
observe however some cases where it was necessary to reduce the initial unity stepsize
several times before a sufficient reduction in the objective function value was ettected.
The most typical situation where such a phenomenon can occur is when the scalar k
defined by

>Ox +k min {1, k}, Cek sup {a IX ap k k > O, : Ik }

is small relative to unity. Under these circumstances some nonbinding constraint, that
was not taken into account when forming the index set I, is encountered after a
small movement along the arc {Xk (a)la > 0}. As a result it may occur that the objective
function value increases as a is increased from k. A reasonable heuristic device to
avoid a large number of function evaluations in such cases is to modify the line search
so that if at any iteration a fixed number r of trial stepsizes 1,/3,. , r--1 fail to pass
the Armijo rule test then k is computed and used as the next trial stepsize.

There is another (infrequent) situation where a unity initial stepsize may be
inappropriate when far from convergence, and the Armijo rule may need a large
number of stepsize reductions before determining an acceptable stepsize. This situation

+ +can arise when the sets of indices {ilx -0, i Ik } and {i[x. O, Pk < O, i_ Ik } are not
equal, and as a result the initial direction of motion along the arc {Xk(a)la >= 0} is not
a Newton direction along any subspace. A difficulty of this type can be easily detected
and can be typically corrected by combining the Armijo rule with some form of a line
minimization rule.

Extension to upper and lower bounds. The algorithm (32)-(37) described so far in
this section can be easily extended to handle problems of the form

minimize f(x
(80)

subject to b <= x <= bE,

where bl and bE are given vectors of lower and upper bounds with b-< bE. The set

I is replaced by

(81) [={i[bi < <b
Of(Xk) < < Of(Xk) }--Xk-- +ek and
OX

>0 or b2--ek--Xk--b2 and <0

and the definition of Xk (Ol) is changed to

(82) Xk (o [Xk aDkVf(Xk )]#,
where for all z s R" we denote by [z]# the vector with coordinates

bE if bE =z,
(83) [z]#i z if b <Z <b2,

bx if z _<-bx.

The scalar ek is given by ek min {e, [Xk --[Xk -MVf(xk)]#I}. The matrix Dk is positive
definite and diagonal with respect to I’, and M is a fixed diagonal positive definite
matrix. The iteration is given by

(84) Xk+x Xk (Otk),

where ak is chosen by the Armijo rule (36), (37), with Ix k X k (/3)]+ replaced by
[x x , (t)].

The preceding algorithm also makes sense if some of the upper bounds b equal
+ and some of the lower bounds b’l equal -. This covers the case where only
some of the variables x are simply constrained by upper and/or lower bounds.
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3. Extensions to general linear constraints. In this section we discuss briefly how
the algorithms of the previous section can form the basis for constructing methods
for solving the problem

(85)
minimize

subject to b <- Ax <-_ b,

where f" Rn- R is a continuously differentiable function, A is an m n matrix and
bl, bE are given vectors. We denote by ai, -1,..., m the rows of A and by bl,i,
bEd, ]"---- 1,’’’, m the coordinates of bl and /72, respectively, so the constraint set is
represented by the m inequality constraints

(86) bl,i <= ax <-_ b2,i, j 1, ", m.

By slight abuse of standard mathematical notation we allow the possibilities
and bEd----+CX3. In this way each of the inequalities (86) may represent a two-sided
inequality constraint (-3<bxd<-b2,i<+c), a one-sided inequality constraint
(-oO=bl.i<bEd<+oo or -oo<bl.i<b2.i +oo) or no constraint at all (bl.i=-oo,
b2a +oo). When bl,i b2,i then (86) represents an equality constraint. We assume that
problem (85) has at least one feasible solution. We denote for every feasible x

(87) B (x) ba.i a ix or a ix b2,i}.

We assume that for every feasible x the set of vectors

(88) {ail] B(x)}

is linearly independent. This is essentially a nondegeneracy assumption. It can be
dispensed with at the expense of technical complications which are beyond the scope
of the paper. In order to simplify the statement of the algorithm that follows we

assume that the set of inequality constraints (86) includes the trivial inequalities

(89) -oo_<x __< +oo, 1, , n,

for which a is a unit coordinate vector and b l,i =-c, b2,i--ff-cx3. The value of this
somewhat unorthodox device will become apparent shortly.

In the algorithm to be described, given a feasible vector Xk obtained at iteration
k, we select a subset Bk c {1,. , m} containing exactly n indices and satisfying the
following two conditions

(a) B (xk c Bk.
(b) The set of vectors {ai[ ] Bk} is linearly independent.

Such a choice is always possible since the set of vectors {ai[ ]B(xk)} is linearly
independent by earlier assumption, and it is always possible to supplement the set
B(Xk) with a suitable subset of indices corresponding to the trivial constraints (89) so

as to form a set Bg satisfying (a) and (b) above. However this may not be the only
possibility and the manner in which the set Bk is formed is left open at this point.
The set

<b2,i, jB,}(90) X, {xlba.i <= a ix

is referred to as the active generalized rectangle at iteration k. It plays a role similar
to the one of the manifold of active constraints in manifold suboptimization methods.
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By rearranging indices if necessary, we assume without loss of generality that Bk
consists of the first n indices, i.e. Bk {1, 2, n}. Then A is written as

where A is the n x n invertible matrix having a, ] B, as its rows. We partition
similarly the vectors b, b;

b (’k] bEbl= b-,kJ’ b,k

The idea of the algorithm is to consider at the (k + 1)st iteration the transformation
of variables

(91) y =A+
kX

by means of which the active generalized rectangle Xk Of (90) is transformed into the
(ordinary) rectangle

(92) Yk {y[b + < <1,k=Y b

while problem (85) is transformed into the problem

(93)
minimize hk(y)Af[(A)-ly]
subject to y Yk, b,k -<-A{(A)-ly <--b2-,k.

+Let Yk A kXk. By construction we have that the constraints

(94) bLk <A{(A+ -1) <_- b,

are not binding at Yk, SO we temporarily ignore them and carry out an iteration of
the method of the previous section in the space of variables y. It takes the form (cf.
(81)-(84))

(95a) y+ Yk (Ok),
where

(95b) yk(a)=[y,-aD,Vh,(y,)]# Va >_-0;

Dk is a positive definite matrix which is diagonal with respect to the appropriate set
,of indices, and [. ]# denotes projection on the rectangle Yk Of (92). The stepsize ak
is selected by means of the Armijo-like rule of the previous section subject, however,
to the additional restriction that it belongs to the set of stepsizes

{a [b-,k < A-(A+ -1k) Yk(a) <---- b,k}
that do not lead to violation of the nonbinding constraints (94). Since this set contains
an interval of the form [0, c], where ff > 0, it is clear that the Armijo-like rule will
yield a stepsize after a finite number of arithmetic operations. Taking into account
the fact that the gradient of the transformed objective function is

Vhk (y) [(A)’]-lVf(xg)
and making use of (91) we can finally write iteration (95) in terms of the original
variables as

(96) Xk+l (A-)-I[A-xk akD,[(A + Vf(x)]#,
where X+l (A{)-ly+I. The algorithmic process by means of which X+l is obtained
is illustrated in Fig. 3.
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ORIGINAL

SPACE

X2

FIG. 3

It may appear that iteration (96) involves excessive computational overhead in
view of the presence of the inverse (A)-1. However in many problems with special
structure it is possible to compute this inverse very efficiently. For other problems we
note that it is possible to organize the algorithm so that most of the indices in the
sets Bk and Bk+l are common. In fact at each iteration k typically at most one
nonbinding inequality not belonging to the current active rectangle Bk will become
binding at the next iteration, the exception being the unlikely situation where more than
one of the constraints (94) will become simultaneously binding at Yk/l. In this case the
matrices A and A/I need only differ by at most one row and as a result the inverse
(A’+1)-1 can be obtainedfrom (A)-I by the Householder modification rule involving only
O(n 2) arithmetic operations (see Gill and Murray [8, p. 59]). Note also that if a number
(say nk) of the trivial constraints (89) participate in the formation of the active rectangle
(90) then the inverse (A)-1 can be formed by matrix inversion of order (n- nk).

The reader who is familiar with manifold suboptimization methods, as described
for example in Gill and Murray [8], will notice a strong similarity between the
transformation process involved in these methods and the one employed above. The
only essential difference is that in our method we use the active generalized rectangle
X in place of the manifold of active constraints. The main advantage that algorithm
(96) offers over manifold suboptimization alternatives is that as many as n new
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constraints may become binding in a single iteration while considerable flexibility is

afforded in changing the active set of constraints. By contrast, in manifold suboptimiz-
ation methods, barring exceptional circumstances, at most one new constraint will
become binding in any single iteration while dropping currently active constraints
must be carefully controlled. Thus a fundamental limitation of these methods is
substantially overcome, the capability of attaining superlinear convergence is maintained
and there is no need to solve a quadratic programming subproblem at each iteration.

There are many issues relating to convergence, rate of convergence, active
rectangle selection and implementation of the algorithm described in this section but
their discussion properly belongs to a separate paper. We provide instead a specific
superlinearly convergent Newton-like implementation of algorithm (96) for the case
where the constraint set is a simplex.

Example (minimization on a simplex). Consider the problem

minimize f(x
(97)

subject to x >- O, x 1,
i=1

wherewe assume that the functionf" R --> R is convex, twice continuously differentiable
with everywhere positive definite Hessian matrix. Given a feasible vector Xk let

i[i=l ,n}.arg max {x k

We consider the transformation of variables defined by

y =x Vi#F, y x,
i=1

thus implicitly forming an active rectangle consisting of the equation Y.7=lXi 1 and
the inequalities xi=> 0, F. The inverse transformation is

x =y Vi#r, x =y
i#F

If we write this transformation as x Ty, where T is the appropriate matrix, the
problem is transformed into

minimize h (y) Af(Ty)

subject to yi _> 0 Vi # L
y =1,

y -Y y =>0.
iF

The last constraint is (by construction) inactive at the point Yk TkXk, SO it will be
ignored in the iteration of the Newton-like method of 2.

The first and second derivatives of the transformed objective function hk with
respect to the variables yi at Yk are given by

Ohk (Yk Of(xk Of(x
Oy

Ohk(Yk) af(x,,)
0y Ox

V : F,
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oh(y) oaf(x,) oaf(x,) oaf(x,) oaf(x,,)
OyiOy OxiOxi OxiOxr OXiOXr - (0xr)2 V ’, J" 7 ’,

02hk (Yk) 02f(Xk 02f(Xk
OyiOy OxiOx (OX 2

02hk (Yk) 02f(Xk)
(oy) (Ox)

Vi#f,

The Newton-like iteration to be performed in the space of variables y is a slight
variation of the one of 2 (cf. Proposition 3) to account for the presence of the
constraint y r= 1. It takes the form described below. Let

+ 2

[i c)hk(yik)]) }
where/z k [Oh(Y)/(OY)]-. Let also

e=min{e,w}, I O N y e,

and form the matrix H with elements H given by

1/2

3hk(Yk) }OY
>0

H= 32hk(Yk)
3yiOy

if # j and either e I+k or j /k,+

otherwise.

Let

(98) Pk H Vhk(y)..

Then Yk+l Yk (Olk), where for all c >_- 0

+ r(a)=l(Ce) [y kYk --ap V r, Yk

The stepsize ak is given by Ok ink, where mk is the first nonnegative integer m such
that

f
hk (Yk) hk[Yk (/3")] _>-- crl/3" E

=1 by
Oh(y) Ohk (Yk !Pk+ Y. [Yk Yk(fl )]

l Oy

and

The vector Xk+l is then given by

")__1-E y(/3 >0.

Xk+l Yk+l V # r, Xk+l 1- Y’, Yk+l.
ir

Similarly as for Proposition 3, it is easily shown that this algorithm converges
superlinearly to the unique (global) minimum of problem (97). The algorithm can be
extended trivially to the case where, in addition to the nonnegativity constraints, there
is a single equality or inequality constraint, as well as to the case where the constraint
set consists of a Cartesian product of simplices. Similar algorithms can be written in
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explicit form for problems with a large number of nonnegativity (or upper and lower
bound constraints) and a small number of additional equality or inequality constraints.
Newton-like algorithms of this type are particularly effective when the problem has
special structure that facilitates the solution of the linear system of equations involved
in implementing the basic iteration (cf. (98)).

4. Application in discrete-time optimal control---computational results. The
algorithms of the paper are particularly well suited for discrete-time optimal control
problems involving a discrete time system of the form

(99) Xi+l fi(xi, Ui), 0," N 1,

a cost functional of the form

N-1

(100) G(XN) + gi(xi, bli)
i=0

and simple constraints on the control vectors of the form

b_i Ui bi, =0,... ,N-1.

We assume that the functions fi :Rn/’-->Rn, gi:R"+"->R and G:R’--->R are twice
continuously differentiable and N is a positive integer. Problems of this type are
discussed for example in Varaiya [17], Polak [18], and Cannon, Cullum and Polak
[20]. They are often characterized by large dimension, particularly when they arise
from discretization of continuous-time optimal control and calculus of variations
problems.

Each state vector xi can be uniquely represented in terms of the control sequence
u {Uo,’’’, ur-1} via the system equation (99) in the form

where bi are the appropriate functions. The problem is then equivalent to

(101)

N-1

minimize J(u) G[bN(U)]+ gi[ti(U), Ui]
i=0

subject to b_i u bi, =0,... ,N-1.

It is well known (see Mitter [21], Polak [18]) that the unconstrained Newton direction
-[V2j(u)]-lVJ(u) for this problem can be efficiently computed by means of the Riccati
equation. An algorithm such as the one of Proposition 4 can also be similarly
implemented via the Riccati equation. At each iteration k we first determine the set
of indices I’ [cf. (81)]. We then compute the Newton direction with respect to the
control vector coordinates corresponding to indices i I’ via the Riccati equation,
while we compute the (diagonally) scaled steepest descent direction for the remaining
coordinates corresponding to indices s I’. The overall algorithm is thus very similar
to the one used for the corresponding unconstrained problem. It is well suited for
large scale linear-quadratic problems with simple control constraints for which pivoting
methods are apparently very cumbersome and inefficient. Our computational example
is of this type.
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Consider the two-dimensional linear system

(102) [xX+.]=[ 1 s x.1
+. 1][ + []’S Xi,2J

i-0, 1,...,N-1.

The initial state x0 (x0,1, x0,2) is given and the control constraints are

(103) i=0, 1,...,N-1.

The problem is to minimize

(104) sJ(u)
i=0

i+1 QXi+l +Ru2i),

where the matrix Q and the scalar R are given by

0
R=6.

This problem arises from discretization of the continuous-time problem of minimizing

(106)

subject to - [x(t)’Ox(t) + Ru(t)2] dt

and

(108) -1 <_- u(t) <- 1, [0, T].

If the interval [0, T] is discretized into N intervals of length

T
(109) s

N

and the approximation

1
(110) 3(t)-(Xi+l--Xi), s[is, (i + 1)s]

is used, then problem (102)-(105) is a discretized version of problem (106)-(110).
We show in Table 1 for a variety of values of N and s the number of iterations

required by the method of Proposition 4 to obtain the exact solution for two initial
states x0=(15, 5) and x0=(5,-10) and two initial control trajectories u/ --0 and
u 1. In all runs we chose e 0.01,/3 =0.5 and tr 10-4. All computations were
performed in double precision and this was found essential for large values of N. The
results demonstrate the ability of the method to identify the set of binding constraints
in very few iterations. It is worth noting that while the table gives results for N only
up to 10,000, an incomplete set of experiments was run with N 25,000, and a very
similar performance was observed for the method.
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TABLE

X0

(15,5)

(5, -10)

N

100

1,000

10,000

100

1,000

10,000

0.002
0.01
0.04
0.1
0.5

O.0002
0.001
0.004
0.01
0.05

0.00002
0.0001
0.0004
0.001
0.005

0.002
0.01
0.04
0.1
0.5

0.0002
0.001
0.004
0.01
0.05

0.00002
0.0001
0.0004
0.001
0.005

# of binding
constraints
at solution

0
18
78
91
100

0
183
770
89O
705

0
1834
7693
8861
4261

0
48
73
87
100

0
478
684
765
370

# of iterations

u/O u--1

3 2
3 3
4 3
5 5

3 2
4 3
4 3
23 16

3 3
5 4
6 4
10 18

2
4 3
5 4
7 5

0
4772
68O2
7595
2591

3
4 3
5 4
9 18

3 2
5 7
6 5
12 17
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THE SINGULAR STEADY STATE LINEAR REGULATOR*

VIOLET B. HAAS

Abstract. We consider the problem of infimizing the steady state quadratic cost-functional, whose
integrand is given by b’D’D + u’Ru, with R positive semidefinite, subject to the constraint Ab + Bu,
with fixed initial state. It is shown that there may be two separate cost infima, one under the assumption
of bounded control energy and one under the additional assumption of partially bounded inputs. Each of
them is a positive semidefinite quadratic function of the initial state whose coefficient matrix is one of the
positive semidefinite solutions of a pair of algebraic Riccati relations, provided there are no system modes
which are uncontrollable, observable and unstable. The cost infimum can be found by solving a sequence
of algebraic Riccati equations in a reduced state space.

Let Bo denote the restriction of B to kernel R. If the unobservable subspace of the pair (D, A) is the
same as the supremal (A, B0) invariant subspace contained in kernel D then the coefficient matrix of the
cost infimum is a maximal solution of the pairs of algebraic Riccati relations. In case the cost infimum is
a true minimum, then the optimal control is a feedback control when the order of singularity is finite.

1. Introduction. We consider the system described by the differential equation

(1.1) =A+Bu,

where A:-->, an n-dimensional linear vector space, B: q/--> , where 0-// is an
m-dimensional linear vector space, u is a member of the class U of continuous
functions havin values in 0// and (t; x, u) denotes that trajectory of (1.1)
corresponding to the control function u and satisfyin

(1.2) (O;x,u)=x.

The problem, H, is that of finding V(x) where

(1.3) V(x) inf J(x, u)= inf | (’Q + u’Ru) dt.
uU ueU

O and R are constant, symmetric nonnegative definite maps of appropriate dimension.
The prime superscript denotes vector or matrix transposition, so that if x and y are
vectors then x’y denotes their inner product. The state vectors x and &(t; x, u) belong
to . Let U denote that subclass of U for which

(i) limt_. O(t; x, u)= 0
and

(ii) o u’(t)Ru(t)dt<.
Let U denote that subclass of U whose members u satisfy

(iii) lim,_,o u(t) O.
Let V(x)= infuu1J(x, u) and V= infuu J(x, u). We shall see that sometimes
V(x) V(x), sometimes V(x) V (x), and when V (x) and V(x) are both defined
we may have V(x)< Vl(x), as the example of 6 illustrates.

Let denote the image of B and let (AI3) denote the union of the subspaces
9, Ag,..., An-, of . Let Q D’D and, to avoid trivia, assume D 0. Define

(1.4) r/= f Ker (DAi-1).
i=1

* Received by the editors March 5, 1980, and in final revised form May 11, 1981. This research was
partially supported by the National Science Foundation under grant ECS-7918885.

t School of Electrical Engineering, Purdue University, West Lafayette, Indiana 47907.
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Then (AI) and r/are respectively the "subspace of controllable modes" of the pair
(A, B), and the "subspace of unobservable modes" of the pair (D, A). The set
consists of those states which are indistinguishable from the zero state after observing
y- D4 over any finite time interval. (See [13], Chapters 1 and 2 for details.) Let
c(Z) denote the minimal polynomial of A and let c/(A) denote the factor of
associated with those zeros of a which lie in the closed right half of the complex
plane. Define

+A Ker +(A)

and let Bo denote the restriction of B to the kernel of R. + is the subspace of
unstable modes of A. Define //’o* as the largest of the subspaces of kernel D
satisfying A o//, o//, + Jo. We write,

o* sup _(A, Bo; ker D)

(see [13]). It was shown in [2] that

(1.5) W+ c (A[) + 7/’0*

is a necessary and sufficient condition for the existence of a linear feedback control,
u Fb in the class U. Thus, (1.5) guarantees that the class U is nonempty and that
the infimization problem has meaning. Condition (1.5) also guarantees the existence
of a positive constant 3’ satisfying

o <- V(x) <=  lxl
We shall at times wish to apply the stronger hypothesis

(1.6) w/ (Al)+ .
It was shown in [3] that (1.6) is a necessary and sufficient condition for the existence
of a linear feedback control u in the class Ux.

Let R * denote the Moore-Penrose pseudoinverse of R and let N be a matrix
of maximal rank whose columns span the kernel of R. We shall show that if (1.5)
holds then

(1.7a) V(x)- V(x)= x’Pox,

and if (1.6) holds then

(1.7b) VX(x) x’Px,

where Po and pO are symmetric positive semidefinite solutions of the matrix inequality

(1.8) A’P +PA + Q PBRB’P >- 0

and null space condition

(1.9) PBN O.

If (1.5) holds with r/= 7/’o*, then V(x) V(x). We shall show that Po and pO are
also solutions of the Popov-type equations

A’P+PA +Q =K’K, PB =K’R 1/2.

Furthermore, if (1.6) holds then this pair of equations has a solution (K, P+) for which
P/ is maximal, and that in this case p0 p/. We shall also show that if V (x) is actually
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a minimum for 0 or 1, and if u* is the optimal control then

(1.10) (PA +A’P+Q-PBRB’P)g)(t; x, u*) 0,

d
(1.11) d-- Vx (b)’ -Oqb -A’Vx(cb),

d
(1.12)

dt
(qb’(t x, u*)Pqb(t; x, u*))= O,

where P is either P0 or p0 as appropriate. If t denotes the projection of u* on the
image of R then

(1.13) (t) -R B’Pqb(t; x, u*),

and if u* is singular of finite order then u* is a linear function of b. If (1.5) holds,
but (1.6) does not, then Vl(x) is not defined. Note that (1.6) implies (1.5). If (1.6)
holds and r/is a proper subspace of 7/’o* then we can expect that Po < p0.

The optimal feedback control is found by invoking properties of the Moore-
Penrose pseudoinverse of the matrix R. A number of other authors have treated the
singular linear regulator problem on finite time intervals for time varying matrices.
Their work, much of which is described in references [1] and [4], requires a series of
transformations on both the control and state variables to obtain solutions. In order
to legitimately use these transformations, certain differentiability and rank conditions
must be hypothesized, integral equations must be solved, and the set of admissible
controls must be enlarged to permit impulse functions. In a series of papers, [7]-[10],
this author obtains solutions to the same problem without any coordinate transforma-
tions and without the extra assumptions attendant thereon. The solution of the singular
linear regulator problem on a semi-infinite interval was proposed as a fruitful topic
for research in [4, Chapt. V].

Examples show (see [5, p. 249]) that when R is singular, optimal trajectories can
be expected to exist when x lies only in certain "good" portions of , while when x
is in the remainder of , only an infimum of J(x, u) exists with an "infimizing" control
consisting of a concatenation of true optimal trajectories and impulsive arcs.

2. Infimization problems in a reduced space. Let r rank R, let n be a positive
integer, and define

1
Rn R +-NN’.

n

We may suppose, without loss of generality, that coordinates in 07/are so chosen that
R is diagonal with its first r diagonal entries nonzero, and that NN’ contains an
(m-r) (m-r) identity matrix in its lower right hand corner and that all other
elements of NN’ vanish. Then

R R + nNN’.

We define a new problem, Fin, having the same constraints as II but for which the
cost functional is

(2.1)

and define

Jn(x, u)= Io (’Qb + u’Rnu) dt,

inf Jn(x, u)= Vn(x).
uU
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It is a standard result (see [12, Thm. 3.7]) that if R is positive definite, if (A, B) is
stabilizable and (D, A) is detectable, then the infimum is a true minimum, so that

(2.2) V,(x)=minJ,(x, u).

Assume (1.6) holds, let denote the space reduced mod rt, and let T denote
the canonical projection T" f-. Since r/ is A-invariant, there is a unique map A
induced in by A and AT TA. Let D denote the unique map defined by

(2.3) D =DT,
nd let

(2.4)

Let Y Tx, O T&, B TB. Then

(2.5)

Q =D’D.

J(x, u) :(, u) A Io (O’O& + u’Ru) dt,

where

(2.6) 3 fi +/u, 4(0; $, u) $.

It was shown in [3] that the pair (A, B) is stabilizable and the pair (D, A) is observable
in . Hence D&(t; , u)= D&(t; x, u)O as c implies lim,_. b(t; , u)=0.

Let H denote the problem of infimizing J(Y, u) subject to (2.6) and let l-I, denote
the same problem with R replaced by R,. Then for all $ in , I-I, has a unique
solution u,, u, =-R-I;’P,&, where/5, is the unique positive definite solution of the
algebraic Riccati equation

(2.7) ,’’P +PY + 0 PB-R-B’P O,

when R R,. The matrix fi B-R 1/,/5, is stable, and

Q, (.)A-min J, (., u)=.’P,Y..
uU

Premultiplying (2.7) by T’, postmultiplying by T, substituting (2.3) and (2.4) into the
result, setting P T’PT and noting that T’QT Q shows that

(2.8) P, T’P,T

is a not necessarily unique symmetric positive semidefinite solution of

(2.9) A’P +PA + Q -PBR-XB’P O,

when R R, that

(2.10) min J,(x, u)= x’P,x,
uU

and the optimal control, given by

u.=-R. =-R.B
belongs to the class U. We thus have the following result.

THEOREM 2.1. Let Q" be a symmetric positive semidefinite map and let
Q D’D. Let R" 71 71 be a positive definite map and let A" , B" ll . Let q
be defined as in (1.4) and let T:- be the canonical pro]ection. Suppose (1.6) holds.
LetB TB, letA denote the map induced in byA and letPdenote the unique symmetric
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positive definite solution of (2.7). Then P T’PT is a positive semidenite solution of
(2.9), minuuJ(x, u) x’Px, and the optimal control is given by

u -R-1B’Pqb.

Note that the minimization problem can be solved uniquely in the reduced state
space, saving computer time and memory.

3. Solution of problem H.
THEOREM 3.1. Suppose O"gg and R" all ll are positive semidefinite maps.

If (1.5) holds then

V(x) X’PoX,

and if (1.6) holds then

V (x) x’Px,
where the symmetric positive semidefinite matrices Po and pO are solutions of (1.8) and
(1.9). If J(x, u) has a minimum in either class U or U, if u* denotes the optimal
controlfunction, and if gt(t) is the profection of u*(t) on the image ofR then (1.10)-(1.13)
hold with P replaced by Po or pO as appropriate.

Proof. We shall first suppose that (1.6) holds. If Pn is defined as in (2.7)-(2.8),
then 0-< Pn/l -< P,. The sequence {P,} thus converges to a limit pO, pO is symmetric
and positive semidefinite and

(3.1) Vl(x)<-_x’Px.

Setting P P,, and R R, in (2.9) and taking limits as n o we find that

A’p +pA + Q-PBR*B’p= p*,(3.2)

where

P*= lim nPnBNN’B’P,

is finite, symmetric and positive semidefinite. Since P* is finite,

lim 4-N’B’P. < oo

and

(3.3) N’B’P O.

This proves (1.8) and (1.9).
Now suppose that

V’(x) x’Px
for some positive number e. There exists Uo in U such that

E
r(x, uo)< V(x)+-.

We have

x’P,x V,(x)<-Jn(x, Uo)=J(x, Uo)+- uNN’uodt.
n
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Now let no be so large that

and let n >_-no. Then

Letting n --> we find

u (t)NN’ uo(t) dt <= no-
x’P,x <-J(x, Uo) +< (x) +.

x’Px < VI(x) +,
which contradicts (3.1). Hence (1.7b) must hold.

Now suppose u* minimizes J(x, u) in U so that

(3.4) min J(x, u)= J(x, u*)= x’Px V(x),
uU

and define &*(t)a__ &(t; x, u*). By standard dynamic programming arguments,

(3.5) min [Vx(6*)(A6 * +Bu)+1/2(6*’Q6* + u’Ru)]=O.
tAbU

Then u* must satisfy

(3.6) B’Vlx(O*)+Ru*=O.
Premultiplying (3.6) by R * and noting that R*R is a projection map from 0-//to the
image of R, we obtain

(3.7) t -R*B’P&*,

and this proves (1.13). Substitution of (3.7) and (3.3) into (3.5) yields

(3.8) 0"(Pa +A’P+ O PBR*B’P)& * O.

Since the map in parentheses is symmetric and positive semidefinite then (1.10) holds.
Now define A pOo,. Using (3.3) and (3.7) we obtain

(3.9) P(A BR *B’P)& *.

Substitution of (3.8) into (3.9) yields

(3.10) -A’A -OO*,

and this proves (1.11). Equation (1.12) can now be derived in the usual way. The
proof for the case when (1.5) holds is deferred to 5.

4. The optimal feedback controls. We shall define the Hamiltonian H in the
standard way as

(4.1) H A H(t, &, u, A)= 1/2(O’QO + u’Ru)+ A’(A& + Bu),

where A PO and P is a symmetric nonnegative solution of (1.8)-(1.9). From (1.9)
and (4.1) it follows that

(4.2)
and that

N H, =N’B =0,

j=l,2,...
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If Ui denotes the ith component of the vector u and if, along an optimal trajectory in
an appropriate coordinate system in ,

0 d

Oui dt
Hu, =- O, O, 1, , pi 1,

while

then it is known that pi must be even, say p 2k (see [11]), and the control function
u is. said to be singular of order k. If k 0 then ui is regular. Thus, u’, u*2, , ur*
are all regular. We can completely determine all remaining optimal controls when k
is finite for all r + 1,. , m. Differentiating (4.2) twice, employing (4.1), (1.1) and
(3.10) and denoting the projection of u* on the kernel of R by t, we obtain, after
dropping the asterisk from &*,

(4.3) N’B’QBa -N’B’[Q(A BR B’P) A’Q A’2P]t.
Letting t Nz and substituting into (4.3) we find

(4.4) -(N’B’QBN)N’B’[QA-A’Q-QBRB’P-A’2p]qb,

where is the projection of z on the image of N’B’QBN. If the controls L/r+l, Urn
are all singular of order 1 then the matrix

L=(R,B’OB)

must have maximal rank, and the converse is true as well. In this case (4.3) may be
solved together with (3.6) to determine u* as a linear function of b. It some control
components are singular of order two or more, then the matrix L does not have full
rank and further differentiations of (4.2) are required. Since A P&, a finite number
of differentiations determines the optimal feedback control law when all controls have
finite order of singularity.

If u F& is the optimal feedback control law then we must have

&’(t)Oqb(t) dt < u’(t)Ru(t) dt <

Since &’(t)O&(t)=’(t)Qqb(t), O(t)-->O then we must have limt_,o (t)= 0. Hence
the optimal feedback control stabilizes the reduced system and belongs to U1.

We collect our results in the following theorem.
THEOREM 4.1. Let Q" g--> g and R" all--> 01 be positive semidefinite maps and

assume (1.6). If ]’or x e g, J(x, u) has a minimum in U and if all control variables
have finite order of singularity then the optimal control is a linear feedback control,
u F. In the reduced space g g/q the optimal control is also a linear feedback
control, u F, where F FT, and the matrix A +BF is stable.

5. Proo| of Theorem 3.1 when (1.5) holds. We shall now suppose that (1.5)
holds, define as reduced rood 7/’o*, and define T as the canonical projection of

onto . It was shown in [13] that if AT/" 7/’ +o then there exists a map F such
that (A / BoF)7 r, or 7/" is (A / BoF)-invariant. Define as the set of all maps F
for which (A +BoF)’ d, and let F0 e :T. Then 0" is the unobservable subspace
of the pair (D, A + BoFo). Let Ao a___ A + BoFo. Then 7/’0* is Ao-invariant. If fi-o is the
map induced in by A0 then the pair (A0, TB) is stabilizable, and if D is the unique
map defined by D DT, then (D, A0) is observable.
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Now consider a new infimization problem with cost functional

(5.1) Jo(x, v) Io (ck’Qck + v’Rv) dt,

subject to the constraints

(5.2) b Aock + By,

The admissible controls v must satisfy

(O;x,v)=x.

t-.clim De(t; x, v) 0 and Io v’Rv dt < o.

Since v is arbitrary, subject only to these conditions, then the new infimization problem
is equivalent to the old infimization problem over U (i.e., we may suppose that
u NFo + v). We shall define Jn (x, v) to be the cost functional Jo(X, v) with R replaced
by Rn and define J, (2, v) accordingly.

Let T, B TB, 2 Tx and consider the new infimization problem in the
reduced space to minimize

Jo(2, v) Jo ck’D’Dck + v’R,v) dt,

sub.ject to the constraints

(5.4) fi-o +/v, ,(0; x, v) 2.

We shall henceforth allow only feedback controls of the form v F into the competi-
tion and modify the definition of U accordingly. Since ]o(2, v)= Jo(x, v) for all v,
so that

inf J(x, u)= inf Jo(x, v) a- V(x)= inf ]o(2, v),
uU vV vU

we shall direct our attention to the investigation of

tin f J0(2, v).
vU

As before, there exists a positive definite symmetric matrix Pn satisfying

min J, (2, v) min J, (x, v) $’P,2 x’P,,x,
vU vU

where Pn is the unique positive definite symmetric solution of the steady state Riccati
equation,

(5.5) ’oP. + P.Ao +D’D P,,BR-B’fi.,.
the optimal control is given by

V -R-I’Pn(,
and P, T’P,T. Exactly as before, the sequence {P,} converges to a limit Po, where
Po satisfies

(5.6) A’oPo + PoAo +D’D -PoBR *B’Po >- O,

and

(5.7) N’B’Po=O.
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Since B0 BN then (5.7) implies that A’oPo A’Po and PoAo PoA. Thus P0 is a
solution of (1.8)-(1.9), and exactly as before,

(5.8) inf J(x, v)= V(x)= x’Pox.
vU

By again invoking (5.7), the rest of Theorem 3.1 can be shown to hold even when
(1.5) is true. Theorem 4.1 also holds if we assume (1.5) rather than (1.6).

Remarks. Note that each control u admitted to the competition has the form
u NFo + v and belongs to U but not necessarily to U. Note also that since
(t; , u)0 ast so does v(t)= F(t; x, v).

If r/ is a proper subspace of 0" and (1.6) holds then it may happen that
0V(x) < V(x), or x’Pox < x P x, as the example of the next section demonstrates.

6. An example. We consider the example of [3] where

a=( ), B=(_ll), D=(1,0), R=0.

(A, B) is controllable, (D, A) is observable, o* is the span of col (0, 1), and r/ is a
proper subspace of o*. If F then F (f, 1) for arbitrary [. Using. u =_Fx + v we
find that in the reduced space the differential equation becomes b =[4 +v. The
algebraic Riccati equation for problem 1-In with this differential equation constraint is

np2, 2fP 1 O,

and for all real f its positive solution converges to zero as n increases. For the original
system, we see from (1.9) that all entries of Po must be equal to, say, p and from
(1.8) we see that 0-<p <-2. Note that the maximal solution is p 2. For any initial
point on the singular line 2x2 + x 0 there is an optimal control law"

bl --Xl--X2 in the class U and VI(x) 2(Xl + x2)2.
However, for arbitrary initial point and arbitrary F (f, -1) in , there is a sequence
{u,} of controls,

bln --X2 +fX + Vn,

where v, -(f + n)x,, such that

lim J(x, u,) lim Jo(x, v,,) O.

Hence V(x)= 0. Each un for n > 1 belongs to the class U but not to the class U.
It should be noted here that the optimal singular control law is unstable (in the sense
that any disturbance will cause both x2 and u to become unbounded), and therefore
offers no practical advantage over a control such as u =fXl-X2, which yields a lower
cost for appropriate f, but whose magnitude increases indefinitely as az.

The Popov equations. Here we consider the equations

(7.1) PA +A’P + O K’K,

(7.2) fib =/(’R /2

in the reduced state space. It was shown in [6] that if instead of (1.5) we suppose that
the pair (A, B) is controllable then (7.1)-(7.2) has a solution (P+, K+) for which P+ is
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maximal, and a solution (/5_,/_) for which/5_ is minimal. Furthermore,

(7.3)

and
o

(7.4) fu J_ (4 Q4 + u’Ru dt

We may draw the same conclusion under the weaker hypothesis (1.6). First note
that in this case U is not empty. We have seen that under hypothesis (1.6) there is
at least one solution (Po, Ko) of (7.1)-(7.2), where

Po lim Pn, go R 1/2R #J’fio + lim 4NB’Pn.
Let (P, K) be any solution of (7.1)-(7.2). Then

T TJo (q(qo + u’oRuo) dt ’P + Io [/(4o + R 1/2u012 dt T)’Po(T).

Taking limits as T we see that

(7.5) Jo
Inequality (7.5) holds for all solutions (4o, Uo) of (2.6) with Uo U1, since (E3, A) is
observable. Thus,

z,p >__ ’p

and/50 is maximal.
The analogous conclusion cannot be drawn for the solution pO= T,pOT in the

space . Since (D, A) is not necessarily observable, a feedback control Uo F4,o does
not necessarily stabilize the system in . Given any solution (P, K) of (7.1)-(7.2) there
is a corresponding solution P- T’PT, K KT of

(7.6) A’P +PA + (2 K’K,

(7.7) PB K’R 1/2.

The converse, however, is not true. There may be solutions (P, K) of (7.6)-(7.7) which
do not correspond to any solutions of (7.1)-(7.2).
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ON THE COMPUTATION OF THE REACHABLE/OBSERVABLE
CANONICAL FORM*

R. E. KALMAN

Abstract. This note is concerned with questions related to the definition of "canonical form" for linear
systems. Some misunderstandings in a previous note by Boley in this journal [SIAM J. Control Optim., 18
(1980), pp. 624-626], are clarified and some new research problems are suggested.

In a recent note to this Journal, Boley [1980] claims that the procedure given in 7
of my paper, Kalman [1963], for the computation of the reachabilityl/observability
canonical forms of a linear system 7, (F, G, H) is erroneous.

Although Boley’s claim is not quite legally correct (see below), he has a point: the
meaning of a "canonical form" in my paper is not sufficiently clear. This is actually a
serious omission in my paper. A small modification gives a satisfactory computing
procedure but there are also deeper issues revolving around "genericity".

My paper shows quite correctly that the state space of every linear system may be
decomposed as a direct sum

1 X XA XB Xc go,

so as to give a corresponding block decomposition of the defining matrices as

FFAA FAB FAC fAol GA

(2) fean= l i FBBo FccO FBDll G
0

Fcol’ Gcan= Bean=J0 HB 0 Ho],

0 0 Food
In this decomposition, the subspaces involved are constructed in such a way that they
have the following interpretation:

XA := states which are reachable but unobservable,

XB := states which are both reachable and observable,
(3)

Xc := states which are neither reachable nor observable,

Xo := states which are observable but not reachable.

It is pointed out in Kalman [1962] that only the space XA may be defined in a natural
(coordinate-free) fashion in the style of abstract linear algebra; the other spaces cannot
be defined uniquely and are characterized only by the direct sum property (1) and the
system-theoretic properties (3). As mentioned in Kalman [1962, line following (8.1)]
the matrix decomposition (2) is "canonical" in the sense that it does not depend on the

* Received by the editors February 24, 1981.
r Mathematische Systemtheorie, ETH-Zentrum, Hauptgebaude, CH-8092, Zurich, Switzerland. This

research was supported in part by the U.S. Air Force under grant AF.OSR 76-3034(D) and the U.S. Army
Research Office under grant DAAG29-77-G-0225 through the Center for Mathematical System Theory,
University of Florida, Gainesville, Florida 32611.

The term "controllability" in Kalman [1963] was superseded two years later for algebraic reasons by
the term "reachability" See Kalman, Falb and Arbib [1969]. For continuous-time systems, the class which is
discussed in Kalman [1963], the two concepts are equivalent. If we wish to apply the decomposition theorem
to discrete-time systems, however, we must replace "controllability" by "reachability". use here the modern
terminology.
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nonuniqueness of the definitions of Xn, Xc, Xo in (3). These results are expressed in
Kalman [1963, Thm. 5].

Note that the claimed decompositions (1), (3) of the state space and the cor-
responding special matrix form (2) are a universal result, that is, they are valid without
any assumption on the triple Y_, (F, G, H).

Boley’s claim that "an example has been exhibited which fails to have a property
essential to the commonly used procedure for computing the joint controllability-
observability canonical form of a linear dynamic system" is not precisely correct. (He is,
however, quite right in pointing out that the claims

(4) nc < n and no > na
of Kalman [1963, p. 174, second line after (7.9)] are false. However, these claims were
intended merely as motivation for the computational procedure and are not essential
for it.) In fact, the matrix (5) given by Boley satisfies (2) if we take dim XA dim Xn 1,
dim Xc 0 and dim Xo 2. So the procedure given in Kalman [1963, 7] does reduce
any triple to the form (2).

The misunderstanding arises from the fact that Boley takes it for granted that I
have claimed in Kalman [1963] also the converse of the decomposition theorem cited
above, namely that

Ifa triple has the form (2) then the corresponding direct-sum decomposition of(5) the state space necessarily has the properties listed in (3).

Such a claim is not made in Kalman [1963], but something should have been said
about it.

The wording of my 7 is at least misleading in that it seems to imply that once we
get (F, G, H) into the form (2) we have determined a decomposition of the state space
which automatically possesses properties (3). Boley’s counterexample shows that this is
not so, (5) is false, and (2) does not imply (3). In other words, (2) is not canonical in the
strong sense that it is equivalent to the decomposition (1)+ (3).

As I have argued in recent publications, the word "canonical" should be invoked
with much greater care in the current system-theoretic literature. Now I see that the
injunction also applies to me, retroactively.

In view of these facts, nothing else can be done but fix up 7 of my paper so that the
computing procedure simultaneously meets requirements (2) and (3).

Fortunately, this is easily done. Apply the first half of step (b) but then use the
second half (the computation of (/22, 0,/_2) in the notation of my paper) only to start
the corrected version of step (c). This goes as follows, still using the notation of my
paper:

(c*) Consider the triple E, with state space X, given by

(6) F, pj, G, H, [H, jr)a],

where Fan, pB2, GB, p22, /r2 and HB are computed by the first half of step (b).
Now compute the space Xc of unobservable states for E,. Since ZB

(FBB, GB, HB) is observable by the first part of step (b), it is clear that Xc f’) XB {0}. In
view of this fact we may write X, XBXcO)Xo, this relation being the only
requirement on the definition of Xo. Hc 0 is obvious. The definition of observability
means that Xc is an F-invariant subspace. Consequently in the matrix decomposition
we must have FBc 0, Fc 0. Moreover, FcB 0 and FB 0 because XB is also an



F-invariant subspace. If we collect these facts, the defining matrices for Y_., become

Fcc FC[, [Hn 0 H].00 0 F]

Combining these results with step (4) yields the form (2). Of course, the matrices FAn

FaC, FAD will be, in general, nonzero.
Contrary to what was published in 1963, the present procedure assures that

XAXc is the space of all unobservable states. Thus (c*) implies (3).
Finally, it is interesting to note that Boley’s counterexample to (3) implying (5) is a

robs gobsnongeneric system. In other words, he has ..j Xn this strict inclusion is
possible only when certain determinants vanish.

As a matter of fact, it is easy to prove (by computing the reachability and
observability matrices for (2)) that generically (2) is equivalent to (1)+ (3). In this case
(2) is indeed a canonical form in a much stronger sense than is claimed in Kalman
[1963], and therefore, the original (rather clumsy) recipe given for steps (b) and (c) of
7 may be allowed to stand.

Evidently, a full understanding of these issues requires bringing in the machinery of
algebraic geometry. This will be done elsewhere.
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OPTIMAL CONTROL FOR PARTIALLY OBSERVED DIFFUSIONS*

WENDELL H. FLEMING AND ETIENNE PARDOUX

Abstract. Stochastic control problems are considered in which a state process Xt and an observation
process Yt are governed by Ito-sense stochastic differential equations driven by independent Brownian
motions. The control Ut enters linearly in the dynamics of Xt. A "separated" control problem is introduced,
in which the state at any time is a measure At representing an unnormalized conditional distribution for

Xt given Ys, Us for s =< t. The method depends on introducing a pathwise version of At which depends
continuously on observation and control trajectories Y, U. Existence of an optimal control is obtained in
a suitable class, larger than the usual class of controls admissible in the strict sense that Ut is measurable
on the tr-algebra t(Y) generated by observations Ys, s <- t. The dynamics of At are studied using a method
of forward and backward partial differential equations. Under a shitable nondegeneracy condition, the
measure At has a density q(t, x) with respect to Lebesgue measure.

1. Introduction. In this paper we are concerned with optimal control problems
of the following kind. Let Xt denote the process which we wish to control, Yt the
observation process and U the control process, 0 <-t-<_ T, with T fixed. The state and
observation processes are governed by stochastic differential equations

(a)
(1.1)

(b)

dX, b(X, Y, Ut) dt + o-(Xt, Yt) dW,

dY h (X) dt + dff’t.
We shall assume that b(x, y, u) is linear in u. See condition (Az) in 2. Xt has values
inN-dimensional RN, Yt values in Rt and U values in 0-//c RL. X0 has given distribution
/ and Y0 0. In (1.1), W and if’ are independent standard Wiener processes with
values in Ro, R, respectively. The matrix tr is thus N D.

The problem is to minimize a criterion of the form
T

It is customary to require that Ut be measurable with respect to the r-algebra generated
by the observations Ys, 0-< s-< t. We call this the strict sense version of the problem
( 6). For several years the question of proving a general theorem about existence of
optimal controls in the strict sense has been open. We do not obtain such a result
here. In fact, our results together with a counterexample of Varadhan ( 6), strongly
suggest that, if there is indeed a general existence theorem for strict sense optimal
controls, then standard methods are not adequate to prove it. There is a similar
difficulty in proving existence of optimal controls with complete observations with
singular noise coefficient tr, if the term "complete observations" is taken in the strict
sense that Ut depends on the past of the Wiener process driving the system.

Instead of allowing only strict-sense controls, we obtain existence of a minimum
in a wider class of controls. Roughly speaking, this wider class is obtained as follows.
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Let

(1.3) Zt=exp h(Xs)’dYs-- Ih(X)lds

Then Wt, Yt are independent standard Wiener processes under a new probability
measure /6 related to the original probability measure /5 by dff’/dP =Zr1. In the
wider sense formulation we wish to require merely that Ut be independent of future
increments Yr- Yt for <= r and independent of the W process, with respect, to/6. In
2 we give a precise formulation of this idea, in which the control is defined as the

joint probability distribution measure r of the processes Y, U.
A principal objective of the present paper is to study an associated problem,

which we call a "separated" stochastic control problem. In the separated problem the
state at time is a measure At on r, which is an unnormalized conditional distribution
of Xt. The dynamics of the measure-valued process A obey the Zakai equation of
nonlinear filtering ((5.8) below). In 4 and 7 we use the separated problem to obtain
results about existence of optimal controls. Bismut [3] (this issue, pp. 302-309) has
obtained a similar, and somewhat stronger, existence theorem by another method
which does not use a separated problem. In a sequel to this paper [10] (this issue,
pp. 286-301) our results are applied to obtain a nonlinear semigroup connected with
the separated stochastic control problem.

Our method depends on introducing a "pathwise" version At-AY’t: of the
unnormalized conditional distribution measure for Xt given past values of the observa-
tion process Y and the control process U ( 3). An important fact is the continuous
dependence of At on Y, U and the initial distribution/x (Lemma 3.2). In 5 we study
the dynamics of At, using a method of forward and backward partial differential
equations. Similar ideas were used in [17]-[19], for the nonlinear filter problem. The
forward equation (5.4) is linear parabolic (possibly degenerate) with coefficients
depending parametrically on observations Yt and controls Ut. Under suitable regularity
assumptions, At has a density q(t, x), related in a simple way to a solution p(t, x) of
the forward equation via (5.6). Without the regularity assumptions, one uses instead
a weak sense version (5.4’) of the forward equation. In 7 we find that under a
different set of assumptions p(t, x) is a solution to (5.4), in the sense of the Hilbert
space theory of linear paribolic partial differential equations.

The method of backward and forward equations was applied to the nonlinear
filter problem in [17], working directly with the Zakai equation and its adjoint and
allowing correlations between the Wiener processes W, if" driving the state and
observation equations. However, technical difficulties are encountered in adapting
that method to the control problem. Our derivation is similar to that given in [18]
and [19] in the nonlinear filtering set-up with Wt and l$’t independent.

In [91 another "separated" control problem was considered. In that formulation
the "state" for the separated problem corresponds to the (normalized) conditional
distribution measure of Xt given past observations. Some of the results in [9] are
proved under assumptions not satisfied when Xt is a controlled, partially observed
solution to (1.1a). Hence, the results of [9] are complementary to those in the present
paper.

Recently Haussmann [13] also obtained an existence theorem, using different
methods and a somewhat different concept of wider sense admissible control.

In [5] Christopeit proved an existence theorem for optimal stochastic controls
under partial observations. In that work, the observation process is a deterministic
function of (part of) the past trajectory of the state process, and the optimal control
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is sought in a class of feedback controls. Both his results and his methods of proof
differ significantly from ours and those of Bismut.

2. Formulation of the lroblem. We make the following assumptions about the
functions appearing in (1.1).

(A1) r is a bounded, continuous NxD matrix-valued function on
Moreover, r(., y) is Lipschitz on RN with Lipschitz constant not depending on y

(A2) b(x, y, u) b(x, y) + b l(x, y)u, where b, b are bounded, continuous func-
tions on tN/M. Moreover, bl( y) is Lipschitz on Ir with Lipschitz constant not
depending on y , for 0, 1.

Note that in (A2), b has values in R while b has N x L matrices as values.
We write Cb(l) for the space of bounded continuous real-valued functions on

r and C0(r) for the space of continuous functions with compact support. We write
C(Ifr), C0(Rre) for the spaces of functions whose partial derivatives of orders <_-k

are in Cb ([r), Co(r), respectively. Similarly, we write C(r., t), Co(Ir’, It) if
the functions are Rt- valued.

(A3) h C (r; t).
In 7 we shall assume that tr is nonsingular N x N. One could also let b, o-, h

depend on t, with minor changes in the results, and proofs. This would only be a
generalization in 7, since in 2-6 can be adjoined as an additional x component.

(A4) 07/is a convex, compact subset of
Choose any T > 0 which will be fixed throughout the paper. We formulate the

control problem on the "canonical" sample space

’0 X "1 X2 X 3,

where rio, [I1 are C([0, T]; N") with m D, N, respectively,

1)2 {Y e C([0, T]; N): Yo 0}, 03 L([0, T];

The elements to (W, X, Y, U) of F satisfy

oa(t)=(Wt(oa),X,(oo), Y,(oo), Ut(oo)), O<-t <- T.

We give 12o, 121, Ilz the usual norm topology and "3 the weak topology, which is
metrizable and separable since 0?/is compact [2, p. 238]. Let

whose respective elements are pairs (W, X), (Y, U). Let t(W) or{ Ws, 0 <- s -< t}, with
t(X), t(Y) defined similarly. Let

t(U)=o’{Vs, O<-_s<-_t}, Vt= Jo Uds.

The elements of these r-algebras are subsets of fo,’’", II3, respectively. However,
can also regard them as r-algebras of subsets of f, fl or II2, with the obvious
identifications. For example, A t(X) can be identified with [lo x A x [12 x II3. We
shall also use the r-algebras

cg t(W) x t(X), c.gt t( Y) x t(U),, l x =, ,(w) x x ,(u).

We note that ;T(U) is the Borel r-algebra of f, and thus, (=r is the Borel
r-algebra of 1I2.
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Remark. Intuitively, by using the indefinite integral Vt instead of Ut in defining
t(U), we need not be concerned with changes in Ut on subsets of [0, T] of Lebesgue
measure 0. An alternative to our formulation would be to consider quadruples
(W, X, Y, V) instead of (W, X, Y, U), using the uniform norm on V. By (A2) the
control enters linearly in b. Hence, one can write, in the integrated form of (1.1a),

the right side being a Riemann-Stieltjes integral. This device was used in [11], but
we use here Ut instead.

Distribution of (W, X) conditioned on (Y, U). Let Y Y., U U. be given sample
paths for the observation and control processes; thus (Y, U) D,2. Consider (1.1a)
with initial data W0=0, Xo =x. Assumptions (A1), (A2) imply the Ito conditions.
There is a solution to (1.1a) which is pathwise unique, and hence also unique in
probability law. Let pY.U denote the distribution measure of (W, X) given (Y, U).
Then /5Y.U lies in the space of probability measures on r. By convergence of a
sequence of probability measures Pn to P we mean weak convergence, namely
n, g(W, X) dPn -n g(W, X) dP for all g Cb (’1).

LEMMA 2.1. Pvx’u depends continuously on x, Y, U.
This lemma is essentially known (cf. Stroock-Varadhan [20]). However, for

completeness we outline a proof in the Appendix.
Following the motivation described in 1, the formal definition of admissible

control is as follows.
DEFINITION. An admissible control 7r is a probability measure on (f2, 2r) such

that Y is a 7r, {t } Wiener process.
Remark. The projection (Y, U) Y maps 7r onto Wiener measure. The definition

t.
of admissible control requires, in addition, that o U ds be independent of Y- Yt for
t<=r<__T.

Let 9.1 denote the set of all admissible controls r. Given a distribution/x for X0,
each 7r determines a joint distribution measure P= of (W, X, Y, Z) as follows.
Define/sY.U =/3Y.U by

Pv’U(A) I, P’V(A) dtx(x),

We then define/ on r by

(2.1) ff’(dW, dX, dY, dU)= fig.u (dW, dX)r(dY, dU).

The projection of /5 under (W, X, Y, U)- (Y, U) is 7r. The family of probability
measures g’ gives a regular conditional distribution for (W, X). If g(W,X) is
l-measurable, then Y’%(W,X) is -measurable, where we write Y’ for
expectations with respect to Y’. We then have for any t-measurable with

=(l)=v’u(), - a.s.(2.2)

We define P, by

dP,
(2.3) d ZT,

with ZT as in (1.3). Since h(x) is bounded, P,(f/)= J.tr(ZT)= 1.
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For each (Y, U), W is a PY’tLstandard Wiener process, and X satisfies the
stochastic differential equation (1.1a) PY’t-a.s. With respect to/6,, W and Y are
independent standard Wiener processes.

LEMMA 2.2. Let ff’t Yt o h (Xs) ds. Then if’, W are independent standard
Wiener processes under P, and the stochastic differential equations (1.1a), (1.1b) hold
P, -a.s..

Proof. Since the pair (yW) is a/5,-standard Wiener process, of dimension N +M,
the Cameron-Martin-Girsanov formula and (2.3) imply that () is a P,-standard
Wiener process. Since (1.1 a) holds/5, a.s. and P, <</5,, (1.1 a) holds P= a.s.; while
(1.1b) holds by definition of W.

We have defined as admissible control a probability measure zr belonging to the
class . Convergence of sequences zr, of admissible controls is taken in the sense of
weak convergence of probability measures. is a metric space under (for instance)
the Prokhorov metric [2]. Moreover, 92 is a convex set.

LEMMA 2.3. 9 is compact under weak sequential convergence.
Proof. Since every measure r A projects onto Wiener measure under (Y, U) + Y

and the second component U lies in the compact (weak topology) space LZ([0, T]; q/),
tightness of follows by standard arguments. Hence [2, p. 37], it remains only to
show that is closed. Suppose that rr,, -+ rr, rr, . We must show that Y is arr, {cgt2 }
Wiener process. Since rr, projects onto Wiener measure for each n, so does rr. We
need only verify that Y- Yt is independent of t2 for t-< r. For this it suffices that for
any Jt2-measurable 4 Cb (122) and f Cb (lVt),

Iaz 4,f Yr Y, drr I 4, drr I f Yr Y drr.

But this holds for each 7rn, and we pass to the limit. This proves Lemma 2.3.
In 6 we shall consider the subclass s of strict-sense controls.
Existence of optimal controls. In (1.2) we take E =E= and write J =J(Tr). By

Lemma 2.3, J(Tr) has a minimum on 9 provided J(zr) is lower semicontinuous on, J(zr) -> 0 and there exists zr 9 such that J(Tr) <. We prove lower semicontinuity
of J(zr) in two cases: (1) F 0 and G satisfies condition (A5) in 4 (see Theorem
4.1); (2) F, G satisfy (A5) and also (AI’), (A6) in 7 (see Theorem 7.2).

Bismut [3] has obtained similar, somewhat stronger results by another method,
which involves neither the separated problem nor the techniques from the Hilbert
space theory of parabolic partial differential equations used in 7. Theorem 7.2 was
obtained earlier, and we believe that the method we use to prove it has independent
interest.

Using Bismut’s method, one can establish lower semicontinuity for a more general
criterion of the form

.(rr) E,(X, Y, u),

if is lower semicontinuous on Ox x ’2 X ’3 and ->_ 0.
As already pointed out, controls which are admissible in the customary sense

correspond to what we call strict sense admissible controls. The existence theorems
mentioned above assert that there is a minimum of J(rr) on the compact space 9.1 but
not necessarily on the subset * c of strict sense admissible controls. However, we
show in 6 that the infimum of J(rr) on 9.1 is the same as the minimum on g[, at least
when J(rr) has the form (1.2) and a slightly stronger condition (A5’) holds.
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It is not known whether J(zr) has a minimum on 9As. Even if this should turn out
to be true, it is not clear how to prove it by some version of the usual minimizing
sequences technique. The difficulty is to avoid the possibility that the limit of a
convergent minimizing sequence in 9A is in 96- 9As.

3. The unnormalized conditional distribution. We wish to introduce an unnor-
malized conditional distribution of Xt given controls and observations up to t. Let us
take a version of the/5,-martingale Z such that Zt is t-measurable for 0 <-t <-T.
Consider any f Cb(RI). By (2.2) with f(Xt)Zt,

(3.1) O<=t<= T, ,r-a.s.

Let us rewrite (3.1) in such a way that it is defined for all Y, U, not just ,r- a.s., and
depends continuously on (Y, U). See Lemma 3.2 below. Since h C(RN; M), we
can integrate h (Xs). dY by parts:

where Ys Vh is the gradient in x of Y h and

1
(3.2) L

i,]=

with a rr’. For fixed Y, U, O/Os + Ls is the backward operator corresponding to
(1.1a). Let

(3.3) e(s,x)=1/2(aYs Vh, Ys Vh)- Ys Lsh-1/2[h[2,
where in (3.3) (a:, :) I:r[2 denotes the dot product in of a: with , and. denotes
the dot product in M. From (1.3)

Zt t exp (Yt h(Xt)) exp Io e(s, X) ds,

where

-1-’Io2 (a(Xs, Ys)Ys h(X), Ys h(X))ds].
For fixed (Y, U), let us define another probability measure/bY.t on (fl, c) by

(3.4)
dr’
dp, 2.

This corresponds to a change in drift coefficient in (1.1a) from b to b-aY Vh,
and changes L in (3.2) to the operator

(3.5) , L (a Ys Vh, V).

(For another characterization of see (5.12), also Davis [7] for the corresponding
formula in nonlinear filtering.) From (3.1) we then have

Io e(s,
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where the right side is now defined for all (Y, U) .2, not merely 7r-a.s. For fixed
(Y, U), the right side is a bounded linear functional on Cb(RN). Hence, for every
Y, U) 122 and 0 <- <= T there exists a measure A Y’v on the Borel it-algebra (RN)
such that

(3.6) (f, AS’v) .Y’V(f(Xt)exp (Yt h(Xt))exp Io e(s, Xs) ds),
for all f Cb(RIV), where for any measure u with u(n) < m

(f, v)= I.f(x) dv(x).

DEFINITION. Atv’U is the unnormalized conditional distribution measure.
The unnormalized conditional distribution measure satisfies, for all f

(3.7)

As is well known, the (normalized) conditional distribution of Xt satisfies, for all

f e c(),

(f(x,)la)
(1, ASU)

where E denotes expectation with respect to the measure P defined by (2.3). For
fixed t, let

(3.8) v"V(x) v’v(f(Xt) exp (Yt h(Xt)) exp fo e(s, Xs) ds),
where /Y.V denotes expectation with respect to the probability measure /5Y.V in
(3.4) for initial state Xo x. For initial distribution/z for Xo,

"’(g(x)) I.x’’(g(x))d.(x).
Therefore, by (3.6), (3.8),

(3.9)

for all Y, U) e ,2 and f e Co(N).
In 5 we shall see that (3.9) has a natural interpretation in terms of solutions to

forward and backward partial differential equations.
Remark. We shall later wish to consider Atv’v corresponding to any/x >_-0 with

/z(r) < co, not merely for probability measures/z on (RN). Given Y, U and/x, the
right side of (3.9) is a bounded, nonnegative linear functional of f, by (3.8). This gives
an alternate way to define the measure Aty’u, without the restriction /z(Ru) 1, in
such a way that (3.9) holds.

LEMMA 3.1. (a) v"v(x) is a continuous function of (x, Y, U).
(b) Given f Co(Nr) and a > 0, there exist c, k > 0 (depending on f, a and bounds

for Ibl, I1, IX7hl), such that IvW’U(x)l <-c exp (-klx[2) for all x e V and Y, U such that
IlYll<_-a.
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Proof. By Lemma A.1 (Appendix), 16v’cr depends continuously on x, Y, U. Let
xn x, Yn Y, U,, U, and let (for fixed t)

,,(X)=f(Xt) exp (Y,t" h(Xt))exp fo e,,(s, Xs) ds,

(X) =f(Xt) exp (Yt" h(Xt)) exp Io e(s, Xs) ds,

where en is defined by (3.3) with Y, U replaced by Y,, U,. For any compact F c
C([0, T]; r), e, ds e ds as n oe, uniformly on F. This is proved by the same
reasoning used in the proof of Lemma A.1. Then , uniformly on F. From this
we conclude that v"’V"(x,,) v’t:(x) as n oo, which proves (a).

To prove (b), Us is bounded by (A4). For [IYIl<=a, Yt" h(X,) and e(s, Xs) are
bounded. Hence, for some cl,

[V"U(x)[ <__-- lYx’U(’t spt f).

However, 16xv’v- a.s.

dXt l t, Xt d + o" d l,rCt,

I b-aYs" Vh, l,/t Wt + fo Ys Vh (Xs)o’(Xs, Ys ds,

and lfCt is a /5v’U-Wiener process. For IIg[[<-a, I is bounded, and o" is bounded
by (A1). By standard estimates

IX, x <-- c.[Isrl[ + c t, st’ Io o- d l’s,

/xV’ U(xt spt f) PS’ (II’II > kllX[- k2),

for some k > 0 and k2 (11 is as usual the sup norm). Using the fact that o- is bounded
and an exponential martingale inequality,

JSxV’U([l’[[ > kl[X[-k)<_-c3 exp (-k[xl),

for some c3, k > 0. See, for example [20, p. 87]. This proves (b).
For r > 0, let

// {IX --> 0 on (N). r},

where Ilixll IX([N). We use vague convergence for sequences of measures:
means that (f, ,) (f, ,) for all f e Co(Nr). The next lemma asserts continuous depen-
dence of AtY’U on Ix, Y, U for fixed t, provided we restrict Ix to ,////r (see the remark
preceding Lemma 3.1). We recall that r with the vague topology is metrizable and
compact.

LEMMA 3.2. AS’v is a continuous function of
Proof. Let IxIx, (Y,, U,)(Y, U). Given f Co(U),let

v.(x)= v.,’.(x),
By (3.9) it suffices to show that

v(x)= v’’(x).

lim (vn, Ix,)= (v, Ix ).
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By Lemma 3.1a, x, x implies vn (xn) v (x). From this fact and continuity of v, vn v
uniformly on compact subsets of [N. Since Y, Y, [IY, II<=a for some a. By Lemma
3.1b, v,,(x)--,O as Ixl-, uniformly with respect to n. Since II[I-<_r, this implies (*)
and, hence, Lemma 3.2.

4. The "separated" control problem. As in (1.2), let
T

with E, the expectation with respect to the probability measure P, in (2.3). The
minimum problem is" given a distribution measure x for X0, find a control r*e
such that J(r*) _-< J(r), for all r e 9.1. We assume that

(A5) F, G are continuous and F_-> 0, G ->_0. There exists - Nsuch that J(r) <
We sometimes impose the stronger condition"
(A5’) F, G are continuous, F _-> 0, G -_> 0, and for some positive C, m, > m

If(x,u)l<-f(l+lxlm), IG(x)l<-__f(e+ixlm), (Ixll, l)< 00.

Since Xt satisfies the stochastic differential equation (1.1a) with bounded
coefficients b, o,, J(Tr) < o, for all 7r e 9.1, provided that (A5’) holds. See [12, p. 48].

From (2.3) and the fact that Xt, Ut are Ygt-measurable,

T

Upon taking conditional expectations and using (3.7),
T

(4.2) T

In the separated problem we regard the unnormalized conditional distribution
measure At A,Y’tr as the "state," and (4.2) as the criterion to be minimized. Initially,
Ao =/z. The dynamics of the measure-valued process At will be described in 5.

In our formulation the separated control problem is completely equivalent to the
problem originally formulated in 2. An optimal control rr* for either problem is
also optimal for the other.

In the case F 0 we can now prove the existence of an optimal rr*. In 7 we
shall prove another existence theorem, with F 0, using methods of partial differential
equations. One cannot, in general, reduce F 0 to F 0 by adding a new state variable
since linearity would then no longer hold in (A2), 2.

THEOREM 4.1. LetF O. There exists 7r* 9 such thatJ(r*) <-_J(Tr), for all r 9.
Proof. By Lemma 2.3, 92 is compact. It suffices to show that

J(rr) fa (G, ArY’t) drr( Y, U)

is lower semicontinuous on 9/. For p C0([v), H Cb(l), 0<_--p <_-- 1, H ->_0, let

.(Tr) I H[(pG, A TY’%] drr( Y, U).
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By Lemma 3.2, with/x fixed, the integrand is a bounded continuous function on l)2.
Hence a is continuous on 92. Let p 0n, H Hn be increasing sequences such that
pn(x) 1, Hn(z) z as z c. Then J(Tr) is the limit of the corresponding increasing
sequence ]n (Tr), which implies that J(Tr) is lower semicontinuous on .

5. Dynamics of A. We begin by imposing rather stringent regularity conditions
on the coefficients in (1.1) and by assuming that the initial distribution/z has a density
poe C (N). Then At turns out to have a density q(t, x) which obeys the Zakai
stochastic partial differential equation, as in case of nonlinear filtering. However, it
is more convenient to consider instead p =q exp (-Y,. h), which obeys the partial
differential equation (5.4). Later in the section we drop the regularity assumptions,
and obtain the same equation in a weak form.

The regular case. We fix (Y, U) 122, and for the present assume that U is
continuous on [0, T]. We also assume for the present that tr, b, b 1, h are of class
C (v) for Y fixed. Given > 0 and f 6 C0(v), consider the following "backward"
partial differential equation

dv
(5.1) ds+v+e(s)v=O, O<-s<-t, v(t)=f exp(Yt h)

where we have written v(s), e(s) for v(s, .), e(s,.) and is defined by (3.5). The
Cauchy problem (5.1) has the probabilistic solution

(5.2) v(s, x)
y. t[ I ]=EX f(Xt)exp(Yt" h(Xt))exp e(O, Xo) dO

’Y,U
where P,’ is the distribution measure of (ff’t, Xt) satisfying dX,=ldt+crdff’t,
s -< -< T, with X x (in particular, i6’tz =/6xY’V) already defined in 3. By (3.8)

(5.3) v(0) v’U

Under our regularity conditions, v(s) C() for 0-<_s _-< t. This follows from the
smooth dependence on the initial state x of pathwise solutions .. to d.t---ldt +
o- dig/t, .. x, with fret a fixed Wiener process on some (, {t},/5). By essentially the
same proof as [12, p. 74], dv/ds is continuous and (5.1) holds. Moreover, each partial
derivative of any order of v in the variables x1,’’ ", xn tends to 0 exponentially as

Ixl-  . For instance, by replacing X by and ’u by /=E in (5.2), and
differentiating with respect to x, we get an estimate

IVx,(S, x)l -< C max
s-<=t

with :i OY/Oxi and Xf the indicator function of the event ..t spt f. By [12, p. 61],
is bounded (independent of r and x) for each p >0. By taking p 2 and

using Cauchy-Schwarz, we get

Iv ,(s, x)l c EP( , spt f)]1/2.

Since P(XB)=Ps,, (XtB), the proof of Lemma 3.1b then shows that v,(s,x)O
exponentially as Ix . Similarly, higher order derivatives of v tend to 0 exponentially
as Ixloo, using the fact that partial derivatives of X of all orders with respect to
xl, , xn have bounded expectations [12, p. 61].
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Let us also consider the following initial value problem for the equation adjoint
to (5.1).

(5.4)
dp f-.*t p + e(t)p, > O, p(O) po,
dt

where poe C (RN). The time reversal s-- T-t changes (5.4) into a problem of the
same form as (5.1), but with s replaced by another degenerate parabolic operator
L’s and e(s) by another e’(s). Therefore, (5.4) has a unique solution with p(t) C(Rr)
and with all partial derivatives of any order in x1,’’ ", xv tending to 0 exponentially
as Ixl c.

Let us write (.,.) for scalar product in L=(Rr). Integrations by parts imply
(v(t), p(t))=constant. In particular,

(v(t), p(t))= (v’u, Po).

If P0 is the density of/z, then we have from (3.9), since v(t) =/ exp (Yt h),

(5.5)

Let

(5.6)

x) exp (Yt h(x))[(x) dx (/e, AS.t:).

q(t, x)=p(t, x) exp (Y h(x))

(of course, q =q Y,U depends on the observation and control trajectories). Then (5.5)
implies that q(t) is the density of the unnormalized conditional distribution measure
At AS’u, under the above regularity assumptions. The partial differential equation
(5.4) determines the dynamics of p(t), hence, also of q(t).

Equation (5.4) is a linear partial differential equation in which the processes Y, U
enter parametrically. In contrast, the Zakai equation for q(t), see (5.8) below, is a
stochastic partial differential equation driven by the Y process. The technique of
replacing the Zakai equation by (5.4) is analogous to the te6hnique of Doss 1-8] and
Sussmann [21] for reducing certain finite dimensional Ito-sense stochastic differential
equations to ordinary differential equations depending parametrically on a Wiener
process. The same idea has been used in nonlinear filtering by Liptser-Shiryaev [15],
Clark [6] and others. See Davis [7].

b o 1,The general case. Let us return to the assumptions (A1)-(A3) on or, b h. We
consider fixed (Y, U) fl= and any distribution /z for X0. Let us rewrite (5.4) in a
weak form. Define the measure t by

(5.7) (g, t) (g exp (- Yt" h), At), g Cb (lV).

In the regular case, t has density p(t). By multiplying (5.4) by g 6 C ([v) and
integrating by parts, we get

(5.4’) _(g,d t) ({tg, ’kt)+ (e(t)g, t), g C ([N).

This is the weak form of (5.4). The initial data are now o
THEOREM 5.1. Equation (5.4’) holds, for any (Y, U)=, any g C2b(R) and

initial distribution Ix for Xo.
Proof. For g C(u), (5.4’) holds in the regular case. For fixed Y, take

tr,, b ., b,,1 hn of class C (), uniformly bounded and such that if , denotes any of
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o’,, b o, b, h,,, h,x,, h,,x,xj), then, is uniformly bounded and tends uniformly on compact
sets as n --> 00 to o., b,..., h,:,j. In addition, the partial derivatives {r,,:,, b b,x,, ,x, are
uniformly bounded. Moreover, let U, tend to U almost everywhere on [0, T], U,,
and /z, tend weakly to /x, where U, is continuous on [0, T] and /x, has density
p,o Co (1N) Let/5, "Y.UP,, ", where the subscript n means that {r, b l, h are replaced
by o-,, b h,, l= 0 1 Lemma A.1 implies that ’,x --> 6Yx"U if x,--> x as n--> 00. Let
f C0(N). The same proof as for Lemma 3.1(a) implies that

Vo,(X)=Jx,(<(Xt) exp ()’t h,(Xt))exp Io e,(s, Xs) ds)
tends uniformly on any compact set to v’U(x). Let A,, be the corresponding unnormal-
ized conditional distribution, with A,0 =/x,. By (3.9),

where v0 v"u. Then (Vo,,/x,) --> (v0,/z). Since this is true for every/" Co(N), Am -->

vaguely as n-->oo. Also llAmll is bounded. From (5.7), ,,--> , vaguely with
bounded. We rewrite (5.4’) in the regular case in integrated form:

For each g C (N), s,g, e,(s)g are uniformly bounded and tend to .sg, e(s)g
uniformly on , for almost all s [0, T]. By passing to the limit, we get (5.4’), when
g CO (N). Finally, we approximate g C(N) by g, C’ (N) such that g,,
are uniformly bounded and tend to g,/sg as n--> oo, uniformly on compact subsets
of N. By passing to the limit in (5.4’), we get Theorem 5.1.

We do not have a uniqueness result for (5.4’), in contrast with the nondegenerate
case to be considered in 7. Moreover, in 7 we will be able to use results from the
theory ol! parabolic PDE concerning the continuous dependence oil solutions on the
coefficients to get a stronger existence theorem Ilor an optimal stochastic control.

The Zakai equation. The unnormalized conditional distribution At satisfies the
following (Zakai) equation, written in a weak form. Recall that Y is a /, {t}
Brownian motion for every admissible control

THEOREM 5.2. Fo" e)ery f E C (N)
(5.8) d(/, A,)= (L0, A,) at + (hi, A,). dY,.

Proof. Let g,(t, x)=f(x) exp (Y. h(x)). Then

(f, A,)= (,(t),

where, as before, we set 0(t)= 4,(t," ). For fixed x, the Ito differential rule implies that

dO =1/2Olhl et + Oh dY.

Given > 0, we partition [0, t] into rn subintervals [ti_x, ti] of length m-Xt. Then

Z [(s0(ti) + e(s)d/(ti), As)] ds
]=1

+
t,

(O(s)lhl, X,,_,) ds + 2 (4,(s)h, X,,_,5 dYe.
i=t ti_ i= ti_



OPTIMAL CONTROL FOR PARTIALLY OBSERVED DIFFUSIONS 273

(To justify the exchange of stochastic and Lebesgue integrals see the Note below.)
For fixed Y, U,

I(0(s)h, 7ks)-(4,(s)h, t,_l)[ [(Lo(4,(s)h), 7ko)+(e(O),(s)h, 7ko) dO]

<=c(s-ti_l)<=cm-XT,
where c depends on Y, U. Hence, as m , the last term tends in fi-probability to
((s)h, ). dye. By using a similar estimate for the integrand in the middle term

and elementary estimates for the first term, we get

f L> + fo o

A straightforward calculation, using (3.2), (3.3), (3.5), gives

exp Y. h)Ld-/S#(s) + e(s)O(s) + 1/2(s)lh .
Moreover, from (5.7),

(exp Y h)L[, 7As)= (Lf, As),

($(s)h, 7k) (exp (Y h)h[, 7X)= (h[, A).

Therefore

A,)-(f, Ao) Jo (Lf, A,)ds+ Jo (h/, A).dY.

This is the integrated form of (5.8) and proves Theorem 5.2.
Note. In the proof we have used

(5.9) (4,(s)h,
ti-1

where for brevity we now write tj_x- - and where (pointwise on )

q" lt;’ 12(*) 6(s)h dY 6(t) 6(t_)- 6(s)lh ds.
ti--1

The functions if, (s)h are bouflded and uniformly continuous on . The bounds
and moduli of continuity depend on f and Y[[ but not on s. For n 1, 2,..., partition
B, {[x < n} into Borel sets AT,. ., A" of diameter <n- and choose x Ag. Then

(5.0) (s, xl)h(xr)(ar) dg, E ((xr)(r).
-1

For each (Y, U), the right side tends to (, ) as n using (*) and dominated
convergence. The sum in brackets on the left side tends to (O(s)h, } uniformly with
respect to s. Hence, the stochastic integral converges in probability to the left side
(5.9) as n m [12, p. 11, IV]. This proves (5.9).
TuoM 5.3. ForK 1, 2,..., and any]NO,

(5.) (((l+lxl=)/,A,>)c(( + Ixl=)/=, >,
where C depends on K, ] and T (but not on ).

Proof. For 0 < a < 1, let

(x) (1 + Ixl=)*/= exp [-(1 + Ixl=)*/=].
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An easy calculation shows thatf s C (RN) and [Lsf] <-_ C1fa for suitable C1 depending
on j. The Zakai equation (5.8) and Ito differential rule imply

d(f, A,)t [K(f, A,)tc-(L,f, A,)+ K(K- 1)(f, A,)-2l(hf, At)I2] dt

+ K([, A,)-a(h[, A,). dY,.

For a > 0, let z inf {t: [[A,ll a}. From (3.6) with f 1, [[A,[[ (1, A,) is continuous in
and {}-adapted. Hence, r is a stopping time. Let X be the indicator function of

the set {s r}. Then

+K(K 1)= [ x.([, )-l(h[, )l
We have, since f > 0 and ILf] Cf,

However, g(f, A) (f, A). Gronwall’s inequality then implies

(L, A,a) C(L, ),
C exp [(gc +g(g

We let a and then a 0 to obtain (5.11).
Remark. The operator + e in the backward partial differential equation (5.1)

can be rewritten as

(5.12) (s+e)f=exp(Y. h)(Ls-[hl)exp(-Ys h)f.

Let S S Y’u
,t denote the two-parameter linear semigroup on Cb() generated by

+ e. Then

v’(x) sY[exp (Y,. h)f],

(L A,) (S:Y[exp Y,. h)f], g ),

as in (3.9). See Davis [7] for the corresponding pathwise nonlinear filtering formulas,
and Davis [7], Mitter [16], for interesting interpretations in terms of multiplicative
functionals of gauge, Feynman-Kac and Girsanov types.

6. Strict-sense admissible controls. We recall the notations of 2.
DFImXIO. We say that v is a strict-sense admissible control if there exists

g’fl2 f13 such that g is (r(Y), r(U)) measurable, and for every -measurable
ff0,

I, (Y, U) d fn (Y, (Y)) dw,

where w is Wiener measure on (2, T(Y)).
For any

Y(dY, dU)= (dU)w(dY),

Ywhere s a regular conditional distribution for . Strict-sense admissible controls
Yare those such that =8, w-a.s., where 8 =Dirac measure on (3, T(U))
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concentrated at u. By admitting, in 2, controls r 9.1 which are not strict-sense, we
are in effect allowing the choice of Ut to depend on auxiliary randomizations. Let

9.1 {strict-sense admissible zr}.

Corresponding to zr 9.1 there is a causal functional y such that Ut y(t, Y) Lebesgue x
almost everywhere [22]. Causal is in the sense that Y Y’ for 0st implies
g(t, Y)= y(t, Y’) for Y, Y’ C[(0, T]; u). (We do not use this result in this paper.)
It can be shown that is dense in . We shall not prove this here. However, we
shall show that the infimum of J(r) on s is the same as on (Theorem 6.1). For
this purpose we consider approximations by piecewise constant controls.

For m 1,2,..., let us partition [0, T] into m equal subintervals [t_, t],
t ], A m-iT. Let

3m {U e 031 Ut constant on [ti-a, ti), ] 1,..., m}.

On f13 weak and strong convergence of a sequence are both equivalent to pointwise
convergence on each subinterval [ti_x, ti). Define:3 f13 by (U) U, where

0, f,,
OtA,

U
A- Uds, ttt+.

--1

As m , (U) U in L/-norm, for every U 3. Let 2 x3 and

m { e " (a)= 1}.

If e, e [t, t+), then Ut is independent of the increments Yr Y for t s r
under .

We call $(Y, U) strongly continuous on= x3 if is continuous when 3
has the L-norm topology rather than the weak topology. We also denote by the
mapping from2, such that (Y, U) (Y, (U)).

LEMMA 6.1. Let be bounded and strongly continuous on 2. Let . Then

lim Ia O(Y, U) dm Ia O( Y, U) dm

Proof. By definition

Ia O( Y, U) dm In2O( Y, U) d.

Since (U) U strongly, the lemma follows from the dominated convergence
theorem.

In particular, we may take in Lemma 6.1 any bounded and continuous on 2,
where 3 has the weak topology. Thus:

COrOLLArY 6.1. As m , , for every .
Let

LMMA 6.2. Let be bounded on z and continuous on any compact subset of. Then

inflag., Od’=inflag, Od’.
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We leave the proof of this lemma, which depends on standard but tedious
arguments, to the Appendix.

In addition to (A1)-(A4) in 2, we assume (A5’) in 4. We use the "separated"
formula (4.2) for J(zr).

THEOREM 6.1. inf J(zr) infs J(zr).
Proof. Since 9.1 9.1, we have -<_. Let p Co(RN) with 0 <-_ p <- 1, H Cb(R1), and

T

O( Y, U)= f HI(oF(., Ut), At’)] at + H[(pG, A

-(zr) In2 dr.

By Lemma 3.2, satisfies the hypotheses of Lemma 6.1 and hence also Lemma 6.2.
Hence, for every e > 0 and zr e 92[ there exist m and rx e 9.1 such that

J(’rrl) < J(’rr) + e.

Therefore,
inf J(Tr) if J(zr).

Now take pn such that pn (x) 1 for Ix n, (z) min (z, n ), and the corresponding
],, 0r). To complete the proof it suffices to show that ](-) J0r) uniformly on 91 as

n oo. For brevity, we write A A’u. We have from (A5’), 4,

0--<,[(F( Ut), A,)-H,(p,F(., U,), A,)],

<--C[ffn2((1-pn)(l+[x[m), At)d’n’+ In (1 + Ix’"’ At)dzr],
where Bn {((1 + Ixl", At)) > C-n}. Let > m as in (A5’) and p m-ll. From H61der’s
inequality

/t,’

((1-P")(l+lxl)’At)<=(I,,l, l dAt) (I,. (l+lx")’dAt)
/t’ I/t

=cxn< -l/"(Ixl>-n [xll dAt) (fiNN (l +[xll) dAt)
1/p+l/p’

cln-t/P’(INN (l+lxll) dmt)
-1Since p + (p,)-i 1 and (p’)-l l- m,

tL<(x p)(x / Ix I), m,> -<_ Cln-(l--m)J,r(1 + Ixl *,

By Theorem 5.3 the expectation on the right side is finite. By Cauchy-Schwarz,

1 + Ixl% At) dTr <-_ "w(Bn)l]2[J-,r(1 + Ixl% At)Z]1/2

Moreover,

rr(B,,) <- Cn-lj,w(1 + Ixl% A,).

By using Theorem 5.3 again, the right side of (*) is bounded above by c2n -13, where
/3 min (1/2, m). A similar estimate holds if F(., Ut) is replaced by G(. ). We then
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have, for all zr 9,

O<-J(,r)-.,(zr)<-c2(T+ 1)n -z,
as required. This proves Theorem 6.1.

Extreme points of 9. Under the hypotheses of the existence Theorem 4.1 or of
Theorem 7.2 below, J(zr) is linear and lower semicontinuous on the compact, convex
set 9. Hence, J(zr) has a minimum at some extreme point of . Let

[e {extreme points of 9.1}.

It can be shown that 9.1 9.1e. However, the following counter-example, due essentially
to Varadhan, shows that ?I # 9.1 e.

An example of Cirelson [4] provides a bounded causal drift coefficient a(t,
such that the stochastic differential equation

drlt a(t, rl) dt + dY,

with Y a Wiener process, r/0 Y0 0, has no strong solution. However, the Carmeron-
Martin-Girsanov formula gives a weak solution, uniquely determining the joint distri-
bution measure ,r’ of (Y, r/)on C([0, T]; R2). Let ?/= [-1, 1land Ut $-l(rh), where

(I)- 17rqb(u) (1-u2)-lu,-l<u<l. Letdp(Y,U) (Y,n),n,=k(u,) Then,r= isin
9X, but not in 9.1 since no strong solution exists. In fact, zr e. TO see this, suppose
that zr Avrl + (1-A),r2, 0<A <1, 7r 9.I for 1,2. Let zr zr. Then, for 1,2,

zri t c(s, 7) ds + Y,, 0 <= <- 1.

Hence, zri zr zri zr, 1, 2, which implies zr 9e.
The following characterization [23] of e was pointed out to the authors by J-M.

Bismut: zr e if and only if every bounded zr, {dt2}-martingale Mt has the form

M c + Io l dY,,

with c a constant and jet some integrable predictable process.

7. The mtegeere ee. Let us now assume, instead of (A1) in 2:
(AI’) o- is a bounded, continuous N xN matrix-valued function on Nr’r+ with

bounded inverse. Moreover, Oo-/Oxi e Cb(If+) for 1,’’’, N.
We also assume:
(A6) The distribution of X0 has a density p0 e L(N).
Let us show that, for fixed (Y, U) 1", the forward equation (5.4) is still correct,

if suitably interpreted in the L theory of parabolic partial differential equations.
Consider the Sobolev space

H1 {t L2(N)OV N}L(r), 1, ,
c3x

and H-l= (Hi)’. Let/-t be the bounded linear operator from H to H-1, such that
for all p, v H1

i,j= OXi OX] i=

1 f OhOp

id= OXi OXi
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where (.,.) here denotes pairing of H and H-1 and

1 aaij. 1 N Oh
di(s, x)= b,(x, Y, U)-- z -x (X, Y)-- Y a,j(x, Y)-

/=I i=I OXi"
In the "regular case," integrations by parts show that (5.4) is equivalent to

(7.1) do-"=tP+.P, t>0, p(0) po,
dt

where

(s,x)=1/2(aYs Vh, Ys Vh)-/’(Ys Vh) 1/21hi,
1 Oaq(x, Ys).bi(s, x)= bi(x, Ys, Us)-- i---1 c3xi

The initial value problem has, for fixed Y, U, a unique solution [1]

p e L2([0, T]; H’)CI C([0, T]; L2(N)).
THEOREM 7.1. q(t)=p(t)exp (Y,. h) is the density of the unnormalized con-

ditional distribution A,.
Proof. From (5.6), this is true in the regular case. Following the proof of Theorem

5.1, we make approximations (r, b,,, b l, h,, with the properties described there as
well as Oct,,/Ox Oct/Ox uniformly on compact sets and with a, o’,cr* _-> aI(c > 0) for
all n. U, is continuous and tends to U strongly in L2([0, T]; 0//), while , has density
poC () tending to po strongly in L2(). The density p,(t) of the corresponding,, satisfies

dp,= ,,tP,, + .nP,,, p, (0) P,,o,
dt

where/]t, ,, are obtained by replacing tr,. , U above by tr,,, ., Un.
Rewrite A,,p,, f_.,,p,, + .,,p,,, and Ap p + .p. Then"

d
-d(p-p,,)=A,(p-p,)+g,,, p(O)-p,(O)=po-p,o,

where g,, (A A,,)p.
It follows from the above hypotheses that there exists c, independent of n, such

that for all v e H’’
(-A,v, v>+clvl 2 > I1 11 ,L2(N) ""Consequently, by standard PDE arguments (see [1]) there exist c’ and c" such that

sup ]p(t)-p,(t)] ,1 2 2
L() c Po P.ol(.) + c

O<--t_T

One easily checks that g, 0 in L2(0, T; H-).
Finally, p,(t) p(t) in L2(RN). Then

lim (/, A,,)= lim f /exp(Yt. h)p, dx=f fexp(Yt, h)pdx,

for any f C0(Rv). However, the proof of Theorem 5.1 showed that ([, Am) (f, At).
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Thus, q p exp (Yt h) is the density of At, which is Theorem 7.1.
Let us write p =p Y.t., to emphasize the dependence on Y, U of the solution to

the initial value problem (7.1). From (4.2) and Theorem 7.1 we can rewrite the
criterion to be minimized as

T

J(Tr) Ira [Io fnNF(X’ Ut)pY’U(t’ x)exp (Yt h(x)) dx dt

(7.2)

+ IaN G(x)pY’t (r, x) exp (Yr h(x)) dx] dTr( g, U).

Let us suppose:
(A5") Condition (A5) in 4 holds, and F(x, is convex on 0-//for all x RN.
THEOREM 7.2. There exists rr* 9A such that J(zr*) <-J(Tr) for all zr .
Let us first prove two lemmas.
LEMMA 7.1. For every pCo(Rrc),p>-O, and (Y, U)fl2, the function 4,(V)

defined by
T

k(V)= Io fn’*"(x)F(x’ Vt)pV’U(t’x)exp[Yt" h(x)]dxdt

is lower semicontinuous on lq3.

Proof. Since 4,(V) is convex from (A5’), it suffices to show that it is continuous
on L2(0, T; 0?/) endowed with the strong topology.

Let Vn--> V in L2(0, T; q/) strongly. Let V"’ be a subsequence such that V"
converges for almost all t. Then 4,(V"’) 4,(V). Consequently, any convergent sub-
sequence of {4,(V")} has 4,(V) as its limit. But 4’ is uniformly bounded on L2(0, T; 0//).
It follows that ,(V") --> 4’(V).

LEMMA 7.2. Let (Y,, Un)-->(Y, U) in [-2. Denote p" =pV,.,U.,p=pV.U. Then for
every D bounded open subset of with smooth boundary,

(a) p"(T)-->p(T) in L(D) weakly.
(b) p" --> p in L2((0, T) x D) strongly.
Proof. Equation (7.1) can be rewritten in the form:

(7.3)
dp

+ Aop + UtA p O, p(O) O,
dt

where, for all p, v H1,

(Aop, v)=- i,j= 3x 3x
dx + a p dx , v dx + 3pv dx,

i=1 3Xi 3Xi N

(Ap’ v)=-
,*
iP 3---V dx Opvdx,

with

Oh(x)

c3Xi
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1 N Oh [ l3ag(x, yt)] l
8(t,x)=--(agt.Vh, gt.Vh)+ gt’,.ixi(X).= b;(x, Yt)-- j--1 Ox---7 - [hl2(x)’

; Oh
(x, Yt) (x),O(t, x) Yt

i=1" b

all these coefficients being continuous and bounded functions of (t, Yt).
It follows from standard arguments, after multiplication of (7.3) by p and making

use of (A2’), that there exists a constant K (depending only on sup/IY,I) such that:

(7.4) L2(lN)Ip(t)ln,)/ IVp(s) ds<lpolZ/g Ip(s)l ds.

Let now (Yn, Un) (Y, U) in . Then supt Y7 is uniformly bounded, and it
follows from (7.4) and (7.3) that (pn, dpn/dt, p"(T)) remains in a bounded subset of
L2(0, T; Hl) L2(0, T; H-1) L2(RN). We can then extract a subsequence, still
denoted p", such that: (p", dp"/dt, p"(T))(p, q, ) weakly, and it is easy to check
that dp/dt, =p(T). Then p L2(0, T; H1). If we still denote by p" and p the
restriction of pn and/3 to [0, T] D, we have:

(i) p ,6 in L2(0, T; HI(D)) weakly,
(ii) dp"/dt dp/dt in L2(0, T; H-I(D)) weakly,
(iii) p"(T)ff(T) in L2(D) weakly,

where D is open, bounded and with smooth boundary.
Since D is bounded, the injection from Hi(D) into La(D) is compact, and it

follows from (i) and (ii) by a compactness Lemma [14] that
(iv) p ff in L2([0, T] D) strongly.

It remains to show that/ p. Choose any 4 C (R1), and v C (D). Multiply (7.3)"
by bv, and integrate by parts:

T T

ck(T)(p"(T), v)+ fo 4(t)(p", (A;)*v) dt + Io U’4(t)(p", (A’)*v) dt

T dab4(O)(po, v)+ -(p v) dt,

where (.,.) denotes the inner product in L2(N).
Now, (Ag)*v A*ov in L2(0, T;H-I(D)) strongly and (A’)*v Av in

L2([0, T] x D) strongly. It follows from (i), (iii) and (iv) that we can take the limit in
the above equality. Since D, v and are arbitrary, ff p, the unique solution of (7.3).

Proof of Theorem 7.2. As in Theorem 4.1, it suffices to show that J(rr) is lower
semicontinuous on 9.1, and this will be true if for all p Co(N), p >=0 and H Cb(1)
monotone, the following functional is lower semicontinuous on 9/:

T

A sufficient condition for J to be 1.s.c. (lower semicontinuous) on 9.1 is that the integrand
be 1.s.c. on
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Since H is continuous and monotone, it suffices to show that the following
functional is 1.s.c. on f2:

T

+ Ia,,,p(x)G(x) exp (Yr" h(x))Pg’U(T, x) dx.

Now let (Yn, Un) be a sequence such that (Yn, U’) - (Y, U) in D2, and consider
(with the notation of Lemma 7.2)"

T

@(Yn, U)-@(Y, U)= Io IRNO[F(U)-F(U)] exp (Yt" h)p dx dt

T

+ Io IRNOF(U)[exp (Y’" h)P-exp (Yt. h)p] dx dt

+ InpG[exp (Y. h)p"(T)-exp (Y.. h)p(T)] dx.

When n--> oo, it follows from Lemma 7.1 that lim inf of the first term in the right-
hand side is >-0. The two other terms tend to zero from Lemma 7.2. Then
lim inf_ @(Y, U) => @( Y, U).

Appendix. In this Appendix we prove two results used in the paper. The first
result concerns the continuous dependence on the coefficients and initial state of
solutions to martingale problems associated with stochastic differential equations of
the form

dXt:(fl(t, Xt)+l(t, Xt)Ut)dt+y(t, Xt) dWt, O<t<T,
(A.1)

Let us write for brevity X’t (Wt, Xt), and consider the "canonical" sample space
fx, { } in the notation of 2. For f C(R/v), let

P

(A.2) Mr(t) f(X’t) -f(X’o Jo L’f(X’) ds,

N N D1 1
E ceii( t, X)fx,x, + ., _, Tik(t, X)L,wLtf:Awf+id:l i=1 k=l

(A.3)
+(fl(t, x)+l(t,x)U,) Vxf,

where f(w, x) is the Laplacian with respect to w, Vx the gradient in x, and a 77’.
The martingale problem is to find a probability measure Px on {} such that
P(X (0, x))= 1 and M(t) is a Px, {}-martingale for every f e C(+). See [20,
Chapt. 6].

Let us call a function B of class if B is Borel measurable on [0, T]x, [B(t,x)[K, and B(t, ’) is Lipschitz with constant K. If B, B, 7 are of class
and U e L([0, T]; ), then the Ito conditions hold in (A.1). This implies existence
and pathwise uniqueness of solutions to (A. 1), and consequently existence and unique-
ness of the solution P to the martingale problem.

We write P for the solution to the martingale problem if B, 7, U are replaced
by B, 7, U,n 1, 2,... ,/=0, 1.
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,/ as n,LEMMA A.1. Assume that ,, "y, are of class L: and tend to fit
uniformly on compact subsets of [0, T] R N, 0, 1. Moreover, assume that Un ---> U
weakly in L2([0, T]; 0-//), xn x as n --> . Then Pnx.-->

Proof. The sequence Pn Pnx. of probability measures is tight [20, Chapt. 6.1].
Hence, any subsequence has a further subsequence tending to a limit Po. It suffices
to show that Po is a solution to the martingale problem. Uniqueness then implies
Po Px. Clearly, Po(X (0, x)) 1. Let us write Mnf, Lnt in (A.2), (A.3) when ][l, Y, U
are replaced by/31 yn, Un. Let us show that for fixed f e C (No+r) and compact F

(A.4)

uniformly on [0, T] F. Since Mnr(t) is a Pn, {qd} martingale and Pn Po (n in a
subsequence), (A.4) will imply that Mr(t) is a Po, {} martingale. Now

L’,sf -L’sf ( In -a)Uns vf+(u. u)Vxf+ O.(s, x),

where 0n --> 0 uniformly on compact subsets of [0, T] . Since Uns is bounded (see
(m4), 2) and/3 in ->/31 uniformly on compact sets,

lim Io [l (s, Xs)-l(s, Xs)]Uns Vxf(Xts) ds =O,

lim Io On (s, Xs) ds 0

uniformly for 0 <- -<_ T, X’ e F. To obtain (A.4) it remains to show that

(A.5) lim | (s, Xs)(Uns Us)" Vf(X’s ds 0
J0

uniformly on [0, T] F. Now/31(s,.) and Vf are bounded and Lipschitz, with some
constant K. Moreover, functions X’ e F are uniformly bounded and equicontinuous.
Therefore, given e > 0, the integral in (A.5) can be approximated to within e, uniformly
with respect to Xf e F and n 1, 2, , by a finite sum

it(A.6) E l(s, x,)(Uns- Us)" Vf(x) ds,
i--1

where 0 to tl " t T and x 1, , x are suitably chosen. (The t, x depend
on e and X.) Since Un - U weakly, (A.6) tends to 0 as n -. This proves Lemma A.1.

Note. In this paper we appeal to Lemma A. 1 three times. In Lemma 2.1 we take

yn(t, x) or(x, Ynt),

ln(t, x)= bl(x, Ynt),

T(t, x) or(t, Yt),

l(t, x)= bl(x, Yt),

where [IYn YII--> 0 as n (sup norm). In that case, Px pV,u. In the proof of Lemma
3.1 we use instead of b the modified drift coefficient/;t corresponding to the change
of probability measures (3.4). Then Px =/6v,u and Ls is replaced by s in (3.5).
Finally, we use Lemma A. 1 in the proof of Theorem 5.1 as indicated there.

In 6 we postponed the proof of Lemma 6.2.
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Proof of Lemma 6.2. Since ,c 9A", it suffices to show that, for every *r 92,.
and e > 0, there exists *rl , such that

(#) Ia2 4’ drl < Ia2 O dr + e.

Let us fix A and consider different T mA, m 1, 2,. . We prove (#) by induction
on m. For m 1, each admissible control *r, with Ut constant on [0, A) ,r-almost surely,
corresponds to a product measure ,r w x a, where w is Wiener measure on D.21
C([0, A]; (u) and a is a probability measure on oR. Let u* minimize In21 4’(Y, u) dw(Y)
on R. The control ,rl such that Ut u*, 0_-< < A with probability 1 satisfies

a
Od,rl In $(Y’ u*) dw(Y),

where fI--f21 f3. We then have

Ia O d’rt" Ioz ln Y’ u dw Y da u >= In # d’rr

as required.
Now suppose that (#) has been proved when rn is replaced by m- 1 (i.e., T by

T-A). Let (I7, O) denote the restriction of (Y, U) to [0, T-A], and fi2 the space
of such (I7, 0). Let # be the measure on 2 induced from *r by restriction. We write

D.,., 2, # when T is replaced by T-A. Let Ut U,. on [T-A, T), wheresimilarly z

U,. e 0//. Let Y,.t Yt-Yt-T+a on IT-A, T], and w,. Wiener measure on C,.
C([T-A, T]; Rt). We can identify Y with (I7, Y,.) and piecewise constant U with
(U, U,.). Let

y(Y, U, u)= Jc O(Y, Y,., U, u) dw,.(Y,.),

((Y, U) rnin y(Y, U, u).

Since $ is bounded and continuous on any compact subset of D.2", sr is bounded and
-,..continuous on any compact subset of -2

Consider any *r 6 ,., with corresponding # determined by restriction. By induc-
tion (with replaced by ’) there exists #1 which is strict sense admissible, such that
U, is constant on [tj-1, tj),/" 1,..., m-1, #1-almost surely and

rd#1< =’d#+g"

We define &" fi2_.) 0" as follows. Let K c fi2 be compact with

#(fiz_ K) + ,’/l(fi2- K) < e (311011) -1,

where II’ sup norm. Choose a partition K K1 (.J’’’ [..J Kn with each Ki e ’-A and
(Yi, Ui) Ki such that

r(?,, 0,)< ’(E 0)+, v(r, u, u)-<_ ,(Y, u,,

for all (Y, U) K, u 0"//. Let u a// minimize y(Yg, U, u) on 0//, 1,..., n. Let
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Uo q/be arbitrary; and take

O) J Y, U) e Ki,(?,
Uo, (I7, O)e

The control zr , is defined by taking U =&(Y, U)l-almost surely, and the
restriction of . Then

0d (Y, U, (Y, U))d

(, u,) d+ r(Y, U, Uo) dx+i=1 2-K

On the other hand,

e (g, ul (g, ul.

This gives (), and hence Lemma 6.2.

elege. The authors wish to thank V. E. Benes, J. M. Bismut and
S. R. S. Varadhan for helpful comments in connection with 6.

REFERENCES

[1 A. BENSOUSSAN AND J. L. LIONS, Application des indquations variationnelles en contrSle stochastique,
Dunod, Paris, 1978.

[2] P. BILLINGSLEY, Convergence of Probabilit.y Measures, Paris, John Wiley, New York, 1968.
[3] J.-M. BISMUT, Partially observed diffusions and their control, this Journal, this issue, pp. 302-309.
[4] B. S. TSIREL’SON, An example of a stochastic differential equation having no strong solution, Theor.

Prob. Appl., 20 (1975), pp. 416-418.
[5] N. CHRISTOPEIT, Existence of optimal stochastic controls under partial observation, Z. Warsch. Verw.

Gebiete, 51 (1980), pp. 201-213.
[6] J. M. C. CLARK, The design of robust approximations to the stochastic differential equations of nonlinear

filtering, in Communications Systems and Random Process Theory, J. Skwirzynski, ed., Sijthoff
and Noordhott, Groningen, 1978.

[7] M. H. A. DAVIS, Pathwise nonlinear filtering, Stochastic Systems, M. Hazelwinkel, ed., NATO
Advanced Study Institute Series, Reidel, Dordrecht.

[8] H. Doss, Liens entre equations differentielles stochastiques et ordinaires, Ann. Inst. H. Poincar6, 13
(1977), pp. 99-125.

[9] W. H. FLEMING, Measure-valued processes in the control of partially-observable stochastic systems,
Applied Math. Optim., 6 (1980), pp. 271-285.

[10], Nonlinear semigroup ]’or controlled partially observed diffusions, this Journal, this issue, pp.
286-301.

[11] W. H. FLEMING AND M. NISIO, On the existence of optimal stochastic controls, J. Math. Mech., 15
(1966), pp. 777-794.

[12] I. I. GIKHMAN AND A. V. SKOROKHOD, Stochastic Differential Equations, Springer-Verlag, New
York, 1972.

[13] U. G. HAUSSMANN, Existence of partially observable stochastic optimal controls, Proc. 3rd Working
Conference on Stochastic Differential Systems, Visegrad, Hungary, Lecture Notes in Control and
Information Science, Springer, New York, to appear.



OPTIMAL CONTROL FOR PARTIALLY OBSERVED DIFFUSIONS 285

[14] J. L. LIONS, Quelques mthodes de rsolution des probldmes aux limits nonlineaire, Dunod, Paris, 1969.
[15] R. S. LIPTSER AND A. N. SHIRYAEV, Statistics of Random Processes I, Springer-Verlag, New York,

1977 (transl. from Russian).
[16] S. K. MITTER, On the analogy between mathematical problems of nonlinear filtering and quantum

physics, LIDS Rep. P-1006, Massachusetts Institute of Technology, Cambridge, Richerche de
Automatica, to appear.

[17] E. PARDOUX, Stochastic partial differential equations and filtering of diffusion processes, Stoc" astics.
[18], Nonlinear filtering, prediction and smoothing, Stochastic Systems, M. Hazewinkel, ed., .ATO

Advanced Study Institute Series, Reidel, Dordrecht.
[19] ., Equations du filtrage nonlinaire, de la prediction et du lissage, Publ. Math. Appli. Marseille-

Toulon, No. 80-6, Universit6 de Provence, Stochastics, submitted.
[20] D. W. STROOCK AND S. R. S. VARADHAN, Multidimensional Diffusion Processes, Springer-Verlag,

New York, 1979.
[21] H. J. SUSSMANN, On the gap between deterministic and stochastic ordinary differential equations, Ann.

Prob., 6 (1978), pp. 19-41.
[22] M. P. YERSHOV, Nonanticipating solutions of stochastic equations, Proc. 3rd Japan-USSR Symposium

on Probability Theory, Lecture Notes in Mathematics 550, Springer-Verlag, New York, 1976.
[23] M. YOR, Sur l’tude des martingales continues extrmales, Stochastics, 2 (1979), pp. 191-196.



SIAM J. CONTROL AND OPTIMIZATION
Vol. 20, No. 2, March 1982

() 1982 Society for Industrial and Applied Mathematics
0363-0129/82/2002-0010 $01.00/0

NONLINEAR SEMIGROUP FOR CONTROLLED
PARTIALLY OBSERVED DIFFUSIONS*

WENDELL H. FLEMINGS"

Abstract. In this paper a "separated" contrql problem associated with controlled, partially observed
diffusion processes is considered. The state in the separated problem is an unnormalized conditional
distribution measure. The corresponding Nisio nonlinear semigroup associated with the separated problem
is found.

1. Introduction. In this paper we are concerned with stochastic control problems
of the following kind. Let Xt denote the state of a process being controlled, Yt the
observation process and Ut the control process, t>-O. The state and observation
processes are governed by stochastic differential equations

(1.1)
(a)

(b)

dXt b(Xt, Ut) dt + cr(Xt) dWt,

dYt h (Xt) dt + dWt.
We shall assume that b(x, u) is linear in u. See condition (A2) in 3. Xt has values
in N-dimensional, Y values inM and Ut values in q/c [L. X0 has given distribution
/x, and Y0 0. In (1.1), W and W are independent standard Wiener processes, with
values in o, M respectively. The problem is to find an admissible control minimizing
some criterion J.

For instance, we may take J EG(X,:) for some fixed time t: >0. In case of
completely observed, controlled diffusions (with Yt Xt rather than Yt as in (1.1b)),
the problem can be treated using dynamic programming. Let V(x, tl) denote the
minimum of J, for initial data X0 x. Under suitable assumptions, V(x, t) has con-
tinuous partial derivatives 0 V/Ot, 0 V/Oxi, t2 V/tXi cXi, i, ] 1, ., N, x (Xl, XN).
Among these assumptions is the condition that the symmetric matrix a mr’ has a
bounded inverse a -:. The function V then satisfies the dynamic programming equation
[4, Chapt. VI.6]

0V
(1.2) =LV,

3t

(1.3) LV min Y’. aq(x)+ bi(x, u)
u i,i=l c)xi c)x i=l

The assumptions that a(x) has a bounded inverse can sometimes be weakened, by
considering generalized solutions to the dynamic programming equation [4, p. 177]
and more recently [6]-[8].

In [9] Nisio introduced another treatment which is valid under much less restrictive
conditions. Let tG(x)= V(x, t). Then Nisio showed that t is a nonlinear semigroup
on the space Cb() of continuous bounded functions f on n. Moreover, the operator
L in (1.3) agrees with the generator of the semigroup t on the space C (N) of those

* Received by the editors October 27, 1980, and in final form May 11, 1981. This research was
supported in part by the U.S. Air Force Office of Scientific Research under grant AF-AFOSR 76-3063C,
in part by the National Science Foundation under grant MCS-79-03554. In addition, part of the research
was done during a visit by the author to the Centro de Investigacion y de Estudios Avanzados, IPN, Mexico.

t Lefschetz Center for Dynamical Systems, Division of Applied Mathematics, Brown University,
Providence, Rhode Island 02912.
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f such that f, fx,, fx,, are in Cb(R) for i, 1,’’’, N. For another treatment of this
nonlinear semigroup see [1, Chapt. IV.5.1].

In this paper we find a nonlinear semigroup fit associated with the partially
observed control problem. In this case one should regard as the true "state" the
conditional distribution of Xt given past data or some quantity equivalent to the
conditional distribution. For technical reasons, it is more convenient to consider an
unnormalized conditional distribution At for X, We have At E d//g, where M is the space
of finite measures on RN. The problem we consider is to control the measure-valued
process At such that a criterion of the form J E(Atl) is minimized. The dynamics
of the Acprocess are governed by the Zakai equation, written in a weak form as (3.1)
below.

If one writes V(/z, tl) for the minimum of J, given initial data A0 z, then V(/z, t)
formally satisfies a dynamic programming equation of the form

(1.4) d___V= V,
t

whereV min,0u V and is the generator of the linear semigroup -’ associ-
ated for a constant control u with the process At (At is Markov for constant u).
Equation (1.4) is called Mortensen’s equation. However, (1.4) has been treated
rigorously only in very special cases.

Following Nisio, we write V(, t)= 8rt4,(/z). The purpose of this paper is to show
that fit is a nonlinear semigroup, on a space C(), with fire continuous in t, and to
describe the generator on a dense subspace of C(). We rely heavily on results
from [3] (this issue, pp. 261-285). In particular, it was shown in [3] that At can be
defined pathwise in such a way that At depends continuously on observation and
control trajectories (Y, U) and on/z A0. This and other results from [3] needed in
this paper are summarized as 3.1-3.4 below.

For the case of a controlled Markov chain Xt subject to observations Yt of the
form (1.1b), a corresponding nonlinear semigroup was constructed by Davis [2].

2. The spaces C,:(e/t’), C(’). Let Cb() denote the space of bounded, con-
tinuous f on n and C0() the space of continuous f with compact support. Let
Cbk (n), C0 (Rn) be the spaces of f such that f together with all partial derivatives of
orders -<k are in Cb(N), Co() respectively. Similarly, for R"-valued functions on
v we write Cbk (n; R’), C0k (n; R,n).

Let (N) denote the Borel r-algebra of N, and

{measures(2.1)

We write

for the scalar product and

(f, I  f(x) cl (x)

Iltx (1, tx =/x (1).
By convergence of sequences in we mean w*-convergence:./zn /x if and only if
(f,/zn) (f, ) as n oo for every fE Cb(N) such that f(x)O as Ixl- 

We denote real-valued functions on by , 4, For K 0, 1, 2, , let

(2.2) I1 11, sup.; 1 + I111
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By & continuous on d// we mean, of course, continuity of & under w*-sequential
convergence. Let

(2.3) CK(M) {O continuous on I1 11,, < oo}.

Then I1" IlK is a norm on CK(A/). Let

(2.4) C()= L] CK().
K=0

For r < oo, let

(2.5) r {Ix E" Iltz <- r).

We give C(d//) the following metric"

(2.6) d((b, 0) Y’. 2-,=, (s 1(,)-4,(,)1A 1),

Thus d-convergence of &, to is equivalent to convergence of &, (/z) to & (tz) uniformly
on //r for every r < o. For each K, I1" II is a lower semicontinuous function under
d-convergence. Moreover, from (2.2), &,,&ECK(d//) and I1,-110 imply
d(&., &)0 as n -oo.

Let

{t* --> 0 on (v)./* (B) < oo for every compact B},

with the vague topology: /,,-+/x vaguely means (f, tZn)-+(f, la,) as n-+oo for every
f Co(RN). is a Polish space. In fact, one can choose a metric 6(ix, v) for of the
form

(2.7) 6(/z, v)= Y 2-"([(f,,,/x)-(f,,, v)[ A 1)
m=l

for a suitably chosen sequence fm Co(RIV).
For each r < 0% is a compact subset of . For sequences in , vague conver-

gence is equivalent to w*-convergence. Moreover /z,,/z and /x, /x w* imply
II,ll-_< r for some r. Thus, we have"

LEMMA 2.1. & is continuous on d/l, under w*-sequential convergence if and only
if & [d/t is vaguely continuous for every r <.

This furnishes an alternate characterization of C(), in terms of the vague
topology rather than in terms of w*-sequential convergence.

A measure Ix can be approximated by measures ptz with compact support,
as follows. Let p E Co(RN), O<=p <--1, anddefine p/z by(f, p/z)= (of,/z) for allf E Cb(N).
Define & by

(2.8) &(tz) & (p/z), /, E.

Then O CK (d//) implies & o CK (/) and o II,, <= I1,,. We write tz IB for the restriction
of tz to a compact set B" (]B)(A) tz(A fiB) for all A E (N). Let

(2.9) C(d//) { E CK(): there exists B compact such
that if(Ix) 0(tz IB) for all tz

In particular, b E C() if & E CK(), and &o is defined by (2.8).
LEMMA 2.2. For every & CK(d/I), there exists a sequence &, C() such that

I1 ,.11, and d(&., &) 0 as n



PARTIALLY OBSERVED DIFFUSIONS 289

Proof. Let p, E Co(iV), with 0 <-_ p, <- 1, p, (x) 1 for Ix <-- n and p, (x) 0 for Ix
n + 1. Let , o.. Then I1.11, <--I111,. Since b,(ix)= b(p,ix), it sumces to show that

(p,ix) (ix) tends to 0 uniformly on V/tr for every r < oo. Let

for some Ix, E vI//, (recall that r is compact). We have p,ix, er. For each
Co(), (f, p,ix,)= (f, Ix,) for all large enough n. Consider any subsequence such that
Ix, tends to a limit Ix. Ther p,ix, also tends to Ix for n in this subsequence. Since
is continuous, both &(p,ix,) and (ix,) tend to &(ix). If lim sup,_.oo r/, > 0, we could
find some such subsequence for which I(o.t,.)-(t,.)l tends to a positive limit, a
contradiction. This proves Lemma 2.2.

LEMMA 2.3. Let C(), and B compact such that 4,(ix) (tlB) for all
Ix Evtt. Then there exists a sequence , E C(vtl) such that II’,llc <-II,llc, d(,,, ,)0 as
n oo and 4,, (ix) 0 whenever Ix (B) >= n.

Proof. Choose p E C0(RiV) with 0 <- p -< 1, p(x) 1 for all x E B. Let g, C0(R1),
with O<-_g,<=l,g,(s) 1 if s<-n-l,g,(s)=O if s>=n. Let.() g. (<p, g >),/,().

Since I’, (ix)l <--I(ix)l, 114’,11c -<-114’llt(. For Ix E r, <P, IX ----< r. Hence, 4’, (IX) @(IX) if n _>--

r+ 1, which implies , 4’ uniformly on r. Thus, d(4,,, 4,)0 as n-oo. Finally,
Ix (B)-> n implies (p, Ix)>-_ n, and hence, ,, (ix)= 0. This proves Lemma 2.3.

The set of "testfunctions." In 5 we shall define a "generator" for the nonlinear
semigroup on the following set of functions , depending on finitely many scalar
products:

(2.10)
{6" (ix) F(<fl, Ix), ., (f, Ix)),

FE C(R), fl,’’’,f e C(Rv), J= 1, 2,...}.

(More properly, we should say "pregenerator," instead of "generator," since we do
not characterize the domain of the nonlinear semigroup.) In 4 we shall weaken
slightly the conditions on F, fl, ’, fjr, to obtain certain sets ,, containing .

LEMMA 2.4. For every & e C: (ell) there exists a sequence 4’. e such that I1.i1, --<
I1 IIc + n-1 and d ,, 0 as n oo.

Proof. By Lemmas 2.2 and 2.3 it suffices to suppose that, in addition, there exist
compact B and a > 0 such that (ix)= @(tlB) for all Ix and (ix)= 0 if ix(B) >- a.
Following a similar construction in [5, 3], given e > 0, we take gl," , gjr, xl," , xjr

with the following properties:

Let

gi E C (RN), gi _--> 0, diam (spt gi) < e,

E g(x)<-1, x e R, E g(x)= 1, x B,
i=1 i=1

xi E B spt g.

R+ {z E Rjr" zi -> 0 for j 1,. ., J},

F(z)= za,
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where 6x denotes the Dirac measure at x. Then/V Co([+). In fact, (z) 0 whenever
J J

Z Zfix,(B)= Z zi >=a.
i=1

By regularizing, there exists F C ([J) such that [F(z)-l(z)l<=e for all z R+.
Then, taking zi (gi, i),

t() F((gl,/z), (gj,/)
is in @. For all z,

6 1+

We take e e, n -, and corresponding gi,, xi,, j 1, J,. The corresponding, obtained from the construction above has the properties required in Lemma 2.4.
To show that d(,,)0, it suffices to show that ,()() uniformly on for
any r > 0 as n . Now

Z
/=1

On ,, both vague and w*-convergence of a sequence are equivalent to convergence
in the metric 6 in (2.7). For each m, ](f, G,())-(f,p,)]O as n uniformly
for , where p, i gi,. Therefore, 6(G,(), p,)O uniformly on as n.
Since is compact and continuous on , is uniformly continuous on . Thus,
[[G,()]-(O,)[0 uniformly on ,. Since O,(x)=l on
( [B). This proves that ,()() uniformly on ,, as required.

3. The control problem for At. We begin with a summary of assumptions and
notation, together with a review of concepts from [3]. We make the same assumptions
as in [3] about the coefficients in (1.1):

(A1) cr is a bounded, Lipschitz N D matrix-valued function on RN.
(A2) b(x, u)=b(x)+bl(x)u, where b,b are bounded, Lipschitz functions

on N.
Note that b has values in N, and b has N L matrices as values. In 5 we

shall impose additional smoothness conditions on r, b, b 1.
(A3) h C (u; M).
(A4) 0//is a convex, compact subset of R.
We use Y to denote an M_valued function, and U a R-valued function, of time

=> 0. Let Yt, U denote their respective values at time t. Let

lq {(Y, U)’ Yo=O, Ye C([O, oo). NM), UL2([O, T]; o?/) for each T<oo}.

Let ’T denote the set of restrictions to [0, T] of functions (Y, U)e . As in [3], we
give -T a metric in which convergence of a sequence (Y, U,) means uniform conver-
gence on [0, T] of Y and weak convergence of U in L([0, T]; q/). We give lq a
metric in which convergence of (Y,, U,) is equivalent to convergence of (Y, U)
restricted to [0, T] for every T < oo. Let

t(Y)=cr{Ys, O<-s<-t},

;t(U r{ Vs, O <- s <-_ }, V,=Io Uo dO,

t t( Y) t(U).
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These are o--algebras of subsets of f. However, if t-< T, they can also be regarded as
G-algebras of subsets of fir. In [3], l)r was denoted by 2 and t by t2.

Let be the least G-algebra containing % for all t-> 0.
DEFINITION. An admissible control on [0, T] is a probability measure 7rr on

(fir, r), such that Y is a zrr, {t}-Wiener process for 0-< =< T.
An admissible control is a probability measure 7r on (f, ) such that Y is a

zr, {qft}-Wiener process for >= 0.
The definition of admissible control on [0, T] is exactly as in [3]. If r is an

admissible control, then its restriction 7rr to r is admissible on [0, T].
Let 4r denote the set of all admissible controls 7rT on [0, T]. Then r is compact

under weak sequential convergence of probability measures [3, Lemma 2.3]. Let 4
denote the set of all admissible controls with the weak sequential convergence topology.
Then 4 is a compact metric space under (for instance) the Prokhorov metric. Moreover,
n zr if and only if the restrictions 7rn.r tend to 7rr as n c for each T finite.

The unnormalized conditional distribution measure At. For every/x //, (Y, U)
YUfl and => 0, we define At A,, by formula [3, (3.9)]. (In [3] we wrote Atrt, but now

we wish to emphasize its dependence on the initial value/z A0.) From its definition,
At l and At is t-measurable as a function of (Y, U) lq. In [3, 3] we interpreted
At as an unnormalized conditional distribution of Xt in (1.1a) with respect to the
r-algebra t generated by the observation and control past up to t. The normalized
conditional distribution of Xt is IIAtII-1At. The intuitive reason for conditioning on t,
rather than on t(Y), is that Ut is not necessarily -t(Y)-measurable 7r-almost surely,
when 7r . For the smaller class of strict-sense admissible controls [3, 6], one can
condition on t(Y) instead of t.

We shall need the following properties of At, proved in [3].
vt is continuous on ,ff//r X ’. See [3 LemmaProperty 3.1. For each _-> 0, r < oo, A t.

3.2].
Property 3.2. For each finite T, r, a there exists p p(T, r, a) such that 0-< =<

T, [Itz[[ <= r, YIIT <= a imply [IA tzll-<- p. Here YilT max0_<_t__<T Y(t)l. See [3, (3.6)]; since
At depends linearly on/x A0, it suffices to consider Ibll 1,

Property 3.3. The Zakai equation holds:

(3.1) d(f, At) (Ltf, At) dt+(h[, At). dYt, allf C(N).

See [3, Thm. 5.2]. Here, for constant control u , L" is the generator of the diffusion
process in [n corresponding to (1. la):

1
(3.2) L"f =- E aij(X)fxm + (b(x) + b l(x)u) Vf,

i,j=

with a o’o".
Property 3.4. For every T <, K 1, 2,. , there exists YKT such that

for all rr . See [3, Thm. 5.3] with j 0.
For ->_ 0, tz , rr , 4 C() let

(3.3)

Since b Cc (J//) for some K, the expectation exists by Properties 3.1 and 3.4.
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LEMMA 3.5. Let II.ll c and a(b,, rh) --) o as n --) oo. Then

J(t, tz, r, )= lim J(t, tz, m

uniformly on [0, T] lr M, for any finite T, r.

Proof. Consider F c II, and let FT c liT denote the set of restrictions to [0, T] of
(Y, U) F. Then

(*) IE’b"(A’)-E’$(A’)]<- Ir I$, (A,) d) (A,)I d+ It, I$,(A,)-b(A,)I dr,

with F’= f-F. If Fv is a compact subset of fir, then IIYllr is bounded on F. By 3.2,
0 <= <_- T, Y, U) F,/z d/r imply A d/o for some p. Since d(b,, 4)) - 0, b, -) b uni-
formly on /. Therefore, the first term on the right side of (*) tends to 0 as n
uniformly with respect to (t, tz, zr) [0, T] // M.

It remains to show that, given e > 0, F can be chosen such that the last term in
(*) is less than e, uniformly on [0, T] /// M. Now

14), (A,)- 4)(A,)I <- (11,11 + I1,,11)(. + IIA,II) <-2C(1 + IIA,II).

By Cauchy-Schwarz and Property 3.4,

IIA,II" d, -< ,(F’)/ IIA,II:’ d -< (F’)/::,z.ll./:

Under (Y, U) Y, projects onto Wiener measure w. Let A c C([0, T]; ) be
compact with Y0 0 for all Y e A and

/2 Kwit(J0, T3; )-A3 e212C(1 ,r )3-2.

We choose F such that Fr A L2([0, T]; ). Since L2([0, T]; ) is compact (eak
topology), Fr is compact. We have

r I.(A,)- (A,)l d<2C((r’)+(F’)/"Y2K,TK)

as required. This proves Lemma 3.5.
LZMNA 3.6. For each 0, e C(), r <, J(t, , , is continuouson x M.
Pro@ Let g(, Y, U)= (AS;). By 31, 3.2, g is continuous on x (recall

that (Y,, U,)(Y, U) implies llg-gll,0, and hence, Ilgll,a for some a.)
Moreover, g(, .,. is t-measurable.

Suppose first that () is bounded on . Let , , , with , e. By
definition of weak convergence,

Moreover, Ig(,, Y, U) g(, Y, g)l 0 as n , uniformly on any F c such that
the set F of restrictions to [0, t] of (Y, U)e F is compact. As in the proof of Lemma
3.5, we can choose F such that ,(-F) is arbitrarily small, uniformly with respect
to n. This proves Lemma 3.6 in case () is bounded on .

Now take any e C(). By Lemmas 2.2 and 2.3, there exist , e C() such
that I()1 is bounded on for each n, I111 is bounded, and d(,, )0 as n m.
Lemma 3.6 now follows from Lemma 3.5.



PARTIALLY OBSERVED DIFFUSIONS 293

The control problem. Given t, Ix, b, we consider the problem of minimizing
J(t, Ix, m b)= E,,b(At) on the space of admissible controls zr. We can regard the
Zakai equation (3.1) as governing the dynamics of the "state" process At for this
control problem ".-.- A, :,s an unnormalized conditional distribution measure for Xt
in the partialls.." .; control system (1.1), we call the problem of minimizing
E,b(At) a "sepa; ,d" optimal control problem.

Following Nisio [9], let

(3.4) 3t$(ix) min J(t, Ix, r, 4).

This minimum is attained by Lemma 3.6. Since b(At) is qfft-measurable, the minimum
is the same taken in the class Mt of admissible controls on [0, t]:

(3.5) fitch(ix) min J t, Ix, rt, 4

For the special case b (ix) (G, Ix), J E,(G, At), which is of the form considered
in the existence theorem [3, Thm. 4.1]. However, if 4 has this special linear form,
fitch(ix) is not linear in Ix. Hence, we define fit on the bigger space C(A/) and not
merely on the space of 4 of the form 4 (ix)= (G, Ix).

THEOREM 3.1. 4 e C:() implies :g Cr().
Proof. By Lemma 3.6 and the fact that/ and s are compact, Ilix, II--< r and Ix, Ix

imply ffb(ix,) 5rb(ix). Since any w*-convergent sequence Ix has II  ll bounded,
5rb is continuous on t. From 3.4,

Thus, llSYbl[r <--(1 + which proves Theorem 3.1.
COROLLARY. -t maps C(tt) into C(tl).
In the next section we establish the semigroup property of

4. The semigroup property. The purpose of this section is to prove the following
two theorems.

THEOREM 4.1. For every qb C(Pl), s, >-0,

Theorems 3.1 and 4.1 imply that 3t is a (nonlinear) semigroup on C(//). Let
Cb(tt) denote the space of bounded continuous functions on (it is the same as
Cr (d//) when K 0.) From (3.3), (3.4)Ilffb  r,4,110 <-I1 - ,11o. Hence, when restricted
to Cb (d/l), -t is a contracting semigroup on Cb (t).

THEOREM 4.2. For every c C(l), b is a continuous function of [0, o) in
the d-metric on C(l).

The proof of Theorem 4.1 will be based on a series of three lemmas. We begin
by temporarily imposing rather stringent conditions on the coefficients in (1.1), and
on Y, U, Ix. We say that the coefficients are regular if tr, b, b x, g are of class C (r.,
for the appropriate ND, N, NL, M, respectively. Let us denote by C’2 the class
of functions q on [0, o) r with the following properties:

(i) q and the partial derivatives qt, qx,, qx,x are continuous, i, j 1, ., N.
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(ii) For each T > 0, there exist C, k > 0 (depending perhaps on T) such that

[r(x, t)[-<_ C exp (-k[x[2), 0 <_- <- T,

where r denotes any of the functions q, qx,, qx,xj.
For brevity, we write q(t)= q(t,. ).
LEMMA 4.1. Assume that the coefficients in (1.1) are regular, and that Y

C1([0, oo); Rr), U C([0, oo); q/). Then:
YU(a) Iftx has a density poe Co (Rr), then At(=At, has a density q Cae", satisfying

the partial differential equation

(4.1) dq=(Ler’)*q+hq" t-1/21hl2q, t->0, q(0)=p0.
dt

(b) If q Ce ’2 is a solution of (4.1) with q(O) the density of tz, then q(t) is the
density of At ]:or all >-O.

Here (LU)* denotes the formal adjoint of the operator L in (3.2), and t dY/dt.
Note that part (a) of the lemma, but not part (b), requires that q(0) has compact support.

Proof ofLemma 4.1. To prove (a), we recall from [3, 5] that

(4.2) p(t) q(t) exp (- Yt" h)

is a solution in Ce’2 to the partial differential equation

dp *t p + e(t)p, where
dt

(4.3) t Lt-(aYt Vh, V), Lt L c’,
e(t) =(aYt Vh, Yt Vh)- Yt Lth-1/2lh[,

N
where (asC, r/)= Zi,j=l aiiirti and denotes the product in Nt. The operators Lt*, t*
are related by

(4.4) (*p) exp (Yt h)=L*t q-eq-lhl2q.
Equation (4.4) follows upon multiplying both sides of (4.3) by f 6 C0(r), integrating
by parts, and using the relation

exp (Y/. h)Ltf =[.t[f exp(Yt h)]+e(t)f exp(Yt, h)+1/2lh[Zf exp(Yt h).

Then equation (4.1) follows from (4.3), (4.4) and the product rule applied to
(d/dt)[p exp (Y. h)].

To prove (b), if q C1"2e satisfies (4.1), then the above calculation shows that p(t)
defined by (4.2) is a solution in Ce’2 to (4.3). It follows from [3, (5.5)] that q(t) is the
density of At. (In the derivation of [3, (5.5)] it was stated that q(0) e C0(IN). However,
the proof there is based on integrations by parts, and is the same if q C’2). This
proves Lemma 4.1.

For s ->_ 0, let us introduce the notation

ys, Ys+,- Ys, Us, Us+,, "->0.

In particular, Y; 0; and (Y, U) f implies (YS, Us) f.
LEMMA 4.2. For every Y, U) 12, z J/l, s, >-O,

(4.5) YU ysU YUAs+t., =Ata where As As,
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Proof. Step 1. First assume the conditions of Lemma 4.1 on bl, O’, h, Y, U, and
that/x A0 has a density poe C(). By Lemma 4.1(a), A has a density q(z) C1’2e
satisfying (4.1) for z >=0. Let qS(z)= q(s +z). Then qS is a solution in C’2 of (4.1),
with (Y, U) replaced by (ys, US); note that Is+ I and qS(0)= q(s). By Lemma

YU4.1(b), qS(t) is the density of AtA This proves (4.5) under these conditions.
Step 2. Again assume regular coefficients b l, r, h, 0, 1. Let (Y, U) fl,/z /.

Let (Y,, U,)+ (Y, U),/x, +/x, where Yn, Un,/xn satisfy the conditions in Step 1 for
YUeach n. Write As As7, ". By Property 3.1, as n

YnUn YU ysUs YsUAs+t,..As+,., As-As, AtA’ "’)AtA

At the last step we used the fact that (Y, U)+ (YS, US). This implies (4.5).
Step 3. Fix /x d//, (Y, U) f. Let tr,, b/,, hn be regular for each n, uniformly

bounded together with their first order partial derivatives and tending uniformly to
tr, b l, h as n c, 0, 1. Write Atn AfU to indicate that the coefficients depend
on n. The proof of [3, Thm. 5.1] shows the following" , - u, , d//r, implies ATvn Av
for any z > 0. We then have as n - cA7+ t... --> As +,.., A -> As,=.
Similarly, if we write As AT, then

ysUs

tAT - AtA
This implies (4.5), and hence, Lemma 4.2.

As in 3, let 7rs denote the restriction to s of 7r . Let TrY be a regular
conditional distribution for (YS, US), given cgs.

LEMMA 4.3. If 7r , then"
(a) TrYt , ors-almost surely.

vt Sty, ok) drrs(b) J(s + t, I, 7r, ok)= J(s, As,

for any ck C(J/t).
Proof. To prove (a), it suffices to verify that, for any s-measurable Cb(fD,

t-measurable xlt Cb (fD, F C(M) and r >

E=[$( Y, U)( ys, US)F( Yr Yt )] E,[$( Y, U)( ys, US)]E,F(y Yt ).

But this follows from independence under 7r of the random variables
xlt( y, U)(ys, Us) and F(Y Yt ).

Part (b) is immediate from (3.3), Lemma 4.2 and properties of conditional
expectations.

Proof of Theorem 4.1. For every 7r , Lemma 4.3, the definition (3.4) of -b
and (3.5) imply

J(s+t, txTr, c/)) |J(s, As,vu, ZrsVer, b) dzrs

YU >- ;-t4) ().> $’tb (As,) drs E,-tb (A rt

Since this is true for every 7r M,

’s+t6 LIL ’-’s’t ) ),



296 w. H, FLEMING

To prove the opposite inequality, we make the following construction. Let
p > 0, 6 > 0 to be chosen later. Let Ao //o and A x, , A,, disjoint Borel subsets
of /o, such that

///o A t3. t.J

and for v, v’ Ai, 1, , m, r ,
IJ(t, u, zr, ck)-J(t, v’, 7r, b)l < 6.

This is possible by Lemma 3.6. Choose/xi A and 7r s such that

For all u Ai,

(*)

Let 7to be arbitrary. Let

J(t, v, q’l’i, b) < fitCh(u) +36.

YU YU
7rs =r ifAst, A.

sYUGiven rs sos, this defines zr s such that r is a regular conditional distribution
for ys, U given cas and 7r]Cgs 7rs. By Lemma 4.3 and (*), with u A A,,

J(s + t, , , )= J(s, A, )d, fft&(A,)d,+Sa J(s,A,,o,)d,+36.

Since +t&()J(s + t, , , ), we have

o o

Now C() for some K. We have, for some C,

IJ(s. A. o. &)l C(X + IIAII). I.&(A)I Cx(X + IIAII).
while by Property 3.4 and the fact that Ao= {u" I[u[[> 0}

o

for g Mr. Therefore, given e > 0, we can choose O large enough and small enough
that

ff+t$ (g) E=,fft6 (A) + e,

for all g r and M. Upon taking the inf over , (recall (3.5)), we have

Since e is arbitrary, we obtain Theorem 4.1.
In preparation for the proof of Theorem 4.2, and for 5, let us introduce the

following family of operators ", for constant controls u . Let

{6" $(g)= F((/x, g),..., (f, g)),

F C2(),fa...,fi C(),J 1, 2,...},
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and for each integer rn => 0, let

(4.6) m {6 " IFz,(z)l <- C( / Izl/), IFz,zk (z)l <- C(1 + Izl), 1, 1,..., j}.

We have the inclusions c, c C,/2(/).
For m and u % let

J J

(4.7) ub(ix) E Fz,(" ")(LUf Ix)+ Y Fz,zk(" .)(hf, Ix). (hfk, Ix)
]=1 /,k=l

where denotes that the partial derivatives Fz, Fzz are evaluated at the vector
z ((f, Ix),. ., (f, Ix)). It might seem that "& depends not just on , but also on
F, fl," , fr. However, it follows from (4.13) below that this difficulty does not occur.

LEMMA 4.4. Let ,,. Then there exists c such that:
(a) %b fro+2(.////), [[.u([lm+2 C for all u all.
(b) The mapping (u, Ix)-->"4)(Ix) is continuous from all Xlr into 1 for every

This follows at once from (4.7).
Let us next apply the Ito differential rule to b (A,); for b ,,

b (At) F((fl, At},’", (fj, At}).

We get, using the Zakai equation (3.1),
J

(4.8) db(At) -%b(A,) dt + E Fz,(. .)(hf., At). dYt,
i=1

where.., denotes ((f, A,),..., (fj, A,)). Since IFz, l_-< C(X the components
of Fz,((f, Ix),"’, (f, Ix))(hf, Ix) are in C,+2(/). From property 3.4, the integrals on
[0, t] of the last term in (4.8) is a square integrable 7r, {Jt} martingale for any 7r s4.
By taking E, in (4.8) and using Lemma 4.4(a) we get

(4.9) E,b(A,) 4,(ix) +E, Io o4)(A) dO,

for any $ ,, zr s4 and any initial data Ix A0.
LEMMA 4.5. Let b ,,, 0 <-- s <= <-- T. Then there exists a (depending on , m and

T) such that

Proof. Consider any "n" e . By (4.9)

IE.q(A,)-E$(A)I<-_E IeUoq,(Ao)l dO <_- max lle",/, ll,,, += (1/EllA011’’+=) do.

By Lemma 4.4(a) and Property 3.4,

IE.dp(At)-Edp(A)l <-_ c(1 + T,+2.-)(t s)(1 + Ilixll’+2).

Since this holds for all r M, we get Lemma 4.5 with a c(1 + Ym+2,T).
Proof of Theorem 4.2. For some K, b Ctc(/). By Lemma 2.4, there exists

q,, , n 1, 2,..., such that [I4’,][r is bounded and d($,, b)0. Fix T>0. For
0 <_- s -<_ T, we write
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Lemma 3.5 implies that the first and third terms on the right side tend to 0 as n
uniformly for 0 -<_ s < <-_ T and

Lemma 4.5 with m 0 implies, for/ /r,

t4’n (/x) ’s4’n (/x)]--< an (1 + r2)(t s),

where an is some constant. Let

r/(e, r) ----sup {[.tb (/x) ’s$ (/z)l:/z d///r, 0<--S < <__-- T, t- s < e}.

For each r, n(e, r) 0 as e 0. This implies d (’tb, b)0 as t-s --> 0, as required.
This proves Theorem 4.2.

Constant controls. In particular, let us consider a constant control u. In our
formulation, this corresponds to taking ,r ,r w x 6u, where w is Wiener measure
on C([0, oo); R’) and 6u is the Dirac measure on LZoc([0, oo); 0?/) concentrated on the
constant trajectory Ut =-u. We can then write E(=Ew), instead of E=u, and obtain
from (4.9)

(4.10) E$(At) c(I +E .’$(Ao) dO,

For constant u, we may regard At as defined on the sample space C([0, oo); Rt) of
Y-trajectories, endowed with the family {t(Y)} of o’-algebras and with Wiener
measure w. It follows from Lemma 4.2 that At At is a Markov process (u fixed),
with which is associated the linear semigroup ff’ on C(///)"

(4.11) ’b(/x) Eb (At),

where E Ew.
From (4.10) we have, for 4’ @,,

(4.12) t-l[ff’b (/z) $ (/z) t’b (/z))] -x [ff (5’b)(/x) -C’"b (/z)] dO.

Since "b C(:I/), the same proof as for Theorem 4.2 shows that
as 0 0/, uniformly on / for each r < oo (alternatively we could apply Theorem 4.2
with the control space replaced by a new one-element control space {u}.) Hence
the left side of (4.12) tends to 0 and 0/ uniformly on v/G, which implies

(4.13) "b d-lim t-l[,. b], b Gm.
tO

This shows that for each m =0, 1, 2,..., 9, is contained in the domain of the
generator of the linear semigroup 3-’ and that f" agrees on 9,, with the generator.

5. The generator of the semigroup ’. We define the operator on the dense
subset 9 of C(/) by

(5.1) b(/z) min ub(/z), b 9.

Lemma 4.4 implies that b C2(M) for every b .
We need slightly stronger hypotheses on or, b, b than (A1), (A2) in 3:
(AI’) Condition (A1) holds and, in addition, a C (R’, -), where a
(A2’) b(x, u) b(x) + b l(x)u, where b C(; R) and b C(; ).
When (AI’), (A2’), (A3) hold, fC(E) implies L"fC(iv) and hf

C02(u; Rm). From (4.7), b 9 impliesb l2.
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THEOREM 5.1. For every

(5.2) f(b d-lim t-a(3-t-).
tO

This theorem justifies our calling the pregenerator o[ the nonlinear semigroup,. Our proof of Theorem 5.1 follows the same general line of reasoning as Nisio [9].
The proof of Theorem 5.1 depends on the following estimates for the semigroups, for any constant control u . By the same calculation used in the proof of

Theorem 3.1,

For m, 3.4 and (4.10) imply

(5.4)

Lemma 4.4(a) gives a bound for 11[1+2,
Now consider

with F C (R), L C (nu). Then

/=1 i,k=l

6i() F,((h, ),""", (f, ))(LL, ),

6()= Fz,((fi, ),..., (fi, ))(hL., ). (h, ),

ffT t Jo [() "] dO

Lk

Since , e, we can apply (5.4) to , to get, for 0 N N 1,

where the constant
LZMMA 5.1. For

t

Proof. By (4.9), for any M,

E=(A,)- (,) E= fo (A)dOeE= o (Ao)dO= o E=(Ao)dO
e Jo o()() do.

The minimum over M of the left side is T()-(). This proves Lemma 5.1.
Proof of Theorem 5.1. Observe that t N7 for all u e (constant controls

are suboptimal). Then, for e , 0 < N 1,

t-[, t%] t-1[7 t%].
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In particular, given/x, we take u such that "(/z)=() [recall (5.1)]. By (5.5),
when 0 < <_- 1,

t-[Y
Therefore, uniformly for

lim sup t-[ff() ()]().

On the other hand, by Lemma 5.1,

lim inf t-[ff()-()]lim inf - [ ff0()() dO.
tO tO

Since C(), Theorem 4.2 implies that 0()()(g) as 00+, uniformly
o r. HBnB,

lim t-[() ()] ()
t0

uniformly on , for each r. This proves Theorem
Remark. The nonlinear semigroup t can be obtained from the family of linear

semigroups , u , by the following procedure used in [9]. For > 0, let)()
min(). For n 1, 2,.. and dyadic rational m2 (m 1, 2," "), let

It is easy to show that, for dyadic rational m2-",

7 ->- erT+ ->-’"->-.
By considering controls piecewise constant in time, one can show that :Y -+ fire as
n , if is dyadic rational. Choose n large enough such that m2-". Let rk k2-"
and

d,t {rr e t" rr[U, U, for r e Ira, r+), k 0, 1,. ., m 1]= 1}

By induction on m (for fixed n) and a construction like that in the proof of Theorem
4.1, it can be shown that

:Y7() min J(t, Ix, r, ).
6nt

By [3, Cor. 6.1], every , is the limit of ,, as n +, with ,, M,,. Lemma 3.6
then implies that fiT&(>) ff(>) as n m.
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PARTIALLY OBSERVED DIFFUSIONS AND THEIR CONTROL*

JEAN-MICHEL BISMUTh"

Abstract. This paper is an extension of a previous article of Fleming and Pardoux [SIAM J. Control
Optim, 20 (1982), pp. 261-265] on the control of partially observed diffusions, when the control enters
linearly into the controlled stochastic differential equation.

Introduction. The purpose of this paper is to give another approach to the
problems of optimal stochastic control with incomplete observation considered by
Fleming and Pardoux in [3] (this issue, pp. 261-265) and to give a theorem about the
existence of optimal controls in the sense of [3].

Consider the system of stochastic differential equations

dx (f(t, x, y)+ g(t, x, y)ut) dt + Xa(t, x, y) dw +’" + X,(t, x, y) dw",

x(O) z,
(0.1)

dy C(t, x) dt + dn,

y(0)=0

where w (w 1, , w’), /= (r/, , r/a) are independent Brownian motions, z, w, r
are independent and u is a control which is assumed to be adapted to y at least in a
generalized sense made precise by Fleming and Pardoux in [3]. The criterion to be
minimized is of the form

T

In [3] the problem is solved in two cases:
(a) when L 0, with compactness methods on the probability laws in (0.1);
(b) when L is not 0, when the probability law of z is smooth, with techniques which

involve results on the partial differential equation of filtering in (0.1).
In this paper we will show how it is possible t work systematically with compact-

ness properties of the probability measures associated to system (0.1); this is done by
using a very general result of Stroock and Varadhan [6] (which is, in fact, partly used in
[3]). In particular, any reference to the filtering equation is bypassed.

In 1 the space of control laws is defined as in [3]. In 2 the problem of optimal
stochastic control is solved.

We essentially follow Fleming and Pardoux [3], with some technical improvements
in their method. In particular, the key integration by parts argument is taken from [3].
Some care is given in giving a rigorous foundation to stochastic integral manipulations,
which require in fact nontrivial results on the definition of stochastic integrals.

Contrary to the situation in our previous work [1], where the structure of the
filtering equation was essential since the Girsanov transformation could be directly
applied on the filtering equation itself, the relation between the filtering equation and
the optimal control is not absolutely clear in this case.

1. The space o| controls. Lo(R+; R k) denotes the vector space of measurable
essentially bounded functions defined on (R +, (R +), dt) with values in R k.
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Loo(R+; R k) is the strong dual of LI(R+; Rk), which is the set of integrable functions
defined on (R / (R /) dr) with values in R k

U is a compact convex set in R k.
To each u L,(R /’, Rk), we associate h cO(R/’, R k) defined by

(1.1) h"(t) Jo usds.

It is clear that the mapping u h" is injective.
Lo(R +’, U) is the set of u Loo(R +’, R k) such that ut U a.e. We endow

Loo(R /’, U) with the weak-star topology of L,(R /’, Rk). Loo(R /’, U) is then a compact
metrizable space. Moreover, if un is a sequence in Loo(R /’, U), the convergence of the
sequence un is equivalent to the uniform convergence on compact sets of h u".

cCU(R +; R k) denotes the image of L(R+; U) bythe mapping h. cCU(R+; R k) is a
compact subspace of c(R +" R k)

In the sequel we will identify (R +., R k) x CO(R+., R a) and (R +’, R k R d)
without explicit mention.

DEFINITION 1.1. On the space (R +’, R k Rd), whose standard element is writ-
ten (h, y), with h (R +’, R ) and y (R +’, R), for t>0,= the following tr-fields are
defined:

(2.2) Fth=(hs;s--<t), Fty=(ys;s-<_t), Fth’y=(hs,ys;s<_-t).

DEFIYTIOY 1.2. pa denotes the Brownian measure on (R +’, R a), with Pd(yo
0)=1.

As in [3], we now define the set of admissible controls as a set of probability
measures.

DEFIYITXOY 1.3. II denotes the set of probability measures P on C(R+’, R k R a)
such that

(a) P(h e tr(R +. R,))= 1"
(b) y, is a martingale with respect to the family of q-fields {Fth’Y}t0;
(c) The law of y under P is Pa.
The following result is elementary:
PIOPOSXTOy 1.4. II is a nonempty compact convex set of probability measures on

C(R+’, R x Re).
Proof. The tightness of the probability measures in II is trivial due to (c) in

Definition 1.3 and the compactness of
As mentioned in [3], II is the closure of the set II of the probability measures P in

H such that, if {ftY*+}t__>o is the filtration on (R+; RkRd) obtained by completing
{F}teo with the negligible sets in F; (for the measure P) and taking the right-
continuous regularization of this new family of g-fields as in [2], then h is adapted to
{Fty*+ }t;o. The set II is then the closure of the set II of natural control laws, i.e., the
laws for which u is a nonanticipating function of y.

2. Optimal stochastic control. We first define the various functions appearing in
system (0.1).

a(t, x, y) is a function defined on R + R R a with values in the set of symmetric
(n, n) matrices which are nonnegative.

f(t, x, y) is a function defined on R + R" R a with values in R ".
g(t,x, y) is a function defined on R+R R’ with values in the set of (n, k)

matrices.
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We now make two types of assumptions on a, f, g which will be used in the sequel.
HI. (a) There exist functions Xl(t, x, y),. , X,,(t, x, y), defined on R / x R" R d

with values in R", which are bounded, measurable in t, uniformly Lipschitz in x and
continuous in y such that

(2.1) aii(t, x, y)= Y’. (XikXik)(t, X, y).
k=l

(b) f(t,x, y), g(t,x, y) are bounded, measurable in the variable t, uniformly
Lipschitz in x and continuous in y.

A second set of assumptions is as follows:
H2. (a) a(t, x, y) is bounded, continuous, and has positive definite values.
(b) f(t, x, y) and g(t, x, y) are bounded, measurable in (t) and continuous in (x, y).
From now on we assume that H1 or H2 are satisfied by a, , g (of course, they can be

simultaneously satisfied).
(a) The probability measures pz,h,y. We first define the solution of the first stochastic

differential equation for a given trajectory of (u, y).
Note that in the sequel, when h c6’t(R/; Rd), ut is the element of L(R/; U)

which is the a.e. derivative of h,.
DEFINITION 2.1. For (z,h,y)R"Ctr(R+;Rk)(R+;Rd), pz,h,y is the

unique probability measure on (R /’, R") which is the solution of the martingale
problem associated to (x, f(t, x, yt)+ g(t, x, yt)ut, a (t, x, y,)) in the sense of Stroock and
Varadhan [6], i.e., pz,h,y (Xo-- Z)-- 1, and moreover, if L’’y is the differential operator

O 1 02
(2.2) L’’y (f(t, x, Yt)+ g(t, x, yt)ut) k ii

0--+ a (t, x, y,)
Ox Ox j,

then, if B is a C function defined on R" with values in R which has compact support,

(2.3) B(xt)- Jo (L"YB)(x) ds

is a martingale with respect to the filtration {F },=o of (R +" R")
Note that by [6, Thins 6.3.4 and 7.2.1], under H1 or under H2, P’’ exists and is

unique.
We now have the key result of [3]-[6].
THEOREM 2.2. pz.h.y depends continuously on (z,h,y)R"V(R+; Rk)

C(R+; Rd).
Proof. Note that all the martingale problems which we consider are well-posed in

the sense of [6]. Theorem 2.2 is then an immediate consequence of [3, Lemma A1] and
[6, Thm. 11.3.4]. U

(b) The probability measures QP. 12 is the probability space (R+; R" R k Rd).
{G,}t_o is the filtration on fl defined by

(2.4) Gt (xs, hs, y s <= t).

Note that, since there is no risk of confusion, we will still use the notation F,h, F,y, to
describe the filtration generated on ll by the processes h, y,. .

/z is a fixed probability measure on R".
DEFINITION 2.3. Let P be a probability measure on (R/;RkRd), which

belongs to H. QP is the probability measure on ll which is given by

(2.5) dOe(x, h, y)=
nf- dlz(z) dP(h, y) dp’h’Y(x).
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We now show some "obvious" properties of the probability measures QP. We
choose a given P in II. Under QP, y is a Brownian motion, and the law of x0 is exactly/.
Since the conditional law of x on C(R 4; Rn), given by x0 z, h, y, is equal to pz,h,y, if
H(t, x) is a C function defined on R + R which has compact support, then

(2.6) H(t,x,)- (Hs(s, xs)+L’YH(s, xs)) ds

is a conditional martingale with respect to {F’ }t__>0, and is then a martingale on f with
respect to the filtration {Gt}t>-_o.

Moreover, it is clear that pz,h,y, when restricted to F’, only depends on the
trajectory of (h, y) up to time t. It is then not hard to prove that under 0e, y is still a
martingale with respect to the filtration {Gt}t_>0 and is, in fact, a Brownian martingale.
Finally, since (2.6), given (h, y), is a conditional martingale, it is easy to prove that (2.6)
and yl,..., ya are orthogonal martingales in the sense of [4], i.e., the product of (2.6)
and of any of the yi is still a martingale.

This shows, in particular, that for the measure Oe, in the sense of [6], (xt, yt) are Ito
processes on fl endowed With the filtration {Gt}t>=o, whose characteristics in the sense of
[6] are

(2.7) (a(t, xt, yt) )0
f(t, x,, y,) + g(t, x,,

0

(c) A few remarks on stochastic integrals. C(t, x) is a function defined on R / R"
with values in R d, which is bounded, continuous, once ditterentiable in the variable t,
twice ditferentiable in the variable x and whose differentials are bounded and
continuous.

P is a fixed probability measure in H. Since for the probability measure QP on f,
(x, y) are Ito processes whose characteristics are given by (2.7), we may use the standard
Ito calculus to obtain
T T

IO (C(s’ Xs)’ dys) (C(T’ x’r)’ Y1")- Io ( ys, C,,(S, Xs) dxs

(2.8)

Now, by the results given in [5]-[7], we know that, if T R 4, there exists a universally
measurable function Jr(x, y) on CO(R/; R" x R a) such that, if Q is any probability law

+ don (R R xR for which x is a semi-martingale, Jr(x, y) is Q a.e. equal to the
T

stochastic ntegral o Ys, Cx (s, xs) dx
Now under QP, x is a semi-martingale on 1 with respect to {Gt+ },_->o. Using the

result of Stricker [2, VII-60], that x is a {F,’x/ },_>_o semi-martingale, and the result of
Meyer [2, VIII-13] on the invariance of the stochastic integral when restricting the
filtration, we find that, QP a.s.,

(2.9)
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(d) The probability measure Q’P. We are now able to define completely the
probability law of the system described in (0.1). In fact, starting from measure QP, we
will do a Girsanov transformation [6, 4] to change the drift of y.

DEFINITION 2.4. Let TR+. Zr(x, y) is the universally measurable random
variable defined on rg(R +’, R"Ra) by

Zr(x, y)= exp {(C(T, xr), yr)-Jr(x, y)

(2.10) lI IO
r

lcl }--- (ysaii(S, Xs, y)Cl,,,,(S, Xs)/lC(s,x)l:) ds y s(S, Xs) ds

We finally define the law of (h, y, x) for a given P.
DEFINITION 2.5. Let P II. Q,P is the probability measure on rg(R +’, R" R k X

R d) given by

(2.11) dO’P(x, h, y) Zr(x, y) dQP(x, h, y).

Of course, due to (2.9), Zr is for QP an exponential martingale (in T), and since C
is bounded, Q’P is a probability measure. Moreover, under Q’P, (xt, Yt) are Ito processes
on (12, {Gt}t>_o) whose characteristics are

(212) (a(t’x" Y’) ) (l(t’x" Y)+g(t’x" y’)u’)"0 1,<__rC(t,x,)

this is by a well-known result on the Girsanov transformation [6, 4].
Now, using (2.5) we have

(2.13) dQ’P(x, h, y)= IR. dtz(z) dP(h, y)Zr(x, y) dpz’h’Y(x).

By Fubini’s theorem, to integrate with respect to Q’P we first fix (z, h, y), integrate
with respect to Zr(x, y) dpz’h’Y(x) and then integrate with respect to (z, h, y).

We now claim
PROPOSITION 2.6. For any (z, h, y) in R" x u(R +’, Rk) r(R +’, R a), when the

space rg(R+; R") is endowed with the probability measure pz,h.y, the random variable
JT(X, y) is pz,h,y a.s. equal to the stochastic integral

T

JT(X, y)= J0 (y" Cx(s, x) dxs).(2.14)

Proofi Let S be the probability measure on ’(R/; R a) which is the Dirac measure
at y. Then, under the probability measure dS(]) dpz’h’(x) on (R +’, R" Ra), xt is a
semi-martingale with respect to the filtration {F’Y}to. We then krow that Jr(x, y) is a
version of the stochastic integral on the r.h.s, of (2.14). I3

(e) The probability measure R z.h,y. As in [3], we introduce the probability measures
R z’h’y as a technical tool.

Let tr(t, x, y) be the positive square root of a(t, x, y). Using [6, Thm. 4.5.2], we
know that for any (z,h, y)s R" cCU(R +’, Rk)(R+, R a), there exists a Brownian
motion w (on a possibly enlarged probability space) such that, for the probability
measure ez.h.y, the semi-martingale xt is such that

(2.15) dx (f(t, x,,-y,)+ g(t, x,, y,)u,) dt +tr(t, x,, y,) dw.
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We now proceed as in [3]. Let Z{ be the random variable defined on ((R +"

pz,h,y) by

(2.16)

Z{(x) exp { Io
r

(y, C,,(s, x)o’(s, x, y) dw)

(a(s, Xs, ys)C*x (s, xs)ys, C* (s, xs)ys) ds}.
Now, since Cx is bounded and y is continuous, by [6, Thm. 6.4.3], we know that

Z- dPz’h’y is a probability measure on (R +’, R"), which we call R z’h’y. We now have
the elementary

PROPOSITION 2.7. The measure R ’h’y is the probability measure on C(R+; R ")
which is the unique solution o[ the martingale problem associated to (x, f(t, x, yt)+
g(t,x, yt)ut-a(t,x, y,)C* (t,x)yt, a(t,x, Yt)). R z’h’y depends continuously on (z, h, y)
R" x %cr(R+; R)x %)(R+; R).

Proof. Since pz,h,y is the solution of the martingale problem defined in Definition
2.1, by a standard use of the Girsanov transformation [6, 4], the first result is easily
proved. Note that we are again under the conditions of uniqueness of the solution of the
martingale problem. Finally, the continuous dependence of R z’h’y is a consequence of
[3, Lemma All and [6, Thm. 11.3.4].

(f) Continuous dependence of 0’e on P. We now prove that O’e depends cOntinu-
ously on P e II.

Let Vr(x,h,y) be the continuous function on (R+;R")xt(R+;R)x
%(R+; R a

Vr(x, h, y)

exp {(C(T, XT), yT}+ --- aii(s, Xs, y)Ctx’’(s, Xs)y y,Cts,

--IC(s, x)l- -( y. C(s, x)((s, x. y) + g(s, x, ys)u))

+- (a(s, Xs, ys)C* (s, Xs)y, C* (s, x)y)) ds

We now have the essential result.
THEOREM 2.8. For T R +, the restriction of Q’P to GT depends continuously on

PeII.
Proof. Using (2.13), Proposition 2.6 and (2.16), it is clear that for P e 7r

(2.17) dO’e(x, h, y)= IR, dlx(z) dP(h, y)Vr(x, h, y) dRZ’h’y(x).

Let W(x, h, y) be a bounded continuous function on ([0, T]; R" x R k Re). We must
prove that

(2.18) P II- I W(x, h, y) dQ’e(x, h, y)

is continuous. Let rk(V) be a bounded continuous function on R with values in [0, 1],
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which is equal to 1 on and to 0 for Ivl -> k + 1. We claim that

(2.19) PcII- I W(x,h, y)r(sup [yl) dO’e(x,h, y)
sT

is continuous. To prove (2.19), it suffices to show that the mapping

(2.20)
(z, h, y)cR" x U(R+’, Rk) (R +’, R e)

"-> I rk(sup [ysl)W(x, h, y)Vr(x, h, y) dRZ’h’Y(x)

is bounded and continuous. Now, when sups__<v lYs[ is uniformly bounded, Vv(x, h; y) is
also uniformly bounded. The function rk(sup<_v[yl)W(x,h, y)Vv(x,h, y) being
bounded and continuous, the continuity of (2.20) follows easily from the continuity of
R z’h’y and Prokhorov’s theorem.

To prove the continuity of (2.18), it suffices to show that when k--> +oo, (2.19)
converges uniformly to (2.18) on II. By (2.12) we know that, under Q’P,
o C(s, x) ds is a Brownian martingale. If M is a positive constant such that, for any
(s, x), IC(s, x)l <=M, we have

IT(x, y, h)(1- hk(SUp lYsl)) dQ’P

sT
(2.21)

<- CO’e(sup lY[ >- k)
sNT

<- CPd (sup lye[ e k -MT).
sT

Since the r.h.s, of (2.21) tends to 0 when k +c, the 1.h.s. of (2.21) tends to 0 uniformly
in P II. The theorem is proved.

(g) Optimal stochastic control. We will now solve an optimal stochastic control
problem. Let L(t, x, y, u) be a positive continuous function defined on R/ x R" x R e

U, which is convex in the variable u. We now have the following elementary result:
PROPOSITION 2.9. The mapping (x, h, y)e (R+; Rn)x U(R+; Rk)x qg(R+;

TRe)--> o L(t, xt, yt, ut) dt is l.s.c.
Proof. Let (x n, y", u ") be a sequence converging to (x, y, u). By uniform continuity

it is clear that the sequence of continuous functions (t, v)e [0, T] x U--> L(t, x’;, y, v)
converges uniformly and boundedly to the function (t, v)--> L(t, xt, y, v). Now using the
convexity of L in the variable u, it is easy to see that

(2.22)
T TIo L(t, xt, y,, ut) dt-<-lim inf I0 L(t,x,, y,, u’/) dt.

The proposition follows. [3
G is a lower bounded continuous function defined on R" R e with values in R.
We now have the existence result of an optimal control law:
THEOREM 2.10. The functional

T

(2.23) Prl-f[I0 L(t, xt, yt, ut) dt+G(XT, YT)] dQ’P(x,h, y)

has a minimum on II.
Proof. From Theorem 2.8 and Proposition 2.9, (2.23) is 1.s.c. on H. By Proposition

1.4 II is compact. The theorem is proved. 1
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Remark. The result of Theorem 2.10 is slightly stronger than existence theorems
proved in [3]. The method in [3] involved a "separated" control problem, which is
avoided here. See [3, 4, 7].

The proof of Theorem 2.10 gives the following slightly more general result:
THEOREM 2.11. Let (x,h, y)--> (x, h, y) be 1.s.c. on qg(R+;Rn)tr(R+;Rk)x

(R+;Rd) with dP>--O. Then PH->(x,h, y) dQ’P(x,h, y) has a minimum on H.
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NONLINEAR PERTURBATIONS OF CONTROL-SEMILINEAR
CONTROL SYSTEMS*

KEVIN A. GRASSE"

Abstract. We consider the class of nonlinear, autonomous control systems on a differentiable manifold
that depend semilinearly on the control variable. This class includes the much-studied class of control-linear
systems. For such control-semilinear systems, we prove that global controllability is preserved under
nonlinear perturbations satisfying a mild boundedness condition. Our techniques enable us to obtain
controllability results for piecewise-constant and smooth controls, as well as for measurable controls.

1. Introduction. Our purpose in this paper is to study the effect of "reasonable"
perturbations on global controllability properties of a certain class of nonlinear control
systems. In a previous paper [4] the author gave a sufficient condition for the property of
controllability to a compact set on a fixed time interval to be preserved under small
perturbations. This condition was formulated for arbitrary nonlinear, nonautonomous
control systems. By restricting the class of control systems under consideration, one can
naturally expect to obtain stronger results. We shall do this here by focusing our
attention on nonlinear, autonomous control systems that are "semilinear" in the
control variable (precise definitions will follow). Our results will show that, for such
systems, global controllability is preserved under nonlinear perturbations that satisfy a
rather mild boundedness condition.

The problems considered here are motivated by and related to the work of
Brunovsky and Lobry [1]. In fact, the connection between our work and theirs is
sufficiently close to merit a precise delineation of how the results presented here
complement and/or improve the results of [1]. Consequently, we begin by giving a brief
summary of some of the work of Brunovsky and Lobry.

LetM be a connected C manifold of dimension n and let V(M) denote the Lie
algebra of all C vector fields on M under the usual bracket multiplication. A finite
subset {:1, ", :,} of V(M) induces a control-linear control vector field (or control
system) on M,

(1) k Y u(t)i(x),
i=1

where the ui are bounded measurable functions of R into R. Let L denote the subalgebra
of V(M) generated by the vector fields q,..., ,, and let

for each x in M. The set L(x) is clearly a vector subspace of TxM, the tangent space toM
at x. As is well known, the condition dim L(x) n for every x in M is sufficient for the
global controllability of (1) from every x in M [5], [6]. Furthermore, this condition is
also necessary for global controllability in the real-analytic case [11 ], although it is not
necessary in the C case. In [1], Brunovsky and Lobry prove, or at least develop the
techniques to prove, the following results (see also [7], [8]).

* Received by the editors November 25, 1980.
t Department of Mathematics, University of Oklahoma, Norman, Oklahoma 73019.
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THEOREM. /f dim L(x) n ]:or every x in Mand ifo is any C vectorfield on M, then
the control vector field

f p(x) + E bli(t)i(X)
i=1

is globally controllable from every x in M.
THEOREM. If dim L(x) n for every x in Mand if g M x " TMis a C control

vector field on M that is globally bounded on M x Nm (e.g., with respect to a Riemannian
metric on M), then the control vector field

f g(x, u(t))+ E ui(t)i(X)
i=1

is globally controllable from every x in M, where u(t)= (ul(t), u,(t)).
We seek to improve these results in several ways. First, we will work with C

mappings, as opposed to C mappings. It is important to note that the bracket
multiplication does not yield a Lie-algebra structure on the set of all C vector fields on
M because the bracket of two C vector fields is only of class CO in general. Hence, we
must reformulate the hypothesis in the above results on the dimension of the Lie
algebra L. In our treatment we will simply replace this hypothesis by the assumption
that (1) is globally controllable from every x in M. Since the hypothesis on the
dimension of the Lie algebra implies global controllability, but not conversely, this will,
in effect, weaken the assumptions in the above results.

Second, instead of considering the control-linear system (1), we will prove the
above results for the more general control-semilinear system,

(2) 3 E bti(t)i(X, v(t)),
i=1

where the ui are as above, v is a bounded measurable mappint of [ into E P and
:M TM is a C control vector field on M with control space E" for each
1,. , m. Thus, the control present in the system is comprised of two components

(v(t), u(t)), and we require the system to be linear in the second component. This
enables us to handle at least some degree of nonlinearity in the control variable.

While these remarks indicate some improvement of certain aspects of the results in
1 ], we must stress that our work cannot be regarded as a complete generalization of [1 ],
because there the authors consider controllability by a rather restricted set of controls.
Our only efforts in this direction will be to show that the perturbed system is
controllable by piecewise-constant controls and, in the control-linear case, by C
controls.

We will employ two major tools in this paper: a perturbation theorem proved
previously by the author [4, Thm. 4.9] and the notion of normal reachability introduced
by H. Sussmann [13]. The author’s theorem assumes the existence of sufficiently many
so-called normal values, and there is a close connection between normal values and
normal reachability in control-semilinear systems, as we will show.

The development of the results in this paper will be carried out within the
notational framework of [4]. Consequently, we will assume a familiarity with the
contents of this reference and simply provide a brief resum6 of some essential
definitions here. It should be noted that the results of [4] applied to nonautonomous
systems, so the notation was designed to keep track of the initial time. Here, we will
consider autonomous systems exclusively, where the initial time is usually taken to be
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zero. Thus, in using the notation of [4] we will be constantly reminding ourselves that
the initial time is zero. While this may seem slightly redundant, we felt it preferable to
developing a new notational scheme for the autonomous case.

2. Preliminaries. Let M denote a finite-dimensional, second-countable, connec-
ted, Hausdorff differentiable manifold of class Ck with k _-> 2 and set n dim M. These
assumptions imply, in particular, that M is a paracompact and metrizable topological
space. Let TM denote the tangent bundle and r" TM M the canonical projection.
We recall that TM is a differentiable manifold of class Ck-1 and r is a Ck-I

submersion. It will be convenient to fix, once and for all, a metric d on M compatible
with the manifold topology and a Finsler structure to TM [4, Def. 4.6].

For e N, we letL denote the Banach space of (equivalence classes of) essentially
bounded, measurable mappings of into NI. The essential-supremum norm is denoted
by I1" I1, and elements of L/ are referred to as controls. We will also have occasion to
make use of the vector subspaces P/ andD of L defined by

pl {u Llu is piecewise constant on every compact subinterval of

and
Dlm {U Llu is of class C on N}.

rP+m L xL for p, m N.We make the obvious identification
A C (autonomous) control vectorfield on M with control space 1 is a C mapping

:M x Rl- TM such that (r :)(x, w)= x for every (x, w) in M x NI. For (s, x, u) in
xM xL, we let J (s, x, u) denote the maximal subinterval of containing s on which

a solution to the initial-value problem

(r(t) (tr(t), u(t)), tr(s) x,

can be defined. This maximal solution is denoted by

tX(s,x.u):J(s,x, u)M

and is called the maximal response o with initial condition (s, x) corresponding to the
control u. Note that the interval J(s, x, u) is necessarily open in

DEFINITION 2.1. If "M x NI_ TM is a C control vector field on M, then we let
() denote the subset of N x N xM xL given by

@(:) {(t, s, x, u) R x R xM x Llt J(s, x, u)},

and we define a mapping x @(:)M by

tx(t, s, x, u)= tx(,,,u(t).

The mapping/z is called the global ]tow of
As was pointed out in [4], the set () is open in t x N xM xL, and the mapping

/x is continuous.
The following two propositions contain some elementary properties of the global

flow/x of a C control vector field ::M x Nt TM. The easy proofs are omitted. We
preface these results with one piece of notation. If r N and u L, then u e L/
denotes the control defined by u(t) u(t + r).

PROPOSITION 2.2. Let (s, x, u) xM xL, and let r . Then

J(s + r, x, u_) J(s, x, u) + r

and
tx(t + r, s + r, x, U-r)-- t.t(t, S, X, U)
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for every in J(s, x, u). In particular, if u is a constant control, then

iz(t + r, s + r, x, u) iz(t, s, x, u)

for every in J(s, x, u).
PROPOSXTION 2.3. Let So < Sl < s2 be real numbers, let wl, w2 Rl, and define

controls u a, u2 in P by

W1, SO <----t<----Sl,
u(t)

0 otherwise,

W2, Sl s2,
u2(t)

0 otherwise.

[f (Sl, So, X, Ul))() and (s2, sa, i(sl, so, x, ua), u2)(), then (s2, so, x, ua+u2)
@() and

(S2, SO, X, b/1 -[" U2)-" ($2, S1, (Sl, SO, X, Ul), U2).

There is an obvious analogue of Proposition 2.3 in the case where we have real
numbers So < sa <" < sq and points wa,’ ", wq in R.

Notation. Let ’M l._> TM be a C control vector field with global flow
/x" (:)M. For each (t, s, x) in ix Ix M, we let (t,s,x)() denote the subset of L/
defined by

(,,s,() {u tl(t, s, x, u) ()},

and if @(t.s,x() is nonempty, we let/z(t,s.x) @(,,,() ->M denote the mapping defined by

x(t,s,x(U)= l(t, s, x, u).

We remark that @(t,,() is open in L, and tz(,, is of class C (see [4]).
DErNrrxorq 2.4. Let :M xl TM be a C control vector field on M with

global flow/x :@(sC)M, let (t, to, Xo)RxxM with t>=to, and let a//be a subset of
L. The attainable set of from (to, Xo) at time with controls in all is defined by

(to, Xo; t[//)=/z(,.,o,o)(@(t,,o,o)() ).

The attainable set offrom (to, Xo) with controls in with unspecified endtime is defined
by

4e(to, Xol’//) U e(to, Xo; tl//).
t to

Remark 2.5. A subset o-//_ L/ is said to be invariant under a shift in parameter if,
for every r [ and u % we have u a// (recall that u(t) u(t + r)). Clearly pt, D
and L are all invariant under a shift in parameter. If is invariant under a shift in
parameter, then Proposition 2.2 immediately yields the relations

e(to, Xo; tl)-- (0; xo; t- tol)
and

 e(to, xol Z)I xol z).
Hence, for such families of control a//, there is no loss of generality in taking the initial
time to be zero.

Notation. We set

(xo; tl)= e(0, Xo; tl)
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for -> 0 and

To further simplify the notation when using the families of controls L/ and P, we set

e(x0; t)- e(xo; tlL),
(Xo) (Xo[//),

Ae(xo; t)= e(Xo; tlpl),

Ae(xo) e(xo]P).

In other words, if we do not specify the initial time, then it is zero; a script /with no
family of controls specified means we are using the full set of controls L; a nonscript A
means we are using the set of piecewise-constant controls P/.

Remark 2.6. Since P/ L/, it is clear that we have the inclusions

A(xo; t)
_
e(Xo; t), Ae(xo) c_ (Xo).

It is also true that these inclusions are dense, although this particular fact will not be of
essential importance here. In the next section we will give a sufficient condition for
having equality of the sets Ae(xo) and (Xo).

DEFINITION 2.7. Let "M l .-) TM be a C control vector field on M, and let
be a subset ofL. We say that is completely controllable by controls in all if M(x la//) M
for every x in M.

We now introduce a control vector field of a more specialized form.
DEFINITION 2.8. Let m be a positive integer, and let p be a nonnegative integer. A

C control vector field

M x [" x - TMis said to be control semilinear if there exist C control vector fields :"M x " --> TM for
1,. ., rn such that

(x, z, w)= E w(x, z)
i=1

for all (x, z, w) in M x x m, where w (wa,.. , w,).
Remark 2.9. An important special case of this definition occurs when the : are

(uncontrolled) vector fields " M--> TM. Then

(x, w)= E w(x)
i=1

is referred to as a control-linear control vector field.
For a >0 and u L/, we let u L denote the control defined by u(t) u(t/a)

for each in [. The proofs of the following proposition and corollary are routine.
PROPOSITION 2.10. Let M x x " --> TM be a C control-semilinear control

vector field on M with global flow Iz @()-> M. Let (r, O, x, v, u) be an element of @()
with r > O. Then for every a > 0 we have

(ar, 0, x, u s, (1/ce)u") (:)

and

Iz(ar, O, x, v , (1/a)u) Ix(r, O, x, v, u).

In particular, if v and u are constant controls, then

tx(ar, O, x, v, (1/a)u)= Ix(r, O, x, v, u).
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COROLLARY 2.11. Let :M R" x Rm TM be a C control-semilinear control
vectorfield onMwith globalflow tz @() - M. Let 1l be a subset ofL+’ L Lo such
that (v, u) 0//, a >0, and r imply (v , ru) all. Then, for each x in Mand >0, we
have

(x; tl)= (xl)).
The condition on the set of controls 0//in Corollary 2.11 is somewhat technical, but

]r p+ ]p+ ]r p+is certainly satisfied if //is ,- or which are the three cases of interest.

3. Families of vector fields. Recall that a C vector field on M is a C mapping
X"M- TM such that zr X is the identity mapping on M. For each x in M, we let- Xt(x) denote the maximal integral curve of X passing through x at time 0. The
mapping (t, x) Xt(x), which is called the globalflow of X, is defined on an open subset
of M and is of class C 1.

DEFINITION 3.1. Let S be family of C vector fields on M. For x inM and _-> 0, we
define the attainable set of S from x at time by

As(x t) {Xtk XtXl (x)lk , xl, Xk S,
k

each ti is nonnegative, Ei=I ti- t, and the expression is defined}.

We define the attainable set of $ from x with unspecified endtime by

As(x) kJ As(x; t).
tO

DEFINITION 3.2. A family S of C vector fields on M is called symmetric if X S
implies -X e $.

An elementary consequence of symmetry is that we can, in effect, move both
forward and backward in time along the integral curves of the vector fields in $. This
follows because moving backward along an integral curve of X S is equivalent to
moving forward along an integral curve of -X. A deeper consequence of symmetry is
contained in the following theorem, which was proved independently and simul-
taneously by Peter Stefan and H6ctor Sussmann.

THEOREM 3.3 [9], [12]. Let S be a symmetric family of C vector fields on the
manifold M. Then the family of attainable sets {As(x)[x M} forms a partition ofMand
each attainable set has the structure of a C immersed submanifold ofM. Moreover, for
each x in M we have

{X(x)lX s} TxAs(x).

We remark that the submanifolds formed by the attainable sets need not all be of
the same dimension.

As is well known, every C control vector field : :M x 1 TM induces a family of
C vector fields on M. For each w in NI, we define a C vector field X by
X (x)= (x, w), and we set

s()={XWlw’}.
We call S() the family of vector fields associated to the control vector field . The global
flows X and obviously satisfy the relation

X’ (x)=/z(t, 0, x, w)

for every in the interval J(0, x, w), where we identify w e RI with the constant control
inL taking the value w. Hence, there is a one-to-one correspondence between integral
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curves of S(:) and responses of : corresponding to piecewise-constant controls. From
this we obtain the relations

As(o(x; t)=Ae(x; t), As(o(x)=Ae(x)

for every x in M and >- 0.
DEFINITION 3.4. A C a. control vector field "M x R -> TM is said to be symmetric

if, for every w in R, there exists a w’ in N1 such that :(x, w) -:(x, w’) for every x in M.
It is clear that if : is a symmetric control vector field on M, then the associated

family of vector fields S() is symmetric. We also note that a control-semilinear control
vector field is obviously symmetric.

DEFINITION 3.5. Let M be a Ck manifold (k >-2), and let NM be a C
immersed submanifold of M. We denote the inclusion map by i" N --> M. A C control
vector field "M x N--> TM is tangent to N if, for every x in N and w in Nl, we have

(x, w) image dix.

In this case, : induces a Co control vector field " N x N --> TN on N, which is defined by
the relation sc (i x 1R)= di .

PROPOSITION 3.6. Let ’M Rl TM be a C control vector field on the C
manifold M (k >-2) with global flow tx ()Mand suppose that
immersed submanifold N

_
M. If (, O, Y,, ft) () is such that

Ix(, O,Y,a)6N,

then there exists an e > 0 such that

[t-]< e ::)>ix(t, 0, Y, t) N.

Proof. Let "N l --> TN denote the induced Co control vector field on N, and set
Ix(, 0, Y, t). Letp dim N, let (q, U) be achart ofN with U, andlet: q(U)

l_> p denote the local representative of with respect to (q, U) [4; Def. 2.4]. The
mapping (t, y)--u(y, (t)) is clearly measurable in t, continuous in y, and locally
bounded in both variables. By the Carath6odory existence theorem for ordinary
differential equations [3], there exists an e > 0 and an absolutely continuous mapping
a "(-e, +e)-o(U) such that a() q() and

&(t)=s(a(t),(t)) a.e. fort6(-e,+e).

It is important to note that we cannot infer uniqueness of such a solution from the
Carath6odory theorem alone. However, a quick.check of the definitions shows that the
mapping

-1q c (’i e, + e ->M

is a response of the control vector field : with initial condition (, ) corresponding to
the control 6. Since is of class C a, its responses for a prescribed set of initial conditions
and control are unique, so that

-1(3) (i q a)(t)= Ix(t,

for every in (- e, + e). Using the transitivity of the flow, we obtain, for every in
(-e, +e),

Ix (t, , 37, a)= Ix (t, , Ix (, 0, , tT),

which is obviously an element of N by (3). 71
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The following theorem shows that the condition of symmetry on a control vector
field is sufficient to ensure the equality of the attainable sets via measurable and
piecewise-constant controls.

THEOREM 3.7. Let M x l_.. TMbe a C symmetric control vectorfield on Mand
let S() denote the associated family of C vector fields. Then, for every x in M, we have

sde(x) Ae(x) As(e(x).

Proof. Since is symmetric, S() is symmetric, and Theorem 3.3 implies that
{As(e(x)lx M} is a partition of M by C immersed submanifolds. Choose a point x
from each attainable set As(e)(x), so that for an appropriate index set I the family
{As(e)(x,,)la I} represents all of the attainable sets of S(:) and each attainable set is
listed only once.

Fix a point in M, and let/3 I be such that As(e)(Y) As(e)(x). We have already
commented that the equality Ae($) As(e)() and the inclusion Ae(Y)

_
e(Y) hold. To

prove the theorem, it suffices to prove the inclusion se(Y)
__

As(e)(Y).
If y ese(Y), then there exist u in L/ and t_->0 such that y =/z(t, 0, , u), where

/x @(:)M is the global flow of :. For each a in I, define a subset J of the closed
interval [0, t] by

J {s [0, t]ltx(s, O, , u) As(e)(x)}.
Observe that the family {Jla e I} is a partition of [0, t], since {As(e)(x)la e I} is a
partition of M. Furthermore, each J is open relative to [0, t] by Proposition 3.6.
Because J b and [0, t] is connected, we must have J [0, t], and hence

y tx(t, O, ,, u) As(e)(x) As(e)($).

Since y e e($) was arbitrary, we conclude that e($)c_ As(e)(), which completes the
proof. [3

We remark that results similar to Theorem 3.7 have been obtained by G. Stefani
and P. Zecca [10]. They work in the context of multivalued vector fields and,
consequently, their methods of proof differ somewhat from the above.

CORROLLARY 3.8. Let M x NP x ’ - TM be a C control-semilinear control
vector field on M. Then, for every x in M and > O, we have

e(x; t)= sde(x) Ae(x) Ae(x; t).

Proof. The first and last equalities follow from Corollary 2.11. The second equality
follows from the theorem, because a control-semilinear control vector field is sym-
metric.

The proof of the next theorem is similar to that of Theorem 3.7.
THEOREM 3.9. Let M x Rl - TMbe a C symmetric control vectorfield on Mand

let q M x N
_
TMbe a C

is tangent to the submanifold Ae(x) for every x in M. Then ]’or every x in M we have

sde+n(x)
_

sge(x) Ae(x).

It is important to note that if r/is not tangent to all of the submanifolds Ae(x), then
a response of + r/can escape one of the submanifolds Ae(), even if r/is tangent to
Ae(i). We omit the easy examples.

4. Normal values and normal reachability. In this section we begin by reviewing
the definition of a normal value of a ditterentiable mapping and refining, to some extent,
our previous perturbation theorem [4, Thm. 4.9]. This refinement will enable us to deal
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with perturbations of systems that are controllable by piecewise-constant or C
controls, as well as by measurable controls. Our perturbation theorem requires the
existence of sufficiently many normal values. Using Sussmann’s notion of normal
reachability, we will show that if is control semilinear with global flow/x, then every
point in the interior of the attainable set (Xo; t) (x0 M, > 0) is a normal value of the
mapping

tz (,,O,o)" @(,o,,,o)(:) -M(this notation was introduced just prior to Def. 2.4).
DEFINITION 4.1 [4]. Let X and Y be Banach manifolds of class C and let

h"X Y be a C mapping. A point y0 in h(X) is called a normal value of h if there
exists at least one x0 in h-l(yo) such that the differential dhxo is a split-surjective linear
mapping.

Remark 4.2. In our applications X will be an open subset of a Banach space and Y
will be the finite-dimensional manifold M. Recall that surjectivity and split-surjectivity
of the differential are equivalent in this situation [4; Rem. 3.6].

THEOREM 4.3. LetE be a Banach space and letFbe a vector subspace orE. Let Ube
an open subset of E, and let h" U M be a C mapping. Suppose that C h(U) is a
compact set with thefollowingproperty" ]:or every y in Cthere exists a closed subspace Gy of
Esuch that Gy

_
F, and y is a normal value ofh It:noy. Then there exist a compactsubsetK

of U fqF and an e > 0 such that, if "K M is any continuous mapping satisfying
d((x), h(x)) <-_ e ]:or every x in K, then C

_
ft(K).

Proof. The proof is almost identical to the proof of [4, Thm. 3.7]. In fact, only one
modification is necessary. When applying the inverse-mapping theorem to obtain a
local right inverse of h at y C, we apply the inverse-mapping theorem to the mapping
hl, and thus obtain a local right inverse of h taking values in Gy

_
F.

Remark 4.4. In our applications, E will be L and F will be P/,D or L. The
subspace Gy will always be finite dimensional and hence closed in L.

Notation. If 1 "M l ..-) TM is a C control vector field onM and K M l is a
compact subset, then we set

IIIIK max {lift (x, w)ll,ol(x, w) K},

where to TM R is the given Finsler structure on TM.
THEOREM 4.5. Let :M Rl TM be a C control vector field on M with global

flow I () Mand letall be a vector subspace ofLl. For Xo in Mand > O, suppose that
C is a compact subset of the attainable set (Xo; [a//) having the following property:
for every y in C there exists a closed subspace qy of LI such that qy ll and y is a
normal value of the mapping

tz(z,O,o)l@(z,O,o)(:) 1"3 .
Then there exist a 6 > 0 and a compact subsetK ofM x such that, ifq M x --.) TMis
any C control vector field on M satisfying I1, 11,, <- then C

Proof. The theorem follows from Theorem 4.3 in much the same way that [4, Thm.
4.9] follows from [4, Thm. 3.7]. We omit the details.

We next introduce Sussmann’s concept of normal reachability in families of vector
fields. As we will see, there is a close connection between normal values and normal
reachability for control-semilinear control vector fields.

DEFINITION 4.6 [13]. Let S be a family of C vector fields on M. We say that a
point y in M is normally k-reachable from a point x in M, 0-<_ k <= n, if there exist a
positive integer q, vector fields X1,..., Xq in S, and positive real numbers sl, ’, sq
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such that X X (x) is defined and equals y and the C mappingsq

(x(tl to)-.Xq Xt,

which is defined in a neighborhood of (Sl," , sq) in o, has rank k at (Sl," ’,

The following fundamental result is an immediate consequence of the work of
Sussmann 12]. It is also contained implicitly in the work of Stefan 9].

THEOREM 4.7. Let S be a symmetric family ofC vector fields on M, let x M, and
let k be the dimension of the submanifold As(x). Then every point y in As(x) is normally
k-reachable from x.

THEOREM 4.8. Let M P m - TMbe a C control-semilinear control vector

field on M with global flow :@(:)- M, and fix Xo in M. Then the following three
statements are equivalent:

(i) dim 4(Xo)= n.
(ii) Every point y in 4(Xo) is normally n-reachable from Xo via the associated

family of vector fields S().
(iii) For every y in (Xo) and > O, y is a normal value of the mapping

tz(,O,xo) @(,O,xo)(:) " M.
Proof. If $(:) denotes the family of C vector fields onM associated to :, then $(:)

is symmetric, As()(x) 54(x) for every x inM and each attainable set has the structure
of a C immersed submanifold of M. These observations are contained in Theorems 3.3
and 3.7 and will be useful to us here.

The implication (i): (ii) follows from Theorem 4.7.
Assume that statement (iii) holds. Let y be a point in 54t(Xo), and let ? > 0 be a

positive real number. By assumption, there exists a control u in @(,O,xo)(:) such that
/z(,O,xo)(U) y, and the differential

d(/z(,O,xo))u L+’ - TyMis a surjective linear mapping. The surjective-mapping theorem implies that the interior
of

image (tz(,O,xo))- (Xo; )

relative to M is nonempty. Therefore 4(Xo) is a submanifold of M having nonempty
interior. Since 4(Xo) is a connected submanifold of the paracompact manifold M, it
follows that s(Xo) is a second countable in its submanifold topology [2]. We conclude
that dim (Xo)- n, and this proves the implication (iii): (i).

It remains to prove the implication (ii)=), (iii). In the following argument we will
identify the point (z, w) in P with the constant control in L+’ taking the value
(z, w). Let y be a point in (Xo) As()(Xo). By assumption, y is normally n-reachable
from Xo so there exists a positive integer q, constant controls

(Z1, W1),’"’, (Zq, Wq)ep X

and positive real numbers s,. , so such that the C mapping

(tl,"" ",to)
(4)

--l(tq, 0, /- (tq-1, 0, /.(" /Z(tl, 0, X0, Zl, W1), ), Zq-1, Wq-1), Zq, Wq)

is defined on an open neighborhood of (Sl,’" ,s) in , takes the value y at
(s,..., so) and is of rank n at (Sl,’’’, so). Using the elementary properties of the
global flow/. listed earlier, we will derive an alternative expression for the mapping (4).
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Let U be an open neighborhood of (sl,’’’, so) in q such that (tl,’’’, tq) U
implies ti > 0 for each 1,.. , q and (tl, , t) is in the domain of the mapping (4).
Denote the restriction of the mapping (4) to the set U by f" U M. Then for each
(h,""", t) in U we have

f(h, tq)

=/x (tq, O,/-t, (tq-1, O, p.(’" ",/-t, (tl, O, Xo, 2’1, Wl), ), Zq-1, Wq-1), Zq, Wq)

( (tq-1 ( (tl )) ) )Sq, O, [2,\q_ Sq-1, O, ]Ul, ", $1, O, XO, Z1, W1 ," Zq-1, Wq-1 Zq, W

(((( tl)) tq-l )tqq)Wq--1 Zq, WSq, O, ]Ul. Sq-1, O, ]Ul, ]Ul, $1, O, XO, ZI, W1 Zq-1,
SI-1$1 Sq

where the last equality is a consequence of Proposition 2.10.
Set So=0 and define controls v,..., v L, u1,’", u,L by

Zi, SO -" -- Si-1 SO -[-" -[- Si-1 -[- Si,
vi(t)--

0 otherwise,

and

(1/Si)Wi, SOW’’ "q-Si-l <=t<=So +" "-[-Si-l-[-Si,
ui(t)

0 otherwise.

Using this notation and Propositions 2.2 and 2.3, we obtain

f(h, t)

tx(sq+" +s, sq-l+" +s, tx(s-+" "+sl, s_9.+" +

/d,(" ", /&(Sl, O, XO, {)1, tlul), "), Vq-1, tq-lUq-1), IAq, tqUq)

IJ, Sq -[-" "-t- $1, O, Xo 121-1-" "-+- l)q u +" "+ qlAq

[p+mDefine a mapping p" Nq-+,_,oo by

p(tx, ", t) (vl +’" + Vq, tlUl +" 4- tuo).

Since O is an affine mapping, it is clearly of class C. If we set s +" + Sq, then our
above computation shows that the mapping f" U M admits a factorization

f (,O,xo) (olt:).
Letting v v +" + v, and u sxul -[-’ -[" Sqblq, we see that v and u are piecewise-
constant controls and, by the chain rule,

df(s,....,) d (/x(e,O,xo))(.,) Dp(sl....,,).

Since the differential df(,...,,) is surjective by assumption, the differential d (/x(s,O,xo))(,)
is also surjective. We conclude that y -/x(.O.xo)(V, u) is a normal value of the mapping
/z(,O,xo).

Finally, if > 0 is an arbitrary positive real number, then for a /g we have

y [J.(Sq, O, [d,(Sq-1, O, I1.(’’", ]d,(S1, O, Xo, Z1, Wl), "), Zq-1, Wq-1), Zq, Wq)
-1

]Ul, OlSq, O, Id, OgSq O, ]J, /./, (OS1, O, Xo, ZI, O WI)," "),
-1 -1

Zq-l, Ol Wq-1), Zq, Ol. Wq).



322 KZWY A. GASSZ

Hence, the mapping

g(tl, tq)
-1

tz (t., 0,/z (t,-1, 0,/.t,(’..,/.t, (tl, 0, x0, Zl, ce wl),"" "), z,-1, ol

is defined in a neighborhood of (as,. ., as,) and satisfies

g(tl, t.)= f(tl/a,

In particular, we have

and
y-- g(as1, OtSq)

dg(=sl,...,asq) (1/a )df(sl,...,sq),
This shows that g has rank n at (as,..., as,). Since

as. +" + as, ag ,
the preceding argument shows that y is a normal value of the mapping/Za,O,xo). This
completes the proof of the implication (ii): (iii) and the theorem.

Imbedded in the above proof is the following technical result, which will be useful
in verifying the hypothesis of Theorem 4.5 for control-semilinear control vector fields.

COROLLARY 4.9. Let dim e(Xo) n. Then, for every y in (Xo) and every > 0,
there exists a finite-dimensional subspace % ofP+’ such that y is a normal value of the
mapping

(t,O,xo)l(,,O,o)() %.
Proof. The proof of the theorem shows that tz(,O,xo) factors through a subspace of

PP" spanned by a finite number of piecewise-constant controls.

5. Applications to the perturbation problem. We will now apply the preceding
results to study the effect of nonlinear perturbations on certain controllability proper-
ties of control-semilinear control vector fields. Our first theorem is the analog of [4,
Thm. 4.9] for control-semilinear control vector fields. In this case the formulation is
somewhat more satisfying than that of [4, Thm. 4.9] because we do not require any
assumption concerning the existence of normal values.

THEOREM 5.1. Let :M x x R’ TMbe a C control-semilinear control vector

field on M, and let Xo M be such that dim se(Xo) n. Let C be a compact subset of
e(Xo), and let > 0 be given. Then there exist a 8 > 0 and a compact subset K of
M x x " such that if r :M x x " -. TM is any C control vector field on M
satisfying IIr/]]c <--6, then C

_
A+n(Xo; ).

Proof. By Corollary 3.8, we have C (Xo)- Ae(xo; ). The result is now an
immediate consequence of Corollary 4.9 and Theorem 4.5 with R P+’. 71

Our next objective is to develop results of a character similar to Theorem 5.1 for
global controllability (as opposed to controllability to a compact set) and globally
bounded perturbations (as opposed to perturbations that are bounded, but possibly
very small, on a compact set).

PROPOSITION 5.2. Let :M "- TM be a C control-semilinear control
vector field on M and let allL+" be such that a>O and (v, u)e?l imply
(v, (1/a)u) e a//. Let ,1 :M " --> TMbe an arbitrary C control vectorfield on M,
and let e > 0 be given. Define a C control vector field M m _> TM by

re(x, z, w)= en(x, z, (1/e)w)
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for (x, z, w) in M x Rp x ’. Then, for each Xo in M and > 0, we have

+(xo; 1) +(xo; /l).

Proof. Let p and p denote the global flows of s + w and +, respectively. If
y s +,(Xo; 1), then there exists a control (v, u) in such that

p(i, 0, Xo, v, u) y.

Define a mapping fl" [0, /e M by

(t)=p(et, O, xo, v,u).

Then fl (0) Xo, fl (/ e) y and, for almost every in [0, / e ], we have

(t) eDlp(et, O, Xo, v, u)

e ui(et)i((t), v(et))+((t), v(et), u(et))

2 eu/e(t)i((t), v/(t))+n(B(t), v/(t), eu/(t))
i=1

Consequently, for in [0, /e ], we have

B(t) o(t, O, xo, v /, eu/)
and, in particular,

y B(/e)= o(/e, 0, xo, v /, eu/)+,(xo;
Since y +,(Xo; l) was arbitrary, we conclude that

+,(xo;1 +,(xo;/.
The reverse inclusion follows in a similar manner or by symmetry.
coov 5.3. +,(xol) +,(xol ).
DEFINXWIO 5.4. Let M o x TM be a C control vector field on M. We

say that W satisfies the modified boundedness condition in if, for every pair of
compact sets K1 M and K2 , there exists a constant B > 0 such that

Remark 5.5. Observe that if either
(a) the Finsler norm of is globally bounded on M x x, or
(b) does not depend on w ,

then W satisfies the modified boundedness condition in . For our applications, these
are the two cases of interest.

THEOREM 5.6. Let M x TMbe a C control-semilinear control vector

field on M, and let Xo M be such that dim (Xo) n. Suppose that
TM is an arbitrary C control vector field on M which satisfies the modified boundedness
condition in . If C is a compact subset of (Xo), then there exists g> 0 such that
C Ae+,(Xo; g).

Proof. Fix > 0. By Theorem 5.1, there exist a > 0 and a compact subset K of
MxOx such that if (’MxxTM is a C control vector field on M
satisfying I111 , then C A+c(Xo; ). Let

AI" Mxp X mM, A2’ MXp XRm*Rp

denote the proections on the indicated factors. Because satisfies the modified
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boundedness condition in Rm, there exists B > 0 such that

(x, z, w)e,(K) x Ae(K) xR":llr(x, z,

Choose e > 0 so that eB <- , and define a C control vector field r/ :M x NP x N" TM
by

l(x, z, w)= en(x, z, (1/e)w)

for (x, z, w) in M x NP x N". Then for (x, z, w) in K we have

Jim(x, z, w)ll -Ile,(x, z, (a/e)wlloo<--eB <--,

and this implies that C
_
Ae+. (Xo; ). We can now apply Proposition 5.2 to conclude

that

C
_
Ae+, (x0; ) Ae+, (Xo; e ),

so the conclusion of the theorem holds with
COIOLARY 5.7. If, q and Xo are as above, then sge(Xo)

_
Ae+, (Xo). In particular,

if is completely controllable by measurable (or, equivalently, piecewise-constant)
controls, then + q is completely controllable by piecewise-constant controls.

Proof. The theorem implies that C
_
Ae+n(Xo) for every compact subset C of

sfe(Xo), whence the inclusion e(x0) c_ Ae+" (Xo) follows. The second statement follows
from this and the definition of complete controllability.

For emphasis, we give two restatements of Corollary 5.7, corresponding to the two
special instances of the modified boundedness condition listed in Remark 5.5.

COROLLARY 5.8. If C M x x" TMis a C control-semilinear control vector

field onMthat is completely controllable by measurable controls and if
TM is a C control vector field on M whose Finsler norm is globally bounded on
M x x R", then + r is completely controllable by piecewise-constant controls.

COIOLLAa’ 5.9. If M x x ’ TMis a C control-semilinear control vector

field on Mthat is completely controllable by measurable controls and ifr M x TMis
an arbitrary C control vector field on M (with control space ), then + rl is completely
controllable by piecewise-constant controls.

In the event that is not completely controllable, or the submanifold s4e(Xo) is not
of maximal dimension, it is still possible to obtain results for perturbation control vector
fields r/ that are tangent to e(Xo). The method of proof seems apparent; we simply
restrict our attention to the submanifold e(Xo) and apply the preceding results.
However, one technical difficulty arises. If : is of class C 1, then the submanifold se(x0)
is of class C, so the restriction of to s4e(Xo) is only of class C, in general. Since the
preceding results were formulated for manifolds of class at least Ca and control vector
fields of class at least C, they cannot be applied directly to the restriction of s to sfe(x0).
We will circumvent this problem by assuming in the following two results that M is of
class at least C3 and the control vector fields onM are of class at least Cz. These results
are actually true for C2 manifolds and C control vector fields, but the required
arguments appear to be rather technical and uninstructive.

THEOREM 5.10. LetMbe of class C, k >- 3, and let :M x 0 x" - TMbe a C2

control-semilinear control vector field on M. Let rl M x x’ TM be a C control
vectorfield onMthat is tangent to the submanifold s4e(x for every x inMand satisfies the
modified boundedness condition in ’. Then

sge(x) Ae+n(x) sge+n(x)

for every x in M.
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Proof. By Theorem 3.9, for every x in M we have the inclusions

(5) Ae+. (x)
_
ge*, (x) ge(x).

Each of the submanifolds e(x) is of class C2, since : is of class C2, and the vector fields, r/induce C control vector fields on these submanifolds by restriction. Because the
restriction of sc to the submanifold (x) is obviously globally controllable (with respect
to (x)), we can apply Corollary 5.7 to conclude that

4e(x
_
Ae+n (x

for every x in M. Combining this inclusion with the inclusions (5), we obtain the
result.

A similar technique can be used to prove the following theorem.
THEOREM 5.11. LetMbe of class C, k >- 3, and let s :M x x m -- TMbe a C2

control-semilinear control vector field on M. Let rl M " TM be a C2 control
vector field on M that is tangent to one of the submanifolds sge(Xo), and suppose that the
restriction l (Xo) ’ - Tsge(Xo) of to s4(Xo) satisfies the modified bounded-
ness condition in ’. Then we have sg(Xo)c_ A/n(Xo).

6. Controllability by C controls. In this section we will specialize to C control
vector fields :M m TM that are linear in the control variable; i.e.,

(x, w)= Y w(x),
i=1

where :1,’" ", :, are C (uncontrolled) vector fields on M. Our aim is to examine
situations in which nonlinear perturbations of such control vector fields are completely
controllable by C controls. We begin with a technical lemma.

LEMMA 6.1. Let :M ’ TM be a C control-linear control vector field on M
with globalflow tx :@(s) Mandfix Xo M, > O. If is a finite-dimensional subspace of
P, then there exists a linear mapping F" q -D" such that

(,O,xo(U) z(,O,xo)(r(u))

for every u in @(,0.xo)(:)f3 d.
Proof. Let 0 So < S1 <" < Sq be a partition of [0, ] such that, for every u in

d, u is constant on the open interval (si-1, si) for each 1, , q. Such a partition can
be obtained as follows: take a finite number of controls in 3 which span , determine for
each one of these controls a partition on whose open subintervals the control is
constant, and form the common refinement of the partitions so obtained.

Let r" [ R be a C function having the following properties"
(a) rltso.s is a one-to-one, increasing mapping of [So, sq] onto [So, sq];
(b) cr(si) si for every 0-< <- q;
(c) tr(k)(si) 0 for every 0 <_- _-< q and k >_- 1;
(d) r((-oo, So])= So, o’([Sq, oo))= Sq.

For each u in , let F(u) be defined by

F(u)(t) (r(t)u(tr(t)).

Since u tr is constant on the intervals (-c, So), (s,, c), and (&_, si) for i= 1,..., q
and since tr(k)(s) 0 for every 0, ’, q and k >- 1, it is easy to see that F(u) R t
is C. Hence, we obtain a mapping F" J Do which is clearly linear.
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Letu @(.O,xo)(:) fq and define p :[0, ]Mby q(t)= tx(t, 0, Xo, u). Then o-is
a mapping of [0, ] into M and satisfies (q r)(0) Xo and

(q o’)(t) 6"(t)b(o’(t)) 6"(t) E ui(o’(t))i(p(o’(t))) ((q o’)(t), I’(u)(t))
i=1

for almost every in [0, ]. We conclude that

(q o’)(t)= z(t, 0, Xo, F(u))

for every in [0, ]. Therefore, we have

(,O,xo(U) o()= (r6))= (,O,o(r(u)),

which completes the proof. [3
COROLLARY 6.2. If : :M " TM is a C control-linear control vector field on

M, then for every x in M and > 0 the six attainable sets

e(x;t), (x), A(x;t), A(x), (x;tlD), (x[D)
are all equal.

Proof. The equality of the first four sets follows from Corollary 3.8 and the equality
of the last two follows from Corollary 2.11. The inclusion

l(x tlD)
_
sg(x t) A(x t)

is obvious, since D
_
L, and the inclusion

Ae(x; t)___ e(x tlD)
follows from the lemma.

LEMMA 6.3. Let M " TM be a C control-linear vector field on M and let
xo M be such that dim 4(Xo) n. Then, for every y in sg(Xo) and every > O, there
exists a finite-dimensional subspace y ofDsuch that y is a normal value of the mapping

,O,xol,O,xo() .
Proof. By Corollary 4.9 there exists a finite-dimensional subspace y of P such

that y is a normal value of the mapping

(,O,o1(,O,o(:) fq .
Lemma 6.1 yields a linear mapping F" y D such that

u(,O,o(U) (u(,O,xo r)(u)

for every u in (t.O,xo(Sc) fq y. If we set F(r), then it is clear that y is a normal value
of the mapping (.o,xo restricted to the set @(,O,xo)(5)f3 y. [3

The following theorem is the analog of Theorem 5.1 for C controls.
TI-IEOaEM 6.4. Let M x" - TMbe a C control-linear control vectorfield on M,

and let Xo M be such that dim sge(Xo) n. Let C be a compact subset of e(Xo) and let
> 0 be given. Then there exist a 6 > 0 and a compact subset K ofM x " such that, if
1 :M x " TM is any C control vector field on M satisfying [Inll,, _-<6, then C

_
+n(Xo; ID).

Proof. By Corollary 6.2, we have C
_
e(Xo) 4(Xo; [Do). The result is now an

immediate consequence of Lemma 6.3 and Theorem 4.5 with D. [q
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THEOREM 6.5. Let M ," --> TMbe a C control-linear control vectorfield onM
and let Xo Mbe such that dim e(Xo) n. Suppose that rl M R --> TM is an arbitrary
C control vectorfield onMwhich satisfies the modified boundedness condition in ". IfC
is a compact subset of e(x0), then there exists > 0 such that

C _c e+n (Xo; glD).

Proof. The proof is very similar to that of Theorem 5.6. We omit the details.
COROLLARY 6.6. If , 1 and Xo are as above, then we have

e(Xo)
_
+,(xolD ).

In particular, if is completely controllable by measurable (or, equivalently, piecewise-
constant) controls, then + l is completely controllable by C controls.

In conclusion, we note that results analogous to Corollaries 5.8, 5.9 and Theorems
5.10, 5.11 are valid for C controls (as opposed to piecewise-constant controls) in the
control-linear case (i.e., the case p 0). The formulation of the precise statements and
proofs of these results is a routine matter.
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STABILITY, EXTENDED SPACES AND NUMERICAL RANGES*

D. J. ALLWRIGHT AND A. I. MEES’

Abstract. This paper looks at a generalized version of the ideas of passivity and positivity used in
studying stability of nonlinear feedback systems. We generalize these ideas to normed spaces that may not
be Hilbert spaces by using the concept of the numerical range and extending this to nonlinear operators.
The stability theorem derived by this method includes the usual results for passive and positive operators
but also allows one to obtain different results by applying it to non-Hilbert spaces. Before coming to the
stability theorem, it is necessary to examine more carefully the way in which extended spaces are constructed.
A certain technical property, needed in the transition between extended and original spaces in stability
proofs, holds automatically in Hilbert spaces: it need not hold in general but we show how it can always
be achieved by an initial enlargement of the original normed space.

1. Introduction. This paper presents an approach to stability which generalizes
the positivity and passivity approaches. The idea is to take a standard nonlinear
feedback system with input u and output y, and find conditions under which Ilyll/llull
is bounded for all inputs u of interest. It is customary and sensible to try to give the
conditions a graphical interpretation which makes questions of robustness and the
like easy to answer, and we shall demonstrate that the usual interpretations can be
given to our results.

For example, Freedman, Falb and Zames [5] established a stability criterion for
systems whose transfer function matrix is normal, i.e., commutes with its adjoint. We
indicate how to obtain this result and a generalization that allows nonnormal matrices
whose departure from normality is suitably bounded.

We shall use the notion of an extended space, as introduced by Zames [15], [16].
In most cases, the extended spaces are constructed through the use of projections pt
that truncate a signal to zero after time t. However, these projections are inappropriate
for certain spaces so we give a treatment of extended spaces that only depends on
the pt obeying certain axioms. These axioms cover the commonly occurring cases and
are more general than the resolution space setting introduced into control theory by
Krein [6], [7]. In the course of this treatment of extended spaces we have to clarify
a certain concept that we call "fullness". The formal definition is in 2.1 below, and
the idea is that we say a space E of signals is full if every element of the extended
space that was not already in E has supt IIPtx[[ . When E is a Hilbert space, this
will follow from the basic axioms on the pt, but in general it does not. However, we
show that it can always be achieved, by an initial enlargement of E if necessary. In
most examples it will be clear what the correct enlargement is.

In stability studies in the context of extended spaces it has been common since
the work of Zames [16] to work in terms of relations instead of operators: whereas
an operator is a rule that associates at most one element of a space E2 with each
element of El, a relation is simply a subset of E1 E2. Thus if T

_
E1 E2 is a relation

and x El, there may be one or many y E2 such that (x, y) T (in which case we
say that x lies in the domain of T) or there may be none at all. For an operator, we
write y Tx in place of (x, y) T. Every operator is a relation, but examples of
relations that are not operators include hysteresis elements and more general nonlinear
dynamical systems for which a given input may give rise to many outputs depending
on the initial conditions. Dealing with relations also takes account of the fact that the

* Received by the editors July 2, 1980, and in revised form June 17, 1981.
Department of Pure Mathematics and Mathematical Statistics, Cambridge University, Cambridge

CB2 1SB, England.
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output of a system may be subject to small fluctuations that are not exactly determined
by the input.

We can define the usual operations for relations as well as for operators. Thus
if T

_
E1 E2, T’ E1 E2 and To E2 E3, define

T+ T’={(xx, xz+x2); (xa, x2) e T, (xa, x2) T’},

XT--{(XI, hX2): (Xl, x2) T},
(1.1)

T-1 {(x2, x1): (x1, x2) T},

ToT {(xl, x3); for some xz, (xl, x2) T, (x2, x3) To}.

We shall see that other concepts carry over too: causality, for instance, is very
important in our development. For this reason, we look carefully at truncations,
extended spaces and full spaces, building on the ideas of [4] and [11].

2. Extended spaces: definitions and basic properties. In defining causality, one
usually uses some "forgetting" operators pt, such that if x, x’ are two signals, then
ptx- Ptx’ if and only if x and x’ cannot be distinguished before time t. Often the
signals lie in a space LP((0, c); R n) and the function Ptx is defined to be x on [0, t]
and 0 thereafter. However, pt has to be defined differently on some other spaces of
interest. For instance if E Cb([0, ); Rn), the continuous bounded functions from
[0, c) into with Ilxll sup [x(t)[, then truncation to zero after time will generally
produce a discontinuous function. The natural choice for pt in this space is to make
Px agree with x up to time and then be constantly equal to x(t). If we wanted to
work in the subspace of E for which x(t)O as t- c, we would have to make some
further modification. Clearly we need to develop the theory in a way that depends
only on certain axioms holding for the pt which are sufficiently general to cover all
commonly occurring cases.

2.1 An axiomatic approach to extended spaces. For our definitions, the signals
x, x’ are assumed to lie in a (real or complex) normed linear space E, and we let (E)
denote the normed algebra of continuous linear operators on E. We let denote
[0, m), the set of times of interest, and in what follows and s will always denote
elements of 3-.

DEFINITION 2.1. A normed signal space is a normed linear space E endowed
with a map P’[0, c) (E) enjoying the following properties"

(1) for all s and all >= s, pspt ps;
(2) if x, y E and Ptx pry for all t, then x y;
(3) for each t, I]Ptll <- 1;
(4) for each x

If also the following holds, (E, P) is said to be full:
(5) if (xt, ) is a family of elements of E satisfying

(i) for all s and all >- s, pSxt xs, and
(ii) sup
then there is some x e E such that for all t, xt ptx.

Generalization 1. One might wish to take 3- as some other set, such as Z/ for
discrete time systems. This will not affect the subsequent theory, provided that 3- is
partially ordered and contains a monotonic cofinal sequence (tn) (i.e., a sequence such
that t,/x ->_ t, and for any 3-, some t, -> t). Any subset of has this property.

Generalization 2. To define a signal space when E does not have all the structure
of a normed linear space, one just retains as much of the above definition as makes
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sense. Thus if E is an arbitrary set, the pt can be any maps from E to E satisfying
axioms (1) and (2). For a topological signal space, we would require E to have a
topology and the pt to be continuous as well. For a linear signal space, we would
require E to be a linear space and the Pt to be linear maps.

The extended space. Some descriptive terms are useful. An element of PiE will
be called a t-initial segment or generally an initial segment. The initial segments of
x E are the elements Ptx. Thus (2) says that an element of E is uniquely determined
by its initial segments. If x, ptx then (1) says that (xt, ) is a compatible family
in the sense that for all s and all >-s, pSxt-" Xs. Now we just define the extended
space Ee to be the set of all compatible families of initial segments. If x (xt, ) Ee,
we define Pte’Ee E by P’ex xt. There is a natural map J" E Ee taking an element
of E to its own initial segments and by (2), J is an injection. Further pteJX --Ptx for
xE.

Now we want to see how much of the structure of E goes over to E. If E is a
topological signal space, then E inherits a subspace topology from the product
topology on E. With this topology J and the pt are continuous, but J is not necessarily
a homeomorphism. If E is a linear signal space, then the natural definitions make E
a linear space, and P and J are then linear maps. In this case we may identify x with
Jx so that P extends P. Henceforth we make this identification so E_E and we
denote pt by pt without risk of confusion. Then if x E and s, PPx Pxt x
Px and so () still holds for the extended pt and (2) holds trivially.

The normed case. First observe that each P is a projection, (i.e., PtP-P) so
IIP’ll is 0 or 1. Also, if >- s, ]]pSx[[ <-[IP’xll so IIPll_-< IIP’ll. The extra condition (5) for a
full signal space is that if x Ee and supt IIe’xll < then x E. This is vital in stability
proofs; typically, one shows that the output has norm-bounded initial segments, and
needs to deduce that it lies in the original (unextended) space. Not all normed signal
spaces are full.

However, Feintuch and Saeks [4] showed that a reflexive signal space is automati-
cally full. (Although their proof was in a more specialized setting, one easily checks
that it remains valid under our weaker assumptions.) We shall now show that if E is
not full there is a unique way of making it up to a full signal space.

FILLING-UP THEOREM 2.2. Let (E, P) be a normed signal space. Then there is a
unique full normed signal space (J, P) with E

_
J
_

Ee. If E is a Banach space, so is

Proof. The only possible choice for/ is

{X Ee" supt IIe’xll < }.

For if x lies in this set and is full, x /, while if x /, the condition must certainly
hold. Thus " is as stated and axiom (5) automatically holds for it. Then/ is of course
a linear subspace of Ee, and the norm on it must be Ilxll--sup IIe’xll to satisfy axiom
(4). We note that this is a norm extending the original norm on E, so it is safely
denoted by the same symbol. Now (3) holds too, so only the completeness assertion
remains. Let (x (n) be a Cauchy sequence in , and suppose E is complete. Then
P’x( is Cauchy in E and so converges to xt t?.. The (xt, 3) form a compatible
family and so define an element x Ee, for which supt IlPtxil<--sup lix("ll< 00, so x /.
Then

Ilx (")- x]l supt I]ptx (")- xtll <= sup {llx (m)- x(")ll" m >_- n}--) 0,

as n --)oc. Thus/ is complete as required. 71
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Having proved Theorem 2.2, we see that stability theorems for full signal spaces
are not too restrictive. When E is not full, / will usually be rather obvious, as in
Example 2 below. Nevertheless, the problem of proving stability theorems in nonfull
spaces remains.

For the particular case of Hilbert spaces, they are reflexive and therefore already
full. Furthermore the axioms then imply that each pt is an orthogonal projection, and
that ptx x as c. Thus the only way that a Hilbert signal space fails to be a Hilbert
resolution space is if Ptx is not required to be continuous in t.

Example 1. If E L"((0, o); R n) for 1 -<_p =<c, and ptx is defined by truncating
x to zero after time t, then E is already full (although if p 1 or p , E is not
reflexive, and when p c, Ptx- x as c). The extended space Ee is the set of
functions whose restrictions to [0, t] lie in LP(0, t) for each t.

Example 2. If we take our time set as 7/, and E as the space c of convergent
sequences with the sup norm, and if Pnx is defined by truncating the sequence to zero
after the nth term, then we have a Banach signal space that is not full. It fills up to
give , and the extended space consists of all sequences.

Example 3. Let E be the space of all functions from [0, ) to R that are square
integrable and absolutely continuous with square integrable derivative. If I" [denotes
the Euclidean norm on ", let

Ilxll2-- I0 Ix(t)]z + I(t)lZ dt,

This makes E a Hilbert space. To define projections on this it is natural to require
ptx to depend only on the restriction of x to [0, t] and to agree with x on this interval.
Subject to this, P’x must have the minimum norm possible (to make Ile’ll- a) and one
easily shows that this forces

I’x(s) for s -<_ t,Px (s)
x(t) e t-s for s >_- t.

This makes (E, P) a Hilbert signal space, and so automatically full.
Alternative definition of Ee. We could define a metric on E by

d(x, y) min (1, inf {t-: Ptx pry}).

(The 1 is there only to make d finite. The metric tells us for how long the signals are
equal to one another.) Then Ee can be regarded as the metric completion of (E, d).
The extension of the metric will still be given by the above formula. This viewpoint
allows us to define the extension Se of any subset S of E as its closure in (Ee, d).
Explicitly,

S {X E Ee" ptx ets for all t}.

If $ is a linear subspace, so is S

2.2 Extension of causal relations. If El, E2 are normed signal spaces, then E1 E2
is naturally a normed signal space if we define I](xl, x2)ll as max (llxll, IIx=ll) or (llxlll /

IIx:zll’) 1/’ for some p_-> 1. Thus every relation T_EIE: has an extension Te
(E X E2) --Ele X E2e. We want to examine the connections between properties of T
and properties of Te. First we need to define causality.

DErINITION 2.3. T
_
E1 E is causal if whenever (xl, x) s T and 3-, there

is some x [ with (ptx 1, x’) T and ptx [ Pixy.
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Remark. It is not entirely clear what the best definition of causality for relations
is, but the above is adequate for our purposes. It implies that the domain of T is pt
invariant, and reduces to the familiar definition for operators that if x, x’ dom (T)
and Ptx ptx’ then PtTx PtTx’.

PROPOSITION 2.4. If T
_
E1 x E2 is causal, so is Te. If T is a causal operator, so

is Te. If T is a causal linear operator, so is Te.
Proof. Let (x 1, x2) Te. Then there exists (x , x) T with ptx ptx aad ptx

Px2. By causality of T there exists (ptx , x e T with ptx ptx, and so (ptx 1, x)
Te and we have causality of Te. The rest is trivial.

2.3 Numerical properties of relations. We recall the definition of gain, since our
approach to numerical ranges is analogous. The natural way to define the gain of a
relation T

_
E1 E2 on normed spaces is

(2.1) g(T) =inf {M ->0: if (x, x2) T, IIx=ll<=MIIxll).

This obviously satisfies (if T, T’, To are as in (1.1))

(2.2) g(T+T’)<-g(T)+g(T’), g(AT)=[AIg(T), g(ToT)<=g(To)g(T).

However, g(T) may be infinite because of the behavior of T near x 0. One is more
often interested in the large scale properties of T and so uses its gain in the large,

gl(T) =inf {M >=0, ::1/3: (X1, X2) T, IIxll<-Mllxll/
This also satisfies (2.2) and

g(T) -<_ g (T).

When T is a relation on extended spaces, one defines its extended gain ge(T) and
extended gain in the large gel(T) as follows:

ge(T) =inf {M_>-0: (x, x2) T and /t,

gel(T)-’-inf {M =>0: :1/: /(x, x2) T and /t, IIPtx=II<-MIIP’x II/
Each of these satisfies (2.2) and gel(T) < ge (T) and we have the following proposition,
whose proof is easy.

PROPOSITION 2.5. If T
_
El x E2 is causal, then

ge(Te)<=g(T) and get(Te)<-gl(T).

Now we are ready to define the numerical range of a relation. For brevity we
write fllx (pronounced "f supports x") whenever f
Then the numerical range V(T) of a relation T E E is defined by

V(T)={f(y): (x, y) T, fllx}.
Observe that this is a subset of R or C according as E is a real or complex normed
space. It satisfies

(2.3) V(T+ T’)G V(T)+ V(T’), V(AT)=AV(T).

The numerical radius is

(2,4) v(T) sup {Izl: z V(T)}

and it clearly satisfies

(2.5) v(T)<-g(T).
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The large scale numerical range has to be defined rather more carefully. Let : denote
C compactified by adjoining a circle C of points at c. Then the numerical range in
the large is

VI(T)={pE" ::l(Xn, y,)E T,fllx,f(y)--,p and ]]x]l- c}.
Then (2.3) hold for the extended numerical range provided that we make the following
conventions about sums of sets that may contain points at o.

(i) if zCandpC,,z+p=p;
(ii) if p, q C and are not opposite each other, p + q is the shorter closed arc

of Co joining them;
(iii) if p, q are opposite points of C, p + q .

Also, it is easy to see that

VI(T)
_

V(T),

where the closure on the right is taken in , and also that the analogue in the large
of (2.5) holds: in particular, if gl(T) is finite, VI(T) does not contain any points at .
For relations on extended spaces, we have the following definitions"

W (T) {f(pty): (x, y) e T,/liP% },

Vet(T) {p : 7tn -, (Xn, y) T, f, lle’.x, f(Pr"y,,)--> p, Ilet"x, ll o}.

Each of these satisfies (2.3). Moreover,

Vet(T) Ve(T),

where the closure is in :, the analogues of (2.5) hold and we have the following
proposition.

PROPOSITION 2.6. If T
_
E E is causal, then

Ve(Te) V(T) and Yel(Te) V(T).

Before proceeding, we briefly explain the relation of the numerical range to the
more usual concepts in system theory of positivity and passivity. In a real Hilbert
space, given x there is a unique  llx, given by f(y) (y, x>/llxll=, Thus a positive operator
on a real Hilbert space is one satisfying V(T) [0, a3), and it is strictly positive if
inf V(T)>0. On a real Hilbert space, a passive operator has Vet(T)[O, c] and a
strictly passive one has inf Vet(T) > O.

3. Numerical ranges and stability. Our stability theorem relates to the system
shown in Fig. 1, namely,

(3.1) (e, y) T, (y, u e) T2,

u e T1 y

FIG. 1.
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where T1, T2 are causal relations on a full normed signal space E. The whole system
is thus specified by the relation

(3.2) (u, y) (T-1 + T2)-1.
We suppose that u E and that when T1, T2 are extended according to Proposition
2.4, there is at least one solution with e e Ee, y Ee. The theorem may be regarded
as a generalization to non-Hilbert spaces of the classical results of Zames [15], [16].

THEOREM 3.1. In the situation above, let 8 be the distance of the origin from the
set V(T-( )+ V(T2). If S>O then in fact y E and

(3.3) g((T- + T2)-) <- 8 -1.
Let 8l be the distance of the origin from the set V(T- + V(T2). If 81 > 0 then y E and

(3.4) gl((r- + r2)-a)-< 8i-1.

Proof. We start with the easier (3.3). By hypothesis, we have some (e, y) Tie
and (y, u e) T2e. We claim that for any t, IIP’yll <-- 6-llP’ull, and since u E and E
is full, this is enough to prove that y E and Ilyll <---llull, as required. For if pry 0,
the claim is trivial. Otherwise, let fllPty, and then by definition of Ve,

f(Pte) Ve(T-e and f(Pt(u-e)) Ve(r2e ).

Thus by Proposition 2.6 and the hypothesis of the Theorem 3.1 [f(ptu)[ >-8. So

as required. For (3.4) let 0 < r/< 8, [z[ <= r/, and then by Proposition 2.6,

Z Wel(T-le )+ Wel(T2e).

So there is some e > 0 and some finite fl such that if fl[pty, (y, e) T-e, (y, u- e) T2e
and f(ptu)N(z) then IIP’yll<_-B. Now, by compactness, finitely many of the discs
N (z) cover {z: Izl-<_ so taking the maximum of the corresponding fl, we have that

if [f(P’u)l_-< n then IIP’yII <-/.
But, as above, if If(P’u)l -> n, I[P’yII <= n-’llP’ull. Thus in either case, IIP’yll
so when u E, y E by fullness, and Ilyll <--n-llull//. This holds for any r/< 8, thus
proving (3.4).

Theorem 3.1 is related to Safonov’s general stability theorem [13], though it is
a bit more specialized: Safonov allows more general sets than V(T- and V(T2).
The advantage of sticking to numerical ranges is that they are relatively well studied
and there is a lot of useful machinery available, so they lead very directly to practical
stability tests.

If E is a real Hilbert space, then it is clear from our remarks at the end of 2.3
that Theorem 3.1 includes the standard results on passive and positive operators [16].
The results of this section show that in fact E may be any normed space, and also
help in the final interpretation. Practicalities of numerical range and norm calculation
will probably dictate that in most cases the theorems are applied in much the same
way as standard passivity results, although in principle they can do better because the
numerical range will usually be a strict subset of the region defined by the norm.

To make Theorem 3.1 useful, we shall have to show how to estimate numerical
ranges. The key result is the following proposition, which we have already pointed
out in passing.

PROPOSITION 3.2. If T=C+R, then V(T)_ V(C)+ V(R).
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Proposition 3.2 is useful when we know the numerical range of C and can put
some bounds on that of R, which brings us to the question of when we can find a
numerical range exactly. Apart from trivial cases where explicit calculation is possible,
it appears that the only time when V(T) (or rather V(T), which is good enough
for Theorem 3.1) can be found is when T is linear and normal. (On a Hilbert space,
a normal operator is one that commutes with its adjoint: in general the definition is
rather more subtle [2].)

THEOREM 3.3. If T is a continuous normal linear operator on E, with spectrum
or(T), then V(T)=:f3-6 o’(T), where -6-6 is the closure of the convex hull and
(=R or C) is the ground field of E.

Proof. See [2].
Thus if T C +R and C is normal, we can now write

V(T)
__

(C) / allR
where A is the unit disk in C or the interval [-1, 1] in R. We recall the definition of
sector-boundedness for relations, another notion introduced by Zames [15], [16].

DEFINITION 3.4. If E is a real normed space and T
_
E xE satisfies (x, y)

I[Y Kxll <= txllxll, then T is said to be sector-bounded with sector bounds re K Ix and
/3 K + Ix and we write T sector [a,/3 ].

Note that if E is a Hilbert space this reduces to the usual definition (Tx- ax,
Tx -x) <-O.

PROPOSITION 3.5. T sector [a, ] implies V(T)
_

fee, ].
Proof. Let C (re +/3)/2 in the above.
Notice that if we are given sector bounds we have limits on V(T) at once, while

even if the relation is not sector-bounded it may sometimes be possible to bound
V(T) by some other method. One of the most helpful facts is that if E is a Hilbert
space then T sector [a, fl] and aft >0 implies V(T-)_[fl-, a-].

Another case where we can estimate V(T) rather easily is when E L2(H) where
H is a real Hilbert space and T is a linear transfer operator, with convolution kernel, and transfer function G. Then, writing r/ for the Fourier transform of x and with
fllx, we have

I? d I dto
/(Tx) (r*x (t), x(t)) (G(io)n(o),

This clearly lies in the convex hull of the points V(G(ko)), so we have shown that

V(T)
_
R f3 co (3 V(G(ito)).

Now G(ito) is a matrix in any basis for H so V(G(ko)) should be relatively easy to
find. In particular, if H is finite dimensional there are many numerical methods
available [1], [8], [9]. In the simplest case of all, when H =R, we can see that f(Tx)
only depends on Re G(ito), so

V(T)
_

-6-6 (.J Re (G(ito)) [inf Re (G(ito)), sup Re (G(ito))].

The large scale numerical range Vl(t) can be estimated by methods similar to
those we have outlined for V(T). The basic idea is stated in the following proposition.

PROPOSITION 3.6. If T, T’_ExE, &:o has O(u)/uO as uoo, and
’q(x, y) T, ::l(x, y’) T’ with Ily-y’ll_-< 0(llxll), then

Vl(T)
_

Vl(T’).
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The proof is trivial, and to apply the result, one will typically take T’ such that
V(T’) can be bounded by the methods outlined previously. For instance, let T be an
ordinary linear dynamical system, possibly starting from nonzero initial conditions.
Then T’ could be taken as the same system starting from zero initial conditions, which
is a convolution operator, for which we have already shown how to estimate V(T’).

4. Examples
Example 4.1. In our standard system, let E L:(N), let T1 e sector [0,/3] and let

T2 be a linear transfer operator with transfer function G. Let us assume T1 and T:
are causal so we know how to calculate their numerical ranges. We have

V(T- )+ V(T2) [ -1, c) + [inf Re G(iw),sup Re G(iw)]

so the system is stable if inf Re G(iw)>-/3 -1. In graphical terms, the Nyquist locus
of G must be bounded away from, and lie to the right of, a straight line through -/3 -1

which is parallel to the imaginary axis. This is obviously a form of circle criterion and
can be poleshifted to give the more usual form.

Example 4.2. If T2 has an n n matrix transfer function G, the only difference
from the single loop case is that we have to find a way to get a decent estimate of
V(G(iw)). The simplest possibility is to write G C +R, where C is the matrix of
diagonal elements of G. Then Proposition 3.2 gives us

g(G(iw))
_
co {G(io)i." 1 <= j =< n}+ AIIR

That is, at each frequency w we plot the diagonal elements of G(iw) as points in C,
surrounded by disks of radius [[R (ioo)[[. There is no need to take the convex hull,
because for stability we only have to check that the convex hull lies in a convex set,
namely the half-plane Re z > -/3 -1. This is so if each of the disks lies in that half-plane.
As o varies, the discs sweep out bands, and the system is stable if the bands lie in
the half-plane.

One can be more sophisticated: for example, MacFarlane’s characteristic locus
stability criterion [10] requires one to plot eigenvalue loci, and these can be banded.
Wilkinson [14] shows that every complex matrix is equivalent under unitary transfor-
mation to an upper triangular matrix:

U*GU (, (k 0 if k > j,

where U has columns obtained from the generalized eigenvectors of G by Schmidt
orthonormalization. Now we may apply Proposition 3.2 to ( instead of G. If G
happens to be normal, G is diagonal and the bands have zero width. In that case, we
obtain a result analogous to the generalized circle criterion of Freedman, Falb and
Zames [5]. (They took the set of times to be a locally compact Abelian group, which
we have taken as .)

A further refinement is to write R H + J, with H and J Hermitian and therefore
normal. We now have

V(R) V(H) + V(J)

and V(H) and V(J) are the intervals bounded by the minimum and maximum
eigenvalues of H and J. The disk in the above has now been replaced by a rectangle
contained in it, making the bands somewhat narrower [12].

Example 4.3. The infinite dimensional version of the Freedman, Falb and Zames
[5] criterion mentioned above can be obtained from Theorems 3.1 and 3.3. If we add
Proposition 3.2 we have an obvious generalization in which a suitably "smudged out"
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version of the spectrum of the linear part has to avoid a disk on [-a -1, __--1] as
diameter. The result we obtain will be akin to that of Cook [3], though he works in
terms of diagonal elements of a specific representation of the linear element as an
infinite matrix instead of in terms of the spectrum. Our result also extends to the case
where E is not a Hilbert space as long as we can ensure that V(T-1

___
[fl-1, a-l].

This may require a condition different from T
_

sector [or, fl ].
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OBSERVABILITY AND CONTROLLABILITY FOR
SMOOTH NONLINEAR SYSTEMS*

A. J. VAN DER SCHAFTt

Abstract. The definition of a smooth nonlinear system as proposed recently by Willems, is elaborated
as a natural generalization of the more common definitions of a smooth nonlinear input-output system.
Minimality for such systems can be defined in a very direct geometric way, and already implies a usual
notion of observability, namely, local weak observability. As an application of this theory, it is shown that
observable nonlinear Hamiltonian systems are necessarily controllable, and vice versa.

1. Introduction. In the last decade there has been important work on a differential
geometric approach to nonlinear input state-output systems, which in local coordinates
have the form

(1.1) 2=g(x,u), y=h(x),

where x is the state of the system, u is the input and y the output (for a survey see
Brockett [3]). Most of the attention has been directed to the formulation in this context
of fundamental system theoretic concepts like controllability, observability, minimality
and realization theory. Some basic papers are, for instance, Hermann-Krener [6],
Sussrnann [12], and recently Jakubczyk [9].

In spite of some very natural formulations and elegant results which have been
achieved, there are certain disadvantages in the whole approach, from which we
summarize the following points.

a) Normally the equations

(1.2) =g(x,u)

are interpreted as a family of vector fields on a manifold parametrized by u; i.e., for
every fixed ti, g(., ti) is a globally defined vector field. As noted already by Brockett
[4], Takens [15] and Willems [17] there are some serious objections to this setting.
In fact, the last author proposes another framework by looking at (1.2) as a coordinatiz-
ation of

g
B -TX

x

where B is a fiber bundle above the state space manifold X and the fibers of B are
the state dependent input spaces, while TX is as usual the tangent bundle of X (the
possible velocities at every point of X).

b) The usual definition of observability for this kind of system (cf. [6]) has some
drawbacks. In fact, observability is defined as distinguishability; i.e., for every X and
x2 (elements of X) there exists a certain input function (in principle dependent on x
and x2) such that the output function of the system starting from x under the influence
of this input function is different from the output function of the system starting from
x2 under the influence of this same input function. Of course, from a practical point
of view this notion of observability is not very useful, and also is not in accord with
the usual definition of observability or reconstructibility for general systems (cf. [10]).

* Received by the editors December 3, 1980, and in final form June 5, 1981.
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Hence, despite the work of Sussmann [13] on universal inputs, i.e., input functions
which distinguish between every two states x and x2, this approach remains unsatis-
factory.

c) In the class of nonlinear systems (1.1) memoryless systems

(1.3) y =h(u)

are not included! Of course, one could extend the system (1.1) to the form

(1.4) 2=g(x,u), y=h(x,u),

but this gives, if one wants to regard observability as distinguishability, the following
rather complicated notion of observability. As can be seen from [2], distinguishability
of (1.4) with y Rp, u R’ and x n is equivalent to distinguishability of

(1.5) 2=g(x,u), =h(x)

where/" N" (N,)R, is defined by (x)(u) h(x, u).
Checking the Lie algebra conditions for distinguishability as described in [6] for

the system (1.5) is not very easy!
d) As noted by Willems [17], in a description of a physical system ("physical"

interpreted in a broad sense) it is often not clear how to distinguish a priori between
inputs and outputs. Especially in the case of a nonlinear system, it could be possible
that a separation of what we shall call external variables in input variables and output
variables should be interpreted only locally. An example is the (nearly) ideal diode
given by the I-V characteristic in Fig. 1. For ! < 0 it is natural to regard ! as the
input and V as the output, while for V > 0 it is natural to see V as the input and !

FIG.

as the output. Around 0 an input-output description should be given in the scattering
variables (I-V, I + V). Moreover, in the case of nonlinear systems it can happen
that a global separation of the external variables in inputs and outputs is simply not
possible! This results in a definition of a system which is a generalization of the usual
input-output framework. It appears that various notions like the definitions of
autonomous (i.e., without inputs), memoryless, time-reversible, Hamiltonian and
gradient systems are very natural in this framework (see [16], [17]).

The organization of this paper is as follows. In 2 we give the definition of a
nonlinear system as proposed in [17], and give some connections with the more usual
input-output settings. In 3 we define minimality of such a system and derive local
conditions from this global definition. It is very surprising that this results in the same
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kind of conditions as given in recent papers on nonlinear disturbance decoupling; see
[7], [8] and especially the setting proposed by Nijmeijer [11]. These local conditions
imply local weak observability for systems which locally can be represented in an
input-output form without a feedthrough term. Finally, in 4 the definition of
minimality is tested in the case of Hamiltonian systems as defined in [16], and we can
derive the theorem that an "observable" full Hamiltonian system is necessarily
"controllable", and vice versa. Surprisingly, it appears that this need not hold for
gradient systems!

2. Definition of a smooth nonlinear system. As proposed in [17] and argued in
[16], [17], smooth (say C) systems can be represented in the commutative diagram

B

(2.) ’
:-TX x W

X

where (all spaces are smooth manifolds) B is a fiber bundle above X with projection
r, TX is the tangent bundle of X, zrx the natural projection of TX on X and f is a
smooth map. W is the space of external variables (think of the inputs and the outputs).
X is the state space and the fiber r-l(x) in B above x X represents the space of
inputs (to be seen initially as dummy variables), which is state dependent (think of
forces acting at different points of a curved surface).

This definition formalizes the idea that at every point x e X we have a set of
possible velocities (elements of TX) and possible values of the external variables
(elements of W), namely the space

f(r-(x)) TX x W.

We denote the system (2.1) by E(X, W, B, f). It is easily seen that in local coordinates
x for X, v for the fibers of B, w for W, and with f factored in f (g, h), the system
is given by

(2.2) 2=g(x,v), w=h(x,v).

O course one should ask oneself how this kind of system formulation is connected
with the usual input-output setting. In fact, by adding more and more assumptions
successively to the very general formulation (2.1) we shall distinguish among three
important situations, of which the last is equivalent to the "usual" interpretation of
system (1.1).

(i) Suppose the map h restricted to the fibers of B is an immersive map into W
(this is equivalent to asking that the matrix Oh/Or be injective). Then’

LEMMA 2.1. Let h restricted to the fibers of B be an immersion into W. Let (Y., )
and be points in B and W respectively such that h(, )= . Then locally around
(, ) and ff there are coordinates (x, v) for B (such that v are coordinates for the

fibers orB), coordinates (wl, w2) for W and a map I such that h has the form

(2.3) (x, v)-(wl, w2)= (h(x, v), v).
h

Proof. The lemma follows from the implicit function theorem.
Hence locally we can interpret a part of the external variables, i.e., w l, as the

outputs, and a complementary part, i.e., w2, as the inputs! When we denote wl by y
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and w2 by u, then system (2.2) has the form (of course only locally)

(2.4) k y (x, u), y h (x, u).

(ii) Now we not only assume that Oh/Or is injective, which results in a local
input-output parametrization (2.4), but we also assume that the output set denoted
by Y is globally defined. Moreover, we assume that W is a fiber bundle above Y,
which we will call p" W Y, and that h is a bundle morphism (i.e., maps fibers of B
into fibers of W). Then:

LEMMA 2.2. Let h "B W be a bundle morphism, which is a diffeomorphism
restricted to the fibers. Let $X and Y be such that h(Tr-l($))=p-l(37). Take
coordinates x around for X and coordinates y around for Y. Let (, 5) be a
point in the fiber above and let (, ) be a point in the fiber above such that
h($, 5)=(37, tT). Then there are local coordinates v around for the fibers of B,
coordinates u around for the fibers of Wand a map h" X Ysuch that h has the form

(2.5) (x,
h

Proof. Choose a locally trivializing chart (0, ) of W around . Then "p-l(0)
0 x U, with U the standard fiber of W. Take local coordinates u around t7 U. Then
(y, u) forms a coordinate system for W around (, tT). Because h is a bundle
morphism, h has the form

(x, iT) -- (y, u)= (/(x), h’(x, )).
h

where (x, g) is a coordinate system for B around ($, 7). Now adapt this last coordinate
system by defining

v (h’)-(x, u) with x fixed.

Because h restricted to the fibers is a diffeomorphism, v is well defined and (x, v)
forms a coordinate system for B in which h has the form

(x,
h

Hence under the conditions of Lemma 2.2 our system is locally (around Y X
and Y) described by

(2.6) k g(x, u), y h(x).

This input-output formulation is essentially the same as the one proposed by Brockett
[4] and Takens [15], who take the input spaces as the fibers of a bundle above a
globally defined output space Y. In fact, this situation should be regarded as the
normal setting for nonlinear control systems.

(iii) Take the same assumptions as in (ii) and assume moreover that W is a trivial
bundle, i.e., W Y U, and that B is a trivial bundle, i.e., B X V. Because h is
a diffeomorphism on the fibers, we can identify U and V. In this case the output set
Y and the input set U are globally defined, and the system is described by

(2.7) g(x, u), y t(x),
where for each fixed tT, g(., iT) is a globally defined vector field on X. This is the
"usual" interpretation of (1.1).

Remarks on (i).
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1. When h restricted to the fibers of B is not an immersion we have a situation
where we could speak of "hidden inputs". In fact, in this case there are variables in
the fibers of B which can affect the internal state behavior via the equation 2 g(x, v)
but which cannot be directly identified with some of the external variables.

2. The splitting of the external variables into inputs and outputs as described in
Lemma 2.1 is of course by no means unique! This fact has interesting implications,
even in the linear case, which we shall not pursue further here.

Remarks on (ii).
1. From Lemma 2.2 it is clear that the coordinatization Of the fibers of the bundle

W uniquely determines, via h, the coordinatization of the fibers of B. It should be
remarked that a coordinatization of the fibers of W is locally equivalent to the existence
of an (integrable) connection on the bundle W, and that one coordinatization is linked
with another by what is essentially an output feedback transformation, i.e., a bundle
isomorphism from W into itself. Again we will not comment further on this point.

2. A beautiful example of this kind of system is the Lagrangian system (see
Takens [15]). Here the output space is equal to the configuration space Q of a
mechanical system. The state space X is the configuration space with the velocity
space, so X TQ. The space W is equal to T*Q (the cotangent bundle of Q), with
the fibers of T*Q representing the external forces. When we denote the natural
projection of TQ on Q by p, then B is just p*T*Q (the pullback bundle via O). Now
given a function L:TQ- N (called the Lagrangian) we can construct a symplectic
form d(OL/O0)^ dq (with (q, 0) coordinates for TQ) on TQ which uniquely deter-
mines a map g:B - TTQ (cl. [15]). Finally, in coordinates the system is given by

(2.8) ij F(q, gt) + _. uiZi(q, gt), y=q,

with the vector fields F(q, gt) and Zj(q, O) satisfying certain conditions. Moreover
the vector fields Zj commute, i.e., [Zi, Z]=0 for all i, ], a fact which has a very
interesting interpretation (cf. [5], [15]).

Remark on (iii). Most cases where B can be taken as trivial are generated by a
space X such that TX is a trivial bundle. For instance, when X is a Lie group TX is
automatically trivial.

3. Minimality and observability
3.1. Minimality. We want to give a definition of minimality for a general (smooth)

nonlinear system

B )B’

X

DEFINITION 3.1 (see [16]). Let E(X, W, B, f) and E’(X’, W, B’, f’) be two smooth
systems. Then we say 5;’ <- E if there exist surjective submersions ("X X’, "B -, B’
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such that the diagram

(3.1)
.TXxW

X

commutes.
E is called equivalent to ,’ (denoted E---E’) if q and are diffeomorphisms.
We call E minimal if E’<= E ::> E’-E.
Remark 1. This definition formalizes the idea that we call E’ less complicated

than E(E’<= E) if E’ consists of a set of trajectories in the state space, smaller than the
set of trajectories of E, but which generates the same external behavior. (The external
behavior "e of .--,(X W B, f) consists of the possible functions w:- W generated
by E(X, W, B, f). Hence, when we define

:= {(x, w):RX x W[x absolutely continuous and (k (t), w(t)) f(Tr-(x(t))) a.e.},

then "’e is just the projection of on Wa.)
Remark 2. Notice that we only formalize the regular case by asking that and

q be surjective as well as submersive. In fact we could, for instance, allow that at
isolated points q or are not submersive. However, we will at this time not go into
this problem, and we will treat only the regular case as described in Definition 3.1.

Remark 3. Notice that E1 <--E2 and 21 need not imply 1’’2 This fact
leads to very interesting problems which we will not pursue further at this time.

Of course, Definition 3.1 is an elegant but rather abstract definition of minimality.
From a differential geometric point of view it is very natural to see what these conditions
of commutativity mean locally. In fact, we will see in Theorem 3.7 that locally these
conditions of commutativity do have a very direct interpretation. But first we have
to state some preparatory lemmas and theorems.

Let us look at (3.1). Because is a submersion it induces an involutive distribution
D on B given by

D := {Z TBId;,Z 0}

(the foliation generated by D is of the form -1(c) with c constant). In the same
way p induces an involutive distribution E on X. Now the information in the diagram
(3.1) is contained in three subdiagrams (we assume f (g, h) and f’ (g’, h’)):

II

III
TX - TX’
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LEMMA 3.2. Locally the diagrams I, II, III are equivalent, respectively, to

I’: D c ker dh,

(3.2) II’: 7r,D=E,

III’: g,D TE TTr,(D).

Proof. I’ and II’ are trivial. For III’ observe that, when q induces a distribution
E on X, then q, induces the distribution TE on TX.

Now we want to relate conditions I’, II’, III’ with the theory of nonlinear
disturbance decoupling, and especially with the formulation of it given in 11]. Consider
in local coordinates the system

2 f(x) + Y. uigi(x) on a manifold X.
i=1

We can interpret this as an affine distribution on X (for each x X, we give an affine
subspace of TX). We call this affine distribution A. Now define

ZXo:= A-A :={Yz-Z]Y, Z A}.

It is easily seen that Ao is a distribution on X, given in local coordinates by
span {g,(x),..., gin(X)} (the directions in which we can steer). Define A(Ao):={DID
an involutive distribution such that D + Ao is involutive}. Then in 11] it is proved that

THEOREM 3.3. Let D A(Ao). Then the condition

(3.3) [A, D]
_
D + Ao

(we call such a D A(ZXo) A (mod ZXo) invariant) is equivalent to the two conditions
a) there exists a vector field F A such that IF, D D;
b) there exist vector fields Bi Ao such that span {Bi} Ao and [Bi, D] D.
With the aid of this theorem the disturbance decoupling problem is readily solved.
The key to connecting our situation with this theory is given by the concept of

the extended system, which is of interest in itself.
DEFINITION 3.4 (extended system). Let

TX x W

X

Then we define the extended system of E(X, W, B, f) as follows: We define Ao as the
vertical tangent space of B, i.e.,

Ao := {Z TB]Tr,Z 0}.

Note that Ao is automatically involutive.
Now take a point ($, t7)e B. Then g($, 3) is an element of TX. Now define

A(:g, ):= {Z T(. eBlr,Z g($, t3)}.

So A($, iS) consists of the possible lifts of g($, ) in ($, 5). Then it is easy to see
that A is an affine distribution on B, and that A-A Ao. We call the affine system
(A, Ao) on B constructed in this way, together with the output function h :B W, the
extended system __e (X W B,



SMOOTH NONLINEAR SYSTEMS 345

We have the ollowing:
LEMMA 3.5.
a) LetD be an involutive distribution on B such thatD 71Ao has constant dimension.

Then r,D is a well-defined and involutive distribution on X if and only if D + Ao is
an involutive distribution.

b) LetD be an involutive distribution on B and letD Ao have constant dimension.
Then the following two conditions are equivalent:

i) r,D is a well-defined and involutive distribution on X, and g,D c Tzr,D.
ii) [A, D]cD +A0.
Proof. a) Let D + Ao be involutive. Because D and Ao are involutive this is

equivalent to [D, Ao]cD +Ao. Applying Theorem 3.3 to this case gives a basis
{Z1,"’,Zk} of D such that [Zi, Ao]cA0. In coordinates (x, u) for B, this last
expression is equivalent to Zi(x, u)=(Zx(X), Zu(x, u)), where Zx and Zu are the
components of Zi in the x- and u-directions, respectively. Hence r,D=
span {Zx, ",Zkx} and is easily seen to be involutive. The converse statement is trivial.

b) Assume i); then there exist coordinates (x,u) for B such that D=
{O/Ox,..., O/Ox} (the integral manifolds of D are contained in the sections u
constant). Then g,D Tr,D is equivalent to

]ecomp

with i=l,...,k and ]=k+l,...,n (n is the dimension of X). From these
expressions [A, D] D + Ao readily follows. The converse statement is based on the
same argument. [

Now we are prepared to state the main theorem of this section. First we have to
give another definition.

DEFINITION 3.6 (local minimality). Let Z(X, W, B, f) be a smooth system. Let
Y X. Then E(X, W, B, f) is called locally minimal (around ) if when D and E are
distributions (around ) which satisfy conditions I’, II’, III’ of Lemma 3.2, then D
and E must be the zero distributions.

It is readily seen from Definition 3.1 that minimality of E(X, W, B, f) locally
implies local minimality (locally every involutive distribution can be factored out).

Combining Lemma 3.2, Definition 3.4 and Lemma 3.5 we can state"
THEOREM 3.7. E(X, W, B, f (g, h)) is locally minimal if and only if the extended

system Ee (X, W, B, f (g, h )) satisfies the condition that there exist no nonzero involutive
distribution D on B such that

(i) [, D D + Ao,
(3.4)

(ii) D c ker dh.

Remark 1. It is very surprising that the condition of minimality locally comes
down to a condition on the extended system, which is in some sense an infinitesimal
version of the original system.

Remark 2. Actually there is a conceptual algorithm to check local minimality
(cf. [11]). Define

A-(A0 +D):= {vector fields Z on BI[A, Z]
_

+/-o + D}.
Then we can define the sequence {D’},/x 0, 1, 2,. as follows:

DO= ker dh,

D D’- A-I(Ao+D-), /z= 1,2,....
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Then {D"},/x 0, 1, 2,. , is a decreasing sequence of involutive distributions, and
for some k -< dim(ker dh) D k D for all/x >- k. Then Dk is the maximal involutive
distribution which satisfies

(i) [A, D k ] Dk + Ao,

(ii) Dk ker dh.

From Theorem 3.7 it follows that E(X, W, B, [) is locally minimal if and only if D k O!
Notice that the maximum numbers of steps needed in this algorithm is equal to the
dimension of ker dh, and hence at least smaller than dim B.

3.2. Observability. It is natural to suppose that our definition of minimality has
something to do with controllability and observability. However, because the definition
of a nonlinear system (2.1) also includes autonomous systems, (i.e., no inputs),
minimality cannot be expected to imply,, in general, some kind of controllability. In
fact an autonomous linear system

Ax, y Cx

is easily seen to be minimal if and only if (A, C) is observable (cf. [17]). Moreover,
it seems natural to define a notion of observability only in the case that the system
(2.1) has at least a local input-output representation; i.e., we make the standing
assumption that (Oh/Or) is injective (see Lemma 2.1). Therefore, locally we have as
our system

(3.5) (=(2.5)) g(x, u), y ft(x, u)

for every possible input-output coordinatization (y, u) of W (see Remark (i) 2 in 2).
For such an input-output system local minimality implies the following notion of
observability, which we will call local distinguishability.

PROPOSITION 3.8. Choose a local input-output parametrization as in (3.5). Then
local minimality implies that the only involutive distribution E on X which satisfies

i) [g(., u), E]. E for all u (E is invariant., under g(., u)),
ii) E ker dxh(’, u) for all u (dxh means differentiation with respect to x) is

the zero distribution.
Proof. Let E be a distribution on X which satisfies i) and ii). Then we can lift E

in a trivial way to a distribution D on B by requiring that the integral manifolds of
D be contained in the sections u =constant. Then one can see that D satisfies
[A, D D + Ao and D ker dh. Hence D 0 and E 0.

Remark. It is easily seen that, under the condition (Oh/Ov) injective, local minimal-
ity is in fact equivalent to the condition in Proposition 3.8. This is because (Oh/Ov)
injective implies that there cannot be a distribution D on B such that D fq Ao # 0 and
D ker dh. So from Lemma 3.5 a) it follows that the only involutive distributions D
with D ker dh and D + Ao involutive are of the form Eft, with E an involutive
distribution on X.

Actually, for nonlinear systems which can be represented in the input-output
form without a feedthrough term (2.6), we can state the following:

COROLLARY. Suppose there exists an input-output coordinatization

(3.6) (=(2.6)) k g(x, u), y ft(x),

Then local minimality implies local weak observability (cf. [6], [12]).
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Proof. As can be seen from Proposition 3.8, local minimality in this more restricted
case implies that the only involutive distribution E on X which satisfies

i) [g(., u), E] c E for all u,

ii) E c ker d/

is the zero distribution. It can be readily seen [cf. 8] that the biggest distribution which
satisfies i) and ii) is given by the null space of the codistribution P generated by
elements of the form

L(..ulLg(.,u2 Lg(.,uk dh’, with u arbitrary.

TxX, in everyBecause this distribution has to be zero, the codistribution P equals *
x X. This is, apart from singularities (which we don’t want to consider), equivalent
to local weak observability as defined in [6].

Moreover, let (3.6) be locally weakly observable. Then all feedback transforma-
tions u - v a(x, u) which leave the form (3.6) invariant (i.e., y is only the function
x) are exactly the output feedback transformations u v a(y, u). It can be easily
seen in local coordinates that after such output feedback is applied the modified system
is still locally weakly observable.

In Proposition 3.8 and its corollary we have shown that local minimality implies
a notion of observability which generalizes the usual notion of local weak observability.
Now we will define a much stronger notion. Let us denote the (defined only locally)
vector field g(x, ) for fixed t7 by g and the function /(x, tT) by h (with g
and/ as in (3.5)).

DEFINITION 3.9. Let E(X, W, B, f)= (g, h) be a smooth nonlinear system. It is
called strongly observable if for every possible input-output coordinatization (3.5) the
autonomous system

(3.7) ga(x), y ha(x)

with t7 constant is locally weakly observable (for a definition see [6] or [12]), for
all .

Remark. Let X(X, W, B, f (g, h)) be strongly observable. Take one input-output
coordinatization (y, u). The system has the form (in these coordinates)

Yc g(x, u), y h(x, u).

Because the system is strongly observable, every constant input-function (constant in
this coordinatization) distinguishes between two nearby states. However, in every
other input-output coordinatization every constant (i.e., in this coordinatization) input
function also distinguishes. This implies that in the first coordinatization every C
input function distinguishes. Because the C input functions are dense in a reasonable
set of input functions, every input function in this coordinatization distinguishes.

PROPOSITION 3.10. Consider the Pfaffian system constructed as follows:
P dh a + Lg,dh a + Lg,(Lgdh) + + ir-(n--) dh a

with n the dimension of X and Lg the Lie derivative with respect to ga. As is well
known from [6], the condition that the Pfaffian system P as defined above satisfies the
condition Px T*X for all xX (the so called observability rank condition) implies
that the system

y ga (x ), y h a (x
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is locally weakly observable. Hence, when the observability rank condition is satisfied
[or all , the system is strongly observable.

We will call the Pfaffian system P the observability codistribution.
Remark 1. As is known from [6], local weak observability of the system

2 ga (x), y h a (x)

implies that the observability rank condition (i.e., dim Px T*X) is satisfied almost
everywhere (in fact, in the analytic case everywhere). Because we don’t want to go
into singularity problems, for us local weak observability and the observability rank
condition are the same.

Remark 2. It is easily seen that when for one input-output coordinatization the
observability rank condition for all u is satisfied, then for every input-output coor-
dinatization the observability rank condition for all u is satisfied. This follows from
the fact that the observability rank condition is an open condition.

3.3. Controllability. The aim of this section is to define a kind of controllability
which is "dual" to the definition of local distinguishability (Proposition 3.8) and which
we shall use in the following section. The notion of controllability we shall use is the
so-called "strong accessibility", introduced in [14].

DEFINITION 3.11. Let 2 g(x, u) be a nonlinear system in local coordinates.
Define R (T, Xo) as the set of points reachable from Xo in exactly time T; in other words,

R (T, Xo) := {x XI:I state trajectory x (t) generated by g

such that x(0) x0 and x(T) xl}.

We call the system strongly accessible if for all Xo X, and for all T > 0 the set R (T, Xo)
has a nonempty interior.

For systems of the form (in local coordinates)

(3.8) k=f(x)+ E ug(x)
i=1

(i.e., affine systems) we can define A as the smallest Lie algebra which contains
{gx,’’’, g,,} and which is invariant under f (i.e., If, A]= A). It is known (cf. [14])
that Ax TxX for every x X implies that the system (3.8) is strongly accessible. In
fact, when the system is analytic, strong accessibility and the rank condition A TxX
for every x X, are equivalent. We will call A the controllability distribution and the
rank condition the controllability rank condition. Now it is clear that for affine systems
(3.8) this kind of controllability is an elegant "dual" of local weak observability.

We know that the extended system (see Definition 3.4) is an affine system. Hence
for this system we can apply the rank condition described above. This makes sense
because the strong accessibility of E(X, W, B, [) is very much related to the strong
accessibility of E (X, W, B, f), as can be seen from the following two propositions.

PROPOSITION 3.12. If ze(x, W, B, f= (g, h)) is strongly accessible, then
Z(X, W, B, f (g, h)) is strongly accessible.

Proof. In local coordinates the dynamics of E and Z are given by

I g(x, u) (E),

Yc g(x, v) (X),
II
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Now it is trivial that when for E we can steer to a point x then we also can for E
(even with an input that is smoother). [3

The converse is harder:
PROPOSITION 3.13. Let E(X, W,B,f=(g,h)) be strongly accessible. Assume

moreover that the fibers ofB are connected. Then also e(X W B, f (g, h )) is strongly
accessible.

Proof (sketch, see also [4]). Take the same representation of E and ._e as in the
proof of Proposition 3.12. Let xoX and let Xl be in the (nonempty) interior of
R(xo, T) (the reachable set of system E). Then it is possible that X is reachable from
Xo by an input function v(t) which cannot be generated by the differential equation
6 u (with u for instance L2). However, we know that the set of the v generated in
this way is dense in, for instance L2. (For this we certainly need that the fibers of B
are connected.) Because we only have to prove that the interior of a set is nonempty,
this makes no difference. Now it is obvious from the equations

2 g(x, v), i u

that if we can reach an open set in the x-part of the (extended) state, then this is
surely possible in the whole (x, v)-state.

4. Hamiltonian and gradient systems
4.1. Hamiltonian systems. A linear input-output system

2 Ax + Bu, y Cx +Du

is called Hamiltonian if

ArJ +JA =O,

BrJ=C, where J is the symplectic form (0 -0I)I
D Dr (see 16]),

and is called a gradient system if

TA ArT,
TB Cr, where T is a nonsingular symmetric matrix,

D Dr (see[18]).

It can be easily checked that for both kind of systems observability implies controllabil-
ity, and vice versa.

We want to see whether we can derive a similar result for nonlinear Hamiltonian
and gradient systems as defined in [16]. We start with the Hamiltonian case.

1. Let

TM xW

M

be a smooth system.
Now take M a symplectic manifold with symplectic form to (see [1]). Because M

is a symplectic manifold we can also define in a canonical way a symplectic form,
denoted by tb, on TM (see 16]). Darboux’s theorem tells us that we can find coordinates
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(qi, Pi) for M and (qi, pg, 4g,/i) for TM such that

to dqi ^ dpi and & Y. d4g ^ dpg + dqi ^ dPi.
i=1 i=1

Now also take W a symplectic manifold with symplectic form toe.
Finally, we can make TM W into a symplectic manifold by defining the symplec-

tic form

1) := r*tb r2*to (the minus sign is a matter of convention)

with rl and 7"g2 the natural projections of TM W on TM and W respectively.
DEFINITION 4.1 (see [16, Def. 4.1]). E(M, W, B, f) with M and W as above is

called full Hamiltonian if f(B) is a Lagrangian submanifold of (TM W,
PROPOSITION 4.2 (see [16, Prop. 4.2]). Let E(M, W, B, f) be full Hamiltonian.

Then there exist coordinates ]:or TM as above, coordinates {y 1, , y,, u 1, , u,} for
Wand a function H(ql," , qn, pl," ",pn, Ul," , urn) such that the system is locally
described by

(4.1)
j=l,...,m, withc=+l,

Remark. We see that in this case the freedom in the input-output parametrization
is restricted to the so called canonical coordinates for toe, i.e., only coordinates (y, u)
such that toe ECj dyj ^ dui.
From Proposition 4.2 the following proposition easily follows"

PROPOSITION 4.3.
a) Let ,(M, W, B, f) be locally minimal. Then f must be an immersion.
b) Let ,(M, W, B, f (g, h)) be full Hamiltonian and assume f is an immersion.

Then h restricted to the fibers ofB must be an immersion.

Proof. a) From the definition of E(M, W, B, f) it follows that we only have to
prove that f restricted to the fibers is an immersion. Now suppose that f restricted to
the fibers is not an immersion. Then the distribution ker df c A0 with d the derivative
in the direction of the fiber is not equal to zero and satisfies (trivially) the conditions
of Lemma 3.2., i.e., a contradiction.

b) Take a local input-output coordinatization (y, u) as in Proposition 4.2. Then
the whole system is parametrized by the "input variables" Ul,. "’, u,,. Therefore the
image of h restricted to the fibers has to be of dimension m and the image of g
restricted to the fibers has to be of dimension at most m. Because f restricted to the
fibers is an immersion, it is clear that the dimension of the fibers of B must be m and
so h restricted to the fibers is an immersion.

Now we can state the main theorem of this section.
THEOREM 4.4. Let .(M, W, B, f (g, h)) be a full Hamiltonian system. Suppose

f is an immersion. Then, for every input-output coordinatization of .(M, W, B, f) as in
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Proposition 4.2,

OH
p

(4.2)
OH

OH
i=l,...,n, yi=ci, j=l,...,m,

Ou

the following is true (see Proposition 3.8):

(4.2) is strongly accessible : (4.2) is locally distinguishable.

COROLLARY. If X(M, W, B, f) is locally minimal, then it follows from Proposition
4.3 that f is an immersion. Moreover, it follows from Proposition 3.8 that (4.2) is locally
distinguishable. Therefore, by Theorem 4.4, the system (4.2) is also strongly accessible.

Proof. Let us denote by XH the vector field

OH OH
1 Opi’ Oqi"

As is proved in Proposition 3.8, local distinguishability of (4.2), or equivalently local
minimality, comes down to the following. Let O be the vector space of functions
spanned by {ul," ", u,,, OH/Oul,. "., OH/Ou,,} (for simplicity take cj 1). Now add
to O all the functions generated by taking Lie derivatives of functions in O with respect
to the vector fields (on B) Xn and O/Oul,.’., O/Ou,,. We denote the vector space
spanned by all these functions by O. We shall give O the following notation:

OH OH
0 U1, Urn,

OU OUm - invariance under XH and u/}"
Then local distinguishability of (4.2) is equivalent to

dO(x, u)= T’,,, .)B for every (x, u)e B.

We can rewrite OH/Oui as Lo/ou,H. Also it is easy to prove that dx(Lo/ou,H) Lo/ou,(dxH),
1,. ., m (dx denotes differentiation with respect to x). Therefore:

dO {dul,’’", du.,, d(Lo/olH), d(Lo/o.,H) + invariance under XH and O/OUi}

{dul," , du,., d,,(Lo/ouiH)," , dx(Lo/o.,.H)+ invariance under Xn and

(dul, , du.,, Lo/o,dH," , Lo/ou,.dxH + invariance under XH and O/Oui}

Now we turn to strong accessibility. As proved in Propositions 3.12 and 3.13, strong
accessibility of (4.2) is equivalent to strong accessibility of the extended system of
(4.2). Therefore when we define the vector space of vector fields A by the vector
fields adding all the Lie derivatives of the vector fields O/Oul," ", O/Ou,, with respect
to Xn and O/Ou, 1,..., m, i.e.,

A={O O

an 1’ OUm
-invariance under XH and 0/}’

then we have to show that

A(x, u)= Tx, .)B for every (x, u)e B.
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(A is the controllability distribution of the extended system.) It immediately follows
that

A={ 0 O,Lo/ouXi, ", Lo/ouXi, +invariance underXn and0-}Obl Oglm

Now we will show that the map :TM T’M, defined by a(Y)= w(Y,-), with
Y TM, together with the map which sends O/Ou to du, 1, ., m, is an isomorph-
ism between A and dO, and therefore A(x, u)= T(,,)B if and only if dO(x, u)=
T. )B. The following observations are sufficient"

i) oZ(XH)- dH.
ii) a(Lo/o,,Xz-i) Lo/o,a(XH) Lo/ou,(dH).
iii) Because Lx,W 0 and also Lo/o,w 0, and because Lie brackets of Hamil-

tonian vector fields (Hamiltonian with respect to the degenerate form o) on B) are
again Hamiltonian, A is generated by Hamiltonian vector fields.

iv) Take an arbitrary Hamiltonian vector field X in A. Then:

a (Lx,X) Lx,_fce (X)

ce (Lo/ou,Xo) Lo/o,,a (Xo)

because Lx,_,w O,

because Lo/ou,oo O.

This easily gives the induction argument that A is mapped onto dO. [3
Remark 1. It is also possible to derive a duality result for strong observability

(see Definition 3.9). The notion of dual controllability appears to be stronger than
that of strong accessibility. However we will leave this for the moment.

Remark 2. Of course duality between strong accessibility and local distinguisha-
bility is closely related to the existence of a Lie algebra morphism between a Lie
algebra of Hamiltonian vector fields equipped with the Lie bracket and a Lie algebra
of Hamilton functions provided with the Poisson bracket (cf. [1]). We will explore
this relationship in a future paper [19].

Remark 3. Consider the expression {OH/Ou, Hc’} with {. ,. } the Poisson
bracket on M and Ha a function on M defined by Ha (q, p) := H(q, p, ). This
expression equals

u{h i, H }= 2 at - h
i=l i=

with a (ti, , a,,) and hi (q, p) :=/’th component of (OH/Ou)(q, p, gt), and has
a direct interpretation in the sense that when we interpret u as the external force and
y as the position (see [16]) the expressions equal the instantaneous external work.

4.2. Gradient systems. Following [16] a system E(M, W, B, f) is called a full
gradient system if

(i) M is a Riemannian manifold with (possibly indefinite) metric (.,.);
(ii) W is a symplectic manifold with symplectic from we;
(iii) (’,") induces a bundle isomorphism a between TM and T*M by setting

a (X):= (X, -), for X TM.
Because T*M has a canonical 2-form fl, TM has the symplectic form c*f. Then
TM x W is also a symplectic manifold with symplectic form rr*a*12-rr*2oe(r and
rr2 are the natural projections of TM x W on TM and W respectively).

Now we ask that f(B be a Lagrangian submanifold of (TM x W, rr a *go r2 oo ).
PROPOSITION 4.6. Parallel to Proposition 4.2 we can prove that locally this

definition reduces to the existence of coordinates {x,..., xn} for M and {y,...,
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u 1, ", u.} for W and the existence of a potential function V(x, u) such that

(4.3)

V
G(x 7- (x, u,

dx

V
yj cj

Oui
(x, u) with ci + 1

and (.D .c] dyi ^ duj (so (y, u) are canonical coordinates). G(x) represents the Rieman-
nian metric (.,.).

Now one could suppose, guided by the similarity in definition of Hamiltonian
and gradient systems, and also by the linear situation as sketched before, that Theorem
4.3 should have an analogue in the gradient case. However it is easy to construct an
example of a nonlinear gradient system which is strongly observable but not strongly
accessible.

COUNTEREXAMPLE. Take V(X1, x2, x3, u) eX3xlx2 + x3u + u 2, and as Rie-
mannian metric the Euclidean metric on R3. This generates a gradient system

Al eX3x2 := gl(x), A2= eX3xl := g2(x) A3 eX3xxx2 + u := g3(x)-t- u,

y =x3+u :=h(x)+u,

which is locally weakly observable because

i) dh dx3,

ii) Lgdh d(eX3xlxa) eXxa dXl + exl dx. + exlx2 dx3.

Because dh dx3 and ex is merely a factor > 0 we only have to consider Xl dxa + x2 dxl.

e x3iii) Lg(xl dx2 + x dxl) d(xl 3xl + x2 e xa)

=e(Xl dxl +x dx) + (factors in dx3).
Now because xl dx2 + x2 dXl and xl dXl + x2 dx form a basis of T*R 2 in almost every
(x l, x2) R the observability codistribution has full dimension, and so the system is
locally weakly observable (even strongly observable, as can be readily seen). But the
system is not strongly accessible, because

t- eX3x1 -t-- eX3x1x2 g.g’ eX3x2
0Xl Ox2 t9x3

Therefore the controllability distribution has dimension at most two.

5. Conclusion. We have shown that the definition of a smooth nonlinear system
in 2 can be readily interpreted as a generalization of more usual input-output
formulations. Further we can define a natural notion of minimality for such systems
which implies the usual definition of observability for nonlinear systems. It would be
interesting to look for a natural realization theory in this context. The definition of
minimality suggests a more local theory than the realization theory of nonlinear
input-output systems as developed in [9]. This aspect (see also [17]) is presently under
investigation. We also expect to find a natural interpretation of the definition of strong
observability in such a realization theory. The results of 4 indicate hat, contrary to
the linear case, nonlinear gradient systems may be, at least from a system theoretic
point of view, more complex than nonlinear Hamiltonian systems.
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ON HAMILTONIAN FLOWS AND SYMPLECTIC TRANSFORMATIONS*

FRANK H. CLARKE

Abstract. Any linear symplectic transformation is realized by the flow on a convex energy surface.

The basic object with which we are concerned in this article is a "convex energy
surface" S, by which we mean a set S which is the boundary of a compact convex set in
R 2n containing the origin in its interior. We shall make no further assumptions on S, and
in particular none about smoothness, but for the purposes of this introduction let us
suppose for the moment that a C function H :R2n - R exists such that S H-l(1) and
such that VH 0 on S. We use (as is customary) the symbol J for the 2n x 2n matrix

0 -I
I 0]’

where I is the n x n identity matrix. The Hamiltonian system of differential equations

(1) J2(t)=VH(z(t))

defines a flow on S, in view of the well-known fact that solutions of (1) evolve on level
sets of H. (If z is decomposed into (x, p) Rnx R , (1) may be written in the more
familiar form -i0 Hx, 2 Hp.)

It is a useful observation (see Rabinowitz [9]) that the oriented curves on S
("orbits") which result from solutions of (1) (on (-oo, o)) do not depend on the choice
of the function H representing S. This permits, in the study of orbits, the use of any
convenient H. One such is the (Minkowski) gauge g of S, defined as follows:

(2) g(z) =min {h >_-0: z e AS}.

Clearly g-(1)= S, and if S were assumed to be smooth, then g would be C (except at
the origin) with Vg # 0 on S. Under our hypotheses, g is not necessarily differentiable on
S. However, the function g is convex (hence locally Lipschitz) and in consequence
admits at every point z a subdifferential in the sense of convex analysis (see Rockafellar
[10]) (or, equivalently in the presence of convexity, a "generalized gradient," see
Clarke [2]). This is a set, denoted Og(z), which reduces to {Vg(z)} if g is differentiable at
z. If now we give ourselves any locally Lipschitz function H’R2"R such that
H-1(1) S and 0 OH on S (g is one such), we may consider the natural extension of (1)
to the nonsmooth case; that is, the "Hamiltonian inclusion"

(3) Zi(t)OH(z(t)) a.e.,

where a solution z of (3) is an absolutely continuous function and "almost everywhere"
refers to and Lebesgue measure. It follows just as in the smooth case (see [5]) that this
procedure defines orbits on S, independently of the particular H. This nonsmooth
setting is the one within which the tools we use were developed, so it seems to be the
natural one to invoke, but the reader who is uncomfortable with strange derivatives may

* Received by the editors October 28, 1980, and in revised form May 5, 1981. This paper was written
while the author was visiting the Electrical Engineering and Computer Science Department, University of
California, Berkeley, and typed using National Science Foundation grant ECS-79-13148. This research was
supported by a Canada Council Killam Research Fellowship and by the Natural Sciences and Engineering
Research Council of Canada under grant A9082.

t Department of Mathematics, University of British Columbia, Vancouver, British Columbia, Canada
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simply assume that S is a C1-manifold. Even in that case, however, the proof of the
theorem requires considering the generalized gradient of a nonsmooth function.

A 2n x 2n matrix M is said to be symplectic if

(4) M*JM J

(where * denotes transpose). Symplectic transformations are of great importance in
classical mechanics, where "the motion of a mechanical system corresponds to the
continuous evolution or unfolding of a canonical (i.e., symplectic) transformation" (H.
Goldstein [7, 8.6]). The following, our main result, can be viewed as a kind of
converse" any (linear) symplectic transformation is realized on some orbit of any convex
energy surface.

THEOREM. Let S be a convex energy surface and letMbe a symplectic matrix. Then,
]’or some s in S, there is an orbit on S joining s to Ms.

Remark. As a referee has pointed out, implicit in the theorem is the "antipodality"
result that any convex energy surface S contains a point s whose image under M also
lies in S. (This fact can also be deduced from known properties of symplectic matrices.)
In certain cases of small perturbations of orbits, our results are related to work of J.
Moser [8].

The proof, which hinges upon a direct variational principle, achieves the desired
result by producing a solution z on S of (3) on an interval [0, T] (T > 0), where H is the
gauge g of S, having the property that z(T)= Mz(O). We shall need the polar , of S.
This is defined as the unique convex set E whose "support function" is g; i.e., 5? is the
convex set satisfying, for every s in R 2n,

max {(s, tr): tr } g(s).

It follows (see [5]) that E is a convex compact set containing the origin in its interior. We
denote by Y the set of all absolutely continuous functions y:[0, 1]-, R 2n satisfying
J)) (t) E almost everywhere, and we let A Y -, R 2n be defined by

A(y) y (1)-My (0).

Finally, let E1 be the eigenspace of M for eigenvalue 1, and let 7r and p be the
projections onto E1 and E- respectively.

LEMMA 1. There exist positive constants c and k such that, ]:or every y in Y,

Ip(y(0))l c + klA(y)l.

Proof. There is a constant k such that, for every v in E, kl(I-M)vl.>= I 1, and a
constant b such that [y (1)- y (0)1 <= b for all y in Y (since E is bounded). Let any y in Y
be given. Since (I-M) acts as a projection on E , we have

(1-M)p(y(O)) (I-M)y(0) y(0)- y(1)+ A(y),

and consequently

[p(y (0))l--< k(b + IA(y)l).

The lemma follows by taking c bk.
We denote by f the functional on Y defined by

/(y) =- (J)), y) dt.
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We now define a parametrized family P(v) of problems: to minimize f(y) over the
elements y of Y which satisfy ly(0)l<-c+k and A(y)=v. We denote by a(v) the
minimum in problem P(v).

LEMMA 2. The minimum a (v) is finite and attained for all v near 0; the function
a (.) is Lipschitz in a neighborhood of O.

Proof. Since E contains a neighborhood of 0, it follows that the feasible set for P(v)
is nonempty for small v. The uniform bounds on y (0) and 3 imply that f is bounded on
this feasible set. If Yi is a minimizing sequence for P(v), we may assume (by extracting
subsequences) that ))i converges weakly in L to a function u satisfying Ju e E almost
everywhere, and that yi(O) converges to y(0), where y is an element of Y such that ) u
almost everywhere. It follows that yi converges strongly to y in L and that f(Yi)
converges to f( y); y is the required solution (a more detailed version of essentially this
argument appears in [6]). That c is Lipschitz near 0 is a direct application of [1, Prop.
4.1].

LZMMA 3. There is a nonconstant solution 9 of P(O) such that 19(0)1 =< c.
That there is a solution 33 follows from the preceding lemma. If )3 is constant, then

a (0) 0. But this cannot be, since it is easy to produce y with zero endpoints such that
f(y) < 0, and for sufficiently small e we will have ey feasible for P(0) with f(ey)< 0.
Now let us observe that whenever A(y)= 0 and u is any element of Ea, we have
A(y-u)=0 and

f(y-u)=f(y)+ {J,u}dt=f(y)+1/2{J(M-I)y(O),u}

f(y) + ( y (0), (I M*)Ju) f(y),

in view of the fact that, under (4), Mu u is equivalent to M*Ju Ju. Thus by
"subtracting off" we may choose the solution 3 to satisfy r()(0)) 0 and the required
result now follows from Lemma 1.

It follows from the definition of a that for any y in Y satisfying Y (0)1 =< c + k, we
have

(5) f(y) >- a (A(y)),

and we have equality for any y solving P(v) for any v, in particular for )3. We may
interpret (5) as follows" the function 3 provides a strong local solution (in the sense of
the calculus of variations, as in [3]) for the problem of minimizing- (J, y) dt-a(y(1)-My(O)),

subject to J) (the constraint ly(0)l _-<c / k is inactive near )3 as a consequence of
Lemma 3).

We now apply the necessary conditions of [3] to this "differential inclusion
problem." These assert the existence of an absolutely continuous function q satisfying

(6) (-(t, ) on(, q) a.e.,

(7) (q (0), -q(1)) 0/()3(0), )(1)),

where is the function

l(y, y’)=-o(y’-My)
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and where H is the Hamiltonian of the problem"

H(y, q) max {(q, w}+1/2(Jw,

=max I(Jq+(),Jw)" Jw E}= g(Jq+()).
Relation (6) thus reduces to

It ensues that the function Jq is a translate of /2, so that the function Jq + (/2) is
nonconstant (Lemma 3). We know by [11, Thm. 3] that g((t)) h for some constant h
by the preceding observation, h is strictly positive. Note the relation

(8) J e Og(S) a.e.

We now turn to (7), which can be rewritten q(1)= r, q(0)= M’r, where r is an
element of 0a(0). Armed with this we calculate

MS(O) MJq(O) +M(O MJM*q(1) + (1) Jq(1)+(1= S(1).
2 2 2

We now effect a transformation which places on S (rather than hS). Let z (t) (th)/ h
for 0 N N 1/h T. Then g(z(t)) 1, since g is positively homogeneous of degree 1, and
we have (in view of (8))

J2 e Og(z) a.e.,

since I and Og is positively homogeneous of degree 0. Of course, z continues to
satisfy z (T) Mz (0), and so we have arrived at the z alluded to at the beginning of the
proof.

We shall say an orbit is closed if it consists of a closed curve on S, i.e., if it
corresponds to a periodic solution of (3): z(jT) z(0) for every integer ]. This is actually
equivalent to the orbit being a closed set (an observation for which we thank R. Conley),
so that no ambiguity lies in the term "closed orbit."

COROLLARY 1. Any convex energy surface S admits at least one closed orbit.
Of course we derive this by taking M I in the theorem. This global existence

result is due to P. Rabinowitz [9] and A. Weinstein [12].. A proof of this corollary,
simpler in this special case but similar in spirit, is given in [4], where the use of the polar
or dual variational principle was inaugurated. We refer to [6] for an extension of this
device to the prescribed period (as opposed to prescribed energy) case.

The following consequence of the theorem is reminiscent of Noether’s theorem in
the calculus of variations, inasmuch as an invariance of the system implies an invariance
of (in this case, some) extremals:

COROLLARY 2. Let the symplectic matrix MsatisfyMS S. Then there is an orbit C
such that MC C. IfM is offinite order, there is a closed orbit with this property.

Pro@ First we apply the theorem and, as mentioned earlier, get a function z(t) on
[0, T] satisfying (3) for H g and also z(T) Mz(O). We now observe that z(. can be
extended to [T, 2T] as a solution of (3) as follows’ let z(t)= Mz(t- T) for T < N 2T,
and note" z is continuous at T, and

J2(t) JM2(t- T)= -JMJ Og(z(t- r))

=-JMJM* Og(Mz(t-T))= Og(z(t)) as required.
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(We have used the identity M*Og(Mz)=Og(z), which follows by differentiating
g(Mz) g(z).) We extend z indefinitely forward this way, and also in reverse time, to
get an orbit C such that MC C. If M has finite order (i.e., Mr I) then of course we
cycle in finitely many steps, and C is closed.

We now proceed to show that the hypothesis that M is symplectic cannot be
deleted from the theorem. We do this by studying the case in which $ is the sphere, for
which a convenient Hamiltonian is H(x, p)= E {(xi)2+(p)2}/2 (summation 1 to n).
The Hamiltonian system (2) is easily solved, and we find

x (t) x o cos x sin t, p (t) x cos Xo sin t.

It follows that Mz(O)= z(t) is equivalent to

(9) Mu {(cos t)! (sin t)J}u,

where ! is the 2n 2n identity matrix and u is the vector (x0, x 1). For (x, p) to be
nonzero, we must have a nontrivial solution u of (9), for some > 0. It is not difficult to
find (nonsymplectic) matrices M for which this is not possible, demonstrating that the
theorem is false for general M. As a consequence of the theorem and the example, we
deduce’

COROLLARY 3. IfMis symplectic, then there exist numbers a, fl such that Ol
2 -- f121 and

det (M aI J) O.
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ITERATIVE PROCEDURES FOR CONSTRAINED AND
UNILATERAL OPTIMIZATION PROBLEMS*

J. WARGAt

Abstract. We study an iterative procedure for determining an "extremal" of a (nonconvex) optimization
problem with unilateral constraints patterned on the unilateral problems of optimal control. We also
investigate auxiliary procedures for determining inf {al(a, 0) A}, where A is a closed convex subset of a
Hilbert space R H, and for finding a point s(q) in A nearest some given point q.

1. Introduction. Let T be a compact metric space, K a compact convex subset
of a normed vector space, and

O=(q,0)=(b, q’, o’m)’KoC(T,m)
a continuous function with continuous directional derivatives

(x, y)-->DO(x; y-x)= lim o-[&(x +oJ(y-x))-&(x)]’K xKox C(T, "),
0

where " is provided with the Euclidean norm and C(T, ") is the Banach space of
continuous functions from T to I" with the sup norrn Isup. We wish to consider
Problem Pin of minimizing oo on the set {x KIO(x)<-0}, where the inequality
&(x)-<0 means old(x)(t) 0 (]’= 1,..., m, t T). This problem is patterned on the
unilateral problems of optimal control (otherwise known as problems with state
inequality constraints), where K represents the space of relaxed controls and O is
defined by certain functional-integral equations (such as those discussed in [9, Ch.
V-VII]) and, in particular, by ordinary differential equations.

Necessary conditions for minimum for Problem Phi (see e.g. [9, Thm. V. 2.3,
p. 303]) involve unknown Lagrange coefficient measures and, except in simple cases,
are rather difficult to apply in computing prospective minima. We shall therefore
consider a direct method in the form of the iterative Procedure III (of 3) which
formally resembles the finite-dimensional modified method of centers, due to Huard
and Polak [7, Algorithm 4.2.27, p. 155] and bears certain features of the feasible
directions algorithm of Polak and Mayne [8] (for optimal control problems with
endpoint inequalities). However, when applied to optimal control (in 4), Procedure
III differs from [8] not only because it admits state inequality constraints for infinitely
many values of time but also because it admits time-varying and nonconvex restrictions
on the control variables, requires no differentiability with respect to the latter, and
yields a "strong" extremal satisfying Pontryagin’s maximum principle. In its oper-
ational aspects, Procedure III differs from [8] in using the linear structure of relaxed
controls and not of ordinary controls and in selecting its preferred direction by keeping
account not only of the e-active constraints but of all the constraints and their differing
proximities to the "active condition."

Procedure III shares with many iterative methods the property of requiring nested
iterations. In the present case, we must apply the iterative Procedure II at each step
of Procedure III and the iterative Procedure I at each step of Procedure II. Specifically,
we attempt to solve our basic Problem PlII of finding min {O(x)lx K, O l(x)<-O} by
assuming known a "feasible" point xoK satisfying Ol(Xo)-<O and constructing

* Received by the editors November 4, 1980, and in revised form June 10, 1981. This work was
supported in part by the National Science Foundation under grant MCS-7903394.

t Department of Mathematics, Northeastern University, Boston, Massachusetts 02115.
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iteratively a sequence (xi) in K as follows" Given xi, we apply Procedure II to find
the solution (ti, Yi) of Problem (xi), defined by

’(x)" min {-alDqb(x; y-x)<--a, tbl(x)+Dg, l(x; y-x)<--o, a N, yK},

and then set x/l xi + Oi(Yi-Xi), where Oi minimizes b(x + O(yi-xi)) on the set

{0 [0, 1]ltl(xi + O(yi Xi)) <= O}.

In turn, Procedure II solves each Problem P(xi) by an iteration involving a repeated
use of Procedure I to find min {Ib-al [a cA} for appropriately defined points b and
convex sets A.

In an attempt to "finitize" these methods (and somewhat in the spirit of [8]), we
also introduce related Procedures I1, II1 and III1 in which all the internal iterations
are terminated after a finite number of steps and the jth step of every iteration may
be affected by an error whose preassigned bound r/j must decrease to 0 as j

In the special case when each of the functions

X - qbO(x), X - dpl’i(x)(t) (j 1,’’’, m, T)

is convex, Problem PIII is equivalent to the problem of minimizing c subject to
(a, O) A, where

A {(b(x), b l(x)+ vl(x))lx K, 0 <= v <- c, v C(T, ")}

is a closed, bounded and convex subset of C(T, ") and c >- Itbl[sup. In the general
case, where the above convexity assumptions do not hold, every step of Procedure
III involves a similar problem, namely P(xi), but with A[C(T, ") defined
in terms of b and Dtb. We solve this problem by embedding C(T, ") in a Hilbert
space L2(/x, ") and applying Procedure II to the corresponding problem PII in a
Hilbert space. Procedure II is a generalization of the "tangent plane" algorithm of
Wolfe and Morrison [4], [5]. It requires at every step the application of Procedure
I for finding the point s(b) in A nearest a given point b. Procedure I is a rather
straightforward generalization of the finite-dimensional methods of Gilbert [3], Barr
[1] and Pecsvaradi and Narendra [6] and of the method of [10] (applicable to compact
convex sets in a Hilbert space).

It is not surprising that, while Procedures I, 11, II, and 111 always yield the solution
of the corresponding convex optimization problems P and Pn, Procedure III yields
an "extremal" point for the nonconvex Problem Pin but not necessarily a minimizing
point. In the special case of unilateral problems of optimal control, an "extremal"
point turns out to be an extremal control, that is, a control satisfying the customary
generalization of Pontryagin’s maximum principle and transversality conditions [9,
Thm. VI. 2.3, p. 357].

Theorem 2.1 provides specific error estimates for every step of Procedures I and
I. Theorem 2.3 demonstrates that, for "normal" problems, Procedure II converges
superlinearly. We have little hope of learning much about the rapidity of convergence
of Procedure III in the general case. In fact, the steepest descent method for scalar
C functions over compact convex subsets of " is a special case of Procedure III,
and little can be said in general about its rapidity of convergence. It would be interesting
to conduct numerical experimentation with Procedure III applied to unilateral optimal
control problems but we have not had the means to do so.

The "tangent plane" algorithm is credited by Morrison [5] to the referee of his paper who, according
to Kowalik [4], was P. Wolfe.
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We discuss Procedures I, 11, II and II1 in 2, Procedures Ill and III1 in 3, and
an application to a unilateral problem of optimal control in 4. The proofs appear
in 5, 6 and 7.

2. The convex optimization problem. We shall denote by x.y the inner product
in a (real) Hilbert space and by l’ the norm in a (real) normed vector space.

Procedure I. Let B be a closed, bounded and convex subset of a Hilbert space
qY and q . Let xoB and xl, x2," be constructed as follows: given xi, select yi B
such that

(x q)’ y _-< (x q)’ y (y B),

choose as B any closed convex subset of B containing :.i and yi, and choose as
the point in B that minimizes the distance to q.

Procedure I is clearly a special case of

Procedure It. Let B be a closed, bounded and convex subset of a Hilbert space
and q @. Let xoB, r/0_-> r/1 _-> T2 limi r/i 0, and let xl, x2, be constructed

as follows" given xi, select yi B such that

2(xi q)’ yi -< 2(x,- q). y + r/i (y B),

choose as B, any convex subset of B containing xi and yi, and choose as x,/l any point
in B, such that Ix,+1-ql <= Ix,- q[ and

[xi+ q 12 Ix q 12 -I- i (X Bi ).

THEOREM 2.1. Let Xo, xl, be constructed by Procedure I1, and let ss(q) denote
the (unique) point in B nearest q. Then limi xi s(q) and

0 IXi- q[2 [so(q)- ql2 <- -2(xi- q)" (Yi- Xi) - 7Ii -’> O.

If 0"to, R" and Bi is the segment joining x, and yi, then Procedure I coincides with
a method of Gilbert [3] and is related to the Frank-Wolfe procedure [2]. If
and Bi is chosen as a polyhedron containing certain Xk or Yk for k <- i, then Procedure
I coincides with the methods of Barr [1] and of Pecsvaradi and Narendra [6].

Now let H be a (real) Hilbert space, 3 R xH the corresponding Hilbert space
with the inner product

(a, x)" (/, y) aft +x’y,

and A a closed convex subset of . We write s(q) (s(q), sl(q)) for SA(q) and set

C={3[(3, 0)A}, y=infC, g=(y,

with the usual convention that inf b c. If p s , p # 0, s A and

p.a<-p.a (aA),

we say that p is an inward normal to A at 4. The problem of finding y is referred
to as Problem PII.

Procedure II that we define below resembles the Newton-Raphson method and
exhibits similar convergence properties. Geometrically, it consists in iteratively
replacing a point b, (fli, 0) R xH by a point b,+ (/,/1, 0) obtained by intersecting
the axis R x {0} with the hyperplane through s(bi) normal to s(bi)-
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Procedure II. Let floe R, rio -< 3,. For 0, 1, 2,. ., let bi (i, 0)E o and let

i+1 s(bi)q-(s(bi)-i)-llsl(bi)l2 if s(bi)-i

If s(bi) [i -< O, we set/3 fig (/" > i) and terminate the iteration.
THEOREM 2.2. Let 1, 2, be determined by Procedure II. Then

]g<c, i<-i+1<__3, (i=0,1,...).

If the iteration terminates at the kth step with s(bk)= bk then 3/. If the iteration
terminates at the kth step with s(b) b then 3’ , i.e., Problem PI has no solution.
If the iteration continues indefinitely then (fig) is a (strictly) increasing sequence converg-
ing to 3" in the extended real number system. Furthermore,

lim bi lim s(bi)= g (% O) if 3, <

THEOREM 2.3. Assume that 3, < oo and the iteration of Procedure II continues
indefinitely. Let

li s(bi)- bi, Oi (I /O)-lAi, ei 3, [3i.

Then
(1) (IPil) is a (strictly) increasing sequence,
(2) either limi IPil oo or there exist fi (1, t51) E and J c (1, 2,. such that

limij pi weakly and is an inward normal to A at g (3", 0), and
(3) if there exists an inward normal/7 (1, pl) to A at g then

ei+l
lim 0.

ei

Remark. Theorem 2.3 shows that, for "normal" problems (to which statement
3) is applicable), Procedure II converges superlinearly. If H is finite-dimensional and

3" < c then the boundary point g (3’, 0) of A admits an inward normal p (p0, pl)
with/7 >- 0. Then either po > 0, in which case we may assume that i0 1 and statement
3) of Theorem 2.3 is applicable, or/o= 0 and then p is an inward normal at 0 to the
projection

PA {X HI(a, x) A}

of A on H. However, if H is infinite-dimensional then the boundary point g (3", 0)
may admit no inward normal to A. For example, if/x is the Lebesgue measure on
[0, 1], H L2(/x) andA is the collection of all points in R x L2(/x) of the form (a, ah -f),
where c [-1, 1], h(t) x/, If(0)[ -< 1 and f has a Lipschitz constant -<1, then C {0}
and g (0, 0) but A admits no inward normal at (0, 0) (because the points -f (-> 0)
form a dense subset of L2(/x)). In fact, the arguments used in the proof of Theorem
2.3 can also demonstrate the following characterization of boundary points without
inward normals"

PROPOSITION. Let A be a closed convex subset of a Hilbert space and oA.
Then A has no supporting hyperplane at if and only if

lim Is(x)-xl-l(s(x)-x).u=O foralluE.
x-,x.A

Procedure II1 below will truncate the (infinite) iteration of Procedure 11 after a
finite number of steps according to a specific test. Procedure I1 will be applied to the
case where B A and q is some point b x {0}. Thus, starting with some point ao,
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Procedure Ia will generate a sequence (/i(b, ao)) in A converging to s(b), and we shall
refer in Procedure IIa to such sequences (]i(b, ao)) directly. We shall also use the
notation

F,(p)={a Alp.a <-p.x +rl,(x A)}.

In defining Procedure II we assumed that we had the means of finding s(b) for
any b {0}= Y, and the existence of s(b) is guaranteed if A is closed and convex.
However, in Procedure IIa we will also require the computation of elements of F,(p)
and the existence of such elements is guaranteed only if A is bounded. Thus Procedure
IIa is applicable with the latter assumption (which is always satisfied in the context of
Procedures III and IIIa).

Procedure II. Let 0 <M < 1, r/o > r/a > ’02 and lim. r/i 0. Let Xo e A,/30 <
and n (0)= 0. We iteratively construct xj,/3., A., n (j)(/" 0, 1, 2,... ), as follows. We
set

b (/, 0) , , (,,.o, ,; x- b;.

If A > 0, we set Pi (A oi)-aA and determine some Yi
o(1) If A > 0 and Pi’ Yi 2r/-i >-/3. + MIA.I, we set

Bi+a Pi" Yi 2rl,.,i, xi+ xi, n (j + 1) n (j) + 1;

(2) otherwise, we determine fi(bi, xi) for 1, 2,. . If, for some io io(), case
(1) applies with xi, n(j) replaced by fio(bi, xi), n(j)+ io(j), respectively, we terminate
this internal iteration and set

fli+a Bi, xi+a fio(bi, xi), n(j + 1)= n(j)+ io(j).

We shall say that Procedure IIa stops at N if case 2) applies for j N and io(N)
does not exist.

THEOREM 2.4. Let A be convex, closed and bounded, and let Procedure IIa be
applied to Problem Pn. Then C # ( if and only if Procedure IIa does not stop at any
j and the sequence (i) is nondecreasing and bounded. In that case

lim/3i y, lim xi g (% 0).

If C ( then either Procedure IIa does not stop at any j and then lim./3i 3’ c or
Procedure IIa stops at some N and then fi (bu, xu) u <= 0 for all sufficiently large i.

Remark 2.5. Theorem 2.4 shows that if C then Procedure IIa yields a
sequence (x.) ((x, x. )) converging to g (y, 0). It follows then that, for any r/> 0,
there exists/’o such that

lx,.’l-< n
a property that we shall refer to directly in Procedure IIIa.

3. The nonconvex unilateral optimization problem. We next consider Problem
Pin described in 1. Consistently with our use of the notation b a(x)<= 0, we write
h+a for(ha+a, ,hl +a) when h =(ha, ,hl)" T-)I.

Procedure III, which we shall apply in an attempt to solve Problem PIII, will
require the solution of auxiliary problems (x) of the following form. Set
For a given point x K, determine (d, 37) K that minimizes -c on the set

S(x)={(a, y)l(x)+Dck(x; y-x)+a _-<0}.

We shall verify that each Problem (x) is a special case of Problem PII.
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Let /z be a positive Radon measure on T such that /x(G)>0 for every open
G c T. If T is a subset of some Nk, it is convenient to choose/z to be the k-dimensional
Lebesgue measure on T. Otherwise, we may construct/z by selecting a dense denumer-
able subset {tl, t2," } of T and setting

/z(E) 2-i for every Borel subset E of T.
tiE

Let I" [2 denote the usual norm of the Hilbert space L2(/x, "). It is easy to see that
any compact subset P of (C(T, "), 1. [sup) is also a compact subset of (L2(/x, "), [. [2)
and that, in P,]. ]sup-Convergence and]. [2-convergence are equivalent. Furthermore
(by Lemma 7.1 of 7), it follows from the continuity of (x, y) -> Db (x y x)" K K -->
g C(T, ") that y->DO(x; y-x) is linear under convex combinations, i.e.,

Dqb(x; Oyl +(1-O)y2’-x) ODc(x; yl-x)+(1-O)Dc(x; y2-x)

for 0<_-0 <-1 and x, yl, y2 K. Finally, since Db is bounded with respect to[. Isuo, for
each x K there exists cx 6 such that

c (x +D(x y x) >- -Cx (y K).

We now set, for a given x K,

A A(x)= {(-a, c(x)+Dqb(x; y-x)+a +v)ly g, 0<_-c _-<c,

v L2(lz, "), 0 <- v(t) <- cx /z-a.e.}

and observe that A is a closed, bounded and convex subset of the Hilbert space
L2(/z, m). It is also clear that

min {-a I(a, y) e S(x)} min {-al(-a, 0) e A(x)}.

Thus each Problem (x) is a special case of Problem PII.
Procedurelll. Let xoK and bl(x0) <- 0. Given xieK (i=0,1,...), with

qb(xi)<-O, we determine Xg/l as follows: we solve Problem (xg) which must have a
solution (ag, yg) because (0, xi)e S(xi) and y -> Dcb(xg; y-xi) is continuous. If O 0, we
set xj xi(] > i) and terminate the iteration. If Of > 0, we determine Oi that minimizes

b (xi + 0(yi xg)) on the set

{0 E[0, 111 l(x + O(yi --Xi)) <O},

and let xi+ xi + Oi(Yi-xi).
Procedure III is a special case of

Procedure III. Let xosK, b(xo) <- 0, r/o>_ r/l>_-" and limj r/i =0. Given xiK
(i 0, 1, 2, ), we determine xi+ as follows. We determine (ai, Yi) that is an approxi-
mate solution of Problem (xi) in the sense that

(xi)q-Dc(xi; yi-xi)-[-ol.i i

and

[-cei -inf {-ce I(ce, y)S(xi)}l<=wi.

(We have observed in Remark 2.5 that such an (ai, yi) is produced by Procedure II
in a finite number of steps.) We set

/-- {0 [0, 1]lb(xi + O(yi- xi)) (xi), l(xi -[- O(yi- xi)) 0},
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determine some 0 i such that

O(x -Jr" Oi(Yi--Xi)) <= inf (x + O(y-xi))+ rli,

and let Xi+l be any point in K such that

O(xi+l)O(xi--Oi(Yi--Xi)), l(xi+l) 0.

THEOREM 3.1. Let x, x2," be constructed by Procedure III. Then &l(xi)-<_O
and ((xi)) is a nonincreasing sequence. Ifx is the limit ofany convergent subsequence
of (xi) in the compact set K then l(x) <- 0 and there exist A=>0 and a positive Radon
measure A (h 1,1,. ", h on T with values in " such tha

(a) / (/ o,/ 1) 0,/ 1,i({t TIC ’i(t) < 0}) 0 (f 1,..., m),
(b) AVb(xoo; y-x)+’Dl(xoo; y-xoo)(t)’h(dt)>-O (y K),

where

h(t). (dt) Y h(t) a(dt) for h (h , h’).
]---1

We refer to a point K as extremal for Problem Pm if ()_-<0 and there
exist I o and A satisfying relations (a) and (b) of Theorem 3.1 with i replacing x.

4. Unilateral pblelns optimal nlo A large class of optimal control
problems with unilateral and inequality restrictions are special cases of Problem Pro.
Such problems may be defined by functional-integral equations of a rather general
type (e.g., such as studied in [9, Ch. V-VII]) but, to avoid some technicalities and to
simplify the exposition, we shall restrict ourselves to problems defined by ordinary
differential equations.

Let T [to, t]c N, R be a compact metric space, R * a Lebesgue measurable
mapping of T into the class of closed subsets of R with the Hausdorff metric, and
5* the corresponding set of relaxed controls [9, Ch. IV], that is, functions r(t)
whose values are Radon probability measures on R such that cr(t)(R*(t))= 1 almost
everywhere in T and the function

I c(r)r(t)(dr)" r

is Lebesgue measurable for each continuous c:R . We recall [9, Thm. IV. 3.11,
p. 287] that 5e is a compact and convex subset of a normed vector space (namely
LI(T, C(R))* with a "weak" norm whose topology restricted to 5 is the weak star
topology).

We assume given an open set V = ", v0 V, and functions

f: Tx VxR-, h: V, hi: Vm, h2: Tx V-"
such that each f(., v, r) is Lebesgue measurable, f(t,., ), h, h and h 2 are continuous,
and f(t,., r), h, h and h(t, .) have derivatives f, h, h and h2 (with respect to
v e V) such that f(t,., ), h, h and h are continuous. For any Radon measure s
on R, we write

f(t, v, s)= I f(t, v, r)s(dr),

and assume that there exist a compact D V and an integrable O" T such that

If(t, v, r)l-<- O(t), [f (t, v, r)l -< O(t) (t e T, v e D, r e R)
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and such that the differential equation

y(t) Vo + / f(r, y(r), cr(’)) d" (t T)
0

has a unique solution y (or), with y(r)(t) D for all and T.
We now consider the optimal control problem of finding that minimizes

h(y()(tl)) subject to the restrictions

hl(y()(tl))0, hE(t, y()(t))0 (t T).

This is equivalent to solving Problem Phi in which

K , m ma+mz, o() hO(y()(ta)),
a()(t) (hX(y()(tl)), h2(t, y()(t)).

In fact, we can verify (see e.g. [9, Thm. VI. 1.1, p. 348]) that (o, x), as defined
above, as well as the function

(, v)- D0(e; v -)" xg-x C(T, m),

are continuous, and that

D(; v-)= h(y()(t))(tx),
D(; v -)(t) (h (y()(t))(t), h (t, y()(t))(t)),

where T " is the solution of

] [/v(*, Y()(*), (r))n(r)+f(r, y()(z), (,)-(,))] dr (t T).

It follows that

n(t) Z()(t)- ] Z()(r)f(r, y()(r), v(r)-(r)) dr (t T),
at0

where Z()’ T (", ") is the matrix-valued solution of

t
()(r), (r)) dr (t T)z()(t) I + z()()/ (,, y

and I denotes the unit n x n matrix.
We shall next show how Procedures I, II and III (respectively, I, II and III)

can be applied to this unilateral optimal control problem. We assume known some
o* such that h(y(o)(t)) 0 and h2(t, y(o)(t)) 0 (t T). For any satisfying
similar inequalities, we consider Problem (i) which has a solution (a,vi).
Each Problem (i) can be solved using Procedure II or II if we can find

(a) a number c c, such that

(i) +De(; -,)-c ( e *),
(b) a number 0-ai, and
(c) a method for determining for each p x , L2(, m), a point ae

A(i) such that p.aep.a (a A(i)), where A(i) corresponds to Problem (i).
In fact, we can find c, of condition (a) by computing y (i), Z(i), (i) and setting

c, -inf {h x’i(y ()(tx)), h2"(y()(t))j 1,..., m, 1,..., m2, T}

-inf{do, dx(j), e(l, t)[j= 1,..., rex, l= 1,..., m2, e T},



368 J. WARGA

where

aft
tl

do min h(y(ri)(h))Z(ri)(’)f(z, y(cri)(r), &-o’i(zl) dz,
r_R *(’r)

dl(]) min h’(y(i)(t))Z(i)(r)[(r, y(i)(r), &-i(r)) dr,
rR*()

e(l, t)= min h’ (y(i)(t))Z(i)(t)-Z(i)(r)[(r, y(i)(r), &-i(r)) dr,
reR

and & denotes the Dirac measure at r. The number fl0 of condition (b) can be chosen
as -c and, for a given p (p, p, p, pl)e UxUxU xL(, um), we can determine
ae by finding ai[O, c], vi =(v], v) N1+1 xL2(, Nm) with vi[O, c], and ui
that minimize

2(p,p,pl)’D(i; u-i)+(-p+ l"(p,po, pl))a +(p,p)’v +pl’v
where 1 denotes a function with all values and components equal to 1. This clearly
yields values of i and v equal to 0 or c, depending on the sign of their respective
coecients. An easy computation also shows that a minimizing u e* is obtained by
setting ei(r)= 8(, (r e T), where, for each r T, r O() minimizes

k (’l’) Tf(’l", y(o’i)(’/’), r O’i(’l’)),

and

k ()r [ phO (y (o’,)(h)) +prh (y (r)(h))

l(t)rh ]+ p (y(ri)(t))Z(o’i)(t)-1 dt Z(ri)(z).

The corresponding choice of ap is

ap (-ai, c cr +Dd; o’i l O’i + Ol -i" l.)

At this point we ought to make a remark concerning certain computational aspects
of our procedures as applied to optimal control. These procedures involve relaxed
controls which are measure-valued functions. However, it is well known (see, e.g., [9,
Ch. VI]) that for each relaxed control tr there exists at least one Gamkrelidze-type
control t, represented by a function

-* (ao(t), ", a. (t), po(t)," ", pu(t)) T-* []n+l X [n+l,

such that y()= y(r); and the procedures that we apply retain their convergence
properties if we replace arbitrary relaxed controls by equivalent Gamkrelidze-type
controls. Thus the storage of relaxed controls in a computer memory is equivalent to
the storage of ordinary control functions.

Finally, we observe that a point t that is extremal for Problem Pin as defined in
this section yields a point (y(t), t) that is extremal in the sense of [9, Def. V. 2.0,
p. 298] (see also [9, Thm. VI. 2.3(1), p. 358]). Thus Procedure III, when applied to
unilateral problem of the optimal control of ordinary differential equations, yields an
extremal control, i.e., one satisfying Pontryagin’s principle and transversality condi-
tions.
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5. Proof of Theorem 2.1.
LEMMA 5.1. Let B be a bounded convex subset of a real normed vector space and

[: B --> R a continuous [unction bounded below with directional derivatives Dr(x; y -x)
such that, for each x B, y -> Df(x y x) is bounded below and the family of[unctions
{x --> Dr(x; y-x)[y B} is equiuniformly continuous. For =0, 1, 2, , let

T/i O, lim Tlj O, Xi, Yi B,

Df(xi; Yi- xi) inf Df(xi; y xi) -[- Tli,
y_B

f(Xi+l)<= inf f(xi+O(yi--Xi))+’rli f(Xi+l)<=f(Xi).
oe[o,1]

Then limi Df(xi; yi xi) O. Furthermore, iff is convex then

inf f(B) <= f(xi) <= inf f(B)-Df(xi; yi- xi) + qi inf f(B).

Proof. We have

Df(x; x) <-_ Df(x; x- x) + -, O.

Now assume, for purposes of contradiction, that there exist J c (0, 1, 2, and e > 0
such that

Df(xi Yi xi) <: -e (i e J).

Because of the equiuniform continuity assumption, there exists 0 such that 0 < 0 < 1
and

(1 -O)Df(xi + O(yi-xi); yi-xi)- Df(xi + O(yi-xi); Yi-[xi-[- O(yi--xi)])-e/2

(ieJ, 0<=0<=0).

Now set Oi(0)=f(xi + 0(yi-xi)) (0 e[0, 1]), and let ,- denote the right derivative
of 4’i. Then

0- (0) Df(xi + 0(yi- xi); yi- xi) <-- -e/2 (i e J, 0 _<- 0 <

It follows that Oi(0) =< 0i(0) 0e/2 (i e J), and therefore

f(xi+l)<=f(xi)-Oe/2+’oi (i

Since (f(xi)) is nonincreasing, this implies limi f(xi)=- and contradicts the assump-
tion that f is bounded below. Thus limi Df(xi; yi- xi)= O.

Now assume that f is convex. Then

Df(x y x) <= f(y) f(x) (x, y e B);
hence

Df(xi; yi-xi)<=inf Df(xi; y-xi)+?i <-inf f(B)-f(xi)+?i,

thus proving the last assertion of the lemma. Q.E.D.
Proof of Theorem 2.1. Let f(x) Ix q (x B). Then f is convex, Df(x y x)

2(x-q). (y-x), and all the assumptions of Lemma 5.1 are satisfied. It follows that

Isn(q) ql 2 <= Ixi ql 2 <= IsB(q) ql2- 2(Xi q) (yi- Xi) + Tli ". Isn(q) ql 2

and therefore limi xi ss(q) (because B is a convex subset of a Hilbert space). Q.E.D.
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6. Proof of Theorems 2.2, 2.3 and 2.4.
LEMMA 6.1. If/31, f12, are determined by Procedure II and if g < 3’ < o then

g < s(bg) <- i+1 <= 3" and i+1- fli [s(bi)- fli]-lls(bi)- bil 2.
Proof. If/3g < 3" then bg A and therefore u s(bg)-bg # O. Since u is an inward

normal to A at s(bi), we have

hence

and

(1)

Furthermore,

(2)

and

()

o
/2 s(bi) <- u g /2 3";

20 < I/2 =/2" [s(bg)- bi] <=/2o(3" _/i)

0
/2 s(bi)-i > O, 0 0

/2 fli+l "-"/2" s b <:/2 3".

fli+l- fli-- (/20)--11/212> O,

Our conclusion follows from inequalities (1)-(3).
LEMMA 6.2. Let

po (ro, 0), ceA,

and assume that

Then

and

fli+l s(bi) (/2)-11/2 112 --> 0.

Q.E.D.

A =s(po)-Po, p =(A)-IA, /2=(1,

(xeA), A>0, p’s(po)</2"c.

[o [-’[o" s(po)- o] >-1.1-’[..c =o].

Proof. Let rrl p s(po) and 7/’2 /2"C. We have

o’ [s (po)-po] (A )-alS(po)-polZ> 0;

hence

rr O" s(po) > O po

I Fs(po)-p4 o[ s(po)- o] o( o)

Since zro < "r/’l < 71"2, it follows that IPl < [v[. Q.E.D.

and therefore

Furthermore,

I1= d[po, A] >- d[po, L] [/21-1(r2 fro).

Thus fro <
We observe that the hyperplane L --{x I/2"x rr2} separates the point po from A.

Thus, denoting by d[x, S] the distance from a point x to a set S, we have
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Proofof Theorem 2.2. Step 1. We first assume that C . If/o 3’ then s(bo) bo
and the iteration terminates. If/30 < 3" but the iteration terminates for k then, by
Lemma 6.1,

i < s(be) <= i+1 3" (i < k)

and

/3 3"; hence S(bk)-- bk O.

It remains therefore to consider the case when the iteration continues indefinitely.
Then, by Lemma 6.1, (/) is an increasing sequence with an upper bound 3" and
therefore (fl) has a limit fl -<_ 3". Thus, again by Lemma 6.1,

lim [s(bi)-i]-ls(bi)-bil2= lim (i+1- /)-’-0,

lim (s(bi) i) O.

Therefore, setting b (fl, 0), we obtain

Is (/)-/] lim Is(be)- bil O,

and thus b e A, hence/3 3".
We have shown above that if C then either the iteration terminates for some
k with S(bk)--bk- 0 or the iteration continues indefinitely. Thus, if the iteration

stops at k with s(bk)--bk 0 then C . It remains, therefore, to consider the
case when C- and the iteration continues indefinitely. Then

i+l fli (s(bi)- i)-lls(bi)- bil2 >- Is(b)- bil.
It is now easy to verify that this relation implies limi/i 3" . Indeed, if/0 <-- fli <-

for some/3 R and all i, then the compact set [/30,/3] {0}, which has no points in
common with A, must be at a positive distance d from A. Thus/i+1-/i >--d for all
i, hence lim/ c, contradicting the assumption that/3 <-_ 3. Q.E.D.

Proof of Theorem 2.3. If we set, for any {0, 1, 2,. },

Zro= i, c s(bi+), u Pi+I
then we have

u’c<-u’x (xA)
and, by Lemma 6.1,

> O, Pi" s(bi) fli.l < fli+2 P" .
It follows then from Lemma 6.2 that

thus proving statement (1) and showing that either limi Io 1- oo or the sequence
is bounded. Assume that the latter is the case. Then there exist a sequence J
(0, 1, 2,. and t5 such that

lim p t5 weakly.
iJ

Since p (1, p ), it follows that t (1, tSa). Furthermore, we have

pi’s(bi)<=pi’x (i= 1,2,...,xA)
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and
lim s(bi) g (% 0).

It follows that, for every x A,

#. g lim pi g lim (pi s(bi) + pi [g s(bi)])
ieJ ieJ

-< lim pi’x d- lim [/9/[ Ig s(bi)[ :’x.
ieJ

Thus # (1, :1) is an inward normal to A at g, proving statement (2).
Now assume that ,0 (1, pl) is an inward normal to A at g. Then it follows from

Lemma 6.2 (with ro =/3i, c g, v ,O) that

[Pi[ < IP[ (i O, 1, 2,... ).

Thus the sequence (IPil) is bounded and, as we have shown, this sequence is increasing
and there exist # and J as described above. Since limiej pi # weakly, we have

Ifi[ <=lim inf [pi[-- lim [oil <
ieJ

Since the above inequalities hold for any inward normal/ (1, ,61) to A at g, they
must hold for p #, implying that

lim [#il

We next consider the error term ei. If we replace, in Lemma 6.2, Po, p, u and c
by, respectively, bi, pi, and g then Lemma 6.2 yields

1oiI-I (/i+i- i) loil-1(oi s(bi)- i) > Ipl-a( g i) ---l#[-l(,// i).

Thus ei--ei+l > [fil-llpilei; hence ei+, (1 -[#il/[Pl)ei (i 0, 1, 2,... ). Since limi (1
]ffil/[[) 0, this shows that

ei+l
lim 0. Q.E.D.

ei

LEMMA 6.3. If Procedure 111 does not stop at j O, 1, .., N then

xisA, ]_1<]< (j= 1, 2,.. ,N).

Proof. It is clear from the construction that/3j-1 <_-/3j and x. A. We shall next
prove by induction that /3i < y. Indeed, this is trivially true if 3’ oo. If y < oo, we
assume that/3i-1 < 3’. Then, if case (2) applies for j-1, we have/3. =/3j-1 < y. If case
(1) applies for j 1 then

i=pi_l" yi_l-2rln(i_l) <- inf pi_l" y-rln(i_l)<pi_l"(y 0)=% Q.E.D.
yea

LEMMA 6.4. Let C . Then Procedure II1 does not stop at any N.
Proof. Assume that case (2) applies at ] N. For 1, 2,. , let

=u, b=bu, c=s(b), xrc.i=fi(b, xu),

iN,i XN, b, PN, (a 0 )-1 0
N,i tN, if/ N,i > O.

Then, by Lemma 6.3,/3 < y and therefore bC=A. Thus limi AN,i--C-b 7 O. Now g
(% 0)sA and (c-b).c<=(c-b).x (x cA), and therefore

(co-/3)(7 -/3) (c b)’ (g b) _>-Ic bl2> O;
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hence

(1) lim A o o
N,i"-C --/ >0.

0It follows that A N,i > 0 for all large i, say _--> ia.
Now, let YN, E Fn(j)+i(PN,i) (i >= i). Then

inf PN,i" Y <= PN,i" Ylv, <= inf PN,i" Y + rl n(j)+i;
yeA yeA

hence

lim pN, YN,i--[3 =li inf aN,i" Y -- (c-)-a(c -b)" c-
yeA

(c o-/3)-alc b[2-> Ic bl > MIc bl M lim

We now conclude that there exists an integer io such that

PN,io" YN, io > MIAN,iol + 2"?n(N)+io. Q.E.D.

Proof of Theorem 2.4. First assume that C . Then, by Lemmas 6.3 and 6.4,
Procedure II1 does not stop at any N and

xiEA, /3._-</3i+<y<c (j=0,1,2,...).

Thus (/3.) converges to some/3 _-< 3’. Furthermore, case (1) applies for infinitely many
values of f, say < f2 <’". Then

Mlxi,- b;, I_-</3;,+a -/i,--> 0

and therefore

(/3, 0) lim bi lim bii lim xii s A.

Since/3 _-< y, this shows that/3 y. Furthermore, since the sequence (x.) is made up
of the elements of (x.,), with some of the latter repeated finitely often, we have

lim xi g (y, 0).

This proves the "only if" part of the first statement of the theorem.
Now assume that Procedure IIa does not stop at any N. Then, by Lemnqa 6.3,

the sequence (/3i) is nondecreasing and converges in the extended real number system
to some/3 _-< 3’. Thus/3 c implies C . If/3 < c and/’1, ]2, are the values of
] when case (1) applies then our previous argument shows that (/3, 0) A and therefore
/3 3’ < o. This proves the "if" part of the first statement.

It remains to consider the case when Procedure IIa stops at some N which, as
we have seen, implies C . Then

lN,i fi(bN, XN)- bN s(bN)- bN O.

oWe cannot have A v,i > 0 for infinitely many i, say il, i2, because then the same
argument as in Lemma 6.4 shows that

ON, it YN, ik --[3 > MIAlV,ik

for sufficiently large values of k, implying that Procedure 111 does not stop at N. Thus
1 0

N,i
< 0 for all sufficiently large i. O.E.D.
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7. Proofs related to Procedure III.
LFMMA 7.1. Let & be as described in 1. Then

D&(x; @1 +(1-O)y2-x)= OD&(x; yl-x)+(1-O)D&(x; y2-x)

(x, y, y2 K, 0-<0-<1).

Proof. Let , K --> R and

(x, y)---> Dt(x; y-x):KxK-->R

be continuous, and let 2, y l, y2 K. Set

h(a, fl)=g,(+a(y-)+fl(y2-)) (a, fl >-0, a +fl-<_l).

Then, for a +/3 < 1,
+ --1ha(a,/3)= lim o [h(a+oa, fl)-h(a)]=DO($+a(yl-)+fl(y2-); y1-22)

0

and thus (a, fl)-> h2 (, ) is continuous. Thus a--> h(a, fl) is locally Lipschitz con-
tinuous and therefore, for each/3 < 1,

h + (a,/3) ha (a,/3) for almost all a,

where ha denotes the partial derivative. It follows that

a+e

h(a + e,/3)= h(a, 8)+ [ h /a (t, ) dt

for small e; hence ha(t, )= h /a (t, fl) for all and thus ha exists for all a,/3 with
a,/3 > 0, a +/3 < 1, and is continuous. A similar conclusion holds for h0, showing that
h is C on the open set a,/3 > 0, a +/3 < 1. Thus, for all such a,/3,

D(.f + a(yx-.f) +/3(y2-.f); 0(yl-.f) + (1- 0)(y2-.f))

lim o-[h(a+Ooo, B+(1-O)o))-h(a,)]

Ohm(a, 3) + (1 -O)h,(a, )

ODO(i +a(y-)+/(y2-i); y1--2)

+ (1- 0)Dq,( +ot(yl-)+[3(y2-); y2-x).

It follows, by letting a,/3 -> 0, that

DO(S; 0y +(1-O)y-$)=ODO(i; y-$)+(1- 0)DO(i; y2-$).

Now let be a continuous linear functional on Nx C(T, Nm), and let 4, =/o.
Then our preceding argument shows that

/(D6($; 0yl +(1-O)y2-x)-OD&($; yl-i)-(1-0)D&(i; y2-i)) 0

for all such continuous linear functionals, whence our conclusions follows. O.E.D.
Proof of Theorem 3.1. Step 1. Since (0, xi)e $(xi), we have ai >=-ri. We shall

prove that limi ai 0. Indeed, assume the contrary, and let J c (1, 2,... and eo>0
be such that

i 2eo, Ti <- eo (i J);
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hence

(1) t(xi)+Dp(xi; yi-xi)<-eo (i J).

Since K is compact, K is bounded and the function (x, y)--> D6(x; y- x) is uniformly
continuous. Therefore there exists ff such that 0 < ff =< and

(2) ((xi + O(yi xi)) + Df(xi + O(yi xi);

(0 [0, 0], iJ).

Let @(O)= (@ (0), (0))= (x + 0(y- x)), andlet (0) denote the right deriva-
tive of at 0. Then

D(xi +

and, by (2),

(3)

(4) i(O)+(1-O)(@)+(O)<--eo/2 (iJ, 0 [0, 0]).

Since, for each T, each component of ,i(O)(t) is a continuous function of 0, relation
(4) implies that

@()---tl(xi+(yi--Xi))O (i J),

while relation (3) yields

O(xi + if(y/- Xi)) (if) (0)- eo&2
=O(xi)-eo/2 (isJ).

The above two relations show that

O(xi+l)O(xi+(yi--Xi))+iO(xi)--Eo/2@i (isJ).

Since ((x)) is nonincreasing, this implies that limi(xi)=- which cannot be
because is continuous on the compact set K.

Step 2. We have thus shown that limi i 0. NOW let x be the limit of (Xi)iJ for
some J (1, 2,. ). For each s J, set

Fi (xi) +D(xi K xi),

Then and Zi are nonempty disjoint convex subsets of x C(T, ) and Zi has a
nonempty interior. It follows that there exists Ai (A, Ai )S X c(r, m), such that
IAi[: 1 and

(5) Aif Aiz (f s Fi, z Zi).

Let
os 1+sup {o + lili O, 1, 2,’" }, Zo -s, Zo -s, Zo (z, z).

Since all the sets Zi contain the same open ball B(zo, 1) of center Zo and radius 1, it
follows from (5) that

(6) li(((Xi)+O((Xi; y--Xi))etiZo+[lil-- ,iZo+ 1 (y K, s J).
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We may choose J1 J such that (li)iJ1 converges in the weak star topology to some
A. For y xi, relation (6) yields

h4(x) lim hit(xi) >: lim AiZO q- 1 AZO -b" 1
iJ1 iJ1

and this shows that A 0. It follows now from (5) that, for every z s R C(T, ’)
with z < 0, we have

7) ;(,(x)+D4,(xoo; y-xoo))>-z (y K).

Now A can be identified with a Radon measure (A 1,1,
in ". Thus (7) yields, for y

0 feb l(xoo)(t)" A (dt) >= Az + z (t). A (dt)

/ 1,m) on T with values

(z <0),

whence we conclude that h o and h are nonnegative and h 1,j ({t e TI4 1, (xo)(t) < 0}) 0.
Finally, relation (b) follows from (7) by letting z 0. O.E.D.
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CONTROLABILITE DES SYSTEMES BILINEAIRES *

J . P . GAUTHIERt ET G . BORNARD $

Abstract. This paper deals with bilinear systems . A complementary result to the well-known Jurdjevic -
Kupka criterion for controllability is obtained .

Resumé . Ce travail traite de la controlabilité des systèmes bilinéaires . On présente une amélioratio n
du critère de Jurdjevic-Kupka dans le cas de SL(n, R) .

Sous des hypothèses ouvertes, le résultat obtenu est une condition nécessaire et suffisante de con-
trolabilité dans le cas d'un espace d'état non compact, ce qui est nouveau (si on exclut le cas classique de s
systèmes linéaires) pour les systèmes comportant une dérive .

1 . Introduction . Les systèmes que l'on considère sont de la forme :

.z = Ax + uBx

= uAx + vBx

oû u et v sont dans R et x est dans GL+ (n, R), SL(n, R) ou R n -101 selon le cas .
GL +(n, R) est le groupe des automorphismes de R n à déterminant positif ; (GL+ est
connexe) . SL(n, R) est la restriction du groupe précédent au groupe des auto -
morphismes à déterminant égal à 1 .

Dans les deux premiers cas, Ax et Bx doivent être compris comme des champ s
de vecteurs invariants à droite sur les groupes considérés, avec :

Ax = A(x) = A o x

où o représente la composition des applications linéaires .
Dans le cas de R n —lob la transitivité de l'action naturelle de ces groupes sur

R n —Io} fait que la controlabilité passe de GL +(n, R) ou SL(n, R) à R n -101. Nous
verrons que, dans le cas des résultats qu'on présente ici, la controlabilité est en fait
équivalente sur ces 3 espaces .

On notera gl(n, R) et sl(n, R) pour les algèbres de Lie de ces deux groupe s
(respectivement : M(n) l'ensemble des matrices carrées d'ordre n à coefficients réels ,
et l'ensemble des matrices carrées réelles d'ordre n de trace nulle) .

R est le centre de gl(n, R), et sl(n, R) est une algèbre de Lie simple . On a :

gl(n, R) = sl(n, R) O+ R

En conséquence, avec l'aide de résultats classiques de controlabilité (Jurdjevic —
Kupka [1, prop . 19, p . 75] pour les systèmes de la forme (1), Boothby [7, Lemme p .
305], pour les systèmes de la forme (2)), on peut voir que la controlabilité sur SL(n, R )
(partie simple de GL +(n, R)) est équivalente à la controlabilité sur GL+(n, R) si et

* Received by the editors August 15, 1980, and in revised form March 31, 1981 .
i Centre National de la Recherche Scientifique, Ecole Nationale Polytechnique Alger, 10 ay . Pasteur ,

El Harrach, Alger, Algerie . This work was completed while the author was at the Laboratoire d'Automatiqu e
de Grenoble .

$ Centre National de la Recherche Scientifique—Laboratoire d'Automatique de Grenoble, Ecol e
Nationale Supérieure d ' Ingenieurs Electricients de Grenoble, BP. 46, 38402 St . Martin d'Heres, France .
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seulement si :
—cas (1) :

	

tr (B) ~ 0 ,
(3)

—cas (2) :

	

tr (A) ou tr (B) ~ 0 .

En fait, dans [1] et [7], il est seulement dit que la controlabilité sur SL(n, R )
implique la controlabilité sur GL+ (n, R) dans le cas (3) . Pour vérifier la réciproque ,
il suffit de voir que, si (3) est faux, alors det (x) dans (1) ou (2) n'a pas toute la libert é
voulue .

En ce qui concerne les groupes et compte tenu de ce qui vient d'être dit, nou s
pouvons donc restreindre l'étude à SL(n, R) (c'est à dire supposer tr (A) = 0 et
tr (B) = 0) . Pour R n-{O}, nous préciserons plus loin .

Dans tout ce qui suit on supposera que B a des valeurs réelles, ce qui n'est pas
indispensable, mais simplifie la démarche .

Nous ferons, sur A et B, les hypothèses suivantes : Soit Ad la représentation
adjointe sur SL(n, R) ; on supposera que B est un élément "fortement régulier" ; c'es t
à dire que Ker (Ad (B)) est une sous-algèbre de Cartan (isomorphe à l'ensemble des
matrices diagonales de trace nulle), et chacun des sous-espaces propres de Ad (B )
associés à une valeur propre non nulle est de dimension 1 (cas réel) . Cette hypothèse
est fondamentale pour nos objectifs .

Il est facile de vérifier que l'ensemble de ces hypothèses peut se résumer à :

B = diag (b 1 , b 2 ,

	

, b n ), matrice diagonale de trace nulle avec :

H1. b 1 <b2 <• ' < b n ,

b i - b; ~ bk - bm pour (i, j) ~ (k, m) .

Dans le cax des systèmes de la forme (1), nous ferons aussi l'hypothèse suivante ,
introduite par Jurdjevic-Kupka dans [1] :

H2. a1nan1> O .

Nous pouvons maintenant donner le résultat suivant, qui a été le point de dépar t
de ce travail :

THÉORÈME 1 (Jurdjevic-Kupka) [1] . Supposons : Hl ; H2 ;

H3. a i;00pour ji-j~=1 .

Alors, le système (1) est controlable sur SL(n, R).
Il y a par ailleurs le résultat suivant (que nous donnons pour des raisons qu i

apparaitront clairement immédiatement après) :
THÉORÈME 2 . Supposons : Hl ; H3 .
Alors, le système (2) est controlable sur SL(n, R) .
Notons que, dans ce cas, ceci veut simplement dire que l'algèbre de Lie engendrée

par A et B est exactement sl(n, R) .
Notre contribution principale est constituée par les résultats suivants :
THÉORÈME 3 (Résultat principal) . Supposons : Hl et H2 dans le cas (1) ; Hl dans

le cas (2) . Alors, une condition nécessaire et suffisante de controlabilité sur SL(n, R) est :

H4. A est une matrice permutation-irréductible .
COROLLAIRE 1 . H4, sous les même hypothèses, est aussi une condition nécessaire

et suffisante de controlabilité sur R n -101 .
Le paragraphe 2 définit et donne des caractérisations classiques des matrices

"permutation-irréductibles" (et fournit un algorithme de calcul) . Le paragraphe 3
donne la preuve de notre résultat principal . Le paragraphe 4 fait quelques commen -
taires et donne un résultat complémentaire .
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2. Matrices "permutation-irréductibles" .
DÉFINITION 1 . Une matrice carrée A (n x n ), réelle (ou complexe) est dite

permutation-réductible s'il existe une matrice de permutation P telle que :

P-1AP =
[A 1 Al

A3

ou A 3 est une matrice carrée r x r avec 0 < r < n .
DÉFINITION 2. Une matrice carrée A (n x n), est dite permutation-irréductible si

elle n'est pas permutation-réductible .
Remarque . L'hypothèse H4 signifie qu'il n'existe pas de sous-ensemble d e

SL(n, R) qui soit simultannement A-invariant et B-invariant .
Nous noterons maintenant P-réductible et P-irréductible . Nous allons caractériser

ces matrices . La preuve des résultats énoncés ici peut être trouvée dans [2] ou [3] pa r
exemple .

Une matrice carrée A, (n x n), étant donnée, on définit le graphe de A de la
façon suivante : considérons un ensemble de n points ordonnées de 1 à n . Ce sont le s
noeuds du graphe . On mène un arc orienté du noeud i au noeud j si et seulement si
au � O .

THÉORÈME 4 . Une matrice A est P-irréductible si et seulement si son graphe es t
fortement connexe (i .e ., si, pour tout couple (i, j) de noeuds, il y a dans le graphe de A
un chemin orienté allant de i à j) .

Donnons maintenant un algorithme qui permet de tester si une matrice A es t
irréductible (ce résultat est utile pour l'utilisation pratique du théorème 3) .

On note par A la matrice suivante, associée à A :

1 si a
'

i 00
si i j.a it =0,

	

a 1;=
O sia l;= O

THÉORÈME 5 . Soit A une matrice carrée n x n . Alors, la suite Ap des puissances
booléennes de A se stabilise pour p n - 1, et A est P-irréductible si et seulement s i
(A n-1)ij = 1 pour tout (i, j) .

Par "puissances booléennes" on veut dire que le "produit" de matrices es t
considéré sur l'anneau de Boole ordinaire, les matrices considérées n'ayant que 0 o u
1 pour termes .

3 . Preuve du résultat principal . Notons (comme dans [1]) par LS(T), l'ensemble
Lie-saturé d'un sous-ensemble T de SL(n, R); en particulier, on considérera :

T = {A, B, -BI dans le cas (1 )

et

T = {A, -A, B, -B I dans le cas (2) .

LS(T) est le plus grand sous-ensemble de SL(n, R) qui est équivalent à T du poin t
de vue de l'accessibilité . La définition exacte de LS(T) est la suivante (RD :

LS(T)=L(T) (1 Sat (T)

• L(T) est la sous-algèbre de Lie de sl(n, R) engendrée par les éléments de T;
• Sat (T) est l'ensemble de tous les éléments X de sl(n, R) tels que

{exp (tX)lt E R+} c Cl (S+(T)) ;
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• Cl représente la fermeture dans la topologie naturelle ;
• S+(T) est le sous-semigroupe de SL(n, R) engendré par l'union

U xE T {exp (tX) j t E R +} de tous les semigroupes engendrés par les éléments de T.
Remarquons que, dans le cas (2), LS(T) = L (T ) .
Dans [1], on peut trouver les propriétés suivantes, pour LS(T) :

(4)

	

LS(T) est un cône, convexe, fermé .

Si X et ± Y sont dans LS(T), alors ,
eAd(vY)X = exp (vY)X exp (—vY )

est aussi dans LS(T) pour tout v dans R .

(6)

	

Si ±X et ± Y sont dans LS(T), alors, 4X, Y] est aussi dans LS(T).

Une condition nécessaire et suffisante de controlabilité de (1 )

ou (2) sur SL(n, R) est que LS(T) = sl (n, R) .

Nous emploierons, dans la suite, les notations suivantes, pour certaines matrice s
carrées n x n . Eu est la matrice telle que

(5 )

(7)

,
Eij km = Sik ' Sjm, Ou Si; _

1

	

SlI = J,

to sinon.

De plus, A étant donné, 'A ' et ;A i sont définis comme suit :
• toute colonne de 'A i est zéro, à l'exception de j ième qui est A i , la i ième colonne

de A,
• toute ligne de ;A i est zéro, à l'exception de la jième qui est Ai, la iième ligne

de A,
et on utilisera souvent les identités suivantes :

Ei;A = 1A;, AEi; _ 'Ai, [Eu, A] = Ai —'A

Nous pouvons maintenant énoncer les lemmes nécessaires :
LEMME 1 . Supposons que ±E i; et Ejm (i ~ j, j ~ m, i ~ m) soient dans LS (T) . Alors,

±Eim est aussi dans LS(T) .
Preuve. D'après (5), on a

H (v) = exp (—Eut) )E; m exp (Ei;v ) E LS(T)

pour tout v dans R . Mais on a

H(v) = Ejm — vEim
_
— v (—Pli± Eim •

11) 1

Du fait de (4), (Ejm/ v ± Eim ) est donc dans LS(T), et puisque LS(T) est fermé (encor e
(4)), en faisant lvI -* 00, on obtient le résultat .

LEMME 2 . Supposons que A et ±Eij soient dans LS (T) avec i ~ j. Alors ±( 'A ' — iAj )
est aussi dans LS(T) .

Preuve. Même preuve que pour le lemme 1, ave c

H(v) = exp (—Eut) )A exp (Ei;v) .
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LEMME 3 . Supposons que A, ±B, et ±E i; soient dans LS(T) avec i ~ j . Soit Ckm
(k ~ m) un terme différent de zéro, (non diagonal), se trouvant dans 'A l ou dans Ai.

Alors, ±Ckm est aussi dans LS(T) .
Preuve . D'après le lemme 2, ±('A' – Ai ) est dans LS (T) . Alors, pour tout v dan s

R, on sait que

H(v) = ±exp (vB)('A` – iAi) exp (–vB)

est dans LS(T) . Mais

kH (v )km — ± ( 'AZ — iA j)km e(b
—b

v •

Soit (ko, mo) tel que (b ko – b mo ) est le maximum (minimum) des (bk – b m ) tels que
km = ( 'A' i A ;)km 00.

Considérons alors K(v) :

exp (vB ) ('A l – Ai ) exp (–vB)
K(v)=± e (b ko —bmo) v

Chacun des termes de K(v) est soit nul, soit de la forme :

e
(bk—bm) v

±Ckm e (bko—b,,,,o) v

Clairement, quand v --~ +oo, (–oo), tous ces termes tendent vers 0 sauf un . D'autre
part, encore d'après (4), lim v .*c)o K(v) = ± ckomoEkomo est dans LS(T) . Par conséquent ,

±Ekomo est dans LS(T) .
Maintenant considérons ±{ 'A i – iA1 ) – CkomoEkomo} . On peut itérer le raisonnement

qui a été fait . Mais (b ko – b mo ) aura diminué, et, successivement, on obtiendra dan s
LS(T) tous les termes voulus; ce qui prove le résultat .

LEMME 4 . A et ±B étant dans LS(T), supposons que A soit P-irréductible, et qu e
±Ei1 et ±E;i , pour un couple (i, j) donné, soient dans LS(T) . Alors, LS(T) = sl(n, R).

Preuve. A étant irréductible, pour tout m ~ j, il existe un chemin orienté dans l e
graphe de A, du noeud j au noeud m . Ce . chemin peut être choisi sans boucle ,
c'est-à-dire que, si a;il , ail i2 , • • • , aj0m sont les termes 0 0 dans A correspondant à c e
chemin, il n'y a pas de répétition d'indice, et en particulier :

ik

	

ik ~ m pour tout k .

Mais, nous avons besoin de plus, et on aimerait que ce chemin ne passe pas par i .
Deux cas se présentent alors :

• ou bien ce chemin ne passe pas par i,
• ou bien, pour un certain k, i k =

Alors, choissons le plus grand k dans le chemin tel que ik = i et coupons ce chemin .
On obtient a iik+l, aik+l i k+2, • • • , a ip m, tel que, pour tout h,

lk +h ~ l, lk +h ~ m, l k +h ~ .i•

Et alors, dans tous les cas, on a obtenu : soit un chemin sans boucle de j à m, ne
passant pas par i, soit un chemin sans boucle de i à m ne passant pas par j.

Si on est dans la seconde situation, on se ramène à la première par une permutatio n
des indices i et j qui laisse inchangées les hypothèses du lemme .

Supposons donc que ce chemin soit de j à m, et soit a;i l , ail i2 , • • • , a ip m, la séquenc e
correspondante .
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On sait que ±Eu E LS(T). Le terme ±(a;ilEiil)iil est un terme 0 0 non diagonal
dans ± Al (c'est pourquoi il a fallu considérer plus haut l'éventualité où ik = i) . En
appliquant le lemme 3, on obtient que ±Eiil E LS(T) .

En itérant le processus, on voit que ±Eii2 , • • • , ±Eim sont dans LS(T) .
Maintenant, considérons ±E;i LS(T), et Eim E LS(T) . D'après le lemme 1, ceci

implique que ±E;m est dans LS(T) .
Prenant maintenant un chemin de m à j, et faisant la même démonstration en

sens inverse, on obtient aisément que ±Emi ± Em; sont dans LS(T) pour tout m, m ~ i,
m~j .

Soit k

	

j, m . En appliquant le même raisonnement que précedemment on
obtient que ±Ekm et ±Emk sont dans LS(T) .

Par conséquent, ±Ekm E LS(T) pour tout couple (k, m), k 0 m . Mais l'ensemble
des Ekm, k ~ m, qui est l'ensemble des vecteurs racines de sl(n, R), engendre sl(n, R)
en tant qu'algèbre de Lie . On a donc LS(T) = sl(n, R), de qui prouve le résultat .

Preuve du théorème 3 (résultat principal) .
Nécessité . Supposons que A soit une matrice P-réductible . Il y a alors une matrice

de permutation P telle que

c 1

	

c 2
(8 )

	

P-1AP =

c 3 étant une matrice carrée a x r, 0 < r < n .

O

	

c3

Or une matrice de permutation laisse trivialement B sous forme diagonale, c e
qui implique que A et B sont tous deux conjugués à des matrices de la forme (8) .

Mais l'ensemble des matrices de la forme (8) constitute une sous-algèbre de Li e
de sl(n, R) ; par conséquent L(T) ~ sl(n, R), donc, LS(T) = L(T) (1 Sat (T) ~ sl(n, R) ,
ce qui contredit (7) .

Suffisance .
Cas des systèmes de la forme (2) . A étant irréductible, B fortement régulier, on

montre aisément que ±Eu E LS (T) pour tout couple (i, j) tel que a i; � 0, i ~ j (la preuve
est du même type que celle du lemme 3) .

Considérons maintenant un couple (i, j), et le chemin de i à j :

aiil 0 0, ail i2 � 0,

	

. . ., ai p1 0 0 ,

auquel correspond la suite de matrice s

±Eiil , ±Ei l i2 ,

	

• , ±E ip ; .

En appliquant le lemme 1 et en itérant, on voit que ±Eu ± Eu LS(T) pour tout
couple (i, j), i j. Donc, LS(T) = sl(n, R) .

Cas des systèmes de la forme (1) . On montre d'abord comme dans [1], qu'à cause
de l'hypothèse H2 (ab, . an 1 < O), ±E1 n et E til sont dans LS(T) .

Appliquons (5) avec X = A, Y = B, divisons par e (b 1 —bn )v et faisons successivement
tendre v vers +oo et —oo . (On peut le faire parce que LS(T) est un cône fermé) .

Pour simplifier, supposons a 1 n > 0, an 1 < 0 . Alors, on obtient E1 n E LS(T), —E n i E
LS(T). Donc, E1 n —E 1 E LS(T) ; mais les trajectories du champ X = E 1 n —E 1 sont
périodiques . Par conséquent :

{eXp (tX), t < 0} c S+(T) ,

et donc

—X = Ent -E1n ESat (T) .
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Mais comme –X E L (T ), on a donc, –X E LS(T) .
Maintenant, avec (4) encore ,

Ent — E1n +E1n = Ent et Ent —E 1n —En1 —E 1 n

sont dans LS(T) . On a ainsi EE1 n et ±En 1 dans LS(T) .
Appliquons maintenant le lemme 4, on en déduit que LS(T) = sl(n, R), et avec

(7), le système est controlable .
Preuve du corollaire 1 . La condition est suffisante, c'est clair . Pour la nécessité ,

examinons la forme (8) : On voit que sur R n – {0}, il y a un sous espace invariant, celu i
engendré par les n – r premières composantes .

4 . Commentaires. Examinons ce que signifie exactement le théorème 3 et so n
corollaire .

Appelons, comme dans [10] par "condition du rang", le fait que le rang d e
l'algèbre de Lie engendrée par le système soit, en tout point de l'espace d'état, éga l
à la dimension de l'espace d'état . Ceci n'est en fait qu'exceptionnellement une condition
nécessaire et suffisante de controlabilité : Cas des systèmes linéaires sur R n , cas d'un
système symétrique (X E T, –X E T), cas où la "dérive" du système est périodique
ou "Poisson stable", cas d'un groupe compact, cas du produit semi-direct d'un group e
compact K par R n, K agissant irréductiblement sur R n [11] .

Le théorème 3 et son corollaire montrent que :
THÉORÈME 6. Supposons H1, sur SL(n, R) ou surR n – {O}, indifféremment . Alors ,

la "condition du rang" est équivalente à l 'hypothèse H4 (P-irréductibilité de A) .
Mais, de plus :
THÉORÈME 7 . Supposons H1 et H2, sur SL(n, R) ou sur R n – {0}, indifféremment.

Alors, la "condition du rang" est une condition nécessaire et suffisante de controlabilit é
pour le système (1) comportant une dérive (non compacte) .

Ceci nous semble très important et doit être compris comme la contributio n
majeure de ce travail .

Les théorèmes 1 et 2 sont obtenus immédiatement, comme corollaires d u
théorème 3, dès lors que l'on remarque que la matrice de Jacobi :

J =

est irréductible (ou que les termes 00 dans J correspondent justement aux vecteur s
racines associés aux racines primitives de sl(n, R), relativement à la sous-algèbre d e
Cartan définie par B ; c'est le point de vue émis dans [1]) .

Maintenant, on peut se poser la question suivante: La P-irréductibilité des matrice s
joue-t-elle un rôle dans le cas de la controlabilité sur les groupes généraux ?

La réponse semble être oui, comme le montrent les considérations suivantes :
Soit g une algèbre de Lie qui est la forme réelle d'une algèbre de Lie complex e

simple g ', et G le groupe de Lie correspondant à g.
Soit B un élément régulier de g. (Ker (Ad (B)) est une sous-algèbre de Cartan ,

c'est-à-dire une sous-algèbre maximale commutative égale à son propre normalisateur
dans g C . )

De tels éléments forment un ouvert dense sur g .
Soit 4 une représentation irréductible de g sur un espace vectoriel complexe V.
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(Dans le cas d'un groupe simple, on peut prendre V = g ' et 4 = Ad.) q, défini par
0- (x + iy) = 0(x) + ic/)(y ), définit une représentation irréductible de g sur g .

B est inclus dans la sous-algèbre de Cartan qu'il définit (Ad (B)(B) = 0), et tous
les éléments X dans cette sous-algèbre de Cartan sont tels que les matrices q5 (X)
sont diagonalisables (simultanément) . Par conséquent, on peut supposer que ck (B) =
0-(B) est diagonale .

THÉORÈME 7 . Soit B tel que ci-dessus, et A g ; alors, une condition nécessaire
de controlabilité du système de champs de vecteurs invariants à droite sur G : T =
{A, ±B}, est que 4 (A) soit P-irréductible .

Preuve . Pour que le système soit controlable, il faut que L(T) = g. Par conséquent,
il faut que L(T) engendre aussi g les éléments de L(T) étant pris en tant qu'éléments
d'une algèbre de Lie complexe .

Supposons que cf) (A) soit P-réductible . Il existe alors une représentation irréduct -
ible de g sur V telle que 4 (A) et q5 (B) soient tous deux sous la forme (8) ; mais il y
a un sous espace 4 (g ' ) invariant sur V, et donc la représentation 4 n'est pas irréductible .

En particulier, Ad(A) doit être P-irréductible .

Remerciements . Nous remercions vivement le Professeur Y. Kupka pour l'atten -
tion qu'il a porté à ce travail et pour les conseils précieux qu'il nous a prodigués .

BIBLIOGRAPHIE

[1] V . JURDJEVIC ET Y . KUPKA, Accessibility on semi-simple Lie groups and their homogeneous spaces .
Nov. 1977, à paraitre dans "Annales de l'Institut Fourrier " .

[2] P . VARGA, Matrix Iterative Analysis. Prentice-Hall, Englewood Cliffs, NJ, 1962 .
[3] F . ROBERT, Matrices nonnégatives et normes vectorielles . Cours de 3e cycle, INPG ENSIMAG, 1973 .
[4] H . SAMELSON, Notes on Lie Algebras . Van Nostrand-Reinhold Mathematical studies, Van Nostrand ,

New York, 1969 .
[5] L . AUSLANDER ET R. E . MACKENZIE, Introduction to Differentiable Manifolds . McGraw-Hill, New

York, 1963 .
[6] W. M . BOOTHBY, An Introduction to Differentiable Manifolds and Riemannian Geometry . Academic

Press, New York, 1975 .
[7]	 , A transitivity problem from control theory, J . Differential Equations, 17 (1975), pp . 296-307 .
[8] W . M. BOOTHBY AND E . N . WILSON, Determination of the transitivity of bilinear systems, SIAM J .

Control . Optim ., 17 (1979), pp . 212-221 .
[9] N . NAIMARK ET A . STERN, Théorie des représentations des groupes, Mir, Moscow, 1979 .

[10] R . HERMANN ET A. J . KRENER, Nonlinear controllability and observability, IEEE Trans . Automat .
Control, AC-22 (1977), pp . 728-740 .

[11] B . BONNARD, V . JURDJEVIC, Y . KUPKA ET G . SALLET, Controlabilité sur le produit semi direc t
d ' un groupe compact par un E. V. réel. Trans . Amer . Math . Soc ., to appear .

[12] C . LOBRY, Controlabilité des systèmes non-linéaires, SIAM J . Control, 8 (1970), pp . 573-605 .
[13]	 , Quelques aspects qualitatifs de la théorie de la commande, Thèse d'etat, Grenoble, 1972 .
[14] H . SUSSMANN ET V . JURDJEVIC, Controllability of nonlinear systems, J . Differential Equations, 1 2

(1972), pp . 95-116 .



SIAM J. CONTROL AND OPTIMIZATION
Vol. 20, No. 3, May 1982

1982 Society for Industrial and Applied Mathematics
0363-0129/82/2003-0007 $01.00/0

ON THE EXISTENCE OF OPTIMAL CONTROLS
FOR PARTIALLY OBSERVED DIFFUSIONS*

U. G. HAUSSMANN

Abstract. The problem of optimally controlling a partially observed diffusion process is shown to have
a solution in two cases’ when the set of admissible controls is compact, or when the set of admissible
controls is the set of randomized controls.

1. Introduction. Consider the following control problem. Xt is the process to
be controlled, Yt is the observation, and u(t), the control, is to depend only on {Ys:
0 <= s -< t}, for 0 <= <= T < o, T nonrandom. Assume Xt d, Yt m, u(t) U c

the set of control points, satsify

(1.1) dXt =f(t, Xt, Yt, u(t, Y. )) dt +tr(t, X, Y, u(t, Y. )) dwt,

(1.2) dYt=h(t, Xt, Yt) dt+#(t, Yt) dvt, Y0=0.

For convenience only assume that X0 is fixed. Here w, are independent " and
valued Wiener processes on (12, , P). The problem is to minimize

T

(1.3) J[u] E il fo(t, Xt, Yt, u(t, Y. )) dt + g(X1., YT)}.
The question of existence of such optimal controls has been open for about 20

years. Recently Christopeit [3] and Kohlmann [8] solved problems somewhat more
general than (1.1)-(1.3) assuming uniform equicontinuity in x of the admissible controls
as well as compactness (as functions of t) in LI([0, T]) of the set of admissible controls.
Practically speaking, their hypotheses imply compactness of the set of admissible
controls as a subset in L([0, T] c"[0, T]) (cg"[0, T] is the space of continuous
functions: [0, T]--> m). Assuming this compactness (without necessarily the equicon-
tinuity in x of u) an optimal control is obtained in the obvious direct way if f, tr are
Lipschitz in x. We state and prove this simple result precisely in the next section,
adding some examples.

The hypothesis of compactness of the admissible controls is very annoying; it is
too strong. Recently Fleming and Pardoux [5] showed, using results from nonlinear
filtering theory as well as PDE’s and weak convergence, that a randomized optimal
control does exist. They assume that f is affine in u and U is convex compact. In the
completely observable case, i.e., u(t) is a function of {X: s _-< t}, it is known that the
set of "states" is sequentially compact, so that X(u")oX if {u "} is a minimizing
sequence. Then the convexity hypothesis "f(t, x, y, U) convex for each (t, x, y)" can
be used to show that X is generated by an admissible control which must then be
optimal [1], [9]. If we strengthen this hypothesis to

(C) f(t,., y, U) is convex for each (t, y),

i.e., if for u, u in U, 0<A < 1, there is a point u in U, depending on t, y, u, u:,
such that for all x

hf(t, x, y, u)+(1-h)f(t, x, y, u2)=f(t, x, y, u),

* Received by the editors March 3, 1981, and in final form June 9, 1981. This research was supported
by the Natural Sciences and Engineering Research Council of Canada under grant A8051.

Department of Mathematics, University of British Columbia, Vancouver, British Columbia, Canada
V6T 1Y4.
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then we prove that there exists a randomized optimal control for the problem (1.1),
(1.2), (1.3). Thus our result is the same as that in [5], except that we have relaxed
the hypotheses on the system parameters. Originally it was hoped that our formulation
would identify cases where a nonrandomized optimal control exists, but this was not
achieved. Our method of proof consists of first eliminating h by a Girsanov transforma-
tion, also used in [5], and then following the method of Kushner, [9], but in a function
space setting. In contrast to [5], we do not use filtering theory or PDE’s. In 3 we
state the main result that the minimum cost over the controls adapted to the observa-
tions is attained by a randomized control, relegating its proof to 4. Some extensions,
including the result in [5] are established in 5. The appendix contains some results
from measure theory.

It should be added that Kushner [20, Chap. 11], and Bismut [19] have also
obtained results for similar problems.

2. The compact case. We consider the problem

(2.1) min {J[u]: u e o}

subject to

(2.2) Xt Xo + [(s, X,, Ys, (s, Y. )) ds + tr(s, X, Ys, u (s, Y. )) dw,
o

f(2.3) Y,
Jo

h(s, Xs, Y) ds + (s, Y)

where o-//will be defined below. We assume"

(A1) Xo is fixed.
(A) h, f, ]’o, g, tr, are Borel measurable and continuous in (x, u) for each (t, y).
(A3) t(t, y) is invertible for each (t, y), I#(t, y)I-<-K,

16-(t, y)- 6-(t, f)l =<gly- fl, 16-(t, y)-lh(t, x, y)l-<K(1 + [y[).

(m4) [f(tx, y,u)-f(t, 2, y,u)l+[(t,x, y, u)-o’(t, , y,u)l<-_glx-2l,

If(t, x, y, u)[+lr(t, x, y, u)l_-<K(1

(As) Ifo(t,x,y,u)l+[g(x,y)l<-K(l+lxlr+lyl), r a finite integer.

We also assume that we are given a probability space with filtration, (ft, , O, {}[0.r]),
carrying independent standard Wiener processes w e q, /3 e ’ ( is m x m, r is
d xq). We write q(X; Y) for the set of continuous functions from X to Y. 8([0, T];
m) is written as m[0, T]. On m[0, T] we let fg denote the Borel algebra and
the r-algebra generated by the paths up to time t, i.e., generated by the sets {y
’n[0, T]" y(s)e B} where s is any time in [0, t] and B is any Borel set in N,n. We let
Nm be the Borel algebra on N’.

is assumed to be a subset of //s, the strictly admissible controls. We define
to be the set of functions possessing the following two properties"

(i) u’ ([0, T] x qm[0, T], X ) --> (lL ) is measurable,
(ii) u(t,.) is t-measurable.

(Measurable means that the pr,eimage of a measurable set is measurable.) Further
conditions will be imposed on a//below.

We can now define the solutions of (2.2), (2.3) considered. By (A3) we can solve

(2.4) dYt (t, Yt) d,
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uniquely and independently of u. Given u 0?/s, we substitute Yt(w), u(t, Y. (w)) into
(2.2) and solve it uniquely by (m4). Moreover (A4) also implies that sup, E supt IXtl a <
c for all <. Finally we define (’ denotes transpose)

(2.5) 2t=exp [6-(s, Ys)-lh(s, Xs, Y)]’ dBs-- h(s,X, Y) ds

From (A3) it follows that P defined by

dP 27.(2.6)
dO

is a probability measure and by [7] if

(2.7) dff,t=-dt-6(t, Yt)-lh(t, Xt, Yt) dt

then wt, #t are independent standard Wiener processes on (f, , , {}). Hence X,
Y satisfy (2.2), (2.3) on (lq, , P), and solutions of (2.2), (2.3) are law unique. Note
that we may begin directly with solutions X, Y of (2.2), (2.3) where w, # may depend
on u. Then we fix one w and/30 for all u and use these as w,/3 in our construction
to obtain (X, Y) with the same distribution as (, I?), hence with the same expected
cost.

Let us write Ep for expectation with respect to P. Then

J[u] EP { IoTfo dt + g} Eo { (IoTfo dt + g)T}.
Observe that (A3) implies that there exists p > 1, K < c, such that for all u

’Pl <K1(2.8) EQZT

Let R be the product measure A O y-a where A is Lebesgue measure.
THZORZM 2.1. Assume (A)-(As). If is compact in LI(([0, T] (g’[0, T],

d (, R); U) then an optimal control exists for the problem (2.1)-(2.3).
Proof. Let {u n} be a minimizing sequence so that J[un] J* inf {J[u]: u 0}.

By compactness there exists u and a subsequence, again denoted by {un}, such
that u"- u in L1. By [6, Thm. 2, p. 52] and the remark following it, we have

E sup IX’ -Xt [2 0,

where Xk is the solution of (2.2) corresponding to u k, k =0, 1, 2,.... Thus for a
further subsequence, again denoted by {u"}, we have

sup IX7 -Xtl - 0 w.p.1.

Hence for each t, fo(t, X’], Yt, u (t, Y. ))- fo(t, Xt, Yt, u(t, Y. )) w.p.1, and
g(Xr, YT) " g(XT, YT) w.p.1. Since sup E supt ]X’ ]o < oo, then (2.8) and (A) imply

T

I o(t,x , u l- o(t,x , ull -,o.

Moreover (A) and the. continuity of h in x imply
T 2

| (-a[h (Xn) h (X)]) d - 0,
.o
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hence in probability. Equation (2.8) now gives

so that J[u"]- J[u] and the proof is complete.
Remark 2.1. According to [4, IV. 8.18] is compact in LI([0, T] "[0, T]) if
(a) 0 is closed and bounded;
(b) given that rr is the family of finite subalgebras of 3 partially ordered by

inclusion (except that the elements of the subalgebra may be modified by sets of
measure zero), then

lim sup II y)ls}-u(t, y)[ dR =0.

We give some examples of sets which satisfy (i), (ii), (a), and (b).
Example 1. If U is compact, and if 07/ is equicontinuous and adapted, e.g., for

each t, y there are continuous functions rty (’), ry (.) such that rty (z) 0, ry (z) $ 0 with
z and

(2.9) lu(t, )- u(t, Y)I -< ry sup If(s)- y(s)l),
O<st

lu(t, y)-- u(s, Y)I - rty(I

then 07/ is compact in ([0, T] ’[0, T]; U) with the topology of uniform conver-
gence on compact subsets. Since the identity map - L1 is continuous by the bounded
convergence theorem, then 07/is compact in L1.

Example 2. 0 is compact in (’[0, T]; LI([0, T]; U)), hence in L1, if U is
compact, and if (2.9), (2.10) hold with ry(z)0 with z and

T

limho Io rty (h dt O.

This is essentially the setting for the results of Christopeit [3] and Kohlmann [8],
although they treat more general systems than (2.2), (2.3).

Example 3 (Finite sampled observations). Of the three examples, this is probably
the only one of any importance. If {0 to, h,’" ", tM T} is a finite subset of [0, T],
if {D, D2,"" ", Dr} is a finite, disjoint Borel partition of N’, and if s is the finite
algebra generated by

Eii {(t, y)" E (ti-, ti], y (ti_) E Di},

then ={u’ [0, T]x )g"[0, T] U, u is M-measurable} is compact for U compact.
Note UMN.

In fact the general compactness criterion in L requires that the admissible controls
can be approximated in L1 by "finite" controlsuniformly in 0.

Let us add that Xo need not be constant. It can be an o measurable random
variable, such that EolXol< oe for some q> rpl/(pl-1) with p as in (2.8). In the
proof it is sufficient to use this q. In case Iff-hl is bounded, then any p <c will do
and all we need is q > r.

3. The convex case. We turn now to a more general problem. Let us state some
assumptions. (r is now independent of u, but only for convenience, cf. Remark 4.4.)

(H) U is a compact metric space, U .
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(H2) f, fo are Borel measurable, continuous in (x, y) uniformly in u, a.e.t., and
continuous in u locally uniformly in x for each (t, y), and

If(t, x, y, u)l _-<K(1 + Ifo(t,x, y, u)l K(1 /lxl

tr(t, x, y) is bounded, Borel-measurable, and continuous in (x, y), a.e.t. Note
that "locally uniformly in x" means that for any compact set C the property
holds uniformly in x for x in C.

(H3) t(t, y) is Borel-measurable, invertible, bounded and locally Lipschitz in y.
(H4) h is Borel-measurable, continuous in (x, y) for almost all and

[d-(t, y)-lh(t,x, y)l_-<K(1 +lxl+lyl).

(Hs) g is continuous and

Ig(x, y)l /lxl’

(n6) go is fixed in Re.
The traditional problem is to establish the existence of a control which minimizes

J[u] over the strictly admissible controls 0-//s, where u "[0, T]x ’"[0, T] U is strictly
admissible if it is ( x d)-measurable and {(qt}-adapted, and if there is a probability
space with filtration, (l), -, P, {t}o_-<t<_-r) carrying independent standard Wiener pro-
cesses w, #, and {t}-adapted processes X, Y, such that (1.1) and (1.2) hold. With
the assumption of Lipschitz continuity of f, tr as in the last section, the two definitions
of s coincide.

Unfortunately we cannot prove the existence of an optimal strictly admissible
control. We can only show that J*--inf {J[u]’u } is attained by a randomized
control., the set of admissible controls, is the set of randomized controls, where u
if u is an adapted stochastic process on some probability space with filtration
(12, , P, {;t}Ot<=T) carrying independent Wiener processes w, #, a Yg’-valued random
variable sr (Y" is a metric space) and adapted stochastic processes X, Y such that

(3.1) dX, [ t, Xt, Yt, u d + or(t, X, Yt dwt,

(3.2) dYt h (t, Xt, Yt) dt + 6"(t, Yt) dfft,

and such that
(i) u(t, oo) is x o%VC-measurable;
(ii) {Ur" r <--_ t} and { Y" s > t} are conditionally independent given tv, with respect

to a new measure O to be introduced in the next section (O is obtained from
P by a Girsanov transformation to remove the drift in (3.2));

(iii) (u, Y) and w are independent with respect to Q;
(iv) Y and sr are independent with respect to Q;
(v) (X, w, ) and sr are conditionally independent given Y, u.
Our notation here is that vc denotes the subalgebra of - generated by sr and

{Y" 0 <_-s <_-T}, and :gtv denotes the subalgebra generated by {Y" 0 <_-s-<_ t} and the
null sets of 5g for any stochastic process Y and random variable ’.

We make some remarks now.
(a) The growth conditions imply that sup,suptElYt[<oe for all k, and

SUpusuptEIXt[ k <oo if ElXo[ k <o0 again true for all k by H6. Thus J[u]< oo.
(b) sr represents the randomization. If r is in fact constant, then (i) and (ii) imply

that u is {Y} adapted, i.e., u is strictly admissible, so that
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(c) In general (i), (ii) do not imply that u is {-r}-adapted, only that for all
measurable sets A, the process (t, oo) --> Q(ut AI;Y)(w) is {Ovtv}- adapted. Here Q(ut
AI;Y) denotes the conditional probability under Q that utA given Y. Hence,
although the control is conditionally independent of the future observations and of
the Brownian motion (at least with respect to Q), we cannot claim that there is a
feedback law expressing u as a function of { Ys:s <= t} or even of {(sr, Ys): s =< t}. Note
that if (t, y) (t), then (ii) is equivalent to: {(us, Ys): s<=t} and {Ys-Y: s>t} are
independent with respect to Q.

(d) If/x, p represent the distributions of Y, sr respectively under Q, and if by (i)
u is written as u(Y, ()=-uy((), then the joint distribution of (Y, u) is given by

Ov,(A x B)=- Ia P[U- (B)]/x (dy),

since Y, " are independent. This measure is called a randomized control in [5]; hence
our randomized controls are randomized controls in the sense of [5].

Let us write l(t, x, y, u)’ for (f(t, x, y, u)’, [o(t, x, y, u)).
THEOREM 3.1. Assume (H)-(H6). If satisfies condition (C), then J*=

inf {J[u]: u s}= J[u*] for some u* 11.
We remark that satisfies (C) if

N

l(t, x, y, u)= &(t, x, y)O(t, y, u)
i=1

and (t, y, U) is convex for each (t, y), where (#a, 2," , Ou), a composed matrix.
Finally X0 can be allowed to be random; i.e., one specifies the distribution D on

d and then demands of the admissible controls that D P X1. (H6) must then be
replaced by’ for > pr/(pl 1), 2,

lxlD(dx)<,

where p is related to the densities exp ZT as in 2. Again if [-h[ is bounded then
we only need > r, 2.

4. The proof. We shall break the proof of Theorem 3.1 into several lemmas.
Note that K with or without subscripts always stands for a constant. Let {u "} be a
minimizing sequence in and write a(t,y) for (t,y)(t,y)’. On each
(,, ,, P,, {7}) define

o Io(4.1) Z7 h(s,X, YT)’a(s, Y)- dY7- l(s, YT)-ah(s, XT, YT)[2 ds,

and define O. by

dO. -z
dP.

Hence (., ., Q., {ff}) is a probability space carrying the independent Brownian
motions w" and with

n [ n-lh(s, Ys+ (s, Ys X, ") ds,
Jo

and we have u u (t, Yn).
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(4.2) dX7 =/(t, XT, I"7, u, dt+o,(t,X Y dwt t

(4.3) dY (t, Y) dfl.
Q is the measure Q referred to in (iii) of the definition of randomized control.

Let us denote Eo by E. Then
T

o ez [o(t, X, Y, u, dt + g(X), g J*

as n m. We define

o (s, x2, g2, u21 s. a [0, T],

F (s, ., Y], u]) ds"a ([0, T]; a(Na)),

_l, (s, x,, yT dw a [o, T],

(4.4)

H2 Jo ((s, Y2)-h(s, X2, g2))’ 2.a [0,

G, o(S, Y2, u ds n ([0, r]; (e)),

Io
(w X Y,F,G,Ht,B,,B,F,,G)t t

Observe that w.p. 1

(4.) Eu"] {eEd+g(x,

(4.6) x =X0+F, +Bt,

(4.7) Y =B,

(4.8) zt =n,-. la(s, 7-h(s,X, )l s.

Let 0 be the measure induced by on a+3a+z+2E0 T] (E0, T]; +(a)).
LEMMA 4.1. The sequence # measures {0,} is tight.
Proof. The growth conditions imply that for any k there is a constant C such

that U sup, {1 Y7 [ + [X [} C for all n, so that (H2) and (H4)imply
t+ 2

From [2, Thm. 12.3] it follows that {(w, X, Y, F, G, H, B, B)} is tight (cf. [9]).
Recall that (f, o)’, and define L (F’, G)’. It remains to show that {L} is

tight; i.e., given e > 0 we must construct C c ([0, T]; a+(Na)), C compact, such
that for all n, O (L)-(C)NI-e, or Pr{L eC}l-e. Since {Y} is tight there
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is a compact set Co = c’[0, T] such that Pr {yn Co}__> l-e; hence for some ko,
Pr {sup, YTl> ko} < for all n. Let a, {w: sup YTI --< ko}. Then Q, (a,) _-> 1 e for
all n. According to Ascoli’s theorem [13, p. 179], t_J=l tAo,a. {L?(w)}=D is condi-
tionally compact if {L?(w)} is equicontinuous, and for each t, LIn tampa. {L’(w)} is
conditionally compact in d+l(Ra) using the (metric) topology of uniform convergence
on compact subsets. The metric is given by

p(&, &)= Y 2-k sup

1. Equicontinuity. Given r/> 0 fix r such that 2 --< rt/2.
Then

sup p(LT, LT) <r/ fs[t-sl<,s =-+ sup su<p [l(z, x, Y,, u,)] dz <- ,
[t-sl<lxl=r

if 6 is sufficiently small, since is locally bounded and sup Y’l -< ko.
2. Conditional compactness. Fix t. We must show that for any N<c,

LIn t_J,o {L’(w)} is conditionally compact in +l({x’ Ixl <_-N}). But

and

sup {[LT(o)(o)l" o An, n 1, 2,...

| l(s, x, Y’, u’)- l(s, 2, Y’, u’) ds <sup
ao

for 6 sufficiently small by Lemma A.4 of the appendix. Hence again by the Ascoli
theorem, {L(w)} is conditionally compact.

If C is the closure of D then it is compact. Moreover

i=

>-_On(An)>-_l-e.

This establishes the lemma.
It now follows from Prokhorov’s theorem [2] that there is a subsequence of {O},

i.e., of {On ()-}, again denoted by {0n}, which converges weakly to 0o. Since our
space is complete, separable, metric, we can apply Skorokhod’s lemma [12, p. 10] to
conclude that there are new random variables n all defined on the same space
(, , O) such that sup0[,]0 w.p.1., and n and have the same distribu-
tion. In fact (4.4)-(4.8) also hold for the processes for some Brownian motion
(,/n), as explained in [9, p. 355]. Let us now drop the notation. If we use (4.8)
with n 0 to define Z then (4.5)-(4.8) also hold for 0.

We must now find the required ’.
Let V be a continuous stochastic process assuming values in F, a metric space

with Borel sets . Recall that (yO)-().
LEMMA 4.2. There exist a (Lusin metric space

carrying processes f’, I]., , ) such that
(i) =nxYf, (I), , I’, ’) (t, w, z)= (Y(t, w), L(t, w), V(t, oo),z);
(ii) (I,/_, I) have the same distribution as yO, Lo, V);

(iii) I, " are conditionally independent given ,
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(iv) is independent of
(v) there is an v xx measurable function such that a.e. O.
Proof. Write 1 for "[0, T], 2 for ([(0, T]; a+I(Ra)), for 1 x 2, Nt, ,

t for the corresponding canonical Borel filtrations, and d2, for -, T (we already
defined dt with the admissible controls). Define a measure/ on (, ) by

P(A)= O({o" (Y(w),L(w))eA}).
Set vL= (yO, LO)-l(c), i.e., the r-algebra generated by (y0, L0), so that the regular
conditional probability (2(" [-w) can be regarded as a measurable function on .
Hence for A e (abusing notation)

o(a) f o(alvL) dO f Q(A[vL) d,
.In

and if A e f
Q(A fq (Y, LO)-lz) I Q(AI") d.

We shall now apply a result of [14]. Let/, a measure on (, q), be the distribution
of yO and define

h {(Y(w), L()) ea, (Y(w),L(w))(Y(w),L(w))}.
Then is a separable metric space and ()= 1. Let us define " by
(y, )= y.

Clearly is continuous and #(A)= oy-(A). Also by Lemma A.1 (or as in the
proof of the previous lemma) if C is compact, then y-t(C) is conditionally
compact.

In [14] it is assumed that is complete but this is not actually required for the
proof. It follows [14, pp. 260-264] that there exists a metric space (which is a Borel
subset of a compact metric space, hence Lusin) supporting a Borel measure p and
probability measures P (.) such that

P(.)= Pz(.)p(dz).

P can be extended to in the obvious manner. We have, moreover, for each z,
-1Pz oy and = y- (mod Pz), i.e., if A e then there is B e- such that

P(AAB) O. It follows that x{, 2} (mod P). Finally we note also that
z Pz(A) is Borel measurable for each A in ; cf. the proof in [14].

Define on x by

(x= (p.

Now define on ( x, x Nr) by

xB

is well defined by Fubini’s theorem [15, II.14]. Observe that, if A so
A (yO, LO)-, , B e Nr, then

Define (R , , ) from (i).
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To establish (ii) notice that

Pr {((, ), Q)eA xB}= [ O((Y,L)-(A)F) V-(B)IrL)d

[_ 1AO(V-I(B)Ivc) dP

IO(V-(B)I#;vL) dP

IA O(V-(B)I") d
OE((yO, LO), V)-’(A x B)]

Pr {((Y, L), V)A xB},

where we have used [15, II, 14/16]. Thus (ii) holds.
Next consider 0(17-( )l@vc x @c). For A -VL, A (yO, Lo)-, B @so, C e

@, we have

O(-(C)I#;L x #3) dO O((A x B)CI -(C))

From this it follows that

IU O(v-l(c)lvc)

fA O(v-l(c)l..,vL)(y(o), L(o))dO.
xB

O( --1(. )IYL X 7[)"- O( v-l( )1"YL) O(
hence (iii) is established.

Since =Pz y- then Pr{A, B}= (A)p(B) and (iv) follows.
Finally for anyA in and any function such that "measurable we have

E[P[A x Y/I x {0, } x c]O] E[01x]

Ep Ol xc]

Hence (A xcl x{6, }x c)(.,., z)= Pz(Ax {6, 2})(., .) a.e.
Since x {&, 2} (mod P), then

P[AI x {&, 2}3 1 a.e. (P).

Thus (cf. 14 also)

1a (A x ff{l x {&, 2} x c) a.e.
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hence c {, y{} c {4’, c2} x, the completion of {, 2} x in (c y{, c
x,/6), i.e., augmented by subsets of null sets of cx. Now (v) follows by
Lemma A.2.

We can now consider all variables to be defined on (, , () by setting V
(w, X,/, (, H,/3,/, 1, Z 1, 2, Z2,...). Now, replacing by/ and dropping the ^,
we still have (4.4)-(4.8) as before. (The supers.cript o has been dropped from 0.)

Let us now show that the limit L (i.e., L) can be written as an integral. Note,
since we have dropped then w refers to the pair (old w, z).

LEMMA 4.3. There exists a x YC-measurable function " [0, T] x ()d+l
(Na) such that w.p.1

(4.10) L,(o) (s, o) ds all t.

Proof. xY is generated by the semialgebra of sets (s, t]x A, A e -Y, plus
{0} x A, A e Y. Define

/xN((s, t]xA) JA [Lt(w)-Ls(w)]lN(w) dO,

where lr is the characteristic function of

Cu {w’ sup [Yt (w)] =< N}.

Thus there exists no, such that if w e Cu and n > n,o then sup, Y (w)l _-<N + 1. Let
( A Q, be the completion under ( of :TYc. For M<-, consider L as an
element of ([0, T]; (d+I(SM)) with SM {X" IX]--<M}. Observe that

II/.N ((S, t]x A)IIM IlIA lim [LT(w)-LT(w)]IN M

f f(4.11)
JA li Js

l(r,’, Y, u)drlNdQ
M

<-gO((s, t] xA),

since is locally bounded. It follows that/xN can be extended to a vector measure

"’) (d+I(SM), IdbN << (, N of bounded variation.

We shall now apply a theorem of Sion.
First we must establish that for each B’e - with O(B’)>0 there is a subset

B e :T, O(B)> 0, such that

{.tzr(a). A e , a c B, O(a) > o}O(A)
is conditionally compact. We use the Ascoli theorem again. Since

,(t)--= sup {[/(t, x, y, u)-l(t, 2, y, u)l" Ixl, 121 <_-M, lYl <_-N, u e U, Ix -21 < m1-}
converges to 0 a.e., and since is locally integrable, then d), .) 0 almost uniformly.
Let R be a set such that A ([0, T]\R)< O(B’)/2 and such that ,-)0 uniformly on
R so that is continuous in x on SM uniformly in (t, y, u)e R x {y. [Yl-<_N} x U. Define
[ for R, [ 0 for R, so that is continuous in x SM uniformly in (t, y, u)
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[0, T]x{y’IyI<=N}xU. With B=B’fq(Rxf) we have O(B)>O(B’)./2>O and
l(t,x, YT, u’)= l’(t,x, YT, uT) for all n, x SM, (t, w)B. Define fin from in the same
way as/zN was defined from l. For A c B, Q(A) > 0, r/> 0, there exists a set O U i=1

OiA, Oi disjoint, Oi=(sg, t]xBg such that Q(O\A)<=Q(A), hence O(O)<=
(1 + n)O(A). Now for x, 2 SM, we have, using (4.11),

[zN (A)(x)- Zl(A)(2)[ It2, (A)(x)-

where

(*)

Q(A) Q(A)

< IN(O\A)(x 12N(O\A)(2)1
O(A) Q(A)

I,, (O)(x)-#(o)()l+

< 2KN
O(O\A)

+ 0(0)IIN(O)(x)- I.(0)(2)[
M O(A’---- O(A) 0(0)

<__ 2Ko +
(1 + r/)(*)
o(o). 1N l’(t, x, YT, uT)- ht, 2, YT, uT) dt dO

si

<-_nO(o)

for Ix- l< by the continuity of [ in x, uniformly in (t, y, u). Thus {tzN(A)/O(A)"
A c B} is equicontinuous. Since this set is also bounded by K, it is conditionally
compact. Hence by [11, Thms. 4.2, p. 110, 2.8, p. 48 and 6.2, p. 76] there is a Bochner
integrable function 1-u(t, w)"[0, T) f--> cd+I(SM) such that

iN(A) lNdO.

It follows that lLt 1N(S, oo) ds if o DN, a null set. Let D U_-I DN. Then

for o CN\D, k >=0

Lt(w) N+,(S, W) ds.

Define "[M(t, W)-- [(t, o)l,(w) +Y.N= iN(t, w)EIN(O)-- 1N-1(09)], SO that

Lt(oo) Jo fM(s’ w) ds w.p.1.

Next observe that suPI, I<=MIM+I(t, oo)(X)-- "[M(t, O))(X)[ =0 a.e.; thus if we define

(t, o))(X)= E FM+I(t, eO)(X)I{M<__IxI<M+I}(X)
M=0

then (t,w)ecd+l(Ra) a.e. and ’ is : measurable. Hence there is a

YCmeasurable function such that F=/" a.e. Moreover (4.10) holds. This estab-
lishes the lemma.

COROLLARY. If/St (P;, Gt)’ then

t [ F(s, w)(X) ds 0 w.p. 1.sup
o
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Proof. Fix e >0, r/>0. Since (X", yn). (X, Y) then there exist no, k < oo such
that for all n > no

Pr (llx ll + Y" => k} =<
By Lemma A.4 it follows that there exists e’ depending only on e and k such that

t

| l(s, x(s), Y, u)- l(s, 2(s), Y" us) ds <e,sup
./0

whenever IIY ll, Ilxll, I1 11 <- k and IIx- 11< But now there exist nl and depending
on e’ and r/such that for n > nl

pr{llx"-xll_->e’}-<_m Pr{ sup IX(s)-X(t)[>-e’}<-_rt.
Is-tl<

If we let zr {0 to < tl <’" < tk T} be a partition of [0, T] with mesh less than 3,
and if for any x e cdd[0, T] we set

7rx(t) x(ti), ti <= < ti+l,

then it follows that for n > n

Pr {llrX" -X"[I--- 3e’} =<
and thus

Pr s p l(s, 7rX"(s), Y’, u’) ds-Lt >=e <-3rt

provided n > n2(e, ,/)=max (no, nl), and r is a finite partition with mesh less than
6(e, ). But,

X Xl(s, X"(s), YT, uT) ds E [L,,,+( ,,)-L,,,(

If we take the limit as n , recalling that L" converges uniformly on the compact
set Ix[ k, we have, using the previous lemma,

Pr sp (s, )(Xt,) ds-L, e e N 3n.

Now let the mesh 0 to obtain

Since e, are arbitrary the result follows.
We know now that

(4.12) Xt Xo + (s, )(X) ds + B(t).

Let x. Then (w, X, E B, , F, G) is{}- adapted. The next step is to show
that

f (s, w)(X) f(s, Xs, Y, us), fo(s, w)(X,) fo(s, X,, Y,, u,).

LEMMA 4.4. There is an {}-adapted xVC-measurable process u*’[0,
U such that (t, w)= l(t,., Yt, u) a.e. (t, ).
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Proof. We shall use the McShane-Warfield implicit function theorem. By Lemma
4.3 is VC-measurable. As L is {t }- adapted, so is -. Since X" -X w.p.l.,
then w.p. 1. there exists a compact set C(w) c Rd such that X’ (w) C() for all n, t.
The convergence L" L w.p.1, implies w.p.1.

Io(4.13) sup sup [l(s, x, Y, u)- (s, )(x)] ds 0
xC()

as n. It follows from the local boundedness of and from (4.13) that
l(.,.,Y,u?)(.,w)(.) weakly in L([O,T]C(w);+a), so a sequence of
convex combinations converges strongly.

Since sup{Y"(t,w)’n=l,2,...,OtT} is bounded for each w, since
sup,Y"-Y] 0, and since is locally bounded and continuous in y uniformly in
u, a.e. t, x, then w.p.1

T

lira 0 /c l(t, x, YT, uT)- l(t, x, Y,, uT)l dx dt O.
n (w)

The above two facts imply that a sequence of convex combinations of the l(.,., Y., u?)
converges to (., w) in L([0, T]; L(C(w); a+)). For a subsequence this conver-
gence is a.e.t. Since satisfies the condition C, then each convex combination lies in
l(t,., Y,, U). Moreover, since for each (t, w) the function l" ULa(C(w); +) is
continuous, then w.p.1, a.e. t, (t, w)e l(t,., Y,(w), U) as a set in L(C(w); a+), i.e.,
there exists u in U such that l(t, w)(x)= l(t, x, Y,(w), u) for almost all x. But the
continuity in x of and implies the result for all x, i.e., w.p.l., a.e. t, l(t, w)e
l(t,., Y,(w), U) as a set in +(a). Since =[0, 1]xY{ (the probability space in the
Skorokhod imbedding is [0, 1]) then the set

A {(t, w, l(t,., Yt(w), u))’(t, oo, u) [0, T] x lq x U}

is Borel-measurable by [15, Chapt. III, Thm. 21b]. Hence each (t, w) section Ato
l(t,., Yt(w), U) is measurable. It follows that

{(t, ,o). t(t, o,) t(t,., Y,(o), u)}

is measurable, and hence by Fubini’s theorem

l(t, w) l(t,’, Yt(w), U)

a.e. (t, w). Hence if we modify on a null set in , calling the new function /o,
then lo(t, oo) (t,., Yt, U) for all (t, w).

If we write for all YC-measurable sets such that each section is
-measurable, and if is the completion of in ([0, T] lq, -, A O), then
lo is -measurable.

The McShane-Warfield implicit function theorem, as extended by Benes [10],
[1], guarantees the existence of a function t7 [0, T] lq U, -measurable, such that
1-o(t, o)= l(t,., Yt, (t, w)). According to Lemma A.3, there is a -measurable u*
such that u*= t7 a.e.

COROLLARY. U and { Ys s > t} are conditionally independent given moreover
(u*, Y) and w are independent.

Proov. The last assertion is trivial since (u ", Y), w ", i.e., (L", Y"), w" are
independent. To prove the other result we first show that Y is an {t} martingale.
Clearly Y is an {-0} adapted process with continuous paths. For any real, continuous,



OPTIMAL CONTROLS FOR PARTIALLY OBSERVED DIFFUSIONS 399

bounded function O, ti -< t, 1,. ., k, 0 <_- _-< + s -< T,

0 Eo&(w’l, w,k, Xtl, Xtk, Yt, t, Lt, Lt)(Yt+s Y’)

Eo&(wt, Lt)( Yt+s Yt),

since q" w.p.1, Y" is an r-martingale, EIYt%s YI4 <=Ks2, and w ", X", Y",
u are ;t-adapted. Thus

Similarly

Yt+sEo&(wt, ,L Ytt)( Yt+s )( Y,

EoO(w’,’", L’) It
t+s

6"(r, YT )6"(r, YT )’ dr

Eol(Wtl," ,%tk) It
t+s

8(r. Y.)8(r. Y,)’ dr

and - Eo&(wt, ", Lt,,)(Yt+s Yt)(Yt+s Yt)’.

Hence the increasing process of the martingale Y is &’ ds, and a representation
theorem of Doob yields an {}-Brownian motion/t such that (cf. [17, (14.47)])

Y’ Io (s, Ys) ds.

Since u* is {}- adapted, the result now follows.
LEMMA 4.5. There is a process such that () is a standard Wiener process on, (2, {SFt}) and such that

B, o a(s, Y,) d
w

H. 0 h(s.X. Y)’(a(s. Y)-)’

Proof. As in the proof of the previous corollary, it can be shown that

Wt

M,=

H,

is a sample continuous ,o v ,H-martingale with increasing process j’ F ds where

I r’ 0 0 I 0

0 ’o h’ 7’

I or’ 0 -0 0 ’ /]’
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where/= t-lh. Then [17, (14.47)] implies that there is a Brownian motion () such
that

I 0

M= 0 t3"
0 /7’

We observe that w =/3-, t-1 dY =/3 so that ()= (’)is {t } adapted and the result
follows.

We can now conclude that

(4.14)

(4.15) Yt Io (s, Y) d/3s,

fOt llo[d(s, Ys)-lh(s, Xs, Y)[:ZdsZt=- (O(s, Y,)-h(s,X,, Y,))’ dfls--

and w.p. 1

lim Z’
T

fo(t, XT, Y’, u" (t, Y")) dt + g(Xr,

T

(H3) and (H4) imply that {ez} are bounded in Lp for some p > 1, (H2), (Hs) imply
the same for the term in the square bracket above for all p < oe, so that J[u"] J[u*].
But also J[u"] J*. Thus u* is optimal. Note that we can now use Zr to define P by

dP
...: exp Zr,

so that by Girsanov’s theorem, (1.1), (1.2) are satisfied on (fl, ,P) with #t
,-Ito o.-h ds.

Finally we verify that u* satisfies part (v) of the definition of randomized control.
Since ru*= gc (- denotes completion in (, , P)), then by Lemma 4.2 (iii), it
follows that for any bounded, measureable functions g of (X, Y, w, ), and h of (,
we have

Eo{eZgh[w* }
Ee{g(X, Y, w, )h()Vu*} EoleZl*}

Eo{eZg[*}=Eo{hl*} Eo{eZ[vu* }

Eo{h[V"*}Ee{glV"*},
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since Z is (X, Y, w,/3)-measurable and uniformly integrable. Setting g 1 we find

Ep{h (,)[ ;Yu* } Eo{h (st) Y"* }.

Upon substituting this in the above, we find that the conditional independence
of (X, Y, w,/3) and sr is preserved under the Girsanov transformation. Since r is a
function of (X, Y, w,/3) the result also holds for (X, Y, w, ).

Remark 4.1. We could allow f, fo, h, r, to depend, at time t, not just on yt
but rather on {y, s _-< t}, e.g., f’[0, T] x a x ’[0, T] x U a such that f(t, x,., u) is
t-measurable. Now in (H.), (He), (H5) we replace

Remark 4.2. From property (iii) of admissible controls and from the conditional
independence of w and r, it follows that (w,/3) and r are independent since Y.
Thus under Q, the conditional probability given r z, we have

dXt=f(t, Xt, Yt, u’t) dt+r(t, Xt, Yt)d (Brownian motion),

dYt O(t, Yt)d (Brownian motion).

Now u*= u*(t, Y.) since sr z is fixed. If we knew that for fixed z, u* were strictly
admissible, then one of these z would give an optimal control in s. Unfortunately,
although Y is a martingale under Oz, we don’t know that it is a martingale relative
to {rtvL}, so that we cannot use the proof given above that u* is independent of
future Y increments under Oz. Hence u* is not necessarily strictly admissible.

The difficulty is the same as the one which implies that the stochastic differential
equation

(4.16) dsc (t, s) dt + dw

may have a weak but no strong solution.
In the terminology of Ershov, the Girsanov transformation gives a nonanticipative

solution, i.e., a solution such that for each {ws" 0-< s-< T} and {ss 0 <-s =< t} are
conditionally independent given ’. However, as the Tsirel’son example shows, the
solution may not be extreme, i.e., e w. Note that Ershov has shown that a solution
is nonanticipative and extreme if and only if it is causal, i.e., te ’. On the other
hand, he has also shown [14], that an extreme solution exists, but of course not
necessarily nonanticipative. In our context u plays the role of s and Y that of w.
Under Q, u* is nonanticipative; cf. property (ii) of admissible controls. Moreover, O
is an average of the Oz’s, under each of which u* is an extreme "solution", i.e.,
v, v (mod Oz), but not necessarily a causal solution, i.e., tvu (mod Oz),
i.e., not necessarily nonanticipative.

Remark 4.3. In (H2), (H4) the conditions

can be replaced by

Irl / I/[--<g(1 /lx[/lyl), [-hl <--g(1

We still have

sup sup (Ix, +lY, < oo, exp {exp uniformly integrable.

Remark 4.4. r can be allowed to depend on u. In the proofs we simply add the
process

;’)’r(s, Y’, us )r(s, Y u ds
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to n and to Ln. Now
l= (f, foe 1, mr’)

is required to satisfy C, where e (1, 0,..., 0).

5. Extensions. Let us now indicate how a slightly different problem can be
treated, (cf. [16], [5]).

THEOREM 5.1. Assume (H1)-(H6). If f is affine in u for each (t,x, y), if U is
convex, and if fo(t, x, y, is convex on Ufor each (t, x, y), then there exists u ll such
that

J[u o] inf {J[u ]" u 0//}.

Proof. Let {u } c 0-//be a minimizing sequence. Since U is convex, compact, then
L2([0, T]; U) with the weak topology is a complete, separable, compact metric space,
so we can add u to n. We still have tightness and, after the Skorokhod embedding,
(4.4)-(4.8) hold for the process.

We now replace L u 2 0by and by L2([0, T]; U) in Lemma 4.2, so u can be
taken as W-measurable. Moreover since u --) u weakly in L2 and f is affine, then
f(t, X, Y", u")->f(t, X, yO, uO). This replaces Lemmas 4.3 and 4.4. The corollary
to Lemma 4.4 as well as Lemma 4.5 still go through.

Finally, since u--)u weakly in L2[0, T], w.p.1, then u-->u weakly in
L2([(0, T]f) and by [4, v.7.43] there exists a sequence {vn}, v co{u, u+1
n+2 0u ,...}, such that v u strongly in L:([0, T] f). By the convexity of fo we have

that

[o(t, x, y, v") <- E o(t, x, y, u),

where v Yk>-_n aU k. But (X, yn, Z.) --> (Xo, yO, Zo) w.p.1, hence in probability,
so (HE) implies that for any e >0 there exists no and a set A with Q(A)< e such that
for n > no, to A,

fo(t, X’, Y’, v’) dt + g(Xr, Y-)]
T

<= ez Z a k fo(t, Xt Yt u’) dt + g(Xr, Y

T

<
k>-,

y" k"eZ’[I fo(t, xk, Y,u)dt+g(X, Yk)]+e.
Since J[U,,]>--J[Uk] for n-<k it follows upon taking expectations and limits n oo,
e 0, that J[u] =<inf J[u]. The proof is complete.

We remark that Theorem 3.1 states that J* =inf {J[u]’u a//s} is attained by a
randomized control u q/, whereas for the affine-convex case Theorem 5.1 states that
inf {J[u]’u q/} is attained. In fact if U is convex in addition to the assumptions of
Theorem 3.1, then we can add u" L2([0, T]; U) as an extra component to ", and
the proof of Theorem 3.1 continues to hold. We obtain the following theorem.

THEOREM 5.2. Assume (H1)-(H6) and assume U is convex. If satisfies condition
C then inf {J[u]’ u q/} is attained.

The point is that we need {u n} to be tight so that, after the Skorokhod imbedding,
(4.6) holds for the process. It follows that u u weakly. In the linear theory this
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u is optimal since f(u")-Jf(u), but in the nonlinear theory we ignore u and
construct the optimal u* via measurable selection, cf. Lemma 4.4.

If we have inf {J[u]: u a//= inf {J[u]: u s} then of course Theorem 3.1 implies
that inf {J[u]: u q/} is attained without requring U to be convex. Following [5] we
have the following proposition.

PROPOSITION 5.3. Assume (H)-(H6) and assume that f, o. are Lipschitz
continuous in x uniformly in (y, u). Then

inf {J[u]: u o//} inf {J[u]: u }.

Proof. For u a//, e >0, we can define u,, such that u,(t) is constant on
[ti, ti+l), tg + iT/m, 0, + 1, +2,. and such that Ilu., ullz < . Here /" depends
on u but not m, and u,, is constructed as in [18, pp. 94-95].

Now suppose that Vn - V o// strongly in Lz. Then using the Lipschitz condition
we can define xn such that

dx. f(t, x., y, V) dt + r(t, x., y) dw,

dx f(t, x, y, V) dt +r(t, x, y) dw,

dy t(t, y) d/3.

For a subsequence, denoted again by xn, we have x, x w.p.1, uniformly in t, cf. [6,
Chap. 2., Thm. 2]. Thus J[ V, J[ V ], i.e., J is continuous in the norm topology.

Since a//s 0//, the proof follows if we establish that for any e > 0, u,,, there exists
v,, ?/s such that J[V,,]<=J[Um]+ e.

Let a//,,(i) be those elements in o//which have sample paths constant on [ti, ti+),
0, + 1, +2,. so u,, a//, (?), and let v//, ,, (i) fq o//s. It can be shown, by adapting

the proof by induction in [5, Appendix] that for any bounded continuous function

0; c’[0, T] U --> , e > 0, and u s 0//,,(?)
_
U there exists V s , such that

EO(Y, V) <=EO(Y, u)+ e.

Use is made here of the Lipschitz continuity of and of property (ii) of the definition
of admissible control.

If

fo(t, Xt, Yt, u) dt + g(XT, Yt)]
then J[u] E(Y, u). As above, if (Y,, u,) Y, u), then x, x and so & is continuous.
Finally, since there exists p > 1, K < such that EI4,(Y, u)l" <- K for all u, then for
e > 0 there exists M such that

sup EI4,(Y, u)-cb(Y, u)l <,
where

u)
O(Y,u)= O(Y,u)

14,(Y, u)[

if 10(Y, u)[ =<M,

otherwise.
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Now there exists V,, in q/ such that

J[Vm]’--J[Um]=J[VM]-Et(Y. Vm)+Et(Y. Vm)-Et(Y. u..)+E,(Y. Um)-J[um]

so the proof is complete.
We remark that if o- is invertible then probably the Lipschitz continuity of f, r

is not required if x,, is defined using the Girsanov approach.

Appendix.
LEMMA A.1. If h={(Y(to), L(w)) wl), (Y"(w), L’(to))(Y(w), L(w))},

K c q1 is compact, then y- (K) is conditionally compact.
Proof. For y K, there exists ko < such that Ilyll- supt ly,[--< ko- 1. Let A,

(,o. llY(,)ll_-<ko}. Then (Y)-l(g)climA,. Set Ko={L(to) (yO(to), LO(to))=
lim (Yn(to), L"(to)), to lim, A,}. Then y- (K)={(y, A) " yK}cKKo, so that
the result follows if Ko is conditionally compact.

We shall now show that the elements of Ko are equicontinuous. Fix r/> 0. If
A Ko, then A L(to) for some to and

p(At. As) p(tt. L) + p(tt. L) + p(tr. L?) -b p(tt. L)

if n > no(n, w) since IIL"(o)-L(o)ll- 0 for each to. Thus for any 8>0

sup p(At, A) <=x-+lim sup p(Lt,L’).
It-sl< z It-sl<

But as in part 1 of the proof of Lemma 4.1,

sup p (L’, L’) < rl
It-s[<8 4

if to A,, i.e., IIY"ll-< ko, and 6 6(r/, ko). Thus for toe f"l ,>__,, A, (some m <o)

sup o(, )- 3n < n

if 8 (r/, ko). This establishes the equicontinuity.
Now we shall prove the conditional compactness of {At’A K0} for fixed t, For

each N<, consider {At" A eKo}= d+a({X" Ixl<-_N}). For n > hi(to)

sup IAt(x)-L’(to, x)l < 1,

and by (Ha)

IILT(o)ll sup
Ixl<-N

S, X, Y’ to u ’ ds <- K l +N + k ro
if to A,. Hence for to f’] ,_>,,, A,

IIA,II x +Kt(1 +N + k),
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and so {At" h Ko} is bounded. Moreover for fixed

[At(X)-- At())l [Lt ((.o, x)- L(o), x)] --[-- IL ((.o, x) L(o), 3)[-[-[L((.o, 3) Lt ((.o,

<---"+ ILT(,o, x)-LT(,o, X)[
-2

if n > no(w, w). By Lemma 4 it follows that there exists 8(N, ko, t) such that ]L’(oo, x)-
L’;(w, ff)[ < rt/4 if Ix 1 < 6(N, ko, t) and o A,.

Hence for w f’) n=,n An

if Ix [ < 8(N, ko, t). But again lim An n_->,, An so the equicontinuity fol-
lows. Thus by Ascoli’s theorem {At" A Ko} is conditionally compact, hence the lemma
is established.

LEMMA A.2. If 1Ac P(A 5’{’[cg {b, c2} Jc) a.e. P for A in c, then there
exists , Y x YJx-measurable, such that a.e. (().

Proof. If we set (o, z) (I7"(o, z), (o, z), ’(o, z)) then for A in ’ there is
in such that A 0-I(A ff{). Also for B in -c, ((B)=/6((B)). Thus for A

in ff’, the hypothesis gives

1A 0(AIf’c) a.e. 0.
Since/’ (, ’)- ((2, (42) is measurable, there exist step functions h k such that

hk-I a.e., [11, II, Thms. 2.6, 2.7]. If

h k= h/la
i=1

and B/ ={(o9, z)" 1}!Uj<iB then {A}=I are disjoint subsets of
{B/}=I are disjoint subsets of -vc, and

((N/k) 0. Define

/k= hklB.
i=1

Then/ is fC-measurable and/ h a.e. It follows that/ - a.e. Let A be the
convergence set of {/k}. Then A e fc and it follows that ((A) 1. Define

k (o), Z)if (o, z) A,/ (w, z)
0 otherwise.

Then / converges pointwise to a limit, called , which is ’C-measurable by [11,
II, Thm. 3.2]. Moreover

/2 lim/ ]k=lim =limhk /.
k k k

LEMMA A.3. If is -measurable then them exists u* which is -measurable
such that

tT=u* a.e.
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Proof. Since A only if there is B , N r, such that (A Q)(N)= 0,
A/k B c N, then the result follows by the second half of the proof of Lemma A.2.

LEMMA A.4. I]: u ’[0, T] U-measurable, y in "[0, T] f’) {llyll--< ko} then the
mapping x(.) l(s, x(s), y(s), u(s)) ds of d+l[0, T] d+l[0, T] is uniformly con-
tinuous on {x" Ilxll--<N}, uniformly in y, u.

Proof. Fix e > 0. Let

B s" sup It(s, x, y, u)-t(s,., y, u)l" Ix-l<--,
m

Ixl, llN, [ylko, u <-,
Since is uniformly continuous in (x, y, u) on compact sets, a.e.t., then

lim Bm= [0, T]\(null set).

If A denotes Lebesgue measure, it follows that

T=A (lira B,) <_-lirn h(Bm)_-< T.

By (H2), is bounded on [0, T] {Ix[ <-- N} {lYl--< ko} U by say II/11. Choose m so
large that

Now if IIx 11 < 1 /m, then

sup l(S, x(s), y(s), u(s))- l(s, $(s), y(s), u(s)) ds

If(s, x(s), y(s), u(s))- l(s, (s), y(s), u(s))l ds

<--In +It II(s, x, y, u)- l(s, $, y, u)l ds
O,T]\Bm

< --ds+ O,T]\Bm
211tll ds
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INTERNAL AND EXTERNAL STABILITY OF
LINEAR TIME-VARYING SYSTEMS*

BRIAN D. O. ANDERSONt

Abstract. Linear, finite-dimensional, time-varying systems are studied. State variable representations
of systems with a bounded-input, bounded-output stability property which are uniformly stabilizable and
detectable are shown to have their associated homogeneous state-variable systems exponentially stable.

1. Introduction. This paper connects input-output and Lyapunov stability results
for finite-dimensional linear systems.

To put the result in perspective, recall that for a finite-dimensional time-invariant
linear system in state-variable form: first, if the homogeneous state variable equation
is asymptotically stable, the system is bounded-input, bounded-output stable; second,
if the system is bounded-input, bounded-output stable and its state variable realization
is controllable and observable, then the homogeneous state-variable equation is
asymptotically stable. Of course, in the time-invariant case, asymptotic stability is
equivalent to exponential stability.

Our aim here is to generalize these results, first by considering time-varying
systems, and, second, by relaxing controllability and observability to a form of stabiliza-
bility and detectability.

As background, we note first [1], [2] which consider connections between input-
output and Lyapunov stability for time-varying systems when the input and output
vectors have the same dimension as, and are linked in a uniformly nonsingular way
to, the state vector. Reference [3] discusses results for time-varying systems with
state-variable realizations in phase-variable form, while [4], [5], [6] provide a major
generalization by showing for time-varying systems that input-output stability together
with uniform controllability and observability imply exponential stability of the associ-
ated homogeneous state variable equation. (In time-varying systems, it is possible to
have asymptotic, but nonexponential, stability.)

The advance on [4]-[6] provided in this paper is the weakening of the uniform
controllability and observability conditions to uniform stabilizability and detectability.
For one of the first uses of these concepts for time-varying systems, see [7] and for
a general treatment, see [8]. The result of this paper is of course trivial in the
time-invariant case. But in the time-varying case, one cannot, via a Lyapunov basis
change, break the system up into a uniformly controllable and observable part which
is input-output equivalent to the original system, and an exponentially stable partu
hence the nontrivial nature of the problem.

Background information is reviewed in 2. In 3, the connection between
bounded-input, bounded-output behavior and bounded-input, bounded-state
behavior is examined. The main result is proved in 4. We elect to present the results
in discrete time, thus simplifying application of the results of [8], which has results
expressed in discrete time. Doubtless with minor adjustment, the results are valid for
continuous time. Interestingly, the proof is not just a minor adjustment of that applying
in the controllable/observable situation.

* Received by the editors November 11, 1980, and in revised form June 8, 1981. This work was
supported by the Australian Research Grants Committee.

t Department of Electrical and Computer Engineering, University of Newcastle, New South Wales,
2308, Australia.
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2. Detectability, stabilizability and BIBO behavior. Consider the linear finite-
dimensional system

(2.1a) x/ Fx + Gu,

(2. lb) Yk H’kXk.,

where Xk R" is the state, Uk R is the input, Yk R" is the output, and Fk, Gk, Hk
are matrices of appropriate dimension. The state transition matrix is denoted Ck, for
k >- l, where Ck,k I, &k+l,k Fk and Ck, Ck,k-lCk-.l.

Standing Assumption. The sequences Fk, Gk and Hk are bounded.
We now define the concepts of uniform detectability and stabilizability [7], [8].
DEFINITION 2.1. The pair [Fk, Hk] (regarded as a sequence indexed by k) is

uniformly detectable if there exist integers s _-> ->_ 0 and constants d, b with 0 _-< d < 1,
0 < b < oo such that, whenever

(2.2)

for some " and k, then

(2.3)

where

(2.4) Mk+s,k E [kHiHl&i,k.
i=k

(The idea is that when a zero-input trajectory starting at Xk fails to converge much
towards the origin (see (2.2)), then Xk should be observable to a minimum level (see
(2.3)).)

DEFINITION 2.2. The pair [Fk, Gk] (regarded as a sequence indexed by k) is
uniformly stabilizable if there exist integers s _-> _-> 0 and constants d, b with 0 <_- d < 1,
0 < b < oo, such that, whenever

(2.5)

for some :, k, then

(2.6)

where

k

(2.7) Yk,k- E
i=k-s

Ck+1,i+ GiGi +1,i+ 1"

We shall need several results established in [7]. The most important are stated
in the following lemma.

LEMMA 2.1. With the definitions
(2.8) k F’_k, t2Ik =G-k,
[k, ISIk] is uniformly detectable if and only if [Ft,, Gg] is uniformly stabilizable, and
Xk+l FkXk is exponentially stable if and only ifk+ Pkk is exponentially stable.

In the statement of the lemma, the definition of exponential stability of Xk+ FkXg
is standard: the transition matrix must satisfy II&k, lll <- a- for some a [1, oo), and
/3 [0, I) and all k >_-I. The key idea in proving the lemma is to show that 4)k.l
tt-l+l._k+l; application of Definitions 2.1 and 2.2 and the definition of exponential
stability then yields the result.



410 BRIAN D. O. ANDERSON

We also need to define bounded-input, bounded-output stability. This is done in
a standard way [4], [5], [9].

DEFNXON 2.3. The linear finite-dimensional system (2.1) has the bounded-
input, bounded-output (BIBO) (lp) property for 1 <-p-< if, with Wk the impulse
response matrix of the system, the input bound

/oo

(2.9) [llu ll"]

implies the output bound

(2.10) Y,

for some constant fl, independent of {Uk} and c, with {Yk} related to {Uk} by

(2.11) Yk E WklUl,
l<k

We shall use the following readily established fact. The result in question is
virtually established in [9, see pp. 113-114]; the key idea is to note first that IlWklll is
exponentially bounded in the same manner as bk..

LEMMA 2.2. I[ the homogeneous equation Xk/l FkXk associated with (2.1) is
exponentially stable, then (2.1) is BIBO (lp) for all p _-<[1, o].

Our task in the next two sections is to prove a converse, given uniform detectability
and stabilizability.

3. Connection between BIBO and BIBS behavior. Prior to obtaining the main
result in the next section, we establish here that, given a uniform detectability condition,
BIBO behavior implies bounded-input bounded-state (BIBS) behavior. The result is
intuitively reasonable, and is known when detectability is replaced by observability
[4], [5]. We use two preliminary lemmas.

LEMMA 3.1. Let Tk be an orthogonal matrix and suppose that state-variable
equations for Yk TkXk are constructed from (2.1). Then, in obvious notation,

(3.1) Mk+s,k TkMk+s,kTk.

The proof is obvious. It is clear from this lemma that there is no loss of generality
in establishing that BIBO behavior implies BIBS behavior for a system (2.1) for which,
for each k, Mk/s,k is diagonal, with diagonal entries ordered in decreasing magnitude.
Suppose this is done. Let us also write, for a uniformly detectable system,

(3.2) M+s,k M+,k -i-M+,k

with-i-denoting direct sum, where the diagonal entries of Mk/,k are all greater than
or equal to b, and those of Mk/,k are all less than b. Note that the dimension of
Mk+s.k may not be constant with k. Then we can state"

LEMMA 3.2. Suppose (2.1) is uniformly detectable, and let Wkl denote the impulse
response of (2.1). Let ko be an arbitrary but fixed integer, suppose notation is as defined
in 2, and let Mlk+s.k be as defined above. Let the input sequence {uk} and Xko-t+ be
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arbitrary. Define a sequence x R ]:or k >= ko- + 1 by

(3.3)

(3.4)
)k+t- ,lGll,ll.

Then for k >= ko- + 1

(3.5) x +, xk+, bk+t,
0

The partitioning of the matrix [ o] in (3.4) and (3.5) is like that ofM/,, in (3.2).
Proof. Observe that

i--1

Yi-- WilUl Hiqbikxk
l=k

Recalling the definition of M+s, in (2.4), we see that (3.4) implies

/[ - 00 [ [ ]+s,) M+,.g 0
2 Xk+ X + k+t-l,lGlUlx+, $+,,

0 0 M+, l=

k+t,
0 Xk + 0 X + k+t-l,lGlUl

l=k

=qbk+t,lXl + E bk.+t-l,lGlUl+Cl+t,l (X --Xl)
l=k

IO] (x -xk)

Equation (3.5) is immediate.
Equations (3.3) and (3.4) in effect are defining a type of state estimator, with x*

supposed to estimate x. In case observability is present, one has x+t x/t. If it is
lacking, (3.5) holds, and as argued below, see (3.7), this ensures that the observation
error asymptotically is zero.

Now we can establish the main result of this section, which relates BIBO and
BIBS stability.

PROPOSITION 3.1. Consider the system (2.1) and suppose it is uniformly detectable.
Then for any one p [1, ], the system is BIBS (l) if and only if it is BIBO (l).

Proof. Because Hk is bounded, BIBS obviously implies BIBO. So we must prove
BIBO implies BIBS.

Assume that Mk+s. is diagonal with Mk+,.k as described above Lemma 3.2.
Equation (3.4) can be reorganized as

(3.6) x+t b+t,
0

x + w,

where Wk is a finite length moving average of {Uk} and {Yk} terms, with bounded
weights. The BIBO hypothesis implies that if [Yk>_kol[UkllO]l/"<=a, then

IIw ll ] for some r/>0, independent of a, {Uk} and k0. Also, recalling
the special form of Mk/,.k in (3.2), we see from the detectability definitions that any
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vector of the form [0, ]’ has the property

or for all :1, :2 of appropriate dimension

so that

(3.7) i&k+t,k 0
< d < 1.

This means that (3.6) is BIBO (1p) by Lemma 2.2. Using the {Wk} bound, we see that
x is such that [Y,k>=ko IIXll’]1/’ <aa for some a, independent of a, {ug} and ko. The
boundary conditions on x in Lemma 3.2 and on xg in the BIBO Definition 2.3 imply
X--Xk =0 for k ko-t+ 1,..., ko and so by (3.5), x =Xk for all k. The result is
then immediate.

4. Connection between BIBO behavior and exponential stability. In the previous
section, we have argued that BIBO behavior and uniform detectability imply BIBS
behavior. Here, we shall argue that BIBS behavior and uniform stabilizability imply
exponential stability of the homogeneous state equation of the system. We shall use
two preliminary lemmas. The main idea of the proof of the main result is to combine
the use of duality established in the lemmas with the BIBO/BIBS connection.

LEMMA 4.1. Let Wkl be the impulse response of the system (2.1) and kt the
impulse response of
(4.1a) g+l F[kk +H-kg,

(4.1b) k GLkk.
Then W2

The proof is trivial by direct calculation, and is omitted.
LEMMA 4.2. The system (2.1) is BIBO (l) for p satisfying 1 p if and only

if the system (4.1) is BIBO (lq) for q satisfying p-1 + q-1 1.
Proof. Using the H61der inequality, the duality of p and q, and simple manipula-

tion, we obtain the following set of equivalences.

System (2.1) is BIBO (lp)

VIu}z, {aIZ, a w,u, c[ElluII]/[EII&IF]
k

for some constant c, independent of {Uk},

E E aw u, c[E Ilull]/[E Ilall]1/
l=-m k =/+1

(on transposing and setting m =-l, n =-k)

uSm ma-. cE21lu_mlJ]/[lla_lF]’/

:(4.1) is BIBO (1).
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Now we can state the main result.
THEOREM 4.1. Suppose for the system (2.1), the pairs [Fk, Gk] and [Fk, Hk] are

uniformly stabilizable and detectable. Then if (2.1) is BIBO (lp) for any one p [1, ],
Xk+l --FkXk is exponentially stable.

Proof. If (2.1) is BIBO (lP), then (2.1) is BIBS (lp) by Proposition 3.1. Then (2.1a)
in conjunction with Yk Xk is BIBO (l") and so by Lemma 4.2, the following system
is BIBO (/q):

=F"(4.2a) k+1 kk + a,,
(4.2b) 39k G’kdk.
By Proposition 3.1, (4.2a) is BIBS (lq), SO (4.2a) together with k k is BIBO (lq).
By Lemma 4.2 again,

(4.3a) xk+ Fgxk + Uk,

(4.3b) Yk --Xk

is BIBO (/), and in particular BIBS (lO). By a standard result (see [1], [2]), the
associated homogeneous equation is exponentially stable.

The following is an immediate consequence of Lemma 2.2 and Theorem 4.1.
COROLLARY 4.1. Suppose that for the system (2.1), the pairs [Fk, G] [F, Hk]

are uniformly stabilizable and detectable. Then (2.1) is BIBO (l’) for any one p [1, oo]
if and only if it is BIBO (1’) for all p [1, oo].
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FINITE ELEMENT APPROXIMATION OF
PARABOLIC TIME OPTIMAL CONTROL PROBLEMS*

GREG KNOWLESt

Abstract. The numerical approximation of a parabolic time optimal control problem via piecewise
linear splines, is considered. At each stage of the approximation a bang-bang approximate control is selected
by solving for its switching times as the solution of a constrained nonlinear least squares optimization
problem. The well-posedness of the approximation scheme is shown and the rate of convergence to the
exact solution investigated. Numerical results for some one- and two-dimensional parabolic control problems
are given.

1. Introduction. In this paper we consider the numerical solution of the following
parabolic time optimal control problem in a bounded n-dimensional domain f with
C boundary F:

(1)
Ou

Au := aij
Ot i,j= x/ in f, > 0,

(2) u (x, 0) u0(x), x

0---u (x, t)+bu(x, t)= ’. gi(x)fi(t), xeF, t>0.(3)
OVA /=1

The operator A is assumed symmetric, and uniformly elliptic, that is there exists an
a > 0 such that

(4)
i,]=

for all x s 12, and [2 s R (1"1 denotes the Euclidean norm). The coefficients of A, (aii)
will be assumed C in , and (aii)=(aji). In (3) O/OvA represents the conormal
derivative, b is a nonnegative constant, g,..., gm are given fixed functions, and
f= (/i) will be taken as the control function and allowed to vary inside the set of
admissible controls

U {f (/i):/i is Lebesgue measurable and If/I-<- 1, 1," , m}.

The solution of (1)-(3) for such an f (when it exists) will be denoted by u(x, t: f) or
just u(t’f) when the explicit dependence on x is not required. In fact, under the
minimal assumptions, that gisLZ(F), 1,..., m, uosLZ(fl), and {ai}s C(), then
(1)-(3) has a unique weak solution u cn3/2’3/4([-x[O, T]) for each fs U, any T>0.
(For the definition and properties of the Sobolev spaces H (fl), H (F), Hr’s (fl [0, T])
r, s real, we refer to [10].)

The control problem whose numerical solution will be considered here is: given
a desired final state ut s L(I)), and a terminal error E > 0, find an admissible control
f which minimizes the time of transfer from u0 to B(u,E)={vsLZ(fl):
Ilu- vll=.)_-<}, (Of course, we suppose uoB(ul, E).)

Although this and similar control problems have been intensively treated in the
literature, e.g., [3], [5], [8], there still remains little work done on numerical methods
for solving these problems on general regions fl and for nonsymmetric or time

* Received by the editors December 3, 1980, and in final form June 16, 1981. This research was
supported by the National Science Foundation under grant MCS78-25526.

t Department of Mathematics, Carnegie-Mellon University, Pittsburgh, Pennsylvania 15213.
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dependent operators A. Note that in the case where has a special shape and the
separation of variables solution of (1)-(3) can be obtained explicitly, there exist good
numerical schemes [6], [9], [20]. However, to apply these ideas to general regions l
would require numerical precomputation of the eigenfunctions and eigenvalues by,
say, finite differences or finite elements. Further, in the case of time dependent,
nonsymmetric or nonlinear problems, these methods cannot usually by applied. In
this note we suggest a finite element algorithm for approximating the control problem
(1)-(3) directly, and give estimates for the rate of convergence when the coefficients
(aij) of A are symmetric and time independent. The numerical methods presented
here apply with change to nonsymmetric, time dependent operators A, although we
have not yet been able to carry over the corresponding error estimates.

As a final remark we note that most of the theoretical work indicates that optimal
controls for parabolic problems should be bang-bang (that is, Ifi(t)[ 1, a.e.) with at
most a countable number of switches accumulating at the optimal time, t*. Accordingly,
at each stage in the approximation we shall construct an approximating control which
is bang-bang with a finite number of switches, so it can be computed by searching for
these switching times.

The second section of this paper discusses the approximation scheme, in the third
the error estimates are derived and in the fourth and fifth numerical methods and
results are presented.. The finite element approximation. In the sequel we denote the norm and
inner product on L(fl) by I1" ]1, and (.,.) respectively. The inner product on L2(F),
will be denoted (.,.), the norm by]. [, and I1" ]].n, I]’ ][s.r will denote the usual Sobolev
norms on H (1), H (F).

We consider a standard Galerkin scheme for approximating (1)-(3), namely,
suppose H(I) and u satisfies (1)-(3). Then

(5) (ut,&)=(au,).

So, formally integrating by parts and substituting into (3) gives

d
(6) d-(u(t), )+B(u(t), )= E (gi, >fi(t) for

i=l

(7) u(0) u0,

where

(8) B(u, )= fa aij(x)Ou O& dx+b Iv u dF
i,]= OX] OX

for u, & Ha(l). As remarked earlier, for u0L2(fl) and {gi}6L2(F), the solution of
(6), (7) exists and is unique.

To approximate (6), (7) we suppose finite dimensional subspaces
are given such that for h small positive, there exists a constant C, independent of h
and v for which,

inf {llv-wll/hllv-wll,nI<-Chllvlls,a, veH(l)) for l=<s-<2,
wSh

and that the following "inverse estimate" holds;

(9) Ilwllt,n <- Ch-lllw[I for all w S.
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We also assume that the family {Sh}h>0 is dense in L2(II). For examples of such
subspaces, which include the usual piecewise linear finite element spaces, see [13].

We may now pose the semi-discrete problem. Find Uh(t) E Sh for >0, such that

(10)
d
td
-’-S(uh(t)’ )+B(tlh(t), q)=E (gi,

and

(11) (uh(O), ) (Uo, ) for all E Sh.

Once a basis for the finite dimensional space Sh, {&l, ’, N} is given (N N(h)
is the dimension of Sh), we can write

N N

(12) Uh(t) . Oi(t)pi, llh(O) E Oiti
i=1 i=1

and (10) is equivalent to the system of ordinary differential equations

(13) MQ(t) / (K / bF)Q(t) Hi(t),

(14) Q(0) Q

where the mass and stiffness matrices M and K are

M={(&i, /)}, K= {Y Ifz akl(lg)cggb-----/c3b-----i dx}, F={(bi, (hi)}

and

H {(gi, i)}.

For convenience we set

(15) L K + bF.

The system (10), (11) can be regarded as the state equation of the finite
dimensional control problem (in the space Sh with L2 norm) of steering Uh(O) to
Bh (U h, E) {v Sh "]IU h VII -< E} in minimum time, where u h is the L2 projection of
u onto Sh. (Of course, this problem is solved numerically by solving the time optimal
control problem for the system of ordinary differential equations (13), (14): we will
discuss this further in 4.) The optimal control fh and minimum time th for (10), (11)
will then be taken as the approximate optimal control and minimum time for (1)-(3)
at this stage of the approximation.

The questions which will be answered next then, concern the existence of fh and
th, the rate of convergence of th to the minimum time for the original problem, t*,
and the rate of convergence to zero of the "end point error" of using control fh to
time th, in other words, the convergence to zero of the distance between U(fh, th) and
the target set B (ul, E).

3. Convergence of the approximate control problem. In this section we discuss
the well-posedness of the approximate problem and its convergence as h -, 0. Firstly
we assume a controllability assumption for (1)-(3) in order to guarantee the existence
of an optimal control and the minimum time for the original problem. In this section
K and C will denote generic constants.

(H) Suppose that there exist a time > 0 and an admissible control f such that
Ilu (t, f) u 111 < E.
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Under assumption (H) it follows by standard arguments that the minimum time
to hit B(ul, E), using admissible controls, exists; we denote it by t*, and let f* be an
admissible time optimal control [18].

THEOREM 1. If (H) holds, gi L2(F), i= 1, 2,"’ ", m, uoGL2([), then for any h
sufficiently small an optimal control fh steering Uh(O) to Bh(uh, E) in minimum time th
exists. Further, ih can be chosen bang-bang, with each component having at most N
switches.

Proof. By (H) there exists an admissible control such that in some time > 0

(16) ]lu(t, f)- ull] (r < E.

By the usual compactness arguments, we know that

(17) Ilu(t,f)--Uh(t,f)ll-O as h- 0,

(for fixed t, f); consequently, for h sufficiently small we have

E-o"
2

Furthermore, since the spaces {Sa}>o are dense in LZ(t),

2
for h sufficiently small. Hence

(19) Iluh --u(t,)II<=Ilu(t,)--u(t,)II/Ilu(t,)--UII+Ilul--uhII<=F
for h small, so there exists an admissible control transferring Uh(O) to Bh(uhl, E) in
finite time. Accordingly, by [7], [11] there must exist a bang-bang optimal control
effecting this transfer in minimum time, th. Since the finite dimensional state equation
((10) or (13)) has constant coefficients, we may choose [h finite switching [7], [11].
However, the eigenvalues of the matrix -M-L are real, so a result of Feld’baum
[12] guarantees that each component of h has at most N switches.

Remark. If the system (10), (13) is normal, that is, writing H =[hl,’’’, h,,] in
columns, if rank [hi, M-1Lhi, (M-1L)N-hi] N, for every 1, 2,..., m, then
the optimal control [h for (10), (11) ((13), (14)) is unique.

Next, we estimate the distance between U(th, ih) and Uh(th, ih) in the L2([) norm.
This result will play a central role in the following theory.

PROPOSITION l. Suppose uo6H3/2() and giL2(F), i= 1, 2,..., m. Then for
any small 6 > 0 there exists a constant Ca, independent of h, for which

(20) IlU(th,[h)--Uh(th,[h)ll<=Ch 3/9- Ilu011a/,a /

]:or all h > 0 sufficiently small.
Proof. Without loss of generality take m 1, and let 8 (0, ) be given. Choose

p (0, 8). We show initially that u(t, fh)n3/2-() for [0, th], and

(21)

where Ko is independent of h. The proof of (21) is a simple consequence of results
in [14] and [15].

Denote by G the solution operator of the elliptic boundary value problem

(22) Au 0 in
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Ou
+bu w onF,.(23)
OVA

that is, u Gw. Then it is well known that for w L2(F), Gw H3/2() and

IIGwll/,. <-Clwl

[10]. Let sg be the operator defined by -A on the subspace @(s) of H2(D,) of
functions satisfying the homogeneous form of the boundary condition (23). s generates
a Co, analytic, contraction semi-group {S(t)}t=o of bounded linear operators,
$(t)’L2(fUL2(I)). In terms of s, G and {$(t)} the solution of (1)-(3) can be written
as

(24) u(t, fh)=S(t)Uo+ s4S(t--r)Gglfh(z) dr, t>=O

[14], [16]. Since {S(t)} is an analytic semi-group and Gg H3/2()c H3/2-()=
l(,S3/4-0/2) [15 (2.5), (2.6)], we have

7">0.

Accordingly, for 0 <- <- th

(25) <-- Io IlsgS(t-r)Ggl[[3/2-o.n dr <- Kotlgll.

We know from the proof of Theorem 1 that for h small {th} is bounded above, and
so for such h, (25)1 <=Ko[gll, where the constant Ko is independent of h. The full
estimate (21) follows, as

t>=O.

The approximation result (20) can now be proven by the method of [17, (0.12)].
In fact the proof follows as in [17] except that the lower regularity of the solution
here causes the estimate [17, (0.10)] to now become

IIo’(t)ll <-- Ch 3/2-llu (t,

and consequently, the analogue of [17, (0.12)] here is

(26)

by virtue of (21). To derive (20) from (26) we use the fact that {th} is bounded above
for h small, for then h 3/2-o (1 + log (1 + th/h 2)) _< Ch3/2-, by the initial choice of O.

LEMMA 1. Under the assumptions of Proposition 1

(27) lim th >= t*.
h-0
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Proof. The method of proof is fairly standard; see, e.g., [9]. Let lim th >--0,
and choose a subsequence hn-->0, n 1, 2,..., such that th.--> . To simplify the
notation we shall denote tn th. and also set ]’, (r) fh. (r)X0,3(r), r _--> 0, n 1, 2, ..
The controls {f,} form a bounded subset of L2(O, ) and hence have a weakly convergent
subsequence, which we again denote by {f,}, converging weakly in L2(0, ) to some
1 and IlVl _-< 1 a.e. We have

(2.8)

u(, f)--Uh.(t,,f,)=(U(, f)--u(’i, fn))-t-(U(,fn)--Uh.(,fn))+(Uh.(’i, fn)--Uh.(tn, fn)).

The first term on the right-hand side of (28) converges weakly to 0 in L2(D), by the
weak convergence of fn-> iv in L2(0, ) (see (24)). If =0 the second term in (28)
becomes uo-Uoh" which converges to 0 in L2(fl) norm by the choice of u0; if />0
then a proof similar to that of Proposition 1 shows that this term still converges to 0
in L2([’). Finally the third term in (28) converges to 0 in L2(I’) since t, - , and 1/,[ <_- 1.
The proof of this follows from the variation of parameters solution for Uh" the analogue
of (24). Consequently,

u 6, )- Uh. (t., L) -" O,

n oe, in t2(), and as Uh.(t,,f)eB(ul, E), and this ball is weakly closed, we must
have u(, f)B(Ul, E). By the minimality of t*, _-> t*, as required.

Remark. To establish (27) it is enough to assume u0e t2(). As a consequence
the methods of [18] would allow one to extend the conclusions of Proposition 1 to
initial conditions u0 e L2(I). We won’t dwell on this point here as it introduces further
technicalities.

In the case u0= 0, we can show the convergence of th to t* under an extra
controllability assumption on u. It is essentially a specialization of the well-known
conditions for approximate controllability, to the particular target point u [16], [15],
[19]; it implies that ul can be reached arbitrarily closely with L controls. For simplicity
we state the condition only for m 1, the general statement may be found in [19,
Appendix B, Lemma B1, (i), (ii)].

Let {hi} and {bi} be the eigenvalues and corresponding eigenfunctions for -.
Define

K(gx) {k 1, 2, (gl, bk) 7 0}.

Then we will assume that

(i) h e h for i, j e K(gl),
(29)

(ii) if(ga,bi)=0, then(ul,bi)=0 for j=1,2,....

THEOREM 2. If (29) holds, Uo O, and g Lz(F), 1, 2, , m, then

lim t, lim th t*.
hO h-0

Proof. By Lemma 1, it is enough to show that lim th <= t*. The proof of this
follows along the lines of [20, Theorem 2.1].

Suppose O > 0 is given. Set ? t* + O, and define an admissible control on (0, ?)
by

0, r (0, ?- t*),{(r)
f*(z ? + t*), r e (’- t*, ’).

Since u (t*, f*) u (’, i), Ilu (L i) u 111--<
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If we consider the control problem

min (llu(L )- ull: --- (f,), If, <- 1},

then this problem has an optimal solution , I1--< 1 [19], and

For if e 0, then the result is clear; if not, assumption (29) implies that at least one
component of any optimal control must be bang-bang [19, Thms. 6, and B1]. Since

0 on (0, ’-t*), it cannot be optimal, and so

Using the same argument as in Theorem 1, IIh (L )--ull----< E eor h sufficiently small,
and hence ’-> t by the minimality of t. In other words,

? t* + p -> li th,
h0

and since p > 0 was arbitrary the result follows.
Using the proposition it is now easy to show the convergence to zero of the

distance between the target set B(ul, E), and the solution of (1)-(3) obtained by using
the approximate control ih to time th, U(th, [h). In other words, as we would hope, the
approximate control h leads the solution of (1)-(3) increasingly close to the terminal
target set, as h 0.

THEOREM 3. If uo, Ul E H3/2(.) and gi L2(F), 1, 2,.. , m, then for arbitrarily
small 8 > O,

(31) IlU(th, .)- ulll <- E + O(h 3/.-).

Proof. By the triangle inequality

[lU(lh, fh)-- Ulii<----ilUh(th, )- U lhll + IlU(th, fh)-- Uh(th, fh)ll+ liUl-- ulhll
<=E + gsh3/2- + gh3/2llUlll3/2,n <-E + O(h3/2-).

The estimate for IlUl-ull is a well-known consequence of approximation theory
[13, Chap. 3].

The final result of this section gives an estimate for the rate of convergence of
th to t* in the case u 0 and b > 0.

THEOREM 4. If u=O, b>0, u0H3/2() and gieL2(F), i=l,2,...,m, then
for arbitrarily small 8 > O,

(32) Ith t*l O(h 3/2-8).

Proof. We will prove (32) in two parts,

(33) t* h t_ O(h 3/2-8),
(34) t, <- t* + O(h 3/2-8).
Since we have already shown that [[U(th, fh)ll <----E + 0(h3/2-), if we can find an admiss-
ible control transferring x0 U(th, fh) to B(0, E) in time t 0(h3/2-), then (33) will
be proven; as we will then know that B (0, E) is reachable in time th + t <- th + O(h 3/2-),
and the minimum time t* must be less than or equal to this.

Conversely, if f* is an optimal control for the original problem, then

]]Uh (t*, f*)ll <-- Iluh (t*, f*)-- u(t*, f*)ll + llUh (t*, f*)ll----< E + O(h3/-)
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by Proposition 1. So again, if we can find an admissible control transferring x-
Uh(t*, f*) to Bh(O, E) in Sh in time tl

h --0(h3/2-8), then the minimum time for the
approximate problem th <- t* + t <-- t* + O(h 3/2-8), giving (34).

We will show both these problems can be solved by using the admissible control
f =-0. In fact, consider the state equations (8), (10) with f =0, and initial conditions
x0, x respectively that is,

(35)

(36)

d
d-(y(t), 6)+B(y(t), O)=O all 6 H1,

(y (o), 6) (xo, 6).

d
td
--7(yh(t)’ )+B(yh(t), &)=0 all & Sh,

(y (o), 6) (x, 6).

Now since b >0, one may show that the solutions of (35), (36) satisfy estimates of
the following type (cf. [4, Problem 2.2.1]). There exists a p > 0, (independent of h)
such that

(37) Ily (t)ll e-llxoll,
(38) IlYh (t)ll e-t[Ix nil.

Consequently, the solution of (35), (36) decays to zero as increases, so if tl,
(tlh), the first time for which Ily(t)ll--E (l[yh(th)ll- E), then by (37), (38)

E Ily (tl)[[ e-tlllxol[ <= e-Otl(E q- Ksh 3/2-8).

Solving for tl, then gives, tl <= Csh 3/2-8. Similarly, t <- Csh 3/2-8 as required.

4. The numerical solution of the approximate control problem. In this section
we discuss a numerical method for the solution of approximate control problems (13),
(14) in Rn (N N(h), is the dimension of Sh). For notational simplicity we take u 0.
Each of these problems has the following form"

Find the minimum time tf to transfer Q(0)= Q0 to W {x RN" Ix] =< t} where

(39) MQ(t) + LQ(t) Hf(t), > 0,

and f U. The matricesM and L are N xN andH is N x m. We write H [hx, hm]
in columns. It has already been shown that the optimal control f for this problem is
bang-bang, and each component has at most N switches. Furthermore, the theoretical
results for parabolic time optimal control problems indicate that the switching times
of the optimal control should accumulate at the final time. Accordingly, it is to be
expected, and in fact was observed in practice, that the switches of f* would "bunch
up" at the final time t*. To catch this with an evenly spaced grid on [0, t*] would
require an excessively small mesh size, and consequently an excessive amount of
computer time. So rather than solve (39) via methods based on the maximum principle
and approximate the control on an evenly spaced grid, it was decided to solve for the
switching times of f* directly. (This method will also give a solution even when the
system (39) is not normal.) Namely, if the control f. switches at ti, ’, ti, j 1, , m,
then once the initial value f/(0)= +1 is specified, the solution of (39) with initial
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condition Q0 is now a function of (tfl), that is,

Q(t) Q(t tit), _-> 0.

Without loss of generality, we shall from now assume fi(0)=-1 for all ].
The ordinary differential equations (39) were solved numerically by a slightly

modified Crank-Nicolson difference scheme. As is well-known this method is uncondi-
tionally stable and achieves second order accuracy. If At denotes the time mesh size,
and Q Q(n At), f f(n At), then, the scheme can be written

(40) M+-L Q,+I M- L Q - (f"+l+f")At
2

(e.g., [13, 7.1.]) Notice, however, that the forcing term f is discontinuous, and if
(40) is applied directly the truncation error in approximating f will reduce the accuracy
of the scheme.

To avoid this difficulty the switching times (til) were sorted in increasing order,
0 < tiol < til <’", say, and the equation solved firstly over [0, t/o/o] using the final
value from the previous interval as initial condition, etc. In this way the forcing term
f is constant over each subinterval and the accuracy is increased. The disadvantage is
that the mesh sizes At on each subinterval may be different and so the matrices
M+(At/2)L, M-(At/2)L, will have to be recomputed. However, it turned out in
practice that the number of switching times was not large (never more than 6) and
the above technique worked well. Notice also that although M and L may be large,
they are typically sparse and banded, and can be stored in compact form. Both the
matricesM + (At/2)L,M (t/2)L, can be similarly stored, and the inversion necessary
in (40) can be performed efficiently using special routines for banded, sparse matrices.

The approximate control problem can now be restated. Find (til) such that

O<tix<...<tiu=tu, i 1,2,...,m,

witha O(tu’til)6z, and tu minimal, or, alternatively,

(P)

subject to

minimize tN

N

(41) O2k(tN til)2

k=l

and

(42) O<tjl<’’’<tjN-"tN forj=l,2," ", m.

(P) is a nonlinear program whose numerical solution we shall discuss next. First
we give a lemma which indicates how the partial derivatives of Q with respect to (tit)
may be computed. Its proof can easily be derived from the variation of parameters
solution of (39).

LEMMA2. For ] l, 2, m, l, 2, N- l, we have

0Q(t" til 0 for <til(43)
c]tjl [ Zil(t for >- tit,

where Zil is the solution of the following system of ordinary differential equations:

(44) il(’) + LZit(’) 0 ]:or " [tit, t],
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with initial condition
MZjl(til) 2(-- 1)hi

Similarly, for N, we have,

(45) OOi(tiN tfl)= ZiN
where

j=l,2,. .,m,

(46) MZiN + LQ(tjN -0) Hf(tiN -0)

(-0) indicates left-hand limit).
To solve the program (P) numerically we first replaced the inequality constraints

(42) via the change of variables,
2

til Y/1,
2 2

(47) ti2 Y 1 -- Y 2,2 2 2
tiN YI1 + Yi2 +" + YiN,

then the solution was obtained by a two-step method. We first approximated (P) by
a penalty method,

M N

minimize Y tin +
j=l /=1

for increasing values of o- until 2i__ O (tiN’ti) was sufficiently small. In terms of the
new variables (Yi) this becomes

N M N

(P’) minimize 2 Y Yi2 + tr Y t) (Yil),
t=11=1 i=1

where
2 2 2Oj(Yjl) Qi(Y jl -- Y i2 -}- Y iN" Y/l).

The problem (P’) is a nonlinear least squares minimization and was solved by the
Levenberg-Marquart algorithm. Once the residuals had been reduced sufficiently (this
usually only required one or two unconstrained minimizations of (P’)), this approximate
result from (P’) was used as an initial guess for the unconstrained minimization

N

(P") minimize 0 (Y/l)-
/’=1

The problem was considered solved when the value of (P") became -<_8. In this way
the penalty method is used to force the solution into a neighborhood of the optimum,
obtaining an approximate answer, and then the locally quadratic convergence of
Newton type methods can be taken advantage of to achieve as accurate an answer as
required with only one more unconstrained minimization. The gradients of the func-
tions 0i, with respect to Yi needed for the minimization routines, can be obtained
from (43), (45) by the chain rule.

Finally we indicate the relation of a to E. We have chosen tN( th) and th such
that [[Uh(t,fh)lI--E. In terms of the coordinates Q(t) of uh(t) this implies that

Q(tN)MQ7- (tN) E2, and hence

E2 E2

IIQ(m)ll’e
Amax(Mt’ Amin(Mt
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where Amax(M), Amin(M) are the largest and smallest eigenvalues of the mass matrix
M. These depend on h; e.g., for piecewise linear sp_lines are typically O(h) [13, Chapt.
4]. In this case then we should choose 6 O(E/x/h).

5. Numerical results. We now present some numerical results to illustrate these
techniques.

First, we consider a one-dimensional parabolic boundary control problem.
Example 1.

OU 02U
Ot Ox 2’ O < x < l, > O,

u (x, o) uo(x),

au
Ox

(0, t) O,

ax (1, t) f(t), If(t)l -< 1.

With the final endpoint ul(x)=-0, 0-<_ x -<_ 1, this problem was solved with Sh continuous
piecewise linear splines, for h -, , , , and initial temperatures Uo(X)= 1.0, Uo(X)=
0.5, Uo(X)= x 2, 0_<-x-<_ 1. The switching times for the approximate optimal controls
are given in Tables 1, 2 and 3. We chose E 10-4.

The graphs in Figs. 1 and 2 are plots of -ln h against -ln Ilerr]], the L2(0, 1) norm
of the endpoint errors, IlU(th, th)- UIII for Example 1 with initial temperature Uo(X) 1.0,
Uo(X 0.5 and Uo(X x 2, 0 <= x <= 1.

TABLE
Example with Vo(X)=

h Switching times

1.05992 1.13344 1.14706
1.06558 1.14524 1.16589 1.17246
1.06855 1.15197 1.17459 1.18599
1.06995 1.15552 1.17891 1.19139

1.18966
1.19828 1.20055

TABLE 2
Example with Vo(X)=0.5

h Switching times

0.560196 0.633793 0.647193
0.566185 0.646837 0.666684 0.672064
0.569016 0.653506 0.675165 0.684476
0.570711 0.657389 0.679969 0.690781

0.687607
0.697532 0.699872

TABLE 3
Example with Vo(X)=X

h Switching times

0.434721 0.508173 0.521904
0.416631 0.495836 0.515645 0.521023
0.410994 0.493814 0.515489 0.524743
0.408228 0.493192 0.515969 0.526123

0.5279
0.531777 0.533603
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FIG. 1. Example with Uo(X)= 1.0, Uo(X)= 0.5.
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3.5-
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1.0 1.5
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FIG. 2. Example with Uo(X)= x 2.

Finally, these techniques were applied to the two-dimensional parabolic boundary
control problem on the square 0-< x, y 1.

Example 2.

Ou 02u 02u
2 -t- 2, O<x, y < 1,

Ot Ox Oy

u (x, y, o)= uo(x, y),

Ou Ou Ou

Oz
(0, y, t)= x(1, y, t)= yy(X, O, t)= O,

OU
(x, 1, t)= f(t), if(t)l 1.

Again u l(x, y)-= 0, and Sh is the space of continuous piecewise linear splines over the
square, 0 =< x, y _-< 1, with a right directed triangular grid.

The switching times for h--, 1/2,-, , and Uo(X, y)= xZy, Uo(X, y)= xy are given
in Tables 4 and 5 and the t2 errors are plotted in Figs. 3 and 4.

TABLE 4
Example 2 with Vo(X, y)= xZy

h Switching times

0.218783 0.296082 0.324177 0.332284
0.194829 0.28363 0.322531 0.33873 0.343023
0.188473 0.283957 0.327662 0.346092 0.353744
0.184071 0.28140 0.329418 0.351158 0.359173

0.355975
0.361134

TABLE 5
Example 2 with Vo(X, y)= xy

h Switching times

0.332166 0.405045 0.417726
0.323679 0.40205 0.421144 0.425871
0.321137 0.402004 0.422227 0.429865
0.320157 0.402405 0.423293 0.431524

0.432316
0.435779 0.437099
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FIG 3. Example 2 with uo(x, y)= x2y 2.
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FIG. 4. Example 2 with Uo(X, y)= xy.

It appears from the numerical results presented that the rate of convergence is
O(h 2) for n 1 and O(h 175) for n =2, and that the general estimate (31) is not
optimal in these cases. We would conjecture that it is optimal for n->_ 2. The higher
rate of convergence for n 1, 2 is probably due to the extra regularity of fh as h 0:
in these cases it would appear fh is more regular in time than just L as h - 0. Perhaps,
more important than the asymptotic rate of convergence of the error, however, is the
ability of the scheme presented here to capture the low frequency components of the
solution on a very coarse grid. Typically, the largest values of h -1/2, 31- give satisfactory
results for control problems in which most of the energy is concentrated in the low
frequency modes, as is often the case in practice. Furthermore, in this case the computer
time required to solve such problems is minimal, typically of the order of 1/2-3 seconds
CPU time on a DEC 2050. For instance, in Example 1 with constant initial temperature
the L2 error was reduced by a factor 50 on the coarsest grid (h =) and by a factor
of 20 for Uo(X) x 2.

Finally, the most complex problem solved here, Example 2 with h =1/2 and 6
switches required --40 seconds of CPU time.
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REGULARITY OF OPTIMAL BOUNDARY CONTROLS FOR
PARABOLIC EQUATIONS, I. ANALYTICITY*

THOMAS I. SEIDMANt

Abstract. Let (A, f) be a second order elliptic operator on fl c a with a compatible boundary operator
and let 4% be the optimal boundary control for fi Au +f, flu 4 on (0, T), u(0)= tOo minimizing J of
the form

T T

Then, if f, uT, etc., are analytic in on (0, T) so is 4,. A similar result is obtained for the infinite horizon
problem.

1. Introduction. Consider, for the moment (as a model problem), the minimiz-
ation of the quadratic cost criterion"

(1.1) J J(6) := Ise62+, I [u-u7-]2 +/z In [u (T)- 9’]2

(0_-<A,/x). Here the target trajectory ur and the terminal (t T) target state 097- are
specified and u is determined as the solution of the parabolic problem

(1.2) fi-Au=f on:=(0, T)f,

(1.3) ulse on 6e := [0, T]

(1.4) u (0) too on

In (1.2)-(1.4) the initial state too and the source inhomogeneity f are specified so we
consider only the dependence on the control , i.e., u u (.; ).

Our object in this paper is to investigate the smoothness of the minimizer , of
J under suitable assumptions. This investigation is a continuation of [12] and of certain
concerns in [11] (Remark 5.4, asserting analyticity in of , for the case h =0, etc.).
It was also stimulated by comparison with Lasiecka’s results [3].

It is natural to view the minimization of (1.1) as minimization over in L2().
As j:L2(6e)[0, oo] need not even be lower semicontinuous, our first task is to
demonstrate the existence of a unique minimizer (optimal boundary control) , and
to obtain some useful characterizations of it. In particular, we show that , satisfies
an equation of the form

(1.5) (1 + T)b, 4,0,

where 4,o is representable as wv (exterior normal derivative) for some solution w of
another parabolic equation. The equation (1.5) and the characterization of g,o can
then be used to prove regularity of 4,. The regularity argument proceeds as follows:

(i) for e > 0, introduce a Banach space 9 of H (OIl)-valued functions, each of
which is analytic in on (e, T-e),

(ii) show T2to is (the restriction to oW of) an element 2 of 0,

* Received by the editors April 10, 1980, and in revised form May 1, 1981. This research was partly
supported by the U.S. Army Research Office under grant DAAG-29-77-G-0061 and partly by sabbatical
leave from University of Maryland Baltimore County while the author was visiting at Carnegie-Mellon
University, Pittsburgh, Pennsylvania.

University of Maryland Baltimore County, Baltimore, Maryland 21228.
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(1.6)

(iii) construct "i" on g) such that the diagram

T
L:() ----. L:()

is commutative (E a suitable embedding) and show i" is compact,
(iv) conclude that -1 cannot be in the spectrum of i" and, finally,
(v) use this to show that

(1.7) &, 0o- E’i’[go- i’go + (1 + i’)-’2]
is H(0fl)-analytic on (e, T-e) with e >0 arbitrary.

This argument gives a very strong regularity resultanalyticity in ton the open
interval (0, T). No results are given here for the closed interval [0, T] (i.e., asymptotic
as t-,0+, T-); such considerations are deferred to another paper, to be concerned
with possibly time-dependent problems and the relation of regularity with convergence
rates of numerical approximations. Meanwhile, note that [3] shows (for/x 0) that
o. is in L2([0, T]--, H1/2(0[)) while [13] shows, for the more regular case of Neumann
control, that, e.g., o. is in C([0; T]H(OI)) for any s <2 (any s <3 if g =0), given
smooth data while [4] gives o. in H3/z-’3/4- (5).

Although semigroup methods are used here to obtain analyticity only for the
autonomous case, the next section is presented more generally, as this involves no
particular difficulty and seems to be of intrinsic interest and of possible future applica-
bility.

2. Formulation. Somewhat more generally than (1.2)-(1.4), we consider the
parabolic partial differential equation

(2.1)

with the boundary condition

(2.2) [u

and the initial condition

(2.3) u(0) Wo on 12.

Here, 12 is a bounded region in [d with "sufficiently smooth" boundary 0f. Next A
is a second order, uniformly elliptic operator

(2.4) A"
k 3X 3Xk k 3Xk

with "sufficiently smooth" (real-valued) coefficients {ai, k, bk, C}. Finally, [ is an associ-
ated boundary operator of the usual form

(2.5) [ to - cto +/3o) at Off,

where to is the exterior conormal derivative

Ow Ou
to := := ai, n (n := unit exterior normal to 0f),

3u OXk

with "sufficiently smooth" (real) coefficients, normalized so that a+/3- 1. We
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distinguish between--and admit--the three cases (Dirichlet, Neumann and Robin
boundary conditions)"

case D" a 1,/ =-0, order" rfi 0,

(2.6) case N: a --0, fl 1, order" rfi 1,

case R:/3 never 0, order: rfi 1.

The results obtained will be quite similar in each case but the arguments are somewhat
more delicate for case D. (It seems likely that the arguments used for case D could
also be applied, with some considerable technical complication, to cases in which,
e.g.,/3 might vanish on part of 0f, but we exclude such considerations.)

The assumed "sufficient smoothness" of Of and the coefficients is, to begin with,
presumed to imply existence of a unique solution u of (2.1)-(2.3)rain some appropriate
sense to be specified later--for suitable f, O, too. In later sections, taking (A, 13) to be
autonomous we make the technical requirement that the elliptic problem

(2.7) Ato f in I), [3to g at 0f

has a unique solution for "arbitrary" (f, g), i.e., without consistency conditions. (This
would appear to eliminate such a standard problem as case N for the usual heat
equation but actually involves no loss of generality as one can always consider e-Ctu(t)
instead, which adds the constant C to A. The resulting modification of the cost
functional J to be considered will not affect the conditions which will be imposed.)
A further implication of the smoothness assumptions will be, e.g., the equivalence of
Io,1 and IAo[,-2 (here 1. Is denotes the HS(f)-norm, etc.) for to such that I]to 0 and
suitable s (compare Theorems 2.5.4 and 2.8.3 of [6]); see Remark 6.6 below.

Somewhat more generally than (1.1) we introduce seminorms I1" I1,, I1’ Ik, I1" for
functions on Y, 22, l respectively, and set

(2.8) J II. II +II.-u II +Ilu(T)-,., IIL
where UT, toT are specified and u is determined from & by (2.1)-(2.3). We will be
assuming that I1" IL is equivalent to the usual L2(6)-norm, that I1’ Ik is dominated by
the usual L2()-norm and either that I1"11 is dominated by the usual L2(f)-norm
(regular case) or elsemindicated by writing symbolically" Ix oothat we require exact
control to toT, SO that

f

Ilu (T) := u(T) toT,

u T) # toT.

See Remark 6.1 below, however.
If we have "smooth" nonnegative functions K, A,/x on 6e, , fL respectively (with

1/x also bounded), then we may define corresponding multiplication operators K, k, Ix
on L2(6), etc.; by a slight abuse of notation we also write K (t) for the operator
on L(Of) defined by multiplication by (t, (for 0 <_- <_- T), and similarly for k k(t).
The situation of interest, then, is

(2.9)

(& (t), K(t)O (t))L2(on)dt,

T

Ilull := Io (u(t), k(t)u(t))L2(m dt,

, := (to, Ixto)L(n) if Ix # 00. (For Ix oo, as above.)



OPTIMAL BOUNDARY CONTROLS, I. ANALYTICITY 431

Note that the assumptions on the functions r, A,/z ensure that one has

I1’ I1, is equivalent to the usual L2(Se)-norm; is continuously invertible.
(t)-a/E, k(t) are positive (semi-) definite operators on LE(0f), L2(fD and,

(2.10) for suitable tr, tr’, they can be interpreted as bounded (uniformly in for
0 <_-t <_-T) operators on H(OI), H’(). Similarly (unless IX- oo), Ix is
positive (semi-) definite on L2(I)).

We will assume (2.9)-(2.10) without necessarily taking , k, IX to be multiplication
operators.

It will be convenient to let Uo be the solution of (2.1)-(2.3) with 0 so that

(2.11) fio-Auo=f one, Uo=0 one, Uo(0)=wo

and to introduce the solution operator B for (2.1)-(2.3) with
means that

(2.12) Au on , Iu on 9, u(0) 0.

By linearity the solution u of (2.1)-(2.3) then has the form: u uo+B&. Observe
that in any of the cases D, N, R of (2.6) we have that

(2.13) B is continuous from L() to L().
(This follows from results of [7, pp. 78 if.I; see Remark 6.6, below.) We also introduce
the (possibly unbounded) operator Br given by

(2.14) BTb := [B](T) with (BT):= {& eL2(): [BO](T)eL(fl)}.
Note that [B](t) is always a well-defined (smooth) function on fl for each t>0,
including T, by interior regularity for (2.1) under mild smoothness conditions on
the coefficients in (2.4). In case D, however, [B](T) need not be well behaved near
dO and need not be square-integrable on indeed, the results of [7] suggest that
then [B](t) might better be sought in [H/(fl)]* than in L(O).

LEMMA 2.15. In case D of (2.6) the operator BT is densely defined and closed.
In cases N and R one has (BT)=L() and BT is continuous to L2() (indeed, to
H/(fD).

Proof. For case D, closure follows from the continuity of [B](T)Ix from
L(6e) to C(Y{) for arbitrary dosed ff{f which, in turn, follows from (2.13) and
interior regularity. Density of (B) follows, e.g., from the fact that B takes L(6e)
to L(22) by the maximum principle so L(6e) (BT). For eases N and R one has
rh 1 and, for in L2(), [7] gives u Be in H3/2’3/4() so the trace on {T} 12 is
continuous to H1/2(12) by [7, Thm. 4.2.1].

Note that the consideration of case D with 0 Ix is in "violation" of the structures
of [7, Remark 6.1.4, p. 160].

THEOREM 1. Let Uo, uT, wT, Ix be such that J given by (2.8), (2.9) is not identically
az, i.e., such that

(2.16) := {&L2(,ht’):J(&)<cx3} isnonempty.

Then there exists a unique minimizer &. of J. One then has

(2.17) (K+ B*kB), B*zo + =: Oo
with

(2.18) Zo=k(uT--Uo) and e:= 92(BT) +/-.
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If Ix is bounded on L2(]), then is actually in 91(B)" the optimally controlled trajectory
u, Uo + Bb, is then such that

(2.19) w, := Ix[wr-u,(T)] isin (B*T) and #o=Bw,+B*zo.

Proof. First consider the case of exact control: Ix oo. Given any fixed 4, in
one has (4, + h) in j if and only if h is in 92(Br) so [u(T)- or] continues to vanish.
For such h and any r in ,

J(qb, + rh) [kb, + rhll2,, + lieu,- + rBhll2x
(2.20)

J(b,) + r2[llh[l + liBhl[] + 2r[(6,, h), + (u, ur, Bh)x],

so h -->J(4, + h) is a coercive, strictly convex, continuous function on the closed (by
Lemma 2.15) subspace 92(Br) and hence uniquely attains its minimum. Thus, J
uniquely attains its minimum on and, from (2.20), this minimum will be 4, (if
and) only if

0 (b,, h), + (u* ur, Bh)x

(Kb,, h).2(se) + (k[Uo- ur + Bb,], Bh

for every h in (Br). Thus,

B*X[u0:= (K + B*kB)b,
must be orthogonal to 92(Br)--which is just (2.17), (2.18).

Now suppose Ix is bounded on L2(yD. Introduce the Hilbert space

where K is LZ(9) with I1.11., etc. (The definitions of the Hilbert spaces x, 9 may
involve factoring out the null spaces of I1" Ik, I1" II--which could be nontrivial as we
only assumed in (2.10) that k, Ix were semidefinite.) We define

.Z2ir (5f) =, ->"6 --> [B6](T)

with, of course,

Observe that

, := {6 6LZ():[B6](T) 6}

so for Ix bounded we have , = (B), whence, by (2.15),

(2.21) , is dense in L2().
(The conclusions would follow if one had (2.16), (2.21), even if Ix were unbounded
on L2(f); see Remark 6.1, below.) Again given any fixed b, in , we now set, := [b,, u,- ur, u,(T)-wr]
and observe that our definitions are such that ** is in and J(6,)--II**ll, If
b, +/ -: is also in j we have

:= [, t2-UT, t(T)--WT] in ,
so that

+-, [/, t u,, t(T)- u,(T)] is in .
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But t-u,= B/ and a(T)-u,(T)=[BtTt](T) so we have / in ,. Conversely, if
is in ,, then

Hh := [/, B/, IT/] is in

and , +H is also in , so that , + is in . Let be , with the norm
Ilhll IlHhll. Then , + and

J(,+-h)=ll,+Hhll, for h,

so hJ(&, + h) is clearly coercive, strictly convex and continuous on and must
therefore uniquely attain its minimum on @, whence J uniquely attains its minimum
on L(). For r in and any h in @ ,, one has

J(O, + rh J(,)+ 2r(,, Hh),6 +

so , will be the minimizer of J (if and) only if (,,Hh).6 0 for all such h. Thus,
for every h in the dense set (B),c L2(),

([u,(T) WT], BTh )c(fl) (u,(T) WT, fiTh)
(2.22) --(,, h),-(u,- ur, Bh)x

-(( +B*KB), B*k[ur u0], h)().

As the final expression in (2.22) depends continuously on h topologized in L2(), so
does the first, which means that (u,(T)-wr] is in the domain of B} and we may set

Then (2.22) holding for h in a dense set gives (2.17), (2.19).
It is clear that application of this theorem will require a more detailed examination

of B*, B and in terms of partial differential equations. We proceed formally,
assuming that 00 and the coefficients are "smooth enough" to justify the manipulations
for later application and interpretation.

For fixed t(0 < < T), let u, v be "smooth enough" functions on O. Using the
divergence theorem,

v + b v + cur[Au]v ai
Oxi Ox Ox

+ aiox--nv- u ai--n + bi-Y.--n uv.

Now let A* be the formal adfoint of A, given by

02 0
A*" v -> E (aikV) +E (bkV) + CV

j,k (gXj (gXk OXk
(2.24)

i. Ox Ox Ox
where

a := a.(=ak.),

in

b := 2/Oa___k_ bk,
.0x.

, :-" . ajk

cOXi C3Xk
cObk--+ C,+k COXk
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and let [ and I]’ be the boundary operators

I’ v ( )v
(2.25)

B" v ([3 + 7a )v

with

Oaiky := [b- (Va)] n := /(b.--k 0---k/ n on af.

We note that I]’ will only be applied to v for which Iv 0; in this case one easily
sees that

-v., ifB=0, iflv=0(2.26) I]" v--
(1//)v, if/3 0,

Note that the order of I is always the same rfi as in (2.6) while the order of 13’ (as
given by (2.26) for Iv 0) is m’, given by

(2.27) m’ 1 in case D, m’ 0 in cases N, R.

(If A were in divergence form, corresponding to having bk i (c3aik/OX]) for each k,
then one would have A*=A and 3’ =0 so I=l].) After manipulation of (2.4),
(2.24)-(2.26), one then has from (2.23) the fundamental identity

Suppose u limb so u satisfies (2.12) and let w be the solution of

(2.29) -ff =A*w+z onR,

(2.30) Iw=0 onfe,

(2.31) w(T) 0.

Then

Ia uw ff+ I tJw f u A*w O + Ise qb w

using integration by parts over [0, T], applying the conditions u(0)= 0 w(T) and,
finally, using (2.28) and the equations. Thus for z in L2(R) we have

(2.32) B*z I]’w with w given by (2.29)-(2.31).

Next, suppose u Bb with b in (Br) and, for a suitable function a3 on f, let
v be the solution of

(2.33)

(2.34)

(2.35)

-t=A*v on 22,.

Iv=0 one,
v(T) o3.
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Then

(Brb, o3 )L2(a) In u T)v T) In uv

I (uv)’= Ior (Ia [Au]v-lau[A*v])= Ise o(l’v)’
using (2.28) and the equations. The final term of (2.36) (and so also the first term)
depends continuously on topologized in L() if and only if ’v is in L2() so that

r v with v given by (2.33)-(2.35) for
(2.36)

in (B) { e L(O): ’v e L()}.

From Lemma 2.15 one has B bounded so (B)=LZ() for cases N and R; one
should even be able to extend B as continuous from [H/2()]*. Reversing these
considerations, we see that for case D one obtain v in H+’(+)/2() for
with s + and then ’v would be in, say, L((O, T) H-/(O)) = L2() so B} will
be continuous if interpreted as a map from H () to La() for s > . Thus, although
we have been treating Br and Bas unbounded operators in case D, we can supplement
Lemma 2.15 with the observation that

In case D we can re-interpret Br as continuous from L()
(2.37) to [H (O)]* (any s > ),
as soon as we notice that Br has been maximally defined, so

(2.38) B* =Br and := N(Br)z=N(B).

Clearly, (2.38) holds for cases N and R as well.
For bounded the representation (2.17)-(2.19) is complete, but for the case of

exact control ( ) one needs a further examination of, for which we must impose
a nullcontrollability assumption.

DEFINO 2.39. Call (A, ) nullcontrollable on arbitrary intervals in (0, T] if
for arbitrary r in [0, T) and arbitrarily small e > 0 there exists, for any 0 in L(), a

0 in L2((r, r + e) x 0) such that u(r + e) 0 for the solution u of

a=Au on (r, r+e)xfl, u=0 on(r,r+e)XO,u(r)=o.

In the autonomous case it is clearly sucient to consider only r 0 and e arbitrarily
small in Definition 2.39.

We now obtain a representation for elements of . This corresponds to half of
[11, Thm. 5.3] with a more general A; compare [11, Remarks 5.5]. This additional
generality is not truly applicable in the present state of our knowledge since the
nullcontrollability condition has only been verifiedso far--for classes of settings to
which [11, Remark 5.3] applies directly. For completeness of our discussion of
Theorem 1 and in anticipation of more general verification we include the generaliz-
ation here. For technical convenience we require that be autonomous while still
permitting the coecients of A to be time dependent. Note that this requirement on

B need only be imposed for Robin conditions: it is automatic for cases D and N.
LEMMA 2.40. Let O and the coecients be suciently smooth with autonomous.

If (A, ) is nullcontrollable on arbitrary intervals of (0, T], then each element
has the form:
(2.41) 0 ’v with v satisfying (2.30), (2.31), O e L()



436 THOMAS I. SEIDMAN

Proof. By (2.38), O in means existence of a sequence {thi} in 91(B*) such that
0i--> in L2(oW). By (2.36) one then has O =: B*Ta3. I’vi with vi satisfying (2.30),
(2.31). Select any e > 0 and take -= T-e in Definition 2.39, setting

’ := (’, T) x 12, 5e’ := (-, T)xo.

Then, by the duality theorem [11, Thm. 2.1], the nullcontrollability for (-, T) implies
continuity of the map

(2.42) P: 1’v [e,--> v(’):gYd -> L2().

Here lYd, corresponds to but on ow’; clearly , contains the restrictions to 5e’ of
elements of r)2 since, as with (2.38), 3, is the closure in L2(6e’) of the set of restrictions
to 0’ of elements of 91(B-). Note that application of [11, Thm. 2.1] requires Br to
be continuous to the space ; as this space is fairly arbitrary, it can be taken to be,
say, [H3/4()]* noting Lemma 2.15 and 2.37. We must also have continuity from
L2(12) to for the solution map (at T) of the pure initial value problem but this
is clear by the usual "evolution operator" theory of (2.1)-(2.3) with f, b 0 as an
abstract ordinary differential equation on L2(f).

Thus, convergence of 0r in L2() implies the convergence in L2(II):

Now let v v be the solution of- A*v on , Iv 0 on 5e, v(r) o

where , := (0, r)x 12, 6e, := (0, r)x 012. For I autonomous and sufficiently smooth
coefficients, [14, Thm. 1.1] applies to give the estimate

C’
(2.43)

for any v satisfying (2.33), (2.34) and 0 < o" < r. Thus, v.(r) --> v((r) in H2(f), uniformly
in (r on [0, cr’] if r’< r. It follows that

O ’v.- l’v in L([O, o-]-- H/(012)),

so I’v must coincide on 6e, with lira 0i and so on 6e, as r’< " was arbitrary. It
is easy to see that v, is a restriction of v for 0<r’<r< T so there must be a
(maximally defined) function v on of which each v is a restriction. Clearly v satisfies
(2.33), (2.34) on and 0 I’v on all of 6e. [3

This construction of v gives uniquenessindeed,

v(r) P,[e’l(,,r)0n], 0 -<_ r < T,

for any 0 in l’d. Note that nothing can be said about v(T-) and (2.33), (2.34) is to
be interpreted for v as holding when restricted to (0, ’) for each -< T. For the
completely autonomous case we also observe that the converse of Lemma 2.40 holds:
if 0 satisfies (2.41), then 0 is in 2 (proof as in [11, Remark 5.3]).

With (2.32), (2.36) and Lemma 2.40 in hand, we return to the representation
(2.17). We now have that

(2.44) 0o [’Wo,
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where w0 satisfies (2.34) and

(2.45) -if0 A’w0 + Zo on ,
(2.46) z0 := 2t[UT- Uo].

If IX is bounded on L2(f), then (2.19) permits us to adjoin to (2.34), (2.45) the initial
condition

(2.47) wo(T) IX[wr- u,(T)] =: o, (B*).

Note that even in this case one cannot simply solve (2.44)-(2.47) to obtain 0 (unless
IX =0, the situation considered in [3]) since (2.47) involves u,(T)= uo(T)+BTb, so
b, appears implicitly.

It will be convenient to put the representation (2.17) in the form of (1.5),
eliminating the separate appearance of K. Observe that as K is positive definite, by
assumption, it has a (unique) positive definite square root a/2. We may then write
(2.17) as

(2.48) a/2(1-t- 1f-1/2B*}kBN-1/2)K1/2, o
so, multiplying through by -/2 and setting

(2.49) 4;, :"- 1l/2q -1/ 1-1/2B, 1/2., o := 200, T:= RBK-

we obtain the representation

(2.50) (1 +T), o e L().
We immediately observe that, from its form (noting the self-adjointness of

one has

(2.51) T is a bounded, positive semi-definite operator on L2(Se).
Our final task of this section is the interpretation of T. Introducing R as the solution
operator" z w for (2.29)-(2.31) so B* I’R, we construct T by the sequence of steps"

(a) apply a/2 to 4 to obtain &
(b) given b, solve (2.12) to obtain u := B4,

(2.52) (c) apply X to u to obtain z := ku,
(d) given z, solve (2.29)-(2.31) to obtain w := Rz,
(e) apply I’ to w to obtain O := I’w,
(f) apply -a/2 to to obtain =: T4.

3. Semigroup [ormulation. From this point on we assume that the coefficients
in (2.4), (2.5) are independent of t. For suitable s->_ 0 (how large s could be depends
on the smoothness assumed for the coefficients) we can then use the autonomous
(A, I) to determine a family of operators

(3.1) As’HS(l") = (As) := {u HS+2(l)" lu O}+ HS(f)" u,-Au.

A consequence of the ellipticity of A and the admitted cases (2.6) for 1 is that [1]:

As is the infinitesimal generator of a holomorphic semigroup
(3.2) S Ss(" acting on HS(f)

for suitable s. This is given in, e.g., [1] for s 0. For s > 0, note that So(t)(t > 0) takes
L2(f) into (Ao) cH (f), so it acts on H (f) by restriction and is still holomorphic
in t--this will just be Ss(t). (Note that we can only consider s < th + 1/2" otherwise
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(As), given by (3.1), would not be dense in HS(l-l) [2] so As could not be the
infinitesimal generator.) We similarly introduce A* given by

(3.3) A*" Hs(fl)(A*) := {v Hs+2(fl):
and let $*= S*(.) be the holomorphic semigroup generated by A*. (One could also
consider certain negative s by duality.) Note that, in general (s # 0), A* will not truly
be the adjoint of As nor need S*(t) be the adjoint of Ss(t).

For treating the mixed initial-boundary value problem, we must also introduce
the Green’s operator G Gs (again, for suitable s >_-0) where Gsth u means

(3.4) Au 0 on f, Iu b at 01q

for & in H (OfU. (Recall the discussion earlier about the assumed solvability of (2.7)
in this section and subsequently.) Note [6] that

(3.5) G=Gs:HS(c3fUHS+l/2+’(f) is continuous.

(For convenience we will usually omit the subscripts on As, Ss, Gs, A*, S*.)
From (2.32) and (2.36) the semigroup representations of R and B, are quite

standard: we have, allowing for the time-reversal in (2.29) and (2.33),
T t’P P

(3.6) W(t) := [Rz](t)= | S*(r-t)z(r)dr=S(t’-t)w(t’)+ | S*(r-t)z(r) dr
Jt

for 0 <_- _-< t’ _-< T and, similarly, Ba3 I]’v, so

(3.7) [B*o3](t) 13’S*(T- t)o3 13’S*(t’- t)v(t’).

For B one has the semigroup representation

(3.8) u(t) := [Bb](t) Ia AS(t- r)Gch(r) dr= S(t- t’)u(t’)+ AS(t- r)Gch(r) dr

for 0 <_- t’ <= <- T. (Clearly this gives (2.1) while verification of (2.2) is easy for smooth
b, after integrating by parts over [0, T], and this extends by continuity.) Finally, for
Uo we obtain

(3.9) Uo(t) S(t)roo + Jo S(t- r)f(r) dr.

For a holomorphic semigroup [1], [17], S, it is standard that S(t) is uniformly
bounded on [0, T] and AS(t)= O(1/t) (compare (2.43)). We will repeatedly need a
sharper bound for AS(t) as an operator from HS’(lq) to H

LEMMA 3.10. Let s > 0 and 0 <= 0 <-_ 1 be such that

(3.11) s’ := s+20 <rfi +1/2.
Then there is a constant K, depending on (A, B), s, 0, such that

(3 12) [AS(t)O[s <_-. K[t[l’-O [Ols’ for ro HS’(fU

and similarly for A*S*(t).
Proof. This is essentially the estimate of [16, Thm. 2(b)] once one observes that,

subject to (3.11),

(3.13) ((-As)) [(As), H (O)]1-0 HS’(f)
and similarly for A*. This is a consequence of the loss of significance of 13 (resp., I)
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acting on HS’(f) as s’ drops below rfi + 1/2. For case D, (3.13) is clear as H;’ (f) HS’(I)
for s’< 2t-; see, e.g., [16, Lemma 3(ii)]. This also gives (3.13) for th 1 if s’< 1/2 (which
is all we really need--the computations used for case D could also be used for cases
N and R) but a more delicate analysis [2], [13] permits s’ < } for rfi 1. One argument
for (3.12)is then to note that [[AS(t)][ O(]tl-) [1], [8] and that AS(t)= AI-S(t)A
on (A) so, for co in H+’(fI)= (As),

]AS(t)co 1 [[Asl-s(t)l[ IA+co I <KIt[ 1-’

noting that (3.13) implies [Asols<-K’[cOls,. The same argument also gives’
IIA*S*(t)]]+,-, o(1/Itl-). [3

Returning to the representation (2.49), (2.50) obtained from Theorem 1, we
multiply by Tk to obtain

(3.14) (I + T)4,,, g,, k 0, 1,...,

where

(3.15) d+ := (-T)+05,, t+ := (-T)+to

and then inductively obtain the partial Neumann series

(3.16) , 0 -[-""" q- k-1 q- k, k 1, 2,

Since (1 +T) is invertible by (2.51), we rn.ay take (3.14) as defining qbk and proceed,
following (2.52), to obtain each k from Ok-1 (k 1, 2,’’ ") by

(3.17)

Ca) 0-(t):= KCt)-’/:k-,Ct)=KCt)-lk-lCt),

(b) u(t) := A$(t-r)Ok(r) dr.

(c) z(t) := -k(t)u(t),
T

w(t) := J $*(r- t)zk(r) dr,(dl

(el (tl :=

(f) tt, Ct):= <(t)-’/26Ct)=: [-Ttt,-l]Ct).

Observe that for k 0 (3.17e) would be consistent with the earlier relation (2.44) of
Wo, q0. (Also, (3.17d) would match (2.34), (2.45), (2.47) if wo(T)=0 in (2.47), for
example, if Ix 0, but this is not needed.) The representation of qo in terms of Wo
satisfying (2.34), (2.45), (2.46) will be used later but for now we use only the knowledge
that Oo and so also 0 are in L2(6).

LEMMA 3.18. Let := L([0, T] H(0fl)) with cr < 2 m’. Then is in
for cases N and R; 4’z is in for case D.

Proof. We treat cases N and R together. For these cases th 1 so (3.5) gives Go
continuous to H3/2(), hence a fortiori continuous to H’(f) with s’ =-& This
satisfies (3.11) on taking s=g := 1/2-38 and 0 := 1/2+8 and we apply Lemma 3.10 to
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(3.17a, b) with k 1 to obtain

[ua(t)l -<_ fo g(t- r)-/2+llGIIo_,s,(max [[K-l(r)ll)10o(r)lo dr

1/2

so u is in := L((0, T)H(f)).
The argument for case D is rather more complicated. Let =: 1/2-9 and then

introduce a bit of numerology"

:=6, ff:=1/2-26, ff:=46,

(3.19) := l-a, :=1/2+2a, := 1-46, (i.e.,:= 1-o),

:=1/2-3,s, s :=-+a, o := +(-l+a=1/2-,s.
We also set

(3.20) T min(, }"}

B(t",r) :- Ir (;-r)-e f
.0

and assert (but defer temporarily the proof) that

(3.21) B(t-, r)<-KlF-rl- for F, re[0, T].

(Here and later, K, K’ will denote generic constants, not necessarily the same at each
occurrence.)

For this case, rh 0 so Go is continuous to H1/2(f) so afortiori to HS’(f) with
s’ := 1/2-& which satisfies (3.11) on setting s g, 0= . Applying the Lemma (3.10)
to (3.17a, b) with k 0 gives, as earlier,

(3.22) [Ul(/’)ls KIo (/’- r)-glo(r)lo dr.

Next, take s’ := g, s := g-2, 0 := ff satisfying (3.11) and apply Lemma 3.10 to
(3.17c, d) to obtain, noting [6, Thm. 2.8.3] and the discussion following (2.7),

(3.23)

]wa([)]e<=K’IA*w,(?)Ie_2<K I,
T<=KI (-?)-glua()]edt.

Finally, with s:=g-, 0=0-, s’=g satisfying (3.11), apply Lemma 3.10 to
(3.17e, f, a, b), noting fit 1 in case D, to obtain

(3.24)

(Note that in obtaining (2.23) we used the continuity of k on H(f) and for (3.24)
we used the continuity of I"H (lq) - H-3/:(Olq) and of K-/2 on H-3/2(Olq), following
Definition 2.10.)
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Substituting (3.22) into (3.33) and that into (3.24), we can interchange the order
of integration to obtain

T T

(3.25) lUz()le<KIo B(’[,r)lo(r)lodr<=KIo
using (3.21) and the Cauchy inequality (noting that with O < 1/2, I[-’ - is in t2(0, T),
with norm bounded uniformly in [). Thus, uz is in Ye for case D.

We now return to the verification of (3.21). Let C(t*, [) denote the inner integral
on the right of (3.20). If ’<_-[, then ([- D>-(- [), ([-) in the integral so, as
0<p <sc, one has

(?_/-)-_<_ /,_ ?)-+o (?_-and, as sc sc + p -1 + 6, one has

c(i’,

If _-< one similarly obtains

c(’, Io (z- ?-/? (- -o, ,.
In either case, then, C(, )_<-KI- 1- and substituting this into (3.20) we get

T

(3.26) B t-, r) <= g Ir (’[- r)-gl [- "]-o d.

Now, if [ < r, one has I?- ’1 (’- ’) > (r- [) in (3.26), so
T

B t-, r) <K Ir (’[- r)-g d (r [)-o, [ < r,

which gives (3.21) in this case. For r < [-< T, on the other hand, we split the integral
of (3.20) into two parts" B+([<’<T) and B_(r<?<[). For >[>r we have
(’- r) > (’- ), (?-r) so, as >p,

(’_ r)g(’_ ’)o > (’_ r)O(’_
and

T

B+ <-K([- r)- Ir (- [)-g

For r < < " we make the substitution ’ := r + (i r)t and get

B_ <- g r)-g )-o d

g(- r)-g- Io t-i(1 t)-

Combining these, noting that < 1 gives integrability in each case and (1 O) > -0,

one has

B(g r)=B_+B/<K(’-r)-,
which again gives (3.21).
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Finally we show that Uk in 3 implies k in ). We apply Lemma 3.10 to (3.17c, d)
with s g-2& s’= g, 0 1- t to obtain, as for (3.23),

T

so Wk is in Y/2-2a. The desired result follows with cr g+-m’-23 (this may be
taken to define 6 > 0 if tr close to 2- m’ was initially specified) on applying 13’, which
is continuous from H"+l/:z+m’ (Sq)= He+2-2a (f) to H’(aI)), and then K-1/2, which is
continuous, following Definition 2.10, on 9,. E]

At this point we have obtained the representation (1.5), slightly modified, and
Lemma 3.18 will be the key element in step (ii) of the program described there.

4. Analytidty. For the holomorphic semigroups S, S*, there will be a sector of
analyticity

(4.1)
2’

on which S, S* are analytic.
DEFINITION 4.2. Given a set t c C (and a specified a _->0), write to < tl if

to, tl t and there is a Lipschitzian function t: [0, 1]- R with t(0) to, t(1) tl and
]arg t’]_-< a almost everywhere. The range of such a function is called an -suitable
path, from to to tl. A simply connected c C will be a-admissible, if [0, T] c and,
for each in (t # 0, T), one has 0 < < T.

DEFINITION 4.3. If is a-admissible (0 <_-a < c), then the formulas (3.6)-(3.9)
may be used to define ao and the operators l, l*r, I, provided that , , j are suitably
analytic in t. That is, for each the integrals can be taken as complex path
integrals along -suitable paths, with the results independent of the path and analytic
in t.

Here, o denotes the interior (with respect to C) of . Note that if has empty
interior (e.g., if ce 0), then both hypotheses and the conclusions of (4.3), with respect
to analyticity are vacuous: l, I, ! reduce to R, B, 1, respectively. Note, also that
the use of (3.6)-(3.8) ensures commutativity of diagrams like (1.6) for these operators:
if z is the restriction of to [0, T], then the restriction of , to [0, T] is just Rz,
etc. (We will use corresponding letters with and without carets for functions and
operators involving and [0, T], respectively.)

We also wish to be able to continue to employ the estimate (3.12) for complex
t. It is not hard to verify that if lal <c, then eiA is also the infinitesimal generator
of a holomorphic semigroup (with sector of analyticity containing eiE_ll). It follows
from this and (3.10) that

(4.4) IAS(eir)tol <-g(oz)r-+ltol, given Il<a, reR

for s, s’, 0 satisfying (3.11) and some K(a) but we will need uniformity in a.

LEMMA 4.5. Let 0 <--_ < . Then there exists K K such that (4.4) holds uni-
formly in a on [-, with K (ce) replaced by K.

Proof. The assertion is that Iltl-AS(t)ll,_,s is bounded uniformly on :\{0}. We
know that t-- t-AS(t) is [H’- H]-analytic on ,v_, with tAS(t) bounded on ,. The
Banach space version of the Phragmn-Lindel6f theorem then gives the uniform
estimate K(a) -<K for (4.4) with K max {K(c), K(-c)}. l
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We now return to the program indicated following (1.5). For Yt c C and s in N
we can define

(4.6) s(Yt :={eL(Yt-->ns(olq))" analyticon}.

(In defining L for we interpret the notion of ess sup to ignore sets of linear measure
0 in [0, T] and of planar measure 0 in the rest of .) Since the ttniform limit (on o
open in C) of analytic functions is analytic for vector-valued functions (of course, we
now must take H (012) to be a space of complex-value functions on 012), one has"

0(t) is a closed subspace of L( --> H(OI)).

Note that for [0, T], definition of this ) )([0, T]) coincides with that of Lemma
3.18. We adjoin to Definition 2.10 the assumption that

The operators tc/2(t), tc-1/2(t), k(t) depend analytically on in t, when
(4.7)

considered as bounded operators on H (Ofl), H (1)) for suitable s.

We will also require that, for suitable R open in C,

(4.8) o := k[ur- Uo] is bounded uniformly on [e, T] for e > 0 and is analytic
on oR as an L2(l)-valued function.

(If [0, t] k3 R is a-admissible with 0 < a < d and f is analytic on R, then (3.9) and the
analyticity of S imply analyticity of u0, whence (4.7) and analyticity in of the target
trajectory u give (4.8).)

LEMMA 4.9. Let be 6-admissible (0 <-_ < ) and let Definition 2.10, (3.2) and
(4.7) hold. Let 0 <= < 2 + rh m’ and define by

for ( in = e(Y). Then q is a well-defined compact operator on and (1.6) is
commutative.

Proof. By Definition 4.3, the hypotheses ensure that , analytic on Yt implies
that t (and so ) is well defined and is analytic on Yt 0. This analyticity is, of course,
a purely local property in Yt and--once one notes the analyticity of the functions
involved and shows absolute convergence in the appropriate spaces of the integralsw
can be shown by the usual methods employed in complex function theory for functions
defined by integrals. Similarly one has w--and so ", q3--well defined and analytic.

LThus " is well defined and will take 0 into 9 once an bound into He(012) is
obtained. The commutativity of (1.6) follows by comparing (4.10) to (2.52) and noting
the discussion after Definition 4.3.

For in 9 one also has K-a/: in 0cL( L:(0i2)) so, by (4.10), (3.8) and
Definition 4.3, we have

t(t) := Jo AS(t- r)GK-1/:(r)c(r) dr

and can apply Lemma 4.5 with s’:=1/2+th-,s=g:=1/2+rh-3t and 0:=1-6,
satisfying (3.11). Thus,

(4.11) It(/)le--<ga fo It-rl-+lG-/Z(r)’(r)ls’ldrl;

so, using (3.5) and Definition 2.10 to bound IG-/:(r)c(r)l, in terms of 14; (r)l- -<-
gll ll , one has a in

3() := {t e L(Yt --> H(Iq)) t analytic on o},
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with g =21-+ rfi- 38. By Definition 2.10 and (4.7) we then also have in 3e(). Next,
by (4.10), (3.6) and Definition 4.3 we have

T

A*v() := J, A*S*(r- )(r) dr

and we apply Lemma 4.5 with

s’=g, s=s* :=-}+rfi-5& 0:=l-&
satisfying (3.11), to obtain

T

I(t)l,.+2 <- glA*ff,(t)],=g’ It Ir- tl-a+l(r)leldrl.(4.12)

Thus, ff is in Y*+2() and this, a fortiori, is in Y()(g := s*+ 2-26 =+ rfi-76)
with its range in a specific compact subset of He(l)) for d limited to any bounded
subset of

To show that the map - is compact from 9 to Y(), it is now sufficient to
show a uniform H61der condition for as an H(f)-valued function on and apply

t’ Then, following (3 6),the generalized Arzela-Ascoli lemma. Suppose <
P

A*[(t)- (t’)]= [S*(t’- t)-l]A*ff(t’)+ Jt A*S*(r-t).(r) dr

and we estimate the two terms separately. The first term is comparatively simple,
using the estimate (4.12) already obtained for k(t’)"

t’--t

[[S*(t’- t)- 1]A*w (t’)le-2 _-< (Io
t’--t

(4.13) <=K Io Irl-l+ldrlg’llNll

<-_ g"lt’ tl[I,llm
where Lemma 4.5 has been used with s := -2, s’ := s*, 0 := 1-, satisfying (3.11).
For the second term one applies Lemma 4.5 with the same s, s’, 0 to get

(4.14)
t’ t’ t’It A*S*(r-t).(r)dr]e_2<=glt Ir-tl-l+’lz(r)ls.ldrl<=g’ It

as is in 3e c 3s.. The integral here from to t’ is, of course, taken along an -suitable
path . On such a path one has, writing r p + icr, that

Idrl <- (tan c) do,
so that

t’ Re t’

ft f tandIr- tl-+ldrl--<
aRe

Substituting this into (4.14) and combining with (4.13) gives

(4.15) I(t)- (t’)l _-< KIn*[(t)- (t’)]l-= <-g’lt’- tlll4;l[.
t’for < and similarly if t’ < t. If t, t’ in are related in neither of these ways one

still obtains (4.15) by introducint /" such that /’< and /’< t’. A geometric
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argument from the definition of d-admissibility shows that one may always take

t’= t--re i t’- r’ e -i

and that one then has

(The argument that this ? is, indeed, in Ymand is connected to t, t’ by straight
segments in mis not difficult but can be avoided by simply restricting consideration
to of the form

(4.16) =[0, T]t_J{tC" larg (t-a)[, [arg (b-t)[ d}
for some 0<a <b < T and 0_-<c <c.) Then (4.15) for L and for L t’ combine
to give it for t, t’ (the general case) with a new K’.

The final step in the proof is to go from v to i’ := K-1/21’, a map which is
clearly continuous from 3(Y) to 0e(Y) with

g := -1/2-m’=2+rfi-m’-76

(which we may invert to define 6 > 0). 71
COROLLARY 4.17. (1 + ’) is boundedly invertible on 9e(t).
Proof. Since " is compact, a standard spectral theory result is that -1 can be in

the spectrum tr(i’) only if it is an eigenvalue. Suppose this were so and that

" -d, 0 s in 9 9().

Then, letting b Ed be the restriction of , to [0, T], the commutativity of the diagram
(1.6) gives T,fi =-b. Since T is known to be positive semidefinite by construction,
this can occur only for b 0. However, a geometric argument (again avoidable if one
restricts to the form (4.16)) shows that, if # [0, T] is c-admissible and symmetric
with respect to in C, then each component of o intersects [0, T] and [0, T]
contains . For symmetric one then has ,1o,7- b =0, implying d =0 by the
analyticity on o., for not symmetric, a reflection argument across [ permits one
to work with its symmetrization which will again be d-admissible. Thus,
implies 0, so -1 cannot be in r(’) and (1+ ’)- 9 9 is well defined.

We have now completed steps (i), (iii), (iv) of the program following (1.5) and
next complete step (ii) which was initiated in Lernma 3.18.

LEMMA 4.18. Let be d-admissible (0-<a <c) with O, T not in o and let
D___efinition 2.10, (3.2) and (4.7) hold. Letr < 2- m’ and let (4.8) hold, with containing
o. If ix=oo, assume Definition 2.39, so that (2.41) holds. Then there is a (unique)
2 in () whose restriction to [0, T] is 42; in cases N and R this holds for, 1.

Proof. We suppose Wo to be already defined on [0, T] satisfying (2.45), (2.46).
One then has Wo(t’) in H(f)for some s>m’+1/2 and 0<t’< T, given (4.8). Noting
Definition 4.3, we define rbo on the rest of by the second integral representation
(3.6) with t’ in (0, T) and then define o(t) as -/:(t)g’o(t), using Definition 4.3,
(4.7), (4.8) to observe that this gives o analytic on (a neighborhood of) --o. Using
the steps of (3.17), with the integrals taken along c-suitable paths, one obtains
corresponding__to 42. Since : will be analytic on a neighborhood of o, it will be
bounded on 0 and, combining this with the boundedness on [0, T] given by Lemma
3.18, one has g in 9. (For cases N and R, Lemma 3.18 gives in ) but
so, by Lemma 4.9, 4,2 is also in .)
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We next note that analyticity in can also be used to give additional spatial
regularity.

LEMMA 4.19. Let Definition 2.10, (3.2), (4.7) hold and let be d-admissible
with O< . Let 01 and the coefficients be "sufficiently smooth." Then, for in
LZ(St’) and H(Oll)-analytic on ggo, we have qrH’(Ofl)-analytic on o for s ’<=
s + 2 + rh m’, s’ not an integer. If o is H (fl)-analytic on ygo, then o will be
HS’(oll)-analytic on Yg o for s’ <= g +- m’, s’ not an integer.

Proof. Suppose q3 is H(Ofl)-analytic (s >0) so K-a/23 is also H(O)-analytic.
Certainly this gives at least L2()-analyticity for t on 0. By a fundamental property
of analytic functions, dgt/dt= " must then also be L2(fl)-analytic on o. We now
view the equations

At t’, [t K-/2q3
as an elliptic problem (with as a parameter). The continuity of the linear map"
sfi’(t),g-/&(t)]--(t) then gives_ H(12)-analyticity of (hence, also, of t’) with
tr min {s + + rfi, t + 2} for t" H()-analytic. Initially t 0, as noted above, but a
"bootstrapping" argument gives tr s + 1/2+ rh. Next, v R( k) is certainly
L(l)-analytic on o (using the semigroup representation) since is. We now view
the equations

A*v =-(k’+ka), [t@ =0

as an elliptic problem for k(t) and note that continuity of the linear map [k’+ kz] ->
gives Ha+2(fl)-analytic on Y/ with d- rain {tr’, r} for " H’(l’l)-analytic and t (hence
lt) H(gl)-analytic. Initially, @ LZ-analytic gives er’= 0 but, bootstrapping, we can
btain tr s + 1/2 + rh. Finally, application of It’ gives H’(0tl)-analyticity of i’3
with s’ as asserted. The argument for H(ofl)-analyticity of o proceeds similarly.

With these lemmata in hand, most of the work toward proving the desired
regularity result for the optimal control , (and for the optimally controlled trajectory
u,) has already been done. The domain of analyticity of 4’, will be determined by
the domain 07/ in C on which K-1/2, ]k, ,0 :-- k(UT- UO) are analytic. With Z?o real on, a reflection principle argument shows a// may be taken as symmetric with respect
to R and we then will obtain analyticity in for b, in given by

o := U{Yg o. ag t-suitable with c < c}
(4.20)

LI{ o. o?/ g of the form (4.16), 0 < a < b < T, c < c7 }.

Note that if (0, T) o?/then (0, T)= .
THORF.M 2. Let K-a/z, , I* satisfy Definition 2.10 with K-I/( ), k(. analytic

(as operators on H(Of), H’(fl) ]’or suitable or, r’) on an open set 71 C, symmetric
with respect to . Leto := X(UT Uo) be in L2() and analytic on as an H (II)-valued
function. Let O and the coefficients in (2.4), (2.5) be sufficiently smooth. If Ix oo,
assume nullcontrollability, giving (2.41) and let [WT--uo(T)] be reachable so (in any
case) J, as given by (2.8), (2.9), is not identically infinite on L2(St’). Then the optimal
control 4). minimizing J is (the restriction to [0, T] of) a function HS’(oll)-analytic on, given by (4.20), for s’ := s + 2 + rfi- m’ (if this is not an integer and subfect to the
smoothness assumed ]:or Oil, the coefficients and K, ).

Proof. First take g <2-m’ and fix 07/ of the form (4.16) with c <c7. By
Lemma 4.18 we have 2 in )() and by Corollary 4.17 we can obtain 4; := (1+
"’)-xz in {0,(). Then, by (2.49), (3.16), &, is (the restriction to [0, T] of)

(4.21) . := K-*/Z[o + ga + 2].
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By Lemma 4.19 to and 1 are HS’(M)-analytic on Yt so, as 2 is in 0(t), one has
He(0II)-analyticity of ,. But, by (3.15), 42 , so, using Lemma 4.19 again
twice, 4;2 is at least H+2(0f)-analytic (s +2+ rfi-m’>-s + 1). This would make
also He+2(OII)2analytic on o if s+2<-s ’, and one iterates this to get HS’(ofl)
ana}yticity of b, on Yt . Since this holds for each such o one has HS’(01q)-analyticity
of b, on all of . Strictly speaking, one has a different, ,(Yt) for each specification
of Yt, since 2 was obtained by inverting " viewed as an operator on 0e(Yt). However,
since b, is unique in L2(5) and ,(1)= 0,(2)-,( f32) on 1 (’12 (which
is again c-admissible with c =min {c1, c2}), one can obtain 4;,() as a maximally
defined extension.

5. Infinite horizon problems. In this section we consider (2.1)-(2.6) on
2oo := N+x f, 5% := N/x 0f with the optimality criterion of the same form

(2.8), (2.9) considered, but with II’IIK, I1" I1 now taken over Soo, --and, of course,
with the "terminal target" term involving I1" I1 omitted, as there is now no finite T.
An example might be a stabilization problem:

in which c >_-0 implies a discount factor for control cost while c’=> 0 implies a stabiliz-
ation condition forcing an acceptably rapid exponential decay rate for the trajectory
deviation. Our basic assumption on I1" I1,,, I1" I1 is:

K(t), -/2(t), k(t) are positive (semi-) definite on L2(0f), L2(f), respec-
(5.2)

tively, and bounded uniformly in (0, T), for each T > 0.

It is clear that if, for example, ur were to grow sufficiently rapidly as t- oo, then
finiteness of IIbllK would imply growth conditions for the solution u, which could be
incompatible with finiteness of Ilu utile. On the other hand, even for ur -= 0 we might
wish to consider (A, I) for which IlUoll, is infinite (e.g., J := ]l&l]2+ ]lull2 with ordinary
L2 norms for the standard heat equation in case N) yet have stabilizibility with suitable
controls; e.g., nullcontrollability would give a reduction to a finite interval by choosing
b in L2(Ser) so that u 0 for T and then, having &, u 0 for > T.

As in the earlier case (in which the unboundedness occurred in connection with
the terminal target), we again must consider an optimality criterion which need not
be continuous or everywhere finite on L2(ff’) or even on

Our first concern then, paralleling Theorem 1, is the existence, uniqueness and
characterization of the optimal control b, minimizing J.

TIEOREM 3. Assume (5.2) and that (Uo-ur) is such that J, defined by (2.8),
(2.9) omitting the I1,11 term, is not identically c (i.e., (2.16) holds with L2 replaced by
L). Then there exists a unique minimizer 4), of J and a corresponding unique optimal
trajectory u,. For fixed T > O, let

(5.3)
, 2J(0) :-- II0ll,+llu ull=,+llu(r)-olloo,

where o*r := u,(T) and Jr is defined in terms of restrictions to 5r := (0, T)xO),
2r := (0, T)x II. Then the unique minimizer b,.r ofJr is just the restriction to rof,,.
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Proof. Let (gK L(6) and x L2x() (four (gx it may be necessary to factor out
92(k) if II’ is not a true norm); set := Kx (gx. Given any , in (J), let

, := [,, u,- u] }),
where u, is the solution of (2.1)-(2.3) associated with the control b, and noting th,at

I1.,11},. If b, +/ =: is also in (J), then := [, t UT] must also be in g,
so

must also be in 9). Setting

with the norm

Ilhll :-Ilhll/llhll,
one has (J)= b, +Sj (as a set) with continuity on ) of h->J(rk, + h)mas well as
strict convexity and 9)-coercivity. Thus J attains its minimum uniquely on 4, +
i.e., on (J) c L(6).

Now let b, be the minimizer of J and, for fixed T > 0, let b,,r be the minimizer
of Jr; noting that this exists uniquely by Theorem 1 since the definition of to } clearly
means that it is reachable. Let

(, :-- { I,,T on oqtPT (i.e., for < T),
4’,[[T. on 5\6T (i.e., for -->_ T)

and let U,.T, , be the trajectories corresponding to b,.T, ,, respectively. Now t,[(0,T
must coincide with U,,T, since, by definition, ,I(0,T coincides with b,,T and one has
uniqueness for (2.1)-(2.3) on T. Thus, by the definition of JT,

t,(T) U,,T( T) to *T := u,(r);

SO, as b, coincides with b, for > T, t, must coincide with u, for _-> T by uniqueness
for (2.1)-(2.3) on IT, oo)x lq. Thus

so that

r(6,,) + U(6,)-r(O,l0,)],

The left side is nonnegative, as b, minimizes J, and the right side is nonpositive, as

,.r minimizes Jr. Thus each side vanishes whence b,l(o,r=b,,r (equivalently,
&, b,) by uniqueness of the minimizers. [3

THEOREM 4. Let (5.2), (3.2) hold and let Zo := k(Uo-Ur) be such that J is not
identically oo. Let (A, I) be nullcontrollable on arbitrary short intervals. Let K-1/2(t), k(t)
be analytic in (as operators on H(OEI), H’(I)) for suitable tr, tr’) on an open set ll
in C, symmetric with respect to and let Zo be (the restriction to / of) a function
H (II)-analytic on ql. Then the optimal control &, is (the restriction to + of) a function
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HS’(Ol)-analytic on

(5.4) := {t 11" 0 <z (with respect to some a < if)}

]’or s’ := s + 2 + th- m’ (if this is not an integer and subject to the smoothness assumed
]’or 01, the coefficients and K, k).

Proof. This is really a corollary to Theorems 2 and 3. By (5.4) one has

O .J T>oOT, (0T given with respect to (0, T) by (4.20),

and, for each T > 0, applying Theorem 2 to the minimizer b,.T of JT, given by (5.3),
one has the desired analyticity on 0r of (,,T. Clearly, for 0 < T < T’ one has"

by Theorem 3, so, by analyticity,

,,T,lOa ,,T, 0< T< T’.

Thus, there is a maximally defined extension b, which is HS’(l))-analytic on and

There is a certain sense in which a representation of the form (2.49), (2.50) holds
in the infinite horizon case. Observe that for h in gj and r in we have (2.20), so
b, minimizes J (if and) only if

(5.5) 0 (b,, h) + (u, -/’/T, Bh)X for h in

Set , := K1/2b,,/ := 1/2h (so / is in L2(6e) for h in ) and (formally) set
1 := kl/2B-1/2 Then

,L () for/eL2(6e)such that ll/eL2()
and we interpret ! as an operator (possibly unbounded) from L2(9) to L2(), noting
that/ is in (i) if and only if h := -1/2/ is in 9 and

Then (5.5) becomes

(5.6) (,,/)L2Se (k’/2[UT- U,], l/)L2a for h (i).

If we now assume that (1) is dense in L2(6e)--this can be verified in some cases
but it is not clear whether or not this assumption might always hold--then the
continuity in / over L2(oW) of the left-hand side of (5.6) (J(b,)<oo implies that
II,ll < oo, so 4;, is in L2()) ensures that kl/2[b/T-/,/,] must be in the domain of I*.
Thus, (5.6) gives us

(5.7) 4;, u,].

Now, if 41 were any (known) control for which one might know that

u ]e

with ua the associated solution of (2.1)-(2.3), then (5.7) gives

with 4a := 1/24 Now linearity of (2.1)-(2.3) shows that

u,-u 
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whence

(5.8) (l+T)(,-a) o := K-X/2B*k[Uw-U],
with T as before, provided we can legitimately interpret II*=(k/2BK-/2)* as
(-a/2B*ka/), etc. Note that (5.8) would reduce to (2.50) if one could take ba 0,
i.e., if we had Zo in (-/2B*). Although this derivation of (5.8) has proceeded fairly
formally, it seems plausible that an argument along these lines could be developed
to prove Theorem 4 more directly, without appealing to Theorem 2, but paralleling
it, and perhaps without requiring the hypothesis of nullcontrollability which here
seems gratuitous.

Another interesting viewpoint is available for completely autonomous problems
in which not only the coefficients of (A, B) but also (. ), k(. ), f and UT are independent
of t. We consider the case of "pure stabilization" (UT--O, f 0), SO J has the form

(5.9) S(b) := Io [IKX/Zqb(t)l + Ik/=u(t)l]

with u determined by

(5.10) ti Au on , u b on b, u(O) too.

As tOo is now the only extraneous inhomogeneity introduced into (5.9), (5.10), one
clearly must have 4, linearly dependent on tOo and so, in particular, one may be able
to write

(5.1 ) 4,(0) KWo.
Under appropriate hypotheses it can be shown that

(5.12) K:L2(f)-L(0f) is continuous.

(See, e.g., [12] for an argument, given there in the one-dimensional case, based on
consideration of the regularity of 4, along rather different lines from the techniques
of this paper.) Given (5.11), (5.12), we observe that the assumption that the problem
is completely autonomous means that (5.10) and minimization of J can be "re-started"
at any in exactly the same form so that, by a standard embedding argument, (5.11)
immediately generalizes to

(5.13) 4),(t)= Ku,(t)

along the optimally controlled trajectory u,. (Compare the "decoupling" argument
for this feedback in [5].) Substituting (5.13) into (5.10) produces the pure initial value
problem

(5.14) ti Au on (0, oo) x f,

(5.15) I]u Ku in L2(0f],) for > 0,

(5.16) u(0) tOo

which determines u,. The solution semigroup Sic(t)" tOo-- u(t) for (5.14)-(5.16) acts
on L2(I)) and has as its infinitesimal generator Aiwwhich is simply A taken with the
domain

(5.17) (AI) := {tO fi HZ(fl) (13 K)tO 0} = L2(tq).
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We know that Ao (=A0, as in (3.1), (3.2)) generates a homomorphic semigroup and
now observe that, with G given by (3.4), so that

hG=0, IG=l on

one has

(5.18) AK Ao(1- GK).

(w(Ao(1-GK)) if and only if (1-GK)to6(A0) if and only if (l-K)w
I(1- GK)w 0.) Since G (hence GK) is continuous toH’+l/2(fl), one has GK compact
on L2(fl). Thus [18, Thm. 1] applies to show that SK is also a holomorphic semigroup
(and a careful analysis even shows that the domain of analyticity of SK is the same as
that of So). It follows that u, is analytic in t. As u,(t) is in (AK) for in Z, we can
apply I to get b, (now essentially defined as Iu,). Thus &, must also be analytic on
Y,,a--indeed, H (01q)-analytic for arbitrarily large s (subject to the regularity of
etc.), since u,(t) will actually be in (A) for n 1, 2,....

Note that this argument (neglecting, for the present, any hypotheses needed to
establish (5.12)) does not explicitly require any nullcontrollability hypothesis for (A, I),
nor would it require boundedness of K, I-1/2, k onH (01q), H’(l’), except for minimal

6. Remarks
Remark 6.1. It is clear that the techniques of the present analyses could also be

applied to more general cost criteria than given by (2.8)-(2.10). For example, one
could certainly let I1" II. be modeled on an HS’’(6e)-norm (s, s ’-> 0) rather than on the
L2(6e)-norm. Without change in , k one could take Ix unbounded on L2(f) without
change in the analysis, provided one would still have (2.21). This was not the case
for Ix oo, which required a separate analysis using Lemma 2.40, but would be the
case for suitable u0, toT- if, e.g., I1" I1 were (dominated by) an H (f)-norm since b in
H’/2(6e) for < tr := s- rfi + 1/2, which is dense in L2(6e), would then ensure BT-b in
(Ix) ([7, Thm. 4.2.1], etc.). For such Ix we must then modify the statement of
Theorem 1 to assert that [uo(T)-ooT.] is in ([IxBT-]*) and suitably interpret (IxBT)*
via (2.33)-(2.35). It is also not hard to verify that for cases N and B (but not,
apparently, for case D) we could consider, e.g.,

J( Ise c z + I h. IV(u uT")l:z + fa tx lu T) )7"[2

by the present methods. We also note that analysis along the present lines would also
be possible for boundar,v, control problems involving parabolic systems or higher order
equations (e.g., taking A to be -A) for which one might again have a corresponding
holomorphic semigroup.

Remark 6.2. Another modification of the problem would be to consider linear
constraints on b of the form"

(6.3) b (t) 52 for 0< t< T,

where 52 is a suitable closed subspace of L2(0I)). In particular, the two most interesting
cases seem to be:

(i) 13 finite dimensional--52 := sp {cl," , cN},
(6.4) (ii) patch control--an "active" subset Fa c0 specified (0f\Fa =: Fp, the

"passive" subset) with := {b L2(f) lr. 0}.
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Relevant considerations for feedback control corresponding to Remark 6.4(i) have
been discussed in, e.g., [15]; observability and controllability questions for Remark
6.4(ii) have been considered in [9], [10], [11].

To adapt the analyses of 2-5 to this case we take I 13. to have as its
codomain, so that B is replaced by its restriction B to L2((0, T)+ ). Theorem 1
then holds with this modification. We easily verify the identity (2.28) with this
adaptation of I, with I as before and with I]’= I] now interpreted as the original
I]’ (given by (2.26)) followed by the L2(f)-orthogonal projection P onto 53; with
these interpretations we again have (2.32), (2.36). All the subsequent analysis then
proceeds essentially unchanged provided that

(6.5) P. :H (c3f) -H (0f) for suitable r.
In the case of Remark 6.4(i) this just means that the functions cl," ", cv must each
be in H (Of). For Remark 6.4(ii), P is just restriction to Fa and (6.5) will hold if we
re-interpret the codomain H(O) in (6.5) as really meaning H(Fa); one then would
use a corresponding interpretation for the results so that, e.g., Theorem 2 would assert
HS’(Fa)-analyticity for b,. Note that the exact nullcontrollability hypothesis, used for
the consideration of Ix oo and of infinite horizon problems, is known [11] to hold
for certain situations of the form of Remark 6.4(ii) but cannot be expected to hold
for the case of Remark 6.4(i) in more than one space dimension.

Remark 6.6. Throughout the paper we have required "sufficient smoothness"
of 0f and the coefficients of A, [3. Looking back through the arguments, it should be
clear that this was used repeatedly, but primarily to ensure the continuity and/or
invertibility of the map

(6.7) (A, [3):u -+ (Au, Bu): H(II) + H-2(I’) x H’-1/2-’(01")
and similarly for (A*, [), B’ for only a few distinct values of r (all between and
apart from the considerations of Lemma 4.19), with the estimates on the inverse
corresponding to (3.2). Although [6], [7] impose a uniform hypothesis of C regularity,
the results are used freely here with the observation that (as is noted there!) consider-
ation of (6.7) for any fixed cr (or bounded range for or) clearly can only require a
"finite degree of regularity."
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A SUBGRADIENT ALGORITHM FOR CERTAIN MINIMAX
AND MINISUM PROBLEMS---THE CONSTRAINED CASE*

JACQUES CHATELON?, DONALD HEARN, AND TIMOTHY J. LOWE

Abstract. We present an implementable feasible direction subgradient algorithm for minimizing the
maximum of a finite collection of functions subject to constraints. It is assumed that each function involved
in defining the objective function is the sum of a finite collection of basic convex functions and that the
number of different subgradient sets associated with nondifferentiable points of each basic function is finite
on any bounded set. Problems involving functions of/p-norms, such as location and approximation problems,
can be put in this form. Conditions are given which guarantee that the algorithm generates a feasible
sequence converging to an optimal solution. The results of computational tests on some location problems
are included. In these tests we explore the sensitivity of the algorithm to its parameters.

1. Introduction. In this paper, we develop an implementable feasible direction
algorithm for solving a class of nondifferentiable nonlinear programming problems of
the form

(P)
where

min F(x), x s C

F(x)--max fi(x)= Y’, fii(x); l, m

fij finite, convex, not necessarily differentiable,

C=-{xR";H(x)<-O},

H(x) =- max {hi(x); 1,. ., I},

hi(x) convex on R".

Our present work is related to an earlier paper [2] where we presented an algorithm
for solving an unconstrained version of problem (P). The major differences in the
algorithms, beyond the obvious due to the constraints, is that we demonstrate that
the parameters in the algorithm can be taken to zero, thereby solving the problem
optimally, as opposed to near optimally. An earlier version of the algorithm in this
paper, where the parameters were fixed, appeared in [1].

Motivation for the work comes from the fact that there has been a proliferation
of methods (see, e.g., [4], [7], [8], [14], [15], [18], [21], [22], [26], [28], [31], [34],
[35]) designed for special cases of (P) in the location literature. Our view is that these
problems have only a "small degree" of nondifferentiability and that a special property
(see definition of LFS, below) can be employed to produce a single algorithm which
performs effectively on variants of (P). As an, example, the well-known location
problem of Fermat (and Weber) and the Weiszfeld algorithm [33] for solving it, have
received much attention (e.g., [13], [16], [17], [18], [27]). In 5 we give a simple
instance of this problem for which the Weiszfeld algorithm requires thousands of
iterations to produce a solution accurate to four digits. Any descent subgradient
algorithm with a line search, including ours, can solve this problem to the same
accuracy in far fewer iterations. (The exact number depends on line search accuracy.)

* Received by the editors November 13, 1978, and in final revised form July 21, 1981. This work was
supported in part by the National Science Foundation under grant 79-25065.

5" CSEE, 17 Place Pernet, 75015 Paris, France., Department of Industrial and Systems Engineering, University of Florida, Gainesville, Florida, 32611.
Krannert Graduate School of Management, Purdue University, West Lafayette, Indiana 47907.
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Our approach follows that of Dem’yanov and Malozemov [6] who employ sub-
gradients to devise a descent algorithm for minimizing the maximum of continuously
differentiable convex functions, i.e., problem (P) with all fi differentiable and C R n.
For related literature on nondifferentiable optimization methods, the surveys by Mifflin
[24], [25] are recommended. He traces, e.g., the development of the descent methods
of Lemarechal [19] and Goldstein [10]; the nondescent methods of Shor [32] and
Polyak [29], implemented by Held and Karp [11] and Held, Wolfe and Crowder [12];
and the conjugate-type methods of Lemarechal [20] and Wolfe [36]. Mifflin’s algorithm
[24] for problems with "weakly upper semismooth" functions [25] builds on the notion
of generalized gradients introduced by Clarke [3] for Lipschitz functions. While (P)
is a special case of that problem type, the algorithm developed here differs in that it
is a feasible direction method and is more easily implemented.

Denote n-dimensional Euclidean space as R and Ilxllp as the/p-norm of x R ,
where Ilxll is the/2-norm. Given a point xR’, the Euclidean ball about x of radius
r/>=0 is N(x, r/); when x 0 and rt 1, B N(0, 1) is the Euclidean unit ball. For a
function f defined on R let Of(x) be the subgradient set of f at x and let f’(x, d) be
the directional derivative of f at x in the direction d. Given a set $ = R",Conv (S) is
the convex hull of S and Nr (S) is the element of minimum Euclidean norm in $. Also
denote Of(S) {Of(x); x S}.

For convenience, the functions fi in problem (P) are assumed to be the sum of
exactly functions fj, where perhaps for some some of the f0 functions are identically
zero on R n. Clearly, both F and H are continuous, finite, convex functions on R ".

Given e -> 0 and Ix _-> 0, at any x R define

and

R(x, e)=-{i {1, 2,"., m}; fi(x)>-F(x)- e},

Q(x, Ix)--{i {1, 2,..., I}; 0_->hi(x)-ix}.

With these definitions, we can interpret re, R(x, e) as an "e-binding" objective
function at x; and hi, Q(x, Ix), as a "ix-binding" constraint at x. When H(x)<--ix,
we say that x is a ix-feasible point and the set of all x in R where H(x)<--ix is the
ix-feasible set.

Given x R and r/_-> 0, define

In addition, let

Gii(x, r/) =- {x} tA {y yeN(x, rt),fij not differentiable at y},

Si(x, rt)=- 2 c3fii(Gii(x, rl)), i= 1, 2,..., m.
/=1

Sl(x, E, ’?])[_J{Si(x r/);i sR(x, e)}.

To handle constraints, we use a procedure somewhat similar to that presented in [24].
At any x s R", we consider subgradients of ix-binding constraints by defining Sz(x, ix) -=
[A{Oh(x); O(x, ix)} and letting S(x, e, ix, rt)-- Conv {Sl(x, e, rt)tAS:(x, ix)}. For an
unconstrained problem, S(x, e, ix, rl)- S(x, e, rt) is precisely the enlargement of the
subgradient set considered in [2].

This notation employs three parameters e, rt and ix for generality. However,
nothing in the development precludes these parameters from being equal. When this
is the case, we write Si(x, e), S(x, e), etc., where e =rt ix. This convenience is
employed in 2 and 3.
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We assume the functions fij are LFS (locally finitely subdifferentiable) [2], which
means that in any closed bounded Euclidean ball, the number of different subgradient
sets of fij corresponding to the points of nondifferentiability, is finite. In [2], we cite
several examples of LFS functions, including examples from location theory and linear
approximation problems.

Associated with S(x, e, tz, rl), the function measures the proximity of $(. to
zero:

(x,e,, )=-min{max{(g,d);dS(x,e,t., r/)}; g B}.

It is easily established that

(x, e, z, n)--IINr (S(x, e, ,
We note that is well defined since S is a nonempty, compact, convex subset of R n.
Further is always nonpositive. When (x, e,/z, r/)= 0, we call x a stationary point,
and any x where (x, e, , r/)< 0 is a nonstationary point. In 4 we give a result
concerning stationarity. In what follows in this section, we consider the case where x
is nonstationary.

Given a nonstationary point x, the subgradient sets in S(x, e, , ) relative to the
functions fi ensure that we can find a descent direction, and the subgradient sets 0h,
if any, ensure that this descent direction is feasible.

THEOREM 1.1. If (X, e, I-, q) < O, there exists a feasible descent direction for F
atx.

Proof. Let go 0 be the element of minimum norm in S(x, e, tz, rt), i.e.,

0 > (x, e,/x, r/)= -I]gol] -IINr (S(x, e, tx,

Define do -go/[Igol[. If H(x)- 0, then for any such that hi(x)= H(x)= O, hi(x)c
S(x, e, Ix, rt so that

h(x, do) max {(g, do); gbhi(x)}<=max {(g, do); gS(x, e, lz, r/)}

-min {(g, -do); g S(x, e, I, r/)}

=-1/llgo[I min {(g, go); g S(x, e, , r/)}=-[[goll < 0.

Hence, do is a feasible direction at x. On the other hand, if H(x)< 0, the direction
do is feasible since the functions hi are continuous. In either case above, since
cgF(x)c S(x, e, tx, rl) it follows from Theorem 3.3 of [2] that F’(x, do)< 0. Therefore
do is a descent direction for F at x. 1

The remainder of the paper is organized as follows. In 2 we state our feasible
direction subgradient algorithm. Section 3 contains the convergence proof. In the
convergence results, we initially assume that a parameter converges to zero. We then
give a sufficient condition via an assumption which guarantees the convergence of the
parameter to zero. Section 4 contains the stationarity results and 5 concludes the
paper with computational experience.

2. The algorithm. The algorithm exploits the results of the previous section. In
order to facilitate a tidy convergence proof, at any step in the algorithm, the parameters
e,/x, and r/are identical, where we use the symbol e to stand for all three parameters.
Due to this construct, Q(x, e), Ggi(x, e), Sl(x, e), S(x, e) and q(x, e) are well defined.

As an initialization step, choose /, 0<fl < 1, e0>0 and x0 a feasible starting
point. Set k 0 and go to Step 1.
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Step 1. At Xk, find F(Xk), R(Xk, ek) and O(Xk, ek).
Calculate S(Xk, ek) and q(xg, ek).
If q(Xk, e)- 0, go to Step 4.
Otherwise, go to Step 2.
Step 2. If q(Xk, ek)<--ek, set ek+l ek and go to Step 3.
If XI’(Xk, ek) >- --ek, set ek+l tick and go to Step 1.
Step 3. Define gk as the element of minimum norm in S(xk, ek) and let dk
--gg/l[gk]l. Perform a restricted line search along dk, finding tk such that

F(x + tdk) min {F(x + tdk); >--_0, H(Xk + tdk) <_--0}.

Set Xk+I Xk q- tkdk and k k + 1 and return to Step 1.
Step 4. If q(xk, 0)= 0, stop.
Otherwise, set Xk+ Xk, ek+l tick, and k k + 1 and go to Step 1.
The condition (x, 0)- 0 given in Step 4 implies (under a regularity assumption

concerning the feasible region) that x is an optimal solution to problem (P). This
follows from Corollary 4.2 given in 4.

In the next section, under supplementary assumptions, we prove that any limit
point, x,, of the algorithm satisfies (x., 0)= 0 and thus is an optimal solution to
problem (P).

3. Proof of convergence. In this section, we assume that the algorithm does not
stop, but generates an infinite sequence {Xk}, k K converging to some limit x.. In
addition to the assumption that the functions ]’i are LFS, we make two additional
assumptions in this section. The first (Assumption 3.1) guarantees the existence of a
solution to problem (P) and insures that a limit point exists. The second (Assumption
3.2) is sufficient to guarantee that {ek} O.

ASSUMPTION 3.1. There exists some Xo C, a starting point for the algorithm, such
that the intersection, X, of C with the level set {x R n" F(x)<_-F(x0)} is nonempty and
bounded. By continuity ofFand H, X is also closed. We further assume that there exists
an upper bound, 8, on the norm of any subgradient of any function fij at any point in C.

Lemmas 3.1 and 3.2 are general results which hold for any sequence {Xk}O X,.
Lemma 3.2 exploits the LFS property and makes use of results in [2].

LEMMA 3.1. If {Xk} X,, then for any fixed e >-0, Q(Xk, e) Q(x., e), for all k
sufficiently large.

Proof. The lemma follows from the continuity of the functions hi, 1,. , I.
We now show that with e >0, fixed, the sets S(xk, e) approximate the set S(x,, e).
LEMMA 3.2. If {xg}- x,, then for any fixed e >0, there exists Nl(e) such that

S(xk, e)S(x,,e)+efl, k>N(e).

Proof. By definition,

(3.1) S(Xk, e)= Conv (S(x, e) S2(x, e)).

Since S(xk, e) is identical to S(xk, e, rl) in [2] (with r/= e), by [2, Theorem 5.2] there
exists N (e) such that

(3.2) S(xk, e)S(x,, e)+eB, k >N’ (e).

Now consider the sets $2( in (3.1). From [30, Corollary 24.5.1] since the hi are
proper convex functions, for each Q(x,, e), there exists Li(e) such that

(3.3) Ohi(xk)Oh(x.)+eB, k >Li(e).
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It follows from the definition of S2( ), (3.3) and Lemma 3.1 that there exists N (e)
such that

(3.4) S(Xk, e)S2(x.,e)+eB, k>N(e).

If we let N(e)=max{N’ (e), N(e)} and use (3.2), (3.3) and (3.4), the result
follows.

In addition to the condition {x}--> x,, k K, we now assume that {e}--> 0, k K.
We note that from the statement of the algorithm, these conditions imply q(x, e) --> 0,
kK.

COROLLARY 3.3. If {X}--> X. and {e}--) 0, k K, then given any kKthere exists
l(k)K, /(k)> k, where

(3.5) S(Xl(k), ek) S(x,, ek) 4- ekB.

Proof. The corollary follows from Lemma 3.2 and choosing l(k) K such that
l(k) > max {k, N(ek)}.

The next result shows that the function evaluated at x, and on the sequence
{ek}, k K, converges to 0.

LEMMA 3.4. If {Xk}X,, and {ek}0, k K, then

lim (x,, ek)= O.

Proof. From Corollary 3.3, since/(k)> k for any k K, it follows that
k K. Using the definition of S(. and (3.5) gives

(3.6) S(XI(k), el(k)) S(Xl(k), ek) S(X,, ek) + ekB, k K.

For fixed k K, from (3.6),

(Xt(k), e(k)) min {max {(g, d); g S(X(k, et(k)}; d B}

_<-min {max {(g, d); g (S(x,, ek) / ekB)}; d B}

_-<min {max {(g, d); g S(x,, ek); d B}}+ ek

Xlt(x,, ek) + ek,

or

(3.7) (Xl(k, elegy)--ek <- (X,, ek).

Since (3.7) is true for arbitrary k K,

(3.8) lim (Xl(k, el(k))--lim k <--lim xlr(x,, ek).

Since l(k) K, it follows that lim XI(XI(k) El(k)) O. By hypothesis, lim {ek} 0. Further,
for any k, (x,, ek) -< 0 and thus it follows from (3.8) that

lim (x,, ek)"-O.

Prior to proving that (x,, 0)= 0, we need the following lemma which exploits
the LFS property, generalizing an earlier result in [2].

LEMMA 3.5. Let f be an LFS ]’unction and suppose {ek}0. Given any x, there
exists NE(X) such that

Of(G(x, ek)) Of(G(x, 0)) Of(x), k > N2(x).

Proof. Define G’(x, ek)= G(x, ek)/X and

M(k) t_J{Of(G’(x, el)); k} Of(U{G’(x, el)" k}).
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It follows that, for all k,

(3.9) Of(G’(x, ek)) c M(k),

(3.10) Of(G(x, e,)) Of(G’(x, et:)) [_J Of(x).

Since the M(k) are nested (i.e., k2 > kl implies M(k2) = M(kl)), if M(k) for
some k, then we can choose Nz(x) k since by (3.9), Of(G’(x, ek)) for all k > Nz(x),
in which case the conclusion follows from (3.10).

Thus suppose H(k) # for all k. The set U{G’(x, el); >= k} is contained in a ball
about x and by the LFS property, M(k) is the union of finitely many subgradient
sets. Therefore, for sufficiently large k, there exists subgradient sets Vr, r 1, 2, ., q
such that

M(k)= LJ{V", r= l, q},

where for each r, there exists an infinite subsequence Kr where Vr= 0f(yk) for some
y, G’(x, e,), k e K,.. But, the sequence {y}, k Kr is on a compact set and since
{ek} 0, it follows that {y} x (at least on a subsequence).

Since f is a proper convex function, Of(y,)c,gf(x)+s’B for any e’>0 and
sufficiently large k Kr. However, V Of(y,) is constant on K, so, in fact, V c Of(x).
Thus, for sufficiently large k,

Of(a’(x, e,))c M(k)c U{Vr, r= 1,..., q}c Of(x),

or, from (3.10),

of((x, )) =_ of(x).

The existence of N(x) follows.
The main theorem now follows.
THEOREM 3.6. If {X}- X, and {e}--> O, k K, then

q(x,, 0) 0.

Proof. For sufficiently large k,

(3.11) R(x,, sg)= R(x,, 0),
(3.12) O(x,, s)= O(x,, 0).

From Lemma 3.5, the definition of S( ), the fact that the f0 are LFS, and (3.11),
it follows that for sufficiently large k,

(3.13) Sl(x,, e,) SX(x,, 0),

and thus from (3.12) and (3.13), for sufficiently large k,

S(x,, e) Conv (Sl(x,, e,) U S2(x,, e,))
(3.14)

Conv ($1(x., O) U S2(x:, 0)) S(x,, 0).

But then (3.14) implies that for large k

q(x,, e) <_- q(x,, 0).

From Lemma 3.4, lim (x,,ek)=0, and so since (x,, 0)=0, the conclusion
follows. !-]

In order to establish Theorem 3.6, we assumed that the sequence {e.k} converged
to 0 as the sequence {x} converged to x,. In what follows, we provide a sufficient
condition for {e} 0 through the following assumption.
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ASSUMPTION 3.2. The constraint functions hi, 1,... ,L are continuously
differentiable.

LEMMA 3.7. Suppose {ek}->g>0. Then there exist some N3 and T>0 (where
T is independent of k), such that for all k > N3 (with dk chosen as in Step 3 of the
algorithm),

H(x + td) <- O,

F(xg+) <-F(x + td) for all [0, T].

Proof. Since ek g >0, there exists N3 such that (x, e)<-e =-G for all
k > N3. Thus consider k > N3.

By Assumption 3.2, the hi are continuously differentiable on R and thus from
[6, Remark 2, p. 270], for any 1,..., L there exists Tog >0 such that for all

[0, Toil,

(3.15) hi(x + td) hg(x) / t(Vhi(x), d) / ri(x, d; t),

where O" is a function with the property that O’i(X d; t)/t - 0 uniformly in x X and
d, Ildll- 1, as t-, 0, Because of the uniform convergence of cri(x, d;t)/t, we can choose
T’oi, 0 < T’oi <- Tog, such that

(3.16) t[0, Toi] implies Ir(x,d; t)l<gt/2,

for all x X and all d where Ildll- .
Letting T min {T’0i 1,. ., I}, it follows from (3.15) and (3.16) that for

any 1,. ., L any x X and any d, lidl[- 1, if [0, T ], then

(3.17) hg(x + td) <- hi(x) / t(Vhi(x), d) + g:t/2,

At a point Xk, for any 1," ", L either Q(xk, g:) or not. If Q(xg, g:), then
with hi(xk)<=O and choosing d= dk in (3.17),

hg(x + tdk) <= t(Vhi(x), d)+ gt/2.

Noting that Vhi(xk) S(xg, g), with k > N3, it follows that (Vhg(x), d) -< (xk, ) _-< -g,
and so from (3.18),
(3.19) hi(x + tdk) <-- --gt / gt/2 < O.

Consider any i_ Q(xg, g). By uniform continuity of the functions hg on the compact
set C, there exists some T > 0 such that for all x, y in C, IIx- Yll <-- T implies

(3.20) [hi(x)-hi(y)[<g for all 1,..., L

For any i Q(xg, g), hi(Xk) < -- and so from (3.20), with [0, T ],

(3.21) hi(Xk + tdk)<=hi(Xk)+ g

Letting T min {T, Tg } > 0, from (3.19) and (3.21) and the definition of H,

H(x + tdk) <- O, [0, T].

The second conclusion of the lemma follows since Step 3 of the algorithm
determines Xg/l, where

F(Xk/l) min {F(Xk + td); >- O, H(Xk + tdk) <- 0}

-<min {F(x + tdk);
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LEMMA 3.8. Given any e > 0 and a > 0, there exists N4(e, a) such that for any
k >N4(e,a), if sOfi(x.), R(x,,O), then there exists an s’ S(xk, e) and a vector
where

s s’+t and Iltll<.
Proof. The proof follows from [2, Lemma 5.4] and upon noting that s’

S(x, e) = S(x, e).
In the proof of {e } 0, we make use of the following result from Cullum, Donath

and Wolfe [5].
LMMA 3.9. Let F be convex on R" and suppose that {x} x, and {d} d,,

where F(X+l) F(x + td), O T. Then F’(x,, d,) O.
TnOM 3.10. If the hg satisfy Assumption 3.2, then

{e}0, kK.

Proof. If not, then e g > 0. Thus, as in Lemma 3.7,

(x, e)<-e =-g, k > N.
Since the d are on a compact set B, there exists d, such that {d} d, B, and so
for some N
(3.22) 16]]d d.] < g/4, k >N.
The directional derivative of F at x. is

F’(x., d,) max {(g, d.)" g F(x,)} ( Zisi, d.),
where Zisi is a convex combination of elements si and each si Of(x,) for some

R(x,, 0). Let N4(g, g/4) be such that Lemma 3.8 holds with e g and a g/4.
Let N be as in Lemma 3.7.

Consider any k > max {N, N4(e, g/4), N}. Applying Lemma 3.8, we find

F’(x,, d,) ( Zs}, d,) + ( Zt, d,)

(E Zs, )+ (E Zs, , d) + (E Zt, ,)

E z, a) + (E zs, a,- a) +IE ztll[d,l
(E Zs, )+ (E zs, d, U) + ]4.

By definition of d and since (x, e)<-g,

(Z Zis, d) max {(g, d); g S(x, g)}= (x, g)< -g.

Further, IIs.l and so from (3.22),

Combining these results gives F’(x,, d.)-g/2 <0, which contradicts Lemma 3.9
(with T as in Lemma 3.7). Thus, {e} 0, k K.

4. Stationarity. In this section, we return to the case where the parameters e, ,
and can be distinct. This makes the results more general and, in some cases,
numerical considerations make this feature desirable. We now discuss the implications
of stationarity as defined in 1.

In the unconstrained problem, information given by the value of is relatively
easy to exploit [2] since the set S(x, e, ) is derived solely from the f functions which
are e-binding. In the constrained problem this is no longer the case, since, to construct
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S(x, e,/z, rl), we also consider the subgradient sets of the /z-binding constraints.
Consequently, stationarity in the constrained problem will not always imply a lower
bound on the minimum value of F on C, F*, as is the case with the unconstrained
problem. In the presence of constraints, we show in the next theorem that, while it
may be possible to obtain a lower bound on F*, it may be the case that the only
implication of stationarity is the emptiness of the interior of the/z-feasible set.

THEOREM 4.1. If X C is such that *(x, e, lilt, 1) O, then
(a) IfH(x) < -lilt, then

(4.1) F(x) >-F* >-_F(x)- e -21rl6.

(b) /f-lilt <-H(x) <--0, at least one of the following is true:
(bl) (4.1) holds,
(b2) {z e R ;H(z)<-lilt} is empty,
(b3) F(z) >-_F(x)- e 21riB, for all z.

Proof. Stationarity at x is equivalent to 0e S(x, e, lilt, ’1), which can occur if
and only if there exists gl,"’,gq, where gi{Sl(x,e, rl)l..jS2(x,/z)} and 0e
Conv (gl," ",gq). Index the gi so that gieSl(x, e, rl) for l<-i <-ql and giS2(x,/z)
for q+ l<=i<-_q. Thus for i, l<=t<=ql, gi=Yj=l ggj, gjeOf(id(N(x, r/)) where f,(x)>-_
F(x)- e and IIx yll <-- ; and for i, qg + 1 <= <- q, gi e Oh(o(x), where 0 >= h(g(x) >= -It.

We note in the case where q =q (which certainly holds in case (a)), that gg e
$X(x, e, rl), 1 <=i <=q, and thus by Theorem 3.2 of [2], (4.1) holds. Thus suppose q <q,
in which case 0 q or 0 < q.

If 0=ql, then geS2(x,/z) for all i. By the subgradient inequality, h(o(z) >-

h(i)(x)+(gi, z-x), z R", and further h(o(x)>--/z and H(z)>-h,)(z). Thus

H(z)>=h(i)(z)>=-/z +(gi, z-x), z

Taking the convex combination over all 1,. ., q, yields H(z)>--lilt, z R n, which
establishes case (b2).

Consider the remaining case, 1 <- ql < q. As in [2], since each function fg is Lipschitz,

F(z) >-F(x)- e + (gi, z -x)- 21rlS, z eR", 1 <=i --<ql;

thus for all z e R ",

(4.2) F(z) >-_F(x)- e 21rl8 + max {(gi, z x): 1,. ., q}.

For any/z-feasible z, and q + 1, , q,

--lilt >- h(i)(z) >- h(i)(x) + (gi, z -x) >- -/Z + (gi, z -x),

which implies (g, z- x)-< 0. Writing zero as a convex combination of all gg leads to
max {(g, z- x): 1,. ., q}-> 0 for all/z-feasible z. Thus the final term of (4.2) may
be deleted and case (b3) is established. !-1

Remark 4.1. The definition of q in the previous proof implies that if a point g
is in both sets Sl(x, e, rl) and S2(x, lilt), it should be considered as a point of Sl(x, e, rl).
This forces q to be equal to q if possible and thus to obtain the more useful cases
(a) or (bl) in which we have bounds on the constrained minimum of F.

Remark 4.2. Cases (bl), (b2), and (b3) are not mutually exclusive. When several
different convex combinations of elements in S(x, e, ,1) and S2(X, lilt) are zero, (bl),
(b2), and (b3) can occur simultaneously.

To illustrate the different situations described in Theorem 4.1 we consider the
following example.
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Example 4.1. Min F(x), F(x)=[lx -(.5, -:5)11, subject to

hl(x)=-llxlll- 1.6<--o,

hz(x)=[lx-(1, -1)[[1- 1.6-<_0.

Let e 0, rt /x 10-1. It is clear that 6 1 and x* (.5, -.5) is the optimal solution
to this problem. For different values of/z, stationarity may have distinct implications.

(a) Let /z =0. The point yo (.6,-.4) is feasible, with H(yo)=max {-.6,-.6}=

-.6<-.yo is also stationary because (.51, -.5)is in N(y0, r/). We observe that
F(yo) x 10-1, F(yo)-21q6 -x/ x 10- and so,

x/ x 10-1 __> 0 F* min {F(z)" z C} ->_ x/ 10-’.

(b) Let /x =0.6. y0 remains stationary with H(yo)=-.6=-/z. In this case, in
addition to obtaining the lower bound on F*, {z R2:H(z)<-.6} is empty, and both
(b l) and (b2) are obtained. On the other hand, observe that yl- (1, 0) is stationary
since H(yl)=hl(yl)=h2(yl)=-.6=-lz so that both points (1,-1)Ohl(y) and
(-1, 1)Ohz(y) are in S(yl, e,/x, rt). However, the only conclusion is that the set
{z RZ:H(z)<-.6} is empty.

Now let/x =0.6, and add a third constraint, h3(x)=-xl-x2<=O, to Example 4.1.
Consider y2-- (.8, -.2). Since H(y2)= max {-.6,-.6,-.6} =-.6=-/z, Y2 is feasible.
Moreover y: is stationary. It is easy to verify that S(y2, e, tz, r/) is the square with
vertices (- 1, 1), (1, 1), (- 1, 1), (1, 1). Here the lower bound obtained is only valid
on the /.,-feasible set, which is the line segment with end points yz an,d (1, 0).
With F(y2)= 3/ 10-1, this lower bound is positive and equal to / 10-1. Hence,
at y2, both (b2) and (b3) hold.

Remark 4.3. It is clear that case (b2) of Theorem 4.1 is relatively undesirable
since nothing can be said about the objective function itself. To discard this case, a
constraint qualification, similar to Slater’s constraint qualification [23], is necessary.
ThuS, if the set {z R :H(z) <-/x} is nonempty, case (b2) cannot occur.

We close this section with a corollary to Theorem 4.1, which establishes that any
limit point of the algorithm given in 2 under the assumptions outlined in 3 is an
optimal solution to problem (P).

COROLLARY 4.2. If the set {z Rn: H(z)< 0} is nonempty, and if e lz q 0
when W(x,, e, lz, rt) 0, then x. solves problem (P).

5. Computational tests. In this section computational testing of the algorithm
on several small location problems is summarized. In our tests the parameters ek, tXk,

and r/k are identical to those of 2. The emphasis, except with the Fermat problem,
has been to examine the performance of the algorithm as a function of its parameters
e0 and ft.

All testing was done on a PDP 11/34 minicomputer using double precision
Fortran coding. In determining the element of minimum norm in $(x, e), Wolfe’s
algorithm [37] was used on minimax type problems and Gilbert’s algorithm [9] was
used on minisum type problems. In all problems we chose a tolerance of 10-s for the
minimum value of e. Since the coding is double precision (about 16 digits), the choice
of this tolerance implies that we seek single precision accuracy (7 to 8 digits). It is
motivated by the fact that ill-conditioned systems of linear equations can be solved
to single precision accuracy by elimination methods coded in double precision. In our
reported results, an iteration is either a line search, or a reduction of ek to Bek without
a line search.
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The minicomputer which we used could only measure elapsed time, not CPU
time. Elapsed time varies greatly depending on how occupied the system is with
various tasks. However, we did make comparisons on the Love minisum problem
(below) with an AMDAHL V6 which is roughly equivalent to an IBM 370/165. On
that problem, the minicomputer required an average elapsed time of 1.88 seconds
per iteration and the AMDAHL required .046 CPU seconds per iteration. The ratio,
approximately 40, is in agreement with the relative cycle times of the two machines.

One advantage of feasible direction methods is that they generally do not require
very accurate line searches. In all of the results below we used a maximum of three
quadratic fits per iteration. A testing of more accurate searches showed the additional
time not worth the effort.

A Fermat problem. As previously mentioned, the unconstrained Fermat problem
and Weiszfeld’s algorithm have received much attention. A colleague, R. L. Francis,
has suggested the following version for which the Weiszfeld algorithm converges very
slowly:

min Y’. wi[[ai-xl[,
xR i=1

where al (0, 0), a2 (1, 0), a3 (1, 1), a4 (0, 1), a5 (100, 100) and wl w2 w3
w4 1 and w5 4. The solution known to be in the convex hull of the ai, is x* a5
(100, 100). Weiszfeld’s algorithm, starting from (.5, .5), requires over 12,000 iterations
to achieve x (99.99-, 99.99-). (See Katz [13] for a study of the Weiszfeld algorithm
convergence rate.) The difficulty is that the algorithm proceeds cautiously along the
45 line joining the starting point with x*. Along this line the objective function
decreases very slowly. With an exact line search, our algorithm finds the solution in
at most two iterations starting from any point in the convex hull of the ai. (No special
claim is being made herenany descent algorithm with a line search should do the
same.) Even with a crude line search which allows a maximum of three quadratic fits
per iteration, the algorithm requires just 71 iterations to obtain (99.99-, 99.99-).

The Eyster et al. [8] minisum problem. This unconstrained problem is
2 5

min wrllxr-all+211x-x=ll,
XlR r=l s=l
x2R

where al =(0, 0), a2 (2, 4), a3 (6 2) a= (6 10) a5 (8 8) and wll =4, w12=2,
W13 3, w14 w15 w21 0, 14222 2, W23 1 14"24 3, 14725 2. This problem was
solved in [2] with e fixed at 10-5 and required 23 line searches to obtain the objective
function value 67.23856 at xl (2.8400, 2.6866) and x2 (5.129 6.388). For com-
parison, this problem was resolved with the algorithm of 2 over a range of 40 values
for/8 and the initial e. Specifically the initial e was any integral power of 10 between
10-1 and 10- and/ was any like value between 10- and 10-5. For all values, the
same solution was obtained in 24 to 31 iterations. Hence, there was virtually no
sensitivity of the algorithm to its parameters on this problem.

A minimax localion problem. A constrained problem similar to the Caribbean
Islands problem of 2 is

min F(xl x2)= max wlllai-xlll,, wi211a-x211,, Ilxl-x211,
XlR i=1,.",9

x2R

subject to

]Ix1- all]2 -< 144, [Ix1- a4l]2 -< 121,

IIx2- a1112_-< 225, Ilx2- a=l[2 =< 144,
where the constants are given in Table 1.
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TABLE

ai wi Pi Wi2 Pi2

(11.4, 11.6) 2.0 2.0 1.0 2.0
2 (35.3, 13.5) 1.0 2.0 2.0 2.0
3 (8.8,37.2) 1.3" 1.1 .85* 1.4
4 (20.9,30.6) 1.1" 1.5 1.0 1.9
5 (25.5, 28) 1.5 1.4 1.5 1.2
6 (29.7,27.7) 1.0 2.0 1.5 2.0
7 (36.2,27.8) 0.5 1.8 1.0 1.7
8 (45.5,21.3) 0.5 2.0 0.5 2.0
9 (15.8,28.2) 0.5 1.1 0.5 1.8

These values differ from those in [2].

The solution is" objective value 23.886767, xx* is not unique but near (13.794657,
23.004391), and x2* (24.578965, 18.763441).

The third constraint is binding at optimality, and x * can be any point in a small
convex region. The three weights indicated with * above were altered from the data
in [2] to force more functions to be near-binding near the solution. Table 2 summarizes
the results of applying the algorithm for values of eo and/3 between 10-1 and 10-8.
For eo <- 10-6 .and =< 10-4 the performance is almost uniform although the number
of iterations tends to increase as eo decreases. If eo is too small or is decreased too
fast because/3 is too small, the solution accuracy suffers. In the top region (eo < 10-6)
only one digit of F was correct while for fl < 10-4 the solution obtained always had
at least 4 digits of F correct.

E0

10-8

10-7

10-6

10-5

10-4

10-3

10-2

10-1

TABLE 2
Minimax problem: Number of iterations as a function of eo, .
5

8
(Note 1)

32 30 .31

30 29 27 27

31 28 29 26
33 30 29 28
26 21 19 20

21 18 18 22
(Note 2)

25

21
19

(Note 3)

27
20 16

19 13 13

10-1 10-2 10-3 10-4 10-5 10-6 10-7 10-8

Starting point (x, x) (15, 22, 26, 11).

Notes" 1.9% Relative error in F. 2. Single precision accuracy in Fand x (8 digits). 3. Relative
error in F less than 0.01%.
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A minisum location problem. Love [22] has posed the problem
3

min F(xa, x2, x3)= ., , WrsllXr- asll, +
xlR r=l s=l
x2R
x3R

l__<r<t_--<3

subject to

X31 "+" X32 3,

where p 1.78, and al (2, 3), a2 (4, 2), a3 (5, 4), a4 (3, 5), a5 (6, 7), and Wrs I
(except w13 was 6 and w2a 2). The solution to this pro!em is" Objective value
70.271346, x* (5, 4)= a3, x2* (2, 3)= aa, and x3* (1.35.853, 1.64147). Note that
F is not differentiable at the solution point with respect to both X and x2, and that
the constraint on x3 is binding.

Many runs were made on this problem, and the summary in Table 3 typifies the
results using any interior starting point. Note that the sensitivity of the algorithm to
eo is significant while the sensitivity to/3 is slight. For eo between 10-3 and 10-5 the
value of F was correct to four digits and the components of (x a, x2, x3) were correct
to from two to five digits.

TABLE 3
Love problem: Number of iterations as a ]’unction of eo,/.

Maximum percent relative error as a function of eo.

EO

10-8

10-7

10-6

10-5

10-4

10-3

10-2

10-1

Number of iterations

135 134 l
329 297 163
282 280 280 280
131 129 128 128 127
74 79 80 80 80
45 42 41 40 40
40 27 26 25 25

10-1 10-2 10-3 10-4 10-5

Max % relative error

F

0.0056
0.0029
0.0400
0.0029
0.0026
0,0045

0.0289
0.3123

8.16
5.18
1.11
0.54
0.54
0.55
O.59
1.7,8

Starting point (x, x, x)= (0, O, O, O, O, 0).

Using starting points where the constraint holds at equality, the algorithm required
about the same number of iterations as shown, but the accuracy of the solution
decreased. For the starting point (0, 0, 0, 0, 3, 0), the relative error in F was approxi-
mately 0.02% for eo between 10-3 and 10-5. It should be noted that the constraint
had more influence on the algorithm performance than the nondifferentiability of F.
With the constraint deleted, four different runs (with eo 10-4, 10-5,/3 10-3 and
two starting points) produced, in just 33 or 34 iterations, the same objective value to
five digits (56.795) and (xl, x2, x3) (4.99997, 4.00000, 3.351, 3.60, 4.02, 3.8963).
As before, F is not differentiable at xa (5, 4).



468 JACQUES CHATELON, DONALD HEARN AND TIMOTHY J. LOWE

6. Summary. One must be cautious to draw conclusions from any test results,
but here it seems reasonable to suggest that users of the algorithm could expect
maximum relative error of 0.01% in the objective value and 1.0% in Ilxll when
10- -< eo -<_ 10-4 and 10- -</ =< 10-5. If the data of the problem do not warrant higher
accuracy than, say 1.0%, in F, then choosing eo 10-a should save some computational
effort.
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IDENTIFICATION AND ADAPTIVE CONTROL OF MARKOV CHAINS*

VIVEK BORKAR? AND PRAVIN VARAIYA:

Abstract. Consider a countable state controlled Markov chain whose transition probability is specified
up to an unknown parameter a taking values in a compact metric space A. 1"o each a is associated a
prespecified stationary control law st(a). The adaptive control law selects at each time the control action
r(at, xt) where xt is the state and at is the maximum likelihood estimate of a. The asymptotic behavior of
this control scheme is investigated for the cases when the true parameter value ao does or does not belong
to A, and for the case when " is chosen to minimize an average cost criterion. The analysis uses an
appropriate extension of the notions of recurrence to nonstationary Markov chains.

1. Introduction. We consider a controlled Markov chain {xn, n => 0}, characterized
by

(i) a countable state space S {1, 2, .};
(ii) a control variable z(i), taking values in a compact separable metric space

Z(i), for each in S;
(iii) an unknown parameter a taking values in a compact separable metric

space A;
(iv) a function p(i, f; z, a), i, jcS, z cZ(i), acA, which is the probability of

transition from to j when control z is used and if c is the true parameter.
The following assumptions are made throughout; additional assumptions will be

made later as needed.
A1. For each i, j, p(i, j; z, ) is continuous in z,
A2. The actual transition probabilities correspond to the parameter value Co.

We do not assume a priori that Co is in A.
A3. If for some z’ inZ(i)p(i, j; z’, Ceo)= 0, thenp(i, j; z,

If p(i, j; z’, ao) O, then there is f >0, independent of i, j, z,
[p(i, f; z, Co)]-x < (g)-.

A4. For any fixed values of c cA and z(i)cZ(i), for the Markov chain with
stationary probabilities p(i, ; z(i), ), S is a communicating class which is positive
recurrent.

A control law is any sequence of random variables {z,, n _>-0} such that
(i) z. c Z(x.),
(ii) z, is measurable with respect to -, o-(x0, ’, x,);
(iii) P{x,+a kl,}=p(x,, k; z,, ao).
The framework above is intended to cover two situations, In the first, {z,} is a

deterministic sequence representing a known nonstationarity of the Markov process
{x,}. In the second, z is a random variable chosen on the basis of the known history,, of the state process in such a way as to satisfy some performance criterion. It is
this second situation which will be addressed in 4. Since this is the main motivation
for our work we elaborate a little more. More specifically, our interest is in adaptive
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control laws which are constructed as follows. Suppose that for each a we are given
a control function ’(a)=[sr(a, 1), st(a, 2),...] such that if a is the true parameter
then the sequence zn st(a, x,) results in a performance which is satisfactory (or optimal
for some criterion). Next let an be the estimate of ao at time n obtained by some
estimating scheme. The adaptive control law given by this estimating scheme and the
function sr is the random sequence z,- ’(an, xn), n _->0. Such an adaptive law seems
to have been rigorously explored first in the context of linear systems by Astr6m and
Wittenmark 1] where it was called a self-tuning regulator. A similar scheme for finite
state Markov chains was studied by Mandl [2] under the assumption do A. In [2]
the control function sr was chosen to minimize the time average of the expected cost
and a class of estimators for do were considered on the basis of "contrast’ functions.
This class includes the maximum likelihood estimate (MLE). Mandl*established the
almost sure convergence of dn to d0 and of the time average of the cost to the
minimum, by imposing an additional condition which in the case of MLE is the
following: for any d #/3 in A, there is S such that

[p(i, 1;Z,d),p(i, 2;Z,d),’’’]#[p(i, 1;Z,),p(i, 2;Z,),’’’] forallzZ(i).

However such an "identifiability" condition may, in applications, be too restrictive
as seen from the work on linear systems ([1], 3], see also the discussion in [4]) where
(1.1) does not hold and it was observed that the estimates need not converge and,
even if they do, not necessarily to the true value d0.

The problem we consider is essentially the same as Mandl’s in a more general
setting: (i) S may be countable, (ii) (1.1) is relaxed and (iii) the control function (
used to specify the adaptive law is any arbitrary map so that no explicit reference to
a cost function is needed. (The case where S and A are both finite has been treated
in [4].) Our problem is less general than Mandl’s in one sense, namely, we restrict
ourselves to MLE and do not consider other estimators.

The paper is organized as follows. Section 2 consists of results on recurrence of
controlled Markov chains. These results will be used in 3, 4, 5. Section 3 introduces
the likelihood ratio and the MLE for Markov chains and studies their asymptotic
properties. These results are applied to adaptive laws in 4 under the assumption
that d0 A. The behavior of the MLE when d0 A is examined in 5. Some concluding
remarks are collected in 6.

2. Recurrence in controlled Markov chains. We begin with some definitions.
DEFINITION 2.1. Let {An, n => 0} be a sequence of random events and {I(A,)} the

corresponding indicator functions. The sequence {An} is rare along a sample path o
if lim (l/n) =o I(An)(o)= 0, and frequent otherwise, i.e., if lim (l/n) E I(An)(o)>
0. {An} occurs almost always if {A} is rare, where A, fl-An is the complement of
An. If {An} is rare along all sample paths outside a set of zero probability it is rare
a.s. Frequent a.s. and almost always a.s. are similarly defined.

DEFINITION 2.2. Let {y,} be a sequence of real numbers and y* one of its limit
points. Then y* is a frequent limit point of {y} if for every neighborhood O of y*,
the sequence of events {y, 0} is frequent. A limit point which is not frequent is rare.

The definitions can be extended as follows to (triangular) arrays of events
{A,,n,n->m->0}. For instance, {A,n} is rare along a sample path if
limn (1/n) Y, I(A,n) 0, and frequent otherwise. The terms "almost always", etc.
are defined similarly. To a sequence {A,, m => 0} one may associate the array {A,n
Am, n >= m >= 0} and the two definitions coincide.

The following elementary lemma is useful for testing whether an array is rare.
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LEMMA 2.1. Let {a,,,} be a nonnegative sequence such that (l/n) , a,, -->0. For
e >0, let k be the number of terms in {a,,..., a,,} larger than e, then n-Xk -->0. If
{am,} is bounded the converse also holds.
LEMMA 2.2. Let {a} be a sequence in a compact metric space with metric d. Then"

(i) The set A* of limit points of {a,} is compact and a,--> A*, i.e., them is a
sequence {a*}, in A* such that d(a,, a*)-->O.

(ii) {a,} has at least one frequent limit point.
(iii) The set A** offrequent limit points is compact.
(iv) For any open set 0 A**, the sequence ofevents {a, O} occurs almost always.
Proof. (i) This is well known.
(ii) Let e > 0 and cover A* by finitely many balls of radius e, say B,..., B,,.

Then {a,} is eventually in U Bg, and for at least one i, say k, the sequence {a, e B}
is frequent. Cover/, the closure of B, by finitely many balls of radius e/2, say
B,...,B,. Then for some /" the sequence {a, eB (3Bi} is frequent. Cover
B (3Bi by finitely many balls of radius e/4. Continuing in this way we form a
sequence of balls with radius e/2", n 1, 2,. such that the sequence of events that
a, belongs to any of this spheres is frequent. By compactness the centers of these
balls have a limit point a* which it is easy to check must be a frequent limit point of
{a,}.

(iii) Let A**, and 0 a neighborhood of . Then there exist a* A** and a
neighborhood O* of a* such that a* O* 0. Since {a, O*} is frequent so is the
sequence {a, 0}, hence a A**.

(iv) Let B O f3A*. ThenB is compact and B f3A** b. Let Ox, O2 be disjoint
open sets such that B = O, A**c Oz. For e >0 let D, D’, be balls of radius
e which cover B. Then Da D f30a, ’, D,, D’, O1 is a finite cover of B that
does not intersect A**. Now if {a, O} is frequent then so is {a, D} for some k.
Proceeding exactly as in (ii) we can find a frequent limit point in B. This contradicts
B f3 A** ; hence {a, O} is rare.

LMMA 2.3. Let {n,k =>0}. be a sequence of positive integers such that
lim (l/n)Z=0 I(m =n for some k)>0. Let {a,} be a sequence in a compact metric
space. Then the subsequence {a,, k _>-0} has a limit point which is a frequent limit
of{a,}.

Proof. Let A* be the limit points of {a,}. For e > 0, cover A* by finitely many
balls of radius e, say Ba,..., B,. Then a, Bi eventually and by the assumption
regarding {n} it follows that the sequence {a, s Bi} is frequent. Proceeding as in the
proof of Lemma 2.2 (ii) leads to the result. 71

We can now define recurrence concepts for controlled Markov chains.
DywIOy 2.3. A state s S is said to be recurrent along a sample path w if

x, (w)= infinitely often (i.o.). If the sequence {x, i} is frequent along w it is said to
be positive recurrent along w; otherwise it is null recurrent along

LMMA 2.4. Recall the assumptions A1-A4. Ii S is recurrent on a set D of
positive probability, then every state is recurrent a.s. on D. Moreover, for any A k in S
such that p(j,k;Z, ao)>O for some (hence all) zZ(i), the events {x,=Lx,+=k}
occur i.o.a.s, on D.

Proof. Suppose p(i,i’;z, ao)>O. Since is recurrent on D and
rain {p(i, i’; z, ao)lZ Z(i)} > 0, therefore the set {w e D] only finitely many transitions
from to i’ are made along w} has probability zero, and so {w e D] infinitely many
transitions from to i’ are made along o} has probability P(D). Hence i’ is recurrent.
Now by A4 $ is a communicating class. Hence by A3, for any e S there is a finite
path of strictly positive probability from to so that a repeated application of the
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preceding argument establishes the a.s. recurrence of on D. The second part of the
lemma is proved in a similar manner.

LZMMA 2.5. If S is positive recurrent on a set D of positive probability, then
every state is positive recurrent a.s. on D. Moreover, for any f, k in $ such that
p(f, k; z, ao)>0 for z Z(i), the sequence {x, =/’, x,+l k} is frequent a.s. on D.

Proof. Suppose p(i, i’; z, ao)> 0. By the martingale stability theorem [6, p. 387],

1
Y [I(x,, i’)-E{I(x, i’)[._a}]

l
[I(x, i’)--p(Xm-, i’, Z,,-, ao)] 0 a.s.,

/’/

and so

lim
1 F I(Xm-" i’)>--_ min p(i, i" z, ao) 1- 1

I(x, i) a.s
n z(i) n

By hypothesis, the expression on the right is strictly positive on D. Hence i’ is also
positive recurrent a.s. on D. By arguing exactly as in the proof of Lemma 2.4 the
remaining results may be established.

The use of the word "recurrent" in Definition 2.3 is clearly appropriate. Use of
the phrases "positive recurrent" and "null recurrent" is justified by the next result.

LEMMA 2.6. ForMarkov chains with stationary transition probabilities and a single
communicating class the preceding definitions of positive and null recurrence coincide
with the usual ones.

Proof. For fixed S let y, (l/n) En-1
I(x,, i) so yl n[-- I(Xm i)]-1.

Let r0 be the first time is reached and r, k- 1, 2,. ., the kth return time for i. If
m, is the number of visits to up to time n, then

1 ". 1 1

mn k=O Yn mn k=O

Now Zo is finite a.s. and the z, k _-> 1, are independent and identically distributed.
Therefore, by the strong law of large numbers,

lim
1 ". 1 m.

’ lim ’ E’, a.s.,
n mn

where the possibility Ezl =o is included. Hence lim, y, =(Ez)-1 a.s. Therefore
lim y, 0 iff Ezl c itt is null recurrent in either sense, and lim y > 0 iff E-I <
itt is positive recurrent in either sense. [-l.

We now introduce a condition which bears a resemblance to the notion ,of
"tightness" of a family of distributions.

Condition T. There exists a null set N and for each e > 0 there exists J < c such
that lim (1 /n) =o I(x,, i, > J) < e for every sample path to N.

The next result is immediate.
LEMMA 2.7. (i) For a finite state Markov chain Condition T is always satisfied.
(ii) For a Markov chain with stationary transition probabilities positive recurrence

implies Condition T.
LEMMA 2.8. Under Condition T all states are positive recurrent a.s.
Proof. Suppose e S is null recurrent on a set D of positive probability. By

Lemma 2.5 all states are null recurrent a.s. on D, i.e., (l/n)Y" I(x, =])0 a.s. on
D for all ] e S. Hence for any J

n--1 1 J n--11
Z I(x,,=i,i_-<J)= Y. Z I(x,=])-->O a.s. onD,

n m=0 n 1=1 m=0

so that Condition T cannot hold.
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To obtain a condition in terms of the transition probabilities p(i, ]; z, ao) which
implies condition T we need the following. Let sr [z(1), z(2),...] with z(i)eZ(i)
be a fixed control function and consider the control law {zn} with zn z(x). Such a
lav {z,}, or equivalently sr, will be called a stationary law. Consider the following
asgumption.

A5. There is a finite number M such that for any stationary law sr, there is a
state sc such that the expected time to hit sc from any in S is bounded by M.

This is the familiar condition which guarantees the existence of an optimal
stationary law in Markov decision processes with the time average cost criterion. (See,
e.g., [7, pp. 147-148].) In [8], Federgruen, Hordijk and Tijms have given many
equivalent formulations of A5. In particular, a simple modification of their proof
shows that under A1-A5, A5 is equivalent to A5’.

A5’. Let {7r(i, st),
and let p(()=P{x, =/’[Xo i, ( is used}. Then lim, (l/n)Zn=l P].(r)= 7r(], ’) uni-
formly in i, ( for each ] in S.

We can now obtain the following useful results.
LEMMA 2.9. Under A1-A5 the set of probability measures {,r(i, (), S} on S ]:or

( Z l-Is Z(i) is tight; i.e., ]:or e >0, there exists J < oo such that Y’.> ,r(i, r)<e
]’or all Z.

Proof. It is easily seen that for each n, i,/" p",i(’) is continuous on Z. Since, by
AS’, (l/n) Y’." p.--) ,r(/’, () for each ] uniformly in i, r, therefore r(f, r) is continuous
in r for each L Hence, for J < oo, ___j 7r(/’, () and Z>j *r(L r)= 1-__< 7r(/’, ’) are
both continuous in r. Now as J--)oo, y’.i> 7r(L () decreases monotonically to zero.
Since Z is compact under the product topology, it follows by Dini’s theorem that

Y’-i>J *r(L r) .-) 0 as J --) oo, uniformly in sr. Hence limj sups i>j *r(L r) 0 and the result
follows.

LZMMA 2.10. Let c (i, L z) be a continuous, nonnegative, bounded function defined
for (i, L z)SSZ(i). Then, under A1-A5, for any control law {z,},

lim
1 ,-1

Y c(x,,,x,,/l,Z,,)<=max 7r(i,()p(i,];((i),ao)c(i,],((i)) aoSo

Proof. This follows from well-known results treating c(.,.,.) as the reward
function of a Markov decision process (see [7]). [3

LrMMA 2.’11. Under A1-A5 Condition T holds.
Proof. By the martingale stability theorem, for any j,

SO

n-1

lim (l/n) Y. [I(x,, =],]>J)’E{I(x, =],/’>J)l’,,_}]=O a.s.

lim 1__ Z I(x, j, / > J) li--- 1__ X F-.{l(xm i, i >

(2.1) li--- 1 "-1 Z P (x., f; Zm, 010)
n =o

_-<max Y’. ,r(i, () , p(i, ]; ’(i), Co) a.s.
Z iS

The inequality in (2.1) follows from Lemma 2.10 by choosing c(i, L z)=
i>jp(i, ]; z, a0). As in the proof of Lemma 2.9 one can show that

(2.2) lira max p(i, f; ((i), a0) 0 for all in S.



IDENTIFICATION AND ADAPTIVE CONTROL OF MARKOV CHAINS 475

From Lemma 2.9 there exists J1 such that

EY. r(i, sr)<, " Z.i>J1

From (2.2) there exists J2 such that

E
max max Y p(i, ]; (i), ao) <
i_--<J1 r ]>J2 2Jl’

SO

Z rr(i,() ., p(i,j;((i),ao)<-_ Y rr(i,sr) Y’. p(i,j;((i),oo)+ ., zr(i,’)<e,
iS J>J2 iJ1 J>J2 i>J1

Using this estimate in (2.1) gives

lim -1 a.s.

LetN be the null set where this inequality fails, and letN U k= Ne/k. Then Condition
T holds outside of N. 71

LEMMA 2.12. Suppose A1-A5 and let N be the null set on which Condition T
fails. Let t5

_
N. Suppose {nk, k >= 0} is a subsequence of the integers such that

(2.3)
1 -_-1

lim.- I(m=nkforsomek)=8>O.
n

Then there exists S such that the sequence of events {m nk for some k and x, i,
m ->_ 0} is frequent along .

Proof. Choose 0 < g < t and ] < 00 such that

(2.4) liml.,I(xm=j,j>f)<g for wN.
n

Suppose, contrary to the assertion, that

1
Y. I(m nk for some k, x, < J) -> 0 along 03.

n ,,--o

Then

lim- I(m=nkforsomek, xm>J)=$>g
n m=0

along 03,

and, afortiori, to

1lim--_,I(xm=j,j>])>- along o3,
n

thereby contradicting (2.4).
Observe that in the assertion can be chosen such that < J.
These results form the basis of the proofs in subsequent sections.

3. Likelihood ratios. We recall from [9] some facts about likelihood ratios. Let
(12, , P) be a probability space, and/5 another probability on (12, ). Then there
exists an integrable function A => 0 on (f, iT, P) called the likelihood ratio of/5 to P
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and a set N with P(N)= 0 so that

13(A I h dP +#(A fq N),

A is also denoted by dl/dP. A is unique up to P-equivalence and N is unique up to
(P + /3)- equivalence. Define the relations P<<P, P_t_P respectively, by /5(N)=0,
#(N) 1 (or, equivalently, A 0 P-a.s.). Let/3--P mean/5 << p and P <</5.

Let {n, n -> 0} be an in.creasing family of r-fields such that (/n). Let
/Sn be the restrictions of P, P to n and let An dPn/dPn. Then # << P implies/Sn <<
Also An E{AI.} P-a.s. Thus (An, n, P} is a martingale and An A P-a.s.

In our problem f is the set of all sequences {xn} in S and n cr(xo,’’’,
Each a e A defines a probability measure P. It is easy to check that

dP
p(x,, x,,,__t+., z,, o)

,,=o p(x,, x,,+; z,, ao)"

From the above-quoted facts it follows that for each a cA there is a function
A(a) dP/dP such that An(a)- fk(a) a.s. (with respect to po).

LEMMA 3.1. p(xn, xn+l; Zn, a)/p(xn, Xn+l; Zn, a0) 1 a.s. on the set {A(a) > 0}.
Proof. Note that p(xn, xn+l; zn, a)/p(xn, Xn+l; zn, ao) =An+l(a)/An(a) and

lim An(a) lim An+(a) A(a).
COROLLARY 3.1. Suppose the Markov chain has stationary transition probabilities

and is recurrent. Then either A(a)= 0 a.s. and P +/-po or A(a)= 1 a.s. and P=-po
in which case the transition probabilities under a, ao are identical.

Define Ln (a) In An (a). Ln is the log-likelihood ratio.
DEFINITION 3.1. For each o let an an (o9) A be such that Ln (an) ->- Ln (a), a A.

an is called the maximum likelihood estimate (MLE) at time n. If the maximum value
of Ln(a) is achieved at more than one value, we assume that only one of these is
chosen according to some prescribed rule which ensures that an is n-measurable.

For the remainder of this section assume that A1-A5 hold and a0 A.
LEMMA 3.2. (1/n)Ln(an)-O a.s.
Proof. Ln (an) --> Ln (ao) 0. Hence

(3.1) lim -1 Ln (an) >= 0 a.s.
n

From Lemma 2.10, and for any fixed a in A, an appropriate choice of the function
c gives

1
lim Ln(a) <_-max . r(i, () , p(i, k st(i), ao) In

n " k

p(i,k;((i),a)
p(i,k;((i),ao)

a.s.

<= 0 a.s., by Jensen’s inequality.

Let be a countable dense subset of A. By the preceding inequality there is a null
set N outside of which lim (1/n)Ln(a)<= 0 for all a e A. By Lemma 2.11 Condition
T holds outside a null set which, we may assume, is included in N. Then for e > 0
and to N, there exists J such that

(3.2) lim 1_ Y I(x,,, > J) <
e

n iJr(
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where K > 0 is any number with K > ]In 1 and g is as in A3. Fix a in A. By continuity
there exists c such that

I1n p(i, k; z, a) p(i, k; z, c)[(3.3)
p(i, k" z, ao)

-ln
p(i,k;z, ao)

for all i, k =<J, and z Z(i). Hence, for sufficiently large n,

1
L()-

1
L() N In

p xm+, p(x, Xm+;
n n n =o p(x, x+; z, ao) p(x, x+; z, a0

1 p(xm, xm+x;zm,-- In--n p(xm, Xm+l; z, ao) p(xm, xm+x; z, ao)

[I(x>J orx+>J)+I(xNJ andx+xNJ)]Ne,

by (3.2), (3.3). Since e >0 is arbitrary and lim (1/n)L()NO, tN it follows that

(3.4) lim -1 L, (a) N 0 for all a A and N.
n

Now suppose there is N and e > 0 and a subsequence {a,} of {a, ()} such that

1
L,(a) N e for all k.

ng

Since A is compact we may suppose a a*. Then, an argument similar to the above
may be employed to show that

li1L(a*)e,

thereby contradicting (3.4). Hence it must be that lim(1/n)L(a)NO for tN
which, with (3.1), proves the assertion.

THEOREM 3.1. There exists a null set N such that, for every N, e > O, S
and J <, the triangular array of events {A, n m 0} is rare, where

am I(x i)llnP(i’ k" z’ )l >eorsome k NJ}.p(i,k;z,o)

Pro@ For each e A let
p(x,k;z,)

G()= 2 p(x, k;z, o) In
s p(x, k; z, o)"

(As usual, we set the last term to 0 if p(x, k; z, o)=0.) It is easy to show that G()
is continuous in . Let

n-1

Bn(a)= Z G,,(a).

By the martingale stability theorem lim (1/n)[Ln (a) Bn (a)] 0 a.s. Let A be a
countable dense subset ofA and N1 a null set outside which lim (1 /n )[Ln (d) Bn (c)]
0 for every d cA. Let N2 be the null set outside which Condition T holds. Let
N=NI UN2.

Let o N and consider the sequence (1/n)[Ln (an)- Bn (an)] along o. This
sequence is bounded. Let h* be any of its limit points. Let {n, k -> O} be a subsequence
such that (1 /n)[Ln (an) Bn (an)] h*. We may also suppose that an a* for some
ce* inA.
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We will show that h* 0.
Let 6>0. LetJ be such that li--- (l/n)y..-11(x.,>J)>6. Define

p(i,f;z,a) p(i,k;z,a)
h(i, ; z, a) In -., p(i, k; z, ao) In

p(i, ; z, ao) k p(i, k; z, ao)"

Then h(i,f;z,a) is continuous in a. Let d be such that Ih(i,f;z,a,,k)-
h(i,]; z, d)]<8 for all i, f<-_J, z Z(i) and k sufficiently large. Note that

n--1

Ln(a)-Bn(a) ., h(x.,, x,+x; z,, a),

SO

li- 1__ ]L,.,,. (an,)-Bn,. (an,.)- [L.,. (d)-Bn,. (d)]

lim
1 , [h(x,n, x,+a, z.,, an,.) h(x.. x,,,+a, Z,n, d)]
nk

--< li-- --1 Xl[h(x,n,X.,+a, zm, h(xm, x+a,Z,n,d)]I(max(x,,Xn,+a)>J)["
nk

+ li--- --1 E I[h (x.. Xm+l," zm, an,,) h(x,,,, Xm+l," z, d)]I(max (x,, Xm+l) J)l
nk

=<4Klim ml I(max (X,n,X,n+)>J)+8 <--(4K + 1)8,
nk

where K [In g[, g as in assumption A3. We then have

[h*l Ih*- lim
1

[Ln,. (d)- Bn,. (a)]l (4K + 1)8,
nk

but 8 > 0 is arbitrary, so h* 0. Since h* was any limit point, this implies

and so, by Lemma 3.2,

lim 1--[Ln(an)-Bn(an)]=O,
n

(3.5)
1

En n

For n _-> m -> 0 rewrite G., (an) as

-Gm(an)=Y.I(xm i) .,p(i, k; z,., an)
p(i, k; z.,, ao)

k p(i,k;zm, an)
In

p(i, k; Z,n, aO)
p(i,k;z,an)"

The convexity of the function x.ln x and Jensen’s inequality imply that each of the
summands is nonnegative. Hence, for each in S,

n-11
Z I(x,, i) Y’. p(i, k Z,n, an)

p(i, k; z,, ao)
n k p(i,k;z..an)

By Lemma 2.1, for e > 0, the array of events

I(Xm i) .,p(i, k; z, an)
p(i, k; Zm 01.0)

k p(i,k;z..an)
In

p(i,k;z,,ao)
In -0.

p(i,k;z,,,an)

p(i,k;z,aO)>e}p(i,k;z,n, an)
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is rare. Now by assumption A3, for fixed and J, the set of positive numbers
{p(i, k,z, a)lk <=J, zZ(i), aA and p(i, k, z, a) O} is bounded away from zero.
Invoking again the strict convexity of x In x and Jensen’s inequality gives the result.

COROLLARY 3.2. There exists a null set N such that for every a. N and limit
point c* of{ten(w)}, e >0, S and J <oo, Iirn (1/n) Y. n-11(A,,) O, where

An {I(xn i) ln
p(i, k" zn, ce*)] j}> e for some k <
p(i, k zn, ceo)

Proof. This follows in a similar manner from the fact if ank a*, then
lim (1/nk)Bnk(a*)=lim (1/nk)Bn(an)=O.

The next result is an immediate corollary of the preceding result.
THEOREM 3.2. Suppose the Markov chain {xn} has stationary transition prob-

abilities and is positive recurrent. Then there is a null set N such that ]’or every ca : N
and limit a* of {an (ca)}, the transition probabilities under a* and ao coincide.

Proof. Let No be the null set in Corollary 3.2. For each $, put c(x,,, x,,/l; z,,)
1- I(x,, i) in Lemma 2.10 to get

n-1

(3.6) lim -1 y. I(x,, i) -> rr(i, () > 0 a.s.
n

for some r e Z. (In the present context Z contains only one element.) Let N be the
null set where the inequality in (3.6) fails. Let caC:N=NoU(UNi) and c* a limit
point of {cn(ca)}. Suppose there are i, ] such that p(i, ], c*) p(i, ], Ceo) and so

P(i, 1, c*)
p(i, Lao)

But then the sequence of events

l(x,, Ini)

>e>0.

p(i, j, a*)] }p(i, j, ao)
> e {I(X,n i)}

contradicts Corollary 3.2. [3
The application Of Theorem 3.1 and Corollary 3.2 to adaptive control appears

in the next section.

4. Adaptive control. Throughout this section it is assumed that A1-A5 hold and
aoA. We also assume given for each a in A a stationary law :(c)=
[:(c, 1), :(c, 2),. .]. The actual law is given by the adaptive law zn :(an, xn), n >-0.
The particular choice of :(a) is not relevant in most of the subsequent discussion,
but we shall consider the interesting case when :(c) is chosen to minimize, assuming

n--1
a is the true parameter, the average cost of the form lim (l/n) Y’-,,=0 c(x,,, x,,+, Zm).

In [4] we considered the case where A, S are both finite and the following result
was obtained which is stronger than what seems possible in the more general setting
considered here.

THEOREM 4.1 [4]. Under the scheme above, there exist a random variable a* and
a random time N<c a.s. such that for almost all ca, an(ca) =a*(ca), n >=N(ca) and
p(i, j; :(ce*(ca), i), a*(ca)) p(i, j; :(a*(ca), i), ao) for i, j in S. Moreover, if(c) minim-
izes the average cost under a, then the.true cost lim (l/n) n-a C(Xm, Xm+l, Zm) J(a*)
a.s. where J(a) is the cost corresponding to the stationary law (a).

Thus in the finite case the adaptive law is "stable" in the sense that the parameter
estimate cn, and the average cost (l/n)n-1C(Xm, Xm+a, Zm) converge. However, the
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limiting cost J(a*) may exceed J(a0) which is the minimum possible cost. (For an
example see [4].)

To see what is possible in the more general setting we need the following definition.
DZFINITION 4.1. For a sample path o, a limit point a* of {an(w)} and a state

$, the pair (i, c*) is said to be frequent along o if for each neighborhood O of ce*,
the sequence of events {xn i, n 0} is frequent along w. A limit point c* of {cn (w)}
is regular along w if there is an in $ such that (i, c*) is frequent along o.

LEMMA 4.1. There is a null set N such that if o e N, the set of regular limit points
is dense in the set offrequent limit points of {cn (w)}.

Proof. Let N be the null set in Lemma 2.12, w N, and a* a frequent limit point
of {cn (w)} which is not regular. Let O be any neighborhood of c* and {nk} the maximal
subsequence such that cnk(w)0. By Lemma 2.12 there is an in $ such that the
sequence of events {ank O, xnk i} is frequent. By Lemma 2.3 there is a subsequence
{ilk} of {nk} and d in the closure of O such that {aa O, xa i} is frequent and
lim aak d. Evidently d is regular. Since O is arbitrary, the result follows.

THEOREM 4.2. Suppose :(a, i) is continuous in a for each i. Then there exists a
null setNsuch that for every toN, limitpoint a* of {an(w)} and S such that (i, a*)
is frequent along to,

p(i,j;(a*,i),a*)=p(i,];(a*,i),ao) forall]S.

Proof. Let N be the null set in Theorern 3.1 and to N. Suppose in contradiction
that for some/" p(i, ]; (a*, i), a*) p(i, ; (*, i), ao). Since sc is continuous there is
a neighborhood O of a* and e > 0 such that

]ln P(i, J; ( i), d)
p(i, j; :(c, - Co)

> e,

whenever a, d are in O. So

I Xm and In
p(i’ ]’ sO(am’ i), an)

> e
n p(i, ]; :(Cem, i),

_->lim --1 I xm i, Cm e O, Cn O)>0,
n

since the sequence {Xm i, am O} is frequent. But this contradicts Theorem 3.1.
This result is clearly weak in comparison with Theorem 4.1. To obtain stronger

conclusions it is necessary to modify the adaptive control law through randomization.
We study two such schemes.

Randomization of control values. We impose another assumption.
A6.1. For any a /3 in A, there exists e S such that for every open set O Z(i)

there exists z O for which

(4.1) [p(i, 1;z,a),p(i, 2;z,a)," .]#[p(i, 1;z, fl),p(i, 2;z,),." "].

It is worth comparing this assumption with Mandl’s identifiability assumption (1.1).
Whereas the latter requires that (4.1) holds for all z Z(i), A6.1 requires that it hold
only for a dense subset of Z(i). Suppose Z(i) is subset of R as is usually the case.
Then for a / equality will hold in (4.1) for a set of z R of dimension less than
n and then A6.1 is likely to hold even when (1.1) does not.

Consider now the following random perturbation of the given adaptive law
For each let/.t be a probability measure on Z(i) which assigns positive values to
every open set. Pick e>0 small, and for each z Z(i) let B(i, z) be the open ball of
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radius ei and center z. Suppose at time n, an a is the MLE and xn i. Then the
control zn is chosen from B(i, (a, i)) by an independent experiment corresponding
to the restriction of /zi to the set B(i,(a, i)). Let n =cr(xo, z0,"" ,Xn, Zn) and

’ o’(xo, z0," ", xn, zn, xn+l). Then

P(Xn+l--]1) p(x, j; z, o),

P(Zn+l e C]n) IZx.+(C)EtZX.+l(S(Xn+l, :(On+l, Xn+l)))]-1

for every open set C c B(Xn+l, sc(an+, Xn+l)). The results obtained previously continue
to hold if we use dn in place of Tn. The control law {zn} is called an {ei}-randomization
o[.

THEOREM 4.3. Under any {ei}-randomization of $, cn - or0 a.s.

Proof. Let (i) be a countable dense subset of Z(i) and i the set of all open
balls in Z(i) with rational radius and center in (i). By the martingale stability theorem
there is a null set NI outside which

[I(ze,x=i)-E{I(z.eB, x=i)lq-l}] =0lim
n

for every and 1i which is a union of finitely many elements of 3(i). As in the proof
of Theorem 3.2 (see (3.6)), there is a null set N2 outside which lim (I/n) n- I(Xm
i) > 0 for every $. Finally let N3 be the null set in Corollary 3.2.

Let weaN N1 LI N2 LI N3 and a* ao a limit point of {an(o))}. By A6.1 there
exists S such that for every open set OcZ(i) there exist z c0 and/’S for which
p(i,]; z,a*)p(i,f;Z, ao). Let {nk, k---->O} be the maximal subsequence for which

xnk(w) for every k. By Lemma 2.2 the sequence {zn} converges to the compact
set of its limit points Z*c Z(i). For each z* Z*, let O(z*) be the open ball with
radius ei/4 and center z*. By A6.1 there exist z O(z*) and f(z*) in S such that
p(i, ]; ., a*) # p(i, ]; ., ao). By A1, there is/(z*) (i) such that /(z*) c O(z*)
and

P(i’];z’a*)]>8(z*)>O,
zel(z*)

p(i,];Z, ao)

The family {O(z*),z*eZ*} is an open cover of Z*. Let O(zl*),.’ ", O(z) be a
finite subcover. Let O ,, O(z*,,), 8" min,, 8(z), / LI,/(z*,,), /x*

(m)), max,, ](z*,,).minm/xi(/ z* J*
Now, for some K < ee, :(an, i)e O for k _>-K. Hence for k >_-K there is a z*

such that/(z*) B (se(ank, i)). Let n be this z*. Then by (3.6)

1
lim- i I(z,sJ,x.=i)

n m=O

n-1

lim -1 y E{X(zm J, Xm i)l’- }
n rn--O

>lim
1

I.t,i(B( m,))[t.i(B((ol.m,, i)))]-I(m m, for some k)
gl

>-tx*lim
1 1 I(x, i) > 0.
/’/ m=K
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Hence the sequence

an {I(xn-i)llnP(i"; zn’ a*) }p(i, ]; z,, ao)
> 6 for some ] -<_ J*

satisfies lim (l/n) y,.,-11(Am)>0, contradicting Corollary 3.2. [3
Let c(i, ], z) be a nonnegative bounded cost function which is continuous in

z Z(i) for each i, ]. For every stationary " Z and a A, let

V((, a) Y’. r (i, () Y. p(i, j; r(i), a)c(i, j, r(i)),

where {Try(i, ’)} are the stationary probabilities corresponding to the transition prob-
abilities {p(i, j; r(i), a)}. Thus V(’, a) is the cost incurred by the control law zn ’(x,)
if a is the true parameter.

We assume henceforth that A5 holds for all a.

LEMMA 4.2. V(’, a) is continuous in and a.

Proof. As in the proof of Lemma 2.9 we see that Try(i, r) is continuous in r, a

for each i. Given 6 > 0, it follows from Lemma 2.9 and the boundedness of c that
there exists J such that

y

V(r, a)>= Y Try(i, r) y’. p(i, j; st(i), a)c(i, j, r(i)) => V(r,
i=1 j=l

Now Yq=l p(i, j; ((i), a) is continuous in ( and a and converges monotonically, hence
uniformly, to 1 as n and so, increasing J if necessary, we get

J y

V((, a)>= E "n’,(i, ) ., p(i, j; ((i), a)c(i, j, ((i)) > V((,
i=1 /=1

The term in the middle is continuous in r and a and since > 0 is arbitrary it follows
that V(sr, a) is continuous as well. [3

Suppose now that the given adaptive law : is such that for each a,

v(r(a), a)= V(a)= min V(a, r).
Z

We wish to show that if {z,} is an {ei}-randomization of then its cost can be made
arbitrarily close to V(ao) by choosing ei > 0 sufficiently small.

THEOREM 4.4. Suppose V(:(ao), ao)< V(sr, ao) when # :(ao); i.e., (ao) is the
unique optimal stationary control law. For any 6 > O, there exists e > 0 such that if {zn}
is an {e}-randomization of , then

V(ao) < lim
1

C(Xm, Xm+l, Zm) V(odo) -]- a.s.
n m=O

Proof. By Lemma 4.2 there exists an open set O in Z with :(ao) O such that
V(ao) <- V(, ao) < V(ao) + for r O. Since Z 1-Ii Z(i) has the product topology
we may suppose that O has the form

O= I-I B(i) x l-I Z(i)
i=1 i=m+l

for some m < oo and where B(i) is a ball of radius e and center sC(ao, i). Let {z} be
an {e }- randomization of :. By Theorem 4.3, ce ao a.s. and so, from Lemma 4.2 and
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the uniqueness of sC(ao) it follows that s(an) sC(ao) a.s. Hence there exists a random
time N < 00 a.s. such that

(an) O, n >-_N a.s.

By Lemma 2.10 it follows that

lim-1 C(Xm, Xm+I, Zm)sup W(, 0) W(0)+.
0

Randomization of parameter estimates. We consider an alternative perturbation
of the given adaptive law . For the finite case a similar randomization is proposed
in [10]. We replace A6.1 by the following.

A6.2. For every a in A and in S and every neighborhood O of a there is
an open set = O such that, for every d ,
[p(i, 1; (, i), a), p(i, 2; (, i), a),...] [p(i, 1; (, i), ), p(i, 2; (, i), B),...].

Let u be a probability measure on A which assigns positive values to every open
set. Pick > 0 small and let B(a) denote the ball of radius and center a. Let a be
the MLE and x, the state at time n. Then the control z, is chosen to be z, (, x,)
where d, is selected from B(a,) by an independent experiment corresponding to the
restriction of u to B(a,). We call the control law {z,} a 7-randomization of .

THEOREM 4.5. Under {z, }, ao is the only frequent limit point of {a} almost surely.
Proof. Let Nx be the null set in Theorem 3.1. Let be the family of all open

balls with rational radii and centers in a countable dense subset of A. Let N be the
null set outside which

lim- [I(x i, B, a B)-E{I(x i, B, a B)[_}] 0
n

for all , B in and in S.
Let N N U N2, w N, and a* a0 a frequent limit point of {a,(w)}. Because

of Lemma 4.1 we can assume that a* is regular. Let in S be such that (i, a*) is
frequent along w. Let O be the ball of radius /2 with center a*. By A6.2 it follows
that there is B in , with O, and f in S such that for

ln
p(i, j; :(c, i), a*)
p(i, j; (d, i), ao)

> 6

for some 6 >0. Hence by A1 there is a neighborhood B in of a*, with B c O,
such that

In

for c B, a B. So

lim
1 I{ Xm and
n

In

p(i, j; (c, i!,. a_ft.
p(i, j; (c7, i), ao)

p(i,j;(a..i),an)
p(i, j; (., i), ao)

_->lim- Y’. I x,. i, I. J, Ol B

_-> lim- I(xm i, l B, Ol B)
n
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lim
1

E{I(x i, , J, am B)I’-}
n

lim --1 1 v(B)
I(x., i, am B)

n v(B(a.,))
since/ c B(am) if am B

>-v(B) lim-1 Y. I(Xm i, am B)>0.
n

But this contradicts Theorem 3.1.
Suppose now that V((a), a)= V(a) as in Theorem 4.4.
THEOREM 4.6. Suppose (ao) is the unique optimal stationary control law under

ao. For any 8 > 0 there exists "r’ > 0 such that if {zn } is a y-randomization of , then

V(ao)__<lim_l E Z C(Xm, Xm+’I, Zm) <-- V(ao)+&
n m--o

Proof. Let

v sup. 2 7r(i, ) p(i, ]; (i), ao)c(i, j, (i)),
Z

where , --rI,(i) and (i)--(’(a, i)la B(ao)). Because of AS, [7, Corollary 6.20,
p. 149] applies, and so there is a bounded function h(i), $ such that for all in $

v+ h(i)= sup / p(i, ]; z, ao)[c(i, ],z)+ h(])]1.
zZ(i) 3

Now let {zn} be a y-randomization of :, and let T be the random set of time
instances such that z, (xn). By Theorem 4.5 and Lemma 2.2 (iv) the sequence of
events {n T} is rare. Now

v+h(xm)>-p(Xm, f;Zm,o)[C(Xm, f, Zm)+h(j)], meT.

Let 3,,, be such that

v+h(xm)=p(xm, f;Zm,o)[C(Xm, f, Zm)+h(j)]+&,, mC:T.

Using these relations and taking expectation gives

v >--Eh(xm)+Eh(xm+x)+EC(Xm, Xm+X, Z,n)+E&,d(m: T).

So,
n--1

v >--- E E{-h(xm)+h(xm+)+c(xm, Xm+,Zm)}+An
n m=O

E Ec(xm, Xm+l, Zm)+-[Eh(xn)-Eh(xo)]+An,
n m=o n

n-1

An =--1 E ESmI(mt:T).
n m--O

The sequence {n T} is rare and so An - 0 as n oo. Hence

v >_-lim- Y’. Ec(xm, Xm+, Zm).
/’/
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By choosing the radius y of the ball B(ao) small enough v can be bounded by
V(c0) + a.

We close this section with the remark that A6.1 may be replaced by A6.3 which
is more similar to A6.2.

A6.3. For every a /3 in A and in S and every neighborhood O of (a, i)
there exists z Z(i) [or which (4.1) holds.

A heuristic discussion of A6.1-A6.3 is deferred to 6.

5. Inadequate parameter sets. So far most of the results were derived under the
assumption a0 A. In 3, a crucial role is played by this assumption in the proof of
Lemma 3.2 where we use the fact that An(an)->An(ao)= 1>0. This observation
motivates the following definition.

DEFINITION 5.1. The parameter set A is adequate if P{A(a)=0 for all a} 0,
or equivalently, if P{sup A(a)> 0} 1; otherwise A is inadequate.

Evidently if a0 A then A is adequate. The following results are proved along
the same lines as in 3.

THEOREM 5.1. If A is adequate then Theorem 3.1 and Corollary 3.2 continue to
hold.

COROLLARY 5.1. If A is inadequate then the conclusions of Theorem 3.1 and
Corollary 3.2 hold outside the set N {to lA(a, w)= 0 for all a}. (Note that P(N)> 0.)

From now on we consider the case when A is inadequate. Suppose initially that
there are no control parameters so that a merely indexes a stationary transition
probability p (i,/"; a ). Suppose further that under each a all states are positive recurrent.
Then it is easy to establish the following result which states that the MLE an converges
to a subset of A consisting of parameter values which are "closest" to a0 in a
well-defined sense.

THEOREM 5.2. an converges almost surely to the subset of parameter values which
maximize

p(i,f;a)
D(a) , Trio(i) Y p(i, j; ao) In

p(i,j;ao)’

where {Zro(i)} are the invariant probabilities corresponding to {p(i, j; ao)}.
The case when the transition probabilities do depend on a control parameter,

discussed next, is considerably more complicated. For simplicity we assume that
Z(i) {z il, z2,i... z} contains L elements. The general case can be worked out in
a similar way though the details are cumbersome.

Let A1-A5 hold and let N be the set on which Condition T fails. N is null by
Lemma 2.11. Let toN and let

n-1

q,(i,j,t) =1- Y I(x,, i, Xm+l j, Zm=Zl).
n

Then 0 =< qn -< 1 and Zi.j,l qn (i,/’, 1) 1. Thus q, defines a (random) probability measures
on triples (i, L I). Let 0n {qn (i, L/)} denote the vector with components qn (i, L l). We
think of p, as an element of the normed space

LEMMA 5.1. Them is a null set N such that if to: N, the 11 closure of the sequence
{p, (to)} is compact, and each of its limit points is itself a probability. The set offrequent
limit points of {p,(w)} is compact and for any open neighborhood 0 of this set the
sequence {p,(w) O} is rare.
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Proof. Let N1 be the set on which Condition T fails, and to e N1. By Lemma 2.11
there exist J1 and M1 such that

1 n--1
Y’, I(Xm i, i>J1)<e, n >M1

n

and so

(5.1) Y.,Zq,(i,i,l)>=l-e, n>M1.
i<-Jx

By the martingale stability theorem there is a null set N2 outside which, for each
and J2,

equivalently,

li,rn q,,(i, ], t)-- E{I(xm i, Xm+l ---->J2)]m} O,

lim ., .,q,,(i,],l) Y. p(i,j Zm, Olo)1 n-z1 I(x,, i)
>=J2 >=Y2 n

Hence if to N2, there exist J2 and M2 such that

Z Zq,(i,],l) <-e+max Y’. P(i,j;zl,o) <-2e,
J>--J2 J>J2

n >M2.

From this and (5.1) we see that for any toN N1LI N2, and e > 0, there exist J, M
such that

, Yq,(i, L1)>-_l-e, n>M.
i,j <=Y

By [5, p. 338], {p,(to)} is conditionally compact in ll. Let p*={q*(i,L/)} be a limit
point. Suppose p, p* in 11. Evidently O* is a probability. The remaining assertions
follow from Lemma 2.2. ]

COROLLARY 5.2. If c(i, ], I) is any bounded function then

lim Z c(i, j, l)q,,. (i, j, l)= ., c(i, j, l)q*(i, j, l).
k i,],l i,j,l

As before let {r(i, r)} denote the invariant probabilities under the stationary law
r eZ. Let qc(i, ], l)= 7r(i, )p(i, ]; (i), c0)I(r(i) zl). Let qc {qc(i, j,/)}. Consider
{qc]r e Z} as a subset of ll and let G be its closed convex hull.

LEMMA 5.2. There exists a null set N such that if to el N then every limit point of
{pn} belongs to G.

Proof. Let e > 0. By Lemma 2.9 there is J1 such that Y’.i---J1 zr(i, ’)=> 1-e for all
’. Let J > J1 such that .,i:p(i, j; r(i), ao) >_- 1 e for <-J1 and all r. Then

Y. ., qc(i, j, 1)= Z "n’(i, () Z p(i, j; ((i), ao)_->(1-e)2.
i,j<--J i_J

Hence {qc, r Z} is conditionally compact in 11. Therefore G is weakly compact in ll
by [5, p. 434], and hence by [5, p. 338] G is compact.

For each J let l be the finite-dimensional subspace of all functions c(i, ], l) in
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such that c(i, ], I)=0 for i>J or j>J. Then there is a null set N such that, for
o e N and for every J and every c in l,

(5.2) liml ,1 c(xm, x,/l,Z,)<-_mx r(i,()Yp(i,j;((i),ao)c(i,j,(i)).
tl

The existence of N follows from Lemma 2.10 by first showing (5.2) for a countable
dense subset of Uj l.

Augment N if needed so that Lemma 5.1 applies. Let o)N, and let 0*=
{q*(i, j,/)} be a limit point of {0, (o9)}. From Corollary 5.2 and (5.2),

., c(i, j, l)q*(i, j, l) _<-max Y -(i, () 2 p(i, j; ((i), ao)c(i, j, ((i))
i,],l

(5.3)
max Y c(i, ], l)g(i, j, l)
gG i,],l

for every J and c in l. Now suppose c l. Since G LI {p*} is compact in 11 therefore,
for every 6 > 0, there exists J < oo such that

Y c(i, , l)g(i, , l)- Y’. Y c(i, , l)g(i, ,(5.4) l) 6
i,] 1 i,]NJ

for g GU{p*}. From this it follows that (5.3) holds for all c el. Finally if p*e!G
then by the separation theorem there is c in l such that

Y. c(i, ], l)[q*(i, j, l)-g(i, j, l)3>0 for all g in G,
i,],l

which contradicts (5.3).
LEMMA 5.3. Let N be as in Lemma 5.1 and o: N. Suppose Pnk converges to O*

along w. Let Oak, k >-0 be another subsequence such that Ink- kl <-M < 00 for all k.
Then Pek also converges to p* along

Proof. For any i, j, l, if

qek(i,j,l) q,k(i,j,l) <
1 1 -m=0

<= nk =-1.
nk

Also,

1 nk-1 M
q,(i,j, l)-qa(i,j, l)<=-- Z I(Xm--i, Xm+l=j, Zm "-zil)-

Thus Iq,(i,j, l)--qak(i,L l)[->0 as k-->o. 71
To describe the asymptotic behavior of {O,} we need another concept. Let

{an, n -> O} be a sequence in a metric space. Let O, 0 be open sets with 0 c 0 c O. Let

mk(O) man {n > mk-(O)]a,- = O, a, }
be the kth time a, enters O after leaving it. Let

nk(O) min {n > m(O)la. 0}, l(0) max {n _-< mk(O)- lla. o}.

We say that {a,} drifts slowly if for any open sets O, 0 with 0 = (} O, the sequences
{n nk(O) for some k} and {n lk(O) for some k} are both rare.
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THEOREM. 5.3. Them exists a null setNsuch that if to : N then {o, (to)} drifts slowly
considered as a sequence in ll.

Proof. Let N be as in Lemma 5.1 and to N. Let O, O be open sets in ll with
( c O c O, and define Ik, ink, nk as previously with an pn (to). We may suppose P-,k 0
for infinitely many k because otherwise there is nothing to prove. We claim first that

(5.5) mk--lk-C as k az.

For, suppose in contradiction that there is a subsequence ki, with

trig,- Ik, <-M <o for all i.

Now, by Lemma 5.1, there exists a subsequence, denoted again by {ki} such that

lim pro,,, p* and lim pk. ft.

Clearly p* 0 and O 0 so that p* fi, contradicting Lemma 5.3. Thus (5.5) must
hold. Hence either Ik/ lk for all k from some k on, in which case the claim is
obvious, or lk/ > l, infinitely often. In the latter case, let {ki} be the maximal sub-
sequence of {k} such that lk,/l > lk,. Then by (5.5) and the definition of lk,, lk,/l- l,, ,
implying lk,/i aZ. Hence

lim
1

I(m Ik for some k) li
1

I(m lk, for some i) lira 0.
n m=l n m=l

Let k(m) max {kllk <-m}. Then

1 1 k, k(m)Y. I(i lk for some k) < Y’. I(i lk for some k)=------, 0 as m -- oo. 71
n i=1 k(m) i=1 lkm)

In summary the results of this section show that when a0A (more precisely,
when A is inadequate) and for any control law, the relative frequencies pn of the
various state and control combinations converge to a tight set of probabilities which
is the convex hull of the set G of invariant probabilities under all stationary control
laws. The sequence tan may, however, drift slowly.

In [4] we have given an example which shows that pn may not converge almost
surely. In that example, zn :(cn, xn) is an adaptive law constructed in such a way
that, as pn begins to converge to some p* and hence cn to some c*, the corresponding
control values zn sc(c *, xn) are such that the likelihood ratio is maximized at some
other parameter value d a* and so an begins to drift slowly to d. But at d, the
control values :(d, xn) are such that the likelihood ratio is maximized at a*. Thus the
MLE an keeps switching more and more slowly between a* and d.

The following conjecture seems plausible.
Confecture. For a,/3 in A define

M(a, ) E 7r(i, ((a)) E p(i, j; sr(ce, i), Oo) In
p(i, j; ((oz, i), )
p(i, j; ((o i), ao)"

Then a sufficient condition for the MLE cn to converge almost surely to some A-valued
random variable is

(5.6) M(a, a > M(a, fl
for all a,/ A such that a # ft.
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If true, the above conjecture suggests the following choice of st(a) for each a.
Choose sr(c), from among the strategies that are near optimal under c, to make (5.6)
hold for as many 3 c as possible. This is a manifestation of the trade-off between
identification and optimality considerations in the choice of inputs. Thus the control
in the adaptive scheme fulfills a dual purpose--to ensure good convergence properties
for the estimates (with, of course, convergence to the true parameter value if possible)
and to satisfy the optimality criteria as closely as possible. Clearly, this discussion is
only heuristic.

6. Discussion. The approach adopted here puts greater emphasis on "time
domain" or sample path behavior and many of the concepts introduced can be seen
as analogues of certain ensemble concepts, viz., rare events are analogues of null sets,
Condition T is an analogue of tightness, etc. The reduced dependence on ensemble
averages makes this approach more suitable for nonstationary processes which are
asymptotically well behaved.

Many of the concepts introduced in 2, such as recurrence and positive recurrence,
can be extended to more general spaces such as an arbitrary Borel state space, and
it seems reasonable to expect that similar results will hold.

Assumptions A6.1, A6.2 and A6.3 have the common objective of overcoming
the limitations of Theorem 4.2 which says that at the limiting values of the parameter
estimates, the frequent limits of control values are such that these control values
cannot distinguish between different limits of the parameter estimates. This cannot
occur if for each a Co we frequently use a control to distinguish between c and Co.
This can be achieved, as in A6.1 and A6.3, by a small randomization if for each a

the set of control values which cannot distinguish between c and ao is "thin", i.e.,
has empty interior. A6.2 permits an analogous randomization in parameter space.
The latter appears more appealing for practical problems even though the result is
slightly weaker.

The case when ao A is practically important since models used for identification
and control are approximations of the true system. The results presented here are
very incomplete and much needs to be done.

Acknowledgment. The authors are grateful to the referee for catching some
embarrassing mistakes in the previous version and for suggesting several improved
proofs.
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POINT CONTROL WITH STATE CONSTRAINTS*

L. W. WHITE

Abstract. Controllability results are presented for pseudoparabolic problems with spacial domains in
with p 1, 2 or 3, as well as compatibility conditions for state constraints of noncontrollable problems.
concrete problem is considered and a regularity result is given for the optimal control.

1. Introduction. In this note we consider a control problem with an underlying
equation of pseudoparabolic (or parabolic) type. Control is exerted through a given
point a in ll, an open parallelopiped in Rp with p 1, 2 or 3. We denote the space-time
cylinder by O fl (0, T) and its lateral boundary by E c3iq (0, T). For simplicity
we take

(1) (1 A)yt- Ay v(t)(x a) in

(2) y(x, 0; v)= 0 in

(3) y(x, t; v) O on

as the governing equations. Along with (1)-(3), we consider the problem

minimize L2(0,T)

(4) subject to v Lz(0, T),

Ily (T; v) z [ILz(a) _<- p,

where z is a given function in LZ(lq) and Ilzll =<.)> > 0,

Pseudoparabolic problems such as (1)-(3) arise in various contexts where higher
order accuracy is required of the model such as in the study of second order fluids
[10], in heat conduction [3] and in the consolidation of clays [9]. We refer to [2] for
an extensive bibliography. Here we give a detailed application taken from the study
of flow in porous media [1] in order to provide a physical setting in light of which the
problem formulated in (1)-(4) may be interpreted.

Equations such as (1)-(3) arise in the modeling of seepage in fissured rock; see
[1]. Here lq is fissured rock consisting of pores and permeable blocks which in general
are separated by a system of fissures. We associate with each point in lq a pressure
pl representing the average pressure of the liquid in the fissures in the neighborhood
of the point and p2 the average pressure of the liquid in the pores in the neighborhood
of the given point.

Similarly, two velocities 1 and 3 are associated with the seepage at each point.
The vector 7 of the seepage velocity of the liquid along the fissures is determined as
follows" the projection of this vector in some particular direction is equal to the flow
of the liquid through the cross-section of the fissures of a small zone passing through
the given point perpendicular to the given direction, divided by the density of the
liquid and the total area of this zone. The velocity fa is defined similarly.

* Received by the editors October ’,21, 1980, and in revised form July 10, 1981. This work was supported
in part by the National Science Foundation under grant MCS-7902037, and by the Institute National de
Recherche en Informatique et en Automatique.

f Department of Mathematics, Energy Resources Center, University of Oklahoma, Norman, Oklahoma
73019.
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It is characteristic of fissured rock that the flow of liquid proceeds essentially
along the fissures so that the flow velocity of the liquid through the blocks is negligibly
small as compared to the seepage along the fissures. It is assumed, however, that
fissures are sufficiently narrow and the velocity sufficiently small so that the liquid
motion along the fissures will be inertialess, fulfilling Darcy’s law

kl(5) 5a grad pl,

where k is the permeability of the system of fissures and/x is the viscosity of the liquid.
Another characteristic feature of the nonsteady-state motion of a liquid in fissured

rock is the transfer of liquid between blocks and fissures. This is given in [1] by

(6) V- a--(p2-p),

where V is the volume of liquid which flowsfrom the blocks into the fissures per unit
time and unit volume of rock and a is a dimensionless characteristic of the fissured
rock. Hence, the mass q of liquid flowing from pores to fissures per unit time, per
unit volume is

(7) q (Pz-P),

where p is density of the liquid.
Now conservation of mass in the fissures may be written (see [1])

(8) o0mx..____v_ + div Pgl-q O,
Ot

where m is the ratio of volume of cavity space occupied by the fissures to the total
volume of the rock. Since a very small part of the total volume is contained in the
fissures, we may neglect the first term. Assuming the liquid is slightly compressible
and neglecting small higher-order terms, we obtain

(9) klAp+a(p2-pl) =0.

Similarly, conservation of mass in the pores is given by

(1 O) "am2’-+ div 0/.72 + q O.
Ot

Here;however, with lower permeability the fluid velocity in the blocks is small. Hence,
ignoring higher-order terms, we have

(11) Om2______p + q O.
Ot

Further, it is assumed [1] that the liquid in the blocks participates in supporting upper
strata. This is in contrast to liquid in the fissures where influence of the pressure pa
on porosity of the, .blocks can be .disregarded as compared to the effect of the pressure
pz. Thus, it can be assumed [1] that

(12) dmz tic2 dp
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where/8c_ is the coefficient of compressibility of the blocks. From the slight compressi-
bility

(13)

it follows that 1]

c3p2
(14) (tic2 + mofl)---+--(pE-Pl) O.

Using (9) to eliminate p2, we have an expression for the pressure pl in the fissures

(15)
Opl 0Ap

e r/ Apl
Ot Ot

where e kl/a and r/= k/lz(fl2 + moil).
From the above derivation, problem (1)-(4) provides for the control of the average

pressure y in the fissures by a point forcing term. The control is to be realized in such
a way as to restrict the pressure y (T) at a given time T to within a prescribed tolerance
/9 of a desired fissure pressure z. This is to be accomplished using the minimum,
according to the criterion, control v.

In order for problem (4) to have a solution, the set

U(#) ={v L2(0, T): fly(T;

must be nonempty. Hence, we consider the controllability of problem (1)-(3). That
is, we seek to determine whether the set given by

(16) Y(T) ={y(., T; v): v L2(0, T)}

is dense in L2(f). Here we establish conditions for controllability of (1)-(3) for 12 c Rp

with p- 1, 2 or 3. This is in contrast with the parabolic case in which controllability
holds only in the case p- 1. If (1)-(3) is controllable, the U(p) is nonempty for any
p > 0. In the case that (1)-(3) is not controllable, we give here a compatibility condition
depending on z in order for U(p)# .

After having given criteria for the formulation of (4), we determine regularity of
the optimal control u0. For ease we devote our attention to the case f (0, 1)c R,
pointing out extensions for lq P. Furthermore, we indicate results for the parabolic
case and for more general equations.

2. Controllability of (1)-(3). We determine conditions under which Y(T)=
L2(I2). Hence, let s L2(I2) have the property that for every v L2(0, T),

(17) (so, y(T; V))L2(fl) 0.

Hence, we seek conditions under which (17) implies : 0 in L2(’). As is usual [6],
[7], 11], we introduce the adjoint problem

(18) -(1-A)pt-Ap=O in Q,

(19) p(., T)= (1-a)-s(.) in I1,

(20) p(x, t) 0 on E.

Multiplying (1) by p and integrating by parts, we see that (17) implies that for all
v L(0, T),

(21) (p(a, .), v)c:(0,) 0.
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Hence, it follows that

(22) p(a, t) 0

for almost all in (0, T).
We consider the implications of (22). Changing variables, for convenience, r

T-t with q(., r)= p(., t), (18)-(20) become

(23) (1 A)qt- Aq 0 in Q,

(24) q(., 0) (1- A)-lsc(.) in f,

(25) q(x,r)=O on.

Now for l’ (0, 1) with A bZ/Ox2 and zero Dirichlet conditions at 0 and 1, we consider
(23)-(25) in terms of the Fourier sine series. Set :- Yk=l :k sin (kIIx). The solution
of (23)-(25) may be given by

(26) q(x, t) ka= 1 + k2I-[2 e-"kt sin (kIIx),

where /-/,k (k2II2)/(1 + k21-I2). We note that q is the uniform limit of functions con-
tinuous in x and r. Hence, we may evaluate q(a, t) to have

(27) q(a, t)= kl= 1 + k2I-I2 e-"kt sin (kHa)

for all > 0. From (22) we have q(a, t) 0 for all (0, T). In fact, q(a, t) is analytic
for > 0 since from (27) it is the uniform limit of analytic functions. Hence, in fact,
q(a, t) 0 for all > 0.

Since convergence is uniform in (27), we may take the Laplace transform to obtain

(28) (a, s) k=l 1 + k2H2 sin (kIIa)

with 4 (a, s) 0 for all s > 0. Define the function

f(z) k- 1 + k2II2 sin (kIIa).
Z +tZk

Now [(z) is a meromorphic function with poles at --/Zk. Furthermore, f(z)- 0 for z
real and positive. We conclude then that f(z) 0 and has zero residues. Thus, we have

(29) k sin (kHa) 0

for all k. It is an immediate consequence of (29) that if a (0, 1) is an irrational
number, then k =0 for every k N. Hence, is zero in L2(0, 1) and Y(T)=L2(O, 1).

THEOREM 1. If a (0, 1) is irrational, then (1)-(3) is controllable.
In the case a is rational, say n/m, then (29) implies k 0 on for k # lm for

any in N. Otherwise, sin (lmIIn/m)--sin (/nII) 0. Hence, if =/=1 l sin (ImIIx),
then _1_ Y(T) and # 0. Thus, we may describe the orthogonal complement o[ Y(T)
and gain information about Y(T) itself.

THEOREM 2. Ira n/m, then Y(T)+/- is the span of the functions {sin (lmlIx)}7=l.
Hence, Y(T) is the closure of the space of finite linear combinations of the functions
{sin k 1-Ix }k
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Now in the case of Rp, with p- 2 or 3, an analogous proof remains valid with,
say, 1 a rectangle or a parallelopiped with sides having lengths that are independent
over the integers; cf. [4], [5]. Hence, we have the following.

THEOREM 3. If 1)
_ , with p 2 or 3, and 12 is a rectangle or rectangular solid

with sides .having lengths that are independent over the integers and if a II is a p-tuple
with components that are irrational when divided by the length of their respective sides,
then the initial value problem (1)-(3) is controllable.

Remark 4. These results are in contrast to those for parabolic equations which
are controllable only for the case 12 c I [7]. The proof here is true for higher dimensions
because the factors 1/(1 +) in (26) (where k2II2) imply uniform convergence
for L2(I). This, of course, is due to the presence of the term 1-A in (1).

3. A control problem. In this section we consider control of (1)-(3) by means
of the following minimization problem with state constraints.

minimize Ilvll =L2(0,T)
(30) subject to v e L2(0, T),

where z L2(f). Hence, we have the set of admissible controls

U(p) {v e Lz(O, T)" IIy(T;

In order to have a meaningful problem, it is necessary that U be nonempty. An
immediate consequence of Theorems 1 and 3 is the following.

COROLLARY 5. If a (0, 1) is irrational then U(p) is nonempty for any p > O.
COROLLARY 6. Let f be a rectangle or rectangular solid satisfying the assumption

in Theorem 3. Then U(p) is nonernpty for any O >0 whenever all the components of
a are irrational.

Suppose now that for (1)-(3) the number a is rational. A similar argument holds
for a being a p-tuple with one or more rational components. In this case it has been
shown in Theorem 2 that Y(T) is a proper subspace of L2(I). Now certainly in
order for U(p) to be nonempty, the condition

(31) p > d minimum
y Y(T)

must be satisfied.
To fix ideas let z eL2(0, 1) and a n/m. Then we may express z in terms of a

Fourier series z k=l ’k sin (kHx). Furthermore, we may write

Thus, it follows that

so that

z E & sin (kl-lx)+ E srt, sin (lm Hx).
klm /--1

d= z- F &sin(klIx)
kIm

Z rl,. sin (lm Hx)
/=1 L2(0,1)

L2(0,1)
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and we have

(33) ]1/21 Y (z, sin(lmIIx 22d

Hence, we have the following.
THEOREM 7. Let z L2(),). If O satisfies O > d, where d is given by (33), then

U(p) is nonempty. That is, there exists v eL2(0, T) such that Ily(T;
Having determined conditions to guarantee that U(p) is nonempty, we now

consider problem (30).
LEMMA 8. The admissible set U(p) is a nonempty closed convex set in L2(O, T).
Proof. That U(O) is nonempty is a consequence of Theorem 7. Certainly U(O)

is convex from the linearity of the map v + y (T; v) and the triangle inequality.
Let v, - v in L2(0, T). Again using (18)-(20) with : e L2([I) and multiplying (1)

by p, we see that

(34) (:, y(T; VtI))L2(I’)" (p(a,.),

for all vn. In the limit we have

(:, y(r; V))c2m)= (p(a,.), v)c2(o.r)

so that y(T; v,)+ y(T; v) weakly in L2(12). Now there is a sequence of convex
combinations 2 0,,y (T; v.,) y (T; 20,,v,,) that converge strongly to y (T; v). Thus,
it follows that

<---X On, try(T;

Hence, we have Ily(T; v)-zll(a<--o since v,, U(p), and v U(p) so that U(p) is
closed.

We immediately have the following.
THZORF.M 9. There exists a unique solution Uo ofproblem (30).
We now determine regularity properties of u0. First, we note as a consequence

of the controllability and compatibility results that there exists v L(0, T) such that
Ily(T; V)--ZI[L:(a)<p. This implies, cf. [11], the existence of a positive Lagrange
multiplier (see, also, [8]).

TI4FORFM 10. If the conditions of Corollary 5 or 6 hold, or if the compatibility
condition of Theorem 7 holds, there exists a positive number A such that for

A(v) Ilv zll
the following holds"

(35) 2Iluoll=o,> min Ilvll 2o,r rain A(v)= A(uo).
vU(o) vU(o)

As a corollary of Theorem 10, we have"
COROLLARY 11.

Ily(T; Uo)-zll=(a)= o.
Calculating the variation of A (cf. [11]) we see that A(uo)(V) 0 for all v L2(0, T)

so that

(36) 0 (u0, v)c2(o.r)+A(y(T; Uo)-Z, y(T;
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By introducing the adjoint problems (18)-(20)with : y(T; u0)-z, we obtain

(u0 + Ap(a,. ), I))L:(O,T) 0

for all v 6 L2(0, T). Hence, we see that

(37) Uo(t) =-Ap(a, t)

for almost all in (0, T). But p(., t) is an analytic map of (0, T) into H0(l) f) H2(f).
Thus, we have the following as a consequence of (37).

THEOREM 12. The optimal control Uo is equal almost everywhere in (0, T) to an
analytic function.

Remark 13. The existence of a positive Lagrange multiplier A is dependent upon
knowing that there is a v satisfying Ily(T; v)-zll.<o. Hence, compatibility and
controllability conditions play an important role here as well. The result clearly holds
for f a rectangle or a parallelopiped with sides parallel to the coordinate axes.

Remark 14. Similar arguments to those in the controllability proof remain true
for l) a more general domain and for -A replaced by a symmetric uniformly strongly
elliptic operator L(x). The ability to explicitly determine the Y(T) depends on
knowing the eigenfunctions and their zeros for L on f.

REFERENCES

[1] G. I. BARENBLATT, IU. P. ZHELTOV AND I. N. KOCHIVA, Basic concepts in the theory of seepage
ofhomogeneous liquids in fissured rocks [strata ], J. Appl. Math. and Mech., 24 (1960), pp. 852-864.

[2] R. W. CARROLL AND R. E. SHOWALTER, Singular and Degenerate Cauchy Problems, Academic
Press, New York, 1976.

[3] P. CHEN AND M. GURTIN, On a theory of heat conduction involving two temperatures, Z. Angew.
Math. Phys., 19 (1968), pp. 614-627.

[4] H. O. FATTORINI, On complete controllability of linear systems, J. Differential Equations, 3 (1967),
pp. 391-402.

[5] ., Boundary control systems, this Journal, 6 (1968), pp. 349-385.
[6] J. L. LIONS, Optimal Control of Systems Governed by Partial Differential Equations, S. K. Mitter,

trans., Springer-Verlag, New York, 1971.
[7],Function Spaces and Optimal Control ofDistributed Systems, College de France, 1977.
[8] O. G. LUENBERGER, Optimization by Vector Space Methods, John Wiley, New York, 1969.
[9] O. TAYLOR, Research on Consolidation of Clays, MIT Press, Cambridge, MA, 1952.

[10] T. W. TING, Certain non-steady flows of second-order fluids, Arch. Rat. Mech. Anal., 14 (1963), pp.
1-26.

[11] L. W. WHITE, Control problems governed by a pseudoparabolic partial differential equation, Trans.
Amer. Math. Soc., 250 (1979), pp. 235-246.



SIAM J. CONTROL AND OPTIMIZATION
Vol. 20, No. 4, July 1982

1982 Society for Industrial and Applied Mathematics

0363-0129/82/2004-0004 $01.00/0

ON SOME PROPERTIES OF CONDITIONAL MOMENTS
IN NONLINEAR FILTERING*

JACOB HAMMER

Abstract. The nonlinear filtering problem of diffusion processes embedded in additive white noise is
considered. It is shown that the paths of all conditional moments of the measurement function can be
causally calculated when the path of its first conditional moment is known. The formulas involved in this
calculation are independent of the specific parameters of the information process.

In addition, asymptotic properties of the nonlinear filter, as the signal to noise ratio approaches infinity,
are also considered. It is shown that, asymptotically, the deviation from Gaussian properties is of the order
of the noise to signal ratio at most.

1. Introduction. The optimal filtering problem of diffusion processes embedded
in additive white noise is stated as follows. Let (1, r, p) be a probability space on
the set 12, with complete or-field , and probability measure P. Further, let R denote
the real numbers, and let [0, T] be the set of all points R satisfying 0 _<-t-< T. We
assume that there exists a Brownian motion B :(, ,P)[0, T]R. Next, let
x :(, , P) [0, T] R be a diffusion process, given by the following stochastic
differential equation"

dxt m (xt, t) dt + o’(xt, t) dBt,

Xt=o XO,

[0, T],

where m, cr:R [0, TIER. We assume that the functions m, o- satisfy, for every
(x, t) R [0, T], the uniform Lipschitz (or linear growth) condition

(1.2) m2(x, t)+ cr2(x, t) <_-K(1 +x2)
for a suitable constant K _-> 0. We also assume that the initial condition Xo is stochasti-
cally independent of Bt for every [0, T] and satisfies, for all integers k >-_ O, E{x2ok}

(where E{.} denotes the expectation). Under these conditions (see
Gikhman and Skorokhod [1972]), the solution xt of (1.1) is almost surely unique,
almost surely continuous in t, and, for every integer k _>-0 and every [0, T], we
have that E{x2k } < c. We shall refer to x as the information process.

Next, let W be a standard Brownian motion on (f, , P) [0, T], and assume
that, for all [0, T], { Wt} is stochastically independent of {Bt}. Also, let g :R R be
a twice continuously differentiable function satisfying, for every [0, T], the following
conditions: (i) E{gEtC(xt)}< o for every integer k->0; (ii) E{[g’(xt)]2}< cx3, and (iii)
E{[g"(xt)]2}< o, where g’ (resp. g") denotes the first (resp. second) derivative of g.
Finally, let h be a positive real number. Then, the measurement process y is defined as

(1.3)
dyt hg(xt) dt + dWt,

Yt=o y0,

t[o,
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where the initial condition y0 is stochastically independent of both Bt and Wt for all
[0, T]. The function g will be called the measurement function. If g is the identity

function (that is, g(x) x), then we say that (1.3) is a linear measurement process.
Having defined the information process x and the measurement process y, we

can now state the classical nonlinear filtering problem. Let f" R R be a twice
continuously differentiable function, and assume .that, for every [0, T], we have
that E{[f(x,)]2} < oe, E{[f’(x,)]} < oe and E{[f"(xt)]} < oe. Also, let y := {y0 l0 [0, t]}
denote a sample of the measurement process during the time interval [0, t]. Then,
given y, an estimate l(xt) for f(x,) is sought such that, for any other estimate f(xt),
the following holds" E{[f(xt)-l(x,)]2} =< E{[f(xt)-l(xt)]2}.

The solution to the nonlinear filtering problem is well known, and is given by
the conditional expectation

f(xt) E{f(xt) yto },

conditioned on the or-field generated by y. This solution can also be represented in
the following form (see Fujisaki, Kallianpur and Kunita [1972])"

(1.4)
fotf(Xt)--i(Xo)-- m(xu, u)f’(x)+r (xu, u)f"(xu) ]du

+ a [f(x)g(x)-f(xu)g(xu)] dvu,

where u is the innovation process and is given by

dr, dyt A(xt) dt.

It is also known (see op. cit.) that the innovation process u is a standard Brownian motion.
Various aspects of the nonline,ar filtering problem are considered in Stratonovich

[1960], Kushner [1967], Zakai [1969] and [1975], Kailath [1969], Jazwinski [1970],
Fujisaki, Kalliapur and Kunita [1972] and others. In the present paper we examine
the nonlinear filtering problem using a linear derivative-type operator, which we call
the martingale derivative. We summarize below the main results.

Ldt ":= E{gk(xt)[yto}, where k is a positive integer, be the kth conditional
moment of the measurement function. Also, assume that the path of a specific
sample of the first conditional moment is known. Then, we show that the paths of all

""other conditional moments (g)o, k 2, 3,. ., (related to the same sample y0) can

be causally calculated using the path only. Moreover, the formulas relating (’)
and ^tgo are independent of the functions m (x, t) and or(x, t) determining the information
process x in (1.1). Thus, this calculation can be performed even in cases where a
detailed description of the information process is not available.

As an additional application of the martingale derivative, we consider the
asymptotic behavior of the nonlinear filter as the constant h in (1.3) approaches
infinity. Informally, this is equivalent to the consideration of filters under conditions
of high signal to noise ratio. We show that, as h o, the conditional probability
measure of g(xt), conditioned on the g-field generated by y o, approaches a Gaussian
measure at the "rate" of 1/h at least.

The paper is organized as follows. In 2 we define the martingale derivative, and
in 3 we.apply it to obtain a representation of all conditional moments in terms of
martingale derivatives of the first one. The paper is concluded in 4 with a
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consideration of some asymptotic properties as the signal to noise ratio approaches
infinity.

2. The martingale derivative. The martingale derivative is a linear operator
defined on a certain class of functions of unbounded variation. Its properties are
similar to the properties of the usual derivative. First we establish our notation. Let
(f, , P) be a complete probability space. Also, let {:gt}, e [0, T], be an increasing
family of complete it-fields, which is continuous from the right and satisfies :gr c :.
We denote by W a standard Brownian motion on (I, -, P; t), 0N N T. Further,
let ft and ht be square integrable semimartingales of the form

(2.1) t= at + dW, ht= bt + OdW,

where and 0 are well measurable with respect to the family {t}, E{ } ds <
and IN{0} ds < m and, finally, a and b are adapted to and differentiable on
[0, T]. Denote by[, h]t := Io Os ds the cross quadratic variation of and h (e.g.,
Meyer [1975, Ch. 3]). We next state a formal definition of the martingale derivative,
and, immediately afterwards, we give an interpretation of this definition in the
particular case which is of main interest to us. (We note that [h, h] is almost surely
strictly increasing in if and only if 0t 0 almost surely for all [0, T].)

DEFINITION 2.2. Let ft and ht be as in (2.1), and assume that the quadratic
variation [h, h ]t is almost surely strictly increasing in t. Then, the martingale derivative
f) of ft with respect to ht is

[f,h]t-[f,h]t-Af :=
[h, hit-[h, h]r_’

A0

on the optional -field on fl [0, T].
Assume now in (2.1) that, for all [0, T], the processes r and Ot are almost

surely continuous and Ot # 0 almost surely. Then, we have that

f=& and f=&t.Or’
In cases where it is possible to iterate the martingale derivative, we shall adopt

the following notation:

(2.3) +h := (rh), 0,h := ft,

where k 0 is an integer.
Next, we list a series of simple properties of the martingale derivative, showing

that it obeys the usual differentiation rules. To this end, we let f,,..., fn,, ht, It be a
set of semimartingales of the form (2.1), and assume that both of the quadratic
variations [h, hit and [l, l] are almost surely strictly increasing in t. Further, we let ct
be a stochastic process adapted to {t} and almost surely differentiable with respect
to t, for every tel0, T]. Finally, we let H’R" x[0, TIeR be a function twice
continuously differentiable in its first n arguments, and differentiable in the last one.
Then, using the Ito differential formula (e.g., Gikhman and Skorokhod [1972]), the
following (2.4) to (2.8) can readily .verified:

(2.4) (fl + cf2) h h h=fl,+Cf2,,

(2.) (f) "
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(2.6)

(2.7)

(2.8)

if rE, # 0 almost surely for every [0, T] then

fl,h t,

i= Ofi

Thus, the usual rules of calculus apply to the martingale derivative.

3. A representation result for conditional moments. We consider the nonlinear
filtering problem with information process (1.1) and measurement process (1.3). In
this section we let A- 1 in (1.3). As before, we denote by g(x) the measurement

function and, for every integer k >-0,? := E{gk(xt)lyto} is its kth conditional moment.
We examine first the relation between the conditional moments of g(xt) and the
martin_gale derivatives, with respect to the innovation process u, of t. It turns out

that g"" is a polynomial function of the martingale derivatives t, t,..., k-
Moreover, the kth martingale derivative k can also be expressed as a polynomial
function of the conditional moments t, , Thus, we encounter the interesting
situation where an infinite set of polynomial equations has a polynomial solution.

We next define two families of multivariable polynomials, Pk(Xl,’’’, Xk) and
Gk(Xl,’’’, Xk/l), where k -0, 1,.. , by the following recursive formulas:

(3.1)

Pk+x(Xl, X,+I)= xlPk(x, X,)+
i=1 -O-Xi Xi+I,

and

(3.2)
Go(x) x,

[G(x" " x+)](x,+ xx).G+(x,’", x+)
i=1 OXi

Now, we can state the following:
THEOREM 3.3. Given a nonlinear filtering problem with information process (1.1)

and measurement process (1.3) (where h 1), the following hold:
(i) gt Pk(,t,’" _k-l.

",gt

(ii) g, Gk(t, gt ).
Proof. We remark that, since )t 1, it follows by (1.4) that the martingale deriva-

tive of the kth conditional moment is g, g -gtff,t. We use this formula in the
proof of (i) and (ii).

(i) Evidently, gt P0 1, and we assume, by induction, that
P, (fit,’", ffJ"-a}) for an integer n >= 0. Then using (2.8), we obtain that

gtn+l gtgt + g""t tP.(t, n--1}u)... 2. [ .]"

Hence, g’= P,+l(t,""’, ff"), and (i) follows.
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(ii) Again, identically, 0v t Go(t) and, by induction, we assume that (ii)
holds for an integer n >= 0. Then, still using (2.8), we obtain

i=1 Ogt

,=, t j(g, gtgt)

Hence, (ii) holds for n + 1, and our proof is concluded.
Let ft be a semimartingale of the form (2.1). In general, the calculation of the

martingale derivativef involves the use of both a sample of ft and the corresponding
sample of Wt. However, in case of the nonlinear filtering problem, the situation turns
out to be different. We next show that, for every [0, T], the martingale derivative
g, of gt is completely determined by the sample g0. No explicit information on the
sample o is required. In fact, more is true.

THEOREM 3.4. Let g(x) be the measurementfunction, and the innovation process
for the filtering problem described by (1.1) and (1.3). Then, for every integer k 0 and
for every [0, T] the kth martingale derivative is determined by the sample t--

where 0 t.

Proof. First wc note that Theorem 3.3(ii) implies that all iterated martingale
derivatives g k 0, 1,. ., are almost surely continuous for all 0, T. For the
sake of simplicity, wc shall consider below only continuous samples. The null sets on
which continuity does not hold can bc dealt with by a standard "countable diagonal
set" method.

By the definition of the martingale derivative, wc have that
g "ds. Hence it follows by continuity that, for every s a

It-a, t], the quantity h" := "+"ff; is determined by the paths (ff(,,)t and tt-- t--.

We show next, by recursion, that this fact implies that all martingale derivatives can
be calculated as required.

First, in case n =0, we obtain h (). Now, by (1.4), =A(-)so that,
since A > 0, it follows by the Jenscn inequality that 70 for all [0, T]. Con-
sequently, is determined by h and thus the path (),, t- is determined by the
path "

Further, by recursion, we assume that, for some integer n > 0, the path (,)t
is determined by gt-a. Then, for every s It-a, t], the quantity h is clearly determined
by gt-. Hence, if g, 0, then the martingale derivative "+" is determined by gt-a.
Thus, it remains to consider the case 7 =0, which we next do. By continuity, it
follows that there exists an element > 0 such that either (i) 0 for all u Is ,.s];

(k}or (ii) 0 or all u [s-, s). But then, in subcase (i) we have g =0 or all
u e[s-, s] and k 2, ,.... In subcase (ii), we have already shown that+
determined by

_
for all Is- , s). Hence it follows, by continuity, that

is determined as well.
Combinin Theorems .(i) and .4, we directly obtain the following:
Coaoa .5. Le g(x) be he measremen function for he filterinf problem

of (1.1) ih measremen (1.). Then, for every ineer k 0 and for every [0, T],
he conditional momen is deermined b he path _, here 0 a .

It is interestin to note that the formulas involved in the calculation o the
conditional moment rom the first conditional moment path _, as described in
Theorems . and .4, are independent of the functions re(x, ) and (x, ) which
determine the information process (1.1). In fact, it can be shown that the same
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calculation scheme is valid for information processes more general than (1.1) as well.
Before concluding this section, we note that Corollary 3.5 can be generalized in

the following sense. Let f" R R be a continuous function, measurable with respect
to the tr-field induced by g on R. Then, for every [0, T], (xt) is determined by the
path tt_s, where 0 < a < t.

4. Some asymptotic properties. We start with a closer examination of the poly-
nomials Gn(xl," , Xn/l) o_f (3.2). Let z be a random variable on the probability space
(l), , P). We denote by z’ the ith moment of z. We next show that the polynomials
G are closely related to the Gaussian probability law, as follows.

LEMMA 4.1. A random variable z has a Gaussian distribution junction if and only
if, for every integer n >--2, G(L ", z , z+)=O.

Proof. Assume first that z is a Gaussian random variable. Then, all moments of
z are determined by the first two moments and z--, so that, for every integer i-> 0,
=z’(,). We let crz:=(z-)20, and consider the Gaussian random
variable z defined as follows" + e and (z ) tr2. Then, we have

dz’ (27ro’Z)-/2 d { f7 u exp [(u --e), du (zi+-f-zt)2
de =o e 20-2

=0 O"

Now, since the Gaussian distribution is symmetric, and since G2(2, Z2, Z3)
(z-2)3, we clearly have that G2(Lz--7,7)=0. By induction, we assume now
that there is an integer n->2 such that, for every Gaussian random variable za,

nSlG,(2,...,z )=0. In particular, it follows then that, in the case z=z,
n+l) n+Gn(z?,’..,z =0 for every e. Hence, dG,(2,...,z )/de=O for every e

as well. Now, by a direct calculation, we have 0=dG,ff,,...,zT+r)/del=o
(1/tr2)[G,/l(L zn+2)], which implies the necessity of our assertion.

Conversely, if G,(L."’,zn/a)=O for every n =2,3,... then, since G, is
monic in z n/l, it follows that all moments z of z are determined by the first two
moments and z-:. Moreover, by our previous discussion it is clear that the functions=z (z, 7.) thus obtained are identical to those for the Gaussian case. Hence,
z has a Gaussian characteristic function, and our proof concludes.

Motivated by Lemma 4.1, we shall call the polynomials G of (3.2) the Gaussian
polynomials.

Example. The first Gaussian polynomials are as follows:

Go 2, (71 (2’ 2)2, G2 (2’ e)3, G3 (z e)4- 3E(z 2)2-12.
We return now to the nonlinear filtering problem of the information process (1.1)

with the measurement process (1.3). Let Pt" R [0, 1 denote the conditional probabil-
ity distribution of g.(x,), conditioned on the o--field generated by the measurement
process y. Then, we havet u dt(u). As usual, we shall say that/3t is symmetric
if it satisfies .the following, For every function f’RR that satisfies f(x-t)
-f(t-x) for all xR, one has that f(u)dt(u)=O. As a direct consequence of
Theorem 3.3 and Lemma 4.1, we can now show. that if/3t is .symmetric, then it is
necessarily Gaussian. This is proved in the following:

PROPOSrrlON 4.2. The conditional probability measure t is almost surely sym-
metric ]:or all [0, T] if and only i[ it is almost surely. Gaussian for all [0, T].

Proof. Assume first that /3t is symmetric. Then, evidently, (g,_,)3= 0 almost
surely, so. that G2(,t, gt, g,/)=.0 almost surely for all s [0, T]. But then, since by
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Theorem 3.3, 2}v 2(g,, g2), we have that g, 0 almost surely for all [0, T].
Hence, also J"}v 0 almost surely for all integers n _-> 2 and all [0, T]. Again, by
Theorem 3.3, this implies that U, (,,. ., gt’) 0 for all n _-> 2 and all to, T], so
that, by Lemma 4.1, Pt is Gaussian. The converse direction is immediate.

We consider next the asymptotic behavior of the conditional probability measure
/, as the constant a in (1.3) approaches in.finity. Explicitly, we shall show that,
as a -+ oo, the probability law determined by P, approaches the Gaussian probability
law at the rate of 1/a at least. To this end, we need the following notation. Let
f:[0, T]-+ R be a function, which implicitly depends on a. We shall say that f---1
if, for almost every [0, T], the following holds: For every a > 0, lima_,o h 1-f(t) O.

As before, we let g(x) be the measurement function, and denote g’t E{g (xt)] y }.
Also, Gn, n-0, 1, 2,..., are the Gaussian pol.ynomials defined in (3.2). Clearly,
as h-+oo, the conditional probability measure P, degenerates into a deterministic
measure. Thus, we expect by Lemma 4.1 that, for n_->l, one should have
limx_,oo E[Gn (t,’", gt;)[--0. In fact, the following stronger result is valid.

THEOREM 4.3. Given the nonlinear filtering problem of the information process
(1.1) with measurement process (1.3), the following holds true: For every 0 <-_ < 1,

where n 1, 2, 3,.. , and [0, T].
Proof. We first note that, if the condition h 1 in Theorem 3.3 is relaxed, then,

for all k =0, 1,... and t[0, T], we have

+ g,-) 1 (OG.\""r,.,=A Gg+I(t,’" ", =a }gti=1 Ogt

where the last equality follows by (3.2) and (1.4). Then, applying the Minkowski
inequality (e.g., Love [1963, Ch. 3]), we obtain that, for every 0 N 8 < 1,

f, := ,, ...,ll+a E’/l+a la-{+n=l*+a

Z E1/(I+) Igt
i=l

Applying now the H/51der inequality (e.g., Love [1963, Ch. 3]), with exponents
2/(1- 8) and 2/(1 + 6), to each summand in the above sum, we obtain

(a) It <= Z E(1-a}/2(+8 1 E
i=1 Ogt

Now, OG/Og’, is a polynomial in ,,..., and, by our assumptions,
E{(xt)}2" < m for all integers n 0 and for every e [0, T]. Also, all relevant quantities
are almost surely continuous functions of on the compact interval [0, T] (and we
also have 1- a > 0). It follows then that there exists a constant M’g 0 such that, for
every 1, , k + 1 and for all e [0, T],

(/) E(1-8)/2(1+a OG1[ 2(1+8)/(1--8)

< M’
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Further, by (1.4), we have

Iot’ , fot[ (.i(i-gsdu=g,- +
2

-)0" (Xs, s)gi-l(Xs)+ ( g")] ds

for all integers -> 1. We now square both sides of the last equation, and consider the
expectation of the resulting quantities. On the left-hand side we obtain E{g"v}2 ds.
Also, by an application of the H61der inequality and in view of our assumptions on
(1.1) and (1.3), it follows that the expectation of the squared right-hand side is
bounded by a constant M"->0. Thus, we have, for all i= 1,..., k+l, that

5o E{’v)2 ds <- M".
But then, for every a > 0, lim_> A zigs ds 0, so that

(3’) lim A-E{g’t"}2 0
A

for almost all [0, T]. Finally, substituting (fl) and (y) into (a), it follows that, for
every a > 0,

lim EI/(I+)IA 1-Gk+(,, ", x+) =< lira M,(A-E/2 }2) 0
A-)o A i=1

for almost every [0, T], proving our assertion. ]
Consider now Theorem 4.3 in the case of linear measurement, that is, when

g(x) x. In this case, substituting n 1 and 8 0, and noting that G 22t, we
obtain that E{(x,- ,)2}.. I/A, which is in accordance with the upper bound of Zakai
and Ziv [1972]. Thus, Theorem 4.3 is a generalization of that result.

We conclude this section by showing that the conditional probability measure/3t
can be replaced by a Gaussian measure, up to an error of the "order" of 1/A. To this
end, we let Ht, for every [0, T], be the Gaussian measure determined by its first
two moments as follows: x dIIt(x)= t and X

2 dHt(x)= g’t. Given a function f" R -->

R, we shall denote byt:= f(x)dlIt(x) its expectation with respect to Hr. We now
have the following:

THEOREM 4.4. Given the nonlinear filtering problem of the information process
(1.1) with measurement process (1.3), the following holds for every 0 <- t < 1"

1
A’

where i=O, 1, 2,..., and [O, T].
Proof. The cases 0, 1, and 2 are clearly implied by the construction of the

probability measure IIt. The proof proceeds by induction. Assume that the theorem
holds for all integers 1,..., n. Now by Lemma 4.1, Gn(gt,’", 0 for all
integers n->2, so that, since Gn is monic in gt we have that gt -g--
Gn(gt, gt,’", t, for all integers n -> 2. The following calculation is intended
to replace the arguments g t, gt in the last expression by gt, gt, and to compute
the error caused by this manipulation. To this end, we represent_G, (gt,

-">
At+gtBt, where At and Bt are suitable polynommls n g, g.t,"’, g,. By our
assumptions on (1.1) and (1.3), it follows that At and Bt have all their moments
bounded.
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Now, let 6’ be such that 6 <6’< 1. Then, using the Minkowski and H61der
inequalities, we obtain:

E/+’ gq’-g1(+ E/(+’ [at + tBt + (t-- ’)Bt (1+)

where y := (1 + 6)(1 + 6’)/(6’-6). Applying now the induction assumption, and the
fact that all moments of Bt are bounded, it follows that

E1/(l+,lg g](1+8, <_ E1/(I+) IA +’B,[ (1+)+ft,
where ft 1/,.

By a similar procedure, we replace, for all 1,..., n, all appearances of gt by
g’t, retaining the corresponding errors ]’, Thus, after a finite number of steps, we obtain

E,/(,+>lg,

_
(I+)=E1/(I+)

where ht- 1/A. But then, it follows by Theorem 4.3, that
l/A, concluding our proof.

Finally, we note that Theorem 4.4 can be directly extended to the case of
polynomials in g(x) and, also, to functions which are limits, in a suitable sense, of
such polynomials.
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paper was suggested by Moshe Zakai, Department of Electrical Engineering,
Technion-Israel Institute of Technology, Haifa, Israel. The author is most grateful to
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APPROXIMATION SCHEMES FOR THE LINEAR-QUADRATIC
OPTIMAL CONTROL PROBLEM ASSOCIATED WITH

DELAY EQUATIONS*

KARL KUNISCHI

Abstract. The linear regulator problem for delay equations is discussed. We propose a (theoretical)
solution involving Riccati integral equations and then axiomatically discuss a general approximation scheme.
The details are given for spline and averaging approximations.

1. Introduction and notation. The problem of approximating delay-differential
equations by sequences of either ordinary differential equations or algebraic equations
has stimulated research for over fifteen years now. However, it was not until quite
recently that convergence proofs in an operator-theoretic framework were given; see
[2] and the references given there.

In this paper we address a specific problem of the above type, namely the
approximation of the regulator problem of minimizing a quadratic cost-functional
subject to a delay--or more generally a functional differential equation (FDE). This
question has also attracted attention for quite some time. In [15], [17] Ross and
Flugge-Lotz and Solimon and Ray specify certain approximation schemes leaving
open the question of convergence. In today’s terminology their methods would be
called averaging projections or linear interpolating spline schemes [2], [10]. Not only
does the question of approximation of the linear-quadratic control problem for FDE
present difficulties, but the theoretic development of existence of solutions, deriving
a feedback law and discussing an operator Riccati equation are challenging as well.
Delfour treats these theoretic aspects in [6], [7] and proves convergence of the
averaging scheme, discretizing space and time variables. We also cite [7] as a reference
on the literature on the linear-quadratic optimal control problem for FDE up to 1977.

In the present paper we develop a general theory for the above-mentioned
problem, which we subsequently apply to the spline and averaging approximation
schemes. The theoretical aspects are greatly facilitated by a recent paper of Gibson
[8] in which an abstract linear-quadratic optimal control problem is treated in a
general Hilbert space; it was observed that the Riccati operators satisfy two (almost)
equivalent Riccati integral equations, one of which coincides with the one used by
Delfour in [7], the other one ((2.17) in this paper), although implicitly present, was
not dealt with in [7]. It should be noted that in our presentation the treatment of the
original problem (as opposed to the approximating ones) is based solely on integral
equations. A second important feature is that we avoid using the infinitesimal generator
of the adjoint of the solution semigroup associated with the FDE. All the estimates
depend heavily on the fact that even in the abstract formulation of the FDE (see
(2.4)), the control term enters only as an operator with finite-dimensional range.

* Received by the editors May 16, 1980, and in revised form June 8, 1981. This research was supported
in part by the Air Force Office of Scientific Research under contract AF-AFOSR 76-3092C and in part
by the U.S. Army Research Office under grant ARO-DAAG 29-79-C-0161.

" Institut fur Mathematik, Technische Universit/it, Graz, Austria, and Division of Applied Mathematics,
Lefschetz Center for Dynamical Systems, Brown University, Providence, Rhode Island 02912.
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Many of the technicalities here arise from the fact that we not only prove
convergence of optimal controls, trajectories, payoffs, etc., but also give some error
bounds. This leads to an essential difficulty which is described at length in Remark 2.1.

The paper is organized in the following way. Section 2 contains the statement of
the problem and its (theoretical) solution. Then a sequence of approximating problems
is specified and the convergence results are stated, leaving technical proofs to the
Appendix. In 3, we first show how the results of 2 can be used for spline approxima-
tion schemes. For linear and cubic splines we give all the details, demonstrating
convergence of the linear spline scheme and quadratic convergence on certain sub-
spaces of the cubic spline scheme. Averaging projection schemes are discussed in 4;
the approximating equations in this case turn out to coincide with those proposed in
[4], [15] and [17].

Most of the notation that is used throughout the paper is quite standard. For a
closed interval Ic (-c, ), a Banach space X with norm I’lx and p>_-1, the
equivalence class of measurable functions x "IX with lx(s)["xds< is denoted
by Lp(I; X). [. [,(z;x)or simply[. 1, is the notation for the usual norm in L(I; X).
The space of continuous functions on I with values in X endowed with the supremum
norm is denoted by C(I;X) and C(I;X), k 1,2,..., stands for the space of
X-valued continuous functions which possess k continuous derivatives on I.
W’z(I;X), k 1,2,..., is the space of (k-1)-times continuously differentiable
functions whose (k-1)st derivative is absolutely continuous with derivative in
L2(I; X); [. [w.(;x denotes any one of the commonly employed wk’-norms. The
space of all essentially bounded and strongly measurable functions from I to X is
denoted by oo(I; X). In the special case of I [-r, 0], 0 < r < oo and X " we shall
abbreviate the notation of the function spaces by L, Ck, W’, etc.

For Banach spaces X and Y, the set of all bounded linear operators from X to
Y is denoted by (X, Y) and for (", ’) we simply write "’. For A f(X, Y)
the strong operator norm is denoted by I[A[[.(x.Y. A* stands for the Hilbert space
adjoint of an operator A from a Hilbert space H to H. " is endowed with the
Euclidean norm 1. [-, and (., )- stands for the usual inner product in ". For elements
in ["’ we use the spectral norm. Wherever the contents permit we drop the subscript
of a norm, simply using 1. for the norm of elements of a Banach space and [1’ for
that of operators between Banach spaces.

The state space of our presentation will be L(-r, 0; ") with the norm

1/2

where the weighting function p’ I-r, 0] R is a piecewise continuous and positive
function. We denote byZ (or Zo where necessary) the space Rn L2(_r, 0; n) together
with the weighted norm. The symbol (.,.)zo stands for the natural inner product in
Z and P1, P2 denote the projections of Z onto its first and second components
respectively. The need for weighting the inner product and norm will not become
apparent before 3 and we shall commonly drop the subscript Zo. k and 74/"k’2 stand
for subspaces of Z given by {(b (0), b)lb C} and {(b (0), b)lb Wk’2} respectively.

A family V(t, s) of operators in (Z, Z) with toNS <-t <- tr is called evolution
operator if V(s, s)z z, if V(t, s)z V(t, r) V(r, s)z and if V(t, s)z is continuous
for all z Z and all s, with to _-< s -< r _-< _-< tr. The derivative of a function x is denoted
by 2 or also x’, and, finally, for x [-r, a) , a > 0, the symbol xt, 0 <- <- a stands
for the function [-r, 0]X given by xt(s)= x(t + s) for s I-r, 0].
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2. Approximation of the linear-quadratic control problem. For (, 4’)= z Z
and (to, tf) R R we consider the functional differential equation (FDE)

A(t) L(t, xt) / f(t) for to <- S <- <-_ tf,
(2.)

x(s)=n, x=
where

(2.2) L(t, &)= Ai(t)(-ri) + A_x(t, s)&(s) ds.
i=0

Here we let 0= ro<ra <"" <rt r and the matrix-valued functions Ai, for
-1,..., l, are considered as operators in Aie C(to, tr; R""), for i=0,..., l, and
A-1 e C(to, tf L2(-r, 0; R"")), respectively, and f LZ(to, tf ").

We also need to restrict our attention to the homogeneous problem

k(t)=L(t, xt) forto<-_s<-t<-tr,
(2.3)

x(s) , Xs=.
It is quite well known [10] that solutions to (2.1) and (2.3) exist and that they

do not depend on the representative of an equivalence class L2. We shall denote
the solutions by x(., s; z, f) and x(., s; z), respectively, dropping arguments if the
context permits us to do so. Let T(t, s):Z Z be the solution operator associated
with (2.3), i.e.,

T(t,s)z=(x(t,s;z),xt(.,s;z)) forto<-S<-t<-tr.

Then T(t, s) is an evolution operator on A {(t, s)lt0 s <-tr}.
In the next lemma the weighting function for the norm of Z is chosen identi-

cally 1.

LEMMA 2.1. Exponential bounds on T(t, s) are given by

where

IT(t,s)zlz<-Me(’-lzlz for (t,s)A,

sup IlAi(t)
t[to,tf]

1/2

and

sup [IA-(t,’
t[to,tf]

with A_(t, considered as an element in L2(-r, 0; nxn).
For the proof see [14, Thms. 2.1 and 3.5].
We return to (2.1) and recall the following variation of constants formula.
LEMMA 2.2. Iffor zoeZ we define z(t, s; Zo)eZ by

z(t,S;Zo)=(x(t,s;zo,[),x,(.,S;Zo, f)) [or(t,s)ea

then

(2.4) z(t, s; Zo) T(t, S)Zo + T(t, o’)(f(o’), O) &r for (t, s) e A.
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This result is proved in [6, Thm. 3.1] and in the autonomous case it also follows
trivially from [2], [5], [11].

In this paper, we shall consider the following optimal control problem"

Find u L2(t0; tf; Rm) which minimizes

J(to, n, , u) (Fx(tf), x(t))Rn + (D(t)x(t), x(t))R, dt

It tf
(P) + (C(t)u(t), u(t))a., dt

subfect to

2(t) L(t, xt) + B(t)u(t), to <= <= tr,

x (to) 7, Xto qb, where (q, q) Z and to, tf are given

In the notation of the cost functional J we let x(t) stand for x(t, to; 7, 4, B(t)u(t)).
The assumptions on F, D, C and B are the following’

F (Rn, ,), selfadjoint, nonnegative,

D 9(to, tr; n,), selfadjoint, nonnegative,

(2.5) C YJ(to, tr, ’’), selfadjoint, C(t) >= c > 0

for some c > 0 and almost all t,

B 9(t0, tf; ,m).

For the presentation of the approximation results we choose a sequence of closed
linear subspaces {ZN}= of Z and orthogonal projections

PN:ZoZr forN=l,2,’".

We shall also use the operator O0:R Z given by

Oon=(n,o).

Of course, Oo can be represented as an n x n Z-valued matrix by

O) 0
QO---

0 (1, O)

where 0 stands for the zero-element in Z. In general, we shall not distinguish between
the operator Oo and its representation. With this notation (2.4) can be written in the
form

(2.6) z(t, s; Zo)= T(t, S)Zo+ T(t, cr)Oof(r) &r.

Motivated by earlier work on approximation of FDE [2], [5], [10], we may impose
the following hypotheses:

(H1) There exists a family of evolution operators T (t, s): Z Z, forN 1, 2,..
and t, s) A such that

i) IlTN(t,s)ll<--_e(’- [orsome 2r>O,.
ii) Tu (t, s)Zu = ZN for all (t, s) A.
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iii) There exists a real-valued function fi such that

IT(t, s)z TN (t, s)zl <=fi(N, z).

Of course in the examples that we have in mind fi will tend to 0 at a certain rate
as N goes to ; the dependence of fi on z will also indicate possible dependence on
derivatives of z (compare 3).

(H2) limN_, PNz Z ]’or all z Z.
To get estimates on the rate of convergence we need to introduce a family of

operators ON. " Z, which act as "smoothing operators" for Oo.
(H3) Them exists a sequence oflinearoperators ON. Z,N 1, 2, , such that
i) oNR" c ZN.

ii) [ION Ool[e(n-;z)_<- po(N) for some real-valued function
iii) IlON[[(n-;z)<= q for some q >= 1, independent ofN.

Throughout this.section we assume (H1)-(H3) to hold. A possible candidate for O
is the matrix whose columns are the orthogonal projections of the columns of Oo
onto ZN. Notice that (H3i) implies that there exist a matrix OoN e(Rn, n) and a
function valued matrix oN nne L2(-r, 0; such that ((QoN)j, (Q)j) e ZN for ]-
1,..., n, where (E)i stands for the ]th column of a matrix E. In the examples that
we have in mind QN can always be chosen as a diagonal matrix, with diagonal elements
in x L2(-r, 0; ) approximating (1, 0) e L2(-r, 0; R). The need for introducing
the family QN to obtain estimates on the rate of convergence will become apparent
from the analysis below. The underlying problem, however, can be explained for
real-valued functions on [-1, 0].

Remark 2.1. To demonstrate the need for introducing the family of operators
QN let go" [--1, 0]- be given by

1 for s =0,
go(s)=

0 for s e [-1, 0).

It is not hard to find a sequence of functions gN’[--1, 0], such that (a) gN(0) 1;
(/) O(1/N) for some p >0; (y) gNe W1’2(-1, 0; N); (6)It,l_-<M for some
M1 independent of N. In fact, we may take

Nt+l forte-,0
gN(t) 0 otherwise;

however, Inl diverges like /. For functions in W2’(-1, 0; N) we analyze the
question more precisely: there exists no family of functions {gN} such that

i) lim gN(O)= 1,

(2.7)
ii) liNm IgNl O,

iii) gN e W2’2(-1, 0; R),

iv) I[’,NIL<--M and I(,NIL<=M2, both uniformly in N.

Proof. Assuming (2.7i-iii), we argue that (2.7iv) cannot hold. We first show that
limN gN(--1)= 0. For suppose there exists a subsequence, again denoted by gN such
that gN(-1)-> a > 0, for all N. (The case c < 0 is treated similarly.) Then

gN(e 1) gN(--1) + | ,N(S) ds >= a -/- ml.
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Therefore, there exists eo > 0 dnd d > 0 such that gN(e 1)->_ d > 0 for all N and
e [0, eo]. This contradicts (2.7ii). Next, we verify that limNN(--1)= 0. If not, there
exists a subsequence, again denoted by gN such that N(--1)=> d > 0, for all N (the
case d < 0 is treated similarly). Then

g(e 1) g(-1) + eg(-1) +

_
(e-l-s)(s)ds>-g(-1)+e(-M

so that there exist constants o>0 and k >0 such that gN(e- 1)>_-gN(--1)+ ek, for all
N and e [0, tTo], which again contradicts (2.7ii). In a similar way one can show that
limN N(0)- e. Since the left-hand side in the next estimate tends to oo,

0 1/2

we see that (2.7iv) is violated and hence the proof of the above claim is completed.
There is yet another way of considering properties (2.7i-iv), which is interesting

from the point of view of spline analysis. We let N W’(-1, 0; N) denote the unique
cubic Hermite spline function given by

(t) gN(tf) 0 for/" 2,..., N,

(2.8) N(tN) 0, ’(t) =/3,

,(0) 1, ;,(0) ,
for a partition t =-]/N, ] 0,..., N of [-1, 0]. A simple calculation shows that

-2N
3 + (a +/3)NZ)t3 + (2aN +/3N 3NZ)t2 + at + 1 for ItS, 0],

5N(t)
0 otherwise.

We recall that the variational problem of finding the function v W2’2(-1, 0; )
satisfying (2.8) and minimizing Ib’lL is exactly the cubic Hermite spline N; but IIL
diverges like N3/2. Of course, a similar negative result can be shown for cubic spline
functions. To relate the above observations to the operator O0 we suppose r n 1
and ZN c {(b(0), b)10 W2’2(-1, 0; t)}. Then we have demonstrated that there does
not exist a sequence of operators ON :N-* ZN such that limN IION Oollze(R,z) 0 and
such that IId(P2IDN)II,(R.L2(_I.O;N))and IId2(p2IN)I[(N.L2(_I.O;N))are uniformly bounded
in N; here d denotes the differentiation operator.

To explain the significance of the above negative result, we recall that in order
to get good convergence results in spline analysis, the (L2- and Chebyshev-norms of
the) derivatives of the approximated function play an essential role [13], [16]. In the
next section we shall apply the general result of this section to specific spline approxima-
tion schemes, and it is no surprise that again the convergence of TN(t, s)z to T(t, s)z
depends on the smoothness of z (see [5]). A brief look at (2.4) or (2.6) indicates that
this will cause severe difficulties, since under the integral the operator T(t, s) always
acts on a discontinuous function. The special form of the integral will help to get the
convergence result. But for estimates of the rate of convergence of control, state,
payoff and Riccati operator, certain uniformities in the convergence of ON to O0
would be needed to estimate I TN (t, cr)ONf(r) dcr, the candidate for approximating
the integral term in (2.6). In the case of cubic spline approximations, for example,
one would look for a sequence of bounded linear operators ON, which in the one-
dimensional case ought to consist of elements satisfying (2.7).
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To get better results than just convergence, in spite of the above difficulties, we
shall use the following simple technique, which we explain by using go" For some
desired accuracy e determine a function gN (QN or PrQo later on in this paper) such
that gN(O)= 1 and e. Moreover, gN will be chosen in such a way that it suits
our smoothness requirements for the specific situation and such that IgN/,IL <= e for
/z 1, 2,. . Then, once N is fixed, we can expect that TN/" (t, s)gN converges at a
certain rate as/x - eo, depending on the approximation scheme, i.e., on Zu, and on
the smoothness of gN. This ends Remark 2.1.

We return to the development of the theory begun prior to this long remark and
aim at an "abstract" formulation of problem (P) in the space Z. We shall need the
operators 3 andN (to, tf; (’, Z)),@ and@N (to, tf; (Z, Z)) andSg and
N (Z, Z) given by

(t) QoB(t) and N(t)= QNB(t),

.(r/, b) (Fr/, 0) for rl 4)) Z, FN pN;pN,
(t)(n, 4)=(D(t)n,O) for (n, 4,) Z, N(t)=pN(t)PU.

LEMMA 2.3. The operators and Y3 N, @ and @N, and FN satisfy the same
properties as B, D and F in (2.5), respectively. Moreover,

*(t)(rt, b) B*(t)q for (1, 4)) Z and to <-- <- tr,
o

(N)* (t)(/, Cb) B*(t)(O)*rl + | B*(t)(OT)*(s)g)(s) ds,

and

(IJN)* and* Yd.(to, tr; (Z, wn)).

Proof. We shall only verify the representation of (NN)*. So let veN’, and
(r/, b) Z be arbitrary; then

0

(Nv, (rl, ))= (OUoB(t)v, rl)a" + I_ (O(s)B(t)v, b (s))n-. ds

0

(v, B*(t)(O)*rt)R" + I_ (v, B*(t)(ol)*(s)g)(s))R.. ds

o

(v, B*(t)[(O)*q + I_ (O)*(s)4)(s)])n".

Next we introduce the family of approximating optimal control problems in which
the original problem () is imbedded. Let

T(t, s)= T(t, s), eO=/, YJ(t) (t), QO= Qo,

o=, FO= -,
and consider

For to , tr and z Z given, minimize

J(to, Pu+" z, u) (FN+’Z’" (tr), Z N’" (tr))

(N,,) + ((N+"(t)zN’"(t), zN’"(t))+(C(t)u(t), u(t))) dt
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over u L2(to, tf; Rm) subfect to

(2.9) z’(t) T+’(t, to)P+"z + It T+(t’ rt)(r/)u(r/) drt for to <_- <_- tf.

For /x =N =0 and by Lemma 2.2 we have (o.0)= (). Some motivation for the
double limit process in (N,.) was already given in Remark 2.1. Since N(t)= OoB(t)
contains the "jump operator" O0 which is extremely formidable for higher order
convergence of the states ([16, p. 42], [5, Remark 3.3]) we introduce the family of
operators ON, which will play the role of smoothing and approximating O0. For each
N we may then consider a second approximation in/x from which we expect to obtain
rate of convergence results. In the estimates that follow we will always be able to
separate the influence of the two limit processes, one essentially depending on how
well ON approximates O0 (compare (H3ii)) and the other one on the approximation
of T(t, s)z by TN(t, s)z (compare (Hliii)). The consequence of the first limit process
will be dealt with by tedious calculations, whereas for the latter, one may appeal to
known results on the approximation of T(t, s) which were obtained by employing the
Trotter-Kato theorem from semigroup theory. We will come back to a discussion of
the use of this double limit process in Remark 2.4. A similar double limit process was
used in [9], where approximation schemes for neutral functional differential equations
were derived. There, as a consequence of the specific features of neutral functional
differential equations it was needed essentially in the proof of convergence and its.
necessity was also demonstrated by numerical examples [9, Ex. 3]. In the present
paper the double limit process will only be needed for the rate of convergence results,
whereas for convergence alone it is superfluous and one can put/x -0 in this case.
We now address ourselves to solving (fiN,.), N, /x 0, 1,’’’ and to the question of
the behavior of the solution of (N,.) as N,/x - oo. Problems (N,,.) are special cases
of the linear quadratic optimal control problem considered in [8], from which we have
the following information about (N,.).

Under the assumptions on F, D and C the unique optimal controls are the
solutions of

pNJ’(to, +"z(to), u)v 0 for all v LZ(to, tf "),

where

J’(to, PN+gz(to), U)V

denotes the Fr6chet derivative of J at u applied to v. Therefore, after some calculations
one finds that the optimal controls aN, are given by

(2.10)

where

and

and

(2.11)

(2.12)

tN’" (t) _(( VtUo,. )-i N,.W, z)(t) a.e. in [to, t],

V,oN’" 6L(L(to, tr; Nm),L2(to, t: ))

WtNoo’Ix =.(l L2(to, tf; ’))

VTo’" c + + ,o ,o

WtoN,I N’I, oT-N+I N
,,’-’to *@N+’rN+"-to +( )*cN+")*FN+TN+’to (t,to).
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Here

are defined by

6rl-N+ h rN+Wto v.)(s) (s, r/)d(r/) dr/ for b LU(to, t; Z),

7N+IA,,o ,)=,,,o ’)(q),

((3",o+")’4)(t) (n, t)6(n) dn,

w-to )*i)(t) )*(t, t)z" for z7 Z,

T/’t T/"t, to.

Consider for a moment the optimal control problems (’) with J(to, ’’+/" Z, U)
replaced by J(s,Pr+"zlV’"(s), u), to<-_s<-_tf; if we let t’ denote the corresponding
optimal control, then it is clear from the above that

(2.13) (’")(t)=-((V’")-W’"P+"z)(t) a.e. in Is, tf],

if VY’ (L2(s, tr; R"), L2(s, tf; )) and WY" .(Z, L(s, tr; ")) are defined
analogously to Vto" and Wto’ in (2.11) and (2.12), respectively. For z Z the optimal
trajectories S1’ (t, s)pl/"z corresponding to J(s, "+r z, u) are then given by

S’(t, s)PN+"z T+" (t, s)Pr+"z
(2.14)

-Is T+" (t’ rt)N (r)((Vs "" )-l Wu’gPN+gz)(rt) dl.

We extend SC’’(t, s) to Z and let SS’"(t, s)z be given by (2.14) with Pr’"z replaced
by z. From the results in [8] it follows that Ss’" (t, s) is an evolution operator in A on
Z for each N,/, and moreover that t,. is also given by

r’g (t) -C-l(t)(y$r (t))*IIr’g (t)Sr’" (t, to)Pr+gz a.e.,

II’(t)z Tu+" )*(tf, t)Fu+gS’" (tf, t)z
(2.16) ,

+It (TN+g)*(rt’ t)u+"(rt)Sr’g(r’ t)z drt for to <-t<-tf, z Z.

The basis for the numerical approximation scheme will be (2.10), (2.14) and (2.16)
together with the following Riccati integral equation for IIr’""

IIr’"(t)z (Tr+")*(tf, t)Fr+"TU+" (tf, t)z

(2.17) + (rt, t)

(2.15)

with
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Since Z is separable, so that T*(., .) is strongly measurable, (2.17) is also a direct
consequence of the results in [8]; moreover

IIv’" (t) is nonnegative and selfadjoint.

To establish the approximation results we adopt the following"
DEFINITIONS.

(i) 0 as a superscript may be dropped.
(ii) b supt[to,t]
(iii) e supt[to, tr]
(iv) d suptcto.tr3 []D(t)l[.
(v)
(vi) We assume that M _-<

Moreover we note that
(vii) By (Hli-iii) there exists a real-valued function p such that

IT(t, s)z TN(t, s)Pz]<--_p(N, z) uniformly in A;

indeed p (N, z) fi (N, z + .rlPNz
(viii) By (Hliii) there exists a real-valued function such that

liT(t, s)O

indeed one can let

t(/.t + N, QN) x/ max tS(N +/z, ((Q)., (QV)j)).
j=l,...,n

(ix) The constants Ki to be used below depend on the following variables of
(,).

Ki Ki(n, Ai, f, d, b, c, q, to, tr),
and are calculated explicitly in the proofs. We shall also use constants ki whose values
are given explicitly in the theorems.

LEMMA2.4.

(a) bqllT/l=(d(tz to)+f)def ko

(b)

(c) There exist constants Kt and K2 such that for all z Z

where

sup I(Woz)(t)-(w’PV+z)(t)ln
t[to,tf]

<= po(N)lz[k + fi(N + p, OU)lzlK +p(N + i, z)K2 + ]IPN+*’Qo- Qoll Iz Ik,

k bx//lY/2[(2aS)-d +f],

k2 bqx/-ffl[d (tf to)(2ta)-x +f].

(d) There exists a constant Ka such that, for all w

sup [((Vto- Vto" )w)(t)l <=po(g)k31wlL2+lS(Y + Iz, QN)KaIwI=
te[to,tf]

+ IlOo pr/,Oo]lk41 w IL2,
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where

and

k3 b4(1 + q)/2 f .+.

k4 b2x/q2/r2(\x/__+df ).
Remark 2.2. It is simple to check that the same estimates as in the previous

lemma also hold for VY’" e(L2(s, tf; Nm), L2(s, t; Nm)) and WY’"
(Z, L2(s, tf; N)), for s e It0, tf].

TEOREM 2.1. For the optimal controls ’" and we have the following L2

estimate"

< -1 1/2100
+ p(Y +., z)gz + IlP+"Oo

+ c-=(te to)kolzl[po(g)k +(N +, o)g
Proof. The proof, using Lemma 2.4, follows from the following simple estimate"

v W,oZ v’’’Wto’ Z ]L

o" r z-(Vo ,,o

c-l Wo w’e*] I(Vo )-(Vo v’ )(Vo)- to

+ c-=ll V,o- v,’" II(L=(.o...;.%L=(.o...;.>>ko(tf to)1/21z [.
Remark 2.3. Although it is not dicu]t to show that the controls ’", N,
0, 1,..., are continuous if B(.) and C(.) are, and that V’" is invertible in

(C(to, t/; ), C(to, tf; )) it does not seem possible to find a uniform bound on
VN -111( [l(c(to,te;,%c(to,t;,)). We shaH, however, consider the question of uniform

convergence of the controls in Theorem 2.4.
Remark 2.4. The use of Theorem 2.1 will be demonstrated for the case where

the subspaces Z are chosen as subspaces of sp]ine functions, for example. Then, if
one is merely interested in convergence of the optimal controls ff’" one may put

20 and Theorem 2.1 will guarantee L -convergence of ,0 to (see Corollary
2.1 below). However, if the initial data z in Z are picked suciently smooth one
would expect to find higher order estimates on the rate of convergence. Unfortunately,
even for smooth initial data, one still has to deal with the "jump" operator Q0 used
in the variation-of-constants formula (compare (2.4), (’") and (2.12))" For any given
e one can use the explicit formulas for k and (H2), (H3ii) to determine N N(e) > 0,
such that for 1, 2,...

Iio0- ollc-’(te to)’/=llk, + c-=(te to)kolz]kd

Fixing N, Theorem 2.1 guarantees that the approximating optimal controls
converge as at a rate given by fi(N +, O) and p(N +, z) into the previously
fixed e-neighborhood of the optima] control . Similar remarks apply for the optimal
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trajectories, the payoff functional and the Riccati operators in the following theorems;
again the constants ki multiplying [IQo-QN[I and I[Qo-pN+"QoI[ are stated explicitly.

Remark 2.5. It can be seen easily that Theorem 2.1 remains true if t N’" and t
are replaced by tN’" and ts as defined in (2.13). For the optimal trajectories S(t, s)z,
with (t, s) A, we have the following estimate.

THEOREM 2.2.
(a) For the approximating optimal trajectories we have

IIS’" (t, s)ll <= k5 for all (t, s) A and z, N O, 1, 2,...,

where k5 .hr(1 + bq(tf- to)c-lko).
(b) There exists a constant K4 such that

< O’ [1,:4[S(t,s)z--SN’"(t,s)pN/"z[=p(N+tz, Z)+(N+z, )[Z

d-Il lN’tlL2k6 -Jr-]Z]OQ(N)k7,
where

k6=b] 1

x/-’ k7 k6c-lko(tf to)/2.

THEOREM 2.3. For all y, z Z and [to, tf]

(a) IlnN;" (t)ll-<- k(f+ d (tr to)).

(b) (H(t)z HN’" (t)pN+"z, y)

(d(tr to)+f){(N +, y)lz Ik

+[__ N,[L2k6+[Z[flO(N)k7+[Z[kllO0_P+"Oo[[3}.
For 0 we have the following corollary to Theorems 2.1-2.3.

COROLLARY 2.1. There exist constants Ks, g6, K7 such that

(b) [S(t,s)z--SN’(t,s)PIK6[fi(N, o0)lzl +0(g,

Proof. By Theorem 2.1 we have

Since O" Zu and since PU is an orthogonal projection, IPOon-Oon[
IIo -Ooll[[ for all , which implies that

(2. 9) IIPOo Ooll <
Also, for (t, s) A we find

(N, O) lIT(t, s)(O-Oo)ll+ll(Z(t, s)- T(t, s))Ooll+llT(t,
(.0)

2e(t-)po(N)+ fi(N, 0o).

Estimates (2.18)-(2.20) imply (a). To prove (b) and (c) one uses (2.19), (2.20) and (a)
of this Corollary together with Theorem 2.2 and Theorem 2.3, respectively.
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COROLLARY 2.2. For the payoffJ the following estimate holds"

[J(to, PU+z, au’t’)-J(to, z, t)

-<- [(tr- to)d +f]klz]{2[p(N + tz, z)+(N + tz, QU)]zlK4
+ a a k6 + Iz IPo(N)kT] + lIPu+"Oo Qollkslz l}

+ 2la a’"lkoo-(tt to)/Zelzl.

Finally, we discuss the convergence of u’" to in the supremum-norm. For the
sake of a simpler representation we restrict our attention to the case 0.
TOM 2.4. If limu po(N) 0 and limu(N z) 0 [or each z e Z, then

lim sup It(t)- tv’(t)l 0.
Noo t[to, tl,]

Because of the engineering importance of feedback control, we return to the feedback
control law (2.15). First we notice that the nonnegative and selfadjoint operator
IIN’" (t)e (Z, Z) can be written as a matrix of operators

/n"(t) n-(t)nU’"(t) \n-(t) n"(t)]’ t<-t<--tt’

where 1-I is a real symmetric and nonnegative n x n matrix and II"(t) .(R’, L2)
can be realized by a real square integrable n n matrix function H"(t, on [-r, 0].
Moreover, FI"(t)*= l-long(t) and II"(t) is a nonnegative selfadjoint operator in
(L2, L2). Applying Lemma 2.3 and (2.15) we can therefore give the optimal control
law for problem (P) by

u(t)=-C-l(t)B*(t)Iloo(t)x(t)-C-l(t)B*(t) IIl0(t, cr)xt(tr) dtr.

A similar feedback control law holds for the problems (v,,). The following corollary
is a direct consequence of Theorem 2.3. By ei we denote the ith unit vector in R n.

COROLLARY 2.3. (a) ff limN-, po(N) 0 and limv_, fi(N, z) 0 for each z Z,
then we find for the elements in the matrix representation of 1-I(t) that limN-, IIo(t)
Iloo(t) in (, Nn), weak-limv_,oo II(t)y Illl(t)y in Lz and limN_, II(t)y
II01(t)y in for each y eL2, with all limits homing uniformly in re[to, ff]. More
precisely, there exists a constant K9, such that for all x, y L2 and v Nn we have

IIIZi"(t)y IIo(t)yl <- K9[(m.a, x (N+ tz, (e,, 0)) +fi(N+/x, oN) +oo(N)

+llOo-P+"Ooll)lyl,=+o(N + z, (o, y))],

uniformly in [to, t].
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(b) There exists a constant Ko such that for each z Z and [to, tf
Ic-(t)(N (t))*Hu’" (t)z c-l(t)*(t)H(t)zl

= K0[(max fi(N + x, (e, 0)) +(N+ x,

+ oo(N)+]lOo-PU+"Ooll)lz[ +o(N +/.z, z)].

Proof. We note that Theorem 2.3(b) clearly holds if P+"z is replaced by z. The
above estimates then follow by simple applications of the triangle inequality.

We now turn to he final question of this section and denote by ’"(t) the
trajectory which results from applying the optimal feedback laws associated with the
approximating problems (N,,) to the original system:

(2.21) ’"(t) T(t, to)Z + r(t, .
o

for e[to, t]. Will the solutions r’"(t) of the closed loop system (2.21) converge to
$(t, to), the optimal trajectory of the original problem (P)? This is indeed the case, as
will be shown in the next theorem. To relate (2.21) to the original problem (P) we
recall that fN’"(t) is connected to the function 2’" "[to-r, t] N satisfying

d N..d-- (t)=L(t, )+B(t)[-C-(t)(3N(t))*HN’’(t)](u’"(t),tN’")
(2.22)

(u,. (to), Xto Z,

via (N’"(t),tN’")=N’"(t). This can be seen from Lemma 2.2 with f(t)=
-B(t)C-(t)( (t))*HN’" (t)N’" (t).
Let {$(t, to)Zlt [to, t]}, which is a compact subset of Z. If lim_.o (N, z) 0 for
each z s Z then (H1) and (H2) imply that limN_, (N, )= 0 uniformly in e /.

THEOREM 2.5. There exists a constantK such that

IS(t, to)z --fN’"(t)l _--< K[(max fi(N + x, (e, 0)) +(N + x, Or)

+llOo-P’+"Ool[+ oo(N))[zl +sup o(N + Ix, e)],
z

for all e [to, tf].

Proof. Let lbc-. Then we have the following inequalities:

IS(t, to)z-’"(t)[ f, IT(t, r)(r)C-(r)
o

[Y3*(r)YI(r)S(r, to)Z -(Y3r (r))*IlN’ (r)."" (r)]l

=< to)Z]
o

+ ft [(3u (r))*IIN’" (o’)(S(cr. tolz 2’" (cr))l do"

<= ft [[Y3*(cr)Fl(cr)-(Y3u(r))*FIN’"(cr)]S(cr’ to)Z[ do"

+ bqllk(f+ d(tf-tol) f, IS(or. to)Z -’"(r)1 do’.
o
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where in the last estimate we used Theorem 2.3(a). An application of the Gronwall
lemma and Corollary 2.3(b) imply the result. 71

Let us denote the optimal control of the closed loop system (2.21) by

(t r,, (t) -C-1 (t)(NN (t))*IIu’" (t)u’" (t).

As before the optimal control of the original problem (P) is ft. The cost functional
corresponding to (2.21) is given by

Jn’" (to. z. u) (’n’" (tz). r.. (t))

+ ((@(t),N’"(t), Su’"(t))+(C(t)al""(t), u’"(t))) dr.

COROLLARY 2.4. There exists a constant K12 such that for all e [to, tr] we have
the estimates

[(t)- ar’g(t)l <- u(N, ix),

[J(t0, z, t)-.v’" (t0, z, tr’")l _-< u(N, ix),

with

0u(N, ix) K12[(max 7(N + ix, (eg, 0)) + tS(N + ix,

+ po(N)+[IOo-pr+gOoll)Iz[ +sup p(N +

The proof of this corollary follows directly from Corollary 2.3 and Theorem 2.5 by
repeated use of triangle inequalities and will therefore not be given here.

Remark 2.6. We draw the reader’s attention to the fact that all the convergence
results were obtained avoiding any specific information about the adjoint evolution
operator or its generator. This is quite important, since the properties of the adjoint
evolution operator are unfavorable to constructing approximation schemes: if s4*(t)
denotes the infinitesimal generator of the adjoint evolution operator, then

f-I Dom (s4*(t)) need not be dense in Z
t-- to

(see [6]), and for autonomous FDE Dom (s4*) consists of all elements (r/, b) Z with

b absolutely continuous on [-rg, ri-), for 1, , l, and with jumps at rg determined
by A/* [18]. It would therefore be quite difficult to find a general procedure for
constructing a sequence of operators T(t,s) such that (HI) holds and which in
addition satisfies properties analogous to (H1) with TN(t, s) and T(t, s) replaced by
T (t, s) and T(t, s)*, respectively. Indeed, we shall see shortly that Zv c Dom ((t))
is a very convenient property for showing that Ts(t, s) converges to T(t, s), but the
analogous hypothesis ZN c Dom (sg*(t)) will generally not be satisfied for any of the
schemes that will be discussed in the following two sections. If, of course, strong
convergence of the family T(t, s) to T(t, s)* is assumed, then it is shown in [8] in
the context of general evolution equations that the approximating Riccati equations
converge strongly rather than weakly. Moreover, [8] contains approximation theorems
that are very similar in spirit to the results of this paper. But no rates of convergence
are discussed and here we concentrate on the specific features of approximating the
regulator problem for functional differential equations. Whereas our approximation
schemes lead to a discretization of the space (i.e., delay) variable only--see (2.4) and
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(3.1)--a discretization scheme for space and time variable simultaneously was discussed
in [7].

3. Spline approximation schemes. In this section we apply the results of the
previous one to subspaces of spline functions. There are three subsections: (c)
Generalities, (/3) Linear-spline functions, (3/) Cubic-spline functions.

(at) Generalities. Spline approximations for FDE have been developed in [5] and
we shall use these results here. Throughout, we assume (2.3) to be autonomous, so
that Ai, =-1, 0,. ., are independent of t. We recall that in this case the solution
evolution operator becomes a semigroup via T(t, s)z T(t s)z for z e Z and (t, s) A,
whose infinitesimal generator is given by (b(0),b)=(L(b),), where
Dom ()= {(r/, b)lb e wl’2(-r, 0; Rn), b(0)= r/}. We specify a weighting function for
the norm of Z by

g(s)=j for S[--t’l-i+l,--rl-i), forj=l,... ,l.

Obviously Z1 and Zg are equivalent Hilbert spaces, since/-1/2l(r/, b)lzg--< I(r/, b)zll -<

I(r/, b)lzg. We continue to drop the subscript Zg if only the set-theoretic or topological
structure of Z. is important. The need for introducing a weighting function when
studying functional differential equations with semigroup theoretic means is well
known since [19]; it guarantees dissipativity of in Zg. Dissipativity is essential in
the proof of the following theorem, for example, and means that (z, gZ)z
for some w->0 and all z Z. For a more detailed discussion from which it can be
seen that not the exact shape of g but only the jumps at -ri are essential, we refer
to [2, p. 185]. Next we repeat a general result from [5], and call {Z
N 1, 2,. an approximation scheme if {ZN} is a sequence of closed linear subspaces
of Zg, {pgN} is the sequence of orthogonal projections, P" Zg Z and {v} is a
sequence of operators Zg - ZN.

TI-IEOREM 3.1. Let {Z, Py, 1} be an approximation scheme satisfying
(i) ZN C Dom (), N= l, 2,
(ii) ’ N=PgsgPg, N= 1, 2,’"

N(iii) (a) limu_, Pg z z in Z]’or all z Z,
(b) ]’or some integer k >= 1 we have limr_, L(4u) L(h) in and

limN_., (pu)’ p’ in L2 for all 4 Ck, where b is defined by P=
(4, (o), 4,’).

Then each s1 is the infinitesimal generator ofa Co-semigroup T (t), >= O, such that

TN(t)ZNCZN, N=l,2,..., t>-O,

lim T (t)z T(t)z in Z,
N

where

liT (t)[lz et T(t)llz < e

/ 1 IIA,II/ IIA(s)ll= ds.

We carefully avoided *, the adjoint of ; however we shall need
LEMMA 3.1. The infinitesimal generators *u of (T (t))*, the adfoint semigroup

N Nof T (t) generated by Pg 5Pg, are given by

Dom (*n) Z
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and

* ,(PPg

Proof. Since P is closed and defined on Z it is bounded; therefore Pg..ePgNN
N N N N :is bounded and so is (PgCPg)* and Dom (PgPg) Z. The second claim follows

from general semigroup theory [12, p. 277].
We need one more condition on the subspaces ZU:
dim Zu ku < ,andfor eachN there exists a nontrivial sequence (N)
such that Zu =Zu+d) for k 1, 2,....

e now turn to a discussion of the variation-of-constants formula (2.9), the
feedback laws (2.3) and (2.15) and the Riccati integral equation (2.17); the assump-
tions used in the rest of this section are (H3), (H4) and the assumptions of Theorem
3.1.

The. fact that by (H3) the columns of Qu are in Z together with (H4) and
T (t)Z Z imply that for each N there exist integers such that the right-hand
side of (2.9) is in the finite dimensional subspace Zu+, and therefore

,-2 N,. (t) sgN+gz’" (t) + ONB(t)u(t),

zN.(to) ,,N+.
--"/"g Zo

to <-_ <-_ tr,

By a similar argument we find that HN’ (.) satisfies in Zu+g the Riccati differential

dIIN’" (t)
dt

equation

-(sN+")*Hu’" (t)- HN’" (t)sg

(3.2) --[@N+g(t)--IIN’g(t)N(t)C-I(t)(N)*(t)yIN’’(t)] for to <=t<--tr,

II’" (tt) FN+"
We also recall the feedback law

(3.3) tN’" (t) C-I(t)(3N)*(t)I-IN’" (t)SN’" (t, to)pgN+gz,
where S’" (., to)PUg+gz is the optimal trajectory corresponding to

To approximate () by the finite dimensional problems (’") we yet have to
express the various operators in (3.1)-(3.3) with respect to some bases in ZN.

Remark 3.1. For the reader who cares to follow the calculations carried out in
this subsection, or the potential applicant of the resulting finite-dimensional linear
quadratic control problem, it might be helpful to think of Rn-vectors as n x n diagonal-
valued matrices.

For each N= 1, 2,..., we now choose a basis (fi,...,/,) of Z. From
ZN c Dom () it follows that/ (/3(0),/3) for 1,. ., kN, with/3 e W1’2. We
shall need the matrix functions

and
N

Each element zN e ZN can be expressed as
^N Nzu /3 aN fora col(ar, N

a k,,) e Rk"
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or in terms of elements as

z
i=1

The matrix representation of N.Zs --> Z, denoted by AN and the coordinate vector
of Pg z, for z (, &)Z have been calculated in [5]. To present this result, which
is a simple consequence of Pg (, ) (, ) LZg, we define the matrices

jN (L N)zg
def f Nflu(0)*u (0) + (s)*flu (s)g(s) ds,

h(, $) (fi (, $))z,
df ’Ou(0)*n + flU(s)*&(s)g(s) ds

and
o

(3.4) HN=hN(L(flN),IN)=N(O)*L(N)+I_ N(s)*lN(s)g(s)ds.

Then, if Pg (n, $)= the coordinate vector is given by

(3.5) a (JS)- (n,O)

and the matrix representation of s by

(3.6) Au=(JU)-aHU.

If for any N one chooses satisfying (H4), then the columns of Qu are in Z+" and
there exists a vector 6u’" k+, such that

(3.7)

Since we think of the approximation in N as chosen by the user according to some
desired accuracy which can be achieved by fixing N sufficiently large and then by
letting/. - c, the following formula will be useful:

(3.8)

Next, we turn to (ON+")*.ZN+" -. For 0N+" (bN+"(0), bu+")eZN+", define
,yN+ kN+, and r/ [" by

Then for all x gn

or, equivalently

cN+. =fiN+’yN+" and (ON+")*N+" rt.

(O"+"x, (x,

We use Remark 3.1 and easily deduce

(3N’")*J2V+"TN+" r/.

Therefore, the matrix representation [(ON)*] of QN* is given by

(3.9) [(ON)*] (6N’")*JN+" (6N’)*(fiN, fiN+’)Z..
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LetAN N N ,, denote the matrix representation of (Pg6Pg) then

AN (N)-I(A)*J

We notice, of course, that if/1,"" ",/kN were an orthonormal basis then A
would equal (AN)*. To find the matrix representation [DS(t)] of @N(t)- pNg@(t)PS

N 3/Nwe let n= (N(0), CN) ZN and define a s Rk’ and RkN by

Therefore

and by (3.5)

But

where

so that

and @N(t)ds =/N3/N.

N(t)N pNg (t)N pNg (D(t)&N(o), O)

N --1 N N
3/ __(jN) h (D(t)& (0),0).

hN(D(t)N(O), 0)= hN(D(t)flN(o)a, 0) =/N(t)ce,
1N (t) 3 (O)*D(t)3N (0),

NN (jN)-I]N (t)a

or

(3.11) [DN (t)] (JN)-IIN (t).

In a similar manner we see that the representation [FN] of F N NPgPg is given by

where

[FN]=(JN)-pN,

P 3(0)*F3 (0).

To write equations (3.1)-(3.3) in terms of the coordinates with respect to the chosen
basis, we let r’" (t) denote the matrix representation of the operators IIN’" (t)" ZN -Zsand let wN’"(t) wN’"(t; u) and wv’" be defined by

zs’" (t) /N+,w., (t) and ..N+,

Since the matrix representation of (NN), is given by B*6N’"*JN+", we find that (3.2)
is equivalent to

d N’" (t) AN+IzT.I.N,t TI
.N,trr (t) (t)A+ [DN+" (t)]

dt

+ 7r
N,. (t)6U,.B (t)C(t)-aB*(t)3u’"*Ju+"rrN,. (t)

with "rt’N’(tf)---[FN+"]. It can be seen from (3.10) that rrN’" will not be symmetric in
general, even though IIN’" is selfadjoint. We therefore define the nonnegative, sym-
metric matrix .kN’"= JN+"rrN’". After premultiplying the last equation by jN+., we
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find that (3.1)-(3.3) is equivalent to

N’"(t)=AI+"WN’"(t)+6N’"B(t)uN’"(t) for toNtNte,

w,,(to) Wo’

&N,"(t --(AN+")*&’"(t)--&N’"(t)AN+"
dt

(3.12) _N+.(t) + &N,. (t)N,.B(t)C(t)-B.(t)N,.*,(t),

’(t) #+

uu’" (t) -C-(t)B*(t)6’*+(t)w’ (t).

We close this subsection with a final remark on the choice of the operator
Remark 3.2. The natural possibilities of choosing Ou are
(a) either take OU Pg Qo, which by (3.5) implies that

,o (y)-(0)*,

(B) or, if the subspaces are chosen as spline functions, to take the representation
of Ou" N"Z as the interpolating spline, which at the knot 0 takes the value I
(identity matrix) and 0 (zero-matrix) on the other knots.

The choice between (a) and (B) has to be made on the ground of getting the
best convergence for (N, Ou). Condition (H3) is checked in essentially the same
manner for (a) and (B).

(g) Linear spline functions. We begin this subsection with a brief discussion on
the rate of convergence of the approximating semigroups Tu (t) constructed in Theorem
3.1. In [5] it is shown that eneral semigroup theory provides the following estimate:
There exists a constant M (t, A, Ao) such that

[(Tu (t)- T(t))z[ N{l(u -)z]
(3.3) + [[du-d]T(s)(oI-d)zl s +[du-d]r(t)z}}

for all e [0, tf] and z e Dom (2).
To give estimates on the rate of convergence for our problem we use (3.13)

together with results from the theory of spline functions to estimateu d. In spline
analysis the estimate on the rate of convergence of an interpolating spline always
contains higher order derivatives of the function that it interpolates. This constitutes
an essential problem for choosing Ou and estimating (N, Ou), since (H3) does not
allow us to pick the representative of Ou arbitrarily smooth.

Although estimate (3.13) (which was derived from general semigroup theory)
might be too weak for the special case of FDE, it nevertheless clearly indicates that
the "jump" operator Q0 needs extra treatment. For spline approximation of neutral
functional differential equations this has turned out to be essential, both in theory
and in numerical work [9].

For the rest of this subsection, we choose 0 in (u’") and let N 0, 1, 2, .
We denote by z={((0),)el first order spline with knots at t,

{0,...,N}, where t=-]r/N ] =O,’",N.
P stands for the orthogonal projection Zg Z, N 1,.... It is proved in [5]

that the approximation scheme {Z, P, satisfies the hypotheses of Theorem
3.1 and that dim (Z)= n(N + 1). Therefore, for each z there exists a real-valued
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function I(N z) such that

(3.14) lim tTa(N,z)=0 and IT(t)z-T(t)zl<=a(N,z).

This and the estimates to follow hold on the interval [0, tf]. By Theorem 3.1 and
the above inequality, (HI) is trivially satisfied. Using the triangle inequality, interpolat-
ing spline functions and [16, Thm. 2.4] it follows by a simple density argument that
for all z Z

(3.15) IPz-zl<-fil(N, z), with lim fi(N, z)=0,

So that (H2) is verified. The operators Or are chosen as

Q=PQo,
or in terms of their representation

(OlU). pV(ei, 0),

where ei, ] 1,..., n stands for the n unit vectors in N", and 0 for the zero function.
(H3i) holds trivially and a short calculation gives

(3.16)

and

Thus (H3) is verified.
Finally

(3.17)

max tS(x, (ei, 0)),
ei

fi(g, Or) --[Ir(t)Or- rr’r (t)oll
--Ilr(t)POo- T(t)Ooll + Ilr(t)Oo- r (t)POoll

+4 max ((N, (el, 0)) +e’(N, (ei, 0)))
ei

N2 e’4(max (N, (e, 0)) +max a(N, (e, 0))).
ei el

Estimates (3.14)-(3.17) are exactly those needed for the convergence results of control,
state, payoff and Riccati operators in 2,

By (3.13) we know that on subspaces of Z determined by Dom (k), k > 0, ta
will actually go to zero with a rate given by convergence of the generators. But this
is always at the expense of tS not only depending on z but also on (at least) the
L2-norm of its second derivative. So even if we dispense of (H3i) for a moment, high
order convergence of IIT(t)Oo- TN(t)Oo]l to zero seems quite unlikely in the light of
Remark 2.1.

(/) Cubic spline functions. In this subsection the general results of 2 are used
to discuss subspaces Z of Z given by

Z {(b (0), b)e c2lb is a cubic spline with knots at t,/" 0,..., N},
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where again t =-]r/N, ] 0,..., N, and P’Zg-->Z are the orthogonal projec-
tions. It is quite simple to verify that the approximation scheme {Z, P3, s} with
=PP satisfies the conditions of Theorem 3.1 with dimZ n(N + 3) and
that for tz 0 we can derive results similar to subsection (/3). (H1) is therefore trivially
satisfied. Here, however, we restrict our attention to the question of rate of convergence
on subspaces of Z.

For k 1, 2,..., we introduce

k --{((0), )e ]/’k’21 e Wk+1’2, )(i)(o)-L(((i-1)), i= 1,..., k}.

Notice that @ is the domain of the infinitesimal generator of the solution semigroup
of the autonomous equation (2.3) if considered in the Banach space 7g"’, (with its
natural norm).

In particular, this implies that

Moreover,

@’ is dense in /,k,2, k 1, 2,.. .
if z e @k then z e Dom (sk+1).

In [5] it is proved that for (0(0), 0)

(3.18)

for e 5, where O(1/N3) depends on I/t (4), and from [16, Thm. 6.9] it follows that

(3.19) IPrVI-I[--<O(NI---3) for01 W3’2.

Therefore, for cubic spline approximation and for 4’ e6 the generic function p of
2 satisfies

(3.20) p3(N, 0)= O -g
We define the operators approximating Q0 by

13 )1,""", (O3 (0), O3 )n),

where O is the n x n function-valued matrix

\\
S

N
s3 can be chosen very conveniently as the unique C2(-r, 0; R) function, given by

gN(t)=k"N(t)=s(t)=0 forj=l,...,N,
Ns (t0) 1.

Notice that this choice of s3 lets the diagonal of the representative of O become a
basis function of Z (possibly after multiplying with some scalar) in the commonly
chosen basis of cubic B-splines.
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The function s3 can be explicitly represented as
3 3

and a short calculation yields

(3.21)

otherwise,

I) 3 [[(,,,z) O(--)oo(g) Iio0 ’ 1

and

(3.22)

The special form of 03 and (3.21) imply (H3i) and ii). (H3iii) is verified easily. If
/x +N is some multiple of N then (H4) holds and (H2) is a consequence of (3.19)
and density of 7d/"3’: in Z. Finally bounds on (N +, Of) are given via the following
lemmas. For ((0), )e let denote the interpolating cubic spline function
defined by

&7(t)=&(t) forj=0,...,N,

(&)’(0) (&)’(-r) 0.

LEMMA 3.2. For all (O(0), &)e2 we have

(3.23)

where O(1/N2) depends only on L and 49 3) denotes the third derivative of
Proof. Since Pf is an orthogonal projection

zZ

where we used the fact that @ and vQ-is a consequence of the weighting function
g. The last estimate, [16, Thm. 4.5] and b @2 imply

(3.24)

We now turn to estimate sCP and letP (bN(0), bN). Then

1(6g )IlL [(N 7)11L2 + I(7 )tie

where the first term is estimated by the Schmidt inequality [16, p. 7], the second by
[16, Thm. 6.9), and C1 is a constant independent of N and b.

The last inequality implies

(3.25) [D(cN 6)12
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A similar calculation gives

sup [(S)--N(s)I"- O(2)I(3)[L,
s[-r,O]

and therefore, since L is a bounded linear function from C(-r, O; ")- R",

(3.26) [L(b 6) O(3)la.

(3.24)-(3.26) are used in the final estimate

which ends the proof.
LZMMA 3.3. For all N, and e [0, tf]

Proof. For an arbitrary j let N=(qN(0),qN) (O3)i. Notice that
3’=(-r, 0; "), so that by the density of 3 in W3’2(-r, 0; n) there exists a sequence
of functions , (q,(0), q,)e3 such that

(3.27) q,q in W3,a.

We turn to estimating IT" (t)G- T(t)GI first. Since q e W4’2 there exists a constant
k,, depending only on L and tf such that

(3.28) IZ(t)4.1.k,lq.l.= for t[0, tel.
Using the fact that , e 3, it is easy to check that (AoI-d)q, e 2, for some fixed
Ao > &. Therefore, there exists another constant a, depending only on L and tf such
that

(3.29) [T(t)(X0 )G w,= lq. w.=.
If we use (3.28) and (3.29) together with (3.23) in (3.13), we get

T(t)q T(t)q]= O()]q,[w.,
where the O(1/)-term is independent of q, and e [0, t]. The last estimate, together
with

T"(t)N- T(t)N[lT"(t)O- T"(t)GI+IT"(t)G T(t)GI+IT(t)G- T(t)

N2etr[ -1+O()Iql.+ O()lq-q.,
implies the claim.

The estimates (3.18)-(3.22) and Lemma 3.3 are exactly those estimates which
are needed to apply the results ol 2 and essentially establish that cubic spline
approximations to the linear-quadratic optimal control problem (P) are O(1/)
convergent for trajectories, controls and payoffs, if the initial data are chosen from
certain subspaces.
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Remark 3.3. In this section we have discussed linear and cubic spline approxima-
tions in detail. Since these two schemes have already proved to be useful in numerical
calculations (see [3], [5], [9]), we have given preference to studying two specific
schemes rather than the general case for odd order spline approximations. The results
in [5] also demonstrate that cubic spline approximations lead to much better results
than linear splines or averaging approximations in the approximation of T(t) not only
theoretically but also on the computer. Of course, the basis elements of cubic splines
are much more coupled than those of linear splines or averaging approximations and
consequently cubic splines require more numerical efforts. Quintic splines have not
been used for approximating functional differential equations yet. For higher order
odd spline functions of degree 2N- 1 one can use (3.13) together with error estimates
well known in the theory of spline functions [13, p. 113] to show O(2N-
1)-convergence of the unperturbed states Tr(t)z to T(t)z. In the approximation of
the optimal controls, optimal trajectories, etc., one power gets lost due to the additional
difficulties arising from Q0 in the variation of constants formula and convergence will
basically be of order O(2N-2) in addition to the need to deal with the double limit
process. We shall investigate our results numerically and expect to get good results
for linear and cubic splines.

4. The averaging approximation scheme. When applying the results of 2 to
averaging approximation schemes, the approximating state and Riccati equations are
found to be of particularly simple structure; moreover., for the class of problems under
consideration, we find exactly those equations approximating problem (P) that were
first proposed in [15] and [17]; they were also discussed in [4].

For any positive integer N we partition the interval I-r, 0] into the subintervals
[tv, tl with tv -fr/N, for/’ 0,..., N. Let Xv denote the characteristic function
of [tv, tl for j 1,..., N. Then the averaging approximation Zav of Z are defined
by

We note that (r/, 0) ZNav for each r/ ". It is simple to calculate the orthogonal
projection paNv Z Zavr indeed for (r/, b) e Z we have

(4.1) where &v Nf’ 6(s) ds.

A scheme for approximating T(t) using the subspaces ZaNv has been derived in
[2]. This "averaging approximation scheme" is described next. Again, we assume that
the matrices Ai in (2.2) are independent of and define a sequence of operators SfaUv
Z--> ZaNv by

SaNv n, ) Aorl + E N r__n . . N
i=1 1=1 ]= 1=1 r

where
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It was shown in [2] that if we fix the weight functions p 1, aNv generates semigroups
TaUv (t) such that

IlTav(t)ll<=M* e*’ for t>-_O, withM*=M*(A) and to*=w*(A),

PavZ Z, Z(4.2) TavZavrN c Zav,N lim N for all Z,
N

[T(t)z T% (t)z[-< av(N z) with lim tSv(N, z) 0,

for in compact subsets of [0, o),

so that (H1) and (H2) of 2 are satisfied. The operators QN are chosen as

(4.3) ON vPvOO 0o,

which, of course, implies that (H3) is trivially satisfied. By (4.1).we also have

(4.4) Fv=-,N= and N==QoB.

Now the estimates of 2 can be applied; for the optimal controls, for example, we
get by Corollary 2.1

(4.5) ]/ /N,0] .2(to.tf;R-’)--<K5 [/av(N, Oo)lZ[+pav(N, z)],

and similarly

(4.6) IS(t)z-S(t)ezl<=KV[fiv(N, O0)[Z[+Pav(N Z)] for to<-t<=tf,

I(rI(t)z W"(t)ez,
_-< gv I/Say(N, y)lzl +pav(N, z)ly[+[y[lzl(N, Oo)],

(4.7)

and by Theorem 2.2

(4.8) IJ(to, Pz, (tN)-J(to, z, (t)l <-K I/Oar(N, z)lzl + av(N, (O)[Z 12],

so that in view of (4.2), convergence of optimal controls, optimal states and payoff,
as well as weak convergence of the Riccati operators are guaranteed.

Finally, we give the form of the approximating state and Riccati equations. We
N Nuse eo," , er defined by

Neo (1, 0), ej =(O,x ]=I,...,N

as a basis for ZN. Since TaNv (t) leaves ZaNy invariant, (2.9) is equivalent to

(4.9)
2N,o(t) N uNaavzV’(t) + (B(t) (t), 0),

zU.(to) PaUv (r/, ),

which, in turn, is equivalent to

(4.10)
(t) v N vAavw (t) + col(Bu (t), 0,..., 0)

(to) col(n, ,""", Cuu),



532 KaRL KUNISCH

where zN’(t) N
=j--0 w(t)el, is defined in (4.1), and

r r r
No -D 0 0 -D-I AI +-DI
N N
"I --z-I 0 0 0

Nhere I is the n x n identity matrix. If we let 7rav denote the matrix representation of
IIN’" ZN-)Z then we find by (2.17) that N7ray := JavTrav satisfies on [to, tt] the matrix
Riccati equation

d ^N N). N AN N AN AN()t7/’av 7/"dtTrav(t) -(A "?r (t) (t)A 1 + (t)[B(t)]C(t)-[B(t)]*Trav

(4.11)
AN
qrav (t) "NFay,

where (AN *av) as before, denotes the transpose of Aav and

Dav-
0 0

[B(t)] col (B(t), 0,..., 0),

’N NDav and Fav being of dimension n(N + 1)x n(N + 1) and [B(t)] of dimension n(N +
1) x n. In (4.11) the matrix JaNv is given by JaNv =diag (I, (r/N)L" ", (r/N)I).

The optimal feedback law becomes

(4.12) uN(t) _c-lIB , AN(t)] "trav(t)wN (t).

Equations (4.10)-(4.12) completely describe the approximating linear regulator prob-
lem on the finite interval [to, tr].

Appendix. Here we give the proofs of those results that were not verified in 2.
In addition to the conventions specified there, we let Pz zN for z Z and N
1,2,....

Proof ofLemma 2.4.
(a) We use (2.12) to find the following estimate for WtoN’’

(b) The conditions on C, D, F and (2.11) imply (b) after a short calculation.
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(c) For [to, tr] we have

I(Woz)(t)-(W’’z+’)(t)ln.l3(t)* T*(n, t)(n)T(n, to)Z dq

-(t)* T+" (r/, t)*+"(r/)T+"(r/, to)Zr+"

+l(t)*T(tr, t)*T(tt, to)z-l(t)*TU+’(tr, t)*FU+’(tf, to)ZU+"[
=llw(t)l+lIIw(t)l.

The terms Iw and IIw are now estimated separately. Let -(t) sgn Iw(t); then

IIw(t)l -<- (Iw(t), ’(t))a’-
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(T*(t, t):7’(ff, t)z, (gd(t)-N(t))e(t))
..N+ TN++(:TT(ff, to)Z, T(ff, t)(t)e(t))-(T+"(ff, ,o (t, t)(t)e(t))

+((-e+"T+"(t, to)Z+", T+"(t, to)(t)e(t))

+ (T(t, to)Z T+(if, to)Z+, T(t, t) (t)e(t))

+ {+(ff, to)Z+, (T(t, t)- T+(ff, t))(t)e(t))
+ I1-e+"ll=bq4; lz[

+bq Iz I=fllP+"Oo Oo11.
The two inequalities together imply

sup (lI(t)l + III(t)l)
t[to,t]

po(N)b4=lzl[(2)-ad +/] +fi(N +, ON)bq4lzI(d-x

+p(g +, z)bq(d- +f)

+ IIP+"Oo Oollb4; lzl[d(t- to)(2)- +ft.
(d) For w e L(to, tf; ) we next estimate

l(( yo- y"" )w)(t)l

(t)*r+-(t, t)*F+" T*"(t, )()w()

ttf t+ ](t)* T(n, t)*(n) T(n, )()w()

-(t)* r+"(n, t)*N+"(n) (n,) ()w()

=lo(t)+l(t)l.
Again, we estimate I and II separately. We let e(t)= sgn I(t); then

ft tf
II,(t)l ((t)*T(ff, t)* T(tf, g)()w(g) dw

(t)*r(t, t)* r(t, w)(w)w(w) d, e(t))

+((t)*T(t, t)* T(t,)(w)w (w) dw, e(t))
0

-((t)*T+"(t, t)* r+"(t, )(w)w(w) dw, e(t))
0

It tf
+((t)*T+(t, t)*(-F+) T+"(t, )()w() d, e(t))

0
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(T(tf, t)*; T(tf, o’) (cr)w(o’) dcr, (1(t)-I1N (t))e(t))

+(T(t, t)* r(t, )(N()-N())w() d, N(t)e(t))

+ T(t,)()w() d, T(t, t) (t)e(t))

-( T+" (tt,)()w() d, r+" (tt, t) (t)e(t))

t

TN+. N TN+. N+((-FN+") (tr,) ()w() d, (tr, t) (t)e(t))

bf4(1 +q)po(N) e’-’ 1 Iw[

+( T(tr, )()w() d, (T(tt, t)- T+"(t, t))N(t)e(t))
0

It tf
+( (T(tf, )- TN+" (tf, ))N()W() d, TN+" (tf, t)N (t)e(t))

[ 2(tf-to) ]
1/2

+1_pN+.llb2q242 e(q-to) e 1
2

[WL

1
N b2f#2(1 +q)po(N)[WlL

Ou [ (e2(q-’)- 1)
x/

]

Finally, with v(t)= sgn II(t) we get

[II(t)[ (II(t), v(t))

qTN+. TN+. N(t)* (n, t)*+" (n) (n,) ()w() d tin, v(t)

ft
t, It-(t)* T(n, t)*N(n) T(n, )u()w() ddn, v(t)

+ (t)* T(n, t)*(n) T(n, )()w()ddn

0
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+ N(t), TN+" (r/, t)*

r(n, t)*(n) r(n, )(N()-())w() ddn, N(t)v(t)
0

O

0

+ (n) (T(n, )- TN+"(n, ))()w() d,

Tm+u(, t)m(t)(t))} d

x T+"(n,)()w() d, T+"(n, t) (t)v(t) dn

1 [e(9_o

+ d e(-bqlw() d (N+, )bq dn

+ d (N+, )bqlw()[ d bq
0

+ dllOo-e+"Ooll e -)bqlw() d

1
[e2(9--1](1+q)

+ db2q24(N+, OU) e(’-)l w()l ddn
0

+ db2g22IIOo-e+"Ooll e(’-) e(’-’)l w()l ddn

1
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The bounds on Iv and II imply

sup I((Wo- V’*’)w)(t)l
te[to,tr]

<--P(N)b4- )l(1 +q)[wl

+t(N + z, OU)b4-A-qlwl f + (tf- to) 1/2 + x/-dg+

This completes the proof.
Proof of Theorem 2.2.

]S’..(t. s)z]<_lr’+.(t, s)z]+ [[ TU+g(t, q)gdu(rl)((VNs +’)-I WU ’’z)(l) dq(a)

lzl+bq(t to)X/c-(t to)1/kolz
[z [(1 + bq(tt to)c-lko).

(b)
IS(t, s)z --sN’g(t, s)PN+"Z[

<-IT(t, s)z TN+"(t, s)zN+"

+I IT(t’ rl)J(rl)(V-l Wsz)(rl)- T(t’

<=p(N + lz, z)+ Is f/IeCO(t-’)b[(V- Wsz)(rt)-((vN* "" )-a wN ""zU+")(rt)[ drl

1/2 1/2

+b(I IlT(t, rt)Oo-TU+"(t, rt)Ou[]2 drl) (Is ]((vN*’")-wN*’zU+")(rt)[Zdrt)
1/2

<=p(N + lz, z)+ b[, "N’"IL21f e2’(t-n) drt)
1/2

+ liT(t, n)Ou- TU+"(t, n)Oul[2 dn c zlko(tf-to)
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)o(N+z,z)+b[a-a,"] --d (e"(-o)- 1)
112

112

+ tS(N + Ix, O)(tf- to)1/]
p(N + Ix, z)+ bit2- tTN’" [LAr--+ bc-llzlko(tr-to)/ilpo(N)

+ bc-llzlkc(tr to)fi(N + p, 0N)
p(N + tx, z)+ fi(N + I, QN)lzlK4 + [t N’g[L2k6 + [z[po(N)k7,

where

K4 bc-lko(tl: to), k6 br@, k7 bc-lko(tl,

Proof of Theorem 2.3.
(a) By (2.16) we have for e [to, tf]

]IIN’" (t)z] <-- [TN+" (tt, t)*FN+"sN’" (tt, t)zl

1

+ ((r/)S(r/, t)z-@(rl)SN’"(rt, t)z-N+’, TN+" (r/, t)y)) dr/
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[f+ d(tt- to)][kslzlfi(N + Ix, y)+ k537I[y[ [z] I[Qo-PU+Qo[[
+rly I[,o(N + u,, z)+fi(N + ,u,, 0U)lz ]K4

+ [a 7’Ik6 + [z Ipo(N)k7]].

Proof of Corollary 2.2.

[J(t0, eU+"z, a"")-J(to, z,

<- [(FU+"zl’" (tf), zN’" (tf))--(z(tt),
te

(t)) ((t)z(t), z(t))l dt+ I(N+.(t)zN..(t).zN,.

gt N’" (t), u(t)))l dt+ ](C(t)aN’"(t), (t))-(C(t)u
0

--<_ [(PN+’Z2v" (tt) z’" (tt), z N’" (tt))

+ (FPx(z 1’" (q)- z(t)), Pxz N’" (tt)) + (FPxz(tt), Px(z N’" (tt)- z(tt)))]
tf

N. zN.+ I(+" (t)z’" (t)- (t)z (t), (t))
0

+((t)(zr’"(t)-z(t)), zU’"(t))+((t)z(t), zU’"(t)-z(t))l dt

+ [(C(t)(t(t)-au’"(t)), a(t))+(C(t)aN’"(t), a(t)-au’"(t))[ dt

((tf- to)d +l’)klz]{2[p(N + tz, z) +(N+ i, )Ix ]g4
+ ]a au’" IL=k6 + Iz IPo (N)kT] +

+ 2la ffN’"l=c-ako(te--to)/=elzl,
which completes the proof.

Proof of Theorem 2.4. By Remarks 2.4 and (2.10) it follows that fi is continuous.
Moreover, by (2.15) we have

It(t) tN’(t)l IC(t)-x3 (t)*(H(t)S(t, to)Z,- I-IN’O(t)sN’O(t, to)plVz

Let e
u (t) sgn C(t)-l(t)*(II(t)S(t, to)Z IIN’O(t)sN’O(t, to)PUz); then

la(t)- tu’(t)[ =< (H(t)S(t, to)Z I-lU’SU’(t, to)Pz, 93 (t)(C(t)-l)* e (t)).

By Corollary 2.1(c) and after an inspection of (2.16) and the proof of Theorem 2.3(b),
it now follows that

It (t)- t’(t)l--< sup KT[fi(N,

Nwhere the supremum is taken over {Yil(t)(C(t)-l)*e (t)l te[to, tr], N= 1, 2,’" }, a
relatively compact subset of Z. (H1), (H.2), together with definitions (vii) and (viii) in
2, and a simple compactness argument imply the result.

Acknowledgments. The author would like to thank Professor H. T. Banks for
encouragement to work on this problem and for various stimulating discussions. I am
also indebted to the referee whose comments led to Theorem 2.5 and Corollary 2.4.
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Note added in proof. Professors H. T. Banks and G. I., Rosen have used some of
the approximation schemes of this paper for actual computations. Their results will
be documented in a forthcoming technical report.
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LEARNING ALGORITHMS FOR TWO-PERSON ZERO-SUM
STOCHASTIC GAMES WITH INCOMPLETE INFORMATION:

A UNIFIED APPROACH*

S. LAKSHMIVARAHANt AND K. S. NARENDRA

Abstract. This paper extends recent results [Lakshmivarahan and Narendra, Math. Oper. Res., 6
(1981), pp. 379-386] in two-person zero-sum sequential games in which the players use learning algorithms
to update their strategies. It is assumed that neither player knows (i) the set of strategies available to the
other player or (ii) the mixed strategy used by the other player or its pure realization at any stage. The
outcome of the game depends on chance and the game is played sequentially. The distribution of the
random outcome as a function of the pair of pure strategies chosen by the players is also unknown to them.
It is shown that if the players use a learning algorithm of, the reward-penalty type, with proper choice of
certain parameters in the algorithm, the expected value of the mixed strategies for both players can be
made arbitrarily close to optimal strategies.

1. Introduction. Analysis of games with incomplete information [4] has received
considerable attention in the game-theoretic literature [4]-[9], [13]. However, with
the exception of the work by Suppes and Atkinson.[10] most of the papers on the
learning approach to this class of games have been confined to the literature on systems
theory [1]-[3]. The recent monograph by Tsetlin [1] well summarizes the work of the
Russian authors in this direction. Papers [14], [15] represent related work on this
topic. In spite of this wide-spread interest, the problem of finding conditions under
which a given learning algorithm will converge to the well-established game-theoretic
solutions has remained open till recently. In [17] Lakshmivarahan and Narendra have
shown that if the underlying game matrix has a saddle point in pure strategies and if
the players use a class of learning algorithms known as linear reward-inaction
algorithms [2], [3], then they will converge to the optimal pure strategies with
probability as close to unity as desired.

In this paper we consider two-person zero-sum games with incomplete information
where the game matrix need not have a saddle point in pure strategies. At any stage
each player is allowed to use mixed strategies. The players update their mixed strategies
using a linear reward-penalty algorithm (instead of the linear reward-inaction
algorithm discussed in [17]). It is shown that using a penalty term which is very small
compared to the reward term and by proper choice of the step length parameter, the
expected value of the mixed strategy used by either player asymptotically can be made
arbitrarily close to the optimal strategy dictated by game theory.

Linear reward-penalty algorithms have been extensively investigated in the
literature on mathematical psychology [18]-[21]. Norman [18]-[20] has abstracted
the properties of these algorithms and has developed the theory of Markov processes
that evolve by small steps. This latter theory provides the necessary mathematical
framework for our analysis. The linear reward-penalty algorithm with small penalty
term has been recently developed in [16] for the problem of a game against nature
to attain e-optimality. The linear reward-inaction algorithm used in [17] and the linear
reward-penalty algorithm used in this paper constitute the prototype of two distinct

* Received by the editors February 6, 1980, and in revised form Sept. 8, 1981. This research was
supported in part by the National Science Foundation under grant 03664.

" School of Electrical Engineering and Computer Science, University of Oklahoma, Norman, Oklahoma
73019.

Department of Engineering and Applied Science, Yale University, New Haven, Connecticut 06520.
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classes of learning algorithms as known today [26]. In fact, the theory and the methods
used to analyze the properties of these two algorithms are entirely different and have
evoked enormous interest in the study of these algorithms independent of any applica-
tion such as zero-sum games, etc. (see [2], [3] and [26]).

In 2 we formally state the problem and in 3 present a proof, of our main
theorem. A comparison with related results along with some comments and examples
are given in 4.

2. Statement of the problem. We consider a zero-sum game between two players
A andB in which both of the players have two pure strategies each. On the kth play,
let player A use a mixed strategy p(k)= (pl(k), p2(k)) where ps(k) is the probability
of choosing the sth pure strategy. Similarly, player B uses q(k)= (q(k), q:z(k)). The
outcome of the game depends on chance and on the choice of the pure strategies of
both players. There are only two possible values that the random outcome can take:
+ 1, called unit gain for A (loss for B) and -1 called unit loss for A (gain for B). The
game is played repeatedly and after each play both the players observe only the
random outcome. At any stage each player is unaware of the mixed strategy used by
the other player or its pure realization. In fact, they do not even know the distribution
of the random outcome as a function of the strategy pair, or indeed what strategies
are available to the other player.

Using a learning algorithm each player increases (decreases) the probability of
choosing a particular pure strategy if that strategy was chosen on the previous play
and resulted in a unit gain (loss). All the other probabilities are adjusted to keep the
total probability equal to unity. The actual algorithm used in this paper may be
described as follows"

Linear reward-penalty algorithm (LR-p). Let 0t
a and Off (t 1, 2) be constants

such that 0 < 0tA, 0t < 1. At the kth play, let the player A choose the ith pure strategy
(that is, /th pure strategy is the sample realization of the mixed strategy p(k)) and
player B choose the/’th pure strategy. The mixed strategy p(k + 1) to be used by
player A at stage k + 1 is defined by

p(k + 1)=pi(k)+O[1-pi(k)],
if A received unit gain on kth play,

p(k + 1)= p(k)-O’p(k), s
(1)

p(k + 1)=pi(k)-O’p(k)
if A received unit loss on kth play.

p(k+l)=ps(k)+Op(k), s

The mixed strategy q(k + 1) for player B is defined exactly in the same way but
by replacing p by q, by j, 0t

A by 0t (t 1, 2) and A by B.
Let the pair (i, j) denote the play at any stage, where and j are the pure strategies

chosen by A and B respectively. Also in the sequel by gain and loss we will refer to
player A’s gain and loss. For the play (i, j), let dij(cij 1- dij) be the probability of
gain (loss). It is assumed that 0 < d0 < 1. Let D denote the matrix [dij]. Since player
A tries to increase the gain and player B to decrease the gain, D is essentially the
game matrix.

Let both the players use the LR-p algorithm with arbitrary but fixed initial mixed
strategies p(0) and q(0), where 0 _<- p, (0) < 1 and 0_-<q,(0)_< 1, (s 1, 2). Clearly, p(k)
and q(k) as defined by (1) are random vectors. It can be seen that {p(k), q(k)} k =>0

The actual game matrix is G =[gii] [2dii 1].
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is a stationary Markov process while {p(k)} and {q(k)} individually are nonstationary
Markov processes.

Define

(2) (k) A E[p(k)]DE[qr (k)],

where E[. is the unconditional expectation taken over all possible choices of pure
strategies by either player and all the random outcomes prior to the kth play and T
denotes transpose.

Let 01A O[A, 0A2 O0la, 01 O[B and 0n2 Oan. The constant A(B) is called
the reward parameter for A(B), and teA(an) is called the penalty parameter for A(B).
It is assumed 0 < aA A ( 1 and 0 < an </3n < 1. The constant 0 < 0 < 1 essentially
controls the step size. Let V denote the (von Neumann) value of the game (correspond-
ing to the matrix D). Our main result is summarized in the following.

THEOREM 1. For every e > O, 0 <A ( 1, 0 (B 1 there exist 0 < a < [A, 0 (
a *s < and 0<0"< 1 such that for all 0<CA<a, 0<an <a and 0<0<0"

lim Ir/(k)- VI < e.
koo

Stated in words, if either player uses the LR-p algorithm (1), by proper choice
of penalty parameters and step size parameters, the expected probability of gain can
be made as close to the value of the game as desired. It will become clear in the
course of the proof of this theorem that c,, a* and 0* depend only on e and not
on the initial states p(0) and q(0). Theorem 1 further demonstrates the robustness of
the method in the sense that both the players can individually choose their reward
and penalty parameters in such a way that their asymptotic expected probability of
gain can be made arbitrarily close to the value of the game.

3. Analysis of the game. Let S [0, 1] [0, 1], I {1, 2}, E1 {unit gain, unit
loss} and E=IlxEI. Define P(k)=p(k) and Q(k)=q(k) and let p(k)=
(P(k), Q(k)). Clearly {p(k)} k =>0 is a Markov process with .stationary transition
function with S as its state space. E is called the event space. If s (P, Q) $,
e (i, f, e) E, then the learning algorithm (1) defines a mapping T :S E + S, where

s(k + 1)= T[s(k), e(k)].

The event probability distribution is given below"
Let

K[e, s] Prob [els (P, Q) S]

where e E. If e (1, 2, el), then

K[e, s] ! P(1 O)d12
P(1-Q)C12

if el unit gain,
if el unit loss

and similarly for other e E.
Let d(s, s2) refer to Euclidean distance in S.
DEFINITION 1. A learning algorithm T is said to be distance diminishing [19] if

d(s’a,s)<d(Sl, S2) for all e 6E,

T[st, e] 1, 2where s,
DEFINITION 2. A state s e $ is said to be an absorbing state [19] if

T[s, e]=s
Otherwise, it is called nonabsorbing.

for all e E.
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If T corresponds to the LR-p algorithm since 0 < d0 < 1 for i, j 1, 2 and 0 < 0tA,
0 < 1, 1, 2, it can be verified by direct computation that T is distance diminishing
and that all the states in $ are nonabsorbing.

Remark 1. The quadruple (S, E, T, K) is called a random system with complete
connection (RSCC) [18], [22]. In the sequel by "algorithm T" we will implicitly refer
to the associated RSCC.

We now state without proof an important proposition due to Norman [18, Chapt.
3, 3.6, Thm. 6.1].

PROPOSITION 1. A learning algorithm T which is distance diminishing and has
no absorbing states is ergodic.

An immediate consequence of this proposition is that the probability distribution
of the process p(k)= (P(k), Q(k)) for large k is independent of the initial values of
P(0) and Q(0). In the following our aim is to characterize the asymptotic distribution
of p(k).

Let p (P, Q) and 6p(k)= (P(k), O(k)) where 6z(k)= z(k + 1)-z(k). It can
be shown that

(P.1) E[6p(k)[p(k) p] OW(p),

where

W(p) (W(p), W(p)),

Wi(p) W (p) + W(p), 1, 2,

W (p) flAP(1 P)[c’ (Q) c’ (Q)],

W (p) =/3,O(1 O)[c(P)-c(P)],

WP (p) aA[(1 -p)2cA (Q)-P2c (Q)],

W’ (p) as[(1 Q)2c (n) OZc (P)],

C/A (O) (1 di2)- Q(d,1- d,2), 1, 2,

C (P) d2i + n(dli d2i), 1, 2.

Similarly,

(P.2) E{[6p(k)- W(p)]W[6p(k) W(p)]lp(k)= p}= 02s(p), where s(p)
a(p)- WW(p)W(p) and a(p)=E[6pW(k)6p(k)lp(k)=p].
The elements of the matrix a(p) can be easily computed. As all the states are
nonabsorbing it follows that s(p) is positive definite uniformly for all p e S. Further,

(P.3) E{16p(k)13[p(k) p] 0(03) uniformly for all p S, where I" is the norm
corresponding to the metric d on S.

(P.4) W(p) has a bounded Lipschitz derivative in S.
(P.5) s(p) is Lipschitz in S.
(P.3)-(P.5) can be easily checked by routine arguments and we omit the details.
Let Popt (Popt, Qopt) be the state that corresponds to the optimal strategy for

both players. For purposes of easy presentation in the following we distinguish two
cases.

Case 1. The game matrix has no saddle point in pure strategies. In this case without
loss of generality let us assume

(3) daa > max {d2, d21}, d22 > max {d12, d21}.
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It can be seen that

d22- d2 d22-(4) Popt
L Oo,t

L

where L (dla + d22)- (d12 + d21).
Case 2. The game matrix has a saddle point in pure strategies. In this case we

shall assume that

(5) d2<d<d2,

from which We have Popt 1 and Oopt 1.
Remark 2. All the other relations between the elements of the matrix D can be

reduced to (3) or (5) by suitable relabeling of players and/or strategies.
The following Lemmas 1 and 2 are crucial for our analysis.
LEMMA 1. For every e > O, there exist 0 < ce , < [A and 0 < ce * <B such that for

all 0 < aa < O, 0 < aB < Ce *B there exists a unique p* (P*, Q*) such that
(a) W(p*) O,

and
(b) IP*-Pootl < e.

Proof. Consider Case 1 when D has no saddle point in pure strategies. Define

(O)=

Since L > 0, Cx (O) is an increasing function of O with

iO if O < lopt,
C2al (Q) 0 if Q Qopt,

0 ifO>Ooot.
For each fixed O Wa(p) is quadratic in P and WI(p)=AC# (O)>0 at P=0 and
W(p) =--aAC (O)<0 at P 1. From this fact and from Lemma A in Appendix A
it follows that there exists a unique p(O)=(P(O), O) for each fixed O such that
W(p(O)) 0 and

P(Q) if Q Qopt,

ifQ>Qopt.
Similarly

Ca (P) (d22- d2)-LP

and C1 (P) is a decreasing function of P with

t> ifP<Ppt’

C1 (P) if P Poor,
{.<0 if P > Popt.

Since W2(p) is quadratic in 0 for each fixed P with W2(p)= crBC (P)>0 at 0 O,
W.(p)=-crnC(P)<O at 0 1, there exists a unique p(P)=(P, O(P)) such that
W2(p(P)) 0 and by Lemma A

i1/2 if P < Popt,
O(P) if P Popt,

1/2 if P > eopt.
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The functions P(Q) and Q(P) when plotted on the unit square have a unique
intersection p* (P*, Q*) such that W(p*)= 0. This proves part (a) of Lemma 1.

To prove part (b) first observe that WI(p) and W2(p) are continuous in Oa and
an, and if OA OB 0 then

Wl(p) 0

W.(p) 0

all alongP 1,

O Oopt,

O -0
all along 0 1,

(P Popt.

From this we obtain

W(p) 0 at p (0, 0), (0, 1), (1, 0)(1, 1) and (Popt, Oopt).

Again from Lemma A in Appendix A, by choosing aA small, P(Q) can be made close
to zero for all Q < Qopt and close to unity for all Q > Qopt. Similarly, by choosing an
small, Q(P) can be made close to unity for all P < eopt and close to zero for all P > Popt.
This in turn implies that for any given e > 0 there exist 0 < a*A </3A and 0 <
such that for all 0 < oa ( OA and 0 < an < ce, we obtain p* Popt] < E.

The proof of Lemma 1 for Case 2 follows along the same lines and we omit the
details.

Denoting the Hessian of W(p) as W’(p) we have

W(p) W(p
6P 6Q

W’(p)=
W(p_) W(p
6P 80

where

WI(p)
8P

=/3all-2P][Cf (O)-Cf (O)]--2OA[(1--P)Cf (O)+PCf (0)],

,W(p)
flALP(1 P) + tA[(1 P)2(d22 d21) p2(d12 d11)]

W(p)
6P

-flsLO(1 O)+ an[(1 Q)2(d12 d22)- 02(dll- d21)],

,W p
3n[l 20][C (P)-C (P)]- 2an[(1 O)C (P) + OC (P)],

where L is defined in (4) above.
LEMMA 2. W’(p*) is negative definite where p* is as defined in Lemma 1.
Proof.
Case 1. From Lemma 1 it follows that by proper choice of Oa and an we can

make P* Popt and Q* Qopt. With this choice it can be seen that C/A (Q*) CA (Qom)
and Cf (P*)-C (Popt). Further, it can be checked that in Case 1

Cf (Qopt)- C1A (Qopt) 0 and C2 (Popt)- Cf (Popt) 0.
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Thus, at the point p*, W’(p*) can be well approximated by

w’(p*)
--20IAC (Oopt)

(/3 +-)
L

(dll d22)(d22- d12)

(/A -[- OA)
(dll d12)(d22- d21L

-2c(PoJ

Let u and v denote the trace and determinant of W’(p*). Then

U --2[AC ((opt) + egBC (Poot)] < 0,

U 4OZAOzBD’(Oopt)C (eopt)
L2 E,

where E =(dll d21)(dll d12)(d22- d12)(d22- d21).
From (3) it follows that E>0 and hence v >0. Also it can be verified that

2u -4v <0. It follows [23] that the eigenvalues of W’(p*) are complex conjugates
with negative real parts.

Case 2. It follows from Lemma 1 that P*-1 and O*-1. W’(p*) in this case
can be well approximated by

(6) W’(p*) [-SA(dlx d21)- 2eeA(1- d11) -eA(d12- d11) 1--OA(dll de1) --B(dl2-- dll)- 2oBdll

From (5) it follows that u < 0 and v >0 but U2--4V is positive only for very small
values of aA and a. Again it follows [23] that the eigenvalues of W’(p*) are real
and negative or complex conjugates with negative real parts. ]

Examples of exact computation of W’(p*) and its eigenvalues given in 4 further
illustrate Lemma 2.

Proof of Theorem 1. Combining (P.1)-(P.5) and Lemmas 1 and 2, it follows that
the process {p(k)} k_->0 satisfies all the conditions of Theorem B of Appendix B.
Hence from the conclusion (b) of that theorem we obtain

(7) E[p(k) Ip(O) p] f(ko)+ 0(o)

for all k => 0 uniformly for all p e S, where

(8) /’(t) W(f(t)), f(O) p(O) p.

From the properties of W( it follows that the differential equation (8) is uniformly
asymptotically stable in S [24], that is,

(9) f(t) -+ p* as t- c.

Also from conclusion (c) of Theorem B in Appendix B, we obtain that the normalized
random vector O-1/2[p(k)-f(k0)] converges in distribution. This, in turn, implies that
E[p(k)] converges [25], that is,

(10) lim E[p(k)] exists.
k-+c

From Lemma 1, (7), (9) and (10) it follows that for any 8 > 0 there exists a 0 < 0* < 1
such that for all 0 < 0 < 0*

lim IE[p (k)] po,l < ,%(11)
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Substituting (11) in (2) we obtain

(12) lim r(k)- VI <
where h[dij] is a bounded function of the elements of the matrix D. Now for any given
e >0, we can choose 8 >0 such that the right-hand side of (12) is less than e. This
concludes the proof of Theorem 1.

4. Examples and comments
4.1. Examples. In this subsection we illustrate the foregoing analysis with

different examples. In each example, the variation of P*, Q* and the eigenvalues (A
and 12) of W’(p*) as a function of c are given. All the calculations are done in double
precision arithmetic. These examples further illustrate the accuracy of the approxima-
tions in Lemma 2 for characterizing the nature of the eigenvalues of W’(p*).

Example 1. Consider an instance of case 1 where the matrix D is given below.

[.6D
.35

It can be checked that Popt 0.5789 and Oopt-" 0.7368. Table 1 gives the variation
of P*, O*, I and I for different values of ca c a and for

TABLE

/3 c P* O* Re (, 1) Im (, 1) Re (/ 2) Im (/ 2)

0.20 0.0 0.5789 0.7368 0.0 0.0413 0.0 -0.0413
0.20 0.001 0.5255 0.7384 -0.00131 0.0415 -0.00131 -0.0415
0.20 0.005 0.5469 0.7412 -0.00652 0.0424 -0.00652 -0.0424
0.20 0.01 0.5169 0.7400 -0.01280 0.0436 -0.01280 -0.0436
0.20 0.05 0.4713 0.7257 -0.02470 0.0463 -0.02470 -0.0463

Example 2. In this example we consider two different matrices both having
saddle-points in pure strategies"

.35 .9 .6 .8

D1 has column dominance and D2 has both row and column dominance. Tables 2
and 3 give the variation of P*, O*, A1 and A. for D1 and D2 respectively.

TABLE 2
A /3B /3 0IA OIB OI

/3 c P* O* Re (,) Im (,1) Re (/2) Im

0.2 0.0 1.00 1.00 -0.0500 0.0 -0.0400 0.0
0.2 0.001 0.99196 0.98548 -0.0489 0.0 -0.0406 0.0
0.2 0.002 0.98385 0.97187 -0.0478 0.0 -0.0415 0.0
0.2 0.005 0.95932 0.93599 -0.0446 0.00286 -0.0446 -0.00286
0.2 0.01 0.91885 0.88954 -0.0455 0.00518 -0.0455 -0.00518
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TABLE 3
A’-"B , OA’-" OB O[.

h A2

/3 a P* Q* Re (,1) Im (hi) Re (hz) Im (hz)

0.2 0.0 1.0 1.0 -0.02000 0.0 -0.04000 0.0
0.2 0.001 0.98539 0.98234 -0.02002 0.0 -0.04003 0.0
0.2 0.002 0.97154 0.96637 -0.02010 0.0 -0.04010 0.0
0.2 0.005 0.93408 0.92094 -0.02030 0.0 -0.04080 0.0
0.2 0.01 0.88300 0.85766 -0.02090 0.0 -0.04300 0.0

4.2. Comments.
(1) When OA OB 0 the equation W(p) 0 has multiple solutions and Theorem

B of Appendix B is not applicable. Thus uniqueness of the solution dictates that aA
and cB both be greater than zero.

(2) When Oa OB 0 (or 0 0 0) algorithm (1) is called a linear reward-
inaction algorithm. It was shown in [17] that if the game matrix D has a saddle point,
the use of such algorithms by both players will result in their picking their optimal
pure strategies asymptotically with probabilities arbitrarily close to 1. When the game
matrix D has no saddle point in pure strategies W(popt)---0 and the eigenvalues of
W’(popt) are purely imaginary. This explains the oscillations of r/(k) around the von
Neumann value reported in [15].

(3) When one of the players (say B) uses a fixed pure or mixed strategy, the
problem discussed in this paper is equivalent to a game against nature [2], [3], [16].
Let B pick the two pure strategies with probabilities Q and 1- O where 0-< Q =< 1.
By the proper choice of a [16] player A can make the probability of gain as close to
max/{Odil + (1 O)di2} as possible.

Further, it can be shown that

max {Qdil +(1-Q)di2}>= V

with equality holding when Q Qopt--when B uses his optimal strategy and when V
is the von Neumann value of the game. In other words, player A stands to gain if
player B uses a fixed strategy.

(4) When the game matrix has no saddle point in pure strategies (as in Example
1) the importance of the penalty parameter is evident from Table 1. Larger values of
a result in greater distances between p* and popt. In other words a compromise has
to be made between speed of convergence of r/(k) on the one hand and accuracy (in
the sense of the nearness of the limiting value of r/(k) to the von Neumann value of
the game) on the other.

(5) In this paper it is assumed that there is no transfer of information between
the players during the evolution of the game. The manner in which players can exploit
such information while using learning schemes needs further investigation.

Appendix A. Define

hi(x) [(1 x)ece xcl],
h(x) x(1 x)(c- Cl) -I- hi(x),

h3(x) & x(1 x)(c2- ci) + bh(x),
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where x [0, 1], 0 < C1, C2 < 1, 0 < b < 1. The following Lemma A provides the basic
idea for the proof of Lemma 1.

LEMMA A. There exist unique Ai e (0, 1) (i 1, 2, 3) such that hi(Ai) 0 and:
(a) h 3/2/ according as c2 X c.
(b) hi is an increasing function of (c2- c 1), for all 1, 2, 3.
(c) as b O, A 3 -’) 1 Or 0 according as c2 > cl or c2 < c 1.

Proof. Let c2 c 6. Note that 8 (- 1, 1).
We have

(A1) hi(x) c1(1 2x)+ 8(1 -x)2.
As hi(0) =c2>0; hl(1)---Cl <0, hl(21-)0 according as 8 <>0 and hi(x) is quadratic
in x, there exists an unique h (0, 1) and h <> 1/2 according as 8 <> 0 such that h l(h 1) 0.
From (A1) it further follows that h is an increasing function of 6.
Consider

(A2) h2(x) Cx(1 2x) + 6(1 -x):

we have h2(0)=c2>0; h2(1)=-cl <0; h2(A1)=A1(1-A1)6 and h2(x) is linear in x.
Thus there exists an unique A2 e (0, 1) such that h2(A2)= 0 and A2 A according as
6 <> 0. Also, the claim A2 is an increasing function of 6 follows from (A2). Similarly,
we have

h3(x) h2(x)-(1-b)hl(X),

(A3) h3(0) bc2 > 0, h3(1)=-bCl < O,

h3(A2) -(1 b)hl(A2) > 0.

As h3(x) is quadratic in x, there exists a A3(0, 1) such that ha(A3)=0 and
accordingly as 6 X 0. Further, A2 increasing with 6 implies A3 is also increasing with
6. To prove (c), let 6 > 0 and redefine h3(x) as

(A4) ha[b, x]= hE(X)-(1-b)hl(x)

and let A3
b be such that ha[b, A ab]=0, to emphasize the dependence on b. If b’<b,

then it can be seen that

(A5) h3[b’, h 3
b hl(h 3b)(b ’- b) > 0.

From (A4) and (A5) it follows that A 3b’> h if b > b’. Thus h 3 increases as b decreases
and by making b sufficiently small, h 3

b can be made as close to 1 as desired. By similar
arguments, we can see that

h 3 -’) 0 as b - 0, when 6 < 0.

Appendix B. In this appendix, for the sake of easy reference, we quote a theorem
from [18]-[20] that provides the basic convergence result that is relevant for our
analysis. For each 0 (0, 1), let {x} be a stationary Markov process where x I for
all 0 and k _-> 0 where I is a subset of the M-dimensional space RM. The parameter
0 is an index of the magnitude of 6x x+l-x and we are concerned with the
asymptotic behavior of x as 0- 0 and kO- o.

Assumptions.
A1. E{6xlx=y}=ow(y)+o(o2).
A2. E{[6x,- W(y)][6x, W(y)]" IXk y}= 02s(y)+o(OZ).

),}=
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where [. is a norm defined in I and all the orders of magnitudes are uniform in y.
A4. W(y) has bounded Lipschitz derivative.
A5. s (y) is Lipschitz in L
Let

(O,x) a-E{xT, Ixg=x} and Wk(O,x) a--E{[x--lZk(O,x)][X--tZk(O,x)]7"IX=X}.
Let W’(y) denote the Hessian of W(y) and (x, y) denote an inner product in Rt.

The following theorem summarizes the behavior of xk when 0 0 and kO .
THEOREM B. If, in addition to Assumptions A1-A5,

(i) 1is compact,
(ii) them exists an unique I such that W(A O, that is, (y -)t, w()t)) < 0 ]’or

all y and y L
(iii) (z, W’(y)z) < 0 for all z Rt and z O,

then the following conclusions are true:
(a) wk(0, x) O(0) uniformly ]’or all x I and k >- O.
(b) For any x L the (vector) differential equation
1) f’(t) W[f(t)]

has an unique solution f(t) where f(O) x and

2) tzk(O, x) f(kO)+ 0(0) uniformly ]:or all x el and k >=0.

(c) The (matrix) differential equation

1) g’(t) W’[f(t)]g(t)+ g(t) W’7"[/(t)] + s[f(t)]

has an unique solution g(t) with g(0)= 0:

2) .(Z N(O, g(t)) as 0 O, kO < where Z, a=[x,-t(kO)]O-1/z
(S(x) refers to the distribution of x and N(a, b) refers to the normal distribution with
mean a and covariance matrix b) and as 0 O, kO az, g(c) is obtained as the unique
solution of the system of linear equations.

3) w’()g() + g()w’(;t) + s(;t) 0.

The theorem as stated above is a combination of many theorems from Norman
[8]-[20].
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ON MINIMAL SPLITTING SUBSPACES AND
STOCHASTIC REALIZATIONS*

ARTHUR E. FRAZHO?

Abstract. Using shift operator techniques, the set of all minimal splitting subspaces for a stationary,
scalar valued random process is given. Each minimal splitting subspace is shown to naturally define a
stochastic forward and backward realization. These realizations are related through duality and can be
infinite-dimensional.

1. Introduction. The role of minimal splitting subspaces in stochastic realization
theory has been well stressed in [19], [20], [22] and elsewhere. The backward shift
operator has played a substantial role in linear operator theory [5], [8], [13], [14],
[15], [17], [23], [24] and deterministic realization theory [4], [10], [11], [12], [16]. In
this note the backward shift operator and the concept of a minimal splitting subspace
is used to develop stochastic realizations for a wide sense stationary process y. First,
[6, Thm. (3.1.5)] is used to provide a complete characterization of all minimal splitting
subspaces for y. This offers a new interpretation to some of the results in [19]; see
2. Then it is shown that each minimal splitting subspace naturally defines a forward

stochastic realization and a backward stochastic realization. These realizations are
obtained directly from the backward shift operator. They are the stochastic counter-
parts of the shift realizations used in deterministic systems theory [4], [10], [11],
[12], [16].

To begin, some notation is established. Throughout, y(n) is a scalar valued,
discrete-time, wide sense stationary, second order, centered process. The Hilbert space
generated by the closed linear span of {y (n) -oo < n < co} is denoted by g. The inner
product on o is (x, y)= Ex;, where E is the mathematical expectation. The future
of [past of] y is defined by Yg+ "-- /,>0 y(n)[- "- /,_-<0 y(n)], respectively. If 0// is a
linear subspace of g (or any Hilbert space), then P(hlall) is the orthogonal projection
of h on 0//. The shift operators U(n) is the uniquely determined group of unitary
operators on defined by U(n)y(k) "- y(n + k). Note U(n + m) U(n)U(m) for all
integers n, m.

We say that W1- is a splitting subspace for y if g-v W1 is an irreducible
invariant subspace for U(- 1) and

(x)

6 is an irreducible invariant subspace for an isometry W on Y{" if is an invariant
subspace for W and fqn_->o WnS={0}, [8], [13], [14], [23]. The usual definition of a
splitting subspace does not require that -/1 be an irreducible invariant subspace
[19], [20], [22]. This extra assumption has been incorporated in our definition to
simplify some of the forthcoming calculations. It has no effect on the final result. The
irreducibility implies that the process U(n)T1 "--{U(n)x: x 1} is purely nondeter-
ministic, i.e. ,_-<o[ i=_U(i)T1]cfq,<__oU(n)(-/T1) {0}. Furthermore, the
additional assumption eliminates many trivial splitting subspaces that would otherwise
occur. For instance, under our definition, 1 is not a splitting subspace. Finally,
a splitting subspace 1 is called minimal if 1 contains no strictly proper splitting
subspace.

* Received by the editors April 15, 1980, and in revised form September 1981.
? Purdue University, School of Aeronautics and Astronautics, West Lafayette, Indiana 47907.
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:. Functional representations. At this point it becomes advantageous to work in
the transform domain. This setting allows us to apply the shift operator techniques
of [6], [13], [24] to obtain all the minimal splitting subspace for y.

To begin, some standard terminology is established. The closure of a set is
denoted by cl . Let Z {z: Iz] 1} be the unit circle in the complex plane and dm
the normalized Lebesgue measure on Z. The set of all square integrable, Lebesgue
measurable functions f(z) on [0, 27r] is denoted by L. Multiplication by z on L is
defined by Mz: Mf’- zf if f is in L. Since z e t for [0, 2rr], the complex conjugate
of z equals the inverse of z, i.e., 1/z and M (M)-. The Hardy space Ha is
the subspace of L2 consisting of all functions f(z) such that z "fdm 0 for all n > 0,
[14], [17], [24]. An inner function p is an element in H2 such that I (z)l- a a.e. An
excellent reference on inner functions is [17]. If 4’ is an inner function, then H, is the
subspace defined byH, -’-- H2(H2. Following [24], we call 0 inH outer if V,o z"O
He. This is equivalent to the usual definition of an outer function given in [17].

The backward shift operator is the co-isometry on Ha defined by

(2) U*+[ f,-fo p(fflH2) (f H2),
Z

where fo fdm. If W is an invariant subspace for U*+, then U*+ 1,’ is the restriction
of U+* to . The following modified version of [6, Thm. (3.1.5)] will play an important
role in our theory. The proof is identical to the one in [6].

THEOREM 1. Let f be in Ha. The vector U*+f is noncyclic for U*+ if and only if
there exists a g in Ha and an inner function b such that f(z)= g(z)(z) a.e. Further,
if the inner part of g and are relatively prime, then the factorization is unique up to
a constant of modulus one, and

(3) V U*+"f Ha(-OHa "-- H,v.

Using this factorization, it is easy to verify"
COROLLARY 1. Let f be in Ha and fe be its outer factor. Then
(i) f is cyclic for U*+ if and only if U*+f is cyclic for U*+.
(ii) U*+f is cyclic for U*+ if and only if *U+fe is cyclic for U*+.
Throughout, 0 is the outer spectral factor for y. It is the uniquely determined

outer function in Ha such that Ey(n)y(m)=(n-’Odrn. Let Y be the unitary
operator mapping La onto ’ defined by Y$nO=y(n) for -o<n<c. Clearly,
YMz U(-1)Y. The processes "0 and y(n) are unitarily equivalent. Since 0 is
outer, the past of "0 is Ha. (Recall Vo zo H2.) The future of ’0 is Vn>o "0.
Further, YH2= - and Y[V,>o 0] +. Therefore, [Y] is a splitting subspace
for nO[y], respectively, if H2v is an irreducible invariant subspace for Mz and

(4) P(V$"OIHa\/)(OlT)n>o=P Yo
Y is a minimal splitting subspace for y if and only if is a minimal splitting subspace
for 0. In this paper we characterize all the minimal splitting subspaces for y by
finding all the minimal splitting subspaces for the equivalent process nO. This begins
with

LEMMA 1. Let
_
H2. If is an irreducible invariant subspace for Mz, then there

exists an inner function O such that 5e H2. The function 0 is uniquely determined
up to a constant factor of modulus one.
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Proof. The hypothesis guarantees that 6--fn2. The function is unique up to a
constant of modulus one and [[(z)[ 1, a.e., [8], [13], [23]. Using 6eH2, [h 1 for
some h in H2. Thus, h is in H2. Setting ff completes the proof. (Since f has
modulus one, the complex conjugate of f equals the inverse of , i.e., f 1/f.)

LEMMA 2. I]’ t# is an inner function, then

(5) P(e"h]n) [U*+" (h$)] (hn2 and n >--0).

Proof. Let f= P(."hIH), where f is in H2. Then "h-f is orthogonal to

H. Equivalently, "hO-f is orthogonal to H. Thus, f=P(hOIH). Since
P(."q[H) U*+"q for any q in H, the proof is complete.

Using Lemma 1 and (4), (5), we can prove
PROPOSITION 1. Let Y be a splitting subspace for y. The space T uniquely

determines an inner function up to a constant of modulus one such thatHV H.
Furthermore,

(6) cl P(yo zT"01a) =clP(2o."O]H2) tff [yo U*+ (00)].
Proposition 1 has a converse" Each inner function 0 determines at least one

splitting subspace. For instance, Y(H) is a splitting subspace.
For the moment, let 0 be cyclic for U+* and Y be a splitting subspace for y.

By Proposition 1, (6) and Corollary 1, part (ii)"

(7)

Hence =H2. The set of all splitting subspaces for y is: {YH214, is inner}. Note
H2_cH2 for all inner functions 4’. Therefore, the only minimal splitting subspace
when 0 is cyclic is -= YH2.

Now assume that 0 is noncyclic for U*+. Let 0 g49 be the unique factorization
given in Theorem 1. (Unique means unique up to a constant of modulus one.) For
each splitting subspace Y, there is an inner function 0 such that H2Va=H2.
Clearly 04, g4’ g,g,,. (Throughout, gi[ge] is the inner [outer] factor for g, respec-
tively.) The common factors of g and , cancel. Thus, 0tp =/76, where h is in H2,
0 :6, and : is the greatest common inner divisor of and g. This factorization of
0& is unique by Theorem 1. By Proposition 1, (3), (6) and Theorem 1,

(8)
n>0

([1, Lemma (3.1)] is used in the above calculation. It states H. H(SH. when
and 6 are inner functions.) By (8) every splitting subspace for "0 contains a space
of the form :H., where : divides g. The following proposition shows that these are
precisely the minimal splitting subspaces.

PROPOSITION 2. Let 0 be the outer spectral ]’actor ]’or the process y(n). If 0 is cyclic
for the backward shift operator, then Y- is the only minimal splitting subspace for y.
Furthermore, assume 0 is noncyclic for the backward shift and 0 g is the unique
factorization given in Theorem 1. Then the set of all minimal splitting subspaces ]’or y
is" { YH,: is an inner divisor of &}.

Proof. (ii) In light of (8), it remains to verify that H. is a minimal splitting
subspace for 2"0. First it is shown that :H. is a splitting subspace. Since : divides
g, the unique factorization of 0: given by Theorem 1 is 0: =/, where h is in H2.
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By (3), (5) and Theorem 1,

(9) el P( V
n>0

Equation (9) can also be used to demonstrate that HZVH,t, ’H2"

(10)

From (9) and (10), it follows that 6H is a splitting subspace.
Finally, it is shown that H. is minimal. Let H. be a splitting subspace and

1 be the corresponding inner function. By (10), (H=HVH2V(H.= (H2.
Hence 1 divides 6 Since divides gi, the unique factorization of 01 given by Theorem
1 is 0 , where h is in H2. By (3), (6), Theorem 1 and the fact that is a
splitting subspace,

eVe e(11) = cl O cl ln.
n>0

Without loss of generality, set H.. (Recall H is a splitting subspace.) By
(11), H.g 12H., where 12 6 Thus, 2H. g H.. To complete the proof, it is
sufficient to show that 2 H.@2H. is zero. By [1, Lemma (3.1)],

(12) 2H. g H. g H.e He@2H..
The functions
divides g, and &, are relatively prime, from Theorem 1. Equation (12) yields
2 gHe H. {0}. The equality is a consequence of and being prime (see [24,
p. 123]), which completes the proof.

COROllaRY 2. ff 1 and 2 are two minimal splitting subspaces for y, then the
dimension of equals the dimension of 2. The process y admits a finite-dimensional
minimal splitting subspace if and only if 0 is rational.

Proof. The first part is obvious. The second follows from the fact that the
dimension of V.>0 U0 is finite if and only if 0 is rational.

Example 1. Let 0 be the outer function given by

{13) o{z)= H {1-5 z)-1

k=l k=l

Suppose that the numerator and denominator have no common factors. Since 0 is
outer, all the poles and zeros of 0 are outside of the unit disc [17]. A simple calculation
gives

(14) O=x"- (1-z)-1. H B(1-6z). B,
k=l k=l k=l

where x is a constant of modulus one and By is the Blaschke factor with respect to
[17]. Therefore, 0 g(I), where

(15)

=z I-I Bt ifm>n, cP= Bt ifm_-<n,
k=l k=l

gi z I-I Bk if m <= n, gi I-I Bk if m > n.
k=l k=l
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Note. that gi and are relatively prime. Hence, the factorization is unique. The set
of all minimal splitting subspaces for y is Y2jH,, where : divides gi.

In the noncyclic case the set of all minimal splitting subspaces for y have also
been characterized in [19]. Aside from the fact that they work in continuous time,
their approach is quite different. It relies heavily upon the geometry of splitting
subspaces. To complete this section, we compare our approach to theirs.

Let us briefly summarize their results. First two spectral factors W, and W* for
y are found. W, is the outer spectral factor and W* is a stable spectral factor
determined by the frame space. Then two inner functions ], and 1" are defined./’, is
the inner part of W* and/’*’- W*/if’,. Using the geometry of splitting subspaces
they prove [19, Thm. 3]: The set of all minimal splitting subspaces for y is unitarily
equivalent to {]P(,i*H- ]H- ): ] is an inner divisor of/’,}. The Hardy space of analytic
functions in the right [left] half plane is denoted by H-[H ], respectively. It can be

H+ +shown that P(j*HI 2 )=Hf’H2 @]*H-. Using this, their theorem becomes"
The set of all minimal splitting subspaces for y is unitarily equivalent to {]/-/.."/" is an
inner divisor of/’,}. Multiplying the above spaces by ), yields’ The set of all minimal
splitting subspaces for y is unitarily equivalent to {)/-/.. "j is an inner divisor of ],}.
We will show the connection between [19, Thm. 3] and our Proposition 2.

We did not use the geometry of splitting subspaces. Our approach depends upon
the backward shift operator and Theorem 1. We have shown that the set of all minimal
splitting subspaces for y is unitarily equivalent to {OH,’O divides ri}. Here gi and (b

are obtained from the factorization 0--g. Note that our approach only requires the
knowledge of 0. The functions gi, cb are obtained by factoring 0. Lindquist-Picci use
two spectral factors W, and W*. Their factor W* was calculated by using the frame
space. We can obtain their W* by factoring W,. A continuous time version of Theorem
1 verifies that W, can be uniquely factored into W, g. It can be shown that ]*,
W*=g and/’,--gi. This completely exposes the relationship between [19, Thm. 3]
and our Proposition 2. In [19] they have arrived at the functions/’, gi and/’* =(b
by using splitting subspace techniques. Here we obtain the functions gi, by using
the backward shift operator and factoring 0. Example 1 demonstrates that this
factorization is easy to perform if 0 is rational.

Finally, note that [19] does not treat the cyclic case. They have eliminated this
possibility by assuming cl P(+]-) -. A cyclic 0 occurs more often than one
might suspect. In [6] it was shown that the set of all noncyclic vectors for the backward
shift is in the first category. So, in some sense, the number of cyclic vectors far exceeds
the number of noncyclic vectors.

3. State space realizations. In this section it is shown that the previous theory
easily leads to a state space realization of y. For each minimal splitting subspace, a
forward and a backward realization of y is given. Throughout the rest of the paper,
0 is noncyclic and 0 g,cb is its unique factorization.

H, is the minimal splitting subspace which is completely contained in the past
of 0. Each h in H, defines a wide sense stationary process by h for
In the time domain this process is: x(n)= YY,h. The processes determined by
admit a natural forward state space representation:

Y,h U*+ IH,)h + Y, ho (h H,),
(16)

0 =P(OIH.)+go.

(Recall fo’-(j)o’-fdrn if f is in L2.) The first equation in (16) follows from (2) and
the fact that H. is an invariant subspace for U*+. The second equation is the orthogonal
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decomposition of 0. Note that P(O[H2) go by using 0 g. In the time domain
(16) becomes

(17) x(1)=Ax(O)+lu(1), y(0)= dx (0) +/u (0),

where YS" u (n), Y(U+* IH) y-l,/y Yho, P(" [YH) and/Y YOgo.
Since u(n), x(n) and y(n) are all wide sense stationary, (17) formally becomes

(18) x(n + 1)=x(n)+Ju(n + 1), y(n)= ’x(n)+lu(n).
System (18) is called the restricted forward realization for y determined by H. By
Corollary 2, system (18) is finite dimensional if and only if 0 is rational.

Notice that is unitarily equivalent to U*+ [H. By [5], [24] is the characteristic
function for . If f is in L2, then fl(z) )r(5) a.e. The spectrum and all the invariant
subspaces of fi can be determined directly from . The spectrum of is the union
of the closure of the zero set of and the closed support of the singular measure
determined by . Each inner factor of uniquely determines an invariant subspace
for . Furthermore, is the minimal function for . A minimal function is a
generalization of the concept of a minimal polynomial used in linear algebra. In
particular, this implies O(A)= 0. For other important aspects of minimal and charac-
teristic functions see [5], [24]. Therefore, the factorization 0 determines all
minimal splitting subspaces for y and a Markov representation of the form (18) such
that is the minimal and characteristic function for . Finally, it is noted that this
factorization also plays an important role in deterministic realization theory [4], [10],
[11], [12]. They also arrive at a shift realization.

Example 2. System (18) is an abstract realization of y. It degenerates into the
usual autoregressive model when 0 is rational. For instance, let 0 l/d, where
d (1-.yz-z2-az 3) and a # 0. Applying U*+ recursively, see (2), gives He-"
/,>0 U*+nO=span{1/d,z/d, zZ/d} Choose ha=zZ/d, h2=z/d and h3=l/d as a
basis for H,. Then U*+h h 2, U*+h h 3, U*+h 3 ah + flh 2 + yh 3, h O, h O,
h=l.

By (16),

(19) 0 +e O=h

Converting to the time domain gives

(20) x2(n + a) 0 + + a),
lx(n + 1) Ix(n )1

y(n) [0, O, 1]x(n).

Note that (20) is only a matrix representation for the forward realization. The 3 3
matrix in (20) is similar to U*+IH,. The operator Y is used to obtain unitary
equivalence.

The above method can be applied to any rational function 0 n/d to obtain a
matrix representation for the restricted forward realization of y determined by He.
If the polynomials n and d have no common factors, then Ho" /i>0 U*+iO
span {i/d, z/d,..., z’/d}, where k is the maximum degree of {n, d} minus 1. U.sing
the obvious basis and (16), one obtains an autoregressive model for y, where A is a
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companion matrix. This agrees with the results of [22]. It is important to note that
the above method works even if n and d have common factors. In this case one simply
computes a basis for H, ’-- /i>o U*+iO and then proceeds as before. In fact, the roots
of n and d are needed only when one is computing the characteristic or minimal
function for U+* IH(R) (see Example 1).

A backward stochastic realization of y is obtained by compressing M to H,.
The compression of M to H, is the linear operator S, mapping H, into H defined
by Sh "-P(zhlH) when h is in H, [5], [14]. Note S, is the adjoint of U+* ]H. The
orthogonal decomposition of zh is zh =Sh +P(zhlH) for h in H,. Using
P(zh[H2) Cb(zh)o gives

zh S,h + Cb(zCbh )o (h H),
(21)

0 P(OIH,) + Ogo.
In the time domain, (21) formally becomes

(22) x(n 1)=Ax(n)+Bu(n), y(n) Cx(n)+Du(n),
where AY Y$., BY Y(zcbh)o, etc. System (22) is called the restricted backward
stochastic realization for y determined by H.. The characteristic and minimal function
for A is [5], [24]. To summarize,

PROPOSITION 3. Let 0 be the outer spectral factor for y and let 0 g be its unique
decomposition. The process y admits a forward [backward] stochastic realization of
the form (18) [22] where [] is the characteristic and minimal function for [A],
respectively.

Remark 1. A restricted forward and backward stochastic realization can be
obtained for any minimal splitting subspace. For instance, if h is in H., where sc is
an inner divisor of &, then

eh ( U*+ IH,)h +(h)o (h n,),
(23)

O P(OlgHo) +
Transforming to the time domain,

(24) x(n+l)=,x(n)+eu(n+l), y(n)=ex(n)+ieu(n),
where e is unitarily equivalent to MU*+MI(H.. Hence is unitarily equivalent
to U*+ [H. The characteristic and minimal function for is [5], [24]. System (24)
is called the restricted forward stochastic realization for y determined by H,.

All restricted forward stochastic re,alizations determined by any minimal splitting
subspace are unitarily equivalent. Two forward [backward] systems {o/, ,/},
[{*Zl,_ /:1, 51,_/e,}] are unitaril.y equivalent, if there, exists, a unitary operator V from
YH, onto Y.IH, such that VAe Ael V and VB Be1. In this definition no stipula-
tions on the Ce and/e terms are given, because these operators are always derived
from the appropriate orthogonal decomposition. In fact, the unitary operator V
intertwining these two forward systems is V YMgIMeY-. In a similar manner one
can obtain the restricted backward stochastic realization for y determined by :H,.
(In fact, the one step model for n, is" zh S.h + -b(zTh)o, O=P(OIH.)+
sc(scg)0 when h e sCH,.) As expected, all restricted backward realizations are unitarily
equivalent.

4. Duality and stochastic realizations. Clearly there is a dual relationship between
the forward and backward stochastic realizations for y. More precisely, in this section
it is shown that the restricted forward [backward] realizations for y(n) are unitarily
equivalent to the restricted backward [forward] realizations for y(-n), respectively.
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Let w(n) y(-n) for all n. The outer spectral factor for the p.roc_e.ss w is . Recall
that 0 is outer if and only if ff is outer [24]. Furthermore, 0 g is the unique
factorization for 0 given by Theorem 1. The set of all minimal splitting subspaces for
w is: {W(H: is an inner divisor of gi}. Here W is the unitary operator mapping L2

onto defined by W"ff= w(n).
Let J be the unitary operator from L2 onto L2 defined by Jf(z)= d(z)f(.)

a.e. In [9] it is shown that J maps H onto H, and intertwines U*+ ]H with $,"

(25) JH, H, and J(U+* IH)= S(JIH).
The unitary operator Ji mapping L2 onto L2 is the operator that "reverses time".
(A continuous time version of this operator has been used in [19].) The operator
maps the past of [future of] "ff onto the future of [past of] 70, respectively. More
precisely,

PROPOSITION 4. Let 0 be the outer spectral factor for y and 0 g,d be its unique
factorization. Then

(i) J,i[,H]
(ii) JgiH2= V.>o
(iii) Ji[V,>0 E"] HE.
Proof. Part .(i) f_ol.lowsfr.om (25). Notice that 101 Igl a.e. Hence 0 ge, the outer

part of g. Usin.g 0 O,i, it is easy to verify that Jff,iz" f("+l)0 for -oo < n < oo.
Since 0 and 0 are both outer, the last equality implies (ii) and (iii). (Recall that 0 is
outer if and only if V,_>_o z"O H2.)

From the above proposition, it is clear that Ji maps the future minimal splitting
subspace H for " onto the minimal splitting subspace H, contained in the past
of "0. Consider the state equation for the restricted forward realization of
determined by iH:

(26) [= K-(U+* ]H)K,+ Zi(if)O (f ,iH,).

In the time domain, (26) formally becomes

(27) x(n + 1)=vx(n)+:vu(n + 1).

For simplicity we will ignore the output terms in (26), (27), which correspond to the
appropriate orthogonal decomposition. Here F is unitarily., equivalent to U*+ ]H;.
The characteristic and minimal function for AF is t:I) (note - ). Applying J,i to
(26) yields the state equation (21). To verify this set h J,f, f h’ and use (25)"

J,i,(,if)o (h’)0 (J-lh)0 (z?h (e))0 (z(e)h (e))0 (zh)o.
Thus, (27) and (22) are unitarily equivalent. A dual argument on the backward
realization gives

PROPOSITION 5. Let w(n)= y(-n) for all n. The restricted forward [backward]
stochastic realization for w determined by in is unitarily equivalent to the restricted
backward [forward] stochastic realization ]or y determined by H, respectively.

Since all forward [backward] realizations for y determined by any minimal splitting
subspace are unitarily equivalent (see Remark 1), we get

COROLLARY 3. All restricted ]orward [backward] stochastic realizations ]or y are
unitarily equivalent to all restricted backward [forward] stochastic realizations ]or w,
respectively.

We have derived a shift realization for a stochastic process y(n). We shall show
some similarities and differences between deterministic and stochastic realizations.



STOCHASTIC REALIZATIONS 561

Consider the following system"

x(n + 1)=Ax(n)+Bu(n), y(n) Cx(n)+Du(n),

where A, B, C, D are bounded linear operators on the appropriate space. For simplicity
u(n) and y(n) are assumed to be scalar-valued sequences. System Z is denoted by
{A, B, C, D}. The transfer function I for Z is defined by 12. "- D + zC(I- zA)-IB.
Without loss of generality, it is assumed that Z is stable, i.e., f. is in H2. The
deterministic realization problem is" Given 12 in H2, find a minimal system Y,
{A, B, C, D} such that II is the transfer function for Z, i.e., f . Following [4],
[10], [11], [12], [16], a solution to this problem is:

x(n + 1)= (U**- IH.)x(n)+(V*+ f)u(n),
(28)

y(n) Pox(n) + fou(n),

where is the inner function defined by Ha, Vn>o U*+ fL The operator P0 mapping
H. into the complex number is given by Pof’- (f)o "- fdm.

Let us compare the stochastic realization (16) with the deterministic realization
(28). Both contain operators of the form U+* IHI,. The inner function is the minimal
and characteristic function for U+* IHI,. The spectrum and all the invariant subspaces
for U*+ IH(R) are determined by . However, (16) and (28) are different realizations.
The operator Po does not correspond to P(OIH.) and 2ho does not correspond to
U+* f. Furthermore, stochastic realizations evolve forward and backward in time.
Deterministic realizations only move forward in time. Here Theorem 1 was used to
prove Proposition 2 and classify all minimal splitting subspaces. In deterministic
realization theory, Theorem 1 is used to compute in H. V.>o U+* 12. Theorem 1
is also used to study series and parallel coupling of linear systems [12]. Finally, for
deterministic realizations, one computes H." V,>o U+*"lq where 1) can be any
arbitrary function in H2. Our HI," V>0 U*+0 is always determined by an outer
function 0. We have demonstrated several important differences between stochastic
and deterministic realizations. In a future paper on vector processes, it will be shown
that this gap is far wider than one might suspect.
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TANGENT SETS’ CALCULUS AND NECESSARY CONDITIONS
FOR EXTREMALITY*

CORNELIU URSESCU"

Abstract. In this paper we deduce some relations concerning the tangent sets to the inverse image
of a set under a function and we use these relations to derive necessary conditions for extremality in the
form of a multiplier rule.

1. Introduction. We have considered in [23, p. 151] the tangent sets Lxo(Xo),
lxo(Xo), kxo(Xo) and Kxo(Xo), where Xo is a subset and Xo is a point both of the same
linear topological space X (throughout this paper "linear space" means "real linear
space" and "topological space" means "Hausdortt topological space"). The definitions
of these tangent sets are as follows"

Lxo(Xo) {x X; :! U ll, r > O, Vs (0, r), /u U, Xo + s(x + u) Xo},

lxo(Xo) {x X; U all, r > O, :Is (0, r), /u U, Xo + s(x + u) Xo},

kxo(Xo) {x X; /U s ql, ]r > O, /s s (O, r), ]u s U, xo + s(x + u) s Xo},

Kxo(Xo)={x X; VU all, Vr>0, s (0, r), u U, Xo+S(X + u) s Xo},

where q/is the family of all neighborhoods of the origin in X. Then we have established
several inclusions relating to the tangent sets Lr-l(yo)(Xo), lr-(yo)(Xo), kr-yo)(Xo) and
Kr-<yo)(Xo) where Xo and Yo are nonempty subsets of the linear topological spaces
X and Y, respectively, f is a function from Xo into Y, Xo is a point of Xo and f-l(yo)
denotes the inverse image of Yo under f. With that end in view we have defined the
differentiability of at Xo and, supposing to be differentiable at Xo, we have established
in [23, pp. 154-155] the following relations:

(a) Lxo(Xo) t3 (Dr(xo))-(LYo(f(Xo)))
Lr-<yo)(Xo)

G Lxo(Xo) fq (D(xo))-1 (kgo(f(xo))),

(b) lxo(Xo) f3 (Dr(xo))- (LYo(f(Xo)))- lr-’.o>(Xo)_
Ixo(Xo) f’l (Dr(xo))-’(Kgo(f(Xo))),

(c) kxo(Xo) f’l (Dr(xo))-(LYo(f(Xo)))
kr-o>(Xo)

kxo(Xo) (Dr(xo))-l(kYo(f(xo))),
(d) (Dr(xo))-(LYo(f(Xo))) gf-l(yo)(Xo (Dr(xo))-(KYo(f(Xo))),
(e) Lxo(Xo) fq (Dr(xo))-(lYo(f(Xo)))

Lxo(Xo) f3 l-(ro>(Xo)

Lxo(Xo) f3 (Dr(xo))-(KYo(f(xo))),

* Received by the editors August 9, 1979, and in final revised form July 1, 1981.

" Institutul de Matematic, Universitatea A1. Cuza, 6600 Iai, Romania.
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(f) kxo(Xo) ffl (nf(xo))-l(lyo(f(xo)))__
kxo(Xo) Kr-(o)(Xo)_
kxo(Xo) (nf(xo))-l(KYo(f(xo))),

where Dr(xo) denotes the differential of f at Xo.
The inclusions LYo(f(Xo))

_
lYo(f(Xo))

_
KYo(f(Xo)) and LYo(f(Xo)

_
kYo(f(Xo))

_
KYo(f(Xo)) suggest that the best improvements we can obtain are the following relations"

(A)

(B)

(C)

(D)

(E)

(F)

LXo(XO) f-) (nf(xo))-l(Lyo(f(Xo))) Lf-l(yo)(Xo)

/-i(vo)(Xo)
_

lxo(Xo) f3 (D(xo))-l(Ivo(f(Xo))),
k-i(vo)(Xo) kxo(Xo) (D(xo))-(kvo(f(Xo))),

(Df(xo))-i (kvo(f(Xo)))
_

Kf-(Vo)(Xo),

Lxo(Xo) f3 (D(xo))-l(lvo(f(xo))) Lxo(Xo) f3/r-i(vo)(Xo),

kxo(Xo) Kf-’(Yo)(Xo) kxo(Xo) f’) (Df(xo))-l(Kvo(f(xo))).
In what follows we shall prove each of these relations under appropriate

hypotheses (see Theorems 1, 2, 3 and 4). The basic tool in this attempt is that of a
generalized concave function (see Definition 1). Then we shall define the notion of a
generalized extremal point (see Definition 2), and we shall derive necessary conditions
for extremality in form of a multiplier rule (see Theorem 5). Finally we shall apply
these results to programming problems (see Definitions 3 and 4, and Theorems 6, 7
and 8).

Before we continue our exposition, let us remember that: the set Kxo(Xo) is closely
related to a tangency concept which was first introduced by Bouligand [4, p. 215] and
Severi [19, p. 99]; the differential Dr(xo) was first introduced by Severi [20, p. 10];
the set Lxo(Xo) is due to Dubovickff and Miljutin [6, p. 399]; the right-hand side of
the relationship (d) was proved by Varaiya [24, p. 287].

2. On algebraic and topological interior and closure. Let X be a linear space
and let X0 be a subset of X. We shall denote by ain X0 and acl Xo the algebraic interior
and the algebraic closure of X0, respectively, i.e.,

ain Xo {Xo X; Vx X, ::Ir > O, Vs (0, r), Xo + sx Xo},

acl Xo {Xo X; =Ix X, Vr > O, :Is (0, r), Xo + sx Xo}.

Obviously comp ain Xo acl comp Xo and comp acl Xo ain comp Xo, where
compXo denotes the complement of Xo with respect to X. We have also
ain Xo Xo

__
acl Xo.

The definition of the set ainXo is due to Klee [13, p. 445]. He also considered
in [13, p. 448] the set

lin Xo {Xo X; ::ix X, =lr > O, Vs (0, r), Xo + sx Xo}.

Clearly Xo
___

lin Xo acl Xo. Moreover if Xo is convex, then lin Xo acl Xo.
LEMMA 1. Let 3 X1 Xe X and let tlX1 + teXe X1 whenever tl > O, te > 0

and tl + te 1. Then ain X1 ain Xe and acl X1 acl Xa.
Proof. Since X1

___
Xa, we have ain X1

___
ain Xa and acl X1

_
acl Xe. Before we

prove the inverse inclusions let us make some notation. Denote $* {s/(1 + s); s S}
for S___(O,+c). Denote Sl={S>O;xo+sxX1} and Se={s>O;xo+sxeXa} for
Xo X, x X and xa X. We assert that (Sa)*

___
S whenever Xo + x X1 + xa. Indeed
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if s S2, then

Xo + (s(1 + s))x (1/(1 + s))xo + (s/(1 + s))(Xo + x)e (1/(1 + s))xo + (s/(1 + s))(X + x)

(s/(1 + s))X + (1/(1 + s))(xo + sx) =_ (s/( + s))X

+(I/(I+s))X_X,

hence s/(1 + s) Sl and (S2) Sl.
Now let us turn to the proof of the lemma. First let Xo ain X2, let X X and

consider XEX such that Xo/Xl X+x2 (recall that Xx). According to the
definition of the set ain X2, (0, r)c_ $2 for some r > 0. Because of the definition of the
set ($2)*, (0, r) c_ ($2)* for some r > 0. Consequently (0, r)

_
ain XI, ain X2 _c_ ain X1 and ainX ain X2. Second let Xo acl X2. According to the
definition of the set acl X2, there is x2 X such that (0, r) $2 for every r > 0.
Consider xlX such that Xo+Xx X/x2 (recall that X). Because of the
definition of the set ($2)*, 3 (0, r)f3(S)* for every r>0. Consequently
(0, r) f"l S for every r > 0, Xo acl X1, acl Xa _c acl X1 and acl Xx acl Xa.

Next we shall transpose Lemma 1 in the setting of linear topological spaces.
Suppose X is a linear topological space. We shall denote by tin Xo and tcl Xo the
topological interior and the topological closure of Xo, respectively. Obviously
comp tin Xo tcl comp Xo and comp tcl Xo tin comp Xo. We have also tin Xo
ain Xo

_
Xo

___
acl Xo

_
tcl Xo.

LEMMA 2. Let Xa
_
X2 X and let taX + tEX2 X whenever tl > 0, t2 > 0

and ta + t2 1. Then tin X tin X2 and tel Xx tel X2.
Proof. It follows from Lemma 1 that tin ainX tin ainX and tcl acl Xa tcl acl

X2. But tin ain X1 ___tin X ___tin Xz =tin tin Xz_tin ain X2 and tcl acl X1
tcl tcl X tclX

_
tcl X2

_
tcl acl X2, which proves the lemma.

Let us recall some well-known results which can be easily derived using
Lemmas 1 and 2. If Xo is convex and ain Xo, then ain ain Xo ain acl Xo and
acl ain Xo acl acl Xo. This follows from Lemma 1 since ain Xo acl Xo
and ta ain Xo + t2 acl Xo ain (qXo) + acl (tzX2) ain (taXo) + lin (tzXo)

_
ain (qXo +

t2Xo)
_

ain Xo whenever ta > 0, t2 > 0 and t + t2 1.
Further, if Xo is convex and tinXo, then tinXo=ainXo, aclXo=

tel Xo, tin Xo tin tel Xo and tel tin Xo tel Xo (see Klee [13, p. 448]). This follows
from Lemmas 1 and 2 since tl tin Xo + t2 tcl Xo tin (qXo) + tel (&Xo)
tin (tiXo + t2Xo)

___
tin Xo whenever tl > 0, t2 > 0 and ta + t2 1.

3. Convex and concave functions. Let X and Y be linear spaces, let Xo and Yo
be nonempty subsets of X and Y, respectively, and let f be a function from Xo into
Y. We shall denote by epg (f) and hpy (f) the Yo-epigraph and the Yo-hypograph
of f, respectively, i.e.,

ePro (f) {(x, f(x) + y); x e Xo, y e Yo},

hpvo (f) {(x, f(x)- y); x Xo, y e Yo}.

DEFINITION 1. We shall say that the function f is Yo-convex if the set epYo (f)
is convex. We shall say that the function f is Yo-concave if the set hpg (f) is convex.

Observe that epg (f) hp(_ go) (f), hence f is Yo-convex if and only if it is
(-Yo)-concave. In the sequel we shall consider only concave functions.

LEMMA 3. The function f is Yo-concave if and only if the sets Xo and Yo are
convex and tlf(Xl)+ tEl(X2)- Yo c_f(tXl + t2x2)- Yo whenever xx eXo, XEeXo, tl >-_0,
t2 >= 0 and t + t2-- 1.
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Proof "only if". Let XlXo, x2Xo, y Yo, Y2 Yo, Y Yo, t->-0, t2 -0 and
t + t2- 1. Since (xx, f(xx)-ya)hpg (f) and (xE, f(xE)-yE)hpy (f), we have (taxi /
tEX2, taf(xx) + t2f(xE)- tyl- tEy2) t(xa, f(xa)-yl)+ t2(x2, f(xE)- y2) 6 hpy (f) (see
Definition 1); hence tlX+tEXEXo and tf(x)+t2f(XE)-tly-t2y2
f(tlXl + tEX2)-- Yo. First of all this means that Xo is convex. Further, taking x x2 we
obtain that Yo is convex. Finally, taking y =y and y2 =y we complete the proof of
the "only if" part.

"if". Let (xx, ya) hpgo (f), (x2, y2) hPgo (f), ta _>- 0, t2 0 and t + t2 1. Since
yx f(x)- YoandyEf(x2)- Yo, wehave ty / t2y26 txf(xx)+ t2f(xE)-(tx Yo/ t2 Yo)
f(tx + tEX2)- Yo. Hence t(x, yx) + tE(x2, y2) (txx / tEX2, txy + tEy2) hpgo (f), the
set hpgo (f) is Convex and the function f is Yo-concave (see Definition 1), which proves
the "if" part.

If 0 Yo and Yo + Yo-- Yo, then the function f is Yo-concave if and only if the
sets Xo and Yo are convex (note that in this case Yo is a cone, i.e. ty Yo for all > 0
and y Yo) and tlf(Xl)+tEf(XE)f(tlXl+t2x2)--Yo whenever x X0; XEXo, t >-0,
t2--0 and t/t2 1. We recognize here a definition of Hurwicz [11, p. 68]. The
following considerations will clear up the connection between Definition 1 and the
definition of Hurwicz.

Consider a nonempty subset Y1 of Y and denote Y2 Yl Y1 Y1 Y 1). We assert
that’ 0 Y2; Y2 + Y2 - Y2; the function f is Yl-concave if and only if it is Y2-concave
and the set Y1 is convex. Before we justify these assertions we note that y2 Y2 if
and only if y2 + YI--- Y1. Thus, obviously, 0 Y2. Further, (r2 + r:2)+ Y1
Y2 +(r2 4- Y1) Y2 4- YI --- rl, hence Y2 + Ya- Y2. Finally, according to Lemma 3, a
function f is Yx-concave if and only if the sets Xo and YI are convex (hence the set
Y2 is convex, too) and f(txXl 4- t2x2)- tlf(Xl)- t2f(X2) Y2 whenever Xl Xo, x2 Xo,
tl _-> 0, t2 _-> 0 and tx 4- t2 1, which substantiates our assertions.

Subsequently we shall study some properties of concave functions in linear
topological spaces. Suppose X and Y are linear topological spaces. We shall be
concerned mainly with the set tin (f(Xo)- Yo).

LEMMA 4. Let f be Yo-concave. If tin Yo, then tin(f(Xo)-Yo)=
f(Xo) tin Y.o. Moreover if tin Xo, then tin (f(Xo) Yo) f(tin Xo) tin Yo.

Proof. Let tin Yo. Clearly f(Xo)- tin Yo
_
f(Xo)- tcl Yo. Further if tx >

0, t2 > 0 and t + t2 1, then

ta(f(x)-tin Yo) + t2(f(x2)-tcl Yo) tin (tl(f(xl)- Yo)) + tcl (t2(f(x2)- Yo))

_tin (tl(f(xl)- Yo)+ t2(f(x2)- Yo))___
tin (f(tlXl 4- t2x2)- Yo)

f(tlxl + tax2)-tin Yo
whenever xxXo and x2Xo (see Lemma 3). Hence t(f(Xo)-tinYo)+
t2(f(Xo)-tcl Yo)_f(Xo)-tin Yo. According to Lemma 2, we have tin (f(Xo)-
tin Yo) tin (f(Xo) tcl Yo). But tin (f(Xo) tin Yo) f(Xo) tin Yo - tin (f(Xo)
Yo) -tin (f(Xo)- tcl Yo), which proves the first part of the lemma.

Let, in addition, tin Xo. Clearly f(tin Xo) tin Yo - f(Xo) tcl Yo. Fur-
ther if tx0, t20 and tx4-t2--1, then, arguing as above, we get tlXl+t2x2tinXo
and t(f(xl)-tin Yo)+ta(f(x2)-tcl Yo)_f(tlxl+t2x2)-tin Yo whenever xxtinXo
and x2 Xo, hence tl(f(tin Xo) tin Yo) + t2(f(Xo) tcl Yo) - f(tin Xo) tin Yo).
According to Lemma 2, we have tin(f(tinXo)-tin Yo)-tin(f(Xo)-tcl Yo). But
tin (f(tin Xo) tin Yo) f(tin Xo) tin Yo tin (f(Xo) Yo) - tin (f(Xo) tcl Yo),
which proves the second part of the lemma. [3
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Let us state now a slight generalization of a well-known result (see Fan, Glicksberg
and Hoffman [7, p. 622]) which can be easily derived using Lemma 4. If f is Y0-concave
and tin Yo, then either the equation f(x) tin Yo has a solution, or there is a
linear continuous nonzero function c from Y into R such that supxxo c(f(x)) -<
infyy a(y); the two alternatives exclude each other. This follows from Lemma 4
which implies that one and only one of the following alternatives holds: either

f-l(tin Yo), or 0 tin (f(Xo)-Yo). Since the set f(X0)-Yo is convex and has a
nonempty topological interior, the conclusion follows applying a separation theorem.

Another variant of the above result is the following. If f is Yo- concave, tin Xo
and tin Yo, then either the system x tin Xo, [(x) tin Y0 has a solution, or there
is a verifying the above properties, and the two alternatives exclude each other.

LEMMA 5. Let f be Yo-concave and let 0 tin (f(Xo)-Yo). If ( tin Yo, then
tin f-l(tin Yo) tin f-l(tcl Yo) and tcl ]e-x(tin Yo) =tcl f-X(tcl Yo).

Proof. Let tin Yo. It follows from Lemma 4 that 0e f(Xo)-tin Yo, hence
Cf-a(tin Yo) f-a(tcl Yo). If xx e/-l(tin Yo), xee/-(tcl Yo), tl>0, t2>0 and tx+

t=l, then Oet(f(x)-tinYo)+t(f(xz)-tclYo)_f(tlXl+t2x2)-tinYo (see the
proof of Lemma 4), i.e., taxa+t2xef-l(tin Yo). Consequently tlf-(tin Yo)+
t2f-l(tcl Yo) -f-(tin Yo) whenever tl >0, t2>0 and ta + t2 1, and the conclusion
follows from Lemma 2.

If the sets Yo and gr (f), where gr (f) denotes the graph of f, are cones, then the
set f(Xo)- Yo is a cone too, and the relation 0 e tin (f(Xo)- Yo) is equivalent to the
relationship f(Xo)- Yo Y. This will be the case later when we shall use the function
dr(xo) or Df(xo) instead of f, and the set kYo(f(xo)) or KYo(f(xo) instead of Yo (see
also Lemmas 6 and 9).

4. Some properties o tangent sets and ditterentiable functions. Let X be a linear
topologica space. We shall denote by 0-//the family of all neighborhoods of the origin
in X. Let X0 be a subset of X and let Xo be a point of X. We have given in the
introduction of the present paper the definitions of the tangent sets Lxo(Xo), lxo(Xo),
kxo(Xo) and Kxo(Xo). Some elementary properties of these tangent sets are discussed
below.

Obviously comp Lxo(Xo)- Kcompxo(Xo), comp Ixo(Xo)- komo xo(Xo), comp kxo(Xo)
=lompXo(XO) and compKxo(Xo)=Lompxo(Xo). We have also Lxo(Xo)_lxo(Xo)_
Kxo(Xo) and Lxo(Xo)_ kxo(Xo)_ Kxo(Xo). If, in addition, Xo is convex, then Lxo(Xo)=
lxo(Xo) and kxo(Xo)= Kxo(Xo).

The set Kxo(Xo) is closely related to the concept of a "tangent ray" to Xo at Xo
(see Bouligand [4, p. 215], Severi [19, p. 99] and the references therein). It is not
difficult to prove that a ray from Xo is tangent to X0 at Xo if and only if it is a subset
of the set Xo / Kxo(Xo). The "contingent" to Xo at x0 (see Bouligand [5, p. 42]) is the
family of all tangent rays to Xo at x0. During the 1930s a great deal of research was
carried out over this concept. Most of the reviews 6n the vast literature existing for
the contingent can be easily found under the subject "direkte Infinitesimalgeometrie"
in ZentralblattfiJrMathematik (volumes 5 to 41). Nowadays the contingent has become
a dictionary term (see Naas and Schmid [17, p. 282]), but people are hardly mindful
of it.

The definitions of the sets Lxo(Xo) and Kxo(Xo) are from Dubovickii and Miljutin
[6, p. 399]. Next we shall review some equivalent definitions of the sets kxo(Xo) and
Kxo(Xo) in order to point out their relationship to other known sets.

Since

Kxo(Xo)={x eX; VUe q/, ’dr>0, (Xo+(O,r)(x + U)) Xo},
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we get

Kxo(Xo) {x X; VU 11, ( (Xo + (0, +)(x + U)) [q (Xo + U) 71X0}.

This equality holds since, given x X, for every U q/there are U and > 0
such that (0, )(x + ) ((0, +)(x + O)) tq IQ; conversely, for every/Q a//and > 0
there is O q/ such that ((0, +c)(x + O))tq O (0, r’)(x + ) (we have to consider
IQ a//such that IQ + (1/r’)

_
and then we have to apply appropriately the inclusion

aA f"l bB
_

(ab/(a + b))(A + B), where a > 0, b > 0, A
_
X and B X).

Consequently, if X is metrizable, then the following three statements are
equivalent" x Kxo(Xo); there are sequences (X,),N

_
Xo and (S,),N

_
(0, +) such

that lim,_. s, 0 and lim,_.o (1/s,)(x,-Xo) x (see Hestenes [10, p. 170]); there are
sequences (s,),v_(0,+c) and (x,),r_Xo such that lim,-oxn=xo and
lim,_. s, (x, Xo) x (see Abadie 1, p. 33] and Whitney [25, p. 211 ]).

The set kxo(Xo) can be characterized sometimes using functions o" (0, p) X,
where p is possibly dependent on o. Namely, denoting

Y {o "(0, p) - X" lim v (s) 0}
s0

we obtain the inclusion

{x X; ::iv Y, Vs (0, p), Xo + s(x + o(s))6Xo} kxo(Xo),

but the corresponding equality does not hold unless X is a particular space, for
example, a metrizable one. In this case the following two statements are equivalent:
x kxo(Xo); there is a function ’" (0, O)-->X0 such that

lim (1/s)(x(s)-xo)= x
s--O

(see Girsanov [9, p. 39]).

Finally if X is normable and 6(Xo) is the distance from the point Xo to the set
Xo, i.e., 6(Xo)= inf (llx- x011; x Xo}, then we have

kxo(Xo) {x X; lim 6(Xo + sx)/s 0},
O

Kxo(Xo) {x X; lim inf 6(Xo + sx)/s 0}
s-0

(see Federer [8, p. 435]).
LEMMA 6. The sets Lxo(Xo) and lxo(Xo) are open cones. The sets kxo(Xo) and

Kxo(Xo) are closed cones.
Proof. The properties of the sets Lxo(Xo) and Kxo(Xo) are well known so we omit

their proof. We shall discuss only the sets lxo(Xo) and kxo which are rather new.
Let x lxo(Xo). According to the definition of the set lxo(Xo), there are U //and

a function s (0, +c) --> (0, +) such that s(r) (0, r) and Xo + s(r)(x + U) Xo for
every r>0. If t>0, then tUql, s(rt)/t(O,r) and Xo+(s(rt)/t)(tx+tU)=
Xo + s(rt)(x + U) Xo for every r > 0, hence tx lxo(Xo) and lxo(Xo) is a cone. Further,
denoting Uu=U-u for uX, we have Uu?/ and Xo+s(r)(x+u+Uu)=
Xo+s(r)(x + U)_Xo for every r>0 and u tin U, hence x + u lxo(Xo) for every
u tin U and lxo(Xo) is open.

Because of the equality kxo(Xo)=comp/compxo(Xo), it follows that kxo(Xo) is a
closed cone. [3
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We get from Lemma 6 that Lxo(Xo)
_

tin kxo(Xo), Ixo(Xo)
_

tin Kxo(Xo), tcl Lxo(Xo)
_

kxo(Xo) and tcl lxo(Xo)_Kxo(Xo). We shall use later assumptions like Lxo(Xo)
tin kxo(Xo) and Ixo(Xo)= tin Kxo(Xo). Note that if Xo is convex and # tin Xo, then

Lxo(Xo)= tin kxo(Xo) and tcl Lxo(Xo)= kxo(Xo) (see Lobry [15, p. 31]).
LEMMA 7. The following three relations are equivalent" Xo tin Xo; Lxo(Xo)- X;

lxo(Xo) X. The following three relations are equivalent, wo" Xo tcl Xo; # kxo(Xo);
Kxo(Xo).
Proof. First let Xo tin Xo. Then for every x X there are U 0// and r > 0 such

that Xo + (0, r)(x + U)
_
Xo; hence x Lxo(Xo) and Lxo(Xo) X. Further let Lxo(Xo) X.

Then obviously lxo(Xo)- X. Finally let lxo(Xo)- X. Since 0 lxo(Xo), it follows from
the definition of the set lxo(Xo) that there are U q/ and s >0 such that Xo+ sU-
Xo + s(0+ U)_Xo. But sU all, hence Xo tin Xo and the first part of the lemma is
proved. The second part follows by negation from the first one with comp Xo instead
of Xo. 71

We shall discuss now some formulas involving tangent sets in Cartesian product
spaces. Let X and X be linear topological spaces, let Xo and Xo2 be subsets of X
and X, respectively, and let x and xo2 be points of X and X, respectively.

LEMMA 8. Let X X X2, Xo Xx 220 and Xo (x, x). Then the following
relations hold"

Lxo(Xo) L  (xlo)
l, o(Xo) 1 o (X

kxo(Xo) kxg(X) kxg(X),
Kxo(Xo) Kx$(Xo) Kx(X2o).

Proof. Denote by 0?/1 and q/2 the families of all neighborhoods of the origins in
X and X2, respectively. As is well known, U a// if and only if there are UI 0//1
and U2 such that U x U2 U.

First let x (x 1, x) Lxo(Xo). According to the definition of the set Lxo(Xo), there
are U q/ and r > 0 such that Xo + (0, r)(x + U) Xo. Consider U q/1 and U2 q/2
such that U x U

_
U. Then x+ (0, r)(x + U1)

_
X and Xo

2 + (0, r)(x 2 + U)
_
X,

hence x Lx(Xo), x 2 Lx,(x), x Lx(X) Lxo(X) and Lxo(Xo)
_

Lx(Xo) x Lx(X). Conversely, let x (x 1, x) Lx(X) Lx,(x). According to the
definitions of the sets Lx$(X) and Lx?,(x), there are Ule a//1, r >0, U2e 2 and
2r > 0 such that x+ (0, rX)(x + U1)

_
X and x20 + (0, r2)(x 2 + U2)

_
Xo2. Denote U

U x U2 and r min (r1, r2). Then Xo + (0, r)(x + U)
_
Xo, hence x Lxo(Xo), Lx$(X)

Lxo(X)
_
Lxo(Xo) and the first relation is proved.

Now let x (x , x) lxo(Xo). According to the definition of the set lxo(Xo), there
is U e 0// such that for every r > 0 there is s e (0, r) such that Xo + s (x + U)

_
Xo.

Consider U e a// and U2 e a//2 such that U x U2
_

U, let r > 0 and consider s e (0, r)
as above. Then x+ s(x + U1) Xo and x+ s(x + U)

_
X; hence x lx(X),

2x lx,(x), x lx(Xo) Ixo(X) and the second relation is proved.
Let now x (x , x) kxo(Xo), let U e q/ and let U2 e 0//2. Denote U U U2.

According to the definition of the set kxo(Xo), there is r>0 such that ;
(Xo + s(x + U)) fq Xo for every s e (0, r). Then (x + s(x + U1)) (qX and
(x + s(x2 + U2)) fq Xo2 for every s e (0, r), hence x kxo(X), x 2 kx(X), x
kx(X) kxo(X) and kxo(Xo) - kx(Xo) x kx,(Xo). Conversely, let x (x x, x) e
kx$(X) x kxo(X) and let U e a//. Consider U e q/ and U2 e a//2 such that U
U2

_
U. According to the definitions of the sets kx(Xo) and kx(X20), there are rl> 0

and r>0 such that (Xo+S(XI+U1))fqX for every se(0, r), and ;
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(Xo+S(x2+U2))fqX for every s(O, r2). Denote r=min(rl, r). Then (Xo+
s(x + U)) 71Xo for every s (0, r), hence x kxo(Xo), kx(X) kx(x)

_
kxo(Xo) and

the third relation is proved.
Finally let x (x 1, x2) Kxo(Xo), let U 0?/1, let U2 0?/2 and let r >0. Denote

U= UI U2. According to the definition of the set Kxo(Xo),
(Xo + (0, r)(x + U)) Xo. Then (Xo + (0, r)(x + U1)) f3X and
(X2o + (0, r)(x 2 + U2)) I") 202; hence x Kx(Xo), x 2 Kxo(X2o), x Kxo(X) Kx,(x),
and the last relation is proved.

Suppose now Xo is a nonempty subset of X and Xo is a point of Xo. Let Y be a
linear topological space. We shall denote by the family of all neighborhoods of the
origin in Y. Let f be a function from Xo into Y. We have defined in [22, p. 200] the
differentiability and the differential of/c at Xo as follows.

The function f is said to be differentiable at the point Xo if for every x Kxo(Xo)
there is y Y with the following property: for every V there are U //and r > 0
such that[(xo+s(x + u))[(Xo)+s(y + V) whenever s (0, r), u U andxo+s(x + u)
Xo. It can be shown that if is differentiable at Xo, then for every x Kxo(Xo) there
is a unique y Y with the above property. The function just obtained, from Kxo(Xo)
into Y, is said to be the differential of at Xo and is denoted by Dr(xo).

The function Dr(xo is closely related to the concept of "directional derivative"
of f at Xo (see Severi [20, p. 10]). It is not difficult to prove that the directional
derivative of f at Xo along a tangent ray to Xo at Xo is just Dr(xo)(X) where x is the
direction of the ray. It seems that Severi was the first to extend the idea of differentiation
to functions whose domains are not necessarily open.

It can be shown (see [22, p. 201 ]) that Dr(xo), if it exists, is continuous on Kxo(Xo).
As a consequence, supposing Xo

_
Xo + Kxo(Xo), we deduce that is differentiable at

Xo if and only if there is a continuous function Dr(xo) from Kxo(Xo) into Y with the
following property" for every x Kxo(Xo) and V there are U 0-// and r > 0 such
that [(Xo+S(X+U))f(Xo)+s(Dr(xo)(X+U)+ V)whenever s(O,r), u U and Xo+
s(x + u) Xo. Thus, in the case where x0 tin X0, differentiability of at Xo together
with additivity of Dt(xo) coincides with differentiability in the sense of Bastiani [3,
p. 18], and this one is equivalent (see Averbuh and Smoljanov [2, p. 92]) with
differentiability in the sense of Michal [16, p. 340].

We have proved in [22, p. 201] that gr (Dr(xo)) Kgr (/,)(Xo, f(xo)). We shall denote
by dr(xo) the restriction of the function Dr(xo) to the set kxo(Xo) and we shall show
that dr.(Xo) verifies a similar equality.

LEMMA 9. Let f be differentiable at Xo. Then gr (dr(xo)) kgrr)(Xo, f(xo)).
Proof. Let (x, y) gr (dr(xo)), i.e., x kxo(Xo) and y Dr(xo)(X), and let W 7/t,

where denotes the family of all neighborhoods of the origin in X Y. Consider
U R and V such that U V_ W. According to the definition of the function
Dr(xo), there are U and > 0 such that f(xo + s(x + u)) f(xo) + s(y + V) whenever
s(0,?), uO and Xo+S(X+u)Xo. Denote O=Uf)O. According to the
definition of the set kxo(Xo), there is Y>0 such that (x0+ s(x + tQ))f’lXo for every
s (0, r’). Denote r min (L r’) and let s (0, r). Since s (0, r’), there is u such
that Xo+S(X +u)Xo. Denote v =(1/s)(f(xo+s(x +u))-f(xo))-y. Since s(0, )
and u U,.we have v V. Consequently (u, v) W and (Xo, f(xo))+ s((x, y)+ (u, v))=
(Xo + s(x + u), f(xo + s(x + u))) gr (f), hence (x, y) kgrr(Xo, f(xo)) and gr (dr(xo))

_
kgrr(Xo, f(xo)). Conversely let (x, y) kgrr)(Xo, f(xo)). Since gr (f)

_
Xo Y, we have

xkxo(Xo) (see Lemma 8), and since kgr(f)(Xo, f(Xo))Kgr(r)(xo, f(xo)), we have
(x, y) gr (Dr(xo)); hence (x, y) gr (dr(xo)), kgrr(Xo, f(xo))

_
gr (dr(xo)) and the

lemma is proved. I-]
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5. Calculus of tangent sets. Let X and Y be linear topological spaces, let Xo
and Yo be nonempty subsets of X and Y, respectively, let f be a function from Xo
into Y and let Xo be a point of Xo. We shall suppose that f(xo) tcl Yo. Thus both
kYo(f(xo)) and Kgo(f(xo)) are nonempty sets (see Lemma 7). Now we are able to state
and prove the main results concerning the relations (A)-(F).

THEOREM 1. Let f be differentiable at Xo,.let dr(xo) be kro(f(xo))-concave and let
dr(xo)(kxo(Xo))- kYo(f(xo)) Y. If f Lgo(f(xo)) tin kgo(f(xo)), then (A) and (C)
hold. Moreover if Lxo(Xo)=tin kxo(Xo), then Lr-(yo)(Xo)=tin kf-(Vo)(Xo). Moreover if

Lxo(Xo), then Lr-(yo)(Xo).
Proof. Let LYo(f(xo))=tin kYo(f(xo)). Using the definition of the function

dr(xo), we can write relations (a) and (c) as follows"

Lxo(Xo) f-) (dr(xo))-l (LYo(f(Xo)))
_

Lr-l( yo)(Xo)
_
Lxo(Xo) (q (dr(xo))-l (kYo(f(Xo))),

(dr(xo))-l(LYo(f(xo))) kr-l(yo)(Xo) (dr(xo))-(kYo(f(xo))).
Since the sets Lxo(Xo) and Lr-(yo)(Xo) are open and the sets kr-(yo)(Xo) and

kYo(f(xo)) are closed (see Lemma 6), we have

Lr-’(Yo)(Xo)
_
Lxo(Xo) f-) tin (dr(xo))-(kYo(f(xo))),

tcl (dr(xo))-l(LYo(f(Xo))) kf-l(yo)(Xo)

and we deduce from Lemma 5 that

tin (dr(xo))-(kYo(](Xo))) c_ (dr(xo))-l(LYo(f(Xo))),
(dt(xo))-(kYo(f(Xo)))

_
tcl (dr(xo))-a(LYo(f(Xo))).

Consequently

txo(Xo) 1" (df(xo))-l(LYo(f(Xo))) Lr-,(yo)(Xo)

kr-(yo)(Xo) (dt(xo))-l(kYo(f(xo)));
and the relations (A) and (C) are proved.

Further let Lxo(Xo) tin kxo(Xo). Since Lr-(yo)(Xo) tin kr-l(yo)(Xo)
_

tin kxo(Xo) 7) (dr(xo))-(LYo(f(xo))), we have Lr-l(yo)(Xo) tin kt-(yo(Xo).
Further let Lxo(Xo). We deduce from Lemma 4 that dr(xo)(Lxo(Xo))-

Lvo(f(xo)) Y. Consequently # Lr-’(Yo(Xo), and the theorem is proved. ]
The following three theorems can be proved in a similar manner.
THEOREM 2. Let f be differentiable at Xo, let Dr(xo) be kYo(f(xo))-concave and let

Dt(xo)(Kxo(Xo))-kvo(f(xo)) Y. If ( # LYo(f(xo))= tin kYo(f(xo)), then (A) and (D)
hold.

THEOREM 3. Let f be differentiable at Xo, let dr(xo) be KYo(f(xo))-concave and let
dr(xo)(kxo(Xo))-KYo(f(xo)) Y. If f # lYo(f(xo)) tin KYo(f(xo)) then (E) and (F)
hold. Moreover if Lxo(Xo) tin kxo(Xo), then Lxo(Xo) f’) lr-l(Yo)(Xo) Lxo(Xo) f3
tin Kr-l(yo)(Xo). Moreover, if ( Lxo(Xo), then f Lxo(Xo) f’) lr-(Yo)(Xo).

THEOREM 4. Let f be differentiable at Xo, let Dr(xo) be KYo(f(xo))-concave and
let Dr(xo)(Kxo(Xo))-KYo(f(xo)) Y. If # lYo(f(xo)) tin KYo(f(xo)), then (B) and
(E) hold.

The hypotheses of the above theorems have a common structure which we will
explain using Theorem 1. They contain general regularity conditions such as "f is
differentiable at Xo, dr(xo) is kYo(f(xo))-concave and dr(xo)(kxo(Xo))-kYo(f(xo))= Y"
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and particular regularity conditions such as " Lvo(f(Xo))=tink.o(f(Xo)) ’’. The
problem in the tangent sets’ calculus is to maintain the same general regularity
conditions, and to discover other particular regularity conditions in order to obtain
relation (C) or (D) or (F), at least. This the author intends to do in a future paper.

6. Extremal points and necessary conditions for extremality. Let X and Y be
topological spaces, let Xo and Yo be nonempty subsets of X and Y respectively, and
let f be a function from Xo into Y.

DEFIrqIa’ION 2. We shall say that a point Xo of Xo is Yo-extremal for the function
/" if f(Xo) tcl Yo and Xo tcl[-l(Yo).

This concept of extremality is similar to that given by Neustadt in [18, p. 59].
The second relation in Definition 2 says that there is a neighborhood Uo of Xo in X
such that Uofq/’-l(Yo) , i.e.,/’(x) Yo whenever xXo Uo. Thus every local
solution of every programming problem, with scalar or vector objective and without
or with constraints, becomes an extremal point for suitably chosen/" and Yo. We shall
explain this fact in detail in the next section.

Suppose now X and Y are linear topological spaces. Taking Lemma 7 into
account, every result stating relation (C) or (D) or (F) can be transformed into a result
stating necessary conditions for extremality. Because of the symmetry we have chosen
the theorem stating relation (C).

Let Xo be a point of Xo. The theorem below contains necessary conditions for
extremality in form of a multiplier rule.

THEOREM 5. Let Xo be Yo-extremal ]:or f, let f be differentiable at Xo and let dr(xo)
be kYo(f(Xo))-concave. If ( LYo([(Xo))=tin kYo(f(Xo)), then there is a linear con-
tinuous nonzero function a from Y into R such that:

(d(xo)(X)) <= 0 Vx ,,o(Xo),

(y)_->0 Vy s/o([(Xo)).

Proof. Denote Zo=dr(xo)(kxo(Xo))-kvo(f(Xo)). The set Zo is a convex (see
Lemma 3) cone (see Lemmas 6 and 9) and has a nonempty topological interior. Thus
the conclusion is equivalent to the fact that Zo # Y. Suppose by contradiction that
Zo Y. Then #kul(yo)(Xo (see Theorem 1), hence xotclf-(Yo) (see Lemma
7) contradicting the Yo-extremality of Xo (see Definition 2) and thereby completing
the proof. I-I

Note that if Yo is convex, then the relation a(y)_->0 for all y e kYo(f(Xo)) is
equivalent to the relation a(y)-> c(f(Xo)) for all y e Yo, and this one is equivalent to
the pair of relations a(f(Xo)) 0 and ce(y)->0 for all y Yo provided Yo is a convex
cone (see Neustadt [18, p. 64]).

7. Applications to programming problems. Let X be a topological space and let
Xo be a nonempty subset of X.

Let Y be a topological space, let [ be a function from Xo into Y, and let be
a nonempty binary relation in Y. The pair (f, <) will be termed an obfective.

DEFINITIOY 3. We shall say that a point Xo of Xo is locally minimal for the
objective (f, <) if there is a neighborhood Uo of Xo in X such that/’(x) f(Xo) whenever
x Xo fq Uo and f(x)< f(Xo). We shall say that a point Xo of Xo is locally maximal for
the objective (f, <) if there is a neighborhood Uo of Xo in X such that/’(Xo) [(x)
whenever x Xo f3 Uo and f(xo)<f(x).

Let Z be a topological space, let g be a function from Xo into Z, and let Zo be
a nonempty subset of Z. The pair (g, Zo) will be termed a constraint.
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DEFINITION 4. We shall say that a point Xo of Xo is locally minimal for the
objective (f, <) subject to the constraint (g, Zo) if g(xo) Zo and there is a neighborhood
Uo of Xo in X such that f(x)=f(Xo) whenever x Xo Uo, g(x)Zo and f(x)4f(Xo).
We shall say that a point Xo of Xo is locally maximal for the objective (f, 4) subject
to the constraint (g, Zo) if g(xo) Zo and there is a neighborhood Uo of Xo in X such
that f(Xo)=f(x) whenever x Xo Uo, g(x)Zo and f(Xo)4 f(x).

Observe that locally minimal points with respect to a binary relation are locally
maximal points with respect to the inverse of that binary relation. In the sequel we
shall consider only locally maximal points. Similar maximal notions were considered
by Hurwicz in [11, p. 67].

Let Xo be a point of Xo, denote Y0 {y Y; f(xo) < y}, where yl < y2 means that
y 4 y2 and y # y2, and suppose that ]e(Xo) tcl YD. Such an assumption is verified if,
for example, the pair (Y, 4) is an ordered linear topological space with strictly positive
elements.

THEOREM 6. The point Xo is locally maximal ]’or the objective (f, 4) if and
only if Xo is Yo-extremal ]:or ]. The point Xo is locally maximal for the objective (f,
subject to the constraint (g, Zo) if and only if g(xo) Zo and Xo is Yo x Zo-extremal ]’or
fxg.

Proof. It follows from Definitions 3 and 4 that x0 is locally maximal for
the objective (/, 4) if and only if xotclf-l(Yo); Xo is locally maximal for the
objective (f, 4) subject to the constraint (g, Zo) if and only if g(xo)Zo and
Xo:tcl(f-(Yo)g-*(Zo)). Since f(Xo)tclYo and Z0_tclZ0, the conclusion
follows from Definition 2.

Finally, suppose X, Y and Z are linear topological spaces. The result below
represents a reformulation of Theorem 5 via Theorem 6.

THEOREM 7. Let Xo be locally maximalfor the objective (f, 4), letfbe differentiable
at Xo and let dr(xo) be kro(f(Xo))-concave. If # Lgo(f(Xo)) tin kYo(f(Xo)), then there
is a linear continuous nonzero function a from Y into R such that:

,(de(xo)(X))<-O Vx ,o(Xo)
a(y) >- 0 Vy kvo(f(xo)).

The next result contains the necessary conditions of John [12, p. 188] and can
be derived at once from Theorem 5 using Theorem 6 and Lemma 8.

THEOREM 8. Let Xo be locally maximal ]’or the obfective (]’, 4) subfect to the
constraint (g, Zo), let ]" and g be differentiable at Xo, let df(xo) be kYo(]’(Xo))-concave
and let d(xo) be kzo(g(xo))-concave. 11: #LYo(l(Xo))=tin kYo(]’(Xo)) and Q5
Lzo(g(xo)) tin kzo(g(xo)), then there are two linear continuous not both zero functions
a from Y into R and B from Z into R such that:

ce(df(xo)(X))+(dg(xo)(X))<-O Vx kxo(Xo),

c (y) _-> 0 Vy k-o(.t’(xo)),

(z) >-- 0 /z kzo(g(xo)).

Note that c is not zero in Theorem 8 if dg(xo)(kxo(Xo))-kzo(g(xo)) Z. Note
also that this equality is equivalent (see Lemma 4) to the relation #
(dg(xo))-l(Lzo(g(xo)), which seems to be a Slater condition (see Slater [21]), and implies
(see Theorem 1) the equality kg-l(Zo(Xo)= (dg(xo))-X(kzo(g(xo))), which seems to be
a Kuhn-Tucker constraint qualification (see Kuhn and Tucker [14, p. 483]).
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CONTROLLABILITY FOR DISTRIBUTED BILINEAR SYSTEMS.*
J. M. BALL,5" J. E. MARSDEN: AND M. SLEMROD

Abstract. This paper studies controllability of systems of the form dw/dt w +p(t)Ydw where is the
infinitesimal generator of a CO semigroup of bounded linear operators e

t on a Banach space X, Y3’ X X is
a C map, and p L ([0, T]; [) is a control. The paper (i) gives conditions for elements of X to be accessible
from a given initial state Wo and (ii) shows that controllability to a full neighborhood in X of Wo is impossible
for dim X c. Examples of hyperbolic partial differential equations are provided.

1. Introduction. The purpose of this paper is to discuss controllability for abstract
evolution equations of the form

(1.1) if(t) sdw(t)+p(t)Yd(w(t)),

(1.2) w(O) Wo,

where /generates a Co semigroup of bounded linear operators on a (possibly complex)
Banach space X, Y3"X X is a C map, and p L1([0, T]; R) is a control defined on a
specified interval [0, T]. Usually we assume that Y3 is linear, so that (1.1) is bilinear in
the pair (p, w); note that even in this case the solution w of (1.1), (1.2) is a nonlinear
function of p. A motivating example is the rod equation

(1.3) u,t+Uxxxx+p(t)Uxx=O, O<x<l,

with hinged end conditions

(1.4) U=Uxx=O atx=O, 1,

which can be put in the form (1.1) by setting w=(u",) with X=
(H2(0, 1) f3 H(0, 1)) Lz(0, 1). Here the control p(t) is the axial load.

The main tool used in our analysis is the generalized inverse function, or "local
onto" theorem. In finite dimensions, the well-known controllability results for bilinear
systems have been obtained in this way (see, for example, Brockett [1972] and Hermes
[1974]). In infinite dimensions, however, new phenomena arise. Perhaps the most
interesting of these is our result (Theorem 3.6) which shows that for linear and
dim X az, the set of states accessible from Wo for p Llr.oc([0, cx3); [), 1 < r-<_ o, has
dense complement in X. Hence we can never expect to control to an open neighborhood
of Wo for controls in Loc. (Using L controls doesn’t help,, at least for examples such as
(1.3), (1.4); see Theorem 5.5.) This stands in direct contrast to the available positive
results on controllability when dim X < o.
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Given the impossibility of controlling the system (1.1) to a full neighborhood of w0
with p’s in Lr, we investigate two alternative procedures. One approach generalizes an
idea of Hermes [1979]; we show that it is often possible to control with respect to

finite-dimensional observations in a neighborhood of w0. Our second idea is based upon
the concept of approximate controllability, i.e., we identify a dense subset of X,
depending on w0 and t, to which w(t) belongs, and show that with respect to a
strengthened topology one can control to a neighborhood of etwo (the "free solution"
of (1.1), (1.2) corresponding to p 0) in this set, provided is suitably chosen. For (1.3),
(1.4) we prove that > 0 can be taken arbitrarily small, whereas for the wave equation

(1.5) utt-Uxx +p(t)u =0, 0<x < 1,

with either the boundary conditions

u=0 atx=0,1,

or the boundary conditions

u=0 atx=0, u+aux=O atx=l, a>0,

has to exceed some number T > 0. This study of local approximate controllability
involves technicalities concerning nonharmonic Fourier series in the spirit of Russell
[1967] and Ball and Slemrod [1979]. The delicacy of these questions has the
unfortunate consequence that we have only been able to obtain positive results in cases,
such as these described above, in which (1.1) is an abstract hyperbolic equation that is
"diagonal"; i.e., is reducible to an infinite set of uncoupled ordinary differential
equations (each, of course, containing the control p(t)). Since we have to control
infinitely many ordinary differential equations simultaneously, however, the problem is
still not trivial. Nevertheless, our assumptions exclude some important nondiagonal
examples such as (1.3) with clamped end conditions

u=u=0 atx=0,1.

In special cases, such as (1.3), (1.4), our local approximate controllability theory leads to
a global approximate controllability result; thus, for example, for suitable initial data,
we prove that the attainable set for (1.3), (1.4) is dense in X.

The paper is divided into six sections. Section 2 assembles the machinery for
studying (1.1), (1.2) in the form of various abstract existence and smoothness theorems.
Section 3 provides an abstract controllability theorem and the result on noncon-
trollability mentioned above. In 4 we discuss the general theory of control with respect
to finite-dimensional observers. In 5 we consider abstract hyperbolic equations, apply
the theory of 4 to this case, and develop our theory of approximate controllability. We
conclude in 6 with specific applications to partial differential equations, such as (1.3),
(1.4).

2. Abstract existence and smoothness theorems. In this section we give some
basic results on nonlinear evolution equations which will be useful in our later analysis.
Let X be a Banach space with norm I1’ II, let generate a CO semigroup of bounded
linear operators on X, and let :X X be a Ck mapping, k -> 1. Let Z(T) be a Banach
space continuously and densely included in L1([0, T]; R), where T > 0 is given.

For a given w0 X and p Z(T), consider the initial value problem associated with
(1.1) written in integrated form, i.e.,

(2.1) w(t) etwo + Io ea(t-S)p(s)Yd(w(s)) ds.
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Solutions of (2.1) are often called "mild solutions" of (1.1), (1.2). The question as to
when solutions of (2.1) are actually solutions of (1.1) is discussed in Remark 2.7 at the
end of this section.

PROPOSITION 2.1. For each Wo X, and p Z(T) there exists to, 0 < to <= T, such
that (2.1) has a unique solution w C([0, to]; X).

Proof. Let ={wf([O, to];X)llw(t)-Wo[l<=R}, and define Tp:
C([0, to]; X) by

(Tpw)(t) etwo+ | ea(’-S)p(s)(w(s)) ds.
ao

Since Ile’ll <-Met for positive constants/3, M, an easy estimate shows that T maps to
provided

-to R, 0-<_ to,Ile’w0 woll+Me’C Ip(s)lds<- <-
30

where C is such that IIBwll <-C for IIw- Wol[ <--R. This condition is achieved for R, to
sufficiently small via the continuity of , eatwo and the fact that p LI([0, T]; R).
Similarly, T, is a contraction map of to provided that

KMett fo’ IP (s)l ds < 1,

where K is a Lipschitz constant for 9 on the ball IIw- w0[I R. Again this holds for R
and to sufficiently small. The result now follows from the contraction mapping prin-
ciple.

Of course the above proposition is a special case of many more general results on
existence and uniqueness of solutions to semilinear evolution equations (see, for
example, Segal [1963], Pazy [1974], Balakrishnan [1976] and Tanabe [1979b]). The
point for us here is that use of the contraction mapping principle leads to other
important features of the solution map w, as we now see.

PROPOSITION 2.2. Fix Po Z T). Then there exist an open neighborhood Uofpo in
Z(T)and to > 0 such thatfor anyp U, (2.1) has a unique solution w(t; p, Wo), 0 <= <-to.
Moreover w(t; p, Wo) is a C map from U to C([0, to]; X).

Proof. The proof of Proposition 2.1 shows that if R and to are sufficiently small and
p is close enough to’p0 in L1-norm then T, is a uniform contraction. Also, Tp is a C
function of w and p on the interior of , so that the C result follows from Hale [1969,
Thm. 3.2, p. 7]. The C result is then obtained by induction.

COROLLARY 2.3. The map w(t0; ", Wo): U-+X is C.
Proof. This follows from the chain rule, Proposition 2.2 and the fact that the map

w(. )-+ W(to) is smooth (since it is continuous and linear from C([0, to]; X) to X).
In the same way we see that the solution w(t;.,.) is a C function of w0 and p.

However, in this paper we are primarily concerned with differentiability in p. The proof
of the theorem in Hale [1969] cited above shows that the derivative can be obtained by
formally linearizing. Thus we get the following result.

COrtOt.LARY 2.4. The (Frdchet) derivative Dw(t; Po, Wo)’p of w(t; p, Wo) with
respect to p at po in the direction p is the unique solution of the equation

(2.2)

Dpw(t; Po, Wo)’p Io e*e(t-S)P(S)Ya(w(s; Po, Wo)) ds

(t s)+ e po(s)D(w(s;po, Wo))Dw(s; Po, Wo)’pds.
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Here DY3(w(s; po, Wo)) denotes the Frchet derivative of Y3 at w(s; po, Wo). In particular,
at Po O, Dpw(t; O, Wo)’p is given explicitly by

(2.3) Dpw(t; O, Wo)’p f ea’-)p(s)Y3(eawo) ds.
o

Next we show that solutions are globally defined under a sublinear growth
condition.

TI-IEOREM 2.5. If there are constants C and K such that II (x)ll_-< c /gllxll for all
x X, then (2.1) has solutions defined ]:or 0 <- <= T. These solutions are unique within the
class C([0, T]; X). Moreover, the solution w(t; p, Wo) is a Ck [unction ofp Z(T) and
Wo X with (Frchet) derivative in p given by (2.2) (or (2.3) i]’ po 0).

The proof is based on the following version of Gronwall’s inequality (see, for
example, Carroll [1969, p. 124]).

LEMMA 2.6. Letp Ll([a, hi; ) and let v L([a, b]; ) with v >-0.1[there exists
a constant C >- 0 such that for all [a, b

v(t) <= C + | Ip(s)lv(s) as,
Jo

then

Proof of Theorem 2.5. Suppose w(t) solves (2.1) and is defined for 0 -< < a -< T.
Then

IIw(t)ll<-Meta( I[wll+ Io IP(S)I(C+KIIw(s)II) ds),
and so, assuming K > 0 without loss of generality, we get

IIw(t)[l__-< (MetallWoll+ CK-) exp (MetK Io IP(S)l ds) CK- <- C.

Therefore, for s, [0, a) we have

IIw(t)- w(s)[llle’wo-ewol[+ e’-)p(’)(w(’)) dr

<-Ile’wo-ewoll+Me(C +gc) I [P(’)I dr.

Thus limt_,_ w(t) exists, so that by Proposition 2.1 w(t) can be continued beyond a.
Hence solutions are defined for 0 _-< _<- T.

For global uniqueness, we use the standard argument: suppose w(t) and (t) solve
(2.1) for 0-<t -< T. Let S={a [0, T]lw(t)= (t) for t[0, a]}. The local uniqueness
assertion in Proposition 2.1 shows that S is relatively open in [0, T]. If an S and
an a-< T then a S since limn_, w(an)= limn_ (an). Thus S is closed, so that
S [0, 7"].

Thus there is a globally defined semiflow Ff (Wo), Ft (’)" [+ xX X, which
depends parametrically on p. Proposition 2.2 shows that F (Wo) is Ck in p and Wo for
sufficiently small. Let {a [0, T]IFf (Wo) is C in (Wo, p) for e [0, a]}. We claim
that is open. Indeed, if a and k is small,

PFa+h (Wo) Ff, (FPa (Wo))
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is Ck in p and Wo, because by Proposition 2.2 F (w) is Ck in p and w for w near
FOa (w0). The local uniformit,y of the time interval on which Proposition 2.2 holds shows
that , is closed, and hence S [0, T].

Thus we have shown that w(t; p, Wo) is C in p and Wo. By differentiating (2.1) we
obtain (2.2). 1

Remark 2.7. Suppose woD(A) and pGCl([0, T]; ). Then w(t)D(A) and
w(t) is differentiable and satisfies (1.1). This assertion follows from Segal [1963, Lemma
3.1] or from Tanabe [9, p. 102]. If merely w0 X and p L ([0, T]; R) then w is a "weak
solution" of (1.1) (see Balakrishnan [1976] and Ball [1977]).

3. An abstract controllability theorem and a negative result. Define the linear
operator LT" Z(T) X by

T

| eT-sp(s)(eSwo) ds.LTp
o

Then by (2.3) we have

(3.1) Dpw(T; 0, Wo)" p LTp.

A natural consequence of Theorem 2.5 is the following.
THEOREM 3.1. Let be the infinitesimal generator of a Co semigroup of bounded

linear operators on the Banach space X, and let 3 X -->X be a Ck map, k >= 1, which
satisfies IlBx]l<_-C + KIIxll ]:or all x X, where C and K are constants. Suppose that
Range(LT) =X. Then there is an e >0 such that w(T; p, Wo) h for some pZ(T),
provided Ilh eTwo[] < e.

This result follows easily from the (generalized) inverse function theorem; a
convenient reference is Luenberger [1969, p. 240]. The p that controls Wo to hit h will
be in a neighborhood of zero in Z(T).

We note that if 1 generates a group, surjectivity of LT is equivalent to surjectivity
of T"Z(T) X, where

(3.2) rp e-’p(s)t(e’wo) ds.

A major difficulty with Theorem 3.1 is that is is not usually an easy matter to check
the surjectivity of LT (or T). In fact, as we shall prove in Theorem 3.6, if dim X eo, LT
will not in general be surjective, though it may have dense range. This prevents us from
applying Theorem 3.1 to partial differential equations.

We now present a basic criterion for LT to have dense range.
PROPOSITION 3.2. Suppose that

(1, e’-s)yd(eSwo)) 0

for all s, 0 <= s <= T, where X* (the dual space ofX), implies O. Then Range (LT) is
dense in X.

Proof. Range (LT) is dense if the only s X* annihilating the range is 0. But
T

(l, LTp)= fo (l, e’T-s)3(eSSWo))p(s) ds.

If this vanishes for all p Z(T), then the continuous function (l, eSg(r-s)?(eSwo)) must
vanish. This follows because Z(T) is dense in L ([0, T]; ). Our hypothesis then gives
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Remark 3.3. If 3 is linear and ’ is a bounded linear operator, then

e-S3 es
2

S
wo wo+ s[, ]wo+- [sg, [, ]]wo +"

(i.e., the Campbell-Baker-Hausdorff formula), where [4, ]=-4+. From
Proposition 3.2, we see that Range (Lr) is dense in X for all T > 0 if the closure of the
span of YdWo, [4, ]Wo, [, [, ]]Wo, is dense in X.

The next two well-known controllability results now follow for X R and N
linear.

COROLLARY 3.4 (Hermes [1974], Lobry [1970]). Assume X=R and that
dim span {Y3Wo, [, ]Wo, [4, [, ]]Wo, "} n. Then ]:or every T > 0 there is an
eT>0 with the property that if I[e’wo--h[[<eT, we can find a pZ(T) such that
w(T; p, Wo)= h.

Here one can choose Z(T) L" ([0, T]; ) for any q, 1 =< q -<_ oo, or Z(T)
C ([0, T]; ), for example.

COROLLARY 3.5 (Lobry [1970], Jurdjevic and Quinn [1978]). Let the hypotheses
of Corollary 3.4 hold. Assume eatwo is almost periodic. Then for any k >-O, there exist
T>O and e>O such that Ilh-woll<e implies w(T;p, wo)=h for some p
Ck ([0, T]; [).

Proo[. Let Ta > 0 be fixed and let e > 0 be as in Corollary 3.4. We show that if
IIh-woll<e-/2, then there exists r>0 such that w(Ta+r;p, Wo)=h for some p
C ([0, T + r]; ). First, by the almost periodicity of etwo, there exists r > 0 such that

[[ew --’-Tlw011< 1 ,
o-e -[[e -1

We run (2.1) from time =0 until z with p =0, so that w(’r)= eWo. By
Corollary 3.4, we can hit h in additional time Ta, using a Ck control which vanishes
together with its first k derivatives at z, provided [leaTw(r) h[l< eT. But this is true,
since

[le’Tw(’r) hll esT ewo hll liesgT (e’wo e-Two+ e-SgTwo)

<--lie’ liew0- e-T’ woll + IIw,,- hll < ’TI"

In the case dim X o things are quite different. Specifically, we shall now show
that for a large class of spaces Z(T), the map w(T;., Wo)’Z(T) -X will never cover an
open neighborhood of eaTwo (and consequently Lr cannot be onto). Thus, for these
Z(T)’s, Theorem 3.1 will be vacuous unless dim X<c.

THEOREM 3.6. Let X be a Banach space with dim X . Let 4 generate a CO

semigroup of bounded linear operators on X and let "X X be a bounded linear
operator. Let Wo X be fixed and let w(t; p, Wo) denote the unique solution of (2.1) for
p Loc([0, c); ). /f T>0 and p,p weakly in LI([0, T]; R), then w(.; p,, Wo)
w(. p, Wo) strongly in C([0, T]; X). Moreover, the setofstates accessiblefrom Wo defined
by

S(wo) U w(t; p, Wo)
t>=o

p L[oc([O,cxz) ;n)

is contained in a countable union of compact subsets of X, and in particular has dense
complement.
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Proof. Let p, -->p weakly in LI([0, T]; N). Write wn(t)= w(t; p,, Wo), w(t)=
w(t; p, Wo), and z,(t)= w,(t)- w(t). Then

and

so that

(3.3)

w, (t) e’w0 + Io p (s) e(’-s)ydwn (s) ds

w(t) ea’wo + Io p(s) e(t-s)Ydw(s) ds,

z.(t) [p.(s)-p(s)] ea(t-s)3w(s) ds + p.(s) e(’-s)Y3z.(s) ds.

We now need the following:
LEMMA 3.7. Let

IO s(t--S)Wen sup [p.(s)-p(s)] e (s) ds
t[0,T]

Then lim._.oo e. 0.
Proof of Lemma 3.7. Suppose the lemma is false. Then there exist e >0, a

subsequence {p.} of {p.} and a sequence {t.}

(3.4) [p.(s)-p(s)]

We can suppose without loss of generality that either t. N for all , or t. for all . In
the case t. N let

c, sup II(e (t"-s) e(’-))w(s)[I.
s[0,t.]

The joint continuity of the map (x, z)e and the continuity of w(. together imply
that c, 0 as . Hence

lim [p. (s)-p(s)](e%- e(-)w(s) ds

(3.5
N lim c. p.(s)-p(s) ds O.

Furthermore, since p. p weakly in L([0, T]; N), p. -p is uniformly equi-integrable
over [0, T] (see Dunford and Schwartz [1964, pp. 293-294]), and hence

(3.6) lim [p.(s)-p(s)] e(-w(s) ds Nconst. lim
m t t

Combining (3.5) and (3.6), we deduce that

(3.7) lim "[p,(s)-p(s)] e%-’)w(s) ds [p, (s)-p(s)]v(s) ds O,

where v(s) is defined by v(s) e(t-)w(s). A similar argument shows that (3.7) holds
if t, for all
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Let p sups, i Ip. (s)-p(s)l ds. Since v C([0, T]; X) there exists a step function
g such that Ilg-vll(to,r3;x<e/ap. Suppose g(s)=2j=l Xz,(s)ei, where the L. are
disjoint intervals and ei X. Then

[p, (s) -p(s)]g(s) ds [p, (s)-p(s)] ds ei,
[o,t]

which tends to zero as m from the weak convergence of p,. Therefore

I1 0 f "[p.(s)-p(s)l ds + [p.(s)-p(s)3g(s) ds <
for large enough g. We now combine (3.8) with (3.4) and (3.7) to reach a contradiction,
which proves the lemma.

Continuation ofproof of Theorem 3.6. From (3.3) we have

o o
where C is a positive constant independent of t [0, T]. By Gronwall’s inequality

which by the lemma tends to zero uniformly in [0, T] as n --> c. This proves the first part
of the theorem.

To prove the second part, given positive integers m, n and r, define

Smnr(Wo)--" U w(t; p, Wo).
te[0,rn]

Let w(tj; pj, Wo)S S,,r(Wo). Since Ll//r([0, m]; ) is reflexive there exist subsequences
{t,}[0, n] and {p,}L+/r([O, rn];), such that t,-->t and p,-->p weakly in
L+l/r([0, m]; ). By the first part of the theorem, w(t,;p,, Wo)--> w(t; p, Wo) in X.
Hence S,,,(Wo) is precompact in X. But S(Wo)C .,.= S,,r(Wo) so that S(wo) is
contained in a countable union of compact sets.

Since dim X , S,,,r(Wo) is nowhere dense. By the Baire category theorem,
S(wo) has dense complement. 71

Remark 3.8. The theorem leaves open the question of whether

{w(t; p, Wo); _-> 0, p LLc([0, c); )}

has dense complement. We show in Theorem 5.5 that this holds in an important special
case.

4. Finite-dimensional observability. In this section we consider the restricted
problem of trying to control only a finite-dimensional projection of the state variable
w(t; p, Wo); i.e., we try to control only a "finite number of modes." This problem was
discussed originally by Hermes [1979], and our first result is analogous to his.

THEOREM 4.1. Let , 3 be as in Theorem 3.1. Suppose G" X --> is a bounded
linear map. Suppose that for given T > 0 and A ()*,

(h, G ea(T-(eaSwo)) 0

]’or all s, 0 <- s <- T implies h O. Then there is an eT > 0 such that [[q G eTwolI < eT
implies Gw(T; p, Wo) q for some p Z(T).

Proof. The derivative of the map p->Gw(t; p, Wo) from Z(T) to the range of G,
evaluated at p- 0 is the operator GLT. To show this is surjective, let h ()* and
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assume A annihilates the range of GLT.. An argument similar to the. proof of Proposition
3.2 shows that A 0.

COROLLARY 4.2. Let1, and G be as in Theorem 4.1, where G is now assumed to
be surfective. Suppose the hypothesis ofProposition 3.2 holds. Then there is an eT > 0 such
that

Ilq Ge7"Wo]lR" < e implies Gw(T; p, Wo) q for some p Z T).

Proof. Set G’A, where G* is the adjoint of G, and use Theorem 4.1.
The usefulness of Corollary 4.2 is that it applies to all surjective bounded maps

G"X- Rn, n arbitrary.
COROLLARY 4.3. Assume that either the hypotheses of Theorem 4.1 or those of

Corollary 4.2 hold ]:or some T1 > 0 and that eat is a group with eatwo an almost periodic
function of t. Then for any k >- 0 there exist T > 0 and eT- > 0 such that [[q aw01l
implies Gw(T; p, Wo) q for some p Ck([0, T]; R).

Proof. This is very similar to the proof of Corollary 3.5.
We note that the above results could be extended to nonlinear G CI(X; n) in

the obvious way.
One approach to trying to obtain full state controllability might be to solve an

infinite sequence of finite-dimensional controllability problems by letting n -. This
possibility will be precluded by Theorem 3.6. More specifically, we note:

COROLLARY 4.4. Let {X} be an increasing sequence of subspaces of X, with
dim X, n for each n such that Closure (,= X)=X, and with corresponding
continuous profections Gn ofX onto X having uniformly bounded norms. If

H= {h X; there exist T>O, r > 1 and {p,}c Lr([0, T]; ) such that
Gw(T;p,, Wo)=Gnh and IIplkt0,a;_-<const (independent
ofn),n=l, 2,...},

then H has dense complement in X.
Proof. Let h H. Then there exists a corresponding sequence {pn } C L ([0, T]; ),

r > 1. Since {p,} is bounded, there exists a subsequence, also denoted by {p}, such that
p, p weakly in LI([0, T]; [). Now

[Iw(T; p, Wo)-hl[<=[[w(t; p, Wo)-G,w(T; p,

(4.1) +llnw(T; p, Wo)-.w(T; p., Wo)[I

+l].w(T; p., Wo)-a.hll+llh-hll.
Since the G, are projections having uniformly bounded norms the first and last terms on
the right-hand side of (4.1) tend to zero as n az. By hypothesis the third term is
identically zero. As to the second term, w (T; pn, Wo) w (T; p, Wo) by Theorem 3.6 and
IIall_-< const, so that this tends to zero also. Hence h w(T; p, Wo) and so H is a subset
of the attainable set S(wo), which by Theorem 3.6 has dense complement. ]

In practical terms Corollary 4.4 says that, in general, approximation of the problem
w(T; p, Wo) h by a sequence of finite-dimensional problems will inevitably lead to the
need for ever larger controls p, as n c. In this sense, finite-dimensional approxima-
tions can be misleading for control of the full problem.

5. Abstract hyperbolic equations. We now investigate systems of the form

(5.2)

ii +Au +p(t)Bu O,

u(0)= uoD(A1/2), fi(0) ua H,
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where A is a positive definite self-adjoint operator with dense domain D(A) in the real
Hilbert space H, B is a bounded linear operator from D(A1/2) to H, and p is a
real-valued control. The inner product in H is denoted (., ). We suppose that A-1 is
compact, and that A has simple eigenvalues h n 1, 2, where 0 < h < h2 <"
Then there exists a corresponding complete orthonormal basis {&,} of eigenfunctions"
A, h,,, (&,, &,)= tm,.

To investigate controllability of (5.1) we could rewrite (5.1) in first order form

(u) (0 (0w= ..=
ti -A -B

and set X D(A/2) H with inner product

((Ul, u2), (Vl, VE))X (1/2u1, A/2v) + (u2, v2).

With this set-up, we see that generates a CO group of isometries on X and the
hypotheses of Theorem 2.5 are satisfied. Controllability then hinges on the operator T.
To facilitate computations, however, it is advantageous to introduce a different first
order form. We therefore set up a complex structure in a way that is standard for
Hamiltonian systems (see Chernoff and Marsden [1974, 2.7]).

Let denote the complexified Hilbert spaceHO) iH with inner product defined by

(x + iyl, X2-" iy2) (Xl, X2) + (yl, y2)+ i[(y, X2)-- (Xl, Y2)]

for x 1, x2, y 1, Y2 H. The map "X defined by

0(ua, u2) AX/2ul+iu2
is an isometry. Let z AI/2u + ift, so that (5.1), (5.2) become

i2 A 1/2z +p(t)BA-/2 Re z,(5.3)

(5.4)

where

(5.5)

z(O) zo,

Zo A1/2u0 q- iu .
Of course, in (5.3) p(t) is still real. Writing -i/2 (regarded as a complex operator)
and -iBA-/2 Re (a real-linear bounded operator from into ), we see that the
hypotheses of Theorem 2.5 are satisfied.

The basis {,} of H may also be regarded as a basis of . For any z , let {z,} be
the (complex) components of z relative to this basis, i.e.,

(5.6) z z,,,
n=l

so that {z,} 12. Thus we have

(5.7) e’Sz ., Zn e-iX"sbn.

Let B,.. (BO.. .), so that the B.,. are real and

n-----1

Thus (5.7) gives

e"Sz =-i BranE Re (e-iXz,).,
m,n=l
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and so
B. i(x.+x.)s.)b.(5.8) e-ez -- .,=- (ei(X"-X)szm + e

5.1. Riesz bases.
DEFTO. A sequence of elements {w} of a (real or complex) Hilbert space

Z is called a Riesz basis of Z if every 0 s Z has a unique expansion

0= a
that is convergent in Z, and

c lal= II011= c= lal=
m=l =1

for absolute positive constants C, C2.
We collect together some useful facts concerning Riesz bases.
LEMMA 5.1. Let {} be a Riesz basis ofZ, and let {ei} be any complete orthonormal

basis of Z. Then:

(i) the formula T(i= ae)== aw defines an isomorphism

T:ZZ;
(ii) for any 0 Z,

]=1

(iii) given any sequence {a) 1 there exists a unique solution 0 Z ofthe equations
(5.9) (0, )= a, ] 1, 2,. ..

Proof. For a proof of (i) see Gohberg and Krein [1969, p. 310]. To prove (ii) note
that (0, ) (0, Te) (T*0, e), so that

I<0, I}*0l II*l?1011.
Finally, the equations (5.9) are equivalent to

(T*0, e) a,

and thus have the unique solution

O=(T*)- ae.
=1

A useful criterion for the construction of a Riesz basis is as follows.
THEOREM 5.2. Let 0 o< < <" ",- -, and suppose that

lim (+-) y >0.

Then for any T> 2/y the functions {eit}=_ may be extended to a Riesz basis
officio, T]; ).

Proof. Let S denote the dosed linear span of the set of functions {ei} in
L([0, T]; C). It follows from Ball and Slemrod 1979, Thm. 2.1] (the essential idea is
due to Ingham) that for any finite sum

f(t) a e,
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we have

ca E la]2< If(t)12dtC2 E la[=
ikl<=N " ikl<_N

+ E l- (Zo, e i(x"-xm)s + 2ore e i(x" +x,.)s) Bran,

where Zo is given by (5.5) and where

zo= E zo.O.,
n=l

so that Zo, =h,(Uo, ,)+i(ul, ,). Thus, if (e-eAzo,/)g=0 for all s such that
0 s Tx, the right-hand side of (5.10) will equal zero on [0, T]. Byassumption (ii) the
coefficients of {e zgx"s} vanish; that is,

All
--=0 forn=l,2,...

It follows that any f e S has a unique expansion

f(t) Y ak e ikt

convergent in L2([0, T]; C), and that

C1 E lal2< If(t) dt <

Let {e} be an orthonormal basis of S. It follows readily that {e} U {e "’} is a Riesz basis
of L([0, T]; C).

The above discussion is a slightly different presentation of results summarized in
Russell [1967].

5.2. Finite-dimensional observers. We now employ Theorem 4.1 to discuss when
(5.1) is controllable relative to a finite-dimensional observer.

TzozM 5.3. Assume the initial data Uo, u in (5.2) satisfy

(i) B[(Uo, 6,)e + (Ul, 6)] 0, n 1, 2,...

and that T > 0 is such that

{e (x"-x"), e ]p # q and Bp # 0}

can be extended to a Riesz basis of L([O, T]; C).
Then (5.3) satisfies the hypotheses of Proposition 3.2. In particula5 for any T T

and bounded surfective maps G D(A/) , G H , there exists s such that if
l]ql-Gu(T; O, o, )<sz, llq-G(T; 0, o,

then

Gu(T; p, Uo, u)=q, G(T; p, Uo, u)=q

for some p e Z(T). Here u(t; p, Uo, u) is the solution of (5.1), (5.2).
Proof. Let E l, be an arbitrary element of . Then (l, e- ezo) may

be computed for (5.3) by using (5.8). Specifically we have

2i(e- ezo, l) E (Zo, + 2o e’x") B,,
n=l
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By (i) this implies In 0 for n 1, 2, ., and hence 0. Therefore, the hypothesis of
Proposition 3.2 is satisfied, and by Corollary 4.2 the result follows.

COROLLARY 5.4. Assume the hypotheses of Theorem 5.3 are satisfied, and let
G2 be bounded surfective linear maps, G1 :D(A 1/2) R’, G2 :H- Rn. Then for any
k >= 0 there exist TI > 0 and erl > 0 such that

imply

GlU(T; p, Uo, ul) qa, G2fi(T; p, U0, U)-" q2

for some p Ck ([0, T1]; N).
Proof. The result follows immediately from Theorem 5.3 and Corollary 4.3.
Hypothesis (ii) of Theorem 5.3 is difficult to verify unless Bpq 0 for p q.

Sufficient conditions for it to hold may be deduced from Theorem 5.2, but they are not
revealing except in the case just mentioned.

5.3. Approximate controllability. In this subsection we study approximate
controllability, in a sense to bemade precise, of (5.1), (5.2). As above we work with the
equivalent first order system

(5.11) 2 z +p(t)z
where _iAX/2, o _iBA-I/2 Re. In addition, to simplify matters we make the
assumption

(D1)

for nonzero constants b.. where 8m is the Kronecker delta. Since (D1) implies that
B.. 0 for m # n, we shall refer to (D1) as the diagonal case.

Writing

z(t)= Y
n=l

we see that in the diagonal case, (5.11) reduces to the infinite system of uncoupled
ordinary differential equations

b,
(5.12) 2, -iA,z, ip(t) - Re z,, n 1, 2, ..
The corresponding initial conditions are

(5.13) z,(0) z0,.

We note that the fact that BA-/z is a bounded linear operator from H->H is
equivalent to the condition

(5.14) l.

We first strengthen Theorem 3.6 in the diagonal case by showing that even when L
controls are allowed, exact controllability is in general impossible.

THEOREM 5.5. Given {z0,} 12, the set

12 {z, (t; p, Zo)}
t>o

p L]o([O,oo);)

is contained in a countable union of compact sets of 12, and thus has dense complement.
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Here, {z,,(t; p, Zo)} denotes the unique mild solution of (5.12), (5.13) with Zo={Zo,}.
Consequently the attainability set {u(t; p, Uo, ux), u,(t; p, Uo, ux) >- O, p Loc([0, ))} is
contained in the countable union of compact sets in D(Ax/z)xH and so has a dense
complement.

Proof. Since

b,, I --iA (t-S)pzn(t) e-iX"tzo,, i’-, e (s) Re zn(s) ds,

it follows that

Iz.(t)llzo.l+ Ip(s)llz.(s)l as,

and hence, by Gronwall’s inequality and (5.14)

where II{b/}ll. Thus {z(t)} eU S(zo)for any re0 and p eLlo([O, m);
where S is defined by

Su(zo) {{a,} lz" la.I Nlzo, I}.
The result now follows from the next lemma.

LMMA 5.6. S(Zo) is a compact subset o l.
Pro@ Let a( e S(zo), r 1, 2,. .. Then

X la ’:’ = N X IZo, 12 NZllzoll.
n=l n=l

--> a weakly in 12, which implies in particular that a (g). --> an for(g)So some subsequence a
each n. Also, given e > 0

N2 12(1< X Izo.
n=M n=M

for M sufficiently large. Therefore E= [a(")l E= [a.I, and so a (") a strongly in
12. Hence Su(Zo) is precompact. Since Su(Zo) is closed, the lemma is proved.

We now make the following additional assumption

b,
(D2) c + y, for some c and {y,} 12.

We write P(t)= o p(s)ds and make the following change of variables (motivated by
averaging):

I z
expi 1t+ (t) 1(5.5) "= zo.

p

Substitution of (5.15) into (5.12) yields

(5.16) ,(t)=-i--- zo--- -g,(t)+l exp 2i Ad+p(t)
(5.17) r,(0) 0.

This lemma follows from Dunford and Schwartz [1964, p. 338]. We have included the proof for
completeness.
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The following existence and ditterentiability theorem gives conditions under which the
solution {r, (t)} of (5.16), (5.17) belongs to 12, and thus gives more precise information
on the attainable set (but under stronger hypotheses) than Theorem 5.5.

THEOREM 5.7. Suppose {Zo,} /2, Zo. 0 for all n 1, 2,. ., and that {e 2ix"t} can
be extended to a Riesz basis of L2([O, /]; R) for some I>0. Let p Loc([0, o); R). Then
(5.16), (5.17) have a unique absolutely continuous solution (, r,(t; p) defined for all
t >= O, and {’, (. p)} C([0, T];/2) for 0 < T <- I. Furthermore, the mapping p-{st,(T; p)} is C from L2([0, T]; R) to 12 for each 0< T <= l, and

20. IO
T

(5.18) Dp{,(T; 0)}.p
Zo.

p(t) exp (2iA,t) dt.

Proof. We write (5.16), (5.17) in integrated form"

iIot o.(b. ) [ ( b. )](5.19) r. (t) - p(s) ---Zo. - (. (s) + 1 exp 2i A.s +-p(s) ds.

We can solve these equations in a manner similar to Theorem 2.5, but for variety we
shall adopt a standard device to get existence on an arbitrary time interval in a single
step. Let 0 < T -< I. For any 6 -> 0 the norm

I1-I1 sup
t[0,T]

on XT C([0, T]; 12) is equivalent to the usual one, namely [l" II0. For r XT define

ilot 2o.(b. ) [ ( b. )]((Jp()(t)). -- p(S)zo. "(s)+ l exp 2i h.s +-- p(s) ds.

Then for0="< <t<T

(5.20)

n=l

2 I, P(s) exp [2i(h,,s+-P

n=11
__

]I.p(s)exp[2i(A,s+-P
2

12.=1 f. p(s) exp (icP(s)) exp (2ih.s)[1 + iy.p(s)+ o([y.I)] ds

c Ip(s)l ds a +.= I.1

where C is a constant (depending on p), and where we have applied Lemma 5.1 (ii) to

while

where, as before, x II{b./A.}IIL. But

T [p(s)ll.(s)l k [p(s)[ d Ilffllg
n=l



590 J.. M. BALL, J. E. MARSDEN AND M. SLEMROD

the function O(s) X[z,t](s)p(s) exp (icP(s)) with Z LZ([0,/]; C). From (5.20) we thus
deduce that Jp maps xrinto itself.

Let ’, r/ Xr. Then

-’( ) <=e (e E I(Ypff(t)-Jpw(t))[2
,n=l n=l

<-- Ip(s) ds e
-2

Hence Jp is a uniform contraction with respect to the norm I!. provided is sufficiently
large. Calculations similar to those above show that Jp is C in p. The result then follows
as in Propositions 2.1, 2.2.

It is now easy to prove a local approximate controllability result.
THEOREM 5.8. Suppose {Zo,} 12, Zon 0, b O, for all n 1, 2,..., and that

{1, e +2ixn’} can be extended to a Riesz basis ofL2([O, /]; C) forsome > O. Then there exists

81 > 0 such that if ]lhll/= / 101 < where h 12 and 0 , then

a,, z.(l)
exp a.l+ -1 =h., n=l 2,...

for some p L2([0,/]; N) with 51o p(t) dt O.
Proof. Consider the map O" L2([0,/]; ) + 12 x defined by

O(p)= ({r(l; p)}, I p(t)dt).
By (5.18),

({ foP(t) exp(2iAt)dt} IoP(t) dt)D,O(O).p= -- Zo--
Since O is C by Theorem 5.7 it suffices to show that DoO(O) is surjective. Let {a,} e 12,
a e . Write b, 2i(zo,/o,)a,. By Lemma 5.1 (iii) we can solve the equations

q(t) exp (2ia,t) dt b,, q(t) exp (-2i,t) dt b,, n 1, 2,.. ,

fo q(t) dt

for q e L2([0,/]; C). Setting p(t) Re q(t) we see that DpO(O) is surjective.
Remark 5.9. Suppose that {1, e2a-’, l(t), , u(t)} can be extended to a Riesz

basis of L2([0,/]; C), where e L=([0,/]; N), 1 N N N. Then the proof shows that we
can find a p e L2([0,/]; N) such that (5.21) holds, I p(t) dt 0, and 5 p(t)(t) dt Oi,
1 N N N, provided that

N

Ilhll/= + 101 + E Io,
i=1

2i t}is suciently small. Thus, the more deficient the set {1, e is, the more controls
2i t}there are such that (5.22) holds. If {1, e is already a Riesz basis, then p is unique.

CoaoAv 5.10. Suppose {z0} l with b, O, Zo 0 for all n 1, 2, .., and

lim (/n+l an) -> g > O.
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Then given any T>(zr/u) them exists er>0 such that for any hlz, OR, with
I}hll/ + 101 < e, there is a p L2([0, T]; ) such that

I z(T)
exp IT+ -1 =h, n=l 2,...b Zo,

and p(t) dt O.
Furthermore, ifA,/ is an integer[or all n and some > O, then there exists an e > 0

such that if llhllt + 0 < e then there is a p LZ([0, 2/]; ) such that

z(2/)
exp 1+ n=l 2,...

Zo 2] ]’

Ig p(tl o.
Pro@ The first part follows immediately from Theorems 5.2,"5.8. The second part

is then obvious.
Remarks 5.11. 1. In Corollary 5.10 there exist infinitely many lamilies of possible

controls p. This follows from the fact that by Theorem 5.2 {1, ea} can be extended to
a Riesz basis of L([0, A]; C) for any /<A < T, so that there are infinitely many
linearly independent real functions in the orthogonal complement of the subspace of
L([0, T]; e) spanned by {1, ea}, and Remark 5.9.

2. The set of z

b
( ( Zexp [i(T+ 0)]-1)ZOn

belongs to the ball < is compact (use Iznl + 1)IZ0 I +
and Lemma 5.6). Hence the results of Theorem 5.8 and Corollary 5.10 do not say that
we can control in finite time to points
e z(0) in . To prove such an approximate controllability result we would need to
extend Theorem 5.8 by allowing e .to be arbitrarily large.

We now show how Corollary 5.10 can be applied to prove a global approximate
controllability theorem. We restrict attention to the case when e is periodic.
TuoM 5.12. Suppose that z0 {z0} e l with Zo 0 or all n 1, 2, , and

let/be an integeror all n and some > O. Then or any h e l with 1 + (b/)h 0
or all n, and an 0, there .exist a positive integer m and a control p e
L([0, 2m/]; N) such that

Proof. Let

A {(h, O)el2x.lz,,(2mrr)=exp(-7.](1

n=l,2,....

some positive integer m, and some p e L([0, 2mTr/cr]; N) and

B (h, 0) 12 11 +nn h, 0 for all n

We show that A B. By the backwards uniqueness of solutions to (5.13) and the
assumption Zo 0 for all n we see that A c B. It therefore suffices to show that (i) A is
open, (ii) OA (’1B is empty, and (iii) B is arcwise connected.

b, h,)zon for all n},
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To prove (i), let (h, 0) A, so that

2mTr\ ib,O_ 1 + h zo,, n 1 2z, o" )=exp -2,,/
for some m and p L([0, 2m/]; ). We apply Corollary 5.10, with initial data

ibO b.h.)zo,z0-=exp(-2./(l+
to deduce the following assertion: if

then there exists p e L2([0, 2(m + 1)/]; N) such that

( 3 (ib"a](l+)" n 1,2,z..2(m + 1)
exp

2A. ]
gn ZOn,

But if IIh- 11= and l0- ffl are sumciently small then

and a 0 0

satisfy (5.22) (note that {h.}lz implies that [1 +(b,/X.)h.lk>O), and so for the
corresponding p we have

(2(m+l)). ( ib.O)(_, Zo,,

Thus A is open.
Suppose that(h, 0) OA B. We show that the time reversibility properties of (5.1)

lead to a contradiction. Let

ibO b h)zo.
By Corollary 5.10, if (5.22) holds, there exists q L([0, 2/]; N) with Jo q(t) dt, such that the solution of

b(t) -iv(t)- iq(t) Re v(t), v(O) o,

satisfies

Hence

satisfies

(5.23)

ib,a]

2, (t) -iA,Y., (t) iq nn Re Y, (t),

ib,a],,(0) exp (-/(1 +-

n=l,2,....
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Since (h, O)OA, there exists a sequence (h, o(r))A with (h, o(r))-->(h, O) in 12 [.
Define

t, r) h
a=0-0’) and g, l+(bn/an)h,’

for some fixed r large enough for (5.22) to hold. For this r there exist m and
p L2([0, 2mzr/r]; R) such that

2m ib), b h())Zo \,(1 +--zn(-tr) exp ( )(1 +-- =exp (ibn bn gn)Won.
Extending p to be q(2(m + 1)rr/tr-t) on [2mzr/tr, 2(m + 1)r/tr] we see that by (5.23)

(2(m + 1)or)Zn WOn.

Hence (h, O) A, a contradiction. This proves (ii).
To prove (iii), note that if (h, O)B then I(bn/hn)hnl<l for n >N, say. Let

hN=(hl, ,hN, 0,...). The arc t--(h +t(h-h),tO), t[0, 1] connects (h, O) to
(h N, 0) and lies in B. But (h, 0) can be connected to (0, 0) by an arc in B of the form
(s, 0) where sR and runs from h to 0 and avoids (-A/bx, -h2/b2, ", -h/br).
Thus B is arcwise connected.

COROLLARY 5.13. Let the hypotheses of Theorem 5.12 hold. Then the attainable set

s(z0) U z(t;p, zo)
t=>O

0Loc([0, oo) ;)

is dense in .
Proof. The set {h /211 +(bn/An)hn 0 for all n} is dense in 12.
Remark 5.14. Clearly the information provided by Theorem 5.12 implies global

controllability with respect to suitable finite-dimensional observers. We leave the
precise formulation of these results to the reader.

6. Applications to partial dil/erential equations.
Example 1. Wave equation with Dirichlet boundary conditions. Consider the wave

equation

with boundary conditions

u,t-uxx+p(t)u=O, 0<x<l,

u=0 atx=0,1

and initial conditions

u(x, O)= uo(x), ut(x, O)= u(x), 0 < x < 1.

In the notation of (5.1), (5.2) we have

dE

A=
dxE, B=/, H=L2(0,1)=L2([0,1];R),

D(A)=HE(O, 1)f3 n0(0, 1), D(A/2)=H(O, 1),

An nzr, bn / sin nzrx, n 1, 2,. .,
(BOn, m)"-Smn.
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We thus see that (D1) holds, and since bn 1 we have bn/h. 1/nzr so that (D2) also
holds.

As before, we set

z(t) A1/2u(t) + ift(t) and Zo A1/2u0-+- iul,

so that
Zo, ,,(Uo, ,)+ i(ul, ,).

In this case =LZ(0, 1)iLz(O, 1). We suppose that z0e g. We note that {1, e +2ix-’}
forms a Riesz basis of L2([0, 1]; C) and can be extended to a Riesz basis of L2([0,/]; C)
for any _-> 1. Then Theorem 5.3, Corollary 5.4, Theorem 5.7 and Theorem 5.8 are all
applicable. For example, Theorem. 5.3 says that if Zo, # 0 for all n we can control any
finite-dimensional projection of the solution to take any value sufficiently close to the
projection of the free solution (p =-0) at tine T1 _-> 1, while Theorem 5.8 holds for any
1=>1.

In particular, Theorem 5.5 shows that the set of.{u, ut} in H(0, 1)xL2(0, 1)
accessible from {u0, ul} with controls in L[oc[0, ), r _>- 1,-given by

S({u0, ul})= (A {u(t; p, U0, Ul), ut(t; p, UO, Ul)}
to

p L[o(E0,);)

has dense complement in H(0, 1) L2(0, 1). On the other hand, by Theorem 5.12 and
Corollary 5.13 we have global approximate controllability: thus the set S of states-that
can be reached using L2 controls on a time interval of length at least one is dense in
H L2, provided z0 # 0, i.e., all modes of the initial data are active.

Example 2. Wave equation with mixed boundary conditions. Consider the wave
equation

Un--Uxx+p(t)u=O, 0<x<l,

with boundary conditions

u=0atx=0, u-aux=Oatx=l, a>0constant,

and initial conditions

U(X, O)-" gO(X), Ut(X, 0)"- Ul(X), 0 < X < 1.

In the notation of (5.1) and (5.2) we have

A =-dx---, B=I, H=L2(0, 1),

D(A)={u H2(O, 1)lu =0 atx =0, u +aux =0 atx 1},

D(al/Z)={u HI(O, 1)lu =0 at x =0},
\ 1/2

tan An +CeAn =0, Cn(X)=(sinhnX)/[| sin2 AnX} n= 1, 2,. .,
/\30 /

and (BO, &,)=
In this case,

n77-
h, =--+ e,(a), n=l,2,...,

where {e,(a)[0 as n +a oo. Thus, since b, 1, {b,/h,} 12. Hence (D1) and (D2)
hold.
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As usual, we set

z(t) A/2u(t) + iti(t), Zo A/Uo+ iux,

so that

As in Example 1, Y= L2(0, 1):)iL2(0, 1), and we let Zo. Theorem 5.3, Corollary
5.4, Theorem 5.7, Theorem 5.8 and the first part of Corollary 5.10 are all applicable. By
Theorem 5.2 {e 2ix"t} can be extended to a Riesz basis of L2([0, T]; C) for any T > 2, so
that in the above results the assertions of finite-dimensional or approximate control-
lability apply to time intervals of length greater than 2. Actually, for a sufficiently large
we can take T1_>-2 in Theorem 5.3 and T>=2 in Corollary 5.10. (This is because
supn [en (a)l 181(a)[ < 1/2 log 2 for a sufficiently large, so that

sup ]2An ncrl < log 2,

:t:2iAnt}which implies by Riesz and Nagy [1955, p. 209] that {1, e forms a Riesz basis of
L2(O, 2).)

Example 3,. Rod equation with hinged ends. Consider the system

(6.1) u,+u+p(t)Ux=O, O<x<l,

with boundary conditions

(6.2) u=u=O atx=0,1

and initial conditions

(6.3) u (x, O) uo(x), u,(x, O) u(x).

In the notation of (5.1), (5.2) we set

d4 d2

A dx----z, B =-x, H= L2(O, 1),

D(A) {u H4(0, 1)lu, Uxx H(O, 1)},

D(A/) HE(o, 1)f’qH(0, 1), An n E E

0n / sin nrx, n 1, 2,...,

(Bd,,, &,,) 0, n m, (BOn, tn) -n 2 2

In this case bn/An =-1, so that (D1), (D2) are again satisfied. As usual we write
z(t)’-A1/2u(t)+ itJ(t)=’.n=l Zn(t)n, Zn(0)"--Zon. Note that

(6.4) lim (An+ An) 00.

Theorem 5.2 therefore implies that {1, e +Ea"t} can be extended to a Riesz basis of
LE([0, T]; C) for any T>0. Theorem 5.3 is therefore applicable with any Tx>0,
Corollary 5.4 holds, Theorems 5.7 and 5.8 hold for any l>0, both conclusions of
Corollary 5.10 are valid, and Theorem 5.12 and Corollary 5.13 hold. We summarize the
approximate controllability results in the following theorem.

THEOREM 6.1. Let uoH2(0, 1) flHo(0, 1), u L2(0, 1) and suppose that

Zon nETr2(uo, b,)+ i(ux, abe) # 0 for all n 1, 2,. .
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For any p Loc([0, ); R) a unique mild solution

{u, a} c([0, ); x)

o]" (6.1)-(6.3) exists, where X (H2(0, 1) 71H(0, 1)) x L2(0, 1), and g p
Lo([0, ); ) then

1 ds) } C([0,);12).{ ’z"(t)zo. exp [i(A,t- Io p(s) ]-1
Conversely, for any T>0 there exists er >0 such that g Ilhll= +la < er then

z,(T)
e -1 =h, n=l,2,...
Zon

for infinitely many p e Lo([ T] ) with p dt 2a. In particular, setting T 2/,
there exists e > 0 such that g Ilhll,= + I I< e then

z =e (l+h)zo, n=1,2,...

or infinitely many p La([0, 2/]; N) with Ig/p(t) dt 2. Furthermore, i[ (h, ) e
l x N with h -1 or all n, there exist a positive integer m and a control p
L([0, 2m/]; N) such that

(6.5) z e (1 + h)zo, n 1, 2,...,

so that the set o states accessible rom {uo, u} is dense in X.
Remark 6.2. Our method of proof shows that given e > 0 we can find m and p such

that (6.5) holds and pll(< e for any interval I c [0, 2m/] of length 1. Of course m
will need to be large if e is small.

Nxample 4. Rod equation with clamped ends. Consider (6.1) with boundary
conditions

u=u=0 atx=0,1

and initial conditions (6.3). As is well known, this case is much more delicate than (6.1)
with hinged boundary conditions (6.2). We now have

d4 da

A=dx4, B=dx, H=L(0,1),

(=(0, gg(0, , D(/I =g(0, ,
/ /cosh1 cos1 =1, n=1,2,....

The usual graphical analysis shows that

where e, 0 as n + m. (Very precise estimates for e, are given in Ball and Slemrod
[1979].) The corresponding orthonormal eigenfunctions , do not satisfy (B&, ,)=
0, m # n, and so none of the results in } 5.3 are applicable. Furthermore, hypothesis (ii)
of Theorem 5.3 does not hold, since 2a,-(a +aq) can be arbitrarily small for
arbitrarily large n, p and q (cf. Ball and Slemrod [1979], especially pp. 560, 574). So it is
not obvious that (6.1), (6.6) is controllable locally with respect to finite-dimensional
observers. It is possible that estimates on the lines of those in the preceding reference
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for the An might establish local controllability relative to G of the form

The only results in this paper applicable to (6.1), (6.6) are the basic existence theorem,
Theorem 2.5, which just gives the standard result that for {Uo, ul}D(A1/2) H X
there exists for each p Loc([0, o); R) a unique mild solution with initial data {Uo, u},
and Theorem 3.6, which demonstrates the general impossibility of exact controllability
using controls p Lroc([0, o); R), r > 1.
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ADDENDUM: THE CIRCLE CRITERION AND THE
Lp STABILITY OF FEEDBACK SYSTEMS*

S. MOSSAHEB

Abstract. In an earlier paper [SIAM J. Control. Optim., 20 (1982), pp. 144-152] it was shown that
under certain mild conditions the circle theorem of Sandberg and Zames implies the L stability of a broad
class of scalar feedback systems for all p > 1. In this addendum it is shown how such stability theorems
can be extended to multivariable systems.

In our earlier paper [3] it has been shown that under certain conditions the
celebrated circle theorem of Sandberg and Zames implies Lp stability for all 1 <= p -<_ m
of the solution x of the scalar nonlinear equation"

(1) x(t)=l(t)-Jo g(t-s)n(s, x(s)) ds.

The said conditions are that (1 + t)g(t)eL L2, that for some constants a and b, the
nonlinearity n(t, x) is in the sector (a, b) and the hypotheses of the circle theorem
hold. It has also been shown that under the same conditions if p _-> 2 and limt_, ]c(t) 0
then limt_, x(t)= 0. The idea in [3] was to reduce (1) to the form in which n(s, x(s))=
k(s)x(s) so that in a sense (1) is linearized and then to obtain the final results by
examining the properties of the resolvent of g(t- s)k(s). Finally, by using the so-called
loop-transformation technique of Zames, the theorems were extended to cover certain
unstable forms of g.

The aim of this note is to point out that all the arguments of [3] carry over to
vector equations of the form (1). The only perhaps nontrivial modifications are the
linearization process of writing n(s,x(s))= k(s)x(s) for a suitable matrix k and of
treating the case of unstable g. Having shown these two facts, we briefly indicate how
to use them to deal with vector equations.

Throughout this note r will be a fixed positive integer and Ix] is the usual/2-norm
of the vector x. For any square matrix A we write A(A) for the square root of the
largest eigenvalue of A*A where A* is the conjugate transpose of A. Finally, for any
p, 1-< p-< m the L norm of an r-vector of p-summable functions is

1/2

The nonlinearities which will be considered satisfy a conicity condition of the
form (2) below. For more details on the conicity of operators see [5]. For a > 0 and
any r r constant matric L, let N(L, a) be the set of functions n(t, x) defined and
measurable on R/ Rr such that n(t, x) is continuous in x for almost all and

(2) In(t,x)-Lxl<=alxl forallx2 and almost all t.

LEMMA 1. Let n N(L, a) and let x (t) be an r-vector of measurable functions on
(0, c). Then there exists an r r matrix k(t) ofmeasurablefunctions such that n (t, x(t))
k(t)x(t) and A(k(t)-L) <= a, for almost all t.

* This Journal, 20 (1982), pp. 144-152. Received by the editors August 5, 1981.
Postgraduate School of Studies in Control Engineering, University of Bradford, Bradford, West

Yorkshire, BD7 1DP, United Kingdom.
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Proof. For any y Nr\{0}, put N(t, y)= n(t, y)-Ly. Let Ni be the ith element of
N, and let mgj yjN (t, y)/[y]2. Let M(t, y) be the r x r matrix whose ifth element is
mgi. Clearly, M is continuous on Nr\{0} for almost all and N(t, y) M(t, y)y. Observe
that M(t, y)= N(t, y)z, where z is the row vector whose ith element is yg/lyl2. Thus,
M*M [N(t, y)12z*z. Since M*M has unit rank, r-1 of its eigenvalues are zero and
by considering its trace we have A2(M)= IN(t, y)12/lyl=, which by assumption implies
A(M)_< a. Now let T1 be the set of points at which x vanishes and let T2 be its
complement. Let ko by any rxr matrix with A(ko)-<_a. Put k(t)=M(t,x(t))+L on
T2 and k(t)- ko on T1. Clearly, k(t) satisfies the equality and inequality of the lemma
and its measurability follows from that of x(t) and the continuity of M(t, y) for y 0
and almost all > 0.

In dealing with unstable cases of g, we shall need the following. Write L(1 + t)
for the Banach algebra under convolution of the functions g on (0, oo) such that
(1 + t)g(t)L with norm Ilgll-II(1 / t)glll. Let A(1 + t) be the algebra obtained from
L(1 + t) by joining a unit to it. By [1, p. 141] an element g of A(1 + t) is invertible if
and only if inf{l(s)l" Re s -> 0} > 0, where is the Laplace transform of g. Let A be
the subset of A(1 + t) consisting of those g such that (1 + t)g(t)eL f’lL2. From

(1 + t)(f*g)= Io(l+t--s)f(t--s)g(s)ds+ Iof(t-s)(sg(s))ds
it follows that A is an algebra and also an ideal of A(1 + t) under convolution. Let
A and At(1 + t) be the set of r x r matrices of functions whose elements are in AI
and A(I+ t), respectively. Finally, let A; be the set of r x r matrices of functions
which can be written as gl + g2, where gx A and the Laplace transform of g2 is a
strictly proper rational function.

DEFINITION.
(i) Two elements N and D of A are said to be coprime if there exist P and Q

in A such that lg(s)(s)+lO(s)O(s)=I.
(ii) An r r matrix g of Laplace transformable functions is said to have a coprime

factorization (N,D) if N and D are two coprime elements of A and g(s)=
(/ (S))-I]Q(S).

We shall only need the elementary properties of coprime factorizations listed
below. The general theory of such factorizations has been used extensively in multivari-
able systems by several authors, notably F. M. Callier, C. A. Desoer and M. Vidyasagar.
For more details the reader is referred to the works of these authors.

(I) Suppose gA; and let g=gl+g2, where gxAr and 2(S) is a matrix of
strictly proper rational ftmctions. It follows from [4, Th.1] that g2 has a coprime
factorization in A given by, say, (N, D). If 2Q/3 +/0 I for some P and Q in A,
then putting x 2Q +Dgl and Oa 0 we have (s) (/(s))-1/Q(s) and NP+
DQ; L Since A; is closed under convolution, it follows that every element ofA has
a coprime factorization in A ;.

(II) Let (N, D) be a coprime factorization of g s A[, and let L be a constant r x r
matrix. Assume that

(3) inf{Idet (/ (s) +/Q(s)L)[" Re s >_- 0} > 0.

From the characterization of the spectrum of A (1 + t), it follows that D +NL has an.
inverse in At(1 +t). From (I+L)-=(I+I?L)-ll and (I+p,L)-I=(I+IL)-I
and since A is an ideal in At(1 + t), it follows that (I + L)-1 and (I +L)- are
the Laplace transforms of two elements of A. Since the elements of ,/r and/ are
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meromorphic and tend to zero as Re s 0 in the closed right-half plane, it is easily
seen that (3) is equivalent to the following two conditions:

(4)

(5)

inf {Idet (I + ffL)l: Re s -> 0} > 0,

det (/(s) + l(l’(s)L) 0 whenever Re s _-> 0 and det/(s) 0.

The above conditions are the usual conditions for the stability of linear systems under
constant feedback. The reason for having tO consider coprime factorizations is to take
account of possible polezero cancellations in (I + L)-I.

The generalization of the main results of [3] is as follows.
THEOREM. In (1) assume that fL with l_-<p<_- and n N(L,a) ]’or some

a > 0 and some constant r x r matrix L. Assume further that either (i) g A (, (4) holds
and, moreover,

(6) a sup {A((I + ,(iw)L)-,(iw)) w R}< 1,

or (ii) g A, L 0, (4) and (6) holds, and moreover, for some coprime factorization
(N, D) of g, (5) holds. Then any measurable solution x of (1) is in L, and for some
constant c independent o[ x and , we have [[x[[_-<cl[l. Moreover, i[ p>=2 and
limt_, [(t) 0, then lim,_, x(t) O.

as
Outline o| lroof. Let x be any measurable solution of (1). Rewrite the equation

Let k(s) be as in Lemma 1 and put kl(S)= k(s)-L. Then A(kl(S)) -< a for almost all
s. By the assumptions on g and paragraph II above, the inverse g of I + gL exists in
A[ and gl*g h is also in A[. Since g.fL, it follows that x satisfies the equation

x(t)=f(t)- h(t-s)k(s)x(s) ds

with fILP and Ibell.=<dlVIl., where d is independent of f and x. Put a(t,s)=
-h(t-s)k(s), and let r(t,s) be the rxr resolvent of a(t,s) [2]. Thus, r(t,s) is the
solution of

(7) r(t, s)= -a(t, s)+ Io r(t, u)a(u, s) du.

It may be proved that r also satisfies

(8) r(t,s)= -a(t,s)+Io a(t, u)r(u,s) du.

Premultiplying (7) and postmultiplying (8) by arbitrary row and column vectors a and
respectively, and using the method of the proof ot [3, Thm. 1] it can be shown that

(9) sup I0 Iar(t, s)l ds <, sups Io Ir(t, s)Bl dt<c.

The only procedural difference is to use the multivariable version of the circle theorem
that if in an equation of the form

6(t) q(t)- c(t-s)O(s)6(s) ds,
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A(0(s)) <= a for almost all s, 4 is a matrix of integrable function and a sup {A((iw)): w
R} < 1. Then 11112--< CIl,ll= for some C is independent of 6 and r/.

Since in (9) a and fl are arbitrary, it follows that for any Euclidean matrix norm
"1

| Ir(t,s)lds< and sup| ir(t,s)ldt<.sup
do a0

The remaining assertions of the theorem follow by trivial modifications of the proofs
of [3].
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ERRATUM: ON POLE ASSIGNMENT FOR A CLASS
OF INFINITE DIMENSIONAL SYSTEMS*

AVRAHAM FEINTUCH? AND MOSHE ROSENFELD?

In this note we would like to point out two errors that appeared in the paper.
These were pointed out by L. Pandolfi and the authors of [1] who corrected and
generalized the main results.

The first error concerned an incorrect quote of a result from [2] which we stated
as Theorem B.

The correct statement is
THEOREM B*. IfA is a discrete operator and Re h _-<p < 0 for h r(A), then the

semigroup generated by A is exponentially stable.
This does not affect the correctness of the other results in the paper.
However, the proof of Theorem 4 as given is incorrect. The c chosen with finitely

many nonzero coordinates will not shift all the poles of the new operator but only
finitely many. In fact, using a result of [1] we have the following:

THEOREM 4*. Suppose A is a discrete normal operator with {A, b} controllable
and or(A) {An }. Then {A + b (R) c, b} has no common poles with {A, b} if and only if
{A, c} is controllable.

Proof. Suppose {bn } is the orthonormal basis of eigenvectors of A and bn (b, bn).
It was shown in 1] that r(A) o’(A + b (R) c) if and only if bn (c, bn) # 0 for all n.
By controllability of {A, b}, bn S0 for all n. The condition (c, bn)#0 for all n is
equivalent to {A, c} being controllable.

Thus any c all of whose coordinates are nonzero will shift all the finite poles of
{A, b}, and the poles of the new system (as was seen in Theorem 3) are exactly the
one-points of the function

p(z)= Y
k=l Z--/k

The authors of [1] generalize some of the results of our paper to the case where A
is not assumed to be normal.
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IDENTIFICATION OF NONSTATIONARY DIFFUSION MODEL BY THE
METHOD OF SIEVES*

HUNG T. NGUYEN" AND TUAN D. PHAM:

Abstract. In this paper, we apply Grenander’s method of sieves to the problem of estimation of the
infinite dimensional parameter in a nonstationary linear diffusion model. We use an increasing sequence
of finite dimensional subspaces of the parameter space as the natural sieves on which we maximize the
likelihood function. We show that if the dimension of the sieves tends to infinity with the sample size with
a rate not too fast then the sequence of restricted maximum likelihood estimators for the parameter is
consistent and asymptotically normal.

1. Introduction. Statistical inference for stochastic processes, especially for
diffusion processes suitable for describing stochastic dynamical systems corrupted by
white noise, has received a good deal of attention recently. Primarily, works in this
field are intended to provide new identification techniques to deal with more complex
situations in control problems.

In the finite dimensional parameters case, as in detection and estimation in white
Gaussian noise, the mathematical groundwork for the approach was developed by
Grenander [7]; see, also Van Trees [16]. This paper discusses a model identification
technique, based on Grenander’s method of sieves, Grenander [8], for a class of
systems represented as nonstationary linear diffusion processes in which the parameter
to be estimated from data lies in an infinite dimensional space. This sieve-based
technique led to the estimation of the whole unknown function at once and not just
its values at a fixed point. Note that nonparametric identification for diffusion processes,
using kernel estimators which estimate the drift function at each fixed point, is studied
in Banon and Nguyen [1] and the implementation and the simulation studies will be
presented in a forthcoming paper.

In the case of finite dimensional parameters, the maximum likelihood method is
commonly used, (e.g., Feigin [5], Pham [13]). In the case of infinite dimensional
parameters, the kernel method has been successful for pointwise density estimation
and pointwise estimation of the drift coefficient of a stationary diffusion process (e.g.,
Nguyen [11], Nguyen and Pham [12], Pham [14]). It is known that the maximum
likelihood method has difficulties in the infinite dimensional case since the maximum
likelihood solution is generally either not attained or is not consistent. Recently,
Grenander [8] has developed a new technique known as method of sieves to handle
these difficulties. In this method, for each sample size a sieve which roughly speaking
is a suitable subset of the parameter space, is chosen. The likelihood function is then
maximised on the sieves yielding a sequence of estimators. The crucial point is the
choice of appropriate sieves. Some general results on the existence of sieves leading
to estimators with interesting asymptotic properties are given in Geman and Hwang
[6] in which the sieves are chosen to be compact sets satisfying rather complicated
conditions. The main purpose of this work is to show that in many situations where
the parameter lies in a Hilbert space, a sequence of sieves can be chosen simply as
an increasing sequence of finite dimensional subspaces of the parameter space. The
restricted maximum likelihood estimation on the sieves is shown to be consistent and
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5" Department of Mathematics and Statistics, University of Massachusetts, Amherst, Massachusetts

01003. Currently at: Department of Mathematical Sciences, New Mexico State University, Las Cruces,
New Mexico 88003.
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asymptotically normal provided that the dimension of the sieves grows not too fast
with respect to the sample size. To obtain these large sample properties of our
estimators, we introduce a device similar to the technique of projections (or of
orthogonal functions) used by Bosq [2] in density estimation.

The model considered in this paper is the nonstationary linear diffusion model

dX(t) O(t)X(t) dt + dW(t), >= O,

where W(t), t->0, is a Brownian noise and 0(.) is the unknown function to be
estimated on the entire interval [0, T] based on the observation of a sample of n
independent trajectories of X(t) on [0, T]. This model has been used in engineering.
Note that Delebecque and Quadrat [3] have considered the more general nonlinear
diffusion model, but only the case of finite dimensional parameters is in fact investi-
gated. Note also that the simpler model

dX(t) O(t) dt + dW(t)

has been widely studied in the literature (Grenander [8], Ibragimov and Rozanov [9],
Liptser and Shiryaev [10]). The last four authors considered the case where O(t) is of
the form 01hl(t)+O_h2(t)+" "+ Okhk(t), where the hi are known functions and the 0j
are unknown parameters to be estimated. In this case the estimation problem can be
solved by regressions analysis. On the other hand, Grenander [8] has considered the
estimation of the unknown function 0 entirely based on a sample of n observed
trajectories of X(t) using precisely his method of sieves. However, he considered a
different sieve than ours, and it is not hard to see that our technique, using a simpler
sieve, can also be adapted to this model.

2. The model and the estimation of parameter. The considered model is the
nonstationary linear diffusion model

(2.1) dX(t) O(t)X(t) dt + dW(t), X(O) Xo,

where Xo is deterministic, W(t) is a Brownian motion with E{dW(t)}2= r2 dt and
where 0(.)L2([0, T], dt), [0, T] being the interval of observation of the process.
The last condition is needed to ensure the absolute continuity of Po with respect to
P0, where Po and Po are the probability distributions of {X(t), [0, T]} when 0(. is
the true parameter and when 0 0, respectively. Indeed, a sufficient condition for
this is Liptser and Shiryaev [10, Vol. I, Thm. 7.2, p. 240]

T

This condition will be satisfied if

T

02(t)X2(t) dt} Io 02(t)EX2(t) dt < +0.

Therefore, if 0(. ) L2([0, T], dt), the above condition will be satisfied provided that
EX2(t) is bounded on [0, T]. But by Liptser and Shiryaev [10, Vol. II, Thm. 15.1,
p. 135], the mean function.EX(t) and the covariance function F(t)= {EX(t)-EX(t)}
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are solutions of the differential equations

dEX(t)
dt

O(t)EX(t), EX(O) Xo,

dF(t)
dt

220(t)r(t) + o-, r(0) 0,

which give

EX(t) Xo exp Io O(u) du,

Thus, EX(t) and F(t) are bounded on [0, T], and hence so is EX2(t).
The Radon-Nikodm derivative of Po with respect to P0 is

dPo
dPo

T

(X(. )) exp 12 O(t)X(t) dX(t)----
We are interested in estimating the function 0(.) on [0, T] based on a sample

2XI(’), X2(’),"’" ,Xn(’) of n independent trajectories of X(t) on [0, T]. Here r s
assumed to be known. The log likelihood function is then

T

L,(O) 12 O(t)Xg(t) dXk(t)---k=l

We shall use as sieves an increasing sequence V, of subspaces of L2([0, T], dr),
with finite dimension d, such that U,__>I V, is dense in L2([0, T], dt). The method of
sieves consists of maximizing Ln(O) on V,. For this purpose let bj, 1, 2,. ., be a
sequence of independent vectors of L2([0, T], dt) such that bl, b2,’’’, bd. form a
basis of V, for all n. Then for 0 V,, 0(. ya. 0j&i(. ), we have

L,,(O)= E Oiki(t) Xk(t)dX(t)
k=l /=1 ., Oickj(t) X (t) d

2r2 =
n{B(.)O(. O(.),A(. (.)},2 0

where 0("), B (n) and A(n) are the vectors and the matrix with general elements 0i,
]=1,2,...,d,.

(.) 1
Oi(t)X(t) dX(t)

nk=l
]=1,2,. .,d,

and

1 Io
r

l,)&(ov-2 (t) dt, i, ] 1 2 d,.)" AkAii() n =
Therefore, the restricted maximum likelihood estimator ")(. of 0 is given by

ff")(’)= 2" 5"), (’), where (") oa. is the solution of A{"

B {"). It can be shown that A") is invertible almost surely, so ") (A{"))-aB ").
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Note that the equation A(")(n) B (") is equivalent to

hv
l fo

T

h(t)X2k (t)(n)(t) dt
n k-1

(2.2)

h(t)X(t) dX(t),
k=l

which characterizes the function ((.) independent of the basis of V.
3. syfie rerfies e estimator. To investigate the asymptotic proper-

ties of the estimator, it is convenient to introduce an othonormal basis of V relative
to a certain scalar product in order to transform A( into an almost identity matrix
for large n. We observe that by the strong law of large numbers for independent

(n)identically distributed (i.i.d.) random variables A converges strongly as n m to
T

fo O(t)Oi(t)EX2(t) dt.

Therefore, we shall consider a sequence 1, 2," ’, such that , 2,"" ’, W, is
an orthonormal basis of V, in the sense of the scalar product

T

(h, g) 0 h(t)g(t) d(t), d(t) EX2(t) dt,

which is well defined since EX(t) is bounded on [0, T], and hence LZ([0, T],
dt)= L2([0, T], d)" let ), 2 g. be the co-ordinates of (n)(.) in the new

(n) (n) (n)basis {,,..., a.} of V. By (2.2) the vector ( 2 ,"’, ga.) is the
solution of a("( b(, where a () and b () are the matrix and the vector with general
elements

)=1 /oTa i (t)(t)X (t) dt,
nk=l

b (t)X(t) dX(t)
k=l

*(t)X (t)O(t) dt +- *(t)X(t) dW(t).
k=l k=l

Let 0(( 2 (. be the orthogonal projection of 0(. onto V in the sense of
the above scalar product. Then the first term of the right-hand side can be written as

]-1 k=l

2 a +- .(t){X (t)EX(t)}{O(t)- 0((t)} dr,
]=1 H k=l

since i(t){O(t)-O()(t)}UX2(t) dt 0 for all i. Therefore

(3.1) a(")((")- :(n)) c ("),
where (") and c (n) are vectors with components scj,/" 1, 2,. ., d, and

i(t){X(t)-EX2(t)}{O(t)-O(")(t)} dt+ ,(t)Xk(t) dWk(t)Cj
n k=l
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By the law of large numbers, one would expect that a (n) and c (’) converge to the
identity matrix and the zero vector in some sense, and hence, (") would be close to
(") for large n. More precisely, we shall show that under the condition d]/n 0 as
n 00, [l(")-(n)[[2 0 in probability as n 00, and under the condition d3/n 0 as
n-*oo for any dn-vector h (") such that ][h(n)[[2 is convergent, /h(")’((")-(")) is
asymptotically normal. Going back to 0(")( ), we obtain the consistency and asymptotic
normality of the estimator. Note that the I") are not statistics since they depend on
the basis 1, 2, a. which is defined in terms of the unknown measure/z. These
") are introduced only for the purpose of studying the asymptotic properties of (")( ).

(n) (n)To obtain the convergence of aij and c we shall write them in the form

(3.2) a 0 6ii g(t)i(t)Zk (t) d rtik, say,
n k=l n k=l

(3.3)

( 1 [Io7" Io
7"

c g(t){O(t) + O(n(tl}Zk(t) dt + i(t)Xk(t) dWk(t)
nk=l

1
(rl , +,1,

nk=l
say,

where 8i 0 if ], 8ii 1 and Zk(t) X (t)-EX2(t).
LEMMA 1. For any iz-integrable function h on [0, T],

Proof. We have

El lorh(t)Zk(t) dt} _-<2{ Ih(t)l dl(t)

T 2 T T

E{I h(t)Zk(t) dt} <= Io Io h(t)h(s)E{Zk(t)zk(s)} dt ds"

We observe that the X(t) process solution of (2.1) is Gaussian; therefore Y(t)=
X(t)-EX(t) is a zero mean normal variate and hence Var {y2(t)}= 2[Var {Y(t)}]2

and Cov{ Y2(t), Y(t)} 0. Thus,

EZ (t) Var {XZ(t)} Var Y2(t) + 2{EX(t)} Y(t) + {EX(t)}]
2[Var { Y(t)}]2 + 4{EX(t)} Var { Y(t)}

_-< 2[Var {X(t)} + {EX(t)}z]2= 2{EXZ(t)}2.

Therefore, by the Schwarz inequality,

IE{Z (t)Zk (s)}l =< {EZ, (t)EZ (s)}1/2 <-2EXZ(t)EX2(s),

and hence,

El lor h(t)Zk(t) dt}
2 T T

<= 2 Io Io Ih (t)l [h (s)l dl (t) dtx (s)
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LEMMA 2. We have for all n

E[a I}) gii]2 2
n

<-_ r + 2 O(t) 0(")(t)[2 d (t) n.

Proof. The first part of the lemma is a direct consequence of [3.2] and Lemma
1. To prove the second part, note that by the triangular inequality

,2,1/2 (n) }211/2 )}1/2,{E(n>+nii) J [E{n, +{E(
(n) 2where g and i are given by the right-hand side of (3.3). But Eg and by

Lemma 1,
T 2

E{ik

T

2 Jo Io(t)- 0()(t)l (t).

The result then follows from (3.3).
LEMMA 3. Let [Ml]=sup {][Mx[[, I[x[] 1} be the operawr norm of the matrix M.
r []g[[2 Mi. and

provided that 2u (Mu )< 1.
The result MIN2uM is a direct consequence of Schwartz inequality. Now,

by assumption, M-Ill < 1 where I is the identity matrix. Therefore

M-= (I-M)m,

IIM-II IIM 1[ 1 (M u)
m=0

ToaM 1. Under the condition d/n0 as n,(-(0 in probability

Pro@ By (3.1), (-( (a() lc(m so, using Lemma 3,
/ -I(-(nllN[1- / (a (i -u)} ] llc

Assume d/n 0; then by Lemma 2, as n m

E
i=x

(a) ’ O, EIIc E iE=’I (c(n)i )2 0.

Therefore, the two factors of the above right-hand side converge in probability to 1
and to 0 respectively; hence the result.

COROLLARY. Under the canditians d , d]/n 0 as n ,
T

fo I(">(t)- O(")(t)lzEXZ(t) dt 0

in probability.
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Proof. The expression in the corollary is the square of the L2([0, T], d/x) norm
of t(n)( )- 0(n)( ), and hence can also be given by

dn

i=1 i=dn+a

By Theorem 1 the first term of the above expression converges in probability to
zero as n - oe. Now Uel V,, being dense in L2([0, T], dt), is also dense in L2([0, T], dr)
in the metric of L2([0, T], d/x). Therefore the last term of the above expression
converges to zero as n oo. The result follows.

Remark. The metric of LZ([0, T], d/x) is the natural metric for our problem.
However, it is not convenient to work with since/x is unknown. One might consider
the L2([0, T], dt)-norm of 0(")( )- 0(")(. ), but it may fail to converge to zero since
the two norms in LZ([0, T], d/x) and L2([0, T], dr) are not necessarily equivalent. They
are so if EXZ(t) is bounded below by a strictly positive constant which is true if Xo 0.
When x0 0, we can only show that as n

T

I Itn(t)-O(t)l dt 0 in probability,

for every e > 0. It is probable that one cannot strengthen this result, since if x0 0,
X(t) will be very small for near 0, so it is not possible to estimate O(t) with great
precision unless the drift term O(t) X(t) can be estimated with much greater precision.

tn) (n)LEMMA 4. Let A (= (A, h2 ", h d. be such that

d
(n) 2 2E(hi

i=1
as n oe.

(n) _(n)Then the random variable x/- dl" hi c is asymptotically normal with zero mean
and variance h2 2

O"

Proof. By (3.3),

(n)r(n)
i=1

But by Lemma 1

F_, / " ik i 2 hi d/i(t) Io(t)- o
i=1 i=1

(n)(t)l d/z (t) }
f Io=< 2 E {, (n)i {0(t) o(n)(t)}2 dlx (t).

i=1

Since the variance of ihi ik is Yi }2(r, the variance of the bracket in the
above equality tends to h 2r2 as n -* oe. The result then follows from the central limit
theorem for triangular arrays of random variables.

THEOREM 2. Let h () be as in the Lemma 4 and suppose that d3/n -- 0 as n --Then x/- Edn (t) () 0"hi --i) is asymptotically normal with zero mean and variance h 2 2

Proof. By (3.1), (")-()= (a())-lc(), so ()-()-c(n)=(a("))-x{I-a(")}c(.
Therefore, with 11’ denoting the operator norm or the Euclidean norm, we have

(n)’(gn) (n)_ C (n))l (n)ll Ila (n)-’[I Ila ()- Ill IIc (n)ll,
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But by Lemma 2 for all n,
dn

nEIIcll= n E E(cT) <= (Const.) d,
i=1

Ella (" ell= <E E E (a (n)
ij tij)2

i=l =’1 n

Therefore ,/-[la(-I[[llc(l[-,o in probability as n eo, since d3,/n 0 by assumption.
On the other hand, we have seen in the proof of Theorem 1 that II(a()-ll- 1 in
probability as n oo. Hence, x/A (n’((n-:("-c(n) 0 in probability as n-oo. But
x/A (n’c (" is asymptotically normal with zero mean and variance o,2A 2 by Lemma
4, which gives the result.

COROLLARY. Let h be a function in L2([0, T], dt) such that h2(t)/EX2(t) dt <
+c. Then under the conditions of Theorem 2,

T

x/- fo h(t){"(t)-O(t)} dt

is asymptotically normal with zero mean and variance
T

o
h 2(t)/EX2(t) dt.

Proof. By assumption, the function ft(.)=.h(.)/EX2(.) is in L2([0, T],dtx).
Therefore, using the fact that (. )- 0"( " (I :i)i(" ), we have

T

(n)} IO
T d.

h(t){"(t)-O dt= h(t){n(t)-O(t)} d/x(t)= E /,(I"
i=1

where i i(t)i(t)d(t). Now by Parseval’s theorem,

Iolira (t) d (t) ha(t)/NX(t) dr.
n i=1 i=1

The result then follows from Theorem 2.
Remark. In the above corollary, we only prove the asymptotic normality of

and not of

T

x/- Io h(t){"(t)-OCt’(t)} dt

T

x/- Io h(t){"(t)-O(t)} dt.

However, the latter will have the same asymptotic distribution as the former if
T

4- Io h(t){O(t)- O)(t)} at --> o,

The condition is clearly satisfied if the L2([0, T], d/x) distance between 0(. and 0"(
converges to 0 as n a3 faster than n -1/2. But the L2([0, T], d/x) distance is less than
a constant, say C, times the L2([0, T], dt) distance; hence, if 8n denotes the infimum
of the L2([0, T], dt) distance from 0(.) to a point of V,, then the L2([0, T], d/z)
distance between 0(.) and 0"(.) is certainly less than Cg,. Thus the condition is
satisfied if . - 0 faster than n -/2 as n - c.
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ON SINGULAR IMPLICIT LINEAR DYNAMICAL SYSTEMS*

PIERRE BERNHARDt"

Abstract. We investigate properties of existence, unicity, representation, of the (causal) solutions of
implicit linear systems (or "generalized systems") when the underlying matrix pencil is singular. We relate
the geometric and the algebraic approaches. The main conclusion is that if the underlying matrix pencil is
"column singular" (i.e., has a nonempty set of column minimal indices) the causal solutions, when they
exist, can exactly be represented as the output of a classical two-player dynamical system, where the second
player accounts for the nonunicity. Properties of the equivalent system are related to those of the singular
matrix pencils made with the given matrices.

1. Introduction.
1.1. Problems considered. We study systems given in one of the following two

forms, respectively, discrete and continuous"

with the following definitions:

Ey(t + 1) Fy(t) + Gu(t),

dy
E- (t) Fy(t) + Gu(t),

y(t) R" is the (fundamental) output of the system,

u (t) RP is the input.

E and F are r m constant matrices, G is a r p constant matrix, r is called the rank
of the system. It may be larger than, equal to or lower than m.

The questions of existence and unicity we shall investigate arise only if E is not
invertible (in case r m). We shall also consider problems of representation and
canonical forms. We are mainly interested in singular systems, where the solution is
nonunique. (See Definition 3 and Theorem 2 for a precise statement.)

DEFINITION 1. If r m, the system is called square.
PROPOSITION l. A system (E, F, G) is always equivalent:
(i) to a system with rank equal to the rank of the composite matrix [E F G];
(ii) if this rank is lower than m to a square system.
Proof. (i) If the lines of the composite matrix [E F G] are not independent, we

can always delete redundant equations in (,) or (**).
(ii) If r < m we can add lines of zeros to them.
HYPOTHESIS. Because o] property (i) above, we shall always assume that rank

[E F G]=r.

1.2. Motivation. (i) P.I.D. control. Systems of the form (**) naturally arise when
applying output derivative feedback to an ordinary system. There the resulting implicit
system is square. The interesting question, is its limit behavior when the E matrix is
"close" to be singular. A prerequisite to a complete understanding of the resulting
"infinite frequency" modes (see [20]) is the present analysis.

(ii) Systems with a linear state or state-control constraint. An equation of the
form

O=Cy +Du

* Received by the editors May 11,1981, and in revised form October 20, 1981.
t INRIA, Domaine de Voluceau-Rocquencourt, B.P. 105-78150 Le Chesnay, France.
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may be added to a standard system as an extra set of equations resulting in a matrix
E made of the identity and lines of zeros. There r > m.

(iii) Interconnected systems. The natural statement of the equations of sets of
interconnected systems may lead to equations of the type (ii).

(iv) Econometric systems. Econometric systems are almost always of the form
(.) (or a more complex one with nonlinear r.h.s.). Most famous among them are
Leontief’s models, and ARMA models with noninvertible leading coefficient.

(v) Perturbed systems. The perturbed system

2 =Ax +Bu +Cv

is equivalent to the implicit system

E2 EAx + EBu,

where E is a matrix of maximum rank such that EC -O. As a matter of fact, for any
pair of measurable input functions (u(.), v(.)), the solution of the first, explicit,
differential equation satisfies the second, implicit, one. Conversely, to any pair of an
absolutely continuous x(.) and a measurable u(.) satisfying the second one, corre-
sponds a measurable v (.) such that x (.) satisfies the first one with inputs u (.) and (.).

(vi) Time reversibility in discrete time systems. Backward projection for a
standard discrete system

Xk/ FXk + GUk

leads to the study of the backward system

where 2k+X X-(k+ and ak U-k-.
(vii) Operator splitting numerical methods. Solution of the equation

Ay =f
can be pursued using a recursion of form (,) with A E-F and Gu =f constant
(or Guk -* f).

(viii) Implicit differential equations. The representation results obtained here
may be of some interest for their own sake in the study of implicit linear differential
equations.

1.3. Originality. More than ten years ago, Rosenbrock’s theory was explicitly
devised to address implicit systems of a more complicated type since higher derivatives
were allowed as well as derivatives of the control. See a rather complete account in
Rosenbrock [14]. Since then the precise type of systems we study have been investi-
gated by Luenberger and coworkers [12], [13], [15]. Beyond problems of existence
and unicity, they have considered optimization problems. More recently, papers by
Verghese, Kailath and coworkers have dealt with the infinite frequency aspects of
these systems [16], [17]. Systems of the form (.) also appear in connection with linear
programming, see, for instance, [5].

All the above references deal with the "regular case", i.e., square systems with
det (zE-F)O. In that case, as we shall see, existence implies unicity. Our main
emphasis is on the singular case, and the representation of nonunicity. Some works
on that topic are due to Campbell. While [4] again deals only with the regular case,
[3] considers a very particular instance of the singular case. It is a subcase of our
"static nonunicity". Moreover, his application to linear systems is further restricted
to the regular case.
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While this paper was being typed, the author became aware (through D. Gabay,
of Inria) of the work of Wilkinson [21]. It deals with the general singular case but
lacks the necessary tools of control theory to give a complete description of the
nonunicity via invariants. It essentially covers the method of our paragraph 5.4 without
the references to the geometric and transfer function theories.

After this paper was first submitted for publication, several articles appeared on
that topic1, covering both the regular case, see [18], [19] and [20] (which is a more
complete account of an earlier publication in the 1979 IEEE CDC, held in 1980),
and, more importantly to us, the singular case. See [10] and [11], which rely heavily
on an analysis very similar to that of our paragraph 5.4. Reference [1] is also an
approach of system theory without unicity.

While [18], and to a smaller extent [17], use some geometrical concepts, the
literature has been in most part algebraic in nature. We believe, however, that our
2 shows that the geometric approach allows a completely elementary treatment of

both the regular and singular cases.

1.4. Outline. In 2 we develop the (elementary) geometric theory of strictly
causal discrete systems (.). In the very short 3, we check that all the results but a
minor one carry over to the continuous case. In 4 we investigate the geometric
theory of the causal (but not strictly causal) case. Section 5 is devoted to the algebraic
theory, invariants, transfer functions and canonical forms.

2. Discrete time systems, the strictly causal case.
2.1. Causality. We quickly review here what causality, or strict causality, means

for a dynamical system with possibly nonunique solutions. We deal with the discrete
system (.), the extension to (**) is straightforward, provided, in the definition of
causality, "/t" be replaced by "for almost all t". As a consequence, the difference
between causality and strict causality, as given here, vanishes. Strict causality, in the
continuous case, will carry an added requirement. See 3.

Let II be the set of admissible control functions, i.e., applications from [to, tl]
into ’. (Usually, tl +oo.) A correspondence of solutions is a set-valued function S
from ll into the set of trajectories, which to each u(.) in lI associates a set S(u(.))
of trajectories y(.) satisfying (.). Let S(u(.)) be the set of the restrictions to [to, r]
of the elements of $(u(. )). We recall the following.

DEFINITION. The correspondence S is called strictly causal if given u(.) and
u2(" in 11

if ua(t) u2(t) Vt < r then S-r(b/l(" )) S-r(b/2(" )).

S is said causal if the conclusion holds provided Ul(t)= u2(t), for all t<_-r. (In all the
sequel, "strictly causal" may correspondingly be replaced by "causal".) The set of
strictly causal solutions of the system is the maximal strictly causal correspondence
of solutions, i.e., the union $ of all of them. Given u (.) in 12, a trajectory y(. is called
a strictly causal solution if it belongs to S(u(. )).

A characteristic property of a strictly causal solution is that, in addition to satisfying
(,) for all t, it is such that, for all r in (to, t), the system (,) initialized at y(r) has
strictly causal solutions for every sequence {u(t), >-r}. The reader may easily check
that this inductive characterization is indeed necessary and sufficient. It will be used
hereafter in the proofs.

Some were pointed out to us by a reviewer whom we thank here.
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Remark. Restricting oneself to the causal case, as we shall do, amounts precisely
to ignoring the "impulsive modes" of the theory as developed in [17], [20]. As a
matter of fact, we want to focus here on the nonunicity, not on impulsive modes.

2.2. Existence. We write g (E) and (G), the respective ranges of E
and G, as subspaces of Y r. Consider the following relation for a linear subspace
7/’of Y:

(1) FT/" ET/’.

DEFINITION 1. We call characteristic subspace of the pair (E,F) the largest
subspace 7/’* satisfying (1).

PROPOSITION 1. This subspace exists since {0} satisfies (1), and this equation being
stable under addition ofsubspaces, 7/’* is the sum ofall subspaces that satisfy it. (However,
7/’* may be trivial.)

This space is clearly related to the solution of

EYe Fx or x(t + 1) Fx(t)

and can be considered a dynamic invariant. It will be seen further that it contains the
"generalized eigenvectors" of this sytem.

In the special case where we are given a two input system

x(t+ 1)=Ax(t)+Bu(t)+Cv(t)

and where as in motivation (v) (.) is obtained by taking an injective matrix E such
that Ker E t (C):

Ex(t + 1) EAx(t) + EBu(t),

then (1) translates in

EAr E,

which is equivalent to

AFc"+(C).

Therefore 7/" is A invariant mod C and 7/’* is then the largest A invariant mod C
subspace, i.e., Rn. The similarity with (A, C) invariance, which was suggested by a
reviewer, is further displayed in the algebraic theory. See Remark 7.

THEOREM 1. The system (.) has a strictly causal solution over an interval of
arbitrary length, ]:or any control sequence u(. ), if and only if

(2)

(3)

ET/’*,

y (0) W*.

Proof. (i) Necessity. Let be given. In order for y (t + 1) to exist, it is necessary that

Fy(t) + Gu(t) ,
and since this must be true for all u(t) ", this implies

and y(t) 7/’=F-1().
In order for the last relation to hold for every u(t- 1), we need

Cg ET/", y(t- 1) 7/"1 F-I(ET).
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Continuing this process, we construct the sequence Fk by

(4) 7/k+l F-1 (ET/’k),
and we must have for all k,

f cEk, y(t k) k.
Necessity follows from the following fact.

PROPOSITION 2. The sequence is decreasing and converges to * in no more
than m steps.

Proof. Clearly, F-I(ET/") c F-I(), and thus, 7/"1 c 0, and so on by induction.
However, subspaces can decrease only by losing one dimension, which cannot occur
more than m times in R’. Let k be the first index such that 7/"k/l= 7/.. The sequence
k becomes stationary from this point on, and (4) shows that 7/"k satisfies (1). Therefore,
c *. This establishes the necessity of (2), (3), but not the proposition, which
states that "= 7/’*. This can easily be proved directly but follows also from the
sufficiency of (2), (3) that we now establish.

(ii) Sufficiency. Let V be a rectangular injective (full column rank) matrix such
thatJ(V) 7/’* (let dim 7/’*= n*, V: m x n*). Relations (1) and (2) imply

(5) :IA. FV EVA,

(6) 3B" G=EVB,

where is a n*xn* matrix and/ is n*xp. We also have that y(t)e 7/’* is equivalent
to

(7) B(t) Rn*. y(t) V(t).

Now, (.) is equivalent to

(8) EV(t + 1) EV(A(t) + Bu(t)),

which together with (3) has the obvious solution

(9) (t+ 1)=(t)+Bu(t), y(0)= VsC(0).

Remark 1. When (2) is not satisfied, we may restrict u to belong to //aa=
G-I(E*). In the sequel, condition (2) may always be understood to mean that this
reduction has been performed and will always be assumed to hold.

2.3. Unicity.
DEFINITION 2. We call characteristic kernel of the pair (E, F) the subspace W"

defined by

(10) A; Ker E f3 7/’*.

Let dim W" q.
DEFINITION 3. The pair (E,F) is said C-regular (or more accurately column

regular) if q 0’

(11) W" {0}.

THEOREM 2. Under conditions (2) and (3), the solution to equation (*) is unique,
]’or any u(. ), if and only if the system (the pair E, F) is C-regular. Otherwise, the
nonunicity is described by the arbitrary choice of the sequence v(. in equation (14),
and (14), (15) constitute a representation of all solutions of (,).
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Proof. (i) Unicity. Equation (8) implies (9) only modulo the kernel of EV, which
reduces to {0} under and only under condition (11).

(ii) Nonunicity. If {0}, let us choose a decomposition of 7/’* of the form

(12) * //.

To this decomposition we may associate a partition of V of the form

(13) V=[M N], EV=[EM 0].

Let us partition accordingly :, A and B in the following way:

v’ d’B=
By definition EM is injective so that (8) is equivalent to

(14)

(15)

x(t+ 1)=Ax(t)+Bu(t)+Cv(t),

y(t) Mx(t) + Nv(t).

The nonunicity is therefore described as the effect of an extra input in a classical
linear system. We may apply to it the tools of two-player control systems. In that
respect it is worthwhile to notice that V being injective knowledge of y is equivalent
to the knowledge of both x and v. (This is important, for instance, in discrete
capturability theory [2].)

Remark 2. The matrix C may of course be of less than full column rank. If this
is the case, by a proper choice of basis we can write

c=[c o],

accordingly partitioning v in v’ (v’1/-)2 )o Then Vl must be considered as parametrizing
a dynamic nonunicity since its effect propagates forward in time through the dynamics,
while v2 parametrizes a static nonunicity since it appears only in the output equation
(15) (Recall that N is injective.)

The triple (A, B, C) is clearly nonunique. It may be altered through a change of
basis within 7/*. This leads to the following fact.

PROPOSITION 3. The pair (A, C) is uniquely defined up to a transformation of
Brunovsky’s feedback group (see Kalman [9]).

Proof. A change of basis within 7/’* can be described as
(i) a change of basis within , i.e., on v;
(ii) a change of choice of within 7/’*. Let /generate an alternate "y Mx +Nv MY +N.

The difference v-t depends linearly on y and is null when y , i.e., when
x 0. Therefore it depends linearly on x alone"

=Px +v.

Using the fact that M is injective, this gives

= Qx,

where Q can be calculated as a function of M, /, N and P. Therefore, this is equivalent
to a state feedback superimposed on v and a change of basis on x.

(iii) a change of basis on x alone (which can, of course, undo the previous one).
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We shall study further the invariants of (A, C). However, an interesting geometric
one at this point will be provided by the following definition.

DEFINITION 4. We call the neutral subspace of the pair (E, F) the smallest
subspace r, that satisfies (1) and contains W.

PROPOSITION 4. Such a subspace exists as a consequence of Theorem 5 below,
that is, by applying it with G O.

THEOREM 3. Two solutions of (*) corresponding to the same initial point and same
sequence u(. are equal modulo ’,. , is image by V of the reachable space of the
pair (A, C) in (14).

Proof. By subtraction, two solutions of (,) corresponding to the same initial point
and the same sequence u (.) have their differences 8y that satisfy

By(t) VS,(t) MSx(t) + NSv(t), 8(0) O,

8x(t + 1) ASx(t) + CSv(t), x(0)=0.

Therefore, 8x(t) belongs to the reachable space of the pair (A, C). Conversely, any
solution of this system remains strictly causal and satisfies

(16) ESy(t + 1) FSy(t), By(0) 0

and can therefore be added to a solution of (,) and still remain a solution.
The fact that ’, is exactly the (image of) reachable subspace of the pair (A, C)

will be a corollary of Theorem 5 below. [3

2.3. Minimality.
DEFINITION 5. We call the maximum subspace of the triple (E, F, G) the largest

subspace 7///’* satisfying

(17) F//F"* + EF’*.

PROPOSITION 5. The subspace 1/’* exists; it is a subspace of * and is the limit,
attained in no more than m steps of the sequence 14/"k defined by

(18) T’0= r,, //F"k+l= E- (FIk + f) f3 *.

(19)

Proof. Notice that since FF* + ff c ET/’* we have

E/"1= Fg?+ and

It follows easily that property (19) holds at every step of the algorithm, shifting
the indices of by an equal number and also that the sequence is decreasing. It
therefore has a limit which satisfies (17), of which it is easy to check that it is the
largest solution of (17) (which is stable by addition of subspaces).

THEOREM 4. r, is the largest subspace traversed by the asymptotic regime of (,),
i.e., for all k >-n; the application (y(0), u(.))-y(k) is surfective over 14/’*, which is
exactly its range.

Proof. By construction, (3) implies y(1)e F"1 and, by induction, y(t) F"t with
surjectivity. This, with the proposition, proves the theorem. E]

While this result characterizes in some sense the reachable subspace of (,), it is
not the most interesting one. As a matter of fact, classical system theory teaches us
that the reachable subspace of interest is that which is reachable from the state zero.
We therefore proceed with the following.

DEFINITION 6. The minimal subspace of the triple (E,F, G) is the smallest
subspace F’, satisfying (1) and (2) and containing W.
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Remark 3. In the case where E =/, this is a classical characterization of the
reachable space of (F, G).

THEOREM 5. 742. exists and is the limit (in m steps or less) of the same recurrence
as in (18) but initialized with 20 {0}. It is the image by V of the reachable space of
the system (14), where both u and v are taken as controls.

Proof. Notice first that property (1) is not stable under intersection and, therefore,
the existence of a smallest subspace satisfying it and other conditions is not obvious.
Consider the recurrence (18) initialized with 7///’0 {0};

E-() *.

Because of (2),

E7’ 3.

The sequence 7///’k is clearly increasing and, by induction, satisfies the same
sequence of equalities of the form (19) as 7g"k. By construction, c 72 for all k.
Therefore, it has a limit 7g’. that satisfies (1), (2) and contains .

According to Theorem 2, the image by V of the reachable space of (14) is exactly
the reachable space for y(t) from zero. By construction it is the limit of the above
recurrence.

That 7g’. be the smallest subspace satisfying (1), (2) and containing follows
from the following lemma.

LEMMA 1. Any subspace satisfying (1), (2) and containing dV" contains the
reachable space of (,) from zero.

Proof. is a subspace of o//,, since it satisfies (1). Let us assume that the matrix
V has been chosen in such a way that a submatrix W generates

v Ez; w].

Since c 7g" we may choose W such that N be a submatrix of it.
We may therefore partition V further in W (2/, N) and therefore

V=[L M N],

with M [L 57/]. Now (5) and (6) give

(20) FM EMA FN EMC, G EMB

which, further partitioned according the above partition of M, gives

(21) Fr ELA 12 --EIA22, G ELB1 + EIIB2.
Now, by hypothesis, 7///" satisfies (1) and (2) so that there exist 1, 2 and/ such

that

(22) F371 E)I FN EI2, G EI.
If we remember that [EL E/I] EM is injective, comparison of (21) and (22)

yield

A12 =0, B1 --0.

This is the standard form for a system whose reachable space is contained in

COROLLARY 1. The neutral space 7#. exists and is the reachable space of the pair
(A, C).

Proof. Apply Theorem 5 with G 0. ]
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(23)

(24)

Let now W be a submatrix of V generating 7//#., and let

W [/r N].

As before, there exists , and such that

F]I EA, FN EII, G EI.

(25)

(26)

If the system (.) is initialized at y(0)e 74#., we can always represent its solution as

(t + 1) A2(t) + ;u(t) + ;v(t),
y(t) ll(t) + Nv(t),

and this constitutes a minimal representation of system (14) (15) (possibly with a
feedback on v if we have changed of choice for J/). It can therefore be considered
as a minimal representation of (,). It is unique up to a change of basis and a feedback
on v(’).

3. Continuous time system. This short section is aimed at checking that all
previous results, except Theorem 4 which is not important in the theory, carry over
to the continuous case. We keep same notations and same numbers to the theorems.

Strict causality is taken to mean causality plus the fact that to a measurable input
corresponds an absolutely continuous output.

3.1. Existence.
Proof of Theorem 1. (i) Necessity. Let 7/" be the subspace generated by those y’s

that can be reached by the system. Necessarily, 3 7/’, therefore 7/" must satisfy (1)
and, thus, be included in 7#* and (2).

(ii) Sufficiency. Perform exactly as in 2.2 to end up with

(t) filj(t) + Bu(t).
3.2. Unicity.
Proof of Theorem 2. Unchanged, except for the substitution of an arbitrary

measurable time function v(. to the arbitrary sequence.
Proof of Theorem 3. The proof that two solutions corresponding to the same

initial condition and the same control function u(.) differ at each time instant of an
element of the image by V of the reachable space of the pair (A, C) is unchanged.
The rest of the theorem relies on the next paragraph.

3.3 Minimality. Theorem 4 does not carry over in a simple way. One can prove
that

y(t) e yo + tyl + +
tK-1

(K- 1)! YK-1
-t-

where K is the smallest integer such that 74#c+1= 7g’k= 74#* and yk is a sequence
satisfying the homogeneous discrete system (16). The proof is a direct consequence
of the remark that

)) 6 7#’1 : Y(t) Yo+ p,,1 :::) 6 E-I(F(Tg, +Xo)+) 7/’*= /’2-[- X

and then iterating.
Proof of Theorem 5. Defining 74/, as previously, the algebraic constructions of

2 remain the same. Moreover, classical system theory teaches us that given a pair
(A, [B C]) the reachable space is the same for the discrete time system and the
continuous time system. Therefore 7g’, is still the reachable space of the system. I1
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Notice that without the parallel between continuous time and discrete time
systems, Theorem 5 would be far less trivial in the continuous time case, since the
identification of the limit of the recurrence Vk with the reachable space relies on a
direct study of the system (,).

The corollary carries over unchanged.

4. The nonstrictly causal case. We investigate here existence, unicity and rep-
resentation of the solution of (,) when y(t) is allowed to depend on past u(s) and on
u(t). As for system (**), the same (algebraic) results hold if causality is defined via
the existence of a prbper transfer function (see 5) since y(. may now be non-
differentiable. Deriving the results of 2 from those of this section is obviously possible;
however, this would hide the elementary character of 2 and make the introduction
of F* very artificial.

4.1. Existence.
THEOREM 5. There exists a causal solution to (,) over any time interval for any

sequence u (. if and only if
(27) c EF* +F Ker E E +F Ker E,

(28) y0 * + Ker E /+Ker E.

Proof. (i) Necessity. Let us arbitrarily write

y(t)=z(t)+e(t),

where

e(t)KerE, z(t),

and is a subspace that we shall, choose later on. By an appropriate restriction, we
can manage to have Ker E {0} so that the above decomposition of y is unique.
Equation (.) yields

(29) Ez(t + 1)=Fz(t)+Fe(t)+ Gu(t),

so that, given y(t) and u(t), Ez(t/ 1) is uniquely determined and also z once we
restrict to have no intersection with Ker E.

By the same type of induction as in paragraph 2.1, we readily see that we must
have

(30) FcE+F Ker E,

(31) E’+F Ker E,

in order for (29) to have a solution (z(t + 1), e(t)) once z(t), which depends upon the
past, and u(t) are given. The result then follows from the following fact.

LEMMA 2. The largest subspace satisfying (30) is V* + Ker E.
Proof. Notice first that V* +Ker E satisfies (30). Now let satisfy (30) and

contain Ker E (since the maximal one does). Write

and

F+ Ker E,

This implies that

Va e F,

F(+Ker E) E+F Ker E.

and b Ker E such that Fa Ed + Fb.
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Clearly, a and b can be chosen depending linearly on a. Let therefore K generate
Ker E. There exists a matrix of appropriate type, such that, for every a e 7#

thus,

Let therefore

Clearly,

but also

so that

Fa Egt + FKPa,

F(I-KP)a Ed E(I-KP)d.

7/’ I KP 7/’.

7/’+Ker E 7/’+Ker E ,

&c 7#*, Y’ c 7/’* + Ker E.

This proves the lemma. Notice that to get the unicity of z(t) we must choose
t/, a complement of Ker E in
(ii) Sufficiency. Let K be a matrix whose columns span Ker E and M be as in

2. Let

(32) y(t) Mx(t) + Kw(t).

Condition (27) implies that there exist matrices B and P such that

G EMB +FKP.

Now equation (.) can be written equivalently

(33) EMx(t + 1) EMAx(t) +FKw(t) + EMBu(t) +FKPu(t)

so that one possible solution of (.) is, using again (32),

(34) x(t+ 1)=Ax(t)+Bu(t),

(35) y(t) Mx(t)-KPu(t).

(Notice that A is defined using only E and F, as in 2. However, since the requirement
on G has been changed, one should not look for a relation between the matrices G,
B, P of this section and G,/3 in the previous ones.) (34) and (35) together provide a
causal solution and end the proof. 71

4.2. Unidty.
THEOREM 7. The causal solution of (.) under conditions (27), (28) is unique for

each sequence u(. if and only if the pair (E, F) is column regular.
Proof. We want to find under what conditions (33) has a unique solution x(t + 1),

w(t), once x(t) and u(t) are given. As a matter of fact, if this is true, since x(0) is
uniquely determined by y(0), x(1) and w(0) will be unique and all succeeding y’s will
be by induction.

By taking the difference x(t + 1), w(t) between two solutions, we are led to the
investigation of the nonzero solutions of

EMax(t + 1) FKSw(t).
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(36)

and

(37)

The only solution is zero if and only if

Ker F f’l Ker E {0}

E///fq F Ker E (0}.

This is so because EM is injective. Therefore, for a nonzero solution, either both
sides are zero (but then (36) does not hold) or there is a nonzero element in
Ed//CI F Ker E.

Notice that * F-I(EJ/I), so that

(38) 3" F-I(E) f3 Ker E.

Now, it can easily be checked that for two subspaces 4 and N and an arbitrary
linear operator F, one has

F f3F F[( +Ker F) (3 3].

Apply this to (38), noticing that F-I(E) Ker F; it becomes

(39) FW" E/f3 F Ker E.

Notice also that Ker F o//.., so that

(40) Ker E f3 Ker F.

From (39) and (40) we conclude that if (37) or (36) is violated, W" is nontrivial,
i.e., the system is not C-regular.

Conversely, if V is nontrivial and if, moreover, (36) holds, then since W" Ker E,
(36) implies

W" 71Ker F {0},

and therefore, FW" has same dimension as W" and (39) shows that (37) is violated. [3
Remark 4. We may again make a distinction between two types of nonunicity

as in Remark 2. In the case (37) holds (but not (36)), the nonunicity in y involves
only w(t) and does not propagate in time. The sequence x(. is unique. The nonunicity
may be called "static". The dynamic nonunicity is induced by nonzero elements in
Ed//fq F Ker E.

The fact that the unicity condition is the same as in the strictly causal case will
be more fully explained by the algebraic theory. It is not a trivial consequence of the
fact that it is in both cases a study of nonzero solutions of (16) since y ranges over a
larger subspace here.

4.3. Representation. Let us be more precise in representation (32), putting

K=[N K]

(and with w having now a different meaning)

y(t) mx(t) + Nv(t) + Kw(t).

We also have (recalling that FW" =E)
G EMB +FKP

so that (33) can now be written

EMx(t + 1) EM(ax(t) + Bu(t) + Cv(t)) +FK(Pu(t) + w(t)).
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But now,

(EM) (FK) (0},

since any part of Ker E whose image by F is in E#/ belongs to V*, i.e., to A/’, and
moreover, since clearly Ker F c 7/’*, FK is, as well as EM, injective. Therefore, the
only solution is

w(t) -Pu(t)

or defining -KP D,

y(t)=Mx(t)+Du(t)+Nv(t), x(t+ 1)=Ax(t)+Bu(t)+Cv(t).

These equations will be summarized further ((48) to (52)). Notice that those for the
strictly causal case are identical to these where we set D 0. Notice also that the
same analysis applies to a representation of system (**).

5. Algebraic theory.
5.1. Generalized spectrum and regularity.
DEFINITION 7. We call a generalized eigenvalue of the pair (E, F) and associated

generalized eigenvector a complex number z and a nonzero complex vector : of C
such that

(41) (zE-F)=O.

LEMMA 3. Both the real part and imaginary part of a generalized eigenvector of
(E, F) belong to 7#*. Under condition (2) this is also true of the first component (in Rm)
of a generalized eigenvector of the pair ([E 0], [F G]).

Proof. Let

(42) z cr + iw, ,/+ i(

be a generalized eigenvalue and eigenvector of (E, F). Then (41) yields

F[ (]=E[/ st]( " w).
Calling the subspace generated by [,/ ’], this reads

and according to Proposition 1, this implies W c 7/’*, hence, the first claim. Keeping
the notation (42), let CP:

q =x + i
constitute with : a generalized eigenvector of ([E 0], IF G]):

(zE-F)j- Gr =0.

Using (6) and separating again real and imaginary parts, we get

F[/ (]=E[/ (](o’_o )-EV[x 0],

which gives
FF

Adding FV* to the left and using (1), this gives according to Proposition
7/’*c 7/*, and thus,
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THEOREM 8. The generalized spectrum of the pair (E, F) is finite if and only if this
pair is C-regular (Definition 3). Otherwise, the generalized spectrum is the whole set C
and the rank defect of zE -F is at least q for all z (where q dim

Proof. Equations (5) and (6) yield

(43) EV(zln.-A) (zE-F) V.

Assume (E,F) is C-regular. Then EV is injective. Let : be a generalized
eigenvector; we know according to Lemma 3 that there exists a vector u of Cn* such
that sc Vu. Placing this in (41) and using (43) gives

(44) EV(zl-A)u =0,

and since EV is injective, z has to be an eigenvalue of A, of which there are at most

To the contrary, assume now the (E,F) is not C-regular. Then (43) yields,
partitioning V and A as in 2.3,

(45) (zE-F)[M N]= EM[zI,, -A -C].

The matrix [zI-A -C] has q fewer lines than columns. Therefore, it has for
all z’s a kernel of dimension at least q. V being injective, it gives rise to a kernel of
dimension at least q for (zE- F). [q

This theorem is the justification for Definition 3. As a matter of fact, a pencil of
matrices (zE-F) is said to be column singular if its columns are not independent as
polynomials in Rn[z], a characterization that coincides with Theorem 8. The degrees
of the vectors of a polynomial minimal basis l-6] of its kernel are called the Kronecker
minimal column indices of the pencil. They are invariant under pencil similarity [7].
It also justifies the following definition.

DEFINITION 8. We call an essential eigenvalue of the pair (E, F) a complex
number z such that

rank (zE -F) < m q.

(It is a root of an invariant factor of the pencil (E, F).)
As a corollary of Lemma 3 and Theorem 8, we have:
COROLLARY 1. q is the column rank defect of the matrix pencil (zE-F), equal

to m minus the size of the largest nonidentically null determinant in this matrix.
1]: r < m, * is never trivial, the system never C-regular, q >= m r.

If r m, * is never trivial, the system is C-regular if and only if det (zE F) O.
I]: r > m, * is nontrivial if and only if the matrix (zE-F) is reducible, i.e., all

m m determinants have a common root (for this value of z, the columns of (zE-F)
are not independent in C"). The system is C-regular if and only if one of the m m
determinants is not identically zero.

Proof. According to Lemma 3, if there exists a generalized eigenvector, * is
nontrivial. Conversely, if V* is nontrivial, (43) shows that (E,F) has generalized
eigenvalues: those of A at least. Now a generalized eigenvalue is clearly a complex
number z such that the columns of (zE- F) are not independent in C’, i.e., no m m
determinant is different from zero. And. if the generalized spectrum of (E, F) is C, all
m m determinants are null for all z’s, i.e., identically zero. [3

5.2. Invariants. We first recall a fact of system theory:
PROPOSITION 6. Let (A, C) be a (noncompletely controllable) system. A complete
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set of invariants under the feedback group is given by:
(i) the control invariants of the controllable part;
(ii) the invariant factors of the uncontrollable part.
THEOREM 9. Given a pair (E, F), the corresponding system (A, C) is entirely

characterized by:
(i) the control invariants of the controllable part of (A, C), which coincide with

the Kronecker minimal column indices of the pencil (zE- F).
(ii) the invariant factors of the uncontrollable part of A, which coincide with the

finite invariant factors of the pencil (zE-F).
Proof. Because of Propositions 3 and 6, the elements quoted for the pair (A, C)

are indeed a complete set of invariants. There only remains to relate them to the
corresponding quantities of the pencil (zE- F).

(i) From Kalman [9] we know that the control invariants of the pair (Ala, Ca)
are the minimal column indices of the pencil [zI-Al -Ca]. From (45) it follows
that they are the same as the minimal column indices of the pencil [zI-A -C]. As
a matter of fact, let

/I(Z)),(z) (z)
g(z)

be a polynomial vector in Ker [zI-A -C]; this is equivalent to

(zI A 11)V1(Z A 12P2(Z Cl1., (z 0, (zI-A:z2)v:z(z) O.

However, zI-A2z is a regular pencil, and therefore, v2(z) is identically null
(since it is a polynomial, null for all z that are not in the spectrum of A22). Thus,
[v(z) /x’(z)]’ is in the kernel of [zI-Axa-Ca]. According to Lemma 3, all
generalized eigenvectors, and therefore the basis vectors of Ker (zE-F), can be
written as

(z) v,(z).

Therefore, using (44) we see that to each :(z) in Ker (zE-F) corresponds a v(z)
in Ker [zI-A -C] and conversely. Moreover, V being injective, :(z) and v(z) are
of same degree.

(ii) We now show that essential eigenvalues of (E, F) are eigenvalues of A22,
with the rank defect of A22 equal to that of (zE-F), minus q. Let A be an essential
eigenvalue of (E, F) with a corresponding kernel of dimension q + k. According to
Lemma 3 and (44), [AI A -C] has a kernel of dimension q + k in Rn*, with n* n + q.
Therefore, only n k of its lines are independent, and this is afortiori true for (AI -A).
Thus, A is an eigenvalue of A, with an associated eigensubspace of dimension at least
k. Now this property is independent of the particular choice of basis within 7/’*, and
thus, according to Proposition 3, invariant under feedback. Therefore, this eigenvalue
and eigensubspace are associated to the uncontrollable part of A.

Conversely, considering the form (45) of (A, C), we have seen that polynomial
vectors in Ker [zI-A -C] have a zero block in the uncontrollable part of the state
space. Thus, to an eigenvalue of A22, with an eigensubspace of dimension k, correspond
k generalized eigenvectors (that we shall choose with zero blocks in the first and third
parts), independent of each other and of any vector in Ker (zE-F). Therefore, this
complex number is an essential eigenvalue with a column rank defect at least q + k.

At this stage, we know that essential eigenvalues of (E, F) are eigenvalues of
Az2 and that the number of Jordan blocks associated to it coincide. There remains
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to prove that they are identical in dimension. The technique is the same, using Jordan
chains, and only heavier. We shall not go into too much detail. To a Jordan block of
(hE- F) corresponds a Jordan chain :1, :2,""’, :p satisfying

(AE -F)I =0,

(,E F)2 EI,

Here p is the size of the Jordan block. There remains to check that all the i’s
are in 7#* and can be chosen independent of the vectors of Ker (zE-F) at z h.

Hence, there are q + 1 independent solutions to each of the above equations, and
consequently, using a linear combination with total weight one, we can find one with
a zero component in . Consequently, there corresponds to it a Jordan chain of
hI-A. Independence modulo Ker (zE-F)]z= in ’ corresponds to independence
in n. Therefore, elementary divisors of (zE-F) are elementary divisors of (zI-A)
fixed under feedback and, thus, according to Rosenbrock’s feedback theorem, elemen-
tary divisors of zI-A22. The converse proof goes exactly as above, fi

The particularization of the above results to the fact that the eigenvalues of A22
coincide with the essential eigenvalues of (E, F) leads to the following definition and
corollary.

DEFINITION 9. The system (.) or (**), satisfying (2) or (27), is called stable if for
every bounded input function u(.), there exists a bounded (causal) output function
y (.) from any initial condition.

COROLLARY 1. The implicit system is stable if and only if the essential eigenvalues
of the pair (E, F) are stable (i.e., of modulus less than one or simple and of modulus
unity in case (.) and of negative real part or simple imaginary in case (**)).

Proof. If the condition of the corollary is met, the equivalent system is stabilizable
with v with a linear feedback (or, equivalently, can be chosen stable). Therefore, there
exists bounded solutions x(.) from any initial condition, with a choice of a bounded
function v(.) (zero if the system is chosen stable). Therefore, y(.) as given by (15)
or (49) remains bounded for these solutions.

To the contrary, if the condition is not met, there is a mode, uncontrollable with
v, which is unstable. Therefore, except for a strict subspace of initial conditions, the
solution x(. will diverge for all choices of v(. ). And since the matrix M is injective
and has a range /in direct sum with the range 3 of N, y(. as given by (15), or (49)
recalling that u (.) is assumed bounded, will diverge as well for all (causal) solutions. 71

Remark 5. It is impossible to request, for singular systems, that all solutions be
bounded in view of Theorem 3.

Remark 6. One may, of course, define in the same way asymptotically stable
implicit systems.

Finally, one can clearly define the feedback group for systems (.) or (**) exactly
in the same way as for an ordinary system. It clearly preserves existence of a strictly
causal solution.

DEFINITION 10. The implicit system is minimal if the minimal subspace 7///’,
coincides with the characteristic subspace 7#*. Then (15) (16) is completely control-
lable. We have:

THEOREM 10. Under condition (2), if the implicit system is minimal, a complete
set of invariants under the feedback group is provided by the Kronecker minimal indices
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of the matrix pencil [zE-F -G], and they coincide with the control invariants of the
system (A, [B C]).

Proof. The proof is in two steps. First check that the feedback group on the
implicit system, combined with the nonunicity pointed out in Proposition 3, translates
exactly in the classical feedback group for (A, [B C]) and that, conversely, the latter
generates the former. This in an easy consequence of the fact that V is injective. We
leave it to the reader to check. Then using the fact that (A, [B C]) is by hypothesis
completely controllable and Kalman’s theorem, we have that its control invariants
are a complete set of invariants for the implicit system.

The second step is to identify the control invariants of (A, [B C]), i.e., according
to Kalman [9], the column indices of [zI-A -B -C] with the column indices of
[zE-F -G]. This is done in the same fashion as in Theorem 9 (i), using the second
claim of Lemma 3 and

[(zE-F)[M N] -G]= EM[zI-A -C -B]. [3

5.3. Transfer functions.
THEOREM 11. There exists a (strictly) causal solution to the system (,) or (**) if

and only if there exists a (strictly) proper rational matrix K (z such that

(46) (zE F)K (z G.

Let also L(z) be a proper (not strictly) rational matrix of maximum rank, such that

(47) (zE-F)L(z)=O.

Then all solutions of the implicit system are given by

Y(z) K(z)U(z) + L(z) V(z),

where Y(z) and U(z) are the z-transforms of y(.) and u(.), respectively, and V(z) is
an aribitrary power series of z -1 of appropriate dimension.

Proof. Notice first that there exist complex (column) vectors li(z) satisfying (47)
if and only if the pair (E, F) is not C-regular. It is easy to see (see [7]) that they can
be chosen polynomial or, dividing each such column by the highest power of z present
in it (since (47) is homogeneous), rational proper. If these degrees are chosen as small
as possible, they are the column minimal indices or Kronecker indices of the pencil.

(i) Necessity. We know that, if a strictly causal solution exists, it is represented
by (14), (15) or in the nonstrictly causal case by the following set (that coincides with
the former if we set D 0)"

(48) x(t + 1) Ax(t) + Bu(t) + Cv(t),

(49) y(t) Mx(t) + Du(t) + Nv(t)

with the definitions of the matrices A, B, C, D, M and N as

(50)

(5)

(52)

(53)

(54)

F[M N]=[EMA EMC],

G +FD EMB,

ED O, EN O.

Hence, the formula of the theorem for Y(z) with

K(z)=D+M(zI-A)-IB,
L(z)=N+M(zI-A)-Ic.
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We can calculate

(55) (zE-F)K(z) (zE-F)M(zI-A)-IB-FD.
Now (43) still holds with V [MN]. Taking the first blocks in both sides, it comes

(56) (zE F)M(zI A)-I EM,

and therefore, (55) with (51) yield (46). Similarly, we have with the second block in
(43) (or with 50)

(zE F)N EMC

and this together with (56) yields (47).
(ii) Sufficiency. Assume the two proper rational matrices K(z) and L(z) exist,

satisfying (46) and (47). Consider the rational matrix

(57) H(z) [K(z) L(z)].

It can be realized according to standard realization theory, and we partition the
last matrix according to the partition of H. There exist therefore matrices A, B, C,
D, M and N such that

(58) H(z)=[D N]+M(zI-A)-I[B C],

and we may choose M, A, B and C such that the system (M, A, [B C]) be minimal
(i.e., completely controllable and observable). Take equality (46), which holds by
hypothesis"

(zE-F)(D +M(zI-A)-IB)= G.

Expand (zI-A)-1 in a series in z -a and equate like powers on both sides. It
becomes

power 1: ED 0,

power 0: EMB FD G,

power -k: (EMA FM)Ak-lB O, .
We do the same with (47). It becomes

power 1: EN 0,

power 0: EMC FN O,

power-k: (EMA-FM)Ak-ac=o, k 1,....

The "power 1" relations yield (52), "power 0" (51) and the second block of (50).
The two "power-k" together can be written

(EMA-FM)[[B C] A[B C] A"-I[B C]]=0.

Since (A, [B C]) is taken completely controllable, the right matrix in this equality
is surjective, and therefore, we get the first part of (50). Straightforward calculation
shows that the solutions (48) (49), subject to (50) (51) (52), satisfy (,) and similarly
for the continuous case.

The strictly causal case is a specialization of this one with D 0.
Notice also that the theorem yields

(59) (zE-F) Y(z) GU(z),
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which is’the direct z transform of (,) or Laplace transform of (**).
The rational matrix H(z) of (57) can be considered as the generalized transfer

function of the implicit (or generalized) system.

5.4. Canonical form. A change of coordinates on y amounts to a right multiplica-
tion by an invertible m m matrix (2 of both E and F. (In case one is interested in
an output Hy(t), H should be multiplied to the right by O also.) The system is not
changed either if we replace some or all of the r equations (,) or (**) by independent
linear combinations of them, i.e., if we multiply to the left E, F and G by an invertible
r x r matrix P.

Therefore, two implicit systems (H, E, F, G) and (H1, El, F1, G1), where H is an
output matrix, will be said to be strictly equivalent if there exist two invertible matrices
P and O of appropriate dimension such that

HI HQ,

(60) E1 PEO, F1 PFO,

G1 PG.

Relations (60) are precisely the definition of equivalence of the pencils (zE-F)
and (zE1-F1). We know, therefore, that by a proper choice of matrices P and O,
(zE-F) can be brought into the canonical form described; e.g., in [7].

Let cl(z) be a polynomial vector of minimum degree, say el, such that

(zE F)c (Z O.

Let then t2(Z be a polynomial independent of al(z) satisfying the same equality,
and so on. The numbers el,"’, eo are the column minimal indices. Performing
similarly for E’ and F’, we get the line minimal indices, say, /1, , /. The canonical
form of (zE-F) is block diagonal, made of four types of blocks.

(i) Blocks L To each ei, corresponds a block ei x ei + 1 of the form

z -1 0 0 O\
0 z -1 0 0

0 0 0 z -1/
In this basis we obviously have

1

,(z)
z

We make correspond to it the column Ig(z) of L(z):

Z --ei

--ei+

li(z)

:1
This makes up the matrix L(z) of (47).

Writing equations (,) with this special form for E and F, we immediately see that
each such block involves eg + 1 coordinates of y. They always have a solution whatever
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the coefficients of G in the same lines, and the last coordinate of this subvector of y
is free. It corresponds to a coordinate in A;, the ei first corresponding to coordinates
in 7/..

As a matter of fact, L, has the rational strictly proper right inverse

-1 --2 11Z Z Z --Ei

0 Z-1 z-i+
i

0 0
o0 0

so that whatever the corresponding lines of G, (46) will have a strictly proper solution
for this block, obtained by multiplying these lines of G par L,, to the left.

(ii) Blocks L,,. To the row indices r/j correspond blocks L,j of type r/j + 1 x r

having the form of the transpose of a block L.
Writing equations (.) with this block, we see that it involves r/ coordinates of y

but that the last line amounts to a recurrence relation between the elements of the
sequence u(.). It can be satisfied for all sequences only if the corresponding lines of
G are all zero, but then all these coordinates must be and remain zero. They correspond
to coordinates in a complement of 7/’* in N", and the requirement on G is (part of)
condition (2).

Correspondingly, it is a simple task to see, thanks to the triangular form of
that (46) can be satisfied with a strictly proper block in K(z) if and only if the
corresponding lines of G are null, the solution being then zero.

(iii) Blocks L,.:. These are square blocks of type /Xk X/Xk corresponding to the
infinite invariant factors of the pencil (zE-F). They are of the form

01 z 0
-1 z

o
0 0 0

Again, writing the equations (.) for this block, we see that they involve
coordinates of y, but depending in an anticausal way on the sequence u (.). Therefore,
these coordinates also correspond to a complement of 7/’* in N", and the corresponding
rows of G must be zero for a strictly causal solution to exist.

However, the dependence of y on u(.) is anticausal but not strictly. Therefore,
a causal but not strictly causal solution may exist where the first coordinate of the
corresponding subvector of y is nonzero but all others zero. The same row in G may
be nonzero. This corresponds to the fact that E has a column of zeros in the first
column of L,k, and the corresponding coordinate of y is therefore in Ker E but not
in V. We recover conditions (28) and (27).

A complete information is given again looking at (46). As a matter of fact, L,k
is invertible"

so that the only solution of (46) for this block is L-1 G,, which is anticipatory of/Zk 1
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steps unless G has some zero rows. If its first row is the only nonzero one, then the
corresponding block of K(z) is proper but not strictly.

(iv) Blocks L. These are square blocks that together constitute a characteristic
matrix

zI-A,

where A is in Jordan form, for example. This clearly corresponds to coordinates of
y for which there is a unique strictly causal solution. They are therefore in * but in
a complement of 7/’,. The corresponding block of K(z) is (zI-A)-1. The correspond-
ing eigenvalues are the essential eigenvalues of the pair (E, F).

Remark 7. This kind of link between geometrical concepts and the system pencil
was shown for standard systems in Jaffe and Karcanias [8]. Using their characterization
our space * appears as a generalization of (A, C) invariant subspaces since it is
characterized by the fact that (zE-F)V has only column minimal indices and finite
invariant factors. This also clearly shows how to investigate the impulsive behavior
of our system (**), or noncausal behavior of (.), by looking at the infinite invariant
factors and the associated subspaces.

6. Conclusion. We have a simple theory of singular implicit systems whether
they are square, or over- or underdetermined. It should be noted that overdetermina-
tion may go along with nonunicity of the solution in a nontrivial way.

The recurrences defining the various subspaces 7/’*, 7g’*, 7//#., ,, provide the
basis for finite algorithms, unfortunately rather ill-behaved in terms of robustness in
their native form. They involve finding zero determinants and computing right or left
inverses, numerically difficult operations. Standard techniques could be applied to
improve them (like computing the rank of AA*, or A’A, instead of A).

The stage seems to be set to extend a significant part of Rosenbrock’s theory to
these systems and of its modern developments, in the spirit of Wolovich or Fuhrman.
Also, the study of impulsive (or noncausal) behavior seems to be straightforward,
using the literature on that topic.
A domain of interest is naturally the use of tools of two-player control systems

theory to study the property of implicity systems" making an output sequence unique
(decoupling v(. through feedback), ensuring that all trajectories meet a given subspace
at a given instant (capturing the state), or that some do (controllability through v),
insuring that all trajectories will do better than a given amount with respect to some
criterion (dynamical games), etc.

REFERENCES

[1] J. D. APLEVICn, Time domain input output representations of linear systems, Automatica, 18 (1981)
pp. 509-522.

[2] P. BERNHARD, Sur la commandabilitd des systkmes dynamiques discrets gt deux foueurs, RAIRO, J3
(1972), pp. 53-68.

[3] S. L. CAMPBELL, Limit behaviour of solutions of singular difference equations, Linear Algebra and
Appl., 23 (1979), pp. 167-179.

[4] S. L. CAMPBELL, C. D. MEYER AND N. J. ROSE, Applications of the Drazin inverse to linear systems
of differential equations with singular constant coefficients, SIAM J. Appl. Math., 31 (1976), pp.
411-425.

[5] J. J. M. EVERS, Linear Programming Over an Infinite Horizon, Tilburg University Press, Academic
Book Service of Holland, 1973.

[6] G. D. FORNEY, Jr, Minimal bases of rational vector spaces, with applications to multivariable linear
systems, this Journal, 13 (1975), pp. 493-520.



ON SINGULAR IMPLICIT LINEAR DYNAMICAL SYSTEMS 633

[7] F. R. GANTMACHER, Thdorie des matrices, t6me 2, Dunod, Paris, 1966 (translated from the Russian).
[8] S. JAFFE AND N. KARCANIAS, Matrix pencil characterization o1 almost (A, B) invariant subspaces,

a classification of geometric concepts, Internat. J. Control, 33 (1981), p. 51.
[9] R. E. KALMAN, Kronecker invariants andfeedback, Ordinary Differential Equations, 1971 NRL-MRC

Conference, L. Weiss, ed., Academic Press, Paris, 1972.
[10] N. KARCANIAS AND G. E. HAYTON, State space and transler ’unction invariant infinite zeros: A

unified approach. Joint Automatic Control Conference, TA4C, Charlottesville, VA, 1981.
[11], Generalised autonomous dynamical systems, algebraic duality and geometric theory. 8th World

IFAC Congress, Kyoto, Japan, 1981.
[12] D. G. LUENBERGER, Dynamic systems in descriptor ]’orm, IEEE Trans. Automat. Control, AC 22

(1977), pp. 312-321.
[13] ., Time invariant descriptor systems, Automatica, 14 (1978), pp. 473-480.
[14] H. H. ROSENBROCK, State-space and Multivariable Theory, Nelson, London, 1970.
[15] D. N. STENGEL, Ro E. LARSON, D. G. LUENBERGER AND T. B. CLINE, A descriptor variable

approach to modeling and optimization o]’ large scale systems, Proc. of the Engineering Foundation
Conference on System Engineering for Power: Organizational Forms for Large Scale Systems,
vol. 7. Davos, Switzerland, 1979.

[16] P. VAN DOOREN, G. VERGHESE AND T. KAILATH, Properties o]: the system matrix of a generalized
state space system, IEEE 1977 Decision Control Conference, San Diego, CA, 1979.

[17] G. VERGHESE, Infinite ]requency behavior in generalized dynamical systems, Ph.D. dissertation, Dept.
of Electrical Engineering, Stanford University, Stanford, CA, 1978.

18],Further notes on singular descriptions, Joint Automatic Control Conference, TA4B, Charlottes-
ville, VA, 1981.

[19] G. VERGHESE AND T. KAILATH, Rational matrix structure, IEEE Trans. Automat. Control AC-26
(1981), pp. 434-439.

[20] G. VERGHESE, B. LEVY AND T. KAILATH, Generalized state space ]or singular systems, IEEE Trans.
Automat. Control, AC-26 (1981), pp. 811-831.

[21] J. H. WILKINSON, Linear differential equations and Kronecker’s canonical ]orm, Recent Advances in
Numerical Analysis, C. de Boor and G. Golub, eds., Academic Press, New York, 1979. (Proceed-
ings of a conference held in Madison, WI, 1978.)



SIAM J. CONTROL AND OPTIMIZATION
Vol. 20, No. 5, September 1982

1982 Society for Industrial and Applied Mathematics

0363-0129/82/2005-0003 $01.00/0

SOME COMMENTS ON POSITIVE ORTHANT CONTROLLABILITY
OF BILINEAR SYSTEMS*

WILLIAM M. BOOTHBY"

Abstract. Consider the bilinear system Yc (A + uB)x, x R ’, and u unrestricted. The system has the
property that any solution x(t) with x(0)>-0 (i.e., all components of x nonnegative) will remain in the
positive orthant, R_ {x Rlx >- 0} for 0 _<- < c if and only if B is diagonal and A (aii) has the property
that a0. => 0 if /. In this note the controllability of solutions from a point of R 7- to another such point is
studied. Some results are given for arbitrary n > 0 and detailed results are presented for the case n 2.

1. Introduction. In what follows we consider bilinear systems

(*) (A + uB)x,

with x R and A, B real n n matrices with u denoting an admissible control
function, which here will mean a piecewise constant or piecewise continuous function
on [0, o) into R.

We will let x -> 0, (x > 0), A => 0, (A > 0), etc., mean that the given vector or matrix
has only nonnegative components (resp. only positive components). The set R T-=
{x R Ix ->- 0} is called the positive orthant; its interior is/ {x R Ix > 0}. An n n
matrix A which satisfies A > 0 clearly has the property A(R / c R /, but what is more
important for us is the following proposition, which is well known and is easy to verify.

PROPOSITION 1.1. LetA (aij) be an n n matrix such that aij >-_ 0 when ], and
let x(t) be a solution of Yc Ax. If x(O) R, then for >-_ 0 x(t) R. Conversely, if
some off-diagonal element is negative, there exists a solution which leaves the positive
orthant.

We will find it convenient to call such a matrix A essentially nonnegative, or, if
the inequalities are strict, essentially positive. It is well known that eat>= 0 (resp. > 0)
for all _-> 0 if and only if A is essentially nonnegative (resp. positive), see, for example,
Bellman [1, p. 176].

We are interested in those bilinear systems (.) which have the property that no
matter how the controls are chosen, any solution x(t) which lies in R_ at 0 will
remain in R / for all > 0. If the controls are unrestricted, e.g., u can take on negative
values, then it is clear that a necessary and sufficient condition is as follows.

(1.2). For unrestricted controls a necessary and sufficient condition for the statement:

x(O) >-_ 0 implies x(t) >_ 0 for >- 0

to hold is that A be essentially nonnegative and B be a diagonal matrix.
There are many examples of such systems; several are given in the next section.

The question we wish to investigate is the following: given a system (.) with A
essentially nonnegative and B diagonal and given x0 0, x > 0 in R, can we choose
controls so that there is a solution of (.) with x(0) x0 and x(T)= xl for some T>0?
If so, we call this property positive orthant controllability. We shall henceforth restrict
ourselves to the subclass of systems (.) for which this question is meaningful, i.e., A
essentially nonnegative and B diagonal. In fact, for the most part we consider only

* Received by the editors April 23, 1981, and in final revised form November 9, 1981.

" Department of Mathematics, Washington University, St. Louis, Missouri 63130. This work was
supported by the National Science Foundation under grant ENG 78 22166. Part of these results were
presented at the Mathematical Systems Theory Meeting, University of Warwick (England), July 7-11, 1980.
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the generic case, an open subset of these (A, B), for which A is essentially positive,
B is nonsingular and bi- b. are distinct for /’. This latter is a natural condition on
B in terms of Lie theory--it is a requirement on ad(B). It also appears in the
Jurdievic-Kupka study of bilinear systems [5].

2. An example. Given the facts that (1) a very large class of systems are locally
approximable by bilinear systems (Krener [7]) (which are in fact the simplest nonlinear
systems) and that (2) in many situations it is natural to assume that the variables which
describe the state of the system are positive (populations of various species, prices of
goods, masses of chemical reagents, probabilities, etc., see Luenberger [9], for
example), the questions studied in this note seem to be quite natural. There is also
some theoretical interest which stems from the fact that the situation considered
heremgiven local accessibilitymis in contrast to that studied in the important work
of Jurdjevic and Kupka [5]. There the matrix B satisfied conditions similar to those
above (bi bj all distinct), but rather different conditions on A, in particular a 1nan < 0,
which preclude aij > 0 for f but result in controllability on all of R -{0}. This, of
course, is in marked contrast to the case considered here where the accessible set of
a point in the positive orthant must lie in the positive orthant. This might cast light
on necessary conditions for controllability of bilinear systems on R n.

Probably the most important model which is well known and which satisfies the
conditions we have imposed arises in the case in which one is studying estimation
theory of various stochastic processes. In [2], for example, Brockett and Clark have
shown the importance of determining the accessibility set for the control problem

{ (A- 1/2B2)p + uBp, p(0) =po

in studying an unnormalized conditional density equation

dp Ap dt + Bp dy

rewritten in Fisk-Stratonovich form as

(A -1/2B2)p dt + bp d+y.

Here, the vector p(t) takes values in the positive orthant.
We also mention that in [3] Brockett studied in 3 the reachability set for bilinear

systems rather closely related to, but not quite the same as those studied here. Finally,
it was pointed out to the author by L. Markus that matrices satisfying conditions
similar to those discussed here are widely used in economics, see Markus [10], for
example. However, control problems do not seem to have been considered in this
context.

3. Some generalities. It is well known from the work of several authors that a
necessary condition for controllability of any system of the form =f(x, u), where
f(x, u) is a vector field on a manifold depending analytically on controls u as well as
the point x, can be given in terms of the rank of Lie algebra g generated by these
vector fields. The necessary condition is that for each point x of the manifold the
vectors of the Lie algebra must span the tangent space at x. The condition is not
usually sufficient; however, it is enough to insure that the set of points accessible from
x in positive time has a nonempty interior, in whose closure it is contained [6], [12].

For our case where the manifold may be taken to be /_ and f(x, u)=
(A + uB)x, u R, it follows easily from Lie theory that generically this maximum
rank condition is satisfied, i.e., for a very large (open and dense) subset of pairs A, B.
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We require that A be essentially positive, i.e., all off-diagonal elements of A be
positive and that the diagonal matrix B satisfy the following condition for all # ,

(3.1). bi- bj bk bl implies k and 1 (in particular bi bj 0).
We then easily see that the following is true.
PROPOSITION 3.2. I]: A, B are n n matrices with A essentially positive and B a

diagonal matrix satisfying (3.1), then the Lie algebra g generated by the set {A + uBlu
R} is l(n, R) if tr A 0 and gl(n, R) otherwise.

This follows from the facts that B is regular and that A has a nonzero component
in each eigenspace belonging to a nonzero eigenvalue of ad B; hence A, B generate
l(n, R). From this it is clear that if either tr B # 0 or tr A # 0, then the algebra
generated has dimension n and is thus all of gl(n, R).

4. Characteristic roots and vectors. If C is an essentially positive n n matrix,
let d be its smallest diagonal element. If d > 0, then C > 0, i.e., C is a positive matrix.
If d-< 0, then C +pI, p > Idl, is a positive matrix whose invariant subspaces, if any,
are the same as those of C and whose spectrum is the translate by p of that of C,
i.e., h is a characteristic value of C with characteristic vector v if and only if h +p is
a characteristic value of C + pI with the same characteristic vector v. It follows from
the Perron-Frobenius theory of positive matrices that the following facts hold:

(4.1). C has a real characteristic value r to which there corresponds a positive
characteristic vector v > O. The value r is a simple root of the characteristic equation. If
w > 0 is any other positive characteristic vector, then w is a multiple of v. The root r
corresponds to the dominant root r + p of C + pI; hence any other characteristic root h

satisfies the inequality r + p > [h + p].
Since for each real u, A + uB is essentially positive if A is essentially positive,

then (4.1) holds. As noted earlier, we assume throughout this note that A is essentially
positive, i.e., all off-diagonal elements are strictly positive. This is the generic case
(and already involves enough problems!). Although A + uB is essentially positive
for each choice of u, there may or may not be choices of u such that A + uB is a
positive (or even nonnegative) matrix. Let aii + ubi denote the ith diagonal element of
A + uB. Graphically we consider n lines v -aii + ubi on the uv-plane. Whether or not
there is a nonempty set of values of u such that all diagonal elements are positive
depends on the intercept aig and slope bg of these lines. Of course, for u large, it is
the slopes bg which are important. Thus, if bx,’’ ’, bn all have the same sign, then
for some choice of u, A + uB > 0. In this case, as we can see from Gershgorin’s theorem,
for suitable choice of u, we can make the (dominant) characteristic value r associated
with the characteristic vector v > 0 mentioned in (4.1) take on a positive value, r > 0,
or a negative value, r < 0. To see this we first quote the theorem.

THEOREM 4.2 (Gershgorin). Let C (cgi) be an n n matrix and for each i, 1 <-
<-_ n, let pg ii Icgil. Let i given by 3g {z CI Iz aiil <-- pi} be a disk in the complex

plane. Then each characteristic root is in one of the disks @i and if the disks are pairwise
disfoint, then there is exactly one in each @g. In particular, for a real matrix, if the @i
are pairwise disjoint, the characteristic roots are real and distinct.

From this we can derive the following proposition for our case.
PROPOSITION 4.3. If the bi, 1,..., n, are pairwise distinct, then we may find

values of u such thatA + uB has n distinct real characteristic values. If the bi additionally
all have the same sign, say positive, then for all sufficiently large u (resp. sufficiently
negative u ), the characteristic values are all positive (resp. all negative).

Proof. If pi(C) denotes the radius, Pi-" EijCi] of the ith disk i of the matrix C,
then note that pi(A + uB)= pi(A) for 1,..., n. On the other hand, the center of
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the disk i for A + uB is a, + ubi, and hence, [(a, + ajj)+ u(bg-bj)[ is the distance
between centers. This distance is at least equal to lul Ib,- b,I-[aii- aji[ and can be made
as large as we wish by choosing [ul large enough. Since the radii /9 are independent
of u, we see that taking lul>luol eor some u0>0 will guarantee that for all i
/’, @ f’)i . This proves the first statement. The second follows from this since we
can make all aii q- ubi positive, or all of these diagonal elements negative, by a suitable
choice of u.

We remark that if the bg do not all have the same sign, even though they are
pairwise unequal, we may not be able in some cases to change the sign of the dominant
characteristic value v by our choice of u.

Example 4.4.

(14 /A= B=
0 +1 4 -l+u

A has characteristic values , 3 and I -3 for which corresponding character-
istic vectors are, say (1, 1)’ and (-1, 2)’. In general, the characteristic polynomial for
A + uB is

f(t)=t2-[(u-1)2+8],
and hence, the dominant characteristic root is positive for all u. However, the slope
of the corresponding positive characteristic vector or direction is given by
1/2{/(u- 1)2+ 8+(u- 1)}, which goes from 0 to az as u goes from - to +. Thus,
for a fixed value of u, a typical picture of the flow lines of x (A / uB)x is shown in
Fig. 1. By varying u the characteristic vector v can be made to take on any direction
in the open positive quadrant. It would appear that since the flow always tends outward
in the quadrant, positive quadrant controllability would not be possible in this case.
However, it is possible by varying u to make the vector (A + uB)x for x on the x-axis
or on the x2-axis take any direction pointing into the quadrant, which makes it
somewhat less clear that controllability cannot be achieved in this case. This is settled
by constructing a Lyapunov function in 6.

FIG.
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5. The two-dimensional case. As examples of some possible qualitatively distinct
types of behavior of solutions of bilinear systems satisfying our conditions, we consider
the n 2 case, where it is possible to distinguish several different patterns determined
by open conditions on the values of A (aij) and bl, be. We shall suppose that ale > 0
and ael> 0 (A essentially positive) and B nonsingular with bl be. For convenience
of notation, let A, A + uB, then A0 A. The characteristic polynomial of Au is then

(5.1) f(t) te- (tr Au)t +det A,,

and its discriminant is D (tr A,)2-4 det Au, which reduces to

(5.2) D=[(b+b)u+(a1+azz)]Z+4a12a21.

Thus D > 0, and for each u Au has two distinct real roots, say h 1, A2 with h >/2. In
fact, hi, A2 =[all + a22+ u(bl + b2) =x/] with the + corresponding to the dominant
root h 1. An easy computation shows that the characteristic vectors belonging to these
roots lie on the two lines

1
[(a22-a11)+ u(be-bl)+/]Xl.(5.3) x.=2a

Let a22-all + u(b2-bl)=p(u), then D =(p(u)):Z+4a12a21 so the slope of these lines
is

1 [p(u)+4(p(u))+4a2a2],(5.4)
2a12

with + corresponding to the dominant root A1 and to A2. It is clear that the slope
of the line corresponding to A1 is positive and the slope of the line corresponding to

A2 is negative. Moreover, by varying u from -oe to +oe, the slope of the first line
goes through all values in the interval (0,

Even in the two-dimensional case, we cannot give a universal criterion for
controllabilitynour more modest goal is to show the existence of an open (i.e., large)
subset in the space of pairs (A, B) in which we have positive orthant controllability
and another open subset on which we do not have controllability. For the latter case
the ideas of this section suggested a result which holds for arbitrary n (Theorem 6.1),
so the discussion is postponed to 6.

Intuitively, it appears that there is a greater possibility of controllability if the
dominant root A1 changes sign at least once as u varies from -oo to +oe. This can
only happen if the quadratic polynomial det (A + uB) 1A 2 has at least one real root.
For this reason we will restrict to the open subset of (A,/3) on which its discriminant
@ is positive, where

(5.5) (allbe + a22bl)2-4bab2 det A.

When @ > 0 it is easily verified that exactly one of the following cases occurs as
goes from

(a) A is always positive, A2 goes from negative to positive, then back to negative;
(b) 2 is always negative but 1 goes from positive to negative, then back to

positive;
(c) A and 2 have the same sign and both change to the opposite sign.
In all cases let u l, us denote the u-values at which the sign change occurs, i.e.,

at which A12 det (A + uB)= 0. We illustrate these cases with figures in which the
characteristic vectors corresponding to when u u and u u2 are shown by dashed
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R Ul

a) Saddle, I < 0 < ,

Z
/

.i/’/
i/I

bl U lg

b) Unstable node, 0 < A2 < 1.

u2u

c) Saddle, < 0 < 1.

FIG. 2

lines. The flow patterns corresponding to typical u in the intervals (-c, u2), (ul, Uz)
and (u2, +oe) are shown in each case, the first case (a) in Figs. 2a, 2b and 2c. Of the
three cases, this one seems to be the poorest candidate for positive controllability.
However, I do not have a proof that it is not controllable.

In case (b) we have two positive characteristic vectors (on the dashed lines) for
which A -0 with A < 0 for characteristic vectors between them. The pattern of flow
lines for u < u, u < u < uz and uz < u are shown in Figs. 3a, 3b, 3c.

In this case it can be seen that we have controllability in the first quadrant. To
see this we must show that x0 R 2

/, x0 0, can be steered to any interior point X of
the first quadrant. The dotted lines divide the quadrant into three sectors with flow
patterns as shown in Fig. 3, where u is chosen so that the dominant characteristic
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//

//

U<Ul

a) Saddle, h2 < 0 < h.

bl IA < U

b) Stable node, h < h < O.

/

u:z < u

c) Saddle, , < 0 < h 1.

FIG. 3

vector v is in the first, second or third sector (numbered counterclockwise). Suppose
X is in sector III, then it will lie on a flow line passing through sector II (Fig. 4a)
which in turn will be cut by a flow line corresponding to h negative which can be
chosen to cut the first flow line and carry x0 to it, at least if x0 is far enough out to
lie on the opposite side from the origin of the first flow line (Fig. 4b). If it is not, we
can easily move it out to such a position in a first step by choosing u so that hi > 0
as in Fig. 3c, for example.

If xl does not, in fact, lie in sector III, it does lie on a flow line (taking h > 0 as
in Fig. 3a or 3c) which comes in from sector III, so we can add one more step to the
above path. Thus, we must switch controls at most four times to pass from x0 to X x.

Finally, we wish to look at case (c) in which both h and h . change sign as u goes
through its range of values. The corresponding flow patterns are illustrated in Figs.
5a, 5b, 5c with the dashed lines corresponding to the values u U and u u2.
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FiG. 4

By arguments similar to the previous case, we can establish controllability in the
first quadrant in this case also. Roughly speaking, there is a flow line of type shown
in Fig. 4b or 4c passing to any x and we can carry any x0, using u < u as in Fig. 4a,
to a point on this flow line which moves along it to Xl.

In summary, there do exist fairly large, i.e., open, subsets of our generic pairs
A, B for which we have controllability in the first octant. In fact, the space of pairs
A, B is divided by @ 0 into two open sets: @ > 0 and @ < 0. On the former we have
controllability in cases (b) and (c)--thus, in an open subset. When @ < 0 we shall see
below that the system is not controllable. (Corollary 6.9).

It would, of course, be interesting to see if something similar is true in the case
n 3. However, a geometric analysis of the type above is much more difficult, and
the author knows of no analytic approach which could be used here.

6. Some noncontrollable cases. In this section we will establish the existence of
an open subset of pairs A, B with A essentially positive and B diagonal which can
be shown to be noncontrollable. We do this by establishing the existence of a function
O(x)-O(x,..., x) on R which is monotone along each solution curve of k
Ax + uBx for a special class of A, B.

THZORUM 6.1. Suppose that A, B are real n n matrices, B diagonal with entries
bi, , bn and A (ais) such that aii >= 0 for f. If there exists a nonnegative vector
p (p,..., pn)>=O such that (i) i= pibi =0 and (ii) i=1 piaii >-0, then 2 (A + uB)x
is not controllable in the positive orthant.

Proof. Define (x)=(xl,"’ ,xn) on R by (x)=l--[/_-lX", with Pi,’’" Pn
satisfying (i) and (ii). We show that

(grad cb, (A + uB)x)>= 0

for all x 0 such that x->-0. This implies that is monotone nondecreasing along
any solution curve x(t), >=0, of k(t)= (A + u(t)B)x(t) such that x(0)>0. Thus, we
do not have controllability on R/. Computing we obtain
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/

UUl

a) Stable node, 2 < , < 0.

/

UlUU2

b) Saddle,

//

U2U

C) Unstable node, 0 < 2< 1.

FG. 5

vi pix-O/Oxi pix-1 [Ijei xj if xi > 0 for all i. ThusHowever,

(6.2)

(grad dp, (A + uB)x)= pix[ dPaiixi + u Y pibidP
i,]

di) piaii d- (pix )aiixi ->- 0

for all x > 0. This completes the proof.
Remark 6.3. If A, B are as in the hypothesis but no bi 0 (this is the generic

case) and i piaii > 0, then, clearly conditions (i) and (ii) are satisfied for matrices ,/
near A and B, i.e., in an open subset of pairs A, B of the same type (A essentially
positive and rank B n).

Remark 6.4. The conditions obviously do not specify p--(pl,..., pn) uniquely.
Also note that we could equally well search for (p,. ., pn)-<-0 satisfying (i) and (ii’)

piagi <- 0. Finally, as we see by studying the n 2 case, it is possible to weaken the
requirement that all components of p have the same sign.
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Consider the case n 2. Given A, B with a12 > 0 and a21 > 0, bl 0 b2, we let
(x)=x’x.
(6.5)

(gradcb, (A+uB)x) Ipaaa+pzazz+(P-11) (P-22)alzx2 + azlx1 +(pb +pzbz)u

For x > 0, > 0, and hence the sign of the expression is determined by the terms in
parenthesis. If we wish the sign to be the same for all x > 0, we clearly must require
pl, p2 to be chosen so that plbl + p262 0. The solutions are all of the form pl kb2, p2
-kbl. We also note that the sign of the expression is not altered by multiplying by
xlx2. Thus, the sign of (grad , (A + uB)x) for x > 0 is always the same if and only if
that of the quadratic form Q =-(b2al-ba22)xax2-b2aa2x + ba2ax or

(6.6) Q(x1, x2)=a21bx2 +(bla2-b2ala)xlx2-a1262x22
stays the same for x > 0.

A sufficient condition for this is that the discriminant @ of Q(x) be negative"

(6.7) (a22b- ab2)2 +4blb2aa2a21 < O.

If the discriminant is positive, we have as the graph of z Q(xl, x2) a saddle surface,
and only the case Q(xl, x2) CXlX2 would guarantee that the sign of Q does not change
in the first quadrant. But we have assumed a12, a2a, ba, b2 are all nonzero. Hence
@ > 0 implies that the sign of Q(x) changes in the first quadrant, and we are not able
to draw the conclusion of noncontrollability in this case. The case @ 0 is somewhat
special, and occurs only if

(6.8) (a22bl aab2)2 -4bb2a 12a21,

which, in particular, requires bl and b2 to have opposite signs. We will eliminate it
from consideration as "nongeneric".

Finally, note that the expression @ above was considered earlier, it is exactly the
discriminant of the quadratic polynomial in u given by det (A + uB). Hence, @ < 0
implies that for all u the characteristic roots A 1,/2 of the A + uB satisfy A2 < 0 < A 1.

Thus we have what was conjectured earlier as a corollary to our theorem. (See (4.4)
and subsequent discussion.)

COROLLARY 6.9. If @ < O, or equivalently, Aa < 0 < A 1, for all u R, then the
system (A + uB)x is not controllable on R 2

+,

Note that pl and p. might be of opposite sign (but we must have plbl + p2b2 0).
This shows that it is possible to weaken the requirement p _-> 0 in the theorem.

7. Increasing the number of controls. The following theorem is very easy to
prove, but it answers a natural question and is worth stating as indicating some
possibilities.

THEOREM. Suppose A (aii) is an n n real matrix with agi >-_ 0 for j and that
B1,..., Bn are n linearly independent diagonal matrices. Consider the system on R_,

(A + uBa +" + unB)x,

where u (u,..., u) are piecewise continuous control functions with values in R . If
x () and x () are points of 1_ and x(t), 0 <= <- T is any piecewise differentiable path in
t_, then there exist controls such that x(t) is a solution of (**).

Proof. It is enough to show that for each vector y=(yl,...,y,) at x=
(Xl,.",x)>0 there exists a vector u=(ul,...,u) such that y=(A+,uiBi)x.
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There is no loss of generality in supposing Bk --(tiktk.i) the diagonal matrix with +1
in the kth row and column and zeros elsewhere. Thus, for x given, we have

(A + E uiBi)x a21 a22. + uz a:z,

a,,a an2 a,,, + u,, x,, \u,,x,, + a,,ix

where xl, , xn are all positive and fixed as is Fjaixj for 1,. , n. Obviously we
need only choose u1,.. ., un according to the rule

Ui’--- Yi-- aqx
xi

i=l,...,n

in order to get (A +Y uiBi)x--y. This assures that we have total controllability in a
very strong sense. In particular, given any x and a neighborhood U of x, there exists
V U a neighborhood of x such that we have controllability in V without leaving U.

Acknowledgment. The author wishes to acknowledge with gratitude many helpful
discussions of this subject with David Elliott, who suggested the problem, and further
help and encouragement from Roger Brockett.
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QUADRATIC CONTROL OF EVOLUTION EQUATIONS WITH DELAYS
IN CONTROL*

AKIRA ICHIKAWAt

Abstract. The quadratic cost problem of evolution equations with delays in control is considered. A
semigroup model which involves no explicit delays in control, but contains an unbounded control operator
is introduced. With the aid of a family of approximating systems, it is shown that the optimal feedback
control and the minimum cost are characterized by the solution of a Riccati equation. Three examples are
given to illustrate the theory. The filtering problem of evolution equations with observation delays is also
solved through the duality relation.

Introduction. One of the most general forms of a controlled linear evolution
equation is as follows [12], [20], [25], [29], [30];

(0.1) z(t)= T(t-to)zo-A It T(t-r)Bou(r)dr+It T(t-r)BlU(r)dr,
o

which corresponds to the differential equation

d
(0.1)’ dtZ(t) A[z(t) Bou(t)]+BlU(t), Z(to) Zo,

where T(t) is a strongly continuous semigroup on a Hilbert space Z, u is a control
with values in a Hilbert space U, Bo, Ble(U,Z) (the space of bounded linear
operators mapping U into Z), and A is the infinitesimal generator of T(t).

If z(t) is continuous for each u e L2(to, tl; U), then the following cost is meaningful:

(0.2) J(u) {Gz(tl), z(tl)} + [(Mz(t), z(t)}+{Nu(t), u(t)}] dr,

where 0 _<- G, M (Z), 0 <N (U) with N-1 e (U) and (, denotes inner prod-
ucts in U and Z. If B0 0, then (0.1) becomes

(0.3) z(t)= r(t-to)zo+ | r(t-r)Blu(r) dr.

The theory of the quadratic cost control problem (0.3), (0.2) is complete and the
optimal control is characterized by the solution of a Riccati equation [7], [9], [10],
[13]. Applications include partial differential equations of parabolic and hyperbolic
type and delay differential equations. The theory was extended in [8] to the case
where B1 is unbounded in the sense that B1 maps U outside Z. The results in [8] can
be applied to partial differential equations with boundary or pointwise controls.
However, there is no general theory which covers the quadratic control problem for
differential delay equations involving control delays. The simplest case of a delay
equation with a single delay in state and control was considered by Koivo and Lee
[17]. They obtained the optimal feedback law, but failed to give the minimum cost.
Kwong [18] then gave an expression for it and developed a further study into the
infinite time quadratic problem. But their theory is not a direct extension of that based
on Riccatiequations as in [7], [8].

* Received by the editors May 15, 1981. This research was supported in part by the Sakkokai
Foundation.

" Faculty of Engineering, Shizuoka University, Hamamatsu 432, Japan.
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In this paper we consider evolution equations with both point and distributed
delays in control. We introduce a dynamics for the segment of the control u(t +s),
-b _-< s -< 0, and obtain a system of the form (0.1)’. We then show that the new system
is equivalent to another one of the form (0.3) with an unbounded B. Thus, we expect
that the quadratic problem is solved in terms of a Riccati equation as in [8]. We shall
show this using a family of approximating systems of the form (0.3) with bounded
control operators. Zabczyk [29] considered the quadratic problem (0.1), (0.2) with
G 0 and transformed it to the quadratic problem of the form (0.3), (0.2) with an
unbounded M. If, in particular, the unbounded operator has a continuous extension
to Z, then the quadratic problem is solved using the standard results in [9]. He showed
that the quadratic problem for delay equations with only distributed delays is an
example of this type. Recently, Vinter and Kwong [27] also introduced an evolution
equation of the form (0.3) with a bounded B1 to study the infinite time quadratic
problem for a delay differential equation. However, their model allows only for a
distributed delay in control.

Section 1 is concerned with a model for infinite dimensional systems with delays
in control. We introduce a first order differential equation for the segment of the
control function and obtain an evolution equation of the form (0.1)’. We then transform
the new system into the one of the form (0.3). We also give some preliminary results.
In 2 we introduce a family of approximating systems of the form (0.3) with bounded
Bl’s and solve quadratic problems for them. Then we show that our original problem
can be solved as a limiting case of these problems. We give three examples to illustrate
the theory. It is known [12], [20], [25], [30] that the system (0.1) can describe a class
of partial differential equations with boundary controls. In 3 we briefly discuss that
the quadratic problem for such systems can be solved using a family of approximating
systems. So certain results in [8] can be obtained easily. In 4 we consider the filtering
problem for an infinite dimensional system with delay in observation. Again this is
more complicated than the standard filtering problem without delay [5], [9]. The
filtering problem for delay equations with observation delays was studied by Bagchi
[2], and the filter stability was considered by Kwong and Willsky [18] and Kwong
[19]. The theory of filtering for evolution equations is given in [5], [9], [22] when
observation operators are bounded. The theory was extended to the case of unbounded
observation in [6] using the results in [8]. A general theory which allows for unbounded
observations was also established by Ouvrard [23], [24] using a martingale projection
theorem. It can be applied to the smoothing problem of delay equations with observa-
tion delays. Here we show that our filtering problem can be solved using the results
in 2 since filtering with observation delay is dual to quadratic control with control
delay.

This paper is a revised version of the report [15].

1. Evolution equations with delay. LetX and U be real separable Hilbert spaces.
Let (U, X) be the space of bounded linear operators mapping U into X. We write
(X) for (X, X). We denote by I" norms of vectors and operators. Let L2(p, r; U)
be the space of U-valued square integrable functions on [p, r]. Consider the controlled
system

dx(t---)=Ax(t)+Bou(t)+ Ciu(t-b)+ Co(S)U(t+s) ds,
dt i=1 b

(1.1)
x(to)=Xo, u(s)=uo(s), to-b<-s<to, O<b<...<bk <-b,

where A is the infinitesimal generator of a strongly continuous semigroup R (t) on X,
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0<tl<eO, 0__<-to<t1 is fixed, but arbitrary, u(’)L2(to, tx; U), Bo, C5(U,X),
i=1,.., k, COl(U,X) is strongly measurable with IColl<-_a<eo and u0
Lz(to-b, to; U). We define the solution of (1.1) by

(1.2) x(t)=R(t-to)xo+ R(t-r) Bou(r)+ 2 Cu(r-b)+ Co(S)U(r+s)ds dr,
o i=1 b

where the integrals are understood in the sense of Bochner. Then x(t) is strongly
continuous but not ditterentiable, in general. However, if (1.1) has an absolutely
continuous solution, it is given by (1.2). Our control problem is to minimize the cost
functional

(1.3) J(u)=(Gx(q),X(tl))+ [(Mx(t),x(t))+Nu(t), u(t))]dt,

where G, M (X) are self-adjoint and nonnegative, N (U) is self-adjoint and
positive with N- (U) and (.,.) denotes inner products in X and U.

Delfour and Mitter 10] solved the quadratic problem for general delay differential
equations using a product space formulation. The advantage of their approach is that
their infinite dimensional system has a standard linear input-output relation and that
the optimal control and the minimum cost are completely characterized by the solution
of a Riccati equation. Koivo and Lee [17] solved the quadratic problem for a system
with a single delay in state and in control. Delays in control give an additional difficulty
in analysis [1], [17] and the Riccati-type theory is not directly applicable. Following
the spirit of the product formulation [4], [10], we go one step further and introduce
a new state space which includes the segment of the control. Then we obtain a linear
input-output relation, and we expect that the Riccati-type theory is valid. In other
words, we introduce a new state space which carries the necessary information to
determine the future.

Set y(t, s) u(t + s), then we can formally write a differential equation for it:

Oy(t, s) 0y(t, s)
(1.4)

Ot Os
y(to, S) yo(s) Uo(to + S) > to, -b < s <0

with boundary condition

(1.5) y(t, 0)= u(t).

If u(. is smooth, then u(t +.) is a solution of (1.4), (1.5). Now let Y- Lz(-b, 0; U)
and consider the semigroup of left translation S(t):

-b<-s<--t
(1.6) [S(t)y](s) O, _t < s <__ O if <- b, y e Y.

O, -b<-_s<=O if t>b.

Its generator is given by

(1.7)
Dy

dy
ds’

with domain @(D) [y Y[y is absolutely continuous, y’ Y, y (0) 0].

Then we can write (1.4), (1.5) as an abstract differential equation in Y [28], [29]:

dy= D(y -Fu), y(to) yo,
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where F..(U, Y) is defined by (Fw)(s)=w, -b<=s<=O, wU. If (1.8) has an
absolutely continuous solution, it is given by

(1.9) y(t) S(t- to)yo-D ft S(t- r)Fu(r) dr.

In fact, using the definitions of S(t) and F, we can show that (1.9) is always defined and

-(t-to)<s<-O
(1.10) [y(t)](s)= Uo(t+s), -b <=s<=-(t-to)

if t-to <=b,

u(t+s), -b<=s<=O ift-to>b.

Define an operator C’ Y X,

(1.11) Cy Cy(-b)+ Co(S)y(s) ds.
i=1 b

Then C is unbounded on Y but is bounded for example on W’a(-b, 0; U)= [y
y is absolutely continuous, y’ Y]. Note that if y(t,s)=h(t+s) for some
L,(to- b, t; U), then Cy L(0, t; X), p _-> 1. Now we rewrite (1.1) in the form

dy
(1.12) dX_dt Ax +

Then (1.2) is equivalent to

(a) x(t)=R(t-to)Xo+It R(t-r)[Cy(r)+Bou(r)]dr,

(1.13)

(b) y(t) S(t- t0)Yo-D / S(t- r)Fu(r) dr.
at

It is convenient to introduce the Hilbert space Z X x Y. Define for each z [] e Z
and _-> to

y S(t-to)y

Then T(t) is a strongly continuous semigroup on Z and its generator is [14]

Zx@(A),y@(D)
Y

We can easily verify that (1.12) can be written

[ [01 ] [] Ix1(1.16) - z(t) sl z(t)- u(t) +
0

u(t), Z(to) Zo
yo

Thus, we have obtained a system of the form (0.1)’.
Next we shall show that (1.13) can be transformed into a familiar form

(1.17) z(t) r(t- to)Zo + r(t- r)Bu(r) dr, Zo
Yo

although B (U, Z). For this purpose we consider the extension D (V, V*) of the
generator D given by/v dv/ds- Av(O), where V W’(-b, 0; U), V* the dual of
V and A (U, V*) is defined by (Au, w) {u, w(0)} for each w V and (.,.) denotes
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the duality between V* and V. Since Fu V for each u, we have lFu V* and, in
fact, -DFu Au. Thus, we can rewrite (1.13b) formally as

(1.18) y(t) $(t- to)Yo- S(t- r)DFu(r) dr S(t- to)yo + $(t- r)Au(r) dr.

Now we give a meaning to (1.18). First note that S(t)A e(U, V*). So we can interpret
the integration in the sense of Bochner in V*, and y(t) is a continuous V*-valued
function. It turns out that y(t) is a Y-valued function and coincides with y(t) given
by (1.13b). Let L21oc(t0, co; U) be the space of locally square integrable functions in U.

LEMMA 1.1. For each u L2oc(to, oo; U) and p >- to,

-D I, S(t- r)Fu(r)dr f, S(t- r)Au(r) dr

u(t+s), -b<-_s<-O

lu(t + s), -(t-p) < s <- 0

IO, -b <-s<-_-(t-p)

Proof. Appendix 1.
Using this lemma we rewrite (1.13) as

z(t) T(t- to)Zo + It T(t r) u(r) dr.

ift-p>b,

ift-p<-b.

BSetting B ], we obtain (1.17). We note that the integration is not defined in Z,
although z(t) is a continuous function in Z. The cost functional (1.3) is written as

(1.19)

where

J(u;to, Zo)=(GZ(tl),Z(h))+ [(Mz(t),z(t))+Nu(t),u(t))]dt,
0

Thus, we have transformed the quadratic problem (1.2), (1.3) into the one (1.17) (or
(1.16)), (1.19). We naturally expect that the optimal control is given by the feedback
law

(1.20) u =-N-1B*O(t)z withJ(u; to, Zo)=(O(to)Zo, Zo),

where O(t) is the solution of the Riccati equation

d
(1.21) -(O(t)z,z)+2(O(t)z,z)+(Mz, z)-(N-1B*O(t)z,B*O(t)z)=O,

l(tl) G, z (5/).

In the following section, we shall show that this is in fact the case. In the rest of this
section, we give some preliminary results. Let 0 < h p(D), the resolvent set of D,
and let R(h, D) be the resolvent of D [3]. Consider the family of approximations of
(1.13b):

yx (t) S(t- to)yo-RxD It $(t- r)Fu(r) dr,
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where R AR (h, D). Then we have

(1.22) y (t) $(t- t0)yo + [ S(t- r)Axu(r) dr,
at

where Aa =-ADR(A, D)F (U, Y). Since R I (the identity) strongly as
[3], yx (t) converges to y(t) as h . Approximations of this type based on the resolvent
are also used in [16] to study stability and quadratic control of stochastic evolution
equations.

LEMMA 1.2. Suppose that u converges weakly to u in L2(to, tl; U). Then

(t) $(t- to)y0 + | $(t r)Axu (r) dr.
at

converges weakly to y(t) given by (1.13b) for all to <=t<=tl.
Proof. Appendix 2.
As we see in (1.20), we need to consider B*. First note that A* (V, U) and

A*w w(0), w V. We can define A*y for y Y which is continuous at 0. We define
BoB* [B, A*], where A* is understood in the generalized sense. Let B [A].

LEMMA 1.3. If y Y and y(s) is continuous at s O, then A*y
Proof. Appendix 3.
LEMMA 1.4. Let V(t, s) (Z) be strongly measurable on to <= s <= <-_ tl with

IV(t,s)[<-a <o and let

P(t)z r*(t- t)(g(t, t)z + r*(r- t)l’Ig(r, t)z dr.

Then B*P(t) (Z, U) and IB*P(t)I <- aa < oe or all t. Moreover, B*P(t)z B*P(t)z
for all and z as

Pro@ As we see below, it is sufficient to consider the first term. Set

V(tl, t)z [x(t, t)] T*(t t)GV(tl, t)z [Po(t)z]y(tl, t) [_Px(t)z

Then from (1.14) we obtain

Po(t)z R*(tx- t)GX(tl, t),
k

[Px(t)z](s) Y’. c*i g*(tx- t- bi- s)Gx(tx, t)
i=1

0t’

+ | C*o (r)R*(tl t- r s)Gx(q, t) dr,
d-b

where C, * *Col, R are the adjoint operators of Ci, Col, R, respectively, and we set
R*(p) =0 if p <0. Thus, B*P(t) is well defined and ]B*P(t)l<-a2 < oo. By Lemma
1.3 we conclude that B*P(t)z B*P(t)z as h c.

LEMMA 1.5. Let Vx (t, s) 6 (z), h _-> ho > 0 be a family of operators such that
Vx (t, s) V(t, s) strongly as h for all to <- s <- <- tl. Let

Pa (t)z r*(tl- t)dVx (tl, t)z + T*(r- t)f4V (r, t)z dr.

Then B*P (t)z B*P(t)z for all t.

Proof. This is a consequence of Lemmas 1.3 and 1.4.



QUADRATIC CONTROL OF EVOLUTION EQUATIONS 651

2. The optimal control. To solve the quadratic problem (1.17), (1.19) (which
we call QP1) we consider a family of approximating systems:

(2.1) zh (t) T(t- to)zo + I T(t- r)Bhu(r) dr,

Bowhere Bh =[a] and A -->Ao for some 0<hoeO(D). Consider also

(2.2) Jh(u;to, Zo)=(zh(ta),zh(ta))+ [(Mzh(t),zh(t))+(Nu(t),u(t))]dt.

Since Bh (U, Z), the optimal control for (2.1), (2.2) is well known [7], [9].
PROPOSITION 2.1. The feedback control ux =-N-B*Qh(t)z is optimal for (2.1),

(2.2) and Jh (uh; to, Zo) (Qh (to)zo, Zo), where Qh (t) is the unique solution of the Riccati
equations

d
d--- (Oh (t)z, z) + 2(Oh (t)z, z) + (flz, z)-(N-1B* Oh (t)z, B* Oh (t)z) O,

(2.3)

Oh (t)z T*(t t)OT(tl t)z
(a)

+ T*(r-t)[-Oa(r)BhN-1B*xOh(r)]T(r-t)z dr,

(2.4) (b) Oh (t)z T*(tl- t)JUh (tl, t)z + T*(r- t)(4U (r, t)z dr,

Qh (t)z U* (ta, t)rUh (t, t)z
(c)

+ U*a (r, t)[ll+Oh(r)BN-IB*aOh(r)]Ua(r, t)z dr,

in the class of strongly continuous nonnegative operators in (Z), and Uh (t, s) (Z)
is the unique solution of the integral equation

Ua(t, s)z T(t-s)z- I T(t-r)BhN-aB* Oh(r)Ua(r, s)z dr(2.5)

with properties

(a) Ua(t,r)Ua(r,s)z= Ua(t,s)z, O<=to<-s<-r<=t<=ta,

(2.6) (b) Ua (t, t) L the identity on Z,

(c) Uh (t, s)z is jointly continuous on to <_- s _-< _-< tl.

Moreover, Oh (t) _--< Qo(t), where

Oo(t)z r*(t- t)dr(tl- t)z + r*(r- t)2Ir(r- t)z dr.

LEMMA 2.1.

to<----tta

for some a > 0 independent of
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Proof. Appendix 4.
When the feedback control ux -N-1B*Qx (t)z is employed, the optimal control

as a function of is given by

(2.7) ux (t) ux (t; to, Zo) -N-IB*Qx (t)U (t, to)Zo,

and as we see below, it is convergent in L2(to, tl; U) as h -* c.
LEMMA 2.2. Ux (t; to, Zo) converges in LE(to, tl; U) as h - oo to a function of the

form u(t; to, Zo)-K(t, to)Zo, K(t, to)(Z, U). Moreover, u(t; to, Zo) is optimal]or the
problem QP1.

Proof. Since Jx (ux to, Zo) -<J(0; to, Zo) (Qo(to)Zo, zo), ux (.) is uniformly bounded
in LE(to, t; U) for h _->ho>0. Hence, there exists a subsequence denoted again by
ux(.) which is convergent weakly to Yt(’)Lz(to, tl; U). Then by virtue of Lemma
1.2, zx (t) given by (2.1) converges weakly in Z to

2(t) T(t- to)Zo + It T(t- r)Bt(r) dr.

By lower semicontinuity of the quadratic functional, we have

(2.9) J(tT; to, Zo) <- lim inf Jx (ux to, Zo).

On the other hand, we have Jx(ux; to, Zo)-<J(t7 to, Zo) by the optimality of ux which
in turn implies

(2.10) lim sup Jx (ux; to, Zo) --< lim Jx (a; to, Zo) J(a; to, Zo).

Thus, from (2.9) and (2.10), we conclude

(2.11) J(tT; to, Zo) lim Jx(ux; to, Zo).
A

This implies that the L2(t0, tl; U) norm of ux converges to that of tT. This fact together
with the weak convergence of ux to t implies that ux- t7 strongly in L2(to, tl; U).
Now we show that t7 is optimal for QP1. Let u be arbitrary in LE(to, tl; U), then

Jx (ux to, Zo) <-- J (u to, Zo). Passing to the limit h along the subsequence given
above, we conclude that J(tT; to, Zo)<--J(u; to, Zo). Thus, t7 is optimal. Next we show
that the original sequence ux-* t7 in LE(to, tx; U). In fact, suppose that there were a

sequence which lies outside of a neighborhood of t7 in LE(to, tl; U). Then we can
extract a subsequence which is weakly convergent to some element t LE(to, t; U).
Then by the same reasoning above, we conclude that t7 is optimal for QP1. By strict
convexity of J(. ), we have ti t, which is a contradiction. Thus,

u(t; to, Zo)=-N-B*Q(t)U(t, to)Zo ti(t; to, Zo) inL2(to; tl; U).

Hence, we can write u(t; to, Zo)=K(t, to)Zo for some K(t, to)e(Z, U).
LEMMA 2.3. Ux (t, s) converges strongly uniformly to some operator U(t, s) (Z)

which has the property (2.6) and U(t, s)l <= a < for some a independent of t, s.

Proof. Note that

(2.12) Ux(t, to)Zo T(t-to)Zo-lt T(t-r)BxN-aB*Oa(r)Ux(r)Ux(r, to)zodr.
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Thus, by Lemmas 2.1 and 2.2, Ux (t, to)Zo converges to

(2.13) U(t, to)Zo T(t- to)Zo- It T(t- r)BK(r, to)Zo dr.

By Proposition 2.1 we have

tl
(Nux (t; to, Zo), ux (t; to, Zo))dt <- (Ox (to)Zo, Zo)

<-- (Oo(to)Zo, Zo) <---- aolzol=,
where ao supo=< /__< ,l IOo(t)[. Thus, by Lemma 2.1 we easily see ]Ux(t, to)l_-< a < for
some constant a independent of h, t, to and the convergence above is uniform in
and to. Hence, [U(t, to)l-<-a. Since to is fixed but arbitrary, we have the assertion.

LEMMA 2.4. Ox (t) converges strongly to O(t)"

(2.14) O(t)z T*(tl- t)U(q, t)z + It tl
T*(r-t)ilU(r, t)z dr,

where U(t, s) is defined by (2.13). Moreover, B*Q(t)..(Z, U) is well defined and
IB* O(t)l-< a < o for all 0 <- <- tx and B*x Qx (t)z - B*Q(t)z for all and z.

Proof. The strong convergence of Qx (t) to Q(t) follows from (2.4b) and Lemma
2.3. The second part is also the immediate consequence of Lemmas 1.4 and 2.3.

From this lemma we obtain the relation K(t, s)=-N-aB*Q(t)U(t, s), and hence
U(t, s) satisfies

(2.15) U(t, s)z T(t- s)z Is T(t- r)BN-B*O(r)U(r, s)z dr.

For integral equations of this type, we have the following.
PROPOSITION 2.2. LetK(. )" [to, tl] (Z, U) be strongly measurable and [K(t)l <_-

]:or all t. Then the integral equation

U:(t, s)z T(t-s)z Is T(t-r)BN-aK(r)UK(r’ s)z dr

has a unique solution with the following properties"

(2.16)

(a) U:(t, s) is continuous on to <- S <-_ <-_ tl,

(b) U(t,r)U:(r,s)= U:(t,s) forallto <-s<-r<-t<-tl,

(c)

(d)

U:(t, t) I for all to<-_ <- tl,

Iu,,(t,s)l<-a <o forallto <=S<--t<--tl.

This proposition can be proved by the standard method based on a contraction
mapping theorem 14].

Note that U(t, to)Zo is the response to the feedback control t7 =-N-IB*Q(t)z
with initial condition (to, z0), and so it is the optimal trajectory. Summing up we have
the following.

THEOREM 2.1. The operator Qx(t) converges strongly to a strongly continuous
nonnegative operator Q(t) (Z) and B*Q (t) strongly to B*Q(t) which is piecewise



654 AKIRA ICHIKAWA

continuous in (Z, U). The operators O(t) and B*O(t) satisfy the Riccati equations

d(2.17)-d(O(t)z,z)+2(O(t)z,z)+gz)+(z,z)-(N-B*O(t)z,B*O(t)z)=O,
Q(tl) G, z (s),

(a) O(t)z T*(tl- t)rT(tl- t)z

+ T*(r-t)[I-(B*O(r))*N-B*O(r)]T(r-t)z dr,

(2.18) (b) O(t)z T*(h t)dU(tl, t)z

+ r*(r-t)IU(r, t)z dr,

(c) O(t)z U*(h, t)dU(h,

+ U*(r, t)[lI+(B*O(r))*N-B*O(r)]U(r, t)z dr,

where U(t, s) is the unique solution of the integral equation (2.14). The optimal
control for QP1 is given by the feedback law

-N-B*O(t)z,

and the minimum cost is J(a; to, Zo) {O(to)Zo, Zo}.
Let z []; then we can write

Oo(t) O(t)J y

where Oo* (t)= Oo(t).
TI-IFOaFM 2.2. The operators Oo(t) and O(t) have the following representation"

(2.19)
[llo(t)x](s) Olo(t, s)x,

o

[O(t)y](s) | Ox(t, s, r)y(r) dr
b

for some piecewise continuous operators Olo(t, s) (X, U) and Old(t, s, r) (U).
Proof. To simplify the proof, we assume Cy Cly(-b). In the general case all

the expressions below become lengthy, but the extension is otherwise straightforward.
As in Lemma 1.4, we obtain from (2.18b)

(a) Ooo(t)x R*(h- t)GUoo(h, t)x + R*(r- t)MUoo(r, t)x dr,

(b) [Qo(t)x](s) C* R*(tl- t- b s)GUoo(tl, t)x

(2.20) + C*I R*(r b s)MUoo(r, t)x dr,

(c) [O(t)](s) C*R*(h-t-b-s)GUo(h,
t

(r- t- s)MUo(r, t)y dr,+ CR* b
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where

U(t, s) [ Uoo(t, s) Uol(t, s)]Uo(t, s) U(t, s)

and we set R*(p) 0 if p < 0. Then by (2.20b) Olo(t, s) is piecewise continuous. From
(2.20c) we see that O(t) has a kernel Oaa(t, s, r) which is piecewise continuous in s.
But Ola(t, s, r) is symmetric in s and r, so it is also piecewise continuous in r. In
particular, it is continuous at s- 0 except when t-t b. Next we shall show that
Oaa(t, s, r)(U) is uniformly bounded. For this purpose consider

Then

[qoo(t) qol(t)]Oo(t)=
lqo(t) qax(t)J"

(2.21)
tl

qoo(t)x =R*(q-t)GR(q-t)x + R*(r-t)MR(r-t)xdr,

and qlo(t) and q11(t) have kernels

qlo(t, s)x C’R*(ta- t-b- s)GR (t- t)x

+ C’R*(r t- b s)MR (r- t)x dr,

(2.22)
q11(t, S, r)u C(R*(tl- t- b -s)GR (tl- t- b r)ClU

+ C*R*(p-t-b-s)MR(p-t-b-r)Cudp,

respectively, where we set R (p) 0 if p < O. Thus, qao(t, s) and qll(t, S, r) are piecewise
continuous and uniformly bounded. From 0 <_- O(t) <-_ Oo(t) it follows that 0 _-< Ol(t) _-<
q(t). Thus, we have for all

o o

O<- I_ I_ (Oll(t, s, r)y(r), y(s)) drds
b b

(2.23) o o

<= f_ f_ (qaa(t, s, r)y(r), y(s))drds, y Y.
b b

Let Oil(t, s, r) and q11(t, S, r) be continuous at s r So. Then for each u e U, we can
construct a sequence of continuous functions yn(’) with supports contained in a
neighborhood of So such that

o o

lim I_ I_ (011(t, s, r)y,(r), y,(s)) dr ds (Qll(t, So, So)/,/, u),
n+oO b b

0 0

lim I_ I_ (ql(t, s, r) yn(r), y,(s)} dr ds (q,e(t, So, So)U, u}.
n-oo b b

Thus, we conclude that O<-(Qax(t, So, So)U, u) <-_ (qx(t, So, So)U, u). Even if So is not a
point of continuity for Qxx, qxl, similar inequalities hold for left and right limits of
Ol and qll at s r So. Hence, we conclude that

IO,(t, s, s)[ <_-sup Iq(t, s, s)l <_-sup Iqx1(t, s,
s,r
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Next let So and ro be continuity points of Qll and q11. Then for each u, v U, we can
construct a sequence of continuous functions yn(’) with supports contained in the
union of some neighborhoods of So and ro with a similar property as above. Then we
can show

(Oil(t, So, So)U, u)+(O11(t, ro, ro)v, v)+ 2(Ox(t, So, ro)u, v)

<=qlx(t, So, So)U, U)+(qll(t, ro, ro)v,

From this we obtain the bound ]llx(t, So, ro)l 3a. Again, we can extend this inequality
for arbitrary points So and ro. From (2.18a) we have (x(t)= qxl(t)--glx(t), where

[ lit
tloo(t) ox(t) T*(r t)[B*O(r)]*N-IB*O(r)r(r t)zdr.

qo(t) ll(t)
Z=

Thus the kernel of cl(t) can be written

al(t, s, r)u q(p, t, s)N-lq(p, t, r)u dp,

where q(p,t,r)u=[B’Ooo(p)+Oao(p,O)]R(p-t-r-b)Cu+O11(p,O,r-p+t)u.
Since q(p, t, r) is uniformly bounded, it follows that O(t, s, r) is piecewise continuous
in all variables and uniformly bounded.

Next we shall consider the uniqueness of a solution of the Riccati equation (2.17)
and (2.18).

LEMMA 2.5. Let O(t) be a solution of (2.18b) with properties in Theorems 2.1
and 2.2 (denoted property ). Then

(O(to)Zo, Zo)=J(t; to, Zo)<-J(u; to, Zo) forany u L2(to, tl; U),

where a(t)=-N-XB*O(t)U(t, to)Zo is the control associated with the feedback law
-N-1B*O(t)z.
Proof. From (2.18b) we obtain

(2.24)
tl

(t(t) -N-B*[T*(h t)GU(h, to)Zo + T*(r- t)MU(r, to)Zo dr].

Then, by direct calculation, we have

(2.25)
J(t +v; to, Zo)=(O(to)Zo, Zo)+(dZ(tl; v), Z(tl;

+ [(/l/z(t; v), z(t; v))+<Nv(t), v(t))] dt,

where z(t;v)=IttoT(t-r)Bv(r)dr. The cancellation of cross terms such as
2 .tt (Nft(t), v(t)) dt can be proved using the relation

a(t) lim_oo N-1B* [T*ta t)GU(h’ to)Zo + It tl
T*(r- t)MU(r, to)Zo dr].

Thus, J(t; to, Zo)<=J(u; to, Zo) for any admissible u.
LEMMA 2.6. If Q(t) satisfies (2.17), (2.18a) or (2.18b) with property , then it

satisfies the other two as well as (2.18c).
Proof. The equivalence of (2.17) and (2.18a) follows from [7]. Now let Q(t) be

a solution of (2.18b) with property . Define

ItO. (t)z r*(t- t)dD. (tl, t)z + T*(r- t)fgO. (r, t)z dr,
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where Uh (t, s) is the unique solution of

Oh(t, s)z T(t-s)Z- ls T(t-r)BhN-1B*O(r)lQx(r, s)z dr.

Then from [7] it follows that

I,(x (t)z T*(tl t)dT(t t)z + T*(r t)E/r Oh (r)BxN-B* O(r)]r(r t)z dr,

Oh (t)z U* (t, t)dh (t, t)z + 0" (r, t)[/17/+ 2Oh (r)BxN-IB* Oh (r)

-Ox(r)BhN-B*O(r)]x(r, t)z dr.

Since we can easily show that fQh (t, s) U(t, s) strongly, it follows that 0h (t) O(t)
strongly and B*xOh(t)B*O(t) strongly. Hence, we obtain (2.18a) and (2.18c) from
these equations. Similarly, we can show that the solution of (2.18a) satisfies (2.18b)
and (2.18c).

THEOREM 2.3. There exists a unique solution of (2.17), (2.18a) and (2.18b) with
property . The feedback control a =-N-B*O(t)z is optimal and the minimum cost
is J(tT; to, z0) (Q(to)Zo, Zo).

COROLLARY 2.1. The optimal control ]:or QP1 is given by the feedback law

(. a(t=-N- [o*Ooo(t+Oo(t, Ol]x(t+ Ol(t,O, sla(t+slcs
b

and the minimum cost by

(2.27)

o

J(a; to, Zo) (Ooo(to)Xo, Xo)+ 2(I Ool(to, S)Uo(S) ds, xo)
b

0 0

+ f- I- (ll(tO, S, r)uo(r), Uo(S)) dr ds.
b b

We can decompose (2.17) into the following set of equations:

d
d-- 000(t)x’ x) + 2(000(t)x, Ax + (Mx, x)

(2.28)

(a)

(b)

(c)

(N-l[BQoo(t) + A* Qxo(t)]x, [BQoo(t) + A* Oo(t)]x) O,

Ooo(tl) G,
x (A),

d
d-- (Qol(t)y, x) + (Qol(t)y, Ax) + (Cy, Qoo(t)x) + (Dy, Qlo(t)x)

(N-I[Bo* Q01(t) + A* Qla (t)]y, [BQoo(t) + A* Qo(t)]x) O,

Ool(tl)=0, x@(A), y(D),

d
d---(Qlx(t)y, y)+2(Qo(t)y, Cy)+2(Ql(t)y, Vy)

-(N-[B*o Oox(t) + A*Oax(t)]y, [B*o Oo(t) + A*Ola(t)]y)= 0,

I)1(tl) 0, y (D).
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Remark. In order to realize the feedback control t =-N-1B*O(t)z we only
need to know B*O(t) or Ooo(t), Olo(t, 0) and O(t, O,s). We can derive integral
equations for them from (2.18a). Computationally, it may be more convenient to
solve them rather than (2.17). Once B*O(t) is known, for example, O(t) is easily
obtained by integration.

Now we give three examples to illustrate our theory.
Example 2.1. We take X =R n, U-’R p, AR, Bo, Ci, ColR", G, M

R"" and N R. Then (1.1) is an ordinary differential equation and Qoo, QOl, and
Qlx are R ""-, R"- and RO-matrix valued functions. We assume bk b. Then
from (2.28) we obtain the following:

d
d Qoo(t) +A*Qoo(t) + Qoo(t)A +M

(a) -[Qoo(t)Bo+ Qol(t, O)]N-l[BQoo(t)+ Qlo(t, 0)] 0,

Qoo(tl) G,- Oo(t,s)+ Oo(t,s)+Ooo(t) G(s+b)+Co(S)

(2.29) (b) -[Ooo(t)Bo+Oo(t, O]N-[BOo(t,s)+Oll(t, 0, s)]=0,

Oo(tl, s)= 0, Oo(t, -b)= Ooo(t)C,

Os r O(t,s,r)+ 2 [C8(s+b)+C(s)]Oo(t,r)
i=1

+ Qo(t, s) CiS(r + bi) + C01(r)
i=1

(c)
[Olo(t, s)Bo -t- O(t, s, 0)]N-1

x [B*oOol(t, r)+ Old(t, O, r)] 0,

Oll(tl, s, r)= 0, Oil(t, -b, r)= COo(t, r), Oll(t, s, -b)= Olo(t, s)fk,

where 8(. is the delta function.
If we set Qo 0, Qll 0, then (2.29a) is a usual Riccati equation.

Example 2.2. Let X R" x L2(-a, 0; R) and U R p. Let A be the operator
on X defined by

(2.30) a[(0)] [i=oaix(-ai)q-aaol()x()dtx](")J dx/dtx

with domain

(.)
x(’) (-a, 0;R

where O=ao<al<...<am=a, Ai, AolER nxn, and Aol is a bounded measurable
function. We take Bou (oU), :o R and

Ciy(-bi) + [.0 CoI(S)y(S) ds]Cy Y’i b

0

where Ci, Col are given as in Example 2.1.
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It is known [9], [10], [11] that A generates a strongly continuous semigroup on X
and (1.1) is the evolution equation model for the delay differential equation in R n;

(2.31)

d(t)
dt E A(t-a)+J_ Ao(/x)(t+/x)d/+Bou(t)+ E Ciu(t-bi)

i=0 i=1

o

+

_
Co(S)U(t + s) ds,

b

(tx)=o(tz), to-a<-iu.<to, (to)=Yo, u(s)=uo(s), to-b<=s<to.

As a cost functional, we take

tl

(2.32) J(u) <:(t,, (t,)> + [<//: (t), .(t)>+<Nu(t), u(t))] dt,

where 6, A/ Rnn and N Rpp. Thus, in this case M ( o) and G (o ). The
quadratic problem in [17] is a special case of this example.

Now we set

[Poo(t) Pol(t)]Ooo(t)
i-Plo(t) Pla(t)J’ Rol(t)]Ool(t)=

Ro2(t)

Then

Poo R n,
Plo Po*,

ROl ’(L2(-a, O; R"), R n),

POl _.(L2(-a, O; R). Rn),

PalE(L2(-a,O;R)),

Ro2 (L2(-b, 0; RP), L2(-a, 0; R")).

We can derive differential equations for Poo and the kernels of other operators. From
(2.28a) we obtain

(2.33)

(2.34)

(2.35)

Pl(t, i, u) O, Pll(t,-a, u)= A*Pol(t, u), Ply(t,/z, -a)= Plo(t,/-)Am.
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Equation (2.28b) is decomposed into

---s Ro(t,s)+A*oRo(t,s)+Poo(t) G(s+b)+Co(S)
i=1

(2.36) + Ro2(t, O,s)-[Plo(t)Jo+Ro,(t, O)]N-[*oRlo(t, s) + Ol(t, 0, s)] 0,

Rol(h, s) 0, Rol(t, -b) Poo(t)C,

Ot O s Ro2(t,,s)+Po(t,) = C(s+b)+Co(s)

(2.37) + Z A,(a+a,)+A(a) Ro(t,s)
i=1

-[Po(t..)fio +Rob(t. . 0)]N-[Ro(t. s)+O(t. O. s)] 0.
Ro2(h, , s) 0, Ro2(t, , -b) Po(t, )Ck, Ro2(t, -a, s) AmRo(t, s).

Equation (2.28c) is written

Ot Os r O(t, s, r) + C8(s + b) +C (s) Rob(t, r)
i=1

+Rlo(t,s) Ci(r+bi)+Col(r)

(.38)
[Roa(t, s)/o + Oil(t, s, O)]N-l[Rlo(t, r)+ Oil(t, 0, r)] 0,

Qa(tl, s,r)=O, Qal(t,-b,r)=CRo(t,r), Oal(t,s,-b)=Ro(t,s)Ck.

The optimal control is given by the feedback law

a (t) -N- [Poo(t) +Rlo(t, 0)]2(t)

(2.39)
+ [Po(t,r)+Ro(t,O,r)](t+r)dr+ Oxl(t,O,s)a(t+s)ds

b

and the minimum cost is
o

J(ff)=(Poo(to)o, 2o)+2</_ "o(to, g)o(g)dg,o)
+ [ (Vii(to, #, P)o(P), o()) d# + Rol(tx, S)Uo(S) ds, o

(2.40) o o

+ 2 [ (Roz(to, >, S)Uo(S), o()) dsd-b

0 0

b b

If we set Ro=0, R2o=0 and Ol =0, then (2.33), (2.34) and (2.35) coincide with
the Riccati equation for the delay differential equation with no delay in control [9].

Example 2.3. Consider the heat equation on [0, 1]

Ox(t, ) ox(t, )
O O2 +b()u(t)+c()u(t-b),

x(to,)=xo(), x(t,O)=x(t, 1)=O, u(s)=uo(s), to-bNs<to.
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For this example we take X =L2(0, 1), U =R 1, Y=L2(-b, 0), b(.), c(.)eX and A
is the differential operator

@(A) Ix Xlx, x’ are absolutely continuous, x’, x" X, x (0) x (1) 0].

Let N be a positive number, and let G(, u) and M(, u) be the kernels of G,
M(X), respectively. Then we can derive partial differential equations for the
kernels of Oij(t), i,/" 0, 1.

--O-+2+-v Qoo(t, tx, p)+M(tx, u)-N-1 Ooo(t, tx, O)b(O) dO+Ool(t, O, tx)

X 1_1,, Qll(t, 0, u)b(O)dO+Qlo(t, O, u)[ =0,

(2.42)
Ooo(tl, 1, u)= G(I, u),

Ooo(t, O, u)= Ooo(t, 1, u)= Ooo(t tx, O)= Ooo(t, tx, 1)= O,

(2.43)

OS
iDol(t, lg, s)- Ooo(t, tx, v)b(v) dv + Ool(t, ig, O)

If00ol(t, v,s)b(p)dv+lQll(t, 0, s)] =0,
Ool(tx,/, s) O, Ool(t, O, s) Ool(t, 1, s) O,

Oo(t, , -b) Io Ooo(t, , v)c(v) dr,

(2.44)

OS

3. Boundary control. Let Z and U be real Hilbert spaces. Let A be the
infinitesimal generator of a strongly continuous semigroup T(t) on Z, and let B0,
B1 (U, Z). It is known [12], [20], [25], [30] that the mathematical model

(3.1) z(t)- T(t)zo-A T(t-r)Bou(r) dr+ T(t-r)Blu(r) dr

can describe a class of partial differential equations with both distributed and boundary
controls. Under certain conditions, (3.1) is continuous and the following cost is
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meaningful;

(3.2) J(u) (GZ(tl), z(t))+ [(Mz(t), z(t))+(Nu(t), u (t))] dt,

where 0 <_- G, M (Z) and 0 <N (U).
Let R(h, A) be the resolvent of A then as in (2.1) we can define a family of

approximating systems

(3.3) zx (t) T(t)Zo + I T(t- r)Bxu(r) dr,

where Bx =-hAR (, A)Bo + B1. Let Jx (u) be the functional (3.2) with z replaced by
zx. Then, as in Proposition 2.1, the solution for the quadratic problem (3.2) and Jx (u)
is known. We expect that the optimal solutions for these auxiliary problems converge
as h c to the optimal solution for (3.1), (3.2). In fact, this is the case if we assume
for example the following:

There exists a Hilbert space V such that V c Z c V* with continuous injections,
where V* is the dual of V. T(t) maps V* into Z and

a
(3.4) IZ(t)wlz----]W[v,, w W*, 0_-<c <1/2.

Moreover, (3.1) is equivalent to

z(t) T(t)Zo +/ T(t- r)Bu(r) dr,

where B (U, V*).
Then it can be shown that BxOx(t)z, Ox(t)z converge to B*O(t)z, O(t)z in

L.(to, tl; U) and in Z, respectively, where Oh (t) is the solution of the Riccati equation
for the problem (3.3), Jx (u) and O(t) is the unique solution of the Riccati equation

d
(O(t)z, z)+ 2(O(t), Az)+ (Mz, z)-(O(t)BN-B*O(t)z, z)= O,

dt

O(tl)=G,

O(t)z r*(t- t)Gr(t- t)z + r*(r- t)[M- O(r)BN-B*O(r)]r(r t)z dr,

O(t)z r*(t- t)GU(t, t)z + r*(r-t)MU(r, t)z dr,

O(t)z U*(t, t)GU(t, t)z + U*(r, t)[M + O(r)BN-B*O(r)]U(r, t)z dr,

in the class of strongly continuous nonnegative operator in (Z) with
IO(t)Ble(c,z La(to, t), and U(t, s) is the unique solution of

U(t,s)z r(t-s)z-| r(t-r)BN-B*O(r)U(r,s)z dr.

The optimal control is given by the feedback law

ft -N-1B*O(t)z with J(fi) (O(to)Zo, Zo).
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We can repeat the proof in 2, but the analysis is different and, in fact, is much
simpler because of the estimate (3.4). The details are omitted since this problem is
solved under a more general setting in [8].

We can consider yet a more general model

x(t)=R(t)xo-A R(t-r)F1Cy(r) dr+ R(t-r)By(r) dr+ R(t-r)B2u(r) dr,

y(t) S(t)yo-D I S(t-r)Fau(r) dr,
at

which is the mixture of the models (1.1) and (3.1) and may represent boundary control
systems with delay in control. The analysis is then more involved, but it is possible
to formulate a quadratic problem for this system.

4. Filtering with delay in observation. Consider the following signal and observa-
tion processes

(4.1) x(t)= R(t)Xo+ Jo R(t-r)Fdw(r),
(4.2) y(t)=Io [ Cix(r-bi)4- Col(s)x(r+s)ds dr+v(t),

i=o b

where R (t) is a strongly continuous semigroup on a real separable Hilbert space X
with generator A, w(t) is a Wiener process in a real separable Hilbert space H with
incremental covariance W [9], F (H, X), Ci (X, R), Co (X, Rp) isan essen-
tially bounded function, v(t) is a p-dimensional Wiener process with covariance
0 < V s Rp", x0 is a square integrable random variable with zero mean and covariance
O<-_Pos(X) and Xo, w(t) and v(t) are independent. Our filtering problem is to find
for each t >0 the best linear estimate of the state x(t) based on the observation
y(s), 0-< s-<_ t, which is of the form

1

r) dy(r)(4.3) (tl) K(tl

where K s(Rp, X) with 1 ]K(t, r)l dr < o, or equivalently, to minimize

(4.4) E[(X(tl)-(tl), x)] for each x X,

where E denotes the expectation.
This is the dual problem of the quadratic cost control problem in 2. In fact,

consider

(4.5)

(4.6)

dt
=-A*lj(t)+Cu(t)+ C*i u(t+bi)+ C*o (-s)u(t+s) ds,

i=1

so(t1) 1, u(t) O, > tl,

tl

J(u) (Pose(O), ((0)) + [(FWF*j(t), j(t))+(Vu(t), u(t))] dt,

where A*, C, C0"1 are adjoint operators of A, Ci, Col, respectively. We can prove
the following as in Theorem 3.1 [21].
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LEMMA 4.1. For each a Xand U(’)fiL2(0, ta; RP),

" ), J u(4.7) E[(:I, x(ta))- (u dy (t))]

Now set rt(t)=(ta-t), u(t)=-U(tl-t), then the control problem (4.5), (4.6) is
equivalent to

i=1 b
(4.8)

n(o) 1, (t) o, < 0,
’1

(t), (t)) + (w(t), (t))] at.(4.9) J(u)=(Pon(q), n(tl))+ [(FWF*n

Thus, we can use the result in 2 to obtain the optimal control
o

(4.10) a(t)= v-’{[CoPoo(t)+Plo(t, 0)](t) + [ P,,(t, o, s)a(t-s) as]}
b

and the minimum cost

(4.11)

where

J(a) (Poo(ta)sca, 1),

and Pao(t, s), Pla(t, s, r) are the kernels of Pao(t), Pax(t), respectively, and

(4. s (sl x
e Z]x e @(A*), y @(D)

Y

(4.14) C*y 2 Cy(-b)+ C (s)y(s) ds,
i=1 b

C*[ao] and is defined as in 1.
The optimal trajectory (t) is given by

(4.15) (t) Uoo(ta, t):l,

where

is the solution of

(4.16)

O(t, s) [ U(t’ s)
Olo(t, S)

Uoa(t, s)
rll(t, S)]

O(t, s)z (t-s)z -Is (r-s)V-aJ*P(r)lQ(r’ s)z dr,

[Poo(t) Pol(t)]P(t)
I_Plo(t) P11(t)J

t’(Z), Z X Lz(-b, O; R p)

satisfies the Riccati equation

d (P(t)z, z) 2(P(t)z, sgz -(EWE*z, z) + V-*P(t)z, *P(t)z O,

(4.12)
P(O) Po [Po ] [FWoF* 00]FWF* z @(),

0



QUADRATIC CONTROL OF EVOLUTION EQUATIONS 665

and 7(t) is the semigroup generated by s. The optimal control as a function of is

u(t)= V-1B*P(t)(tl, t)[]
(4.17)

V-l[Plo(t, O)Ooo(h, t)+Pl(t, O, ")01o(tl, t)]:,

where Pl(t, 0,. (L2(-b, 0; RP), R p) is defined by

o

P11(t, 0,. )h | Pxl(t, O, s)h(s) ds, h e L2(-b, 0; R).
b

Hence, the optimal filter is given by

(4.18) .f(tl) [Oo*o (h, t)Poa(t, 0)+ 0o’1 (tl, t)Pla(t,., 0)IV-1 dy (t).

From (4.11) it ’lows that the covariance of the error process X(tl)-(h) is Poo(tl).
Thus, we have"

THEOREM 4.1. The optimal filter for (4.1) and (4.2) is given by (4.18), where
P(t) and U(t, s) satisfy (4.12) and (4.16), respectively, and Poo(h) is the covariance

4 the error x(h)-(h).
To solve (4.12) we need to know the explicit form of A*. In the case of delay

equations, it is given in [26].

Appendix 1. Proof of Proposition 1.1. We shall show that

[ u(t+s), -b<=s<-O

=tfu(t+s), -(t-p)<s<=O

1.0, -b<-s<-_-(t-p)

if t-p>b,

ift-p<=b.

Recall that [Fu(r)](s)= u(r), -b <= s <-O. So we have

u(r),
IS(t- r)Fu(r)](s) [0,

0,

-(t-r)>__s>_-b
-( r) < s <-_ 0
-b <_s<=O

if t-r<=b,

if t-r>b,

where 0 stands for the null vector in Y. From this we obtain

u (r) dr,

S(t-r)Fu(r) d (s) u(r) dr,

u r dr,

-b <_s<_O

-(t-p)<s<-O

-b<_s<_-(t-p)

if t-p>b,

if t-p<-b,

which in turn implies that

[-Dip $(t-r)Fu(r) dr](s)= u(t +s),
O,

-b <_s<_O

-(t-p)<s<-O
-b<=s<_-(t-p)
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Next let w e V and consider

(Ip $(t- r)Bu(r) dr, w)

Thus,

Ip (S(t-r)Bu(r), w) dr

o

ft (u(r), w(r- t)) dr

_
(u(t + s), w(s)) ds

-b b

0

fp(u(r),w(r--t))dr--fp_t (u(t+s),w(s))ds
ift-p>b,

if t-p<=b.

Now

[(AR*(A,D)y-y, ua(t+.))l<=[AR*(A,D)y-yly[U(t+.)lyO

as A --> since AR*(A,D)-->I strongly as A -->c and lun(t+’)[y is bounded, and
0

lim

_
(y(s), u (t + s)) ds lim It (y(r- t), u (r)) dr

h b h b

and

by the weak convergence of u to u.
Similarly, we can prove the assertion with t- to -< b.

Appendix 3. Proof of Lemma 1.3. We note that

o

[R(h,D)v](s)= fs e’(s-r)v(r) dr,

[Au](s) [-hDR (, D)Fu](s) eSu

It-b (y(r--t), u(r)) dr

=(Y, ltl S(t-r)Au(r) dr)

veY

for each u U.

Appendix 2. Proof of Lemma 1.2. It is sufficient to show that

(Y’I S(t-r)Aau(r) drl-)(Y’ I S(t-r)Au(r)drl"
We assume that t-to> b. Then by Lemma 1.1, we have

(y, S(t-r)Au(r)dr):(,R*(,,D)y, u(t+.))

(AR*(A, D)y-y, u.(t+.))+(y, u,(t+.)).

{lu(t+s), -b<=s<-O ift-p>b,

[Iu S(t-r)Bu(r)dr](s)= u(t+s), -(t-p)
O, -b <-_s <- -(t-p)

ift-p<-b.
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Thus,
o

A*y f_ A ey(s) ds.

Since y(s) is continuous at s =0, for each e >0 there exists a 0<8 <b such that
ly(s)- y(0)l < e for -6 < s < 0. Now

A*y y(0) ae"Sy(s) ds y(0) + a e (s) ds.
b

The second term goes to zero as I m by the dominated convergence theorem and
o o

+ e

Hence, limy y(0).

e4. Pr Le .1. It is sucient to consider

N2D ,(t-r)Fu(r) dr forlargel

2 [u(t + s)lz ds 2 [u (t)la
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CAUSALITY AND STABILITY OF LINEAR SYSTEMS DESCRIBED BY
PARTIAL DIFFERENTIAL OPERATORS*

YAKAR KANNAI

Abstract. Definitions are suggested for the concepts of causality and stability of linear systems described
by partial differential operators with constant coefficients. These definitions are modelled after the one-
dimensional case. The operators having causal and stable fundamental solutions are characterized algebrai-
cally, and Nyquist-type criteria are established.

1. Introduction and statement ot results. In the theory of linear systems [1], [5],
it is said that the linear system described by the ordinary differential operator (with
constant coefficients)

diu
(1.1) Lu o ai dt

is stable if either one of the following three equivalent conditions is satisfied"
(i) All the roots of the polynomial i=a ais have negative real parts.
(ii) The impulse response F(t), defined by LF(t)= 8(t) (where 6(t) is the Dirac

measure) and F(t)- 0 for < 0, is exponentially decreasing as tends to +c.
(iii) B.I.B.O." if f(t) is a continuous bounded function in [0, ), then the solution

u(t) of Lu =f with the initial condition u(0) u(’-)(0) 0 is also bounded in
[0, ).

Note that (ii) can be weakened in our case to (ii’)" F(t) tends to zero as tends
to +, and that (iii) is equivalentby the closed graph theorem or otherwiseto
(iii’)" There exists a constant C such that if [/(t)[-<_ 1 for t [0, ), then [u(t)l _-< C for

[0, ). Note also that the argument principle can be applied for determination of
stability from (i); one determines the change of arg Y ai(iw) as w goes from -c to
+. The resulting criterion for stability is called the Nyquist criterion [5, p. 417].

There are several conceivable possibilities for developing an analogous theory
for systems governed by partial differential operators (with constant coefficients).
Guided by the desire to use transform techniques (and thus to obtain conditions as
similar as possible to (i), say), we are led to consider problems in cones (rather than
in domains with more complicated boundaries). Thus, let V be a closed, convex cone
in R" with a nonempty interior (this includes the case in which both the time variable
and the space variables x are constrained to be nonnegative, as well as the case in

which only is restricted to be nonnegative; in the sequel we will make no distinction
between space and time variables). Let P(D) be a nonzero partial differential operator
with constant coefficients. We will use the standard notation [3] for such operators.
Note in particular that D ((1/i)O/Ox,..., (1/i)O/Ox,) (thus we use Fourierrather
than Laplacetransforms). We are looking for a temperate fundamental solution F
of P(D) with special properties. This fundamental solution F should play the role of
the impulse response. While it is always possible in the o.d.e, case to find F such that
supp F [0, m), the analogous condition has to be postulated explicitly in the p.d.e.
case:

Causality. We say that F is causal if supp F V.

* Received by the editors July 24, 1981.

" Department of Theoretical Mathematics, Weizmann Institute of Science, Rehovot, Israel. The work
of this author represented in this paper was carried out at the Weizmann Institute of Science, Rehovot,
Israel, and at the University of Minnesota, Minneapolis, Minnesota.
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Note that F is causal if and only if supp (F,o) V whenever supp o c V, and
the convolution F, q makes sense.

The space of continuous and bounded functions does not appear to be very
natural in the study of partial differential equations. It seems that the following
definition is the appropriate one (for n > 1).

Stability. We say that F is stable if F,o 6e for every 0 6e, where 5e is the
Schwartz space of infinitely differentiable functions in R which, together with all
their derivatives, decay at infinity faster than any (negative) power of Ix I, and F, q
denotes the convolution of F and q.

We can now state our main result.
THEOIEM 1. The operator P(D) has a causal and stable temperate fundamental

solution if and only if P() never vanishes for any complex vector with Im r V*,
where V* is the dual cone of V, i.e., V* {y R" (y, x) >- 0 ]’or all x V}.

Theorem 1 seems to establish the equivalence of the analogues of (i), (ii’) and
(iii). What about (ii)? Since F is only a distribution and not a function (and thus F
does not necessarily possess a value at a given point), we have to be precise about
what we mean by exponential decrease of F. What has to decrease is not F itself but
its averages, F q, for q e C (R "). (F q would not, in general, decrease exponentially
if we take q to be only in 5e.) We will say that F is exponentially decreasing if there
exists a positive constant C such that for all qeC(R"), ](F.q)(x)l
O(exp (-C dist (x, V f-I (- V)))). We have the following result.

THEOREM 2. The operator P(D) has a causal and stable, exponentially decreasing
fundamental solution F if and only if there exists a positive constant Csuch that P(() 0
if (Im st, x) _-< C dist (x, V (- V)) for all x V.

For example, if V {x:xi >-_ 0 for all 1 =< <-n}, then V*= V and the algebraic
condition of Theorem 1 states that P(() 0 if Im (i =< 0 for all 1-< j_-< n, whereas in
Theorem 2, it is required that there exists an e > 0 such that p(r) 0 if Im r _-< e for
all 1 _-< j _-< n. Note that in the one-dimensional case, the roots of a polynomial form a
finite set, so that if their real parts are negative, they are uniformly bounded by a
negative number. If n > 1, then the variety {(:p(r) 0} might approach asymptotically
a cone, even if the variety is disjoint from the cone. Consider, for example, the
polynomial (in two variables)

P(srl, (2) (st1- i)r2-1.

Then P(rl, ’2) 0 if Im ri =<0, j= 1, 2, but P vanishes on the curve rl =-s, ’2"-
(i-s)/(l+s2), and this curve is asymptotically approaching the cone as s tends to
+oe. Hence (ii) and (ii’) are no longer equivalent. It can be debated whether exponential
decrease is really important in the applications or if Theorem I contains all the relevant
information.

Temperate fundamental solutions supported in cones have been investigated
earlier (see [2], [8] and the references quoted there). Our interest, however, lies in
temperature fundamental solutions which are both causal and stable; this actually
simplifies a number of the arguments. Nevertheless, we will quote in 2 the appropriate
theorem from [2] and then apply it to the proof of Theorem 1.

It is desirable to have criteria, similar to the Nyquist criterion, which will enable
one to determine whether indeed the assumptions of Theorem 1 are satisfied. It turns
out that if we know already that P has no real roots (i.e., p(c) 0 if R) then
P(sr) 0 for Im r V* if P(sr) does not vanish for Im ( in any extremal ray of V*.
(This fact follows from a local version of Bochner’s tube theorem [6]; we will derive
it directly from Theorem 1.) If -V* is finitely generated (as in the special case
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V {x" xi >_- 0 for all 1 <- <_- n }), then it suffices to apply Nyquist criterion finitely many
times. Those matters will be discussed in 3.

2. Proofs of Theorems I and . Recall that a closed, convex cone V c R is said
to be salient (or proper) if V f3 (- V) {0}. In general, V f] (- V) is a linear subspace
of Rn; we shall use the notations n’=dim (Vfq(-V)), n"=n-n’, and coordinates
x (x’, x") such that V f’l (-V) is defined by x"= 0. There exists a closed, convex,
salient cone W in R n’’ such that V- R"’ W. If V has a nonempty interior in R" (as
we assume throughout), then W has a nonempty interior (relative to R"").

The following result from [2] (Part of Theorem 1 of [2]) characterizes completely
differential operators having temperate fundamental solutions supported in cones,
i.e., causal operators.

THEOREM A. The following conditions on V= WR’ and the differential
operator P(D) are equivalent.

(2.1) P(D) has a temperate fundamental solution with support in V.

(2.2) For every ’ R"’, either P(’, (") O, if Im sr"-int W*, or P(’, ") 0 for
all " C"".

If V is salient, then n’= O, n" n and W V. In that case (2.2) reads (recall that
P is assumed to be nonzero):

(2.3) P(() 0 if Im r int V*.

Suppose that P(sr) 0 if Im sr V*. Then P(:) 0 for all real vectors :. It follows
easily from a corollary of the Seidenberg-Tarski theorem [3, p. 276] that there exist
real constants C and a with C > 0 such that [P(:)[ => C(1 + [:1) for all R". Hence,
1/P() is a temperate distribution and as such its inverse Fourier transform F(x) exists
too as a temperate distribution. Moreover, 1/P(sc) C(R ") and the derivatives of
1/P have at most a polynomial growth in [1. Hence if q Se, so that q3 5e, we have
/P too. It follows that F q 5e. That supp F c V can either be proved directly,
applying the Paley-Wiener theorem, or else by applying Theorem A, according to
which P(D) has a temperate fundamental solution F1 with support in V. By construc-
tion, F is a temperate fundamental solution of P(D). Hence the temperate distribution
u F-F is a solution of P(D)u 0. Then P(:)t ()= 0. But P(sc) has no real zeros.
Hence t () 0, and F F1. Thus the operator P(D) has a causal and stable temperate
fundamental solution.

Suppose, conversely, that the operator P(D) has a causal and stable fundamental
solution F. Then oW’ and p(c)/()= 1. Hence/6(:) is a smooth function in an open
dense subset of R", namely, in the set {sc 6 R P(:) 0}. For any 0 R, choose q3 ow
such that q3 (so0) 0. Then

F)(x) (F *cp)(-x) 9.
Hence the temperate distribution/q is actually C smooth and so0 sing supp/ (this
argument is modelled after wave-front set considerations; compare [4]). Hence/
C(R ") and P(s) # 0 for all s R ". In particular, if V is not salient, then the polynomial
P(:’, st") can vanish identically in sr" Cn" for no real vector ’R’. Hence, the first
alternative in (2.2) must hold, i.e., P(’, r,,) 0 if ’ R ’ and Im ’" -int W*. (There
is no so’ if V is salient.) Assume now that P(o + it/o) 0 for some o R" and r/ -0 W*.
Then necessarily r/o # 0. Set (for z C)

P(sc + zr/) E ai(:, r/)z(
i=0
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Then ao(sCo, rio)= P(:o)# 0. Hence, the polynomial in z, P(o + Zrio), is not identically
zero. This polynomial vanishes at z i. The coefficients ai(, ri) depend continuously
(in fact polynomially) on ri. By Rouche’s theorem, the polynomial P(:o + zri) has a
zero near z if ri is sufficiently close to rio. Let ri1, with ri 0, n7 e- int W*, be
near rio. Then there exists a complex number E1 "[-ie2 with leil < 1 such that P(o+
(i e ie2)r/1) 0. But

Im [o + (i- el- i82)ri1)]’’= -(1 e2)ri -int W*,

a contradiction. It follows that P(: + iri) # 0 for all 6 R and ri such that ri’= 0,
ri"- W*, not just ri"-int W*. If V is salient, then W* V*. If V is not salient,
then V* {0}@ W*(0 Rn’). Hence in all cases P(: + iri) 0 for all : R and ri 6

-V*, and the proof of Theorem 1 is completed.
Suppose now that p(r) 0 if (Im , x) <-_ C[x"[ all x V and some positive constant

C and choose a V* so that a"6int W* and lal < C. By Theorem 1, P(D) has a
causal and stable temperate fundamental solution F with /(:)= 1/P(sC). Let q 6

C (R) be arbitrary. By the Paley-Wiener theorem (in the formulation given in [3]),
there exists a constant A and for every N there exists a constant Cr such that q3 is
an entire function and

(2.4) Iq3( + iw)l <-- CNeal"l(1 + I:l)-N for :, ri R ".

An application of the Seidenberg-Tarski theorem implies the existence of real con-
stants D and a with D > 0 such that

(2.5) IP( + ihal -> D(1 + [scl)
for all R and 0-< h <-_ 1 (note that (ha, x)<-Clx"[ if x V and 0 <_-h <_-1). Hence
the integration used for computing (F. q)(x) can be pushed to the complex domain"

(2.6) (F*q)(x) (27r)-"/2 IR- e i(x.)() ei(X,+ia)( + ia)
d: (2rr)-’/2 | d.P() aR" P(+ia)

Applying (2.4) and (2.5) to (2.6), we infer that there exists a constant E, independent
of x, such that

(2.7) I(F * q )(x)l-<-- Ee -<’>.

On the compact set Wfq{x’lxl =1}, both (x,a) and dist(x,R"’)=lx"l=
dist (x, V (3 (-V)) are positive, and both are homogeneous of degree 1 on V. Hence
there exists a constant C2 such that dist (x, V f"l (-V))<-_ C2(x, a) on V. The estimate
(2.7) yields the desired exponential decrease on V. Let R be such that x e supp q
implies that [[xl[-<-R. If dist (x, V)> R then (F, q)(x)= 0. If x V but dist (x, V)_-< R
then x y + z with y V and [Iz]l--< R, and

(2.8) i(x, + ia) i(x, )-(y, a)-(z, a).

If dist (x, V CI (-V)>_-2R (the other case does not matter since (F. q)(x) is bounded)
then 2 dist (y, V f’l (- V)) _-> dist (x, V (3 (- V)), and there exists a constant C3 such that
(y, a) -> C3 dist (x, Vri(-v)). Applying (2.8) to (2.6), we thus obtain the exponential
decrease in this case too. It follows that F is exponentially decreasing in the sense
given to that term in the introduction.

Suppose, conversely, that P(D) has a causal and stable temperate fundamental
solution F such that F is exponentially decreasing, i.e., there exists a constant C such



LINEAR SYSTEMS AND PARTIAL DIFFERENTIAL OPERATORS 673

that for all ( C (R n) there exists a constant C with

(2.9) I(F * q)(x)l <- C,o exp [-C dist (x, Rn’)] C,o exp [-Clx"l].
Then for every r/eR with (r/, x)< Clx"] for x V, the function e(’C">(F.o)(x) is
integrable in R" for all 0 C (V) (note that by causality supp (F q) c V if supp q c
V), and the Fourier transform

(F *")(’ + irl) (2"rt’)-’/2 I e-i(’+i’>(F *qg)(x) dx(2.10)

can be continued analytically (from the set rt V*, where known to exist by Theorem
1) to the set U {rt (rt, x)< CIx"l for all x V}. For any vector " C", there exists
q C (V) with q3 (st) 0. (In fact, let q C (V) be such that (0) 0 and choose
q(x) qt(x)Ci’’c>.) Hence/6(r) must also admit analytic continuation to the set U.
But/6(r) 1/P(() if Im sr V*. Hence 1/P(() is also analytic in U, i.e., P(sr) 0 if
Im sr U, and Theorem 2 is proved.

3. Sufficient conditions for stability. Let V c R be a convex cone with a non-
empty interior and let P(D) be a nonzero differential polynomial. By Theorem 1 one
has to find out whether P(’) does not vanish on the "tube domain" R iV* in order
to determine whether P(D) has a causal and stable fundamental solution. Note that
V* is salient if V has a nonempty interior. Thus the algebraic problem is the following"
Given a nonzero polynomial P and a salient closed convex cone K (=- V*), is it true
that P(’) 0 for all " such that Im " s K? It turns out that it suffices to restrict the
attention to a lower dimensional subset of R + iK. Let E(K) denote the union of the
set of extremal rays of the cone K and the origin. Note that the salient cone K is the
convex hull of E(K).

TXaEOREM 3. The polynomial P does not vanish on R + iK if and only if P does
not vanish on R + iE(K).

Proof. The only nontrivial statement is that if P does not vanish on R + iE(K)
then P does not vanish on R + iK. The nonvanishing of P on R implies that P(D)
has a unique temperate fundamental solution F(x). Let K {Aa}, a s K, A > 0, be an
extremal ray of K. By assumption, P(() 0 if Im (K {0} (0 6 R"). By Theorem
1, supp F {x:(x, a)<-_ 0}. But the rays K generate K. Hence the intersection of the
closed half-spaces {x: (x, a) -< 0} coincides with -K* and supp F -K*. By Theorem
1, e(() 0 if Im ( -(-K*)* K.

A different proof of Theorem 3 can be obtained by applying a local version of
Bochner’s tube theorem [6] to the holomorphic function 1/P.

It follows from Theorem 3 that we need a method for checking whether or not
P( + iAa) 0 for all : R and A > 0, for a fixed vector a R (given that P(:) 0
for all R n). Choose coordinates so that a (0,..., 0, 1), and set (:’, :). We
thus need a criterion to determine whether or not P(:’, ’) 0 for Im ’ > 0. Set

(3.1) P(:’, st,)= Y’. aj(:’)’/.
/’=0

The set {:’: am(() 0} consists of finitely many connected open subsets 111,’’’, Ilk
of R-1 [7, pp. 11,108]. Let N(’) denote the number (including multiplicities) of
zeros of P((, rn) with positive imaginary part. Then N(:’) is constant in each I)i,

j 1,..., k, since Rouche’s theorem and the continuity of the coefficient a imply
that N(:’) is locally constant in a neighborhood of a point where a,,(:’) 0. Hence,
it suffices to compute N(:’) for k points, one in each set I)i. Thus choose : IIi and
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let R > 0 be sufficiently large so that for no Isrnl > R- 1 one has a zero of p(c;, srn).
Let A denote the increments of arg P(sc’, srn) as sen changes from -R to +R (along the
real axis). Then by the Nyquist criterion [5, p. 417], we see that N(sC)= 0 if A is close
to mTr.

If K is finitely generated, it follows that finitely many Nyquist-like determinations
suffices to check whether or not P(D) has a causal and stable fundamental solution.

Acknowledgments. I am very much indebted to I. Horowitz for suggesting the
problem, to E. Bedford for explaining to me how the argument principle extends to
polydiscs, and to W. Littman and A. Tannenbaum for helpful conversations.

Note added in proof. Fundamental solutions supported in cones (for systems) were
constructed by M. Eskin and E. Shamir, Elliptic solvability of augmented differential
complexes on piecewise smooth manifolds (to appear).
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STABLE AND REGULAR REACHABILITY FOR RELAXED
HEREDITARY DIFFERENTIAL SYSTEMS*

FRITZ COLONIUS?

Abstract. We investigate reachability properties of relaxed nonlinear hereditary differential systems
in the state space W’[-r, 0]. Reachability of the relaxed system is equivalent to approximate reachabilit
of the ordinary system. Local teachability for the relaxed system can be obtained under much weaker
conditions than for the ordinary system.

The notion of stable reachability allows us to relate reachability of points in R and states in W’[-r, 0].
Regular teachability is of primary importance in optimal control problems with function space end condition,
because in case of regularity Lagrange multipliers in the dual of W’[-r, 0] can be identified with functions
in W’’[-r, 0]. Regularly reachable final states and regular trajectories are characterized and it is shown
that regularity is a generic property of trajectories. Examples are given where all trajectories reaching a
certain final state are regular.

Introduction. In this paper, we study reachability properties of the following
nonlinear hereditary differential system E"

(0.1) (t) f(xt, u(t), t) (t T := {to, tx]),

(0.2) X,o Oo,

(0.3) u(t) (t) (t T),

where 0 <= r <, tx r > to, f" Cn[-r, 0] !" T --> It", D(t) = R" and qo C"[-r, 0] are
fixed and

xt(s) := x(t + s), s e I-r, 0].

r denotes the length of the system memory. The state of this system is given by the
function segment xt and the reachability theory depends essentially on the choice of
the infinite dimensional state space Z.

Jacobs/Kao [15], Banks/Jaeobs/Langenhop [2], [3], Colonius/Hinrichsen [11]
dealt with complete exact reachability in the Sobolev space Z wmZ[-r, 0] for
unconstrained linear systems. This work was primarily motivated by fixed final state
optimal control problems with unconstrained (resp. energy constrained) controls
u L’(T). A natural choice of Z for problems with pointwise constrained controls
in Lmas considered heremis Z W"’_-r, 0]. (This compatibility requirement on
the state and control function spaces is exposed very clearly by Kurcyusz/Olbrot [17].)

However, as is well known, there is a severe drawback of reachability theory in
W"’’[-r, 0], l_-<p_-<m" complete exact reachability for linear systems can only be
guaranteed if the dimension m of the control space is not less than the dimension n
of the phase space. Hence it appears reasonable to replace exact reachability by
approximate reachability. This concept, in fact, has been studied for unconstrained
linear systems by many authors (see, e.g., Delfour/Mitter [12], Manitius/Triggiani
[20], Manitius [19] in Z R" L[-r, 0], Olbrot [23] in various Banach spaces). While
this turned out successful for certain purposes (e.g., feedback stabilizability and the
infinite time linear quadratic optimal control problem), it is inadequate for fixed final
state optimal control problems. For these problems.exact reachability of the linearized
system is necessary in order to guarantee the existence of Lagrange multipliers (see

* Received by the editors November 11, 1980, and in final revised form October 17, 1981.
? Forschungsschwerpunkt Dynamische Systeme, Universitit Bremen, Bibliothekstra]]e, Postfach 330

440, 2800 Bremen 33, West Germany.
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Kurcyusz [16]). Furthermore, with respect to the phase space Z Wn’[-r, 0], Olbrot
[23, Thm. 5.3] has shown that for linear unconstrained systems approximate reachabil-
ity is equivalent to exact reachability; i.e., nothing is gained by allowing approximate
reachability. In this paper we propose the following way out of this apparent dilemma’
we study instead of the system (0.1), (0.2), () the relaxed system in the sense of
Warga [27]. That is, we consider instead of measurable control functions u satisfying
(0.3) relaxed (measure-valued) control functions

(0.3)

and replace u in (0.1) by v.
Exact reachability with relaxed controls is equivalent to approximate reachability

with ordinary pointwise constrained controls (see Theorem 2.1 and Remark 2.1 below).
It is well known that for linear systems final states which are not exactly reachable

can only be approximated by applying an unbounded sequence of control functions
(see Kurcyusz [16]). We show, however, that neither this nor Olbrot’s result on the
equivalence of exact and approximate reachability in W"’[-r, 0] remains true if the
control appears nonlinearly. Here local reachability of the relaxed system is a much
weaker property than local reachability of the ordinary system. In particular, the
condition rn => n on the dimensions rn and n of the control and phase space, respec-
tively, is not necessary for local reachability of the relaxed system. The consequences
for optimal control problems are studied in the companion paper [10].

Since the controls are bounded we study local reachability. Now suppose we can
reach a certain final state
Then in order to reach q in a neighborhood of q in W’[-r, 0], we first have to
reach q(-r) at time tl-r and then trace exactly the velocity function (p(t-h) on
[tl- r, tl].

In order to achieve this we introduce the concept of stable reachability. This
means that a complete neighborhood of 01(-r) N can be reached with arbitrarily
small deviations from x. Then the hereditary effects influencing the velocity on
[tl- r, h] can be kept small, and in order to reach a complete neighborhood of 0 in
W.[ o-r, 0] we only have to compensate small deviations from qa x t.

If a complete neighborhood of (o(t-tl)=2(t)=l(x ,, v(t),t), t6[tl-r,h] in
L2o[h- r, tl] can be covered by altering the control v only on [t- r, h], we say that
ql is reached regularly with x (for exact definitions see Definitions 2.1, 2.2, 3.1).
The notion of regular reachability is of primary importance for optimal control
problems with function space end condition, because in case of regularity Lagrange
multipliers in the dual of -r, 0] can be identified with functions in W"’[ r, 0]
(see Colonius [9], [10] (this issue, pp. 695-712)). The analysis of the somewhat delicate
relations among local, stable and regular reachability constitutes the main content of
this paper. The results extend and sharpen those of Colonius [9]. After the preliminary

1, we discuss in 2 the relation between stable and local reachability. In particular,
it turns out that both notions are equivalent for linear relaxed systems, while for
nonlinear systems there may be final states which are locally but not stably reachable.
In 3, we show that regular reachability plus a stable reachability property in
implies stable reachability in W"’[-r, 0]. This, conversely, does not imply regular
reachability, but a weaker property. For linear systems of the form (see (3.4) below)

2(t) L(t)x, + B(t)u(t)

this property specializes to the well-known rank condition for B(t) on It1-r, tl] plus
essential boundedness of the generalized inverse B(t)+ on [h-r, tl]. This proves, in
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the state space Wn’[-r, 0], a conjecture by Banks/Jacobs/Langenhop [3]. In 4,
attention is focused on properties of the whole reachable set and of the set of
trajectories. The subsets of regularly reachable states in Y and of regular trajectories
in ff are described. It is shown that regularity is a generic property of trajectories.
Examples are given where all trajectories reaching a certain final state are regular.

Notation and conventions. The Banach space of continuous functions on the
compact set A oN" with values in Nn is denoted by Cn(A). For 1 <=p <_o, Wn’P[a, b]
denotes the Sobolev space of absolutely continuous functions x :[a, b]N with
derivative 2 L,[a, b], that is, with p-integrable, respectively essentially bounded
derivative. The norm in the Banach space W’P[a, b] is given by Ilxll :-- I(Ix(a)l,
where 1"1 denotes the Euclidean norm in finite dimensional space. W’P[a, b] is
identified in the canonical way with Nnx L,[a, b]. The topological dual of a Banach
space X is denoted by X*. The interior of a set A in a Banach space is denoted by
int A and co A is its convex hull. For 8 > 0, intA is the set of all points in int A
having at least distance 8 to the boundary OA of A.

(X1, X2) is the space of bounded linear operators from a Banach space X1 into
a Banach space X2. For a measurable subset S c , we write (s S) instead of for
Lebesgues almost all s S. For the sets f(t) of admissible control values we assume
that f(t)c fo(t T), where f0 c N" is compact, t--f(t) is measurable, and l(t) is
closed for almost all T. The set of Radon probability measures on fo is denoted
by rpm(f0). The set of relaxed controls v defined on the fixed time interval T := [to, tl]
with values in the set of Radon probability measures on lqo having support contained
in f(t) is denoted by 5e*. Then 5e* can be identified with a subset of the dual space
W := LI(T, C(l)o))* and is considered in the weak* topology (for all this see Warga
E27]).

Relaxed controls satisfy the following weak measurability requirement:

t--c(v(t)) := f c(w)v(t)(dw)

is measurable for each c e C(f0).
For f as in Lemma 1.1 below we define

f(x,, v(t), t):= f f(xt, to, t)v(t)(dw),

and identify an ordinary control u with the relaxed control 6,(.)e 6e*, where
denotes the point measure concentrated at u(t)e 12(t). TI denotes the final interval
[t-r, t]. Since the initial state q0 of the relaxed system Z described by (0.1), (0.3)
remains fixed, we tacitly assume that x satisfies Xto q0, when we speak of "a trajectory
x of E". A pair (x, v) is called a solution of E, if v e 5e* and x satisfies (0.1), (0.2).

1. Preliminaries. In this section we formulate conditions on f which will be
needed in the sequel, and we investigate how the right-hand side of (0.1) depends on
trajectories and controls. Then it is shown that the relaxation of the problem is
equivalent to the convexification of the set of velocity vectors. Proofs are very
condensed or omitted (see Colonius [8]).

LEMMA 1.1. Assume that the following conditions on f are satisfied:
(1.1) The function f:C[-r,O]’T is continuous in (q,w)6

C[-r, 0][ and measurable in T;
(1.2) There is p :+ T -+ such that for all x C"[to r, ta] and oo

If(x,, o, t)l-<- p(l[x,ll, t) (t r),
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where p(s,. )eL(T) ]:or all s R+ and p(., t) is monotonically increasing for almost
all T.

Let ((x k, vk)) c Cn[to r, tl] x be a sequence with x k x in Cn[to r, tl] and
k 0 ,4 k

v v weakly* in Then (f(x,v (t),t), ter)(f(x, v(t), t), ter) weakly* in

L T), hence weakly in L T).
If p(s,. in (1.2) is only known to be a L2-function, the convergence property still

holds in the weak Lz-topology.
Variants of this lemma implying weak Lz-convergence are well known, even for

functions f allowing lags in the controls (Berkovitz [5], Warga [26], Bates [4]). Weak*
convergence in L follows similarly.

LEMMA 1.2. Assume that (1.1) and (1.2) hold and moreover thefollowing condition
is satisfied"

(1.3) The function f is continuously Frdchet differentiable in the first argument, the
corresponding derivative Daf(, , t) is continuous in (, w, t) and for all w o

[[Df(, , t)ll p([lll, t) (t e T)
where p is as in (1.2).

Let ((x , v)) Cn[to r, tl] x* be a sequence with x x in C[to r, t] and
k 0v v in lhe strong norm topology on (see Warga 27, Thin. IV.1.9. Then

ess up If(x, v (t), t)-f(x, v(t), t)l 0

and the Frdchet derivatives Daf(, v (t), t) exist and have the form (0 e C"[-r, 0])

v (t), t)O [ Df(, w, t)v (t)(dw);Dlf(,

furthermore
ess sup IIDa(x, v (t), t)-Dl(X, v(t), t)ll 0,

Proof. Using (1.1)-(1.3) and the mean value theorem, we find

ii(x o
t, ) (t), t)-f(x,, v(t), t)ll
< ess sup [f(x k k o

t, ,.,,, t)lll,.., -,.,11 + ess sup If(x ,, to, t)-f(x t, (.0, t)l
/’,to t,

<_- ess,sup p(co, t)liv vll / ess,sup p(co, t)llx xll
for a constant Co > 0. The right-hand side converges to 0 by assumption. The existence
and the form of the derivatives Dlf(q, vk(t), t) follow by Warga [27, Thm. II.3.10-].
For C[-r, 0] with I111o -< 1

iiDf(x o
t, 13 (t), t)b-Dlf(xt, v(t), t)011

_--<sup IIDxf(x, o, t)-Dlf(xt, to, t)ll IIvll / sup IIDf(x, o, t)llllv -v l[.
t, t,

This converges to 0, since 12 x T is compact and Df is continuous. 71
LEMMA 1.3. Let the conditions (1.1) and (1.2) be satisfied and assume that the

trafectories of E are uniformly bounded. Then the set of trafectories x of E is compact
and sequentially compact in the weak* topology of W’(T) and the uniform norm
topology.

Proof. Sequential weak* compactness of follows by sequential weak* compact-
ness of 6e*, Warga [27, Thm. IV.3.11, and Lemma 1.1]. Since Wn’ is the dual of

n,1the separable space W weak* compactness of - is equivalent to weak* sequential
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compactness (see Dunford/Schwartz [13, p. 437]. Finally, compactness in the topology
of uniform convergence follows, because the embedding of Wn’(T) into Cn(T) is
compact.

Remark 1.1. The trajectories of Y_, are uniformly bounded, if (1.3) is satisfied.
The following lemma allows us to characterize relaxed velocity vectors.

LEMMA 1.4. For a measurable subset S
n and a ]:unction ’o S - with d(to, measurable for all to fo and (., t)
continuous ]:or a.a. S. Then the following three conditions are equivalent"

(i) z(t) e co (O,(t), t) (t e S);

(ii) z(t) d(v(t), t) (t S)

for an element v 6"
(iii) z(t) E Oi(t)f(ui(t), t) (t S)

i=0

for some measurable ai" T-+ and ui" T- lqo with i--o oi(t)-- 1 and ui(t) f(t).
Proof. The proof follows by Warga [27, Thms. 1.6.13, IV 3.13; compare also

Thm. VI.3.2]. I!
Remark 1.2. Consider

{(f(xt, v(t), t),

Then the lemma above implies that this set coincides with

{z e L(T): z(t) co f(xt, f(t), t)(t T)}.

This shows that along a fixed trajectory x the set of relaxed velocity vectors coincides
with the convex hull of the set of ordinary velocity vectors. Hence the relaxed system
E is equivalent to the relaxed system considered by Oguzt6reli [22, 8.9].

LEMMA 1.5. Assume that (1.1)-(1.3) hold and, additionally, that the following
condition is satisfied"

(1.4) For each relaxed control v6* there is a unique trajectory x =S(v)
Cn[to r, tl] satisfying (0.1) and (0.2).

Then S(v) depends in a continuously Frdchet differentiable manner on v 6; for
o ,jo ov, v and x := S(v), the trafectory x(v) := DS(v)(v-v) Cn[to-r, tl] satisfies

(1.5) (t) Dlf(x o o(,, v(t), t)x, +f(xt, v(t)-v t), I) (t e T),

(1.6) Xto 0.

Proof. The proof follows by the implicit function theorem and computation of
derivatives according to Lemma 1.2.

Remark 1.3. It is convenient to write the linearized system in the form (1.5),
because (1.5) involves the relaxed control v 6" v v is not in the set 6 of relaxed
controls.

Remark 1.4. Assumption (1.4) requires existence and uniqueness for trajectories
corresponding to relaxed controls. This problem can be reduced to existence and
uniqueness theory of functional differential equations using the representation of
relaxed velocities introduced by Gamkrelidze’ by Lemma 1.4 for each relaxed trajec-
tory x there exist measurable functions ao, a,..., an" T-+ with Cei(t)--1 and’
ordinary controls Uo, ua,..., un with values in l"(t) such that

Yc (t)= ag(t)f(xt, ui(t), t) (t r),
i=0
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and conversely. Hence relaxed trajectories satisfy a functional differential equation;
for results on the solution of these equations see Hale [14].

Remark 1.5. The set of trajectories of (1.5) coincides with the set of trajectories
of the system

(1.6) (t) Dxf(x o(t, v t), t)xt 4- u (t) (t T)

where u" T- Nn are measurable functions with values u(t) in

co f(x f(t) t)-f(x v(t) t)=cof(x lq(t) t)-2(t)t, t t

This is a consequence of Lemma 1.4. Observe that (1.5) (and (1.6)) again is uniquely
solvable by Hale 14, Chap. 6, Thm. 2.1 ].

2. Local and stable reachability. In this section we formally state the relation
between the ordinary and the relaxed problem indicated in the introduction. Then
we prove sufficiency of a criterion for stable reachability and show that local and
stable teachability are equivalent for linear relaxed systems.

In the rest of this paper we assume that the conditions (1.1), (1.2) and (1.4) are
satisfied.

THEOREM 2.1. If the trajectories of , are uniformly bounded, the following asser-
tions hold"

(i) Suppose (x, v) is a solution of E. Then there is a sequence ((x ’, vk)) of
solutions of ,, where v is an ordinary control, such that v k- v weakly* in and
k 0x ->x in C [to-r, tl].

(ii) If, conversely, ((x , vk)) is a sequence ofsolutions ore (where v is notnecessarily
an ordinary control) with x C o)tx -> ql in [-r, O] then there exists a solution (x, v of
Z such that for a subsequence v --> v weakly* in 5g and x --> x in C"[to r, h]; in
particular x tl =(491

Proof. (i) Since the ordinary controls are dense in * (Warga [27, Thm. IV.3.10])
there is a sequence (v ) of ordinary controls converging to v. Then a subsequence
of the corresponding sequence of trajectories x := S(v) converges by Lemma 1.3,
and by Lemma 1.2 and assumption (1.4) its limit is x.

(ii) follows similarly.
Remark 2.1. The assertions of the theorem remain true if uniform convergence

of the trajectories (resp. final states) is replaced by weak* convergence in W’.
The following definition presents an abus de langage; however, it is quite convenient.

DEFINITION 2.1. A function ql W’[-r, 0] is called locally reachable at time
tl, if and only if there is a neighborhood N of qx in W’[-r, 0] such that for each
q N there is a trajectory x of X with q Xtl. Analogously, we define local reachability
of a point a in N".

DEFINITION 2.2. A function q Wn’[-r, 0] is called stably reachable at time
tx with a trajectory x of E, if and only if for each neighborhood V of x in C[to r, tl]
there is a neighborhood N of ql in W"’[-r, 0] such that for each q N there is a
trajectory x 6 V of X with q xt. Analogously, we define stable teachability of a point
a in .

Stable reachability of q (resp., a) with x means that one can reach a complete
neighborhood of o (resp., a) with arbitrarily small deviations from x. Obviously
this implies local reachability. However, the following example which is taken from
Lee/Markus [18, p. 257] illustrates that in general the converse does not hold. It is
a nonlinear system with r 0, i.e., an ordinary differential system.
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Example 2.1. Consider

j;l(t) x2(t)ua(t)-xl(t)u2(t),
22(t) -xl(t)ua(t)-x2(t)u2(t), [0, 7r],

(2.)
xl(0) 1, X2(0) 0,

(u l(t), u2(t)) f := {(Wl, to2) 2: [tOll 1, [o[-<_ 1}.

Since for fixed x (x , x2) the velocity sets are convex, it suffices to consider ordinary
controls (see Remark 1.2). In polar coordinates (r, p), the system is described by

f(t) -r(t)u(t), b(t)
_

1(/),
r(0) 1, p(0) O.

The reachable set at time tl 7r is an annulus around 0 with inner radius e and
outer radius e ’. It is not difficult to see that all pairs (r, 7r) with e < r < e are locally
reachable, but not stably reachable at time t

Remark 2.2. It seems that this is a general phenomenon: We conjecture that
any point being for the first time in the interior of the reachable set without having--
before that time--been at the boundary of the reachable set is not stably reachable.

Condition (2.2), below, is related to regular reachability (see 3) and will play
an important role in the rest of this paper. The following stability lemma shows that
it remains valid under small perturbations of the trajectory x.

LEMMA 2.1. Assume that (1.3) and the following condition are satisfied:
(2.2) For a measurable subset S T, for x C[to-r, hi, and z L(S), there is

a neighborhood V of 0 such that

v z(t) +cod(x,, a(t), t) (tss).

Then there are 6 > 0 and a neighborhood of 0 R such thatfor all x with IIx x[[oo < 6

V z(t) + co f(x,, 12(t), t) (tS).

Proof. Take V as an n-simplex with vertices e0, el," , en. Then by Lemma 1.4
there are vi with

ei z(t) +f(X t, vi(t), t) (teS).

By Lemma 1.2, f(xt, vi(t), t) is essentially uniformly close to f(x , vi(t), t) for small

IIx- xll . Thus there is 8 > 0 such that for all x with Ilx- xll < and for a.a. t S
the points f(xt, vi(t), t), i--0, 1,’" ’, n, are also vertices of n-simplices containing a
fixed neighborhood V of 0 e R". This proves the lemma, since convex combinations
of f(xt, re(t), t), i-O, 1,.’., n remain in co f(xt, f(t), t). [q

Remark 2.3. Assumption (1.3) may be replaced by continuity of f(q, w, t) in
(q, w, t) (compare the second part of Lemma 1.2).

THEOREM 2.2. Suppose the trajectory x of reaches pa sW"’[-r, 0] at time ta,
and there are e > 0 and a neighborhood V of 0 such that

(2.3) V -2(t)+co f(xt, f(t), t) (t [tl- r- e, ta- r]).

Then pa (-r) is stably reachable with x at time tl- r.

If the inclusion in (2.3) holds also for a.a. T1, the function q is stably reachable
with x at time h.
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Proof. By the stability lemma, Lemma 2.1, there are 80>0 and a neighborhood
U of 2lit1-r- e, tl- r] L2o such that for all x with IIx- xll < and all z U

(2.4) z(t) e co f(xt, fl(t), t) (t e [tl- r- e, tl- r]).

For all 6 > 0, the set N defined by

N := {c [Rn: a x(tx- r) for some x

with x(t) x(t) for e [to- r, h-r-e],

IIx xll < and l[t- r e, ta r] e u}

forms a neighborhood of q91(--r) in ". For 0<8 <80 take a s N. Then there is
x C"[to-r, tl] as in the definition of N with

(2.5) 2(t) s co f(x,, I)(t), t) (t e [tl r- e, tl r]).

By Lemma 1.4, x is a trajectory of E, reaching a by definition. Thus x reaches 01(-r)
stably at time tl- r.

Stable reachability of ql follows similarly, since for each 6 > 0 and each neighbor-
hood U of 2[[h- r-e, hi in L2o the set

{q W"’[-r, 0]: q xtl for some x C"[to- r, t]

with x(t) x(t) for [to- r, tl- r- el,

IIx-xIL< , and 21[tl-r-e, tl]s U}

forms a neighborhood of (,1 in Wn’[-r, 0]. 71
Next we consider a class of systems A which are linear in x. As a relaxed system,

A is linear.
2(t) L(t)x, + b(v(t), t) (t e T),

A
Xto qgO,

where v s 6e* and
(2.6) for L:T->(C[-r, 0], ) the map t->L(t)q is measurable for all q s

C[-r, 0] and ess sup IIL(t)l[ < oo; the function b T x 12o-> N is measurable in the first,
continuous in the second argument, and satisfies

ess sup sup ]b(t, <
t T o9o

furthermore, Oo C"[-r, 0] and tl-r > to.
For each v 5e, the system A has a unique trajectory x with xt oo, Hale [14,

p. 142]. The system A is a special case of Z satisfying conditions (1.1)-(1.4).
Remark 2.4. Consider a function b: T fo n with the same properties as in

(2.6). Then the map t-- b(t, may be considered as a map on T with values in C" (fo).
Hence, since C" (O,o) is separable, b may be identified with an element of L(T, C" (fo))
where IlblL :-- ess suptr supo,ao [b(t, oo)l (cf. Warga [27, p. 122 and Theorem 1.5.26]).

Remark 2.5. The set of trajectories of A coincides with the set of trajectories of
the following system with ordinary controls:

k(t) L(t)xt + u(t) (t e T),

where the controls u are measurable functions defined on T with values u(t) in
co b(II(t), t). Hence the reachability theories for these two classes of systems coincide.
However, we write down the proofs for the system A, since the corresponding optimal
control theories are different and the extra expense of writing is minimal.
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THEOREM 2.3. For the system A a function pl in W"’[-r, 0], (respectively a point
a in n), is stably reachable iff it is locally reachable.

Proof. One direction is trivial. Let N be a neighborhood of 1 in Wn’[-r, 0]
such that each element of N is reachable at time tl. Suppose that 1 is reached with
the trajectory x of A corresponding to v e 5. For e > 0, define a neighborhood N
of by

N := ql + e (N- 1).

Let q e N". Then there is q N with q ql + e (q q). The function q is reachable,
say with x corresponding to v 6e*. Then by linearity, q is reached with x := x+
e (x x) corresponding to

v := v+e(v-v)6e.
For all 8 > 0 there is e > 0 such that for all p N the trajectory x satisfies IIx xll <
8, since the trajectories of A are uniformly bounded. Thus 1 is reached stably with
0x The assertion for a follows similarly. [3

Remark 2.6. Suppose that is reached stably with x and x is any trajectory
of A reaching ql. Then the theorem above shows that p is reached stably with x 1.
Hence for linear systems it is not necessary to specify the trajectory reaching ql stably,
if ql is stably reachable with some trajectory.

Remark 2.7. For scalar systems (i.e. n 1) stable reachability of points in
follows under very mild assumptions. Suppose the trajectories of E are uniformly
bounded and there are v, 5, _ve6e such that the map v--x(v, tx) has Gateaux
derivatives at v in the directions 5- v and _v -v satisfying

D(x(t, v); 5 v) > 0 and D(X(tl, v); _v v) < 0.

Then x(t, v) is stably reachable with x(v), since the map v --X(tl, v) is continuous
and n 1.

3. Regular and stable reachability. In this section, we introduce the concept of
regular reachability and investigate its relation to local and stable reachability.

DEFInITIOn 3.1. A function in W"’[-r, 0] is called regularly reachable at
time tl with a trajectory x of E, iff (-r) x(tl r) and there exists a neighborhood
V of 0 such that

(3.1) V c-(l(t-tl)+CO f(Xt, f(t), t) (t T).
o oA trajectory x is called regular, iff x tl is reached regularly at time tl with x otherwise

o ox is called irregular. By Lemma 1.4 it follows--which is to be expected--that ql x tl,

if x reaches q regularly. A function q W"’[-r, 0] is reached regularly with x iff
ql(-r) x(t r) and in L

ba int{z e L[-r, 0]: z(t- tl) e CO f(X t, f(t), t)(t T1)}

int{z L[-r, 0]" z(t-tx)=f(xt, v(t), t)(t TI) for a v e 5e*}.
Regular reachability means that not only ba(t- tl), but a whole uniform neighborhood
of bx(t-tl) is contained in the set of relaxed velocity vectors if the system at time

ois in the state x t.

If the optimal trajectory x is regular, the maximum principle constitutes a
necessary optimality criterion (see Colonius [9], [10]).

The following theorem relates stable reachability of points in n and final states
in W"’[-r, 0] via the notion of regular reachability.
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THEOREM 3.1. Assume that 2, satisfies (1.3) and that for 1 Wn’[-r, 0] the
following assumptions hold"

(a) the point ql(-r) is reached stably with x at tl-r;
(b) the function qa is reached regularly with x at ta.

Then qa is reached stably with x at tl.
Proof. By assumption (b) and the stability lemma 2.1, there are 8>0 and a

neighborhood N of ql 6 Wn’[-r, 0] such that for all q N and all x with IIx xll <
b(t- tl) co f(xt, f(t), t) (t T1).

By assumption (a), there is a neighborhood Na of ql Wn’[-r, 0], such that for
all qN1 there is x C[to-r, tl-r] with Ilx -xll < and

(t) =f(x, v(t), t)

for a relaxed control v 5t’*, and
(t[to, tl-r])

X to qgo, x(t r) q(-r).

Without loss of generality, we may assume that N1 N. The function x can be
extended to an absolutely continuous function on fro-r, tl] by

X
It only remains to prove that x is a traject6ry of . We have to show that there is
v 9* such that

or, equivalently,

k(t) b(t- tl) =f(x, v(t), t)

4(t- ta) co f(x, f(t), t)

(t e T1)

(t Ta).

Xto qg0,

where v 5e* and, in addition to the requirements of (2.6), (3.2) the map a C"[-r, 0] x
T Nn is continuous in the first and measurable in the second argument, and
is essentially bounded for bounded arguments.

Yc(t) a(xt, t) + b(v(t), t) (t T),

This follows by N1 N and IIx xll < a. ]
COROLLARY 3.1. Assume that ql W’[-r, 0] is regularly reachable with x.

Then for all y in a neighborhood of ( L[-r, 0] there is a trafectory x of 2, with

ktl Y and x(t) x(t) for [to, tl- r].

Proof. First reach ql(-r) with x. Then use regularity as above in order to steer
the system to

(ql(-r) + y(r) dr, s e [-r, 0]) e W"’[-r, 0].

Theorem 3.1 shows that, up to a finite dimensional reachability condition at tl r,
regular reachability implies stable reachability. We shall prove a partial converse of
this for a special class of systems.

Define the class of systems E, where the control term appears addititively, by:
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Ea is a special case of E satisfying (1.1) and (1.2). Furthermore, we assume unique
solvability, i.e., (1.4).

Remark 3.1. As in Remark 2.5, the set of trajectories of Ea coincides with the
set of trajectories of

Yc(t) a(x,, t) + u(t),

where the controls u take values u(t) in co b(f(t), t).
We shall make use of the following generalization of a classical result due to

A. Denjoy.
THEOREM 3.2. Let X be a complete separable metric space, S a compact metric

space, h :[a, b]xSXsuch that h(., s) is measurable and h(t, is continuous for all
(t,s)[a,b]xS. Then for a subset T’ of [a,b] with h(T’)=h([a,b]) and for all t T’
there is a set E [a, b] such that is a point of density of E and h IE S is continuous
in t.

Proof. By a strong version of Lusin’s theorem (see Warga [27, Thm. 1.5.26(2)]),
there is for all e > 0 a closed subset F of [a, b such that h ([a, b]\F) _-< e and h [F x S
is continuous. This implies the theorem above in exactly the same way as the usual
Lusin’s theorem implies Natanson [21, Satz 2, p. 296].

THEOREM 3.3. Assume that the trafectories of , are uniformly bounded, and that
there is a neighborhood U of z L(Tx) such that for all z U there is a trajectory x
with z (2 )tl. Then

int{z e L2o(T)" z(t) e co b(II(t), t)(t e Tx)} # .
Proof. There is a trajectory x with z 20)t1" Define for e T1

Vt := -z(t)+a(xt, t)+co b(D.(t), t).

Then Vt is convex and 0 V, Due to the assumptions on Ea, all sets Vt are contained
in a compact set C c Rn. Consider ’t--) Vt as a map from T1 into the set of closed
subsets of C. Then (I) is well defined and measurable by Warga [27, Thm. 1.7.6]. Thus
by Warga [27, Thm. 1.7.8], there is a countable set {:g" e N} of measurable selections
of such that

{i(t)" N} is dense in (t) Vt for a.a. T1.
For y ’ := {y e " lyl- 1} and rl let

h(y, t) := sup{y:i(t)" N}, _h(y, t) := inf{y:g(t)" e N}.

Then h and _h are continuous in y, measurable in and satisfy

h(y, t)= max{ysC: see Vt}, _h(y, t) min{y:’ Vt}.

We shall prove that there are a constant a > 0 and a set T’c T1 with h (T’)= h (T)
such that for all e T’ and all y fg

(3.3) h(y, t)_->_h(y, t)+a.

Then, by Warga [27, Thm. 1.7.10], there exists a measurable function :" T C with
(t) Vt, T’ such that for all y e g’ and all e T’

min{y:" sc e Vt}+-<-_ y(t) _-< max{y: : Vt}- -.
Then : e int{z L(T1)’ z(t) V,(t TI)}, and the theorem follows.
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The set g" and the set - of trajectories of Ea are compact metric spaces, since
is compact in Cn[to-r, tl] by Lemma 1.3. Consider a as a map" TI-Rn,

(x, t)-- a(x,, t). Then a is continuous in x and measurable in t.
Now Theorem 3.2 implies that there is T’ T1 with A (T’)= A (T) such that for

all t’ T’, all y g, and all x ff h (y, t), _h (y, t), and a (x,, t) are approximately
continuous in t’. There exists a constant a > 0 with the following property" For
any t’ T’ and any y g, there is a step function z such that z+ z U and that yz(t)
has a jump of length greater than 2a in t’.

For any such z there exists a solution (x, v) of Y-,a with

z(t) -z(t) + a(xt, t) + b(v(t), t) (t e TI).

Hence

yz(t)=y[a(xt, t)-a(xt,t)]+y[-z(t)+a(x t)+b(v(t),t)] (t6T)

The left-hand side has a jump of length greater than 2a in t’ and y[a(x, t)- a(x, t)]
is approximately continuous in t’. Hence (3.3) follows.

Remark 3.2. The proof above owes a lot to the proof of Schwarzkopf [24,
Thm. 1 ].

Remark 3.3. Let x Wn’[-r, 0]. Then the assumptions of Theorem 3.3 are
satisfied for z(t) (ol(t-h), T1, if q is reached locally (resp. stably) with x at
tl, and the trajectories of Ea are uniformly bounded. Then it also follows that 1(-r)
is reached locally (resp. stably) with x at tl- r. If one could prove that Vt contains a
neighborhood of 0 R which is independent of T1, the converse of Theorem 3.1
would hold. However, in the following we give an example of a linear system where
a certain final state ql is locally reachable (i.e., by Theorem 2.3 also stably reachable),
but reached irregularly with a certain trajectory x. Hence in general, we cannot show
more than Theorem 3.3. Intuitively, this may be explained as follows"

In the proof of Theorem 3.1, we reach with x. In order to reach all in a
neighborhood of W’[-r, 0], we reach first q(-r) by stable reachability of
q(-r), we can achieve this with small deviations from xl[to, h-r]. The hereditary
effects influencing the possible velocity vectors of the system on T1 are compensated
using regular reachability of ql" By the stability lemma 2.1, regularity allows to choose
controls in such a way that arbitrary small deviations from x are compensated and
all velocity vectors b(t-tl) in a uniform neighborhood of qbl(t--tl) are reached.

Now one can try to reach (-r) in such a way that the hereditary effects influencing
the system behavior on T1 prepare the reaching of q. Then it is not necessary to
compensate arbitrary small deviations from x on [to, tl-r] and we may get local
reachability without regularity. This is performed in the following scalar example.
Theorem 3.3 shows the limitations of this manipulation" One can achieve a shift of
the set of velocity vectors, but Vt must contain interior points.

Example 3.1. Consider

2(t)=x(t-2)+u(t)

XO O,

n:= [-, 1].

We claim that

ql(t) := {t+2,1,

(t e T := [0, 6]),
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is locally and irregularly reachable. Define an (ordinary) control function u by

0 for [0, 4],
u (t):=ll fort(4,5],

0 for t(5, 6].

The corresponding trajectory x is given by

0 for [-2, 4],
x (t):=lt-4 fort(4,5),

1 for [5, 6].

Clearly x is irregular and satisfies x q. Now we shall show that the assumptions
of Theorem 2.2 are satisfied for a certain trajectory x. This will imply that pl is
locally reachable.

Define a control function u by

12 for [0, 2),
or [2, 4),u(t)

-(t-4)2 + 2(t- 2)- 5 for [4, 5),
-1/2(t-4)2 + 2(t- 2)-6 for [5, 6].

The corresponding trajectory x is given by

0 for [-2, 0],
for [0, 2],

x(t) 1/2(t 2)2- 2t + 6 for l-2, 4],
t- 4 for [4, 5],
1 for [5, 6].

Clearly x ql.

An elementary analysis shows that u(t) is uniformly in the interior of lq on [2, 6];
i.e., the assumptions of Theorem 2.2 are satisfied. [3

Assume that (1.3) holds. Then the system E can be linearized, and the linearized
system Ein has the form (1.5), (1.6) as indicated in Lemma 1.5.

Regular reachability has the remarkable property, that it is invariant under
linearization. More precisely, we have

PROPOSITION 3.1. Suppose that (1.3) holds, and q x tl, where x is the trajectory
of , corresponding to v 5. Then x reaches p regularly iff the zero tra]ectory of
lin reaches 0 Wn’[-r, 0] regularly.

Proof. Write down the definitions! q
This property motivates interest in regular reachability of 0 W"’[-r, 0] with

the zero trajectory. Consider the following linear system:

(3.4) .(t) L(t)xt + B(t)v(t) (t T),

(3.5) Xto =0,

where we assume that the assumptions in (2.6) are satisfied and B L(T, Rn").
COROLLARY 3.2. Let O int co ll(t)(t T1) for a >0. Then the following two

conditions on the system (3.4), (3.5) are equivalent"
(i) The trajectory x= 0 reaches 0 W"’[-r, 0] regularly at time tl;
(ii) Rank B(t) n(t T) and B(t)+ is essentially bounded on TI.
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Furthermore, 0 Wn’[-r, 0] is locally reachable at time tl, iff (ii) holds and 0 R
is locally reachable at time tx- r.

Proof. Define the multiplication operator/" L(T1)- L(T1) by

(lu)(t) B(t)u(t) (t T1).

By Kurcyusz/Olbrot [17, Lemma 3], B has a closed image if[ B(t) is essentially
bounded on T1. Hence B(t)+ is essentially bounded and rank B(t)= n (t Ta) if[ the
linear map B is surjective, hence open. Because of 0 int co l(t), this in turn is
equivalent to the existence of a neighborhood V of 0 Rn such that

V c Vt co B (t)l)(t) B (t) co l’(t) (t T1).

This proves the equivalence of (i) and (ii). If (i) holds and 0 " is locally reachable
at tl-r, then 06 W’[-r, 0] is locally reachable by Theorem 2.3 and Theorem 3.1.

The converse follows by Theorem 3.3 and the assumption

0 int co l(t)(t Ta).

Remark 3.4. The last equivalence in the corollary above is the analogue of results
in the theory of unconstrained linear hereditary systems. Here the following is known
(f(r controls u Lp T), 1 <- p <= c).

Suppose that B(t)/ is essentially bounded on T. Then each element
W"’P[-r, 0] is reachable at time t, if[ each element a is reachable at time tl-r
and rank B(t)= n (t 6 T1) (see Jacobs/Kao [15], Banks/Jacobs/Langenhop [2], [3],
Kurcyusz/Olbrot [17], Colonius/Hinrichsen [11]). In fact, by a category argument,
Corollary 3.2 implies the result above for p c. Furthermore, complete reachability
in Wn’ implies even that B (t)/ is essentially bounded on T1. This proves a conjecture
by Banks/Jacobs/Langenhop [3] (see also Kurcyusz/Olbrot [17, p. 48] and
Colonius/Hinrichsen [11, p. 878]). In turn the cited result implies the last assertion
of Corollary 3.2, provided that B (t)/ is essentially bounded on T1 as shown in Colonius
[9, Remark 10].

Remark 3.5. If B(t) depends continuously on and has a constant rank, then by
Kurcyusz/Olbrot [17, Lemma 4] the generalized inverse B(t)/ is bounded.

Remark 3.6. Suppose there is e > 0 such that for a.a. It1 r e, tl r] one has
0int co l)(t) for a 8>0, and the generalized inverse B(t)+ is essentially bounded
and has rank n. Then by Theorem 2.2 0 is locally reachable at time tl- r.

4. Analysis of the reachable set 9 of final states and of the set ff of trajectories. In
3, we analyzed reachability properties of a specific final state q and of a specific

trajectory x. Now we change our point of view by analyzing properties of the whole
set 3- of trajectories"

3- := {x C"[to r, t]: x is a trajectory of E}

and of the whole reachable set Yt of final states

Yt := {q 6 W"’[-r, 0]" there is x 3- with q xtl}.
Since the initial state qo remains fixed throughout, we may identify x 3- with

xl T and consider 3 as a subset of W"’(T). The set Yt will always be considered in
W -topology.

Observe that by definition q int Yt iff o is locally reachable.
LEMMA 4.1. Consider the system Xa Of 3, and assume that x, x 5r correspond

to v, v and that x ts regular. Then the trajectories x V6 5r corresponding to
v v := (1-y)v+yv where 0< 3,_-<1 are regular.
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Proof. By regularity of x there is 6 > 0 such that

Yc(t)-a(xt, t) b(v(t), t) int co b((t), t) (t T).

Since b(v(t), t)co b((t), t) (t T) and co b(l(t), t) is convex, this implies for
0<3,_--<1

2"(t)-a(xV,, t)= b(v’(t), t)= (1-y)b(v(t), t)+ yb(vl(t), t)

e int, co b(fl(t), t) (t e TI).

This shows regularity of x . F1
Remark 4.1. Using the same construction as in the proof above, one can see

that for Ea the set 3- is path connected, i.e., any two trajectories x, xl 3" can be
connected by a continuous path (x v, y e [0, 1]). One only has to prove that the map
v v x v" oW* Wn’(T) is continuous with respect to norm topology on Wn’(T) and
strong norm topology on 5*. This follows by Lemma 1.3 and Lemma 1.2.

Define the finite dimensional reachable set Yt r at time tx-r as

Yt r := {a e Rn" there is q Yt with a q(-r)},

and let

Then

:={eY’(-r)=a} foraeY.
= U ,.
a

is a decomposition of the reachable set parametrized by the elements of the finite
dimensional reachable set at time tl-r. We identify with a subset of L[-r, 0],
and consider gt in the induced topology. Then

int {ql e" there is a 6 > 0 such that all o e Wn’[-r,O]

with o (-r) a and II,bl- ,k[I < 8 are in }.

Corollary 3.1 shows that each regularly reachable (491 lies in int
THEOREM 4.1. Assume that Ea satisfies (1.3). Then

(i) there exists a regularly reachable final state q in Yt for each a Yt r iff
(4.1) int co b(l)(t), t) # (t T1) for a > O.

(ii) Suppose (4.1) holds. Then the set of regularly reachable final states is open
and dense in Yt for each a Yt r.

(iii) Suppose that q is reached regularly and stably with a certain trajectory x.
Then there is a neighborhood N of (491 in W’[-r, 0] such that all q N are regularly
reachable.

Proof. (i) One direction is trivial. Suppose (4.1) holds and let z L2o(T1) with

z(t) int co b(f(t), t) (t T).

For any trajectory x define x by

t)+ z(t) (t TI).x (t):=x(t), t[to-r,h-r], 2(t)=a(xt,
Then x is a regular trajectory and q :- xa (t-).

(ii) Let q Yt be reached with the trajectory x corresponding to v e 5*. By
(i) there exists qze Yt(-r) reached with a regular trajectory x corresponding to
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2 ,_= ,.*v e Define x as the trajectory corresponding to the control v which
coincides with v on [to, tl- r) and with v 2 on T1. Then xX(tl r) ql(-r) and Lemma
4.1 together with Lemma 1.2 implies that in each neighborhood of ql in Yl(-r) there
is a regularly reachable final state.

The set of regularly reachable final states is open in for a e Yr by the stability
lemma 2.1.

(iii) The assumptions imply that there is 6 > 0 such that

(oa.(t-tx)-a(xt, t) int3 co b(f(t), t) (t T1).

Furthermore there is a neighborhood N of q91 in Wn’[-r, 0], such that all q N are
reached with trajectories x * satisfying

ess sup ]a (x7, t) a (x ,, t)l < .
t TI

If we choose N so small that I[q- ql[ < 8 for all q N, we find

((t-tl)-a(x, t) e int co b(ll(t), t) (t T1).

COROLLARY 4.1. Suppose that .,a satisfies (1.3). Then in L int{b L(T1): q
}# ( iff (4.1) holds.

Proof. If condition (4.1) is satisfied, then by Theorem 4.1 there exists a regularly
reachable final state ql. By Corollary 3.1 we find blint{b L(Ta): q6}. The
converse follows by Theorem 3.3. [3

Remark 4.2. If (4.1) holds a.e. on Its-r-e, tl] for an e > 0, then by Theorem
2.2 it follows that int Y/ ..

Remark 4.3. If the function b does not depend explicitly on and (t)= rio
(tT), then the condition (4.1) (nonempty interior in L-norm) reduces to
int co b (rio) . Furthermore, by the remark above and Corollary 4.1, this condition
is equivalent to int .

Remark 4.4. By Remark 2.4, functions b satisfying the requirements in (2.6)
may be considered as elements in L(T, C (fl0)). Now suppose that for a.a. T the
set fl(t) contains at least n + 1 points. Then the set of functions b satisfying condition
(4.1) is open and dense in L(T, C"(flo)), and in this sense condition (4.1) is generic.
Openness is easily seen. Density can be proved using a construction similar to that
in the proof of Lemma 4.1" There exist n + 1 measurable functions wi" T--> fl0,
0, 1, ., n with Cog(t) i(t) and wi(t) ooi(t) for a.a. s T and j. Then for a.a. s T
there exists b(t, .) C (rio) mapping wo(t),’", o,(t) into n + 1 points in R" being in
general position, i.e., having the property int co{bx(t, oo(t)), , bl(t, tOn(t))} for
some 6 >0. We may assume that 8 is independent of and that ba L(T, cn(flo)).
Let bo be an arbitrary element of L(T, C" (Do)), and define

bV(t, to):= yba(t, to)+(1-y)bo(t, oo) fortsT, wfo.
Then b v - bo in L(T, C" (rio)) and

intv co {by(t, wo(t)), ", b v (t, to, (t))} ,
i.e., the functions by satisfy condition (4.1).

Remark 4.5. Theorem 4.1 (ii) shows that regular reachability is generic in .
Part (iii) shows regular reachability is preserved under small perturbations of qa,
provided that it is also stable.

For linear systems, we can completely characterize regular reachability by
strengthening the properties (ii) and (iii) in Theorem 4.1.
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COROLLARY 4.2. Suppose that for the linear system A condition (4.1) is satisfied.
Then ql Wn’[-r, 0] is regularly reachable iff ql int 1(-r. Furthermore, each
element of int is regularly reachable.

Proof. In view of Corollary 3.1 we have to show that each ql e int l(-r) is
regularly reachable. By Theorem 4.1(ii) there is q Wn’[-r, 0] such that ql +q
Yl(-r is regularly reachable, say with x, and ql-q e Yl(- is reachable, say with
x By linearity and Lemma 4.1,

is reached regularly with 1/2x -[-21-x 1. Furthermore for each r int t we have rp
int Yt(_. This implies the last assertion. 13

Remark 4.6. It follows from Corollary 4.2 that each final state, which is reachable
only with irregular trajectories lies in 0Yt and clearly

@f

However, there are regularly reachable final states in 0Y\[._J0: For instance,
reach a 0 with a trajectory x satisfying A(t)-L(t)xt int co b(O(t), t)(t T1)
for a 8 > 0. Then x

Regular reachability of a final function ql means that there exists a certain
trajectory reaching 1 regularly. Now in an optimization problem, we are interested
in a specific unknown trajectory, the optimal one, out of all trajectories reaching qa.
Thus regular reachability of ql is only the minimal degree of well-posedness we have
to require in an optimal control problem. In the following, we go a step further by
asking: What can be said about regularity of all trajectories reaching a given final
function ;1?

Consider the system E. Here the regularity condition for x is satisfied iff there
is a neighborhood V of 0 " such that

Vc-(l(t-tl)+a(xt,t)+cob((t),t) (t T1).

Now suppose that we can specify a uniform bound Co for [a(x t, t], T1. If
co b(l(t), t) can be made big enough compared to Co, all trajectories reaching ql are
regular. We give two examples where this idea applies.

Example 4.1.

A(t)=a(xt, t)+v(t) (t T),

Xt (490, Xt (1,

where a is as in the definition of .’a, and additionally, satisfies

la (xt, t)l <- 1 (t T1)

for all trajectories x reaching ql. x is regular, iff there is a neighborhood V of 0
such that

V+l(t-t)-a(xt, t)cintco(t) (tT1).

for a 8 > 0.
If, e.g., ql 0, take D as a n-simplex with vertices wo, o91," , wn containing the

unit ball of N" in its interior. Then, obviously, all trajectories reaching ql are regular.
Observe that by Corollary 4.2 (_ is open.
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Example 4.2.

2(t) AlX(t- 1)+ v(t) (t e T := [0, k + 1]),

Xo qO0, Xk+l @1,

where qo, g,le cn[-1, 0], kN, AlM,n, := {to Nn. [to[=<q} and q>0. Then for
te[k,k+l]

IA lx(t- 1)1 < IlA,Illlx I1o IIA 11{(1 + IIA ll)llx-ll / q}

IIAII (l/llA,ll)lloolloo/q E (I/IIAIlY
/’=0

All trajectories reaching ql are regular, if

(4.2) II,II+IIAII (l+llA,II)lloolloo+q 22 (I+IIAII) <q.
=0

If, e.g., qo q 0 and

k

(4.3) IIA,II E (1 + IIA [I) < 1,

condition (4.2) is satisfied for all q > 0.
This simple example illustrates that the regularity requirement for all trajectories

reaching a given final function is very restrictive: Observe that (4.3)implies IIAII <
1/(k + 1). However, if II may change in time, regularity can be guaranteed if II(t) is
big enough for e T.

The following theorem characterizes regular trajectories by a reachability
property, and claims that regularity is a generic property of trajectories.

THEOREM 4.2. X 3" is a regular trajectory of ,a iff in L2(Ta)

(4.4) (2)t, e int{(2)tl" x e and x(t) x(t) for e [to- r, tx- r]}.

If pl is a regularly reachable final state of A the set of regular trajectories is open and
dense in {x e 3-: x tl qgl}"

Proof. One direction follows by Corollary 3.1. Conversely, assume that xe -satisfies (4.4). By Corollary 4.1 and the construction in the proof of Theorem 4.1(ii),
there is in each neighborhood of x Wn’(T) a regular trajectory x coinciding with
0 0x on [to-r, t- r]. By (4.4), x may be chosen such that x2 := x -(x -x) e . Then

by Lemma 4.1
2

o X X
X -b

2 2

is regular.
The final assertion of the theorem follows again by the construction in the proof

of Theorem 4.1(ii) and linearity. [3
Remark 4.7. The results above illustrate that regularity occurs also for higher

dimensional systems with scalar control. In Example 4.1, take the vertices
tOo, tO,’’’, tOn as images of the points i/n, and consider 1 := {0, i/n,..., 1}c [0, 1]
as new control set with control actions tOi. More generally, condition (4.1) is, e.g.,
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satisfied for the scalar control

where O(t) f0 := [0, 1] (te T).

Then int co b (0) , and hence it follows for the linear system A that int ;
each element of int Y/is regularly reachable and the regular trajectories reaching 01
form an open, dense subset of the set of all trajectories reaching ql.

Remark 4.8. Let B c Cn[to-r, t] and assume that there is a neighborhood V of
0 n such that for all x B

V -ba(t-tl) + co f(xt, , t) (tTa)

(compare Definition 3.1). Then it appears natural to apply a fixed point theorem in
order to prove local reachability of qa. In fact, if B is defined by certain growth
conditions on , and a finite dimensional condition for the reachability of ql(-r) at
time t-r is added, one can prove such a result using Kakutani’s fixed point theorem
(Colonius l-8, Thms. 3.1, 3.3]). For Example 4.1, this yields that pl =0 is locally
reachable [8, Beispiel 4.1]. In the context of control theory, this classical argument
was used, e.g., by Tarnove [25]. Angell 1] and Chukwu [6], [7] applied it to hereditary
differential systems in order to achieve reachability of a fixed final state.
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This paper originated from my doctoral thesis which was guided by him.
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THE MAXIMUM PRINCIPLE FOR RELAXED HEREDITARY
DIFFERENTIAL SYSTEMS WITH FUNCTION SPACE END CONDITION*

FRITZ COLONIUSf

Abstract. This paper contains a proof of the global pointwise maximum principle for relaxed hereditary
differential systems with general function space end condition. First a multiplier theorem establishes the
existence of Lagrange multipliers (I0, I), where 10 R+ and is in the dual of the Sobolev space Wn’[-r, 0].
Then can be identified with an element of W"’[-r, 0] provided that the optimal trajectory satisfies a
certain regularity condition. This yields two equivalent forms of the maximum principle. Using the results
on regular reachability obtained in a companion paper, the maximum principle is shown to bemin a certain
sense--generically valid.

Introduction. This paper deals with necessary optimality conditions in the follow-
ing control problem for hereditary differential systems:

(0.1)
tl

Minimize g(x(t), u(t), t) dt

subject to

(0.2) 2(t) f(xt, u(t), t) (t T := [to, tl]),

(0.3) Xto qo,

(0.4) h(x(t), t)= 0 all e T1 := [tl-r, tl],

(0.5) u(t) e f(t) (t T),

where x,(s):=x(t+s)eRn, se[-r, 0] and tl-r>to, 0_-<r<, g:Rn"T
f:C[-r,O]x"xT-->", h:RxT->, o0C[-r, 0] and l)(t)120", 120
compact, are given and (t e T) means for Lebesgue almost all e T. r denotes the
length of the time delay. The state at time of the hereditary system (0.2) is given
by the function segment x,. Hence, (0.4) is a condition for the final state x,. This
infinite-dimensional or "function space" end condition appears appropriate if the
behavior of the system after t is of any interest. We call h the output function of the
system (0.2). The function space end condition (0.4)opposed to a finite dimensional
one h(x(t), t)= 0presents particular difficulties which were dealt with in a series
of papers: Banks/Jacobs [2], Banks/Kent [3], Barbu [5], Barbu/Precupanu [6, Chap.
4, 3], Bien [9], Bien/Chyung [10], Buehler [12], Colonius [13], [14], [16],
Colonius/Hinrichsen [17], [18], Das [19], Jacobs [25], Jacobs/Kao [26], Kamenskii
[27], [28], Kent [33], [34], Kurcyusz [35], Olbrot [39], Utthoff [45] (see also the
surveys given in Banks [1], Banks/Manitius [4], Kamenskii/Skubachevskii [32]).
Apparently, the first formulation of such a problemin the context of the calculus
of variationswas given by Elsgolts (see Zverkin et al. [54]).

It is appropriate to discuss the relation of the present paper to Banks/Kent [3],
Barbu [5], BieEn/Chyung [10], Olbrot [39] and Colonius [16] also dealing with con-
straints like (0.5).

Banks and Kent split the end condition into two conflicting inequality constraints
and use methods by Neustadt in order to prove that the maximum principle is a
necessary and, in case of normality and convexity, also sufficient optimality condition.

* Received by the editors November 11, 1980, and in final revised form October 17, 1981.

" Forschungsschwerpunkt Dynamische Systeme, Universitit Bremen, BibliothekstraJ3e, Postfach 330
440, 2800 Bremen 33, West Germany.
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However, due to their problem formulation, the Lagrange multipliers corresponding
to the two conflicting inequality constraints may eliminate each other. Hence, in the
necessity part, nontriviality cannot be guaranteed.

Barbu [5] uses the methods of convex analysis and the existence theory of
differential equations associated with nonlinear monotone operators in Hilbert space.
Problems with fixed final states and pointwise control constaints are formally included
[5, Problem (2.4)-(2.6) and 5]. However, the required assumption (local reachability
in W2’n-norm) cannot be satisfied for bounded sets of admissible control values (see
the discussion in Colonius [16, 4]).

Colonius 16] gives a special approach to linear time invariant single delay systems
with fixed final states. In this case stronger results than in the present paper are
obtainable.

Bien and Chyung [10] transform the pure phase constraint into a mixed con-
trol/phase variable constraint using a classical device (cf. Pontryagin, et al. [41]). For
a trajectory x, condition (0.4) ismunder sufficient smoothness conditions-- equivalent
to

(0.6) 0 h(X(tl- r), t- r),

d 0 0
(0.7) O=-h(x(t), t)=xh(X(t), t)2(t)+h(x(t), t)

0O--h(x(t)Ox t)f(x, u(t), t)+h(x(t), t) a.a.t T.

They generalize the theory of Makowski and Neustadt [37] to hereditary systems with
a single constant delay (Olbrot [39, Remark (6.3c)] proposes a similar procedure
having reduced the retarded system to an unretarded one). The obtained maximum
principle has only a local (in the sense of Girsanov [20]) form on the final interval
T1. That is, the maximum condition has a differentiated form. It has to be assumed
that the optimal solution satisfies a certain a priori condition. This regularity condition
also has a local form and involves derivatives along the optimal solution as well as
cone approximations to the set of admissible control values. As the authors remark,
it appears very difficult to assure the validity of the regularity condition beJore the
computation of the optimal solution. Furthermore, the regularity condition requires
implicitly that the number m of independent control variables is not less than the
dimension k of the output space. This restrictive condition appears also in the optimal
control of nonlinear systems with energy constrained controls (see Kurcyusz [35]).

The problems connected with the end condition led Olbrot [39] to another
problem formulation. He required instead of (0.4) (for the fixed final state problem,
where h(x(t), t)=x(t)-q(t-h), p: I-r, 0]--> Nn) that

[]Xtl (’lll E for a constant e > 0.

Here the norm may be taken in various Banach spaces. Then he proved necessary
optimality conditions for these much simpler problems. In an engineering interpreta-
tion, the number e specifies the accuracy required in reaching the final state, and the
norm to measure the distance between the desired and the reached final state can be
chosen on the basis of technological requirements. However, it is not clear what
happens for e --> 0; in particular, the problem might become ill behaved for small e.

It appears more satisfactory to require that the end condition be fulfilled with
arbitrary accuracy, i.e., we minimize over sequences of controls and corresponding
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trajectories satisfying approximately the end condition (0.4). This can be achieved by
a "relaxation" of the problem (see Young [52], Warga [48]). Following the approach
by Warga [48].5, we consider the set 6e* .f relaxed controls and in the "preproblem"
(0.1)-(0.4), (0.5) replace the condition (0.5) by

(0.5)

and insert v in (0.1), (0.2) instead of u. We denote (0.1)-(0.5) as Problem 1 and study
necessary optimality conditions for an optimal solution (x, v) of this problem, which
is well defined under the assumptions stated in 1. This extends the approach in
Colonius [13], [14], where the fixed final state problem was treated, to the general
function space end condition (0.4).

The relaxation of the problem will allow us to weaken the regularity assumption
needed in Bien/Chyung [10]. In particular, the condition m =>k on the dimensions
of the control and output spaces, respectively, is no longer necessary.

We obtain a global, pointwise maximum principle, provided that the optimal
trajectory satisfies a certain regularity condition referring to the infinite dimensional
part (0.7) of the end condition. This regularity condition has a similar form to those
givenmin the theory of ordinary differential systems--by Warga [46], [47],
Schwarzkopf [42] for inequality and by Schwarzkopf [43], [44] for equality constraints
on control and phase variables.

Two equivalent forms of the maximum principle are stated corresponding to the
formulations (0.4) and (0.6), (0.7) of the end condition. We exploit the results in
Colonius [15] (this issue, pp. 675-694) in order to show that the maximum principle
ismin a certain sensemgenerically valid.

This paper is built up as follows. In 1, the assumptions are formulated. Section
2 establishes the existence of Lagrange multipliers (lo, 11, 12) R+ x Rk x (Lk(T1))*,
provided that the infinite dimensional part of the attainable set of the linearized system
has a nonempty interior. In 3, the regularity assumption on the optimal trajectory
is used to regularize 12. That is, 12 can be identified with an element of Lk(TI). The
global pointwise maximum principle is obtained as a straightforward consequence.
Section 4 discusses the range of validity of the maximum principle.

We retain the notation and conventions of Colonius [15].

1. Assumptions. The following assumptions will be imposed throughout this
paper:

(1.1) The functions f: Cn[-r, 0] ’ T-n and g: " " T R are con-
tinuous in (q, to) C"[-r, 0] " and (y, to) ", respectively, and measurable in
tT.

(1.2) There are p, q: + T- R+ such that for all 0 C"[-r, 0], y " and to

If(C, o, t)[ P(llq]], t)

]g(y, o, t)l <- q(lyl, t)

(t T),

(t r),

and p(s, .)L(T), q(s, .)L(T) and p(.,t), q(.,t) are monotonically increasing
for all (s, t)e N+ x T.

(1.3) The functions f and g are continuously Fr6chet ditterentiable in the first
argument; the corresponding derivatives Df(q, to, t) and Dg(y, to, t) are continuous
in (q, to t) and (y, to), respectively; h (hi, , hk)" T1 - Nk is continuously
Fr6chet ditterentiable and the derivative is continuously Fr6chet differentiable with
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respect to y Rn;

IDf(q, o2, t)l N p(]lolloo, t)

]Dg(y, to, t)l N q(lyl, t)

(t T),

(t T),

where p, q are as in (1.2).
(1.4) For each relaxed control v e 5*, there is a unique trajectory x Cn[to r, tl]

satisfying (0.2) and (0.3).
The conditions (1.1)-(1.3) may be required only in a neighborhood of the optimal

solution similarly as in Berkovitz [8], Bates [7]. The assumptions on f coincide with
Colonius [15, (1.1)-(1.4)]. Hence, [15, Lemmas 1.1, 1.2, 1.3 and 1.5] are valid here.
The continuity (instead of integrability) assumption on Dlf(, to, t) in is stronger
than desirable. However, it is needed for [15, Lemma 1.2] used in the proof of Lemma
2.1 below. By [15, Thm. 2.1], the relaxed problem admits the interpretation given in
the introduction. Furthermore, existence of an optimal solution is guaranteed"

THEOREM 1.1. If the trajectories x, satisfying (0.2) and (0.3), are uniformly
bounded, there exists an optimal solution (x, v) of Problem 1.

The proof of this theorem follows from compactness of 6e* and Colonius [15,
Lemma 1.3].

In the rest of this paper we assume that (x, v) is an optimal solution of Problem
1. Furthermore, for the sake of simplicity, we let o(0)- 0.

2. The abstract maximum principle. In this section, we reformulate Problem 1
in an abstract setting of operators on Banach spaces. Then we obtain the existence
of Lagrange multipliers (10, ll, 12) s R+ k (L(T1))* provided that the output set of
the linearized system has a nonempty interior. This yields two different forms of the
abstract maximum principle reflecting the two formulations (0.4) and (0.6), (0.7.) of
the end condition. These two formulations are equivalent under the assumptions stated
inl.

For the ease of notation, we introduce

C (T) := {x c C" (T): x (to) 0},

W’(T) := {x c W’(T): X(to) 0}.

Observe that the natural embedding of Wn’(T) into Cn(T) is compact. W’(T) is
in a natural way isomorphic to L(T). We extend each element x of W"’(T) (resp.
Cn(T)) to a continuous function x:[to-r, hi--> by Xto := o.

Define

G:C(T) x2V’

G(x, v):= fr g(x(t), v(t), t) dt;by

F:Cn(T)xW"’(T)

F(x, v)(t):= | f(x; v(s), s) ds, T;by
.t

B C (T) - kby B(x):= h(x(h- r), tl- r);
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c. c"(r) x-(T)

byC(x,v)(t):=-xh(X(t),t)f(xt, v(t),t)+-h(x(t),t), tTa;

K.W"’(T)L(T1)
0 0

by(Kx)(t):=-xh(X(t),t)(t)+-h(x(t),t), t Ta.

Then (B, K) and (B, C) may be considered as maps with values in

Wk’(Ta) k xL
Define the solution map S: 5*-* W"’(T) by S(v)= x, where x is the response

of system (0.2) with initial condition (0.3) to the relaxed control v.
Problem 1 is equivalent to the abstract one, Problem 2.
Problem 2.

Minimize G(S v ), v

subject to

(B,K)(S(v))=O.

Observe that

(B, K)(S(v)) (B(S(v)), K(S(v))) (B(S(v)), C(S(v), v))
(2.1)

(B, C)(S(v), v).

Remark 2.1. The problem formulation with the operator (B, K) will yield the
form of the maximum principle proposed by Banks/Kent [3], the formulation with
(B, C) will yield the form given by Bien/Chyung [10].

In the following, we assure differentiability of the involved operators and give
concrete representations for the derivatives. First, by the Riesz representation theorem,
there is a (n x n)-matrix function 7 defined on T x[t0-r, ta] such that

(2.2) Dff(x, v(s), s)x, dtr(s, t)x(t) (s T)

for all x C[to r, tl]; here r(., t) is measurable and r(s,. is of bounded variation
for (s, t) T x [to-r, ta]. The integral is meant in the Riemann-Stieltjes sense.

For all s T, we require that r(s, is normalized, i.e., left continuous on (to- r,
and r(s, t) r(s, s) 0, to_-< s _-< t. This determines r(s, uniquely. One can show
(using Bourbaki [11, 8, exc. 6]) that r is even measurable on the rectangle Tx
[to r, tl]. Define h (x, t) 0 for x R", T\ T1, and let for T’

(2. H(t := h(x(tl,
i=l,...,k,
]=l,...,n,

(2.4) Hxx,(t) := Oxtoxi hi(x(t), t)
i=l,...,k,
l=l,...,n,

(.5 hr( := OXio;h(x(t’ :=1,...,,
]=l,...,n.
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LEMMA 2.1. (i) The maps Fand G are linear in v , C is affine in v .
(ii) The restrictions of F, G, (B, C) and (B, K) to W"’(T)xSe* are weakly*

continuous, S is weakly* continuous.
(iii) The maps B, C, F, G, K and S are continuously Frdchet differentiable.
(iv) The derivatives have the following form:

[D1F(xo, Vo)X](t)= [ Dff(x, v(s), s)x, ds, e T,
at

DIG(X, v)x -xg(X(t), v(t), t)x(t) dr,

DB(x)x Hx(h- r)x(tl- r),

[DxC(x, v)x](t) fi(x, v(t), t)Hxx,(t)x(t)
1=1

+ Hx(t)Dff(x ,, v(t), t)x, + Hx,(t)x(t), TI, where Xto := 0,

[DK(x)x](t) 2 (t)Hxx,(t)x(t)+ Hx(t)2(t)+ Hxt(t)x(t),
1=1

For v *, the function x(v) := DS(v)(v v) satisfies

(2.6)
2(t) Df(x o( o,, v t), t)x, +/(x,, v(t)-v(t), t)

Xto O.

(t T),

Proof. Assertion (i) follows directly from the definitions. Assertion (ii) follows
from Colonius 15, Lemma 1.1 ]. The operators B, C, F, G, K are continuously Fr6chet
differentiable by [15, Lemma 1.2] and the chain rule. This yields also the form of the
derivatives as indicated in (iv). Finally, the existence and the form of the derivative
DS(v) follows from 15, Lemma 1.5].

Consider the linearized system (2.6) in its abstract form

(2.7) x DF(x, v)x +F(x, v- v), v ,
with output

(2.8) (DB(x), DK(x))(x) e Wt"(T1).
Then the chain rule and (2.1) imply

(2.9) DK(x)x(v) DC(x, v)x(v) + C(x, v)- C(x, v), v

Define the set 4 of attainable output values by

4 := {q e W’(T1): there is a v eoW* such that 0 (DB(x), DK(x))x(v)},
and let

zr4 := {z e L(T)" there is p e with z b}.

The set will always be considered in wk’-norm and the set 7rs in Lk-norm.
We have

(2.10)
zroos4 {z L(T1)" there isa v* such that z =DIC(x, v)x(v)+C(x, v)},
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since

d 0 O__.h0 -h (x(t) t) -x h (x(t) t)f(x v(t) t) + (x(t), t)t,
Ot

[C(x, v)](t) (t T1).

THEOREM 2.1. Let v, x= S(v) be an optimal solution of Problem 2 and
assume that int zroos4 . Then there are nontrivial Lagrange multipliers
(lo, l):= (lo, ll,/2) R/ x Rk x (L(T1))* such that

loDIG(X, v)x(v)+ loG(x, v-v)+ 11" DB(x)x(v)
(2.11) +12oDK(xO)x(v)>=O forallv..

/f 0 int zr4, then (lo, 11) (0, 0), and if 0 int 4, then lo O.
Proof. If 0 0r, there is a support functional 12 at 0 to rr, and (2.11) is

satisfied with lo 0, 11 0. Now let 0 int 7r. We verify the assumptions in Colonius
[16, Thm. 1.3].

By Lemma 2.1, v--G(S(v), v) and v--(B,K)S(v) are continuously Fr6chet
differentiable and weakly* continuous. By Warga [48, Thm. IV.3.11], 6e* is weakly*
compact and convex. The space L(T1) can weakly* continuously be embedded into
the Hilbert space L(T1). Hence there are Lagrange multipliers (lo, ll, 12)
+xk x (L(T1))* satisfying (2.11) and (lo, ll) (0, 0). By the same theorem, lo 0
if 0 int s4.

Remark 2.2. In the case where 0 int 4, Theorem 2.1 follows easily from the
multiplier theorem by Zowe/Kurcyusz [53, Thm. 2.1], which does not presuppose
properties with respect to weak* topology.

Remark 2.3. By weak* continuity and compactness of 5e*, roo4 is a weakly*
closed convex set in L(T1). Hence, Phelps [40, Thm. 1] shows that the set M of
points in zr4 admitting a weakly* continuous support functional 12 0 is norm dense
in the norm boundary of zrt. If 0M, then (O,O, 12),+kL(T1)[+
k(L(T1))* are Lagrange multipliers satisfying (2.11). This shows that also in the
case where int 7ro there are "many" points in 7r4 admitting nontrivial
Lagrange multipliers, even with 12 Llk(T1). The same argument applies where int. Then one obtains Lagrange multipliers (0, l) + x wk’I(T1).

COROLLARY 2.1. Let the assumptions of Theorem 2.1 be satisfied. Then
(i) the adfoint variable yt (W,,(T)). defined by

Ky =D1F(x, v)*yK + loD1G(x, v)+DB(x)*ll +DK(x)*lz

satisfies
loG(x, v v) + yK F(x v v) > 0 ]:or all v

(ii) The adfoint variable yc (C (T))* defined by
c O),yC oy =DIF(X, v +loD1G(x v)+DB(x)*ll+DIC(X, v)*/2

satisfies
loG(x v v) + yC F(x, v v) + 12 C(x v) > 0 for all v 6t’

(iii) The difference yC_ yC s (Wn,(T)). satisfies
K C 0 K Cy -y =D1F(x v)*(y -y )+[DK(x)*-D1C(x,v)*]/z.
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Proof. Observe that both adjoint equations are uniquely solvable since Idcr).--
DIF(X, v)* and Idw,.T.-D1F(x, v)* are isomorphisms, where Id denotes the
identity map on the respective spaces. By definition of yK, (2.11) and (2.7), we find

loG(x, v v) + y: F(x, v v)
loG(x, v -v)+[loDIG(x, v)+ la DB(x)+ 12" DK(x)]

(Id- DaF(x, v))-lF(x, v v)
loG(x, v -v)+ loDiG(x, v)x(v)+ l DB(x)x(v)+ 12" DK(x)x(v)

>-0 for allying.

Assertions (ii) and (iii) follow similarly, taking into account (2.9).

3. The global pointwise maximum principle. The abstract Theorem 2.1 is only
a first step. The optimality conditions involve the multiplier 12 (L(T))* which may
not be identifiable with a real function. In order to regularize 12, we make use of the
following notion.

DEFINITION 3.1. A trajectory x satisfying (0.2), (0.3) is called regular (with
respect to (0.4)) if and only if there exists a neighborhood V of 0 k such that

0
(3.1) V =--h(x(t), t)[co f(xt, D,(t), t)-2(t)] (t T1).

3x

Observe that 0 is always in the set at the right-hand side. By Colonius [15, Lemma
1.4] x is regular if and only if there is a neighborhood V of 0 L(Tx) such that

V {C(x, v)’ v e}.
The proof of the global pointwise maximum principle is prepared by the following
two lemmas, which contain the crux of the proof.

LMMA 3.1. I the optimal trajectory x is regular, then 0
Proof. First we construct an inverse of the map v -> C(x, v) from 6e intoL(T).

Take V in (3.1) as a k-simplex with vertices e, ee, , e+. Let eo := 0. Since 0 s int V,
we can divide V into k + 1 subsimplices W, j 1,. ., k + 1 with vertices eo," , e._l,
e+, , e+. Then there are v 9 such that

ei C(x 0,v), i=l,...,k+l,

and we know that

eo O C(x, v).
We may assume that for 1,..., k +1,

u0v (t) (t), [to, tl-- r].

By definition of C,

ei Hx(t)f(x 0
t, I.) (t)-v (t), t) (t e Ta).

For T we define continuous piecewise affine maps

in the following way:

A," V --> rpm(fo)

At(ei):=vi(t), i=0,1,...,k+l.
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Each z V lies in some Vi. Consider the barycentric coordinates ai with respect to
Vj, i.e.,

k+l

Z ot.iei,
i=o

k+l
where ol O, i=o,i] ai-- 1, and define

k+l

Atz := iAt(ei).
i=0

We have to show that this is well defined. Clearly, Atz s rpm(120). Suppose that
z V VI. Then only those coordinates ai of z in V (resp. Vl) are nonzero for which
ei V VI VI. These coordinates have the same value in W and VI. Now let

V := {z L(T1)" z(t) V(t T1)}

and define A" V--> 6e* by

(Az)(t) := Atz(t) (t e T).

Then Az b, since the coordinate functions of z may be chosen measurable
and the support of (Az)(t) is contained in fl(t). We have

(3.2) C(x, Az)= z

for all z s V, since C and A satisfy this equality pointwise.
A is extended to a map A’L(T)-->W by an affine continuation of At in the

k + 1 sectors of R corresponding to W, ] 0, 1,..., k. Then A satisfies a Lipschitz
condition for a constant L, 0 (see Warga [48, p. 268] for the definition of I1’
(3.3)

Now consider the equation

(3.4) x=DiF(x, v)x +F(x,A(z-DiC(x, v)x))-F(x, v).
Since for fixed z sLY(T1) the value of the right-hand side depends only on xts
Cn[-r, 0], this equation can be written as

Yc(t) fZ (xt, t) (t e T), Xto=0.

Using (3.3) and the assumptions (1.1)-(1.3) one finds that fz is continuous in the
first argument and measurable in the second argument; furthermore, fz satisfies a
global Lipschitz condition uniformly with respect to z in the first argument. Hence
for each z sL(T1) there exists a unique solution of this functional differential equation
(cf. Hale [22, Thm. 2.3 and p. 55], which by definition is equivalent to (3.4).

Take z 0. Then x 0 solves (3.4) since

F(x A(z-DC(x v)x))=F(x A(O))=F(x v)

The uniform global Lipschitz condition and Gronwall’s inequality imply that x depends
continuously on the right-hand side of (3.4). Hence there is 8 > 0 such that for all z
with Ilzll < 8,

z D1C(x, v)x e V.
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Thus by construction of A there is v * with

(3.5) v A(z -DIC(X, v)x).
Then

x DxF(x v)x + F(x, v v)(3.6)

and by (3.2)

(3.7) C(x, v)= z-D1C(x, v)x.
Since this holds for all z with Ilzll < we find by (2.10) that 0 int zrM. l-1

LEMMA 3.2. If the optimal trafectory x is regular and (lo, 11,/2) are Lagrange
multipliers satisfying (2.11), then 12 can be identified with a function pc
L(TI) c (L(T1))*.

Proof. Consider the subspace S of simple functions in L(T1). $ is dense in L
(see, e.g., Hewitt/Stromberg [23, Thm. 11.35]). We shall prove that 12]S is continuous
with respect to L1-norm on S. Then l=ls can be extended to a continuous linear
functional on L(T1) which by duality of L1 and L can be identified with an element
p of Lkoo(T1). Then 12 and the functional defined by p coincide on S, hence, on L(T1).

The general element s S has the form

k

s(t) , Y sijxz,(t)aj (t r),
i=1 j=l

where sj R, (aj} is a base of Rn and (Ei} is a measurable decomposition of T1.
Since x is regular, we may assume that +Xz,(t)a V, where V satisfies (3.1).

Then there are v i such that

+x,aj C(x Uij)

and

(3.8) f Ilv i’ (t) v(t)[I at < 2h (Ei).

Decompose s into its positive and negative parts’

k

s=E X(s/

ii S ii XE,ai,
i=1 j=l

where s ij := max (0, +sij).
Apply the maximum condition in Corollary 2.1(ii) 2kl times in order to obtain

+E {S12 C(x O, vij) + s12 C(x O, oi] )}
id

+ O) C +>--_ -Y {s [loG(x, 1) ij V -]" y F(x, I)ij 1)0)]
id

+ sii[loG(x, vii -v)+ yC F(x, vii-v)]}
>--Co E (S + Si-)A (Ei)

i,j

for a constant co>O; here we used (3.8) and the assumptions (1.1) and (1.2).
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Hence, for ][SllL1- 0,

lim inf 12(s) >-- 0;

the same argument for -s proves that 12(s)- 0 for ][Sl[L1 0. Thus, 12 is continuous on
S in Ll-norm and the lemma is proven.

The following maximum principle has the form proposed by Banks/Kent [3] for
a more general class of systems (including neutral equations) with fixed final state.

THEOREM 3.1 (BK-form of the maximum principle). Let x, be an optimal
solution of Problem 1 and assume that x is a regular trajectory.

Then there exist Lagrange multipliers (lo, 11, p) e N+ x Nk x L(TI) such that
(lo,/1) # (0, 0) and the ad]oint variable OK e L(T) defined by

fttl it1 0 g(xO(s) vO(s), s)ds(i) K (t)= n(S, t)*K (S) ds + lo -x
+Hx(h-r)*lx + = 2(s)Hxx,(S)* +Hxt(S)* p(s) ds

for [to, t- r],

It q It’ 0 g(xO(s) vO(s), s)ds0 (t) W(s, t)** (s) ds + lo

+H(t)*p(t)+ xi (s)H,(s)* +Hxt(S)* p(s) ds

for (h-r, hi, saasfies
(ii) log(x(t), v(t), t) + (t)f(x t, v(t), t) >= log(x(t), , t) + (t)f(x, , t)

for all (t), a.a. T.
Proof. In view of Corollary 2.1(i), Lemma 3.1 and Lemma 3.2, we have to

compute adjoint operators. By partial integration, DK(x)*12e(W"’(T))* can be
identified with the following element of W"’(T):

x (t)H**,(t)* +H,t(t)* o(t) dt, E[to, tl-r],
DK(x)*12

Similarly,

Then y

t
v ds,

0 (xO(s) o[loDiG(x, v)](t)= -lo -x-x g (s), s

[DB(x)*ll](t) "iH(t r)*/1,
O,

K can be identified with an element 0K e L(T) and

r
/’ (s,[DxF(x V0)*yK](t)=- r/ t)*g,K (S) ds,
Jt

This yields the adjoint equation (i). Furthermore,

teT,

F(x, v -v) I7-K (t)f(xO,, v(t)- v(t), t) dt,
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and the maximum condition in integral form follows. This implies (ii) by standard
arguments (see, e.g., Warga [48, Thm. VI.2.3]).

Remark 3.1. Since n(s," is of bounded variation, one can identify K I[to, tx-r]
with a function of bounded variation. For special systems, e.g., systems with a single
constant delay, OKl[to, q-r] is even absolutely continuous (see Banks/Kent [3,
p. 583]).

Remark 3.2. One can give the following nontriviality condition in terms of the
adjoint variable 0K"

(0, O, O) # (lo, OK (tx- r), oK Tx) e R+ x R" L(T1).

Assume that (lo, oK (tx r), OK Tx) is trivial. Regularity implies that the multiplication
operator

IYt:L(TI)-->L(Tx), (tz)(t):=Hx(t)z(t) (te rx)

is surjective. Hence Kurcyusz/Olbrot [36, Lemmas 3 and 4] imply that

rank Hx(t)* rank Hx(t) k

for all Tx and that the generalized inverse [H(t)*]+ of H(t)* is bounded on T1.
Using the adjoint equation (i), we find that p satisfies the homogeneous Volterra

equation

p(t) [H(t)*]+ A (s)H,(s)* + Hxt(s)* p(s) ds (t TI).

By unique solvability it follows that p(t) 0, T1. Then

0 bK (tl- r) -Hx(tl- r)*ll

implies that lx 0. This contradicts the nontriviality condition (/o, ll) # (0, 0).
Remark 3.3. Consider the maximum principle for the case of a fixed final state.

Then lo 0 implies O: (t) 0 (t Ta). This follows from regularity, since the maximum
condition has the form

4r (t)f(x 4z:,, v(t), t) <- (t)y

for all y e co f(xt, 12(t), t).
Remark 3.4. If there exists e > 0 such that

a(t) e int co f(x fl(t), t) (te[tl--r--e, tl]),

then 10 # 0.
Suppose l0 0. Then as in Remark 3.3 it follows that 6: (t) 0 (t It1 r- e, ta]).

This used in the adjoint equation (i) shows that l 0, contradicting the nontriviality
condition. Observe that we do not require the existence of a uniform neighborhood
of (t) contained in co f(x t, f(t), t) as it is required for stable reachability in Colonius
[15, Theorem 2.2].

The following theorem gives a second form of the maximum principle proposed
by Bien/Chyung [10]. Recall that the dual space of Cn(T) can be identified with
NBV (T), the space of normalized functions of bounded variation on T with values
in " being right continuous in to (cf. the definition (2.2) of rt).

THEOREM 3.2 (BC-form of the maximum principle). Let x, v be an optimal
solution of Problem 1 and assume that x is regular.



MAXIMUM PRINCIPLE FOR HEREDITARY DIFFERENTIAL SYSTEMS 707

Then there existLagrange multipliers (lo, 11, p)
(0, 0), o I[to, h-r] 0, and the adfoint variable 0c NBVn(T) defined by

(S, t)*((i) 0c(t) n (s)+Hx(s)*p(s)) ds

tl

lo g(x(s), v(s), s) ds

tl

Z L’(x v(s) s)H.,(s)* + H.t(s)* p(s) ds

is right continuous i to and

fo all , a.a. T.
Pro@ Theorem .2 follows from oro11r 2.1ii in th sm wy s Theorem

.1 follows from orollry 2.1i. Osrv that Dx, vl inti with
an lmt of NBV T’

[DaC(x, v)*12](t)=- (t, s)*H(s)*p(s) ds

h(x, v(s), s)H,(s)* + H,(s)* O(s) s.

cy can be identified with 0c NBV"(T). Furthermore,

oy F(x, v -v f(Xs, v(s)- v(s), s) ds dOc (t)
aT at

f(x t, v(t)-v(t), t)Oc (t) dt

and
t"

12 C(x v)= |p(t)Hx(t)f(x o
t, v(t)-v (t), t) dt.

This yields the maximum condition (ii). [-1

Remark 3.5. On subintervals of T, the adjoint equation and the maximum
condition have a simpler form.

Since p(t)=0 on [to, tl-r], the maximum condition does not involve p on this
interval. Furthermore,

t
/(s, t)*Hx(s)*p(s) ds I /(s, t)*Hx(s)*p(s) ds

for 6 [to, tl r] and for [to, tl- 2r] and s s [h- r, tl],

r/(s, t) r/(s, s r);

this follows from the definition (2.2) of 7. In special cases, e.g., systems with a single
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constant delay, the adjoint variable oc is even absolutely continuous on T with the
possible exception of a jump at tl- r.

Remark 3.6. Again the nontriviality condition can be written in terms of the
adjoint variable

(o, o) (lo, OC T)+ NBV" (T1).

Suppose that (lo, ClTx) is trivial. Then p(t)= 0 (t Tx), since regularity is assumed
and the maximum condition on T has the form

p(t)H(t)f(x ,, v(t), t)-<_p(t)y

for all y 6 Hx(t) co f(x t, (t), t). Hence,

0 c(tl- r) -Hx(tl- r)*ll.

Since by regularity, rank Hx (tl r)* k, it follows that ll 0 contradicting the condition
(/0,/) (0, 0).

Remark 3.7. Compare the two forms of the maximum principle" The adjoint
variables ff: and ffc are related by an integral equation which in its abstract form is
given in Corollary 2.1 (iii).

The BK-form appears natural because the end condition is originally a pure phase
equality constraint. Hence, the Lagrange multiplier corresponding to the end condition
should appear only in the adjoint equation, not in the maximum condition as is the
case in the BC-form.

Remark 3.8. Bien/Chyung [10] require, instead of (0.6), that h(x(t), tl)=0.
Then the adjoint variable has a corresponding jump in tx, while (0.6) induces a jump
of ffc in ta-r. Bien and Chyung redefine their adjoint variable in tl such that the
Lagrange multiplier corresponding to the finite dimensional part of the end condition
does not appear explicitly in the adjoint equation (see Bien/Chyung [10, Thm. 3.1(ii)
and (iii)]). Apart from this minor variation, their adjoint equation coincides with the
adjoint equation above specialized to the case of a single constant delay. However,
the maximum condition given above has a global form on the whole interval T, not
only on [to, t-r] as in Bien/Chyung [10].

Remark 3.9. Sufficiency of the maximum principle has been analyzed by
Banks/Kent [3] and Bien/Chyung [10]. Restricting their analysis to the fixed final
state problem, Banks and Kent establish sufficiency of the BK-form under the usual
normality and convexity assumptions. Bien and Chyung show sufficiency of the
BC-form under similar assumptions for general function space and conditions. Taking
into account the equivalence of the two forms, their results extend those of Banks
and Kent.

Remark 3.10. We have treated the phase equality constraint (0.4) by using its
equivalent formulation as a mixed control phase variable constraint. Now it is clear
from the proof of Theorem 3.2 that we can deal with any constraint of the form

b(xt, v(t), t) 0 (t TI)

where b: Cn[-r, 0]xR x T1 - Rk satisfies the same assumptions as f in (1.1)-(1.3). In
particular, for r 0 the results of Makowski/Neustadt [37] are extended to relaxedm
instead of ordinary--optimal solutions of problems with ordinary differential
equations. The maximum principle obtained in this way is equivalent to that in
Schwarzkopf [43] (where r- 0, T--T). An advantage of our approach is that we
can make use of results in general optimization theory (cf. Theorem 2.1)). Furthermore,
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a relation between regularity and structural properties of the system is obtained
(Lemma 3.1).

Remark 3.11. The regularization procedure performed in the proof of Lemma
3.2 can easily be extended in order to deal with inequality constraints of the form

b(x,, v(t), t) <- 0 (t T1),

where b is as in the remark above.
Suppose that there exist Lagrange multipliers (lo, ll, 12)+Rk(Lkoo(T1))*

satisfying the analogue of (2.11) and additionally

(/2, z)->0 for all z Lkoo(T1) with z->0.

Then we impose the following regularity condition" There exists a neighborhood V
of 0 Rk such that

V f’) k c CO b(xt, f(t), t) f’) k__ (t T1),

where

_
:= {x (Xl,. ’, Xk) k: Xi 0}.

In order to prove that 12 can be identified with an element of L(TI), consider
first nonpositive simpler functions s. Here everything goes through due to the above
regularity assumption. Now suppose s is a general simple function. Decompose s into
its positive and negative parts"

s s+- s-, where s +, s-_-> 0.

Due to the positivity of 12, we find

(/2, s) (12, s +) + (lz, -s-) >-_ (12, -s-)

and

(12, -s)>-(12, -s+).
Since (/2,-s-) and (12,-s +5 converge to 0 for Ilslll-0, also (12, s) converges to 0.
Hence, 12 can be identified with an element of L(Ta).

Remark 3.12. The maximum principle reduces the optimal control problem
(0.1)-(0.5) to an "infinite defect boundary value problem" (as defined by Kamen-
skii/Myshkis [31]) consisting of a retarded and an advanced equation coupled by the
maximum condition. Solution of such a system is very difficult (el. also Grimm/Schmitt
[21], Kamenskii [27], Hutson [24], Kamenskii/Kamenskii/Myshkis [30]).

However, the existence of Lagrange Multipliers is also important in order to
prove the convergence of computational procedures (cf. Wierzbicki/Hatko [49],
Wierzbicki/Kurcyusz [50], who use shifted penalty methods in order to compute
solutions of problems with function space end condition, and Williamson/Polak [51]).

Remark 3.13. Conversely, one obtains results on infinite defect boundary value
problems by considering a corresponding optimal control problem. Existence of an
optimal solution and validity of the maximum principle imply that a certain boundary
value problem has a solution (see Kamenskii [29]).

Remark 3.14. Colonius [16] gave an example of an optimal control problem
where the assumptions of Theorem 2.1 are met while the optimal trajectory is not
regular. It is Shown that the maximum principle is not satisfied (for a certain perform-
ance index), i.e., there are no nontrivial Lagrange multipliers (10, l) e N+ W"’[-r, 0].
This shows that the regularity assumption is crucial for the validity of the maximum
principle.
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4. Discussion. The proof of the maximum principle relies on two main assump-
tions: (i) the existence of Lagrange multipliers (10, ll) R+ x (Wk’(TI))* can be estab-
lished if rs has a nonempty interior in L(T), and (ii) can be identified with an
element of wk’(T1) if the optimal trajectory is regular. We shall discuss, for the fixed
final state problem, how restrictive these assumptions are. For simplicity, we assume
that II(t) I0 on T and that the function f defining the right-hand side of the system
equation is independent of and an element of the following Banach space o:

:= { ]c: cn[_r, 0] x Rm - I1 11
:=max{ sup ]f(q, w)l, sup

qu_fn,o[ (4Cn,o)[t

We have for f e @:
7rsg {z L[-r, 0]: there is v eow# such that z (2)tl for x satisfying Xto 0

and 2(t) Dlf(x v(t))xt +f(xt, t, v(t)-v(t))(t T)}.

The linearized system satisfies the assumptions in Colonius [15, Corollary 4.1 ]. Hence,
int 7roos # if and only if

(4.1) int{zeL(T1)’z(t)ecof(xt,IIo)(teT)}.

By the same arguments as in [15, Remark 4.4] one can see that the set of elements
f e satisfying condition (4.1) for all xe C[to r, tl] is open and dense in - provided
that 1)0 contains at least n + 1 points. In this sense the condition int 7rs is
generically satisfied for hereditary differential systems defined by f e 0%.

Linear systems A (see Colonius [15, 2]) are not included in the class of systems
defined by . However, on. the basis of 15, Remark 4.4], a similar genericity statement
can easily be proven.

Observe, however, that the situation is quite different if we restrict ourselves to
the class of functions f where w ’ appears affinely. Then the condition n <_-m on
the dimensions of the state space (=output space) and the control space is necessary
for int 7rs .

Now consider the second assumption concerning regularity. Colonius [15,
Examples 4.1, 4.2] specifies classes of systems, where all trajectories reaching a certain
final function are regular. In general the situation is much more complicated, and we
have to look at the linearized system.

Colonius [15, Prop. 3.1] states that a trajectory x is regular if and only if the
zero trajectory of the corresponding linearized system is regular. Since 0 s, we have
either that 0 0 or 0 int . The first situation is a degenerate one: if 0 O and
int s there are Lagrange multipliers (0, l) + x (Wn’[-r, 0])* and the optimality
condition (2.11) is independent of the performance index (see Remark 2.3 for the
case where int s ).

Now suppose 0 e int s. Then by [15, Corollaries 4.1, 4.2], 0 is regularly reachable,
and by [15, Thm. 4.2], the set of regular trajectories is open and dense in the set of
all trajectories reaching 0. Thus, irregularity, in particular, irregularity of the zero
trajectory, is "exceptional" (compare, e.g., the discussion by Maurin [38, p. 29]).

In this sense, the maximum principle is generically valid and its use as a necessary
optimality condition appears to be justified.
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OPTIMAL INPUT DESIGN FOR DYNAMIC SYSTEM
PARAMETER ESTIMATION: THE D-OPTIMALITY CASE*

Z. H. QURESHI AND T. S. NG’

Abstract. The problem of optimal input design for estimating part of the parameters of a dynamic
system is considered. We show that two design criteria, Gs-optimality and Ds-optimality are equivalent.
Furthermore, a proven sequential design algorithm is extended to cover this case.

1. Introduction. The problem of optimal input design is fundamental to many
identification experiments and has been investigated by many authors. Mehra [1]
provided a comprehensive survey of the literature on optimal input synthesis. In the
same paper, he extended the Kiefer-Wolfowitz equivalence theorem [2] to dynamic
systems and proposed a sequential design procedure based on that of Fedorov [3].
An extensive study on the subject by Zarrop [4] showed that certain sequential design
procedures, which incorporate a number of algorithms previously proposed by a
number of authors [1], [3], [5], converge globally to a D-optimal design. Optimal
input design with constraints or in the presence of feedback has also been examined
quite extensively; see, for example, Goodwin and Payne [6], Goodwin, Murdoch and
Payne [7], Ng, Goodwin and S/Sderstr6m [8], S6derstr6m [9] and others.

It is evident that in designing identification experiments for different purposes,
different design criteria should be used. For example, if the design is to minimize the
covariance of the parameter estimator, a scalar function of the parameter covariance
matrix (or the inverse of the information matrix M-a, see (2.1) for a definition) is a
good choice. On the other hand, if the purpose of an identification experiment is to
accurately predict the output sequence, then it is more reasonable to cost the output
variance. A number of input design criteria are suggested and discussed in Mehra [1].
For our purpose, we consider only two of them"

(a) A design :* is called D-optimal if it maximizes det M().
(b) A design * is called G-optimal if it minimizes max d(to, ).
For a definition of d(w, :) see (2.3).
Excluding trivial cases, it is obvious that an optimal design which satisfies all

criteria does not exist. However, the two criteria D-optimality and G-optimality,
which compare the results of an experiment in two different spaces, are strictly related
to each other [1]-[5]. The equivalence of these two design criteria has proved to be
extremely important. It is fundamental to most D-optimal design algorithms and many
computational improvements [1]-[5] in both linear regression problems and dynamic
system design problems.

For dynamic systems, the studies so far have concentrated on estimating all system
parameters. The problem of estimating part of the system parameters has not been
addressed. In this paper, the optimal input design problem for estimating S out of p
(S-<p) parameters, where p is the total number of system parameters, will be con-
sidered. We shall prove the equivalence theorem [1]-[5], [10] and extend a sequential
design algorithm [1], [4] to the D-optimality case.

The paper is organized as follows: in 2, some definitions and terminology are
established. In 3, we extend the proof of the equivalence of D-optimality and

* Received by the editors December 8, 1980, and in revised form September 15, 1981.

" Department of Electrical Engineering, The University of Wollongong, Wollongong, N.S.W., Aus-
tralia.
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Gs-optimality and in 4, the convergence of a sequential design algorithm is presented
and illustrated by two simple examples.

2. Problem statement. We now introduce our terminology and notation, which
is essentially that of [4]. Consider a linear, time invariant, single-input-single-output
discrete time dynamic system"

B(z -1) D(z -1)
Yk =A(z-1) uk-a + C(z 1) e,

where

A(z -1) 1 + alz
-1 4-. 4- anZ -n,

B(z -1) bo + blz -1 +" "+ bmz -m,
C(z -1) 1 + clz

-1 +. + cqz -q,
D(z -1) do + dlz -1 +" + drz -r,

ek is Gaussian i.i.d, with unit variance.
Following the derivation of [4] and [8], the average information matrix for system

parameters al,. , an and bo," ’, bm is given by:

(2.1) M(:) h(eJ’)h*(ej’) d:’(to)= Re h(eJ’)h*(e’’) d(to),

where h 7- [h 1, h:z, hp] and

)D(z_I)AE(z_I) z

z

p=n+m+l,

2sc’(to), to (0, zr),
(,o)

’(o), o 0,

i=1,...,n,

i=n+l,...,p,

and h* is the complex conjugate transpose of h. Any such : is called a normalized
design and the set of all will be denoted by .., i.e., , {/ff ds 1}. The information
matrix for parameters cl,’",cq and d0,"’,dr is independent of any design
(Goodwin and Payne [11]) and hence will not be considered any further here. In what
follows, we also assume that M() is nonsingular; i.e., that the design is persistently
exciting [11].

Since we are interested in estimating part of the system parameters, we partition
the information matrix and its inverse into

[ MI(:) IM2(:) M_I [ _M_(2!.2 I_M_(2_)!_)M(:) \//--(ff) I/r-(-)] and () \M(2)T( IM()()],
where MI(:) and M(1)(s) are S x S matrices and M3(:) and M(3)(:) are (p s) x (p s)
matrices.
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Now define 1)

(2.2) (:) [M(1)(:)]-1 MI()-Mz()M (:)M2r (:)

and it follows that

(2.2a) det r() det [M1(:)-Mz(:)M; (:)Mf (:)]

2) * yields a global Ds-optimal design if

det ]r(t) max det 2r().

3) :* yields a local D,-optimal design if

0---logdet[(1-a)*+a:][=0_-<0 forall .

det M(:)
det M3()"

4) The generalized variance d(o, :), which in physical terms, can be interpreted
as the ratio of the variance of the system frequency response to the noise power at
frequency w [11], in the case S _-< p to be

(2.3)

where

d(w, )= h*(eJ)M-()h(ei’)-h(Z)*(ei)Ml

h r (ei,,) [ha(eiO,)... h,(eiO,)i h+(eiO)...
[h (1)T (ejO) h (2)T

We now proceed to prove the equivalence theorem for the case where S out of
p parameters are estimated.

3. Equivalence theorem. Before we proceed to state the main result, we first
show that the local minimum of optimizing det M(:) is also the global minimum.

THEOREM 3.1. Consider o .. and let (1 a)* +c: e .., ce [0, 1 ]. Then

1) * maximizes det/r() V ..,
2) O/Oa log detr[(1-c)* +a(]_-<0

are equivalent.
Proof. Clearly (1)- (2). To show that (2)- (1), we first state two matrix lemmas

without proof.
LEMMA 3.1 (Kiefer [12]). For 1, 2, ., r, let C be $ x (p -S), letDi be positive

definite symmetric S x S and suppose i > O, ai 1. Then
-1

[ oliei][ i oliOi] [ oliCT] i olifiOT1fT,
i=1 i=1 i=1 i=1

with equality if and only if the matrix Ci, Dv, is the same ]:or all i.
LEMMA 3.2 (Fedorov [3]). If A and B are nonnegative symmetric definite S x S

matrices, then log det (teA + (1-a)B) is concave for a [0, 1] and is strictly concave
unless A B or A +B is singular.

Now assume that * does not maximize det 2r(:) V: e E. Then there exists :o e ..
such that

log det r(:) log detr(*) __> O.
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Let (1 a)(r + ce:o ,,. Then
/r(t) [M(a)()]-1

MI()-M2()M- (:)Mr(:)

[(1 )MI(*) + Ml()]
-[(1 -a)M(*)+aM()] [(1 -a)M; (*)+ aM()]-’

[(1 a)M(*) +aM()]
Applying Lemma 3.1 gives

(f) (1 a)Ml(t) + aMl() (1 a)M2(t)M (t)M
aM(fO)M (fO)M (o)

( )()+ (o).
Hence, using Lemma 3.2, we get

og det (f) log det [(1 )(f*) + ($o)]

(1 -) log det (f*) + og det (o),

& log det ($)=o og det ($o) log det ($*) 0

which violates 2). This completes the proof of Theorem 3.1.
We now extend the equivalence theorem to the case of estimating S out of p

parameters.
THEOREM 3.2 (equivalence theorem, S p case). The following statements are

equivalent"
1) ft maximizes det (f),
2) ft minimizes max d(w, f),
3) max d(w, @) S,

where d (, f) is defined by (2.3).
Proof. We proceed (3) (2), (1) (3), (3) (1) and (2) (3).
By definition of d(w, ), it follows that

d(, ) d()= [h*(e)M-()h(e)-h*((e)M ()h((e)] d()

t M-() Re h(e)h*(e) d()

-t M () Re h(a(e)h*((e) d()

Thus

(3.)

t,[/p]-t,[I(_)] S.

max ds (w, tj) >-_ S.

Now consider

(3.2) max d(w, -r) min max ds(w, ).
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It follows from (3.1) that a sufficient condition for :* to satisfy (3.2) is that
max,o ds(to, :*) $. Thus (3)+ (2).

To show (1)+(3), let :o .. be any design and consider the design :=
(1 a):*+a: . Using Theorem 3.1 and (2.2a), (1) can be written as"

(3.3)

log det M[(1 a)g:* + =o log det M[(1

log det M3[(1 a ):* + a:]l =o _<- 0.

Now

(3.4)

Similarly

0_.._ log det M[(1 a)* + a:]l, =o trM-1(:*)[M(:) M(:*)]

tM-a(j*)M()-p.

(3.5) 0___ log det M3[(1 a):* + a:]l, =o trM; (*)M3(:) (p s).

Combining (3.3), (3.4) and (3.5) gives:

(3.6) --a log det 3r[(1-a):*+a:]l=o trM-X(*)M()-trM (:*)M3(:)-S-<0.

Let :o be a single frequency design at to, (3.6) and the definition of M and M3
for a single frequency design then imply that

h.(eJO)M-a(*)h(eJO,)_ h(2) (eJO)M (:*)h (2)(e ’’) _< $

or

(3.7) d(to, :*)- d(p_s)(to, :*) d,(to, *) <-_ S.

Comparing (3.7) with (3.1) shows that (1)+ (3).
Conversely if d (to, :*) $ holds, we know that (3.6) holds for all single frequency

design :o, hence (3)+ (1).
Finally (3.1) and (3.7) indicate that :* minimizes maxod(to, :); thus (2)+(3).

This completes the proof of the theorem.

In the next section, we investigate a sequential design algorithm based on the
equivalence theorem.

4. A sequential design algorithm. Sequential design algorithms with proven
convergence to a D-optimal design were proposed by Mehra [1] and extensively
studied by Zarrop [4]. We shall study, in this section, an algorithm which is essentially
due to Mehra [1] and Zarrop [4] but extends to the Ds-optimality case.

ALGORITHM.
(1) Choose a design :o E such that M(:o) is nonsingular.
(2) Setk=l.
(3) Choose a frequency tok such that d(tok, :k)= max,,[o,] ds(to, :k).
(4) If d(tok, k)= $, stop.
(5) Update design to :k+l (1 ak)k + aktok ...
(6) Set k k + 1; go to (3).
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THEOREM 4.1. If the sequence {ak} in the algorithm is chosen so that

a[O, 1], lima,=O, Y a=
k-.oo k =0

then limk-, k * E a Ds-optimal design.
Proof. By (2.2a)

det M(k+I) det M(k+l)/det M(k)
(4.1)

det _/r(SCk) det M3(k+l)/det Ma(:k)"

Following Zarrop [4], we have"

(4.2) M(sCk+l) (1--Otk)M(k)+Otk Re {h (eJk)h *(eJk )},

(4.3)
det M(k+I)

(1
det M(:k)

where fl ak/ (1 ak

Similarly

(4.4)

d(to, )= h*(eJ’)M-l()h(e’),
g(to, :)= 1/4{d2(to, :)-]dl(to, sc)12},

dl(to, )= h W(e’)M-l()h(e’).

M3(sC:k+l) (1 ak)M3(sCk) + ak Re {h (a(eJ’k)h (*(e"k)}
and

(4.5)

where r p s,

det M3(/+ 1)
det M3(sC:k)

(1 ak){1 + flkd(tok, k)+ flkg(tok, :k)},

dr(tO, ) h (z)*(eiO)M;1 ()h (Z(eJ’),
g(o, )= 1/4{d(o), :)-[d(o), )la},

dlr(tO, ) h(2)r (eiO’)Ml ()h(Z)(ei’).

Combining (4.1), (4.3) and (4.5) gives

(4.6) det M(s+l) )sdetir(sek =(1-a
1 + flk d(tOk, &) + fl2kg(tOk, k)
1 + kdr(tOk, k)+ flgr(tOk, k)"

Since limk-, Cek --0, the first order expansion of (4.6) in a gives

log det M(&+1) log det M(k) akS + akd akd
log det M(&) + m,(d S).

Now limk-,oo ak 0, therefore there exists ko, r/dependent on ko such that 0 < r/=< 1
and for all k -> ko,

(4.7) log det M(&+I) > log det M(&)+ rtak{d(tO,, ,)--S}.

Step (3) of the algorithm ensures that ds(tOk, k)>=S (cf. Theorem 3.2) and therefore
{detM(k),k_->ko} is a monotonically increasing sequence bounded above by
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det M(*), therefore

(4.8) lim det/lr(:k) det/lr(:’) -<_det ,2(:t)

for some
To show that det/r(s’) det hr(sc*), assume the contrary; then there exists

such that d(to, )-S => e, for all k > ko and from (4.7)

log det M(so) + er/ a < log det M(s’).
k=ko

By assumption, Y.=0a= and the sequence {detM(:)) is unbounded and this
contradicts (4) and thus completes the proof.

It is noted that many of the variations to improve the rate of convergence discussed
in Zarrop [4], Wynn [13] and Atwood [5] do not necessarily apply in this case. In
particular, the iterative design procedures introduced in Fedorov [3], Wynn [13] and
Atwood [5] may not converge.

Example 4.1. Consider the system (Zarrop [4, p. 121])

do+dlz -1

Yt (bo + blZ-1)ut-1 + -1 et.
l+Clz

Following 2, we have

Or [bobl],

hi(z-l)= l+cz-1
do+dlz- z

h2(z 1)= l+cz- -2
_12;

do+dz

l+c+2clcosto .[ 1 costo]M d/d+ 2dodl cos to cos to 1

Estimating bo using the sequential design algorithm given in 4 where ak

1/(k + 1) is used, Table 1 gives the final design for several values of cl, do and d with
initial design to 0.5, A 1.

TABLE
Final design for Example 4.1

c do d o A

0.5 1 0.3 1.46 1

0.1 -0.8 0.3 1.11 1

-0.5 -1 -0.3 2.10

In all cases, step 3 chooses the optimal frequency after several iterations. The
convergence characteristics for three different initial designs for the case c .5, do 1,
d .3 are shown in Fig. 4.1.

It is interesting to compare the Ds-optimal and the D-optimal designs. For this
system with Cl .5, do 1, and d =0.3 the D-optimal design gives to 1.3804 and
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2.0

1.46

0.5

0 1 2 3 4 5 6 7 8 9 i0 Ii 12 13 14 15

ITERATION
FIG. 4.1. Convergence characteristics for different initial design frequencies.

variance o =0.8673 (Zarrop [4, p. 121]). The Ds-optimal design gives w 1.46 and
variance bo 0.8604. It can be seen from these results that the Ds-optimal design
achieves a lower value on the variance of the parameter estimate.

Example 4.2. Consider the system

Following 2, we have"

07, [albo],

hl(Z-)=bo

-1bout- do + dz
yt

1 + aaz -1 + 1 + cz- et.

1 + CIZ-1 Z-1

h(z-)

do + dlz- 1 + alz -’

l+clZ -1 z -1

do + dz-1 1 + axz-and

1 + c21 + 2Cl cos to 1M=b. d2o+d+2dodl costo "(l+a+2ax costo)

1 -b--o(aa +cos to)

-o(a +cos to) --o (1 + a+ 2a cos to
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Estimating al using the sequential design algorithm in 4 with ak 1/(k + 1),
the final designfor several values of al, b0, Cl, do and d are shown in Table 2.

TABLE 2
Final design ]’or Example 4.2

a bo c do d 0)1

-0.1

-0.3

1.0 -0.1 1.0 0.0 0

0.5 0.5 1.0 0.7 0

0)2

0.5 -rr

0.5 "rr

2

0.5

0.5

In all cases,, the initial design is to 0.5, A 1. The same final design is also
obtained with different initial frequencies. In all the cases tried, the final design always
converges to two frequencies.

$. Concluding remarks. Optimal input design for identification experiments
based on two different criteria has been shown to be equivalent for the case of
estimating part of the system parameters. A proven sequential design algorithm which
converges to a D-optimal design has also been extended to the case of estimating
part of the system parameters and illustrated by two simple examples.

In this paper, we have assumed that M(:) is nonsingular. Methods used to
overcome singular M(:) in linear regression problems, e.g., transformations used in
Kiefer [10] and Atwood [14] cannot be extended to the dynamic case. Further work
is being carried out on the singular case and will be reported at a later stage.
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ON THE CONVERGENCE OF THE DISCRETE TIME DYNAMIC
PROGRAMMING EQUATION FOR GENERAL SEMIGROUPS*

A. BENSOUSSAN" AND M. ROBIN

Abstract. We consider several classes of control problems for Markov processes (continuous control,
optimal stopping, impulse control). The formulation we use is valid for general Markov semigroups. We
study the discrete time approximation of the dynamic programming equation, using mainly an analytical
approach. Probabilistic interpretation is given for some of the results.

Introduction. Let b(t) be a Markov semigroup, and more generally, d (t) a family
of semigroups dependi.ng on a parameter. We formulate several problems correspond-
ing to different stochastic control situations. The "continuous control" case is the
following: to find u (Borel bounded or uniformly continuous bounded) which is the
maximum element of the set

(*) u <- Io d (s) Lo e ds + 4 (t)u e -s’ Vt >= O, Iv,

where L is given and a > 0.
The stopping time problem is the following: to find u B or C which is the

maximum element of the set

u <-_ Io O(s)L e dt + e-’d(t)u

u<-_O,

Vt>__--O,

where 0 is a given function (called the obstacle).
The impulse control problem corresponds to (**) when the obstacle function

is not given a priori but depends on the solution u, 4’ M(u), where M is a nonlinear
operator.

We consider discretized versions of the above problems. Problem (.) is approxi-
mated by

[Ioh -st e-h ](*)h Uh min e (s)Lo ds + (h )uh

Problem (**) is approximated by

[Io
n

(**)h Uh min 4’, e (s)L ds + e (h )uh

The impulse control problem is approximated by

(***)h Uh min MUh, e (s)L ds + e (h)uh

The same kind of discretization process was used in the pioneering work of Nisio
(cf. [7a], [7b], [7c]) on nonlinear semigroups associated to optimal stochastic control

* Received by the editors March 2, 1981, and in revised form October 19, 1981.
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Institut National de Recherche en Informatique et en Automatique, Domaine de Voluceau-
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problems. Here we consider directly the stationary dynamic programming equation
in an abstract state space and for general semigroups. The results concerning the
approximation of the stopping time problem and the impulse control problem are
new, to the best of our knowledge (although Shiryaev [9] has also considered discretiz-
ation to study optimal stopping time problems, in a probabilistic framework).

After having established all the analytical results, we give the probabilistic inter-
pretation of (,) and (**), but not of (***)h, which is too technical and would extend
the paper beyond reasonable limits.

I. The problem of semigroup envelopes.
I.I. Notation and assumptions. Let E be a Polish space provided with the Borel

o--algebra g’. We note that B is the space of Borel bounded functions on E and that
C is the space of bounded uniformly continuous functions on E. We consider a family

b (t), v V of operators such that

(1.1)

(1.2)

V is a finite set,

b (t) (B; B), b (0) =/,

I1 (t)ll =< 1,

b (t + s) b (t)b (s), & (t)q >_- 0 if q_->O.

A semigroup of operators on B satisfying (1.2) is called a Markov semigroup.
We will also assume that

(1.3) b(t) C C,

(1.4) t4)(t)q(x) is continuous from (0, eo)R Vx fixed

Let next L(x, v) be a function such that

L(x)=-L(x,v)B, J, e-tg)(t)LdtC,(1.5)

where a is a positive number.
We formulate the following problem: to find u maximum solution of

u<- e (s)Lds+e (t)u Vt >0, Vv,

(1.6)
uB.

We will study (1.6) by the following discretization procedure:

(1.7) Uh =min e V(s)Lds + V(h)Uh Uh .
1o. Convergence resl. Our main result in this section will be the following.
To 1.1. We assume (1.1), (1.2), (1.3), (1.4), (1.5). Then u/u, the

maximum solution o (1.6), as q +.
We will need several lemmas. We first recall a property of Markov semigroups

which is given in Dynkin [4].

Let .B such that (x)(x) Vxand IIn[g. Then
(.8) 6(t).(x) 6(t)(x)Vx.

LEMMA 1.1. There exists one and only one solution of (1.7).
Proof. Let z B, set Thz =min [ e-"’(t)Ldt+e-h(h)z],
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Since the set V is finite, Thz B. Note also that when z C, ThZ C. Moreover,

ZhZ1 ThZ=II e -ah IIz z

hence Th is a contraction and therefore has one and only one fixed point Uh.
LEMMA 1.2. Let z B such that z <- ThZ. Then z <- Uh.

Proof. Th is increasing in z, hence z <= ThZ <--_ Thz, ", <= Tz <= Uh by the con-
traction property, hence the result. El

LEMMA 1.3. We have

(1.9)

Proof. For any v, we have

Uh <- Ioh
Uh U2h.

e-S (s)Lv ds + e-=h4) (h )Uh

hence

which implies

h

e-hv(h)Uh <= IO e -(’+hrb (s + h)L ds + e-2’h V(2h)Uh,

h

e -"rbUh <- (s)Lv ds + e (2h)uh.

Hence Uh <- r2hUh, which with Lemma 1.2 implies (1.9).
LEMMA 1.4. We have

(1.10) Uh ----> -K, K max.
Proof. Assume z ->-K. Then

e (s)Lvds+e 4) (h)z >=-e
h

+ e (s)L- ds

>--Ke-ah
h

max IlL: Io e-aS ds >= -K,

hence ThZ >---K. Starting with z 0, we deduce TT 0 >--K, hence Uh >-----K. i]

Proof of Theorem 1.1. Let us set uq ul/2q. Then from Lemmas 1.3 and 1.4 it
follows that

(1.11) Uq$U

Note that u is u.s.c.
Furthermore, we have

mh

ast -tmhtUh N e- (s)Lvds+e (mh)uh

.2
q-!

Taking h 1/2, m =I with _-< q, we obtain

(1.12) Uq <- e (s)L ds + e uq,
,0

Vm integer.

<_-q, ] integer.
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We can let q’+ in (1.12),/’, fixed; from (1.8) and (1.11) we deduce

u <= e (s)Lv ds + e-’i/2tqb
aO

e (s)L ds + e-"V2’& u,
0

where now ], l, q are arbitrary integers. We take ] It2/] + 1 and let . Since u C
we may use assumption (1.4) to assert that

u e (s)L ds + e (t)u,

in which we may let again q tend to +. This proves that u satisfies (1.6). It is certainly
the maximum element. Indeed, let a be a solution of (1.6). Then clearly a Tha,
which with Lemma 1.2 implies a Uh, and hence,

1.3. Additional regularity results. We assume here that

(1.14) IZ(x,v)-t(y,v)lglx-yl, 01,

gC’a(E) (i.e., Ig(x)-g(y)lllglllx-yl),
(.5)

16 (t)g(x) 6 (t)g(y)] e’llgll, lx YI’, X 0.

THEOREM 1.2. We make the assumptions of Theorem 1.1 and (1.14), (1.15).
Then g a > A, u C’ (E).

Pro@ Let z C’a (E). Let us fix Xo in E. There exists Vo (depending on Xo) such
that

h

ThZ(Xo) o e-&(s)L(x) ds + e-"&(h)z(xo).

Now, letting x be arbitrary, we have

ThZ(X) e-6V(s)Loo(X) ds + e (h)z(x).

Hence by the difference
h

ThZ(X) ThZ(Xo) <- Jo e-’s (b V(s)Loo(X) ck V(s)Lo(Xo)) ds

-I- e-h(V(h)z (x rh V(h)z (Xo)),

and from assumptions (1.14), (1.15), it follows that
h

’KIx Xo[ ds +<-_ e e e -’h e" [Iz I1 Ix xol.
Hence, if x Xo,

-(o-,k)hThZ (x ThZ (Xo) 1 e
<=KIx -xol , -,

and, since Xo, x are arbitrary, we deduce

1 --e -(c-x)h
(1.16) IlTaz I1 _<-K + e
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Iterating we obtain

IlTzl[ _-<K 1--e-(-x)h(1 + e_(_x)h +... + e__x)k_a)h) + e_=_hllzll,

hence, letting k

K
(1,17) Iluhl[ ----<,

Taking h 1/2" and letting q’

Remark 1.1. We now show that we can get rid of the assumption a > , provided
that we look for a solution in C(E). This result seems new.

We assume

(1.18) rb (t)(x) is (Lebesgue) measurable from (0, oe) in R Vq B, Vx fixed.

We first state a technical result.
LEMMA 1.5. Let qb(t) be a Markov semigroup on B, i.e., satisfying (1.2), which

verifies (1.18). Let w B such that

(1.19) w <- e- (s)g ds + e (t)w Vt > O,

where g B. Then for any fl > 0 one has

(1.20) w <- Io e-Sqb(s)(g +(-a)w) ds +e-tqb(t)w

Proof. We set

-4, -’4,H(t) w e (s)g ds e (t)w"

we have

H(O) O, H(t) <-_ 0 Vt.

In fact, we have the additional property

(1.21) H(t)<-H(s) for t>-_s.

Indeed, (1.21) amounts to proving that

e-"Sd?(s)w <- e-t&(t)w + Js e-b(A)g dA,(1.22)

But from (1.19),
t-s

--rw <-__ e (r)g dr + e-(t-)4, (t- s)w"

hence

s<-t.

t-s

--oz(r+s)e-%b(s)w <- e (r + s)g dr + e- (t)w,
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i.e. (1.22). We next have

-(-)tw e-’(t)w + e -(t-)’ e (s)g ds + e t),

and integrating between 0 and T, we deduce

T T

[1--e-(O-)T]w=f0 (fl -a) e-mck(t)w dt + Io (B -a) e-(-)’H(t) dt

T

Io ( -a) e-ttqb(t)w dt

T T

ttD-(-c)T e (t)gdt

T

+ Io e-tck(t)g dt;

hence
T

w= fo e-ttb(t)(g +( -a)w) dt + e-tdp(T)w + e

T

+ Io (B-a)-(-)’H(t) dt.

-(t3- TH T)

H(t)>=H(T), (B a)H(t) <= (3 a)H(T);

hence,
T

e-(O-) + Io (3-) e-(-)tH(t) dt

T

<=e-(-)rH(T)+(B-a)H(T) Io e-(-)’ dt=H(T)<=O"

Therefore, (1.20) holds in all cases for <-T. Since T is arbitrary, the desired
result is proved.

We then can prove:
LEMMA 1.6. Under the assumptions of Theorem 1.1 and (1.18), the maximum

solution of (1.6) is also the maximum solution of

(1.23)
uB,

u <--_ Io e-tsck(s)(Lv +(3-a)u) ds +e-ttv(t)u Vv, Vt>-O,

where > 0 is arbitrary.
Proof. Let u be the maximum solution of (1.6). In view of Lemma 1.5, u is also

a solution of (1.23) for all/3 >0. If w is another solution of (1.23), by Lemma 1.5,

If 3_->a, since H(t)-<0, we clearly have (1.20) with t= T. If/3 <a, then using
(1.21) we have
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w also satisfies (1.6). Therefore w -< u, and this proves that u is the maximum solution
of (1.23). E]

We then state:
THEOREM 1.3. We make the assumptions of Theorem 1.1, and (1.14), (1.15),

(1.18). Then u, the maximum solution of (1.6), belongs to C and u/2, (defined in
Theorem 1.1) converges to u, uniformly on every compact of E.

Proof. Let z e C and let sc be the maximum element of

(1.24)
EB,

<- Io e-tscV(s)(Lv +(fl -c)z) ds +e-tv(t) Vv, Vt.

We thus have defined a map S" C B.
According to Theorem 1.2, provided/3 > A (which we suppose), S" C’ C’.
Consider now Sh" B B defined by :h Sh (Z), where

(1.25) G min fro
h

e-t3s& (s )(Lo + ( c )z ds + e-t3h& (h )h]

(1.26)

Note that Sh" C C. One easily checks the estimates

IlSh (Z 1) Sh (z2)ll <
O

Ilzl z=ll

Since

(1.27) S(z)=lim$S1/2,(z) as q ]’+oo

we deduce from (1.26) that

Zl, 22 B.

(1.28) }lS(z, S(z:z)ll <_B , a IIz, zll v,, za c.

We also note the relation, which follows from Lemma 1.5,

(1.29) u<=Sh(u).

cO,6Define now u $"(0), u a Sh(O) Since $ maps C’ into itself, then u e
From (1.28)it follows and thus u" w in C.

We are going to prove that

(1.30) u=w,

which will prove the desired result. We also have from (1.26)

(1.31) Sh (0) Wh in C and Wh is the fixed point of Sh (in B).

From (1.29) it follows that

(1.32) U<--Wh.

Now from (1.26), (1.28) we can assert that

(1.33)

(1.34) Ilbl Whll (fl --0l) --" max IlLvll.
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But we have

(1.35) u’/2 $ u as q ]’ oo ’qn.

This is proved by induction on n, as in Theorem 1.1. From (1.33), (1.34), (1.35)
we conclude

(1.36) wl/2,(x) , w(x) Vx as q

But (1.32) and (1.36) imply

(1.37) u<-w.

But since w is a fixed point of $, we have

-< Jo e-OS&(s)(Lv + (fl-a)w) ds +e-O’O(t)wW

and, from Lemma 1.5,

--aS( --ottw<-_ e (s)Lds+e (t)w"

therefore, w <_-u, which with (1.37) implies (1.30).

1.4. Probabilisfie interpretation. We assume here, in addition to (1.2), that
&(t)l=l. Let us define f=E’, x(t, to) the canonical process, /x
o’(x (h); _-< h _-< s),/t =/x. For simplicity we take (without loss of generality) V
{1, 2,. ., m}. To V, we associate a probability pt on (f,/xt) such that

(1.38) tE (#(X(S)) ( (S t)o(x) Vs >- t.

We denote by W the class of the step processes adapted to x with values in V.
More precisely, if V s W, then there exists a sequence ro 0 < rl < rn <" which
is deterministic, increasing and convergent to +oo and

(1.39) V= v(" ), v(t; to)= v,(to),

where v, is tz ;"- measurable with values in V.
We can define a family o,,v.t of probabilities on (I),/xo) indexed by the pair

to, t(to e I), _-> 0), such that for F /x- r(/x;, 0 _-< s < t) and A /xt, then one has
t;o)(1.40) o.,V,t(F A) XF(to)Pvlt;,,.,)t(A)

Let us next define a sequence Pv of probabilities on (fl,/xo) as follows"

o
(1.41) p, n;O,
where Vo Vo(X), Vo being a Borel function from E V, by (1.39). We then define by
induction

(1.42)

We then note that

"+ e’ov (F).Pb(F) =E ......
n+l

(1.43) P.(F) P.(F) VF /xo-+’.

thenIndeed, take F6/xo

F F1 f’l F. with F1 /Xo-+’-, r2 r(X(rn+)).
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Therefore, by formula (1.40),
vO.... (F) Xra(o)P:l:+’ ;o,),

+,;,,) (1"2) Xrl(oo)Xr_(to) Xrlnr2(oo) Xr(tO),

therefore, by (1.42) we obtain (1.43).
The family Pv(F) on /xo +1) forms a system of compatible probabilities, and

since E is a Polish space, then (cf. Neveu [6]) there exists one and only one probability
Peon (II,/xo) such that

(1.44) Pv Pvon lx

LEMMA 1.7. Let q e B and rn <- < rn+l. Then we have

(1.45) EXv[C(x(t))ltz"]= o"(t-r)c(x(,)).

Proof. Let sc be/x--measurable and bounded. Since < r/l, we have

n-1

Ev(x(t)) kv(x(t)) EEv (’)(x (t; ’))
n--1

E()ES...(x(t; ’)).

But from (1.40)and (1.38)

EZ..(x(t; m’)) "(t-)(x (r))

and

n-1

from which (1.45) follows.
We next define, for V W,

We have

(1.46) jx (V) Ev Io e-tL(x(t)’ v(t)) dt.

17.1nJX(V) Ev E e-’ e-(’-’)L(x(t), v) dt.
rt=0

But from Lemma 1.7, for r -< < ’,+,

EvL(x(t), vn) E$ %(t-r)Lo. (x (r)).

Therefore

Ir+l -a(t-Z.)L(1.47) E e (x(t) v) dt=E e (t)L(x(z)) dt.

Let us consider the function
h

(1.48) Lh(X, v)= e (t)Lo(x) dt.

Then from (1.47)

"+ -(t-r.)LEv e (x(t) v,) dt L,.+_,.(x(r,) v,),
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(1.56)

also from (1.48)

Lh(Xn, Vn)= e (s)Lv.,(x,,) ds.

Collecting results we deduce from (1.55), after taking the mathematical expecta-
tion and multiplying by e -’nh,

hLlh(Xn+l).Eve-nhuh(X)<=Eve-hLh(Xn, v)+Eve-(n+l)

Summing from n 0 to N- 1, we obtain

N-1

uh(x)E e-hLh(X,V)+Ee-huh(X).
n=O

Letting N Go and remembering that /$h is bounded, we obtain

(1.57) IAh (X < JX V).

Let now t(x) be such that
h

-asl) -hfD (X h Uh XUh(X) e ((s)L((x) ds + e
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and defining

(1.49) xn(w) x(n, w)

we obtain the following formula

(1.50) jx V) EXv
n=O

Let us set

(1,51) Wh {V Wl’n nh}.

We have the following.
THEOREM 1.4. We make the assumptions of Theorem 1.1 and (1.2). Then we have

(1.52) Uh(X)= min J(V).
Ve Wh

Proof. For V Wh we have

(1.53) J(V)=EI 2 e-anhth(Xn, l)n),
n=0

and v, is/x;h-measurable. Note that v0 is not random. Now from (1.7) we have
h

-a, -oh(1.54) Uh(X) <- e V(s)L(x)ds+e V(h)Uh(X) [X,V.

Take V to be an arbitrary control. In (1.54) replace x by x(w), and v by v (o9).
We get

h

-osl) oh (Xn(1.55) Uh(Xn) e ’ (s)L,,,(x)ds+e- vn (h)Uh

But from Lemma 1.7 we can assert that

c v" (h )uh (Xn E,[Uh (Xn+ l)ltx )h];
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We can find 6(x) Borel. To t3 we associate Q in Wh as follows"

= (o(x), , ,(o),...),

with 3o(X) 3(x), 3, (to)= (nh; w)).
A calculation similar to that made above shows that Uh(X)=JX(/), which

completes the proof of (1.52). 71
We can now give the interpretation of the maximum solution of (1.6). Let us define

(.58)

Then Wq+l D Wq, and hence

Wq-- W1/2.

min JX (V) -> min JX (V),
V Wq Ve Wq+l

and we recover the fact that u >= uq+l.
THEOREM 1.5. We make the assumptions of Theorem 1.1 and (1.2). Then the

maximum solution of (1.6) can be interpreted as

(1.59) u(x)= inf J(V).
V U W,

Proof. Let t be the right-hand side of (1.59). Since uo >= t we have
On the other hand, we know that

u<=uq<-J(V) VV W;
hence

u(x)<-](v) vveu w,

which implies u <= t, hence the result.
If E is compact, it follows from Theorem 1.3 that /’/h "-)’ U in C; then it is easy to

check that we have
COROLLARY 1.5. Under the assumptions of Theorem 1.5, if in addition E is

compact, then Ve > O. There exists an e-optimal control in
U Wq such that J (V) <- u (x) + e Vx.

2. Stopping time problem.
2.1. Assumptionsnotation. Let (E, g’) and B, C be as in 1.1. We consider a

Markov semigroup on B, b(t). We will assume

-+ 4(t)(x) is continuous from (0, oo)-+ R Vx fixed, V eB.(2.1)

Let

(2.2)

(2.3)

B,

L B such that ch(t)L(x) is (Lebesgue) measurable ’qx fixed.

If we assume more regularity on , L, namely

(2.4) 4’ e C, Jo e-t4(t)L dt C,

then we will use a weaker form of (2.1) (i.e., (1.4)),

(2.5) 4(t)q(x) is continuous from (0, m)R Vx fixed, ’qq e C,

(2.6) 4(t)’ C C Vt > 0.
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We consider the following problem: to find a maximum solution of the set of
inequalities

uB, u<-O,
(2.7)

-"s(ft -t(u <= e (s)L ds + e (t)u Vt >0.

We will study (2.7) by the following discretization procedure"

(2.8) Uh min 0, e (t) dt+ e (h)uh Uh e B.

2.2. Convergence result.
THEOREM 2.1. We assume (1.2), (2.1), (2.2), (2.3) or (1.2), (2.4), (2.5), (2.6).

Then the set of]unctions satisfying (2.7) is not empty and has a maximum element.
Proof. Let, for z e B,

[I0 ]oTh(Z)=min O, e-tc(t)Ldt+e (h)z

Then Th(z) B. Now when (2.4) and (2.6) are satisfied, Th:C- C. Moreover Th is a
contraction in B; hence (2.8) has one and only one solution. Then we proceed as in
the proof of Theorem 1.1. We check that

(2.9) z e B and z <- Thz implies z <-- Uh, Uh <-- U2h,

(2.10) Uh >_- -g, g max [llO-II, IlL-Ill
L

Indeed,

-K NO, -K-< Jo e-tg)(t)Ldt-e-hck(h)K;

hence -K <-_ Uh by (2.9).
We next set Uq ul/2q and

(2.11) Uq , U, u e B, u >=-K.

Clearly u _-< O. As in the proof of Theorem 1.1, we have

(2.12) u <-_ e (s)L ds + e u V], integer.
a0

Let t>0, take ] [t2t]+ 1 and let l-m. By assumption (2.1) we can assert that

(2.13) u <- Io e-S4)(s)L ds + e-tcb(t)u.

Therefore u is an element of (2.7). It is the maximum element since, if a is
another element, then clearly ff -< Tht; hence t _<- Uh, which implies t7 <_- u.

If we assume (2.4), (2.5), (2.6) instead of (2.1), we cannot pass to the limit as
l- oo in (2.12). We proceed as in Theorem 1.1.

We first majorize u by u q in the right-hand side of (2.12), and use the fact that
uqe C to pass to the limit as o. We obtain (2.13) with u replaced by u q in the
right-hand side, and we can let q - oo to obtain the desired result.
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2.3. Regularity. In this section we assume that b(t) satisfies (1.2), (2.6) and a
stronger property than (2.5), namely

(2.14) --> b(t)q is continuous from [0, c) into C q Ca.
We also assume (2.4) for the data , L. Then our objective is to prove the following.
THEOREM 2.2. We assume (1.2), (2.6), (2.14) and (2.4). Then the maximum

solution of (2.7) belongs to C. Moreover, Uh --> U in C.
Although we will not use explicitly the infinitesimal generator -A of b(t), we

will use the following property of its domain D(A)(4(t) considered as an operator
from C -> C):

We consider the penalized problem

uC.

Then (2.16) has one and only one solution. Indeed, from Lemma (1.5), (2.16) is
equivalent to

u e-(+a/)4)(t) L +-u --(u O)+ dt

(2.17)

e-(+l/)’cb(t) L+-z ^ dt;

then it is easy to check that T is a contraction and, thus, its unique fixed point is the
unique solution of (2.16). To prove that

(2.18) Uh "-> u in C,

we will rely on a discretized penalized problem. In the mean time, we will recover
convergence properties of u to u as a side effect.

We now introduce the penalized discretized problem

(2.19) u, hLh --h (Uh )+ + e_h)(h)Uh, Uh C,

where

(2.20)
1 IohLh - e (t)L dt.

LEMMA 2.1. Problem (2.19) has one and only one solution.
Proof. We define on C the map

(2.21) rhZ e (nh) hLh + h
n=0 E

Let us check that it is a contraction. Indeed,

ThZ1 Thz211 2
_[_n=0

n+l

e 1-e
l+e

h

This is equivalent to b(t)o q in C as , 0 q s C (cf. Dynkin [4]). Moreover, (2.14) is equivalent
to (2.5) if E is compact.
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Let u be the unique fixed point. Then

e (hLh+hO^U’) +e-,h e(h )u h

h+e

ehLh+ h h
--e h + e U h h + e

8, _ahte (h)u,(Uh 0)+ +’h + e

from which (2.19) follows.
LEMMA 2.2. We have

(2.22)

and

(2.23)

Proof. We have

(2.24) (he+e )r,u,’= E
n+l

if s .<

e -noth[ hLh +hO^Uh’]e
But from (2.19)

e’ 8
Uh h+e

ehLh h e

h+e e’ h+e
e’ )+ 8 -othe (h)u ’(Uh--O +h+e

or

., ehLh
Uh h+e

Uhh +e e’ h +e
e’ 8 _ohte (h)u ’--(Uh --O)+ +

h +e h

ehLh
h+e

e O^u, h (7) e -,hh + 1 (U ’ e (h )u ’h"-’--+
h +e h4-e h -O)+ + h +e

and, thus

(2.25) u,’=
n--O

n+l

hut,, 1 1, , )+].
Hence, comparing (2.24) and (2.25), we see that

ThUh --U if e =e

Iterating it follows that (T,)"u,’ < u h hence (2.22).
Let us now notice that u=e-"(t)L dt satisfies

(2.26) 0 -oht 0u =hLh+e (h)u

Then using (2.19) we deduce
o > (h)(u --Uh)U U h e-ah o

and iterating
0 -noth 0

U --Uh=e (nh)(u --Uh)’-*O,

and therefore

(2.27) u u"h
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But

(2.28)

hence

(2.29)

On the other hand, we have

n=O

n+’l

e_,o,h(nh)(hLh _ho_)
n+l -ah

( e ) -,h( 1--e h=>- 2 e IIL-II /-IlO-
,=o h/e a e

Assume now that z >--K. Then from (2.21)
n+l -oh

Thz >-- 2 +e e (nh)
n=O

+ >- -K.
h+e(1-e a

Therefore it follows that u, =>-K, which proves (2.23), changing the definition
of K. El

LFMMA 2.3. We have

(2.30) Uh =Uh.

Proof. We have

(2.31) Thuh E
n=0

n+l

e-’’hc (nh [ hLh +
and

U h <- hLh + e-ho (h)uh

or

ehLh h e _h
0Uh < + Uh + e (h)uh"=h +e h /e h +e

hence
n+l

[ h 1(2.32) /’/h < +e e (nh) hLh +-e uh
Noting that Uh <- O, hence, Uh 0 ^ Uh, it follows from (2.31), (2.32) that TUh Uh,

from which we deduce (2.30).
LEMMA 2.4. Let e C and be the solution of (2.19) with g replacing O. Then

we have
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Proof. Let z, z7 be in C such that Ilz zTl[ _-< [[ 11, Then from (2.21) it follows that
n+l

IlThZ Thzll < E h + e e

and hence (2.33).
We consider now the case when 4 D(A). Therefore we can write

L e-’b(t)A dt, A C

(2.34)
h

-ct -aht -ahe (t)A dt + e (h)O hAh + e (h)O.

We have the following.
LEMMA 2.5. Assume (2.34). Then

(2.35) Ilu 7, u (IIAII + llLII).

Pro@ Let us define

h Lh Ah, h U h O.

From (2.19) and (2.34), it follows that

l hh -h th + + e_hqb h .
Hence, as already seen,

-nah .h
Uh E e c(nh) hff-,h----(t)-

n=0

,=o h+e

n+l hee-"hb(nh)hJh <---
h + e -ee-ah I111 ,1111,

and therefore

(2.36)

Now (cf. Lemma 2.2)

(2.37) h L/h EZhU e’ e

n=o h+e
n+l

e-""hb(nh)h - (blh l[)+,

’ ’> ’[11[ for e <e’and from (2.36) T[u h

Now from (2.34) we deduce

(2.38) ,Eo= + e
thus

n+l

Teh 2
U h tll E

8

n=0 E

n+l

e hAh+/

e h2_,h h
ThUh--.0)
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and using (2.37) we have

-(Tu’ 0)- >= a,’ e

Therefore

(2.39) (T)2u’ 0 >-- 2 e-nh hh + h-h --I1
n=O E

Now rom the expression (2.25) of g’ and (2.34) we can write

Uh(2.40) ah E h e h.+-a --( )+
n=O E

which together with (2.39) implies

(2.41) (T)2Uh --Oeah "h-+i e IIt .lle a. - II.
E n=O

Therefore

h)2Uh u - Ilth II,
and by iteration, we obtain

(2.42)

Let now u be the decreasing limit of the sequence u, as e $ 0. Then from (2.42)
we obtain 0 _-> u u’ _---- -e’llll. Therefore u --) u in C. Then from (2.19) one easily
checks that u u h; hence finally,

(2.43)

i.e., (2.35). [3
LNMA 2.6. We have

(2.44) u h - U in C as h -. O.

Proof. We have

e_nahC [h _as ( 1 e)-nh/eu u E (nh) e (s) L +-O u e ds
n=O

n+l

i;h h Lh+--OAUe
e-"h(nh) e-(s) L+O u e-""/ ds

n=O 8

e
h Lh+ OAu

+ e- (nh) -+ en=0

=I+II.
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But

1-e

I1--< E e-" L +-6 ^ u
n=0 8 hie

h

+ he

n+l

h 1 ,h<=-- Lh+--O^U 2e- (n+2)+ 2 he
E E n=0

h

(e-’s& (s) I) 4’ ^ u

8

O(h)-O as h +0 for fixed e.

But then we get

( h )( e_)Ilu u,ll <-- 1 + -he(1--e ) O(h) < 1+ O(h),

which implies (2.44).
Proof of Theorem 2.2. We first notice that from (2.33) and (2.44) we can assert

that

(2.45) u a <--IlO fll.
Now take h 1/2q, Uq u/2.. We know from Theorem 2.1 that u u. Assume

that 0 D(A); then from (2.35)

lua(x)-u(x)le(llAll+llLll) Vx.

Letting q +m, we deduce

(2.46) Ilu ull (IIAII+llLII) if O eD(A).
Similarly, from (2.22) we deduce

u Nu irene(2.47)

and from (2.23)

(2.48)

Therefore u$ u* as e $ 0. From (2.46) it clearly follows that u*= u when
O D(A). In fact, this is true in general. Indeed, from (2.30) we deduce u >_- u. Hence,

(2.49) u*>-u.

But let us show that

(2.50) u" - u* in C.

Indeed, take 0u D(A). Ou-+ 0 in C. All quantities depending on 0u instead of 0
will be indexed by N. From (2.45)we deduce [lu*-u,ll-_<llo-,,ll, and from (2.46)

Ilu 7 u*ll e (IIAII + IILII).
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Therefore

Ilu u*il Ilu u 711 + u7 u 11 + Ilu u

--< 2110 0,, / e (llmll + Iltll),
which proves (2.50). But then from (2.16) we deduce

e (s)(u* O)+ds 0 Vt.

Dividing by and letting +0, it follows from assumption (2.14) and the fact
that (u* 0)+ e C that (u* O)+ 0; hence,

u’NO.(2.51)

Since we also have

we deduce

u <= e (s)Lds+e (t)u ,

u*<= e (s)Lds+e (t)u*,

which combined with (2.51) implies u*-< u by definition of u. This and (2.49) prove
that

(2.52) u"u inC.

Therefore u C. It remains to prove that (2.18) holds. We have

(2.53) u Uh U UN -I- UN UN, -t" UN, UN,e,h + UN,e,h UN,h "4r" UN,h Uh.

But we have

(2.54)

from (2.45) and (2.52),

(2.55)

from (2.46),

(2.56) Ilu,, u,,,,,,,, II-<- o,, (h)

by Lemma 2.6, where Or.(h) 0 as h - 0, N, e being fixed,

(2.57) IlUu,,h UU,hll <= Cue,
from (2.38), and

(2.58) IlUu,h ull llo ell
from (2.33) (after letting e $ 0 and using the fact that u Uh as e 0). Indeed, from
Lemma 2.2 u u, and from (2.30) u Uh. But from (2.19), after multiplying by
e and letting e 0, u N , we have

u e (s)g ds + e (h)u,
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which implies u <= Uh (by 2.9). Hence u Uho Collecting results, we may in (2.53)
let first h tend to 0, then e to 0, then N to +. We obtain Ilu Uhll O, which completes
the proof of Theorem 2.2.

2.4. Probabilisti interpretation. Returning to (2.7), (2.8) and we will give a
probabilistic interpretation of both functions u and Uh. We construct on (f, 0) the
unique probability px such that (, o, P, o, x(t)) is a Markov process verifying

(2.59) E(x(t)) (t)(x) V B,

and by the Markov property,

(2.60) EX[(x(t))]]=(t-s)(x(s))st B a.s.Px.
Let 0 be a stopping time; we define

(2.61) J(0)=E e (x(t)) dt+e (x(O))

We consider stopping times of the form 0 h, where is a random integer
satisfying

nh(2.62) {u n } Vn.

Note that 0 is indeed a stopping time, since

TOM 2.3. We make the assumptions o Theorem 2.1 and (1.2)’. Then the
solution o discretized problem (2.8) is given explicitly by

(2.63) u(x)= 2J(O).
Moreover, there exists an optimal stopping time O hh, where

(2.64) min [u (x(nh)) (x(nh))].

Proof. From (2.8) it follows that for all n integer
nh

-h(2.65) Uh N e-(t)L dt + e (nh )uh.

By the Markov property for m N n,

E Uh(x(mh)) e-mh + e (x(s)) dsl
h

=((m-n)h)Uh(X(nh)) e-mh + e (s-nh)L(x(nh)) ds,
h

and from (2.65)

e-nhuh(x(nh)).
By Doob’s theorem we can replace m, n by random integers ul _-< ’2 satisfying

(2.62), namely,

e-’lhuh(X(tlh))<=E Uh(X(t,’2h)) e -’2h + e-SL(x(s)) dsIlx lh
a,lh
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from which follows (with 91 0, 92 9),

(2.66) Uh(X)<-jX(gh).

Now from (2.8)we have

[ I0 ](2.67) Uh(X(nh))=min O(x(nh)), e-tc(t)L(x(nh)) dt+e (h)Uh(X(nh))

Now by the Markov property (2.60)

c(t)L(x(nh)) EX[L(x(nh + t))[txnh];
hence

(n+l)h

e (t)L(x(nh)) dt E e
h

Therefore (2.67) reads

e-SL(x(s)) dsl"h].

e Uh(X(nh)) min e- (x(nh)),
(n+l)h

E e-SL(x(s)) ds +e-(n+l)huh(x(n + 1)h))l/x
h

Multiplying both sides by Xn<a, since for n <h, Uh(x(nh))<O(x(nh)), we have
-anhe Uh(X(tlh))Xn<h

(2.68)

X<E e (x(s)) ds + e (x(n + 1)h)[
h

nhSince X,< is measurable, we can enter it into the conditional expectation.
Taking then expectations on both sides, we deduce

(n+l)h

x e-nhh(X(h))Xn<9, xXn<a([ e-SL(x(s)) ds +e-(n+l)hh(X( + 1)h)).
anh

By summing over n, we obtain

(2.69) E e-"huh(X(nh)) L e-SL(x(s)) ds + Y’, e-’’huh(X(nh))
n=0 n=l

In fact, in writing (2.69) we have implicitly admitted that 9h 1o If 9h 0, from
(2.64), then necessarily, Uh(X)=O(X). Therefore we can assert that (2.69) holds for
any x such that Uh(X)<O(X). It clearly follows from (2.69) that

Uh(X) E e-’L(x(s)) ds h- e-ghhuh(X(ghh))

But when h < 00, IAh(X(hh)) O(X(hh)), hence

(2.70) Uh (X) jx (hh ),

provided again that Uh(X) < 0(X). When Uh(X ///(X), then PX a.s. Ph 0, hence (2.70)
still holds. This completes the proof of the desired results. 71

We write now

n/2 }9
{9 n}tx Vn(2.71) (R)q= 0

2q,
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Then 0, 0,_ and

u u/2, inf Jx(O).

We recover that the sequence uq decreases. We can next state:
THEOREM 2.4. We make the assumptions of Theorem 2.1, and (1.2)’. Then the

maximum solution o1 (2.7) is given explicitly by

(2.72) u(x)= inf Jx(O).
OeU, 0,

Proof. Similar to that of Theorem 1.5. [3

Remark 2.1. In the case when the obstacle f, and the solution u C, then in
(2.72) the inf can be taken on all stopping times, and it is in fact achieved. This
situation is more classical (cf. A. Bensoussan, J. L. Lions [2], .M. Robin [8]); therefore
we do not describe it. U

3. Case o| implidt obstacles. We consider now problem (2.7) with an implicit
obstacle, which is the situation which arises in impulse control, although we will not
develop the probabilistic interpretation (cf. A. Bensoussan, J. L. Lions [3], M. Robin
[8]). We will assume (1.2), (2.6), (2.14) and

(3.1) LB | e-t4(t)LdtC, LO.
3o

Let also M be an operator such that

(3.2)
M" C C is Lipschitz, concave and monotone increasing

(i.e., Mol Mq2 if ql <_- v2), M(0) -> k > 0.

We consider the set of functions satisfying

(3.3)
ueC, u<_.Mu,

u <- e (s)L ds + e (t)u,

and the corresponding discretized version

(3.4) Uh rain Muh, e (t)L dt + e (h )uh uhC.

We then have:
THEOREM 3.1. We assume (1.2), (2.6), (2.14) and (3.1), (3.2). Then (3.4) has

one and only one solution. Moreover, Uh U in C, where u is the maximum element o]
(3.3).

Proof. Denote by trh(O) the solution of (2.8) and by or(f,) the maximum element
of (2.7). With our assumptions, Theorem 2.2 applies; hence trh, cr are maps from C
into C.

From (2.9) one easily checks that

(3.5) trh is monotone increasing and concave.

Similarly,

(3.6) tr is monotone increasing and concave.
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We next define maps

(3.7) Ah rh M,

(3.8) A=o’oM.

By the assumptions on M, Ah and A are also monotone increasing and concave.
Let t, e (0, 1) such that  lluoll_-< k, where u has been defined in (2.26). One then
checks that

(3.9) Ah (O) >= lJ,U
,

(3.10) A (O) >- lxu.
From this and the fact that A, Ah are monotone increasing and concave, it follows

that A, Ah have a unique fixed point. This is a general property of increasing, concave
operators on bounded functions, due to B. Hanouzet, J. L. Joly [5] (el., also
A. Bensoussan [1], A. Bensoussan, J. L. Lions [3]). Moreover, considering the iterative
sequences

Uh =Ah(UT),

Then one has

0 0 n+l 0
Uh= U U =A(un), u defined before.

(3.11) IlUh- Uhll (1 t

(3.12) Ilu ull (1 -)" Iltll

where Uh and u are the fixed points of Ah, A. Clearly, uh is the solution of (3.4). Using
the fact that u $ u, one checks that u is the maximum solution of (2.7).

Now for n fixed by Theorem 2.2 [[u , un[I 0 as h 0.
This and the uniform estimates (3.11), (3.12) imply that Uh U in C.
Remark 3.1. The new result in Theorem 3.1 is.the fact that Uh U in C. Of

course, this relies on Theorem 2.2 which is new.

4. Examples. We give here some examples of semigroups.

4.1. Diffusions. Consider the diffusion with values in R",

(4.1)

where

(4.2)

dy g(y) dt + o-(y) dw(t), y(0) =x,

g, cr are Lipschitz functions and bounded.

We define the second order differential operator

(4.3) A -vg" V-tr aDz,
where a 1/2o’er*.

We take E R and define

(4.4) (t)q(x) Eq (yx (t)).

Then (1.2) is satisfied. Let us check (1.3). Indeed, we have

(4.5) Etyx (t)- yx’(t)l2 <- IX- X’l2 e Ct.
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We set

then if

we have

z(x,t)=(t)(x);

p(t) sup ]q(x)-q(x’)l,.
Ix-x’l<__

Iz(x, t)-z(x’, t)l_-<p(t) + 2 Colx-x’l e clt,

which proves that (t)o belongs to C.
We next have E[yx(t)-x[Z<-ct; hence [z(x,t)-z(x,O)l<=o()/z(lJll/Z)ct

which proves (1.4).
Let us now prove (1.15). We have, assuming q C’,

[z(x, t)-z(x’, t))-< IIllco.Ely (t)- y/,(t)l a _-< )lllco.[x -x’l e c’’/2,
which proves the desired result.

If q B, then for t>0, z(x, t) is a regular function of x, t; hence, clearly (1.18)
is satisfied, as well as the restrictive assumption (2.1).

4.2. Diffusion ,stopped at the exit of a domain. Let be a bounded smooth
domain of R", and let - be the 1st exit time of the diffusion yx(t) from . We set

6 (t)( (x)= E(C(yx(t ^ ’)).

Then (1.2) is satisfied. Writing z(z, t)=(t)(c(x), then, z is a solution of the
nonhomogeneous Dirichlet problem

Oz
+Az =0,
Ot

(4.6) z[ , Z O0’ X (0, T),

z(x, O) .
From results on P.D.E., one can assert that (1.3), (1.4) are verified. Concerning

the HSlder property (1.15), although we can assert that z(x, t) is H61der in x, the
precise estimate (1.15) does not seem to be correct. It is convenient for this type of
problem to introduce subspaces of B, C, namely

Bo={qeB, qlr=O}, r=0e, Co={ e c, l;=o}.
Then clearly (t)’Bo--> Bo, and z(x, t) is a solution of

Oz
(4.7) +Az 0, z [ 0, z (x, 0) o (x).

Ot

In that case z is a regular function of x, for >0. Hence (1.18) and (2.1) are
verified for o e Bo. Now consider L e Bo, 0 e B or C, 0Iv_->0, then the maximum
solution of (1.6) belongs to Bo. So does the maximum element of (2.7). This follows
from the fact that this property is verified for the discretized problem.

One can also replace the operator A by an operator A-L, where

Lq(x) aRf" (q(X + z)-o(x)-Vo(x) zxlzl<-_x)b(x, z)m(dz)
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or

I. ((x + 3’(x, z))" (x)-Vp 3"(x, z))m(dz),

provided that b, 3" are Lipschitz in x, uniformly with respect to z and b bounded, 3’
linear growth in z. By results on the Cauchy problem for A-L, and on stochastic
differential equations with jumps (cf. Skorokhod [10], Bensoussan, Lions [3]) one can
obtain analogus results for the corresponding Markov semigroup.
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EXISTENCE AND UNIQUENESS OF OPTIMAL CONTROLS
FOR A QUASILINEAR PARABOLIC EQUATION

THOMAS I. SEIDMAN AND HONG-XING ZHOU

Abstract, We consider the quasilinear parabolic equation 1 + Ay + F(y) q9 on O := (0, T) x [I. View-
ing go as a control, we seek to minimize j():--II0-ll/Ally 911/lly(T)-ll=. Under suitable
hypotheses it is shown that one has existence of an optimal control g0, and that this satisfies the appropriate
optimality system. Further, for small data (so J, := rain J is small enough) one has global uniqueness and
continuous dependence on the data.

1, Introdaction, We will be considering quasilinear parabolic partial differential
equations of the form

(1.1) 9+Ay+F(y)=q onO:=(0, T)xf.

Here l) is a region in ’, A is a suitable elliptic operator and F is a Nemytsky operator
n L2()’ F" y -F(., y (.)).

(It should cause no confusion to use the same symbol F for the function F’
and for the induced Nemytsky operator.) We state the following hypotheses for F’

(1.2) F(.,O)=O;

F satisfies Carath6odory conditions and a one-sided Lipschitz condition

-2[F(.,r)-F(.,r’)]<-,r[r-r’] forr<-r’;

F maps g := Lz() into itself.

(1.3) F(x, is differentiable (a.e. x I) with G := OF/Or Lipschitz continuous:

IG(’, r)-G(., r’)

We also introduce the cost functional:

(1.4)

with the norms taken in g, g and (C) := LZ(f).
We have not yet mentioned boundary conditions or initial data for (1.1). Suppose

B is a boundary operator suitably related to A for consideration of

(1.5) By y* (given) on := (0, T) Of,

y (0)=r/ (given) on fl at 0.

Then we let yo be the solution of the linear problem

3)o+ Ay
(1.6) Byo y* on

Y0 =rt on f at t- 0.
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If we set

(1.7)
/(., r):= F(’, r + yo(" ))-F(’, yo(" )),

37:=:-yo, :=-y0(T), 37:=y-yo,

:=-F(., y0(" )),

:=-,

then (1.4), (1.5) reduce to

(1.8)

(1.9)

)+Ay+F(y)=q+q one,
By=0 on ,
y (0) 0 on f at 0.

(We have omitted the bars on F, 37, q5 in (1.8), (1.9) for simplicity of future reference.)
Note that F satisfies F(., 0) 0 even if the original F did not; clearly, F satisfies (1.2),
(1.3) if F satisfied the other conditions.

We will be keeping f, T, A, B, A, t fixed so that the data of the problem,

minimize given by (1.8) with y given by (1.9),

consists of specification of

(1.10)
F satisfying (1.2)-and possibly also (1.3);

37 in , r in (C):=L2(); q in .
When we speak of "continuous dependence on the data", etc., we mean the depen-
dence for the new problem on this data. Clearly, however, existence, uniqueness and
continuous dependence on data for the original problem given by (1.4), (1.5) will be
equivalent to this provided y*, rl are to be topologized so that yo, yo(T) depend
continuously in , on these.

From (1.9) we will henceforth always be working with homogeneous boundary
conditions, and we absorb this in the specification of (the domain of) A. We assume
that we can introduce a Banach space of functions on f satisfying the boundary
conditions such that

with

(1.11) tlv ll := <Av, v (v ).

Remark. Note that if one has

then one can shift a term av from F to Av (this may change the value of /in (1.2)
but otherwise leaves the hypotheses unchanged) and then introduce (1.11) as an
equivalent norm for 3.

We mention that there will be occasion later to impose the condition that
embeds in L():
(1.12) L4(a) so llvll4c,llvll for ve.
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Our basic assumption on A is that"

The solution map of the linear problem

(1.13) 3+Ay =q on y(0)=0 on f at t=0,

is a compact linear map" y" g+ g.

For convenience we also assume A is selfadjoint with respect to
It will be convenient to introduce the spaces f := L((0, T)

), " := f f) and to set

[[Y 11 := max (IlY
In the next section we will consider the map Y:=q --y defined by (1.9) (with

q3 0) and will show it is well defined and continuously Fr6chet differentiable from
to 7g’. The form of the derivative Y’ can be anticipated by the obvious formal

calculation. Thus, Y’()" h z, with z determined by the linear parabolic problem

+Az+G(y)z=h one,
(1.14)

z (0) 0 on f at O,

where G(y) is given by the Nemytsky operator induced by G := OF/Or, as in (1.3), for
y Y(o).

It is not difficult to show the existence of optimal controls, minimizing . (Indeed,
an argument of similar form [4] shows this in the technically more delicate case of
boundary control.) The differentiability of permits the characterization of the optimal
control q, by the necessary conditions (corresponding to ’(q,) 0):

(1.15)
-b + Aq + G(y)q h (37 y) on ,
q(T) [-y(T)] on f at t= T,

where now y Y(q + q3). The coupled system (1.9), (1.15) is called an optimality system
for . This will be the basis of the argument in the third section for uniqueness and
continuous dependence of q,.

2. The control problem. Before proceeding with investigation of the solution
map Y, we introduce a technical lemma generalizing the Gronwall inequality.

LEMMA 2.1. Let a, , 3/+ 1 be nonnegative constants and suppose u(. is integrable
with

1/2

(2.1) O<-u(t)<-a +2/3 u(s)ds +/ u(s)ds

for >=0. Then setting Cr :=exp [(y + 1)T/2], one has

sup u < C2 (0 2 -[- 2).
[0,T](2.2)

Proof. Since

(2.1) implies

1/2

0 <- v(t) <- (a 2 +/2) + (3’ + 1) Io v(s) ds.
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Applying the usual Gronwall inequality to this gives

’(t)--<(ce2+fl2) (v+t)t for t_>-0,

and (2.2) follows immediately from this.
Suppose, now, we are given F satisfying (1.2). We wish to define Y’qy as a

map" g 7" by

(2.3) +Ay+F(y)=p one, y(0)=0 onfatt=0.

LMMA 2.2. For F satisfying (1.2) and in , the problem (2.3) has a solution
y in 74/" with

(2.4) IlYII
Proof. It is known [1] that the hypothesis F"WW in (1.2) implies that the

Nemytsky operator is bounded and continuous. For z in
F(z)-- v by

6+Av=-F(z) one, z(0)=0.

Clearly, as z --F(z) is continuous, the assumption (1.13) ensures that T is continuous
and compact. By the Leray-Schauder theorem, T will have a fixed point--obviously
a solution of (2.3)in r := {Z " IIZ[Ig <- r} provided 0T has no fixed point on Or
for 0 --< 0 < 1, i.e., provided I[Y Jig # r whenever y satisfies

3 + Ay 0q -0F(y) on , y(0) 0.

Multiplying by 2y and integrating over (0, t) f, this gives

v(t) := IlY (t)ll +2 Io I,y,[ 20 Io (y, o)6 +20 f0 (y 0, F(y)-F(0))

1/2

using (1.2). This has the form of (2.1) with a 0,/3 01111 , r as in (1.2). Thus,

for any fixed point y of 0T (0_-<0 _<-1). Since Ily[l TIIylI one sees that one cannot
have Ilyll- r if r >,/cllll. This gives both existence and the estimate (2.4). [3

LEMMA 2.3. The problem (2.3) defines a uniformly Lipschitz continuous map
Y" o y" 7" with

Proof. Let 1, . be two controls and y l, )’2 solutions of the corresponding
problems (2.3); set := p2, z := y y2. Subtracting the equations one obtains

;/+Az -[F(yl)-F(y2)] on ,
(2.6)

z (0) 0 on f at 0.

Then, multiplying by 2z and integrating over (0, t) f,
1/2
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much as in the previous proof. As there, this implies by (2.2) that Ilzll c llo[l . In
particular, of course, if =0 one has z 0, so Y is single-valued. Note that the
uniform Lipschitz constant Cv depends only on T, y and not otherwise on 12 or A
(although the form of the norm in " does depend on A through the modulus of
ellipticity and on fl through the constant of the Poincar6 inequality).

We next wish to prove the differentiability of Y" g o/g.. In the course of the
argument, besides needing (1.3) for the first time, we are faced with estimating the
integral of a triple product involving solutions of equations like (2.3) and (1.14). These
solutions will be in o/g, and we are led to impose the condition (1.12). (While we will
work directly with the L2(-) and L4(fl) norms (ll" I1 and II" 114), note that interpolation
between 0 L((0, T) S)) and L2((0, T) L4(fl)) gives embedding

[/’C o ".-- L2/ ((O, T) -) L4/2-) ())

In particular, 0 2/3 gives 0--L3(), explaining the integrability of such triple
products. More generally, one can show that the triple scalar product is a continuous
trilinear functional on 0 for 0 _-< 0, p, tr <_- 1 with 0 + p + r 2.)

THEOREM 2.4. Let F satisfy (1.2), (1.3) and assume (1.12). Then the mapping
Y:cp - y defined by (2.3) is continuously Frgchet differentiable from Y( to l with the
derivative Y’(cp)given by (1.14).

Proof. Given o, h in Y(, let y := Y(0) and y := Y(cp + h) =: y + z (i.e., z := y y).
Now let Zo be the solution of (1.14) using this y, h.

Remark. The estimate (2.7) below shows that the linear operator z-
[2 +Az +G(y)z] has closed range in , and, as the nullspace is trivial (same
estimation !), this shows solvability of (1.14) for arbitrary h in

Multiplying (1.14) by 2z and integrating over (0, t) fl gives
1/2

observing that (1.2), (1.3) ensure the bound:-2G(y)<-,. From this, using Lemma
2.1, and from (2.6), we see that

(2.7) Ilzoll , Ilzll <-- C llh I1 .
This shows that the (obviously linear) map: h - Zo defined by (1.14) is continuous.

Denoting the map, in anticipation, by Y’(r), we have shown that
Now consider the remainder

w :=Z-zo=Y(cp+h)-Y(rc)-Y’(o)h.

To show Fr6chet ditterentiability (and to justify the notation Y’(r) for the map" h -Zo
defined by (1.14)) we must show that Ilwll- o(llhll), m simple manipulation of the
equations for y, Yh, 2’0 shows that w satisfies

rb+Aw+G(y)w=O one, w(0)=0 onllatt=0,(2.8)

where

$(.)= G(., y)z-[F(., y +z)-F(., y)]
y(’)+Z (’,)

G(’, y)z- G(’, r) dr
ay(.)

=z Io [G(., y)-G(., y +sz)]ds.
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Using the Lipschitz continuity (1.3) of G, this gives

Iol <= lz[ Klsz[ ds =-KIz
Invoking (1.12) and noting (2.7), we see that wO is integrable. We have then

L((0,T)L4(O))

(2.9)
KC

Now, multiplying (2.8) by 2w and integrating over (0, t) x ,

Using Lemma 2.1 with a 2= 2 IwOI and /3 =0 (equivalently, using the Gronwall
inequality) and noting (2.7), one obtains

c,gc,llwllllzll<- CvKc,
which shows Ilwl] O(llhll )=o(llhll ), as desired. Thus, Y’(), defined by (1.14), is
indeed the Fr6chet derivative of Y at .

To show continuity we estimate II’()h-’(=)hll. Let z := Y’()h, given by
(1.14) using G(yi) where y := Y() forf 1, 2. Now set w := z-z [Y’()- Y’()]h
SO

where

rb+Aw+G(yl)w=0 one,
w (0) 0 on f at O,

0 := [G(ya) G(y 1)]za.

As in deriving (2.9) this gives [4’1-<-Klyl-YI Iz[ and so

, [[w

From this it follows, as above, that

CKc,llw[[lly y=llllz=l[ CKc
using (2.6), (2.7). We, thus, obtain the uniform Lipschitz estimate

(2.11) [[Y’(x) Y’(2)II. 4 2

We will also, in the next section, have occasion to consider the map y(T)=
Y()(T) defined by (2.3). Since the map: y y(t) is clearly continuous from
it is clear that as an immediate corollary of Lemma 2.3 and Theorem 2.4 one has"

COROLLARY 2.5. For each in [0, T] (in particular at T), the map Y,: y(t)
defined by (2.3) #subiect to the hypotheses abovewell-dOned, uniformly Lipschitz
continuous from to 0 and with a Lipschitz continuous Frgchet derivative Y() given
by Y()h =z(t), defined by (1.14). One has the same estimates (2.5), (2.7), (2.11)
for

The final result of this section will be used later to prove existence of an optimal
control.
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LEMMA 2.6. Let F satisfy (1.2). Then the maps Y, Y, defined by (2.3) are
continuous from the weak topology of to the strong topology of and the weak
topology of g), respectively.

Proof. Given q in g, suppose qk --"q (weak convergence in g). Let y := Y@),
yk Y(q), f= F(y), fk F(yk). Note that {q} is bounded in o so by Lemma 2.3 {yg}
is bounded in 7/V and so in g and by (1.2) {f} is also bounded in g. Extracting a
subsequence if necessary, we may assume [q-fk]---[q-/] for some ] in g. Now
view y as the solution of the linear problem

(2.12)
3) + Ay [ -f] on 2,

y (0) 0 on II at 0.

By (1.13) this shows that {y} converges strongly in to the solution 37 of

(2.12’)
7 + A7 [q -f] on R,

7(0) 0 on ) at 0.

Since Yk + 37 in the continuity of the Nemytsky operator F" + gives fk F(yk)
F(37). Thus, f= F07) and (2.12’) becomes exactly (2.3). As we have demonstrated
uniqueness for (2.3), this shows 17 Y(q)--: y. For the subsequence, then, y y. As
the limit y :-Y(q) is unique, a standard argument gives the same result for the (full)
original sequence {}. This proves the continuity of Y from Ww ( with its weak
topology) to W.

Let y0 be the solution map for (2.3) corresponding to the special case: F =-0. By
Corollary 2.5 the map y0 is continuous from to . Since in this special case the
map is linear, this implies continuity from Ww to , as well. Thus, since we have
shown above that [qk --f ]-’-" [P F(y)], we have

Yt(qk) y,(t) YtO@k--fk) oYt (q -F(y))= y(t)= Yt().

This shows the continuity from gw to w of the (nonlinear) map Yr. [3

3. Optimal controls. We suppose now that (with , T, A as above and h,/x >-0
fixed) we are given a Nemy.tsky operator F, satisfying (1.2), and functions 37, r, q3 in
g, , fiE, respectively. Let Y’; -+y Y(; +q) be the map: g--> W defined by (1.9)
and introduce as in (1.8) the functional defined by

2(3.1) 4() := [lll+ A IlY -yllr+lly(T)-ll, y ’@)-@ +if).

We seek to minimize , i.e., to find a control , (necessarily in g by the form of
(3.1)) such that

(3.2) g@,) =jr, := inf {J@): p g}.

We refer to such a , as an optimal control and call y,:=r@,) the corresponding
optimal trajectory.

We begin with the trivial but useful observation that

(3.3)
--< [ll ll + c.,,11 I1 ] + [11 I1. + c.,,ll I1 ]

using (3.1) and Lemma 2.2. Thus, we have some a priori bounds; we note that

(3.4) Ily,-  lly,(T)-
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Using Lemma 2.2 we also have

THEOREM 3.1. Let F satisfy (1.2) and let , (I, be in , g), Y(, respectively. Then
the functional attains its minimum so there exists an "optimal pair" [q,, y,] with
(3.2) and y, l(q,). If in addition F satisfies (1.3) and Y is Gtteaux differentiable
at q, (with differential Y’(q,) given by (1.14)), then the optimal pair satisfies the
"optimality system" for (3.1):

(3.6)
) + Ay +F(y) q3 + on 2,

y (0) 0 on f at O,

(3.7)
-b + Aq + G(y)q h [37 y on ,
q(T) =/[-y(T)] on 11 at t= T.

Proof. Let {k} be a minimizing sequence for J so :(qk):,. Clearly, (Pk)}
bounded implies {qk} bounded in g, and we may assume qk "--’q, for some q,. By
Lemma 2.6 we have yk ’(k) y, (,) in Y( and y(T)---Y,(T) in (gw. Thus, as
the norms for g, (9 are lower semicontinuous from w,w to , one has

(q,) -< lira inf (qgk) o,,

SO, by the definition of ,, one has (3.2).
Now, where Y is (Gtteaux) differentiable, is a composition of differentiable

maps. One has

’(q)’h--(h,p)e+h("(q)h, y- 33)g +/z (’-(q)h, y (T)-)

with y ’(). (This uses the obvious embedding 7g" g for Y’()h and for y.) Taking
adjoints one then has

(3.8) 1/2J’() ([Y’()]*A [37 y + [Y-()]*/x[ y (T)]).

To compute the adjoints multiply (1.14) by a function w and integrate over to obtain

(w,h)g=(w,, +Az + gz)e, g := G(y)
T

(w, z)l-(,, z)+ Io (w, ,z)+(gw, z)

=(w(T),z(T))+(- +Aw +gw, z)g

(w(T), Yr(q)h)+ (-b + Aw + gw, Y’(q)h)g.

Thus, the parenthesized expression on the right-hand side of (3.8) is just the solution
q of (3.7). At the minimizer , of , one must, of course, have ’(,)= 0, so (3.8)
asserts that , satisfies (3.7) with y (0,), which is just (3.6). [3

We now note that we may use the system (3.6), (3.7) to obtain estimates for pairs
[q, y by much the same methods as in the previous section.

LEMMA 3.2. Let F satisfy (1.2), (1.3). Then any solution pair [q, y] in ggfor
the system (3.6), (3.7) must be in 7/V 74/.

Proof. Since (3.6) just means y Y(q +g3), Lemma 2.2 gives y in 7#. On the
other hand, multiplying (3.7) by 2q and integrating over (t, T)x f gives, using the
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one-sided bound in (1.2) to see that -2G(y)=< y,

T 1/2 T

Applying Lemma 2.1 with

:=AII37-ylI , as in (1.2),

one obtains

(3.9)

Since we already know y is in oCf., we know y(T) is in , so the right-hand side of
(3.9) is finite. Thus, q is also in /’. [

Note that (1.3) was used here only to know that G OF/Or is defined but not for
the Lipschitz bound.

For the final results on uniqueness and continuous dependence on data of optimal
controls, we will be forced to impose the requirement that A >= Ix2. The form of this
condition seems somewhat artificial. However, we note that the only inhomogeneity
in the relation between A and Ix in lies in the possibility of rescaling time by a
substitution" trs; if this is done, the effect is to replace by := tr and Ix by

2 2
Ix := crix so the condition A _-> Ix is precisely equivalent to A-> Ix. Since the case"

=ix 0 is of no interest--one obviously minimizes uniquely simply by taking
q 0--this analysis shows that, once the case" 0, Ix > 0 is eliminated, there is no
(further) loss of generality in normalizing so A 1.

We will also be forced to impose a further restriction on F. In terms of the
constant 3" of (1.2), this requirement is that 3’ < 21IEI[-, where E is the embedding
map: 3-. A more precise condition (for which the condition on 3’ is sufficient) is

(3.10) Ia G(v)w2 <= OIIwll for v, w e 3, 0 < 1.

It is not difficult to see that (3.10) is equivalent to the strict monotonicity of [A +F]:

([A+F](vl)-EA+F](v.), vl-v2)>-(1-o)llvl-v211 for v, ve 3

with (1-0)>0.
THEOREM 3.3. Suppose (1.12) holds and Ix < 1, where is normalized so h 1.

Suppose also that F satisfies (1.2), (1.3) and (3.10). Then if

(3.11) <02: [2(1 -O)/KC,/c 2,]2

the optimal control qg, is unique (indeed, then has no other stationary points). This
holds, in particular, ]’or sufficiently small data

Proof. Let [., y,] be an optimal pair. By Theorems 3.1 and 2.4, one knows that
such a pair exists and necessarily satisfies (3.6), (3.7) [N.B.: with
were another stationary point of and y := (q3 + q). Then the pair [q, y would also
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satisfy (3.6), (3.7). Letting 0 :=-q, and z =y- y,, we then have

:/+ Az + IF(y) F(y,)] 0 on
(3.12)

z (0) 0 on fl at 0,

-6 +A +G(y)0 =-z +[G(y,)-G(y)]q, on
(3.13t

on f at T.O(T) -txz(T)

Observe that (3.10) gives

(F(y)- F(y,), z In Io G(y,+sz)zdsz

-"IO (IC(Y*nt-SZ)Z2)dSIo
so multiplying (3.12) by z and integrating over fl gives

(3.14) (1/211z IIe)" + (1 0)llz I1’ <-- (z, 6 ).

Multiplying (3.13) by 6, integrating over I) and using (3.10), (1.3) gives

(3 15) 11 +(1-0)11112 -<z,O>+ glz,[ I

Now note that (3.9) gives

(3.16) I[q,(t)[[ _-< C2v Ell)7 y,ll/ =lift Y,(T)II3 --< C,

since/x < 1 and, =(q,). Thus, using (1.12),

fo Iz,,l--< lie 1la][0[lall,ll < c=

2 1/2 2

Adding (3.14) to (3.15) and using this, one has

1/2/ 2(llzll- IIolIN) + ( 0)[IIll + Iloll] <--[gc,C,, ,2]Ellz[l +
2We now integrate this over [0, T] noting that (as x < 1)

rile I1, -lie, ,31 o (1 ,u, :)llz (T)II + 114, (o)11 --> o,

We obtain

(1 0)[llzll+ 114,11] <_- , , /p)(1-o)Ellzll?v+lloll]
or, equivalently, F[II[I+ 114,11]<-_ 0 with, using (3.9),

1/2(3.17) r:= (1 -O)[1-fl, /p]>O.

This forces Ilzl[ I1,11 0, so ,, y y,.
We now wish to consider the dependence of this unique optimal control on the

data" q, 17, and F as well. We topologize q, 37, in , , g, of course and will
measure perturbations of F by conditions of the form

]Fl(.,r)-F(.,r)l<=8(.)+e(t)lr[ with 8eY and e eLl(0, T),
(3.18)

IGl(.,r)-G(.,r)l<-g(.)+g:[rJ withgfandiN.
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It does not follow from this that F1 will satisfy (1.3), (3.10) when F does. However,
in saying that FI-F, we intend that each Fx does satisfy (1.2), (1.3), (3.10) with 0
taken as uniform (but not necessarily K) as 6, e, 6, g go to 0 in the appropriate senses.

THEOREM 3.4. Under the same hypotheses as for Theorem 3.3, including (3.11),
the unique optimal pair depends continuously on the data" F, , ;, . That is if [q, y
is the (unique) optimal pair corresponding to F, q3, 37, r as in Theorem 3.3 and if Fk F
in the sense described above with -, k- , (t in , , g), respectively, then
each corresponding problem with perturbed data has an optimal pair [qk, Yk] and
[qk, Yk [q, Y in 7g" X W.

Proof. Under the given assumptions, Theorem 3.3 gives uniqueness for the
optimal pair [q, y] which by Theorem 3.1 satisfies the optimality system (3.6), (3.7).
By Theorem 3.1 we know that [qg, y exists and satisfies the corresponding optimality
system (3.6), (3.7)k. Also, we will show next that , (the minimum cost for the
perturbed problem) cannot be much greater than , and so satisfies (3.11) for large
k. Nevertheless, since we need not have a uniform bound for K (which appears in
the definition of p), Theorem 3.3 need not apply and we cannot conclude that [q, y]
is unique.

Clearly, J. k(g) <_-g (q), where is the perturbed cost functional (defined,
also, through the perturbed equation). Since 17, rk are close to 17, r, it suffices to show
that 37 is close to y where 37 is the solution of the perturbed equation using the
unperturbed control q. Setting 2 :-37-y we have

+A+[()-(y)]=(6-6)+[()-(;)] on ,
2 (0) 0 on f at 0.

Multiplying by and integrating over (0, t)x , using (3.10) and (3.18), one obtains
1/2

Applying Lemma 2.1 as earlier (note that y 0 here), this gives

which bounds when 211e111 <1. This suffices to show that limsupk, <_,. (The
result of this theorem, of course, shows, N,.) Since I[qlle-<C(qk) =,, this
bounds {qg} uniformly in g. As in Lemma 2.2, one, thus, has a uniform bound on
{y} in V. At the same time, as in (3.9), (3.16), the bound on {,} gives a uniform
bound on {k} in 7g’. (Note that these use the uniformity of 0 but not of K.)

The argument now is along much the same lines as for Theorem 3.3. Letting
:= q -q and z := y y, we have

(3.19)
z (0) 0 on f at O,

(3.20) =-z +()Tk--)7)+[G(yk)--G(yk)](p +[G(y)-G(yk)]p on

O(T)=-lzz(T)+(-) on at t-T.

Multiplying (3.19) by z, integrating over and using (3.10), (3.17),

(3.21) 1/2(llzll)’+(1-o)ilzll<-<,t,, z>,/llq
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Similarly, multiplying (3.20) by ds, integrating over f and using (1.3), (3.10), (3.16),
(3.19),

(3.22)

Adding these and integrating over [0, T] gives, as in the proof of Theorem 3.3,

r(llzl[ / I1 11 ) small,

where F is as in (3.17) and, since we have a priori bounds on q, k, y, yk in 7///’, (small)
means something bounded linearly in the perturbations. This gives (locally Lipschitz-
ian) continuity in x 7/’.

Note, however, that one can use the estimate for I1 11 to estimate the term (0, z)
in (3.21) after integrating over [0, t]. Then application of Lemma 2.1 gives a suitable
estimate for Ilzll . Similarly, one can estimate -(,, z) in (3.22), after integrating over
It, T], using the estimate obtained for Ilzll , and apply Lemma 2.1 to obtain an estimate
for I1,11 . Thus, one has continuity in /C x /C as desired. V1

4. Remarks. For these remarks we restrict ourselves--for simplicity and
specificity--to the canonical case of the heat equation: A -zl, with Dirichlet boundary
conditions, assuming f), bounded in N" with 0f smooth.

Remark 4.1. We note first (cf. [2]) that the basic assumptions (1.11), (1.13) hold
for this problem

(4.1)
:-zky+F(y)=q3+ on ,
y (0) 0 on f at 0,

if we take :=H (lq), ):= L2(f), * H-l(f), while the assumption that embed
in S (with the indicated norm (Av, v)1/2 for 3) follows from the Poincar6 inequality.

Note also that the Sobolev embedding theorem gives the condition (1.12)H (12) c
L4() provided m =< 4. While this restriction on the dimension does not affect consider-
ation of (4.1) for physical examples (m 3), we will see that it can be relaxed
somewhat.

Remark 4.2. The estimates have been taken throughout in terms of the norms
of gS, 7/’. For the linear case (F(u)= b(. )u), it is known [2] that with forcing terms in
a L2(R) one can expect to obtain a solution y in

(4.2) 0td :=H2,1():= L2((0, T)H2(f))f"IHI((O, T)L:Z(f)).
The same regularity can be obtained for the nonlinear problem (4.1) by consideration
of the composed map:

q --y -[q F(y)] -- y
(4.3)

L2() =: ,* g/" = "* t , := H2.1().
Here, the first map is just Y as treated above (or from to as in Lemma 2.6),
the second is essentially determined by the Nemytsky operator F, and finally, the
third is just the solution map for the linear problem of (1.13). Strengthening the
one-sided Lipschitz condition of (1.2) to a "regular" uniform Lipschitz condition, it
follows from (4.3) and the present Lemma 2.3 that the conclusion of that lemma can
be strengthened to assert uniform Lipschitz continuity for Y" od.

Remark 4.3. The key to the proof of Theorem 2.4 is the estimation of
via (2.9). From the final comment of Remark 4.2, one has Ilzll-<-(const) Ilhlle. Also,
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the strengthening of (1.2) adopted there implies G(.) uniformly bounded, so (1.14)
gives z0 in and gives w in . Supposing we had c L4(R), one might bound the
right-hand side of (2.8) in LZ() by o(llhll) which for this linear equation gives
w o (llh I1) in and so Fr6chet ditterentiability of: . One can show c L4()
for m <= 5. On the other hand, if one has only L3(), then essentially the same
argument as was used originally to prove Theorem 3.4 gives Fr6chet differentiability
of Y."- 7, as there. (In either case the derivative Y’() is given by (1.14).) We
now observe that for m <-9 interpolation theory does give L3(). Thus, the
conclusion of Theorem 2.4 actually can be shown to hold not just for m -< 4 but up
through 9. [3

Remark 4.4. Given the optimality system (3.6), (3.7), one can hope to obtain
better regularity for q than that it has in 7/V. Under the hypothesis here adopted that
G is bounded, the linear theory [2] gives also that as the solution of (3.7) will be
in =H2’I(R) alsoMprovided one has the data for 0(T) suitably regular as well in
H (). Since it follows from (4.3) that y(T) will be in H0 (), we will have this under
the assumption that one restricts the data to H (f). El

To summarize the discussion of this section, we have demonstrated the following:
THEOREM 4.5. Let c R" with m <-9 and let F satisfy (1.2), (1.3)mstrengthened

to assume G bounded. Let , , 1 be given in L2( ), LZ( ),H (f), respectively. Then
the control problem posed by (4.1), (3.1) has an optimal pair [q,, y,]. This satisfies
(3.6), (3.7) and is in x . E]

Remark 4.6. Clearly, the increased regularity of q, (beyond the a priori
knowledge that q, to keep finite) should be usable in (3.6) to get still greater
regularity for y,. In turn, greater regularity of y, should be usable in (3.7). To make
effective use of this would require sufficiently strong regularity assumptions on the
data: F, q3, 37, . Given such regularity, familiar "bootstrapping" arguments permit the
use of (3.6), (3.7) in recursive alternation to obtain correspondingly strong regularity
for q, and y,. I3

Remark 4.7. We conclude with an indication as to how essentially the same
arguments can be made to apply to boundary control problemsmup to a point.

Suppose then (3.6), defining the map: q y, is replaced by

(4.4)

p-zy+F(y)=q3 one,
Yv + ay q on ,
y (0) 0 on at 0.

Here, q is in g as before and F is to satisfy (1.2). We assume a is in L(;) and
nonnegative; yv denotes the (exterior) normal derivative of y at 012 and the control
q is now a function on E. We now take the functional to be

() :- [[ 2 + A [[y 112 + [ly (T) 2

with, of course, y determined by (4.4) and the norms taken in ’= Lz(Z), g and
The basic technique of estimation will be much as earlier. We will write Ilvll and

Ilvll IVvl2 and  0 llvll , respectively, even though we now take to be HI(f)
so that these are only seminorms. On the other hand, I[" [1 (as defined earlier) is a
norm on

7/F’:= L((0, T)L(D.))OLz((O, T)-HI(D,)).
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We note that trace theory gives

(4.5) Ilwlle,--<llwll for w

where on the left w’ is the (Dirichlet) trace on ,E of w 7g’. Multiplying (4.4)
by 2y and integrating over (0, t) 3f now gives

1/2

Applying Lemma 2.1 and reasoning as earlier, this gives

which bounds y in . One similarly gets uniform Lipschitz continuity of the map
Y: y: ’ . An argument along the lines of (4.3) then gives (uniform) Lipschitz
continuity of Y" ’ ff with

=H3/2"3/4() :=t2((0, T)H3/2())H3/4((O, T)oLZ(O))
now replacing (4.2). As in Remark 4.3, we note that interpolation theory gives
L3() provided now m N 6. With that restriction on m and with F now also

required to satisfy (1.3), one argues as for Theorem 2.4 to get differentiability of
Y i" /42 with Y’(q)h z given by:

: zz + G(y)z 0

(4.6) zv + cz h

z(0)=0

on 2,

on ,S_,,

on f at =0.

One then sees that there exists an optimal control minimizing . Computing the
adjoints of the maps’ q - z, z(T), defined by (4.6), one shows that such an optimal
control satisfies

(4.7) q vl.,
where

-6 zv + G(y)v h [y 17] on ,
(4.8) vv + av 0 on ;,

v(T)= lx[y(T)-] on D at T.

Thus this, together with (4.4), is the optimality system for this boundary control
problem. As earlier, there is no difficulty in using the system to obtain further regularity
results for the optimal pair [q, y]; see [3].

At this point, however, the program of the earlier analysis for (3.6) can no longer
be continued here. The key to the uniqueness and continuity results (Theorems 3.3,
3.4) is the cancellation of the terms (z, ) on adding (3.14), (3.15). In attempting to
proceed analogously here, however, one obtains (z, w), for one equation (taking
traces on 0f; here z yl y2, w U1 "-/22) and (z, w) for the other. No such cancella-
tion is now possible, and the analogous argument breaks down.
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One can, however, prove local uniqueness (still for small data) using an entirely
different argument. Consider the map defined by .!

(4.9) " (q, q3, 37, r) -- y --v -- ( -vl, q3, 37, r)

in which y is obtained by solving (4.4) and then using this y, v is obtained by solving
(4.8). With q in g’ and suitable spaces for if, 37, (and suitable regularity assumed
for F) one sees that is continuously differentiable. Note that [0, Y(q)] is a solution
pair for the optimality system (4.4), (4.8) (necessary for q to be an optimal control)
if and only if

(4.10) (q, q, 37, r)= (0, g3, 37, r).

Thus, if we can show ’(0) is invertible, then the inverse fundtion theorem gives local
invertibility of near 0 and so local uniqueness of the optimal control for small data).
One easily calculates ’ to have the form

1
1

with M given at 0 by M6 := 4-w Ix, where now,

i-zz +G(0)z =0 on ,
(4.1 1) z + az 4 on E,

z (0) 0 on f at 0,

-ff-zXw+G(O)w=hz one,
(4.12) w + aw 0 on Z,

w T) lxz T) on l) at T.

Clearly, ’ is invertible if and only if M is, and as M(0) is a compact perturbation of
the identity, we need only verify that M(0)6 0 implies 0. We note however that
[(4.11), (4.12) and O-wlx=0] is just the optimality system for the problem of
minimizing

 (,):=ll oll=/allzllZ/ llz(T)ll2 (with (4.11)).

(This is just the special case of (4.4), (4.7), (4.8) with F(y):= G(0)y.) As (4.11) is linear,
is strictly convex and so has the unique stationary point 0. This completes the

proof of local uniqueness of the optimal control. This argument does not, of course,
give an explicit estimate (such as (3.11) in combination with (3.3)) for the size of the
neighborhood of 0 giving this uniqueness. [3

$. Added remarks. A somewhat unsatisfying feature of the arguments presented
above is that the necessary conditions (1.15) have only been justified subject to a
dimension restriction due to "embedding theorem" considerations. This does not
affect applicability to physical problems (m 3) but is unaesthetic. One notes that, if
(1.15) would be known to hold, then one could obtain additional regularity and--with
thismmay be able to justify the differentiability argument of Theorem 2.4 and so
verify the "necessary conditions" (1.15). This argument is circular. Subsequent to the
original submission of this paper and motivated by these considerations, an abstract
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argument [5] was developed which rigorously justifies such (apparently) circular
arguments. In particular, this gives Gtteaux differentiability of Y at the optimal q,.
Subsequent to the above, following a remark of G. Chavent, a new argument for
ditterentiability of (everywhere on ) was constructed which imposes no dimension
restriction.

Our task is to show that z z as r 0, where z := (y y)/" for - 0 with
y =Y(), y =Y(q +zh) and z is the solution of (1.14). By Lemma 2.3 we note that
z is bounded in independently of r. Further, z satisfies

(5.1) + Az ( := h G(;)z,

where := y + 0[y y with 0 < 0, < 1, noting that pointwise

F(y) F(y) G(b)[y y

by the mean value theorem. Clearly,

y -< Ily y O() - 0

so g := G()) go := G(y) in g as - 0. With G OF assumed uniformly bounded,
it is clear that G is a continuous Nemytsky operator on (C) and that gz is bounded
(uniformly in z) in (C) so r is uniformly bounded and one can extract a subsequence
such that r’o. Using (1.13) for (5.1), one then has z- z0 in g, where Zo is the
solution of

Z’o + Azo= ro:= w lim(use,.) [h -gz].

Again extracting a subsequence, one has g-go and z-,Zo pointwise almost
everywhere on as -0. It follows that o h-gozo so z0 is the (unique) solution
z of (1.14). By uniqueness also, the same convergence holds without extracting
subsequences so z is, indeed, the Gteaux differential of Y at in the direction k.
As earlier, analysis of (1.14) then shows that this gives a Fr6chet derivative, and all
the desired results follow. [q
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AN ALGORITHM FOR SOLVING S-GAMES AND
DIFFERENTIAL S-GAMES*

JERZY A. FILARS AND T. E. S. RAGHAVAN:

Abstract. We present an algorithm for solving S-games. Our algorithm can be used to compute
approximately the value of the game as well as e-optimal strategies of the two players. For games with
similar structure to S-games which do not necessarily possess a value, the algorithm can sometimes be used
as a heuristic procedure for determining the existence of a minimax solution. Further, it is shown that a
certain simple class of differential games (we call them "differential S-games") can be viewed as static
games and solved by the above procedure.

Key words. S-game, control theory, differential S-game, compactness, pre-randomized controls

1. Introduction. We shall consider a two-person, zero-sum game played as fol-
lows" Player P2 chooses a point s in a compact set S in R" while player P1 chooses
a coordinate of R n. The payoff to P1 is the ith coordinate si of s. Such games were
first studied by Blackwell and Girshick [2, pp. 47-51] and are often referred to as
S-games.

In this note we present an algorithm ( 2) for approximately computing the value
and e-optimal strategies, for both players in an S-game. Our algorithm reduces the
problem to a sequence of minimization problems. Thus the computational strength
of the procedure is determined by the strength of the existing techniques for solving
the associated minimum problems. If the set S is not known to be compact, our
algorithm can lead to a heuristic procedure for testing the existence of the value.

We expect that one fruitful area of application for our algorithm will be that of
finding solutions for what we call differential S-games. These are differential games
in which only one player (the minimizer) controls the law of motion, while the other
player can decide only which out of a fixed number of functionals will be used to
compute the payoff. Thus a differential S-game is an essentially control theoretic
problem complicated by the uncertainty as to which performance index is being used
during the process. In 3 we show that under suitable assumptions these games can
be analyzed as S-games, and consequently that our algorithm can be applied. Of
course, the effectiveness of the algorithm will now depend on our ability to solve the
associated sequence of optimal control problems. A simple example is given in 4.

2. An algorithm for S-games. Let F be an S-game as described in the introduc-
tion. For such a game, Blackwell and Girshick [2] established the following result.

THEOREM 2.1. The game has a value, v (F). Both players have optimal randomized
strategies and further, player P2 possesses an optimal strategy which randomizes on at
most n points of S.

We shall now outline a procedure which shows that within some e >0, an
approximation to the value and to e-optimal strategies for both players can be obtained
by solving a sequence of approximate matrix games, and a corresponding sequence
of minimization problems. Our algorithm is a generalization of Troutt’s (see [9, pp.
343-345]) algorithm for nonconvex Sn-games.
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supported in part by the U.S. Air Force Office of Scientific Research under grant 78-3495B.

Department of Mathematical Sciences, The Johns Hopkins University, Baltimore, Maryland 21218.
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For an introduction to the theories of differential games and optimal control we refer the reader to

Isaacs [4] and Berkowitz [1], respectively.

763



764 JERZY A. FILAR AND T. E. S. RAGHAVAN

Let h =(h 1, An) be an arbitrary probability vector, and define for each s S

(1) H(A, s)= Y hisi.
i=1

Here si- the ith coordinate of s. Our algorithm will be as powerful as our ability to
solve the following minimization problem:

(2) minimize H(h, s).
saS

In the next two sections it will be seen that this algorithm is, potentially at least,
applicable to a large class of problems.

Notation. If P1 uses a strategy h (h hn) and P2 uses a strategy ri (ri rik)
on the points s 1, s 2, s k of 6’ (i.e., chooses s with probability rii), then the expected
payoff is simply

(3) (b(h, )= liri, s{,
i=l /’=1

where s s , s be an n x k matrix whoseith coordinate of s. Further, let A (s 2

/’th column is the point s S. Also, let v (A) stand for the value of a matrix game A.

TqE ALGORITHM
Step 1. [Initialization. See Remark 2.5.] For each i= 1, 2,..., n solve the

minimization problem (2) with h ei, the ith vector of the standard basis of R n. This
yields a set of n points in S, say, 1, so2,..., sen. Now construct the matrix AI=
A (:1, 2,..., :n), and compute its value, v(A 1), and a pair of optimal strategy vectors
h and ri for players P1 and P2 in the matrix game A

Step 2. Solve the minimization problem (2) with h -h 1. This yields a point s 2

such that H(A 1, s2) mins H(A 1, s). If H(A 1, s2)--o(A 1), stop. Otherwise, construct
the matrix game A2 =AI(1, 2,..., n, S2 and solve it.

Step 3. Repeat Step 2 with h- h 2 (h 2 is Pl’s optimal strategy in A2), and
so on.

The above procedure generates a sequence of solutions v(A’), h’, rim to the
matrix games A as well as a sequence of points 1,..., sen, s 2, s 3, s 4, in S. The
relationship between these sequences and the solution of the original game is summar-
ized in the following result.

THEOREM 2.2. (i) If the algorithm terminates in k iterations, then v (F) v (A), h
g

k kis optimal for player PI and ri ts optimal for P2, where ri is to be regarded as a
randomization on the points of $ corresponding to the columns ofA.

(ii) v(A)v(F) as k
(iii) Given e > O, there exists a positive integer M such that h", rl are e-optimal

for players Px and P2 for all m >-_M.

Proof. (i) The algorithm terminating in k steps means that H(h , s)>-_ v(A) for
all s S. But (h, ri <-v (A for all probability vectors h since ri is optimal in the
matrix game A.

(ii) It follows that

H(h , s +1) min H(h , s) -< v(F).
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Since h k+x is optimal in the matrix game A+ and since v(F)_-< v(Ak+) we have
that for every k

(4)
H(h , s+X) <=v(F) <- v(A+a) <=H(h +a, j)

whenever {1, . sz 3 k+l}.,S ,S

Since the vectors h k are probability vectors, [[h v h v/111o-> 0 for some subsequence
{h k}= 1. Thus from (4) we obtain

0 < V (At%+1) v (F) <=H(A k"+, s"+ )-H(A gv, s"+

Hence v(A")v(F) as u c. Since v(A)+limit, this limit must be v(F).
(iii) The fact that r/" becomes an e-optimal randomized strategy for P2 for m

sufficiently large follows immediately from (ii), since P1 has no restrictions placed on
him in the matrix games A".

For player P1, assume that there does not exist a positive integer M such that
(iii) is satisfied for all m >_-M. This implies that there exists a subsequence {mr)r=l of
positive integers such that for every r,

(6) H(A,sm+I)<v(F)-e.
Further, the subsequence of probability vectors {h r=X must have a convergent
subsequence. Without loss of generality assume that [[h-v_ h 11--> 0 as r--> c. Now it
is possible to find r and such that mr <m and

E m+l m+l E
(7) -<H(", s )-H(hm’,s )<.
Now using the fact that

V(F) --<__ o(A ml) -<_H(A m,, Srrtr+l ),

we obtain a contradiction to (6), namely

(8)
E mr+lv (r) --NH(h m, s ).

Remark 2.3 Note that we are not claiming that the sequence converges
but merely that for sufficiently large m, h is e-optimal for Px.

Remark 2.4. Unlike Troutt’s algorithm for nonconvex S,-games, in our construc-
tion the matrix A k/ contains all the columns of A. It is this feature of the construction
which leads to e-optimality of Pl’s strategies. Further, Troutt’s proof of the monotone
convergence of the values of his truncated matrices to the value of the S,-game seems
to be incomplete.

Remark 2.5. While the construction of the first matrix game A1 is not used in
the proof of Theorem 2.1, it is a natural starting point. For instance, if A happens
to have a saddle-point we would know that the pair of strategies corresponding to
the saddle-point are pure optimal strategies for players P1 and P2.

We shall now briefly discuss the situation where the set S is not known to be
compact. It could happen that the game still possesses a minimax solution, and our
algorithm could sometimes still be useful as a heuristic procedure for "guessing" the
solution. This is a consequence of the following result which can be very easily proved.
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COIOLIARY 2.6. Consider an S-game in which S is not necessarily compact. Let
0- v (A k) and suppose that _0k mins H(h k, s) exists for every k. If the sequences
{_0k}k_-i and {k}=l converge to a common limit O, then the value exists and equals O.
Thus the algorithm of Theorem 2.2 still yields an approximate solution.

Remark 2.7. Note that as soon as our algorithm produces an interval [_0k, ffk]
which is small and _0k+l which is near _0, we are in possession of a pair (h k+l, r/)k
of reasonably good strategies for P and P2 in the following sense" The expected gain
of P1 will be at least _0k+a when he uses h k+a while the expected loss of P2 will be
no more than k when he uses r/ With such a pair of strategies at hand, the question
of whether the value actually exists may be of little practical interest.

3. A class of dilterential S-games. In this section we introduce a special class of
differential games which can be analyzed as static S-games and hence we shall call
them differential S-games. Such a game can also be viewed as a game between a
controller in the usual control theoretic sense and an antagonistic opponent who can
decide which of the finitely many possible payoff functionals will be used to compute
the controller’s loss. That choice of the payoff functional remains unknown until the
end of the game. More precisely, we consider a differential game F with R as state
space played by two players P1 and P2 over the fixed time interval I [0, 1]. At each
time e I, P2 picks an element v(t) from a compact subset V of R in such a way that
v(t) is measurable. Player PI’ on the other hand, picks out a number from the set
N {1, 2, , n} at the beginning of the game.

The "law of motion" of the game is specified by the differential equation

dx
(9)

dt
f(t, x, v (t)) x (0) Xo.

Here x R and f: I x R x V R is a continuous function satisfying a Lipschitz
condition

(10) Ill(t, x, v)-f(t, x2, v)ll<=K[Ixl-x2[I
whenever xx, xeR eI, v e V" K is some fixed positive number

The equation (9) now has a unique solution x (t) corresponding to any given initial
condition x(O)= x0; the resulting solution shall be called the trafectory corresponding
to v(.). We may now compute the payoff H(i, v) which P will pay to P at the end
of the game, by

(11) H(i, v)= Io h(t,x(t),i, v(t)) dt.

Here h’ I x R xN x V --> R is a continuous uniformly bounded function.
In order to obtain our results we need to restrict P2’s set of admissible controls

further. We shall assume that the pure controls v(t) (v(t), , vl(t)) of P2 constitute
a closed subset 7/c (L 1) and satisfy the conditions (for every/’)

(i) v(t)[a,b],

(ii) lim sup | [v(t + A)- v.(t)l dt O.
A-O F 0

These conditions guarantee that is compact in the space (L) of integrable functions.
To check this we refer the reader to Lusternik and Sobolev [, p. 69]. We can now
define a pre-randomized control of P as a probability distribution on , and denote
the set of all such controls by o//.. Similarly the set of all probability vectors X
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(A 1,’’’, An), denoted by N, will represent the space of all prerandomized controls of
player P1. Thus the payoff to P1 resulting from a pair of prerandomized controls (A, u)
is given by

(12) (I)(/, /]) ,-’ hh(t,x(t),i,v(t))dtd,(v).

We shall say that F has a value v (F) in prerandomized strategies if there exists a pair
(A 0, vo) such that for all A / and e

(13) (, o) _<_ ,(x 0, o) =< ,(x o, ).

Note that the conditional compactness conditions (i) and (ii) can be easily verified
for certain natural classes of controls. For instance, the set of all "bang-bang" controls
with at most k discontinuities satisfies these conditions and so its closure will be
compact.

We can now associate with every pure control v s o//. the n-component vector
lt(v) (H(1, v), H(2, v),..., H(n, v)). The set of such vectors will be denoted by S.

LEMMA 3.1. S is a compact set in R n.
Proof. It is clear that S is bounded. Consider a sequence of points so, p 1, 2, ,

of $. Suppose that this sequence converges to s. We shall show that soo e S. With
each so we can associate a pure control Vo and a trajectory xo satisfying (9). Since the
set of all trajectories can be shown to be relatively compact in the Banach space
[C(I)] of continuous functions x :! - R" (by arguments such as Elliott and Kalton’s
[3, pp. 14-17]), and since is compact, we conclude that a subsequence of {xo} and
the same subsequence of {vo} both converge. Since L convergence implies almost
everywhere convergence for a subsequence, without loss of generality vo v almost
everywhere and xo x in norm. We shall first prove

(14) 2oo= f(t, x, v) a.e.

Since for ’L Xp(’r)=xp(O)+of(t, Xp(t), vp(t))dt for every p= 1,2,..., and since f
is continuous, it follows that in the limit xoo(z)=x(O)+f(t,x(t), vo(t)). Thus (14)
must hold.

Now, by continuity and boundedness of h we can conclude that, for each i,

H(i, vp)= | h(t, xo(t), i, vv(t)) dt H(i,
J0

Hence (so)i H(i, vo) for each i, so the lemma is proved.
It is now clear that our game is equivalent to an S-game as formulated in 1.

Namely, player P2 chooses a point s of a compact set S in R while player P1 chooses
a coordinate of R n. The payoff to P1 is the ith coordinate si of s.

Let h (h hn) be a probability vector, and define for every v

(15) H(h’v)=Io (i=1 hih(t,x(t),i,v(t)))dt.
The algorithm of 2 is now applicable to the differential S-game and will be as

powerful as our ability to solve the following optimal control problem in pure controls:

(16)

minimize H(h, v) subject to

dt
f(t, x(t) v(t)), x(O) Xo.
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Remark 3.2. Under additional restrictions it may turn out that a solution can be
found in the class of pure controls for at least one player. For instance, if

and

dx
A(t)x + By, x (0) Xo

dt

H(i, v)=txi(x)+ Ia h(i, v(t)) dt,

where A(t) is a nonnegative matrix,/xi(x) a nonnegative linear functional and hi is a
convex function, then player P2 has an optimal pure control (see [6]).

4. A simple example. We shall now illustrate the working of our algorithm. The
example solved below shows that this algorithm can sometimes yield approximate
optimal solutions even in games which do not precisely fit the theory of 2 and 3,
provided that the conceptual ingredients of an S-game are present.

The law of motion is given by

(17)
dx
d-- v,

Player P1 has only two choices, 1 or 2, and

(18)

x(0) 1.

10V z

h(t,x,i,v)=
x +v

The expression (15) of 3 now becomes

if i=1,

if i=2.

H(A, v)= Io [AlOvZ(t)+Az(x(t)+v2(t))]dt"

Since in this example H(A, v) is convex in v and linear in A, it follows from Sion’s
Theorem [8] that we can take 7/" to be the whole of L2[0, 1] and be assured that the
value exists. In order to apply our algorithm the optimal control problem (16) has to
be solvable. If the minimization in (16) is taken over the piecewise continuous functions
instead of V, then this problem can be solved by a standard application of the maximum
principle (see Rozonoer [7, pp. 1291]). However, since piecewise continuous functions
are dense in L2[0, 1], the latter solution is also optimal for (16). That solution is of
the following form’

For any h (/1, h2) define the constants y (A2/(l+9A1))1/2,Aa
1/(e2 + 1),A2- 1-Ax. The optimal trajectory for a particular h (with h >0) is

(19) Y(t) =Aa e vt +A2 e -vt,

while the optimal control is given by

g(t) y(Ax eVt-A2
If h2=0, quite clearly 5(t) 0.

We shall now summarize the numerical results of the first five iterations"

A’=[ 1.7080 .4268 .9597 .6659 .8055].7616.8218.7765.79527850"
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The optimal strategies for players P1 and P2 in this matrix game are
5 (0 0,0,0, 1368, .8632).A 5 (.0681,.9319), r

Let O_k=H(Ak, vk+)=minvH(Ak, v) and ffk=v(A k) for k=l,2,.... In this
example the lower value _Ok and the upper value Ok are given by

Ok" .8775 .8037 .7907 .7875 .7864,

_Ok" .7616 .7729 .7847 .7852 .7862.

Thus after five iterations we know that v(F) lies in the interval [.7862, .7864] (also
see Remark 2.7).

Remark 5.1. While the Ok’s are decreasing monotonically, the _0k’s need not
increase monotonically. In fact, _06--.7862 and _07 .7860. Further, columns which
are not necessarily for optimal play in the matrix game A may become necessary for
player P2 at a later stage.
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ADMISSIBLE CONTROLLABILITY OF VIBRATING SYSTEMS WITH
CONSTRAINED CONTROLS*

KIMIAKI NARUKAWA

Abstract. We study the control of a vibrating string when the controls f(x, t) are applied only on a
limited subset of the string and constrained by continuous functions a (x),/ (x) as a (x) <- f(x, t) <- (x). We
find that it is possible to transfer almost all states of vibration into rest by a constrained control. The higher
space dimensional vibrating systems are also considered.

1. Introduction. In this paper we shall be concerned with the control problems
of a vibrating string. The forced motion of a string with density p (x) and modulus of
elasticity c (x) is described by the equation

(1.1) p(x) c(x)--x =f(x, t), 0<x </, t>0.

Let the both endpoints be fixed, that is,

(1.2) u (O, t) u (l, t) O, t>0.

Here p(x) and c(x) a’e sufficiently smooth, bounded and strictly positive functions.
Let controls be exercised by means of external forces f(x, t). When continuous
functions a (x) and/ (x) (a (x) -< (x), a (x)/(x)) are given, we are concerned with
the question whether it is possible to transfer a given initial state of vibration into
rest by a control with the constraint c (x) <= f(x, t) <= [3 (x). The functions a (x) and/ (x)
are called constraint functions. When the controls are applied only on a limited open
subset E, we have only to choose a(x) and/(x) such that a(x)-</(x) on E and
a (x) =/ (x) 0 on [0, l] E. If a (x) 0 or/ (x) 0, then the control system is con-
sidered as the case where the controls are applied only to one direction, that is, only
pushing or pulling forces are applied. If a time-independent external force g(x) is
applied on the system (for example, a gravity, a magnetic force, etc.), then we have
only to take constraint functions as c (x) g (x) + a (x) and/(x) g (x) +/3 (x).

In general, the control problems where the control f(t) and the output u(t) are
related by the differential equation

(1.3)
du (t___) Au (t) + Bf(t)
dt

have been considered by many authors. Here A is the infinitesimal generator of a Co
semigroup of bounded linear operators U(t), >_-0, on a Banach space X and B is a
bounded linear operator from a Banach space Y to X.

In case the dimensions of X and Y are finite and controls are constrained as
f(t) W almost all t, where W is a compact set in Y, some necessary and sufficient
conditions for the controllability have been obtained by Lee and Markus [6], Saper-
stone [12], Saperstone and Yorke [13], Brammer [1], etc.

In case the dimensions of X and Y are infinite and W is a unit ball in Y or some
other conditions, under some assumptions, admissible null controllability was obtained
by Fattorini [4] and Narukawa [7].

* Received by the editors February 24, 1981.
t Department of Mathematics, Faculty of Integrated Sciences, Hiroshima University, Hiroshima, Japan

730.
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In this paper we consider the control system (1.1) with (1.2) in the case when
zero is not contained in the interior of W. The control problems described by (1.1)
without constraints, with the controls of the form g(x)f(t), where g(x) is a given
function, was considered by Russell [8]. The boundary control of the vibrating string
without constraints was also considered by Russell [9] and Krabs [5]. The work [8]
of Russell has the closest relationship to the results of this paper.

In the last section we obtain the results for the higher space dimensional case
when a (x)</3 (x). The controllability of this system without constraints was obtained
by Fattorini [4] and Chen [2].

2. Notation and definitions. For an integer m (>_-0), H (0, l) denotes the usual
Sobolev space and H’ (0, l) denotes the closure of C (0, l) in H"(0, l). If we set
V(t)=[u(t), (Ou/Ot)(t)], then (1.1) is reduced to the first order equation

(2.1) dV(__,t_.__, A V(t) +Bf(t),
dt

where

and

Lu =0 x --x x --x

( o
Bf(x,t)= -a

p (x)f(x, t)

Here, and from now on, we put [u, v (). We introduce the inner products

dx for u, v e (0, l)0__u O___v((u, v))= c(X) x ox H
and

(u, v) Io p (x)u (x)v (x) dx for u, v L2(0, l).

Then the norms defined by these inner products are equivalent to those of H (0, l)
and L2(0, l), respectively. Let g be the Hilbert space Ho(O, l)L2(O, l) endowed
with the inner product

([Ul, b/2], [/21, U2])Y( "-((/tl, /91))-’b (//2, /22)

for [u 1, U2], [Vl, /-)2] .
If the domain of A is defined as (H2(0, l) f3 Ho (0, l)) Ho (0,/), then A generates

a unitary group U(t)on g. For any Vo [Uo, Ux]g andf(t)Lloc(O, T; L2(0, 1)), we
define the mild solution V(t)= [u(t), (Ou/Ot)(t)] of (1.1) or (2.1) with the initial state
V(0) Vo by the equation

P

(2.2) V(t) U(t)Vo + J0 U(t-s)Bf(s) ds.

For a Banach space Y and 1 _-<p _-< o, LP(0, T; Y) denotes the space of all strongly
measurable, Y-valued functions f(t) defined in 0-< t-< T with

T 1/p
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endowed with the norm 11" lip (the definition is modified in the usual way when p
To define admissible controllability, we recall some definitions for the general

control system

(1.3)
du (t_) Au (t) + Bf(t).
dt

As is stated in the introduction, A is the infinitesimal generator of a Co semigroup
of bounded linear operators U(t), =>0, on a Banach space X and B is a bounded
linear operator from a Banach space Y to X.

DEFINITION 2.1. 1) A subspace D of X is said to be controllable in L(0, T; Y)
if D is contained in the attainable set

T

2) A subspace D of X is said to be null controllable in LP(0, T; Y) if for each
u0 e D there exists f e Lp (0, T; Y) such that

T

U(T)uo + J0 U(T- s)Bf(s) ds O.

3) The control system (1.3) is said to be exactly controllable in LP(0, T; Y) if
the whole space X is controllable in Lo(0, T; Y).

DEFiNiTION 2.2. Let - be a subset in Loc([0, oo); Y).
1) A subspace D of X is said to be admissibly controllable in the constraint set

if for each u0 and u in D, there exists f e :T satisfying
T

U(T)uo+ Jo U(T-s)Bf(s) ds.Ul

2) A subspace D of X is said to be admissibly null controllable in the constraint
set if for each Uo eD there exists f e satisfying

T

U(T)uo + J0 U(T- s)Bf(s) ds O.

DZFINITION 2.3. The control system (1.3) is said to be admissibly approximately
(null) controllable in the constraint set if there exists a dense subset D of X which
is admissibly (null) controllable in .

3. Controllability without constraints. In this section we show the controllability
theorem without constraints by the method of Russell [8] and by the stabilizability
and controllability theorem by Slemrod [14] and Russell [10].

For any nonnegative and smooth function /(x), let us consider the control system

(3.1) p(x)[-j- xx c(x) -x =y(x)f(x, t), 0<x <l, t>0,

with Dirichlet boundary condition (1.2). As are introduced in 2,

(3.2) A=(OL ), Lu:p-l(x)-x[C(x)d],
and the domains ofA andL are (HZ(0, l) f’)H (0, l)) Ho (0, l) and H2(0, l) fqH (0, l)
respectively. Further let us define the norms of D(A’) and D((-L)"/) for a positive
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integer m in the usual way as

for [u, v D (A "),

2 2 2Ilwllo((-=)- [Iwl[=(0,, /ll(-L)’/2wll co,t) for w D((-L)m/2)

respectively. Then it is well known that D(A’) and D((-L)’/2) are closed subspaces
of (Hm+l(0, l)f’lH (0, l)) x (H (0, l) f)H (0, l)) andH" (0, l) xH (0, l) respectively,
and further, the norms of these spaces are equivalent respectively.

First we investigate the controllability by the square integrable control functions
in t.

THEOREM 3.1. Let m be a nonnegative integer. If /(x) is not identically zero, then
there exists a positive time T such that D(Am) (= the domain ofA) is controllable in
L(O, T; D((-L)m/2)) for the control system (3.1) with (1.2).

Proof. We show the results along the lines of Russell [8]. For details see [8]. By
Liouville’s transformation, that is,

U* [C(X)p(X)]I/4u, X* [[p:,)1/2]
0tct

we obtain a new equation in u* involving derivatives with respect to x* and t. Reverting
to the use of u and x rather than u* and x*, this equation is

(3.3)
02u O2u

r(x)u (x)f(x, t), 0 < x < K,

where K=Ilo[o(x)/c(x)]1/ dx, r(x) is a continuous function on [0, K] and y(x) is a
nonnegative and smooth function.

Put

A e=-xZ+r(x),
D() (H(O, K) fqH (0, K)) xH (0, K) H (0, K) x L(O, K),

D(P) H(O, K)H(0, K) L(O, K).

Let {--Ak} and {k} be the eigenvalues and eigenfunctions respectively of P and let
{k} form an orthonormal basis in L2(0, K). Let the initial state [u0, ul]D(A") be
expanded as

uo(x Z,(x ), U l(X 2 b’kqgk (X).

Then, by simple computation, a necessary and sufficient condition that ](x, t) steers
[Uo, ul] to the zero state at T is

(3.4)
T K

Pk ---fo Io COS (O)kt)qgk(X)(X)(X, t)dxdt,

Io Io (3.5) /xk w sin (wkt)qok(X)/(X)(X, t) dxdt, k 1, 2,’’’

where {w} are square roots of {}.
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For T -> 2K there exists a biorthogonal system {pk (t), qk (t)} for {sin (o)t), cos (tokt)}
in L(O, T), that is,

T

o
sin (wt)pl(t) dt

T

cos (wkt)qt(t) dt

T

0
cos (wt)pl(t) dt O,

T

sin (wkt)qt(t) dt O.

Put

(3.6)

Here

and

J(x, t)=-Y. kq(t)q(x) 35 (x )lp (x dx

K -1

Y q(t)vk(x)+ p(t)w(x).

K -1

K -1

By Lemma 3.1, mentioned later, there exists a positive 6 independent of k such that
K

dx >0,

Thus we have

Hence

(3.7) <--- --2(2 b’ 2k(-02ink -t- 2 b k(.O 2(re+l))
(uo)Ul D(.m)

The convergence of (3.7) is equivalent to the fact that f(x,t) belongs to
L2(O, T; D((-P)"/z)). (For the proof see Russell [11, p. 669-670]. The proof in [11]
is given for scalar valued functions, but is similar for Hilbert valued functions.) Thus
we have (x, t)eL(O, T; D((-P)"/z)), and it is easy to see that for the control system
(3.3) with (1.2) D(A’) is controllable in L(0, T; D((-P)’/2). Reversing the variable
x, we have the controllability for the control system (3.1) with (1.2).

Next we show the lemma used in the proof of Theorem 3.1.
LEMMA 3.1. LetP be the differential operator obtained by Liouville’s transformation

and {k(x)} be the eigenfunctions of P with Dirichlet boundary condition which form
an orthonormal basis in LZ(O, K). Then for any 0 <=a <b <=K, there exists a positive 6
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which is independent o[ k such that
b

Ia ICpk(X)lZ dx >=8 >0.

Proof. It is well known that there exists an eigenfunction uk (x) for each eigenvalue
h such that

u (x) sin (to,x) + O (to 1 ),

where O(to 1) denotes the large order of to1 as k co. For the proof see, e.g., Yosida
[15, p. 112]. Thus

K K

Io [Uk(X)[2 dx <-- fo sin2 (tokx) dx +O(to-

K -1=-+ 0(o ).
2

Let pk (x) cgu (x). Then

I(x) dx Ic lu(x)l dx.

Hence there exists some positive/x such that

1 _-< tz [c [2.
Thus Icg >= Ix-1. Therefore,

b b

(x x e. u(x x
b

= sin(x)dx+O()
2

Thus there exists an integer n such that

b -a 1+0(o )_->

Since

there exists 8 (>0) such that

for k => n.

I,(x) dx 0,

I0(x) dx >= >0.

q-" 0 (to :-1).

for any x X. Here * denotes the adfoint operators.

In order to show the controllability theorem by the bounded measurable control
functions in t, we recall some theorems by Slemrod and Russell.

THEOREM 3.2 (Dolecki-Russell [3]). Let X and Y be Hilbert spaces and the
general control system (1.3) be exactly controllable in L2(O, T; Y). Then there exists a
positive such that T

Io lib * U*(T t)x 2 dt >-_ 8 IIx =



776 KIMIAKI NARUKAWA

THEOREM 3.3 (Slemrod [14]). LetXand Ybe Hilbert spaces and U(t) be a group.
If there exist positive e and 8 satisfying

l *u*(-t)xll for any x X,dt >= t ]lx 2

then the control system (3.1) is stabilizable that is, there exists a bounded linear operator
K from X to Y such that ,4 +BK generates a uniformly, asymptotically stable Co
semigroup.

THEOREM 3.4 (Russell [10]). Let the control system (1.3) be stabilizable both
forward and backward; that is, there exist bounded linear operators K+ and K- from
X to Y such that S/(t)O as t- c and S-(t)-O as t-,-o, where S+/-(t) are the Co
semigroups generated by A +BK respectively. Then the control system (1.3) is exactly
null controllable in L(0, T; Y) for large T.

Now we have:
THEOREM 3.5. Let the hypotheses of Theorem 3.1 be satisfied. Then there exists

a positive time Tsuch that D(A") is controllable in L(0, T; D((-L)"/2)) for the control
system (3.1)with (1.2).

Proof. Let X and Y be D(Am) and D((-L)’/) respectively. Then A generates
a unitary group U(t) on D(A") and B is a bounded linear operator from Y to X.
Since the control system is exactly controllable in L(0, T; Y) by Theorem 3.1, by
Theorem 3.2 there exists a positive satisfying

liB* U*(T t)x dt >- 6[[x 2 for any x e X.

Since (1.3) is invariant under time reversal, the hypotheses of Theorem 3.3 hold. Thus
the hypotheses of Theorem 3.4 are satisfied. Hence, by Theorem 3.4, X D(Ar) is
null controllable in L(0, T; D((-L)"/2)). Since the control system is invariant under
time reversal, controllability follows from null controllability.

4. Controllability with constraints. Let us consider the control problems when
the control functions are constrained in some limited set. For a positive integer m
and continuous functions a (x) and/3 (x) on [0, l] (a (x) _-</3 (x), a (x) /3 (x)), we take
the constraint sets of controls as

(4.1) r-],,= U {f(x,t)sL(O, T;Hm(O,l))[a(x)<=f(x,t)<-B(x)foralmostallt, x}.
T>0

Under these constraints we consider the control problems of the control system (1.1)
with (1.2).

LEMMA 4.1. Let m be a nonnegative integer and g(x) be a function in D((-L)"/2).
Then the mild solution u(x,t) of (1.1) with f(x,t)=g(x) and initial data u(x, 0)=0
and (Ou/Ot)(x, O)= 0 satisfies the following inequalities"

u(t)](4.2) [ u (t), --- D(Are+l)

where Co is a constant not depending on t, A and L are the closed operators defined by
(3.2).

Proof. Let {Ok (X)} be the eigenfunctions of -L which form an orthonormal basis
and {tok} be the square roots of the eigenvalues {Ak}. Then u(t) and (Ou/Ot)(t) are
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represented as

where

(4.3)

(4.4)

and

Since

and

u(t) Y (t)(x),
OU
-:-7(t) E v(t)q(x),
Of

k(t)
gk

sin [w(t-s)] ds gw [1-cos (w,t)],
(.Ok

v,(t) g, cos [w,(t-s)] ds go) sin

gk Iog (X)(X dx.

DA,,+b (Ou/Ot)(t)/ +IIA,+( u(t) )e (Ou/Ot)(t)

_<-const. ([l(-L)("+2)/2u(t)[[z + [](-L)(m+l)/2Ou-(t)

II(-L)’+ZV=u (t)llz + (-C)m+/
u
o--[(t)

Eo I /Eo., I,,, (t)lz

we have, by (4.3) and (4.4),

D(Are+l)
-<const. o k Igk

Since g(x) belongs to D((-L)"/z), the series converges and

(4.5) Y w Ig, Co,

F" U {f e L’(0, T; Y) IIIf(t)ll,, }
T>O

for any rl > O.

where Co is a constant not depending on t. Thus we have the result.
In order to show the admissible controllability, let us recall the following theorem

and corollary for the general control system (1.3) which was obtained by Narukawa [7].
THEOREM 4.1. Let 1 <p <--oo and assume the following:
1) The controlled space D is a Banach space endowed with a norm II. I!o stronger

than the norm II,llx 4 x; that is, there exists some positive constant 3’ such that
Ilu Ilx --< vilu I1, for any u D;

2) the controlled space D is invariant under U(t) for each >- O, that is, U(t)D cD
for all >-0;

3) U(t) is contractive on D, that is, I[u(t)uilo <-Ilullo for all t>-O;
4) the controlled space D is null controllable in Lp (0, To; Y) for some To > O.
Then the controlled space D is admissibly null controllable in the constraint set
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COROLLARY 4.1. Let 1 <p <-- and A be the infinitesimal generator of a contrac-
tion Co semigroup. For some positive if D((-A)) is null controllable in LP(O, T; Y),
then D((-A)) is admissibly null controllable in FP for any 1 > O.

Let us define the null controllable set NT at T in F, defined as
T

Nr u0 X there exists eF such that U(T)uo + U(T s)B(s) dx 0

Then, by Corollary 4.1 and the proof of Theorem 4.1, we have:
LEMMA 4.2. Let the hypotheses in Corollary 4.1 be satisfied. Then, or any positive

number r, there exists a positive time T such that

Iu X lieu N r} c Mr.
Now let us go back to the control system (3.1) with (1.2). Noting that the control

system is invariant under time reversal and the closed operator defined by (3.2)
generates a unitary group in , by Theorem 3.5 and Lemma 4.2, we have:

LEMMA 4.3. Let the hypotheses in Theorem 3.1 be satisfied. Then for any positive
number r, there exists a positive time T at which the zero state can be steered by the
control f belonging in L(O, T; D((-L)/:)) and satisfying the inequality

II/(t)llo((-)) n almost all t,

to any state in {[u,
Now, for the control system (1.1) with (1.2), we have:
THEOREM 4.2. Let m be a positive integer. If the constraint functions a(x) and

O(x) belong m D((-L)/a), then D(A) is admissibly controllable in the constraint set

Pro@ Put g(x)=[a(x)+(x)]/2. Since g(x)eD((-L)/z), by Lemma 4.1 we
have

w(t),(t) co
D(A)

for the mild solution w(x, t) of (1.1) with f(x, t)=g(x) and initial state w(x, 0)=
(ow/ot)(x, o) o.

Put E {x e [0, l]a (x) (x)}. Then E . Thus we can choose a nonnegative
and nonzero function 7(x) in C (0, l) so that supp y(x)cE. Let us take >0 so that

(4.6) nv(x) n [ (x) (x)]/2.

By Lemma 4.3 for any given > 0 and r > 0, there exists T > 0 such that the set

R(T)= U(T-s)
yf(s)

ds f(t)L(O, T;D((-L)/2)and

contains the ballB {[u. v]D(A)lll[u, v]lI.() r}. where U(t)is the group gener-
ated by A. Since the norms of D((-L)/2) are equivalent to the one of H(0, l), by
Sobolev’s inequality,

(4.7) sup If(x. t)l
xe(O,l)

holds for almost all t. Let us take so small that cx < . Then, by (4.6) and (4.7),
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we have

x(x)<-g(x)+y(x)f(x, t)<-[3(x) almostallt

for all functions jr(x, t)L(O, T; D((-L)’/2)) satisfying

IIf(t)llo((-)"/) <= l almost all t.

By Sobolev’s imbedding theorem, f(x, t) is continuous in x for almost all t. Hence the
constraint set contains the set

{g(x)+y(x)](x, t)lf(x, t)L(O, T;D((-L)"/2))
T>0

satisfying IIf(t)llo((_L)m/2) <- l almost all t}.

Thus, by (4.2) and the equality

( 0
U(T-s) ds U(T-s) ds + U(T-s)

yf(s)
ds,

g + (s) g

the set

U(T-s)
h(s)

ds h

contains the set R(T)+[w(T), (Ow/Ot)(T)]. Since for any r>0 there exists T>0
such that R(T)=Br and the inequality Ilrw(T), (Ow/Ot)(T)]llO(A"<--Co, we have

R(T)+ w(T),--(T) =D(Am).
T>0

Thus, for any [u, v]D(A"), there exist a positive time T and a control h(x, t) in. which steers the zero state to the final state [u, v]. Noting that the control
system (1.1) with (1.2) is invariant under time reversal, we have the admissible
controllability of D (A’) in the constraint set ,.

Let us define the the constraint set with smooth controls as

C, {f(x, t) L(O, T; C[0,/]) c (x) <-_f(x, t) <= (x)
(4.8) r>o

holds for almost all t}.

Since f3,,1D(A m) is dense in and f3 ,,_>_1 -m, Ca,e, it is easy to see the following
corollary.

COROt.LARY 4.2. Let c (x) and (x) be smooth functions such that c (x) <- (x)
and c(x)(x). Then the control system (1.1) with (1.2) is admissibly approximately
controllable in the constraint set C,.

Remark 4.1. The set R (T) in the proof of Theorem 4.3 is increasing in T, that
is, R (T1) c R (T2) for T1 -< Tz. Hence, we have the following more precise statements:
For any [Uo, Vo] and [ul, v] in D(A ’n) (m >= 1), there exists a positive time To such
that the initial state [Uo, Vo] is steered to the final state [u, v] at any time T greater

O72rrtthan To by the control function in 50,,.
Remark 4.2. In Lemma 4.1 we showed the mild solution with exterior force g (x)

is bounded. Further, it is shown that under the assumptions of Lemma 4.1 for any
e >0 there exists a sequence {T,} such that 0< TI< T2<"" < T, <...oo and
IIEu(T.), (ou/at)(T.)]llo(a’+<--e for each T..
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In fact, in the proof of Lemma 4.1, there exists an integer N such that

k=N+l 2

because the series o Ig converges. By the following Lemma 4.4, for any r > 0
there exist a sequence T1 < T: <... < T. <...- oo and integers {q.}._-,,...,=l,a,...,N
such that

Io)T, 2rq, < n, k 1, 2, ", N for each T..
Let us take r/> 0 so small that

N
2m 8. o Ig12[(1-cos (o)kTn))2+sin2 (ookrn)]<-, n=l,2,"’.

k=l

Then we have

ou 7.)]
D(Am+)

E Igkl2[(1--COS(:T.))2/sin2(ookT.)]/ E eo Igkl
k=l k=N+l

LEMMA 4.4. Let real numbers {Wk}a<_--k<=N be given. Then for any e > 0 there exist
a sequence {T.} and integers {Pnk}n=l,Z,...,t=l,2,...,N such that T. as n- and

IookT, --p,k < e, k 1, 2," ", N, for each T,.

This lemma is proved by Kronecker’s approximation theorem and by induction
for N.

Remark 4.3. Krabs [5] considered the general one-dimensional vibrating systems
with boundary controls. We can also obtain the similar results for these systems with
distributed controls.

Remark 4.4. In the proof of Theorem 4.2, we showed that D(Am) is controllable
by the controls g(x)+y(x)f(x,t), where g(x)D((-L)/2) and f(x,t)
L(O, T; D((-L)m/2)). But by Lemma 4.1, g(x) need not belong to D((-L)/) and
has only to belong to D((-L)m-a)/2). Thus, especially by taking m 1, a(x) and
in Ha(0,/), we have the admissible controllability of D(A) in ,. Hence, in this
case, the control functions a (x) and/3 (x) need not vanish at x 0 or 1.

5. The higher dimensional case. In this section we consider the case where the
space dimension is greater than 1.

Let the control system be

(5.1) p (x)[-O-j -Y c,i(x) =f(x, t)

in f x (0, oo) with Dirichlet boundary condition

(5.2) u (x, t) 0 on 0D. x (0, oo).

Here 12 is a bounded domain in 11 with smooth boundary 0f, O(x) and c,(x) are
smooth and bounded functions in I1 which satisfy

O<po<--O(X)<=pa, C(X)=Q(x) forx

and

E Ci](X)i] e E I:il z for any : (i) R"
with positive constants po, p and 8.
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As is similar to the one-dimensional case, we define the closed operators A and
L and the Hilbert space Y(. Then A generates a unitary group, and thus, we can define
the mild solutions and control problems in the similar way to the one-dimensional
case. For a positive integer m and continuous functions a (x) and/3 (x) on f satisfying
a (x)< B (x) in f, we take the constraint set of controls as

.= {f(x,t)L(O, T;H"(f))la(x)<-f(x,t)<=B(x)
(5.3) almost all and x }.

We have Lemma 4.1 in the same way for n >-2. For the higher dimensional case, we
do not know whether Theorems 3.1 and 3.5 hold or not. When /(x)= 1, Fattorini
[4] and Chen [2] proved the controllability of the control system (5.1) with (5.2).
Similarly it is easy to see that Theorem 3.5 and Lemma 4.3 hold when /(x)= 1.

Now we have:
THEOREM 5.1. Let m be an integer greater than In/2]+ 1. Ira(x) and [3(x) belong

to D((-L)’/) and satisfy

--(x)< /(x) on,(5.4)
On

where O/On is an inward unit normal derivative on Of, then D(A") is admissibly
controllable in the constraint set ;,.

Proof. Since D((-L)"/2) is contained in H"(f)H(f) and the norms of these
spaces are equivalent, by Sobolev’s imbedding theorem we have D((-L)"/) c Bo(f)
topologically, where

B

with the norm

Thus, for any q D ((-L)’/2), g, belongs to B o (f) and satisfies

(5.5) const. I]pl[D((-t),,/2.

Put g(x)=[a(x)+fl(x)]/2. Then g(x)B(l)). Since the inequality (5.4) holds, it is
easy to see that the inequality

(5.6) (x)<-g(x)+q(x)<=(x)

holds if q Bo (f) and IIql[no is sufficiently small. Thus, by the inequality (5.5), we
can choose rt >0 so small that the inequality (5.6) holds for any q D((-L)’/2)
satisfying 11o11_)-,/2)<_-ft. Hence, it is shown that the constraint set contains the set

{g(x)+f(x, t)lf(x, t)L(O, T; D((-L)"/2) satisfying
T>0

[l[(t)llo-)-’/) -< rt almost all t}.

Since Lemma 4.1 and 4.3 hold, the rest of proof is similar to the one of Theorem 4.2.
Similarly in the one-dimensional case, let us define the constraint set with smooth

controls as

C, {f(x, t) L(O, T; C(I))) a (x) <- f(x, t) <= (x) holds for almost all t}.
T>O



782 KIMIAKI NARUKAWA

Then we have:
COROLLARY 5.1. Let (x) and (x) be in Cl(fi) satisfying c(x) </3(x) in D and

the inequality (5.4). Then the control system (5.1) with (5.2) is admissibly approximately
controllable in the constraint set C

Remark 5.1. The conclusions in Remark 4.1 also hold for the control system
(5.1) with (5.2).

Remark 5.2. For simplicity we consider the Dirichlet boundary condition. But
we have the similar results for the control system with more general boundary
conditions,

Ou
au(x)+-n(X)=O on

2 2where a and/3 are constants satisfying a +/3 # 0.
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APPROXIMATING A SECOND-ORDER DIRECTIONAL
DERIVATIVE FOR NONSMOOTH CONVEX FUNCTIONS*

J. B. HIRIART-URRUTY"

Abstract. For a lower-semicontinuous convex function f, the approximate second-order directional
derivative (d, 8)--/"(Xo; d, 8) is defined through the e-directional derivative f’ (x" d). The function v,’x

va(x)=f’,(x d) is, for all e >0, locally Lipschitz on inf (domf) and, at those points where it is not
differentiable, va admits a directional derivative v(x0; 8) for all 8, which we precisely denote by/’’(x0; d, 8).
The objective of the present work is two-fold: to classify all the possible differentiability properties of va
according to the behavior of the function h -f(Xo + hd) on R+, and to study the existence or nonexistence
of the limit of f’’(Xo, d; 8) when e -->0+.

Introduction. Defining a generalized second-order directional derivative (d,
f"(x0; d, 8) for an arbitrary convex function f is of main concern in the current research
in convex optimization. Introducing such an object, tractable from the computational
viewpoint, is highly desirable to design second-order methods. Recently, some works
have been devoted to an approximate second-order directional derivative (d, )-->
f’’(Xo; d, 8) which is defined through the approximate directional derivative d-f’ (x d)
[2], [7], [9]. The starting point was that f’(x;d) enjoys for e > 0 some noteworthy
properties different as for their nature from those of the "exact" directional derivative
f’(x;d). As a function of the state variable x, f’(x;d) is upper-semicontinuous at all
points Xo of int (domf) and continuous at those points Xo where f is differentiable.
On the one hand, having available the f’(x;d), x int (dom f) and d R, allows us
to recover f from them since

(0.1) f(x)-f(xo)+ J0 f’(Xo+t(x-Xo); x-Xo) dt.

On the other hand, f’(. ;d) is differentiable only at some privileged points which we
shall consider later.. The use of f’(Xo; d) as a substitute for f’(Xo; d) turns out to be
advantageous in many respects. The main property of the function

v ’x f’ (x; d)

is that it is locally Lipschitz on int (dotal) [6], [11]. So va is differentiable almost
everywhere on int (domf), which allows us to define a generalized gradient Ova(xo)
in Clarke’s sense [3] at all Xoe int (domf). Moreover, at those points Xo where it is
not differentiable, va admits a directional derivative v(xo; 8) for all 8, which we shall
also denote by f’(Xo; d, 8). Since re(x) can be written as the marginal function of a
mathematical program,

(P) Va(x)=max {(x*, d)lf*(x*)+ f(xo)-(Xo, x*)-e <_-0},

the existence of the directional derivatives of va was implicit in results like those of
Gol’shtein [5] (the so-called mixed case) or Hogan [8]. However, the exact expression
of v(xo; 3) had to be worked out in the particular case involved, and such a project
has been initiated by Lemar6chal and Nurminskii [9]. The formula giving v(xo;
was proved by them under the assumption that f is finite and coercive (i.e.,

* Received by the editors March 12, 1981.
’Universit6 de Clermont-Ferrand II, Complexe Scientifique des C6zeaux, D6partement de

Math6matiques Appliqu6es, B.P. 45, 63170 Aubi/re, France. Current address, Universit6 Paul Sabatier,
118, route de Narbonne, 31062 Toulouse C6dex, France.
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limllxll_,+of(x)/llxll +oo); it involves mainly two sets:

Aa (Xo) {X > 01[f(xo + Ad) -f(xo) + e ]k -a f, (Xo; d)}

and

of(xo) {x* od(xo)[(x* d) f’ (Xo; d)}.

The desire to get rid of the coercivity assumption and thereby cover the cases where
Ad(xo) might be empty led Auslender [2] to rely on

Md(xo) {x _--> 0[r(/x) f’ (Xo; d)}

rather than Aa(xo). Here rr is a convex function defined by

rf(x)=/x f Xo+ -f(xo)+e if/x >0,

rr(O) f(d) if f(d) < +o.

The expression of v(Xo; 6), involving Ma(xo) and Of(Xo)a, was proved by Auslender
[2, I] under the assumption that f is a finite function. Actually, his approach, which
rests on duality results on the program (P), works for more general f, provided that
the considered Xo lies in int (dom f). Our aim in the present study is two-fold: to get
a better insight into the differentiability properties of va and to study the behavior of
f(xo; d, 6) when e converges to 0+. For the purposes of studying the differentiability
properties of vd ( 2), our starting point will be the general expression of v(Xo; 6).
As already mentioned, this expression involves the set Of(Xo)a whose calculation is
usually out of reach. So we address ourselves to questions like: How to detect if v
is differentiable or not, without explicitly calculating it? How to decide if Ove(xo)
contains 0 or not, having only M(xo) at our disposal ? and so on. In answering these
questions, we shall be led to a classification of all possible situations into three cases
accordingly as Ad(xo) is nonempty and bounded, unbounded and empty. Each of these
three fundamental situations yields peculiar properties as to the differentiability of
re. We also conclude from the results in this section that there are only two cases as
regards to the behavior of Ae(xo) when e goes to 0+; either Ae(xo) is nonempty and
bounded for e < g or Aa (Xo) is empty for all e. It turns out that vd is strictly differentiable
at Xo (i.e., Ove(Xo) {’va(x0)}) whenever it is differentiable at Xo. The differentiability
results of 2 allow us to give a full description of the generalized gradient of va at
those points where it is not differentiable ( 3). Earlier results like those of Auslender
[2, II] and the author [7, VII] are covered and improved. Moreover, general inner
and outer estimates of Ove(xo) are provided.

A nice feature of f(xo; d, 6) is that it is defined at all Xo int (domf). However,
a fundamental question which has to be answered is the following: to what extent is
f(xo; d, ) an approximation of the second derivative of f at Xo? Section 4 is devoted
to this question through the analysis of the behavior of f(Xo; d, 6) when e goes to
0/. In regard to the above question, one of the main results in this section is that
f(xo, d; 6) does have a limit when e - 0+ at those points Xo where f is twice differenti-
able in the Alexandroff’s sense [1]. Even if the set of such points is of full measure
in int (dom f), the expansion

(0.2) f’(Xo+6;d)=f’(xo;d)+Io f(xo+t6;d, 6)dt,

which is valid for all e > 0, is not preserved when e 0/. This is in the line of difficulties
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which arise when using the second derivative (defined almost everywhere) to identify
a convex function. For the points Xo where f is not twice differentiable, we shall sketch
what to expect and what not to expect with regard to a definition of f"(Xo; d, 6).

1. Preliminary definitions and properties. Throughout the sequel, f will be a
lower-semicontinuous convex function from R into (-o, +o]. Given such a function,
the e-subdifferential of f at x0 dom f (dom f is the set where f is finite) is defined
for each e >= 0 as the set of vectors x* R" satisfying

(1.1) f(x) _-> f(Xo) + (x *, x xo)

for all x ". The set of such vectors, denoted .by Of(Xo), is a closed convex set which
reduces to the subdifferential Of(xo) when e 0. Moreover, Of(Xo) is known to be
nonempty and compact whenever Xo lies in int (dom f). Since only these points will
be of interest in the present study, we, henceforth, assume that Xo int (dom f).

There are two fundamental ways of characterizing Of(Xo)" through the conjugate
function f* of f or in terms of approximate difference quotients of f. We recall these
characterizations which both will be used throughout.

PROPOSITION 1.1. [14].
(a) x* Of(xo) if and only if

(1.2) f(xo) +*(x *) (xo, x*) -<_

(b) the support function of Of(Xo) is given as

(1.3) d f(xo, d)= inf {[f(xo+hd)-f(xo)+e]h-1}.
h>O

For fixed e > 0 and d # 0, we denote by Aa(xo) the set of ,o > 0 for which

[f(xo + ;rod) -f(Xo) + ]; f’ (Xo; d).

The behavior of the approximate difference quotient

q:; [f(xo + ,cl)-f(xo) + 3, -on +* is of particular importance with regard to deriving properties of Aa(xo). The
behavior of qr near 0+ and +oo is known since

 li_.mo+
and

lim q(h) sup {[f(Xo +hd) -f(xo)]-1} [(d).
h-+eo h>O

Here fo is what is known as the recession function of f (or the asymptotic function of
f). Since x0e int (domf), there exists h’e ]0, +c] such that q is finite on] 0, h*[.
Clearly, q is a lower-semicontinuous quasiconvex function on *+. Even more, qr
enjoys a pseudoconvexity property in the sense that the stationary points of qr in *+
are also the global minima of qt on R*+. Let us make that more precise. By stationary
points of q on *+, we mean the ho e *+ for which the necessary condition for optimality

(1.4) 0 0q(ho)

holds. Here, Oq(Ao) stands for Clarke’s generalized gradient of q at ,o [3], [16]. The
definition and basic properties of the generalized gradient for locally Lipschitz func-
tions will be recalled later. However, qr is not necessarily locally Lipschitz around all
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Ao satisfying (1.4) so that one has to rely on a general definition of 0qr such as given,
for example, in [16]. Anyway, with this general definition and existing chain rules
[16], it can be proved that

3qr(,ko) [(0f(Xo +,d), d)-q(Ao)]A

for all Ao > 0. Therefore, the optimality condition (1.4) reduces to

(1.5) q(Ao) (f(xo + Ad), d).

This condition turns out to be sucient for Ao Ad(Xo), as it can be directly verified
from the definitions. The reason why the necessary condition for optimality is also
sucient can be explained by the following: the function r defined on by

is convex. Clearly, toe is a minimum of qf on N if and only if o 1/Io is a
minimum of rf on N. Now, the necessary and sucient condition for optimality of
o> O, 0 Or(o), is made equivalent to (1.4) by a chain rule (on generalized gradients
of lower-semicontinuous functions [16]) which states that

Or(o) -Oq(Ao)A , aoo 1.

It might be more convenient to deal with re rather than q. From the computational
viewpoint, it is easier to minimize the convex function r on + especially as

im 9() +m, i+ 9(u) G(g) > -m.

We agree on posing r(O)=f(d) whenever f(d)< +m. Consequently, re always
achieves its minimum value (=f’(Xo; d)) on R+. If we denote by Mu(xo) the set of

o e R+ for which

9(o) f’ (Xo; d),

Mu(xo) is a nonempty compact interval of + and

(1.6) A(xo) 11 }oMa(x0),o>0
o

The definition itself ofMa and the continuity properties off make that the multifunction
x Mu(x) is upper-semicontinuous at Xo and bounded in a neighborhood of Xo.

The case where q does not achieve the infimum value f’ (Xo; d) on corresponds
to the situation where q() >f(d) for all > 0; in terms of the function r this means
that o 0 is the unique element of Ma(xo).

The main result concerning the behavior of the function

xv(x)=f’(x;d)

is that it is locally Lipschitz on int (dom f) [6], [11]. So va has a generalized gradient
Ova in Clarke’s sense [3] at all Xo int (dom f). In that respect, we recall the definition
and basic properties of 3va(xo). By definition, 0va(xo) is the convex hull of the set

{x*x Xo in E1 with Vva(x) x*},

where E is the set of full measure in int (dom f) where va is differentiable. Actually,
as observed by Clarke [3, Proposition 1.11], 0va(Xo) is blind to sets of null measure
in the sense that the calculation of 0va(xo) (as above) requires knowledge of Vva(x)
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only for x on a set of full measure around Xo. The support function of OVd(Xo) is the
so-called generalized directional derivative of Vd defined as

8 ->v,(x0; 8) lim sup [Vd(X + AS)--Vd(X)]A -1.
,kO

In terms of limits of linear mappings (Vva(x), 8), we also have that

v(xo; 8) lim sup (Vva(x), 8)
xA

for a set A of full measure around xo.
At those points Xo where va is not differentiable, va admits however a directional

derivative vt(xo; 8) for all 8. The formula giving v(Xo; 8) was proved by Lemar6chal
and Nurminskii [9] under the assumption that f is finite and has an everywhere finite
conjugate function f*. For such a function (also called cofinite or coercive), Aa(xo) is
nonempty and bounded for all Xo and d, so that v}(xo; 8) can be expressed in terms
of Aa(xo). Indeed,

(1.7) vS(xo; 8)= min max {,-l[(x*, 8)-f’(xo; 8)]},
X Ad(xo) x*Of(xo)a

where

OJ(xo) {x* e oJ(xo)[<x*, a) f’ (xo; a)}.

The desire to get rid of the coercivity assumption and thereby cover the cases
where Aa(xo) might be empty led Auslender [2] to rely on Ma(xo) rather than Aa(xo);
the formula below giving v }(xo; 8) was proved by him under the assumption that f is
an everywhere finite function. Actually, this formula holds true for more general f
than we are dealing with here provided that xo e int (dom f).

THEOREM 1.2. The directional derivative of va at Xo in the 8 direction is given as

(1.8) vS(xo: 8)= min max {/x[(x*, 8)-f’(xo; 8)]}.
Ma (xo) x*Of(xo)u

In view of (1.6), one sees that the above formula is a generalization of the earlier-
one (1.7). vt(Xo; ) is also noted asf(xo; d, ); both notations will be used throughout.

The set Of(xo)a is a certain face of Of(xo), the one consisting of all the points x*
at which d is a normal vector. In an alternate formulation, it is known that

Off(Xo)d Od/*d(xo) (d ).

Hence the *O0d(,o)a(8) involved in the formulation of V’d(Xo, 8) can be rephrased as

0(xo)(8) li+ [f’(Xo; d +o8)-f’(Xo; d)]cr-cr-0

The expression of v }(Xo; 8) can be simplified for some directions 8. Let L be the
linear space associated with the affine hull of Off(Xo)d and let s(d) be the orthogonal
complement of L (1 <= dim s(d) <- n). For a 8 sf(d), the linear form x* >(x*, 8 is
constant on Off(Xo)d or, in other words, the breadth of Off(Xo)d in the 8 direction is
null. Thus, for such a 8, we have that

v(xo; 8)= min {tx[a(8)-f’(xo; 8)]},
IMd(XO)

I//A denotes the support function of A.
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where a(8) is the constant (Of(Xo)d, 6). In particular, sO(d) is the whole space [n
whenever Of(xo)a is reduced to a single element x’ (Xo).

The ordinary directional derivative v(xo; ) and the generalized directional
derivative v](xo; 6) are both defined at Xo and

’(x ")< ](x .)Vd O, --V O,

va will be called strictly tangentially convex at Xo if

(xo" ,s)= v(xo; a)Vd

for all 8 Nn. This property is stronger than requiring the convexity of 6 -v }(Xo; 6)
(tangential convexity of Vd at Xo)2. Similarly, Vd will be said to be strictly tangentially
concave at Xo if -va is strictly tangentially convex at Xo.

To end these preliminaries, we recall the framework we work in: Xo e int (dom f),
d 0 and e > 0. Strictly speaking, all the objects defined, Ad(Xo), Md(Xo), Vd,... also
depend on e. We shall drop the e for a while and put it back when the behavior in
e will be considered ( 4).

2. Differentiability points of Yd.
THEOREM 2.1. Let x be a point around Xo where va is differentiable. Then Ma(x)

is single-valued (Ma(x)= {/xa(x)}) and we have that

(2.1) a(x )oJ(x) Vv(x + ,a(x )O(x ).

Moreover, at such an x, Vva(x) is nonnull if and only if txa(x) >0.
As a consequence, we note that Of(x)a is singlevalued (Of(x)a {x (x)}) whenever

both va and f are differentiable at x and tza (x) > 0. In such a case3,

(2.2) X’ (X) IXd(X)-IVVd(X) + Vf(X).

Before proving Theorem 2.1, we shall prove a technical lemma which will be
useful in the sequel.

LEMMA 2.2. Suppose Ad(x) is nonempty; then f’(x; d)>f’(x; d).
Proof. According to the definitions themselves,

for all h o e Aa (x), while

[f(X -F hod) -f(x -k- E ]l. -1 fr (X d)

inf {[f(x +,d)-f(x)],-}= f’(x d).
x>o

Hence, we have the desired strict inequality since e > 0.
Proof of Theorem 2.1. Let x be a point (around xo) where Vd is differentiable.

For all 6 e ", we have that

(2.3) min max {tz [(x*, 6)-f’(x; 6)]}= (VVd(X), 6).

By writing (Vva(x), 8)=--(VVd(X),--6), the above relation yields

(2.4) min max {tz[(x*, 8)-f’(x; 8)]}=max min {[(x*, 6)+f’(x;-6)]}=(Vva(x),
/x x* /x x*

for all 8.

We feel that these appellations are better than the earlier ones: quasidifferentiable for tangential
convex and (subdifferentially) regular for strictly tangentially convex. More particularly, the tangentially
linear case is the differentiable case while the strictly linear case reduces to the strictly diiterentiable case.

IXa(X) is defined as the unique element of Ma(x) whenever Ma is single-valued at x.
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Let us make, for example, 6 d in (2.4); we get that

(2.5) min {Ix [f’ (x d)-f’(x; d)]} max {tz [f’ (x d)+f’(x;-d)]}.

Since -f’(x; d) <=f’(x; -d), the above implies that

(2.6) max {tz If’, (x; d)-f’(x; d)]}= min {/z [f’ (x; d)-f’(x; d)]}.

That will be our key relation.
If f’ (x; d) >f’(x d), we derive from (2.6) that Ma(x) {/za (x)}. Now if f’ (x; d)

f’(x; d), we know by Lemma 2.2 that Aa(x) is necessarily empty so that Ma(x) {0}.
So, in any case, Ma(x) is single-valued at the considered x.

Now (2.3) can be rewritten as

max [tza(x)(x*, 6)]= (Vva(x), 6)+ tza(x)f’(x 6)
x*Of(x)d

for all 3. Whence the expression of tza(x)
Clearly, Vva(x) is null whenever tza(x) is null. Conversely, suppose that Vva(x) O.

According to the relation (2.1) just proved, we have that

(x)

If/xa (x) was not null, the above would imply that Gf(x)a 0f(x) and thus f’ (x; d)
f’(x; d), which is in contradiction with the nonnullity of/xa(x) (Lemma 2.2). Hence,
the result is proved. 71

The results of Theorem 2.1 can be made more precise if more is known on the
behavior of the function q on *+. Actually, there are three possible situations we are
going to study in detail now.

In the first place, let d satisfy the following at Xo:

(S) ::i,., [f(xo+A.d)-f(xo)+e]Ai <foo(d).

This condition is necessary and sufficient for Aa(xo) to be nonempty and bounded. In
alternate ways, (S) is necessary and sufficient for having OMa(xo) or for securing
f’ (Xo; d)<foo(d). (S) is certainly satisfied by any d for which foo(d)= +oo.

THEOREM 2.3. Let d satisfy (S). There then exists a neighborhood V of Xo such
that txa(x) >0 and

(2.7) Od(x) (x)-Vv(x) + od(x)

whenever va is differentiable at x V.
An immediate corollary to the above result is as follows"
COROLLARY 2.4. Let d satisfy ($1). Then the following assertions are equivalent

in a neighborhood of x0:
(a) va and f are differentiable at x;
(b) Ma(x) {Iza(x )}, Of(x)a {x d (x)}, Of(x) {Vf(x)}.

At such an x, Vva(x) is expressed as

(2.8) 7va(x) la.a(x)[x*a (x)-Vf(x)].

Proofof Theorem 2.3. Due to the upper-semicontinuity of the set-valued mapping
Ma, Ma(x)c R*+ for all x in a neighborhood V of x0. Therefore, it is a consequence
of Theorem 2.1 that lza(x) >0 whenever va is ditterentiable at x V. El
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Remark 1. Note that VVd(X) is nonnull whenever it exists in V. Along the same
lines, we observe that f’ (x d) > f’(x d) for all x in V; consequently,

v ’a(x d) f"(x; d, d) > 0

for all x in V.
Remark 2. In the situation we are concerned with, the differentiability of va at

x V does not secure the differentiability of f at x. Nevertheless, the following partial
differentiability result is easily derived from (2.7)"

f’(x 8) -f’(x -8) for all 3 ’(d),

whenever Vd is differentiable at x V.
We now turn our attention to the cases where f’(Xo; d)=f(d). To begin with,

let us consider d such that

(S2) min {[f(xo + Ad)-f(xo) + e ]A-} f(d).
A>O

This condition is necessary and sufficient for Ad(Xo) to be nonempty and unbounded.
In other words, ($2) corresponds to the situation where Md(Xo) contains 0 but is not
reduced to it. Actually, the case we deal with here is somewhat peculiar. If _A
min {A IA Ad(Xo)}, all the A => _A are in Ad(Xo), and one easily checks that

f(xo + Ad) f(xo) e + Afoo(d)

for all A -> _A. Moreover, we note that if d satisfies (S2) for a certain g, then d satisfies
($1) for all e < .

Contrary to ($1), the condition ($2) is not necessarily secured in a neighborhood
of Xo whenever it is satisfied at Xo and that will be the cause of the differences with
the previous situation.

THEOREM 2.5. Let d satisfy ($2) at Xo. Given an open neighborhood V of Xo, let
Vo denote the set of x V where va is differentiable. Then Vva(x) is nonnull (or
equivalently txa(x) >0) on a subset of positive measure Wof Vo.

Proof. We have to prove that Vva does not vanish almost everywhere in V. If
that was the case, we would have Ova(xo)= {0} and thus va differentiable at Xo. But,
since Ma(xo) is not reduced to {0}, that contradicts the first statement in Theorem
2.1. [3

Remark. As in the previous situation, Gf(x)a is single-valued at those points
x e W where f is differentiable. Also note that f(x;d, d)>0 almost everywhere in
W but certainly not at Xo. As for v } at Xo, the following can be observed"

(x d) f(x d, d) O,l) d 07 07 ’(Xo’6) <0 for all6Vd

and v a(Xo; 6)< 0 for a certain 8.
The third possible situation for d is as follows"

(S3) [f(xo + Xd) -f(xo) + e ]A -1 >f(d) for all A > 0.

This condition is necessary and sufficient for Aa(xo) to be empty and corresponds to
the case where Ma(xo) {0}. It is also equivalent to the statement: "va is differentiable
at Xo with Vva(xo)= 0" (Theorem 2.1). Here, contrary to what holds in the situation
($2), txa(x) can be null almost everywhere in a neighborhood of Xo.

It is worthwhile to break the present case into two, accordingly as f’(Xo; d)-
f’(Xo; d) is strictly positive or not.
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Let us examine the first case, namely when

(S3.a) ($3) holds and f’ (Xo; d) >f’(xo; d).

The first thing to be observed is that (S3.a) is a transient stage in the sense that
if (S3.a) holds for a certain e one then ends by getting the final stage ($1) (and remaining
in it) when e goes to 0.

The second observation concerns all the situations (including ($1) and ($2)) where
f’ (Xo; d)>f’(xo; d). Due to the definition of Of(xo)a, one easily checks that

(2.9) f’ (Xo; d) >f’(xo; d) C:Of(xo) f’l Of(xo)a .
Now since the function x-f’(x; d)-f’(x; d) is lower-semicontinuous at Xo, there
exists a neighborhood V of Xo such that

f’ (x d) > f’(x d)

for all x e V. As a consequence, Of(x) Of(x)a whenever x lies in V. This result
must be put together with the relationship between Of(xo) and Of(xo)a stated when
va is ditierentiable at x and txa(x) > 0 (Theorem 2.1).

The second case to be considered is the one where

(S.b) f’ (Xo; d)=f’(xo; d)(=foo(d))

and thus

f(xo + ,d) f(xo) + Af’(xo; d)

for all > 0. Here (S3.b) is a permanent stage in the sense that if (S3.b) holds for some

eo it then holds for all e. Contrary to the previous case, one may have Of(x)f’lOf(x)a #
for some x around Xo (actually this holds for all x, including Xo, where f’ (x;d)=

f’(x d)). Even more, it might happen that f’ (x d) f’(x d) for all x in a neighborhood
of Xo; an example of this situation is f(x)=’IX[ at Xo 0.

As a general rule, the assumption ($3) does not guarantee that Of(xo)a is single-
valued, even when f is differentiable at Xo. The next result gives an expression of
Of(xo)a peculiar to the situations ($2) and ($3).

THEOREM 2.6. Let d satisfy ($2) or ($3) at Xo. We then have

(2.10) of(Xo)d of(Xo) f’) Ofoo(d).

Proof. A necessary and sufficient condition for d to satisfy ($2) or ($3) at Xo is
that f’(Xo; d)=f(d). Now, f is the support function of domf* [14, Thm 13.3],
whence x* Of(Xo)a if and only if

x* oJ(xo)

and

(x*, d)= @*(dldom f*).

The latter relation is equivalent to x*e 0@*(dldom f*) since the considered x* lies in
dom f*. Hence the result (2.10) is proved. [3

Remark. If not within the situation ($1), it is not generally true that Of(X)d is
single-valued almost everywhere around x0; see Example 3.2. More will be said about
of(X)d later on.
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3. Generalized gradient and generalized directional derivative of Yd.
3.1. At a point x (around x0) where both va and f are differentiable, we have that

(3.1) Vva(x) Ixa(x)[x (x)- Vf(x)],

where x’(x) is the unique element of Of(x)a when txa(x)>0 and any element of
O[(x)a whenever tza(x) 0 (Theorem 2.1). With (3.1) and the formulation of vS(x0;
we are in a position to derive general differentiability results on re.

It is convenient to pose ZX as the set of full measure around Xo where both va and
f are ditterentiable.

THEOaEM 3.1. OVa(Xo) is the convex hull o]’ the compact set

(3.2) {x*lBxk - Xo in A with IXd(Xk) [x’ (x)--Vf(x)] x*},

and v ](Xo; 8) is given for all 6 as

(3.3) v](xo; 6)= lim sup v’e(x; 6).

Proof. Following what has been recalled in 1, the calculation of OVd(Xo) demands
knowledge of VVd(X) for all x in a set of full measure around Xo, what is done in A

by (3.1).
Concerning the generalized directional derivative, we have that

v](Xo; 6)= lim sup (VVd(X), 6)

for all 6, whence

v](xo; 6) <=lim sup v’a(x; 6).
XO

For the converse inequality, we observe that

v’(x a <-_ v(x
and that the mapping X-Vd(X; 6) is upper-semicontinuous at Xo. Hence, the
announced result is proved.

As a general rule, Ove(xo) contains Vve(xo) when the latter exists. The next result
states that actually Ove(xo) is reduced to {7ve(Xo)} whenever ve is differentiable at Xo.

PROPOSITXON 3.2. Suppose ve is differentiable at Xo; then ve is strictly differentiable
at Xo.

Proof. Suppose firstly that 7ve(xo)= O. Me(xo) is then reduced to the 0 element
(Theorem 2.1.) Due to the upper-semicontinuity of Me, all the/xe(x) involved in the
calculation of Ove(xo) [formula (3.2)] converge to 0. Thus, Ove(Xo)= {0}.

The general case boils down to the above one by setting

g(x) f(x)-(Vve(xo), x).

For such a g,

we(x) ve(x)-(Vve(Xo), d),

where we(x) stands for g’(x;d). Hence, the desired result is achieved since

ow(xo) ov(xo)- {Vv(xo)}

and

ow(xo) {Vw(xo)} {0}. ;
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In 2, equivalent assumptions to ($1), ($2) and ($3) were displayed in terms of Aa(x0)
or Ma(xo). The next statement gives a further characterization of the (Si), expressed
this time in terms of Ova(xo).

PROPOSITION 3.3. The following equivalences hold:
(i) d satisfies ($1) at Xo if and only if 0 Ova(xo);
(ii) d satisfies ($2) at Xo if and only if Ova(xo) contains 0 but is not reduced to it;
(iii) d satisfies ($3) at Xo if and only if Ova(xo)= {0}.
Proof. (iii) is a mere consequence of Proposition 3.2 and an earlier characterization

of (S3).
For (ii) let d satisfy ($2) at x0. As noticed in the remark following the proof of

Theorem 2.5, va is not differentiable at x0 and v}(x0; 8)=<0 for all 8. Consequently,
Ova is not single-valued at x0 and

v(xo;-) >_--vS(xo; )_->0

for all 8, whence 0 Ova(xo). For the converse, the only thing to prove is that 0 Ma(xo)
whenever O eOva(xo). Since the three set-valued mappings Ma, Of(’)a and Of are
upper-semicontinuous at Xo, the formula (3.2) yields the following estimate of Ova(xo),

(3.4) Ova (xo) c Ma (xo)[OJ(Xo)a Of(xo)].
If Of(xo)fq Gf(xo)a was nonempty, one would have f’(x0; d)=f’(x;d) (relation (2.9))
and thus Ma(xo)={O} (Lemma2.2), which is the situation ($3). Therefore,
0 Gf(xo)a Of(xo) and (3.4) then implies that 0 e Ma(xo).

As for the equivalence (i), it is simply derived from the two other ones. 71
Generally speaking, the directional derivative (function)

v. vS()= v(xo; )

is neither convex nor concave. So, it is worthwhile to exhibit the general expressions
of the biconjugate functions (v)** and (-v)**. Since v is positively homogeneous

’)** and (-v )** are support functions of convex sets we proposewith v (0) 0, (v a
to determine now. For that, let us recall the definition of the ,-difference of sets, such
as introduced by Pontryagin [12]. Given two sets, A and B, the ,-difference of A and
B, denoted as A*B, consists of vectors x satisfying the condition x +B A. Clearly,
A *-B is convex whenever A and B are convex. As for example, the result (2.1) in
Theorem 2.1 can be rewritten as

(3.5) Vva(x) tXd(X)[Oef(Xd)d *-- 0f(x)],
with the convention that 0. 0.

The next statement is a particular case of a more general result by Pshenichnyi
[13, p. 179-182] on the conjugate of the difference of two convex functions.

LEMMA 3.4. Let A and B be two nonempty compact convex sets. Then

(3.6) O*B ( *)**.
In view of the above, v a can be reformulated as

(3.7) va min of(xo)
Ma(xo)

We, therefore, are in a position to express (v)** and (-v)** as support functions
of convex sets involving ,-differences.

THEOREM 3.5. (V )** is the support function of
rl(xo) {la,[Of(xo)a*-Of(xo)]},

ta,Ma(xo)
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while (-v ’a)** is the support function of
F.(Xo) M(xo)[Of(xo) *- Of(xo)].

Pro@ We have that

(v })* sup [* * ]*tOf(xo)a I[ Of(xo)

[14, p. 149]. Since tXOf(Xo)d--IxO](Xo) is closed and convex, (3.6) gives

],[0o 0o 0o0o,

whence the expression of (v)** is immediately derived.
(-v )** is the closed convex hull of the collection

{[0o-
Hence, (-v })** is the support function of

But since Ma(xo) N+, the above set is nothing else than Fa(xo).
Since we have

)max {(v 5)**(), (-re

for all &, the theorem lust proved induces that both Fa(xo) and -F2(xo) are included
in Ova(xo), a comparison result which must be put together with the inclusion (3.4).
However, except in the case where O[(Xo)e is a shifted copy of O{(Xo) (like in (3.5)

O[(Xo) and O[(Xo) * Of(Xo)e cannot be nonempty at thewhen a(xo)> 0), both Of(xo)a-
same time. So, we are led to examine situations where one or more among Me,
O[ are single-valued at Xo.

The first case we consider is when Ma(xo) is reduced to one element, namely
a(xo). The statement below improves an earlier result by Auslender [2, Thm. 2] where
the expressions of Ove(xo) are derived under the stronger assumption that Me is
single-valued in a neighborhood of Xo.

COROLLARY 3.6. Assume Ma(xo) {e(xo)}. Then

(3.8) Ove(Xo) a(Xo) co {u*x xo in with x (x)-V[(xk) u*}.

Pro@ Since Me is upper-semicontinuous at xo and Me(xo) {e (xo)}, all the e(x)
involved in the calculation of Ova(Xo) [formula (3.2)] converge to a(Xo). Hence, the
expression (3.8) of Ove(xo).

In the situation we are concerned with, earlier estimates of Ove(Xo) become

(3.9) .(xo)[Od(xo). O(xo)] = ov(xo),

(3. 0) -.(xo)[O(xo) a od(xo)] = ov(xo),

(3.11) Ove(Xo) c e(Xo)[Od(Xo)e O/(Xo)].

All these inclusions may be strict. Equality holds in (3.9) if and only if va is strictly
(Xo" )= v](x ) for all 6. Both inclusions (3.9) andtangentially convex at Xo, i.e va o,

(3.11) become equalities if and only if e(Xo) 0 or f is differentiable at Xo.
Similarly, equality holds in (3.10) if and only if va is strictly tangentially concave

at Xo, i.e., vJ(xo; 6)=-v](xo;-6) for all 6. Inclusions (3.10) and (3.11) are equalities
if and only if a(Xo)= 0 or O[(. )a is single-valued at Xo.
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The second case to be considered is when Of(Xo), is reduced to the single element
x a* (Xo). Among others, this situation holds at all Xo int (dom f) for all f defined on
the real line. Combining the earlier estimate (3.4) and the fact that Vl(xo) always
contains -F2(xo), one readily gets the following result.

COROLLARY 3.7. Assume Of(Xo)a {x (Xo)}. Then va is strictly tangentially con-
cave at Xo and

(3.12) ov(xo) M,(Xo)[X (Xo)- o/(xo)].

The above improves an earlier result by the author [7, Corollary 7.6] where the
expression (3.12) was stated under the stronger assumption that Of(. )d is single-valued
in a neighborhood of Xo.

3.2 Examples. The next two examples serve as illustrations of the foregoing.
They are simple enough to make all the calculations easy and versatile enough to
illustrate various situations.

Example 3.1. Let f N N be defined as

f(x) max (-2x, -x, x 2).

We set d 1 and e 2. The domain of f is partitioned into three subsets accordingly
as ($1), ($2) or ($3) is satisfied. For the afore-defined f, we have the following:

Xo Xo<-2 Xo=-2 -2<Xo<0 Xo=0 0<Xo< Xo-->

Situation

Ma(xo)

(S1)

-2(xo+l)}Xo

(S1)

{-1}

(S1)

2Xo+ 1"

(S2)

[0, 1]

(S3.a)

{0}

{1}

(S3.b)

{0}

vd is known to be strictly tangentially concave on N (Corollary 3.7) and the only points
where va is not differentiable are -2 and 0. Since re(x) is merely xa* (x) here, one can
check all the results and formulas encountered in 2 and 3.1.

Example 3.2. Let f:Na N be defined as

f(l, :2) [11 + :-.
We set d (0, 1) and e an arbitrary positive number. There clearly exists a neighbor-
hood V of Xo (0, 0) such that

Of(x) O[(Xo)=co {(1, 0), (-1, 0), (1, 1), (-1, 1)},

and

Ma(x) {0}

for all x in V. Since foo equals f here, this example can serve as an illustration of
Theorem 2.6 with

OJ(x) =co {(, ), (-, )}

for all x V.
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Preserving the same f and d as above, let now Xo (0, -2) and e 1. There exists
a neighborhood V of xo such that, whenever x (:1, :) lies in V,

Ma(x) {lxa(x)} { }

Consequently va is differentiable at Xo with 7va(xo) (0, 1/4). At this Xo we have

Of(Xo)e co {(1, ), (- 1, -)}
and

so that

of(xo) co {(1, o), (-1, o)},

vv (xo) a(xo)[Od(xo)* O/(xo)],

as indicated by formula (2.5).
We now turn our attention to examples of assumptions securing that Me or Off(. )a

are single-valued so that results of Corollary 3.6 or Corollary 3.7 could apply.
As verified in [2, Thm. 3], a sufficient condition for Me to be single-valued at x0

is that fe’X -*f(Xo + Ad) be strictly convex on N*+. Consequently, Me(x)= {e(x)} for
all x e int (dom f) fq (x0 + Nd) whenever f is strictly convex on int (dom f) (Xo + Nd).
We, therefore, have the following global statement.

PROPOSITION 3.8. Me is single-valued on int (dom f) ]’or all d whenever f is strictly
convex on int (dom f).

Conditions ensuring that Off(. )e is single-valued at x0 are, in a certain sense, dual
to the above-described ones. In that respect, we begin by giving a further formulation
of of(Xo)d.

LEMMA 3.9. Assume Ad(Xo) is nonempty. Then

(3.13) Of(xo)a {x * e Of(xo + Ad)l(x*, d)= f’ (Xo; d)}

for all h Ae (Xo).
Proof. The x* in Of(Xo) are those which satisfy

(3.14) f*(x*) +f(xo)-(xo, x *) <- e

or, equivalently,

(3.15) [f*(x*)+f(xo+Ad)-(x*,xo+Ad)]A -1 <=[f(xo+Ad)-f(xo)+e]A-l-(x *, d)

for all > 0 for which f(xo + Ad) is finite.
If now x* of(Xo)d, we have that

(x*, d) [f(xo + Ad) -f(xo) + e ]A -1

for all e Ae(Xo). Hence, the left-hand side of (3.15) is null, which means that
x * e Of(xo + Xd).

Conversely, for all A e Ae(Xo), we have that

f*(x*)+f(xo)-(Xo, x*)= e
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whenever x* Of(xo + hd) and (x*, d) f’ (Xo; d). Hence, the result is proved.
The above improves an earlier result by Lemar6chal and Nurminskii [9, Lemma

where the inclusion Gf(xo)a c Of(xo + hd) was stated for finite coercive functions. In
the case where Aa(x0) is empty, we simply observe that

(3.16) Gf(xo)a {x * 0(f(Xo + ,d)[(x *, d) f’ (Xo; d)}

for all A > 0 with e (X) standing for f(xo + ,d) -f(xo) + e , (x*, d). In that respect, we
note that limx_ e(h) is r-(0), i.e., the right-hand derivative at 0 of the (convex)
function r.

In consequence of Lemma 3.9, we have that Vd is strictly tangentially concave at
all x int (dom f) f’) (x0 + Rd) whenever f is differentiable on dom 0f f3 (Xo + Rd).
Therefore, the counterpart situation to the one tackled in Proposition 3.8 concerns
the so-called essentially smooth functions [14, p. 251]. f is called essentially smooth
if it satisfies the following three conditions for 12 int (dom f):

(a f is nonempty
(b) f is differentiable throughout f;
(c) limk-,llVf(Xk)ll=+ whenever {xk} is a sequence in 12 converging to a

boundary point x of
Since anf which is finite and differentiable throughout " is in particular essentially

smooth, the next statement is just an extension of [7, Corollary 7.7].
PROPOSITION 3.10. Assume f is essentially smooth. Then Vd is strictly tangentially

concave on int (dom f) for all d. Moreover,

(3.17) Ova(xo) {Vf(x + Id)-Vf(x) l,
for all Xo int (dora f) and d for which Ova(xo) is not reduced to {0}.

Proof. We hold apart the case where Ova(xo)= {0}, which is tantamount to the
emptiness of Ae(xo) (Proposition 3.3). As for whether Aa(xo) is nonempty, Lemma 3.9
asserts that

Xo +hd dom Of

whenever , Aa(x0). Now, dom0f is int(domf) and Of(x)={Vf(x)} for all x
int (dom f) [14, Thm. 26.1]. Hence, the results are derived from Corollary 3.7.

When f combines the properties of being strictly convex on f int (dom f) and
essentially smooth, the pair (l), f) is called a convex function of Legendre type
[14, p. 258]. For functions va associated with such an f, Propositions 3.8 and 3.10 yield
a global differentiability property which generalizes and renders clearer an earlier
result stated for everywhere finite functions [7, Corollary 7.8].

PROPOSITION 3.11. Let (f,f) be of Legendre type. Then va is continuously

differentiable on f for all d, and for all Xo and d for which Vva(xo) is nonnull, we

have that

(3.18) Vva (xo) [7f(xo + ,a (xo)d) Vf(xo)],a (Xo)-,
where ha(Xo) stands for the unique element of Ad(xo).

This result is interesting by itself since it allows to calculate Vvd(xo) without

knowing the expression of va, provided one is able to determine ha(Xo). The definition
of ha(Xo), translated in terms of necessary conditions for optimality [cf. relation (1.5)],
yields that ha(Xo) is the (unique) solution of the following nonlinear equation (in h):

(3.19) f(Xo +hd) -f(Xo) h (Vf(Xo +hd), d) + e 0.
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Solving this equation explicitly is not an easy matter in most examples. Nevertheless,
since the equation in question is one-dimensional, an approximate solution can be
obtained by some computational procedure. Also note that the knowledge of Ad(Xo)
furnishes by (3.18) and (3.19) a sort of second order expansion for f(xo + Ad) since

2_r,[(3.20) f(xo + ad) f(xo) + A (Vf(xo), d) + A ltxo, d, d)- e

for A Aa(Xo). This kind of development will be considered for an arbitrary f in the
next section.

Since (II, f) is of Legendre type, so is (fl*,f*), where f*=int (domf*)
[14, Thm. 26.5]. So, given a direction d*, the corresponding function w d* (associated
with f* and e) is continuously differentiable on lq* and Vw d. (x o*) is formulated as in
(3.18) mutatis mutandis. It is known that f* can be parameterized through the change
of variables x* Vf(x), x [I, and that

f*(x*) ((Vf)-l(x*), x *)-f((Vf)-l(x *))

for all x* D,*. However, the relationship between Aa(x0) and Ad.(Xo*) (where Xo*
Vf(xo)) as well as between Vve(xo) and VWd.(X*o) heavily depend on how easily the
inverse mapping (Vf)-1 can be made explicit, a drawback which is inherent to all
situations dealing with the Legendre transform.

4. Behavior off (Xo; d, 8) when e converges to 0/. We have noted in the previous
sections that there are two fundamental situations to pay regard to in consideration
of the behavior of f(xo; d, 8) when e 0/. The situation where A,(Xo) is empty for
all e (situation (S3.b)) does not offer much interest since f(xo; d, 8)= 0 for all e in
such a case. The other situation, which will be of main concern in this section, deals
with Xo and d for which Aa,(Xo) is nonempty for e <g. In such a case, we have
exhibited various formulations of Ov,,(Xo) and fT(xo; d, 6) which clearly suggest that
fT(xo; d, ;) is an approximation of (V2f(xo)d, ,) when the latter makes sense. For
example, when Vd, is differentiable at Xo, we observed that

Vv d, (Xo) [of(Xo) * Of(Xo)]A - c [Of(Xo + Ad) * Of(xo)]A -1,
where A stands for the unique element of Aa,(Xo). Of course, the regularity properties
of v ,, like the differentiability, are not preserved when e moves to 0. It also clearly
appears that the key point for what we are concerned with will be the study of the
behavior of Ae,(Xo) when e 0+. The first part of the present section is addressed to
this question.

In the same way as f’(Xo; d) is an approximation of f’(Xo; d), f(Xo; d, 8) plays
the role of an approximation of the "second derivative of f at Xo", the latter being
defined in a suitable way. The second part of this section will show what to expect
and what not to expect in that respect.

4.1. Due to the mere definition of f’(Xo; d), we have the following first order
expansion:

(4.1) f(xo + Ad) f(xo) + Af’ (Xo; d) e

which is valid for all h Ad,(Xo). The function e -f’(Xo; d) is known to be locally
Lipschitz on R*+ and f’(Xo; d) decreases to f’(Xo; d) as e 0 (see [6] and references
therein]). As noted in [7, I], the difference f’ (Xo; d)-f’(Xo; d) may decrease slowly

1/2towards 0, as slowly as e

Let us consider Xo and d such that Aa,(Xo) is nonempty for a certain g; this simply
means that we are not in the situation (S3.b) such as described in 2. Under this
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assumption, we know that Ad,(Xo) is nonempty (and bounded) for all e < g. As is
clear from the definitions, the properties of the multifunction e -Ad,(Xo) will be
derived from those of f’ (Xo; d). For that purpose, we set

(4.2) max {A [A aa,(Xo)},

_
min {A Ih aa,(Xo)}

for all e ]0, g[. At first glance, one might expect that (or _) converges to 0 when
e goes to 0; this is not generally true, and we shall exhibit a necessary and sufficient
condition for that to hold. The next propositions summarize the main results on the
behavior of Aa.(x0) as a multifunction of e. In particular, it will be shown that even
if

_
converges to 0 it converges slower than e.
PROPOSITION 4.1. Let a_ and , be such as defined in (4.2) for all e < g. Then

E
(4.3) (a) f’ (x0; d)-f’(xo; d)>-_

so that e/_ converges to 0 when e converges to 0;

<a_ for all e’ < e.(4.4) (b) A,=

Proof. According to the definition of f’, (Xo; d), we have that

<= [f(xo + hd) -f(xo) + e ]/_[f(xo + ,d) f(xo) + e’]/,

<-- [f(xo + a_d) -f(Xo) + e ]/a_ + (e’- e)/_h.

Hence,

f’ (Xo; d)<-f’(Xo; d)+(e’-e)/.

Since we may obtain a similar inequality with e and e’ switched,

f’ (Xo; d)-<f’, (Xo; d)+(e -e’)/,,
we finally have

(4.5) (e e’)/_a <-f’ (Xo; d)-f’,(Xo; d)<-(e -e’)l.,.

By letting e’ converge to 0 in the first inequality of (4.5), we get the inequality (4.3).
As for (4.4) it readily comes from the inequalities of (4.5).

PROPOSIWON 4.2. Let {en} be a sequence converging to e ]0, g[. Then one of the
following hoMs"

limn_,o ,. A(a) lim._. _a.....
(b) lim._.ooa_, lim._.o].
(c) [lim inf._.o _a ., lim sup._. ] .] Aa,(Xo).
Proof. Let {a.} satisfy a. Aa,.(Xo) for all n. We first have to prove that

is bounded. According to the first order expansion (4.1), we have that

(4.6) -1[f(xo + a .d) -f(xo)]a .-a f,. (Xo; d) e.a .
for all n. If lim supn-,o h,. +oo, passing to the limit in the above equality would
imply that foo(d)=f’ (Xo; d), which is inconsistent with the hypothesis that Ad,(Xo) is
nonempty and bounded (cf. 2). Consider therefore a subsequence of {h ,} converging
to boo. Again passing to the limit in (4.6) clearly shows that ho e Ad.(Xo). This result
combined with the relation (4.4) yields the desired results.

We have observed that e/_ converges to 0 with e. Without further information
on f around Xo, this result cannot be sharpened, as the next example shows.
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Example 4.1. Let f be defined on N by f(x) [x 15 with a ]1, 2[. For Xo 0 and
d 1, we have that Aa,(Xo)= {(e/(a- 1))1/5}. Here

lim +oo
-o ()

whenever/3 > a.
We now turn our attention to the behavior of Aa,(Xo) when e converges to 0.

The next example makes it clear that h Aa,(Xo) does not necessarily converge to 0
even in fairly simple examples.

Example 4.2. Let f" be defined as

f(x) max (-x, x 2).

We set Xo- 0, d 1 and e < 2. In such a case, we clearly have that Aa.(Xo)= {1}
for all e <2. We see in this example that f is affine on [0, 1]; that is to say, the
difference quotient [f(xo + Ad)-f(xo)]A - is constant (=f’(Xo; d)) on ]0, 1]. This is the
kind of situation we would like to avoid in order to secure the convergence of A
toward 0.

To take into account the situations where fa’A -f(Xo + Ad) might be affine in a
neighborhood of 0/, we pose the following definition" a (Xo) is the supremum of all
a + for which

f(xo + Ad) f(xo)+ Af’(xo; d)

for all A e [0, a ].
a d* (Xo) +oO corresponds to the situation where fd is affine on R+, i.e., the so-called

situation (S3.B) in 2. The case where a d* (Xo)= 0 is of particular importance. Since
the difference quotient [f(xo+Ad)-f(xo)]A -1 is a nondecreasing function of A >0,
the requirement that a d* (Xo)= 0 is actually equivalent to the following assumption:

(H) there exists a > 0 such that [f(xo + Ad) -f(xo)]A -1 > f’(xo; d) for all h ]0, a ].
We are now ready for stating the main convergence results on Ad,(Xo) when e

goes to 0.
THEOREM 4.3. Assume that a’ (Xo) < +a3 at Xo for the direction d. Then Aa (Xo)

is nonempty ]’or e in a neighborhood of 0+ and

(4.7) li/ Aa (Xo)= {a (Xo)}.

By (4.7) stated in terms of limits of intervals, we mean that

lim h lim+ X a a* (Xo).
e--*O e-*O

It is worth particularizing the statement for the case where a a* (Xo)= 0.
COROLLARY 4.4. The following are equivalent:
(a) f satisfies (H) at Xo for the d direction
(b) Aa,(Xo) is nonempty for e in a neighborhood of 0/ and lim_.o+ Aa,(Xo)= {0}.
Proof. Let a a* (Xo)< +oo at Xo for the direction d. From the definition of a a* (Xo)

itself, we infer that we are not in the situation (S3.b) so that Aa,(Xo) is nonempty for
e in a certain neighborhood of 0/, say ]0, g]. Let {e,} be a sequence converging to
0+ and let {hEn } satisfy h, Aa,,(Xo) for all n. As indicated in (4.1), we have that

(4.8) f(xo + , ,,d) f(xo) + , .f’. (Xo; d) e,,

for all n. The sequence {h ,} is bounded, as it can readily be seen from the inequality
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(4.4). Let o be the limit of a subsequence of {,}; by passing to the limit in (4.4),
we have

f(xo + ;d) f(xo) + xf’(xo; a),

so that A <=a (Xo). We pursue our argument for aa(xo)> O.
The convex function rr’/z -/x [f(xo + d/l,)-f(xo) + e is such that

rr(tx f’(xo; d) + elx

for t* -> 1/a’ (Xo). Consequently, Ma. (Xo) c ]0, 1/a’ (Xo)] for all e in ]0, g[ and, thus,

a>-_axo.
Hence the result (4.7) is proved.

Remark. The result in Theorem 4.3 emphasizes that all the
Ad,(Xo) do converge towards a common limit as e + 0+. The fact that this limit might
be nonnull is somewhat baffling, and we feel it is a drawback of the present approach.
As for simple examples where this case typically occurs we have polyhedral functions.
For such a function, we clearly have that a (Xo)> 0 for all d and all Xo int (dom f).

4.2. When Aa,(Xo) turns out to be nonempty and bounded, f(xo;d, 6)=
(Xo; 6) is expressed as

(4.9) f(xo, d, 6)= min {[O*o,O,o,,(6)-f’(Xo,)]/,}.
A Ad,e (XO)

,
According as Oo(,o(3)-f’(Xo; 8) is positive or negative, the minimum over Aa.(Xo)
is achieved for or _A in the above formula. For example, we have for 6 d"

(4.10) f(xo; d, d)= [f’ (x0; d)-f’(xo; d)]/X.
This expression of f(x0; d, d), combined with the first order expansion (4.1), yields
the following second order expansion:

(4.11) f(xo+]d)=f(Xo)+.f’(xo;d)+.f(xo;d,d)-e.
Here again we emphasize the crucial role played by Ad,(Xo). As indicated in 3.2 for
a particular case, Ad.(Xo), which is known to be the solution set of the equation

0 e a (af(Xo + ad), d)-f(Xo + ad) +f(Xo) e,

is the cornerstone for calculating both f’ (xo; d) and f (xo, d, d).
For the purposes of studying the behavior of/(xo; d, 6) when e goes to 0, we

shall distinguish three cases according as a * (Xo) is +oo, a positive number or null.
First let a(xo) +oo. In such a case, we know that f(xo; d, 6) is null for all 6

and all e. Consequently, it is natural to define f"(xo, d, 6) by posing

(4.12) f"(xo;d,a)=O

for all 6.
The case where 0 < a 3 (Xo) < +oo is somewhat similar. According to (4.9),

f(xo, d, 6) * f’[0o(o).()- (xo, )]/x,

where stands for _a or . Anyway a converges to a (Xo) (Theorem 4.3). Moreover,
we clearly have that

lim sup * *Of(xo)u
-..0
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and

lim inf * *o() >-- -’o(-)
--0

for all 8. Thus, lim0+f(xo; d, 8) exists and is negative whenever the breadth of
Of(Xo)d in the 8 direction is null. In particular, this limit is null for 8 d.

So, we retain that

(4.13) /"(Xo; d, d)= lim/(xo; d, d)
0

is null for the d directions for which 0 < a (x0) +. Getting f"(Xo; d, d) 0 for these
directions d is quite natural since

[(xo + xd) [(Xo) + x[’(Xo; d)

for all in a neighborhood of 0+.
We now consider the case where a (x0)= 0. Here f(Xo; d, 8) is not necessarily

bounded when e 0+, even for 8 d. From the inequalities (4.3) and (4.10), we infer
that

(4.14) f(Xo; d, d) e/(),
(4.15) li+ f(Xo; d, d) 0.

So, limo+[(xo;d,d)=+ whenever () converges to 0 faster than e; see
Example 4.1 for an illustration of such a behavior. However, we shall prove that
fT(Xo; d, 8) has a limit when e 0+ if f is "twice differentiable at Xo". For that purpose,
let us recall some results on the twice differentiability of convex functions.

The subdifferential Of(x) of f at x is nonempty for all x int (dom f) and reduces
to {/(Xo)} whenever f is differentiable at Xo. Defining a second derivative at Xo in
the usual sense of the differential calculus would require that f be differentiable in a
neighborhood of Xo. But simple examples show that f can be nondifferentiable on a
dense subset of int (dom f) so that the definition of a second derivative has to be made
suitable for such a situation. Following Rockafellar [15, p. 887] or Mignot [10, 1.2],
we say that Of is differentiable at Xo if Of(Xo) {f(Xo)} and there is a linear transforma-
tion denoted by Af(Xo) such that

[[Of(x f(Xo) A f(Xo) (x Xo)[[ o (tlx xo[I),(4.16)

or in other words,

V >0, ::18>0, Vx with IIx xoll- , Vx* a(x),

IIx* Vf(xo) A2f(Xo) (x xo)ll IIx xoll.
This appears as a strong requirement on the behavior of 0f around Xo. Nevertheless,
we have the following result:

THEOREM 4.3. 0 is differentiable almost everywhere on int (dom ).
The above is actually a corollary to Mignot’s differentiability theorem on maximal

monotone multifunctions [10, Thm. 1.3]. Rephrased in terms of a quadratic approxi-
mation of f around a point, Theorem4.3 implies that at almost all points Xo of
int (dom) there exists a linear transformation A2f(Xo) such that

(4.17) f(x) f(xo) + (Vf(xo), x Xo) +(A2/(Xo) (X Xo), X Xo) + O (llx xo[l=),
a result which dates back to Alexandroff [1].
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We denote by E2 the set of Xo e int (dom f) where Of is differentiable. If we denote
by fany mapping satisfying

f(x)eOf(x)
for all x e int (dom f), the development (4.16) shows that Tf is ditterentiable on E2
and that its derivative is A2f. Further ditterentiability properties are also satisfied at
the privileged points of E2. For example, the second Schwarz derivative in the h
direction

lim 2x-,o 2A
f(xo + Ah 2f(xo) +f(xo Ah

as well as the second right de la Vallde-Poussin derivative in the h direction

li+ l-- [f(x+’h)-f(x)-(Vf(xo) h)]-,o A A

exist at x0 E2 and equal 1/2(A Zf(xo)h, h).
THEOgEM 4.4. Let Xo E2 and let a *a (Xo) O. Then

(4.18) lim f(Xo; d, 6)= (A2f(xo)d, 6)
e-0

for all 6.

Proof. Let x* eGf(xo)a satisfy

(x* > *40o(6).

f(Xo; d, 6) can be written as

[<x, )-<Vf(x0),

with A converging to 0. Now according to Lemma 3.9, x lies in Of(xo + Ad). Hence,
the convergence result (4.18) derives from the definition (4.16) of AZf(xo).

COrOLLArY 4.5. Let Xo E2 and let a (Xo) O. Then

(4.18)0

for all 8 and

lim [lim sup/(x" d, 8)]=<AZf(xo)d, 6)
_.0

(4.19) lio+ Ov d, (Xo) A2f(xo)d.
e--O

In (4.19), we mean that lim_o+ v* =Af(xo)d for any v* in OVd,(Xo), 0<e <g.

Proof. The outer estimates of 0v d, (Xo), such as those given in 3, yield that

lim sup f(x d, 6 v d, (Xo; 6 < [f’(Xo +d,6)-(Vf(Xo), 6)]/
XO

for a certain . e Ae,(Xo) and

OVd,(Xo) [.j {Of(xo+Ad)-Vf(xo)}.
X Ad, (xo)

Thus, (4.18)0 and (4.19) are proved by arguing as in the theorem above.
Remark. If Xo e E2 and a * (Xo) > 0, one easily checks that

(A 2f(xo)d, d) 0
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and

So the relation

lio+ f(xo; d, d)= lim/ [lim supf(x d, d)] O.
e-O e’--O X-XO

lim+ f(xo; d, d) lim/ [lim sup f(x; d, d)] (A2f(xo)d, d)
e--O e-O X’-XO

holds true for all directions d whenever Xo E.
In view of that and of the second-order expansion (4.11), we can say that

(4.20) li+
e 1

e-0 (e)2 -’ (Af(xo)d, d)

when Xo E2.
So far, the existence of the limit of f(xo; d, d) when e --> 0+ is secured when either

a(xo) >0 or XoE2. What can be expected when a(xo)= 0 and xoE2?
As stated in the question, we only consider the "diagonal case", i.e., f(xo; d,

for 8 =d. We previously have set an example where lim-,o+f(xo; d, d) was
(Example 4.1). Moreover, it is not hard to find an example for which {f(xo; d, d)[0
e < F} is bounded but has no limit when e --> 0+. According to what has been proved
earlier,

f(xo; d, d) [f’ (Xo; d)-f’(xod)]/X

is the quotient of two decreasing functions of e and

(4.21) f(xo; d, d) <- [f’(xo + Xd; d)-f’(xo; d)]/X.

In default of having necessarily a limit, we focus our attention on conditions ensuring
that f(x0; d, d) remains bounded when e - 0/. Only the behavior of fd :A --f(Xo + Ad)
on R/ is relevant for the study of the behavior of f(x0; d, d). We shall say that the
directional derivative of f is point-Lipschitz at Xo in the d direction if
(L:) lim sup [f’(xo + Ad; d)-f’(xo; d)]/A

0

In view of (4.21), this condition is sufficient for securing

lim sup f(xo; d, d) < +oo.
---0

It also can be rephrased in terms of the behavior of fd itself by bounding a sort of
(upper) second right de la Vall6e-Poussin derivative in the d direction.

PROPOSITION 4.6. The directional derivative of f is point-Lipschitz at Xo in the d
direction if and only if

(L) lim sup +.
XO

Proof. Assume that x -f’(x; d) is point-Lipschitz at x0 in the d direction. It is a

consequence of the mean-value theorem that there exists r ]0, A such that

[f(xo +,d)-f(x0)]/A <-_f’(Xo +o-d; d).
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Since f’(Xo +o-d; d)-f’(Xo; d) is nonnegative, the above inequality yields

[f(xo + xd)-f(Xo)
A A

1
-f’(xo; d) <=-- [f’(xo + rd; d)-f’(xo; d)],

whence (L2) is secured.
For proving the converse implication, we draw inspiration from the proof of

[15, Prop. 7]. Assuming that (L2) holds, there exist k > 0 and h o > 0 such that

(4.22)

for all h [0, ho]. Let

f(xo+Ad)<-_f(xo)+Af’(xo; d)+kA 2

kA z ira [0, Ao],
0(A)=

+ if not.

Then (4.22) can be expressed as

(4.23) f(xo + Ad) <=f(xo)+ Af’(xo; d)+ 0(A)

for all A. Let now r* ,gf(xo+crd) satisfy

(o’*, d) f’(xo +o’d d).

f(xo + Ad) >-f(xo + crd) + (A cr)(cr*, d)

>-f(xo)+o’f’(xo; d)+(h -cr)f’(xo+crd; d)

We have

for all h. Combined with (4.23) this yields

A [f’(Xo +rd d)-f’(Xo; d)]-O(A)<=o’[f’(Xo+o’d; d)-f’(Xo; d)]

for all A. Consequently,

(4.24) O*{[’(Xo+o’d;d)-f’(xo;d)}<-o’[f’(Xo+crd;d)-f’(xo;d)].

But 0*(A *) (A *)2/4k for h * [0, 2Aok ] and f’(xo + rd d) -f’(xo; d) converges to 0+

when cr 0+. Thus, it comes from (4.24) that

f’(xo + o-d d) -f’(xo; d) -<_ (4k)cr

for cr in a certain interval [0, ro]. Hence, (L1) is secured.
To require a condition like (L1) is actually a mild assumption on the behavior of

fa on N+. We note that (Lx) is satisfied at all Xo e int (dom f) and for all d when f is
a C a’x function, i.e., a function differentiable on int (dom f) and whose derivative is
locally Lipschitz on int (dom f). Also observe that (L1) is stable under usual operations
on convex functions; in particular, (L) is secured at x0 for f maxi= fi whenever
it is for the f for which fi(xo)= f(xo). So, for a large class of convex functions, it is
secured that

f"(Xo; d, d) lim sup f(xo; d, d) <
-’0

at all x0 int (dom f) and for all d.
Final remark. Although A2f is defined almost everywhere in int dom f), difficul-

ties arise when using it to recover the directional derivatives f’(x; d). Indeed, it is
easy to construct a strictly convex differentiable function for which A2f(x) is null
whenever it exists.
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Nevertheless, since V a, "x-f’(x; d) is locally Lipschitz and admits directional
derivatives at all points, it can be expressed as the integral of these directional
derivatives [4, p. 53], namely,

f’(Xo+6; d)=f’(Xo; d)+ | f(xo+t6; d, 8)dt.
o

This expansion, which is valid for all e >0, is not preserved when e 0+, even if
{x [Xo, Xo + 8 ]Ix E2} is of one-dimensional null-measure.

5. Conclusion. All the properties of f we have displayed in the present study
emphasize that it indeed plays the role of an approximate second-order directional
derivative of fi The charm of f lies in the fact that it is defined at all Xo of int (dom f)
and therefore could serve as a substitute for the second-order derivative in designing
second-order minimization methods. However, the definition and properties of such
procedures would require us to know the behavior of f(x0; d, d) as a function of d.
This question has not been tackled in the present paper and deserves to be done. As
it was conspicuous in the study of the behavior of f when e -0+, the role of the sets
Aa. (Xo) is of utmost importance. Evidently, the properties of Aa. (Xo) as a multifunction
of d would give the clues for all questions on the variations of f(x0; d, d) as a function
of d. In that respect, we mention the following open problem: is the function d
f(x0; d, d) convex? The one-dimensional case as well as calculations for particular f
adduced plausible evidence to support the conjecture that the answer is positive.
Defining an approximate second-order directional derivative for broad classes of
nonconvex functions is of main concern in the current research in nonsmooth optimiz-
ation. In view of what has been carried out in the present work, there is a class of
functions for which the desired objective could be achieved, namely the lower-C2

functions such as defined by Rockafellar [17]. According to Rockafellar, f is lower-C2

if the following holds for each Xo" there is for some open neighborhood V(xo) of Xo
a representation

f(x)=max (x, y) for all x V(xo),
yV

where Y is a compact set and q V(xo) Y is a function which has first and second
partial derivatives with respect to x and which along with all these derivatives is
continuous jointly in (x, y) e V(xo) Y. Lower-C2 functions include convex functions
and share many properties of them, like the existence almost everywhere of a second-
order Taylor expansion [17, Corollary2]. The close correspondence of lower-C2

functions with convex ones is also demonstrated by the following result [17, Thm. 6]:
around every x0 a locally Lipschitz lower-C2 f has a representation

f =g-h,
with g convex, h quadratic convex. Now since

h (Xo; d, 8) (Ad, 8

for all e, with A the second derivative of h, it is natural to pose

f(xo; d, 8)= g(xo; d, 8)-(Ad,

as a possible definition of an approximate second-order directional derivative for f at
Xo. However, the consistency of this definition as well as its usefulness remain to be
proved and require further study.
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AN OPENNESS CONDITION FOR THE CONTROLLABILITY
OF NONLINEAR SYSTEMS*

J. P. GAUTHIER AND G. BORNARD$

Abstract. In this paper we study the stability of the controllability property of a system under a general
class of state space and system deformations. The main result is a sufficient condition of openness. A
corollary shows how this result can be compared to that given by Sussmann [J. Differential Equations, 20
(1976), pp. 292-315]. Some illustrative examples are given.

1. Introduction. Let M be a Cr+l connected manifold of dimension m and F a
system of C vector fields on M(1 <= r-< c). This paper deals with the openness of the
controllability property in a sense which will be made more precise later.

In the case of a finite system F, Sussmann [8] established openness results with
respect to a deformation of the system.

The principal result which will be shown here deals with a nontrivial deformation
of both the system and the state space.

Let us consider the following situation, which will be met throughout the paper:
F is not necessarily finite; the orbits of the symmetric system {F, -F} are submanifolds
of M of dimension n, constant over some open saturated neighborhood 57/of an orbit
F in M, 0 < n < m. It is well known (from Stefan [7]) that this partition defines a C
foliation of M of codimension p m-n whose leaves are the orbits of F. Here

-1the saturation of a set c2lr is the set 7r 7r(’), where 7r is the canonical map from
M to the space of the leaves. A set S is said to be saturated if it is equal to its saturation.

The main result to be established here is then"
THEOREM 1 (main result). Consider 2r, F, , as just described, and let F be a leaf

having the following properties"
i. F is compact.

ii. Either ii-a the holonomy group H(F) ofF is finite
or ii-b there exists a saturated neighborhood ofF which is the union of compact

leaves, each of them having a fundamental system of neighborhoods
which are saturated for

or ii-c there exists a saturated open neighborhood N ofF which is the union of
compact leaves, such that the quotient space N/ is Hausdorff with the
ordinary quotient topology.

iii. F is controllable.
Then there exists a saturated neighborhood of F which is the union of controllable

leaves. (Here by a controllable leaf F, we mean a leaf F such that the system F
induced by F on F is controllable on F.)

Notation is specified in 2, some lemmas are established in 3 and the proof of
Theorem 1 is exhibited in 4. Corollaries are given in 5, and in 6 a few examples
illustrate some typical situations which can be encountered. In the Appendix, as
suggested by the referee, we include a brief, intuitive discussion of the notion of
holonomy.

* Received by the editors July 20, 1981, and in revised form December 1, 1981.
t Charg de Recherche au CNRS; Laboratoire d’Automatique de Grenoble, B.P. 46-38402 St. Martin

D’Hres, France.
$ Attach6 de Recherche au CNRS’ Ecole Polytechnique d’Alger, 10, Avenue Pasteur, E1 Harrach,

Algeria.
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2. Notations and definitions. Let //, F, :T be defined as in the introduction.
Consider a proper leaf F. (A leaf is proper if its topology as a leaf is the same as its
topology as a subspace of M.) Let (V, zr, F), zr" V F, be a locally trivial fibration of
a tubular neighborhood V of F in M (see, for instance, Gobillon [3, chap. II]).

One can find, for each point x F, an (arbitrarily small) open connected neighbor-
hood U having the following properties"

a) rr f is a Cr+l diffeomorphism of U onto Y Z, where Y and Z are open
connected subsets in F and 7r-l(x) respectively, and x Y cZ.

b) f is a --compatible mapping (i.e., f-(z) is a U-slice of for every z Z)
such that the restriction of f to Z is the identity mapping.

c) U c U’, U’ being some neighborhood of x meeting the conditions a, b.
Such a neighbo’ hood U will from now on be referred as a regular distinguished

neighborhood (R.D.N.). (For the properties of foliations, see, for instance, Epstein
[2], Haefliger [4], Lawson [5].)

Consider sc ={X, ,Xl} a finite set of elements of F, (t,..., t)R and
$./r R M, the application defined by

(x)O(x, t) Xt, Xtl
where XI denotes the one-parameter subgroup generated by the vector field Xi. 4
is of rank m (dimension of M) with respect to x.

In the proofs the concept of normal accessibility (Sussmann [8]) will be used
extensively. We shall say here that x is normally accessible from Xo in a leaf F,
(X0, XI F) if there exists a triple (l, c, to) to (R + t,.) such that Oe(Xo, to)= x and Oe is
of rank n (dimension of F) with respect to at (Xo, to).

The normal auto-accessibility of x0 is the special use of the preceding concept
when x Xo.

3. Lemmas. In this section/1/, F, - are considered as defined in 1. We do not
assume they satisfy the conditions of Theorem 1.

LEMMA 1 (local). Consider Fxo the leafcontaining Xo M. Assume that Fx is proper
and Xo is normally auto-accessible in F with the triple (l, o, to). Then there exists a

+)R.D.N. Uo Yo x Zo of x o, a neighborhood To (R , of to and a mapping r" Uo To
such that denoting (y’, z’) Oeo(Y, z, r(y, z)) one has y’ y for every (y, z) Yo x Zo.

Moreover, the point x’= (y’, z’) is normally accessible from x (y, z) in F with the
triple (l, sCo, r(x)).

Proof." Consider a R.D.N. U of Xo, a R.D.N. U Yo xZo U and a neigh-
+)borhood T c (R, such that Oeo(U, T) c U;.

Due to the invariance of under F, Oeo takes the following form:

0o(y, z, t) (0’o(Y,Z t),0 (z))

for every (y, z) Y Z, T, and o is a mapping of U x T into F, of rank
n (dimension ofFo) with respect to at (Xo, to) and such that do (yo, Zo, to) yo rr (x0)
(normal auto-accessibility).

The result of Lemma 1 is then obtained by applying the implicit function theorem
(see Auslander and Mackenzie [1]) to the system 4o (x, t) rr (x), choosing Uo
sufficiently small so that the rank of Oo(X, t) with respect to remains n at (x, r(x))
for every x Uo.

LEMMA 2 (openness of the auto-accessibility). Consider Fx the leaf containing
Xo ll and assume that F, is proper and has a finite holonomy group. Then if Xo is
normally auto-accesible in F,o, there exists a R.D.N. Uo Yo Zo of Xo such that each
x Uo is normally auto-accessible in F,.
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+ "UgProof. Apply Lemma 1. There exists U, Uo Y xZ, T c (R.), r To
with the following properties"

Oeo(U" To, )U,

0o(Y, z o’(y, z))= (y, 0" (z)) for every (y, z) Y Zo,o

0o(Y, z, o’(y, z)) is normally accessible in F(y,) from (y, z)

for every (y, z)e Y Z,

and we shall denote o(x)= 0o(X, or(x)) for x e U. Clearly, the germ of 0’o at Zo is
the element of the holonomy group of F corresponding to the homotopy class of
the loop defined in F by the triple (/, sCo, to o(xo)).

Let k be the order of the holonomy group H(Fo). There exists Uo Yo Zo c U
such that ("o) (Z0) cZ for 1, ., k 1. Then ("o) k’ is the identity mapping of
Zo onto itself for some divisor k’ of k, and consequently, (o) k’ is the identity mapping
of Uo onto itself.

Consider, for some xUo, the sequence of x i’x=x, x i/l=o(x),i i=
0,.. k’ 1 By construction, one has x k’ x U’,x fori=0,...,k’.Asacon-
sequence each x /1 is normally accessible from x , in Fx, and x k’ is then normally
accessible from x (transitivity of the normal accessibility, Sussmann [8, Property a,
p. 296].

Then for every x U0, x is normally auto-accessible.

4. Proof of Theorem 1. The fact that conditions ii-a, ii-b and ii-c are equivalent
is a direct consequence of Epstein [2, Theorems 4.1, 4.2, 4.3]. These conditions can
then be used equally in the proof.

The leaf F is controllable (condition iii). Then each point x F is normally
auto-accessible in F (Sussmann [8, Thm. 4.3]). Apply Lemma 2 to the leaf F. Since
it is compact (condition i), there exists a finite set of R.D.N. Ui Yi x Zi, O, , r,
such that, if W =o.....r Ui, F c W and every x W is normally auto-accessible.

W is a neighborhood of F. By condition ii-b, there exists a saturated neighborhood
V W ofF.

By construction every x V is normally auto-accessible and every leaf meeting
V is included in V. Then using again Sussmann [8, Thm. 4.3], every leaf F’c V,
having all its points normally auto-accessible in F’, is controllable.

Remark. In the preceding proofs, the conditions ii-a, b, c were not used com-
pletely. The only properties which were needed are"

ii-d the orbits of the holonomy group of F are finite,
ii-e there exists a fundamental system of saturated neighborhood of F,

and one could think that the conditions ii-a, b, c are too restrictive. In fact, from
Epstein [2, Thin. 7.3], the condition ii-d implies ii-a, which in turn is equivalent to
ii-b and ii-c. This last equivalence requires the compactness of the leaf, which is
implied by ii-e. However, the compactness condition could perhaps be removed by
replacing and ii by ii-a and some regularity conditions on F at .

5. Corollaries. The first corollary gives two cases, more restrictive, implying that
the holonomy group of F is finite.

COROLLAR’ 1. In Theorem 1, the conditions ii-a, b, c are implied by:
ii’ Hi(F, R) O, Hi(F, R) being the first homology group ofF with real coefficient;

or by (more restrictive):
ii" 7rl(F), the first homotopy group ofF is finite.
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Proof. These conditions obviously imply condition ii-a. This is sufficient, but one
can also remark that from the stability theorems of Thurston [9] and Reeb [6] they
also imply directly ii-b.

The second corollary deals with the particular case where the state-space is fixed
and only the system is disturbed. It is to be compared with the Sussmann openness
theorems (here the manifold is compact and the system is not necessarily finite).

COROLLARY 2. Let N be a Cr+x compact manifold of dimension n, A an open
subset of R ’ and A(a) a system of C vector fields on N, depending C-differentiably
on a parameter a A. If A(a0), ao6A, is controllable on N, then there exists a
neighborhood U A of ao such that A(a) is controllable for every a U.

Proof. Consider the C+x product manifold M =N x A, of dimension m n +p
and the system F of C complete vector fields on M defined by

r(x, a) (A(a), 0) rNx x TA
for every x e N, a e A.

Then apply Theorem 1 to M, F: the leaves are of the form (M, a), the quotient
topology is obviously Hausdorff and the leaf (M, ao) is controllable.

Remark. As pointed out by a referee, a direct proof of Corollary 2 can be derived
from the results of Sussmann [8]. Moreover, it is interesting to remark that in the
case of a compact state-space if F (infinite) is controllable, then it exists as a finite
collection of vector fields E F such that E is controllable.

6. lilustrative examples.
Example 1. M R2-{0}, F= {X}, where X is defined by

)1 --X2-[- (1 p)X1,
withp =x/x+x.

2 =x+(1-p)x2,

The orbits of F behave as shown in Fig. 1.

FIG.

The leaves are proper, the leaf Fo is compact, controllable. But (M, F) does not
satisfy the condition ii, and the leaves other than F0 are not controllable.

Example 2. M is the open MObius band of dimension 2, and F {X}, where the
leaves, which are the integral curves of X, are as shown in Fig. 2 (two leaves are
represented).
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FIG. 2

Fo is a particular leaf whose homotopy class (one revolution) is different from all
the others (two revolutions). The conditions i, ii, iii are satisfied for F0, and all the
leaves are controllable.

We are here in the case where 6"4o is not reduced to the identity mapping: 4’"o is
the symmetric application of the transversal fiber into itself.

Remark. For codimension 1 the identity mapping and the symmetric mapping
are the only two finite situations which can be met.

Example 3.

l=M=R-{xlx=x=O},
with

Xl,

XI"
23 =0,

F {X1, X:z, X3},

--X2, {.1 -- (X)Xl,
X2" 22--Xl, X3"

23 =0, 23 =0,

6(x) O((x +

where 0 is a C function such that O(t) > 0 for -1 < < 1 and O(t) 0 elsewhere.
F defines a foliation of "horizontal" planes (Fig. 3). The leaf Fo {xlx3 0} is

obviously controllable, its holonomy group is finite and the quotient topology is
Hausdorff. But the leaves are not compact, and it can be seen that any leaf other than
F0 is not controllable. Let A be the domain where X3 0, and let B be its complement
in M. Clearly, it is not possible with F to go back from B to A, and Fo is the only
leaf which does not cross B. The problem arises from the fact that the leaves being
not compact, one cannot find a fundamental system of saturated neighborhoods, and
moreover, X3 behaves "badly" at near Fo.

7. Appendix: an intuitive discussion of the notion of holonomy. Let us call
the group of germs at x 0 of Cr+l local ditteomorphisms f from YP to YP, preserving
the point x 0 (f(0) 0).

The holonomy mapping of a leaf F of r is a representation 4, of Try(F) (the first
homotopy group of F) in the group +1. 4’ will be precisely defined later. The
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FIG. 3

holonomy group of F is the image H of zrx(F) through the holonomy mapping b;

H b (Trx(F)).

We now construct the holonomy mapping b:
Let zoF. Let U, zr be defined as in 2. Let W be a neighborhood of z0 in

7r-X(Zo), and be a Cr+x ditteomorphism from W to Yt p such that O(Zo)= 0.
Let {3,(t)[0-< t-< 1, ,/(0)= Zo, ,/(1)= z0} be a loop in F with initial point z0 and

endpoint Zo. For any (w, t) W x [0, 1], let F,o be the leaf through w and consider the
set Ht(o)= 7r-X(3,(t))F,o. This set is discrete, and one can choose 370,(t) (in a unique
way) in Ht(w) such that {37,o (t)10 -< -< 1} is a continuous path in F,, with 30, (0) w.

-1Denote 0 for the mapping z 3z(1) from W to 7r (z0). Clearly O(zo)=Zo.
Consider if= 0 O-x, from Yt p to . One has if(0) 0. The germ of at x 0 is
the image of the loop {/(t)[0 -< <- 1} through the holonomy mapping b

b ({3’(t)[O <_- <_- 1}) germ at x 0 of t.
It can be shown that, if ,/(t) and /’(t) are two loops through Zo in the same

homotopy class, 4 (/(t))= 4 (/’(t)), and that b is a homomorphism.
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AN APPROXIMATION THEORY FOR
NONLINEAR PARTIAL DIFFERENTIAL EQUATIONS

WITH APPLICATIONS TO IDENTIFICATION AND CONTROL*

H. T. BANKS AND K. KUNISCH:I:

Abstract. Approximation results from linear semigroup theory are used to develop a general framework
for convergence of approximation schemes in parameter estimation and optimal control problems for
nonlinear partial differential equations. These ideas are used to establish theoretical convergence results
for parameter identification using modal (eigenfunction) approximation techniques. Results from numerical
investigations of these schemes for both hyperbolic and parabolic systems are given.

1. Introduction. When modeling real-world phenomena one often encounters a
situation where a priori knowledge leads one to conjecture a certain type of model
equation containing parameters which are unknown. In this paper we are primarily
concerned with techniques for recovery of these unknown quantities from given data.
In 2 and 3 we present a quite general framework for approximation schemes for
abstract nonlinear Cauchy problems. These approximation results are subsequently
applied to modal techniques for identification and control problems in 4 and 5,
respectively. A summary of some of our numerical experience with parameter estima-
tion problems using these techniques is given in 6. The examples here were chosen
so as to illustrate the feasibility and effectiveness of the method and to investigate
possible inherent difficulties. We are quite confident that the ideas outlined here will
be applicable in a variety of research areas where mathematical models for the
phenomena under study are used. In a forthcoming monograph we shall discuss in
more detail identification problems that arise in several areas of applications [35]
including seismology [3], [10], [18], reservoir engineering [11], [17], [38], glaciology
[16], physics [37], biology [4], [5], [29], [34] and large space structures technology.
While our treatment here is restricted to constant unknown parameters, the theoretical
ideas extend in large part to problems with unknown function parameters. Indeed,
we are currently applying some of our techniques to specific problems from the areas
mentioned above; in some cases these efforts involve identification of functions.

In this paper the general approximation results are used to carefully discuss modal
approximation schemes for certain classes of partial differential equations (see 4
and 5). Such schemes for specific identification and control problems are, of course,
not new. Many discussions in the literature, however, are in the context of very specific
examples and frequently no convergence proofs or evidence of numerical studies are
supplied. Modal approximations have many advantages, including: they are readily
discussed and understood in terms of classical spectral results; they are familiar to
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and readily implemented by practicing engineers, and they give rise to a simple
algebraic structure for the approximating ordinary differential equations. However,
modal approximations do have some shortcomings, of which we mention several.
First, in many practical problems it is very difficult to calculate the true natural modes.
Secondly, for certain parabolic partial differential equations modal approximations
by their very nature lead to stiff systems of approximating ordinary differential
equations. Finally, one can encounter lack of "numerical identifiability" (i.e., the
identification problems for the approximating ordinary differential equations yield
parameter estimates that converge to different values for different sets of initial
estimates) regardless of the well-posedness of the parameter estimation problem for
the original partial differential equation model. With respect to the first difficulty
pointed out here, we refer to Example 4.4, below, where we explain a "modal"
approximation scheme for an identification problem which does not employ the natural
modes of the system. For one solution of the latter problems, our experience indicates
that for certain classes of parabolic problems spline-based approximation schemes
can be more efficient. Details on this aspect of spline methods, along with a number
of other features of these techniques, will be given in a separate manuscript currently
in preparation.

The parameter identification and estimation problem has received a great amount
of attention in the engineering literature and we refer to [1], [23], [31], [32] for review
articles. In the future monograph alluded to above, we shall survey the research efforts
from the engineering as well as from the mathematical literature. Much of the
mathematical literature is concerned with the problem of identifiability, which, loosely
speaking, is defined as the problem of injectivity of the map from the set of parameters
to the set of outputs. Although this is a very important theoretical and practical
question, it will not be a part of the discussion of the present paper.

We point out one important technical aspect that will become clearer in Examples
4.1 and 4.4 below. In general, the eigenfunctions of the model equation will depend
on the parameters that are to be identified. For modal approximation schemes this is
an extremely undesirable feature from the point of view of implementation, since in
practical examples the representation of the operators in the approximating equations
will involve a matrix of inner products of the eigenfunctions. It is, of course, desirable
to have this matrix independent of the unknown parameters to avoid excessive
numerical integrations when performing iterative searches on these parameters.

Our focus in this paper is on the development of semidiscrete approximation
schemes for parameter identification and control problems which result in approximat-
ing problems governed by ordinary differential equations. Of course, full discretization
methods (discretization in time as well as spatial coordinates, resulting in problems
governed by difference equations) are of great importance and our investigations of
a related theoretical framework, as well as detailed schemes for such an approach,
will be reported elsewhere.

In summary, the emphasis of our presentation is twofold. First, we present a
general theoretical framework, with unknown parameter-dependent spaces, which
can be used to treat many types of problems (including estimation of function space
parameters) and approximation schemes (see the remarks in 7 below). As a concrete
example of the use of this framework, we give a detailed treatment of "modal"
approximation schemes, thereby putting on a sound theoretical foundation a class of
methods that have been used in an ad hoc way by scientists and engineers for some time.

The notation used throughout the paper is quite standard. We employ the usual
notation H for Sobolev spaces with "functions" and "derivatives" in L2, and I" to
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denote norms of elements, as well as those of operators. Only in cases where confusion
may arise will we use subscripts to distinguish norms in various spaces.

2. The abstract identification problem and its approximation. We consider the
abstract semilinear Cauchy problem

ti(t) =A(q)u(t)+F(q, t, u (t)),

u (0) uo(q),

t>0,

where for each q Q c R k, A (q) is the infinitesimal generator of a linear Co- semigroup
{T(t; q)}te0 on a real Hilbert space X(q) with inner product (.,.}q and norm I’lq
(denoted sometimes below by X, (.,.) and l" I, respectively, when no loss of clarity
results from suppression of the q). We shall, throughout our discussions, employ the
concept of mild solutions, so that u(t; q) is called a solution of (2.1) if it satisfies

(2.2) u(t; q)= T(t; q)uo(q)+ Io T(t-s; q)F(q, s, u(s; q)) ds.

We note that for solutions u we have t- u (t; q) continuous. The conditions that we
impose on F below will guarantee existence and uniqueness of mild solutions u of
(2.1) on any given finite interval [0, T]. We shall in certain specific instances below,
be required to discuss briefly the relationship between mild and strong (in a classical
almost-everywhere sense) solutions of (2.1), but for more general results we refer the
reader to [28].

Throughout our presentation we shall assume that X(q) is a function space of
R n-valued "functions" (possibly one of the usual Lebesgue spaces of equivalence
classes of functions) defined on the fixed interval [0, 1]; consequently, we shall also
use the notation u(t, x; q) or u(t, q) when discussing solutions of (2.1).

While we shall also discuss control-theoretic applications, much of our attention
will be directed towards the problem of identifying the parameter q in (2.1) from
observations of the system. Specifically, we assume that (2.1) models some physical,
biological, economic, etc., system for which output measurements are available.
These measurements may be available in the form of continuous data 13(t), 0 <= t-<_ T,
or discrete data )(ti), O<=tx< .<t<=T. We then seek to find a "best" value for q
in Q by minimizing an appropriately defined fit-to-data criterion. To be specific in
our formulation here, we shall assume discrete time observations with values ))(tg) in
an observation space . All of the results of this paper are easily extended to the case
of identification problems where one has continuous time data, but we shall not pursue
such problems here. Assuming, then, that a criterion function J Q x C(O, T;X(q)) x
1-I= - R is defined, we formally state the identification problem’

(ID) Given observations 33 {33(ti)}=, minimize J(q, u(. ;q), 33) over q e O subject
to u(. ;q) satisfying (2.2).

Several traditional choices of fit-to-data criteria are included in our formulation;
namely, we may consider either integral or pointwise (in a spatial sense) evaluation
least-squares sums in the above formulation. In the case of integral evaluation we are
given measurements 33(t)L2(0, 1;R ) where u-<n and an output map
Y(t,x,q):R"-R on the "state" u(t,x;q). The observation space is given by =
L2(0, 1;R") and the criterion is defined by

(2.3) J(q,u(’,q),): i Io I(ti, X)-- Y(ti, x, q)u(ti, x; q)l2 dx.
i=1
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We assume that Y is continuous in q and sufficiently regular in x so that x-
Y(ti, x, q)u (ti, x q) is in L2(0, 1; R v). For the choice of pointwise or spatially discrete
measurements, we assume that we have observations (ti)E 0/j l-I=l R v, correspond-
ing to measurements of the output at points {xj}_- in [0, 1 at time ti. These observations
represent measurements for C(ti, q)(ti, q) where sc(ti, q) =col (u(t, xl; q)," ",

U(ti, xt;q)) and C(ti, q) is an (,l) (n/)-matrix depending continuously on q for each
fixed t. The associated fit-to-data criterion is then defined by

(2.4) J(q, u(" ;q), 3)= I(ti)-C(t, q)Cs(t,, q)l.
i=1

The output maps Y and C introduced in (2.3) and (2.4) are necessitated by the
fact that often in practice one can observe only some components (say u) of the
n-dimensional vectors u(t, x;q), and that these observations may depend on the time
at which they are made. We further note that the point evaluations at x. used in
defining sc(t, q) above may be meaningless without additional restrictions on the state
space, the initialdata and/or the right side of the equation in (2.1). A more detailed
discussion of the problems arising from use of criteria such as (2.4) when dealing with
mild solutions will be given in the context of Example 4.3 below.

We turn next to formulating a sequence (IDN) of approximating problems on
Hilbert spaces XN (q) for our original identification problem (ID). These problems
involve "states" governed by ordinary differential equations and are (in the specific
instances we shall propose) tractable using standard numerical procedures. We state
first a series of hypotheses and definitions that will be needed at various points in the
sequel.

(H1)

(H2)

(H3)
(H4)
(H5)

(H6)

For each N 1, 2,... ,XN(q) is a closed linear subspace of X(q), endowed
with the X(q) topology.
The spaces X(q), q QcR k, are set-theoretically equal and uniformly
topologically isomorphic so that there exists a constant Y{’-> 1 such that Iv lo -<
’{’[v [q for all v X X(q) and q, Q.
For each q Q, A (q) generates a linear Co- semigroup T(t; q) on X(q).
The set Q is a compact subset of R k.
(i) For each q Q, let PN(q)’X(q)--XN(q) denote the canonical orthogonal
projections along XN (q)+/- and let AN (q)" X(q)XN (q) be defined by AN (q)
pN (q)A (q)PN (q). For each N, let AN (q) generate a linear Co- semigroup on
X(q) denoted by TN (t; q).
(ii) For each N, there exist constants J J(N) and o3 o3(N), independent
of q, such that ITN(t; q)l<=le ’t.
(i) For each continuous function u’ [0, T]X=X(q) (see (H2)), the map
F(q, t, u(t)) is measurable.

(ii) For each constant M>0, there exists a function kl =kl(M) in Le(0, T)
such that for any q, c O we have

IF(q, t, Ul)-F(q, t, ua)[o <=kl(t)[ul-ualo
for all u 1, U2 X with lui [ M.
(iii) There exists a function k2 in L2(0, T) such that

IF(q, t, v)l <-k2(t){Ivl + 1}

for all v X, q, c Q.
(iv) For each (t, v) [0, T] x X, the map q - F(q, t, v) is continuous. (Again,
under (H2) recall that all the sets X X(q) are the same.)
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(H7) The projections PN(q)’X(q)XN(q) are such that for any sequence {qV} in
Q satisfying qr Q, one has IP/v (qr)z z Iqn 0 as N oo for all z s X

(H8) For each convergent sequence qNt in Q, there are constants , o such
that ITv (t; qS)lqn <=J[ e"’, IT(t; t)I,N <= e" uniformly in N 1, 2,... )v

(H9) For each convergent sequence qV in Q, one has for z eX(t), ITr(t; q )z
T(t; (t)zlr 0 as N oe, uniformly in [0, T].

The assumption (H2) will be taken as a standing hypothesis for the remainder of
our discussions. For the approximating schemes we develop below, consistency will
follow from (H7) while (H8) is a statement of stability. As we shall see, convergence
of the schemes (which is (H9)) will follow from (H7), (H8) and the Trotter-Kato
theorem.

Remark 2.1. It suffices, under the standing assumption (H2), that the following
condition hold in place of (H6)(ii)" For some fixed q* Q we have that for each
M>0 there is a function k such that for all qQ the relation IF(q,t, u l)-
F(q, t, u2)[q*<=kl(t)[ul-lg2[q* for all u, u2eX with [Uilq,<=M. Indeed, it is easily seen
that this condition, along with (H2), implies (H6)(ii). Similarly, we can in the presence
of (H2) equivalently postulate in place of (H6)(iii) the conditions’ For some fixed
q* O there exists a function k2 such that IF(q, t, v)l.,<-k(t){Ivl..+ 1} for all v X,
q Q. We further note that existence of a function k3 L2(0, T) such that IF(q, t, 0)1 <=
k3(t) for q, Q, a statement of the inequality of (H6)(iii) holding only for
sufficiently large (i.e., affine growth at oe), along with (H6)(ii), are sufficient to imply
(H6)(iii).

While the complete role played by the various hypotheses in our development
will be clearer after our presentation, a few explanatory comments here might be
helpful to readers. First, the desirability of the generality of allowing the underlying
Hilbert space X for (2.1) to depend on q in such a way that (H2) obtains will not be
apparent from the examples discussed here. (Rather, one must for this consider certain
parabolic problemssee the comments in 7.) However, in light of (H2) as a standing
assumption, we are justified in suppressing the canonical isomorphism N’X()
X(q) in writing IP1 (qr)z -zl,r 0 in (H7) rather than the technically correct state-
ment ]pr (qV)Cvz _rz[, -0. Similar observations are pertinent for the statement
of (H9) as well as in numerous other places in our presentation where we suppress
the r notation.

Condition (H4), while seemingly stringent, is an assumption often valid in practical
problems where our theory might be useful. Since under (H3) A (q) is closed, it follows
from the closed graph theorem that AN(q) of (H5)(i) is, in fact, bounded and hence
(H5)(i) follows immediately from (H3). It should be recognized that the form of the
approximating operators defined in (H5) is a classical one (e.g., see [33, p. 369]) which
has also recently been employed in the development of spline approximation tech-
niques for delay differential equations [6]. The definition of As (q) involves the implicit
assumption that Xr (q)c Dom (A(q)); since our goal here is the rigorous formulation
of modal approximation schemes for (ID), this restriction poses no difficulties.
However, it does prevent a straightforward inclusion of low-order finite-element
methods for higher-order partial differential equations in our approximation
framework.

Hypothesis (H7) is a common requirement (e.g., see [24], [30]) in approximation
theory, demanding that the sequenceXr of subspaces actually approximate the original
state space X. Finally, (H6) is comprised of conditions on the nonlinearities in (2.1)
that are sufficiently general to include many interesting problems of practical impor-
tance but yet are strong enough to guarantee global existence of solutions of (2.1) on
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fixed finite intervals. As the knowledgeable reader might expect, these conditions can
be replaced by alternate and/or weaker, hypotheses, but only, in general, at the cost
of additional tedium in the proofs below. We have tried to compromise between
strong conditions that are easily stated and employed in the proofs and ones that are
as general (and weak) as possible. Further comments on this matter will be made in 3.

Before defining the approximating equations for (2.1), we define the projection
of the nonlinearity F onto Xr by FS (q, t, v =- PN (q )F(q, t, v for each (q,t,v)
O x [0, T] x X. The approximating family of equations is then given by

6(t)=Ar(q)v(t)+FS(q, t, v(t)),

v (0) pS (q)uo(q).

t>0,

Assuming existence of (mild) solutions to (2.5) (this will be established below), we
denote (for a given q) these solutions by us (t) or alternatively u (t; q) or u (t, x; q),
depending on the context. We then define the approximate identification problems
(IDr’r) by:
(IDs) Given observations 3)={(ti)}7_-1 and a fit-to-data criterion J, minimize

jS(q)=_j(q, uIV(. ;q), 1)) over q O subject to u( ;q) satisfying (2.5).

We note that if (in addition to (H1))XN(q) is finite-dimensional, then (2.5) can be
equivalently interpreted in the strong sense and (IDs) then becomes an optimization
problem constrained by finite-dimensional ordinary differential equations.

In our discussions below, we shall denote by s any solution of (IDr) so that it
follows by definition that jN(N)jN(q) for all q O.

PROPOSITION 2.1. Assume that (H2), (H3) and (H6) obtain. Then for each q Q
there exists a unique (mild) solution u(.;q)C(O, T;X(q)) of (2.1). If, in addition,
(HS) holds, there exists, for each N 1, 2,..., a unique (mild) solution u s(. ;q)
C(O, T; X(q)) of (2.5).

Proof. The proofs are completely standard and we only sketch the ideas for (2.1).
Uniqueness follows immediately from (H6) and an application of Gronwall’s
inequality. Existence is established through the usual Picard iterate techniques. Define
v(t)= T(t; q)uo(q) and forj 1, 2,...,

(2.6) vi(t) T(t; q)uo(q)+ Io T(t-s; q)F(q, s, vi-(s)) ds

for [0, T]. From (H3) and (H6) it is easily seen that the iterates v are all well
defined and v" [0, T]X(q) is continuous. Moreover, {vi}_-0 is a bounded subset of
C(0, T; X). Employing (H6)(ii) and simple inductive arguments, one can establish
that {v j} is Cauchy in C(0, T; X). Passing to the limit in (2.6), one obtains the desired
results. Existence of unique solutions of (2.5) is argued in an analogous manner by
appealing to (H5) for appropriate boundedness.

THEOREM 2.1. Assume hypotheses (H1)-(H6) hold and let J(.,.,)" Q x
C(O, T; X)R be continuous. Moreover, suppose q uo(q), q Pr’r(q)z and q-
TS(t; q)z,z X, are continuous, with the latter uniformly in [0, T]. Then" (i) There
exists for each N a solution of (IDr) and the sequence {s} possesses a convergent
subsequence 4Nk

_ . (ii) If we further assume that, for any sequence {q} in Q with
qi qO, we have lu (t’, qi)-u (t’, q)lq- 0 as f eo uniformly in t [0, T], then is a
solution of (ID).
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Proof. We show for fixed N that q _>jN (q)=j(q, u N (.; q), 3) is continuous on Q
which, in the light of (H4), yields (i). First note that u N satisfies

(2.7) uN(t; q)= TN(t; q)pN(q)Uo(q)+ fo TN(t--s; q)pN(q)F(q’s’ uN(s; q)) ds

on [0, T]. In view of (HS) and (H2) we find that there exist constants M and M1 such
that ITN(t; q)l <=M, IPN(q)]4 <-MI uniformly for [0, r], q, 4 Q. It follows from
(H6)(iii) and (2.7) that

lu N (t; q)l <=M[PN (q)uo(q)lq +M fo IPN (q)F(q, s, u N (s q))l ds

<=M[uo(q)l+M fo k).(s){luN(s; q)lq + 1} ds.

Since q uo(q) is continuous, this implies (via Gronwall’s inequality) that lu N(t; q)l
is uniformly bounded for (t, q) [0, T] Q. This in turn implies (by (H6)(iii)) that the
mapping s - TN(t--s; q)pN()F(I,S, uN(s; C)) from [0, T] to X is dominated by an
integrable function uniformly in q, c, c Q. (This will permit us to invoke, below,
the usual dominated convergence theorem.) Assuming that qJ-c, qJ, c Q are
arbitrary, we obtain the following estimates"

]u u (t; q)- u (t;

_-< IT (t; 4)PN (4)Uo(4)- TN (t; q)nN (4)Uo(4)1

+ITN (t; qi)pN (4)Uo(4)- TN (t; qi)pN (qi)uo()

+ITN (t; q)pN(q)uo(4)_ rN (t; qi)P (qi)uo(qi)[

+o [{T(t-s; q)-r(t-s; qi)}P(4)F(q’s’ u(s; 4)) ds

+o [TN (t -s qi)(pN (4)_pN (qi))F(4, s, u N (s; 4))[ ds

+ fo [wN(t--s; qi)pN(qi){F(’s’ uN(s; ))-F(q’s’ uN(s; qi))}] ds

P(j) + P2(j) + P3(j) + P4(f) + Ps(j) + P6(/),

where the pi’s are defined as indicated (p the ith term), 1,..., 6, and all norms
are]. . We then have by hypothesis

p(j) l{rN (t; 4)- TN (t; qi)}P (4)uo(4) o as j

uniformly in [0, T]. Also p2 and p3 0 by the continuity assumptions on PN and
Uo and the boundedness of TN(t; qi). Dominated convergence implies that p40
and ps 0 as j . Finally,

6(f)MMl{f
0
IF(,s, "N(s; ))-f(qJ, S, N(s; ))l dS

MMlp7(])+ [ kl(S)lUN(S; )-u(s; q)l ds,
o
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where O7(j)-) 0 as j -c and kl depends on the uniform bounds for u N (t; c), u N (t; qJ)
(see (H6)(ii)). Thus we find

luN(t;4)--uN(t; qJ)l<=ei(t)+ fO kI(S)IuN(s; C)--UN(S qi)[ ds,

where ej(t) O, uniformly in [0, T], as f oo. Applying Gronwall’s inequality, we
have uniform (in t) continuity of q u N (t; q) on Q which implies the desired continuity
of jN.

Turning to (ii) and letting {cN} be a convergent subsequence with s--, we
first observe that/N(cN) <_jN(q) for all q Q. By hypothesis, uS(t; N)_ u(t; ) and
furthermore uN(t; q) u(t; q) for each q Q, with convergence in both cases uniform
in on [0, T]. This implies JN(IN)J([, u(" ;c), 3) and jN(q)j(q, u(. ;q), 3) as
/’oo and hence from the above inequality we obtain, by passing to the limit,
J(, u(.; ), )) <-_J(q, u(.; q), )) for all q Q. Thus c is a solution of (ID) and Theorem
2.1 is established.

Remark 2.2. If v - J(q, v, )3) as a mapping on C(0, T;X) actually depends only
on a finite number of values v(ti), ti [0, T], as, for example, in (2.3) or (2.4), then
the hypotheses of Theorem 2.1 involving uniformity in can be relaxed to statements
holding only for each fixed [0, T]. The above arguments remain unchanged except
that the uniform (in t) convergence remarks are replaced with pointwise convergence
statements (see especially the term p(j) in the proof).

We conclude this section with a brief explanation of how (2.5) (or (2.7)) is to be
used in actual computations. We adopt notation very similar to that found in [6] in
the development of spline methods for delay systems. We assume that XN is finite-
dimensional and choose a basis independent of q (recall that (H2) is a standing
hypothesis) by

N (1,""’, d(N))

where d(N)= dimXN (q). From (2.7) under (H5) we see that the solution uN of (2.5)
satisfies uN(t;q)eXN for all and hence there exists a representation uN(t;q)
WN(t;q) with w N(t;q)=col(w(t;q),’’’,wa(N ,q We let [A (q)]
and IFN (q, t, wN)] denote the matrix and coordinate representations relative to/N of
AN(q) and PN(q)F(q, t, uN), respectively. The coordinate representation of (2.5) is
then given by

voN(t;q)=[AN(q)]wN(t;q)+[FN(q,t, wN(t;q))], t>0,
(2.8)

N Nw (O;q)=y

where yN is defined through pN(q)Uo(q)=NwN(O;q). For any ;zeXN the
N d(N) pNassociated coordinate vector a R in (q)z =[NaN is determined uniquely

by the condition (pN(q)z--z)+/-XN, or equivalently (N,N)qOIN---(N,Z)q.
Thus we have

(2.9) a =(ON) z

where QN is the d(N) d(N) matrix with elements (/3v,/3) and (RNz)i (iN, z),
for 1, 2,..., d(N). Arguing exactly as in [6, pp. 508-509], we therefore find

(2.10) [AN (q)] (QN)-KN,
where KN is the d(N)xd(X)matrix with elements Ki (/37, A(q)fl)q, and

(2.11) IFN (q, t, wN)] (QN)-aRNF(q, t, uN).
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We thus arrive at the final form of the approximating system for (2.1) in XN (q) as

(2.12)
NQNff N (t) KNwiv (t) + RNF(q, t, wN (t)),

w (0)= (Oiv) Ivuo(q).
t>0,

3. Approximation theorems for abstract systems. In this section we shall focus
our attention on the condition ,,qi implies ui(t; q) u(t; q)" of Theorem 2.1(ii)
and present results on the convergence of solutions of the approximating systems (2.7)
to solutions of (2.1). We state and prove two theorems; the first is applicable to
nonlinear parameter identification problems ( 4) while the second will be used in
connection with linear boundary control problems in 5.

THEOREM 3.1. Suppose hypotheses (H1)-(H3) and (H5)z-(H9) hold and let q,
be arbitrary in Q such that qU. Further, suppose that [uo(qiv)-Uo(q)l,iv0 as
N c. Then the mild solutions u t (t; qt) of

(3.1)
fi u (t) Aiv (qiv)uiv (t) +FU(q IV, t, ur (t)),

u (0) (qiv)uo(qiv)

converge to the mild solution u(t;q) of (2.1) for each t[0, T]. I (t, v)-F(q,t, v)
is continuous on [0, T]xX, then the convergence [uN(t; qN)-u(t; q)lq, 0 is uniform
in ton [0, T].

Proof. Let qUq be arbitrary as hypothesized. Recalling the proof of
Theorem 2.1, we observe that one easily argues existence of a constant K such that
luiv(t; qN)lq, <=K, lu(t; q)], =<K for all N and [0, T]. Further, we see that for

[0, T] we have (where all norms are I" I)
lu u (t; q)-u(t;

_-< ITr (t; qN)Piv (qN)uo(q) Tr (t; qU)eiv (qrq)Uo(q)[
+ ITN (t; qiv)pr (qiv)Uo(gl)- Tr (t; qiv)Uo(gl)l
+ ITN (t; qN)uo(gl)- T(t; q)Uo(q)l

+ Io [Tiv(t-s; qiv)PN(qN)(F(qU, s, uU(s; qiv))-F(qiv, s, u(s; q))}l ds

+ Io ITiv(t-s; qtV)PN(qN){F(qr’s’ u(s; 5q))-F(q,s, u(s; g/))}l ds

+ Io ITU(t-s; qr){PN(qiv)-I}F(gl’S’ u(s; gl))l ds

+ Io I{Tiv(t-s; qN)-T(t-s; )}F(G s, u(s; q))[ ds

el(N)+ez(N)+e3(N)

+ Io ITiv(t-s; qU)PU(qN){F(qU’s’ uC(s; qU))-F(qiv, s, u(s; ))} ds

+ e4(N) + es(N) + e6(N).

By (H8), our hypotheses and the definition of pU(qiv) in (H5), we find
[l eluo(q) Uo(q)l- 0 as N - c. Also, le(N)l _-< el(P(q’)-r)uo(q)l-, 0 by
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(H8) and (H7). That IE3(N)I 3 0 uniformly in on [0, T] follows directly from (H9).
Moreover,

T
T fo [f(q N,[e4(N)[ <=./[/[ e s, u(s; gl))-F(77, s, u(s; ))1 ds 30

by (H6)(iv), (H6)(iii) and dominated convergence, while
T

les(N)l<--tleTIo I{pN(qN)-I}F(7:t,s, u(s; 77))1 ds 30

by (H7), (H6)(iii) and dominated convergence. Finally,

[e6(N)[ fo ]{TN(t--s; qN)_ T(t-s; q)}F(, s, u(s; q))l ds --,0

by (H9) and dominated convergence ((H8) with (H6)(iii)) for each fixed [0, T].
We note that the convergence in all of the terms above, except e6, is uniform in

on [0, T]. If, in addition, the continuity hypothesis of the theorem obtains, we find
that {F((t,s, u(s; gt))ls [0, T]} is a compact subset of X and the convergence in the
integrand of E6 is uniform in and s; hence in this case E6 " 0 uniformly in also.

We have thus established the following estimate:

lu N (t; qN)-u(t; t)1
6 IO<= ei+e‘ IF(qN, s, uN(s;qN))--F(qN, s,u(s;))Ids

i=1

Io (s)lu(s q<-- e (t) + d/l e k u (s (t )[ ds

Nwhere e 30 as N3c. An application of Gronwall’s inequality then yields that
[uN(t;qN)--u(t;)130 as N3, where the convergence is uniform in under the
added continuity hypothesis of the theorem.

COROLLARY 3.1. Underthe hypotheses of Theorem 3.1, u N (t; q)3 u(t; q)foreach
fixed q Q, uniformly in on [0, T] if, in addition, (t, v)3F(q, t, v) is continuous on
[0, r]x.

We turn next to convergence results needed for optimal control problems.
Consider for fixed q O the system

fi(t)=A(q)u(t)+G(q, t),
(3.)

u (0) uo,

and the approximating system

(3.3)
ti N (t) AN (q)u N (t) +pN (q)G(q, t),

u N (0) pN (q)uo,

where G has the form G(q, t)= y(q)o-(t). We assume T(q) F where F is a subset of
{/= (/1,"’, 4/,)li’O J72 c X} with J a given subset of X. We further assume
r Z, a given subset of L2(0, T; R ").

THFORFM 3.2. Assume (H1)-(H3), (H5), (H7)-(H9). Suppose moreover that Yg2
is compact and is bounded. Then for each fixed q O, mild solutions u N of (3.3)
converge to the mild solutions of (3.2), uniformly in o" , "g F and [0, T].
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Proof. We consider the estimates in the proof of Theorem 3.1 with F(q, s, v)=
G (q, s) and qn gl q fixed. Then

[uN(t; q)--u(t; q)l<-e(N)+e3(N)+es(N)+e6(N)

(el E4--0), where e2 and e3 are as before and

es= fo [TN(t--s; q){pN(q)-I}G(q’s)l ds,

e6= fo I{TN(t-s;q)-T(t-s;q)}G(q’s)lds’

and, as usual, all X norms are l" Iq. We have immediately (using (H7), (H8), (H9))
that e 2 and e 3 0 as N - ee, uniformly in or, y and [0, T]. Also,

T

les(N) <-J/l e "T fo I(Pn (q)-I),(q)o(s)l ds

T

max I(P(q)-I)/,(q)l Io [o-(s)l ds.

But since " is compact and is bounded, this latter term -0 as N c uniformly in

3 F, o- E and [0, T]. Finally,

[e6(N)l <-
1----<i----<xmax Io [{Tn(t-s; q)- T(t-s; q)},,(q)llr(s)] as

1/2

<- mia { I I{Tn(t-s;q)-T(t-s;q)}Ti(q)l: ds} IO" L2(0,T

and this last estimate yiel.ds e6(N) 0 uniformly in 3’ F, o" E and [0, T], again
from the compactness of X, (H9), and the boundedness of E.

As we have previously noted, the main purpose of (H6) is to allow us to
guarantee existence of solutions of (2.1) and (2.5) on fixed finite intervals [0, T]
(see Proposition 2.1). The condition (H6)(iii) is used in the proofs of Theorem 2.1
and 3.1 only to establish uniform bounds on the u N. This permits us to employ the
local Lipschitz condition (H6)(ii) and to appeal to the dominated convergence theorem
in certain arguments. We have already noted that (H6)(iii) can be relaxed to "aNne
growth at oe" (see Remark 2.1). With an alternative approach, one can relax this
growth condition even further and still obtain the conclusions of Theorems 2.1 and
3.1 (with the other hypotheses remaining unchanged). Specifically, for N sufficiently
large, the initial data and defining operators Tn, pn and T for u n and u, respectively,
are close. Thus if one assumes (in place of (H6)(iii))

(A6) (i) For each q O, there exists a solution u(t; q) of (2.1) on [0, T], and
(ii) There exists k3 L2(0, T) such that IF(q, t, 0)1 <= k3(t), for q, c O and

[0, T],

it is rather tedious but not difficult to show that for N sufficiently large, all u N defined
by (2.7) exist on [0, T] and lie in some bounded neighborhood of u, the solution of
(2.1). (The arguments involve use of classical fixed point ideas to obtain solutions
on some interval [0,81] and then continuation to [81,281],’..,etc.) The
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condition (A6)(ii) can then be combined with (H6)(ii) to obtain domination of
terms such as F(q,s, uN(s; q)). Thus all of the arguments behind Theorems 2.1
and 3.1 remain valid, the hypotheses being changed only in that (A6)(i), (A6)(ii)
replace (H6)(iii), and the conclusions changed only in that they can be obtained only
for N sufficiently large (which of course is not important theoretically in approximation
results such as those discussed in this paper).

Regarding the assumption (A6)(i), we note that there are various conditions one
might impose on F to insure existence. For example, monotonicity hypotheses might
be assumed so that -(A +F) is maximal monotone and one could then appeal to
standard existence results [9], [19]. In 6 we present numerical results for our
approximation scheme for an example (Example 6.5) in which (H6)(iii) is not satisfied,
yet (A6)(i) and (A6)(ii) do hold. However, we shall not pursue any of the theoretical
ideas here, since this is really not the focus of our presentation.

4. Examples: Parameter identification in hyperbolic and parabolic equations.
We turn now to an application of the results developed in the preceding sections to
identification problems for specific equations. A fundamental requirement in both
Theorems 3.1 and 3.2 is that the conditions of (H7), (H8) and (H9) be verified. As
we have indicated earlier, the convergence statement of (H9) can be obtained rather
easily for our schemes from (H7), (H8) and some standard approximation results from
linear semigroup theory. We state here, for our future reference, one version (due to
Kurtz [24]) of these approximation theorems.

PROPOSITION 4.1. Let (1, 1. [) and (3 N, 1. IN), N 1, 2,..., be Banach spaces
and let rrN" -3N be bounded linear operators. Assume further that -(t) and N(t)
are linear Co-semigroups on and N with infinitesimal generators s and N,
respectively. If

N
Z(i) lim_oo [,, Iz [o.r all z ,

(ii) there exist constants M, independent of N such that I (t)l--<e ’, t_>0,
(iii) there exists a set @ c such that @ Dom (4), @ , and (X0-/)@=

for some h o > O,
(iv) for z @ we have limu_o I’uzrUz 7rU4z[u 0,

then lim 13-N (t)zrz--TrU3-(t)Z[N 0 for z Y3, uniformly in on compact subsets of
[0, ).

We note that the requirement in (iii) implies that @ is a core [21, p. 166] of
this is easily seen using the fact that , being an infinitesimal generator, is closed and
(AI-’)- is bounded for A sufficiently large. The proposition then follows directly
from Theorem 2.1 of [24] taken with subsequent remarks [24, p. 361] of that reference.
Obviously, (iii) in our statement above could be replaced by the hypothesis that
be a core of . Further, we remark that the requirement @- is superfluous in (iii)
if one verifies that (A0-)@- 3 for A0 p (’). In this case one can easily demonstrate
directly that is a core for the generator

In the examples we discuss below, we shall use the notation A, F, AN, P, FN
to denote the specific operators in each example, since this will facilitate reference
back to the basic theorems of 2 and 3 and should cause no confusion for readers.
However, we shall adopt distinct notation for the various state spaces X, XN within
the context of each example.

Example 4.1. Hyperbolic equations. We consider the one-dimensional hyperbolic
equation

(4.1) v, qlvxx +q2vt + q3v +f(q6, t, x, v, vt)
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with initial and boundary conditions

(IC1)

v(O, x) , qq)i(x),
i=1

/)t(0, X) qsOi(X) for 0 --< x --< l,
i=1

(BC1) v(t,O)=v(t, 1)=O fort>0,

where v v(t, x), q6 R and the remaining % q are scalars. The vector parameter
q of 2 thus has dimension k 3m + 3. (If the output maps such as Y or C in the
fit-to-data functions (2.3) and (2.4) depend explicitly on some parameters qT, qT,
we assume with no loss of generality that these have been embedded in the q6 (or q4

or qs) vector.)
We remark that we do not formulate nontrivial boundary conditions, possibly

depending on parameters, in (4.1)-(IC1)-(.BCa); however, it is easily seen that by
simple transformations such generalities actually can be included in our formulation
above. Consider, for example,

(4.2) vt, =qvxx

with initial and boundary conditions

(IC2)
v (O, x q4dP (X ),

v,(O,x)=qsO(x),

(BC2) v(t, O)=qTbl(t), v(t, 1)=q8b2(t),

where bl, b2 are twice continuously differentiable functions. Employing the standard
transformation w(t,x)=v(t,x)-(1-x)qTb(t)-xqsb.(t), we find that (4.2)-(IC2)-
(BCz) can be reformulated as a special case of (4.1)-(IC1)-(BCa).

Returning to (4.1), we proceed in the usual manner to rewrite the equation with
boundary and initial conditions as an abstract evolution equation. Let A denote the
Laplacian operator 02/Ox in H=L(0, 1; R); here and below the Sobolev spaces H
consist of R -valued functions on [0, 1] taken with their usual inner products, unless
otherwise specified. It is well known that A with Dom (A)=H f-IH2 is a self-adjoint
operator in H satisfying (-Az, z) _-> ]z ]2 for all z e Dom (h). We impose the following
additional assumption on the coefficient q in (4.1)’

(HQ) There exist positive numbers q and q such that q e O R k implies q =< q <-
u

ql.

For a given q e O ce 3m+3 we of course mean by ql the first coordinate of the vector
q (ql,’" ’, q6) where qi (q],’"", q ), ] 4, 5, 6.

Having thus assumed hypothesis (HQ) for a given fixed parameter restraint set
O, we endow the set H with a family of inner products

OW 3Z
(W,Z)q, ql 0- c3"-- =(qlWx’zx)

where q ranges over O. In view of (HQ), the space (H, (., .)ql) is, for each q O, a
Hilbert space which we denote by V(ql). The space X(q) of 2 is chosen for this
example to be X(q)= Yg(q)=- V(qa)xH with the usual product topology generated
by ((wl, wz), (zl, zz))q (wl, zl)ql +(wz, zz). Condition (H2) is obviously satisfied since
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for any 4, q eO we find Izla  xlzl for all z eW where g(_(q/q})l/2. Introducing
the variable w(t)v,, we may rewrite (4.1)-(IC1)-(BC1) in by

d (v(t) (.v..(t)+F(q,t,v(t),w(t))d- kw(t)] A(q), (t)]
t>0,

(4.3)

w(0)2 E qsi]

where (,, ,) e , Dom (A(q))=H HxH,

A(q)= ( 0 1)qlA+q3 q2

and

( 0
F(q, t, v(t), w(t))

f(q6, t, ", v(t, ), w(t, ))

Before turning to a careful discussion of (4.3), we define the operators, etc., needed
in formulating the modal approximation scheme associated with (4.1).

Since the operator -A is self-adjoint with compact resolvent, standard results in
spectral theory and the theory of bilinear forms (see [15, p. 1331], [39, p. 343],
[33, pp. 247-254]) are applicable. Defining Pj(x)=(//jvr)sinjzrx and q.(x)=
/sin]rrx, we find that {i}i__ and {i}i=a constitute complete orthonormal sets
(CONS) for V(1)(=H) and H, respectively. The corresponding modal subspaces
X (q) (q) of (q) are then defined by g(q) span ,...,} where

0’ j I, N,
_

j N + I, 2N.

It is easily seen that =l{{fl}ff} forms a CONS for g(q*) where q* (1, 0, , 0),
and a complete orthogonal, but not normal, set for g(q), for q (q,..., q6) with
q > 0, q 1. We note also that i, i are eigenfunctions of A corresponding to the

2eigenvalues =-] ] 1, 2,. ..
The subspaces g(q) and the corresponding orthogonal projections P(q) (see

(Hh)) having been thus defined, the modal approximation operators A (q) for A(q)
are determined as in (Hh). The corresponding matricec O and K of (2.10), which
in this case are 2N x 2N-matrices, are readily seen to be given by

(4.4) QN =diag (q,...,q, 1,..., 1),

where the q and 1 each appear N times, and

(4.5) KN ( 0 D
D D]’

where the D, ] 1, 2, 3, are NN diagonal matrices defined by D =diag (orql,
27rq, .., NTrq), D diag (q3/Tr, q3/27r, , q3/Nzr)-Dt, and D3 quI. Recall-
ing (2.9), we observe that in this case the projection operators P(q) are actually
independent of q.

We are now in a position to verify that (H8) and (Hg) obtain for the hyperbolic
examples under consideration.

THEOREM 4.1. Assume that (HQ) holds and let {q} be an arbitrary sequence in
O c R 3m+3 converging to t O. Then the operators A(t) and AN(q) of (4.3) and
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the associated modal approximations described above generate Co-semigroups T(t; (t)
and Tn(t;qu) on () and ITn(t;qn)z-T(t;gl)Z[q 0 for z (gl), uniformly in
on compact subsets of [0, oo). If we further assume (H4) (Q is compact), then there

exists to R, independent of q Q and N, such that IT(t; q)l<=e’ and IT(t; q)l<-e
for all q Q, >-0, N 1, 2,. .

Proof. For any q Q, a straightforward calculation shows that

(0 i)iA(q)=
iqlA 0

with Dom (Ao(q))=H f-IH2H is a symmetric operator in g(q). Furthermore,
Dom (Ao(q)) is dense and Ao is invertible. It follows [28, p. 97] that Ao is skew adjoint
and hence by Stone’s theorem [26, p. 252], [41, p. 345] generates a unitary group on
Yg(q). Defin.ing the operator (q) on (q) by (q)(zl, z2) (0, q3z + q2z2), it is easily
seen that A(q) is bounded. Indeed, using the fact that the Ho norm is stronger than
the H norm, one finds I(q)(z, ZE)lq <=c(q, q2, qa)l(z, ZE)lq where the constant c is
bounded above uniformly on Q if (HQ) and (H4) hold, say c(ql, q2, q3) to.

We thus find that A(q)= Ao(q)+(q) is the perturbation of Ao by a bounded
operator and hence [21, p. 495], [30, p. 80] generates a Co-semigroup T(t; q) on g(q)
satisfying

(4.6) IT(t; q)l =<exp {c(q, q2, q3)t},

where there exist to > 0 independent of q such that c (ql, q2, q3) <- to in case (HQ) and
(H4) obtain (or in case (HQ) holds and q lies in a bounded subset of Q).

As we have pointed out earlier (see the remarks in 2), An(q) is a bounded
linear operator for each N and hence generates a Co-semigroup on (q). Assuming
that (HQ) holds and q lies in a bounded subset of Q, we have that A(q) is the
infinitesimal generator of a Co-semigroup satisfying IT(t; q)l<-e tot so that A(q)-toI
is the generator of a contraction semigroup and is hence dissipative [22, p. 90], [30,
pp. 14-17]. That is,

(A(q)z, z) <-to(z, z)

for all z Dom (A(q)). From the definition of AN it follows that for z W(q)

(4.7) 2(AU (q)z, z)q (A(q)pNz, pNz) <toIPNzI  olzl q

sincepN (q) is the orthogonal projection of W(q) onto wN (q). Hencewe find ITN (t; q)l <=
tote as desired in the second conclusion of the theorem.

We make use of Proposition 4.1 to establish the convergence results of the
theorem. We take for our discussions W() and N= (qN), which of course
satisfy the conditions of (H2). The above arguments yield immediately that (ii) of
Proposition 4.1 holds for our family of semigroups TN (t; qN). Letting rr

N n be the
canonical isomorphism from f’() to W(qn), we see immediately from the hypothesis
Nq - c and the definition of the norms in W(q) that 17rNz IN - IZl0, SO that (i)is satisfied.

NWe define U n=l (c) and have at once that @ Dom (A()) and
gt(). From the definition of A(), the fact that AI-A() is invertible for A
sufficiently large and that the bj, )j are eigenfunctions of A, it is easily argued that
(AI-A()) = so that (A-A()) ’(); hence (iii) is satisfied.
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NFinally, suppressing the notation rr for the canonical isomorphism (see our
comments in 2), we have for each z @ andN N(z) sufficiently large (then PNz 2:

[AN (qN)z A ((1)z [pNA (qN)pNz -A(c)z
<= ipNA(qN)z pNA ((t )z + IpNA ((t )z A(

<= ]A (qN)z A ((t )z + [(pN I)A (c)z

where all norms are I" Iq N. Since qN... (t by hypothesis, the form of A(q) yields that
the first term-.0 as Noo. From the completeness of the {fl} in Y(q*) (see our
remarks above), the equivalence of norms and thus the strong convergence pNI in
any of the norms, we obtain that the second termo 0. This completes the proof of
Theorem 4.1.

We return to the abstract nonlinear equation (4.3) to consider conditions on f of
(4.1) so that F of (4.3) will satisfy (H6) and hence the results of 2 and 3 will be
applicable. Define Q6 {q6 Rm[q Q} where (2 c R 3m+3 is given for (4.1). We impose
the following hypotheses on f.
(H6*) The nonlinear function f" (6 X [0, r] x [0, 1] x R x R -- R satisfies’

(i) For each (q6, v,w)Q6R 2, the map (t,x)-f(q6, t,x,v, w)is
measurable.
(ii) For each constant M >0, there exists a function 1--" I(M) in L2(0, T)
such that for all (q6, t, x) ()6 X [0, T] x [0, 1] we have

If(q6, t,x, Vl, w)-f(q6, t,x, v2, w)l<-ll(t)lvl-v2[
for all (vi, w)R2 with [vi[<-M.
(iii) There exists a function/a in L(0, T) such that

If(q6, t, x, v, w 1) -f(q6, t, x, v, w2)[ <_-/2(t)lwl w2[
for all (q6, t,x) Q6 [0, T] [0, 1], and v, wl, w2R.
(iv) There exists a function /3 in L2(0, T) such that

If(q6, t,x, v, 0)1 3(t){Ivl + 1}

for all (q6, t,x,v)EQ6[O, T] x [0, 1]xR.
(v) For each (t,x, v, w)[0, T]x[0, 1]xR 2, the map q6f(q6, t,x, v, w) is
continuous.

Employing rather standard arguments and results from analysis (e.g., see [15,
Lem. 16(b), p. 196] in connection with (i)), it is quite straightforward to verify under
(H2) that (H6*) for f implies (H6) for F in the example under consideration. We x:an
therefore appeal to Proposition 2.1 to guarantee existence of a unique mild solution
of (4.3) for any q O.

Summarizing, we have shown that under (HQ), (H4) and (H6*) the conditions
(H1)-(H9) hold for the abstract formulation (4.3) of (4.1)-(ICI)-(BCI) when consider-
ing the modal approximation scheme

(4.8)
d- wN(t)] (q) +pNF(q,t,v (t)w (t))wN(t)]

in WN(q). The convergence of Theorems 3.1 and 3.2 is thus assured and we may,
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when an appropriate fit-to-data function is defined, appeal to Theorem 2.1 to obtain
a solution of the associated identification problem for (4.1)-(ICI)-(BCI). For example,
suppose we are given observations ;(ti)R l, i= 1, r, for (v(ti, xl),"" v(ti, x))
in (4.1) where O<-tl<’"<tr<-T. Let u(t;q)=(ul(t,’;q), uz(t,’;q)) denote the
unique mild solution of (4.3) where we observe that ul(t; q)H for each t, q, so that
pointwise evaluation in [0, 1] is a meaningful operation. Let ] have the form given
in (2.4) where now (ti, q)=-col(Ul(ti, xl;q)," .,Ux(ti, xt;q)) and C(tg, q) is an lx
/-matrix depending continuously on q in Q for each i. Then clearly this J satisfies
the continuity requirements of Theorem 2.1. Furthermore, it is easily seen that the
initial data in (4.3) depend continuously on q. For the modal approximations, recall
that pN(q) is independent of q and finally note that the continuity of q- TN(t; q)z
follows directly from the forms of AN (q), ON, and KN given explicitly in (2.10), (4.4)
and (4.5). The conclusions of our deliberations for Example 4.1 may thus be stated:

THEOREM 4.2. If (HQ), (H4) and (H6*) obtain, then the problem (IDN) for (4.8)
with . as defined above has, for each N, a solution oN O R3m+3. Letting {} be
any subsequence of {N} converging to Q, then is a solution of the problem (ID)
for (4.3) and moreover for each [0, T],

I(vN,(t; N), wN(t; cN,))_ (ul(t; ), uz(t;

as N.- where (u 1, uz) is the solution of (4.3) and the norm is that ofHo H.
Remark 4.1. We remark that the dependence of the norm on q in the above

treatment of hyperbolic systems is somewhat artificial. While one cannot effectively
rescale the time variable to remove the q-dependence in problems where sampling
times (observations) are important, one can rescale the state variables (use w(t)=
1//v, in place of the variable used in (4.3)) to avoid use of a weighted norm. We
chose not to do that in our computations for Example 4.1. A preliminary consideration
leads one to conjecture that such a rescaling does not result in simplification from a
numerical viewpoint.

Example 4.2. Parabolic equations I. For our second class of examples we discuss
scalar parabolic equations

(4.9) v, - (pv) +qv +f(ql, q4 t, x, v)

for > 0, x [0, 1] with initial and boundary conditions

(IC) v(0, x)= E qdag(x), O<=x <= 1,
i=1

(BC) Riv (t, O, i 1, 2.

Here we assume that c/)ieH, v(t,x) (or v(t,x;q)) is in R, and q=(ql, qz, q3, q4)l
where O c R2m+2 and qi (q,""", q) for ] 3, 4. The operators R1, R2 defining
the boundary conditions have domain Ha and are given for 4’ Hz by

(4.10) RiO C[]1 (0) -1- C[/’20’(0 nt- Cg/’3 (1) -+- c’4g’(1),

where %. R. We impose the following conditions on k and p in (4.9) and the a."

(HP1) The functions p, px and k are continuous with k (x) > 0, p (x) > 0 for 0 <- x <- 1.
(HP2) The matrix

11 12 C[ 13 C[ 14
!

C[ 21 C[ 2.2 /1 23 C[ 24/

has rank 2 and we have p(O){alla2z--a12a21}=p(1){ot13ot24--ot14ot23}.
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We shall also assume that our parameter set Q satisfies hypothesis (HQ) already given
above.

To apply the results of 2 and 3 we again rewrite our system as an abstract
evolution equation. Although we consider here only a scalar equation, the results we
present generalize immediately to coupled systems of parabolic equations. Indeed,
we present numerical results in 6 for examples of such systems which are of interest
in biological applications (see [4]), among others.

We define the general Sturm-Liouville operator A(q) (our operator here is the
negative of the one found in the literature cited below) in H by Dom (A(q))=
{g/H2[RjO =0, j-- 1, 2} and A(q)4, k-(qp4,,), +q2O. Then (4.9)-(IC)-(BC) can
be rewritten as

(4.11)
6(t)=A(q)v(t)+F(q, t, v(t)),

v (0) 2 q
i=1

t>0,

where F(q,t,v(t))=f(q4, t, ", v(t, .)) and the equation is taken in the state space
X(q) (H, (.,.)) with (b, O) (x)O (x)k (x) dx. We note that, unlike in
Example 4.1, here the state space actually doesn’t depend on q.

Spectral results for the operator A(q) are readily found in the literaturewe.g.,
see [28, p. 182], [20, p. 126]. The hypotheses (HP1), (HP2) imply that A(q) is self-
adjoint and its spectrum consists of a countable number of real eigenvalues {A.(q)}_-1,
each of multiplicity less than or equal to 2, and, moreover, these eigenvalues can be
ordered so that -co < <__ h. -<_/]-1 / < 00. The eigenfunctions {*i}
corresponding to A(q*) where q*= (1, 0,. ., 0) form a CONS in .

We further observe that the eigenvalues {hi(q)} of A(q) are bounded above
uniformly in q on bounded subsets of O. This is easily seen as follows: Let .i be the
eigenvalues of A0 A(q*) (i.e., A0$ k-l(p$)) with corresponding eigenfunctions.. From our remarks above we have .i _-<o3,f 1, 2,..., for some positive finite
constant 03. The eigenvalues for A(q) are then found to be hi(q)=ql.i+q2 (with
eigenfunction i) so that we find h(q)_-<o) on bounded subsets of Q, where o) is
independent of q (but depends, of course, on the particular bounded subset of O
involved).

We define the approximating modal subspaces of X(q)=e by o9=
span {W1,’’", r} and let pN. _> denote the associated canonical orthogonal
projections. As before, we determine the operator A(q) and FN by AN(q)
plA(q)pr and FN= PF. We have the following convergence results.

THEOREM 4.3. Suppose that (HQ), (HP1) and (HP2) hoM and qN, gt O R2"+2
are such that qrq-g as N-->oo. Then A(t) and Arq(q) generate Co-semigroups
T(t; 7:t) and T (t; qr) on f and ITr (t; qr’r)z T(t; )zl- 0 for z f with the conver-
gence uniform in on compact subsets of [0, oo). Furthermore, if (H4) obtains, then
there exists a constant oo independent ofXand q such that IT(t; q)l <--eO’tand T (t; q)l <--
e fort>O,qO, andN=l,2,....

Proof. Let ( be any bounded subset of O. Then our remarks above imply
existence of o3 o (() such that the self-adjoint operator A(q), q has its spectrum
lying in (-oo, o3). Hence (see [36, p. 349]) A(q)-GI is dissipative, i.e., ((A(q)-
o3I)z,z)<-O for all z Dom (A(q)) and q (. For h o-(A(q)), we have [28, p. 180]
that A(q)-hI has compact resolvent so that in particular we have (A(q)-
hi) Dom (A(q))= for h > 0 properly chosen. It follows immediately [30, p. 17], [2,
p. 175], [22, p. 87] that A (q) o;I is maximal dissipative and generates a Co- semigroup
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of contractions on o. Arguing as in (4.7), we have that An (q)-oM is dissipative,
uniform in q 0 and N 1, 2,. (it is maximal, being defined on all of ---see [22,
p. 86]), and hence is also the generator of a C0-semigroup of contractions.

The above remarks obviously apply if we choose 0 {qN}t_J{c} where qN
or if 0 Q where Q itself is compact, i.e., (H4) holds. To obtain the convergence
results of the theorem, take t {qr} (_j {c} and use Proposition 4.1. Here 3 r

Nand conditions (i) and (ii) of the proposition clearly are satisfied. Let @ U N--1

SO that @ c Dom (A(c])) and @ is dense in e. From our remarks above, we have
A()qi=A(/). For A >maxX(/) we have hI-A(gt) invertible where
A())j (A- A.(c))., and it follows that (AI-A())@ @. Hence (iii) of Proposi-
tion 4.1 is satisfied. The arguments that (iv) is satisfied are exactly analogous to those
used to complete the proof of Theorem 4.1, here the completeness of the {.} yielding
pno I strongly in o. We thus have established the results of Theorem 4.3.

We turn finally to conditions on f in (4.9) that will insure that F of (4.11) satisfies
(H6). Let Q4=-{q4Rmlq Q} where Q is a given subset of R 2"+2.
(H6**) The nonlinear function f: 04 x[0, T]x[0, 1]xR oR satisfies:

(i) For each (q4, V)G O4R, the map (t,x)of(q4, t,x, v) is measurable.
(ii) There exists a function /1 in L2(0, T) such that [f(q4, t,x,v)-
f(q4, t,x, v2)[<=fCl(t)lVa--V21 for all (q4, t,x, Vi) O4x[0, T]x [0, 1]xR.
(iii) There exists a function/2 in L2([0, T] x [0, 1]) such that If(q4, t, x, 0)1 <=
kz(t, x) for all q4 04.
(iv) For each (t,x,v) in [0, T]x[0, 1]xR, the map q4of(q4, t,x,v) is con-
tinuous on Q4.

It is an easy exercise to verify that (H6**) for f implies (H6) for F (note that in
this example the condition (H2) is trivially satisfied). We thus may invoke Theorem
3.1 for convergence of our modal approximations defined in by the equation

(4.12)
6N(t)=Ar(q)v(t)+PF(q, t, v(t)),
N pNv (0)= Y q3i.

i=1

For these parabolic systems defined in H, the question of an appropriate cost
functional is somewhat more delicate, since in general, point evaluation may not be
meaningful. One possibility (a different approach will be discussed below) is to choose
a cost functional J as in (2.3) where now u v is the mild solution of (4.11) and we
might assume, for example, that (x, q)o Y(ti, x, q) is continuous for each ti. We are
again in a position to employ Theorem 2.1 (taking into account the comments in
Remark 2.2) to establish the following results for this example.

THEOREM 4.4. Suppose (HQ), (H4), (H6**) and (HP1), (HP2) are satisfied. Then
the problem (IDN) for (4.12) with J as in (2.3) has a solution 4N Q R2m+2 fOr each
N= 1, 2,"’. If {cN} is any subsequence of {cN} converging to e Q, then is a
solution of (ID) for (4.11) and for each t[0, T] we have IvY(t; cu)-v(t; c)[o 0, as
N.ooe, where v, v r are the mild solutions of (4.11), (4.12) respectively and the norm
is that ofH.

Example 4.3. Parabolic equations II. We consider again the parabolic equation
(4.9) with initial condition (IC) and boundary condition (BC) but with slightly more
restrictive conditions on the boundary operators Ri than those given in (4.10)-(HP2).
We treat problems with boundary operators chosen from the standard Sturm-
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Liouville operators (see [14, p. 145], [13, p. 291])

(A) RtO =4(0) or R20 0(1);

(B) R0 =0’(0) or R20 =0’(1);
(4.13)

(C) R0=0’(0)-o’0(0) or R4,=0’(1)+o-(1), r,cr2>0;

(D) R0=4,(0)-0(1) and R2tp=p(O)O’(O)-p(1)/’(1).

In the sequel, in referring to the standard Sturm-Liouville boundary conditions
(SLBC), we shall mean any combination of choices for R and R2 from (4.13) (A)-(C)
or the periodic boundary conditions arising from the choice of R , R). given in (4.13)
(D).

Our main objective is to discuss the use of the simple pointwise fit-to-data criteria

(4.14) Jl(q, v(. ;q), )-- I(ti)-f(ti, q)(ti, q)l2
i=1

as defined in 2 (see (2.4) and the discussions thereof). When treating (4.9) in o as
we did in Exan pie 4.2, it is by no means clear that the associated ID problem with
(4.14) is well posed. Indeed, one must first justify the pointwise evaluation (in the
spatial coordinate) of v involved in defining :; assuming that this can be done, one
must entertain a second difficulty in that the convergence (of Theorems 3.1 and 4.3)
of v r(t; qN) to v(t; q) is in the (i.e. H) norm. Since Jl(’, ’, ) is not continuous
on Q x C(0, T; Y), the results of Theorem 2.1 are not directly applicable.

We turn first to the difficulty raised by point evaluations in (4.14). In this regard
we note that the mapping w Jl(q, w, ) from C(0, T; r) to R, where J1 is given
in (4.14) and r are the modal subspaces defined in Example 4.2, is well defined for
each N 1, 2,..., and, in particular, is well defined on solutions of (4.12). Hence
the approximating problems (IDn) associated with J are well posed in any event.
Justification of point evaluation for (ID) with J1 depends heavily on the smoothing
properties of (4.9) or, equivalently, (4.11). Roughly speaking, for t>0 the solution
values v(t; q) will be contained in Dom (A(q)) if only f(t)=F(q, t, v(t)) is smooth
enough [8, p. 192]. However, since we wish to avoid additional smoothness hypotheses,
we choose a slightly more technical route to the same end.

Recalling the arguments for Theorem 4.3, we have that A (q)- o)I is self-adjoint
and maximal dissipative where o can be chosen independent of q e Q. It therefore
follows [9, p. 47] that -A(q)+o)I 0b*(q) where Oqb*(q) denotes the subdifferential
of the functional q *(q) is given by

11/2[(toI-m(q))l/2ul2 if u eDom (toI-A(q))/:,
(4 15) b*(q)(u)

+ oo otherwise.

Here (o)I-A(q))1/2 denotes the square root, which by standard results [21, p. 281]
is known to exist. Under assumption (H6**) for f, we have that (H6) holds for
F(q, t, w)=f(q, t,., w) and in particular (see (H6)(iii)) the mapping F(q, t, v(t; q))
is in L2(0, T; e) for v(t; q) the solution of (4.9). Thus (see [9, p. 72] and note that
a weak solution in the sense of [9] is in fact the unique mild solution in our sense,
which is, moreover, also a strong solution) it follows that the map &*(q)(v(t; q))
is in L(0, T; Y) and is absolutely continuous on all subintervals [8, T], 8 >0, of
(0, T]. In light of (4.15) this implies v(t; q)Dom (roI-A(q))/ for all t>0 and we
observe that this holds for arbitrary initial data in . It remains to note that Dom (oI-
A (q))l/: cH. To see this one only needs make standard arguments using elementary
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results on interpolating spaces--see [27, p. 9]. Briefly, by defining X (in the notation
of [27]) as either H with appropriate boundary conditions (in the event of B.C.’s
using combinations from (A) and (B) or B.C.(D) from (4.13)) orH with an appropriate
energy norm (in the event elastic boundary conditions from (C) of (4.13) are involved)
and Y , one can make the identification A (wI-A(q))/2 with Dom (A) =X.

We can therefore summarize by stating that conditions (HQ), (H4), (H6**), (HP1)
in the case of (SLBC) are sufficient to allow point evaluation in J.

If we wish to relax the continuity hypothesis on Y in Theorem 2.1, it is necessary
to consider in more detail the fit-to-data criterion JU (q)=-J(q, uI (. ;q), 3) of (IDn).
The following proposition will be useful in our deliberations; we state and prove it
using the notation of Theorem 2.1.

PROPOSITION 4.2. We suppose them exist maps and,N 1, 2, , from the
compact set to R satisfying"

(i) for each N 1, 2, ., the map q
(ii) for any q O and any sequence {N} with N , there exists a subsequence

N, such that (q) (q);
(iii) for any qU-l, there exists a subsequence {qUa} such that U(qn)(c).
Then for each N there exists qU O that minimizesN over O and, moreover, for

any convergent subsequence {qUa} of {qU} with qN t, is a minimum over Q at t.
Proof. Let qU denote the minimizer (whose existence is guaranteed by (i) and

the compactness of Q) of
then by (iii) (reindexing for convenience in notation) we have "(q")-,() for
some subsequence {q"} of {qN}. We use this to argue that J()-<J(q) for q Q. If
we assume that there exist c Q and j" such that"(q ") >J(c) for f >= j, then by (ii)
there is yet another subsequence of m., denoted by mi, such thatn,()(). Hence,
for sufficiently large we have ,(q’,) >’,(), which contradicts the definition of
q"J, as a minimizer for

To use Proposition 4.2 with our particular jN =N defined using J, we must
consider special cases for which hypotheses (i)-(iii) of that proposition are readily
verified. We discuss the homogeneous (f =-0) version of (4.9) in in this regard.

PROPOSITION 4.3. Consider (4.9) with f--O, initial conditions (IC) and boundary
conditions (SLBC) from (4.13). Assume that (HQ), (H4) and (HP1) obtain. Then for
the solutions vn( ;q) of the approximating equations ((4.12) with F=-O) we have
{vN(q)[q Q} is a relatively compactsubsetof C(t*, T; C(O, 1; R)) foreach t* (0, T].

Since the proof of this result consists of checking compactness criteria for a specific
subset of C(t*, T; Y), where Y is a Banach space, we shall only sketch the ideas
involved, leaving the details to the interested and determined reader.

First recall that equation (4.12) is in eN =span {,..., qN} where {i}=x is
the CONS of eigenfunctions of A(q*) with corresponding eigenvalues i hi(q*) (see
the discussion immediately preceding Theorem 4.3). Solutions v N of (4.12) have the
representation (see (2.8)-(2.12) and the associated discussions) vN (t; q) y/N__ wiN(t)XIti
where wiN(t)= w/N(0)exp {(iql+q2)t}. To verify relative compactness of the desired
set, one can use the Ascoli theorem [25, p. 211] which requires equicontinuity of the
set along with relative compactness of {vN(t;q)lqO,N 1,2,... ,} in C(0, 1;R)
for each in It*, T]. Use of the representation results along.with standard estimates
in Fourier analysis (Parseval, Cauchy-Schwarz, etc.) reduces the compactness criteria
to the task of verifying
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(b) Y e 2’ct 1Lt*
i=1

(c) sup {li(x)[lO<-_x <_- 1, 1, 2,. } is finite.

Here q is the lower bound for q (see (HQ)).
From standard Fourier results [15, p. 1332] we have (Af,i)-O for f

Dom (A(q*)) or that {A(q*)qi} is bounded in . Hence {qi} is bounded in the
graph (A(q*)) norm and, consequently, after some calculations taking into account
the (SLBC), in H a. It follows that (c) obtains and that {I} is H bounded. Thus if
(a) holds, we immediately obtain (b). We have, therefore, reduced the compactness
criteria to a requirement on the rate at which ,ki -. But asymptotic estimates for
the eigenvalues of Sturm-Liouville problems are readily available. For example, for
(SLBC) from combinations of (A), (B), (C) of (4.13) we have g----i2 [14, p. 153],
which yields (a). For the periodic boundary conditions (D) a slight modification of the
arguments in [12, 8.3] yield the same rate estimates. In some higher-dimensional
problems, similar rates for the eigenvalues are also available [13, VI.4.1].

With the compactness results of Proposition 4.3 we are now able to give well-
posedness results for the special case under consideration.

PROPOSITION 4.4. Suppose (HQ), (H4), (HP1) obtain and f=-O in (4.9)-(IC)-
(SLBC). Then (IDu) with Ja of (4.14) has a solution u O for each N 1, 2,. ..
Moreover, there exists a subsequence {cu} such that -> with a solution of (ID)
withJa and IvZV(t; cu)- v (t; 4)1c ->0 as k -->o, uniformly oncompactsubsets of (0, T].

Proof. We first verify theft (i)-(iii) of Proposition 4.2 hold with U(q)=-
Ja(q, v (’; q), ) and (q)=-Ja(q, v(.; q), )). Since the matrices Ks and Qu of (2.10)
are given by QU =I andK (, A(q).)= (qai +q2)6ii, continuity of the map

q-> IC(ti, q)col (vN(ti, xa; q), vN(ti, xt; q))--(ti)l2

i=1

can be demonstrated by elementary arguments; this implies (i) and hence the existence
of a minimizer v for

By compactness of Q there exists a convergent subsequence cNk with cNk C Q.
Employing Proposition 4.3 with t*< tl, t* otherwise arbitrarily chosen in (0, T), we
find that for a subsequence of {4N}, again denoted by {c}, the sequence {v(. N)}
is Cauchy in C(t*, T; C(O, 1;R)). Since we already have ]vNk(t; N)--v(t; )l0,
uniformly in on [0, T], we obtain lyNn(t; IN)--v(t; C)]C 0, uniformly in on It*, T].
It follows that (ii) and (iii) of Proposition 4.2 hold and thus the conclusions of the
present proposition are established.

The special cases considered above involved homogeneous (f--0) equations.
One can also obtain results in the case f0 by formulating the (ID) problem in a
"smoother" space than H. We illustrate these ideas with an example involving a
special case of (4.9). Consider

(4.16) vt qlVxx +q2v +f(q]., q’, t,., v)

with boundary conditions

(DBC) v (t, 0) v (t, 1) 0

and initial condition (IC) with &H. We again rewrite (4.16)-(DBC)-(IC) as an
abstract equation, but this time in the Hilbert space o@ (H0, (., )1) with inner product
(, 0)1=- 4’4’ dx (e.g., see [40, pp. 94, 105]) and define the operator A(q) by
Dom (a (q)) {4 ]4 H, 4" H} and a(q)4 q14" + q24. Assuming (HQ) and (H4),
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it is easy to verify existence of an to independent of q Q such that A(q)-toI is
dissipative and symmetric in , that Dom (A(q)) is dense and R(A(q)-AI)= for
some A, chosen sufficiently large and independent of q s Q. In particular, A(q) is
therefore self-adjoint [28, p. 97]. The approximating subspaces N are defined by

span {l, ’, r} where s(X) (21]zr) sin jrx as in Example 4.1. We recall
that {s} is a CONS in . As before we let pr.+er denote the canonical
orthogonal projections and Ar (q) PUA(q)PU, Fr’r (q, t, v) PNF(q, t, v) where
F" O x[0, T]x e_ is given by F(q, t, v) =f(q, t,., v). Formulation in will require
additional assumptions on 1, to be detailed in (H6***) below. We then have:

THeOReM 4.5. Suppose that (HQ) holds and let qrq, gt 0 be such that qm+ ft
as N - oe. Then A (1) and Ar(qU) generate Co-semigroups T(t; gt) and T (t; qU) on
f and IT’(t;q)z-r(t;C)zle-,O for each z ef(, with the limit uniform in on
compact subsets of [0, ee). Furthermore, if 0 is compact, then there exists a constant to

independent of N and q, such that IT(t; q)l<-_e ’’ and ITr(t; q)l<-e ’’ for >0, q e O,
and N 1, 2,....

The proof of this theorem is quite similar to that of Theorem 4.3 and will therefore
not be given here.

We shall simply list conditions (compare with (H6**)) on ]e that will insure that
F satisfies (H6).

(H6***) The nonlinear function f: 04 x [0, T] x [0, 1] x R R satisfies"
(0) For each v e e, the map x - f(q, t, x, v (x)) is in .
(i) For each (q4, V) 04 x R, the maps (t, x) f(q4, t, x, v), (t, x) -fx (q4, t, x, v ), and (t, x) +f (q4, t, x, v) are measurable.
(ii) There exists a function /1 in L2(0, T) such that ]fv(q4, t,x, v)l-<_kT(t)
for all (q4, x, v) Q4 [0, 1]xR; for each M>0 there exists/ff in L2(0, 1)
such that Ifx(q4, t, x, l)l)-fx(q4, t, X, V2)I--< (t)lv-v=l and Ij (q4, t, x, vl)-
f(q4,t,x, v2)l<-lff(t)lVl-V2 for all (q4, x)Q4>([0,1] and Vl, v2 with

(iii) There exists /2 in L2(0, T) such that If(q4, t,x, O)l<=l2(t) and
]fx(q4, t,x, v)l <_-/2(t){1 +lvl} for all (q4, x, V) 04 )<[0, 1]XR.
(iv) For each (t,x, v) in [0, T]x[0, 1]xR, the maps q4-f(q4, t,x, V), q4

fx (q4, t, X,/A) and q4 fv (q4, t, X, V) are continuous on Q4.

The fit-to-data criterion (4.14) together with the state equation in are such
that the map (q, v) -J(q, v, ) from Q x C(0, T; )-R is continuous and, therefore,
Theorems 3.1 and 2.1 are readily applicable. We leave a precise statement of the
theorem for (4.16)-(IC)-(DBC) with (H6***), analogous to Theorem 4.4, to the reader.

In concluding this discussion, we remark that numerical implementation of a
scheme formulated as above in e (the projections in defining the approximations in
(2.8)-(2.12) are now in the H inner product) is, .of course, somewhat more tedious
from a technical viewpoint than that for schemes such as those in Example 4.3 where
the state space is H.

Example 4.4. Diffusion-convection equations. For the final example of this sec-
tion, we return to the setting of Example 4.2 and indicate how, in (4.9), one might
include convection (or advection) terms that are independent of the Sturm-Liouville
operator (pu)x. To illustrate the ideas, we, for ease in exposition only, take a simple
linear example (nonlinearities of the type discussed previously present no essential
difficulties) involving only diffusion and convection terms. Consider then

(4.17) v q v,,,, + q2Vx
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with initial conditions (IC) and the Dirichlet boundary conditions

(DBC) v(t, O)= v(t, 1)=0.

As state space we choose H with its usual inner product. We define the operator
A(q) with Dom(A(q))=H2H by A(q)tP=qlO"+q2d/’. We then have A(q) is
dissipative since (again we assume (HQ) holds) for z Dom (A (q)),

(A(q)z, z)= q(zxx, z)+q2(zx, z)

-qllzl2 + qz [o (z2/2) dx

-q,[z <_- 0.

Thus if we assume (H4), we find that A (q) is dissipative uniformly in q Q.
In considering modal approximations, the question of existence of a complete

set of eigenfunctions for the operator A(q) arises naturally. Standard spectral results
for nonself-adjoint operators allow one to answer this question in the affirmative.
First, A(q) is a relatively bounded perturbation of a discrete spectral operator and is
itself a discrete spectral operator (see [15, Thm. XIX.4.16, p. 2347]--in this case the
boundary conditions (DBC) are easily seen to satisfy the necessary regularity
hypotheses--see [15, p. 2341-2344]). It follows that tr(A (q)) consists of point spectrum
and that the eigenprojections {Exj} (see [15, p. 2292]) of the resolution of identity for
A(q) satisfy Y--1E,z z for z H (see [15, Cor. XVIII.2.33, p. 2257], along with
the properties of the projection operatorsue.g., [15, Lem. XVIII.2.31, p. 2255]).
One can easily argue for our example that the generalized eigenmanifolds are one-
dimensional so that the eigenfunctions j(q)=exp (-q2x/2ql)sin frx corresponding
to the eigenvalues h.(q)=-f27r ql-q/2q form a complete (but not orthogonal) set
in H.

We thus also have that p(A(q)) if >0 so that (A(q)-I) Dom (A(q))=H
for & > 0 and hence A(q) is maximal dissipative [22, p. 87], [30, p. 17]. The operator
A(q) generates a Co-semigroup T(t; q) satisfying IT(t; q)l<-e" for q O.

For a modal approximation scheme, it might be tempting at first thought to use
the finite-dimensional subspaces jrv (q) span {Xrl(q), XrN (q)}, but of course this
would prove rather difficult computationally in identification problems. Here we choose
to use the basis elements .(x)=/ sin fTrx since we know {} forms a CONS in
H and b Dom (A (q)). We thus define Hrq

span {, , r} and remind the
reader that "modal" is something of a misnomer for this scheme (actually, we took
a similar approach in Example 4.1 in choosing basis elements corresponding to
q*= (1, 0,..., 0) fixed).

As usual, we define An (q)= PnA(q)Pn where pr are the orthogonal projectors
Pr’rz = (z, i) onto Hn which converge strongly to the identity on H.

To develop approximation results similar to those given in Theorems 4.3 and
4.4, the essential effort remaining in our example is to verify the stability and
consistency hypotheses (ii), (iii), (iv) of Proposition 4.1 with s =A() and n=
An(qr) where qn in O. Stability (i.e., (ii)) is immediate while consistency is slightly
more delicate. A natural choice (the one we have used in previous examples) for the
set @ is t_J r= Hn since then (iv) is trivial to verify. However, it is not apparent to
us that this choice of @ satisfies (iii) of Proposition 4.1. We choose instead @
U; (), where () is defined above in terms of the true modes qz() for
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A(q). Since (AI-A(q))j(q)=(A-Aj)j(q) and the set {.(q)} is complete, (iii)
is easily established and it only remains to show AN (qN)z --> A (gl)z for z e .

We first note that from

IA (qN)z A (gt )z <- IP (A(q)PNz A (gt )z )l + PNA (gt )z A (gt )z

and the strong convergence of pN to L it is sufficient to argue A(qN)PNz->A(gl)Z
for z e @. It suffices to argue this latter convergence for z hk ----k () fixed. For this
choice of z we find

N N

A(q)PNk=A(q) Z (,,Op)Opj= Z
1=1 j=l

N
N N

i=1

N

]=1

N N

]=1 j=l

where X(x)=cosjx and we have used the facts that ; =-j and ’=.2
-1 2.

Integration by parts twice (using the fact that 6 and are in H) yields

(6,) (6"

while a single integration by parts establishes (again use 6k H)

We thus have

N N

A(q)PN4,=q E (b,Oi)Oi+q E
1=1 /=1

where both {q} and {)6} constitute CONS in H. Since qr_.> 1, qN._> = we thus
obtain AN(qN)pNdk ->glO’ +gt20’ A(4)O, as was desired.

The theorems for these approximation ideas for the (ID) and (IDN) problems
with (4.17)-(IC)-(DBC) are so similar in statement to Theorems 4.3 and 4.4 that we
shall not prolong our discussion by giving a precise statement here.

With regard to implementation of this scheme, we point out that A(q) does not
leave the subspacesHN invariant and hence the matrix representation ofAN pNApN
(see (2.8)-(2.10)) is not a simple diagonal matrix. However, for equations such as
(4.17), it is rather easily seen that (2.10) is given by

-oqi:rr

: for/=/’,

[A (q)]j for /’ and +/’ even,

[2]q[i2_if] for/, and i+] odd.

While this is not a simple matrix, it does allow a rather straightforward implementation
of the scheme in actual computations.
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5. A boundary control problem. The theory developed in 2 and 3 can also
be applied to optimal control problems governed by partial differential equations. We
shall demonstrate this by means of a specific example. Consider as a special case of
(4.1)-(IC1)-(BC1) the problem

(5.1)

for > 0, x [0, 1] with initial and boundary conditions

(IC3) e(0, x) 6(x), e(0, x) 6(x),

(BC3) tT(t, 0)= s(t), (t, 1)= s2(t),

where the boundary control functions si are chosen in 5f={slssH2(O,T;R),
s(0) s’(0) 0} and (&, 0) H0 x H. The transformation v(t, x)
(t, x)-(1-x)s(t)-xs2(t) applied to (5.1)-(IC3)-(BC3) leads to

(5.2) vtt vxx -(1--X)(S1)tt--X(S2)tt,

(IC4) V(0, X) b (X), Vt(0, X) t(X),

(UC4) v(t, 0) =/o(t, 1) 0.

We let w vt and reformulate (5.2)-(IC4)-(BC4) as in Example 4.1 in the Hilbert
space g HxH with the usual inner product. This leads to a special case of (4.3)
given by

d(v(t) A(v(;)) +To’(t), (v(O) ()(5.3)
w(t) w w(0)

where

A
-x x 1

or(t) col ((sz),, (s1)tt), (), ) ,
The finite-dimensional subspaces N= N(q.), q.= (1, 0,..., 0), are chosen as in
Example 4.1 and again we takeAu PUAP, where PU" Y( --> YgN denote the canonical
orthogonal projections. For the convenience of the reader we repeat the family of
approximating equations given by

v(t)=A(V(t) vN(o) ()(5.4) -(wN(t)] wN(t)] +pNyo’(t), (wN(O)] -PN
In the light of Theorems 3.2 and 4.1 (with qN q* for all N), the solutions (v N (t; r),
Nw (t; or)) and (v(t; o’), w(t; r)) of (5.4) and (5.3), respectively, satisfy limN (V u(t; r),
Nw (t; o’)) (v(t; o’), w(t; o’)) in uniformly in e [0, T], for any T >0 and uniformly

in r, as r varies in bounded subsets E of Lz(0, T; R2). We shall also need the following
technical result.

LEMMA 5.1. The operator ’:L2(0, T;Rz)C(O, T; ) defined via (-o’)(t)
T(t-’)yr(’) dr is compact.

Defining the maps (;Nr)(t)= TN (t ’)PNyr(") dr and using the convergence
of the semigroups TN (t) to T(t), generated by AN and A, respectively, it is easily
seen that rN in the operator norm topology. The proof is completed once one
argues that the maps -N themselves are compact.

The above remarks provide the technical tools that can be applied to a variety
of optimal control problems, one of which will be outlined below. For a more complete
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discussion concerning approximation of optimal control problems for infinite-
dimensional systems by sequences of optimization problems for finite-dimensional
systems, we refer to [7] and the references given there.

We let ,,ad be any fixed closed convex subset of L2(0, T;R 2) (possibly L2 itself)
and choose nonnegative continuous functions go"WR, g" C(0, T; W) R and
g2" L2(0, T; R 2) R. The functions gi define the cost functional a" Xa-R by

(5.5) J(tr) go((v(T; r), w(T;tr)))+gl((v(’;tr), w(" o’))) +g2(tr).

The optimal boundary value control problem associated with (5.1)-(IC3)-(BC3), (5.5)
is then taken to be"

() minimize J over Xad.

Suppose that a solution t=col (l,2)Y-,ad of () is found; this will uniquely
determine boundary controls and 2 in 5e. The approximate optimization problems
are defined by

(N) minimizeN over Xad,
where

(5.6) .]N(o’)=go((vN(T;o’), WV(T;o’)))+g((vN(’;O’), wN(’;O’)))+g2(a’).
Notice that (5.6) is an optimization problem associated with an ordinary differential
equation. We shall need two standard assumptions on the functions

(G1) The continuous functions gi are convex,
(G2) g2(r)- c as for c.

As a consequence of (G1), the maps r aC(r) and r aN(cr) are convex, which
together with (G2) implies the existence of solutions of () and (N); these solutions
are in addition unique if one of the g is strictly convex. Let rN denote a solution of
(u). Then by (G2) it follows that {ru} must be a bounded subset of L2(0, T; RZ).
Indeed, the assumption Iul-c for some subsequence {N} contradicts the
inequalities gZ(o’Nk)fNk(o’Nt),Nk(o’)")Y(O’)<O0 for all o-Lz(O,T;R2). The
convergence of a?N(r)-(r) is a consequence of (vU(t;r),wN(t;r))
(v(t; or), w(t; r)) uniformly in t[0, T] and (G1). Since Ead is convex and closed it
is weakly closed so that there exists a weakly convergent subsequence {ru} of {rN}
with cr converging weakly to some Ead. By Theorem 3.2, Lemma 5.1 and the
estimates

NI(v(t; rN"), wU(t; cr ))-(v(t; ), w(t; t))[
N<= ](vN(t; o’), wN(t; rN"))--(v(t; rN), w(t; O" ))l

Nk+ ](v(t; rN), w(t; r ))--(v(t; ), w(t; ))1,
it follows that

(vN(t; (rNk), wUk(t; a’N))--* (v(t; d), w(t; d’))

in W uniformly in e [0, T ]. Since convexity and continuity together imply weak lower
semicontinuity, we obtain the following string of inequalities:

N](d)-<lim inf {go((vN(T; o’N), wNk(T; O" )))
Nk+gl((tN(’;o’N), wN(’;O )))+gz(O’Nk)}

lim infu(rN) -< lim sup fu (r)
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for every r Ead. This implies that is a solution of (). Further standard arguments
can be used to show that strict convexity of implies that rN itself converges weakly
to the unique solution of () and that cr

N converges strongly in L2(0, T;R2) to
if J is strongly convex (see [7]). We finally summarize some of the above discussion in

THEOREM 5.1. Suppose that (G1) and (G2) hold. If {r} denotes a sequence of
solutions of (N), then there exists a subsequence {o"Nk} converging weakly to a solution

Nkd" of (). Furthermore, 3f(crS)-3f() and (vN(t; o’N), W (t; o’Sk))--
(v(t; tT), w(t; )) uniformly in t[0, T]. Moreover, determines uniquely boundary
controls gl, 2 in .

6. Numerical examples. In this section we briefly summarize our numerical
findings when applying the modal approximation algorithms to some of the
identification problems that were outlined in 4. The aim here is to demonstrate the
feasibility of the method for both hyperbolic and parabolic systems. As it turns out,
modal approximations appear to be very well suited for hyperbolic systems, while for
certain identification problems for parabolic systems we encountered some essential
difficulties which one should take into consideration before attempting any practical
use of the method for this type of equation. This will be explained further below. In
developing our software packages, no great attention was given to maximizing
efficiency in implementing the algorithms, or to minimizing computer time. The
ordinary differential equations (see (2.12)) that arise were integrated by a simple
fourth-order Runge-Kutta method (with step size varying from one example to the
next from .0125 to .05), and the coefficients of the nonlinearity and the initial data
(see (2.9) and (2.11)) were computed by employing Simpson’s rule. The minimization
problem arising in the identificatiori problem for the approximating ordinary differen-
tial equations was numerically solved by using an IMSL package (ZXSSQ) employing
the Levenberg-Marquardt algorithm. The "exact" solutions, which were used for the
"data" 3 in the fit-to-data criterion J, were generated by a Crank-Nicolson algorithm
whenever solutions in closed form were not available. These solutions were generated
with fixed known values of the parameters in the equations; these values will be
referred to in the sequel as the "true" parameter values.

In the examples below, a fit-to-data criterion of the type (2.4) with C(ti, q)= I
was used throughout. Further, we usually (except in Example 6.5) let T 2 and chose
ti and xi equally spaced in [0, 2] and [0, 1], respectively, so that Iti-ti-l =0.2 and
Ixj-x_l 0.25.

Example 6.1. Here we return to Example 4.1 and consider the linear one-
dimensional hyperbolic equation, which we repeat for convenience"

Utt=qlVxxq-q2vth-q31 fort>O,

v(O,x)=q4x(1-x)

v,(O, x q d/(x
for O=<x <= 1,

for 0 =< x _<- 1,

v(t, 0)= v(t, 1)=0, for >0,

where (x)= 2x for x [0, .5] and (x)= 2(l-x) for x [.5, 1]. Below, we present
numerical results which are typical of those obtained in making numerous runs with
this example. The startup values q N.O for use in the Levenberg-Marquardt algorithm
are recorded in the bottom row of the tables, whereas the next-to-last row contains
the true parameter values. The tables contain only those parameters on which a search
was performed, whereas the remainihg parameters were assumed known and therefore
were held fixed at the true values.
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In a first run (Table 1) we assumed that q3 1 and q5 0 were known and we
were searching for q- (ql, q2, q4) with the true parameter values chosen to be c
(1.414, -1, 2) and with startup values qS,O._ (1, 0, 1).

TABLE

AN ANN qN q2 q4

4 1.4103 -0.9961 1.9978
8 1.4126 -1.0021 2.0031

16 1.4129 -0.9968 2.0005
32 1.4129 -0.9992 2.0000

true value 1.414 -1 2
qO 0

A feature of interest for these models used with the Levenberg-Marquardt
algorithm is the range of convergence for the parameter q. For this specific example,
we carried out computations keeping two of the parameters q l, q2, q4 in addition to
q3, q5 fixed while identifying one of ql, q2, q4. It was observed that for q,O, qr,o, q,O
taken in the ranges 1 __< qr,o _<_ 5,-5 _<q,O _-<0, .5 <__q,O __< 5, respectively, rapid conver-
gence was still obtained. (The actual range of convergence may be much larger; these
were merely the ranges of values we tested.)

In a second run (Table 2), ql 1.414 and q5 1 were assumed to be known and
the search was performed on q (q2, q3, q4) with true value c (-5, 4, 2) and startup
values qU,O (0, 0, 1).

TABLE 2

AN

4 -4.9930 4.0242 1.9997
8 -4.9803 4.0372 2.0025

true value -5 4 2
qU,O 0 0

Example 6.2. This is the nonlinear example (again a special case of Example 4.1)’

V. =qlVx +V +q6(1 +V)-v(O,x)=q4x(1--X)

V,(0, x) =0

v(t, O)= v(t, 1)=13

for > O,

for 0 <_- x <_- 1,

for 0 -<_ x <-_ 1,

for > O.

We chose the true model parameters 4 (1.414, 2, 1), whereas the startup values
were taken to be qN,0= (1, 1, 0). For the numerical solutions we refer to Table 3.

Example 6.3. This is another nonlinear equation of the form

Vtt =qlVxx +q3v +q6v
3 for >0,

v(O,x)=q4x(1-x) for O<-x <_-1,

v,(O, x) 0 forO<_-x <=1,

v (t, 0) v (t, 1) 0 for > 0.
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TABLE 3

^N ^NN q4 q6

4 1.4141 1.9990 0.9735
8 1.4148 2.0013 0.9790

16 1.4152 2.0009 0.9788
true value 1.414 2

q,O 0

Although this nonlinearity does not satisfy (H6*) of Example 4.1, we report in
Table 4 on calculations carried out in the subspaces yfr of a. It is clear that the
algorithm is converging in this case; indeed, one can relax the assumptions (H6*) so
as to prove convergence for such nonlinearities; see the discussion involving (A6)(i),
(ii) in 3.

TABLE 4

AN

4 1.3835 0.6774 1.9999 1.2368
8 1.4107 0.9875 2.0001 0.8973

16 1.4138 0.9983 2.0001 1.0016
true value 1.414 2

qN,O 1 0 1 0

We turn now to some special cases of the parabolic problem (4.9)-(IC)-(BC). As
pointed out earlier, parabolic equations can be more formidable than hyperbolic ones
to handle via modal approximations. The difficulties are more than just a simple lack
of identifiability (however this concept is defined), which, of course, can lead to
substantial numerical embarrassment. Indeed, parabolic equations can lead to stiff
systems of approximating ordinary differential equations. The reader can quickly
convince himself of this fact by taking Dirichlet boundary conditions and putting
p--k 1 and f q2--0. In our computational pursuits we did not make an effort to
use specific numerical methods for the stiff systems that can arise, but we simply
decreased the step size in the Runge-Kutta algorithm to effect numerical stability. A
perhaps more reasonable approach to avoiding these difficulties due to modal approxi-
mations is to take a completely different approximation scheme, say for example
spline-based methods. We have pursued this idea successfully for parabolic systems
and the details of those investigations will be reported elsewhere.

The fit-to-data criterion is chosen to be (4.14) with C(ti, q)=! in all the scalar
examples below. In the two-dimensional system of Example 6.7, we used the obvious
analogue of (4.14) for a coupled system of equations.

Example 6.4. We consider the linear equation

vt q 1yxx nt- q2v for > 0,

v(O,x)=(x) for 0<=x-<_ 1,

v(t, 0)=v(t, 1)=0 fort>0,

where 4 is the "hat"-function defined in Example 6.1. The modal approximation
scheme failed to identify q and qz simultaneously, although it did identify each of
them individually so long as the other one was fixed. This is by no means surprising;
the exact solution of the above problem has the explicit representation v(t, x)== v(t) sin jzrx, where v(t) v.(0) exp ((qz-q(jzr)Z)t) and v(O),f 1, 2,. ", are the
Fourier coefficients of the sine series for . At time 0, the values of qa, q2 have
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no influence and at the following times t- .2, .4, the decay of the exponential
term in addition to the decreasing magnitude of the coefficients vj(0) cause successive
terms to contribute less to the criterion J. Moreover, in this example, v2j(0)= 0 for
/" 1, 2, ..., so that the criterion uses essentially only one mode to fit the model to
the data. The results from the search on both parameters simultaneously are presented
in Table 5.

TABLE 5

^N ,NN ql q2

4 0.0236 0.2313
8 0.0335 0.3289

16 0.0336 0.3296
true value 0.1 0.986

qN,O 0.25 0.25

Keeping q2 =.2 fixed and searching for q l, when the true parameter value is
1 .1 and qr,o 0.25, we find 4 0.09999. Similarly, when ql .1 is kept fixed and
q2 is to be identified, with 2 .986 and qr,o .25, the algorithm yields .986004.

Example 6.5. We next consider the nonlinear parabolic equation

vt=qlVxx--q4v
3 fort>0,

I) (0, X) q3 for 0 <_-- x <_-- 1,

v(t, 0) v(t, 1)=0 for >0.

It is well known that for q4>--0 the above system has a global solution and we are
therefore again in a situation where hypotheses (A6)(i), (ii) of 3 must be used in
any theoretical considerations of convergence. Our findings for this example are given
in Table 6. Here we choose T- 1, while keeping the increments between the "data"
points the same as before (At .2 and Ax .25).

TABLE 6

N ,N ^NN ql q3 q4

2 .5030 4.8271 .8539
4 .4976 5,3001 1,2370

8 .4985 5.1774 1.1482
16 .5021 5.0845 1.0443

true value .5 5
qN,O .25 0

Example 6.6. We consider

v, =qlvxx + 2q4(1 +v)-1

v(O,x)=q3
for > 0,

for 0 --<_ x <_-- 1,

v (t, 0) v (t, 1) 0 for > 0.

In this and the next example we solved the approximating identification problem both
without and with noise. When noise was added, then the Crank-Nicolson data which
were used in the fit-to-data criterion were perturbed by Gaussian noise with zero

2mean and variance r -.01. It is accurate to report that in these two examples the
scheme behaves in a stable manner under the influence of noise. In Tables 7 and 8
below, a blank indicates that this parameter was kept fixed at the true parameter
value. The estimates obtained for this example are recorded in Table 7.
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TABLE 7

,N ,’NN q q3 q

no noise" search on q3, q4

noise 0-2= .01’ search on q3, q4

no noise; search on ql, q3, q4

noise 0-2= .01’ search on ql, q3, q4

4 5.2275 1.9254
8 5.1374 1.9741
16 5.0668 1.9845

4 5.2362 1.9335
8 5.1459 1.9813
16 5.0749 1.9917

4 0.2472 5.2846 2.5221
8 0.2301 5.1706 2.3584

16 0.2150 5.0823 2.1746

4 0.2443 5.2903 2.4941
8 0.2272 5.1760 2.3301

16 0.2120 5.0873 2.1442

truevalue 0.2 5 2

QN, 0.1 1 0

Example 6.7. As a final example we consider the coupled parabolic system

v, =qVx + 2(1 +q4w +t)-1,

Wt q2Wxx

v 0, x/=g x 

v(t, O) v(t, 1) w(t, O) w(t, 1) 0

for > 0,

for 0 <= x <-- 1,

for 0--<_x--< 1,

for > 0,

for which the numerical results are given in Table 8.

TABLE 8

,N ,N ^NN ql q2 q4

no noise" search on ql, q4

noise 0-2= .01’ search on ql, q4

no noise; search on q2, q

noise 0-2= .01’ search on qa, q4

no noise; search on ql, q2, q4

noise 0-2= .01" search on ql, q2, q4

4 .2011 1.9933
8 .1987 2.0226

4 .1982 2.1105
8 .1960 2.1246

4 .0500 2.0514
8 .0498 1.9551

4 .0522 2.0349
8 .0520 1.9385

4 .2011 .0500 1.9931
8 .1988 .0499 2.0187

4 .1973 .0522 2.1776
8 .1949 .0521 2.2066

truevalue .2 .05 2

qO .1 .1 0
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7. Concluding remarks. The contributions of the discussions in this paper are
twofold. First, we have developed a general approximation framework in the context
of semigroups that allows treatment of identification and control problems for a wide
class of distributed parameter systems. Our second contribution is a development,
using this framework, of "modal" approximation schemes in the spirit of those often
proposed in the engineering literature. In addition to providing a solid theoretical
foundation for such schemes, we have systematically tested them numerically on a
number of examples and reported some of our findings. One result of these investiga-
tions has been our efforts to develop alternate schemes. The approximation framework
can be used efficiently to develop a class of schemes based on spline or "finite-element"
ideas. A discussion of our findings in this regard will appear in a manuscript that is
currently in preparation.

We close with several further remarks that we have added in the final version of
this paper, partly in response to referees’ queries and partly as a result of our subsequent
efforts and findings in related investigations. First, as we noted in Remark 4.1, the
generality of our theoretical framework (q dependent spaces, norms, etc.) is not
essential to treat Example 4.1 or, indeed, any of the specific examples discussed above.
However, if one considers a parabolic system as in Example 4.2 for which the function
k is parameter dependent, the q dependence of the appropriate inner product is
essential. In fact, such problems arise naturally in estimation questions for porous
media problems, where one of the parameters to be estimated is the function k (the
field porosity) itself. A treatment using the theoretical framework developed above
in connection with cubic spline approximations is outlined for such problems in [42].

With regard to general spline approximation schemes, we have, since this paper
was first written, completed certain efforts on spline-based techniques (referred to
several times above) in the context of the theoretical framework given above. Second-
order parabolic and hyperbolic systems [43], as well as higher-order equations arising
in elasticity [44], have been treated and our findings have been most positive from
both computational and theoretical viewpoints.
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employed in connection with the numerical results of 6,
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PROPERTIES OF MIN-MAX CONTROLLERS
IN UNCERTAIN DYNAMICAL SYSTEMS*

S. GUTMAN AND Z. PALMOR"

Abstract. We discuss properties of min-max controllers (previously obtained) for uncertain dynamical
systems. In particular, we present a new model for switching action and re-examine asymptotic stability.
We demonstrate the attractiveness of switching surfaces and comment on the insensitivity of solutions in
those surfaces to the uncertainty.

1. Introduction. Since the pioneering work of Lyapunov concerning the stability
of differential equations, many papers have been written about the so-called "second
method" of Lyapunov. Roughly speaking, this method consists of constructing a
positive definite test function 7/" which decreases along a trajectory. The analysis of
differential equations using the "second method" is well known and can be found in
the literature 1]-[3]. The synthesis problem, on the other hand, is much younger.
Here, one starts with a positive definite function and then chooses a control function
such that 7/’ decreases along a trajectory. One way for achieving this is by minimizing
7? with respect to the control variable as was done in [3]-[5]. This process leads to a
discontinuous control action. A review of the synthesis approach up to the mid-1960s
can be found in [6]. During the same period of time, a different motivation 7]-9],
called "variable structure systems" (VSS), led to discontinuous control action, which
is similar to that in [6]. Besides the effect of discontinuous control on stability it was
demonstrated, using both the VSS [7]-[9] and the "second method" [5], that this type
of control may overcome uncertainties and disturbances for a limited class of systems.
As noted in 10]-[12], discontinuous control action imposes difficulties on the existence
of solutions to differential equations. This difficulty leads one [3], [5] to replace a
relay, for example, by a saturated linear control which is continuous. A different
approach to relay action is presented in [13]. Here, the notion of a solution to
differential equations is extended via "generalized dynamical systems" (GDS) in which
the discontinuous control function is modeled as a set-valued function. This approach
allows one to use the "second method" directly in spite of the discontinuity. In
[14]-[16] an attempt has been made to use GDS [17]-[21] for uncertain systems. By
observing [16], one concludes that both stability of uncertain systems and the VSS
concept can be unified in a systematic approach using the "second method" of
Lyapunov for GDS. Since GDS approach models relay action (on the switching surface)
as a set-valued function, one may argue that although this is acceptable as a mathemati-
cal model, its validity in real systems is not clear. Thus, it was suggested [16] the
control action on the switching surface be replaced by a short time open loop control.
Another approach was introduced in [5], [22], where the discontinuous function is
replaced by linear saturated action. However, one may argue that approximating a
relay action by a linear saturated control is not allowed, since in the neighborhood
of the switching surface, the action is completely unpredictable. Thus in the present
paper, we relax the approximation and allow a relay (or any other switching) action
to take on any single-valued continuous function in the neighborhood of the switching
surface such that the control action is continuous everywhere. In this regard, see also
[23]. In addition, we investigate the attractivity of this surface and the insensitivity
of trajectories (in that surface) to a system’s uncertainty (invariance property). By so

* Received by the editors June 9, 1981, and in revised form February 1, 1982.
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doing, we show that the "second method" is a natural approach to dynamical systems
with uncertainty in three major directions" stability, attractiveness and sensitivity.
Moreover, it turns out that the GDS model [16] is the limit case of our approximation.
This might settle the arguments of [12], [24] and provides a complete model for the
switching action.

2. Background. In the Euclidean space n, the distance between two points
x, y is d(x, y)- IIx- y ll. The distance between a point x and a set A c yn is
d(x,A)=inf{d(x, y): y cA}. The separation of Ac from B cn is d*(A,B)=
sup{d(x,B)’xA}. The e-neighborhood of a set Ac" is N(A)=
{x" d(x,A)<e}. A set-valued (multivalued) function F(x, t) is a mapping from
,/1 to the set of all nonempty compact subsets of ". F(. is upper semicontinuous
(u.s.c.) at (Xo, to), if given any e > 0, there exists a 6 > 0 such that (x, t) N(xo, to)
d*(F(x, t), F(xo, to)) < e. We say that F, F uniformly on compacta if given any e > 0
and any compact subset K of n+l, there exists an N such that for n > N, d*(G, G) <
e, where G,, G are the graphs of the restrictions of F, F to K.

A multivalued differential equation is the relation

(1) 6F(x, t).

A function x (.) is a solution of (1) in GDS sense if it is absolutely continuous and if
for almost all

dx(t)
F(x(t),t).
dt

The following is well known and is due to Marchaud and Zaremba.
THEOREM 1. [16], [21]. Let F(x, t), defined on some closed neighborhood

Nof (Xo, to), be compact and convex, and let F(. be u.s.c. Then there exists in Nat least
one solution to (1) passing through (Xo, to).

The relation between multivalued and ordinary differential equations is estab-
lished in the following:

THEOREM 2. [25]. Let F(x, t) defined on some open set D be convex, and let F(.
be u.s.c, in D. Let the continuous single-valued ]:unction f(. approximate the set-valuegt

function F(. in the sense thatfor the sequence {[i} ofcontinuous single-valued functions,
f F uniformly on compacta. Then the solutions x(.) x(.) uniformly on any finite
time interval.

Remark 1. Theorem 2 is presented here informally. For more details, see [25].
Next, consider the following uncertain dynamical system [16]:

(2)
2 =f(x, t)+ Af(x, t, v)+B(x, t)u + AB(x, t, u)u +C(x, t)w,

x (to) Xo, (v, ,, w) f,

where x en is the state of the system, B ynm, Cr, U" is the control
vector, (v, ,, w) is the uncertainty triple (defined on Y"x 1), f(. ), Af(. ), B(. ), AB(.
are continuous in all their arguments, and f x is the uncertainty set.

We suppose that no statistical information is known for the uncertainty behavior;
we thus refer to the uncertainty as deterministic. The objective is to select u such that
the uncertain system (2) has certain properties (such as asymptotic stability). In [16]
we have required the following:

Assumption 1 (matching conditions). For all (x, t) "xY there exist a con-
tinuous vector function h(x,t,v)Y" and continuous matrix functions D(x,t)e
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"r,E(x,t,u)Ellm", such that: a) Af(x,t,v)=B(x,t)h(x,t,v), b) AB(x,t,u)=
B(x, t)E(x, t, ), and c) C(x, t)=B(x, t)D(x, t).

Remark 2. The matching conditions are properties of the system’s structure only.
One finds similar conditions in model-following control [26] and in adaptive control
[27].

Following Assumption 1, system (2) takes the form

(3) =f(x, t)+B(x, t)[(I +E(x, t, u))u +r/],

where rl h (x, t, v) +D (x, t)w. Note that for AB 0,

(3a) f(x, t) +B (x, t)(u + rl).

The objective is to choose u depending on (x, t) such that for any r (in some
class) the closed loop system has the following properties: (i) asymptotic stability, (ii)
attractivity, and (iii) insensitivity. These will be discussed in the sequel.

3. Asymptotic stability [16]. We say that a ’ function 7/’(. x -> is
positive definite (p.d.), if a) 7/’(0, t)= 0 for all >-_0, and b) there exist continuous,
increasing scalar functions 3/(. ),/3 (.) with 3/(0) =/ (0) 0, such that for all (x, t) s

x , 3’([Ix I[) <-- 7/’(x, t) <=/3 ([Ix II). We say that 7//’(. is negative definite (n.d.) if -74/’(.
is p.d. Following [16] we make

Assumption 2. The free system (without control and uncertainty) is asymptotically
stable in the sense of Lyapunov. (If this is not the case we first stabilize it.) Thus,
there exists a 7/’(. such that

(i) 7/’(:x, t) is p.d.,

(ii) 3’ (llx II) --> m as Ilx I1-, m,

(iii) 7/V0(x, t)
07/’
=+Vx’f is n.d.

0t

Next, we choose the nominal 7/’(. for system (3a). Then,

(4) +Vx7/’. 7dAo(t) + a’(x, t)(u + rt ),
Ot

where /Co(t) /o(X (t), t) and

a’(x, t)= V//’(x, t)B (x, t).

If for all (x, t) s x 9 1,

(6) min max a’(u + r) -<_ 0,
uU

then, for a proper choice of u, 7/’(.) decreases along a solution x(.) of (3a) for every
value of "0. Now let

(7) U V {r/s IIr II--< P (x, t)}.

Then (6) is satisfied with p(.):n xl__>, such that u(t)=p(x(t), t), and

(8) p(x,t)=-p(x,t)
a(x, t)

Ilc (x, t)ll"
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(9)

To apply Theorem 1, we rewrite (8) as follows"

a(x, t)
-p(x, t)Ila(x, t)ll

p*(x, t)={u e ’’ Ilu[l<-p(x, t)}

where

(x, t) ,

(11) 16(x, t)

ce(x, t)
-p (x, t)[ice (x, t)ll V(x, t) (e),

any function such that )/(x, t) U, and/(. is (x, t) (6e).
continuous everywhere

We now state:
THEOREM 4. Consider the uncertain system (3a), (7) and suppose Assumption 2

holds. Then, given Xo " and any compact time interval, there exists e > 0 such that
the solution x (.) generated by (.) given by (11) is arbitrarily close to the ideal solution
x (.) generated by p*(.).

Remark 4. Recall that/(.) given in (11) is an approximation to p*(.) given in
(9). Since a real controller cannot execute (9) on 6e, but agrees with some continuous
function in the neighborhood (6e), the controller/(. is a suitable model for p*(. ).

the approximated controller

(10) 6e= {(x, t)" ce(x, t) 0}.

Because of the fact that p*(.) in (9) is u.s.c, and convex, Theorem 1 implies that
(3a) with (9) has at least one solution in the neighborhood of (x0, to). This solution
can be continued, since there is no finite escape time (7/’(.) decreases and /(llx][)-- cc
as Ilx[[ oo). As a consequence, we have

THZORZM 3. [16]. Consider the uncertain system (3a), (7), and suppose that
Assumption 2 holds. Then the feedback controller given in (9) assures uniform asymptotic
stability in the large of x {0} for all admissible uncertainties.

Remark 3. If AB 0, that is, we consider (3), the controller given in (9) remains
the same with the exception that p(x, t) is replaced by O(x, t)/(1 +_h), where _h
minv {hmin[-12(E +E’)]}. In this case, 1 +_h >0 must hold. Note that h min[1/2(E +E’)] is
evaluated for each (x, t). Here, Amin[21-(E +E’)] is the smallest eigenvalue of the
symmetric matrix 1/2(E + E’).

4. Models for discontinuous control. In the previous section we have presented
a set-valued controller (9) which is a mathematical model for the discontinuous function
(7). This model allows one to use the "second method" of Lyapunov directly without
tedious arguments for proving existence of solutions.

A different approach uses the approximated controller. The need of such a control-
ler is justified on the ground that set-valued controllers do not exist in reality.
Moreover, one cannot write an accurate model for a discontinuous controller in the
neighborhood of the switching surface. We thus say that in a sufficiently small
neighborhood of the switching surface, the controller takes on any continuous function
(from the admissible set) such that the overall control function is continuous.

Fortunately, Theorem 2 states that if the controller p*(.) is u.s.c, and convex,
the desired approximation is allowed. In that case, the approximated solution lies in
an arbitrarily small closed neighborhood of any set-valued one. In particular, consider
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That is to say, one has to specify p*(. outside a small neighborhood of 5, and the
physics takes care of the rest.

Proof. Consider a point (Xo, to, Uo) in N(5)R(x,t)c"+l m. Let
d[(xo, to, Uo), F] I[(Xo, to, Uo)- Soil, where F {(x, t, u): (x, t) 5}, and let L
[(Xo, to, Uo), So] be the line from (Xo, to, Uo) to So. By construction, its length is equal
to or less than e. See also Fig. 1. Thus, (i)

F

u(s) N (S) x U(x,t)

=-(x,t)

FIG. 1. Proof of Theorem 4.

d[(xo, to, Uo), (5)]< e =d[(xo, to, Uo), G*]<e, where G* is the graph of p*(.), and
(ii) L G* = d[(xo, to, Uo), G*] < e, since L f3 G* int ILl. Next note that in

(5"), the graph ( of /3(.) lies in (5)x (x, t). Thus, consider the sequence
e > e2 >’ > ei ’, limi_ ei 0. It is clear that the continuous single-valued func-
tion /3(.) approximates the set-valued function p*(.) in the sense that (, G*
uniformly on compacta. This last fact allows the direct application of Theorem 2,
which concludes the proof.

5. The attractiveness of ’. In order to make results simple, we shall discuss
uncertain dynamical systems which are nominally linear. That is, equation (2) takes
the form

(2) =(A +aA(v))x +(B + aB())u +Cw.

The matching conditions are

a) AA(v)=BH(v), b) AB(u)=BE(u), c) C=BD,

where H, E, D are matrices of proper dimensions, and B is of full rank.
Equation (3) takes the form

(13) 2 =Ax +B[(I +E(u))u +r/I,
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where

(14) rl =H(v)x +Dw.

Upon choosing

(15) 72(x, t) x’Px,

where P satisfies Lyapunov’s equation

(16) PA +A’P -Q, Q is p.d.,

the switching surface 5e becomes

(17) O= {(x, t): B’Px O}

and the control function (8) becomes

B’Px
(18) p(x,t)=-O(x,t)

where

(19) p(x, t)=maxllH(v)xll+maxllDwll.
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(25)

where

(24)

74/’(t) 2a’B’P{Ax +B[(I +E(v))u +r]}
(22)

2a’B’PAx + 2a’(B’PB)[I +E(v)]u + 2a’(B’PB)rl.

Let u be given as in (8) or (18); that is,

a(x,t)
(23) u -fi(x, t)Ila(x,
where fi(x, t) is to be determined. Then

(21) 7/V’(t) VTz. 2 =0 on ,
and for all x ,
and consider the rate of change of 7/’(. along a solution x(. of (13). Then

(t) -2[No -IIB’PAxII][Ia

(i)

(ii)

(iii)

Ap fi (h. 4- A min(B’PB)) Ohmax(B’PB ),

k min {Amin[(B’PBE(v) + E’(v)B’PB)]},

O max Ilf(v)x / max ][Dw II.

We now investigate the attractiveness of the hyperplane 5e defined in (17). We
first need

DEFINITION 1. A surface 5 c "+1 is asymptotically attractive if a) any solution
starting in it remains there, and b) any solution starting outside the surface tends to
it at least asymptotically.

Let (. )" "- be a distance of a point in the state space to 5" such that

(20) 7/’(x) -I1 (x)112
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Conditions necessary for the above to be meaningful are

(26)

(27)

(iv)

(v)

Define

-4- h min(B’PB > O,

[hmin(B’PB) + k]-hmax(B’PB)p.

F {x "lIB’PAx <P}

and

(28) /5 B’PB is p.d., /3 PBB’P is p.,s.d., -( =/3A +A’/.

Recalling that instead of (24) one can obtain

(29) 7g’(t) <- -x’Ox

we conclude with
THEOREM 5. Consider the uncertain dynamical system (13)-(14) driven by the

feedback control

B’Px
-(x, t)[[B’Px[-[ W(x, t) ,

iO(x,t)=
{u6’’[lu[[-<fi} V(x, t) 6 3,

where 5e is given by (17). Suppose the matrix A is Hurwitz and that conditions (26)
hold. Then

(i) If >-O then the origin {x O} is uniformly asymptotically stable in the large
for any admissible uncertainty (Theorem 3).

(ii) If ( is p.s.d, and

max(P)
2k + hmin(/)

then Sf is asymptotically attractive everywhere.
(iii) If

5>p
max(P)

]k + A min(/)

then 5 is asymptotically attractive in F.
(iv) If

/ max(P) I[B’PAxII
#>p +. "4-/ rain(P) . "-I-/ min(P)’

then 5 is asymptotically attractive everywhere.
COROLLARY 1. Theorem 5 remains unchanged ifp (.) is replaced by an approxima-

tion like (11). In that case we talk about the asymptotic attractiveness ofN (5).
Example 1. Let

-0.5 -1.5
B=
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and choose Q L Then

P=
1,1’ 1 1 1’

/ 1, and thus min(i1) max(i) 1. For AB [], q O, we find O.
We conclude

(x) (x)l is positive outside {x’ x +x 0},

(t) N-(x (t))]lz 2 O)]l (x (t))ll.

Thus, provided O, is asymptotically attractive everywhere.

6. Insensitivity o trajectories in . In this section we show that the concept of
average motion, which is commonly used in regular relay control, can be extended to
uncertain dynamical systems. We stress that in order to make this generalization, we
need Theorems 1 and 2 for GDS. According to the previous section (in particular,
Theorem 5), if the control magnitude fi is properly chosen, the surface is asymptoti-
cally attractive. According to Theorem 1, a solution exists in ; that is, a sliding mode
is possible. According to Theorem 2, the approximated solution lies in the neighbor-
hood of the original one, and thus in the neighborhood of . In the following, therefore,
we shall investigate the ideal motion in . For simplicity we discuss the linear version
as in 5. According to (17), motion in satisfies

(30) ’ex(t) 0.

Thus, by (3a),

B’P2 =B’P(Ax +B(u +))=B’PAx +B’PB(u +) 0.

Since B’PB is nonsingular, u "chooses" its values in the GDS sense according to

u + n -[(B’PB)-B’PA ]x.

Substituting in (3a), one obtains

() i [ -.(.’e.)-’]ax
This result is clearly independent of the uncertainty vector .

Remark 5. One should look upon the motion defined by (31) as a limit process
of a sequence of approximated solutions as the approximation tends to zero. In this
respect (31) defines the average motion.

7. Model-following control. The previous sections have demonstrated the sys-
tematic use of the min-max controller and its flexibility. In this section we apply the
results to the adaptive model-following control (AMFC).

Let a system be given by

(32) , Apxp +Bp(u + r)

and a model

(33) , A,x, + B,r,

where r is a reference signal.
It is assumed that"
(i) the whole state vector is available for measurement,
(ii) the perfect model matching conditions [26], [27] are satisfied.
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In fact, conditions (ii) are equivalent to the matching conditions of 5.
Let

(34) e =X,--Xm.

Then

(35) Ae +B,u + AAx. + ABr,

where

(36) AA Ap A,, AB Bp Bm.

If the matching conditions of 5 are met, (35) becomes

(37) d =A,,,e +B,(u +rl),

where

(38) rl H(v)xo +E(v)r.

In equation (38) we have taken into account the possibility of uncertainty in A,. If
we define

(39) 0 max IIH(v)xoll+ max IIE(v)rll,

our previous results, and in particular Theorem 5, are applicable. Note that outside
N,(5) (see (11)), the control function has the form

(40) p (e, xp) -fi (r, xp)
B ’pPe
IIB;eel[’

with fi >= O and PA,, +A’mP -Q, where Q is p.d. The invariant surface is a function
of the error only and is given by

(41) 9={e:B’oPe =0}.

8. An illustration. The aim of the present example is to illustrate the computa-
tional procedure of 7. Toward this end we have chosen an example from the literature.
This will help the reader to compare procedures previously examined [28]-[30] with
the present min-max controller. The data of the problem are as follows"

0 1 0 0

5.318E-7-0.4179-0.1202 2.319E-3

1-4.619E-9 1.0 -0.7523-2.387E-221_-0.5614 0 0.3002 -1.743E-

0 0

0.1717 7.451E-6
0.0238 -7.783E-5
0 3.685E-3
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0 1 0 0 -11.401E-4 r -1.9513 0.0133

1-2.505E-4 1.0-1.3239-0.0238
[_-0.561 0 0.358 -0.0279_]

0 0 0
5.3307 6.447E-3 -0.2669

-0.106 -1.155E-2 -0.2511
0.106 O.0862

r =Jr1 rz 0]’.

We now calculate the control function (40)"

0 0 0

1.3957E-4 0.4179+r -1.8311
2.505E-4 0 -0.5716
4.0E-4 0 0.0578

o’[-0.558, -3.558].

Since

0
1.0981E-
7.0E- 5 /
1.047E- 2 J

To calculate zXB, we augment B,, with an additional zero column:

0
5.159

AB B’ -[B’ !O]=[[k;] -0.10362
0

6.4395E-3
-1.1472E-2
0.10232

o
-O.2669

-0.2511|"
0.0862_

and/p is nonsingular, matching conditions are satisfied such that

and with r -2.058 + 1.5v, Iv -< 1, we find

5 0.319- 0.291v
/-r(v)= / 3.04E’-3 0.171-0.157v

[_ 1.071E’-3 -0.21+0.193v

0.971
6.49E’- 2 0.964

-7.978E-2 4.51E-2

p(x,, r)=max [[/-(v) 1;3
P

-1.145E-4

0.232
-1.231
2.209

2"49E- 331-0.104
1.608E-

-4"314E- 11.474E-
1.037

iril
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From PAre +A’P =-O, O L we obtain

18.8 4617.5 -732.94 0.89
17.5 8043.3 -1256.7 100.03
32.94 -1256.7 199.07 -5.99
0.89 100.03 -5.99 50.21

2333 -4068 635.1 -52.131
38.33 76.97 -11.04 6.036/
1048 -1823 284.9 -2086]

Finally, recall the control function (40).

Acknowledgment. The authors wish to thank Professor G. Leitmann and
M. Corless for their valuable comments.
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BOUNDARY STABILIZATION OF HYPERBOLIC SYSTEMS
WITH NO DISSIPATIVE CONDITIONS*

SUN SHUNHUA

Abstract. In this paper a theory of boundary stabilization of hyperbolic systems is given in such a way
that the resulting system is not necessarily dissipative. Further, we obtain the uniform boundedness of a
class of semigroups whose infinitesimal generator is not necessarily dissipative. The key point of this paper
is that in contrast to most other works on stabilization of hyperbolic systems we do not require our generator
to be dissipative.

1. Introduction. There has been much work (cf. [1], [4], [7]-[12] and references
in [8]) on the stabilization of hyperbolic systems. Most of the papers, with the exception
of [4] and [12], are concerned only with feedback laws such that the resulting systems
are dissipative. As is pointed out at the beginning of [7], the dissipative property
demands that the control forces be applied at those points of the system where the
sensors are located and that they be proportional to the measured data. This leads
to many more restrictions on the control devices. Moreover, for some practical control
systems, the locations of the sensors and of the points where the control forces are
applied are rest’ icted to a preassigned finite number of places in the system. All this
leads us to consider feedback laws for the stabilization problem such that the resulting
system is not necessarily dissipative. We shall see later that the stabilization problem
with no dissipative condition is also interesting even from the purely mathematical
point of view.

Let us begin with some examples.
Example 1. The boundary stabilization of the wave equation. Let f R be a

bounded and connected domain with smooth boundary F. The boundary control
(forces) can be applied only on a finite number of subsets Fg (l _-< _-< N) of F. The
system that we are concerned with in this paper is the following"

02W
-AW infl, t>0

Ot2

(1)
Wit, O,

cqW]= I-giUi(t)r/to 0

onF, l=<i-<N,

/( /on F F0 Fi

W[,=o= Wo, W.
t=0

Here FiFj= (empty set) l<=i, f<=N, giH1/:Z(Fi) and Ui(.)L:z(O, T) (’tiT>0)
is a scalar control function, and H (.) is Sobolev space of order m. For simplicity,
we assume that the (n 1) dimensional Lebesgue measure of Fi is not zero, 0 <-i <= N,
and that the boundary OFg of Fi is also smooth, 0-<_ N.

* Received by the editors November 11, 1980, and in final revised form, December 1, 1981. This
research was performed while the author was a Visiting Professor at Purdue University, W. Lafayette,
Indiana.

5- Sichuan University, Chengdu, Sichuan, People’s Republic of China.
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Let V Ho {$ Hl(fD[lro 0 in H1/2(F)}. The sesquilinear functional on V,

defines a bounded linear operator A (V, V’) such that II(,O)=(A&,tO)(v,v,),
where V’ is the dual space of V and (.,.)(v.v,) is the dual product of V and V’. Let
-{ VIA LZ(f)}. It is not difficult to verify that the restriction of A on (still

denoted by A) is an unbounded positive operator with its domain @(A)= and
A =-A on . Indeed, ={ H-o106/0n =0 on F/Fo (in H-/2(F/Fo), cf. [6,
p. 24]) with A L2(f) (in the distribution sense). In the remainder of this paper,
the operator A is always understood in this sense. We choose the feedback as follows:

(2) Ui(t) (/(", t), bi(" )) Ja l//(x, t)bi(x) d, 1 <= <=N,

where bisLZ(fI), (1-<i -<_N).
Our problem is whether we can choose bi (1-<i -<N) to stabilize the system (1)

under the feedback (2).
Let ffi (1 <= -< N) be the unique solution of the following problem’

Ai=0 inf,,

0ff =0,

Oi =g,.

It is known ([5, p. 18]) that g(A/Z) V. From (1)-(3) it follows that (W+
N -1/22,=g(W, =0, (O/On)(W+Y,=g,(W,b,))lr/ro=O (m H (F/Fo)) and that

A(W + EiN= gi( /, hi)) AW L () (in the distribution sense), so we have

W + E ,( I’i, b,) e (A)
i=1

and

(1’)

Making the substitution

( NA )dW
-A W+ E g,(l/V,b,)

dt i=

Wl t=o W0, I/’l t=o Wl.

we obtain

(4)
dY(t)
dt

Mo(I + S) Y(t), y(o) Yo a- (Aa/zWW1 1’

where

A1/2
0 ]’

SX-- l(A1/2gi(x, (bOi))0 ]
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for all X e L2(f) L2(f). Let ’ 40(I + $). Then

@ (/) {X e L2(fl) x L2(UD[(1 + S)X (o)}.

Example 2. The boundary stabilization of a vibrating string. For a string with one
end fixed and other end controllable, it is known [2] that the vibration is described
as follows’

OZy (X, t) O2y (X, t)
---T-- 0, 0<x <l,

Ot Ox

-u(t),(5) y(0, t) 0,

y (0) y0(X), 0] --yl(X), p<x<l,
t=0

where u(t) is scalar control function, yo, yl and y(., t) are all in L2(O, l). We choose
the feedback as follows

Oy (x, t)
b (x----- dx,(6) u (t) (, b) 0-----

where b L2(0, l).
Let V HoX(0, l) a__ { Hi(0,/)l&(0) 0}. Similarly, the sesquilinear functional

on V

1-I(, ) x6 dx

defines a bounded linear operator A e.’(V, V’) such that 1-I(, )=(A,
Let { e VIA L2(O,/)}. It is also not difficult to verify that the restriction of
A on (still denoted by A) is an unbounded positive operator on L2(0, l) with domain
@(A) =. Indeed, ff={ H(0,/)1(0) =0, ’(/)= 0} and the operation A& =&"
for all & . Let g be the unique solution of the following problem in

d2g
dx2=O, 0<x<l, g(0)=0, g(/)=l.

It is easy to see that g x, hence, g e V @(A1/2). As in Example 1, we have that
(y(.,t)+(,b)g)e@(A). Then the system (5) with feedback (6) is reduced to the
following

(5’)
d2y (t)
dt2 atdy]A (y + (3), b >g) y (0) yo,

t=o

Making the substitution

we also obtain

(4’)
dY(t)
dt

go(t + S) Y(t), Y(O) Yo --a (A1/2Y],
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whereo has the same form as in Example 1, and in present case, SX (X, ()).
for all XL:(O,l)xL2(O,l). For =o(I+S), we have a form of @() similar to
that in Example 1. Now our problem is whether we can choose b e L2(0, l) to stabilize
the system (4).

All this leads us to consider the abstract Cauchy problem (4) in an appropriate
separate Hilbert space H x H. In particular, in Example 1 we take H L2(fl). In
Example 2 we take H (span {1, x})- (in LZ(0, l)).

In the second part of this paper, we shall show that under the assumptions (Ha),
(HA) and (SH2) the semigroup e’ is uniformly bounded. Then the standard argument
using a Lyapunov function yields the asymptotic stability of the solution of the abstract
system (4). In the last part of this paper, we shall go back to the examples to exhibit
the stabilizability condition into more concrete form.

Evidently, the systems (1) and (5) together with the feedbacks (2) and (6),
respectively, are not required to be dissipative.

2. Uniform boundedness of semigroups and stabilization. We now give some
general results for the operator s 0(I + S) and the associated semigroup e st with
the operator S, an operator of rank N, given as in Example 1. It is worthwhile to note
that the operator stated above is general enough to cover some other examples, for
instance, the vibrating beam cantilevered on one end (as in Example 2) and the
vibrating plate with some simple boundary conditions (as in Example 1).

We assume that the operator A (in (4)) has the spectral resolution A i=l/-#iF/,
u >0 (V _-> 1) and {F.}] is the resolution of the identity associated with A in H. It is
easy to see that [4] 40 Y.’oo hsEs, where As i. (sgn/’). X/ls (V 0), Y_.’ means that
the term with index zero is excluded in the summation and {Es}’o is the resolution
of the identity (in H H) associated with

We now assume:
(Ha). sUpVkO dim Eg N <c (or equivalently supk_>_I dim Fk N) and there exist

constants a and 3’ such that

sup 2(X-X) inf
Vlk

(H2). With the constants a and 3’ given in (Ha), A<bk., A l/2+2"/bk fi H (1 _-< k =<N),
and the (N N) matrices ((Fi, Flbs))uu (’ill >- 1) are all nonnegative with their ranks
equal to rank F (=-dim Fl), respectively.

(SH2). It will be shown in the remark in 2 that the operators Ak’Fki F,bi,
1 <_-i =<N, are well defined and positive on Fk.H, k _-> 1, respectively. We now assume

max {Ih l: A tr(A))
sup
k_-->l min {[h I" Z o’(Ak)}

LEMMA 1. (S4) is dense in H H.
Proof. By definition @(4) {x H H[(I +S)x @(4o)} (1 -[- s)-lr(o) in the

sense of the inverse image of the set (o) under the operator (I +S). Since S is
compact, (1 +S) is one-one from HHker (I +S) onto HHker (I +S*). So
(1 + S)-a is bounded from H H3ker (I + S*) onto H H ker (I + S). Evidently,
(I + S)-!@ (4o) = ker (I + S) and @ (4o) ker (I + S*) is dense in H H ker (I + S*);
these lead to (I +S)-a@(o) (a dense subset of H Hker (I +S))0)ker (I +S)
which is dense in H H.
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LEMMA 2 [12]. For any x, y H x H, we have

1,

(R ( s4)x, y)= (R(A S4o)X, y)- I+ W(A))-a ( S4o)X,

1(bN
(7)

A/a,
,A1/2R(h;o)

0

A/

where R (h ;. (h -.)-1 and

(8)

(( ( 0
W(A A1/2R (h Sgo)

A 1/2i bi

_1 Z, IA
NxN

VReh >0,

where T means the transpose of the matrix (of order N N). Also, we use the same
symbol I to denote the identity matrix (of order N N).

Proof. Verify directly. In fact,

(the right-hand side of (7) with (h -4)x instead of x)

(R (x; o)(X o(Z + S))x, y

A1/2R (A So)
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((r R (, do)doS)x, y

/-
Al12R (A o)

A/

il A

-/+ W(A)-’(/ + W(A))’t(b!)]i’ ’A’IZR(A;’r)

A N
=(x,y) ReAO, x,yHxH.

Similarly, we have (A-). (the corresponding terms of the right-hand side of
(7)) I.

We can veriy (8) easily by noting the ollowing. Every normal eigenvector
o A associated with eigenvalue u gives rise to two orthonormal eigenvectors
0+ 1/#() and 0_= 1/#(7) o o associated with the eigenvalues o i# and
-iu, respectively.

COrOllARY. Under the assumptions (Ha) and (H2), -x is compact and

(9) () { det (I + W( )) 0} { IRe < 0}.
Proof. The proo is as given in [4] and [12]. Indeed, (7) holds or all

(o)(), because R(;) is analytic in p(). It ollows rom the proo o
Lemma 2 that e p () whenever (o) and det (I + W()) # 0. In particular,-exists and is compact. As in [12] it is not difficult to veriy that ()(o)=
(empty set). Thus, only the second inclusion relation remains to be proved. Assume
now that there exists o such that det (I + W(o)) 0. Hence, there would be a nonzero
vector e u such that

0 (( + W(o)),) [[+ ao-
ff we now let r Re o and notice that the i’s are imaginary, we get

0 IIll + io. l<(<f/, b>),> +imaginary part.

By assumption (H) the matrices ({Fi, b}) r are all nonnegative. This together
with the above equality leads to r < O, i.e., Re Io < O.

((t R (x; ego)seoS)x, y)
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The proof of the corollary is thus complete.
The following remark is needed for the remainder of this paper.
Remark. Because of assumption (H2), we can assume, without loss of generality,

that for any l, span {Fill,’’’, Ft,o} FtH, where pt dim Ft. Define an operator At
in FIH as follows"

(10) A(Flk)=Ftbk. 1 <=k <=tat.

The operator Al is positive because for any x aFli c= FIH we get from (H2) that

Ol

(11) (Alx, x)= ’. aial(AiFli, Fli) X aii(Flbi, Flffi) >0,
i,i i,i

whenever IIx # 0. If now N > Ol, we claim there must be

(12) AtFt,k =Flbk, Or+ 1 + <-k <-N.

We prove (12) only for k O + 1. Since span {ftl," ff"lot} fiH. We have Fl,o,+= riFli for some {r}’. The nonnegativity of the matrix ((Flg, Ftbi))uN implies that
(Elgin+l, ftbk.) (fibre+l, ftk), 1 <= k <= Or. For the same reason, Ftbo,+ y,,o,k=l r’kFlbk:
Thus we obtain

(13) ((Ftbi, Flg]))ptpl ((Flgi, Fib]))

By the positivity (and also the selfadjointness) of the matrix ((Fbi, Ftg))rr we have
ri =ri, 1 _-<i --<pt. Hence (12) is well defined; i.e., (12) is compatible with (10). We now
set A=Yi= A/2Fi The operator A is positive in H with @(A)=

1/2{x HI=I IIA Fxll2< eo} and commutes with A (at least on a dense set in L2())
because A is a constant multiple u of the identity on every eigenspace FkH. Moreover,
from (12) we get

(14) A A-b, 1 =<i =<N.

Let

(15) C A(A 1/2gi) A-I(A 1/2bi), 1 <= <-N.

This is also well defined because gg @ (A 1/2) and (H2) holds. Thus we have
/2 /2b,))/2IIc, ll--((A(A g,), A-I(A

(16)
((A 1/2i A 1/2bi))1/2 < (IIA 1/:g, II’ IIA 1/2bill) a/2 <.

Let Ao AA-1/2 with domain @(Ao)={x HIF.,=I (1/,)IIA/F,xII < oct. Then Ao is
positive, but may be unbounded in H. This is because Aox =2i=1 (1//)Ai/2Fx,
and on FH the operator Ai is unitarily equivalent to a diagonal positive matrix. Then
(15) becomes formally

(17) C AoAg AXb, 1 <_-i <_-N.

We now can restate (SH2) in the following way"
(SH2). There exists a sequence of positive numbers {et} such that supvt {lletA/211 +

i-1lie A-1/211} < co, where the At’s are as defined in (10).
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LEMMA 3. Under the assumptions (H1) and (Hz),

(8) E .d- (1 +w(x
A -A

1 N
< EIIcll= v>o, >0--"/ 2(n +1)

/=1

where Ill(a.) nlll2 Ei=IEi=I laii and

(19) C,=lll(Nl/NxdimE,
The same symbol E/(k) is used to denote the vector E/() and the coordinate

vector of the vector Ei(g) with respect to a chosen orthonormal basis of the space
Ei(H x H); i.e., Ei() also denotes a vector in the complex space of dimension Ei and
also the set of dim Ei complex numbers which are just the components of the vector
Ei() with respect to some chosen orthonormal basis in Ei(H x H).

Proof. Let c=o-il (,)(’,(i)) with N(c)=(o). We have c
AoAX(at least on a dense subset) where (Ao o

o Ao) is denoted by the same symbol Ao.
Since Rec =-ia (,)(., (,)) N0, ea’ is a contraction semigroup (cf. [14]). If in
(7) we replace bg and Affg by Ci, we get

(matrix of order Nx1)

(((o) .<..o.(O))). t"l" W(/))-I
Ci C (matrix of order NxN)

(20)

CN(matrix of order Nxl)



870 SUN SHUNHUA

1 (R 0 0

--A--hi ( (A" "9)(Ci), (Ci)I) NN(I W(A ))-I

E
0

If we now use (8), (17) and (H) we can write the right-most side of (20) as follows"

(I -[- W(/ ))-1

/<EJ(I), Eix)

Let {e.} (1 <_-k <_-dim Ei) be an orthonormal basis of Ei(H x H). Replacing x by

ei in (20) and letting the index k run from 1 to dim Ei, we obtain

0)
(, sgc) , ei dim Ei)

xdim E

h -A

(E](I), e dim Ei)

(Ei(N) eidimE,)/
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Summing both sides of (21) with respect to the index/’, and using known results
on R (A, Mc) (cf. [10, p. 250]), we get

X,
1 dn ). (1 + W(X))-,

(22)

1 N

E IIc, vx > 0, n > 0 (n integer).A2(n+l /=1

This is just (18).
We are now at a position to prove our main lemma.

LEMMA 4. Under the assumptions (H1), (H2) and (SH2), the semigroup et is
uniformly bounded.

Proof. By well-known results (cf. [14, Chap. IX]), we only need to prove that
there exists a constant M such that ]](1/n !)(dn/dA n)R(A;M)II<M/An+I, A >0, n _-->0.

We shall first express (R (A M)x, y) as a sum of certain expressions and then differenti-
ate both sides n times with respect to A. On the right we shall be able to estimate the
derivatives of each term.

In the following we write

(0)R (A; M) instead of (o)A1/2R (A Mo)
A I/2,t

for convenience. By (7) we have

(R (A M)x, y)= (R (A Mo)X, y)

kY, Ek

Now let

;tx, Et
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Then from the preceding equality, we get

(R (X; )x, y) (R (A So)X, y)

(A
1 y., 1 ( 1 1 )2 __./)2( 1 -+- W(t))-ll-II, 1-Ik,

(R (a o)x, y)

o)C
l=- (A A/)2

+ W(A))-a A/2Etx, El

0’

0’

C1

-[1A-[1/ZE# El

(o
C

_2,
1 ( 1

Here we have used (14), (15) and AFI =lhllA1/2Fl to get the last equality in
the above chain of equalities. What we want to do in what follows is to
estimate II(1/n !)(d"/d,t")R(h;s)ll term by term by using (23). Before doing this we
need first the following equalities.

(+w())-
1

(24)

Hence,

(I + W(A))-I

(25)
Cu,CT

+ (t + w(x))-}.
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Now we turn to the term by term estimate of I](1/n!)(d"/dh")R(t;)ll by
using (23) in the following steps.

Step 1. Estimate of any term in the last summation of the rightmost side of (23).
For any term in the last summation, by using (25) we have (l and k being symmetric)

1 d" Ilkt

(26)

1 d" 1
n! dh" hl--hk

1

/[---*1 (--ii2(1 + W(A))- + .=-2 (al *v)(/ -*v)(1 + W(A))-1

tY,

A,N c

x,E E

To estimate (26) we need to estimate each term on the right-hand side separately.
Before doing this we note the following.

Let

1+ Z ff+ r.)-
^T ’S =-rn.Since CvCv are all nonnegative and the A are all imaginary, it must be that T*

Therefore, for any x s CN we have

(27) I1(1 + T.) x IIg= Ilxll= + [IT.x = >= IIx IIg ,

SO

(27’) I1(1 + T)-III < 1 Vn O.
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We now return to the estimate of the terms on the right in (26)’

(i)

1 d 1
n! dA

1
(1 + T)_ i

h h ix, Et

/

0

(AN,

(1 + T)- x, E

a

kY,

A IO/2N

\ \gN/ C

(ii)

o)
iX, Etx

O’
bN,

E
0

Y,

(Ai
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0

C1
1 d I+W(X))-

(A A/)2
lA/2EIX’ El

0

y, Ek

C

Letting

kY,

AN

we get that the right-hand side of (ii) is equal to the following:

(ii’)
1 d" ((1+ W(X))-. (x -x,)

From

(28)

(R (A c)Etx, Ely

o)
(A A/)2

-t- W(A ))-1 ix, El

//
PlY, El

1( ’
C
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with : =Ely and the well-known results on the dissipative operator sCc (cf. [10,
p.250]) and by using the following in the expression of :

o

IEI(A-{1/aA1/2bN)/

-1 A-a/2Et( 0 T

-[ A -[ ’:’-E (

we get that (ii’) is less than or equal to

2 II,A]/,xll’ I111/n+l

2
,t.+,ll,AT/,xll

,,to(i._A) e A-{
A bl

AabN im EtxN
(1 +T)-

-+-< II,m "11 m sup

,y,E,

"11(i=, El(AOabi) )
12

C
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(iii) Using the transpose of (18) at the third step below, using (15) at the next
to the last below and using (H1), (H2) at the last step below, we get

1 d I+T)-1

Y’ C.C.

=l

(1 + W(X))- x, E EY’

0

n!
(1 + W(h ))-1

/(AObl) 11
IX, El

(AOb)

I/ll 2a (Xl ’k)(l-
(1 + T )-1 kY, Ek{

n! dA h-hv
--(1 + W(X))- x, Et

2 2

IIC

Ihkldv" (I + T’ )-1
[X/[2 (X/ k)(l-

(A 1/02r )
2 1/2

E
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1 N

(ll,llb/n+l /=1

1/2

CN

kY,

A fin C

Ev Ca
,Ev

CN .(

IIyll vt,sup A 2..--A-
1

i, +a [the other factors]

(E(A?C), U,’(A2))
1 ( L)<- [as above] inf II/ul2r(,l -,u)--n+l

)[as above] ( inf I11a,-xl
\lv

[as above] inf IIivl2r(ll--tu)
A tlv

-1

-1

-1

2 1/2

2) 1/2

N

2) 1/2

1/2

(A a/2 -gi, A (a/:z)+b.)
2 1/2

(i=1 h]Ek(elO/2,i)l]) [IEIxI[’IIEkYI[’

1/2



BOUNDARY STABILIZATION OF HYPERBOLIC SYSTEMS 879

where M1 is a constant independent of h (>0) and n.
Putting (i)-(iii) into (26), we obtain

h >0, n >-0,

where M2 is a constant independent of h (>0) and n (=>0, integer).
Step 2. The estimate of any term in the second summation of the rightmost

side of (23).
It follows immediately from (28) and (SHe) that

(30)

n! dh"
1

)2 + W(/))-I tA/2ElX, Et
(h

c

!1)

2 M3--, +1 [[EIA/2EIXI[ lIE )--1 A-1/2,-.lty,,
A n+l IIF_.txll. I[E/y I[, h >0, n >=0,

where M3 is a constant independent of h (>0) and n (>=0).
The estimate of the first term of the rightmost side of (23) is trivial.
Putting (29), (30) into (23) and using (H2) we can easily verify that

(31)

. d-(R (h sO)x, y

M y, 0 /

+,n E
lk i=1 A’bi

<
M

h>O, n>--_O, x, y6HxH,
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where M is a constant independent of h (>0) and n (_->0, integer).
By well-known results (cf. 10]), (31) implies

(32) Iletll <=M Vt >= O.

This completes the proof of the lemma.
Our main theorem is the following.
THEOREM 1. Under the assumptions (H), (H2) and (SH2),

[le’xll0 (as t-->oo) Vx sH xH.

Proof. Let 12

n, {x n x nlllxll. <x. x / <Aox. mox> is finite.}

By the definition of Ao, it is easy to see that @ (Ao) is dense in H x H. Hence Ha
is dense. Also, Ha is a Hilbert space because Ao is positive, hence, closed (cf. [10,
pp. 196-197]). On HA we have

Ile’x [1. -Iletx 2 /<mo e’x, mo etx)
Ile’xll2 +(Ao etAlAox, Ao etAlAox)

lie "x 2 + lie’Aox .
Hence, by Lemma 4 and noticing e dct being a contraction semigroup, we obtain

(33) Ile’xIInA<=M211XlIa +IIAoX[I
Considering T(t)= e a’ as a semigroup on HA, from (33) we have (cf. [14, Chap. IX,

3, Thm. 1]) that Harq@(.d) {x Hallimho (1/h)(T(h)-I)x exists in HA} is dense
in HA. Hence, HA I"1 @ (d) is also dense in H x H.

Let V(x)= IIoxll on H. It is a Lyapunov function [3] because
1(x) )i_,mo+ -(V(e’x) V(x))

(34)
(Aodx, Aox) (Aox, AoCX)

(4c Aox, Aox (Aox, .’c Aox)
=2Re(edcAox, Aox)<=0 Vx

Lemma 4 and (34) guarantee the existence of an invariant set of the dynamical system
T(t)x (x HAf3@(’)). Assumption (HE) then implies that the singleton {0} is the
unique invariant set of T(t)x, x Ha r’l @(.d). Therefore, by the standard technique
(cf. [9]-[12]), we get

In particular I[e’xll-, 0 (as t-,) Vx HA(). Lemma 4 then implies
(as --> c) Vx H xH.

Theorem 1 is thus proved.

3. Applications. We now apply the theory given in 2 to the concrete boundary
stabilization problems given in 1.

First we consider the system (5) with the feedback (6). It is known from [2] that
the corresponding operator A (see (5’)) has simple point spectrum {/Xn} with /-J,n--

O(n 2) (n large). Let {&,}] be the corresponding system of orthonormal eigenvectors
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of A. It can be easily verified that

1
(g, en)=-,(/) Vn >_-- 1,

also , (l) # 0 Vn _--> 1.
The assumption (H1) is valid if we choose a = and r 0. The assumption (H2)

is reduced to

The assumption (SH.) is satisfied automatically in the present case.
CONCLUSION. Under the conditions, (35) and A1/2b e L2(0, l) holds. Then for any

y e L2(0, l) and y0 e (A 1/2) Ho (0, l) the solution of (5) together with (6) is strongly
stable.

This is just a consequence of Theorem 1.
Now we go back to the boundary stabilization of the hyperbolic system (1) in
R with the feedback (2).
We assume that the corresponding elliptic operator A (see (1’)) has the property

(36) dimF N Vk 1.

By well-known results, we have (cf. [2])

O(n ), n large.

Hence assumption (H) is satisfied if we choose a 1 and r -a.
The assumption (H) is then in the following form"

(371) rank ((Fli, Flbi))NxN rank FI, 1,

1
((Eta,, F,b)) --((Ai, Flb))

1(( dimFl

l k=l
(372)

dim F/ F)
\ k,= (tt)l, b]) It. gilk d

-’-(IFi gilk d)NxdimFl (II lkb’-1" d[’)dimFlxN
>-0 Vl>=l,

where {k} 1 -< k _-< dim F is the orthonormal basis of Ft{L2(fl)}. In the present case,
the assumption (SH2) reduces to the assumption

max {h’h r(Ak)}
(38) sup

,>_-1 min {h" h cr(A)}
<’

where

IF giZk,1 dF / I bik,1 dfl

1
Ak’ -->

12k

gi& dim d bi& k,dim d

1-<_i-<dimFk, k_->l.
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CONCLUSION. Under the condition (36)-(38) and biG(A3/2), I<=f<-N, the
solution of the system (1) together with (2) is strongly stable for any W16LZ(I-I) and

WoH’o.
Remark 1. A natural question is whether there exist bj’s and gj’s such that the

assumptions (H1), (H2) and (SHE) hold. For the system (5) with the feedback (6), the
fact that ,(1)# 0, n 1, implies the existence of b satisfying all the assumptions we
required. For the system (1) with the feedback (2), it follows immediately from
assumption (H2) that

(39) rank gil, dF dim Ft, 1.
Nxdim Ft

The condition (39) is indeed, in a sense, equivalent to the controllability of the system
(1) or the corresponding parabolic system. We are not going into the details; however,
some information can be obtained in [13] or [15]. Hence, it is natural to assume that
(39) holds.

CONCLUSION. If (39) holds with gi H/a(Fi), 1 i N, then there always exist
{bi} such that assumptions (Ha) and (SHe) (or equivalently, the assumptions (37) and
(38)) hold.

Proof. Let

(40) Bt e([ git,k dF] 1,
Pl dFi / Nxdim F

where el > 0 (l >_- 1), are sufficiently small. Also, let

<jNdim Ft
ll

Then it is easy to verify that the corresponding operator Ak (see (38)) is equal to
e -IIk, where Ik is the identity operator in FkL2(fi). Hence, whatever el > 0 we choose,
we always have

max {A: A e r(Ak)}
(42) sup

k_->l min {a" a o’(Ak)}
1

This implies (38). Moreover, for any > 0, using the trace theorem (cf. [5], p. 39)
we have

IlAb[[2 2
j_--<dim
ll

<= Z
/"dim Ft
ll

E
<j "<dim F
ll

L2(Fk)

(43)

L2(Fk)

L2(Fk)

--<--1 dim Ft
ll

l_--<j_<--dim F
lelVT-11E[IA1/2_ ,,E

<=dim F
l>_l

2 2a -1 l<=k<_N
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whenever we choose et > 0 such that

2-1(44) 2 eu <,
where C1, Cz and C3 are constant. For any given c > 0, the existence of {e} satisfying
(44) is trivial. Furthermore, (37) holds automatically by virtue of (39)-(40) (also (42)).

Our conclusion is thus proved.
Remark 2. Another natural question is whether the semigroup given in

Lemma 4 is still a contraction semigroup. In general, the answer is NO. Indeed, for
the system (5) with feedback (6), the following formal calculation can be fully justified.

Re (X,X)= Re {((AOg),X) (X, ())} Re {(x2, b). x(i}
(45)

xH(O, ), X (x) ().X2

Hence, Re (X, X)0 would imply b eAg, where e >0 is a constant. But Ag is
only in (H(0, l))’ and not in LZ(0, l). This contradicts b (Aa/).
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ASYMPTOTIC PROPERTIES OF A FINITE STATE CONTINUOUS
TIME MARKOV DECISION PROCESS*

GERD ROD5

Abstract. We consider a continuous time Markov decision process with a finite state space. There is
a specified terminal reward, but the reward or cost rate is always zero. The maximum expected final gain
can then be obtained by means of the exponential of a certain sublinear operator on R". This representation
allows us to describe the asymptotic properties of the reward vector. We prove that the expected reward
always tends to a limit as the time parameter t--> . If we assume that it is allowed to stop the process in
any state, then we can construct an almost optimal stationary control. Finally, we characterize the case
where the asymptotic gain is independent of the initial state.

Key words. Markov decision processes, nonlinear semigroups

1. Introduction. The theory of Markov decision processes with continuous time
and finite state space (see, e.g., [2], [3], [4]) is formally identical with the discussion
of the Bellman differential equation [1]

d-x (t) sup (A Ux (t) + a u) Vt >_- O,
uU

where, for u U, A"R R is a linear operator generating a semigroup {exp (tA")}t>__o
of Markov operators on R" and where a R" describes the reward rate of the process
specific for the strategy u U.

In this note, we discuss the special case a u= 0 for all u U. This means that our
only goal is to reach a good state at the end of the control time; any costs or rewards
during the control are out of consideration.

Our main results (Theorems 1, 2, and 3 in 4.) describe the asymptotic properties
of the final gain x (t) as oo.

and

2. Notation and definitions. A mapping F" R" -> R with

F(x + y)<-_F(x)+F(y) Vx, y

F(cx)=cF(x) Vx eR", c>-O,

is called a sublinear operator on R n. We shall need three special sublinear operators:

Id: Id (x)= x ’x R ",

Max: Max (x) max l<=k<=n xk fx s R ,
Gen: Gen (x) Max (x) x x e R .

A sublinear operator F on R is called a Markov operator, if it fulfills

x<-y=>F(x)<=F(y) /x,yR"

and

F(c) c f constant c s R n.

* Received by the editors March 3, 1981, and in revised form January 12, 1982.

" Kraichgaustrasse 4, 6908 Wiesloch, West Germany.
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F is called a Markov generator if it satisfies the condition

x R, l <-k <=n,x: max xi::r>(F(x))k <--O.
li=n

It is easy to see that a sublinear operator F on R is a Markov operator if and only
if

F(x <= Max (x VxR

and that F is a Markov generator if and only if there exists a c -> 0 such that

F(x)_-<cGen(x) VxR.

Finally, a continuous semigroup on R is a family {P(t)}t>_o of mappings P(t)" R -Rsuch that

1)

2)

P(s + t) P(s)P(t) Vs, > 0 and P(0) Id,

P(’ )x" R +-+ R" is continuous /x e R ".

3. Semigroups of sublinear Markov operators. It is a standard fact that each
Markov process with continuous time and finite state space {1, ., n } can be described
by a semigroup of linear Markov operators on R ". Replacing the linearity by sub-
linearity, we obtain the analogous description of Markov decision processes.

The basic analytic properties of these sublinear semigroups are contained in the
following proposition"

PROPOSITION 1. (a) Let 0 be a sublinear Markov generator on R . The following
definitions of the exponential of O, exp (0) :R" R , are equivalent:

(D1) exp (O)x sup {exp (plA1). exp (p.A")x[m N, px,"’, p,, >-0,

Y Pk 1, A k R -R linear with A <- 0 t1 <- k <= m }.

(D2) exp (O)x lim,,_. (Id + O/m)"x.

(D3) exp (O)x lim,,_.oo (Id- O/m)-’x.

(D4) Let x (t) R , >-_ O, be the solution of the differential equation
d
-Tx(t)=Ox(t) Vt_>-0, x(0) x,

and define exp (0)x x (1).
The mappings {exp (t0)},__>o form a continuous semigroup of sublinear Markov operators
on R .

(b) Let {P(t)}to be a continuous semigroup of sublinear Markov operators on R".
Then the infinitesimal generator O,

Ox lim -1 (P(t)x x) Vx R ,
t-o+

is well defined on R. 0 is a sublinear Markov generator. The semigroup fulfills the
differential equation

-P(t)x OP(t)x Vx 6 R", >- O.
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(c) Each continuous semigroup ofsublinearMarkov operators on R is the exponea
tial (as defined in (a)) of its infinitesimal generator (as defined in (b)).

Proof. (a) The existence of the limit in (D2) and the uniqueness of the solution
of the differential equation in (D4) follow from the fact that 0 is Lipschitz on R" since
it is sublinear. The existence of (Id-(O/m))-1 and of the limit in (D3) can be deduced
from the general theory of dissipative operators in Banach spaces (see, e.g., [8]), since
each sublinear Markov generator is dissipative with respect to the norm

l<kn

It is a standard result in the theory of ordinary differential equations that (D2) and
(D3) define the value x(1) of the solution x(t), t>-O, of the differential equation in
(D4). Hence (D2), (D3) and (D4) are equivalent. The equivalence of (D1) and (D4)
can be shown directly and is essentially contained in [5], [6] or [’7].

(b) This is a special case of the following result (see [9]): Each continuous
semigroup of convex operators on R is continuously differentiable with respect to
the parameter t.

(c) From (D4) and the uniqueness theorem for differential equations.
Assume now that a Markov decision process is given by a collection of linear

transition semigroups on R n. Let A r be the corresponding set of infinitesimal gen-
erators. We assume

(A1) A r is a compact set of linear operators on R n.
The operator

O:R-R, Ox sup Ax
AA

is the supremum of linear Markov generators and hence a sublinear Markov generator.
From Proposition 1 (a), we obtain the semigroup P(t) exp (tO), >- O. This semigroup
describes the maximum expected gain of the Markov decision process (see [5], [6]
and [7] for more details).

It is in general not possible to rediscover the set A t from 0. In the case of decision
processes, however, it is reasonable to assume

(A2) A,B At,pR, O<=p<=I(1-p)A +pBAt.
We then have, from the bipolar theorem,

A t {A" R R" linear IA <_- 0 on R"}.

4. Asymptotic properties of sublinear Markov semigroups. Let {P(t)}t>__o be a
continuous semigroup of sublinear Markov operators on R . From Proposition 1 we
obtain the representation P(t)=exp (tO) for all t-> 0. We have the following results
concerning the behavior of P(t) as

THEOREM 1. The limit

limP(t)=:P()

exists on R , uniformly on bounded sets. P(o) is a sublinear Markov operator with

P(oo) P(oo)p() P(t)P(c) P(oo)P(t) Vt >- 0

and

OP() O.
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THEOREM 2. If 0 >_--0, then for each a R and each e > 0 there exists a linear
operator A" R - R with A <- 0 on R , such that

lim exp (tA)a >-lim exp (tO)a -e.

Remark. (a) The condition 0 >-0 is equivalent to P(t)x >-P(s)x for allx R ", s <= t.
The interpretation in the decision process context is just the possibility of stopping
in any state.

(b) We shall give an example showing that the condition 0 -> 0 cannot be dropped.
THEOREM 3. P()a is a constant for each a R if and only if there do not exist

two sets S, T c {1, ., n} such that

S,T, SfqT=(, O(Xs) >-0 and O(--XT)<--_O,

where Xs and XT are the characteristic functions of S and T.
The proof of Theorem 1 is based on the following proposition.
PROPOSITION 2. Let X {x gnlllx[[o<= 1} artd asslme that F’X-X is non-

expansive"

[[Fx -Fy [[ _-< ]Ix y 1[ Vx, y X.

Let O<c < 1. Then for each starting-value xX, the inductively defined sequence
(X o

X

xm=(1-c)x’-a+cF(x m-) VmN

converges to a fixed-point of F.
Proof of the proposition. We proceed by induction over n. Assume that the

proposition holds in R for k N, k < n.
Let yO be a cluster point of (x , x ...). Define (yO, y .) by

y" (1-c)y ’-1 +cF(y m-l) Vm N.

We first show the convergence of (yO y ,...). Let z X be any fixed point of F. (The
existence of a fixed point follows from Banach’s fixed-point theorem; choose for
0 < < 1 a fixed point z of the strict contraction tF and let z be a cluster point of z
as t 1.) Since [Ix’-z[l is monotone decreasing in m and since each y k is a cluster
point of the sequence (x , x , ...), we have

I[y z I1 - lim Ilx Z [1oo =: r >_-- 0 Vk 6 No.

Ifl<=i-<_n with

for some m _>-1, then

since

with

m--1 m--1
Yi -zi =r and yi =yi

m-1r=l(1-c)(yi -zi)+c(F(y

lyT-a-zilr and

Hence there exists an i, 1 <_-i <_-n, with y y 0 for all m N. We may assume n.
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If n 1, then (yO, yl, ...) is constant and hence convergent. If n > 1, then we apply
the induction hypothesis"

Define

w if 1 1,
0

Yn if i=n

G’W+W, (Gw)i=(F(Pw))i ll<=i<=n-l, weW.

Then G is nonexpansive. Choose w W, with Pw= yO, and define
m--1 m--1w =(1-c)w +cGw VmN.

Then the sequence (w, wl, .) converges by the induction hypothesis. This shows
that (y o, Y 1, ...) converges in the first (n- 1) coordinates as well, since Pw"= y for
all m N.

Let y be the limit point of (yO, yl, ..). From

o) rn--1(1-c)y +cF(y lim ((1-c)y +cF(y 1))= lim y =y

we see that y is a fixed-point of F. Hence, IIx Y I is decreasing in m and

lim IIx YII IlY k YII ’k No.

As k --> c, we obtain lim,,+ IIx y+ll 0,

Proof of Theorem 1. We first show the convergence of P(mt)a, m N, where > 0
is fixed. We may assume [la I1-<-x,

Choose r > 0 with 0 =< r Gen on R and define

From

X ={x R"lllxllo <- 1},

c 1-exp (-tr),

F’X +X, F(x)=c-I(p(t)x (1 c)x).

P(t) =exp (tO)=<exp (rtGen)= (1-exp (-rt)) Max +exp (-rt) Id,

it is evident that F is the restriction of a sublinear Markov operator on X, especially
F is nonexpansive and F(X)X. By Proposition 2,

lim ((1-c) Id+cF)’a

exists. Since

(1-c)Id+cF=P(t) onX,

this proves that lim,,_. P(mt)a exists.
Define a= limn_.P(m)a. Then a= lim,,+P(m/k)a for all keN, since a

is a cluster point of the converging sequence P(m/k)a, m N. This implies

P a =a Vm, kN.

By continuity we then obtain P(t)a=a for all t>_-O. Hence IIP(t)a-all is
monotone decreasing in t. Since IIP(m)a- all-+ 0 as m --, oo, we have

P(t)a =+ a as --> .
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The pointwise convergence of the operators P(t) as m is clearly equivalent with
the uniform convergence on bounded subsets of R n, since the operators P(t) are
nonexpansive.

The stated properties of P(c) follow by standard arguments.
In the following example we consider a simple Markov decision process with

state space {1, 2, 3}. This process has the property that no stationary optimal control
exists for certain final rewards x R n, one has to change the strategy exactly log
time units before the end of the control time. This is a consequence of the fact that
there exists a state where one cannot stop the process.

Example. Define a sublinear Markov generator 0 on R 3 by

O(X1, X2, X3)=(2(X2--X1)+,X3--X2, 0).

Then one verifies by differentiation that

Hence

exp (tO)(O, 1,-1)

(4 exp (-t)- 3 exp (-2t)- 1, 2 exp (-t)- 1, 1)
-](1/2,2exp(-t)-l,-1) log<-t.

0<__t_<_log23-

P()(O, 1, -1)= (1/2, -1, -1).

Each linear A _<-0 is of the form

A =(1-c)A+cA 1, O<-c <-_1,

where

A(xl, x2, x3)=(O, x3-x2, 0), Al(xl, x2, x3)=(2(x2-xl),X3-X2, 0).

We have

lim exp (tAC)(O, 1 -1)= { (0,-1,-1) if c O,
,_.oo (-1, -1, -1) if 0 < c -< 1.

We prepare the proof of Theorem 2 with the following two lemmas.
LEMMA 1. Let 0 >-0 be a sublinear Markov generator. Then

N(O) {x 6 R"lOx O}

is a convex cone and

lim exp (tO)x =min {a N(O)lx <-a} Vx R".
t--

Proof. Since 0 is sublinear and since N(O)={xlOx <-0}, N(O) is a convex cone in
R". We have P()x N(O) by Theorem 1. If a N(O) andx <-a, thenP(t)x <=P(t)a a
for all _>-0, hence P()x <-a.

LEMMA 2. Let 0 >= 0 be a sublinear Markov generator, x R" and e > O. Then
there exist finitely many linear operators A, ", A <-0 with A= 0 such that

lim exp (t max (A, Am))x >-_ lim exp (tO)x -e.

Proof. This can easily be deduced from definition (D 1) in Proposition 1.
Proof of Theorem 2. We may assume, using Lemma 2, that 0 is the maximum

of a finite number of linear operators,

0 max (A 0, A 1,..., A’).
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We fix i, 1 -< -<_ n, and define for 0 <-k <_-m

(Ox )Ok’R"oR (Okx)i= (Akx)i
P(t)=exp(tO),

kv min {v >= 01(A P(oo)(a + vXi))i 0}.

Choose K, 1 _-< K -< m, such that

We now prove

This is done in two steps"

K kv max v
lk<m

PK(oe)a P(oo)a.

(a) P(oe)a <-_P()(a
(b) P(oe)(a + v K)O) <-- pK ()(a).

Proof of (a)" Since a <-P(oe)(a + v K,i), it suffices to show

If 1 =</" <-n and/’ # i, then

P(oo)(a + vKxi) N(O).

If f i, then

iffi,
if/’=/,

hence

for some k, 1 <_-k <-m. We have

a -+-l.)Ki <-a +vkxi +v

(OP(oo)(a + vxi)) (A ’p(oo)(a nt-vKi))]

K k

P(oo)(a + vxi) <=P(o)(a "’uk,i)--V K --V .
The i-components of these two vectors are identical=a/+ v K. From the fact that A
is a Markov generator, it then follows that

(A ’e(o)(a + vKxi))i <= (Ae(m)(a + v"X)) 0

and hence (a).
Proof of (b)" Define v (pK (oZ)(a) a)i >---- 0. Then

e(oo)(a +vxi) <_pK (oo)(a +vxi) pK (oo)a.

The/-components of these vectors are identical. Hence

(AKp(oo)(a + vx,)), <= (AKpK (oO)(a ))i O.

This implies v K -< v and hence

P(c)(a + vx) <-e(c)(a + vx) <-P: (c)a.

(OP(oo)(a + v K,)(i)) (OP(o)(a + v KX))i O.



ASYMPTOTIC PROPERTIES OF A MARKOV DECISION PROCESS 891

We now have constructed a new sublinear Markov generator 0K <-0 that is almost
linear in the component i, such that

lim exp (tOK)a lim exp (tO)a.

Applying the same method for all components i, 1 -< -< n, we obtain a linear Markov
generator/3 _-< 0 such that

lim exp (tB +)a lim exp (tO)a,

with B+= max (/3, 0). Now we have only to define the optimal stopping strategy for
the Markov process described by B. Put a= P(oe)a and define

f={ill<=i<=n, ai<ai },

0 if igf,
A R" --> R ", (Ax )i

(Bx )i if

Then A is linear and -<0. Put b= limt_, exp (tA)a. Since b a for i’f, there
exists a c, 0 < c < 1, such that

a <-(1-c)b+ca

We have bsN(B+): If s f, then B+(b)i A+(b)i =0, and if igII, then it follows
+ < B +(a)i < 0fromb <aanda =bi thatB (b)

Since a N(B/), and since N(B /) is a convex cone, we have (1-c)b+ca
N(B/). This implies a <-(1-c)b +ca or a -<b. Hence, we have proved that

lim exp (tA)a lim exp (tO)a.

The proof of Theorem 3 is essentially contained in the next two lemmas.
LEMMA 3. Let S, T c {1, , n } be nonvoid with 0 (Xs) >- 0 and 0 (--XT) <- O. Then

min P(t)x => min x Vx R"
S s

and

max P(t)x <- max x Vx R".
T T

Pro@ We may assume x >_-0 and mins x 1. Since (Id +tO is monotone for
large m N, we have

aR’,a _->Xs (Id+-)a => (Id+) Xs =>Xs.

From x >- Xs it hence follows that (Id + tO/m)mx >= XS for large m N. As m - oo we
obtain exp (tO)x >= Xs or mins P(t)x >- 1.

The proof of maxrP(t)x <- maxrx is similar.
LFMMA 4. Let x R with 0 (x 0 and define

S={ill<=i<-n,x l<=k<=nmaX x},
T {i11-<_i-<n, x l<-_k<=nmin x}.
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Then 0 (Xs >-- 0 and 0 (--)(T <- O,

Proof. Ifi S, then (-Xs)i max (-Xs), hence O(-Xs)i <- 0 and O(Xs) >-- -O(-Xs) >-
0. If iS, then (x-cxs)=max(x-cxs) for small c >0, hence O(x-cxs)<-O and
cO(xs)i >-O(x)i-O(x-CXs)i >=0. The proof of O(--XT)<--O is similar.

Proof of Theorem 3. Let S, T c {1,. ., n} be two nonvoid disjoint subsets with
0 0s) --> 0 and 0 (--’w) --<-- 0. Let a R be 1 on S and 0 on T. From Lemma 3 we
obtain P(t)a _-> 1 on S and P(t)a <-0 on T for all _-> 0, hence P(oo)a is not constant.

Conversely, if P(oo)a is not constant for some a R ", we can define

S ={i11 <-i <-n,P(o)(a) =maxP(o)(a)},

r {ill <-_i <-_ n, P(c)(a)i min P(c)(a)}.

Then S and T are nonvoid disjoint sets, and from Lemma 4, we obtain

0 (Xs) -->- 0 and 0 (--XT) -- 0,

since P(o)a N(O) according to Theorem 1.
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CORRIGENDUM:
DISCRETE TIME STOCHASTIC ADAPTIVE CONTROL*

GRAHAM C. GOODWIN, PETER J. RAMADGE$ AND PETER E. CAINES

Line 12, p. 837 should read

Z(t)--,Z <oo a.s.

Lines 15-18, p. 837. The second part of the step below was missing; however,
Theorem 5.1 is true as stated on p. 835. The same argument should be inserted at
the corresponding places in the proofs of Theorems 5.2, 6.1, 7.1, which are also true
as stated.

implies

z2(t)
tl= r(t)<oo a.s. (line 16)

N 1
lim , z2(t) 0 a.s. ((5.14), line 18)
N--,r(N) N

in case r(N) ’ oo. In case r(N) ’ too < oo on fl c f with P(fI) < 1, then IIO (N)ll- 0 a.s.
on ’1. But Z(t)Z <oo a.s. implies IId(N)II<2z a.s. for all N >N(o). Since C(z)
has all zeros outside the unit circle, and since C(q-)z(t) b(t)=-&(t-1)Td(t 1),
it follows that z(t)O a.s. on 12 and so (l/N)Y..--1 z2(t)0 a.s. on fl, which is
statement (5.22). The argument given in the paper, showing that (5.14) implies (5.22),
is valid on 11c. We conclude that (5.22) holds on 1 as required.
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